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CHAPTER 1

Introduction

In the 19th century Navier and Stokes developed an equation for studying hydro-
dynamics which is today known as the Navier-Stokes equations:

∂tu− ∆u+ (u · ∇)u+ ∇ϕ = 0 in R3 × (0, T )
div(u) = 0 in R3 × (0, T )
u(0) = u0 in R3.

(NSE)

Here u : [0, T ) ×R3 → R3 describes the velocity of the fluid and ϕ : [0, T ) ×R3 → R
its pressure. The initial velocity of the fluid is given by u0.

While the Navier-Stokes equations might be best known for their appearance
as one of the Millennium problems [41], another interesting question is about the
function space of the initial value.

Note that the Navier-Stokes equations have a natural scaling, meaning that if
u(x, t) is a solution of NSE, then also uλ(x, t) := λu(λ2t, λx) is a solution of the
same equation. A Banach space X is called critical for the Navier-Stokes equations
if the norm in L∞(0, T ;X) is invariant under the natural scaling. Existence of
solutions in such critical spaces is a particularly interesting topic.

For the Navier-Stokes equation the first result of this form is due to Fujita
and Kato [42] from 1964 where they proved global well-posedness for initial data
u0 ∈ Ḣ 1

2 (R3) whenever ∥u0∥Ḣ
1
2

is sufficiently small. The smallness condition is
important for the global existence, otherwise only local well-posedness, i.e., local-
in-time existence and uniqueness is obtained.

For the Lebesgue space L3(R3) global-in-time well-posedness, again under a small-
ness condition for the initial value, was proven independently by Kato [58], Giga
and Miyakawa [51], and Giga [50] in 1984, 1985 and 1986 respectively. Let us
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1 Introduction

mention here that the approach of Giga consists of an abstract result which is not
restricted to the Navier-Stokes equations and also includes the case of smoothly
bounded domains.

In 1989, Giga and Miyakawa [52] considered the setting where the vorticity of
the initial condition, i.e., curl u0, is a measure belonging to some Morrey space.
Moreover, Kato [59] in 1992 showed that for small initial data there exists a unique
global-in-time solution in the Morrey space Lp,3−p(R3) without considering the ini-
tial vorticity. Note that for p = 3 the Lebesgue space result is recovered.

Later in 1995, Cannone generalized Kato’s theorem in his PhD thesis [16] as he
first considered data u0 ∈ L3(R3) but with the smallness condition in the homoge-
neous Besov space Ḃ−1+ 3

p
p,∞ (R3) for 3 < p ≤ 6. In the subsequent paper [17] from

1997, he lifts the assumption u0 ∈ L3(R3) to u0 ∈ Ḃ−1+ 3
p

p,∞ (R3) which further allowed
him to prove an existence and uniqueness result for self-similar solutions in that
Besov space.

In 1996, Planchon [78] extended Cannone’s result to u0 ∈ Lp(R3) ∩ Ḃ−1+ 3
2p

2p,∞ (R3)
for all p > 3/2. Moreover, he conjectured that p > 3/2 might only be a technical
hurdle and that the lower bound could be decreased to 1. For a proof of this fact
we refer to [12, Theorem 5.40].

In their seminal paper [62] from 2001, Koch and Tataru showed global-in-time
well-posedness under a smallness condition in the space BMO−1. Note that this
space contains the critical Lebesgue, Morrey and Besov spaces mentioned before.
Thus, their result is indeed an extension of previous results.

In a recent preprint from 2025, Coiculescu and Palasek [21] proved that the small-
ness condition in [62] is sharp in the sense that there exists large data admitting
two distinct smooth global solutions.

In the light of the so far mentioned results it is a natural question which is the
largest critical space where the Navier-Stokes equations are locally well-posed for
small data. In fact any critical space is continuously embedded in the Besov space
Ḃ−1

∞,∞(R3) see, e.g., [18, Proposition 7]. In 2001, Montgomery-Smith [72] considered
an equation of Navier-Stokes type, which he called cheap Navier-Stokes equations
and showed blow-up the in the endpoint Besov space. However, the case of the
full Navier-Stokes equations was open until 2008 when Bourgain and Pavlović [15]
showed ill-posedness in Ḃ−1

∞,∞(R3). To be precise, they proved that there exist
arbitrarily small initial data in Ḃ−1

∞,∞(R3) producing solutions which are arbitrarily
large in Ḃ−1

∞,∞(R3) after an arbitrarily short time.
More results on ill-posedness include the work of Yoneda [99] from 2010, in

which the author proves ill-posedness in the Besov space Ḃ−1
∞,q(R3) for q > 2 and a

generalized Besov space in between Ḃ−1
∞,2(R3) and Ḃ−1

∞,q(R3) for q > 2. Moreover,
using different techniques Wang [95] extended this results to the case 1 ≤ q ≤ 2.
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Turning to the half-space, literature is much more sparse. Difficulties are gen-
erated for example by the fact that Helmholtz projection and Laplacian do not
commute. Moreover, having a boundary requires to choose boundary conditions
where Dirichlet boundary conditions are the most popular ones, i.e.,

∂tu− ∆u+ (u · ∇)u+ ∇ϕ = 0 in R3
+ × R+

div u = 0 in R3
+ × R+

u(x, t) = 0 on ∂R3
+ × R+

u(x, 0) = u0 in R3
+.

(HNSE)

In 1987 Ukai [93] deduced a solution formula for the Stokes system which implied Lp-
Lq-estimates for the Stokes semigroup. These estimates allow to construct a global
strong solution to (HNSE) under the condition that u is small in L3(R3

+). Later,
Cannone, Planchon and Schonbek [19] improved on this result by imposing the
smallness condition in the homogeneous Besov space Ḃ−1+3/p

p,∞ (R3
+) with 3 < p ≤ 6.

Recently, Watanabe [96] proved the existence of a unique strong solution whenever
u0 ∈ Ḃ−1+3/p

p,1 (R3
+) with 2 < p < ∞. In 2024, Diebou [28] examined steady-state

solutions of the Navier-Stokes equations using tent spaces.
However, as mentioned by Watanabe, the approach of Koch and Tataru for initial

values in BMO−1 is not applicable on the half-space. In 2017, Auscher and Frey
[8] provided an alternative proof for the Koch-Tataru theorem which allows them
to treat Navier-Stokes type equations where the Laplacian is replaced by a general
divergence form operator which is not necessarily self-adjoint. The question whether
their approach can be applied to the half-space case sets the starting point for the
second part of this thesis.

A different direction of study starts with the works of Giga and Miyakawa [52]
and Kato [59] on Morrey spaces. Also in 1992, Taylor [88] considered general
parabolic equations as well as the Navier-Stokes equations on compact Riemannian
manifolds, thus complementing the aforementioned results. For another result on
the full space but on the related Morrey-Campanato space we refer to the work of
Lemarié-Rieusset [64]. Further results on Rd but not for the Navier-Stokes equations
include the work of Wu [98] from 1997 on equations of quasi-geostrophic type
and the work of Wakabayashi [94] from 2018 on parabolic-parabolic Keller-Segel
systems. An overview of the importance of Morrey spaces for the Navier-Stokes
and Euler equations can be found in [65]. Turning to the elliptic setting we refer
to the work of Lieberman [66] from 2003 and the references therein.

Going away from the full space, the literature again is much more sparse. In
2013, de Almeida and Ferreira considered the Navier-Stokes equations on the half-
space equipped with initial and boundary data in suitable Morrey-(type) spaces,
see [25]. They prove existence and uniqueness of mild solutions in said spaces.
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1 Introduction

Maekawa, Miura and Prange [68] considered the Navier-Stokes equations in locally
uniform Lebesgue spaces on Rd

+ which are somewhat similar to Morrey spaces.
They showed analyticity of the Stokes semigroup as well as short time existence to
the Navier-Stokes equations. For domains, Shen [83] in 2003 considered boundary
value problems for elliptic systems on Lipschitz domains with boundary data in
L2-based Morrey spaces. Other than that we are not aware of works on parabolic
equations or related ones on Lipschitz domains.

In 1987, Chiarenza and Frasca [20] considered the Hardy-Littlewood maximal
function as well as Riesz potentials in Morrey spaces. There is quite some literature
on extrapolation to weighted Morrey spaces with weights in the Muckenhoupt class.
In 2013, Shi, Fu and Zhao [86] consider an operator bounded on a weighted Lp-space
that additionally satisfies point-wise estimates under suitable vanishing conditions
on the argument. Then, they deduce boundedness of this operator on certain
Morrey spaces with the same weight.

Further results on weighted Morrey spaces are due to Rosenthal and Schmeisser
[80] as well as Duoandikoetxea and Rosenthal [30]. In difference to the aforemen-
tioned result they assume boundedness in weighted Lp-spaces for all Muckenhoupt
weights (for some p0) and obtain Morrey space boundedness for a much larger class
of spaces, in particular for all integrability exponents 1 < p < ∞. In our context,
however, p-sensitivity is crucial and so these results do not seem to be appropriate
here. This sets the need for a different extrapolation technique from Lebesgue to
Morrey spaces.

Overview
This thesis is structured as follows. In Chapter 2 we introduce the concept of
sectorial operators and the function spaces we will be working in. Moreover, we
define Lipschitz domains and collect important results on this topic.

The main part of this thesis is split into two parts. In Chapters 3–5 we con-
sider elliptic operators on Morrey spaces on Lipschitz domains. We first establish
the notion of weak reverse Hölder estimates. We then examine under which cir-
cumstances a bounded linear operator has an extension from the scale of Lebesgue
spaces to the one of Morrey spaces. As for the techniques employed in that part
of this thesis, Shen’s Lp-extrapolation theorem [84] serves as an important tool to
extrapolate operators from Lebesgue to Morrey spaces. Thus, in our results we will
complement Lp-boundedness with suitable weak reverse Hölder estimates to obtain
estimates in Morrey spaces. In Chapter 4 we apply the extrapolation results from
Chapter 3 first to elliptic operators and then, to some extent, also to the Stokes
operator. In the case of elliptic operators we consider Dirichlet as well as Neumann
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boundary conditions. As both operators emerge through form theory the proofs are
mostly similar, however, at times suitable restrictions are necessary in the case of
Neumann boundary conditions. As an example we mention Lp,µ-Lq,µ-estimates for
the corresponding semigroup which for Neumann boundary conditions are uniform
only in a finite time interval [0, T ], even for mean value free functions. Turning
to the Stokes operator our results are much more sparse. This is primarily due
to the lack of Lp-L∞-estimates which, at least to our understanding, are crucial
for Lp,µ-Lq,µ-estimates. In Chapter 5, we provide the Morrey space version of an
iteration scheme for semilinear problems of the form

∂tu(t) + Au(t) = Fu(t),
u(0) = a,

that were first established by Giga [50] in the Lp-setting and later refined by Tolks-
dorf [90]. Here, Lp-Lq-estimates are replaced by Lp,µ-Lq,µ-estimates so that the
Stokes operator is currently not treatable in this set-up. Subsequently, we apply
this iteration scheme to solve semilinear parabolic problems where the elliptic part
is an elliptic operator in divergence form with Neumann or Dirichlet boundary con-
ditions. Moreover, we assume a certain form of the non-linearity. The original goal
of this first part was to transfer the well-posedness result of Kato on the Navier-
Stokes equations in Morrey spaces, see [59], to Lipschitz domains. However, at least
to our knowledge, this is currently still out of reach as Lp,µ-Lq,µ-estimates for the
Stokes semigroup do not seem to be available.

The starting point for the second part of this thesis was the aforementioned
question of whether the approach of Auscher and Frey for the well-posedness of the
Navier-Stokes equations is also applicable on the half-space. In their approach they
write∫ t

0
e(t−s)∆ P divα(s, ·) ds =

∫ t

0
e(t−s)∆ ∆(s∆)−1(Id − e2s∆)s 1

2P div s 1
2α(s, ·) ds

+
∫ ∞

0
e(t+s)∆ P divα(s, ·) ds

−
∫ ∞

t
e(t+s)∆ Ps− 1

2 div s 1
2α(s, ·) ds

=: A1 + A2 + A3.

The term A3 represents an error term and usually is well-behaved. Whilst the
Hardy estimates appearing in estimating the operator A2 remain open, we were
able to prove boundedness of the maximal regularity operator on the tent space
T∞,2 which plays a crucial role in estimating A1. To this end, in Chapter 6 we
investigate how to extend the Stokes semigroup to non divergence-free functions.
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1 Introduction

The natural way via the Helmholtz projection is not suitable as it does not respect
so-called off-diagonal estimates. However, this type of estimate is crucially used for
extending the maximal regularity operator from L2 to the Tent space T∞,2. It is
for this reason that we take a detour via the Stokes resolvent system. The solution
formula for the Stokes resolvent problem on the half-space allows to extend the
Stokes resolvent to non divergence-free functions. Nonetheless, we need to spend
some time to show that this extended resolvent, while possibly not being an actual
resolvent, still enjoys important properties of resolvents.

In Chapter 7 we use this extended resolvent to define the maximal regularity
operator for the Stokes operator on non divergence-free functions. One obstacle
in this procedure stems from the fact that in the non divergence-free setting the
pressure can not be disregarded. This motivates the definition of an extended
Stokes operator defined on a tuple of functions. In this setting we can then show L2-
boundedness of the extended maximal regularity operator as well as the desired off-
diagonal estimates. Finally, in Chapter 8 we take advantage of a general procedure
for lifting operators from Lebesgue spaces to Tent spaces and show that the maximal
regularity operator on the Tent space T∞,2 is bounded. Moreover, in the spirit of
[10] also time weights and Tent spaces Tp,2 with finite p are considered. Our work
can be seen as a complement of the recent work [9] which considers parabolic
problems and addresses the difficulty of initial values in tent spaces.

Acknowledgement
For reasons of privacy protection, the acknowledgements are left blank in the elec-
tronic version of this thesis.
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CHAPTER 2

Fundamentals in the theory of function spaces

2.1 Sectorial operators and semigroup theory
The aim of this section is to introduce sectorial operators and give a short overview
on basics of semigroup theory needed in this thesis. The goal of semigroup the-
ory is to extend the exponential functions from real numbers, matrices or bounded
operator, all cases in which the exponential series converges, to unbounded opera-
tors. In this setting, an approach via the exponential series is clearly not available.
However, there are several alternatives, for example the Hille approximation using
Euler’s approximation et = limk→∞

(
1 + t

k

)k
. Moreover, Yosida’s approximation

which is based on approximating the unbounded operator in question by bounded
operators has to be mentioned. For more details we refer to [36, Chapter II, 3.3].
In this thesis we use the approach via the Cauchy integral formula. For t > 0, a
complex number a ∈ C and a suitable curve γ we have

e−ta = 1
2πi

∫
γ

etz

z + a
dz.

If we want an analogue of this formula but for an operator A, resolvent estimates
in a suitable sector of the complex plane are required. This leads to the notion
of sectorial operators we introduce now. Before that let us make precise what we
mean by a sector.

Definition 2.1.1. For θ ∈ (0, π) define the sector in the complex plane

Sθ := {z ∈ C \ {0} : | arg(z)| < θ}

and for θ = 0 define Sθ := (0,∞).
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2 Fundamentals in the theory of function spaces

Definition 2.1.2. A linear operatorA in a Banach spaceX with domain D(A) ⊆ X

is called sectorial of angle ω if there exists ω ∈ [0, π) such that the spectrum σ(A)
is contained in Sω and if for every θ ∈ (ω, π] there exists a constant C > 0 such
that

∥λ(λ+ A)−1∥L(X) ≤ C

for all λ ∈ Sπ−θ.

Remark 2.1.3. A sectorial operator is closed as closedness is preserved under
taking inverses.

As an example we note that the operator A = −∆ on L2(Rd) (in fact on Lp(Rd)
for all p ∈ [1,∞]) is sectorial. For a proof we refer to [54, Chap. 8]. It is a classical
result, see, e.g., [36, Sect. II.4], that if A is sectorial of angle ω ∈ [0, π/2), then −A
generates an analytic semigroup via the Cauchy integral of the resolvent. For t > 0
define

e−tA := 1
2πi

∫
γ

etz(z + A)−1 dz,

where γ is any piecewise smooth curve in Sπ−ω going from ∞ e−i(π−θ) to ∞ ei(π−θ)

for some θ ∈ (ω, π/2). The semigroup can be defined for complex numbers in a
suitable sector, for the scope of this thesis, however, positive real arguments are
sufficient.

Note that we do not require A to be densely defined. Consequently, (e−tA)t>0
might not be strongly continuous. To be precise, [67, Proposition 2.1.4.] states that
limt→0+ e−tA x = x if and only if x ∈ D(A).

Recall that reflexivity of the Banach space implies that a sectorial operator is
densely defined, see [54, Proposition 2.1.1]. We will later use this fact to show that
Morrey spaces are not reflexive.

2.2 Function spaces
In this section we introduce the underlying spaces for our work, namely tent spaces
as well as Morrey spaces.

2.2.1 Tent spaces
Tent spaces, with elliptic scaling, were first introduced by Coifman, Meyer and Stein
in 1985, see [22]. For 1 ≤ p, q < ∞ the authors defined the space Tp,q

ell ((0,∞) ×Rd)
as the equivalence classes of those functions f : (0,∞) × Rd → Rd such that

(∫
Rd

(∫ ∞

0

∫
B(x,t)

|f(t, y)|q dy dt
td+1

) p
q

dx
) 1

p

< ∞.
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2.2 Function spaces

Here, the elliptic scaling is manifested by the use of balls B(x, t), meaning center x
and radius t, and normalization parameter t−(d+1). In this thesis we are concerned
with the (Navier)-Stokes equations which are a system of parabolic equations so
that a parabolic scaling seems more appropriate. In our setting we restrict ourselves
to q = 2, however, we need to include the case p = ∞ in which the definition is
slightly different. We now consider the half-space case, i.e., functions defined on
(0,∞) × Rd

+. By Rd
+ we mean Rd−1 × R+ and elements x ∈ Rd

+ will sometimes be
denoted as x = (x′, xd) with x′ ∈ Rd−1 and xd > 0.

Definition 2.2.1 (Parabolic tent spaces). For p ∈ [1,∞) we define the tent space
Tp,2((0,∞) × Rd

+) (with parabolic scaling) as the space of (equivalence classes of)
measurable functions f on (0,∞) × Rd

+ with values in Rd such that

∥f∥Tp,2((0,∞)×Rd
+) :=

(∫
Rd

+

(∫ ∞

0

∫
B(x,

√
t)∩Rd

+

t−
d
2 |f(t, y)|2 dy dt

) p
2

dx
) 1

p

< ∞.

For p = ∞ we define T∞,2((0,∞) × Rd
+) as the space of (equivalence classes of)

measurable functions f on (0,∞) × Rd
+ with values in Rd such that

∥f∥T∞,2((0,∞)×Rd
+) := sup

x∈Rd
+

sup
t>0

(∫ t

0

∫
B(x,

√
t)∩Rd

+

t−
d
2 |f(s, y)|2 dy ds

) 1
2

< ∞.

Remark 2.2.2. • The tent space Tp,2((0,∞)×Rd) is defined analogously after
replacing Rd

+ by Rd.

• Note that one can switch between the two scalings as explained in [8]. To
be precise for 1 ≤ p < ∞ we have f ∈ Tp,2((0,∞) × Rd) if and only if
tf(t2, ·) ∈ Tp,2

ell ((0,∞) × Rd). Indeed, the substitution s = t2 shows

(∫
Rd

(∫ ∞

0

∫
B(x,t)

|tf(t2, y)|2 dy dt
td+1

) p
2

dx
) 1

p

=
(∫

Rd

(∫ ∞

0

∫
B(x,

√
s)
s|f(s, y)|2 dy

td/2+1/2
ds
s

1
2

) p
2

dx
) 1

p

=
(∫

Rd

(∫ ∞

0

∫
B(x,

√
s)

|f(s, y)|2 dy dt
s

d
2

) p
2

dx
) 1

p

.

The same proof applies on the half-space and for general 1 ≤ q < ∞ with
the adaptation that tf(t2, ·) is replaced by t

2
q f(t2, ·). For p = ∞ the situation

is more involved as the definition of T∞,2
ell ((0,∞) × Rd) varies in this case.

However, the same correspondence as for p < ∞ holds.
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2 Fundamentals in the theory of function spaces

• As long as there is no confusion about the set the functions are defined on,
we do not mention the set in the norm.

For p < ∞ the inner integral in the definition of the tent space norm is taken
over a cone, i.e., over a set of the form {(y, t) ∈ Rd+ × R+ : |x− y| <

√
t} for some

x ∈ Rd
+. It is natural to ask whether the corresponding function space changes

when replacing
√
t by α

√
t for some α > 0, denoting the angle of aperture of the

cone. Additionally, we consider time weights of the form tβ with β ∈ R.

Definition 2.2.3. Let α > 0 and β ∈ R. For p ∈ [1,∞) define the tent space
Tp,2

α ((0,∞)×Rd
+, t

β dt dx) as the space of measurable functions f : (0,∞)×Rd
+ → Rd

such that

∥f∥Tp,2
α (tβ dt dx) :=

(∫
Rd

+

(∫ ∞

0

∫
B(x,α

√
t)∩Rd

+

t−
d
2 |f(t, y)|2 dy tβdt

) p
2

dx
) 1

p

< ∞.

Moreover, define the tent space T∞,2((0,∞) × Rd
+, s

β ds dx) as the space of those
measurable functions f : (0,∞) × Rd

+ → Rd such that

∥f∥T∞,2(sβ ds dx) := sup
x∈Rd

+

sup
t>0

(∫ t

0

∫
B(x,

√
t)∩Rd

+

t−
d
2 |f(s, y)|2 dy sβds

) 1
2

< ∞.

As in the whole space setting, the definition of Tp,2((0,∞) × Rd
+, t

β dt dx) sim-
plifies, with the same proof, for p = 2 as follows:

Proposition 2.2.4. Let β ∈ R. Then it holds T2,2((0,∞) × Rd
+, t

β dt dx) =
L2((0,∞) × Rd

+, t
β dt dx) with equivalence of norms.

Proof. Writing χA for the characteristic function of a set A and applying Fubini’s
theorem, for f ∈ T2,2((0,∞) × Rd

+, t
β dt dx) we have

∥f∥2
T2,2(tβ dt dx) =

∫
Rd

+

∫ ∞

0

∫
B(x,

√
t)∩Rd

+

t−
d
2 |f(t, y)|2 dy tβdt dx

=
∫ ∞

0

∫
Rd

+

∫
Rd

+

χB(x,
√

t)(y) dx t− d
2 |f(t, y)|2 dy tβdt

≃
∫ ∞

0

∫
Rd

+

|f(t, y)|2 dy tβdt.

In the last step we used that due to x ∈ Rd
+ the intersection B(x,

√
t) ∩ Rd

+ is of
size t d

2 .

Next, we establish boundedness properties of the extension-by-zero operator.
These will be useful to transfer results from the full-space case to the half-space
one.

10



2.2 Function spaces

Proposition 2.2.5. Let α > 0 and β ∈ R. For p ∈ [1,∞) and f ∈ Tp,2
α ((0,∞) ×

Rd
+, t

β dt dx) define

E0f : (0,∞) × Rd → Rd

(t, x) 7→

f(t, x), x ∈ Rd
+,

0, else,

and do so analogously for f ∈ T∞,2((0,∞) ×Rd
+, s

β ds dx). For p ∈ [1,∞) we then
have E0f ∈ Tp,2

α ((0,∞) × Rd, tβ dt dx) with

∥f∥Tp,2
α ((0,∞)×Rd

+,tβ dt dx) ≤ ∥E0f∥Tp,2
α ((0,∞)×Rd,tβ dt dx) ≤ 2∥f∥Tp,2

α ((0,∞)×Rd
+,tβ dt dx).

For p = ∞ the same statement holds true.

Proof. For simplicity, we only prove the statement for α = 1 and β = 0. For
general parameters the same proof applies.

Note that first inequality is trivially satisfied. For the second inequality let
f ∈ Tp,2((0,∞)×Rd

+) and E0f as defined above. We first consider the case p = ∞.
By definition, we need to estimate

(2.1)
(∫ t

0

∫
B(x,

√
t)∩Rd

t−
d
2 |E0f(s, y)|2 dy ds

) 1
2

uniformly in x ∈ Rd and t > 0. For x ∈ Rd
+ and t > 0, we can estimate (2.1) by

∥f∥T∞,2((0,∞)×Rd
+) as E0f ≡ 0 on Rd

−. Let us now consider x ∈ Rd
− and t > 0. Then

we have B(x,
√
t)∩Rd

+ ⊆ B(x∗,
√
t) where x∗ is the reflection of x at the half-space.

As E0f = 0 in Rd
−, we obtain

(∫ t

0

∫
B(x,

√
t)∩Rd

t−
d
2 |E0f(s, y)|2 dy ds

) 1
2

≤
(∫ t

0

∫
B(x∗,

√
t)∩Rd

+

t−
d
2 |f(s, y)|2 dy ds

) 1
2

so that also in this case (2.1) is controlled by ∥f∥T∞,2((0,∞)×Rd
+). Hence, we obtain

E0f ∈ T∞,2((0,∞) × Rd) with ∥f∥T∞,2((0,∞)×Rd
+) ≥ ∥E0f∥T∞,2((0,∞)×Rd).

Now, we consider the case p < ∞. To show E0f ∈ Tp,2((0,∞) × Rd), writing
B := B(x,

√
t) for x ∈ Rd and t > 0, we split the norm defining integral as follows

(∫
Rd

(∫ ∞

0

∫
B
t−

d
2 |E0f(t, y)|2 dy dt

) p
2

dx
) 1

p

≤
(∫

Rd
+

(∫ ∞

0

∫
B
t−

d
2 |E0f(t, y)|2 dy dt

) p
2

dx
) 1

p

+
(∫

Rd
−

(∫ ∞

0

∫
B
t−

d
2 |E0f(t, y)|2 dy dt

) p
2

dx
) 1

p

.

11



2 Fundamentals in the theory of function spaces

As before, the first integral can be bounded by ∥f∥Tp,2((0,∞)×Rd
+). For the second we

use again that B(x,
√
t)∩Rd

+ ⊆ B(x∗,
√
t) holds for x ∈ Rd

− and t > 0 and conclude
as for p = ∞.

Note that for investigating the effect of changing the aperture it is sufficient to
understand the unweighted case as explained in [10, Corollary 2.2]. It was already
shown by Coifman, Meyer and Stein in [22, Proposition 4] that the function space
stays the same and ∥·∥Tp,2

α
defines an equivalent norm on Tp,2((0,∞)×Rd). In 2008,

the equivalence constants were improved by Hytönen, van Neerven and Portal in
[57, Theorem 4.3], to be precise the power of α was lowered from d to d/min (p, 2)
which later will be crucial. Moreover, they proved sharpness of this estimate up to
the logarithmic factor which was removed by Auscher [5] in 2011. Our result then is
the half-space version in the weighted case, however, sharpness remains open. Here,
and in the remainder of this thesis we use the notation A ≲ B as an abbreviation
for the existence of an implicit constant C > 0 such that A ≤ CB holds. If both
A ≲ B and B ≲ A hold, we write A ≃ B.

Proposition 2.2.6. Let 1 < p < ∞, α ≥ 1 and β ∈ R. Then there exists a
constant C > 0 such that, for all f ∈ Tp,2((0,∞) × Rd

+, t
β dt dx) we have

∥f∥Tp,2(tβ dt dx) ≤ ∥f∥Tp,2
α (tβ dt dx) ≲ (1 + logα)α d

τ ∥f∥Tp,2(tβ dt dx)

where τ = min(p, 2) and the implicit only depends on d and p.

Proof. Let f ∈ Tp,2((0,∞) × Rd
+, t

β dt dx). Using its extension by zero E0f and
Proposition 2.2.5 followed by Corollary 2.2 in [10], we obtain

∥f∥Tp,2((0,∞)×Rd
+,tβ dt dx) ≤ ∥E0f∥Tp,2((0,∞)×Rd,tβ dt dx)

≤ ∥E0f∥Tp,2
α ((0,∞)×Rd,tβ dt dx)

≤ C(1 + logα)α d
τ ∥E0f∥Tp,2((0,∞)×Rd,tβ dt dx)

≤ 2C(1 + logα)α d
τ ∥f∥Tp,2((0,∞)×Rd

+,tβ dt dx),

where C is the constant from Corollary 2.2 in [10]. Using Proposition 2.2.5 for
Tp,2

α ((0,∞) × Rd, tβ dt dx), we conclude the proof.

We end this subsection with a remark on a slightly different definition for tent
spaces and a notational convention.

Remark 2.2.7. Sometimes it is more convenient to work with cubes instead of
balls in the inner integral of the tent space norm. To be precise, instead of a ball
B(x,

√
t) we can also choose a cube Q(x,

√
t) with center x and side length 2

√
t.

12



2.2 Function spaces

This defines the same space of functions with an equivalent norm. Indeed, for
x ∈ Rd

+ and t > 0 we have

B(x,
√
t) ⊆ Q(x,

√
t) ⊆ B(x,

√
d
√
t).

For p = ∞ this concludes the proof as the supremum is taken over all t > 0. For
p ∈ [1,∞) the claim follows from Proposition 2.2.6 on changing the aperture.

Convention 2.2.8. In the remainder of this thesis we will only work with tent
spaces on (0,∞) × Rd

+ so this part of the notation of the norm will be dropped
from now on. Moreover, if α = 1 or β = 0 we also drop the respective parts, i.e.,
for 1 ≤ p < ∞ we write Tp,2 := Tp,2

1 (t0 dt dx).

2.2.2 Morrey spaces
Morrey spaces were introduced by Morrey in 1938, see [73]. For further works on
Morrey spaces we refer to the overviews [76] and [1] as well as the references therein.

Here, we want to work on Rd as well as on bounded domains. As the definition
of Morrey spaces on bounded domains is at first sight slightly different, we have
two different definitions.

Definition 2.2.9. For 0 ≤ λ < d and 1 ≤ p < ∞ define the Morrey space Lp,λ(Rd)
as the space of all f ∈ Lp

loc(Rd) such that

∥f∥p
Lp,λ(Rd) := sup

x0∈Rd

r>0

1
rλ

∫
B(x0,r)

|f(x)|p dx < ∞.

In the following, let Ω ⊆ Rd be a bounded measurable set.

Definition 2.2.10. For 0 ≤ λ < d and 1 ≤ p < ∞ the Morrey space Lp,λ(Ω) is
defined as the space of all f ∈ Lp(Ω) that satisfy

∥f∥p
Lp,λ(Ω) := sup

x0∈Ω
0<r≤1

1
rλ

∫
B(x0,r)∩Ω

|f(x)|p dx < ∞.

Notice that Hölder’s inequality together with λ < d and r ≤ 1 implies that the
Morrey spaces are nested for increasing p. Next, we show that it is not necessary
to restrict to small radii in the previous definition, which will be useful later on.
Moreover, we consider E0, the extension by 0 from a bounded domain to Rd similarly
to Proposition 2.2.5 and prove that this is a bounded operator.

13



2 Fundamentals in the theory of function spaces

Lemma 2.2.11. Let Ω ⊆ Rd be bounded and measurable. On Lp,λ(Ω) we consider
the norm ∥̃ · ∥Lp,λ(Ω) defined by

∥̃f∥
p

Lp,λ(Ω) := sup
x0∈Ω,

0<r<∞

1
rλ

∫
B(x0,r)∩Ω

|f(x)|p dx

and constitutes an equivalent norm on Lp,λ(Ω).

Proof. Note that ∥f∥Lp,λ(Ω) ≤ ∥̃f∥Lp,λ(Ω) is trivially true for f ∈ Lp,λ(Ω).
For the reverse inequality we start by noting that for x0 ∈ Ω and r ≥ diam(Ω)

the expression

1
rλ

∫
B(x0,r)∩Ω

|f(x)|p dx

is decreasing in r as for such r we have B(x0, r) ∩ Ω = Ω. Hence, it suffices to
treat the case r ≤ diam(Ω). It is clear that for diam(Ω) ≤ 1, there is nothing to
show. Otherwise, let x0 ∈ Ω and r ∈ (1, diam(Ω)) be arbitrary. We then want to
cover B(x0, r) with balls B(xi, r̃) where xi ∈ Ω for i = 1, . . . , N for some N ∈ N.
Those balls shall all have the same radius r̃ ≤ 1, furthermore the radius r̃ needs to
be comparable to r. One way to achieve that is to choose r̃ := r

diam(Ω) . Then, the
number of such balls necessary to cover B(x0, r) depends only on diam(Ω) and the
dimension d.

In fact, N := ⌈diam(Ω)
√
d⌉d balls suffice. To see this, note that B(x0, r) is

contained in Q(x0, r), the cube centred in x0 with side length 2r. Moreover, the
largest cube in a ball with radius r̃ has side length 2r̃/

√
d. Then, ⌈diam(Ω)

√
d⌉d

of such cubes cover the cube Q(x0, r). In particular, the corresponding balls cover
the ball B(x0, r).

Hence, there are N balls with centres xi, i = 1, . . . , N and radius r
diam(Ω) such

that B(x0, r) ⊂ ⋃N
i=1 B(xi,

r
diam(Ω)). Using the triangle inequality we have

(
1
rλ

∫
B(x,r)∩Ω

|f(y)|p dy
) 1

p

≤
N∑

i=1

(
diam(Ω)λ

diam(Ω)λrλ

∫
B(xi,

r
diam(Ω) )∩Ω

|f(y)|p dy
) 1

p

≤ diam(Ω)− λ
pN∥f∥Lp,λ(Ω)

which shows the desired estimate. Now that ∥̃ · ∥Lp,λ(Ω) is well-defined, it is clear
that it also defines a norm on Lp,λ(Ω).

From now on, we do not distinguish betweens these two norms and use ∥ ·∥Lp,λ(Ω)
for both. Equipped with the previous result, we now compare Morrey spaces with
Lebesgue spaces.
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2.2 Function spaces

Proposition 2.2.12. Let Ω ⊆ Rd be a bounded measurable set, 1 ≤ p < ∞ and
0 ≤ λ < d. Then Lp,λ(Ω) ⊆ Lp(Ω) with

∥f∥Lp(Ω) ≤ (diam(Ω))
λ
p ∥f∥Lp,λ(Ω)

for all f ∈ Lp,λ(Ω).

Proof. Let f ∈ Lp,λ(Ω) and x0 ∈ Ω be arbitrary. Then B(x0, diam(Ω)) ∩ Ω = Ω
holds true. Consequently, we have

∫
Ω

|f(x)|p dx = (diam(Ω))λ

(diam(Ω))λ

∫
B(x0,diam(Ω))∩Ω

|f(y)|p dy

≤ (diam(Ω))λ∥f∥p
Lp,λ(Ω)

which after taking the p-th root concludes the proof.

The inclusion of Lq(Ω) into Lp,λ(Ω) (for suitable q ≥ p) can be proven without
any boundedness assumption.

Proposition 2.2.13. Let Ω ⊆ Rd be either a bounded measurable set or Rd and let
0 ≤ λ < d and 1 ≤ p < ∞. Then, for q = d

d−λ
p ≥ p we have

∥f∥Lp,λ(Ω) ≲ ∥f∥Lq(Ω)

for all f ∈ Lq(Ω). Moreover, if Ω is bounded, the result is true even for all q ≥ d
d−λ

p.

Proof. Let f ∈ Lq(Ω) be arbitrary. In order to estimate the Lp,λ(Ω)-norm, fix
x0 ∈ Ω and r > 0. By Jensen’s inequality we then have

(
1
rλ

∫
B(x0,r)∩Ω

|f(x)|p dx
) 1

p

= |B(x0, r) ∩ Ω|
1
p r− λ

p

(
−
∫

B(x0,r)∩Ω
|f(x)|p dx

) 1
p

≤ |B(x0, r) ∩ Ω|
1
p

− 1
q r− λ

p

(∫
B(x0,r)∩Ω

|f(x)|q dx
) 1

q

≲ r
d−λ

p
− d

q ∥f∥Lq(Ω),

as 1
p

− 1
q

≥ 0. Note that q = d
d−λ

p is equivalent to d−λ
p

= d
q

and this concludes
the proof of the first part. The second statement is a direct consequence of the
inclusion of Lebesgue spaces on bounded sets (sets of finite measure to be precise)
due to Hölder’s inequality.

To conclude our introductory part on Morrey spaces, we show that functions in
Lp,λ(Ω) can continuously be extended to Rd.
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2 Fundamentals in the theory of function spaces

Lemma 2.2.14. Let 1 ≤ p < ∞ and 0 ≤ λ < d. For a bounded and measurable
set Ω ⊆ Rd the extension operator E0 : Lp,λ(Ω) → Lp,λ(Rd) is bounded.

Proof. Let x0 ∈ Rd and r > 0 be arbitrary. If B(x0, r) ∩ Ω = ∅, then there
is nothing to show. So, assume B(x0, r) ∩ Ω ̸= ∅, in other words, there exists
y ∈ B(x0, r) ∩ Ω. Then we have B(y, 2r) ⊃ B(x0, r) and thus

(
1
rλ

∫
B(x0,r)

|E0f(y)|p dy
) 1

p

=
(

1
rλ

∫
B(x0,r)∩Ω

|Ef(y)|p dy
) 1

p

≤ 2λp

(
1

(2r)λ

∫
B(y,2r)∩Ω

|f(y)|p dy
) 1

p

≤ 2λp∥f∥Lp,λ(Ω).

We then conclude that E0 is bounded with ∥E0∥ ≤ 2λp.

2.3 Lipschitz domains
In this section we introduce Lipschitz domains. In the literature on partial differ-
ential equations on a domain Ω ⊆ Rd it is often assumed that Ω has smooth enough
boundary, usually meaning at least C1-boundary. This, however, is not suitable for
applications as in real life, the domains in question may have edges or corners. In
this thesis, we will consider elliptic systems as well as the Stokes equation on do-
mains which are not C1 but merely Lipschitz. We will make this definition precise
in a second but for now we think of a domain lying above the graph of a Lipschitz
continuous function (a so-called special Lipschitz domain). In view of Rademacher’s
theorem (a Lipschitz continuous function is differentiable almost everywhere) this
is a natural extension of C1-domains.

As for notation, for x ∈ Rd, we write x′ = (x1, . . . , xd−1) and for sets A,B ⊆ Rd,
we define A±B := {a±b : a ∈ A and b ∈ B}. Let us now rigorously define Lipschitz
domains following [85].

Definition 2.3.1. A bounded, open and connected set Ω ⊆ Rd is called a bounded
strong Lipschitz domain, or short, bounded Lipschitz domain, if there exist r0,M >

0 such that for each point y ∈ ∂Ω there exists a Lipschitz continuous function
ηy : Rd−1 → R with ηy(0) = 0 and ∥∇ηy∥L∞(Rd−1) ≤ M , and a rotation Ry : Rd → Rd

such that for all 0 < r ≤ r0 we have

Ry(Ω − {y}) ∩D(r) = Dηy(r),
Ry(∂Ω − {y}) ∩D(r) = Iηy(r),
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2.3 Lipschitz domains

where

D(r) := {(x′, xd) : |x′| < r, |xd| < 10d(M + 1)r},
Dηy(r) := {(x′, xd) : |x′| < r, ηx(x′) < xd < 10d(M + 1)r},
Iηy(r) := {(x′, xd) : |x′| < r, ηx(x′) = xd}.

Sets of the form Dηy(r) with η, y and r as above will be called Lipschitz cylinders.
Lipschitz cylinders are indeed Lipschitz domains on their own. However, the proof
is technical and we refer to [90, Lemma 1.3.25].

Another useful notion is the one of special Lipschitz domains.

Definition 2.3.2. Let φ : Rd−1 → R satisfy

|φ(x′) − φ(y′)| ≤ M |x′ − y′|

for all x′, y′ ∈ Rd−1, i.e., φ is Lipschitz continuous with Lipschitz constant at most
M . Then, a set D is called special Lipschitz domain if

D = R{(x′, xd) ∈ Rd : xd > φ(x′)}

for some rotation R. The smallest M for which the above holds is called bound of
the special Lipschitz domain D.

In order to define surface measures on the boundary of Lipschitz domains, we
first need to introduce some notation. The next part is taken from [90, Section 1.3].

For a bounded Lipschitz domain Ω, y ∈ ∂Ω and 0 < r ≤ r0, let Rx denote the
rotation according to Definition 2.3.1. Define Uy,r := {y} + R−1

y D(r). Moreover,
we call the function

Φy,r : B′(0, r) → ∂Ω ∩ Uy,r

x′ 7→ y +R−1
y

 x′

ηy(x′)

 .
coordinate function, where B′(0, r) denotes the ball in Rd−1 centred in 0 and with
radius r.

An important notion concerning Lipschitz domains is the so-called Lipschitz char-
acter. We follow the discussion in [77, Section 5].

Definition 2.3.3. Let Ω ⊆ Rd, d ≥ 2 be a bounded Lipschitz domain and
x1, . . . , xn ∈ ∂Ω be such that {Uxi,r0}n

i=1 covers ∂Ω. We say that a constant C > 0
depends on the Lipschitz character of Ω if it depends on n and M , where M is
constant from the definition of Lipschitz domains in Definition 2.3.1.
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2 Fundamentals in the theory of function spaces

Now, we are able to introduce surface measures. To this end let Ω ⊆ Rd be
a bounded Lipschitz domain, fix finitely many points x1, . . . , xn ∈ ∂Ω and a ra-
dius 0 < r ≤ r0 such that the family (Uxi,r)n

i=1 covers ∂Ω. Such points exist by
compactness of ∂Ω.

Definition 2.3.4. A set A ⊆ ∂Ω is measurable if for all 1 ≤ i ≤ n the set Φ−1
xi,r

(A∩
Uxi,r) is measurable with respect to the (d − 1)-dimensional Lebesgue measure.
Define the sets

A1 := A ∩ Ux1,r, Ak+1 := (A ∩ Uxk+1,r) \
k⋃

i=1
Ai.

Then we define the surface measure σ(A) as follows

(2.2) σ(A) :=
n∑

i=1

∫
Φ−1

xi,r(Ai)
(1 + |∇y′ηxi

(y′)|2) 1
2 dy′.

Recall that due to polar coordinates for f ∈ L1
loc(Rd) and any ball B(x, r) we

have ∫
B(x,r)

f(y) dy =
∫ r

0

∫
∂B(x,s)

f(z) dσ(z) ds

where σ is the surface measure on ∂B(x, s). We aim to use a similar argument
later on in the derivation of reverse Hölder estimates, but with B(x, r) replaced by
a Lipschitz cylinder. In order to make this argument precise we need the so-called
co-area formula. For a proof we refer to [40, Theorem 3.2.12].

Theorem 2.3.5 (Co-area formula). Let d ≥ 2. If f : Rd → R is Lipschitz contin-
uous and g is the representative of a function g ∈ L1(Rd), then

∫
Rd

g(x)
[

d∑
i=1

|∂if(x)|2
] 1

2

dx =
∫
R

∫
f−1(y)

g(x) dmd−1(x) dy,

where md−1 denotes the (d− 1)-dimensional Hausdorff measure on Rd.

Recall that the (d− 1)-dimensional Hausdorff measure on Rd−1 coincides up to a
constant with the (d−1)-dimensional Lebesgue measure, see, e.g., [35, Satz III.2.9].
We apply the co-area formula to prove the following lemma. We will see in the proof
that it is crucial to exclude the set Iη(2) on the right-hand side of the assumption.

Lemma 2.3.6. Let 1 ≤ p < ∞ and u ∈ L2(Rd) satisfy

(∫
Dη(1)

|u|p dx
) 2

p

≤ C
∫

∂Dη(t)\Iη(2)
|u|2 dσ
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for some C > 0 and all t ∈ (1, 2), then also

(∫
Dη(1)

|u|p dx
) 1

p

≤ C ′
(∫

Dη(2)
|u|2 dx

) 1
2

holds true for some C ′ > 0 depending on C and d.

Proof. We integrate the inequality for t between 1 and 2 to obtain

(∫
Dη(1)

|u|p dx
) 2

p

≤ C
∫ 2

1

∫
∂Dη(t)\Iη(2)

|u|2 dσ dt

≤ C
∫ 2

1

∫
∂Dη(t)\Iη(2)

|u|2 dmd−1 dt

where we used that the surface measure is comparable to the (d − 1)-dimensional
Lebesgue measure and the previous note about comparability of Hausdorff and
Lebesgue measure. It remains to apply the co-area formula in the following way.
Define a function f via

f : Rd → R
x 7→ t ⇔ x ∈ ∂D(t)
0 7→ 0.

For x ∈ ∂D(t) and y ∈ ∂D(s), by definition of the cylinders, we have

|f(x) − f(y)| = |t− s| ≤ |x− y|

so that f is Lipschitz continuous with Lipschitz constant 1. In particular, the partial
derivatives appearing in the co-area formula are bounded by 1 in light of the mean
value theorem. Moreover, note that Dη(2) ∩ f−1(t) = ∂Dη(t) \ I(2). Hence, an
application of the co-area formula with g = |u|2χDη(2) concludes the proof.

Later on we need to extend functions from a bounded Lipschitz domain Ω ⊆
Rd to the full space. If a function satisfies Dirichlet boundary conditions, the
extension by zero works as expected. However, dealing with Neumann boundary
conditions, things are more delicate. In general, the question whether there is a
bounded extension operator from Wk,p(Ω) to Wk,p(Rd) is its own field of study
and leads to the notion of Wk,p-extension domains or universal Sobolev extension
domains. Using this theory, one can show that Lipschitz domains are universal
Sobolev extension domains but a lot of definitions would be required. For the
sake of completeness we remark that every Lipschitz domain is an (ε, δ)-domain,
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2 Fundamentals in the theory of function spaces

see [32, Lemma 2.2.20], and every (ε, δ)-domain is a universal Sobolev extension
domain, see [79, Theorem 8].

However, such a sophisticated method is not necessary in our setting. For our
purpose the extension result by Stein [87, Section VI Theorem 3.5] suffices. We
now introduce the notion of a minimally smooth boundary.

Definition 2.3.7. Let D be an open set in Rd and let ∂D denote its boundary. We
say that ∂D is minimally smooth if there exists an ε > 0, an integer N , a constant
M > 0 and a sequence U1, U2, . . . , of open sets so that:

(i) If x ∈ ∂D, then B(x, ε) ⊆ Ui for some i.

(ii) No point of Rd is contained in more than N of the Ui.

(iii) For each i there exists a special Lipschitz domain Di, whose bound does not
exceed M so that

Ui ∩D = Ui ∩Di.

Theorem 2.3.8. Let Ω ⊆ Rd be a bounded Lipschitz domain. Then, ∂Ω is mini-
mally smooth.

Proof. For x ∈ ∂Ω let Rx denote the rotation from Definition 2.3.1. Then the
family (R−1

x (Rxx + D(r0/2)))x∈∂Ω is an open cover of ∂Ω. As rotations are linear
maps, these sets in fact coincide with the sets Ux,r0/2 introduced earlier. As Ω
is bounded, its boundary ∂Ω is compact and thus there are finitely many points
x1, . . . , xN ∈ ∂Ω such that the family (Uxi,r0/2)i=1,...,N covers ∂Ω.

We then claim that with the choice of Ui = Uxi,r0 and ε = r0/4, the conditions
of Definition 2.3.7 are satisfied.

The second condition is trivially satisfied, as we only use finitely many Ui. The
first condition is a consequence of the fact that Uxi,r0/2 covers ∂Ω and for y ∈
Uxi,r0/2 also B(y, r0/4) ⊆ Uxi,r0 is true. As Ω is a Lipschitz domain, we have
Rxi

(Ω ∩ Ui) = Dηxi
(r0). Hence, choosing Di := {(x′, xd) ∈ Rd : xd > ηxi

(x′)} we
have Ω ∩Ui = Ui ∩R−1

xi
Di. Then, the claim follows because the property of special

Lipschitz domains, by definition, is preserved under rotations.

Let us now state the announced extension theorem by Stein.

Theorem 2.3.9. Let Ω ⊆ Rd be a bounded Lipschitz domain. Then there exists an
operator E mapping functions on Ω to functions on Rd with the properties

(i) E(f)|Ω = f , that is, E is an extension operator.

(ii) For 1 ≤ p ≤ ∞, E maps W1,p(Ω) continuously into W1,p(Rd).

A consequence of the extension theorem is that a bounded Lipschitz domain is a
so called d-set in the following sense.
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2.3 Lipschitz domains

Theorem 2.3.10. Let Ω ⊆ Rd be a bounded Lipschitz domain and r0 > 0. Then
there exists a constant C > 0 depending on r0 such that for all x ∈ Ω and 0 < r ≤ r0
it holds

|B(x, r) ∩ Ω| ≥ Crd.

Proof. For x ∈ Ω and r0 = 1 this is the statement of [55, Theorem 2]. General radii
r0 > 0 are a consequence of [32, Lemma 1.2.23]. General centres follow from the
fact that for x ∈ Ω and r > 0 there exists y ∈ Ω satisfying B(y, r/2) ⊆ B(x, r).

