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Abstract
Commonly, melt migration in the Earth is modelled by a coupled system of
Stokes and Darcy equations governing slowly creeping deformation of highly-
viscous (geo)materials and flow in porous media, respectively.

In this work we derive and investigate a discontinuous Galerkin method
for the stationary Stokes system using divergence-conforming approximation
spaces. Testing it in geodynamically relevant benchmark setups we find that
this yields a stable and robust method. However, for fixed computational ex-
penses it was in most cases not superior to a second order (continuous) finite
element method using discontinuous pressures (Q2P1) which is often used in
geodynamic modelling softwares.

Then, we focus on the coupled system. We introduce the equations gov-
erning the system including constitutive equations for visco-elasto-plastic rhe-
ologies relevant on the lithospheric scale, and we derive a stable numerical
method using continuous finite elements of Taylor-Hood type. We investi-
gate the experimental order of convergence and show validity of the method
and its implementation in benchmark setups relevant for lithosphere dynam-
ics and melt migration.

Applying this method, firstly, we perform a broad parameter study sys-
tematically varying physical parameters such as, e.g., the rheology, the tec-
tonic deformational regime, and the geothermal gradient, and examining the
corresponding effects. As the study is the first of this type, we learn about in-
teractions of the various parameters in a numerical experiment. Furthermore,
we identify physical regimes of efficient melt transport.

Secondly, we focus onmultiple subsequent melt pulses andmultiple simul-
taneous pulses. For the latter we employ an unstructured triangular mesh
that is adaptively refined in regions of increased porosity for every time step.
Again, it is the first application of adaptive meshes in lithospheric scale melt
migration modelling using visco-elasto-plastic rheologies.

viii



Zusammenfassung
Der Aufstieg von Gesteinsschmelzen in der Erde wird zumeist mit Hilfe ei-
nes Ansatzes modelliert, der die Stokes’schen Gleichungenmit Darcys Gesetz
kombiniert. Hierbei bestimmen die Stokes’schen Gleichungen die langsame
Verformung hoch-viskoserMaterialien (Gesteine) undDarcys Gesetz die Strö-
mung in einem porösen Medium.

In dieser Arbeit leiten wir eine diskontinuierliche Galerkin-Methode für
die stationären Stokes’schen Gleichungen her und untersuchen diese. Die An-
satzräume wählen wir divergenzkonform. Mittels geodynamisch relevanter
Benchmarks weisen wir die numerische Stabilität und Robustheit der Metho-
de nach. Unter der Voraussetzung gleicher Rechenkapazität stellenwir jedoch
im Vergleich mit einer (stetigen) Finite-Elemente-Methode zweiter Ordnung
in denmeisten Fällen keinenVorteil der diskontinuierlichenGalerkin-Methode
fest. Das Q2P1-Element mit unstetigem Druck wird in vielen Softwares zur
Modellierung geodynamischer Prozesse eingesetzt.

Dann betrachten wir das gekoppelte Stokes/Darcy-System. Wir führen die
relevanten Gleichungen einschließlich der für die Lithosphäre bedeutsamen
visko-elasto-plastischen Zustandsgleichungen ein und leiten eine stabile nu-
merische Methode her, für die wir Finite Elemente vom Taylor-Hood-Typ ein-
setzen. Wir untersuchen die experimentelle Konvergenzordnung und weisen
die Gültigkeit der Methode und ihrer Implementierung mittels Benchmarks
nach, die relevanteMechanismen für Lithosphärendynamik und denAufstieg
von Gesteinsschmelzen umfassen.

Zunächst wenden wir diese Methode in einer breit angelegten Parameter-
studie an, in der wir die Auswirkungen systematisch variierter physikalischer
Parameter, etwa der Rheologie, der tektonischen Rahmenbedingungen oder
des geothermischen Gradienten, untersuchen. Da die Studie die erste ihrer
Art ist, gewinnen wir Erkenntnisse über die Interaktion der Parameter in nu-
merischen Experimenten. Ferner identifizieren wir physikalische Rahmenbe-
dingungen für effiziente Transportmechanismen für Gesteinsschmelzen.

Darüber hinaus modellieren wir den Aufstieg mehrerer zeitlich versetzter
Pulse sowie mehrerer gleichzeitiger Pulse. Für Letzteres nutzen wir ein un-
regelmäßiges Dreiecksgitter, das für jeden Zeitschritt in Bereichen erhöhter
Porosität adaptiv verfeinert wird. Wiederum ist dies die erste Anwendung
vonGitteradaptivität imBereich derModellierung desAufstiegs vonGesteins-
schmelzen durch die Lithosphäre unter Berücksichtigung visko-elasto-plasti-
scher Rheologien.

ix





chapter 1
Introduction

Why Should We Model Melt Migration?
Only 1 % of the Earth’s land surface is covered by volcanically active regions.
Yet, roughly 500 million people live in these regions. Apart from hazardous
events, magmatism also has significant economic effects, as, e.g., some of these
regions are relevant in obtaining geothermal energy, many large ore deposits
correlate to (previously) active magmatism [1], and volcanic soils have proved
to be fertile for agricultural purposes [2].

Despite the significance of the subject and increasing research there is still
an endless list of unresolved (or partially resolved) questions related to mag-
matism. How does melt rise through the Earth’s mantle and crust? In what
kind of physical regimes does it reach the surface? How much reaches the
surface? How do plumbing systems of volcanoes work? How is the melt mi-
gration process affected by large scale tectonic deformation?

Of course, there has been progress over the last decades regarding some of
these questions. There are geological field observations of volcanic and plu-
tonic rocks, geophysical obervations give indications on the present-day setup
of the crustal setup below volcanoes. However, today’s “snapshot” geologi-
cal record as a result of millions of years of magmatic activities, deformation,
crystallization, eruptions, provides only a very small window to the history
behind. Interpreting this data to formulate a physically consistent model of
how melt propagates through the Earth’s lithosphere is subject of ongoing
research.

Magmatic systems typically occur either at spreading regions (mid-oceanic
ridges, continental rifts) or in the vicinity of subduction zones. In a subduction
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Chapter 1 Introduction

Figure 1.1: Illustration of ocean-continent subduction zone, taken from [3, ch. 3]. Oceanic litho-
sphere subducts under a contintent bringing down water-rich sediments and basalts to great
depths. At high pressure and temperature the water is released to themantle reducing its melting
temperature. Magma accumulates and, due to the density difference, rises towards the surface.

Figure 1.2: Top left: Schematic illustration of types of plutons (modified from [4, ch. 3]). A: stocks
(might constitute a batholith if crystallized at depth), B: sill (tabular body, parallel to bedding),
C: dike (cross-cuts bedding), D: laccolith (a sill having pushed up overlying rock layers), E: pipe
(cylindrical conduit feeding a volcano), F: these features could be be pipes or dikes, depending
on their 3D structure.

Bottom left: Photo of intrusive sill on Réunion island by B.navez via Wikimedia Commons,
https://commons.wikimedia.org/wiki/File%3AReunion Mafate sill.JPG.

Right: Photo by T. Eliasson of the Geological Survey of Sweden showing “light-gray ig-
neous intrusion in Sweden cut by a younger white pegmatite dike, which in turn is cut by an
even younger black diabase dike”, https://commons.wikimedia.org/wiki/File:Multiple Igneous
Intrusion Phases Kosterhavet Sweden.jpg.
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Stokes Flow in Geodynamic Modelling

zone setup the most common concept of how melt migration initializes is the
following [3, ch. 4], cp. Figure 1.1: When oceanic lithosphere subducts under
a continent basalts and sediments with enriched water content are brought
down. At high pressures and temperatures the water is released to the sur-
rounding mantle and the subducted material partially melts. An increasing
water content reduces the solidus temperature of the mantle rock. The result
is a partially molten melange of mantle material and oceanic crust that, due
to buoyancy, starts rising towards the continental crust.

While the description hides a lot of the complexity involved in this process
(e.g., metamorphism of subductedmaterial, chemically boundwater vs. water
in pores), it only brings us to the starting point of the even more enigmatic as-
cent of the partiallymoltenmaterial. Conceptual “cartoon”models of themelt
ascent are presented in virtually every introductory geosciences textbook, see
Figure 1.1. Melt pulses might first rise as a diapir in a viscously deforming
mantle host rock. In shallower depths the ascent transitions into a combina-
tion of diapiric, porous and channelling flow. When being exhumed, intrusive
dike and sill structures can be observed, i.e., small (meter) scale vertical and
horizontal structures of magmatic origin that crystallized in crustal depths,
see Figure 1.2. Measurements of, e.g., seismic velocities imply the existence
of very complex magmatic network below volcanoes [5, 6]. Yet, the interpre-
tation of the data is cumbersome and has many free parameters.

Hence, the number of constraints for conceptual models of melt ascent is
small and it is unknown whether existing models are accurate and physically
consistent. Numerical modelling is probably the most attractive tool to pro-
vide a quantitative complement.

Stokes Flow in Geodynamic Modelling
Geomaterials deforming over geological timescales are usually modeled with
the Stokes equations describing slowly creeping motion where viscous forces
dominate over (negligible) advective inertial forces, i.e., in the limit of a small
Reynolds number (Re ≪ 1) [7, sec. 6-14]. Coupling this with the assumption
of incompressibility leads to the following quasi-static system of equations,

−∇ ⋅ 𝝉 + ∇𝑝 = −𝜚𝒈 , (1.1a)
∇ ⋅ 𝒗 = 0, (1.1b)

where 𝝉 ≡ 𝝉(𝒗, 𝜂, …) denotes the deviatoric stress, 𝒗 velocity, 𝜂 viscosity, 𝑝
pressure, 𝜚 density, 𝒈 gravitational acceleration. Typically, density and viscos-
ity fields are advected with the flow via a complementary advection equation,
see, e.g., [8–10].

3



Chapter 1 Introduction

The discretization of the fluid flow problem (1.1) with common grid-based
methods yields a saddle-point problem with a coefficient matrix that is very
large, ill-conditioned and indefinite [11]. The condition number is strongly
affected by the contrast in viscosity that can easily span six or more orders of
magnitude over the computational domain. Even locally it can vary by several
orders of magnitude, e.g., at material interfaces or in zones of shear localiza-
tion.

As geomaterials are non-Newtonian fluids, their rheological behavior in-
troduces nonlinearities into the system that require an iterative solution pro-
cedure: (i) determine viscosity depending on current guess for, e.g., the rate
of strain, (ii) assemble system matrix and solve system, back to (i) until some
convergence criterion is met.

While models of mantle convection are usually restricted to viscous defor-
mation, see, e.g., [12, 13], lithosphere dynamics also feature elastic stress accu-
mulation and plastic failure. In geodynamic applications plastic deformation
is typically modeled with an effective viscosity approach, altering iteratively
the viscoelastic constitutive relationship to not let the stress state exceed the
failure envelope [14–16].

The mentioned complexities in models of lithosphere dynamics give rise
to searching modern numerical methods. Therefore, we studied a discon-
tinuous Galerkin (DG) method for stationary Stokes flow with strongly vari-
able viscosity. In chapter 2 we present the derivation of a DG method and a
benchmark comparison of standard finite elements in a continuous Galerkin
framework with tailored divergence-free elements in a DG framework. The
chapter has been published in ZAMM – Journal of Applied Mathematics and Me-
chanics/Zeitschrift für Angewandte Mathematik und Mechanik. See [17] for its full
bibliographic record.

Towards a Mathematical Model of Melt Migration
Apart from slowly creeping motion (Stokes flow), a proper model of melt mi-
gration also needs to consider flow in porous media as described by Darcy’s
law. Coupling these two flow regimes has also been studied in other areas of
research such as interactions of surface and groundwater flows or studying
permeability in carbonate reservoirs with cavities and fractures.

The Stokes-Darcy-Brinkman approach merges the two flow regimes into
a single momentum equation that reduces to the end-member cases Stokes
or Darcy flow for suitable coefficients [18–21]. Another approach enforces
either Stokes or Darcy equations locally on subdomains, coupled with appro-
priate interface conditions. There are two major classes of numerical meth-
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ods for this system: iteratively solving the Stokes and Darcy problem sep-
arately [22, 23], or solving a monolithic system in a single step, see below.
Approaches similar to the latter one have also been investigated for coupled
Navier-Stokes/Darcy problems [24–27].

In the class of monolithic methods the Stokes/Darcy case has for example
been tackled with continuous finite elements [28–32]. As these lead to un-
balanced rates of convergence for the two subproblems different approaches
were presented, such as the combinations of mixed finite elements (for Darcy
region) and a discontinuous Galerkin method (for Stokes region) [33–35] or a
reformulation of discretized Darcy flow combinedwith arbitrary stable Galer-
kin finite element methods for Stokes flow [36]. Egger and Waluga [37] pre-
sented a hybridized discontinuous Galerkin method that is capable of solving
the Stokes equations, the Darcy equations or the coupled problem in a unified
manner.

A recent and promising approach for Darcy flow has been presented by Lin
et al. [38] based on so-called weak Galerkin finite elements (WGFEM) [39].
This method is locally conservative and, in contrast to mixed finite elements,
the resulting system is positive definite. Furthermore, no tuning of problem-
dependent penalty parameters is required as in the discontinuous Galerkin
method. However, this method has not been considered in the context of a
coupled Stokes/Darcy problem.

So far, the described methods consider a set of subdomains where either
Stokes or Darcy flow applies. Whenwe consider partiallymolten rockswe fail
to identify clear boundaries of where to apply one or the other flow regime.
Since McKenzie’s work on partially molten rocks incorporating Darcy’s law
into the conservation equations and combining it with a compacting solid ma-
trix [40] most models of melt migration in the last 30 years have followed this
path.

In the following years there has been theoretical and numerical research on
different modes of melt migration. Studies have dealt with different aspects
of viscous or porous two-phase flow, e.g., solitary wave propagation [41, 42],
melt ascent at midoceanic ridges [43–45], decompaction channeling [46] or
formation of dikes [47]. Yet, these models have in common that they consider
particular deformation modes and, hence, a priori prescribe the deformation
mode in the respective model, i.e., diapiric, percolative, diking, channeling.
Obviously, with such constraints it is not possible to recover all phases of the
melt propagating through the Earth’s mantle and crust in a single model.

Based on the mentioned references and on the work by Bercovici et al. [48],
recently Keller et al. [16] reformulated McKenzie’s model in the context of
lithospheric scale melt migration advancing it in multiple ways: they intro-
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duced visco-elasto-plastic rheologies to the system via appropriate constitu-
tive equations, presented it as an extension to the well understood Stokes
flow the way it is implemented in many geodynamic numerical modelling
softwares, and formulated it symmetrically such that discretizations lead to
symmetric matrices that are faster to solve for. In particular, they derived the
so-called three-field formulation for the fluid flow referring to the major un-
knowns solid velocity, fluid pressure and compaction pressure, which proved
to be superior to previous formulations, especially in terms of numerical sta-
bility when being discretized [49].

In chapter 3 we are going to review the fluid flow system described by
Keller et al. and present a formal mathematical derivation of a stable numer-
ical method to solve it overcoming methodological issues of their approach.
We present some numerical experiments obtaining experimental orders of
convergence and proving validity of the method and its implementation in
geodynamically relevant physical regimes.

In the 4th chapter we present a study on lithospheric scale models vary-
ing physical parameters such as the background strainrate (representing large-
scale tectonic deformation), the size of themelt pulse, the rheology of the crust
and the mantle etc., and discuss the implications.

In chapter 5 we focus on certain aspects of melt migration modelling, par-
ticularly, multiple subsequent pulses and mesh adaptivity, before we summa-
rize our findings and provide an outlook of future projects in the final chapter.
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chapter 2
Comparison of Continuous and

Discontinuous Galerkin Approaches
for Variable-Viscosity Stokes Flow

2.1 Introduction and Geophysical Motivation
Numerical simulations of geological and geodynamic processes is an impor-
tant and growing research field which helps to interprete geological observa-
tions in a physicallymeaningful manner. Typical questions that are addressed
include: How are sedimentary basins formed (e.g., [1])? How do lithospheric
plates collide and how are mountains formed (e.g., [2–5])? Why do we have
plate tectonics on Earth and not on other planets (e.g., [6, 7])? What is the
rheology of magma [8] and how does magma move through the Earth and
why does it only sometimes result in volcanic eruptions [9]? How does man-
tle convection work [7], and was this different in the early Earth [10]? While
the rheology of rocks is rather complex and nonlinear and is best described as
viscoelastoplastic, inertial terms are not important for these processes and the
governing equations that need to be solved in this case are often very similar
to the incompressible Stokes equations [7, 11–14]. Yet, different than in many
classical CFD applications, geological processes have viscosities that vary by
many orders of magnitude over spatially small domains as the viscosity of
rocks depends on pressure, temperature, strain rate. The location of these vis-
cosity jumps are typically not known a-priori but might form spontaneously
during a simulation, for example when a plastic shear band forms [15]. Obvi-
ously, geodynamicmodels need to capture these variations, see, e.g., [9, 16, 17].
The reliability of the numerical method is influenced by its stability and accu-
racy for the case of discontinuous model parameters, cf. [18, 19].
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Most geodynamicmodels contain a Stokes flow component, e.g. [20–22], as
typical time scales are long, inertial effects are negligible and rocks can often
be considered nearly incompressible. Therefore, finding a good way of solv-
ing the Stokes system is likely to contribute to a better understanding of, e.g.,
mantle convection, subduction of tectonic plates or continental collision. The
choice of the discretization method represents the first step in that solution
process. Grid-basedmethods such as finite differences [12, 23], finite elements
and finite volumes [24] are predominantly used. Each of these methods alge-
braically yields a saddle point problem with a coefficient matrix that is, typ-
ically, very large, ill-conditioned and indefinite [25]. Particularly for solving
3D problems, massively parallel systems need to be solved, for which iterative
methods are crucial although finding fast methods is still an open question,
cf. [26]. We refer to recent works dealing with block preconditioning with
algebraic multigrid [25, 27, 28], Krylov subspace methods on decoupled and
fully coupled systems [22, 29] and projection-based preconditioners [30, 31].

The Finite Element Method (FEM) is one of the standard means for the
simulation of geodynamic processes used in, e.g., [32–37]. However, the “nat-
ural” trade-off between accuracy and computational expenses accounts for
searching enhanced methods. As discontinuous Galerkin methods have been
demonstrated to be very efficient for solving (seismic) wave propagation in
heterogeneous media [38], they might be useful for solving variable viscosity
Stokes problems as well. Our aim is therefore to test how the Continuous Ga-
lerkin (CG) and the Discontinuous Galerkin (DG) methods compare with the
two most commonly used quadrilateral elements for Stokes flow (Q1P0 and
Q2P1). We do not consider the Q1Q1/stab element [39–41], as stabilization
of this element is achieved by introducing an artificial compressibility that
dominates for flows mainly driven by buoyancy variations [37]. In geophysi-
cal flow models this yields unphysical pressure artifacts for cases where both
the free surface of the Earth andmantle flow are considered, because the driv-
ing density contrast between cold sinking plates and the warmer surrounding
Earth’s mantle is much smaller than the density difference between rocks and
air [15, 35, 36]. In our experience, this results in artificial “compaction” of the
Earth’s mantle if Q1Q1/stab element is used, which makes them unsuitable
for these purposes.

The DG method generalizes the FEM by eliminating continuity constraints
and providing the tools to handle potential jumps via numerical fluxes. In
this respect it transfers a classical advantage of the finite volume methods to
a finite element approach [42]. Hence, it provides additional flexibility in de-
signing the shape functions that are discontinuous, and means to stabilize
discontinuities or steep gradient regions. DG methods are inherently local
requiring less communication between neighbouring mesh cells. This facili-
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tates the enforcement of local mass conservation (i.e., per mesh cell) [43–45],
the development of multiscale methods [46], ℎ𝑝-adaptivity [47, 48] and paral-
lelization [49, 50]. On the other hand, DG methods yield additional degrees
of freedom compared to CG.

Since about two decades DGmethods have become increasingly popular in
the mathematical community [51, 52] and are tested and used more andmore
in different fields of applications. Geophysical applications using DG meth-
ods are hitherto mainly restricted to seismology (wave modelling, waveform
inversion), see, e.g., [38, 53, 54]. Wilcox et al. [38] give as reasons for employing
a DG method (among others) strong wave speed contrasts and the need for ℎ-
adaptive non-conforming meshes to track solution features. Although steep
gradients and discontinuities are present in solutions and material properties
of typical geodynamic models, so far DG methods have not been applied to
common geodynamic model benchmarks. The aim of this paper is to real-
ize a first step in this direction. We employ 𝐻(div)-conforming elements of
Raviart-Thomas and of Brezzi-Douglas-Marini kind. Thus, the velocity ap-
proximation is globally divergence free in the Sobolev space 𝐻1, cf. (2.4c). It
is a well-known fact that exactly divergence-free basis functions can be advan-
tageous for the approximation of the Navier-Stokes and Darcy flows, see, e.g.,
[55, 56].

This article is organized as follows: in section 2.2 we give a brief review
on the main differences between CG and DG methods, present the elements,
show the derivation of a DG scheme for the Stokes flow, and describe the
benchmark setups we used in the numerical experiments. In particular, we
enforce local mass conservation by preserving the divergence-free condition
using div-conforming approximation for velocities in our DG scheme as de-
scribed in section 2.2.3. In section 2.3 we confer the results of the benchmark
setups and the computational costs arising from the different elements and
schemes. Finally, these results are discussed and conclusions are drawn.

2.2 Derivation of the Numerical Method
2.2.1 Governing Equations

Stokes flow plays a major role in geodynamic processes like, e.g., mantle con-
vection. It is also called creeping motion describing a flow where viscous
forces dominate over inertial forces. If the material is assumed to be incom-
pressible, Stokes flow can be described by the following conservation laws of
momentum and mass:

−∇ ⋅ 𝝉 + ∇𝑝 = −𝜚𝑔 ̂𝒛, (2.1a)
∇ ⋅ 𝒗 = 0, (2.1b)
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where 𝒗 denotes the velocity, 𝑝 pressure, 𝝉 the deviatoric stress tensor, 𝜚 den-
sity, 𝑔 the gravitational acceleration and ̂𝒛 the unity vector pointing in (vertical)
𝑧 direction. The equation of state specifying the deviatoric stress 𝝉 completes
the system,

𝝉 = 2𝜇 ̇𝜺, (2.2)

where 𝜇 denotes the viscosity and ̇𝜺 ≡ ̇𝜺(𝒗) = 1/2 (∇𝒗 + ∇𝒗𝖳) the strain rate.
In the following, we only consider the 2D case with (𝑥, 𝑧) coordinates and the
following boundary conditions,

Free-slip: 𝒗 ⋅ 𝒏 = 0, ∂𝒗
∂𝒏 = 0 on 𝛤1 ⊂ ∂𝛺, (2.3a)

No-slip: 𝒗 = 0 on 𝛤2 ⊂ ∂𝛺, (2.3b)

where 𝒏 is the normal and tangential unit vectors on the boundaries 𝛤1, 𝛤2 of
the open domain 𝛺; 𝛤1 ∪ 𝛤2 = ∂𝛺, 𝛤1 ∩ 𝛤2 = ∅.

