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Theoretical Bounds in Decentralized
Hypothesis Testing

Gökhan Gül

Abstract—Three fundamental problems are addressed for dis-
tributed detection networks regarding the maximum of perfor-
mance/detection loss. The losses obtained are, first, due to the
choice of decision rule in parallel sensor networks (general-case
vs identical decisions), second, due to the choice of network
architecture (serial vs parallel), and third, due to the choice of
quantization rule (centralized vs decentralized). Previous results,
if available, for all these three problems are restricted to the
statement that the loss is “small” over some specific examples.
The key principles underlying this study are delineated as follows.
First, there is a surjection from all simple hypothesis tests to
the receiver operating characteristic (ROC) curve. Second, the
ROC can be well modeled with linear splines. Third, considering
splines with only a finite number of line segments, in fact, on the
order of the total number of sensors, is sufficient to determine the
maximum loss. Leveraging these principles, infinite-dimensional
optimization problems are reduced to their finite-dimensional
equivalent forms. The equivalent problems are then numerically
solved to obtain the theoretical bounds.

Index Terms—Distributed detection, data fusion, sensor
networks.

I. INTRODUCTION

IN distributed networks, data is generated at geographically
dispersed sensors, with local processing employed to reduce

the communication bandwidth required between sensors and the
fusion center (see Fig. 1). Although parallel networks attract
considerable attention from researchers, sensors are typically
battery-powered, imposing limitations on energy and commu-
nication range [1]. The power consumption of sensors increases
dramatically when they are located far from the fusion center,
which significantly shortens the lifetime of the wireless sensor
network. Additionally, distant sensors contribute minimally to
the final decision at the fusion center and are more susceptible
to false judgments in the presence of background noise [2].
In contrast, serial networks offer a power-efficient alternative,
as the communication between adjacent sensors incurs neg-
ligible power decay, making them safe in terms of power
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consumption. However, serial networks are vulnerable to link
failures [3].

Likelihood ratio test is recognized as optimal for both serial
and parallel networks, in both Bayesian as well as in Neyman-
Pearson sense [4], [5], [6], [7], with the potential necessity for
randomization in the latter. While optimal tests have been estab-
lished for serial and parallel networks, no general bounds have
been previously formulated. Furthermore, the investigation into
the maximum loss of detection performance attributable to
quantization in both serial and parallel networks has been absent
until now. The closest study to this article is by [8], where
bounds are derived under the assumption of minimax robust-
ness in sensor decisions. The theory presented in this paper is
valid for independent sensor observations, ideal communication
channels and reliable sensors and it can be extended to the cases,
where these assumptions do not necessarily hold [9], [10], [11],
[12]. The subsequent section will provide a summary of the
most pertinent existing research.

A. Related Work

1) General-Case vs Identical Decisions in Parallel Net-
works: For independent and identically distributed (i.i.d.)
observations there are various counterexamples showing that
identical decision rules for each sensor are not always optimal.
In [6] an example was given which has a cost function that
introduces a large penalty if both sensors send the same message
and the wrong decision is made by the fusion center. The asym-
metry of the optimal decision rules for these two sensors could
be ascribed to this particular example and does not prove that
asymmetrical decision rules may be optimal for our cost func-
tion, i.e. the probability of error. In [13], [14] a counterexample
is reported which involves discrete density functions for the er-
ror probability cost function. In [15] non-identical decisions are
shown to improve the ROC over continuous density functions.
Similarly [16] deals with continuous densities that are nearly
discrete concentrated at two points, where three detectors are
used. All these counterexamples seem to occur in situations
in which the probability mass of the likelihood ratio at the
sensor inputs are concentrated at and around a single point.
It is also known that identical decision rules are asymptoti-
cally optimal, meaning that there is no loss of optimality in
constraining the sensors to use the same decision rule if the
total number of sensors in the network tends to infinity [13],
[14]. In general necessary and/or sufficient conditions to ensure
optimality of identical decisions have not yet been found [15].
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Fig. 1. Parallel network with K decision makers, each represented by the
decision rule φk , and a fusion center associated with the fusion rule γ.

Fig. 2. Serial network with K decision makers, each represented by the
decision rule φk .

However, for the signal detection problem with two sensors,
where the known signal is embedded in Gaussian noise, there
is no loss in optimality if both sensors use identical decision
rules [17].

2) Serial vs Parallel Sensor Networks: When two sensors
are present, it is established that, the serial network is at least as
good as the parallel network [4]. However, for larger networks,
either the serial or parallel configuration may exhibit superior
performance. Conversely, in the asymptotic scenario, where the
number of sensors approaches infinity, the probability of error
for the parallel network tends to zero exponentially for any rea-
sonable set of decision rules, a direct consequence of Chernoff’s
theorem [18]. Nonetheless, the convergence rate for the serial
network lags behind that of the parallel network [3], prompting
speculation that, for certain total numbers of sensors K, the
parallel topology may outperform the serial topology, with such
K expected to be relatively small [5]. The prerequisite for the
probability of error to approach zero asymptotically is that the
log-likelihood ratio of each sensor observation is unbounded
[19], [20]. Moreover, for M -valued quantization, conveyed to
K nearest neighbors in sequential order, asymptotic learning is
feasible [19], [21]. This paper focuses on binary quantization
for a finite number of sensors, where for the serial network the
decision is exclusively communicated to the nearest neighbor
as shown in Fig. 2.

3) Centralized vs Decentralized Sensor Networks: The per-
formance of both parallel and serial networks is sub-optimal
in comparison to a completely centralized processing scheme
due to loss of information (quantization) at the local sensors.
The performance of the distributed detection network can quan-
titatively be compared to that of the centralized network [6].
Furthermore, there are examples from algorithm development
where such a difference can be observed [22], [23], [24]. No
general bounds have been attempted to be derived prior to
this work.

B. Contributions

In this paper the following three fundamental problems are
addressed:

1) What is the maximum loss of detection accuracy across
all simple binary hypothesis tests for the parallel network
topology (see Fig. 1) when all sensors are constrained to
provide identical decisions, compared to the general case
with no such constraint?

2) What is the maximum loss of detection accuracy across
all simple binary hypothesis tests when comparing serial
(see Fig. 2) and parallel networks with the same number
of sensors?

3) What is the maximum loss of detection accuracy across
all simple binary hypothesis tests due to quantization
in both serial networks as well as in parallel networks,
compared to centralized detection, i.e. φk(yk) = yk for
all k in Fig. 1?

