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Abstract
Compact Runge-Kutta (cRK) Discontinuous Galerkin (DG) methods, recently introduced
in [Chen, Q., Sun, Z., Xing, Y, SIAM Journal on Scientific Computing 46: A1327-A1351,
2024], are a variant of RKDG methods for solving hyperbolic conservation laws and are
characterized by their compact stencil including only immediate neighboring finite elements.
The primary objective of this paper is the development of compact Runge-Kutta methods
that preserve physical admissibility of the solution, such as the positivity of density and
pressure. Thus, a cRK Flux Reconstruction (cRKFR) method is proposed by interpreting
cRK as a procedure to approximate time-averaged fluxes. This enables the application of a
flux limiter to ensure admissibility preservation in means of the scheme. The framework is
a generalization of the cRKDG method and thus the admissibility preservation techniques
directly apply to the original method as well. In addition, we perform the time average flux
computation so that only a single numerical flux is needed for each time step which further
reduces data communication in contrast to the original cRK method. Despite requiring only
a single numerical flux, the time averaged numerical flux is constructed to maintain the same
Courant-Friedrichs-Lewy (CFL) numbers as cRKDGmethods and achieve optimal accuracy
uniformly across all polynomial degrees, even for problems with sonic points. A subcell-
based blending limiter is then applied for problems with nonsmooth solutions, which uses
Gauss-Legendre solution points and performs MUSCL-Hancock reconstruction on subcells
to mitigate the additional dissipation errors. The method is further extended to handle source
termsby incorporating their contributions as additional time averages.Numerical experiments
involving Euler equations and the ten-moment problem are provided to validate the claims
regarding the method’s accuracy, robustness, and admissibility preservation.
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1 Introduction

The compactRunge-KuttaDiscontinuousGalerkin (cRKDG)methods, also known asRunge-
Kutta Discontinuous Galerkin methods with compact stencils, were introduced in [16] as
a high order method to solve hyperbolic conservation laws using more compact stencils
compared to the original RKDG methods proposed in [20–22]. We aim to develop physical
admissibility preserving compactRunge-Kutta schemes by generalizing the cRKDGmethods
of [16] to a time average flux reconstruction framework, enabling application of the flux
limiter from [7]. This framework also allows us to develop a cRK Flux Reconstruction
(cRKFR) method that requires only one numerical flux computation per time step.

Hyperbolic conservation laws are a first order system of partial differential equations
(PDE) that represent the conservation of mass, momentum, and energy. They are used for
various practical applications like Computational Fluid Dynamics (CFD), astrophysics and
weather modeling. These applications, due to their complexity and scale, often necessitate
substantial computational resources. Thus, developing efficient numerical methods for solv-
ing these PDE is an important area of research. Higher-ordermethods are particularly relevant
in the current state of memory-bound High Performance Computing (HPC) hardware [2, 55]
because their high arithmetic intensity makes them less likely to be constrained by memory
bandwidth. However, lower order methods are more robust and thus still routinely used in
practice. This work is in direction of taking the best of both methods by developing high
order methods that adaptively switch to low order methods in regions where robustness in
required.

Discontinuous Galerkin (DG) is a Spectral Element Method with a discontinuous finite
element basis. It was first introduced by Reed and Hill [49] for neutron transport equations
and developed for fluid dynamics equations by Cockburn and Shu and others, see [20–22]
and other references in [19]. The DG method preserves local conservation, allows simple
hp-refinement [36] and can be fitted into complex geometries [34, 35]. It is also suitable for
modern HPC as the neighbouring DG elements are coupled only through the numerical flux
and thus bulk of computations are local to the element, minimizing data communication.
Flux Reconstruction (FR) method introduced by Huynh [32] is also a class of discontinuous
Spectral ElementMethods, having the key property of being quadrature-free. The central idea
in this method is to use the numerical flux to construct a continuous flux approximation and
then collocate the conservation law at solution points. The collocation nature of the scheme
leads to an efficient implementation that can exploit optimized matrix-vector operations and
vectorization capabilities of modern CPUs. A crucial ingredient of the FR scheme is the use
of the correction functions to construct the continuous flux approximation. The choice of
correction functions affects the accuracy and stability of the method [32, 61–64]. In [18], a
Flux Reconstruction scheme with nonlinear stability [33] was constructed, one of whose key
ingredientswas application of correction functions to the volume terms. By properly choosing
the correction function and solution points, FRmethod can be shown to be equivalent to some
discontinuous Galerkin and spectral difference schemes [32, 61].

In the pioneering works of DG/FR methods [20–22, 32], these spectral element methods
are used as the spatial discretization to obtain a semidiscrete system. Following the commonly
used method of lines (MOL), the semidiscrete system is then solved using a multistage
Runge-Kutta (RK) method. This requires applying the FR/DG method at every RK stage,
necessitating interelement communication at each stage. The alternative to the multistage
approach are single stage solvers which specify a complete space time discretization. We
briefly mention some of the well known single stage methods, an in-depth review can be
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found in [8, 9].ADER(Arbitrary highorderDERivative) schemes are one class of single-stage
evolution methods which originated as ADER Finite Volume (FV) schemes [58, 60] and are
also used asADER-DGschemes [24, 25]. Another class of single-stage evolutionmethods are
the Lax-Wendroff schemeswhichwere originally proposed in the finite difference framework
in [44] with the WENO approximation of spatial derivatives [53] and later extended to DG
framework in [45, 56]. The cRKDG method of [16] is a recent method that performs single
stage evolution by doing the interelement communication only in the last stage of the Runge-
Kutta method. For linear problems, the authors in [16] showed that the cRKDG method is
equivalent to Lax-Wendroff methods and to the ADER-DG method for a particular choice
of RK method.

In this work, we propose a compact Runge-Kutta Flux Reconstruction (cRKFR) method
that is designed to enable a simple admissibility preservation procedure. A crucial part of our
method is to regard compact Runge-Kutta (cRK) as a procedure to approximate time average
fluxes, similar to the Lax-Wendroff Flux Reconstruction methods [7, 8, 45]. In the inner
Runge-Kutta stages, we perform local evolutions by computing derivatives of discontinuous
flux approximations within each element. These evolutions are used to compute a local time
averaged flux approximation. In the final stage, the local flux approximation is made into the
continuous time averaged flux approximation using FR correction functions [32], and is used
to perform the evolution to the next time level. Although the stencil of each element per time
step of [16] also consists only of its neighbouring element, the final stage in [16] performed
computation of a numerical flux corresponding to each inner stage requiring computation of
s numerical fluxes for a Runge-Kutta method with s inner stages. The time averaged flux
view point requires only one numerical flux per time step, which saves computations and
storage and can also reduce the volume of interelement communication. In addition, as we
shall detail in Section 3.1, our proposed framework is a generalization of the cRKDGmethod
of [16] and thus our contributions to the admissibility preservation apply there as well.

Our admissibility preservation technique is deeply intertwined with a subcell based blend-
ing limiter that is used to control spurious oscillations which occur with nonsmooth solutions
involving rarefactions, shocks and other discontinuities. A review of various limiters for
DG/FR methods can be found in [7]. In the first work on cRKDG schemes [16], the TVB
limiter of [20] was used. The TVB limiter does not preserve any subcell information other
than the element mean and trace values. In this work, we use the subcell based blending
limiter of [7] inspired from [31] to control spurious oscillations while using information
from subcells. As in [7], the subcell limiter is designed to minimize dissipation errors by
using Gauss-Legendre solution points and performing MUSCL-Hancock reconstruction on
subcells. These give us a scheme that produces better resolution than TVB limiters and
the original blending scheme proposed in [31], which we demonstrate through numerical
experiments.

Admissibility preservation refers to ensuring that numerical solutions remain within phys-
ical bounds, e.g., positive density and pressure. These techniques are needed in addition to
the subcell based limiting because the latter allows some spurious oscillations to remain.
Nonphysical solutions typically cause numerical simulations to crash, and it is thus essential
to perform additional limiting to ensure that the physical bounds are maintained. A common
approach, proposed in [67], is to use a Strong Stability Preserving (SSP) RK method [28]
that gives solutions whose element means are admissible in every stage, and combine them
with the scaling limiter of [67] to obtain physically admissible solutions. In the recent work
of [39], admissibility in means for each stage of several cRKDG schemes was proven. Thus,
by applying the scaling limiter of [67] at each of the stages, admissibility preserving cRKDG
schemes were obtained in [39]. In [7], a limiting procedure for the time averaged flux was
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proposed which gave admissibility of the solution. Interpreting the cRK procedure as time
averaging of fluxes, we develop a similar limiting procedure to obtain an admissibility pre-
serving cRKFR scheme. Our limiting procedure works for any cRK scheme with the same
limiting process irrespective of the order of the method, which includes one application of
the flux limiter from [7] and one application of the scaling limiter from [67] for each time
step. This is different from the admissibility preserving cRKDG schemes obtained in [39],
where s scaling limiters of [67] are required for an s stage Runge-Kutta method. Addition-
ally, the limiting procedure of [39] requires the computation of multiple numerical fluxes per
time step, as in [16], whereas our proposed procedure applies to the general time-averaged
flux framework, which supports evolution using a single numerical flux computation. The
limiting procedure also allows us to exploit the potential advantages of single stage methods
that only require one application of limiters per time step.

The rest of the paper is organized as follows. In Section 2, we review the standard Runge-
Kutta Flux Reconstruction method by deriving it as the Discontinuous Galerkin method
whose quadrature points are taken to be the nodal solution points. Section 2 also introduces
the notations used in this work. In Section 3, the compact Runge-Kutta Flux Reconstruction
(cRKFR) scheme is introduced with its capability to perform evolution with only one time
averaged numerical flux computation. The choices for the computation of the central (AE and
EA) and dissipative part (D-CSX, D1, D2) of the time averaged numerical flux are discussed
in Section 3.1. In Section 4, we describe the blending limiter for the cRKFR method. The
flux limiter that ensures admissibility of means is described as a part of the blending scheme
in Section 4.3. In Section 5, we present numerical results to verify accuracy and robustness of
our scheme using some scalar equations, compressible Euler equations and the ten moment
problem. A summary of the proposed scheme is given in Section 6.

InAppendixA,we give a formal order of accuracy justification of viewing the cRK scheme
as time averages. The viewpoint is then used to prove the linear equivalence of the proposed
cRKFR scheme with the Lax-Wendroff schemes of [8, 45] depending on the dissipation
model (Section 3.1). In Appendix B, we describe the extension of the cRKFR scheme to
handle source terms.

2 Runge-Kutta Flux Reconstruction

Consider the 1-D hyperbolic conservation laws

ut + f (u)x = 0, u(x, 0) = u0(x), x ∈ �, (1)

where the solution u ∈ R
M is the vector of conserved quantities, � is the physical domain,

f (u) is the physical flux, u0 is the initial condition, and some boundary conditions are
additionally prescribed. In many of these applications, it is essential that the solution is
physically correct, i.e. it belongs to an admissible set, denoted by Uad. For example, in gas
dynamics governed by the compressible Euler’s equations (48, 51), the density and pressure
are positive. In case of relativistic hydrodynamics equations, the velocity has to be less than
unity. For the models that we study, we assume that the admissible set is a convex subset of
R

M , and can be written as

Uad = {u ∈ R
M : Pk(u) > 0, 1 ≤ k ≤ K }, (2)

where each admissibility constraint Pk is a concave function if Pj > 0 for all j < k. For
Euler’s equations, K = 2 and P1, P2 are density, pressure functions respectively; if the
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Fig. 1 (a) Piecewise polynomial solution at time tn , and (b) discontinuous and continuous flux. The figure has
been taken from [8]

density is positive then pressure is a concave function of the conserved variables. In this
work, we cast the discretization of [16] as the quadrature free Flux Reconstruction (FR)
scheme of Huynh [32]. The primary motivation of this framework is to develop a cRKFR
scheme that is compatible with the admissibility preserving flux limiters of [7]. Additionally,
the cRKFR scheme requires only one numerical flux computation per time step, reducing
the interelement communication compared to the original cRKDGmethod. We now describe
the notations for the finite element grid. Divide the physical domain � into disjoint elements
{�e} with

�e = [xe− 1
2
, xe+ 1

2
] and �xe = xe+ 1

2
− xe− 1

2
. (3)

Let us map each element to a reference element, �e → [0, 1], by

x �→ ξ =
x − xe− 1

2

�xe
.