2.2.2 Overview – CG and DG

The CGmethod (classical FEM) is a numerical method for solving (systems of)
differential equations. It is based on (i) a computational domain discretized
into cells of finite (not infinitesimal) size (finite elements), (ii) a variational for-
mulation of the differential equation and (iii) a finite set of shape functions,
each one being non-zero only on a small patch of mesh cells. The shape func-
tions are usually chosen as piecewise polynomials that form a basis of a dis-
crete space approximating the solution space, cf. section 2.2.3. Being a linear
combination of those shape functions, also the approximate solution is piece-
wise polynomial.

The DGmethod generalizes the FEM in such a way that in general no conti-
nuity along the mesh cell edges is enforced. Thus, the approximate solution is
piecewise polynomial, meaning polynomial on every single mesh cell. How-
ever, it may have jumps across the cell edges of themesh. This jump resembles
a non-zero flux from one mesh cell to the adjacent one given by the cell inter-
face integrals. Describing and handling this flux is the main difference in the
numerical scheme for a CG and a DG method.

2.2.3 Numerical Scheme

In what follows we will derive a numerical approximation of (2.1)–(2.3). We
will in particular concentrate on the derivation of theDGmethod, since theCG
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Figure 2.1: Degrees of freedom (DOFs) for the elements Q1P0, Q2P1, lowest-order Raviart-Thomas
RT0P0 and Brezzi-Douglas-Marini BDM1P0 (left to right). Crosses and circles denote DOFs for
horizontal and vertical velocity, respectively. Squares and arrows denote pressure and pressure
gradient DOFs.
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Figure 2.2: Instances of basis functions for (horizontal) velocity component of the elements Q1P0,
Q2P1, RT0P0, BDM1P0 (left to right).

FEM is a standard method also in the framework of geophysical applications.
Let𝛺 ⊂ 𝐑2 be an open, boundedpolygonal computational domain and𝒯ℎ (ℎ >
0 is a mesh parameter denoting the maximal edge length) denote a partition
of the closure 𝛺̄ into a finite number of mesh elements. We denote a general
mesh element by 𝐸 and set 𝒯ℎ ≔ {𝐸𝑖}𝑖∈𝐼 , where 𝐼 is a suitable index set of
all elements. We call two elements 𝐸𝑖, 𝐸𝑗 neighbouring elements, if 𝐸𝑖 ∩ 𝐸𝑗
contains their common edge. We will only consider quadrilateral elements in
this article, but results can be generalized also to the triangular case.

The approximate solution to our problem (2.1)–(2.3) is sought in the space
of polynomial functions. We denote by P𝑘(𝐸) the space of polynomials of (to-
tal) degree ≤ 𝑘 on a mesh element 𝐸 and Q𝑘(𝐸) = P𝑘,𝑘(𝐸), where

P𝑘1,𝑘2
(𝐸) = {𝑝(𝑥1, 𝑥2) ∣ 𝑝(𝑥1, 𝑥2) = ∑𝑖≤𝑘1, 𝑗≤𝑘2

𝑎𝑖𝑗𝑥
𝑖
1𝑥

𝑗
2} .

Finite Element Basis Before introducing suitable discrete spaces 𝑿ℎ and 𝑄ℎ
which are used for the velocity and pressure discretization, we first present
different finite element bases that are used in our numerical schemes. The
elements listed below are, except for Q1P0, inf-sup stable, i.e., they fulfill the
so-called LBB or inf-sup stability condition, see [57].

Q1P0 Element Although proven to be unstable [58] the seemingly easy-
to-use Q1P0 element with bilinear velocity and piecewise constant pressure
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shape functions is still heavily applied in practice. Therefore, we will use it as
a reference pointing out its benefits and limitations.

Raviart-Thomas Element For elliptic problems this element has been in-
troduced in 1977 [59]. We will consider only the lowest-order Raviart-Thomas
element RT0P0. The velocity components can locally be written as RT0(𝐸) =
P1,0(𝐸) × P0,1(𝐸). Globally, the horizontal velocity component is piecewise
linear and continuous in horizontal direction and piecewise constant and dis-
continuous in vertical direction. The vertical velocity component is the other
way around, i.e., piecewise linear and continuous in vertical direction and
piecewise constant and discontinuous in horizontal direction. The matching
pressure space P0 is piecewise constant and discontinuous.

As shown in [60] for the isoviscous case, the RT0P0 element in the corre-
sponding numerical scheme resembles the finite difference (FD) staggered
grid stencil. Raviart-Thomas elements of order 𝑘 can, therefore, be consid-
ered a higher-order generalization of the FD method working on irregular
meshes. Limitations to this consideration are given in section 2.3 for geody-
namic benchmarks.

Brezzi-Douglas-Marini Element This element type has been introduced
in 1985 [61] following the Raviart-Thomas element in its approach to design
a discrete basis of 𝐻0(div,𝛺), cf. (2.4c), see also [62, §III.3]. Locally, it is bi-
linear like the Q1P0 element, BDM1(𝐸) = Q1(𝐸)2 with Q1(𝐸) defined above.
Across mesh edges, it is continuous in normal direction and discontinuous in
tangential direction like the RT0P0 element. The matching pressure space is
piecewise constant and discontinuous.

Q2P1 Element This element is based on a biquadratic approximation for
velocity and a piecewise linear approximation for pressure. On the samemesh
this element reaches higher accuracy at increased computational cost com-
pared to the Q1P0 element. As for the other elements the pressure approx-
imation may encounter discontinuities across mesh edges. This element is
commonly used for discretization of the Stokes flow.

In what follows we use the abbreviation Q1P0 or Q2P1 for the FEM based
on using either the Q1P0 or the Q2P1 element, respectively. On the other hand
we use the abbreviation RT0P0 or BDM1P0 for the DG method based on using
either the RT0P0 or the BDM1P0 element, respectively.

Function Spaces The finite element bases Q1P0 and Q2P1 yield well-known
continuous finite element methods, see, e.g., [63, III.§6]. In what follows we
define suitable discrete spaces 𝑿ℎ, 𝑄ℎ for the discretization of velocity and
pressure, respectively, that will be used in the framework of the discontinuous
Galerkin scheme.
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2.2 Derivation of the Numerical Method

𝑿ℎ = {𝒖 ∈ 𝐻0(div,𝛺) ∣ 𝒖|𝐸 ∈ RT0(𝐸) or BDM1(𝐸) �
� ∀𝐸, 𝒖 ⋅ 𝒏 = 0 on ∂𝛺} , (2.4a)

𝑄ℎ = {𝑞 ∈ 𝐿2(𝛺) ∣ 𝑞|𝐸 ∈ P0(𝐸) ∀𝐸, ∫𝛺 𝑞 = 0} , (2.4b)

𝐻0(div,𝛺) = {𝒖 ∈ (𝐿2(𝛺))2 ∣ ∇ ⋅ 𝒖 ∈ 𝐿2(𝛺),𝒖 ⋅ 𝒏 = 0 on ∂𝛺} . (2.4c)

Thus, the approximation for the velocity is div-conforming, i.e., included
in 𝐻0(div,𝛺). It has continuous normal components across elements and it is
globally divergence free in the space 𝐻0(div,𝛺), cf. [60].

Scheme Derivation We now introduce notations for the jump and average of
a (scalar or vector-valued) quantity 𝒖 ∈ 𝐑𝑛, 𝑛 ≥ 1, along an edge 𝑒 = 𝐸𝑖 ∩ 𝐸𝑗
shared by two neighbouring mesh elements 𝐸𝑖, 𝐸𝑗 with the respective outer
normal vectors 𝒏𝑖 pointing to 𝐸𝑗, and 𝒏𝑗 pointing to 𝐸𝑖,

[𝒖] 𝑖𝑗 ≔ 𝒖𝑗 − 𝒖𝑖, ⟨𝒖⟩𝑖𝑗 ≔
𝒖𝑖 + 𝒖𝑗

2 , (2.5)

where 𝒖𝑖 denotes the limiting value of 𝒖 from the mesh elements 𝐸𝑖 along
edge 𝑒. The analogous notation holds for 𝒖𝑗. Fixing either of the normal vec-
tors 𝒏𝑖, 𝒏𝑗 as belonging to the edge 𝑒, we drop the index notation for the jump
since 𝒏𝑖 = −𝒏𝑗 and thus [𝒖] 𝑖𝑗𝒏𝑗 = [𝒖] 𝑗𝑖𝒏𝑖 ≕ [𝒖]𝒏𝑒. Consequently, we fix ei-
ther of the normal vectors on interior edges and refer to it as 𝒏𝑒. For boundary
edges 𝑒 ⊂ ∂𝛺 the notation 𝒏𝑒 refers to the unique outward pointing normal.
Secondly, we note without proof the following Lemma, cf. e.g., [64],

Lemma 2.1 For 𝒂, 𝒃 ∈ 𝐑𝑛, 𝑛 ≥ 1, (or 𝒂 ∈ 𝐑, 𝒃 ∈ 𝐑𝑛, 𝑛 > 1) the following equality
applies:

[𝒂 ⋅ 𝒃] = ⟨𝒂⟩ ⋅ [𝒃] + [𝒂] ⋅ ⟨𝒃⟩ . (2.6)

Now, we will derive our DG approximation following [42], [65, 4.2 and 6.2],
[66, 14.2]. Note that the different approach of [55] yields similar forms. First,
multiplying the momentum conservation equation (2.1a) with a test function
𝝓 ∈ 𝑿ℎ yields after elementwise integration by parts,

∫
𝐸

2𝜇 ̇𝜺(𝝓) ∶ ̇𝜺(𝒗) − ∫
∂𝐸

𝝓 ⋅ (𝝉𝒏𝐸) − ∫
𝐸
𝑝(∇ ⋅ 𝝓) + ∫

∂𝐸
𝑝𝝓 ⋅ 𝒏𝐸

= ∫
𝐸

−𝜚𝑔 ̂𝒛 ⋅ 𝝓, (2.7)

where 𝒏𝐸 denotes the unit outer normal of the mesh cell 𝐸 and 𝒂 ∶ 𝒃 the so-
called Frobenius product, i.e., componentwise inner product of two matrices.
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Let us look in more details at the second term summed with respect to the
mesh cells:

− ∑
𝐸∈𝒯ℎ

∫
∂𝐸

𝝓 ⋅ (𝝉𝒏𝐸) = − ∑
𝑒∈ℱℎ

∫
𝑒
[𝝓 ⋅ 𝝉]𝒏𝑒 − ∑

𝑒⊂∂𝛺
∫
𝑒
𝝓 ⋅ 𝝉𝒏𝑒. (2.8)

First, wewould like tomention that the integrals along the boundary edges
𝑒 ⊂ ∂𝛺 vanish due to the boundary conditions (2.3). Indeed, on 𝛤2 the test
function vanishes due to the Dirichlet boundary conditions. On 𝛤1 we have
∑𝑒⊂𝛤1

∫𝑒𝝓𝜇(∇𝒗 + (∇𝒗)𝖳)𝒏𝑒 = ∑𝑒⊂𝛤1
∫𝑒𝝓𝜇(∇𝒗)𝖳𝒏𝑒, since ∇𝒗 ⋅ 𝒏𝑒 = ∂𝒗/∂𝒏𝑒 = 0.

Furthermore, we recall that 𝛺 is a polygonal domain, thus on each boundary
segment we have a constant outer normal. Applying both conditions from
(2.3a) we finally obtain that (∇𝒗)𝖳𝒏𝑒 = ( �∑2

𝑗=1
∂𝑣𝑗/∂𝑥1𝑛𝑒,𝑗, ∑

2
𝑗=1

∂𝑣𝑗/∂𝑥2𝑛𝑒,𝑗)�𝖳 = 𝟎
on 𝛤1.

Further, we exploit Lemma 2.1 and, as argued in [66], we apply the interior
penalty method. Thus, we replace the normal flux term, 𝝉𝒏, by the discrete
flux, ⟨2𝜇̃ ̇𝜺(𝒗)⟩ 𝒏𝑒 − 𝜎/∣𝑒∣ [𝒗], where 𝜎 is a suitable positive weight parameter, cf.
also, e.g., [42, 4.6], [60]. In our numerical experiments presented in section 2.3
the parameter 𝜎 was chosen to be globally constant.

− ∑
𝑒∈ℱℎ

∫
𝑒
[𝝓 ⋅ 𝝉] 𝒏𝑒 = − ∑

𝑒∈ℱℎ
∫
𝑒
[𝝓] ⋅ ⟨𝝉⟩ 𝒏𝑒 + ⟨𝝓⟩ ⋅ [𝝉]𝒏𝑒 (2.9)

= − ∑
𝑒∈ℱℎ

∫
𝑒
[𝝓] ⋅ 𝝉𝒏𝑒 (2.10)

≃ − ∑
𝑒∈ℱℎ

∫
𝑒
[𝝓] ⋅ (⟨2𝜇̃ ̇𝜺(𝒗)⟩𝒏𝑒 − 𝜎

∣𝑒∣
[𝒗]) . (2.11)

We have also used the fact that 𝝉𝒏𝑒 is continuous across mesh edges for 𝒗
being the exact solution, cf. [67]. Further, 𝜇̃ denotes an average viscosity value
depending on the values of 𝜇 on the mesh cells that adhere to the respective
edge 𝑒. We choose 𝜇̃ to be the geometric average accommodating the fact that𝜇
may change by orders of magnitude. We note that, for the chosen benchmark
setups, this yields smaller errors than taking the arithmetic or harmonicmean.
For other ways of computing weighted averages in this context compare, e.g.,
[65, 4.5.2].

We note that the term [𝒗] ⋅ ⟨2𝜇̃ ̇𝜺(𝝓)⟩ is zero for 𝒗 being the exact solution.
Therefore, we could add it to (or subtract it from) the previous term without
losing consistency. These considerations yield the following bilinear form 𝑎ℎ,
which will be used for the numerical scheme,
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2.2 Derivation of the Numerical Method

𝑎ℎ(𝒗,𝝓) = ∑
𝐸

∫
𝐸

2𝜇 ̇𝜺(𝝓) ∶ ̇𝜺(𝒗) + ∑
𝑒∈ℱℎ

𝜎
∣𝑒∣ ∫

𝑒
[𝝓] ⋅ [𝒗]

− ∑
𝑒∈ℱℎ

∫
𝑒
[𝝓] ⋅ ⟨2𝜇 ̇𝜺(𝒗)⟩ 𝒏𝑒

− 𝜖 ∑
𝑒∈ℱℎ

∫
𝑒
[𝒗] ⋅ ⟨2𝜇 ̇𝜺(𝝓)⟩𝒏𝑒, 𝒗,𝝓 ∈ 𝑿ℎ. (2.12)

For 𝜖 = 1 , −1 , 0, this is referred to as the symmetric, nonsymmetric
or incomplete interior penalty Galerkin method (SIPG, NIPG, IIPG), respec-
tively. SIPG methods have been introduced in [64], NIPG in [68], IIPG in [69].
We refer also to other works, see, e.g., [52, 70–73] and the references therein,
where full numerical analysis of the discontinous Galerkin method with SIP
for the Laplace equation is available. For more details on the differences of
these methods, we refer the reader to [74, 1.2], [65, 5.3] and the references
therein. Numerical results presented in this paper were obtained using the
NIPG (𝜖 = −1) that yielded best results for the considered benchmark prob-
lems.

The weak form of the incompressibility condition (2.1b) yields the bilinear
form 𝑏ℎ and is given by:

0 = 𝑏ℎ(𝒗, 𝑞) = ∑
𝐸

∫
𝐸
(∇ ⋅ 𝒗)𝑞, 𝑞 ∈ 𝑄ℎ. (2.13)

To discretize the pressure terms from the momentum equation we extend the
bilinear form 𝑏ℎ, cf. [65, 6.1],

𝑏∗
ℎ(𝝓, 𝑝) = −𝑏ℎ(𝝓, 𝑝) + ∑

𝑒∈ℱℎ
∫
𝑒
[𝑝]𝝓 ⋅ 𝒏𝑒 + ∑

𝑒⊂∂𝛺
∫
𝑒
𝑝𝝓 ⋅ 𝒏𝑒, (2.14)

where we used that 𝝓 ⋅ 𝒏𝑒 is continuous across mesh edges. Note again that
the boundary integrals vanish due to eq. (2.3).

Now, we can state our DG approximation scheme: Find (𝒗, 𝑝) ∈ 𝑿ℎ × 𝑄ℎ
such that

𝑎ℎ(𝒗,𝝓) + 𝑏∗
ℎ(𝝓, 𝑝) = ∫

𝛺
−𝜚𝑔 ̂𝒛 ⋅ 𝝓, ∀𝝓 ∈ 𝑿ℎ, (2.15a)

𝑏ℎ(𝒗, 𝑞) = 0, ∀𝑞 ∈ 𝑄ℎ. (2.15b)

In [55] analytic properties of a large class of divergence-free DG methods
have been investigated. The authors studied div-conforming spaces, which
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satisfy the condition ∇ ⋅ 𝑋(𝐸) ⊆ 𝑃(𝐸), where 𝑋(𝐸) and 𝑃(𝐸) are local spaces
for the approximation of velocity and pressure, respectively. Note that our
local element RT0P0 satisfies the above condition. The use of the local space
BDM𝑘+1P𝑘 for velocity and pressure, respectively, has been analyzed in [75]
in the framework of DG FEM. For a large class of DG methods (including our
particular choice (2.15)) stability and accuracy have been investigated theoret-
ically in [55]. In particular, it has been proven that resulting methods satisfy
the inf-sup stability condition and that the following error estimates hold.

Let us denote by 𝒗, 𝑝, 𝒗ℎ, 𝑝ℎ the exact and approximate solutions (velocity
vector and pressure), respectively. Moreover let 𝒗 ∈ 𝐻𝑘+1(𝛺), 𝑝 ∈ 𝐻𝑘(𝛺) a
regular solution and ∥⋅∥ 1,ℎ a suitable discrete 𝐻1 norm in the broken Sobolev
space 𝑿ℎ, i.e., ∥𝒖ℎ∥ 2

1,ℎ = ∑𝐸 ∫𝐸(∇𝒖ℎ)2d𝑥 + ∑𝑒 ∫𝑒
𝜎
ℎ ∣[𝒖ℎ] ∣ 2 for any 𝒖ℎ ∈ 𝑿ℎ.

Then it holds

∥𝒗 − 𝒗ℎ∥1,ℎ + ∥𝑝 − 𝑝ℎ∥𝐿2(𝛺) ≤ 𝑐ℎ𝑘 (∥𝒗∥
𝑘+1 + ∥𝑝∥

𝑘
) , (2.16)

where 𝑘 ≥ 1, 𝑐 > 0 is a constant independent of the mesh size ℎ. Moreover, the
approximate velocity 𝒗ℎ is exactly divergence-free and the resulting DGmeth-
ods are conservative, energy-stable and optimally convergent, cf. [55] and [75].

Let us also point out that in [60] the author investigates the use of the RT0P0
element in the framework of divergence-free DGmethods. It has been proven
that such a DG scheme is algebraically equivalent to the standard MAC finite
difference scheme, that is often used in engineering applications in order to ap-
proximate the Stokes problem. Using this fact, we can apply the recent result
of Li and Sun [76] who have proven superconvergence of the MAC scheme,
i.e., the discrete 𝐿2 errors of pressure, velocity as well as gradient of velocity
are of second order.

In this paper we compare the behaviour of the above DGmethods and stan-
dard, i.e., continuous finite elements, for some typical geophysical tests. Recall
that when we apply CG FEM method the space 𝑿ℎ is a discrete space approx-
imating (𝐻1(𝛺))2 with cellwise bilinear Q1 or cellwise biquadratic functions
Q2. For the latter the pressure space 𝑄ℎ is the space of cellwise linear functions
with mean value zero. Thus, we do not require that the discrete velocities for
CG FEM are div-conforming (i.e., in 𝐻0(div,𝛺)). Note that using the same bi-
linear forms without edge integrals the formulation above coincides with the
standard variational formulation of incompressible Stokes flow in a CG FEM
setting, see, e.g., [63, III.§6], [66, 12.2].
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Figure 2.3: Benchmark setups SolCx (left) and Rayleigh-Taylor instability (right) with material
viscosities 𝜇1, 𝜇2 and densities 𝜚 (SolCx setup), 𝜚1, 𝜚2 (Rayleigh-Taylor).

2.2.4 Benchmark Setups

SolCx Benchmark The analytic solution to this benchmark has been derived
by Zhong [77] and our implementation follows [22]. We include a Matlab
function (SolCx.m) to compute the analytic solution in the online supplement
to this article that is based on the one provided in Underworld [33]. The setup
resembles a simplified mantle convection model with a lateral viscosity jump
caused by, e.g., a material interface. The flow is driven by a prescribed smooth
density field.

Rayleigh-Taylor Instability This fluid-interface benchmark is used to test
the velocity solution of gravity driven flows, see [12, 35, 78]. The boundary
between the two fluids is perturbed by a sinusoidal perturbation of low, yet
finite, amplitude 𝐴. By stretching the domain horizontally while keeping the
relative shape of the perturbation we change its wavelength. This variation
affects the maximal values for the vertical velocity at the interface. The ana-
lytic velocity solution is obtained for an infinitesimal amplitude and derived
in detail in [78]. It is computed in a separate Matlab function (diapGrwth.m)
in the online supplement to this article.

2.3 Numerical Experiments
In this section we describe the methodology for comparison of methods and
discretizations for the above benchmarks and how to quantify computational
costs of the different discretizations. All simulations using the RT0P0 element
were done with 𝜎 = 1 while for all simulations using the BDM1P0 element 𝜎
was set to 𝜎 = 1

ℎ , where ℎ denotes the edge length. This choice yielded the best
results.

Note that the systemwas solved directly and that we did not investigate the
performance of the method in larger scale simulations.
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Figure 2.4: Analytic solution in SolCx benchmark as given by [77] for velocity (arrows) and pres-
sure (color-coded). Left: Isoviscous setup, 𝜇1 = 𝜇2 = 1. Right: Viscosity jump of three orders
of magnitude, 𝜇1 = 1, 𝜇2 = 103. The reference arrow lengths are 2.53 × 10−2 and 3.60 × 10−3,
respectively, for the arrow originating at the point (𝑥 = 0, 𝑧 = 0.5). Note that the pressure is
discontinuous in the variable viscosity setup and the jump is aligned with the viscosity jump.
The analytic solution for the isoviscous setup is 𝒗 = [− sin(π𝑥) cos(π𝑧); cos(π𝑥) sin(π𝑧)]/4π2,
𝑝 = − cos(π𝑥) cos(π𝑧)/2π. The analytic solution of the variable-viscosity setup can be found
in [77].

2.3.1 SolCx Benchmark

The flow in the SolCx Benchmark is driven by a prescribed density field 𝜚 =
− sin(π𝑧) cos(π𝑥) in the open domain 𝛺 = (0, 1) × (0, 1), the gravity 𝑔 = 1 is
normalized. The flow is subjected to free-slip boundary conditions as given
in (2.3a), see Figure 2.3 (left).

