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Abstract

In this thesis, we are concerned with the globalization of a semismooth Newton method
for `1-Tikhonov regularization. This regularization strategy for inverse problems with
sparsity constraints leads to a convex, nonsmooth minimization problem. Here, one as-
sumes that solutions to the inverse problem can be represented in a basis by few basis
vectors. Such problems appear in various applications from science and engineering.
We consider discrete problems over the sequence space `2. The optimality conditions of
the minimization problem considered in this work are equivalent to a root-finding prob-
lem for a nonlinear, locally Lipschitz continuous operator. This mapping is not Fréchet
differentiable but it has a (nonunique) Newton derivative. Based on this generalized
derivative concept, a locally superlinearly convergent, semismooth Newton method has
been proposed in the literature. However, the convergence of local Newton methods is
not guaranteed in general for an arbitrary initial guess. In order to globalize the algo-
rithm, we consider a B(ouligand)-Newton method. We show that the mapping is Bouli-
gand differentiable. That is, we verify that the nonlinearity is directionally differentiable
and that the directional derivative in addition fulfills an approximation property. The
B-Newton method is defined by using the Bouligand derivative. We discuss the feasibil-
ity of the B-Newton method. The resulting algorithm is called a B-semismooth Newton
method because it can also be interpreted as a semismooth Newton method. At points
where the nonlinearity is differentiable, the iterates of the local B-semismooth Newton
method coincide with the iterates of the original semismooth Newton method from the
literature. The algorithm converges locally superlinearly and is an active-set method. In
other words, the Newton equations are finite-dimensional in the vicinity of a root. In par-
ticular, linear inverse problems can be solved within a finite number of iterations. The
B-Newton directions satisfy a descent property with respect to the square norm of the
residual. Due to this fact, we globalize the algorithm in a finite-dimensional setting by
inexact line search. A drawback of this approach is that the sequence of iterates might
begin to stagnate. Therefore, by a modification of the Newton equation, a globally con-
vergent algorithm is proposed. The modified approach is less efficient in practice than
the globalized B-semismooth Newton method. Therefore, we recommend a hybrid algo-
rithm that combines both methods and is locally superlinearly and globally convergent.
We present numerical results that demonstrate the efficiency of the methods. Moreover,
we discuss the influence of different parameters on the computational cost of the algo-
rithms.
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Zusammenfassung

Diese Arbeit behandelt die Globalisierung eines halbglatten Newtonverfahrens für die
`1-Tikhonovregularisierung. Dieses Regularisierungsverfahren für inverse Probleme mit
dünnbesetzten Lösungen führt zu einem konvexen, nichtglatten Minimierungsproblem.
Hierbei wird angenommen, dass Lösungen des inversen Problems in einer gegebenen
Basis durch wenige Basisvektoren repräsentiert werden können. Solche Problemstellun-
gen treten in zahlreichen Anwendungen aus Naturwissenschaft und Technik auf. Wir be-
trachten diskrete Probleme über dem Folgenraum `2. Die Optimalitätsbedingungen der
in dieser Arbeit betrachteten Minimierungsaufgabe führen zu einem Nullstellenproblem
einer nichtlinearen, lokal Lipschitz-stetigen Abbildung. Diese Abbildung ist zwar nicht
Fréchet-differenzierbar, allerdings besitzt sie eine (nicht eindeutige) Newton-Ableitung.
Basierend auf diesem verallgemeinerten Ableitungskonzept wurde in der Literatur ein
lokal superlinear konvergentes, halbglattes Newtonverfahren vorgeschlagen. Die Kon-
vergenz lokaler Newtonverfahren ist jedoch im Allgemeinen nicht für jede Startnähe-
rung gesichert. Mit dem Ziel der Globalisierung des Verfahrens betrachten wir in dieser
Arbeit ein B(ouligand)-Newtonverfahren. Wir zeigen, dass die Nichtlinearität Bouligand-
differenzierbar ist. Das heißt, dass die Abbildung richtungsdifferenzierbar ist und die
Richtungsableitung zusätzlich eine Approximationseigenschaft erfüllt. Das B-Newton-
verfahren basiert auf dieser verallgemeinerten Ableitung. Wir diskutieren die Durch-
führbarkeit des B-Newtonverfahrens. Es stellt sich heraus, dass es sich hierbei eben-
falls um ein halbglattes Newtonverfahren, also um ein B-halbglattes Newtonverfahren,
handelt. An Differenzierbarkeitsstellen der Nichtlinearität stimmen die Iterierten des B-
halbglatten Newtonverfahrens mit denen des ursprünglichen, halbglatten Newtonver-
fahrens aus der Literatur überein. Der Algorithmus konvergiert lokal superlinear und ist
eine Aktive-Mengen-Methode, das heißt, die Newtongleichungen sind in der Nähe einer
Nullstelle endlich-dimensional. Insbesondere können lineare inverse Probleme in end-
lich vielen Schritten gelöst werden. Die B-Newtonrichtungen besitzen eine Abstiegsei-
genschaft bezüglich der Quadratnorm des Residuums. Mit Hilfe dieser Eigenschaft wird
der Algorithmus im Endlichdimensionalen durch inexakte Liniensuche globalisiert. Ein
Schwachpunkt des globalisierten Algorithmus ist, dass die Folge der Iterierten zu stag-
nieren beginnen kann. Durch eine Abwandlung der Newtongleichung wird ein modifi-
ziertes Verfahren hergeleitet, das ohne Zusatzannahmen global konvergiert. Da dieser
modifizierte Algorithmus in der Praxis aufwendiger als das globalisierte B-halbglatte
Newtonverfahren ist, wird ein hybrides Verfahren vorgeschlagen. Dieser Algorithmus
kombiniert beide Verfahren und ist lokal superlinear und global konvergent. Numeri-
sche Resultate demonstrieren die Effizienz der Verfahren. Außerdem wird der Einfluss
verschiedener Parameter auf den Rechenaufwand der Algorithmen diskutiert.
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Introduction

In natural sciences and engineering, unknown quantities can often only be deduced from
indirect measurements. Such problems are called inverse problems [38, 74, 76, 96, 126]. Nu-
merous applications come for instance from image processing, medical imaging, non-
destructive material testing, geophysics and financial mathematics. In this thesis, we are
concerned with the efficient numerical treatment of a special class of discrete, possibly
infinite-dimensional inverse problems where a solution can be represented in some ba-
sis by a finite number of basis vectors. This property is called sparsity. A well-known
regularization method for inverse problems with sparsity constraints is `1-Tikhonov reg-
ularization. Here, the optimality conditions of a nonsmooth minimization problem lead
to a zero-finding problem that is defined by a nonsmooth but locally Lipschitz continuous
nonlinearity. Linear inverse problems with sparsity constraints can efficiently be solved
with a semismooth Newton method, a generalized Newton method introduced by Herzog
and Lorenz [58] as long as an initial guess is available that is sufficiently close to a solu-
tion. Muoi, Hào, Maass and Pidcock [103] generalized this method to nonlinear inverse
problems and proposed a quasi-Newton method. Semismooth Newton methods are very
efficient in practice and competitive with other state-of-the-art methods. However, they
are not globally convergent in general. In other words, if the initial guess is poor, local
semismooth Newton methods may fail to solve the problem. In this work, we address
the globalization of the latter methods to ensure convergence for any initial guess.

Newton’s method is a well-known iterative algorithm for nonlinear zero-finding prob-
lems. In mathematical programming, Newton’s method can be applied to the optimality
conditions of unconstrained, convex minimization problems [31,32,52]. The nonlinearity
is linearized at the current iterate and the root of this linearization is defined as the new
iterate. Hence, in each step, a linear system has to be solved that is called the Newton
equation. Under appropriate assumptions, the sequence of iterates approaches a root
of the nonlinear function. The linearizations are defined using the Fréchet derivative.
Therefore, the nonlinearity has to be smooth for the application of Newton’s method.
Newton’s method is competitive due to its locally quadratic convergence in a neigh-
borhood of a root. To this end, one has to require some regularity assumptions on the
nonlinearity [31, 32, 50, 145].

Zero-finding problems for nonlinearities that are not Fréchet differentiable are com-
mon in applications. The research in this area was influenced by emerging applications
from economy and engineering that can be formulated as nonlinear programs or varia-
tional inequalities [41, 71]. In the case of nonsmooth nonlinearities, one may make use of
some kind of generalized derivative to apply Newton’s method at points where the func-
tion is not differentiable. Such generalized Newton methods for nonsmooth zero-finding
problems have been studied extensively in the last decades [41,109,114]. For a review on
the developments in the field, we refer to the preface of [40] and to [71, 114], see also the
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INTRODUCTION

references therein. In the next paragraph, we will give a short overview of some concepts
of generalized derivatives and related generalized Newton methods.

Kojima and Shindo [85] extended Newton’s method to piecewise continuously differ-
entiable functions between finite-dimensional spaces. A successive approximation method
[113] was introduced by Qi and Chen. There, the nonsmooth nonlinearity is approxi-
mated at each Newton iterate by a smooth function. Some other methods are based on
different types of generalized derivatives. The concept of generalized Jacobians for finite-
dimensional, locally Lipschitz continuous mappings was introduced by Clarke [19] and
Mifflin [98] for functionals and by Qi and Sun [115] for mappings, see also [20]. The gen-
eralized Newton equation in semismooth Newton methods, proposed by Kummer [87–89]
and Qi and Sun [115], is defined by using generalized Jacobians. Note that this general-
ized derivative is set-valued at points where the mapping is not smooth. The definition of
generalized Jacobians in finite-dimensional spaces is based on Rademacher’s theorem [117]
which states that every locally Lipschitz continuous mapping between finite-dimensional
spaces is differentiable almost everywhere. Chen, Nashed and Qi [18] as well as Ul-
brich [136, 137] extended the concepts of generalized derivatives and semismooth New-
ton methods to infinite-dimensional spaces. We also refer to the work [73] of Hinter-
müller, Ito and Kunisch who considered a semismooth Newton method for constrained
optimal control problems. In [107], Pang introduced the B(ouligand)-Newton method for
finite-dimensional mappings based on the Bouligand derivative. The Bouligand derivative
is a generalized derivative concept that was introduced by Robinson [121]. Shapiro [128]
showed that the Bouligand derivative of a locally Lipschitz continuous mapping between
finite-dimensional spaces coincides with its directional derivative. Moreover, we refer
to the related work [122] where a Newton-type method using point-based approximations
was introduced in a finite-dimensional setting. Furthermore, some modifications of the
B-Newton method were proposed by Pang [108] and by Han, Pang and Rangaraj [63],
see also the work [77] of Ito and Kunisch. Qi [111] proved new convergence results for
several generalized Newton methods for finite-dimensional zero-finding problems. Re-
cently, Hoheisel, Kanzow, Mordukhovich and Phan [75] introduced a version of New-
ton’s method based on graphical derivatives. There, in contrast to the aforementioned
methods, the (finite-dimensional) nonlinearity is only required to be continuous.

A well-known drawback of Newton’s method is the cycling effect. Here, a cycle of
iterates arises that is repeated over and over again without approaching a root of the
nonlinearity. Hence, the method may fail to converge, i.e., it does not converge globally in
general. For that reason, globalization strategies have been developed in the literature to
ensure convergence. Several approaches for classical Newton methods are treated in [31,
32]. Famous strategies for nonsmooth mappings are (inexact) line search, path search and
trust-region methods [41]. The authors of the works [63, 77, 107, 108, 111, 113] mentioned
in the last paragraph discussed the globalization of the respective methods by using line
search strategies. For further applications of line search methods, we refer to [27, 28, 45,
54, 70, 72, 81, 100, 130, 143, 144, 147]. Path search globalization strategies are, e.g., treated
in [14, 118]. Trust-region methods are considered, e.g., in [116, 132, 136].

In this thesis, we consider a nonsmooth zero-finding problem that appears when ap-
plying `1-Tikhonov regularization to inverse problems with sparsity constraints. In order
to illustrate the term inverse problems, let us for the moment assume that data f are avail-
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INTRODUCTION

able from indirect measurements of a quantity of interest u. For instance, the data f could
be a blurred image taken while moving the camera, and u could be the unknown sharp
image. Additionally, we assume that the forward model, i.e. the mapping K that maps
the unknown quantity u to the data f , is known and can be formulated as an operator
equation

K(u) = f ,

where K is called the forward operator. The operator K could, e.g., be a blurring operator
that maps a sharp image u to a blurred image f . The direct problem is the calculation of f
from the given u. The inverse problem is the computation of u from the given data f . In this
case, the operator equation needs to be inverted to determine u. Operator equations that
arise in inverse problems are often ill-posed in the sense that the inverse of K does not exist
or that K is not continuously invertible. Hence, the unknown u does not continuously
depend on the data f . In practice, the data f are corrupted by measurement errors. In
other words, only noisy data f δ ≈ f are available. Here, the subscript δ indicates the
noise that is here assumed to be deterministic. The direct inversion of such an operator
equation may lead to large errors in the solution, even if the relative noise level ‖ f −
f δ‖/‖ f ‖ is small, see [38, 96].

Regularization methods enable the stable numerical solution of inverse problems. In this
thesis, we are concerned with a discrete, ill-posed operator equation, K mapping the
sequence space `2 = `2(N ) into a separable Hilbert space H and data f δ ∈ H, where
we have either N = N or N = {1, . . . , n}. A popular regularization strategy is Tikhonov
regularization [38, 74, 76, 96, 126]. Here, a weighted sum of a discrepancy term and a penalty
term is minimized. In `2-Tikhonov regularization, the discrepancy term is defined as the
square norm of the residual, and solutions with small `2-norm are preferred by adding
an `2-penalty term. Hence, one considers

min
u∈`2

1
2
‖K(u)− f δ‖2

H + w ∑
k∈N
|uk|2,

where u = (uk)k∈N and w > 0 is a regularization parameter that balances the data fidelity
and the size of the `2-norm of the minimizer. The discrepancy term describes the mis-
match between a solution u and the data f δ. The penalty term models some a priori
assumption on u. In the following, we assume that a solution u to the inverse prob-
lem is sparse. Therefore, we use a sparsity-inducing, weighted `1-penalty term. If the
inverse problem has a sparse solution, convincing reconstructions are presented by us-
ing a sparsity-inducing penalty term, e.g., for parameter identification problems with
piecewise constant solutions like electrical impedance tomography [51, 78, 79]. These re-
constructions often have a higher quality than reconstructions using an `2-penalty term,
see also [6] for results for an inverse heat conduction problem. We consider a generic
discrepancy term g that depends on the forward operator K and the (noisy) data f δ. This
leads to the minimization problem of `1-Tikhonov regularization,

min
u∈`2

g(u; K, f δ) + ∑
k∈N

wk|uk|.

Here, each entry of a minimizer is either regularized individually or the regularization
sequence wk ≡ w is chosen equal. The sizes of the regularization parameters wk control the

3



INTRODUCTION

sparsity of a minimizer. The `1-penalty term ensures that a minimizer has only finitely
many nonzero entries if the regularization parameters satisfy wk ≥ w0 > 0 [58]. The
larger the regularization parameters are chosen, the sparser is a minimizer u. The func-
tional g should be chosen according to the type of noise that is expected to be contained
in the data, see, e.g., [21,76]. If the data are perturbed by Gaussian noise, one may use the
square norm of the residual as the discrepancy term, see, e.g., [76]. Note that in this thesis,
we assume g to be smooth and strictly convex. Other applications involving the consid-
ered minimization problem come from regression analysis and machine learning where
the `1-penalty term enforces a sparse solution, see, e.g., [15,16,49,82,90,106,129,133,134].
`1-Tikhonov regularization was considered in many publications, see, e.g., [3, 26, 56, 57,

76,101], the topical review [79] as well as the references therein. For the examples consid-
ered in this thesis, the regularized solutions to the inverse problem under consideration
converge to a solution to the operator equation K(u) = f with unperturbed right-hand
side f , as the noise level tends to zero. To show this, one usually assumes that the reg-
ularization parameters wk are chosen according to some parameter choice strategy, that
appropriate source conditions hold and that the true solution is sparse, see [56, 57, 102].
There exist a number of alternative penalization strategies. As stated above, an `2-penalty
term can be used. Other penalty terms that are applied in practice are, for instance, `p-
(quasi) norms with p ∈ (0, 1), see, e.g., [148], `p-norms with p ∈ (1, 2), see, e.g., [56, 119],
total variation penalties [62, 104] or elastic net penalty terms, where a weighted sum of an
`1- and an `2-norm is considered, see, e.g., [76]. The choice of the penalties depends on
the a priori assumption on the unknown solution.

In contrast to `2-Tikhonov regularization, the objective function in the minimization
problem of `1-Tikhonov regularization, i.e., the sum of the discrepancy and the `1-penalty
term, is not differentiable because of the absolute values in the penalty term. This fact
makes the numerical minimization more difficult. Nevertheless, the optimality condi-
tions of the minimization problem from `1-Tikhonov regularization can, under some
smoothness assumptions on the discrepancy term g, be formulated as a zero-finding
problem

F(u) = 0,

for a nonsmooth, locally Lipschitz continuous mapping F : `2 → `2, see, e.g., [58, 93, 99,
103]. Many solution algorithms are based on this formulation of the optimality condi-
tions. There exists a whole range of algorithms for the numerical solution of the above
nonsmooth minimization problem for `1-Tikhonov regularization or special cases thereof,
see, e.g., [3, 5, 10, 12, 23, 35, 37, 44, 55, 61, 83, 93–95, 104–106, 120, 127, 129, 139, 142, 146]. A
famous example is the iterative soft-thresholding algorithm introduced by Figueiredo and
Nowak [43] and Daubechies, Defrise and De Mol [26]. Many iterative methods for `1-
Tikhonov regularization are linearly convergent, see, e.g., [11,60]. The semismooth New-
ton methods from [58, 103] mentioned above are locally superlinearly convergent but
depend on an initial guess which has to be chosen in the vicinity of a root to ensure
convergence.

Globalized Newton-type methods for `1-penalized minimization in a finite-dimension-
al setting were developed in recent years. These algorithms follow different strategies.
Milzarek and Ulbrich [99] use a filter globalization technique. There, in each iteration a
semismooth Newton step is performed and if the new iterate is not accepted, one it-
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eration of a globally convergent fixed-point method is executed. Byrd, Chin, Nocedal
and Öztoprak [15] introduced a family of second-order methods. There, various choices
of generalized Jacobians at points where the nonlinearity is not differentiable are pro-
posed. The authors present a globalization procedure which is based on a reduction of
the cardinality of the entries of the iterates that do not yet fulfill the optimality condi-
tion of the minimization problem. Lee, Sun and Saunders [90] and Byrd, Nocedal and
Ötztoprak [16] proposed proximal Newton-type methods. Here, the sum of a quadratic ap-
proximation of the discrepancy term around the current iterate and an `1-penalty term
is minimized to obtain a proximal Newton direction. Hence, a piecewise quadratic func-
tional is minimized in each proximal Newton step. These methods are globalized by line
search strategies. Keskar, Nocedal, Öztoprak and Wächter [82] introduced a orthant-based
method with active set prediction that is globalized using a line search procedure involving a
reference point computed by a soft-thresholding iterate. In a different approach of Foun-
toulakis and Gondzio [49], the `1-norm is replaced by a smooth pseudo-Huber function and
a primal-dual Newton conjugate gradient method is considered.

In this work, we focus on the globalization of the semismooth Newton methods from
[58, 103] for `1-Tikhonov regularization. To this end, we have to show that the nonlin-
earity F under consideration is Bouligand differentiable on the entire sequence space
`2 = `2(N). That is, the nonlinearity F is directionally differentiable and satisfies an
approximation property. For that reason, the discrepancy term g has to fulfill appropri-
ate smoothness requirements. In order to develop a globally convergent Newton-type
method, we start with a local B-Newton method based on the Bouligand derivative. It is
shown that the resulting generalized Newton equation is uniquely solvable and is equiv-
alent to a mixed linear complementarity problem [24,123]. However, the generalized Newton
equation usually reduces to a linear system. It turns out that the local B-Newton method
can be interpreted as a semismooth Newton method. Therefore, our algorithm is called
B-semismooth Newton method. The iterates of the B-semismooth Newton algorithm coin-
cide with the iterates of the semismooth Newton methods from [58, 103] at points where
the nonlinearity F is smooth. By construction, the generalized Newton directions of B-
Newton methods are descent directions with respect to the square norm of the residual,
cf. [107]. Hence, the Newton directions of [58, 103] are descent directions if the non-
linearity F is smooth at the actual iterate. In a neighborhood of a root, the generalized
Newton equations of the B-semismooth Newton method are finite-dimensional and their
sizes usually decrease along the iteration. Hence, like the methods from [58, 103], the
algorithm can be efficiently implemented as an active-set method. Based on the descent
property of the generalized Newton directions, we propose an inexact line search strat-
egy to globalize the B-semismooth Newton algorithm in a finite-dimensional setting, i.e.
in the case N = {1, . . . , n}, cf. [107]. In that way, sufficient descent is obtained by in-
troducing suitable damping parameters. Global convergence is ensured as long as the
damping parameters are bounded away from zero. Otherwise, a technical assumption
on the a priori unknown accumulation point of the sequence of iterates is necessary. That
is why we propose a modification of the Newton directions. This modification is moti-
vated by a similar work [108] of Pang who introduced a modified B-Newton method for
nonlinear complementarity problems, nonlinear programs and variational inequalities.
We take advantage of similarities of the nonlinearity F considered in this thesis with a
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min-formulation for nonlinear complementarity problems. Inspired by loc. cit., we mod-
ify the generalized Newton equation in such a way that the resulting algorithm is globally
convergent. The modified B-semismooth Newton method also fits into the framework of [63]
which is a generalization of [108]. The generalized Newton equation of our modified
algorithm usually includes a linear complementarity problem. Therefore, the computa-
tional cost of the modified algorithm is higher than for the (unmodified) B-semismooth
Newton method. For that reason, we propose a hybrid algorithm that combines both
methods to an efficient, globally convergent method.

The outline of this thesis is as follows. In Chapter 1, we introduce our notation and
we review some concepts of derivatives for smooth and nonsmooth functions. Using
tools from convex analysis, we recall the derivation of the nonsmooth zero-finding prob-
lem considered in this thesis. Moreover, we shortly review some concepts of generalized
Newton methods: the semismooth Newton method, the B-Newton method and a modi-
fied B-Newton method. Chapter 2 deals with a local and a global B-semismooth Newton
method for `1-Tikhonov regularization. The properties of the considered nonlinearity are
studied. Moreover, convergence results of the proposed algorithms are shown. To over-
come the theoretical drawback that the method from Chapter 2 may begin to stagnate,
a modified method is proposed in Chapter 3. Global convergence and locally quadratic
convergence are verified. A hybrid method is proposed by combining the algorithms
from Chapters 2 and 3. Numerical results for the proposed algorithms are presented
in Chapter 4. We consider the linear inverse problem of inverse integration and a non-
linear parameter identification problem in an elliptic partial differential equation. The
computational cost of the different methods as well as the influence of parameters on the
convergence properties of the algorithms are discussed.

The results of this thesis are based on joint work with Prof. Dr. Thorsten Raasch. For
a similar setting, the results from Chapter 2 were published in [66]. Chapter 3 is a part
of our preprint [67]. The forward code for a parameter identification problem used in
Chapter 4 was implemented by Dr. Fabrice Delbary.
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Chapter 1

Preliminaries

In this chapter, we review different concepts of derivatives for smooth and nonsmooth
mappings as well as generalized Newton methods. All results stated in this chapter are
well-known. Let us first introduce some notation.

1.1 Sequence and function spaces

In this section, we recall well-known sequence spaces as well as function spaces that
are considered in this thesis using the textbooks [2, 39]. Let X, Y be real Banach spaces.
L(X, Y) denotes the space of linear and bounded operators mapping X to Y. In the case
X = Y, we shortly write L(X) := L(X, X). For 1 ≤ p ≤ ∞, we recall the sequence space
`p = `p(N) := {u = (uk)k∈N : ‖u‖`p < ∞}, where

‖u‖`p :=


( ∞

∑
k=1
|uk|p

)1/p
, 1 ≤ p < ∞,

sup
k∈N

|uk|, p = ∞.

In the finite-dimensional space Rn, the norms ‖ · ‖p, 1 ≤ p ≤ ∞, are defined as

‖u‖p :=


( n

∑
k=1
|uk|p

)1/p
, 1 ≤ p < ∞,

max
1≤k≤n

|uk|, p = ∞.

In the following, we denote vectors u ∈ Rn and matrices A ∈ Rm×n as well as sequences
u ∈ `2 and operators K ∈ L(`2) in boldface.

Let Ω be an open, bounded subset of Rn with smooth boundary ∂Ω. Let C(Ω) denote
the space of continuous functions and Ck(Ω) for k = 1, . . . , ∞ denote the space of k-times
continuously differentiable functions u : Ω → R. The subspace Ck

c (Ω) ⊂ Ck(Ω) denotes
the subspace of all k-times continuously differentiable functions with compact support.
For 1 ≤ p ≤ ∞, we recall the spaces

Lp(Ω) := {u : Ω→ R : ‖u‖Lp(Ω) < ∞},

where

‖u‖Lp(Ω) :=

{
(
∫

Ω |u|
p dx)1/p, 1 ≤ p < ∞,

ess supΩ|u| = inf{c ∈ R : |{u > c}| = 0}, p = ∞.
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CHAPTER 1 PRELIMINARIES

Let α = (α1, . . . , αn), αi ≥ 0, i = 1, . . . , n, be a multi-index. A function v ∈ L2(Ω) is called
the α-th weak partial derivative Dαu of u if we have for all test functions Φ ∈ C∞

c (Ω),∫
Ω

uDαΦ dx = (−1)|α|
∫

Ω
vΦ dx.

We recall the Sobolev space

H1(Ω) := {u : Ω→ R : ‖u‖H1(Ω) < ∞},

where
‖u‖H1(Ω) :=

(
‖u‖2

L2(Ω) + ∑
|α|=1
‖Dαu‖2

L2(Ω)

)1/2.

We cite the well-known trace theorem for the space H1(Ω), see, e.g., [39, p. 258].

Theorem 1.1 Let Ω ⊂ Rn be open and bounded and let the boundary ∂Ω be continuously dif-
ferentiable. Then, there exists a bounded linear operator T : H1(Ω) → L2(∂Ω) and a constant
C > 0 that depends only on Ω with

‖Tu‖L2(∂Ω) ≤ C‖u‖H1(Ω),

for each u ∈ H1(Ω) and Tu = u|∂Ω if u ∈ H1(Ω) ∩ C(Ω).

With Theorem 1.1, we are in the position to define the subspace H1
0(Ω) ⊂ H1(Ω) as

H1
0(Ω) := {u ∈ H1(Ω) : u|∂Ω = 0}.

In the next section, we consider some classical concepts of derivatives.

1.2 Fréchet and directional derivatives

In the following, we mainly use the textbook [2] and the paper [128]. Concerning the
Fréchet derivative of an operator F : X → Y, we cite [2, Definition 2.45].

Definition 1.2 (Fréchet derivative) Let D be an open subset of X and F : D → Y. F is
Fréchet differentiable at u ∈ D, if there exists a linear operator DF(u) ∈ L(X, Y) such that

lim
h→0

‖F(u + h)− F(u)− DF(u)h‖Y

‖h‖X
= 0. (1.1)

We call F twice Fréchet differentiable at u ∈ D, if there exists a linear operator D2F(u) ∈
L(X, L(X, Y)) with

lim
h→0

‖DF(u + h)− DF(u)− D2F(u)h‖L(X,Y)

‖h‖X
= 0.

F is called (twice) Fréchet differentiable in D if F is (twice) Fréchet differentiable at every
u ∈ D.
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1.2 FRÉCHET AND DIRECTIONAL DERIVATIVES

Let H be a real Hilbert space with scalar product 〈·, ·〉H. In the following, we identify
the Fréchet derivative Dg of a functional g : H → R with an element z ∈ H, i.e., Dg(u)d =
〈z, d〉H, and denote z = Dg(u). Analogously, we identify the second Fréchet derivative
D2g(u) of g with an element K ∈ L(H), i.e., (D2g(u)h)h′ = 〈h, Kh′〉H and denote K =
D2g(u), cf. [2, Remark 2.44]. For finite-dimensional functionals g : Rn → R, ∇g(u) ∈ Rn

and ∇2g(u) ∈ Rn×n denote the gradient and the Hessian of g at u ∈ Rn, respectively.
The following definition of directional differentiability can be found, e.g., in [128].

Definition 1.3 (Directional derivative) A mapping F : X → Y is called directionally differ-
entiable at u ∈ X, if the limit

lim
t↘0

F(u + th)− F(u)
t

(1.2)

exists for every h ∈ X. The directional derivative at u in the direction h is given by
the limit (1.2) and is denoted by F′(u, h). F is called directionally differentiable if F is
directionally differentiable at every u ∈ X.

For the sake of completeness, we consider the well-known concept of Gâteaux deriva-
tives, additionally requiring linearity of the directional derivative. We cite [2, Definition
2.43].

Definition 1.4 (Gâteaux derivative) Let D be an open subset of X. A mapping F : D → Y
is called Gâteaux differentiable at u ∈ D, if F is directionally differentiable at u and if there
exists a linear and bounded operator DF(u) ∈ L(X, Y) with F′(u, h) = DF(u)h. F is
called Gâteaux differentiable in D if F is Gâteaux differentiable at every u ∈ D.

The following concept of directional differentiability from [128], see also the references
therein, is needed in order to prove a chain rule for the directional derivative from Defi-
nition 1.3.

Definition 1.5 (Hadamard directional derivative) A mapping F : X → Y is called direc-
tionally differentiable in the sense of Hadamard at u ∈ X, if the double limit

F′(u, h) = lim
t↘0, h′→h

F(u + th′)− F(u)
t

(1.3)

exists for every h ∈ X. F is called directionally differentiable in the sense of Hadamard
in an open subset D ⊆ X if F is directionally differentiable in the sense of Hadamard at
every u ∈ D.

A mapping F : X → Y is called locally Lipschitz continuous in D ⊆ X if, for every u ∈ D,
there exists a neighborhood U of u and a constant L > 0 such that ‖F(u) − F(v)‖Y ≤
L‖u − v‖X for all v ∈ U, cf. [2, Definition 1.46]. Note that every locally Lipschitz con-
tinuous and directionally differentiable operator F : X → Y is directionally differentiable
in the sense of Hadamard, see [128] and the references therein. Hence, the following
chain rule also holds for locally Lipschitz continuous mappings. We cite the next lemma
from [128, Proposition 3.6 (i)], see also [124, Theorem 3.1.1] or [53, Satz 5.33], for the chain
rule in case of finite-dimensional mappings.

9
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Lemma 1.6 (Chain rule for directional derivatives) Let F : Ỹ → Y be directionally differ-
entiable in the sense of Hadamard and T : X → Ỹ be directionally differentiable. Then, the
composition F ◦ T : X → Y is directionally differentiable and it holds the chain rule

(F ◦ T)′(u, h) = F′(T(u), T′(u, h)).

Proof. The claim follows from

lim
t↘0

(F ◦ T)(u + th)− (F ◦ T)(u)
t

= lim
t↘0

F(T(u) + t T(u+th)−T(u)
t )− F(T(u))
t

= F′(T(u), T′(u, h)),

using the Hadamard directional differentiability of F, see (1.3) with h′ = T(u+th)−T(u)
t , and

the directional differentiability of T,

lim
t↘0

T(u + th)− T(u)
t

= T′(u, h).

1.3 A nonsmooth zero-finding problem

In this section, we consider the optimality conditions for the minimization problem

min
u∈`2

g(u) +
∞

∑
k=1

wk|uk|, (1.4)

where g : `2 → R is continuously Fréchet differentiable and wk ≥ w0 > 0. In the fol-
lowing definition, we cite elementary properties of mappings J : X → R∪ {−∞, ∞}. The
definitions are taken from [2, Definition 1.4, Definition 8.6, Definition 11.10], [9, Definition
6.7] and [149, pp. 507, 859-860].

