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ARTICLE INFO ABSTRACT
MSC: Infinitely many distinct trait values may arise in populations bearing quantitative traits, and modeling their
92D15 population dynamics is thus a formidable task. While classical models assume fixed or infinite population size,
92D25 models in which the total population size fluctuates due to demographic noise in births and deaths can behave
60H15 qualitatively differently from constant or infinite population models due to density-dependent dynamics. In
zgjgg this paper, I present a stochastic field theory for the eco-evolutionary dynamics of finite populations bearing
one-dimensional quantitative traits. I derive stochastic field equations that describe the evolution of population
Keyw: Ofd‘s" densities, trait frequencies, and the mean value of any trait in the population. These equations recover well-
Evolutionary theory

known results such as the replicator-mutator equation, Price equation, and gradient dynamics in the infinite
population limit. For finite populations, the equations describe the intricate interplay between natural selection,
noise-induced selection, eco-evolutionary feedback, and neutral genetic drift in determining evolutionary
trajectories. My work uses ideas from statistical physics, calculus of variations, and SPDEs, providing alternative
methods that complement the measure-theoretic martingale approach that is more common in the literature.
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1. Introduction total population size in real populations is often an emergent property

of individual-level ecological and demographic processes (Metcalf and

The success of the Modern Synthesis (Provine, 2001; Thompson,
2014) illustrates the value of abstract mathematical modeling in evolu-
tionary biology. Several major modeling paradigms of eco- evolutionary
dynamics — such as evolutionary game theory and adaptive dynamics

Pavard, 2007b; Lambert, 2010), and changes in the total population
size due to these processes can cause qualitative changes in evolution-
ary dynamics relative to the expectations of constant population size

— as well as the standard equations of population genetics and quan-
titative genetics, can be recovered (in a very general sense) from a
small number of ‘fundamental’ equations such as the replicator-mutator
equation and Price equation (Page and Nowak, 2002; Lion, 2018;
Lehtonen, 2018). Historically, these ‘fundamental equations’ have been
formulated in deterministic terms through difference equations and
ordinary/partial differential equations (Page and Nowak, 2002; Lion,
2018; Lehtonen, 2018), and stochastic effects due to finite population
sizes have been studied through more specific models such as the
Wright-Fisher or Moran process (Ewens, 2004). Most classic stochastic
models in population and quantitative genetics, such as the Wright—
Fisher and Moran models, assume the total number of individuals in the
population either remains strictly constant or varies deterministically
according to ‘top-down’ rules that allow us to define the notion of
a constant ‘effective population size’ (Lambert, 2010). However, the

models due to density-dependence (Lambert, 2010; Papkou et al., 2016;
Kokko et al., 2017; Mazzolini and Grilli, 2023; de Vries et al., 2023).
For instance, one important consequence of stochastic fluctuations
of total population size is ‘noise-induced selection’, an evolutionary
force that can reverse the direction of evolution predicted by natural
selection (Gillespie, 1974; Parsons et al., 2010; Constable et al., 2016;
McLeod and Day, 2019a; Week et al., 2021; Kuosmanen et al., 2022;
Mazzolini and Grilli, 2023; Bhat and Guttal, 2024). Finite population
models in population biology also typically incorporate stochasticity by
adding noise to a ‘deterministic skeleton’ rather than deriving the com-
plete stochastic dynamics from first principles (Coulson et al., 2004;
Lambert, 2010; Doebeli et al., 2017). Unfortunately, incorporating
stochasticity in this manner is known to sometimes yield inconsistent
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predictions that disappear if the stochastic dynamics of finite popula-
tion systems are instead systematically derived from individual-based
rules (Black and McKane, 2012; Strang et al., 2019).

Stochastic individual-based models, in which (probabilistic) rules
are specified at the level of the individual and population level dynam-
ics are systematically derived from first principles, provide a natural
way to describe eco-evolutionary dynamics of finite populations from
first principles and avoid the potential pitfalls of ad-hoc implemen-
tations of stochasticity on one hand, and those of ignoring density-
dependent ecological/demographic processes on the other. The process
of systematically deriving equations of eco-evolutionary population
dynamics from demographic first principles also provides a more
mechanistic description of evolutionary dynamics (Lambert, 2010;
Doebeli et al., 2017) because ‘all paths to fitness lead through demog-
raphy’ (Metcalf and Pavard, 2007a). While such a mechanistic descrip-
tion of eco-evolutionary dynamics can be carried out for populations
bearing discrete traits without using too much mathematical machin-
ery (Parsons et al., 2010; Kuosmanen et al., 2022; Bhat and Guttal,
2024), studies that work with quantitative traits are currently grounded
in the theory of measure-valued branching processes and their char-
acterization via martingale theory and related fields (Fournier and
Méléard, 2004; Champagnat et al., 2006; Champagnat and Lambert,
2007; Champagnat et al., 2008; Champagnat and Méléard, 2011; Week
et al., 2021; Boussange and Pellissier, 2022). As such, working with
quantitative trait stochastic individual-based models analytically cur-
rently requires a considerable mathematical background in stochastic
analysis and measure theory.

It has long been recognized that the equations governing the popula-
tion level behavior of Markov processes based on stochastic individual-
based dynamics are often very similar to the equations describing the
behavior of many interacting particles in statistical physics (Gardiner,
2009; Black and McKane, 2012) and quantum mechanics (Martin
et al., 1973; Hochberg et al., 1999; Baez and Biamonte, 2018). As a
consequence, powerful heuristic tools originally developed in physics
can be leveraged, under many situations, to study the behavior of
systems in which a large number of individuals interact in a stochas-
tic manner (Martin et al., 1973; Doi, 1976; Peliti, 1985; Hochberg
et al., 1999; Thomas et al.,, 2014; Chow and Buice, 2015; Weber
and Frey, 2017; Baez and Biamonte, 2018). Indeed, various tools
from statistical and quantum mechanics have already been success-
fully applied to study stochasticity in biological populations (O’Dwyer
et al., 2009; de Vladar and Barton, 2011; Black and McKane, 2012;
Schraiber, 2014). However, most studies that apply ideas from sta-
tistical physics to biological populations focus on modeling finite-
dimensional systems. In contrast, populations bearing quantitative
traits must be characterized by a function or distribution, and the object
describing the state of the system at any given point is thus, in gen-
eral, infinite-dimensional. In infinite dimensions, the analogy between
statistical/quantum mechanics and Markov processes becomes an anal-
ogy between statistical/quantum field theory and infinite-dimensional
stochastic processes such as SPDEs (Hochberg et al., 1999; Garcia-
Ojalvo and Sancho, 1999). While such ‘stochastic field equations’ have
been introduced to theoretical biology in the context of neurobiol-
ogy (Buice and Cowan, 2007; Bressloff, 2010; Coombes et al., 2014)
and collective motion (O Laighléis et al., 2018), they are as yet largely
unused in population biology.