Isoviscous Setup For the discretizations where the velocity is approximated
with (bi-)linear basis functions (RT0P0, Q1P0, BDM1P0)we obtain second order
convergence for the velocity measured in 𝐿2 and 𝐻1 norms. The 𝐿2 error ob-
tained with the RT0P0 element is slightly smaller than for Q1P0 and BDM1P0.
Apparently, the RT0P0 element shows the superconvergence behavior men-
tioned in section 2.2.3, cf. [76]. The Q1P0 and BDM1P0 elements are on the
same level. The higher order of the Q2P1 element yields fourth order conver-
gence for the velocity measured in the 𝐿2 norm. As the cross derivatives ∂𝑥𝒗𝑧,
∂𝑧𝒗𝑥 vanish locally for the RT0P0 element, it does not converge with respect
to the 𝐻1 norm and, hence, its plot is omitted. The other three elements yield
𝐻1 errors on about the same level (BDM1P0 smallest, Q2P1 largest).

The 𝐿2 pressure error differs only slightly for the RT0P0 and the Q2P1 ele-
ment as well as for the Q1P0 and the BDM1P0 element. For the latter ones it is
at least two orders of magnitude smaller and has higher rate of convergence,
which seems to be influenced by superconvergence effects for this particular
setup.
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Figure 2.5: Isoviscous SolCx Benchmark: 𝐿2 (left) and 𝐻1 (center) errors for velocity and 𝐿2 error
for pressure (right) for the four discretizations Q1P0, Q2P1, RT0P0 and BDM1P0. The slope of the
plots corresponds to the order of convergence towards the analytic solution when increasing the
mesh resolution, i.e., decreasing the grid size.
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Figure 2.6: Isoviscous SolCx Benchmark: 𝐿2 (left) and 𝐻1 (center) errors for velocity and 𝐿2 error
for pressure (right) for the four discretizations Q1P0, Q2P1, RT0P0 and BDM1P0. The slope of the
plots corresponds to the order of convergence towards the analytic solution when increasing the
number of degrees of freedom.

Let us consider the errors with respect to the number of degrees of freedom
(DOFs) needed to reach a certain accuracy. The Q2P1 element still yields the
smallest velocity error in the 𝐿2 norm. On the other hand, the Q1P0 element
performs slightly better than the BDM1P0 element (and a lot better than the
Q2P1 element) in terms of the 𝐻1 error in the velocity and the pressure error.

For the velocity and pressure error in the isoviscous SolCx setup see Fig-
ures 2.5 and 2.6.

LateralViscosity Jump In this setup the velocity errors show a similar behav-
ior as for the isoviscous case, i.e., the BDM1P0 andQ1P0 element convergewith
second order to the analytic solution with the error being at the same order of
magnitude, while the Q2P1 element converges with fourth order and, there-
fore, reaches much higher accuracy at the same resolution. For the BDM1P0
element the convergence order measured in the 𝐻1 norm is only 1.3, approx-
imately, while the two conforming elements keep the order 2. The pressure
errors for these three elements are of similar order and converge with second
order.

Considering the number of degrees of freedom the elements’ performance
is similar to the isoviscous case. The Q2P1 element yields the best 𝐿2 error for
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Figure 2.7: Variable Viscosity SolCx Benchmark: 𝐿2 (left) and 𝐻1 (center) errors for velocity and
𝐿2 error for pressure (right) for the three discretizations Q1P0, Q2P1 and BDM1P0. The slope of
the plots corresponds to the order of convergence towards the analytic solution when increasing
the mesh resolution, i.e., decreasing the grid size.
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Figure 2.8: Variable Viscosity SolCx Benchmark: 𝐿2 (left) and 𝐻1 (center) errors for velocity and
𝐿2 error for pressure (right) for the three discretizations Q1P0, Q2P1 and BDM1P0. The slope of
the plots corresponds to the order of convergence towards the analytic solution when increasing
the number of degrees of freedom.

the velocity while the Q1P0 element yields highest accuracy in terms of the
𝐻1 error for the velocity and 𝐿2 error for the pressure. For the velocity and
pressure error in the SolCx setup with discontinuous viscosity see Figures 2.7
and 2.8.

We omit the RT0P0 element for this setup as it does not converge to the
analytic solution. Due to the simple structure of this element no coupling of
the two velocity components can be captured in the numerical scheme given
in section 2.2.3. As the cross derivatives ∂𝑥𝒗𝑧, ∂𝑧𝒗𝑥 vanish element-wise, shear
stress components are not taken into account in the discrete scheme. Shear
stress is zero in the isoviscous SolCx setup but non-zero for discontinuous
viscosity. This explains why the RT0P0 element converges in the isoviscous
case but not in the discontinuous viscosity case. We aim to further investigate
this problem in a future study.

We can deduce fromFigures 2.5 and 2.7 that the BDM1P0 element has about
the same accuracy (in terms of the 𝐿2 errors) as the Q1P0 element for any fixed
resolution. This is to be expected as both elements are of the same order, i.e.
velocity is approximated with piecewise bilinear, pressure is approximated
with piecewise constant shape functions. The RT0P0 element is computation-
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ally cheaper, yielding similar accuracy in simple setups like the isoviscous
SolCx setup but fails for setups with non-zero shear stress. The Q2P1 element,
being of higher order, yields higher accuracy and higher order of convergence
at the price of increased computational costs.

While the Q1P0 and Q2P1 element keep the 𝐿2 order of convergence for the
velocitywhen changing to the 𝐻1 norm, the convergence order of the BDM1P0
element decreases.

2.3.2 Rayleigh-Taylor Instability

In the Rayleigh-Taylor instability benchmark the flow is driven by the density
difference ∆𝜚 = 𝜚2 −𝜚1 of the twomaterial layers. Both, the density difference
∆𝜚 = 1 and the gravity 𝑔 = 1 are normalized. The computational domain is set
to be𝛺 = (0,𝜆)×(0, 𝑧max), where 𝑧max = 1, see Figure 2.3 (right). Thematerial
interface follows a mesh edge with a sinusoidal perturbation of amplitude 𝐴
andwavelength𝜆, i.e., the elements adjacent to the perturbed edge are slightly
deformed. Hence, the mesh is not globally regular anymore. We vary the vis-
cosity contrast 10−3 ≤ 𝜇2/𝜇1 ≤ 103 and study the vertical velocity 𝒗𝑧 at the tip
of the sinusoidal perturbation. The magnitude of this velocity also depends
on the wavelength 𝜆, i.e., for every viscosity contrast there is one dominant
wavelength 𝜆∗ that yields a maximal magnitude for the vertical velocity in
this location. We vary the wavelength 𝜆 in a certain range around the domi-
nant wavelength 𝜆∗

exp that we determined experimentally, see the axis labels
in Figure 2.9 for the ranges of 𝜙 = 2π(𝑧max − 𝑧jump)/𝜆, 𝑧max = 1, 𝑧jump = 0.1.

In this setup, the free-slip condition is imposed at the vertical boundaries,
no-slip at the horizontal boundaries, see (2.3). We run two sets of experiments.
Firstly, we fix the resolution to 50 by 50 elements. Secondly, we choose the res-
olution such that for all elements it yields approximately the same number of
non-zero entries in the system matrix. In both cases we compute the max-
imum vertical velocity 𝒗𝑧 for different wavelengths 𝜆 of the sinusoidal per-
turbation by changing the width of the domain and we vary the viscosity con-
trasts between 10−3 and 103, fixing the perturbation amplitude at 𝐴 = 10−4. A
non-dimensional growth factor 𝐾an = 𝒗𝑧

𝐴
2𝜇2

∆𝜚 𝑧jump𝑔
can be analytically derived as

given in [78, sec. 6] and [12, sec. 16.2]. We compare the numerically retrieved
value of 𝐾 to the analytic one. For the same reasons as in the previous section
we omit the RT0P0 element here.

We shall first consider the case 𝜇2/𝜇1 ≤ 1, i.e., the top layer viscosity being
less or equal to the bottom layer viscosity, with fixed resolution of 50 by 50
elements, see Figure 2.9, bottom left. The Q2P1 element, as in all other cases,
very accurately resembles the analytic value of the maximum vertical velocity
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Table 2.1: Relative errors 𝑒rel = ∣ 𝐾−𝐾an
𝐾an

∣ for the three elements at 𝜙(𝜆∗
exp) in the middle of the

chosen range. Resolution for all elements fixed at 50 by 50 elements.

𝑒rel(𝜆∗
exp)

𝜇2/𝜇1 Q1P0 Q2P1 BDM1P0
103 4.9 × 10−1 1.5 × 10−3 5.0 × 10−1

101 2.8 × 10−1 1.4 × 10−3 2.6 × 10−1

100 6.0 × 10−2 8.4 × 10−4 1.0 × 10−1

10−3 2.7 × 10−1 3.6 × 10−4 3.7 × 10−1

Table 2.2: Relative errors 𝑒rel = ∣ 𝐾−𝐾an
𝐾an

∣ for the three elements at 𝜙(𝜆∗
exp) in the middle of the cho-

sen range. Resolution for Q1P0, Q2P1, BDM1P0 element is 90 by 90, 40 by 40, 60 by 60 elements,
respectively, yielding approximately the same memory usage for all three elements (≈ 4.5 × 105

non-zero entries in system matrix).

𝑒rel(𝜆∗
exp)

𝜇2/𝜇1 Q1P0 Q2P1 BDM1P0
103 1.6 × 10−1 2.4 × 10−3 3.5 × 10−1

101 9.7 × 10−2 2.5 × 10−3 1.8 × 10−1

100 1.6 × 10−2 1.6 × 10−3 7.7 × 10−2

10−3 9.0 × 10−2 7.5 × 10−4 2.6 × 10−1

Table 2.3: Number of global degrees of freedom (DOFs) and of non-zero entries (NNZs) in the sys-
tem matrix on a square 32-by-32-mesh for the four discretizations. Note that the Q1P0 and Q2P1
elements are used in the standard finite element framework while the RT0P0 and the BDM1P0
elements are used in the DG scheme derived in section 2.2.3.

Element DOFs NNZs
RT0P0 3136 2.6 × 104

Q1P0 3202 4.8 × 104

BDM1P0 5248 1.2 × 105

Q2P1 11 522 3.1 × 105
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Figure 2.9: Rayleigh-Taylor Instability Benchmark: Non-dimensional growth factor 𝐾 versus fre-
quency 𝜙 = 2π(𝑧max − 𝑧jump)/𝜆, 𝑧max = 1, 𝑧jump = 0.1. Solid lines give the analytically obtained
value 𝐾an at the tip of the sinusoidal perturbation (i.e., where vertical velocity is maximal). Top to
bottom: Viscosity contrasts 𝜇2/𝜇1 = 103, 101, 100, 10−3. Left: Errors for Q1P0, Q2P1, BDM1P0 at
fixed mesh resolution of 50 by 50. Right: Errors for Q1P0(mesh resolution 90 by 90), Q2P1(40 by
40), BDM1P0 (60 by 60), i.e., such that the system matrix has approximately 4.5 × 105 non-zero
entries.
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while the Q1P0 and the BDM1P0 elements deviate stronger, see Table 2.1. Yet,
the relative errors for the latter two stay in the same range.

For the same viscosity contrasts, but roughly equivalent memory usage of
all three elements (Figure 2.9, bottom right), the Q2P1 element is still the best
choice. The relative error for the Q1P0 element is less than half of the error for
the BDM1P0 element, see Table 2.2.

In the case 𝜇2/𝜇1 > 1, i.e. the top layer being more viscous than the bottom
layer, the BDM1P0 element yields a better approximation to the maximum
vertical velocity than the Q1P0 element. Still, the Q2P1 element gives much
higher accuracy, see Figure 2.9, top left, and Table 2.1. For equivalent memory
usage (Figure 2.9, top right, Table 2.2), this behavior changes partially. For
somewavelengths at viscosity contrast 𝜇2/𝜇1 = 103 the BDM1P0 element yields
a smaller error, for others the Q1P0 element does. For 𝜇2/𝜇1 = 101 the Q1P0
error, all in all, is smaller than the error obtained with the BDM1P0 element.

Similar to the SolCx benchmark, using the Q2P1 element in the Rayleigh-
Taylor instability benchmark, see Figure 2.9, we obtain very accurate approx-
imations for any considered viscosity contrast. On the one hand, we can see
the BDM1P0 andQ1P0 elements yielding an error of equal order of magnitude
for the bottom layer viscosity being greater or equal to the top layer viscosity
(𝜇1 ≥ 𝜇2). On the other hand, when the top layer viscosity exceeds the bot-
tom layer viscosity, the BDM1P0 element yields better results than the Q1P0
element.

2.3.3 Computational Costs

Finally, we list the number of entries in the system matrix for the different
discretizations as an indicator for computational costs of the solution and how
muchmemory its assembly requires, see Table 2.3. It can be observed that the
RT0P0 element is the cheapest one considered here. However, its drawbacks
are obvious, as it fails to converge in relevant variable viscosity benchmark
setups.

If one considers memory usage instead of mesh resolution one obtains dif-
ferent observations. For a fixed memory the Q1P0 element gives a higher ac-
curacy than the BDM1P0 element that seemed to be competitive when fixing
the mesh resolution, cf. Figures 2.6, 2.8.

In any case, regarding fixed memory limitations or fixed resolution, the
Q2P1 element has best over-all performance.
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2.4 Conclusions
Themain aimof this paperwas to study the behaviour of theDGfinite element
method based on using div-conforming elements to approximate Stokes flow
with variable viscosity and examine how it compares in terms of accuracy
andmemory usage to the standard CG finite elementmethod for some typical
geodynamic benchmark setups. In the DG schemewe use the Raviart-Thomas
(RT0P0) and the Brezzi-Douglas-Marini element (BDM1P0). In contrast to the
Q1P0 finite element they fulfill the LBB stability condition, implying that they
are more reliable.

We showed that the overall results are as accurate or more accurate than
the ones obtained with the Q1P0 element in a standard finite element scheme
considering a fixed mesh resolution. Yet, the Q1P0 CG method yields better
results than the DG method using the BDM1P0 element when considering
a fixed memory limitation. Secondly, being of first order both of them are
computationally less expensive than the Q2P1 element. However, whenever a
second-order FEM like Q2P1 is computationally feasible, higher accuracy can
be obtained compared to the DG method based on the BDM1P0 element or
the Q1P0 element in the classical FEM scheme.

The divergence-conforming property of the BDM1P0 and the RT0P0 ele-
ment has been seen to be advantageous for, e.g., Navier-Stokes equations [55]
or Darcy flow [56]. However, in the tested benchmark setups this does not
produce noticeable benefits. We would like to investigate this point in our
future study on different test cases.

The BDM1P0 element yields good results in all tested setups and offers an
alternative to the LBB-unstable Q1P0 element. The setups presented in this
article do not lead to common instabilities of the Q1P0 element. However, we
want to point out that for the Stokes flow the reliability of the BDM1P0 element
is its major advantage when being compared to the Q1P0 element. This could
well be taken as justification to deploy this discretization.

Due to the flexibility of ℎ𝑝-refinement within the DG methods, it is possi-
ble to apply low order discretizations in the vicinity of viscosity jumps, but
higher order polynomials in the areas with constant or smoothly varying vis-
cosity. This might be a promising future direction for complex geodynamic
simulations.
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chapter 3
Coupling Stokes and Darcy Flow

in Melt Migration Modelling

3.1 Introduction

On the one hand, Stokes flow is a flow regime where advective inertial forces
are negligible compared to viscous forces. It is considered to describe slowly
creeping motion in settings of, e.g., tectonic deformation and it is, therefore,
the major regime being considered in the young field of geodynamic numeri-
cal modelling. On the other hand, the propagation of partially molten mate-
rial in a crystallized host rock is described best as flow in porous media, i.e.,
following Darcy’s law.

In the geodynamics context Darcy flow has been considered, particularly,
in modelling groundwater flow [1–3]. Numerically more advanced methods
have been presented, using, e.g., a stabilized mixed finite element approach
[4–6], (stabilized) discontinuous Galerkin methods [7–10], coupled mixed fi-
nite elements and a discontinuous Galerkin method [11], pressure projection
stabilization [12], or the novel weak Galerkin finite element method [13].

The need to solve systems of coupled (Navier-)Stokes andDarcy flow arises
in fields of applications as different as studying permeability in carbonate
reservoirs [14], modelling the interaction of surface water (rivers) and ground-
water (aquifers) [15, 16], blood flow problems [17, 18], or fuel cell dynam-
ics [19, 20]. Consequently, there has been a lot of active research in finding
stable, robust and accurate numerical methods.

There are generally twoways of coupling the two flow regimes. The Stokes-
Darcy-Brinkman approach merges the flow regimes into a single momentum
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equation that reduces to the end-member cases Stokes or Darcy flow for suit-
able coefficients [14, 20–23]. The second approach is known as Robin-Robin
domain decomposition and enforces either the Stokes or Darcy equations lo-
cally on subdomains, coupled with appropriate interface conditions [24, 25].
There are two major classes of numerical methods for this system: iteratively
solving the Stokes and Darcy problem separately [24, 26], or solving a mono-
lithic system in a single step, see below. Approaches similar to the latter one
have also been investigated for coupled Navier-Stokes/Darcy problems [17,
27–29].

In the class of monolithic methods the coupled Stokes/Darcy system has
for example been tackled with continuous finite elements [15, 30–33]. As
these lead to unbalanced rates of convergence for the two subproblems dif-
ferent approaches were presented, such as the combination of mixed finite
elements (for Darcy region) and a discontinuous Galerkin method (for Stokes
region) [34–36], or a reformulation of discretized Darcy flow combined with
arbitrary stable Galerkin finite element methods for Stokes flow [37]. Egger
and Waluga [38] presented a hybridized discontinuous Galerkin method that
is capable of solving the Stokes equations, the Darcy equations or the coupled
problem in a unified manner. An adaptive continuous-discontinuous Galer-
kin method is presented in [39].

In melt migration modelling the partially molten rock as second (fluid)
phase cannot easily be handled in the presented approaches. Also, we fail to
identify obvious boundaries ofwhere to apply one or the other flow regime. In
his work on the generation and compaction of partially molten rock McKen-
zie [40] incorporated Darcy’s law into the standard conservation equations
and included a model of a compacting solid matrix. Since then, most models
of melt migration in the last 30 years have been following this path. Based on
this, and on others’ work on two-phase flow, e.g., [41–44], Bercovici et al. [45]
derived model equations for the dynamics of a two-phase mixture.

Recently, Keller et al. [46] reformulated this model in the context of melt
migration on the lithospheric scale advancing it in multiple ways: they in-
troduced visco-elasto-plastic rheologies to the system via appropriate consti-
tutive equations, presented it as an extension to the well understood Stokes
flow the way it is implemented in many geodynamic numerical modelling
softwares, and formulated it symmetrically such that discretizations lead to
symmetric matrices that are faster to solve for. In particular, they derived the
so-called three-field formulation referring to the major unknowns solid veloc-
ity, fluid pressure and compaction pressure, which proved to be superior to
previous formulations, especially in terms of numerical stability when being
discretized [47].
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We build upon the work of Keller et al., repeat and describe in detail their
mathematical model in section 3.2, and derive a stable and robust numerical
method in a mathematically thorough manner in section 3.3. Section 3.4 is
dedicated to a small series of numerical experiments to investigate the con-
vergence order of the proposed method and prove validity for important de-
formational regimes. Finally, we discuss the results in section 3.5 and draw
conclusions about the work and its possible future implications in section 3.6.

3.2 Governing Equations
In this section we present the equations for the conservation of momentum
and mass as they are known for incompressible Stokes flow. This system is
substantiated by Darcy flow to capture the physics of a coupled lithosphere
and magma dynamics system. We recap the derivation of the rheological con-
stitutive equations presented in [46] to arrive at the full system of governing
equations in section 3.2.4. At the end of this sectionwe describe other physical
material properties, see section 3.2.5.

3.2.1 Notation

First, we introduce some notation to handle the two phases present in the con-
sidered system. Crystallized (host rock) material is referred to as the solid
phase andmelt material is referred to as the fluid phase with its properties be-
ing denoted with subscripts s and f, respectively. The porosity 𝜑 is defined as
the volumemelt fraction of the two-phase mixture. Porosity-averaged proper-
ties 𝑎 are denoted as ̄𝑎 ≔ (1−𝜑)𝑎s+𝜑𝑎f, the difference is denoted as∆𝑎 ≔ 𝑎s−𝑎f,
not to be confusedwith the Laplacian operator that we do not use in this work.

3.2.2 Conservation Equations

Conservation of Mass The equations for conservation of (fluid and solid)
mass are given by, see, e.g., [40, 45],

∂𝜑
∂𝑡 + ∇ ⋅ (𝜑𝒗f) = 0, (3.1a)

∂(1 − 𝜑)
∂𝑡 + ∇ ⋅ ((1 − 𝜑)𝒗s) = 0, (3.1b)

where 𝜑, 𝑡, 𝒗 denote porosity, time and velocity, respectively. Adding them up
yields the total mass conservation equation,

∇ ⋅ 𝒗̄ = 0. (3.2)
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Introducing the solid material derivative Ds/D𝑡 ≔ ∂/∂𝑡 + 𝒗s ⋅ ∇ and the
phase separation flux 𝒒 ≔ −𝐾𝐷 (∇𝑝f + 𝜚f 𝒈), that can be interpreted as a poros-
ity-weighted velocity difference 𝒒 = −𝜑∆𝒗, we can rewrite the equations (3.1)
and (3.2), cp. [40, 46, 47],

−∇ ⋅ 𝒗s + 𝐾𝐷∇𝑝f = −∇ ⋅ 𝐾𝐷𝜚f 𝒈 , (3.3a)
Ds𝜑
D𝑡 − (1 − 𝜑)∇ ⋅ 𝒗s = 0, (3.3b)

where the Darcy coefficient 𝐾𝐷 ≔ 𝜅𝜑/𝜂f is defined as the permeability to fluid
viscosity ratio. Note that the fluid velocity 𝒗f is no longer explicitly included
in this system. Numerically, it is to be recovered from the phase separation
flux in a post-processing step.

Conservation ofMomentum For slowly creeping viscous flow inertial terms
are negligible and, therefore, the equation for conservation of (total) momen-
tum is given by,

− ∇ ⋅ ̄𝝉 + ∇𝑝̄ = − ̄𝜚𝒈 , (3.4)

where 𝝉, 𝑝, 𝜚 , 𝒈 , denote deviatoric stress, pressure, density and gravitational
acceleration, respectively. Deviatoric stress 𝝉 and density 𝜚 are functions of
the material composition 𝑐, see below. Note that there is no explicit time-
dependence in the momentum equation. However, as deviatoric stress ̄𝝉 and
bulk density ̄𝜚 depend on the porosity 𝜑, they implicitly inherit its time-de-
pendence.