A purely theoretical or purely algorithmic approach is insuf-
ficient to tackle these problems. Therefore, first a theoreti-
cal foundation is established by reducing infinite-dimensional
problems to their equivalent finite-dimensional forms. These
equivalent problems are then solved using non-convex opti-
mization algorithms. The contributions of this paper addressing
the aforementioned problems are summarized as follows:

1) Scalable theoretical framework: The proposed theory
enables solving all three problems for any network size
K, provided sufficient (finite) memory and computational
resources are available.

2) Bounds for specific configurations: For problems in-
volving serial networks, theoretical bounds are computed
for K ∈ {2, 3, 4}. For problems excluding serial net-
works, bounds are obtained for K ∈ {2, . . . , 8}. These
limitations arise due to the inherently exponential growth
in computational complexity of serial and parallel sensor
networks as K increases [5], [25].

3) Key insights from simulations: Simulations demon-
strate that quantization does not necessarily result in
performance loss. Furthermore, the trivial points (0, 1)
and (1, 0) (TPs) on the ROC curve are shown to be
unconditionally necessary to achieve the minimum error
probability in serial networks.

The organization of this paper is as follows: In the next section,
linear splines are introduced to model the receiver operating
characteristic (ROC) curves. In Section III the maximum loss
of detection performance in parallel sensor networks due to



1112 IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 73, 2025

the restriction of sensor decisions being identical is examined.
In Section IV the maximum loss resulting from the choice of
network topology (serial vs. parallel) is explored. In Section V,
the maximum loss due to quantization in both serial and parallel
networks is derived in comparison to centralized detection.
For each problem, the desired theoretical bounds are numeri-
cally obtained by solving a non-convex optimization problem.
Finally in Section VI the paper is concluded.

II. RECEIVER OPERATING CHARACTERISTICS WITH

LINEAR SPLINES

Let P0 and P1 be two distinct probability distributions and
p0 and p1 be the corresponding density functions, respectively,
defined on Ω. Consider the two simple hypotheses

H0 : Zk ∼ P0

H1 : Zk ∼ P1

which are tested by a collection of decision makers (sensors),
φ= (φ1, . . . , φK) and possibly by a fusion center γ. The ran-
dom variables (r.v.s) Zk corresponding to the observations
zk ∈ Ω are assumed to be mutually independent and identically
distributed. Without loss of generality, as will be shown later,
we have Ω= [0, 1]. The decision for each sensor is denoted
by uk ∈ {0, 1}, again associated with r.v.s. Uk, and the out-
put of the fusion center is denoted by u0. Parallel and serial
sensor networks are to be studied in this work as illustrated
by Figs. 1 and 2. Two special cases can be observed over the
parallel network, where the first case corresponds to identical
decisions scenario, i.e. φi(Zi) = φj(Zj) for all pairs (i, j), and
the second scenario corresponds to the centralized detection i.e.
Uk = Zk for all k. While the first scenario considerably reduces
the complexity of optimization of the sensor network despite
possible performance drop, the second scenario leads to the best
achievable detection performance despite the loss of decentral-
ization. In some sense both identical decisions scenario as well
as decentralization comes at a cost of some performance drop.
In addition to these losses, it is also of our interest to compare
the serial networks to parallel networks with the same number
of sensors. Let PF = EP0

[U0] and PM = EP1
[1− U0] be the

false alarm and miss detection probabilities, respectively. Then,
the Bayesian cost (minimum error probability)

PE(K;P0, P1,φ, γ) = P (H0)PF (K;P0,φ, γ)

+ P (H1)PM (K;P1,φ, γ) (1)

is considered for performance evaluation, i.e., with P (H0) =
1/2, and generalizations to other cost functions is straight-
forward. The key challenge in this work lies in establish-
ing rigorous performance bounds, specifically in determining
the maximum loss of detection performance across all simple
hypothesis tests for the aforementioned problems.

Let P̂0 = 1− P0 denote the complementary cumulative dis-
tribution function. Hence, the receiver operating characteristic
(ROC) curve for the kth sensor can be defined as

R(zk) = P1(P̂
−1
0 (zk)), ∀zk ∈ [0, 1].

Fig. 3. A sketch of receiver operating characteristic curves given by
Theorem II.1.

Remark II.1: R contains all the necessary and sufficient
information for the parallel and the serial networks in order
to obtain performance bounds. This is due to the fact that
the likelihood ratio test is optimal for both networks and the
resulting (PF , PM ) pairs are given by R. Hence, the problem
of optimization over all hypothesis tests can be reduced to
optimization over all ROCs.

Next, it will be shown that linear splines are sufficient in order
to model the set of all ROCs. Consider the following theorem.

Theorem II.1: Let y : [0, 1] �→ [0, 1] be a linear spline
composed of s+ 1 line segments. Let furthermore a=
(as, . . . , a0, a−1) denote the knot vector with a−1 > a0 > · · ·>
as, where a−1 = 1 and as = 0, and b= (b−1, b0, . . . , bs) denote
another vector, where bs > bs−1 > . . . > b−1 with bs = 1 and
b−1 = 0. Then, each segment can be denoted by yn = rnx+ bn,
and r0 > r1 > . . . > rs due to convexity, and the linear spline
can be given as

y(x; s, an, bn) =

s∑

n=0

yn(x; rn, bn)1{an≤x≤an−1}(x),

where

rn = rn−1 +
bn−1 − bn

an−1
, (2)

with r0 =−b0, see Corollary II.3.
Proof: A short proof is given in Appendix A. �

A visual sketch of the spline model is illustrated in Fig. 3.
Sufficiency of Theorem II.1 to model the ROC can be stated by
the following corollary.

Corollary II.2: Let R ∈ R be any ROC curve, where R is
the set of all ROC curves on [0, 1]. Then,

lim
s→∞

min
a,b

∫
|y(x; s,a, b)−R(x)|dx= 0,

where | · | denotes the L1 norm.
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Fig. 4. A sketch of probability density functions given by (3).

Proof: R is continuously differentiable on [0, 1], see [8],
hence rectifiable [26]. Therefore, its exact length can be mea-
sured with infinite number of polygons, i.e., the approximation
error goes to zero. �

Whenever the spline approximation is fixed, false alarm and
miss detection probabilities can be found as follows.

