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Chapter 1

Introduction

In combinatorial optimization the task is to �nd an optimal object from a �nite set of
discrete objects (Schrijver, 2003, p. 1). Often, combinatorial optimization problems are
motivated by real-life problems for which an optimal object is one that minimizes or
maximizes a speci�c objective (e.g. pro�t, risk, length, ...) subject to side constraints
that describe the set of feasible alternatives. Applications in logistics include cutting
and packing, routing, scheduling, and network design problems.
Though �nite, the set of feasible alternatives is typically very large (often growing

exponentially in the size of the instance) so that well-thought-out algorithmic strategies
are necessary for solving such problems. Still, many combinatorial optimization prob-
lems are NP-hard meaning that no polynomial-time algorithm is likely to exist for their
solution (Schrijver, 2003, p. 1). In other words, they are very hard to solve. Conse-
quently, exact solution approaches for these problems, i.e., approaches guaranteeing an
optimal solution, are generally not able to solve instances of practical size in acceptable
time. Thus, for decision support, (meta-)heuristics that provide good, but generally not
optimal solutions in reasonable time are typically indispensable.
However, there are also numerous examples of problem-speci�c, exact algorithms that

are capable of solving large instances, sometimes even of practical size. Examples in-
clude the work of Applegate et al. (2006) for the traveling salesman problem, Martello
et al. (1999) for the knapsack problem, Östergård (2002) and Held et al. (2012) for
cliques/independent sets, Vanderbeck (1999) for the cutting stock problem, or García
et al. (2011) for the p-median problem. This can be attributed to the continuous devel-
opment of new and innovative exact approaches over the past decades, which has led to
a signi�cant improvement on the size of the instances that can be solved to optimality
for many problems. Hence, apart from the theoretical interest in such exact algorithms,
their enhancement is also crucial from a practical point of view. Moreover, many al-
gorithmic concepts originating from exact approaches found their way into successful,
modern heuristics.
The focus of this thesis is to contribute to the development of new exact approaches

in combinatorial optimization. Thereby, we present ideas for di�erent problems coming
from a variety of applications, rather than restricting ourselves to only a speci�c problem
and variants of it. Before we can state the contributions of this thesis, we must �rst give
a brief description of the main problems and the key algorithmic concept considered in
this thesis. For a detailed and more formal de�nition we refer to the respective chapters
of the thesis.

The traveling tournament problem (TTP) is a problem in the area of sports league
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Chapter 1. Introduction

scheduling abstracted from the key requirements of scheduling a major sports league in
North America (Easton et al., 2001). It consists of �nding a distance-minimal tourna-
ment schedule for an even number of teams such that each team plays at each time slot,
each team faces every other team exactly twice (once at home, once away), and no team
has more than three consecutive matches at home or away. The TTP appears to be a
problem that is practically very hard to solve and the largest instances that could be
solved to proven optimality consist of only 10 teams.
Vehicle routing problems (VRPs) form one of the most widely studied classes of com-

binatorial optimization problems. Their huge success as a research topic can arguably be
attributed to the fact that they are both theoretically challenging and of high relevance
in transportation and logistics practice (Toth and Vigo, 2002, p. xvii). The classical ca-
pacitated VRP searches for a distance-minimal set of routes starting and ending at the
depot such that each of the given customers is visited exactly once and vehicle capaci-
ties are obeyed at any time. Among many other VRP variants considered in the routing
literature, a current research branch is devoted to VRPs with synchronization. The
additional presence of synchronization constraints makes the solution of these problems
particularly challenging (Drexl, 2012).
A prominent VRP with intra-route synchronization is the so-called dial-a-ride problem

(DARP) in which passengers have to be transported between speci�c origin (=pickup)
and destination (=delivery) locations. The DARP mainly arises in door-to-door trans-
portation services for school children, handicapped persons, or the elderly and disabled.
The transportation of passengers rather than goods necessitates that passenger incon-
venience considerations are taken into account to guarantee a certain level of service.
Therefore, maximum user ride times are often imposed to limit the time a passenger
is on board of the vehicle. From a modeling point of view, the maximum ride-time
constraints are intra-route synchronization constraints coupling the service times at the
pickup and delivery locations of a passenger.
A straightforward generalization of the DARP also considers minimum ride-time con-

straints. Arguably, this kind of constraint is less reasonable in the sense of requiring
a passenger or good to be on board of the vehicle for a minimum time. However, it
can be used to model a generalized synchronization condition for the service times at
corresponding pickup and delivery locations or, more generally, at two nodes for which
a pairing and precedence relation is given. Practical applications include the planning
of security guards where locations have to be inspected repeatedly within given time
intervals (Bredström and Rönnqvist, 2008). Similar planning problems arise in home
health care, e.g., when patients have to be monitored by a nurse several times a day
(Eveborn et al., 2006). We call the abstracted problem the vehicle routing problem with
time windows and temporal synchronized pickup and delivery (VRPTWTSPD).
Column generation (CG) has been proven a successful tool for solving very large-scale

linear programs (LPs) with a huge number of variables. Often, the set of variables is
too large for explicitly representing the model. Embedding CG into a branch-and-bound
algorithm leads to an integer CG approach commonly known as branch-and-price that
allows for for the solution of mixed integer programs (Lübbecke and Desrosiers, 2005). In
many applications, such large-scale models result from a Dantzig-Wolfe decomposition

2
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(Dantzig and Wolfe, 1960), i.e., a problem reformulation using variable rede�nition, of
an integer compact model. The reformulation gives rise to the so-called (integer) master
program that typically has an exponential number of variables.
Instead of solving the master program directly, the basic idea of CG is to work on a re-

stricted master program that considers only a reasonably small subset of variables. Miss-
ing negative reduced-cost variables are added dynamically to the model when needed.
For their identi�cation, the so-called CG pricing problem (=subproblem) has to be
solved. The solution of the LP relaxation of the master program is obtained by alternat-
ing between re-optimizing the restricted master program and solving the subproblem as
long as no more variables with negative reduced cost exist. Thus, the overall CG process
is driven by the values of the dual variables (Desrosiers and Lübbecke, 2005).
The strength of CG based approaches can mainly be attributed to the following as-

pects: (i) the reformulated model typically provides stronger LP bounds than the com-
pact formulation, (ii) non-linearities that are present in the compact formulation may be
hidden in the subproblem, and (iii) highly e�ective solution procedures for the subprob-
lem are often available (Lübbecke and Desrosiers, 2005). The main drawbacks of CG
algorithms are related to instability issues like, e.g., the heading-in e�ect (generation of
irrelevant columns in the �rst iterations because of poor dual information), the plateau
e�ect (no improvement of the RMP value for several iterations), the tailing-o� e�ect
(slow convergence of the CG process), and the oscillation of the duals (Vanderbeck,
2005).

1.1 Contribution

The main goal of this thesis is to contribute to the development of new, exact solution
approaches to di�erent combinatorial optimization problems. In particular, we derive
dedicated solution approaches to a special class of TTPs, the DARP, and the VRPTWT-
SPD. Furthermore, we extend the concept of using dual optimal inequalities (DOIs) for
stabilized CG as proposed by Ben Amor et al. (2006) and detail its application to im-
proved CG algorithms for the cutting stock problem (CS), the bin packing problem (BP),
the vertex coloring problem (VC), and the bin packing problem with con�icts (BPC). In
all approaches, we make use of some knowledge about the structure of the problem at
hand to individualize and enhance existing algorithms. Speci�cally, we utilize knowledge
about the input data (Chapter 2), problem-speci�c constraints (Chapters 3 and 4), and
the dual solution space (Chapter 5).
We elaborate on the contributions of the di�erent parts in more detail now. For the

TTP, Easton et al. (2001) introduced the so-called circular instances, where venues of
the teams are located on a circle. It is empirically proven that these instances are very
hard to solve due to the inherent symmetry. We perform a detailed analysis of this
symmetry and present new ideas to cut o� essentially identical parts of the solution
space. Furthermore, we empirically test the proposed symmetry reduction by modifying
the DFS∗ algorithm of Uthus et al. (2009) and show that speedups can approximate
factor 4n.

3



Chapter 1. Introduction

For many VRP variants, some of the strongest approaches are based on integer CG
(Baldacci et al., 2012). The master programs of such approaches are typically formulated
on variables representing feasible routes for the problem at hand and provide very tight
LP bounds. The CG subproblems are elementary shortest-path problems with resource
constraints which can often be solved e�ectively with dynamic-programming labeling
algorithms (Irnich and Desaulniers, 2005). However, there are also variants for which
certain classes of route constraints are hard to incorporate in the subproblem in combi-
nation, e.g., time windows together with maximum ride-time constraints. In these cases,
traditional labeling algorithms are often not able to handle all route constraints and,
thus, to price out feasible routes for the problem at hand. A common strategy to over-
come this problem is to relax one or more classes of route constraints in the subproblem
and handle them in the master instead (e.g. Ropke and Cordeau (2005) for the DARP
or Cherkesly et al. (2014) for the pickup-and-delivery problem with time windows and
last-in-�rst-out Loading). The resulting easier to solve subproblems come at the cost of
weaker lower bounds and, thus, potentially larger search trees.
We propose a new branch-and-cut-and-price algorithm for the DARP that for the �rst

time handles all route constraints in the subproblem. The key component of the approach
is an e�ective CG pricing procedure that allows fast shortest-path computations due to
new, strong dominance rules. Moreover, checking whether or not a given route obeys
both time-window and maximum ride-time constraints is intricate. We provide a labeling
procedure which can be used for e�cient feasibility checking when a partial route is
extended in a node-by-node fashion. Also, we compare the proposed branch-and-cut-
and-price approach with the best known approaches from the literature and alternative
CG algorithms that handle maximum ride-time constraints either as constraints of the
master program or with less e�ective labeling procedures. Extensive computational
experiments indicate the superiority of the new approach.
Next, we extend our �ndings for the DARP to the case of general temporal intra-route

synchronization constraints, i.e., with minimum and maximum ride-time constraints.
Thereto, we �rst introduce the VRPTWTSPD as the prototypical VRP with temporal
intra-route synchronization. This problem has to the best of our knowledge not been
considered before. Compared to the DARP, the additional presence of minimum ride
times further complicates the VRPTWTSPD. Again, it is not clear if the additional e�ort
of integrating them into the subproblem pays o� in the overall algorithm. Therefore, we
develop four exact solution approaches to the VRPTWTSPD based on CG formulations
whose master programs are formulated on di�erent sets of variables implying di�erent
subproblems. Two of these subproblems have not been considered before. One of them
is the subproblem that incorporates all route constraints of the VRPTWTSPD so that
time windows as well as temporal intra-route synchronization with both minimum and
maximum ride-time constraints have to be dealt with. In the other one, maximum
ride-times are relaxed. Based on our ideas for the subproblem of the DARP, we derive
new dominance rules and labeling algorithms for their solution. Furthermore, we report
extensive computational results over a large number of test instances with di�erent
characteristics regarding the number of customer requests and the tightness of capacity,
time-window, and minimum and maximum ride-time constraints. They indicate that
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integrating either both types of ride-time constraints or only the maximum ride-time
constraints into the subproblem results in the strongest overall algorithm.
Our last contribution is related to overcoming instability issues of CG approaches.

Among di�erent alternatives for stabilizing the CG process, Ben Amor et al. (2006)
suggest the use of DOIs in the context of CS and BP. We generalize their work in several
aspects. First, we provide insights into the relations of optimal solution values and
optimal solutions of the original models (primal and dual) and the extended models to
which extra dual inequalities (DIs) have been added. Second, we de�ne several new
classes of properties for the coe�cient matrix of a LP with unit costs enabling the
identi�cation of new DOIs and deep dual optimal inequalities (DDOIs). Herewith, we
derive additional classes of DDOIs for BP and DOIs for CS and identify DOIs and
DDOIs also for several new classes of problems (the vector packing problem, VC, BPC)
and, thus, extend the DI-based stabilization to these problems. Moreover, we suggest
the dynamic addition of violated DIs in a cutting-plane fashion and the use of DIs
that are not necessarily DDOIs. In the latter case, a recovery procedure is needed to
restore primal feasibility. Computational results proving the usefulness of the methods
are presented.

1.2 Outline

This thesis by publication comprises four articles that have either been published in or
submitted to scienti�c journals. The remainder of the thesis is organized as follows.
In Chapter 2, we detail our symmetry reduction ideas for the circular TTP instances.

A formal description of the TTP and the circular instances is given in Section 2.1.
Section 2.2 describes di�erent kinds of symmetry and, if symmetry is reduced, compares
the worst-case number of solutions to consider in enumerative solution approaches for
the TTP. In Section 2.3, we empirically test the symmetry reduction methods on the
branch-and-bound algorithm that constitutes the kernel of the DFS∗ algorithm of Uthus
et al. (2009).
In Chapters 3 and 4, we address routing problems with temporal intra-route synchro-

nization constraints deriving new branch-and-cut-and-price solution approaches to the
DARP and the VRPTWTSPD. Chapter 3 focuses on the DARP and the handling of
maximum ride-time constraints. A short literature review on the DARP is provided in
Section 3.2. Section 3.3 gives a formal de�nition of the DARP, presents compact and CG
formulations from the literature, and outlines the di�erences to the CG formulation pro-
posed in this thesis. For the e�ective solution of the subproblem, we develop weak and
strong dominance relations between partial routes to be used in dynamic-programming
labeling algorithms. They are presented in Section 3.4. The basic components of the
branch-and-cut-and-price solution algorithm are brie�y discussed in Section 3.5 followed
by computational experiments in Section 3.6.
The case of routing with general temporal intra-route synchronization constraints is

dealt with in Chapter 4. In Section 4.2, we de�ne the VRPTWTSPD and present
di�erent CG formulations of it. Section 4.3 describes the dominance rules and labeling
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Chapter 1. Introduction

algorithms we use for solving the subproblems of our approaches. Our basic branch-
and-cut-and-price algorithm is brie�y described in Section 4.4. Computational results
are reported in Section 4.5.
Chapter 5 presents our work on stabilized CG. In Section 5.1, we introduce the orig-

inal and extended, primal and dual CG models considered in this chapter. Section 5.2
presents a proposition on the relations of optimal solution values and optimal solutions
to these models. Useful properties allowing for the identi�cation of DIs that are DOIs
and/or DDOIs are derived in Section 5.3. Furthermore, the application of these prop-
erties to di�erent problems is demonstrated. This includes the proper introduction of
the CG formulations of these problems and the speci�cation of the di�erent new classes
of DOIs and DDOIs. Section 5.4 clari�es the dynamic separation of violated DIs and
presents the recovering procedure that is necessary if DIs that are not DDOIs have been
used. Computational results for several problems are presented in Section 5.5.
Chapter 6 summarizes and draws �nal conclusions.
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Chapter 2

A Note on Symmetry Reduction for Circular

Traveling Tournament Problems

Timo Gschwind, Stefan Irnich

Abstract

The traveling tournament problem (TTP) consists of �nding a distance-minimal
double round-robin tournament where the number of consecutive breaks is bounded.
Easton et al. (2001) introduced the so-called circular TTP instances, where venues
of teams are located on a circle. The distance between neighboring venues is one,
so that the distance between any pair of teams is the distance on the circle. It is
empirically proven that these instances are very hard to solve due to the inherent
symmetry. This note presents new ideas to cut o� essentially identical parts of
the solution space. Enumerative solution approaches, e.g. relying on branch-and-
bound, bene�t from this reduction. We exemplify this bene�t by modifying the
DFS∗ algorithm of Uthus et al. (2009) and show that speedups can approximate
factor 4n.

2.1 Introduction

The traveling tournament problem (TTP) consists of �nding a distance-minimal double
round-robin tournament where the number of consecutive breaks is bounded (cf. Easton
et al., 2001). Teams and venues are given by T = {1, 2, . . . , n} for an even number
n ∈ 2N. Throughout the paper, we use indices t, t′ ∈ T for teams and indices i, j ∈ T
for their venues. Let D = (dij) for i, j ∈ T be the distance between venues i and j.
Any feasible solution to the TTP can be represented by tours pt = (it1, . . . , i

t
2(n−1)) for

all teams t ∈ T . Herein, its ∈ T describes for each time slot s ∈ {1, 2, . . . , 2(n − 1)}
at which venue team t plays. For its = t, team t is playing at home, otherwise t is
playing away. Obviously, a solution is only feasible if tours are compatible, i.e. an away
game its = t′ 6= t implies a home game it

′
s = t′. With the de�nitions it0 := it2n−1 := t for all

teams t ∈ T , the cost of a solution p is the overall distance traveled
∑

t∈T
∑2(n−1)

s=0 dits,its+1
.

Additionally, no-repeater constraints (NRCs) require that a home game t against t′ is
not followed by the corresponding away game, where t′ plays at home against t.
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Chapter 2. Symmetry Reduction for Circular TTPs

Easton et al. (2001) introduced the so-called circular TTP instances, where venues of
the teams are located on a circle. The distance between neighboring venues is one so that
the distance between two teams i > j is dij = min{i−j, n+j−i}. It is empirically proven
that these instances are very hard to solve due to the inherent symmetry. The purpose
of this note is, therefore, to fully explicate the symmetry and exploit it algorithmically.
This paper is structured as follows: In Section 2.2 we describe di�erent kinds of

symmetry and, if symmetry is reduced, we compare the worst-case number of solutions
to consider in enumerative solution approaches for the TTP. Section 2.3 empirically tests
the symmetry reduction methods on the branch-and-bound algorithm that constitutes
the kernel of the DFS∗ algorithm presented in (Uthus et al., 2009). Final conclusions
are drawn in Section 2.4.

2.2 Symmetry in Circular TTP Instances

It is possible to rotate the teams and venues of a feasible solution, i.e. replace t by t+ 1
(for t < n) and n by 1. The rotated solution is also feasible and has identical costs.
Furthermore, re�ections through opposite vertices or edges, as depicted in Figure 2.1,
produce symmetric solutions with identical costs.

(dij) =


0 1 2 3 2 1
1 0 1 2 3 2
2 1 0 1 2 3
3 2 1 0 1 2
2 3 2 1 0 1
1 2 3 2 1 0


(a) (b) (c) (d)

Figure 2.1: Circular instance for n = 6; (a) Distances, (b) Rotation by 2π/6,
(c) and (d) Re�ections through vertices or edges

Formally, the symmetry group of an n-sided regular polygon, which is known as the
dihedral group Dn, operates on the teams/venues (for an introduction to group theory
we refer to Aschbacher, 2000). Dn consists of n rotations by multiples of 2π/n (including
the identity) and n re�ections through opposite vertices and edges. We can exploit this
operation in di�erent ways, either by considering home-away assignments or oriented
1-factors. Both will be explained in the following.

Symmetry on Home-Away Assignments A home-away assignment (HAA) par-
tially characterizes a solution to the TTP. A HAA speci�es, for each team and each
time slot, whether the team plays at home or away. Since there are equally many teams
playing at home and away in a time slot, the overall number of slot HAAs is

(
n
n/2

)
. Dn

operates on the set of slot HAAs of a given slot s.
For n = 6, there are

(
6
3

)
= 20 possible slot HAAs. The slot HAAs that are sym-

metric to (hhhaaa) are de�ned as the orbit. For instance, the orbit of (hhhaaa) is

8



Chapter 2. Symmetry Reduction for Circular TTPs

{(hhhaaa), (ahhhaa), (aahhha), (aaahhh), (haaahh), (hhaaah)}. The three di�erent or-
bits with lengths 2, 6, and 12 are depicted in Figure 2.2(b).
Due to symmetry in the circular instances, it su�ces to consider one representative

slot HAA from each orbit for a given time slot s. This is the key observation for
symmetry reduction. Without loss of generality, we consider the �rst time slot s = 1 in
the following. In branch-and-bound, symmetry reduction can be implemented as an a
priori branching rule in the �rst level of the branch-and-bound tree. For n = 4, there
are just two branches: The �rst branch can �x that teams 1 and 2 play at home, while
the others play away; the second branch can �x that teams 2 and 4 play at home and 1
and 3 away, as depicted in Fig. 2.2(a). Also other enumerative solution approaches for
circular TTP instances bene�t from choosing representatives, e.g. the branch-and-price
algorithm by Irnich (2010).

(a)

Nb. of Nb. of Nb. of
teams n slot HAAs orbits Ratio

4 6 2 3
6 20 3 ≈6.7
8 70 8 ≈8.8
10 252 16 ≈15.8
12 924 50 ≈18.5

(c) (b)

Figure 2.2: (a) Orbits of HAAs for n = 4, (b) for n = 6, and (c) Number of HAAs and
orbits

Moreover, Figure 2.2(c) compares standard branching with a priori branching on slot
HAA representatives. In the worst case, all

(
n
n/2

)
HAAs in slot 1 are checked in a standard

branch-and-bound approach. Taking representatives creates just as many branches as
orbits exist. Thus, the ratio of the two numbers is an (optimistic) estimate what can
be gained from selecting representatives. This ratio is 3 for n = 4 and increases to
approximately 18 for n = 12. Since the length of an orbit divides the order of the
symmetry group, the ratio is here bounded (from above) by |Dn| = 2n. The numbers in
the table presented in Figure 2.2(c) were computed with a straightforward enumeration
procedure.

Symmetric 1-Factors For each time slot s, a solution imposes a tournament, i.e.
an oriented 1-factor of the complete graph with node set T (cf. de Werra, 1980). For
instance, f := {(3, 2), (1, 6), (5, 4)} means that team 3 plays at home against 2, 1 at
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home against 6, and 5 at home against 4. The dihedral group Dn naturally oper-
ates on oriented 1-factors. On f , Dn produces an orbit consisting of four elements:
{f, {(2, 1), (4, 3), (6, 5)}, {(1, 2), (3, 4), (5, 6)}, {(2, 3), (4, 5), (6, 1)}}. As before, in an enu-
merative solution approach such as branch-and-bound, all elements of an orbit are
equivalent. Therefore, it su�ces to consider one representative oriented 1-factor for
the slot s = 1.
Figure 2.3(a) shows for n = 4 the three orbits with four elements each. Reducing sym-

metry in branch-and-bound for n = 4 can a priori branch on the three representatives,
e.g. the �rst branch assigns the games (1, 2), (4, 3) to slot 1, the second (1, 2), (3, 4), and
the third (1, 3), (2, 4). The table in Figure 2.3(b) has the same meaning as the one pre-
sented for the slot HAAs. In particular, the ratio shows the reduction in the number of
cases to be considered when reducing symmetry with 1-factors. Interestingly, the ratio
here is larger compared to the ratio for slot HAAs. For n ≥ 10, it is approximately equal
to the order 2n of the symmetry group Dn.

(a)

Nb. of Nb. of ori. Nb. of
teams n 1-factors orbits Ratio

4 12 3 4
6 120 13 ≈9.2
8 1,680 121 ≈13.9
10 30,240 1,538 ≈19.6
12 665,280 28,010 ≈23.8

(b)

Figure 2.3: (a) Orbits of oriented 1-factors for n = 4, (b) Number of oriented 1-factors
and orbits

Reversing Tours Another type of symmetry can be utilized if distances dij are sym-
metric. In this case, any solution with tours pt = (it1, i

t
2, . . . , i

t
2(n−1)) of the teams t ∈ T

has a corresponding reverse solution with reverse tours (it2(n−1), . . . , i
t
2, i

t
1) for all teams t.

The symmetry group is the group Z2 = {id, rev} ∼= {+1,−1} consisting of the iden-
tity id = +1 and the reversal rev = −1. Several authors have already exploited this
symmetry: In the branch-and-price algorithm of Irnich (2010), arcs are removed from
the pricing network of one team (say team 1) in such a way that only one of the two
symmetric tours can be generated. In their branch-and-bound approach, Uthus et al.
(2009) require for team 1 that the �rst half of the schedule (i.e. games in slots 1 to n−1)
has more home than away games (or vice versa). This is checked when the schedule of
team 1 is constructed round by round. In any case, the speedup that can be gained from
exploiting reverse tours is obviously bounded by factor 2.

Symmetry on Pairs of HAAs Both symmetry within time slot 1 (slot HAAs or
oriented 1-factors) and symmetry induced by tour reversal can be combined. The sym-
metry group is Gn = Dn×{+1,−1} with 4n elements. Any group element g = (d, ε) ∈ G
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operates on a solution with tours (it1, i
t
2, . . . , i

t
2(n−1)), t ∈ T as follows: the resulting so-

lution is given by the tours (i
d(t)
1 , i

d(t)
2 , . . . , i

d(t)
2(n−1)) for ε = +1 and (i

d(t)
2(n−1), . . . , i

d(t)
2 , i

d(t)
1 )

for ε = −1.
In order to exploit this symmetry, we consider two slot HAAs simultaneously. The

HAAs must refer to corresponding time slots (w.r.t reversal), say, the �rst time slot 1
and the last time slot 2(n− 1). The overall number of HAA pairs is

(
n
n/2

)2
. For n = 4,

the operation of G4 on the
(

4
2

)2
= 36 pairs of HAAs is summarized in Figure 2.4(a): G4

produces six orbits with lengths 2, 2, 4, 4, 8, and 16. In general, the table in Figure 2.4(b)
shows that the ratio approximates the order 4n of the symmetry group Gn. It is, from
n = 4 on, larger than the ratios for single slot HAAs and oriented 1-factors, and it is
for n ≥ 6 larger than twice the ratio for single slot HAAs. These observations suggest
that using pairs of HAAs may lead to larger reductions in computing time than the
symmetry reduction techniques that only take the dihedral group Dn into account. We
will empirically check this assumption in Section 2.3.

(a)

Nb. of Nb. of Nb. of
teams n HAA pairs orbits Ratio

4 36 6 6
6 400 26 ≈15.4
8 4,900 186 ≈26.3
10 63,504 1,682 ≈37.8
12 853,776 18,168 ≈47.0

(b)

Nb. of Nb. of Nb. of
teams n 1-fact. pairs orbits Ratio

4 144 17 ≈8.5
6 14,400 652 ≈22.1
8 2,822,400 89,093 ≈31.7
10 914,457,600 ? ?
12 4,425,974,784 ? ?

(c)

Figure 2.4: Operation of Gn = Dn×Z2 (a) Orbits of HAA pairs for n = 4, (b) Number
of HAA pairs and orbits, (c) Number of 1-factor pairs and orbits

Now it is straightforward to also combine oriented 1-factors with reversals. Since
the number of oriented 1-factors quickly increases with n, the number of pairs grows
even faster, as can be seen in the table in Figure 2.4(c). Due to the huge number of
pairs we were not able to compute the orbits for n = 10 and n = 12. Thus, symmetry
reduction based on pairs of oriented 1-factors is not a promising approach to accelerate
enumerative algorithms. We will not consider pairs of oriented 1-factors any further.
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2.3 Computational Results

Algorithm To quantify the bene�ts of the di�erent symmetry reductions, we imple-
mented a modi�ed version of the DFS* approach of Uthus et al. (2009). Simplifying, we
apply only the kernel of their approach which is a standard depth-�rst brand-and-bound
(DFB&B) search, where we initialize upper bounds with the best known solutions from
the literature. The DFB&B uses recursive backtracking to construct the overall schedule
time slot by time slot. In each step, it picks (in numerical order) the �rst team that
has not been assigned in the respective time slot and pairs it with a feasible opponent,
at home or away. For the �rst time slot, the integration of our symmetry reduction
methods is straightforward: only games that match the given representative in the �rst
time slot are allowed.
Lower bounds in each step are given by the sum of the distances traveled so far and

the independent lower bounds (ILBs) for the remaining tours of each team individually.
The ILBs for each team are determined prior to the DFB&B execution. Herein, we use
all information available at the respective step except for the particular teams left to
play at home. Thus, each ILB is indexed by the team t it belongs to, the time slot s of
the last assigned game of team t, the venue its, the current number of breaks, and the
teams against whom team t still has to play away. This contrasts to the approach of
Uthus et al. (2009) who do not use the exact number of remaining home games resulting
in a slightly lower memory usage by the cost of possibly weaker bounds in some cases.
The ILBs are the second point where the symmetry on HAA pairs is applied: we allow
only for those tours that match the pattern of a given representative in the last time slot,
which leads to tighter ILBs in many cases. To sum up, our branch-and-bound algorithm
works as follows: First all orbits and all ILBs are computed, followed by the DFB&B
for one representative of each orbit. This o�ers a natural way to parallelize the overall
optimization as the orbits can be processed independently of each other.

Computational Setup We tested our symmetry reduction methods on the di�erent
variants of the circular TTP instances, i.e. the constrained instances, where the number
of consecutive home/away games is bounded by 3, as well as the unconstrained instances
with and without NRCs. The TTP benchmark instances can be found on Michael Trick's
website http://mat.tepper.cmu.edu/TOURN.
All algorithms were coded in C++, compiled in release mode with MS-Visual C++

2008 version 9.0, .NET version 3.5 SP 1. Most runs were performed on a standard
PC with Intel Core2 Duo E8400 CPU with 3.00 GHz, 4GB main memory, on Windows
7 using a single thread. For the harder instances (circ 8 unconstrained and circ 10)
we distributed the computations on several computers with di�erent performance, but
normalized computation times.

Runtime Analysis The �rst observation is that the costs for calculating the orbits
are negligible as their computation always takes less than 0,1% of the overall runtime
for instances with n ≥ 8 teams. For the smaller instances the computation times are
not measurable.
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Chapter 2. Symmetry Reduction for Circular TTPs

Our most important �nding is that all symmetry reductions cut the computation
times of the branch-and-bound algorithm signi�cantly. Table 2.1 summarizes our re-
sults regarding the constrained instances. For each instance, it shows the overall com-
putation time and the total number of recursions. Since both times and recursions are
mostly smallest for symmetry reduction based on HAA pairs, we present absolute values
(=100%) for HAA pairs but relative values in all other cases. In general, the larger the
symmetry group, the larger the average length of an orbit can be. Note that the ratios
presented in Section 2.2 are in fact the average lengths of orbits. Now we empirically
observe that the larger the orbits, the larger the speedup. Interestingly, the gains in
computation times are slightly smaller than the gains in the number of recursions. This
is due to the fact that in the branch-and-bound algorithm recursions are less expensive
the deeper they are in the search tree, and reduction methods with more orbits generally
have to consider more recursions with lower depth.
With increasing complexity of the instances we observe increasing speedups that, for

circ 8, almost reach the maximal possible savings for all symmetry groups as computed
in Section 2.2. For instance, we calculated a ratio of 26.3 for HAA pairs and attained
a speedup of factor 20.4; for 1-factors we have a ratio of 13.9 and a speedup of factor
10.7, and for slot HAAs 8.8 and 7.4, respectively.
The results suggest that similar speedups can be gained also for larger instances (if

one were able to solve these). Thus, we think that the use of HAA pairs is the most
promising approach to reduce symmetry when solving constrained instances. Using HAA
pairs, we also con�rm the result of Uthus et al. regarding the optimal solution of the
constrained circ 10 instance (cf. http://mat.tepper.cmu.edu/TOURN).
The results for the unconstrained instances are given in Table 2.2 which is structured

analogously to Table 2.1. However, our benchmark is now the symmetry reduction using
1-factors as computation times and number of recursions are smallest here. Still, the
results are less uniform compared to the constrained case. While symmetry reduction
based on slot HAAs and 1-factors again perform well and produce speedups approximat-
ing the ratios presented in Section 2.2, symmetry reduction with HAA pairs is slower
than expected. We suspect that this is related to the gap between upper bound (or
optimal solution) and ILBs, which is small for the constrained but huge for the un-
constrained instances (UB−ILB

ILB
between 50% and 60% for n = 6, 8). When applying

reduction with HAA pairs, the �xations in the last slot lead to slightly tighter bounds
being particularly e�ective if the gap is small. For the unconstrained case, however,
the small increase of the lower bounds typically does not su�ce to terminate the tree
search at an early stage. As a result, �xations with slot HAAs and HAA pairs need
approximately the same number of recursions for one orbit, while there are many more
orbits for HAA pairs leading to longer overall computation times. This explains why it
is most bene�cial to use 1-factors for the unconstrained instances.
Comparing constrained and unconstrained instances, the latter are considerably harder

to solve (with approaches using ILBs). However, with the symmetry reduction methods
we were able to prove optimality of the solutions of the unconstrained circ 8 instances
provided by Langford (cf. http://mat.tepper.cmu.edu/TOURN). Using symmetry re-
duction based on 1-factors, circ 8 unconstrained with NRCs is solved in less than 50
hours, and circ 8 unconstrained without NRCs in less than 42 hours.
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Chapter 2. Symmetry Reduction for Circular TTPs

2.4 Conclusions

In this note we provided insights into the nature of the symmetry inherent in the circular
TTP instances. The largest symmetry group is Gn = Dn × Z2, which is the Cartesian
product of the dihedral group of order 2n (n is the number of teams) and the group of
order 2. We have shown that Gn operates on pairs of home-away assignments of two
corresponding time slots and can reduce the search space by a factor approximating 4n.
By selecting representatives from orbits it is easy to design algorithms that exactly cut
o� the symmetric parts of the solution space and thus are much faster.
Using a branch-and-bound approach we demonstrated that the speedups increase with

the number n of teams. For the constrained circular instance with eight teams we
observed a speedup of factor 20. A full analysis for more teams is impossible due to the
large computation times, but the empirical results suggest that symmetry reduction can
lead to speedups that approximate 4n for the larger constrained instances.
For the unconstrained circular instances, only the operation of Dn on 1-factors (im-

plied by the games of a time slot) can be exploited e�ectively in the branch-and-bound
approach. Here, speedups seem to approximate 2n. Finally, with the accelerated branch-
and-bound we were able to solve the two unconstrained instances circ 8 to proven opti-
mality for the �rst time.
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Chapter 3

E�ective Handling of Dynamic Time Windows

and its Application to Solving the Dial-a-Ride

Problem

Timo Gschwind, Stefan Irnich

Abstract

A dynamic time window relates to two operations that have to be executed within
a given time meaning that the di�erence between the points in time when the two
operations are performed is bounded from above. The most prevalent context of
dynamic time windows is when precedences are given for the two operations so
that it is a priori speci�ed that one operation must take place before the other. A
prominent vehicle routing problem with dynamic time windows and precedences is
the dial-a-ride problem (DARP), where user-speci�ed transportation requests from
origin to destination points have to be serviced. The paper presents a new branch-
and-cut-and-price solution approach to the DARP, the prototypical vehicle-routing
problem with ordinary and dynamic time windows. For the �rst time, both ordinary
and dynamic time windows are handled in the column-generation subproblem. For
its solution, an e�ective column-generation pricing procedure is derived that allows
fast shortest-path computations due to new dominance rules. The new approach
is compared with alternative column-generation algorithms that handle dynamic
time windows either as constraints of the master program or with less e�ective
labeling procedures. Computational experiments indicate the superiority of the
new approach.

