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Abstract
In this research, we introduce and investigate an approximation method that
preserves the structural integrity of the non-isothermal Cahn–Hilliard–Navier–
Stokes system. Our approach extends a previously proposed technique by Brunk
and Schumann, which utilizes conforming (inf-sup stable) finite elements in
space, coupled with implicit time discretization employing convex-concave split-
ting. Expanding upon this method, we incorporate the unstable 𝑃1|𝑃1 pair
for the Navier–Stokes contributions, integrating Brezzi–Pitkäranta stabiliza-
tion. Additionally, we improve the enforcement of incompressibility conditions
through grad–div stabilization. While these techniques are well-established for
Navier–Stokes equations, it becomes apparent that for non-isothermal models,
they introduce additional coupling terms to the equation governing internal
energy. To ensure the conservation of total energy and maintain entropy pro-
duction, these stabilization terms are appropriately integrated into the internal
energy equation.

1 INTRODUCTION

The non-isothermal Cahn–Hilliard–Navier–Stokes (CHNST) system has garnered increasing attention for investigating
various phenomena, ranging from two-phase flows to fluid-phase-coupled interactions [1]. These phenomena hold sig-
nificant relevance in scientific and industrial domains, including additive manufacturing and inkjet printing [2–4]. For
instance, in the modeling and simulation of powder bed fusion additive manufacturing processes, the non-isothermal
CHNST model is utilized to portray coupled processes such as fluid-phase interaction, melt flow dynamics, and heat
transfer [3].
The following system of partial differential equations describes the CHNST system under consideration:

𝜕𝑡𝜙 + 𝐮 ⋅ ∇𝜙 − div(𝐋11∇𝜇 + 𝐋12∇𝜃) = 0, 𝜇 = −𝛾Δ𝜙 + 𝜕𝜙Ψ(𝜙, 𝜃), (1)

𝜕𝑡𝑒 + 𝐮 ⋅ ∇𝑒 − div(𝐋12∇𝜇 − 𝐋22∇𝜃) − (𝜂D𝐮 − 𝝈) ∶ ∇𝐮 = 0, (2)

𝜕𝑡𝐮 + (𝐮 ⋅ ∇)𝐮 − div(𝜂D𝐮 − 𝑝𝐈 − 𝝈) = 0, div(𝐮) = 0. (3)

The system described above is supplemented with periodic boundary conditions and initial conditions. In this context,
𝜙 represents a conserved phase-field, 𝐮 signifies the flow velocity, 𝜃 denotes the inverse temperature, and 𝑒 ≡ 𝑒(𝜙, 𝜃)
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represents the internal energy. To complete the system, we incorporate the Helmholtz free energy density and the
Korteweg stress, which are expressed as:

Ψ̃(𝜙, 𝜃) = Ψ(𝜙, 𝜃) +
𝛾

2
|∇𝜙|2, 𝝈 ∶=

𝛾

𝜃
∇𝜙 ⊗ ∇𝜙.

From this, one can compute the internal energy and entropy according to refs. [5, 6], that is 𝑒 = 𝜕𝜃Ψ̃, 𝑠(𝑒(𝜃, 𝜙), 𝜙) =

𝑠(𝜃, 𝜙) = 𝜃𝑒 − Ψ̃.
The system described above is already formulated in terms of the inverse temperature 𝜃, which proves more advanta-

geous for finite element discretization. The transformation from the original temperature to the inverse temperature is
elucidated by Pawlow andAlt, as referenced in ref. [6], and further discussed in ref. [7] for amore intricate non-isothermal
Cahn–Hilliard–Allen–Cahn system. The general derivation of non-isothermal phase-field models from thermodynami-
cally sound principles demands careful consideration, and for various modeling approaches, we refer to refs. [8–11]. For
systems of this nature, approaches like those in ref. [12] utilize finite differences in space alongside an Energy Quadratiza-
tion assumption, making the driving functional quadratic and thus conducive to standard time discretization techniques.
However, this approach often comes at the cost of entropy relaxation, potentially leading to a departure from the original
entropy in certain scenarios.
Stabilization of unstable finite element pairs for the Navier–Stokes equation as well as other stabilization methods

as Grad–Div and Streamline–Upwind/Petrov–Galerkin (SUPG) are well-known in the incompressible Navier–Stokes
context, compare the monograph [13]. In the case of lowest order 𝑃1|𝑃1 element a quite easy stabilization is the
Brezzi–Pitkäranta stabilization [14].
In this study, we aim to extend a fully discrete method for the CHNST system proposed in ref. [1] by incorporating

unstable finite element pairs via the Brezzi–Pitkäranta stabilization as well as the usual Grad-Div stabilization. The focus
of the extension is to preserve the underlying thermodynamic structure even at the discrete level.
The organization of this work is as follows: Section 2 introduces pertinent notation and formulates a variational

approach to System (1)–(3) suitable for finite element approximation. Subsequently, we present the fully discrete method
and highlight the principal outcome, namely, the preservation of total energy and entropy production. Section 3 demon-
strates the theoretical framework through an appropriate convergence test. Finally, in Section 4, we conclude the study
and offer insights into potential directions for future research.

2 NOTATION ANDMAIN RESULT

Before we present the new discretization method and main results, let us briefly introduce our notation and main
assumptions.