Inside each element, we approximate the numerical solution to (1) by PN functions which
are degree N ≥ 0 polynomials so that the basis for numerical solution is

Vh = {vh : vh |�e ∈ PN }. (4)

Since the equation (1) admits solutions with discontinuities, the basis functions in (4) are
allowed to be discontinuous at element interfaces, see Figure 1a.

For each basis function vh ∈ Vh (4) and a physical element�e (3),we define v̂h,e = v̂h,e(ξ)

through reference map (3) as

v̂h,e(ξ) = vh(xe− 1
2

+ ξ�xe) = vh(x). (5)

The element index e will often be suppressed for brevity. To construct PN polynomials in
the basis, choose N + 1 distinct nodes

0 ≤ ξ0 < ξ1 < · · · < ξN ≤ 1, (6)

which will be taken to be Gauss-Legendre (GL) or Gauss-Legendre-Lobatto (GLL) nodes,
and will also be referred to as solution points. There are associated quadrature weights w j

such that the quadrature rule is exact for polynomials of degree up to 2N + 1 for GL points
and up to degree 2N − 1 for GLL points. Note that the nodes and weights we use are with
respect to the interval [0, 1] whereas they are usually defined for the interval [−1,+1]. The
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numerical solution uh ∈ V M
h , where M is the number of conservative variables (1), inside

an element �e is given in reference coordinates as

x ∈ �e : ûh,e(ξ, t) =
N∑

p=0

ue,p(t)�p(ξ), (7)

where each �p is a Lagrange polynomial of degree N given by

�q(ξ) =
N∏

p=0,p �=q

ξ − ξp

ξq − ξp
∈ PN , �q(ξp) = δpq . (8)

The numerical methods to solve (1) require computation of spatial derivatives. The spatial
derivatives are computed on the reference interval [0, 1] using the differentiation matrix
D = [Di j ] whose entries are given by

Di j = �′
j (ξi ), 0 ≤ i, j ≤ N . (9)

Figure 1a illustrates a piecewise polynomial solution at some time tn with discontinuities
at the element boundaries. In order to clearly show our connection with the work of [16],
we review how the standard Runge-Kutta Discontinuous Galerkin (RKDG) method in the
notations of [16] is equivalent to the Runge-Kutta Flux Reconstruction (RKFR) method of
[32]. Following [16], we define the discrete DG operator ∂DGx so that ∂DGx f (uh) ∈ V M

h is
prescribed by its action on test functions vh ∈ Vh as

∫

�e

∂DGx f (uh)vhdx = −
∫

�e

f (uh)∂xvh + f e+ 1
2
v̂h(1) − f e− 1

2
v̂h(0), (10)

where f e+ 1
2
denotes the numerical flux at the interface xe+ 1

2
. Then f e+ 1

2
is computed by

f e+ 1
2
(uh) = 1

2
( f (u−

e+ 1
2
) + f (u+

e+ 1
2
)) −

λe+ 1
2

2
(u+

e+ 1
2

− u−
e+ 1

2
), u±

e+ 1
2

= uh(x
±
e+ 1

2
),(11)

where λe+ 1
2

= λ(u−
e+ 1

2
, u+

e+ 1
2
) is an approximation of the wave speed at the interface, often

computed using a Rusanov [51] or local Lax-Friedrichs approximation as

λ(ul , ur ) = max
u∈{ul ,ur }

σ( f ′(u)). (12)

Here σ(A) denotes the spectral radius of a matrix A. Equation (10) to define ∂DGx is obtained
by a formal integration by parts in space. In order to cast the above scheme in a Flux Recon-
struction framework, we define a degree N discontinuous flux approximation f δ

h (Figure 1b)
in reference coordinates for element e as

f̂
δ

h,e(ξ) =
N∑

p=0

f (ue,p)�p(ξ). (13)

Then, assuming that the quadrature points to approximate the integral in (10) are same as the
solution points (6) used to define the solution polynomial (7), the action of the DG operator
∂DGx can be written in terms of the discontinuous flux polynomial (13) as
∫

�e

∂DGx f (uh)vhdx = −
∫

�e

f δ
h∂xvhdx + f e+ 1

2
v̂h(1) − f e− 1

2
v̂h(0), vh ∈ Vh .
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When the solution points are chosen to be the commonly used Gauss-Legendre (GL) or
Gauss-Legendre-Lobatto (GLL) points, the flux integral is exact and we can perform another
integration by parts to obtain the strong form of the operator ∂DGx as

∫

�e

∂DGx f (uh)vhdx

=
∫

�e

∂x f δ
hvhdx + ( f e+ 1

2
− f̂

δ

h(1))v̂h(1) + ( f e− 1
2

− f̂
δ

h(0))v̂h(0), vh ∈ Vh .

Substituting vh with the Lagrange polynomial �p (8) for each element �e, this is further
equivalent to
∫

�e

∂DGx f (uh)�pdx

=
∫

�e

∂x f δ
h�pdx + ( f e+ 1

2
− f̂

δ

h(1))�p(1) + ( f e− 1
2

− f̂
δ

h(0))�p(0), 0 ≤ p ≤ N .

Since we have assumed that the quadrature points are same as the solution points, per-
forming quadrature and dividing by �xewp gives

∂DGx f (uh)(ξp) = ∂x f δ
h(ξp) + ( f

e+ 1
2

− f̂
δ
h(1))

�p(1)

�xewp
+ ( f

e− 1
2

− f̂
δ
h(0))

�p(0)

�xewp
, 0 ≤ p ≤ N

= ∂x f δ
h(ξp) + ( f

e+ 1
2

− f̂
δ
h(1))

g′
R(ξp)

�xe
+ ( f

e− 1
2

− f̂
δ
h(0))

g′
L (ξp)

�xe
. (14)

For simplicity, this can be rewritten as

∂DGx f (uh) = ∂x f h =: ∂FRx f (uh), f h = f δ
h + ( f e+ 1

2
− f̂

δ
h(1))gR + ( f e− 1

2
− f̂

δ
h(0))gL ,

(15)

where gL , gR ∈ PN+1 are Flux Reconstruction (FR) correction functions satisfying

gL(0) = gR(1) = 1, gL(1) = gR(0) = 0.

The f h defined in (15) is called the continuous flux approximation in the FR literature [32] as
it is globally continuous, taking the numerical flux value f e+1/2 at the each element interface
e+ 1/2. We choose correction functions gL , gR ∈ PN+1 to be gRadau, g2 [32] if the solution
points are taken to be GL, GLL respectively. For both of the cases, equation (14) is obtained
by the following identities from the proof of equivalence of FR and DG in [32]1

g′
R(ξp) = �p(1)/wp, g′

L(ξp) = −�p(0)/wp.

The ∂DGx operator is used to obtain a semidiscretization of (1) in [16]. By (15) the semidis-
cretization of [16], when quadrature points are taken to be the same as the solution points, is
equivalent to the following

∂tuh + ∂FRx f (uh) = 0, (16)

1 For Radau correction functions, the identities follow from taking φ = �p in (7.8) of [32]. For g2, see
Section 2.4 of [23]. A detailed proof is also available in Appendix B of [9].
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which is the original FR method of [32]. A fully discrete scheme to solve (1) is obtained by
applying an explicit Runge-Kutta (RK) method to discretize (16) in time. An explicit RK
method is specified by its Butcher tableau

c A
b

, A = (ai j )s×s, b = (b1, . . . , bs), ci =
∑

j

ai j , (17)

where A is a lower triangular matrix in (17), namely, ai j = 0 if i ≥ j . The corresponding
RKFR scheme is given by

u(i)
h = unh − �t

i−1∑

j=1

ai j∂
FR
x f (u( j)

h ), i = 1, 2, . . . , s, (18a)

un+1
h = unh − �t

s∑

i=1

bi∂
FR
x f (u(i)

h ). (18b)

3 Compact Runge-Kutta Flux Reconstruction

Following [16], we define a local discrete spatial operator ∂ locx where the inter-element terms
from (15) are dropped to be

∂ locx f (uh)(ξp) = ∂x f δ
h(ξp).

The operator ∂ locx computes derivatives of the degree N discontinuous flux approxima-
tion (13). In practice, this operation is performed with a differentiation matrix (9). With
this notation, a compact Runge-Kutta scheme in Flux Reconstruction framework with the
Butcher tableau (17) is obtained as follows

u(i)
h = unh − �t

i−1∑

j=1

ai j∂
loc
x f (u( j)

h ), i = 1, 2, . . . , s, (19a)

un+1
h = unh − �t

s∑

i=1

bi∂
FR
x f (u(i)

h ). (19b)

The difference between the above scheme (19) and the standard Flux Reconstruction scheme
lies in the fact that inner stages to evaluate {u(i)

h }si=1 in (19a) use the local operator ∂
loc
x instead

of ∂FRx in (18a). The cRK Discontinuous Galerkin (DG) scheme of [16] uses the operator
∂DGx in place of (19b). Thus, the scheme (19) is equivalent to the cRKDG scheme of [16],
under the previously made assumptions (14) that the quadrature points of the DG scheme are
the same as the solution points. In order to perform evolution with a single numerical flux
computation and to use the flux limiters of [7], we will replace (19) with an evolution in terms

of approximations of the time average flux F = ∫ tn+1

tn f (u)dt , similar to the Lax-Wendroff
schemes [8, 45]. As discussed in Section 3.1, the proposed scheme can recover the cRKFR
scheme (19) by a choice of the dissipation term (25) in the numerical flux. A discontinuous
time averaged flux approximation similar to the approximation in (13) is obtained by using
the inner stages in (19) as

F̂
δ

h,e =
N∑

p=0

Fe,p�p(ξ), Fe,p =
s∑

i=1

bi f (u(i)
e,p). (20)
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A formal justification for why (20) is an approximation to the time averaged flux can be found
in Appendix A. Thus, the proposed compact Runge-Kutta Flux Reconstruction (cRKFR)
scheme is given by replacing the final stage of (19) by the following application of the ∂FRx
operator (15) on the time average flux

un+1
h = unh − �t∂FRx F, ∂FRx F = ∂x Fh

= ∂x Fδ
h + (Fe+ 1

2
− F̂

δ

h(1))∂x gR + (Fe− 1
2

− F̂
δ

h(0))∂x gL . (21)

Following [8], Fe+ 1
2
denotes the time averaged numerical flux. The possible numerical flux

approximations are discussed in Section 3.1 and have an influence on stability and accuracy.
As is further discussed in Section 3.1.1, since the numerical flux computation is the only
non-linear operation in terms of the flux in (19), it is also the choice of numerical flux that
leads to equivalence of (21) with (19) and thus with [16]. Due to its generality over (19),
cRKFR will always refer to (21). The generalized formulation (21) is the contribution of this
work. Equation (21) already shows the evolution being performed with a single numerical
flux computation. In Sections 3.2, 4.3, we will show how the formulation is used to obtain
an admissibility preserving cRKFR scheme.

We list the cRKFR schemes of orders 2,3, and 4 that are used in this work. To obtain a
cRKFR scheme of order N+1, the RK scheme (17) of the same order is used and the solution
polynomial is taken to be of degree N . Since the cRK scheme is cast in the FR framework as
in (21), we simply need to explain how the time averaged flux (20) is computed in the cRK
scheme using the inner stages. Since this step computes the local time average flux F, we
call this the local compact Runge-Kutta (cRK) procedure.
cRK22.

F = f (u(2)
h ), (22)

where

u(2)
h = unh − �t

2
∂ locx f (unh).

cRK33.

F = 1

4
f (unh) + 3

4
f (u(3)

h ), (23)

where

u(2)
h = unh − �t

3
∂ locx f (unh),

u(3)
h = unh − 2

3
�t∂ locx f (u(2)

h ).

cRK44.