3.1 Introduction

In vehicle routing and scheduling, an ordinary or static time window restricts the point
in time a speci�c operation takes place. Such an operation can be the visit of a customer,
or in a more complex setting, the execution of a single service operation that is needed to
ful�ll a request consisting of several working steps. In contrast, a dynamic time window
relates to two operations: Both operations have to be executed within a given time
meaning that the di�erence between the points in time when the two operations are
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Chapter 3. E�ective Handling of Dynamic Time Windows

performed is bounded from above. Thus, the di�erence is bounded by the dynamic time
window. The most prevalent context of dynamic time windows is when precedences are
given for the two operations so that it is a priori speci�ed that one operation must take
place before the other. However, precedence alone cannot model that both operations
are synchronized by the dynamic time window.
A prominent vehicle routing problem (VRP) with dynamic time windows and prece-

dences is the dial-a-ride problem (DARP), where user-speci�ed transportation requests
from origin to destination points have to be serviced. Common applications of the DARP
are door-to-door transportation of school children, handicapped persons, the elderly and
disabled (see, e.g., Russell and Morrel, 1986; Madsen et al., 1995; Toth and Vigo, 1997;
Borndörfer et al., 1997). In order to guarantee a certain level of service, the duration a
passenger is on board the vehicle is either penalized or restricted by a so-called ride-time
constraint. We consider the latter case which is, obviously, an example for a dynamic
time window. It refers to pickup and delivery operations, e.g., the origin can be the
person's home and the destination a school, hospital, or training workshop.
In other VRP variants, dynamic time windows are used to limit the time that a vehicle

can be away from the depot (see, e.g., Ceselli et al., 2009; Azi et al., 2010). This can
be relevant, e.g., when perishable goods are transported or when there is a limit on
the total working hours of drivers. The synchronization with dynamic time windows is
an intra-route synchronization opposed to inter-route synchronization conditions that
couple di�erent routes (Drexl, 2012).
Intra-route synchronization constraints have additional applications in home care,

where patients have to be monitored and attended by nurses in given intervals (Eveborn
et al., 2006). In the service industries, a service technician might need to come back to
a location to �nally �nish a job that he has begun before. The reason might be that a
workpiece must dry, harden, rest etc. before a next working step can start. Moreover,
security guards have to inspect facilities repeatedly with a guaranteed time between two
inspections (Bredström and Rönnqvist, 2008). Note that in these applications lower and
upper bounds on the time di�erence can be present. In the paper at hand we exclusively
focus on the case of upper bounds given by dynamic time windows as, e.g., a maximum
ride-time constraints in the DARP.
The contribution of this paper is, �rst and foremost, the presentation of an e�ective

solution approach to solving vehicle-routing problems with intra-route synchronization
constraints. Speci�cally, we establish the following three results: First, we derive a
new branch-and-cut-and-price solution approach to the DARP, the prototypical vehicle-
routing problem with ordinary and dynamic time windows. For the �rst time, both time-
window and ride-time constraints are handled in the column-generation subproblem.
Decisive is the development of an e�ective column-generation pricing procedure that
allows fast shortest-path computations based on new strong dominance rules. Second,
checking for a given route whether or not there exists a feasible time schedule with
service times that at the same time obey the ordinary and the dynamic time window
constraints is intricate. We provide a labeling procedure which can be used for e�cient
feasibility checking when a partial route is extended in a node-by-node fashion. Third,
we compare the proposed branch-and-price approach with alternative column-generation
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algorithms that handle ride-time constraints either as constraints of the master program
or with less e�ective labeling procedures.
We elaborate on the three contributions in more detail now: First, there are numerous

examples for VRP variants, for which highly successful exact solution approaches are
based on integer column generation (e.g., Desrochers et al., 1992; Jepsen et al., 2008; Bal-
dacci and Mingozzi, 2009). The success of integer column generation can be attributed to
the stronger lower bounds (we assume a minimization problem) that a column-generation
(=extensive) formulation provides compared to an original formulation, from which the
former is derived by Dantzig-Wolfe decomposition (Lübbecke and Desrosiers, 2005). No
lower bound improvement can be gained if the subproblem possesses the integrality
property (Lübbecke and Desrosiers, 2005). In many routing and scheduling applica-
tions, however, the subproblem is an elementary shortest-path problem with resource
constraints (ESPPRC) not possessing the integrality property (Desaulniers et al., 1998).
Interestingly, stronger lower bounds can even result when only a proper relaxation of the
subproblem is solved. For ESPPRC, one can relax the elementary condition and here-
with allow paths visiting nodes more than once (resulting in an SPPRC). Both ESPPRC
and SPPRC are typically solved using dynamic-programming labeling algorithms (Irnich
and Desaulniers, 2005). In early column-generation algorithms, the use of SPPRC was
the only viable approach because pseudo-polynomial algorithms are known in this case
(Desrochers and Soumis, 1988). Later on, the exploitation of the tradeo� between the
hardness of the pricing problem and the quality of the lower bound has led to several
other ESPPRC relaxations such as SPPRC with 2-cycle and k-cycle free paths (Houck
et al., 1980; Irnich and Villeneuve, 2006), partial elementary paths (Desaulniers et al.,
2008), and ng-paths (Baldacci et al., 2011b).
Similarly, when there are groups of complicated constraints in the subproblem hard

to incorporate in combination, relaxing one type of constraint might lead to a well-
solvable subproblem. The column-generation approach of Ropke and Cordeau (2005)
for the DARP is an example. In the presence of two potentially con�icting temporal
constraints (ordinary and dynamic time windows), traditional labeling algorithms are
not able to check both. Thus, instead of including all tour constraints of the DARP
in the subproblem, Ropke and Cordeau (2005) chose to relax the ride-time constraints.
The resulting subproblem is well studied and can be solved e�ectively (Dumas et al.,
1991; Ropke and Cordeau, 2009). The ride-time constraints are handled with infeasible-
path elimination inequalities in the master program in their algorithm. Our approach,
in contrast, is to integrate both time-window and ride-time constraints into the column-
generation subproblem. This generally provides stronger lower bounds at the cost of
a harder to solve pricing problem. We derive two new dominance criteria leading to
e�ective labeling procedures for this before unsolvable subproblem.
Second, concerning feasibility testing of a given DARP route, Tang et al. (2010) pre-

sented an O (n2) algorithm (where n is the length of the route), Haugland and Ho (2010)
a faster O (n log n) algorithm, and recently, Firat and Woeginger (2011) a linear time
O (n) algorithm. However, when a given feasible partial route is extended by just one
node, neither of these algorithms is suited to derive a simple and e�cient feasibility
check. Note that the extension of a partial route by one node is a fundamental algo-
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rithmic step in both local search-based heuristics and exact approaches that are based
on (E)SPPRC subproblems. A by-product of the approach proposed here is a O (nM)
labeling-based feasibility check, whereM denotes the maximum number of open requests
along a feasible route. As M is always bounded by the vehicle capacity and typically
small in real-world applications, the proposed labeling procedure is a step towards simple
and e�cient feasibility checking.
Third, we provide an extensive computational study comparing several exact solution

approaches for the DARP including the two strongest approaches from the literature
(Ropke et al., 2007; Ropke and Cordeau, 2005). It is a priori not clear if the addi-
tional e�ort of solving a subproblem that handles all DARP routing constraints pays o�
in the branch-and-bound tree. Thus, we implemented di�erent branch-and-price algo-
rithms based on two basic formulations that handle ride-time constraints either in the
subproblem or in the master program. In algorithmic variants, di�erent classes of valid
inequalities are added to the master program to strengthen the respective formulations,
and di�erent separation strategies are investigated. Moreover, for the new branch-and-
cut-and-price approach that handles all routing constraints in the subproblem, two dif-
ferent labeling strategies for the shortest-path computations are compared. The detailed
analysis shows that the new branch-and-cut-and-price algorithm outperforms all exact
solution approaches from the DARP literature.
The rest of the paper is structured as follows: Section 3.2 provides a literature review

on the DARP. In Section 3.3, we give a formal de�nition of the DARP, present com-
pact and extensive formulations from the literature, and outline the di�erences to the
extensive formulation proposed in this paper. The novelty of our approach is the joint
handling of static and dynamic time windows in the column-generation subproblem. For
its e�ective solution, we develop weak and strong dominance relations between partial
routes to be used in dynamic-programming labeling algorithms presented in Section 3.4.
The basic components of the branch-and-cut-and-price solution algorithms are brie�y
discussed in Section 3.5 followed by computational experiments in Section 3.6. The
paper ends with �nal conclusions and an outlook given in Section 3.7.

3.2 The Dial-a-Ride Problem

The DARP is a pickup-and-delivery vehicle routing problem for passenger transportation
where user speci�ed transportation requests from origin to destination points have to
be served by a �eet of vehicles located at a central depot. Most of the literature on the
DARP is based on speci�c practical applications and uses problem formulations tailored
to these applications. Thus, no common problem de�nition exists. For a comprehensive
overview on DARP variants and solution approaches we refer to recent surveys (Cordeau
and Laporte, 2007; Parragh et al., 2008; Cordeau et al., 2008).
The DARP variant we consider in the following is the basic VRP where static and

dynamic time windows occur together. It was introduced by Cordeau and Laporte (2003)
and seeks to minimize the total travel distance subject to pairing, precedence, capacity,
time-window and ride-time constraints. The resulting DARP is very close to other VRP
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variants. In fact, it di�ers from the pickup-and-delivery problem with time windows
(PDPTW) only by an additional constraint imposing a maximum time Li between a
pickup i and the corresponding delivery i+ n, i.e., the time a request is on board of the
vehicle. In other words, the ride-time constraints impose a dynamic time window [0, Li]
between pickup and delivery of the request i. As a generalization of many other VRPs
the DARP is NP -hard.
Heuristic approaches on the DARP with an additional constraint on the route dura-

tion include the work of Cordeau and Laporte (2003) suggesting a tabu search algorithm
and Parragh et al. (2010) suggesting a variable neighborhood search. These and similar
heuristic approaches are indispensable for solving huge instances of the DARP as they
occur in practice: They often include more than 3,000 requests per day and heteroge-
neous �eets with small buses and dedicated taxis. For this reason, ride-time constraints
are relaxed in practice and partially enforced by appropriately adjusting regular time
windows.
Regarding exact solution approaches, Cordeau (2006) developed a branch-and-cut

algorithm based on a three-index formulation. Maximum route duration constraints are
considered in the model, but they coincide with the time windows of the depots in the
benchmark instances. Thus, they are not explicitly present there. Known inequalities
from the TSP, VRP(TW) and PDPTW were adapted to the DARP and used along
with new inequalities valid for the DARP. The algorithm was able to solve randomly
generated benchmark instances with up to four vehicles and 36 requests.
Another branch-and-cut approach based on two di�erent two-index formulations was

proposed by Ropke et al. (2007). These more compact formulations and di�erent new
liftings of several families of inequalities allowed the authors to solve benchmark instances
with up to eight vehicles and 96 requests, outperforming the branch-and-cut algorithm
of Cordeau (2006).
A branch-and-cut-and-price algorithm was developed in (Ropke and Cordeau, 2005).

This paper is an earlier version of (Ropke and Cordeau, 2009) where the PDPTW is
considered. The same algorithm is used to solve the DARP in (Ropke and Cordeau,
2005). Tailored to the PDPTW, their subproblem asks for feasible PDPTW routes,
which may violate ride-time constraints. Infeasible-path inequalities in the master pro-
gram enforce the maximum ride times if needed. Computational results showed that
the branch-and-cut-and-price approach often leads to stronger lower bounds than the
branch-and-cut algorithm of Ropke et al. (2007).

3.3 Compact and Extensive Formulations

For a formal de�nition of the DARP, let n be the number of customer requests. We
assume a directed graph G = (N,A) with node set N = P ∪D ∪ {0, 2n+ 1} and arc set
A. Node 0 denotes the origin and node 2n+ 1 the destination depot, P = {1, ..., n} the
pickup nodes, and D = {n + 1, ..., 2n} the delivery nodes. For each customer request i
consisting of a pickup node i ∈ P and a delivery node i+ n ∈ D, a maximum ride time
Li is given. At the pickup node i, di ∈ N passengers have to be picked up altogether.

20



Chapter 3. E�ective Handling of Dynamic Time Windows

The same passengers are dropped at the delivery node i + n, indicated by the negative
demand di+n = −di. Furthermore, a non-negative service time sj (with s0 = s2n+1 = 0)
and a time window [aj, bj] in which the service has to be started are given for each
node j ∈ N . This means that arriving before aj is allowed, in which case the vehicle
has to wait until time aj to begin the service. Moreover, whenever the vehicle arrives
at a node j, it can always wait and delay the start of service voluntarily. We assume
that there is no restriction on the waiting time, however, the service has to be started
not after bj. The possibility to delay the start of service at some nodes is crucial for the
feasibility of routes in the presence of maximum ride times (see Section 3.4.1).
A routing cost cij and a travel time tij are associated with each arc and we assume

that the triangle inequality and non-negativity holds for both. We assume that from the
arc set A at least the obviously infeasible arcs are excluded (see Section 3.5). Thus, the
arc set A is a subset of

{(i, j) ∈ N ×N : i 6= 2n+ 1, j 6= 0, j 6= i− n, ai + si + tij ≤ bj, |di + dj| ≤ C} .

A homogeneous �eet K of vehicles, each with a capacity of C is available to serve the
requests. The task is to �nd |K| DARP-feasible vehicle routes starting and ending at
the depot nodes 0 and 2n + 1, so that all requests are served exactly once and the
total routing costs are minimal. A route is DARP-feasible, if it satis�es the following
constraints:

Pairing and precedence: Pickup node i and delivery node i+ n of a request i have to
be visited on the same route, and i has to be visited before i+ n.

Capacity: The number of passengers on board must not exceed C at any time.

Time windows: At each node i the service has to start within the time window [ai, bi].

Ride time: The time between the end of service at the pickup node i and the start of
service at the delivery node i + n (i.e., the time request i is actually on board)
must not exceed Li for each request i.

We do not impose an explicit bound on the maximum duration of a route, as e.g.,
Cordeau and Laporte (2003) do. Instead, we assume that route duration constraints are
given implicitly by the time windows of the origin and destination depots. Note, however,
that for our stronger dominance rule Domstrong the integration of a maximum route
duration constraint is straightforward and causes only constant additional computational
e�ort.
To formulate the DARP as a mixed-integer program, let xkij be binary variables in-

dicating if vehicle k ∈ K uses arc (i, j) ∈ A. For each vehicle k ∈ K, let Lki be the
time request i is on board, T ki be the start of service at node i ∈ N and Qk

i the load
of vehicle k after visiting node i. For any node i ∈ N , the in-arcs and out-arcs of i are
de�ned as δ−(i) = {(h, i) ∈ A : h ∈ N} and δ+(i) = {(i, j) ∈ A : j ∈ N}, respectively.
We use a condensed notation, where for the vector xk ∈ {0, 1}A and any subset B ⊆ A,
the term xk(B) means

∑
b∈B x

k
b .
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Then, a three-index model for the DARP is as follows (Cordeau, 2006):

min
∑
k∈K

∑
(i,j)∈A

cijx
k
ij (3.1)

s.t.
∑
k∈K

xk(δ+(i)) = 1 ∀i ∈ P, (3.2)

xk(δ+(i))− xk(δ+(n+ i)) = 0 ∀i ∈ P, k ∈ K, (3.3)

xk(δ+(i))− xk(δ−(i)) =


1 i = 0,

−1 i = 2n+ 1,

0 i ∈ P ∪D,
∀i ∈ N, k ∈ K, (3.4)

T kj ≥ (T ki + si + tij)x
k
ij ∀(i, j) ∈ A, k ∈ K, (3.5)

ai ≤ T ki ≤ bi ∀i ∈ N, k ∈ K, (3.6)

Qk
j ≥ (Qk

i + di)x
k
ij ∀(i, j) ∈ A, k ∈ K, (3.7)

max{0, di} ≤ Qk
i ≤ min{C,C + di} ∀i ∈ N, k ∈ K, (3.8)

Lki = T kn+i − (T ki + si) ∀i ∈ P, k ∈ K, (3.9)

ti,i+n ≤ Lki ≤ Li ∀i ∈ P, k ∈ K, (3.10)

xkij ∈ {0, 1} ∀(i, j) ∈ A, k ∈ K. (3.11)

The objective is to minimize the total routing costs (3.1). Constraints (3.2) guarantee
that each request is served exactly once, and (3.3) impose pairing. The �ow conservation
constraints (3.4) require that each route starts at the depot 0, is continued, and �nally
ends in the depot 2n + 1. Constraints (3.5) and (3.7) ensure consistency of the time
and load variables with the routing variables. Time variables are bounded by the time
windows (3.6), and load variables by the vehicle capacity (3.8). The ride times are de�ned
by equations (3.9) and are bounded by the maximum ride times (3.10). Due to the non-
negativity of the ride times constraints, constraints (3.10) also impose the precedences.
This three-index formulation (3.1)�(3.11) is non-linear because of constraints (3.5) and
(3.7). A linearization, however, is straightforward (see, e.g., Cordeau (2006) or Ropke
et al. (2007)), but useless if the subproblem is solved with dynamic programming.
Two tighter problem formulations are presented by Ropke et al. (2007). Using appro-

priate formulated precedence inequalities, they are able to ensure pairing and precedence
without the use of an additional index for the vehicle and thus to formulate the DARP
with a two-index model. These mixed integer programs can be solved with standard
MIP-solvers or tailored branch-and-cut algorithms.
The formulation (3.1)�(3.8) and (3.11), i.e., without constraints (3.9)�(3.10) on ride

times, is the standard three-index formulation for the PDPTW. The PDPTW has been
subject of intensive research (Dumas et al., 1991; Desaulniers et al., 2002; Ropke and
Cordeau, 2009), which we can rely on because the PDPTW is a relaxation of the DARP.
Another possibility to model the ride-time constraints is to replace (3.9)�(3.10) by

infeasible-path elimination constraints (IPEC). For this purpose, let I be the set of all
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paths that are infeasible with respect to time window and ride-time constraints. The
IPEC are of the form

xk(I) ≤ |I| − 1 ∀I ∈ I, k ∈ K, (3.12)

where |I| denotes the length of the infeasible path I ∈ I, i.e., the number of its arcs.
IPEC were �rst successfully applied for solving the traveling salesman problem with time
windows (Ascheuer et al., 2000), but o�er an universal approach to handling (complex)
constraints in routing models that solely consist of routing variables. On the downside,
since generally IPEC form an exponential family of valid inequalities, they cannot be
included en masse when solving the MIP, but violated IPEC have to be separated and
added dynamically.
To solve the DARP with column generation, we can partition the three-index formu-

lation in di�erent ways into master and subproblem constraints for applying a Dantzig-
Wolfe decomposition. The constraints (3.3)�(3.11) and also the IPEC (3.12) are all
non-coupling constraints as they refer to each vehicle individually. A straightforward
Dantzig-Wolfe decomposition has partitioning constraints (3.2) as coupling constraints
and all other constraints in the subproblem. The column-generation (or extensive) for-
mulation, therefore, uses route variables λr corresponding with DARP-feasible routes r.
The set of all DARP-feasible routes is denoted by ΩDARP .
An alternative Dantzig-Wolfe decomposition leaves the partitioning constraints (3.2)

and the IPEC (3.12) in the master program. Since IPEC replace the ride-time con-
straints (3.9)�(3.10) in this case, the subproblem comprises only the PDPTW con-
straints (3.3)�(3.8). The variables λr of this extensive formulation model PDPTW-
feasible routes, where the set of all such routes is ΩPDPTW .
In the master programs, the cost of a route r ∈ ΩDARP or r ∈ ΩPDPTW is cr, respec-

tively. For each request i ∈ P and each route r, let air ∈ Z+ be the number of times
route r performs request i. In an elementary route, air is binary. However, we also allow
relaxations where non-elementary routes may serve a request more than once. Moreover,
for any infeasible path I ∈ I and any route r, the coe�cient bIr indicates how many
times the route traverses arcs of that path. The integer master programs (IMP) of both
decompositions are now presented side-by-side:

(IMP-I ) (IMP)

min
∑

r∈ΩPDPTW

crλr min
∑

r∈ΩDARP

crλr (3.13)

s.t.
∑

r∈ΩPDPTW

airλr = 1 ∀i ∈ P, s.t.
∑

r∈ΩDARP

airλr = 1 ∀i ∈ P, (3.14)∑
r∈ΩPDPTW

λr = |K|,
∑

r∈ΩDARP

λr = |K|, (3.15)∑
r∈ΩPDPTW

bIrλr ≤ |I| − 1 ∀I ∈ I, (3.16)

λr ∈ {0, 1} ∀r ∈ ΩPDPTW . λr ∈ {0, 1} ∀r ∈ ΩDARP . (3.17)
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The objective (3.13) is the minimization of the total costs, the pendant to request
partitioning constraints (3.2) is (3.14), and constraints (3.15) are generalized convexity
constraints (resulting from aggregation by vehicles, see Desaulniers et al., 1998). The
reformulation of the IPEC (3.12) in the route variables is (3.16).
The IMP on the left-hand side is exactly the one used by Ropke and Cordeau (2005)

in the following denoted by IMP-I (we also add the su�x -I to identify its components),
while the approach presented in this paper relies on the right-hand side formulation. As
the number of feasible routes in the masters is too large to solve them directly, one has to
rely on column-generation (or Lagrangian relaxation) techniques. The linear relaxation
of (3.13)�(3.17), denoted by (MP), is solved by initializing the column-generation process
with a proper subset of all routes. Missing routes are then added dynamically to this
restricted master program (RMP). Integrality is ensured by integrating the column-
generation process into a branch-and-bound algorithm.
While IMP-I and IMP have the same set of feasible integer solutions, the linear

relaxation MP is generally stronger than MP-I. The reason is that in MP-I a subset
of DARP-infeasible routes can be convex-combined to form routes that do not violate
the IPEC. In MP, however, DARP-infeasible routes are excluded so that MP 's lower
bound is always not smaller than MP-I 's lower bound. This advantage of a stronger
model comes at the price of a harder to solve subproblem. In the following, we develop
an e�ective solution procedure for the MP subproblem. We also show empirically that,
with the proposed subproblem algorithm, the trade-o� (between bounds and e�ort to
gain the bounds) clearly turns towards favoring MP.

3.4 Column-Generation Subproblem and Labeling

Algorithms

The task of the column-generation subproblem a.k.a. pricing problem (PP) is to identify
negative reduced-cost routes or to prove that no such routes exist. Let π = (πi)i∈P , µ,
and ρ = (ρI)I∈I be the values of the dual variables to the RMP constraints (3.14), (3.15),
and (3.16), respectively. Moreover, let bI,ij be the number of times that arc (i, j) ∈ A is
present in the path I ∈ I. To identify feasible routes with negative reduced costs, one
�rst has to compute the reduced costs of the routing variables xij as

c̃ij =


cij − πi −

∑
I∈I

bI,ijρI if i ∈ P,

cij −
∑
I∈I

bI,ijρI otherwise,
c̃ij =

{
cij − πi if i ∈ P,
cij otherwise,

(3.18)

and then the following subproblem has to be solved:

(PP-I ) = (SPPPDPTW) (PP) = (SPPDARP)

min
∑

(i,j)∈A

c̃ijxij − µ min
∑

(i,j)∈A

c̃ijxij − µ (3.19)
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s.t. (3.3)�(3.8) and (3.11), s.t. (3.3)�(3.11),

where in the constraints (3.3)�(3.11) the index k for the speci�c vehicle is dropped.
A �nal remark about IMP-I subproblem for the generation of PDPTW routes seems

appropriate here. The advantage of replacing (3.9)�(3.10) by IPEC, as suggested by
Ropke and Cordeau, is that the reduced costs (3.18) in PP-I solely depend on the
chosen arcs, but not on a route's schedule, i.e., values T ki in (3.3)�(3.11). If schedules
were involved, Desaulniers et al. (1998) have explained that highly complex variants of
SPPRC would result, where linear node costs and pro�ts have to be included (Ioachim
et al., 1998).

Subproblem Solution by Dynamic-Programming Labeling Algorithms The
basic principle of a labeling algorithm is the following: Starting at a distinct source node,
partial paths are iteratively extended along arcs of the underlying graph until the sink
node is reached and the path is complete. The partial paths are represented by labels
in which attributes such as the accumulated cost or time consumption along the partial
path are stored. To be able to solve such shortest-path problems, it is crucial to identify
and discard useless labels so that not all possible paths are enumerated. Dominance rules
accomplish this task. A more detailed discussion of general dominance principles can be
found in (Desaulniers et al., 1998; Irnich and Desaulniers, 2005) and in the introductory
paragraph of the proofs in Section 3.A of the Appendix.
In the following, we brie�y summarize the labeling procedure and dominance rules ap-

plicable to the PDPTW. Moreover, we clarify that in the additional presence of ride-time
constraints, however, the standard relation to ensure dominance for the time resource is
not valid anymore. Basically, it is no longer correct that serving earlier is better than
serving later. Thus, there seem to be no simple attributes to model feasible DARP
routes with non-decreasing resource extension functions (REFs).

PDPTW Labeling Procedure and Dominance Rules Ropke and Cordeau (2005)
use an ESPPRC tailored to the PDPTW (ESPPPDPTW) to solve the DARP with
formulation IMP-I.
In the SPPPDPTW, a feasible path must satisfy time-window, capacity, pairing and

precedence constraints. For a non-elementary path, pairing and precedence means that
a request is allowed to be served again, once it has been picked up and delivered. Hence,
several pickup-and-delivery pairs of the same request can be present in a single path.
For ease of notation, we assume for the rest of the paper, that all (partial) paths are
elementary. All arguments, however, are similar for non-elementary paths.
Feasibility of a partial path means that time-window, capacity and precedence con-

straints must be respected, whereas pairing constraints need not to be satis�ed for all
requests. If for some pickup-and-delivery pair (i, i+ n) only the pickup node i is visited
on the partial path, the request i is said to be open. It is then necessary for a feasi-
ble completion to visit the delivery nodes of those open requests. Conversely, however,
partial paths visiting only the delivery node i+ n are not allowed.
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A general prerequisite for the following dominance rule is that the reduced costs c̃
ful�ll c̃ij ≤ c̃ik + c̃kj for all arcs (i, j), (i, k), (k, j) ∈ A with k ∈ D. Ropke and Cordeau
(2009) call this property the delivery triangle inequality (DTI). It may be ful�lled by
de�nition (3.18) and permits a more e�cient solution of the PDPTW pricing problem
(Dumas et al., 1991). However, adding additional cuts to the RMP formulated in the
xij variables may lead to reduced costs that do not satisfy the DTI. Ropke and Cordeau
(2009) show how to transform the reduced-cost matrix into an equivalent one that sat-
is�es the DTI. From now on, we assume that the DTI holds. In particular, the validity
of the following and all other dominance rules in this paper is based on this assumption.
The standard dominance criterion for SPPPDPTW (Dumas et al., 1991; Ropke and

Cordeau, 2009) uses the following attributes for each label `: the node η` the label
belongs to, its (reduced) cost c̃`, the earliest start of service t` at η`, and the set of open
requests O`. Dumas et al. (1991) and Ropke and Cordeau (2009) have shown:

Proposition 3.1. (DomPDPTW) A feasible label `1 dominates a label `2 if

η`1 = η`2 , c̃`1 ≤ c̃`2 , t`1 ≤ t`2 , and O`1 ⊆ O`2 .

Ropke and Cordeau (2009) also discussed three additional aspects of DomPDPTW.
First, an extension to the elementary case one just needs to keep track of the set of
serviced requests U for each label and additionally require U`1 ⊆ U`2 in the dominance
rules. Second, if the DTI does not hold dominance is only possible between labels with
identical sets O`1 = O`2 (and U`1 = U`2 in the elementary case). Third, when column
generation is embedded into branch-and-bound, the use of DomPDPTW as dominance
criterion limits the choice of branching rules. In particular, branching on arcs of the
original problem formulation (3.1)�(3.11) is critical because it is not possible to remove
an arc (i, j) when there exists a delivery node k ∈ D such that (i, k, j) is a feasible
sub-path. In this case, it is not possible to meet the DTI.

PDPTW and Ride-Time Constraints We now show that ride-time constraints
are not compatible with the standard SPPPDPTW dominance rule. The main di�culty
is to deal with the trade-o� between serving all nodes as early as possible (promoting
feasibility regarding time-window constraints) and serving pickups as late as possible
(promoting feasibility regarding ride-time constraints). In general, it is no longer su�-
cient to solely keep track of the earliest possible start of service. An example to illustrate
this is given next.

Example 3.1. Consider two labels `1 and `2 representing the respective partial paths
P(`1) = (0, j, i, j + n, η) and P(`2) = (0, h, i, h + n, η) as shown in Table 3.1. Assume
that the travel times tij are 10 between all nodes and that service times si are zero for all
nodes. At node η, only request i is open for both labels, thus they are comparable in the
SPPPDPTW sense. When considering the time-related resources of the SPPPDPTW,
which are only the earliest start of service t`1 and t`2 for both labels, then `1 seems to
dominate `2. This is, however, not true for the SPPDARP. If the maximum ride time
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of requests i is 35 ≤ Li < 40, then `2 can be feasibly extended to delivery node i + n,
while `1 cannot, since it violates the ride-time constraint of requests i.

3.4.1 Weak Dominance for SPPDARP

One may ask why we present a weak dominance relation if a stronger dominance is also
available (Section 3.4.3). On the one hand, the weak dominance provides some useful
insights about basic information needed for applying any dominance rule, later used for
the development of the strong dominance rules. On the other hand, there is a trade-
o� between the strength of the rule and the e�ort needed to implement and perform
the comparison of labels: The weak dominance rule is easy to understand, simple to
implement, and computationally cheap. Section 3.6, therefore, compares branch-and-
price algorithms based on both weak and strong dominance rules.
Example 3.1 demonstrated that for labels with open requests, their ride-time con-

straints a�ect the feasibility of the partial paths (and possible extensions), andDomPDPTW

cannot guarantee dominance for the SPPDARP. This is not an issue if there are no ac-
tive ride-time constraints at a label. Consequently, whenever a label ` is feasible and
represents an empty vehicle at the current node η` ∈ D, i.e., O` = ∅, it can dominate
other labels according to the rule DomPDPTW.
When extending a label with O`′ = ∅ to a customer node, this needs to be a pickup

node η` ∈ P . The only active ride-time constraint for the resulting label ` is that of
the request picked up at the current node η`. Thus, there are no ride times connecting
the preceding part of the path with η`, which allows to delay the start of service at η`
for ` to at least the same time as it is possible for any other label at η`. As a result,
` can dominate other labels according to the rule DomPDPTW leading to the following
dominance rule for the SPPDARP:

Proposition 3.2. (Domweak) A feasible label `1 dominates a label `2, if

η`1 = η`2 , c̃`1 ≤ c̃`2 , t`1 ≤ t`2 , and

|O`1 | =

{
0 if η`1 ∈ D,
1 if η`1 ∈ P.

(3.20)

Note that condition (3.20) implies O`1 ⊆ O`2 . In contrast to the SPPPDPTW, it
is not obvious whether a label ` is feasible or not in the SPPDARP sense. As in Ex-
ample 3.1, there may exist labels `′2 with a later earliest start of service representing a
feasible path, while a stronger label `′1 in the SPPPDPTW sense does not. Thus, for
correct domination, it is necessary to ensure the feasibility of the dominating label. The
SPPPDPTW attributes of a label, however, are not su�cient to decide on the label's
feasibility.

Example 3.2. Consider label `′2 from Example 3.1. When arriving at node i + n, it is
not clear if the ride-time constraint of request i is satis�ed or not (nor is it clear for h).
Even storing the start of service at node i in `′2 does not su�ce to decide on the feasibility
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of `′2. Suppose that Li = 30, then `′2 appears to be infeasible as the actual ride time for
i is 65− 30 = 35. Yet, it is possible to voluntarily delay the start of service at node i for
5 units. This reduces the actual ride time of request i from 35 to 30 (without a�ecting
the service times of the succeeding nodes), which means that `′2 does indeed represent a
feasible path.

Additional interdependencies between several requests and the corresponding time-
window and ride-time constraints further complicate feasibility testing.

3.4.2 Labeling Algorithm with Weak Dominance

SPPDARP can be solved by a labeling algorithm that uses the new dominance rule
Domweak, but apart from that is identical to the one of Ropke and Cordeau (2009) for
the SPPPDPTW. The resources that need to be stored within each label ` are η`, c̃`, t`
and O` as de�ned in Proposition 3.1. For convenience, we also include a resource for the
load l` that the vehicle carries when departing from the respective node. For extending
a label ` to a node x along an arc (η`, x) ∈ A, one �rst needs to check whether this
extension is feasible. Consistency with the pairing and precedence constraints for ` and
x result from x /∈ O` if x ∈ P , x−n ∈ O` if x ∈ D, and O` = ∅ if x = 2n+1. Feasibility
regarding capacity and time-window constraints is guaranteed by t` + tη`,x ≤ bx and
l` + dx ≤ C.

Ride-Time Feasibility If a path P = (h1, . . . , hq) is feasible in the SPPDARP sense,
then there exists a time schedule TP = (τ1, . . . , τq) satisfying

τi ∈ [ahi , bhi ] ∀i = 1, . . . , q, (3.21)

τi + shi + thi,hi+1
≤ τi+1 ∀i = 1, . . . , q − 1, (3.22)

τi + shi + Lhi ≥ τj if hi + n = hj. (3.23)

The time schedule TP is then said to be feasible. Note again, that elementarity of P is as-
sumed. Otherwise, inequalities (3.23) have to be satis�ed for every pair of corresponding
pickup and delivery nodes.
Hence, when solving the SPPDARP, an explicit feasibility test is required if O`′ = ∅

holds for a dominating label `′. Only the feasibility of a label with η`′ ∈ P and |O`′ | = 1
follows immediately from the feasibility of its parent label ` together with t` + tη`,η`′ ≤
bη`′ . To check if the partial path represented by `′ is DARP-feasible, we use a revised
procedure of the feasibility test of Tang et al. (2010) with a worst-case time of O (n2).
The average time, however, should be signi�cantly better because only the part of the
path between the node where the vehicle was empty for the last time and η`′ needs to be
checked. In computational tests we observed that paths of only a few nodes need to be
tested. Therefore, it seems unlikely that feasibility tests with a superior worst-case time
are practically bene�cial. Besides, the algorithm of Tang et al. (2010) can use some of
the data already computed during the labeling process.
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Label Generation and Elimination If the extension of ` along the arc (η`, x) is
feasible, the new label `′ is created and the resources of the new label are set according
to the following REFs:

η`′ = x, c̃`′ = c̃` + c̃η`,x, t`′ = max{ax, t` + sη` + tη`,x}, l`′ = l` + dx, (3.24)

O`′ =

{
O` ∪ {x} if x ∈ P,
O`\{x− n} if x ∈ D.

(3.25)

The pairing constraints enable the elimination of labels whenever there exists no feasi-
ble extension to the destination depot 2n+1. Rules for label elimination were formulated
in Dumas et al. (1991) in the PDPTW context. Their basic idea is that every feasible
completion has to deliver all open requests i ∈ O` of a label ` before reaching the
node 2n + 1. If there exists no path starting at η` at time t` and ending in 2n + 1 that
visits at least all delivery nodes of the open requests satisfying the time-window con-
straints, then ` can be eliminated. When travel times satisfy the triangle inequality, this
comes down to solving a traveling salesman problem with time windows over the nodes
{i+ n ∈ D : i ∈ O`} ∪ {η`, 2n+ 1}, which is NP -hard. Thus, Dumas et al. (1991) con-
sider only subsets of O` with not more than two requests. We follow the same approach,
but additionally make use of the fact that here a path can also be infeasible because of
ride-time constraints. When using Domweak, however, no additional information about
the open requests can be used as, e.g., the order in which they have been picked up.
This means that, except for the earliest possible start of service at the current node t`,
no label-speci�c information can be used to decide whether or not a ride-time feasible
extension to the node 2n + 1 exists. Label elimination based on ride-time constraints
can therefore only be performed due to bounds on the minimum time the requests are
on board. This time depends on the time windows, travel times, and the start of service
t` at the current node. Still, speedups are obtainable when accounting for maximum
ride times in the label elimination.

3.4.3 Strong Dominance for SPPDARP

Proposition 3.2 has shown that when restricting the set of dominating labels according to
(3.20) then the ride-time constraints can be ignored in the dominance relation between
two labels. In general, however, the ride times of open requests have to be considered
in the dominance rule.
To decide if in the presence of ride-time constraints a label `1 with open requests can

dominate another label `2, the times in which these requests can be delivered have to
be known. In particular, whenever the open requests i ∈ O`1 can be ride-time feasibly
delivered in a completion Q of `2 it must also be possible to feasibly deliver them for
`1 using the completion Q′ that results from Q by leaving out those deliveries that
belong to non-open requests of P(`1) (i.e., open in P(`2), but not open in P(`1)). As
the ride-time constraints only bound the maximum time on board, delivering early is
never a problem, but delivering late can be. Thus, the latest possible delivery times still
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respecting the maximum ride times of the open requests are of importance. As seen
in Example 3.2, the possibility to delay the start of service at pickup nodes has to be
incorporated. Consequently, we always have to consider those latest possible delivery
times, where the start of service at the respective pickup nodes has been delayed as much
as possible without violating any other constraints, i.e., time windows of successive nodes
or maximum ride times of other requests. This usually requires adapting the starts of
service of other nodes on the path as well. The idea of delaying the service at pickup
nodes as much as possible in order to maximize ride-time feasibility is similar to the idea
of using the forward time slack that was originally introduced by Savelsbergh (1992) for
the TSPTW and generalized by Cordeau and Laporte (2003) for the DARP.
One di�culty of this approach in a labeling algorithm is that a label ` represents only

a partial path up to node η`, and the completion of this path is not yet known. As a
result, not all constraints are known that may limit the possibility to delay the service
at certain pickup nodes. To be more precise, the time windows of the nodes succeeding
η` as well as the ride times of the requests that are open at node η` clearly depend
on the respective extension of ` and are not known for `. Consequently, not even the
actual start of service t` at the current node η` can be speci�ed for sure. While for
some extension it may be necessary to choose t` as early as possible due to the strict
time window of a succeeding node, this may not be needed for another extension where
delaying the start of service t` is bene�cial in order to maximize the latest delivery times
of open requests. However, we need to ensure that it is always, i.e., for any feasible time
the current node η` can be serviced, possible that a dominating label `1 can deliver its
open requests if a dominated label `2 can do also. We show (in Proposition 3.3) that
this property is, along with DomPDPTW, in fact su�cient to guarantee dominance in the
presence of time-window and ride-time constraints.
For a strong dominance criterion, we therefore store, in addition to the earliest start

of service t` at the current node η`, for all open request i ∈ O` the latest possible delivery
time ldi`(t) as a function of the start of service t at η`. In other words, ldi`(t) is the
latest delivery time for request i, i.e., the latest ride-time feasible start of service at the
delivery node i + n, where the start of service at its pickup node i has been delayed as
much as possible. No constraints that are already known for the partial path up to η`
are violated, and the start of service at η` is not delayed beyond t.
To formalize ldi`(t), let P(`) = (h1, ..., hq) with hq = η` be the path represented by

label `. For any path P , let TP(t) be the set of all feasible time schedules (τ1, ..., τq)
with τq ≤ t. Then, ldhi` (t), t ≥ t`, hi ∈ O` can be de�ned as

ldhi` (t) = min

{
bhi+n, max

TP(`)=(τ1,...,τq)∈TP(`)(t)
{τi}+ shi + Lhi

}
. (3.26)

To maximize τi, generally, the starts of service τj at several nodes hj of the path P need
to be changed compared to the respective earliest starts of service. However, this does
not lead to any con�icts when the latest delivery times have to be computed for more
than one request. In fact, maximizing τi for some hi has no restricting e�ect on the
maximization of τj for all other nodes hj 6= hi on path P . The following lemma shows
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that, for any path P , there exists a unique time schedule where simultaneously the start
of service is maximal for all nodes.