To conclude this introductory chapter, we establish a Poincaré inequality on
Lipschitz cylinders. Again, this can be proved in more generality, see [34, Section
7], but requires more technical tools. As the general case is not necessary in this
thesis, we restrict ourselves to Lipschitz cylinders. Moreover, in contrast to the
classical Poincaré inequality where the function is required to vanish on the whole
boundary, we only assume this on a part of the boundary. More precisely, we later
consider solutions to a resolvent problem on Ω with Dirichlet boundary values. If,
for a second, we assume the solution u to be smooth, then our boundary condition
on the Lipschitz cylinder would read u = 0 on I(r). Hence, we need to define
Sobolev spaces with partially vanishing trace.

Definition 2.3.11. Let Ω ⊆ Rd a domain and E ⊆ Ω. Define

C∞
E (Rd) := {u ∈ C∞

c (Rd) : dist(supp(u), E) > 0}
C∞

E (Ω) := {u|Ω : u ∈ C∞
E (Rd)}

and finally the Sobolev space with partially vanishing trace as the completion of
C∞

E (Ω) in Wk,p(Ω), i.e.,
Wk,p

E (Ω) := C∞
E (Ω)∥·∥Wk,p(Ω) .

This indeed is an extension of the classical Sobolev spaces as Wk,p
∂Ω(Ω) = Wk,p

0 (Ω)
holds true. For a proof of this fact and further details on Sobolev spaces with
partially vanishing trace we refer to [32, Section 1.2.5]. Coming back to the Poincaré
inequality, the general version mentioned before require technical tools which go
beyond the scope of this thesis. However, in our situation of a Lipschitz cylinder
Dη(r) and Wk,p

E (Ω) with E = Iη(r) an elementary proof is available which we
present next.

Proposition 2.3.12 (Poincaré inequality on Lipschitz cylinders). Let Ω be a boun-
ded Lipschitz domain and Dη(r) with 0 < r ≤ r0 a corresponding Lipschitz cylinder.
Define E := Iη(r). Then, there exist a constant C depending only on d and the
Lipschitz character of Ω such that for all u ∈ W1,2

E (Ω) we have∫
Dη(r)

|u|2 dx ≤ C
∫

Dη(r)
|∇u|2 dx.
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2 Fundamentals in the theory of function spaces

Proof. The strategy of the proof is essentially the one for W1,2
0 (Ω) where Ω is a

bounded domain. By density it suffices to consider u ∈ C∞
E (Dη(r)). Denote by ũ its

extension by 0 to D(r). It is clear that ũ ∈ C∞(D(r)). Writing x′ = (x1, . . . , xd−1),
for all x ∈ Dη(r) we have

u(x) = ũ(x)

= ũ(x1, . . . , xd−1, η(x′)) +
∫ xd

η(x′)
∂dũ(x1, . . . , xd−1, t) dt.

Hence by Hölder’s inequality,

|u(x)|2 ≤
(∫ xd

η(x′)
|∂dũ(x1, . . . , xd−1, t)| dt

)2

≤
(∫ 10d(M+1)r0

η(x′)
1 · |∂dũ(x1, . . . , xd−1, t)| dt

)2

≤ (2 · 10d(M + 1)r0)
∫ xd

η(x′)
|∂dũ(x1, . . . , xd−1, t)|2 dt.

Integrating this point-wise estimate with respect to |xd| ≤ 10d(M + 1)r0 implies

∫ 10d(M+1)r0

−10d(M+1)r0
|ũ(x)|2 dxd ≤ (2 · 10d(M + 1)r0)2

∫ 10d(M+1)r0

−10d(M+1)r0
|∂dũ(x1, . . . , xd−1, t)|2 dt.

Integrating over D(r) with respect to the first (d−1) components yields the desired
estimate for all u ∈ C∞

E (Dη(r)) due to |∂dũ| ≤ |∇u|. We conclude the proof by
density.
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CHAPTER 3

Extrapolation on Morrey spaces: abstract results

In this chapter we are concerned with the question of when and how boundedness of
operators transfers from Lebesgue to Morrey spaces. The crucial ingredient in this
matter are so-called weak reverse Hölder estimates. They were first studied in [48]
to obtain regularity results for certain higher order elliptic partial differential equa-
tions. For a relation of weak reverse Hölder estimates to generalized Muckenhoupt
weights we refer to [61].

Starting with a (sub)linear bounded operator on an L2-space satisfying weak
reverse Hölder estimates, it was shown by Shen in [84] that this operator is bounded
on certain Lp-spaces. Here, we want to establish similar results in Morrey spaces.
First, we introduce weak reverse Hölder estimates and study some of their important
properties. Next, we turn to extrapolation results for Morrey spaces, first on the
full space and then on bounded sets. The general strategy for bounded sets will be
to extend the operator in question to the full space and then use the corresponding
results on the full space.

3.1 Weak reverse Hölder estimates

In this section we introduce the notion of weak reverse and uniform weak reverse
Hölder estimates and prove several results which will be useful later on.

Definition 3.1.1 ((uniform) weak reverse Hölder estimates). Let Ω ⊆ Rd be mea-
surable and T be a bounded linear operator on L2(Ω). Assume that there exist
constants q > 2, R0 > 0 and C > 0 such that the following holds.
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3 Extrapolation on Morrey spaces: abstract results

• For all x0 ∈ Ω, all 0 < r < R0 and all f ∈ L2(Ω) with f ≡ 0 on B(x0, 3r) ∩ Ω
the estimate

(3.1)
(

1
rd

∫
B(x0,r)∩Ω

|Tf |q dx
) 1

q

≤ C

(
1
rd

∫
B(x0,2r)∩Ω

|Tf |2 dx
) 1

2

holds. Then we say that T satisfies weak reverse Hölder estimates. For q = ∞
replace the left-hand side by the L∞(B(x0, r) ∩ Ω)-norm of Tf .

• Let moreover ν > 0. For all 0 < 2r ≤ R < R0, x0 ∈ Ω and all f ∈ L2(Ω) with
f ≡ 0 on B(x0, 2R) ∩ Ω the estimate

(∫
B(x0,r)∩Ω

|Tf |q dx
) 1

q

≤ Crd( 1
q

− 1
2)
((

r

R

)ν ∫
B(x0,R)∩Ω

|Tf |2 dx
) 1

2

holds. Then we say that T satisfies uniform weak reverse Hölder estimates
with parameter ν. Again, for q = ∞ replace the left-hand side by the
L∞(B(x0, r) ∩ Ω)-norm of Tf .

A few remarks are in order.

Remark 3.1.2. • In the original paper [84] by Shen, the author assumes the
weak reverse Hölder estimates for bounded measurable functions (with com-
pact support in case of Ω = Rd). Working in an Lp-setting this is sufficient
as one has several density arguments at their disposal. Unfortunately, such
arguments are not available for Morrey spaces which is why we work with
f ∈ L2(Ω). We will later return to the topic of dense subspaces in Morrey
spaces.

• By a result by Giaquinta and Modica [48, Proposition 5.1], weak reverse
Hölder estimates are self-improving in the following sense. Let q > 1 and
f ∈ Lq

loc(Ω) be a non negative function. Suppose that for some constants
C > 0, R0 > 0 (

−
∫

B(x0,r)
f q dx

) 1
q

≤ C −
∫

B(x0,2r)
f dx

holds for all x0 ∈ Ω, 0 < r < min(R0,
dist(x0,∂Ω)

2 ). Then f ∈ Lq+ε
loc (Ω) for some

ε = ε(d, q, C) > 0 and there exists a constant c = c(d, q, ε, C) such that
(

−
∫

B(x0,r)
f q+ε dx

) 1
q+ε

≤ c

(
−
∫

B(x0,2r)
f q dx

) 1
q

holds for all x0 ∈ Ω and 0 < r < min(R0,
dist(x0,∂Ω)

2 ). We will see later in
this section that a similar result is also true for uniform weak reverse Hölder
estimates.
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3.1 Weak reverse Hölder estimates

• If T satisfies uniform weak reverse Hölder estimates for some µ > d, then T

is local, i.e., if f ≡ 0 in B(x0, R) ∩ Ω for some 0 < R < R0, then Tf ≡ 0 in
B(x0, R) ∩ Ω. Indeed, let y ∈ B(x0, R) ∩ Ω and set δ := dist(y, ∂B(x0, R)).
For 0 < 2r < δ we then find(

−
∫

B(y,r)
|χΩTf |q dx

) 1
q

≤ C

((
r

δ

)µ 1
rd

∫
B(y,δ)∩Ω

|Tf |2 dx
) 1

2

.

Since µ > d, the right-hand side tends to 0 as r → 0. The Lebesgue differen-
tiation theorem then implies that Tf ≡ 0 in B(x0, R) ∩ Ω.

• The definition of (uniform) weak reverse Hölder estimates is tailored to what
is necessary to prove extrapolation results. However, in applications the sit-
uation is more delicate. Usually, one can show weak reverse Hölder estimates
for balls centred on the boundary or balls completely contained in Ω, see
e.g., [97, Corollary 3.1]. Nonetheless, for our desired extrapolation results on
bounded domains, this is too weak. Fortunately, it turns out that this is not
a problem due a covering argument presented in [90, Lemma 3.2.2]. To be
precise, the following result is true.

Lemma 3.1.3. Let Ω ⊆ Rd be a measurable set. Moreover, let T be a bounded
linear operator on L2(Ω). Assume that there exist constants q > 2, R0 > 0 and
C > 0 such that for all balls B(x0, r) with 0 < r < R0 that satisfy either x0 ∈ ∂Ω
or B(x0, 3r) ⊆ Ω and all f ∈ L2(Ω) with f ≡ 0 on B(x0, 3r) ∩ Ω we have

(
1
rd

∫
B(x0,r)∩Ω

|Tf |q dx
) 1

q

≤ C

(
1
rd

∫
B(x0,2r)∩Ω

|Tf |2 dx
) 1

2

.

Then there exists a constant C ′ > 0 depending on d, q and C such that T satisfies
weak reverse Hölder estimates with constant C ′.

Proof. Let x0 ∈ Ω and 0 < r < R0 be arbitrary. Moreover, let f ∈ L2(Ω) with
f ≡ 0 on B(x0, 3r) ∩ Ω. As announced, we want to apply [90, Lemma 3.2.2]. To
this end we need to show the existence of a constant C > 0 independent of x0, r

and f (so that the same is true for C ′) such that

( 1
r̃d

∫
B̃∩Ω

|Tf |q dx
) 1

q

≤ C
( 1
r̃d

∫
2B̃∩Ω

|Tf |2 dx
) 1

2

holds for all balls B̃ = B(x̃, r̃) satisfying B(x̃, 3r̃) ⊆ B(x0, 3r) which are either
centred on ∂Ω or satisfy B(x̃, 3r̃) ⊆ Ω. We write 2B̃ := B(x̃, 2r̃. So let B(x̃, r̃)
be such a ball. Then, f ≡ 0 on B(x̃, 3r̃) ∩ Ω ⊆ B(x0, 3r) ∩ Ω is true and the
desired estimate is an immediate consequence of the assumptions on T . Finally, an
application of [90, Lemma 3.2.2] with α = 2 yields the claim.
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3 Extrapolation on Morrey spaces: abstract results

One can generalize the notion of weak reverse Hölder estimates by considering
an Lp-norm instead of instead of the L2-norm in the right-hand side of (3.1). This
leads to the following definition.

Definition 3.1.4. Let 1 ≤ p < ∞. Moreover, let Ω ⊆ Rd be measurable and T

be a bounded linear operator on Lp(Ω). Assume that there exist constants q > p,
R0 > 0 and C > 0 such that the following holds. For all x0 ∈ Ω, all 0 < r < R0
and all f ∈ Lp(Ω) with f ≡ 0 on B(x0, 3r) ∩ Ω the estimate, with the suitable
adaptation for q = ∞,

(3.2)
(

1
rd

∫
B(x0,r)∩Ω

|Tf |q dx
) 1

q

≤ C

(
1
rd

∫
B(x0,2r)∩Ω

|Tf |p dx
) 1

p

holds. Then we say that T satisfies Lp-weak reverse Hölder estimates.

Note that if Ω ⊆ Rd is a bounded d-set, e.g., a bounded Lipschitz domain, then
due to Hölder’s inequality L2-weak reverse Hölder estimates imply Lp-weak reverse
Hölder estimates for p > 2. For an extension of this implication for p < 2 the
following result by Barton and Mayboroda [13, Lemma 4.38] is of great use.

Lemma 3.1.5. Let 0 < p0 < q ≤ ∞. Suppose that U ⊆ Rd is a domain and that
u is a function defined on U with the property that, whenever B(x0, 2r) ⊆ U , we
have the bound

(
1
rd

∫
B(x0,r)

|u|q dx
) 1

q

≤ C

(
1
rd

∫
B(x0,2r)

|u|p0 dx
) 1

p0

for some constant C > 0 depending only on p0, q, d and u. Then for every 0 < p <

∞, there is some constant C(p) > 0 depending only on p, p0, q and C such that

(
1
rd

∫
B(x0,r)

|u|q dx
) 1

q

≤ C(p)
(

1
rd

∫
B(x0,2r)

|u|p dx
) 1

p

holds.

Let us now prove that, under suitable assumptions, L2-weak reverse Hölder esti-
mates imply Lp-weak reverse Hölder estimates.

Theorem 3.1.6. Let Ω ⊆ Rd be a bounded measurable set. Moreover, let 1 ≤ p <

∞, max{2, p} < q < ∞ and T ∈ L(Lp(Ω)) ∩ L(L2(Ω)) be a bounded operator on
Lp(Ω) and on L2(Ω). If T satisfies L2-weak reverse Hölder estimates with constants
q and R0 > 0, then T also satisfies Lp-weak reverse Hölder estimates with the same
constants.
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3.1 Weak reverse Hölder estimates

Proof. The case p > 2 is an immediate consequence of Hölder’s inequality. Let
now p < 2. We only consider q < ∞, but the same proof applies for q = ∞. Fix
x0 ∈ Ω and 0 < r < R0. By Lemma 3.1.5 applied to the extension by zero of Tf
to B(x0, 2r) we get the desired inequality for all f ∈ Lp(Ω) ∩ L2(Ω) with f ≡ 0 on
B(x0, 3r) ∩ Ω (even for all p > 0). It remains to upgrade this to all f ∈ Lp(Ω) with
f ≡ 0 on B(x0, 3r) ∩ Ω via a density argument.

So let f ∈ Lp(Ω) with f ≡ 0 on B(x0, 3r) ∩ Ω be arbitrary and choose a sequence
(fn)n∈N ⊆ C∞

c (Ω) with fn → f in Lp(Ω). Then,

f̃n := fn(1 − χB(x0,3r)) ∈ Lp(Ω) ∩ L2(Ω)

and f̃n ≡ 0 on B(x0, 3r) ∩ Ω for all n ∈ N. Moreover, f̃n → f in Lp(Ω) for n → ∞
as f ≡ 0 on B(x0, 3r) ∩ Ω. By means of the Lp-weak reverse Hölder estimates for
f̃n we have

(
1
rd

∫
B(x0,r)∩Ω

|T f̃n − T f̃m|q dx
) 1

q

≲

(
1
rd

∫
B(x0,2r)∩Ω

|T (f̃n − f̃m)|p dx
) 1

p

→ 0

for n,m → ∞ as T is a bounded operator on Lp(Ω). By completeness of the space
Lq(B(x0, r)∩Ω) we deduce that (T f̃n)n∈N is convergent in said space. As the bound-
edness of T on Lp(Ω) implies that (T f̃n)n∈N converges point-wise almost everywhere
(at least along a subsequence) to Tf we obtain T f̃n → Tf in Lq(B(x0, r) ∩ Ω) as
n → ∞. Combining the previous arguments yields

(
1
rd

∫
B(x0,r)∩Ω

|Tf |q dx
) 1

q

= lim
n→∞

(
1
rd

∫
B(x0,r)∩Ω

|T f̃n|q dx
) 1

q

≲ lim
n→∞

(
1
rd

∫
B(x0,2r)∩Ω

|T f̃n|p dx
) 1

p

=
(

1
rd

∫
B(x0,2r)∩Ω

|Tf |p dx
) 1

p

and this concludes the proof.

Sometimes weak reverse Hölder estimates might not be sufficient and uniform
weak reverse Hölder estimates are required instead. However, this does not compli-
cate matters as weak reverse Hölder estimates imply uniform weak reverse Hölder
estimates, at least for certain parameters ν.

Proposition 3.1.7. Let Ω ⊆ Rd be measurable, R0 > 0, q > 2. Assume that T sat-
isfies weak reverse Hölder estimates with constants R0 and q. Then T also satisfies
uniform weak reverse Hölder estimates with constants R0, q and ν = 2d

(
1
2 − 1

q

)
.
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3 Extrapolation on Morrey spaces: abstract results

Proof. Let 0 < 2r ≤ R < R0 and x0 ∈ Ω. For f ∈ L2(Ω) with f ≡ 0 on
B(x0, 2R) ∩ Ω we have

(∫
B(x0,r)∩Ω

|Tf |q dx
) 1

q

≤
(
Rd

Rd

∫
B(x0,R/2)∩Ω

|Tf |q dx
) 1

q

≤ CR
d
q

(
1
Rd

∫
B(x0,R)∩Ω

|Tf |2 dx
) 1

2

= C
(
R

r

)d( 1
q

− 1
2)
rd( 1

q
− 1

2)
(∫

B(x0,R)∩Ω
|Tf |2 dx

) 1
2

= Crd( 1
q

− 1
2)
((

r

R

)ν ∫
B(x0,R)∩Ω

|Tf |2 dx
) 1

2

with ν = 2d
(

1
2 − 1

q

)
. For the second inequality we note that we have both 2R

2 =
R < R0 and f ≡ 0 on B(x0,

3
2R) ∩ Ω ⊆ B(x0, 2R) ∩ Ω so that the weak reverse

Hölder estimates for T apply.

The proof of the next result follows the lines of [90, Lemma 3.2.3] but for uniform
weak reverse Hölder estimates. The philosophy of the result is the same, namely
that the constant R0 in Definition 3.1.1 is not of great importance. This will be
particularly useful in the case of bounded domains as we will see in the proof of
Theorem 3.2.3.

Lemma 3.1.8. Let f ∈ L2(Rd), let q > 2, µ > 0 and c, c′ > 1. Moreover, let
x0 ∈ Rd and 0 < cr′ ≤ R′ < R′

0 for some R′
0 > 0. Assume that for some R0 ≤ R′

0
there exists a constant C > 0 such that for all y ∈ B(x0, r

′) and 0 < cr ≤ R < R0
with B(y, 2R) ⊆ B(x0, 2R′), the function f satisfies

(∫
B(y,r)

|f |q dx
) 1

q

≤ Crd( 1
q

− 1
2)
((

r

R

)ν ∫
B(y,R)

|f |2 dx
) 1

2

.

Then, there exists a constant C ′ > 0 depending only on c, c′, R0, R
′
0, C and d such

that

(∫
B(x0,r′)

|f |q dx
) 1

q

≤ C ′(r′)d( 1
q

− 1
2)
((

r′

R′

)ν ∫
B(x0,R′)

|f |2 dx
) 1

2

.

Proof. We denote B := B(x0, r
′) and define r := εr′ R0

R′
0

where ε := min{ c′−1
5c
, 1

2
R′

0
R0

}.
Then, r ≤ r′ and the family {B(y, r)}y∈B is a covering of B. Thus Vitali’s covering
lemma, see [37, Theorem 1.5.1], states that there exists an at most countable index-
family F such that the balls {B(y, r)}y∈F are pairwise disjoint and additionally
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3.1 Weak reverse Hölder estimates

satisfy B ⊂ ⋃
y∈F B(y, 5r). Let #F denote the number of elements in F . Then,

due to the choice of ε and r ≤ r′ we have

|B(0, 1)|rd#F =
∑
y∈F

|B(y, r)| ≤ |B(x, 2r′)| = (2r′)d|B(0, 1)|

and hence #F is finite with an upper bound which depends on ε, R0, R
′
0 and d only.

Then we have
(∫

B(x0,r′)
|f |q dx

) 1
q

≤
∑
y∈F

(∫
B(y,5r)

|f |q dx
) 1

q

≤
∑
y∈F

Crd( 1
q

− 1
2)
( 5c′R′

0r

(c′ − 1)R′R0

)µ ∫
B(y, c′−1

c′ R′ R0
R′

0
)
|f |2 dx

 1
2

.

In the second step we applied the uniform weak reverse Hölder estimates with
r = 5r and R = c′−1

c′ R
′ R0
R′

0
. A simple estimates show

5cr = 5cεr′R0

R′
0

≤ 5cεR
′

c′
R0

R′
0

≤ c′ − 1
c′

R′

R′
0
R0 < R0

by definition of ε. Moreover, we obtain B(y, 2R) ⊆ B(x0, r
′ + 2R) for y ∈ F . Note

that

(3.3) r′ + 2R ≤ R′

c′ + 2c
′ − 1
c′ R′R0

R′
0

≤ 2R′

is true, so that B(y, 2R) ⊆ B(x0, 2R′) holds for all y ∈ F . This validates the use
of the uniform weak reverse Hölder estimates. To complete the proof, note that
B(y,R) ⊆ B(x0, R

′) follows by adapting the calculation in (3.3). Indeed, this yields

(∫
B(x0,r′)

|f |q dx
) 1

q

≤ CR0,R′
0,ε,d,c,c′(r′)d( 1

q
− 1

2)
((

r′

R′

)ν ∫
B(x0,R′)

|f |2 dx
) 1

2

what was to be shown.

Equipped with this result we shall now show that uniform weak reverse Hölder
estimates indeed imply weak reverse Hölder estimates, as the name suggests.

Lemma 3.1.9. Let Ω ⊆ Rd be measurable and assume that T satisfies uniform
weak reverse Hölder estimates with constants q > 2, R0 > 0 and parameter ν > 0.
Then, T also satisfies weak reverse Hölder estimates with the same constants q and
R0.
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3 Extrapolation on Morrey spaces: abstract results

Proof. By an application of the previous lemma with c = 2 and c′ = 3/2, we can
assume that T satisfies uniform weak reverse Hölder estimates but for 0 < 3

2r ≤
R < R0. Let now x0 ∈ Ω, 0 < r < R0 and f ∈ L2(Ω) with f ≡ 0 on B(x0, 3r) ∩ Ω.
With R := 3

2r we have B(x0, 2R) = B(x0, 3r) and the uniform weak reverse Hölder
estimates apply:

(∫
B(x0,r)∩Ω

|Tf |qdx
) 1

q

≤ Crd( 1
q

− 1
2)
(∫

B(x0, 3
2 r)∩Ω

|Tf |2dx
) 1

2

.

In view of B(x0, 3/2r) ⊆ B(x0, 2r) the claim follows.

Taking into account that weak reverse Hölder estimates imply uniform weak
reverse Hölder estimates and that the former are self-improving, the same results
also follows for the latter. However, there might be a price to pay with respect to
the parameter ν as in the following result ν ′ is independent of ν

Proposition 3.1.10. Let Ω ⊂ Rd be measurable, R0 > 0, q > 2 and ν > 0.
Assume that T satisfies uniform weak reverse Hölder estimates with constants q,
R0 and parameter ν. Then there exists p > q such that T satisfies uniform weak
reverse Hölder estimates with constants p, R0 and parameter ν ′ = 2d

(
1
2 − 1

p

)
.

Proof. This is a direct consequence of the previous lemma combined with the self-
improving property of weak reverse Hölder estimates mentioned in Remark 3.1.2
and Proposition 3.1.7.

To conclude this section on weak reverse Hölder estimates let us prove result in
the spirit of [90, Lemma 3.2.2] but not on the radius R0 but on the size of the ball
where f is supposed to vanish.

Lemma 3.1.11. Let Ω be bounded and measurable, 1 ≤ p < ∞, T be a bounded
operator on Lp(Ω), q > p and α > 3. Assume that there exists R0 > 0 and C > 0
such that for all balls B(x0, r) with x0 ∈ Ω and 0 < r < R0 that satisfy either
B(x0, αr) ⊆ Ω or x0 ∈ ∂Ω and all f ∈ Lp(Ω) with f ≡ 0 on B(x0, αr) ∩ Ω we have

(
1
rd

∫
B(x0,r)∩Ω

|Tf |q dx
) 1

q

≤ C

(
1
rd

∫
B(x0,2r)∩Ω

|Tf |p dx
) 1

p

.

Then, there exists a constant C ′ > 0 depending on p, q, α, d and C such that T
satisfies Lp-weak reverse Hölder estimates with constants q and R0.

Proof. Let x0 ∈ Ω and 0 < r < R0 with B(x0, 3r) ⊆ Ω if x0 ̸∈ ∂Ω be arbitrary.
Moreover, let f ∈ Lp(Ω) with f ≡ 0 on B(x0, 3r) ∩ Ω. In the spirit of the proof of
[90, Lemma 3.2.2] set

c := max
{ 2

5α + 1 ,
1
11

}
.
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3.1 Weak reverse Hölder estimates

Moreover, introduce the sets

I1 := {y ∈ B(x0, r) ∩ Ω: B(y, cr) ⊆ Ω},
I2 := {y′ ∈ ∂Ω: ∃y ∈ B(x0, r) ∩ Ω s.t. y′ ∈ B(y, cr)}.

Then, for all y ∈ I := I1∪I2 it holds B(y, 10cr) ⊆ B(x0, 2r) as well as B(y, 5αcr) ⊆
B(x0, 3r). Moreover,

B(x0, r) ∩ Ω ⊆ Ω ∩
⋃
y∈I

B(y, cr)

is satisfied. Then, Vitali’s covering lemma, see [37, Theorem 1.5.1], states that
there exist a at most countable index set F ⊆ I such that the balls {B(y, cr)}y∈F

are pairwise disjoint and

⋃
y∈I

B(y, cr) ⊆
⋃

y∈F
B(y, 5cr).

As in the proof of Lemma 3.1.8, for the number of elements in F , #F , we have

|B(0, 1)|cdrd#F =
∑
y∈F

|B(y, cr)| ≤ ||B(x0, 2r)| = |B(0, 1)|2drd

so that #F ≤ 2d

cd follows. Then,

(
1
rd

∫
B(x0,r)∩Ω

|Tf |q dx
) 1

q

≤

∑
y∈F

1
rd

(5c)d

(5c)d

∫
B(y,5cr)∩Ω

|Tf |q dx
 1

q

≤ C(5c)
d
q

− d
p

∑
y∈F

1
rd

∫
B(y,10cr)∩Ω

|Tf |p dx
 1

p

as B(y, α5cr) ⊆ B(x0, 3r). Moreover, due to B(y, 10cr) ⊆ B(x0, 2r) we can further
estimate

≤ C(5c)
d
q

− d
p

∑
y∈F

1
rd

∫
B(x0,2r)∩Ω

|Tf |p dx
 1

p

≤ C(5c)
d
q

− d
p

(2
c

) d
p

(
1
rd

∫
B(x0,2r)∩Ω

|Tf |p dx
) 1

p

and this is the desired Lp-weak reverse Hölder estimate.
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3 Extrapolation on Morrey spaces: abstract results

3.2 Morrey extrapolation on Rd and bounded sets
In this section we first prove extrapolation results on the full space and then use
those to obtain similar results on bounded measurable sets. Our results will be
similar to those in the Lp-extrapolation theorem by Shen [84, Theorem 3.1]. A
natural starting point is to complement Shen’s assumption of L2-boundedness and
weak reverse Hölder estimates with L2,λ-boundedness for some 0 < λ < d. This
yields extrapolation to Lq,µ-spaces for suitable q > 2 and 0 < µ < d. Note that in
the Morrey space setting the usual strategy of dealing with q < 2, namely duality is
not available, see e.g., [1, Chapter 5]. In order to extrapolate L2,λ-boundedness to
Lq,λ-boundedness uniform weak reverse Hölder estimates are required. However, we
show that in certain situations the assumption of L2,λ-boundedness can be waived.
Moreover, we will see that for suitable ν we can obtain Lp,ν-boundedness from Lp-
boundedness as well as weak reverse Hölder estimates. This strategy then allows
to also consider q < 2.

Before we present our first extrapolation result, we first deduce a condition on p, q
for the space Lq,µ(Rd) to be included in L2,λ(Rd). Notice that Hölder’s inequality
implies for q ≥ 2

(
1
rλ

∫
B(x0,r)

|f(x)|2 dx
) 1

2

≤ C(d)r− λ
2 +d( 1

2 − 1
q

)
(∫

B(x0,r)
|f(x)|q dx

) 1
q

≃
(

1
rµ

∫
B(x0,r)

|f(x)|q dx
) 1

q

,

where C(d) > 0 depends only on d and where

µ := d− q

2(d− λ).

Next, the condition

1
2 − λ

2d ≤ 1
q

≤ 1
2

implies that 0 ≤ µ < d. We deduce that for such numbers q the inclusion

Lq,µ(Rd) ⊂ L2,λ(Rd)

is valid. Our first extrapolation result then reads as follows.

Theorem 3.2.1. Let 0 ≤ λ < d and q > 2 satisfy

1
2 − λ

2d ≤ 1
q

≤ 1
2 ,
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3.2 Morrey extrapolation on Rd and bounded sets

and define

µ := d− q

2(d− λ).

Let T be a linear operator mapping L2(Rd) boundedly into L2(Rd) and L2,λ(Rd)
boundedly into L2,λ(Rd). Assume furthermore, that T satisfies weak reverse Hölder
estimates with exponent q and R0 = ∞. Then, the restriction of T to Lq,µ(Rd) is a
bounded operator from Lq,µ(Rd) into Lq,µ(Rd). The operator norm of T on Lq,µ(Rd)
depends on d, q, λ, the constant in the weak reverse Hölder estimates as well as
the operator norm of T on L2(Rd) and on L2,λ(Rd).

Proof. First of all, let x0 ∈ Rd and r > 0, and abbreviate B(x0, r) =: B. Fix
f ∈ Lq,µ(Rd) ⊂ L2,λ(Rd).

We divide the proof into two parts, by treating each of the terms of the splitting

Tf = T (fχ3B) + T (fχRd\3B)(3.4)

separately. Notice that this is well-defined, as f ∈ Lq,µ(Rd) implies fχA ∈ Lq,µ(Rd)
for any measurable set A.

For the estimate of the first term recall that f ∈ Lq,µ(Rd) implies fχ3B ∈ Lq(3B)
(see Proposition 2.2.12). This indicates that an Lq-theory of the operator might
suffice in order to estimate the first term. The classical Lq-extrapolation theorem
of Shen [84, Theorem 3.3] together with the self-improving property of weak reverse
Hölder estimates mentioned in Remark 3.1.2 implies that the operator T extrapo-
lates to a bounded operator on Lq(Rd) with operator norm bounded by constant
depending on d, q, the operator norm of T on L2(Rd) and the constant in the weak
reverse Hölder estimates. Then,

∥Tfχ3B∥Lq(3B) ≤ ∥Tfχ3B∥Lq(Rd) ≤ ∥T∥L(Lq(Rd))∥f∥Lq(3B).

A multiplication by r−µ/q implies

(
1
rµ

∫
B

|T (fχ3B)|q dy
) 1

q

≤ C

(
1
rµ

∫
3B

|f |q dy
) 1

q

≤ C∥f∥Lq,µ(Rd).(3.5)

It remains to estimate the second term in (3.4). Since the argument of the opera-
tor is vanishing on 3B, a further application of the weak reverse Hölder estimate
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3 Extrapolation on Morrey spaces: abstract results

might help. Indeed, an elementary estimate involving only the weak reverse Hölder
estimate, the L2,λ-boundedness of T , and (3.2) implies(

1
rµ

∫
B

|T (fχRd\3B)|q dy
) 1

q

≤ Cr
1
q

(d−µ)
(

1
rd

∫
2B

|T (fχRd\3B)|2 dy
) 1

2

= C2λ
2 r

1
q

(d−µ)− d
2 + λ

2

(
1

(2r)λ

∫
2B

|T (fχRd\3B)|2 dy
) 1

2

≤ Cr
1
q

(d−µ)− d
2 + λ

2 ∥f∥L2,λ(Rd)

≤ Cr
1
q

(d−µ)− d
2 + λ

2 ∥f∥Lq,µ(Rd).

Notice that the definition of µ implies
1
q

(d− µ) − d

2 + λ

2 = 1
q

(
d−

[
d− q

2(d− λ)
])

− d

2 + λ

2 = 0.

Consequently, (
1
rµ

∫
B

|T (fχRd\3B)|q dy
) 1

q

≤ C∥f∥Lq,µ(Rd)(3.6)

with C being independent of x and r. Combining (3.4), (3.5), and (3.6) delivers(
1
rµ

∫
B

|Tf |q dy
) 1

q

≤ C∥f∥Lq,µ(Rd)

with C being independent of x and r. Taking the supremum over x and r concludes
the proof.

Next, we present an extrapolation theorem where the parameter λ does not
change. In contrast to the previous theorem we now assume uniform weak reverse
Hölder estimates. However, in this situation the inclusion Lq,λ(Rd) ⊆ L2,λ(Rd) is
no longer valid. Hence, our operator is only defined on the intersection Lq,λ(Rd) ∩
L2,λ(Rd).
Theorem 3.2.2 (Whole space case). Let ν > 0, 0 ≤ λ < min{ν, d}, and q > 2
satisfy the relation

λ

q
+ d

(1
2 − 1

q

)
<
ν

2 .(3.7)

Let T be a linear operator mapping L2(Rd) boundedly into L2(Rd) and L2,λ(Rd)
boundedly into L2,λ(Rd). Assume furthermore, that T satisfies uniform weak reverse
Hölder estimates with exponent q, parameter ν and R0 = ∞. Then the restriction
of T to L2,λ(Rd) ∩ Lq,λ(Rd) is bounded with respect to the Lq,λ(Rd)-norm with a
constant depending only on d, q, λ, ν, the constant in the weak reverse Hölder
estimates and the operator norm of T on L2(Rd) and on L2,λ(Rd).
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3.2 Morrey extrapolation on Rd and bounded sets

Proof. Let k ∈ N and f ∈ L2,λ(Rd) ∩ Lq,λ(Rd). Denote by B := B(x0, r) the ball
with center x0 ∈ Rd and radius r > 0. By linearity of T , we can write

Tf = T (fχ4B) +
k∑

n=1
T (fχ2n+2B\2n+1B) + T (fχRd\2k+2B).

Step 1: Estimate of the first term.
Recall that we showed in Lemma 3.1.9 that uniform weak reverse Hölder es-

timates imply weak reverse Hölder estimates. Hence, this term can be handled
analogously to the first step in the proof of Theorem 3.2.1, i.e., there exists a
constant C > 0 independent of x0 and r such that

(
1
rλ

∫
B

|T (fχ4B)|q dx
) 1

q

≤ C∥f∥Lq,λ(Rd).(3.8)

Step 2: Estimate of the second term.
To estimate the sum, we employ the uniform weak reverse Hölder estimates.

More precisely, for 1 ≤ n ≤ k we have
(∫

B
|T (fχ2n+2B\2n+1B)|q dx

) 1
q

≤ Crd( 1
q

− 1
2 )
(

2−nµ
∫

2nB
|T (fχ2n+2B\2n+1B)|2 dx

) 1
2

.

An application of Jensen’s inequality delivers

≤ C2dn( 1
2 − 1

q
)− nµ

2

(∫
2nB

|T (fχ2n+2B\2n+1B)|q dx
) 1

q

.

Finally, as in Step 1, we note that since T is L2(Rd)-bounded and satisfies weak
reverse Hölder estimates, it is also Lq(Rd)-bounded by [84, Theorem 3.1] together
with the self-improving property of weak reverse Hölder estimates. Consequently,

(∫
B

|T (fχ2n+2B\2n+1B)|q dx
) 1

q

≤ C2dn( 1
2 − 1

q
)− nµ

2

(∫
2n+2B

|f(x)|q dx
) 1

q

.

Dividing by r
λ
q delivers
(

1
rλ

∫
B

|T (fχ2n+2B\2n+1B)|q dx
) 1

q

≤ C2dn( 1
2 − 1

q
)− nµ

2

(
1
rλ

∫
2n+2B

|f(x)|q dx
) 1

q

= C2dn( 1
2 − 1

q
)− nµ

2 + λ
q

(n+2)
(

1
(2n+2r)λ

∫
2n+2B

|f(x)|q dx
) 1

q

.
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Altogether, there exists a constant C > 0 not depending on x0, r, and n such that

k∑
n=1

(
1
rλ

∫
B

|T (fχ2n+2B\2n+1B)|q dx
) 1

q

≤ C
∞∑

n=1
2dn( 1

2 − 1
q

)− nµ
2 + λn

q ∥f∥Lq,λ(Rd).(3.9)

By virtue of (3.7) the sum is finite.
Step 3: Estimate of the third term.

Finally, we check that the third term vanishes in the limit k → ∞. This follows
by a simple computation that combines the uniform weak reverse Hölder estimates
with the L2,λ-boundedness of T . More precisely,

(∫
B

|T (fχRd\2k+2B)|qdx
) 1

q

≤ Crd( 1
q

− 1
2 )
(

2−µ(k+1)
∫

2k+1B
|T (fχRd\2k+2B)|2 dx

) 1
2

≤ C∥T∥L(L2,λ(Rd))r
d( 1

q
− 1

2 )+ λ
2 2 1

2 (λ−µ)(k+1)∥f∥L2,λ(Rd)

with the right-hand side going to zero as k → ∞ since λ < µ.
Summarizing (3.8), (3.9), and the third step, we deduce

(
1
rλ

∫
B

|Tf |q dx
) 1

q

≤ lim inf
k→∞

{(
1
rλ

∫
B

|T (fχ4B)|q dx
) 1

q

+
k∑

n=1

(
1
rλ

∫
B

|T (fχ2n+2B\2n+1B)|q dx
) 1

q

+
(

1
rλ

∫
B

|T (fχRd\2k+2B)|q dx
) 1

q
}

≤ C∥f∥Lq,λ(Rd).

By taking the supremum over all x0 ∈ Rd and r > 0, we have

∥Tf∥Lq,λ(Rd) ≤ C∥f∥Lq,λ(Rd)

and this shows the desired estimate as f ∈ L2,λ ∩ Lq,λ was arbitrary.

In the previous theorems we proved two different extrapolations on the full space.
Next, we consider the case of bounded measurable sets. Note that no assumptions
on the connectedness of Ω or the regularity of ∂Ω are made.

Theorem 3.2.3. Let Ω ⊂ Rd be bounded and measurable. Let ν > 0, 0 ≤ λ <

min{ν, d} and q > 2 satisfy

λ

q
+ d

(
1
2 − 1

q

)
<
ν

2 .
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Let T be a linear operator mapping L2(Ω) boundedly into L2(Ω) and L2,λ(Ω) bound-
edly into L2,λ(Ω) satisfying uniform weak reverse Hölder estimates with exponent
q, parameter ν and radius R0 > 0. Then T restricts to a bounded operator from
Lq,λ(Ω) to Lq,λ(Ω) with operator norm depending on d, q, λ, ν, R0, Ω, the constant
in the weak reverse Hölder estimates and the operator norm of T on L2(Ω) and on
L2,λ(Ω).

Proof. The strategy of the proof is to define an operator acting on the full space
which satisfies the assumptions of Theorem 3.2.2. The natural way is to proceed
as follows: We define T on L2,λ(Rd) by

T f := E0(Tf |Ω),

where E0 denotes extension by zero as in Lemma 2.2.14. First, we need to check
that T is in fact well-defined. Clearly, f |Ω ∈ L2(Ω) holds true for f ∈ L2(Rd).
Taking a closer look at the definition of the Morrey-norm, also f |Ω ∈ L2,λ(Ω) with
∥f∥L2,λ(Ω) ≤ ∥f |Ω∥L2,λ(Rd) ≤ ∥f∥L2,λ(Rd) is clear. By assumption on T we then know
T (f |Ω) ∈ L2(Ω) ∩ L2,λ(Ω). As the extension by zero does not change the L2-norm,
we conclude T f ∈ L2(Rd). Using Lemma 2.2.14 we infer T f ∈ L2,λ(Rd). Moreover,
the previous arguments imply that T is bounded on L2(Rd) and on L2,λ(Rd). Hence,
it remains to verify the uniform weak reverse Hölder inequality.

First of all, we note that the inequality is fulfilled for R large enough due to
the condition f ≡ 0 in B(x0, 2R) ∩ Ω and this is where the boundedness of Ω is
crucial. To be precise, assume that R > diam(Ω) and B(x0, R) ∩ Ω ̸= ∅ (otherwise
the inequality is trivially true). By choice of R we then have B(x0, 2R) ⊃ Ω and
thus f ≡ 0 in Ω. By definition of T we deduce T f = 0 and the inequality holds.
Hence, we already showed uniform weak reverse Hölder estimates for x0 ∈ Rd and
0 < 2r ≤ R whenever R > diam(Ω).

Next, we show that the inequality is satisfied for all x0 ∈ Rd and 0 < 8r ≤ R < R̃0
for some R̃0 > 0. In case of B(x0, r) ∩ Ω = ∅ there is nothing to show. Otherwise,
if B(x0, r) ∩ ∂Ω ̸= ∅ there exists y ∈ B(x0, r) ∩ Ω and as B(y,R) ⊆ B(x0, 2R) the
uniform weak reverse Hölder estimates from the assumption apply. Hence, we have

(∫
B(x0,r)∩Ω

|Tf |q dx
) 1

q

≤
(∫

B(y,2r)∩Ω
|Tf |q dx

) 1
q

≤ C(2r)d( 1
q

− 1
2)
((4r

R

)µ ∫
B(y,R/2)∩Ω

|Tf |2 dx
) 1

2

≤ C(2r)d( 1
q

− 1
2)
((4r

R

)µ ∫
B(x0,R)∩Ω

|Tf |2 dx
) 1

2

.
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For the second step to be valid the following inequalities need to hold

4r ≤ R

2 ≤ R̃0

2 ≤ R0

The first and second one are true by choice of r and R. The last one is true if
we choose for example R̃0 := 2R0. Hence, we established the uniform weak reverse
Hölder inequality for all x0 ∈ Rd and all 0 < 8r ≤ R < 2R0. By Lemma 3.1.8 this
is sufficient to conclude the proof.

Next, under slightly weaker conditions we show local Lp,λ-regularity. Note that
the weakening consists of not having uniform weak reverse Hölder estimates for
balls centred on ∂Ω.

Theorem 3.2.4. Let Ω ⊂ Rd be bounded and measurable and K ⊂ Ω compact. Let
µ > 0, 0 ≤ λ < min{µ, d} and q > 2 satisfy

λ

q
+ d

(
1
2 − 1

q

)
<
µ

2 .

Let T be a linear operator mapping L2(Ω) boundedly into L2(K) and L2,λ(Ω) bound-
edly into L2,λ(K) such that there exists a constant C > 0 such that for all x ∈ Ω and
all 0 < 2r ≤ R with B(x,R) ⊂ Ω and all f ∈ L2,λ(Ω) with f ≡ 0 on B(x, 2R) ∩ Ω
it holds (∫

B(x,r)∩Ω
|Tf |q dy

) 1
q

≤ Crd( 1
q

− 1
2)
((

r

R

)µ ∫
B(x,R)∩Ω

|Tf |2 dy
) 1

2

.

Then T restricts to a bounded operator from Lq,λ(Ω) to Lq,λ(K) with operator norm
depending on d, q, λ, ν, K, Ω, C and the operator norm of T on L2(Ω) and on
L2,λ(Ω).

Proof. We proceed as in the proof of the previous theorem. Define on L2(Rd) the
operator T f := E0(Tf |Ω). Again it remains to verify the uniform weak reverse
Hölder inequality for x ∈ Rd and 0 < 2r ≤ R < R0 for some chosen R0. We first
remark that for R0 := 1

3 dist(K, ∂Ω) and x ∈ Rd one of following two scenarios
occurs. We either have B(x,R0) ∩K = ∅ or B(x,R0) ⊂ Ω. In the first case there is
nothing to show as the inequality is trivially true. In the second case the inequality
holds for 0 < 2r ≤ R < R0 by assumption. One can then proceed as in the proof
of Theorem 3.2.3 to conclude the proof.

The next result was at first only considered for p = 2 in order to show that
the assumption of L2,λ(Rd)-boundedness is superfluous (at least for a certain λ).
However, it turns out that the results remains true for general p which is particular
useful to deal with Morrey spaces Lp,µ where p < 2.
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Theorem 3.2.5. Let p ∈ [1,∞), q > p and 0 < λ < d − dp
q

. Let T : Lp(Rd) →
Lp(Rd) be a linear and bounded operator satisfying Lp-weak reverse Hölder estimates
with exponent q and R0 = ∞. Then the restriction T : Lp(Rd)∩Lp,λ(Rd) → Lp(Rd)∩
Lp,λ(Rd) is bounded with respect to the Lp,λ(Rd)-norm. The operator norm of T
depends on p, q, λ, the constant in the Lp-weak reverse Hölder estimate and the
Lp-norm of T .

Proof. Let f ∈ Lp(Rd) ∩ Lp,λ(Rd) and x0 ∈ Rd and r > 0 be arbitrary but fixed.
For R > r we have∫

B(x0,r)
|Tf |p dx ≲

∫
B(x0,r)

|T (fχB(x0,3R))|p dx+
∫

B(x0,r)
|T (f(1 − χB(x0,3R)))|p dx.

Again, we estimate both terms separately. By virtue of the Lp-boundedness of T
we can estimate the first one as∫

B(x0,r)
|T (fχB(x0,3R))|p dx ≲ Rλ∥f∥p

Lp,λ(Rd).

For the second one, we use the condition r < R together with Hölder’s inequality
and the Lp-weak reverse Hölder estimates (3.2) to obtain

∫
B(x0,r)

|T (f(1 − χB(x0,3R)))|p dx
 1

p

≲ r
d
p

− d
qR

d
q

(
1
Rd

∫
B(x0,R)

|T (f(1 − χB(x0,3R)))|q dx
) 1

q

≲ r
d
p

− d
qR

d
q

(
1
Rd

∫
B(x0,2R)

|T (f(1 − χB(x0,3R)))|p dx
) 1

p

.

Taking the p-th power and using the linearity of T we get∫
B(x0,r)

|T (f(1−χB(x0,3R)))|p dx

≲ rd− dp
q R

dp
q

(
1
Rd

∫
B(x0,2R)

|T (f(1 − χB(x0,3R)))|p dx
)

≲
(
r

R

)d− dp
q
∫

B(x0,2R)
|Tf |p dx+

∫
B(x0,2R)

|T (fχB(x0,3R))|p dx.

Note that r < R and d − dp
q
> 0, so we were able estimate

(
r
R

)d− dp
q ≤ 1 in the

second summand. Combining this with the estimate for the first term yields

∫
B(x0,r)

|Tf |p dx ≲
(
r

R

)d− dp
q
∫

B(x0,R)
|Tf |p dx+Rλ∥f∥p

Lp,λ(Rd).
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Defining ϕ(s) :=
∫

B(x0,s) |Tf |p dx, we are in the situation of [47, Lemma 5.13],
provided that d− dp

q
> λ. Applying the lemma we deduce

1
rλ

∫
B(x0,r)

|Tf |p dx ≲
1
Rλ

∫
B(x0,2R)

|Tf |p dx+ ∥f∥p
Lp,λ(Rd).

Next, use the Lp-boundedness of T and R → ∞ to obtain

1
rλ

∫
B(x0,r)

|Tf |p dx ≲ ∥f∥p
Lp,λ(Rd).

Taking the p-th root and the supremum with respect to r and x0 completes the
proof.

A result similar to Theorem 3.2.5 also holds for bounded sets.

Corollary 3.2.6. Let Ω ⊆ Rd be bounded and measurable. Let p ∈ [1,∞), q > p

and 0 < λ < d − dp
q

and let T : Lp(Ω) → Lp(Ω) be a linear bounded operator
satisfying Lp-weak reverse Hölder estimates with exponent q and radius R0 > 0.
Then the restriction of T : Lp,λ(Ω) → Lp,λ(Ω) is bounded with respect to the Lp,λ(Ω)
norm with operator norm depending on d, p, q, λ, R0, Ω, the constant in the
Lp-weak reverse Hölder estimate and the operator norm of T on Lp(Ω).

Proof. We show that the operator T defined on Lp(Rd) via T f := E0(T (f|Ω))
satisfies the weak reverse Hölder estimates for all radii. Here E0 denotes as before
the extension by zero outside of Ω. For large R this follows from the boundedness
of Ω as explained in the proof of Theorem 3.2.3. For the intermediate radii we
appeal to [90, Lemma 3.2.3]. Note that the lemma remains true, with an analogous
proof, for Lp-weak reverse Hölder estimates. Now, the claim follows from Theorem
3.2.5.

To complete this chapter we formulate two results on how we will later use the
extrapolation results presented here.