F = 1

6
f (unh) + 1

3
f (u(2)

h ) + 1

3
f (u(3)

h ) + 1

6
f (u(4)

h ), (24)

where

u(2)
h = unh − �t

2
∂ locx f (unh),

u(3)
h = unh − �t

2
∂ locx f (u(2)

h ),

u(4)
h = unh − �t∂ locx f (u(3)

h ).
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Remark 1 The Butcher Tableau of any Runge-Kutta (RK) scheme can be used to construct a
cRKFR scheme following (22, 23, 24). This also includes Strong-Stability Preserving (SSP)
RK methods [28] which are used to obtain provably admissibility preserving schemes [68].
However, as discussed in Section 4.3, we perform flux limiting that gives us an admissibility
preserving scheme for any choice of the RK method. Thus, we do not need to use SSP-RK
schemes and are not limited by the order barrier of the SSP methods [29].

3.1 Time average numerical flux computation

As is seen from (21), the cRKFR scheme requires computation of only one numerical
flux Fe+ 1

2
, which is an approximation of the time average numerical flux at the interfaces

(Appendix A). The general form of time averaged numerical flux approximation discussed
in this work is given by

Fe+ 1
2

= 1

2
(F−

e+ 1
2

+ F+
e+ 1

2
) − De+ 1

2
, (25)

where F±
e+ 1

2
is an approximation to the time average flux at the element interfaces. The F±

e+ 1
2

terms are called the central part of the numerical flux, and the De+ 1
2
is called the dissipative

part. In the standard RKFR schemes, both the central and dissipative parts are computed
using the solution at the current time level (11). In this section, we discuss different choices
of the central and dissipative parts in (25). In particular, we will show how using multiple
wave speed estimates in the dissipative part leads to a cRKFR scheme that is equivalent to
the cRKDG scheme of [16] and how to recover the same CFL numbers as in [16] while only
using one wave speed estimate in the dissipative part.

3.1.1 Dissipative part of the numerical flux

We now discuss the computation of the dissipative part De+ 1
2
of the numerical flux (25).

D-CSX (Chen, Sun, Xing [16]) dissipation.As is mentioned in (3.14) of [16], the numerical
flux in the cRKDG scheme of [16] is computed as

Fe+ 1
2

=
s∑

i=1

bi f e+ 1
2
(u(i)

h ), (26)

where {bi } are the coefficients of the final stage of RK scheme (17), {uih} are the inner stage
evolutions of cRK scheme that are locally computed (19a). By the definition of ∂FRx (15),
the approximation (26) is also the numerical flux used in (19b). If the numerical flux in the
cRKFR scheme (21) is computed as in (26), the obtained cRKFR scheme will be equivalent
to (19). We can see this by observing that (21) and (19) compute the same inner evolutions
{u(i)

h } using the local operator ∂ locx . The final stage in (19b) applies ∂FRx (15) on the { f (u(i)
h )}

and then takes their linear combination, while the final stage in (21) applies ∂FRx on a linear

combination of { f (u(i)
h )}. Since the only nonlinear part in an application of ∂FRx on { f (u(i)

h )}
is the numerical flux, the scheme (21) will be equivalent to (19) if it uses the same numerical
flux (26). Thus, in this case, the scheme (21) will also be equivalent to the cRKDG scheme
of [16] when the quadrature points of the DG scheme are taken to be the same as solution
points (Section 2).
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Expanding equation (26) using the numerical flux expression (11), we obtain that the
dissipative part De+ 1

2
(25) of the numerical flux (26) is

De+ 1
2

=
s∑

i=1

bi
λi
e+ 1

2

2
(u(i)+

e+ 1
2

− u(i)−
e+ 1

2
), u(i)±

e+ 1
2

= u(i)
h (x±

e+ 1
2
). (27)

Equation (27) will be referred to as the D-CSX dissipation model. This dissipation model
requires computation of wave speed estimates λi

e+ 1
2

= λ(u(i)−
e+ 1

2
, u(i)+

e+ 1
2
) (12) and interelement

communication of u(i)±
e+ 1

2
for each inner stage i of the cRK scheme.

D1 dissipation. The D1 dissipation model (terminology of [8]), used in the earlier works like
[45], computes the dissipative part De+ 1

2
(25) using the solution at the current time level as

De+ 1
2

=
λe+ 1

2

2
(u+

e+ 1
2

− u−
e+ 1

2
), u±

e+ 1
2

= uh(x
±
e+ 1

2
). (28)

TheD1dissipationmodel uses only onewave speed estimateλe+ 1
2

= λ(u−
e+ 1

2
, u+

e+ 1
2
) (12),

requiring less interelement communication than the D-CSX dissipation. However, it leads to
lower Courant-Friedrichs-Lewy (CFL) numbers compared to D-CSX dissipation, see Table
1.1 of [16].
D2 dissipation.

The D2 dissipation model, proposed for the LWFR scheme in [8], is given by

De+ 1
2

=
λe+ 1

2

2
(U+

e+ 1
2

− U−
e+ 1

2
), U±

e+ 1
2

= Uh(x
±
e+ 1

2
), (29)

Uh =
N∑

p=0

Ue,p�p(ξ), Ue,p =
s∑

i=1

biu(i)
e,p. (30)

The D2 dissipation model (29) also requires only one wave speed estimate λe+ 1
2

=
λ(u−

e+ 1
2
, u+

e+ 1
2
) (12), and interelement communication of u±

e+ 1
2
,U±

e+ 1
2
. The interelement

communication of the D2 dissipation model is more than the D1 model, but still less than
the D-CSX model especially as higher order RK methods are used. For linear problems, the
D2 dissipation model and D-CSX model are equivalent and thus both have the same CFL
numbers [8, 16]. For nonlinear problems, the two models are numerically observed to give
very similar performance. Thus, in all numerical results, unless specified otherwise, D2 dissi-
pation is used because it has higher CFL number than D1 dissipation and lower interelement
communication than D-CSX dissipation.

3.1.2 Central part of the numerical flux

The F±
e+ 1

2
in (25) are approximations of the time averaged flux obtained from the right and

left element of the interface e + 1
2 respectively. A natural idea to obtain the fluxes at the

interfaces is by extrapolating the discontinuous time averaged flux (20) to obtain

F±
e+ 1

2
= Fδ

h(x
±
e+ 1

2
). (31)

In the context of Lax-Wendroff Flux Reconstruction schemes, the above flux approximation
is called the Average and Extrapolate (AE) procedure [8]. It was observed in [8] that the
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above procedure leads to suboptimal convergence rates and thus Extrapolate and Average
(EA) procedure was introduced in [8] for Lax-Wendroff schemes. In the context of cRK, we
propose the following as the EA scheme

F±
e+ 1

2
=

s∑

i=1

bi f (u
(i)±
e+ 1

2
). (32)

The two schemes (31, 32) are equivalent for linear problems. Similar to [8], we see that the
cRK schemewith EA flux computation (32) gives optimal order of accuracy for all problems,
while AE are suboptimal for some nonlinear problems (Section 5.1.3). The schemes are
equivalent if the solution points (6) are taken to include the boundary points, e.g., for Gauss-
Legendre-Lobatto (GLL) solution points. We also remark that suboptimal convergence rates
observed in Section 5.1.3 are also observed when GLL solution points are used.

3.2 Conservation property and admissibility preservation

To reliably compute weak solutions with discontinuities for non-linear conservation laws, it
is essential to use conservative numerical schemes. According to the Lax-Wendroff theorem,
any consistent and conservative numerical method that converges will give a weak solution
in the limit. Although the conservative property of the cRKFR scheme (21) may not be
immediately obvious, it can be obtained by multiplying (21) with the quadrature weights
associated with the solution points and summing the results across all points in the eth

element as

un+1
e = une − �t

�xe
(Fe+ 1

2
− Fe− 1

2
), une =

N∑

p=0

ue,pwp. (33)

As will be discussed in Section 4.3, the conservation property is also crucial for the pro-
cedure for enforcing admissibility of a solution (2). For the solution of a conservation law,
admissibility preservation is the property that

u(·, t0) ∈ Uad 	⇒ u(·, t) ∈ Uad, t > t0,

and thus an admissibility preserving numerical scheme is defined as follows.

Definition 1 is said to be admissibility preserving if

une,p ∈ Uad ∀e, p 	⇒ un+1
e,p ∈ Uad ∀e, p,

where Uad is the admissible set (2) of the conservation law (1).

The relevance of (33) can already be motivated as our idea is to first develop a scheme that
preserves the following weaker property of admissibility preservation in means.

Definition 2 A Flux Reconstruction scheme is said to be admissibility preserving in means
if

une,p ∈ Uad ∀e, p 	⇒ un+1
e ∈ Uad ∀e, (34)

where Uad is the admissible set (2) of the conservation law (1).

Once the scheme preserves admissibility in means, an admissibility preserving scheme (Def-
inition 1) is obtained by using the scaling limiter of Zhang and Shu [67].
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3.3 High order boundary treatment

As is standard in DG/FR schemes, we impose boundary conditions for the cRKFR scheme
weakly by specifying the numerical flux (25) at the boundary faces. Since we use a time
average numerical flux at the interfaces (21), we also need to approximate the time average
flux at the boundary. This was done in [8] for the Lax-Wendroff schemes and we now develop
it for the cRKFR scheme. In all numerical experiments, we computed the boundary numerical
flux by performing computations only at the boundary face, which is described for various
types of boundary conditions in this section. We also propose an alternate approach that
uses the local cRK procedure (Section 3) in a ghost element, which also gives the optimal
order of accuracy. Since this work is limited to Cartesian grids, the former approach is more
computationally efficient as it only requires ghost values at the interfaces. However, we also
describe the latter approach as it has the potential to be more general, e.g., extendable to high
order curvilinear meshes for some types of boundary conditions like solid walls. Curvilinear
meshes for cRKFR schemes will be considered in future works. Consider the grid elements
to be �e = [xe− 1

2
, xe+ 1

2
] for e = 1, . . . , Ne. Thus, the boundary elements correspond to

e = 1, Ne. The numerical flux at the left most boundary is denoted by F 1
2
and at the right

boundary by FNe+ 1
2
. In the following, we describe the procedure to compute the numerical

flux F 1
2
at the left boundary x 1

2
. The procedure for the right boundary xNe+ 1

2
is similar. In

order to compute (25), we require u−
1
2
, F−

1
2
,U−

1
2
, which we will refer to as the interface ghost

values.
Periodic boundaries. In case of periodic boundary conditions, the interface ghost values are
computed as

u−
1
2

= u−
Ne+ 1

2
, F−

1
2

= F−
Ne+ 1

2
, U−

1
2

= U−
Ne+ 1

2
.

Inflow/outflow boundaries. The boundary conditions will be a mix of inflow and outflow
boundary conditions when eigenvalues of the flux Jacobian f ′ of (1) at interface x 1

2
are

both positive and negative. Such a case is handled through an upwind numerical flux like
HLLC/Roe’s (see Appendix A of [8] for computation of these numerical fluxes from time
averages fluxes).We assume that the inflow boundary value is specified by g(x 1

2
, t) for t ≥ 0.

