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Kurzfassung

Cyclotron Radiation Emission Spectroscopy (CRES) ist eine neue Technik zur En-
ergiespektroskopie geladener Teilchen mit einer Auflésung im Sub-eV-Bereich. Mit
CRES werden Teilchenenergien durch Messung der Frequenz der emittierten Zyk-
lotronstrahlung in einem Magnetfeld bestimmt. Diese kann von einer Reihe von Ra-
dioantennen erfasst und in digitale Spannungen umgewandelt werden. Experimente,
die groBe Volumina von Quellmaterial benétigen, um ausreichende statistische Daten
zu sammeln, konnten potentiell Hunderte bis Tausende dieser Antennen erfordern,
was pro Sekunde Hunderte Gigabyte an Rohdaten erzeugen konnte. Dies erfordert
effiziente Losungen zur Datenanalyse und -reduktion. In dieser Arbeit werden Al-
gorithmen zur Detektion und Parameterschitzung dieser Signale in verrauschten
Detektordaten diskutiert. Der Schwerpunkt liegt dabei auf der Entwicklung und
Effizienzanalyse optimaler Losungen unter der Annahme unbegrenzter Rechenres-
sourcen, insbesondere durch Matched Filtering und Maximum-Likelihood-Schatzung.
Diese optimalen Losungen sind von entscheidender Bedeutung, da ihre Grenzen fiir
die Detektionseffizienz und die Energieauflosung Schliisselfaktoren sowohl fiir die
Sensitivitatsschdtzung als auch fiir die Optimierung der experimentellen Designs
sind. Zur Unterstiitzung dieser Arbeit wurde ein neues Simulationstool entwick-
elt, das durch Fortschritte bei der physikalischen Modellierung von CRES-Signalen
eine 500-fache Beschleunigung im Vergleich zur Basissimulationssoftware erre-
icht. Dieses Simulationstool wurde zusammen mit der Implementierung der opti-
malen Losungen eingesetzt, um die Detektionseffizienz und die Energieauflésung
eines idealisierten Beispielaufbaus fiir eine Neutrinomassenmessung mit Tritium-
Elektronenspektroskopie im Project 8 Experiment zu bewerten. Dies ist das erste
Mal, dass eine Untersuchung der theoretischen Grenzen eines konkreten Experimen-
taufbaus auf der Grundlage eines grofsen Antennen Arrays durchgefiihrt werden
konnte, was erst durch die verbesserte Simulationslaufzeit ermoglicht wurde. Eine
erste Bewertung deutet darauf hin, dass die Ergebnisse mit den Anforderungen
tibereinstimmen, um das Ziel von Project 8 zu erreichen, fiir Neutrinomassen mit
mg > 0.04 eV empfindlich zu sein.






Abstract

CRES is a new technique for energy spectroscopy of charged particles with sub-eV
resolution. With CRES, particle energies are determined by measuring the frequency
of the emitted cyclotron radiation in a magnetic field, which can be detected by an
array of radio antennas and converted into digital voltages. Experiments that require
large volumes of source material for gathering sufficient statistics may potentially
need hundreds to thousands of these antennas, which can generate hundreds of
gigabytes of raw data per second. This necessitates efficient data analysis and
reduction solutions. In this thesis, algorithms for detection and parameter estimation
of these signals within detector noise are discussed. The focus is on the development
and efficiency analysis of optimal solutions assuming unlimited computing resources,
specifically through matched filtering and maximum likelihood estimation. These
optimal solutions are critical because their limits on detection efficiency and energy
resolution are key factors in both sensitivity estimation and the optimization of
experimental designs. To support this work, a new simulation tool was developed,
achieving a 500 times speedup compared to the baseline simulation software through
advancements in the physical modeling of CRES signals. This simulation tool was
utilized, alongside the implementation of the optimal solutions, to evaluate the
detection efficiency and energy resolution of an idealized example setup for a
neutrino mass measurement with tritium g-decay electron spectroscopy in the
Project 8 experiment. This represents the first time a study of the theoretical limits of
a concrete experimental design based on a large antenna array could be conducted,
made possible by the improved simulation run time. An initial assessment suggests
that the results are consistent with the requirements for achieving the project goal
of being sensitive to neutrino masses with mg > 0.04¢eV.
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Introduction

The only way of discovering the limits of the
possible is to venture a little way past them into
the impossible.

— Arthur C. Clarke
Science fiction author

In researching the most fundamental physical processes of the universe, precision
measurements are an indispensable tool for pushing the boundaries of knowledge
into the realm of the unknown. They can help validate or challenge predictions
of existing theories and uncover subtle new phenomena that may hint at new
physics. The pursuit of precision often drives the development of new technologies
and methods. One such method is Cyclotron Radiation Emission Spectroscopy
(CRES) [1], a technique for energy spectroscopy of charged particles that provides
the sub-eV resolution required by next-generation detectors. With CRES, particle
energies are determined by measuring the frequency of their emitted cyclotron
radiation in a magnetic field. This radiation can be detected, for example, by radio
frequency (RF) antennas, and subsequently converted to digital signals, which
are analyzed with digital signal processing techniques. The CRES technique was
conceived for the proposed Project 8 experiment, which seeks to determine the
neutrino mass through a very precise measurement of the §-decay spectrum of
tritium.

Despite being the most abundant massive particles in the universe [2], neutrinos
remain the only known elementary particles whose absolute mass is still a mystery.
Unraveling this mystery is important due to the neutrinos’ role in the universe’s
expansion history and structure formation, as well as the unresolved theoretical
mechanism of their mass generation, which has broader implications for the under-
standing of particle physics [3]. With current experimental knowledge their mass
is non-zero and must be about 6-7 orders of magnitude smaller than the mass of
the electron, the next heavier elementary particle [4, 5, 6]. Therefore, attempts to
measure the neutrino mass are perfect examples of extremely challenging precision
experiments that require high statistical significance, excellent energy resolution
and near-perfect understanding of the detector and its systematic effects.



Many of the most sensitive physics experiments on this cutting-edge level are no-
torious for producing vast amounts of data, demanding considerable computing
resources as well as efficient data analysis and reduction techniques. Extreme cases
are the experiments at the Large Hadron Collider like ATLAS, which generate data
rates exceeding 10 TBs~! [7], and the largest projected radio telescope in the world,
the SKA Observatory, which is expected to produce more than 2 TBs~! [8]. While
these represent the upper limits of data generation, other experiments such as the
upcoming DUNE experiment and the IceCube Neutrino Observatory also handle sig-
nificant data rates, with 1 GBs~! [9] and a more manageable 1 TBd~! [10], respec-
tively. CRES experiments have a similar tendency, typically generating 400 MBs~!
of raw data from a single antenna, depending on the requirements for the digitizer
settings (namely, bit depth and sampling rate). CRES experiments that require large
volumes of source material to acquire significant statistical data will demand an
array of antennas with multiple independent channels. For example, a prototypi-
cal proof-of-concept experiment design considered by the Project 8 collaboration
would utilize 60 antennas, producing a substantial 24 GBs~! of raw data. As will be
demonstrated in chapter 8, a full-scale experiment for a neutrino mass measurement
could potentially require thousands of antennas with a corresponding increase in
data rate.

While the exact amount of data produced by such a large antenna array will vary
depending on experimental design choices, it is evident that such an experiment will
require highly efficient computing solutions for analyzing the data. The primary data
analysis tasks for CRES experiments, regardless of the specific physics application,
are the detection of signals within the noisy digital data and the estimation of the
particle energy from the observed signals. Due to the limitations in available data
storage capacity, these two tasks may need to be executed in real-time before any
raw data is written to disk. Signal detection is a decision problem, where the task
is to determine whether a segment of data contains only noise or a combination
of signal and noise. Ideally, this process can considerably reduce the data rate by
discarding data that contain only noise. Once a signal is identified, the task becomes
an optimization problem, where the goal is to find the best fit that explains the
observed data, yielding an estimate for the signal parameters.

The effectiveness of signal detection and parameter estimation — defined as detec-
tion efficiency and energy resolution — both significantly influence the experiment’s
sensitivity. Given the significant cost of constructing and operating a large-scale CRES
experiment with thousands of antennas, it is crucial to develop experiment designs
guided by simulated data, optimizing for this experimental sensitivity. Therefore,
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accurate estimates of an experiment’s achievable detection efficiency and energy
resolution are essential for guiding the design development.

So far, the CRES technique is lacking advanced data analysis approaches and methods
for estimation of the detection efficiency and energy resolution of an experiment.
Therefore, the goal of this dissertation is to further develop CRES as a technology in
this area. Although the discussions throughout the thesis are frequently motivated
by the Project 8 experiment and use it as an example, the presented methods are
applicable beyond this specific application.

The primary objectives are twofold: to develop algorithms for the detection and
parameter estimation of CRES signals from an antenna array detector, and to
characterize their detection efficiency and energy resolution. Since the detection
algorithms initially considered have demonstrated insufficient efficiency, the priority
is to identify the optimal solutions that could be achieved with unlimited computing
resources. The topic of computationally feasible solutions is only briefly addressed.
To advance these primary goals, an essential prerequisite is the development of a
detailed simulation model capable of efficiently generating large data sets for a CRES
experiment involving thousands of antennas. This simulation model will be used to
produce signals that can be analyzed with the detection and estimation approaches.
The result of this dissertation will be the first cohesive framework for determining a
CRES experiment’s theoretical limits in detection efficiency and energy resolution,
starting from experimental design, through data simulation, to data analysis.

This leads to the following thesis structure. Since the development of the CRES
technique was motivated by the challenges of neutrino mass measurement, chapter 2
begins with an overview of the fundamentals of neutrino masses and the current state
of measurement approaches. This is followed by a detailed discussion of the Project
8 experiment and CRES with an antenna array detector in chapter 3. In chapter 4,
the mathematical details of the physical processes that define the expected detector
signals are established, laying the groundwork for the development of the simulation
model, as covered in chapter 5. Subsequently, chapter 6 addresses the algorithmic
approaches for detecting these signals in noisy data, their computational feasibility
and the derivation of the theoretical limits of the detection efficiency. Chapter 7
then explores the energy estimation from the detected signals and its theoretical
limits, including a discussion of the expected challenges based on a simplified signal
model. All of these aspects culminate in chapter 8, which presents a simulation-
based analysis of the limits in detection efficiency and energy resolution for an
example experimental design with a full-sized antenna array for a neutrino mass
measurement. The thesis concludes with a summary and outlook in chapter 9.






2.1

Neutrinos and Neutrino Mass

I have done a terrible thing, I have postulated a
particle that cannot be detected.

— Wolfgang Pauli
Pioneer of quantum mechanics

Neutrinos, often dubbed "ghost particles" due to their elusive nature, are arguably
the most fascinating elementary particles. First proposed by Wolfgang Pauli in 1930
as a solution to the continuous electron energy spectrum observed in 5-decay [11],
their existence was confirmed with the experimental detection of the electron
neutrino in the 1950s [12, 13]. In the Standard Model of particle physics, neutrinos
are electrically neutral leptons that participate only in the weak interaction. As a
consequence of this, they rarely interact with other particles, allowing them to pass
through most matter unhindered and making their detection extremely challenging.
While the Standard Model initially predicted neutrinos to be massless, the discovery
of neutrino oscillations [14, 15] proves that neutrinos possess nonzero masses.
Therefore, the study of neutrinos and their masses provides valuable insights into
physics beyond the Standard Model and sheds light on many open questions in
modern elementary particle physics. This chapter briefly summarizes the essential
backgrounds of neutrino masses and their experimental determination.

Neutrino Oscillation

Neutrinos interact with matter in one of three flavors — v., v, or v, — each paired
with its corresponding charged lepton in charged current weak interactions. In
the theory of neutrino mixing and oscillations these flavor eigenstates are linear
combinations of the so-called mass eigenstates vy, 1o, and v3 such that [16]
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In eq. (2.1) U denotes the unitary 3 x 3 Pontecorvo-Maki—-Nakagawa—Sakata (PMNS)
matrix, which is most commonly parameterized by three angles 615, 623, 613 and a
complex phase d¢p.

The time evolution of the mass eigenstates |v;) is described by [16]

m2.c4t

(1)) = v (0))e ™ 2Em (2.2)

where c is the speed of light, i the reduced Planck constant, E the particle energy,
and m; the mass of the v; eigenstate. The dependence on m; implies that the
mass eigenstates do not propagate coherently if their masses are not identical.
Consequently, the composition of an initial flavor state [v,(t)) = >=; Uq,lv;(t))
(with « = e, 1, 7) changes periodically over time, allowing for the observation of a
different flavor at a later time. This periodic flavor conversion is known as neutrino
oscillation.

The probabilities for measuring a specific flavor after a propagation time ¢ can be
derived with the time evolution of the mass eigenstates (eq. (2.2)) and the PMNS
matrix. In a simplified model of just two neutrino flavors' a and 3, the probability
that a neutrino of original flavor « is observed as flavor 3 after a travel distance
L =t - ¢ can be found to be [16]

P, 5= sin? <AZL%C4§C> sin? (20,,) . (2.3)
In eq. (2.3) Am3, = m3 —m? is the difference of squared masses of the two neutrino
mass eigenstates, and ©,, is the angle characterizing the 2 x 2 transformation matrix
in this model. Notably, if Ams; = 0 or ©,, = 0, it follows that P,_,3 = 0. Thus, the
observation of a transition from one flavor to another requires that the PMNS matrix
is not the identity matrix, meaning that the mass eigenstates are not identical to the
flavor eigenstates, and that their masses are different.

Experiments that measure the flux of neutrinos of a specific flavor can determine
these transition probabilities if the initial flux and flavor at the neutrino source are
known. As a result, these experiments are sensitive to the mixing angles 6;; of the
PMNS matrix and the differences of squared masses Amfj. This led to the experi-
mental discovery of neutrino oscillations in the Super-Kamiokande detector [14]
and the Sudbury Neutrino Observatory (SNO) [15], which proves that mi, ms, and
ms must be different and thus at least two of them must be non-zero.

!A similar more general formula for the three flavor case can be found in [16] but for the discussion
of the essential features the two flavor case is sufficient.
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2.2

2.2.1

An important question is the ordering of the three neutrino masses, as the naturally
assumed order m; < mgy < mg may not be correct due to the arbitrary naming of
mass eigenstates as 14, Vo, 3. Hence, this ordering must be determined experimen-
tally by measuring the mass differences, including their signs. Unfortunately, the
sign is known only for Am3,, which is measured by experiments detecting neutrinos
originating from the Sun’s core. As these neutrinos propagate outward, their interac-
tion with solar matter modifies the oscillation compared to the vacuum case, known
as the Mikheyev—Smirnov-Wolfenstein (MSW) effect, which allows the sign to be
resolved [17]. In contrast, | Am3,| is measured by experiments detecting Earth-based
neutrinos from the atmosphere or particle accelerators. Determining its sign is more
challenging and has not yet been accomplished because the effects of matter on
neutrino propagation are small on terrestrial scales [17]. With |Am3,| > Amj3, the
unknown sign results in two possible ordering relations: the normal ordering (NO)
with m; < mg < mg, or the inverted ordering (I0) with mg < m; < mo.

Unfortunately, neutrino oscillation experiments only provide the differences Amij;2,
not the absolute masses. Therefore, other experimental approaches are needed
to determine the absolute masses. Nevertheless, the measurements of the mass
differences can set lower limits for the absolute masses under the assumption that
the lightest neutrino has a mass of zero. The most recent results from combined
global data, as reported in [4, 5], establish lower limits of }_ m; > 58.7 meV for the
NO and Y m; > 99.2meV for the IO.

Neutrino Mass Measurement

With the lower limits provided by the oscillation experiments, the heaviest neutrino
mass is at least 0.05 eV, which is about 7 orders of magnitude smaller than the mass
of the electron. Dealing with such small scales, a measurement of the absolute mass
still remains challenging. To this day all measurements could only set upper limits
for the mass as the results are indistinguishable from zero within the margin of

€ITOorL.

Kinematic Approach

One strategy for a direct measurement of the mass is the study of the kinematic
properties of weak decays such as /3-decays. For instance, 5~ decays of an isotope

2.2 Neutrino Mass Measurement
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Fig. 2.1.: Theoretical energy spectrum of electrons produced in §-decay of molecular tritium.
(a) shows the full range of energies from 0 to the endpoint energy Ey. (b) shows
a close-up of 1.7¢eV below the endpoint and the impact of different values of mg
on the shape and the maximum energy of the spectrum. From [18].

with mass number A and charge number Z occur via the emission of an electron
and an electron antineutrino:

(A, Z2) > (A Z+1)+e + 0.

As Fermi first discussed in his early work on (3-decay theory [19], the neutrino
mass can be inferred from the energy spectrum of the emitted electron based on
conservation of energy and momentum.

The total energy available in the decay process is limited by the rest energy of the
parent atom my,c?. The energy that is released is given by the Q-value, which is
defined as the difference in rest energy of the parent atom and the decay products.
With the daughter atom mass mg, electron mass m., and effective neutrino mass
mg, the Q-value is

Q:(mp—md—me—mg)-c2.

This excess energy is available as kinetic energy and is shared between the three
decay products®. The electron mass is known and the mass difference between parent
and daughter can be measured independently with mass spectrometry methods [20].
The endpoint energy is defined as the maximum possible kinetic energy of the
electron under the assumption that mg = 0:

EO:(mp—md—me)-CQ—Erec.

2This conceptual discussion assumes a simple scenario of non-molecular parent and daughter in the
ground state without energy transitioning to nuclear, atomic or molecular excitation.
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Fig. 2.2.: Mass scale of the observable mg as a function of the sum of the neutrino mass
eigenstates m,;. The two lines show the possible range of values of the observable
mass under the NO and IO. From NuFit v5.2 [4] [5].

Due to the daughter nucleus being much heavier than the electron, its recoil energy
E.. is tiny compared to @), with negligible variation near the endpoint. It can be
calculated analytically by applying conservation of momentum [21].

As a result, mg can be deduced from a precision measurement of the electron
spectrum near Fj, as the neutrino mass reduces the maximum electron energy by
mgc? and modifies the spectral shape. Figure 2.1 depicts the theoretical electron
spectrum for 3-decay of molecular tritium 3Hs, derived with Fermi’s golden rule [21,
18]. The effect of the spectral distortion under different values of mg is illustrated
in fig. 2.1b. Therefore, a fit of the theoretical spectrum to the data yields mg.

The observable mg of such an experiment is the effective mass of the electron
neutrino defined as weighted sum of its mass eigenstate content:

3
m% = Z Uil ? m?. 2.4
i=1

In eq. (2.4) U,; is the element of the PMNS matrix corresponding to the amplitude
of mass eigenstate 7 in the electron flavor state. Due to the good knowledge of
the mixing angles 6;; and the squared mass differences Am?j from oscillation
experiments, a measurement of mg can determine the absolute masses of the
neutrinos m;, mg, and mg. The relation between mg and ) m; is depicted in
fig. 2.2.

The lower bounds of _ m; translate to lower bounds of ms > 0.05¢V under the 10
and mg > 0.009 eV under the NO, while direct measurements have already set upper
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10

limits well below 1 eV [6]. These scales present a significant experimental challenge
as they are almost negligible compared to the endpoint energies. For example, in the
case of tritium the endpoint energy is Fy = (18 574.00 &+ 0.07) eV [18]. Measuring
such a small deviation from the endpoint requires precision spectroscopy with
excellent energy resolution. Additionally, fig. 2.1b illustrates that only a minuscule
fraction of the total decays occur within the last 1 eV of the spectrum — specifically,
in the case of tritium only one in ~10'3 [22]. This inherent rarity of relevant decays
necessitates a very high source activity and good background suppression.

The KATRIN Experiment
Experimental Concept

The current best limit of mpz < 0.45¢V [6] was obtained by the ongoing Karlsruhe
Tritium Neutrino (KATRIN) experiment [23, 24]. KATRIN measures the neutrino
mass using the kinematic approach outlined above by studying the (3-decay of
tritium:

3H—>3He+—|—e_—|—1?e.

Tritium has a long history in neutrino mass experiments, due to a number of

advantages. It has the simplest nuclear structure among all radioactive isotopes,

making it ideal for the theoretical calculations of the interaction processes [20].

Furthermore, its high specific activity and relatively low Q-value® are advantageous

for achieving high statistical sensitivity. The latter is due to the fact that the number
mg

3
of decays in the endpoint region scales as (?) [20].

The KATRIN experiment records an integral electron spectrum employing a spec-
trometer of the Magnetic Adiabatic Collimation with Electrostatic (MAC-E) filter [25,
26] type. A schematic of the experimental approach in KATRIN is depicted in fig. 2.3.
Tritium gas decays in the source volume on the left, the decay electrons are then
magnetically guided to the spectrometer under conservation of energy. The spec-
trometer acts as a high-pass filter, allowing only electrons to pass with energies
above the cutoff energy E.. The detector on the right counts all arriving electrons.
By scanning different values of E., this approach determines the integral of the
tritium spectrum from fig. 2.1.

The working principle of the MAC-E filter is as follows: When tritium decays in
the source electrons are produced with random, isotropic directions. A strong

3See the endpoint energy given before. Assuming negligible neutrino mass the Q-value differs from
the endpoint only by the nuclear recoil. For tritium Frec = 1.72€V [18].
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Fig. 2.3.: Schematic of tritium [ spectroscopy with a MAC-E filter in the KATRIN experiment.
From left to right: tritium source, MAC-E filter, electron detector. The tritium
source is radially enlarged and not true to scale. Additional components are
omitted for clarity. Adapted from [27].

magnetic field with strength Bg is applied, forcing the electrons into a helical motion
that follows the magnetic field lines, guiding them to the spectrometer. Inside
the spectrometer, which is an ultra-high vacuum vessel with a diameter of 9.8 m,
the magnetic field strength decreases by about four orders of magnitude to By,
causing the field lines to spread out radially due to the conservation of magnetic flux.
The electrons follow these field lines, and in the process, their momentum vectors
become aligned with the magnetic field direction?, converting their rotational energy
into longitudinal kinetic energy (as visualized in fig. 2.3 below the MAC-E filter).
With the electron momenta aligned, the high-pass filter is achieved by applying
a high voltage U,.x to create an electrostatic potential between the source and
the magnetic field minimum. Only electrons with longitudinal kinetic energies
Eyin > E. = qUnax, Where ¢ is the electron charge, can successfully overcome this
retarding potential and reach the counting detector at the end.

The energy resolution of the spectrometer is determined by the amount of energy
that remains in the circular motion of electrons as they cross the maximum of
the electrostatic potential, and it is proportional to the ratio %. KATRIN was
designed for AE = 0.93 eV, which was later adjusted to AE = 2.77 ¢V in standard
operating conditions [24]. Although this resolution may seem poor compared to
the expected sub-eV scale of the neutrino mass, in an integral measurement, the
limited energy resolution of the spectrometer is compensated by a precise knowledge
of the transmission function [24]. The transmission function, which provides the
probability of transmission for an electron of a given energy, can be characterized
using a precisely calibrated source of electrons with well-known properties.

“The mathematical details underlying this process are elaborated in section 4.1.
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Sensitivity Limitations

KATRIN is designed to reach a sensitivity of mg > 0.2eV [24]. While this represents
a significant improvement over previous limits from direct measurements, results
from cosmology already favor smaller neutrino masses (see section 2.2.3) and an
improvement of another order of magnitude would be required to probe at least
the entire phase space under the 10. However, the MAC-E filter approach, which
has been developed through several generations of predecessor experiments in
Mainz [28] and Troitsk [29], has likely reached its full potential with KATRIN. As
will be discussed below, significant further advancements beyond KATRIN’s design
sensitivity are unlikely due to practical constraints.

Achieving an order of magnitude improvement in the limit on mg requires a 10000
times increase in the tritium decay rate, as the limit scales with r‘i, where r is
the experiment’s event rate in the last 1eV of the tritium spectrum [20]. The
tritium decay rate could be increased by either raising the source’s density or
expanding its volume. However, as the tritium decays, the electrons must still reach
the spectrometer before any energy measurements can take place (see fig. 2.3).
Increasing the density or length also raises the likelihood that electrons will lose
energy through collisions with tritium gas molecules along their path, which skews
the results. KATRIN already operates at the very limit of gas density and source
length compatible with sufficiently low collision probabilities, allowing only for
radial scaling of the source [24, 30]. Due to the conservation of magnetic flux,
however, the diameter of the spectrometer scales proportionally with the source
diameter [23]. Therefore, radially scaling up the source volume by a factor of 10000,
would require a spectrometer with a diameter of 1 km, all other things being equal.
It is unlikely that an ultra-high vacuum vessel of this size can be constructed.

In addition to the unfavorable scaling of the spectrometer, all existing tritium beta
decay experiments are subject to a systematic effect, which places a fundamental
lower limit on the sensitivity at mg > 0.1eV [30]. In its natural form tritium only
appears as the molecule T5. After one of the tritium atoms decays the resulting
molecule >HeT™ can end up in one of many rotational or vibrational states, which
take some of the decay energy [22, 20] (see fig. 2.4 for an illustration). This
effect adds a systematic uncertainty for the endpoint energy of the electron. To
overcome this lower limit, experiments that operate with atomic tritium must be
designed. An experiment capable of producing atomic tritium needs to prevent the
Ts recombination by trapping the atoms.
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Fig. 2.4.: Tllustration of a molecular tritium decay. Initially two tritium atoms are bound as
a molecule. If one of them decays into He some of that decay energy will go into
vibrations and rotations of the bound molecule.

Other Approaches

Besides the kinematic measurement with a MAC-E filter in tritium 3-decay, several
other approaches have been pursued to investigate the neutrino mass. This section
provides a high-level overview of these alternative approaches.

Cosmology

One possibility is to constrain the masses through observations of cosmic structures,
which are influenced by the neutrino masses in numerous ways. A significant factor
is the presence of massive relic neutrinos from the early universe, which contribute
a non-negligible amount to the total mass of the universe. This additional mass
affects the expansion history of the universe and the gravitational formation of
large-scale structures, such as galaxy clusters [31]. In addition, the neutrino mass
has an effect on the anisotropies observed in the cosmic microwave background
(CMB) in a non-trivial way. Most notably, the mass of the relic neutrinos influences
the gravitational lensing of the CMB photons by galactic structures [31].

Through these and other less significant cosmological observables, the complex
cosmological models are sensitive to the sum of the three masses Y m;. With
data from telescopes that map the cosmic structures in high resolution, such as
the Planck space telescope [32], cosmological models were able to set tight limits
of >>m; < 0.12eV at a 95% confidence level [33]. With the next generation of
experiments a sensitivity of > m; > 0.02¢eV is expected [20]. As indicated by fig. 2.2,
this will be sufficient to cover the entire range of the NO, making a measurement of
nonzero neutrino masses highly likely in the near future.

Nevertheless, there are significant concerns with results from cosmological observa-
tions, as they are highly dependent on the underlying models that could prove to be
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incomplete. Furthermore, most of the fitting parameters in these models are inacces-
sible in laboratory measurements. An independent measurement of the neutrino
mass would remove a degree of freedom, thereby helping to better constrain those
parameters that cannot be measured directly [20].

Neutrinoless Double 5-decay

p
-
w o T
14
w
e
n ———A\V\/\/i
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Fig. 2.5.: Feynman diagram for neutrinoless double §-decay. From [2].

Neutrinoless double 3-decay (0v3/3) is a hypothetical nuclear decay that requires
neutrinos and their anti-particles to be identical (Majorana particles) [2]. Figure 2.5
depicts the Feynman diagram of this process. It is a decay that simultaneously emits
two electrons without emission of any neutrinos:

(A, Z) = (A, Z+2) +e +e .

Experiments searching for O3/ utilize isotopes where regular §-decay is forbidden
but that are known to undergo ordinary double -decay with the emission of two
anti-neutrinos. The mass of the two neutrinos reduces the available kinetic energy
for the two electrons. Thus, the observation of an additional peak above the endpoint
of the continuous electron spectrum would indicate double 5-decay without the
emission of neutrinos [34].

The observable that is measured in these experiments is the half-life of the decay,
which depends on the effective Majorana mass given by [2]

3
Z Ugimi

i=1

mpp =

i

where U is the PMNS matrix for Majorana neutrinos. Limits on mgg strongly depend
on the assumed model for the calculation of matrix elements that describe the
nuclear decay process. The current best mass limit of mgg < 0.028-0.122¢V at
90% confidence level was set with the KamLAND detector [35], where the reported
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values are the minimum and maximum obtained over all commonly used models
for the matrix elements. According to the conversion from [20], this corresponds to
mg < 0.028-0.4€V. In converting to mg, the already broad range of limits is further
widened because the lightest neutrino mass is not unambiguously determined by
mgga, due to the unknown, so-called Majorana phases [20]. Nonetheless, despite the
broad range of possible limits, they are already tighter than those obtained from
[B-decay. Ultimately, however, any current limit set by Ov33 experiments will be
meaningless if neutrinos are Dirac particles after all.

Time of Flight Measurement

Another technique is the measurement of the time of flight of neutrinos produced
in the short burst of a Type II Supernova explosion [20]. A neutrino produced in a
Supernova at a distance D and with energy F arrives at a detector after a time

g __ D (2.5)

v / m2ct
C 1 - E2

In eq. (2.5) m represents the mass of all three neutrinos in the degenerate regime®.

While the absolute time ¢ between emission and detection is unknown, the time
delay At(FE) of the arrival of lower energy neutrinos can be easily identified. As
a result, a precise measurement of the arrival times and energies of the neutrinos
can determine the mass m. This method assumes that energy dependencies of the
emission time are accurately included in the emission model used in the analysis.

A first analysis of this kind was performed with data from Supernova SN 1987A,
yielding a limit of m < 5.7eV (95% confidence) [36]. The upcoming JUNO [37],
DUNE [38], and Hyper-Kamiokande [39] experiments are expected to achieve
improved sensitivities of m > 0.5-1 eV for Supernovae at a distance of D =~ 20 kpc.
A major drawback for this kind of measurement is the need for a nearby Supernova
to occur in the first place.

Other Kinematic Measurements

All of the methods presented above are either model dependent, require unconfirmed
neutrino properties, or require rare events. In contrast, direct kinematic measure-
ments such as the tritium [ spectroscopy rely only on the conservation of energy and

>The degenerate regime refers to cases where the lightest neutrino is much heavier than the measured
mass differences, and thus m = m1 = ma2 =~ ms.
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momentum. Kinematic measurements are not limited to tritium and generally work
with any weak decay since they produce neutrinos. The most promising alternative
is a calorimetric measurement with Holmium as proposed in [40]. The isotope '%*Ho
decays into 93Dy via electron capture:

pt+e —n-+ve.

The energy released in this decay is shared between the neutrino, X-rays or Auger
electrons emitted after de-excitation of the daughter atom, and the recoil of the
daughter nucleus. Like in tritium [-decay the neutrino mass limits the energy
available to the other decay products. Thus, a precise measurement of the endpoint
region of the decay spectrum provides information about mg.

Modern Holmium experiments, led by the ECHo [41] and HOLMES [42] collabora-
tions, employ low temperature microcalorimeters embedded with 53Ho to absorb
the entire decay energy. In their first published results the ECHo collaboration set the
current best Holmium based limit with mg < 150 eV at 95% confidence level [43].
This result is statistics limited with just four days of data taking and a small amount
of Holmium source material.

Finally, the Project 8 experiment [30] is another tritium-based experiment that
applies a new technique for the measurement of the electron energies. Given its
importance to the overall context of this thesis, it will be discussed separately in the
next chapter.

A summary of the current limits from the different methods is presented in ta-
ble 2.1, including both the results in their original experimental observables and the
approximate equivalents in mg.

Tab. 2.1.: Summary of neutrino mass limits.

Method Observable Value [eV] mg [eV] Reference
. L >(0.0587 (NO) >0.009
Neutrino oscillations S my ~0.0992 (10)  >0.05 [4, 5]

. <0.032 (NO)
Cosmological S m; <0.12 <0.053 (10) [33]
OvBp mgsg <0.028-0.122  <0.028-0.4  [35]
Supernova time of flight m <5.7 <5.7 [36]
Tritium $-decay mg <0.45 [6]
Holmium electron capture mg <150 [43]
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The Project 8 Experiment

Any sufficiently advanced technology is
indistinguishable from magic.

— Arthur C. Clarke
Science fiction author

The Project 8 Experiment is an endeavor for a next generation experiment that
measures the absolute neutrino mass [30]. Its goal is to go beyond KATRIN’s
sensitivity limit of mg > 0.2eV [23] to a limit of mgz > 0.04 eV which would be
sufficient to probe the entire phase space of neutrino masses under the inverted
ordering as can be seen in fig. 3.1. Like KATRIN, Project 8 tries to measure the
neutrino mass through a kinematic measurement with tritium S-decay, as discussed
in section 2.2.1.

Mainz & Troitsk limits (5% CL) nu-fit v3.1
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Fig. 3.1.: Mass scale of the observable mg as a function of the sum of the neutrino mass
eigenstates m; under NO and IO. The horizontal and vertical lines add current
limits from cosmology and direct measurements alongside the projected sensitivity
limits of KATRIN and Project 8 (The most recent KATRIN limit is not indicated).
Image by courtesy of A. Lindman with data from [44, 45, 20, 46].
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However, instead of employing a MAC-E filter, Project 8 has pioneered an entirely
new approach to electron energy spectroscopy called Cyclotron Radiation Emission
Spectroscopy (CRES), which overcomes the limitations of the measurement with a
MAC-E filter. In addition, Project 8 must use atomic tritium to reach a sensitivity
of mg > 0.04eV due to the molecular sensitivity limit of mg > 0.1eV discussed in
section 2.2.2.

In this chapter the Project 8 experiment is discussed on a conceptual level. This
includes an explanation of CRES, its advantages for tritium spectroscopy and its
detector principles as well as an overview of the current experimental status.

Cyclotron Radiation Emission Spectroscopy

With CRES the decay electrons are placed in a magnetic field, prompting them to
emit cyclotron radiation. For relativistic electrons, the frequency of the radiation is

given by [47]
eB eB
. = = , 3.1
“ ymo Mo + Exin/c? @D

where e is the electron’s charge, B is the magnetic field strength, v is the electron’s
relativistic gamma factor, my is the electron’s rest mass, F\;, its kinetic energy and
c is the speed of light. Thus, by detecting the emitted radiation and measuring its
frequency, the kinetic energy can be inferred for a given magnetic field value. In
contrast to the integral tritium spectrum measured by the KATRIN experiment, this
approach is a differential measurement since the spectrum can be constructed by
measuring individual electron energies and counting them.

CRES Detectors

To construct a suitable detector that is sensitive to the electron’s cyclotron radiation,
one has to take into account the frequency of that radiation. For a neutrino mass
measurement with tritium beta spectroscopy Eii, in eq. (3.1) can be constrained
to a narrow window of a few eV near the tritium endpoint at Ey = (18574.00 +
0.07) eV [18], as only these energies are sensitive to the neutrino mass. Thus, the
range of possible frequencies is determined by the choice of the magnetic field
B. With strong superconducting magnets fields as high as 12T are conceivable
(High-Luminosity Large Hadron Collider [48]) resulting in an upper frequency limit
of 325 GHz. On the other hand, using fields below 0.01 T would be impractical as
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that results in wavelengths longer than 1 m, leading to large experiment sizes due
to the required distance between an electron and a radiation detector. Therefore,
CRES experiments are effectively restricted to utilizing radio frequencies (RFs) in
the range 250 MHz-325 GHz. Radio frequencies are utilized in various technical
applications in the fields of radar and telecommunication. Hence, conventional RF
devices such as waveguides, antennas, or resonant cavities can be used to collect the
cyclotron radiation in a CRES experiment.

Antenna Array

Solenoid Magnet

e S =S
NI RER R R R

Cyclotron Magnetic

LL7iaLd:fion Tramo
W *
AV, =Y VA

Decaying Tritium Gas

PRRARRRAAE & K

Fig. 3.2.: Schematic of a CRES experiment with a phased array antenna as detector. Tritium
decays inside the field of a solenoid magnet. The 3-decay electrons are trapped
with additional magnetic trapping coils and their cyclotron radiation is detected
by the antenna array. Adapted from [49].

Figure 3.2 depicts a schematic overview of a CRES experiment using antennas as
detection devices. Tritium gas is filled into a volume inside a uniform magnetic field,
which is provided by a solenoid magnet. The tritium decays inside the magnetic
field, which forces the decay electrons into a helical motion. Because the electrons
can travel significant distances that are much longer than the detector, another
magnetic field is added that confines the parallel motion via the magnetic mirror
effect (see section 4.1.3). This magnetic trapping field is formed by adding one or
more electromagnetic coils, which introduce local maxima or minima to the uniform
background field magnitude. The electron trapping is vital since the signal-to-noise
ratio (SNR) and frequency resolution scale with the observation time. Both scaling
relations will be discussed in more detail in chapters 6 and 7.

3.1 Cyclotron Radiation Emission Spectroscopy
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The electron’s continuous centripetal acceleration on the helical path induces the
cyclotron radiation, which can propagate freely inside the detector volume. In order
to detect this radiation, an array of RF antennas is placed in the far field of the
radiating electron. A detector as depicted in fig. 3.2 would be rotationally symmetric,
hence the antenna array has to cover the entire cylinder circumference with each
antenna facing inward to the cylinder’s symmetry axis.

This antenna array would be implemented as a phased array antenna [50]. With a
phased array antenna it is possible to focus the entire array to a single direction by
appropriately phase shifting and combining the signals of all antennas. The signal
combination can be done either passively or actively. Passive arrays use adjustable
analog phase shifters at each antenna element and a single receiver for the combined
analog signal of all antenna elements. Active arrays on the other hand, provide
greater flexibility by using dedicated receivers for each antenna element, enabling
the use of multiple simultaneous frequencies and focus directions [51].

The most flexible version of an active array is a digital beamforming (DBF) phased
array where all antenna elements are equipped with digital receivers and the signal
combining can be done entirely in software with the digitized signals [52, 53].
Since electron locations are a priori unknown the DBF array is the preferred choice
for a CRES experiment. However, as a trade-off between computational cost and
detection accuracy, hybrid versions are conceivable in which subarrays use analog
beamforming prior to digitization with a shared analog receiver [54, 55].

Cavity Resonator

Figure 3.3 shows the schematic for a CRES experiment with a resonant cavity as
detector in place of the antenna array. The setup elements like the solenoid for the
background field, tritium gas cell and magnetic trapping coils are the same as before
and they serve the same purpose as outlined in the antenna array discussion.

In the case of a cavity detector the whole detection volume is inside of a hollow
conductive metal structure. The electron radiation does not propagate freely; instead
it excites standing waves inside the cavity which resonate depending on the frequency
and cavity dimensions [56]. With this approach it appears easier to collect more of
the radiation using a small number of digital receivers. However, the size of this
experiment is restricted by the cavity size, which cannot be chosen independently
of the frequency considering that the physical dimensions must be on the scale of
the wavelength to create standing waves [47, 57]. Thus cavity experiments that are
compatible with the need for statistical sensitivity through large volumes, can only
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Fig. 3.3.: Schematic of a CRES experiment with a cavity as detector. Tritium decays inside
the field of a solenonid magnet. The 5-decay electrons are trapped with additional
magnetic trapping coils and their cyclotron radiation excites standing waves that
resonate with modes of the cavity.

be implemented with frequencies < 1 GHz. Furthermore, the estimation of electron
positions becomes more challenging in a cavity, while this is straightforward with an

antenna array, as will be demonstrated in section 6.2.

Advantages of CRES

The introduction of the CRES technique has a number of advantages that help
increasing the neutrino mass sensitivity reach of tritium spectroscopy experiments.

Considering that CRES detectors are able to measure all electron energies simultane-
ously, they produce a differential tritium spectrum. However, only the electrons close
to the endpoint of the spectrum add information for the neutrino mass. Keeping
the detector signal clean of the overwhelming amount of low energy electrons in
the spectrum can be easily accomplished by applying low-pass frequency filters.
The filtered differential spectrum offers a significant advantage over an integrated
one by reducing background counts and avoiding systematic effects introduced by
instability of the source or spectrometer [30].

With this differential spectroscopy, each electron needs to be resolved individually
with high precision, placing greater emphasis on sub-eV energy resolution than in

3.1 Cyclotron Radiation Emission Spectroscopy
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KATRIN’s integral measurement. Fortunately, because CRES is a frequency measure-
ment, its precision scales excellently with the signal observation time! (see also
section 7.2.1). The observation time is limited, however, as it may end prematurely
by an interaction of the electron with tritium gas or the electron leaving the trap, and
ultimately, when the electron loses too much energy through its emitted radiation.
Sensitivity studies conducted by the Project 8 collaboration [58] indicate that an
energy resolution of AE = 0.115¢€V is required to achieve the experimental goals?.
Whether this required resolution can be attained in a concrete experimental setup is
one of the major questions that will be addressed in this thesis.

The most significant advantages of CRES are introduced by the fact that the tritium
gas source is transparent to the cyclotron radiation [30] and therefore the decay
electrons can be observed and detected right at the decay position (see figs. 3.2
and 3.3). This is fundamentally impossible to do for any experiment of the MAC-E
filter type since the electrons are required to cross the retarding potential outside of
the source, preventing any meaningful improvements in their statistical sensitivity
beyond KATRIN (see section 2.2.2). In a CRES experiment on the other hand,
electrons can be observed from the moment of their creation, and without the need
for a sizable main spectrometer, gains in radial source volume are attainable.

Project 8 Status

CRES and the Project 8 experiment were initially proposed in 2009 by Monreal
and Formaggio [1]. While the renowned KATRIN experiment is pushing an already
established technology for measuring the neutrino mass (see Mainz [28] and Troitsk
[29] experiments) to its limits, Project 8 utilizes a relatively young measurement
technique. Thus, Project 8's path to a 0.04 eV sensitivity experiment is a long ongoing
research and development program, which is split in four phases, each involving
smaller scale demonstrator experiments [59].

Phase I served as a first demonstration of CRES itself [60] in which the cyclotron
radiation of single electrons was observed for the very first time in 2014. The
electrons were produced by a gaseous source of the meta-stable radioactive Krypton
isotope ®3™mKr, which decays via internal conversion. The conversion electrons
appear with a discrete energy spectrum that features several narrow spectral lines at

This is easily understood if one considers the bin-width of a discrete Fourier spectrum which can be
reduced by including more time domain samples.

2This value is not directly comparable to the AE = 2.77 eV resolution of KATRIN’s MAC-E filter, given
the integral spectrum and the role of the transmission function discussed in section 2.2.2.
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energies of 17.8-32.0keV [61]. The proximity of its spectral lines to the endpoint
of the tritium energy spectrum near 18.6keV, has firmly established %3™Kr as a
calibration source in neutrino mass experiments reliant on tritium [62, 63, 64].