Lemma 3.1. Let P = (h1, ..., hq) be a feasible partial path, and let τ ∗i (t) =
max

TP=(τ1,...,τq)∈TP (t)
{τi} be the maximum value for the start of service at node hi with t ≤ τq.

Then, T ∗P(t) = (τ ∗1 (t), ..., τ ∗q (t)) ∈ TP(t).

Proofs of this and all other lemmas and propositions can be found in Section 3.A of
the Appendix.

Integrating the information ldi`(t) on the latest possible delivery times for each open
request i ∈ O` into the dominance relation leads to the following dominance rule for the
SPPDARP:

Proposition 3.3. (Dom∗strong) A feasible label `1 dominates a label `2, if

η`1 = η`2 , c̃`1 ≤ c̃`2 , t`1 ≤ t`2 , O`1 ⊆ O`2 , and (3.27)

ldi`1(t) ≥ ldi`2(t) ∀i ∈ O`1 , t ∈ [t`2 , bη`2 ]. (3.28)

Equations (3.28) ensure that for all open requests i ∈ O`1 of the dominating label `1

and for each time t that may represent a feasible start of service at η`2 for `2, it is feasible
to deliver request i for `1 whenever it is feasible for `2. Note that the functions ldi`(t)
give the latest possible delivery time of request i for ` when allowing the start of service
at η` to be delayed up to time t. In particular, this does not require that t actually is a
feasible start of service at η`. The implication for Dom∗strong and equations (3.28) is that
it is not necessary for the start of service of the dominating label `1 to actually reach
all feasible times t for the start of service of `2, as long as ldi`1(t) ≥ ldi`2(t) holds for all
i ∈ O`1 , t ∈ [t`2 , bη`2 ].
Note that it is straightforward to extend Dom∗strong to a valid dominance rule for the

subproblem of the DARP with an additional constraint on the route duration. Introduc-
ing a dummy request with origin and destination depots as pickup and delivery nodes
and setting its maximum ride time equal to the maximum route duration guarantees
dominance regarding the maximum route duration.
Since the dominance rule of Proposition 3.3 requires the comparison of several func-

tions in (3.28), the dominance relation is practically not yet applicable in a labeling
algorithm. We therefore characterize the shape of the functions ldi`(t) next enabling a
version of Dom∗strong that is easy to handle.

Proposition 3.4. Let ` be a feasible label at node η` with earliest start of service t` and
open requests O`. The functions ldi`(t), t ≥ t` are of the form min{ki1 + t, ki2} for all
i ∈ O`, where k

i
1 and ki2 are constants.

The visualization of the result of Proposition 3.4 together with notation is given in
Figure 3.1. Using Proposition 3.4, Dom∗strong can be simpli�ed to a dominance rule where
instead of having to compute and compare the entire functions ldi`(t) it is su�cient to
store and check the values of ldi`(t) only at two distinct points of time. We have chosen
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Resource Description

η` The node of the label
c̃` The current reduced cost
t` The earliest start of service at the

current node η`
l` The current load
O` The set of open requests
ldi`(t) The latest possible delivery time of

request i ∈ O` as a function of the
start of service t at node η`

Bi
` The point of time when ldi`(t) be-

comes constant
b̃η` The latest feasible start of service

at node η`
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Figure 3.1: Resources of a label ` used within the labeling algorithms.
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Figure 3.2: Dominance condition for ldi ful�lled (left hand side) and not ful�lled (right
hand side).

the earliest possible start of service t` and time Bi
` where the latter is the time when ldi`(t)

becomes constant. This choice also enables an elegant way to compute the respective
values of ldi`(t) using REFs (see next subsection). Then a simpli�ed version of Dom∗strong
is as follows (see Figure 3.2):

Proposition 3.5. (Domstrong) A label `1 dominates a label `2, if

η`1 = η`2 , c̃`1 ≤ c̃`2 , t`1 ≤ t`2 , O`1 ⊆ O`2 , and

ldi`1(t`1) + (t`2 − t`1) ≥ ldi`2(t`2) and ldi`1(B
i
`1

) ≥ ldi`2(B
i
`2

) ∀i ∈ O`1 .
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3.4.4 Labeling Algorithm with Strong Dominance

The basic course of the labeling algorithm with dominance rule Domstrong is the same
as for Domweak. In what follows, we only describe additional aspects. According to
Proposition 3.5, the two additional resources ldi`(t`) and ldi`(B

i
`) for each open request

i ∈ O` have to be stored within each label `. Furthermore, the computation of ldi`(B
i
`)

requires carrying along Bi
` for each i ∈ O` as an additional resource.

With ldi`(B
i
`), precise information on the actual ride times of the open requests i ∈ O`

and hence on the feasibility of a label ` is available. Namely, the extension of ` along
an arc (η`, x) can only be feasible if t` + sη` + tη`,x ≤ ldi`(B

i
`) holds for all i ∈ O`.

Otherwise the ride-time constraint of at least one open request cannot be satis�ed.
When applying the label elimination rules described later, this consistency check on the
ride-time constraints is redundant.

Proposition 3.6. Let the label `′ result from the extension of a label ` along the arc
(η`, x). Then, the resources ldi`(t`), ld

i
`(B

i
`), and B

i
` for all open request i ∈ O` are either

initialized or updated according to the following REFs:

Bi
`′ =

{
min{b̃x, bx+n − sx − Lx} if i = x,

max{t`′ ,min{Bi
` + sη` + tη`,x, b̃x}} otherwise,

(3.29)

ldi`′(t`′) =

{
min{t`′ + sx + Lx, bx+n} if i = x,

ldi`(t`) + (min{t`′ − sη` − tη`,x, Bi
`} − t`) otherwise,

(3.30)

ldi`′(B
i
`′) =

{
Bi
`′ + sx + Lx if i = x,

ldi`(B
i
`)−max{0, Bi

` + sη` + tη`,x − b̃x} otherwise,
(3.31)

where

b̃x =

{
bx if x ∈ P ,
min{bx, ldx−n` (Bx−n

` )} if x ∈ D.
(3.32)

A detailed example of applying the labeling algorithm with the strong dominance rule
is given in Section 3.B of the Appendix.
Label elimination is performed in the same way as for Domweak. When using Domstrong,

however, valuable information on the actual ride times of the open requests is available
through the resources ldi`(B

i
`), i ∈ O`. With this information, label elimination based on

maximum ride-time constraints is very e�ective.

3.4.5 A Pseudo-Linear Feasibility Test for the DARP

A by-product of having the information ldi`(B
i
`) on the latest possible delivery times is

that we can decide on the feasibility of (partial) paths. Thus, the labeling algorithm
with Domstrong also serves as a feasibility test for a given DARP route.
The worst-case complexity of this test is easy to analyze: If the number of open

requests can be bounded by a number M , then the number of resources at each node
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and the complexity of the updates (3.24)�(3.25) and (3.29)�(3.31) is O (M). Hence,
the feasibility test requires O (nM) time and space, where n is the length of the route.
Assuming integer values for node demands d and vehicle capacity C (which seems natural
for passenger transportation), then, e.g., M ≤ C holds. The travel and service times in
combination with the time windows allow similar estimations. Thus, feasibility testing
with the labeling procedure is pseudo-linear.
Considering other work on feasibility testing for the DARP, Cordeau and Laporte

(2003) proposed the eight-step route evaluation procedure that runs in O (n2). Neither
this algorithm nor the tests of Firat and Woeginger (2011), Haugland and Ho (2010)
and Tang et al. (2010) are suited to derive a simple and e�cient check in the SPPRC
context, when a given feasible partial route is extended node by node. For example, the
test by Firat and Woeginger (2011) is based on a reformulation of the problem into a
cycle-detection problem on an appropriate graph that structurally di�ers for every new
path. Our labeling algorithm, however, allows to decide on the feasibility of such an
extension in O (M).

3.4.6 Re�nements of the Strong Dominance

We brie�y discuss some re�nements of the dominance rule for the strong labeling algo-
rithm that are helpful to speedup the pricing process.
The only point where the labeling algorithm with Domstrong of Section 3.4.4 utilizes

the information on the actual ride times is for label elimination. We now show that
actual ride times are useful for the determination of the resources Bi

`′ and ld
i
`′(B

i
`′), and

therewith to improve the dominance Domstrong. More precisely, let `′ result from the
extension of a label ` to node x so that P(`′) = (h1, ..., hq = x). When computing
the values Bhi

`′ and ld
i
`′(B

hi
`′ ), we consider inequalities (3.21) and (3.22), and inequalities

(3.23) for requests already picked up and delivered. No information on the ride-time
constraints of the open requests is included. Instead of ignoring these maximum ride
times, they can be used to impose additional constraints on the service time τq of the last
node x = hq. Consequently, each feasible partial schedule must respect τq+sx+tx,hi+n ≤
ldi`(B

hi
` ) for all hi ∈ O`′ in order to be feasibly completed. These constraints bound τq.

Using this bound in equation (3.32), a tighter upper bound b̂x instead of b̃x can be
computed. As a result, the values Bi

`′ and ld
i
`′(B

i
`′) may also decrease.

Obviously, when there are two or more open requests, a feasible completion must
successively visit the delivery nodes of all the open requests. Depending on the delivery
order of the open requests di�erent bounds on τq result. Therefore, the computational
e�ort to �nd the strongest bound on τq can become prohibitively large because all
permutations have to be considered. In order to reduce the e�ort, we take a similar
approach as in the label elimination strategy and consider only subsets of O`′ of not
more than two requests.
Summarizing, the labeling algorithm is then altered in the following way: Prior to

the propagation of the resources Bi
`′ , ld

i
`′(t`′), and ldi`′(B

i
`′) an upper bound b̂x on the

latest feasible start of service at the current node x is computed. In the REFs (3.29)�
(3.31), the value b̃x is then replaced by b̂x. Algorithm 1 outlines the label-extension and
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label-elimination step of the re�ned labeling algorithm with strong dominance.

Algorithm 1: Label-extension and label-elimination step of the re�ned labeling
algorithm with strong dominance
input : Label `, arc (η`, x)
output: New label `′ resulting from the extension of ` along arc (η`, x), if feasible

1 if Extension of ` along (η`, x) is feasible then
2 Create label `′

3 Compute η`′ , c̃`′ , t`′ , l`′ , and O`′ according to (3.24)�(3.25)

4 Determine re�ned bound b̂x on the latest start of service at x
5 for all i ∈ O`′ do

6 Compute Bi
`′ , ld

i
`′(t`′), and ld

i
`′(B

i
`′) according to (3.29)�(3.31)

7 Perform label elimination using information ldi`′(B
i
`′) of open requests i ∈ O`′

Bounding the start of service at the current node has two positive e�ects on the
dominance rule: First, the dominance relation is less restrictive, since it is a relaxed
condition to require ldi`1(t) ≥ ldi`2(t) for all t ∈ [t`2 , b̂η`2 ] rather than for all t ∈ [t`2 , b̃η`2 ].
Second, the possible bounding e�ect on Bi

` and ld
i
`(B

i
`) gets stronger the more requests

are open. This increases the possibility that ldi`(B
i
`1

) ≥ ldi`(B
i
`2

) holds for two labels `1

and `2 with O`1 ⊂ O`2 , compared to not using the additional bounds.

3.5 Branch-and-Price Algorithms

We now brie�y describe the main components of our implementations of the branch-and-
price and branch-and-cut-and-price algorithms that are compared in Section 3.6. Mainly,
we analyze the di�erence between using the two formulations IMP-I and IMP. For a
fair comparison, we do not only compare with the results of Ropke and Cordeau (2005)
directly, but we implemented versions for solving IMP-I, i.e., where the pricing problem
is an SPPPDPTW and ride-time constraints are enforced on the master problem level.
The use of formulation IMP requires that a SPPDARP subproblem is solved, and we
also compare the two new labeling algorithms of Sections 3.4.2 and 3.4.4. Apart from
the di�erent handling of the maximum ride-times, all approaches follow the same basic
algorithm.

Preprocessing As preprocessing steps, we use time-window tightening and arc-elim-
ination rules proposed for the VRPTW and tailored to the PDPTW and the DARP
(Desrochers et al., 1992; Dumas et al., 1991; Cordeau, 2006). A comprehensive descrip-
tion of these rules can be found in (Cordeau, 2006; Ropke and Cordeau, 2005), where the
authors also comment on additional di�culties that arise when applying preprocessing
techniques to the DARP.

Pricing Problem In each column-generation iteration, an SPPRC pricing problem
has to be solved to generate routes with negative reduced costs. For accelerating the
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column-generation process, it is often bene�cial to solve the pricing problem heuristically,
instead of always using an exact method. When the heuristics fail to �nd negative
reduced-cost routes, an exact method has to be invoked such as those described in
Section 3.4. Our implementation comes with two straightforward pricing heuristics:
The �rst is solving the pricing problem on a reduced network only. The other is for the
SPPDARP only and solves the SPPPDPTW, i.e., it ignores the ride-time constraints
and drops all ride-time infeasible routes.
Preliminary computational tests indicated that the bene�ts from using these pricing

heuristics appear to be rather high for the SPPDARP labeling algorithm with Domweak.
Speedups are small, however, when using Domstrong for SPPDARP or when solving the
SPPPDPTW.

Cutting Planes Cordeau (2006), Ropke et al. (2007) and Ropke and Cordeau (2009)
have proposed several valid inequalities for the PDPTW and the DARP. These valid
inequalities can be used in branch-and-cut and also in branch-and-price (resulting in a
branch-and-cut-and-price algorithm), using the correspondence for arc �ows

xij =
∑
k∈K

xkij =
∑
r∈Ω

aij,rλr ∀(i, j) ∈ A (3.33)

between two-index and three-index compact formulations and extensive formulations
(the coe�cient aij,r is the number of times route r traverses arc (i, j)). For the sake of
clarity, we distinguish between variables and their actual values, denoted by x̄ij for all
arcs (i, j) ∈ A.
We use the following classes of valid inequalities in our branch-and-cut-and-price al-

gorithm: tournament constraints and another lifting of the IPEC, rounded capacity
inequalities, 2-path cuts, and fork inequalities. Section 3.C of the Appendix gives fur-
ther details on these inequalities and their separation. For the computational studies,
we distinguish between approaches that solely use IPEC and their liftings and those that
make use of all the valid inequalities. The latter case is indicated with an index cut.
Moreover, some separation procedures rely on checking ride-time constraints. Those

that utilize a SPPDARP-based separation procedure, i.e., ride-time constraints are taken
into account in a comprehensive way, are indicated with an index sepRT . Details on the
di�erent separation procedures are provided in Section 3.C of the Appendix.

Branching Strategy and Node Selection If the solution of MP or MP-I is frac-
tional, we use two di�erent branching rules to obtain integer solutions. First, using (3.33)
we branch on the number x̄(δ+(0)) of vehicles if fractional, and create the two branches
x(δ+(0)) ≤ bx̄(δ+(0))c and x(δ+(0)) ≥ dx̄(δ+(0))e. This rule was proposed by Desrochers
et al. (1992). Second, we branch on the out�ow of a node set S as proposed by Nad-
def and Rinaldi (2002) where we restrict the choice of S to sets of size two. A set S
with out�ow x̄(δ+(S)) closest to 1.5 is chosen and the two branches x(δ+(S)) ≤ 1 and
x(δ+(S)) ≥ 2 are created. For each branch of either branching decision, an additional
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linear constraint is added to the master program. No structural changes have to be
made on the subproblem.
The node selection strategy is best �rst, and no upper bounds are given to the algo-

rithms.

3.6 Computational Results

To compare the proposed branch-and-cut-and-price algorithms and existing exact solu-
tion approaches from the literature, we use the benchmark instances for the DARP intro-
duced by Cordeau (2006) and larger instances with the same characteristics later added
by Ropke et al. (2007). There are two sets of randomly generated Euclidean instances
with tighter (type a) and less tight (type b) maximum ride times Li. The instances are
labeled in the form aK-n and bK-n, where K indicates the number of available vehicles
and n the number of requests. The largest instance for both types consists of 8 vehicles
and 96 requests. A detailed description of the instances can be found in Cordeau (2006)
and the entire benchmark is available at http://www.hec.ca/chairedistributique/
data/darp.
In our computational study, we compare two basic approaches, i.e., handling the ride-

time constraints in the master problem based on formulation IMP and in the pricing
problem based on formulation IMP-I. The respective linear relaxations are MP and
MP-I. Both approaches are varied using di�erent algorithmic components explained in
the following paragraph. Moreover, we compare our approaches to the branch-and-cut
algorithm of Ropke et al. (2007) denoted by B&C, and the branch-and-cut-and-price
algorithm of Ropke and Cordeau (2005) denoted by B&P-RC.
The pure set-partitioning formulation IMP-I uses the lifted IPEC (see Section 3.C

of the Appendix, eqs. (3.34) and (3.35)) to ensure the ride-time constraints, but no
additional cuts. Since the ride-time constraints are not handled in the pricing problem,
the resulting subproblem is a SPPPDPTW which we solve using a labeling algorithm
with DomPDPTW. In this case, IPEC are always needed to enforce the maximum ride
times in the master program. In contrast, IMP-I cut refers to the version where 2-path
cuts, rounded capacity inequalities, and fork inequalities are separated (see Section 3.C
of the Appendix). Following the notation of Section 3.5, IMP-I sepRT and IMP-I cutsepRT

integrate the ride-time constraints in all separation procedures, while IMP-I and IMP-
I cut do not.
The approaches based on IMP where the subproblem is an SPPDARP solved using

the proposed labeling algorithm with Domweak and Domstrong are denoted by IMPweak

and IMP strg, respectively. As before, a superscript cut indicates that cuts are used, giving
rise to IMP and IMP cut. All algorithms are summarized in Table 3.2.
In preceding experiments, we found that there are only small improvements in the

root lower bounds when the elementary variants of the pricing problems replace the non-
elementary. Due to the hardness of the elementary subproblem the labeling algorithms
are slower. Overall, this results in slightly longer computation times for the entire
branch-and-price algorithms. These �ndings coincide with those of Ropke and Cordeau
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(2005). As a consequence, we decided to not report any computational results for the
elementary case.
All of our algorithms were coded in C++ using the callable library of CPLEX 12.2 to

re-optimize the RMP. Arc costs and travel times are computed with double precision.
For stability reasons, we replaced partitioning constraints (3.14) by covering constraints
(du Merle et al., 1999). The computations were carried out on a standard PC with an
Intel(R) Core(TM)2 Duo E8400 at 3.0 GHz with 4.0 GB main memory using a single
thread only.

3.6.1 Linear Relaxation Results

We start the analysis with results on the linear relaxation of the master program (3.13)�
(3.17). Tables 3.3 and 3.4 show details for the lower bound values lb and summarize the
computation times. The notation in the tables has the following meaning:

opt The value of an optimal solution
# opt The number of optimal solutions obtained by respective algorithm
# best The number of times the respective algorithm provides the best lb of all

considered algorithms
% gap The average percentage integrality gap (opt− lb)/opt
avg. time The average computation time (in seconds) per instance

More detailed tables with individual computation times per instance can be found in
Section 3.D of the Appendix. Note that for B&C and B&P-RC the computation times
were reported for di�erent computers so that a direct comparison is critical. According
to http://www.spec.org/cpu2006/results our computer is approximately twice as
fast as an AMD Opteron 254 which is in turn about 15% faster (http://www.spec.
org/cpu2000/#Results) than the AMD Opteron 250 used by Ropke et al. (2007) and
Ropke and Cordeau (2005).

Lower Bounds The computed lower bound values lb for linear relaxations show that
integrating ride-time constraints into the subproblem yields signi�cantly stronger lower
bounds compared to handling ride times in the master program. This holds for both
approaches with and without cuts. For the type a instances, lower bounds obtained with
MP are even stronger than those obtained by MP-I -based approaches with additional
cuts. In general, the di�erences in the lower bound values lb between approaches with
and without ride-time constraints in the subproblem are larger for the a than for the
b instances. This results mainly from the fact that the integrality gaps of formulations
MP-I are larger for the type a than for the b instances. Compared to the branch-and-
cut algorithm B&C, the column-generation approaches are typically superior in terms
of lower bound values for the type b instances, while for the type a instances only the
MP -based formulations, MP-I cutsepRT , and B&P-RC yield better lower bounds than B&C.
MP cut

strg produces for 16 out of 21 instances of the more constrained type a instances
integer optimal solutions in the root node. The version without cuts, i.e., MP strg, still
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a2-16 294.2 * * 294.0 294.0 294.0 * * *
a2-20 344.8 * * 343.7 * * * * *
a2-24 431.1 430.3 430.4 430.6 430.6 430.6 430.6 * *

a3-24 344.8 * * 339.4 343.5 341.7 344.5 * *
a3-30 494.8 * * 490.5 493.5 490.9 * * *
a3-36 583.2 579.0 579.0 576.0 576.1 576.7 578.7 579.0 579.0

a4-32 485.5 * * 484.0 485.3 484.1 * * *
a4-40 557.7 553.9 556.6 553.7 553.7 553.7 556.9 * *
a4-48 668.8 666.5 668.1 663.2 664.1 664.1 * 667.4 *

a5-40 498.4 * * 497.4 498.3 497.4 497.9 * *
a5-50 686.6 680.0 680.8 671.9 675.8 673.3 681.8 684.0 686.3
a5-60 808.4 804.1 * 805.5 806.1 806.0 806.9 808.0 *

a6-48 604.1 * * 601.9 602.2 602.2 * * *
a6-60 819.2 816.2 819.1 814.2 814.9 815.5 * 819.2 *
a6-72 916.0 910.1 913.6 904.5 906.0 905.7 913.4 913.9 914.5

a7-56 724.0 718.5 720.9 717.1 718.4 717.3 718.3 721.8 721.8
a7-70 889.1 886.7 888.8 883.8 885.7 884.7 886.5 * *
a7-84 1033.4 1025.2 1028.6 1022.9 1029.2 1024.4 1032.0 1029.8 *

a8-64 747.5 743.7 747.3 741.9 742.8 743.1 745.7 * *
a8-80 945.7 938.1 940.3 925.7 930.2 928.0 942.2 944.6 945.1
a8-96 1229.7 1213.4 1224.5 1205.3 1212.8 1209.1 1225.1 1228.8 *

# opt 7 8 0 1 1 7 11 16
# best 7 8 0 1 1 7 13 21
% gap 0.42 0.20 0.88 0.60 0.74 0.22 0.12 0.06

avg. time ? ? 3.7 19.9 5.6 60.4 9.0 1.4 33.7 2.1

Table 3.3: Lower bound values lb for type a instances, * if lower bound = opt.

solves eleven of the type a instances in the root node. For the type b instances, these
numbers decrease to ten and eight, respectively. For the type a instances, the maximum
number of solved instances over all other approaches is eight. In contrast, B&P-RC
solves the same type b instances asMP cut

strg. Here, the strength of the B&P-RC algorithm
results from the use of additional families of valid inequalities.
Both the formulation MP and MP-I are signi�cantly strengthened when using 2-path

cuts, rounded capacity cuts, and fork inequalities. Moreover, integrating the ride-time
information into all separation procedures (algorithms with su�x sepRT ) raises the lower
bounds. This is particularly bene�cial for the type a instances.

Computation Times We now compare the computation times for solving the linear
relaxations MP-I and MP. The most important �nding is that MP strg and MP cut

strg algo-
rithms have consistently smaller (not longer) computation times compared to the corre-
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b2-16 309.4 308.1 * 309.3 309.3 309.4 * * *
b2-20 332.6 * * * * * * * *
b2-24 444.7 444.5 444.5 444.6 444.6 444.6 444.6 444.5 444.6

b3-24 394.5 392.9 392.2 392.2 393.9 392.2 393.9 392.2 393.9
b3-30 531.4 * * * * * * * *
b3-36 603.8 * * * * * * * *

b4-32 494.8 * * * * * * * *
b4-40 656.6 * * * * * * 656.6 *
b4-48 673.8 671.9 673.2 672.9 673.0 673.0 673.0 672.9 673.2

b5-40 613.7 611.1 * 613.5 * 613.5 * 613.5 *
b5-50 761.4 756.2 * * * * * * *
b5-60 902.0 893.9 898.3 895.9 896.9 896.5 897.9 896.7 898.9

b6-48 714.8 * * 714.7 714.7 714.7 714.7 * *
b6-60 860.1 * * * * * * * *
b6-72 978.5 963.1 975.7 974.1 975.3 974.1 975.4 975.7 977.0

b7-56 824.0 808.3 822.2 821.7 822.0 821.7 822.0 820.3 822.2
b7-70 912.6 907.2 911.1 906.5 911.4 906.5 911.4 906.6 911.7
b7-84 1203.4 1193.2 1202.0 1201.9 1202.0 1201.9 1202.0 1201.3 1202.0

b8-64 839.9 834.7 836.9 836.4 837.4 836.4 838.0 836.6 838.1
b8-80 1036.3 1032.6 1036.2 1035.7 1035.7 1035.7 1036.2 1035.9 1036.2
b8-96 1185.6 1165.1 1181.5 1181.4 1181.9 1181.4 1182.2 1181.3 1183.8

# opt 7 10 7 8 7 9 8 10
# best 7 11 8 11 8 13 8 20
% gap 0.51 0.12 0.18 0.11 0.18 0.10 0.18 0.07

avg. time ? ? 1.8 6.2 1.9 4.3 5.0 1.2 35.4 3.4

Table 3.4: Lower bound values lb for type b instances, * if lower bound = opt.

sponding MP-I -based approaches, even though the solution of a single pricing problem
is much harder for the SPPDARP compared to the SPPPDPTW. Since the MP-I -based
approaches generate routes that generally do not satisfy the ride-time constraints, many
more violated valid inequalities, in particular IPEC, need to be added here. Even more,
the necessity to repeatedly solve pricing problems and separation problems to achieve
an optimal ride-time feasible solution imposes that many more pricing and separation
problems have to be solved. This complicates and slows down the re-optimization of
the master program. As a result, the overall computation times of the MP-I -based
approaches exceed those that are MP -based.
The analysis of the di�erent dominance rules Domweak and Domstrong for the SPPDARP

yields the following result: weak dominance based algorithms MPweak and MP cut
weak are

slower than strong dominance based algorithms MP strg and MP cut
strg. However, in both

cases computation times are comparable for most instances and seem still acceptable.
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Next we compare computation times for MP-I sepRT and MP-I cutsepRT , i.e., approaches
with full consideration of ride-time feasibility, with MP-I and MP-I cut. Recall that for
the type a instances, full ride-time consideration produces signi�cantly stronger lower
bounds. With an increasing number of requests, the computation times also become
longer, in particular for MP-I cutsepRT . The reasons are that the separation procedures
with full consideration of ride-time feasibility are much harder to solve, better bounds
generally require more time, and more valid inequalities are separated in the variants
MP-I sepRT and MP-I cutsepRT . Interestingly, for the type b instances, the opposite is true
for the solution times of MP-I cutsepRT and MP-I cut. Our interpretation is that with full
consideration of ride-times the dominating e�ect is that the separated cuts are in fact
stronger so that overall less pricing problems have to be solved.

Extended Instances The standard instances from the literature are characterized by
narrow time windows and small capacities. Consequently, solutions comprise relatively
short routes with only a small number of requests that are open at the same time so that
the new approach either solves the instances in the root node or with a small integrality
gap. In this paragraph, we want to analyze the behavior of the two most powerful
approaches, MP-I cutsepRT and MP cut

strg, on instances with less tight constraints.
We introduce three new benchmark sets, constructed from the a and b problems from

Cordeau (2006) in the following way: The time window [ai, bi] of each node i ∈ N is
extended by adding 5, 10, and 15 time units to the latest start of service bi so that the
length of the time window is multiplied by factor 4/3, 5/3, and 6/3, respectively. Simi-
larly, the capacity C is enlarged by the same factor. Overall the three new benchmark
sets comprise 126 instances.
Section 3.E of the Appendix presents detailed linear relaxation results summarized

in Table 3.5. Note that for some instances produced with factors 5/3 and 6/3 optimal
solutions are unknown so that integrality gaps cannot be speci�ed. Expectedly, with
increasing time windows and capacities instances become harder to be solved for both
algorithmsMP-I cutsepRT andMP cut

strg, i.e., integrality gaps and computations times increase.
Comparing average computation times forMP-I cutsepRT andMP cut

strg, the latter approach is
by factor 30, 50, 77, and 112 faster for the type a instances and by factor 1.2, 2.0, 2.6, and
3.4 faster for the type b instances, respectively. We interpret the outcome in the sense
that the new algorithm MP cut

strg can better handle the harder instances than MP-I cutsepRT .

3.6.2 Integer Solution Results

Results for the computation times of optimal integer solutions are given in Tables 3.6
and 3.7. The entry 1h (2h) indicates that the respective algorithm was unable to solve
the instance within the time limit of one hour (two hours for B&P-RC ). There was no
time limit for B&C.
Our approach IMP cut

strg with the SPPDARP subproblem and cuts was able to solve all
42 instances from the benchmark set. Without using the cuts, IMP strg fails on instance
b8-96. The only other approach to solve all the instances is B&C. All branch-and-price
algorithms based on IMP-I using SPPPDPTW as a subproblem (including B&P-RC )
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Type a instances

# opt 7 16 6 12 5 8 4 6
# best 7 21 6 21 5 21 6 21
% gap 0.22 0.06 0.37 0.05 0.71 0.13 1.00 0.16

avg. time 60.4 2.1 171.7 3.3 301.0 3.9 610.5 5.4

Type b instances

# opt 9 10 5 5 3 7 1 5
# best 13 20 9 21 3 21 1 21
% gap 0.10 0.07 0.46 0.18 ? ? ? ?

avg. time 4.3 3.4 8.0 3.9 19.3 7.2 45.3 13.2

Table 3.5: Linear relaxation results for extended instances.

fail at least in solving the two biggest type a instances a8-80 and a8-96. The approach
without ride-time information in the separation procedures IMP-I cut fails on three more
instances, the approaches without any cuts (except those necessary to handle ride-time
constraints) IMP-I and IMP-I sepRT on four additional instances.
For the instance a8-96, we computed an optimal integer solution with value 1229.66

that di�ers from the value 1232.61 reported in (Ropke et al., 2007).

Dominance Rules in SPPDARP For solving SPPDARP, we derived the weak and
strong dominance rules and associated labeling algorithms. With Domweak, we are unable
to solve ten instances with IMP cut

weak and twelve instances with IMPweak. Apparently,
only one of the larger instances, a8-80, that is not already solved to optimality in the
root node can be solved with IMP cut

weak. No additional instance is solved to optimality
with IMPweak. In these unsuccessful cases, we observed that often a single pricing
problem could not be solved within the time limit. It seems that additional dual values
resulting either from adding valid inequalities or, more often, from branching complicate
the pricing so much that the labeling algorithm with Domweak cannot solve it. Obviously,
the weak dominance rule is too weak to solve larger instances.

Computation Times Computation times for integer solutions are now discussed sep-
arately for type a and type b instances. The type a instances are generally more con-
straining w.r.t. ride-times. Here, the algorithms IMP strg and IMP cut

strg clearly outperform
all other approaches. Computation times are always below 100 seconds, while all other
approaches either fail or need at least one hour. Ride-time constraints in the subprob-
lem in combination with an e�ective labeling algorithm makes solving these instances
seemingly easy. For example, with IMP cut

strg all but three instances can be solved within
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10 seconds (exceptions are a6-72: 24.4s, a8-80: 43.0s, a8-96: 11.1s). All MP-I -based
approaches and B&P-RC fail on the last two instances. For the larger instances with at
least 50 requests, IMP cut

strg is by at least a factor of 10 faster than these algorithms.
For the type b instances, where the maximum ride times are less constraining, the pic-

ture is less clear. Still, IMP cut
strg is always among the fastest approaches for all instances.

With respect to computation times, the branch-and-cut algorithm B&C seems inferior
to all IMP and IMP-I -based approaches.
As for the linear relaxation, the weak dominance rule is clearly inferior to the strong

dominance rule. For both benchmark sets, IMPweak and IMP cut
weak are only competitive

on instances that are already solved in the root node.
Concluding, using cutting planes is bene�cial for all approaches. With very few ex-

ceptions, the solution times of the algorithms with cuts are faster than without cuts.
Despite the harder separation, the integration of the ride-time information in all sepa-
ration procedures leads to overall faster computations. This is particularly true for the
type a instances. Note that the best strategy for all approaches is to separate violated
inequalities only at the root node.

Extended Instances We use the same three sets of extended benchmark instances as
for the linear relaxation results in Section 3.6.1. Section 3.E of the Appendix presents
detailed integer computational results for these instances that we have summarized in
Table 3.8. Again, the more the constraints are relaxed, the harder the instances. The
new algorithm MP cut

strg can solve all except for one type a instances, while MP-I cutsepRT

fails for 28 instances. For the type b instances, the former fails on ten and the latter on
27 instances. It seems that the new approach MP cut

strg is more advantageous for the type
a instances, for which the ride-time constraints are more binding.

3.7 Conclusions and Outlook

In this paper, we presented dynamic time windows as an example of intra-tour synchro-
nization constraints that are relevant for applications in passenger transportation, and
service industries such as for the routing and scheduling of service personal (technicians,
security guards etc.), and in home care. In a recent survey, Drexl (2012) outlined that
there is a growing interest in vehicle routing with synchronization constraints. The work
presented here can be seen as the central building block for handling dynamic time
windows of the form [0, Li] to synchronize two operations i and i+ n.
The DARP, in the variant where the service level is controlled by means of ride-time

constraints, is the prototypical VRP with dynamic time windows. We proposed a new
column-generation based solution approach where for the �rst time both time-window
and ride-time constraints are handled in the subproblem. The detailed computational
study has shown that this approach outperforms all other exact solution techniques
either based on branch-and-cut or branch-and-cut-and-price, but with ride-time con-
straints handled in the column-generation master program. The superiority of the newly
proposed branch-and-cut-and-price algorithm can be attributed to the following facts:
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a2-16 0.6 0.3 0.1 0.2 0.1 0.1 0.1 0.1 0.1 0.1
a2-20 1.2 0.9 0.4 0.3 0.1 0.3 0.1 0.1 0.1 0.1
a2-24 2.4 3.0 0.4 1.9 0.4 0.9 0.2 0.2 0.1 0.1

a3-24 1.8 1.3 2.0 2.9 2.0 1.3 0.1 0.1 0.1 0.1
a3-30 4.8 3.0 2.7 1.5 2.1 0.9 0.2 0.2 0.2 0.2
a3-36 10.8 12.3 9.9 9.4 7.6 5.2 2.1 2.2 0.9 1.0

a4-32 5.4 3.8 1.5 3.4 3.0 2.5 0.3 0.3 0.1 0.1
a4-40 19.2 12.2 4.2 5.6 4.4 6.8 1.0 1.0 0.5 0.5
a4-48 33.6 45.7 10.2 23.4 16.8 9.1 4.8 2.3 1.9 1.5

a5-40 10.2 6.4 1.2 1.7 4.3 1.3 0.5 0.5 0.3 0.3
a5-50 62.4 544.9 1h 1h 1h 194.4 298.4 32.7 15.9 3.2
a5-60 93.0 63.4 71.2 34.3 94.7 36.6 41.5 7.2 5.1 2.6

a6-48 26.4 17.4 22.9 16.4 7.9 9.9 1.6 1.6 0.5 0.5
a6-60 101.4 54.9 787.1 810.6 168.6 24.4 15.8 5.7 2.8 2.4
a6-72 198.6 1721.6 1h 1h 1h 686.0 1h 1h 97.7 24.4

a7-56 103.2 63.0 198.9 171.3 152.6 94.8 262.5 13.7 2.6 4.8
a7-70 209.4 135.1 840.1 361.2 130.0 128.7 5.1 5.1 1.9 1.9
a7-84 493.8 1436.5 1h 2686.7 1h 146.9 1h 51.7 86.5 7.8

a8-64 216.6 53.2 925.6 623.5 278.0 65.6 4.7 4.7 1.2 1.2
a8-80 733.2 2h 1h 1h 1h 1h 1h 395.7 67.4 43.0
a8-96 4233.0 2h 1h 1h 1h 1h 1h 178.4 20.5 11.1

# opt 21 19 16 17 16 19 17 20 21 21
avg. time 312.4 884.7 994.2 912.1 898.7 410.3 716.2 204.9 14.6 5.1

Table 3.6: Computation times for optimal integer solutions of type a instances in
seconds.