In this paper, I present a general approach to modeling the evolution
of one-dimensional quantitative traits in an arbitrary closed finite,
fluctuating population starting from the demographic first principles
of birth and death. My approach consists of describing the population
as a stochastic ‘field’ (function over space of allowed traits and time),
assuming that birth and death rates scale according to a population
size measure (Czuppon and Traulsen, 2021), and then using ideas
from statistical physics to derive stochastic equations that describe how
this field changes over time when the carrying capacity is not too
small. My framework largely only uses tools from calculus, calculus
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of variations, and some heuristics for spacetime white noise. It also
yields stochastic partial differential equations (SPDEs) that are more
amenable to direct attack using tools from statistical and quantum
field theory than the more ‘analytic’ formulation in terms of martingale
problems. As such, my work is intended to complement the rigorous
framework presented in previous studies (Champagnat et al., 2006,
2008) with an alternative, heuristic formalism. In the next section, I
present the general formalism and describe the exact stochastic popu-
lation dynamics via a functional master equation (Kolmogorov forward
equation). These dynamics can then be approximated via an infinite-
dimensional system size approximation to arrive at SPDEs describing
the stochastic dynamics of biologically important quantities such as
population abundances, trait frequencies, and trait means. I present
the main results and their biological implications in the main text, and
delegate detailed derivations to the Supplementary.

2. General field equation formalism

Consider a closed population of individuals bearing a trait that takes
values in a set 7 C R. I assume that the trait value of an individual
cannot change over its lifetime. I will say that individuals that have
the same value of the trait are of the same ‘type’ and are all identical
for the purposes of our model. Each individual with a trait value x € T
can be characterized as a single Dirac delta mass centered at x, defined
indirectly as the object which satisfies, for any one-dimensional real
function f and any set AC 7T,

f(x) xeA
6,.dy =
/Af(y)xy {0 xg A

Intuitively, &, should be thought of as analogous to an indicator func-
tion: Given any set A C 7, integrating 6, over A returns 1 if x € A and
0 otherwise, and thus tells us whether or not the individual in question
has a trait value that lies within the set A. Note that in physics notation,
the Dirac mass centered at x would be §(y — x), where y is a dummy
variable, and the integral would be written f W S8y = x)dy.

If the population at any time ¢ consists of N(¢) individuals with
trait values {x;,x,,..., Xy}, it can then be completely characterized
(Fig. 1) by the ‘stochastic field’ (finite measure)

Thus, we are interested in formulating and studying a stochastic process
taking values in

M(T) = {Z‘Sx,» | neN,x, er}
i=1

The elements of M(T) are formally so-called ‘finite measures’. For our
purposes, v € M(T) can be thought of as analogous to a ‘density
function’ in the sense that for any subset A C 7 of the trait space, the
quantity [, vdx gives the number of individuals that have trait values
that lie within the set A in the population v. I will use the notation
v(x,1) to denote the field at time ¢ to help the reader remember this
interpretation of v as a ‘density’ over the trait space. It is important to
note that just like with probability densities, the ‘value of the field at
trait value x’ is undefined, and thus it only makes sense to speak of
quantities of the form / f(x,v)v(x,)dx for some function f(x,v) (Note
that in measure-theoretic notation, v is viewed as a measure and thus
integration of f against v is usually written (f,v) = [ f(x,v)v(dx)).
In this sense, the variable x in v(x,) is a dummy variable that will be
integrated over, but I retain it in the interest of suggestive notation.
It is easy to see from the definition of the Dirac mass that when the
population is given by v(y,1) = Zfi (1’) 8y, We have /7' fO)v(y,tdy =
Zfi (1') f(x;). Thus, [T Fv(y,t)dy simply evaluates the function f for
each trait value x; that is currently present in the population.

Now that we have described the population, we must define the
rules for how it changes over time. I assume that the probability of
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N(t)
Uy = E 6:(:@
i=1

Number

Beak Length

Fig. 1. Schematic description of the state space of our stochastic process. Consider a population of birds in which individuals have varying beak lengths. Since each individual
has a single beak length, it can be characterized as a Dirac mass centered at its beak length. Thus, if the population has N(¢) individuals, it can be described as a distribution

obtained as the sum of N(¢) (not necessarily distinct) Dirac masses.

observing two or more simultaneous events (births or deaths) at the
same instant of time is negligible. Thus, the population changes in
units of a single individual. Since we assumed the population is closed,
changes in the population can now be described using two non-negative
functionals b(x|v) and d(x|v) from T x M(T) to [0, ) that specify the
absolute (rather than per-capita) rate at which individuals with trait
value x are born and die respectively in a population v. That is, if we
know that the population was in the state v and we know that either a
birth or a death has occurred and changed the population to some state
other than v, then the probability that the event which occurred is the
birth of an individual whose phenotype is within the set A C 7 is given
by

P[ Birth with offspring in A | something happened | = ﬁ / b(x|v)dx
V) Ja

and the probability that the event is the death of an individual whose
phenotype is within the set A is

lP’[ Death of an individual in A | something happened ] = #) / d(x|v)dx
V) Ja

where N'(v) = /T b(x|v) + d(x|v)dx is a normalizing constant that could
depend on the current state v. I assume N'(v) is always finite and non-
zero. Our description of population dynamics is thus a ‘function’-valued
Markov process (and more precisely a measure-valued birth-death
process) with transition probabilities given by the birth and death rate
functionals b(x|v) and d(x|v). I further assume that the total birth and
death rates do not scale faster than linearly with the total population
size, i.e. that for a given population v, the quantities [ b(x|v)dx and
[ d(x|v)dx are O(/; vdx). This latter assumption will be used in the
section below when conducting a system-size expansion.

Let us now define, for each x € 7, two step operators £* defined by
their action on any function f(y,v) : T x M(T) — R as:

Efv)=fv4,)

In other words, the step operators £F simply describe the effect of
adding or removing a single individual with trait value x from the
population v.

Let P(v,t]v,,0) be the (conditional) probability density function of
the process, i.e. the probability that the population is described by v at
time ¢ given that it is described by v, at time 0. From now on, I omit the
conditioning and simply write P(v,7) for notational simplicity. Recall
that any change to the population must be through the birth or death
of a single individual, i.e. through addition or subtraction of a single
Dirac mass. For any state v € M(T), a population could end up in the
state v either through a birth of an individual é, in a population v—-4§,,
or through the death of an individual 6, in a population v +§,, for any

possible x € 7. Transitions of the form v — 6, — v occur through the
birth of an individual with trait value x, and by the definition of our
birth rates above, the transition rate from v — é, to v is thus given by
b(x|v —é,). To find the total transition probability into the state v, we
must now ‘sum over’ (integrate) the contributions of transitions due
to births of individuals of all possible trait values x € 7. Thus, the
transition rate into the state v at time 7 due to births is