Then, the interface ghost values are given by

u−
1
2

= g(x 1
2
, tn), F−

1
2

=
s∑

i=1

bi f (g(x 1
2
, tn + �tci )), U−

1
2

=
s∑

i=1

bi g(x 1
2
, tn + �tci ),

where bi , ci are as defined in (17). With these interface ghost values, an upwind numerical
flux is used to obtain the boundary numerical flux. An HLLC flux was used at the left
boundary in the jet flow simulation of Section 5.3.5 because the left boundary is a mix of
inflow and outflow. In case the boundary is fully inflow (all eigenvalues are positive2), we
simply compute the numerical flux as F 1

2
= F−

1
2
, while it is computed as F 1

2
= F+

1
2
in the

fully outflow case (all eigenvalues are negative). This approach gives optimal convergence
rates as shown in Section 5.1.2.
Solid wall boundaries. In case of solid wall boundary conditions for Euler’s equations (48),
where the conservative variables are u = (ρ, ρv1, E), the solution at the ghost interface is

2 For the right boundary x
Ne+ 1

2
, inflow boundaries are those where f ′ (1) has only negative eigenvalues. In

general, for higher dimensions, inflow boundaries are those where eigenvalues of the Jacobian of the normal
flux are positive.
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prescribed by reflecting the velocity. Since theflux is given by f = (ρv1, p+ρv21, (E+p)v1),
the solid wall boundary conditions are enforced by specifying the ghost values as

u−
1
2

= ((u+
1
2
)1,−(u+

1
2
)2, (u

+
1
2
)3),

F−
1
2

= (−(F+
1
2
)1, (F

+
1
2
)2,−(F+

1
2
)3), U−

1
2

= ((U+
1
2
)1,−(U+

1
2
)2, (U

+
1
2
)3). (35)

3.3.1 Local cRK procedure in ghost elements (Alternate boundary treatment)

An alternative approach for boundary condition treatment is to perform the local cRK pro-
cedure (Section 3) in the ghost elements. The idea is to consider e = 0, Ne + 1 as the ghost
elements with the relevant interfaces being x 1

2
, xNe+ 1

2
respectively. We explain it by consid-

ering the left ghost cell �0 = [x− 1
2
, x 1

2
], where x− 1

2
= x 1

2
− �x1. Similar to (6), we can

place N + 1 solution points in the ghost cell and define the numerical solution un0,p in the
ghost element �e. The particular choices for the solution values will depend on the bound-
ary condition. In case of periodic boundary conditions, the solution values are specified as
u0,p = uNe,p , for 0 ≤ p ≤ N . In case of inflow/outflow boundaries with inflow part g(x, t)
for x ∈ �0, we prescribe the boundary values as u0,p = g(x0,p, tn). In case of solid wall
boundary conditions, the solution values are specified as

u0,p = ureflect1,N−p+1, ureflect1,p = (ρ,−ρv1, E)1,p. (36)

Once the solution values are available in the ghost elements, the local cRK procedure of
Section 3 is performed to compute the time averaged flux F−

1
2
and solution U−

1
2
(20, 30).

This gives us all the quantities needed to compute the numerical flux at the left boundary F 1
2

using (25). The reason why this boundary treatment is more general is that equation (36) can
be extended to curvilinear boundaries by reflecting the solution along the normal direction.
However, it is not possible to do the same for the time average flux and time average solution
in (35). Since this work is restricted to Cartesian grids, we use the approach of (35) in this
work. The alternate will be considered in future works when the cRKFR scheme is extended
to curvilinear meshes.

4 Blending scheme

By the formal high order accuracy of the RK scheme (Appendix A), the cRKFR scheme (21)
is a fully discrete high order accurate scheme. Thus, as demonstrated in the numerical results
(like Section 5.1.3), in problemswith smooth solutions, the scheme gives high order accuracy.
In this section, we discuss how to apply this high order method to non-smooth solutions
of hyperbolic conservation laws (1) where structures like rarefactions, shocks and other
discontinuities appear. Such solutions occur in a wide variety of practical applications. A
direct usage of high order methods for such problems is known to produce Gibbs oscillations,
as is also formalized in Godunov’s order barrier theorem [27]. The approach that we take in
this work is to adaptively switch to a robust lower order method in spatial regions where the
solution is less regular, while using the high order scheme in regions of smoothness. This is
consistent with Godunov’s order barrier theorem because the obtained scheme will be non-
linear even for linear equations. The switching process is called the blending scheme because
it takes a combination of high and low order methods. In [7], a subcell based blending for the
high order single stage Lax-Wendroff Flux Reconstruction was introduced, inspired by [31].
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Fig. 2 Subcells used by lower order scheme for degree N = 3 using (a) Gauss-Legendre (GL) solution points
(GL), (b) Gauss-Legendre-Lobatto (GLL) solution points

A crucial part of the subcell scheme of [7] was the limiting of the time average numerical
flux. Since we have cast the cRK scheme in terms of time average fluxes (21), we will now
be able to apply the ideas of [7] to obtain a subcell based cRK scheme with blending. Similar
to [7], the limiter is applied only once per time step in the cRKFR scheme.

The description of the blending scheme begins by writing a single evolution step of the
cRKFR scheme (21) as

uH ,n+1
e = une − �t

�xe
RH
e ,

where ue is the vector of nodal values in the element e. We use a lower order scheme written
in the same form as

uL,n+1
e = une − �t

�xe
RLe .

Then the blended scheme is obtained by taking a convex combination of the two schemes as

un+1
e = (1 − αe)uH ,n+1

e + αeuL,n+1
e = une − �t

�xe
[(1 − αe)RH

e + αeRLe ], (37)

where αe ∈ [0, 1] is chosen based on a local smoothness indicator taken from [31] (Also see
Section 3.3 of [7] for a discussion on the indicator of [31]). If αe = 0, the blending scheme is
the high order cRKFR scheme, while if αe = 1, the scheme becomes the low order scheme
that does not produce spurious oscillations and is admissibility preserving (Definition 1).
In subsequent sections, we explain the details of the lower order scheme. The lower order
scheme will either be a first order finite volume scheme or a high resolution scheme based
on MUSCL-Hancock idea.

Let us subdivide each element �e into N + 1 subcells associated to the solution points
{xep, p = 0, 1, . . . , N } of the cRKFR scheme. Thus, we will have N + 2 subfaces denoted
by {xe

p+ 1
2
, p = −1, 0, . . . , N } with xe− 1

2
= xe− 1

2
and xe

N+ 1
2

= xe+ 1
2
. For maintaining a

conservative scheme, the pth subcell is chosen so that

xe
p+ 1

2
− xe

p− 1
2

= wp�xe, 0 ≤ p ≤ N , (38)
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where wp is the pth quadrature weight associated with the solution points. Figure 2 gives
an illustration of the subcells for the degree N = 3 case for Gauss-Legendre and Gauss-
Legendre-Lobatto solution points. The low order scheme is obtained by updating the solution
in each of the subcells by a finite volume scheme,

uL,n+1
e,0 = une,0 − �t

w0�xe
[ f e1

2
− Fe− 1

2
], (39a)

uL,n+1
e,p = une,p − �t

wp�xe
[ f e

p+ 1
2

− f e
p− 1

2
], 1 ≤ p ≤ N − 1, (39b)

uL,n+1
e,N = une,N − �t

wN�xe
[Fe+ 1

2
− f e

N− 1
2
]. (39c)

The inter-element fluxes Fe+ 1
2
used in the low order scheme are same as those used in the

high order cRK scheme in equation (21). Usually, Rusanov’s flux (12) will be used for the
inter-element fluxes and in the lower order scheme. The element mean value obtained by the
low order scheme satisfies

uL,n+1
e =

N∑

p=0

uL,n+1
e,p wp = une − �t

�xe
(Fe+ 1

2
− Fe− 1

2
), (40)

which is identical to the element mean evolution of the cRKFR scheme (33) in the absence
of source terms. Thus, the element mean in the blended scheme evolves according to

un+1
e = (1 − αe)(ue)H ,n+1 + αe(ue)L,n+1

= (1 − αe)

[
une − �t

�xe
(Fe+ 1

2
− Fe− 1

2
)

]
+ αe

[
une − �t

�xe
(Fe+ 1

2
− Fe− 1

2
)

]

= une − �t

�xe
(Fe+ 1

2
− Fe− 1

2
),

(41)

and hence the blended scheme is also conservative. Overall, all three schemes, i.e., lower
order, cRKFR and the blended scheme, predict the same mean value. The same inter-element
flux Fe+ 1

2
is used both in the low and high order schemes. To achieve high order accuracy, this

flux needs to be high order accurate in smooth regions. However, usage of a high order flux
may produce spurious oscillations near discontinuities when used in the low order scheme.
A natural choice to balance accuracy and oscillations is to take

Fe+ 1
2

= (1 − αe+ 1
2
)FHO

e+ 1
2

+ αe+ 1
2
f e+ 1

2
, (42)

where FHO
e+ 1

2
is the high order inter-element time-averaged numerical fluxes used in the

cRKFR scheme (25) and f e+ 1
2
is a lower order flux at the face xe+ 1

2
shared between FR

elements and subcells (43, 44). The blending coefficient αe+ 1
2
will be based on a local

smoothness indicator which will bias the flux towards the lower order flux f e+ 1
2
near regions

of lower solution smoothness. However, to enforce admissibility in means (Definition 2), the
flux has to be further limited, as explained in Section 4.3.
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4.1 First order blending

The lower order scheme is taken to be a first order finite volume scheme, for which the subcell
fluxes in (39) are given by

f e
p+ 1

2
= f (ue,p, ue,p+1).

At the interfaces that are shared with FR elements, we define the lower order flux used in
computing inter-element flux as

f e+ 1
2

= f (ue,N , ue+1,0). (43)

In this work, the numerical flux f (·, ·) is taken to be Rusanov’s flux (12).

4.2 Higher order blending

TheMUSCL-Hancock scheme is a second order finite volume method that uses a flux whose
stencil at FR element e + 1/2 is given by

f e+ 1
2

= f (ue,N−1, ue,N , ue+1,0, ue+1,1). (44)

The standard MUSCL-Hancock scheme is described for finite volume grids where the solu-
tion points are the cell centres. In order to maintain the conservation property, the solution
points are chosen to be as in (38) and are thus not at cell centres. In order for the admis-
sibility preservation for the blended scheme, it is also essential that the MUSCL-Hancock
scheme used on subcells is admissibility preserving. Thus, we use the admissibility preserv-
ing MUSCL-Hancock scheme on non-uniform, non-centred grids described in Appendix A
of [7]. The idea for admissibility preservation of the MUSCL-Hancock scheme in [7] is an
extension of the cell-centred case of [13].

4.3 Flux limiter for admissibility in means

In this section, we demonstrate how the proposed time averaged flux formulation of the
cRKFR scheme (21) enables the application of the flux limiter of [7] to obtain an admissibility
preserving in means scheme (Definition 2). The need for the flux limiter lies in the fact that
the blending scheme (37) with the interelement flux Fe+ 1

2
chosen as in (42) is heuristically

designed to control spurious oscillations while maintaining accuracy. Since the blending
scheme allows some spurious oscillations, it does not guarantee that the numerical solution
will be in the admissible setUad (2). A standard approach to construct admissibility preserving
schemes (Definition 1) is to use Strong Stability Preserving (SSP)Runge-Kutta (RK) schemes
[28] for temporal discretization of FR schemes as they give admissibility preserving in means
schemes (Definition 2). The admissibility preservation in means of SSP-RKFR schemes is
obtained by decomposing the element mean evolutions into a convex combination of first
order finite volume evolutions [4, 67], and then exploiting the fact that each RK stage of an
SSPRK method is a convex combination of forward Euler evolutions of the previous stages.
For such admissibility preserving in means schemes, we can use the scaling limiter of Zhang
and Shu [67] to obtain an admissibility preserving scheme (Definition 1). However, unlike
the SSP-RKFR schemes, the general cRKFR schemes of the form (21) are designed in the
Butcher form with no obvious SSP structures. In the recent work of [39], for the cRKDG
schemes, which can be equivalent cRKFR schemes of the form (19) (or of the form (21)
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with D-CSX dissipation (27)), admissibility in means of each stage of the cRK method was
proven with conditions on CFL numbers. Thus, by applying the scaling limiter of [67] at
every stage in the cRK scheme, an admissibility preserving cRKDG scheme was obtained.
This approach requires s applications of scaling limiters of [67] for an s stage Runge-Kutta
method and cannot directly be applied to our D1/D2 dissipation models, which only use one
wave speed estimate for each time level.

Therefore, to ensure admissibility preserving in means for the cRKFR scheme, also as
an alternative to [39], we propose to use the flux limiter of [7] to compute the time average
numerical flux used at the element interfaces. This approach can be applied since we have
cast our scheme in terms of time averaged flux (21). For any number of stages of the cRK
method, the process requires only one flux limiter to obtain admissibility preservation in
means of the cRKFR method. In addition, the scheme helps to obtain admissibility in means
for the general cRKFR schemes of the form (21). The theoretical basis for the flux limiter is
the same as for the LWFR scheme (Theorem 2 of [7]), and is given in the following theorem.