First, a column-generation formulation with all intra-route constraints in the subprob-
lem provides better lower bounds when solving its linear relaxation. Second, the key
for the success of such stronger bounds is that we can compute them in relatively short
time due to the new dynamic-programming labeling algorithm. Its heart is an e�ective
dominance rule for comparing partial paths represented by labels. As obvious when
looking back on Section 3.4, the dominance rules were non-trivial to derive, but their
application boils down to some simple updates of attributes when constructing a new
label. Third, with the considerable work on valid inequalities for the PDPTW and
DARP by Cordeau (2006) and (Ropke et al., 2007) it was simple to further improve
the lower bounds. As a result, the proposed branch-and-cut-and-price algorithm with
ride-time and time-windows constraints in the subproblem can solve all instances from
the standard benchmark set and is about one order of magnitude faster than previous
approaches.
We see several promising avenues for future research building on the techniques pre-
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b2-16 0.6 0.3 0.1 0.2 0.1 0.1 0.1 0.1 0.1 0.1
b2-20 0.6 0.4 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1
b2-24 1.8 1.7 0.4 1.0 0.4 0.9 0.4 0.7 0.3 0.6

b3-24 1.8 2.0 0.4 0.7 0.4 0.6 0.8 0.7 0.5 0.5
b3-30 3.0 1.9 0.1 0.1 0.1 0.1 0.2 0.2 0.2 0.2
b3-36 4.8 3.7 0.3 0.4 0.4 0.4 0.4 0.4 0.3 0.3

b4-32 3.0 2.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1
b4-40 8.4 6.3 0.6 1.3 0.6 1.0 2.1 1.4 1.0 0.7
b4-48 30.0 23.1 7.6 24.7 17.3 16.3 674.3 1h 2.5 5.5

b5-40 16.8 4.8 0.5 0.8 0.5 0.7 0.8 0.7 0.7 0.6
b5-50 39.6 11.6 0.7 0.7 0.7 0.7 0.9 0.9 0.7 0.7
b5-60 108.6 192.8 146.5 716.6 845.9 227.1 1h 1h 25.7 22.9

b6-48 14.4 7.2 0.6 1.3 0.8 0.8 0.4 0.4 0.2 0.2
b6-60 40.8 18.4 0.8 0.9 0.9 0.8 1.1 1.1 1.0 1.0
b6-72 1024.2 402.7 468.8 230.8 600.3 212.9 1h 1h 136.1 31.4

b7-56 807.6 66.2 32.1 10.8 26.7 9.3 1h 1h 30.4 50.3
b7-70 127.2 65.1 42.9 12.7 158.6 9.4 1h 1h 163.7 13.0
b7-84 396.6 237.6 30.4 45.4 75.4 36.8 1h 1h 42.0 71.7

b8-64 150.0 105.1 92.1 43.4 31.3 63.7 1h 1h 36.7 23.1
b8-80 183.0 73.1 17.7 20.8 18.7 9.6 1h 1h 14.4 10.3
b8-96 7205.4 3403.5 1h 1h 1h 3031.6 1h 1h 1h 898.8

# opt 21 21 20 20 20 21 13 13 20 21
avg. time 484.2 220.5 211.6 224.4 256.1 172.5 1403.9 1543.2 193.2 53.9

Table 3.7: Computation times for optimal integer solution of type b instances in
seconds.

sented in this paper. First, more general intra-route synchronization with constraints
of the form Ki ≤ Ti+n − Ti ≤ Li with an additional parameter Ki > 0 should be con-
sidered. It means that after performing operation i at least Ki time units must elapse
before operation i + n can be executed. The modeling of these minimum ride-times
(in DARP vocabulary) is trivial in a two-index or three-index compact formulation.
However, based on attempts to generalize our results, we suspect that the simultaneous
handling of regular time windows and both minimum and maximum ride times in a
dynamic programming labeling algorithm is not straightforward, but highly intricate.
However, a possible way to tackle such a problem is the handling of minimum ride times
using IPEC in the column-generation master program. The subproblem is then identical
to the DARP subproblem, for which the actual implementation can be used.
Even more challenging types of VRP result from a mix of intra-route and inter-route

synchronization constraints. It is clear that inter-route synchronization leads to addi-
tional constraints in the column-generation master program (Desaulniers et al., 1998;
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Type a instances

# opt 19 21 15 21 13 20 9 21
avg. time 410.3 5.1 1121.1 28.1 1549.2 220.1 2064.4 187.2

Type b instances

# opt 21 21 16 21 11 17 9 15
avg. time 172.5 53.9 917.8 237.9 1860.7 699.7 2206.8 1197.3

Table 3.8: Integer solution results for extended instances.

Ioachim et al., 1999), resulting in costs and pro�ts per node depending on the time
of service (Ioachim et al., 1998). The inter-route synchronization constraints alone are
very di�cult to be handled e�ectively, and it seems to be completely unclear how VRP
combining intra-route and inter-route synchronization constraints can be modeled and
solved. This relates to exact as well as heuristic approaches.
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Appendix

3.A Proofs

Before we present the proofs, we recall the basic dominance principles for (E)SPPRC and
introduce some useful notation. Additional useful material can be found in (Desaulniers
et al., 1998; Irnich and Desaulniers, 2005; Ropke and Cordeau, 2009).
The standard dominance principle says that a label `1 representing the partial path
P(`1) dominates a label `2 representing the partial path P(`2) if the following three
conditions hold:

1. P(`1) and P(`2) must end at the same node.

2. Every completionQ of `2 to the sink node that gives a feasible path P2 = (P(`2), Q)
is a completion of `1 that must also result in a feasible path P1 = (P(`1), Q).

3. The (reduced) cost of P1 must not exceed the (reduced) cost of P2.

In this case, `2 can never lead to a path with smaller cost than `1, and can thus be
discarded.
The condition 2. requires that P(`1) must be feasible. In this case, the label ` is called

feasible. Also, a completion Q of a label ` that leads to a feasible (partial) path (P(`), Q)
is called feasible. Typically, considering all possible feasible completions is not tractable
so that the above dominance relation is hardly directly applicable. Instead, condition 2.
is often proven indirectly comparing attributes of the labels `1 and `2, i.e., accumulated
costs and consumed resources. If `1 has `better' attributes than `2, the same holds for all
extended partial paths, whenever resource consumptions are monotone. The importance
of non-decreasing REFs for the validity of dominance rules was stressed and exempli�ed
in (Desaulniers et al., 1998; Irnich, 2008).
We recall Proposition 3.1 from the article (see also (Dumas et al., 1991; Ropke and

Cordeau, 2009)):

Proposition 3.1: (DomPDPTW) A feasible label `1 dominates a label `2 if

η`1 = η`2 , c̃`1 ≤ c̃`2 , t`1 ≤ t`2 , and O`1 ⊆ O`2 .

The dominance rule of Proposition 3.1 slightly di�ers from the standard dominance
principle presented before. Indeed, ifO`1 6= O`2 , then a feasible completionQ of `2 cannot
be a feasible completion of `1 due to pairing constraints. We introduce some notation
helpful for describing completions resolving the complication with pairing constraints.
For any number n and any set of numbers M , let n + M = {n + m : m ∈ M}.
Furthermore, for any sequence (path or schedule) P = (h1, h2, . . . , hp) and any set M of
numbers, the term P \M denotes the sub-sequence of P where hi is removed if hi = m
is the �rst occurrence of m ∈M in the sequence P .
The proof of Proposition 3.1 results from the generalization of the second condition

of the standard dominance. Condition 2. can be replaced by
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2'. For every completion Q2 of `2 to the sink node that is a feasible path P2 =
(P(`2), Q2) there exists a completion Q1 of `1 so that P1 = (P(`1), Q1) is a feasible
path.

Note that Q1 may or may not be identical or resulting from Q2. Now consider the
completion Q′ = Q\{n + (O`2\O`1)} of `1. Q′ is equal to Q except for skipping the
delivery nodes for the additional open requests O`2\O`1 . The path P1 = (P(`1), Q′)
satis�es pairing and precedence constraints. The relations in Proposition 3.1 ensure
that P1 also respects capacity and time-window constraints if Q is a feasible completion
for `2, and that the total costs of P2 = (P(`2), Q) cannot be smaller than that of P1.
The latter is true as visiting an additional delivery node is never bene�cial when the
DTI holds.

With the presentation of the proof of Proposition 3.1 and the additional notation, we
able to give the proof of all other lemmas and propositions.

Proof of Lemma 3.1: The schedule T ∗P(t) = (τ ∗1 (t), ..., τ ∗q (t)) is feasible, i.e., T ∗P(t) ∈
TP(t), if it satis�es conditions (3.21)�(3.23) and τ ∗q (t) ≤ t. By de�nition of τ ∗i (t), there
exists a feasible schedule T iP = (τ i1, ..., τ

∗
i (t), ..., τ iq) for each i = 1, ..., q, with τ iq ≤ t and

τ ij ≤ τ ∗j (t) for all j 6= i. Hence, τ ∗i (t) ∈ [ahi , bhi ] for all i = 1, ..., q and τ ∗q (t) ≤ t obviously
hold. Since τ ∗i (t) + shi + thi,hi+1

≤ τ ii+1 and τ
i
i+1 ≤ τ ∗i+1(t) hold for i = 1, ..., q − 1, T ∗P(t)

satis�es inequalities (3.22). Finally, using τ ji + shi + Lhi ≥ τ ∗j (t) and τ ∗i (t) ≥ τ ji for each
pair i, j with hi +n = hj, T ∗P(t) also satis�es inequalities (3.23) and thus T ∗P(t) ∈ TP(t).

�

Proof of Proposition 3.3: Let Q be a feasible completion of `2 and denote by P2 =
(P(`2), Q) the corresponding path. The completion Q′ = Q\{n+O`2\O`1} of `1 leads to
a path P1 = (P(`1), Q′) with P(`1) = (h1, ..., hq = η`1). It is known from Proposition 3.1
that P1 satis�es pairing, precedence, and capacity constraints and has smaller cost than
P2. To show that P1 is feasible, it remains to show that there exists a feasible time
schedule TP1 for P1.
Let TP2 = (TP(`2), TQ) be a feasible schedule for P2 with TQ = (τq+1, ..., τr) and start of

service τ `2q at the current node hq = η`2 . Denote by T
∗
P(`1)(τ

`2
q ) = (τ ∗1 (τ `2q ), ..., τ ∗q (τ `2q )) ∈

TP(`1)(τ
`2
q ) the time schedule for P(`1) that maximizes the start of service τi for all nodes

hi, i = 1, ..., q while τq ≤ τ `2q . Lemma 3.1 guarantees the existence and feasibility of this
time schedule. Moreover, denote by TQ′ = TQ\{τi : hi − n ∈ O`2\O`1} the schedule for
Q′ that assigns each node hi of Q′ the same start of service τi as in TQ. Then, using that
T ∗P(`1) and TP2 are feasible, τ

∗
q (τ `2q ) ≤ τ `2q , and τi ≤ ldhi−n`2

(τ `2q ) ≤ ldhi−n`1
(τ `2q ) for all nodes

hi of Q′ with hi − n ∈ O`1 , it follows that the schedule TP1 = (T ∗P(`1), TQ′) is feasible. �

Proof of Proposition 3.4: Let P(`) = (h1, ..., hq) with hq = η` be the path represented
by label `. We �rst show that the latest feasible start of service τ ∗q (t), t ≥ t` at the
last node hq is of the form τ ∗q (t) = min{t, k}, where k is a constant. By de�nition,
τ ∗q (t) = max

TP(`)=(τ1,...,τq)∈TP(`)(t)
{τq} with τq ≤ t. If η` ∈ P , then clearly τ ∗q (t) = min{t, bη`}.
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If η` ∈ D, then τ ∗q (t) is given by min{t, bη` , τ ∗j (t) + shj +Lhj} where τ ∗j (t) is the latest
feasible start of service at node hj with τq ≤ t and hj = η` − n the pickup node of η`.
Consider the case τ ∗j (t) + shj + Lhj < min{t, bη`}, i.e., τ ∗q (t) is strictly smaller than t.
Then, τ ∗j (t) is independent of t and hence both τ ∗q (t) and τ ∗j (t) are constant for all such
t. As a result, we have that τ ∗q (t) is of the form min{t, k}, with a constant k.
Let hi ∈ O` be an open request, and let m = q − i be the length of the sub-path of
P(`) starting at hi. We can now show by induction over the number m that ldhi` (t) =
min{khi1 +t, khi2 }, t ≥ t` for all hi ∈ O`: Recall that ld

hi
` (t) = min{bhi+n, τ ∗i (t)+shi +Lhi}.

Thus, it is su�cient to show that τ ∗i (t) = min{k̃hi1 + t, k̃hi2 } with constants k̃hi1 and k̃hi2 .
The case m = 0 means that the request is just being picked up, i.e., hi = hq = η`.

The property follows immediately from τ ∗q (t) = min{t, k} as shown above.
For the case m + 1, let ` be a label representing a path P(`) = (h1, ...hq = η`) where

hi is on board for m nodes and τ ∗i (t) = min{k̃hi1 + t, k̃hi2 }. If the extension of ` along
the arc (η`, x) with x 6= hi + n is feasible, a new feasible label `′ where hi is on board
for m + 1 nodes is created. The case x = hi + n can be neglected, as then hi /∈ O`′ .
Denote by T ∗,`

′

P(`′)(t) = (τ ∗,`
′

1 (t), ..., τ ∗,`
′

q (t), τ ∗,`
′

x (t)) ∈ TP(`′)(t) the feasible schedule for

P(`′) maximizing the start of service at all nodes with τ ∗,`
′

x ≤ t, and by T ′P(`′)\{x}(t
′) =

(τ ′1(t′), ..., τ ′q(t
′)) ∈ TP(`′)\{x}(t

′) the feasible schedule for P(`′)\{x} maximizing the start
of service at all nodes with τ ′q ≤ t′. Comparing the de�ning maximization problems for

T ∗,`
′

P(`′)(t) and T
′
P(`′)\{x}(t

′) we have that T ∗,`
′

P(`′)(t) = (T ′P(`′)\{x}(t
′), τ ∗,`

′
x (t)) for t′ = τ ∗,`

′
x (t)−

shq − thq ,x. Since T ′P(`′)\{x}(t
′) is by de�nition equal to the schedule that maximizes all τi

with τq ≤ t′ for the path represented by `, it follows that τ ′i(t
′) = τ ∗,`

′

i (t). By assumption
τ ′i(t

′) = min{k̃hi1 + t′, k̃hi2 } holds and thus τ ∗,`
′

i (t) = min{k̃hi1 + τ ∗,`
′

x (t)− shq − thq ,x, k̃hi2 }.
Using the property that τ ∗,`

′
x (t) = min{t, k} with a constant k proves the proposition. �

Proof of Proposition 3.6: We need to show that ldi`1(t) ≥ ldi`2(t) holds for all t ∈
[t`2 , bη`2 ], i ∈ O`1 , whenever ld

i
`1

(t`1) + (t`2 − t`1) ≥ ldi`2(t`2) and ldi`1(B
i
`1

) ≥ ldi`2(B
i
`2

)

hold. Using Proposition 3.4, we have that ldi`1(t) = min{ki`1,1 + t, ki`1,2} and ldi`2(t) =
min{ki`2,1 + t, ki`2,2}. Thus, four cases have to be di�erentiated:

1. For all t with ldi`1(t) = ki`1,2 and ldi`2(t) = ki`2,2 we have that ldi`1(t) = ki`1,2 =
ldi`1(B

i
`1

) ≥ ldi`2(B
i
`2

) = ki`2,2 = ldi`2(t).

2. For all t with ldi`1(t) = ki`1,2 and ldi`2(t) = ki`2,1 + t we have that ldi`1(t) = ki`1,2 ≥
ki`2,2 ≥ ki`2,1 + t = ldi`2(t).

3. For all t with ldi`1(t) = ki`1,1 + t and ldi`2(t) = ki`2,1 + t we have that ldi`1(t) =
ldi`1(t`1)+ t− t`1 and ldi`2(t) = ldi`2(t`2)+ t− t`2 . Using ldi`1(t`1)+ t`2− t`1 ≥ ldi`2(t`2)
it follows that ldi`1(t) ≥ ldi`2(t).

4. For all t with ldi`1(t) = ki`1,1 + t and ldi`2(t) = ki`2,2 we have that ld
i
`1

(t) = ki`1,1 + t ≥
ki`2,1 + t ≥ ki`2,2 = ldi`2(t).

�

54



Chapter 3. E�ective Handling of Dynamic Time Windows

Proof of Proposition 3.6: Consider �rst the case i = x. We have shown in the
proof of Proposition 3.4 that the latest possible delivery times for i in this case are
ldi`′(t) = min{min{t, bx}+sx+Li, bi+n}. The point of time when ldi`′(t) becomes constant
is then clearly given by Bi

`′ = min{bx, bi+n − sx − Li}. The formulas for ldi`′(t`′) and
ldi`′(B

i
`′) are obvious in this case.

For i 6= x, it is again known from the proof of Proposition 3.4 that T ∗,`
′

P(`′)(t) =

(T ∗,`P(`)(t
′), τ ∗,`

′
x (t)) and thus ldi`′(t) = ldi`(t

′) holds for t ≥ t`′ and with t′ = τ ∗,`
′

x (t) −
sη` − tη`,x and τ ∗,`

′
x (t) = min{t, b̃x}. If t ≥ b̃x then τ ∗,`

′
x (t) is constant and hence ldi`′(t) is

constant for all such t. For all t < b̃x, τ ∗,`
′

x (t) increases linear in t and so does ldi`(t
′) as

long as Bi
` ≥ t′. If Bi

` < t′, then ldi`(t
′) is constant and so is ldi`′(t). As a result, the time

when ldi`′(t) becomes constant is Bi
`′ = max{t`′ ,min{Bi

` + sη` + tη`,x, b̃x}}.
For ldi`′(t`′) and ldi`′(B

i
`′) note �rst that τ ∗,`

′
x (t`′) = t`′ and τ ∗,`

′
x (Bi

`′) = Bi
`′ . Then,

we have ldi`′(t`′) = ldi`(t`′ − sη` − tη`,x) = ldi`(t`′ − sη` − tη`,x + t` − t`) and ldi`′(B
i
`′) =

ldi`(B
i
`′−sη`−tη`,x) = ldi`(B

i
`′−sη`−tη`,x+Bi

`−Bi
`). Using the property that ld

i
`(t) increases

linearly for all t ∈ [t`, B
i
`] and is constant for all t > Bi

` we have that ld
i
`′(t`′) = ldi`(t`) +

min{(t`′−sη`− tη`,x)− t`, Bi
`− t`} and ldi`′(Bi

`′) = ldi`(B
i
`)−max{0, Bi

`+sη` + tη`,x−Bi
`′}.
�

3.B Example of Applying the Labeling Procedure with Strong
Dominance

A small example to illustrate the REFs and the underlying intuition for Bi
`, ld

i
`(t`) and

ldi`(B
i
`) is given in Table 3.9. Consider the labels `0, `i, `j and `k which are successively

generated along the path P = (0, i, j, k), see Figure 3.3. Assume that the travel times
between all nodes are 5, the maximum ride time of request i is Li = 20, and there are
no service times at the nodes. When extending the initial label `0 along the arc (0, i)
label `i is created. As request i is being picked up Bi

`i
, ldi`i(t`i) and ld

i
`i

(Bi
`i

) need to be
initialized. Assuming that the end of the time window bi+n of the delivery node i+ n is
not binding, the latest possible delivery times are clearly given by the start of service at
i plus the maximum ride time, i.e., ldi`i(t`i) = 5 + 20 = 25 and ldi`i(B

i
`i

) = 15 + 20 = 35,
and Bi

`i
is equal to bi = 15.

The extension of `i along the arc (i, j) leads to the label `j with t`j = t`i + 5 = 10.
Regarding the latest delivery times for request i, starting the service at j at time t`j
means that the predecessor node i has to be serviced at the earliest possible time t`i ,
and consequently ldi`i(t`i) = ldi`j(t`j) = 25. To maximize the latest delivery of i, we want
to delay the start of service at i until Bi

`i
. This means that one would arrive at node j

at time 20 which is too late, as the latest feasible start of service at j is at time 18. As
a result, within the partial path (0, i, j) the service at i can at latest be delayed up to
time bj − 5 = 13 = Bi

`i
− 2. The corresponding latest delivery time of i for the latest

feasible service at j is ldi`j(B
i
`j

) = ldi`i(B
i
`i
− 2) = ldi`i(B

i
`i

)− 2 = 33 and Bi
`j

= bj = 18.
Considering label `k, the earliest start of service is t`k = 17 implying that there is a

waiting time of 2 when serving all nodes as early as possible. In terms of maximizing
the latest possible delivery of i, this waiting time should be shifted before the service
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`0 `i `j `k

η` 0 i j k
[aη` , bη` ] [0, 100] [5, 15] [10, 18] [17, 25]
t` 0 5 10 17
Bi
` - 15 18 23

ldi`(t`) - 25 25 27
ldi`(B

i
`) - 35 33 33

Table 3.9: REFs for Bi, ldi(t) and ldi(Bi) along the path P = (0, i, j, k) assuming a
maximum ride time of Li = 20

of node i. In other words, when serving k at time t`k = 17 the service of i should not
be started at t`i but instead be delayed until t`i + 2 = 7. This also implies that j is
serviced at time t`j +2 = 12. The corresponding latest delivery times of i for the earliest
feasible service at k are then given by ldi`k(t`k) = ldi`j(t`i + 2) = ldi`j(t`i) + 2 = 27. To
maximize the latest delivery of i we again want to delay the start of service at j until Bi

`j

which results in a feasible time for the start of service at k. Even more, serving node k
later than Bi

`j
+ 5 = 23 does not increase the latest delivery time of i, as it is already

constrained by the time window at node j. To satisfy the time window of j, service at
node i cannot start later than at time 13 implying a start of service at j of Bi

`j
= 18

and a start of service at k of Bi
`k

= 23. Consequently ldi`k(Bi
`k

) = ldi`j(B
i
`j

) = 33.

3.C Valid Inequalities

To describe valid inequalities of the PDPTW and DARP some additional notation is
necessary. For each subset S ⊆ N of nodes, we denote by π(S) = {i ∈ P : i+ n ∈ S, i /∈
S} the sets of predecessors, and by σ(S) = {i + n ∈ D : i ∈ S, i + n /∈ S} the sets of
successors of S. Let δ+(S) = {(i, j) : i ∈ S, j /∈ S} be the set of arcs leaving S and
d(S) =

∑
i∈S di be the total demand of set S.

The �rst class results from lifting IPEC and is known as tournament constraints (As-
cheuer et al., 2000). Suppose the path I = (h1, ..., hq) is infeasible (with respect to any
constraint), then the associated tournament constraint is

x([I]) ≤ |I| − 1 (= q − 2), (3.34)

where [I] := {(hi, hj) ∈ A : 1 ≤ i < j ≤ q} is the transitive closure of the path I.
In the context of pickup-and-delivery problems, another strengthening of IPEC is

possible. If h1 = i and hq = i + n, i.e., the path I connects a pickup node i with its
corresponding delivery node i+n, then Cordeau (2006) suggested the use of the following
inequality:

x(I) ≤ |I| − 2 (= q − 3). (3.35)

For the separation of both types of infeasible path inequalities, we use a straightforward
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Figure 3.3: Extension of labels: Latest delivery times ldi`(t) for an open request i for
the extension along arc (i, j) (upper part) and along arc (j, k) (lower part).
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enumeration procedure (see Ascheuer et al., 2000).
The second family of inequalities are rounded capacity inequalities. Capacity inequal-

ities impose a lower bound on the number of vehicles that must leave (and enter) a set
of nodes S ⊂ N due to capacity limitations of the vehicles. Such inequalities have been
applied successfully in approaches for the CVRP. In the context of pickup-and-delivery
problems, where there is negative demand at the delivery nodes, Ropke and Cordeau
(2009) proposed rounded capacity inequalities of the following form:

x(δ+(S)) ≥ max

{
1,

⌈
d(π(S))

C

⌉
,

⌈
−d(σ(S))

C

⌉}
.

The right-hand side takes into account bounds on the number of vehicles that must leave
S by considering the demands of the predecessor nodes π(S) and the demands of the
successor nodes σ(S) separately. Clearly, a feasible solution must satisfy both bounds.
For the separation of the rounded capacity inequalities, we use the heuristic separation
procedure of Ropke and Cordeau (2009): It starts from a singleton set S = {h}, node
subsets S ⊂ P ∪D are iteratively enlarged maximizing a parameterized objective that
seeks �nding a violated rounded capacity inequality. This procedure is repeated several
times for each possible initial node h and randomly chosen parameters of the objective.
In the DARP, a set of nodes S ⊆ P ∪ D may need to be served by several vehicles

not only due to capacity limitations of the vehicles, but also because of all other route
constraints. This is the key idea of the 2-path cuts that were introduced by Kohl et al.
(1999) for the VRPTW. If the nodes S cannot be feasibly served by just one vehicle,
then the following inequality is valid:

x(δ+(S)) ≥ 2.

The separation of the 2-path cuts is performed using another heuristic proposed by
Ropke and Cordeau (2009): Also here, the node subsets S for constructing tentative
sets S are initialized with a single node and additional nodes are iteratively added so
that x̄(δ+(S)) is minimized. Whenever x̄(δ+(S)) < 2, it is checked whether or not S can
be served by a single vehicle. The procedure is started several times from each node and
is randomized by adding a random value to each xij when selecting a node to add.
The last class of inequalities available are fork inequalities, which were proposed by

Ropke et al. (2007) for the PDPTW. They can be di�erentiated into outfork and infork
inequalities. Their basic idea is to consider groups of infeasible paths that are built
around an inner path that is feasible (see Ropke et al., 2007, for illustrative examples).
Consider a feasible path P = (h1, ..., hq) and node subsets S, T1, ..., Tq ⊂ P ∪D satisfying
hj /∈ Tj−1 for j = 2, ..., q. If the path (i, h1, ..., hm, j) is infeasible for each integer m ≤ q
and any two nodes i ∈ S and j ∈ Tm, then the following outfork inequality is valid for
the DARP: ∑

i∈S:
(i,h1)∈A

xi,h1 +

q−1∑
m=1

xhm,hm+1 +

q∑
m=1

∑
j∈Tm:

(hm,j)∈A

xhm,j ≤ q.
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In analogy, the infork inequalities are de�ned for a feasible path P = (h1, ..., hq) and
node subsets S1, ..., Sq, T ⊂ P ∪D satisfying hj /∈ Sj+1 for j = 1, ..., q − 1. If the path
(i, hm, ..., hq, j) is infeasible for each integer m ≤ q and any two nodes i ∈ Sm and j ∈ T ,
then the following infork inequality is valid:

q∑
m=1

∑
i∈Sm:

(i,hm)∈A

xi,hm +

q−1∑
m=1

xhm,hm+1 +
∑
j∈T :

(hq,j)∈A

xhq ,j ≤ q.

Ropke and Cordeau (2009) showed that both types of fork inequalities are in fact im-
plied by a set-partitioning formulation that uses elementary routes only. As mentioned
before, even when solving the non-elementary SPPDARP subproblem, hardly any non-
elementary routes are generated. Therefore, we do not use fork constraints in our imple-
mentations for MP and IMP that handle the ride-time constraints in the subproblem.
With SPPPDPTW subproblems, however, the generated routes may not satisfy the
maximum ride-times. In this case, the fork constraints are not implied and we use them
to strengthen the lower bounds.
The lifted IPEC, 2-path cuts, and fork inequalities all rely on the existence of a feasible

path visiting either a given sequence P of nodes, or visiting all nodes of a given subset S
in any order. In a pickup-and-delivery context, to decide whether or not there exists such
a feasible path, pairing and precedence constraints can be taken into account. Herewith,
stronger conditions for feasibility can be derived (see Ropke and Cordeau, 2009) because
for any subset S ⊆ N of nodes, the feasible path over S has to visit all predecessor nodes
π(S) before and all successor nodes σ(S) after visiting S. At least one of the possible
sequences over (π(S), S, σ(S)) still has to satisfy the constraints of the DARP. The same
is true for a feasible path over a given sequence P . Consequently, a huge number of
possible paths might have to be checked for a given sequence P or subset S.
The enumeration of all paths that possibly need to be checked is not promising to

attain e�cient separation procedures. Instead, we can use an adaptation of our labeling
algorithm for SPPDARP with Domstrong. We present computational results for two
di�erent versions of the separation procedures when using SPPPDPTW as subproblem.
It seems fair not to include such a labeling algorithm for separation if the pricing problem
cannot handle ride-times. Here, ride-time constraints are considered only in feasibility
checks that do not incorporate the predecessor nodes π(S) and successor nodes σ(S).
Algorithms where the separation procedures fully integrate the ride-times are marked
with the subscript sepRT in the computational results. In the following, we describe the
adaptation of our labeling algorithm when used for feasibility checking in separation
procedures: First, all costs can be disregarded and therefore be set to zero. Second, for
a given subset S, we build a network with three layers in which the layers solely contain
the nodes π(S), S, and σ(S), respectively. Third, for a subpath P , we build the same
type of layered network where, additionally, the order of the nodes in the middle layer
is �xed. Fourth, additional resources (i.e., visiting counters) ensure that every node in
every layer is visited exactly once. A path P or subset S is feasible if and only if there
exists at least one path in the layered network.
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Care must be taken when including the predecessor and successor information to
identify infeasible paths in the case of the lifted IPEC (3.35). These inequalities are not
valid if the respective path I is only infeasible because of a violation of the ride-time
constraint of a request that has only its pickup or its delivery node in I but not both.
As a simple example consider the sequence P = (i, j, i + n) with a pickup j ∈ P . Any
feasible path for P needs to visit node j + n after the nodes of the sequence P implied
by σ({i, j, i + n}) = {j + n} and π({i, j, i + n}) = ∅. In this case, the only possibility
is P̃ = (i, j, i + n, j + n). If P̃ is infeasible only because of a violation of the maximum
ride-time of request j, then the path P̂ = (i, j, j + n, i+ n) may still be feasible and be
part of an integer solution. This shows the possible usage of the arc (i, j) in an integer
solution and, hence, that the respective inequality (3.35), i.e., x(P) ≤ |P|−2 = 0, is not
valid in this case. With the same argumentation it can be shown that the demands of
requests where only the pickup or only the delivery node is in P must not be included
when checking feasibility for inequalities (3.35).

3.D Detailed Computational Results for Standard Instances

The Tables 3.10 and 3.11, 3.12 and 3.13, and 3.14 and 3.15, show the detailed compu-
tation times for the root node lower bounds, the total number of nodes explored within
the branch-and-cut-and-price algorithms, and the total number of cuts generated within
the algorithms, respectively.
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M
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u
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s
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a2-16 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1
a2-20 0.1 0.3 0.1 0.3 0.1 0.1 0.1 0.1
a2-24 0.3 1.8 0.3 0.7 0.2 0.2 0.1 0.1

a3-24 0.2 1.8 0.2 1.2 0.1 0.1 0.1 0.1
a3-30 0.3 1.1 0.3 0.9 0.2 0.2 0.2 0.2
a3-36 0.8 1.9 1.0 2.4 0.7 0.8 0.3 0.5

a4-32 0.5 3.2 0.6 2.5 0.3 0.3 0.1 0.1
a4-40 0.5 1.5 0.5 5.7 1.0 1.0 0.5 0.5
a4-48 2.4 8.2 2.7 9.1 1.5 2.3 0.8 1.5

a5-40 0.5 1.2 0.4 1.0 0.5 0.5 0.3 0.3
a5-50 1.5 13.3 1.8 11.5 1.7 3.5 0.6 1.4
a5-60 4.7 19.6 5.7 16.6 4.6 7.2 2.0 2.6

a6-48 1.3 8.2 1.6 9.9 1.6 1.6 0.5 0.5
a6-60 5.5 17.1 7.8 24.4 3.9 5.7 1.3 2.4
a6-72 8.6 49.2 12.9 123.0 32.2 46.9 3.2 5.6

a7-56 1.5 8.3 1.4 6.2 1.9 2.2 0.7 1.0
a7-70 4.8 27.4 7.7 33.2 5.1 5.1 1.9 1.9
a7-84 11.4 55.5 16.4 82.4 9.8 51.7 3.6 7.8

a8-64 2.1 11.7 3.6 12.0 4.7 4.7 1.2 1.2
a8-80 11.4 79.3 16.7 178.7 9.5 395.7 3.9 6.2
a8-96 19.7 106.8 35.5 746.8 108.7 178.4 7.8 11.1

avg. time 3.7 19.9 5.6 60.4 9.0 33.7 1.4 2.1

Table 3.10: Computation times for root lower bounds and type a instances in seconds.
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b2-16 0.1 0.2 0.1 0.1 0.1 0.1 0.1 0.1
b2-20 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1
b2-24 0.2 0.8 0.2 0.7 0.1 0.5 0.1 0.4

b3-24 0.1 0.5 0.1 0.5 0.1 0.4 0.1 0.4
b3-30 0.1 0.1 0.1 0.1 0.2 0.2 0.2 0.2
b3-36 0.3 0.4 0.4 0.3 0.4 0.4 0.3 0.3

b4-32 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1
b4-40 0.6 1.3 0.6 1.0 0.8 1.4 0.3 0.7
b4-48 2.1 7.4 2.9 4.9 2.3 5.1 0.9 3.2

b5-40 0.2 0.8 0.2 0.7 0.5 0.7 0.3 0.6
b5-50 0.7 0.7 0.7 0.7 0.9 0.9 0.7 0.7
b5-60 2.8 10.1 2.8 8.2 3.6 8.9 1.5 5.6

b6-48 0.4 1.0 0.4 0.7 0.4 0.4 0.2 0.2
b6-60 0.8 0.9 0.9 0.8 1.1 1.1 1.0 1.0
b6-72 4.1 14.9 4.5 13.3 9.6 21.5 2.8 10.5

b7-56 1.4 3.5 1.4 3.2 3.0 566.5 1.0 2.9
b7-70 1.6 10.6 1.8 6.9 1.7 11.2 1.4 6.8
b7-84 5.7 10.7 5.0 9.5 51.3 59.4 3.5 9.6

b8-64 1.2 5.6 1.3 7.3 1.7 6.5 1.0 4.3
b8-80 4.0 9.7 4.0 5.5 3.9 7.9 2.1 6.3
b8-96 10.4 50.1 12.2 26.4 23.3 50.8 7.6 16.8

avg. time 1.8 6.2 1.9 4.3 5.0 35.4 1.2 3.4

Table 3.11: Computation times for root lower bounds and type b instances in seconds.
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Instance B
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T
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a2-16 1 1 5 5 3 1 1 1 1 1
a2-20 1 1 7 1 1 1 1 1 1 1
a2-24 4 3 3 3 3 3 1 1 1 1

a3-24 1 1 27 8 23 3 1 1 1 1
a3-30 1 1 22 4 14 1 1 1 1 1
a3-36 10 7 31 22 19 9 3 3 3 3

a4-32 1 1 14 3 25 1 1 1 1 1
a4-40 9 3 18 18 17 2 1 1 1 1
a4-48 5 5 13 13 17 1 5 1 3 1

a5-40 1 1 5 3 13 3 1 1 1 1
a5-50 60 101 1714 996 1271 133 51 7 35 7
a5-60 10 1 47 14 62 13 3 1 3 1

a6-48 1 1 71 25 29 1 1 1 1 1
a6-60 14 3 370 250 92 1 3 1 3 1
a6-72 26 31 686 341 537 29 2 2 27 9

a7-56 68 17 291 201 201 115 13 13 7 15
a7-70 21 7 393 102 70 27 1 1 1 1
a7-84 29 57 606 300 495 7 1 1 25 1

a8-64 87 3 692 456 279 52 1 1 1 1
a8-80 309 270 738 388 621 118 2 1 35 21
a8-96 1653 31 500 277 382 42 1 1 5 1

avg. number 110 26 298 163 199 27 5 2 8 3

Table 3.12: Number of nodes explored within branch-and-cut-and-price algorithms for
type a instances.
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b2-16 5 1 5 3 3 1 1 1 1 1
b2-20 1 1 1 1 1 1 1 1 1 1
b2-24 2 3 3 3 3 4 3 3 3 3

b3-24 4 17 13 6 13 6 13 5 11 5
b3-30 1 1 1 1 1 1 1 1 1 1
b3-36 1 1 1 1 1 1 1 1 1 1

b4-32 1 1 1 1 1 1 1 1 1 1
b4-40 1 1 1 1 1 1 3 1 3 1
b4-48 16 3 7 15 11 13 3 4 3 5

b5-40 9 1 3 1 3 1 3 1 3 1
b5-50 18 1 1 1 1 1 1 1 1 1
b5-60 98 33 129 307 400 138 1 1 21 17

b6-48 1 1 3 3 3 3 1 1 1 1
b6-60 1 1 1 1 1 1 1 1 1 1
b6-72 990 41 198 89 217 90 1 1 55 13

b7-56 1121 39 60 16 54 18 1 2 33 57
b7-70 18 9 50 2 113 5 1 1 117 11
b7-84 59 9 11 10 22 10 1 1 9 11

b8-64 67 57 199 81 65 122 1 1 73 44
b8-80 9 3 9 7 9 3 2 2 7 3
b8-96 2747 225 680 505 625 505 1 1 415 153

avg. number 246 21 66 50 74 44 2 2 36 16

Table 3.13: Number of nodes explored within branch-and-cut-and-price algorithms for
type b instances.
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a2-16 99 13 4 4 7 11 0 0 0 0
a2-20 183 27 5 11 8 34 0 0 0 0
a2-24 315 21 10 18 8 22 0 0 0 0

a3-24 330 52 42 75 51 57 0 0 0 0
a3-30 564 24 23 25 33 43 0 0 0 0
a3-36 604 64 32 22 28 34 0 0 0 0

a4-32 759 73 39 86 49 104 0 0 0 0
a4-40 896 77 24 27 41 95 0 0 0 0
a4-48 1848 85 27 69 41 98 0 5 0 5

a5-40 937 3 1 4 5 4 0 0 0 0
a5-50 1875 250 226 306 307 163 0 8 0 8
a5-60 2203 102 72 79 79 110 0 11 0 11

a6-48 1893 121 66 83 55 125 0 0 0 0
a6-60 2793 110 126 141 135 174 0 1 0 1
a6-72 3144 337 249 319 252 297 0 8 0 8

a7-56 2338 186 135 118 150 132 0 13 0 0
a7-70 3655 137 159 166 123 210 0 0 0 0
a7-84 3970 374 259 232 297 261 0 38 0 37

a8-64 2995 146 175 177 162 167 0 0 0 0
a8-80 4360 495 248 337 356 410 0 15 0 15
a8-96 7432 780 287 387 399 573 0 6 0 6

avg. number 2057 166 105 128 123 149 0 12 0 11

Table 3.14: Number of cuts generated within branch-and-cut-and-price algorithms for
type a instances.
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b2-16 170 11 4 6 6 13 0 0 0 0
b2-20 80 0 0 0 0 0 0 0 0 0
b2-24 225 5 5 11 6 16 0 2 0 2

b3-24 291 11 10 2 10 2 0 1 0 1
b3-30 313 0 0 0 0 0 0 0 0 0
b3-36 341 0 0 0 0 0 0 0 0 0

b4-32 253 0 0 0 0 0 0 0 0 0
b4-40 609 10 5 7 6 8 0 5 0 5
b4-48 1072 31 17 25 16 37 0 9 0 7

b5-40 1243 5 0 3 0 3 0 3 0 3
b5-50 1326 0 0 0 0 0 0 0 0 0
b5-60 1913 78 39 60 77 64 0 10 0 10

b6-48 613 7 2 2 3 3 0 0 0 0
b6-60 1237 0 0 0 0 0 0 0 0 0
b6-72 4278 66 36 65 73 70 0 30 0 28

b7-56 5148 34 20 21 20 24 0 11 0 11
b7-70 1892 22 19 32 34 28 0 35 0 41
b7-84 3463 18 6 5 5 5 0 4 0 4

b8-64 2165 29 42 37 23 60 0 25 0 33
b8-80 1994 6 6 7 13 11 0 4 0 4
b8-96 8431 112 76 90 86 106 0 40 0 35

avg. number 1765 30 21 25 27 30 0 14 0 14

Table 3.15: Number of cuts generated within branch-and-cut-and-price algorithms for
type b instances.
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3.E Detailed Computational Results for Extended Instances