Definition 1.7 Let J : X → R∪ {−∞, ∞}.

(i) J is called proper if dom(J) := {u ∈ X : J(u) < ∞} 6= ∅ and −∞ /∈ im(J) := J(X).

(ii) J is called lower semicontinuous if it holds

lim inf
j→∞

J(u(j)) ≥ J(u),

for every sequence {u(j)}j and u ∈ X with u(j) → u, j→ ∞.

(iii) J is called coercive if lim‖u‖X→∞ J(u) = ∞.

(iv) A proper function J is called convex if J(λu + (1− λ)v) ≤ λJ(u) + (1− λ)J(v) for
all u, v ∈ X and λ ∈ (0, 1).

(v) A proper function J is called strictly convex if J(λu + (1 − λ)v) < λJ(u) + (1 −
λ)J(v) for all u, v ∈ X, u 6= v and λ ∈ (0, 1).

10
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In the following proposition, we illustrate the above properties for the weighted `1-
penalty term in the minimization problem (1.4).

Proposition 1.8 The functional h : `2 → R∪ {∞},

h(u) :=
∞

∑
k=1

wk|uk|,

where wk ≥ w0 > 0, is lower semicontinuous, proper, coercive and convex.

Proof. The function h is proper because it is bounded from below by 0 and 0 ∈ dom h.
The convexity follows directly from an application of the triangle inequality. Let us now
consider the lower semicontinuity of h. Let {u(j)}j be a sequence with ‖u(j) − u‖`2 → 0,
j→ ∞. Then, it follows with Fatou’s lemma, see, e.g., [9, Lemma 2.46],

lim inf
j→∞

h(u(j)) = lim inf
j→∞

∞

∑
k=1

wk|u
(j)
k | ≥

∞

∑
k=1

wk lim inf
j→∞

|u(j)
k | =

∞

∑
k=1

wk|uk| = h(u).

The coercivity of h directly follows from

h(u) =
∞

∑
k=1

wk|uk| ≥ w0‖u‖`1 ≥ w0‖u‖`2 ,

finishing the proof.

In the following, H denotes a (real) Hilbert space with scalar product 〈·, ·〉H. Second-
order derivative information can be used to characterize convexity [2]. A twice Gâteaux
differentiable functional J : H → R is convex if and only if

〈h, D2 J(u)h〉H ≥ 0 for all h ∈ H,

see [2, Proposition 17.10]. Additionally, it was shown in [2, Proposition 17.13] that

〈h, D2 J(u)h〉H > 0 for all h ∈ H, h 6= 0,

implies strict convexity of J.
The sum of two convex functions is convex [2, Proposition 8.15]. We say that u ∈ H is

a local minimizer of a proper function J : H → R ∪ {∞} if there exists a neighborhood U
of u with J(u) ≤ J(v) for all v ∈ U and u is a minimizer of J if J(u) ≤ J(v) holds for all
v ∈ H [2, Definition 11.3]. If, in addition, J is convex, then every local minimizer of J is a
minimizer of J [2, Proposition 11.4].

In order to derive optimality conditions for the nonsmooth minimization problem (1.4),
we need to consider subgradients and the well-known Fermat’s rule using the textbook
[2]. We begin with citing the following definition from [2, Definition 16.1].

Definition 1.9 (Subdifferential) Let H be a Hilbert space with scalar product 〈·, ·〉H. For a
proper functional J : H → (−∞, ∞], the subdifferential of J at u is defined by the set

∂J(u) := {x ∈ H : 〈v− u, x〉H + J(u) ≤ J(v) for all v ∈ H}.

An element x ∈ ∂J(u) is called a subgradient of J at u. We call J subdifferentiable at u ∈ H
if the set ∂J(u) is not empty.

11
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For two sets A, B, and a scalar γ ∈ R, we define A + γB = {a + γb : a ∈ A, b ∈ B}.
The subdifferential ∂J : H → 2H is a set-valued operator which maps H to the family of all
subsets of H, denoted by 2H, cf. [2]. If J : H → (−∞, ∞] is proper, convex and continuous
at u ∈ dom(J), then ∂J(u) is nonempty, see [2, Proposition 16.14(ii)]. If J : H → (−∞, ∞] is
proper, convex and Gâteaux differentiable at u ∈ dom(J), where the Gâteaux derivative
is identified with an element DJ(u) ∈ H as above, we have ∂J(u) = {DJ(u)}, see [2,
Proposition 17.26]. We cite the following definition from [2, Section 1.2] which treats the
inverse of set-valued operators.

Definition 1.10 (Inverse of set-valued operators) For a set-valued operator Ψ : H → 2H,
we denote the domain dom Ψ := {u ∈ H : Ψ(u) 6= ∅} and the image im Ψ := Ψ(X). The
graph of Ψ is defined by

graph(Ψ) := {(u, v) ∈ H × H : v ∈ Ψ(u)},

and Ψ−1 is characterized by its graph

graph(Ψ−1) := {(v, u) ∈ H × H : (u, v) ∈ graph(Ψ)},

i.e., we define Ψ−1 : im(Ψ)→ dom Ψ, Ψ−1(v) := {u ∈ H : v ∈ Ψ(u)}.

The following proposition can, e.g., be found in [2, Theorem 16.2] or [149, Proposition
32.14], and it is an important tool of convex analysis.

Proposition 1.11 (Fermat’s rule) Let H be a Hilbert space and let J : H → (−∞, ∞] be proper.
Then, u ∈ H is a minimizer of J if and only if 0 ∈ ∂J(u).

Proof. We proceed as in the proof of [2, Theorem 16.2]. If u is a minimizer of J, we have
〈v− u, 0〉H + J(u) = J(u) ≤ J(v) for all v ∈ H. Hence, one has 0 ∈ ∂J(u). Conversely, if
0 ∈ ∂J(u), it directly follows from Definition 1.9 that J(u) ≤ J(v) for each v ∈ H.

We next define the soft-thresholding operator which is needed in order to establish the
optimality condition for the minimization problem (1.4). The following definition can be,
e.g., found in [26] or [58, Definition 2.1].

Definition 1.12 (Soft-thresholding) Let w = (wk)k be a positive weight sequence with
wk ≥ w0 > 0. The soft-thresholding operator Sw : `2 → `2 with respect to the weight
sequence w is defined componentwise by

(Sw(u))k = Swk(uk) := (|uk| − wk)+ sgn(uk), (1.5)

where

sgn(x) :=

{
x
|x| , x 6= 0,

0, x = 0,

and x+ := max{x, 0}.

Note that it was shown in [26, Lemma 2.2], that the soft-thresholding operator is nonex-
pansive, i.e., it is Lipschitz continuous with Lipschitz constant 1. The following definition
of the proximity operator can be found, e.g., in [23] and [2, Definition 12.23].
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Definition 1.13 Let H be a Hilbert space and let h : H → R∪ {∞} be lower semicontinu-
ous, proper and convex. The proximity operator proxh : H → H of h is defined as

proxh : u 7→ arg min
v∈H

h(v) +
1
2
‖u− v‖2

H. (1.6)

Note that the proximity operator is well-defined because the objective function in (1.6)
has a unique minimizer, see [2, Corollary 11.16]. It was shown in [23, Lemma 2.4] and [2,
Proposition 12.27] that proximity operators are nonexpansive, i.e. Lipschitz continuous
with Lipschitz constant 1.

Remark 1.14 The soft-thresholding operator from Definition 1.12 is the proximity operator of the
weighted penalty

h : `2 → R∪ {∞}, h(u) :=
∞

∑
k=1

wk|uk|. (1.7)

This fact was shown in [23, Example 2.20] using the proximity operator

proxw|·|(u) = (|u| − w)+ sgn(u),

of the weighted absolute value w| · | with weight w > 0 and that the proximity operator of h can
here be calculated componentwise, see [23, Example 2.19] and [2, Proposition 23.34], i.e.,

proxh u =
(

proxwk |·|(uk)
)

k∈N
=
(
(|uk| − wk)+ sgn(uk)

)
k∈N

= Sγw(u).

The following proposition treats resolvents of subdifferentials of lower semicontinu-
ous, proper and convex functions. We use [58], [2, Proposition 16.34] and [149, Proposi-
tion 32.17, Corollary 32.30].

Proposition 1.15 Let H be a Hilbert space and let h : H → R ∪ {∞} be lower semicontinuous,
proper and convex and γ > 0 an arbitrary parameter. Then, the resolvent (I + γ∂h)−1 of the
subdifferential ∂h exists, is single-valued and

proxγh = (I + γ∂h)−1. (1.8)

Now, we are in the position to derive the optimality conditions of the minimization
problem (1.4) which result in a zero-finding problem. We cite the following theorem
from [23, Proposition 3.1], [58, Proposition 2.3], [93, Lemma 3.2 (2)] and [103, Lemma 2.6],
respectively.

Proposition 1.16 Let g : `2 → R be Fréchet differentiable. Assume that the minimization prob-
lem (1.4) has a minimizer u∗. Then, u∗ is a zero of the mapping F,

F(u∗) = 0, (1.9)

where
F : `2 → `2, F(u) := u− Sγw(u− γDg(u)), (1.10)

for any parameter γ > 0. Moreover, if g is convex, then u∗ is a zero of F if and only if u∗ is a
minimizer of (1.4).
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Proof. In the following, we use ideas from [58, proof of Proposition 2.3]. Assume that the
minimization problem (1.4) has a minimizer u∗. Defining

J : `2 → R∪ {∞}, J(u) := g(u) + h(u),

with h from (1.7), we have for all u ∈ `2,

J(u∗) ≤ J(u).

The functional h is real-valued at u∗, i.e. u∗ ∈ dom h, because u∗ is a minimizer of J
and because h is proper. The functional J is directionally differentiable at u∗ due to the
Fréchet differentiability of g and the convexity of h, cf. [2, Proposition 17.2]. Because u∗

minimizes J, the directional derivative J′(u∗, d) of J at u∗ in the direction d is nonnegative
for all d ∈ `2,

J′(u∗, d) = lim
t↘0

J(u∗ + td)− J(u∗)
t

≥ 0. (1.11)

With the Fréchet derivative Dg of g, we get for all d ∈ `2,

− Dg(u∗)d ≤ −Dg(u∗)d + J′(u∗, d) = h′(u∗, d).

Defining `2 3 d̃ := d + u∗, it follows with the convexity of h,

h(u∗ + t(d̃− u∗))− h(u∗)
t

≤ t h(d̃) + (1− t)h(u∗)− h(u∗)
t

= h(d̃)− h(u∗),

for every t > 0, see also [2, Proposition 17.2 (iii)]. Therefore, we get for all d̃ ∈ `2,

− Dg(u∗)(d̃− u∗) ≤ h′(u∗, d̃− u∗) ≤ h(d̃)− h(u∗).

Hence, we have with Definition 1.9 (see also [2, proof of Proposition 17.17]),

− Dg(u∗) ∈ ∂h(u∗),

or equivalent
u∗ − γDg(u∗) ∈ {u∗}+ γ∂h(u∗) = (I + γ∂h)(u∗),

for any γ > 0. Using Proposition 1.8, Proposition 1.15 and Remark 1.14, we conclude

u∗ = (I + γ∂h)−1(u∗ − γDg(u∗)) = Sγw(u∗ − γDg(u∗)).

Let us now consider the case that g is convex. Here, the sum rule for subdifferentials [2,
Corollary 16.38] and Fermat’s rule (Proposition 1.11) yields that u∗ is a minimizer of J if
and only if

0 ∈ ∂J(u∗) = {Dg(u∗)}+ ∂h(u∗). (1.12)

As shown above, (1.12) is equivalent to Equation (1.9) for any γ > 0, see also [2, Theorem
26.2].
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Pang and Qi [109, Section 2.7] mentioned zero-finding problems involving resolvents
like (1.8) as an example of nonsmooth systems of equations defined by Lipschitz contin-
uous mappings. An alternative proof of Proposition 1.16 can be found in [99]. In loc. cit.,
the authors used the directional derivative of J to show in a finite-dimensional setting
that u∗ is a stationary point of the objective function J in the minimization problem (1.4)
if and only if (1.9) holds.

If g is bounded from below by a constant c, the objective function in (1.4) with wk ≥
w0 > 0 is coercive because of

g(u) +
∞

∑
k=1

wk|uk| ≥ c + w0‖u‖`1 ≥ c + w0‖u‖`2 .

Hence, if g is continuous, strictly convex and bounded from below, then there exists a
unique minimizer u∗ of (1.4), cf. Remark 2.1, [2, Corollary 11.15] and [23, Proposition
3.1]. This is true, e.g., in the case of a quadratic discrepancy term g(u) := 1

2‖Ku− f ‖2
H,

where H is a separable Hilbert space, K ∈ L(`2, H) is injective and f ∈ H, see [58].

Remark 1.17 For a zero u∗ ∈ `2 of F from (1.10) it holds u∗ − γDg(u∗) ∈ `2 and there exists
an integer k0 > 0 with u∗k = Sγwk(u

∗
k − γDg(u∗)k) = (|u∗k − γDg(u∗)k| − γwk)+ sgn(u∗k −

γDg(u∗)k) = 0 for all k ≥ k0. Hence, a zero u∗ of F from (1.10) is a finitely supported sequence,
see [58, Corollary 2.4].

The operator F from (1.10) is not Fréchet differentiable because of the soft-thresholding
operator. Nevertheless, if the Fréchet derivative Dg of g is locally Lipschitz continuous,
then the mapping F is locally Lipschitz continuous, motivating why we elaborate on gen-
eralized derivatives for locally Lipschitz continuous operators in the following section.

1.4 Generalized derivatives

In this section, we recall some concepts of generalized derivatives in finite-dimensional
spaces, see, e.g., [20, 40, 72, 98, 107, 109, 111, 115, 121, 124], and in infinite-dimensional
spaces, see, e.g., [18, 58, 103, 128, 136, 137]. Historical overviews on the subject can be
found, e.g., in [18, 40, 41, 115].

The finite-dimensional case

For locally Lipschitz continuous mappings F : Rn → Rm, Rademacher’s theorem states
that F is differentiable almost everywhere [117]. Based on this result, Clarke [19, 20] de-
fined the generalized Jacobian for locally Lipschitz continuous functions, see also [40, Defi-
nition 4.6.2], [41, Definition 7.1.1], or [18, 115].

Definition 1.18 (Clarke’s generalized Jacobian) Let D be an open subset of Rm and let
F : D → Rn be a mapping that is locally Lipschitz continuous at u ∈ D. Then, the B-
subdifferential is defined by

∂BF(u) :=
{

G ∈ Rn×m : G = lim
j→∞
∇F(u(j)), u(j) → u, {u(j)}j ⊆ DF

}
,
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whereDF denotes the set of points where F is Fréchet differentiable and∇F(u(j)) denotes
the Jacobian of F at u(j) ∈ DF. The generalized Jacobian is defined as the convex hull of the
set ∂BF(u),

∂F(u) := conv{∂BF(u)}.

The generalized Jacobian is related to directional derivatives. We cite the following
lemma from [115, Lemma 2.2] and [124, Theorem 3.1.2], respectively.

Lemma 1.19 Let F : Rm → Rn be locally Lipschitz continuous and directionally differentiable at
u ∈ Rm with Lipschitz constant LF in a neighborhood of u. Then, we have

(i) F′(u, ·) is globally Lipschitz continuous with Lipschitz constant LF,

(ii) for any h ∈ Rm, there exists a G ∈ ∂F(u) with F′(u, h) = Gh.

Mifflin [98] introduced the concept of semismoothness for functionals and Qi and Sun
[115] for mappings F : Rm → Rn. We cite the following definition from [115, p. 355].

Definition 1.20 A mapping F : Rm → Rn is called semismooth at u ∈ Rm if F is locally
Lipschitz continuous at u and the limit

lim
V∈∂F(u+th′),

t↘0, h′→h

{Vh′}

exists for any h ∈ Rm.

Note that it was pointed out in [115] that if F is semismooth, then F is directionally
differentiable in the sense of Hadamard,

lim
t↘0, h′→h

F(u + th′)− F(u)
t

= lim
V∈∂F(u+th′),

t↘0, h′→h

{Vh′}.

The infinite-dimensional case

In the following, we introduce generalized derivative concepts for mappings between
infinite-dimensional spaces. The above definitions, based on Rademacher’s theorem,
are not applicable in this case because Rademacher’s theorem does not hold in infinite-
dimensional spaces.

Originally, Robinson [121, Appendix] defined the Bouligand derivative for locally Lip-
schitz continuous mappings F : D ⊂ Rm → Rn by a cone property, and proved an ap-
proximation property similar to the approximation property (1.1) of the Fréchet deriva-
tive. Pang [107] introduced Bouligand differentiability for finite-dimensional mappings.
Here, we cite the following definition from [18] which is based on an approximation
property. Similar definitions can, e.g., be found in [72, 107, 111, 115, 124, 128].

Definition 1.21 (Bouligand derivative) A mapping F : X → Y is called Bouligand differen-
tiable at u ∈ X if it is directionally differentiable at u and the directional derivative fulfills
the approximation property

lim
h→0

F(u + h)− F(u)− F′(u, h)
‖h‖X

= 0.
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F is called Bouligand differentiable in an open subset D ⊆ X if F is Bouligand differen-
tiable at every u ∈ D.

Shapiro [128] showed that for finite-dimensional, locally Lipschitz continuous map-
pings F : Rm → Rn, Bouligand differentiability and directional differentiability are equiv-
alent and both derivatives coincide.

For mappings between infinite-dimensional function spaces, we consider the so-called
Newton derivative which is in the literature also known as generalized derivative or slanting
function [18,73,136,137]. We cite the following definition from [18, Definition 2.2] and [73,
Definition 1].

Definition 1.22 (Newton derivative/slanting function) Let D be an open subset of X. A
mapping F : D ⊂ X → Y is called Newton differentiable or slanty differentiable in D if there
exists a family of mappings G : D → L(X, Y) which fulfill the approximation property

lim
h→0

‖F(u + h)− F(u)− G(u + h)h‖Y

‖h‖X
= 0, (1.13)

for every u ∈ D. Each mapping G is called a slanting function or Newton derivative of F in
D.

Note that in contrast to the Fréchet derivative, a Newton derivative G is not unique
and G is evaluated at u + h instead of u in the limit property (1.13). Chen, Nashed and
Qi [18, Definition 2.3] additionally introduced the slant derivative which is stated in the
following definition.

Definition 1.23 (slant derivative) Let G be a Newton derivative of F : D ⊂ X → Y at
u ∈ D. The slant derivative ∂G

S F(u) w.r.t. the Newton derivative G is defined as

∂G
S F(u) := {G̃ ∈ L(X, Y) : G̃ = lim

j→∞
G(u(j)), u(j) → u, {u(j)} ⊆ D}.

Chen, Nashed and Qi proved that a mapping F : X → Y is Newton differentiable at u ∈
X if and only if F is Lipschitz continuous at u [18, Theorem 2.6], hence for locally Lipschitz
continuous mappings, concepts of generalized derivatives are available. In Section 1.5,
we consider generalized Newton methods based on these generalized derivatives.

As a generalization of the semismoothness property in the finite-dimensional case,
Chen, Nashed an Qi [18] introduced the concept of semismoothness for mappings between
infinite-dimensional spaces. We cite the following definition from [18, Definition 3.2].

Definition 1.24 A mapping F : X → Y is called semismooth at u ∈ X if there exists a
Newton derivative G of F in a neighborhood of u, such that it holds for G and for the
slant derivative ∂G

S F:

(i) the limit limt↘0 G(u + th)h exists for every h ∈ X and fulfills

lim
h→0

limt↘0 G(u + th)h− G(u + h)h
‖h‖X

= 0,

17



CHAPTER 1 PRELIMINARIES

(ii) for all V ∈ ∂G
S F(u + h), it holds

G(u + h)h−Vh = o(‖h‖X), ‖h‖X → 0.

Finally, we cite the following useful theorem from [18, Theorem 3.3].

Theorem 1.25 Let F : X → Y be Newton differentiable in a neighborhood of u with a Newton
derivative G. Then, the mapping F is semismooth at u if and only if F is Bouligand differentiable
at u and if we have F′(u, h)−Vh = o(‖h‖X), ‖h‖X → 0 for all V ∈ ∂G

S (u + h).

1.5 Generalized Newton methods

In the following, we consider mappings F : X → Y. The classical Newton method [31,32]
is an efficient approach to solve smooth, nonlinear zero-finding problems

F(u) = 0,

where F is continuously Fréchet differentiable. Here, one chooses an initial guess u(0) ∈ X
and computes a sequence of iterates {u(j)}j approaching a zero u∗ of F once the initial
guess was close enough to u∗. Linearizing the nonlinearity F around the current iterate
u(j),

0 = F(u∗) ≈ F(u(j)) + DF(u(j))(u∗ − u(j)),

yields, if the inverse DF(u(j))−1 exists,

u∗ ≈ u(j) − DF(u(j))−1F(u(j)). (1.14)

The classical (local) Newton method is therefore iteratively defined by

u(j+1) := u(j) + d(j), DF(u(j))d(j) = −F(u(j)), j = 0, 1, . . . (1.15)

assuming implicitly that the derivatives DF(u(j)) are nonsingular in each iteration. For
the computation of the Newton direction d(j) one has to solve only one system of linear
equations. Locally quadratic convergence can be shown under the assumption that F
is Lipschitz continuously differentiable, that the Fréchet derivatives DF(u(j)) are invert-
ible in a neighborhood of u∗ and that the inverses DF(u(j))−1 are uniformly bounded in
that neighborhood, see, e.g., [31, 32, 145]. Nevertheless, it is well-known that the New-
ton method is, in general, not globally convergent. For an extensive survey of Newton
methods including proofs of the above stated well-known properties as well as for an
historic overview of the development of classical Newton methods, we refer to the text-
books [31, 32].

Variants of the classical Newton methods are, e.g., the quasi-Newton or the inexact
Newton method, see [29, 30, 36]. In the quasi-Newton method, the Fréchet derivative
DF(u(j)) is in the Newton equation (1.15) replaced by an approximation D(j) ≈ DF(u(j)).
Moreover, in inexact Newton methods, the Newton equation (1.15) is solved only inex-
actly, see also [31, 32].

For nonlinearities that are not Fréchet differentiable, generalized Newton methods ex-
ist which are based on the generalized derivatives stated above. An overview of existing

18
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Table 1.1: Overview of generalized Newton methods for F : Rn → Rn

generalized Newton method generalized Newton equation descent w.r.t. Θ
semismooth Newton method G(u)d = −F(u) linear usually not
B(ouligand)-Newton method F′(u, d) = −F(u) usually nonlinear 3

modified B-Newton method G̃(u, d) = −F(u) usually nonlinear 3

Newton-type methods for the numerical solution of nonsmooth zero-finding problems
can, e.g., be found in [41, 109]. In the following, we give a short overview of the gen-
eralized Newton methods that are considered in Chapters 2 and 3. We are concerned
with semismooth Newton methods [18, 73, 115, 136, 137], B(ouligand)-Newton methods
[70,72,107] as well as modified B-Newton methods [63,77,108,111]. An overview of these
generalized Newton methods is given in Table 1.1.

The semismooth Newton method

A semismooth Newton method [18, 73, 136, 137] for the solution of an operator equation
F(u) = 0, F : X → Y, can be defined by replacing the Fréchet derivative DF in the classi-
cal Newton method (1.15) by a slanting function G of F,

u(j+1) := u(j) + d(j), G(u(j))d(j) = −F(u(j)), j = 0, 1, . . . (1.16)

For finite-dimensional mappings F : Rn → Rn, one chooses an element G(j) of the gener-
alized Jacobian of F at u(j) in each iteration j,

u(j+1) := u(j) + d(j),

G(j)d(j) = −F(u(j)), G(j) ∈ ∂F(u(j)), j = 0, 1, . . . ,

see [115]. We cite the following local convergence theorem for the semismooth Newton
iteration (1.16) from [18, Theorem 3.4, Theorem 3.5], [73, Theorem 1.1]. Similar results
hold for finite-dimensional mappings [111, 115].

Theorem 1.26 Let F : X → Y be slanty differentiable in a neighborhood U of a zero u∗ of F and
let G be a slanting function in U. If G(u) is invertible for all u ∈ U and if the inverses are
uniformly bounded in U, i.e., there exists a constant C > 0 with ‖G(u)−1‖L(Y,X) ≤ C, then the
semismooth Newton iteration (1.16) is well-defined and is locally superlinearly convergent to u∗.

The B(ouligand)-Newton method

For a zero-finding problem F(u) = 0, where F : X → Y is Bouligand differentiable, the
B-Newton method [107] is defined by introducing the Bouligand derivative in the gener-
alized Newton equation,

u(j+1) := u(j) + d(j), F′(u(j), d(j)) = −F(u(j)), j = 0, 1, . . . (1.17)
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On the one hand, in contrast to the classical Newton method (1.15) and the semismooth
Newton method (1.16), the generalized Newton equation,

F′(u, d) = −F(u), (1.18)

for the computation of the Newton direction d, if solvable, usually is a nonlinear system
of equations because the Bouligand derivative is not linear in d. On the other hand, for
mappings F : `2 → `2, the Newton direction d, determined by the generalized Newton
equation (1.18), is a descent direction with respect to the merit functional Θ : `2 → R,
Θ(u) := ‖F(u)‖2

`2
, see [107, Lemma 1]. Indeed, we have for u ∈ `2 with F(u) 6= 0,

Θ(u, d) = −2Θ(u) < 0.

This property of the B-Newton method is used in Chapter 2 to apply a globalization
strategy proposed in [107]. In the finite-dimensional case, according to Lemma 1.19, the
B-Newton method is a semismooth Newton method with specially chosen generalized
Jacobians in each step, cf. [115, Proposition 3.4].

The modified B-Newton method

Applying a line search damping strategy from [107] to the B-Newton method (1.17) yields
a globalized B-Newton method for finite-dimensional zero-finding problems. In loc. cit.,
the globalization is based on the descent property of the Newton directions w.r.t. the
merit functional Θ : Rn → R. The proof of global convergence hinges on a technical
assumption on an a priori unknown accumulation point of the sequence of iterates [107].

To overcome this theoretical drawback, a modified B-Newton method was introduced
by Han, Pang and Rangaraj [63] as a generalization of the previous work [108] of Pang.
There, one assumes that the mapping F : Rn → Rn is locally Lipschitz continuous and
that a mapping G̃ : Rn ×Rn → Rn is given such that G̃(u, ·) is surjective for each u ∈ Rn

and such that for all u, d ∈ Rn, it holds

2〈F(u), G̃(u, d)〉 ≥ Θ′(u, d). (1.19)

The modified B-Newton method [63] is then defined as

u(j+1) := u(j) + d(j), G̃(u(j), d(j)) = −F(u(j)), j = 0, 1, . . . (1.20)

By (1.19) and the generalized Newton equation G̃(u, d) = −F(u), it follows Θ′(u, d) ≤
−2Θ(u). Hence the descent property w.r.t. the merit functional Θ is retained, see [63,108].
Nevertheless, the generalized Newton equation G̃(u, d) = −F(u) is nonlinear in general.

Ito and Kunisch [77, Definition 4.1] introduced a mapping similar to G̃ from [63]. There,
the authors called this mapping quasi-directional derivative and the resulting Newton di-
rection d generalized Bouligand direction, respectively. In [77, 111], hybrid methods com-
bining the B-Newton method (1.17) and the modified B-Newton method (1.20) were pro-
posed.
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Chapter 2

A B-semismooth Newton method

In this chapter, we introduce a globalized B-semismooth Newton method for the efficient
numerical solution of the zero-finding problem

F(u) = 0

with F from (1.10). A short review of a local semismooth Newton method introduced by
Herzog and Lorenz [58] for a quadratic discrepancy term g and by Muoi et al. [103] for
general functionals g is given in Section 2.1. The algorithm and the feasibility of a local
B-semismooth Newton method is treated in Section 2.2. In Section 2.3, we are concerned
with the globalization of the local B-semismooth Newton method from Section 2.2.

This chapter is a part of our publication [66], the theory in its present form being refor-
mulated for general discrepancy terms g. Moreover, Lemma 2.5, Corollary 2.6, Lemma
2.7, Remark 2.12, Theorem 2.15 and Remark 2.28 are new and Remark 2.14 is corrected
and reformulated in an infinite-dimensional setting. Furthermore, a proof of Corollary
2.16 is added and the proof of Proposition 2.23 is shortened. Additional minor changes
were made.

In this chapter, we denote `2 = `2(N ), where N is either N or {1, . . . , n}. The lo-
cal generalized Newton methods from Section 2.1 and Section 2.2 are formulated in the
infinite-dimensional setting (1.4), i.e. we have N = N. Here, we require the following
assumptions, similar to [103, Assumption 3.1].

Assumption A (A1) The zero-finding problem (1.9) has a solution u∗.

(A2) The functional g : `2 → R is twice Fréchet differentiable and the Fréchet derivatives Dg
and D2g are locally Lipschitz continuous.

(A3) The second Fréchet derivative is positive for all u ∈ `2 in a neighborhood of the zero u∗ of
F, i.e., we have D2g(u)(h, h) > 0 for all h 6= 0, h ∈ `2.

(A4) For each fixed, finite index set J , there exists a neighborhood of the zero u∗ of F in which
the inverses (D2g(u)J ,J )

−1 are uniformly bounded.

Remark 2.1 If Assumption (A3) is fulfilled in the whole sequence space `2, then Assumption
(A3) implies strict convexity of g ensuring, with Assumption (A1), the unique solvability of
the minimization problem (1.4), see, e.g., [2, Corollary 11.8, Proposition 17.13]. A sufficient
condition for Assumption (A1) is convexity, continuity and boundedness from below of g, see,
e.g., [149, Theorem 25.E] or [2, Corollary 11.15], compare Section 1.3. The inverse of the finite
submatrix D2g(u)J ,J exits because of the symmetry of D2g and (A3). If the solvability of the
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finite-dimensional linear complementarity problem (2.32), see Section 2.2.2, is guaranteed, As-
sumption (A3) may be relaxed. In particular, similar to (A4), it suffices to assume in (A3) that
for each fixed, finite index set J , the submatrices D2g(u)J ,J are positive definite to ensure the
solvability of the linear complementarity problem (2.32). The local Lipschitz continuity of Dg is
necessary to ensure the local Lipschitz continuity of F. In particular, the local Lipschitz conti-
nuity of Dg is essential for the Newton differentiability and Bouligand differentiability of F. The
local Lipschitz continuity of D2g is only needed to use a chain rule in the proof of Theorem 2.3
from [103, Theorem 2.9], to show the limit property (2.20) in the proof of Lemma 2.7 and in The-
orem 2.15 in order to show the semismoothness of the nonlinearity F. Furthermore, Assumption
(A4) and the local Lipschitz continuity of Dg is required to ensure locally superlinear convergence
of the local B-semismooth Newton method in Corollary 2.16, see also [103, Remark 3.2].

In case of a quadratic discrepancy term g(u) = 1
2‖Ku − f‖2

`2
with K linear, bounded and

injective, it is straightforward to show (A2) and (A3). Assumption (A4) was verified in [58,
Section 3.4] for an injective operator K. As pointed out in [58, Remark 3.15] and [103, Example
3.3], it is sufficient to assume that KJ ,J is injective for any finite index set J instead of the
injectivity of the whole operator K, i.e., to assume the so-called finite basis injectivity (FBI)
property, see [11].

The globalized B-semismooth Newton method from Section 2.3 is considered in the
finite-dimensional setting

min
u∈Rn

g(u) +
n

∑
k=1

wk|uk|, (2.1)

i.e. we set N = {1, . . . , n}. The globalization strategy is based on suitable descent with
respect to the merit functional Θp : Rn → R,

Θp(u) :=
∥∥F(u)

∥∥p
p =

n

∑
k=1

∣∣Fk(u)
∣∣p, (2.2)

with p ∈ {1, 2}, cf. [66]. Here, we require the following assumptions similar to [103,
Assumption 3.1, Example 3.4], cf. [67].

Assumption B (B1) The minimization problem (2.1) has a solution.