Splitting the total pressure 𝑝 into fluid pressure 𝑝f and compaction pressure
𝑝c ≔ 𝑝̄ − 𝑝f, we can rewrite equation (3.4), cp. [46, 47],

− ∇ ⋅ ̄𝝉 + ∇𝑝f + ∇𝑝c = − ̄𝜚𝒈 , (3.5)

Material Evolution The evolution of thematerial composition 𝑐 in Eulerian
frame of reference is given as [48–50],

Ds𝑐
D𝑡 = 0, (3.6)

where 𝑐 represents the (lithologic) material phase. The Lagrangian form of
this equation can be written as follows, denoting the advection of phase 𝑐 in
location 𝒙,

d𝒙
d𝑡 = 𝒗s,

d𝑐
d𝑡 = 0. (3.7)
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Summary We summarize the equations (3.3), (3.5), (3.6) (in Eulerian form).
The full system of governing equations is given in section 3.2.4, p. 42f.,

−∇ ⋅ ̄𝝉 + ∇𝑝f + ∇𝑝c = − ̄𝜚𝒈 , (3.8a)
−∇ ⋅ 𝒗s + 𝐾𝐷∇𝑝f = −∇ ⋅ 𝐾𝐷𝜚f 𝒈 , (3.8b)

Ds𝜑
D𝑡 − (1 − 𝜑)∇ ⋅ 𝒗s = 0, (3.8c)

Ds𝑐
D𝑡 = 0. (3.8d)

The system (3.8) is closed by constitutive relations for the deviatoric stress
and for the compaction pressure,

̄𝝉 = 𝑓( ̇𝜺′
s), 𝑝c = 𝑓( ̇𝜐s), (3.9)

as described in section 3.2.3. Here, ̇𝜺′
s and ̇𝜐s denote deviatoric and volumetric

strain rates of the solid phase, respectively. The strain rate tensor is defined as

̇𝜺s = 1
2 (∇𝒗s + (∇𝒗s)𝖳) . (3.10)

We define the volumetric strain rate ̇𝜐s ≔ tr( ̇𝜺s) = ∇ ⋅ 𝒗s as the trace of the
strain rate tensor, and the deviatoric strain rate ̇𝜺′

s ≔ ̇𝜺s− 1
3 ̇𝜐s𝑰𝑑 as the difference

of the total strain rate and its volumetric part.

3.2.3 Constitutive Equations and Rheology

We consider visco-elasto-plastic rheologies that are to be captured in constitu-
tive equations (3.9). For a more detailed derivation we refer to [46].

Elasticity Shear elasticity of the solid phase is modelled as a Maxwell body
with the following visco-elastic deviatoric strain rate tensor

̇𝜺′
s,ve = 1

2𝜂𝝉s + 1
2𝐺
D̃s𝝉s
D𝑡 , (3.11)

where 𝜂 and 𝐺 denote shear viscosity and elastic shear modulus, respectively,
and D̃s/D𝑡 denotes the Jaumann objective derivative to account for stress ro-
tation, see [51, sec. 10.7.4], [52, 53],

D̃s𝝉s
D𝑡 = ∂𝝉s

∂𝑡 + 𝒗s ⋅ ∇𝝉s − 𝝎𝝉s + 𝝉s𝝎, (3.12)
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where 𝝎 = 1
2 (∇𝒗s − ∇𝒗𝖳

s ) denotes the vorticity tensor. The advection term
in (3.12) is dropped here as advection is handled explicitly on Lagrangian
markers in the method that we present below.

Integrating (3.11) in time yields a representation of the deviatoric stress 𝝉s
in terms of the visco-elastic solid deviatoric strain rate ̇𝜺′

s,ve. In this way a time
integral term arises in the system. For simplification we assume a discrete
implicit first-order representation of the objective derivative as follows,

D̃s𝝉s
D𝑡 ≈ 𝝉s − ̃𝝉𝑜s

∆𝑡 , (3.13)

with ̃𝝉𝑜s ≔ 𝝉𝑜s + ∆𝑡(𝝎𝝉𝑜s − 𝝉𝑜s𝝎) the rotated deviatoric stress tensor from the
previous time step. Nowwe can rewrite (3.11) in terms of the deviatoric stress
as follows,

𝝉s = 2
1
𝜂 + 1

𝐺∆𝑡
̇𝜺′
s,ve + 1

1 + 𝐺∆𝑡
𝜂

̃𝝉𝑜s . (3.14)

By defining the effective viscoelasticity 𝜂ve and the elastic stress evolution
parameter 𝜒𝜏,

𝜂ve = 1 − 𝜑
1
𝜂 + 1

𝐺∆𝑡
, 𝜒𝜏 = 1 − 𝜑

1 + 𝐺∆𝑡
𝜂

, (3.15)

we can summarize the constitutive equation for the deviatoric stress tensor ̄𝝉
(neglecting fluid deviatoric stresses) as

̄𝝉 ≈ (1 − 𝜑)𝝉s = 2𝜂ve ̇𝜺′
s,ve + 𝜒𝜏 ̃𝝉𝑜s . (3.16)

Note that 𝜂 is defined below in equation (3.32).
Analogously, for decompaction we arrive at

𝑝c = −𝜁ve ̇𝜐s,ve + 𝜒𝑝∆𝑝𝑜, (3.17)

where 𝜁ve denotes the viscoelastic compaction viscosity, ∆𝑝𝑜 contains historical
compaction pressure data and

𝜁ve = 1 − 𝜑
1
𝜁 + 1

𝐾𝜑∆𝑡
, 𝜒𝑝 = 1 − 𝜑

1 + 𝐾𝜑∆𝑡
𝜁

, (3.18)

introducing the elastic pore modulus 𝐾𝜑.
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Plasticity Following Terzaghi’s principle of effective stress [54] we intro-
duce the effective pressure 𝑝eff,

𝑝eff ≔ 𝑝̄ − 𝜒𝜑𝑝f, 𝜒𝜑 ∈ {0, 1}, (3.19)

where 𝜒𝜑 is the characteristic function indicating whether or not a significant
amount of fluid phase (𝜑 ≥ 𝜑crit) is present, hence,

𝑝eff =
⎧{
⎨{⎩

𝑝̄, 0 ≤ 𝜑 ≤ 𝜑crit

𝑝c, 𝜑 ≥ 𝜑crit.
� (3.20)

We apply two different criteria to obtain a failure envelope for the pressure-
stress state in the model. First, the Drucker-Prager criterion for shear failure,
see [55], and, second, the Griffith-Murrell criterion for tensile failure that may
occur when effective pressure is negative, see [56]. Both criteria define a joint
failure envelope in the (𝑝eff, 𝝉II) plane as follows,

̄𝝉II ≤ 𝜏𝑦 =
⎧{
⎨{⎩

𝐶 cos(𝜙) + 𝑝eff sin(𝜙), 𝑝eff ≥ 𝑝eff∗,
𝑝eff + 𝜎𝑇 , 𝑝eff < 𝑝eff∗,

� (3.21)

where the subscript ̄𝝉II = √1
2 ̄𝝉𝑖𝑗 ̄𝝉𝑖𝑗 denotes the square root of the second in-

variant of shear stress, 𝜏𝑦 the yield stress, 𝐶 cohesion, 𝜙 friction angle and
𝜎𝑇 = 𝐶/𝑅, 𝑅 ∈ [2, 8], the tensile strength of the rock, [57]. Analogously, the
effective pressure is limited by the yield pressure 𝑝eff ≥ 𝑝𝑦 = ̄𝝉II − 𝜎𝑇 .

The implementation is based on an effective viscosity approach, i.e., effec-
tive viscosities 𝜂eff, 𝜁eff are iteratively chosen such that the stress state (𝑝eff, ̄𝝉II)
is kept on the yield surface (𝑝𝑦, 𝜏𝑦), see [52, 58].

We rewrite a scalar version of equation (3.16) including plastic deformation
in the strain rate,

𝜏𝑦 = 2𝜂eff ̇𝜺′
s,II + 𝜒𝜏 ̃𝝉𝑜s,II, (3.22)

which applies in the case of plastic failure. This yields the effective shear vis-
cosity 𝜂eff,

𝜂eff =
⎧{
⎨{⎩

𝜏𝑦−𝜒𝜏 ̃𝝉𝑜s,II
2 ̇𝜺s,II

, ̄𝝉II = 𝜏𝑦,
𝜂ve, ̄𝝉II < 𝜏𝑦.

� (3.23)
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Analogously, we arrive at the equation for yield pressure 𝑝𝑦 by rewriting
equation (3.17) including plastic deformation in the volumetric strain rate ̇𝜐s,

𝑝𝑦 = −𝜁eff ̇𝜐s + 𝜒𝑝∆𝑝𝑜. (3.24)

This can be rewritten in terms of effective compaction viscosity 𝜁eff,

𝜁eff =
⎧{
⎨{⎩

− 𝑝𝑦−𝜒𝑝∆𝑝𝑜

̇𝜐s
, 𝑝c = 𝑝𝑦,

𝜁ve, 𝑝c > 𝑝𝑦.
� (3.25)

Hence, the visco-elasto-plastic constitutive equations for shear stress and
compaction pressure are the following,

̄𝝉 = 2𝜂eff ̇𝜺′
s + 𝜒𝜏 ̃𝝉𝑜s,II, (3.26a)

𝑝c = −𝜁eff ̇𝜐s + 𝜒𝑝∆𝑝𝑜. (3.26b)

3.2.4 Governing Equations

In what follows we consider a bounded and connected domain 𝛺 ⊂ 𝐑𝑑, 𝑑 ∈
{2, 3}, with a Lipschitz continuous boundary ∂𝛺. By adding (3.26b) to the
system (3.8), we arrive at the following systemof equations thatwe consider as
the combination of a quasi-static fluid flow problemwith the unknowns solid
velocity 𝒗s, fluid pressure 𝑝f and compaction pressure 𝑝c (3.27), the porosity
evolution equation (3.28), and the material advection (3.29). Remember that
̄𝝉 ≡ 𝝉s(𝒗s,𝜑, 𝜂eff, …).

−∇ ⋅ ̄𝝉 + ∇𝑝f + ∇𝑝c = − ̄𝜚𝒈 (3.27a)

−∇ ⋅ 𝒗s + ∇ ⋅ 𝐾𝐷∇𝑝f = −∇ ⋅ 𝐾𝐷𝜚f 𝒈 (3.27b)

−∇ ⋅ 𝒗s − 𝑝c
𝜁eff

= −
𝜒𝑝∆𝑝𝑜

𝜁eff
, (3.27c)

Ds𝜑
D𝑡 − (1 − 𝜑)∇ ⋅ 𝒗s = 0, (3.28)

Ds𝑐
d𝑡 = 0. (3.29)

The system is closed by the constitutive equations (3.26a), (3.23) and (3.25)
for deviatoric stress ̄𝝉, effective shear viscosity 𝜂eff and effective compaction
viscosity 𝜁eff, respectively. It is complemented by an initial condition for the
porosity 𝜑(𝑡0) = 𝜑0 and the material composition 𝑐(𝑡0) = 𝑐0, and the follow-
ing boundary conditions, see [47].
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Let the boundary ∂𝛺 = 𝛤𝐷 ∪ 𝛤𝑁 , where 𝛤𝐷 ∩ 𝛤𝑁 = ∅, and denote the
outward unit normal vector on ∂𝛺 as 𝒏,

𝒗s = 𝒃𝐷 on 𝛤𝐷, (3.30a)
𝝉s𝒏 − (𝑝f + 𝑝c)𝒏 = 𝒃𝑁 on 𝛤𝑁 , (3.30b)

−𝐾𝐷(∇𝑝f + 𝜚f 𝒈) ⋅ 𝒏 = 0 on ∂𝛺, (3.30c)

where 𝒃𝐷 ∶ 𝛤𝐷 → 𝐑𝑑, 𝒃𝑁 ∶ 𝛤𝑁 → 𝐑𝑑 are given boundary data.
In the case of ∂𝛺 = 𝛤𝐷 the boundary data 𝒃𝐷 is required to comply with

the compatibility condition,

∫
∂𝛺

𝒃𝐷 d𝑠 = 0, (3.31)

which implies ∫𝛺 𝑝c/𝜁eff d𝑥 = 0.

A tuple (𝒗, 𝑝f, 𝑝c) ∈ (𝐶2(cl(𝛺)))𝑑 × 𝐶2(cl(𝛺)) × 𝐶1(cl(𝛺)) fulfilling the
equations (3.27) and (3.30) is called a classical solution to the coupled two-
phase and Stokes problem, where cl(⋅) denotes the closure of a set and 𝐶𝑘

denotes the space of functions with 𝑘 continuous derivatives. In what follows,
we refer to (3.27) as the three-field system, see [47].

In the limit case of zero porosity 𝜑 the system reduces to the well-known
Stokes system with the fluid pressure 𝑝f taking the role of the total pressure
and the compaction pressure 𝑝c vanishing.

3.2.5 Material Properties

Completing the system above we describe in this section how the initial shear
and compaction viscosities, fluid viscosity, permeability, density, cohesion,
friction angle, tensile strength, and the elastic moduli are determined.

The viscous shear viscosity 𝜂 that enters (3.15) is the product of an assumed
intrinsic shear viscosity of the rock 𝜂0 and an exponential melt-weakening
factor. This has been examined experimentally, e.g., [59], theoretically [60, 61]
and numerically [62–64],

𝜂 = 𝜂0 exp(−𝛼𝜑). (3.32)

In the numerical experiments performed in section 3.4, the reference shear
viscosity 𝜂0 varies from 1018 to 1025 Pa s. In chapter 4 we determine the shear
viscosity 𝜂 from experimentally constrained viscous creep laws.
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The compaction viscosity is proportional to the reference shear viscosity
and inversely proportional to the porosity, see [61, 65],

𝜁 = 𝑟𝜁𝜂0𝜑−1, (3.33)

where 𝑟𝜁 is a constant of proportionality of order 1. In the numerical experi-
ments presented in section 3.4 we set 𝑟𝜁 = 1.

Throughout this chapter, the fluid viscosity 𝜂f is assumed to be constant,
𝜂f = 102 Pa s. This corresponds to a low-viscosity basaltic melt [66, 67], see
also [63, 68].

Permeability follows a power-law as described in [46], see also [69, 70],

𝜅𝜑 = 𝜅0(1 − 𝜑)2𝜑3. (3.34)

Density is constant per phase, i.e., we set solid and fluid density 𝜚s, 𝜚f, and
compute their porosity-based average ̄𝜚 on the integration points for the sys-
tem matrix assembly.

Plasticity parameters such as the cohesion 𝐶, the friction angle 𝜙 and the
tensile strength 𝜎𝑇 are constant for each simulation. The tensile strength is
varied by choosing a reduction parameter for the resistance of the host rock to
fail under tensile stress, 𝜎𝑇 = 𝐶/𝑅, 𝑅 ∈ {2, 4, 8}. Throughout this chapter, we
set 𝑅 = 2.

The shear modulus 𝐺 is chosen to be constant. The pore modulus 𝐾𝜑 varies
with porosity in consistency with previous studies [71, 72],

𝐾𝜑 = 𝐾0𝜑− 1
2 , (3.35)

where the reference pore modulus 𝐾0 varies mostly in the range 1 to 100 GPa.

3.3 Numerical Method and Implementation
In this section we present the weak form of the three-field system (3.27) (in
contrast to the two-field systempresented in, e.g., [47, 73]). Wedefine the finite
element spaces that we use for the simulations andwe outline the algorithmic
implementation of the method.

Let us first introduce the required function spaces. The standard notation
𝐿𝑝(⋅), 𝐻𝑘

0(⋅) refers to Lebesgue and Sobolev spaces, respectively, 1 ≤ 𝑝 < ∞,
𝑘 ≥ 1. Let 𝛽 = (𝛽1, 𝛽2, …, 𝛽𝑛) ∈ 𝐍𝑛 denote a multi-index of directions of the
partial derivative, its absolute value defined by ∣𝛽∣ ≔ ∑𝑖 𝛽𝑖. The Lebesgue and
Sobolev norms and semi-norms are defined as usual,
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∥𝑓∥
𝐿𝑝(𝛺) = (∫

𝛺
∣𝑓∣𝑝 d𝒙)

1/𝑝
, 1 ≤ 𝑝 < ∞, (3.36a)

∣𝑓∣
𝐻𝑘(𝛺) = ⎛⎜⎜⎜

⎝
∑
∣𝛽∣=𝑘

∥∂𝛽𝑓∥2
𝐿2(𝛺)

⎞⎟⎟⎟
⎠

1/2

, 𝑘 ≥ 1, (3.36b)

∥𝑓∥
𝐻𝑘(𝛺) = ⎛⎜⎜⎜

⎝
∑
∣𝛽∣≤𝑘

∥∂𝛽𝑓∥2
𝐿2(𝛺)

⎞⎟⎟⎟
⎠

1/2

, 𝑘 ≥ 1. (3.36c)

3.3.1 Overview

The system of governing equations (3.27)–(3.29) is split as follows, cp. [46, 50].
The quasi-static three-field system is solved for solid velocity 𝒗s, fluid pres-
sure 𝑝f and compaction pressure 𝑝c with a finite element method, where the
term quasi-static refers to the fact that the equations are not explicitly time-
dependent. The porosity is updated on the finite element mesh nodes using
the divergence of the obtained solid velocity. These two steps are iteratively re-
peated to resolve nonlinearities until the solution to the three-field system has
reached the desired tolerance. Now, the advection equation (3.29) is solved in
an explicit Euler manner to advect phase properties such as density and vis-
cosities. Then, the procedure starts over for the next time step, see section 3.3.7
for algorithmic details.

3.3.2 Weak Formulation of the Three-Field System

Let 𝜶 ∶ 𝜷 = ∑𝑖,𝑗 𝜶𝑖𝑗𝜷𝑖𝑗 denote the so-called Frobenius product for tensors 𝜶, 𝜷.
Furthermore, let (𝒗s, 𝑝f, 𝑝c) be a classical solution to (3.27), (3.30) and assume,
without loss of generality, homogeneous Dirichlet boundary conditions on
𝛤𝐷 = ∂𝛺. First, we multiply the three-field system (3.27) with arbitrary test
functions 𝒘 ∈ 𝑯 ≔ (𝐻1

0(𝛺))2, 𝑞f ∈ 𝐻1(𝛺), 𝑞c ∈ 𝐿2(𝛺), respectively, inte-
grate over the domain 𝛺 and apply Green’s theorem,

∫
𝛺
𝝉s ∶ ̇𝜺(𝒘) d𝒙 − ∫

𝛺
𝑝f∇ ⋅ 𝒘 d𝒙 − ∫

𝛺
𝑝c∇ ⋅ 𝒘 d𝒙 =

= − ∫
𝛺

̄𝜚𝒈 ⋅ 𝒘 d𝒙, (3.37a)

− ∫
𝛺
𝑞f∇ ⋅ 𝒗s d𝒙 − ∫

𝛺
𝐾𝐷∇𝑝f ⋅ ∇𝑞f d𝒙 = − ∫

𝛺
𝐾𝐷𝜚f 𝒈 ⋅ ∇𝑞f d𝒙, (3.37b)

− ∫
𝛺
𝑞c∇ ⋅ 𝒗s d𝒙 − ∫

𝛺

𝑝c𝑞c
𝜁eff

d𝒙 = − ∫
𝛺

𝜒𝑝∆𝑝𝑜

𝜁eff
𝑞c. (3.37c)
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We call (𝒗s, 𝑝f, 𝑝c) a weak solution of the three-field formulation (3.27) if it
fulfills (3.37) for all (𝒘, 𝑞f, 𝑞c) ∈ (𝑯 × 𝐻1(𝛺) × 𝐿2(𝛺)). We remind ourselves
of the fact that the shear viscosity 𝜂eff (and hence, the solid deviatoric stress 𝝉s),
the bulk density ̄𝜚 , the compaction viscosity 𝜁eff, and the elastic stress build-up
parameters 𝜒𝜏, 𝜒𝑝 depend on the porosity 𝜑, and, therefore, implicitly inherit
its time-dependence.

3.3.3 Comment on the Existence and Uniqueness of a Solution to the Three-Field
System

Previous Results for Stokes Flow The structure of the three-field system
keeps similarities of the Stokes system, cp., e.g., [74–76]. Under the assump-
tion of 𝐾𝐷, 𝑝c vanishing (i.e., zero porosity), the first two equations of (3.37) ex-
actly recover the weak formulation of the Stokes systemwith fluid pressure 𝑝f
taking the role of total pressure. It is well-known that the Stokes system has
a unique weak solution (𝒗, 𝑝) ∈ 𝑯 × 𝐿2(𝛺) (up to an additive constant for
pressure), see, e.g., [74, 75].

Previous Results for Darcy Flow Most commonly, Darcy flow is an inter-
pretation of two-phase flow in porous media. It has been investigated over
the last decades and has been solved with numerous methods, most of which
are based on mixed finite element and, more recently, discontinuous Galerkin
approaches [4, 6–9]. When Darcy flow is considered as a mixed finite element
formulation, it is known that the resulting weak formulation has a unique
(𝒗, 𝑝) solution in 𝐻(div;𝛺) × 𝐿2(𝛺), where 𝒗 and 𝑝 denote Darcy velocity and
pressure, respectively, see, e.g., [5, 6, 77]. Here, 𝐻(div;𝛺) denotes the space
of 𝐿2 functions with divergence in 𝐿2,

𝐻(div;𝛺) ≔ {𝒗 ∈ (𝐿2(𝛺))𝑑 ∣ ∇ ⋅ 𝒗 ∈ 𝐿2(𝛺)} . (3.38)

Three-Field System Based on what has been discussed so far, we suppose
that a solution to (3.37) exists in the considered function spaces. However,
we need to record that the three-field system has only very recently been pro-
posed for the first time by Keller et al. [46], its weak form has only been for-
mulated in [47, 78]. Hence, there are no theoretical results yet on whether or
not a solution to the three-field system exists and, if so, whether or not this
solution is unique. We note that the investigation of this question is not part
of this work.
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3.3.4 Discretization of the Three-Field System

Finite Element Spaces We choose to discretize the three-field system with a
finite element method (FEM) that is known to be very flexible. It has also been
used for the three-field system (with triangular elements) by Rhebergen et al.
[47] and (with quadrilaterals) by Dannberg and Heister [78].

For what follows we confine ourselves to polygonal domains 𝛺ℎ ⊂ 𝐑2 in
the 2-dimensional case, 𝑑 = 2, and a regular triangulation 𝒯ℎ thereof. We
denote a general mesh element by 𝐸 and set 𝒯ℎ ≔ {𝐸𝑖}𝑖∈𝐼 , 𝐼 a suitable index set,
with 𝛺ℎ ⊂ ⋃𝑖∈𝐼 cl(𝐸𝑖) and we require two elements 𝐸𝑖, 𝐸𝑗, 𝑖 ≠ 𝑗, to be either
disjoint 𝐸𝑖 ∩ 𝐸𝑗 = ∅, or to share a common edge or vertex. Furthermore, we
denote the space of polynomials of (total) degree ≤ 𝑘 on a mesh element 𝐸 by
P𝑘(𝐸) and set Q𝑘(𝐸) ≔ P𝑘,𝑘(𝐸), where

P𝑘1,𝑘2
(𝐸) ≔ {𝑝(𝑥, 𝑧) ∣ 𝑝(𝑥, 𝑧) = ∑𝑖≤𝑘1, 𝑗≤𝑘2

𝑎𝑖𝑗 𝑥𝑖𝑧 𝑗} . (3.39)

Now we can define approximation spaces of conforming biquadratic and
bilinear finite elements,

𝑿ℎ = { 𝒗ℎ ∈ (𝐻1
0(𝛺ℎ))2 ∣ 𝒗ℎ|𝐸 ∈ (Q2(𝐸))2 ∀𝐸 ∈ 𝒯ℎ} , (3.40a)

𝑄1
ℎ = { 𝑞ℎ ∈ 𝐻1(𝛺ℎ) ∣ 𝑞ℎ|𝐸 ∈ Q1(𝐸)∀𝐸 ∈ 𝒯ℎ} , (3.40b)

𝑄ℎ = { 𝑞ℎ ∈ 𝐿2(𝛺ℎ) ∣ 𝑞ℎ|𝐸 ∈ Q1(𝐸)∀𝐸 ∈ 𝒯ℎ} . (3.40c)

We use the notation Q2Q1Q1 for this mixed finite element. On triangu-
lar meshes we use P2P1P1 analogously. An element of this kind is known as
Taylor-Hood element (of 2nd order). It is commonly used in incompressible
flow settings, see, e.g., [79–83].