Theorem 3.2.7. Let Ω ⊆ Rd be bounded and open. Let T : L2(Ω) → L2(Ω) be
bounded and linear. Assume further that T satisfies weak reverse Hölder estimates
for all exponents 2 < q < ∞ and radius R0 > 0. Then for all p ≥ 2 and all
0 ≤ λ < d, T restricts to a bounded operator from Lp,λ(Ω) → Lp,λ(Ω).

Proof. We plan on using the previous corollary. Let p ≥ 2 and 0 ≤ λ < d be
arbitrary. Then, the Lp-boundedness is a consequence of the L2-boundedness and
the weak reverse Hölder estimates as Tolksdorf [90, Theorem 3.1.2] generalized
Shen’s extrapolation theorem to hold on arbitrary open sets Ω instead only the full
space or bounded Lipschitz domains. As the weak reverse Hölder estimates hold
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3.2 Morrey extrapolation on Rd and bounded sets

by assumption for all exponents q > 2, they particularly hold for q large enough
so that λ < d− dp

q
is satisfied. Note that we assumed only L2-weak reverse Hölder

estimates but the previous corollary requires Lp-weak reverse Hölder estimates.
However, these follow due to Theorem 3.1.6. Hence, we can apply the previous
corollary which immediately yields the desired result.

In applications, our operators may not satisfy reverse Hölder inequalities for all
2 < q < ∞ but only for 2 < q < q0 for some q0 > 2. Under these assumptions we
have the following result.

Theorem 3.2.8. Let Ω ⊆ Rd be bounded and open. Let T : L2(Ω) → L2(Ω) be
bounded and linear. Assume further that for some q0 > 0 the operator T satisfies
weak reverse Hölder estimates for all exponents 2 < q < q0 < ∞ and radius R0 > 0.
Then for all 2 ≤ p < q0 and all 0 ≤ λ < d − dp

q0
, T restricts to a bounded operator

from Lp,λ(Ω) → Lp,λ(Ω).

Proof. The proof essentially is the same as the one of the previous theorem. How-
ever, in the light of the previous proof, the restriction on the exponents in weak
reverse Hölder estimates directly corresponds to the range of p and λ stated in this
theorem.
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CHAPTER 4

Applications

4.1 Elliptic operators on Morrey spaces

In this section we examine elliptic operators in divergence form on Morrey spaces.
As we work on Lipschitz domains, boundary conditions are required. In this thesis
Dirichlet as well as Neumann boundary conditions are considered. Our results are
similar in both cases even though for Neumann boundary conditions some results
require the restriction to mean-value free functions. Our goal is to obtain a solution
theory for semilinear parabolic problems in Morrey spaces similar to the original
result by Giga [50] and the refinement by Tolksdorf [90]. In this context an Lp,µ-
Lq,µ-estimate is necessary. With the methods presented here, those are available
only in dimension 3. We later discuss this issue in more depth. From now on,
unless stated otherwise, let Ω ⊆ R3 be a bounded Lipschitz domain.

This section is structured as follows. On L2(Ω) we introduce elliptic operators
in divergence form subject to Dirichlet or Neumann boundary conditions via form
theory. For an introduction to form theory we refer to the book by Kato [60].
This approach has the advantage that both boundary conditions can be considered
simultaneously. Building on an L2-theory, weak reverse Hölder estimates provide
an Lp-theory in the light of Shen’s extrapolation theorem [84, Theorem 3.3]. For
Neumann boundary conditions those were proved by Wei and Zhang in [97] while
for Dirichlet boundary conditions they are consequences of results by Shen [82]. As
we were not able to find the latter results in the literature, we provide a proof in
this thesis.
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4.1.1 L2-theory and weak reverse Hölder estimates
As mentioned in the introduction of this section in the L2-setting we use form theory.
Here, we consider systems of m equations. Consequently, we write Lp(Ω) for the
space of Lp-functions with values in Rm and do so analogously for other function
spaces. Let W1,2

0 (Ω) ⊆ V ⊆ W1,2(Ω). For later purposes we only consider the cases
V = W1,2

0 (Ω) which corresponds to Dirichlet boundary conditions and V = W1,2(Ω)
which corresponds to Neumann boundary conditions. Other boundary conditions
can be encoded via other choices of V . Define the form

a : V × V → C

(u, v) 7→
∫

Ω

m∑
α,β=1

3∑
i,j=1

aαβ
ij ∂ju

β∂ivα dx

where the coefficients aαβ
ij are constant, real, symmetric and strongly elliptic. By

the latter we mean that there exists Λ > 0 such that

Λ|ξ|2 ≤
m∑

α,β=1

3∑
i,j=1

aαβ
ij ξ

α
i ξ

β
j ≤ Λ−1|ξ|2

holds for all ξ = (ξα
i ) ∈ R3m. Note that this assumption is as in [97] and is stronger

than the Legendre-Hadamard condition in [82]. For further discussion on this topic
we refer to [97, Remark 1.4]. Then, by classical form theory, see [60, Chapter 6],
this gives rise to a sectorial operator A2 on L2(Ω) defined via

D(A2) :=
{
u ∈ V : ∃!f ∈ L2(Ω) : a(u, v) =

∫
Ω
f · v dx ∀v ∈ V

}
A2u := f.

For 2 < p < ∞, we define the operator Ap as the part of A2 in Lp(Ω):

D(Ap) := {u ∈ D(A2) ∩ Lp(Ω) : A2u ∈ Lp(Ω)}
Apu := A2u.

For 1 < p < 2 we use duality to define Ap. It is now natural to ask whether Ap is
sectorial, too. Answering this questions requires knowledge of the behaviour of the
resolvent of Ap on Lp(Ω) which hints that Shen’s Lp-extrapolation theorem might
be of use.

Next, we introduce the relevant resolvent problems. Let θ ∈ (π/2, π) and for
λ ∈ Sθ = {z ∈ C \ {0} : | arg(z)| < θ} consider the problem

(4.1) λu+ A2u = f
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for f ∈ L2(Ω). For V = W1,2(Ω) this is the Neumann resolvent problem which then
reads

λu− div(L∇u) = f in Ω
∂u

∂ν
= 0 on ∂Ω

(4.2)

where

(4.3)
(
∂u

∂ν

)α

:=
m∑

β=1

3∑
i,j=1

aαβ
ij ∂ju

βNi, α = 1, 2, . . . ,m.

Here N = (N1, N2, N3) is the outward unit normal to ∂Ω. For V = W1,2
0 (Ω), (4.1)

is the Dirichlet resolvent problem:

λu− div(L∇u) = f in Ω
u = 0 on ∂Ω.

(4.4)

In the Dirichlet case also λ = 0 is allowed. In both cases L represents the coefficients
of the corresponding operator.

Returning to the question of sectoriality of Ap, recall that sectoriality of A2
includes L2-boundedness of the resolvents. Hence for an application of Shen’s ex-
trapolation theorem, it remains to show weak reverse Hölder estimates. In [97], Wei
and Zhang considered the case of Neumann boundary conditions and obtained weak
reverse Hölder estimates for the resolvent and its gradient. Note that in [82], Shen
uses Green functions to obtain Lp-boundedness of the resolvent. However, his paper
contains all necessary ingredients to prove weak reverse Hölder estimates which will
be useful for Morrey space theory, too. Before we provide a proof of those, let us
now precisely state the aforementioned result by Wei and Zhang [97, Proposition
3.1].

Theorem 4.1.1. Let V = W1,2(Ω), θ ∈ (π/2, π) and r0 > 0 the radius from
the definition of Lipschitz domains, see Definition 2.3.1. Then there exists ε > 0
depending only on θ, Ω and Λ such that for all λ ∈ Sθ the following holds. For
all x0 ∈ Ω and 0 < r ≤ r0 satisfying either x0 ∈ ∂Ω or B(x0, 3r) ⊆ Ω and all
f ∈ L2(Ω) with f ≡ 0 on B(x0, 3r) ∩ Ω the solution u to (4.2) satisfies

(
1
rd

∫
B(x0,r)∩Ω

|∇u|q dx
) 1

q

≲

(
1
rd

∫
B(x0,2r)∩Ω

|∇u|2 dx
) 1

2

∀ 2 < q < 3 + ε,(4.5)
(

1
rd

∫
B(x0,r)∩Ω

|u|q dx
) 1

q

≲

(
1
rd

∫
B(x0,2r)∩Ω

|u|2 dx
) 1

2

∀ 2 < q < ∞.(4.6)

The implicit constants only depend on q, θ, Ω and Λ.
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For the Dirichlet resolvent problem the general idea is to follow the strategy of
[97] but using the results from [82]. Here, we note that instead of the sets used
by Wei and Zhang we work with Lipschitz cylinders. The interior estimate is the
same as the first part of the proof of [97, Proposition 3.1] and also the boundary
case follows the idea presented there.

Theorem 4.1.2. Let V = W1,2
0 (Ω), θ ∈ (π/2, π) and r0 > 0 the radius from

the definition of Lipschitz domains, see Definition 2.3.1. Then there exists ε > 0
depending only on θ, Ω and Λ such that the following holds for all λ ∈ Sθ ∪ {0}.
For all x0 ∈ Ω and 0 < r ≤ r0 satisfying either x0 ∈ ∂Ω or B(x0, 3r) ⊆ Ω and all
f ∈ L2(Ω) with f ≡ 0 on B(x0, 3r) ∩ Ω the solution u to (4.4) satisfies

(
1
rd

∫
B(x0,r)∩Ω

|∇u|q dx
) 1

q

≲

(
1
rd

∫
B(x0,2r)∩Ω

|∇u|2 dx
) 1

2

∀ 2 < q < 3 + ε,(4.7)
(

1
rd

∫
B(x0,r)∩Ω

|u|q dx
) 1

q

≲

(
1
rd

∫
B(x0,2r)∩Ω

|u|2 dx
) 1

2

∀ 2 < q < ∞.(4.8)

The implicit constants only depend on q, θ, Ω and Λ.

Proof. Interior balls are taken care of by the point-wise estimate in [97, Lemma
3.2] and the argumentation in [97, Proposition 3.1]. For x0 ∈ ∂Ω, after a rotation
and translation, we may assume x0 = 0. As Ω is a Lipschitz domain, there exists a
Lipschitz function η : R2 → R with η(0) = 0 such that for all 0 < r ≤ r0 we have

D(r) ∩ (Ω \ {0}) = {(x′, x3) ∈ R3 : |x′| < r, η(x′) < x3 < 30(M + 1)r} = Dη(r)

where M ≥ ∥∇η∥L∞(R2) and Dη(r) denotes the Lipschitz cylinder introduced in
Definition 2.3.1. Moreover, recall

Iη(r) := {(x′, x3) ∈ R3 : |x′| < r, η(x′) = x3}

and that a Lipschitz cylinder is a Lipschitz domain. We will first prove the desired
estimate on the level of Lipschitz cylinders and then argue why this is sufficient.
By scaling it suffices to consider r = 1 as the scaled function ηr(x) := r−1η(rx) also
satisfies ∥∇ηr∥L∞(R2) ≤ M and so the Lipschitz constant is invariant under scaling.
Let now the function f ∈ L2(Ω) satisfy f ≡ 0 on Dη(6). For x ∈ ∂Ω introduce the
non-tangential maximal function (∇u)∗ defined by

(∇u)∗(x) := sup{|∇u(y)| : y ∈ Ω s.t. |y − x| < 2 dist(y, ∂Ω)}.
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4.1 Elliptic operators on Morrey spaces

For s ∈ (1, 2) by [85, Equation (5.20)] and [82, Theorem 0.12] we have

(∫
Dη(1)

|∇u|3 dx
) 2

3

≲
∫

∂Dη(s)
|(∇u)∗|2 dσ(x)

≲
∫

∂Dη(s)
|∇tanu|2 + ||λ|

1
2u|2 + |u|2 dσ(x)

=
∫

∂Dη(s)\Iη(2)
|∇tanu|2 + |λ||u|2 + |u|2 dσ(x).

Here ∇tan denotes the tangential derivative. Both this term and u vanish on ∂Ω
and consequently on Iη(r) by the boundary condition so that the last equality is
justified. Next, apply Lemma 2.3.6 and use |∇tanu| ≤ |∇u| to obtain

(∫
Dη(1)

|∇u|3 dx
) 2

3

≲
∫

Dη(2)
|∇u|2 dx+

∫
Dη(2)

|λ||u|2 dx+
∫

Dη(2)
|u|2 dx.

In order to get rid of the first two terms we apply the Caccioppoli inequality [82,
Lemma 2.1] for k = 0 (which is not stated there but is proved first) to obtain

(4.9)
(∫

Dη(1)
|∇u|3 dx

) 1
3

≲

(∫
Dη(4)

|u|2 dx
) 1

2

.

In light of working in dimension 3, an application of Sobolev’s inequality implies
that for all 2 < q < ∞ we have

(4.10)
(∫

Dη(1)
|u|q dx

) 1
q

≲

(∫
Dη(4)

|u|2 dx
) 1

2

.

Moreover, for the gradient note that u = 0 on ∂D(4)∩∂Ω by the boundary condition
on u, so an application of Poincaré’s inequality (see Proposition 2.3.12) together
with Jensen’s inequality to (4.9) yields

(4.11)
(∫

Dη(1)
|∇u|q dx

) 1
q

≲

(∫
Dη(4)

|∇u|2 dx
) 1

2

for all 2 < q ≤ 3. This concludes the proof on the level of Lipschitz cylinders for
r = 1. Let us now make the scaling argument precise. To this end let 0 < r ≤ r0/6
and f ∈ L2(Ω) with f ≡ 0 on Dη(6r). Then, ur(y) = u(ry) is the solution of (4.4)
with right-hand side fr(y) = f(ry) and fr satisfies fr ≡ 0 on Dη(6). Thus, the
transformation rule implies

(
1
rd

∫
Dη(r)

|u(x)|q dx
) 1

q

=
(∫

Dηr (1)
|u(ry)|q dx

) 1
q

.
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Applying the previously proven estimate and again the transformation rule implies
weak reverse Hölder estimates on Lipschitz cylinders.

Now, let us argue that it suffices to consider Lipschitz cylinders. Note that both

B(x0, r) ∩ Ω ⊆ Dη(r)
Dη(4r) ⊆ B(x0, αr) ∩ Ω

hold where α :=
√

32 · 102(M + 1)2 + 42 > 3. Then if f ≡ 0 on B(x0, (α+ 4)r) ∩ Ω,
also f ≡ 0 on Dη(6r) follows. Hence, for 2 < q < ∞ we obtain weak reverse Hölder
estimates of the form

(
1
rd

∫
B(x0,r)∩Ω

|u|q dx
) 1

q

≲

(
1
rd

∫
B(x0,αr)∩Ω

|u|2 dx
) 1

2

under the condition f ≡ 0 on B(x0, (α+4)r)∩Ω. Applying [90, Lemma 3.2.2] allows
to change the factor α on the right-hand side of the integral to 2, while Lemma
3.1.11 changes the vanishing condition to f ≡ 0 on B(x0, 3r) ∩ Ω. The condition
0 < r ≤ r0 instead of 0 < r ≤ r0/6 is obtained by [90, Lemma 3.2.3]. This proves
the desired result in the range 2 < q < ∞ for u and in the range 2 < q ≤ 3 for ∇u.

Finally, the self-improving property of weak reverse Hölder estimates, see Remark
3.1.2, improves the range for exponents for the gradient to 2 < q < 3 + ε for some
ε > 0.

Remark 4.1.3. • Note that the above estimates are not the weak reverse
Hölder estimates we introduced in Section 3.1. However, recall that Lemma
3.1.3 shows that the above estimates indeed imply weak reverse Hölder esti-
mates. In particular, in view of [90, Lemma 3.2.3] the constant R0 is not of
great importance and for any R̃0 > 0 there exists an implicit constant such
that weak reverse Hölder estimates hold for any 0 < r < R̃0.

• Higher dimensions, i.e. d ≥ 4, can also be considered. Then, the weak reverse
Hölder estimates for the gradient hold for 2 < q < 2d

d−1 +ε and for the resolvent
for 2 < q < 2d

d−3 + ε. For the Neumann problem this was proved by Wei and
Zhang and for the Dirichlet problem it is contained in our proof analogously
to the Neumann problem.

Working in dimension 3 allows to obtain L2-L∞-weak reverse Hölder estimates by
combining weak reverse Hölder estimates for (λ+A2)−1 and ∇(λ+A2)−1 with the
Gagliardo-Nirenberg inequality. Note that Neumann boundary conditions require
more attention as, unlike for Dirichlet boundary conditions, an extension by zero
operator is not available.

48



4.1 Elliptic operators on Morrey spaces

Lemma 4.1.4. Let θ ∈ (π/2, π) and V = W1,2(Ω) or V = W1,2
0 (Ω). Then for the

radius r0 from the definition of a Lipschitz domain the following holds for all λ ∈ Sθ

if V = W1,2(Ω) or λ ∈ Sθ ∪ {0} if V = W1,2
0 (Ω). For all x0 ∈ Ω and 0 < r ≤ r0

and f ∈ L2(Ω) satisfying f ≡ 0 on B(x0, 3r) ∩ Ω the solution u to (4.1) satisfies

∥u∥L∞(B(x0,r)∩Ω) ≲

(
1
rd

∫
B(x0,2r)∩Ω

|u|2 dx
) 1

2

.

The implicit constant only depends on θ, Ω and Λ.
Proof. By a covering argument in the spirit of Lemma 3.1.3 and [90, Lemma 3.2.2]
it suffices to consider the cases x0 ∈ ∂Ω or B(x0, 3r) ⊆ Ω. The interior estimate is
a consequence of [97, Lemma 3.2].

For balls centred on the boundary, the idea is to estimate the L∞-norm by the
Gagliardo-Nirenberg inequality on R3. Note that for x0 ∈ ∂Ω and r > 0 the inter-
section B(x0, r) ∩ Ω is not necessarily a domain so that Stein’s extension theorem
is of no use here. For Dirichlet boundary conditions extension by zero is possible.
Recall that we denote this operator by E0. For Neumann boundary conditions how-
ever, as already mentioned, a different approach is necessary. Let us first consider
the case of Dirichlet boundary conditions as this serves as a blueprint for how to
proceed for Neumann boundary conditions.

Let x0 ∈ ∂Ω, 0 < r ≤ r0 where r0 > 0 is the constant from Definition 2.3.1
belonging to Ω and f ∈ L2(Ω) with f ≡ 0 on B(x0, r) ∩ Ω. Moreover, denote by
u the solution to (4.1). By a scaling argument as in the proof of Theorem 4.1.2 it
suffices to consider r = 1. Let p = 3 + ε/2 with ε > 0 as in Theorem 4.1.2 and set
ϑ := 3/p < 1. Note that then p depends on θ, Ω and Λ. Then, the extension by
zero and the Gagliardo-Nirenberg inequality [74] deliver

∥u∥L∞(B(x0,1)∩Ω) ≲ ∥E0u∥ϑ
W1,p(Rd)∥E0u∥1−ϑ

Lp(Rd)

≲

(∫
B(x0,1)∩Ω

|u|p + |∇u|p dx
)ϑ

p
(∫

B(x0,1)∩Ω
|u|p dx

) 1−ϑ
p

,

where the implicit constant depends on θ, Ω and Λ. Now apply the weak reverse
Hölder estimates from Theorem 4.1.2. In the first factor use [90, Lemma 3.2.2] to
obtain a ball with radius 3/2 instead of radius 2 as the domain of integration on
the right-hand side. This yields

(4.12) ∥u∥L∞(B(x0,1)∩Ω) ≲

(∫
B(x0,3/2)∩Ω

|u|2 + |∇u|2 dx
)ϑ

2
(∫

B(x0,2)∩Ω
|u|2 dx

) 1−ϑ
2

,

where the implicit constant depends on p, θ, Ω and Λ. Finally, appeal to Cacciop-
poli’s inequality [82, Lemma 2.1] to estimate

(4.13)
(∫

B(x0,3/2)∩Ω
|∇u|2 dx

) 1
2

≲

(∫
B(x0,2)∩Ω

|u|2 dx
) 1

2

,
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where the implicit constant depends on Λ. Combining (4.12) and (4.13) then yields
the desired weak reverse Hölder estimates for r = 1.

For Neumann boundary conditions we employ an extension procedure described
by Tolksdorf in [90, Proposition 7.1.3]. Note that in that chapter of his thesis a
more general definition of Lipschitz domains was used, see [90, Assumption 7.1.1
and Remark 7.1.2 (1)]. It is explained in [53, p. 7f.] that the there used definition is
indeed more general than ours. Moreover, Tolksdorf introduces a constant M̃ ≥ 1
which in his setting bounds the Lipschitz constant of the coordinate charts. In
particular, this constant M̃ corresponds to the Lipschitz constant M in our setting.

His extension operator, which essentially is an even reflection, operates on func-
tions defined on a set Ux0,r, for x0 ∈ ∂Ω and 0 < r ≤ 1/4, instead of a ball B(x0, r).
For a precise definition we refer to [90, Remark 7.1.2 (2)]. Important for our work
is that these sets satisfy the following relation, see [90, Remark 7.1.2 (3)]:

B(x0, r) ⊆ Ux0,M
√

3r ⊆ B(x0,M
2√3r).

This then serves to extend functions, defined on Ω, from B(x0, r) ∩ Ω to B(x0, r).
From this ball we then can extend to Rd via Stein’s extension theorem and use the
Gagliardo-Nirenberg inequality.

Again by the aforementioned scaling argument it suffices to cover r = 1. Let
f ∈ L2(Ω) satisfy f ≡ 0 on B(x0, 3αr) ∩ Ω with α = M2√3 > 1. Denote by u the
solution to (4.2) with right-hand side f . As for Dirichlet boundary conditions, set
p := 3 + ε/2 with ε > 0 as in Theorem 4.1.1 so that weak reverse Hölder estimates
for the gradient hold. With ϑ = 3/p < 1 we obtain by Gagliardo-Nirenberg and
the W1,p-boundedness of Tolksdorf’s extension operator that

∥u∥L∞(B(x0,1)∩Ω) ≲ ∥u∥ϑ
W1,p(B(x0,M2

√
3)∩Ω)∥u∥1−ϑ

Lp(B(x0,M2
√

3)∩Ω)

holds true with implicit constant depending on θ, Ω and Λ. Now proceed as in the
Dirichlet case, i.e., use the weak reverse Hölder estimates from Theorem 4.1.1 as
well as Caccioppoli’s inequality for Neumann boundary conditions [97, Corollary
3.1]. This yields weak reverse Hölder estimates of the form

(4.14) ∥u∥L∞(B(x0,1)∩Ω) ≲

(∫
B(x0,2α)∩Ω

|u|2 dx
) 1

2

for f ∈ L2(Ω) with f ≡ 0 on B(x0, 3α). The implicit constant depends on θ, Ω and
Λ.

Finally, apply [90, Lemma 3.2.2] to change the radius on the right-hand side
of (4.14) to 2 and Lemma 3.1.11 for (4.14) to hold under the condition f ≡ 0 on
B(x0, 3r)∩Ω. Note that while in both results an Lq-norm with finite q is considered,
the same proofs apply for the L∞-norm as well.
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4.1 Elliptic operators on Morrey spaces

4.1.2 Lp-theory
In view of the weak reverse Hölder estimates (Theorems 4.1.1 and 4.1.2) together
with Shen’s extrapolation theorem the following result can be obtained.

Theorem 4.1.5. Let V = W1,2
0 (Ω) or V = W1,2(Ω) and 1 < p < ∞. Then, the

operator Ap is sectorial of angle 0 on Lp(Ω) and hence −Ap generates a strongly
continuous analytic semigroup on Lp(Ω).

Proof. For the Neumann problem this was proved by Wei and Zhang, see [97,
Theorem 1.1 and Corollary 1.1]. For Dirichlet boundary data the same proof applies
in light of Theorem 4.1.2. However, Shen used Green functions, see [82, Theorem
0.3], to prove the result as he proved his extrapolation results 10 years later.

Remark 4.1.6. Recall that sectoriality requires a resolvent estimate of the form
∥(λ + Ap)−1∥ ≲ 1

|λ| for λ ∈ Sθ with θ ∈ (π/2, π). However, for Dirichlet boundary
conditions the stronger estimate

(4.15) ∥(λ+ Ap)−1f∥Lp(Ω) ≲
1

1 + |λ|
∥f∥Lp(Ω)

is valid for f ∈ Lp(Ω) and λ ∈ Sθ, see [82, Theorem 0.3]. In particular, by analyticity
of the resolvent map, this implies 0 ∈ ρ(Ap) with the same estimate so that (4.15)
holds for all λ ∈ Sθ ∪{0}. For the Neumann resolvent problem such an estimate can
not hold for all f ∈ Lp(Ω) as invertibility of Ap fails. However, restricting to mean
value free functions, estimate (4.15) holds true for λ ∈ Sθ ∪ {0}, see [97, Theorem
1.1].

Having an Lp-theory for the resolvent we can use results from Chapter 3 to obtain
Lp-L∞-weak reverse Hölder inequalities for any p > 1.

Corollary 4.1.7. Let θ ∈ (π/2, π), 2 < q ≤ ∞ and 1 < p < q. Moreover, let
V = W1,2(Ω) or V = W1,2

0 (Ω). Then for the radius r0 from the definition of a
Lipschitz domain the following holds for all λ ∈ Sθ if V = W1,2(Ω) or for all
λ ∈ Sθ ∪ {0} if V = W1,2

0 (Ω). For all x0 ∈ Ω and 0 < r ≤ r0 and f ∈ Lp(Ω)
satisfying f ≡ 0 on B(x0, 3r) ∩ Ω the function u := (λ+ Ap)−1f satisfies

∥u∥L∞(B(x0,r)∩Ω) ≲

(
1
rd

∫
B(x0,2r)∩Ω

|u|p dx
) 1

p

if q = ∞ or
(

1
rd

∫
B(x0,r)∩Ω

|u|q dx
) 1

q

≲

(
1
rd

∫
B(x0,2r)∩Ω

|u|p dx
) 1

p

if q < ∞. The implicit constant only depends on q, p, θ, Ω and Λ.
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Proof. We want to apply Theorem 3.1.6 to T := (λ + Ap)−1. By Theorem 4.1.1,
Theorem 4.1.2 and Lemma 4.1.4, T satisfies the necessary L2-weak reverse Hölder
estimates. Hence, the claim follows from Theorem 3.1.6 as T is continuous on Lp(Ω)
for 1 < p < ∞ by Shen’s Lp-extrapolation theorem.

From now on we will drop the index p and only write A instead of Ap. As
mentioned in the introduction, an important step for a Morrey space theory for
semilinear parabolic problems are Lp,µ-Lq,µ-estimates for the semigroup. Examin-
ing the proof of [59, Lemma 2.1] suggests that uniform estimates play a crucial role
in establishing such Lp,µ-Lq,µ-estimates. Thus, we first aim for an Lp-L∞-estimate
for the resolvent. The strategy of the proof is to proceed similarly to the proof of
weak L2-L∞-reverse Hölder estimates so that gradient estimates for the resolvent
are necessary. Wei and Zhang proved gradient estimates for 2 ≤ p < 3 + ε, see
[97, Proposition 4.1], for the Neumann resolvent problem by means of Shen’s ex-
trapolation theorem. For the Dirichlet resolvent problem Shen in [82, Theorem 0.5]
obtained gradient estimate for 3

2 − δ < p < 3 + δ for some δ > 0. Here, we prove
that in both cases those gradient estimates remain true for 1 < p < 2.

Theorem 4.1.8. Let θ ∈ (π/2, π) and V ∈ {W1,2(Ω),W1,2
0 (Ω)}. Then there exists

ε > 0 depending on θ, Ω and Λ such that for all λ ∈ Sθ the operator |λ| 1
2 ∇(λ+A)−1

is bounded on Lp(Ω) for 1 < p < 3 + ε. The operator norm depends on p, θ, Ω and
Λ.

Proof. Let ε > 0 as in Theorem 4.1.1 or Theorem 4.1.2 depending on V . Then, for
2 ≤ p < 3 + ε the claim follows from Shen’s extrapolation theorem. Thus, let now
p < 2. For f ∈ Lp(Ω) we estimate ∥∇(λ+A)−1f∥Lp(Ω) via duality. For g ∈ C∞

c (Ω)
with ∥g∥Lq(Ω) ≤ 1 where 1

p
+ 1

q
= 1 we have

⟨∇(λ+ A)−1f, g⟩p,q ≤ ⟨(λ+ A)−1f, div g⟩p,q ≤ ⟨f, (λ+ A∗)−1 div g⟩p,q

≤ ∥f∥Lp∥(λ+ A)−1 div g∥Lq

by Hölder’s inequality. Here, ⟨·, ·⟩p,q denotes the dual pairing between Lp(Ω) and
Lq(Ω). Hence, it suffices to understand (λ + A)−1 div on Lq(Ω). Note that A has
real, symmetric coefficients and we can write λ instead of λ as Sθ is stable under
taking conjugate. Moreover p < 2 implies q > 2 so that we are in the realm of
Shen’s Lq-extrapolation theorem.

In order to apply this theorem we need to define our operator on L2(Ω) which is
not immediate as we are dealing with T = (λ+ A)−1 div. We proceed by the form
method and define Tf for f ∈ L2(Ω) as the unique solution of

λ
∫

Ω
u · v dx+

m∑
α,β=1

3∑
i,j=1

∫
Ω
aαβ

ij ∂ju
β∂ivα dx = −

∫
Ω
f∇v dx
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4.1 Elliptic operators on Morrey spaces

for all v ∈ V . Choosing v = u and using Hölder’s and Young’s inequality together
with [90, Lemma 5.2.4] we recover that |λ| 1

2 (λ+A)−1 div is uniformly bounded on
L2(Ω) with respect to λ.

In order to apply Shen’s extrapolation theorem it remains to show weak reverse
Hölder estimates for u = (λ+A)−1 div f . To this end consider some ball B(x, r) with
x ∈ Ω and 0 < r < r0 with r0 as in Theorem 4.1.1 or Theorem 4.1.2, respectively,
and f ∈ L2(Ω) with f ≡ 0 in B(x, 3r)∩Ω. Then u by definition solves λu+Au = 0
in B(x, 3r)∩Ω. By Theorem 4.1.1 or Theorem 4.1.2, u satisfies weak reverse Hölder
estimates for any exponent q ∈ (2,∞) and by Shen’s extrapolation theorem T is
bounded on Lq(Ω) for q ∈ (2,∞) and this concludes the proof.

Remark 4.1.9. For V = W1,2
0 (Ω) (i.e. Dirichlet boundary conditions) a stronger

estimate in the spirit of Remark 4.1.6 remains true also for the gradient. To be
precise, in this case for λ ∈ Sθ, with θ as in the previous theorem, the operator
(1 + |λ|) 1

2 ∇(λ + A)−1 is bounded on Lp(Ω) uniformly in λ so the boundedness
extends to λ = 0. For a proof we refer to [82, Theorem 0.5].

In [84] the author shows that L2-reverse Hölder estimates with exponent p imply
Lp-boundedness of the Riesz transform if V = W1,2

0 (Ω) in the case of scalar equa-
tions. However, this results remains true in the context of systems and even for
Neumann boundary conditions. For systems under Dirichlet boundary conditions
Shen’s proof essentially stays the same, only noting that [11, Theorem 4] needs to
be replaced by the corresponding results for systems in [33].

Theorem 4.1.10. Let V = W1,2(Ω), θ ∈ (π/2, π), ε > 0 as in Theorem 4.1.1 and
2 ≤ p < 3 + ε. Then, for all λ ∈ Sθ and all f ∈ Lp(Ω) the function u given by
u := (λ+ A)−1f satisfies

(4.16) ∥∇u∥Lp(Ω) ≲ ∥(1 + A) 1
2u∥Lp(Ω).

The implicit constant only depends on p, θ, Ω and Λ.

Proof. The case p = 2 is classical in form theory as the form in question is real
and symmetric, see [60, Theorem 2.23]. Let now 2 < p < 3+ε. Note that it suffices
to prove

∥∇(1 + A)− 1
2h∥Lp(Ω) ≲ ∥h∥Lp(Ω)

for all h ∈ R((1 + A) 1
2 ). Again we proceed by testing with g ∈ C∞

c (Ω) satisfying
∥g∥Lp′ (Ω) ≤ 1 where 1

p
+ 1

p′ = 1. By applying Hölder’s inequality it remains to
estimate

sup ∥(1 + A∗)− 1
2 div g∥Lp′ (Ω)

where the supremum is taken over all g ∈ C∞
c (Ω) with ∥g∥Lp′ (Ω) ≤ 1. As in the

previous proof we omit the adjoint. Next, we write

(4.17) (1 + A)− 1
2 div g = (1 + A) 1

2A− 1
2A

1
2 (1 + A)− 1

2 (1 + A)− 1
2 div g.
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Here L 1
2 (1 + A)− 1

2 is well-defined as R((1 + A)− 1
2 ) = D((1 + A) 1

2 ) = D(A 1
2 ) where

the last equality is due to [54, Proposition 3.1.9 a)]. Note that A− 1
2 well-defined, as,

in the above formula, it acts on divergence-free functions. Indeed, (1 + A)−1 div g
is mean value free by the equation as can be seen by an integration by parts. As
A

1
2 preserves this property by [54, Theorem 2.3.3.d)], we can restrict ourselves to

mean value free functions and there A is bijective, so negative fractional powers are
well-defined.

The composition S := (1 +A) 1
2A− 1

2 is well-defined with the same argumentation
as for A 1

2 (1 + A)− 1
2 . Moreover the composition is closed. Indeed, (1 + A) 1

2 is
closed and the continuity of A− 1

2 is due to the continuity of A−1 on mean value free
functions (see the second part of Theorem 1.1 in [97]) and [54, Proposition 3.1.1.a)],
recall that for an injective sectorial operator also its inverse is sectorial). Hence, S
is a closed operator defined on the Banach space of mean-value free Lp-functions
and therefore, by the closed graph theorem, continuous. Thus, in order to control
(4.17) in the Lp′-norm it suffices to estimate the Lp′-norm of A 1

2 (1 + A)−1 div g.
Note that p > 2 implies p′ < 2. First, we employ [33, Theorem 1.2] which after an
application of Poincaré’s inequality states

∥A
1
2 (1 + A)−1 div g∥Lq(Ω) ≲ ∥∇(1 + A)−1 div g∥W1,q(Ω)

≲ ∥∇(1 + A)−1 div g∥Lq(Ω)

for all 1 < q < 2. Note that
∫

Ω div g = 0 due to integration by parts and therefore
also (1+A)−1 div g has mean 0. Hence, Poincaré’s inequality indeed can be applied.

It remains to prove Lp′-boundedness for the operator T = ∇(1 +A)−1 div where
(1 + A)−1 div is defined as in the previous proof. Note that due to a duality
argument it suffices to show Lp-boundedness of the same operator which allows us to
employ Shen’s extrapolation theorem. Recall that the associated form in question
is real and symmetric. The L2-estimate is again a consequence of [90, Lemma 5.2.4]
and testing. With the same argument as in the previous result we can show that
∇(1+A)−1 div satisfies the same weak reverse Hölder estimates as ∇(1+A)−1. Thus,
by Theorem 4.1.1 and Shen’s extrapolation theorem we deduce Lq-boundedness for
2 < q < 3 + ε for some ε > 0 as in Theorem 4.1.1. In view of the aforementioned
duality argument this concludes the proof.

Now, we are in the position to prove Lp-L∞-estimates for the resolvent. However,
in the case of Neumann boundary conditions we need to assume f to be mean value
free, as ensures that Poincaré’s inequality is applicable. For Dirichlet boundary
conditions no such assumption is necessary.

Proposition 4.1.11. Let θ ∈ (π/2, π), V ∈ {W1,2(Ω),W1,2
0 (Ω)} and ε > 0 as in

Theorem 4.1.1 or Theorem 4.1.2, respectively. Moreover, let 3/2 < p < 3 + ε.
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4.1 Elliptic operators on Morrey spaces

Then, for all λ ∈ Sθ and f ∈ Lp(Ω), with the additional assumption
∫

Ω f dx = 0 if
V = W1,2(Ω), the function u := (λ+ A)−1f satisfies

∥u∥L∞(Ω) ≲ |λ|−
1
2 (2− 3

p
)∥f∥Lp(Ω).

Here, the implicit constant depends only on p, θ, Ω and Λ.

Proof. Our strategy is to prove Lp-L∞-estimates in two different ranges of p and
then conclude by Riesz-Thorin interpolation, see, e.g., [14]. We present the proof in
the case of Neumann boundary conditions. In case of Dirichlet boundary conditions
no sophisticated tool as Stein’s extension operator is necessary as extension by zero
is possible.

We use the extension operator E given by Stein in [87, VI, Section 3.1, Theorem 5]
which is applicable as we showed in Theorem 2.3.8 that the boundary of a bounded
Lipschitz domain is minimally smooth. For 3 < p < 3 + ε we then apply the
Gagliardo-Nirenberg inequality on Rd, see [74] with ϑ = 3/p < 1 to the extended
function and use the boundedness of the extension operator to obtain

∥u∥L∞(Ω) ≲ ∥Eu∥L∞(Rd)

≲ ∥Eu∥1−ϑ
Lp(Rd)∥∇Eu∥ϑ

Lp(Rd)

≲ ∥u∥1−ϑ
Lp(Ω)∥u∥ϑ

W1,p(Ω).

Note that due to the use of the extension operator a full Sobolev norm appears.
Therefore, we can not immediately use the boundedness estimates for u and ∇u as
this would yield an incorrect behaviour in λ. However, note that for mean value
free functions f also the solution u to the resolvent problem (4.2) is mean value
free. Then Poincaré’s inequality on Ω delivers

(4.18) ∥u∥L∞(Ω) ≤ ∥u∥1−ϑ
Lp(Ω)∥∇u∥ϑ

Lp(Ω)

Next, we use the boundedness of the Riesz transform, then Sobolev’s inequality on
both factors and finally again boundedness of the Riesz transform on the second
one to get

∥u∥L∞(Ω) ≲ ∥u∥1−ϑ
Lp(Ω)∥(1 + A) 1

2u∥ϑ
Lp(Ω)

≲ ∥∇u∥1−ϑ
Lp∗ (Ω)∥(1 + A)u∥ϑ

Lp∗ (Ω)

where p∗ := 3p
3+p

is the lower Sobolev conjugate of p. Recall that in Theorem 4.1.8
we showed ∥∇u∥Lp∗ (Ω) ≲ |λ|− 1

2 ∥f∥Lp∗ (Ω) even for p∗ < 2 which was not included
in [97, Proposition 4.1]. For the second factor note that (1 + A)u = f + (1 − λ)u
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and thus, in light of Remark 4.1.6 as f is mean value free in the case of Neumann
boundary conditions, we obtain

∥(1 + A)u∥Lp∗ (Ω) ≤ ∥f∥Lp∗ (Ω) + (1 + |λ|)∥u∥Lp∗ (Ω) ≲ ∥f∥Lp∗ (Ω).

Combining the previous calculations yields

∥u∥L∞(Ω) ≲ |λ|−
1
2 (1−θ)∥f∥Lp∗ (Ω) = |λ|

3
2

1
p∗

−1∥f∥Lp∗ (Ω),

where we made use of 1
p

= 1
p∗

− 1
3 . Thus we showed an Lp∗-L∞-estimate whenever

3
2 < p∗ <

3
2 + ε.

On the other hand note that for 3 < p < 3 + ε we can estimate ∥u∥Lp(Ω) and
∥∇u∥Lp(Ω) in (4.18) directly by means of Theorem 4.1.5 and Theorem 4.1.8. This
then yields

∥u∥L∞(Ω) ≲ |λ|
3
2

1
p

−1∥f∥Lp(Ω).

By Riesz-Thorin interpolation we then obtain the desired estimate for all 3
2 < p <

3 + ε.

The previous result contains two restrictions, namely an upper bound on p and
in the case of Neumann boundary conditions the condition that f is mean value
free. Both these restrictions can be lifted using a decomposition argument which
in return comes with the restriction that the resolvent parameter must be bounded
away from 0. For simplicity we choose |λ| ≥ 1 but of course any other positive
lower bound is equally possible.

Theorem 4.1.12. Let θ ∈ (π/2, π), V ∈ {W1,2
0 (Ω),W1,2(Ω)} and 3

2 < p < ∞.
Then, for all λ ∈ Sθ satisfying |λ| ≥ 1 the operator (λ + A)−1 is bounded from
Lp(Ω) to L∞(Ω) with

∥(λ+ A)−1∥L∞(Ω) ≲ |λ|−
1
2 (2− 3

p
)∥f∥Lp(Ω)

for all f ∈ Lp(Ω). Here, the implicit constant depends only on p, θ, Ω and Λ.

Proof. We only prove the statement for Neumann boundary conditions as for
Dirichlet boundary conditions the same steps apply but not mean value needs to
be introduced.

Due to density it suffices to consider f ∈ L2(Ω) ∩ Lp(Ω). By the dominated
convergence theorem, for x0 ∈ Ω we have

f = fχ
B(x0,2|λ|−

1
2 )∩Ω

+
∞∑

ℓ=1
fχCℓ∩Ω
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4.1 Elliptic operators on Morrey spaces

in Lp(Ω) where Cℓ = B(x0, 2ℓ+1|λ|− 1
2 ) \ B(x0, 2ℓ|λ|− 1

2 ). As T := (λ + A)−1 is
continuous on Lp(Ω), we also obtain

Tf = T (fχ
B(x0,2|λ|−

1
2 )∩Ω

) +
∞∑

ℓ=1
T (fχCℓ∩Ω)

in Lp(Ω) and thus point-wise almost everywhere. For the first term we want to
apply the previous Lp-L∞-estimate, however, the argument does not need be mean
value free. To overcome this issue, add and subtract

fB := 1
|Ω|

∫
Ω
fχ

B(x0,2|λ|−
1
2 )

dx.

Note that fχ
B(x0,2|λ|−

1
2 )∩Ω

− fB is mean value free over Ω. By linearity of T we find

T (fχ
B(x0,2|λ|−

1
2 )∩Ω

) = T (fχ
B(x0,2|λ|−

1
2 )∩Ω

− fB) + T (fB)

and thus the following equality holds almost everywhere

Tf(x0) = T (fχ
B(x0,2|λ|−

1
2 )∩Ω

− fB)(x0) +
∞∑

ℓ=1
T (fχCℓ∩Ω)(x0) + T (fB)(x0).

As L∞(Ω) is a Banach space, it suffices to show that every term on the right-hand
side is in L∞(Ω) and the series converges absolutely. We start by considering the
first summand. By means of the Lp-L∞-estimates we have for 3

2 < q ≤ 3 + ε with
q ≤ p

|T (fχ
B(x0,2|λ|−

1
2 )∩Ω

− fB)(x0)| ≲ |λ|
1
2 ( 3

q
− 1

∞ )−1
(∫

Ω
|fχ

B(x0,2|λ|−
1
2 )

− fB|q dx
) 1

q

≲ |λ|
1
2 ( 3

q
− 1

∞ )−1
(∫

B(x0,2|λ|−
1
2 )∩Ω

|f |q dx
) 1

q

.

Here, the last inequality holds due to

(∫
Ω

|fχ
B(x0,2|λ|−

1
2 )

− fB|q dx
) 1

q

≤
(∫

B(x0,2|λ|−
1
2 )∩Ω

|f |q dx
) 1

q

+ |fB||Ω|
1
q

and

|fB| ≤ −
∫

Ω
|fχ

B(x0,2|λ|−
1
2 )∩Ω

| dx ≤ |Ω|−
1
q

(∫
B(x0,2|λ|−

1
2 )∩Ω

|f |q dx
) 1

q

.
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Lastly, we apply Jensen’s inequality on B(x0, 2|λ|− 1
2 ) ∩ Ω to obtain

|λ|
1
2 · 3

q
−1
(∫

B(x0,2|λ|−
1
2 )∩Ω

|f |q dx
) 1

q

≲ |λ|
1
2

3
q

−1|B(x0, 2|λ|−
1
2 ) ∩ Ω|

1
q

− 1
p

(∫
B(x0,2|λ|−

1
2 )∩Ω

|f |p dx
) 1

p

.

As 1
q

− 1
p

≥ 0, we deduce

|B(x0, 2|λ|−
1
2 ) ∩ Ω|

1
q

− 1
p ≲ |λ|−

3
2( 1

q
− 1

p).

Combining the previous calculations we conclude

|T (fχ
B(x0,2|λ|−

1
2 )∩Ω

− fB)(x0)| ≲ |λ|
3
2 · 1

p
−1
(∫

B(x0,2|λ|−
1
2 )∩Ω

|f |p dx
) 1

p

≲ |λ|
3
2 · 1

p
−1∥f∥Lp(Ω).

For the second summand we have by the L∞-weak reverse Hölder estimates with
exponent p from Corollary 4.1.7, recall that by [90, Lemma 3.2.3] and the argument
in Theorem 3.2.3 we have those for all radii, and the Lp-boundedness of the resolvent

|T (fχCℓ∩Ω)(x0)| ≲
(

(2ℓ|λ|−
1
2 )−3

∫
B(x0, 2

3 2ℓ|λ|−
1
2 )∩Ω

|T (fχCℓ∩Ω)|p dx
) 1

p

≲
(
23ℓ|λ|−

3
2
)− 1

p |λ|−1
(∫

Cℓ∩Ω
|f |p dx

) 1
p

≲
(
23ℓ|λ|−

3
2
)− 1

p |λ|−1
(∫

Ω
|f |p dx

) 1
p

= 2− 3ℓ
p |λ|

3
2p

−1∥f∥Lp(Ω).

This is summable in ℓ and it remains to deal with T (fB). By definition, T (fB)
is the solution v of λv + Av = fB with Neumann boundary conditions. As used
before, we know λ −

∫
Ω v dx = −

∫
Ω fB dx = fB. This implies

λ(v − −
∫

Ω
f dx) + A(v − −

∫
Ω
v dx) = 0
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and as λ ∈ ρ(−A) we deduce v = −
∫

Ω v dx. Consequently, we obtain v = fB

λ
.

Applying Jensen’s inequality we have

∥T (fB)∥L∞(Ω) = |fB|
|λ|

= 1
|λ|

1
|Ω|

∫
B(x0,2|λ|−

1
2 )∩Ω

|f | dx

≲
1

|λ|
|B(x0, 2|λ|− 1

2 ) ∩ Ω|
|Ω|

(
−
∫

B(x0,2|λ|−
1
2 )∩Ω

|f |p dx
) 1

p

≲ |λ|−1|B(x0, 2|λ|−
1
2 ) ∩ Ω|−

1
p ∥f∥Lp(Ω)

≲ |λ|−1|λ|
3

2p ∥f∥Lp(Ω)

and in light of Theorem 2.3.10. It is here that |λ| ≥ 1 is crucial as this condition
guarantees 2|λ|− 1

2 ≤ 2. For each term we showed an estimate of the same type and
this concludes the proof.

To conclude this section we collect estimates for the semigroup. Note that due to
Cauchy’s integral formula the lower bound |λ| ≥ 1 corresponds to an upper bound
for t.

Theorem 4.1.13. (i) Let V = W1,2(Ω). Then for all 1 < p < ∞ the estimate

(4.19) ∥T (t)f∥Lp(Ω) ≲ ∥f∥Lp(Ω)

holds for all t > 0 and all f ∈ Lp(Ω). Assume now 3
2 < p < 3 + ε and that

f ∈ Lp(Ω) satisfies
∫

Ω f dx = 0 or 3
2 < p < ∞ and f ∈ Lp(Ω). Then

(4.20) ∥T (t)f∥L∞(Ω) ≲ t−
3
2

1
p ∥f∥Lp(Ω)

for all 0 < t < ∞ in the first case and all 0 < t ≤ 1 in the second case. The
implicit constants depend on p, Ω and Λ.

(ii) Let now V = W1,2
0 (Ω). Then, for 1 < p < ∞, there exists ωp > 0 such that

(4.21) ∥T (t)f∥Lp(Ω) ≲ e−ωpt ∥f∥Lp(Ω)

holds for all 0 < t < ∞ and all f ∈ Lp(Ω). Let 3
2 < p < ∞. Then

(4.22) ∥T (t)f∥L∞(Ω) ≲ t−
3
2

1
p ∥f∥Lp(Ω)

holds for all 0 < t < ∞ and all f ∈ Lp(Ω). The implicit constants depend on
p, Ω and Λ.
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(iii) Let 3
2 < p < ∞ and q ≥ p. Then

∥T (t)f∥Lq(Ω) ≲ t−
3
2 ( 1

p
− 1

q
)∥f∥Lp(Ω)

holds for all f ∈ Lp(Ω) and all 0 < t ≤ 1 if V = W1,2(Ω) and all 0 < t < ∞
if V = W1,2

0 (Ω). The implicit constants depend on p, q, Ω and Λ.

Proof. The result for Neumann boundary conditions, i.e., the first part, is an
immediate consequence of the resolvent estimates in Theorem 4.1.5, Proposition
4.1.11 and Theorem 4.1.12 in light of the transference principle [91, Proposition
3.7]. Recall that the semigroup is defined via the Cauchy integral so that small
resolvent parameters λ correspond to large times t.