In Phase II the first electron spectrum of molecular tritium S-decay was recorded
over a period of 82 days, wrapping up in 2020. The data were analyzed using
both a Bayesian and a frequentist approach, which yielded limits of mg < 155V /c?
and mg < 152eV/c? [65, 66]. Background events due to RF noise were limited
to less than one with 90% probability. In addition, calibration data were taken
with 33™Kr in order to characterize the efficiency and detector response. From this
data a good energy resolution of (1.66 &+ 0.19) eV (FWHM) was measured for the
setup. Furthermore, the systematic effects of the measurement were thoroughly
investigated and are well understood using both the ®¥™Kr data and simulated
data.

However, the result of Phase II is not competitive with the world-leading limit of
mg < 0.45eV set by KATRIN [6]. The measurement was mostly limited by the
statistical uncertainty due to a small number of recorded events. Both Phase I
and Phase II were conducted with only a cm?-scale detection volume: the gas
was confined to a small cell inside of a waveguide — a hollow conductive metal
structure that transports RF electromagnetic (EM) waves similar to optical light
guides. Therefore, the goal of Phase III is to demonstrate the scalability of the CRES
technique to m3-scale volumes. This reduces the statistical uncertainty by increasing
the number of observable decays while still increasing the energy resolution. For
CRES in large volumes, the two new detector technologies outlined in section 3.1.1
have been considered. The initial antenna array concept was extensively studied in
simulations, while in a more recent development a substantial effort has been put
into studies of the potential of the cavity concept.

In addition to confirming the scalability of CRES, it is essential to also demonstrate
the feasibility of an atomic tritium experiment in Phase III. An atomic tritium beam-
line would consist of a high flux hot atomic tritium source [67] and several cooling
and purification stages. The beamline would have to provide a 100 m*® magnetic
atom trap® with 10'7 atoms/m? after taking into account all losses in the beamline
and the trap. The magnetic trapping of tritium atoms imposes a stringent require-
ment on the atom temperature of 1 mK [30]. Furthermore, a purity of only one
molecule in 10* atoms is necessary [30]. This is because a simultaneous measure-
ment of the atomic and molecular tritium spectra is undesirable, as the endpoint of

3The atom trap is not to be confused with the electron trap discussed in section 3.1.1. Both are
necessary at the same time and have different requirements.

3.2 Project 8 Status
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the molecular tritium spectrum is ~ 8 ¢V higher than the atomic one [22], which
introduces molecular backgrounds beyond the endpoint to the atomic spectrum.
Crucially, the atom trap design needs to be compatible with the use of the CRES
detector which has to measure the energy of the decay electrons from the atomic
tritium inside the atom trap.

Finally, if the goals of Phase III can be reached, Phase IV would consist of a fully
scaled-up atomic tritium experiment that can achieve the 0.04 ¢V sensitivity within a
few years of runtime.

The work presented in this thesis was done in the context of Phase III and it
contributes to the simulation studies of the antenna array concept.
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Theory of CRES Signals

A theory is not complete until you can explain it
to the person in the street.

— David Hilbert
Founder of Modern Abstract Algebra

In chapter 3 CRES was established as a new approach to electron spectroscopy
based on a relatively simple core idea: one measures the frequency of an electron’s
cyclotron radiation which is used to calculate its energy with eq. (3.1). The frequency

in question is the frequency at which the emitted electric and magnetic fields oscillate.

These oscillating fields generate oscillating voltages in the antennas, which is the
signal measured by the detector. In reality this signal is more complicated than the
simple picture of a sinusoidal voltage as it is a combination of the electron’s motion in
a magnetic trap, its characteristic radiation fields, and the response of an RF antenna
to the fields. Therefore, the goal of this chapter is the discussion of the theoretical
groundwork of the physics that describe CRES electrons. It is mostly an aggregation
of results from classical electrodynamics with some additional derivations of specific
required equations. The presented theory is used as foundation for a simulation
model of the experimental data of electrons that are observed by an antenna array
CRES detector which follows in chapter 5.

Electron Motion

Relativistic Charged Particle Motion

The movement of charged particles in an electromagnetic (EM) field is dictated
by the Lorentz force. For electrons at high energies a description of the motion in
relativistic form is necessary. The relativistic momentum vector of a particle with
rest mass my is defined as

p =7(v)mov,

25



41.2

26

where v is the velocity vector of the particle. (v) is the relativistic Lorentz factor

with
1

Y= \/17—752 )
where 3 = ¢ is the ratio of the absolute velocity v to the speed of light c. With
the Lorentz factor the total energy F, the kinetic energy Ey;, and the rest mass are
connected via
E = moc® 4+ Eyn = ymoc® . 4.1)

For a tritium CRES experiment with Ey;, = 18.6 keV at the endpoint one can find
with eq. (4.1) that v ~ 1.036 or 8 ~ 0.26. While this is not highly relativistic, the
relativistic treatment is still relevant for precision spectroscopy.

Using the momentum vector, the relativistic Lorentz law yields the equation of
motion for an electron
dp

E:eE—l—eva, (4.2)

where e is the elementary charge, E is the electric field vector and B is the magnetic
field vector.

Cyclotron Motion in Uniform Magnetic Fields

The work done by a force along a path C'is given by W = | %’ - dr, and therefore
the work done by the Lorentz force on the electron is

W:/eE-dr+/e(v><B)~dr.
C C

=0

The work done by the magnetic field is zero since v||dr, and hence only electric
fields contribute to the work done. Therefore, achieving an accurate measurement
of the kinetic energy, with zero work done on the electron, necessitates the absence
of electric fields in a CRES experiment. As a result, E = 0 in eq. (4.2) due to these
experimental design requirements.

Using only a static uniform magnetic field B, the energy can be assumed constant
and thus (v) = const. In that case the solution of eq. (4.2) can be found to be a
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helical motion with a certain frequency, pitch!, and radius [47]. The frequency is
called the cyclotron frequency and is given by
eB eB

c pr— pr— . -3
v ymo Mo + Exin/c? (4.3)

As evident from the vector w,, the axis of rotation aligns with the magnetic field
direction.

The radius and pitch of the helix both depend on the direction of the electron’s
velocity v relative to B. For any circular motion with frequency w the radius is
given by r = “L where v, is the tangential speed, which in this case is the velocity
component perpendicular to B. The pitch of the helix is the distance traveled along
the axis in a complete turn, i.e. h = % where v, is the velocity component parallel
to B. By defining the electron’s pitch angle « as the angle between the velocity and
the magnetic field vectors the two velocities are v, = |v|sin(«) and v = |v]| cos(a).
With that the helix’ radius, which is called the gyroradius, is

moy |v|sin(«)

B 4.4)

R, =

A special case can be found for a pitch angle of & = 90° when the electron has no
parallel velocity and thus the helix’ pitch is 4 = 0. This turns the helical motion into
a plain circular motion in a plane that is perpendicular to B. However, a deviation
from this special case of 1° already results in a traveled distance along the helix
axis of more than 1000 m in just 1ms. It should be of no question that it would
be absolutely infeasible to build a detector that is able to observe the electron for
this full distance. Because the energy resolution of CRES and the SNR improve
with increased observation time (see chapters 6 and 7), this axial motion is what
necessitates the electron trap that was mentioned in chapter 3.

Motion in a Magnetic Trap

Due to the requirement of the conservation of the electron’s kinetic energy, the trap
needs to be purely magnetic. This is accomplished with a magnetic field B = |B)|
that has a local minimum B, along the direction of v;.

A field of this type is called a "magnetic mirror", since electrons are reflected back
when entering the regions of higher magnetic fields [47, 68]. The working principle
is visualized in fig. 4.1, which depicts a helical electron trajectory starting at z = 0

IThe pitch of a helix denotes the height of one complete turn, measured along the helix axis.

4.1 Electron Motion
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Fig. 4.1.: Magnetic field lines (blue) and an electron trajectory (red) in a magnetic mirror
trap. In the right part the electron turns around on its path due to the increase in
magnetic field line density.

with some velocity v} parallel to the local magnetic field B. The direction of the
acceleration ev X B (eq. (4.2)) is by definition orthogonal to the direction of v) at
this point. The position z = 0 is the position of the minimum By, which is indicated
by the low field line density. In the high field regions at both ends the density of
field lines increases which causes the magnetic field lines to bend and therefore the
local magnetic field vector B changes its direction. As a result the direction of v is
no longer aligned with B in the high field region and thus ev X B has a component
that is antiparallel to v, slowing down this part of the motion?. If the field line
density gets high enough the electron eventually stops and turns around.

For the mathematical treatment of the motion in a magnetic mirror it is assumed that
the magnetic field has rotational symmetry around the z-axis, which is reasonable
given the cylindrical detector geometry that is presented in section 3.1.1. Further-
more it is assumed that B mainly points in z direction and only slowly varies along
z. This is true for CRES experiments as well, since the magnetic field consists of the
strong solenoid that provides a very uniform background field of approximately 1 T
and an added much smaller trapping field of about 1 mT.

Under the assumption of a slowly varying field, the electron motion is called adiabatic
and v? /B becomes an invariant of motion [47]. Considering that |v| = const, this

2Because the kinetic energy is conserved in this kind of field this does not slow the absolute velocity.
Any loss in || of course increases v .
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results in the following relation that determines how the instantaneous pitch angle
« changes if the magnetic field B changes during the motion:

sin?(a) _ sin?(ayp)
B By '’

(4.5)

where «g is the pitch angle at the minimum Bjy. A magnetic mirror trap confines
electrons that reach o = 90° (i.e. v = 0) under eq. (4.5) at some point in the
magnetic field. Electrons reaching the maximum field B,,,, with a < 90° still escape,
which means that this concept of trapping is inherently imperfect. With B,,,,, the
condition for trapping follows from eq. (4.5)

S ) By
8] arcsin .
0 B Bmax

Thus, high trapping efficiencies can be accomplished if B4, > By.

The introduction of a trap to confine the axial motion of the electron results in
a periodic axial motion along the z axis with frequency w,. The corresponding
equation of axial motion is [47]

dz\?2 ) B(z)
()" - st
where vy = |v| is the absolute value of the velocity. The solution is found by

separation of variables with subsequent integration of both sides. Using eq. (4.5)
to substitute

i 2 . . . .
SmB(;lO) = B(zl 3 where 2,4, is the z position that maximizes B, the

result is

B z !
{(z) = Y EZ”“) / d 4.6)

©) V' B(Zmaz) — B(?') ‘

This result yields the time ¢ that the electron takes in the given magnetic field profile
to move from some initial position z(0) to some final position z. Taking the inverse
of the result for a particular B(z) yields the axial motion z(¢) = t~1(2) — 2(0). The
result is not periodic per se since eq. (4.6) is only defined for 0 < z < 2,4, (it cannot
distinguish between the same z values that are reached in different axial periods),
and therefore the periodicity has to be forced onto the result z(¢). Unfortunately,
the integral in eq. (4.6) only has a closed-form solution if B(z) is a polynomial with
order 2 at most® and thus in most cases numeric integration is required.

3When allowing elliptic integrals as solutions, the integral also has a solution for 4th order even
polynomials.

4.1 Electron Motion
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Apart from the cyclotron and axial motions, the electron undergoes gradual drifts
resulting from small spatial field variations on top of the gradient along the z
direction. In a purely magnetic trap, the primary influence arises from a gradient of
B within the plane of the cyclotron orbit, causing variations of the field experienced
by the electron during a single revolution. Consequently, a drift emerges that
is perpendicular to both the magnetic field and its gradient. The drift velocity
associated with this grad-B motion is given by [47]

2

_ v
vy = 2B2ch X VLB, (47)

where V| B is the gradient of B in the plane orthogonal to B.

Finally, if the field lines are curved with a curvature radius R > R,, the motion
along the curved lines acts as an additional centrifugal force on the electron. This
force adds a second drift motion with a velocity [47]
i
c=—=BX(B-V)B. .8
v B X (B-V) 4.8)
In the case of the magnetic mirror trap which requires a gradient along the z axis this
curvature is present due to the small radial field components (see fig. 4.1), although
it contributes on a much smaller scale to the drift motions than the gradients [69].

The direction and magnitude of both drift motions depend on the specific magnetic
field. In section 4.2 the differential vector operators from eqs. (4.7) and (4.8) are
calculated for a general rotationally symmetric magnetic field which simplifies the
calculation of the drift motions in practice.

As a whole the particle motion that was presented here is the so-called guiding
center approximation. The lowest order of this approximation is the simple helix
that spirals around the magnetic field lines and as higher order effects the drift
motions are added. In this approximation it is sufficient to know the position of
the guiding center which is the approximate dynamic position of the cyclotron
motion’s center of rotation. The actual particle position can be reconstructed at any
time from the guiding center position using the gyration radius and the cyclotron
frequency. A visualization of the kind of motion performed by the electron under
this approximation is shown in fig. 5.3 but the concrete manifestation of the motion
depends on the magnetic field. For this reason, a discussion of the mathematical
basis of the magnetic field required for a simulation model follows in section 4.2.
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4.2 Magnetic Fields with Rotational Symmetry

4.2.1 General Mathematical Description

In classical electrodynamics a complete mathematical description of the generation
and the dynamics of electric and magnetic fields is provided by the four Maxwell
equations. The two equations that are relevant for magnetic fields that are constant
in time are [47] Gauss’s law for magnetism

V-B=0 4.9

and Ampere’s extended circuit law

oE
VX B= < | + € )
Ho |\ J 0 ot ;
in which j is an arbitrary current density and j9 and ¢, are the magnetic and electric
constants of vacuum. Since a CRES experiment requires that no electric fields are
present Ampere’s law becomes

V X B = pj . (4.10)

Equations (4.9) and (4.10) provide the starting point for the calculation of magnetic
fields that are generated by an arbitrary current distribution j, e.g. an electromagnet
which is built as a set of current-carrying wires. In practice, the calculation of B
from these equations can be quite challenging, especially for complicated current
distributions, and is often done with numerical methods. However, it is possible to
mathematically derive the fields that can possibly exist inside of a CRES detector
by locally restricting the equations to the inner detector volume. The cylindrical
inner volume can only be filled by tritium gas and thus it is a current-free space with
j = 0. Using this with Ampere’s law will yield the valid mathematical description
for any magnetic field that can exist inside the detector, without committing to the
details of how the field is generated. The field has to be generated from a current
density j outside of the detector, where the results obtained here will not be valid.

In a current free space eq. (4.10) becomes V X B = 0 and thus a scalar potential
exists with B = V®. Using eq. (4.9) then yields the Laplace equation

Ad =0,
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which has a well-known general solution in spherical coordinates ®(r, 8, ¢) based
on the spherical harmonics [47]. In the case of the CRES detector with rotational
symmetry there is no ¢ dependence and the potential takes a very simple form

O(r,0) = i ar! Py(cos()), (4.11)
1=0

where P;(x) are the Legendre Polynomials and «; are an infinite number of arbitrary

parameters that can shape the potential.

The magnetic field can then be calculated as the gradient of the potential B = V®.

oo . . o _ .
In cylindrical coordinates with r» = \/p? + 22 and 6§ = arccos ( W) the results

are

)

x ) 0P ()
By(p,2) =S ai(p® + 2 1P | ———— | p - —=L
P 2) = 2 eulp” +27) V7)) " Uree

z

V2242
(4.12)
By(p,z) =0,
o) 2
_ z p 0P(x)
IR PRI (Y
— V22 4 p? VpE+22 Ox 2
Vo
4.13)

An important takeaway of these results is that due to the rotational symmetry B, = 0,
whereas B,(p, z) and B.(p, z) are another set of infinite series that are defined by
the choice of a; in eq. (4.11). It is important to point out that the choice of these
coefficients entirely determines B. Therefore, any choice of B, that satisfies the
solution always defines B, as well and vice versa. On the symmetry axis with p =0
the result of eq. (4.13) can be greatly simplified to

B.(0,2) = Zallzl_l = Zagzl . (4.14)
=1 1=0

This result means that any function f(z) that can be written as a power series as in
eq. (4.14) defines a magnetic field that is allowed for the constraints of rotational
symmetry and current 5 = 0. The choice of coefficients in B, (0, z) then determines
the full vector B(p, z).

This is convenient because it allows for the study of simple analytic magnetic fields
by using for example low order polynomials for B, (0, z). One such field uses a; = 0,
for all [ except for [ = 0 and [ = 2, which yields a profile B, (0, z) that is quadratic
in z. This harmonic trap is one of few traps for which one can find a closed-form
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solution for the axial motion with eq. (4.6). The mathematical details of this kind of
trap and the motion in it are described in appendix A.1.

Two more traps that are often discussed in the Project 8 collaboration are the square
well trap and the "bathtub” trap. A square well trap is one with B(p, z) = Byé, for
|z| < L/2 with some length L and infinitely high walls outside of that. The infinitely
sharp walls cannot be exactly reached with eq. (4.14) and therefore this kind of trap
breaks the underlying laws of physics 4. Nevertheless, studying it in simulations is
still valuable for establishing design principles for magnetic fields for CRES which
will be seen in section 8.1.2, or even validation as the expected electron behavior is
easy to comprehend. The mathematical details of the field and the motion of the
square well trap are discussed in appendix A.2.

The "bathtub" trap on the other hand serves as a compromise, which combines the
constant portion of the square well with harmonic walls in order to remove the
infinities. However, in appendix A.3 it is demonstrated that this is unfortunately
insufficient to fix the unphysical square well trap and introduces new issues that
make it incompatible with Maxwell’s equations. Therefore, it is not recommended
to use it for the simulation of CRES.

Drift Motion in Rotationally Symmetric Fields

The second part of this section focuses on the calculation of the drift motions for
the specific case of a magnetic field with rotational symmetry. These require the
orthogonal gradient V| B, and the convective operator (BV)B.

Appendix C.1 demonstrates that for a rotationally symmetric magnetic field the
orthogonal gradient is V| B = Dg,B(p, 2)ég. This means it points in the direction
of &y, which is one of the spherical basis vectors of B, and its magnitude is given by
the result of applying the differential operator Dg, to the field magnitude B(p, z) =
|B(p,2)| = \/Bp(p, z)?2 + B, (p, z)?. This differential operator is defined as:

1 20B:(p, 2) 2 0B,(p, 2)

De,B(p, z) = Blo ) (Bz(p, z) o B(p,2) =" (4.15)
+B.(p, Z)Bp(p, 2) (aBlgppv z) _ aBja('f, z))> ‘

*If required, this trap can at least be approximated with eq. (4.14) by using a high order even
polynomial.
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Substituting this result and B = B(p, z)é, into eq. (4.7), simplifies the gradient drift

velocity to
2 2
v] . o A
vy = 2B B (De,B(p, 2)) ér x &g = 2B, (De,B(p, 2)) €y, (4.16)

which makes use of the other two spherical basis vectors é,, é4.

The curvature drift velocity, given in eq. (4.8), uses the operator (BV)B which is
called the convective operator. In cylindrical coordinates with B, = 0 it is [70]

0B, OB OB OB
B B,—f+B,——t)é “+B,——|é.,.
(BV)B < “op T az>ep+<'°ap az>e

As a consequence, explicitly expanding the cross product from eq. (4.8) and making
use of the orthogonality of the cylindrical basis vectors yields:

X (BV)B = (B,é, + B.é.) x (BV)B

p

15) 0B R N ~ A
= <Bp8pp + Bzazp> (Bpé, X é,+ B.é, X &,)

0B, 8B . . « "
+ ( " op 25, ) (Bpé, X é,+ B.é, X &)

0B, 0B, 0B, 0B\ .
= | B, +B,—~|-B,|B,— +B,—~ . 1
( (Pa az) p(”ap+ az>)e¢ 4.17)

Cp

By substituting this result into eq. (4.8) and combining it with eq. (4.16), the total
drift velocity from both effects is given by

9 2
vp = (222 ~(De, B(p,2)) + wf}'gg) CB> & (4.18)
This means that the drift velocity of a rotationally symmetric field is always pointed
in the direction é4. In other words, it causes a simple circular motion of the guiding
center on a circle with radius p around the symmetry axis of the trap. The absolute
value vp is calculated by evaluating the scalar values of egs. (4.15) and (4.17) for
the field and applying these in eq. (4.18).
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4.3 Electromagnetic Waves from CRES Electrons

4.3.1 General Solution

The phenomenon of electromagnetic waves is mathematically described by the
inhomogeneous electromagnetic wave equations

1 9°E, : 1 o]
1 9°B, 9 .
2 oe VB, = uoyV X 3, (4.20)

which directly follow from the full set of the four Maxwell equations. The right hand
side of these equations describe the sources of the fields, while the left hand side
describe the propagating waves. These summarize that EM waves are generated by
gradients of charge density p, time variations in current density j or circulations of
current density j.

A charged particle that moves along a path r4(¢) is characterized by the charge and
current densities

p(r.t) = q8%(r —rs(t)),
J(r,t) = qu(t)s®(r — ry(t)),

where ¢ denotes the particle’s charge and 62 the 3 dimensional Dirac delta function.
With these it is apparent that any charged particle that is accelerated in any form
(‘é—’; # 0) radiates energy through the emission of EM waves due to the time varying
current density.

Solving egs. (4.19) and (4.20) with the trajectory of an electron with charge e for
the radiated fields E,(r,t), B,(r,t) is not straightforward and is often done through
the introduction of the Liénard—Wiechert (LW) potentials [47]. These potentials
produce the relativistically correct electric and magnetic fields at any time ¢ and
position » = R 7 that result from the emission of the wave by an electron in arbitrary

motion:
1 A — e X ((A—B) x B
E,(r t) = e(”A ’6)3 + ( — ) . 42D
dmey | v2 (1 —n - B)° R? cl—n-B)°R
static radiation tr
Bo(r ) = ~#a(ty) X En(r,1). 4.22)

C
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Ineq. (4.21) B = Lct) is the vectorial form of the relativistic 8 factor and 3 = %
denotes its derivative. The first term which only depends on the velocity is the static
component of the electric field and is insignificant at large distances due to the %
dependence. The radiation is the result of the second term since it also depends
on the acceleration and it is the dominating field contribution at distances that are
large compared to the wavelength of the EM wave.

The subscript ¢, in eq. (4.21) denotes that all properties of motion are evaluated at
the retarded time. Evaluation at ¢,. instead of ¢ takes into account the propagation
time of the EM wave from the source point r(¢,) to . Hence, the retarded time is
defined via the implicit equation

clt =t =|r—rs(ty)| . (4.23)

The relationship between observer time ¢ and retarded time ¢, is visualized in
fig. 4.2. Due to the finite speed of light the electron has continued its motion to a
new position by the time the wave reaches the observer. Therefore, an evaluation of
all properties at ¢ would yield an incorrect result.

Position at t
d
/\/\/\/\ K{
Reached at

Position at t, {/?
bt t=t-+d/c

Fig. 4.2.: Visualization of the retarded time. Radiation reaching an observer at time ¢ has
been emitted at the retarded time ¢,. while the electron keeps moving.

Unfortunately, there is no exact closed-form expression for eq. (4.21) for describing
an electron in helical motion due to an external magnetic field B(p, z). Nevertheless,
in the next sections, features of the solution established in the literature are combined
with a new approximation to develop an expression for the radiated electric field
E,(r,t).

Spectral and Spatial Power Distribution

While it is not straightforward to write down a general closed-form expression for
the time evolution of the wave in eq. (4.21), it is possible to calculate the emitted
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power and its spatial and frequency distributions for free space radiation by taking
time averages over a single cyclotron orbit. The total radiated power of the electron
for example can easily be calculated with the relativistic Larmor formula [47] as

1 2e%w? B2 sin?(a)

= 2
dreg 3¢ 1—-p3% (4.24)

where wy is the non-relativistic cyclotron frequency wy = ;—i. With eq. (4.24) one
finds that in a magnetic field of 1T a tritium endpoint electron only radiates a
power of ~ 107! W. On this scale the detection of the emitted waves, which will
be discussed in detail in chapter 6, can be extremely challenging due to a very low
expected SNR.

Nevertheless, while the total power is informative for the energy loss rate P = dg%
and estimations of the SNR, it does not yet help in understanding how the fields
oscillate. In the simplest approximation the radiation fields would be treated as os-
cillating with the same frequency w. as the cyclotron orbit motion from eq. (4.3) like
the electron itself. This plain model implies a spectrum with a single frequency that
describes a sine wave. Yet, this simple picture is only accurate in the non-relativistic
limit with 8 — 0. In a general solution the spectrum gets more complicated for
the majority of cases depending on the electron’s /3 factor and pitch angle o. Addi-
tionally, the field’s oscillation changes depending on how it is observed. For now
the discussion is limited to a co-moving observer that keeps a constant position
relative to the electron’s guiding center. The case of an observer at rest requires
modifications due to the Doppler effect and is discussed later in section 5.4.2 in
order to keep the focus on the electron alone.

Fig. 4.3.: Angular coordinates of the observer’s orientation relative to the magnetic field
direction and cyclotron orbit plane.

The orientation of the observer is characterized by two angles 6 and ¢, which are
depicted in fig. 4.3. The angle 6 describes the direction of the observer relative to
the magnetic field B, which is always the normal vector of the cyclotron orbit’s

4.3 Electromagnetic Waves from CRES Electrons
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plane. The angle ¢ is the azimuth angle in the plane of the cyclotron orbit relative

to an arbitrary reference direction®.

Power Spectrum

g 117 1e-16
— 9=90° 25 — 6=90°
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o3 s'
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0 L 0.0
0.0 0.5 1.0 15 2.0 2.5 0.0 0.5 1.0 15 2.0 2.5
f[Hz] Tet f [Hz] 1e11
(a) Tritium endpoint electron 3 = 0.26. (b) High energy electron g = 0.75.
1e-16

0.0 05 1.0 1.5 2.0
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(c) Highly relativistic electron 5 = 0.99.

Fig. 4.4.: Power spectra of electrons in a 1T magnetic field with pitch angle « = 90°
observed with # = 90°. In (a) and (b) the fundamental frequency w. is the
leftmost peak and the additional peaks are higher harmonics. In (c) the distinct
frequency peaks transition into a continuum of frequencies.

Instead of just a single frequency, the actual spectrum has additional frequency
components at integer multiples of the cyclotron frequency w.. The manifestation
of these higher harmonics depends on the electron’s 8 factor and the angle 6. In
general, the highest number of harmonics is visible at § = 90°. As can be seen in
figs. 4.4a and 4.4b for that case the spectrum can vary from few additional peaks at
low 3 to sophisticated spectra with many peaks in the higher energy cases, meaning
that the wave is composed of many frequencies of variable proportion.

>Due to the symmetry the choice of the reference direction is irrelevant for the results.
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In the extreme cases of highly relativistic electrons the spectrum transitions from
discrete frequencies to a continuum of frequencies as can be seen in fig. 4.4c. This
variable spectral shape is certainly difficult to describe and thus it is no surprise that
no closed form solution for the instantaneous field of eq. (4.21) exists.

Spatial Distribution

—CM0=700 —0402700
Qo = 800 0° ag = 800 0°
—_— a0:90° ° —_— 060290O °

Oo

270° 270°
(a) Tritium endpoint electron 8 ~ 0.26. (b) High energy electron g = 0.75.

Fig. 4.5.: Angular distribution of the total radiated power of electrons undergoing cyclotron
motion. The power is normalized to the total radiated power across all angles
such that it is represented as linear antenna gain. The polar plots depict the gain
as it depends on 6 while it is symmetric around the azimuth ¢. The distribution
changes its shape depending on the electron’s relativistic 5 and its pitch angle a.

The electron radiates its power from eq. (4.24) non-isotropically and the spatial
distribution of the radiated power %(9) from all frequencies is given as a long
closed-form expression in [71]°. It only depends on the angle # between # and B
and not on ¢, i.e. it is rotationally symmetric around the magnetic field line. The
dependence on ¢ dramatically changes in shape with the electron’s energy Ey;, and
pitch angle «. In the interesting case of tritium beta-decay electrons close to the
endpoint with § ~ 0.26 the radiated power has a slight preference for directions
parallel to the external magnetic field (see fig. 4.5a) as opposed to highly relativistic
cases where the radiated power has a strong preference for directions orthogonal

The derived expression only assumes axial and cyclotron motion and thus neglects effects from drift
motions. This is a reasonable approximation, as the kinetic energy due to the drift velocity only
amounts to a tiny fraction of the total.
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to B (see fig. 4.5b). For the case of pitch angles e = 90° the spatial distribution
is also symmetric around # = 90°. This symmetry breaks for the general case of
a # 90° where an excess of power is observed in the direction of axial motion. For
the high energy case with 3 = 0.75 (fig. 4.5b), the pattern appears almost rotated
by 90° with the power radiated mostly in the plane of the cyclotron orbit. As the
energy increases further, this radiation beam becomes progressively narrower in that

plane.
1e-16 — 6=0° 1e-16 — 6=0°
= 10 6=90° g 40 6=90°
T &)
> 0. L 20
3% 3
% 00 % 00
§ 1.0 § 1.0
< <
T 05 T 05
3 3
% 00 & 00
0.0 0.5 1.0 15 2.0 0.0 0.5 1.0 15 2.0
f[Hz] 1e11 f[Hz] 1e11
(a) Tritium endpoint electron 8 = 0.26. (b) High energy electron g = 0.75.

Fig. 4.6.: Power spectra of electrons in a 1 T magnetic field with pitch angle o = 90°. For
an observer at angle § = 0° to the magnetic field all power is in a single peak
at the cyclotron frequency while it spreads out to harmonics of the cyclotron
frequency at other observation angles. The bottom plots show the power spectra
relative to the total power radiated into the observer direction.

Considering both the frequency content and the anisotropy, the power frequency
spectrum of the emitted wave is

0, w) = i —=(0)0(w — nwe) , (4.25)

where %(9) is the angular power distribution for the n-th harmonic, which is
given in a long analytic expression in [72]. Figure 4.6 shows spectra according
to eq. (4.25) under different angles 6 for two electron energies. Additionally, the
respective bottom plots show relative power spectra by normalizing all peaks to
the total power for the depicted angle #. This helps putting into perspective how
much the power spreads out into the harmonics in the different cases. From the
analytic spectra one can find that at # = 0° for all energies and pitch angles all the
power is actually radiated with the fundamental frequency. The harmonics start
to gradually appear with increasing # which reaches its peak at § = 90°. Still, for

tritium endpoint electrons the fundamental frequency is the most powerful under all
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angles # and it only drops to 75% of the total power in that direction 6. In contrast,
for the high energy case (fig. 4.6b) it shows that only a small fraction of the power
P(0) is radiated by the fundamental frequency and the power is generally spread
out to a wide bandwidth of frequencies.

These results have some implications for the feasibility of CRES due to the resulting
bandwidth. In both cases of fig. 4.6 the fundamental frequencies are near 20 GHz
and thus an RF receiver that is sensitive to more than a single harmonic needs a
bandwidth of >40-50 GHz. This pushes the requirement for the sampling rate close
to at least 100 GHz, resulting in data rates > 100 GBs™! for each receiver’. This
data rate is a technical challenge on its own but the same is true for the design of an
RF receiver of this bandwidth as higher bandwidths are generally associated with
lower antenna gains and increased physical dimensions [50]. For this reason, RF
receivers of a CRES detector should be designed such that they are only sensitive
to one of the harmonics of the electron spectrum. This is supported by section 5.5
where it will be demonstrated that possible electron spectra of a single harmonic
after applying the detector response only have a very narrow bandwidth.

Using only the fundamental frequency results in a bearable power loss of 25% for
the tritium endpoint electron. while for high energy cases most power would be lost
as each individual harmonic only carries a small fraction of the total. Nevertheless,
overall this is compensated by the fact that the high energy electron’s total radiated
power, as calculated by eq. (4.24), is ~ 20 times higher. Consequently, there is still a
slightly higher power in the fundamental frequency compared to its counterpart in
the lower energy case (see the upper plots in fig. 4.6), making the detection appear
similarly challenging for both cases.

By using several receivers that are sensitive to different harmonics of the high energy
spectrum it even sounds plausible to detect higher fractions of the total power
and thus improving the efficiency, although at the expense of higher data rates
and overall cost. Nevertheless, with the focus on tritium spectroscopy the further
exploration of such ideas is outside the scope of this thesis. Furthermore, at the time
of writing the only existing CRES experiment working at high energies with § ~ 0.99
[73] uses waveguide technology for the detection where the presented results of
free space radiation for the spectral and spatial power distribution do not apply.

A somewhat unexpected result is the high power at the fundamental frequency for
6 = 0° in fig. 4.6b, which at first seemingly contradicts the narrow beam at § = 90°
that is seen in fig. 4.5b. However, a similar polar plot of the power radiated by only
the fundamental frequency in fig. 4.7 reveals a consistent image with a radiation

"Using only 8 bit samples.

4.3 Electromagnetic Waves from CRES Electrons

41



— ap = 70° — ap = T70°
Qo = 800 0° Qo = 800 900
— o =90° ? — ap = 90°

18079

270° 270°
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Fig. 4.7.: Angular distribution of the power radiated in the fundamental frequency. The
polar plots depict the gain as it depends on # while it is symmetric around
the azimuth ¢. The distribution changes its shape depending on the electron’s
relativistic § and its pitch angle a.

pattern that is surprisingly similar to the one of the low energy case. This provides
evidence that the elementary characteristics of the radiation field’s fundamental
frequency persist even at higher energies. Given the bandwidth limitations and all
prior evidence supporting the sole use of the fundamental frequency in high-energy
cases, and considering its significantly higher relative power at the tritium endpoint,
this frequency will be treated as the only component of the radiation field that is
relevant to observe.

Polarization and Phase

With the decision to neglect the higher harmonics of the radiation field, the wave
is effectively approximated as a sine wave with frequency w.. However, its explicit
vectorial form E,(r,t¢) with its polarization and phase are still unknown. The
complete mathematical form can be approached by a low energy Taylor expansion
of eq. (4.21). For small 3 the radiation component of eq. (4.21) is to first order

E(r ) ~ — <1ﬁ < (7 B)) . (4.26)

dmege \ R t
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Similar to the calculation of the axial motion, it is assumed that the field only
slowly varies along the axial trajectory and thus the motion is locally approximately
helical with the helix axis aligned with the direction of B. Therefore, the calculation
assumes a coordinate system for E, that has its 2 axis aligned with the direction B.
Hence, the result will be given relative to the local magnetic field direction, which is
not always exactly aligned with the symmetry axis z from section 4.2.

These assumptions result in

w2R, cos(we - t + o)
B = - —w?Rysin(we -t + o) |
9
where v)| is the velocity parallel to B and ¢ is the initial phase into the helix. In
order to simplify the following derivation it is preferable to use ¥ ~ 0 under the
assumption that it is much smaller than the 2 and y amplitudes®. Using spherical
coordinates such that

sin (@) cos(¢)
r = Riv = R | sin(6) sin(¢)
cos(6)

and substituting # and B into eq. (4.26) results in

— (cos(0)? cos(po + twe) + sin(¢) sin(0)? sin(é + o + twe))
cos(#)? sin(pg + tw.) + cos(¢) sin(6)? sin(¢ + g + tw,)
% sin(26) cos(¢ + o + twe)

This result is more accessible in the spherical coordinate basis by applying the
coordinate transformation &' = &4, §' = &y and 2’ = —&, = —n. With the
corresponding transformation matrix M = (2', 9, 2’)~! this yields

sin(twe + @0 + ¢)
— cos(0) cos(twe + @o + @)
0

e wiR,
4meqpc? R

E'(r,t)=M- E,.(r,t)

tr
(4.27)

8Assuming Fiin ~ const on short time scales and with the assumption of the slowly varying field,
the ratio of the amplitudes of 3 is w2 Ry (|9, |)71 = v sin(a)we (vo sin(a)d) ™! = w. & *. In the
magnetic traps under consideration the maximum change in pitch angle from the minimum to
the maximum field is Ao = 5° on timescales of at least At = 0.01us. Thus, & = % is on the
order of 107 s~! (This is a roughly estimated average over one axial period and it could be much
higher on very short segments), while on the other hand w, is on the order of 10'* s . As a result,

|’[)H| < szg.
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That means for any direction 7 the radiation field is a 2 dimensional sine wave in the
plane orthogonal to 74 with a phase shift of —7/2 between the two components.

The result obtained here is a full mathematical description including polarization
and phase of the radiation field of the fundamental frequency in the low energy
limit. Yet, it does not contain the relativistic effects for the total power (eq. (4.24))
and its spectral and spatial distributions from the previous section. For a complete
model that includes the relativistic effects a new amplitude A(r,t) is introduced in
eq. (4.27) such that

sin(twe + @o + @)
E,(r,t) = | A(r,t) | — cos(0) cos(tw. + o + ¢) . (4.28)
0

tr

The amplitude A(r,t) ~ \/P(r,t) is calculated with the direction dependent power
of the fundamental frequency from the previous section and serves as a relativistic
correction to eq. (4.27). Together with the use of the relativistic cyclotron frequency
w. from eq. (4.3) this results in a full relativistic description of the fundamental
frequency component of the radiation field.

Polarization

The result in eq. (4.28) can easily be recognized as the general form of elliptical
polarization in the ¢-6 plane of the observer. This is due to the factor cos(f) scaling
down the amplitude of the Ey-component with higher polar angles, while the
amplitude of the E;, component remains constant. The polarization ellipses are

characterized by their axial ratio which is the ratio between the length of the major

1

and minor axes. In this case itis AR = .
cos(0)

Figure 4.8 shows a variety of cases for the polarization ellipse under different
observer angles 6. For the case where §# = 0° and 7 is parallel to B, the ratio is AR =
1, indicating perfect circular polarization in the ¢-6-plane. In this configuration the
¢-0-plane is identical to the original z-y-plane. For the case where 6 = 90° the
ratio is AR = oo, corresponding to linear polarization along the azimuthal axis ¢.
Angles in between are elliptic in general with AR > 1. Finally, a comparison of these
results to the schematic in fig. 4.3 is helpful for the geometric interpretation of the
polarization: For an observer viewing the electron’s circular motion under an angle
0, this circle will appear as an ellipse, corresponding to the polarization ellipses in
fig. 4.8.
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Fig. 4.8.: Observed polarization ellipses in the ¢-8-plane for different polar angles 6. In
each plot title the axial ratio AR of the polarization ellipse is indicated. Field
components are normalized to A.

Phase

In addition to the 7/2 phase shift between the £y and £y components and the initial
helix phase ¢(, both components have an additional shift ¢. This phase ¢ is the
azimuthal angle ¢ of the observer (see fig. 4.3) and it is defined with respect to an
arbitrary direction that is orthogonal to B. Therefore, this result only determines
a relative phase shift with respect to the reference direction instead of an absolute
one. That means any two observers at the same polar elevation # and at the same
distance to the electron will observe radiation with a phase shift of A¢ equal to their
azimuthal angular distance. Figure 4.9 shows normalized instantaneous amplitudes
of E, in the z-y-plane of an electron at p = 0. Regions with matching colors are
indicative of identical phases. The characteristic spiral pattern formed by these

regions is a result of the azimuth phase shift ¢.

The phase of the field at a position (p, ¢) in the z-y-plane evaluated at the retarded
timet, =t — £ is
P

@—wc<t—c>+§00+¢-
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Fig. 4.9.: Instantaneous field amplitudes at time ¢ in the z-y-plane normalized to Ar =
A - R. Matching colors share the same phase. The pattern is recognized as an
Archimedean spiral, which is overlayed as dashed blue line. Without the log-scale
the amplitudes drop off quickly, due to the + scaling.

As a result, for positions with equal phase 4§, the following relationship between p
and ¢ holds:
p="(p+ wit+po—0 ). (4.29)
—_———

C
constant for all (p,¢)

This result can be recognized as an Archimedean spiral, which is defined by
P = b- ¢A ;

which relates the polar angle ¢ 4, to the radial distance p of each point of the spiral’s
curve, where the parameter b sets the distance between spiral loops. From eq. (4.29)
one finds that b = = and ¢4 = ¢ + const, where the constant part adds an angular
offset to the spiral. The corresponding Archimedean spiral is overlayed as the dashed
blue line in fig. 4.9.
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5.1

Simulated Data of an Antenna
Array CRES Experiment

Creativity is just connecting things.

— Steve Jobs
Co-Founder of Apple Inc.

Simulated data are an indispensable ingredient for research in modern fundamental
physics. They play a critical role for steering the design process of new experiments,
which can often be multi-million Euro investments, and help assessing the capability
of reaching experimental goals and evaluating the performance of data analysis
algorithms. Furthermore, even in the presence of experimental data, simulated
data still play a pivotal role in gaining the desired insights about a physical theory
from the experimental data. The data are the product of a mathematical model for
the simulated system with its underlying physical processes that ideally provides
an accurate description of reality within the bounds of its modeling assumptions.
However, such modeling accuracy can obviously not be guaranteed for the complexity
of a real experiment. This is why a thorough validation and continuous challenging
of the model are imperative.

This chapter discusses how data taken by a CRES experiment can be simulated. It
briefly covers the implementation of a simulation model with the software packages
Kassiopeia and Locust and their shortcomings both in computational efficiency and
modeling accuracy. These are addressed by another implementation with the newly
developed software package CRESana, which is one of the main contributions of
this thesis.

Overview of Simulation Principles

A full simulation of a CRES experiment yields the data measured by a detector over
a time ¢, for a defined detector setup and a given source of electrons. The data of
each individual antenna are a time series of a time varying digital voltage, which
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Fig. 5.1.: Electron track simulation steps.

is obtained by sampling at a fixed rate f;. The samples are taken as in-phase and
quadrature (I/Q) data, which is an RF sampling technique that samples a real signal
and its 90° phase-shift with two separate analog-to-digital converters (ADCs) and
combines them into complex samples®. Therefore, the data are a complex n, x n
matrix U, where n,, denotes the number of antennas and ng = ¢,, - f, is the number
of samples per antenna.

Figure 5.1 shows the essential steps for the simulation of electron data. The first
step in the simulation is the generation of a 3-dimensional magnetic field based on
the distribution of electrical currents of the detector geometry. With the magnetic
field provided, the next step is to compute the electron trajectory, which is fully
determined by its initial parameters 6. The trajectory encompasses the time devel-
opment of the electron’s position and momentum, which are obtained by solving
the equations of motion. This is followed by the calculation of the EM fields of the
emitted radiation, which are defined by eqgs. (4.21) and (4.22) for any position r.
It is sufficient to calculate the fields only at the positions of the antenna elements
in the array. After that the characteristic antenna response is calculated, which
simulates the voltages induced in the antenna circuit by the input EM fields. The
last step is the simulation of the RF receiver, which includes amplifiers, frequency
mixing, low-pass filtering and digitization. The steps in the diagram following the
electron trajectory are done for each antenna element independent of each other
and produce a time series U[t] for each antenna.