Notation. The system (1)–(3) is investigated on a finite time interval (0, 𝑇) and bounded domain Ω. For simplicity we
consider a spatially periodic setting, that is, Ω ⊂ ℝ𝑑, 𝑑 = 2, 3 is a cube and identified with the 𝑑-dimensional torus  𝑑.
Moreover, functions onΩ are assumed to be periodic. We denote by ⟨⋅, ⋅⟩ the scalar product on 𝐿2(Ω), which is defined by

⟨𝑢, 𝑣⟩ = ∫
Ω

𝑢 ⋅ 𝑣 ∀𝑢, 𝑣 ∈ 𝐿2(Ω) with norm ‖𝑢‖20 ∶= ∫
Ω

𝑢2.

We introduce the usual skew-symmetric formulation of 𝐜(𝐮, 𝐯,𝐰) ∶= ⟨(𝐮 ⋅ ∇)𝐯,𝐰⟩ via
𝐜𝑠𝑘𝑤(𝐮, 𝐯,𝐰) =

1

2
𝐜(𝐮, 𝐯,𝐰) −

1

2
𝐜(𝐮,𝐰, 𝐯)

with the relevant property that 𝐜𝑠𝑘𝑤(𝐮, 𝐯, 𝐯) = 0 even if 𝐮 is not divergence-free.

We require the following assumptions for this work.

(A1) The interface parameters 𝛾 is a positive constant.
(A2) The viscosity function 𝜂 ≡ 𝜂(𝜙, 𝜃) is strictly positive.
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(A3) The diffusion matrix 𝐋 ≡ 𝐋(𝜌,∇𝜌, 𝜃) ∈ ℝ2𝑑×2𝑑, that is
(
𝐋11 −𝐋12
−𝐋12 𝐋22

)
, is symmetric & strictly positive definite.

(A4) For the driving potentialΨ(⋅, ⋅) ∶ ℝ × ℝ+ → ℝwe assume that for fixed 𝜙 the potentialΨ(𝜙, ⋅) ∶ ℝ+ → ℝ is concave
and goes to infinity for 𝜃 → 0. For fixed 𝜃 ∈ ℝ+ the potential Ψ(⋅, 𝜃) can be decomposed in a strictly convex and a
strictly concave part, denoted by Ψ𝑣𝑒𝑥, Ψ𝑐𝑎𝑣.

Variational Formulation: In ref. [1] it is shown that sufficiently smooth solutions obey the following variational
formulation.

Lemma 2.1 (Ref. [1]). A sufficiently regular solution (𝜙, 𝜇, 𝜃, 𝐮, 𝑝) of the system (1)–(3) fulfills the variational formulation

⟨𝜕𝑡𝜙, 𝜓⟩ − ⟨𝜙𝐮,∇𝜓⟩ + ⟨𝐋11∇𝜇 − 𝐋12∇𝜃,∇𝜓⟩ = 0,

⟨𝜇, 𝜉⟩ − 𝛾⟨∇𝜙,∇𝜉⟩ − ⟨𝜕𝜙Ψ, 𝜉⟩ = 0,

⟨𝜕𝑡𝑒, 𝑤⟩ + ⟨𝐋12∇𝜇 − 𝐋22∇𝜃,∇𝑤⟩ − ⟨𝜂|D𝐮|2, 𝑤⟩ − ⟨𝝈𝐮,∇𝑤⟩ − ⟨
𝜙

𝜃
∇𝜇 − 𝝈

∇𝜃

𝜃
, 𝐮𝑤

⟩
−
⟨
𝑠 + 𝜙𝜇, 𝐮 ⋅ ∇

𝑤

𝜃

⟩
= 0,

⟨𝜕𝑡𝐮, 𝐯⟩ + 𝐜𝑠𝑘𝑤(𝐮, 𝐮, 𝐯) + ⟨𝜂D𝐮,D𝐯⟩ − ⟨𝜋, div(𝐯)⟩ + ⟨
𝜙

𝜃
∇𝜇 + (𝑠 + 𝜙𝜇)∇

1

𝜃
− 𝝈

∇𝜃

𝜃
, 𝐯

⟩
= 0,

0 = ⟨div(𝐮), 𝑞⟩
for sufficiently regular test functions 𝜓, 𝜉, 𝐯, 𝑤, 𝑞 and 𝜋 ∶= 𝑝 + 𝑒 −

𝑠+𝜙𝜇

𝜃
.

This variational formulation allows to deduce the thermodynamics quantities by inserting simple test function.

Theorem 2.2 (Ref. [1]). For a sufficiently regular solution (𝜙, 𝜇, 𝜃, 𝐮, 𝜋) of (1)–(3) conservation of mass and total energy as
well as entropy production holds, that is

⟨𝜕𝑡𝜙, 1⟩ = 0,
⟨
𝜕𝑡(

1

2
|𝐮|2 + 𝑒(𝜙, 𝜃)), 1

⟩
= 0,

⟨𝜕𝑡𝑠(𝜙, 𝜃), 1⟩ = ‖√𝜂𝜃D𝐮‖20 + ⟨(∇𝜇,∇𝜃)⊤, 𝐋(∇𝜇,∇𝜃)⊤⟩ =∶ 𝐋∗,𝜃(𝐮, 𝜇, 𝜃) ≥ 0.