Theorem 1 Consider the cRKFR blending scheme (37) where low and high order schemes
use the same numerical flux Fe+ 1

2
at every element interface. Then we obtain the following

results on admissibility preserving in means (Definition 2) of the scheme:

1. Suppose element means of both low and high order schemes are equal. The blended
scheme (37) is admissibility preserving in means if and only if the lower order scheme is
admissibility preserving in means;

2. If the finite volume method using the lower order flux f e+ 1
2
as the interface flux is

admissibility preserving, and the blended numerical flux Fe+ 1
2
is chosen to preserve

the admissibility of lower-order updates at solution points adjacent to the interfaces, then
the blending scheme (37) will preserve admissibility in means.

By Theorem 1, an admissibility preserving in means cRKFR scheme (Definition 2) can be
obtained if we choose the flux Fe+ 1

2
so that (39a, 39c) are admissible. The idea is to update

the coefficient αe+ 1
2
in (42) to ensure that all the lower order evolutions in (39) are admissible.

The procedure is the same as for LWFR scheme, and can be found in Section 5 of [7], and
also as Algorithm 4 in [10]. We also remark that, by generalizing the work of [67], the ideas
of flux limiter apply even when a blending scheme is not used [4]. The limiting process has
been extended to curvilinear grids in [10] and to multiderivative Runge-Kutta schemes in [5].

5 Numerical results

We show various numerical results to demonstrate that the cRKFR scheme is high order
accurate and that the cRKFR scheme with blending is robust and admissibility preserving.
We first show a few results for comparison between D1/D2 dissipation (28, 29), and between
AE/EA fluxes (31, 32). The performance of D-CSX dissipation model (27) is not shown as it
is virtually the same as the D2 model although a script verifying that is provided for Burgers’
equation in the file generate/dcsx.jl at [6]. After the comparison, we use the D2 dissipation
for its higher CFL stability (Table 1 of [8]) and the EA flux for its higher accuracy in all
results. When a degree N polynomial discretization is used, the cRK scheme of order N + 1
is used (e.g., cRK33 (23) for N = 2). The most general equations that we work with are the
2-D hyperbolic conservation laws

ut + f x + gy = 0, (45)
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where u ∈ R
M is the vector of conserved variables and f , g are x, y fluxes. The description

of the numerical scheme in previous sections has been for 1-D conservation laws (1), but
the extension to 2-D conservation laws (45) can be done by applying the similar procedure
to both x, y fluxes in (45) (see [11] for a detailed description of the LWFR scheme with
blending limiter in 2-D). Recall σ(A) denotes the spectral radius of a matrix A. We compute
the time step size �t for the scheme with polynomial degree N as

�t = Cs min
e

(
σ( f ′(ue))

�xe
+ σ(g′(ue))

�ye

)−1

CFL(N ), (46)

where e is the element index,�xe,�ye are the element lengths in x, y directions respectively,
Cs ≤ 1 is a safety factor, CFL(N ) is the optimal CFL number obtained by Fourier stability
analysis. We use the optimal CFL numbers of the LWFR scheme from Table 1 of [8] since the
cRKFR scheme is linearly equivalent to the LWFR scheme. These CFL numbers are also in
Table 1.1 of [16]. The safety factor is taken to be Cs = 0.98 unless specified otherwise. For
the 1-D equations, (46) is used by setting g = 0. The developments have been contributed
to the Julia [14] package Tenkai.jl [3] and the run files for generating the results in this
paper are available at [6].

5.1 Scalar equations

In this section, we look at numerical results involving scalar equations. The L2 error is plotted
versus degrees of freedomwith different polynomial degrees in different colours. In all plots,
degrees N = 1, 2, 3 are shown with orange, blue and green colours respectively.

5.1.1 Linear advection equation

We consider the scalar 1-D conservation law (1) with the flux f (u) = u and the initial
condition u(x, 0) = sin(2πx) with periodic boundary conditions on the domain [0, 1]. The
L2 error is computed at t = 2 for polynomial degrees N = 1, 2, 3 with the respective order
N + 1 cRK method (22, 23, 24). The L2 error versus total degrees of freedom plots are
shown in Figure 3 comparing D1 and D2 dissipation for Radau and g2 correction functions.
The D1 and D2 dissipation schemes are used at their optimal CFL numbers (Table 1 of [8]).
Optimal order of accuracy is seen for both correction functions. Radau correction function
give lower errors, as is consistent with observations in the earlier works [8, 32]. For odd
degrees N = 1, 3, the D2 dissipation scheme is showing better accuracy which is promising
since the scheme is running at larger time steps. For the even degree N = 2, theD1 dissipation
has smaller errors although we also observed that D2 dissipation could give similar accuracy
if it is using the same time step sizes as that of the D1 dissipation.

5.1.2 Variable advection equation

We now work with conservation laws where the flux has an explicit spatial dependence so
that the PDE is given by

ut + f (x, u)x = 0, f (x, u) = a(x)u.

We tried various such test cases from [43] and found similar conclusions. To save the space,we
only present the case a(x) = x2 on domain [0.1, 1]with initial condition u0(x) = cos(πx/2).
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Fig. 3 L2 error versus number of degrees of freedom for degrees N = 1, 2, 3 for 1-D linear advection
equation with periodic boundary conditions at t = 2 comparing D1 and D2 dissipation schemes using (a)
Gauss-Legendre (GL) solution points with Radau correction functions, (b) Gauss-Legendre-Lobatto (GLL)
solution points with g2 correction functions

The exact solution is given by u(x, t) = u0(x/(1 + t x))/(1 + t x)2 and it is used to impose
inflow boundary conditions (Section 3.3) on the left, and outflow boundary conditions are
imposed on the right. While the flux f (x, u) is linear in the u variable, the problem is non-
linear in the spatial variable in the sense that Ih(a(x)uh) �= Ih(a)Ih(uh) where Ih is the
interpolation operator. Thus, we use this problem to compare the AE (31) and EA (32)
schemes for computation of trace values of the time averaged flux. The L2 error versus
total degrees of freedom plots are shown in Figure 4 where a comparison with the standard
Runge-Kutta method of the same order is made for AE, EA fluxes. In Figure 4a, the cRKFR
scheme with AE flux (31) is compared with the standard RKFR scheme. For degree N = 2,
the two schemes give similar performance. For the odd degrees N = 1, 3, it is seen that the
cRKFR scheme with AE flux gives much larger errors than the RKFR scheme. However,
optimal order of accuracy is shown by all schemes. In Figure 4b, the cRKFR scheme with
EA flux (32) is compared with the standard RKFR scheme. In this case, the two schemes
give similar performance for all degrees. In Figure 4c, the cRKFR schemes withAE (31) and
EA (32) fluxes are compared. The EA flux gives much better accuracy for degrees N = 1, 3
while for N = 2, the two schemes give similar performance.

5.1.3 Burgers’ equation

We now test the simplest non-linear hyperbolic conservation law, the 1-D Burgers’ equation
with flux (1) given by f (u) = u2/2. The initial condition is taken to be u0(x) = 0.2 sin(x)
on the domain [0, 2π] with periodic boundary conditions. The solution develops a shock at
time t = 5 and thus we compute the error against the exact solution at time t = 2 when the
solution is smooth and optimal order of accuracy is expected. The exact solution is obtained
by solving a nonlinear equation obtained through the method of characteristics. The L2 error
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Fig. 4 L2 error versus number of degrees of freedom for degrees N = 1, 2, 3 for variable advection equation
with flux f (x, u) = x2u and non-periodic boundary conditions using Gauss-Legendre (GL) solution points
with Radau correction functions. (a) Comparison of the cRKFR scheme using the AE flux (31) with the
standard RKFR scheme, (b) comparison of the cRKFR scheme using the EA flux (32) with the standard
RKFR scheme, (c) comparison of the cRKFR schemes using AE (31) and EA (32) fluxes

versus total degrees of freedom plots are shown in Figure 5 comparing the AE and EA
schemes for the cRKFR scheme, along with the standard RKFR scheme of the same order.
In Figure 5a, Radau correction functions with Gauss-Legendre solution points are used. The
EA scheme gives optimal order of accuracy for all degrees, and has comparable performance
to the standard RKFR scheme. For odd degrees N = 1, 3, it is seen that the AE scheme
gives noticeably larger errors than the standard RKFR scheme and suboptimal convergence
of order close to N+1/2. In Figure 5b, g2 correction functions with Gauss-Legendre-Lobatto
(GLL) solution points are used. In this case with GLL points, the AE and EA schemes are
equivalent as is verified through the error performance. The same performance is seen for
cRKFR and RKFR for all degrees. Optimal order of accuracy is shown for degree N = 2,
but for the odd degrees N = 1, 3, the schemes give suboptimal convergence of order close to
N+1/2. As discussed in Section 3.1, the D2 andD-CSX dissipationmodels give very similar
performance. We provide a simple script which does the comparison of the two dissipation
models for Burgers’ equations (Section 5.1.3) in the file generate/dcsx.jl at [6].

5.1.4 Composite signal

The following is a test for the dissipation errors produced by the blending scheme (Section 4).
We compare the performance of the blending scheme with the TVB limiter of [20] which
was also used for the cRKDG scheme in [16]. The following 2D advection equation with a
divergence free velocity field is considered

ut + ∇ · [a(x, y)u] = 0, a = (1/2 − y, x − 1/2). (47)

The domain is taken to be [0, 1]2. The characteristics of the PDE (47) are circles around the
centre (1/2, 1/2) and thus the solution rotates around the centre. The initial condition, taken
from [38], consists of the following three profiles - a slotted disc, a cone and a smooth hump
(see Figure 6a). They are given by
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Fig. 5 ComparingAE andEA schemes for 1-DBurgers’ equation at t = 2 usingGauss-Legendre (GL) solution
points with (a) Radau correction functionwithGauss-Legendre (GL) solution points, (b) g2 correction function
with Gauss-Legendre-Lobatto (GLL) solution points

u(x, y, 0) = u1(x, y) + u2(x, y) + u3(x, y), (x, y) ∈ [0, 1] × [0, 1]
u1(x, y) = 1

4
(1 + cos(πq(x, y))), q(x, y)

= min(
√

(x − x̄)2 + (y − ȳ)2, r0)/r0, (x̄, ȳ) = (1/4, 1/2), r0 = 0.15

u2(x, y)

=
⎧
⎨

⎩
1 − 1

r0

√
(x − x̄)2 + (y − ȳ)2 if (x − x̄)2 + (y − ȳ)2 ≤ r20

0 otherwise
, (x̄, ȳ) = (1/2, 1/4), r0 = 0.15

u3(x, y)

=
{
1 if (x, y) ∈ C

0 otherwise

where C is a slotted disc with center at (0.5, 0.75) and radius of r0 = 0.15. That is, C is
obtained by removing the set {(x, y) : |x − 1/2| < r0/4, y < 3/4 + 0.7r0} from the disc.

We look at the numerical solution after it completes one time period at t = 2π in Figure 6.
We compare contour plots of polynomial solutions obtained using the cRKFR method of
degree N = 3 with the TVB limiter using a fine-tuned parameter M = 100 (Figure 6b),
and with blending limiter using the first order (FO) (Figure 6c) and MUSCL-Hancock (MH)
reconstructions (Figure 6d). The smooth Gaussian profile is equally resolved by all three
methods. For the cone profile, both the blending schemes show equallywell-resolved profiles,
which are slightly less dissipated than the one obtained by the TVB limiter. The most benefit
of the blending limiter is seen in resolution of the sharp features of the slotted disc. The
solution by the TVB limiter is a lot more smeared than both the blending schemes. The
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Fig. 6 Rotation of a composite signal with velocity a = ( 12 − y, x − 1
2 ), numerical solution with polynomial

degree N = 3 on a mesh of 1002 elements

MUSCL-Hancock blending scheme is slightly better than the first order blending scheme in
this case.