(B2) The level set LΘp(u
(0)) := {u ∈ Rn : Θp(u) ≤ Θp(u(0))} of Θp is compact.

(B3) The function g is twice Lipschitz continuously differentiable and the Hessian ∇2g(u) is
positive definite for all u ∈ LΘp(u

(0)). Moreover, there exist constants 0 < c1, c2 < ∞
with

c1‖h‖2
2 ≤ 〈∇2g(u)h, h〉 ≤ c2‖h‖2

2, for all h ∈ Rn, (2.3)

uniformly for all u ∈ LΘp(u
(0)).

Remark 2.2 According to Assumptions (B1) and (B3), the minimization problem (2.1) is uniquely
solvable. The assumption of the positive definiteness of ∇2g ensures the solvability of the finite-
dimensional linear complementarity problem (2.32), see Section 2.2.2. In the finite-dimensional
setting (2.1), Assumption (B3) corresponds to (A2)–(A4) from the infinite-dimensional case. The
compactness of the level set LΘp(u

(0)) is necessary for the proof of global convergence, cf. Theorem
2.25.
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In Section 2.1 and Section 2.2, we consider the infinite-dimensional setting (1.4) and
assume Assumption A to hold.

2.1 Review of a semismooth Newton method

In this section, we are going to review the semismooth Newton method from [58, 103],
applied to the numerical solution to the shrinkage equation (1.10). In the following, N
denotes either N or the finite set {1, . . . , n}.

2.1.1 The semismooth Newton method and its basic properties

One of the key observations of [58, 103] was that the nonlinearity F of the shrinkage
equation is Newton differentiable on the full sequence space `2, cf. Definition 1.22. We cite
the following theorem from [103, Theorem 2.9], see also [58, Proposition 3.7] for quadratic
functionals g.

Theorem 2.3 The mapping F : `2 → `2 from (1.10) is Newton differentiable in each u ∈ `2 with
(nonunique) Newton derivative(

G(u)A,A G(u)A,I
G(u)I ,A G(u)I ,I

)
=

(
γD2g(u)A,A γD2g(u)A,I

0I ,A II ,I

)
∈ L(`2) (2.4)

which is a block matrix with respect to the active set

A = A(u) :=
{

k ∈ N : |(u− γDg(u))k| > γwk
}

(2.5)

and the inactive set I = I(u) := N \A(u).
Note that by wk ≥ w0 > 0 and Dg(u) ∈ `2, the active sets A(u) are finite for each

u ∈ `2, even in the case N = N, cf. [58, Remark 3.8]. Therefore, G(u) is boundedly
invertible for each u ∈ `2, cf. Assumption A. What is more, G(u)−1 is uniformly bounded
in the operator norm in a sufficiently small neighborhood of the Tikhonov minimizer u∗,
see the following lemma from [58, Proposition 3.11] and [103, Proof of Theorem 3.7].

Lemma 2.4 There exist ρ, C > 0 such that ‖G(u)−1‖L(`2) ≤ C for all u ∈ `2 with ‖u−u∗‖`2 ≤
ρ.

The iteration (1.16) is well-defined by the bounded invertibility of G from (2.4) on
`2. Moreover, by using the local uniform boundedness of G(u)−1 and by applying the
generic results from [17, 18, 73], it was proved in [58, 103] that (1.16) is locally superlin-
early convergent. Moreover, as pointed out in [58], in case of a quadratic discrepancy
term g the proof of Theorem 2.3 reveals that the numerator of (1.13) for F from (1.10), i.e.,
F(u + h)− F(u)−G(u + h)h, already vanishes for sufficiently small ‖h‖`2 , u ∈ `2 being
fixed. Therefore, if the current iterate u(j) is sufficiently close to the exact minimizer u∗,
we have

F(u(j))− F(u∗)−G(u(j))(u(j) − u∗) = F(u(j))−G(u(j))(u(j) − u∗) = 0,

so that the next step of the semismooth Newton iteration (1.16) jumps into u∗,

u(j+1) = u(j) −G(u(j))−1F(u(j)) = u∗.
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Figure 2.1: Qualitative behavior of F and the location of u∗ in the one-dimensional case.

2.1.2 Cycling effect

One of the well-known pitfalls of the classical Newton method is the cycling effect. Here,
after a certain number of iterations, the iterates start to oscillate between two or more
distinct points. We will show now that the semismooth Newton iteration (1.16) may run
into the same situation, at least if the parameter γ is not chosen large enough.

One-dimensional case

Assume that N = {1}, f ∈ R, K > 0 and w > 0. The unique minimizer of the Tikhonov
functional with quadratic discrepancy term g(u) := 1

2 (Ku− f )2,

J(u) = g(u) + w|u|, u ∈ R (2.6)

is given by

u∗ = S w
K2
( f

K ) =


f
K −

w
K2 , f

K > w
K2 ,

0, | f
K | ≤

w
K2 ,

f
K + w

K2 , f
K < − w

K2 .

(2.7)

Let us analyze the convergence behavior of the semismooth Newton iteration (1.16), (2.4)
in detail. Using the derivative g′(u) = −K( f −Ku), the nonlinearity F from the shrinkage
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Table 2.1: Behavior of the semismooth Newton iteration in the one-dimensional case.
location of u(j)

u∗ u(j) − γg′(u(j)) > γw |u(j) − γg′(u(j))| ≤ γw u(j) − γg′(u(j)) < −γw

f
K + w

K2 < 0

u(j+1) =
f
K −

w
K2 u(j+1) = 0 u(j+1) = u∗

u(j+2) =

u∗ , f
K −

w
K2 < −2γw

0, f
K −

w
K2 ≥ −2γw

u(j+2) = u∗

u(j+3) = u∗

0
u(j+1) =

f
K −

w
K2 u(j+1) = u∗ u(j+1) =

f
K + w

K2

u(j+2) =


f
K + w

K2 , f
K −

w
K2 < −2γw

u∗ , f
K −

w
K2 ≥ −2γw

u(j+2) =

u∗ , f
K + w

K2 ≤ 2γw
f
K −

w
K2 , f

K + w
K2 > 2γw

f
K −

w
K2 > 0

u(j+1) = u∗ u(j+1) = 0 u(j+1) =
f
K + w

K2

u(j+2) = u∗ u(j+2) =

0, f
K + w

K2 ≤ 2γw

u∗ , f
K + w

K2 > 2γw

u(j+3) = u∗

equation (1.10) has the explicit form

F(u) =


γg′(u) + γw, u− γg′(u) > γw,
u,

∣∣u− γg′(u)
∣∣ ≤ γw,

γg′(u)− γw, u− γg′(u) < −γw.

(2.8)

The shape of the graph of F depends on the size of the parameter γ > 0. In the outer
region |u − γg′(u)| = |(1− γK2)u + γK f | > γw, the slope of F is given by γK2. For
small parameters 0 < γ < 1

K2 , the graph of F is hence changing from convex to concave
as u is growing, and vice versa for large parameters γ > 1

K2 . We refer to Figure 2.1 for the
six possible cases concerning the location of the zero u∗ of F.

The Newton derivative (2.4) of F at u ∈ R is

G(u) =

{
γK2,

∣∣u− γg′(u)
∣∣ > γw,

1,
∣∣u− γg′(u)

∣∣ ≤ γw,
(2.9)

so that one semismooth Newton step maps the current iterate u(j) ∈ R to

u(j+1) = u(j) − F(u(j))

G(u(j))
=


f
K −

w
K2 , u(j) − γg′(u(j)) > γw,

0,
∣∣u(j) − γg′(u(j))

∣∣ ≤ γw,
f
K + w

K2 , u(j) − γg′(u(j)) < −γw.

(2.10)

By taking all possible configurations into account, the complete behavior of the semis-
mooth Newton iteration (1.16), (2.4) in the one-dimensional case can be summarized as
in Table 2.1, compare also Figure 2.1.

If u∗ 6= 0 and for any γ > 0, the algorithm obviously terminates after at most three
iterations with the exact minimizer u∗. In case that u∗ = 0, however, the behavior of the
semismooth Newton iteration strongly depends on the size of γ.

On the one hand, if u∗ = 0 and γ > 1
K2 , then u(j+2) = 0 = u∗ regardless of the

choice of u(j), because one of the cases for u(j+2) in the second row of Table 2.1 never
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occurs. As an example, if u(j) − γg′(u(j)) > γw and hence u(j+1) = f
K −

w
K2 , it follows

that u(j+1) − γg′(u(j+1)) = f
K −

w
K2 + γw. u∗ = 0 and hence | f

K | ≤
w
K2 imply that u(j+1) −

γg′(u(j+1)) ≤ γw. Finally, γ > 1
K2 yields u(j+1) − γg′(u(j+1)) ≥ − 2w

K2 + γw > −γw and
hence u(j+2) = 0 = u∗. The same argument works in the case u(j) − γg′(u(j)) < −γw.
Summarizing, we can conclude that the semismooth Newton iteration (1.16), (2.4) for a
quadratic discrepancy term g converges in at most three steps if γ is chosen larger than
1

K2 .

On the other hand, if u∗ = 0, i.e., | f
K | ≤

w
K2 , and 0 < γ < 1

K2 is sufficiently small,

the semismooth Newton iteration might start to oscillate between f
K ±

w
K2 . We obtain a

cycle, e.g., if | f
K | <

w
K2 , 0 < γ < 1

2 (
1

K2 − | f
wK |) and u(j) = f

K + w
K2 6= 0 = u∗. Here

u(j) − γg′(u(j)) = f
K + w

K2 − γw ≥ w
K2 − | f

K | − γw > γw and hence u(j+1) = f
K −

w
K2 . In

the next step, u(j+1) − γg′(u(j+1)) = f
K −

w
K2 + γw ≤ | f

K | −
w
K2 + γw < −γw and hence

u(j+2) = f
K + w

K2 = u(j).

Finite-dimensional case

The cycling effect can be observed in higher dimensions as well. In the two-dimensional
case, choosing

K =
1
2

(
1 0
1 1

)
, f =

(
1
1

)
, w =

(
1
1

)
, γ =

3
2

, u(0) =

(
−6
12

)
,

the next iterates are

u(1) =

(
10
−12

)
, u(2) =

(
−6
12

)
= u(0),

i.e., a cycle arises. Choosing γ = 3 instead, the zero (0, 0)> of F would be found within
two steps.

In the four-dimensional case, the choice

K =
1
4


1 0 0 0
1 1 0 0
1 1 1 0
1 1 1 1

 , f =


1
1
1
1

 , w =


1
1
1
1

 , γ = 2, u(0) =


36
− 112

3
0
0


leads to the iterates

u(1) =


−28
112

3
0
0

 , u(2) =


36
− 112

3
0
0

 = u(0).

These examples show that the semismooth Newton method (1.16), (2.4) is not globally
convergent in general and may even lead to cycles, motivating the analysis of suitable
globalization strategies.
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2.2 The local B-semismooth Newton method

Instead of (1.16), we are going to study the B-semismooth Newton method (1.17) which
is based on the Bouligand derivative F′. The B-Newton directions d(j) will be chosen by
solving the generalized Newton equation (1.18), cf. Subsection 2.2.2.

2.2.1 Bouligand differentiability of the nonlinearity F

Let us first analyze the directional differentiability of the nonlinearity F = (Fk)k∈N , i.e.,
the existence and concrete shape of F′(u, d) = limh↘0

F(u+hd)−F(u)
h , where u, d ∈ `2. To

this end, we shall use the following straightforward componentwise representation of F:

Fk(u) =


γ
(

Dg(u)
)

k + γwk, k ∈ A+(u),
γ
(

Dg(u)
)

k − γwk, k ∈ A−(u),
uk, k ∈ I(u),

(2.11)

where we have split the active set into A(u) = A+(u) ∪A−(u) with

A+(u) :=
{

k ∈ N : (u− γDg(u))k > γwk
}

, (2.12)

A−(u) :=
{

k ∈ N : (u− γDg(u))k < −γwk
}

. (2.13)

Let us also split the inactive set into I(u) = I+(u) ∪ I◦(u) ∪ I−(u), where

I+(u) :=
{

k ∈ N : (u− γDg(u))k = γwk
}

, (2.14)

I−(u) :=
{

k ∈ N : (u− γDg(u))k = −γwk
}

, (2.15)

I◦(u) :=
{

k ∈ N : |(u− γDg(u))k| < γwk
}

. (2.16)

In the following, we drop the argument u of the active and inactive sets if there is no
risk of confusion. With this notation at hand, we shall now prove the directional differ-
entiability of F. While the directional differentiability of a single component Fk and the
corresponding formula for the directional derivative F′k(u, d) = limh↘0

Fk(u+hd)−Fk(u)
h are

almost obvious, the directional differentiability of the full operator F is nontrivial, at least
in the case N = N. In the next lemma, we first prove the directional differentiability of
the shrinkage operator.

Lemma 2.5 Let α = (αk)k be a positive weight sequence with αk ≥ α0 > 0. The soft-thresholding
operator Sα : `2 → `2, Sα(v) := (|v| − α)+ sgn(v) from Definition 1.12 is directionally dif-
ferentiable and the directional derivative S′α(v, d) at u ∈ `2 in the direction d ∈ `2 is given
elementwise by

S′αk
(v, d) =

{
dk, k ∈ I1(v, d),
0, k ∈ I2(v, d),

(2.17)

where I1(v, d) := {k : |vk| > αk} ∪ {k : vk = αk, dk > 0} ∪ {k : vk = −αk, dk < 0} and
I2(v, d) := {k : |vk| < αk} ∪ {k : vk = αk, dk ≤ 0} ∪ {k : vk = −αk, dk ≥ 0}.
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Proof. In this proof, we use arguments from the proof of [58, Proposition 3.3]. We consider
the limit

lim
h↘0

Sα(v + hd)− Sα(v)
h

.

We may suppose h|dk| < α0/2 for all k ∈ N. Because we have v ∈ `2, there exists an
index k0 ∈N with |vk| < α0/2 for all k > k0, implying |vk + hdk| ≤ |vk|+ h|dk| < α0 ≤ αk
for all k > k0. Therefore, we have Sαk(vk + hdk)− Sαk(vk) = 0 for all k sufficiently large.
In the following, we can restrict ourselves to the indices k ≤ k0. We start considering the
cases with |vk| 6= αk. Here, we suppose

h|dk| < min{
∣∣|vk| − αk

∣∣ : k ≤ k0, |vk| 6= αk}.

Let us consider the case |vk| < αk. We have h|dk| <
∣∣|vk| − αk

∣∣ = αk− |vk| and therefore
it follows |vk + hdk| ≤ |vk|+ h|dk| < αk, implying

Sαk(vk + hdk)− Sαk(vk) = 0.

For indices k with |vk| > αk, one has h|dk| <
∣∣|vk| − αk

∣∣ = |vk| − αk. Thus, it follows
|vk + hdk| ≥ |vk| − h|dk| > αk. In the case vk > αk > 0, we have h|dk| < vk − αk, implying
vk + hdk > αk independently of the sign of dk. If vk < −αk < 0, it follows h|dk| < −vk− αk,
implying vk + hdk < −αk. We conclude

Sαk(vk + hdk)− Sαk(vk) = hdk.

In the case vk = αk, we have to distinguish dk < 0, dk = 0 and dk > 0. If dk < 0, we
have αk > vk + hdk = αk + hdk > 0 because h|dk| < α0/2 < αk, implying |vk + hdk| < αk
and

Sαk(vk + hdk)− Sαk(vk) = 0.

In the case dk = 0, we trivially have Sαk(vk + hdk) − Sαk(vk) = 0. If dk > 0, it follows
vk + hdk = αk + hdk > αk, implying

Sαk(vk + hdk)− Sαk(vk) = αk + hdk − αk − 0 = hdk.

Finally, we consider the case vk = −αk. If we additionally have dk > 0, it follows with
hdk = h|dk| < α0/2 < αk that −αk < vk + hdk = −αk + hdk < αk, implying

Sαk(vk + hdk)− Sαk(vk) = 0.

The same equation holds true if dk = 0. In the case dk < 0, we have vk + hdk = −αk +
hdk < −αk and therefore

Sαk(vk + hdk)− Sαk(vk) = −αk + hdk + αk − 0 = hdk.

Altogether, we obtain

‖S′α(v, d)‖2
`2
=

∞

∑
k=1

(
lim
h↘0

Sαk(v + hd)− Sαk(v)
h

)2

= ∑
k∈I1(v,d)

d2
k + ∑

k∈I2(v,d)
02 ≤ ‖d‖2

`2
< ∞,

i.e., S′α(v, d) given elementwise by (2.17) is an element of `2.
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As a consequence, we deduce the directional differentiability of F from (1.10) in the
following corollary.

Corollary 2.6 Let w = (wk)k be a positive weight sequence with wk ≥ w0 > 0 and let γ > 0.
The operator F : `2 → `2, F(u) := u− Sγw(u− γDg(u)) is directionally differentiable and the
directional derivative F′(u, d) of F at u ∈ `2 in the direction d ∈ `2 is given elementwise by

F′k(u, d) =


γ(D2g(u)d)k, k ∈ A(u),
dk, k ∈ I◦(u),
min{dk, γ(D2g(u)d)k}, k ∈ I+(u),
max{dk, γ(D2g(u)d)k}, k ∈ I−(u).

(2.18)

Proof. Because the mapping u 7→ u − γDg(u) is Fréchet differentiable by Assumption
A and because the shrinkage operator Sγw is Lipschitz continuous (it was shown, e.g.,
in [26, Lemma 2.2] that Sγw is nonexpansive), it follows with the chain rule for directional
derivatives from Lemma 1.6 that F is directionally differentiable and that the directional
derivative of F at u ∈ `2 in the direction d ∈ `2 is given by

F′(u, d) = d− S′γw(u− γDg(u), d− γD2g(u)d).

Componentwise, using Lemma 2.5, we have F′k(u, d) = dk − (dk − γ(D2g(u)d)k) =
γ(D2g(u)d)k in the case |uk − γ(Dg(u))k| > γwk and F′k(u, d) = dk − 0 = dk if |uk −
γ(Dg(u))k| < γwk. If it holds uk − γ(Dg(u))k = γwk and ((I − γD2g(u))d)k > 0 or
if uk − γ(g(u))k = −γwk and ((I − γD2g(u))d)k < 0, we get F′k(u, d) = dk − (dk −
γ(D2g(u)d)k) = γ(D2g(u)d)k. Finally, we have F′k(u, d) = dk if uk − γ(Dg(u))k = γwk
and ((I− γD2g(u))d)k ≤ 0 or if uk − γ(Dg(u))k = −γwk and ((I− γD2g(u))d)k ≥ 0,
finishing the proof.

The following lemma is a generalization of our result [66, Lemma 3.1], cf. Lemma 2.8.

Lemma 2.7 The operator F : `2 → `2, F(u) := u− Sγw(u− γDg(u)) with positive weights
wk ≥ w0 > 0 and γ > 0 is Bouligand differentiable, i.e., the directional derivative F′ fulfills the
approximation property

‖F(u + d)− F(u)− F′(u, d)‖`2 = o(‖d‖`2), d→ 0. (2.19)

Additionally, we have

‖G(u + d, d)− F′(u, d)‖`2 = o(‖d‖`2), d→ 0, (2.20)

where G : `2 × `2 → `2 is a uniquely determined mapping with

(G(u, d))k =


dk, k ∈ I◦(u),
γ(D2g(u)d)k, k ∈ A(u),
hk(u, d), k ∈ I±(u),

(2.21)

where either hk(u, d) := dk or hk(u, d) := γ(D2g(u)d)k for k ∈ I±(u). The limit property
(2.20) especially holds true for G(u, d) := F′(u, d).
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Proof. We generalize our proof of [66, Lemma 3.1], see Lemma 2.8. For u, d ∈ `2, we have

‖F(u + d)− F(u)− F′(u, d)‖2
`2
=

∞

∑
k=1

(
Fk(u + d)− Fk(u)− F′k(u, d)

)2.

We suppose 0 < ‖d‖`2 ≤ d0 with

d0 <
γw0

2(1 + γLDg)
,

where LDg denotes the Lipschitz constant of the Fréchet derivative Dg of g in a neighbor-
hood of u and we are going to reduce d0 further in the course of the proof.

For k ∈ I◦(u), we have |uk − γ(Dg(u))k| < γwk. By defining

I1(u) := {k ∈ I◦(u) : |uk − γ(Dg(u))k| > γw0/2},
I2(u) := {k ∈ I◦(u) : |uk − γ(Dg(u))k| ≤ γw0/2},

we have I◦(u) = I1(u) ∪ I2(u) and |I1(u)| < ∞ because u− γDg(u) ∈ `2. On the one
hand, using the fact that I1(u) is finite, we have I1(u) ⊂ I◦(u + d) for all d ∈ `2 with
0 < ‖d‖`2 ≤ d0, where

d0 ≤ min
l∈I1(u)

inf{‖d‖`2 > 0 : |ul + dl − γ(Dg(u + d))l | < γwl}.

On the other hand, we have for k ∈ I2(u)

|uk + dk − γ(Dg(u + d))k| ≤ |uk − γ(Dg(u))k|+ |dk − γ(Dg(u + d))k + γ(Dg(u))k|

≤ γw0

2
+ (1 + γLDg)‖d‖`2 < γw0 ≤ γwk,

implying I2(u) ⊂ I◦(u + d). Because we have shown that I◦(u) ⊂ I◦(u + d) for ‖d‖`2

small enough, with (2.11), (2.18) and (2.21), it follows Fk(u + d)− Fk(u)− F′k(u, d) = 0
and Gk(u + d, d)− F′k(u, d) = dk − dk = 0 for all k ∈ I◦(u).

Because of the finiteness of the active sets A±(u), we may suppose 0 < ‖d‖`2 < d0,
where

d0 ≤ min
l∈A+(u)

inf{‖d‖`2 > 0 : ul + dl − γ(Dg(u + d))l > γwl},

as well as

d0 ≤ min
l∈A−(u)

inf{‖d‖`2 > 0 : ul + dl − γ(Dg(u + d))l < −γwl}.

Therefore, we have A±(u) ⊂ A±(u + d) if ‖d‖`2 is sufficiently small. Because of As-
sumption A, it follows with (2.11) and (2.18),

|Fk(u + d)− Fk(u)− F′k(u, d)| = |γ(Dg(u + d))k − γ(Dg(u))k − γ(D2g(u)d)k|.

Additionally, we have with (2.21),

|Gk(u + d, d)− F′k(u, d)| = |γ(D2g(u + d)d)k − γ(D2g(u)d)k|.
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Let us now consider the finite index sets I±(u). In the case k ∈ I+(u), with (2.11)
and (2.14), we have Fk(u) = uk = γ(Dg(u))k + γwk. We distinguish the cases dk >
γ(Dg(u+d))k−γ(Dg(u))k and dk ≤ γ(Dg(u+d))k−γ(Dg(u))k. If we have k ∈ I+(u)
and dk > γ(Dg(u + d))k − γ(Dg(u))k, then it follows

uk + dk − γ(Dg(u + d))k > uk − γ(Dg(u))k = γwk,

hence k ∈ A+(u + d). Therefore, using (2.11) and (2.18),

|Fk(u + d)− Fk(u)− F′k(u, d)|
= |γ(Dg(u + d))k − γ(Dg(u))k −min{dk, γ(D2g(u)d)k}|
≤ |γ

(
(Dg(u + d))k − (Dg(u))k − (D2g(u)d)k

)
|,

because in the case dk < γ(D2g(u))k, we have

0 > γ(Dg(u + d))k − γ(Dg(u))k − dk > γ(Dg(u + d))k − γ(Dg(u))k − γ(D2g(u))k.

Moreover, with (2.18) and (2.21),

|Gk(u + d, d)− F′k(u, d)|
= |γ(D2g(u + d)d)k −min{dk, γ(D2g(u)d)k}|
≤ max{|γ

(
(D2g(u + d)d)k − (Dg(u + d))k + (Dg(u))k

)
|,

|γ
(
(D2g(u + d)d)k − (D2g(u)d)k

)
|}

≤ 2 max{|γ
(
(D2g(u)d)k − (Dg(u + d))k + (Dg(u))k

)
|,

|γ
(
(D2g(u + d)d)k − (D2g(u)d)k

)
|}

because in the case dk < γ(D2g(u)d)k, we have

γ
(
(D2g(u + d)d)k − (D2g(u)d)k

)
<γ(D2g(u + d)d)k − dk

<γ
(
(D2g(u + d)d)k − (Dg(u + d))k + (Dg(u))k

)
,

and by an application of the triangle inequality, it follows

|γ(D2g(u + d)d)k − γ(Dg(u + d))k + γ(Dg(u))k|
≤ |γ(D2g(u + d)d)k − γ(D2g(u)d)k|

+ |γ(D2g(u)d)k − γ(Dg(u + d))k + γ(Dg(u))k|.
(2.22)

If we have k ∈ I+(u) and dk ≤ γ(Dg(u + d))k − γ(Dg(u))k, then with

|γ(Dg(u))k − γ(Dg(u + d))k + dk| ≤ (1 + γLDg)‖d‖`2 ≤
γw0

2
≤ γwk

2
, (2.23)

we obtain

γwk ≥ uk + dk − γ(Dg(u + d))k = γwk + γ(Dg(u))k − γ(Dg(u + d))k + dk ≥
γwk

2
.
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Thus, we have k ∈ I◦(u + d) ∪ I+(u + d). With (2.11) and (2.18), it follows

|Fk(u + d)− Fk(u)− F′k(u, d)| = |uk + dk − uk −min{dk, γ(D2g(u)d)k}|
= |max{0, ((I− γD2g(u))d)k}|
≤ |γ(Dg(u + d))k − γ(Dg(u))k − γ(D2g(u)d)k|,

because if dk ≤ γ(D2g(u)d)k, the maximum is equal to zero, and if dk > γ(D2g(u)d)k,
the claim follows with

0 < dk − γ(D2g(u)d)k ≤ γ(Dg(u + d))k − γ(Dg(u))k − γ(D2g(u)d)k.

Additionally, with (2.18) and (2.21), we have for k ∈ I◦(u + d)

|Gk(u + d, d)− F′k(u, d)| = |dk −min{dk, γ(D2g(u)d)k}|
= |max{0, ((I− γD2g(u))d)k}|
≤ |γ(Dg(u + d))k − γ(Dg(u))k − γ(D2g(u)d)k|

with the same arguments as above. If k ∈ I+(u + d), we have with (2.14)

uk + dk − γ(Dg(u + d))k = γwk = uk − γ(Dg(u))k.

Hence, we have dk = γ(Dg(u + d))k − γ(Dg(u))k. With (2.18) and (2.21), it follows

|Gk(u + d, d)− F′k(u, d)| =|Gk(u + d, d)−min{dk, γ(D2g(u)d)k}|
≤ 2 max{|γ

(
(D2g(u)d)k − (Dg(u + d))k + (Dg(u))k

)
|,

|γ(D2g(u + d)d)k − γ(D2g(u)d)k|},

because if Gk(u + d, d) = dk, the difference Gk(u + d, d)−min{dk, γ(D2g(u)d)k} is ei-
ther equal to 0 or equal to γ((Dg(u + d))k − (Dg(u))k − (D2g(u)d)k). Otherwise, if we
have Gk(u + d, d) = γ

(
(D2g(u + d)d)k, the difference is equal to γ(D2g(u + d)d)k −

γ(D2g(u)d)k or equal to γ((D2g(u + d)d)k − (Dg(u + d))k + (Dg(u))k) and the esti-
mate follows from (2.22).

In the case k ∈ I−(u), we have Fk(u) = uk = γ(Dg(u))k − γwk because of (2.11) and
(2.15). First, we consider the case dk < γ(Dg(u + d))k − γ(Dg(u))k. Because of

uk + dk − γ(Dg(u + d))k < uk − γ(Dg(u))k = −γwk,

it follows k ∈ A−(u + d). Hence, using (2.11) and (2.18), we get

|Fk(u + d)− Fk(u)− F′k(u, d)|
= |γ(Dg(u + d))k − γ(Dg(u))k −max{dk, γ(D2g(u)d)k}|
≤ |γ(Dg(u + d))k − γ(Dg(u))k − γ(D2g(u)d)k|,

because if dk > γ(D2g(u)d)k, one has

γ(D2g(u)d)k − γ(Dg(u + d))k + γ(Dg(u))k < dk − γ(Dg(u + d))k + γ(Dg(u))k < 0.
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Moreover, with (2.18) and (2.21), we get

|Gk(u + d, d)− F′k(u, d)|
= |γ(D2g(u + d)d)k −max{dk, γ(D2g(u)d)k}|
≤ max{|γ

(
(D2g(u + d)d)k − (Dg(u + d))k + (Dg(u))k

)
|,

|γ
(
(D2g(u + d)d)k − (D2g(u)d)k

)
|}

≤ 2 max{|γ
(
(D2g(u)d)k − (Dg(u + d))k + (Dg(u))k

)
|,

|γ
(
(D2g(u + d)d)k − (D2g(u)d)k

)
|}

because in the case dk > γ(D2g(u)d)k, one has

γ(D2g(u + d)d)k − γ(D2g(u)d)k > γ(D2g(u + d)d)k − dk

> γ(D2g(u + d)d)k − γ(Dg(u + d))k + γ(Dg(u))k

and the estimate follows as in the case k ∈ I+(u) ∩A+(u + d) with (2.22).
Second, we consider the case k ∈ I−(u) and dk ≥ γ(Dg(u + d))k − γ(Dg(u))k. With

(2.23), we have

−γwk

2
≥ −γwk + γ(Dg(u))k − γ(Dg(u + d))k + dk

= uk + dk − γ(Dg(u + d))k

≥ uk − γ(Dg(u))k = −γwk,

hence k ∈ I◦(u + d) ∪ I−(u + d). Now it follows with (2.11) and (2.18)

|Fk(u + d)− Fk(u)− F′k(u, d)| = |uk + dk − uk −max{dk, γ(D2g(u)d)k}|
= |min{0, ((I− γD2g(u))d)k}|
≤ |γ(Dg(u + d))k − γ(Dg(u))k − γ(D2g(u)d)k|,

because on the one hand, the minimum is equal to zero if dk ≥ γ(D2g(u)d)k. On the
other hand, if dk < γ(D2g(u)d)k, we have

0 > dk − γ(D2g(u)d)k

≥ γ(Dg(u + d))k − γ(Dg(u))k − γ(D2g(u)d)k.

Furthermore, using (2.18) and (2.21), we have for k ∈ I◦(u + d)

|Gk(u + d, d)− F′k(u, d)| = |dk −max{dk, γ(D2g(u)d)k}|
= |min{0, ((I− γD2g(u))d)k}|
≤ |γ(Dg(u + d))k − γ(Dg(u))k − γ(D2g(u)d)k|,

with the same arguments as above. In the case k ∈ I−(u + d), we have with (2.15)

uk + dk − γ(Dg(u + d))k = −γwk = uk − γ(Dg(u))k,
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implying dk = γ(Dg(u + d))k − γ(Dg(u))k and hence with (2.18) and (2.21)

|Gk(u + d, d)− F′k(u, d)| = |Gk(u + d, d)−max{dk, γ(D2g(u)d)k}|
≤ 2 max{|γ(D2g(u + d)d)k − γ(D2g(u)d)k|,

|γ
(
(D2g(u)d)k − (Dg(u + d))k + (Dg(u))k

)
|}.

This estimate follows analogously to the case k ∈ I+(u) ∩ I+(u + d).
Altogether, we obtain with the smoothness assumption on g and the local Lipschitz

continuity of the second derivative D2g, cf. Assumption A,

‖F(u + d)− F(u)− F′(u, d)‖2
`2
=

∞

∑
k=1
|Fk(u + d)− Fk(u)− F′k(u, d)|2

≤ ∑
k∈A(u)∪I±(u)

|γ(Dg(u + d)− Dg(u)− D2g(u)d)k|2

= o(‖d‖2
`2
), d→ 0,

and

‖G(u + d, d)− F′(u, d)‖2
`2

=
∞

∑
k=1
|Gk(u + d, d)− F′k(u, d)|2

≤ ∑
k∈A(u)

|γ(D2g(u + d)d)k − γ(D2g(u)d)k|2

+ 4 ∑
k∈I±(u)

max{|γ
(
(D2g(u)d)k − (Dg(u + d))k + (Dg(u))k

)
|,

|γ
(
(D2g(u + d)d)k − γ

(
(D2g(u)d)k|}2

= o(‖d‖2
`2
), d→ 0,

showing (2.19) and (2.20), finishing the proof.