Time Discretization: We divide the time interval [0, 𝑇] uniformly into intervals of size 𝜏 > 0, defining the time
grid 𝜏 ∶= 𝑡0 = 0, 𝑡1 = 𝜏, … , 𝑡𝑛𝑇 = 𝑇, where 𝑛𝑇 =

𝑇

𝜏
represents the total number of time steps. The spaces Π1

𝑐(𝜏; 𝑋) and
Π0(𝜏; 𝑋) denote continuous piecewise-linear and piecewise-constant functions on 𝜏 with values in the space or set 𝑋.
Here, 𝑔𝑛+1, 𝑔𝑛, and 𝑔𝑛+1∕2 refer to the new, old, and midpoint approximations of 𝑔, respectively, given by (𝑔𝑛+1 + 𝑔𝑛)∕2.
We introduce the time difference and discrete time derivative as follows

𝑑𝑛+1𝑔 = 𝑔𝑛+1 − 𝑔𝑛, 𝑑𝑛+1𝜏 𝑔 = 𝜏−1(𝑔𝑛+1 − 𝑔𝑛) = 𝜏−1𝑑𝑛+1𝑔.

Space Discretization: For spatial discretization, we require that ℎ be a geometrically conforming partition of Ω into
simplices that can be periodically extended to cover Ω. We denote the space of continuous piecewise linear over ℎ, as
well as the space of mean-free and positive piecewise-linear functions over ℎ, as follows
ℎ ∶= {𝑣 ∈ 𝐻1(Ω) ∩ 𝐶0(Ω̄) ∶ 𝑣|𝐾 ∈ 𝑃1(𝐾) ∀𝐾 ∈ ℎ}, ℎ ∶= 𝑑

ℎ
, +

ℎ
∶= {𝑣 ∈ ℎ ∶ 𝑣(𝑥) > 0, ∀𝑥 ∈ Ω}.

We denote the convex-concave splitting by the following abbreviation

Ψ(𝜙𝑛+1
ℎ

, 𝜙𝑛
ℎ
, 𝜃𝑛+1

ℎ
) = Ψ𝑣𝑒𝑥(𝜙

𝑛+1
ℎ

, 𝜃𝑛+1
ℎ

) + Ψ𝑐𝑎𝑣(𝜙
𝑛
ℎ
, 𝜃𝑛+1

ℎ
)

and we will use the notation 𝑒(𝜙𝑛+1
ℎ

, 𝜃𝑛+1
ℎ

) =∶ 𝑒𝑛+1
ℎ

and similarly for 𝑠, Ψ.
We then propose the fully discrete time-stepping method for the CHNST system.

 16177061, 2024, 2, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/pam

m
.202400060 by U

niversitätsbibliothek M
ainz, W

iley O
nline L

ibrary on [08/07/2025]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



BRUNK and SCHUMANN 4 of 10

Problem 2.3. Let (𝜙ℎ,0, 𝐮ℎ,0, 𝜃ℎ,0) ∈ ℎ × ℎ × +
ℎ
be given. Find the functions (𝜙ℎ, 𝐮ℎ, 𝜃ℎ) ∈ Π1