The Tables 3.16-3.19 show detailed computational results for the original instances by
Cordeau (2006) and extended instances the were constructed as follows: The time win-
dow [ai, bi] of each node i ∈ N is extended by adding 5, 10, and 15 time units to the
latest start of service bi so that the length of the time window is multiplied by factor
4/3, 5/3, and 6/3, respectively. Similarly, the capacity C is enlarged by the same factor.
Overall the three new benchmark sets comprise 126 instances.
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a2-16 0.1 0.1 0.1 0.1 0.2 0.1 0.2 0.1
a2-20 0.3 0.1 0.5 0.1 0.7 0.2 0.1 0.1
a2-24 0.9 0.1 1.4 0.8 3.6 1.3 1.0 0.2

a3-24 1.3 0.1 6.3 0.3 18.0 0.7 37.5 0.9
a3-30 0.9 0.2 4.2 0.2 2.5 0.2 9.8 0.6
a3-36 5.2 1.0 2.8 1.1 13.3 0.5 19.0 2.4

a4-32 2.5 0.1 11.5 0.2 4.5 0.4 19.6 0.8
a4-40 6.8 0.5 4.3 0.5 36.0 2.5 42.3 1.3
a4-48 9.1 1.5 352.8 6.8 1223.6 23.9 1h 10.4

a5-40 1.3 0.3 3.2 1.9 11.8 0.4 22.6 1.4
a5-50 194.4 3.2 15.5 1.5 247.1 6.5 1h 4.2
a5-60 36.6 2.6 695.3 7.1 148.1 2.5 1h 83.8

a6-48 9.9 0.6 167.7 2.7 2024.1 3.6 1h 8.9
a6-60 24.4 2.4 308.6 4.5 1h 18.0 1h 5.8
a6-72 686.0 24.4 1h 10.2 1h 1h 1h 284.1

a7-56 94.8 4.8 1h 22.4 1h 5.8 1h 17.2
a7-70 128.7 1.9 1h 5.1 1h 54.9 1h 59.4
a7-84 146.9 7.8 1h 23.7 1h 259.5 1h 1422.2

a8-64 65.6 1.2 367.9 1.7 1h 9.5 1h 75.3
a8-80 1h 43.0 1h 252.6 1h 520.3 1h 386.9
a8-96 1h 11.1 1h 246.7 1h 111.0 1h 1564.7

# opt 19 21 15 21 13 20 9 21
avg. time 410.3 5.1 1121.1 28.1 1549.2 220.1 2064.4 187.2

Table 3.18: Computation times for optimal integer solutions of extended type a in-
stances in seconds.
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b2-16 0.1 0.1 14.3 0.3 0.7 0.1 1.8 0.1
b2-20 0.1 0.1 0.1 0.1 2.8 0.1 0.2 0.1
b2-24 0.9 0.6 1.1 1.3 8.5 3.6 4.2 0.7

b3-24 0.6 0.5 0.5 0.1 3.0 0.3 2.5 2.9
b3-30 0.1 0.2 0.2 0.2 0.2 0.3 4.9 1.7
b3-36 0.4 0.5 1.5 0.5 1.7 1.0 2.7 1.1

b4-32 0.1 0.2 0.3 0.3 0.8 0.6 6.5 1.6
b4-40 1.0 0.7 2.3 1.6 10.9 3.0 8.4 2.2
b4-48 16.3 5.5 6.6 4.9 1h 16.2 3112.6 25.1

b5-40 0.7 0.6 10.3 5.0 1h 22.3 1h 18.9
b5-50 0.7 0.7 920.4 3.7 1h 2.3 1h 801.5
b5-60 227.1 22.9 1h 25.0 240.0 15.6 1h 489.6

b6-48 0.8 0.3 2.9 2.4 1430.1 6.1 1h 1153.4
b6-60 0.8 1.0 29.6 7.4 1h 62.7 1h 1h
b6-72 212.9 31.4 1h 1691.4 1h 1h 1h 696.8

b7-56 9.3 50.3 44.8 26.8 1376.7 38.5 1h 347.4
b7-70 9.4 13.0 1h 50.0 1h 47.8 1h 1h
b7-84 36.8 71.7 1h 518.6 1h 1h 1h 1h

b8-64 63.7 23.1 187.1 9.3 1h 73.5 1h 1h
b8-80 9.6 10.3 51.6 15.4 1h 1h 1h 1h
b8-96 3031.6 898.8 1h 2135.6 1h 1h 1h 1h

# opt 21 21 16 21 11 17 9 15
avg. time 172.5 53.9 917.8 237.9 1860.7 699.7 2206.8 1197.3

Table 3.19: Computation times for optimal integer solutions of extended type b in-
stances in seconds.
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Chapter 4

A Comparison of Column-Generation

Approaches to the Vehicle Routing Problem

with Time Windows and Temporal

Synchronized Pickup and Delivery

Timo Gschwind

Abstract

In the vehicle routing problem with time windows and temporal synchronized pickup
and delivery (VRPTWTSPD), user-speci�ed transportation requests from origin to
destination points have to be serviced by a �eet of homogeneous vehicles. The task
is to �nd a set of minimum-cost routes satisfying pairing and precedence, capacities,
and time windows. Additionally, temporal synchronization constraints couple the
service times at the pickup and delivery locations of the customer requests in the
following way: A request has to be delivered within prespeci�ed minimum and max-
imum time lags (called ride times) after it has been picked up. The presence of these
ride-time constraints severely complicates the subproblem of the natural column-
generation formulation of the VRPTWTSPD. It is not clear if their integration into
the subproblem pays o� in an integer column-generation approach. We develop four
exact approaches to the VRPTWTSPD based on column-generation formulations
with di�ering subproblems. Two of these subproblems are considered for the �rst
time in this paper. We derive new dominance rules and labeling algorithms for their
e�ective solution. Extensive computational results indicate that integrating either
both types of ride-time constraints or only the maximum ride-time constraints into
the subproblem results in the strongest overall approach.

4.1 Introduction

In the family of one-to-one pickup-and-delivery problems (PDPs), customer requests
consist of transporting goods or people between paired origin and destination points:
for each request a speci�c good or person has to be picked up at one location and to
be transported to the corresponding delivery location. Typically, the task is to design
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a set of minimum-cost routes satisfying all customer requests subject to pairing and
precedence, and other problem-speci�c constraints. For details on di�erent PDP-variants
we refer to the recent surveys (Berbeglia et al., 2007; Cordeau et al., 2008; Parragh et al.,
2008). The qualitative dependence of the visits of paired customer locations, i.e., pick
�rst deliver second, is a key characteristic of PDPs.
A well-studied one-to-one PDP is the pickup-and-delivery problem with time windows

(PDPTW) (e.g., Dumas et al., 1991; Ropke and Cordeau, 2009; Baldacci et al., 2011a) in
which vehicle routes must respect pairing and precedence, capacities, and time windows.
In this article, we introduce the vehicle routing problem with time windows and temporal
synchronized pickup and delivery (VRPTWTSPD). It extends the PDPTW by imposing
additional constraints that couple the service times at the pickup and delivery locations
of the customer requests in the following way: A delivery node has to be serviced within
prespeci�ed minimum and maximum time lags (called ride times) after the service at
the corresponding pickup node has been completed. Because both pickup and delivery
are performed by the same vehicle, these additional constraints are temporal intra-route
synchronization constraints. Compared to other PDP-variants, the synchronization im-
poses that there is not only a qualitative (pickup before delivery) but also a quantitative
dependence of the visiting times of paired customer locations in the VRPTWTSPD. As
a generalization of the PDPTW the VRPTWTSPD is clearly NP -hard.
As pointed out, e.g., by Dohn et al. (2011) or Drexl (2012), synchronization aspects

are highly relevant in routing practice and there is a growing interest on vehicle routing
problems (VRPs) with synchronization constraints in the research community. We see
the VRPTWTSPD as the prototypical VRP with intra-route synchronization in the
sense that synchronization takes place only within disjunctive pairs of nodes and that
there are no other non-standard constraints present. In this respect, the development
of an e�ective algorithm for solving the VRPTWTSPD constitutes a central building
block for the solution of richer VRPs with synchronization constraints.
A special case of the VRPTWTSPD is the so-called dial-a-ride problem (DARP)

in which only a maximum ride time is speci�ed for each pickup-and-delivery pair. The
DARP has been subject to extensive research. For a review on di�erent modeling variants
and algorithmic approaches to the DARP we refer to the survey of Cordeau and Laporte
(2007). The DARP mainly arises in door-to-door transportation services for school
children, handicapped persons, or the elderly and disabled (see, e.g., Russell and Morrel,
1986; Madsen et al., 1995; Toth and Vigo, 1997; Borndörfer et al., 1997). In this context,
maximum ride times are used to guarantee a certain service level by limiting the time a
passenger is on board of the vehicle. A similar service-related use of maximum ride-time
constraints is described by Plum et al. (2014) in the context of liner shipping service
design.
Other applications of temporal intra-route synchronization in which also a minimum

ride time is relevant include the planning of security guards where locations have to
be inspected repeatedly within given time intervals (Bredström and Rönnqvist, 2008).
There, no actual pickup at one location followed by a delivery at another location takes
place. Instead, just a pairing and precedence relation between the services at the nodes
forming a customer request is given. Similar planning problems arise in home health care,
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e.g., when patients have to be monitored by a nurse several times a day (Eveborn et al.,
2006). In the service industries, some jobs may require several working steps that cannot
be performed in direct succession. A reason might be that after completing one task a
workpiece must dry or harden before it can be further processed. Thus, a technician may
have to visit a certain location several times with some given time between each visit.
Furthermore, when there is a limit on the total working hours of drivers (Ceselli et al.,
2009) or when transporting perishable goods (Azi et al., 2010), the time a vehicle is away
from the depot has to be restricted. This can be modeled by imposing a maximum ride-
time constraint on a dummy request originating and destinating at the depot. Similarly,
one might want to have a limit on both the minimum and maximum duration of the
routes in order to achieve an even work-distribution of the drivers.
The contributions of this paper are the following: First, we introduce the VRPTWT-

SPD as the prototypical VRP with temporal intra-route synchronization. This problem
has to the best of our knowledge not been considered before. Second, we develop four ex-
act solution approaches to the VRPTWTSPD based on column-generation formulations
whose master programs are formulated on di�erent sets of variables implying di�erent
subproblems. Two of these subproblems are considered for the �rst time in this paper.
We derive new dominance rules and labeling algorithms for their solution. One of them
is the natural subproblem of the VRPTWTSPD, in which time windows as well as tem-
poral intra-route synchronization with both minimum and maximum ride times have
to be dealt with. Finally, to compare the strength of the di�erent solution approaches,
we report extensive computational results over a large number of test instances with
di�erent characteristics regarding the number of customer requests and the tightness of
capacity, time-window, and minimum and maximum ride-time constraints. The analysis
shows that integrating either both types of ride-time constraints or only the maximum
ride-time constraints into the subproblem results in the strongest overall approach.
Integer column-generation methods have proven to be very successful in solving many

VRP-variants including PDPs (e.g., Dumas et al., 1991; Ropke and Cordeau, 2009;
Baldacci et al., 2011a). The column-generation master program of such approaches
typically is an extended set-partitioning model formulated on variables representing
feasible routes for the problem at hand. These formulations generally provide stronger
bounds compared to other formulations like, e.g., arc-�ow formulations or extended
set-partitioning models formulated on a relaxed set of variables. However, the overall
success of an integer column-generation approach to VRP-variants relies not only on
strong bounds but also on the e�ective solution of the subproblem.
This is the main challenge when synchronization comes into play (Drexl, 2012). In

the case of inter-route synchronization, additional constraints have to be included in the
master programs (Desaulniers et al., 1998). Because of the dual variables associated
with these constraints, the resulting subproblems are highly complex (e.g., Christiansen
and Nygreen, 1998; Ioachim et al., 1999; Dohn et al., 2011) and cannot be solved by
standard dynamic-programming labeling algorithms. This is also true for intra-route
synchronization where no additional linking constraints are necessary. There, the in-
creased complexity of the subproblems is not caused by additional duals but by the
synchronization constraints themselves, which may be hard to incorporate into the sub-
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problem. For the DARP, e.g., Hunsaker and Savelsbergh (2002) have demonstrated
that in the presence of time windows and maximum ride times checking the feasibility
of a given route is intricate. Clearly, the e�ective generation of such routes within a
column-generation approach is even more challenging.
In the case of intra-route synchronization, the complexity of the subproblems can be

reduced by relaxing one or more types of constraints in the subproblem and handling
them in the master programs instead. The resulting easier-to-solve subproblems come
at the cost of weaker lower bounds and, thus, larger branch-and-bound trees. Ropke and
Cordeau (2005) follow this approach to solve the DARP with column generation. They
relax the maximum ride times in the subproblem and enforce them using infeasible path
elimination constraints (IPEC) in the master. The resulting subproblem is well studied
and e�ective algorithms for its solution exist (Dumas et al., 1991; Ropke and Cordeau,
2009).
The opposite approach was taken in Chapter 3 which proposed two branch-and-cut-

and-price algorithms for the DARP handling all route constraints in the subproblem.
A weak and a strong dominance rule resulting in labeling algorithms with di�ering
e�ectiveness for the solution of the subproblem were derived. Computational results in-
dicated that the algorithm based on the weak dominance rule is inferior to the approach
of Ropke and Cordeau (2005), while the one using the strong dominance criterion is
superior. Thus, it is a priori not clear if the integration of certain route constraints
in the subproblem pays o� in the overall solution algorithm for a problem. We, there-
fore, consider and compare the e�ciency of four column-generation algorithms to the
VRPTWTSPD. Each algorithm uses a di�erent subproblem: One that handles all route
constraints of the VRPTWTSPD, one that relaxes the minimum ride times, one that
relaxes the maximum ride times, and one that relaxes both types of ride-time constraints.
The remainder of the paper is organized as follows. Section 4.2 de�nes the VRPTWT-

SPD and presents column-generation formulations of it. Section 4.3 describes the dom-
inance rules and labeling algorithms we use for solving the di�erent subproblems. Our
basic branch-and-cut-and-price algorithm is brie�y described in Section 4.4. Computa-
tional results are reported in Section 4.5. Section 4.6 concludes the chapter.

4.2 Problem De�nition and Column-Generation

Formulations

In this section, we give a formal de�nition of the VRPTWTSPD and describe di�erent
column-generation formulations of it.

4.2.1 De�nition of the VRPTWTSPD

The VRPTWTSPD is de�ned on a directed graph G = (N,A) with node set N =
P ∪D ∪ {0, 2n + 1} and arc set A. The subsets P = {1, ..., n} and D = {n + 1, ..., 2n}
contain the pickup and delivery nodes of n transportation requests, respectively. Node 0
denotes the origin depot and node 2n + 1 the destination depot. For each request
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i = 1, ..., n, a minimum ride time Li and a maximum ride time Li are speci�ed, coupling
the service times at the pickup node i and the delivery node i+ n.
With each node i ∈ N , a non-negative service duration si and a demand di such that

di = −di+n for all i = 1, ..., n are associated. We assume d0 = d2n+1 = 0. Furthermore,
a time window [ai, bi] in which the service has to be started is associated with each node
i ∈ N . When arriving at node i prior to ai, the vehicle has to wait until time ai before
starting its service. It is also allowed to delay the start of service voluntarily at any
node. We assume that there is no restriction on the length of the waiting times. The
possibility of delaying the start of service at some nodes is crucial for the feasibility of
routes in the presence of ride times and time windows (see Hunsaker and Savelsbergh,
2002; Chapter 3).
With each arc (i, j) ∈ A, a routing cost cij and a travel time tij are associated. We

assume that both routing costs and travel times are non-negative and satisfy the triangle
inequality. To serve the n transportation requests, a �eet K of identical vehicles with
capacity C is located at the depot 0.
The VRPTWTSPD consists in �nding |K| vehicle routes starting and ending at the

depot nodes 0 and 2n+1, respectively, such that each request is served exactly once and
the total routing costs are minimal. Thereby, the routes have to satisfy the following
conditions:

Pairing and precedence: For each request i, pickup node i and delivery node i+n are
visited on the same route, and the pickup node i is visited �rst.

Capacity: The load of the vehicle must not exceed C at any time.

Time windows: For each node i, the start of service must lie within the time window
[ai, bi].

Ride times: The service at a delivery node i + n has to start at least Li and at most
Li units of time after the service at the corresponding pickup node i has been
completed.

Note that it is not straightforward to decide on the feasibility of a route in the
VRPTWTSPD sense due to the presence of di�erent types of potentially contrasting tem-
poral constraints. More precisely, to verify the feasibility of a given route r = (h1, ..., hq)
with h1 = 0 and hq = 2n+ 1 one has to �nd a time schedule Tr = (τ1, ..., τq) satisfying

τi + shi + thihi+1
≤ τi+1 ∀i = 1, ..., q − 1, (4.1)

ahi ≤ τi ≤ bhi ∀i = 1, ..., q, (4.2)

τi + shi + Lhi ≤ τj if hi + n = hj, (4.3)

τi + shi + Lhi ≥ τj if hi + n = hj, (4.4)

where τi denotes the start of service at node hi. Constraints (4.1) ensure consistency of
the service times along the route. Inequalities (4.2) impose time windows, while (4.3)
and (4.4) are minimum and maximum ride-time constraints, respectively. A schedule
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satisfying (4.1)�(4.4) is called feasible. We denote by Tr the set of all feasible schedules
for a route r. Furthermore, let Tr(t) = {Tr ∈ Tr : τq ≤ t} be the set of feasible schedules
with start of service τq at the last node hq not later than t. All de�nitions and notations
for routes and schedules are also used for partial routes, i.e., with hq 6= 2n + 1, and
corresponding partial schedules. Note that for partial routes it is possible to visit only
the pickup node of a request i. In this case, no ride-time constraints (4.3) or (4.4) have
to be respected for this request in a partial schedule.

4.2.2 Column-Generation Formulations of the VRPTWTSPD

To formulate the VRPTWTSPD as a set-partitioning problem, let Ω be the set of all
VRPTWTSPD-feasible routes. The cost of a route r ∈ Ω is denoted by cr. Moreover,
for each route r and each request i ∈ P denote by air ∈ Z the number of times request
i is performed by route r. Let λr be binary variables indicating if route r is used in the
solution. The VRPTWTSPD can then be formulated as follows:

(IMP) min
∑
r∈Ω

crλr (4.5)

s.t.
∑
r∈Ω

airλr = 1 ∀i ∈ P, (4.6)∑
r∈Ω

λr = |K|, (4.7)

λr ∈ {0, 1} ∀r ∈ Ω. (4.8)

The objective function (4.5) minimizes the total routing costs. Partitioning constraints
(4.6) ensure that all requests are served exactly once. Equality (4.7) imposes the number
of routes in the solution, while (4.8) are binary conditions for route variables.
Typically, the number |Ω| of feasible routes is very large so that model IMP cannot

be solved directly. We, therefore, use an integer column-generation approach to solve
it. The linear relaxation of the so-called integer master program IMP is initialized
with a proper subset of routes and missing routes with negative reduced cost are added
dynamically. Integrality is ensured by integrating this process into a branch-and-bound
algorithm.
To identify negative reduced-cost routes the column-generation subproblem has to be

solved. Let πi, i ∈ P and µ be the dual variables associated with constraints (4.6) and
(4.7), respectively. The reduced cost of arc (i, j) ∈ A is de�ned as

c̃ij =

{
cij − πi if i ∈ P,
cij otherwise.

(4.9)

The reduced cost c̃r of a route r ∈ Ω is c̃r =
∑

(i,j)∈A(r) c̃ij − µ where A(r) denotes the
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sequence of arcs traversed by route r. The subproblem is then given by

min
r∈Ω
{c̃r}. (4.10)

The set-partitioning model IMP is the most natural formulation for column-generation
based approaches to VRP-variants including the VRPTWTSPD in the following sense:
The variable set Ω consists of all routes that are feasible for the problem at hand, i.e.,
the subproblem takes care of all constraints relating to single routes, while the master
program comprises only coupling constraints. Decisive for the success of approaches
based on such a formulation is that an e�ective solution procedure for generating fea-
sible routes with negative reduced cost is available. Because of the simultaneous pres-
ence of time-window and ride-time constraints, however, the natural subproblem of the
VRPTWTSPD is intricate.
An alternative approach is to formulate the master program in relaxed routing vari-

ables r ∈ Ω′ ⊇ Ω that may violate one or several types of constraints relating to a single
route. This can be a promising strategy when generating routes r ∈ Ω is complex, while
working with the relaxed set Ω′ results in a well-solvable subproblem. A commonly used
relaxation is to drop the elementarity condition of routes. In this case, the partitioning
constraints (4.6) ensure that non-elementary routes can never be part of an integer so-
lution. Thus, IMP with variable set Ω′ has the same set of optimal solutions as IMP
with variable set Ω.
This property, however, does not hold for all relaxations Ω′ of Ω and a route r ∈ Ω′ \Ω

that is infeasible for the original problem might then be part of an integer solution.
Consequently, the constraints that have been relaxed in the subproblem must be enforced
in the master program to ensure feasibility of the solutions. Adding IPEC is one way of
doing this. Let I be the set of all paths that are infeasible with respect to the constraints
that have been relaxed in the subproblem. Moreover, for any infeasible path I ∈ I and
any route r let bIr be the number of times route r traverses arcs of path I. The IPEC
can then be written as ∑

r∈Ω′

bIrλr ≤ |I| − 1 ∀I ∈ I, (4.11)

where |I| denotes the length of the infeasible path I, i.e., the number of its arcs. We
denote by IMP-I a master program that incorporates the set-partitioning model (4.5)�
(4.8) formulated on a relaxed variable set Ω′ together with the IPEC (4.11) to handle
the remaining route constraints.
Obviously, approaches based on formulation IMP bene�t from stronger LP-bounds

compared to approaches using formulation IMP-I. The reason is that VRPTWTSPD-
infeasible routes, which are excluded in the former, may be convex-combined to form
routes that do not violate the IPEC in the latter. Typically, the tighter LP-bounds lead
to smaller search trees for IMP -based approaches. This comes at the cost of a harder
to solve subproblem and it is a priori not clear which formulation enables the overall
strongest algorithm.
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In the following sections, we consider branch-and-price algorithms for the VRPTWT-
SPD based on four di�erent column-generation formulations. We denote by IMPmax

min the
approach working on variable set Ω in the master program. The addition of IPEC is
not necessary in this case and the master program comprises only coupling constraints.
The corresponding subproblem SPmax

min has to generate VRPTWTSPD-feasible routes.
The other approaches formulate their master programs in routing variables r ∈ Ω′

that relax either the minimum ride times, the maximum ride times, or both. By IMP-I
we denote the algorithm that ignores both minimum and maximum ride times in the
subproblem (denoted SP) and handles them using IPEC in the master program. SP
is the natural subproblem of the PDPTW and generates routes that respect pairing
and precedence, capacity, and time-window constraints, i.e., a time schedule satisfying
constraints (4.1) and (4.2) exists for such routes.
The approach that handles only the maximum ride times in the subproblem and uses

routing variables where the minimum ride times have been relaxed is denoted by IMP-
Imax. The corresponding subproblem is SPmax. It is the natural subproblem of the
DARP. Routes generated by SPmax satisfy pairing and precedence, and capacity con-
straints. Moreover, these routes can be assigned a time schedule respecting constraints
(4.1), (4.2), and (4.4). IMP-Imin and SPmin are the analog to IMP-Imax and SPmax

where minimum ride rimes are handled in the subproblem.

4.3 Column-Generation Subproblems

In this section, we describe solution algorithms for the di�erent subproblems SP, SPmax,
SPmin, and SPmax

min . All four subproblems are Elementary Shortest Path Problems with
Resource Constraints (ESPPRC) which are typically solved using dynamic-programming
labeling algorithms (Irnich and Desaulniers, 2005). In a labeling algorithm, partial
paths are gradually extended in a graph G seeking to �nd a minimum-cost path from
the source node to the sink node. The partial paths are represented by labels that
store the accumulated cost and resource consumption along the path. We denote by
P` the partial path corresponding to label `. Decisive for the e�ectiveness of a labeling
algorithm is the use of strong dominance rules to eliminate unpromising labels. A more
detailed discussion on ESPPRC and labeling algorithms can be found, e.g., in (Irnich
and Desaulniers, 2005).
Note that for the rest of this paper we consider the non-elementary versions of the

four subproblems for the following two reasons: First, preliminary computational results
indicated that the linear-relaxation lower bounds of the master programs obtained by
subproblems with the elementarity conditions were rarely stronger compared to the
corresponding non-elementary subproblems. This resulted in slightly weaker overall
algorithms for the former. Second, the extension of all dominance rules and labeling
algorithms to the elementary case is straightforward (see Ropke and Cordeau, 2009;
Chapter 3). In the presence of pairing and precedence, non-elementarity means that
a request can be picked up again, after it has been picked up and delivered. Hence,
several pickup-and-delivery pairs of the same request can be present in a path. For
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ease of notation, however, we assume for the rest of the paper that all partial paths are
elementary. Furthermore, we assume that the service duration is zero for all nodes. All
proofs and arguments are analog when considering non-elementary partial paths and
non-zero service durations.
Also, we assume that the reduced-cost matrix satis�es c̃ij ≤ c̃ik + c̃kj for all (i, j) ∈

A, k ∈ D. Ropke and Cordeau (2009) call this property the delivery triangle inequality
(DTI). It enables the use of stronger dominance rules for all considered subproblems.
Roughly speaking, the DTI ensures that visiting an additional delivery node is never
bene�cial. Ropke and Cordeau (2009) also show how to transform a reduced-cost matrix
that does not satisfy the DTI into one that does, while maintaining the cost of each route
unchanged. Hence, working with this assumption is no restriction.
All notation previously introduced for (partial) routes is also used for (partial) paths

in the following. Moreover, we use the same notation for all subproblems. The meaning
should be clear from the context. The set of feasible schedules TP for a path P , e.g.,
always refers to feasibility regarding the temporal constraints that are present in the
considered subproblem.

4.3.1 SP - Subproblem without Ride-Time Constraints

SP is an elementary shortest-path problem with pairing and precedence, capacities, and
time windows. It is the natural subproblem of the PDPTW. In this context, it has been
subject to prior research (Dumas et al., 1991; Ropke and Cordeau, 2009; Baldacci et al.,
2011a) and strong dominance rules exist for its solution by a labeling algorithm.
In what follows, we summarize the main concepts of Dumas et al. (1991) and Ropke

and Cordeau (2009) for solving SP. Both the dominance rule and the labeling strategy
for SP also serve as basis for the solution approaches to the other subproblems in Sec-
tions 4.3.2�4.3.4. Table 4.1 summarizes all resources that are needed in the solution
algorithms for the di�erent subproblems and indicates which resource is relevant for
which subproblem.

Dominance Rule for SP Within each label `, the following information has to be
stored: the node η` the label belongs to, its reduced cost c̃`, the earliest start of service
t` at node η`, and the set of open requests O` (requests that have been picked up but
not yet delivered). Then, the following dominance rule is valid for SP (Dumas et al.,
1991):

Proposition 4.1. (Dom-SP) A feasible label `1 dominates a label `2 if

η`1 = η`2 , c̃`1 ≤ c̃`2 , t`1 ≤ t`2 , and O`1 ⊆ O`2 . (4.12)

Note that if the DTI does not hold, dominance is only possible between labels with
identical sets of open requests O`1 = O`2 .

Labeling Algorithm for SP We now brie�y describe the labeling algorithm of Du-
mas et al. (1991) and Ropke and Cordeau (2009) for solving SP. In addition to the
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Resource Description SP SPmax SPmin SP
max
min

η` The node of the label • • • •
c̃` The reduced cost • • • •
t` The earliest start of service at the node η` • • • •
l` The current load • • • •
O` The set of open requests • • • •
b̃` The latest feasible start of service at node η` • •
ldi`(t) The latest possible delivery time of request i ∈ O` • •
Bi
` The point of time when ldi`(t) becomes constant • •

ldi`(t) The latest possible delivery time of request i ∈ O`

such that all other open requests j ∈ O` \{i} are
picked up as early as possible

•

Bi
` The point of time when ldi`(t) becomes constant •

edi` The earliest feasible start of service at node η` • •
ed

i

`(t) The earliest possible delivery time of request i ∈
O` such that all other open requests j ∈ O` \ {i}
are picked up as late as possible

•

B
i

` The point of time when ed
i

`(t) becomes constant •

Table 4.1: Resources of a label `. A bullet indicates that the resource is relevant for
the respective subproblem.

resources needed for dominance in Proposition 4.1, they store at each label ` the load
l` of the vehicle when leaving η`, enabling a fast consistency check regarding capacity.
The extension of a label ` along arc (η`, x) ∈ A is only allowed if either x /∈ O` if x ∈ P ,
or x − n ∈ O` if x ∈ D, or O` = ∅ if x = 2n + 1 holds. Otherwise, pairing and prece-
dence are not satis�ed resulting in an infeasible label. Furthermore, consistency with
respect to time-window and capacity constraints is ensured by requiring t` + tη`,x ≤ bx
and l` + dx ≤ C, respectively.
If extending label ` along arc (η`, x) ∈ A is feasible, a new label `′ is created. Its

resources are determined according to the following resource extension functions (REFs):

η`′ = x, c̃`′ = c̃` + c̃η`,x, t`′ = max{ax, t` + tη`,x}, l`′ = l` + dx, (4.13)

O`′ =

{
O` ∪ {x} if x ∈ P,
O` \ {x− n} if x ∈ D.

(4.14)

To reduce the number of labels that have to be processed in the algorithm, unpromising
labels are eliminated using dominance rule Dom-SP. Moreover, labels that cannot be
feasibly completed to node 2n+ 1 can be discarded. For SP, pairing constraints require
that each feasible completion to a label ` must visit the delivery nodes i+ n of all open
requests i ∈ O` and thereby obey all time-window constraints. If no such completion
exists, then label ` can be eliminated. When travel times satisfy the triangle inequality,
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testing if such a completion exists reduces to solving a traveling salesman problem with
time windows (TSPTW) over the nodes {i+n : i ∈ O`}∪{η`, 2n+1}, which is known to
be NP -hard. Thus, we consider only subsets of O` of at most two requests, as proposed
by Dumas et al. (1991).

4.3.2 SP
max - Subproblem with Maximum Ride-Time

Constraints

In SPmax, the natural subproblem of the DARP, paths have to respect pairing and
precedence, capacities, time windows, and maximum ride times. The latter two impose
that for each feasible path a time schedule satisfying inequalities (4.1), (4.2), and (4.4)
must exist. The main di�culty for solution approaches to SPmax is to deal with these
partially contrasting temporal constraints. In fact, they impose a trade-o� between
servicing all nodes as early as possible and servicing pickup nodes as late as possible.
The implication for labeling algorithms is as follows. Considering only the earliest start
of service (as in Dom-SP) is not su�cient to guarantee dominance with respect to the
temporal constraints of SPmax (see Example 1 of Chapter 3). Thus, one either has to
include additional time-related resources in a dominance rule based on Dom-SP or come
up with a di�erent strategy to deal with the temporal constraints of SPmax.
Chapter 3 proposed an e�ective labeling algorithm for solving SPmax that uses an

extended version of Dom-SP as dominance rule. The basic idea is the following: Let
` be a label with O` 6= ∅. For each open request i ∈ O`, the corresponding maximum
ride-time constraint (4.4) imposes an upper bound on the start of service at delivery
node i+n restricting the set of feasible completions to `. Clearly, a larger value for this
bound is preferable. As a result, dominance between two labels is only possible if for each
of its open requests the dominating label has a larger upper bound value for the start
of service at the respective delivery node. Determining these bounds, however, is not
straightforward. They obviously depend on the actual service times at the corresponding
pickup nodes within the path P`. Thereby, the possibility to delay the start of service
at some nodes has to be incorporated.

Dominance Rule for SPmax To formalize the approach in a dominance rule, Chap-
ter 3 �rst de�nes the latest possible delivery time ldi`, i.e., the latest feasible start of
service at the delivery node, of an open request i ∈ O` as a function in the start of ser-
vice t ≥ t` at the current node η`. Let P` = (h1, ..., hq = η`) be the path corresponding
to label `. Then, ldhi` (t) with t ≥ t` and hi ∈ O` is given by

ldhi` (t) = min{bhi+n, τ i(t) + Lhi}, (4.15)

where τ i(t) = maxTP`∈TP` (t){τi} is the latest feasible start of service at the pickup node
hi while τq ≤ t.
Moreover, two important properties of ldhi` (t) are proven. First, Chapter 3 shows

that the schedule TP`
(t) = (τ 1(t), ..., τ q(t)) assigning each node hi, i = 1, ..., q its latest

start of service τ i is feasible. This means that all open requests and the associated
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latest delivery times can be treated independently in the dominance criterion. Second,
Chapter 3 shows that the functions ldhi` (t) are of the form ldhi` (t) = min{ki1 + t, ki2} with
constants ki1 and ki2. With this property, the comparison of two such functions can be
simpli�ed to comparing them at two distinct points of time.
Let Bi

` be the point of time when ldi`(t) becomes constant. The following proposition
describes a valid dominance rule for SPmax (Chapter 3):

Proposition 4.2. (Dom-SPmax) A feasible label `1 dominates a label `2 if

η`1 = η`2 , c̃`1 ≤ c̃`2 , t`1 ≤ t`2 , O`1 ⊆ O`2 , and (4.16)

ldi`1(t`1) + (t`2 − t`1) ≥ ldi`2(t`2) and ldi`1(B
i
`1

) ≥ ldi`2(B
i
`2

) ∀i ∈ O`1 . (4.17)

Labeling Algorithm for SPmax The labeling algorithm of Chapter 3 for solving
SPmax is analog to that of Dumas et al. (1991) and Ropke and Cordeau (2009) for SP
sketched in Section 4.3.1. The additional presence of maximum ride times and the use of
dominance rule Dom-SPmax involve only some minor modi�cations. First, the extension
of a label ` along an arc (η`, x) ∈ A is only feasible if t` + tη`,x ≤ ldi`(B

i
`) holds for all

i ∈ O`. Second, the resources Bi
`′ , ld

i
`′(t`′), and ld

i
`′(B

i
`′) have to be determined for all

i ∈ O`′ when creating a new label `′ resulting from the extension of ` along arc (η`, x).
Chapter 3 devised the following simple REFs:

Bi
`′ =

{
min{b̃x, bx+n − Lx} if i = x,

max{t`′ ,min{b̃x, Bi
` + tη`,x}} otherwise,

(4.18)

ldi`′(t`′) =

{
min{bx+n, t`′ + Lx} if i = x,

ldi`(t`) + (min{t`′ − tη`,x, Bi
`} − t`) otherwise,

(4.19)

ldi`′(B
i
`′) =

{
Bi
`′ + Lx if i = x,

ldi`(B
i
`)−max{0, Bi

` + tη`,x − b̃x} otherwise,
(4.20)

where

b̃x =

{
bx if x ∈ P,
min{bx, ldx−n` (Bx−n

` )} if x ∈ D,
(4.21)

is the latest feasible start of service at the current node η`. Third, the information on
the latest possible delivery times ldi`, i ∈ O` can also be used for the elimination of labels
that cannot be feasibly completed to node 2n+ 1.