5.2 1-D Euler’s equations

We now consider the 1-D Euler equations, which are a system of non-linear hyperbolic
conservation laws given by

∂

∂t

⎛

⎝
ρ

ρv1
E

⎞

⎠+ ∂

∂x

⎛

⎝
ρv1

p + ρv21
(E + p)v1

⎞

⎠ = 0 (48)

where ρ, v1, p and E denote the density, velocity, pressure and total energy per unit volume
of the gas, respectively. For a polytropic gas, an equation of state E = E(ρ, v1, p) which
leads to a closed system is given by

E = E(ρ, v1, p) = p

γ − 1
+ 1

2
ρv21 (49)

where γ > 1 is the adiabatic constant, that will be taken as 1.4 which is the value for air. The
time step size is computed using (46) with the spectral radii for 1-D Euler’s equations (48)
approximated as

σ( f ′(u)) = |v1| + c, σ (g′(u)) = 0, c = √
γ p/ρ. (50)

In the following results, wherever it is not mentioned, we use the Rusanov flux (12). We use
Radau correction function with Gauss-Legendre solution points because of their superiority
seen in the scalar equations, as is consistent with the LWFR results in [7, 8]. We use EA
flux (32) because of its accuracy benefit and D2 dissipation (29) because of its higher CFL
numbers (Table 1 of [8]). The tests consist of problems with strong shocks with high pressure
ratios in order to demonstrate the scheme’s capability to preserve admissibility of the solution.
We also show the performance comparison of the TVB limiter and the blending scheme to
show that the blending scheme is able to resolve extremum and contact discontinuities well.
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5.2.1 Blast wave

This blast wave test from [65] consists of an initial condition with two discontinuities given
as

(ρ, v1, p) =

⎧
⎪⎨

⎪⎩

(1, 0, 1000), if x < 0.1,

(1, 0, 0.01), if 0.1 < x < 0.9,

(1, 0, 100), if x > 0.9,

in the domain [0, 1]. The boundaries are set as solidwalls by imposing the reflecting boundary
conditions at x = 0 and x = 1 (36). The two discontinuities lead to two Riemann problems,
each of which lead to a shock, rarefaction and a contact discontinuity. The boundary con-
ditions cause reflection of shocks and expansion waves off the solid wall and several wave
interactions inside the domain. As time goes on, the two reflected Riemann problems interact,
which is the main point of interest for this test [65]. Without positivity correction, negative
pressures are obtained by the cRKFR scheme during the shock interaction. The interaction
of the two Riemann problems also cause the formation of an extremum in the density profile.
Dissipation errors of limiters are often seen in the presence of extrema. Thus, we use this
test to demonstrate the performance of the First Order (FO) and MUSCL-Hancock (MH)
blending schemes by comparing themwith the TVB limiter. The numerical results are shown
in Figure 7 with a grid of 400 elements using polynomial degree N = 3 at time t = 0.038.
The TVB limiter is used with the fine tuned parameter M = 300. Figure 7 shows the density
and pressure profiles of the numerical solution, compared with a reference solution computed
using a very finemesh. The superior of blending scheme is evident, especiallywhen compared
with the TVB limiter, by looking at peak amplitude (extremum) and contact discontinuity of
the density profile (Figure 7a).

5.2.2 Titarev Toro

This test case by Titarev and Toro [59] consists of severely oscillatory waves (extrema)
interacting with a shock. The initial condition is given by

(ρ, v1, p) =
{

(1.515695, 0.523346, 1.805), −5 ≤ x ≤ −4.5

(1 + 0.1 sin(20πx), 0, 1), −4.5 < x ≤ 5

Thephysical domain is [−5, 5]with outflowboundary conditions (Section 3.3). The challenge
in this test case is to have a robust scheme near the discontinuity without adding too much
dissipation to the smooth extrema as they pass through the shock. Thus, we compare the
performance of the First Order (FO) and MUSCL-Hancock (MH) blending schemes with
the TVB limiter by looking at how they resolve the smooth extrema. The density profile at
t = 5 is shown in Figure 8. The TVB limiter is using the fine tuned parameter M = 300.
The zoomed Figure 8b clearly shows that the blending schemes give better resolution of
the smooth extrema than the TVB limiter. The MUSCL-Hancock has nearly resolved the
extrema, and is noticeably better than the first order scheme.

5.2.3 Sedov’s blast

Sedov’s blast wave test [52] describes a point injection in a gas, e.g., from an explosion.
The injection generates a radial shock wave that compresses the gas and causes extreme
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Fig. 7 Blastwave problem, numerical solutionwith degree N = 3 using first order (FO) andMUSCL-Hancock
(MH) blending schemes, and TVB limited scheme (TVB-300) with parameter M = 300. (a) Density, (b)
pressure profiles are shown at time t = 0.038 on a mesh of 400 elements

Fig. 8 Titarev-Toro problem, comparing First Order (FO) andMUSCL-Hancock (MH) blending (a) Complete,
(b) Zoomed density profile near smooth extrema on a mesh of 800 elements

temperatures and pressures. The problem can be formulated in one dimension as a special
case, where the explosion occurs at x = 0 and the gas is confined to the interval [−1, 1]
by solid walls (36). For the simulation, on a grid of 201 elements with solid wall boundary
conditions, we use the following initial data from [69],

ρ = 1, v1 = 0, E(x) =
{

3.2×106
�x , |x | ≤ �x

2 ,

10−12, otherwise,

where�x is the element width. The extremely high pressure ratios at the shock make it chal-
lenging to preserve admissibility of the solution. This test is known to only work for schemes
which are provably admissibility preserving. Thus, nonphysical solutions are obtained for the
cRKFR scheme if the proposed admissibility preservation corrections from Section 4.3 are
not applied. The density and pressure profiles at t = 0.001 obtained using blending schemes
are shown in Figure 9. The TVB limiter is used by generalizing the positivity preserving
framework in Section 4.3, following [4]. The parameter M = 0 was found to be the best for
this test. Compared to the TVB limiter, the blending scheme gives a sharper resolution of the
shock while also giving better control of spurious oscillations.
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Fig. 9 Sedov’s blast wave problem, numerical solution with degree N = 3 using first order (FO) andMUSCL-
Hancock blending schemes. (a) Density and (b) pressure profiles of numerical solutions are plotted at time
t = 0.001 on a mesh of 201 elements

5.3 2-D Euler’s equations

We consider the two-dimensional Euler equations of gas dynamics given by

∂

∂t

⎛

⎜⎜⎝

ρ

ρv1
ρv2
E

⎞

⎟⎟⎠+ ∂

∂x

⎛

⎜⎜⎝

ρv1
p + ρv21
ρv1v2

(E + p)v1

⎞

⎟⎟⎠+ ∂

∂ y

⎛

⎜⎜⎝

ρv2
ρv1v2
p + ρv22

(E + p)v2

⎞

⎟⎟⎠ = 0, (51)

where ρ, p and E denote the density, pressure and total energy of the gas, respectively and
(v1, v2) are Cartesian components of the fluid velocity. For a polytropic gas, an equation of
state E = E(ρ, v1, v2, p) which leads to a closed system is given by

E = E(ρ, v1, v2, p) = p

γ − 1
+ 1

2
ρ(v21 + v22), (52)

where γ > 1 is the adiabatic constant, that will be taken as 1.4 unless specified otherwise,
which is the typical value for air. The time step size is computed using (46) with the spectral
radii for Euler’s equations (51) approximated as

σ( f ′(u)) = |v1| + c, σ (g′(u)) = |v2| + c, c = √
γ p/ρ.

Unless specified otherwise, we use the Rusanov numerical flux (12) at the element interfaces.
Since we have already established the superiority of the blending scheme over the TVB

limiter, for further verification of the cRKFR scheme with blending, we will compare our
results withTrixi.jl [48].Trixi.jl is a Julia package for solving hyperbolic conserva-
tion laws using the Runge-Kutta Discontinuous Galerkin methods and contains the blending
limiter of [31] with a first order finite volume scheme on the subcells using Gauss-Legendre-
Lobatto (GLL) solutions points. This makes the implementation of Trixi.jl equivalent
to the RKFR scheme using GLL solution points and g2 correction functions [23]. As dis-
cussed in Section 4, in order to minimize dissipation errors, our blending scheme instead uses
the MUSCL-Hancock reconstruction on subcells, and Gauss-Legendre (GL) solution points.
Thus, by making the comparison with Trixi.jl, we numerically verify the accuracy gain
of the proposed cRKFR blending scheme. In all numerical experiments, both solvers use the
same time step sizes in (46). We have also performed experiments using cRKFR scheme
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with first order blending scheme and Gauss-Legendre (GL) points, and observed lower accu-
racy than the MUSCL-Hancock blending scheme, but higher accuracy than the first order
blending scheme implementation of Trixi.jl using GLL points. However, to save space,
we have not presented the results of cRKFR scheme with first order blending.

5.3.1 Isentropic vortex problem

We first test the cRKFR scheme for a setup where the exact solution is smooth and is analyt-
ically known. The setup, taken from [54, 66], consists of an isentropic vortex that advects at
a constant velocity. The initial conditions with periodic boundary conditions are taken to be

ρ =
[
1 − β2(γ − 1)

8γπ2 exp(1 − r2)

] 1
γ−1

, v1 = M∞ cosα − β(y − yc)

2π
exp

(
1 − r2

2

)

v2 = M∞ sin α + β(x − xc)

2π
exp

(
1 − r2

2

)
, r2 = (x − xc)

2 + (y − yc)
2,

and the pressure is set as p = ργ . The parameters of the vortex setup are chosen to be
β = 5, M∞ = 0.5, α = 45o, (xc, yc) = (0, 0). The physical domain is taken to be
[−10, 10] × [−10, 10]. For the initial condition u0 = u0(x, y), the exact solution at time
t is given by u0(x − u0t, y − v0t) where u0 = M∞ cosα, v0 = M∞ sin α. The simulation
is run till t = 1 units3 and Figure 10 shows the L2 error of the density variable sampled
at N + 3 equispaced points against grid resolution with and without the blending limiter.
It can be seen that the limiter does not activate for adequately high resolution, yielding the
same optimal convergence rates as those achieved without the limiter, as shown in Figure 10.
A performance comparison between Lax-Wendroff (LW) and standard multistage Runge-
Kutta (RK) schemes has been made in previous works [8, 44, 45] revealing the benefit of LW
discretization. Following [15, 71], the Jacobian free approximate Lax-Wendroff procedure
of [71] is found to be faster than the classical Lax-Wendroff procedure. Thus, we only make
a performance comparison of the cRKFR scheme with the LWFR scheme of [8] that uses
the approximate Lax-Wendroff procedure of [71] in Table 1. All methods are implemented
in the open source package Tenkai.jl [3] that was also used for the simulations in [4, 7,
8]. The simulations were performed on an Apple M3 Pro running Julia v1.10 on macOS 15.3
Sequoia. It is observed in Table 1 that the cRKFR scheme is faster than the LWFR scheme
up to a factor of 1.38. The L2 errors of the LWFR scheme are very close to cRKFR scheme
and are thus not shown.

5.3.2 2-D Riemann problem

In this test, we show the accuracy of cRKFR scheme with the blending limiter by showing
its ability to capture small scale shear structures that appear in a 2-D Riemann problem. The
initial condition of a 2-D Riemann problem consists of four constant states. A theoretical and
numerical study for the 2-D Riemann problem particular to gas dynamics can be found in
[26]. The physical domain is taken to be [0, 1]2, and the four initial states are chosen so that
the jump across any two has an elementary planar wave solution, i.e., a shock, rarefaction
or contact discontinuity. There are only 19 such genuinely different configurations possible

3 Optimal order of accuracy and same WCT conclusions as in Table 1 are also seen for the full time period
T = 20

√
2M∞. Results are shown for a shorter time for quick reproducibility of benchmarking file gener-

ate/isentropic.jl at [6]
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Fig. 10 L2 error versus number of elements for polynomial degrees N = 2, 3 for the isentropic vortex test
using Radau correction function with Gauss-Legendre (GL) solution points and Radau correction function

Table 1 Wall clock time performance (seconds) comparison of LWFR and cRKFR schemes for different
polynomial degrees N and mesh with number of elements Ne

Ne N = 1 N = 2 N = 3
LW cRK Ratio LW cRK Ratio LW cRK Ratio

502 0.14 0.12 1.14 0.5 0.52 0.96 1.7 1.2 1.37

1002 1.1 0.9 1.16 3.9 3.0 1.31 14.0 10.2 1.36

2002 9.2 7.9 1.15 32.1 25.9 1.23 115.2 84.3 1.36

4002 78.2 67.9 1.15 262.5 202.3 1.29 937.4 677.7 1.38

[37, 70]. We consider configuration 12 of [37] consisting of 2 positive slip lines (contact
discontinuities) and two forward shocks. The initial condition is given by

(ρ, v1, v2, p) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

(0.5313, 0, 0, 0.4) if x ≥ 0.5, y ≥ 0.5,

(1, 0.7276, 0, 1) if x < 0.5, y ≥ 0.5,

(0.8, 0, 0, 1) if x < 0.5, y < 0.5,

(1, 0, 0.7276, 1) if x ≥ 0.5, y < 0.5.