Note that for Stokes flow the Scott-Vogelius element Q2P−1 using continu-
ous, piecewise biquadratic velocity and discontinuous linear pressure shape
functions is even more common [84–86] as it more strictly enforces local mass
conservation for incompressible flows. It has been shown to be inf-sup sta-
ble [87, 88].
Variational Formulation Now we can state the variational formulation of
the three-field system. Find (𝒗s,ℎ, 𝑝f,ℎ, 𝑝c,ℎ) ∈ 𝑿ℎ × 𝑄1

ℎ × 𝑄ℎ such that for all
(𝒘, 𝑞f, 𝑞c) ∈ 𝑿ℎ × 𝑄1

ℎ × 𝑄ℎ,

𝑎ℎ(𝒗s,ℎ,𝒘) + 𝑏ℎ(𝑝f,ℎ,𝒘) + 𝑏ℎ(𝑝c,ℎ,𝒘) = − ∫
𝛺

̄𝜚𝒈 ⋅ 𝒘 + 𝜒𝜏 ̃𝝉𝑜s ∶ ∇𝒘 d𝒙, (3.41a)

𝑏ℎ(𝑞f, 𝒗s,ℎ) − 𝑑ℎ(𝑝f,ℎ, 𝑞f) = − ∫
𝛺

𝐾𝐷𝜚f 𝒈 ⋅ ∇𝑞f d𝒙, (3.41b)

𝑏ℎ(𝑞c, 𝒗s,ℎ) − 𝑐ℎ(𝑝c,ℎ, 𝑞c) = − ∫
𝛺

𝜒𝑝∆𝑝𝑜

𝜁eff
𝑞c d𝒙, (3.41c)
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where

𝑎ℎ(𝒗,𝒘) = ∫
𝛺

2𝜂eff ( ̇𝜺(𝒗) ∶ ̇𝜺(𝒘) − 1
3(∇ ⋅ 𝒗)(∇ ⋅ 𝒘))d𝑥, (3.42a)

𝑏ℎ(𝑝, 𝒗) = − ∫
𝛺
𝑝(∇ ⋅ 𝒗) d𝑥, (3.42b)

𝑑ℎ(𝑝, 𝑞) = ∫
𝛺

𝐾𝐷∇𝑝 ⋅ ∇𝑞 d𝑥, (3.42c)

𝑐ℎ(𝑝, 𝑞) = ∫
𝛺

𝑝𝑞
𝜁eff

d𝑥. (3.42d)

For these bilinear functions, the element Q2Q1Q1 fulfills a Babuška-Brezzi
stability condition, cp. [89], [90, sec. III.§7], [91, sec. 12.2], i.e.,

inf
𝑝∈𝑄ℎ

sup
𝒗∈𝑿ℎ

𝑏ℎ(𝑝, 𝒗)
∥𝑝∥

𝐿2(𝛺)
∥𝒗∥

𝑯
= 𝛽ℎ > 0, (3.43)

which follows directly from equivalent statements about the discretized weak
Stokes flow equations, see, e.g., [74, 89, 92].

For the vector 𝑢 containing the discrete velocity and pressure components
in the space 𝑿ℎ × 𝑄1

ℎ × 𝑄ℎ the system can be written in block matrix form as

⎡⎢⎢⎢
⎣

𝐾 𝐺𝖳 𝐺𝖳

𝐺 −𝐷 0
𝐺 0 −𝐶

⎤⎥⎥⎥
⎦
𝑢 =

⎡⎢⎢⎢
⎣

𝑓1
𝑓2
𝑓3

⎤⎥⎥⎥
⎦

, (3.44)

where the matrix blocks 𝐾 ≡ 𝐾(𝜂eff), 𝐺, 𝐷 ≡ 𝐷(𝐾𝐷), 𝐶 ≡ 𝐶(𝜁eff) are obtained
from discretizing the bilinear forms 𝑎ℎ(⋅, ⋅), 𝑏ℎ(⋅, ⋅), 𝑑ℎ(⋅, ⋅), 𝑐ℎ(⋅, ⋅), respectively.

Rhebergen et al. [47] have presented a study on optimal preconditioners
for the resulting linearized system. As we consider only 2D setups, we opt
not to use a sophisticated preconditioner. Instead we use simple left and right
preconditioner matrices of Jacobi type, see, e.g., [93–95]. The preconditioned
system is solved directly using the MA57 solver for sparse matrices [96]. We
note that for larger scale (3D) experiments it is likely that more advanced pre-
conditioners would be required.

Error Estimates Verfürth [89] has shown optimal convergence of the Taylor-
Hood element. From previous results on the application of finite element
methods for Stokes or Darcy flow, we know that the following estimate holds
for a velocity-pressure approximation (𝒗ℎ, 𝑝ℎ) obtained with the Taylor-Hood
finite element, given a sufficiently regular solution (𝒗, 𝑝) ∈ (𝐻𝑘+1(𝛺))𝑑 ×
𝐻𝑙+1(𝛺), see, e.g., [5, 91, 97],
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3.3 Numerical Method and Implementation

∥𝒗 − 𝒗ℎ∥𝑯 + ∥𝑝 − 𝑝ℎ∥𝐿2(𝛺) ≤ 𝑐∗ (ℎ𝑘 ∣𝒗∣
(𝐻𝑘+1(𝛺))𝑑 + ℎ𝑙+1 ∣𝑝∣

𝐻𝑙+1(𝛺)
) , (3.45)

where 𝑐∗ > 0 is a generic constant. Additionally, for convex polygonal do-
mains 𝛺 the following estimate holds,

∥𝒗 − 𝒗ℎ∥𝐿2(𝛺) ≤ 𝑐∗ (ℎ𝑘+1 ∣𝒗∣
(𝐻𝑘+1(𝛺))𝑑 + ℎ𝑙+2 ∣𝑝∣

𝐻𝑙+1(𝛺)
) . (3.46)

As the coupled three-field system we consider is more complex than the
Stokes or Darcy flow, we cannot directly deduce convergence orders from
these results. However, we note that we do not expect more than third or-
der convergence of the 𝐿2 velocity error (depending on the regularity of the
solution rather second order). Furthermore, we expect not more than first to
second order convergence for the 𝐻1 velocity error and the 𝐿2 fluid pressure
error. Experimental orders of convergence (EOC) of 𝐿2 and 𝐻1 errors of ve-
locity, fluid pressure and compaction pressure are presented in section 3.4.1.
Note that this is one of the first reports on the EOC for the three-field system,
only predated by [47].

3.3.5 Porosity Evolution

For the porosity update equation (3.28) we choose a Crank-Nicolson finite dif-
ference approach to obtain 𝜑𝑖+1(𝑡𝑛+1) in iteration (𝑖 + 1) of time step 𝑡𝑛+1 as
follows,

0 = ∂𝜑𝑖+1
∂𝑡 − ∇ ⋅ ((1 − 𝜑𝑖+1)𝒗s,𝑖+1)

≈
𝜑(𝑛+1)
𝑖+1 − 𝜑(𝑛)

∆𝑡 − 1
2 ((1 − 𝜑(𝑛))∇ ⋅ 𝒗(𝑛)

s + (1 − 𝜑(𝑛+1)
𝑖 )∇ ⋅ 𝒗(𝑛+1)

s,𝑖+1 ) , (3.47)

where 𝜑(𝑛)
𝑖 denotes the numerically obtained value of porosity in iteration 𝑖

of time step 𝑛, analogously for solid velocity 𝒗s. Note that the advective term
𝒗s ⋅ ∇𝜑 is not included in this as the advection is explicitly handled on the
Lagrangian markers, see below.

3.3.6 Material Advection

The velocity solution obtained on mesh nodes is interpolated to the marker
locations using the (quadratic) finite element shape functions. Then, each
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marker is moved at its respective velocity. The Lagrangian form of the ma-
terial advection equation is solved with an explicit Euler method, where the
superscript (𝑛) denotes the quantity after the 𝑛th time step,

𝒙(𝑛+1) = 𝒙(𝑛) + ∆𝑡𝒗(𝑛)
s . (3.48)

3.3.7 Implementation

The implementation of MVEP2 follows a marker-and-cell approach that has
been introduced in the 1960’s for viscous incompressible flows [98–100] but re-
mains popular up to the present day, see, e.g., [101–104]. The reference frame
is arbitrary Lagrangian-Eulerian as the fluid flowequations are solved on a Eu-
lerian mesh but phase markers and mesh nodes are advected in a Lagrangian
fashion. MVEP2 uses functionality from finite element utilities mutils and ap-
plies the MILAMIN-style vectorized matrix assembly [105]. Its algorithmic
outline is setup as follows, see also [58, 106, 107].

1. Define initial conditions on markers.
2. Start time step loop:

a) Create mesh.
b) Interpolate properties from markers to mesh and quadrature inte-

gration points.
c) Solve non-linear system iteratively:

i. Update material properties (density, viscosity,…) on integra-
tion points using current solution guess.

ii. Assemble block matrices and right-hand side vectors for three-
field system.

iii. Solve linearized system for solid velocity, fluid pressure and
compaction pressure.

iv. Determine stresses and strain rates on integration points.
v. Update porosity according to current divergence field.
vi. Check convergence criterion and loop back to step 2c if neces-

sary.
d) If convergence criterion is reached determine fluid velocity.
e) Interpolate properties from mesh nodes to markers.
f) Advect mesh nodes with solid velocity, markers with their respec-

tive (solid or fluid) velocity.

3. Compute new CFL time step and loop to step 2 for next time step.
The porosity update in step 2(c)v is done as described in section 3.3.5. The

advection in step 2f is done with an explicit first-order Euler scheme and we
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apply a Courant-Friedrichs-Lewy (CFL) condition taking into account solid as
well as fluid velocities to determine the size of the time step, cp. section 3.3.6,

∆𝑡 = min
𝑖∈𝐼

( ℎ𝑖
2𝒗𝑖

) , (3.49)

where ℎ𝑖 denotes a characteristic length scale for the mesh element 𝐸𝑖, and 𝒗𝑖
denotes the maximum of the fluid and solid velocity obtained in nodes of the
mesh element 𝐸𝑖.

For numerical stability we introduced cut-offs for certain physical proper-
ties, namely, the shear and compaction viscosity. For the effective shear vis-
cosity 𝜂eff we allow for six to nine orders of magnitude around the reference
viscosity, e.g., 𝜂eff ∈ [1018, 1025] Pa s. The compaction viscosity is limited by
a prescribed maximum compaction-to-shear-viscosity ratio of 106, cp. [46, 65].
Keller et al. [46] also employ a lower cut-off for permeability to avoid an insta-
bility that is related to the chosen finite element discretization. Hence, we do
not need it in the framework we described.

3.4 Numerical Experiments
In this section we present a small set of numerical experiments. First, we de-
scribe a 2D setup to obtain the experimental order of convergence, see sec-
tion 3.4.1. In section 3.4.2 we present three different benchmarks to showcase
poro-elastic as well as visco-elastic effects and plastic failure. A solitary wave
benchmark is provided in section 3.4.3.

3.4.1 Experimental Order of Convergence

In this section we present a synthetic benchmark setup that we use to obtain
the experimental order of convergence (EOC) of the described FEM. As ini-
tial condition we introduce a Gaussian melt pulse with a maximum porosity
of 10 % into an otherwise homogeneous domain of size 20 km by 20 km cen-
tered around (𝑥𝑐, 𝑧𝑐) = (0 km, −10 km),

𝜑(𝑡0) = 𝜑0 = 0.1 exp (−10−7((𝑥 − 𝑥𝑐)2 + (𝑧 − 𝑧𝑐))) . (3.50)

The host rock behaves elastically with realistic elastic moduli 𝐺, 𝐾0, but
does not undergo plastic failure. We run the setup for a single time step
of 100 yrs at different spatial resolutions. Maximum resolution on a square
grid is 512 by 512 Q2Q1Q1 elements resulting in more than 2.6 × 106 degrees
of freedom.
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Chapter 3 Coupling Stokes and Darcy Flow in Melt Migration Modelling

Table 3.1: The table below lists the material parameters that are used in the setup to determine
the experimental order of convergence for the three-field system, see section 3.4.1. If not other-
wise mentioned, the values remain valid for the following setups. Please note that the plasticity
parameters 𝐶, 𝜙, 𝜎𝑇 do not have an effect since there is no sufficient stress build-up in a single
time step.

Symbol Name Value
𝜚s solid density 3.0 × 103 kg m−3

𝜚f fluid density 2.5 × 103 kg m−3

𝜂0 reference shear viscosity 1018 Pa s
𝜂f fluid viscosity 102 Pa s
𝑟𝜁 compaction viscosity factor 1
𝜅0 reference permeability 10−8 m2

𝐾0 reference pore modulus 5 GPa
𝐺 reference shear modulus 50 GPa
𝛼 melt weakening parameter 27
𝐶 cohesion 40 MPa
𝜙 friction angle 30°
𝜎𝑇 tensile strength 20 MPa
𝑔 gravitational acceleration 10 m s−2

Figure 3.1: Porosity field with solid velocity arrows (left) and compaction pressure (right) after
one time step. The negative compaction pressure values lead to positive divergence which leads
to an increase in porosity. In a longer simulation, this interaction would cause the porosity pulse
to rise upwards. The lateral free-slip boundary conditions lead to two convection cells in the
domain. The maximum velocity magnitude is about 5 cm yr−1.
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Chapter 3 Coupling Stokes and Darcy Flow in Melt Migration Modelling

In Table 3.2 we present relative 𝐿2 errors 𝑒0 and 𝐻1 errors 𝑒1 with respect
to the solid velocity 𝒗∗

s , fluid pressure 𝑝∗
f and compaction pressure 𝑝∗

c on the
finest grid level,

𝑒0(𝜓ℎ) ≔
∥𝜓ℎ − 𝜓∗∥

𝐿2

∥𝜓∗∥
𝐿2

, 𝑒1(𝜓ℎ) ≔
∥𝜓ℎ − 𝜓∗∥

𝐻1

∥𝜓∗∥
𝐻1

, (3.51)

and the experimental order of convergence rt,

rt(𝜓ℎ) ≔ log2ℎ/ℎ (𝑒{0,1}(𝜓2ℎ)/𝑒{0,1}(𝜓ℎ)) . (3.52)

We observe that the 𝐿2 error of the solid velocity 𝒗s converges with approx-
imately second order. The pressure terms converge rapidly first, but the rate
decreases andwe expect the error to stagnate for higher resolutions, similar to
what Rhebergen et al. [47] observed. Improved convergence behavior might
be retrieved for a fine-tuned criterion for iterative solver termination.

As expected, the 𝐻1 error of the solid velocity decreases more slowly than
the 𝐿2 error. The rate of convergence decreases indicating that the derivatives
might reach a point where higher resolutions do not improve the approximate
solution. Yet, the 𝐻1 errors of the pressure terms decrease at a more or less
constant rate of ∼0.6, although the compaction pressure 𝑝c was assumed to be
in 𝐿2(𝛺) only.

3.4.2 Elasticity and Plasticity Benchmarks

In this section we present qualitative benchmark models that are common in
testing visco-elasto-plastic as well as poro-elasto-plastic rheologies. First, we
show 0-D models that are subjected to extensional or shear boundary condi-
tions to test compaction and shear stress build-up, respectively, and plastic
failure, see [46]. Additionally, we show a 2-D model with a viscosity hetero-
geneity that is subjected to either compressional or extensional boundary con-
ditions until it develops localized shear zones, see, e.g., [108–110].
Visco-Elasto-Plastic Evolution of Compaction Stress We consider an ini-
tially homogeneous model domain (−1, 1) × (−1, 1) discretized into 2 by 2
elements. We apply extensional boundary conditions in horizontal direction
with a volumetric strain rate of ̇𝜐BG = 10−15 s−1, free-slip on the top and bot-
tom boundary. Due to the incompressibility constraint in typical Stokes flow
systems this setup cannot be solved without the additional two-phase equa-
tions. The material parameters are given in Table 3.3 (top). Shear elasticity
and shear failure are switched off for this setup.

54



3.4 Numerical Experiments

Table 3.3: The tables below list the material parameters different from Table 3.1 that are used in
the 0D setups to investigate the evolution of compaction stress (top), and the evolution of shear
stress (bottom).

Symbol Name Value
𝜂0 reference shear viscosity 1021 Pa s
𝐾0 reference pore modulus 10 GPa
𝐶 cohesion 100 MPa
𝜎𝑇 tensile strength 50 MPa
𝜑0 initial porosity 1 %
𝑔 gravitational acceleration 0 m s−2

𝜂0 reference shear viscosity 1022 Pa s
𝐺 reference shear modulus 10 GPa
𝐶 cohesion 17 MPa
𝜙 friction angle 30°
𝛼 melt weakening parameter 0
𝑔 gravitational acceleration 0 m s−2

Figure 3.2: Left: Compaction stress evolution with time for a 0D benchmark under constant vol-
umetric expansion. The solid line shows the analytically determined value for deactivated tensile
plasticity, the dashed line indicates the failure criterion in case tensile plasticity is activated. Circle
and X markers (○, ×) show numerically obtained values of the compaction pressure 𝑝c.

Right: Shear stress evolution with time under pure shear deformation. Analogously, the solid
line shows the analytically expected shear stress evolution if shear plasticity is deactivated, the
dashed line indicates the failure criterion (cohesion). Circle and X markers (○, ×) show numeri-
cally obtained values of the square root of the second invariant of the deviatoric stress tensor 𝝉II.
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The compaction pressure 𝑝c is expected to comply with the analytically ob-
tained value,

𝑝c = −(1 − 𝜑)𝜁 ̇𝜐BG(1 − exp(−𝐾𝜑𝑡/𝜁)). (3.53)

The yield criterion is derived from the tensile strength and the arising stress,

𝑝𝑦 = 𝜏 − 𝜎𝑇 = 49 MPa. (3.54)

Figure 3.2 (left) shows the compaction stress evolution versus time with
plasticity activitated (× markers) and deactivated (○ markers) as well as the
analytic stress prediction (solid line) and the failure criterion (dashed line).

Visco-Elasto-Plastic Evolution of Shear Stress Let us now consider a ho-
mogeneous model domain (−1, 1) × (−1, 1) discretized into 2 by 2 elements.
The material parameters are listed in Table 3.3 (bottom). We prescribe a (low)
constant porosity 𝜑 = 0.1 %, and apply a shear boundary condition by ex-
tending the domain in horizontal direction and compressing it by the same
amount in vertical direction with the background strain rate ̇𝜀′

BG = 10−15 s−1.
This system (and the one in the following section) would usually be solved

as a Stokes flow system only and, accordingly, we switch off the melt-weak-
ening effect of the porosity (𝛼 = 0). Hence, this test shows that in the case of
a more complex system of equations (with additional rheological constitutive
equations), the shear stress evolution and the shear failure are still modelled
appropriately.

For aMaxwell fluidwe can determine the shear stress evolution analytically
given the above parameters [111, sec. 7–10],

𝜏 = 2𝜂 ̇𝜀′
BG(1 − exp(−𝑡𝐺/𝜂)). (3.55)

If a plasticity criterion is applied, the shear stress is effectively cut off for
values above the failure criterion, in this case cohesion 𝐶 = 17 MPa.

Figure 3.2 (right) shows the shear stress evolution versus time with plastic-
ity activitated (× markers) and deactivated (○ markers) as well as the analytic
stress prediction (solid line) and the failure criterion (dashed line).

Visco-Elasto-Plastic Shear Localization The numerical initiation of shear
bands has become a common test for implementations of numerical meth-
ods in the context of lithosphere dynamics. Kaus [58] has performed a de-
tailed study on this using the previous version of MVEP2. Therefore, we
only present a brief example showing that numerical modelling of the brittle
crust remains validwhen two-phase flow is introduced, i.e., when the coupled
three-field system is solved.
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Table 3.4: The table below lists the material parameters different from Table 3.1 that are used in
the shear localization benchmark setup.

Symbol Name Value
𝜚s solid density 2.7 × 103 kg m−3

𝜂0 reference shear viscosity 1025 Pa s
𝜂∗ viscosity heterogeneity 1020 Pa s
𝐺 reference shear modulus 10 GPa
𝐶 cohesion 40 MPa
𝜙 friction angle 30°
𝛼 melt weakening parameter 0

Figure 3.3: Snapshots showing the square root of the second invariant of the strain rate ten-
sor ̇𝜺II from the shear localization benchmark setup after 12 (top) and 20 (bottom) time steps,
∆𝑡 = 20 kyrs. We observe that the localization is initiated at the viscosity heterogeneity at the
bottom center of the domain. Additionally, small shear zones develop at the top of the domain
where the pressure is low and, therefore, the Drucker-Prager yield criterion is reached earlier.
Ultimately, the shear deformation localizes in a single narrow shear zone.
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The parameters for this setup are presented in Table 3.4. The shear localiza-
tion is initiated at the prescribed viscosity heterogeneity at the bottom center
of the domain.

The domain is 40 km wide and 10 km deep with a viscosity heterogeneity
at the bottom center domain with dimensions 3.2 km by 0.8 km. We compress
the domain laterally at a background strain rate of ̇𝜀′

BG = 10−15 s−1 for 20
time steps, ∆𝑡 = 20 kyrs. It is spatially discretized into 200 by 50 Q2Q1Q1
elements. Poro-elasticity and tensile plasticity are switched off. A low and
constant porosity of 𝜑 = 0.1 % is prescribed. Figure 3.3 shows snapshots of
the square root of the second invariant of the strain rate tensor after 12 and 20
time steps, respectively.

3.4.3 Solitary Wave Benchmark

The propagation of a solitary wave under compaction and dilation of a sur-
rounding solid matrix has been described in [112, 113]. It has become a com-
mon benchmark inmeltmigrationmodelling, see, e.g., [44, 46, 62, 78, 114, 115].