𝑐(𝜏;ℎ × ℎ × +
ℎ
) and

(𝜇ℎ, 𝜋ℎ) ∈ Π0(𝜏;ℎ × ℎ) such that
⟨𝑑𝑛+1𝜏 𝜙ℎ, 𝜓ℎ⟩ − ⟨𝜙∗

ℎ
𝐮
𝑛+1∕2

ℎ
, ∇𝜓ℎ⟩ + ⟨𝐋∗11∇𝜇𝑛+1ℎ

− 𝐋∗12∇𝜃
𝑛+1
ℎ

, ∇𝜓ℎ⟩ = 0,

⟨𝜇𝑛+1
ℎ

, 𝜉ℎ⟩ − 𝛾⟨∇𝜙𝑛+1
ℎ

, ∇𝜉ℎ⟩ − ⟨𝜕𝜙Ψ(𝜙𝑛+1ℎ
, 𝜙𝑛

ℎ
, 𝜃𝑛+1

ℎ
), 𝜉ℎ⟩ = 0,

⟨𝑑𝑛+1𝜏 𝑒ℎ, 𝑤ℎ⟩ + ⟨𝐋∗12∇𝜇𝑛+1ℎ
− 𝐋∗22∇𝜃

𝑛+1
ℎ

, ∇𝑤ℎ⟩ − ⟨𝜂∗|D𝐮𝑛+1∕2
ℎ

|2, 𝑤ℎ⟩ − 𝜀⟨| div(𝐮𝑛+1∕2
ℎ

)|2, 𝑤ℎ⟩
− 𝛿⟨ℎ2|∇𝜋𝑛+1

ℎ
|2, 𝑤ℎ⟩ − ⟨𝝈∗

ℎ
⋅ 𝐮

𝑛+1∕2

ℎ
, ∇𝑤ℎ⟩ −⟨

𝜙∗
ℎ

𝜃𝑛+1
ℎ

∇𝜇𝑛+1
ℎ

− 𝝈∗
ℎ

∇𝜃𝑛+1
ℎ

𝜃𝑛+1
ℎ

, 𝐮
𝑛+1∕2

ℎ
𝑤ℎ

⟩

−

⟨
(𝑠∗
ℎ
+ 𝜙∗

ℎ
𝜇∗
ℎ
)𝐮

𝑛+1∕2

ℎ
,
𝜃𝑛+1
ℎ

∇𝑤ℎ−𝑤ℎ∇𝜃
𝑛+1
ℎ

(𝜃∗
ℎ
)2

⟩
= 0,

⟨𝑑𝑛+1𝜏 𝐮ℎ, 𝐯ℎ⟩ + 𝐜𝑠𝑘𝑤(𝐮
∗
ℎ
, 𝐮

𝑛+1∕2

ℎ
, 𝐯ℎ) + ⟨𝜂∗D𝐮𝑛+1∕2

ℎ
, D𝐯ℎ⟩ + 𝜀⟨div(𝐮𝑛+1∕2

ℎ
), div(𝐯ℎ)⟩ − ⟨𝜋𝑛+1

ℎ
, div(𝐯ℎ)⟩

+

⟨
𝜙∗
ℎ

𝜃𝑛+1
ℎ

∇𝜇𝑛+1
ℎ

− 𝝈∗
ℎ

∇𝜃𝑛+1
ℎ

𝜃𝑛+1
ℎ

− (𝑠∗
ℎ
+ 𝜙∗

ℎ
𝜇∗
ℎ
)
∇𝜃𝑛+1

ℎ

(𝜃∗
ℎ
)2
, 𝐯ℎ

⟩
= 0,

⟨div(𝐮𝑛+1∕2
ℎ

), 𝑞ℎ⟩ = −𝛿⟨ℎ2∇𝜋𝑛+1
ℎ

, ∇𝑞ℎ⟩
holds for (𝜓ℎ, 𝜉ℎ, 𝑤ℎ, 𝐯ℎ, 𝑞ℎ) ∈ ℎ × ℎ × +

ℎ
× ℎ × ℎ, with the stabilization parameters 𝜀 and 𝛿 whichmay also depend

on ℎ, and 𝑔∗ denoting an evaluation of 𝑔 at any 𝑡 ∈ [𝑡𝑛, 𝑡𝑛+1], but all terms have to be evaluated at the same point in time.

Theorem 2.4. For any solution (𝜙ℎ, 𝜇ℎ, 𝜃ℎ, 𝐮ℎ, 𝜋ℎ) of Problem 2.3 discrete mass and total energy conservation as well as
entropy production holds, that is

⟨𝜙𝑛+1 − 𝜙0, 1⟩ = 0,
⟨
1

2
|𝐮𝑛+1

ℎ
|2 + 𝑒(𝜙𝑛+1

ℎ
, 𝜃𝑛+1

ℎ
) −

1

2
|𝐮0

ℎ
|2 − 𝑒(𝜙0

ℎ
, 𝜃0

ℎ
, 1
⟩
= 0,

⟨𝑠(𝜙𝑛+1
ℎ

, 𝜃𝑛+1
ℎ

) − 𝑠(𝜙0
ℎ
, 𝜃0

ℎ
), 1⟩ = 𝜏

𝑛𝑇∑
𝑘=0

𝜃𝑛+1
ℎ

,𝐋∗(𝐮
𝑛+1
ℎ

, 𝜇𝑛+1𝑛 , 𝜃𝑛+1
ℎ

) +

𝑛𝑇∑
𝑘=0

𝑘+1
𝑛𝑢𝑚,

where the numerical dissipation satisfies𝑘+1
𝑛𝑢𝑚 ≥ 0 and is given by

𝑘+1
num =

𝛾

2
‖∇𝑑𝑘+1𝜙ℎ‖2 − 𝜕𝜃𝜃Ψ(𝜙

𝑛
ℎ
, 𝜉3

ℎ
)(𝑑𝑘+1𝜃ℎ)2 + (𝜕𝜙𝜙Ψvex(𝜉

1
ℎ
, 𝜃𝑘+1

ℎ
) − 𝜕𝜙𝜙Ψcav(𝜉

2
ℎ
, 𝜃𝑘+1

ℎ
))(𝑑𝑘+1𝜙ℎ)

2

+𝜏𝜀
‖‖‖‖
√
𝜃𝑘+1
ℎ

div(𝐮
𝑘+1∕2

ℎ
)
‖‖‖‖
2

0

+ 𝜏𝛿
‖‖‖‖ℎ

√
𝜃𝑘+1
ℎ

∇𝜋𝑘+1
ℎ

‖‖‖‖
2

0

Proof. Conservation of mass follows immediately by taking 𝜓ℎ = 1.
Conservation of total energy: Using the algebraic identity 𝑎(𝑎 + 𝑏) − (𝑎 + 𝑏)𝑏 = 𝑎2 − 𝑏2 we obtain after rearrange-

ment

1

𝜏

⟨
1

2
|𝐮𝑛+1

ℎ
| + 𝑒𝑛+1

ℎ
−

1

2
|𝐮𝑛

ℎ
|2 − 𝑒𝑛

ℎ
, 1
⟩
= ⟨𝑑𝑛+1𝜏 𝐮ℎ, 𝐮

𝑛+1∕2

ℎ
⟩ + ⟨𝑑𝑛+1𝜏 𝑒ℎ, 1⟩.