For the main application in Project 8 the source of electrons would be a tritium gas
inside the detector volume at some given density. In a stochastic process the source
produces decay electrons at positions inside the detector volume. When an electron
event occurs the electron moves through the gas and can randomly scatter off of gas
molecules, which results in a sudden change of kinetic energy and pitch angle. This

This has advantages since it always preserves instantaneous amplitude and phase of the signal and
it allows for distinguishing positive and negative frequencies.

Chapter 5 Simulated Data of an Antenna Array CRES Experiment
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Fig. 5.2.: Chart depicting the concept of multiple concurrent tracks and events. An event
occurs at ¢; with initial parameters 8;. After 7; the electron scatters which starts
a new track with length 7, and changes energy and pitch angle to Fs, as. Two
more scatters occur before the first event ends. A second event appears at to with
different initial parameters 5. Its two tracks partly overlap in time with the first
event.

can occur multiple times and the event ends when the detector is no longer sensitive
to the electron energy, or when the electron leaves the trap.

The periods of an event between scatters are called electron tracks. An electron track
can be characterized by eight parameters: they are the electron’s initial position and
momentum vectors (z,y, z) and (pz, py, p-), the start time ¢y and the track duration
7 which is the time it takes before the electron scatters. An equivalent but more con-
venient representation of these parameters is @ = (Ekxin, 0, p; @, Qaxials Peycl, L0, T),
where o is the pitch angle at the minimum of the magnetic field?, p the radial
position, ¢ the azimuthal angle of the position, .y, the initial phase of the axial
motion and ¢y the initial phase of the cyclotron motion.

For the initial track all parameters except for 7 are random variables arising from
the stochastic production process of the source, while 7 is a random variable that
depends on the electron’s mean free path for all tracks. The energy and pitch angle
in subsequent tracks are random variables that depend on their previous values and
the scattering mechanism, typically with Fyiy; 1 < Ekin;. Figure 5.2 depicts the
concept of tracks and events along the time axis.

In this thesis the focus is on the simulation of deterministic electron tracks for given
parameters 6, since this is the part that is specific to CRES while the stochastic
event generation process in tritium is known from other tritium spectroscopy experi-

2Throughout this thesis « will be called simply "the electron’s pitch angle" for better readability
although it actually always means "the electron’s pitch angle at the minimum of the magnetic field".
It should not be confused with the instantaneous pitch angle «(t).

5.1 Overview of Simulation Principles
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ments [74, 75]. Combining the track simulation with a Monte Carlo event generator
would be straightforward: the event generator draws tracks from the distributions
that are appropriate for the gas which yields inputs 8, to be processed by the track
simulator. All simulated tracks are then combined by addition of the time series of
output voltages. Assuming that electrons do not interact with each other it is also
possible to have multiple overlapping events generated with this approach.

Kassiopeia

Kassiopeia is a particle tracking software package written in C+ and developed
by the KATRIN collaboration [74, 76]. It can calculate the electric and magnetic
fields of charge and current distributions in complex geometries, produce different
types of particles and track them through the geometry. The particle production can
be configured in many ways to enable the generation of particle properties from
static inputs or by drawing from probability distributions. Available distributions
include those relevant to tritium beta decay. Particles are tracked by solving an
equation of motion, which can be configured by the user. During the particle tracking
interactions with the medium like scattering off the tritium gas and interactions with
surfaces can be configured as well.

In an electron track simulation for Project 8, Kassiopeia is responsible for the first
two steps in fig. 5.1. The geometry only consists of one or more current carrying
electromagnetic coils, which produce the magnetic field for the simulation in addition
to a background field. For track simulations with given parameters 6 including track
length 7, an electron is produced with fixed properties and the gas interactions are
disabled since scattering ends a track. In the baseline configuration the trajectory
uses an equation of motion that tracks only the guiding center of the cyclotron
motion with the addition of drift motions (see section 4.1), which is solved with an
8th-order Runge-Kutta integrator. But in general Kassiopeia also supports the exact
equations of motion without guiding center approximation and other integration
algorithms. For more details about possible ways to configure Kassiopeia readers
should consult the Kassiopeia documentation [77].
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5.3 Locust

Locust, developed by the Project 8 collaboration, is another software package
written in C+ for the primary purpose of simulating CRES experiments [78, 79]. It
models the response of an antenna and the full RF receiver chain to time-varying
electromagnetic fields. The simulation of the receiver chain also includes simulation
of an ADC, thus generating digital data with limited bit-depth in the same data
file format as data from a laboratory experiment. The electromagnetic input signal
can be configured to a variety of internal sources including simple test signals and
external ones.

For the use case of an electron track simulation Locust implements the last four steps
in fig. 5.1 but it needs a CRES electron for the signal source. This is accomplished by
compiling Locust with Kassiopeia as a submodule. The combined Kassiopeia-Locust
package runs with two concurrent threads for both subpackages, which enables
Locust to query the electron trajectory at runtime. The electromagnetic fields are
calculated in Locust by numerically solving egs. (4.21) and (4.22) for the trajectory
from Kassiopeia. The trajectory and field samples are both temporarily stored in
ringbuffers and the threads and their access to the buffers are properly coordinated
such that trajectory and RF sampling are synchronized.

Unfortunately, working with Locust for this thesis has uncovered two major bugs
in the simulation of an antenna array setup which have not been fixed at the time
of writing. The first one is introduced from an incorrect scheme for applying the
antenna response to undersampled signals with the goal of saving computation time.
The second one was found in the solution of egs. (4.21) and (4.22) which produces
incorrect results. For more details on these bugs see appendix B.

Aside from these bugs the main shortcoming of using Kassiopeia-Locust is the
computation time of electron simulations for an antenna array. For a short ~40us
track in a moderately sized array of 60 antennas a runtime of ~90 min was found.
The main culprits for the long computation time are the numerical solving of
eq. (4.21) for the radiation fields, and the simulation of the antenna response, which
involves applying digital filters with convolution operations on a densely sampled
time series. Both need to be done per antenna. It is estimated that both the track
length and the array size will need to be a factor 10-100 higher with a proportional
increase in computation time. The resulting runtime is unacceptable considering
that intended use cases for the simulation range from application in optimization
routines to generating large datasets for training machine learning algorithms.
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CRESana [80] was developed as an alternative to the Kassiopeia-Locust implemen-
tation of a CRES simulation with the goal of improving the performance by taking
a different simulation approach. The CRESana approach employs analytic results,
certain approximations and exploits symmetries and periodicity in order to reduce
the computational cost of the numeric simulation. In CRESana, all the steps of CRES
simulation from fig. 5.1 are integrated into a single package in order to simulate
the I/Q voltage time series. Although implemented purely in Python the heavy
use of the NumPy [81] and SciPy [82] libraries and the more efficient simulation
approach allow for a significant reduction in computation time: CRESana is able to
simulate the same setup which takes ~90 min in Kassiopeia-Locust in (10.5 + 0.4) s
— a speedup of ~500.

An advantage of the Python implementation and the reliance on NumPy arrays
as the main data structure is the effortless interfacing of the simulated data to
the numerous libraries for optimization and machine learning that are available
in the Python ecosystem and very widely used by physicists. In addition to the
improved runtime this also greatly reduces 10 overhead times for work with these
Python libraries since the data are not written to a file first, which is mandatory with
Kassiopeia-Locust.

The following sections go over the details of how CRESana combines electron motion,
the electric fields and the antenna response in order to form the recorded spectrum
based on the theory discussed in chapter 4. The section structure follows the diagram
in fig. 5.1.

Electron Trajectory

The first two steps in fig. 5.1 are the magnetic field and the electron trajectory sim-
ulation. The simulation of the electron trajectory T'(t) = (rs(t), B(t), Exin(t), a(t))
yields the time evolution of all parameters that are relevant to the calculation of the
emitted radiation. This includes the position r(t¢), the magnetic field vector B(t),
the kinetic energy Fii,(t) and the pitch angle «(¢).

The trajectory is determined by the three-dimensional magnetic field B(p, z), which
is restricted in CRESana to be both rotationally symmetric around the z-axis and
symmetric with respect to the plane z = 0. Assuming adiabatic motion for electrons
in these fields (see section 4.1) the simulation of the trajectory uses the guiding
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center approximation. In the lowest order of approximation the motion is a helix
spiraling around the magnetic field lines. Therefore, instead of tracking the exact
electron position, it is sufficient to track the position of the guiding center r,(t) as
the local approximate location of the helix axis. If required, the exact position could
be reconstructed from that using the gyration radius with eq. (4.4).

Still, the motion is only an exact static helix in an entirely uniform magnetic field.

With the higher orders of the approximation, the guiding center slowly moves in a
circle around the symmetry axis of the magnetic field (i.e. its azimuth position ¢
changes) due to the drift motions introduced in section 4.1 [47]. Finally, in order
to achieve the magnetic mirror effect the field lines have to converge along the
z-axis and thus the radial position p of the field line followed by the guiding center
eventually decreases at higher z-positions (see fig. 5.4). Accordingly, the full time
evolution of the guiding center is

p(z(t)) cos(¢(t) + o)
rs(t) = | p(z(t)) sin(6(t) + do) | (5.1
2(t)

where ¢ determines the initial azimuth position of the guiding center. Figure 5.3
visualizes the kind of motion that is described by eq. (5.1).

With the guiding center position known, the remaining trajectory parameters are
easy to calculate: the radial and z position determine the magnetic field B(t) =
B (p(2(t)), z(t)), the magnetic field determines the pitch angle «(t) = a(B(t)) with
eq. (4.5) and the pitch angle and magnetic field determine the kinetic energy
Eyin(t) = Exin(B(t), a(t)).

Therefore, CRESana handles the trajectory simulation in a few calculation steps in a
specific order where each step requires the results of the step before:

1. A magnetic field B(p, z) based on the setup

2. The field line for this magnetic field based on the initial guiding center position
(po, z0) which yields p(z)

3. The axial position z(t) and the radial position p(t) = p(z(t))
4. The instantaneous pitch angle, magnetic field and kinetic energy
5. The azimuth position ¢(t)

6. The full guiding center position r(t)

5.4 CRESana
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Fig. 5.3.: 3D electron motion with an orange line representing the guiding center and a blue
line indicating the electron’s actual position. An exaggerated synthetic motion is
depicted aimed at improving visualization of key features rather than replicating
the exact physical simulation.

Magnetic Field and Field Line

The standard simulation setup uses a field that is generated by a number of coaxial
electromagnetic coils — all centered around the z-axis — and a background field
By2. The setup specifies the coils’ locations z; along the z-axis, the radii R; and
the currents I;. The electromagnets are approximated as simple current loops for
which analytic solutions with elliptic integrals can be found for the field B, .1, (p, 2)
and all its derivatives in [83]. Since magnetic fields satisfy the superposition
principle, CRESana evaluates the field locally for any given position p, z as B(p, z) =
> i B..r1,(p, z) + BoZ. Analogously all derivatives that are required for the drift
velocity (eq. (4.18)) are evaluated via superposition. Figure 5.5a shows the absolute
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Fig. 5.4.: Plot of magnetic field lines in a trapping field. An electron (orange dots) starting
at (po, z0) = (0.05,0)m would follow the green field line to its maximal z extents
which is marked by the dashed lines. For this reason the electron’s radial position
depends on its z position.

value of the magnetic field of a single trapping coil for a fixed radial position p
simulated by this approach in CRESana.

The second option for a setup in CRESana is a field that is given by a polynomial
function B, (z) for the z component of the field vector on the cylinder axis p = 0. This
analytically determines the full vector B(p, z) and the derivatives at any location via
the Legendre polynomial solution (see section 4.2) and thus CRESana can evaluate
them locally.

The field line 71, (s) = (p(s), 2(s)) is defined via the differential equation [84, 74]

drp(s) _ B(p(s),2(s))
ds |B(p(s),2(s))|’

where s is an arbitrary parameter. For the solution a simple Euler integration scheme
is used:

B(Puzl)

= p; + 2LV A
PEL= P B (pr, 20)]
Bz(Plazz)

z = As.
AT B 2)

The values (p;, 2;) are iteratively calculated starting with the initial guiding center
position (pg, zo) until z; > Zstop.

Field lines calculated by this approach are depicted in fig. 5.4. The step size As and
the stopping value z,, are implemented as configuration parameters of the trap
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setup and in general both need to be adapted to the physical dimensions of the setup.
As can trade-off accuracy and computation time and should be small compared to
Zstop Which needs to be set high enough that it is greater than the highest = position
any electron of interest can reach in the trap. The resulting values (p;, z;) are used to
form a function p(z) with a B-spline interpolation from the SciPy library [82, 85].

Axial Motion

The trajectory of axial motion is found by solving the integral in eq. (4.6) along the
electron’s magnetic field line using the field magnitude B(z) = |B(p(2), z)|. The
resulting motion in the magnetic field is schematically outlined in fig. 5.5a with its
three phases. Closed-form solutions of the integral only exist if B(z) is polynomial
with order < 2 and have been implemented for the harmonic trap and the square
well trap (see appendices A.1 and A.2). For all other cases the integration is carried
out numerically with an adaptive quadrature method via SciPy’s interface to the
FORTRAN library QUADPACK [82, 86].

The first step towards the solution of the axial trajectory is the calculation of the
upper integration bound z,,,,, which is the maximal z position that is reached by
the simulated electron. It is defined by the root of the integrand’s denominator
and found by numerically solving the equation B(zy,..) — B(z') = 0 for 2’ using
an implementation of the secant method in SciPy [82]. B(z4.) is determined by
the electron’s pitch angle o and the magnetic field at the minimum B(0) and can
Sif;(((go). This follows

from eq. (4.5) (adiabatic invariance) using the fact that the electron reaches an

be calculated without prior knowledge of 2,4, as B(zmaz) =

instantaneous pitch angle of a« = 90° at B(zpnaz)-

After the calculation of z,,4., the simulation can proceed to eq. (4.6). This equation
is a function ¢(z), which returns the time it takes for the electron to move from z(0),
its z position at t = 0, to an arbitrary position z < z,,,,. By setting the start point as
z(0) = 0, t(zmas) becomes the time it takes for the electron from the minimum of the
magnetic field to the maximum it can reach with its pitch angle, which corresponds
to phase one in fig. 5.5a. Once the electron reaches z,,., it comes to a halt with
an instantaneous pitch angle of a = 90°, i.e. all its kinetic energy is momentarily
in the cyclotron motion only. In the second phase the electron turns around and
falls back into the magnetic minimum, repeating the same motion from z,,,, to 0 in
reverse. From there it repeats the first two phases in negative z direction due to the
symmetry of the magnetic field and finally it reaches z = 0 again after completing a
full axial period.
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(b) Construction of full axial solution. The initial solution (orange) is valid for ¢ < %
and is extended to the full solution by two reflections and periodic summation.
The three phases here correspond to the phases marked in (a). The blue part of
the curve marks the solution that is valid for any time ¢ > T.

Fig. 5.5.: Construction of the axial solution.

As a result, t(zmar) = % is the first quarter of the axial period and it is sufficient to

evaluate this part of the axial motion since it is similar in the other three phases.

However, in order to resolve the motion between ¢ = 0 and ¢ = % in detail it is
mandatory to evaluate ¢(z) for a number of z positions, each of which is a separate
integration with a different upper bound z. This is done with N, equidistant points
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zi € [0, zmas| yielding t; = t(z;), where N, is a configuration parameter of the

simulation. This is visualized in fig. 5.6.

From the results a B-spline interpolation function is constructed with ¢ as inde-
pendent variable yielding z7/4(t), an approximation to the inverse of ¢(z) on the
interval [0, 7'/4]. For the full axial trajectory z(t) with ¢ € [0, 7], the solution zy4(t)
is extended to the full axial period by exploiting the symmetry of the trap and
subsequently the full track length by periodic summation. This process is shown in
fig. 5.5b.
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Fig. 5.6.: Approach for calculating the axial motion on the first quarter period. Equa-
tion (4.6) is evaluated for a number of z positions (right) and an interpolation
function can yield the inverse z(t). Each of the points on the right is the result of
separately integrating the function on the left from O to the respective z position.
At the rightmost point the function approaches a singularity.

Once the extended function z(¢) has been constructed, it can be evaluated for an
arbitrary number of sample times along the full track without additional computa-
tional cost for integrations. The extra cost of the integration is fixed prior to the
evaluation and can be adjusted with the simulation setup parameters. E.g. the
number of z evaluation points IV, and thus the number of integrals can be reduced
to accomplish faster but less accurate results.

The integration itself has proven to be rather challenging since its upper bound 2,4,
is a singularity. Several different numeric integration schemes have been investi-
gated. This includes the cumulative trapezoid rule from SciPy and a cumulative
implementation of Simpson’s rule, which both result in good computational per-
formance but with an unacceptably high integration error close to the singularity.
In addition, the so-called tanh-sinh quadrature method, which is well suited for
integrals with singularities [87], has been assessed with an implementation from
the mpmath Python package [88]. The integration quality turned out comparable to
QUADPACK but with a significantly slower computation time.
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In the final solution with QUADPACK, the leading contribution to the computation
time of the trajectory solution is the magnetic field evaluation B(z) in the integrand.
The issue lies in the repeated evaluation of the integrand at multiple z-positions.
These are dynamically selected by the adaptive integration routine from QUADPACK.
Furthermore, since each point in fig. 5.6 corresponds to a separate call to the
integration routine, the evaluated z-positions are not reused between different
integrals. This leads to a large cumulative number of integrand evaluations.

However, the calculation of the magnetic field itself can be accelerated by using an
interpolation function for B(z). This interpolation function is constructed ahead of
time by evaluating B(z) along the field line at a number of positions z; € [0, z/maz)-
Depending on the number of positions, the evaluation of the interpolation function
can be significantly faster than the calculation of the original B(z) solution for the
current loops. The number of positions is another setup parameter that can be
used to trade off computation time and accuracy of this additional performance
optimization. The use of this magnetic field interpolation is entirely optional.

Energy

The kinetic energy of the electron cannot be treated as constant since it emits
cyclotron radiation that carries away power which is the derivative of the energy,
d}fi% = —P(t). In this differential equation P(¢) is the total radiated relativistic
power given by the Larmor equation eq. (4.24), which depends itself on Fx;,(t) due

2
to the relativistic 5 factor. Using § = \/ 1— (%) one finds the differential

moc?+Fin

i.e.

equation
dExin(t Py(t
i = Gty (Bl (0 2mue (1) 2

where Py(t) = P(t) 1252 is the non-relativistic power which still depends on time

due to the pitch angle and magnetic field.

The solution to this differential equation was found with Wolfram Mathemat-
ica [89]

_ 2moc? Exing
Flan(t) = (moc? + Biing) 2EL0)/(moe) — By -3
where Eyi,q is the initial kinetic energy and E, is the integrated power
t
EL(t) = / Py(t) dt’ . 5.4)
0
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This integration is carried out numerically with the cumulative trapezoid rule from
SciPy [82], which efficiently calculates the integral for a great number of time
samples ¢; by accumulating the approximate integrals of sub-intervals:

7 't t

EL(ti) = Z ; Po(t,) dt' = EL(tl;l) + . Po(t,) dt’.
k=1""k—1 i—1

With the trapezoid approximation it is only required to evaluate the integrand a
single time for each ¢;, which can still be done at small computational cost. A faster
approximate solution would be possible as well with the reasonable assumption that
P(t) = const on the relevant timescales which simplifies the solution to Ey;,(t) =
Eying — P - t. However, CRESana still uses the exact solution of eq. (5.2) since its
computational impact was found to be negligible.

A minor effect that is caused by the energy loss is a time dependence of the axial
frequency. The solution of the axial motion in eq. (4.6) depends on the kinetic
energy via the velocity vy. So far the presented simulation approach of the axial
motion assumes that v is constant, which is a valid assumption over a single axial
period. However, for long simulation times the axial frequency should be slowly
decreasing due to the energy loss. This was confirmed by comparison to a trajectory
from Kassiopeia, which incorporates a term for energy loss from cyclotron radiation
into the equations of motion. It is not possible to implement the energy loss properly
into the axial motion with the approach of the periodic summation. Therefore,
the effect was approximated by a simple linear correction: instead of calculating
t(z) with eq. (4.6) the simulation calculates the arch length s(z) = #(z) - vo and
the corresponding inverse interpolation function z(s). This is then evaluated as
2r/a(t) = 2 (v(t) tr /4(15)) where t7/4(t) is the time ¢ converted to the corresponding
time in the first phase of the axial motion (figs. 5.5a and 5.5b). For the conversion
the axial period is rescaled with the current velocity as 7' = s(zpnqz)/v(t), assuming
that only the maximum arch length is constant but the period length is not. This

corresponds to a 1st order Taylor expansion that assumes dqé—(tt) ~ 0.

Azimuth Motion

The azimuth motion ¢(¢) from eq. (5.1) is caused by the drift of the guiding center.
It can be calculated with the instantaneous total drift velocity vp using eq. (4.18),
which is not constant since it depends on the instantaneous pitch angle and energy
and the local magnetic gradient and curvature at the current z-position. The
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instantaneous drift phase is then the accumulated angular position as a result of

_ [fwp(=(t)) ..
(é(t)f/o i (5.5)

This is the same kind of integration as eq. (5.4) and thus is calculated in the same

that motion:

way using the trapezoid rule.

Electric Field at Antenna

The electron trajectory simulation is followed by the calculation of the electric
field at the antennas (see third panel in fig. 5.1). The three-dimensional electric
field E,(t) = E,¢(r,t) is calculated with the approximation of the fundamental
frequency with relativistic correction. The vectorial form of this field is given in
eq. (4.28) and it can be characterized by an instantaneous power Pg(t) and phase
¢r(t). The latter needs to take into account that the cyclotron frequency w. is time
dependent due to the Doppler effect and magnetic field variations along the electron
trajectory.

Retarded Time

tei+1

€i+1

- /\/\/\/\ % P =

tDj+1,i

T, © O

t,?

bpjipg =

te; tpj; =te; +dij/c
(a) Retarded times of two antennas for same sam- (b) Calculation of the distances between trajectory
ple time visualized for sampled trajectory. Re- samples and antennas for the calculation of
tarded times are in between trajectory sample the delay times.
times te;.

Fig. 5.7.: Visualization of retarded time calculation.

Since the electron is at motion the field at the antenna at time ¢ given in eq. (4.28)
is evaluated at the retarded time ¢, which is defined in eq. (4.23) where r is the
antenna position and r, is the electron’s position. The goal of this calculation is
visualized in fig. 5.7a: for each sample time ¢ and each antenna j the corresponding
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retarded time ¢,;(¢) has to be determined. The exact times are (in most cases)
different for each antenna and do not coincide with existing trajectory samples.

Unfortunately, eq. (4.23) has no closed-form solution for a helical trajectory. For
the solution the electron trajectory is sampled at twice the sampling rate and
the delay times to all antennas are calculated. The delay time is the time when
radiation from a trajectory sample has propagated to an antenna at position r;, i.e.
tp;(te) = ‘”Lc(t)' + t.. By interpolating the results of each antenna individually
(again using B-spline interpolation in SciPy [82, 85]), the retarded time at an
antenna’s sampling time is evaluated as ¢, ;(t) = ¢ D]fl. This approach assumes that
for each sample time there is only a single shortest path from the electron trajectory

to the antenna and reflection effects are negligible.

Once the retarded time ¢, ;(¢) is known the trajectory parameters are used to calculate
the cyclotron frequency w.(t,;(t)) with eq. (3.1), the larmor power Py(t,;(t)) with
eq. (4.24) and the distance vector d(t,;(t)) = rs(t,;(t)) — 7.

Power

In the next step, the incident field power at an antenna can be determined using
Frii’s transmission equation, which describes the relationship between the received
and transmitted power of two antennas in each other’s far field. The output power
of the receiving antenna is given by [90]

P, =G, G/ P, (C)2 (5.6)
2wd

where P; is the transmitted power, GG; the gain of the transmitting antenna, G,
the gain of the receiving antenna, d their distance, and w the frequency of the
transmitted wave. By treating the electron as a transmitting antenna that transmits
EM radiation with the Larmor power P, and assuming that the electron and the
receiving antennas are in each other’s far field, eq. (5.6) can be applied to calculate
the output power of the antennas in the array.

In this treatment, the receiver gain G, in eq. (5.6) results from the antenna response
function, which is discussed in the next section. Assuming G, = 1 for now yields the
instantaneous power of the field incident on the antenna:

) (5.7)
tr;(t)

c 2
PEj(t) = P, Ge (W>
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where GG, denotes the electron’s "transmitter gain", and all symbols are evaluated at
the retarded time.

The electron gain GG, implements the angular power distribution from eq. (4.25),
evaluated only at w.. As discussed in section 4.3.2, the field is reduced to its
fundamental frequency, as the antenna is unable to detect the harmonics of the field
(see the antenna’s frequency response in fig. 5.8). In practice, this means that the
anisotropy seen in fig. 4.5 is combined with a power damping factor to account
for the fraction of larmor power that is radiated with the undetected harmonics as
seen in fig. 4.6. Both these factors depend on the direction d(t,;(t)) relative to the
B-field.

Phase

The last step is the calculation of the instantaneous field phase at each antenna. It is
given by the integral over all past instantaneous field frequencies. The frequency
at the antenna is the Doppler-shifted cyclotron frequency. The calculation of the
Doppler shift requires the relative velocity between electron and antenna, which can
be calculated using the definition of the retarded time in eq. (4.23).

Using the fact that ¢ > ¢, and introducing the instantaneous distance d as a shorthand
for the right-hand side of that equation it can be written as

et — (1)) = d(t, (1))
Differentiating both sides with respect to ¢ yields the velocity:

1 d
(= t(t) = d(ta(t)

dte (1)) dte(t) d
1-— == N, r
< ¢ ( at ) a a, )
di,(t
c (1 — dt( ))
= 'Ue(tr) = T(t) .
dt

Using this relative velocity yields for the Doppler-shifted frequency in the receiver’s

rest frame:
1 B dt,(t)

14 el

w(t) = we (1))
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Consequently, the phase at a receiver including Doppler shifts can be written as an
integral over instantaneous cyclotron frequencies with a coordinate transformation

t / / ¢ !/ dt"” (t,) / tr(t) / /
o(t) = / w(t)dt' = / we (- (1) —dt’ = / we(t) dt.. . (5.8)
0 0 dt £(0)
With ¢,(¢) < t in general, the lower bound of this integral is #,(0) < 0. However,
negative retarded times indicate points in time before the electron appears, since
the trajectory simulation uses strictly positive sample times in the laboratory frame.
Therefore, CRESana calculates the instantaneous field phase at antenna j as

trj(t)
PE; (t) = /0 wc(t;") dt;" + ©cyel + d’A(t?"j (t)) . (5.9)

The phase ¢y is the initial phase of the cyclotron motion and the additional phase
shift ¢4 adds the characteristic Archimedean spiral described in section 4.3, thus
incorporating the relative phase between different antenna positions along the
cyclotron orbit. The integration is done in the same way as the integrations for
Eyin(t) and ¢(t) from egs. (5.3) and (5.5). With the trapezoid approximation this
only requires evaluations of the integrand w.(t') at all retarded times which has
already been done earlier.

Antenna Response

The detector response function of one of the antennas converts the electric field of a
radiation source into a voltage. This part of the simulation corresponds to the fourth
panel in fig. 5.1. The result of this step is the voltage induced at an antenna, which
is treated as an arbitrary modulated Cosine function

Ureal(t) = A(t) cos(p(t)), (5.10)

where A(t) and ¢(t) are the instantaneous amplitude and phase of the modulated
signal. With the antenna impedance Z the amplitude is a simple conversion of
the instantaneous output antenna power via A(t) = /2P, (t)Z. Therefore, the
variables of interest are the instantaneous power and phase at the antenna output
after applying the response function to the incident field’s power Pr and phase ¢p
from section 5.4.2. The response function depends on the frequency, the polarization,
and the source direction of the radiation incident on the antenna, all of which can
be treated separately with their respective effects on the frequency spectrum of the
output voltage.
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Polarization Mismatch

The antennas under consideration are only sensitive to linearly polarized radiation
in a direction p,, hence the instantaneous electric field E(¢) that drives the antenna
is the component of the three-dimensional field vector E, (¢) that is parallel to the
polarization direction with E(t) = p, - E,(t). This polarization mismatch effect
is implemented with a power loss factor M, for the antenna’s output voltage
spectrum. For a general radiation source with elliptic polarization the mismatch
factor is My, = A2Z(& - P,)* + AZ(§ - P,)* where & and § are basis vectors aligned
with the axes of the polarization ellipse and A, and A, are the amplitudes of the
field in that respective direction. For an electron source radiating from a direction d
the polarization ellipses were derived in section 4.3. They are defined by & = é,,
with A, = 1 and § = &y with A, = cos(#), where the spherical coordinate system is
defined such that 6 is the angle enclosed by &, = —d and the magnetic field direction
B. Therefore, knowing the direction of the radiation source, the polarization loss
factor can easily be calculated.

Frequency Response

The frequency response is given by the antenna’s transfer function (TF) defined as

which relates the input electric field E to the output voltage U at frequency w. This
implies that the complex TF acts as a finite impulse response (FIR) filter on the input
electric field signal E(t), which is typically implemented by convolving the filter’s
impulse response with the input field.

For a concrete antenna design the Project 8 collaboration obtains the TF from an
electromagnetic finite element simulation with the commercial package Ansys High
Frequency Structure Simulator (HFSS) [91]. These simulations reveal that for
antennas suited to this application, the bandwidth of H(w) is much wider than
the narrow bandwidth of interest for CRES in tritium beta spectroscopy and that it
plateaus on these small scales for most frequencies.

This can be seen in the simulation results of Project 8’s first manufactured prototype
antenna in fig. 5.8. By placing the CRES spectrum (green area in the figure) in the
plateau region, via the magnetic field, one can approximate H (w) ~ H(wy) = const
where wy is the central frequency of the CRES spectrum (orange dots in the figure).
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Fig. 5.8.: Simulated gain (blue) and phase (red) of the Project 8 antenna depending on
frequency of the incoming radiation. Near the center of the antenna’s frequency
band there is a plateau with almost constant gain. The green region marks a 200
MHz wide potential frequency band for CRES. The insets show zooms into that
region each with a secondary y-axis showing the respective relative error if only
the value at its center (orange) is used.

The inset plots show the relative error of this approximation where the phase errors
are relative to 2, thus this approximation introduces errors of < 0.1% for the
gain and < 2% for the phase. For this reason, CRESana implements the frequency
response as a constant gain Gy = G(wy) for the voltage power spectrum which is
calculated from the HFSS simulated transfer function. The effect of the phase is
ignored assuming that it is approximately constant.

With this simple approximation, CRESana can skip the computationally more expen-
sive convolution of the electric field signal F(¢) and the FIR filter of the TF. This is a
very powerful approximation, since the proper convolution requires the field E(t) to
be sampled at very high sampling rates (see appendix B for more details).

Directional Response

The antenna’s directivity D(@ describes its directional response in the form of
a power damping factor depending on the direction d of the radiation source in
relation to the antenna normal vector. Figure 5.9 shows how D(d) changes the
overall antenna gain of a single element of the Project 8 prototype antenna in its
E and H-plane depending on the angle to the antenna normal at a frequency of

26 GHz.
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Fig. 5.9.: CRESana simulated gain patterns of a single element of the Project 8 antenna in
the E and H planes at a frequency of 26 GHz. Distance of the line to the origin
marks the gain D in the corresponding direction on a log-scale in dB. 0° marks
the direction of the antenna’s normal vector 7.

E and H-plane are terminology from antenna theory that describe the planes in which
the electric and magnetic field of EM radiation emitted by the antenna propagate.
By this definition, the normal 7 and the polarization direction p, span the E-plane,
whereas the normal and the cross-polarization direction p, = # X p, span the
H-plane. In a cylindrical antenna array for CRES the antennas are arranged such
that their E-planes all are in the p-¢-plane and the H-planes all are in the p-z-plane
in cylindrical coordinates. This is illustrated in fig. 5.10.

The directivity function depicted in fig. 5.9 is an analytic approximation that closely
matches the simulated directivity of the prototype antenna in HFSS. Apart from this
specific directivity function, the simulation in CRESana can also be configured with
any arbitrary function D: R? — [0, 1]. For example, isotropic antennas are achieved

A

with D(d) = 1.

Element Combination

Finally, it is considered that antenna arrays may be build with passively combined
sub-arrays as mentioned in section 3.1.1. For example, the Project 8 prototype
antenna is a slot antenna [50], which acts as a linear array itself that combines five
elements along the cylinder axis. With such sub-arrays, the analog voltages U}, from
a subset of n elementary antennas are combined by summation with fixed phase
relations ¢y, such that

n—1
Utot = »_ Upe'#* . (5.11)
k=0

In the case of the Project 8 antenna n = 5 and ¢}, = 0 for all sub-elements.
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Fig. 5.10.: E- and H-plane of antennas in the cylindrical array. Circle on the left shows the
cylinder cross section and the E-plane gain patterns. Right part shows a cylinder
wall along the axis with the H-plane gain patterns. Along the axis, 5 antenna
elements are combined to form a composite antenna. Bottom shows the H-plane
pattern of the combined antenna. Instantaneous electron position e~ defines
the direction vectors d for the gain evaluation of each element.

Therefore, CRESana samples the voltages of each elementary antenna in a composite
antenna with their respective directivity functions and then takes their sum with
the respective phase relations. Figure 5.10 illustrates the placement of the elemen-
tary antennas and their E- and H-plane directivity gains in the full cylindric array.
Combining elements along the cylinder axis modifies the H-plane directivity of the
resulting sub-array, which is depicted in the bottom right of fig. 5.10. The structure
with multiple side-lobes is the result of interference of the sub-elements due to their
displacement and the incoherent summation.

Figure 5.11 compares the measured gain pattern from simulations of the Project 8
prototype antenna in CRESana and the finite element simulation in HFSS. Using
the analytic approximation for the directivity function of a single element, CRESana
reproduces the HFSS results well except for angles greater than 70° in the E-plane.
Since the antennas are arranged such that the E-plane is in the cross-sectional plane
of the cylindric array, these large angles correspond to directions that are nearly
tangential to the cylinder. This results in a negligible fraction of the cylinder volume
that is not accurately modeled (see fig. 5.10).
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Fig. 5.11.: Simulated gain patterns of the Project 8 antenna in the E and H planes at a
frequency of 26 GHz. Gain patterns from simulations of the antenna in HFSS are
compared to the patterns produced by simulation in CRESana with the approach
described in the text.

In summary the simulation of the antenna response calculates how the antenna
polarization, directivity and the transfer function gain shape the instantaneous
output power of a single antenna element:

Pout(t) = Mo (t) - D(d(t)) - G(wo) - Pr(t), (5.12)

depending on the input radiation power at the antenna Py, the direction of the
source d and the polarization of the radiation. The directivity D and the polarization
mismatch M, both need to be evaluated considering the electron’s position at the
retarded time. Because the frequency response is treated as constant, the antennas
do not alter the frequency content and phases of the incident electric field E(¢). In
the case of a composite antenna the resulting voltages of the individual elements in
eq. (5.10) are then passively combined with eq. (5.11).

RF Receiver

The last component in the simulation, corresponding to the fifth panel in fig. 5.1,
is the RF receiver, which converts the analog antenna voltages from eq. (5.10) to
digital voltages. The former represent the real physical signals, while the latter are
the measured data. Figure 5.12 shows the block diagram for a direct conversion
receiver, a typical RF receiver for producing digital I/Q data. The incoming real-
valued signal passes through an amplifier and is subsequently multiplied with a
sinusoidal signal with frequency f;o, which is produced by a local oscillator (LO)
inside the receiver. In parallel a separate signal is generated by performing this
frequency mixing process with a 90° phase-shifted version of the LO signal. The
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Fig. 5.12.: Diagram of a direct conversion receiver which produces I/Q data with a fre-
quency mixer.

generation of this second identical but phase-shifted signal is the required step for
sampling of the complex I/Q data.

Mathematically the operation is
UI/Q = ALOei(g_zﬂfLOt) Ureal (t) s (513)

where Ao is some arbitrary amplitude for the LO. Using the complex representation

of the cos function, eq. (5.13) can be written as:
1 o -
I i(5+e(t)—2nfrot) 4 oi(5—(p(t)+27frot))
Urjq = 5A10A(1) (3 rot) 4 ¢l rot)

Thus, mixing with the LO produces a signal with two equal components with phases
o(t) — 2w frot and —(p(t) + 27 frot).

By selecting f1,0 close to the cyclotron frequency, the first component becomes a
baseband signal while the second one shifts to a distant frequency band at ~ —2f;0,
which can easily be removed by the subsequent low-pass filter. This process greatly
reduces the signal’s bandwidth prior to digitization with the ADC in the last step.
Conversely, the original signal of an electron in a 1 T magnetic field has a bandwidth
of at least 26 GHz, which requires sampling rates f; > 52 GHz according to the
Nyquist-Shannon sampling theorem [92]. After down-conversion the sampling rate
can be limited to the bandwidth needed to capture the full signal spectra at the
relevant energies for tritium beta spectroscopy, which is expected to be < 200 MHz.

In the simulation, the whole RF receiver is implemented by assuming an idealized
filter that removes the undesired frequency component entirely, avoiding aliasing,
and thus, CRESana directly takes digital samples from

1 om
Ujo(t) = 5 ALoA(t)el (3 Tet2nfuot), (5.14)

Chapter 5 Simulated Data of an Antenna Array CRES Experiment



5.4.5

The instantaneous amplitude A(¢) and phase ¢(t) of the analog antenna voltage are
the result of all the previous simulation steps from sections 5.4.1 to 5.4.3. However,
their calculation is only triggered by the RF receiver, which requests an A(t¢;) and
¢(t;) from each antenna at each sampling time step j. All intermediate results of
the analog signals are only calculated at these requested time steps. Due to the
limited bandwidth after down-conversion, eq. (5.14) can be sampled with a rate
of just 200 MHz. This approach makes digitally sampling and processing of the
intermediate analog signals at much higher sampling rates obsolete, and that is the
main reason for the leap in performance in CRESana. This is only possible due to
the use of the approximation of the fundamental frequency of the electric field, and
the bypass of the full FIR filter in the antenna response.

As a final remark the noise of the RF receiver has to be addressed. The main
source of noise for the recorded data is Nyquist-Johnson thermal noise. It can be
approximated by a white Gaussian noise (WGN) distribution with variance

o2 =kpTAfZ, (5.15)

where kp is Boltzmann’s constant, 7 is the system noise temperature, Af is the
bandwidth and 7 is the system impedance [93, 94]. The system noise temperature
is determined by the noise level of the first amplifier stage of the receiver.

In a consequent mapping of reality this noise would be added prior to digitization
onto the real signal that enters the receiver. However, sampling complex WGN is
computationally much cheaper than the simulation of the deterministic electron
track signal. Since this kind of noise is purely additive and the frequency mixer
amplifies noise and signal likewise with the arbitrary A; o, it is possible to add the
noise only at the very end to the I/Q samples by setting A;o = 1. In that way any
simulated deterministic electron track can be combined with an arbitrary number of
noise instances with minimum computational effort.

Validation

The results from CRESana were successfully validated in several ways. First of
all, trajectory simulations were compared to Kassiopeia simulations of identical
setups. One example of that is presented in fig. 5.13 which shows perfect agreement
between both approaches in figs. 5.13a to 5.13c. Only fig. 5.13d shows that at a
later time in the trajectory the axial motion is not perfectly aligned anymore. The
reason for this is the electron’s energy loss which slowly changes the axial frequency.
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at a later time.

Fig. 5.13.: Comparison of trajectories of CRESana and Kassiopeia using the same magnetic
field configuration and electron parameters for both. (a)-(c) show a perfect
agreement of the trajectories, while (d) shows that for long simulation times the

CRESana solution of z slowly goes out of phase which is due to the 1st order
correction for the energy loss.

As mentioned in section 5.4.1 the initial integration in CRESana treats the energy as
constant and the energy loss is only addressed with a subsequent linear correction.
Kassiopeia on the other hand solves the equation of motion for each step with the
instantaneous energy, which is more accurate. Nevertheless, this is an acceptable
discrepancy considering the performance gained by the approximation.

In addition to the trajectory validation, Kassiopeia was used to validate the cy-
clotron frequency as can be seen in fig. 5.14. The plot also shows that the change
of frequency over time is correct which means that the radiated power and the
instantaneous energy in CRESana are in agreement with Kassiopeia.

Unfortunately, the validation of the antenna response simulation and the final signals
are not as simple since there is no baseline simulation to compare to due to the
unresolved issues in Locust (see appendix B). Without a baseline simulation, one

can still find that the simulated spectra agree well with general expectations. For
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Fig. 5.14.: Comparison of the cyclotron frequency in Kassiopeia and CRESana. The blue
line from CRESana is not visible as it perfectly aligns with the orange one from
Kassiopeia.

example for cases with oy = 90° the cyclotron frequency is located exactly where
it is expected after down-conversion and also the power of the signal is consistent
with the theory presented in chapter 4. The spectra of cases with oy < 90° are more
challenging to assess due to a complex set of features, although they generally align
with qualitative expectations. A detailed discussion of the spectral features follows
in section 5.5.

In addition to this qualitative assessment, the detected antenna power under different
emission angles # with different antenna polarizations was compared to theory which
is presented in fig. 5.15. The angle @ is again the angle between observer direction
and magnetic field. The red markers indicate the predicted power at the antenna
using the electron’s angular power distribution from the theory (see fig. 4.5a) and
the free-space path loss. The, orange, blue and green data are the signal power
measured from simulated data with a stationary electron in CRESana.

For each line the antenna is moved around the source at a fixed distance while
always facing right to the source. The lines differ in the polarization direction used
for the antenna, which are three right-handed base vectors &, ¢, £ such that 2 is
parallel to the magnetic field direction that fully decompose the radiation in any
possible polarization. The total field power is the sum of the three orthogonally
polarized field powers which is marked in purple and perfectly agrees with the
prediction from the theory.

Furthermore, the three individual powers follow the expectation for the observation
of elliptically polarized waves under the varying angle: at # = 0 an observer sees
perfect circular polarization in the plane spanned by & and ¢, and consequently
each of these two antennas detects half of the total power. At # = 90° an observers
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Fig. 5.15.: Simulated antenna power depending on the angle § between observer and
magnetic field. In the plot P.(2), P.(¢§) and P.(2) mark the powers of three
antennas which are sensitive to linearly polarized waves in orthogonal directions.
The sum of the three powers is compared to Pr, the electron’s angular power
distribution from theory.

sees perfect linear polarization which aligns with ¢ in the chosen coordinate system,
and thus all the power is detected by the corresponding antenna and no power by
the other two.