The simulations are performedwith outflowboundary conditions (Section 3.3) on an enlarged
domain up to time t = 0.25. The density profiles obtained from theMUSCL-Hancock blend-
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Fig. 11 2-DRiemann problem, density plots of numerical solution at t = 0.25 for degree N = 3 on a 256×256
mesh

ing scheme and Trixi.jl are shown in Figure 11. We see that both schemes give similar
resolution in most regions. The MUSCL-Hancock blending scheme gives better resolution
of the small scale structures arising across the slip lines, demonstrating the accuracy of the
blending scheme.

5.3.3 Double Mach reflection

Similar to the 2-D Riemann problem, the double Mach reflection problem demonstrates
the capability of the blending scheme to capture small scale shear structures that occur at
a contact discontinuity. Additionally, it consists of a Mach 10 shock, making it a test for
admissibility preservation as well. It was originally proposed byWoodward and Colella [65]
and consists of a shock impinging on a wedge/ramp which is inclined by 30 degrees. The
solution consists of a self similar shock structure with two triple points. By a change of
coordinates, the situation is simulated in the rectangular domain � = [0, 4] × [0, 1], where
the wedge/ramp is positioned at x = 1/6, y = 0. Defining ub = ub(x, y, t) with primitive
variables given by

(ρ, v1, v2, p) =
{

(8, 8.25 cos
(

π
6

)
,−8.25 sin

(
π
6

)
, 116.5), if x < 1

6 + y+20t√
3

(1.4, 0, 0, 1), if x > 1
6 + y+20t√

3

we define the initial condition to be u0(x, y) = ub(x, y, 0). With ub, we impose inflow
boundary conditions at the left side {0}×[0, 1], outflowboundary conditions both at [0, 1/6]×
{0} and {4} × [0, 1], reflecting boundary conditions at [1/6, 4] × {0} and inflow boundary
conditions at the upper side [0, 4] × {1}.

The simulation is run on a mesh of 600× 150 elements using degree N = 3 polynomials
upto time t = 0.2. In Figure 12, we compare the results of Trixi.jl (Figure 12a) with
the MUSCL-Hancock blended scheme (Figure 12b) zoomed near the primary triple point. In
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Fig. 12 Double Mach reflection problem, density plot of numerical solution at t = 0.2 on a 600 × 150 mesh
zoomed near the primary triple point

Figure 12c, we have a reference solution that is computed by a Trixi.jl on a much finer
mesh to demonstrate that the number of small scale structures increasewith higher resolution.
As expected, the small scale structures are captured better by the MUSCL-Hancock blended
scheme making it look closer to the reference solution than Trixi.jl on the same mesh.

5.3.4 Sedov’s blast test

This Sedov’s blast test was introduced in [50] to demonstrate the positivity preserving prop-
erty of their scheme. Similar to Sedov’s blast test in Section 5.2.3, this test on domain
[−1.5, 1.5]2 has energy concentrated at the origin. More precisely, for the initial condition,
we assume that the gas is at rest (v1 = v2 = 0) with Gaussian distribution of density and
pressure

ρ(x, y) = ρ0 + 1

4πσ 2
ρ

exp

(
− r2

2σ 2
ρ

)
, p(x, y) = p0 + γ − 1

4πσ 2
p
exp

(
− r2

2σ 2
p

)
, r2 = x2 + y2,

(53)

where σρ = 0.25 and σp = 0.15. The ambient density and ambient pressure are set to ρ0 = 1,
p0 = 10−5. The boundaries are taken to be periodic, leading to interaction between shocks as
they re-enter the domain through periodic boundaries and form small scale fractal structures.
In Figure 14, we compare the density profiles of the numerical solutions of polynomial
degree N = 3 on a mesh of 642 elements using Trixi.jl and the proposed MUSCL-
Hancock blending scheme in log scales. Looking at the reference solution on a finer 1282

element mesh (Figure 13), we see that the MUSCL-Hancock scheme resolves the small scale
structures better. This is particularly seen in the resolution of mushroom-like structures that
emanate from the corners of the black region in the pseudocolor plot.

5.3.5 Astrophysical jet

In this test, a hypersonic jet is injected into a uniform medium with a Mach number of
2000 relative to the sound speed in the medium. The very high Mach number makes it a
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Fig. 13 Sedov’s blast test with periodic domain, density plot of numerical solution on 128 × 128 mesh in
log scales with degree N = 3 at (a) t = 2 and (b) t = 20 with polynomial degree N = 3 computed using
Trixi.jl

Fig. 14 Sedov’s blast test with periodic domain, density plot of numerical solution on 64 × 64 mesh in log
scales at t = 20 with degree N = 3
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Fig. 15 Mach 2000 astrophysical jet, density plot of numerical solution in log scales on 400 × 400 mesh at
time t = 0.001

difficult test for admissibility preservation. In addition, the jet flow causes shear structures
whose resolution is used as a test for accuracy of the blending limiter. Following [30, 68],
the domain is taken to be [0, 1] × [−0.5, 0.5], the ambient gas in the interior has state ua
defined in primitive variables as

(ρ, v1, v2, p)a = (0.5, 0, 0, 0.4127)

and jet inflow state u j is defined in primitive variables as

(ρ, v1, v2, p) j = (5, 800, 0, 0.4127)

On the left boundary, we impose the boundary conditions

ub =
{
ua, if y ∈ [−0.05, 0.05],
u j , otherwise,

and outflow conditions on the right, top and bottom. The HLLC numerical flux was used
in the left most elements to distinguish between characteristics entering and exiting the
domain (Section 3.3). To get better resolution of vortices, we used a smaller time step with
Cs = 0.5 in (46) and included ghost elements in time step computation to handle the cold
start. A more general way to compute time step sizes in problems with such stiff boundary
conditions is to use embedded error based time stepping [10, 46, 47]. This is a tough test
for admissibility preservation because the kinetic energy is substantially higher than the
internal energy, making it easy for negative pressure values to occur. At the same time, a
Kelvin-Helmholtz instability arises before the bow shock. Thus, it is a good test both for
admissibility preservation and the ability to capture small-scale structures. The simulation
gives negative pressures if positivity correction is not applied.While the large scale structures
are captured similarly by both the schemes as seen in Figure 15, the cRKFRwithMHblending
scheme shows more small scales near the front of the jet.
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Fig. 16 Shock diffraction test, numerical solution at t = 0.01 with degree N = 3 and grid spacing �x =
�y = 1/100. (a) Density profile, (b) Pressure profile

5.3.6 Detonation shock diffraction

This detonation shock diffraction test [57] is another test with a strong (Mach 100) shock,
and is thus for validation of the admissibility preservation of our scheme. It involves a
planar detonation wave that interacts with a wedge-shaped corner and diffracts around it,
resulting in a complicated wave pattern comprising of trasmitted and reflected shocks, as
well as rarefaction waves. The computational domain is � = [0, 2]2\([0, 0.5] × [0, 1]) and
following [31], the simulation is performed by taking the initial condition to be a pure right-
moving shock with Mach number of 100 initially located at x = 0.5 and travelling through
a channel of resting gas. The post shock states are computed by normal relations [1], so that
the initial data is

ρ(x, y) =
{
5.9970, if x ≤ 0.5

1, if x > 0.5
, u(x, y) =

{
98.5914, if x ≤ 0.5

0, if x > 0.5

v(x, y) = 0, p(x, y) =
{
11666.5, if x ≤ 0.5

1, if x > 0.5

The left boundary is set as inflow and right boundary is set as outflow, all other boundaries are
solid walls. The numerical results at t = 0.01 with polynomial degree N = 3 on a Cartesian
grid consisting of uniformly sized squares with �x = �y = 1/100 are shown in Figure 16.
The results look similar to [31].

5.4 Problems with source terms

To verify the effectiveness of the proposed time-averaging framework in the cRKFR scheme,
we demonstrate its capability to handle conservation laws with source terms

ut + f x + gy = s(u). (54)

The idea to extend the cRKFR framework to solve (54) is based on taking time averages of
the source terms, and is described in Appendix B. The usage of source terms for provable
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admissibility preservation requires additional limiting on the time average sources [4], but
we did not need any limiting beyond the flux limiter discussed in Section 4.3. The problems
also use the same CFL safety factor Cs = 0.98 in (46) as was used in the problems without
source terms.

5.4.1 Euler’s equations with gravity: Rayleigh Taylor instability

The first problem with source terms we consider are the Euler’s equations with gravity. In
this case, the equations (51) are considered with an additional source term (54) given by
s = (0, 0, ρ, ρv1), where the gravitational acceleration is taken to be g = 1 and the direction
of gravity is from bottom to top. We test our scheme with the Rayleigh Taylor instability
problem, which is a classical problem in fluid dynamics that describes the instability of an
interface between two fluids of different densities under the influence of gravity. The initial
condition is given by

(ρ, u, v, p) =
{

(2, 0,−0.025c cos(8πx), 2y + 1), y ≤ 0.5,

(1, 0,−0.025c cos(8πx), y + 1.5), y > 0.5,

where c = √
γ p/ρ is the sound speed, γ = 5/3 and the computational domain is [0, 0.25]×

[0, 1]. The left and right boundary conditions are solid walls (36). We use HLLC flux to
distinguish between inflow and outflow characteristics at the top at bottom (Section 3.3). At
the top, we specify the inflow values to be (ρ, v1, v2, p) = (1, 0, 0, 2.5). At the bottom,
we specify the inflow values to be (ρ, v1, v2, p) = (2, 0, 0, 1). The simulation is performed
using polynomial degree N = 3 on a mesh of 64 × 256 elements. The density profiles at
different times are shown in Figure 17.

5.4.2 Tenmoment problem: two rarefaction problem and a realistic simulation

The ten moment problem can be seen as a generalization of Euler’s equations (51) where the
energy and pressure are tensor quantities. Specifically, the energy tensor is defined by the ideal
equation of state E = 1

2 p+ 1
2ρv⊗ v where ρ is the density, v is the velocity vector, p is the

symmetric pressure tensor. The conservative variables are u = (ρ, ρv1, ρv2, E11, E12, E22),
and the fluxes are given by

f =

⎡

⎢⎢⎢⎢⎢⎢⎣

ρv1
p11 + ρv21
p12 + ρv1v2

(E11 + p11) v1

E12v1 + 1
2 (p11v2 + p12v1)

E22v1 + p12v2

⎤

⎥⎥⎥⎥⎥⎥⎦
, g =

⎡

⎢⎢⎢⎢⎢⎢⎣

ρv2
p12 + ρv1v2
p22 + ρv22

E11v2 + p12v1
E12v2 + 1

2 (p12v2 + p22v1)
(E22 + p22) v2

⎤

⎥⎥⎥⎥⎥⎥⎦
. (55)

The source terms are given by s = sx + sy , where

sx =

⎡

⎢⎢⎢⎢⎢⎢⎣

0
− 1

2ρ∂xW
0

− 1
2ρv1∂xW

− 1
4ρv2∂xW

0

⎤

⎥⎥⎥⎥⎥⎥⎦
, sy =

⎡

⎢⎢⎢⎢⎢⎢⎣

0
0

− 1
2ρ∂yW
0

− 1
4ρv1∂yW

− 1
2ρv2∂yW

⎤

⎥⎥⎥⎥⎥⎥⎦
, (56)
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Fig. 17 Density profile of the Rayleigh Taylor instability problem at times t = (a) 1.5, (b) 1.75, (c) 2, (d) 2.25,
(e) 2.5 on a 64 × 256 mesh with polynomial degree N = 3

where W (x, y, t) is a given function, which models electron quiver energy in the laser [13].
The admissibility set is given by