We insert 𝐯ℎ = 𝐮
𝑛+1∕2

ℎ
, 𝑤ℎ = 1 using the skew-symmetric of 𝐜𝑠𝑘𝑒𝑤(𝐮∗ℎ, 𝐮

𝑛+1∕2

ℎ
, 𝐮

𝑛+1∕2

ℎ
) = 0 and ∇1 = 0 to obtain

⟨𝑑𝑛+1𝜏 𝐮ℎ, 𝐮
𝑛+1∕2

ℎ
⟩ + ⟨𝑑𝑛+1𝜏 𝑒ℎ, 1⟩ = −⟨𝜂∗D𝐮𝑛+1∕2

ℎ
, D𝐮

𝑛+1∕2

ℎ
⟩ − 𝜀⟨div(𝐮𝑛+1∕2

ℎ
), div(𝐮

𝑛+1∕2

ℎ
)⟩ + ⟨𝜋𝑛+1

ℎ
, div(𝐮

𝑛+1∕2

ℎ
)⟩

−

⟨
𝜙∗
ℎ

𝜃𝑛+1
ℎ

∇𝜇𝑛+1
ℎ

− 𝝈∗
ℎ

∇𝜃𝑛+1
ℎ

𝜃𝑛+1
ℎ

− (𝑠∗
ℎ
+ 𝜙∗

ℎ
𝜇∗
ℎ
)
∇𝜃𝑛+1

ℎ

(𝜃∗
ℎ
)2

, 𝐮
𝑛+1∕2

ℎ

⟩
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5 of 10

+⟨𝜂∗D𝐮𝑛+1∕2
ℎ

, D𝐮
𝑛+1∕2

ℎ
⟩ + 𝜀⟨div(𝐮𝑛+1∕2

ℎ
), div(𝐮

𝑛+1∕2

ℎ
)⟩

+𝛿⟨ℎ2∇𝜋𝑛+1
ℎ

, ∇𝜋𝑛+1
ℎ

⟩ +⟨
𝜙∗
ℎ

𝜃𝑛+1
ℎ

∇𝜇𝑛+1
ℎ

− 𝝈∗
ℎ

∇𝜃𝑛+1
ℎ

𝜃𝑛+1
ℎ

, 𝐮
𝑛+1∕2

ℎ

⟩

−

⟨
(𝑠∗
ℎ
+ 𝜙∗

ℎ
𝜇∗
ℎ
)𝐮

𝑛+1∕2

ℎ
,
∇𝜃𝑛+1

ℎ

(𝜃∗
ℎ
)2

⟩

Obvious cancellation yields

= ⟨𝜋𝑛+1
ℎ

, div(𝐮
𝑛+1∕2

ℎ
)⟩ + 𝛿⟨ℎ2∇𝜋𝑛+1

ℎ
, ∇𝜋𝑛+1

ℎ
⟩

The results follows then directly by taking 𝑞ℎ = 𝜋𝑛+1
ℎ

.
Entropy production: For the entropy production we compute

⟨𝑠𝑛+1
ℎ

− 𝑠𝑛
ℎ
, 1⟩ =⟨𝜃𝑛+1

ℎ
𝑒𝑛+1
ℎ

− 𝜃𝑛
ℎ
𝑒𝑛
ℎ
− Ψ𝑛+1

ℎ
+ Ψ𝑛

ℎ
−

𝛾

2
|∇𝜙𝑛+1

ℎ
|2 + 𝛾

2
|∇𝜙𝑛

ℎ
|2, 1⟩

=⟨𝑑𝑛+1𝑒ℎ, 𝜃𝑛+1ℎ
⟩ − 𝛾⟨∇𝜙𝑛+1

ℎ
, ∇𝑑𝑛+1𝜙ℎ⟩ − ⟨Ψ𝑛+1

ℎ
− Ψ𝑛

ℎ
, 1⟩ + ⟨𝑒𝑛

ℎ
, 𝑑𝑛+1𝜃ℎ⟩ + 𝛾

2
|∇𝑑𝑛+1𝜙ℎ|2.

Adding ±1

𝜏
𝜕𝜙Ψ(𝜙

𝑛+1
ℎ

, 𝜙𝑛
ℎ
, 𝜃𝑛+1

ℎ
)𝑑𝑛+1𝜙ℎ and insertion of 𝜉ℎ = 𝑑𝑛+1𝜏 𝜙ℎ yields

⟨𝑑𝑛+1𝜏 𝑠ℎ, 1⟩ =⟨𝑑𝑛+1𝜏 𝑒ℎ, 𝜃
𝑛+1
ℎ

⟩ − ⟨𝜇𝑛+1
ℎ

, 𝑑𝑛+1𝜏 𝜙ℎ⟩ − 1

𝜏
⟨Ψ𝑛+1

ℎ
− Ψ𝑛

ℎ
− 𝑒𝑛

ℎ
𝑑𝑛+1𝜃ℎ, 1⟩

+
1

𝜏

⟨
𝜕𝜙Ψ(𝜙

𝑛+1
ℎ

, 𝜙𝑛
ℎ
, 𝜃𝑛+1

ℎ
), 𝑑𝑛+1𝜙ℎ

⟩
+

𝛾

2𝜏
‖∇𝑑𝑛+1𝜙ℎ‖20

=⟨𝑑𝑛+1𝜏 𝑒ℎ, 𝜃
𝑛+1
ℎ

⟩ − ⟨𝜇𝑛+1
ℎ

, 𝑑𝑛+1𝜏 𝜙ℎ⟩ +𝑛+1
𝑛𝑢𝑚,𝑎.