RPIMhs(y 1) = / b(x|v—8,) P(v—6.,1) dx = / [E2b(x|V)P(v, D]dx
T T
——

Rate of Probability of
‘sum over’ (v=by)=v finding the

all possible x transition population v— 6,

(€8]

where we have rewritten the term within the integral on the RHS of
Eq. (1) as b(x|v—6,)P(v—6,,1) = E_b(x|v)P(v,1) using the definition of
the step operator £_. Similarly, the transition from v+4, to v is through
death of type x individuals and thus has transition rate d(x|v +§,). The
total transition probability into the population v at time ¢ due to deaths
of individuals can thus be written

Rieaths(y 1) = / d(x|v+8,) P(v+36,,1) dx=/[£;d(x|v)P(v,z)]dx
T N — N——— T

Rate of Probability of
(vH6)=v finding the
transition population v + 3,

‘sum over’
all possible x

@

The transition rate out of v to a state v + 6, due to births of type x
individuals is b(x|v), and transition out to a state v— &, due to death of
type x individuals is d(x|v). Thus, the transition probabilities of exiting
the state v at time ¢ are given by

ROMS(v, 1) = / b(x|v)P(v, )dx ?
T

ROIths(y 1) = / d(x|V)P(v, 1)dx @
T

Now, the total probability flux through the state v must be given by
the difference between the rate of inflow and the rate of outflow of
probability, or, in equations,

op — births deaths births deaths

ST WD = (R0 + REE 0] = [RE (v, 0) + R (v, 1)
——

of oty o

the population” being
described by v

Total rate of ‘outflow’
from the population v
due to births and deaths

Total rate of ‘inflow’
into the population v
due to births and deaths

()
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Substituting Egs. (1)—(4) into Eq. (5) and rearranging, we thus see
that P(v,t) must satisfy:

‘Z—l:(v, 1) = / [(€7 = DbGxIVIP(, 1) + (EF = Dd(x|[V)P(v,1)]| dx (6)
T

Eq. (6) completely describes the stochastic evolution of the popula-
tion, and can be thought of as an infinite-dimensional ‘master equa-
tion’ (Van Kampen, 1981, Equation 5.1.5) or Kolmogorov Forward
Equation (Karatzas and Shreve, 1998, Equation 5.1.6).

2.1. The population density field

On ecological grounds, I assume the birth-death process admits a
carrying capacity, or more generally a population size measure (Czuppon
and Traulsen, 2021) K > 0 such that the expected population growth
rate of every type is negative whenever the total population size
exceeds K. In other words, I assume that the functionals b(x|v) and
d(x|v) are such that there exists a K > 0 such that for any set A C
T, [, b(x|v) —d(x]v) ]Jdx < O whenever [ vdx > K. In this case,
we expect the stochastic process to remain in the domain where the
total population size fr vdx is O(K). Thus, K = oo corresponds to an
infinitely large population. By dividing v(-,7) by K, we can now obtain
a new field ¢(x,7) = v(x,1)/K. For any set AC T, fA ¢(x,1)dx gives the
‘population density’ of individuals that have trait values that lie within
the set A. I will call ¢ the population density field. The field at time ¢
is defined as

N()

=Lyp=L
B0 = vl = gf&x'

Note that since the total population size fT v(x,dx is O(K), the total
population density fr ¢(x,1)dx is O(1). The parameter K, along with the
scaling assumptions on the birth and death rate functionals, are such
that, for any ¢ > 0, [, ¢(x,)dx — 1 as K — co. Thus, the limit K —
oo corresponds to finite population densities but infinite population
sizes. Mathematically, I assume we can find two non-negative O(1)
functionals by and dy such that the birth and death rate functionals
b(x|v) and d(x|v) can be rewritten as:

b(x|v) = Kby (x|v/K) = Kbg(x|$)

)
d(x|v) = Kdg(x|v/K) = Kdg(x|¢)

. The new stochastic field {¢(-,1)},5, takes values in

My(T) = {%2‘&» | neN,x,.eT}
i=1

As before, ¢(x,1) can be thought of as analogous to a ‘probability den-
sity function’ for the population density in the sense that the population
density of individuals with trait values that lie within the (infinitesimal)
interval (x, x + dx) is informally ¢(x,7)dx. If K is large, each individual
contributes a negligible amount to the total density field and the field as
a whole begins to look approximately continuous (over the trait space),
allowing us to now speak about the value of the field at a particular
trait value x instead of merely speaking about the density of individuals
within subsets of the trait space. I take this continuity as an assump-
tion, but it can be shown to rigorously hold under various technical
conditions using more sophisticated mathematical tools (Champagnat
et al., 2006; Week et al., 2021). Let P(¢, t|¢,0) be the probability that
the population density field is given by ¢ € Mg (7) at time ¢ if the
stochastic process was initialized with the field ¢, € Mg (7) at time 0.
As before, I omit the conditioning below for notational simplicity. We
are interested in finding an equation for how P(¢, ) changes over time.

2.2. Functional forms of the birth and death rates

I assume that the birth and death functions take the form:
b (x|) = px, BTV (x| $) + pO(x|$)

(ind) ®)
dg (x|$) = p(x,0d "V (x|¢)
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where y > 0 is a constant and 5D (x|¢), 41D (x|¢), and O(x|¢) are all
O(1) and continuous in both x and ¢. Here, the functionals 54D (x|¢)
and d"®(x|¢) can be thought of as describing the birth and death rate
of type x organisms in a population ¢ at an individual (per-capita)
level. The term Q(x|¢) describes contributions to the birth rate that
are not of the form ¢F[x|¢]. If at some time ¢ there are no type x
individuals in the population (¢(x,?) = 0), type x individuals may still
arise in the population due to immigration or mutations of other types
during birth. However, such births cannot be incorporated into »(nd
since the product ¢(x, )b (x|$) vanishes whenever ¢(x,1) = 0. For
instance, if individuals of type x are born due to mutations at birth of
a different type y, the contribution to the birth rate of type x depends on
a mutation rate and on the value of the density field at y (i.e. on ¢(y, 1)),
but does not depend on the density of type x individuals (i.e. ¢(x,1)).
For simplicity, I will henceforth assume that the population is closed
and Q describes the effects of potential mutational effects during birth,
with y > 0 being a constant mutation rate. Note that we do not need
to include such a term for the death rate, since we must necessarily
have d (x|¢) = 0 when ¢(x, -) = 0 to avoid negative population density
values and thus mutation/emigration that leads to loss of individuals
can be subsumed into d@"®, The functionals 5D (x|¢), 4D (x|¢p), and
QO(x|¢) may be quite complex (as long as they are all bounded for
all x,¢p as t+ - oo0) and could in principle model several ecological
phenomena.

I define w(x|¢), the Malthusian fitness of type x in a population ¢ as

w(x|p) := 6D (x| ) — dD (x| p) ©)

In words, w(x|¢) is a measure of the (stochastic) growth rate of type x
individuals in the population defined by the population density field
¢ due to non-mutational effects. I also define z(x|¢), the per-capita
turnover rate of type x in a population ¢, as

(x|p) := b1 (x| ) + a1 (x| ) (10

The quantity z(x|¢) is a measure of the expected total number of
(stochastic) changes to the density field at point x in a population ¢
due to non-mutational effects.