For the second part, i.e., Dirichlet boundary conditions, recall that in Remark
4.1.6 we deduced 0 ∈ ρ(Ap). It is classical, via a Neumann series argument, that
the resolvent set is open, see, e.g., [54, Proposition A.2.3]. Combining this with the
sectoriality of Ap implies that the spectral bound of −Ap is negative. Then, [67,
Corollary 2.3.2] states the growth bound (Lunardi calls it the type of the semigroup)
of the semigroup coincides with the spectral bound. This implies the claimed
exponential decay. The Lp-L∞-estimate results of a combination of the exponential
decay and the Lp-L∞-estimate for small times which on their own follow from
Theorem 4.1.12 and [91, Proposition 3.7]. Indeed, it holds

∥T (t)f∥L∞(Ω) = ∥T (1)T (t− 1)f∥L∞(Ω) ≲ ∥T (t− 1)f∥Lp(Ω)

≲ e−ωpt ∥f∥Lp(Ω)

≲ t−
3
2

1
p ∥f∥Lp(Ω).

Finally, the Lp-Lq-estimate follows by interpolating the Lp-L∞-estimate with the
Lp-boundedness.

4.1.3 Morrey space theory
Next, we turn to Morrey spaces and define Ap,µ as the part of Ap in Lp,µ(Ω). To be
precise, for 1 < p < ∞ and 0 < µ < d we define Ap,µ on Lp,µ(Ω) by

D(Ap,µ) := {u ∈ D(Ap) ∩ Lp,µ(Ω) : Apu ∈ Lp,µ(Ω)}
Ap,µu := Apu.

Note that this definition makes sense as for bounded domains we have Lp,µ(Ω) ⊆
Lp(Ω). Here, we do not consider the case µ = 0 as Lp,0(Ω) = Lp(Ω) holds.

Next, we want to show that Ap,µ is a sectorial operator. To this end, let f ∈
Lp,µ(Ω) ⊆ Lp(Ω) and λ ∈ Sθ \ {0} be arbitrary. Then, u := (λ + Ap)−1f ∈ D(Ap).
It remains to show u ∈ Lp,µ(Ω) with ∥u∥Lp,µ(Ω) ≲ 1

|λ|∥f∥Lp,µ(Ω). This is the result of
the following theorem.
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4.1 Elliptic operators on Morrey spaces

Theorem 4.1.14. Let θ ∈ (π/2, π), V ∈ {W1,2
0 (Ω),W1,2(Ω)}, 1 < p < ∞ and

0 < µ < d. Then for all λ ∈ Sθ the estimate

∥(λ+ Ap)−1f∥Lp,µ(Ω) ≲
1

|λ|
∥f∥Lp,µ(Ω)

holds for all f ∈ Lp,µ(Ω) and the implicit constant only depends on p, θ, Ω and Λ.
In particular, −Ap,µ generates an analytic semigroup on Lp,µ(Ω).

Proof. We apply Corollary 3.2.6. The Lp-boundedness of λ(λ+Ap)−1 was proven in
Theorem 4.1.5. By Corollary 4.1.7 and Lemma 3.1.3 weak reverse Hölder estimates
of the form

(
1
rd

∫
B(x0,r)∩Ω

|(λ+ Ap)−1f |q dx
) 1

q

≲

(
1
rd

∫
B(x0,2r)∩Ω

|(λ+ Ap)−1f |2 dx
) 1

2

hold true for any x0 ∈ Ω, r > 0, q > p and f ∈ L2(Ω) satisfying f ≡ 0 on
B(x0, 3r) ∩ Ω. This allows us to apply Corollary 3.2.6 and this concludes the
proof.

Remark 4.1.15. For Dirichlet boundary conditions, similarly to the Lp-setting, we
obtain stronger resolvent estimates in Morrey spaces, too. Indeed, extrapolating
the Lp-estimate in Remark 4.1.6 to Morrey spaces by Corollary 3.2.6 yields that for
all 1 < p < ∞ and 0 < µ < 3 the estimate

(4.23) ∥(λ+ Ap,µ)−1f∥Lp,µ(Ω) ≲
1

1 + |λ|
∥f∥Lp,µ(Ω)

is valid for all λ ∈ Sθ and f ∈ Lp,µ(Ω). Again, this implies 0 ∈ ρ(Ap,µ). Using the
same argumentation as in the proof of Theorem 4.1.13, it follows that in case of
Dirichlet boundary conditions, the corresponding semigroup has exponential decay
on Lp,µ(Ω).

For Neumann boundary conditions such estimates remain open. Note that in
Lp-setting it was necessary to restrict to mean value free functions. However, our
extrapolation results require decomposition arguments which do not respect this
condition.

We now collect further results on the level of resolvents before turning to semi-
group theory. Again, we drop the indices and write A instead of Ap,µ if there is
no confusion about the corresponding space. As a consequence of the last argu-
ment of the proof of Theorem 4.1.8 we also obtain Lp,µ-boundedness for the operator
|λ| 1

2 (λ+A)−1 div. Those are particularly interesting as the corresponding estimates
for the semigroup will be crucial to proving existence of solutions to a semilinear
partial differential equation.
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Proposition 4.1.16. Let θ ∈ (π/2, π) and V ∈ {W1,2
0 (Ω),W1,2(Ω)}. Moreover, let

ε > 0 be as in Theorem 4.1.1 or Theorem 4.1.2, respectively. Then, there exists
δ > 0 depending only on ε such that for 3

2 − δ < p < ∞ and 0 < µ < 3 the operator
T := |λ| 1

2 (λ+ A)−1 div is bounded on Lp,µ(Ω) for all λ ∈ Sθ.

Proof. As deduced in the proof of Theorem 4.1.8, |λ| 1
2 (λ + A)−1 div satisfies the

same weak reverse Hölder estimates as (λ+A)−1 which implies that T is bounded
on Lp for p > 2. For p < 2 note that the adjoint is |λ| 1

2 ∇(λ + A)−1 and by the
reverse Hölder estimates (4.5) this operator is bounded on Lp′ for 2 < p′ < 3+ε, i.e.,
we obtain Lp-boundedness for 3

2 − δ < p < ∞ for some δ > 0. Finally, we proceed
as in Theorem 4.1.14. Then, the weak reverse Hölder estimates from Corollary
4.1.7 allow us to apply the extrapolation result from Corollary 3.2.6 to conclude
the proof.

Next, we can combine weak reverse Hölder inequalities with Lp-L∞-estimates for
the resolvent in order to obtain Lp,µ-L∞-estimates. These estimates are the next
intermediate step to prove the desired Lp,µ-Lq,µ-estimates. Similar to the proof of
Lp-L∞-estimates for the Neumann resolvent problem, a further restriction on λ in
the form of a lower bound on the absolute value is necessary. Again, we choose |λ| ≥
1 but of course any other positive lower bound is equally possible. However, note
that here this restriction is necessary independent of choice of boundary conditions.

Theorem 4.1.17. Let θ ∈ (π/2, π), V ∈ {W1,2
0 (Ω),W1,2(Ω)}, 3

2 < p < ∞ and
0 < µ < 3. Then for λ ∈ Σθ \ {0} satisfying |λ| ≥ 1 the operator Tf := (λ+A)−1f

is bounded from Lp,µ(Ω) to L∞(Ω) with

∥(λ+ A)−1f∥L∞(Ω) ≲ |λ|
1
2( 3−µ

p )−1∥f∥Lp,µ(Ω)

for all f ∈ Lp,µ(Ω). The implicit constant depends p, µ, θ, Ω and Λ.

Proof. Let f ∈ Lp,µ(Ω) and x0 ∈ Ω be arbitrary. We proceed as in the proof
of Theorem 4.1.12. Note that due that theorem neither a distinction between
the boundary conditions nor adding of the average fB is necessary. With the same
arguments as in the proof of Theorem 4.1.12 we obtain that for almost every x0 ∈ Ω
the representation

Tf(x0) = T
(
fχ

B(x0,2|λ|−
1
2 )∩Ω

)
(x0) +

∞∑
ℓ=1

T (fχCℓ∩Ω)(x0)

is valid. The sets Cℓ = B(x0, 2ℓ+1|λ|− 1
2 ) \ B(x0, 2ℓ|λ|− 1

2 ) are as defined before.
Again it suffices to show that every term on the right-hand side is in L∞(Ω) and the

62



4.1 Elliptic operators on Morrey spaces

series converges absolutely. We start by considering the first summand. Applying
Theorem 4.1.12 yields

|T (fχ
B(x0,2|λ|−

1
2 )∩Ω

)(x0)| ≲ |λ|
1
2

3
p

−1
(∫

B(x0,2|λ|−
1
2 )∩Ω

|f |p dx
) 1

p

≲ |λ|
1
2( 3−µ

p )−1∥f∥Lp,µ(Ω).

For the second summand we essentially repeat the calculation from the proof of
Theorem 4.1.12: By the weak reverse Hölder estimates and the Lp-boundedness of
the resolvent we have

|T (fχCℓ∩Ω)(x0)| ≲
((

2ℓ|λ|−
1
2
)−3 ∫

B(x0, 2
3 2ℓ|λ|−

1
2 )∩Ω

|T (fχCℓ∩Ω)|p dx
) 1

p

≲
(
23ℓ|λ|−

3
2
)− 1

p |λ|−1
(∫

Cℓ∩Ω
|f |p dx

) 1
p

≲
(
23ℓ|λ|−

3
2
)− 1

p |λ|−1

2ℓ|λ|− 1
2

2ℓ|λ|− 1
2

µ ∫
B(x0,2ℓ|λ|−

1
2 )∩Ω

|f |p dx


1
p

≲ 2− 3ℓ
p |λ|

3
2p

−1
(
2ℓ|λ|−

1
2
)µ

p ∥f∥Lp,µ(Ω)

= 2
µ−3

p
ℓ|λ|

1
2

3−µ
p

−1∥f∥Lp,µ(Ω).

Due to µ < 3 this is summable in l and this completes the proof.

Remark 4.1.18. Regarding the semigroup T (t), recall that the lower bound on
resolvent parameters corresponds to an upper bound of t. This means that Lp,µ-
L∞-estimates will not be uniform in 0 < t < ∞ but only in 0 < t < T0 with
T0 < ∞. We make this more precise later. However, we note at this point that the
behaviour in λ proved here implies the correct decay for the semigroup.

Whilst gradient estimates are not crucial for our application, we nonetheless
state them for the sake of completeness. No new argument is needed here, only a
combination of previous results.

Theorem 4.1.19. Let θ ∈ (π/2, π), V ∈ {W1,2
0 (Ω),W1,2(Ω)}, 2 < q < 3 + ε

and 0 < µ < 3
(
1 − q

3+ε

)
where ε > 0 is as in Theorem 4.1.2 or Theorem 4.1.1,

respectively. Then, for all λ ∈ Sθ the operator |λ| 1
2 ∇(λ+A)−1 is bounded on Lq,µ(Ω).

Proof. The L2-boundedness was already proven by Wei and Zhang for the Neu-
mann problem and by Shen for the Dirichlet problem. Weak reverse Hölder esti-
mates for the gradient were obtained in Theorem 4.1.1 and Theorem 4.1.2 respec-
tively. Then, an application of Theorem 3.2.8 concludes the proof.
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From now on we write (T (t))t≥0 for the semigroup generated by −A. As men-
tioned earlier, in our setting analytic semigroups do not need to be strongly contin-
uous on Lp,µ(Ω). However, [67, Proposition 2.1.4 (i)] states that the family (T (t))t>0
is strongly continuous precisely on D(Ap,µ). Hence, now aim to find a suitable de-
scription of D(Ap,µ). Recall that by Proposition 2.2.13 we have Lq(Ω) ↪→ Lp,µ(Ω)
for q ≥ 3

3−µ
p. Using Lp-theory, we obtain the following result:

Proposition 4.1.20. Let 3
2 < p < ∞, 0 < µ < 3 and 3

3−µ
p ≤ q < ∞. Then,

D(Ap,µ) = Lq(Ω) where both closures are to be understood with respect to the Lp,µ-
norm.

Proof. To show that the semigroup is continuous on Lq(Ω)∥·∥Lp,µ(Ω) with respect
to the Lp,µ(Ω)-norm is an ε

3 argument. To be precise, let f ∈ Lq(Ω)∥·∥Lp,µ(Ω)

and (fn)n∈N ⊆ Lq(Ω) a sequence with fn → f in Lp,µ(Ω). Then, by the trian-
gle inequality, the boundedness of the semigroup together with the embedding
Lq(Ω) ↪→ Lp,µ(Ω) we have

∥T (t)f − f∥Lp,µ(Ω) = ∥T (t)f − T (t)fn + T (t)fn − fn + fn − f∥Lp,µ(Ω)

≲ 2∥fn − f∥Lp,µ(Ω) + ∥T (t)fn − fn∥Lq(Ω).

Let ε > 0. The first term is independent of t and can be bounded by ε
2 for n large

by the choice of the sequence (fn)n∈N. For such n large enough we can find T0 > 0
small enough, such that the second term can also be bounded by ε

2 for t < T0 due
to the strong continuity of the semigroup on Lq(Ω) with respect to the Lq-norm. In
light of [67, Proposition 2.1.4 (i)] the inclusion D(Ap,µ) ⊇ Lq(Ω) follows.

For the other inclusion note that Lp,µ(Ω) ⊆ Lp(Ω) and the semigroup on Lebesgue
spaces has, at least for small times, Lp-Lq smoothing by Theorem 4.1.13. More
precisely, for f ∈ D(Ap,µ) ⊆ Lp(Ω) and 0 < t ≤ 1 we have T (t)f ∈ Lq(Ω).
As T (t)f → f for t → 0 with respect to ∥ · ∥Lp,µ(Ω), this shows that f can be
approximated in Lp,µ(Ω) by functions in Lq(Ω).

Nonetheless, for solving the abstract Cauchy problem mentioned in the introduc-
tion we need a dense subspace contained in Lr,µ(Ω) for some r > p. One possible
candidate for this is C∞

c (Ω), the smooth, compactly supported functions on Ω.

Theorem 4.1.21. Let 3
2 < p < ∞, 0 < µ < 3. Then, D(Ap,µ) = C∞

c (Ω) where
both closures are to be understood with respect to the Lp,µ-norm.

Proof. Note that the inclusion C∞
c (Ω) ⊆ D(Ap,µ) is an immediate consequence of

the previous result as C∞
c (Ω) ⊆ Lq(Ω) holds true for all 1 ≤ q < ∞.

For the other inclusion let f ∈ D(Ap,µ) be arbitrary. Then, by [67, Proposition
2.1.4 (i)] it holds T (t)f → f in Lp,µ(Ω) as t > 0. Regarding the regularity of T (t)f ,
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4.1 Elliptic operators on Morrey spaces

we note that for fixed t > 0 the function T (t)f is the weak solution of an elliptic
system with constant coefficients and right-hand side 0. Then, [47, Corollary 5.15]
implies that for fixed t > 0 the function T (t)f is smooth on any compactly contained
subset of Ω. In order to obtain an approximation that is smooth and compactly
supported in Ω multiply these functions with a suitable cut-off. However, it then
remains to show that this does not change anything in regard to approximation with
respect to the Lp,µ(Ω)-norm. To this end, for n ∈ N, let φn be a smooth cut-off with
compact support in Ω, satisfying 0 ≤ φn ≤ 1, φn = 0 on {x ∈ Ω : d(x, ∂Ω) < 1

n
}

and φn = 1 on {x ∈ Ω : d(x, ∂Ω) > 2
n
}. Then φnT (t)f is smooth and compactly

supported in Ω for any t > 0 and n ∈ N. Now, let x0 ∈ Ω and 0 < r ≤ 1 be
arbitrary but fixed. With Bn := {x ∈ Ω: d(x, ∂Ω) ≤ 2

n
} ∩ B(x0, r) we then have

for q > p to be specified later that(
1
rµ

∫
B(x0,r)∩Ω

|T (t)f − φnT (t)f |p dx
) 1

p

=
( 1
rµ

∫
Bn

|(1 − φn)T (t)f |p dx
) 1

p

≤
( 1
rµ

∫
Bn

|T (t)f |p dx
) 1

p

= r− µ
p |Bn|

1
p

(
−
∫

Bn∩Ω
|T (t)f |p dx

) 1
p

≤ r− µ
p |Bn|

1
p

(
−
∫

Bn∩Ω
|T (t)f |q dx

) 1
q

= r− µ
p |Bn|

1
p

− 1
q

(∫
Bn∩Ω

|T (t)f |q dx
) 1

q

holds true. Note that the last integral is well-defined for any q > p as f ∈ Lp,µ(Ω)
implies f ∈ Lp(Ω) and thus, by the Lp-Lq-smoothing, T (t)f ∈ Lq(Ω). Moreover,
as q > p implies 1

p
− 1

q
> 0 we can estimate |Bn|

1
p

− 1
q ≤ rd( 1

p
− 1

q
). Then, choosing

q = 3
3−µ

p guarantees that the powers in r cancel out, and we find

(
1
rµ

∫
B(x0,r)∩Ω

|T (t)f − φnT (t)f |p dx
) 1

p

≤
(∫

Bn

|T (t)f |q dx
) 1

q

It remains to note Bn ⊆ {x ∈ Ω: d(x, ∂Ω) ≤ 2
n
} by definition. Then, the right hand

side is independent of x0 and r. Thus, an application of the dominated convergence
theorem shows that the right-hand side tends to 0 as n → ∞ and this implies that
φnT (t)f → T (t)f in Lp,µ(Ω) as n → ∞ for all 0 < t < 1. To conclude estimate

∥φnT (t)f − f∥Lp,µ(Ω) ≤ ∥φnT (t)f − T (t)f∥Lp,µ(Ω) + ∥T (t)f − f∥Lp,µ(Ω)

by the triangle inequality. By the previous arguments the right-hand side tends to
0 as n → ∞ and t → 0. Hence, the set where the semigroup is strongly continuous
coincides with the closure of C∞

c (Ω) in Lp,µ(Ω).
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Recall that in Section 2.1 we noted that in a reflexive Banach space a sectorial
operator is densely defined. In the light of the aforementioned result by Zorko we
deduce that Morrey spaces Lp,µ(Ω) with 1 < p < ∞ and 0 < µ < d are not reflexive.
It remains to answer the question whether the closure of C∞

c (Ω) in Lp,µ(Ω) coincides
with Lp,µ(Ω). It turns out that this question is independent of the geometry of Ω
and was answered negatively by Zorko in 1986 in [100, Example after Proposition
2]. Hence, the following definition is justified.

Definition 4.1.22. Let Ω ⊆ Rd be bounded and measurable. For 0 < µ < d and
1 ≤ p < ∞ we define

◦
Lp,µ(Ω) as the closure of C∞

c (Ω) in Lp,µ(Ω).

This notation is inspired by [81]. Moreover, following a result by Zorko [100,
Proposition 3], for Ω = Rd, this space is characterized as the space of those functions
in Lp,µ(Rd) such that the translation is a continuous operator with respect to the
Lp,µ(Rd)-norm. Recall that this space also appears in the work of Kato and in the
case Ω = Rd it follows from the heat kernel representation that

◦
Lp,µ(Rd) is the

largest subspace where the heat semigroup is continuous (see [59, Corollary 3.2]).
This space will be important later on when solving semilinear parabolic partial
differential equations. Let us now return to Morrey spaces and collect estimates for
the semigroup.

Theorem 4.1.23. Let V ∈ {W1,2
0 (Ω),W1,2(Ω)} and 0 < µ < 3. Then there exists

δ > 0 such that the estimates

∥T (t)f∥Lp,µ(Ω) ≲ ∥f∥Lp,µ(Ω), 1 < p < ∞,

∥T (t) div f∥Lp,µ(Ω) ≲ t−
1
2 ∥f∥Lp,µ(Ω),

3
2 − δ < p < ∞

hold for all f ∈ Lp,µ(Ω) and t > 0. The implicit constants depend on p, µ, Ω and
Λ. Moreover, for T > 0 there exists a constant ÑT > 0 depending on p, µ, Ω, Λ
and T such that

(4.24) ∥T (t)f∥L∞(Ω) ≤ ÑT t
− 1

2( 3−µ
p )∥f∥Lp,µ(Ω),

3
2 < p < ∞

holds for all f ∈ Lp,µ(Ω) and 0 < t < T . In the case V = W1,2
0 (Ω) the constant ÑT

is uniformly bounded in 0 < T < ∞ so that (4.24) holds uniformly for 0 < t < ∞.

Proof. This is an immediate consequence of Theorem 4.1.14, Theorem 4.1.17 and
Proposition 4.1.16 together with the transference principle for the correspondence
between semigroup and resolvent estimates (see [91, Proposition 3.7]). The stronger
estimate for Dirichlet boundary conditions is a consequence of the exponential
decay of the semigroup obtained in Remark 4.1.15 and the argument in the proof
of Theorem 4.1.13.
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4.2 Stokes on Lipschitz domains

Finally, we are in the position to prove Lp,µ-Lq,µ-estimates for the semigroup.

Theorem 4.1.24. Let V ∈ {W1,2
0 (Ω),W1,2(Ω)} and 0 < µ < 3. Let moreover

3
2 < p < ∞ and p ≤ q < ∞. Then for all T > 0 there exists a constant MT > 0
depending on p, q, µ, Ω, Λ and T such that

(4.25) ∥T (t)f∥Lq,µ(Ω) ≤ MT t
− 1

2( 3−µ
p

− 3−µ
q )∥f∥Lp,µ(Ω)

holds for all f ∈ Lp,µ(Ω) and all 0 < t < T . In the case V = W1,2
0 (Ω) the

constant MT is uniformly bounded in 0 < T < ∞ so that (4.25) holds uniformly
for 0 < t < ∞.

Proof. We calculate for x0 ∈ Ω and r > 0 for B := B(x0, r) by virtue of the two
previous estimates( 1

rµ

∫
B∩Ω

|T (t)f |q−p+p dx
) 1

q

≤ ∥T (t)f∥
1− p

q

L∞(Ω)

( 1
rµ

∫
B∩Ω

|Tf |p dx
) 1

p
· p

q

≲MT t
− 1

2
3−µ

p
(1− p

q
)∥f∥

1− p
q

Lp,µ(Ω)∥f∥
p
q

Lp,µ(Ω)

= MT t
− 1

2( 3−µ
p

− 3−µ
q )∥f∥Lp,µ(Ω)

and this proves the claim.

Having those estimates allows us to prove Lp,µ-Lq,µ estimates for T (t) div:

Theorem 4.1.25. Let V ∈ {W1,2
0 (Ω),W1,2(Ω)} and 0 < µ < 3. Let moreover

3
2 < p < ∞ and p ≤ q < ∞. Then for all T > 0 there exists a constant NT > 0
such that

(4.26) ∥T (t) div f∥Lq,µ(Ω) ≤ NT t
− 1

2( 3−µ
p

− 3−µ
q )− 1

2 ∥f∥Lp,µ(Ω)

holds for all f ∈ Lp,µ(Ω) and all 0 < t < T . In the case V = W1,2
0 (Ω) the

constant NT is uniformly bounded in 0 < T < ∞ so that (4.26) holds uniformly for
0 < t < ∞.

Proof. Note that T (t) div=T (t/2)T (t/2) div by the semigroup law. Then, a com-
bination of (4.24) and Theorem 4.1.24 concludes the proof.

4.2 Stokes on Lipschitz domains
Let Ω ⊆ Rd, d ≥ 2, be a bounded Lipschitz domain. In this section we consider the
Dirichlet problem for the Stokes system

−∆u+ ∇ϕ = f in Ω
div(u) = 0 in Ω

u = 0 on ∂Ω.
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Similarly to elliptic systems we realize the Stokes operator on L2(Ω) by the form
method. Then we move on the Lp-scale and finally to Morrey spaces. To encode
the divergence-free condition we need the following function spaces. Here, C∞

c,σ(Ω)
denotes those smooth functions with compact support and values in Cd whose di-
vergence vanishes. The appropriate spaces for the Stokes operator are then defined
as closure of C∞

c,σ(Ω) with respect to distinct norms. Define Lp
σ(Ω) := C∞

c,σ(Ω)∥·∥Lp(Ω)

and similarly W1,p
0,σ(Ω) := C∞

c,σ(Ω)∥·∥W1,p(Ω) . On H1
0,σ(Ω) := W1,2

0,σ(Ω) introduce the
form

a : H1
0,σ(Ω) × H1

0,σ(Ω) → C

(u, v) 7→
∫

Ω
∇u · ∇v dx.

The Stokes operator on L2(Ω) with Dirichlet boundary conditions, denoted by A2,
is defined as follows

D(A2) :=
{
u ∈ H1

0,σ(Ω) : ∃!f ∈ L2
σ(Ω) s.t. ∀v ∈ H1

0,σ(Ω) : a(u, v) =
∫

Ω
fv dx

}
A2u := f.

The following result is well-known and we only state it for the sake of completeness.
For a proof we refer to [90, Remark 5.2.2 and Proposition 5.2.5].

Proposition 4.2.1. Let Ω ⊆ Rd be a bounded Lipschitz domain and A2 the Stokes
operator. Then we have

(i) A2 is closed with dense domain. Furthermore, 0 ∈ ρ(A2).

(ii) σ(A) ⊂ (0,∞) and for all θ ∈ (0, π) there exists C > 0 such that

(4.27) ∥λ(λ+ A2)−1∥L(L2
σ(Ω)) ≤ C, for all λ ∈ Sθ.

In particular, −A2 generates a bounded analytic semigroup on L2
σ(Ω).

Mitrea and Monniaux proved, see [70, Theorem 4.7], the following characterisa-
tion of the Stokes operator.

Theorem 4.2.2. If Ω ⊆ Rd is a bounded Lipschitz domain and A2 is the Stokes
operator on L2

σ(Ω), then

D(A2) = {u ∈ H1
0,σ(Ω) : ∃ϕ ∈ L2(Ω) s.t. − ∆u+ ∇ϕ ∈ L2

σ(Ω)}.

Here, −∆u + ∇ϕ is to be understood in the sense of distributions. Moreover, for
u ∈ D(A2) and corresponding ϕ ∈ L2(Ω) we have

A2u = −∆u+ ∇ϕ.
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4.2 Stokes on Lipschitz domains

Next, we consider the case p > 2 and define Ap as the part of A2 in Lp
σ(Ω), i.e.,

D(Ap) := {u ∈ D(A2) ∩ Lp
σ(Ω) : A2u ∈ Lp

σ(Ω)}
Apu := A2u.

The question of an Lp-theory for the Stokes operator is complicated by the rough-
ness of the underlying domain. Indeed, for bounded domains with smooth boundary
it was shown by Giga in [49] that for p ∈ (1,∞) the Stokes operator generates an
analytic semigroup on Lp(Ω). On bounded C1-domains this result was proved by
Geng and Shen [45] in 2025. In the recently published paper [46] the same authors
managed to show that Stokes operator generates an analytic semigroup on L∞

σ (Ω)
whenever either Ω ⊆ Rd, d ≥ 3, is a bounded C1-domain or Ω ⊆ R2 is a bounded
Lipschitz domain. Even though this result is a breakthrough in the theory of the
Stokes operator in nonsmooth domains, in the following we restrict ourselves to the
results obtained via weak reverse Hölder estimates as this is the appropriate setting
for Morrey spaces. On Lipschitz domains there seems to be a connection to the
boundedness of the Helmholtz projection on divergence-free functions. For d = 3,
Taylor conjectured in [89] that for a given bounded Lipschitz domain Ω ⊆ R3 there
exists ε = ε(Ω) > 0 such that for 3/2 − ε < p < 3 + ε the Stokes operator generates
a bounded analytic semigroup on Lp

σ(Ω). This is indeed the range of p in which
Fabes, Mendez and Mitrea in [39] showed boundedness of the Helmholtz projection
on Lp(Ω). To be precise, they assumed the boundary of Ω to be connected. This
condition was later removed by Mitrea and Taylor, see [71, Proposition 8.3]. Shortly
after Taylor’s conjecture, Deuring constructed in [27] bounded Lipschitz domains
such that for p large enough the Stokes operator does not even generate a strongly
continuous semigroup on Lp

σ(Ω). In 2012, Shen proved Taylor’s conjecture for d ≥ 3
in his seminal paper [85]. He showed weak reverse Hölder estimates for the Stokes
resolvent problem which allowed him to extrapolate the boundedness estimate of
the resolvent to Lp(Ω) with p in the conjectured range. For an extension of Shen’s
result in weighted Lp-spaces on a three-dimensional bounded Lipschitz domain we
refer to [29]. Here, we are only concerned with p > 2. Let us now present the weak
reverse Hölder estimates proved by Shen.

Theorem 4.2.3. Let Ω ⊆ Rd, d ≥ 3, be a bounded Lipschitz domain and let
θ ∈ (0, π). Then, there exists ε = ε(Ω) > 0 such that for any λ ∈ Sθ the Stokes
resolvent satisfies weak reverse Hölder estimates for all 2 < p < 2d

d−1 + ε.

In view of Lemma 3.1.3, this is the covering argument mentioned by Shen in
[85, Lemma 6.2], it suffices to consider interior balls, i.e., balls completely contained
in Ω and balls centred on the boundary of Ω. Moreover, due to the self-improving
property of weak reverse Hölder estimates (see the third part in Remark 3.1.2) it
suffices to show weak reverse Hölder estimates for p = 2d

d−1 .
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4 Applications

To provide a complete picture and add some details, we present Shen’s proof of
the weak reverse Hölder estimates in the following. The case of interior balls is
easier and we start with those balls. By [85, Remark 5.7] we know that if (u, ϕ) is
a solution to

λu− ∆u+ ∇ϕ = 0
div(u) = 0

(4.28)

in B(x0, r), then for all l ∈ N the following estimate holds true

(4.29) |∇lu(x0)| ≤ Cl

rl

(
−
∫

B(x0,r)
|u|2 dx

) 1
2

where Cl > 0 depends only on d, l and θ. We claim that this estimate already
implies interior reverse Hölder estimates.

Lemma 4.2.4. Let Ω ⊆ Rd, d ≥ 3, be a bounded Lipschitz domain. Moreover, let
x0 ∈ Ω and r > 0 be such that B(x0, 3r) ⊆ Ω is satisfied. If (u, ϕ) solves (4.28) in
B(x0, 3r), then for any 2 < p < ∞ there exists a constant C, depending only on
p, d and θ such that the weak reverse Hölder estimate

(
1
rd

∫
B(x0,r)

|u|p dx
) 1

p

≤ C

(
1
rd

∫
B(x0,2r)

|u|2 dx
) 1

2

holds.

Proof. Let y ∈ B(x0, r) be arbitrary. Note that B(y, r) ⊆ B(x0, 3r), thus (u, ϕ)
solves (4.28) on B(y, r) and consequently (4.29) is satisfied. To be precise, we have

|u(y)| ≤ C0

(
1
rd

∫
B(y,r)

|u|2 dx
) 1

2

≤ C0

(
1
rd

∫
B(x0,2r)

|u|2 dx
) 1

2

.

As the constant is independent of y, we now take the p-th power of the previous
estimate and integrate this over B(x0, r) to obtain

(∫
B(x0,r)

|u|p dy
) 1

p

≤ C0

∫
B(x0,r)

(
1
rd

∫
B(x0,2r)

|u|2 dx
) p

2

dy


1
p

.

Note that the outer integral does not depend on y so that dividing by |B(x0, r)|
concludes the proof.
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4.2 Stokes on Lipschitz domains

Next, we consider weak reverse Hölder estimates for balls centred on ∂Ω. For
the sake of completeness we first state [85, Theorem 5.6]. Recall that the Lipschitz
character of a bounded Lipschitz domain Ω was introduced in Definition 2.3.3.

Theorem 4.2.5. Let Ω ⊆ Rd, d ≥ 3, be a bounded Lipschitz domain with connected
boundary. Let u ∈ H1(Ω) and ϕ ∈ L2(Ω). Suppose that (u, ϕ) satisfy the Stokes
resolvent system (4.28) in Ω for some λ ∈ Sθ. Then

(4.30)
(∫

Ω
|u|pd dx

) 1
pd ≤ C

(∫
∂Ω

|u|2 dσ
) 1

2

where pd = 2d
d−1 and C depends on d, θ and the Lipschitz character of Ω.

Now we are in the position to prove weak reverse Hölder estimates also for balls
centred on ∂Ω (see [85, Lemma 6.1]).

Lemma 4.2.6. Let η be a Lipschitz function with ∥η∥∞ ≤ M and u ∈ H1(Dη(2r))
and ϕ ∈ L2(Dη(2r)). Suppose that (u, ϕ) satisfies the Stokes resolvent system (4.28)
in Dη(2r) and u = 0 on Iη(2r) for some 0 < r < ∞ and λ ∈ Sθ. Then u satisfies
weak reverse Hölder estimates for the form

(4.31)
(

1
rd

∫
Dη(r)

|u|pd dx
) 1

pd

≲

(
1
rd

∫
Dη(2r)

|u|2 dx
) 1

2

where pd = 2d
d−1 .

Proof. By rescaling we may assume that r = 1. Let t ∈ (1, 2) and apply Theorem
4.2.5 to u in the Lipschitz domain Dη(t) to obtain

(∫
Dη(t)

|u|pd dx
) 2

pd

≤ C
∫

∂Dη(t)
|u|2 dσ,

where C depends only on d, θ and M . Note that by [90, Remark 1.3.27], the
Lipschitz character of Dη(t), is uniform in t for t ∈ (1, 2). Since u = 0 on Iη(2) by
assumption, it follows that

(4.32)
(∫

Dη(t)
|u|pd dx

) 2
pd

≤ C
∫

∂Dη(t)\Iη(2)
|u|2 dσ.

Finally, we appeal to Lemma 2.3.6 to conclude the proof.
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4 Applications

Note that weak reverse Hölder estimates are again proved only on Lipschitz
cylinders and not on balls, analogously to the elliptic setting, see Theorem 4.1.2.
However, the argumentation presented in the proof of Theorem 4.1.2 is independent
of the operator in question so that it applies here as well. This covers the case d ≥ 3.

Regarding the case d = 2 note that Shen states in the introduction of [85] that his
approach should also work. This would answer the conjecture made by Mitrea, see
[69, Conjecture 1.2], who in 2002 showed boundedness of the Helmholtz projection
on Lp(Ω) for 4

3 − ε < p < 4 + ε. Indeed in [44], Gabel and Tolksdorf examined the
method developed by Shen and successfully adapted it to the case d = 2. To be
precise, they show weak reverse Hölder estimates for 2 < p < 4+ε which generalizes
the results by Shen to the two dimensional setting. For details we refer to their
paper or the Masters thesis of Gabel [43]. Combining the results by Gabel and
Tolksdorf as well as Shen, the following result is obtained.

Theorem 4.2.7. Let Ω ⊆ Rd, d ≥ 2 be a bounded Lipschitz domain. For 2 <

p < 2d
d−1 + ε, the operator Ap is sectorial of angle 0 and −Ap generates an analytic

semigroup on Lp
σ(Ω).

For the Lp-setting there also is a characterisation of the domain of the Stokes
operator, see [90, Theorem 5.2.11]:

Theorem 4.2.8. Let Ω ⊆ Rd be a bounded Lipschitz domain. Then there exists
ε > 0 such that for all

2 < p <
2d
d− 1 + ε

the domain of the Stokes operator Ap is given by

D(Ap) = {u ∈ W1,p
0,σ(Ω) : ∃ϕ ∈ Lp(Ω) s.t. − ∆u+ ∇ϕ ∈ Lp

σ(Ω)}

where −∆u+ ∇π is be understood in the sense of distributions. If ϕ is the pressure
belonging to u ∈ D(Ap), then Apu is given by

Apu = −∆u+ ∇ϕ.

Now, we want to consider the Stokes operator on Morrey spaces. As ground
space, we define Lp,µ

σ (Ω) := Lp,µ(Ω) ∩ Lp
σ(Ω). Define Ap,µ as the part of Ap in

Lp,µ
σ (Ω), i.e.,

D(Ap,µ) := {u ∈ Lp,µ
σ (Ω) ∩ D(Ap) : Apu ∈ Lp,µ

σ (Ω)}
Ap,µu := Apu.
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4.2 Stokes on Lipschitz domains

For 2 ≤ p < 2d
d−1 + ε (with ε as in the previous theorem), we have

D(Ap,µ) = {u ∈ Lp,µ
σ (Ω) ∩ W1,p

0,σ(Ω) : ∃ϕ ∈ Lp(Ω) s.t. − ∆u+ ∇π ∈ Lp,µ
σ (Ω)}

Ap,µu = −∆u+ ∇ϕ.

Then we obtain the following result for the Stokes operator on Morrey spaces.
The proof is the adaptation to Morrey spaces of the proof of [43, Theorem 1.17].
For further details on the Helmholtz projection we refer to [90, Section 1.1.4].
Theorem 4.2.9. Let Ω ⊆ Rd, d ≥ 2, be a bounded Lipschitz domain. For 2 ≤ p <

2d
d−1 + ε and 0 ≤ µ < d(1 − p

pd+ε
) the operator Ap,µ is sectorial of angle 0 and −Ap,µ

generates an analytic semigroup on Lp,µ
σ (Ω).

Proof. For λ ∈ Sθ consider the operator

Tλ : L2(Ω) → L2
σ(Ω)

f 7→ (|λ| + 1)(λ+ A2)−1P2f

where P2 is the Helmholtz projection on L2(Ω). It is classical that the operator
family Tλ is uniformly bounded on L2(Ω), see, e.g., [43, Theorem 1.17]. Gabel and
Tolksdorf then showed that this operator family additionally satisfies weak reverse
Hölder estimates for 2 < p < 4 + ε for some ε > 0. For d ≥ 3, Shen proved
the same weak reverse Hölder estimates in the range 2 < p < 2d

d−1 + ε. Applying
Theorem 3.2.8, we obtain uniform boundedness of Tλ on Lp,µ(Ω) for p and µ as
in the statement of the theorem. Finally let us consider f ∈ Lp,µ

σ (Ω). Then,
u := (λ+Ap)−1f ∈ D(Ap). Moreover, P2f = f holds, so that u = (1 + |λ|)−1Tλf is
true. Next, by the boundedness of Tλ on Lp,µ(Ω) we deduce u ∈ Lp,µ(Ω) which in
turn implies u ∈ Lp,µ

σ (Ω). Moreover,

(4.33) Apu = f − λu ∈ Lp,µ
σ (Ω)

holds and thus u ∈ D(Ap,µ) follows. Additionally, we verify (λ + Ap,µ)u = f and
therefore u = (λ + Ap,µ)−1f . Finally, the necessary decay in λ is imminent by
definition of Tλ.

Transferring further results from the case of elliptic systems appears to be out
of reach due to the lack of Lp-L∞-estimates. We close this section with a remark
regarding the strong continuity of the generated the generated semigroup.
Remark 4.2.10. In the spirit of elliptic problems we may define

(4.34)
◦
Lp,µ

σ (Ω) := C∞
c,σ(Ω)∥·∥Lp,µ(Ω)

.

By definition, this is a subspace of Lp,µ(Ω) and also of Lp
σ(Ω) and hence of Lp,µ

σ (Ω).
It remains open whether this space, as in the elliptic setting, coincides with D(Ap,µ).
Note that the proof of the elliptic case does not apply here as multiplying with a
cut-off destroys the divergence-free condition.
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CHAPTER 5

Solving an abstract semilinear Cauchy problem à la Giga

We consider general problems of the form

∂tu(t) + Au(t) = Fu(t),
u(0) = a,

(ACP)

where F describes the nonlinear part of the equation and −A generates an analytic
semigroup on, possibly a subspace of, certain Morrey space Lp,µ. Note that neces-
sary boundary conditions are encoded in the operator A. Such problems are called
abstract Cauchy problems.

Often in the theory of partial differential equations the notion of classical solu-
tions is not suitable and other concepts of solutions are required. Here focus on mild
solutions. Before giving a precise definition in a moment let us mention that u is a
mild solution to (ACP) if it satisfies the variation of constants formula, also called
Duhamel formula. Further concepts include so-called strong solutions or weak solu-
tions. Broadly speaking, strong solutions require less spatial regularity and satisfy
in the question only almost everywhere. For a more detailed discussion on strong
solutions and their relation to mild solutions we refer to [75, Chapter 4.2]. Weak
solutions are defined via testing the equation with suitable test functions. For an
introduction on this matter we refer to [38, Chapter 7.1].

In this chapter we aim to prove a Morrey space version of [90, Theorem 6.3.5]
where the author proves a general theorem on Giga’s iteration scheme for semilinear
parabolic problems. In the second part we then apply this abstract theorem to
elliptic systems with Dirichlet or Neumann boundary conditions. More precisely,
we assume a certain structure on the nonlinearity F and then show well-posedness
in critical Morrey spaces for small initial value. For Dirichlet boundary conditions
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5 Solving an abstract semilinear Cauchy problem à la Giga

we obtain global-in-time solutions, for Neumann boundary conditions however, only
local-in-time existence is proved.

Coming back to (ACP), in the Lp-setting a first solution theory was developed
by Giga in [50]. We refer to that paper and the references therein for an historic
overview. In the context of the Navier-Stokes equations we further mention the
results by Fujita and Kato [42] as well as Kato [58]. In the latter paper a result
similar to the one in [50] is proved but focused on the Navier-Stokes equations
instead of an abstract Cauchy problem. For an Lp-based solution theory of the
Navier-Stokes equations on bounded Lipschitz domains the assumptions by Giga
are too strong as he required an analytic semigroup for all 1 < p < ∞. In his PhD-
thesis [90], Tolksdorf proved a version of Giga’s theorem which takes care of this
issue. For a Morrey space version further adjustments are necessary, the general
structure of the proof, however, stays the same. One major difference between
Lebesgue and Morrey spaces is that smooth compactly supported functions are not
dense in the latter one. Note that a density argument is crucial as Giga’s proof
requires higher integrability for the treatise of the initial value.

To close the introductory part of this chapter let us define mild solutions of
(ACP) in Morrey spaces.

Definition 5.0.1. Let Ω ⊆ Rd be a bounded measurable set. Assume that a ∈
Lp,µ(Ω) for some 1 < p < ∞ and 0 < µ < d. Then, a continuous function
u : [0, T ) → Lp,µ(Ω) is a mild solution of (ACP) on [0, T ) if it satisfies

u(t) = e−tA a+
∫ t

0
e−(t−s)A Fu(s) ds

for all 0 < t < T .

5.1 Giga’s iteration scheme in Morrey spaces
While for applications we are interested in three-dimensional bounded Lipschitz
domains no such restriction is necessary for the general iteration scheme. So let,
Ω ⊆ Rd, d ≥ 1 be a bounded measurable set.

Moreover, let 0 < µ < d and 1 < p− < p◦ < p+ < ∞ be real numbers. For
p− < p < p+ let Up,µ be a closed subspace of

◦
Lp,µ(Ω), see Definition 4.1.22, and let

Pp be a continuous projector from
◦
Lp,µ(Ω) onto Up,µ such that the restriction of Pp

to C∞
c (Ω) is independent of p.

Choosing
◦
Lp,µ(Ω) allows for the desired density argument, by definition of this

space. Moreover, this choice guarantees the strong continuity of the semigroups in
our application to elliptic systems as in that setting this space is the closure of the
domain the operators in question, see Theorem 4.1.21.
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5.1 Giga’s iteration scheme in Morrey spaces

In the spirit of [90, Assumption 6.3.2] we assume the following properties. Note
that, in difference to the work of Tolksdorf, we use d − µ instead of n and only
require d− µ > 0 instead of n ≥ 1.
Assumption 5.1.1. (i) For all p− < p < p+ the operators −Ap,µ : D(Ap,µ) ⊂

Up,µ → Up,µ generate strongly continuous analytic semigroups of operators
(e−tAp,µ)t≥0 on Up,µ that are consistent on the Up,µ scale. Moreover, there is
a constant m ≥ 1 such that for every fixed 0 < T < ∞ there exists MT > 0
such that for all f ∈ Up,µ and 0 < t < T the estimate

∥ e−tAp,µ f∥Uq,µ ≤ MT t
−σ∥f∥Up,µ

holds with σ := d−µ
m

(
1
p

− 1
q

)
and p− < p ≤ q < p+.

(ii) There exist constants α > 0 and 0 ≤ γ < m such that for each p− < p ≤ p◦ the
nonlinear term Fu can be decomposed into the composition Fu = ΓGu with
Γ and G having the following properties. The operator Γ: D(Γ) ⊂ Lp,µ(Ω) →
Up,µ is linear and densely defined. Moreover, for each t > 0 and p◦ ≤ q < p+
the operator e−tAp,µ Γ extends to a bounded operator from Lp,µ(Ω) into Lq,µ(Ω)
such that for each given 0 < T < ∞ there exists a constant N1,T > 0 such
that for all f ∈ Lp,µ(Ω) and all 0 < t < T

∥ e−tAp Γf∥Uq,µ ≤ N1,T t
−σ− γ

m ∥f∥Lp,µ(Ω),

where m and σ are the same numbers as in the first part.
The operator G is supposed to reflect the nonlinear part and satisfies G0 = 0.
Moreover, there exists a constant N2 > 0 such that

∥Gv −Gw∥Lp,µ(Ω) ≤ N2∥v − w∥Up(1+α),µ(∥v∥α
Up(1+α),µ + ∥w∥α

Up(1+α),µ)

for all v, w ∈ Up(1+α),µ.

Assumption 5.1.2. With p−, p+ and α as above, assume that

max{p−(1 + α), p◦} < min{p+, p
◦(1 + α)}

holds true.

For a in some Ur,µ-space and some p− < p ≤ p+ introduce the iteration scheme

u0(t) := e−tAr,µ a,

uj+1(t) := u0(t) + Suj(t) := u0(t) +
∫ t

0
e−(t−τ)Ap,µ Fuj(τ) dτ.

Note that a fixed point of this iteration is, under sufficient regularity in time, a
mild solution of (ACP). In the following we denote by BC([0, T0); Up,µ) the space
of bounded continuous functions on [0, T0) with values in Up,µ. Then, the Morrey
space version of [90, Theorem 6.3.5] reads as follows:
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5 Solving an abstract semilinear Cauchy problem à la Giga

Theorem 5.1.3. Under the last two assumptions the following holds true for every
T > 0.

(i) Let p0, p
′
0 denote

p0 := (d− µ)α
m− γ

and p′
0 := max

{
p0, p

◦,
(d− µ)p◦(1 + α)
d− µ+ p◦m

}
.

Then, p0 = p′
0 holds if p0 ≥ p◦. Suppose further, that a ∈ Ur,µ for a fixed

p′
0 < r < min{p+, p

◦(1 + α)} or if p0 > p◦, r could even be equal to p0. Then
there is 0 < T0 ≤ T and a function u on [0, T0) that satisfies

t 7→ tσu(t) ∈ BC([0, T0); Up,µ) for r ≤ p < min{p+, p
◦(1 + α)},

tσ∥u(t)∥Up,µ → 0 as t → 0 for r < p < min{p+, p
◦(1 + α)},

whenever σ := d−µ
m

(
1
r

− 1
p

)
satisfies additionally 0 ≤ σ < 1

1+α
. Moreover, for

every max{r, p−(1 +α)} < p < min{p+, p
◦(1 +α)} and h := p

1+α
, u solves the

equation

u(t) = e−tAr,µ a+
∫ t

0
e−(t−τ)Ah,µ ΓGu(τ) dτ (t ∈ (0, T0)).(5.1)

(ii) If r > p′
0, the lifespan has the lower bound

T0 ≥ C∥a∥
− α

1−β(r)
Ur,µ(5.2)

with β(r) := 1
m

(γ + (d−µ)α
r

) and C > 0 depending only on α, MT , N1,T , N2,
γ, n, m, r, µ and p.

(iii) If p0 > p◦ and

p0 ≤ p < min{p+, p
◦(1 + α)} with d− µ

m

(
1
p0

− 1
p

)
<

1
1 + α

,

there is a positive constant C such that if ∥a∥Up0,µ < C, then T0 equals T .
Furthermore, if MT and N1,T are uniformly bounded in 0 < T < ∞, we can
take T = ∞ and get

∥u∥Up,µ ≤ Ct−σ, (0 < t < ∞),(5.3)

with C and C depending only on α, MT , N1,T , N2, γ, n, m, r, µ and p (if
T = ∞, these constants depend on the uniform bounds of MT and N1,T ).
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5.1 Giga’s iteration scheme in Morrey spaces

Proof. The first calculation of verifying p0 = p′
0 if p0 ≥ p◦ is independent of the

spaces we work on. Note that compared to [90, Theorem 6.3.5] we need to replace
n by d − µ but this does not affect the proof regardless of the fact that d − µ ≥ 1
might not be true.

Let us continue with the next step. Assume that p−(1 + α) < p ≤ p◦(1 + α) and
p◦ ≤ s < p+. Define δ := 1

m
(d−µ

s
− d−µ

p
), h := p

1+α
and β(p) := 1

m
(γ+ (d−µ)α

p
). Then,

we claim that for all 0 < t < T and all v, w ∈ Up,µ we have

(5.4) ∥ e−tAh(Fv − Fw)∥Us,µ ≤ N1,TN2t
δ−β(p)∥v − w∥Up,µ(∥v∥α

Up,µ + ∥w∥α
Up,µ).