4.3.3 SPmin - Subproblem with Minimum Ride-Time Constraints

Subproblem SPmin is an elementary shortest path problem with pairing and precedence,
capacity, time-window, and minimum ride-time constraints. To the best of our knowl-
edge, SPmin has not been considered before and an e�ective labeling algorithm for its
solution is presented here for the �rst time.
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Similar to SPmax, di�erent types of temporal constraints are present in SPmin. More
precisely, a schedule satisfying inequalities (4.1)�(4.3) must be assignable to each feasible
path. The main task for a labeling approach to SPmin based on Dom-SP is to ensure
consistency of the dominance rule with these constraints.
In contrast to SPmax, however, the temporal constraint system of SPmin is rather

straightforward to handle in a labeling algorithm. Both types of constraints that couple
the service times at two di�erent nodes are less or equal constraints (from front to back
of the path). Consequently, the optimal strategy regarding time-window constraints,
i.e., servicing all nodes as early as possible, is also an optimal strategy in the additional
presence of minimum ride-time constraints. This implies that waiting and delaying the
service at some node is never bene�cial and the possibility to do so can be neglected.
Still, inequalities (4.3) induce that a time schedule in SPmin is linked not only between
consecutive nodes. Thus, for a label ` not only the service time at the current node η`,
but also the service times at all open requests i ∈ O` are important.

Dominance Rule for SPmin To obtain a formal dominance criterion for SPmin, we
follow the approach of Chapter 3 for SPmax. For each open request i ∈ O` of label `,
the minimum ride-time constraints impose a lower bound on the start of service at the
delivery node i+n. We de�ne this earliest possible delivery time edhi` for request hi ∈ O`

as

edhi` = max{ahi+n, t` + tη`,hi+n, τ i + Lhi}, (4.22)

where τ i = minTP`∈TP`
{τi} with P` = (h1, ..., hq = η`) is the earliest feasible start of

service at the pickup node hi. Regarding the set of feasible completions to `, a small
value edhi` is obviously less restrictive than a larger one. Furthermore, the following
lemma shows that for each feasible path P the time schedule TP which assigns each
node its earliest feasible start of service is feasible. Thus, the values edhi` can be treated
independently in a dominance rule.

Lemma 4.1. Let P = (h1, ..., hq) be a feasible partial path. Then, TP = (τ 1, ..., τ q) ∈
TP .

The proofs of all lemmas and propositions are presented in Section 4.A of the Ap-
pendix.

Using the values edi`, we obtain the following extension to Dom-SP that is a valid
dominance criterion for SPmin:

Proposition 4.3. (Dom-SPmin) A feasible label `1 dominates a label `2 if

η`1 = η`2 , c̃`1 ≤ c̃`2 , t`1 ≤ t`2 , O`1 ⊆ O`2 , and edi`1 ≤ edi`2 ∀i ∈ O`1 . (4.23)

Labeling Algorithm for SPmin SPmin can be solved using the labeling algorithm of
Section 4.3.1 for solving SP. Let `′ be the label resulting from the extension of label `
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along arc (η`, x). The REFs for the additional resources edi`′ , i ∈ O`′ are

edi`′ =

{
max{ax+n, t`′ + tx,x+n, t`′ + Lx} if i = x,

max{edi`, t`′ + tx,i+n} otherwise.
(4.24)

Moreover, the REF (4.13) for the earliest start of service t` has to be replaced by

t`′ =

{
max{edx−n` , t` + tη`,x} if x ∈ D,
max{ax, t` + tη`,x} otherwise.

(4.25)

Again, the information edi` is also used for eliminating labels that cannot be completed
to feasible 0− (2n+ 1)-paths.

4.3.4 SP
max
min - Subproblem with Minimum and Maximum

Ride-Time Constraints

Subproblem SPmax
min is the natural subproblem of the VRPTWTSPD in which generated

paths represent VRPTWTSPD-feasible routes, i.e., they have to respect pairing and
precedence, capacities, time windows, and minimum and maximum ride times. The
implied scheduling problem is (4.1)�(4.4). It simultaneously includes both minimum
and maximum ride times which signi�cantly complicates SPmax

min compared to SPmax and
SPmin. The key problem is the interference of di�erent types of ride-time constraints of
di�erent requests so that a straightforward combination of the approaches of Sections
4.3.2 and 4.3.3 is not possible. We demonstrate this in more detail in the following.
Generalizing the idea of Chapter 3, the minimum and maximum ride times of an

open request i ∈ O` impose a lower bound (edi`) and an upper bound (ldi`) on the start
of service at the delivery node i + n. Again, a small value edi` and a large value ldi`
are preferable. The implied optimal strategies for the start of service at the pickup
node i, i.e., an early-as-possible service to minimize edi` and a late-as-possible service to
maximize ldi`, are clearly opposing. Even more, di�erent strategies for the pickup times
of di�erent open requests may interfere. More precisely, servicing one node late may
imply that another one cannot be serviced early, and vice versa. As a result, there is
generally no feasible time schedule that minimizes the values edi` for some i ∈ O` and
at the same time maximizes the values ldj` for some other j ∈ O`. Thus in SPmax

min , the
open requests and the associated earliest and latest delivery times cannot be treated
independently in a dominance rule. Table 4.2 gives a small example to illustrate this.
Let `1 and `2 be two labels representing the paths P`1 = (0, i, j, k) and P`2 = (0, j, i, k).

Assume identical travel times of 10 between all nodes. Furthermore, let the minimum
and maximum ride times for all requests be 40 and 50, respectively. The time windows
of nodes 0, i, j, and k are speci�ed in Table 4.2, while the time windows at the cor-
responding delivery nodes are assumed to be not binding ([0,∞]). Then, the earliest
possible delivery times of requests i and j for label `1 (as de�ned in Section 4.3.3) are
edi`1 = max{0, 50 + 10, 10 + 40} = 60 and edj`1 = max{0, 50 + 10, 20 + 40} = 60. The
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Label `1 for
path (0, i, j, k)

Nodes in P(`1) 0 i j k

Time window [a·, b·] [0, 100] [0, 30] [20, 50] [50, 50]
Earliest start of service t`1 0 10 20 50

Earliest possible delivery ed·`1 − 50 60 90
Latest possible delivery ld·`1 − 80 90 100

Label `2 for
path (0, j, i, k)

Nodes in P(`2) 0 j i k

Time window [a·, b·] [0, 100] [20, 50] [0, 30] [50, 50]
Earliest start of service t`2 0 20 30 50

Earliest possible delivery ed·`2 − 60 70 90
Latest possible delivery ld·`2 − 70 80 100

Table 4.2: Label `1 dominates label `2 in the sense of Dom−SPmax and Dom−SPmin.
This does not imply a valid dominance relation for SPmax

min .

latest possible delivery times ldi`1 and ldj`1 as de�ned in Section 4.3.2 are, in general,
functions in the start of service at the current node η`1 = k. Here, the only feasible
start of service at node k is at time 50. Thus, we only need to consider the values
ldi`1(50) = min{∞, 30 + 50} = 80 and ldi`1(50) = min{∞, 40 + 50} = 90, which imply
delaying the start of service at node i until time 30 and at node j until time 40. It is
easy to see, however, that there is no feasible time schedule TP`1

that at the same time
allows a latest possible delivery time of 80 for request i and an earliest possible delivery
time of 60 for request j. Note that the former implies a service time not smaller than
30 at node i while the latter implies a service time not larger than 20 at node j.
As a result, simply combining the relations for edi` and ld

i
` of dominance rules Dom-

SPmin and Dom-SPmax does not lead to a valid dominance criterion for SPmax
min . The

completion Q = (j +n, i+n, k+n, 2n+ 1), e.g., is feasible for label `2 but infeasible for
`1, although edx`1 < edx`2 and ld

x
`1

(50) > ldx`2(50) hold for x = i, j, k (see Table 4.2).

Dominance Rule for SPmax
min The example above has shown that the interdependence

of di�erent open requests has to be incorporated when trying to dominate labels in
SPmax

min . Roughly speaking, this means that one has to be careful when determining the
earliest and latest delivery times of the open requests of a label.
On the one hand, there are completions where one or more requests can only be deliv-

ered at the earliest or latest possible time. Consequently, for a dominated label ` we have
to consider the best possible values for feasible delivery times of all open requests i ∈ O`,
i.e., we consider edi` and ld

i
`(t), t ≥ t` as de�ned in Sections 4.3.3 and 4.3.2, respectively.

Note again that here TP`
refers to the set of all schedules satisfying constraint system

(4.1)�(4.4).
On the other hand, a completion might generally require picking up some open requests

early and some other open requests late. For a dominating label ` with P` = (h1, ..., hq =
η`) we, therefore, determine two bounds on the service time of an open request hi ∈ O`
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that are independent of the service times at the other open requests hj ∈ O` \ {hi}.
First, we use the following upper bound τO`

i (t) for an early-as-possible service at a

pickup node hi within path P`. Practically speaking, τO`
i (t) gives the earliest service

time at hi that can be attained without restricting the pickup times of the other open
requests. Or from the opposite perspective, when scheduling all other open requests
hj ∈ O`\{hi} in the most unfavorable way for picking up hi early, i.e., as late as possible,

then the earliest possible service time at hi that is still feasible is τO`
i (t). Formally,

τO`
i (t) = min

TP`∈T
i,O`
P`

(t)
{τi} with T i,O`

P`
(t) = {TP`

∈ TP`
(t) : τj ≥ τ j(t) ∀hj ∈ O` \ {hi}}.

Note that τO`
i (t) is a function in t, as the times τ j(t) depend on t.

Second and analog to τO`
i (t), a lower bound for a late-as-possible service at node hi

is denoted by τO`
i (t). It gives the latest feasible start of service at the pickup node hi

such that the start of service at all other open requests hj ∈ O` \ {hi} takes its minimal
value τ j and τq ≤ t, i.e., τO`

i (t) = max
TP`∈T

i,O`
P`

(t)
{τi} with T

i,O`
P`

(t) = {TP`
∈ TP`

(t) :

τj ≤ τ j ∀hj ∈ O` \ {hi}}. Maximizing the service at hi may delay the start of service τq
at the current node η`. Thus, τ

O`
i (t) is also a function in t.

Using τO`
i (t) and τO`

i (t) we have the following upper and lower bounds for the earliest
and latest delivery times of an open request hi ∈ O, respectively:

ed
hi
` (t) = max{ahi+n, t` + tη`,hi+n, τ

O`
i (t) + Lhi}, (4.26)

ldhi` (t) = min{bhi+n, τ
O`
i (t) + Lhi}. (4.27)

A valid dominance rule for SPmax
min is then given by:

Proposition 4.4. (Dom∗-SPmaxmin ) A feasible label `1 dominates a label `2 if

η`1 = η`2 , c̃`1 ≤ c̃`2 , t`1 ≤ t`2 , O`1 ⊆ O`2 , and (4.28)

ed
i

`1
(t) ≤ edi`2 and ldi`1(t) ≥ ldi`2(t) ∀i ∈ O`1 , t ∈ [t`2 , b̃`2 ]. (4.29)

Applying dominance rule Dom∗-SPmax
min requires the comparison of di�erent functions

in inequalities (4.29) which is clearly not practicable for general functions within a

labeling algorithm. The following lemma characterizes the shape of the functions ed
i

`(t)
and ldi`(t) allowing for a simpli�ed version of Dom∗-SPmax

min .

Lemma 4.2. Let X be the set of all X = (x1, ..., xq) ∈ Rq satisfying

ai ≤ xi ≤ bi ∀i = 1, ..., q, (4.30)

xi + cij ≤ xj ∀j = 2, ..., q; i < j, (4.31)

xi + dij ≥ xj ∀j = 2, ..., q; i < j, (4.32)

with real-valued constants ai, bi, cij, and dij. Denote X (t) = {X ∈ X : xq ≤ t}, t ∈ R.
Let also be xi = maxX∈X{xi}, xi = minX∈X{xi}, xi(t) = maxX∈X (t){xi}, and xi(t) =
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minX∈X (t){xi}. Furthermore, de�ne by X S(t) = {X ∈ X (t) : xi ≤ xi(t) ∀i ∈ S}
and by X S(t) = {X ∈ X (t) : xi ≥ xi(t) ∀i ∈ S} with S, S ⊆ {1, ..., q}. Denote

xSi (t) = maxX∈XS(t){xi} and xSi (t) = minX∈XS(t){xi}. Finally, let t∗ be the smallest t

with X (t) 6= ∅. Then, the following properties hold:

1. xi(t) = min{k1
i , k

2
i + t} for all i = 1, ..., q, t ≥ t∗ with constants k1

i and k
2
i .

2. xi(t) = xi for all i = 1, ..., q, t ≥ t∗.

3. xSi (t) = min{k1
i , k

2
i + t} for all i = 1, ..., q, t ≥ t∗ with constants k1

i and k
2
i .

4. xSi (t) = max{k1
i ,min{k2

i , k
3
i + t}} for all i = 1, ..., q, t ≥ t∗ with constants k1

i , k
2
i ,

and k3
i .

Clearly, the scheduling problem (4.1)�(4.4) of SPmax
min is a special case of the constraint

system (4.30)�(4.32) considered in Lemma 4.2. Thus, the functions ed
i

`(t), ld
i
`(t), and

ldi`(t) are of the forms ed
i

`(t) = max{k1
i ,min{k2

i , k
3
i + t}}, ldi`(t) = min{k4

i , k
5
i + t}, and

ldi`(t) = min{k6
i , k

7
i + t}, where all k·i are constants. This result is similar to that of

Chapter 3 for the latest possible delivery times in SPmax. Herewith, the comparison
of the functions in Dom∗-SPmax

min can be reduced to comparing them at two distinct
points of time. Denote by Bi

` and B
i

` the points of time such that ldi`(t) = ldi`(B
i
`) and

ed
i

`(t
′) = ed

i

`(B
i

`) holds for all t ≥ Bi
` and t′ ≥ B

i

`, respectively. Then, the following
dominance rule for SPmax

min results:

Proposition 4.5. (Dom-SPmaxmin ) A feasible label `1 dominates a label `2 if

η`1 = η`2 , c̃`1 ≤ c̃`2 , t`1 ≤ t`2 , O`1 ⊆ O`2 , (4.33)

ed
i

`1
(t`1) ≤ edi`2 and ed

i

`1
(B

i

`1
)−max{0, Bi

`1
− b̃`2} ≤ edi`2 ∀i ∈ O`1 , and (4.34)

ldi`1(t`1) + (t`2 − t`1) ≥ ldi`2(t`2) and ldi`2(B
i
`1

) ≥ ldi`2(B
i
`2

) ∀i ∈ O`1 . (4.35)

Note that for determining valid bounds ed
hi
` and ldhi` on the earliest and latest delivery

times of request hi that do not restrict the pickup times of other open requests hj ∈
O` \ {hi}, it is generally not necessary to consider the maximum and minimum values
τ j and τ j for the starts of service at the nodes hj. Instead, it is su�cient to ensure

that all hj can be delivered at their earliest or latest possible delivery times edhj` and
ld
hj
` . These times induce starting the service not later than ed

hj
` − Lhj ≥ τ j and not

earlier than ldhj` − Lhj ≤ τ j. Hence, bounds that are stronger than ed
i

` and ld
i
` can be

obtained enabling more dominance when used in Dom-SPmax
min . For simplicity of notation

and exposition this has been disregarded in the derivation of Dom-SPmax
min . All proofs,

however, are analog.
Dom-SPmax

min can further be strengthened by using a concept proposed in Chapter 3 for
Dom-SPmax. Let ` be the parent label of `′. The information edi` and ld

i
` on the feasible

delivery times of open requests i ∈ O` can be used to determine an upper bound on the
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start of service at node η`′ for which P`′ can be completed to a feasible 0− (2n+1)-path.
This bound, which is generally smaller than b̃`′ , strengthens the dominance relation in
Dom-SPmax

min (see Section 3.4.6 for details).

Labeling Algorithm for SPmax
min The basic course of our labeling algorithm with

Dom-SPmax
min for solving SPmax

min is identical to those in Sections 4.3.1-4.3.3. When creating
a new label `′, the resources η`′ , c̃`′ , l`′ , and O`′ are updated using the REFs (4.13) and
(4.14). The earliest start of service t`′ is set according to the adapted REF (4.25).
Determining the values of the resources related to feasible delivery times of open

requests i ∈ O`′ is intricate. Because of the simultaneous handling of minimum and
maximum ride-time constraints, the information on the earliest and latest delivery is
interdependent. As a consequence, the determination of these values is much more
complex than in the isolated cases in SPmin and SPmax.
The key problems are the following: When creating a new label `′, the implied schedul-

ing problem has additional constraints compared to the scheduling problem implied by
the parent label `. These constraints impose bounds on the start of service at the cur-
rent node η`′ that may restrict other service times within the schedule. The impact on
these service times may further propagate throughout the constraint system (see proofs
of Proposition 4.4 and Lemma 4.2) so that their e�ect on the earliest and latest pickup
times at the open requests i ∈ O`′ is non-trivial to identify. Moreover, if the extended
label `′ ends at a delivery node η`′ ∈ D, then the corresponding request η`−n is no longer
open. For all open requests hi ∈ O`′ , this reduces the set of requests whose latest and

earliest service times have to be taken into account when determining the bounds τO`′
i

and τO`′
i , respectively. Thus, the relation between the resource values ed

i

`′(t`′), ed
i

`′(B
i

`′),

ldi`′(t`′), and ld
i
`′(B

i
`′) with i ∈ O`′ and the corresponding values ed

i

`(t`), ed
i

`(B
i

`), ld
i
`(t`),

and ldi`(B
i
`) of the parent label ` is highly complex.

As a result, we were not able to derive simple update formulas for the resources
related to feasible delivery times of open requests. We suspect that if there are REFs
for these resources carrying along several auxiliary resources needed for the calculations
is necessary. It seems also mandatory for the computation of these resources to know
the actual node sequence P`′ represented by label `′.
In our algorithm, the earliest and latest delivery times are computed from scratch

within each label. To do so, we use a generalization of the procedure of Tang et al.
(2010) to obtain a feasible schedule with early-as-possible service times for all nodes
which provides the values edi`′ , i ∈ O`′ . Starting from this schedule, we repeatedly delay
the service at distinct nodes to obtain the remaining delivery times. This is done using
an adapted version of the forward time slack originally introduced by Savelsbergh (1992)
for the TSPTW and later generalized by Cordeau and Laporte (2003) for the DARP.
Note that it is not necessary to consider the complete path P`′ for these computations.
Instead, it is su�cient to take into account the subpath between the node at which the
vehicle was empty for the last time and the current node η`′ .
The elimination of labels with no feasible completion to node 2n+1 makes use of both

the earliest possible delivery times edi` and the latest possible delivery times ldi`. With
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this information, the label elimination strategy is very e�ective.

4.4 Branch-and-Cut-and-Price Algorithm

This section brie�y describes the main components of our basic branch-and-cut-and-price
algorithm. Based on this algorithm, we devise four di�erent integer column-generation
approaches to the VRPTWTSPD. Each of the approaches formulates the master problem
on a di�erent variable set implying subproblem SP, SPmin, SPmax, or SPmax

min . The
subproblems are solved using the respective labeling algorithms of Sections 4.3.1 - 4.3.4.

Preprocessing Time-window tightening and arc elimination is performed according
to the rules proposed by Desrochers et al. (1992), Dumas et al. (1991), and Cordeau
(2006) for the PDPTW or tailored to the PDPTW or the DARP. The integration of
minimum and maximum ride-time constraints into these rules is straightforward. Note
that all preprocessing steps have to be consistent with the dominance rule used to solve
the subproblem. This means that one has to be careful when excluding arcs that cannot
be part of a feasible VRPTWTSPD-route and at the same time using a formulation with
a subproblem other than SPmax

min .
Assume, e.g., that it is infeasible in the presence of minimum and maximum ride

times to have requests i and k on board of the vehicle at the same time. Thus, arc
(k, i + n) could be eliminated during preprocessing. Consider now an approach using
SP as subproblem. Let `1 with P`1 = (0, i, k) and `2 with P`2 = (0, i, j, k) be two
labels and suppose that `1 dominates `2 in the sense of Dom-SP. Although visiting
node i + n after node k always leads to an infeasible path in the VRPTWTSPD-sense,
it may still be feasible for SP. Thus, it might be possible to feasibly complete `2 to
path P2 = (0, i, j, k, j + n, i+ n, k + n, 2n+ 1) while the corresponding completed path
P1 = (0, i, k, i + n, k + n, 2n + 1) associated with `1 cannot be generated because arc
(k, i+n) has been eliminated. As a result, dominance rule Dom−SP is not valid anymore
in this case.
Consequently, dominance rules other than Dom−SP, Dom−SPmax, and Dom−SPmin

have to be used when utilizing all information on VRPTWTSPD-feasibility of routes
for preprocessing. The alternative is to exclude the information on VRPTWTSPD-
feasibility during preprocessing that is also relaxed within the respective subproblem.

Pricing Problem Heuristics To speed up the column-generation process, heuristics
can be used to identify negative reduced-cost columns fast. When the heuristics are
unable to �nd additional columns, one has to resort to an exact method to solve the
subproblem. In our algorithms, we use two straightforward pricing problem heuristics.
The �rst is to solve a more relaxed subproblem, e.g., solving SP when actually having to
solve SPmax, and to drop all routes that are infeasible for the actual subproblem. The
other is to solve the subproblem on a reduced network only. Preliminary computational
tests indicated that the bene�ts from using these heuristics were rather limited for all
algorithms.
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A di�erent strategy related to pricing problem heuristics is the following: For the
approaches based on the relaxed subproblems SP, SPmin, and SPmax, we perform full
preprocessing, i.e., we include full information on VRPTWTSPD-feasibility during pre-
processing, which means that the respective dominance rules Dom− SP, Dom− SPmin,
and Dom − SPmax are not valid for solving the resulting subproblems. However, algo-
rithms with these dominance criteria can still be used as very e�ective pricing heuristics.
Corresponding exact methods are obtained by using the weaker dominance rules in which
the condition O`1 ⊆ O`2 is replaced by O`1 = O`2 . In preliminary computational tests,
this strategy has proven to be signi�cantly superior to the one applying only preprocess-
ing steps that are consistent with the stronger dominance rules Dom−SP, Dom−SPmin,
and Dom− SPmax. Therefore, we use this strategy in our algorithms.

Cutting Planes In our branch-and-cut-and-price algorithms, we use the following
types of valid inequalities: 2-path inequalities (Kohl et al., 1999), rounded capacity
inequalities in a form proposed by Ropke and Cordeau (2009) for the PDPTW, fork in-
equalities (Ropke et al., 2007), and two di�erent liftings of IPEC introduced by Ascheuer
et al. (2000) for the TSPTW and Cordeau (2006) for the DARP. Heuristic separation
procedures proposed by Ropke and Cordeau (2009) are used to separate 2-path inequal-
ities, rounded capacity inequalities, and fork inequalities. For the exact separation of
the lifted IPEC we use a straightforward enumeration procedure (see Ascheuer et al.,
2000). VRPTWTSPD-feasibility of an integer solution obtained by approaches using a
relaxed variable set Ω′ is, thus, guaranteed by the lifted IPEC.

Branching Strategy and Node Selection A hierarchical branching scheme is used
to obtain integer solutions in our algorithms. We �rst branch on the number of vehicles,
if fractional. We then branch on the out�ow of a node set of cardinality two. Both
branching rules are enforced by adding a single linear constraint to the master problem.
The structure of the subproblems remains unchanged.
The branch-and-bound tree is explored with a best-�rst strategy and no upper bounds

are given to the algorithm.

4.5 Computational Results

This section summarizes the computational experiments that we have conducted to com-
pare the performance of the four di�erent branch-and-cut-and-price approaches to the
VRPTWTSPD. All algorithms described in this paper were implemented in C++ using
CPLEX 12.2 as LP-solver. Arc costs and travel times are computed with double preci-
sion. The experiments were performed on a standard PC with an Intel(R) Core(TM)2
Duo E8400 at 3.0 GHz with 4.0 GB main memory using a single thread only. The time
limit was set to one hour.
The test instances used in the computational study are all based on the benchmark set

for the DARP originally introduced by Cordeau (2006) and later extended by instances
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with larger problem sizes by Ropke et al. (2007). For a detailed description of these
instances and their generation we refer to (Cordeau, 2006).
The DARP benchmark set consists of random Euclidean instances with problem sizes

reaching from two vehicles and 16 customer requests to eight vehicles and 96 customer
requests. All instances are characterized by small vehicle capacities and narrow time
windows. To also consider harder instances in which these constraints are less restrictive,
three new instances were constructed from each original instance by enlarging both
capacities and time-window lengths by factors of 4/3, 5/3, and 6/3.
In the original benchmark set, there are two subsets of instances (type a and type b)

with di�erent characteristics regarding customer demand and vehicle capacity. Moreover,
the maximum ride times are speci�ed by a �xed number for each subset and are identical
for all requests and all instances of the given subset. With �xed ride times, however,
either the minimum ride-time constraints for several requests are trivially satis�ed as
they are smaller than the direct travel time between the respective pickup and delivery
locations. Or with a minimum ride time that is larger than all those direct travel times,
the instance is likely to become infeasible. We, therefore, chose not to use �xed ride times
for our test instances. Instead, we modeled both ride times proportional to the direct
travel time between pickup and delivery node of a request so that none of the ride time
constraints is redundant a priori. More precisely, the maximum ride time of a request is
equal to the product of the direct travel time and a random number chosen according
to a uniform distribution over a given interval. To generate instances with di�erent
characteristics regarding the tightness of the ride-time constraints, we considered the
two intervals [2.25, 2.75] (for more restrictive maximum ride times) and [2.75, 3.25] (for
less restrictive maximum ride times). The minimum ride times were speci�ed in a similar
fashion using the intervals [1.75, 2.25] and [1.25, 1.75] for generating instances with more
restrictive and less restrictive minimum ride times, respectively.
The complete benchmark comprises 672 instances labeled in the form RT-TW-iK-n,

where n denotes the number of requests, K denotes the number of vehicles, and i ∈ {a, b}
denotes the subset the instance originates from. Moreover, TW = A refers to the original
instances with small vehicle capacities and time-window lengths, while TW = B, TW = C

and TW = D denote the instances in which these values have been enlarged by a factor
of 4/3, 5/3, and 6/3, respectively. The characteristics regarding ride times are speci�ed
by RT ∈ {MM, ML, LM, LL}, where M and L indicate the more restrictive and less restrictive
cases, respectively, while the �rst character refers to minimum ride times and the second
character refers to maximum ride times. Note that some of the small instances are
infeasible in the presence of minimum and maximum ride-time constraints. We allowed
the use of additional vehicles to obtain well-de�ned instances in these cases. All instances
are available at http://logistik.bwl.uni-mainz.de/Dateien/vrptwtspd.zip.
Table 4.3 summarizes our results averaged over all benchmark instances. Tables 4.4

and 4.5 present averaged results for the subclasses A, B, C, D and MM, LM, ML, MM, respec-
tively. More detailed results can be found in Table 4.7 in Section 4.B of the Appendix.
The columns of the tables report the following:

opttree The number of optimal solutions obtained by respective algorithm
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opttree time optroot gaproot cuts nodes

IMPmax
min 653 204 345 0.12 8 19

IMP-Imax 652 194 298 0.17 42 43
IMP-Imin 552 781 296 0.29 193 35
IMP-I 540 852 269 0.33 214 35

Table 4.3: Summary results aggregated over all 672 instances

time The average computation time in seconds
optroot The number of instances solved to optimality in the root node
gaproot The average percentage integrality gap in the root node
cuts The average number of cuts generated
nodes The average number of nodes solved

The results in Table 4.3 indicate that algorithms IMPmax
min and IMP-Imax are clearly su-

perior to IMP-Imin and IMP-I. The overall performance of the two stronger approaches
IMPmax

min and IMP-Imax is comparable. In total, IMPmax
min is able to solve 653 out of the

672 instances to optimality, one more than IMP-Imax. Regarding computation times,
IMP-Imax is on average slightly faster than IMPmax

min . Algorithm IMP-Imin is inferior to
both of the former approaches regarding both computation times and number of solved
instances. IMP-I performs even worse on both numbers.
The superiority of IMPmax

min and IMP-Imax over IMP-Imin and IMP-I can be at-
tributed to the following reasons: First, the root node lower bounds of IMPmax

min and
IMP-Imax are signi�cantly stronger resulting in smaller search trees for these approaches.
Second, for IMP-Imin and IMP-I substantially more cuts are added to the master pro-
grams severely complicating their reoptimization. This is also the reason why the average
number of solved nodes is smaller for approaches IMP-Imin and IMP-I compared to ap-
proach IMP-Imax. While IMP-Imax explores a huge number of nodes when solving
di�cult instances, algorithms IMP-Imin and IMP-I spend a lot of time reoptimizing
the master programs and, thus, can solve only few nodes within the time limit. When
comparing instances solved by all approaches, the number of explored nodes is indeed
much higher for approaches IMP-Imin and IMP-I.
The more disaggregated results in Tables 4.4 and 4.5 indicate that all �ndings from the

overall results regarding the performance of the di�erent approaches do also hold for all
subclasses of instances. This means that the characteristics of the ride-time constraints
have only limited in�uence on the relation of the strengths of the considered algorithms.
This is also true for vehicle capacity, customer demands, and time-window lengths.
Another interesting result of our experiments is that handling the maximum ride-

time constraints in the subproblem seems to be more important than integrating the
minimum ride times into the subproblem. Our interpretation is that the minimum ride-
time constraints are often satis�ed without explicitly considering them for the following
reasons: When the time windows are narrow, many customer requests are picked up at
their origin node i at time ai. In these cases, the time-window tightening rules ensure
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opttree time optroot gaproot cuts nodes

A
(o
ri
g.
) IMPmax

min 166 122 111 0.06 5 13
IMP-Imax 165 109 102 0.08 23 23
IMP-Imin 163 168 107 0.09 70 14
IMP-I 162 192 99 0.10 82 15

B
(4
/3
) IMPmax

min 166 109 92 0.08 6 12
IMP-Imax 165 122 81 0.10 32 26
IMP-Imin 154 401 77 0.15 137 23
IMP-I 152 451 70 0.17 157 28

C
(5
/3
) IMPmax

min 164 193 83 0.13 8 21
IMP-Imax 163 163 65 0.18 47 38
IMP-Imin 135 903 63 0.31 224 41
IMP-I 131 1034 54 0.35 248 46

D
(6
/3
) IMPmax

min 157 391 59 0.20 12 35
IMP-Imax 159 381 50 0.30 68 93
IMP-Imin 100 1653 49 0.61 342 58
IMP-I 95 1730 46 0.68 371 57

Table 4.4: Aggregated results for subclasses A, B, C, and D

opttree time optroot gaproot cuts nodes

M
M

IMPmax
min 167 67 103 0.08 7 11

IMP-Imax 167 70 85 0.11 46 21
IMP-Imin 148 584 91 0.15 185 18
IMP-I 145 644 80 0.19 208 18

L
M

IMPmax
min 166 127 92 0.08 9 19

IMP-Imax 168 79 85 0.11 31 27
IMP-Imin 143 688 79 0.22 207 18
IMP-I 139 748 77 0.25 223 18

M
L

IMPmax
min 161 249 72 0.15 7 19

IMP-Imax 156 339 61 0.25 57 70
IMP-Imin 131 913 61 0.38 192 49
IMP-I 128 1012 53 0.45 221 49

L
L

IMPmax
min 159 371 78 0.16 9 27

IMP-Imax 161 287 67 0.19 35 55
IMP-Imin 130 939 65 0.40 189 56
IMP-I 128 1003 59 0.42 206 56

Table 4.5: Aggregated results for subclasses MM, LM, ML, and LL
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that the minimum ride times are respected. With wide time windows, on the other hand,
several other customer nodes are often visited in between the pickup and delivery of a
request. This increases the ride times of the respective request compared to the direct
travel times so that the minimum ride-time constraints might already be satis�ed.
Table 4.6 reports detailed results for the stronger approaches IMPmax

min and IMP-Imax

on all 24 instances that are solved to optimality by at most one of the algorithms.
Optimal solution values for all instances together with the computation times of the
approaches IMPmax

min and IMP-Imax can be found in Tables 4.8-4.11 in Section 4.B of the
Appendix. In Table 4.6, the following notation is used:

inst The name of the instance
opt/ub The value of the optimal solution or best known upper bound (overlined)
lbtree The lower bound provided by the respective algorithm within the time limit;

* if instance is solved to optimality within the time limit
gaptree The percentage integrality gap when reaching the time limit
lbroot The root node lower bound
gaproot The percentage integrality gap in the root node
time The computation time in seconds; 1h if unable to solve instance within time

limit
cuts The number of cuts generated
nodes The number of nodes solved

In total, 15 instances were solved by neither of the algorithms within the time limit. We
were able to close the integrality gap for ten of these instances using di�erent algorithmic
settings and/or allowing more computation time. For the remaining �ve instances, only
an upper bound is reported.

4.6 Conclusions

In this paper, we introduced the Vehicle Routing Problem with Time Windows and
Temporal Synchronized Pickup and Delivery (VRPTWTSPD) as the prototypical VRP
with temporal intra-route synchronization. In the VRPTWTSPD, vehicle routes have
to satisfy pairing and precedence, capacities, and time windows. Additionally, temporal
synchronization constraints couple the service times at the pickup and delivery locations
of the customer requests in the following way: A delivery node has to be serviced within
prespeci�ed minimum and maximum time lags (called ride times) after the service at
the corresponding pickup node has been completed.
The minimum and maximum ride-time constraints severely complicate the subprob-

lem of the natural column-generation formulation of the VRPTWTSPD and it is not
clear if their integration into the subproblem pays o� in an integer column-generation
approach. We, therefore, developed four solution approaches to the VRPTWTSPD
based on column-generation formulations with di�ering subproblems. Two of these sub-
problems, the natural subproblem of the VRPTWTSPD that integrates all constraints
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Chapter 4. VRP with Temporal Synchronized Pickup and Delivery

relating to single routes and the one in which the maximum ride-time constraints are
relaxed, were considered for the �rst time in this paper. New dominance rules and
labeling algorithms for their solution have been derived. Extensive computational ex-
periments demonstrate the applicability of these labeling algorithms in the sense that
they are capable of solving subproblems arising in state-of-the-art benchmark instances
in reasonable time.
The computational results also indicate a clear ranking of the four presented algo-

rithms for solving the VRPTWTSPD. The strongest approaches are the approach based
on the natural column-generation formulation and the one that handles only the maxi-
mum ride times in the subproblem. They performed comparably well and were consis-
tently signi�cantly stronger than the approach with only the minimum ride times in the
subproblem. This was in turn slightly stronger than the approach in which both ride-
time constraints are relaxed in the subproblem. We conclude that the integration of
temporal intra-route synchronization constraints into the column-generation subprob-
lem is bene�cial for the VRPTWTSPD and that it is particularly rewarding for the
maximum ride-times.
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Appendix

4.A Proofs

For the presentation of the proofs some additional notation is necessary. For any set of
numbers M and any number n, let n + M = {n + m : m ∈ M}. Moreover, given a
sequence P = (h1, ..., hq) (path or schedule) and a set of numbers M , let P \M be the
sub-sequence of P where hi is removed if hi = m for all m ∈M .
We �rst sketch the proof of Proposition 4.1 (see Dumas et al., 1991) which is the basis

for Propositions 4.3 and 4.4.
Proof of Proposition 4.1: The basic idea of the proof is as follows. Let Q2 be a feasible

completion to `2, i.e., Q2 is a extension of P`2 to node 2n + 1 such that the path P2 =
(P`2 , Q2) is feasible. Consider the path P1 = (P`1 , Q1) where Q1 = Q2 \{n+(O`2 \O`1)}
is the completion to `1 resulting from Q2 by skipping the delivery nodes of all additional
open requests of `2. Clearly, pairing and precedence constraints are then satis�ed by P1.
Using that P2 is feasible, the relations in Proposition 4.1 also ensure that P1 is feasible
with respect to capacity and time windows. Furthermore, when the DTI holds the cost
of P1 is always not higher than that of P2. �

Proof of Lemma 4.1: TP is feasible if it satis�es inequalities (4.1)�(4.3). By de�nition
of τ i, there exists for each i = 1, ..., q a feasible schedule T iP = (τ i1, ..., τ i, ..., τ

i
q) with τ

i
j ≥

τ j for all j 6= i. It follows immediately that TP satis�es (4.2) for all i = 1, ..., q. Using
τ i+1
i + thihi+1

≤ τ i+1 and τ i ≤ τ i+1
i it follows that TP satis�es (4.1) for all i = 1, ..., q− 1.

Also, using τ ji +Lhi ≤ τ j and τ i ≤ τ ji it follows that TP satis�es (4.3) for all hi = hj−n.
�

Proof of Proposition 4.3: The proof is similar to the proof of Proposition 4.1. Following
the same argumentation and using the same notation, it remains to show that P1 also
respects minimum ride-time constraints, i.e., we have to show that there exists a feasible
time schedule TP1 for P1.
Let TP2 = (TP`2

, TQ2) be a feasible schedule for P2 with TQ2 = (τq+1, ..., τr). Denote by
TP`1

= (τ 1, ..., τ q) ∈ TP`1
the time schedule for P`1 that minimizes the start of service

at all nodes and by TQ1 = TQ2 \ {τi : hi−n ∈ O`2 \O`1} the schedule for Q1 that assigns
each node hi of Q1 the same start of service τi as in TQ2 . Then, using that TP`1

and TP2

are feasible, τ q = t`1 ≤ t`2 , and ed
hi
`1
≤ edhi`2 ≤ τi for all nodes hi of Q1 with hi − n ∈ O`1

it follows that the schedule TP1 = (TP`1
, TQ1) is feasible. �

Proof of Proposition 4.4: The basic course of the proof is similar to that in the proof
of Proposition 4.3. With the same argumentation and notation, it again remains to show
that there exists a feasible time schedule TP1 for P1.
Let τ `2q be the start of service at the current node hq = η`1 within the schedule TP2 .