Performance Benchmarks

Finally, it is important to address the performance of CRESana, especially consid-
ering that it was primarily motivated by the long simulation times of Locust. As
mentioned earlier, CRESana is ~500 times faster than a similar setup in Locust. Only
this improvement makes the simulation of longer trajectories and larger antenna
arrays feasible at all. Therefore, the goal of the benchmarks conducted here is to
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demonstrate how the runtime and memory use of CRESana scale with the antenna
array size and the number of samples. Extensive benchmarks of Locust for the sake
of comparison were prohibitive due to the high requirement in central processing
unit (CPU) hours.

For the benchmarks a fixed magnetic trap setup consisting of eight electromagnetic
coils was used, which is the same that will be used for the results in chapter 8.
The trap setup only influences the trajectory simulation and detailed benchmarks
for different setups were not conducted. The trajectory simulation’s runtime is
independent of the antenna array size and its most expensive part is the integration,
which is implemented such that it also does not scale with the simulation length.
The integration only scales with the number of integration points and the complexity
of magnetic field evaluations, i.e. the number of electromagnets in this case. The
parameters for interpolation and number of evaluation points can be easily tuned
without noticeable loss in simulation quality such that the constant cost of the
integration is negligible compared to the sampling of voltages for long simulation
times. This is demonstrated by the good agreement in fig. 5.13, which applied
aggressive approximation settings yielding an integration time < 0.1 s.
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Fig. 5.16.: Benchmark results for peak memory and runtime depending on the number
of antenna channels for different radii and pitch angles with a fixed trajectory
length and number of samples.

Figure 5.16 displays the benchmark results depending on the number of antenna
channels n, for different electron parameters. In fig. 5.16a each plot point averages
the total run time of 20 iterations. The two cases with pitch angle «y = 90° scale
linearly with the number of channels which would be expected here. The generally
shorter run times for cases with » = 0 are caused by the calculation of the magnetic
field, which is 2.4 times faster as a result of the equations greatly simplifying in that
case.
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For the cases of oy < 90° the run time approaches linear scaling for high channel
counts. Towards the lower end the run time approaches a plateau caused by the
constant overhead of the integration in the trajectory simulation, which is skipped
for the case of ag = 90°.

Figure 5.17a shows benchmark results as a function of the number of voltage samples
ns per channel, with a fixed number of channels. The general observations for all
cases are similar to before: for high sample counts, the run times approach a linear
scaling, as expected.
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Fig. 5.17.: Benchmark results for peak memory and runtime depending on the number of
time samples (i.e. depending on trajectory length 7) for different radii and pitch
angles with a fixed number of antenna channels.

Figures 5.16b and 5.17b show the benchmark results for the peak memory usage
depending on number of channels and number of samples respectively. In both
cases the memory usage scales perfectly linearly, which is expected considering that
the whole simulation is implemented such that the output is generated as a single
NumPy array by performing algebraic calculations with a series of intermediate
arrays, which mostly have at least the same sizes and dimensions as the output
array.

However, it is noticeable that the peak memory is about a factor 15 higher than
the memory required for the output array, which is n, x ns x 128 bit for double
precision complex numbers. This indicates that the produced intermediate arrays
unnecessarily take up significant amounts of memory. Unfortunately, this was
only recognized as an issue at a late stage of development, when long trajectories
were simulated, whereas earlier typical simulation setups had negligible memory
footprints. Yet, in the energy resolution studies in chapter 7 with the combination of
required antenna array size and trajectory length, peak memory demands higher
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than 20-60 GB were observed while only using a single CPU core. This memory
consumption turned out non-ideal and even partly limiting for the work with the
available compute cluster, which only has 5 GB of random access memory (RAM)
per core.

Future Developments

To conclude the discussion of CRESana, this section briefly outlines potential future
developments. First and foremost the memory issue needs to be resolved, as
it currently limits the ability to simulate long tracks in large antenna arrays (e.g.
~ 1 ms with ~ 1000 channels). An apparent solution would be to split the calculation
into smaller chunks. Instead of calculating the whole output array with NumPy
in a single pass, one could iteratively calculate sub-arrays with a fixed number of
samples. This comes at a small performance cost as it requires the undesired use
of Python for-loops. Still, by choosing the sub-array size large enough, the actual
impact should be small.

One complication for this approach is the use of integrals in several places of the
voltage sampling. That means the correct calculation of sub-arrays depends on
earlier results. This is particularly inconvenient for eq. (5.9), where the integration
samples and bounds are different for each antenna and thus simple splits by sample
time do not work. While not impossible, the required fix is not as straightforward to
implement as splitting the calculation without dependencies and therefore it was
not prioritized anymore for this thesis.

Additionally, despite the substantial speedup achieved so far, further improvements
in CRESana’s computational performance are desirable for its application in optimiza-
tion problems with antenna arrays using thousands of channels. In sections 7.2.2
and 8.1.1 it will become evident that these problems are still limited by the simula-
tion time and require certain computational shortcuts. Since CRESana’s performance
gains are primarily due to advanced physical modeling, its purely serial implementa-
tion in Python is somewhat prototypical and could be further optimized. A parallel
implementation on either CPUs or graphics processing units (GPUs) of the most
computationally intensive components is advisable, given that the simulation of
many independent channels and time samples is highly parallel. Moreover, these
components could benefit from optimized reimplementations in a compiled language
like C++, with bindings to Python.

In addition to these technical improvements, the introduction of new features could
be considered as well. As mentioned in section 3.1.1, resonant cavities are proposed
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as an alternative detector concept for large CRES experiments. This naturally leads
to the question of whether CRESana could be extended to support this concept as
well. Unfortunately, many existing aspects of CRESana’s modeling approach cannot
be applied to such a detector. The main issue lies in the solutions of the electron’s
radiation fields discussed in section 4.3 and their sampling at the retarded time.
These are only valid for free-space radiation and require alternative approaches
when the electron couples to a cavity. Moreover, CRESana’s substantial gains in
computational performance rely heavily on the assumption of an approximately
plateauing, wide-bandwidth frequency response of the considered antennas. This
allows it to skip the convolutions and bypass the numeric high-frequency sampling
of the field solutions. With a resonant cavity this approximation is no longer valid,
as the frequency response is a narrow resonance peak [47].

The only aspect of CRESana that can be straightforwardly reused for a cavity detector
is its electron motion simulation, which serves as a replacement for the slower
particle tracking in Kassiopeia. Nevertheless, there has been some concern within
the Project 8 collaboration that the cavity’s reaction to the electron radiation might
influence the electron’s trajectory. If this proves to be the case, the effect cannot be
easily incorporated into CRESana’s periodicity-exploiting trajectory solution. Instead,
it would likely require modifications to the differential equations and an iterative
integration approach, similar to that used in Kassiopeia.

Although there is no inherent major obstacle for implementing a cavity model from
scratch into CRESana, it should be recalled that the main motivation for developing
an alternative simulation tool were the long computation times in Locust. These
are primarily driven by the high number of channels of an antenna array. A cavity
experiment on the other hand, necessitates only a small number of channels, with
the first prototype design using just a single one [95]. Thus, the simulation run
times are expected to be more manageable for this detector concept. For this reason,
there are no immediate plans for integrating the necessary functionality to model a
cavity-based experiment into CRESana.

Spectral Features of Simulated Signals

In this section simulation results from CRESana are presented for the purpose of
discussing the generic spectral features of CRES signals. The specific manifestation of
spectral features is influenced by the detector setup consisting of magnetic trap and
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antenna array and for any given setup the spectra depend strongly on the electron’s
pitch angle ay.

The spectral features will be discussed in power spectra of the simulated time series.

The power spectrum of a time series « with ns samples is defined as

| ()
m=—, 5.16
P(x) .z (5.16)
where Z denotes the impedance (typically Z = 50 is used in signal processing) and
F(x)., represents the m-th frequency component of the discrete Fourier transform

(DFT) of x, defined as

1 ns—1

_ogidm
F(@)m = Y mj-e My (5.17)
Vs )
]7
. . . 1 . .
Using the normalization s &4 (5.17) defines a symmetric DFT.
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Fig. 5.18.: Spectra of electron signal simulations in CRESana with Ey;, = 18.6keV in a
harmonic trap taken with the Project 8 prototype antenna. A single antenna
is used at a distance of 1 m. A flattop window function is applied for optimal
amplitude accuracy.

Figure 5.18a shows spectra taken with the Project 8 prototype antenna in a trap with
a harmonic profile along the rotation axis and the variation with the pitch angle.
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Electrons with pitch angle oy = 90° generate spectra with a single peak that corre-
sponds to the downshifted cyclotron frequency. At different antenna positions (not
depicted) this signal appears with different time delays, phase shifts and amplitudes
according to the radiation’s travel distance. The time delays and corresponding
phase shifts are implemented in eq. (5.8) due to the upper integration limit which
determines how much the phase has advanced and which changes with the travel
time to the antenna. The amplitude change at different antenna positions is the
result of the free-space path loss in eq. (5.12).

For electrons with ay < 90° the spectra exhibit additional side peaks, which are
characteristic features of frequency or amplitude modulated carrier waves that
are common in radio communications [96]. These modulation effects arise from
variations of the received cyclotron radiation caused by the periodic axial motion.

Modulation Sources

One source of frequency modulation (FM) are the local magnetic field changes as
the electron moves through the axial field profile. Such changes of the local field
change the instantaneous cyclotron frequency in eq. (5.8). This effect shifts the
observed main peak position, placing it at the average cyclotron frequency. The

average frequency

1 t1 1
We = ctdt:* clt1) — @elt ’
G = = [l dt = & (oultn) — eelt)

is defined by the difference in cyclotron phase at two reference points in the trajectory
time. For this reason the average over an axial period is

2T
Tax

We =

A‘Pc = WaacASOC 5

where Ay, is the difference of the cyclotron phase over one axial period. Since the
cyclotron phase still evolves when the electron is out of view, this phase difference
is detected, causing the observed average to change, even if the electron moves
outside the sensitive detector volume during axial motion. The effect of the shifted
main peak is emphasized in fig. 5.18b where all modulation effects were switched
off in the simulation and the average cyclotron frequency was used.

Another source of FM are the Doppler-shifted frequencies due to the relative velocity
to the antennas, which changes continuously when the electron moves through the
trap. This shifts the perceived frequency periodically up and down.
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Amplitude modulation (AM) is caused by two things: the simple change of the
distance |d| in eq. (5.7) and the change of the source direction relative to the
antenna, which changes G, and all the contributors to the antenna response in
eq. (5.12). As a minor effect the Larmor power P, also experiences small changes
due the change in local magnetic field when the electron moves up the potential
wall of the trap (see eq. (4.24)).

Theoretical Description of AM and FM

The spectra produced by AM and FM are well established in RF theory [96]. In
the typical radio applications, the modulations are applied to a carrier wave ¢(t) =
Agq 08 (weqt), where A, and w,, are the carrier amplitude and frequency. The
simplest form of AM modulates the carrier’s amplitude with a cosine m(t) = 1 +
m 4 cos(wpt), where wy, is the modulation frequency and m4 is the modulation
index. It is defined via the modulation amplitude A,, as:

Am
Aca '

my =

The spectrum of the amplitude modulated signal, given by
s(t) = m(t)Acq cos(weqt) , (5.18)

consists of the carrier frequency w.,, and two additional peaks at wi = w. + wy,,
which are called sidebands. The amplitude of these sidebands is a fraction of the
carrier amplitude that is determined by the modulation index as Ay = " Ag,.
Figure 5.19a illustrates this expected behavior, showing spectra for eq. (5.18) with
varying ma.

For an FM signal, the spectrum is more complex. Again starting with the simplest
form of modulating the carrier frequency with a cosine function such that m(t) =
1 4 wa cos (wt), where wa is the maximum shift of the instantaneous frequency
from the carrier frequency, the modulated carrier is

¢
s(t) = A.cos (/ Weam(t') dt’) = A, cos (wcat + “A sin (wmt)> ) (5.19)
0

m

The corresponding spectrum consists of the carrier frequency w., and a multitude of
sidebands at frequencies w,, = w¢q + Nwy, With n € Z.
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Fig. 5.19.: Spectra of AM (a) and FM (b) signals with varying modulation indices. Signals
use a carrier frequency of f., = 40 MHz and modulation frequency of f,, =
5 MHz. Amplitudes are relative to the carrier amplitude A.,.

The amplitudes of the sidebands can be calculated with Bessel functions of the first
kind as A,, = Jj,|(my). They depend on the modulation index, defined as

WA
W,

my = (5.20)
Higher modulation indices increase the relative amplitudes in the higher order
sidebands. For values of m ¢ up to 0.5, the sidebands have negligible power compared
to the carrier. At my = 1.5, the sidebands begin to contain more power than the
carrier, and at my ~ 2.41, all the power is in the sidebands, causing the carrier to
disappear entirely. This behavior is demonstrated in fig. 5.19b, which shows spectra
for eq. (5.19) with varying m. However, the disappearance of the carrier is not
visible in this plot because the high-amplitude carrier in the m; = 0.1 case conceals
the other cases, but it is shown in fig. 5.20.

For CRES signals the carrier frequency corresponds to the average cyclotron fre-
quency w., and the modulation frequency is typically twice the axial frequency wq.,
since the electron passes the antenna twice in a single axial period®. Therefore, the
sidebands appear at frequencies

Wn = We + 2NWaz , (5.21)

with n € Z. The two AM sidebands coincide with the FM sidebands at n = 1.

3This is not the case when the electron does not reach the antenna’s z position at its maximal z
extent.
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For general periodic axial motion, the axial frequency w,, only describes the fun-
damental frequency of the motion. In addition, the motion can be decomposed
in harmonics at integer multiples of the fundamental frequency w,,; = iwqz. This
complicates the spectrum of the modulated signal, as each modulating frequency
component wy,; = 2wg.; adds its own set of AM and FM sidebands. Fortunately, since
each additional frequency is a multiple of 2w,,, they only add sidebands that overlap
with the possible sideband positions of the fundamental frequency. Therefore, no
matter how complicated the spectrum of the axial motion, all possible sideband
positions are given by eq. (5.21).

Nevertheless, providing a complete theoretical description of the spectra, including
the expected sideband amplitudes, is not straightforward. The amplitudes depend
on the AM and FM modulation indices of each individual modulating frequency
component w,,;. Thus, despite a comprehensive theoretical understanding of the
modulated signals, full simulations of the spectra are mandatory.

Observed simulation results (e.g. figs. 5.18 and 5.20) generally indicate that smaller
pitch angles lead to higher modulation indices, thereby shifting the signal power
to the higher-order sidebands. In most cases, smaller pitch angles also increase the
axial frequency, which widens the distance between sidebands. However, the extent
of this effect depends on the functional form of the magnetic field B(z). With typical
axial frequencies in the 10s of MHz, the signal spread across many sidebands for
small pitch angles is the primary factor determining the bandwidth requirement of
recording the CRES spectra.

Comparison of Modulation Effects in Different Setups

Figure 5.20 shows a comparison of spectra for one particular electron under different
simulation conditions. The first column shows the spectra with all modulation effects
disabled, the second enables only AM, the third enables only FM due to the local
magnetic field changes, the fourth enables only FM due to the Doppler shifts, and the
last enables all modulation effects. The first row shows the spectra for a harmonic
trap (see appendix A.1), the second one for a square well trap (see appendix A.2).

Although both traps have similar magnetic field strenghts and axial frequencies
for this electron, their spectra differ due to the functional form of the magnetic
trapping field. In the harmonic trap, local field variations shift the main peak to
the average cyclotron frequency, as discussed before. In contrast, in the square well
trap, the cyclotron frequency remains constant throughout the axial motion, due
to the uniform background field and thus the main frequency is not shifted. This
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Fig. 5.20.: Spectra for oy = 87.5° and FEx;, = 18.6keV in harmonic and square well trap
taken with the Project 8 antenna at distance of 0.1 m. Powers in dB,w, i.e. log-
scale relative to 1aW=10"'¥ W. In each column different modulation effects
are enabled. Flattop window function is applied for optimal amplitude accuracy.

difference is evident in the first column. When AM is introduced, only two significant
sidebands appear, as expected. This effect is more pronounced in the square well
trap, which can be attributed to the electron’s axial travel distance being about 70 %
greater in that trap. The third column indicates a high FM modulation index with a
disappearing carrier in the harmonic trap, whereas no sidebands are added in the
square well trap, as the cyclotron frequency stays constant. Finally, in both traps,
Doppler induced FM plays the largest role in shaping the final spectrum as seen in
the fourth and fifth columns.

In fact, simulation results show that FM is the dominant effect for most setups,
which can be explained by analyzing the modulation indices. For non-relativistic
radial velocities v, between electron and antenna, the observed Doppler shift is
approximately Awp = “*@.. Assuming that wa in the FM modulation index in
eq. (5.20) is the maximum Awp along the axial trajectory? yields

max(v,) We

myr = .
Y c 2Waz

“This treatment is a simplification that is only exact for harmonic modulation.
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Using trigonometric relations, the radial velocity can be expressed as
vy = vg cos(a) sin(7y)

where vy is the electron’s velocity, « its instantaneous pitch angle, and ~ is the angle
between the antenna’s line of sight to the electron and its normal vector, given
by —€, in cylindric coordinates. Noticeable power in FM sidebands requires that
my > 0.5, which then results in

S cos(ap) )

vp > arcsin (
where yp and ap are the two angles at max(v,) and 3 = “2.

Therefore, with axial frequencies of ~10 MHz and a cyclotron frequency of ~26 GHz,
electrons at the tritium endpoint, with 5 = 0.26 that have their maximum Doppler
shift with pitch angles of ap =88-89°, require yp =2.4-4.7° to achieve m; = 0.5.
This corresponds to minimum axial travel distances of 4-8 % of the antenna array
radius, which can easily be achieved in most antenna arrangements. However,
this is a crude estimate that neglects the fact that the axial turning point z;,,, is
only reached when o = 90°. This must necessarily occur beyond the position of
maximum Doppler shift zp since ap < 90° is required for observing Doppler shifts.
A more rigorous determination of v at z,,,, requires a specific B(z), as the exact
position of zp relative to z,,,, depends on the form of B(z). Nevertheless, this
result demonstrates that noticeable FM due to the Doppler effect alone is generally
possible even with short axial travel distances.

Conversely, in many cases, the amplitudes will not vary significantly over the same
short axial scales. First, changes in the free space path loss are negligible for v = 2.4—
4.7°, as it scales with ~ 1/ |d|* (see eq. (5.7)), and |d| can be considered constant
for small angles ~. The antenna’s directivity also does not vary strongly unless it has
an extremely narrow beamwidth. For example, with the prototype antenna, these
angles correspond to an amplitude variation of 3.5-13.5 %.

Achieving relative power in the first sideband with AM similar to that of FM at
my = 0.5 requires a modulation index m 4 = 0.51. This implies that the amplitude
must vary by around 51 % from its average value. Momentarily achieving this
variation due to the directivity of the prototype antenna requires the electron to
reach at least v = 8.2°. However, achieving this variation from the average amplitude
requires the electron to travel even further. As before, a more rigorous determination
require a specific B(z), as the trajectory influences the average amplitude. The
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contribution of the free space path loss to AM can be neglected in this treatment, as
it would require the electron to reach at least v = 48.5°.

In conclusion, this analysis suggests that significant AM requires considerably longer
axial travel distances than FM. Given that the Doppler shift also increases with longer
axial travel distances while w,,, decreases, it is likely that FM remains the dominant
contribution at longer distances in many setups. Nonetheless, this relationship
depends on the antenna’s beamwidth and it could shift with higher-directivity
antennas.

5.5.2 Constant Doppler Shifts
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Fig. 5.21.: Spectra of an electron with oy = 90° and p > 0 experiencing drift motion

compared to spectra with drift motion disabled. The drift motion doppler-shifts
the cyclotron frequency for different azimuthal antenna positions ¢.

For electrons at radial positions p > 0 the drift motions add some minor additional
features. While in theory the drift motions are another periodic motion in a different
dimension they do not add visible AM and FM sidebands because the frequency of
the drift motion is very small compared to the axial motion. However, a noticeable
effect is a small variation in the cyclotron frequency for different azimuthal antenna
positions ¢ (see fig. 5.21). This is caused by the different relative velocities between
electron and antenna for different azimuthal positions which causes a change in
the doppler-shifted frequency for different positions. While this effect might seem
insignificant, if left unaccounted the incoherence of antennas causes a noticeable
reduction in SNR of simple trigger algorithms (see section 6.2.3).
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5.5.3 Linear Frequency Chirp
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Fig. 5.22.: Time frequency spectrogram of a 5ms long single antenna signal. Multiple
sidebands are visible that shift in frequency over time due to the energy loss. A
setup with small axial frequency was chosen such that all lines are well visible
in a close-up.

The last feature of the signal spectra is caused by the energy loss of the electron
due to the radiated power. For sufficiently long observation times the energy loss
manifests itself as a linear frequency chirp, i.e. over time all frequencies shift to
higher values in a linear fashion (see fig. 5.22). The frequency change rate (slope)
will be mostly determined by the chosen magnetic field strength which influences
the radiated power with some variations depending on pitch angle and electron

energy (see eq. (4.24)).
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Detection of CRES Signals in
Noise

You can have data without information, but you
cannot have information without data.

— Daniel Keys Moran
Science fiction author

One of the greatest challenges of CRES with an antenna array is the detection of the
signals described in section 5.5 under real measurement conditions. The power of
the electron radiation is determined by eq. (4.24) and it depends on the magnetic
field strength B. The Phase I and Phase II experiments of Project 8 (see section 3.2)
operated with B ~ 1T, which results in a radiated power on the order of 101> W,
In future phases using atomic tritium an adequate atom trapping efficiency requires
fields that are smaller than 0.1 T [30] with estimated electron powers on the order
of 1071 W. In both cases the signals are obviously very faint, making it challenging
to distinguish them from background noise.

As mentioned in section 5.4.4, background noise is added to the signal in the form of
thermal fluctuations in the receiver’s circuit. Thermal noise is approximately white
Gaussian noise (WGN) [93, 94] and its power P = kgTAf is determined by the
bandwidth A f and the system noise temperature 7', which combines the noise levels
of the antenna and all noise sources of the receiver up to the first amplification stage.
With a bandwidth of 200 MHz, even lowering the system temperature to 7' = 5K
still yields a noise floor of P = 1.38 x 10~'* W, which is considerably higher than
the signal power.

While this is a challenging scenario it is certainly not impossible to detect signals
under these conditions. Similar conditions can be found for instance in the Global
Positioning System (GPS). The signals transmitted by GPS satellites reach receivers
on earth with similarly low powers of ~ 107'* W [97] and even use similar fre-
quencies with 1.5 GHz [98]. Additionally, Phase I and II of Project 8 demonstrated
that it is generally possible to detect the electron radiation despite the low levels of
power [60, 65, 66].
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Fig. 6.1.: Power spectra obtained with a 42 us long Fourier Transform. WGN with 7' = 5K
is compared to signals of electrons with different pitch angles o in a harmonic
trap measured by a single antenna. For visualization, the signals are amplified to
an SNR that is similar to Phase II. Actual signals from a single antenna are too
weak for detection.

However, the main difference between the detection with an antenna array and
the earlier phases of Project 8 is the signal power per receiver channel. In Phase II
the electron’s radiation was coupled to the transmitting mode of a waveguide and
thus a high fraction of its radiated power reached the receiver. In the case of the
antenna array the same emitted power is spread out to tens or potentially hundreds
of antenna channels. Furthermore, the older experiments were only sensitive to
electron pitch angles > 89.3° [66], which produce mostly simple spectra with a main
peak and low-amplitude side-peaks.

In fig. 6.1, electron spectra from a single antenna are presented, where the signal
powers have been artificially amplified to achieve an SNR that is comparable to
that of Phase II in the ap = 90° case. With a sufficiently long time window in the
Fourier transform, a detection algorithm that searches for high-powered peaks in
the spectrum works well for the cases with oy > 89° [65]. Yet, with an increased
pitch angle acceptance required in future phases, the spectra become more complex
with many smaller peaks, rendering this approach ineffective. Therefore, the new
challenges for signal detection going forward are the combination of weak signals
from many channels and the identification of complicated spectra of electrons with
ap < 89° that have no single peak above the noise floor.
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6.1 Basics of Signal Detection
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Fig. 6.2.: Noisy voltage time series generated by antennas are grouped into a data matrix
x. Signal detection is tasked with the decision between a noise and a signal
hypothesis for the data x.

The signal detection procedure in an antenna array is confronted with the situation
depicted in fig. 6.2. A number of n, antennas take data in the form of time-varying
complex voltages. These time series are inherently noisy and may or may not contain
a signal. From each antenna channel a fixed number of time samples n is grouped
together into a complex n, x n, data matrix x. In mathematical form, the general
detection problem then is a statistical hypothesis test between the two hypotheses

Ho: x=n

Hi:X=s+n.

In the null hypothesis #, the data matrix x is purely noise which is denoted by the
matrix n. The alternative hypothesis H; is the case where both a signal s and noise
are present in the data matrix. For the decision, the detector calculates a test statistic
T'(x), which can be an arbitrary function of the data returning a scalar value. The
signal detector then decides H; if T'(x) > ~ for an arbitrary threshold ~ [99].

The choice of ~ is, in principle, arbitrary, but it affects the two important perfor-
mance parameters of the detector and will be selected to optimize them. 7'(x) is
a continuous random variable due to the random noise in the data x. Figure 6.3
shows exemplary probability density functions (PDFs) for this random variable
under the two hypotheses, denoted as py(x)(t; Ho) and pr(x)(t; H1). The detection
probability

[ee]

Pp = P(Hy; Hy) = / pro (M) dt

~
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Fig. 6.3.: Examplary probability density functions of a test statistic 7'(x) under both hy-
potheses. The decision threshold ~ defines the detection probability Pp and the
false alarm probability Pp 4.

is the probability that the detector correctly decides #; and the probability of a false

alarm
o

Ppa = P(Hi;Ho) = / pr(x)(t; Ho) dt
Y

is the probability that the detector incorrectly decides H;.

By varying the threshold v one can choose a trade-off between a high detection
probability and a low false alarm probability. In most cases one would have a strict
requirement for an upper limit of Pr4 < ag to limit the background rate. Since Pp 4
and Pp are the integrals of the PDFs for 7'(x) > ~ it is possible to directly calculate
the required ~ that yields Pr4 = a¢ and the Pp that results from this threshold
(see fig. 6.3). Only in cases of complicated test statistics where the PDFs might
not be known analytically or are difficult to model is it necessary to experimentally
find the threshold that yields the desired false alarm probability. However, doing
so while requiring that Pr4 < 0.01 can easily result in a significant computational
investment for the accumulation of sufficient statistical data. This would be the case
for a neutrino mass measurement with CRES which demands a high background
rejection with background rates below 4.7 x 10~ s1eV~1 [66] 1.

With the above considerations it is clear how to approach the choice of v for a
given test statistic 7'(x), yet the choice of a good test statistic itself remains an open
question and depends on the expected signals. The ideal test statistic is one that
gives a good separation of the two PDFs which results in maximum Pp, for a fixed
Pr 4. For a neutrino mass measurement the choice is critical for the experimental
sensitivity, which directly depends on the Pp that is attainable for a fixed Pr 4. In this

1This number means that Pr4 < 4.7 x 107! if the detector makes a statistically independent decision
every second for an energy region of interest of 1 eV. For more details see section 8.3.2.
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case the test statistic also needs to be able to deal with unknown signal parameters
since the electron production from nuclear decays is a random process.

Digital Beamforming

The first test statistic under consideration is the result of a process called digital
beamforming (DBF). Beamforming is a signal processing technique that is used to
focus antenna arrays toward a desired direction [53, 100]. A signal that reaches
an antenna array does not appear coherently in the individual elements due to
their spatial displacements. Beamforming is used to achieve coherent signals in the
desired direction by applying phase shifts or time delays and amplitude weighting
to the channels. Digital refers to the fact that the data are first taken incoherently
and digitized for each receiver and the beamforming process is subsequently applied
by software to the digital data. This offers the advantage of being able to steer the
array to "look" in different directions after the data have already been taken.

Beamforming has applications in many technical fields that use antenna arrays such
as radar, sonar, seismology, radio astronomy, and communication [53, 100], primarily
in the plane-wave approximation where the source distance is large compared to the
antenna spacing. The application of DBF in this work is motivated by the decision to
use a phased-array antenna and by the fact that electrons can appear at any position
inside of the detection volume. However, the geometry of the used antenna array is
slightly unusual for a DBF array. Typical DBF arrays would be linear or planar and
facing in a single direction with a shared normal vector. Nevertheless, the cylindrical
inward facing geometry has the advantage of enabling position pinpointing since
the source is surrounded by observers.

Figure 6.4 schematically outlines the idea of DBF for a ring of antennas in the
cross-sectional plane of the detector. An electron emitting EM waves with frequency
w. from a position p, = (z.,y.) in the plane generates signals that appear with
phase shifts at the antennas. The phase shift ¢.; = —wc% is determined by the
distance d.; between the point and the i-th antenna. The array can be focused onto
the point by applying phase shifts of —,; to the measured data and taking the sum
over all antennas. The phase shifted signals are now coherent and constructively
interfere, which amplifies the signal after summation. Since electrons can appear
at any position and with a range of frequencies, this procedure is repeated with

probing positions p,, and frequencies w;.

6.2 Digital Beamforming
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Fig. 6.4.: Schematic for beamforming with a ring of antennas. The picture depicts an
electron at a position p, and a second probing position p,. The array can
be focused onto a single point by applying phase shifts to each antenna that
correspond to the respective distances to the point.

Mathematical Formulation
Time Domain

The mathematical description starts in the time domain. In the simplest approach it
is assumed that the signal portion s of the data matrix is a sinusoidal with constant
frequency w. and constant amplitude A that is emitted by a stationary electron at
p.. At an antenna with position p; this assumption results in the following signal

d .
sij = Ajexp (i (tj(wc —wro) — wc% + 561-)) ) (6.1
In eq. (6.1) t; denotes the sample time, and wr is the frequency of the LO (see
section 5.4.4). d.; is the euclidean distance between antenna and electron and ¢,; is
the Archimedean spiral shaped phase (see section 4.3.3) determined by the azimuth
angle of the antenna measured in a coordinate system centered on the gyrating

electron:

dgz- = di + di = (z; — 336)2 + (y; — ye)2 , 0ei = arctan 2(dy, dz) . (6.2)
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The goal of beamforming is, when applied to the data with the position of the
electron p,, to produce a shifted signal s;; for each antenna, with the antenna-
dependent phases removed from eq. (6.1):

si; = Aiexp (itj(we — wro)) - (6.3)

This defines the shift operation Sp, ., (x) for an arbitrary position p, and frequency
wy that is applied to the data matrix x as

. di
(Spk-wz (X))ij = X;j - €Xp (—1 (—wlg + 5;91)) = Xij " €l - (6.4)
By this definition Sj ., (x) obviously results in eq. (6.3) for the signal part of x.
Taking the sum over the n, antennas yields the beamforming result

Ng—1

BFPkwl (X) = Z Spkwl (X)l = BFPle (S) + BFPle (n) . (6.5)
=0

This result is a single time series of length n, with an amplified signal amplitude of

> Ai

However, eq. (6.5) also acts on the noise part n of the data, which produces
npr = BFy, ., (n) = >, n; - ep;. The assumption for the noise is again complex
WGN, i.e. n;; ~ CN(0,0%), where CA denotes the circularly-symmetric complex
normal distribution. The noise is uncorrelated between antennas and time samples
with thermal noise variance o2 according to eq. (5.15). Under these assumptions,
npr is a complex WGN random vector with 2 ngr; ~ CN(0,02 Y, lei|®). Since
the phase shifting factor has unity length this means that ngr; ~ CAN(0,n,02). As a
result, the noise remains WGN after beamforming, but its variance increases by a
factor of n,.

Thus, it is convenient to introduce a normalization constant \/%, such that eq. (6.5)

becomes
1 ng—1

N Z Sprwr (X)i - (6.6)
@ =0

Using this modification the noise is simply ngr; ~ CA(0,0?). After the normaliza-

BFPkwl (X) =

tion one finds that the signal part has an amplitude \/% i Ai = \/naA, which is
now clearly amplified due to the use of multiple antennas while the noise remains
unchanged due to its incoherence between the antennas.

*If Z; are random variables with Z; ~ CN(0,07) and o; € C then Z, = Y. o - Z; is a random
variable with Z, ~ CN(0,", |oui|? 07).
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Frequency Domain

In addition to the previously derived result in the time domain, it is also beneficial to
examine the outcome in the frequency domain. In this context, the notation F(x),,
represents the m-th frequency component of the DFT of the time series . Applying
a DFT with window size ns to eq. (6.6) produces

1 ns—1 opidm
F (BF, x)) = BF, x)i-e Tns
( Pkwl( ))m NG» ;) pkwl( )
1 ng—1ng—1 7i<*wlﬂ+5ki> —271'1jﬂ
= X e . n
1 Ted! —1(—w17i+5ki> el _oridm
= € X € ns
1 Meazl (*Wl di; +5ki>
= Z e © F(Xi)m, - (6.7)
VTa =0

With the above result it is possible to add a modification that improves the way the
unknown frequency w; is handled. So far in the derivation it is assumed arbitrary
and egs. (6.6) and (6.7) can be evaluated for any exact value of w;. However, the
bandwidth B of possible frequencies of the data is limited by the sampling rate and
the original frequencies of the emitted EM wave are converted into B by the LO.
Therefore, by using w; = wro + wo with wy € B all frequencies that can possibly
cause the phase shift in the data are covered. Furthermore, the frequencies w,, of
the DFT, which are discrete values with w,, € B, are an excellent candidate for wyg.
Thus, with this modification of eq. (6.7) the final definition of frequency domain
beamforming BF F}, (x) for a data array x at a probe point p; is

ne—1 . dy; ]
\/Zi Z 671(7(wm+wLo)%+6k1)}_(Xi)m' ©6.8)
a =0

(BEFp, (x)),, =

The subtle change seems almost superficial, but it removes the additional dimension
w; from eq. (6.7). In addition, it has the advantage that the result now uses a
multitude of phase shifts, which are all exact for the corresponding frequency in the
spectrum. Importantly, this is also the correct way for the case of a signal with more
than one frequency, where the initial derivation starting from the time domain with
a single assumed frequency is inferior 3.

31t should be mentioned that in practice the phase shifts are precise enough with any frequency that
is comparable to w. and using e.g. w; = wro fixed would be sufficient. Nonetheless, the correct
treatment here is still important for section 6.3.3.
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The result of frequency domain beamforming is a frequency spectrum of a signal
that is the combination of all antennas for the assumed source position p;,. Hence,
each probed position gets its own frequency spectrum assigned. Using eq. (6.8)
to calculate the spectra of n, probing points can have a computational advantage
compared to evaluating eq. (6.6) and taking DFTs. The only part that depends on
the evaluation point is the phase shift term while F(x;) is the same for all positions
and can be calculated once in advance. Therefore, the frequency domain version
requires n, DFTs, whereas the time domain version requires n,, DFTs using a window
size of ng in both cases. Many cases require that n, > n, (see section 6.2.2) and
thus the frequency domain calculation would be at an advantage. The calculation
of F(x;) is ideally executed with the symmetric DFT using the normalization \/%J
as is the case in eq. (6.7). With this normalization choice the noise again remains
complex WGN with the same variance as before.

The Test Statistic

The outcome of beamforming is a frequency spectrum of size n,, which should have
a strong signal above the noise floor if an electron is present and if the evaluation
takes place for its position. Due to the unknown position, it is mandatory to repeat
the DBF procedure for many positions. If this is done on a ny x n, 2D grid G in
the cross-sectional plane this produces a n, x ny x ng tensor xgp. Converting to
power spectra using eq. (5.16), each frequency in the tensor corresponds to a spatial
power map for that frequency, which can be visualized as an image. Figure 6.5
shows several of such images for different electron positions using a grid of size
101 x 101. The images were taken at the frequency that contains the highest power
peak across all grid points and frequencies and clearly show the electrons close to
their true position.

Figure 6.6 compares the resultant spectra at different beamforming positions for
an electron at the center. For ag = 90°, the spectra display a single peak. In the
beamformed spectrum of the true position, the power of this peak is enhanced
compared to the single-channel spectrum and clearly stands out above the noise
floor. However, at offset positions, the power of this peak is reduced and may even
drop below the single channel power due to destructive interference.

6.2 Digital Beamforming
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Fig. 6.5.: Results of beamforming with a simulated «y = 90° electron in a harmonic trap
with different positions in the plane z = 0 (without noise). An array with 60 of
the Project 8 prototype antennas on a ring with radius 0.1 m in the plane z = 0
is used. Interference patterns are visible that are characteristic for beamforming
with high powered peaks close to the true electron positions, marked by the
intersection of the dashed lines. P,,,, marks the peak’s power value, P,,,;.. the
expectation for 5 K noise*. See text for details on the image production.

Following these observations, an obvious test statistic to build on top of the described
DBF procedure is a threshold on the beamformed spectra similar to Phase II (see
also fig. 6.1 and [66]). The test statistic is

T(x) = max_ (BFE,,(x),,] . (6.9)
where M denotes the frequencies of the DFT and G the n, x n4 grid that is used
for the DBF evaluation. Finally, this detector would decide H; if T'(x) > ~ for a
threshold ~ that is appropriate for the desired Pr 4.

“Conversion of the noise to a power spectrum with eq. (5.16) transforms the Gaussian distribution to
e . 2
an exponential distribution with mean -Z+.
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Fig. 6.6.: Power spectra for electrons in a harmonic trap with oy = 90° at p = 0 using a
42 us DFT. Comparison of beamformed spectrum at the electron’s true position,
beamformed spectrum 1 cm offset, single channel’s spectrum, and a noise spec-
trum with 7' = 5K. Powers on logarithmic scale relative to 1aW=10"1®* W in
units dB,w. Hamming window is applied to reduce spectral leakage.

This test statistic uses the assumption that the electron is static in the cross-sectional
plane of the detector. However, depending on the magnetic field and the pitch angle
the electron actually moves both in the plane due to the drift motion and out of the
plane due to the axial motion.

Extension for Drift Motion

A case where drift motion in the plane becomes problematic is presented in fig. 6.7.
The peak power found with DBF is roughly an order of magnitude smaller than
in fig. 6.5. This power loss is induced by two distinct effects. As evident from
the plot, the power is simply not found at a single location any more due to the
electron moving away from the focus point. The second more subtle reason is the
Doppler effect, which slightly shifts the observed frequency of an antenna. Due to
the antenna arrangement this shift is not consistent for all antennas, which was
demonstrated in fig. 5.21. As a consequence, the beamformed power is also not at a
single frequency peak either, which can be seen in fig. 6.9a.

The lower power caused by these two effects significantly weakens the detector
defined by the test statistic in eq. (6.9) for cases with strong drift motion. Cases
like this will occur for electrons with any pitch angle in a magnetic field that has
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Fig. 6.7.: Beamforming result of an electron with «y = 90° in a trap consisting of two EM
coils that generate a considerable drift motion. The power of the electron signal
spreads to several positions of smaller power below the noise level instead of a
single high power peak.

a considerable orthogonal gradient or curvature, which define the drift velocity

according to eq. (4.16).

In the harmonic trap that was used in fig. 6.5, this effect is negligibly small and
might have gone unnoticed: upon closer examination, however, the peak exhibits a
very slight shift from the true position. In the current trap, this effect is much more
pronounced. Furthermore, the coil trap is a configuration that could be implemented
in a laboratory setup as it is, unlike the harmonic trap that is purely analytic without
a real world implementation. Hence, in the context of a real-world configuration,

the occurrence of drift motions is a feature that must be anticipated.

The prospects of inadequate detection under these circumstances motivate the
development of a modified beamforming procedure, designed to track the drift
motion of electrons. It builds upon the base premise that the electron position is

now a circular trajectory

Pe cos(wpt + @)
= 6.10
Pe(t) (pe sin(wpt + ¢e)> ; (6.10)

where wp denotes a constant angular drift frequency, and (p., ¢.) denotes the
initial electron position in polar coordinates. Assuming a constant frequency w,. the

assumed antenna signal is

sij = Ai(tr(t;)) exp [i (wetr () — wrot; + dei(tr(t))))] | (6.11)
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which is the analog to eq. (6.1) of the static case. What sets this apart from the
previous version are the introduction of time dependence for A and d. and the
evaluations at the retarded time ¢, to account for the electron motion®.

The retarded time is defined in eq. (4.23), which unfortunately has no closed-form
solution for the trajectory of eq. (6.10). However, the drift motion still is an effect

that takes place on a significantly longer time scale than the sampling time step At.

Therefore, in a detector with a radius on the scale of centimeters to meters it holds
that vp At < d(t,).

This motivates a Taylor expansion of eq. (4.23):

2
c(t —t,) = d(t,) ~ d(t) + (dz(t?)l(t’" o4 % <dd(¢i(t)g)

) (t, — )2+ O(t3). (6.12)
t

By using expansion terms with orders 2 or less it is possible to find a solution of
eq. (6.12) for t,.. E.g. with just the Oth order expansion one trivially finds that

ty=t— —=. (6.13)

In light of its simplicity, this is the preferred solution. More complex higher-order
solutions can still be considered if inadequate results are observed for very high drift
velocities. So far this solution has proven sufficient for common drift velocities.

Substituting eq. (6.13) into eq. (6.11) produces
dei(t;
sij = A;(t;) exp (i (tj(wc —wro) — wcgﬂ) + 5ez‘(tj)>> 7

which has the exact same form as the static case due to the Oth order expansion,
except for the dependencies on the sample time ¢; which tracks the drift motion. The
goal of DBF again is to produce shifted signals that remove the antenna dependent
phases as in eq. (6.3), which is done analogous to the static case using eq. (6.4) with
an arbitrary position p;, and frequency w;. The position p;, = (px, ¢x) now defines
an assumed starting position, which evolves over time like p, in eq. (6.10).

Thus, DBF with tracking of the drift velocity for the data matrix x is defined as the
following procedure BF D), (x) that produces the beamformed signal time series:

* For all antennas 7 and time samples j calculate dy;(¢;) and 6;(¢;) with eq. (6.2)
assuming the instantaneous drift position py(t;)

>Strictly speaking, the evaluation at the retarded time is already incorporated in eq. (6.1) since
tr(t;) = t; — i for a static electron.

c
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* Calculate eq. (6.4) with dy; = dj;(t;) and 6; = 0xi(t;) for all ¢ and j
* Take the sum over antennas ¢ as in eq. (6.6)
* For simplicity use a fixed w; = wro

Based on this procedure the new test statistic is

T(x) = wax_ [F(BFDp(x),,]
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Fig. 6.8.: Beamforming result with drift motion tracking using the same simulation setup
as in fig. 6.7.