2.3. Statistical measures for type-level quantities

So far, we have been speaking entirely in terms of population
densities. However, evolution is not in terms of population densities,
but in terms of trait frequencies. To track population sizes, I compute
the scaled population size Ny as

Ng (D) ::/qb(x,t)dx: L‘/v(x,t)dx an
T K Jr

Thus, K N (1) is the total population size at time 7. When the population
is at carrying capacity, Ny = 1. Further, recall that we assumed
J7 d(x.dx = Ng(t) > 1 as K — oo for any fixed 1.
I now define the trait frequency field p(x,t), a stochastic field given
by
v px,n)
P, 1) 1= Jr v(y.0dy 0

Integrating the p(x, t) field in the x variable over any set A C 7 gives us
the frequency of individuals bearing trait values that lie in the set A.

Now, let f(x|¢) : T X M(T) — R be a real function. For example, f
could describe a phenotype, a quantity such as fitness or turnover rate,
or simply a label defined at each trait value x. Given any such type-
level quantity, We can define the mean value of f in the population ¢
at time ¢ as

= /T F(x|)p(x, )dx 13)

(12)

the statistical covariance of two quantities f and g as

Cov(f.g)=fg— /g as
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Table 1
Table of notation.
Symbol Meaning
T Trait space, assumed a subset of R.
8y Dirac mass centered at x € 7. We will use this to characterize a single individual.
v(y, 1) A stochastic field describing the population at time 7. If the population at time ¢ consists of individuals having trait values {x,,x,,x;,...}, then
v(y,1) = ¥, 6, describes the entire population.
n
M(T) The set {Z 6, | neN,x; €T ;. This is the state space of our stochastic process.
i=1
b(x|v),d(x|v) Birth and death rate functionals for the birth-death process {v(-,7)}-
K Population size measure (Czuppon and Traulsen, 2021). A non-negative number that controls the expected total population size. K — o yields the
infinite population size (but finite population density) limit.
(1) Population density field, v(y,1)/K
n
Mg (T) The set {% Y6, IneNx e T}. This is the state space of our rescaled stochastic process {¢(-,1)} -
i=1
N (1) The rescaled population size fr ¢(y,t)dy. KNg(1) is the total population size at time ¢.
p(x, 1) The trait frequency field ¢(x,1)/Ng (7).

by (x|9). di (x|#)

Birth and death rate functionals for the rescaled process {¢(-,1)},5. I assume the functional forms

b (x|p) = p(x, DIV (x| ) + uO(x|h), d i (x|h) = (x, N D (x| )

P(v,1) Shorthand for P(v,t|v,,0), Probability of finding the population in a state v at time ¢ if it begins in a state v, at time 0.

plind) g (ind) Per-capita birth and death rates, excluding potential mutational effects (see below)

O(x|¢p) Function to model contributions to birth rate that cannot be written in terms of per-capita rates. The strength is parameterized by a constant y > 0.
The analogy is with mutation (parameterized by a mutation rate) or immigration (parameterized by a migration rate). See main text for details.

w(x|p) Malthusian fitness 5@ (x|¢p) — d"D(x|¢) of trait value x in a population ¢.

7(x|p) Per-capita turnover rate b0 (x|¢) + d@"D(x|¢) of trait value x in a population ¢.

7 Statistical mean of f(x|¢) in the population, computed as [, f(x|¢)p(x,1)dx.

Cov(f,g) Statistical covariance between f(x|¢) and g(x|¢) in the population, computed as fg — fg.

W(x,1) A spacetime white noise process on 7 x [0, o) .

and the statistical variance of a quantity f as o—jz, = Cov(f, f). Note
that these three quantities are all statistical measures that describe
how traits are distributed in a given population ¢. They are distinct
from the probabilistic expectation, variance, and covariance obtained
by integrating over an ensemble of populations that represent differ-
ent realizations of the stochastic process. I denote the probabilistic
expectation by E[-] (see Table 1).

3. Results

In principle, Eq. (6) exactly describes the complete stochastic pop-
ulation dynamics of our population of interest. However, in practice,
the exact stochastic process is usually much too complicated to be
studied directly on an exact level. Instead, we will look for approxi-
mate continuous field equations that describe the density field ¢(x,?),
the trait frequency field p(x,7), and the mean value f of any field
describing a type-level quantity f(x|¢) (of particular interest will be
X, the mean value of the trait itself). I relegate the detailed calculations
to the supplementary material, which is entirely mathematically self-
contained (except for using Eq. (6) as a starting point). I provide the
big picture (on a mathematical level) outlining the reasoning behind
the calculations in supplementary section S1. In the main text, I instead
focus on discussing the major results, their biological implications and
interpretations, and connections to various existing formal descriptions
of the evolution of quantitative traits.

3.1. A field equation for population densities

In supplementary section S2, I obtain an approximate equation de-
scribing the behavior of the density field ¢ using an infinite-dimensional
analog of the system-size expansion (Gardiner, 2009, Chapter 13),
also called the diffusion approximation in the population genetics
literature (Crow and Kimura, 1970; Ewens, 2004). I show that if K
is reasonably large, P(¢,r) approximately evolves according to the
equation:
2P = / -2 {[pewix|p) + uO(xI)] P10}
a0 g0 K ’

2

L s
2K 5¢(x)?
where I have suppressed the ¢+ dependence of ¢ for conciseness. Here,
6F /5p denotes the functional derivative of the functional F with respect

{[p)r(x|¢) + uQ(x|$)| P(¢. 1)} | dx @s)

to the function p, defined indirectly as the unique object that satisfies
for any function &

SF . Flp+h&l - Flp)
/ 6p(x) £0odx = }l% h ’ 16

Eq. (15) is a functional Fokker-Planck equation (Gardiner, 2009, Equa-
tion 13.1.25; Garcia-Ojalvo and Sancho (1999), Equation 2.54) or
Kolmogorov forward equation (Karatzas and Shreve, 1998, Equation
5.1.6) for P(¢,1), the probability of finding the population in a state ¢ at
time 7. We now recall that a finite-dimensional Markov process whose
density is described by a Fokker—Planck equation can always equiva-
lently be represented as the solution to an Itd stochastic differential
equation (Gardiner, 2009, section 4.3.5). Exactly analogously, infinite-
dimensional Markov processes whose density functions are described
by functional Fokker-Planck equations can be represented as solutions
to Itd stochastic partial differential equations (Konno and Shiga, 1988,
theorem 1.4; Dawson et al., 2000, theorem 1.2 with g = 0,y = ¢? =
1,e> = 2). Thus, the stochastic process whose probability density is
described by Eq. (15) must satisfy the stochastic partial differential
equation (SPDE):