In order to prove this, we use the second part of Assumption 5.1.1. By the first
estimate therein we have

∥ e−tAh(Fv − Fw)∥Us,µ = ∥ e−tAh Γ(Gv −Gw)∥Us,µ

≤ N1,T t
δ−β(p)∥Gv −Gw∥Lh,µ(Ω).

Applying the second estimate therein concludes the proof of (5.4).
Next, we fix a number 0 < T0 ≤ T and continue by establishing an a priori

estimate for the quantity

Kj := Kj(T0) := sup
0<t<T0

tσ∥uj(t)∥Up,µ

where σ and p are chosen such that σ = 1
m

(d−µ
r

− d−µ
p

) and

max
0, d− µ

m

1
r

− 1
max{p−,

p◦

1+α
}(1 + α)

 < σ and

σ < min
{

1
1 + α

,
d− µ

m

(
1
r

− 1
min{p+, p◦(1 + α)}

)}(5.5)

hold. If this is possible, this implies

p < min{p+, p
◦(1 + α)}, p > max{p−(1 + α), p◦}, and p > r,

so that particularly p > p0. With the same argumentation as in [90], in order to
prove that the choice of p for (5.5) to hold is possible, it is sufficient to prove that

d− µ

m

1
r

− 1
max{p−,

p◦

1+α
}(1 + α)

 <
1

1 + α
.
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5 Solving an abstract semilinear Cauchy problem à la Giga

We have µ < d so that d−µ > 0 holds. Hence, we can use the same argumentation
(after replacing n by d − µ) as in [90] to show that the choice in (5.5) is possible.
Recall that our iteration scheme is defined via

uj+1 = u0 + Suj.

In order to estimate uj+1 use the auxiliary estimate (5.4) with v = uj, w = 0 and
s = p to obtain

(5.6) tσ∥Suj(t)∥Up,µ ≤ tσ
∫ t

0

N1,TN2

(t− τ)β(p) ∥uj(τ)∥1+α
Up,µ dτ.

Here, the condition max{p−(1 + α), p◦} < p < min{p+, p
◦(1 + α)} is crucial as it

allows us to apply (5.4). Next, estimating tσ∥uj+1(t)∥Up,µ by means of the triangle
inequality and the previous calculation yields

tσ∥uj+1(t)∥Up,µ ≤ K0 + tσ
∫ t

0

N1,TN2

(t− τ)β(p) ∥uj(τ)∥1+α
Up,µ dτ

≤ K0 + tσ−β(p)N1,TN2K
1+α
j

∫ t

0

1
(1 − τ

t
)β(p)

1
τσ(1+α) dτ

= K0 + tσ−β(p)N1,TN2K
1+α
j t−σ(1+α)t

∫ 1

0

1
(1 − s)β(p)

1
sσ(1+α) ds,

where in the last step we performed the substitution s = τ
t
. Note that this integral,

denoted by B, is finite due to σ < 1
1+α

which deals with the singularity in 0 and
the singularity in 1 is controlled because of p > p0, β(p0) = 1 and the fact that
the function β is strictly decreasing. Ordering all powers of t in combination with
β(p) + ασ = β(r) and taking the supremum with respect to t yields the iterative
estimate

Kj+1 ≤ K0 +N1,TN2BK
1+α
j T

1−β(r)
0 .

As Giga and Tolksdorf we use, for a technical reason, the less sharp estimate

Kj+1 ≤ K0 + 2N1,TN2BK
1+α
j T

1−β(r)
0 .

Assume now that the inequality

(5.7) T
1−β(r)
0 Kα

0 <
(

α

1 + α

)α 1
2(1 + α)N1,TN2B

is valid. Define K := K(T0) := 1+α
α
K0(T0). Then, by an elementary calculation, we

find that

Kj < K (j ≥ 0),(5.8)

2N1,TN2BT
1−β(r)
0 Kα <

1
1 + α

,(5.9)
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and

K → 0 as K0 → 0.(5.10)

Let us first prove (5.9). Plugging K = 1+α
α
K0 into (5.7) readily yields (5.9). Then,

(5.8) is proved via induction. For j = 0, the statement is trivially satisfied as α > 0.
For the inductive step let j ≥ 0 and suppose Kj < K. We want to show Kj+1 < K.
Using the bound on Kj and the definition of K we find

Kj+1 ≤ K0 + 2N1,TN2BK
1+α
j T

1−β(r)
0

<
α

1 + α
K + 2N1,TN2BK

1+αT
1−β(r)
0

<
α

1 + α
K + 1

1 + α
K = K

and this proves (5.8). Finally, (5.10) is an immediate consequence of the definition
of K. This means that under the condition (5.7) we have an a priori bound for Kj.

Next, we deduce conditions for T0 and a guaranteeing (5.7). We start by proving
that for p > r we have

(5.11) tσ∥ e−tAr,µ a∥Up,µ → 0 as t → 0.

Here it is crucial that the initial value a is taken from only
◦
Lp,µ(Ω) and not from

Lp,µ(Ω) as smooth compactly supported functions are not dense in the latter space
and even more, suitable (with more integrability) dense subspaces are not available.
Recall that C∞

c (Ω) ⊆ Lp,µ(Ω) for all 1 ≤ p < ∞.
By density, there is a sequence (ai)i∈N in C∞

c (Ω) with ai → a in Lr,µ(Ω). Moreover,
we assumed the projection Pq to be independent of q on C∞

c (Ω) so that Pqai ∈ Uq,µ

for all p− < q < p+. Applying the estimate on the semigroup, we obtain

tσ∥ e−tAr,µ a∥Up,µ ≤ tσ∥ e−tAr,µ(a− Prai)∥Up,µ + tσ∥ e−tAr,µ Prai∥Up,µ

≤ MT ∥Pra− Prai∥Ur,µ + t
d−µ
2m ( 1

r
− 1

p)∥Prai∥
U

2rp
r+p ,µ

for all i ∈ N. For given ε > 0, due to the boundedness of Pr and ai → a in Lr,µ,
we can find i0 ∈ N such that MT ∥Pra− Prai0∥Ur,µ < ε

2 . Additionally, as r > p and
2rp
r+p

< p+ we can choose t > 0 small enough such that the second term is bounded
by ε

2 as well. This proves the desired convergence. Particularly, this proves that

(5.12) K0(T0) → 0 as T0 → 0.
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Next, we verify that the assumptions of the theorem imply the validity of (5.7). If
r > p′

0, so in particular r > p0, then β(r) < 1 follows due to β(p0) = 1. Now, the
condition T0 < C∥a∥

− α
1−β(r)

Ur,µ with

C =
[(

α

1 + α

)α 1
2(1 + α)BN1,TN2Mα

T

] 1
1−β(r)

ensures the validity of (5.7) since the boundedness of the semigroup implies that
K0/∥a∥Ur,µ is bounded by MT . Indeed,

T
1−β(r)
0 Kα

0 ≤ C1−β(r)∥a∥−α
Ur,µKα

0

≤ Mα
T

(
α

1 + α

)α 1
2(1 + α)BN1,TN2Mα

T

=
(

α

1 + α

)α 1
2(1 + α)BN1,TN2

.

Hence, the estimate (5.2) on the lifespan follows.
In the case p0 > p◦ and r = p0, the convergence (5.12) shows that (5.7) is valid

for small T0. Moreover, since β(p0) = 1, (5.7) does not include T0 explicitly, so that
it holds with T0 = T whenever

∥a∥Up0,µ <
α

1 + α

(
1

2(1 + α)BN1,TN2Mα
T

) 1
α

.

If MT and N1,T are uniformly bounded in 0 < T < ∞ this implies that K is finite
for T0 = ∞ and (5.7) is finite for small ∥a∥Up0,µ as well.

It remains to show convergence of (uj)j∈N and then check that the limit function
is the desired function u. Moreover, (5.3) needs to be shown. Finally, (5.5) has
to be relaxed so that all 0 ≤ σ < 1

1+α
considered. However, this is standard

and completely analogous to the proof of Tolksdorf so that we do not include this
here.

Remark 5.1.4. Depending on the equation, stronger assumptions as in 5.1.1, but
not as strong as in [50], might be satisfied. In particular, we consider the case where
p+ = ∞ and the decomposition in the second part is valid for all p− < p ≤ q < ∞.

5.2 Iteration for elliptic systems with Neumann or
Dirichlet boundary condition

In this section we consider semilinear parabolic problems on bounded Lipschitz
domains with a particular nonlinearity as well as suitable boundary conditions. To
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be precise, for a bounded Lipschitz domain Ω ⊆ R3 and T > 0, we are interested
in solving

∂ut − div(L∇u) = div(Gu) in (0, T ) × Ω
u(0) = a in Ω

(SLP)

complemented with either Dirichlet boundary conditions, i.e.,

u = 0 on (0, T ) × ∂Ω

or Neumann boundary conditions, i.e.,

∂u

∂ν
= 0 on (0, T ) × ∂Ω

where ∂u
∂ν

is defined as in (4.3). Here, G : Cm → Cd×m describes the nonlinearity
to be specified later and the divergence of a matrix is defined column-wise. We
assume the coefficients L to be constant, real, symmetric, strongly elliptic in the
sense of Subsection 4.1.1. Then, we are in the setting of Section 4.1. Recall that
in contrast to Neumann boundary conditions, for Dirichlet boundary conditions we
were able to prove uniform-in-time estimates. This difference will also be reflected
in this section’s results. Our goal is obtain a well-posedness result in the critical
space L3−µ,µ(Ω) in the spirit of the full space results on the Navier-Stokes equations
in [59]. While for Dirichlet boundary conditions and suitable µ, global-in-time mild
solutions are available under a smallness condition for the initial value, for Neumann
boundary conditions this question remains open.

In order to achieve this, we work in the setting of Section 5.1 and write (SLP)
as an abstract Cauchy problem of the form

∂tu(t) + Au(t) = Fu

u(0) = a
(5.13)

where −A the operator corresponding to an elliptic system with the same assump-
tions on the coefficients and boundary conditions as above.

Let us now argue that (SLP) indeed fits into this setting. For 1 < p < ∞ and
0 < µ < 3 we choose Up,µ =

◦
Lp,µ(Ω). This then fixes the projection Pp to be the

identity. Let us now argue that Assumption 5.1.1 is satisfied.

Lemma 5.2.1. In the above situation Assumption 5.1.1 is satisfied up to the es-
timate on the nonlinearity G. For the appearing constants we find m = 2, γ = 1,
p− = 3

2 , p+ = ∞ and p◦ ∈ (3/2,∞) can be chosen arbitrarily.
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5 Solving an abstract semilinear Cauchy problem à la Giga

Proof. Theorem 4.1.14 and Theorem 4.1.21 state that −Ap,µ generates a strongly
continuous analytic semigroup on Up,µ. Furthermore, recall that in Theorem 4.1.24
we have shown that for any 3

2 < p < ∞ and p ≤ q < ∞ and 0 < T < ∞ there
exists a constant MT such that

∥ e−tAp f∥Uq,µ ≤ MT t
− 3−µ

2 ( 1
p

− 1
q )∥f∥Up,µ

holds for all 0 < t < T . Moreover, in the case of Dirichlet boundary conditions
the constant MT is uniformly bounded in 0 < T < ∞. Regarding the estimate on
the nonlinear term we have shown in Theorem 4.1.25 that for any 3

2 < p < ∞ and
p ≤ q < ∞ as well as 0 < T < ∞ there exists a constant NT > 0 such

∥ e−tAp div f∥Uq,µ ≲ NT t
− 3−µ

2 ( 1
p

− 1
q )− 1

2 ∥f∥Lp,µ

is satisfied for all 0 < t < T . Again, in the case of Dirichlet boundary conditions
the constant NT is uniformly bounded in 0 < T < ∞. This fixes γ = 1.

In order to completely satisfy Assumption 5.1.1 we finally assume that the non-
linearity G satisfies the estimate

(5.14) ∥Gv −Gw∥Lp,µ(Ω) ≲ ∥v − w∥U2p,µ (∥v∥U2p,µ + ∥w∥U2p,µ) ,

for all v, w ∈ U2p,µ. This corresponds to α = 1.

Remark 5.2.2. • Note that in contrast to the situation in [90] we do not re-
quire two separate ranges for p and q and no additional variable p◦ is needed
here. However, we want to apply Theorem 5.1.3 to our setting and for this
application a careful choice of p◦ will be necessary later on.

• Revising these assumptions we notice that the assumptions here are indeed
stronger than those in Theorem 5.1.3 but still weaker (due to p− = 3

2) than the
result by Giga (his result is on the Lp-scale but holds with the modifications
presented in the previous section also on the Morrey-space scale).

• If in the case of Neumann boundary conditions one could prove global-in-
time estimates on mean value free functions, one could further restrict Up,µ

to mean value free functions as well. Similarly for the Stokes operator Up,µ

would need to be adapted to only contain divergence free functions.

Before looking into the proof let us turn to Assumption 5.1.2 and the remaining
constants in Theorem 5.1.3.

Remark 5.2.3. • As mentioned before, no p◦ was needed so far in our setting.
However, for fixed p◦ ∈ (3/2,∞) we can choose p+ large enough so that
Assumption 5.1.2 is satisfied.
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5.2 Iteration for elliptic systems with Neumann or Dirichlet boundary condition

• Concerning the remaining constants in Theorem 5.1.3, in our setting we have

p0 := (d− µ)α
m− γ

= 3 − µ.

In Theorem 5.1.3 the lower bound for the integrability exponent r of the initial
value is provided by the parameter p′

0 which depends on p◦. As mentioned
before, our setting does not require the constant p◦, but p◦ ∈ (3/2,∞) can be
chosen arbitrarily. Examining the definition of p′

0 suggests that the following
modification is sensible. We define

p̃0
′ := max

{
3 − µ,

3
2 ,

(3 − µ)3
2 · 2

3 − µ+ 3
2 · 2

}
.

We claim that p̃0
′ = max{3 − µ, 3

2}. Indeed, we have

3
2 >

3(3 − µ)
3 − µ+ 3 ⇔ 3 − 1

2µ > 3 − µ

and this is a true statement due to µ > 0.

Note that in the following we restrict to µ > 0 as Lp,0(Ω) = Lp(Ω) and this is
already understood in the light of the abstract result [90, Theorem 6.3.5]. In the
introduction we mentioned the concept of critical spaces, i.e., a space X is critical
for an equation with a certain scaling if the norm in L∞(0, T ;X) is invariant under
said scaling. For parabolic problems of the above form the scaling is, as for the
Navier-Stokes equations, given by uλ(x, t) := λu(λ2t, λx). In the scale of Lebesgue
spaces the space L3(Ω) is critical, for Morrey spaces the spaces L3−µ,µ(Ω) with
0 ≤ µ ≤ 2 are critical. The condition µ ≤ 2 is due to the fact, that Morrey spaces
are only defined for p ≥ 1. Let us now prove the existence of mild solutions to
certain semilinear parabolic equations in critical Morrey spaces.

Theorem 5.2.4. Assume that G is subject to (5.14). Let 0 < µ < 3. Let a ∈ Ur,µ

with r ≥ 3 − µ if 0 < µ < 3/2 and r > 3/2 if 3
2 < µ < 3. Then, for any T > 0

there exists 0 < T0 ≤ T and a function u on [0, T0) that satisfies

t 7→ tσu(t) ∈ BC([0, T0); Up,µ) for r ≤ p < ∞,(5.15)
tσ∥u(t)∥Up,µ → 0 as t → 0 for r < p < ∞,(5.16)

where σ = d−µ
m

(
1
r

− 1
p

)
. Moreover, for every max{3, r} < p < ∞ and h = p

2 , u
solves the equation

(5.17) u(t) = e−tAr,µ a+
∫ t

0
e−(t−τ)Ah,µ divGu(τ) dτ
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that is, u is a mild solution of (SLP). If r > max{3 − µ, 3
2}, the lifespan has the

lower bound
T0 ≥ C∥a∥

− 1
1−β(r)

Lr,µ(Ω)

with β(r) := 1
2

(
1 + 3−µ

r

)
and C > 0 depending on r.

If 3 −µ > 3
2 , there is a positive constant C > 0 such that if ∥a∥L3−µ,µ(Ω) < C, then

T0 = T . Furthermore, in the case of Dirichlet boundary conditions, we can take
T = ∞ and for all 3 − µ < p < ∞ there exists a constant C such that

∥u(t)∥Lp,µ(Ω) ≤ Ct−σ.

holds for all 0 < t < ∞.

Proof. As already announced we want to apply the previous result with a suitable
choice of p◦ and p+. We first delay choosing p+ but in generally it will be chosen
sufficiently large.

Consider first the case of 0 < µ < 3
2 . Then we have p− = 3

2 < 3 − µ = p0.
Consequently, we can choose p◦ ∈ (p−, p0) so that in particular p◦ < p0 holds true.
By the previous theorem we conclude p′

0 = p0 so that r = p0 is an admissible choice.
For r > p0 note that we can choose any p◦ > p− and choosing such p◦ leads to the
following restriction on r:

p′
0 < r < min{p+, 2p◦}.

This is the first appearance of p+. As discussed, we can choose p+ as large as
necessary which implies the upper bound above is 2p◦. Recall that p◦ > 1

2(3 − µ)
implies p′

0 = p◦. Therefore, choosing 1
2(3 − µ) < p◦ < 3 − µ allows us to deal

with p0 ≤ r < 2(3 − µ). For larger r choose p◦ > 3 − µ so that we can deal with
p◦ < r < 2p◦. As p◦ was arbitrary, we obtain p0 ≤ r < ∞ as desired.

Next, consider the case 3
2 < µ < 3. Then, 3 − µ < 3

2 and hence, there does not
exist p◦ with p◦ < p0 = 3 − µ. Thus, we need to proceed differently. To this end,
let ε > 0 and set p◦ = 3

2 + ε. Then, p0 < p◦ and moreover

3
2 + ε >

(3 − µ)(3
2 + ε)2

3 − µ+ 2(3
2 + ε)

is equivalent to

3 − µ

2 + ε > 3 − µ

which is true as µ, ε > 0. Hence, p′
0 = 3

2 + ε and the previous theorem allows us to
deal with 3

2 + ε < r < 2(3
2 + ε). As ε > 0 was arbitrary, we can treat 3

2 < r < ∞.
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Applying Theorem 5.1.3 then yields the existence of a function u on [0, T ) that
for fixed r > max{3−µ, 3

2} (and suitably chosen p◦) that (5.15) and (5.16) hold for
r ≤ p < 2p◦ and r < p < 2p◦ respectively whenever σ = 3−µ

2 (1
r

− 1
p
) < 1

2 is satisfied.
However, due to r ≥ 3 − µ and p < ∞ we have

3 − µ

2

(
1
r

− 1
p

)
<

3 − µ

2
1
r

≤ 3 − µ

2
1

3 − µ
= 1

2

so that this condition is automatically satisfied. Additionally, the theorem also
states that u solves (5.17) for max{r, 3} < p < 2p◦ and h = p/2.

Hence, it remains to show that (5.15)–(5.17) also hold for p > 2p◦. For this,
we return to the proof of Theorem 5.1.3. Due to p > 2p◦, also p > 2p− and thus
p
2 > p− is true. Consequently, (5.4) holds for p− < p

2 < s < ∞, so in particular
s = p is included. Hence, (5.4) holds for all p that we are interested in and it is
therefore not necessary to introduce an additional condition as in the proof of the
previous theorem.

Finally, we can prove the continuity as before and also boundedness, behaviour in
0 and convergence of the sequence follows analogously. Note that the final part on
relaxing conditions on s and p is not necessary here because we are only concerned
with large p.

We conclude the proof by recalling that in case of Dirichlet boundary conditions
the constants MT and NT are uniformly bounded in 0 < T < ∞. Thus, in this case
we may choose T = ∞.
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CHAPTER 6

Extension of the Stokes semigroup to non divergence-free
functions

In the second part of this thesis we aim for generalizations of boundedness results
for the maximal regularity operator on Morrey spaces. First, we mention the result
by Auscher and Frey, see [8, Lemma 3.3]. As explained therein their estimates is
based on the work by Auscher, Monniaux and Portal [10]. Here, we follow, to a
certain degree, the same strategy. However, considering the Stokes operator and
its semigroup on the half-space is more delicate.

The aim of this chapter is to extend the Stokes semigroup in a suitable manner to
non divergence-free functions. Note that the extension via the Helmholtz projection
is not appropriate for our purposes as the resulting semigroup does not satisfy any
off-diagonal estimates, see for example the introduction of [92].

A natural way to circumvent this issue is to use the solution formula for the
resolvent problem to extend the resolvent to non divergence-free functions. Then,
an extension of the semigroup can be defined by means of the Cauchy integral
formula analogously to the setting of sectorial operators as explained in Section
2.1. However, one has to make sure that important properties of the semigroup are
not lost by this procedure and that the resulting resolvent and semigroup behave
as they should. Nonetheless, this approach also has its drawback as it is no longer
possible to remove the pressure. This leads to some technical difficulties explained
in the subsequent chapters.
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6 Extension of the Stokes semigroup to non divergence-free functions

6.1 The Stokes resolvent problem on L2
σ(Rd

+)
In this section we review the Stokes resolvent problem on the half-space Rd

+ and use
the solution formula as well as point-wise estimates deduced by Maekawa, Miura
and Prange in [68] to obtain L1-estimates on the corresponding kernels. These
estimates will play a crucial role in our extension procedure.

For the rest of this thesis fix ε ∈ (0, π) and let d ≥ 3. Then, for λ ∈ Sπ−ε we
consider the Stokes resolvent problem on the half-space, i.e., the problem


λu− ∆u+ ∇ϕ = f, in Rd

+,

∇ · u = 0, in Rd
+,

u = 0, on ∂Rd
+

for f ∈ L2
σ(Rd

+). It is known, see, e.g., [26], that after a Fourier transform in the
tangential variables the solution û = v̂ + ŵ is for all ξ ∈ Rd−1 and yd > 0 given by

v̂(ξ, yd) = 1
2ωλ(ξ)

∫ ∞

0

(
e−ωλ(ξ)|yd−zd| − e−ωλ(ξ)(yd+zd)

)
f̂(ξ, zd) dzd,(6.1)

ŵ′(ξ, yd) =
∫ ∞

0

ξ

|ξ|
e−|ξ|yd − e−ωλ(ξ)yd

ωλ(ξ)(ωλ(ξ) − |ξ|) e−ωλ(ξ)zd ξ · f̂ ′(ξ, zd) dzd(6.2)

and

ŵd(ξ, yd) = i
∫ ∞

0

e−|ξ|yd − e−ωλ(ξ)yd

ωλ(ξ)(ωλ(ξ) − |ξ|) e−ωλ(ξ)zd ξ · f̂ ′(ξ, zd) dzd,(6.3)

where ωλ(ξ) :=
√
λ+ |ξ|2. Here and in the following, | · | denotes the 2-norm,

but due to norm equivalence in Rd−1, this choice is not of great importance. The
associated pressure ϕ in Fourier variables is given for all ξ ∈ Rd−1 and yd > 0 by

ϕ̂(ξ, yd) =
∫ ∞

0
e−|ξ|yd e−ωλ(ξ)zd

(
1
|ξ|

+ 1
ωλ(ξ)

)
iξ · f̂ ′(ξ, zd) dzd.(6.4)

Taking the inverse Fourier transform, we obtain a kernel representation for the
solution u = v + w. For this, we distinguish between several kernels. We first
define the ones connected with the Dirichlet-Laplace part v. These are two kernels
k1,λ : Rd → C and k2,λ : Rd × R+ → C that are given for all y′ ∈ Rd−1 and yd ∈ R,
by

k1,λ(y′, yd) :=
∫
Rd−1

eiy′·ξ 1
2ωλ(ξ) e−ωλ(ξ)|yd| dξ,(6.5)
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and for all y′ ∈ Rd−1 and yd, zd > 0, by

k2,λ(y′, yd, zd) :=
∫
Rd−1

eiy′·ξ 1
2ωλ(ξ) e−ωλ(ξ)(yd+zd) dξ.(6.6)

For the nonlocal part w, the kernels r′
λ : Rd

+ × R+ → C(d−1)×(d−1) and rd,λ : Rd
+ ×

R+ → Cd−1 are defined as follows: For all y′ ∈ Rd−1 and yd, zd > 0,

r′
λ(y′, yd, zd) :=

∫
Rd−1

eiy′·ξ e−|ξ|yd − e−ωλ(ξ)yd

ωλ(ξ)(ωλ(ξ) − |ξ|) e−ωλ(ξ)zd
ξ ⊗ ξ

|ξ|
dξ(6.7)

rd,λ(y′, yd, zd) :=
∫
Rd−1

i eiy′·ξ e−|ξ|yd − e−ωλ(ξ)yd

ωλ(ξ)(ωλ(ξ) − |ξ|) e−ωλ(ξ)zd ξ dξ.(6.8)

The kernel qλ : Rd−1 ×R+ ×R+ → Cd−1 associated to the pressure is defined in the
following way: For all y′ ∈ Rd−1 and yd, zd > 0,

qλ(y′, yd, zd) := i
∫
Rd−1

eiy′·ξ e−|ξ|yd e−ωλ(ξ)zd

(
ξ

|ξ|
+ ξ

ωλ(ξ)

)
dξ.(6.9)

Then, we obtain the following representation formulae: For all y′ ∈ Rd−1 and all
yd > 0 we have

v(y′, yd) =
∫
Rd−1

∫ ∞

0
k1,λ(y′ − z′, yd − zd)f(z′, zd) dzd dz′

+
∫
Rd−1

∫ ∞

0
k2,λ(y′ − z′, yd, zd)f(z′, zd) dzd dz′,

(6.10)

w′(y′, yd) =
∫
Rd−1

∫ ∞

0
r′

λ(y′ − z′, yd, zd)f ′(z′, zd) dzd dz′,(6.11)

wd(y′, yd) =
∫
Rd−1

∫ ∞

0
rd,λ(y′ − z′, yd, zd) · f ′(z′, zd) dzd dz′(6.12)

and

ϕ(y′, yd) =
∫
Rd−1

∫ ∞

0
qλ(y′ − z′, yd, zd) · f ′(z′, zd) dzd dz′.(6.13)

Later in this thesis we will need several estimates on the kernel or its gradient. Some
estimates on the kernel were already proved in [26] but particularly for the gradient
estimates we rely on the point-wise kernel bounds derived in [68, Propositions 3.2,
3.5 and 3.7]. To be precise Maekawa, Miura and Prange proved the following
estimates:
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Proposition 6.1.1. Let λ ∈ Sπ−ε. Then there exists c(d, ε) > 0 such that for
y′ ∈ Rd−1, yd ∈ R we have

|k1,λ(y′, yd)| ≲ e−c|λ|
1
2 |yd|

(|yd| + |y′|)d−2(1 + |λ| 1
2 (|yd| + |y′|))2

,

|∇k1,λ(y′, yd)| ≲ e−c|λ|
1
2 |yd|

(|yd| + |y′|)d−1(1 + |λ| 1
2 (|yd| + |y′|))2

.

Moreover, for y′ ∈ Rd−1 and yd, zd > 0 we have

|k2,λ(y′, yd, zd)| ≲ e−c|λ|
1
2 (yd+zd)

(yd + zd + |y′|)d−2(1 + |λ| 1
2 (yd + zd + |y′|))2

,

|∇k2,λ(y′, yd, zd)| ≲ e−c|λ|
1
2 (yd+zd)

(yd + zd + |y′|)d−1(1 + |λ| 1
2 (yd + zd + |y′|))2

.

Finally, for y′ ∈ Rd−1 and yd, zd > 0 we have

|r′
λ(y′, yd, zd)| + |rd,λ(y′, yd, zd)|

≲
yd

(yd + zd + |y′|)d−1
e−c|λ|

1
2 zd

(1 + |λ| 1
2 (yd + zd + |y′|))(1 + |λ| 1

2 (yd + zd))
,

|∇yr
′
λ(y′, yd, zd)| + |∇yrd,λ(y′, yd, zd)|

≲
1

(yd + zd + |y′|)d−1
e−c|λ|

1
2 zd

(1 + |λ| 1
2 (yd + zd + |y′|))(1 + |λ| 1

2 (yd + zd))
.

In all cases the implicit constant depends only on d and ε.

As a first step, we present elementary L1-estimates of these kernels that will be
used frequently in the course of this thesis.

Lemma 6.1.2. For all λ ∈ Sπ−ε we have the following kernel estimates:

(i)
∫
Rd |k1,λ(x)| dx ≲ 1

|λ| .

(ii) For all xd, yd > 0 we have

∫
Rd−1

|k2,λ(x′, xd, yd)| dx′ ≲
e−c|λ|

1
2 (xd+yd)

|λ| 1
2

.

(iii) For all xd, yd > 0 we have

∫
Rd−1

|r′
λ(x′, xd, yd)| + |rd,λ(x′, xd, yd)| dx′ ≲

xd e−c|λ|
1
2 yd

(1 + |λ| 1
2 (xd + yd))|λ| 1

2 (xd + yd)
.
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In all of the above statements the implicit constants only depend on d and ε.

Proof. For the L1-bound on k1,λ introduce polar coordinates in Rd−1 to obtain

∫
Rd

|k1,λ(x)| dx ≲
∫
R

∫ ∞

0

rd−2 e−c|λ|
1
2 |xd|

(|xd| + r)d−2(1 + |λ| 1
2 (|xd| + r))2

dr dxd.

Perform in the inner integral the substitution s = r/|xd|, so that

∫
Rd

|k1,λ(x)| dx ≲
∫
R

∫ ∞

0

(s|xd|)d−2 e−c|λ|
1
2 |xd||xd|

(|xd| + s|xd|)d−2(1 + |λ| 1
2 (|xd| + s|xd|))2

ds dxd

=
∫
R
|xd| e−c|λ|

1
2 |xd|

∫ ∞

0

sd−2

(1 + s)d−2(1 + |λ| 1
2 |xd|(1 + s))2

ds dxd.

Substitute t = |λ| 1
2xd to obtain

∫
Rd

|k1,λ(x)| dx ≲
1

|λ|

∫
R
|t| e−c|t|

∫ ∞

0

sd−2

(1 + s)d−2(1 + |t|(1 + s))2 ds dt.

To show that this double integral is finite, split the inner integral into an integral
from 0 to 1

|t| and one from 1
|t| to ∞, yielding

∫ 1
|t|

0

sd−2

(1 + s)d−2(1 + |t|(1 + s))2 ds+
∫ ∞

1
|t|

sd−2

(1 + s)d−2(1 + |t|(1 + s))2 ds

≤
∫ 1

|t|

0
1 ds+

∫ ∞

1
|t|

1
(1 + |t|s)2 ds

= 1
|t|

+ 1
|t|

∫ ∞

1

1
(1 + x)2 dx.

Plugging this into the double integral shows the claim for k1,λ. We proceed with
the other kernels. Using the transformation z′ = |λ| 1

2x′ and polar coordinates in
Rd−1, we have

∫
Rd−1

|k2,λ(x′, xd, yd)| dx′ ≲
∫
Rd−1

e−c|λ|
1
2 (xd+yd)

(xd + yd + |x′|)d−2(1 + |λ| 1
2 (xd + yd + |x′|))2

dx′

= e−c|λ|
1
2 (xd+yd)

|λ| 1
2

∫
Rd−1

1
(|λ| 1

2 (xd + yd) + |z′|)d−2(1 + |λ| 1
2 (xd + yd) + |z′|)2

dz′

≲
e−c|λ|

1
2 (xd+yd)

|λ| 1
2

∫ ∞

0

rd−2

(|λ| 1
2 (xd + yd) + r)d−2(1 + |λ| 1

2 (xd + yd) + r)2
dr

≤ e−c|λ|
1
2 (xd+yd)

|λ| 1
2

∫ ∞

0

1
(1 + r)2 dr.
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6 Extension of the Stokes semigroup to non divergence-free functions

For the kernels belonging to the non-local part we similarly have∫
Rd−1

|r′
λ(x′, xd, yd)| dx′ +

∫
Rd−1

|rd,λ(x′, xd, yd)| dx′

≲
∫
Rd−1

xd e−c|λ|
1
2 yd

(xd + yd + |x′|)d−1(1 + |λ| 1
2 (xd + yd + |x′|))(1 + |λ| 1

2 (xd + yd))
dx′

= xd e−c|λ|
1
2 yd

1 + |λ| 1
2 (xd + yd)

∫
Rd−1

1
(|λ| 1

2 (xd + yd) + |z′|)d−1(1 + |λ| 1
2 (xd + yd) + |z′|)

dz′

≲
xd e−c|λ|

1
2 yd

1 + |λ| 1
2 (xd + yd)

∫ ∞

0

rd−2

(|λ| 1
2 (xd + yd) + r)d−1(1 + |λ| 1

2 (xd + yd) + r)
dr.

In the following, we concentrate on the integral term. Here, we split the integral at
r = |λ| 1

2 (xd + yd) to get
∫ ∞

0

rd−2

(|λ| 1
2 (xd + yd) + r)d−1(1 + |λ| 1

2 (xd + yd) + r)
dr

=
∫ |λ|

1
2 (xd+yd)

0

rd−2

(|λ| 1
2 (xd + yd) + r)d−1(1 + |λ| 1

2 (xd + yd) + r)
dr

+
∫ ∞

|λ|
1
2 (xd+yd)

rd−2

(|λ| 1
2 (xd + yd) + r)d−1(1 + |λ| 1

2 (xd + yd) + r)
dr

≤ 1
(|λ| 1

2 (xd + yd))d−1(1 + |λ| 1
2 (xd + yd))

∫ |λ|
1
2 (xd+yd)

0
rd−2 dr

+
∫ ∞

|λ|
1
2 (xd+yd)

1
r(1 + r) dr

= 1
(d− 1)(1 + |λ| 1

2 (xd + yd))
+
∫ ∞

|λ|
1
2 (xd+yd)

1
r(1 + r) dr

≤ 1
(d− 1)(1 + |λ| 1

2 (xd + yd))
+ 1

|λ| 1
2 (xd + yd)

≲
1

|λ| 1
2 (xd + yd)

,

where in the second to last step we used L’Hôpital’s rule to deduce that both
limr→0 log

(
r+1

r

)
r = 0 and limr→∞ log

(
r+1

r

)
r = 1 hold. To be precise, for a > 0 it

holds ∫ ∞

a

1
r(1 + r) dr = log

(
a+ 1
a

)
= log

(
a+ 1
a

)
a

a
≤ 1
a

and this concludes the proof.
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Next, we prove similar L1-estimates for the gradients. Here, ∇x denotes the
gradient with respect to x = (x′, xd).

Lemma 6.1.3. For all λ ∈ Sπ−ε the following estimates hold true:

(i)
∫
Rd |∇k1,λ(x)| dx ≲ 1

|λ|
1
2
.

(ii) For all xd, yd > 0 we have

∫
Rd−1

|∇k2,λ(x′, xd, yd)| dx′ ≲
e−c|λ|

1
2 (xd+yd)

(1 + |λ| 1
2 (xd + yd))

·
(

1
(1 + |λ| 1

2 (xd + yd))
+ log

(
1 + 1

|λ| 1
2 (xd + yd)

))
.

(iii) For all xd, yd > 0 we have

∫
Rd−1

|∇xr
′
λ(x′, xd, yd)| + |∇xrd,λ(x′, xd, yd)| dy′ ≲

e−c|λ|
1
2 yd

(1 + |λ| 1
2 (xd + yd))

·
(

1
(1 + |λ| 1

2 (xd + yd))
+ log

(
1 + 1

|λ| 1
2 (xd + yd)

))
.

In all of the above statements the implicit constants only depend on d and ε.

Proof. The point-wise bounds deduced in [68], see Proposition 6.1.1, together with
polar coordinates in Rd−1 as well as the substitutions s = r/|xd| and t = |λ| 1

2xd

imply

∫
Rd

|∇k1,λ(x)| dx ≲
∫
R

∫ ∞

0

rd−2 e−c|λ|
1
2 |xd|

(|xd| + r)d−1(1 + |λ| 1
2 (r + |xd|))2

dr dxd

=
∫
R

∫ ∞

0

sd−2 e−c|λ|
1
2 |xd|

(1 + s)d−1(1 + |λ| 1
2 |xd|(1 + s))2

ds dxd

= 1
|λ| 1

2

∫
R

e−c|t|
∫ ∞

0

sd−2

(1 + s)d−1(1 + |t|(1 + s))2 ds dt.

To conclude the estimate for ∇k1,λ, it remains to show that the double integral
converges. To this end, we bound the exponential by 1 and cancel out the factor
sd−2. This yields

∫
Rd

|∇k1,λ(y)| dy ≲
1

|λ| 1
2

∫
R

∫ ∞

0

1
(1 + s)(1 + |t|(1 + s))2 ds dt.
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6 Extension of the Stokes semigroup to non divergence-free functions

After an application of Fubini’s theorem the resulting integral can be computed
explicitly. To be precise, by means of the transformation r = t(1 + s) we have

∫
R

∫ ∞

0

1
(1 + s)(1 + |t|(1 + s))2 ds dt = 2

∫ ∞

0

∫ ∞

0

1
(1 + r)2 dr 1

(1 + s)2 ds = 2.

Next, we consider the second part of the statement. Again using the point-wise
estimates from [68], see Proposition 6.1.1, and the substitution z′ = |λ| 1

2x′, we have∫
Rd−1

|∇k2,λ(x′, xd, yd)| dx′

≲
∫
Rd−1

e−c|λ|
1
2 (xd+yd)

(|x′| + xd + yd)d−1(1 + |λ| 1
2 (|x′| + xd + yd))2

dx′

= e−c|λ|
1
2 (xd+yd)

∫
Rd−1

1
(|z′| + |λ| 1

2 (xd + yd))d−1(1 + |z′| + |λ| 1
2 (xd + yd))2

dz′

≲ B
∫
Rd−1

1
(|z′| + |λ| 1

2 (xd + yd))d−1(1 + |z′| + |λ| 1
2 (xd + yd))

dz′

where

B := e−c|λ|
1
2 (xd+yd)

(1 + |λ| 1
2 (xd + yd))

.

Using polar coordinates in Rd−1 and splitting the integral at r = |λ| 1
2 (xd + yd) yields

∫
Rd−1

1
(|z′| + |λ| 1

2 (xd + yd))d−1(1 + |z′| + |λ| 1
2 (xd + yd))

dz′

≲
∫ ∞

0

rd−2

(r + |λ| 1
2 (xd + yd))d−1(1 + r + |λ| 1

2 (xd + yd))
dr

≲
∫ |λ|

1
2 (xd+d)

0

1
|λ| 1

2 (xd + yd)
1

1 + |λ| 1
2 (xd + yd)

dr

+
∫ ∞

|λ|
1
2 (xd+yd)

1
(r + |λ| 1

2 (xd + yd))(1 + r + |λ| 1
2 (xd + yd))

dr

≲
1

1 + |λ| 1
2 (xd + yd)

+ log
(

1 + 1
|λ| 1

2 (xd + yd)

)

which proves the desired estimate for the second kernel. It remains to examine the
third kernel. Then we have∫

Rd−1
|∇xr

′
λ(x′, xd, yd)| dx′ +

∫
Rd−1

|∇xrλ,d(x′, xd, yd)| dx′

≲
∫
Rd−1

e−c|λ|
1
2 yd

(xd + yd + |x′|)d−1(1 + |λ| 1
2 (xd + yd + |x′|))(1 + |λ| 1

2 (xd + yd))
dx′
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= e−c|λ|
1
2 yd

(1 + |λ| 1
2 (xd + yd))

∫
Rd−1

1
(xd + yd + |x′|)d−1(1 + |λ| 1

2 (xd + yd + |x′|))
dx′.

After the substitution z′ = |λ| 1
2x′ this is the same integral as for ∇k2,λ and this

completes the proof.

For the pressure ϕ given by (6.13) no such L1-estimates are needed and point-wise
estimates are sufficient. Hence, we postpone estimates for the pressure to the next
section.

6.2 Stokes resolvent problem on Lp(Rd
+)

Recall that our goal is to find an extension of the Stokes semigroup to Lp(Rd
+) that

satisfies off-diagonal estimates. To this end, we first extend the resolvent by means
of the formulae from the last section. We then show that this extended resolvent
is well-defined on Lp(Rd

+) for 1 < p < ∞, satisfies the first resolvent identity and
deserves at least partly its name as it provides a solution to λu−∆u+∇ϕ = f . This
part, albeit not difficult, takes up a substantial amount of this section as it requires
careful calculations in the Fourier space. Moreover, we show Lp-Lq-estimates for the
extended resolvent belonging to u. Have in mind that working with non divergence-
free functions forces us to also consider the pressure. This creates some technical
difficulties, for example it remains open whether the extended resolvent for u is
again a resolvent in its own right.

We then use the resolvent estimates to define, by means of the Cauchy integral
formula, operator families Eu(t) and Eϕ(t) for t > 0 which extend the Stokes
semigroup to Lp(Rd

+). Moreover, we prove that the family (Eu(t))t>0 satisfies the
semigroup law, is bounded on Lp(Rd

+) and also satisfies Lp-Lq-estimates.
Let us now make our understanding of extended resolvents more precise.

Definition 6.2.1. Let λ ∈ Sπ−ε. Then we define

Ru(λ) : L2(Rd
+) → L2(Rd

+)
f 7→ v + w

(6.14)

where v and w are defined in (6.10) – (6.12). Moreover, define

Rϕ(λ) : L2(Rd
+) → L2

loc(Rd
+)

f 7→ ϕ
(6.15)

where ϕ is defined in (6.13). We call the tupel R(λ) := (Ru(λ), Rϕ(λ)) extended
resolvent.
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6 Extension of the Stokes semigroup to non divergence-free functions

Note that for f ∈ L2(Rd
+) we also have the representation via the inverse Fourier

transform in the tangential variables, namely

Ru(λ)f = F−1(v̂ + ŵ)

where v̂ and ŵ are defined in (6.1) – (6.3). Similarly, we have Rϕ(λ)f = F−1(ϕ̂) as
defined in (6.4). The former definition will be more helpful to show estimates, while
the latter turns out to be more suitable to show the first resolvent identity. As a
matter of fact, Ru can be defined even on Lp(Rd

+) for 1 < p < ∞. To be precise,
Ru and ∇Ru satisfy the following estimate extending the well-known results from
Lp

σ(Rd
+).

Proposition 6.2.2. Let λ ∈ Sπ−ε and 1 < p < ∞. Then the extended resolvent
Ru(λ) : Lp(Rd

+) → Lp(Rd
+) as well as its gradient are well-defined and satisfy

∥Ru(λ)f∥Lp(Rd
+) ≲

1
|λ|

∥f∥Lp(Rd
+)(6.16)

∥∇Ru(λ)f∥Lp(Rd
+) ≲

1
|λ| 1

2
∥f∥Lp(Rd

+)(6.17)

for all f ∈ Lp(Rd
+) and the implicit constants only depend on d, p and ε.

Proof. The first inequality is proven in [26, Theorem 3.5]. Note that they assume
f to be divergence-free but the proof carries over to non divergence-free functions
verbatim.

For the second part note that the term involving ∇k1,λ is of convolution type.
Thus, Young’s convolution inequality together with Lemma 6.1.3 yields the desired
estimate. For the other kernels we proceed as in the proof of the first part given
in [26]: Specifically, we use [26, Lemma 3.3 a)] with n = d− 1 by which it suffices
to show uniform bounds for the kernels in suitable Lebesgue spaces. To be more
precise, we have to show

( ∫ ∞

0

(∫ ∞

0
∥k(·, xd, yd)∥p′

L1(Rd−1) dyd

) p
p′

dxd

) 1
p

≲
1

|λ| 1
2

(6.18)

where p′ as usual is the Hölder conjugate of p and k ∈ {∇k2,λ,∇xr
′
λ + ∇xrd,λ}. We

consider first k = ∇k2,λ and use the estimate deduced in Lemma 6.1.3:

∫
Rd−1

|∇k2,λ(x′, xd, yd)| dx′ ≲
e−c|λ|

1
2 (xd+yd)

(1 + |λ| 1
2 (xd + yd))2

+ e−c|λ|
1
2 (xd+yd)

(1 + |λ| 1
2 (xd + yd))

log
(

1 + 1
|λ| 1

2 (xd + yd)

)
.
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Using the triangle inequality, we can plug both summands into the left-hand side of
(6.18) separately. In case of the first summand we use the substitutions ỹd = |λ| 1

2yd

and x̃d = |λ| 1
2xd to obtain

(∫ ∞

0

(∫ ∞

0

e−cp′|λ|
1
2 (yd+xd)

(1 + |λ| 1
2 (xd + yd))2p′

dyd

) p
p′

dxd

) 1
p

= 1
|λ|

1
2 ( 1

p
+ 1

p′ )

(∫ ∞

0

(∫ ∞

0

e−cp′(x̃d+ỹd)

(1 + x̃d + ỹd)2p′ dỹd

) p
p′

dx̃d

) 1
p

.

An easy way to see that the remaining integral is finite is to estimate the denomi-
nator by 1 and then use the decay of the exponential. Due to 1

p
+ 1

p′ = 1 the desired
estimate follows. For the second summand we need to estimate

∫ ∞

0

∫ ∞

0

e−cp′|λ|
1
2 (xd+yd)

(1 + |λ| 1
2 (xd + yd))p′

log
(

1 + 1
|λ| 1

2 (xd + yd)

)p′

dyd


p
p′

dxd

 1
p

.

The decay in λ, i.e., the factor |λ|− 1
2 , is obtained by virtue of the same substitutions

as in the first case. Estimating the integral reveals

∫ ∞

0

∫ ∞

0

e−cp′(x̃d+ỹd)

(1 + (x̃d + ỹd))p′ log
(

1 + 1
x̃d + ỹd

)p′

dỹd


p
p′

dx̃d

 1
p

≤

∫ ∞

0

∫ ∞

0
e−cp′ỹd log

(
1 + 1

ỹd

)p′

dỹd


p
p′

e−cpx̃d dx̃d

 1
p

.

Note that the singularity in zero of the logarithmic term is an integrable one. For
large ỹd, the logarithmic term is bounded so that the exponential decay guarantees
the convergence of the ỹd-integral. Convergence of the x̃d-integral is clear.

Hence, it remains to prove (6.18) for k = ∇xr
′
λ + ∇xrd,λ. Even though the L1-

estimate is almost the same as for ∇k2,λ, we must be slightly more careful, as there
is no exponential decay in xd. The factor |λ|− 1

2 is obtained as before and after the
substitutions it remains to show that the following integral converges:

∫ ∞

0

∫ ∞

0

e−cp′yd

(1 + xd + yd)p′

(
1

1 + xd + yd

+ log
(

1 + 1
xd + yd

))p′

dyd


p
p′

dxd

 1
p

≲

∫ ∞

0

∫ ∞

0

e−cp′yd

(1 + xd + yd)p′

 1
(1 + xd + yd)p′ + log

(
1 + 1

xd + yd

)p′ dyd


p
p′

dxd

 1
p
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6 Extension of the Stokes semigroup to non divergence-free functions

where we used norm equivalence in R2. Next, except from appearance in the
exponential, use yd > 0 so that convergence of the remaining integral with respect
to yd is clear. The integral with respect to xd then reads∫ ∞

0

1
(1 + xd)2p

+ 1
(1 + xd)p

log
(

1 + 1
xd

)p

dxd.

Clearly, the first summand is integrable. For the second summand notice that the
logarithmic term is bounded for large xd, for example for xd ≥ 1. Due to p > 1 this
shows integrability of the second summand for large xd as well. Regarding small xd

note the first factor is bounded and so the logarithmic term is important. Hence,
it remains to check whether ∫ 1

0
log

(
1 + 1

xd

)p

dxd

is finite for p > 1. This can for example be verified by noting that the integrand is
positive and

log
(

1 + 1
xd

)
< log

(2
x

)
holds true for xd ∈ (0, 1] as well as due to the fact that log(xd)p is integrable on
(0, 1] for p > 1. Thus we have shown (6.18) for all kernels and conclude that (6.17)
holds true.

By interpolation together with the previous proposition we obtain, for suitable
exponents p and q, Lp-Lq-estimates for Ru(λ).

Proposition 6.2.3. Let λ ∈ Sπ−ε and let 1 < p ≤ q < ∞ with 1
d

≥ 1
p

− 1
q

≥ 0. For
all f ∈ Lp(Rd

+) we have

∥Ru(λ)f∥Lq(Rd
+) ≲

1
|λ|1− d

2 ( 1
p

− 1
q ) ∥f∥Lp(Rd

+)

where the implicit constant only depends on d, p, q and ε.