Figures 6.8 and 6.9 present results with this new test statistic for a simulation setup
identical to the one in fig. 6.7. In the beamforming image depicted in fig. 6.8 all the
power is now concentrated at a single position, which exactly coincides with the
true electron position.

Figure 6.9 compares results with drift motion tracking to regular beamforming
results. The power loss for regular beamforming due to the Doppler shift is evident
from fig. 6.9a where the frequency peak of the beamformed spectrum splits into two
smaller peaks. With the drift motion tracking, however, the issue is resolved as the
power spectrum indeed only has a single peak. Moreover, from fig. 6.9b it is evident
that the use of standard DBF results in a significant reduction in detected power for
all cases with p > 0. Once again, most of the power is recovered by tracking the
drift motion.

The large variations with p in the plot are caused by binning effects. By varying p it
can occur that the electron position falls between grid points and thus the power is
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Fig. 6.9.: Beamforming results with and without drift motion tracking. (a) shows a close-up
of the power spectrum for p = 0.05m. With DBF the signal appears with two
separate peaks due to Doppler shifted signals in the antennas, which is fixed by
accounting for the drift motion. (b) depicts power as a function of radial position
p, which increases by accounting for the drift.

shared between several positions, which is not accounted for with the simple test
statistic. The same effect appears with the DFT bins since the electron frequency
depends on p. An extreme case of this is seen in fig. 6.9a, which also explains the
considerable drop of power at p = 0.05 m. This demonstrates that the success of
the test statistic can be greatly diminished if the evaluation points in space and
frequency are too sparse or poorly placed. The binning issues might be alleviated by
applying an appropriate window function prior to the DFT. However, this must be
chosen carefully, since window functions can also reduce the SNR.

A crucial differentiating factor from the first test statistic is the fact that the DFT must
be the last step before the threshold. A similar simplification that allows the use of
the DFT of the data matrix, as it was achieved with eq. (6.8), is not possible since
the shifting terms depend on the sampling time ¢;. Therefore, a DFT for every grid
point is mandatory. Furthermore, with the phase shifts depending on ¢;, they have
to be recalculated for every time sample. Both these factors lead to an increased
demand of computational resources compared to the standard DBF approach.

As a final remark, the drift frequency wp that is used for the tracking is in general a
free parameter of the detection procedure. Strictly speaking, it should be found by
optimization. However, knowing the magnetic field of a setup, an estimate can be
calculated using the theoretic drift velocity (eq. (4.16)). Unfortunately, this estimate
depends on the unknown pitch angle, which, up to this point in the discussion of
DBF, has been assumed to be 90°.
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For ap < 90° the electron additionally performs axial motion and thus it moves
outside of the DBF plane. With the electron shifting away from the focus point, this
presents a problem that is similar to what was encountered with the drift motion.
However, the axial position of the electron oscillates with a frequency of several
MHz, which is significantly faster than the drift motion. With the 200 MHz sampling
rate this means that the electron completes many axial cycles over the time window
of the DFT. Therefore, a pixel in the beamforming image now only represents the
electron’s polar coordinates (p., ¢.) instead of the actual guiding center position. If
the array is focused onto that polar position with DBF, it still detects a signal due to
the many electron passages.

Yet, as illustrated in fig. 6.10, the detection of that beamformed signal in the presence
of noise is substantially more challenging. As demonstrated before in section 5.5,
the smaller pitch angles produce modulated signals with sidebands, which cannot
be detected in noise by the simple peak finding test statistic

Following the success of the drift motion tracking from the previous section, the
obvious next step seems to be an expansion of the test statistic that includes tracking
of the axial motion. Nevertheless, there are many counterarguments to this:

* This adds the pitch angle as another dimension of the test statistic.

* The axial trajectory has no simple universally applicable solution that can be
tracked in the same way. The solution is always specific for a trap.

* The Taylor expansion solution to the retarded time of eq. (6.12) is no longer
viable for the faster axial motion.

* The presented drift motion tracking becomes ineffective since the gradient and
curvature of the field are not constant along the symmetry axis.

The resulting detection algorithm would be quite sophisticated and computationally
demanding. Moreover, for this whole chapter it was assumed that the antennas
are only arranged on a ring in the cross-sectional plane. In this arrangement the
antennas are unable to continuously observe the electron in their field of view.
Hence, consistent with the initial concept depicted in fig. 3.2, the axial motion
mandates the incorporation of additional antennas along the symmetry axis in order
to improve the detection performance. In the established DBF framework it is not
clear yet how additional antennas should contribute to the test statistic. In the next

Chapter 6 Detection of CRES Signals in Noise



6.3

Noise
Noise mean
®p=90.0°
®p=89.0°
®p=88.0°
®0=87.0°

15

10

P [dBaw]
o

-5
-10

-15

200 -150 -100  -50 0 50 100 150 200
f [MHz]

Fig. 6.10.: Power spectra of the beamformed signal at the electron’s position for electrons in
a harmonic trap with pitch angles aq at p = 0 obtained using a 42 us DFT. Powers
on log scale relative to 1aW=10"'* W in units dB,w. Plot also shows noise
power spectrum with 7' = 5K for comparison. A Hamming window function is
applied to reduce spectral leakage.

section a general detection framework is established that is valid for any signal
structure and antenna arrangement.

Matched Filter

A general solution for the detection problem is provided in standard literature [99]
with the Neyman-Pearson (NP) test. For a vector « of observations the NP test relies
on the likelihood ratio of the two hypotheses #; and #, defined in section 6.1,

meaning that #; is the signal plus noise hypothesis and 7, the noise-only hypothesis.

As a result, the test statistic
() = P&
p(x; Ho)
defines the detector, which decides #; if T'(x) > ~. The Neyman-Pearson theorem
then states that this detector maximizes the detection probability P, for a given

false alarm probability Pr4 = g defined by

Pra = p(x; Ho)de = ag .

/{wIT(w)>7}
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While this is a general solution to the detection problem, for a specific application
it still necessitates models for the two PDFs p(x;H,/;) that describe the random
vector  under the two hypotheses. For the detection of a known signal s in general
additive Gaussian noise the PDFs that determine x are both multivariate complex
normal distributions with a ng x ns covariance matrix C. More precisely under
Ho, ¢ ~ CN(0,C) and under H;, x ~ CN (s, C). Under these assumptions, the NP
detector becomes the so-called matched filter (MF) with the test statistic [99]

T(z) = Re (s"C') . (6.14)

s denotes the conjugate transpose of the signal vector s. Thus, the operation in the
test statistic is the inner product of s and C~ 'z, i.e. a sum over all time samples.

The general covariance matrix C includes the variances of each observation in the
random vector x and the correlations between them. In many practical applications
with well-designed electronics, the noise-generating process can be assumed to be
identical for each observation and observations independent of one another. In
this case, C = 021, where o2 denotes the variance for each individual observation.
Although this assumption is typically applied to CRES data, the discussions will
retain the more general covariance matrix for now, as the results remain valid in
non-ideal scenarios, provided the covariance matrix can be estimated from the
data.

Multi-Channel Case

The generalization for the data matrix x of an antenna array with multiple channels
is straightforward by appropriately rearranging the data. The n, x ns data and
signal matrices can both be written as flat vectors & and s in row-major order, e.g.
x; = x; with j = |i/ns] and | = i mod n,. The corresponding noise covariance
matrix C is a (nsng) X (ngn,) matrix that contains the ng x ng covariance matrices
C; of the isolated measurements of each channel as sub-matrices as well as potential
correlations between channels. In general, the covariance matrices C; can also differ
between channels.

With these rearrangements the solution to the detection problem is given by eq. (6.14)
as well and thus the test statistic for array data with the most general covariance
matrix is [99]

T(x) =Re(s"C '2) . (6.15)

Chapter 6 Detection of CRES Signals in Noise



Channel 0 Channel 1 Channel 2

0.50
0.25

Ctx 3 o000
-025
2

0.25

=N

T(x) =

conj

3 0.00
©

—i

0 200 400 600 800
sample

—0.25

Fig. 6.11.: Calculation of the test statistic with the multi-channel MF. The signal 3 is an
arbitrary example. For the data & simple uncorrelated white noise is added to
the same signal. The noise variance is substantially smaller than in a real CRES
detection scenario in order to better visualize how the test statistic filters out
the signal from the data.

Although it has the same form as eq. (6.14), the inner product of the new test
statistic is a sum over both channels and time samples due to the rearranged data.
The calculation of this test statistic is depicted in fig. 6.11 for an example signal.

This general result can be simplified by assuming that correlations between channels
are negligible, a condition known to be true for thermal noise if the antenna spacing
is greater than a wavelength [101]. The result is a covariance matrix C that is mostly
zero except for the sub-matrices C; (meaning that it may still include correlations
between time samples). With this covariance matrix one finds that eq. (6.15)
simplifies to [99]

Ng—1 Nng—1
T(x)= Y Tj(x) = Y Re(s;"C;7'x;) . (6.16)
=0 =0

Hence, the test statistic for an antenna array is a simple sum of the test statistics
T; of all channels. As long as the antenna spacing is greater than the wavelength,
eq. (6.16) is the optimal test statistic for array data independent of the antenna
arrangement. This is an important finding because a major concern with large
antenna arrays was a perceived ambiguity in incorporating more antennas into the
beamforming detection framework.

Yet, for this optimal detector the exact knowledge of the expected signals in each
channel is mandatory. Fortunately, although the signals can differ between the
channels they are not entirely independent. Instead, all signals depend on a common
source, which deterministically defines the full signal matrix s. This is also illustrated
with the example in fig. 6.11, in which all channels receive the same signal with
different amplitudes and delay times. In a CRES detection the common source
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would of course be an electron. Thus, the optimal detection is achieved with a
suitable model for the signal matrix that is produced by an electron track (for
a definition of electron tracks, see section 5.1) with its eight parameters 8 =
(Exin, 0, P, @, Paxial, Peycl, to, T). Since the tracks are produced in random processes,
it is impossible to know the track parameters for the signal matrix in practice. For
that reason, the next section will focus on the case of detection using a model with
unknown parameters for the signal matrix.

Unknown Parameters

A detector using the test statistic in eq. (6.15) should appropriately be termed a
"clairvoyant" detector, as it achieves the best possible detection performance only if
the true signal is perfectly known. However, in scenarios with incomplete knowledge
of the signal, detectors often must rely on signal models with unknown parameters,
leading to a degradation in detection performance compared to the ideal case.
This degradation arises from the inherent uncertainty in estimating the unknown
parameters, rather than from potential mismatches between the assumed and true
signal, whether due to incorrect parameter values or errors in modeling.

The case in which the PDFs of both #; and #H, can have unknown parameters is a
more general composite hypothesis test. This can be approached by a generalized
likelihood ratio test (GLRT), which evaluates the test statistic at the maximum
likelihood estimate (MLE) of the unknown parameters under both hypotheses [99].
For the case of Gaussian noise with known covariance matrix C, only the PDF
under H;: * = s(0) + n depends on unknown parameters, while Hy: = n is
parameter-free. Thus the test statistic is

B p(x;0,H1)
T(@) = p(x; Ho)

where 6 is the MLE of @ under ;. The MLE is found by maximization, which yields
the equivalent test statistic

p($70,7'[1)
T(x) = max ———=.
(@) o p(x;Ho)

Using the PDFs of a complex Gaussian under H, and #;, the GLRT is

max exp <— (x—s(0)T C7! (x—s(0)) + :I:HCfla:) >,
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which is equivalent to the test
max (2 Re (S(B)HCA:B) — s(B)Hcfls(B)) > (6.17)

This is the most general solution without further assumptions about the unknown
parameters or the signal model. In the next part of this section, this general solution
is adapted to account for the specific unknown electron parameters, resulting in
specialized detection approaches.

Unknown Phase

In many situations it must be assumed that the signal arrives at the detector with an
arbitrary phase that cannot be known in advance. This is relevant for an electron
track because the initial phase of the cyclotron motion ¢y is unknown. Additionally,
phase shifts can be imposed on the analog signal by the readout electronics prior
to digitization. For example, even if the source signal is perfectly known including
its phase, using eq. (6.14) can still result in poor detection performance if the
instantaneous phase of the local oscillator is disregarded.

Assuming that the signal s is known except for an unknown phase ¢, the model is
s,(¢p) = €'¥s. Inserting s, () into eq. (6.17) results in the GLRT under Gaussian
noise for this model:
max (2 Re ((el“"s) Clw> — (e‘“"s) Clews) > . (6.18)
©
Using (e!%)" el¥ = 1, where (-)* denotes complex conjugation, simplifies eq. (6.18)
to

mgx <2 Re (e*iwsHCfla:)) >~y +sfC s, (6.19)

The result of the inner product s” C~!x is a complex number z with 2z = |z el¥=.
Thus, Re (e7¥z) = Re <|z| eiW’z_“")) = |z| cos (¢ — ¢). This expression is maximal
for ¢ = ., which produces max,, |z|cos (¢, —¢) = |z|. As a result, eq. (6.19)
transforms into )
HE—1 2 He-10) _ A/
’s C m‘>2<7—|—s C s) v

In most standard literature [99], detection with unknown phase is addressed using
the equivalent test statistic

T(x) = ‘SHC_1:B’2 . (6.20)
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This is referred to as a quadrature matched filter (QMF), and for unknown phases,
this test statistic serves as a universal replacement for the matched filter test statistic
from eq. (6.14).

Unknown Arrival Time

Another very common problem is an unknown arrival time. For the case of the
electron detection this is reflected in the start time ¢y, which is the result of an
unpredictable decay. For a signal s, known except for its delay, embedded in simple
WGN (i.e. C! = %]l) the generalized likelihood ratio test yields the test statistic

n4+nr—1
T = R m—n | - 6.21
R B
Here, n and n, = |7fs| denote the delay and signal length in discrete time samples
and n, the number of time samples in «. The MLE of n yields an estimator for the
start time o = %, though its resolution is limited by the sampling interval. The
proper non-discrete estimation of ¢y will be discussed in chapter 7, but for the signal
detection alone this is not required.

Equation (6.21) has the form of a convolution of the data with a FIR filter h. The
discrete convolution without zero-padding with a filter of length n, can be written

as
n+nr-—1

(x*xh), = Z TPy, —14n—m -

m=n
With this definition one can easily see that the test statistic is in fact a convolution
with a filter that is the complex conjugate reversed signal. In other words, using
h, =s;_ _,_,,eq. (6.21) can be written as

T(x)= max Re(xxh), . (6.22)

n€l0,ng—nr|

This implementation as a filter operation is the origin of the term matched filter,
since it is a very common approach to apply a set of FIR filters to data in order to
find matching patterns or signals in it. This is also closely related to classic pattern
detection in images, in which the same is done with 2-dimensional filters.

In a practical implementation the test statistic is often not evaluated for all discrete
delays n. In order to relax the computational requirements it is instead common to
slide the filter with a stride over the data. Typically stride lengths with 50% or less
overlap between the windows are employed. In the extreme case of no overlap, the
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data time series « is split into time slices to which the matched filter test statistic
(e.g. eq. (6.20)) is applied individually®.

Apart from the computational benefits, using non-overlapping time slices has the
additional advantage of simplifying the theoretical treatment of the detection per-
formance: the test statistic of eq. (6.22) is a maximum over correlated random
variables since the same noise samples influence the results of multiple delays n.
Without overlap, these random variables become independent and therefore, the
detection probability in each time slice is independent of other time slices.

Track Length

A situation that is less common in typical signal detection problems, such as radar
applications, is that of a signal with unknown length 7. Still, this problem is charac-
teristic for CRES detection since electron tracks disappear in a random scattering
event. Including the random track length 7 as an unknown signal parameter into
the sliding filter approach from above results in an additional optimization over a
varying filter length n.,. This method is impractical since the number of required
inner product evaluations does not scale linearly with the number of data samples

Ng.

A better approach would be to use a fixed filter length n. In this case, a signal would
result in a sequence of time slices with high test statistic outputs. Due to the noise,
the individual time slice results will fluctuate, and therefore, the detector ultimately
needs to decide if a sequence of time slice results is caused by a consecutive track
or not. A good choice for the arbitrary filter length could be the mean of the track

length ns = | (1) f5].

While a proper treatment of the detection with a sequence of time slice results is
beyond the scope of this thesis, at this point, existing research on this problem
in the context of Project 8 is worth noting: In [102] an application of the Viterbi
algorithm [103] is explored in order to decide if a sequence of observed time slice
filter results is caused by an electron or not. The algorithm treats the data as a hidden
Markov model, generating the observed test statistic outputs for each time slice, with
the hidden state representing either #, or ;. Utilizing dynamic programming, the
Viterbi algorithm determines the most likely sequence of hidden states corresponding
to the observed outputs.

SThis is analogous to a spectrogram produced by a short-time Fourier transform.
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Full Set of Electron Parameters

For the remaining electron parameters, no special treatment can be applied. With the
full set of electron parameters unknown, the optimal detector is given by eq. (6.17).
By separating the static phase shifts ¢ from the remaining unknown parameters 6,
the detector decides H; if

MaxX Max (2 Re ((ei“"s(e))H C_1m> — (ei‘ps(O))H C_leiws(0)> > .

As before, maximizing over ¢ results in the absolute value of the inner product. As a
result, the generalized likelihood ratio test (GLRT) for electron detection in Gaussian
noise decides H; if

max (2 ‘S(G)Hc_lw‘ —s(0)"C's(0)) > 7. (6.23)

However, in practical applications of this kind of detection scheme, e.g. in [104],
one often finds a slightly different version of the test statistic of eq. (6.23) in which
the energy term s(8)7 C~'s() is used as a normalization instead of subtracting it.
With the quadrature matched filter for the case of multiple channels and using ~ as
notation for flat data vectors, this results in the test statistic

‘é(B)HC_I:E‘Q

1.

N — (6.24)
5(9)HC

T(x) = max

@)

Although the corresponding test is not strictly equivalent’ to the actual GLRT, the
performance is almost identical, as will be demonstrated in section 6.3.5. In contrast,
ignoring the energy term altogether causes a preference of high energy signals and
a disproportionate reduction in detection probability of signals with low energy. The
normalization, which is constant for any choice of 8, can be integrated into the signal
model 3. The advantage of using eq. (6.24) is a small reduction in computational
cost for the evaluation of the test statistic, which is an important aspect that is
further discussed in section 6.4.

7This might seem unexpected given that egs. (6.18) and (6.20) were shown to be equivalent by scaling
and shifting the threshold v with the data-independent terms. However, the same transformations
do not apply to eq. (6.23), as the data-independent terms are not constants within the max
operation.
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For WGN with C = o021, the test statistic becomes

2
: (6.25)

ng—1ns—1

D> xijsii(0)°

i=0 ;=0

1
B R OLEC)

which serves as the baseline test statistic for the detection of CRES electrons with
multiple antenna channels utilizing a matched filter. In this test statistic, s;(0) has a
fixed track length of n, samples and assumes ¢y = 0.

To accommodate the unknown start time and signal length, eq. (6.25) will be
evaluated applying the strategy of non-overlapping time slices as outlined earlier.
This means that x; is only an n, samples long slice of the whole data matrix.
Consequently, the parameter vector is @ = (Exin, @0, p, @, Paxial)» and it no longer
includes the static phase .y, start time ¢y and track length 7.

Signal Model

The previous sections have established the MF as a universal framework for electron
detection with optimal detection performance. Yet, it all depends on the use of a
well matching model for the signal matrix s, which is the topic of this section.

Sinusoidal Model

The simplest signal model is once again a sinusoidal model with fixed frequency and
amplitude for the electron’s radiation. A suitable model for the sinusoidal observation
of an antenna at position p; was already given as the starting point of the derivation
of the beamforming algorithm in eq. (6.1). The model is parameterized by the
down-converted frequency w,, and an electron position p,, as

Sij(wm, P) = Ajexp (i (tjwm — (wm + wLo)di(fk) + 51’(1%))) : (6.26)

with the corresponding normalization

Ng—1ns—1 Nng—1
=0 4=0 =0
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The matched filter detector for this model is then constructed by inserting the model
into the test statistic of eq. (6.25):

2

1 o tnsl —i(tjwm—(wm'i‘wLo)%-ﬁ-(si(Pk))
T(x) = max ————— Z Z x;jAe
wmPk 0% Yitg" AT |15 150

(6.27)
By using t; = Atj and restricting the frequency evaluation to discrete values

W = Awm with Aw = eq. (6.27) can be rearranged to

Atn ’

1 a1 _1( (Wmtwro) L@k 45, pk) 2mjm
T(X) m%)k(m Z A ;€ Z ije ns

DFT

In the above equation one can now identify the n,-point DFT of the data. If the
maximization is also restricted to a fixed set or grid of points GG, then the test statistic
is almost identical to the test statistic of the beamforming algorithm (see egs. (6.8)
and (6.9)):

1

ng—1 ( d; (pg)
—i( —(wm+wro) = +61:(Pk))
max  —— Z Ase " i F(Xi)m
meM,p,.€G o ZZZ‘IO Az

=0

T(x) =

The main difference at this point is due to the amplitudes, since dropping the variance
0?2 and the square leads to an equivalent detector as a result of the thresholding.

By assuming a signal model with unity amplitude for all channels, the detec-
tor is entirely equivalent to beamforming, including the normalization constant
(Sregt A2)71 = n—la On the other hand, this result demonstrates that a more general
approach to beamforming would actually include amplitude weighting per channel.
Without an elaborate model for the amplitude in each channel one option could be

a constant amplitude weighted by distance A; = d_(’: 5 which is motivated by Frii’s

transmission equation (see eq. (5.7)).

In conclusion, the derivation above proves that the beamforming algorithm from
section 6.2 is in fact a matched filter for the detection of a sinusoidal signal with
multiple channels at different spatial positions. This finding is not too surprising,
given that the optimal detector for a sinusoid in a single channel is the DFT [99].
Thus, beamforming represents a straightforward generalization of this case for
multiple channels with a single source.

Nevertheless, this is an important insight that caused a crucial paradigm shift for
electron detection with an antenna array at the time of its discovery for several
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reasons. First, the results in section 5.5 indicate that, neglecting energy loss, a
sinusoidal signal emitted by a source moving on a circle around the symmetry
axis (drift motion) is a good approximate model for an electron with oy = 90°.
That means beamforming already results in close to optimal detection performance
for 90° electrons and attempts to improve the performance for these electrons
with alternative detection algorithms are futile. In addition, this result means that
beamforming is an incomplete matched filter for the other electrons. Therefore,
this also suggests that the most promising path forward is indeed an improved
signal model instead of searches for entirely new detection algorithms or secondary
algorithms after beamforming.

Template Bank

The construction of an improved closed-form signal model on the basis of eq. (6.26)
is not a trivial task. It could be approached by either using a generic modulated
signal — employing a Fourier series with adaptive coefficients ¢(w) that allows for a
signal with multiple frequencies — or by tracking the axial motion, similar to the drift
motion. As discussed in section 6.2.4, tracking the axial motion is no straightforward
calculation anymore due to the complexity of the axial trajectory and the retarded
time calculation. In fact, initial efforts to establish a compact closed-form model
with axial motion lead to the development of CRESana (see section 5.4), which
ultimately evolved into a comprehensive CRES signal simulation tool. Moreover, the
diverse set of signal spectra observed in simulations with CRESana, suggests that a
universal Fourier series model may not be feasible.

In the absence of a compact closed-form signal model that can be directly imple-
mented into the test statistic, the matched filter can be realized with a template
bank instead. In this approach, eq. (6.25) is evaluated with a set of pre-calculated
waveforms. Matched filter template banks are known from their utilization in gravi-
tational wave detection as part of the data analysis of LIGO [105, 104]. The main
challenge for a template bank is a good placement of templates in the parameter
space. The template bank needs to cover the interesting regions of the parameter
space well in order to ensure good detectability of electrons, while keeping it to a
size that is manageable with limited computing resources. This is balanced through a
metric that quantifies the SNR loss inflicted by the mismatch of the chosen templates
with the signals.

For an application in Project 8 electron detection a large template bank can be
generated with the available simulation tools, preferably with CRESana. An initial
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study for its application was conducted with waveforms generated by Locust. In this
study, it was found that, in order to achieve an average of 95% of the theoretically
possible SNR, a template bank size of approximately 10° is required [106]. This
study was conducted for a dataset that covers only a small 2D sub-region of the
possible parameter space with pitch angles of 85.5-88.5° and energies of 18 575—
18580 eV. The exact result is of course setup dependent and might be compromised
by the unresolved issues that were found in Locust in the meantime.

Signal to Noise Ratio

The relevant metric that characterizes the detection performance of all the test
statistics is the SNR of the matched filter. Defining the SNR of a random variable X
as )
(X)
NR(X)= 1 __
SNR(X) Var (X)’
where (X) denotes the expectation value of X and Var (X) its variance, the SNR
of the matched filter is found with SN R (T'(x; 1)) using eq. (6.14). The required

expectation value and variance are
(T(z;H,)) = s'C7 s

Var (T'(x; H1)) = %chfls .

The proof for these results can be found in appendix C.2. Consequently, the SNR of
the matched filter is

SNRyr = SNR(T(z;Hy)) = 2sTC 7 's. (6.28)

This represents the inherent SNR of the signal, which is the maximum output SNR
achievable with any FIR filter applied to the signal. This maximum can only be
attained when utilizing the matched filter.

With the assumption of approximately white noise (Nyquist-Johnson thermal noise),
in which case the covariance matrix is C = ¢%1 with 02 = kgTAfR, the result can
be further simplified to

2 y  2PrRn,  2Pn,

SNRMF = ;S S 0_2 = ]{:BTAf . (629)

In the equation above Pr denotes the total root mean square (RMS) power of the
signal. For a signal s with n, samples and a resistance R the RMS power is defined
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as Prys = %m >.; sis;. For the case of a signal § with n, antenna channels, the
power Pr is the sum of the RMS power of all channels:

sz 1 Ng—1n—1 ng—1

. _
Pr=——= D D Snjridnegti = ), Prus; .
Bn:  Rnr = o j=0

Finally, substituting the signal duration 7 = n;At = %= = 3% into eq. (6.29)
yields:
SNRyp = —. (6.30)

This result allows for a straightforward assessment of the inherent SNR of an electron
track in a given experimental setup by assuming a noise temperature and numerically
determining the RMS power of a simulated s from CRESana. Moreover, eq. (6.30)
can be used for simple SNR estimations by assuming that the RMS power is constant®
with Pr = € P. Here P is the electron’s emitted Larmor power and ¢ € [0, 1] is an
assumed power efficiency of the antenna array for the trajectory. An upper bound
for the SNR can be set with ¢ = 1.

Equation (6.30) shows that the inherent SNR only depends on the received signal
power Prp, the signal duration 7 and the noise temperature 7'. Notably, it is indepen-
dent of the signal’s shape and distribution between antennas. In addition, it does
not depend on the bandwidth A f but it is implicitly assumed that the signal was
recorded with its entire bandwidth and that the filter and signal duration match.

However, for CRES signals the more common case involves applying the filter to
non-overlapping time slices of a fixed length of the data time series « as mentioned
in section 6.3.2. For WGN it is possible to calculate how the SNR that determines the
detection performance in a single time slice, changes in this scenario. This is done
by assuming that the actual signal is contained in the time series s with a length of
n, and n, non-zero samples, while the used filter s differs only in the number n: of
non-zero samples and is zero-padded to match the length n, of the data.

Analogous to the calculation in appendix C.2 one finds that the corresponding test

statistic has the properties (T(x;H1)s) = »3"s and Var (T(x; H1)s) = 502575
This yields for the SNR defined in eq. (6.28):
2 (PrRmin(n,,ns:))? ,  min(n,,n;:)?
N s = — = SN _ 31
SNRs = = Bt SNR) (6.31)

8Fluctuations of the emitted and received electron power are negligible if the RMS power is taken over
many axial cycles. The slow reduction of emitted power due to the energy loss can be disregarded
except for very long 7.
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In eq. (6.31) it is assumed that Pp is approximately constant over the full signal
length. Hence, SNR); = S]Vn% is used as the matched filter SNR per time bin.
The result indicates that for a fixed time slice length n, = n; the SNR grows with n?2
until it reaches a constant value when n, > n,. The full SNR can be retrieved by
combining the results of all time slices.

Detection Performance

1.0 —— SNRpyr=0.1
SNRyr=4.1

—— SNRy=8.1

0.8 —— SNRue=12.0
— SNRMF:16.0

SNRy=20.0
0.6

Pp

0.4 4

0.2

0.0 1

Fig. 6.12.: ROC curves of the matched filter for different SNRs.

The standard method for evaluating the performance of a detector is to use receiver
operating characteristic (ROC) curves. The ROC curve plots Pp(Pr4) and thus one
can read off the reachable detection probability for the acceptable probability of
false alarm. The detection probability Pp of the matched filter with the test statistic
of eq. (6.14) can be shown to be [99]

Pp(Ppa) = S (S7! (Pra) - VSNRur) , (6.32)

where S is the survival function of the standard normal distribution. As depicted in
fig. 6.12, ROC curves from eq. (6.32) are fully determined by the inherent SNR of
the signal. Therefore, given an electron track the theoretical ROC curve is found by
simulating the noise-less signal in CRESana and subsequently calculating SN Ry,
using eq. (6.30).

However, employing eq. (6.14) as a detector assumes a true matched filter without
unknown parameters. Hence, eq. (6.32) only establishes an upper bound on the
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detection performance of any realizable detector, which is necessarily smaller in
practice. For a CRES signal the phase will be unknown, which necessitates the use
of the quadrature matched filter with eq. (6.20). Its detection probability is [99]

PD(PFA) = SX/QQ(SNRMF) (—2 log (PFA)) y (633)

where S, 2, is the survival function of the non-central x? distribution with 2 degrees
of freedom and non-centrality parameter \. The parameter \ is given by SN Ry,
which is the same as for the true matched filter.

1.0 4 —— MF - theory
QMF - theory
® QMF -in phase :
08- X QMF-outof phase X A
*  MF -in phase X A
A MF - out of phase * A
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Fig. 6.13.: Theoretical ROC curves (solid lines) of the matched filter (MF) and quadrature
matched filter (QMF) compared to results from 10° MC experiments (data
points). See text for details about the generation of the MC data points.

In fig. 6.13 ROC curves of the quadrature matched filter and the true matched filter
are compared to each other both using the theoretical predictions and results from
10% Monte Carlo (MC) experiments. CRESana was utilized to generate an antenna
array signal s of a oy = 88° electron from which SN Rj;r = 11 was found as input
for the theory curves according to egs. (6.32) and (6.33). For the MC experiments
WGN was added to s and the results of the test statistics were calculated with
egs. (6.14) and (6.20) in order to generate the ROC curves. In addition, a second
set of MC experiments was conducted with a 1.5 rad phase shifted signal s/, while
adhering to s for the detection.

The results demonstrate that the use of the quadrature matched filter yields identical
detection performance for both cases. In contrast, the matched filter displays slightly
better performance when matching the original signal but is inadequate for detecting
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Fig. 6.14.: Experimental ROC curves of template banks using the normalized quadrature
matched filter (QMF) and the generalized likelihood ratio test (GLRT) with
n; = 64. The data points were obtained through MC experiments. The true
signal that is used in the MC experiments is present in the template bank.

the shifted signal. This reduction in detection performance of the matched filter
depends on the phase shift.

Finally, the general detection case with all electron parameters unknown is solved
with the quadrature matched filter template bank, which employs the test statistic of
eq. (6.25). First, it still needs to be proven that this test statistic has a performance
that is similar to the actual solution provided by the generalized likelihood ratio test
(see eq. (6.23)). This is again done through MC experiments similar to fig. 6.13.
Figure 6.14 shows that the MC experiments provide very similar ROC curves for
both test statistics.

For the derivation of the theoretical ROC curve of the template bank, it is assumed
that the template bank contains the true electron signal and that it is built with
n; nearly orthogonal signals, meaning that for all ;, 6, with i # j in the template
bank

—0. (6.34)

5(0:)"5(6;)
\/3(0:)75(6:)/3(6,)75(6;)
This is motivated by the fact that the spectra feature a small number of narrow peaks
that are distinct for the parameter combinations (see section 5.5). The assumption

in eq. (6.34) then means that the overlap of peaks between different combinations
in the template bank is small.
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Under these assumptions eq. (6.33) already describes the probability of detecting the
true signal using the correct template. Additionally, due to the assumed orthogonality,
the probability of detection with an incorrect template is small. Consequently,
eq. (6.33) also represents the detection probability of the signal when the full
template bank is utilized in the test statistic.

However, Pr4 denotes the probability of a false alarm from only the true signal
template. The test statistic results of all templates are uncorrelated random variables,
given the assumption of orthogonality of the templates. Consequently, false alarms
from one template are independent of false alarms originating from any other
template. The probability of false alarm from any template is then given by

ni—l
PII«“Azl— ﬂ (1—PFA¢)7
i=0
with Pr 4, representing the probability of false alarm of the i-th template. Assuming
that a common detection threshold for all templates exists such that Pr4; = Pra
(this should be reasonable with the normalization of eq. (6.25)) gives

Ppy=1— (1= Ppg)™. (6.35)
Solving for Pr 4 produces
1
Pea=1—(1—Ppy)m™ .

Finally, substituting this into eq. (6.33) yields the detection probability of the
template bank

1
Pol(Pea) = Spsnmr (~2108 (1- (1= Pea)™)) . (636)
where Pr4 now denotes the probability of false alarm from all n, templates.

In practice, the template bank will be too densely populated to fulfill the orthogonal-
ity criterion in order to minimize the risk of missing signals that may fall between
templates. Thus, eq. (6.34) can only be applied for pairs of templates i, j that are
sufficiently distant from one another in parameter space. Wile a precise distance
metric is not defined here, it can be assumed, without loss of generality, that the
majority of template pairs are adequately separated to justify the orthogonality
assumption. However, for a small number of templates that are close to the true
template, the detection probabilities will be non-zero and correlated with each other.
Similarly, false alarm probabilities of all pairs of templates that are close to each
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other, are correlated. Both complicate the exact mathematical treatment. As a
result, eq. (6.36) must be treated as an approximation assuming that the detection
probability of the true template is the dominant contributor and that the Pg4; of
each individual template are small.

Fig. 6.15.: Theoretical ROC curves of the quadrature matched filter template bank (solid
lines) compared to results from 10 MC experiments (data points) for different
template bank sizes. The true signal that is used in the MC experiments is
present in the template bank, which consists of CRESana signal simulations on a
regular square grid in Ey;, and «g.

The accuracy of the approximation is tested using MC experiments, from which
ROC curves are constructed in the same manner as those in fig. 6.13. The MC
experiments are set up such that detection is recorded if any template exceeds the
threshold, not necessarily the correct one. Figure 6.15 depicts the results compared
to the theoretical curves according to eq. (6.36) for a variety of template numbers.
Good agreement is observed at small Pr4 in all cases. However, some discrepancies
appear at high Pr4 and high n;. These results are within expectations, considering
that orthogonality was not enforced during the template bank construction. Thus, in
the regime of high Pr4 (low thresholds) and with many templates, the probability
of any template other than the correct one exceeding the threshold, along with the
contributions of correlations to the probabilities, become significant.

Nevertheless, given that the goal of CRES is highly sensitive measurements, such as
neutrino mass determination, the relevant region of the ROC curve is at Pp4 < 0.01,
where the agreement is good. This suggests that eq. (6.36) is a suitable approximate
solution. Yet, it must be noted that this is only the case if the exact signal is part of
the template bank and a mismatch diminishes the reachable SNR.
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6.4 Real Time Detection

One of the major challenges in an antenna array based CRES experiment are the
expected data rates. The data rate of a single I/Q receiver can easily be estimated
with D = 2b f, where b represents the bit depth of the ADC, 2b is the memory size of
a complex sample, and f; is the sampling rate. The sampling rate is determined by
the required bandwidth A f, given by f; = Af (in the case of complex I/Q samples),
as prescribed by the sampling theorem [92]. The baseline assumption is a required
bandwidth of 200 MHz. Running the ADCs with minimal bit depths of b = 8bit
the resulting data rate is D = 400 MBs~! per digital receiver. Even the smallest
prototype designs under consideration for Phase III utilize 60 independent receivers.
Therefore, operating an antenna array for CRES produces at least 24 GBs~! of data
in a minimal configuration. However, for a full-scale Phase IV experiment, the
number of independent receivers is estimated to be in the thousands (see chapter 8).
Thus, assuming no further design optimization that could help reduce the data rate®,
the generated data can easily exceed 1 TBs™!, particularly if better sampling depths
are required.

These data rates quickly exhaust typical data storage capacities available at the
time of writing, making data rate reduction critical. This reduction is achieved
by recording only data that presumably contain signals and discarding data that
presumably contain uninteresting noise. Consequently, this approach necessitates a
detection algorithm that runs in real-time and can serve as a trigger for storing the
data.

The effectiveness of this data reduction depends on both the average event length
and the trigger rate. The trigger rate is determined by the true event rate and the
configuration of the detection algorithm, which yields a detection probability and
probability of false alarm. All of these parameters in question directly influence the
achievable neutrino mass sensitivity. Hence, a meaningful analysis of the reachable
data reduction first requires an experimental setup and a configuration of the
detection algorithm that are both optimized for neutrino mass sensitivity. Instead,
the main topic of this section is therefore an analysis of the real time capabilities of
the template bank approach and the computing requirements associated with it.

°An optimized design might feature smaller sampling rates by minimizing the signal bandwidth,
require fewer high-gain antennas, and reduce the number of digital channels by combining analog
signals before digitization.
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Algorithmic Choice

The slightly different test statistics of the matched filters presented in section 6.3 all
have in common that they are a variant of an inner product that can be interpreted
as matrix-vector or matrix-matrix multiplications. For instance, the template bank
test statistic in eq. (6.25) can be formulated as the following product of a matrix

and a vector )

nans—1
T(x) = max Z SkiZj| (6.37)
j=0
where ~ denotes flat vectors of the data and signal matrices (see section 6.3.1) and
the signal component is a pre-corlnputed template matrix including normalization:
Skj = 5;(01)* (JQé(Bk)Hé(Ok))_i. This matrix has the dimensions n; x ng,ns with
n; denoting the total size of the template bank!°.

If data are taken continuously, it is obviously impossible, to indefinitely accumulate
the ns samples for the evaluation of the test statistic in a single pass due to memory
limitations. For that reason, the evaluation has to proceed in batches of fixed size n.
For a time T, of continuous data production the number of batches np is defined via
the relation

T.fs=nsnp. (6.38)

With the execution in batches eq. (6.37) can be rearranged as

NgNs—1 2

T (X)l = max Ry = max ]Z:(:) Sijjl

Thus, the test statistic calculates the matrix product of S € C™*""s and X &
CrensxnB producing a matrix R € R"t*"5,

The formulation as a matrix-matrix product has a number of appealing advantages.
First, it is a highly parallel operation, which suggests the execution on a multi-core
computing platform. It is a very well established algorithm that often features
low-level implementations with hardware-specific optimizations for the platforms it
runs on with easy access via the Basic Linear Algebra Subprograms (BLAS) [107]
standard. BLAS implementations exist for most high-performance platforms, e.g.
Intel MKL [108] for CPUs or cuBLAS [109] for GPUs. Matrix multiplications also

19To clarify: All matrices here are, in fact, high dimensional tensors. For example, the template bank
can be up to 8D when considering the entire parameter space of CRES. Each template is then
itself a multi-channel n, x n, matrix. For the algorithmic treatment, these higher dimensions
are effectively disregarded, and all can be flattened out in the way that is most convenient for
computation.
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serve as fundamental building blocks for Deep Learning, a field which profits im-
mensely from their implementation on GPUs [110, 111]. Finally, the more basic
matrix-vector products like eq. (6.37) are always limited by memory access times
because all data are accessed exactly once. Matrix-matrix products, on the other
hand, utilize certain segments multiple times and can thus be limited by either
memory or arithmetic operations, depending on the dimensions of the matrices.
Given that memory access times are typically considerably slower than the arith-
metic operations on modern computing platforms (see e.g. [112]), it is preferable
to operate within the arithmetic limit.

With all these considerations, it is a reasonable assumption that the template bank
should be implemented on a multi-GPU server. Each GPU then evaluates the matrix
product with the full set of n; templates, processing n; batches at a time, where
ny < np, such that the total number of batches np is distributed equally among
the GPUs. Therefore, the number of GPUs must be sufficient to ensure that the
computations keep up with the incoming data.

Estimation of the Computing Requirements

The objective of this section is to estimate the required number of GPUs for a real
time implementation of the template bank approach, inspired by the methodology
outlined in [113]. For the estimation it will be assumed that Nvidia’s most recent
flagship server GPU H100 will be used with its ability to efficiently process 16 bit
floats on tensor cores. For the initial real-time detection, accuracy is not critical,
making the use of 16 bit floats adequate. In this case the H100 GPU has a peak
computing performance of'! Pppig = 989.4 TFLOP s~ !, a peak memory access rate
of M, = 3.35TBs~! and a total memory size of M = 80 GB [112].

The evaluation of the full matrix R requires np - n; - n, - ns multiplications and
additions of complex numbers for the matrix product. Since the product z; - 2z =
x1T2 — Y1y2 + i(y122 + x1y2) for z; = (x; + iy;) € C, this corresponds to a total of
4dnpg - ng-ng - ng multiplications and additions of real numbers. On the hardware level
these would be handled by fused multiply-add (FMA) instructions, which each reflect
2 floating point operations. After the matrix product, each element in the matrix R
is produced by taking the norm-squared. Given that |z|* = 22 4 2, this operation

"nputs and outputs are in 16 bit but the accumulation uses 32 bit.
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requires 3np - n; floating point operations for the entire matrix R. Therefore, the
operation count of the calculation is

OP = ngn¢(8ngns + 3) .