The limit property (2.20) will be needed in Remark 2.14 in order to show that the B-
Newton method for the nonlinearity F from (1.10) also is a semismooth Newton method
as well as in Theorem 2.15 to verify the semismoothness of F. Note that (2.20) still
holds true for hk(u, d) ∈ conv{dk, γ(D2g(u)d)k} for k ∈ I±(u). In case of a quadratic
functional g(u) = 1

2‖Ku − f ‖2
H, we will prove the stronger property that the residual

F(u + hd)− F(u)− hF′(u, d) is exactly equal to 0 for sufficiently small h.

Lemma 2.8 Let u, d ∈ `2 be arbitrary. There exists h0 = h0(u, d) > 0, so that

Fk(u + hd)− Fk(u)
h

=


γ(K∗Kd)k, k ∈ A(u)
dk, k ∈ I◦(u)
min{dk, γ(K∗Kd)k}, k ∈ I+(u)
max{dk, γ(K∗Kd)k}, k ∈ I−(u)

, for all 0 < h ≤ h0.

(2.24)
In particular, the directional derivative F′(u, d) = (F′k(u, d))k∈N ∈ `2 is given componentwise
by the right-hand side of (2.24).
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Proof. Let u, d ∈ `2, k ∈ N and 0 < h < h0, where h0‖(I− γK∗K)d‖`2 ≤ γ w0
2 . The value

h0 will be reduced further in the course of the proof.
If k ∈ I+(u), (2.11) and (2.14) tell us that

Fk(u) = uk = γ(K∗(Ku− f ))k + γwk.

If, additionally, ((I− γK∗K)d)k > 0, then k ∈ A+(u+ hd), so that an application of (2.11)
yields Fk(u + hd)− Fk(u) = hγ(K∗Kd)k, showing (2.24). The same argument works for
k ∈ I−(u) and ((I− γK∗K)d)k < 0.

If k ∈ I+(u) and ((I− γK∗K)d)k ≤ 0, it follows that for all 0 < h ≤ h0,(
u + hd + γK∗( f − K(u + hd))

)
k = γwk + h((I− γK∗K)d)k ∈ (−γwk, γwk]

and hence k ∈ I(u + hd). We conclude that Fk(u + hd)− Fk(u) = hdk for all 0 < h ≤ h0,
showing (2.24). The same argument works for k ∈ I−(u) and ((I− γK∗K)d)k ≥ 0.

Moreover, due to the fact that A(u) is a finite set, we can find h0 > 0 such that A(u) ⊂
A(u + hd) for all 0 < h ≤ h0 with

h0 ≤ min
l∈A(u)

inf
{

h > 0 :
∣∣(u + hd + γK∗( f − K(u + hd)))l

∣∣ > γwl

}
.

For 0 < h ≤ h0 and k ∈ A(u) ⊂ A(u + hd), (2.11) yields Fk(u + hd) − Fk(u) =
hγ(K∗Kd)k and hence (2.24).

Finally, in order to show (2.24) for k ∈ I◦(u), we decompose I◦(u) = I1(u) ∪ I2(u),
setting

I1(u) :=
{

k ∈ I◦(u) : |(u + γ(K∗( f − Ku)))k| > γw0
2

}
,

I2(u) :=
{

k ∈ I◦(u) : |(u + γ(K∗( f − Ku)))k| ≤ γw0
2

}
.

Note that I1(u) is a finite set, due to u + γK∗( f − Ku) ∈ `2. We may therefore choose
h0 > 0 even sufficiently small that I1(u) ⊂ I(u + hd) for all 0 < h ≤ h0, e.g., by
additionally requiring that

h0 ≤ min
l∈I1(u)

inf
{

h > 0 :
∣∣(u + hd + γK∗( f − K(u + hd)))l

∣∣ < γwl

}
.

We conclude that for all 0 < h ≤ h0 and k ∈ I2(u),∣∣(u + hd + γK∗( f − K(u + hd)))k
∣∣ ≤ ∣∣(u + γK∗( f − Ku))k

∣∣+ h
∥∥(I− γK∗K)d

∥∥
`2

≤ γw0 ≤ γwk,

so that also I2(u) ⊂ I(u+ hd) for all 0 < h ≤ h0. (2.11) implies that Fk(u+ hd)− Fk(u) =
hdk for all k ∈ I◦(u) and 0 < h ≤ h0. Note that h0 = h0(u, d) is independent of k.

As already mentioned, our globalization strategy in Section 2.3 will choose damping
parameters tj in such a way that sufficient descent of the merit functional Θp from (2.2)
is guaranteed. To this end, we compute the directional derivatives of Θp.
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Lemma 2.9 Let u, d ∈ `2 be arbitrary. Then for p ∈ {1, 2}, Θp := ‖F(·)‖p
`p

is directionally
differentiable at u in the direction d with directional derivatives

Θ′p(u, d) =


∑

Fk(u)>0
F′k(u, d) + ∑

Fk(u)=0

∣∣F′k(u, d)
∣∣− ∑

Fk(u)<0
F′k(u, d), p = 1,

2 ∑
k∈N

F′k(u, d)Fk(u), p = 2.
(2.25)

Proof. The identity (2.25) immediately follows by an application of the chain rule for
directionally differentiable mappings, see Lemma 1.6, cf. [124, Theorem 3.1.1] or [128,
Proposition 3.6 (i), Proposition 3.5].

2.2.2 The feasibility of the local B-semismooth Newton iteration

In the sequel, for a given u ∈ `2, we will discuss the existence and uniqueness of a
solution d ∈ `2 to the nonlinear problem (1.18)

F′(u, d) = −F(u).

Note that in view of Lemma 2.9, a solution d to (1.18) has the particularly interesting
properties that

Θ′1(u, d) = − ∑
k∈N
|Fk(u)| = −Θ1(u),

Θ′2(u, d) = 2
〈
F′(u, d), F(u)

〉
= −2Θ2(u).

(2.26)

It will turn out that a solution d to (1.18) coincides with the semismooth Newton direction
from [58, 103] if I±(u) = ∅, see Lemma 2.11. The following auxiliary results ensure the
solvability of (1.18).

Lemma 2.10 Let u ∈ `2, γ > 0, M := D2g(u) and

N := γ

(
MI+,I+ −MI+,AM−1

A,AMA,I+ MI+,AM−1
A,AMA,I− −MI+,I−

MI−,AM−1
A,AMA,I+ −MI−,I+ MI−,I− −MI−,AM−1

A,AMA,I−

)
. (2.27)

Then the finite-dimensional matrix N is symmetric and positive definite.

Proof. Without loss of generality, let γ = 1. N is finite-dimensional because of the finite-
ness of the index sets I+, I− and A. The symmetry of N readily follows from that of
M. Concerning the positive definiteness of N, note that each real 3× 3 block matrix with
symmetric off-diagonal blocks and symmetric invertible diagonal block F can be decom-
posed as

M =

 A B C
B> D E
C> E> F

 = X

 A− CF−1C> CF−1E> − B 0
EF−1C> − B> D− EF−1E> 0

0 0 F

X>, (2.28)

with

X =

−I 0 CF−1

0 I EF−1

0 0 I

 .
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Setting A := MI+,I+ , B := MI+,I− , C := MI+,A, D := MI−,I− , E := MI−,A and
F := MA,A, (2.28) tells us that N is the upper left 2 × 2 diagonal block of the matrix
X−1MI+∪I−∪A,I+∪I−∪AX−T and hence with Sylvester’s law of inertia positive definite,
since MA,A and MI±,I± are positive definite according to Assumption A.

The solvability of (1.18) hinges on the solvability of a particular linear complementarity
problem.

Lemma 2.11 Let u ∈ `2. Then with M := D2g(u), d ∈ `2 solves (1.18) if and only if

γ(Md)A = −F(u)A, (2.29)

dI◦ = −uI◦ , (2.30)

and

x :=
(

dI+ + uI+
−dI− − uI−

)
, y :=

(
γ(Md)I+ + F(u)I+
−γ(Md)I− − F(u)I−

)
, (2.31)

solve the linear complementarity problem

x, y ≥ 0, y = Nx + z, 〈x, y〉 = 0, (2.32)

where the data N = N(u) and z = z(u) are given by (2.27) and

z =

(
γ(MI+,AM−1

A,AMA,I◦ −MI+,I◦)uI◦ −MI+,AM−1
A,AF(u)A + F(u)I+

γ(MI−,I◦ −MI−,AM−1
A,AMA,I◦)uI◦ + MI−,AM−1

A,AF(u)A − F(u)I−

)

− γ

(
MI+,I+ −MI+,AM−1

A,AMA,I+ MI+,AM−1
A,AMA,I− −MI+,I−

MI−,AM−1
A,AMA,I+ −MI−,I+ MI−,I− −MI−,AM−1

A,AMA,I−

)(
uI+
−uI−

)
.

(2.33)

Proof. By componentwise application of (2.11) and (2.18) to the indices from A, I◦, I+
and I−, we observe first that (1.18) is equivalent to (2.29), (2.30) and the conditions(

dk + uk ≥ 0∧ γ(Md)k + Fk(u) = 0
)
∨
(
dk + uk = 0∧ γ(Md)k + Fk(u) ≥ 0

)
, k ∈ I+,(

dk + uk ≤ 0∧ γ(Md)k + Fk(u) = 0
)
∨
(
dk + uk = 0∧ γ(Md)k + Fk(u) ≤ 0

)
, k ∈ I−,

respectively because Fk(u) = uk for k ∈ I±(u). The last two conditions are actually
equivalent to

dI+ + uI+ ≥ 0, F(u)I+ + γ(Md)I+ ≥ 0,
〈
dI+ + uI+ , F(u)I+ + γ(Md)I+

〉
= 0

(2.34)
and

dI− + uI− ≤ 0, F(u)I− + γ(Md)I− ≤ 0,
〈
dI− + uI− , F(u)I− + γ(Md)I−

〉
= 0.

(2.35)
Now assume that d ∈ `2 solves (1.18) and hence (2.29), (2.30), (2.34) and (2.35) hold.
By defining x, y as in (2.31), (2.34) and (2.35) tell us that x ≥ 0, y ≥ 0 and 〈x, y〉 = 0.
Moreover, (2.29) and (2.30) imply that

dA = 1
γ M−1

A,A
(
γMA,I◦uI◦ − F(u)A − γMA,I+dI+ − γMA,I−dI−

)
. (2.36)
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Inserting (2.36) into the definition of y from (2.31), we obtain

y =

(
γ(Md)I+ + F(u)I+
−γ(Md)I− − F(u)I−

)
=

(
γMI+,AdA + γMI+,I+dI+ + γMI+,I−dI− − γMI+,I◦uI◦ + F(u)I+
−γMI−,AdA − γMI−,I+dI+ − γMI−,I−dI− + γMI−,I◦uI◦ − F(u)I−

)
= N

(
dI+
−dI−

)
+

(
γ(MI+,AM−1

A,AMA,I◦ −MI+,I◦)uI◦ −MI+,AM−1
A,AF(u)A + F(u)I+

γ(MI−,I◦ −MI−,AM−1
A,AMA,I◦)uI◦ + MI−,AM−1

A,AF(u)A − F(u)I−

)
= Nx + z,

with N from (2.27) and z from (2.33), showing (2.32).
Conversely, assume that x, y solve (2.32) and define d ∈ `2 blockwise via(

dI+
−dI−

)
:= x +

(
−uI+
uI−

)
and the system (2.29), (2.30) for the remaining entries from A ∪ I◦. It remains to show
that d solves (1.18). As we have already seen above, (2.29) and (2.30) are equivalent to
(1.18) holding in the entries corresponding to A ∪ I◦. Moreover, as above, (2.29) and
(2.30) imply (2.36), which yields

y = Nx + z =

(
γ(Md)I+ + F(u)I+
−γ(Md)I− − F(u)I−

)
,

tracing back the previous computation. By consequence, (2.31) holds. (2.32) implies (2.34)
and (2.35), and thus (1.18) holds in the remaining entries corresponding to I+ ∪ I−.

Remark 2.12 The definition of the vector y from (2.31) and the vector z from (2.33) differs from
the definition in our publication [66, Lemma 3.4]. Here, we write F(u)I± instead of uI± in each
component of y and in the minuend of z, respectively. Although we have F(u)I± = uI± , this
detail is essential for establishing the modified B-semismooth Newton method in Chapter 3.

We are now in the position to prove the following theorem on the solvability of (1.18).

Theorem 2.13 Let x, y ∈ R|I
±| be the unique solution to (2.32) for an iterate u(j) ∈ `2 and let

I = I◦ ∪ I+ ∪ I− and M := D2g(u(j)). Then the local B-semismooth Newton iteration (1.17)
is well-defined, with

d(j)
I◦ = −u(j)

I◦ ,

d(j)
I+ = xI+ − u(j)

I+ ,

d(j)
I− = −xI− − u(j)

I− ,

d(j)
A =

1
γ

M−1
A,A
(
− γMA,Id(j)

I − F(u(j))A
)
.

(2.37)

Proof. The finite-dimensional linear complementarity problem (2.32) is uniquely solvable
if N is a P-matrix, i.e., if all of its principal minors are positive [24, Definition 3.3.1, The-
orem 3.3.7]. According to Lemma 2.10, N = N(u(j)) is symmetric and positive definite.
Hence, N is a P-Matrix and (1.17), (2.37) are well-defined.
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There exist standard methods for the efficient numerical solution for the linear com-
plementarity problem that appears in (2.37), e.g., Lemke’s method or pivoting methods,
see [24]. The CVX toolbox [25] or generalized damped Newton methods like [70] can be
used as well.

Remark 2.14 Analogously to our remark [66, Remark 4.11], we now justify the naming of the
B-semismooth Newton method (1.17), see also [115, Lemma 2.2, Proposition 3.4]. In matrix
notation, the generalized Newton equation for the Newton direction (2.37) can be expressed by

G(u)d = −F(u),

where G is defined block by block(
G(u)B,B G(u)B,C
G(u)C,B G(u)C,C

)
=

(
γD2g(u)B,B γD2g(u)B,C

0C,B IC,C

)
, (2.38)

and
B = B(u) := A(u) ∪ {k ∈ I±(u) : xk > 0},
C = C(u) := I◦(u) ∪ {k ∈ I±(u) : xk = 0} = N\B,

(2.39)

and x = (xk)k denotes the solution to the linear complementarity problem (2.32). With

lim
d→0

∥∥F(u + d)− F(u)−G(u + d)d
∥∥
`2

‖d‖`2

≤ lim
d→0

∥∥F(u + d)− F(u)− F′(u, d)
∥∥
`2

‖d‖`2

+ lim
d→0

∥∥F′(u, d)−G(u + d)d
∥∥
`2

‖d‖`2

and Lemma 2.7, it follows that G is indeed a Newton derivative of F, justifying the naming
of the method. The second limit in the sum is equal to zero because the limit property (2.20)
holds true for every element of the slant derivative ∂G

S F(u + d), see Definition 1.23. Note that
x = x(u) as well as the matrix G(u) do not depend on the vector d. Nevertheless, the generalized
Newton equation is not only a system of linear equations because one has to solve the linear
complementarity problem (2.32) to set up G(u). Moreover, the identity F′(u, d) = G(u)d holds
true only for the solution d = d(u) to the generalized Newton equation (1.18).

Theorem 2.15 Let w = (wk)k be a positive weight sequence with wk ≥ w0 > 0 and let As-
sumption A be fulfilled. Then, the mapping F : `2 → `2, F(u) = u− γSγw(u− γDg(u)) is
semismooth.

Proof. The claim directly follows from Remark 2.14, Lemma 2.7 and [18, Theorem 3.3],
see Theorem 1.25.

Concerning the convergence properties of the local B-semismooth Newton method, we
can rely on the following result from [58, Theorem 3.13] and [103, Theorem 3.7].

Corollary 2.16 Let u∗ be a solution to F(u) = 0. Then, the iterates of the local B-semismooth
Newton iteration (1.17) converge to u∗ superlinearly in a neighborhood of u∗.
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Proof. We follow the outline of [58, Section 3.4] and [103, Section 3], respectively. First,
we show that there exists a finite index κ ∈ N such that we have B(u) ⊂ {1, . . . , κ},
with B from (2.39), for all u in a neighborhood of the zero u∗ of F. Second, we will prove
the uniform boundedness of G(u)−1 with G from (2.38) for all u sufficiently close to u∗

and finally, we deduce the local superlinear convergence of the B-semismooth Newton
method (1.17).

We determine whether an index k is an element of the index set B(u), i.e., whether we
have |uk − γ(Dg(u))k| ≥ γwk for an index k. Because u∗ − γDg(u∗) ∈ `2, there exists an
index κ > 0 with |u∗k − γ(Dg(u∗))k| < γw0/2 for all k ≥ κ and hence

|uk − γ(Dg(u))k| ≤ |u∗k − γ(Dg(u∗))k|+ |uk − u∗k − γ(Dg(u))k + γ(Dg(u∗))k|

<
γw0

2
+ (1 + γLDg)‖u− u∗‖`2

≤ γw0 ≤ γwk,

for all u ∈ `2 with ‖u − u∗‖`2 ≤
γw0

2(1+γLDg)
=: r and k ≥ κ, where LDg denotes the

Lipschitz constant of Dg in a neighborhoof of u∗. Thus, we have k /∈ B(u) for all k ≥ κ if
u is sufficiently close to u∗ and κ only depends on u∗, γ and w0.

Because of Assumption A, the finite submatrix D2g(u)B,B is boundedly invertible for
any fixed, finite index set B in a neighborhood of u∗. Without loss of generality, we may
assume that this assumption is fulfilled in Br̃(u∗) := {u ∈ `2 : ‖u − u∗‖`2 < r̃} with
0 < r̃ ≤ r. Hence, G is invertible at u and the inverse, blocked according to the index sets
B and C, is given by(

(G(u)−1)B,B) (G(u)−1)B,C
(G(u)−1)C,B) (G(u)−1)C,C

)
=

( 1
γ (D2g(u)B,B)

−1 −(D2g(u)B,B)
−1D2g(u)B,C

0C,B IC,C

)
.

Therefore, there exist constants c0, c1 > 0 such that the inverse G(u)−1 is uniformly
bounded for all u ∈ Br̃(u∗),

‖G(u)−1‖L(`2)

≤ 1
γ
‖(D2g(u)B,B)

−1‖2 + ‖(D2g(u)B,B)
−1‖2‖D2g(u)B,C‖L(`2,R|B|) + 1

≤
( 1

γ
+ ‖D2g(u)‖L(`2)

)
‖(D2g(u)B,B)

−1‖2 + 1

≤
( 1

γ
+ c0

)
max

∅ 6=J⊂{1,...,κ}
sup

u∈Br̃(u∗)
‖(D2g(u)J ,J )

−1‖2 + 1

≤
( 1

γ
+ c0

)
c1 + 1 =: C,

(2.40)

cf. [58, Proposition 3.11] and [103, Lemma 3.6]. Here, we used the fact that ‖D2g(u)‖L(`2)

is uniformly bounded in a neighborhood of u∗ because of the local Lipschitz continuity
of Dg, see Assumption A, cf. [103, proof of Theorem 3.7]. Using the idea of [73, proof of
Theorem 1.1] (see also [17, Remark 2.7], [18, Theorem 3.4]), we can argue that for every
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Algorithm 1 The damped B-semismooth Newton method BSSN

Choose a starting vector u(0) ∈ Rn, parameters p ∈ {1, 2}, β ∈ (0, 1), σ ∈ (0, 1
p ) and a tolerance tol > 0

and set j := 0.
while ‖F(u(j))‖2 ≥ tol do

Compute the Newton direction d(j) according to (2.37)
tj = 1
while Θp(u(j) + tjd(j)) > (1− pσtj)Θp(u(j)) do

tj = tjβ
end while
u(j+1) = u(j) + tjd(j)

j = j + 1
end while

ξ ∈ (0, 1] there exists a radius r̂ with r̃ ≥ r̂ > 0 such that we have for all u(j) ∈ Br̂(u∗),

‖u(j+1) − u∗‖`2 = ‖u
(j) −G(u(j))−1F(u(j))− u∗‖`2

= ‖u(j) − u∗ −G(u(j))−1(F(u(j))− F(u∗))‖`2

≤ ‖G(u(j))−1‖L(`2)‖G(u(j))(u(j) − u∗)− F(u(j)) + F(u∗)‖`2

≤ ‖G(u(j))−1‖L(`2)
ξ

C
‖u(j) − u∗‖`2 ≤ ξ‖u(j) − u∗‖`2 ≤ ‖u

(j) − u∗‖`2 ,

because of the Newton differentiability of F. Inductively, we have u(j) ∈ Br̂(u∗) for all
j ≥ 1 if u(0) ∈ Br̂(u∗). The claim follows from the fact that ξ ∈ (0, 1] was arbitrarily
chosen.

Remark 2.17 Local B-semismooth Newton iterations may show a cycling effect, as can be shown
by the very examples of Subsection 2.1.2. Indeed, the Newton directions of (2.37) and the New-
ton directions from [58] coincide in these examples. Any globalization strategy which relies on
residual descent will avoid the cycling effect, see Section 2.3.

2.3 The global B-semismooth Newton iteration

In this section, we will analyze the following damped B-semismooth Newton method for
the computation of `1 Tikhonov minimizers

u(j+1) = u(j) + tjd(j), F′(u(j), d(j)) = −F(u(j)), j = 0, 1, . . . (2.41)

and its global convergence properties in a finite-dimensional setting N = {1, . . . , n}.
Inspired by the works [63, 77, 107, 111], we shall choose the damping parameters tj by
inexact line search. The overall algorithm can be found in Algorithm 1.

Let us first show that damping parameters tj are well-defined.

Proposition 2.18 Let p ∈ {1, 2}, β ∈ (0, 1), σ ∈ (0, 1/p). Let u(j) with Θp(u(j)) > 0 be an
iterate in Algorithm 1 and let d(j) = d(u(j)) be chosen according to (2.37). Then there exists an
index l ∈N with

Θp(u(j) + βld(j)) ≤ (1− pσβl)Θp(u(j)). (2.42)
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Proof. According to (2.26), we have Θ′p(u(j), d(j)) = −pΘp(u(j)) < 0. Assuming that there
exists no such index l ∈N, one has for all l ∈N

Θp(u(j) + βld(j))−Θp(u(j))

βl > −pσΘp(u(j)).

For l → ∞, it follows that Θ′p(u(j), d(j)) ≥ −pσΘp(u(j)), which is a contradiction to
Θ′p(u(j), d(j)) = −pΘp(u(j)) < −pσΘp(u(j)).

Remark 2.19 For the particular B-Newton direction from (2.37), inequality (2.42) is equivalent
to the ordinary Armijo rule, because

Θp(u(j) + tjd(j)) ≤ (1− pσtj)Θp(u(j)) = Θp(u(j))− pσtjΘp(u(j))

= Θp(u(j)) + σtjΘ′p(u
(j), d(j))

with σ ∈ (0, 1
p ).

As an important ingredient of our convergence analysis, we require that the level sets
LΘp(u

(0)) are compact, cf. Assumption B. The compactness of the level sets is ensured if
‖F(·)‖p is coercive. In the case of a quadratic discrepancy term g : Rn → R,

g(u) :=
1
2

u>Au + u>b + c, (2.43)

with A ∈ Rn×n symmetric and nonsingular, b ∈ Rn and c ∈ R we will in the follow-
ing show that ‖F(·)‖p, p ∈ {1, 2} is coercive with respect to the Euclidean norm, i.e.,
lim‖u‖2→∞ ‖F(u)‖p = ∞. As a special case the claim follows for the discrepancy term

g(u) :=
1
2
‖Ku− f‖2

2, (2.44)

with K ∈ Rm×n injective and A = K>K, b = −K>f and c = 1
2‖f‖2

2. For the proof, we
need the following estimates for soft-thresholding in finite-dimensional spaces.

Lemma 2.20 Let 0 ≤ w ∈ Rn. Then for p ∈ [1, ∞] with 1
∞ := 0 it follows that

‖u− Sw(u)‖p ≤ n
1
p ‖w‖∞, for all u ∈ Rn. (2.45)

Proof. For each u ∈ Rn, (2.45) for 1 ≤ p < ∞ follows from

‖u− Sw(u)‖p
p = ∑

|uk |≤wk

|uk|p + ∑
|uk |>wk

wp
k ≤

n

∑
k=1

wp
k ≤ n‖w‖p

∞.

For p = ∞, we have

‖u− Sw(u)‖∞ = max
1≤i≤n

|(u− Sw(u))i| = max
{

max
{k:|uk |≤wk}

|uk|, max
{k:|uk |>wk}

wk

}
≤ max

k
wk = ‖w‖∞.

42



2.3 THE GLOBAL B-SEMISMOOTH NEWTON ITERATION

In case of a quadratic discrepancy term (2.43), the coercivity of ‖F(·)‖p with respect
to the Euclidean norm for each γ > 0 immediately follows from the following lemma,
because I− γA ∈ Rn×n is symmetric and 1 is not an eigenvalue of this matrix because A
is nonsingular.

Lemma 2.21 Let p ∈ {1, 2}, 0 ≤ w ∈ Rn, c ∈ Rn, B ∈ Rn×n be symmetric, and assume that 1
is not an eigenvalue of B. Then there exist α > 0 and β ∈ R with∥∥u− Sw(Bu + c)

∥∥
p ≥ α‖u‖2 + β, for all u ∈ Rn. (2.46)

Proof. By assumption on the spectral properties of B, there exist B-invariant subspaces
U1, U2 and constants 0 < ρ < 1 < η with

‖Bu1‖2 ≤ ρ‖u1‖2, for all u1 ∈ U1,

and
‖Bu2‖2 ≥ η‖u2‖2, for all u2 ∈ U2,

such that the splitting Rn = U1 ⊕U2 is orthogonal. For an arbitrary u ∈ Rn and its or-
thogonal projections of u onto Uj, 1 ≤ j ≤ 2, a double application of Pythagoras’ theorem
implies that

∥∥(I− B)u
∥∥

2 =
√∥∥(I− B)u1

∥∥2
2 +

∥∥(I− B)u2
∥∥2

2 ≥ min{1− ρ, η − 1}‖u‖2. (2.47)

By combining (2.47), (2.45) and the nonexpansivity of the soft shrinkage operator Sw, we
obtain that∥∥u− Sw(Bu + c)

∥∥
2 ≥

∥∥(I− B)(u)
∥∥

2 −
∥∥Bu− Sw(Bu)

∥∥
2 −

∥∥Sw(Bu)− Sw(Bu + c)
∥∥

2

≥ min{1− ρ, η − 1}‖u‖2 −
√

n‖w‖∞ − ‖c‖2,

proving the claim for p = 2. The claim for p = 1 follows from∥∥u− Sw(Bu + c)
∥∥

1 ≥
∥∥u− Sw(Bu + c)

∥∥
2.

We proceed by verifying the compactness of the level sets of ‖F(·)‖p in case of a
quadratic discrepancy term (2.43).

Proposition 2.22 Let u(0) ∈ Rn be an arbitrary starting vector of Algorithm 1 and let g be a
quadratic discrepancy term (2.43) with A ∈ Rn×n symmetric and nonsingular. Then the level set
L(u(0)) := {u : ‖F(u)‖p ≤ ‖F(u(0))‖p}, p ∈ {1, 2} is compact.

Proof. This follows immediately from the coercivity (2.46) and the continuity of the func-
tion ‖F(·)‖p.

In what follows, we will return to arbitrary discrepancy terms g. In the following
proposition, we will show that the B-semismooth Newton directions from (2.37) are
bounded with respect to the current residual norms.
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Proposition 2.23 Let u ∈ Rn, p ∈ {1, 2}, and let d = d(u) be chosen according to (2.37).
There exists a constant C > 0, independent of u, with

‖d‖p ≤ C
∥∥F(u)

∥∥
p.

Proof. We proceed in a similar way as in the proof of (2.40). Because of the equivalence
of the norms in Rn, it suffices to consider the case p = 2. The claim immediately follows
from the bounded invertibility of G(u)−1 in the level set LΘ2(u

(0)). Using [58, Proposi-
tion 3.11] and [103, Lemma 3.6], we have

‖d‖2 ≤ ‖G(u)−1‖2‖F(u)‖2

≤
(( 1

γ
+ sup

u∈LΘ2 (u
(0))

‖∇2g(u)‖2

)
max

∅ 6=J⊂{1,...,n}
sup

u∈LΘ2 (u
(0))

‖(∇2g(u)J ,J )
−1‖2 + 1

)
‖F(u)‖2

≤
(( 1

γ
+ c2

) 1
c1

+ 1
)
‖F(u)‖2

with c1, c2 > 0 from Assumption B, finishing the proof.

In our convergence proof, we shall need the continuity of Θ′p.

Lemma 2.24 Let (u(j), d(j)) → (u∗, d), j → ∞, Θ := Θp, p ∈ {1, 2}. If Θ from (2.2) fulfills
the condition

lim
(u,v)→(u∗,u∗)

Θ(u)−Θ(v)−Θ′(u∗, u− v)
‖u− v‖p

= 0, (2.48)

then the directional derivative Θ′(u, d) is continuous at (u∗, d), as a function of (u, d), i.e.,

lim
j→∞

Θ′(u(j), d(j)) = Θ′(u∗, d).

Proof. Since Θ from (2.2) is locally Lipschitz continuous and directionally differentiable
in the level set LΘ(u(0)) from Assumption B, it follows for u ∈ LΘ(u(0)) that Θ′(u, ·)
is a globally Lipschitz continuous function with the same Lipschitz constant as Θ, see
Lemma 1.19 or [124, Theorem 3.1.2], i.e.,

lim
j→∞

Θ′(u∗, d(j)) = Θ′(u∗, d).

Because of condition (2.48) of Θ at u∗, the double limit

lim
j→∞,t↘0

Θ(u(j) + td(j))−Θ(u(j))

t

exists and is equal to Θ′(u∗, d). Additionally, one has

lim
t↘0

Θ(u(j) + td(j))−Θ(u(j))

t
= Θ′(u(j), d(j))
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for every fixed j ∈N. Therefore, we conclude that

lim
j→∞

Θ′(u(j), d(j)) = lim
j→∞

(
lim
t↘0

Θ(u(j) + td(j))−Θ(u(j))

t

)

= lim
j→∞,t↘0

Θ(u(j) + td(j))−Θ(u(j))

t

= Θ′(u∗, d).

We may now prove our main result on the global convergence of Algorithm 1, cf. [63,
Theorem 1].

Theorem 2.25 Consider the damped B-semismooth Newton method for the finite-dimensional
shrinkage equation (1.10). Let {u(j)}j be a sequence of iterates produced by Algorithm 1, {tj}j
the chosen step sizes and p ∈ {1, 2}, Θ := Θp.

(i) If lim supj→∞ tj > 0, then u(j) → u∗, j→ ∞ with Θ(u∗) = 0.

(ii) If lim supj→∞ tj = 0 and if u∗ is an accumulation point of {u(j)}j where condition (2.48)

holds at u∗, then u(j) → u∗, j→ ∞ with Θ(u∗) = 0.

Proof. We proceed as in [63, 77, 107, 111]. The B-Newton equation (1.18) has a unique
solution in each step, according to Theorem 2.13. Moreover, Proposition 2.18 ensures that
the Armijo rule outputs well-defined step sizes tj. Due to the boundedness of the level
set LΘp(u

(0)), cf. Assumption B and Proposition 2.22 in case of a quadratic discrepancy
term g, respectively, the sequence of iterates {u(j)}j is bounded and has an accumulation
point u∗. If tj is chosen equal to 1 infinitely many times, then it follows with 1− pσ < 1
that u(j) → u∗, j→ ∞, with Θ(u∗) = 0.
Otherwise, {Θ(u(j))}j is still strictly decreasing, due to the Armijo rule, and obviously
bounded below by 0. Therefore, the sequence {Θ(u(j))}j is convergent and the sequence
of differences {Θ(u(j+1))−Θ(u(j))}j tends to 0. The Armijo rule (2.42) implies

tjΘ(u(j)) ≤ Θ(u(j))−Θ(u(j+1))

pσ
→ 0, j→ ∞.