Proof. Let 1 < p ≤ q < ∞ with 1
d

≥ 1
p

− 1
q

≥ 0, set θ := d
(

1
p

− 1
q

)
∈ [0, 1] and let

f ∈ Lp(Rd
+). We then apply the Gagliardo-Nirenberg inequality on the half-space

and Proposition 6.2.2 to obtain

∥Ru(λ)f∥Lq(Rd
+) ≲ ∥∇Ru(λ)f∥θ

Lp(Rd
+)∥R

u(λ)f∥1−θ
Lp

≲
1

|λ| 1
2 θ

1
|λ|1−θ

∥f∥Lp(Rd
+).

Note that the original proof by Nirenberg [74] already contains the half-space case.
Due to 1

2θ + 1 − θ = 1 − d
2

(
1
p

− 1
q

)
this completes the proof.
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Turning to the pressure term note that no global Lp-estimate is available. How-
ever, we can show that the pressure is uniformly bounded away from the half-space
boundary. To be precise, our result reads as follows:

Proposition 6.2.4. Let f ∈ L2(Rd
+) and λ ∈ Sπ−ε. For δ > 0 there exists a

constant C = C(δ, d, ε) such that for all y = (y′, yd) ∈ Rd
+ with yd > δ we have

|Rϕ(λ)f(y′, yd)| ≤ C(δ, d, ε) 1
|λ| 1

4
∥f∥L2(Rd

+).

Proof. The point-wise estimate for the pressure provided by [68, Proposition 3.7]
reads

(6.19) |qλ(y′, yd, zd)| ≲ e−c|λ|
1
2 zd

(yd + zd + |y′|)d−1

for all y′ ∈ Rd−1 and yd, zd > 0. For f ∈ L2(Rd
+) and y = (y′, yd) ∈ Rd

+ with yd > δ

we then have

|Rϕ(λ)f(y′, yd)| ≲
∫
Rd−1

∫ ∞

0

e−c|λ|
1
2 zd

(yd + zd + |y′ − z′|)d−1 |f ′(z′, zd)| dzd dz′

≲

∫
Rd−1

∫ ∞

0

e−2c|λ|
1
2 zd

(yd + zd + |y′ − z′|)2(d−1) dzd dz′


1
2

∥f∥L2(Rd
+).

Now, we focus on the integral term and use yd > δ, zd > 0 as well as translation in
Rd−1 to obtain

∫
Rd−1

∫ ∞

0

e−2c|λ|
1
2 zd

(yd + zd + |y′ − z′|)2(d−1) dzd dz′ ≲
∫
Rd−1

∫ ∞

0

e−2c|λ|
1
2 zd

(δ + |z′|)2(d−1) dzd dz′.

Considering the inner integral delivers∫ ∞

0
e−2c|λ|

1
2 zd dzd ≲

1
|λ| 1

2
.

Here, the implicit constant depends on ε, as c depends on ε. For the remaining
integral use polar coordinates in Rd−1 to infer

∫
Rd−1

1
(δ + |z′|)2d−2 dz′ =

∫ ∞

0

rd−2

(δ + r)d−2+d
dr

≤
∫ ∞

0

1
(δ + r)d

=: C(δ, d) < ∞.

Combining the previous estimates concludes the proof.
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6 Extension of the Stokes semigroup to non divergence-free functions

Next, we prove that the generalised resolvents Ru and Rϕ indeed yield a solution
to the Stokes resolvent problem but without the divergence-freeness. Here, further
regularity of Ru(λ)f and Rϕ(λ)f is required. For the pressure note that the kernel
corresponding to ∇Rϕ(λ)f satisfies (6.19) but with exponent d in the denominator,
see [68, Proposition 3.7]. Then, the proof of the previous proposition applies as
well. For the second derivatives of the kernels belonging to Ru(λ)f the estimates
derived by Maekawa, Miura and Prange in [68, Proposition 3.2 and Proposition 3.5]
are stronger than those for first order derivatives of the pressure. For the precise
point-wise estimates we refer to Proposition 7.2.1 In particular, estimates of the
form (6.19) are satisfied in this setting as well and this guarantees the existence of
∆Ru(λ)f .

Proposition 6.2.5. For λ ∈ Sπ−ε and f ∈ L2(Rd
+) we have λRu(λ)f − ∆Ru(λ)f +

∇Rϕ(λ)f = f in the sense of distributions.

Proof. Let λ ∈ Sπ−ε and f ∈ L2(Rd
+) be arbitrary and v, w and p as defined in

(6.10)–(6.13). We have to prove

λ(v + w) − ∆(v + w) + ∇ϕ = f.

As v is the solution to the Dirichlet-Laplace resolvent problem, it follows that
λv − ∆v = f is true. Thus, it remains to show λw − ∆w + ∇ϕ = 0. To this
end we use the Fourier transform on Rd−1, hence it suffices to show the equivalent
statement

(6.20) λF−1ŵ − ∆F−1ŵ + ∇F−1ϕ̂ = 0.

We calculate ∆F−1ŵ and distinguish between the first d − 1 components and the
last one. As the Fourier transform is taken in d− 1 components only, the first d− 1
summands of the Laplacian translate to a factor −|ξ|2 inside the inverse Fourier
transform. Using this and the representation (6.2) of ŵ′ we have

−∆F−1ŵ′ = F−1
(∫ ∞

0
ξ|ξ| e−|ξ|yd − e−ωλ(ξ)yd

ωλ(ξ)(ωλ(ξ) − |ξ|) e−ωλ(ξ)zd ξ · f̂ ′(ξ, zd) dzd

)

− F−1
(∫ ∞

0

ξ

|ξ|
|ξ|2 e−|ξ|yd −ωλ(ξ)2 e−ωλ(ξ)yd

ωλ(ξ)(ωλ(ξ) − |ξ|) e−ωλ(ξ)zd ξ · f̂ ′(ξ, zd) dzd

)
.

By definition, ωλ(ξ)2 = λ+ |ξ|2 holds, so by (6.2) in the first d− 1 components we
have

λF−1ŵ′ − ∆F−1ŵ′ = F−1
(∫ ∞

0

ξ

|ξ|
λ e−|ξ|yd

ωλ(ξ)(ωλ(ξ) − |ξ|) e−ωλ(ξ)zd ξ · f̂ ′(ξ, zd) dzd

)
.
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It remains to calculate the gradient of the pressure with respect to the first d − 1
coordinates. As the Fourier transform is also taken in the first d − 1 coordinates
only, the gradient translates to a factor of iξ and we obtain

∇x′F−1ϕ̂ = −F−1
∫ ∞

0
ξ e−|ξ|yd e−ωλ(ξ)zd

(
1
|ξ|

+ 1
ωλ(ξ)

)
ξ · f̂ ′(ξ, zd) dzd.

Next, we add both terms and use the identity λ
ωλ(ξ)−|ξ| = ωλ(ξ) + |ξ| to obtain in

the first d− 1 components

λF−1ŵ′ − ∆F−1ŵ′ + ∇x′F−1ϕ̂

= F−1
∫ ∞

0
ξ e−|ξ|yd

ωλ(ξ) + |ξ|
ωλ(ξ)|ξ| e−ωλ(ξ)zd ξ · f̂ ′(ξ, zd) dzd

− F−1
∫ ∞

0
ξ e−|ξ|yd e−ωλ(ξ)zd

(
1
|ξ|

+ 1
ωλ(ξ)

)
ξ · f̂ ′(ξ, zd) dzd

= 0.

Hence, it remains to check the last component. With a similar argument, we have

λF−1ŵd − ∆F−1ŵd = F−1
∫ ∞

0
i λ e−|ξ|yd

ωλ(ξ)(ωλ(ξ) − |ξ|) e−ωλ(ξ)zd ξ · f̂ ′(ξ, zd) dzd.

For the pressure it holds

∂dF−1ϕ̂ = −F−1
∫ ∞

0
i|ξ| e−|ξ|yd e−ωλ(ξ)zd

(
1
|ξ|

+ 1
ωλ(ξ)

)
ξ · f̂ ′(ξ, zd) dzd.

Adding both terms and again using λ
ωλ(ξ)−|ξ| = ωλ(ξ) + |ξ| yields

λF−1ŵd − ∆F−1ŵd + ∂dF−1ϕ̂ = 0

which implies (6.20) and thus concludes the proof.

It remains open whether Ru(λ) is injective for some λ ∈ Sπ−ε. If this was the
case, we would obtain that the family of extended resolvents (Ru(λ))λ∈Sπ−ε is indeed
a resolvent (for a suitable operator). However, we are able to prove that the family
(Ru(λ))λ∈Sπ−ε satisfies the first resolvent identity on L2(Rd

+). Note that this result
is crucial as it guarantees that the Cauchy integral of the extended resolvent Ru(λ)
yields a family obeying the semigroup law. Moreover, it remains open whether a
similar result is true for the family (Rϕ(λ))λ∈Sπ−ε .

Proposition 6.2.6. For λ, µ ∈ Sπ−ε we have Ru(λ) −Ru(µ) = (µ−λ)Ru(λ)Ru(µ)
as operators on L2(Rd

+).
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6 Extension of the Stokes semigroup to non divergence-free functions

Proof. For the proof to be easier to follow we introduce the following notation:
Given λ ∈ Sπ−ε and f ∈ L2(Rd

+) we denote by v̂λ,f the function v̂ as defined in (6.1)
and do so analogously for ŵ′ and ŵd. Moreover, we define g(ξ, ·) := ξ · f̂ ′(ξ, ·) as
well as a := ωλ(ξ) and b := ωµ(ξ).

With this notation and the fact that the Fourier transform in the tangential
variables is an isomorphism on L2(Rd

+) it suffices to prove

v̂λ,f + ŵλ,f − v̂µ,f − ŵµ,f

= (µ− λ)(v̂λ,F−1v̂µ,f
+ v̂λ,F−1ŵµ,f

+ ŵλ,F−1v̂µ,f
+ ŵλ,F−1ŵµ,f

).
(6.21)

Here, we note that as v is the solution to the Dirichlet-Laplace resolvent problem,
it satisfies the resolvent identity, i.e.,

v̂λ,f − v̂µ,f = (µ− λ)v̂λ,F−1v̂µ,f

holds. Hence, it remains to show

(6.22) ŵλ,f − ŵµ,f = (µ− λ)(v̂λ,F−1ŵµ,f
+ ŵλ,F−1v̂µ,f

+ ŵλ,F−1ŵµ,f
).

To deal with the remaining terms on the right-hand side of (6.22) we calculate them
one by one and start with v̂λ,F−1ŵµ,f

. Note that the formulae for ŵ′ and ŵd differ
only in one factor. Hence, choosing ℓ = ( ξ

|ξ| , i)
t we can deal with all components

simultaneously. Plugging in the definition of v̂ and ŵ (see (6.1)–(6.3)) together
with Fubini’s theorem we get for ξ ∈ Rd−1 and yd > 0 that

v̂λ,F−1ŵµ,f
(ξ, yd)

= 1
2a

∫ ∞

0

(
e−a|yd−zd| − e−a(yd+zd)

)
ŵµ,f (ξ, zd) dzd

= ℓ

2a

∫ ∞

0

(
e−a|yd−zd| − e−a(yd+zd)

) ∫ ∞

0

e−|ξ|zd − e−bzd

b(b− |ξ|) e−bxd g(ξ, xd) dxd dzd

= ℓ

2a

∫ ∞

0

∫ ∞

0

(
e−a|yd−zd| − e−a(yd+zd)

) e−|ξ|zd − e−bzd

b(b− |ξ|) e−bxd g(ξ, xd) dzd dxd.

Next, we pull the terms which are independent of zd out of the inner integral.
The remainder of this inner integral requires a not difficult but lengthy calculation.
Indeed, we have∫ ∞

0

(
e−a|yd−zd| − e−a(yd+zd)

) (
e−|ξ|zd − e−bzd

)
dzd

=
∫ ∞

0
(e−a|yd−zd|−|ξ|zd − e−a|yd−zd|−bzd − e−a(yd+zd)−|ξ|zd + e−a(yd+zd)−bzd) dzd

=: I + II + III + IV

104



6.2 Stokes resolvent problem on Lp(Rd
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and calculate each of these integrals separately. Clearly, III and IV are easier to
deal with as the domain of integration does not have to be split in those cases. We
start with I and obtain

I =
∫ yd

0
e−a(yd−zd)−|ξ|zd dzd +

∫ ∞

yd

e−a(zd−yd)−|ξ|zd dzd

= e−ayd

∫ yd

0
ezd(a−|ξ|) dzd + eayd

∫ ∞

yd

e−zd(a+|ξ|) dzd

= e−ayd

a− |ξ|
(
eyd(a−|ξ|) −1

)
− eayd

a+ |ξ|
(
0 − e−yd(a+|ξ|)

)
= e−|ξ|yd − e−ayd

a− |ξ|
+ e−|ξ|yd

a+ |ξ|
.

Next, a similar calculation for II yields

II = −
∫ yd

0
e−a(yd−zd)−bzd dzd −

∫ ∞

yd

e−a(zd−yd)−bzd dzd

= − e−ayd

∫ yd

0
ezd(a−b) dzd − eayd

∫ ∞

yd

e−zd(a+b) dzd

= −e−ayd

a− b

(
eyd(a−b) −1

)
+ eayd

a+ b

(
0 − e−yd(a+b)

)
= − e−byd + e−ayd

a− b
− e−byd

a+ b
.

Now, it remains to cover the last two terms. We have

III = −
∫ ∞

0
e−a(yd+zd)−|ξ|zd dzd = − e−ayd

∫ ∞

0
e−zd(a+|ξ|) dzd = − e−ayd

a+ |ξ|

and

IV =
∫ ∞

0
e−a(yd+zd)−bzd dzd = e−ayd

∫ ∞

0
e−zd(a+b) dzd = e−ayd

a+ b
.

Combining these results yields

I + II + III + IV = e−|ξ|yd − e−ayd

a− |ξ|
+ e−|ξ|yd

a+ |ξ|
+ − e−byd + e−ayd

a− b

− e−byd

a+ b
− e−ayd

a+ |ξ|
+ e−ayd

a+ b

=

(
e−|ξ|yd − e−ayd

)
(a+ |ξ|) +

(
e−|ξ|yd − e−ayd

)
(a− |ξ|)

a2 − |ξ|2

+

(
e−ayd − e−byd

)
(a+ b) +

(
e−ayd − e−byd

)
(a− b)

a2 − b2

= 2a
(

e−|ξ|yd − e−ayd

λ
+ e−ayd − e−byd

λ− µ

)
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6 Extension of the Stokes semigroup to non divergence-free functions

by definition of a and b. Next, we plug this into the original calculation of v̂λ,F−1ŵµ,f

and obtain
v̂λ,F−1ŵµ,f

(ξ, yd)

= ℓ
∫ ∞

0

e−bxd g(ξ, xd)
b(b− |ξ|)

(
e−ayd − e−byd

λ− µ
+ e−|ξ|yd − e−ayd

λ

)
dxd.

(6.23)

Having dealt with the first term on the right-hand side of (6.22), we now turn our
eyes to the second one. We proceed similarly and then use Fubini’s theorem to
obtain

ŵλ,F−1v̂µ,f
(ξ, yd)

= ℓ
∫ ∞

0

e−|ξ|yd − e−ayd

a(a− |ξ|) e−azd ξ · v̂′
µ,f (ξ, zd) dzd

= ℓ
∫ ∞

0

e−|ξ|yd − e−ayd

a(a− |ξ|) e−azd ξ · 1
2b

∫ ∞

0

(
e−b|zd−xd| − e−b(zd+xd)

)
f̂ ′(ξ, xd) dxd dzd

= ℓ

2b

∫ ∞

0

e−|ξ|yd − e−ayd

a(a− |ξ|) g(ξ, xd)
∫ ∞

0
e−azd

(
e−b|zd−xd| − e−b(zd+xd)

)
dzd dxd.

Calculating the zd-integral yields∫ ∞

0
e−azd

(
e−b|zd−xd| − e−b(zd+xd)

)
dzd

=
∫ xd

0
e−azd e−b(xd−zd) dzd +

∫ ∞

xd

e−azd e−b(zd−xd) dzd − e−bxd

∫ ∞

0
e−zd(a+b) dzd

= e−bxd

∫ xd

0
e−zd(a−b) dzd + ebxd

∫ ∞

xd

e−zd(a+b) dzd − e−bxd

∫ ∞

0
e−zd(a+b) dzd

= −e−bxd

a− b

(
e−xd(a−b) −1

)
− ebxd

a+ b

(
0 − e−xd(a+b)

)
+ e−bxd

a+ b
(0 − 1)

= − e−axd + e−bxd

a− b
+ e−axd − e−bxd

a+ b

= 1
a2 − b2

(
(a+ b)(e−bxd − e−axd) + (a− b)(e−axd − e−bxd)

)
= 2b
λ− µ

(
e−bxd − e−axd

)
.

We plug this into the representation above and obtain

ŵλ,F−1v̂µ,f
(ξ, yd) = ℓ

∫ ∞

0

e−|ξ|yd − e−ayd

a(a− |ξ|) g(ξ, xd) 1
λ− µ

(
e−bxd − e−axd

)
dxd.(6.24)

Before considering the third term on the right-hand side of (6.22) let us recall how
the left-hand side of (6.22) looks like. Having in mind the Fourier representation
of ŵ, see (6.2) and (6.3), we find

ŵλ,f (ξ, yd) = ℓ
∫ ∞

0

e−|ξ|yd − e−ayd

a(a− |ξ|) e−azd g(ξ, zd) dzd,
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−ŵµ,f (ξ, yd) = −ℓ
∫ ∞

0

e−|ξ|yd − e−byd

b(b− |ξ|) e−bzd g(ξ, zd) dzd.

Then, we see that ŵλ,f is (almost) appearing in (6.24). To be precise, we have

(µ− λ)ŵλ,F−1v̂µ,f
(ξ, yd) = ℓ

∫ ∞

0

e−|ξ|yd − e−ayd

a(a− |ξ|) g(ξ, xd)
(
e−axd − e−bxd

)
dxd

= ŵλ,f (ξ, yd) −
∫ ∞

0

e−|ξ|yd − e−ayd

a(a− |ξ|) g(ξ, xd) e−bxd dxd.

Similarly, examining the representation (6.23) of v̂λ,F−1ŵµ,f
we see that −ŵµ,f (al-

most) appears as well. Indeed, adding e−|ξ|yd − e−|ξ|yd we obtain

(µ− λ)v̂λ,F−1ŵµ,f
(ξ, yd)

= (µ− λ)ℓ
∫ ∞

0

g(ξ, xd) e−bxd

b(b− |ξ|)

(
e−ayd − e−|ξ|yd + e−|ξ|yd − e−byd

λ− µ
+ e−|ξ|yd − e−ayd

λ

)
dxd

= −ŵµ,f (ξ, yd) + ℓ
∫ ∞

0

e−bxd g(ξ, xd)
b(b− |ξ|)

(
e−|ξ|yd − e−ayd +µ− λ

λ

(
e−|ξ|yd − e−ayd

))
dxd

= −ŵµ,f (ξ, yd) + ℓ
∫ ∞

0

e−bxd g(ξ, xd)
b(b− |ξ|)

µ

λ
(e−|ξ|yd − e−ayd) dxd.

Combining this calculation with the one for (µ− λ)ŵλ,F−1v̂µ,f
(ξ, yd) yields

(µ− λ)(v̂λ,F−1ŵµ,f
+ ŵλ,F−1v̂µ,f

)(ξ, yd)
= ŵλ,f (ξ, yd) − ŵµ,f (ξ, yd)

+ ℓ
∫ ∞

0
(e−|ξ|yd − e−ayd) e−bxd g(ξ, xd)

(
µ

λb(b− |ξ|) − 1
a(a− |ξ|)

)
dxd

(6.25)

Now, it remains to deal with the third term on the right-hand side of (6.22). Using
the introduced notation we can again cover all components with one calculation.
We have

ŵλ,F−1ŵµ,f
(ξ, yd)

= ℓ
∫ ∞

0

∫ ∞

0

e−|ξ|yd − e−ayd

a(a− |ξ|) e−azd ξ · ξ

|ξ|
e−|ξ|zd − e−bzd

b(b− |ξ|) e−bxd g(ξ, xd) dxd dzd

= ℓ
∫ ∞

0

e−|ξ|yd − e−ayd

a(a− |ξ|)b(b− |ξ|) e−bxd |ξ|g(ξ, xd)
∫ ∞

0
e−azd

(
e−|ξ|zd − e−bzd

)
dzd dxd.

Again, we compute the inner integral separately. It holds∫ ∞

0
e−azd

(
e−|ξ|zd − e−bzd

)
dzd =

∫ ∞

0
e−zd(a+|ξ|) dzd −

∫ ∞

0
e−zd(a+b) dzd
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6 Extension of the Stokes semigroup to non divergence-free functions

= 1
a+ |ξ|

− 1
a+ b

.

Hence, we have

(µ− λ)ŵλ,F−1ŵµ,f
(ξ, yd)

= ℓ
∫ ∞

0

(
e−|ξ|yd − e−ayd

)
e−bxd g(ξ, xd)

a(a− |ξ|)b(b− |ξ|) |ξ|(µ− λ)
(

1
a+ |ξ|

− 1
a+ b

)
dxd.

(6.26)

Comparing (6.25) and (6.26) reveals that (6.22), and thus the resolvent identity,
is proven if −ŵλ,F−1ŵµ,f

(ξ, yd) coincides with the last summand in (6.25). To this
end, use λ = (a− |ξ)(a+ |ξ|) as well as µ = (b− |ξ|)(b+ |ξ) for ξ ∈ Rd−1 in the last
factor of (6.25). We thus have

µ

λb(b− |ξ|) − 1
a(a− |ξ|) = (b− |ξ|)(b+ |ξ|)

(a− |ξ|)(a+ |ξ|)b(b− |ξ|) − 1
a(a− |ξ|)

= a(b+ |ξ|) − b(a+ |ξ|)
(a− |ξ|)(a+ |ξ|)ab = (a− b)|ξ|

(a− |ξ|)(a+ |ξ|)ab.

As the integrals in (6.26) and (6.25) have the same structure and (b−a)(b+a) = µ−λ
holds, it suffices to examine

|ξ|(b− a)(b+ a)
a(a− |ξ|)b(b− |ξ|)

(
1

a+ |ξ|
− 1
a+ b

)
+ (a− b)|ξ|

(a− |ξ|)(a+ |ξ|)ab.

Taking a closer look reveals that there are some more common factors so that it is
sufficient to compute

(b− a)(b+ a)
(b− |ξ|)

(
1

a+ |ξ|
− 1
a+ b

)
+ (a− b)

(a+ |ξ|)

= (b− a)(b+ a)
(b− |ξ|)

(a+ b− a− |ξ|)
(a+ |ξ|)(a+ b) + (a− b)

(a+ |ξ|)

= b− a

a+ |ξ|
+ a− b

a+ |ξ|
= 0.

Hence, (6.22) and consequently the resolvent identity for Ru is proved.

As a corollary, we deduce that the resolvent identity also holds when we consider
the operators on Lp(Rd

+).

Corollary 6.2.7. Let 1 < p < ∞. For λ, µ ∈ Sπ−ε we have Ru(λ) − Ru(µ) =
(µ− λ)Ru(λ)Ru(µ) as operators on Lp(Rd

+).

Proof. By the previous proposition the resolvent identity is true on C∞
c (Rd

+) ⊂
Lp(Rd

+). As by Proposition 6.2.2 the resolvent is a continuous operator on Lp(Rd
+)

and C∞
c (Rd

+) is dense in Lp(Rd
+), we conclude the proof.
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6.3 Stokes semigroup on Lp(Rd
+)

In this section we define the extended Stokes semigroup on Lp(Rd
+) using the re-

solvent estimates from the previous section. The results are as expected, however,
due to the extension to non divergence-free functions, some work is required.

Definition 6.3.1. Let 1 < p < ∞. Then we define the extended Stokes semigroup
Eu(t) for t > 0 by

Eu(t)f := 1
2πi

∫
γt

eλt Ru(λ)f dλ

for f ∈ Lp(Rd
+). Here γt is the path parametrizing the boundary of Sφ \ B(0, t−1)

for some φ ∈ (π/2, π) counter-clockwise.

The following theorem now states that these operators are indeed well-defined,
define a semigroup and satisfy Lp-Lq-estimates.

Theorem 6.3.2. Let 1 < p ≤ q < ∞. For the operator Eu(t) defined as above and
f ∈ Lp(Rd

+), the following estimates hold true for all t > 0:

∥Eu(t)f∥Lp(Rd
+) ≲ ∥f∥Lp(Rd

+)(6.27)

∥Eu(t)f∥Lq(Rd
+) ≲ t−

d
2 ( 1

p
− 1

q )∥f∥Lp(Rd
+).(6.28)

Moreover, the family (Eu(t))t>0 satisfies the semigroup law. Here, the implicit
constants only depend on d, p and q.

Proof. The first estimate is an immediate consequence of the first part of Proposi-
tion 6.2.2 and [91, Proposition 3.7]. Note that their proof is valid even though Ru(λ)
is not a resolvent family in the classical sense. Knowing that Eu(t) is well-defined,
it follows from Corollary 6.2.7 that the family (Eu(t))t>0 is a semigroup on Lp(Rd

+).
For a detailed proof of this fact see [36, 4.3 Proposition]. For 1 < p ≤ q < ∞ with
1
d

≥ 1
p

− 1
q

the second part directly follows from Proposition 6.2.3 together with the
transference principle [91, Proposition 3.7]. For arbitrary 1 < p ≤ q < ∞ there
exists k ∈ N such that k

d
≥ 1

p
− 1

q
holds. We then use the semigroup law to write

Eu(t) = Eu
(

t
k

)
· · ·Eu

(
t
k

)
. In each time step we can go from Lr(Rd

+) to Ls(Rd
+)

with the desired estimate where 1 < s ≤ r < ∞ satisfy 1
d

≥ 1
s

− 1
r
. This means that

after k steps we arrive at the statement of the theorem.

Remark 6.3.3. Note, that Ru(λ) is holomorphic in λ so that by Cauchy’s integral
formula the path γt can be replaced by any path in Sπ−ε going from e−iθ∞ to eiθ∞

for θ ∈ (π/2, π). However, for the Lp-estimate it is crucial to take the path γt as
otherwise the behaviour in t will not be the desired one.
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6 Extension of the Stokes semigroup to non divergence-free functions

Moreover, Eu(t) satisfies the following gradient estimates:

Theorem 6.3.4. Let 1 < p ≤ q < ∞. For f ∈ Lp(Rd
+) and all t > 0 the estimates

∥∇Eu(t)f∥Lp(Rd
+) ≲ t−

1
2 ∥f∥Lp(Rd

+)(6.29)

∥∇Eu(t)f∥Lq(Rd
+) ≲ t−

d
2 ( 1

p
− 1

q )− 1
2 ∥f∥Lp(Rd

+)(6.30)

hold. The implicit constants only depend on d.

Proof. Again, the first part is an immediate consequence of Proposition 6.2.2. For
the second part note that Eu(t) satisfies the semigroup law and so we can combine
the first estimate with Lp-Lq-estimates for the semigroup to obtain

∥∇Eu(t)f∥Lq(Rd
+) = ∥∇Eu(t/2)Eu(t/2)f∥Lq(Rd

+)

≲ t−
1
2 ∥Eu(t/2)f∥Lq(Rd

+)

≲ t−
1
2 t−

d
2 ( 1

p
− 1

q )∥f∥Lp(Rd
+)

and this concludes the proof.

As previously discussed, in our setting it is crucial to also understand the be-
haviour of the pressure. Hence, it is natural to define an object analogous to Eu(t)
but now for the pressure.

Definition 6.3.5. For f ∈ L2(Rd
+) and t > 0 we define

Eϕ(t)f := 1
2πi

∫
γt

eλt Rϕ(λ)f dλ.

Here, γt is as in Definition 6.3.1.

Remark 6.3.6. Note that we are not able to prove global Lp-estimates for Eϕ(t).
This is because the point-wise estimates of the kernel of the pressure are not suitably
behaved. Recall that in Proposition 6.2.4 we showed a point-wise estimate for Rϕ(λ)
which, away from the half-space boundary, is uniform. Plugging this estimate into
the Cauchy integral formula shows that Eϕ(t)f is well-defined for f ∈ L2(Rd

+). For
further estimates on Eϕ(t) we refer to Proposition 7.1.9 in the next chapter. Finally,
note that without a resolvent identity for Rϕ one does not expect a semigroup law
to hold.
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CHAPTER 7

Off-diagonal and L2-estimates

The goal of this chapter is twofold. In the first part we aim for an L2-estimate for
the maximal regularity operator. It turns out that for such an estimate additional
assumptions are necessary. To be precise, we need to restrict to functions with
compact support with respect to the spatial variables. However, this is not really
a restriction as a density argument allows to waive the assumption on compact
support. Recalling T2,2 = L2 we obtain a first boundedness result on a tent space.
To this end it will be also necessary to extend the Stokes operator to tupels of
functions as working on non divergence-free functions restrains us from recovering
the pressure through the velocity.

Recall that we were unable to use the Helmholtz projection to extend the Stokes
semigroup to non divergence-free functions as then off-diagonal estimates are no
longer satisfied. In the second part of this chapter we now verify that our extension
procedure respects off-diagonal estimates. The proof requires a careful decompo-
sition of the domain of integration as well as the point-wise estimates proven by
[68].

7.1 The extended maximal regularity operator

In this section we want to extend the maximal regularity operator to L2(Rd
+). Let

us first assume that F : [0,∞) → L2(Rd
+) takes values in L2

σ(Rd
+). Then, taking

Fourier transform in time and using that the Laplace transform of the semigroup is
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7 Off-diagonal and L2-estimates

the resolvent, it is known, see, e.g., [63, 1.5 Discussion], that the maximal regularity
operator can be rewritten as

Ã
∫ t

0
e−(t−s)Ã F (s) ds = [F−1[iξ(iξ − Ã)−1 − Id]FFχ(0,∞)](t).(7.1)

Here, Ã is the classical Stokes operator on Rd
+ and e−tÃ the generated semigroup.

Our aim is to prove a similar formula but without the assumption that F takes
values in L2

σ(Rd
+). It will turn out that both representations have their merits and

our proof of the main result heavily relies on the possibility to choose the more
suitable representation in every situation.

The crucial ingredient in proving (7.1) is the fact that the Laplace transform of
the Stokes semigroup on the imaginary axis is the corresponding resolvent. Note
that on the right-half plane this is a general result in semigroup theory, see e.g.,
[3, the proof of Theorem 3.7.11], and does not depend on the concrete operator.

Thus, our aim is to prove that the Laplace transform of the extended semigroup
(Eu(t))t≥0 is in fact the extended resolvent Ru. In this context we need the decay
of Eu(t) stated in Theorem 6.3.2.

To this end we will proceed as follows: we will show that the Laplace transform
of the extended semigroup is well-defined for z ∈ C with Re z > 0 and that it there
coincides with the extended resolvent. Next, we define the Laplace transform for
z ∈ iR as a distribution. Here, the Lp-Lq-estimates will play a crucial role. Finally,
we will then be able to show that also for those z the Laplace transform coincides
with the extended resolvent in the sense of distributions. Unfortunately, the same
strategy, and related ones, do not work for the extended pressure (Eϕ(t))t>0 as the
kernel estimates are not sufficiently well-behaved. However, it is possible to prove
(7.1) via a different strategy.

First we consider the Laplace transform on the right-half plane. Recall that the
path γk was introduced in Definition 6.3.1.

Lemma 7.1.1. Let z ∈ C with Re z > 0. Then the Laplace transform of Eu(t) at
z defined by

L(Eu)(z) :=
∫ ∞

0
e−zt Eu(t) dt = 1

2πi

∫ ∞

0
e−zt

∫
γk

eλt Ru(λ) dλ dt,

for k sufficiently large, exists as an operator on Lp(Rd
+) and coincides there with

Ru(z). The same result is true with Eu replaced by Eϕ and Ru replaced by Rϕ.

Proof. We only prove the statement for Eu and Ru as for Eϕ and Rϕ the same
proof applies. Recall that by Remark 6.3.3 the definition of Eu(t) is independent
of the particular path, so that we can indeed use the paths γk. Let f ∈ Lp(Rd

+) and
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7.1 The extended maximal regularity operator

k ∈ N large enough that Re z > 1
k
. Then Re z > Reλ for all λ ∈ γk. By Fubini’s

theorem we then have

L(Eu)(z)f = 1
2πi

∫ ∞

0
e−zt

∫
γk

eλt Ru(λ)f dλ dt

= 1
2πi

∫
γk

∫ ∞

0
et(λ−z) Ru(λ)f dt dλ

= − 1
2πi

∫
γk

Ru(λ)f
λ− z

dλ = Ru(z)f

where in the last step we used the Cauchy integral formula. Here, the minus sign
cancels with the fact that the curves passes clockwise by z.

Note that this exact argument does not work for z ∈ iR as it is not possible to
find a path γ on which Re(λ− z) > 0 holds true. Hence, we need to make a small
detour in this case and define L(Eu)(z)f as a distribution.

Lemma 7.1.2. Let z ∈ iR and d ≥ 3. For f ∈ L2(Rd
+), L(Eu)(z)f induces a

distribution.

Proof. Let r > 2d
d−2 and φ ∈ C∞

c (Rd
+). Splitting the integral at t = 1 and using

Hölder’s inequality as well as Hardy’s inequality in dimension 1, see, e.g., [56], for
t > 1 we obtain∫

Rd
+

∫ ∞

0
e−zt Eu(t)f dt φ dx ≤ (∥φ∥L2(Rd

+) + ∥xdφ∥Lr′ (Rd
+))

·
(∫ 1

0
∥Eu(t)f∥L2(Rd

+) dt+
∫ ∞

1
∥∇Eu(t)f∥Lr(Rd

+) dt
)

where 1
r

+ 1
r′ = 1. The convergence of the first integral is clear by the uniform

L2-boundedness of the family (Eu(t)). Hence, it remains to show convergence of
the second integral. Using the Lp-Lq-estimates for the gradient of the semigroup
proven in Theorem 6.3.4 it holds

∫ ∞

1
∥∇Eu(t)f∥Lr(Rd

+) dt ≲
∫ ∞

1
t−

d
2 ( 1

2 − 1
r

)− 1
2 dt∥f∥L2(Rd

+)

and the integral is finite by the choice of r.

Now, we are able to prove that the Laplace transform of the semigroup (Eu(t))t>0
coincides with the resolvent Ru on the imaginary axis.

Proposition 7.1.3. Let d ≥ 3, z ∈ iR \ {0} and (zn)n∈N with Re zn > 0 and
zn → z. Then we have L(Eu)(zn)f → L(Eu)(z)f in the sense of distributions for
all f ∈ L2(Rd

+). In particular, L(Eu)(z)f = Ru(z)f is true for those f .
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7 Off-diagonal and L2-estimates

Proof. Convergence of the integral can be shown as in the previous lemma. Then,
an application of the dominated convergence theorem proves the first part. Note
that the resolvent identity proved in Proposition 6.2.6 implies the continuity of the
map λ 7→ Ru(λ) in Sπ−ε in view of the L2-boundedness of the resolvent.

Although the case p = 2 is sufficient for the scope of this thesis, we next prove
that the case 1 < p < ∞ can be considered. However, we need to restrict ourselves
to functions with compact support.

Lemma 7.1.4. Let 1 < p < ∞ and z ∈ iR. For f ∈ Lp(Rd
+) with compact support

L(Eu)(z)f induces a distribution.

Proof. As f has compact support, there exists 1 < q < d
2 such that f ∈ Lq(Rd

+).
Let φ ∈ C∞

c (Rd
+) be a test function and r > q such that 1

q
− 1

r
> 2

d
. Then by

Hölder’s inequality for 1
r

+ 1
r′ we have∫

Rd
+

∫ ∞

0
e−zt Eu(t)f dt φ dx ≤ ∥φ∥Lr′ (Rd

+)

∫ ∞

0
∥Eu(t)f∥Lr(Rd

+) dt.

To check that the integral converges, we split the integral at some fixed time t < ∞,
say t = 1, and obtain with Theorem 6.3.2 that∫ ∞

0
∥Eu(t)f∥Lr(Rd

+) dt ≲ ∥f∥Lr + ∥f∥Lq(Rd
+)

∫ ∞

1
t−

d
2 ( 1

q
− 1

r ) dt < ∞

holds by choice of r and q.

Proposition 7.1.5. Let 1 < p < ∞, z ∈ iR \ {0} and (zn)n∈N with Re zn > 0 and
zn → z. Then we have L(Eu)(zn)f → L(Eu)(z)f in the sense of distributions for
all f ∈ Lp(Rd

+) with compact support. In particular, L(Eu)(z)f = Ru(z)f is true
for those f .

Proof. Let z ∈ iR and (zn)n∈N ⊆ C with Re zn > 0 and zn → z. For φ ∈ C∞
c (Rd

+)
and r as in the previous proof we then have by Hölder’s inequality∣∣∣∣∣
∫
Rd

+

∫ ∞

0

(
e−zt − e−znt

)
Eu(t)f dt φ dx

∣∣∣∣∣ ≤ ∥φ∥Lr′

∫ ∞

0

∣∣∣e−zt − e−znt
∣∣∣ ∥Eu(t)f∥Lr dt.

The convergence of the last integral can be shown as in the previous lemma. Then,
an application of the dominated convergence theorem concludes the proof. For
the continuity of the extended resolvent on Lp(Rd

+) in λ argue as in Proposition
7.1.3. Thus, we conclude that L(Eu)(z)f = Ru(z)f holds for all f ∈ Lp(Rd

+) with
compact support.

Now we are at the delicate point where we would like to show an analogue of
Lemma 7.1.2 but for the pressure. Unfortunately, due to the weaker decay estimates
this does not seem to be possible. Thus, a different strategy for establishing (7.1)
will be needed. We present this strategy in next subsection.
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7.1 The extended maximal regularity operator

7.1.1 Extended Stokes operator
Before we can extend the Fourier representation of the maximal regularity operator
(7.1) to non divergence-free functions, it is first necessary to extend the Stokes
operator. As the divergence-free condition is crucial to obtain the pressure from
the velocity, our operator will be defined on a tupel (u, ϕ) consisting of velocity and
pressure.

Definition 7.1.6. Define an operator A : L2(Rd
+) × L2

loc(Rd
+) → L2(Rd

+) via

D(A) := {(u, ϕ) ∈ H1(Rd
+) × L2

loc(Rd
+) : −∆u+ ∇ϕ ∈ L2(Rd

+)}

and A(u, ϕ) := −∆u + ∇ϕ for (u, ϕ) ∈ D(A) where derivatives are meant in the
sense of distributions.

Remark 7.1.7. Before working towards an analogue of (7.1) let us mention that A
with domain D(A) is a closed operator. Note that L2

loc(Rd
+) is not a Banach space,

but merely a Fréchet space. However, this does not pose any problems.

Our goal is to show
∫ t

0 E(t − s)f(s) ds ∈ D(A) for all f ∈ L2(Rd
+) where E(t) =

(Eu(t), Eϕ(t)). Recall that the extended semigroup was defined via the Cauchy
integral of the extended resolvent. Hence, we start with a similar result on the level
of resolvents:

Proposition 7.1.8. For f ∈ L2(Rd
+) and λ ∈ Sπ−ε we have (Ru(λ)f,Rϕ(λ)f) ∈

D(A).

Proof. Let λ ∈ Sπ−ε and f ∈ L2(Rd
+). We know by Proposition 6.2.2 thatRu(λ)f ∈

H1(Rd
+) and by Proposition 6.2.4 that Rϕ(λ)f ∈ L2

loc(Rd
+). Moreover, the resolvent

identity stated in Proposition 6.2.5 implies

−∆Ru(λ)f + ∇Rϕ(λ)f = f − λRu(λ)f ∈ L2(Rd
+)

so that (Ru(λ)f,Rϕ(λ)f) ∈ D(A) with A((Ru(λ)f,Rϕ(λ)f)) = f − λRu(λ)f .

In a next step we examine the extended semigroup.

Proposition 7.1.9. Let f ∈ L2(Rd
+). Then (Eu(t)f, Eϕ(t)f) ∈ D(A) for all t > 0.

In particular,
∥tA(Eu(t)f, Eϕ(t)f)∥L2(Rd

+) ≲ ∥f∥L2(Rd
+)

holds where the implicit constant depends on d.
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7 Off-diagonal and L2-estimates

Proof. Let f ∈ L2(Rd
+) and t > 0. The regularity for Eu(t)f was proven in

Theorem 6.3.2 and Theorem 6.3.4. For Eϕ(t)f we obtain with Proposition 6.2.4:

∥Eϕ(t)f∥L2(K) ≲
∫

γt

e−λt ∥Rϕ(λ)f∥L2(K) |dλ|

≲ t−3/4∥f∥L2(Rd
+)

for any compact set K ⊂ Rd
+. Here, the implicit constant depends on K. This

shows the desired regularity.
For the distributional derivative let us argue that we can change derivative and

Cauchy integral. Indeed, by the distributional derivative for the resolvents we have
∫

γt

e−λt(−∆Ru(t)f + ∇Rϕ(t)f) dλ =
∫

γt

e−λt(f − λRu(λ)f dλ.

Further note that the Cauchy integral of the first term vanishes as we integrate an
holomorphic function. By the L2-boundedness of λRu(λ) deduced in Proposition
6.2.2, the integral on the right-hand side converges. Thus, we can change the order
of distributional derivative and integral and infer

∥ − ∆Eu(t)f + ∇Eϕ(t)f∥L2(Rd
+) ≤ t−1∥f∥L2(Rd

+).

This completes the proof.

Finally, we consider the time integral (
∫ t

0 E
u(t − s)f(s) ds,

∫ t
0 E

ϕ(t − s)f(s) ds)
for f ∈ L2(0,∞; L2(Rd

+)) and first show the desired regularities.

Proposition 7.1.10. Let t > 0. The map

f 7→
∫ t

0
Eu(t− s)f(s, ·) ds

is bounded from L2(0,∞; L2(Rd
+)) to L2

loc([0,∞); W1,2(Rd
+)). Moreover for every

compact set K ⊂ Rd
+ there exists a constant C(K) > 0 such that

∥∥∥∥∫ t

0
Eϕ(t− s)f(s, ·) ds

∥∥∥∥
L∞(K)

≤ C(K)t 1
4 ∥f∥L2(0,∞;L2(Rd

+))

for all t > 0 and f ∈ L2(0,∞; L2(Rd
+)).

Proof. The L2-estimate is an immediate consequence of the uniform L2-bounded-
ness of E(t) and the inclusion of Lp-spaces on finite measure spaces (here finite time
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7.1 The extended maximal regularity operator

interval). For the gradient, slightly more caution is required. Taking the L2-norm
inside the integral yields∫ t

0
∥∇Eu(t− s)f(s, ·)∥L2(Rd

+) ds ≲
∫ t

0
(t− s)− 1

2 ∥f(s, ·)∥L2(Rd
+) ds.

We want to write this integral as the convolution of two suitable functions. To
this end note that s− 1

2 ∈ L1([0, T ]) for any T > 0 and ∥f(s, ·)∥L2(Rd
+) ∈ L2((0,∞)).

Thus, for each T > 0 the convolution t− 1
2χ[0,T ] ∗∥f(t, ·)∥L2(Rd

+)χ[0,T ] exists for almost
all t by Young’s convolution inequality. For t ≤ T we have

t−
1
2χ[0,T ] ∗ ∥f(t, ·)∥L2(Rd

+)χ[0,T ](t) =
∫ T

0
(t− s)− 1

2χ[0,T ](t− s)∥f(s, ·)∥L2(Rd
+) ds

=
∫ t

0
(t− s)− 1

2 ∥f(s, ·)∥L2(Rd
+) ds.

Hence, the right-hand side converges for almost all t ≤ T and as T was arbitrary
for almost all t > 0. The L2-regularity in time is again a consequence of Young’s
convolution inequality.

For the second estimate let y ∈ K be arbitrary and note yd > c(K) for some
c(K) > 0 independent of y. Applying Proposition 6.2.4, we obtain∣∣∣∣∣

∫ t

0

∫
γt−s

eλ(t−s)
∫
Rd

+

Rϕ(λ)f(s, ·) dλ ds
∣∣∣∣∣

≲ C(K)
∫ t

0

∫
γt−s

eRe λ(t−s) ∥f(s, ·)∥L2(Rd
+)|λ|−

1
4 |dλ| ds

≲ C(K)
∫ t

0
(t− s)− 3

4 ∥f(s, ·)∥L2(Rd
+) ds.

Note that the last integral is again of convolution type so Young’s convolution
inequality yields the desired estimate.

For the estimate of the distributional derivative we must proceed differently since
in the proof of Proposition 7.1.9 we showed

∥ − ∆Eu(t)f + ∇Eϕ(t)f∥L2(Rd
+) ≤ t−1∥f∥L2(Rd

+)

and the right-side is not integrable with respect to t.
As mentioned earlier in this section the classical argument via the Laplace trans-

form is not available due to the presence of the pressure. This manifests the need of
a different approach that we present now. Instead of f ∈ L2((0,∞) × Rd

+) we first
consider g ∈ C∞

c ((0,∞); L2(Rd
+)) and show

∫ t
0 E(t − s)g(s) ds ∈ D(A) for almost

all t > 0. The closedness of A will us then allow to conclude the same for general
f ∈ L2((0,∞) × Rd

+). The differentiability of g is here to be understood in the
Fréchet-sense.
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7 Off-diagonal and L2-estimates

Theorem 7.1.11. Let g ∈ C∞
c ((0,∞); L2(Rd

+)). Then for almost every t > 0 we
find ∫ t

0
E(t− s)g(s) ds ∈ D(A)

with
A
∫ t

0
E(t− s)g(s) ds = [F−1([Id −iξRu(iξ)]Fg)(t).

Proof. By definition of A we have to show two things, namely

(7.2)
∫ t

0
E(t− s)g(s) ds ∈ H1(Rd

+) × L2
loc(Rd

+)

and

(7.3) −∆
∫ t

0
Eu(t− s)g(s) ds+ ∇

∫ t

0
Eϕ(t− s)g(s) ds ∈ L2(Rd

+)

for almost all t > 0 where the derivatives are meant in the distributional sense. Note
that (7.2) was established in Proposition 7.1.10. The distributional derivatives are
defined via an integration by parts. For h ∈ C∞

c (Rd
+) we thus consider

∫
Rd

+

(∫ t

0
E(t− s)g(s) ds

)
(x) · (−∆h(x), div h(x)) dx =:

〈 ∫ t

0
E(t− s)g(s) ds, A′h

〉

where · is the scalar product in R2, ⟨·, ·⟩ denotes the scalar product in L2(Rd
+) and

A′h := (−∆h, div h). For further examinations we test with φ ∈ S(R;R) satisfying
F−1φ(0) = 0. Note that these functions are dense in L2(Rd

+), by, e.g., [23, Lemma
3.6]. Here F is the one dimensional Fourier transform and S denotes the Schwartz
class. We use the convention

Fφ(t) := 1√
2π

∫
R

e−iξt φ(ξ) dξ.

Note that due to the compact support of h, the space integral is taken only over
a compact subset of Rd

+. On such a set the term Eϕ(t − s)g is well-behaved for
s → t by Proposition 6.2.4 in the sense that the L2-norm behaves like (t − s)− 3

4 .
Together with the condition φ ∈ S(R;R), this allows us to employ Fubini’s theorem
to rewrite

(7.4)
∫
R

〈 ∫ t

0
E(t− s)g(s) ds, A′h

〉
φ(t) dt =

〈 ∫
R

∫ t

0
E(t− s)g(s) ds φ(t) dt, A′h

〉
.