Corollary II.3: Miss detection probability cn corresponding
to the false alarm probability an, cf. Fig. 3, can be calculated
recursively by

cn =
an

an−1
cn−1 + bn

(
an−1 − an

an−1

)
.

Proof: A short proof is provided in Appendix B. �
Similarly, the corresponding density functions can be ob-

tained as in the following corollary.
Corollary II.4: For the given spline approximation, there

exists a pair of distributions given by

p0(zk) = 1{0≤zk≤1}(zk)

p1(zk) =−
s∑

n=0

rn1{1−an−1≤zk≤1−an}(zk) (3)

or

p0(zk) =−
s∑

n=0

1

rn
1{1−an−1≤zk≤1−an}(zk)

p1(zk) = 1{0≤zk≤1}(zk)

Proof: The proof is based on the construction of the prob-
ability density functions (p.d.f.)s from the ROC in terms of the
linear spline approximation, see [8, Proof of Lemma IV.1]. �

A sketch of the p.d.f.s given by (3) are illustrated in Fig. 4.
An important question that needs to be answered is whether
the spline approximation leads to mathematically tractable so-
lutions because without further clarification we may still be
facing an infinite dimensional optimization problem. Luckily
the sufficient number of parameters to be considered is at the
order of the total number of sensors in the network as will be
stated with the following lemma.

Lemma II.5: For K sensors, it is sufficient to consider K + 1
segments for parallel- and 2K segments for serial networks to
reach the globally optimum solution.

Proof: Suppose that an R provides minimum error prob-
ability for a network of K sensors with a parallel topology.
Then, there are K possibly different operating points (excluding
the TPs) on R. For any R, the spline approximation y with
K + 1 segments provides K possibly distinct points (connec-
tion points of segments) which are exactly the same with those
chosen on y via determining the necessary parameter vectors
a and b. The same idea applies to the serial networks, wherein
for K sensors, there are 2K − 1 possibly different thresholds
(see Section IV), hence the operating points. �

The theory developed in this section will be used in the next
sections in order to obtain performance bounds, i.e. answers to
the questions stated in introduction.

III. GENERAL-CASE VS IDENTICAL SENSOR DECISIONS

Consider a sensor network with a parallel topology, as il-
lustrated in Fig. 1. Here, even for independent observations,
determining the optimal sensor decision rules has an exponen-
tial computational complexity in the total number of sensors
K [5]. To simplify this problem, it may be assumed that the
decisions of all sensors are identical. While this assumption
can greatly reduce the problem’s complexity, it may also lead
to a performance loss. Contrary to common intuition, this per-
formance loss can occur even for i.i.d. observations, although
the reported losses are typically small [15]. In this section,
the maximum of this performance loss (identical decisions vs.
general case) will be determined for i.i.d. observations across
all simple hypothesis tests.

Let λ= (λ1, . . . , λK) be the sensor thresholds and λ0 be
the threshold of the fusion center. Since identical decisions
φi = φj , ∀i, j is compared to the most general-case, and the
likelihood ratio test is known to be the optimum strategy to
minimize the error probability [5, Proposition 2.4, Page 13,
Eq. 2.15], [27], one can write the difference in error probability
between the general-case and the identical sensor decisions as

W p̃p(K) = max
P0,P1

⎡

⎣ min
λ0,λj=λk

j≥1,k≥1

PE (K;P0, P1,φ(λ), γ(λ0))

−min
λ0,λ

PE (K;P0, P1,φ(λ), γ(λ0))

⎤

⎦ , (4)

where each φk, k ≥ 1 is the likelihood ratio test comparing the
likelihood ratio to a threshold λk and γ is the likelihood ratio
test of the fusion center considering the threshold λ0. In the next
step, (4) will be reformulated over the operating points of the
ROC, removing the dependencies on φ and γ. This can be done
because for any φ, there are corresponding false alarm and miss
detection probabilities on the ROC which can be given as

αk = P0(Uk = 1),

βk = P1(Uk = 0), (5)
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and the error minimizing γ leads to a PE(·), which is a known
function of αk and βk (see (7)). Let

pK0 (u) =
K∏

k=1

P0(Uk = uk),

pK1 (u) =
K∏

k=1

P1(Uk = uk), (6)

denote the joint distributions, where u= (u1, . . . , uK). Then,
the optimum fusion rule for the parallel sensor network, which
minimizes the error probability can be given as

PE(K; pK0 , pK1 ) =
1

2

∑

u

min
(
pK0 (u), pK1 (u)

)
, (7)

where PE(·) is reformulated in three variables as it can now
be written only in terms of joint distributions and K [23], [24].
Since Uks are Bernoulli distributed (see (5) and (6)), pK0 and
pK1 can completely be written in terms of α= (α1, . . . , αK)
and β = (β1, . . . , βK), respectively. Hence, considering Re-
mark II.1 and (7), (4) can be reformulated as

W p̃p(K) = max
R∈R

⎡

⎣ min
αj=αk

βj=βk

PE(K;α,β)−min
α,β

PE(K;α,β)

⎤

⎦,

(8)

where (αk, βk) ∈R for all k1. Although significant simplifi-
cation is possible analytically for the PE of identical sensor
decisions, i.e. for αj = αk and βj = βk [3], it is not possible for
the general-case. This makes a single analytic solution parame-
terized byK impossible. Therefore, eachK should be evaluated
separately.

The objective in the following is to reformulate (8) entirely
in terms of explicitly defined functions, hK

0 and hK
1 , which

replace PE (see Theorem III.1 and (9)), and the parameter
vectors of the spline approximation, a and b, which replace
R ∈ R (see Theorem III.2). This reformulation reduces the
problem to an optimization task defined solely over the spline
parameters.

Theorem III.1: Let A be the binary representation of the
sequence of numbers (0, 1, . . . , 2K), e.g., A= (00, 01, 10, 11)
for K = 2, where each bit is indexed by k ≥ 1 in an increasing
order from left to right. Let hK

0 be the vector defined over A by
replacing each 0 by 1− αk and each 1 by αk, e.g. for K = 2,

hK
0 = ((1− α1)(1− α2), (1− α1)α2, α1(1− α2), α1α2).