) .
—;5 (x.1) = [bCx. Dw(x]) + pOGIA] + —= V(e Dr(xI) + HOGIGW (x.1)
d VK

a7

where W (x,1) is the spacetime white noise on 7 x [0, o), defined indi-
rectly (Pardoux, 2021) as the object that satisfies for any two square-
integrable functions f,g on 7 x [0, ) and any time 7 > 0:

1
E [/ / f(u, S)W(u.s)duds] =0
o Jr
t . t . t
E [/ / f(u,x)W(u,s)duds/ /g(u, A‘)W(u,x)dud&] =/ / f(u,s)g(u, s)duds.
0 T 0 JT 0 Jr

(Week et al., 2021) provide an excellent introduction to spacetime
white noise processes. In supplementary section S8, I show how the
equation for the density field can be combined with a weak noise
approximation and Fourier techniques to study phenotypic cluster-
ing and adaptive diversification/speciation. The analytic pipeline for
studying phenotypic clustering via Fourier techniques has already been
developed for some specific models in previous studies (Rogers et al.,
2012; Rogers and McKane, 2015), but to the best of my knowledge,
supplementary section S8 provides the first general treatment.

18
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3.1.1. The infinite population limit
Taking the infinite population limit (K — o) in Eq. (17) yields a
deterministic process whose evolution is described by the PDE:
d
¢ SO0l +  pOID) 19
Nvvereama serreae’ ——

— .=
ot

Additional growth rate
due to mutations

Growth rate due to

ecological interactions
Eq. (19) describes the change in population densities as the sum of
two terms. The first term is the difference between the per-capita
birth and death rates of type x individuals (w(x|¢)) multiplied by the
current population density at the point x, and represents growth due to
ecological interactions in the absence of mutation; This can be seen by
comparing Eq. (19) (with u = 0) to one-dimensional ecological models
of the form N, = N,f(N,) (ex: f(N,) = r gives exponential growth,
f(N) = (- N,/K) gives logistic growth, and so on). The second term
on the RHS of Eq. (19) describes the effects of mutation on growth rate;
This term is always non-negative because we only incorporated the
effects of mutation in the birth rate in Eq. (8). Models of this form are
precisely the non-spatial ‘PDE models’ discussed in studies of adaptive
diversification (Doebeli, 2011). Eq. (19) is also the starting point of
‘oligomorphic dynamics’ if one assumes the population is composed
of a small number of ‘morphs’, i.e. ¢(x,7) = Zf=l n (D (x, 1), where
n, > 0 is the abundance of the kth morph, ¢,(x,7) is the phenotypic
distribution of the kth morph, and S is the total number of distinct
morphs in the population (Sasaki and Dieckmann, 2011; Lion et al.,
2023). Finally, equations of the form Eq. (19) have also recently been
proposed as models to study the effects of intraspecific trait variation
in ecological communities (Nordbotten et al., 2020; Wickman et al.,
2023).

3.2. A stochastic replicator equation for the trait frequency field

The dynamics of the per-capita population growth rate can be
studied using Eq. (17). By integrating Eq. (17) in the x variable and
dividing throughout by N, I find

1 dN K

Ne [_()+N (t)/Q(XIqﬁ)dX]

/ Vo(x, Nr(x]¢) + pOxIpW (x,ndx  (20)
\/_ KNg(0)

Thus, mean fitness controls the expected per-capita population growth
rate, mean turnover rate controls the variance in the per-capita popula-
tion growth rate, and mutations contribute to both mean and variance.
Note that the stochastic term here is a simple purely temporal white
noise rather than a spacetime white noise due to the integration over
the x variable.

To describe evolutionary dynamics, we need an equation for trait
frequencies. In supplementary section S3, I derive an SPDE for the
trait frequency field using a heuristic infinite-dimensional It6 for-
mula (Curtain and Falb, 1970, theorem 3.8; Da Prato and Zabczyk,
2014, theorem 4.32). Given a type-level quantity f[x|¢], I define the
selection-mutation operator S,[x|¢] for f in the population ¢ as:
Selxlgl =

(fIxlp] = FO)pCx,1) +

<Q(x|¢)—P(x)/TQ(y|¢)dY>

J

N()

Selection for higher
values of f

Mutation biases/transmission biases
@n

The operator S;[x|¢] represents how the trait frequency field p changes
at the point x in a population ¢ as a balance between two evolutionary
processes: (i) selection for those trait values x that are associated with
higher values of f than the population mean £, and (ii) mutation that
can potentially bias which trait values x arise in the population and thus
how the trait frequency field changes over time. I show in section S3 of

Theoretical Population Biology 161 (2025) 1-12

the supplementary that the stochastic dynamics of the trait frequency
field p(x, ) are described by the remarkably compact equation:
1 1

ap .
— (.0 =S,[x|¢p] - S lxlgpl+ ——— W, (x,1) (22)
ot KNK(I) \/ENK(I)
——
Classical Noise-induced Undirected stochastic
selection- selection- fluctuations
mutation mutation
where
W, (x,1) 1= \p(x, )(x|p) + Qx| )W (x.1)
- p(x) /T V(. DT (v|¢) + pOGIHW (v, D)dy (23)

is a spacetime white noise that vanishes upon taking probabilistic
expectations.

Thus, the trait frequency field is influenced by three distinct evo-
lutionary forces. S, [x|¢] quantifies the selection-mutation balance for
higher fitness w in the population and thus represents the effects of
classical selection and mutation. The —(S,[x|¢]/K Ng) term quantifies
the balance between mutation and selection for lower turnover rates =
(notice the minus sign), and the strength of this force depends inversely
on the total population size K N. This force is called noise-induced
selection, and has been shown to play an important role in diverse finite
population eco-evolutionary systems (Constable et al., 2016; McLeod
and Day, 2019a; Week et al., 2021; Kuosmanen et al., 2022; Mazzolini
and Grilli, 2023; Bhat and Guttal, 2024). Notice that even if a trait is
in complete selection-mutation balance for Malthusian fitness w (i.e.
S,[x|¢p] = 0), the trait frequency field could experience directional
changes arising from a lack of selection-mutation balance for turnover
rates S;[x|¢] due to noise-induced selection. Finally, Wp(x, t) captures
the effects of stochastic fluctuations to the trait frequency field due to
demographic stochasticity. This term exhibits the 1/ VK scaling that is
characteristic of genetic drift. Though the term disappears upon taking
probabilistic expectations E[-] and thus does not influence the expected
behavior over short time scales, discrete trait analogs of this term are
known to be able to directionally bias evolutionary dynamics over
long timescales (McLeod and Day, 2019a,b; Bhat and Guttal, 2024).
Eq. (22) is a stochastic version of the replicator-mutator equation for
quantitative traits in finite, fluctuating populations, as will become
clear upon taking the infinite population limit.