Uad =
{
u ∈ R

6|ρ (u) > 0, xT p (u) x > 0, x ∈ R
2\ {0}

}

These equations are relevant inmany applications, especially related to plasmaflows (see [12,
13] and further references in [41]), in cases where the local thermodynamic equilibrium
used to close the Euler equations of compressible flows is not valid, and anisotropic nature
of the pressure needs to be accounted for. The theoretical study of this model, including the
hyperbolicity and admissibility properties, can be found in [40–42]. By casting our scheme
in the time average flux and time average sources framework in Appendix B, we can use
the admissibility preserving framework for the ten moment equations using cRKFR schemes
as is done for the LWFR schemes in [4]. We demonstrate the capability of our scheme by
showing two test cases for the ten moment problem.
Two rarefaction problems. The initial condition for the Riemann problem is given by

(ρ, v1, v2, p11, p12, p22) =
{

(1,−4, 0, 9, 7, 9), x < 0,
(1, 4, 0, 9, 7, 9), x > 0,

with source terms as in (56)withW (x, y, t) = 25 exp(−200(x−2)2).We show the numerical
solutions with degree N = 3 and 500 elements at t = 0.1 in Figure 18 with and without the
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Fig. 18 Two rarefaction problem for TenMoment Problem comparing solutions with andwithout source terms
using polynomial degree N = 3 on a grid of 500 elements. (a) Density, (b) P12 profile are shown at time
t = 0.1

Fig. 19 Realistic simulation with different absorption coefficients, density profile obtained using a polynomial
degree N = 3 on a grid of 30 elements. (a) Pseudocolor plot, (b) Line cut along y = 50

source terms using the blending limiter. The solution with source terms has a near vacuum
state at the centre. Thus, this is a test where low density is caused by the presence of source
terms verifying that our scheme is able to capture admissibility even in the presence of source
terms. The positivity limiter had to be used to maintain admissibility of the solution.
Realistic simulation with inverse bremsstrahlung. Consider the domain � = [0, 100]2
with outflow boundary conditions (Section 3.3). The uniform initial condition is taken to be

ρ = 0.109885, v1 = v2 = 0, p11 = p22 = 1, p12 = 0

with the electron quiver energyW (x, y, t) = exp(−0.01((x−50)2+(y−50)2)). The source
term is taken from [13], and only has the x component, i.e., sy (u) = 0, even though W
continues to depend on x and y. An additional source corresponding to energy components
sE = (0, 0, 0, νT ρW , 0, 0) is also added where νT is an absorption coefficient. Thus, the
source terms are s = sx + sE . The simulation is run till t = 0.5 on a grid of 30 elements with
polynomial degree N = 3 using the blending limiter. The density plot with a cut at y = 50
is shown in Figure 19.
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6 Summary and conclusions

The compact Runge-Kutta (cRK) method of [16], originally introduced for Discontinuous
Galerkin (DG) methods, has been extended to the Flux Reconstruction (FR) framework of
[32]. This extension is specifically designed to enable the application of the flux limiter
proposed in [7]. This is accomplished by interpreting cRK as a procedure to approximate
time-averaged fluxes. With this interpretation, three dissipation models were discussed for
the computation of the time averaged numerical flux. The original cRKDG scheme of [16],
equivalent to our D-CSX dissipation model, required s numerical fluxes to be computed at
each time step, where s is the number of inner stages of the RK method. The D1 and D2
dissipation models (termed so following [8]) required computation of a single numerical flux
computation per time step. While the D1 dissipation model has lower CFL numbers than
[16], the D2 dissipation is equivalent to the D-CSX dissipation of [16] for linear problems,
and thus has the same CFL numbers. The accuracy of the dissipation models is also seen
to nearly be the same. The proposed approach thus lowers the total volume of interelement
communication required without a loss in accuracy. In addition to the discussion on the
dissipation models, we also discussed the EA and AE schemes to compute trace values of
the time averaged flux needed for the central part of the numerical flux. The EA scheme
performs the cRK procedure at the element interfaces, in contrast to the AE scheme where
the trace values are obtained by extrapolating the flux. It is shown that theEA scheme obtains
optimal order of accuracy for all polynomial degrees, while theAE scheme gives suboptimal
order of accuracy of O(hN+1/2) for some nonlinear problems where the degree N is odd.
The procedure to handle boundary conditions like inflow, outflow and solid walls for the
proposed cRKFR scheme is also detailed. To handle problems with nonsmooth solutions,
we use the subcell-based blending limiter of [7, 31]. This limiter blends a high-order FR
method with a lower-order subcell update using a smoothness indicator. Following [7], the
method aims to enhance accuracy by using Gauss-Legendre solution points and perform
MUSCL-Hancock reconstruction on subcells. It was through the use of subcells that the
primary goal of the time-averaged flux viewpoint, namely the application of the flux limiter
from [7], was achieved. The flux limiter of [7] applied to the time-averaged numerical flux
preserves admissibility in means, and when combined with the positivity-preserving scaling
limiter of [67], results in a fully admissibility-preserving cRKFR scheme. The method is
further extended to handle source terms following [4] by incorporating their contributions as
additional time averages, maintaining high order accuracy. Numerical experiments on Euler’s
equations and the ten-moment problem validate the robustness, accuracy, and admissibility
preservation of the proposed method. The numerical results additionally show that the Wall
Clock Time (WCT) performance of the proposed cRKFR scheme is better than Lax-Wendroff
Flux Reconstruction scheme of [7, 8], which is another single stage evolution method based
on time averages. This is the first paper of a series of our future works on cRKFR, which
include extensions to implicit-explicit time stepping, embedded error based time stepping
for curvilinear grids and an integration with the stage-dependent-RKDG (sdRKDG)methods
proposed in [17].

A Time average flux viewpoint

We now justify referring to Fh,Uh (20, 30) as the time average flux, solution approximations
respectively by formal order of accuracy arguments. Although a mathematically rigorous
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justification for error analysis is beyond the scope of this work and will be postponed to our
future work, there are existing results on the stability analysis and error estimates for schemes
with Lax-Wendroff time discretization. The viewpoint of time averages will then be used to
prove the linear equivalence (equivalence for linear problems) of the cRKFR scheme and
the LWFR scheme, as long as both use linearly equivalent dissipation models (Section 3.1).
For the conservation law (1), we consider an augmented system of time dependent equations
given by4

ũt := (u, v)t = (− f (u)x , g(u)) =: L(ũ), (57)

where v is an auxiliary variable that will not appear in our main conclusion, and g can be
chosen to be any non-linear function. We will show that numerical solutions at the inner
stages of the cRKFR scheme can be used to approximate the time average of a general g(u).
A Runge-Kutta (RK) discretization will be chosen by specifying its Butcher Tableau (17),
corresponding to which we will have a cRKFR scheme (19). The cRKFR scheme will then
be used to solve ut = − f (u)x in (57) to obtain the solution uh . The auxiliary variable v

will also be discretized as vh at the same solution points as uh and the chosen RK scheme
used will be used to solve the system of ODE (vh)t = g(uh). The chosen RK and cRKFR
method are both formally order N +1 accurate. Thus, numerical solution of the system (57),
denoted ũh , will satisfy, for smooth solutions

ũnh + �tLh(ũ) = ũn+1 + O(�t N+2) 	⇒ ũn+1 − ũn = �tLh(ũ) + O(�t N+2),

Lh = (−∂x Fh, Gh) (58)

where ũn, ũn+1 denote the exact solution of the system (57) at time level n, n+1 respectively,
Fh is as in (20) and Gh is similarly defined at each solution point as

Ge,p =
s∑

i=1

bi g(u(i)
e,p), (59)

{bi } are the coefficients of the final stage of the RK method (17), u(i)
e,p are solutions of the

cRKFR scheme at inner stages (19). Integrating the system (57) in time over [tn, tn+1] gives

ũn+1 − ũn =
∫ tn+1

tn
L(ũ)dt,

so that (58) implies

Lh = 1

�t
∂x

∫ tn+1

tn
L(ũ)dt + O(�t N+1). (60)

Thus, taking the v component (57) of (60) gives us

Gh = 1

�t

∫ tn+1

tn
g(u(xe,p, t))dt + O(�t N+1). (61)

Equation (61) shows that Gh (59) is an order N + 1 approximation of the time average of
g over [tn, tn+1]. By taking the specific choices g(u) = f (u) and g(u) = u, we get that
Fh (20) is an order N + 1 approximation of the time average of f and Uh (30) is an order
N+1 approximation of the time average of u. Even though this argument needed the augment
system (57), the final result (61) is only about the approximation Gh (61) defined in terms

4 This augmentation is equivalent to solving an additional system of ODEs vt = g(u).

123



Journal of Scientific Computing (2025) 105 :91 Page 39 of 43 91

of the numerical solution uh of the original system (1) and does not contain the auxiliary
variable v (57).

We now use the time average viewpoint to see that the LWFR and cRKFR schemes are
linearly equivalent for polynomial degree N with the RK scheme (17) of order N + 1. To
be precise, we will show that the D1 dissipation model of Section 3.1 is equivalent to the
D1 dissipation LWFR scheme of [8], and the D-CSX and D2 dissipation of Section 3.1 are
both equivalent to the D2 dissipation LWFR scheme of [8]. We look at the time average
approximations of the cRKFR schemes of order N + 1, given in (22, 23, 24), where N is
the degree of the polynomial basis. It is easy to see that, for the linear advection equation
ut + aux = 0, the time averaged flux and solution are given by

Fh = aUn
h, Un

h =
N∑

m=0

(−a�t)m

(m + 1)! ∂mx unh . (62)

The time averaged flux of the Lax-Wendroff scheme is an approximation of the truncation
of the time average flux given by

F =
N∑

m=0

�tm

(m + 1)!∂
m
t (au).

In the literature [7, 8, 10, 45], using ∂mt u = (−a∂x )
mu, the following approximation is used

F = a
N∑

m=0

(−a�t)m

(m + 1)! ∂mx uh,

which is the same as the time average flux of the cRK scheme (62). Thus, the time average
flux approximation is the same for LWFR and the cRKFR schemes. Since the evolution of
the solution of both schemes is given in terms of the same time average evolutions (21)
(see equations (4, 5) of [7]), the schemes will be equivalent as long as the numerical fluxes
are computed in the same way. Thus, as long as both schemes use the same dissipation
model (27, 28, 29), theywill be equivalent. These arguments apply the cRKschemes described
in (22, 23, 24) since we can explicitly obtain the expression (62). A heuristic argument for
the general cRKFR scheme using an RK method order N + 1 with polynomial degree N can
be given as follows. In this case, the cRKFR is formally of order N + 1, and thus its time
average flux will satisfy

F = a
N∑

m=0

(−a�t)m

(m + 1)! ∂mx uh + O(�t N+1). (63)

However, the O(�t N+1) will consist only of derivatives of order greater than N + 1 of the
degree N polynomial uh , and will thus be zero. Therefore, the time average flux will be the
same as (62), completing the proof of linear equivalence. Equation (63) is a formal step, but
it also can verified for particular RK methods.

B Source term treatment

Consider a conservation law with source term

ut + f x = s, (64)
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where s = s(u, x, t) is the source term. Similar to [4] for the LWFR scheme, the idea to solve
this equation with a cRK scheme is to use a time averaged source term S. For the scheme
with source terms, the evolution will be given by

un+1
h = unh − �t∂x Fh + �tSδ

h, (65)

where Fh is the continuous time average flux (21) and Sδ
h is a local approximation to the time

averaged source term
∫ tn+1

tn sdt . We describe the local compact Runge-Kutta procedure (Sec-
tion 3) for solving (64) with the cRK33 scheme (23). The other schemes will be similar. The
procedure to compute the local time average flux and source terms is given by

U = 1

4
unh + 3

4
u(3)
h , F = 1

4
f (unh) + 3

4
f (u(3)

h ), S = 1

4
s(unh) + 3

4
s(u(3)

h ), (66)

where

u(2)
h = unh − �t

3
∂ locx f (unh) + �t

3
s(unh),

u(3)
h = unh − 2

3
�t∂ locx f (u(2)

h ) + 2

3
�t s(u(2)

h ).

As justified in Appendix A, Sδ
h is an order N + 1 approximation of the time averaged source

term. Unlike the time average flux, the approximation Sδ
h used in (65) is completely specified

by (66). In particular, it does not require any interelement correction.
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