Furthermore let hK
1 similarly be defined by replacing each 0 by

βk and each 1 by 1− βk. Then,

PE(K;α,β) =
1

2

⎛

⎝1−

∣∣∣hK
0 (α)− hK

1 (β)
∣∣∣

2

⎞

⎠,

where | · | denotes the L1 norm.
Proof: A proof of Theorem III.1 is given in

Appendix C. �
1Throughout the paper the simplified form of the error probability

PE(K;α,β) will be considered in the derivations and analysis.

Using Theorem III.1, (8) can be rewritten as

W p̃p(K) =
1

2
max
R∈R

[
max
α,β

∣∣∣hK
0 (α)− hK

1 (β)
∣∣∣

2

− max
αj=αk

βj=βk

∣∣∣hK
0 (α)− hK

1 (β)
∣∣∣

2

]
. (9)

In the next step, the spline model given by Theorem II.1 is
used to define β in terms of α. Together with Lemma II.5 the
optimization problem can be simplified as in the following.

Theorem III.2: Let ã= (an1
, . . . , anK

), r̃ = (rn1
, . . . , rnK

),
b̃= (bn1

, . . . , bnK
) with the indices nk ∈ {0, . . . ,K − 1},

where ñ= (n1, . . . , nK). Furthermore, let diag(·) denote the
square diagonal matrix and let

Dp(ã, b̃, ñ) =

∣∣∣hK
0 (ã)− hK

1 (r̃diag(ã) + b̃))
∣∣∣

2
.

Then, (9) can be rewritten as

W p̃p(K) =
1

2
max
a,b

[
max
ñ

Dp(ã, b̃, ñ)− max
nj=nk

Dp(ã, b̃, ñ)

]
.

(10)

Proof: A proof of Theorem III.2 is given in
Appendix D. �

Remark III.1: In order to facilitate parallel computing it
maybe preferable to perform the inner maximizations over two
vectors, one of which is built by evaluating Dp for each ñ (KK

cases in total), and the other for nj = nk (K cases in total), in
advance. Also note that Dp is dependent on r̃ only through ã
and b̃ by making use of (2).

A. Numerical Results

The problem of determining W p̃p is inherently non-convex,
generally classified as NP-Hard, and algorithms with theoreti-
cally guaranteed solutions are in general not available [28]. This
conclusion also applies to the optimization problems discussed
in the subsequent sections. In order to solve (10), first it may
be preferable to build two different vectors, which depend only
on a and b by evaluating Dp for all possible ñ as mentioned in
Remark III.1. This reduces the inner maximizations in (10) to
finding the maximum of a vector. Next, the outer maximization
needs to be evaluated with a non-linear optimization algorithm.
In this work the Nelder-Mead algorithm is considered [28,
p. 238]. The algorithm is executed up to 10.000 times for ran-
domly chosen seeds to ensure that the solution found is at worst
near-global optimum. When dimensionality of the problem i.e.,
the size of a and b increases, this approach becomes slow and
inefficient for finding near-optimal solutions. To mitigate this,
Nelder-Mead algorithm is run up to 400 times with different
random seeds. The best three solutions are then selected to
narrow down the constraint space of the parameters, see Theo-
rem II.1. The same procedure is repeated until no better results
are obtained. The error probabilities of the parallel network for
the general-case P p

E , the identical decision case P p̃
E and the

difference in error probabilities W p̃p are determined using the
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TABLE I
COMPARISON OF ERROR PROBABILITIES OF IDENTICAL SENSOR DECISIONS

WITH THAT OF THE GENERAL-CASE IN PARALLEL SENSOR NETWORKS

K 2 3 4 5 6 7 8

P p̃
E 0.2224 0.1867 0.1859 0.1807 0.1803 0.1867 0.1887

P p
E 0.1853 0.1509 0.1499 0.1481 0.1501 0.1580 0.1608

W p̃p 0.0370 0.0358 0.0360 0.0326 0.0302 0.0287 0.0279

Fig. 5. The ROC curves leading to the maximum loss of detection per-
formance between the general-case and identical sensor decisions in parallel
sensor networks.

considered algorithms and presented in Table I. It is observed
that the loss function W p̃p tends to decrease as the total number
of sensors increases. The parameters leading to these results are
illustrated by the ROC curves in Fig. 5.

B. Discussion

The results tabulated in Table I and depicted in Fig. 5 align
with both the proposed and the asymptotic theory. This align-
ment is evident as it remains feasible to select a specific ROC
and achieve any desired value of the error probability PE <
1/2, regardless of the number of sensors within the sensor
network. In Fig. 5 and also in the next sections in Figs. 7 and 8,
it can be seen that as K increases ROC curves gradually come
closer to the line PM = 1− PF . This may be interpreted as the
consequence of two ideas given below.

1) Increasing K can be considered a condition that even-
tually drives both P p

E and P p̃
E to 0, thereby compelling

W p̃p to be small. However, increasing K also augments
the total number of points on the ROC curve, which in
turn enhances the diversity of solutions. As the diver-
sity of solutions leading to P p

E is exponentially greater
than those concerning P p̃

E , the likelihood of encountering
cases where P p

E is significantly lower than P p̃
E becomes

higher. This suggests the existence of solutions with
potentially large W p̃p.

2) It can be argued that eventually both P p
E and P p̃

E are
likely to decrease as K increases, even if the optimization
process can select any ROC. This expectation arises from
the necessity that, as K grows, to maintain a large W p̃p,

the ROC curve should be sufficiently close to PM = 1−
PF . However, choosing such an ROC may also not help
to increase W p̃p, if K is sufficiently large. This is because
along the line PM = 1− PF we have P p

E = P p̃
E = 0.5

across all sensors.

IV. PARALLEL VS SERIAL SENSOR NETWORKS

Consider a serial network as illustrated by Fig. 2, wherein
each sensor (associated to a decision rule φk) makes an obser-
vation zk of its own, gives a certain decision uk = φk(zk) and
passes it to its neighbor. The final decision is given by the last
(Kth) sensor. Let l = p1/p0 denote the likelihood ratio function.
Then, as mentioned before the likelihood ratio test
⎧
⎨

⎩
l�H1

H0
t1 k = 1

l�H1

H0
t
uk−1

k k > 1
, t

uk−1

k =
P0(Uk−1 = uk−1)

P1(Uk−1 = uk−1)
(11)

is optimal in order to minimize the error probability, where
t
uk−1

k is the threshold depending on the decision uk−1 ∈ {0, 1}
of the previous ((k − 1)th) sensor [4]. False alarm and miss
detection probabilities yielding from the above given test are

PF (k;P0) = P0(Uk−1 = 0)P0(l ≥ t0k)

+ P0(Uk−1 = 1)P0(l ≥ t1k),

PM (k;P1) = P1(Uk−1 = 0)P1(l < t0k)

+ P1(Uk−1 = 1)P1(l < t1k).