If the chosen step sizes are bounded away from 0, i.e., lim supj→∞ tj > 0, it follows that

u(j) → u∗, j→ ∞ with Θ(u∗) = 0, proving (i).
Suppose now that lim supj→∞ tj = 0, which implies that limj→∞ tj = 0. Let {Θ(u(j))}j∈J

be a subsequence converging to u∗ with Θ(u∗) > 0. Let tj = βlj denote the chosen step
sizes in Algorithm 1. We define τj := βlj−1. The Armijo rule (2.42) yields

Θ(u(j) + τjd(j))−Θ(u(j))

τj
> −pσΘ(u(j)), j = 0, 1, . . . (2.49)
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According to Proposition 2.23, the sequence {d(j)}j is bounded. Without loss of general-
ity we may suppose that d(j) → d, j→ ∞, j ∈ J. Passing to the limit in (2.49), assumption
(2.48) of Θ at u∗ yields with Lemma 2.24

Θ′(u∗, d) ≥ −pσΘ(u∗).

Due to (2.48), the directional derivative Θ′ as a function of (u, v) is continuous at (u∗, d),
see Lemma 2.24. Therefore,

Θ′(u∗, d) = lim
j→∞,j∈J

Θ′(u(j), d(j)) = lim
j→∞,j∈J

−pΘ(u(j)) = −pΘ(u∗).

Altogether, we obtain
−pΘ(u∗) ≥ −pσΘ(u∗),

which is a contradiction to σ < 1
p ≤ 1 and hence finishes the proof.

Remark 2.26 Assumption (2.48) on Θ is only needed in case (ii) of Theorem 2.25. Pang proved
in [108, Proposition 1] that if the merit function Θ2 has no strong Fréchet derivative at the accu-
mulation point u∗, which is a sufficient condition for (2.48) according to [107, Theorem 2], then
u∗ is not a zero of Θ2. Therefore, this assumption in Theorem 2.25 is necessary, see also [63, Corol-
lary 1].

However, Assumption (2.48) is not always fulfilled. For instance, if we have a quadratic dis-
crepancy term g : R → R, g(u) = 1

2 (Ku− f )2, K f = w and γK2 < 1 in the one-dimensional
case with p = 1, the zero of F will be given by u∗ = 0. For the two sequences un = n−1 and
vn = −n−1, the limit in (2.48) is equal to − 1+γK2

2 6= 0, so that (2.48) does not hold at the zero
u∗ of F.

Concerning the speed of convergence of our B-semismooth Newton scheme, we cite
the following corollary from [111, Theorem 4.3, Corollary 4.4].

Corollary 2.27 Let {u(j)}j be any sequence generated by Algorithm 1 with p = 2 and F(u(j)) 6=
0 for all j. Let u∗ be an accumulation point of {u(j)}. Then, on the one hand, u∗ is the zero of F
if and only if the sequence of iterates {u(j)} converges to u∗ locally superlinearly and there exists
an index j0 with tj = 1 for all j ≥ j0. On the other hand, F(u∗) 6= 0 if and only if either the
sequence of iterates {u(j)}j diverges or the step sizes tj tend to zero.

Remark 2.28 There are some issues left to prove the global convergence of Algorithm 1 in the
infinite-dimensional setting (1.4). The uniform boundedness of the index sets A(u) ∪ I±(u) ⊂
{1, . . . , κ}, cf. the proof of Corollary 2.16, can be expected to hold in the vicinity of the zero u∗

of F, but not in the level set LΘp(u
(0)) = {u ∈ `2 : Θp(u) ≤ Θp(u(0))}. Therefore, it is not

ensured that the inverse G(u)−1 stays uniformly bounded in the level set LΘp(u
(0)) and that the

sequence {d(j)}j of Newton directions stays bounded. Recently, Gerdts, Horn and Kimmerle [54]
have proven a result similar to Theorem 2.25 in an infinite-dimensional setting assuming that
there exists a positive constant C with ‖G(u(j))−1‖L(`2) ≤ C for all j. If this assumption is
fulfilled for the sequence of iterates, the results of loc. cit. can be applied in our setting.
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Chapter 3

A modified and a hybrid B-semismooth
Newton method

In this chapter, we introduce a modified B-semismooth Newton method that is globally
convergent without any additional assumption on an a priori unknown accumulation
point of the sequence of iterates like Condition (2.48). In the following, we only consider
the finite-dimensional setting (2.1), i.e. N = {1, . . . , n}, and the merit functional Θ = Θ2
from (2.2), i.e., Θ : Rn → R,

Θ(u) := ‖F(u)‖2
2, (3.1)

and we require Assumption B to hold. Chapter 3 is, up to minor changes, a part of our
preprint [67].

3.1 Algorithms and their feasibility

In this section, we present a modified version of the global B-semismooth Newton method
from Section 2.3 and discuss its feasibility. Additionally, we suggest a hybrid method.

3.1.1 A modified B-semismooth Newton method

In the following, we introduce a modified B-semismooth Newton method for the numer-
ical solution of (2.1). Below, the active and inactive sets from (2.12)–(2.16) are represented
in a slightly different way. We recall the active set A(u) := A+(u) ∪A−(u), where

A+(u) := {k : γ(∇g(u))k + γwk < uk}, (3.2)
A−(u) := {k : uk < γ(∇g(u))k − γwk}, (3.3)

and the inactive set I(u) := I◦(u) ∪ I+(u) ∪ I−(u), where

I◦(u) := {k : γ(∇g(u))k − γwk < uk < γ(∇g(u))k + γwk}, (3.4)
I+(u) := {k : uk = γ(∇g(u))k + γwk}, (3.5)
I−(u) := {k : uk = γ(∇g(u))k − γwk}. (3.6)

Below, we drop the argument u if there is no risk of confusion.
For F : Rn → Rn defined by (1.10), we have

Fk(u) = min{γ(∇g(u))k + γwk, uk}, k ∈ A+(u) ∪ I◦(u) ∪ I+(u), (3.7)
Fk(u) = max{γ(∇g(u))k − γwk, uk}, k ∈ A−(u) ∪ I◦(u) ∪ I−(u). (3.8)
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By Assumption B, F is Lipschitz continuous and directionally differentiable. The direc-
tional derivative of F : Rn → Rn was identified in Chapter 2. The directional derivative
of F at u ∈ Rn in the direction d ∈ Rn is given elementwise by

F′k(u, d) =


γ(∇2g(u)d)k, k ∈ A(u),
dk, k ∈ I◦(u),
min{γ(∇2g(u)d)k, dk}, k ∈ I+(u),
max{γ(∇2g(u)d)k, dk}, k ∈ I−(u),

(3.9)

cf. Corollary 2.6. The directional derivative of the merit functional Θ from (3.1) at u ∈ Rn

in the direction d ∈ Rn is given by Θ′(u, d) = 2〈F′(u, d), F(u)〉, where 〈·, ·〉 denotes the
Euclidean scalar product, cf. (2.25).

To introduce the modified semismooth Newton method, we define the subsets

A+
+(u) := {k : γ(∇g(u))k + γwk < uk < 0}, (3.10)
A−−(u) := {k : 0 < uk < γ(∇g(u))k − γwk}, (3.11)
I◦+(u) := {k : γ(∇g(u))k − γwk < uk < γ(∇g(u))k + γwk < 0}, (3.12)
I◦−(u) := {k : 0 < γ(∇g(u))k − γwk < uk < γ(∇g(u))k + γwk}. (3.13)

Inspired by [108], we define the modified index sets

A+(u) := A+(u) \ A+
+(u), (3.14)

A−(u) := A−(u) \ A−−(u), (3.15)

I◦(u) := I◦(u) \
(
I◦+(u) ∪ I◦−(u)

)
, (3.16)

I+(u) := I+(u) ∪A+
+(u) ∪ I◦+(u), (3.17)

I−(u) := I−(u) ∪A−−(u) ∪ I◦−(u). (3.18)

We denote A(u) := A+(u) ∪ A−(u) and I(u) := I◦(u) ∪ I+(u) ∪ I−(u) respectively.
The subsets (3.10)–(3.13) fulfill A+

+(u) = ∅, A−−(u) = ∅, I◦+(u) = ∅ and I◦−(u) = ∅ if
F(u) = 0.

In the following lemma, we consider a linear complementarity problem which is im-
portant for all further discussions, cf. Section 2.2.2.

Lemma 3.1 Let u ∈ Rn and M := ∇2g(u). The linear complementarity problem

x, y ≥ 0, y = Nx + z, 〈x, y〉 = 0, (3.19)

with

N = N(u)

:= γ

(
MI+,I+ −MI+,AM−1

A,AMA,I+ MI+,AM−1
A,AMA,I− −MI+,I−

MI−,AM−1
A,AMA,I+ −MI−,I+ MI−,I− −MI−,AM−1

A,AMA,I−

)
(3.20)
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and

z = z(u)

:=

(
γ(MI+,AM−1

A,AMA,I◦ −MI+,I◦)uI◦ −MI+,AM−1
A,AF(u)A + F(u)I+

γ(MI−,I◦ −MI−,AM−1
A,AMA,I◦)uI◦ + MI−,AM−1

A,AF(u)A − F(u)I−

)

−N(u)
(

uI+
−uI−

) (3.21)

has a unique solution.

Proof. By Assumption B, M = ∇2g(u) is symmetric and positive definite. Therefore, N
from (3.20) is symmetric and positive definite, see Lemma 2.10. Hence (3.19) is uniquely
solvable, see [24, Theorem 3.3.7] and Theorem 2.13.

Remark 3.2 Note that the matrix N from (3.20) and the vector z from (3.21) differ from (2.27)
and (2.33), respectively, only in the choice of the index sets.

Now we can define the generalized Newton equation for F, cf. Remark 2.14. Let u ∈ Rn

and

B = B(u) := A(u) ∪ {k ∈ I+(u) ∪ I−(u) : xk > 0},
C = C(u) := I◦(u) ∪ {k ∈ I+(u) ∪ I−(u) : xk = 0},

(3.22)

where x = (xk)k is the unique solution to the linear complementarity problem (3.19).
Then, by defining the generalized derivative blockwise(

G(u)B,B G(u)B,C
G(u)C,B G(u)C,C

)
:=
(

γ(∇2g(u))B,B γ(∇2g(u))B,C
0C,B IC,C

)
∈ Rn×n, (3.23)

the modified B-semismooth Newton method is given by

G(u(j))d(j) = −F(u(j)), (3.24)

u(j+1) = u(j) + tjd(j), j = 0, 1, . . . (3.25)

with suitably chosen damping parameters tj > 0.

Remark 3.3 In [103], Muoi et al. chose the slanting function(
G(u)A,A G(u)A,I
G(u)I ,A G(u)I ,I

)
=

(
γ(∇2g(u))A,A γ(∇2g(u))A,I

0I ,A II ,I

)
, (3.26)

blocked according to the active and inactive sets, to define the local semismooth Newton method
(1.16). The key difference of (3.23) compared to (3.26) and to the slanting function G from (2.38),
respectively, is the modification of the index sets. Note that G from (3.23) is not a slanting function
in general because in regions where F is smooth, G does not coincide with the Fréchet derivative
of F.
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Let u(j) ∈ Rn and M := ∇2g(u(j)). Then d(j) ∈ Rn solves (3.24) if and only if

γ(Md(j))A = −F(u(j))A, (3.27)

d(j)
I◦ = −u(j)

I◦ , (3.28)

and

x :=

(
d(j)
I+ + u(j)

I+

−d(j)
I− − u(j)

I−

)
,

y := N(u(j))x + z(u(j)) =

(
γ(Md(j))I+ + (F(u(j)))I+
−γ(Md(j))I− − (F(u(j)))I−

)
,

(3.29)

where x, y solve the linear complementarity problem (3.19), cf. Lemma 2.11.
We summarize the above observations in the following theorem, cf. Theorem 2.13.

Theorem 3.4 Let x be the unique solution to (3.19) for an iterate u(j) ∈ Rn and M := ∇2g(u(j)).
Then, the Newton update d(j) from (3.24) is given by

d(j)
I◦ = −u(j)

I◦ ,

d(j)
I+ = xI+ − u(j)

I+ ,

d(j)
I− = −xI− − u(j)

I− ,

d(j)
A =

1
γ

M−1
A,A
(
− γMA,Id(j)

I − F(u(j))A
)
.

(3.30)

Before proceeding, we prove some useful identities similar to [108, Lemma 2].

Lemma 3.5 Let u ∈ Rn, d = d(u) the unique solution to (3.30) and M = ∇2g(u). For
k ∈ {1, . . . , n}, we have the following identities

(γ(∇g(u))k + γwk)γ(Md)k = −(γ(∇g(u))k + γwk)
2, k ∈ A+(u), (3.31)

(γ(∇g(u))k − γwk)γ(Md)k = −(γ(∇g(u))k − γwk)
2, k ∈ A−(u), (3.32)

ukdk = −u2
k , k ∈ I◦(u). (3.33)

Additionally, for k ∈ A+
+(u) ∪ I◦+(u) ∪ {k ∈ I+(u) : Fk(u) < 0} the inequality

(γ(∇g(u))k + γwk)γ(Md)k ≤ −(γ(∇g(u))k + γwk)
2, (3.34)

holds, for k ∈ A−−(u) ∪ I◦−(u) ∪ {k ∈ I−(u) : Fk(u) > 0} we have

(γ(∇g(u))k − γwk)γ(Md)k ≤ −(γ(∇g(u))k − γwk)
2, (3.35)

and for k ∈ A+
+(u) ∪A−−(u) ∪ I◦+(u) ∪ I◦−(u) ∪ {k ∈ I+(u) : Fk(u) < 0} ∪ {k ∈ I−(u) :

Fk(u) > 0} we have

ukdk ≤ −u2
k . (3.36)
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Proof. Equations (3.31), (3.32) and (3.33) immediately follow from (3.27) and (3.28). For
k ∈ A+

+(u) ∪ I◦+(u) ∪ {k ∈ I+(u) : Fk(u) < 0)}, we have by definition γ(∇g(u))k +
γwk < 0 and with (3.19) and (3.29) we have γ(Md)k ≥ −Fk(u) ≥ −(γ(∇g(u))k + γwk)
implying (3.34). For k ∈ A−−(u) ∪ I◦−(u) ∪ {k ∈ I−(u) : Fk(u) > 0)}, we have by
definition γ(∇g(u))k − γwk > 0 and with (3.19) and (3.29) we have γ(Md)k ≤ −Fk(u) ≤
−(γ(∇g(u))k − γwk), implying (3.35).

For k ∈ A+
+(u) ∪ I◦+(u) ∪ {k ∈ I+(u) : Fk(u) < 0}, we have uk < 0 and dk ≥ −uk

because of (3.19) and (3.29). If k ∈ A−−(u) ∪ I◦−(u) ∪ {k ∈ I−(u) : Fk(u) > 0}, we have
uk > 0 and dk ≤ −uk because of (3.19) and (3.29). In both cases (3.36) follows.

Now we verify that d = d(u) from (3.30) is a descent direction of the merit functional
Θ from (3.1) at u.

Lemma 3.6 Let u ∈ Rn with Θ(u) > 0. Let d = d(u) ∈ Rn be the solution to (3.30). Then,
we have

Θ′(u, d) ≤ −2Θ(u) < 0,

i.e., d is a descent direction of Θ at u in the direction d.

Proof. The proof follows the idea of [108, Proof of Proposition 5]. We have

Θ′(u, d) = 2〈F(u), F′(u, d)〉 = 2
8

∑
i=1

Ti,

where we have with Equation (3.9) and M := ∇2g(u),

T1 := ∑
k∈A(u)

Fk(u)γ(Md)k,

T3 := ∑
k∈I+(u)

Fk(u)min{dk, γ(Md)k},

T5 := ∑
k∈A+

+(u)

Fk(u)γ(Md)k,

T7 := ∑
k∈I◦+(u)

ukdk,

T2 := ∑
k∈I◦(u)

ukdk,

T4 := ∑
k∈I−(u)

Fk(u)max{dk, γ(Md)k},

T6 := ∑
k∈A−−(u)

Fk(u)γ(Md)k,

T8 := ∑
k∈I◦−(u)

ukdk.

For k ∈ I+(u), we have

min{dk, γ(Md)k} = min{dk + Fk(u), γ(Md)k + Fk(u)} − Fk(u) = −Fk(u),

because of (3.19) and (3.29). Similarly, for k ∈ I−(u) we have

max{dk, γ(Md)k} = max{dk + Fk(u), γ(Md)k + Fk(u)} − Fk(u) = −Fk(u).

With (3.31)–(3.36), we obtain

Θ′(u, d) = 2
8

∑
i=1

Ti ≤ −2
n

∑
k=1

Fk(u)2 = −2Θ(u),

finishing the proof.
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Algorithm 2 The modified B-semismooth Newton method modBSSN

Choose a starting vector u(0) ∈ Rn, parameters β ∈ (0, 1), σ ∈ (0, 1
2 ), a tolerance tol > 0 and set j := 0.

while ‖F(u(j))‖2 ≥ tol do
Compute the Newton direction d(j) from (3.30).
tj := 1
while Θ(u(j) + tjd(j)) > (1− 2σtj)Θ(u(j)) do

tj := tjβ
end while
u(j+1) := u(j) + tjd(j)

j := j + 1
end while

We choose the step sizes tj ∈ (0, 1] in (3.25) by the well-known Armijo rule

tj := max{βl : Θ(u(j) + βld(j)) ≤ (1− 2σβl)Θ(u(j)), l = 0, 1, . . .},

where β ∈ (0, 1) and σ ∈ (0, 1
2 ), see also [63, 77, 107, 108, 111]. These step sizes can be

computed in finitely many iterations, cf. Proposition 2.18.

Lemma 3.7 Let β ∈ (0, 1), σ ∈ (0, 1
2 ). Let u(j) ∈ Rn with Θ(u(j)) > 0 and let d(j) = d(u(j))

be computed by (3.30). Then, there exists a finite index l ∈N with

Θ(u(j) + βld(j)) ≤ (1− 2σβl)Θ(u(j)). (3.37)

Proof. According to Lemma 3.6, it holds Θ′(u(j), d(j)) ≤ −2Θ(u(j)) < 0. The remainder
of the proof follows the proof of Proposition 2.18.

The algorithm of the modified B-semismooth Newton method, in the following de-
noted by modBSSN, is stated in Algorithm 2. The feasibility of Algorithm modBSSN is guar-
anteed because of the lemmata stated above.

Remark 3.8 Pang [108] introduced a modified B-Newton method for a nonlinear complementar-
ity problem. Han, Pang and Rangaraj [63] interpreted this iteration as a generalized Newton
method

F(u(j)) + G̃(u(j), d(j)) = 0, u(j+1) = u(j) + tjd(j), j = 0, 1, . . . ,

where G̃ : Rn×Rn → Rn fulfills the assumption that G̃(u, ·) is surjective for each fixed u ∈ Rn,
and

2
〈
F(u), G̃(u, d)

〉
≥ Θ′(u, d) (3.38)

for all u, d ∈ Rn, see [63, Section 2.3]. As pointed out in [63], the surjectivity of G̃(u, ·) en-
sures the solvability of the generalized Newton equation F(u) + G̃(u, d) = 0 and (3.38) implies
descent of the resulting generalized Newton direction d w.r.t. the merit functional Θ. In the
very same way, our Algorithm modBSSN can be interpreted as a generalized Newton method with
G̃(u(j), d(j)) = G(u(j))d(j) and G from (3.23), cf. Lemma 3.6.
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Algorithm 3 The hybrid B-semismooth Newton method hybridBSSN

Choose a starting vector u(0) ∈ Rn, parameters β ∈ (0, 1), σ ∈ (0, 1
2 ), a tolerance tol > 0, jmax ∈ N and

tmin > 0 and set j := 0, t−1 := 1.
while ‖F(u(j))‖2 ≥ tol do

if j ≤ jmax and tj−1 ≥ tmin then
Compute the Newton direction d(j) from (2.37).

else
Compute the Newton direction d(j) from (3.30) and set jmax := j.

end if
tj := 1
while Θ(u(j) + tjd(j)) > (1− 2σtj)Θ(u(j)) do

tj := tjβ
end while
u(j+1) := u(j) + tjd(j)

j := j + 1
end while

Remark 3.9 The B-semismooth Newton method BSSN from Chapter 2 is identical to Algorithm
modBSSN replacing the modified index sets (3.14)–(3.18) by the original index sets (3.2)–(3.6) in
(3.19)–(3.21) and (3.30), cf. Algorithm 1 and Algorithm 2. The modification of the index sets in
Algorithm modBSSN is needed to prove global convergence without any additional requirements,
see Section 3.2. Let u∗ be the unique zero of F and let I+(u∗) ∪ I−(u∗) = ∅, i.e., F is smooth
at u∗. Then, there exists a neighborhood U of u∗ where the index subsets (3.10)–(3.13) are empty
for all u ∈ U, i.e., the modified index sets (3.14)–(3.18) match the original index sets (3.2)–(3.6).
Therefore, Algorithm modBSSN locally coincides with Algorithm BSSN in a neighborhood of the
zero u∗ of F if I+(u∗) ∪ I−(u∗) = ∅ and hence is a semismooth Newton method there.

3.1.2 A globally convergent hybrid method

The index sets I±(u(j)) in step j of the B-semismooth Newton method (BSSN) from Al-
gorithm 1 are usually empty. Hence, the generalized Newton equation simplifies to a
system of linear equations of the size |A(u(j))| and Algorithm 1 is efficient in practice.
The size of the system of linear equations usually decreases along the iteration, cf. [58].
Nevertheless, the method may fail to converge, see Remark 3.9 and Theorem 2.25. How-
ever, the global convergence of Algorithm modBSSN from Algorithm 2 is ensured by The-
orem 3.11, but here a linear complementarity problem and a system of linear equations
have to be solved in each iteration, see (3.30). Additionally, in order to set up the matrix
N and the vector z from (3.20) and (3.21), |I(u(j))|+ 1 systems of linear equations of the
size |A(u(j)| with the same matrix have to be solved if I±(u(j)) 6= ∅. Note that in (3.27)
respectively (3.30), no additional system of linear equations has to be solved for the com-
putation of d(j)

A . Nevertheless, Algorithm modBSSN is usually less efficient than Algorithm
BSSN.

We suggest a hybrid method by starting with Algorithm BSSN and switching to Algo-
rithm modBSSN when Algorithm BSSN begins to stagnate, by replacing the index sets (3.2)–
(3.6) by the modified index sets (3.14)–(3.18) in (3.19)–(3.21) and (3.30). In our numerical
experiments, we switch to Algorithm modBSSN if the number of Newton steps exceeds a
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limit jmax ∈N or if the chosen step size is smaller than a threshold tmin > 0, i.e., if j > jmax
or tj < tmin. In the sequel, this hybrid method is called hybridBSSN. The algorithm of the
hybrid B-semismooth Newton method is given in Algorithm 3. Similar hybrid methods,
combining the fast local convergence properties of a local semismooth Newton method
with the globally convergent generalized Newton method from [63] were proposed by
Qi [111] and Ito and Kunisch [77].

3.2 Global convergence and local convergence speed

In this section, we consider the convergence properties of the algorithms from Section
3.1.

3.2.1 Convergence of the modified B-semismooth Newton method

In the following, we address the global convergence of Algorithm modBSSN and its con-
vergence speed in a neighborhood of the zero of F. Concerning the boundedness of the
sequence of Newton directions {d(j)}j, we can rely on Proposition 2.23.

Lemma 3.10 Let u ∈ Rn and d = d(u) be the solution to (3.30). Then, there exists a constant
C > 0 independent of u, with

‖d‖2 ≤ C‖F(u)‖2.

Proof. The proof follows the proof of Proposition 2.23 by substituting the index sets A±,
I◦ and I± by the modified index sets A±, I◦ and I± respectively.

In the following theorem, we present our main result on the global convergence of
Algorithm modBSSN.

Theorem 3.11 Let u∗ ∈ Rn be an accumulation point of the sequence of iterates {u(j)}j produced
by Algorithm modBSSN. Then, we have Θ(u∗) = 0.

Proof. We proceed analogously to the proof of [108, Theorem 1] and we also use the proof
of [108, Proposition 1]. We suppose Θ(u(j)) > 0 for all j, because otherwise the claim is
proven. Because of the Armijo rule (3.37), the sequence {Θ(u(j))}j strictly decreases and
is bounded from below by 0, i.e., convergent. Let tj = βlj be the computed Armijo step
size in step j. From the Armijo rule (3.37), it follows

0 < 2σtjΘ(u(j)) ≤ Θ(u(j))−Θ(u(j+1))→ 0, j→ ∞.

Therefore, we have
lim
j→∞

tjΘ(u(j)) = 0.

The level set LΘ(u(0)) = {u ∈ Rn : Θ(u) ≤ Θ(u(0))} is bounded by Assumption B,
implying that the sequence {u(j)}j is bounded and has an accumulation point u∗. Let
{u(j)}j∈J be a subsequence converging to u∗. If the step sizes tj are bounded away from
zero, i.e., we have lim supj→∞,j∈J tj > 0, it directly follows Θ(u∗) = 0, cf. the proof of
Theorem 2.25.
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Let us now consider the case lim supj→∞,j∈J tj = 0. Without loss of generality, we
suppose limj→∞,j∈J tj = 0. By the Armijo rule (3.37), we have for all j ∈ J

Θ(u(j))−Θ(u(j) + βlj−1d(j)) < 2σβlj−1Θ(u(j)). (3.39)

We define û(j) := u(j) + βlj−1d(j). The sequence {d(j)}j of Newton directions is bounded
because of Lemma 3.10, implying that u∗ is the limit of the subsequence {û(j)}j∈J . There-
fore, without loss of generality we have

A+
+(u

∗) ⊂ A+
+(u

(j)) ∩A+
+(û

(j)),

A−−(u∗) ⊂ A−−(u(j)) ∩A−−(û(j)),

I◦+(u∗) ⊂ I◦+(u(j)) ∩ I◦+(û(j)),

I◦−(u∗) ⊂ I◦−(u(j)) ∩ I◦−(û(j)),

for all j ∈ J large enough. Now we consider

Θ(u(j))−Θ(û(j)) =
8

∑
i=1

T̃i, (3.40)

where

T̃1 := ∑
k∈A(u∗)

(
Fk(u(j))2 − Fk(û(j))2),

T̃3 := ∑
k∈I+(u∗)

(
Fk(u(j))2 − Fk(û(j))2),

T̃5 := ∑
k∈A+

+(u∗)

(
Fk(u(j))2 − Fk(û(j))2),

T̃7 := ∑
k∈I◦+(u∗)

(
Fk(u(j))2 − Fk(û(j))2),

T̃2 := ∑
k∈I◦(u∗)

(
Fk(u(j))2 − Fk(û(j))2),

T̃4 := ∑
k∈I−(u∗)

(
Fk(u(j))2 − Fk(û(j))2),

T̃6 := ∑
k∈A−−(u∗)

(
Fk(u(j))2 − Fk(û(j))2),

T̃8 := ∑
k∈I◦−(u∗)

(
Fk(u(j))2 − Fk(û(j))2).

In the following, we estimate each sum from below. Finally, we prove the claim by using
(3.39) and by taking the limit j→ ∞, j ∈ J.

If k ∈ A(u∗), we have for j ∈ J large enough that k ∈ A(u(j)), k ∈ A+
+(u

(j)) or
k ∈ A−−(u(j)). Using (3.31), (3.32), (3.34) and (3.35), we obtain

T̃1 = ∑
k∈A(u∗)

(
(γ(∇g(u(j)))k ± γwk)

2 − (γ(∇g(û(j)))k ± γwk)
2)

= ∑
k∈A(u∗)

−2βlj−1(γ(∇g(u(j)))k ± γwk)γ(∇2g(u(j))d(j))k

+ o(‖û(j) − u(j)‖2)

≥ 2βlj−1 ∑
k∈A(u∗)

Fk(u(j))2 + o(βlj−1‖d(j)‖2), j→ ∞, j ∈ J.

Analogously it follows with (3.34) and (3.35)

T̃5 ≥ 2βlj−1 ∑
k∈A+

+(u∗)

Fk(u(j))2 + o(βlj−1‖d(j)‖2), j→ ∞, j ∈ J,
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and
T̃6 ≥ 2βlj−1 ∑

k∈A−−(u∗)
Fk(u(j))2 + o(βlj−1‖d(j)‖2), j→ ∞, j ∈ J.

For k ∈ I◦(u∗), we have to consider the cases k ∈ I◦(u(j)), k ∈ I◦+(u(j)) and k ∈ I◦−(u(j)).
With (3.33) and (3.36), we have

T̃2 = ∑
k∈I◦(u∗)

(
(u(j)

k )2 − (û(j)
k )2) = ∑

k∈I◦(u∗)

(
− 2βlj−1u(j)

k d(j)
k − (βlj−1d(j)

k )2
)

≥ 2βlj−1 ∑
k∈I◦(u∗)

(u(j)
k )2 − ∑

k∈I◦(u∗)
(βlj−1d(j)

k )2

= 2βlj−1 ∑
k∈I◦(u∗)

Fk(u(j))2 − ∑
k∈I◦(u∗)

(βlj−1d(j)
k )2.

Accordingly, it follows with (3.36)

T̃7 ≥ 2βlj−1 ∑
k∈I◦+(u∗)

Fk(u(j))2 − ∑
k∈I◦+(u∗)

(βlj−1d(j)
k )2

and
T̃8 ≥ 2βlj−1 ∑

k∈I◦−(u∗)
Fk(u(j))2 − ∑

k∈I◦−(u∗)
(βlj−1d(j)

k )2.

In the following, we treat the sum T̃3. For k ∈ I+(u∗), we may assume without loss of
generality

k ∈
(
I+(u(j)) ∪ I◦(u(j)) ∪A+(u(j))

)
∩
(
I+(û(j)) ∪ I◦(û(j)) ∪A+(û(j))

)
.

We split I+(u∗) = S1(u∗) ∪ S2(u∗) ∪ S3(u∗), where

S1(u∗) := {k : u∗k = γ(∇g(u∗))k + γwk > 0},
S2(u∗) := {k : u∗k = γ(∇g(u∗))k + γwk = 0},
S3(u∗) := {k : u∗k = γ(∇g(u∗))k + γwk < 0}.

For k ∈ S1(u∗), we may assume with (3.7)

Fk(u(j)) = min{u(j)
k , γ(∇g(u(j)))k + γwk} > 0,

Fk(û(j)) = min{û(j)
k , γ(∇g(û(j)))k + γwk} > 0.

Therefore, we have

Fk(u(j))2 − Fk(û(j))2 =min{(u(j)
k )2, (γ(∇g(u(j)))k + γwk)

2}

−min{(û(j)
k )2, (γ(∇g(û(j)))k + γwk)

2}.

In the case k ∈ I◦(u(j)), we have k ∈ I◦(u(j)) or k ∈ I◦−(u(j)) because Fk(u(j)) > 0. With
(3.33) and (3.36), we have

Fk(u(j))2 − Fk(û(j))2 ≥ (u(j)
k )2 − (û(j)

k )2 = −2βlj−1u(j)
k d(j)

k − (βlj−1d(j)
k )2

≥ 2βlj−1(u(j)
k )2 − (βlj−1d(j)

k )2.
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For k ∈ A+(u(j)), it follows k ∈ A+(u(j)) because Fk(u(j)) > 0. Hence, one has with (3.31)

Fk(u(j))2 − Fk(û(j))2

≥ (γ(∇g(u(j)))k + γwk)
2 − (γ(∇g(û(j)))k + γwk)

2

= −2βlj−1(γ(∇g(u(j)))k + γwk)γ(∇2g(u(j))d(j))k + o(‖βlj−1d(j)‖2)

= 2βlj−1Fk(u(j))2 + o(βlj−1‖d(j)‖2), j→ ∞, j ∈ J.