Next we consider the first two inner-products and insert 𝜓ℎ = −𝜇𝑛+1
ℎ

, 𝑤ℎ = 𝜃𝑛+1
ℎ

into the discrete formulation

⟨𝑑𝑛+1𝜏 𝑒ℎ, 𝜃
𝑛+1
ℎ

⟩ − ⟨𝜇𝑛+1
ℎ

, 𝑑𝑛+1𝜏 𝜙ℎ⟩ = −⟨𝐋∗12∇𝜇𝑛+1ℎ
− 𝐋∗22∇𝜃

𝑛+1
ℎ

, ∇𝜃𝑛+1
ℎ

⟩ + ⟨𝜂∗|D𝐮𝑛+1∕2
ℎ

|2, 𝜃𝑛+1
ℎ

⟩
+𝜀⟨| div(𝐮𝑛+1∕2

ℎ
)|2, 𝜃𝑛+1

ℎ
⟩ + 𝛿⟨ℎ2|∇𝜋𝑛+1

ℎ
|2, 𝜃𝑛+1

ℎ
⟩ − ⟨𝝈∗

ℎ
⋅ 𝐮

𝑛+1∕2

ℎ
, ∇𝜃𝑛+1

ℎ
⟩

+

⟨
𝜙∗
ℎ

𝜃𝑛+1
ℎ

∇𝜇𝑛+1
ℎ

− 𝝈∗
ℎ

∇𝜃𝑛+1
ℎ

𝜃𝑛+1
ℎ

, 𝐮
𝑛+1∕2

ℎ
𝜃𝑛+1
ℎ

⟩
+

⟨
(𝑠∗
ℎ
+ 𝜙∗

ℎ
𝜇∗
ℎ
)𝐮

𝑛+1∕2

ℎ
,
𝜃𝑛+1
ℎ

∇𝜃𝑛+1
ℎ

−𝜃𝑛+1
ℎ

∇𝜃𝑛+1
ℎ

(𝜃∗
ℎ
)2

⟩
+⟨𝜙∗

ℎ
𝐮
𝑛+1∕2

ℎ
, ∇𝜇𝑛+1

ℎ
⟩ − ⟨𝐋∗11∇𝜇𝑛+1ℎ

− 𝐋∗12∇𝜃
𝑛+1
ℎ

, ∇𝜇𝑛+1
ℎ

⟩
Cancellation yields

= −⟨𝐋∗12∇𝜇𝑛+1ℎ
− 𝐋∗22∇𝜃

𝑛+1
ℎ

, ∇𝜃𝑛+1
ℎ

⟩ + ⟨𝜂∗|D𝐮𝑛+1∕2
ℎ

|2, 𝜃𝑛+1
ℎ

⟩
+𝜀⟨| div(𝐮𝑛+1∕2

ℎ
)|2, 𝜃𝑛+1

ℎ
⟩ + 𝛿⟨ℎ2|∇𝜋𝑛+1

ℎ
|2, 𝜃𝑛+1

ℎ
⟩

−⟨𝐋∗11∇𝜇𝑛+1ℎ
− 𝐋∗12∇𝜃

𝑛+1
ℎ

, ∇𝜇𝑛+1
ℎ

⟩
= ⟨𝐋∗(∇𝜇𝑛+1

ℎ
, ∇𝜃𝑛+1

ℎ
)⊤, (∇𝜇𝑛+1

ℎ
, ∇𝜃𝑛+1

ℎ
)⊤⟩ + ⟨𝜂∗𝜃𝑛+1

ℎ
, |D𝐮𝑛+1∕2

ℎ
|2⟩

+𝜀⟨𝜃𝑛+1
ℎ

, | div(𝑢𝑛+1∕2
ℎ

)|2⟩ + 𝛿⟨ℎ2𝜃𝑛+1
ℎ

, |∇𝜋𝑛+1
ℎ

|2⟩
= 𝐋∗,𝜃𝑛+1

ℎ
(𝐮

𝑛+1∕2

ℎ
, 𝜇𝑛+1

ℎ
, 𝜃𝑛+1

ℎ
) +𝑛+1

num,𝑏.
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BRUNK and SCHUMANN 6 of 10