The next goal is to show

(7.5)
∫
R

∫ t

0
E(t− s)g(s) ds φ(t) dt ∈ D(A).
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Here, due to the L2-scalar product with a compactly supported function, the spa-
tial variables are from now on restricted to said compact set. By virtue of the
transformation s̃ = t− s, supp(g) ⊆ (0,∞) and renaming the variables we find

∫
R

∫ t

0
E(t− s)g(s) ds φ(t) dt =

∫
R

∫ t

0
E(s̃)g(t− s̃) ds̃ φ(t) dt

=
∫
R

∫ ∞

0
E(s̃)g(t− s̃) ds̃ φ(t) dt

=
∫
R

∫ ∞

0
E(t)g(s− t) dt φ(s) ds.

Next, we apply Fubini’s theorem to change the order of integration to obtain

∫
R

∫ t

0
E(t− s)g(s) ds φ(t) dt =

∫ ∞

0

∫
R
E(t)φ(s)g(s− t) ds dt

=
∫ ∞

0
E(t)

∫
R
φ(s)g(s− t) ds dt

=
∫ ∞

0
E(t)(φ ∗ g(−·))(t) dt.

Introducing Fourier and inverse Fourier transform with respect to time yields

∫
R

∫ t

0
E(t− s)g(s) ds φ(t) dt =

∫ ∞

0
E(t)FF−1(φ(−·) ∗ g)(t) dt.

=
√

2π
∫ ∞

0
E(t)F(F−1φF−1(g(−·)))(t) dt

=
√

2π
∫ ∞

0
E(t)F(F−1φFg)(t) dt.

For the following argument write ψ := F−1φFg and note that ψ(0) = 0 holds by
assumption on φ. Now, for ε > 0 by Fubini’s theorem we have

√
2π
∫
R

e−εt E(t)χ[0,∞)(t)Fψ(t) dt =
√

2π
∫ ∞

0
e−εt E(t)Fψ(t) dt

=
∫ ∞

0

∫
R

e−iξt−εt E(t)ψ(ξ) dξ dt

=
∫
R

∫ ∞

0
e(−iξ−ε)t E(t) dt ψ(ξ) dξ

=
∫
R

∫ ∞

0

1
2πi

∫
γ2/ε

e(−iξ−ε+λ)t R(λ) dλ dt ψ(ξ) dξ.(7.6)

Recall that γ2/ε parametrizes the boundary of Sφ \B(0, ε/2) for some φ ∈ (π/2, π)
counter-clockwise. Next, we want to apply Fubini’s theorem to the two innermost
integrals. Here, it is now crucial that the spatial test function h in (7.4) has compact
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7 Off-diagonal and L2-estimates

support so that the resulting function is only evaluated at a compact subset of Rd
+

and Proposition 6.2.4 applies. We find

∫ ∞

0

∫
γ2/ε

∥ e(−iξ−ε+λ)t R(λ)∥ |dλ| dt ≲
∫ ∞

0

∫
γ2/ε

e(Re λ−ε)t
(

1
|λ|

+ 1
|λ| 1

4

)
|dλ| dt

=
∫

γ2/ε

(
1

|λ|
+ 1

|λ| 1
4

)∫ ∞

0
e(Re λ−ε)t dt |dλ|

=
∫

γ2/ε

(
1

|λ|
+ 1

|λ| 1
4

)
1

ε− Reλ |dλ|.

Here the choice of the path in the Cauchy integral is crucial as for λ ∈ γ2/ε we
have Reλ < ε/2 and so the final integral converges. Thus, we can apply Fubini’s
theorem in (7.6) to obtain

√
2π
∫ ∞

0
e−εt E(t)Fψ(t) dt =

∫
R

1
2πi

∫
γ2/ε

∫ ∞

0
e(−iξ−ε+λ)t dt R(λ) dλψ(ξ) dξ

=
∫
R

1
2πi

∫
γ2/ε

− R(λ)
λ− (ε+ iξ) dλψ(ξ) dξ

=
∫
R
R(ε+ iξ)ψ(ξ) dξ

(7.7)

by the Cauchy integral formula. Again, it is crucial that we evaluate only at spatial
variables in a compact subset of Rd

+ so that
∫
RR(ε+iξ)ψ(ξ) dξ ∈ H1(Rd

+)×L2
loc(Rd

+)
for each ε > 0. Moreover, by Fubini’s theorem we find

A
∫
R
R(ε+ iξ)ψ(ξ) dξ =

∫
R
AR(ε+ iξ)ψ(ξ) dξ.

Next, we want to consider the limit ε → 0. For the left-hand side of (7.7), Propo-
sition 6.2.4 together with the dominated convergence theorem implies

√
2π
∫ ∞

0
e−εt E(t)Fψ(t) dt →

√
2π
∫ ∞

0
E(t)Fψ(t) dt in H1(Rd

+) × L2
loc(Rd

+)

as ε → 0. For the right-hand side of (7.7) it is now crucial that ψ(0) = 0 holds.
First note ∫

R
R(iξ)ψ(ξ) dξ ∈ H1(Rd

+) × L2
loc(Rd

+).

For the second component, i.e., the pressure term, this again is a consequence of
Proposition 6.2.4. For L2-convergence in the first component recall the estimate
∥Ru(iξ)∥L2(Rd

+) ≲ 1
|ξ| . Finally, as ψ is a Schwartz function, continuously differen-

tiable with bounded derivative would in fact suffice, and satisfies ψ(0) = 0, for
small ξ the function ψ(ξ) behaves like ξ by the mean value theorem. This ensures
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7.1 The extended maximal regularity operator

convergence of the integral in L2(Rd
+) as ψ decays sufficiently fast at ∞. For con-

vergence of the gradient the classical estimate from (6.17) is sufficient. Then, the
dominated convergence theorem implies

∫
R
R(ε+ iξ)ψ(ξ) dξ →

∫
R
R(iξ)ψ(ξ) dξ in H1(Rd

+) × Lloc(Rd
+)

as ε → 0. Moreover, on L2(Rd
+) the family AR(iξ + ε) is uniformly bounded with

respect to ε and we have AR(iξ+ε) → AR(iξ) as operators on L2(Rd
+) for all ξ ̸= 0.

Now, the closedness of A implies

√
2π
∫ ∞

0
E(t)Fψ(t) dt =

∫
R
R(iξ)ψ(ξ) dξ ∈ D(A)

and
A
∫ ∞

0
E(t)Fψ(t) dt = 1√

2π

∫
R
AR(iξ)ψ(ξ) dξ.

Hence, (7.5) is proved. Moreover, we obtain

(7.8) A
∫
R

∫ t

0
E(t− s)g(s) ds φ(t) dt =

∫
R
AR(iξ)ψ(ξ) dξ.

It remains to rewrite the right-hand side of (7.8). In the following we abbreviate
X := L2(Rd

+). Then g ∈ C∞((0,∞); L2(Rd
+)) implies Fg ∈ S(R;X). As the map

ξ 7→ AR(iξ) is bounded from R \ {0} with values in L(X) by Proposition 7.1.8 we
conclude that the map

ξ 7→ AR(iξ)Fg(ξ)

is rapidly decreasing and so particularly in L1(R;X) ∩ L2(R;X) where the integra-
bility is to be understood in the sense of Bochner. Thus, taking Fourier inverse
with respect to ξ yields

F−1(AR(iξ)−1Fg) ∈ L∞(R;X) ∩ L1(R;X).

Let now φ ∈ S(R;R) be arbitrary. Then, by Fubini’s theorem we find

∫
R

F−1(AR(iξ)Fg)(s)φ(s) ds = 1√
2π

∫
R

∫
R

eisξ AR(iξ)Fg(ξ)φ(s) dξ ds

= 1√
2π

∫
R

∫
R

eisξ φ(s) dsAR(iξ)Fg(ξ) dξ

=
∫
R
AR(iξ)(F−1φ)(ξ)Fg(ξ) dξ.

=
∫
R
AR(iξ)ψ(ξ) dξ.
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7 Off-diagonal and L2-estimates

Plugging this into (7.8) and going back to the beginning of the proof in (7.4) we
obtain∫

R

〈 ∫ t

0
E(t− s)g(s) ds, A′h

〉
φ(t) dt =

〈 ∫
R

∫ t

0
E(t− s)g(s) ds φ(t) dt, A′h

〉
=
〈 ∫

R
F−1(AR(iξ)Fg)(s)φ(s) ds, h

〉
=
∫
R

〈
F−1(AR(iξ)Fg)(t), h

〉
φ(t) ds

where in the last step we used Fubini’s theorem as in the beginning of the proof.
As φ ∈ S(R;R) is arbitrary up to F−1φ(0) = 0 and this class of functions is dense
in L2(R) it follows that〈 ∫ t

0
E(t− s)g(s) ds, A′h

〉
=
〈

F−1(AR(iξ)Fg)(t), h
〉

holds for almost every t ≥ 0. Thus, we proved∫ t

0
E(t− s)g(s) ds ∈ D(A)

for almost every t ≥ 0 with

A
∫ t

0
E(t− s)g(s) ds = F−1(AR(iξ)Fg)(t).

In the light of the first resolvent identity, see Proposition 6.2.5, this concludes the
proof.

As an easy corollary we obtain an L2-estimate on the maximal regularity operator.

Corollary 7.1.12. There exists C > 0 such that for all g ∈ C∞
c ((0,∞); L2(Rd

+))
and all τ ∈ (0,∞] the estimate∥∥∥∥A ∫ t

0
[E(t− s)g(s, ·)](x) ds

∥∥∥∥
L2(0,τ ;L2(Rd

+))
≤ C∥g∥L2(0,τ ;L2(Rd

+))

holds true.

Proof. Consider first the case τ = ∞. By the previous theorem and Plancherel’s
theorem it suffices to show that the operators

iξRu(iξ) : L2(Rd
+) → L2(Rd

+)

are uniformly bounded with respect to ξ. Recalling that this is precisely the state-
ment of Proposition 6.2.2 concludes the proof for τ = ∞. For τ < ∞ note that the
maximal regularity operator only captures times s ≤ t ≤ τ so that the left hand-
side does not change when replacing g by χ(0,τ)g. Then, the result is an immediate
consequence of the case τ = ∞.
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7.1 The extended maximal regularity operator

Next, we upgrade the previous result to general L2-functions via a density argu-
ment and the closedness of A.

Proposition 7.1.13. Let f ∈ L2((0,∞) ×Rd
+). Then for almost all t > 0 we have

∫ t

0
E(t− s)f(s) ds ∈ D(A)

with

A
∫ t

0
E(t− s)f(s) ds = [F−1[Id −iξRu(iξ)]Ffχ(0,∞)](t).

Moreover, there exists C > 0 such that for all τ ∈ (0,∞] and all f ∈ L2((0,∞)×Rd
+)

the estimate∥∥∥∥A ∫ t

0
[E(t− s)f(s, ·)](x) ds

∥∥∥∥
L2(0,τ ;L2(Rd

+))
≤ C∥f∥L2(0,τ ;L2(Rd

+))

holds true.

Proof. Let f ∈ L2((0,∞) × Rd
+) be arbitrary. By density, there exists a sequence

(gn)n∈N ⊆ C∞
c ((0,∞); L2(Rd

+)) with gn → f for n → ∞ in L2((0,∞) × Rd
+). Then,

by Proposition 7.1.10 we find
∫ t

0 E(t − s)gn(s) ds →
∫ t

0 E(t − s)f(s) ds for n → ∞
in H1(Rd

+) × L2
loc(Rd

+). Moreover, by argument in the previous corollary we obtain

A
∫ t

0
E(t− s)gn(s) ds → [F−1[Id −iξRu(iξ)]Ffχ(0,∞)](t) in L2(Rd

+).

Thus, the closedness of A shows

∫ t

0
E(t− s)f(s) ds ∈ D(A)

with

A
∫ t

0
E(t− s)f(s) ds = [F−1[Id −iξRu(iξ)]Ffχ(0,∞)](t).

The desired estimate follows as well from the previous corollary.

In order to deal with weighted tent spaces, we need an analogue of Proposition
7.1.13 for weighted L2-spaces. Here, we follow the proof from [6, Theorem 1.3].
Recall from Proposition 7.1.9 that the family tAE(t) is uniformly bounded on
L2(Rd

+). As a preliminary result we prove a version of Schur’s lemma.
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7 Off-diagonal and L2-estimates

Lemma 7.1.14. If U(t, s), for s, t > 0 are bounded linear operators on L2(Rd
+)

with bounds ∥U(t, s)∥L(L2(Rd
+)) ≤ h(t/s) and C =

∫∞
0 h(u)/u du < ∞, we then have

the boundedness estimate∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
∫ ∞

0
U(t, s)f(s)ds

s

∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣ ≤ C|||f(s)|||

for all f ∈ L2((0,∞); L2(Rd
+)) with compact support. Here,

(7.9) |||f(t)||| :=
(∫ ∞

0
∥f(t)∥2

L2(Rd
+)

dt
t

) 1
2

.

Proof. Let f ∈ L2((0,∞); L2(Rd
+)) with compact support be arbitrary. Then,

(7.10)
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
∫ ∞

0
U(t, s)f(s)ds

s

∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣ ≤

∫ ∞

0

∣∣∣∣∣
∫ ∞

0
∥U(t, s)∥∥f(s)∥L2(Rd

+)
ds
s

∣∣∣∣∣
2 dt
t

 1
2

holds true. We first consider only the inner integral. Using the bound on ∥U(t, s)∥
as well as the Cauchy-Schwarz inequality, we find
∣∣∣∣∣
∫ ∞

0
∥U(t, s)∥∥f(s)∥L2(Rd

+

ds
s

∣∣∣∣∣
2

≤
∣∣∣∣∣
∫ ∞

0
h
(
t

s

)
∥f(s)∥L2(Rd

+)
ds
s

∣∣∣∣∣
2

≤
(∫ ∞

0
h
(
t

s

)
t

s
ds
)(∫ ∞

0
h
(
t

s

)
∥f(s)∥2

L2(Rd
+)
s

t

ds
s2

)
.

In the first factor use the substitution u = t/s to obtain
∫ ∞

0
h
(
t

s

)
t

s
ds = t

∫ ∞

0
h(u) du

u
≤ Ct

Plugging this into (7.10) yields

(7.11)
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
∫ ∞

0
U(t, s)f(s)ds

s

∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣ ≤

√
C

(∫ ∞

0

∫ ∞

0
h
(
t

s

)
∥f(s)∥L2(Rd

+)
ds
s

dt
t

) 1
2

.

After an application of Fubini’s theorem on the right-hand side, the substitution
u = t/s in the integral with respect to t delivers

∫ ∞

0
h
(
t

s

) dt
t

=
∫ ∞

0
h(u) 1

su
s du

=
∫ ∞

0
h(u) du

u
= C.
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7.1 The extended maximal regularity operator

Combining this with (7.11) yields
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
∫ ∞

0
U(t, s)f(s)ds

s

∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣ ≤ C

(∫ ∞

0
∥f(s)∥L2(Rd

+)
ds
s

) 1
2

what we wanted to show.

Now, we have all the necessary ingredients to prove boundedness of the maximal
regularity operator on weighted L2-spaces.

Proposition 7.1.15. For all β ∈ (−∞, 1) there exists a constant C > 0 depending
on β and d such that for all τ ∈ (0,∞] and all f ∈ L2((0,∞) × Rd

+, t
β dt) we have∥∥∥∥A ∫ t

0
[E(t− s)f(s, ·)](x) ds

∥∥∥∥
L2(0,τ ;L2(Rd

+),tβ dt)
≤ C∥f∥L2(0,τ ;L2(Rd

+),tβ dt)).

Proof. By density it suffices to consider functions f ∈ L2((0,∞) ×Rd
+) with com-

pact support in time. Let now β < 1 and τ = ∞. In view of Proposition 7.1.13 we
can assume β ̸= 0. Define α := β/2. Then α satisfies 0 ̸= α < 1/2. Moreover, for
f ∈ L2((0,∞) × Rd

+) with compact support in time define

M+f(t) :=
∫ t

0
AE(t− s)f(s, ·) ds.

With this notation we have

∥M+f(t)∥L2(tβ dt dx) = ∥tαM+f(t)∥L2(dt,dx).

With fα(s) := sαf(s), we obtain

tαM+f(t) = M+(fα)(t) +
∫ t

0
AE(t− s)(tα − sα)f(s) ds.

The first term is controlled by Proposition 7.1.13. For the second term use the
notation introduced in (7.9) to obtain

∥∥∥∥ ∫ t

0
AE(t− s)(tα − sα)f(s) ds

∥∥∥∥
L2(0,∞)

=
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
∫ ∞

0
U(t, s)g(s)ds

s

∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣

with g(s) = s1/2+αf(s) and U(t, s) = AE(t − s)(tα − sα)s1/2−αt1/2 for s < t and
0 otherwise. We now want to apply Lemma 7.1.14. By definition of g we have
|||g(t)||| = ∥f∥L2(tβ dt dx) so that it remains to estimate ∥U(t, s)∥. As the family
tAE(t) is bounded, we obtain

(7.12) ∥U(t, s)∥L(L2(Rd
+)) ≲

|tα − sα|
|t− s|

s
1
2 −αtα, s < t.
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7 Off-diagonal and L2-estimates

The mean value theorem implies that the first factor is of order tα−1 as s < t. Then,
the right-hand side of (7.12) is of order (s/t)1/2−max(α,0) so that ∥U(t, s)∥ ≤ h(t/s)
holds with h(u) := umax(α,0)−1/2 for u > 1 and 0 otherwise. As α < 1

2 we obtain
∫ ∞

0
h(u)du

u
< ∞

and so an application of Lemma 7.1.14 concludes the proof for τ = ∞. For τ < ∞
the same argumentation as in Corollary 7.1.12 applies.

7.2 Off-diagonal estimates
In this subsection we prove the announced off-diagonal estimate for AE(t − s).
Recall that A is the extended Stokes operator and E(t−s) = (Eu(t−s), Eπ(t−s)).

To this end, we use the Cauchy integral representation for the semigroup together
with the kernel representation for the resolvent. Here, the following kernel estimates
from [68, Propositions 3.2, 3.5 and 3.7] mentioned earlier are crucial.

Proposition 7.2.1. There exists c = c(d, ε) such that for all λ ∈ Sπ−ε the following
kernel estimates hold. For all y = (y′, yd) ∈ Rd we have

|∇2k1,λ(y′, yd)| ≲ e−c|λ|
1
2 |yd|

(|yd| + |y′|)d(1 + |λ| 1
2 (|yd| + |y′|))

.

Moreover, for y′ ∈ Rd−1, yd, td > 0 we have

|∇2
yk2,λ(y′, yd, zd)| ≲ e−c|λ|

1
2 (yd+zd)

(yd + zd + |y′|)d(1 + |λ| 1
2 (yd + zd + |y′|))

.

For y′ ∈ Rd−1 and yd, zd > 0 we have

|∇2
yr

′
λ(y′, yd, zd)| + |∇2

yrd,λ(y′, yd, zd)| ≲ e−c|λ|
1
2 zd

(yd + zd + |y′|)d(1 + |λ| 1
2 (yd + zd))

.

Finally, for y′ ∈ Rd−1 and yd, zd > 0 we have

|∇yqλ(y′, yd, zd)| ≲ e−c|λ|
1
2 zd

(yd + zd + |y′|)d
.

Note that the estimate for the gradient of the pressure and in fact the second
order derivatives of the other kernels satisfy the same estimate as the gradient of
the pressure. Let us now derive the off-diagonal estimates. Recall that Q(x0,

√
τ)

denotes the cube with center x0 and side length 2
√
τ .
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7.2 Off-diagonal estimates

Proposition 7.2.2. Let x0 ∈ Rd
+, s, t, τ > 0, ℓ ∈ N>0 and set Cl := Q(x0, 2l+1√τ)\

Q(x0, 2l
√
τ). Then for all f ∈ L2

loc(Rd
+) it holds

∥x 7→ [AE(t− s)χCl∩Rd
+
f ](x)∥L2(Q(x0,

√
τ)∩Rd

+) ≲ 2−l d+1
2 τ− 1

4 (t− s)− 3
4 ∥f∥L2(Cl∩Rd

+)

and the constant only depends on d.

Proof. Let x0 ∈ Rd
+ s, t, τ > 0 and ℓ ≥ 1 be arbitrary. For f ∈ L2

loc(Rd
+) we want

to argue that the operator A can be taken inside the Cauchy integral so that

AE(t− s)χCℓ∩Rd
+
f = −

∫
γt−s

e(t−s)λ ∆Ru(λ)χCℓ∩Rd
+
f dλ

+
∫

γt−s

e(t−s)λ ∇Rϕ(λ)χCℓ∩Rd
+
f dλ

holds true. As both the Laplacian and the gradient are closed operators it suffices
to show that the right-hand side is well defined. As already mentioned before
this proposition, all terms in fact satisfy the same estimates as the gradient of the
pressure. The point-wise bounds then deliver for x ∈ Rd

+ ∩Q(x0,
√
τ) that

|∇Rϕ(λ)χCℓ∩Rd
+
f(x)| ≤

∫
Cℓ∩Rd

+

|∇xqλ(x′ − y′, xd, yd)f(y)| dy

≲
∫

Cℓ∩Rd
+

e−c|λ|1/2yd|f(y)|
(xd + yd + |x′ − y′|)d

dy.

To proceed, we distinguish the two cases Q(x0,
√
τ) ∩ ∂Rd

+ ̸= ∅ and Q(x0,
√
τ) ∩

∂Rd
+ = ∅.

In case of Q(x0,
√
τ) ∩ ∂Rd

+ ̸= ∅, the “lower” part of Cℓ is completely contained in
the lower half-space. This means, that if y ∈ Cℓ∩Rd

+ satisfies yd < (x0)d+2ℓ
√
τ then

also ∥y′ − x′∥∞ ≥ (2ℓ − 1)
√
τ holds for x ∈ Q(x0,

√
τ). Due to norm equivalence in

Rd−1 this implies |y′ − x′| ≳ 2ℓ
√
τ for all x ∈ Q(x0,

√
τ) with a constant depending

only on d. Introduce the sets

Sℓ := {y ∈ Cℓ ∩ Rd
+ : yd < (x0)d + 2ℓ

√
τ},

Tℓ := {y ∈ Cℓ ∩ Rd
+ : yd ≥ (x0)d + 2ℓ

√
τ}.

(7.13)

Hölder’s inequality delivers

∫
Cℓ∩Rd

+

e−c|λ|1/2yd |f(y)|
(xd + yd + |x′ − y′|)d

dy

≤
(∫

Cℓ∩Rd
+

e−2c|λ|1/2yd

(xd + yd + |x′ − y′|)2d
dy
) 1

2

∥f∥L2(Cℓ∩Rd
+).
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7 Off-diagonal and L2-estimates

By virtue of the sets Sℓ and Tℓ we can decompose the integral on the right-hand
side by

(∫
Cℓ∩Rd

+

e−2c|λ|1/2yd

(xd + yd + |x′ − y′|)2d
dy
) 1

2

≤
(∫

Sℓ

e−2c|λ|1/2yd

(xd + yd + |x′ − y′|)2d
dy
) 1

2

+
(∫

Tℓ

e−2c|λ|1/2yd

(xd + yd + |x′ − y′|)2d
dy
) 1

2

.

Taking the L2(Q(x0,
√
τ) ∩ Rd

+)-norm of each of these norms delivers

(∫
Q(x0,

√
τ)

∫
Sℓ

e−2c|λ|1/2yd

(xd + yd + |x′ − y′|)2d
dy dx

) 1
2

≲ τ
d
4 (2ℓ

√
τ) d−1

2
τ− d

2

(2ℓ)d

(∫ (x0)d+2ℓ√
τ

0
e−2c|λ|1/2yd dyd

) 1
2

≲ τ
d
4 (2ℓ

√
τ) d−1

2
τ− d

2

2ℓd
|λ|−

1
4

= 2−ℓ d+1
2 |λ|−

1
4 τ− 1

4

and
(∫

Q(x0,
√

τ)

∫
Tℓ

e−2c|λ|1/2yd

(xd + yd + |x′ − y′|)2d
dy dx

) 1
2

≲ 2−ℓdτ− d
2 e−c|λ|1/22ℓ√

τ τ
d
4 2ℓ d

2 τ
d
4

= 2−ℓ d
2 e−c|λ|1/22ℓ√

τ

≲ 2−ℓ d+1
2 |λ|−

1
4 τ− 1

4 .

Consider now the case Q(x0,
√
τ) ∩ ∂Rd

+ = ∅. In this case, there exists a smallest
N ∈ N0 such that Q(x0, 2N+1√τ) ∩ ∂Rd

+ ̸= ∅. Then, for each ℓ ∈ N with ℓ ≥ N + 1
the “bottom” part of the set Q(x0, 2ℓ+1√τ)\Q(x0, 2ℓ

√
τ) lies in the lower half-space.

Moreover, for x ∈ Q(x0,
√
τ) it holds

(7.14) xd ≥ (2N − 1)
√
τ .

Here, we distinguish again two cases, namely, the case that ℓ ≥ N + 1 and the case
that ℓ ≤ N . Notice that since ℓ ≥ 1, the latter case is only of interest for N ≥ 1.

Let us first consider ℓ ≥ N +1. This situation is similar to the first case. Indeed,
decompose Cℓ into a union of two sets Sℓ and Tℓ as in (7.13). Then, we find

(∫
Q(x0,

√
τ)

∫
Sℓ

e−2c|λ|1/2yd

(xd + yd + |x′ − y′|)2d
dy dx

) 1
2

≲ 2−ℓ d+1
2 |λ|−

1
4 τ− 1

4
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7.2 Off-diagonal estimates

and

(∫
Q(x0,

√
τ)

∫
Tℓ

e−2c|λ|1/2yd

(xd + yd + |x′ − y′|)2d
dy dx

) 1
2

≲ 2−ℓ d+1
2 |λ|−

1
4 τ− 1

4 .

Let us now consider ℓ ≤ N . In this case, the set Cℓ is completely contained inside
the half-space Rd

+. Decompose Cℓ into three parts Sℓ, Bℓ, and Tℓ. The set Sℓ

describes the “side” part of Cℓ, the set Bℓ the “bottom” part of Cℓ, and Tℓ the
“top” part of Cℓ. To be precise, in the spirit of (7.13) but slightly different we
define

Tℓ := {y ∈ Cℓ ∩ Rd
+ : yd ≥ (x0)d + 2ℓ

√
τ}

Bℓ := {y ∈ Cℓ ∩ Rd
+ : 0 < yd ≤ (x0)d − 2ℓ

√
τ}

Sℓ := Cℓ ∩ Rd
+ \ (Tℓ ∪Bℓ).

(7.15)

Note that as before for y ∈ Sℓ we have |y′ − x′
0| ≳ 2ℓ

√
τ . The L2(Q(x0,

√
τ))-norm

is estimated by

(∫
Q(x0,

√
τ)

∫
Cℓ

e−2c|λ|1/2yd

(xd + yd + |x′ − y′|)2d
dy dx

) 1
2

≤
(∫

Q(x0,
√

τ)

∫
Sℓ

e−2c|λ|1/2yd

(xd + yd + |x′ − y′|)2d
dy dx

) 1
2

+
(∫

Q(x0,
√

τ)

∫
Bℓ

e−2c|λ|1/2yd

(xd + yd + |x′ − y′|)2d
dy dx

) 1
2

+
(∫

Q(x0,
√

τ)

∫
Tℓ

e−2c|λ|1/2yd

(xd + yd + |x′ − y′|)2d
dy dx

) 1
2

=: ℵℓ + ℶℓ + ℶ̃ℓ.

Let us start by estimating the side part. Using the lower bound |y′−x′| ≳ (2l−1)
√
τ

for x ∈ Q(x0,
√
τ) we obtain

ℵℓ ≲ (2ℓ
√
τ) d−1

2 τ
d−1

4

(∫ (x0)d+
√

τ

(x0)d−
√

τ

∫ (x0)d+2ℓ√
τ

(x0)d−2ℓ
√

τ

e−2c|λ|1/2yd

(xd + yd + (2ℓ − 1)
√
τ)2d

dyd dxd

) 1
2

≲ (2ℓ
√
τ) d−1

2 τ
d
4

(∫ ∞

0

e−2c|λ|1/2yd

((2ℓ − 1)
√
τ))2d

dyd

) 1
2

≲ 2−ℓdτ− d
2 (2ℓ

√
τ) d−1

2 τ
d
4 |λ|−

1
4

≤ 2−ℓ d+1
2 τ− 1

4 |λ|−
1
4 .
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7 Off-diagonal and L2-estimates

Recall that N ≥ 1 and the lower bound (7.14) on xd ∈ Q(x0,
√
τ) so that the

bottom term is estimated by

ℶℓ ≤ 2ℓ d−1
2 τ

d−1
2

(∫ (x0)d+
√

τ

(x0)d−
√

τ

∫ (x0)d−2ℓ√
τ

max{(x0)d−2ℓ+1√
τ ,0}

e−2c|λ|1/2yd

(xd + yd)2d
dyd dxd

) 1
2

≤ 2ℓ d−1
2 τ

d−1
2

(∫ (x0)d+
√

τ

(x0)d−
√

τ

∫ (x0)d−2ℓ√
τ

max{(x0)d−2ℓ+1√
τ ,0}

e−2c|λ|1/2yd

((2N − 1)
√
τ)2d

dyd dxd

) 1
2

≤ 2ℓ d−1
2 τ

d−1
2 τ

1
4 2−Ndτ− d

2

(∫ ∞

0
e−2c|λ|1/2yd dyd

) 1
2

≤ 2ℓ d−1
2 τ

d−1
2 τ

1
4 2−Ndτ− d

2 |λ|−
1
4

= 2ℓ d−1
2 2−Ndτ− 1

4 |λ|−
1
4 .

Notice that 2ℓd2−Nd ≤ 1 so that

ℶℓ ≤ 2ℓ d−1
2 −ℓdτ− 1

4 |λ|−
1
4 = 2−ℓ d+1

2 τ− 1
4 |λ|−

1
4 .

For the top term ℶ̃ℓ the same estimate is true. Indeed, in the previous calculation
the fact we integrated over Bℓ is only visible in the domain of integration in the
yd-integral. In the final step, however, the yd-integral is taken over (0,∞) and this
estimate is also valid when integrating over the top Tℓ.

Concluding, we proved that in each possible case an estimate of the same type
holds true. Thus, plugging this estimate inside the Cauchy integral delivers

∥x 7→ [AE(t− s)χCℓ∩Rd
+
f ](x)∥L2(Q(x0,

√
τ)∩Rd

+) ≲ 2−ℓ d+1
2 τ− 1

4 (t− s)− 3
4 ∥f∥L2(Cℓ∩Rd

+)

what was to be shown.
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CHAPTER 8

Maximal regularity operator on tent spaces

In the previous chapter we defined the maximal regularity operator on the tent space
T2,2((0,∞) × Rd

+) and showed boundedness in this space. In the first part of this
chapter we describe a general method to extend an operator from L2(0,∞; L2(Rd

+))
to T∞,2((0,∞)×Rd

+). In this procedure, off-diagonal estimates will be crucial. The
approach presented here can be understood as the tent space version of the one
used by Auscher and Egert in [7, Proposition 5.1] where the authors extend an
operator from L2(Rd) to L∞(Rd).

Moreover, we show that the maximal regularity operator is covered by this frame-
work and that this extension coincides (whenever this is meaningful) with the al-
ready defined maximal regularity operator on T2,2((0,∞) ×Rd

+). This is necessary
for two reasons. First of all, in the proof of T∞,2-boundedness we want to be able
to switch between these two extensions. Showing boundedness of the maximal
regularity operator on T∞,2 requires a dyadic decomposition of Rd

+. For the local
estimate, meaning that the argument is supported on a ball, the representation via
the Fourier transform is useful while for the non-local part off-diagonal estimates
come into play. The second reason is that we want to employ an interpolation
argument to cover the case 2 < p < ∞.

For p < 2 such an approach is not readily available. Additionally, the approach
of Auscher, Monniaux and Portal in [10] for elliptic operators cannot be immedi-
ately transferred as there it is decisive to work with a semigroup. Recall that in
our setting the pressure can not be omitted and the resulting operator does not
necessarily satisfy the semigroup law. Thus, an alternative way has to be found.
Working with smooth functions, an additional integration by parts is possible in
the solution formulae for the Stokes resolvent problem. Note that the resulting
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8 Maximal regularity operator on tent spaces

kernels are different from the ones in [68]. However, they are similar enough to
exhibit the same point-wise estimates. For this we use a space of smooth functions
whose derivatives satisfy suitable polynomial estimates. Finally, the estimates on
the new kernel allow us to obtain the same result as Auscher, Monniaux and Portal
in the elliptic setting.

8.1 Defining operators on tent spaces

In this section we discuss how to define the maximal regularity operator on tent
spaces. For T2,2, which by Proposition 2.2.4 coincides with L2(0,∞; L2(Rd

+)), we use
the fact that for f ∈ L2(0,∞; L2(Rd

+)) we expressed the maximal regularity operator
in terms of the Fourier transform in time. This allowed us to show in Proposition
7.1.13 that on such functions the maximal regularity operator is bounded in the
L2-sense.

Now, we want to define the maximal regularity operator on Tp,2 for p ̸= 2 and
start with p = ∞. Note that in this case, no density argument is available. The
general idea is to lift an operator T from T2,2 to T∞,2 in the following way:

Tf := lim
n→∞

T (χBnf),

where the limit is understood in the L2
loc-sense and the sets Bn ⊆ (0,∞) × Rd

+ are
bounded and satisfy ⋃n∈NBn = (0,∞) ×Rd

+. Note that T (χBnf) is well-defined as
for a function f ∈ T∞,2((0,∞)×Rd

+) the multiplication χBnf is in L2((0,∞)×Rd
+).

Convergence is usually guaranteed by off-diagonal estimates (see [7, Proposition 5.1]
for the case of Lebesgue spaces). Note that this strategy does not take advantage
of special form of the maximal regularity operator but can be applied in a broader
setting as well.

Applying this lifting procedure to the maximal regularity operator thus requires
off-diagonal estimates which we show in a moment. Before let us prove a technical
lemma that will be needed here and in the proving boundedness of the maximal
regularity on tent spaces.

Lemma 8.1.1. Let τ > 0. Then there exists a constant C > 0 such that for all
f ∈ T∞,2(tβ dt dx), all β ∈ (−∞, 0] and all compact sets A ⊆ Rd the estimate

∥∥∥∥t 7→
∫ t

0
(t− s)− 3

4 ∥f(s, ·)∥L2(A∩Rd
+) ds

∥∥∥∥
L2(0,τ,tβ)

≤ Cτ
1
4

(∫ τ

0
∥f(s, ·)∥2

L2(A∩Rd
+)s

β ds
) 1

2
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8.1 Defining operators on tent spaces

holds true. Moreover, for k ≥ 0 and β ∈ (−∞, 1) we find

∥∥∥∥t 7→
∫ 2−kt

2−k−1t
(t− s)− 3

4 ∥f(s, ·)∥L2(A∩Rd
+) ds

∥∥∥∥
L2(0,τ,tβ)

≤ Cτ
1
4 2− k

2 (1−β)
(∫ 2−kτ

0
∥f(s, ·)∥2

L2(A∩Rd
+)s

β ds
) 1

2

.

Proof. Let us with the first statement. For t ∈ (0, τ) estimate

(∫ t

0
(t− s)− 3

4 ds
) 1

2

≤ Ct
1
8 ≤ Cτ

1
8 .

By Hölder’s inequality we find

∥∥∥∥t 7→
∫ t

0
(t− s)− 3

4 ∥f(s, ·)∥L2(A∩Rd
+) ds

∥∥∥∥
L2(0,τ,tβ)

≤
∥∥∥∥t 7→

(∫ t

0
(t− s)− 3

4 ds
) 1

2
(∫ t

0
(t− s)− 3

4 ∥f(s, ·)∥2
L2(A∩Rd

+) ds
) 1

2 ∥∥∥∥
L2(0,τ ;tβ)

≲ τ
1
8

∥∥∥∥t 7→
(∫ t

0
(t− s)− 3

4 ∥f(s, ·)∥2
L2(A∩Rd

+) ds
) 1

2 ∥∥∥∥
L2(0,τ ;tβ)

= τ
1
8

(∫ τ

0

∫ t

0
(t− s)− 3

4 ∥f(s, ·)∥2
L2(A∩Rd

+) ds tβ dt
) 1

2

.

As we assumed β ≤ 0, we can estimate tβ ≤ sβ. Together with Fubini’s theorem
we find

τ
1
8

(∫ τ

0

∫ t

0
(t− s)− 3

4 ∥f(s, ·)∥2
L2(A∩Rd

+) ds tβ dt
) 1

2

≤ τ
1
8

(∫ τ

0

∫ τ

s
(t− s)− 3

4 dt ∥f(s, ·)∥2
L2(A∩Rd

+)s
β ds

) 1
2

≲ τ
1
4

(∫ τ

0
∥f(s, ·)∥2

L2(A∩Rd
+)s

β ds
) 1

2
.

The second statement is shown by similar means. For t ∈ (0, τ) estimate

(8.1)
∫ 2−kt

2−k−1t
(t− s)− 3

4 ds ≲
∫ 2−kt

2−k−1t
t−

3
4 ds ≲ 2−kt

1
4 ≲ 2−kτ

1
4 .
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8 Maximal regularity operator on tent spaces

Then, again by Hölder’s inequality, we find

∥∥∥∥t 7→
∫ 2−kt

2−k−1t
(t− s)− 3

4 ∥f(s, ·)∥L2(A∩Rd
+) ds

∥∥∥∥
L2(0,τ ;tβ)

≲
∥∥∥∥t 7→

(∫ 2−kt

2−k−1t
(t− s)− 3

4 ds
) 1

2
(∫ 2−kt

2−k−1t
(t− s)− 3

4 ∥f(s, ·)∥2
L2(A∩Rd

+) ds
) 1

2 ∥∥∥∥
L2(0,τ ;tβ)

≲ τ
1
8 2− k

2

(∫ τ

0

∫ 2−kt

2−k−1t
(t− s)− 3

4 ∥f(s, ·)∥2
L2(A∩Rd

+) ds tβ dt
) 1

2

.

Now, focus on the double integral and use Fubini’s theorem

(∫ τ

0

∫ 2−kt

2−k−1t
(t− s)− 3

4 ∥f(s, ·)∥2
L2(A∩Rd

+) ds tβ dt
) 1

2

≤
(∫ 2−kτ

0

∫ 2k+1s

2ks
tβ(t− s)− 3

4 ∥f(s, ·)∥2
L2(A∩Rd

+) dt ds
) 1

2

≤
(∫ 2−kτ

0

∫ 2k+1s

2ks
(2ks)β(t− s)− 3

4 ∥f(s, ·)∥2
L2(A∩Rd

+) dt ds
) 1

2

= 2 k
2 β

(∫ 2−kτ

0

∫ 2k+1s

2ks
(t− s)− 3

4 dt ∥f(s, ·)∥2
L2(A∩Rd

+) s
β ds

) 1
2

.

Next estimate
∫ 2k+1s

2ks
(t− s)− 3

4 dt ≲ (2k+1s) 1
4 ≲ (2k2−kτ) 1

4 = τ
1
4

as 0 < s < 2−kτ . Putting everything together delivers

∥∥∥∥t 7→
∫ 2−kt

2−k−1t
(t− s)− 3

4 ∥f(s, ·)∥L2(A∩Rd
+) ds

∥∥∥∥
L2(0,τ ;tβ)

≲ τ
1
4 2− k

2 (1−β)
(∫ 2−kτ

0
∥f(s, ·)∥2

L2(A∩Rd
+)s

β ds
) 1

2

what we wanted to show.

Note that the following result is similar to the already proven off-diagonal esti-
mates in Proposition 7.2.2 but as we work with different sets, we provide the proof
here. Recall that Q(0, t0) is the cube with center 0 and side length 2t0.

Proposition 8.1.2. Let β ∈ (−∞, 1). Moreover, let K ⊂ (0,∞) ×Rd
+ be compact,

and choose t0 > 0 such that K ⊂ (0, t0) × (Q(0, t0) ∩ Rd
+). Moreover, let R > 0
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8.1 Defining operators on tent spaces

satisfy t0 < R. Then, for k ≥ 1 and f ∈ T∞,2((0,∞) × Rd
+, s

β dt dx) we have the
following estimate∥∥∥∥(t, x) 7→

∫ t

0
AE(t− s)χCℓ∩Rd

+
f(s, ·) ds[x]

∥∥∥∥
L2(K,tβ dt dx)

≲ (t0)
d
2 + 1

4 2− ℓ
2R− 1

2 ∥f∥T∞,2(sβ dt dx)

(8.2)

where Cℓ := Q(0, 2ℓ+1R) \Q(0, 2ℓR) and the implicit constant depends on d.
Proof. As mentioned, the proof is similar to the one of Proposition 7.2.2.

In this spirit introduce the sets Sℓ := {y ∈ Cℓ ∩ Rd
+ : yd < 2ℓR} and Tℓ := {y ∈

Cℓ ∩ Rd
+ : yd ≥ 2ℓR}. Note that the lower part of Cℓ is completely contained in the

lower half-space, so no bottom part of Cℓ is present. Hölder’s inequality delivers
∫

Cℓ∩Rd
+

e−c|λ|
1
2 yd |f(s, y)|

(xd + yd + |x′ − y′|)d
dy

≲

(∫
Cℓ∩Rd

+

e−2c|λ|
1
2 yd

(xd + yd + |x′ − y′|)2d
dy
) 1

2

∥f(s, ·)∥L2(Ck∩Rd
+).

By virtue of the sets Sℓ and Tℓ we can decompose the integral on the right-hand
side by(∫

Cℓ∩Rd
+

e−2c|λ|
1
2 yd

(xd + yd + |x′ − y′|)2d
dy
) 1

2

≤
(∫

Sℓ

e−2c|λ|
1
2 yd

(xd + yd + |x′ − y′|)2d
dy
) 1

2

+
(∫

Tℓ

e−2c|λ|
1
2 yd

(xd + yd + |x′ − y′|)2d
dy
) 1

2

.

Taking the L2(Q(0, t0) ∩ Rd
+)-norm of these terms delivers(∫

Q(0,t0)∩Rd
+

∫
Sℓ

e−2c|λ|
1
2 yd

(xd + yd + |x′ − y′|)2d
dy dx

) 1
2

≲ (t0)
d
2 (2ℓR) d−1

2 (2ℓR − t0)−d

(∫ 2ℓR

0
e−2c|λ|

1
2 yd dyd

) 1
2

≲ (t0)
d
2 (2ℓR) d−1

2 (2ℓR)−d|λ|−
1
4

= (t0)
d
2 (2ℓR)− d+1

2 |λ|−
1
4

and∫
Q(0,t0)∩Rd

+

∫
Tℓ

e−2c|λ|
1
2 yd

(xd + yd + |x′ − y′|)2d
dy dx


1
2

≲ (t0)
d
2 (2ℓR)−d(2ℓR) d

2 e−c|λ|
1
2 2ℓR

≲ (t0)
d
2 (2ℓR)− d

2
(
|λ|

1
2 2ℓR

)− 1
2

= (t0)
d
2 (2ℓR)− d+1

2 |λ|−
1
4 .
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8 Maximal regularity operator on tent spaces

Plugging this estimate into the Cauchy integral yields

∥∥∥x 7→
∫ t

0
AE(t− s)χCℓ∩Rd

+
f(s, ·) ds[x]

∥∥∥
L2(Q(0,t0)∩Rd

+)

≲ (t0)
d
2 (2ℓR)− d+1

2

∫ t

0
(t− s)− 3

4 ∥f(s, ·)∥L2(Cℓ∩Rd
+) ds.

Finally, we integrate over (0, t) and take the L2(0, t0, tβ)-norm. For β ∈ (−∞, 0],
by means of Lemma 8.1.1 and t0 < R we find

(t0)
d
2 (2ℓR)− d+1

2

∥∥∥∥t 7→
∫ t

0
(t− s)− 3

4 ∥f(s, ·)∥L2(Q(0,2ℓ+1R)∩Rd
+)) ds

∥∥∥∥
L2(0,t0,tβ)

≲ (t0)
d
2 + 1

4 (2ℓR)− d+1
2

(∫ t0

0
∥f(s, ·)∥2

L2(Q(0,2ℓ+1R)∩Rd
+)s

β ds
) 1

2

≲ (t0)
d
2 + 1

4 (2ℓR)− 1
2

(
(2ℓ+1R)−d

∫ 22ℓ+2R2

0
∥f(s, ·)∥2

L2(Q(0,2ℓ+1R)∩Rd
+)s

β ds
) 1

2

≲ (t0)
d
2 + 1

4 (2ℓR)− 1
2 ∥f∥T∞,2(sβ ds dx).

This completes the proof for β ∈ (−∞, 0]. For β ∈ (0, 1) we use the further
decomposition

∫ t
0 ds = ∑∞

k=0
∫ 2−kt

2−k−1t ds. For k ≥ 0 again by Lemma 8.1.1 and
t0 < R we find

(t0)
d
2 (2ℓR)− d+1

2

∥∥∥∥∥t 7→
∫ 2−kt

2−(k+1)t
(t− s)− 3

4 ∥f(s, ·)∥L2(Q(0,2ℓ+1R)∩Rd
+)) ds

∥∥∥∥∥
L2(0,t0,tβ)

≲ (t0)
d
2 (2ℓR)− d+1

2 (t0)
1
4 2− k

2 (1−β)
(∫ 2−kt0

0
∥f(s, ·)∥2

L2(Q(0,2ℓ+1R)∩Rd
+)s

β ds
) 1

2

≲ (t0)
d
2 + 1

4 (2ℓR)− 1
2 2− k

2 (1−β)
(

(2ℓ+1R)−d
∫ 22ℓ+2R2

0
∥f(s, ·)∥2

L2(Q(0,2ℓ+1R)∩Rd
+)s

β ds
) 1

2

≲ (t0)
d
2 + 1

4 (2ℓR)− 1
2 2− k

2 (1−β)∥f∥T∞,2(sβ ds dx).

Due to β < 1 this is summable in k and proves the desired estimate.

With this estimate at hand, we can now show L2
loc-convergence.

Proposition 8.1.3. Let β ∈ (−∞, 2). For f ∈ T∞,2((0,∞) × Rd
+, s

β dsdx) the
limit

T∞,2,βf := lim
R→∞

A
∫ t

0
E(t− s)χQ(0,R)∩Rd

+
f(s, ·) ds

exists in L2
loc((0,∞) × Rd

+, s
β ds dx).
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Proof. We show that this sequence is Cauchy in L2
loc((0,∞) × Rd

+, s
β ds dx). Let

K ⊆ (0,∞) × Rd
+ be compact and choose t0 such that K ⊂ (0, t0) × Q(0, t0).

Moreover, let R > t0 and R̃ > R. We then consider

A
∫ t

0
E(t− s)(χQ(0,2R̃) − χQ(0,2R))f(s, ·) ds

= A
∫ t

0
E(t− s)

(
χQ(0,2R̃)\Q(0,2R)

)
f(s, ·) ds

=
∫ t

0
AE(t− s)

(
χQ(0,2R̃)\Q(0,2R)

∞∑
k=1

χCk

)
f(s, ·) ds.

Note that the second step is true due to ∑∞
k=1 χCk∩Rd

+
= 1 on Rd

+ \ Q(0, 2R) as
the characteristic function vanishes on Q(0, 2R). The sets Ck are defined as in the
previous proposition. Moreover, by the previous proposition A can be taken inside
the integral. Finally, an application of the previous proposition together with the
fact that the right-hand side of (8.2) is summable in k and vanishes as R → ∞.

Remark 8.1.4. • Recall that in the T∞,2-norm the supremum is taken over all
cubes Q(x0, r) with center x0 ∈ Rd

+ and side length 2r. Hence, it stands to
reason that for f ∈ T∞,2 the definition of T∞,2 does not depend on the center
of the cube, i.e., yields the same result if χQ(x0,R)∩Rd

+
is used as a cut-off. To

this end, we remark that for R > 0 large enough, e.g., R > 2∥x0∥∞, every
point x ∈ Q(0, R)△Q(x0, R) satisfies xd >

R
2 or |x′| > R

2 . Here △ denotes
the symmetric difference. This together with Proposition 8.1.2 implies

∥∥∥∥∫ t

0
AE(t− s)(χQ(0,R) − χQ(x0,R))f(s) ds

∥∥∥∥
L2(K)

→ 0

for R → ∞ for all x0 ∈ Rd
+ and any compact set K ⊆ (0,∞) × Rd

+.

• Let x0 ∈ Rd
+ and R > 0 be fixed. Then, (2kR)(k∈N) converges to ∞. Using

again dyadic decomposition and the linearity of our operator implies

T∞,2f =
∞∑

k=0
T∞,2χCk∩Rd

+
f

where the limit is to be understood in L2
loc((0,∞) ×Rd

+) and C0 = Q(x0, 2R)
and Ck = Q(x0, 2k+1R) \Q(x0, 2kR).

Finally, we show that our extension T∞,2 coincides with T2,2 on T∞,2 ∩ T2,2. This
result is crucial as it will allow us to obtain a boundedness result for 2 < p < ∞ by
interpolation.
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8 Maximal regularity operator on tent spaces

Theorem 8.1.5. Let f ∈ T2,2((0,∞) × Rd
+) ∩ T∞,2((0,∞) × Rd

+). Then T2,2f =
T∞,2,0f .

Proof. An application of the dominated convergence theorem together with

T2,2((0,∞) × Rd
+) = L2((0,∞) × Rd

+),

see Proposition 2.2.4, shows that for f ∈ T2,2((0,∞) × Rd
+) ∩ T∞,2((0,∞) × Rd

+)
the cut-off fR := χ(0,R)×Q(0,R)f converges to f in the T2,2-norm as R → ∞.
By continuity of the maximal regularity operator on T2,2((0,∞) × Rd

+) we ob-
tain T2,2f = limR→∞ T2,2fR where the limit is to be understood in the L2-sense.
Recall that on the tent space T∞,2((0,∞) × Rd

+) we defined our extension via off-
diagonal estimates as T∞,2f = limR→∞ T2,2fR where the limit is be understood in
the L2

loc-sense. Hence, the limits coincide point-wise almost everywhere and thus
our extensions are compatible in the desired sense.

Remark 8.1.6. The above theorem, although formulated only for the unweighted
case, holds in the weighted case as well. In particular, if f ∈ T∞,2((0,∞) ×
Rd

+, s
β ds dx) ∩ T∞,2((0,∞) × Rd

+, s
β̃ ds dx) for β, β̃ ∈ (−∞, 1) then T∞,2,βf =

T∞,2,β̃f holds true. The argument is the same as in the previous proof as L2
loc-

convergence, also in weighted spaces, implies convergence point-wise almost every-
where.