3.2.1. The infinite population limit

If we take the infinite population limit (K — o) of Eq. (22), all
terms other than the selection-mutation operator for fitness drop out
of the equation. Thus, the infinite population limit is the deterministic
process described by the PDE

0 —
a—l;(x, 1 = [w(x|¢) = w®)] ptx, 1) + [Q(x|¢) —p(x,t)/T Q(y|¢)dy] 24

Eq. (24) is a version of the replicator-mutator equation from evo-
lutionary game spaces (Cressman and Tao, 2014). In supplementary
section S4, I show that Eq. (24) also recovers Kimura’s continuum-
of-alleles model (Kimura, 1965) when the trait space is the real line
and the mutational effects in Q(x|¢) are modeled via convolution with
a mutation kernel (ie. modeled such that mutations are symmetric,
more extreme mutational effects are less likely, and the probability
of a mutation of a given mutational effect size is parameterized by a
mutation kernel function). The replicator-mutator equation can also
be derived from a stochastic individual-based model using measure-
theoretic martingale techniques (Champagnat et al., 2006; Wakano
et al., 2017).

3.3. A stochastic price equation

In supplementary section S5, I use the equation for the trait fre-
quency field (Eq. (22)) to show that the statistical mean value of any
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function f (now possibly also varying over time) in the population
obeys the one-dimensional SDE:

df 1 of L dws
— = Cov(w, f)— Cov(r, )+ =— |+ M+(p, Ny + —— ——
T (w, f) kN0 (z, /) < at) 7(p, Ng) _KNK(r) 7
—— N—— N —
Classical Noise-induced Ecological Mutational .
selection selection effects effects ff;:ﬁ:s‘::s
(25)
where

1

N = 2 (1o L
M0 = <1 KN

) </1 f(XI¢)Q(XI¢)dx—?(t)/TQ(yl¢)dy> (26)

is a term describing the effects of mutation/transmission biases and
Tdr
is a purely temporal white noise.

Eq. (25) once again reveals the effects of mutation and selection
in a clear manner: The mean value of f increases due to classical
natural selection if f covaries positively with fitness, and increases due
to noise-induced selection if f covaries negatively with turnover rate.
Mutational biases are captured in the M~ term. The third term on the
RHS of Eq. (25) is non-zero whenever the function f changes over time
through mechanisms other than through changes in the field ¢ itself,
and thus represents the effects of eco-evolutionary feedbacks due to
factors such as plasticity and environmental heterogeneity leading to
changes in the function f over time. This term also generically occurs
in the Price equation and Fisher’s fundamental theorem for discrete
traits (Lion, 2018; Kokko, 2021). Finally, the last term on the RHS of
Eq. (25) represents the effects of undirected stochastic fluctuations that
incorporate the effects of genetic/ecological drift. Note that Eq. (25)
holds for any type level field f(x|¢). In supplementary section S6, I
present a stochastic analog of Fisher’s fundamental theorem that arises
upon substituting f(x|¢) = w(x|¢) and x = 0 into Eq. (25).

= /T (/G168 =T ) VA De19) + HOOIBW (x.0dx (27

3.3.1. The infinite population limit
If we take the infinite population limit in Eq. (25), we obtain a
deterministic ODE that reads

[;—f = Cov(w, f) + <ﬂ> +u (/ f(XI¢)Q(XI¢)dx—7(I)/ Q(y|¢)dy>
t ot 7 T

(28)

Eq. (28) is a (dynamic) version of the Price equation for quantitative
traits. For the special case f(x|¢) = x, the quantity df /ot is identi-
cally 0, and Eq. (28) reduces to a more familiar version of the Price
equation (Page and Nowak, 2002; Lion, 2018):

‘2_’:‘ = Cov(w,x)+ u (/T xO(x|p)dx —E(z)/Q(y|¢)dy> (29)

3.4. A stochastic equation of gradient dynamics in finite populations

Consider now the special case f(x|¢p) = x in Eq. (25). In this
section, I restrict myself to the strong selection, weak mutation limit.
Specifically, I assume:

» Rare mutations, i.e. y is infinitesimally small.

» Small mutational effects with ‘almost faithful’ reproduction,
meaning O(x|¢) is infinitesimally small.

» Strong selection, meaning that types with low relative fitness
are immediately eliminated and the population is sharply peaked
around a few trait values.

Mathematically, these assumptions mean that if we begin with a
monomorphic population ¢(x,0) = Nk (0)s, , the population (at least
initially) remains strongly peaked about the mean value of the trait,
with some small spread due to the (infinitesimal) mutational effects;
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Thus, I assume mathematically that ‘7;%(’)’ the variance of the trait in
the population at time ¢, is infinitesimal but non-zero. The density field
¢(x,1) can then be approximated by a scaled Dirac delta mass N ()5,
moving across the trait space according to a trajectory governed by
a function y(#) (to be found). I show in supplementary section S7
that under these assumptions, the trajectory y(f) of a monomorphic
population ¢(x,7) = Ng()d,(, is approximately given by
dy _ 5 0G(x;y) aw,

2

) ———— 30
ar - o o vy I (30)
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Finite population Stochastic

Selection Gradient Fluctuations

The quantity G(x;y) is given by

G(x;)) = w(xINgs,) - “(x|Ngs,) €3]

KNy ()
—_—— —mo— —

Classical Noise-induced
Selection Selection

and represents the balance between classical natural selection and
noise-induced selection. dG/ox is thus a modified selection gradient
that not only accounts for classical selection, but also incorporates
noise-induced selection. The white noise term in Eq. (30) is given by

dw, 4
= /T (x = () T(x|N g (18 )W (x, 1)d x (32)

and vanishes upon taking probabilistic expectations over realizations.
Note that the expected dynamics in the finite population do not follow
the classic natural selection gradient as occurs in infinite population
models, but instead follow a gradient that represents the balance be-
tween classical selection and noise-induced selection. Champagnat and
Lambert (2007) have also obtained an SDE for adaptive dynamics in
finite populations that they call the ‘canonical diffusion’ of adaptive
dynamics.

3.4.1. The infinite population limit
Taking K — oo in Eq. (30), we obtain
dy ow(x|s,)

ar T ox @3

x=y

The term w (x|5,,) is the expected growth rate of an individual
with trait value x in a population in which (almost) every individual
has trait value y. This quantity is referred to as the invasion fitness of
a ‘mutant’ x in a population of ‘resident’ y individuals. Eq. (33) is the
canonical form of a broad class of models captured under the name
of ‘gradient dynamics’ (Abrams et al., 1993; Taylor and Day, 1997;
Lehtonen, 2018). It is also deeply related to the canonical equation of
adaptive dynamics (Lion, 2018; Lehtonen, 2018).