Let ᾱk = (α1, α
0
2, α

1
2, . . . , α

1
k), β̄k = (β1, β

0
2 , β

1
2 , . . . , β

1
k), where

α0
k = P0(l ≥ t0k), α1

k = P0(l ≥ t1k),

β0
k = P1(l < t0k), β1

k = P1(l < t1k).

Then, for the kth sensor, false alarm and miss detection prob-
abilities can recursively be calculated as

PF (k; ᾱk) = α0
k + PF (k − 1; ᾱk−1)(α

1
k − α0

k), k ≥ 2,

PM (k; β̄k) = β1
k + PM (k − 1; β̄k−1)(β

0
k − β1

k), k ≥ 2.

where PF (1, ᾱ1) = α1 and PM (1, β̄1) = β1 as defined before.
Hence, the overall error probability can be calculated as

P s
E(K; ᾱK , β̄K) =

PF (K; ᾱK) + PM (K; β̄K)

2
.

A. Maximum of Performance Loss Between Serial and
Parallel Networks

For the serial networks, there are a total of 2K − 1 thresholds
to be determined, corresponding to 2K − 1 potentially different
operating points on the ROC curve. This implies that the ROC,
modeled by a linear spline approximation, must have at least
2K segments to accurately determine the minimum error prob-
ability. According to Lemma II.5, it also requires no more than
2K segments. In the following theorem, the maximum of the
difference between the error probabilities of serial and parallel
networks will be formulated by fixing R to have 2K segments
for both networks. Note that a higher-order spline approxima-
tion can be reduced to any lower order through appropriate
parameter selection.
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Theorem IV.1: Let ā= (an̄1
, . . . , an̄2K−1

), r̄ = (rn̄1
, . . . ,

rn̄2K−1
) and b̄= (bn̄1

, . . . , bn̄2K−1
) with the indices n̄k ∈

{−1, . . . , 2K − 1}, where n̄= (n̄1, . . . , n̄2K−1). Furthermore,
let

Ds(ā, b̄, n̄) = 1− 2P s
E(K, ā, r̄diag(ā) + b̄). (12)

Then, the maximum of the difference between the error prob-
abilities of the serial and parallel networks2 can be given as

W sp(K) =
1

2
max
a,b

[
max
ñ

Dp(ã, b̃, ñ)−max
n̄

Ds(ā, b̄, n̄)
]

s.t. n̄2k−1 > n̄2k−2

W ps(K) =
1

2
max
a,b

[
max
n̄

Ds(ā, b̄, n̄)−max
ñ

Dp(ã, b̃, ñ)
]

s.t. n̄2k−1 > n̄2k−2 (13)

where for ñ= (n1, . . . , nK) we now have nk ∈ {0, . . . , 2K −
2} in order to allow the optimization to be performed for the
parallel network over the same set of ROC curves.

Proof: A proof of Theorem IV.1 is given in
Appendix E. �

Remark IV.1: To accurately determine W sp and avoid the
solver producing invalid results, it is necessary to consider nk ∈
{−1, . . . , 2K − 1}. Although considering (0, 1) and (1, 0)
(TPs) on R is equivalent to flipping a coin and they can never
decrease P p

E , interestingly, they do decrease P s
E for some spe-

cial cases of ROCs. An example will be provided in the next
section to illustrate this phenomenon.

Remark IV.2: In the literature, it was conjectured that there
may exist a K for which we have W ps(k) = 0 for all k >K
[5, p. 338]. That is, the parallel network becomes better than
the serial network in terms of minimum error probability over
all simple hypothesis tests. Since this problem is exponential in
complexity, it may be preferable to consider K + 1 segments
first instead of 2K segments. If such a K cannot be found by
considering K + 1 segments with an amount of computational
power available, it is impossible to be found by 2K segments.
Because the value of W ps will always be smaller considering
K + 1 segments, as K + 1 segments are sufficient to minimize
the error probability of the parallel network but not necessarily
that of the serial network.

B. Numerical Results

The maximum difference between the error probabilities of
serial and parallel networks was determined by solving the
optimization problems given in (13) using the same algorithm
described in the previous section. The results are tabulated in
Tables II and III, while the parameters solving the correspond-
ing optimization problems are illustrated in Fig. 6. The tables
indicate that W sp is typically larger than W ps for K = 3 and
K = 4. For K = 2, it is already known, as shown in [5], the
serial network is at least as good as the parallel network, which
is consistent with the numerical result W sp(2) = 0 found in
this work.

2W sp stands for the loss of detection performance, which is calculated by
subtracting the error probability of the parallel network (p) from that of the
serial network (s) and W ps is defined similarly.

TABLE II
COMPARISON OF ERROR PROBABILITIES

OF SERIAL TO PARALLEL NETWORKS

K 2 3 4
P s
E 0.2942 0.1632 0.1703

P p
E 0.2942 0.1151 0.1190

W sp 0 0.0481 0.0513

TABLE III
COMPARISON OF ERROR PROBABILITIES

OF PARALLEL TO SERIAL NETWORKS

K 2 3 4

P p
E 0.1913 0.2174 0.2143

P s
E 0.1462 0.1699 0.1663

W ps 0.0451 0.0475 0.0480

Fig. 6. The ROC curves leading to the maximum loss of detection perfor-
mance between parallel and serial sensor networks.

Referring to Remark IV.2, we are unable to conclusively
determine whether the parallel or serial network is superior, i.e.,
if there exists a K for which W ps(k) = 0 or W sp(k) = 0 for
every k >K. The primary challenge in addressing this prob-
lem is the exponentially increasing computational complexity
and memory requirements. Furthermore, even with substantial
computational resources, identifying such a value for K may
remain elusive, leaving this question potentially unresolved.