Using eq. (6.38) and assuming that the contribution of the norm-squared can be
neglected since n, and n, are large, produces

OP = 8nn,T.fs. (6.39)

Assuming that the calculation is not limited by memory accesses, the operation
count processed by Ngpy GPUs in a time T, is Ngpy Prp1T.. Comparing this with
eq. (6.39) yields

8nng fs

Nepy = (6.40)

Prpis

Whether or not a matrix-matrix product is limited by memory access or arithmetic
operations depends on the sizes of the matrices relative to each other. These sizes
are solely decided by the chosen batch size n. Possible values for n, are restricted
by the available amount of memory on a single GPU. Each value of the complex
input matrices is comprised of 2 16 bit floats, hence 4 B of memory are required per
value. The real output matrix on the other hand requires 2 B per value. Thus, the
restriction for ng set by the available memory is given by

dngngns + dngngng + 2ngmy < M . (6.41)

A second restriction for ng is found by requiring that the calculation is not limited by
memory access times. This can be examined by calculating the arithmetic intensity;,
which is the ratio of the operation count to the total memory accessed:

AT — Enpningns
dnpngng + dnimgng + 2nmy

dnynyg,

na—f—nt(%;"i‘ris) )

The calculation is not limited by memory accesses if the arithmetic intensity is greater
than the ratio of peak computing performance to peak memory access rate:

Prpis
> . .
Al > 7 (6.42)

a

This kind of treatment neglects the role of the on-chip memory caches, which can be
safely ignored when the calculation is limited by arithmetic operations.
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Fig. 6.16.: Arithmetic bound and memory size bound depending on n and n;. The orange
line shows the boundary provided by eq. (6.42). The blue line indicates the
memory limit given by eq. (6.41). Any combination of ns and n; in the shaded
area is both in the faster arithmetic limit and fits onto the GPU memory.

Figure 6.16 shows how the conditions egs. (6.41) and (6.42) restrict the choice of
ns and n, for given n, and n;. As long as the blue area is non-zero, it is generally
possible to pick the batch size n, such that the matrix multiplication is feasible.
The plots demonstrate that with 5000 antennas and up to 1000000 templates, it is
appropriate to use eq. (6.40) as an estimate for the number of GPUs.

Figure 6.17 shows results of the calculation using eq. (6.40), varying both the
number of templates and the antenna array size. In addition, the dashed black line
represents the equivalent number of H100 GPUs of the computing performance
of Frontier, the current fastest supercomputer on the TOP500 list [114] reaching
1.194 EFLOP s~ ! (E=Exa) for 64 bit operations.

These results show that small scale prototype experiments with ~ 100 antennas and
template bank sizes up to 10 might be viable with a medium scale GPU cluster, but
the computational demands required to meet Phase IV design requirements appear
unattainable at this stage. One should keep in mind, however, that a potential Phase
IV experiment is still many years in the future and gains in available computing
power are expected. On the other hand, it should be emphasized that this result is
only a basic estimate that disregards many practical aspects of a real implementation.
For instance, this basic treatment assumes all data is already available for calculations
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Fig. 6.17.: Estimated number of required Nvidia H100 GPUs for an MF template bank as a
function of the number of templates n;. The estimate is plotted for different as-
sumed number of antennnas n,. The dashed black line represents the equivalent
of the current most powerful supercomputer in the TOP500 [114] in number of
H100 GPUs.

on the GPUs and entirely neglects data transfers to and from the GPUs. As always, a
realistic assessment can only be obtained through actual benchmarks.

Potential Improvements of Computational Performance

There may be ways to reduce the computing requirements for a real time detection
algorithm, which will be discussed briefly in this section.

First, a significant efficiency improvement of the template bank evaluation may be
possible by using Parceval’s theorem [115] in order to calculate the inner products
in the frequency domain instead of the time domain. As shown in section 5.5, the
signal spectra feature only few discrete peaks. This implies that the template matrix
S would largely consist of entries close to zero. Therefore, significant performance
gains could be possible through the use of sparse matrix algebra. Nevertheless, this
potential performance gain entirely depends on the signal structure obtained for an
experimental design. This gain is purely theoretical at this point and needs to be
studied in detail.

A critical parameter for the computational cost of the template bank is its size, which
depends on the tolerable SNR loss from not exactly matching the true signal with
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a discrete set of templates. An early indication for the required size is provided in
[106], which found a lower limit of 10°. However, this value likely varies with the
experiment design. Additionally, the study covers only a subset of the full parameter
space with templates, and it remains unclear how much the size increases as more
dimensions are included.

Moreover, the tolerable SNR loss of 5% was chosen arbitrarily, whereas in a real
implementation, it must be determined by optimizing the detection probability
and probability of false alarm for a neutrino mass sensitivity goal. With optimized
settings, the acceptable SNR loss could be higher, leading to a reduction in template
bank size. For example, allowing a 30% SNR loss in [106] reduces the size of the
template bank already by an order of magnitude. In conclusion, future work must
establish a formal procedure for selecting a grid within the 8-dimensional parameter
space of electron tracks that strikes the right balance between detection performance
and computational cost. A sophisticated solution may produce non-uniform grids
with varying template densities depending on the significance of different regions in

parameter space.

Finally, machine learning models offer a promising path toward real time detection,
given their widespread success in data analysis in modern physics [116, 117, 118].
Especially convolutional neural networks (CNNs) are interesting candidates for
signal detection since their convolution operation is closely related to the concept
of matched filters. A trained CNN can be interpreted as a hierarchical set of filters
that are sensitive to certain features in the data [119]. A minimal set of optimal
filters, encoded in the weights of the network, is found in the training phase. It
has been demonstrated for LIGO that a CNN can achieve a detection performance
comparable to a template bank while requiring only a fraction of its computational
cost [120, 121]. In a first attempt using a similar CNN approach on simulated CRES
data, a detection performance comparable to a template bank with 17% SNR loss
was achieved [106]. Thus, these initial efforts should be intensified in the future.

Summary

In this chapter it was demonstrated that the optimal signal detection algorithm is
accomplished with the generalized likelihood ratio test and matched filters (MFs).
Moreover, it was found with a mathematical proof that the beamforming algorithm,
which was the first detection algorithm under consideration for an antenna array
detector, is a matched filter for a simplified signal model. Since this assumed
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model only adequately describes a subset of the parameter space, this algorithm is
inherently limited in its capabilities for detecting CRES signals. The theoretical limits
of the detection performance with a matched filter were addressed in section 6.3.5.
These limits only depend on SN R, r, which can be calculated from simulated data.
The relevant question for any realizable solution would be how close it approaches
these optimal limits. Finally, it was shown in section 6.4.2 that an MF based
detection approach is computationally infeasible at this moment, given the required
large template bank and antenna array sizes. Suggestions for further research into
computational performance optimizations were discussed in section 6.4.3.
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Parameter Estimation of
CRES Signals

Before I came here I was confused about this
subject. Having listened to your lecture I am still
confused. But on a higher level.

— Enrico Fermi
Pioneer in nuclear physics

In the previous chapter, the problem of detecting electrons was discussed. While
the detection of an electron is a necessary first step, the goal of CRES is to measure
the electron’s energy. This problem falls into the category of parameter estimation,
which is the task of determining the parameters 6 that describe the probability
distribution p(x; @) of observed data x. For the parameter estimation of CRES
electron tracks it is assumed that the observed data contain a signal and therefore
the PDF in question is always under H; as defined in section 6.1. The unknown
parameters are 6 = (Eyin, ¢, p, ¢, Gaxial, Peycl; to, 7). Among these the only parameter
of interest is the kinetic energy Fy;,, whereas the remaining parameters are nuisance
parameters.

The detection and parameter estimation problems share many mathematical sim-
ilarities, as demonstrated in section 6.3.2, where it was shown that the detection
of a signal with unknown parameters requires at least a rough parameter estimate.
Nevertheless, it is worth discussing the parameter estimation problem separately
with the focus on the statistical estimation limits.

Maximum Likelihood Estimation

A standard estimation approach is the maximum likelihood estimate (MLE), which
is proven to have asymptotic efficiency [122], which means that for large data
records it has minimum variance and is unbiased. With these properties the MLE is
considered asymptotically optimal, since no other unbiased estimator has a lower
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Fig. 7.1.: Likelihood calculation at a single point 6 for a high SNR CRESana signal from a
harmonic trap with added WGN. The plots show the first 50 data points of a single
channel as orange points, with probability distributions based on the assumed 6
represented by the underlying color scale. The distributions are evaluated at the
data points. (a) illustrates the distributions for the true signal, while (b) depicts
those for a modified pitch angle.

variance. However, an unbiased estimator with the same performance without the
need of large data records may exist. However, even if such an estimator exists,
there is no universal recipe that finds it in a given estimation problem. In contrast,
the MLE offers a universal solution and is thus always the preferred approach in
practical applications, where datasets are often sufficiently large.

The key concept is the likelihood function, which is the joint probability of the indi-
vidual data observations viewed as a function of the parameters 6. In a CRES track,
the observations are generated by the deterministic signal, which is parameterized
by 6 and subjected to additive random noise from a process that is similar across all
observations. Therefore, all observations are random variables from the same family
of distributions with PDF p(z; A) but with varying parametrization! X that account
for the different amplitudes of the underlying deterministic signal.

Thus, p(x; A;;(0)) denotes the PDFs of the individual observations x;; of channel ¢
and time sample j. This results in the likelihood function

Ng—1ng—

1
£(0;x) = [ I p(xij; Ai(0)). (7.1)

i=0 j=0

E.g. for a normal distribution the parametrization X is given by its mean and variance.
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In eq. (7.1) it is assumed that the observations are independent random variables,
which is only true for uncorrelated noise. The calculation of £(6) with the varying
PDFs is illustrated in fig. 7.1 for two different choices of 8 with the same data x.

Numerically it is often more practical to use the log-likelihood function ¢(0;x) =
log(£(0;x)) instead. The MLE of 6 is found by maximization of the likelihood,
which is equivalent to maximizing the log-likelihood due to the monotonicity of the
logarithm:

6 = argmax £(6;x) .
0

Once again assuming that the thermal noise in a CRES experiment is approximately
complex WGN with variance o given by eq. (5.15), the observations x;; = s;; + n;;
are complex normal random variables with x;; ~ CN(s;;, o?). Hence, the PDFs
for the likelihood function are? p(x;;; A;;(0)) = #e_a%‘xij sy (O)° yielding the
log-likelihood function
1
o2

£(0;x) Z Z 1xi; — sij( )| + const . (7.2)
i=0

7=0

In theory the problem of determining the electron energy Ey;, from the data is
already solved by this approach in the best possible way. In practice this optimal
solution suffers from issues that are similar to those encountered in the previous
chapter. As before, an accurate signal model is required, which can only be provided
by the simulation tool CRESana at this point. However, a simple grid search with
pre-computed simulation data, similar to the template bank, is inadequate for the
high resolution goals for the estimate of F\;,. Furthermore, the search for the
global maximum is complicated since it is located in a narrow peak in an otherwise
quasi-flat likelihood landscape with many side-maxima (Examples for this can be
found in chapter 8, e.g. fig. 8.1). This is a challenging situation for typical gradient
based optimization algorithms. Therefore, for a viable optimization strategy a good
initial guess close to the global maximum is mandatory. This initial guess may be
obtained from the signal detection stage with the template bank?.

*For a circularly symmetric complex random vector * € C" the PDF is p(x) =
1
7™ det(C)
For WGN C = ¢”1. Thus, the PDF takes the |-|*:p(z) = 1o exp (— % |z — p|?)
3These considerations highlight that the distinction between detection and parameter estimation in
the implementation may be quite loose, despite being separate mathematical problems.

7.1 Maximum Likelihood Estimation

exp (—(:c —wHC (x - u)) with location parameter p and covariance matrix C [99].

133



711

134

Uncertainties

A topic of high importance for a physics experiment is the treatment of statistical
uncertainties of the measured quantities. For the MLE this means that for each
estimated parameter 6; a confidence interval C'I,, = [c,, ¢;] for a specified confidence
level o needs to be determined. The associated uncertainties are the distances
between the estimate and the confidence interval bounds, i.e. A@;, = ¢, — 0, and
AO,_ = 0, — c, for the general asymmetric case. In most cases the uncertainties
are stated for a confidence level of 68%, which is the 1-o level of a 1-dimensional
Gaussian distribution. There are several ways of constructing confidence intervals
for the MLE. In this thesis, two methods are employed, yielding what are referred to
as the Minos error and Hesse error, respectively. These names are consistent with the
terminology used in the minimization software MINUIT [123, 124].

Minos Error

The Minos error is based on Wilks’ theorem [125], which can be utilized in a way
that assigns confidence levels to the values of the log-likelihood function. For this
method it is important to divide the model parameters @ into the n parameters
of interest ¢ and nuisance parameters . The MLE is then 6 = (fp,ﬁ) and the
confidence region is given by [126, 127]

(@) = {9 0@ a)x) — (B = 3@, 0.9

where Q2 () is the quantile function of the x? distribution with n degrees of
freedom. ¢((v, (7)) is the n-dimensional profile likelihood, which is found by
maximizing the likelihood over the nuisance parameters 7 for a fixed .

In words this means, with n parameters of interest, the boundary for an « confidence
level of the estimated parameters is found at the iso-surface where the profile
likelihood decreases by % times the appropriate value of the quantile function from
its maximum value. In general, although undesirable, this procedure is also capable
of producing multiple disconnected confidence regions if the log-likelihood of side
maxima exceeds the threshold of the confidence level [127]. This is illustrated in
fig. 7.4.

For the Minos error Af;, of a parameter estimate 9,, it is assumed that ; is the
only parameter of interest, and the corresponding 1-dimensional confidence interval
containing the global maximum is calculated via eq. (7.3). The Minos error is
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Fig. 7.2.: Log-likelihood function of a 1-D estimation problem with Gaussian noise. Solid
red line marks the MLE and the dashed black line the true value, which is different
due to the noise. The 68.3%, 95.5% and 99.7% confidence intervals are marked
in different shades of blue.

then the (generally asymmetric) distance between the MLE and the bounds of this
confidence interval.

An example of the calculation for a 1-dimensional estimation problem is depicted in
fig. 7.2. Single channel data with added WGN from a model s; = A sin(wt;+q)+Uy
were generated. For the estimation it was assumed that all parameters are known
with their true value, except for w. ¢(w) was calculated and the MLE & is found at its
maximum (solid red line). The marked confidence intervals are found by calculating
the difference ¢(w) — ¢(®) (y-axis in fig. 7.2) while scanning w left and right from the
maximum until the difference exceeds the threshold set by the quantile function.

Figure 7.3 illustrates the calculation for a 2-dimensional estimation problem using
the same model and data as before, but assuming that both w and ¢ are unknown. If
both parameters are regarded as parameters of interest without additional unknown
nuisance parameters, then eq. (7.3) produces isolines of the 2-dimensional log-
likelihood function, which are determined with the same scan-and-thresholding
approach from before. This is seen in fig. 7.3a where the interiors of the isolines
mark the confidence regions of the joint estimation for the corresponding confidence
levels.

However, if w is the only parameter of interest in this scenario with ¢y unknown,
eq. (7.3) prescribes to perform the scan-and-threshold approach on the 1-dimensional
profile likelihood. The profile likelihood is the result of maximization over ¢, for

7.1 Maximum Likelihood Estimation
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Fig. 7.3.: Calculation of confidence regions in a 2-dimensional estimation problem using
the same data as fig. 7.2. (a) shows isolines indicating joint parameter estimation
confidence regions. The star marks the MLE, the cross the true parameter values.
(b) displays the profile likelihood obtained via maximization over ¢y, which
returns the likelihood values along the dash-dotted line in (a).

each w, which yields the values of fig. 7.3a along the dash-dotted line. The result is
depicted in fig. 7.3b. Compared to the case of the 1-dimensional estimation from
fig. 7.2 the confidence intervals are much wider, which is the result of the correlation
of w and the unknown (.

It should be noted that Wilks’ theorem only applies if a number of regularity condi-
tions are met. While in practice the Wilks’ confidence intervals often still provide
good approximations, violations of these conditions can affect their accuracy. A
detailed review of these conditions and possible solutions for failure cases can be
found in [128].

Hesse Error

In the asymptotic limit the MLE 0 is an n-dimensional normal random variable [122]
with g = 6y, and covariance matrix C. An estimate of the covariance matrix can
be found via the inverse Hessian matrix of the log-likelihood C ~ Hf_(é;x) [129],
which can be approximated numerically by finite differences of the log-likelihood
at the estimated value* §. The covariance matrix contains the parameter variances
in the diagonal entries as well as information about parameter correlations in the
off-diagonal entries and it determines an n-dimensional error ellipsoid. Finally, the
Hesse error for a confidence of a parameter estimate ; is given by its standard

“Since the log-likelihood is a quadratic function under the normal distribution, the Hessian matrix is
a constant. Thus, evaluation at 6 yields the same result as at Oy, ye.
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Fig. 7.4.: Comparison of Hesse and Minos errors for 68% confidence of sinusoidal frequency
estimation. Dark (light) blue regions mark Hessian (Wilk’s) confidence intervals.
In this case the Wilks’ confidence intervals are disconnected due to side maxima.
Minos errors only describe the confidence interval around the global maximum.

deviation multiplied by the appropriate value of the standard normal quantile
function, i.e. AB; = Qpr0,1) (%4 )v/Cis.

Computationally this approach is comparatively fast, since it only requires the nu-
meric calculation of the Hessian matrix, whereas the Minos error performs an expen-
sive numeric optimization for each point v of the profile likelihood ¢((v, 7)(v)); x).
Yet, the downside of this approach is that it is limited to cases where the amount of
data is sufficient such that the estimation problem is in the asymptotic normal limit,
where it is equivalent to the Minos result. Therefore, it is only suited for symmetric
log-likelihood functions that are well approximated by a parabolic function near
the maximum. The difference between the Hesse and Minos errors is illustrated in
fig. 7.4.

Determination of Estimation Limits

In section 7.1, it was outlined that, similar to the detection problem, the optimal
solution for estimation is provided by statistical theory and is easily adapted to CRES.
However, the real challenge for a full-fledged implementation with real data lies
in the details of the optimization strategy, which is outside the scope of this thesis.
Instead, the remaining parts of this chapter prioritize the calculation of estimation
limits from the information that is available in the signal with the assumed optimal
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solution, while neglecting how hard it may be to recover that information from
the signal without prior knowledge. This is still important given that an essential
design criterion for a CRES experiment is its energy resolution A Fyi,(6rue), Which
represents the spread of estimates F), obtained from repeated measurements of
the same electron with true electron parameters 6y, .

Analytic Approach: Cramér—Rao Lower Bound

From the theoretical standpoint the limits of parameter estimation are given by the
Cramér-Rao lower bound (CRLB), which states that the variance of any unbiased
estimator # must satisfy [122]

Var (6;) > 171(9),,. (7.4)

In eq. (7.4) 1*1(0) denotes the inverse of the fisher information matrix, defined via
second derivatives of the log-likelihood function as

0%0(0;x)
1), =—( ————) .
(0): < 00;00;
The CRLB provides a practical framework for the calculation of a theoretical energy

resolution limit of a CRES experiment using the log-likelihood from eq. (7.2).
However, once again this relies on a suitable model for the signal s.

A discussion of the CRLB assuming a linear chirp model for the electron signal is
provided in [130] in detail®. Unlike the constant frequency sinusoidal model used
for beamforming, the linear chirp takes into account the energy loss through a
linearly increasing frequency, and the finite signal length with unknown start time.
The model is given by

s; = Aglt; — to) ei(wolti—to) 52t ~t0)*+¢0) (7.5)

where ¢(t) is the window function describing the transition from no signal to full
amplitude and vice versa.

>Unfortunately, the final result given in the original calculations in [130] was found to be incorrect.
The correct result is given here with egs. (7.7) and (7.9).
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In an idealized scenario the response of the antenna to a signal is instantaneous,
resulting in the rectangular window function

ot — {1 tel0,7]

0 else

Simulated signals from CRESana are always produced with a rectangular window
due to the approximation of the transfer function with a constant gain. When
properly implemented instead, the transfer function acts as a band-pass filter that
creates a smooth window function, which corresponds to the non-instantaneous
signal startup. Even so, the rectangular window should be a suitable approximation
in most cases, given that the observation of the non-instantaneous signal startup
phase of an antenna in real data is not expected, as antennas respond much faster
than the sampling time step.

Assuming a fixed signal length 7, the unknown parameters are amplitude A, initial
frequency wy, frequency slope dw, initial phase ¢y and start time ¢y. In [130] the
following expression is given as CRLB for the estimate of the start frequency:

2 [ w? MoM, — M2
Var (@) 7 (w 074 2 ),

> 7 (2,
— 242 M MoMsMy + 2M1 Mo Mz — M23 — M12M4 — M??MO

(7.6)
where M, = Y, t*¢%(t;) and M = Y, ¢*(t;). Assuming the idealized rectangular
window with M, = Z?LEI Atk % and using Wolfram Mathematica [89] to evaluate
eq. (7.6), produces

M At2n, (ni—5n2 +4)

Var (@g) > —

o2 [dw? 12(8n, —11)(2n, — 1)
eV ( ) (7.7

where n, = | z;] is the number of signal samples. In leading order of n,, this

simplifies to
% w? o?

~2A2 N
Substituting the CRLB for the start time estimate, given in [130] as
~ o2 1
Var (tQ) Z @M s
and n, = | z;] into eq. (7.8), results in

At o2

Var (&g) > dw? Var (f()) + 96
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Therefore, Var (&) decreases for long tracks with a 73 scaling, but is ultimately
limited by the start time estimate at dw? Var (to) due to the linear time dependence
of the frequency.

Finally, defining
. SNR MF 2Pr

T  kgT

summarizes the constants in the result and relates it to the SNR defined in eq. (6.29).

n (7.10)

Substituting this normalized SNR into eq. (7.9) results in®
- 2 - 1
Var (o) > 6w? Var (fo) +192 — . (7.11)
nT
The CRLB on the start frequency estimate can be converted into an energy resolution
limit using eq. (4.3) and Gaussian propagation of uncertainty”:

Var (€0) (moc® + Ein)?
AB, = Y2 (“0)22’;‘0; + Bian)” (7.12)

In conclusion, egs. (7.11) and (7.12) provide a straight forward way of calculating
the energy resolution for an assumed noise variance. For an experimental setup, the
signal amplitude A and the frequency slope dw, can be extracted from a simulation
in CRESana. However, even using the optimal maximum likelihood solution, the
CRLB is only achieved in the asymptotic limit and therefore a CRLB based energy
resolution is possibly overly optimistic for finite data (i.e. for short 7). Furthermore,
the assumed chirp model is only a viable approximation for electrons with ay = 90°.
With the lack of a sufficient closed-form model for the modulated signals of smaller
pitch angles, a similar treatment is unattainable for these cases.

Numeric Approach: Asimov Dataset

As an alternative to the analytic CRLB, the estimation limits can be obtained through
brute-force using numeric MC experiments with simulated data x = s(0¢ye) + 1,
where n represents Gaussian noise. For each MC experiment the MLE can be
obtained with the log-likelihood function of eq. (7.2), where the signal matrix s(6)
is provided by the same model that generates the signal for the data. Repeating
the MLE with many MC experiments yields the full distribution of estimates (9).
Utilizing CRESana with a fixed experimental setup as the model for s(8), then allows

RkpT
At *

®The RMS power of the chirp is Pr = %2, while 0% =
’Assuming AB = 0 in the given expression.
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for an analysis of the achievable energy resolution A Fy;,(64,v.) of CRES for that
setup.

However, this approach poses a significant computational challenge, since the goal
is the determination of the energy resolution as a function of 8y,,.. Therefore, the
number of CRESana simulations required for this, scales with Ng - Nvc - NvLg,
where Ny represents the number of desired evaluation points in the 8-dimensional
parameter space, Nyic the number of MC experiments and Ny g the average
number of evaluations of the likelihood function required to obtain the MLE.

In order to save the computation time of sampling data from many experiments
it has been proven to be sufficient to analyze a single representative data set as
discussed in [131]. This so-called Asimov data set is constructed as the expectation
value of x for the given 6;,... In the case of WGN this is a simple task, since the
expectation value of the noise is zero and thus (x) = s(0y,ye). For this data set the
MLE is always found at 6y,,e with £(0y;ye; (X)) = 0.

Furthermore, the « level confidence regions for 6 given by ¢(0; (x)) with Wilks’
theorem correspond to the regions covering a probability of « in the distribution of
MLEs () with actual observations x. This is visualized in fig. 7.5, which compares
the confidence regions obtained from an Asimov data set to the distribution of f
from MC experiments of estimating the frequency f of a sinusoid.

Therefore, with the Asimov data set, the issue of numerically finding the maximum
can be neglected entirely. Instead, for the determination of the energy resolution it is
sufficient to extract the parameter uncertainty A Ey;, from the likelihood landscape
of (x) in the vicinity of 0y,,.. With this approach, the number of required simulations
now scales with Ny - Nap,, , where Nap,, represents the average number of
evaluations of the likelihood function required to obtain A Fy;y,.

The parameter uncertainties A@; will be calculated using iminuit [132], a python
interface to the C+ library MINUIT2 [133, 123, 124], the de facto standard for
minimization and uncertainty determination in particle physics. It supports both
the Hesse and Minos approach as discussed in section 7.1.1. The python interface
has the advantage of a convenient implementation of the likelihood function in
python, where s(0) is a function that directly calls CRESana with the experimental
configuration under consideration. Therefore, CRESana is called once initially
to generate (x) = s(0e) and subsequently the minimization library decides on
evaluation points 0 of the likelihood function which are forwarded to CRESana to
produce the necessary signals. In this pure python implementation data is directly
passed from the simulation tool to the minimizer and thus wait times for writing

7.2 Determination of Estimation Limits
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Fig. 7.5.: Determination of estimation limits for the frequency f of a sinusoid with an
Asimov data set compared to MC experiments. Top is the log-likelihood of the
Asimov data set with confidence intervals. Bottom is the distribution of f from
MC experiments. Lines mark interval boundaries containing 68.3%, 95.5% and
99.7% of observations. They align with the confidence intervals from the top.

and reading files are eliminated. On the contrary, using Locust as the simulation tool
would only allow interfacing with the minimizer through files.

Despite that, the calculation of uncertainties with this setup can still end up in a
major computational challenge. Assuming that an antenna array with thousands of
channels and track lengths 7 > 100 us are required (see chapter 8), CRESana takes
more than 100s (see fig. 5.17) for the simulation in a single likelihood evaluation.
For an N-dimensional parameter space the Minos error then requires an (N — 1)-
dimensional minimization for each calculated point in the profile likelihood. Under
these considerations Minos errors seem infeasible at the moment. Therefore, it is
important to validate that the Hesse errors yield a good approximation.

Validation of Gaussian Assumption for the Numeric Approach

The Hesse error assumes that near the maximum the likelihood function is well
approximated by a Gaussian PDF for 6, resulting in the log-likelihood

1
Capprox (85 X) = -3 (0 — Oirue)’ C71 (0 — Oyrue) + const (7.13)
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where C is the covariance matrix. The isosurfaces {,ppr0x(0;x) = ¢ defined by an
equation of this form are n-dimensional ellipsoids in the parameter space [134].
Wilks’ theorem (eq. (7.3)) with the assumption that 0= 0:.uc leads to

1
c= —§QX%(0¢) , (7.14)
which relates the ellipsoid of ¢ to a confidence level a.

A convenient way for calculating points in the parameter space on the ellipsoid
surface is provided through the mapping

f(r) = otrue + U\/er (715)

where U is the matrix of eigenvectors of C and A are the corresponding eigenvalues
arranged in a diagonal matrix [134]. Using this mapping, the ellipsoid surface for
the m-sigma level of the distribution can be defined as

Em(Caetrue) = {f(,,.) ’T € Sn(m)} s

where r is a vector on the sphere S, (m) = {r € R"| 7' r? = m?} given in the

eigenbasis.

The evaluation of eq. (7.13) for a Oy € E,,(C, 04) produces the constant log-
likelihood ¢ = l,pprox (0 ;5 x) at the m-sigma level. Replacing the covariance matrix
by its eigenvalue decomposition C = UAU7, the result is

c= —% (U\/KT)TC_l (U\/KT) = —%TTT = —%mQ.

Hence, for a given log-likelihood value ¢, the corresponding sigma level of the

assumed Gaussian likelihood function is®

m=+—-2c. (7.16)

The Hesse error of Minuit produces an estimate of the covariance matrix C of the
assumed approximate likelihood function in eq. (7.13). Therefore, to validate that
this assumption is reasonable after the estimation of C, one can follow these steps:
calculate parameter points on the confidence ellipsoid, evaluate the actual likelihood
function for these points, and then determine the corresponding sigma level m’(6) =

8This result connecting sigma level m and log-likelihood level ¢ independent of the dimension n
might appear unexpected if one is used to adjusting ¢ for the dimension. This is only the case if a
constant value of the associated confidence level « is required. The latter depends on n as seen in
eq. (7.14).
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143



144

—2/(0;x). If the likelihood function is well approximated by a Gaussian at the
assumed sigma level m, then m/(0g) ~ m for all g € E,,(C, O4rye)-

While it is possible to arrive at the same conclusion by simply verifying that
Lapprox (03 X) = {(0;x), the comparison of m' and m has the advantage of provid-
ing a comprehensible metric for the approximation discrepancy if the values do not
closely match. For example, if the confidence ellipsoid is calculated for a 1-sigma
level error and the evaluation of the actual likelihood function yields m’ = 0.1 at the
evaluation point, it is obvious that the likelihood function deviates significantly from
the Gaussian approximation, which underestimates the true error in this instance.
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Fig. 7.6.: Demonstration of proposed Gaussian validation for a chirp with unknown param-
eters wg and dw. (a) depicts the 1-o ellipse in the xq-z;-plane of the eigenbasis
and its minimum set of validation points. These are mapped into the parameter
space using eq. (7.15) with C estimated by minuit. Point colors indicate resulting
values m’ obtained with the original log-likelihood. (b) shows a 2D log-likelihood
scan converted to m’/, accompanied by the points and the estimated ellipse from
(a) (both in black), which slightly deviate from the true 1-o boundary (light-blue).

However, with a likelihood function that is expensive to evaluate, it is desirable to
apply the steps above only to a small set of evaluation points. Furthermore, for a
concise result it is beneficial to condense the outcome of the validation into a single
number for each calculated uncertainty. Therefore, the following validation routine

is proposed for this thesis:

1. A minimum set of evaluation points Sy,;, in the eigenbasis of C is used,
consisting of the points m#; along the n coordinate axes, as well as two points
in each coordinate plane, namely i%(ﬂ + ;) for all j > 1.

2. This generates the validation set in the parameter space via the mapping
defined by the covariance matrix as V.S(C, Otrue) = {f(7) | 7 € Smin } With a
total size of n? evaluation points.
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3. The original likelihood function is evaluated for all parameter point combina-
tions in V.S(C, Oty ), producing M = {m/(6)|0 € V.S(C, Orye) }-

4. The validation result is given by the value m' with the highest absolute devia-
tion from the true value of m:

/

mmaz

= argmax (|m’ —m]|) . (7.17)
m/eM

The choice of using eq. (7.17) as result assigns a high weight to a large deviation of
just a single point to highlight potential misrepresentations in the covariance matrix,
which could lead to a considerable underestimation of the uncertainty of interest.

Figure 7.6 visualizes the point set Sy,;, and its mapping into the parameter space for
the calculation of M in a 2D estimation problem?®.

Implementation of Numeric Approach for the Chirp Model

Before applying the numeric procedure described in the previous sections to signals
from CRESana, it will be tested using the faster and relatively simple chirp model de-
fined in eq. (7.5). The chirp model provides a valuable benchmark of the procedure
considering that asymptotically its estimation limits are known through the CRLB.
Furthermore, it is instructive to study possible complications of the procedure in this
model. Since the model is a good approximation for the signals of a single channel
with oy = 90°, complications encountered here must be anticipated for CRESana
signals as well.

The chirp model has five unknown parameters 6 = (A, wo, dw, to, o). Among these,
wo is the only parameter of interest, and therefore, the goal is the calculation of
Awg. However, as demonstrated in section 7.1.1, correlations of the parameter of
interest with nuisance parameters broaden the profile likelihood and thus increase
the uncertainty on the parameter of interest. Consequently, to compute Awyq all
parameters must be accounted for unless their independence from wy can be verified,
which is done by inspecting 2D slices of the log-likelihood function as can be seen in
fig. 7.7. The results show that only the amplitude is an independent parameter that
can be neglected, whereas all other parameters exhibit significant correlations with
each other.

°For higher-dimensional cases additional evaluation points are added from the other eigenbasis
coordinate planes. Furthermore, the eigenbasis coordinate planes map to arbitrary planes that
generally do not align with the parameter space coordinate planes, unlike fig. 7.6b.
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Fig. 7.7.: Asimov log-likelihood of chirp with A = 7nV, wy = 2720MHz, fw =
27 300 MHzs ™!, tg = 100us, wo = 0 and with 7 = 100us, T = 5K, f, = 200 MHz.
Each 2D plot fixes remaining parameters at their true values, with contour lines
indicating the 68% confidence region from Wilks’ theorem. The origin of the
coordinate axes is set to the true parameter values.

Phase

The correlations with the phase ¢y can be addressed in a simple way by a modifica-
tion of the likelihood function. Using once again flat vectors &, § for the data and
signal matrices, one can identify that eq. (7.2) is equivalent to

0(0;%x) = —% (\53]2 +15(0)]> — 2Re (:Z'H§(9))) + const . (7.18)

The sensitivity of the likelihood function to the phase is introduced by taking the real
part of the inner product. Replacing that by the absolute value leads to a modified
likelihood function

1
loa(8:%) = —— (121 + [50)” -2 \@Hg(e)\) + const. (7.19)

One can easily see that the modified likelihood function is invariant under ¢y with
lmod(0;x) = max (¢(6;x)), which makes this a proper profile likelihood of the
0

remaining parameters. The suggested modification is consistent with the use of the
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Fig. 7.8.: Comparison of different 1D likelihood functions of the chirp model. Blue repre-
sents the original likelihood with ¢, fixed to the true value, orange the profile
likelihood and green the modified likelihood. The last two overlap perfectly.

absolute value in the quadrature matched filter (eq. (6.20)) as detector for a signal
with unknown phase, whereas the matched filter with known phase uses the real
part (eq. (6.14)).

Figure 7.8 depicts the difference between the likelihood functions for the chirp model
through scans along the wy axis. The modified 1-dimensional function #y,04(wo; X)
(eq. (7.19)) is identical to the profile likelihood for wy obtained via maximization of
the original function: max ({(wo, ¢o;x)). Compared to the original 1-dimensional
function /(wp; x) (eq. (7.18)), which fixes the phase to its true value, the width of
the maximum noticeably broadens.

Figure 7.9 shows the same correlation plots of fig. 7.7 with this modified likelihood
function. As expected, this confirms that all parameters are now independent of
¢ and in return the maxima generally increase in width. In addition, the last row
shows that the modified likelihood function is incapable of estimating (. This is
acceptable because g is only a nuisance parameter.

Considering that the electron parameter ¢,y causes a similar constant phase shift
of the recorded electron signal, i.e. s(8) = e*?erls(f,,_ ,—o), it can be expected that
deyel 1s correlated with the signal frequency and by extension Ey;,, even outside of
the idealized chirp model. Therefore, in order to disregard ¢y, €q. (7.19) should
always be used for the likelihood function in CRES parameter estimation.
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Fig. 7.9.: Modified asimov log-likelihood (eq. (7.19)) of chirp. Model parameters are
identical to fig. 7.7.

Start Time

The single parameter that stands out the most is the start time ¢y. Figure 7.10a
depicts the likelihood functions along the ¢, axis using a higher scanning resolution
than before. The original phase sensitive likelihood function (eq. (7.18)) is highly
oscillating along this axis, due to x and s going in and out of phase along t.
These oscillations are difficult to handle for a minimizer and severely complicate an
accurate determination of the profile likelihood for Wilks’ theorem and the Minos
error Awp (which requires a minimization over ty). The Hesse error also performs
inadequately, as the narrow maxima yield tiny uncertainties that do not account for
the fact that the side maxima span a large range of ¢, before permanently dropping
below the confidence threshold. In many cases (e.g. in fig. 7.7) it was also observed
that the oscillations and full side-peak amplitudes do not get resolved due to a too
high evaluation step size. This results in the likelihood function appearing smooth
and oscillation-free along t; with a maximum of arbitrary width due to the missed
peaks. All these observations reinforce the need for the modified likelihood function,
which yields the envelope of the oscillations as depicted in fig. 7.10a.

However, a close-up of the global maximum of the modified likelihood function, as
seen in fig. 7.10b, reveals that this function is non-differentiable at the maximum,
which prevents a meaningful evaluation of the Hessian matrix for the uncertainty.
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Fig. 7.10.: High resolution scans of likelihood functions of eqs. (7.18) and (7.19) for the
chirp model along ¢y axis. All other parameters are fixed to their true values
(same as in fig. 7.7). (b) shows a close up of the maximum in (a).

The reason for this is the rectangular window describing the instantaneous start and
end of the signal. Without a simulation of the startup phase of a physical antenna, a
straight forward fix to this issue is to use any smooth window function. Figure 7.11
demonstrates the effect of a window function based on the logistic function in the
form

g(t) = 1+ e—4:;7—w(t—to) <1 14 e—4/ri(t_(t0+7))> : (7.20)
This is a function that creates smooth amplitude transitions near tq and ¢y + 7 with
the parameter 7,, controlling the steepness of the transition. Lower values of this
time constant 7,, correspond to short response times, reminiscent of the rectangular

window.

Figure 7.11a shows that with this window function the calculated Hesse error
increases from the minuscule values obtained for the rectangular window to a
reasonable scale. Nevertheless, below 7,, &~ 10us this error is still significantly
smaller than the Minos error. The likelihood scans in fig. 7.11b verify that the
window function smooths the peak, thereby making it differentiable, while the
shape remains mostly unchanged for small 7,. Therefore, the Hesse error still
underestimates the true uncertainty given by the Minos error.

The reason for this is that even with a smooth maximum the log-likelihood is not
approximately parabolic, and hence the Hessian matrix of the maximum contains
no information about the function shape far from the maximum. This implies that
the Hesse error only accounts for the additional uncertainty due to the window
functions amplitude delay, which is, for 7,, < 10us, overshadowed by the signal’s
inherent start time uncertainty under an instantaneous response. However, above
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Fig. 7.11.: Application of the window function from eq. (7.20). All parameters except g
fixed to their true values, which have the same true values as in fig. 7.7.

10 us, the amplitude delay prevents the signal from reaching full amplitude within
the 100 us duration, which is unexpected for a real measurement. This suggests that
the uncertainty contribution from the signal onset is very likely negligible!'®, and
therefore, the addition of an artificial window function is superficial for the correct
result.

Nevertheless, it was found that Minuit’s Minos procedure is incapable of producing
any result at all without smoothing the maximum at least slightly. This is most likely
due to Minuit’s minimization algorithm, which is gradient based and probably does
not deal well with the non-differentiable maximum. Thus, for the calculation of
Minos errors, the window function from eq. (7.20) was used with 7, sufficiently
small. For Hesse errors on the other hand, the inclusion of the windowing func-
tion is ineffective since the obtained results depend exclusively on the assumed
window function, rendering them arbitrary while still underestimating the inherent
uncertainty.

In a final attempt to enable the use of Hesse errors, an approximation scheme
was tested. In this approach, the log-likelihood function was evaluated on an
even grid around the maximum with four points per dimension. These evaluation
points were used to construct a second order interpolating spline as a differentiable
approximation of the log-likelihood. This was motivated by fig. 7.11b, where it
appears that, apart from the maximum, the function is nearly parabolic along the ¢

19There may be scenarios with other window functions or true parameter settings of the model where
this is different.
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Fig. 7.12.: Scan of modified asimov log-likelihood for the chirp model along ¢, axis. The
parameters are set corresponding to 10% of the electron’s Larmor power for
B =096T: A= 7361V, wy = 27 20 MHz, w = 27331 MHzs ™!, t; = 100 us,
o = 0. Relevant noise parameters are still 7 = 100us, T = 5 K, fs = 200 MHz.

axis. Similarly, in fig. 7.9 it seems that the corresponding 2D contours are close to
being elliptic.

While this approximation scheme indeed produces accurate errors with the Hesse
procedure in some cases, it proved to be inconsistent and non-universal. For example
fig. 7.12 depicts a case with a higher SNR that is still well within expectations. In that
case the log-likelihood is actually a triangular function and thus the approximation
approach breaks down.

The discovery that the Hesse error is inadequate for the determination of At
is unfortunate due to the correlation of ¢y with all other parameters and thus
using the Hesse error underestimates the uncertainty on the parameter of interest
by an unknown amount. The only solution at this point would be to calculate
the computationally more demanding Minos error, which currently seems to be
impossible with CRESana as stated earlier.

Results of the Chirp Model Analysis

Finally, the Hesse and Minos errors Af = % for the 1-0 level were evaluated in
Minuit as a function of the track length 7 using the full set of parameters of the
chirp model. According to the CRLB (eq. (7.8)) results are expected to vary with
the choice of the true amplitude A and chirp rate dw. In a CRES experiment, these
abstract model parameters depend on the Larmor power of the electron, which is

7.2 Determination of Estimation Limits
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mainly determined by the choice of the magnetic field'! B and can be calculated
with eq. (4.24).

Since the chirp rate is the time derivative of the cyclotron frequency (eq. (3.1)),

expressed as
5 dwe dEyin ?eB
w = = —
dt dt¢ (m002 + Ekin)2 ’

it is directly proportional to the Larmor power Plarmor = —dg%. Meanwhile, the
amplitude is proportional to the detected power P;, which can be modeled using an

assumed detector power efficiency e such that P; = € PLarmor-
Three scenarios were analyzed for noise with 7" = 5 K:

1. High field with B = 0.96 T and ¢ = 0.1, corresponding to f. = 25.9 GHz,
Prarmor = 1.08 x 1071 W, dw = 27331.3 MHzs ™! and A = 23.3nV

2. High field with B = 0.96 T and ¢ = 1.0, corresponding to A = 232.8nV

3. Low field with B = 0.04T and ¢ = 1.0, corresponding to f. = 1.1 GHz,
Piarmor = 1.88 x 10718 W, dw = 270.024 MHzs ™! and A = 9.7nV

The results of these scenarios are presented in figs. 7.13 to 7.15, including compar-
isons to the CRLB for fixed ¢ and the results of the proposed Gaussian validation
from section 7.2.3 for the Hesse errors.

First, it should be noted that in most plots missing data points and sudden jumps
that go against apparent trends can be observed. In the first case Minuit terminated
its calculation in a failed state, whereas the jumps are most likely due to numerical
instabilities encountered during the estimation of the Hessian matrix or the min-
imization for the profile likelihood. Manual inspection of the dubious points via
scans of the likelihood function did not uncover any unexpected behavior that could
explain the outliers.