4. Discussion

The stochastic field theoretic formalism I present provides a method
for studying eco-evolutionary dynamics of populations bearing a single
one-dimensional quantitative trait from the biological first principles of
birth and death. In particular, I have derived an equation for studying
ecological dynamics by tracking population densities (Eq. (17)) and
have also derived SDE/SPDE:s for evolutionary dynamics that generalize
the replicator-mutator equation (Eq. (22)), Price equation (Eq. (25)),
and gradient dynamics (Eq. (30)). Along with describing the effects of
natural selection, mutation/transmission bias, and genetic drift, these
equations also provide a general description of the role of noise-induced
selection in affecting the evolutionary trajectories of finite, fluctuating
populations (Gillespie, 1974; Constable et al., 2016; McLeod and Day,
2019a; Week et al., 2021). As a concrete example of the utility of these
equations, I present a simple asexual model of resource competition in
section S9 of the Supplementary that recovers the quantitative logistic
equation (Doebeli, 2011) in the infinite population limit, and a second
example in section S10 that recovers as the Fisher-KPP equation in
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the infinite population limit but whose finite population dynamics does
not correspond to the ‘stochastic Fisher—KPP equation’ (Doering et al.,
2003) (but is the SPDE expected by Champagnat et al., 2006).

One intriguing application of the general formalism outlined in this
paper is in the study of the emergence of sympatric polymorphism
for quantitative traits via evolutionary branching (Doebeli, 2011).
Adaptive dynamics, the primary theoretical framework for studying
evolutionary branching, is typically formulated in an infinite popu-
lation setting (Geritz et al., 1998; Doebeli, 2011; Avila and Mullon,
2023) obtained as a deterministic limit of an underlying stochastic
model (Dieckmann and Law, 1996; Champagnat and Lambert, 2007) .
However, studies show that finite populations exhibit a systematically
lower tendency to undergo evolutionary branching and/or take longer
to branch than predicted by infinite population frameworks, and may
remain monomorphic if the population size is too small (Johansson
and Ripa, 2006; Claessen et al., 2007; Wakano and Iwasa, 2013;
Débarre and Otto, 2016; Johnson et al., 2021). SPDEs can often exhibit
noise-induced phase transitions where stochasticity causes qualitative
changes in the behavior of the system as a parameter controlling
the strength of noise in the system is varied. Such transitions can be
systematically studied using the language of non-equilibrium statistical
physics (Garcia-Ojalvo and Sancho, 1999, Chapter 3). The SPDEs I
formulate in this paper, where the strength of stochastic fluctuations
scales as K~!/2, suggest that the failure of evolutionary branching in
small populations could be reformulated and studied very generally
in terms of a noise-induced phase transition in which the population
size measure K is the driving parameter. Alternatively, the stochastic
version of the gradient equation (Eq. (30)) could be used to study
evolutionary branching in finite, fluctuating populations exactly analo-
gously to how invasion fitness functions and their effects on population
dynamics are used to study branching in infinite population models via
the canonical equation of adaptive dynamics (Doebeli, 2011). In fact,
Eq. (30) directly shows that evolutionarily singular points (points at
which the RHS of Eq. (33) vanishes) need not be fixed points for finite
populations when noise-induced selection is present. This fact could be
a general factor hindering evolutionary branching in finite populations,
since a population may not stay at an evolutionary branching point
for long enough to allow polymorphisms to become established in
the population. I also provide a general method to study evolutionary
branching using the density field and a ‘weak noise approximation’ in
section S8.

4.1. Connections with previous studies

Lande (1976) has used tools from probability theory to study the
effects of demographic stochasticity in populations bearing quantitative
traits and evolving in discrete time. My work can be viewed as an
extension of Lande’s framework to fluctuating populations evolving in
continuous time. Alternatively, the formalism can be seen as a gener-
alization of Lion (2018)’s conceptual synthesis of eco-evolutionary dy-
namics to finite, fluctuating populations: Taking the infinite population
limit of the equations presented in this paper yields the quantitative
traitversions of the equations presented in Lion (2018). Just like in Lion
(2018), equations for moments such as the mean value (Eq. (25)) and
variance of any field can be iteratively obtained from the stochastic
replicator-mutator equation (Eq. (22)) using It6’s formula.

The first study of noise-induced selection for reduced turnover rates
is generally attributed to Gillespie (1974) (see Veller et al. (2017)).
Gillespie was interested in variance in offspring numbers, and the effect
I identify as noise-induced selection is therefore often referred to as
a selection ‘for reduced variance’ in the bet-hedging and life-history
evolution literature since z; controls the infinitesimal variance of the
density process through Eq. (17) (but note that the variance in this case
is variance in per capita growth rate rather than variance in number of
offspring, and that the stochasticity here is intrinsic to the population
rather than being the result of a fluctuating external environment). My
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formulation can be connected with the bet-hedging literature in three
distinct ways: (1) while Gillespie (1974) worked with simple models
in which individuals could have only one of two possible phenotype
values, the formalism I present in this paper provides equations describ-
ing noise-induced selection in populations bearing quantitative traits
in which infinitely many distinct phenotypes may arise over time. (2)
Later models of bet-hedging literature in life-history evolution often
use an approach that is ‘dynamically insufficient’: rather than finding
dynamical equations that are forward-looking in time, these studies
instead partition a given amount of phenotypic change between two
successive generations into various components in the style of the
Price equation (Frank and Slatkin, 1990). In contrast, my approach
is dynamic, providing SDEs and SPDEs that are ‘forward-looking’ in
time. In this sense, the paper can be considered as a generalization of
some of the ideas studied in Parsons et al. (2010) and Bhat and Guttal
(2024) to the study of quantitative traits. (3) The equations I derive in
this paper also model a second noise-induced effect that is often not
discussed in bet-hedging literature: The ‘noise’ terms (stochastic inte-
gral terms in the SDEs/SPDEs) have recently been shown to contribute
to systematic directional biases in long-term evolutionary trajectories
through a mechanism that is distinct from the ‘Gillespie effect’ from
bet-hedging theory (McLeod and Day, 2019a). However, McLeod and
Day (2019a) work with discrete traits, and my work can thus also be
viewed as an extension of McLeod and Day (2019a) to populations
bearing quantitative traits.

Week et al. (2021) have recently independently arrived at the
equations for trait frequencies (Eq. (22)) and mean trait value (Eq. (25)
for the special case f(x|¢) = x) by studying the scaling limits of
measure-valued branching processes using certain heuristics for space—
time white noise (Week et al., 2021). My formalism and Week et al.
(2021)’s formalism are complementary to each other. My formulation
provides an alternate method of attack for the study of quantitative
traits in finite fluctuating populations that may be more appropriate
for some particular problems (such as phenotypic clustering; see section
S8), while the approach in Week et al. (2021) may be more appropriate
for others. Etheridge et al. (2024) have also recently studied similar
infinite-dimensional stochastic processes and their scaling limits in the
context of spatial ecology. Though the focus of their work is ecological,
many of the technical tools used and scaling limits studied are comple-
mentary to this paper as well as the more rigorous work of Champagnat
et al. (2006) and Week et al. (2021).