Given these computational challenges, the analysis did not
extend beyond K = 4 sensors because, for the serial network,
it is necessary to consider TPs to achieve a globally optimal
solution. This requires the ROC curve to have at least 2K = 8
segments, resulting in vectors a and b of dimension 2K + 1 =
9. To underscore the complexity of the problem, it is worth
noting that the program code written for K = 4 sensors to find
W sp occupies more than 750 megabytes of hard drive space.
For the serial network, more than 317, 000 distinct functions of
variable length must be evaluated at each iteration, requiring
up to 64 gigabytes of memory and a solver capable of address-
ing a 4K − 2 = 14-dimensional non-convex optimization prob-
lem (since TPs are constants and only considered in the inner
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maximization). The case K = 4 for serial networks represents
one of the most computationally demanding scenarios in this
study, requiring significant but manageable hardware and pro-
cessing resources. These requirements serve as a practical
benchmark, indicating that the results presented in this paper
can be reproduced using a modern consumer-level PC equipped
with sufficient memory, storage, and processing power.

V. CENTRALIZED VS DECENTRALIZED DETECTION

Consider a distributed detection network given by Fig. 1,
where each sensor relays its observation to the fusion center
without any processing, or equivalently a fusion center which
gives a decision based on K observations. This scheme cor-
responds to centralized detection, and the optimum decision
making based on K observations, in both Bayesian and
Neyman-Pearson senses, is the (log)-likelihood ratio test

K∑

k=1

log
p1(zk)

p0(zk)
=

K∑

k=1

θk
H1

�
H0

λ0,

where λ0 = 0 is chosen for the minimum error probability, (1),
[3]. Consider the spline approximation given by Theorem II.1
and the corresponding density functions given by (3). Then, the
density functions corresponding to θk = log(p1(zk)/p0(zk))
under the null and alternative hypothesis can respectively be
written as

f0(θk) =

s∑

i=0

(ai−1 − ai)δ(θk − log(−ri)),

f1(θk) =

s∑

i=0

−ri(ai−1 − ai)δ(θk − log(−ri)),

where δ is the dirac delta function. Since the test statistic is
the sum of K independent r.v.s, the density corresponding to
the test statistic under Hm is the K-fold convolution of fm,
m ∈ {0, 1} with itself. Noticing that there are at most s+ 1
non-zero elements (point masses) of f0 and f1 on R, it is more
convenient to transform and evaluate the problem at the discrete
domain, where f0 and f1 take discrete values of the correspond-
ing point masses at θik = log(−rik) and δ is now the Kronecker
delta function. As such, K-fold convolution of fm can be
calculated as

vKm(κ) =

s∑

i1=0

· · ·
s∑

iK=0

fm(θi1) · · · fm(θiK )δ

(
K∑

k=1

θik − κ

)
,

and for N = dim(vKm) the minimum error probability can be
found by

P c
E(K;a, b) =

1

2

N∑

n=1

min
(
vK0 (n), vK1 (n)

)
, (14)

using an order preserving bijective mapping κ �→ n. Let vK
0 =

(vK0 (1), . . . , vK0 (N)) and vK
1 = (vK1 (1), . . . , vK1 (N)). Then,

we can write (14), cf. (7) and Theorem III.1, as

Dc(a, b) = 1− 2P c
E(K;a, b) =

∣∣vK
0 − vK

1

∣∣
2

Remark V.1: For the centralized detection we do not have ar-
guments of sufficiency such as given by Lemma II.5. Therefore,
it is not clear how many segments would be sufficient to reach
the maximum of the difference in error probability between
centralized and serial or parallel networks. A general argument
is that larger than some s, increasing the number of segments
would either not increase the loss or the contribution of adding
one more segment would be insignificant and can be omitted
without loss of generality.

A. Centralized vs. Parallel Sensor Networks

Consider a decentralized detection network as in Fig. 1,
where in one case there is (one-bit) quantization and in the
other case, there is no quantization (equivalent to centralized
detection). The maximum of the loss in detection performance
between these two cases over all simple hypothesis tests can be
formulated as

W pc(K) =
1

2
max
a,b

[
Dc(a, b)−max

n
Dp(ã, b̃, ñ)

]
, (15)

where for ñ= (n1, . . . , nK) we now have nk ∈ {0, . . . , s} for
which s is large enough. Notice that in (15), Dc is defined on
the same ROC model of Dp.

Remark V.2: There are many non-trivial examples, where
W pc(K) = 0. This means that the quantization does not cause
any loss in detection performance. Here, the conditions, for
which loss free detection is possible, will not be established.
However, some examples will be provided in the next section
for illustration.

B. Centralized vs. Serial Sensor Networks

Similar to the previous section, consider a serial network,
as illustrated by Fig. 2, where in one case there is (one-bit)
quantization and in the other case, there is no quantization
(equivalent to centralized detection) and each observation is
relayed to the next sensor. The maximum of the loss in detection
performance (equivalently in error probability) between serial
network and centralized network can be given as

W sc(K) =
1

2
max
a,b

[
Dc(a, b)−max

n̄
Ds(ā, b̄, n̄)

]
, (16)

where for n̄= (n1, . . . , n2K−1) we now have nk ∈
{−1, . . . , s} for which s is large enough. Notice that here Dc

is defined on the same ROC model of Ds, and in fact more
than s > 2K segments may be necessary for the optimization
as stated in the previous section. Moreover, due to the nature
of the serial network, again TPs should be included into the
optimization.

C. Numerical Results

The maximums of the differences in error probabilities be-
tween centralized networks and their corresponding decentral-
ized versions, as defined in (15) and (16), are calculated for each
K and are tabulated in Tables IV and V. The ROC curves that
solve the underlying optimization problems are illustrated in
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TABLE IV
COMPARISON OF ERROR PROBABILITIES OF PARALLEL NETWORKS TO

CENTRALIZED NETWORKS

K 2 3 4 5 6 7 8

P p
E 0.2057 0.2303 0.2263 0.2333 0.2345 0.2327 0.2286

P c
E 0.1422 0.1626 0.1450 0.1436 0.1391 0.1325 0.1249

W pc 0.0635 0.0677 0.0812 0.0897 0.0954 0.1002 0.1037

TABLE V
COMPARISON OF ERROR

PROBABILITIES OF SERIAL NETWORKS

TO CENTRALIZED NETWORKS

K 2 3 4

P s
E 0.1909 0.1845 0.1954

P c
E 0.1459 0.1231 0.1269

W sc 0.0451 0.0615 0.0685

Fig. 7. The ROC curves leading to the maximum loss of detection per-
formance due to quantization in serial sensor networks in comparison to
centralized detection.