If k ∈ I+(u(j)), we have Fk(u(j)) = u(j)
k = γ(∇g(u(j)))k + γwk and with (3.19) and (3.29)

we have either d(j)
k = −u(j)

k or γ(∇2g(u(j))d(j))k = −(γ(∇g(u(j)))k + γwk). As in the
cases k ∈ I◦(u(j)) and k ∈ A+(u(j)), we conclude with (3.19) and (3.29)

Fk(u(j))2 − Fk(û(j))2 ≥ 2βlj−1Fk(u(j))2 + o(βlj−1‖d(k)‖2), j→ ∞, j ∈ J.

Altogether, we get

∑
k∈S1(u∗)

(
Fk(u(j))2 − Fk(û(j))2)

≥ 2βlj−1 ∑
k∈S1(u∗)

Fk(u(j))2 + o(βlj−1‖d(j)‖2), j→ ∞, j ∈ J.

For k ∈ S2(u∗), we have with the Lipschitz constant L of Fk

Fk(u(j))2 − Fk(û(j))2 =
(

Fk(u(j))− Fk(û(j))
)(

Fk(u(j)) + Fk(û(j))
)

≤ L‖û(j) − u(j)‖2
∣∣Fk(u(j)) + Fk(û(j))

∣∣
= Lβlj−1‖d(j)‖2

∣∣Fk(u(j)) + Fk(û(j))
∣∣.

It follows

lim
j→∞,j∈J

∑
k∈S2(u∗)

Fk(u(j))2 − Fk(û(j))2

βlj−1 = 0.

Let now k ∈ S3(u∗). We may assume u(j)
k < 0, û(j)

k < 0, γ(∇g(u(j)))k + γwk < 0 and
γ(∇g(û(j)))k + γwk < 0. With (3.7), one has

Fk(u(j))2 − Fk(û(j))2 =max{(u(j)
k )2, (γ(∇g(u(j)))k + γwk)

2}

−max{(û(j)
k )2, (γ(∇g(û(j)))k + γwk)

2}.

First, we treat the case (û(j)
k )2 < (γ(∇g(û(j)))k + γwk)

2. We have to consider the subcases
k ∈ I◦+(u(j)), k ∈ A+

+(u
(j)) and k ∈ {k ∈ I+(u(j)) : Fk(u(j)) < 0)}. With (3.34), we have

Fk(u(j))2 − Fk(û(j))2

≥ (γ(∇g(u(j)))k + γwk)
2 − (γ(∇g(û(j)))k + γwk)

2

= −2βlj−1(γ(∇g(u(j)))k + γwk)γ(∇2g(u(j))d(j))k + o(βlj−1‖d(j)‖2)

≥ 2βlj−1(γ(∇g(u(j)))k + γwk)
2 + o(βlj−1‖d(j)‖2), j→ ∞, j ∈ J.
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Second, we consider the case (û(j)
k )2 ≥ (γ(∇g(û(j)))k + γwk)

2. With (3.36), we have
analogously

Fk(u(j))2 − Fk(û(j))2 ≥ (u(j)
k )2 − (û(j)

k )2 = −2βlj−1u(j)
k d(j)

k − (βlj−1d(j)
k )2

≥ 2βlj−1(u(j)
k )2 − (βlj−1d(j)

k )2.

Altogether, we obtain

∑
k∈S3(u∗)

(
Fk(u(j))2 − Fk(û(j))2)

≥ 2βlj−1 ∑
k∈S3(u∗)

min{(u(j)
k )2, (γ(∇g(u(j)))k + γwk)

2}

+ o(βlj−1‖d(j)‖2), j→ ∞, j ∈ J.

By symmetry, we can treat the sum T̃4 similarly. For j→ ∞, j ∈ J, we get

∑
{k∈I−(u∗):u∗k 6=0}

(
Fk(u(j))2 − Fk(û(j))2)

≥ 2βlj−1 ∑
{k∈I−(u∗):u∗k 6=0}

min{(u(j)
k )2, (γ(∇g(u(j)))k − γwk)

2}

+ o(βlj−1‖d(j)‖2),

and

lim
j→∞,j∈J

∑
{k∈I+(u∗):u∗k=0}

Fk(u(j))2 − Fk(û(j))2

βlj−1 = 0.

Finally, we divide both sides of the inequality (3.39) by βlj−1 and take the limit j → ∞,
j ∈ J, obtaining with (3.40) and the previous estimates

2Θ(u∗) ≤ 2σΘ(u∗).

Here, we have used the fact that the sequence {d(j)}j is bounded, implying

lim
j→∞,j∈J

o(βlj−1‖d(j)‖2)

βlj−1 = lim
j→∞,j∈J

o(βlj−1‖d(j)‖2)

βlj−1‖d(j)‖2
‖d(j)‖2 = 0.

The choice σ < 1/2 implies Θ(u∗) = 0, finishing the proof.

As a consequence of the last theorem, we can argue that the step sizes in Algorithm
modBSSN are eventually chosen equal to 1. In the following theorem, we additionally
assume that g is more regular and that I+(u∗)∪ I−(u∗) = ∅ holds at the unique zero u∗

of F.

Theorem 3.12 Let g be three times continuously differentiable. Let {u(j)}j be a sequence pro-
duced by Algorithm modBSSN converging to a limit point u∗ with I+(u∗)∪ I−(u∗) = ∅. Then,
there exists an index j0 ∈N such that tj = 1 for all j ≥ j0.
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Proof. We proceed as in the proof of [108, Theorem 2]. Inspired by loc. cit., we show that
for all j large enough, we have

Θ(u(j))−Θ(u(j) + d(j)) ≥ 2σΘ(u(j)).

We prove the claim by contradiction. Let the subsequence {u(j)}j∈J fulfill

Θ(u(j))−Θ(u(j) + d(j)) < 2σΘ(u(j)) (3.41)

for all j ∈ J large enough. Because of Lemma 3.10, we have ‖d(j)‖2 ≤ C‖F(u(j))‖2 with
a constant C > 0. Therefore, with û(j) := u(j) + d(j), the sequence {û(j)}j∈J has the limit
u∗. We consider

Θ(u(j))−Θ(û(j)) =
2

∑
i=1

T̂i,

where

T̂1 := ∑
k∈A(u∗)

(
Fk(u(j))2 − Fk(û(j))2),

T̂2 := ∑
k∈I◦(u∗)

(
Fk(u(j))2 − Fk(û(j))2).

Because of Theorem 3.11, we have

A+(u∗) = {k : 0 = γ(∇g(u∗))k + γwk < u∗k},
A−(u∗) = {k : 0 = γ(∇g(u∗))k − γwk > u∗k},
I◦(u∗) = {k : γ(∇g(u∗))k − γwk < u∗k = 0 < γ(∇g(u∗))k + γwk}.

For all j ∈ J large enough, we have

A+(u∗) ⊂ A+(u(j)) ∩A+(û(j)),

A−(u∗) ⊂ A−(u(j)) ∩A−(û(j)),

I◦(u∗) ⊂ I◦(u(j)) ∩ I◦(û(j)).

Lemma 3.10 implies the boundedness of the subsequence {d(j)/‖F(u(j))‖2}j∈J of quo-
tients and without loss of generality, this subsequence has a limit d̃ ∈ Rn, and the subse-
quence {F(u(j))/‖F(u(j))‖2}j∈J of unit vectors converges to a unit vector F̃ ∈ Rn.

Similar to the proof of Theorem 3.11, we consider the sums T̂1 and T̂2. First, we treat
the sum T̂1. Because k ∈ A(u∗) ⊂ A(u(j)) ∩ A(û(j)), with (3.30), we have Fk(u(j)) +
γ(∇2g(u(j))d(j))k = 0. Dividing by ‖F(u(j))‖2 and taking the limit j → ∞, j ∈ J, it
follows F̃k + γ(∇2g(u∗)d̃)k = 0. Using Taylor’s theorem and the mean-value theorem,
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there exists a vector v on the line segment between u(j) and û(j) with

T̂1 = ∑
k∈A(u∗)

(
Fk(u(j))2 − Fk(û(j))2)

= ∑
k∈A(u∗)

(
− 2Fk(u(j))(γ∇2g(u(j))d(j))k − (γ∇2g(v)d(j))2

k

− Fk(v)γ
n

∑
l,m=1

∂3g(v)
∂ul∂um∂uk

d(j)
l d(j)

m

)
= ∑

k∈A(u∗)

(
2Fk(u(j))2 − (γ∇2g(v)d(j))2

k − Fk(v)γ
n

∑
l,m=1

∂3g(v)
∂ul∂um∂uk

d(j)
l d(j)

m

)
,

where we have used (3.30) in the last equality. Dividing by ‖F(u(j))‖2
2 and taking the

limit j→ ∞, j ∈ J, it follows

lim
j→∞,j∈J

T̂1

‖F(u(j))‖2
2
= ∑

k∈A(u∗)
F̃2

k .

Now we consider the sum T̂2. We have k ∈ I◦(u∗) ⊂ I◦(u(j)) ∩ I◦(û(j)) and with (3.30),
we obtain

T̂2 = ∑
k∈I◦(u∗)

(
Fk(u(j))2 − Fk(û(j))2) = ∑

k∈I◦(u∗)

(
(u(j)

k )2 − (û(j)
k )2)

= ∑
k∈I◦(u∗)

Fk(u(j))2.

Therefore, we have

lim
j→∞,j∈J

T̂2

‖F(u(j))‖2
2
= ∑

k∈I◦(u∗)
F̃2

k .

Finally, we divide both sides of the inequality (3.41) by ‖F(u(j))‖2
2 and take the limit

j→ ∞, j ∈ J, obtaining

‖F̃‖2
2 ≤ 2σ‖F̃‖2

2

which is a contradiction to ‖F̃‖2 = 1 and the choice σ < 1/2 in the Armijo rule (3.37),
finishing the proof.

Now we consider the locally quadratic convergence of Algorithm modBSSN in the case
that the step sizes tj are eventually chosen equal to 1, i.e., according to Theorem 3.12
especially in the case I+(u∗) ∪ I−(u∗) = ∅. In the following theorem, we need the
bounded invertibility of G(u) from (3.23) in a neighborhood of the zero u∗ of F. Because
M := ∇2g(u) is symmetric and positive definite, the inverse of G at u exists and is
bounded by a constant C̃ > 0

‖G(u)−1‖2 ≤ ‖M−1
B,B‖2

( 1
γ
+ ‖MB,C‖2

)
+ 1 ≤ ‖M−1‖2

( 1
γ
+ ‖M‖2

)
+ 1 ≤ C̃, (3.42)
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see [58, Proposition 3.11] and [103, Lemma 3.6], cf. Corollary 2.16 and Proposition 2.23.
The boundedness follows from Assumption B. For the following theorem, we need again
the additional assumption that g is more regular.

Theorem 3.13 Let g be three times continuously differentiable and let the step sizes tj be chosen
equal to 1 for all j large enough. Let {u(j)}j be a sequence produced by Algorithm modBSSN

converging to u∗. Then, there exists a constant C > 0 so that locally quadratic convergence is
achieved, i.e., for all j large enough, we have

‖u(j+1) − u∗‖2 ≤ C‖u(j) − u∗‖2
2.

Proof. We follow the proof of [108, Theorem 3]. By assumption, we have tj = 1, i.e.,
u(j+1) = u(j) + d(j), for all j large enough. With B(u(j)), C(u(j)) from (3.22), we have

Fk(u(j)) + γ(∇2g(u(j))d(j))k = 0, for k ∈ B(u(j)),

u(j+1)
k = 0, for k ∈ C(u(j)).

Because u∗ is the limit of {u(j)}j, we have with (3.14) and (3.15) for j large enough

A(u∗) ⊆
(
{k : u(j)

k > γ(∇g(u(j)))k + γwk ∧ u(j)
k > 0}

∪ {k : u(j)
k < γ(∇g(u(j)))k − γwk ∧ u(j)

k < 0}
)

⊆ B(u(j)).

This yields the inclusion C(u(j)) ⊆ I+(u∗) ∪ I−(u∗) ∪ I◦(u∗), implying u∗C(u(j))
= 0.

Analogously, with (3.16), we have for j large enough I◦(u∗) ⊆ I◦(u(j)) ⊆ C(u(j)).
Consequently, we have B(u(j)) ⊆ I+(u∗) ∪ I−(u∗) ∪ A(u∗), implying 0 = Fk(u∗) =
γ∇g(u∗)k ± γwk, respectively, for all k ∈ B(u(j)).

Skipping the arguments B = B(u(j)), C = C(u(j)), we obtain with u∗C = 0, F(u∗)B = 0
and the mean value theorem((

G(u(j))(u(j+1) − u∗)
)
B(

G(u(j))(u(j+1) − u∗)
)
C

)

=

(
γ(∇2g(u(j)))B,B γ(∇2g(u(j)))B,C

0C,B IC,C

)(
(u(j+1) − u(j) + u(j) − u∗)B
(u(j+1) − u(j) + u(j) − u∗)C

)

=

(
−F(u(j))B + γ∇2g(u(j))B,B(u

(j) − u∗)B + γ∇2g(u(j))B,C(u
(j) − u∗)C

−u(j)
C + (u(j) − u∗)C

)
+

(
F(u∗)B

u∗C

)

=

( n
∑

l,m=1

γ
2

∂3g(v)
∂ul∂um∂uk

(u∗l − u(j)
l )(u∗m − u(j)

m )
)

k∈B
0C

 ,

where v is a vector on the line segment between u(j) and u∗. The matrix G(u(j)) is bound-
edly invertible by Assumption B, cf. (3.42). Therefore, there exists a constant C > 0,
depending only on u∗, with

‖u(j+1) − u∗‖2 ≤ C‖u(j) − u∗‖2
2,

for all j large enough, proving the claim.
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Note that in case of a quadratic functional g(u) = 1
2‖Ku− f‖2

2 with K injective, G(u)−1

was shown to be uniformly bounded in a neighborhood of the zero u∗ of F [58], otherwise
the uniformly boundedness follows from Assumption B, see (3.42). Hence, in case of a
quadratic functional g with I+(u∗) ∪ I−(u∗) = ∅, the step sizes in Algorithm modBSSN

are eventually chosen equal to 1, locally quadratic convergence is achieved and u∗ is
found within finitely many steps, see also Remark 3.9 and Chapter 2. The numerical
results from Chapter 4 demonstrate these theoretical results.

3.2.2 Convergence of the hybrid method

The global convergence and the local convergence speed of Algorithm hybridBSSN from
Section 3.1.2 directly follow from Theorem 3.11, Theorem 3.13 and Section 3.1.2, respec-
tively. The method combines the efficiency of Algorithm BSSN and the stronger conver-
gence properties of Algorithm modBSSN.
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Chapter 4

Numerical results

In this chapter, we present numerical results illustrating the convergence properties and
the computational complexity of Algorithm 2 (modBSSN) and Algorithm 3 (hybridBSSN).
Note that the iterates produced by Algorithm 1 (BSSN) and Algorithm hybridBSSN coin-
cide if Algorithm 1 does not begin to stagnate. In our numerical experiments, the index
sets were in some test cases switched to the modified index sets in Algorithm hybridBSSN,
cf. Section 3.1.2. It is unknown if the sequence of iterates in Algorithm 1 would have been
converged in these cases. The numerical experiments were run on a desktop computer
with INTEL R© Xeon R© CPU (W3530, 2.80 GHz) and the algorithms were implemented in
MATLAB R© 2015a. If not stated otherwise, the parameters from Table 4.1 are used in
Algorithms modBSSN and hybridBSSN. The sequence (wk)k of regularization parameters,
see (1.4), was chosen to be constant in all experiments, i.e., we have wk ≡ w > 0 for all
k. In our numerical tests, we considered normally distributed noise computed with the
MATLAB R© subroutine randn and the CPU times have been measured with the subrou-
tine cputime.

The linear inverse problem of inverse integration is considered in Section 4.1. Section
4.2 treats a nonlinear parameter identification problem. In the following, we first discuss
the numerical treatment of the generalized Newton equations in Algorithm hybridBSSN

and Algorithm modBSSN. Second, we make a comment on the chosen stopping criteria.
The remarks on the numerical solution of the generalized Newton equations were in

a similar form made in our preprint [67]. The example of inverse integration was con-
sidered in our publication [66] for Algorithm 1 and is here considered for Algorithms
hybridBSSN and modBSSN. Some of the experiments in Section 4.1 were performed for a
deblurring problem in our preprint [67] but are new for the example of inverse integra-
tion.

Numerical solution of the generalized Newton equations

In each generalized Newton step of Algorithms hybridBSSN and modBSSN, the generalized
Newton equation (2.37) or (3.30) has to be solved, respectively. This equation consists of
a linear complementarity problem (2.32) or (3.19) of the size |I±| or |I±| and one or more
linear systems of the size |A±| or |A±|, respectively, see Section 3.1.2.

In our computations, the systems of linear equations were solved using the MATLAB R©

backslash subroutine. In case of ill-conditioned matrices one might need to precondition
the linear systems. In the numerical experiments presented in this chapter, this was not
necessary.
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Table 4.1: Choice of parameters in the B-semismooth Newton methods.

parameter domain chosen value

u(0) Rn 0
p {1, 2} 2
σ (0, 1/p) 0.01
β (0, 1) 0.5
tol R+ 10−7

tmin (0, 1] 10−5

As pointed out in our preprint [67], the linear complementarity problems appearing in
Algorithms hybridBSSN and modBSSN are solved numerically up to machine precision. An
inexact solution of the generalized Newton equations may effect an increased number of
B-semismooth Newton steps until convergence. Additionally, no convergence theory has
been developed for inexact B-semismooth Newton methods so far. Lemke’s method [24,
91,123] is a popular algorithm that solves the linear complementarity problems (2.32) and
(3.19) within finitely many iterations. In our computations, we used the modified damped
Newton method from [70] for the numerical solution of the arising linear complementarity
problems. This very method is a version of the damped B-Newton method from [107]
for the special case of linear complementarity problems. If the sequence of iterates in
this algorithm converges, a solution is found within a finite number of iterations, see
[47]. The numerical results in [70] demonstrate that the modified B-Newton method often
has a better performance in terms of computation time than Lemke’s method. In each
generalized Newton step of the modified B-Newton method from [70], there arises only
one system of linear equations if the initial guess x(0) fulfills a regularity assumption [70].
More precisely, the starting vector x(0) has to satisfy

x(0)k 6= y(0)k := (Nx(0) + z)k, (4.1)

for all k, with the matrix N and the vector z from (2.27), (3.20) and (2.33), (3.21), re-
spectively. In our computations, we started with the initial guess x(0) = 0 and stopped
the iteration if the residual norm ‖min{Nx(j) + z, x(j)}‖2, for an iterate x(j), j ≥ 0, was
smaller than the tolerance value 10−7. If the regularity assumption (4.1) was violated, or
if the number of Newton steps exceeded 50, we switched to Lemke’s method. How-
ever, this is usually not the case. For Lemke’s method we used an implementation
from [141] that is included in the RPI MATLAB simulator. The code is available on the
web page http://code.google.com/p/rpi- matlab-simulator (30 June 2015). There are
several alternatives for the numerical treatment of linear complementarity problems, e.g.,
see [24, 34, 42, 45, 123].

A comment on the chosen stopping criteria

The stopping criterion used in Algorithms hybridBSSN and modBSSN is a residual norm
smaller than a tolerance tol = 10−7,

‖F(u(j))‖2 = ‖u(j) − Sγw(u(j) − γ∇g(u(j)))‖2 < tol.
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This stopping criterion depends on the choice of the parameter γ > 0. Alternatively,
one may think of taking some reference parameter γ̃ to define a stopping criterion that is
independent of the parameter γ used in the B-semismooth Newton algorithms. Unfortu-
nately, the iterates of Algorithms hybridBSSN and modBSSN with parameter γ do usually
not decrease with respect to the residual norm of the nonlinearity F depending on an-
other parameter γ̃. Therefore, in the experiments presented in this chapter, the stopping
criterion depended on the nonlinearity under consideration, i.e., the parameter γ.

The stopping criterion based on the residual norm worked well in our numerical tests.
A local error estimate,

‖u(j) − u∗‖2 ≤ C‖F(u(j))‖2,

where C > 0 is a constant, can be derived analogously to the smooth case under the
assumption that the Newton derivative G(u∗) at the unknown root u∗ of F is invertible,
see [138, Lemma 10.4]. Using the Newton differentiability of F, one can prove that the
above error estimate holds in a neighborhood of u∗with C = 2‖G(u∗)−1‖2. Nevertheless,
this constant is unknown in practice. Note that in case of quadratic discrepancy terms,
Algorithms hybridBSSN and modBSSN find the zero of F (up to machine precision) within
a finite number of iterations, cf. Section 2.1. Other possible stopping criteria could, e.g.,
be defined by the distance of the iterates or of their Tikhonov functional values, but the
latter are not strictly decreasing in Algorithms hybridBSSN and modBSSN.

Note that the computation time and the number of computed iterations depend on the
chosen stopping criterion. For comparison of the B-semismooth Newton methods with
other state-of-the-art algorithms, we stopped these algorithms once the Tikhonov func-
tional value of an iterate was below a threshold. This threshold was equal to the Tikhonov
functional value J(u∗) at an approximation u∗ of the root of F plus a tolerance, see Fig-
ures 4.3 and 4.4. Here, an approximation u∗ was computed using Algorithm hybridBSSN

or Algorithm modBSSN with one fixed parameter γ.

4.1 Inverse integration

In this section, we are concerned with the linear inverse problem of inverse integration
from [10, 58, 125]. The same example was considered for Algorithm 1 in [66]. Similar
experiments for another linear inverse problem were presented in our preprint [67]. Our
aim is to solve the operator equation Ku(x) = f (x), where the forward operator K is
given by

K : L2([0, 1])→ L2([0, 1]), Ku(x) =
x∫

0

u(t)dt.

Hence, we are concerned with a Volterra integral equation of the first kind. The oper-
ator K is compact, its singular values are σk = 2/((2k − 1)π), k = 1, 2, . . ., and hence
the operator equation is moderately ill-posed, see [74]. Such problems arise in practi-
cal applications like the computation of the velocity of an object from GPS data, see,
e.g., [74, 126].

We consider the equidistant grid ∆ = {xk = k/n : k = 1, . . . , n} on the interval [0, 1].
The discretization K = (kij)ij ∈ Rn×n of the forward operator K is a lower triangular
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matrix with

kij =

{
1/N, i ≥ j,
0, i < j.

The true solution u ∈ L2([0, 1]) is given by

u(x) :=



80, 0.11 ≤ x ≤ 0.12,
−50, 0.32 ≤ x ≤ 0.33,
20, 0.53 ≤ x ≤ 0.54,
60, 0.66 ≤ x ≤ 0.67,
−100, 0.9 ≤ x ≤ 0.91,
0, else.

(4.2)

The data f = ( f (xk))k=1,...,n are equal to the functional values of f at the grid points
xk ∈ ∆. To avoid inverse crime, see, e.g., [22, p. 154] and [68, Section 7.2], the data f were
here computed on the grid ∆̃ = {x̃k = k/ñ : k = 1, . . . , ñ}, where ñ = 2n + 1, using
Simpson’s rule on ∆̃, followed by a linear interpolation of the data to the grid ∆. In this
example, we consider the quadratic discrepancy term

g(u) :=
1
2
‖Ku− f‖2

2.

In practical applications, the right-hand side f contains measurement errors. In the
following, we denote the noise level δ as the relative noise contained in the noisy right-
hand side fδ, i.e., ‖f− fδ‖2 = δ‖f‖2. Let us assume that the unperturbed right-hand side
f is known and let fδ denote the perturbed right-hand side. If not stated otherwise, the
regularization parameter was, for the example of inverse integration, chosen a posteriori
according to the discrepancy principle [1, 4, 38, 126]. Here, we chose w(0) := 0.910 ≈ 0.3487,
q := 0.9 and τ := 1.5. For l = 0, 1, . . ., we computed the minimizer uw(l) of (2.1) with
g(u) = 1

2‖Ku− fδ‖2
2 and regularization sequence wk ≡ w(l) := w(0)ql iteratively, until the

discrepancy ‖Kuw(l) − fδ‖2 was smaller than or equal to τ‖f− fδ‖2. We chose wk ≡ w(l)

as the largest such parameter, see also our previous works [66, 67].
Let us outline the following paragraphs. The noisy data and a reconstruction for the

inverse integration example are presented in Figure 4.1. The history of one run of Al-
gorithms hybridBSSN and modBSSN is shown in Tables 4.2 and 4.3, respectively. The in-
fluence of the starting vector on the number of iterations of the algorithms is treated in
Table 4.4. Experiments on the influence of several parameters on the computational cost
of the considered algorithms is presented in Tables 4.5 and 4.6. Here, the regularization
parameters were chosen according to the discrepancy principle. Similar experiments are
shown in Tables 4.7 and 4.8 without using a parameter choice strategy for the regulariza-
tion parameter w. A comparison of Algorithms hybridBSSN and modBSSN with the local
semismooth Newton method from [58] is presented in Figure 4.2. A comparison with
some other state-of-the-art methods is shown in Figures 4.3 and 4.4, respectively.

Figure 4.1 shows the function u from (4.2), the 3% noisy data fδ and a reconstruction on
the equidistant grid ∆ with n = 500 nodes. The reconstruction was computed using Algo-
rithm hybridBSSN with the parameters γ = 105, kmax = 250 and regularization parameter
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Figure 4.1: Example of inverse integration on a grid with n = 500 nodes. From left to right: true
solution u, 3% noisy data, reconstruction.

Table 4.2: Convergence history of Algorithm hybridBSSN for the example from Figure 4.1 with
n = 500, δ = 0.03, w = 0.955 ≈ 0.003, γ = 105 and kmax = 250.

j ‖F(u(j))‖2 ‖u(j) − u∗‖2 A I◦ I+ I− size LCP size SLE # SLE cond(MA,A) tj

0 9.03e+05 353.26 452 48 0 0 - - - - -

1 5.29e+02 515.87 230 270 0 0 0 452 1 4.05e+05 1

2 4.03e+02 425.74 186 314 0 0 0 230 1 1.97e+05 0.5

3 3.78e+02 373.11 171 329 0 0 0 186 1 1.59e+05 0.25

4 2.73e+02 310.98 128 372 0 0 0 171 1 1.40e+05 0.5

5 2.04e+02 280.30 98 402 0 0 0 128 1 1.03e+05 0.5

6 1.88e+02 256.90 97 403 0 0 0 98 1 7.73e+04 0.125

7 1.52e+02 209.11 62 438 0 0 0 97 1 7.91e+04 1

8 8.85e+01 117.77 48 452 0 0 0 62 1 4.84e+04 1

9 7.08e+01 88.87 44 456 0 0 0 48 1 3.83e+04 1

10 2.70e+01 33.45 42 458 0 0 0 44 1 3.72e+04 1

11 1.71e+01 22.59 41 459 0 0 0 42 1 3.60e+04 1

12 1.49e+01 20.90 40 460 0 0 0 41 1 3.53e+04 1

13 7.24e-11 2.29e-10 40 460 0 0 0 40 1 3.46e+04 1

w = 0.955 ≈ 0.003. Table 4.2 and Table 4.3 present the history of Algorithm hybridBSSN

and Algorithm modBSSN for this very example, both with γ = 105. Each table shows the
history of the residual norms, the Euclidean distances of the iterates u(j) to the reconstruc-
tion u∗ (computed with Algorithm modBSSN), the sizes of the index sets, the sizes of the
linear complementarity problems (LCP) and of the systems of linear equations (SLE), the
numbers of linear systems, the condition numbers of the matrices MA,A = (K∗K)A,A or
MA,A = (K∗K)A,A (computed using the MATLAB R© subroutine cond) as well as the step
sizes tj for each iterate u(j). The reconstructions u∗hybrid and u∗mod, computed with Algo-
rithm hybridBSSN and Algorithm modBSSN, respectively, vary only slightly. Here, we had
‖u∗mod − u∗hybrid‖∞ ≈ 8.1 · 10−11. Therefore, it is negligible to choose the reference solution
u∗ as the reconstruction produced with Algorithm hybridBSSN or Algorithm modBSSN.
The residual norms strictly decreased in both algorithms and the iterates jumped into the
root u∗ of F (up to machine precision) within one step, cf. Section 2.1.1. The sizes of the
active sets usually decreased in the course of the iteration. In Algorithm hybridBSSN, the
index sets I± were empty. Therefore, there were no linear complementarity problems to
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Table 4.3: Convergence history of Algorithm modBSSN for the example from Figure 4.1 with n =
500, δ = 0.03, w = 0.955 ≈ 0.003 and γ = 105.

j ‖F(u(j))‖2 ‖u(j) − u∗‖2 A I◦ I+ I− size LCP size SLE # SLE cond(MA,A) tj

0 9.03e+05 353.26 452 48 0 0 - - - - -

1 5.29e+02 515.87 230 167 103 0 0 452 1 4.05e+05 1

2 4.42e+02 497.19 178 252 70 0 103 230 271 1.97e+05 0.5

3 4.06e+02 382.66 158 299 43 0 70 178 323 1.57e+05 0.25

4 3.14e+02 372.79 112 366 16 6 43 158 343 1.30e+05 0.5

5 2.19e+02 297.95 95 389 10 6 22 112 389 9.09e+04 0.5

6 1.76e+02 253.39 84 410 2 4 16 95 406 7.40e+04 0.25

7 1.73e+02 248.08 85 410 1 4 6 84 417 6.60e+04 0.031

8 1.52e+02 208.41 57 417 24 2 5 85 416 6.67e+04 1

9 9.00e+01 119.30 50 444 6 0 26 57 444 4.38e+04 1

10 7.60e+01 94.30 46 450 3 1 6 50 451 4.13e+04 0.5

11 4.43e+01 56.40 41 458 1 0 4 46 455 3.76e+04 1

12 1.97e+01 31.21 40 458 2 0 1 41 460 3.40e+04 1

13 1.94e+01 31.88 40 460 0 0 2 40 461 3.46e+04 1

14 5.54e+00 15.97 40 460 0 0 0 40 1 3.46e+04 1

15 9.19e-11 0 40 460 0 0 0 40 1 3.46e+04 1

Table 4.4: Influence of the starting vector on the number of iterations of the Algorithms
hybridBSSN and modBSSN for the inverse integration example with n = 2000, δ = 0.05, γ = 105

and w = 0.951 ≈ 0.0046.

‖u(0) − u∗‖2 hybridBSSN modifiedBSSN

max. #iter. min. #iter. av. #iter. max. #iter. min. #iter. av. #iter.

100 13 4 8.0 27 6 19.3

101 13 7 11.3 40 22 32.1

102 24 12 18.5 66 22 52.6

103 28 11 20.9 78 46 58.5

104 35 21 24.6 72 39 56.7

u(0) = 0 17 17 17 42 42 42

solve. The sizes of the linear systems are equal to the number of active indices and hence
they also decreased along the iteration. The computational effort of Algorithm modBSSN

was higher than the one of Algorithm hybridBSSN due to the linear complementarity
problems and several linear systems that had to be solved in most of the steps in Algo-
rithm modBSSN. The numbers of linear complementarity problems and the numbers of
systems of linear equations were also decreasing along the iteration. The condition num-
bers of the system matrices MA,A and MA,A, respectively, of the linear equations had
comparable magnitudes in both algorithms. Additionally, the step sizes tj were eventu-
ally equal to 1.

In Table 4.4, we consider the influence of the starting vector on the number of itera-
tions until convergence in Algorithm hybridBSSN and in Algorithm modBSSN. Here, we
chose n = 2000, w = 0.951 ≈ 0.0046, γ = 105 and kmax = 250. The noisy right-hand
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Table 4.5: Influence of the number n of unknowns on the computational cost of Algorithms
hybridBSSN and modBSSN for the example of inverse integration with δ = 0.05 for different values
of γ.