For a 1D solitary wave we fix the shear and compaction viscosity at 𝜂 = 𝜁 =
1020 Pa s, the fluid viscosity at 𝜂f = 102 Pa s, and introduce the characteristic
compaction length 𝛿 ≡ 𝛿(𝜑),

𝛿 ≔ (𝐾𝐷 (𝜁 + 4
3𝜂))1/2

. (3.56)

Here, we use a power-law permeability 𝜅𝜑 = 𝜅0𝜑3, 𝜅0 = 5 × 10−9 m2. This
parameter set represents a partially molten upper mantle regime at low melt
fraction, cp. [46].

We prescribe a low background porosity 𝜑0 = 0.1 % with a perturbation
following a discrete representation of the solitary wave as given by Barcilon
and Richter [112]. We expect the wave to propagate without changing its
shape at the analytically determined constant (non-dimensional) wave speed
𝑐𝑠𝑤 = 2𝐴 + 1, where 𝐴 denotes the relative wave amplitude. For the com-
paction length at background porosity we obtain

𝛿0 ≔ 𝛿(𝜑0) ≈ 3.42 m. (3.57)

We use a pseudo-1D profile by fixing the horizontal number of elements
at 𝑛𝑥 = 2 and varying the vertical resolution of a model domain with the
depth 𝐷 = 400𝛿0. We start with 𝑛𝑧 = 150 vertical elements and double the res-
olution until we reach 2 by 2400 elements. Figure 3.4 shows the initial porosity
and compaction pressure profiles (solid lines), as well as the numerically ob-
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Figure 3.4: Initial porosity (top) and compaction pressure profile (bottom) in the solitary wave
benchmark (solid lines), as well as numerically obtained profiles after 600, 1200 and 1800 kyrs
corresponding to 20, 40 and 60 time steps with ∆𝑡 = 30 kyrs. Simulation is run on 2 by 2400
Q2Q1Q1 elements.

Figure 3.5: Non-dimensional grid size ℎ/𝛿0
versus 𝐿2 porosity error for the solitary wave
benchmark at resolutions of 150, 300, 600,
1200 and 2400 vertical Q2Q2Q1 elements
with respect to analytic solution. The slope
of the linear trend is 1.23.

𝑛𝑧 ℎ [m] 𝑒0(𝜑ℎ)
150 9.11 1.4 × 10−2

300 4.55 4.2 × 10−3

600 2.28 1.7 × 10−3

1200 1.14 7.0 × 10−4

2400 0.57 4.8 × 10−4

Table 3.5: Number of elements in vertical di-
rection 𝑛𝑧, corresponding mesh size ℎ, and 𝐿2

error of porosity 𝑒0(𝜑ℎ) for the solitary wave
benchmark with a characteristic compaction
length of 𝛿0 ≈ 3.42 m.
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tained profiles after 600, 1200 and 1800 kyrs (dashed lines), corresponding to
20, 40 and 60 time steps of size ∆𝑡 = 30 kyrs at highest spatial resolution. In
Figure 3.5 and Table 3.5 we present the 𝐿2 errors of the porosity profile after
1.2 Myrs (40 time steps) for increasing vertical resolution. In this period the
wave travels approximately the distance of its own wavelength, see Figure 3.4.

3.5 Discussion
The above coupled formulation of Stokes and Darcy flow in melt migration
modelling is still novel, being initially published in 2013 [46]. We provide
the mathematical framework to approximate its solution with a numerical
method, namely the finite element method. Yet, this is to be seen as a first
step in investigating mathematical properties of this formulation.

Previous results on Stokes and Darcy flow being considered separately in-
dicate a good chance of the three-field formulation to have a solution in the
proposed function spaces. However, uniqueness (modulo an additive con-
stant in fluid pressure) is an open question. The answer to this question is
certainly non-trivial and is not covered in this work.

We deduce expectations about the convergence of the described method in
section 3.3.4. The ideal 𝐿2 interpolation errorwould have decreased at third or-
der for solid velocity 𝒗s, at second order for fluid pressure 𝑝f and compaction
pressure 𝑝c. For the 𝐻1 error of solid velocity and fluid pressure second and
first order would have been optimal, respectively. Reduction of this order
in the total error needs to be expected due to the explicit first-order time step-
pingmethod and insufficient regularity of the weak solution for the particular
setup.

Therefore, the expectations are partially met as we observe in section 3.4.1.
The 𝐿2 error of the solid velocity 𝒗s decreases at second order, the 𝐿2 error of
the pressure terms a bit more slowly and at a slightly decreasing rate. This
might be due to the termination criterion of the iterative solver that had been
fine-tuned for the Stokes problem only. The only reference for EOCs for the
three-field system is given by Rhebergen et al. [47] who observe a similar be-
havior for the fluid pressure error related to the convergence criterion. How-
ever, they do not present compaction pressure errors or 𝐻1 errors of any of
the three variables.

Remarkably, the 𝐻1 error of the compaction pressure 𝑝c reduces at a con-
stant rate although it was not required to be weakly differentiable, but only
in 𝐿2(𝛺).

The visco-elasto-plastic benchmark setups show the validity of the numer-
ical method and its implementation for problems with shear and volumetric
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deformation and failure. In particular, we observe that themethod robustly re-
produces results from Stokes flow equations when the porosity 𝜑 approaches
zero. For zero porosity the second and third equation of the three-field sys-
tem (3.27) approach linear dependence as 𝐾𝐷 and 𝜁eff approach zero and in-
finity, respectively. The prescribed maximum compaction to shear viscosity
ratio, see section 3.3.7, effectively caps the compaction viscosity at a value that
(a) prevents poro-elastic effects in absence of porosity and at the same time (b)
avoids the algebraic singularity of the three-field system.

Finally, the solitary wave benchmark proves that the method is capable of
handling the respective mode of magma transport. The Earth’s upper mantle
is considered to provide a regime that favors this type of migration.

3.6 Conclusions
Wepresent in this chapter a system of equations considered to govern coupled
processes of magma and lithosphere dynamics. The weak formulation of this
system is presented in equations (3.27)–(3.29) and a stable numerical method
using finite elements of Taylor-Hood type is derived in section 3.3.4.

We show that the method (and its implementation) is capable of solving
the coupled Stokes/Darcy system with visco-elasto-plastic rheologies and, in
absence of porosity, robustly reproduces Stokes flow results.

The experimental orders of convergence for the 𝐿2 and 𝐻1 errors of solid
velocity 𝒗s, fluid pressure 𝑝f and compaction pressure 𝑝c investigated in sec-
tion 3.4.1 are in consistency with the considerations from section 3.3.4. How-
ever, theoretical foundations to this are incomplete.

The presented method has been implemented in the open-source Matlab1

software MVEP22 where it integrates seamlessly with the already exisiting
part of the code. MVEP2 is used extensively in geodynamics research and
teaching [58, 104, 106, 107, 116–120]. The extension of the code for two-phase
flowproblems is immediately available to everyone and, in particular, to users
already familiar with MVEP2. This has the potential to push forward our
understanding of melt migration processes from the Earth’s upper mantle to
the surface in the near future because for the first time a consistent visco-elasto-
plastic coupled Stokes/Darcy flow implementation exists in a software tool
with a considerable user base.

In the next chapter we present the first application of this method in a pa-
rameter study for lithospheric scale setups.

1MATLAB is a registered trademark of The MathWorks, Inc.
2MVEP2 is available at https://bitbucket.org/bkaus/mvep2.
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chapter 4
A Parameter Study on

Lithospheric Scale Melt Migration

4.1 Introduction

With approximately 500 million people living in or near volcanically active re-
gions it is of utmost importance to improve our understanding of magmatic
processes. Although there has been a lot of research in the last decades, many
questions remain essentially unanswered. How does melt rise through the
Earth’s mantle and crust? In what kind of physical regimes does it reach the
surface? How much reaches the surface? How do plumbing systems of volca-
noes work? How is the melt migration process affected by large scale tectonic
deformation?

Numerical modelling has been among the tools to approach magmatic sys-
tems since the 1980s. One of the features described in the work by McKenzie
[1] is the existence of finite-amplitude one-dimensional solitary waves. The
propagation of solitary waves might contribute to the episodic behavior ob-
served in melt migration [2, 3]. They have been studied analytically and nu-
merically [3–6]. Analytic solutions serve as benchmarks for numerical meth-
ods, see, e.g., [7, 8].

Connolly and Podladchikov [9] considered 2D solitary waves in a viscoelas-
tic host rock. in a later study [10] they added a parameterized plastic de-
compaction failure effect yielding elongated melt “tubes” instead of spherical
waves. Other studies have covered, e.g., (percolative) channelling instabili-
ties [11, 12] or dikes that arise under tensile stress [13].

Yet, all of these models have in common that they consider particular de-
formation modes and, hence, a priori prescribe the deformation mode in the
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respective model, i.e., diapiric, percolative, diking.
Of course, with such modelling constraints it is not possible to recover all

phases of the melt propagation through the Earth’s mantle and crust. The
pressure-temperature regime in the mantle is likely to favour viscous and di-
apiric deformation modes, while we expect narrow structures and plastic fail-
ure in shallower (crustal) depths, i.e., at lower temperature and pressure. Also,
we know from geological observations that significant amounts of magma
crystallize in (large) bodies in the crust. Some of these batholiths get exposed
by later mountain-building processes and erosion and are well studied.

An ideal mathematical model of the physics involved in the process would
self-consistently reproduce the different deformation modes at all scales, in-
corporate phase changes (melting and crystallization), and yield results that
match geological and geophysical observations. However, we decided not
to take phase changes into account for this work to focus on the mechanical
system. Instead we refer to [14, 15] for ways to include parameterized phase
changes.

Based on the work by Keller et al. [7] we present in this chapter the first
broad parameter study of lithospheric scale melt migration setups using re-
alistic (temperature-dependent) visco-elasto-plastic rheologies in a coupled
Stokes/Darcy system. We apply a stable numerical method as described in
chapter 3. Varying different physical parameters we investigate key factors in
driving efficient melt ascent through the Earth’s upper mantle and crust.

In the following section 4.2 we briefly recap the governing equations that
were derived in more detail in chapter 3. In section 4.3 we describe our refer-
encemodel and list the physical parameters that we varied for the lithospheric
scale study. Section 4.4 is destined to present the observations from the nu-
merical experiments that we discuss in section 4.5. Finally, we conclude and
summarize our results in section 4.6.

4.2 Governing Equations
In section 4.2.1we repeat themechanical system that has already been derived
in detail in section 3.2 and then describe in section 4.2.2 how we handle the
energy conservation in a separate step. The details of the material properties
are provided in section 4.2.3.

4.2.1 Conservation of Momentum and Mass

In this sectionwe briefly recap the governing equations that control the system
of coupled magma and lithosphere dynamics as described in full detail in
section 3.2, see also [7].
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−∇ ⋅ (𝜂eff (∇𝒗s + (∇𝒗s)𝖳) − 2
3𝜂eff ∇ ⋅ 𝒗s𝑰𝑑) + ∇𝑝f + ∇𝑝c =

= − ̄𝜚𝒈 + ∇ ⋅ 𝜒𝜏 ̃𝝉𝑜s , (4.1a)

−∇ ⋅ 𝒗s + ∇ ⋅ 𝐾𝐷∇𝑝f = −∇ ⋅ 𝐾𝐷𝜚f 𝒈 (4.1b)

−∇ ⋅ 𝒗s − 𝑝c
𝜁eff

= −
𝜒𝑝∆𝑝𝑜

𝜁eff
, (4.1c)

Ds𝜑
D𝑡 − (1 − 𝜑)∇ ⋅ 𝒗s = 0. (4.2)

The effective viscosities 𝜂eff and 𝜁eff are given by (3.23) and (3.25), respec-
tively. The system is complemented by an initial condition for the poros-
ity𝜑(𝑡0) = 𝜑0 and the following boundary conditions, see [16]. Let the bound-
ary ∂𝛺 = 𝛤𝐷 ∪ 𝛤𝑁 , where 𝛤𝐷 ∩ 𝛤𝑁 = ∅, and denote the outward unit normal
vector on ∂𝛺 as 𝒏,

𝒗s = 𝒃𝐷 on 𝛤𝐷, (4.3a)
𝝉s𝒏 − (𝑝f + 𝑝c)𝒏 = 𝒃𝑁 on 𝛤𝑁 , (4.3b)

−𝐾𝐷(∇𝑝f + 𝜚f 𝒈) ⋅ 𝒏 = 0 on ∂𝛺, (4.3c)

where 𝒃𝐷 ∶ 𝛤𝐷 → 𝐑𝑑, 𝒃𝑁 ∶ 𝛤𝑁 → 𝐑𝑑 are given boundary data.

4.2.2 Conservation of Energy

The conservation of energy is enforced by the following equation,

̄𝜚𝑐𝑝
Ds𝑇
D𝑡 − ∇ ⋅ (𝑘∇𝑇) = 𝐻, (4.4)

where ̄𝜚 denotes porosity-weighted density average, 𝑐𝑝 specific heat capacity,
𝑇 temperature, 𝑘 conductivity, and 𝐻 source terms such as radiogenic, shear
or adiabatic (de)compression heating. For simplification we neglect the latter
effects in this study. This still captures temperature effects on, particularly,
density and viscosity. Bercovici et al. [17] provide a detailed derivation of the
energy equation for the two-phase system.

The advection is explicitly handled on Lagrangianmarkers, see setion 3.3.6.
The remaining energy equation is solved with a standard second order finite
element method (as for velocity we use continuous, piecewise biquadratic
shape functions) that we do not describe in detail. The temperature is fixed at
the top and bottom boundary of the domain, on side boundaries we enforce
zero-flux.
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4.2.3 Material Properties

In this section we describe the material properties. For the shear viscosity 𝜂
we apply diffusion and dislocation creep laws as presented in Table 4.2,

𝝉II = 2𝜂 ̇𝜺II, (4.5a)

̇𝜺II = 𝐴𝝉𝑛II 𝑑
−𝑝∗

0 𝑐𝑟OH exp(−(𝐸 − 𝑝𝑉)/R𝑇), (4.5b)

where 𝐴 is a constant, 𝑑0 denotes grain size, 𝑐OH water fugacity, 𝐸 activation
energy, 𝑉 activation volume, and R the universal gas constant, see [18]. For
diffusion creep 𝑛 = 1, for dislocation creep 𝑝∗ = 0. The compaction and fluid
viscosities follow the description in section 3.2.5, analogously the permeability,
plasticity parameters and elastic moduli, cp. Table 4.1.

Different from the previous chapter, the solid density is chosen to be tem-
perature-dependent as follows,

𝜚 = 𝜚0(1 − 𝛼𝑣(𝑇 − 𝑇0)), (4.6)

where 𝜚0 is a reference density at reference temperature 𝑇0 that corresponds
to the considered phase (upper crust, lower crust, mantle), and 𝛼𝑣 is thermal
expansivity.

The specific heat 𝑐𝑝 and the conductivity 𝑘 are chosen to be constant for all
phases, see Table 4.1 for their values.

4.3 Study Setup
We perform a set of numerical experiments to explore how the magma mi-
grates in different physical regimes. First, we describe our reference setup,
second, we name the parameters that we varied. Furthermore, in section 4.3.2
we provide a detailed description of the evolution of the reference setup fol-
lowed by simulations in which we systematically vary the model parameters.

4.3.1 Parameter Ranges

Reference Setup The initial geometry is identical for all lithospheric scale
simulations, i.e., we start with a domain that is 160 km deep and 240 km wide
in (𝑥, 𝑧) coordinates. The top 30 km are assigned crustal phases (upper and
lower crust, 15 km each) and corresponding rheologies, see below. The lower
130 km represent lithospheric mantle rocks.

We apply no external deformation in the reference setup (zero background
strainrate). The geothermal gradient is initialized at 15 K km−1. The surface
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4.3 Study Setup

Table 4.1: Parameters for the presented lithospheric scale study.

Symbol Name Value
𝜚UC reference density (upper crust) 2.70 × 103 kg m−3

𝜚LC reference density (lower crust) 2.90 × 103 kg m−3

𝜚MA reference density (mantle) 3.25 × 103 kg m−3

𝜚f fluid density 2.50 × 103 kg m−3

𝜂f fluid viscosity 102 Pa s
𝜅0 reference permeability 10−8 m2

𝐾0 reference pore modulus 1 GPa
𝐺 reference shear modulus 50 GPa
𝐶 cohesion 40 MPa
𝜙 friction angle 30∘

𝜎𝑇 tensile strength 10 MPa
𝑇0 reference temperature 293 K
𝑇𝑠 surface temperature 293 K
𝑇𝑏 bottom temperature 1573 K
𝛼 melt weakening parameter 27
𝑘 conductivity 3 W m−1K−1

𝑐𝑝 specific heat capacity 1.05 × 103 J kg−1K−1

𝛼𝑣 thermal expansivity 3 × 10−5 K−1

R gas constant 8.3145 Jmol−1K−1

𝑔 gravitational acceleration 9.81 m s−2
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Chapter 4 A Parameter Study on Lithospheric Scale Melt Migration

Figure 4.1: Reference setup with quartzitic upper and lower crust, dry dislocation and diffusion
creep mantle rheology, geothermal gradient of ∂𝑧𝑇 = 15 K km−1, magmatic pulse with 20 km
diameter and up to 80 % porosity. Top: Initial porosity field. Bottom: Compositional phases and
temperature contours at 100 ∘C, 300 ∘C, …, 1300 ∘C.
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4.3 Study Setup

and bottom temperatures are fixed at 20 and 1300 ∘C, respectively. A circular
Gaussian melt pulse is introduced horizontally centered at a depth of 135 km
with an upper cut-off at 80 %. This roughly approximates a mantle wedge
plume of hydrated mantle material as investigated in, e.g., [19–21].

For the reference setup, we choose the creep viscosities presented in the top
part of Table 4.2. For the crustal phases we apply quartzite dislocation creep,
for the mantle we harmonically average dry olivine dislocation and diffusion
creep viscosities being denoted as subscripts disl and diff, respectively.

Parameter Variations The upper crust is assumed to be quartzitic in all sim-
ulations. The lower crust is either made up of quartzite or mafic granulite
[22]. The mantle is either described by dry olivine dislocation creep only, or
by dry or wet olivine dislocation and diffusion creep [18]. This yields a set of
12 different rheological setups.

Apart from the rheologywe vary the initial geothermal gradient, the extent
of the magma pulse and the background strainrate as follows. The geother-
mal gradient takes on the values 10, 15 and 20 K km−1. In most contintental
regions, the geothermal gradient is steeper than this range for shallow depths
but flattens with depth. Hence, the examined range roughly corresponds to
averaged continental geotherms. In volcanically active zones the geothermal
gradient may be locally significantly steeper, see, e.g., [23, ch. 3], [24, ch. 14],
[25].

The background strainrate is either zero or 10−15 s−1 as laterally extensional
or compressional strain ratemimicking deformational tectonic regimes. In the
deformational cases we apply a vertical velocity at the bottom boundary to
balance the volume change of the domain. The top boundary can deform fol-
lowing a stress-free condition. Furthermore, the size of the initial melt pulse
(diameter) is 20 km in most setups but reduced to 10 and 5 km for some simu-
lations.

The prescribed fluid viscosity 𝜂f = 102 Pa s corresponds to a basaltic melt.
At the end of section 4.4we present simulation results using an increased fluid
viscosity of 𝜂f = 1010 Pa s corresponding to a melt of more felsic composition.

4.3.2 Evolution of Reference Setup

In this section we describe in detail the evolution of the reference setup and
present figures of the porosity field, the viscoplastic shear viscosity, the strain-
rate and the compositional field (with temperature contours). We split the
following description into three parts where major evolution takes place in
the mantle, the lower crust and the upper crust, respectively, see Figures 4.2
and 4.3.
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4.4 Experiments

Mantle Initially, the melt pulse rises at a velocity of more than 1 m/yr and
flattens. After roughly 50 kyrs it splits into two branches at a depth of about
70 km and the vertical velocity drops down to 20 to 30 cm/yr. Starting at
about 100 kyrs we observe strain localization in the upper crust. The maxi-
mum porosity in the two branches gradually decreases to about 60 % while
becoming narrower and reaching the lower crust at 30 km depth after approx-
imately 150 kyrs.
Lower Crust While rising towards the upper crust the two branches widen
again and tend to converge. The maximum vertical velocity after 250 kyrs
is around 5 cm/yr. The strain localization in the upper crust intensifies lo-
cally leading to lower shear viscosity. The pulse reaches the upper crust after
roughly 300 kyrs.
UpperCrust In the upper crust the two branches slightly diverge and narrow
again leaving behind significant amounts of melt in reservoirs in and below
the lower crust. They reach the surface through very small channel-like struc-
tures that seem to develop where the viscosity in the upper crust has dropped
locally due to previous strain localization. The pulse reaches the surface after
420 kyrs.

4.4 Experiments
In this section we describe the effects that we observe when varying different
parameters: the geothermal gradient, the rheology, the size of the magmatic
pulse, the background strainrate, and the fluid viscosity.

4.4.1 Geothermal Gradient

We performed the simulations with initial geothermal gradients ∂𝑧𝑇 of 10, 15
and 20 K km−1. This leads to temperatures of 320, 470 and 620 ∘C at the bottom
of the crust, respectively. The maximum temperature of 1300 ∘C is reached at
a depth of 128, 85 and 64 km, respectively.

The pulse starts rising in a diapiric manner but starts diverging into two
branches at a depth that correlates to the initial geothermal gradient. For
∂𝑧𝑇 = 10, 15, 20 K km−1 the localization starts in a depth of 110, 70 and 50 km,
respectively. We observe the melt pulse to split along the 1100 ∘C isotherm,
cp. Figure 4.3.

The geothermal gradient also affects how fast the magma rises towards the
lower crust. For a geothermal gradient of ∂𝑧𝑇 = 10 K km−1 and zero back-
ground strainrate this translates into approximately 350, 400 and 450 kyrs for
wet, dry dislocation, dry dislocation and diffusion creep, respectively.
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Figure 4.2: Porosity field (with fluid velocity arrows) and viscoplastic shear viscosity snapshots
from the reference setup. The melt pulse first rises rapidly and gradually flattens. It splits into
two branches at a depth of about 70 km. The two branches become narrower and reach the lower
crust (30 km depth) after approximately 150 kyrs.

While rising towards the upper crust the two branches widen again and tend to converge. The
strain localization in the upper crust intensifies leading to lower shear viscosity locally.

In the upper crust the two branches slightly diverge and narrow again leaving behind signifi-
cant amounts of melt in reservoirs in and below the lower crust. They reach the surface through
very small channel-like structures that seem to develop where the viscosity in the upper crust has
dropped locally due to previous strain localization.
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Figure 4.3: (Square root of) Strain rate invariant (with solid velocity arrows) and compositional
field (with temperature contours in ∘C) from reference setup. Starting at about 100 kyrs we ob-
serve strain localization in the upper crust (top center of domain).

Regions of higher porosity lead to increased velocities leading to larger strainrate. Towards the
end of the simulation the strainrate more and more localizes into narrow bands.

When the pulse reaches the crust it also brings mantle material up, some of it even to upper
crustal depths. The temperature contours follow the branched pulse. This increases the temper-
ature at the base of the crust from 470 ∘C to more than 700 ∘C.