Finally, for the numerical dissipation we add ±1

𝜏
Ψℎ(𝜙

𝑛
ℎ
, 𝜃𝑛+1

ℎ
) which yields

𝑛+1
𝑛𝑢𝑚,𝑎 =

1

𝜏 ∫
Ω

−Ψ𝑛+1
ℎ

+ Ψℎ(𝜙
𝑛
ℎ
, 𝜃𝑛+1

ℎ
) − 𝑒𝑛

ℎ
𝑑𝑛+1𝜃ℎ +

𝛾

2
|∇𝑑𝑛+1𝜙ℎ|2

− Ψℎ(𝜙
𝑛
ℎ
, 𝜃𝑛+1

ℎ
) − Ψ𝑛

ℎ
+ 𝜕𝜙Ψ(𝜙

𝑛+1
ℎ

, 𝜙𝑛
ℎ
, 𝜃𝑛+1

ℎ
)𝑑𝑛+1𝜙ℎ

=
1

𝜏 ∫
Ω

𝛾

2
‖∇𝑑𝑛+1𝜙𝑛+1

ℎ
‖2 − 𝜕𝜃𝜃Ψ(𝜙

𝑛
ℎ
, 𝜉3

ℎ
)(𝑑𝑛+1𝜃ℎ)

2

+ (𝜕𝜙𝜙Ψ𝑣𝑒𝑥(𝜉
1
ℎ
, 𝜃𝑛+1

ℎ
) − 𝜕𝜙𝜙Ψ𝑐𝑎𝑣(𝜉

2
ℎ
, 𝜃𝑛+1

ℎ
))(𝑑𝑛+1𝜙𝑛+1

ℎ
)2,

where, 𝜉1
ℎ
, 𝜉2

ℎ
are convex combinations of 𝜙𝑛+1

ℎ
, 𝜙𝑛

ℎ
and 𝜉3

ℎ
is a convex combination of 𝜃𝑛+1

ℎ
, 𝜃𝑛

ℎ
. Using the structural

assumptions on the potential Ψ, compare (A4), we see that𝑛+1
𝑛𝑢𝑚,𝑎 ≥ 0 follows directly. The result then follows by setting

𝑛+1
𝑛𝑢𝑚 = 𝑛+1

𝑛𝑢𝑚,𝑎 +𝑛+1
𝑛𝑢𝑚,𝑏

and summation over 𝑘. □

If conservation of total energy is relaxed by total energy dissipation, one can replace all 𝐮𝑛+1∕2
ℎ

by 𝐮𝑛+1
ℎ

and the
corrections for the stabilization in the internal energy can be neglected.

3 NUMERICAL TEST

In all tests we consider the case of 𝑔∗ = 𝑔𝑛 and the resulting nonlinear systems are solved with a Newton method with
tolerance 10−12 in two dimensions and 10−8 in three dimensions.

3.1 Convergence test

For the convergence test we set Ω = (0, 1)2 and 𝑇 = 0.1 which is identified with the two-torus 𝕋2. This accounts for the
periodic boundary conditions. We consider the initial data

𝜙0(𝑥, 𝑦) = 0.4 + 0.2 sin(2𝜋𝑥) sin(2𝜋𝑦), 𝜃0(𝑥, 𝑦) = 1 + 0.2 sin(2𝜋𝑥) sin(2𝜋𝑦)

𝐮0(𝑥, 𝑦) = 10−2(− sin(𝜋𝑥)2 sin(2𝜋𝑦), sin(2𝜋𝑥) sin(𝜋𝑦)2)

with the set of functions and parameters

Ψ̃(𝜙, 𝜃) = log(𝜃) + (2𝜃 − 1)𝜙2(1 − 𝜙)2 +
𝛾

2
|∇𝜙|2,

𝑒 =
1

𝜃
+ 2𝜙2(1 − 𝜙)2, 𝑠 = 1 − log(𝜃) + 𝜙2(1 − 𝜙)2 −

𝛾

2
|∇𝜙|2,

𝛾 = 10−3, 𝜂 = 10−3 +
1

40
(𝜙 + 1)2, 𝐋 = 10−2 ⋅ 𝐈, 𝜀 = 101, 𝛿 = 1.

We consider the error in space at the final time 𝑇 = 0.1 with an respective step-size of 𝜏 = 10−3 and com-
pare the numerical solutions (𝜙ℎ,𝜏, 𝜇𝜌,ℎ,𝜏, 𝜃ℎ,𝜏, 𝐮ℎ,𝜏, 𝑝ℎ,𝜏) with those computed on uniformly refined grids,
(𝜙ℎ∕2,𝜏, 𝜇𝜌,ℎ∕2,𝜏, 𝜃ℎ∕2,𝜏, 𝐮ℎ∕2,𝜏, 𝑝ℎ∕2,𝜏), since no analytical solution is available. The error quantities for the fully-discrete
scheme are given in the energy-norm, that is

𝑒𝑎
ℎ,𝜏

= ‖𝜙ℎ,𝜏 − 𝜙ℎ∕2,𝜏‖2𝐻1 + ‖𝐮ℎ,𝜏 − 𝐮ℎ∕2,𝜏‖2𝐿2 + ‖𝜃ℎ,𝜏 − 𝜃ℎ∕2,𝜏‖2𝐿2
𝑒𝑏
ℎ,𝜏

= ‖𝜇ℎ,𝜏 − 𝜇ℎ∕2,𝜏‖2𝐻1 + ‖𝐮ℎ,𝜏 − 𝐮ℎ∕2,𝜏‖2𝐻1 + ‖𝜃ℎ,𝜏 − 𝜃ℎ∕2,𝜏‖2𝐻1
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7 of 10

TABLE 1 Errors and experimental orders of convergence for the CHNST system with 𝑔∗ = 𝑔𝑛.