γ = 104, 5% of noise

hybridBSSN modifiedBSSN

n k av. cputime(s) # iter. # {j : tj = 1} av. cputime(s) # iter. # {j : tj = 1}

250 50 0.07 14 7 0.19 18 4

500 50 0.19 21 6 0.65 36 3

1000 51 0.93 68 6 1.88 60 3

2500 51 20.05 289 2 32.66 337 3

5000 51 302.34 903 3 253.67 732 4

γ = 105, 5% of noise

hybridBSSN modifiedBSSN

n k av. cputime(s) # iter. # {j : tj = 1} av. cputime(s) # iter. # {j : tj = 1}

250 50 0.06 13 9 0.13 11 8

500 50 0.13 15 10 0.24 15 8

1000 51 0.3 14 9 0.91 24 2

2500 51 3.4 26 11 13.1 67 5

5000 51 19.99∗ 57∗ 5∗ 102.62 178 4

γ = 106, 5% of noise

hybridBSSN modifiedBSSN

n k av. cputime(s) # iter. # {j : tj = 1} av. cputime(s) # iter. # {j : tj = 1}

250 50 0.08 17 5 0.16 17 5

500 50 0.17 20 5 0.31 20 5

1000 51 0.45 21 2 0.72 20 4

2500 51 2.96 20 4 6.58 29 3

5000 51 18.05 28 6 69.79 63 3

∗ Algorithm hybridBSSN switched to the modified index sets in step j = 42.

side fδ was fixed, i.e., we used one noise realization, and fδ contained 5% of noise. An
approximation u∗ of the zero of F was here computed with Algorithm hybridBSSN using
γ = 105 and initial guess u(0) = 0. We considered 20 normalized, standard normally
distributed random vectors n(1), . . . , n(20), i.e., we had ‖n(i)‖2 = 1 for all i. For each of
the radii r = 100, . . . , 104, we solved the zero-finding problem F(u) = 0 for one each of
the 20 different starting vectors of the form u(0)

i := u∗+ rn(i), i = 1, . . . , 20. For both algo-
rithms, we list the maximal, minimal and average numbers of iterations for these 20 runs
depending on the radius r. The number of Newton steps that had to be computed until
the residual norm was smaller than tol = 10−7 was usually larger when using starting
vectors far away from u∗, i.e., for larger r. Additionally, the number of iterations of both
algorithms with the starting vector u(0) = 0 is listed. Here, the Euclidean distance to u∗

was ‖0− u∗‖2 ≈ 827.1.
The average CPU time of five runs, the number of iterations until convergence as well

as the number #{j : tj = 1} of step sizes equal to 1 in Algorithms hybridBSSN and modBSSN
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Table 4.6: Influence of the number n of unknowns on the computational cost of Algorithms
hybridBSSN and modBSSN for the example of inverse integration with δ = 0.01 for different values
of γ.

γ = 104, 1% of noise

hybridBSSN modifiedBSSN

n k av. cputime(s) # iter. # {j : tj = 1} av. cputime(s) # iter. # {j : tj = 1}

250 66 0.11 16 5 0.27 18 6

500 65 0.19 18 6 0.67 34 5

1000 66 1.17 76 5 2.89 91 4

2500 67 19.55 230 3 19.8 131 3

5000 67 135.84∗ 316∗ 3∗ 195.58 416 2

γ = 105, 1% of noise

hybridBSSN modifiedBSSN

n k av. cputime(s) # iter. # {j : tj = 1} av. cputime(s) # iter. # {j : tj = 1}

250 66 0.06 11 9 0.12 11 9

500 65 0.12 15 13 0.42 18 10

1000 66 0.33 15 9 0.88 23 9

2500 67 3.37 29 10 13.58 61 5

5000 67 26.24 63 6 140.1 145 6

γ = 106, 1% of noise

hybridBSSN modifiedBSSN

n k av. cputime(s) # iter. # {j : tj = 1} av. cputime(s) # iter. # {j : tj = 1}

250 66 0.11 15 7 0.25 16 7

500 65 0.2 19 13 0.37 18 13

1000 66 0.58 20 4 1.17 20 4

2500 67 3.74 22 10 10.22 25 8

5000 67 21.56 26 9 75.92 51 7

∗ Algorithm hybridBSSN switched to the modified index sets in step j = 305.

for increasing numbers n of unknowns, for different values of the parameter γ = 104, 105,
106 and the noise levels δ = 0.05, 0.01 is presented in Table 4.5 and Table 4.6. The integers
k denote the exponents of the regularization parameters w = 0.9k chosen according to
the discrepancy principle. The regularization parameters in case of 1% noisy data were
smaller than those for 5% of noise. To ensure comparability, we used one noise vector
n ∈ R5000 in all computations. If n was smaller than 5000, we used the vector of every
n/5000-th entry of n as the noise vector. The parameter kmax in Algorithm hybridBSSN

was chosen as kmax = 1000. For each fixed γ and δ, the average CPU time as well as the
number of iterations usually increased for larger n. The amount of step sizes tj that were
equal to 1, the number of iterations as well as the average CPU time depended strongly
on the choice of the parameter γ in both algorithms. Usually, Algorithm hybridBSSN

was faster than Algorithm modBSSN in terms of computation time. Nevertheless, in the
case n = 5000, γ = 104 and 5% noisy data, 903 iterations were computed in Algorithm
hybridBSSN and the average CPU time of Algorithm hybridBSSN was larger than the

70



4.1 INVERSE INTEGRATION

Table 4.7: Influence of the system size n, of the parameter γ and of the regularization parameter w
on the computational cost of Algorithms hybridBSSN and modBSSN with kmax = 250 and 5% noisy
data for the inverse integration example.

n = 500

γ = 104 γ = 105 γ = 106

w 10−2 10−3 10−4 10−2 10−3 10−4 10−2 10−3 10−4

h
y
b
r
i
d
B
S
S
N av. cputime(s) 0.2 0.4 0.3 0.1 0.1 0.1 0.2 0.1 0.1

# iter. 18 43 31 11 10 14 22 15 9

# {j : tj = 1} 7 5 4 9 7 6 4 5 7

# {k : uk 6= 0}/n 0.07 0.10 0.26 0.07 0.10 0.26 0.07 0.10 0.26

m
o
d
B
S
S
N

av. cputime(s) 0.6 0.5 0.5 0.3 0.2 0.3 0.3 0.2 0.2

# iter. 30 30 30 21 13 19 22 15 9

# {j : tj = 1} 3 3 3 6 6 8 4 5 7

# {k : uk 6= 0}/n 0.07 0.10 0.26 0.07 0.10 0.26 0.07 0.10 0.26

n = 1000

γ = 104 γ = 105 γ = 106

w 10−2 10−3 10−4 10−2 10−3 10−4 10−2 10−3 10−4

h
y
b
r
i
d
B
S
S
N av. cputime(s) 0.6 2.3 1.7 0.3 0.4 0.7 0.4 0.4 0.3

# iter. 40 126 75 16 13 30 19 13 11

# {j : tj = 1} 5 5 2 9 8 6 5 8 8

# {k : uk 6= 0}/n 0.04 0.06 0.12 0.04 0.06 0.12 0.04 0.06 0.12

m
o
d
B
S
S
N

av. cputime(s) 2.6 2.6 3.3 1.4 1.0 1.7 0.9 0.6 0.5

# iter. 81 84 101 38 27 37 25 14 11

# {j : tj = 1} 4 4 3 4 7 5 4 9 8

# {k : uk 6= 0}/n 0.04 0.06 0.12 0.04 0.06 0.12 0.04 0.06 0.12

n = 2000

γ = 104 γ = 105 γ = 106

w 10−2 10−3 10−4 10−2 10−3 10−4 10−2 10−3 10−4

h
y
b
r
i
d
B
S
S
N av. cputime(s) 4.5 13.9∗ 16.4 1.9 2.5 9.4 1.8 1.5 2.3

# iter. 143 265∗ 165 25 52 89 25 17 23

# {j : tj = 1} 4 3∗ 3 5 9 2 11 11 8

# {k : uk 6= 0}/n 0.03 0.04 0.06 0.03 0.04 0.06 0.03 0.04 0.06

m
o
d
B
S
S
N

av. cputime(s) 12.7 14.3 17.7 8.3 7.2 13.8 3.6 3.8 4.5

# iter. 182 205 149 56 48 85 26 28 21

# {j : tj = 1} 4 2 2 2 4 4 2 5 3

# {k : uk 6= 0}/n 0.03 0.04 0.06 0.03 0.04 0.06 0.03 0.04 0.06

∗ Algorithm hybridBSSN switched to the modified index sets in step j = 245.

average CPU time of Algorithm modBSSN. Here, a smaller choice of kmax could have been
reasonable. Algorithm hybridBSSN switched to the modified index sets in step j = 42 in
the case n = 5000, γ = 105 and δ = 0.05 as well as in step j = 305 in the case n = 5000,
γ = 104 and δ = 0.01. For γ = 106, the numbers of iterations did increase less for
increasing n than for smaller choices of γ.

Table 4.7 and Table 4.8 demonstrate the influence of the number n of unknowns, of
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Table 4.8: Influence of the system size n, of the parameter γ and of the regularization parameter w
on the computational cost of Algorithms hybridBSSN and modBSSN with kmax = 250 and 1% noisy
data for the inverse integration example.

n = 500

γ = 104 γ = 105 γ = 106

w 10−2 10−3 10−4 10−2 10−3 10−4 10−2 10−3 10−4

h
y
b
r
i
d
B
S
S
N av. cputime(s) 0.2 0.2 0.3 0.2 0.1 0.1 0.2 0.1 0.1

# iter. 23 17 36 18 11 9 24 15 9

# {j : tj = 1} 3 7 6 8 9 8 3 8 8

# {k : uk 6= 0}/n 0.07 0.09 0.11 0.07 0.09 0.11 0.07 0.09 0.11

m
o
d
B
S
S
N

av. cputime(s) 0.5 0.5 0.6 0.3 0.2 0.2 0.4 0.3 0.2

# iter. 30 29 37 20 15 14 24 15 9

# {j : tj = 1} 3 8 2 3 11 5 3 8 8

# {k : uk 6= 0}/n 0.07 0.09 0.11 0.07 0.09 0.11 0.07 0.09 0.11

n = 1000

γ = 104 γ = 105 γ = 106

w 10−2 10−3 10−4 10−2 10−3 10−4 10−2 10−3 10−4

h
y
b
r
i
d
B
S
S
N av. cputime(s) 0.7 1.4 3.5 0.4 0.4 0.6 0.6 0.5 0.4

# iter. 36 104 148 19 16 28 27 19 13

# {j : tj = 1} 3 7 2 9 7 7 3 3 10

# {k : uk 6= 0}/n 0.05 0.07 0.08 0.05 0.07 0.08 0.05 0.07 0.08

m
o
d
B
S
S
N

av. cputime(s) 2.5 1.8 5.0 1.2 1.2 1.5 0.7 1.1 0.6

# iter. 69 48 166 30 20 25 22 19 13

# {j : tj = 1} 4 4 2 3 3 5 9 3 10

# {k : uk 6= 0}/n 0.05 0.07 0.08 0.05 0.07 0.08 0.05 0.07 0.08

n = 2000

γ = 104 γ = 105 γ = 106

w 10−2 10−3 10−4 10−2 10−3 10−4 10−2 10−3 10−4

h
y
b
r
i
d
B
S
S
N av. cputime(s) 3.0 9.8 14.3 2.2 2.0 3.5 2.1 2.6 2.1

# iter. 62 196 224 31 26 70 31 24 15

# {j : tj = 1} 4 4 3 2 11 6 2 8 10

# {k : uk 6= 0}/n 0.04 0.06 0.07 0.04 0.06 0.07 0.04 0.06 0.07

m
o
d
B
S
S
N

av. cputime(s) 12.1 20.0 26.5 8.8 6.8 6.6 5.2 5.7 4.5

# iter. 113 305 326 64 46 52 44 28 19

# {j : tj = 1} 3 3 3 3 9 7 2 7 9

# {k : uk 6= 0}/n 0.04 0.06 0.07 0.04 0.06 0.07 0.04 0.06 0.07

the parameter γ and of the regularization parameter w on the average CPU time of five
runs, on the number of iterations, on the number of step sizes that were equal to 1 and on
the relative sparsity #{k : uk 6= 0}/n of the reconstructions computed with Algorithms
hybridBSSN and modBSSN. Here, in contrast to Table 4.5 and Table 4.6, the regularization
parameters were not chosen according to the discrepancy principle. The results in Tables
4.7 and 4.8 were computed with 5% and 1% noisy data, respectively. As in Tables 4.5 and
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Figure 4.2: Convergence history of the Tikhonov functional values, the residual norms and the
error norms of Algorithm localBSSN (blue dashed line), Algorithm hybridBSSN (red line) and
Algorithm modBSSN (green line) versus the iteration index j and the CPU time for the example of
inverse integration with n = 2000 and δ = 0.05. The parameters used in the algorithms were
w = 0.951 ≈ 0.0046 and γ = 106.

4.6, we used one single noise vector in all computations. The computed reconstructions
u were less sparse for smaller w. Moreover, the relative sparsity #{k : uk 6= 0}/n of a
reconstruction u decreased for increasing n using a fixed regularization parameter w. As
in the tables above, the influence of the choice of the parameter γ on the computational
cost of both Algorithms hybridBSSN and modBSSN was obvious. Algorithm hybridBSSN

switched to the modified index sets in the case n = 2000, γ = 104, w = 10−3 and 5% of
noise. Here, the parameter kmax was chosen equal to 250.

Figure 4.2 presents the convergence history of Algorithm hybridBSSN (red), of Algo-
rithm modBSSN (green) and of the local B-semismooth Newton method localBSSN (blue
dashed), i.e., Algorithm 1 with constant step sizes tj ≡ 1. In this test case, we chose
n = 2000. Here, the iterates of the local B-semismooth Newton method localBSSN co-
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Figure 4.3: CPU time comparison of different algorithms for increasing numbers n of unknowns
for the inverse integration example with δ = 0.05. Left: comparison of Algorithm hybridBSSN us-
ing different values of γ with state-of-the art methods. Right: comparison of Algorithm modBSSN

using different values of γ with state-of-the art methods.

incided with the local semismooth Newton method of Herzog and Lorenz [58] because
the index sets I±(u(j)) were empty. The regularization parameter w = 0.951 ≈ 0.0046
was computed using the discrepancy principle. The parameter γ was in all methods
chosen equal to 106. The starting vector in all three algorithms was the zero vector and
the parameter kmax in Algorithm hybridBSSN was kmax = 250. The data contained 5% of
noise and u∗ here was the reconstruction computed with Algorithm modBSSN. The his-
tory of the Tikhonov functional values J(u(j)), the residual norms ‖F(u(j))‖2 and the
errors ‖u(j)− u∗‖2 in the Euclidean norm of one run are presented depending on the iter-
ation number j as well as the CPU time in seconds. In contrast to Algorithm localBSSN,
the residual norms of Algorithm hybridBSSN and Algorithm modBSSN were strictly de-
creasing. The Tikhonov functional values of the three algorithms usually do not strictly
decrease. The local superlinear convergence of the sequence of iterates in each algorithm
is demonstrated by the plots of the error norms. The CPU time in the first step was large
in comparison to the subsequent iterations because the matrix product K∗K was precom-
puted before starting the main iteration and the CPU time for the computation of the
matrix product was included in the first step. In this test case, the local B-semismooth
Newton method localBSSN needed the fewest iterations and CPU time followed by Al-
gorithms hybridBSSN and modBSSN.

A CPU time comparison of Algorithms hybridBSSN and modBSSN using different values
of the parameter γ with an interior-point method (l1ls) [83], with sparse reconstruction
for separable approximation (SpaRSA) [142] and with a Barzilai-Borwein gradient projec-
tion method (GPSR_BB) [44] for increasing numbers n = 300, 600, 1250, 2500 of unknowns
is presented in Figure 4.3. We used MATLAB R© implementations of these three algorithms
from the web page www.lx.it.pt/∼mtf/SpaRSA (30 June 2015). For each n, one noise vec-
tor was used. The data contained 5% of noise, i.e., δ = 0.05, and the starting vector was
u(0) = 0 in all algorithms. The CPU time results depend strongly on the expected accu-
racy of the reconstruction. The stopping criterion for all B-semismooth Newton methods
was again a residual norm smaller than tol = 10−7. Algorithms l1ls, SpaRSA and GPSR_BB

were stopped once the Tikhonov functional value J(u(j)) of the iterates was smaller than
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Figure 4.4: Convergence history of the difference of the Tikhonov functional values at the iterates
to the Tikhonov functional value J∗ at convergence for different algorithms for the inverse inte-
gration example with n = 2000. Left: δ = 0.01 and w = 0.966 ≈ 9.55 · 10−4. Right: δ = 0.05 and
w = 0.951 ≈ 0.0046.

or equal to the threshold J∗ + 2δ2, where J∗ denotes the Tikhonov functional value of
the approximation computed with Algorithm hybridBSSN with γ = 105, see also Figure
4.4. This stopping criterion was also used in our preprint [67]. It is motivated by the
fact, that `1-Tikhonov regularization has a linear convergence rate if the regularization
parameters are chosen by the discrepancy principle [57]. Linear convergence means that
there exists a positive constant c with ‖u∗w,δ − u†‖ ≤ cδ‖f‖, where u∗w,δ denotes the `1-
Tikhonov regularized solution with regularization parameter w and relative noise level
δ in the perturbed right-hand side fδ, and u† denotes the solution to the operator equa-
tion Ku = f with unperturbed right-hand side f. Because no higher accuracy of the
regularized solution is expected in case of measurement errors, it suffices to solve the
minimization problem (2.1) up to an accuracy of O(δ2), δ → 0, motivating the choice
of the above threshold, see also Figure 4.4. The chosen regularization parameters were
w = 0.952 ≈ 0.0042 in the cases n = 300, 600, 1250 and w = 0.951 ≈ 0.0046 in the case
n = 2500. The size of the parameter γ had a strong influence on the computation time
of the B-semismooth Newton methods. For small values of γ, the index sets in Algo-
rithm hybridBSSN (here with kmax = 400) were switched to the modified index sets in the
case n = 1250 choosing γ = 100 (in step j = 401) and in the case n = 2500 choosing
γ = 100 (in step j = 222) and choosing γ = 1000 (in step j = 401). A suitable choice
of the parameter kmax depends on the number of unknowns, on the parameter γ, on the
regularization parameter w and on the considered example. For sufficiently large param-
eters γ, Algorithm hybridBSSN was usually efficient without switching to the modified
index sets in the experiments presented in this chapter. For small values of γ, the consid-
ered B-semismooth Newton methods had a larger computation time than the considered
state-of-the-art, linearly convergent methods. Note that the computation times depend
on the considered example. In our preprint [67], we discussed the example of horizontal
motion blur. There, the CPU time of Algorithm modBSSN was larger than the CPU time of
SpaRSA and GPSR_BB.

Figure 4.4 illustrates the history of the sequences {J(u(j))− J∗}j in the algorithms con-
sidered in Figure 4.3 for 1% as well as for 5% noisy data. Here, J∗ denotes the Tikhonov
functional value of the reconstruction computed with Algorithm hybridBSSN. The pa-

75



CHAPTER 4 NUMERICAL RESULTS

rameter γ in the B-semismooth Newton methods localBSSN (cf. Figure 4.2), hybridBSSN
and modBSSN was chosen equal to 106 and the number of unknowns was n = 2000. The
threshold 2δ2 used in the computations of Figure 4.3 is marked by a black thin line in
each plot. Once again, Algorithm localBSSN was faster than Algorithm hybridBSSN and
Algorithm modBSSN with respect to CPU time. Nevertheless, Algorithm localBSSN is not
ensured to converge globally.

4.2 Nonlinear parameter identification

In this section, we deal with a nonlinear parameter identification problem considered,
e.g., in [93, 101, 103, 104]. Applications of the considered inverse problem come from
stationary heat conduction or groundwater flow, see, e.g., [38,64]. This problem has been
intensively studied in the literature, see [64,69,84,93,102,150] and the references therein.
We follow the outline of the problem description from [93, 101, 103].

In the following, we are concerned with the elliptic boundary value problem

−div(a∇u) = f , in Ω := {x ∈ R2 : ‖x‖2 < 1},
u = 0, on ∂Ω,

(4.3)

with a fixed right-hand side f ∈ L2(Ω). The forward problem here is solving the partial
differential equation (4.3), i.e., computing u, for a given parameter a ∈ L∞(Ω) and the
right-hand side f . The parameter-to-solution map K is given by

K : A ⊂ L∞(Ω)→ H1
0(Ω), a 7→ u,

where the admissible set A is defined as

A := {a ∈ L∞(Ω) : 0 < a ≤ a ≤ a a.e. in Ω, supp(a− a0) ( Ω},

with constants a ≥ a > 0, see, e.g., [69, 93, 101–103]. Here, one assumes that the param-
eters a ∈ A differ from a constant function a0 ∈ L∞(Ω) only on a small strict subset of
Ω. It is well-known that the boundary value problem (4.3) has a unique weak solution
u ∈ H1

0(Ω) for each fixed a ∈ A [39, 65], i.e., u solves the variational problem∫
Ω

a∇u · ∇ϕ dx =
∫
Ω

f ϕ dx, (4.4)

for all test functions ϕ ∈ H1
0(Ω).

Our aim is to solve the inverse problem, i.e., to reconstruct the parameter a from (noisy)
measurements uδ of u, given in the whole domain Ω. We can formulate the inverse
problem as solving the nonlinear (ill-posed) operator equation

K(a) = uδ, (4.5)

see [64, 69, 93, 103]. In the one-dimensional case with Ω = (0, 1),

− (a(x)u′(x))′ = f (x), u(0) = u(1) = 0,
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where a is, e.g., piecewise constant, there exists an explicit solution formula for the coef-
ficient a,

a(x) =
1

u′(x)

(
a(0)u′(0)−

x∫
0

f (t)dt
)

,

if u′(x) 6= 0 for all x ∈ [0, 1], see [38]. As pointed out in loc. cit., one has to differentiate
the measurement data u and to divide by the differentiated data u′ in order to reconstruct
the coefficient a from the data u. Hence, the inverse problem is nonlinear and ill-posed.
Moreover, if u′ is equal to zero at a point x, we are not able to reconstruct the coefficient
a at x from the measured data u.

In order to apply Tikhonov regularization, we choose a discrepancy term g that was
proposed, e.g., in [69, 84, 93, 101–103, 150],

g : A→ R, g(a) :=
∫

Ω
a‖∇K(a)−∇uδ‖2

2 dx. (4.6)

The choice of this functional g was motivated by energy functional approaches. It was
shown in [69, 84, 101, 102] that g is twice Fréchet differentiable with a Lipschitz contin-
uous first Fréchet derivative. The first and second Fréchet derivatives of g are given by

Dg(a)h = −
∫

Ω
h
(
‖∇K(a)‖2

2 − ‖∇uδ‖2
2
)

dx,

D2g(a)(h, h′) = 2
∫

Ω
a∇DK(a)h · ∇DK(a)h′ dx,

see loc. cit. It is well-known that the Fréchet derivative DK(a) ∈ L(L∞(Ω), H1
0(Ω)) of the

solution operator K from (4.5) is the solution operator to a boundary value problem with
a modified right-hand side compared to (4.3), see, e.g., [69, Lemma 2.2], [102, Lemma 4]
and [64]. More precisely, for a ∈ A and h ∈ L∞(Ω), v := DK(a)h ∈ H1

0(Ω) is the weak
solution to the boundary value problem

−div(a∇v) = div(h∇K(a)), in Ω,
v = 0, on ∂Ω.

Hence, using integration by parts, v fulfills the variational problem∫
Ω

a∇v · ∇ϕ dx = −
∫
Ω

h∇K(a) · ∇ϕ dx,

for all test functions ϕ ∈ H1
0(Ω). It was shown in [102, Lemma 6], [69, Lemma 2.3]

and [84] that the second Fréchet derivative of g is uniformly bounded on A in the operator
norm and that, for h ∈ L∞(Ω), the second Fréchet derivative of g is nonnegative,

D2g(a)(h, h) = 2
∫

Ω
a‖∇DK(a)h‖2

2 dx ≥ 0.

Hence, it was shown that g is convex on A.
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Figure 4.5: Uniform mesh on the unit circle with n = 500 nodes.

Using a suitable penalty term Φw, where w = (wk)k is a sequence of regularization
parameters with wk ≥ w0 > 0, we consider the minimization problem

min
a∈A

g(a) + Φw(a− a0).

We have in mind a weighted norm as penalty term Φw. After a variable transformation
ã = a− a0, and defining

J : L2(Ω)→ R, J(ã) :=

{
g(ã + a0) + Φw(ã), ã ∈ Ã ∩ dom Φw,
∞, else,

where
Ã := {ã ∈ L∞(Ω) : 0 < a ≤ ã + a0 ≤ a a.e. in Ω, supp(ã) ( Ω},

we are concerned with the minimization problem

min
ã∈L2(Ω)

J(ã), (4.7)

cf. [93, 101, 103]. If ã is a minimizer of the minimization problem (4.7), then ã + a0 is a
regularized solution to the inverse problem (4.5). Note that we now consider the space
L2(Ω) instead of L∞(Ω). It was shown in [102, Lemma 6] that g is continuous on A with
respect to the L2-norm. To our best knowledge, it is up to now unknown if Assumption
A holds with respect to the L2-norm.

The boundary value problem (4.3) is discretized using the finite element method, see,
e.g., [65, 150]. We used piecewise linear finite elements for a, u and f , respectively. The
triangulations T on the unit ball Ω were generated using the mesh generator distmesh
[110] that is available on the web page http://persson.berkeley.edu/distmesh (17
May 2016). An example of a uniform mesh with n = 500 nodes is shown in Figure
4.5. Moreover, we used an implementation of Dr. Fabrice Delbary (University of Mainz,
Institute of mathematics) to solve the forward problem. In the following, we derive
a discretization of the minimization problem (4.7). We proceed similarly to [150]. Let
VTh := span{Λ1, . . . , Λn} denote the space of piecewise linear ansatz functions on a fixed
triangulation T with n nodes x1, . . . , xn and VT ,0

h := VTh ∩ H1
0(Ω). The linear interpolant

of the data ak ∈ R, k = 1 . . . , n, given at the nodes xk is denoted by ah = ∑n
k=1 akΛk ∈ VTh .
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With the synthesis operator T : Rn → VTh , Ta := ∑n
k=1 akΛk, the discretized minimization

problem is then given by
min
ã∈Rn

Jh(ã),

where

Jh : Rn → R, Jh(ã) :=

{
(gh ◦ T)(ã + a01) + ‖ã‖1,w, ã > −a01,
∞, else,

the weighted norm ‖ã‖1,w := ∑n
k=1 wk|ãk|, the vector of ones 1 := (1, . . . , 1)> ∈ Rn and

gh : VTh → R, gh(ah) :=
∫
Ω

ah‖∇uh −∇uδ
h‖2

2 dx.

Here, uh, uδ
h ∈ VT ,0

h denote the Galerkin approximations of u = K(ah) and uδ, respec-
tively. Hence, we consider the finite-dimensional zero-finding problem

F(ã) = 0, (4.8)

where F : Rn → Rn, F(ã) := ã− Sγw(ã− γDgh(T(ã + a01))), Dgh is the discretization of
Dg and ã = (ãk)k denotes the sequence of basis coefficients of ãh = Tã. In the following,
we choose a constant sequence of regularization parameters wk ≡ w.

As proposed in [93,101,103], the noisy data uδ
h ∈ H1

0(Ω) were, in our numerical experi-
ments, computed as the numerical solution to the weak formulation (4.4) of the boundary
value problem (4.3) with unperturbed parameter a and noisy right-hand side f δ̃, i.e., we
had ‖ f − f δ̃‖L2(Ω) = δ̃‖ f ‖L2(Ω). Here, if not stated otherwise, we chose δ̃ = 0.2. Then, the
relative noise level δ of uδ

h was given by

δ =
‖uδ

h − uh‖H1(Ω)

‖uh‖H1(Ω)
.

Note that for the numerical solution of the inverse problem, i.e., the nonlinear opera-
tor equation (4.5), we used the unperturbed right-hand side f in (4.3). The noisy data
uδ

h ∈ VT ,0
h were computed on a slightly finer mesh than the mesh in the inverse problem.

Nevertheless, we used the same model for the inverse problem as for the forward prob-
lem. It is necessary to test the considered algorithms also for data uδ

h that were not syn-
thetically produced with the same model as the inverse problem is solved with, see [22, p.
154] and [68, Section 7.2]. Hence, up to now, we cannot exclude an inverse crime. The
study of the influence of model mismatches on the results of the considered algorithms
is up to future research.

For the B-semismooth Newton methods considered below, it is not ensured that the
iterates ã(j) stay componentwise larger than −a0 and thus that ã(j) + a01 stays positive,
even if starting with an initial guess ã(0) that is componentwise bounded away from−a0.
Therefore, the solvability of the forward problem is not ensured in this case. We decided
to choose a0 large enough, here a0 = 3. For this choice, the sequence of iterates in the con-
sidered algorithms usually converged if choosing the zero vector as initial guess. Never-
theless, the sequence of iterates in the algorithms did not always converge, especially if
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Figure 4.6: The true parameter a and reconstructions from 1.3% noisy data on different meshes.
Upper row: mesh with n = 5000 nodes. Lower Row: mesh with n = 1000 nodes. From left
to right: true parameter a, reconstruction, sparsity pattern of the reconstruction (black: a ≡ a0,
white: a 6= a0).

the starting vectors were not close to the zero of F. In some experiments presented here,
the iterates contained some components smaller than −a0, at least for early iterates. We
only present results where the sequence of iterates in the algorithms did converge, even
though some entries possibly were smaller than −a0 in some iterates. Up to now, feasi-
bility of the considered algorithms is not always guaranteed in this example. Feasibility
might be achieved by a modification of the Armijo rule (2.42) and (3.37), respectively, but
this is part of future work. In the results presented in this section, we always chose a0 = 3
and u(0) = 0.

Let us give an overview of the subsequent paragraphs. The true right-hand side, some
noisy data and reconstructions are presented in Figures 4.6, 4.7 and 4.8. The convergence
history of one run of Algorithms hybridBSSN and modBSSN is shown in Tables 4.9 and 4.10,
respectively. Table 4.11 treats the influence of the parameter γ on the computational cost
of the considered algorithms. The influence of the choice of the regularization parameter
on the sparsity of the computed reconstructions as well as on the computational cost of
Algorithms hybridBSSN and modBSSN is treated in Figure 4.9.

The true parameter a, a reconstruction from noisy data as well as the sparsity pattern
of the reconstruction on a mesh with n = 5000 and n = 1000 nodes, respectively, is
presented in Figure 4.6. In the plots on the right-hand side, the unit circle is black in
regions where the reconstruction a is equal to a0 = 3, whereas it is colored white in
regions where the reconstruction differs from a0. Here, the true parameter was

a(x1, x2) =


6, 1

8 ≤ ‖x− (− 1
2 , 1

4 )
>‖2 ≤ 1

5 ,
5, 2

5 ≤ x1 ≤ 1
2 , 2

5 ≤ x2 ≤ 1
2 ,

3, else.
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Figure 4.7: Left: true right-hand side f on a mesh with n = 2000 nodes. Right: noisy data uδ with
δ ≈ 0.0181.

Figure 4.8: From left to right and top to bottom: true parameter a on a mesh with n = 2000
nodes, reconstructions computed with regularization parameters w = 3 · 10−5, 4 · 10−5, 5 · 10−5,
7.5 · 10−5, 10−4 from 1.81% noisy data uδ.