83



Chapter 4 A Parameter Study on Lithospheric Scale Melt Migration

For a steeper geothermal gradient, i.e., ∂𝑧𝑇 = 15 K km−1, and zero back-
ground strainrate the difference reduces. For all three mantle rheologies the
magma pulse reaches the lower crust after 100 to 130 kyrs.

An extensional or compressional background strainrate of 10−15 s−1 accel-
erates the process moderately making the pulse reach the crust after 95 to
105 kyrs.

Further increasing the geothermal gradient to ∂𝑧𝑇 = 20 K km−1 leads to a
timing of 65 to 75 kyrs for the pulse to reach the lower crust.

4.4.2 Mantle Rheology

As already described in the preceding section, the mantle rheology affects the
velocity of the magma ascent, e.g., the branches of the pulse reach the lower
crust after 350, 400 and 450 kyrs in case of (a) a wet dislocation and diffusion,
(b) dry dislocation, (c) dry dislocation and diffusion creep rheology, respec-
tively, for a geothermal gradient of 10 K km−1.

As described in the following section 4.4.3 we also observe that the lower
viscosity that results from the wet rheology aids the pulse in developing sepa-
rate branches. Hence, we see the small pulse branch in the case of wet mantle
rheology (Figure 4.7) but not for dry mantle rheology (Figure 4.6). This coun-
teracts the accelerated melt ascent as the branched pulse rises more slowly
than a single pulse due to reduced buoyancy.

4.4.3 Size of Magmatic Pulse and Lower Crustal Rheology

In the simulations presented so far, the magmatic pulse always reached the
surface and Figures 4.2 and 4.3 give a good idea of the evolution. It is known
that inmany casesmagma actually does not reach the surface but instead crys-
tallizes in batholiths in crustal depths [26, sec. 4-19]. As our model does not
include crystallization or evolution of melt rheology, we cannot recover this
process. Instead, we decreased the size of the pulse to see if the magma ascent
stops before reaching the surface. For these simulations we kept the geother-
mal gradient at ∂𝑧𝑇 = 15 K km−1, used wet or dry olivine dislocation and
diffusion creep rheology for the mantle and quartzitic or mafic granulitic dis-
location creep rheology in the lower crust.

Medium Magma Pulse In the simulations with halved pulse diameter (com-
pared to the reference setup presented in section 4.3.2, corresponds to roughly
10 km) and zero background strainrate we can observe very well that most of
the fluid remains in and below the crust, see Figures 4.4 and 4.5.
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For a dry mantle, i.e., dry olivine dislocation and diffusion creep rheology,
we observe that the pulse splits into two branches in 75 km depth. They reach
the lower crust after 1.7 Myrs and start widening. In quartzitic lower crust
they reunite to form a single massive structure of increased porosity. The as-
cent does not stop until the surface is reached after roughly 5 Myrs. If the
lower crust is made of mafic granulite, the branches converge slightly, form
a spread-out region of low porosity and the ascent stagnates. In both cases
(quartzite or mafic granulite lower crust) we observe that most of the magma
remains in a vertically extended structure that spans depths from 10 to 50 km.

In a wet mantle the pulse starts splitting in a shallower depth (60 km) and
the branches move further apart than in the dry mantle. They form narrow
vertical structures that reach the lower crust after 550 kyrs. In the quartzitic
lower crust they widen and reunite after another 100 kyrs. After this, the pro-
cess slows down and parts of the pulse start reaching the surface only after
8 Myrs. Most of the magma remains in the upper crust. For a mafic granulite
lower crust the branches reunite in the lower crust and the ascent stagnates.
Similarly to the dry mantle rheology case, most of the magma remains in the
lower crust.

Small Magma Pulse For an initial magma pulse with 5 km diameter and
zero background strainrate the pulse does not reach the surface. Instead it
forms magmatic bodies of different shape in and below the crust, see Fig-
ures 4.6 and 4.7.

For a dry dislocation and diffusion creep mantle we observe that the pulse
does not split into two branches but instead rises as a single pulse towards the
lower crust and reaches it after 3.5 Myrs. For quartzitic lower crust rheology it
forms a chamber in the uppermost mantle that feeds another magma body in
the upper crust through a narrow dike-like structure, see Figure 4.6, bottom
left. In the case of mafic granulite lower crust a less localized low porosity
structure spreads out in the lower crustwithout reaching upper crustal depths.
It is fed from a higher porosity magma body just below the crust.

For a wet mantle rheology the pulse splits into two narrow branches in
a depth of about 75 km. As in the dry rheology case, the rise of the magma
slows down after about 2 Myrs when a depth of roughly 40 km is reached. The
branches rise more slowly than the single pulse in the dry mantle rheology
reaching the lower crust after roughly 4 Myrs. However, they develop similar
features as the single pulse in the dry rheology case, i.e., magma chambers
below the (quartzitic) lower crust that feedmagmatic bodies in the upper crust
and spread out low porosity regions in the (mafic granulite) lower crust.
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dry mantle rheology, lower crust quartzite

dry mantle rheology, lower crust mafic granulite

Figure 4.4: Porosity and fluid velocity arrows (left) and viscoplastic shear viscosity (right) during
ascent ofmedium-sizedmagmapulse (initial diameter 10 km) in a drymantle at zero background
strainrate.

Pulse branches into two parts that reunite later. For quartzitic lower crust most of the magma
remains in a vertically elongated structure spanning from 5 to 50 km depth. For mafic granulitic
lower crust only a very minor part of the pulse reaches the upper crust, most of it remains in the
lower crust and the uppermost mantle.
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wet mantle rheology, lower crust quartzite

wet mantle rheology, lower crust mafic granulite

Figure 4.5: Porosity and fluid velocity arrows (left) and viscoplastic shear viscosity (right) during
ascent ofmedium-sizedmagmapulse (initial diameter10 km) in awetmantle at zero background
strainrate.

Pulse branches into two parts that reunite later. For quartzitic lower crust most of the pulse
forms a magmatic body in the upper crust. For mafic granulitic lower crust only a very minor
part of the pulse reaches the upper crust, most of it remains in and just below the lower crust.
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dry mantle rheology, lower crust quartzite

dry mantle rheology, lower crust mafic granulite

Figure 4.6: Porosity and fluid velocity arrows (left) and viscoplastic shear viscosity (right) during
ascent of small-sized magma pulse (initial diameter 5 km) in a dry mantle at zero background
strainrate.

Pulse does not branch. For quartzitic lower crust most of the magma remains in the mantle
feeding amagmatic body in the upper crust through a lower crustal dike-like structure. For mafic
granulitic lower crust part of the pulse spreads out in a wide low porosity structure in the lower
crust being fed from a magmatic body below the crust.
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wet mantle rheology, lower crust quartzite

wet mantle rheology, lower crust mafic granulite

Figure 4.7: Porosity and fluid velocity arrows (left) and viscoplastic shear viscosity (right) during
ascent of small-sized magma pulse (initial diameter 5 km) in a wet mantle at zero background
strainrate.

Pulse branches into two parts after roughly 80 kyrs. The two smaller pulses propagate similar
to the dry rheology case. For quartzitic lower crust they form dike-like structures in the lower
crust feeding a body of magma that accumulates in the upper crust. For mafic granulite lower
crust they form a higher porosity magmatic body in the uppermost mantle feeding a spread out
lower porosity region in the lower crust.
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Summary (Initial Size of Pulse) In Figure 4.8 we present the porosity field
and the viscoplastic shear viscosity from a late stage of a choice of simulations.
We chose a set of simulations where we successively changed parameters one
by one. We started with a medium-sized pulse in a wet mantle with mafic
granulite as lower crustal rheology. Then we changed (i) the size of the pulse,
(ii) the lower crustal rheology, and (iii) the mantle rheology, such that the last
row shows snapshots from a simulation that started with a small-sized pulse
in a dry mantle with quartzitic lower crustal rheology.

Hence, in Figure 4.8 we can observe well the effects of the three parameters
(initial size of pulse, rheology of mantle, rheology of lower crust) comparing
two succeeding rows of figures.

Size of Pulse The smaller the pulse, the slower its ascent. While most of
the medium-sized pulse ends up in the lower crust and forms a low-porosity
region in parts of the upper crust, the small-sized almost completely remains
below the lower crust.

Lower Crustal Rheology In both cases (quartzite, mafic granulite) most
of the magma remains below the crust. Yet, in quartzitic lower crust dike-like
features feed magma bodies at the base of the upper crust, while for mafic
granulite part of the pulse propagates like porous flow in the lower crust with-
out reaching upper crustal depths.

In the spread-out lowporosity regions that occur for amafic granulite lower
crust the shear viscosity is relatively high with a narrow rim of lower viscosity
(roughly 2 orders of magnitude) around the region. This implies that in this
regime the strain rate dependence of the shear viscosity dominates over the
porosity dependence.

Figure 4.8: Snapshots of the porosity field and the viscoplastic shear viscosity from late stages
of four different simulations. Top: Medium-sized pulse, wet mantle rheology, lower crust mafic
granulite. From top to bottom the following cumulativemodifications are applied: (i) small-sized
pulse, (ii) quartzitic lower crust, (iii) dry mantle rheology.

(i) Comparing first and second row: The smaller the pulse, the slower its ascent. While most
of the medium-sized pulse ends up in the lower crust and forms a low-porosity region in parts
of the upper crust, the small-sized almost completely remains below the lower crust.

(ii) Comparing second and third row: For quartzite andmafic granulite lower crustal rheology
most of the magma remains below the crust. Yet, in quartzitic lower crust dike-like features feed
magmabodies at the base of the upper crust, while formafic granulite part of the pulse propagates
like porous flow in the lower crust without reaching upper crustal depths. In the spread-out low
porosity regions that occur for a mafic granulite lower crust the shear viscosity is relatively high
with a narrow rim of lower viscosity (roughly 2 orders of magnitude) around the region. This
implies that in this regime the strain rate dependence of the shear viscosity dominates over the
porosity dependence.

(iii) Comparing third and fourth row: The wet mantle supports splitting of the pulse into
branches and the split branches have lower buoyancy slowing down the ascent compared to dry
mantle rheology. Apart from this, the simulations develop very similar features.
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medium-sized pulse, wet mantle rheology, lower crust mafic granulite

small-sized pulse, wet mantle rheology, lower crust mafic granulite

small-sized pulse, wet mantle rheology, lower crust quartzite

small-sized pulse, dry mantle rheology, lower crust quartzite
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Figure 4.9: Zoomed view of viscoplastic shear viscosity for medium (left) and small-sized (right)
pulse after first time step. Increased viscosity at the sides of the pulse effectively limits the max-
imum velocity in the middle of the pulse. Doubling the distance leads to roughly quadrupled
maximum vertical velocity.

Mantle Rheology The wet mantle supports splitting of the pulse into
branches and the split branches have lower buoyancy slowing down the ascent
compared to dry mantle rheology. Apart from this, the simulations develop
very similar features.

4.4.4 Background Tectonic Deformation

We ran simulations without deformation (zero background strainrate), in a
compressional and in an extensional regime (background strainrate ̇𝜺BG =
10−15 s−1). We observe that the magma ascends most efficiently in the exten-
sional regime, least efficiently without deformation.

Dry Mantle Rheology First, we consider quartzitic crustal phases and a dry
olivine dislocation and diffusion creepmantle rheology. For a geothermal gra-
dient of ∂𝑧𝑇 = 15 K km−1 the pulse branches at a depth of about 70 km after
roughly 42 kyrs, independent of the three background strainrate regimes. Yet,
for the extensional setup we already observe strain localization in the upper
crust at this early stage, see Figure 4.10, right.

As expected, the deformational regimes lead to much higher stress levels
in the crust and uppermost mantle. When the branched pulse is at a depth
of 50 km we observe a maximum stress of 70 MPa without external deforma-
tion, but 250 to 300 MPa in the compressional and extensional regime, respec-
tively, see Figure 4.10, left. Larger stresses seem to support a more rapid melt
ascent. The pulse reaches the lower crust after approximately 105, 115 and
140 kyrs for extensional, compressional and free-slip lateral boundary condi-
tions, respectively.

92



4.4 Experiments

no deformation

compression

extension

Figure 4.10: Snapshots of stress and (square root of) strain rate invariantwhenmelt reaches 50 km
depth for different deformational regimes: no external deformation, compressional, extensional
lateral boundary conditions (top to bottom).

In the deformational setups the stresses are a lot larger. For the extensional setup strain lo-
calizes in the upper crust early during the simulation. Strain localization is observed for the
compressional setup soon after the presented snapshot. Without external deformation there is
barely any strain localization throughout the simulation.
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Figure 4.11: Porosity field (with fluid velocity arrows) and viscoplastic shear viscosity snapshot
from a simulation with extensional background strainrate, mafic granulite lower crust and dry
olivine mantle rheology. A zone of shear localization reaches from the surface to the tip of the
melt branch traversing both crustal layers.

Part of the pulse reaches the surface after 240, 380 and 420 kyrs for the ex-
tensional, compressional and free-slip regime, respectively. In all three cases a
largermagma body remains just below the lower crust butmost of themagma
pulse traverses both crustal layers.

For a mafic granulite lower crust deformational boundary conditions lead to
early local weakening of the crust. We observe this after 70 to 80 kyrs in the
extensional and compressional case, respectively, where a narrowweakenend
structure ranges from the surface to the tip of one of the pulse branches in
50 km depth, see Figure 4.11. This structure is the continuation of a shear zone
that starts at the surface a few time steps earlier. A similar structure develops
in the non-deformational simulation only after more than 370 kyrs when the
tip of the pulse is at 20 km depth.

Although the melt does not follow these structures exactly, their develop-
ment seems to support a more rapid ascent. In the deformational setups the
pulse reaches the surface after about 200 kyrs (extensional) ot 250 kyrs (com-
pressional), without deformation only after about 500 kyrs.

Wet Mantle Rheology The pulse traverses the wet olivine dislocation and
diffusion creep rheology mantle in 90 to 100 kyrs and reaches the quartzitic
lower crust. Again, the extensional regime leads to a (slightly) faster ascent in
the mantle. The time to reach the surface is about 240 kyrs in the extensional
setup, 280 kyrs for compressional boundary conditions. Without deformation
it takes about 360 kyrs. After reaching the lower crust the branches of the
pulse slightly diverge in the compressional case and slightly converge in the
extensional case.
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Similar to the case of a dry mantle we observe shear zones that stretch
through the mafic granulite lower crust to the tip of the melt pulse in defor-
mational setups. On the one hand, the melt pulse takes longer (420 kyrs) to
reach the surface for zero background strainrate than in the case of quartzitic
lower crust. On the other hand, themelt ascent is accelerated by theweakened
zones letting it reach the surface after 190 and 210 kyrs in the extensional and
compressional case, respectively.

4.4.5 Fluid Viscosity

Changing the fluid viscosity in the reference setup leads to a surprisingly sim-
ilar melt ascent at first, i.e., the melt pulse rises to a depth of 70 km and starts
diverging into two branches within roughly 60 kyrs. After this, differences
to the reference setup dominate. The process strongly slows down, i.e., the
vertical velocity gradually drops by two orders of magnitude from tens of cen-
timeters per year to millimeters per year and below. Two symmetric massive
bodies of increased porosity form in more than 50 km depth, each more than
50 km wide but less than 15 km deep. The ascent stagnates quite soon and we
can observe how the porosity slowly extends horizontally, see Figure 4.12.

4.5 Discussion
In this study we examined the effect of several physical parameters on the
process of magma ascending from the upper mantle towards the surface: the
geothermal gradient, the mantle and lower crust rheology, the size of themag-
matic pulse, the background strainrate, and the fluid viscosity.

A predominant feature in most of the simulations is the splitting of the flat-
tened pulse into two separate branches that (temporarily) rise independent
of each other. This provides an explanation for the shape of temperature
anomalies in numerical models of the East African Rift [27, 28]. Bastow et al.
[29] interpret a seismically imaged low-velocity region of similar shape below
Ethiopia as upper mantle continuation of an African superplume.

As we can see well from Figure 4.3 the process of ascending magma is an
efficient way of bringing mantle material up into the upper crust. This study
does not take into account surface processes which support exposure of these
rocks.

The formation of plutons in crustal depths can be observed particularly for
medium to small initial melt pulses. While significant parts of large pulses
reach the surface, still we observe horizontal structures in about 30 km depth,
see Figure 4.2.
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Figure 4.12: Porosity and fluid velocity arrows (left) and viscoplastic shear viscosity (right) during
ascent of magma pulse with increased fluid viscosity 𝜂f = 1010 Pa s compared to reference setup
in a dry mantle at zero background strainrate.

First, the melt ascent seems similar to the reference setup but after the pulse starts branching it
strongly extends horizontally almost without any vertical ascent. Furthermore, the process slows
down massively and even after several millions of years we see very little evolution.
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One needs to keep in mind that the model does not consider crystalliza-
tion. The pulse reaches the crust at a temperature of roughly 500 ∘C. Only
later, when fluid velocity has dropped, the temperature advection “catches
up”, cp. Figure 4.3 (171.9 and 337.6 kyrs). This would lead to crystallization
of most of the material which cannot be captured by the underlying model.
On the other hand, heat sources such as radiogenic or shear heating effects,
are neglected. Including these would lead to higher temperatures.

For small pulses we observe that most of the melt settles just below the
crust causing smaller partially molten regions in the crust, see Figures 4.6–
4.8. This can be interpreted as feeding instances of large magma chambers
that are assumed to be below volcanic systems like, e.g., Vesuvius [30, 31] or
Mt. St. Helens [32].

For small to medium-sized pulses we can observe well that the mafic gran-
ulite lower crust poses a strong obstacle for the ascent of the pulse, see Fig-
ures 4.4–4.8. In all of these cases, the melt ascent is interrupted in greater
depths than for the corresponding setup with quartzitic lower crust. How-
ever, in section 4.4.4 we observed that in regimes of tectonic deformation the
melt ascent is more rapid for the lower crust being made of mafic granulite
than in the quartzitic case.

Larger fluid viscosity corresponding to a more felsic composition of the
molten material leads to a slower ascent and the formation of massive sub-
crustal magmatic bodies. However, we realize that the assumption of a felsic
melt in 130 km depth is a very rough approximation. In this respect, it would
be beneficial to consider variable melt viscosity that evolves from a mafic to a
more felsic composition while rising through the lithosphere. Unfortunately,
this could not be covered in the present study.

For an improved model the energy equation would need to be coupled to
the mechanical system more closely by including separate terms for fluid and
solid specific heat capacity and a more complex material derivative applied
to the temperature 𝑇, see [17, 33]. Furthermore, melting and crystallization
would need to be taken into account as described in, e.g., [14, 15]. As compo-
sitional mineral phases of the molten material crystallize at different temper-
ature/pressure regimes the composition of the melt changes while it ascends
through the lithosphere. As mentioned above, these compositional changes
are not considered in our model, see [34] for recent research on this.
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4.6 Summary and Conclusions
Varying physical parameters in the lithospheric scale setup we have seen nu-
merous effects that we summarize in what follows.

Geothermal gradient A steeper geothermal gradient effectively decreases
the viscosity and, hence, leads to higher velocities and faster melt ascent. Fur-
thermore, for higher temperatures the pulse rises to shallower depths before it
splits into branches. For the simulations in section 4.4.1 the splitting happens
roughly along the 1100 ∘C isotherm, cp. Figure 4.3. For smaller melt pulses
there does not seem to be an equivalent correlation.

Mantle Rheology We used dry olivine dislocation, dry olivine dislocation
and diffusion, as well as wet olivine dislocation and diffusion creep rheologies
for the mantle phase. Adding diffusion creep to the dry olivine rheology ac-
celerates the melt ascent. Choosing wet olivine rheologies increases this effect
but also facilitates branching of the melt pulse which in turn leads to slower
ascent. The three types of mantle rheology do not yield qualitatively different
features but rather affect the timing of the overall process.

Size of Pulse Pulses smaller than the one in the reference setup not neces-
sarily reach the surface. The ascent of medium-sized pulses stops if the lower
crust has mafic granulite rheology. Smaller pulses have not been observed
to reach the surface in our simulations. Generally, smaller pulses rise more
slowly than larger ones and are less likely to split into two branches.

Background Strainrate When external deformation is applied via lateral
boundary conditions the stresses in the domain are higher. This leads to a
more efficient melt ascent in the mantle and crust. The efficiency is maximal
for the extensional regime, minimal for the non-deformational regime.

Rheology of Lower Crust For smaller melt pulses we observe that the lower
crustwithmafic granulite rheologywas harder to pass thanwith quartzite rhe-
ology. However, these simulations where run without external deformation.
In the context of different background strainrates we observed that a mafic
granulite lower crust is more sensitive to deformational boundary conditions
than quartzite. Hence, in deformational regimes themelt propagation ismore
efficient if the lower crust has mafic granulite rheology, without deformation
it is more efficient for quartzitic lower crust rheology.

Fluid Viscosity In one experiment we prescribed a fluid viscosity of 𝜂f =
1010 Pa s corresponding to molten material of felsic composition, compared
to 𝜂f = 102 Pa s in the reference setup corresponding to basaltic composition.
Initially, we observed similar ascent and branching of the pulse. However, for
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increased fluid viscosity the ascent stops in about 50 km depth and the fluid
extends horizontally forming massive bodies well below the crust.

We found that melt propagates most efficiently for (i) steeper geothermal
gradients, (ii) wet mantle rheology, and (iii) in a deformational tectonic set-
ting. We also described the effect of different initial pulse sizes, lower crustal
rheologies, increased fluid viscosity aswell as some of the interactions of these
parameters. However, we recognize that this study barely scratches the sur-
face of lithospheric scale melt migration modelling. We consider it to be a
“signpost” for future numerical modelling of melt migration processes.

The model underlying this study is described in more detail in chapter 3.
We found it to be robust for broad parameter ranges relevant in lithospheric
scale melt migration setups. This enables us to investigate numerous ques-
tions in the future that could not be addressed with numerical modelling be-
fore.
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chapter 5
Selected Applications in

Melt Migration Modelling

5.1 Introduction
In this chapter we showcase two applications based on the parameter study
presented in chapter 4. The major assumption of the study was the existence
of a single melt pulse in the Earth’s upper mantle that rises independent of
other magmatic effects through a horizontally homogeneous lithosphere. By
introducing multiple pulses with temporal offset we can investigate (i) how
episodic magmatic events interact, (ii) how the melt ascent differs if the litho-
spheric host rock has been weakened by previous magmatic activity, (iii) how
previously formed crustal magmatic bodies are affected by later magmatic
pulses.

Secondly, we vary the setup by introducing a region of (randomized) low,
yet increased, porosity instead of a single high porosity pulse. From this, we
expect multiple small pulses to rise towards the surface simultaneously. To
resolve these we use an unstructured mesh that is adaptively refined to reach
higher resolutions where significant porosity is present without spending too
much computational effort on resolving areas that are less important for the
overall dynamics.

Asmagmatic structures are known to occur on very different spatial scales—
frommeter-scale dikes to kilometer-scale batholiths—it is desirable to account
for this in the discretization. An adaptive mesh is the most attractive way to
achieve this. Dannberg and Heister [1] have performed a study on dynamics
of the asthenosphericmantle andmeltmigration using adaptivemeshes not con-
sidering visco-elasto-plastic rheologies. Hence, the present work is the first on
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modelling coupled lithosphere and two-phase melt migration dynamics with
visco-elasto-plastic rheologies using mesh adaptivity.