𝒌 𝒆𝒂
𝒉,𝝉

eoc 𝒆𝒃
𝒉,𝝉

eoc 𝒆
𝝁

𝒉,𝝉
eoc 𝒆𝐮

𝒉,𝝉
eoc 𝒆𝜽

𝒉,𝝉
eoc

2 3.02 ⋅ 10−1 — 3.87 ⋅ 10−1 — 1.97 ⋅ 10−1 — 7.37 ⋅ 10−4 — 1.89 ⋅ 10−1 —
3 9.76 ⋅ 10−2 1.63 1.32 ⋅ 10−1 1.55 6.67 ⋅ 10−2 1.56 1.67 ⋅ 10−4 2.14 6.50 ⋅ 10−2 1.54
4 2.27 ⋅ 10−2 2.11 3.35 ⋅ 10−2 1.98 1.18 ⋅ 10−2 1.91 5.40 ⋅ 10−5 1.63 1.57 ⋅ 10−2 2.05
5 5.45 ⋅ 10−3 2.06 8.26 ⋅ 10−3 2.02 4.36 ⋅ 10−3 2.02 1.87 ⋅ 10−5 1.53 3.88 ⋅ 10−3 2.02
6 1.34 ⋅ 10−3 2.03 2.05 ⋅ 10−3 2.01 1.08 ⋅ 10−3 2.02 3.26 ⋅ 10−6 2.53 9.66 ⋅ 10−4 2.00

F IGURE 1 Snapshots of the phase variable 𝜙 at the times 𝑡 ∈ {0, 0.03, 0.06, 0.1}.
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BRUNK and SCHUMANN 8 of 10

F IGURE 2 Snapshots of the phase variable 𝜙 and the velocity field 𝐮 at the times 𝑡 ∈ {0, 0.03, 0.06, 0.1}.

as well as some separated errors, 𝑒𝜇
ℎ,𝜏
, 𝑒𝐮

ℎ,𝜏
, and 𝑒𝜃

ℎ,𝜏
, which denote the related single quantities from the second error norm.

For the step sizes ℎ𝑘 = 2−𝑘 for 𝑘 = 2,… , 6 we get the following results.
In the two-dimensional test the mass and total energy conservation error was always in the range of at least 10−10, that

is below the Newton tolerance, and entropy was increasing over time as predicted by Theorem 2.4. Furthermore, choosing
𝑔∗ = 𝑔𝑛+1 results almost the same error rates. We observe second order convergence as expected, cf Table 1.
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9 of 10

3.2 Three dimensional simulations

Due to the usage of 𝑃1|𝑃1 elements computations in three space dimension are much more feasible then with the usual
Taylor–Hood elements. As an example we consider an problem-adapted Taylor–Green vortex given by

𝜙0(𝑥, 𝑦, 𝑧) = 0.4 + 0.2 sin(𝜋𝑥) sin(2𝜋𝑦) sin(2𝜋𝑧), 𝜃0(𝑥, 𝑦, 𝑧) = 1 + 0.6 sin(2𝜋𝑥) sin(𝜋𝑦) sin(2𝜋𝑧),

𝐮0(𝑥, 𝑦, 𝑧) = (𝐴 cos(2𝜋𝑥) sin(2𝜋𝑦) sin(2𝜋𝑧), 𝐵 sin(2𝜋𝑥) cos(2𝜋𝑦) sin(2𝜋𝑧), 𝐶 sin(2𝜋𝑥) sin(2𝜋𝑦) cos(2𝜋𝑧))

with 𝐴 = 𝐵 = 2, 𝐶 = −4 as initial data and changed parameters 𝜂 = 10−4 and 𝐋22 = 10−4.
The outcomes of simulations conducted with a maximum mesh size of ℎ = 2.5 ⋅ 10−2 and time step 𝜏 = 10−3 are illus-

trated through various temporal snapshots in Figures 1, 2. Throughout the evolution, the phase-field exhibits minimal
further separation due to the pronounced mixing effects induced by the velocity field. Notably, a transition occurs where
rod-like structures emerge gradually, presumably initiating conventional phase separation after a decay in the velocity
field. The gradual decay of the velocity field, owing to its low viscosity, contributes to this process. In the context of
three-dimensional simulations, mass conservation is maintained within an order of 10−14, while the error in total energy
conservation is approximately 10−8, akin to the Newton tolerance level. As anticipated by Theorem 2.4, entropy exhibits
a continual increase over time.

4 CONCLUSION AND OUTLOOK

This study introduces a fully discrete finite element approach for solving the non-isothermal CHNST system described by
Equations (1) through (3). The devised scheme is characterized by its structure-preserving nature, ensuring the conserva-
tion of mass, total energy, and entropy production. Notably, it facilitates the utilization of unstable finite element pairs for
the incompressible Navier–Stokes equation through Brezzi–Pitkäranta stabilization, supplemented by the conventional
Grad–Div stabilization. Experimental validation demonstrates the scheme’s efficacy, enabling more efficient simulations
compared to the original methodology outlined in ref. [1].
Future endeavors will explore discretization strategies based on the original temperature instead of the inverse temper-

ature. Furthermore, additional stabilization such as the SUPG method proposed by John et al. [13] will be investigated to
further enhance the scheme’s performance.
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