Figs. 7 and 8. For both cases, the difference in error probability
increases as K increases, but the rate of increase decreases.
Two distinct and somewhat counterintuitive phenomena were
observed in the simulations.

Firstly, one might conjecture that the TPs should never be
selected by sensors in either serial or parallel networks. These
points correspond to always accepting one of the hypotheses,
H0 or H1, for a single sensor (K = 1), resulting in an error
probability of PE = 1/2. While this conjecture holds for par-
allel networks — since the corresponding sensor could simply
be excluded — it does not necessarily apply to serial networks.
In serial configurations, the upper or lower thresholds of the
sensors may necessitate sampling the ROC curve at the TPs
(i.e., thresholds taking values of 0 or ∞) to achieve the mini-
mum error probability.

Secondly, it might be assumed that quantization inevitably
leads to information loss and, consequently, a reduction in
detection performance. However, this assumption is not uni-
versally valid. Numerous non-trivial examples demonstrate that

Fig. 8. The ROC curves leading to the maximum loss of detection per-
formance due to quantization in parallel sensor networks in comparison to
centralized detection.

Fig. 9. The ROC curves R1, R2 and R3 for special cases.

quantization in both parallel and serial networks can preserve
detection performance without any loss. These phenomena are
illustrated in Fig. 9, which presents three examples. In all these
cases, the parameter vectors a and b are manually selected,
meaning that the outer optimization steps are not applied in the
respective optimization problems.

In the first example, there are K = 3 sensors in both serial
and parallel configurations, where each sensor samples its op-
erating points (PF , PM ) on R1. The ROC curve R1 consists of
2K = 6 segments, the minimum required by the serial network.
In this example, the parallel and serial networks result in differ-
ent minimum error probabilities, with P p

E = P c
E = 0.1157 and

P s
E = 0.1639, respectively. However, the TPs are uncondition-

ally required by the serial network to achieve this result. If the
TPs are excluded from R1, P s

E increases to 0.2062. Notice that
in this example, there is no loss of detection performance due
to quantization for the parallel sensor network.

In the second example, the number of sensors and segments
are identical to the previous example, but instead of R1, R2 is
considered as the ROC curve. With this setup, the centralized
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network, parallel network, and serial network all yield the same
error probability of P c

E = P s
E = P p

E = 0.1189. However, ex-
cluding the TPs on R2 results in P s

E increasing to 0.2350. This
shows that TPs are still necessary, even if all sensor networks
result in the same error probability. Moreover, this is an example
where no loss of detection performance is observed for both
serial and parallel networks compared to centralized detection.
Additionally, it is demonstrated that a point on R with PF ≈ 0
is not necessary, as in the previous example (see Appendix F),
to highlight the importance of TPs and the absence of detection
performance loss due to quantization.

In the final example, given by the ROC curve R3, a parallel
sensor network with K = 6 sensors (with K + 1 segments) is
compared to its centralized counterpart. The minimum error
probabilities for both the centralized and parallel networks are
found to be the same P c

E = P p
E = 0.2655. This indicates that

the previously obtained results are not restricted to K = 3 but
also apply to larger networks, such as with K = 6. Details of the
sampling points and error probabilities of Type I and II errors
in all three examples are provided in Apppendix F.

For K = 3, if a parallel network achieves the minimum error
probability with identical decisions where α1 = α2 = α3 = 0,
the overall error probability of this network is given by P p

E =
β3
1/2. A serial network can always achieve exactly the same

error probability with the help of the (1, 0) point, as in the ex-
ample with R2. Due to symmetry, if a parallel network achieves
the minimum error probability with identical decisions where
β1 = β2 = β3 = 0, the overall error probability of this network
is given by P p

E = α3
1/2. In this case, a serial network can also

achieve exactly the same error probability by considering the
(0, 1) point. For instance, in the example with R2, both φ2 and
φ3 use (0, 1) and (a4, c4) instead of (a4, c4) and (1, 0), as shown
in Table IX in Apppendix F.

D. Discussion

Implications of the theory developed in this paper can be
summarized as below

1) Decentralized detection without loss of detection perfor-
mance due to quantization can be designed based on the
theory presented in this paper. It turns out that lossless
decentralized detection occurs only when the ROC curve
has a special shape. This a-priori information may espe-
cially be useful to drive the actual ROC to one of these
special curves.

2) If the distributions under H0 and H1 are not simple, new
estimations of the distributions are needed periodically.
If the losses given in the paper are found not to be
significant, identical sensor decisions may be preferred.
Because it may be computationally heavy or power inef-
ficient to calculate the optimum solutions (general-case)
at each iteration.

3) The results given in Section IV provide guidelines i.e.,
maximum possible gains and losses, if the sensor net-
work is to be redesigned with a different architecture.
Similarly, Section V reveals maximum losses due to
decentralization.

4) The problem studied in Section III can be recast as data
transmission over a noisy binary memoryless channel or a
failure detection problem as described in [13]. However,
in contrary to the asymptotic results given in [13], the
conclusions of this paper indicate that there is no single
channel configuration or a particular device which solve
the data transmission or fault detection problem, respec-
tively, for any finite number of sensors.

VI. CONCLUSION

Theoretical bounds were established for three distinct decen-
tralized detection problems, focusing on different aspects of
performance loss:

• Parallel Sensor Networks: The maximum loss of detec-
tion performance was determined between two parallel
sensor networks, where one network has no constraints
and the other is restricted to identical sensor
decisions.

• Serial vs. Parallel Networks: The maximum loss of
detection performance was evaluated between serial and
parallel networks, without imposing any constraints on
decision-making strategies.

• Quantization Effects: The maximum loss of detection
performance due to quantization in both parallel and serial
networks was calculated by comparison to a centralized
network with the same number of sensors.

To achieve the objectives, the ROC curve was modeled by
a linear spline with potentially infinite number of segments.
It was shown that the necessary number of segments for an
optimal solution is finite and linearly dependent on the total
number of sensors. It was also observed that considering only
the endpoints of the linear spline segments is sufficient to find
the optimal solutions.

Specific examples demonstrated that the quantization im-
posed by decentralization does not necessarily lead to a loss in
detection performance. Additionally, it was shown that a serial
network unconditionally requires the TPs on the ROC curve to
achieve the minimum error probability.

The theory developed can be extended to hypothesis tests
which are not necessarily simple. While error-free communi-
cation was assumed, the framework can be easily adapted to
include error-prone communication channels, such as the binary
symmetric channel. In this case, the statistics of the quantized
data need to be adjusted by the channel’s error probabilities, and
the optimization process should incorporate these probabilities
as additional parameters.