Denote by τ ′i(τ
`2
q ) = max

TP`1
∈TP`1

(τ
`2
q ),τj=τ ′j ∀hj∈O`1

\{hi}
{τi} the latest feasible start of service

at node hi ∈ O`1 given a feasible choice τ ′j for the values τj, hj ∈ O`1 \ {hi}, i.e., a
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choice such that a feasible schedule TP`1
= (τ1, ..., τq) ∈ TP`1

(τ `2q ) with τj = τ ′j for all

hj ∈ O`1 \ {hi} exists. We �rst show that τ ′i(τ
`2
q ) ≥ τ

O`1
i (τ `2q ) holds.

The proof is constructive. Denote by τ ′k(τ
`2
q ) and τ

O`1
k (τ `2q ) also the latest start of

service at all other nodes hk 6= hi subject to the choices τ ′j and τ j for all hj ∈ O`1 \ {hi},
respectively. Moreover for ease of notation, the explicit functional dependence on the
start of service at the current node is omitted in the following, as all considered values
relate to schedules with τq ≤ τ `2q . We start from the schedule T

′
P`1

= (τ ′1, ..., τ
′
q) ∈ TP`1

.

Feasibility of T
′
P`1

follows analog to the proof of Lemma 4.1. Thus, T
′
P`1

satis�es the

constraint system (4.1)�(4.4), τq ≤ τ `2q , and τj = τ ′j, hj ∈ O`1 \ {hi} of the maximization
problems of τ ′k, k = 1, ..., q. Replacing equalities τj = τ ′j by τj = τ j for all hj ∈ O`1 \{hi}
leads to the constraints system for the maximization problems of τ

O`1
i , k = 1, ..., q.

The modi�ed equalities directly impose stronger bounds on all values τj−1 because of
inequalities (4.1). The case hj−1 ∈ O`1 \ {hi} can be neglected, as the value of τj−1 is
then �xed to τ j−1 and consistency of τ j−1 and τ j follows directly from feasibility of the
choice τ k, hk ∈ O`1 which can again be shown analog to the proof of Lemma 4.1.
In the case hj−1 /∈ O`1 \ {hi}, the maximal value at position j− 1 decreases from τ ′j−1

to τ
O`1
j−1 = min{τ ′j−1, τ j − thj−1hj} = τ ′j−1 + ∆j−1 with ∆j−1 ≤ 0. A reduced value τ

O`1
j−1

compared to τ ′j−1 may in turn in�uence the maximal values at positions j − 2, k with
hk = hj−1 − n, and l with hl = hj−1 + n because of inequalities (4.1), (4.3), and (4.4),
respectively. W.l.o.g. consider the impact on the maximal value at position j − 2 which
decreases from τ ′j−2 to

τ
O`1
j−2 = min{τ ′j−2, τ

O`1
j−1 − thj−2hj−1

}

= τ ′j−2 + min{0, τ
O`1
j−1 − thj−2hj−1

− τ ′j−2}
= τ ′j−2 + min{0, τ ′j−1 + ∆j−1 − thj−2hj−1

− τ ′j−2}
= τ ′j−2 + ∆j−2,

with ∆j−2 ≤ 0. As τ ′j−1 − thj−2hj−1
− τ ′j−2 ≥ 0 it follows that 0 ≤ ∆j−2 ≤ ∆j−1. Thus,

the value by which τ
O`1
j−2 is decreased compared to τ ′j−2 is strictly not larger than the

value by which τ
O`1
j−1 is decreased compared to τ ′j−1. The same result is obtained for the

maximal values at positions k with hk = hj−1 − n and l with hl = hj−1 + n.

Decreased values τ
O`1
j−2, τ

O`1
k with hk = hj−1 − n, and τ

O`1
l with hl = hj−1 + n in

turn constrain the maximal values at several other positions m within the path in an

analog fashion as τ
O`1
j−1 constrained themselves as shown above. As a result, we get

τ
O`1
m = τ ′m + ∆m with ∆m ≤ 0. Moreover, 0 ≤ ∆m ≤ ∆j−2,∆k,∆l also holds, i.e., again

the decreasing e�ects on values τ
O`1
m compared to τ ′m are strictly not larger than the

decreasing e�ect on τ
O`1
j−2, τ

O`1
k , and τ

O`1
l compared to τ ′j−2, τ

′
k, and τ

′
l, respectively.

Iteratively propagating the stronger conditions resulting from decreased values τ
O`1
k , k =

1, ..., q compared to τ ′k in the constraint system allows to construct T
O`1 = (τ

O`1
1 , ..., τ

O`1
q )
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with τ
O`1
k = τ ′k + ∆k and ∆k ≤ 0 for all k = 1, ..., q. If there are more than just one de-

creasing e�ects that have not been propagated yet, they are processed in non-increasing
absolute values. Using the property that the decreasing e�ects ∆k are non-increasing
from propagation step to propagation step, there exists a unique value by which the max-
imal start of service at each position is decreased and no cycle e�ects can occur. As a

result, τ ′i(τ
`2
q ) ≥ τ

O`1
i (τ `2q ) holds for any feasible choice τ ′j of the values τj, hj ∈ O`1 \{hi}.

In an analog fashion, we can show that τ ′i(τ
`2
q ) ≤ τ

O`1
i (τ `2q ) holds. Clearly, we also

have that τ ′i(τ
`2
q ) ≤ τ ′i(τ

`2
q ). Moreover, it is easy to see that any convex combination

of two feasible schedules is also a feasible schedule. Thus, given any feasible choice
τ ′j for the values τj, hj ∈ O`1 \ {hi} there exists for each τ ∗i ∈

[
τ ′i(τ

`2
q ), τ ′i(τ

`2
q )
]
with

τ ′i(τ
`2
q ) ≤ τ

O`1
i (τ `2q ) and τ ′i(τ

`2
q ) ≥ τ

O`1
i (τ `2q ) a feasible schedule with start of service τ ∗i at

node hi ∈ O`1 .
Using this property, we can construct a feasible schedule TP1 = (T ∗P`1

, TQ1) as follows.
As de�ned in the proof of Proposition 4.3, �x TQ1 = TQ2 \ {τi : hi − n ∈ O`2 \ O`1} to
the schedule for Q1 that assigns each node hi of Q1 the same start of service τi as in
TQ2 . Let TP`1

= (τ1, ..., τq) ∈ TP`1
(τ `2q ). For T ∗P`1

= TP`1
, schedule TP1 clearly satis�es

inequalities (4.1) and (4.2). Also, it satis�es inequalities (4.3) and (4.4) for each request
hi /∈ O`1 .
If TP1 also respects inequalities (4.3) and (4.4) for each request hi ∈ O`1 , TP1 is

feasible and the proof is complete. Otherwise, consider any request hi for which either
constraint (4.3) or (4.4) is violated. Denote by τk the start of service at the delivery node
hk = hi +n as �xed in schedule TQ1 . To satisfy inequalities (4.3) and (4.4), τi ≤ τk−Lhi
and τi ≥ τk − Lhi must hold, respectively, for the start of service τi at pickup node
hi within schedule T ∗P`1

. Let τ ′i(τ
`2
q ) and τ ′i(τ

`2
q ) be the minimal and maximal starts

of service at node hi, respectively, given the values τj, hj ∈ O`1 \ {hi} as �xed within

schedule TP`1
. Then, τk − Lhi ≥ edhi`2 − Lhi ≥ ed

hi
`1

(τ `2q ) − Lhi ≥ τ
O`1
i (τ `2q ) ≥ τ ′i(τ

`2
q )

and τk − Lhi ≤ ldhi`2 (τ `2q ) − Lhi ≤ ldhi`1 (τ `2q ) − Lhi ≤ τ
O`1
i (τ `2q ) ≤ τ ′i(τ

`2
q ) hold. Using the

property shown above, there exists a feasible schedule T ′P`1
= (τ ′1, ..., τ

′
q) with τ ′j = τj

for all hj ∈ O`1 \ {hi} and any τ ′i = τ ∗i ∈
[
τ ′i(τ

`2
q ), τ ′i(τ

`2
q )
]
. Thus for T ∗P`1

= T ′P`1
, TP1

satis�es constraints (4.3) and (4.4) for request hi. Moreover, all other constraints that
have been respected in the case T ∗P`1

= TP`1
are still respected.

If for TP1 inequalities (4.3) and (4.4) are still violated for some requests, we can
iteratively repeat the same procedure just described. In each iteration one constraint
that was previously violated gets satis�ed. Thus, a feasible schedule TP1 for path P1

eventually results which completes the proof. �

Proof of Lemma 4.2: Note �rst that X (t) /∈ ∅ for all t ≥ t∗. Also note that
X = (x1, ..., xq) ∈ X , X = (x1, ..., xq) ∈ X , X(t) = (x1(t), ..., xq(t)) ∈ X (t), X(t) =

(x1(t), ..., xq(t)) ∈ X (t), X
S
(t) = (xS1 (t), ..., xSq (t)) ∈ X S(t), and XS(t) =

(xS1 (t), ..., xSq (t)) ∈ X S(t). The proofs are analog to the proof of Lemma 4.1.
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1. The proof is constructive. We start from X ∈ X , i.e., the q-tuple with maximal
values for all xi, i = 1, ..., q satisfying (4.30)�(4.32). When considering X (t), t ≥ t∗

instead of X , we have the additional constraint xq ≤ t. The case xq ≤ t is trivial.
If xq > t for some t ≥ t∗, the maximal value at position q decreases to xq(t) =
min{xq, t} = xq + min{0, t−xq} = xq + ∆q(t) with ∆q(t) = min{k1

q , k
2
q + t} ≤ 0. If

inequalities (4.31) are satis�ed for the decreased value xq(t) and all xi, i < q, then
clearly xj(t) = xj = min{k1

i , k
2
i + t} for all j = 1, ..., q with constants k1

i and k
2
i .

If xi + ciq > xq(t) holds for some i < q and t ≥ t∗, then xi(t) = min{xi, xq(t)− ciq}
which can be rewritten in the forms

xi(t) = min{xi, xq(t)− ciq}
= min{k1

i , k
2
i + t}

= xi + min{0, xq(t)− ciq − xi}
= xi + min{0, xq − ciq − xi + ∆q(t)}
= xi + ∆i(t),

where ∆i(t) = min{k̃1
i , k̃

2
i + t} ≤ 0 with constants k̃1

i and k̃
2
i . As xq − ciq − xi ≥ 0,

it follows that 0 ≤ ∆i(t) ≤ ∆q(t). Thus, the value by which xi(t) is decreased
compared to xi is strictly not larger than the value by which xq(t) is decreased
compared to xq.

Decreased values xi(t) in turn impose stronger bounds compared to xi on the
maximal values at all positions j < i and k > i because of inequalities (4.31) and
(4.32), respectively. Thus, the decreasing e�ects propagate through the constraint
system in the same fashion as in the proof of Proposition 4.4. A schedule X(t) =
(x1(t), ..., xq(t)) ∈ X (t) with xi(t) = max{k1

j , k
2
j + t}} for all i = 1, ..., q, t ≥ t∗ can

then be constructed analog to there.

2. It is straightforward to verify that X ∈ X (t) and X (t) ⊆ X for all t ≥ t∗. Thus,
xi(t) = xi for all i = 1, ..., q, t ≥ t∗.

3. xSi (t) is given by max{xi}, s.t. (4.30)�(4.32), xq ≤ t, and xj ≤ xj, j ∈ S. Obviously,
the latter maximization problem is of the same structure as the one for xi(t) and,
thus, xSi (t) = max{k1

i , k
2
i + t} with constants k1

i and k
2
i for all i = 1, ..., q, t ≥ t∗.

4. Comparing the minimization problems for xi(t) and xSi (t), there are addi-
tional constraints xj ≥ xj(t), j ∈ S in the latter. When constructing XS(t) =

(xS1 (t), ..., xSq (t)) ∈ X S(t) starting from X(t) = (x1, ..., xq) ∈ X (t), these con-
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straints may force xSj (t) to be increased compared to xj for j ∈ S and we have

xSj (t) = max{xj, xj(t)} (4.36)

= max{xj,min{k1
j , k

2
j + t}} (4.37)

= xj + max{0,min{k1
j , k

2
j + t} − xj} (4.38)

= xj + ∆j(t), (4.39)

with ∆j(t) = max{k̃1
j ,min{k̃2

j , k̃
3
j + t}} ≥ 0. Increased values xSj (t) compared

to xj might in turn in�uence other values and the increasing e�ects propagate
throughout the constraint system.

A schedule XS(t) = (xS1 (t), ..., xSq (t)) ∈ X S(t) with xSi (t) = max{k1
j ,min{k2

j , k
3
j +

t}} for all i = 1, ..., q, t ≥ t∗ can then be constructed in the same fashion as X(t)
was constructed in the proof of the �rst property.

�

Proof of Proposition 4.5: We need to show that (4.34) implies ed
i

`1
(t) ≤ edi`2 , t ∈

[t`2 , b̃`2 ] and that (4.35) implies ldi`1(t) ≥ ldi`2(t), t ∈ [t`2 , b̃`2 ]. The latter follows di-

rectly from Proposition 3.5 of Chapter 3. For the former, recall that ed
i

`1
(t) = max{k1

i ,

min{k2
i , k

3
i + t}} and note that ed

i

`1
(t) is clearly non-decreasing in t.

Consider �rst the case B
i

`1
≤ b̃`2 . Using that ed

i

`1
(t) is constant for all t ≥ B

i

`1
, we

have that ed
i

`1
(t) = ed

i

`1
(B

i

`1
) ≤ edi`2 for all B

i

`1
≤ t ≤ b̃`2 . For all t`2 ≤ t ≤ B

i

`1
, clearly

ed
i

`1
(t) ≤ ed

i

`1
(B

i

`1
) ≤ edi`2 holds.

Consider now the case B
i

`1
> b̃`2 . If ed

i

`1
(b̃`2) ≤ ed

i

`1
(B

i

`1
)− (B

i

`1
− b̃`2), then ed

i

`1
(t) ≤

ed
i

`1
(b̃`2) ≤ ed

i

`1
(B

i

`1
) − (B

i

`1
− b̃`2) ≤ edi`2 holds for all t`2 ≤ t ≤ b̃`2 . If ed

i

`1
(b̃`2) >

ed
i

`1
(B

i

`1
) − (B

i

`1
− b̃`2) we di�erentiate two cases. First, if B

i

`1
= t`1 it follows directly

that ed
i

`1
(t) = ed

i

`1
(B

i

`1
) = ed

i

`1
(t`1) ≤ edi`2 for all t`2 ≤ t ≤ b̃`2 . Second, if B

i

`1
> t`1 we

have that ed
i

`1
(t) < ed

i

`1
(B

i

`1
) for all t < B

i

`1
and consequently ed

i

`1
(B

i

`1
) = k2

i = k3
i +B

i

`1

must hold. Using ed
i

`1
(b̃`2) > ed

i

`1
(B

i

`1
) − (B

i

`1
− b̃`2) it follows that ed

i

`1
(b̃`2) > k3

i + b̃`2

and, thus, ed
i

`1
(b̃`2) = k1

i . As a result, we have ed
i

`1
(t) = ed

i

`1
(b̃`2) = k1

i = ed
i

`1
(t`1) ≤ edi`2

for all t`2 ≤ t ≤ b̃`2 . �
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4.B Detailed Computational Results

Table 4.7 shows aggregated results for all algorithms and subclasses. It reports the
following columns:

opttree The number of optimal solutions obtained by respective algorithm
time The average computation time in seconds
optroot The number of optimal solutions obtained in the root node
gaproot The average percentage integrality gap in the root node
cuts The average number of cuts generated
nodes The average number of nodes solved

Tables 4.8-4.11 present optimal solution/upper bound values for all instances together
with the respective computation times of algorithms IMPmax

min and IMP-Imax. The mean-
ing of the table entries are as follows:

inst The name of the instance
opt/ub The value of optimal solution or best known upper bound (overlined)
IMPmaxmin The computation time in seconds of algorithm IMPmaxmin ; 1h if unable to

solve instance within time limit
IMP-Imax The computation time in seconds of algorithm IMP-Imax; 1h if unable to

solve instance within time limit

106



Chapter 4. VRP with Temporal Synchronized Pickup and Delivery

M
M

L
M

M
L

L
L

∅

opttree

time

optroot

gaproot

cuts

nodes

opttree

time

optroot

gaproot

cuts

nodes

opttree

time

optroot

gaproot

cuts

nodes

opttree

time

optroot

gaproot

cuts

nodes

opttree

time

optroot

gaproot

cuts

nodes

A(orig.)

IM
P
m

a
x

m
in

4
2

2
3

3
0

0
.0
6

4
5

4
2

2
0

2
7

0
.0
4

6
5

4
1

1
5
7

2
6

0
.0
8

5
1
9

4
1

2
8
9

2
8

0
.0
8

6
2
4

1
6
6

1
2
2

1
1
1

0
.0
6

5
1
3

IM
P
-I

m
a
x

4
2

2
5

3
0

0
.0
7

2
1

1
0

4
2

1
5

2
5

0
.0
6

1
7

7
4
0

1
9
2

2
3

0
.1
1

3
1

3
8

4
1

2
0
5

2
4

0
.0
8

2
2

3
9

1
6
5

1
0
9

1
0
2

0
.0
8

2
3

2
3

IM
P
-I

m
in

4
2

1
1
6

3
0

0
.0
6

6
3

1
1

4
2

6
6

2
5

0
.0
6

7
4

5
4
0

2
0
1

2
6

0
.1
1

7
2

1
7

3
9

2
8
8

2
6

0
.1
2

7
3

2
3

1
6
3

1
6
8

1
0
7

0
.0
9

7
0

1
4

IM
P
-I

4
2

1
0
3

3
0

0
.0
7

7
6

1
0

4
1

1
3
8

2
4

0
.0
7

7
9

8
4
0

2
4
2

2
3

0
.1
3

9
1

2
0

3
9

2
8
6

2
2

0
.1
2

8
2

2
4

1
6
2

1
9
2

9
9

0
.1
0

8
2

1
5

B(4/3)

IM
P
m

a
x

m
in

4
2

4
8

3
0

0
.0
4

6
5

4
2

7
9

2
4

0
.0
5

7
8

4
2

7
8

2
0

0
.0
9

5
1
0

4
0

2
2
9

1
8

0
.1
3

6
2
3

1
6
6

1
0
9

9
2

0
.0
8

6
1
2

IM
P
-I

m
a
x

4
2

2
9

2
3

0
.0
6

3
5

9
4
2

3
9

2
3

0
.0
7

2
4

1
2

4
1

1
5
5

1
8

0
.1
3

4
1

3
6

4
0

2
6
7

1
7

0
.1
5

2
8

4
6

1
6
5

1
2
2

8
1

0
.1
0

3
2

2
6

IM
P
-I

m
in

4
1

1
6
4

2
5

0
.0
6

1
1
9

7
4
0

2
2
4

2
0

0
.1
0

1
4
6

1
0

3
7

5
4
3

1
7

0
.1
7

1
3
9

3
1

3
6

6
7
2

1
5

0
.2
5

1
4
3

4
5

1
5
4

4
0
1

7
7

0
.1
5

1
3
7

2
3

IM
P
-I

4
0

2
1
8

2
0

0
.0
8

1
4
4

1
0

4
0

2
5
7

2
0

0
.1
2

1
6
1

1
3

3
7

5
9
9

1
5

0
.2
1

1
6
6

3
1

3
5

7
2
8

1
5

0
.2
7

1
5
6

5
6

1
5
2

4
5
1

7
0

0
.1
7

1
5
7

2
8

C(5/3)

IM
P
m

a
x

m
in

4
1

1
4
5

2
5

0
.0
8

7
2
4

4
2

1
7
4

2
4

0
.0
7

9
2
4

4
0

2
4
0

1
6

0
.2
0

7
1
7

4
1

2
1
1

1
8

0
.1
6

1
0

1
6

1
6
4

1
9
3

8
3

0
.1
3

8
2
1

IM
P
-I

m
a
x

4
1

1
3
4

1
8

0
.1
4

5
5

3
3

4
2

7
5

2
1

0
.1
0

3
1

2
5

3
9

3
0
8

1
2

0
.2
6

6
5

6
2

4
1

1
3
3

1
4

0
.1
9

3
5

3
0

1
6
3

1
6
3

6
5

0
.1
8

4
7

3
8

IM
P
-I

m
in

3
6

7
4
3

2
1

0
.1
6

2
1
2

3
6

3
5

8
3
9

1
8

0
.2
6

2
4
2

2
3

3
1

1
0
4
8

1
1

0
.4
0

2
2
1

5
0

3
3

9
8
1

1
3

0
.4
1

2
2
2

5
2

1
3
5

9
0
3

6
3

0
.3
1

2
2
4

4
1

IM
P
-I

3
4

9
1
0

1
7

0
.2
3

2
3
9

3
2

3
5

8
5
5

1
8

0
.2
7

2
5
8

2
2

3
0

1
2
3
7

8
0
.4
8

2
5
3

6
4

3
2

1
1
3
6

1
1

0
.4
3

2
4
4

6
3

1
3
1

1
0
3
4

5
4

0
.3
5

2
4
8

4
6

D(6/3)

IM
P
m

a
x

m
in

4
2

5
3

1
8

0
.1
3

1
0

1
2

4
0

2
3
4

1
7

0
.1
6

1
3

4
1

3
8

5
2
0

1
0

0
.2
6

1
1

2
9

3
7

7
5
7

1
4

0
.2
6

1
2

4
7

1
5
7

3
9
1

5
9

0
.2
0

1
2

3
5

IM
P
-I

m
a
x

4
2

9
2

1
4

0
.1
7

7
3

3
2

4
2

1
8
5

1
6

0
.2
0

5
3

6
3

3
6

7
0
1

8
0
.5
0

9
1

1
4
5

3
9

5
4
4

1
2

0
.3
5

5
5

1
0
8

1
5
9

3
8
1

5
0

0
.3
0

6
8

9
3

IM
P
-I

m
in

2
9

1
3
1
3

1
5

0
.3
1

3
4
5

2
4

2
6

1
6
2
3

1
6

0
.4
9

3
6
7

3
2

2
3

1
8
6
2

7
0
.8
2

3
3
6

8
0

2
2

1
8
1
4

1
1

0
.8
1

3
1
9

8
0

1
0
0

1
6
5
3

4
9

0
.6
1

3
4
2

5
8

IM
P
-I

2
9

1
3
4
6

1
3

0
.3
6

3
7
2

2
2

2
3

1
7
4
1

1
5

0
.5
3

3
9
5

3
1

2
1

1
9
7
1

7
0
.9
7

3
7
2

8
0

2
2

1
8
6
4

1
1

0
.8
5

3
4
3

8
0

9
5

1
7
3
0

4
6

0
.6
8

3
7
1

5
7

∅

IM
P
m

a
x

m
in

1
6
7

6
7

1
0
3

0
.0
8

7
1
1

1
6
6

1
2
7

9
2

0
.0
8

9
1
9

1
6
1

2
4
9

7
2

0
.1
5

7
1
9

1
5
9

3
7
1

7
8

0
.1
6

9
2
7

6
5
3

2
0
4

3
4
5

0
.1
2

8
1
9

IM
P
-I

m
a
x

1
6
7

7
0

8
5

0
.1
1

4
6

2
1

1
6
8

7
9

8
5

0
.1
1

3
1

2
7

1
5
6

3
3
9

6
1

0
.2
5

5
7

7
0

1
6
1

2
8
7

6
7

0
.1
9

3
5

5
5

6
5
2

1
9
4

2
9
8

0
.1
7

4
2

4
3

IM
P
-I

m
in

1
4
8

5
8
4

9
1

0
.1
5

1
8
5

1
8

1
4
3

6
8
8

7
9

0
.2
2

2
0
7

1
8

1
3
1

9
1
3

6
1

0
.3
8

1
9
2

4
9

1
3
0

9
3
9

6
5

0
.4
0

1
8
9

5
6

5
5
2

7
8
1

2
9
6

0
.2
9

1
9
3

3
5

IM
P
-I

1
4
5

6
4
4

8
0

0
.1
9

2
0
8

1
8

1
3
9

7
4
8

7
7

0
.2
5

2
2
3

1
8

1
2
8

1
0
1
2

5
3

0
.4
5

2
2
1

4
9

1
2
8

1
0
0
3

5
9

0
.4
2

2
0
6

5
6

5
4
0

8
5
2

2
6
9

0
.3
3

2
1
4

3
5

T
a
b
le
4
.7
:
R
es
ul
ts

ag
gr
eg
at
ed

by
su
b
cl
as
s

107
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Chapter 5

Dual Inequalities for Stabilized Column

Generation Revisited

Timo Gschwind, Stefan Irnich

Abstract

Column generation (CG) models have several advantages over compact formulations,
namely, they provide better LP bounds, may eliminate symmetry, and can hide
non-linearities in their subproblems. However, users also encounter drawbacks in
the form of slow convergency a.k.a. the tailing-o� e�ect and the oscillation of the
dual variables. Among di�erent alternatives for stabilizing the CG process, Ben
Amor et al. [Ben Amor, H., Desrosiers, J., and Valério de Carvalho, J. M. (2006).
Dual-optimal inequalities for stabilized column generation. Operations Research,
54(3), 454�463] suggest the use of dual-optimal inequalities (DOIs) in the context
of cutting stock and bin packing problems. We generalize their results, provide
new classes of (deep) DOIs, and show the applicability to other problems (vector
packing, vertex coloring, bin packing with con�icts). We also suggest the dynamic
addition of violated dual inequalities in a cutting-plane fashion and the use of dual
inequalities that are not necessarily (deep) DOIs. In the latter case, a recovery
procedure is needed to restore primal feasibility. Computational results proving the
usefulness of the methods are presented.

5.1 Introduction

Column generation (CG) has been proven a versatile tool for solving large-scale linear
programs (LPs) with often more variables than explicitly representable by considering
only a selected subset of them at a time. Such huge models may arise naturally or
may result from a reformulation of an integer compact model using a Dantzig-Wolfe
decomposition (Dantzig and Wolfe, 1960), which then leads to an integer CG approach
also known as branch-and-price (Barnhart et al., 1998; Lübbecke and Desrosiers, 2005).
The resulting so-called extensive formulation has an enormous number of variables cor-
responding to extreme points and extreme rays of the domain chosen as the subproblem
in the decomposition. While the huge number of variables in the extensive formulation
let the model seem unattractive, it also contributes with some profound advantages:
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The extensive formulation has a tighter LP-bound if the subproblem does not posses the
integrality property. Moreover, if non-linearities are present in the compact formulation,
they may be well managed using the right de�nition of the subproblems. Additionally,
some very successful CG-based algorithms have been invented for applications in, e.g.,
vehicle and crew routing and scheduling (Desaulniers et al., 1998), cutting and packing
(Ben Amor and Valério de Carvalho, 2005), and graph coloring (Held et al., 2012). Their
success can be attributed to the availability of very powerful subproblem solution algo-
rithms that have reached a high degree of maturity, see (Irnich and Desaulniers, 2005)
for constrained shortest path problems, (Kellerer et al., 2004) for knapsack problems,
and (Östergård, 2002; Carraghan and Pardalos, 1990) for cliques/stable sets.
However, CG approaches in practice often su�er from instability problems. The dual

variables, which drive the generation process, may oscillate heavily before they �nally
converge to some optimal dual values. On the primal side, CG formulations often tend
to be degenerated: In many applications the master program is some (generalized) set-
partitioning or set-covering problem, in which each variable represents a crew schedule,
vehicle route, packing, or partition, which is often a dense column so that a few columns
comprise a solution. However, a primal basis must include several other variables that
are then at value zero. As a consequence, primal degeneracy leads to rather small and
often non-improving LP pivots, known as the tailing-o� e�ect (Gilmore and Gomory,
1961; Vanderbeck, 2005). The process of variable generation then continues over many
iterations to produce nearly no improvement in the LP objective. In order to explicitly
stabilize the dual values, algorithmic techniques like the box step method (Marsten
et al., 1975), bundle methods (Hiriart-Urruty and Lemaréchal, 1993), and tailored CG
stabilization approaches have been proposed, e.g., by du Merle et al. (1999); Rousseau
et al. (2007); Lee and Park (2011). Furthermore, a branch of the recent literature is
especially devoted to tools that can help overcome or even bene�t from primal degeneracy
when solving huge LPs (Gauthier et al., 2014; Desrosiers et al., 2014).
In the paper at hand, we continue the path originally followed by Valério de Carvalho

(2005) and Ben Amor et al. (2006). For the cutting stock problem (CS) and the bin
packing problem (BP), they have shown that the knowledge of the domain of optimal
dual values can be used for stabilizing the CG process. In particular, any valid inequal-
ity known for the optimal dual space can be added as an additional variable to the
corresponding primal CG formulation.
We introduce the concept of dual inequalities in a more formal way now following the

notation of Ben Amor et al. (2006): Consider a pair of primal and dual LPs of the forms

zP = min c>λ zD = max b>π

(P ) s.t. Aλ = b, (D) s.t. A>π ≤ c.

λ ≥ 0.

with a matrix A = (aij) ∈ RI×J , c = (ci) ∈ RI , and b = (bi) ∈ RI with row indices i ∈ I
and column indices j ∈ J . Let m = |I| denote the number of rows. We refer to the jth
column of A as aj ∈ RI such that A = (aj)j∈J . For any vector a ∈ RI , we write a ∈ A
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if and only if a = aj for some j ∈ J . Rows of A are denoted by ai∗ ∈ RJ for i ∈ I.
In the following, we always assume that the primal formulation P is the extensive

formulation to which a CG algorithm is applied. Therefore, we do not solve P directly,
but work with a restricted version of P , the restricted master program (RMP), for
which re-optimization of the LP and the solution of the pricing problem (=subproblem)
alternate. The pricing problem asks for the determination of at least one column aj ∈ A,
for which cj−π>aj < 0 holds, or the guarantee that no such column exists. In the latter
case, P has been solved to optimality and the CG process terminates.
The idea of Ben Amor et al. (2006) was to add additional constraints E>π ≤ e to the

dual D. Additional constraints in the dual D correspond with additional variables in
the primal P , denoted by y in the following. The extended primal and dual models are:

zP̃ = min c>λ+ e>y zD̃ = max b>π

(P̃ ) s.t. Aλ+ Ey = b, (D̃) s.t. A>π ≤ c,

λ ≥ 0, y ≥ 0. E>π ≤ e.

The set of additional dual inequalities (DIs) E>π ≤ e cuts part of the dual solution
space. Thus, D̃ is a restriction of D, whereas the corresponding primal model P̃ is a
relaxation of P . We denote by D∗ the set of optimal solutions to the model D, i.e.,
the dual-optimal space. Throughout the text, we heavily use acronyms; for convenience,
Table 5.1 lists those that are most frequently used.
One can further di�erentiate two special classes of DIs depending on which part of

the dual solution space they cut o� (see Ben Amor et al., 2006, p. 455): DIs E>π ≤ e
are called dual-optimal inequalities (DOIs) if all dual-optimal solutions π∗ ∈ D∗ also
satisfy the DIs, i.e., D∗ ⊆ {π : E>π ≤ e}. If DIs E>π ≤ e are satis�ed by at least one
dual-optimal solution π∗ ∈ D∗, i.e., D∗ ∩ {E>π ≤ e} 6= ∅, they are called a set of deep
dual-optimal inequalities (DDOIs). Note that deep dual-optimal is a property referring
to a set of DIs, meaning that DDOIs cannot be tested individually for each inequality
in E>π ≤ e. In contrast, for a set of DOIs, every single DI Ej∗π ≤ ej, where Ej∗ refers
to the jth row of E, must qualify as a DOI. This is ful�lled if all dual-optimal solutions
π∗ ∈ D∗ respect Ej∗π∗ ≤ ej.
The contribution of our paper consists in at least �ve new �ndings: First, we gener-

alize Propositions 1 and 2 of Ben Amor et al. (2006) and Proposition 1 of Valério de
Carvalho (2005) providing insights into the relations of optimal solution values and opti-
mal solutions to models P , D, P̃ , and D̃ when E>π ≤ e are DOIs or DDOIs. Second, we
de�ne several new classes of properties for integer valued matrices A and unit costs c = 1
that enable the identi�cation of new DOIs and DDOIs. Herewith, we derive additional
classes of DDOIs for BP and DOIs for CS. The latter can be extended also to the vector
packing problem (VP) which can be seen as the multi-dimensional generalization of CS.
The third aspect is the extension of the DI-based stabilization to several new classes of

problems: We address the vertex coloring problem (VC) in which the task is to color the
vertices of a given undirected graph with a minimum number of colors so that adjacent
vertices receive di�erent colors. The synthesis of VC and BP is the bin packing problem
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Acronym Full Name

CG Column generation
RMP Restricted master program

DI Dual inequality; any inequality in the variables of D
DOI Dual-optimal inequality; ful�lled by every dual-optimal solution of D
DDOI (Set of) deep dual-optimal inequality/ies
WSI Weighted subset inequality
SI Subset inequality

CS Cutting stock problem
BP Bin packing problem
BPC Bin packing problem with con�icts
VP Vector packing problem
VC Vertex coloring problem

KP Binary knapsack problem
UKP Unbounded knapsack problem
KPC Binary knapsack problem with con�icts
DKP Unbounded version of the d-dimensional knapsack problem
MWIS Maximum weight independent set

Table 5.1: Some acronyms used in the paper

with con�icts (BPC). In all cases the derivation of DOIs and DDOIs is based on showing
that the above mentioned new matrix properties are valid.
Fourth, we show that a kind of over-stabilization of CG procedures can result in an

overall faster convergency. There exist cases in which one can suspect that E>π ≤ e are
DDOIs, but this may actually not be true. The property may be ful�lled just for some
instances of the problem or just for a proper subset that one is unable to identify. In the
negative case, the outcome of the stabilized CG algorithm is an infeasible primal solution
and a weaker bound than zP (see Proposition 5.1). We show that there is a constructive
way of identifying the DIs that have cut o� D∗. This can be seen as a recovery procedure.
In order to accelerate the overall CG approach, we therefore propose to alternate between
solving the (over-)stabilized formulation P̃ and the recovery procedure until a feasible
primal solution results.
Fifth and �nally, we show that the dynamic generation of DIs during the CG process

is another option that often helps reducing the computation time. Note that up to now,
DOIs and DDOIs have been used in a static fashion. Indeed, when the number of known
DOIs or DDOIs is relatively small, e.g., polynomial in the size of the input instance, then
P̃ is not signi�cantly larger than P , and the advantage of stability can then outreach
the resulting larger RMP re-optimization times. Such a family of DOIs has been used in
a branch-and-price approach for the capacitated arc-routing problem (Bode and Irnich,
2012). However, in all problems considered here, the families of DIs, DOIs, and DDOIs
are exponential in size. For the problems CS, BP, VC, and BPC we demonstrate that
often the dynamic generation, sometimes in combination with an a priori addition of the
expectedly strongest DIs provides the best trade-o� between stabilization, e�ort of DI
generation, and e�ort for re-optimizing the RMP.
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The remainder of this paper is organized as follows: Section 5.2 presents the general-
ized proposition on the relations of solutions of models P , D, P̃ , and D̃. In Section 5.3,
we derive useful properties of the coe�cient matrix allowing to identify DIs that are DOIs
and/or DDOIs. Along with introducing the new properties we present their application
to di�erent problems. This includes the proper introduction of the CG formulations of
these problems and the speci�cation of the di�erent new classes of DOIs and DDOIs.
Section 5.4 clari�es the dynamic identi�cation of violated DIs and presents the recovery
procedure. In Section 5.5, we present aggregated computational results for BP, CS, VC,
and BPC. Final conclusions are drawn in Section 5.6.

5.2 Equivalence Conditions for the Original and

Extended Models

The central question of this section is the following: Under which conditions are the
models P and P̃ and the models D and D̃ equivalent? Conditions for the equivalence
depend on the set of DIs E>π ≤ e. Equivalence of the respective models means that
they provide identical LP-bounds. Moreover, it is required that optimal solutions to the
extended models P̃ and D̃ can be transformed into optimal solutions of the corresponding
original models P and D, respectively. In case of equivalence, the stabilized model P̃
can now be solved by CG instead of the non-stabilized model P .
The next proposition generalizes the �ndings of Ben Amor et al. (2006) also including

some results of Valério de Carvalho (2005). In essence, if the E>π ≤ e are DDOIs then
the models P,D, P̃ , and D̃ are equivalent, and vice versa.

Proposition 5.1. The following statements are equivalent:
(i) E>π ≤ e are DDOIs.
(ii) There exists a π∗ ∈ D∗ which is feasible also for D̃.
(iii) zD = zD̃.
(iv) zP = zP̃ .
(v) For every feasible primal solution (λ̃, y) to P̃ there exists a primal feasible solution λ

to P with c>λ ≤ c>λ̃+ e>y.
(vi) There exists a primal optimal solution (λ̃∗, y∗) to P̃ with Ey∗ = 0. Also, λ̃∗ is an

optimal solution to P .
(vii) Every optimal dual solution π∗ to D̃ is optimal for D.