Unfortunately, debugging these cases is hard since it is almost impossible to get
insights into internal warnings and errors of Minuit with the python interface iminuit.
Therefore, it must be accepted that the proposed calculation of estimation limits
with Minuit does not consistently yield reliable results. Overall this is a minor issue
considering that the majority of plot points is unaffected and that the order of
magnitude is mostly correct as can be seen in the respective top plots with the log
scale.

1t only weakly varies over the range of relevant kinetic energies (few eV around the tritium endpoint
at 18.6 keV) and pitch angles (90° £ 10°)
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Fig. 7.13.: Minuit results for Af of a chirp in scenario one. Hesse results are on the left,
Minos on the right. The rows display A f, a ratio plot as comparison to the CRLB
with fixed start time, i.e. eq. (7.9) where Var (fy) = 0, and the validation result
m! i.e. eq. (7.17) from section 7.2.3 (only for Hesse error). For orange data

max?

points ¢ is a free parameter, while it is fixed to the truth for the blue ones.

The notable exception to the two cases discussed above is the jump in figs. 7.13
and 7.15 at 7 = 1 us, which are characterized by a very low SNR. In these cases the
profile likelihood does not drop below the 1-0 confidence level and thus the Minos
error is technically infinite and no data point is displayed for it. At the same time,
the Hesse error fails since this behavior is non-gaussian.

Figure 7.13 shows that the Hesse errors with fixed ¢, agree almost perfectly with the

CRLB as evident from the ratio plot in the middle row except for the cases mentioned

!/

maz =~ 1 1n the last row proves that the Hesse

before. Furthermore, the result of m
error is accurate for the 1-o level. With ¢, free on the other hand, the Hesse error
of Af does not change at all, which is obviously due to the minuscule error of ¢,
as seen in fig. 7.11a. As expected for that case, the validation routine yields small

values of m/ . indicating that the log-likelihood is indeed incompatible with the

max

Gaussian assumption.
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Fig. 7.14.: Minuit results for A f of a chirp in scenario two. For further details see caption
of fig. 7.13.

The correct result for the case of ¢y unknown is only obtained through the Minos
error, which (neglecting the calculation artifacts mentioned above) reaches a plateau
for long tracks that is significantly higher than the displayed CRLB for fixed .
This difference demonstrates the general importance of the inclusion of ¢; as a free
parameter. The two different Minos results are consistent with the expectations set
by eq. (7.8), which states that Af? gets infinitely small with a 7—3 scaling, but is
eventually limited by the contribution from At,.

However, the results presented in fig. 7.13 are for a case, where a signal with only
1% of the emitted Larmor power is recorded. The results for 100% Larmor power
are depicted in fig. 7.14. The 10 times increase in amplitude reduces A f by a factor
of 10, which is consistent with the expectation from the CRLB. The observations for
the Hesse error are mostly the same as for fig. 7.13, although the ratio plot displays
many of the aforementioned artifacts in the case of fixed ¢;. While the result does
appear to show a slight systematic disagreement with the CRLB in the range of
350-700 us, this coincides with a similar trend in the validation plot in the last row,
indicating that these results are incorrect. At the same time, the Hesse errors for
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Fig. 7.15.: Minuit results for A f of a chirp in scenario three. For further details see caption
of fig. 7.13.

to free and Minos errors with ¢ fixed again closely match the CRLB. This further
supports the assumption of an erroneous calculation of the Hessian matrix at the
suspicious data points. Interestingly, the inclusion of ¢, as a free parameter appears
to help Minuit in the estimation of the Hessian matrix in this scenario, even though
to does not contribute to the uncertainty. Finally, the Minos error with ¢, free shows
that the contribution from At only marginally increases A f for tracks longer than
500 us, not even reaching a 10% increase at 7 = 1 ms.

The results for the last scenario with the lower magnetic field are depicted in fig. 7.15.

In this case the Larmor power drops to 0.2% of the high field case, which increases
Af accordingly. While this represents a further five times reduction in detected
power compared to scenario one, the main difference lies in the minuscule chirp
rate: the cyclotron frequency only changes by 24 Hz over the full 1000 us range of the
plot. Given this negligible frequency increase, no significant contribution from the
start time uncertainty is expected. Indeed, the Minos result indicates no difference
when ¢ is included, and, neglecting the familiar artifacts of the Hesse error, all four
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approaches to the uncertainty calculation yield the same result, which agrees very
well with the CRLB.

The conclusions from figs. 7.14 and 7.15 imply that in these two cases the correlation
of ¢ty and the other parameters is weaker than previously anticipated. These claims
are further supported by additional 2D correlation plots of the log-likelihood in
appendix D.1 for these two cases. In the case with high magnetic fields, ¢y is
indeed independent of the other parameters for short tracks, which turns into a
non-negligible correlation for very long tracks. This contrasts with the low magnetic
field case, where ¢, is uncorrelated even for long tracks. This proves that under the
right circumstances, the impact of Aty is mostly negligible and Hesse errors would
be adequate.

As a final remark fig. 7.15 also shows an unfortunate weakness of the validation: the

/
values of m/, ..

results might be incorrect due to the invalid Gaussian approximation. The obtained

for the case of ¢ treated as a free parameter seem to indicate that the

results are due to the inclusion of the ¢, axis and correctly indicate its non-Gaussian
behavior. Despite that, the Minos errors prove that the Gaussian approximation still
yields valid results. This apparent contradiction can be explained by the fact that
to is uncorrelated with the other parameters and thus its underestimation does not
influence A f while it is still included in the validation routine. Due to the decision
to pick the maximum as the final result of the validation routine, a high weight is
assigned to the deviation along the ¢, axis. Therefore, to prevent false conclusions
uncorrelated parameters should be excluded from the validation routine.

Summary

This chapter outlined the utilization of the maximum likelihood method for the
estimation of the parameters € of CRES electrons. This solution is asymptotically
optimal, but it again depends on a suitable signal model. For real data-taking
conditions, where the global maximum is unknown a priori, further research is
needed to develop efficient search strategies suited to the specific likelihood function
with its narrow maxima and side maxima.

Additionally, in this chapter a method using simulated data was established for
determining the estimation limits of the assumed optimal maximum likelihood
approach, with the goal of determining the energy resolution AFj;,(6true). The
procedure utilizes MINUIT [123, 124] for maximum likelihood estimation of an
Asimov data set for CRES signals in white Gaussian noise (WGN) to evaluate
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parameter uncertainties using the Hesse or Minos approach. It was tested for the
frequency estimation in the chirp model, which serves as an approximation for CRES
signals of oy = 90° electrons.

Overall, the results are in very good agreement with the theoretical expectation set
by the analytic Cramér—Rao lower bound (CRLB) (see section 7.2.1). The analysis
of the chirp model demonstrated that a phase-invariant likelihood function, given in
eq. (7.19), is recommended for CRES estimation. Furthermore, it was found that the
inclusion of the start time ¢ is in general mandatory since it is correlated with the
frequency. Unfortunately, the proper treatment of ¢, turned out to be challenging for
a number of reasons and is only possible through the computationally demanding
Minos errors. This is problematic considering that the final goal is the application
to CRESana data of a full-scale experiment, for which the faster Hesse errors are
preferred.

Nevertheless, the results obtained with the chirp model also demonstrated that ¢
can be disregarded under certain conditions, allowing the Hesse errors to yield
good results. This is unconditionally true for experiments utilizing low magnetic
fields, whereas high magnetic field settings require the detection of high fractions
of the emitted electron power. The latter is problematic, as the power efficiency is
realistically 10-30 % and varies with the detector design. Thus, a general treatment
for any detector in a high field scenario necessitates the use of Minos errors. However,
for a final Phase IV experiment that includes atomic tritium, a low magnetic field
with f. < 1 GHz is preferred due to loss mechanisms in the additional magnetic
atom trap [30]. Therefore, the study of the full-scale experiment in chapter 8 will
be conducted with a low magnetic field and Hesse errors.

7.3 Summary
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8.1

8.1.1

Assessing the Limits of a Full
Scale Detector: A Case Study

The whole is greater than the sum of its parts

— Aristotle
Greek Philosopher

The preceding chapters laid all the groundwork for a numerical determination of the
limits of detection and parameter estimation of CRES experiments. The next step is
the combination with the newly developed simulation tool from chapter 5 in order
to establish a simulation based framework that analyzes the theoretical limits of a
given experimental setup. The goal of this chapter is to present a proof of concept
of this framework utilizing a single demo setup of a full scale Project 8 Phase IV
experiment. Since a complete design for a Phase IV experiment does not exist yet,
an idealized hypothetical setup will be assumed. Ultimately, the final design will be
determined by an optimization for the 0.04 ¢V neutrino mass sensitivity goal. The
framework suggested in this thesis could prove useful for that task, as the results
in the form of detection efficiency and energy resolution are crucial ingredients for
the calculation of the neutrino mass sensitivity. Nevertheless, the evaluation of the
neutrino mass sensitivity of the setup based on the results and the setup optimization
are outside of the scope of this thesis.

Experimental Setup

Antenna Array

The antenna array part of the setup encompasses the design of the individual
antennas and their placement in the detector. The antenna design depends on
the target frequency of the experiment, which is 1 GHz or less for Phase IV due
to unacceptable losses of the atom trap at higher magnetic fields [30]. While first
prototype antennas operating at 26 GHz have already been designed, fabricated
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and used to collect data in a test setup [135], the design work for a suitable 1 GHz
antenna has not yet begun. Therefore, an idealized isotropic antenna with constant
gain for all frequencies and directions will be assumed for the demo setup. This is
certainly unrealistic, but more concrete assumptions about gain and directivity of
such an antenna are considered too arbitrary at this point.

The antennas are placed on the lateral surface of a cylinder that surrounds the
tritium gas cell (see fig. 3.2). No antennas are placed on the ends of the cylinder,
which need to remain open at least from one side to permit access to the inside
for calibration tasks and the injection of the atomic tritium beam [30]. The size
of the cylindrical array is dictated by the required tritium source volume since the
antennas surround the tritium cell. The required source volume, in turn, depends on
the target for the statistical uncertainty, as a higher volume with a fixed gas density
produces more events over the same time interval. Reaching Project 8’s neutrino
mass sensitivity target of 0.04 eV necessitates an effective volume of Vg = 10m? [59].
The effective volume is the physical volume weighted by the detector efficiency e for
detecting any given decay electron. It can be interpreted as the equivalent physical
gas volume that produces the same event rate, assuming each decay is registered.
For any assumed detector setup with a fixed physical volume, this detector efficiency
e must be established through simulation.

Following these criteria an antenna array with diameter D = 4m and length
L = 14m will be used. Compared to other large physics experiments, this seems
reasonably sized, e.g. the main spectrometer of KATRIN has a diameter of 9.8 m and
a length of 23.8 m [24]. The assumed antenna array size results in a physical volume
of 176 m? for the enclosed tritium source. The larger physical volume compared to
the target effective volume (10m?) is an initial estimate to account for expected
losses in electron trapping and detection efficiency. Further analysis will determine
if this setup meets the effective volume goal.

To maximize the amount of radiation received, the antenna array should consist of
as many antennas as can possibly fit on the limited cylinder surface area. To lessen
cost and complexity, the antennas should be distributed without overlapping their
sensitive areas. The effective aperture, a measure for how much power a receiving
antenna can capture from an incident plane wave, dictates the closest possible useful
tiling of antennas on the surface. It is defined as [50]

G\?

Ae = GAiso = > (81)
4
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where G is the antenna gain and A;,, = 27 is the effective aperture of the isotropic
receiver. Thus, covering the whole cylinder surface A.,inqc- With antennas as densely

as possible requires a total antenna count of

o Acylinder
Ng = —— .
Ae

The antennas are arranged on a number of n, rings along the cylinder axis each
encompassing n. antennas around the circumference. Since n, = n,n., a reasonable
choice would be
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With isotropic antennas with G = 1 the assumed detector size allows for a total of
23184 antennas arranged in 161 rings with 144 antennas each. It was found that the
simulation of a single 100 us track with such an array takes 65-130 min in CRESana,
depending on the electron parameters. Unfortunately, the analysis of estimation
limits according to section 7.2 becomes computationally infeasible with individual
simulation run times on this scale. In theory, the number of antennas can be reduced
without decreasing the collected electron radiation by using higher gain antennas,
which keeps the combined effective aperture of all antennas constant. However, the
isotropic receiver has a gain of 1 by definition, as per eq. (8.1), and higher gains
are associated with increased directivity [50]. Correctly assigning a directivity for
an assumed gain necessitates a properly engineered antenna design, whereas with
CRESana, gain and directivity can (unphysically) be configured independently of
each other.

Therefore, it was decided to use a high-gain antenna with the directivity of the
isotropic receiver for the demo setup in this thesis. This decision is motivated by the
assumption that the signals of n nearby isotropic antennas are almost identical and
combine to form a single signal with n times the power. Using a uniform distribution
of antennas, the corresponding sparser array has a similar antenna arrangement,
leading to the expectation of similar results'. In fact it was found that the results
for energy resolution and detected power do not change significantly between two
different gain values (see appendix D.2).

The signal from a single isotropic antenna with gain G thus represents identical signals from G
antennas with unity gain

8.1 Experimental Setup
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The stated assumption is obviously an idealization that breaks down when G is
pushed high enough to create vastly different and extreme antenna arrangements
(e.g. using just a single antenna per ring). Ultimately, the demo setup will use
antennas with G = 56, which results in 399 antennas arranged on 21 rings with
19 antennas each. This reduces the computation time for a single 100 us track to
48-93 s, depending on the electron parameters.

Magnetic Trap
Magnetic Field Design Requirements

It was shown in section 5.5 that the profile of the magnetic field significantly changes
the signal spectrum since it influences the average cyclotron frequency and the axial
frequency. Therefore, it is anticipated that the magnetic field choice impacts the
reachable energy resolution. In 2D likelihood scans it was also found that the choice
of the magnetic field profile affects the correlation between kinetic energy and other
electron parameters, as can be seen for energy and pitch angle in fig. 8.1.

The plots show scans of the log-likelihood function from eq. (7.19) of an Asimov
dataset for an electron with Ey;, = 18.6keV, ag = 90°, r = Om and 7 = 133.75 us in
thermal noise with 7" = 5 K simulated by CRESana with various setups. The signal
model 3 in the likelihood function is provided through CRESana using the same
simulation setup as used for the respective data &. All plots use an identical antenna
array of 3 isotropic receivers with a gain of G = 200, uniformly distributed on a
circle with a radius of R = 0.5 m around the magnetic field’s symmetry axis in the
z = 0 plane (at the magnetic field minimum).

The simulation setups only differ in the magnetic field, which is defined via the
profile along the symmetry axis B, (0, z) given by polynomial functions in the form

B.(0,2) = azP + By,

where D is the degree indicated in the plot. In all cases the constant has the value
a = 0.9T/mP” and the background field is By = 0.96 T. The profile B, (0, z) defines
the full magnetic field vector B(p, z) through the analytic Legendre Polynomial
solution as described in section 4.2.1. The exception is the plot with infinite degree,
which uses the square well trap with L. = 0.5 m as described in appendix A.2, i.e. a
constant field with By = 0.96 T and infinitely high walls at z = +L/2.
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Fig. 8.1.: Scans of log-likelihood in the Fy;,-ag-plane produced with CRESana and various
polynomial magnetic fields. See text for details on likelihood function and
simulation settings. The red line indicates the 68% confidence level. The origin
of the coordinate axes is set to the true parameter values (marked with "x"). Note
the different axis scales for each plot.

The plots reveal non-linear correlations between kinetic energy and pitch angle. For
a harmonic field (degree=2), the cyclotron frequency, which depends on both the
kinetic energy and the magnetic field (see eq. (4.3)), creates an extreme case with
a degenerate likelihood maximum along a curved line. In this harmonic case, the
magnetic field varies with the electron’s axial position, causing the average cyclotron
frequency to depend on the pitch angle. Consequently, a small change in the pitch
angle affects the signal similarly to a change in kinetic energy (see also fig. 5.18).
The 68% confidence line in the plot shows that these ambiguous signals can extend
to kinetic energies that are more than 1eV above the true value.

Considering that the pitch angle is unknown, this ambiguity introduces an unaccept-
able uncertainty in the kinetic energy. Apart from the obvious drawbacks due to the
higher energy uncertainty, such an extreme case of a non-linear correlation will also
complicate the calculation of the energy resolution, as this is incompatible with the
Gaussian assumption required for the Hesse errors.
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The issue caused by the cyclotron frequency can be mitigated by reducing the
dependence of B on the axial position. In the extreme case of a constant magnetic
field (indicated with degree=00), the effect vanishes entirely because the cyclotron
frequency remains constant for all pitch angles. However, in this scenario, the plot
displays another type of correlation, likely due to the Larmor power, which directly
influences the signal amplitude and the chirp rate, and depends on both the kinetic
energy and the pitch angle (see eq. (4.24)). Yet, the added uncertainty on the kinetic
energy from this correlation is notably smaller than in the harmonic case.

For the polynomial traps with degrees 2-10 both effects are present simultaneously.
The first effect appears to dominate up to the D = 6 case, while the second effect
becomes more prominent from D = 8 onward. The D = 6 scenario seems to be a
sweet spot, where the first effect still dominates and visibly shapes the likelihood
landscape. However, at the 68% confidence level, the two parameters appear

uncorrelated.

During the development of experimental prototypes, correlations similar to the
D = 2 case were found in simulations with realistic electromagnets that produce
nearly harmonic field profiles [136]. This was an alarming discovery, as CRES is not
a viable spectroscopy technique with these correlations. Consequently, there was a
push for magnetic field profiles that are very flat in the central region.

Specific Field Configuration

The demo setup in this thesis uses a magnetic field developed within the Project
8 collaboration specifically to achieve a flat profile in the central region. The field
is produced by eight electromagnetic coils, which are implemented as idealized
current loops in CRESana. The electromagnets generate a negative trapping field
that acts as a potential well when combined with the background field, which is
set to By = 0.04 T. This choice of magnetic field results in a cyclotron frequency of
f. = 1.08 GHz and a Larmor power of P = 1.9x 10~ W at the tritium endpoint. The
smaller Larmor power produces negligible chirp rates, minimizing the correlation
effect seen in the last plot. This will also benefit the analysis of the energy resolution
by reducing the non-linear correlations.

The configuration parameters of the current loops are listed in table 8.1, and their
three-dimensional arrangement is visualized in fig. 8.2a. Additionally, fig. 8.2b
shows the produced magnetic field profile at three different radial positions. The
maximum value of B, the background field, is only reached for z — +occ. Therefore,
electrons with pitch angles near the lower trapping limit travel very long distances
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Tab. 8.1.: Configuration parameters of the electromagnets that produce the trapping field

z[m] RI[m] [1[A]

-5.06 216  -824.2
-4.06 3.71 -1390.4
-2.63 4.83 -1805.6
-0.91 542 -2025.0
0.91 542  -2025.0
2.63 4.83 -1805.6
4.06 3.71 -1390.4
506 216 -824.2

Background field 0.040 T

Adowmn s
y [m]

B [mT]
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Fig. 8.2.: Magnetic trap for the demo setup. (a) shows the geometric arrangement of the 8
electromagnets producing the trapping field. (b) shows the absolute value | B|
of the field along the symmetry axis for three different radial positions r. The
shaded blue region marks the extent of the antenna array, the dashed black lines
the maximum 2 positions of electrons with ay = 82.17°.

before reaching their theoretical turning points. This issue can be addressed in
future designs by creating potential barriers on top of the background field instead
of a potential well.

Furthermore, fig. 8.2b reveals undesired side minima in the magnetic field at larger
radii. These are problematic because they trap a subset of all electrons, which
then produce signals different from those generated by electrons with identical
parameters in the main minimum. This complicates the energy estimation, as it
becomes necessary to distinguish between the two cases for each signal. In the worst
case, this reduces the energy resolution on average if left unaccounted for.

While both of these issues are certainly non-optimal, the magnetic trap is still
adequate for demonstrating the efficiency analysis of a setup. For example, for the
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analysis in this chapter, it is sufficient to consider only electrons trapped in the main
minimum, and a maximum travel distance can be set, which can be interpreted
as a physical barrier in the experiment. Nevertheless, for more detailed neutrino
mass sensitivity studies, these concerns will need to be addressed in future design
iterations.

The magnetic field traps electrons with pitch angles greater than 81.17°. To set
a reasonable limit to the axial travel distance, only electron’s with pitch angles
exceeding oy = 82.17° are considered for the subsequent analysis, resulting in
maximum turning points at z = +9.16 m. The maximal radial position is limited to
r = 1.09m in the simulations to prevent electrons from approaching the coils too
closely. This is necessary to maintain the adiabatic assumption that is fundamental
for the simulation in CRESana. Given that the smallest coil has a radius of 2.16 m,
this limit is quite conservative and was chosen to ensure robustness in the simulation.
Despite this, the maximum physically allowed radial electron position would be
r = R, the radius of the antenna array.

Effective Trap Volume

Given the constraints of the setup of antenna array and trap, one can define the
tritium gas volume that contributes to the statistical sensitivity by producing trapped
electrons via the electrons’ axial travel distance and the antenna array radius. For a
fixed pitch angle «y, the corresponding cylindrical gas volume is obtained through
the evaluation of the volume integral

27 zmaz T ao
V(ap) / / / rdzdrde.

ZmaT T CVO
With electrons originating from radioactive decays, oy and, by extension, V' («)
are random variables. The expectation value of V' («y) with respect to « defines
the effective trap volume V;. This volume is equivalent to the effective volume
under the assumption that all trapped electrons are detected. Thus, V; provides an
upper limit for the reachable effective volume by summarizing the effect of the trap

alone, without the need for simulating signals. The expectation value is derived in
appendix C.3, resulting in

w/2 Zmaa (T,00) B 1—
Vi = 27r/ / / (r, Z)B<(T 0 sm.(ao)) sin(ag)r dz dag dr .
zmaz (r,a0) \| B(r,0) (B(r:z) — 81n2(a0))

QAmin

(8.2)
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The evaluation of eq. (8.2) with the proposed magnetic trap yields V; = 18.43 m3.
Therefore, reaching the effective volume of Vg = 10m? that is required for the
0.04 eV sensitivity goal, demands an average detection efficiency of ¢ = 0.54. This is
an ambitious goal for detection with low backgrounds and suggests that the setup
might need to be physically enlarged in a future iteration.

Energy Resolution

The energy resolution of the demo setup introduced in the previous section is evalu-
ated using the maximum likelihood approach discussed in section 7.2, similarly to
the chirp model demonstration in section 7.2.4. Parameter uncertainties A@;(6y;c)
are calculated with the Hesse error in iminuit [132].

Likelihood Function and Relevant Parameters

For the analysis the log-likelihood function from eq. (7.19) is used with an Asimov
dataset. The signal model in the likelihood function 5(6) and the Asimov dataset
& = 3(60¢rye) are based on simulations of the respective electrons in CRESana with
the demo setup. The variance o2 is provided by eq. (5.15), assuming thermal noise
with T'=5K.

The likelihood function is an 8-dimensional function of the unknown electron pa-
rameters 6 = (Ekin, 00,7, @, Paxial, Peycl, to, 7). Although E;, is the only parameter
of interest, in general the full parameter space with all nuisance parameters must
be incorporated for the estimation of the covariance matrix or the profile likelihood
calculation, unless they have no correlation (direct or indirect) with the parameter
of interest (see section 7.1.1). As demonstrated in section 7.2.4, ty and ¢y can
be excluded due to the choice of B = 0.04 T and the choice of eq. (7.19) as the
likelihood function, respectively. From the remaining nuisance parameters notable
correlations with FEy;, are only expected for the pitch angle o and the radial posi-
tion r, since both affect the mean magnetic field and the signal modulation. The
track length 7 only sets the end time of the signal defined as t. = tg + 7. Thus,
it is correlated with ¢y, but cannot possibly have a correlation with the remaining
parameters.

The azimuth angle ¢ represents the initial phase of the electron’s drift motion and
as such it is correlated with the drift motion’s angular frequency wp since both
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contribute to the absolute drift phase. This absolute phase takes the typical form
of

t
o(t) = [ wt)dt' + oo =t + 0., (8.3)
0

where w denotes the average of the instantaneous frequency w(t') and ¢ an initial
phase. Under a Gaussian likelihood function, the correlation coefficient of w and
o is easily calculated, yielding p(w, ¢g) = —@ ~ —0.87, which then also applies
to the correlation of ¢ and the average drift frequency wp. Consequently, ¢ is
potentially correlated with Ey;,, g, and 7, as wp depends on these parameters
(see eq. (4.16)). Nevertheless, in practice, it has been found that the required flat
field profiles produce predominantly small radial gradients. This results in minimal
drift motion with wp — 0, regardless of Eii,, o, and r, making this correlation

negligible.

Besides the drift phase, ¢ affects the signal through the static phase shifts? caused by
the time delay at the i-th antenna, given by ¢; = %wc. The distance d; between the
electron’s position and the antenna is a function of r and ¢, which together determine
the position in the z-y-plane. Hence, it is possible to keep d;, and consequently the
signal, constant by varying both r and ¢. However, in the rotationally symmetric
antenna arrangement, this correlation disappears when the signals of many channels
are included in the likelihood function, as it becomes impossible to vary both
parameters such that all d; remain similar. This is visualized for five antennas in
fig. 8.3.

Lastly, the initial axial phase ¢,.yia1, together with the average axial frequency wyial,
defines the absolute phase of the electron’s axial motion through eq. (8.3). This
relationship again yields a correlation of p(@Waxial, Paxial) = —@. The average axial
frequency is given by wayia = t(zziﬂm), where t(z) is the solution of the axial trajectory,
which depends on Ey;,, g, and r according to eq. (4.6). While the axial motion itself
is not an observable, it shapes the observed signal modulation. Thus, correlations
between ¢,yia1 and Fiin, g, or r are possible through the axial frequency.

In summary, ¢, @cya, to, and 7 can safely be excluded from the likelihood function,
whereas Fyi,, g, 7, and payia are potentially correlated with each other. Whether
these correlations significantly contribute to A E depends on the magnetic trap setup.
For example, in an instance using the squarewell trap with constant field profile
(see appendix A.2), the inclusion of ., Was found not to contribute to AF in any
capacity. Conversely, in an instance using the harmonic trap (see appendix A.1), its

2The likelihood function from eq. (7.19) is only invariant under uniform phase shifts applied to all
antenna signals. However, it remains sensitive to relative phase shifts between individual antenna
channels.
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1.0

0.5

-1.0

Fig. 8.3.: Illustration of distances between an electron and antennas in a rotationally
symmetric array, in the z-y-plane. The red star marks the electron’s position
at r = 0.5 and ¢ = 0. Distances d; to the five antennas (colored dots) are
represented by matching colored circles. Moving the electron along a circle
keeps the corresponding d; constant, but no r and ¢ combination can keep all d;
unchanged simultaneously.

exclusion underestimated AFE by 15%. Unfortunately, the axial phase cannot be
included in the likelihood function for the evaluation of the demo setup, since that
parameter was only properly implemented for the analytic traps of CRESana®.

As a result of the considerations above, the energy resolution AF/(6s,,) is estimated
with the reduced 3-dimensional likelihood function ¢(Fxin, g, 7; & = §(Otrue))-

Parameter Dependencies of the Energy Resolution

The last remaining open question concerns the relevant parameter dependencies of
AF for the assumed true parameter values. This question differs from the discussion
of the relevant parameters of the likelihood function in the previous section. The
former focused on how AFE changes with the same true signal depending on which
parameters are assumed unknown, whereas the current discussion addresses how
AF varies with different true signals.

3The axial phase was not prioritized during development, as it was never considered a relevant
parameter for estimating the kinetic energy.
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To address the parameter dependencies, it is illuminating to consult the theoretical
expectation in the form of the CRLB. In the low field case, where Var (fo) =0, the
CRLB, as given by eq. (7.11), simplifies to

Var (@) > 192L, (8.4)

nr?
where 7 is the normalized SNR defined in eq. (7.10). Applying eq. (7.12) converts
this lower limit for the initial frequency to the energy resolution. Therefore, AE
only depends on 7, the dependencies of 1, and Fy;, due to the conversion with
eq. (7.12). The dependencies of 7 are discussed in detail in section 8.3.1, where it is
demonstrated that it mainly depends on «q and r with a small dependence on Ey,.

6 -
5] 0.148 r0.01
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24
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Fig. 8.4.: Energy resolution of a chirp for a ay = 90° electron plotted as a function of the
kinetic energy for 7 = 1ms, B = 0.04 T, and T = 5K. The inset plot shows a
close-up around the endpoint of the tritium spectrum, which is marked by the
dotted line. The second y-axis of the inset indicates the relative deviation from
the value at the endpoint.

Figure 8.4 depicts AF as a function of FEy;,, obtained using eqgs. (7.12) and (8.4).
For mildly relativistic energies, AE exhibits a broad, almost flat minimum, but
increases rapidly in both the non-relativistic and highly relativistic limits. In the low
energy regime, this increase is caused by a , /% — 1 scaling in the Larmor power
(see eq. (4.24)), and in the high energy regime it is the result of a F2 scaling in
the frequency to energy conversion. The inset plot in fig. 8.4 shows that for +500 eV
around the tritium endpoint in the valley region, AFE varies by less than +1 %,
making AFE approximately constant for the energies probed in a neutrino mass
experiment. Thus, in summary, assuming the chirp model’s CRLB, AFE is considered
to depend only on «y, r, and 7.
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Even though the chirp model only approximates electrons with ay — 90°, it is fairly
simple to establish that the remaining parameters are also irrelevant for AF in the
case of modulated signals produced with oy < 90°. The azimuth angle ¢ is irrelevant
due to the rotational symmetry of the detector, and ¢, can be ignored because of the
time invariance of the signals. Additionally, the two phases ¢y and @axia merely
set arbitrary zero points of periodic signals that are observed over many cycles.
While the exact signals do vary with these phases, the information contained in
them remains independent of these zero points. In conclusion, AFE is treated as a
function of ay, r, and 7 and is evaluated accordingly.

Result

The energy resolution of the demo setup was analyzed for the setup’s four edge
cases of (ag,r), each with track lengths ranging from 10-700 us and using a fixed
Eyin = 18.6keV. The results are presented in fig. 8.5, alongside a ratio plot that
compares the results to the theoretic limit and the results of the Gaussian validation.
The ratio plot is produced using the CRLB of the frequency of a pure sinusoid, which
is given by [122]

o2 a2 At 12

ACA2(3 —n,) A8 g3 (8.5)

Var (@g) > 6

This is a factor of 16 (a factor of 4 in AFE) lower than the usual limit of the chirp.
Remarkably, the results of the two ay = 90° cases agree perfectly with this 4 times
lower limit, which was unexpected. However, as expected, the o = 82.17° cases
with modulated signals do not reach the lower limit predicted by their respective
sinusoidal CRLB result*. The ratio of these cases is still nearly constant for 7,
except for a couple of jumps that are again attributed to issues with Minuit (see
section 7.2.4). This suggests that even in the modulated cases, the energy resolution
has approximately the same scaling with 7 as the original sinusoidal case.

Unfortunately, the validation results in the bottom panel appear discouraging. Only

!/

the oy = 90° cases yield values of m/, .

near 1, albeit with some larger deviations
that might be incompatible with the Gaussian assumption underlying the Hesse
error’. Moreover, the two cases with oy = 82.17°, especially with r = 1.09m,

certainly seem to disagree with a Gaussian likelihood function.

“Each line in the ratio plot uses different values 7 for eq. (8.5). In other words, it would be incorrect
to infer from fig. 8.5 that for the blue line AE is 1.3 times higher than the g = 90° cases.
SReminder: For a perfectly Gaussian likelihood function m/,,,, would be 1.
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—*— @=82.17° r=0.00m

®p=82.17° r=1.09m
—— @=90.00° r=0.00m
@p=90.00° r=1.09m

AE/AEcris
o

Fig. 8.5.: Results of energy resolution analysis of the demo setup as a function of track
length 7. The first plot shows AF, the second the ratio to the CRLB calculated
using egs. (7.12) and (8.5) with the respective simulated 1 (o, ), and the last one
the validation results (see section 7.2.3). Some data points are missing because
Minuit occasionally failed to estimate the covariance matrix.

Likelihood Scans

To better understand the results, the likelihood function was inspected in the FEy;,-
-, Exin-r-, and «ag-r-planes centered on 6y, (e.g., where r» = ry,). The results
for the four combinations of pitch angle and radius from fig. 8.5 are illustrated in
figs. 8.6 and 8.7 with 7 = 240 us. Each plot indicates the 1-o error ellipse in the plane,
derived from the estimated 3 x 3 covariance matrix, and the actual 1-o confidence
contour of the likelihood function, which ideally align closely. Furthermore, the
plots display the contour of the validation result m/, .. from the bottom panel of
fig. 8.5, which has to intersect with the estimated 3D ellipsoid somewhere by the

way it is calculated.
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Fig. 8.6.: Scans of likelihood of the demo setup in the three 2D-planes for ap = 90° and
7 = 240 us. Likelihood values are converted to m/'-c levels (see eq. (7.16)). Red
lines indicate the 1-o confidence level, black lines the estimated 1-o error ellipses,
orange lines the contour of the validation result m/, .. The coordinate origin is
shifted to the true parameter values (marked with "x"). Top right depicts estimated
correlation matrix with colors ranging from blue (perfect anti-correlation) to red

(perfect correlation).

/

However, the reported values of m/, ...

are not always obvious from the plots, as
the intersection is not visible in all cases. This issue is particularly noticeable
in the off-center and low pitch angle case (fig. 8.7b), where m/ ~ (0.2. The

max
corresponding contour, a barely visible circle in the center of the plot, is nowhere
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Fig. 8.7.: Scans of likelihood of the demo setup in the three 2D-planes for oy = 82.17° and
7 = 240 us. See fig. 8.6 for detailed description.

near the estimated ellipses. This discrepancy is most likely due to the fact that the

plots only show slices of the three-dimensional ellipsoid. Additionally, the value

!/

'ax 1S determined in the coordinate planes of the eigenbasis, which might not

m
coincide with the planes of the physical coordinates. Further investigation of this
case revealed that for most points examined by the validation routine, m’ ranges
from 0.8 to 0.9, with two outliers yielding values of 0.2 and 0.64. The validation
routine places a high weight on such outliers by design. Ultimately, it is unknown

why there is a single point in the eigenbasis where the likelihood function deviates so
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far from the Gaussian assumption. To better understand these significant deviations
in the validation results, it might be informative to conduct scans of the likelihood
function in the coordinate planes of the eigenbasis instead. For now, however, it
seems more appropriate to compare the estimated ellipses to the 1-o likelihood
contours.

A noteworthy deviation between the estimated ellipses and the contours is apparent
only in the low pitch angle case with » = 0 (fig. 8.7a), where the contours in the
planes involving r are not elliptical. This can be explained by the fact that » = 0 is
technically on the edge of the parameter space. However, limiting the likelihood
function at r = 0 prevents Minuit from successfully estimating a covariance matrix.
Therefore, negative values were allowed, corresponding to electron positions in the
opposite half of the cross-sectional plane with azimuth angle ¢ + 7. Nevertheless,
the estimated ellipses approximate the actual contours sufficiently well, even though
they are not elliptical. For the remaining cases, the ellipses match the contours very
well, with almost perfect agreement in the off-center case with small pitch angle
(fig. 8.7b) and only minor deviations in the two ay = 90° cases. (fig. 8.6).

Additional results for 7 = 671 us are presented in appendix D.3. The observations
are mostly the same in this case. Except for a slight misestimation of the correlation
between r and g in the case ag = 90°, r = 1.09 m, even the estimated correlation
matrices are similar.

Alternative CRLB

Overall, the likelihood scans mostly justify the Gaussian assumption, despite the
validation results. Therefore, the findings for AE in fig. 8.5 are rated as mostly
accurate, including the surprisingly small values that are compatible with the CRLB
of a pure sinusoid. A common hypothesis to explain this outcome suggests that this
is a unique feature of low magnetic fields: with a field of B = 0.04 T, the chirp rate
is close to zero, and thus the signal is compatible with a pure sinusoid, making the
smaller CRLB appropriate. However, using a trap with B = 0.96 T, in which the
signal has a considerable chirp rate, it was found that the results are compatible
with the lower sinusoid CRLB as well in the aig = 90° case.

These findings point at a crucial misconception in utilizing the chirp model for the
derivation of the estimation limit: it is based on the assumption that the initial
frequency and the chirp rate are two independent free parameters. In reality, both
are functions of the electron parameters and the trap. In a setting where both
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parameters are fully determined by the kinetic energy, the chirp rate is not a free
parameter anymore but essentially a function of the frequency.

The CRLB for such a chirped sinusoid, where the chirp rate is a dependent parameter,
is derived in appendix C.4 and is given by

2

o
At2A%2(n3 —n.)

Var (&g) > Var (fo) Sw? + 6

This is indeed the CRLB of the pure sinusoid with an additional contribution from
the start time uncertainty. The latter can be neglected again due to the small chirp
rate at B =0.04T.

Whether the chirp rate and the initial frequency are both fully determined by the
kinetic energy depends on the magnetic trap and its parameter correlations. The
fact that the demo setup exhibits no parameter correlations at all in the oy = 90°
case further supports that the limit of the pure sinusoid is appropriate. In contrast,
it was confirmed that AE only achieves the higher CRLB of the chirp in the square
well trap, which has a correlation between Ey;, and «g at r = 0, ap = 90°, as seen
in fig. 8.1.

So far the discussion of the results has focused on the cases of oy = 90°. For smaller
pitch angles, the sinusoidal CRLB is not achieved, as expected due to the modulated
signals. Nevertheless, the ratio plots of these cases displayed in fig. 8.5 are nearly
constant in 7, indicating that the lower limits of the modulated signals only differ
from the pure sinusoidal limit in their scaling constants. As a result, it can be
assumed that the energy resolution for any electron track with parameters 6 can be
expressed as

AE(6) = . (8.6)

The scaling constant is defined by the parameter correlations of the setup and can
be determined solely through numerical analysis. Consequently, the final result for a
setup is obtained by evaluating its energy resolution AF(«yp,r,7) on a sufficiently
dense grid in ap and r, using a fixed track length 7. Subsequently, c(ag,r) is
calculated and turned into an interpolation function. While theoretically a single
track length 7 suffices for this procedure, using the mean of multiple track lengths
can improve the accuracy.
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8.3.1

8.3.2

Detection Efficiency

The detection efficiency of the demo setup is analyzed using the methodology
outlined in section 6.3.5, assuming that a quadrature matched filter will be applied
(eq. (6.20)). The relevant metric that characterizes the detection performance for
an electron with parameters 6 is its matched filter SNR defined via an inner product
as SNRyr(0) = %é’(@)H§(9) (see eq. (6.29)). This only requires the simulation of
the electron’s signal matrix § in CRESana.

Parameter Dependencies

In general the SNR can vary with the electron parameters, which are given by
0 = (Exin, a0, 7, §, Paxial, Peyel; to, 7). However, the SNR is independent of the start
time ¢y and the cyclotron phase ¢y, since the inner product is invariant under
translations and phase shifts of the signal. The same is true for the polar phase ¢ of
the electron’s position in the cross-sectional plane due to the rotational symmetry.

Additional electron parameters can be eliminated using eq. (7.10), which states that
SNRyr =n -7, where the normalized SNR 7 is proportional to the summed RMS
power of all channels Pr. This power is determined by the electron trajectory, the
antenna array efficiency and the electron’s emitted Larmor power. The antenna effi-
ciency can be considered independent of the energy due to the nearly flat frequency
response (see fig. 5.8). Moreover, the Larmor power can be treated as constant over
the small range of energies relevant to a neutrino mass measurement, as it varies by
just £3 % across a window of +500 eV around the tritium endpoint. Variations of
Pr over time, and any offset caused by the initial axial phase (.. are negligible
when the RMS is taken over many cycles of the axial motion. Therefore, Pr varies
only with «g and r due to the influence of the electron trajectory. In conclusion, the
SNR scales linearly with 7 and 7, which primarily depends on o and r with a minor
effect of Eyiy.

Result

Electron signals of the demo setup were simulated in CRESana with pitch angles
ranging from 82.17-90.0° and radii ranging from 0.0-1.09 m on a 51x51 grid. For
each signal the total RMS power Pr was calculated and then converted to the
normalized SNR 7 using eq. (7.10). The results of this procedure are displayed in
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Fig. 8.8.: Normalized SNR 7 represented by color as a function of radius and pitch angle.
Each pixel is calculated using eq. (7.10) with a 100us long signal of the demo
setup simulated in CRESana.

fig. 8.8 for an assumed noise temperature of 7' = 5 K. The plot demonstrates that
reaching an SNR of 1 requires electron tracks that are at least 100 us long.

For all signals, observed RMS powers range from 3.4 x 10719-5.7 x 1071 W, corre-
sponding to 18-30 % of the emitted Larmor power in this scenario. This suggests that
the assumed antenna array is quite efficient and operating near the theoretical limit.
Surprisingly, the dependence on r is very weak. Conversely, simulations with the
fabricated 26 GHz prototype antenna showed a notable reduction in detected power
for high radii. This is most likely due to the use of the idealized isotropic antennas
in the demo setup. For beam antennas with high directivity in the cross-sectional
plane, on the other hand, electrons at higher radii are in the field of view of fewer
antennas, resulting in a decrease in total detected power. Figure 8.9 illustrates this
effect. This reinforces the fact that the obtained results are an optimistic idealization.
Nevertheless, once a design for a 1 GHz antenna is available, more refined results
can easily be produced with the same procedure.

By turning the simulation results into an interpolation function 7(«yp, r), the matched
filter SNR of any electron track with parameters 6 can be evaluated quickly without
running additional simulations employing

SNRyF(0) =n(ag,T) T. (8.7)
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Fig. 8.9.: Schematic of a non-isotropic antenna array’s sensitivity to radiation in the cross-
sectional plane. Black dots represent antennas aimed at the center, each with a
30°-wide binary gain. A transparent blue light cone marks the gain=1 region of
each antenna, with overlapping cones shown in deeper blue. At position A, all
antennas are sensitive to the radiation, while at position B, most antennas are
not. Note that this binary gain is a simplified, unphysical model for illustration.

Finally, the electron track’s detection probability Pp is given by eq. (6.36) as a
function of the false alarm probability Pr 4. In practical applications, the matched
filter concept is implemented using a template bank to account for the unknown
parameters. For this reason, the detection probability given in eq. (6.36) also
depends on the number of required templates n;. The theoretical upper limit on
Pp can always be determined using the optimistic assumption that n; = 1, which
essentially means assuming that the parameters are known in advance.