5.2 Governing Equations
We consider a system of coupled lithosphere and two-phase porous flow dy-
namics in a bounded, connected domain 𝛺 ∈ 𝐑2 with Lipschitz continuous
boundary ∂𝛺. We briefly repeat the governing equations described in more
detail in the respective sections 3.2.4 and 4.2 in the previous chapters, see
also [2, 3],

−∇ ⋅ (𝜂eff (∇𝒗s + (∇𝒗s)𝖳) − 2
3𝜂eff ∇ ⋅ 𝒗s𝑰2) + ∇𝑝f + ∇𝑝c =

= − ̄𝜚𝒈 + ∇ ⋅ 𝜒𝜏 ̃𝝉𝑜s , (5.1a)

−∇ ⋅ 𝒗s + ∇ ⋅ 𝐾𝐷∇𝑝f = −∇ ⋅ 𝐾𝐷𝜚f 𝒈 (5.1b)

−∇ ⋅ 𝒗s − 𝑝c
𝜁eff

= −
𝜒𝑝∆𝑝𝑜

𝜁eff
, (5.1c)

Ds𝜑
D𝑡 − (1 − 𝜑)∇ ⋅ 𝒗s = 0, (5.2)

The effective viscosities 𝜂eff and 𝜁eff are given by (3.23) and (3.25), respec-
tively. Furthermore, 𝒗s denotes the solid velocity, 𝑰2 the 2-dimensional iden-
tity tensor, 𝑝f fluid pressure, 𝑝c compaction pressure, ̄𝜚 the porosity-weighted
average density, 𝒈 gravitational acceleration, 𝜒𝜏 a visco-elastic shear stress evo-
lution parameter, ̃𝝉𝑜s the rotated solid deviatoric stress tensor from the previ-
ous time step, 𝐾𝐷 = 𝜅𝜑/𝜂f a Darcy coefficient (permeability to fluid viscosity
ratio), 𝜚f fluid density, 𝜒𝜏 a compaction stress evolution parameter, ∆𝑝𝑜 the
pressure difference from the previous time step, 𝜑 the porosity (volume melt
fraction), and 𝑡 time. The operator Ds/D𝑡 = ∂/∂𝑡 + 𝒗s ⋅ ∇ denotes the solid
material derivative.

Here, effective viscosities 𝜂eff and 𝜁eff, average density ̄𝜚 , and permeabil-
ity 𝜅𝜑 are functions of the porosity 𝜑 introducing nonlinearities to the system.
Additionally, as geomaterials are non-Newtonian, the effective shear viscos-
ity 𝜂eff depends on the strain rate ̇𝜺.

The system is complemented by an initial condition for the porosity𝜑(𝑡0) =
𝜑0 and the following boundary conditions. Let the boundary ∂𝛺 = 𝛤𝐷 ∪ 𝛤𝑁 ,
(𝛤𝐷 ∩ 𝛤𝑁 = ∅), and let 𝒃𝐷 ∶ 𝛤𝐷 → 𝐑2, 𝒃𝑁 ∶ 𝛤𝑁 → 𝐑2 be given boundary data.
Denoting the outward unit normal vector on ∂𝛺 as 𝒏we assume the following
boundary conditions.
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𝒗s = 𝒃𝐷 on 𝛤𝐷, (5.3a)
𝝉s𝒏 − (𝑝f + 𝑝c)𝒏 = 𝒃𝑁 on 𝛤𝑁 , (5.3b)

−𝐾𝐷(∇𝑝f + 𝜚f 𝒈) ⋅ 𝒏 = 0 on ∂𝛺, (5.3c)

We solve the quasi-static three-field equations (5.1) for themajor unknowns
solid velocity 𝒗s, fluid pressure 𝑝f, and compaction pressure 𝑝c with the finite
element method described in section 3.3. Then, the porosity is updated insert-
ing the current solid velocity solution guess into (5.2). These two steps are
iteratively repeated until a convergence criterion is met.

When the nonlinearities are resolved sufficiently, an energy conservation
equation is solved with a standard second order continuous finite element
method, see 4.2.2,

̄𝜚𝑐𝑝
Ds𝑇
D𝑡 − ∇ ⋅ (𝑘∇𝑇) = 0, (5.4)

where 𝑐𝑝 denotes specific heat capacity, 𝑇 temperature, and 𝑘 conductivity. For
simplicity, we assume no heat sources or sinks.

All material properties are determined in the same way as in the previous
chapter, see 4.2.3 and Table 5.1.

5.3 Episodic Melt Pulses
5.3.1 Experimental Setup

In section 4.4.3 we considered melt pulses of different size starting off at the
base of the lithosphere and rising towards the surface. We found that smaller
pulses ascend more slowly and that, depending on the rheology of the manle
and the crust aswell as on the tectonic deformational regime, the fluid reaches
the surface or remains in crustal and sub-crustal depths.

Based on the simulations using wet dislocation and diffusion creep man-
tle and a mafic granulite lower crustal rheology, see Table 4.2, we perform
further experiments with multiple episodic melt pulses as considered in, e.g.,
[4–7]. As in chapter 4, the upper crust follows a quartzite dislocation creep law
that we already used in all simulations presented in chapter 4. We assume no
external deformation of the domain, i.e., free-slip lateral boundaries.

To introduce a second (or third) pulse at a given time instant we set the
porosity 𝜑 on the markers that are in the location where the initial pulse
started off to the values of another Gaussian pulse of same size and extent.
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Table 5.1: Parameters for the experiments on multiple episodic melt pulses.

Symbol Name Value
𝜚UC reference density (upper crust) 2.70 × 103 kg m−3

𝜚LC reference density (lower crust) 2.90 × 103 kg m−3

𝜚MA reference density (mantle) 3.25 × 103 kg m−3

𝜚f fluid density 2.50 × 103 kg m−3

𝜂f fluid viscosity 102 Pa s
𝜅0 reference permeability 10−8 m2

𝐾0 reference pore modulus 1 GPa
𝐺 reference shear modulus 50 GPa
𝐶 cohesion 40 MPa
𝜙 friction angle 30∘

𝜎𝑇 tensile strength 10 MPa
𝑇0 reference temperature 293 K
𝑇𝑠 surface temperature 293 K
𝑇𝑏 bottom temperature 1573 K
𝛼 melt weakening parameter 27
𝑘 conductivity 3 W m−1K−1

𝑐𝑝 specific heat capacity 1.05 × 103 J kg−1K−1

𝛼𝑣 thermal expansivity 3 × 10−5 K−1

R gas constant 8.3145 Jmol−1K−1

𝑔 gravitational acceleration 9.81 m s−2

With these experiments we investigate whether subsequent pulses rise more
rapidly due to the previously weakened lithospheric host rock, and whether
the additional supply aids the pulse in reaching the surface where it has been
stagnating in crustal depths before. We introduce the second pulse at a late
stage of the mentioned experiments, see Figure 4.8 (top two rows).

5.3.2 Medium-Sized Pulses

For amedium-sized pulse (roughly 10 km initial diameter) in a wet mantle we
observed that the ascent stagnated when most of the pulse has reached the
(mafic granulite) lower crust. After roughly 2 Myrs of stagnation with very
little evolution we introduce a second pulse at 135 km depth that has the size
and extent of the first pulse, see Figure 5.1.

The first pulse reaches a depth of 60 km after approximately 65 kyrs and
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Figure 5.1: Porosity and fluid velocity arrows (left) and viscoplastic shear viscosity (right) during
ascent of second medium-sized magma pulse in a wet mantle at zero background strain rate.

The pulse risesmore rapidly than the first and barely splits into branches. It reaches the bottom
of the previous pulse after roughly 65 kyrs. The additional supply leads to the melt rise to the
upper crust and, ultimately, reach the surface within less than 300 kyrs after the second pulse
has been introduced.
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Figure 5.2: Porosity and fluid velocity arrows (left) and viscoplastic shear viscosity (right) during
ascent of second small-sized magma pulse in a wet mantle at zero background strain rate.

Pulse branches into two parts that are indistinct compared to the previous pulse. Left branch
dominates andmergeswith the previously settledmagmatic body resuming the ascent. However,
the upper crust is not reached within 10 Myrs.
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Figure 5.3: Porosity and fluid velocity arrows (left) and viscoplastic shear viscosity (right) during
ascent of third small-sized magma pulse in a wet mantle at zero background strain rate.

Pulse mainly follows the path of the previous pulse, joining the magmatic body in the lower
crust less than 200 kyrs after being introduced. The additional supply significantly supports the
ascent making the pulse reach the surface after roughly 9.3 Myrs where we observed stagnation
with two pulses.
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starts splitting into two clearly distinct branches. The second pulse is intro-
duced after 5513.7 kyrs, rises to 60 km depth within 45 kyrs and only slightly
diverges laterally. When it reaches the bottom of the previously settled pulse,
the porosity in the (first) left branch increases and the ascent continues to the
upper crust. Ultimately, the pulse reaches the surface at an angle through two
channels less than 300 kyrs after the second pulse has been introduced.

Parts of the second pulse remain below the right branch of the previous
pulse possibly forming a magma chamber with a porosity of up to 40 %.

The shear viscosity drops accordingly, mainly in the left branch, and a net-
work of low viscosity zones develops in the crust.

5.3.3 Small-Sized Pulses

We proceed in a similar way for a setup with a small pulse (5 km initial di-
ameter). After about 3 Myrs the ascent of the first pulse stagnates. Another
3.4 Myrs later we introduce a second pulse with the size and extent of the pre-
vious. After a total time of roughly 7.4 Myrs the two pulses are merged and
their ascent stagnates. At this stage we split the simulation as follows. One
keeps running with the two pulses, to another one we introduce a third pulse.

Second Pulse The first (small) pulse reaches a depth of 60 km after about
160 kyrs. The second pulse rises at about the same velocity, being introduced
at 6.45 Myrs and reaching 60 km depth after approximately 6.6 Myrs. It splits
into two branches that slightly diverge following the pathways of the previ-
ous pulse, predominantly to the left. A large magmatic body develops in and
below the lower crust, very similar to what we observed for a medium-sized
pulse in the same rheological setup, see Figure 4.5.

After 7.5 Myrs the ascent stagnates, no fluid enters the upper crust within
10 Myrs. The shear viscosity develops structures that we already observed be-
fore, see Figures 4.6 and 4.7, with a low-viscosity rim around a higher viscosity
region in crustal depths.

Third Pulse As a modification of the previous experiment we introduce a
third pulse after 7468.1 kyrs (when we observe the ascent to start stagnating),
see Figure 5.3. The third pulse reaches a depth of 60 km within 120 kyrs which
is signicantly faster than the previous pulses. It adds fluid material to the
magmatic body leading to higher porosity in the major supply structure and
at its top rim, see Figure 5.4. Consequently, the pulse continues to ascend and
reaches the surface after roughly 9.3 Myrs.
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Figure 5.4: Snapshots of porosity and fluid velocity arrows (left) and viscoplastic shear viscosity
(right) when third pulse has reached the previous pulses. Notice themodified porosity color scale
compared to previous figures.

We observe that the porosity does not spread equally but instead focusses in the vertical major
supply structure and at the top rim of the pulse.

5.4 Simultaneous Pulses and Mesh Adaptivity
5.4.1 Experimental Setup and Temporal Evolution

In this section, the porosity field of the initial setup differs from the setups pre-
sented so far. Instead of introducing a single circular melt pulse with poros-
ity of up to 80 % we define a (rectangular) region with an equally distributed
low, but increased porosity. Connolly and Podladchikov [8] have modelled
the transport of asthenospheric melts with a similar initial condition. They
observed vertically elongated waves spaced on the compaction length scale.
However, they made a number of assumptions for simplification, such as con-
stant shear viscosity and a non-deforming solid matrix.

We keep the domain size with depth 160 km and width 240 km and in-
troduce a horizontally centered 40 by 10 km rectangular region at a depth of
135 km where we prescribe a randomized porosity between 1 and 10 % (and
zero porosity elsewhere). Themantle rheology follows harmonically averaged
wet olivine dislocation and diffusion creep laws, the lower crust mafic gran-
ulite dislocation creep, and the upper crust quartzite dislocation creep, see
Table 4.2. The bottom and lateral boundaries follow a free-slip condition, the
top boundary is held stress-free.

As we use a different power-law for the permeability and non-constant
shear and compaction viscosities 𝜂, 𝜁, we cannot directly apply the reasoning
of Barcilon and Richter [9] about the compaction length scale. Nevertheless,
assuming characteristic viscosities in the mantle of 𝜂 = 𝜁 = 1018 Pa s, and
a characteristic permeability in the range 𝜅 ∈ [1, 5] × 10−9 m2, we obtain a
theoretical compaction length in the range 𝛿 ∈ [4.8, 10.8] km.
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Figure 5.5: Porosity and fluid velocity arrows (left) and viscoplastic shear viscosity (right) dur-
ing ascent of pulses developing simulatenously from region of initially randomized increased
porosity in a wet mantle (lower crust mafic granulite) at zero background strain rate.

Pulses rise vertically first, then obliquely. While the outer pulses diffuse, the central pulses re-
turn to vertical ascent after 1.5 Myrs and later flatten, particularly in and just below the lower
crust. Smaller pulses develop from trailing structure of increased porosity without reaching
crustal depths.

The black rectangle indicates the mesh region shown in a blown-up view in Figure 5.6.
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Figure 5.6: Blown-up view of the refined unstructured mesh after 4682.1 Myrs as indicated by
the black rectangle in the shear viscosity field in Figure 5.5.

In the first 100 kyrs the fluid focuses at the top rim of the rectangular re-
gion, then four roughly equidistant pulses develop and start ascending. Their
distance varies from about 7 to 10 km. In these pulses the maximum porosity
reaches up to 16 % and the vertical fluid velocity is on the order of 10 cm/yr.
The central pulses rise slightly faster than the outer ones. They reach a depth
of 70 km after 690 kyrs and start diverging horizontally. By this time, the max-
imum porosity at the tip of the pulse has reduced to 6 to 7 %. From a depth of
55 km (after roughly 1.5 Myrs the two central pulses return to a vertical ascent.
Meanwhile the other two pulses have diffused and stagnate in 70 km depth.

Below the (lower) crust the the two remaining pulses flatten, i.e., their size
increases while the maximum porosity decreases. They reach the lower crust
after about 3.7 Myrs. The ascending velocity strongly reduces (< 1 mm/yr)
and the pulses spread out in the lower crust as well as, to some extent, in
the upper crust in the following more than 10 Myrs. Some minor pulses rise
from the trailing structure of increased porosity but remain well below the
crust. However, the ascent of the left pulse does not stop before it reaches the
surface after almost 18 Myrs.

5.4.2 Triangulation and Mesh Refinement

The domain triangulation is created using the open-source tool Triangle1 by
Jonathan Shewchuck [10]. The mesh is newly refined after every time step
in regions where the porosity exceeds 1 %. In our implementation two major
parameters control the refinement: the number of refinement steps and the
“degree” of refinement. We apply two refinement steps, i.e., (i) we decide
which triangles to refine and (ii) reduce the triangles’ area by a factor (the
“degree” of refinement) by remeshing. Then, (iii) we repeat steps (i) and (ii).

1The source code is available from https://www.cs.cmu.edu/~quake/triangle.html.
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An average element in our initial mesh, i.e., before it is refined, covers an
area of roughly 1.54 km2. After the refinement, we reach a local resolution of
2.6 × 10−2 km2 increasing the total number of (velocity) nodes by only 20 %.

In Figure 5.6 we present a zoomed part of the mesh as indicated by the
black rectangle in Figure 5.5 illustrating the refinement.

5.5 Discussion and Conclusions
We performed a small set of experiments with, on the one hand, multiple
pulses of different sizes and, on the other hand, an initial setup with random-
ized porosity using an adaptively refined unstructured mesh. Even with the
ad hoc introduction of additional pulses we were able to observe that pulses
rise faster through a previously weakened lithospheric host rock and strongly
support the further ascent of magmatic bodies previously emplaced in or be-
low the crust.

The randomized porosity initial condition reproduces the porosity waves
described in [8]. From this we deduce a compaction length scale of roughly
8.5 km which roughly coincides with theoretical results [9, 11]. As the setup
evolves we obtain more complex behavior with phases of diverging pulses,
vertical ascent in the uppermost mantle, and flattening of the pulse towards
the crust.

As described in section 3.3.7 we use an explicit first-order method for time
stepping. Refining the mesh in regions of increased porosity leads to a re-
strictive time step size as this also coincides in many cases with the regions of
highest (fluid) velocities. Hence, the corresponding CFL criterion required to
ensure numerical stability yields very small time steps (down to < 1000 yrs).
Thus, a more advanced time stepping scheme would be of great benefit.

Mesh adaptivity is a powerful tool that by far has not been exhausted in
the presented simulation. We expect it to be crucial in future studies on melt
migration modelling. In addition to the level of porosity one could also con-
sider, e.g., the viscosity gradient as refinement criterion. This would probably
resolve the boundary between porosity-bearing and other regions particularly
well.
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chapter 6
Summary and Outlook

Despite its importance many questions in magmatic processes remain open
until the present day. One of the challenges inherent to driving our under-
standing of magmatism is the insufficient availability of data from the deep
Earth. Gathered data comprises, e.g., geological outcrops and seismographic
data. But interpreting data that is the result of millions of years of magmatic
activity, tectonic deformation, surface processes, and putting it into a phys-
ically consistent model of the process yielding these results is cumbersome
and topic of current research activities.

It is compelling to use numerical modelling to improve our understanding
of melt migration processes. Different transport mechanisms have success-
fully beenmodelled numerically, mostly based on the work on generation and
compaction of partially molten rock by McKenzie [1]. However, only recently
a novel formulation of themodel has been proposed byKeller et al. [2] combin-
ing it with lithosphere dynamics considering visco-elasto-plastic rheologies.
For the first time, it has become possible to model lithospheric scale melt mi-
gration where different modes of transport (diapiric, percolative channelling,
diking) arise self-consistently. Previous studies typically focussed on certain
transport mechanisms prescribed by model assumptions which is insufficient
when modelling melt ascent through the whole lithosphere, see, e.g., [3–5].

Summary
The twomajor flow regimes decribing a coupled system ofmelt migration and
lithosphere dynamics are Stokes and Darcy flow. In chapter 2 we focussed
on (stationary) Stokes flow with strongly varying shear viscosity, derived and
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tested a discontinuous Galerkin (DG) method using locally divergence-free
approximation spaces. We compared this method to commonly used finite
element methods using the Q1P0 or the Q2P1 element. Our main result was
that, for the considered benchmark setups, the DG method was not superior
to the second order finite element method when comparing computational
expenses required to reach a certain accuracy.

In chapter 3 we formally derived our method to solve the coupled Stokes
and Darcy problem avoiding methodological shortcomings of the study by
Keller et al. [2]. We presented a stable method using suitable approximation
spaces, we showed the validity of our implementation in geodynamically rel-
evant setups, and we investigated the experimental order of convergence of
the method. We found it to work robustly for a large range of physical and
numerical parameters such as viscosity and mesh size.

In chapter 4 we applied the method introduced in the preceding chapter.
We performed the first broad parameter study on melt migration on the litho-
spheric scale considering visco-elasto-plastic rheologies. We used realistic
creep viscosities in an initially layered lithosphere (mantle, lower crust, upper
crust) and introduced a circular Gaussian melt pulse with maximum poros-
ity 𝜑 = 80 % as initial condition. We varied, e.g., the rheological setup, the tec-
tonic background deformation, and the size of the initial melt pulse. Among
other results, we were able to relate the velocity of the ascent to the initial size
of the pulse. Furthermore, we found deformational regimes leading to more
efficient melt ascent. Also, we observed mafic granulite in the lower crust to
pose a stronger obstacle than quartzite when no external deformation is ap-
plied. In contrast, for deformational regimes quartzitic lower crust is more
resistive to rising melt.

Based on our findings in chapter 4we focussed on twopossible applications
of the method in chapter 5, i.e., introducing multiple pulses with temporal
offset mimicking episodic magmatism and showcasing adaptive refinement
of an unstructured mesh with a modified initial setup where multiple pulses
arise simultaneously from a region of increased, randomized porosity. We in-
vestigated how the rise of a melt pulse differs if the host rock has been weak-
ened by a pulse that ascended before, and whether it leads to a continuation
of stagnated ascent of the previous pulse.

Using the randomized porosity field we reproduced the equidistant poros-
ity waves described by Connolly and Podladchikov [6]. The mesh adaptivity
helped in resolving these initially very small pulses while keeping the compu-
tational expenses low. The rise of these pulses went through different phases
of oblique as well as vertical ascent and flattening near the crust.
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Model Limitations
As mentioned in section 4.5 there is several possible extensions of the model
that are likely to improve its accuracy in depicting real-world magmatism.
Among themare amore elaborated energy conservation equation and amodel
of melting and crystallization. The latter would ideally feedback to the viscos-
ity of the partially molten material that we kept constant in every simulation.

Also, further investigation of the rheological stress-strain relationship is
required as we did not observe the clearly distinct dikes in our experiments
that Keller et al. [2] reported and that are (in crystallized form) well-known
geological features.

The explicit first-order time stepping method is a numerical shortcoming
that becomes particularly apparent when refining the mesh. Typically, the
largest velocities are fluid velocities where the porosity is significant. As this
is where we refine the grid, the CFL condition yields a very restrictive time
step. Therefore, for future research it is necessary to introduce a different time
stepping scheme such as second order implicit Runge-Kutta.

To more precisely capture the evolution of shear stress one could consider
to explicitly include the integral term arising from theMaxwell body constitu-
tive equation, see section 3.2.3. In addition, it would be mathematically more
consistent to not split the advection terms from the remaining systems as de-
scribed in section 3.3. Hence, investigating the effects of this could be benefi-
cial.

Research Outlook
We described in section 3.6 that we implemented the method as part of the
Matlab softwareMVEP2 that is and has been used extensively in teaching and
research to solve Stokes flow in a variety of setups. Hence, it is immediately
available to a significant user base. This has the obvious potential to lead to
numerical reconstructions of numerous magmatic setups that have not been
modelled numerically before with comparable capabilities.

Focussing on crustal plutons one could introduce (felsic) melt in the crust
as initial condition and vary the tectonic regime to investigate the creation
of dikes (during extension) and sills (under compression). For this a smaller
scale computational domain could be considered and/or an adaptive mesh
should be used to spatially resolve these features.

With a (constant or time-dependent) inflow boundary condition it would
be possible to study the evolution of magmatic networks with prescribed ad-
ditional melt supply on the lithospheric (or crustal) scale.
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Investigating the formation of subduction zone arcs would be another ap-
plication. This process is considered to be controlled largely by how melt mi-
grates through the lithosphere [7, 8]. However, so far models of this were 1D
or have not taken into account lithosphere dynamics.

As last example, one could model the crustal setup below Mt. St. Helens
that has recently been imaged seismically in detail [9] to investigate how the
different magmatic bodies interact, or how complex networks of crustal melt
channels develop.
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