The right-hand side f was chosen constant, f (x1, x2) ≡ 4. On the finer mesh, the true
parameter a can be approximated in more detail. For instance, the rectangle is better
represented on a mesh with n = 5000 nodes than on the coarse mesh with n = 1000
nodes. A larger number of nodes increases the resolution. The relative noise contained
in the data was δ ≈ 1.3% in both cases. The parameters δ̃ were chosen as 0.2 in the case
n = 5000 and as 0.1 in the case n = 1000. Note that the quality of the reconstructions
is expected to be lower if the relative noise in the data is larger. Both reconstructions
were computed with Algorithm hybridBSSN with parameter γ = 105. The regularization
parameters were chosen as w = 10−5 in the case n = 5000 and w = 5 · 10−5 in the case
n = 1000, respectively. The images on the right-hand side of Figure 4.6 show that the
reconstructions of the parameter a here also differed from the background value a0 = 3
near the ring and near the boundary of the unit circle.
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Table 4.9: Convergence history of Algorithm hybridBSSN for the nonlinear parameter identifi-
cation problem using a mesh with n = 1000 nodes, 2.6% noisy data, regularization parameter
w = 10−4, kmax = 100 and γ = 105.

j ‖F(ã(j))‖2 J(ã(j))− J∗ ‖ã(j) − ã∗‖2 A I◦ I+ I− sizeLCP size SLE #SLE cond(MA,A) tj

0 4.95e+01 9.96e-04 5.07e+00 39 961 0 0 - - - - -

1 1.04e+01 2.05e-03 5.41e+00 31 969 0 0 0 39 1 1.79e+02 1

2 2.31e+00 1.15e-03 2.87e+00 20 980 0 0 0 31 1 1.42e+02 1

3 7.55e-02 7.45e-09 2.84e-02 20 980 0 0 0 20 1 7.58e+01 1

4 6.92e-05 5.88e-15 2.65e-05 20 980 0 0 0 20 1 7.52e+01 1

5 7.81e-11 -7.98e-17 3.27e-11 20 980 0 0 0 20 1 7.53e+01 1

In the results presented in the rest of this section, we considered the true parameter a,

a(x1, x2) =


5, ‖x− ( 1

2 , 1
4 )
>‖2 ≤ 1

8 ,
6, − 1

4 ≤ x1 ≤ 0,− 7
12 ≤ x2 ≤ − 5

12 ,
3, else,

(4.9)

and the right-hand side f ,

f (x1, x2) =

{
7, ‖x− (− 1

2 , 0)>‖2 ≤ 1
8 ,

4, else.
(4.10)

Figure 4.7 shows the unperturbed right-hand side f on a mesh with n = 2000 nodes as
well as the noisy data uδ on the same mesh. Here, we chose δ̃ = 0.2 and the relative noise
in uδ was δ ≈ 0.0181. The true parameter a and five reconstructions, computed with the
noisy data from Figure 4.7 using five different regularization parameters w, are presented
in Figure 4.8. The reconstructions were produced with Algorithm hybridBSSN choosing
γ = 1000 and kmax = 100. The relative number of nonzero basis coefficients of the true
parameter a in the linear finite element basis on the mesh with n = 2000 nodes was
#{k : ak 6= 3}/2000 ≈ 0.0295. The reconstructions were computed with the regularization
parameters w = 10−4, 7.5 · 10−5, 5 · 10−5, 4 · 10−5 and 3 · 10−5. Here, the relative numbers
of nonzero entries of the reconstructions were equal to 0.012, 0.0205, 0.0275, 0.030 and
0.034, respectively. For smaller regularization parameters w, the reconstructions were
more densely populated, compare also Figure 4.9.

Table 4.9 and Table 4.10 show the convergence history of Algorithms hybridBSSN and
modBSSN, respectively. Here, a mesh with n = 1000 nodes and noisy data uδ with δ ≈
0.0261 (δ̃ = 0.2) were used. In both algorithms, we chose the parameter γ = 105 and in
Algorithm hybridBSSN we set kmax = 100. The regularization parameter was w = 10−4.
The relative number of entries different from a0 = 3 of the true parameter was approx-
imately 0.027. The computed reconstruction contained approximately 2% of entries that
did not coincide with a0. Table 4.9 and Table 4.10 present the same quantities as Tables
4.2 and 4.3 from Section 4.1. The condition numbers of the system matrices were here
computed with the MATLAB R© subroutine condest. The sequences of iterates in the al-
gorithms converged within 5 and 6 steps, respectively, and all step sizes tj were equal to
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Table 4.10: Convergence history of Algorithm modBSSN for the nonlinear parameter identification
problem using a mesh with n = 1000 nodes, 2.6% noisy data, regularization parameter w = 10−4

and γ = 105.

j ‖F(ã(j))‖2 J(ã(j))− J∗ ‖ã(j) − ã∗‖2 A I◦ I+ I− sizeLCP size SLE #SLE cond(MA,A) tj

0 4.95e+01 9.96e-04 5.07e+00 39 961 0 0 - - - - -

1 1.04e+01 2.05e-03 5.41e+00 24 961 11 4 0 39 1 1.95e+02 1

2 1.33e+00 4.14e-04 1.55e+00 20 975 5 0 15 24 977 9.56e+01 1

3 4.03e-01 2.13e-06 5.31e-01 20 980 0 0 5 20 981 7.47e+01 1

4 9.10e-03 4.92e-11 1.22e-03 20 980 0 0 0 20 1 7.52e+01 1

5 6.84e-07 1.02e-16 1.06e-07 20 980 0 0 0 20 1 7.53e+01 1

6 2.72e-12 0 0 20 980 0 0 0 20 1 7.53e+01 1

1. The residual norms decreased strictly and the sequences if iterates in the algorithms
were locally superlinearly convergent, cf. the decrease of the norms ‖ã(j) − ã∗‖2. Here
ã∗ denotes the approximation of the root of F computed with Algorithm modBSSN. The
sizes of the linear systems decreased in the course of the iteration. As opposed to Algo-
rithm hybridBSSN, some linear complementarity problems had to be solved in Algorithm
modBSSN. However, these systems as well as the linear systems were small compared to
the system size n = 1000.

The computational cost of the B-semismooth Newton methods depends on the choice
of the parameter γ, cf. the example from Section 4.1. In Table 4.11, the average CPU time
of five runs, the number of iterations as well as the number of step sizes equal to 1 are
listed for different values of γ, both Algorithms hybridBSSN and modBSSN and two dif-
ferent regularization parameters w = 10−4 and w = 5 · 10−5. The number of unknowns
was n = 2000, the parameter kmax in Algorithm hybridBSSN was chosen equal to 100 and
the data contained 1.79% of noise (δ̃ = 0.2). The computational cost of both algorithms
seriously depended on the choice of the parameter γ. In this example, the algorithms
performed best for the choices γ = 105 and γ = 106. With the choice γ = 106, here,
both methods coincided with the local method because all step sizes were equal to 1.
For small values of γ, the methods were slower in terms of computation time, especially
when choosing the smaller regularization parameter w = 5 · 10−5. In some cases, Algo-
rithm modBSSN needed less computation time than Algorithm hybridBSSN with the same
parameter γ. This can be the case if either less Newton steps are computed in Algo-
rithm modBSSN than in Algorithm hybridBSSN, if the sizes of the active sets in Algorithm
modBSSN are smaller than in Algorithm hybridBSSN or if the damping parameters in Al-
gorithm modBSSN are larger on average than the step sizes in Algorithm hybridBSSN. The
step sizes are chosen according to the Armijo rule (2.42) and (3.37), respectively. In each
trial of the Armijo rule, one function evaluation of the nonlinearity F is necessary. This in-
volves the computation of the gradient of the discrepancy term including one solution of
the forward problem. For small damping parameters, many trials of the Armijo rule are
performed. When choosing γ = 10, the index sets of the iterates in Algorithm hybridBSSN

were switched to the modified index sets in both cases w = 10−4 and w = 5 · 10−5. Some
early iterates in Algorithm hybridBSSN contained some entries smaller than −a0 in the
cases w = 5 · 10−5, γ = 102 or γ = 104, respectively. Nevertheless, the sequences of
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Table 4.11: Influence of the parameter γ on the computational cost of Algorithm hybridBSSN and
Algorithm modBSSN for the nonlinear parameter identification problem with n = 2000 unknowns
and δ = 0.0179.

w = 10−4

hybridBSSN modBSSN

γ av. cputime(s) # iter. # {j : tj = 1} av. cputime(s) # iter. # {j : tj = 1}

101 21.34 ∗1 15 ∗1 3 ∗1 21.39 15 3

102 27.73 17 3 22.54 18 2

103 7.37 7 4 19.87 17 3

104 4.37 5 4 18.35 18 4

105 4.25 5 5 6.21 7 5

106 5.12 6 6 4.32 5 5

w = 5 · 10−5

hybridBSSN modBSSN

γ av. cputime(s) # iter. # {j : tj = 1} av. cputime(s) # iter. # {j : tj = 1}

101 189.77 ∗2 111 ∗2 3 ∗2 181.93 110 3

102 89.88 63 3 74.63 54 3

103 29.88 26 4 46.02 38 3

104 12.16 12 5 18.46 17 4

105 6.07 7 7 9.13 10 7

106 6.91 8 8 6.31 7 7

∗1 Algorithm hybridBSSN switched to the modified index sets in step j = 1.
∗2 Algorithm hybridBSSN switched to the modified index sets in step j = 2.

iterates in both methods converged in all presented experiments.
The blue axis in Figure 4.9 shows the dependence of the relative number #{k : ãk 6=

0}/n of nonzero entries of the approximation ã of the zero of F computed with Algo-
rithm hybridBSSN and Algorithm modBSSN, respectively, on the regularization parame-
ter w. Additionally, on the second axis, the average CPU time of five runs as well as
the number of iterations until convergence are presented for the Algorithms hybridBSSN
and modBSSN with different choices of the parameter γ. As before, we chose n = 2000,
kmax = 100, δ̃ = 0.2 and the noise level was δ = 0.0179. We considered w = 1

4 · 1.25l · 10−4,
l = 1, · · · , 14. Using regularization parameters larger than w ≈ 1.4901 · 10−4, the com-
puted reconstructions were equal to a0 · 1 = 3 · 1 (i.e., ã = 0), so that the starting vector
ã(0) = 0 of the algorithms already coincided with the zero of F. The reconstructions
were less sparse when choosing smaller regularization parameters w. As remarked in
our preprint [67], a sparsity-based parameter choice strategy for the computation of the
regularization parameter proposed by Kolehmainen et al. [86] could be applied here.
In this very strategy, one assumes that the relative sparsity of the unknown solution is
known. The authors of loc. cit. propose to compute the relative sparsity of several recon-
structions using different regularization parameters w and to choose w according to the
expected sparsity of the unknown solution, see also [62] for the S-curve method. In our
experiments, the true parameter a contained 2.95% of entries that differed from a0 = 3.
Therefore, w ≈ 4.8828 · 10−5 = 1

4 · 1.253 · 10−4 could be an appropriate candidate for a
suitable regularization parameter. In [86], it was pointed out that, in practice, it could be

84



4.2 NONLINEAR PARAMETER IDENTIFICATION

10
−5

10
−4

10
−3

0

0.01

0.02

0.03

0.04

w

#
{
k
:
ã
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ã
k
6=

0
}
/
n

 

 

10
−5

10
−4

10
−3
10

−1

10
0

10
1

10
2

a
v
. 

c
p

u
ti
m

e
(s

)

relative number
of nonzero entries

modBSSN γ=10
4

modBSSN γ=10
5

modBSSN γ=10
6

10
−5

10
−4

10
−3

0

0.01

0.02

0.03

0.04

w

#
{
k
:
ã
k
6=

0
}
/
n

 

 

10
−5

10
−4

10
−3
0

10

20

30

40

n
u
m

b
e
r 

o
f 

it
e
ra

ti
o

n
s

relative number
of nonzero entries

hybridBSSN γ=10
4

hybridBSSN γ=10
5

hybridBSSN γ=10
6

10
−5

10
−4

10
−3

0

0.01

0.02

0.03

0.04

w

#
{
k
:
ã
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Figure 4.9: Relative sparsity of the approximation ã of the zero of F, average CPU time and num-
ber of iterations of Algorithms hybridBSSN and modBSSN for the nonlinear parameter identification
problem with n = 2000 unknowns and 1.79% noisy data.

advantageous to consider #{k : |ãk| > ε}/n for a small but positive parameter ε instead
of the relative sparsity #{k : ãk 6= 0}/n in order to choose the regularization parameter
w. In the experiments shown in Figure 4.9, some entries of the iterates were smaller than
−a0. This was the case in all methods choosing w = 3.125 · 10−5, in all methods beside Al-
gorithm modBSSN with γ = 104 choosing w = 3.9063 · 10−5, and for w = 4.8828 · 10−5 only
some iterates in Algorithm hybridBSSN with γ = 104 contained some entries smaller than
−a0. Algorithm hybridBSSN switched to the modified index sets in the case γ = 104 and
w ≈ 3.1250 · 10−5 (in step j = 18). The sizes of the support sets of the reconstruction in-
creased for smaller regularization parameters w. Figure 4.9 demonstrates once again the
influence of the parameter γ on the computational cost of Algorithms hybridBSSN and
modBSSN. In particular, the choice of γ is important in the case of a small regularization
parameter w.
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Chapter 5

Conclusion and outlook

In this thesis, we addressed the efficient numerical solution of a nonsmooth minimization
problem. This problem appears in `1-Tikhonov regularization for inverse problems with
sparsity constraints. The objective function in the minimization problem is the sum of
a smooth, strictly convex functional and a weighted `1-norm. The optimality conditions
of the minimization problem lead to a root-finding problem for a nonlinear mapping.
This nonlinearity is not Fréchet differentiable, but it is still Lipschitz continuous. There-
fore, we can apply generalized Newton methods to solve the root-finding problem under
consideration. The goal of this work was the globalization of the locally superlinearly
convergent, semismooth Newton methods from [58, 103] for `1-Tikhonov regularization.

To this end, we proved, under appropriate assumptions, the Bouligand differentia-
bility of the considered mapping in the sequence space `2. Furthermore, we discussed
the feasibility of a local B-Newton algorithm that turned out to be a special semismooth
Newton approach. In contrast to the original algorithms that were introduced by Her-
zog ans Lorenz [58] and by Muoi, Hào, Maass and Pidcock [103], the generalized New-
ton equations of the B-semismooth Newton method include (uniquely solvable) linear
complementarity problems. Nevertheless, in our numerical experiments, the B-Newton
equations were usually linear systems because the linear complementarity problems did
not appear. The iterates of the B-semismooth Newton method differ from the iterates of
the original methods from loc. cit. only at points where the nonlinearity is not smooth.
Therefore, the B-Newton approach inherits advantageous properties from the original
semismooth Newton methods. For instance, the algorithm is locally superlinearly con-
vergent, the Newton equations are finite-dimensional in a neighborhood of the (unique)
root and a solution to a linear inverse problem is found within a finite number of iterations
if the initial guess is sufficiently close to the root.

However, local Newton methods may have cycles. In order to derive a globally conver-
gent Newton-type method, we benefited from a descent property due to the B-Newton
directions. We proposed a globalized B-semismooth Newton method in a finite-dimen-
sional setting. Here, global convergence is ensured if either the damping parameters stay
bounded from below by a positive constant or if the nonlinearity satisfies a smoothness
assumption at an accumulation point of the sequence of iterates. A modification of the
Newton directions ensured global convergence and enabled us to overcome the draw-
back that the globalized B-semismooth Newton method may begin to stagnate. Unfortu-
nately, the modified method is less efficient in practice. Here, in most cases, the modified,
generalized Newton equation consists of several linear systems and a linear complemen-
tarity problem. We proposed a globally convergent, hybrid algorithm that combines both
methods and that is efficient in practice. The goal of this work was achieved by the de-
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velopment of a globally convergent Newton-type method for `1-Tikhonov regularization.
Numerical results for a linear and a nonlinear inverse problem were discussed. Here, we
observed that the choice of the parameter γ that defines the nonlinearity has a crucial
impact on the computational cost of the proposed methods.

There are several possibilities for future research. For instance, the proof of global
convergence in an infinite-dimensional setting may be addressed, cf. Remark 2.28. Fur-
thermore, the feasibility of the nonlinear parameter identification problem from Section
4.2 could be addressed. That is, the coefficient a in the elliptic boundary value prob-
lem (4.3) should be ensured to stay bounded from below by a positive constant, i.e. the
iterates ã(j) should be bounded componentwise from below by −a0, where a0 denotes
the background coefficient. Moreover, this nonlinear parameter identification example
needs to be analyzed in case that the synthetic data are produced with a forward op-
erator that differs from the forward operator that is used in the numerical solution of
the inverse problem, cf. Section 4.2. Furthermore, test case generators for `1-regularized
least-squares, i.e., for linear inverse problems, have been developed in [48, 92]. There,
the authors discussed how to control the number of unknowns, the sparsity of the true
solution and the conditioning of the matrices for random test examples. These tools may
be used to test the proposed algorithms on further problems.

In our numerical experiments, the Hessians of the discrepancy term have been evalu-
ated at each iterate. In order to reduce the computational cost for large-scale problems,
one may examine a globally convergent quasi-Newton method by using approximations
of the Hessian at the iterates. Quasi-Newton-type methods for nonsmooth problems were
proposed, e.g., in [17, 85, 103, 112, 131, 140], see also the references therein. Additionally,
one could think of an inexact (matrix-free) solution of the generalized Newton equa-
tions. Hence, one may consider a (globally convergent) inexact Newton-type method as
proposed for other nonsmooth zero-finding problems, see, e.g., [7, 28, 33, 80, 97] and the
references therein.

In case of nonlinear complementarity problems, alternative but equivalent formula-
tions of the optimality conditions turned out to be advantageous for the application of
Newton-type methods, see, e.g., [27,28,40,45,46,72,80,81,100] and the references therein.
To this end, one can use NCP-functions. A function ϕ : R2 → R is called a NCP-function
if ϕ satisfies the property

ϕ(x, y) = 0 ⇔ x ≥ 0, y ≥ 0, xy = 0.

Famous examples are the Fischer-Burmeister function ϕ(x, y) :=
√

x2 + y2 − x − y or the
min-function ϕ(x, y) := min{x, y}. Using the componentwise representation (3.7), (3.8)
of F, the root-finding problem F(u) = 0 might be reformulated by using another NCP-
function. Different representations of zero-finding problems have advantages and disad-
vantages for associated generalized Newton methods. There exist some reformulations
for nonlinear complementarity problems with a merit functional Θ(u) := ‖F(u)‖2

2 that
is continuously differentiable, see loc. cit. This is an advantage for the development of
globally convergent algorithms. Hence, a restatement of the nonlinearity considered in
this work may also be a starting point for further research. Nevertheless, the active-
set property of a resulting Newton-type method and the finite convergence property for
linear inverse problems may be lost. Besides, an adaptation of the parameter γ along
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the iteration could be addressed because the performance of the proposed Newton-type
methods seriously depends on the choice of γ. A variable choice of the parameter γ was
also proposed in [15].

In the following paragraphs, we shortly present a promising acceleration strategy for
the B-semismooth Newton methods: the combination of the algorithms proposed in this
thesis with an algebraic multilevel method that was introduced in the literature. Re-
cently, Bosse [8] has proposed another nonsmooth multi-grid method. Such multi-grid
techniques might also be a starting point for further work.

Acceleration by an algebraic multilevel approach

In classical multi-grid methods [13, 59] for the solution of linear systems that for instance
appear in the numerical solution of boundary value problems in differential equations,
a hierarchy of grids and data transfer operations are introduced. Restrictions transfer the
data from one grid to a coarser grid and prolongations map an approximation given on a
coarse grid to a finer grid, e.g., by interpolation. By smoothing iterations, high-frequency
error components are reduced. On the coarsest grid, an equation with less unknowns is
solved exactly. The coarse grid correction reduces low-frequency error components. The
computational cost of classical multi-grid iterations can be shown to be proportional to
the problem size. Applying multi-grid methods to nonlinear systems, one may either first
linearize the nonlinear equation by Newton’s method and then solve the linear systems
appearing in the Newton equations using linear multi-grid techniques (Newton-multi-
grid method), or a nonlinear multi-grid method is applied to the nonlinear system and then
a small nonlinear problem is solved exactly on the coarsest grid using Newton’s method
[59]. Moreover, the hierarchy of grids can either be defined with respect to the geometry
of the problem or can be defined algebraically.

In further research, we are going to combine the globalized B-semismooth Newton
methods with a nonlinear algebraic multilevel method that was introduced by Treister,
Turek and Yavneh [134, 135]. This algorithm takes advantage of special properties of the
considered root-finding problem but it has a different concept than classical multi-grid
methods. The idea of this very method is based on the sparsity structure of the unknown
solution of the finite-dimensional root-finding problem,

F(u) = 0,

with F : Rn → Rn defined in (1.10), see also (2.11). A hierarchy of levels is defined by al-
gebraic equations that are motivated by the optimality conditions of the nonsmooth min-
imization problem from `1-Tikhonov regularization, see Proposition 1.16. The considered
levels are independent of the geometry of the problem so that the multilevel method can
be used as black box algorithm on any kind of discretization. The idea of this multilevel
methods might be transferred to other (nonsmooth) zero-finding problems. The multi-
level methods that are presented in this section were introduced by Treister, Turek and
Yavneh [134, 135]. Except for the exact solution of a root-finding problem on the coarsest
level with Algorithm hybridBSSN and the stopping criterion, the methods considered in
this section and the algorithms from loc. cit. are almost identical.
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Figure 5.1: Schematic representation of the V-cycle and the F-cycle multilevel method (modified
from [135, Fig. 1]): ↘ = restriction,↗ = prolongation, � = exact solution on the coarsest level, • =
application of one relaxation. Left: one multilevel V-cycle iteration. Right: one multilevel F-cycle
iteration.

In [134,135], a level means a set of indices. Treister, Turek and Yavneh defined the finest
level 0 as the index set I0 := {1, . . . , n}. The next coarser level includes only those indices
that are expected to be contained in the support of the unknown root u∗, i.e., the indices
of interest. It follows from Equations (2.12)–(2.16) that u∗ ∈ Rn is a zero of F if and only
if we have

u∗k = 0, k ∈ I(u∗) = {k : |(∇g(u∗))k| ≤ wk},
(∇g(u∗))k = −wk sgn(u∗k ), k ∈ A(u∗) = {k : u∗k 6= 0}.

Hence, one is only interested in those indices that are included in the active set A(u∗) =
{k : u∗k 6= 0} of the zero u∗ of F because it holds u∗k = 0 for all k ∈ I(u∗). Nevertheless,
the active set of the root u∗ of F is unknown. In the first iteration, if starting with an initial
guess u(0) ∈ Rn, those indices k for which the k-th component of the gradient ∇g(u(0))
has a relatively large absolute value are presumably contained in A(u∗), see [134, 135].
For that reason, on the level i, where i ≥ 1, the authors of loc. cit. defined the index
subset I(0)i = Ii(u(0)) ⊂ I0 that contains all indices k with u(0)

k 6= 0 and additionally the

max{0, dn/2ie − |{k : u(0)
k 6= 0}|} largest indices k of the vector |∇g(u(0))| for which

we have u(0)
k = 0. Here, | · | denotes the componentwise absolute value of a vector. A

maximal number imax ∈ N of levels should be chosen according to the expected relative
sparsity of the root u∗. If the support of the current approximation is large, then less than
imax levels are chosen. The initial guess needs to be sparse. In what follows, we choose
u(0) = 0 ∈ Rn.

Schematic representations of one V-cycle and one F-cycle multilevel iteration proposed
in [134,135] are given in Figure 5.1, respectively. To perform one multilevel V-cycle itera-
tion with initial guess u(0) ∈ Rn, one starts with the computation of the index sets

I(0)i = Ii(u(0)), i ≥ 1.

As data transfer operations, the restriction operator from level i − 1 (i ≥ 1) to level i is
defined as the restriction uIi ∈ R|Ii | of the current approximation uIi−1 ∈ R|Ii−1| on level
i − 1 to the indices in the index set Ii. The prolongation operator is the zero padding
operator, see [134, 135]. That is, one prolongates a vector uIi−1 ∈ R|Ii−1| to the next finer
level i by setting uk = 0 for all additional indices k ∈ Ii−1 \ Ii. In one V-cycle iteration,
the initial guess is restricted to the indices in the index set I(0)i that defines the coarsest
level. Then, the zero-finding problem restricted to the coarsest level, i.e. with a reduced
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number of unknowns, is solved exactly. As opposed to [134, 135], we solve the zero-
finding problem on the coarsest level with the hybrid B-semismooth Newton method
(Algorithm hybridBSSN) in order to accelerate this algorithm and because the algorithm
is efficient in terms of computation time. This zero-finding problem on the coarsest level
reads as F(0)(u) = 0 with

F(0) : R|I
(0)
i | → R|I

(0)
i |, F(0)(u) := u− Sγw

I(0)i

(u− γ(∇g(P̃(0)
i u))

I(0)i
), (5.1)

where I(0)i here denotes the index sets of the coarsest level, P̃(0)
i denotes the composite

prolongation of a vector defined on the coarsest level i to the finest level 0 and w
I(0)i

de-

notes the weight sequence w restricted to the indices in level i. Finally, the approximation

ũ ∈ R|I
(0)
i | of the root of F(0) from (5.1) is prolongated until the finest level I0 is reached.

If the active set A(u∗) of the zero u∗ of F is contained in the coarsest level and if the
low-level problem (5.1) is solved exactly, one can show that the multilevel method termi-
nates with u∗ after that V-cycle, see [134,135]. Therefore, the overall goal of the multilevel
method is to include the active set of the root u∗ into the coarsest level. To this end, Treis-
ter, Turek and Yavneh proposed to perform iterative soft-thresholding iterations on the
appropriate level i after each prolongation,

S (0)i : R|I
(0)
i | → R|I

(0)
i |, v 7→ Sαw

I(0)i

(v− α(∇g(P̃(0)
i v))

I(0)i
), (5.2)

with the soft-thresholding operator from (1.5) with respect to the sequence αw
I(0)i

, the

composite prolongation P̃(0)
i from level i to level 0, and α > 0 is some parameter. Treister,

Turek and Yavneh called (5.2) the relaxation. Here, the parameter α should be chosen
small enough such that the soft-thresholding iteration converges, cf. [26, 61, 134, 135]. We
perform only one soft-thresholding iteration after each prolongation.

In, [134,135], a sequence {u(ν)}ν=0,...,νmax , where νmax ∈N denotes the maximal number
of V-cycle iterations, is produced by performing several multilevel V-cycles with initial
guess u(ν), ν = 0, 1, . . ., respectively, until the residual norm ‖F(u(ν))‖2 is smaller than
the tolerance 10−7 or the maximal number νmax of V-cycle iterations is reached. Note that
the index sets

I(ν)i = Ii(u(ν)), i = 0, 1, . . . ,

as well as the prolongation and restriction operators change in each V-cycle iteration.
Using the results from [37] and requiring appropriate assumptions, it was shown in
[134, 135] that the iterative soft-thresholding iterations on the different levels ensure the
convergence of the sequence of iterates {u(ν)}ν in the multilevel method to the root u∗ of
F. The computational effort of these iterations consists mainly of one computation of the
gradient of g. Other possible choices of the relaxation method than the soft-thresholding
iteration (5.2) are proposed in loc. cit. If the residual norm of the iterate u(νmax) in the V-
cycle method is not smaller than the tolerance 10−7 after νmax V-cycle iterations, we solve
the zero-finding problem F(u) = 0 on the finest level 0 with Algorithm hybridBSSN and
initial guess u(νmax). The authors of [134, 135] also propose an F-cycle method (full multi-
level cycle), where additionally one V-cycle iteration is performed after each prolongation
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Figure 5.2: Motivation for the definition of the level sets in the multilevel V-cycle method. Left:
gradient ∇g(u(0)) of the discrepancy term g at the starting vector u(0) = 0 on a mesh with n =
5000 nodes. Right: reconstruction computed with a three-level V-cycle method with parameters
wk ≡ 2 · 10−5, α = 10−4 and γ = 105. The data contained approximately 1.12% of noise.

Figure 5.3: Levels used in one three-level V-cycle iteration on a mesh with n = 5000 nodes (nodes
in black areas are included in the level, nodes in gray areas are not contained in the level). From
left to right: level 0, level 1, level 2, level 3.

on the appropriate level, cf. Figure 5.1. The results of our first numerical experiments
indicate that this method may also be a promising acceleration method for Algorithm
hybridBSSN.

Numerical results for the examples of inverse integration and of nonlinear parame-
ter identification from Chapter 4 demonstrate that the globalized B-semismooth Newton
methods from Chapters 2 and 3 may be accelerated by the algebraic multilevel V-cycle
method described above. In the following, we illustrate some first numerical results for
the nonlinear parameter identification example from Section 4.2. In the following, we
consider the coefficient a from (4.9) and the right-hand side f from (4.10).

The left-hand plot in Figure 5.2 shows the componentwise absolute value of the (dis-
crete) gradient∇g(u(0)), where u(0) = 0 ∈ R5000. The size of the gradient at the nodes in-
dicates the possible position of areas where the coefficient a differs from the background
value a0 = 3. Note that the gradient ∇g(u(0)) can only be computed approximately and
that the data contained about 1% of noise. A reconstruction from the noisy data that
was computed with a three-level V-cycle method (imax = 3) is shown on the right-hand
side in Figure 5.2. The regularization parameters were wk ≡ 2 · 10−5, the parameter in
the soft-thresholding iterations was α = 10−4, and we chose the parameter γ = 105 in
Algorithm hybridBSSN for the exact solution on the coarsest level. The V-cycle method
terminated with a residual norm of 1.6826 · 10−10 after only one V-cycle iteration. The
level sets I0, . . . , I3 that were computed in this V-cycle are illustrated in Figure 5.3. The
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Figure 5.4: CPU time comparison of different multilevel V-cycle methods with Algorithm
hybridBSSN for increasing numbers n of unknowns. The parameters used in the computations
were wk ≡ 2 · 10−5, γ = 105, α = 10−4.

black-colored areas were included in the appropriate level and the gray-colored areas
were not contained in the level. Level 0 contains the entire unit square. Here, the active
set of the reconstruction was included in the coarsest level 3. Therefore, the stopping
criterion in the multilevel method was satisfied after one V-cycle in this test case.

Figure 5.4 shows a CPU time comparison of Algorithm hybridBSSN with different al-
gebraic multilevel V-cycle methods AMGimax with imax = 2, . . . , 5 for increasing numbers
n = 4000, 5000, 7500, 10000 of unknowns. The parameter γ was equal to 105 and
we chose kmax = 10000 in Algorithm hybridBSSN. The regularization parameters were
wk ≡ 2.5 · 10−5 and we had α = 10−4. We computed 0.84% noisy data on the triangula-
tion with n = 10000 nodes (we chose δ̃ = 0.2, cf. Section 4.2) and interpolated the noisy
data to the grids with less nodes. The resulting relative noise on the grid with n = 4000
nodes was 0.91%. On the grid with n = 5000 nodes, we had 0.95% of relative noise and
the relative noise on the grid with n = 7500 nodes was 1%. In each of the two-, three- and
four-level V-cycle methods (AMG2, AMG3, AMG4), the stopping criterion was satisfied after
one V-cycle. In the five-level method AMG5, two V-cycles had to be performed in the cases
n = 4000, n = 5000 as well as n = 7500 and in the case n = 10000, the residual norm
of the iterate in Algorithm AMG5 was smaller than the tolerance 10−7 after one V-cycle.
Algorithm hybridBSSN needed 9 iterations in the case n = 4000, 8 iterations in the case
n = 5000 and 7 iterations each in the cases n = 7500 and n = 10000 until the stopping
criterion was satisfied. The CPU time results of this experiment confirm that Algorithm
hybridBSSN can be accelerated significantly by a combination with algebraic multilevel
methods. Parameters like the relative sparsity of the root u∗, the maximal number imax
of levels, the regularization parameters wk, the parameter α in the soft-thresholding iter-
ations, the choice of the parameter γ and the amount of relative noise in the data may
affect the efficiency of the multilevel methods. The influence of different parameters on
the number of computed V-cycles and the computational cost of the multilevel methods
need to be investigated in detail in a future work.
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Summarizing, we can conclude that we developed a globally convergent hybrid B-semi-
smooth Newton method for `1-Tikhonov regularization. This algorithm was efficient in
our numerical experiments. There are several areas for further research. A promising
subject is the acceleration of the methods by combining them with algebraic multilevel
methods that have been proposed recently in the literature.
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