Next, consider p < ∞. In this case, an application of the dominated convergence
theorem shows that L2

c((0,∞) × Rd
+) is dense in Tp,2((0,∞) × Rd

+, t
β dt dx) (with

respect to the Tp,2(tβ dt dx)-norm). Assuming boundedness of T2,2 on L2
c((0,∞) ×

Rd
+) with respect to the Tp,2(tβ dt dx)-norm, the natural way of defining Tp,2,β is

the following: For f ∈ Tp,2((0,∞) × Rd
+, t

β dt dx) define

(8.3) Tp,2,βf := lim
r→∞

T2,2χQ(0,r)∩Rd
+
f

where the limit is taken with respect to the Tp,2-norm.
Consequently, it is sufficient to estimate the maximal regularity operator on this

subspace. By linearity, for all f ∈ L2
c((0,∞) × Rd

+) and all x0 ∈ Rd
+ and r > 0 we

have
T2,2f =

∞∑
ℓ=0

T2,2χCℓ
f

point-wise almost everywhere, where the sets Cℓ are taken with respect to the cube
Q(x0, r). Note that due to the compact support of f the series is in fact a finite
sum. However, for the boundedness estimate in Tp,2(tβ dt dx) we aim for a uniform
estimate in f so that the above notation is justified. We postpone the proof thereof
for later.
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8.2 The main theorem

8.2 The main theorem
The goal of this section is prove the following theorem.

Theorem 8.2.1. Let β ∈ (−∞, 1) and 2d
d+1 < p ≤ ∞ satisfy p > 2d

d+2−2β
. Then,

there exists a bounded linear operator

Tp,2,β : Tp,2(tβ dt dx) → Tp,2(tβ dt dx)

extending the operator T2,2 from L2
c((0,∞) ×Rd

+) to Tp,2(tβ dt dx). Moreover, Tp,2,β

is defined via (8.3).

First of all, note that the case p = 2 is covered in light of Proposition 7.1.13 and
T2,2((0,∞) × Rd

+, t
β dt dx) = L2((0,∞) × Rd

+, t
β dt dx) due to Proposition 2.2.4.

Remark 8.2.2. It is natural question to ask if the range of β is sharp. In the case
of a bounded analytic semigroup this was answered negatively for any β ≥ 1 in
[6, Theorem 1.5]. We did not consider this topic in this thesis but conjecture that
β ≥ 1 fails as well in our setting.

8.2.1 The case p > 2
In this subsection we consider the case p > 2. To this end we show the boundedness
for p = ∞. The case 2 < p < ∞ then follows by interpolation.

Theorem 8.2.3. Let β ∈ (−∞, 1). Then, the maximal regularity operator is
bounded on T∞,2

β ((0,∞) × Rd
+) with operator norm depending on d and β.

Proof. Let f ∈ T∞,2(tβdt dx) be arbitrary. Again it will be more convenient to
work with cubes instead of balls in the definition of the tent space norm. We fix
x0 ∈ Rd

+ and τ > 0. The sets Cℓ appearing in the following are taken with respect to
x0 and

√
τ , i.e., Cℓ = Q(x0, 2ℓ+1√τ) \Q(x0, 2ℓ

√
τ). Estimate by means of Remark

8.1.4 and the triangle inequality

(
τ− d

2

∫ τ

0

∫
Q(x0,

√
τ)∩Rd

+

∣∣∣∣A ∫ t

0
[E(t− s)f(s, ·)](x) ds

∣∣∣∣2 dx tβdt
) 1

2

≤
(
τ− d

2

∫ τ

0

∫
Q(x0,

√
τ)∩Rd

+

∣∣∣∣A ∫ t

0
[E(t− s)χQ(x0,2

√
τ)∩Rd

+
f(s, ·)](x) ds

∣∣∣∣2 dx tβdt
) 1

2

+
∞∑

ℓ=1

(
τ− d

2

∫ τ

0

∫
Q(x0,

√
τ)∩Rd

+

∣∣∣∣A ∫ t

0
[E(t− s)χCℓ∩Rd

+
f(s, ·)](x) ds

∣∣∣∣2 dx tβdt
) 1

2

=: I +
∞∑

ℓ=1
IIℓ.

(8.4)
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8 Maximal regularity operator on tent spaces

The first term can be estimated by Proposition 7.1.15. For the second term we
first consider β ≤ 0 as it is the easier case. The off-diagonal estimates proven in
Proposition 7.2.2 together with Lemma 8.1.1 with A = Cℓ imply

(
τ− d

2

∫ τ

0

∫
Rd

+∩Q(x0,
√

τ)

∣∣∣∣∣A
∫ t

0
[E(t− s)χCℓ∩Rd

+
f(s, ·)](x) ds

∣∣∣∣∣
2

dx tβdt
) 1

2

≲ τ− d
4 − 1

4 2−ℓ d+1
2

∥∥∥∥t 7→
∫ t

0
(t− s)− 3

4 ∥f(s, ·)∥L2(Cℓ∩Rd
+) ds

∥∥∥∥
L2(0,τ ;tβ)

≲ τ− d
4 2−ℓ d+1

2

(∫ τ

0
∥f(s, ·)∥2

L2(Cℓ∩Rd
+)s

β ds
) 1

2

.

Now, estimate τ ≤ 22l+2τ and use Cℓ ⊆ Q(x0, 2ℓ+1√τ) to obtain

τ− d
4 2−ℓ d+1

2

(∫ τ

0
∥f(s, ·)∥2

L2(Cℓ∩Rd
+)s

β ds
) 1

2

≲ 2−ℓ d+1
2 2ℓ d

2

(
(22ℓτ)− d

2

∫ 22ℓ+2τ

0
∥f(s, ·)∥2

L2(Q(x0,2ℓ+1√
τ)∩Rd

+)s
β ds

) 1
2

≲ 2− ℓ
2 ∥f∥T∞,2(tβ dt dy).

Plugging everything into (8.4) finally yields

(
τ− d

2

∫ τ

0

∫
Q(x0,

√
τ)∩Rd

+

∣∣∣∣A ∫ t

0
[E(t− s)f(s, ·)](x) ds

∣∣∣∣2 dx tβ dt
) 1

2

≤ I +
∞∑

ℓ=1
IIℓ

≤ C∥f∥T∞,2(tβ dt dy) + C
∞∑

ℓ=1
2− ℓ

2 ∥f∥T∞,2(tβ dt dy)

for β ≤ 0. This completes the proof for non-positive time-weights.
For β ∈ (0, 1) we need to be slightly more careful and further decompose

∫ t
0 ds =∑∞

k=0
∫ 2−kt

2−k−1t ds in the terms IIℓ as done in [10, Theorem 3.2]. For fixed ℓ ≥ 1 our
estimate then reads
(
τ− d

2

∫ τ

0

∫
Q(x0,

√
τ)∩Rd

+

∣∣∣∣A ∫ t

0
[E(t− s)χCℓ∩Rd

+
f(s, ·)](x) ds

∣∣∣∣2 dx tβdt
) 1

2

≤
∞∑

k=0

(
τ− d

2

∫ τ

0

∫
Q(x0,

√
τ)∩Rd

+

∣∣∣∣A ∫ 2−kt

2−k−1t
[E(t− s)χCℓ∩Rd

+
f(s, ·)](x) ds

∣∣∣∣2 dx tβdt
) 1

2

=:
∞∑

k=0
IIk,ℓ
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8.2 The main theorem

For k ≥ 0 use Minkowski’s integral inequality and Hölder’s inequality as for β ≤ 0
and Lemma 8.1.1 with A = Cℓ to obtain

(
τ− d

2

∫ τ

0

∫
Q(x0,

√
τ)∩Rd

+

∣∣∣∣A ∫ 2−kt

2−k−1t
[E(t− s)χCℓ∩Rd

+
f(s, ·)](x) ds

∣∣∣∣2 dx tβdt
) 1

2

≲ τ− d
4 − 1

4 2−ℓ d+1
2

∥∥∥∥t 7→
∫ 2−kt

2−k−1t
(t− s)− 3

4 ∥f(s, ·)∥L2(Cℓ∩Rd
+) ds

∥∥∥∥
L2(0,τ ;tβ)

≲ τ− d
4 2−ℓ d+1

2 2− k
2 (1−β)

(∫ 2−kτ

0
∥f(s, ·)∥2

L2(Cℓ∩Rd
+)s

β ds
) 1

2

.

Finally, using 2−kτ ≤ 22ℓ+2τ and Cℓ ⊆ Q(x0, 2ℓ+1√τ) yields

IIk,l ≲ τ− d
4 2−ℓ d+1

2 2− k
2 (1−β)

(∫ 22ℓ+2τ

0
∥f(s, ·)∥2

L2(Q(x0,2ℓ+1√
τ)∩Rd

+)s
β ds

) 1
2

≲ 2−ℓ d+1
2 2l d

2 2− k
2 (1−β)

(
(22lτ)− d

2

∫ 22l+2τ

0
∥f(s, ·)∥2

L2(Q(x0,2ℓ+1√
τ)∩Rd

+)s
β ds

) 1
2

≲ 2− ℓ
2 2− k

2 (1−β)∥f∥T∞,2(tβ dt dy).

Note that β < 1 implies that the right-hand side is summable with respect to k

and ℓ and this concludes the case of positive time-weights.

Now, we can cover the case 2 < p < ∞ by interpolation.

Theorem 8.2.4. Let 2 < p < ∞. Then for all β ∈ (−∞, 1) the restriction of T2,2
to L2

c((0,∞) × Rd
+) is bounded with respect to the Tp,2(tβ dt dx)-norm and thus has

a bounded extension to Tp,2(tβ dt dx).

Proof. We aim to interpolate the operators T2,2 and T∞,2. Recall that we showed
T2,2 = T∞,2 on T2,2 ∩T∞,2, so particularly on L2

c((0,∞)×Rd
+). The boundedness of

T2,2 on L2
c((0,∞)×Rd

+) with respect to the Tp,2(tβ dt dx)-norm is then a consequence
of the interpolation result for Tent spaces by Coifman, Meyer and Stein (see [22,
Theorem 4]). Note that their statement is only for the unweighted case. For the
weighted case we refer to [2, Theorem 2.1] and the references therein.

8.2.2 The case p < 2
For p < 2 one has to be more careful. Examining the proof of Auscher, Monniaux
and Portal in [10] reveals that they crucially use the semigroup law. Unfortunately,
in our setting no such law is available for the pressure. Hence, we need to come up
with a different technique.
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8 Maximal regularity operator on tent spaces

The classes Mk

Here, we introduce a notion measuring the growth of a smooth function at infinity
and 0. It turns out that this notion is particularly useful in our setting.

Definition 8.2.5. For k ∈ Z we define Mk as the set of all functions f ∈ C∞(Rd−1\
{0}) that satisfy

|∇αf(ξ)| ≲ |ξ|k−|α|(8.5)

for all multi-indices α and all ξ ̸= 0.

The following two results will be vastly used in proving kernel estimates. Recall
that for λ ∈ Sπ−ε for some ε > 0 we defined ωλ(ξ) =

√
λ+ |ξ|2.

Lemma 8.2.6. Let k, l ∈ Z. If f ∈ Mk and g ∈ Ml, then fg ∈ Mk+l.

Proof. This is an immediate consequence of the higher order product rule.

Lemma 8.2.7. Let ε > 0 and λ ∈ Sπ−ε. Then |ξ|
ωλ(ξ) ∈ M0.

Proof. We prove this by providing a representation for arbitrary derivatives of
|ξ|

ωλ(ξ) which will imply the desired estimates.
We claim that

∇γ |ξ|
ωλ(ξ) =

nγ∑
i=1

pki
(ξ)|ξ|αiωλ(ξ)βi

where pki
is a polynomial of degree ki and ki + αi + βi = −|γ| holds for all i ≤ nγ

which is a natural number dependent on γ.
We prove this via induction over |γ|. For γ = 0 is this clear. As it is sufficient to

consider only one summand we compute for j ∈ {1, . . . , d}

∂j(pk(ξ)|ξ|αωλ(ξ)β) = ∂jpk(ξ)|ξ|αωλ(ξ)β + αpk(ξ)|ξ|α−1 ξj

|ξ|
ωλ(ξ)β

+ pk(ξ)|ξ|αβωλ(ξ)β−1 ξj

ωλ(ξ)

which proves the desired representation as ∂jpk is either a polynomial of degree
k − 1 or 0.
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Reformulation of a bad term

In [10, Theorem 3.1] the authors deal with the last term J0 in by means of the
semigroup property. To be precise, they write

(8.6)
∫ t

t
2

L e−(t−s)L f(s, ·) ds =
∫ t

0
L e−(t−s)L f(s, ·) ds−e− t

2 L
∫ t

2

0
e−(t/2−s)L f(s, ·) ds

where −L is the generator of a bounded analytic semigroup. Then, they employ L2-
boundedness of the maximal regularity operator as well as the uniform boundedness
of the semigroup to conclude their proof. Unfortunately, this approach does not
work in our setting, as the family (Eϕ(t))t>0 does not satisfy a semigroup law.

For f ∈ C∞
c ((0,∞) × Rd

+) however, we can prove a relation similar to (8.6)
in our extended setting as well. To this end we proceed in three steps. First we
derive a new kernel representation of A(Ru(λ)f,Rϕ(λ)f) by an integration by parts
argument. This new kernel will be integrated against ∇f instead of f . Hence, it
is reasonable to expect that these kernels behave like first order derivatives of the
kernels belonging to u, see (6.5)–(6.8), or like the kernel belonging to the pressure
ϕ, see (6.9).

In the second step we examine the proof for the kernel estimates given by
Maekawa, Miura and Prange in [68] to show that this expectation is indeed fulfilled.
Finally, in the third step we use the newly derived kernel estimates to show that
the left-hand side of (8.6) converges and then use the Cauchy integral representa-
tion of our extended semigroup to obtain a relation similar to (8.6). This allows
to then proceed similarly to [10] and conclude the desired boundedness estimate
by already proven estimates for the maximal regularity operator as well as for the
family (Eu(t))t>0.

So, let us establish a representation for A((Ru(λ)f,Rϕ(λ)f) where f ∈ C∞
c (Rd

+).
Recall that u = v + w and ϕ were defined in (6.10)–(6.13).

Lemma 8.2.8. Let f ∈ C∞
c (Rd

+). For y = (y′, yd) ∈ Rd
+ we have

∇2
y′v(y′, yd) =

∫
Rd−1

∫ ∞

0
∇y′k1,λ(y′ − z′, yd − zd)∇z′f(z′, zd) dzd dz

+
∫
Rd−1

∫ ∞

0
∇y′k2,λ(y′ − z′, yd, zd)∇z′f(z′, zd) dzd dz.

Moreover,

∂2
yd
v(y′, yd) =

∫
Rd−1

∫ ∞

0
∂yd
k1,λ(y′ − z′, yd − zd)∂zd

f(z′, zd) dzd dz

−
∫
Rd−1

∫ ∞

0
∂yd
k2,λ(y′ − z′, yd, zd)∂zd

f(z′, zd) dzd dz.
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8 Maximal regularity operator on tent spaces

For the non-local part w and y = (y′, yd) ∈ Rd
+ we have with rλ(y′, yd, zd) =

(r′
λ(y′, yd, zd), rd,λ(y′, yd, zd))

∇2
y′w(y′, yd) =

∫
Rd−1

∫ ∞

0
∇y′rλ(y′ − z′, yd, zd)∇z′f ′(z′, zd) dzd dz′

and

∂2
yd
w′(y′, yd) =

∫
Rd−1

∫ ∞

0
r̃′

λ(y′ − z′, yd, zd)∂zd
f ′(z′, zd) dzd dz′

where

r̃′
λ(y′, yd, zd) =

∫
Rd−1

eiy′·ξ
|ξ|2

ωλ(ξ) e−|ξ|yd −ωλ(ξ) e−ωλ(ξ)yd

ωλ(ξ)(ωλ(ξ) − |ξ|) e−ωλ(ξ)zd
ξ ⊗ ξ

|ξ|
dξ

for y = (y′, yd) ∈ Rd
+ and zd > 0. For the remaining derivative of the non-local part

w we have

∂2
yd
wd(y′, yd) =

∫
Rd−1

∫ ∞

0
r̃d,λ(y′ − z′, yd, zd) · ∂zdf

′(z′, zd) dzd dz′

where

r̃d,λ(y′, yd, zd) = i
∫
Rd−1

eiy′·ξ
|ξ|2

ωλ(ξ) e−|ξ|yd −ωλ(ξ) e−ωλ(ξ)yd

ωλ(ξ)(ωλ(ξ) − |ξ|) e−ωλ(ξ)zd ξ dξ.

For the pressure we have

∇y′ϕ(y′, yd) =
∫
Rd−1

∫ ∞

0
qλ(y′ − z′, yd, zd)∇z′f ′(z′, zd) dzd dz′

with qλ as in (6.9). Moreover, we have

∂yd
ϕ(y′, yd) =

∫
Rd−1

∫ ∞

0
q̃λ(y′ − z′, yd, zd) · ∂zd

f ′(z′, zd) dzd dz′

where

q̃λ(y′, yd, zd) = −i
∫
Rd−1

eiy′·ξ |ξ|
ωλ(ξ) e−|ξ|yd e−ωλ(ξ)zd

(
ξ

|ξ|
+ ξ

ωλ(ξ)

)
dξ.

Proof. The statement for all derivatives with respect to the first d− 1 variables is
an immediate consequence of the formulas (6.10)–(6.13) and the definition of the
respective kernels as

∇y′ ei(y′−x′)·ξ = −∇z′ ei(y′−z′)·ξ
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holds true and we can integrate by parts by assumption on f . For ∂2
yd
v(y′, yd) note

that k1,λ is again of convolution type and in k2,λ the relevant factor is e−ωλ(ξ)(yd+zd)

which leads to the minus sign.
Turning to the non-local part w it suffices to consider ∂2

yd
r′

λ(y′, yd, zd). The repre-
sentation of ∂2

yd
rd,λ(y′, yd, zd) is proved analogously. A straightforward calculation

shows

∂2
yd
r′

λ(y′, yd, zd) =
∫
Rd−1

eiy′·ξ |ξ|2 e−|ξ|yd −ωλ(ξ)2 e−ωλ(ξ)yd

ωλ(ξ)(ωλ(ξ) − |ξ|) e−ωλ(ξ)zd
ξ ⊗ ξ

|ξ|
dξ

= −
∫
Rd−1

eiy′·ξ |ξ|2 e−|ξ|yd −ωλ(ξ)2 e−ωλ(ξ)yd

ωλ(ξ)2(ωλ(ξ) − |ξ|) ∂zd
e−ωλ(ξ)zd

ξ ⊗ ξ

|ξ|
dξ

Finally, for the pressure we find

∂yd
qλ(y′, yd, zd) = −i

∫
Rd−1

eiy′·ξ |ξ| e−|ξ|yd e−ωλ(ξ)yd

(
ξ

|ξ|
+ ξ

ωλ(ξ)

)
dξ

= i
∫
Rd−1

eiy′·ξ |ξ|
ωλ(ξ) e−|ξ|yd e−ωλ(ξ)yd

(
ξ

|ξ|
+ ξ

ωλ(ξ)

)
dξ

and in light of integration by parts this concludes the proof.

Recall that for t > 0 and f ∈ C∞
c ((0,∞) × Rd

+) we are interested in convergence
of the integral ∫ t

t
2

AE(t− s)f(s, ·) ds.

In the light of Lemma 8.2.8 convergence of the integral over ∇v as well as all deriva-
tives with respect to y′ is a consequence of Proposition 7.1.10. For the remaining
terms further arguments are necessary. Next, we will show that the new kernels
derived in Lemma 8.2.8 satisfy the same point-wise estimates as ∂yd

r′
λ, ∂yd

rd,λ and
qλ respectively. To this end we examine the proofs by Maekawa, Miura and Prange,
see [68, Proposition 3.5, Proposition 3.7]. A crucial tool is [68, Lemma 3.1] which we
state for the sake of completeness. For a proof we refer to the paper by Maekawa,
Miura and Prange.

Lemma 8.2.9. Let m ∈ C∞(Rd−1 \ {0}) be a smooth Fourier multiplier. Let K be
the kernel associated with m, i.e., for all y′ ∈ Rd−1 define

K(y′) :=
∫
Rd−1

eiy′·ξ m(ξ) dξ,

Assume that there exists n > 1 −d and positive constants c0(d, n,m), C0(d, n,m) <
∞ such that for all α ∈ N satisfying 0 ≤ α ≤ n + d and for all ξ ∈ Rd−1 \ {0} it
holds

|∇αm(ξ)| ≤ C0|ξ|n−α e−c0|ξ| .
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8 Maximal regularity operator on tent spaces

Then there exists a constant C(d, n, c0, C0) < ∞ such that for all y′ ∈ Rd−1 \ {0}
the estimate

|K(y′)| ≤ C

|y′|n+d−1

is satisfied.

In deriving estimates on the kernels we will, as Maekawa, Miura and Prange in
[68], consider |λ| = 1 and obtain general λ by scaling. To this end we note that the
new kernels satisfy the following scaling relations:

r̃′
λ(y′, yd, zd) = |λ|

d−1
2 r̃′

λ
|λ|

(|λ|
1
2y′, |λ|

1
2yd, |λ|

1
2 zd)

r̃d,λ(y′, yd, zd) = |λ|
d−1

2 r̃d, λ
|λ|

(|λ|
1
2y′, |λ|

1
2yd, |λ|

1
2 zd)

q̃λ(y′, yd, zd) = |λ|
d−1

2 q̃ λ
|λ|

(|λ|
1
2y′, |λ|

1
2yd, |λ|

1
2 zd).

The above scaling allows to consider |λ| = 1 in the proof of the following kernel
estimates which read as follows.

Lemma 8.2.10. Let ε > 0 and λ ∈ Sπ−ε. Then there exists constants c = c(d, ε) >
0 and C = C(d, ε) > 0 depending only on d and ε such that for all y′ ∈ Rd−1,
yd, zd > 0

|r̃′
λ(y′, yd, zd)| + |r̃d,λ(y′, yd, zd)|

≤ C

(yd + zd + |y′|)d−1
e−c|λ|

1
2 zd

(1 + |λ| 1
2 (yd + zd + |y′|))(1 + |λ| 1

2 (yd + zd))

and

|q̃λ(y′, yd, zd)| ≤ C e−c|λ| 1
2 zd

(yd + zd + |y′|)d−1

hold.

Proof. We will only prove the estimate for r̃′
λ as the proof for the two other terms

follows the same strategy. Note that the kernels derived in Lemma 8.2.8 coin-
cide with the ones of ∂yd

r′
λ, ∂yd

rd,λ and qλ up to a factor lying in M0, respec-
tively. As mentioned before, here we will examine the proofs of [68, Proposition
3.5, Proposition 3.7] to show that the same estimates hold. First, recall the we
defined ωλ(ξ) :=

√
λ+ |ξ|2 and thus for all λ ∈ Σπ−ε we have the estimate

(8.7) |ωλ(ξ)| ≳ |λ|
1
2 + |ξ|

where the implicit constant depends only on ε. Moreover, the identity

(8.8) 1
ωλ(ξ) − ξ

= ωλ(ξ) + ξ

λ
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holds true. Hence, we obtain

r̃′
λ(y′, yd, zd) = 1

λ

∫
Rd−1

eiy′·ξ
(

|ξ|2

ωλ(ξ) e−|ξ|yd −ωλ(ξ) e−ωλ(ξ)yd

)
e−ωλ(ξ)zd

ξ ⊗ ξ

|ξ|
dξ

+ 1
λ

∫
Rd−1

eiy′·ξ
(

|ξ|2

ωλ(ξ) e−|ξ|yd −ωλ(ξ) e−ωλ(ξ)yd

)
e−ωλ(ξ)zd

ξ ⊗ ξ

ωλ(ξ) dξ

By scaling to |λ| = 1 and 1
ωλ(ξ) ≲

1
|ξ| it is enough to estimate

∫
Rd−1

eiy′·ξ
(

|ξ|2

ωλ(ξ) e−|ξ|yd −ωλ(ξ) e−ωλ(ξ)yd

)
e−ωλ(ξ)zd

ξ ⊗ ξ

|ξ|
dξ

=
∫
Rd−1

eiy′·ξ |ξ|
ωλ(ξ) |ξ|

(
e−|ξ|yd − e−ωλ(ξ)yd

)
e−ωλ(ξ)zd

ξ ⊗ ξ

|ξ|
dξ

+
∫
Rd−1

eiy′·ξ(|ξ| − ωλ(ξ))
(

1 + |ξ|
ωλ(ξ)

)
e−ωλ(ξ)(yd+zd) ξ ⊗ ξ

|ξ|
dξ

:= I + II.

(8.9)

We start with the second term which is slightly easier to estimate. Here, (8.7) will
be crucial. Introduce a smooth cut-off φ2 ∈ C∞(Rd−1) satisfying φ2 ≡ 1 on B(0, 2)
and φ2 ≡ 0 on Rd−1 \ B(0, 3) to split II into IIlow and IIhigh by multiplying the
integrand by φ2 + (1 − φ2). Then, we have

|IIlow| ≲
∫

|ξ|≤3
||ξ| − ωλ(ξ)|

∣∣∣∣∣1 + |ξ|
ωλ(ξ)

∣∣∣∣∣ e−ωλ(ξ)(yd+zd) dξ

≲ e−2c(yd+zd)
(8.10)

for some c depending only on d and ε due to (8.7). For |y′| ≤ 1 we then conclude

|IIlow| ≲ e−2c(yd+zd) (yd + zd + |y′|)d−1

(yd + zd + |y′|)d−1
(1 + yd + zd + |y′|)(1 + yd + zd)
(1 + yd + zd + |y′|)(1 + yd + zd)

≤ e−2c(yd+zd) (yd + zd + 1)d−1

(yd + zd + |y′|)d−1
(1 + yd + zd + 1)(1 + yd + zd)

(1 + yd + zd + |y′|)(1 + yd + zd)

≲
1

(yd + zd + |y′|)d−1
e−czd

(1 + yd + zd + |y′|)(1 + yd + zd)

which is the desired estimate. For |y′| ≥ 1 we employ Lemma 8.2.9. For α ∈ N
satisfying 0 ≤ α ≤ d+ 1 and all ξ ∈ Rd−1 we find∣∣∣∣∣∣∇α

ξ

(|ξ| − ωλ(ξ))
(

1 + |ξ|
ωλ(ξ)

)
φ2(ξ) e−ωλ(ξ)(yd+zd) ξ ⊗ ξ

|ξ|


∣∣∣∣∣∣

≲ e−2c(yd+zd) |ξ|−α+1φ2(ξ)
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for some c = c(d, ε). Then Lemma 8.2.9 implies

|IIlow| ≲ e−c(yd+zd)

|y′|d
.

Then the desired estimate for IIlow follows as before by expanding and using the
decay of the exponential. For technical reasons we postpone the treatise of IIhigh
to the end of the proof. Coming back to (8.9) it remains to estimate I. Note that
up to the factor |ξ|2

ωλ(ξ) ∈ M1, this coincides with the term on the right-hand side
of (3.25) in [68]. Note that this term behaves slightly worse than II as there is no
exponential decay in yd.

First consider the case yd ≥ 1. Then, use the substitution η = ξyd to obtain

I = y
−(d+1)
d

∫
Rd−1

eiỹ′·η |η|2√
λy2

d + |η|2

(
e−|η| − e−

√
λy2

d
+|η|2

)
e−ωλ(η/yd)zd

η ⊗ η

|η|
dη

where ỹ′ = y′

yd
. We claim that

∫
Rd−1

eiỹ′·η |η|2√
λy2

d + |η|2

(
e−|η| − e−

√
λy2

d
+|η|2

)
e−ωλ(η/yd)zd

η ⊗ η

|η|
dη

≲
e−czd

(1 + |ỹ′|)d+1

(8.11)

holds true. If this is the case, the desired estimate follows in light of

|I| ≲ e−czd

(yd + |y′|)dyd

(yd + zd + |y′|)d−1

(yd + zd + |y′|)d−1
(1 + yd + zd + |y′|)(1 + yd + zd)
(1 + yd + zd + |y′|)(1 + yd + zd)

≲
1

(yd + zd + |y′|)d−1
e−czd

(1 + yd + zd + |y′|)(1 + yd + zd)

as yd ≥ 1. To establish (8.11) we distinguish |ỹ′| ≥ 1 and |ỹ′| ≤ 1. With a
calculation similar to (8.10) we find∣∣∣∣ ∫

Rd−1
eiỹ′·η |η|2√

λy2
d + |η|2

(
e−|η| − e−

√
λy2

d
+|η|2

)
e−ωλ(η/yd)zd

η ⊗ η

|η|
dη
∣∣∣∣

≲
∫
Rd−1

|η|
(
e−|η| − e−c|η|

)
e−czd |η|dη

≲ e−czd

due to (8.7) and yd ≥ 1. This concludes the proof of (8.11) for |ỹ|′ ≤ 1. For |ỹ′| ≥ 1
we again aim to apply Lemma 8.2.9. To this end, we note∣∣∣∣∣∣∇α

η

 |η|2√
λy2

d + |η|2
(e−|η| − e−

√
λy2

d
+|η|2) e−ωλ( η

yd
)zd

η ⊗ η

|η|


∣∣∣∣∣∣ ≲ e−czd e−c0|η| |η|−α+2
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for all 0 ≤ α ≤ d + 2. Here, (8.7) and yd ≥ 1 are crucial to deal with (derivatives
of)

√
λy2

d + |η|2. This concludes the proof of (8.11) for |ỹ′| ≥ 1 and thus in case of
yd ≥ 1.

For 0 ≤ yd ≤ 1 a further distinction is needed. As in [68] introduce a smooth
cut-off with respect to ξ. As the case of low frequencies is dealt with by adapting
the proof of Maekawa, Miura and Prange in the same manner as before we do not
present it here. For high frequencies however, a new strategy involving integration
by parts is used in [68]. Hence, we present this argument once. The remainder of
the proof follows the same spirit and therefore will be omitted.

For working with high frequencies, we assume |ξ| ≥ 2 from now on and denote
the term to be estimated by Ihigh. Note that it holds

e−|ξ|yd − e−ωλ(ξ)yd =
(
1 − e(|ξ|−ωλ(ξ)) yd)

)
e−|ξ|yd .

Moreover, as derived in [68], we find

|ξ| − ωλ(ξ) = − λ

2|ξ|
+ O

(
λ2

|ξ|3

)

for |ξ| ≥ 2 and |λ| = 1. Consequently, we obtain∣∣∣∣∣∣∇α
ξ

 |ξ|
ωλ(ξ) |ξ|

(
e−|ξ|yd − e−ωλ(ξ)yd

)
e−ωλ(ξ)zd

ξ ⊗ ξ

|ξ|


∣∣∣∣∣∣ ≲ e−czd e−c|ξ|(yd+zd) |ξ|−α+1

for all |ξ| ≥ 2, 0 ≤ yd ≤ 1 and 0 ≤ α ≤ d + 1. For the final part a further case
distinction between |y′| ≥ 1

4 and |y′| ≤ 1
4 is needed. For |y′| ≥ 1

4 an integration by
parts argument together with the estimates on the derivatives of order d+1 implies
for j = 1, . . . , d− 1

∣∣∣(−iyj)d+1Ihigh

∣∣∣ =
∣∣∣∣∣
∫

|ξ|≥2
eiy′·ξ ∂d+2

ξ

(
|ξ|
ωλ(ξ) |ξ|

(
e−|ξ|yd − e−ωλ(ξ)yd

)
e−ωλ(ξ)zd

ξ ⊗ ξ

|ξ|

)
dξ
∣∣∣∣∣

≲ e−czd

∫
|ξ|≥2

|ξ|−d dξ ≲ e−czd .

With this at hand the desired estimate follows promptly in light of

e−czd

|y′|d+2 ≲
e−czd

|y′|d
(yd + zd + |y′|)d−1

(yd + zd + |y′|)d−1
(1 + yd + zd + |y′|)(1 + yd + zd)
(1 + yd + zd + |y′|)(1 + yd + zd)

≲
1

(yd + zd + |y′|)d−1
e−czd

(1 + yd + zd + |y′|)(1 + yd + zd) .

Note that here both |y′| ≥ 1
4 and 0 ≤ yd ≤ 1 are crucial. In order to cover the case

|y′| ≤ 1
4 a final distinction is necessary. All the necessary ingredients were already
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8 Maximal regularity operator on tent spaces

covered and we refer to the proof of [68, Proposition 3.5] together with suitable
adaptations that we presented in this proof.

It remains to cover the term IIhigh. In fact, the argumentation for Ihigh applies
in this case as well. Note that due to the additional exponential decay in yd these
estimates work uniformly in yd ∈ R+ and so no distinction between the cases yd ≥ 1
and 0 < yd < 1 is necessary.

With these kernel estimates at hand we can finally prove an analogous relation
of (8.6) in our setting. As an immediate consequence we also obtain a (weighted)
L2-estimate that we present in the following result as well.

Theorem 8.2.11. Let β ∈ (−∞, 1). For f ∈ C∞
c ((0,∞) ×Rd

+), the representation

A
∫ t

t/2
E(t− s)f(s) ds = A

∫ t

0
E(t− s)f(s) ds− Eu(t/2)A

∫ t/2

0
E(t/2 − s)f(s) ds

is valid. Moreover, for f ∈ L2((0,∞) × Rd
+, t

β− d
2 dt dx) we have

(8.12)
∥∥∥∥A ∫ t

t/2
E(t− s)f(s, ·) ds

∥∥∥∥
L2(tβ− d

2 dt dx)
≲ ∥f∥

L2(tβ− d
2 dt dx)

and the implicit constant depends only on β and d.

Proof. Due to density it suffices to consider f ∈ C∞
c ((0,∞) × Rd

+). In view of
Lemma 8.2.10 and Proposition 7.1.10 we deduce that the integral

∫ t

t/2
AE(t− s)f(s, ·) ds

is convergent for all f ∈ C∞
c ((0,∞) × Rd

+). We then claim that

(8.13) AE(t− s)f(s, ·) = Eu
(
t

2

)
AE(t/2 − s)f(s, ·)

is true for all 0 < s < t/2 and prove this via the Cauchy integral. Define γ := γ1 as
introduced in Definition 6.3.1. Using Proposition 6.2.5 we have

A(Eu(t− s)f(s), Eϕ(t− s)f(s)) = 1
2πi

∫
γ

e−(t−s)λ
(
∇Rϕ(λ)f(s) − ∆Ru(λ)f(s)

)
dλ

= 1
2πi

∫
γ

e−(t−s)λ (f(s) − λRu(λ)f(s)) dλ

= − 1
2πi

∫
γ

e−(t−s)λ λRu(λ)f(s) dλ
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as the first integral vanishes due to holomorphicity. Now, we consider the right-
hand side of (8.13). Further set γ′ := γ + c for some c > 0, i.e., γ′ is a right-shift of
γ. With this notation use the previous calculation together with Proposition 6.2.6
to obtain

Eu
(
t

2

)
AE(t/2 − s)f(s) = − 1

2πi

∫
γ

1
2πi

∫
γ′

e− t
2 λ−( t

2 −s)µ µRu(λ)Ru(µ)f(s) dµ dλ

= 1
2πi

∫
γ′

1
2πi

∫
γ

e− t
2 λ−( t

2 −s)µ µ

λ− µ
Ru(λ)f(s) dλ dµ

− 1
2πi

∫
γ

1
2πi

∫
γ′

e− t
2 λ−( t

2 −s)µ µ

λ− µ
Ru(µ)f(s) dµ dλ.

= − 1
2πi

∫
γ

e−(t−s)λ λRu(λ)f(s) dλ.

In the last step, the first summand vanished by holomorphicity of the integrand
while for the second we applied Cauchy’s integral formula. Here it is crucial that
γ is on the left of γ′. Finally, (8.13) implies

A
∫ t

t/2
E(t− s)f(s) ds = A

∫ t

0
E(t− s)f(s) ds− Eu(t/2)A

∫ t/2

0
E(t/2 − s)f(s) ds

and this is the desired representation formula. For the L2-estimate note that the
right-hand side is bounded on L2(tβ dt dx) by the boundedness of T2,2 on L2(tβ dt dx)
(see Proposition 7.1.15) and the uniform boundedness of (Eu(t))t>0 on L2(Rd

+) (see
Theorem 6.3.2).

Proof of Theorem 8.2.1 for p < 2

Finally, we are in the position the prove the remaining part of Theorem 8.2.1, i.e.,
the case p < 2.

Theorem 8.2.12. Let β ∈ (−∞, 1) and 2d
d+1 < p < 2 satisfy p > 2d

d+2(1−β) .
Then, the restriction of T2,2 to C∞

c ((0,∞) × Rd
+) is bounded with respect to the

Tp,2(tβ dt dx)-norm and thus extends to a bounded operator on Tp,2(tβ dt dx). The
operator norm depends on the operator of T2,2, β, p and d.

Proof. Let β ∈ (−∞, 1) and 2d
d+1 < p < 2 satisfy p > 2d

d+2(1−β) . Moreover, let
f ∈ C∞

c ((0,∞) × Rd
+). Again, it will be more convenient to work with cubes

instead of balls in the definition of the tent space norm. For x ∈ Rd
+ and t > 0

let Q := Q(x,
√
t) denote the cube with center x and side length 2

√
t. Moreover,

denote 2Q := Q(x, 2
√
t). Additionally, for ℓ ≥ 1 set Cℓ(x, t) := (Q(x, 2ℓ+1√t) \
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Q(x, 2ℓ
√
t)) ∩Rd

+. In the spirit of the decomposition (8.4) in the proof of Theorem
8.2.3 decompose

(∫
Rd

+

(∫ ∞

0

∫
Rd

+∩Q
t−

d
2 |A

∫ t

0
[E(t− s)f(s, ·)](y) ds|2 dy tβdt

) p
2

dx
) 1

p

≤
∞∑

k=1
Ik +

∞∑
ℓ=1

∞∑
k=1

IIk,ℓ +
∞∑

ℓ=0
IIIℓ,

where for k ≥ 1

Ik :=
∫

Rd
+

(∫ ∞

0

∫
Rd

+∩Q
t−

d
2
∣∣∣A ∫ 2−kt

2−k−1t
[E(t− s)χ2Q∩Rd

+
f(s, ·)](y) ds

∣∣∣2 dy tβdt
) p

2

dx


1
p

,

for k, ℓ ≥ 1

IIk,ℓ :=
∫

Rd
+

(∫ ∞

0

∫
Rd

+∩Q
t−

d
2
∣∣∣A ∫ 2−kt

2−k−1t
[E(t− s)χCℓ

f(s, ·)](y) ds
∣∣∣2 dy tβdt

) p
2

dx


1
p

,

and finally for l ≥ 0

IIIℓ :=
∫

Rd
+

(∫ ∞

0

∫
Rd

+∩Q
t−

d
2
∣∣∣A ∫ t

t
2

[E(t− s)χCℓ
f(s, ·)](y) ds

∣∣∣2 dy tβdt
) p

2

dx


1
p

with the convention C0 := 2Q∩Rd
+. We start with the second sum and first estimate

the inner integral. For each k, ℓ ∈ N by means of Minkowski’s integral inequality
and the off-diagonal estimates from Proposition 7.2.2 we find

∫ ∞

0

∫
Rd

+∩Q
t−

d
2
∣∣∣A ∫ 2−kt

2−k−1t
[E(t− s)χCℓ

f(s, ·)](y) ds
∣∣∣2 dy tβdt

≤
∫ ∞

0
t−

d
2

∫ 2−kt

2−k−1t

(∫
Rd

+∩Q
|[AE(t− s)χCℓ

f(s, ·)](y)|2 dy
) 1

2

ds
2

tβdt

≲
∫ ∞

0
t−

d
2

(∫ 2−kt

2−k−1t
2−ℓ(d+1)t−

1
4 (t− s)− 3

4 ∥f(s, ·)∥L2(Cℓ) ds
)2

tβdt

≤ 2−ℓ(d+1)
∫ ∞

0
t−

d
2 +β− 1

2

∫ 2−kt

2−k−1t
(t− s)− 3

4 ∥f(s, ·)∥2
L2(Cℓ) ds

(∫ 2−kt

2−k−1t
(t− s)− 3

4 ds
)

dt

where in the last step we used Hölder’s inequality in the s-variable. Estimate, as
in (8.1), ∫ 2−kt

2−k−1t
(t− s)− 3

4 ds ≲ 2−kt
1
4
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to obtain
∫ ∞

0

∫
Rd

+∩Q
t−

d
2
∣∣∣A ∫ 2−kt

2−k−1t
[E(t− s)χCℓ

f(s, ·)](y) ds
∣∣∣2 dy tβdt

≲ 2−k2−ℓ(d+1)
∫ ∞

0
t−

d
2 − 1

4 +β
∫ 2−kt

2−k−1t
(t− s)− 3

4 ∥f(s, ·)∥2
L2(Cℓ) ds dt.

Next, s ∈ (2−k−1t, 2−kt) implies t ≤ 2k+1s so that Cℓ ⊆ Q(x, 2l+12 k+1
2

√
s) ∩ Rd

+
follows. Hence, applying Fubini’s theorem we find

∫ ∞

0

∫
Rd

+∩Q
t−

d
2
∣∣∣A ∫ 2−kt

2−k−1t
[E(t− s)χCℓ

F (s, ·)](y) ds
∣∣∣2 dy tβdt

≲ 2−k2−ℓ(d+1)
∫ ∞

0
t−

d
2 − 1

4 +β
∫ 2−kt

2−k−1t
(t− s)− 3

4 ∥f(s, ·)χ
Q(x,2l+12

k+1
2

√
s)∩Rd

+
∥2

L2(Rd
+) ds dt

= 2−k2−ℓ(d+1)
∫ ∞

0

∫ 2k+1s

2ks
t−

d
2 − 1

4 +β(t− s)− 3
4 dt∥f(s, ·)χ

Q(x,2l+12
k+1

2
√

s)∩Rd
+
∥2

L2(Rd
+) ds.

Finally, note that −d
2 − 1

4 + β < 0 as d ≥ 3 and β < 1 so that the estimate

∫ 2k+1s

2ks
t−

d
2 − 1

4 +β(t− s)− 3
4 dt ≲ 2ks(2ks)− d

2 − 1
4 +β(2ks)− 3

4 = (2ks)− d
2 +β

holds. Thus, we obtain

∫ ∞

0

∫
Rd

+∩Q
t−

d
2
∣∣∣A ∫ 2−kt

2−k−1t
[E(t− s)χCℓ

f(s, ·)](y) ds
∣∣∣2 dy tβdt

≲ 2−k2−ℓ(d+1)2−k( d
2 −β)

∫ ∞

0
s− d

2 +β∥f(s, ·)χ
Q(x,2l+12

k+1
2

√
s)∩Rd

+
∥2

L2(Rd
+) ds.

In order to recover IIk,ℓ it remains to take the square root and the Lp(Rd
+)-norm with

respect to x. Then, the previous estimates together with the change of aperture
formula from Theorem 2.2.6 with τ = p as p < 2, imply

|IIk,ℓ| ≲ 2−ℓ d+1
2 2−k( 1

2 + d
4 − β

2 )
( ∫

Rd
+

( ∫ ∞

0
s− d

2 +β∥f(s, ·)∥2
L2(Q(x,2l+12

k+1
2

√
s)∩Rd

+)
ds
) p

2
dx
) 1

p

≲ 2−ℓ d+1
2 2−k( 1

2 + d
4 − β

2 )(ℓ+ 1)k + 1
2 (2ℓ+12 k+1

2 )
d
p ∥f∥Tp,2(tβ dt dx).

Here, we used log(x) ≤ x for x > 0. Summing over k and ℓ, the resulting series
converges if the conditions 1

2 + d
4 − β

2 − d
2p
> 0 and d+1

2 − d
p
> 0 are satisfied. The first

condition is equivalent to p > 2d
d+2−2β

and the second condition holds if p > 2d
d+1 .

Note that both are satisfied by assumption on p.
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8 Maximal regularity operator on tent spaces

It remains to check the other summands. For Ik we need the L2-boundedness of
the family tAE(t) which was obtained in Proposition 7.1.9. Indeed, for fixed k ∈ N
and x ∈ Rd

+ we have

∫ ∞

0

∫
Q∩Rd

+

t−
d
2 |A

∫ 2−kt

2−k−1t
[E(t− s)χQ∩Rd

+
f(s, ·)](y) ds|2 dy tβ dt

≤
∫ ∞

0

∫
Q∩Rd

+

t−
d
2

(∫ 2−kt

2−k−1t
|[(t− s)AE(t− s)χQ∩Rd

+
f(s, ·)](y)| ds

t− s

)2

dy tβ dt

≤
∫ ∞

0

∫ 2−kt

2−k−1t
2−kt

(∫
Q∩Rd

+

|(t− s)AE(t− s)χQ∩Rd
+
f(s, ·)(y)|2 dy

)
tβ− d

2 −2 ds dt

≤
∫ ∞

0

∫ 2−kt

2−k−1t
2−k∥χQ(x,

√
t)∩Rd

+
F (s, ·)∥2

L2(Rd
+)t

β− d
2 −1 ds dt

≤ 2−k
∫ ∞

0

∫ 2k+1s

2ks
tβ− d

2 −1 dt∥χ
Q(x,2

k
2

√
s)∩Rd

+
f(s, ·)∥2

L2(Rd
+) ds

≤ 2−k( d
2 +1−β)

∫ ∞

0
∥χ

Q(x,2
k
2

√
s)∩Rd

+
f(s, ·)∥2

L2(Rd
+)s

β− d
2 ds

where we used t − s ∼ t and Fubini’s theorem. After an integration with respect
to x we apply the change of aperture formula as for IIk,ℓ and obtain

|Ik| ≲ k2−k( 1
2 ( d

2 +1−β)− d
2p

)∥f∥Tp,2(tβ dt dx).

Summing over k requires the same condition as for IIk,ℓ. Next, we consider IIIℓ for
ℓ ≥ 1. The case ℓ = 0 will be dealt with afterwards. After applying the off-diagonal
estimates we have

∫ ∞

0
t−

d
2

(∫ t

t/2
2−ℓ d+1

2 t−
1
4 (t− s)− 3

4 ∥f(s, ·)∥L2(Cℓ(t)) ds
)2

tβ dt

≲ 2−ℓ(d+1)
∫ ∞

0
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d
2 − 1

2 +β
∫ t

t/2
(t− s)− 3

4 ∥f(s, ·)∥2
L2(Cℓ(t)) ds

(∫ t

t/2
(t− s)− 3

4 ds
)

dt

= 2−ℓ(d+1)
∫ ∞

0

∫ 2s

s
t−

d
2 − 1

4 +β(t− s)− 3
4 ∥f(s, ·)∥2

L2(Cℓ(t)) dt ds

≲ 2−ℓ(d+1)
∫ ∞

0
s− d

2 − 1
4 +β∥f(s, ·)∥2

L2(Cℓ(2s))

∫ 2s

s
(t− s)− 3

4 dt ds

≲ 2−ℓ(d+1)
∫ ∞

0
s− d

2 +β∥f(s, ·)∥2
L2(Q(x,2ℓ+1

√
2
√

s)∩Rd
+) ds.
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8.2 The main theorem

Integrating this over x and using the change of aperture formula from Theorem
2.2.6 yields

|IIIℓ| ≲ 2−ℓ
(d+1)

2

(∫
Rd

+

(∫ ∞

0
s− d

2 +β∥f(s, ·)∥2
L2(B(x,2ℓ+1

√
2
√

s)) ds
) p

2
dx
) 1

2

≲ 2−ℓ
(d+1)

2 ∥f∥Tp,2
2ℓ+1√

2
(tβ dt dx)

≲ 2−ℓ
(d+1)

2 (l + 1)(2ℓ+1)
d
p ∥f∥Tp,2(tβ dt dx).

Again, this is summable provided that p > 2d
d+1 . Finally, we consider the case ℓ = 0.

Enlarging the domain of integration, we find

(8.14) III0 ≤
(∫

Rd
+

III0(x)
p
2 dx

) 1
p

where

III0(x) :=
∫ ∞

0

∫
Rd

+

t−
d
2

∣∣∣∣∣A
∫ t

t/2
[E(t− s)χQ(x,2

√
t)∩Rd

+
f(s, ·)](y) ds

∣∣∣∣∣
2

dy tβ dt.

Estimate III0(x) by Theorem 8.2.11 and plug the result into (8.14) to obtain

III0 ≲

∫
Rd

+

(∫ ∞

0

∫
Q(x,2

√
t)∩Rd

+

t−
d
2 |f(t, y)|2dy tβ dt

) p
2

dx


1
p

.

To conclude the proof, recover the Tp,2(tβ dt dx)-norm by changing the aperture by
Theorem 2.2.6.
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