Figure 8.10 depicts the estimated detection probability as a function of Pr4 and
7 for the four corner cases of the simulated ag-r grid for the optimistic n; = 1
assumption. The results show that electron detection is feasible with the demo
setup with the required probability of 54%. This is attained for all examined
electron parameters with track lengths of 7 = 3500 us, assuming rigorous false alarm
probabilities (Pr4 < 107%). In cases where o = 90°, detection is nearly certain
(Pp = 0.99) with relaxed requirements for Pr4 and long tracks.

Background Rate

Nevertheless, the significance of these results is limited without a requirement for
the false alarm probability, which is given indirectly through the number of allowed
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Fig. 8.10.: Detection probability Pp color-coded against track length 7 and false alarm
probability Pr 4 of simulated electrons in the demo setup for n; = 1. Each plot
represents a corner case for radius and pitch angle, as indicated by the subtitle.
Contour lines indicate detection probabilities of 0.99, 0.54, and 0.1.

background events over the experimental runtime. This is incorporated into the
neutrino mass sensitivity estimation as a background rate parameter b, which is
the number of background events per unit of time and unit of energy. Hence, the
background rate relates to the probability of false alarm of the entire template bank
Pr 4 via

Pra

b= o (8.8)

where Fpyy is the energy bandwidth covered by the template bank. The probability
Pr4 depends on the probability of false alarm of an individual template Py, as
defined in eq. (6.35). For P ,n: < 1 the following approximation applies

Pra=1-(1=Ppa)" = (1- (1= nPpa+OPps’))) mniPpa. (8.9

Unsurprisingly, the background rate depends on the number of statistically inde-
pendent templates n;. The construction of a template bank and estimation of the
number of required templates are topics that require an in-depth treatment and are
not explored in detail in this thesis. Instead, a simple heuristic is applied, assuming
that the template bank evaluates ng equidistant energies with ng templates to cover
all remaining parameters for each energy such that n; = ng - ng. By utilizing dis-
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tances of 2A F between energies, any given electron signal falls within the margin
of error of a probed energy. Since it was proven that AFE is approximately constant
with the kinetic energy (see section 8.2.2), it follows that the relationship np = gg%
holds °.
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Fig. 8.11.: Detection probability Pp color-coded against track length 7 and background
rate b of simulated electrons in the demo setup for ng = 1. Each plot represents
a corner case for radius and pitch angle, as indicated by the subtitle. Contour
lines indicate detection probabilities of 0.99, 0.2, 0.1 and 0.02. The dashed red
lines mark b = 4.7 x 101 s~ eV,

Applying this heuristic for n; and substituting Pr4 with the approximation from
eq. (8.9) and AFE with the expression from eq. (8.6) into eq. (8.8) results in

— nQPI/:‘A — nBPII*_'Aﬁ (8 10)
2rAE  2c(ag,r) '

Rearranging eq. (8.10) for P}, yields the probability of false alarm of a single
template as a function of b, which can be inserted into eq. (6.33), producing the
detection probability of the template bank as a function of b:

2b e(a, 1)
PD(b) = SX,22(7’](C¥077')T) (—2log (W)) . (8.11)

5The heuristic neglects the fact that ng could depend on the energy and that AE depends on r and
Q0.
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Figure 8.11 shows the estimated detection probability as a function of b and 7.
Without going into further details about the construction of the template bank, it is
again optimistically assumed that ng = 1.

Implications and Limitations of Results

Validation of Hesse Errors

A significant concern in the analysis of the energy resolution was the validity of
applying Hesse errors. This concern arose due to the observation of distinctly non-
linear correlations in likelihood scans for certain setups, such as those illustrated in
fig. 8.1, which are incompatible with a Gaussian distribution of maximum likelihood
estimates.

The proposed validation procedure outlined in section 7.2.3 aimed to assign a singu-
lar metric to each AF data point to assess its reliability. Unfortunately, the results
of this validation did not strongly support the use of Hesse errors. However, this
might suggest a design issue with the validation routine rather than a fundamental
disagreement with the Gaussian likelihood assumption. A deeper understanding
of these unfavorable results through an analysis of the likelihood function in the
eigenbasis might help fix the validation routine and could be explored in future
work.

Nevertheless, for now, the 2-dimensional likelihood scans, as depicted in figs. 8.6
and 8.7, appear to be a more effective diagnostic tool. For the demo setup, these
scans are compatible with the assumed parabolic log-likelihood, thus supporting
the application of Hesse errors. However, it is important to emphasize that in the
analysis of any new experimental design, this conclusion must be reevaluated, as
it may not generalize. The downside of applying this approach is the reduced
convenience in interpreting results since one has to assess several plots per data
point instead of a single number.

Moreover, the computational cost for generating these likelihood plots is quite high:
depending on the parameters, generating a single plot using 18 CPU cores took from
2-6 h for the shorter track length (see figs. 8.6 and 8.7), and from 13-19 h for the
longer one (see figs. D.5 to D.8). Given the close similarity of the likelihood landscape
and the correlation matrix of the demo setup at the two different track lengths,
however, it does not appear likely that these results would be highly dependent on
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7. Thus, it is recommended to generate these plots for the four corner cases of the
ap-r-plane using just one or two track lengths.

Track Length Scaling and CRLB

A major achievement of the study in section 8.2 was the identification of eq. (8.6) as
a simple scaling relation for the track length dependence of AE, which is also valid
for ag < 90°. Furthermore, it was recognized that the lower limit of AE for oy = 90°
is in general determined by the CRLB of a pure sinusoid, which is four times better
than the expected result of a linear chirp. The most plausible explanation is that
the chirp rate is fully determined by the initial cyclotron frequency and not a free
parameter. However, it must be emphasized that this result should not be assumed
to hold for all experimental configurations.

Turning to the limitations of the results, it must be reiterated that the likelihood
function did not include the initial axial phase ., in the calculation of AE due to
limitations of the current version of CRESana. It was proven with a harmonic trap
that .. can potentially contribute to AF, unlike the other neglected parameters.
Therefore, its exclusion could lead to overly optimistic results.

Fortunately, this effect does not contribute to AE for electrons with a 90° pitch
angle in the demo setup. This is because, for these electrons, indirect correlations
of Eyin with @,yi. through «ag and r are irrelevant, as Fy;, is not correlated with
these parameters (see fig. 8.6). Additionally, the correlation of . With Fy, itself
is negligible since the axial frequency depends only weakly on the kinetic energy.
For this reason, it can be concluded that the exclusion of .. is not the reason for
achieving a better energy resolution than the chirp CRLB would predict.

Nevertheless, the effect of ... could still be relevant for smaller pitch angles.
Generally, this effect is setup-dependent and unfortunately cannot be quantified
without properly including the parameter in the analysis. Still, it seems unlikely that
this effect would change AFE by an order of magnitude, as it was found to contribute
only 15 % of the total energy resolution in a harmonic trap.

The scaling relation in eq. (8.6) is not applicable if the two-dimensional plots of the
likelihood function indicate non-Gaussian behavior. In that case, the only option is
to calculate AFE with Minos errors for each individual track length 7. Furthermore,
the MLE is only Gaussian in the asymptotic limit, meaning that Hesse errors will not
be accurate for tracks shorter than a certain length 7. Additionally, below a track
length 7, it becomes impossible to determine an uncertainty at all because the low

8.4 Implications and Limitations of Results
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SNR prevents the profile likelihood from ever falling below the required confidence
threshold.

The minimum track lengths 7,5, and 7, for these cases are unknown and can only be
inferred by calculating the profile likelihood (Minos errors). Any analysis requiring
Minos errors is highly undesirable, considering that computing each data point in
fig. 8.5 already took up to 11 h to compute with the computationally relatively cheap
Hesse errors. Fortunately, the issues at short track lengths are fairly irrelevant since
the high requirements for AFE are only reached with long track lengths. Nonetheless,
for an ensemble analysis that takes the track length distribution into account, this
means that the low end of the distribution is technically not correctly represented.

Neutrino Mass Sensitivity

The outcome of the studies performed in this chapter provides a preliminary as-
sessment of the demo setup’s performance. In prior studies it was demonstrated
that a scenario compatible with achieving the ms > 0.04 eV design sensitivity limit
of Project 8 has an energy resolution of AE = 0.115¢eV [58], an effective volume
of Vg = 10m? [59] (which necessitates an average detection probability of 54%
for the demo setup, as demonstrated in section 8.1), and a background rate of
b=4.7x 10" s 16V~ or less [66].

The data from the demo setup indicate that these goals can be achieved for all
electrons without requiring unreasonably long tracks, needing only a few millisec-
onds instead of seconds. Specifically, the data in fig. 8.5 indicate that the energy
resolution goal can be met if track lengths exceed 7 = 1000 us. Furthermore, the
detection efficiency target is achieved without exceeding the background rate limit
for electrons with track lengths of 7000 us (see fig. 8.11). However, while these
conclusions do look promising, the track lengths depend on other experimental
parameters. Therefore, a meaningful assessment of the results requires a proper
ensemble analysis using the track length distribution within the context of a neutrino
mass sensitivity study.

Summary

This chapter presented a framework for estimating the limits of detection efficiency
and energy resolution of individual electrons with parameters 6 in a large antenna
array, based on numerical simulations with CRESana. In both cases, the result is not
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a single number but is instead parameterized by «y, r, and 7. The energy resolution
is produced by analyzing the Hesse errors of simulated Asimov datasets on a two-
dimensional grid in o and r using a fixed track length 5. The energy resolution
scaling constant c(«y, r) is evaluated and interpolated over the two-dimensional
grid and can subsequently be applied in eq. (8.6) to yield the energy resolution
AFE(0) for any electron. For the detection efficiency, the normalized SNR 7(«q, 7)
is evaluated on a two-dimensional grid in oy and r using signal simulations with a
fixed track length 7y and eq. (7.10). Interpolation of the result and the application of
egs. (8.7) and (8.11) yield a function Pp(0;b) to calculate the detection probability
of any electron with parameters 6 for a required background rate b.

The main highlights of the results include the identification of a track length scaling
relation for modulated CRES signals that is similar to the CRLB. Addtionally, the
analysis revealed that the CRLB of the standard chirp model is four times higher
than the true lower bound. Lastly, an initial evaluation indicates that the results
match the requirements for achieving the neutrino mass sensitivity goal, though

further analysis is necessary.

8.5 Summary
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Conclusion and Outlook

Some writers enjoy writing, I am told. Not me. I
enjoy having written.

— George R. R. Martin
Fantasy author

Antenna arrays are a promising avenue for large-volume detectors in high-statistics
and high-resolution experiments using the CRES technology. However, given the
expected high data rates and associated significant computational costs, they are not
without challenges. In this thesis, techniques for algorithmic detection and parameter
estimation of CRES signals within the noisy data generated by such detectors were
explored. The primary focus was on establishing optimal solutions to these problems,
specifically through matched filtering and maximum likelihood estimation. This
includes the implementation of these methods to evaluate their efficiency limits using
simulated data for a specific experimental design. Since simulating experimental
designs with thousands of antenna channels was infeasible with the processing
times of the existing simulation software Locust, the new simulation tool CRESana
was developed to support the primary objectives. By employing well-motivated
approximations, CRESana achieved an approximately 500-fold speedup compared
to Locust, without compromising simulation quality.

Chapter 8 of this thesis integrated all these aspects to demonstrate the performance
analysis of an idealized example setup applicable in a neutrino mass measurement
using tritium [-decay spectroscopy in the Project 8 experiment. The results of this
analysis are the detection efficiency as a function of the noise-induced background
rate and the energy resolution, both of which are determined for individual electrons.
These are crucial parameters as they directly affect the achievable neutrino mass
sensitivity of Project 8. An initial evaluation suggested that the obtained results
are compatible with the requirements of reaching Project 8’s sensitivity goal of
mg > 0.04eV.

The analysis procedure presented in chapter 8 is currently being applied in a de-
tailed sensitivity study of a similar experimental setup for inclusion in an upcoming
publication [135]. This simulation-based assessment of an experimental design
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represents the first study of its kind and was made possible only by the significant
improvements in simulation time achieved with CRESana. In all previous sensitivity
studies, detection efficiency, background rate and energy resolution were incorpo-
rated through fixed assumptions, theoretical predictions from simplified models, or
declared targets that were independent of each other.

Additionally, early design work on the next prototype experiments for Project 8
relied on the efficiency of suboptimal and underperforming detection algorithms as
design objectives, which led to some problematic design decisions and false assump-
tions about the viability of a neutrino mass experiment based on antenna arrays.
With the presented analysis, it is now possible to optimize upcoming experimental
designs with respect to the true theoretical limits of detection efficiency and energy
resolution, fully utilizing the available signal information.

Looking ahead, there are numerous opportunities to extend the presented work.
While this dissertation primarily focused on establishing optimal solutions, many
challenges remain regarding the practical aspects of computationally feasible solu-
tions in real data-taking environments, which may need to operate in real time. For
example, as discussed in section 6.4.2, a brute-force evaluation of the matched filter
template bank for a Project 8 Phase IV experiment was estimated to be infeasible
with the currently available computing resources. Therefore, areas of interest in-
clude not only smart approaches to constructing and evaluating the matched filter
template bank but also effective minimization strategies for parameter estimation
and the application of machine learning techniques. Many of these research areas
could not be sufficiently explored for large-scale antenna arrays before, due to the
lack of benchmarks for their effectiveness and a feasible way of generating data sets,
which are now provided by the theoretical limits and CRESana. In this light, the
continued development of CRESana should also be a focus moving forward.

Despite the many research opportunities utilizing CRESana, it should be noted
that more recently, the Project 8 collaboration decided to retire the antenna array
concept for the time being in favor of the resonant cavity concept (as discussed in
section 3.1.1) [95], primarily due to the high expected monetary costs of constructing
an experiment with hundreds to thousands of antennas. As a result, the immediate
benefit of the fully developed framework from chapter 8 is diminished for the
future experimental phases of Project 8. While the methodology for estimating
the theoretical limits of detection efficiency and energy resolution is applicable
regardless of the detector technology and physics use case, many parts of CRESana’s
existing simulation technique cannot be applied to a cavity detector, as described in
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section 5.4.7. Therefore, in future phases, this analysis procedure will require an
alternative source of simulated data tailored to the new detector concept.

The switch in the detector concept unfortunately transforms CRESana’s greatest
advantage — its highly specialized and efficient simulation system — into a signifi-
cant limitation for Project 8. Nevertheless, while the research for this dissertation
has been conducted within the context of the Project 8 experiment and neutrino
mass determination, it is by no means limited to this application. CRES, in itself,
represents a new technology for high-resolution spectroscopy of charged particles.
Several other experimental efforts are already adapting CRES for various use cases,
including the He6-CRES [73], QTNM [137], and PTOLEMY [138, 139] experiments,
as well as potential applications in X-ray spectroscopy [140]. These initiatives are
mostly in the early stages of experimental development, where detector technologies
are still evolving. While only QTNM — incidentally also a tritium-based neutrino
mass experiment — is currently pursuing an antenna array detector concept, the
growing adoption of CRES highlights the potential for the simulation techniques
developed in this thesis to be applied in experiments beyond Project 8.
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Magnetic Fields

A.1 The Harmonic Trap
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Fig. A.1.: Field profiles of a harmonic trap for several different radii with By = 0.96 T and
LQ = 2.5m.

The harmonic trap is a magnetic trap with a field that has a quadratic profile along =.
With the solutions egs. (4.12) and (4.13) a field with that characteristic is produced
with a; = 0Vl € N\ {1, 3} which yields By = B,(p, 2)é, + B.(p, z)é. with

B,(p,z) = —3pzas ,

3
B:(p;z) = a1 — 5(02 —22%)az

1
B(p,z) = \/9p2z2a§ + (2a1 — 3(p% — 222)as)? . (A.1)

Figure A.1 shows the field profile B(p, z) = |Bu(p, )| for several radii p. This trap
type is a generalization of the harmonic trap in [69] extending it to radii p > 0. This
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Fig. A.2.: Field profile of a single coil and a harmonic approximation at p = 0 with Ly =
2.3mand By =0.95T.

is clear by evaluating the field at p = 0 and setting the coefficients appropriately to

a1 = By, as = yielding

3L2

22
BZ(Z) = BO 1-— ﬁ N
0

where L is called the characteristic length.

The main motivation for this field is the fact that it is a simple analytic approxi-
mation to the field on the symmetry axis of a single electromagnetic coil, which
is demonstrated in fig. A.2. This is useful because it is possible to find a closed
form solution for the axial motion in this trap. As mentioned earlier the integral
that solves the axial motion in eq. (4.6) only has a closed form solution if B(z) is a
polynomial with order < 2. This is actually not exactly true for B(p, z) in eq. (A.1).
However, since it is required that the background field By is much stronger than the
trapping component of By it is implied that 2 5 Lg (p? — 22?) < By for p and » small.
Therefore, it is reasonable to assume that B, < B, for the interesting region of p, z

and thus B(z) ~ B.(p, z).

Using this approximation, the axial motion is determined by

\/ zmaz

d /

/ \/B Zmaz) BO( ( 22’2)> ‘

t(z) =
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Fig. A.3.: Field profile of a single coil and a harmonic approximation for several different
radii with Ly = 2.3m and By = 0.95T. The approximation quality severely
degrades for p > 0.

This integral can be rearranged as

Z dz’
tz:a/ _—
() 0 Vb—cz?

(zmaas) 0
= VBGma) g v o), e= D0
a 0 s (Z ) ( ) C g

with

Under the condition that 0 < z < \/g the integral has the solution

t(z) = \% arctan <z b—ccz2) . (A.2)
Solving eq. (A.2) for z yields
2(t) = Zmag sin (wgt) | (A.3)
with
b
Zmax =\l —, WH = ﬁ .
c a

Due to the above restriction of z, this solution is strictly speaking only valid for

0 <t < g but it is straightforward to extend that using the symmetry and
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periodicity of the motion (see section 5.4.1). Finally, calculating a, b, ¢ requires B(0)
and B(zmas). First

1
B)=DBy(1- —-p%).
(0) o( 2Lgp)

Second B(zpq) is calculated using eq. (4.5) which yields

B(0)

B(zmaz) = m.

Therefore, the final solution for the motion is eq. (A.3) with

\ L§ — 3p° vo sin(ay) 1 (A4)

, WH = .
tan (ap) Lo 1 - 2
202

Zmaxr =

and it requires p < v/2Lg. In eq. (A.4) oy is the electron’s pitch angle at z = 0 and p
its initial radial position.

With these results the motion of an electron in a general harmonic trap can be de-
scribed also for the case that p > 0. The results are given as closed form expressions,
meaning that they can be evaluated without any expensive numeric integration and
they are valid solutions of Maxwell’s equations. Even so, the practical applicability
of this trap is very limited. Figure A.3 shows that the approximation quality for a
coil decreases for p > 0 if a single harmonic field is used.

The Square Well Trap

The square well trap is a magnetic trap that has a constant value By over a length L
and is infinitely high outside of that well:

Byé |Z‘ < L/2
BSW(p’ Z) = { ’

00 otherwise

Figure A.4 shows the field profile B(z) = |Bsw (p, )|, which is the relevant function
for the solution of the axial motion (eq. (4.6)). The solution z(¢) is a triangle wave
with frequency
vo cos(ag) T
Wsw = —————

L

where vy is the absolute velocity of the electron and «y is the pitch angle.
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Fig. A.4.: Field profile of a square well trap with L = 1m and By = 0.96 T.

The constant part of the square well trap is an allowed solution for the magnetic
field description in section 4.2. It is accomplished with the solutions in eqgs. (4.12)
and (4.13) by setting a; = 0 V¥l € N\ {1} and a; = Bj. However, this field is constant
everywhere and is lacking the sharp walls. The exact solution with infinitely sharp
walls that is presented here cannot be accomplished with Maxwell’s equations.

The Bathtub Trap

The bathtub trap is a combination of the harmonic trap and the square well trap.

Its purpose is to provide a trap with the constant field over a long distance L but
without the infinities that prohibit the square well trap by smoothly transitioning
into harmonic walls. The idea is that the flat portion is achieved as a background
field provided by a large solenoid, which would be approximately constant in the
central field region. The trap is generated by adding two coils at position |z| > L/2
which are approximated by harmonic fields as usual. This kind of approximation is
used for example in [69]. The resulting field is defined as

Bu(p,z+L/2) z<—L/2
Bpr(p,z) = {Bg(p,z —L/2) z>L/2

Bsw (p, 2) otherwise

A.3 The Bathtub Trap
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Fig. A.5.: Field profile of a bathtub trap at p = Owith L = 1m, By = 0.96 T and Ly = 2.5 m.

Figure A.5 depicts the field profile B(z) = |Bpr(0, z)| on the symmetry axis. How-
ever, this field has the issue that it is discontinuous at z = +L/2 for p # 0. This
is because the square well field has no p dependence since Bgy (p, z) = a1é,, but
By (p,0) = (a1 — 3azp?)é. (see also fig. A.6).

This can be resolved by defining the bathtub trap using the Heaviside function ©(x)
in the following way:

Byre(p,2) = Bir (p. (1 - © (2 4+ L/2)) (= + L/2) + © (= — L/2) (= — L/2)) .

With this definition the bathtub trap is the harmonic trap with a coordinate trans-
formation for 2. The discontinuity is eliminated since Bpr(p, 2) = (a1 — 3azp®)é.
even for —L/2 <z < L/2.

Still, this solution is now incompatible with egs. (4.12) and (4.13) and thus it is
not a valid magnetic field for the assumptions in section 4.2. This is because the
term proportional to p? without powers of z that now exists in the flat part is only
possible for az # 0. But a3 # 0 always produces a term proportional to 22, which is
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Fig. A.6.: Field profiles of a bathtub trap for several different radii with L = 1m, By =
0.96 T and Ly = 2.5m. This shows that the profile is discontinuous for p > 0.

missing. In fact, it is possible to show that this solution violates the assumption of
J = 0 from section 4.2:

108, B B B\ .
VXBBTC@,Z):(a 0 ¢>ér+(‘9 0 O )e¢

p 0¢ 0z 0z op
170 0B
+ - ( -B - p) éz
2\ 3, (p- By) 9
B _OBZé
op ¢
== 3pa3é¢ .

With Ampeére’s law (eq. (4.10)) this means the field is only possible with a current
density j = 3p%é¢ in the region —L/2 < z < L/2. However, for a CRES experiment
long mean free paths are desired for the electrons. This is incompatible with a dense
structure of wires that can produce the required current distribution.

Finally, the initial assumption that a bathtub trap is a good approximation for a trap
consisting of a background field with two trapping coils is also inaccurate. This is
demonstrated in fig. A.7. In order to create a potential wall in this setup the trapping
coils have to add positive field contributions. The field of this kind of coil can only be
approximated with a negative harmonic function at the maximum. Conversely, the
transition region from a flat field into a field that is dominated by a coil is actually

not the region of the field where a coil is well approximated by a harmonic function.

A.3 The Bathtub Trap
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Fig. A.7.: Field profile of a realistic trap with a background field and two electromagnetic
coils at p = 0 together with a harmonic approximation to one of the coil fields.
The approximation that can be used for the coil has no value for the calculation
of the motion in this trap because it is only valid at the unstable field maximum.

In conclusion the two findings here should recommend against the use of the bathtub
trap in simulations of CRES as results have very little explanatory power even on
a conceptual level. Even for cases where this trap might be able to provide a good
approximation for the field of a real trap at p = 0, the real field will certainly behave
very differently for p # 0.
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Bugs in Locust

Applying Antenna Response to Undersampled
Signals

One complication of numerically calculating the electromagnetic fields comes from

the cyclotron frequency of 26 GHz for an experiment with a 1T magnetic field.

According to the Nyquist-Shannon sampling theorem [92] these fields can only
be properly sampled with sampling rates f; > 52 GHz which is required for the
application of all the high frequency digital filters in the simulation (that includes
the antenna response). However, the actual frequencies of interest for a neutrino
mass measurement are a band only 100s of MHz wide around the target frequency
of 26 GHz. In a laboratory measurement the analog voltage signal can be reduced to
such a bandwidth with frequency mixers and low-pass filters prior to digitization
(see section 5.4.4). Therefore, digitally sampling the intermediate signals and
filters in the simulation requires significantly higher sampling rates and thus more
computational resources than sampling of the final voltages even though the fields
always remain analog signals in a real life measurement. The situation is even
worse if one considers the harmonics of the cyclotron frequency as seen in fig. 4.6a
which seemingly require sampling rates of well over 100 GHz. In the experiment the
harmonics would be eliminated from the analog signal since they are outside of the
antenna’s passband. But in the digitally sampled numeric fields the harmonics can
show up as aliased frequencies inside of the passband.

In order to reduce the computational cost of sampling intermediate signals the
implementation in Locust uses an approach where the electromagnetic fields are
undersampled with a sampling rate of 2 GHz. A high resolution signal as input for
the digital filters is constructed by interpolating with a mono-frequency sinusoidal
signal between each field sample. A Hilbert transform on the original field samples
is used to estimate instantaneous amplitude and phase for that sinusoidal signal.
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(a) Incorrectly applied digital filter (black) on an undersampled signal (orange) in Locust.
The undersampled signal is interpolated as described in the text. The peaks outside of the
passband are not suppressed in the output (blue). For visualization purposes the filter
was rescaled and moved to its undersampled frequency alias.
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(b) Correct way of applying digital filter (green) to an appropriately
sampled signal (blue) yields an output (orange) where the peaks
outside of the passband are suppressed.

Fig. B.1.: Filtering of the sampled field signal.

Appendix B Bugs in Locust



B.2

This approach is not working as intended. This can be seen in fig. B.1a. The
orange spectrum is the undersampled field signal which aliases to lower frequencies
including the harmonics. The signal is then passed through a narrow filter at
25.85 GHz by the interpolation approach described above which produces the blue
output. The filter is unable to remove the peaks outside of its passband and it seems
to act as a constant factor on the spectrum instead. In contrast fig. B.1b depicts

what the result should look like without undersampling and with correct filtering.

This proves that Locust is unable to correctly apply any high-frequency filters to the
undersampled input signal, which is especially concerning for narrow filters that
should act on smaller scale modulations of the base frequency. As a result of this, the
aliases of the harmonics shown here can sometimes still appear in the final spectrum
after the final low pass filter (see fig. B.2).

E=17665.00eV

6=90.00°
v-range=>5.3e-06V
lo=25.86GHz
sr=200MHz
175 trap=V12 —— Locust
150
125
> 100
=
S 75
50
25
0

-100 -75 -50 =25 0 25 50 75 100
f [MHz]

Fig. B.2.: Aliased harmonic inside a Locust spectrum. In this simulation only a single peak
is expected at the cyclotron frequency which is the higher one. The smaller peak
in the left can be traced back to an aliased frequency of one of the harmonics of
the cyclotron frequency.

Incorrect Field Results

The second issue that was found are the numeric solutions of the electromagnetic
fields with egs. (4.21) and (4.22). From section 4.3 the angular distribution of
the radiated power and the power spectrum including harmonics are known (see

B.2 Incorrect Field Results
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figs. 4.5 and 4.6). Both can be calculated from the numeric result as well via the
Poynting vector S and the effective area A.s;. Figure B.3a shows a comparison
of the angular power distribution between the Locust field solutions, an external
implementation of the field solutions and the theory from fig. 4.5. The power in
Locust is overall too high and the angular distribution does not follow the same
shape. Figure B.3b shows the power spectrum of the field for an observer at # =90°.
The Locust solution has an unexpected peak at f =0Hz (DC) and otherwise does
not distribute the correct fractions of power into the different harmonics.

le-19
1.3
1.2
1.1
= W ¥
o 1.0 W *
* ¥
0.9 ¥ «*
'S 4 —%— Analytic power
0.8 X * <S5 Aeff>
'-A-',A_-_;A;_{_j' —+— <Siocust * Aeff >
0 25 50 75 100 125 150 175
61[°]

(a) Comparison of angular power distribution between Locust field
solutions and theory.

le—-17

4.0 —— Locust numeric

3.5 external numeric
X analytic

3.0

2.5
EZO
o

1.5

1.0

X X

0.5

0.0 %X SRV

-1.00 -0.75 -0.50 —-0.25 0.00 0.25 0.50 0.75 1.00
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(b) Comparison of the power spectrum between Locust field solutions
and theory for a polar angle of 6 =90°.

Fig. B.3.: Comparison of angular power distribution and power spectrum of field solutions
between Locust and theory.
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Additional Proofs and
Calculations

Calculation of the Orthogonal Gradient for the Drift
Motion

In this section the orthogonal gradient that appears in the drift motion is calculated
for a rotationally symmetric magnetic field.

In eq. (4.7) V1 B denotes the gradient of the magnitude B in the plane orthogonal
to B. This plane is defined by the spherical basis vector of B, which is

sin () cos(¢)
Blp.2) _ é, = | sin(f) sin
Blos) ~ TN

B(p,z)
ical basis vectors are

with 6 = arccos <M> and ¢ = arctan 2(By(p, z), Bz(p, z)). The other two spher-

cos(0) cos(¢) . cos(¢)B,(p, 2) — sin(¢)
€9 = | cos(f)sin(¢) | = Blp.2) sin(@)B.(p,2) | , €¢=| cos(¢) (C.1
— sin(0) ’ —B,(p, z) 0

and they define the gradient as

V1B = D¢, B(p,2)ép + Ds,B(p, 2)€ . (C.2)

In eq. (C.2) D, f = V[ - v denotes the directional derivative of f with respect to v.

Hence, the calculation of these directional derivatives requires the gradient of the
field magnitude B(p, z) which in cylindrical coordinates is

A A

0B(p.2),  19B(p.2), , 9B(p.2), (C3)
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With B(p, z) = |B(p, 2)| = \/Bp(p, z)?2 + B,(p, z)? the derivatives for the gradient
are

0B(p.) _ _1 OB,(p.2) OB:(p.2)
ap - B(p,z) (Bp(p7 z) ap + B.(p, 2) 90 ) , (C.4)
dOB(p,z)
op 0, (C.5)
9B(p7) | _1 OB,(p.2) 0B:(p.2)
az - B(p, Z) (Bﬂ(pa Z) aZ +Bz(p7 Z) az > . (C.6)

Using egs. (C.3) to (C.6) one can calculate the directional derivatives of eq. (C.2).
For the second term one finds that

aB(p7Z)A aB(p’Z)A A
Dé¢B(p,Z):< 99 é,+ 9 ez>'e¢:0

because é, - é;, = €, - €, = 0 as the three vectors are orthogonal to each other.
The other derivative requires the inner product of éy from eq. (C.1) with the two
standard cylindrical basis vectors

cos(¢) 0
é,=|sin(¢) |, € =10
0 1
The results are B.(p.2) B,(p.2)
A A 4 ,Oa z A A p p, z
€, €y = y €z €9 = — s
* "7 Blp,2) ’” Blp2)
which yields
0B(p, z) . 0B(p,z) . R
DéeB(pa z) = < éf) )ep + éz )ez> " €9
1 (0B(p,z2) 9B(p, 2) )
= B — B .
B(pwz) ( 8p z(p,Z) Oz p(p,Z)

Finally, using the derivatives from egs. (C.4) to (C.6) the final result is

. _ 1 20B:(p,2) 20B,(p, 2)
De,B(p,z) = B 22 <Bz(p, 2) —op B,(p, ) 8, (C.7)
9B,(p,2) 9B.(p,
+B.(p, 2)By(p, ) ( %(5 2) B 8(5 Z))) .

Thus, the orthogonal gradient for the grad-B drift (eq. (4.7)) points in direction &y
and has a magnitude |V | B| = D, B(p, z) which can be calculated with eq. (C.7)
for any rotationally symmetric field.
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C.2 Proofs for Matched Filter SNR

This section addresses the derivation of the expectation value and variance of the
matched filter test statistic for section 6.3.5. The test statistic given in eq. (6.14) is

T(x) =Re (sHC_1w> .
Under H; = s + n, which results in the following for the expectation value
(T(x;H1)) = <Re (SHC_l(S + n))> = <Re (SHC_18)> + <Re (SHC_ln)> :

In the above expression s C~1s = (sC~1s)H, which means that it is real and
thus <Re (sHC_ls)> = sC~1s. The component s C~'n is a complex random
vector n’ whose entries n; = >, Ci_jlnj are normally distributed with means u; =
> CZ._j1 j. The p; are the means of the original n;, which are zero. Consequently,

sHC™In = ; 8jm; is a normally distributed complex random variable with mean
=3 siu. = 0. Therefore, <Re (sH C_ln)> = 0 and the result for the expectation
value is

(T(x;Hy1)) =sC s,

The variance is given by

Var (T(x; H1)) = (T(; 1)) — (T (s )

<Re (s"C7M(s + n))2> - (sH(fls)2

- < (Re (sC~1s) + Re (sHC_1n>)2> - (sHC‘ls)2
<Re (sHC_ln)2> +2s"C71s (Re (s"C7'n))

— <Re (ch—ln)2> .

sHC_ln‘ yields

Using polar notation with s7C~1n = ¢i¥

Re (sHC_1n> = cos(yp) ‘SHC_ITL‘ . (C.8)
As demonstrated above, s C~!n is a complex normal random variable with zero
mean. Moreover, its real and imaginary parts are uncorrelated. This is due to the

fact that n is a complex random vector characterized by a real covariance matrix
and thus the real and imaginary parts of its components are initially uncorrelated
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which persists after the linear transformation. Therefore, the angle ¢ in eq. (C.8)
follows a uniform distribution on the interval [0, 27] and it is independent of the
absolute value ‘sH C_ln‘ which has a Rayleigh distribution.

The considerations above imply that

<Re (SHC_ln)2> = <C082((,0) ‘sHC_ln‘2> = <cosQ(g0)> <’3HC_1n’2>

The first of the two expectation values can be calculated with a simple integration

as
27 1 1
2 2
(cost(@)) = [ 5-cost(p)de =

Using this result, the final expression for the variance can be derived

Var (T'(z; H1)) = % <’SHC_1n‘2>

2
Ly H~-1H B
—§<s C 'nn"(C )" s >
Y H —1\H H
=58 C <nn >(C )s
1
zisHC_lsH.

In the last step above it was used that <nnH > = C with C* = C.

Calculation of Effective Trap Volume

The effective trap volume introduced in section 8.1.2 is defined as the expectation
value

w/2
V(o) pag (o) dag = 2/ V(ap)pag (o) dag, (C.9)

Amin

Vi= Vi), = [

Amin

where V' («y) is the volume integral
2r R fzZmaa(T,00)
V(ao):/ / / rdzdrde.
0 0 —Zmax (7'7040)
The calculation of this expectation value requires p,,, (), the probability density of
producing a decay electron with pitch angle «. Given the joint probability density
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Prezao (5 @, 2, ) of electron position in cylindrical coordinates and pitch angle,

Dayo () is the marginal distribution of «ay:

27 zmaz r ao

Pag (o) / / / pmmo(r, ¢, z,ap)rdzdedr. (C.10)
zmaw T 040

The initial electron positions are drawn from a uniform distribution that spans the

volume V' («p), whereas the pitch angles are determined by the direction of the

initial momentum, which is isotropically distributed. The probability density for a

decay electron’s initial direction can be defined as

1
Pérar (s, ) = yp sin(a ), (C.1D)

where ., is the electron’s instantaneous pitch angle at the time of its creation' and
¢, is the corresponding azimuth angle.

The construction of the joint distribution p,¢.q, (7, ¢, 2, ap) from eq. (C.11) requires
a change of variables from «, to «g. According to eq. (4.5) the conversion from
to ay is defined as

B
sin(a.) = sin(ayg) BE:: (Z); .
Therefore, the joint distribution is
1 27
r.d, 2,0 y Py 2y TS o (a sy Ol d* C.12
ez, 6:2,00) = s [ Dy oy (00,04 (00)) do (©€12)
1 1 B 1 — sin?
— - sin(ao)\/ (r.2) B0 0) sm'(ao) :
Va(ao) 2 B(r,0) Blra) sin? ()
Position normalization sin (o) e
dag

Finally, combining egs. (C.9), (C.10) and (C.12) yields the result

/2 fzmaz(T,00) — gin2
Vi = 27r/ / / ’ B(r, z)B(lo sin®(ao)) sin(ag)rdz dag dr .
Zmaaz (T,00) (7“, 0) ( (r0) _ sin2(ao)>

Amin B(T,Z)

'Reminder: ay is the pitch angle at the center of the trap, which is different from ..

C.3 Calculation of Effective Trap Volume
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CRLB of a Chirp with Dependent Chirp Rate

In this section the CRLB of a chirp with a dependent chirp rate will be derived. The
derivation takes inspiration from the approach taken in [130] for the CRLB of the
regular chirp.

The signal model is defined as

8(0)] = Ag(t] — tO)e ( o( J to)+ 5 (J to) -‘,—@0) 7

where the free parameters 8 = (A, wy, @0, to) are amplitude A, start frequency wy,
initial phase ¢, and ¢y and g is the window function. Notably, the chirp rate dw(wy)
is not a free parameter.

According to eq. (7.4), the variance of wy has the lower limit
Var (wp) > I_1(49)11 ,

where I is the Fisher information matrix. For complex WGN the Fisher information
matrix can be calculated with [122]

1(0); = 5 Re <8S§ZSH 8;éf)> . (C.13)
The required derivatives are:
02290)] — is(8),(t; — to) (1 + ;a‘ggi”“) (8 — 1 )) ,
2O isto).
0~ —s(0) (i (o + (o) (t — 1)) + H) .

Applying these derivatives to evaluate eq. (C.13), certain sums emerge that can again
be identified as the moments M), = Z;‘;’_ln;m thg?(t;) and M, = Z;‘;’_ln;m th g2 (t)),
where n; is the absolute number of samples, and m is the index of the start time
such that ty = At m with sampling time step At. Assuming a rectangular window,

the moments simplify to M; = Z;L;al AtFj% where n, is the number of signal
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samples. Defining the shorthand m; = Z;‘;al 4%, the non-zero elements of the
Fisher information matrix can be expressed as:

16h0 = %Re (83(9)H as(e)> _2

0A DA o2
2 0s(0)1 0s(6)
I(O)H - gRe ( 00)0 8w0

_ 24%A¢ (2 +1(<%wm)2
- (72 2 0 w0 4 6(«}0 e

2 ds(0)7 9s(0)\ 242
1(6)22 = o2 Re( dpy Opo | o mo

S H S
1(0)33 = %Re (8 ngo) 8(%;9))

2A2 ’ 2 2 2
== (M + wimo + 6w At my + 2w05wAtm1>
o

S H S

2A2At< (86w ) )
=" (m + = [ =—A¢t
o2 Owg

1)1 — 022R6<as(0)H 0s(0 )>

Owg Otg
2
= _2A Al (woml + dwAtmg + = (MAt> (woma + Atm3)>
o2 Owp
2 0s(0)" 0s(0)
1(6)23 = ER ( Jpg Oty
2A2?

= —— (womo + dwAtm;)
o2

For the usual range of magnetic fields the derivative g‘;w is small compared to the

sampling rate, e.g. 85“705‘"0) = —0.0006s~! for B = 0.04 T and 85”(‘”0) = —0.355"1

for B = 0.96T. This implies that At‘%w(w) < 1. Therefore, all terms in the

Fisher information matrix that scale with powers of AtM

are negligible. Set-
ting these terms to zero, inversion of the matrix and evaluation of the sums with

Mathematica [89] yields the CRLB of wy:

. 5w 6

C.4 CRLB of a Chirp with Dependent Chirp Rate
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For the start time ¢, the CRLB result is

2

o
2A2)M

Var <fo) > (C.15)

Thus, inserting eq. (C.15) into eq. (C.14) results in:

0.2
At2A%2(n2 —n.)

Var (@p) > Var (fo) Sw?® + 6
The result has a familiar structure: It is the CRLB for a pure sinusoid with constant

frequency (see eq. (8.5)) with an additional contribution from the uncertainty on
the start time, which is structurally similar to the CRLB of the chirp (see eq. (7.9)).
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Additional Plots

Chirp Model Likelihood Scans
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Fig. D.1.: Modified asimov log-likelihood (eq. (7.19)) of a chirp. Parameters A, dw are
set for electron with Fy;, = 18.6keV, ap = 90° in B = 0.96 T. Other model
parameters are wy = 2720 MHz, tg = 100us, g = 0 and with 7 = 100 us,
T =5K, fs = 200 MHz. Each 2D plot fixes remaining parameters at their true
values, with contour lines indicating the 68% confidence region from Wilks’
theorem. The origin of the coordinate axes is set to the true parameter values.
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Fig. D.2.: Modified asimov log-likelihood (eq. (7.19)) of a chirp. Parameters A, dw are
set for electron with Ey;, = 18.6keV, ag = 90° in B = 0.96 T. Other model
parameters are wy = 27 20 MHz, tg = 100us, g = 0 and with 7 = 1000 us,
T =5K, fs = 200 MHz. Each 2D plot fixes remaining parameters at their true
values, with contour lines indicating the 68% confidence region from Wilks’
theorem. The origin of the coordinate axes is set to the true parameter values.
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Fig. D.3.: Modified asimov log-likelihood (eq. (7.19)) of a chirp. Parameters A, dw are
set for electron with Fy;, = 18.6keV, ag = 90° in B = 0.04T. Other model
parameters are wy = 27 20 MHz, tg = 100us, oo = 0 and with 7 = 1000 us,
T =5K, fs = 200 MHz. Each 2D plot fixes remaining parameters at their true
values, with contour lines indicating the 68% confidence region from Wilks’
theorem. The origin of the coordinate axes is set to the true parameter values.
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Comparison of High and Low Gain Antennas
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Fig. D.4.: Energy resolution AF (a) and detected power P (b) as function of track length
7 for 4 different electrons. Setup and calculation details in chapter 8. Results for
identical setups with the same total effective aperture with gains of 15 and 56
are compared.
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Fig. D.5.: Scans of likelihood of the demo setup in the three 2D-planes for ag = 90°, r =
Om, 7 = 671 us. Likelihood values are converted to m’-o levels (see eq. (7.16)).
Red lines indicate the 1-0 confidence level, black lines the estimated 1-o error
ellipses. The coordinate origin is shifted to the true parameter values (marked
with "x"). Top right depicts estimated correlation matrix with colors ranging from
blue (perfect anti-correlation) to red (perfect correlation).
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Fig. D.6.: 2D scans of the likelihood function of the demo setup for oy = 90°, » = 1.09 m,
T = 671 us. For further details see caption of fig. D.5.
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Fig. D.7.: 2D scans of the likelihood function of the demo setup for ag = 82.17°, r = 1.09 m,
T = 671 us. For further details see caption of fig. D.5.
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Fig. D.8.: 2D scans of the likelihood function of the demo setup for g = 82.17°, r = 1.09 m,
T = 671 us. For further details see caption of fig. D.5.
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