APPENDIX A
PROOF OF THEOREM II.1

Proof: To satisfy the continuity each line segment yn of
the spline y intersects the previous segment yn−1 at an−1. This
means rnan−1 + bn = rn−1an−1 + bn−1 giving

rn = rn−1 +
bn−1 − bn

an−1
.

�
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APPENDIX B
PROOF OF COROLLARY II.3

Proof: We know that

cn = rnan + bn, (17)

and additionally by using (2), we have

cn =

(
rn−1 +

bn−1 − bn
an−1

)
an + bn. (18)

Solving (17) and (18) (after n := n+ 1 in (18)) for rn we get

rn =
cn+1 − cn
an+1 − an

− bn − bn+1

an
.

Writing rn back in (17), applying n := n− 1 and solving for
cn gives

cn =
an

an−1
cn−1 + bn

(
an−1 − an

an−1

)
.

APPENDIX C
PROOF OF THEOREM III.1

Proof: Using the identity

min(a, b) =
a+ b

2
− |a− b|

2
we have

PE(K; pK0 , pK1 )=
1

2

∑

u

pK0 (u) + pK1 (u)

2
− |pK0 (u)− pK1 (u)|

2

where the sum over the first term adds up to 1 and the sec-
ond term can be rewritten in terms of hK

0 and hK
1 as in

Theorem III.1. �

APPENDIX D
PROOF OF THEOREM III.2

Proof: From Theorem II.1 and Corollary II.2 one can
consider β = r̃diag(α) + b̃ in (9). This gives

W p̃p(K) =
1

2
lim
s→∞

max
α,b

×
[
max
ñ

Dp(α, b̃, ñ)− max
nj=nk

Dp(α, b̃, ñ)

]

where nk ∈ {0, . . . , s}, as each (αk, βk) can be on any of s+ 1
line segments. Applying Lemma II.5 in (10) yields s=K and
each α to be replaced by ã since the operating points of R
are the connection points of the spline segments, see Fig. 3.
Hence, the problem can be redefined as given in (10), where
we now have nk ∈ {0, . . . ,K − 1}, since only K connection
points are required for optimization excluding the points (0, 1)
and (1, 0). �

APPENDIX E
PROOF OF THEOREM IV.1

Proof: Minimization of P s
E or P p

E corresponds to max-
imization of Ds or Dp, respectively. The analyses made in
Section III for the parallel networks apply directly to the serial
networks. Hence, the optimization problems can be written as
in (13), where the condition n̄2k−1 > n̄2k−2, which simplifies

TABLE VI
COMPARISON OF ERROR PROBABILITIES OF SERIAL, PARALLEL

AND CENTRALIZED NETWORKS FOR R1

Error Probabilities PF PM PE

Parallel Network 0.1157 0.1157 0.1157
Serial Network 0.2474 0.0803 0.1639

Serial Network Without TPs 0.2544 0.1580 0.2062
Centralized Network 0.1157 0.1157 0.1157

TABLE VII
PARAMETERS OF SERIAL, PARALLEL AND CENTRALIZED NETWORKS

FOR R1

Sensors φ1 φ2 φ3

Par. Net. Par. α1 β1 α2 β2 α3 β3

Parameters a3 c3 a3 c3 a3 c3

Ser. Net. Par. α1 β1 α0
2 β0

2 α1
2 β1

2 α0
3 β0

3 α1
3 β1

3

Par. W. TPs a3 c3 0 1 a3 c3 a4 c4 1 0
Par. W.O. TPs a3 c3 a4 c4 a3 c3 a4 c4 a1 c1

TABLE VIII
COMPARISON OF ERROR PROBABILITIES OF SERIAL,
PARALLEL AND CENTRALIZED NETWORKS FOR R2

Error Probabilities PF PM PE

Parallel Network 0 0.2377 0.1189
Serial Network 0 0.2377 0.1189

Serial Network Without TPs 0 0.4701 0.2350
Centralized Network 0 0.2377 0.1189

the optimization significantly for the serial network stems from
the fact that, cf. (11), we have

1> PF (k; ·) + PM (k; ·)

=⇒ t0k =
1− PF (k − 1; ·)
PM (k − 1; ·) > t1k =

PF (k − 1; ·)
1− PM (k − 1; ·)

=⇒ α1
k > α0

k and β0
k > β1

k =⇒ n̄2k−1 > n̄2k−2,

and the indices n̄k =−1 and n̄k = 2K − 1 are required
to include (0, 1) and (1, 0) points on the ROC for the
optimization. �

APPENDIX F
PARAMETERS AND ERROR PROBABILITIES OF SPECIAL CASES

GIVEN IN SECTION V-C

Error probabilities of different networks for the first example
(with R1) are given in Table VI. The parameters yielding
these results are tabulated in Table VII, where (a1, c1) =
(0.4120, 0.2576), (a3, c3) = (0.2420, 0.2001), (a4, c4) =
(0.2120, 0.1435). In Table VII, and also in Table IX the values
of the parameters are listed under the given parameters. For the
serial network, there are two different results, first with and the
second without the TPs. Similarly, the results for the second
example (with R2) are tabulated in Tables VIII-IX, where,
(a0, c0) = (0.4870, 0.3178), (a4, c4) = (0, 0.6195). In the third
example, The error probability of the centralized detection and
that of the parallel network are the same P c

E = P p
E = 0.2655,

where P c
F = P p

F = 0.2184 and P c
M = P p

M = 0.3126. The
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TABLE IX
PARAMETERS OF SERIAL, PARALLEL AND CENTRALIZED NETWORKS

FOR R2

Sensors φ1 φ2 φ3

Par. Net. Par. α1 β1 α2 β2 α3 β3

Parameters a4 c4 a4 c4 a4 c4

Ser. Net. Par. α1 β1 α0
2 β0

2 α1
2 β1

2 α0
3 β0

3 α1
3 β1

3
Par. W. TPs a4 c4 a4 c4 1 0 a4 c4 1 0

Par. W.O. TPs a4 c4 a4 c4 a0 c0 a4 c4 a0 c0

parallel network achieves this result with K = 6 sensors
with identical decisions all sampling R3 at (a2, c2), where
a2 = 0.5903 and c2 = 0.1870. �
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