4.2. The utility of the SPDE approach

In this paper, I have used an analytical pipeline that consists of
modeling the population as an infinite-dimensional birth-death pro-
cess, describing the dynamics via a master equation, and then finding
an approximate continuous approximation using a so-called ‘system
size expansion’ (Fig. 2). This general approach first arose in statistical
physics to describe the erratic motion of particles that are under the
influence of a large number of forces (Kramers, 1940; Moyal, 1949;
Van Kampen, 1981; for the infinite-dimensional version, see sections
13.1 and 13.2 of Gardiner, 2009). For discrete traits, the general
analytical pipeline is well-known in population genetics, where it goes
by the name of the ‘diffusion approximation’ (Feller, 1951; Kimura,
1964). Though most standard treatments of the diffusion approxima-
tion assume the total population size is strictly constant or varies
deterministically (Crow and Kimura, 1970; Ewens, 2004; Lambert,
2010; Czuppon and Traulsen, 2021), this assumption is not actually
necessary (Feller, 1951, section 10), and indeed, relaxing the assump-
tion can have important consequences for population dynamics through
noise-induced selection (Gillespie, 1974; Parsons et al., 2010; Constable
et al., 2016; McLeod and Day, 2019a).

I have shown how an approximation scheme that is very similar in
spirit (Fig. 2) can also be used to model the evolution of quantitative
traits using functional derivatives and SPDEs rather than martingale
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Quantitative traits
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Measure ('function') valued birth-death process
with non-constant population size

Eq. 2.3 in Fournier & Meleard 2004; Eq. 2.2 in Champagnat et
al. 2006; Eq. 2.2 in Champagnat et al. 2008; Eq. 6 in this paper

System size expansion
(Diffusion approximation)

Stochastic Partial Differential Equations (SPDEs)

Densities - Eq. 20. in Week et al 2021; Eq. 17 in this paper
Frequencies - Eq. 22 in this paper

Trait means - Eq. 25 in this paper; Eq. 21b in Week et al 2021 is
a special case. The strong selection, weak mutation limit of both
equations yield Eq. 30 in this paper

Infinite Population limit

Partial Differential Equations (PDEs)

Densities - Oligomorphic dynamics; Wickman et al. 2023
Frequencies - Continuous trait game theory (continuous
replicator equation); Kimura's continuum-of-alleles

Trait means - Price eq Fisher's fund I theorem
Strong selection, weak mutation limit of the Price equation:
Gradient dynamics, adaptive dynamics

Fig. 2. Summary of the analytic pipeline used in this manuscript and a comparison with discrete trait models. Papers listed provide examples of previous studies that are
situated at various points in this pipeline. I have deliberately tried to cite older papers wherever possible. Page and Nowak (2002), Lion (2018), and Lehtonen (2018) speak about
the bottom most panels and the connections between the various deterministic equations. Bhat and Guttal (2024) discuss the panel on the left. Champagnat et al. (2006) discuss

the panel on the right from the measure-theoretic perspective.

techniques. My approach also helps clarify the mathematical connec-
tions between models of the evolutionary dynamics of discrete traits
and those of quantitative traits — informally, the field equations I
present in this paper are the ‘m — oo’ limit of equations describing
the evolution of m discrete traits upon replacing sums with integrals
(see Bhat and Guttal, 2024 for the discrete trait equations in the same
notation as used in this paper). Conversely, discrete trait dynamics
can be recovered from the field equations presented in this paper and

in Week et al. (2021) by discretizing the trait space, for instance by
dividing the trait space 7 C R into m disjoint intervals and treating all
individuals that have trait values within the same interval as equivalent
(Fig. 2).

The equations I derive in this paper also allow us to leverage
tools from dynamical systems that complement the tools that come
with the more probabilistic approach used in the current literature.
For instance, models in theoretical population biology and population
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genetics routinely assume a separation between ecological and evolu-
tionary timescales (Parsons et al., 2010; Constable et al., 2013; Chotibut
and Nelson, 2017; McLeod and Day, 2019a) to make stochastic dynam-
ics more amenable to analysis. Parsons and Rogers (2017) have recently
extended the relevant mathematical machinery (‘adiabatic elimination’
in physics language, ‘slow manifold approximation’ in mathematics
language) to infinite dimensional systems (i.e. SPDEs). The SPDEs I
present in this paper may thus allow us to by-pass the formidable
stochastic analysis tools that are required for formulating timescale sep-
aration arguments in the more rigorous measure-theoretic martingale
perspective (see, for instance, section 5 in Champagnat et al., 2008).
SPDEs are also more amenable for studying noise-induced oscillations
in population abundance (Garcia-Ojalvo and Sancho, 1999, Chapter 5)
using spectral methods similar to those in supplementary section S8.

Currently, stochastic field equations of the kind I derive here are pri-
marily used by statistical physicists (Garcia-Ojalvo and Sancho, 1999)
and are attacked using ingenious heuristic tools such as the path
integral formalism (Hochberg et al., 1999; Chow and Buice, 2015;
Weber and Frey, 2017), Feynman diagrams (Thomas et al., 2014),
Fock space methods (Del Razo et al., 2022), and the renormalization
group (Tauber et al., 2005). The equations and general approach I
develop are also intended to encourage the use of such techniques from
physics in studying the evolution of quantitative traits.

4.3. Summary and outlook

In this paper, I have presented a field theoretic approach to mod-
eling the eco-evolutionary population dynamics of quantitative traits
in finite, fluctuating populations. The equations I derive provide a
generic description of evolutionary dynamics in finite, fluctuating pop-
ulations that includes the effects of noise-induced selection along-
side the more standard forces of natural selection, mutation, eco-
evolutionary feedbacks, and genetic/ecological drift. My approach uses
techniques grounded in statistical physics and the calculus of vari-
ations that are analogous to the diffusion approximation from pop-
ulation genetics (Fig. 2). It supplies an alternative perspective that
complements current formulations of evolutionary dynamics of quan-
titative traits in finite populations that typically use martingale tech-
niques (Champagnat et al., 2006, 2008; Boussange and Pellissier, 2022;
Etheridge et al., 2024).

Importantly, the formalism I develop here likely does not carry over
to the study of population dynamics in higher dimensional trait spaces.
This is because stochastic processes driven by spacetime white noise
are habitually badly behaved in higher spatial dimensions, making
analytical progress very difficult. For example, measure-valued birth—
death processes and their scaling limits (superprocesses) often do not
admit a density with respect to the Lebesgue measure in > 2 dimen-
sions (Fleming and Viot, 1979; Konno and Shiga, 1988; Dawson et al.,
2000; Etheridge, 2000; also see Remark 4.1.1.2.3 in Champagnat et al.,
2008 and Remark 2.20 in Etheridge et al., 2024). Even if we were to
ignore this technical point, SPDEs in > 2 dimensions routinely do not
even admit any function valued solutions (Etheridge, 2000; Pardoux,
2021) and are thus difficult to handle analytically. It may well be the
case that concrete biologically useful progress in this direction requires
radically new mathematics, a situation increasingly also encountered
in other areas of mathematical biology (Borovik, 2021; Vittadello and
Stumpf, 2022).
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