The proof of Proposition 5.1 and proofs for all other propositions and theorems can
be found in Section 5.A of the Appendix.
Ben Amor et al. (2006) have shown the implications (i) ⇒ (iii), (i) ⇒ (iv), and

(i) ⇒ (vii). Moreover, for DOIs they showed that if there exists a primal optimal
solution (λ̃∗, y∗) to P̃ with Ey∗ = 0, then λ̃∗ is optimal for P . Since DOIs are also
DDOIs, Proposition 5.1 proves the fact that if E>π ≤ e are DOIs then this implies
(i)�(vii). The reverse does not hold in general.
From a practical point of view, the condition (v) is particularly useful for problems

for which a constructive procedure is known to transform solutions (λ̃, y) of P̃ so that
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they lead to a solution λ of P with less or equal cost. A solution to model P can then
be determined by �rst solving the relaxed model P̃ to optimality, and then converting
this solution into a solution to P . This approach has been taken by Valério de Carvalho
(2005) when solving CS with CG: He �rst solves the extended master program P̃ , in
which several additional y variables corresponding to DIs have been added a priori. As
a result, the optimal master program may contain positive y variables. This solution is
then transformed into a feasible CS solution with identical cost (our recovery procedure
presented in Section 5.4.2 is inspired by this transformation). Thus, Valério de Carvalho
(2005) was the �rst to show that the original CS problem is actually solved to optimality,
even if additional y variables are active. In fact, the DIs that he used for CS are DOIs
as later shown by Ben Amor et al. (2006).
Even if there is no direct transformation from solutions (λ̃, y) of P̃ into solutions λ of

P known, the model P can still be solved by solving a stabilized variant of the model P̃ .
Ben Amor et al. (2006) show that for DOIs it su�ces to marginally increase the costs e
of the y variables to e + ε. As a result, all DOIs are inactive and the corresponding
primal variables y must be at 0 (resulting from complementary slackness). Moreover,
Ben Amor et al. (2006) suggest a two-phase procedure for DDOIs: In the �rst phase,
they determine an optimal solution to P̃ . It has a corresponding dual solution π∗. In the
second phase, they use a stabilized model P , in which the dual variables π are stabilized
with the help of a trust region around π∗. The primal solution λ∗ to this stabilized
model is then a feasible solution to P , see (Ben Amor et al., 2006, Prop. 5).

5.3 Matrix Properties for Deriving DOIs and DDOIs

The de�nition of DOIs and DDOIs refers to the set of dual-optimal solutions D∗. Up
to now, DOIs and DDOIs have been derived by analyzing structural properties of the
problem at hand, i.e., for CS and BP. In this section, we derive some new results by
analyzing the structure of the constraint matrix A de�ning the model P . This allows us
to apply the results to new and di�erent problems showing that several classes of DIs
are DOIs or DDOIs.
Some additional notation is needed: Recall that I are the row indices and J are the

column indices of the coe�cient matrix A. We denote the ith unit vector for i ∈ I
by ui ∈ ZI+. Moreover, 0 and 1 are vectors with all entries 0 and 1, respectively, of
appropriate size. In the following, we consider an integer valued matrix A ∈ ZI×J+ , an
integer valued, strictly positive right-hand side (rhs) b ∈ ZI>0 and unit costs c = 1 ∈ RJ .

5.3.1 Exchange Property

Several results presented in the following use the following exchange property:

De�nition 5.1. (Exchange Property) Let s, t ∈ ZI+ be given. A matrix A ∈ ZI×J+

has the (s, t)-exchange property if aj ∈ A, aj ≥ s implies aj − s+ t ∈ A.
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If one or both vectors s and t are unit vectors, e.g., s = uh, we simplify the notation
and write (h, t)-exchange property. If one of the vectors is the null vector, e.g., t = 0,
we write (s, 0)-exchange property.
The exchange property means that the columns in A are related to each other. Any

column that is not too small, i.e., ful�lls aj ≥ s, can be converted into another column
by exchanging entries in some rows against entries in other rows (described by t − s).
In this case, useful relations between optimal values of primal and dual variables can be
derived:

Proposition 5.2. Let s = (si), t = (ti) ∈ ZI+ and A ∈ ZI×J+ be given. If A has the
(s, t)-exchange property and (λ∗, π∗) is a pair of optimal solutions to P and D, then

(Exch-D)
∑
i∈I

siπ
∗
i ≥

∑
i∈I

tiπ
∗
i or (Exch-P) λ∗k = 0 for all k ∈ J with ak ≥ s.

If s is a unit vector uh for h ∈ I, the exchange property allows that an entry in row h
is replaced by entries in a subset of other rows given by the (strictly) positive entries in t.
The following proposition shows that valid DOIs result for the dual variables described
by h and the positive components of t.

Proposition 5.3. Let h ∈ I and t ∈ ZI+ be given. If a matrix A ∈ ZI×J+ has the
(h, t)-exchange property, then any dual-optimal solution π∗ ∈ D∗ ful�lls

π∗h ≥
∑
i∈I

tiπ
∗
i .

Proposition 5.3 can directly be applied to identify DOIs for problems whose coe�cient
matrix A has the (h, t)-exchange property. We exemplify this for CS and VP.

Cutting Stock The CS consists of �nding cutting patterns for cutting rolls of length
L into items i ∈ I of length wi ≤ L such that the total number of rolls is minimal and
given demands bi of the items i ∈ I are ful�lled. A feasible cutting pattern cuts a roll
into several of the items with

∑
i∈I aijwi ≤ L, where aij denotes the number of items

of length wi that are produced by pattern j ∈ J . An extensive formulation for CS was
�rst presented by Gilmore and Gomory (1961), and several CG-based algorithms have
been presented over the years, e.g., by Valerió de Carvalho (1998); Vanderbeck (2000);
Ben Amor and Valério de Carvalho (2005). In out notation, model P for CS consists of
columns aj ∈ ZI+ forming A, one for each feasible cutting pattern. The variables λj give
the number of rolls that are cut according to pattern j (cf. Gilmore and Gomory, 1963).
The pricing problem has to identify a cutting pattern with negative reduced cost. This is
an unbounded knapsack problem (UKP), which can be solved by dynamic programming
algorithms as a longest path problem in an acyclic digraph (see Kellerer et al., 2004).
We provide some more details in Section 5.4.1.

Vector Packing The VP is the d-dimensional (d ≥ 2) generalization of CS. CG
algorithms for VP have been presented by Caprara and Toth (2001) and Alves et al.
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(2014). In VP, items i ∈ I have a size wi1, wi2, . . . , wid in each of the d dimensions (e.g.,
weight, volume, cost etc.), and cutting patterns or packings are restricted not only by a
single capacity, but by d independent capacities L1, L2, . . . , Ld. A straightforward CG
model for VP is analog to the one for CS: Columns in the master program correspond
to feasible packings, while the subproblem is the unbounded version of a d-dimensional
knapsack problem (DKP) (see Kellerer et al., 2004, Ch. 9).

A direct consequence of Proposition 5.3 is:

Theorem 5.1. Let d = 1 or d ≥ 2. Moreover, let wi, i ∈ I (for d = 1) or wip, i ∈
I, p ∈ {1, 2, . . . , d} (for d ≥ 2) be the d-dimensional weights de�ning CS and VP, and
let h ∈ I, S ⊆ I \ {h}, and t ∈ ZS>0 be given. We distinguish between d = 1 and d ≥ 2:

(i) If wh ≥
∑

s∈S tsws, then the inequality πh ≥
∑

s∈S tsπs is a DOI for CS.
(ii) If whp ≥

∑
s∈S tswsp for all p = 1, . . . , d, then the inequality πh ≥

∑
s∈S tsπs is a

DOI for VP.

In the following, we refer to DIs of the form πh ≥
∑

s∈S tsπs as weighted subset

inequalities (WSIs). In the primal model P̃ , the corresponding kth column to a WSI is
(Eik)i∈I ∈ ZI with

(Eik) =


ti i ∈ S,
−1 i = h,

0 otherwise,

and a cost of zero, i.e., ek = 0. We refer to such a WSI and its (so-called) WSI column
as (h← t, S) with h ∈ I, S ⊆ I \ {h}, and t ∈ ZS>0 instead of using the column index k.
Moreover, for t = 1 ∈ ZS>0, the DI πh ≥

∑
s∈S πs is a subset inequality (SI), and we refer

to it and its column as (h←S).
The WSIs and the associated primal WSI columns have a very intuitive practical in-

terpretation in CS: The quantities ts for s ∈ S describe a combination of items including
copies whenever ts > 1. Whenever the total length of the combination is not longer than
the length wh of item h, then it is more di�cult to include item h in a cutting pattern
than all items (and their copies) of the combination. Hence, the marginal cost πh of
producing item h should be not smaller than the overall marginal cost of producing the
combination. It also means that in any cutting pattern that includes item h one can
safely replace this item h by the combination, i.e., all items s ∈ S in quantities given by
ts, s ∈ S. The result is a di�erent, but certainly feasible cutting pattern.
When P̃ is solved by CG, the presence of a WSI (h← t, S) in the RMP implicitly

represents several other cutting pattern columns. For any cutting pattern column aj
including item h, i.e., aj ≥ uh, the sum of column aj and a WSI column (h← t, S)
realizes the cutting pattern in which items s ∈ S are cut an additional ts times and
item h is cut once fewer than given by ahj. Thus, the presence of WSI columns in the
RMP prevents having to explicitly generate speci�c columns because they are already
implicitly represented. Moreover, these implicitly represented cutting patterns and other
WSIs together represent additional cutting pattern columns.
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Note that the WSIs for CS in Theorem 5.1 are generalizations of the SIs introduced
by Valério de Carvalho (2005) and proven to be DOIs by Ben Amor et al. (2006). Both
works exclusively consider DOIs of the form πh ≥

∑
s∈S πs, hence they neglect the

possibility to replace a single item by multiples of one or more items s ∈ S.

5.3.2 Covering Property

It seems to be common knowledge or folklore that in CG (generalized) covering for-
mulations are preferable over partitioning formulations, i.e., inequality over equality
constraints. In the light of Proposition 5.3 we can justify this as follows: If the matrix
A has the (h, 0)-exchange property, it means that matrix entries in the row h can be
decreased as long as a column aj, j ∈ J has a positive entry ahj. Intuitively, the hth
equality of Aλ = b can then be replaced by a covering constraint. The following remark
formalizes the idea from a primal and dual perspective:

Remark 5.1. Let a matrix A ∈ ZI×J+ have the (h, 0)-exchange property for every h ∈ I.
Then:

(i) For every primal solution λ to the system Aλ ≥ b, λ ≥ 0 there exists another
primal solution λ′ to P with 1>λ′ = 1>λ.

(ii) Any dual-optimal solution π∗ ∈ D∗ ful�lls π∗h ≥ 0.

The above result can be used to explain why some (generalized) partitioning problems
are equivalent to their covering versions, which is a well-known fact for many problems.
A prerequisite is that the coe�cient matrix A of the problem has the (h, 0)-exchange
property for every h ∈ I. Practically speaking, a subset of a feasible structure is again
a feasible structure of the same type and with not greater cost (note the unit costs
assumption made at the beginning of Section 5.3). The feasibility of subsets is known
as the concept of hereditary (see, e.g., Pattillo et al., 2013). For CS, e.g., removing an
item from a cutting pattern clearly results in another feasible cutting pattern.
Note that for solving these equivalent formulations by CG the covering formulation

(with Aλ ≥ b) is signi�cantly more stable than the one with equality (Aλ = b). In the
latter, the feasible dual space is in RI , while feasible dual solutions for covering come
from the positive quadrant RI

+. Hence, the dual space is reduced by a factor of 2m.
Hereditary problems are VP and BP. Additional examples are VC, which is equivalent

to partitioning with independent sets and partitioning with cliques in the complement
graph, the edge coloring problem, and partitioning with matchings. In the context of
vehicle routing, most tour minimization problems are hereditary. In all these problems
(some are considered and formally introduced later in this article), subsets of pack-
ings, independent sets, cliques, and matchings are clearly feasible subsets and, hence,
partitioning and covering are equivalent formulations.
For other problems, however, covering and partitioning di�er: Covering and parti-

tioning a graph with certain types of subgraphs are di�erent problems if the subgraphs
are, e.g., cycles or k-clubs. Here the subgraph formed by a subset of the vertices of a
cycle or a k-club is generally not a cycle or k-club (see Pattillo et al., 2013). The same
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is true for routing problems with a maximal waiting time constraint, since a subtour of
a feasible tour may violate the waiting time constraint.

5.3.3 Row Interchange Properties

We now consider linear programs with only binary coe�cients so that A ∈ BI×J and
b = 1 holds. For these we de�ne a modi�ed version of the exchange property:

De�nition 5.2. (Row Replacement Property) Let h, i ∈ I be given. A binary
matrix A ∈ BI×J has the (h, i)-row replacement property if aj ∈ A, aj ≥ uh and aij = 0
implies aj−uh +ui ∈ A. In this case, the pair (h, i) ∈ I× I is called a valid replacement
for A.

The analog to Proposition 5.3 for linear problems P whose coe�cient matrix A satis�es
the row replacement property is:

Proposition 5.4. Let E>π ≤ e be the set of all inequalities πi − πh ≤ 0 for valid
replacements (h, i) for A ∈ BI×J . Then, E>π ≤ e are DDOIs.

Using Proposition 5.4, we can show that speci�c classes of DIs for BP, VC, and BPC
are DDOIs. We brie�y introduce these problems now.

Bin Packing The BP is a restricted CS in which all items i ∈ I have unit demand
bi = 1. Consequently, an item cannot appear more than once in a feasible cutting
pattern, called bin in BP. Thus, A is a binary matrix (A ∈ BI×J) and the CG pricing
problem is a binary knapsack problem (KP) (see Kellerer et al., 2004). CG algorithms
for BP have been suggested by Gilmore and Gomory (1963); Vance et al. (1994); Valério
de Carvalho (1999). Clearly, for BP, (h, i) is a valid replacement for A if wh ≥ wi.

Vertex Coloring The VC is de�ned for an undirected graph G = (I, E) with vertex
set I and edge set E . VC is the problem of feasibly coloring the vertices with a minimum
number of colors such that any two adjacent vertices receive di�erent colors. We denote
by N(i) the set of vertices adjacent to vertex i ∈ I. An independent set in G is a
subset S ⊆ I such that no two vertices of S are adjacent. Clearly, in VC all vertices
of the same color form an independent set. CG models for VC were analyzed, e.g., in
(Mehrotra and Trick, 1996; Malaguti et al., 2011; Gualandi and Malucelli, 2012; Held
et al., 2012), and they are de�ned as follows: The columns aj ∈ BI of A are incidence
vectors of independent sets, and the task is to properly partition I into independent
sets, i.e., the rhs is b = 1. The pricing problem in this formulation consist of �nding a
maximum-weight independent set (MWIS).

Bin Packing with Con�icts The BPC is the synthesis of BP and VC: Items i ∈ I
with unit demand bi = 1 and weights wi have to be packed into a minimum number of
bins each with a capacity of L. Moreover a con�ict graph G = (I, E) with vertex set
I and edge set E is given, where an edge {i, j} indicates that the items i and j are in
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con�ict. Con�icting items cannot be packed into the same bin. A CG formulation for
BPC is analog to the formulations for BP or VC and has been presented by Sadykov and
Vanderbeck (2013). Columns can equivalently be seen as con�ict free bins or capacity
constrained independent sets.

We refer to a DI of the form πh ≥ πi as pair inequality. Clearly, the pair inequalities
are a special case of the SIs.

Theorem 5.2.

(a) The pair inequalities {πh ≥ πi : wh ≥ wi} are DDOIs for BP.
The pair inequality πh ≥ πi is a DOI for BP, if in addition wh + wi > L holds.

The SI πh ≥
∑

s∈S πs is a DOI for BP, if wh ≥
∑

s∈S ws and wh + mins∈S ws > L.

(b) The pair inequalities {πh ≥ πi : N(h) ∪ {h} ⊇ N(i)} are DDOIs for VC.
The pair inequality πh ≥ πi is a DOI for VC, if in addition h ∈ N(i) holds.

The SI πh ≥
∑

s∈S πs is a DOI for VC, if N(h) ∪ {h} ⊇ N(s) and h ∈ N(s) for
all s ∈ S, and S is an independent set.

(c) The pair inequalities {πh ≥ πi : wh ≥ wi, N(h)∪{h} ⊇ N(i)} are DDOIs for BPC.
The pair inequality πh ≥ πi is a DOI for BPC, if in addition wh + wi > L or
h ∈ N(i) holds.

The SI πh ≥
∑

s∈S πs is a DOI for BPC, if wh ≥
∑

s∈S
ws, N(h)∪{h} ⊇ N(s) for

all s ∈ S, S is an independent set, and wh + mins∈S ws > L or h ∈ N(s), s ∈ S
holds.

The above pair inequalities of Theorem 5.2(a) are DOIs for CS and VP, while they
are only DDOIs for BP. Note that for BP the equality constraints πh = πi for items
h, i ∈ I with wh = wi used by Ben Amor et al. (2006) are a special case of the DDOIs of
Theorem 5.2(a). Equality constraints are analyzed in a more general form in the next
Section 5.3.4.
Also note that for BP and CS a linear-sized subset of the DIs of Theorem 5.2 is

su�cient to enforce all O (m2) pair inequalities: One can assume that all items are
sorted by non-decreasing weights so that w1 ≤ w2 ≤ · · · ≤ wm. Then, the m− 1 ranking
inequalities π1 ≤ π2 ≤ · · · ≤ πm imply all pair inequalities (cf. Valério de Carvalho,
2005; Ben Amor et al., 2006, for CS). For VP, VC, and BPC such an ordering of the
vertices/items is generally not possible, and no linear system of DIs can impose all pair
inequalities.

5.3.4 Constraint Aggregation and Elimination

It is well known for BP that equally-sized items i1, . . . , ip ∈ I with wi1 = · · · = wip can
be aggregated (Vanderbeck, 1999; Ben Amor et al., 2006). It means that the p rows
i1, . . . , ip are dropped and a new row, say row k ∈ I, is introduced instead. The result
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is a master program, in which the aggregated row has rhs bk = p, and the new entry
of a column aj is the sum

∑p
`=1 ai`,j so that akj can take the values from {0, 1, . . . , p}.

Consequently, the pricing problem of an CG approach to BP with aggregation is a
bounded knapsack problem, see (Kellerer et al., 2004). Note that a similar aggregation is
also possible for CS and VP.
In the context of DIs, Ben Amor et al. (2006) have characterized this principle of

aggregation for BP in more detail. They have shown that the set of equality constraints
πh = πi for all h, i ∈ I with wh = wi is a set of DDOIs for BP. Furthermore, they proposed
two di�erent ways to enforce the equality constraints in a CG algorithm: explicitly
adding the corresponding primal columns to the RMP or using constraint aggregation.
Their computational results indicated that constraint aggregation is by far superior,
which can be attributed to the following facts (see Ben Amor et al., 2006): The size
of the RMP decreases signi�cantly in terms of both the number of constraints and the
number of feasible packings. The size of the subproblem is also reduced.
With the following proposition we generalize the simple addition of two rows:

Proposition 5.5. Let α ∈ R, h, i ∈ I be two row indices with the primal constraints
ah∗λ = bh and ai∗λ = bi and associated dual variables πh and πi, respectively.

(i) The following constraints are equivalent:

(ah∗ + αai∗)λ̃ = bh + αbi ⇔
(
ah∗
ai∗

)
λ̃+

(
α
−1

)
y =

(
bh
bi

)
, y ∈ R. (5.1)

(ii) Let π∗ ∈ D∗ be a dual-optimal solution with απ∗h = π∗i , which ful�lls E>π∗ ≤ e for
a set of given DDOIs. (This is equivalent to stating that απh = πi together with
E>π ≤ e are DDOIs.)
Then, P and P̃ are equivalent to an aggregated formulation P̃ ′ in which the hth
and ith equalities are replaced by the lhs of (5.1). The dual solution π′∗ de�ned by

π′∗k =

{
π∗k for k ∈ I with k 6= h, i,
π∗h for the new aggregated constraint

is an optimal solution to the dual of P̃ ′.

Proposition 5.5 gives rise to the following interesting result for instances of CS with
no loss.

Remark 5.2. Consider an instance of CS which has a solution without loss. An optimal
solution then uses the minimum number of rolls given by

∑
i∈I wibi/L. Ben Amor et al.

(2006) have shown that the DIs π∗i = wi/L, i ∈ I are a set of DDOIs. Using this
information about optimal dual values, the repeated aggregation of rows results in a
corresponding LP with a single row, rhs b′ =

∑
i∈I biwi/L, and coe�cients a′j ≤ 1 for

all j ∈ J . Those aggregated columns with entry a′j = 1 correspond to original columns
aj, j ∈ J that represent a cutting pattern without loss. In the aggregated RMP, exactly
one of these columns forms the basic solution. This variable takes the value

∑
i∈I wibi/L.
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The fact that the aggregated model can be solved by �nding a cutting pattern without
loss seems appealing. However, this result is not useful for computing a primal feasible
LP-solution for the original model P . By disaggregation one can �nd a solution to P̃ ,
where the above DDOIs are generally no WSIs. Thus, the recovery algorithm is not
applicable (see Section 5.4.2). The only tool to transform the solution to P̃ with some
active DDOIs is running a stabilized CG algorithm as discussed at the end of Section 5.2.

The above example of CS instances without loss is an extreme example in the sense
that all constraints can be aggregated into a single constraint. In contrast, if only a
partial aggregation but with α 6= 1 is possible, one can bene�t from Proposition 5.5 and
the aggregated formulation because CG can then be applied to the corresponding non-
trivial, but smaller instance. The result, the LP bound and the optimal dual values, both
for the aggregated formulation and herewith also for the original formulation, may be
rather helpful: Faster bounding procedures can be developed and optimal dual values can
stabilize the CG algorithm for the original disaggregated model P̃ , see again Section 5.2.
We now consider the special case of α = 0 in Proposition 5.5. It means that the ith

constraint is completely eliminated. The elimination of dominated constraints has been
used long since in order to reduce the size of set-covering/set-partitioning instances (e.g.,
Balinski, 1965; Gar�nkel and Nemhauser, 1969; Balas and Padberg, 1976): If for two
rows h, i ∈ I the inequality aij ≥ ahj holds for all j ∈ J , then row i is dominated by row
h and can be eliminated. Using this property, it is possible to eliminate speci�c rows in
the CG formulation for VC:

Proposition 5.6. Consider two vertices h, i ∈ I in VC. If N(h) ⊇ N(i), row i is
dominated by row h and can therefore be eliminated.

The positive e�ects of constraint elimination on a CG approach to VC are similar as
those of aggregation for BP, CS, and VP. One can solve VC for the graph induced by
the non-eliminated vertices, which leads to a row- and column-reduced RMP as well as
smaller subproblem instances.
Following Proposition 5.5, the elimination of row i is one possibility to enforce the

DI πi = 0. Let P ′ be the primal model resulting from eliminating all dominated rows
I ′ ⊆ I from P . Because zP ′ = zP , the set of DIs πi = 0, i ∈ I ′ is a set of DDOIs (Propo-
sition 5.1). An alternative way of enforcing the DI πi = 0 is to explicitly include the
corresponding column, i.e., the ith unit vector with cost zero, in the RMP. As for con-
straint aggregation and equality constraints, constraint elimination is computationally
superior to an extended formulation with the DDOIs.

5.4 Separation and Recovery Algorithms

Our approach di�ers in several aspects from the approaches of Valério de Carvalho
(2005) and Ben Amor et al. (2006) for stabilizing CG with DOIs or DDOIs. From an
application point of view, we cover additional problems (VP, VC, and BPC) and provide
general insights on how DOIs and DDOIs may be determined for alternative problems.
The focus of this section is, however, on the di�ering algorithmic parts.
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First, because the number of known DOIs and DDOIs is exponential in size, Valério de
Carvalho (2005) and Ben Amor et al. (2006) suggested using only a linear-sized subset
of the SIs with |S| ≤ 2 when solving CS and BP. The associated primal variables y
are here added as additional columns to P̃ before solving the RMP for the �rst time.
We do not limit our approach in this way, but consider exponential classes of DOIs
and DDOIs, which makes it necessary to identify violated DIs dynamically in the CG
process. Indeed, this is a separation problem, and the �rst part of this section presents
e�ective separation algorithms for CS, BP, VC, and BPC. The result of separation is
the identi�cation of a violated DI for D̃, which is then added as a new column to the
primal formulation P̃ . In this sense, separation of DIs is also column generation.
Second, we do not restrict our approaches to DIs that have been proven to be DOIs

or DDOIs for the problem at hand. Instead, we may perform a kind of over-stabilization
by also using classes of DIs that are generally neither DOIs nor DDOIs. As a result, we
might end up with an optimal solution to the over-stabilized primal P̃ that cannot be
transformed into a feasible solution to P (see Proposition 5.1). In these cases, we apply
a recovery procedure to restore primal feasibility. Such a procedure is presented in the
second part of this section.
In the following, all classes of DIs under consideration are in fact WSIs so that we

present separation algorithms and the recovery algorithm for these. Recall that WSIs
and SIs are denoted by (h← t, S) and (h← S), respectively. Clearly, one should only
consider such subclasses of WSIs that are likely to be DDOIs at least for some instances.
For pure binary problems such as BP, VC and BPC, we therefore restrict ourselves to
SIs (h←S).
A WSI (h← t, S) or SI (h←S) is probably no DDOI if it violates the weight inequality

for CS and BP, if the de�ning set S is no independent set for VC, and both for BPC.
Therefore, we require h, t and S to meet the following conditions:

• For CS and VP, the weights inequality wh ≥
∑

s∈S tsws must hold.
• For BP, we use the criterion wh ≥

∑
s∈S ws.

• For VC, h and S need to ful�ll N(h) ∪ {h} ⊇
⋃
s∈S N(s), and S must constitute

an independent set.
• For BPC, we require both of the above conditions of BP and VC.

5.4.1 Dynamic Separation of Violated Dual Inequalities

The careful dynamic generation and addition of violated WSIs prevents the RMP from
being stu�ed with useless DOIs as it may happen with an a-priori addition of many DIs
that one suspects to help stabilizing the CG process. Clearly, mixing both strategies,
the a-priori integration of expectedly helpful DIs and the dynamic generation of violated
DIs, is a viable strategy that we analyze later in the computational experiments.
For the identi�cation of violated WSIs, a separation procedure is needed. Let π̄i, i ∈ I

be the dual values in a CG iteration after the reoptimization of the RMP. (We need to
distinguish between a speci�c dual solution π̄ and the dual variables π.) The task of the
separation procedure is to identify one or several violated WSIs (h← t, S) if any, i.e.,
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Figure 5.1: Dynamic programming state graph for the unbounded knapsack problem
(UKP)

with π̄h <
∑

s∈S tsπ̄s. In the following, we describe the individual separation algorithms
that we later use for CS, BP, VC, and BPC in our computational study.

Cutting Stock For CS, we consider a given item h ∈ I for which a violated WSI of the
form (h← t, S) requires the identi�cation of the subset S and the quantities ts ∈ ZS>0.
Such a violated WSI exists if and only if π̄h < zh, where zh = maxi∈I π̄iti such that∑

i∈I witi ≤ wh. This is, for each item h ∈ I, an UKP with identical coe�cients as in
the pricing problem, except for a smaller capacity of wh instead of L. Note that the WSI
(h← t, S) with t and S = {i ∈ I : ti > 0} for the optimal solution to the UKP above is
the most violated WSI for this speci�c item h.
From a worst-case point of view, the best known algorithms for solving the UKP

pricing problem are based on dynamic programming (DP), and they require O (mL)
time (see Kellerer et al., 2004). Figure 5.1 shows the state graph, in which states
correspond with residual capacities 0, 1, 2, . . . , L. For each item i ∈ I, arcs (p, p+wi) are
present for 0 ≤ p and p+wi ≤ L. They all have an associated pro�t π̄i. Additional arcs
(p, p+ 1) with pro�t 0 model possible slack in a solution. UKP can now be interpreted
as a longest 0-L-path problem in this directed acyclic graph. When solved with DP, the
value zh for h ∈ I can be found at state wh. If π̄h < zh, then the associated longest
0-wi-path de�nes the subset of selected items S ⊆ I and their quantities t ∈ ZS+. Thus,
the exact dynamic separation of violated WSIs is a by-product of solving the pricing
problem for CS. The additional e�ort for identifying a most violated WSI is O (m) and,
therefore, the separation comes almost for free. Note that the approach provides not
only a most violated WSI, but several other violated WSIs can also be separated.
For VP, the multi-dimensional extension of CS, the pricing problem is an unbounded

DKP (Kellerer et al., 2004, Chapter 9). Finding a most violated WSI requires the
solution of m smaller DKPs, which are identical to the pricing problem, but the multi-
dimensional capacity (L1, . . . , Ld) is set to (wh1, . . . , whd) for each h ∈ I. The literature
reports di�erent exact solution algorithms for DKP (see Ozden, 1988; Fréville, 2004).
It seems that none of these approaches allows the direct retrieval of the solution to the
WSI separation problem in a straightforward way.
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Bin Packing The pricing problem and the SI separation problem for BP are KPs.
Again, they again can be solved e�ciently in O (mL) pseudo-polynomial time using
dynamic programming (Kellerer et al., 2004, Chapter 5). The state graph however
di�ers from the one of UKP. There is one stage for each item i ∈ I = {1, . . . ,m} plus
one start stage with the single state 0. At stage i ∈ I, the states 0, 1, 2, . . . , L are the
possible residual capacities. Stage i − 1 and stage i for i ∈ I are connected in the
following way: The arcs (p, p + wi) with pro�t πi for 0 ≤ p ≤ p + wi ≤ L (p = 0 for
i = 1) model the inclusion of item i in the respective solution, while the arcs (p, p) with
pro�t 0 for 0 ≤ p ≤ L (p = 0 for i = 1) model the exclusion of item i. Using forward
DP, the values at the states wh at stage m are zh = maxi∈I π̄iti such that

∑
i∈I witi ≤ wh

and t ∈ {0, 1}I , i.e., the values of the same KP instance as the pricing problem, but
for smaller residual capacities. For each h ∈ I, the corresponding path from 0 to wh
(connecting stages 0 andm) de�nes a set S of items to include. The respective SI (h←S)
is violated if and only if zh > π̄h holds. Summing up, as for CS, if the BP pricing problem
is already solved with DP, the additional e�ort needed to identify violated SIs is O (m).
Thus, separation is a by-product of pricing.

Vertex Coloring For VC, we consider again a �xed vertex h ∈ I. For some S ⊆
I \ {h}, (h← S) is a possible SI if S is an independent set and N(h) ∪ {h} ⊇ N(s)
holds for all s ∈ S. Denote by Sh = {s ∈ I : N(h) ∪ {h} ⊇ N(s)} the set of all vertices
that have a subset of the con�icts of vertex h. Then, the SI (h←S) is violated if and
only if π̄h < zh, where zh = maxS⊆Sh

∑
s∈S π̄s such that S is an independent set. This

is a MWIS problem (Östergård, 2002). Again, the separation problem is identical to
the pricing problem, but de�ned on the vertex-induced subgraph G[Sh]. As such, it is
strongly NP -hard and no by-product of solving the pricing problem.
For the separation of violated SIs (h←S), we solve a MWIS for each vertex h ∈ I using

the same exact algorithm as for the pricing problem, see Section 5.5. The respective
sets Sh for each vertex h ∈ I are computed once and prior to the CG process. Typically,
the sets Sh are very small compared to I in the VC benchmark instances. As a result,
separation times are negligible. Analog to CS and BP, the separation procedure provides
not only the most violated SI, but also several others.

Bin Packing with Con�icts Since the BPC can be seen as the synthesis of BP and
VC, it can be expected that ideas for the separation of DIs can be adapted from these
problems. First note that the CG subproblem is a binary knapsack problem with con�icts
(KPC). For general con�icts, i.e., de�ned by arbitrary con�ict graphs (I, E), the KPC
is strongly NP -hard and also practically very hard to solve (Hi� and Michrafy, 2007;
Bettinelli et al., 2014). If the con�ict graph is of bounded treewidth or is a chordal graph,
an e�cient DP algorithm with complexity O (m2L) has been proposed by Pferschy and
Schauer (2009). The CG literature on BPC focuses on an even more restricted class
of con�ict graphs, namely interval graphs. Herein, each item i ∈ I has an associated
interval Ii := (ai, bi), and two items i, j ∈ I are in con�ict if and only if Ii∩Ij 6= ∅. For
interval graphs, the KPC subproblem can be solved by dynamic programming in O (mL)
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time and space with the algorithm of Sadykov and Vanderbeck (2013). The following
computational analysis is likewise restricted to the case of interval con�ict graphs.
We brie�y sketch the DP algorithm for the KPC proposed by Sadykov and Vanderbeck

(2013): The state graph consists of the same O (mL) states as the one for KP, one for
each residual capacity 0, 1, 2, . . . , L and item i ∈ I plus one start state at stage 0. The
crucial di�erence, however, is that items i ∈ I need to be sorted according to the rhs bi
of their con�ict intervals. Let predi denote the a last vertex in {0, 1, 2, . . . , i− 1} that is
not in con�ict with a vertex i (items are sorted in the above order and 0 is an arti�cial
start item not in con�ict to any other). Then, the arcs (p, p + wi) connect stage predi
to stage i (instead of stages i− 1 and i as for KP). They represent the selection of the
item i and result in the pro�t π̄i. Similar to KP, the arcs (p, p) connect stages i− 1 and
i. They model that item i is not part of the KPC solution with resulting pro�t of 0. It
is easy to see that by construction paths in the state graph correspond to con�ict free
packings.
As before, for the separation of SIs (h← S), we consider the possible items h ∈ I

one by one. The most violated SI (h← S) results from the solution of a smaller KPC
subproblem, which is de�ned by the smaller capacity wh (≤ L) and on the item subset
Sh = {s ∈ I : wh ≥ ws, N(h) ∪ {h} ⊇ N(s)}. This separation problem is no by-product
of the BPC subproblem in this case. In fact, the DP value for the last item m and the
residual capacity wh results in a solution, which is an independent set S with weight not
exceeding wh. However, the necessary condition S ⊆ Sh does generally not hold. Thus,
the DI (h←S) does typically not qualify as a possible SI.
Since separation is non-trivial, the following three procedures for identifying violated

SIs will be considered:

pairs Pair inequalities can be separated by explicit inspection, which takes O (m2) time.
DP Based on the solution of the KPC pricing problem, the following DP-based heuristic

can be applied: One inspects all states w = 1, 2, . . . , L at the �nal stage m. Each
state reached represents a solution, which is an independent set Sw with weight w.
For this set Sw, one can �nd a best item h ∈ I (if any) with wh ≥ w and Sh ⊇ Sw
so that h and Sw induce a SI. Section 5.B in the Appendix explains that the entire
procedure can be implemented to run in O (mL) time.

exact The exact separation of SIs (h← S) must solve a smaller KPC for each vertex
h ∈ I with capacity wh and vertices s ∈ Sh. This requires O (m2L) time, which
will turn out to be rather time consuming. Thus, we only solve the DP for an
item h ∈ I, for which the LP-bound of the KP with vertices s ∈ Sh results in a
su�ciently high violation compared to the currently most violated SI found. The
procedure is still exact, but potentially misses some SIs when separating multiple
SIs within certain quality compared to the most violated one.
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5.4.2 Over-Stabilization and Recovery of Feasible Primal
Solutions

For further stabilizing the CG process, we propose to not only use DIs that are proven to
be DOIs or DDOIs. It may then happen that all dual-optimal solutions π∗ to D are cut
o�. From a primal perspective, this means that we have over-stabilized the CG process
and that we terminate with a primal solution to P̃ that cannot be transformed into a
feasible solution of P with the same cost, see Proposition 5.1. The following example
illustrates this behavior.

Example 5.1. Consider an instance of BP with bin capacity L = 10 and four items with
w1 = 5, w2 = 2, w3 = 2, and w4 = 2. The linear relaxation uses the following four feasible
packings (1, 1, 1, 0)>, (1, 1, 0, 1)>, (1, 0, 1, 1)>, and (0, 1, 1, 1)> with corresponding dual
constraints π1 + π2 + π3 ≤ 1, π1 + π2 + π4 ≤ 1, π1 + π3 + π4 ≤ 1, and π2 + π3 + π4 ≤ 1,
respectively. The unique primal and dual optimal solutions are λ∗ = π∗ = (1

3
, 1

3
, 1

3
, 1

3
)>

with z(P ) = z(D) = 4
3
.

After adding the SI π1 ≥ π3 + π4, the optimal solution π∗ is cut o�, and a new dual-
optimal solution is given by (1

2
, 1

4
, 1

4
, 1

4
)> with z(D̃) = 1.25. Thus, the SI π1 ≥ π3 + π4 is

no DDOI. The corresponding column in P̃ is (−1, 0, 1, 1)>, and an optimal solution for
P̃ is given by (λ̃∗, y∗) = ((1

2
, 1

2
, 1

4
, 0)>, 1

4
).

Transforming (λ̃∗, y∗) into a feasible solution to P means exchanging item 1 by items
3 and 4 in one of the chosen bin columns that include item 1. Doing so, however, results
in a new bin column, in which either item 3 or 4 are packed twice, which is infeasible
for BP.
Note that for CS, (λ̃∗, y∗) can be transformed into a feasible solution for P because

columns are allowed to have non-negative integer coe�cients. This also re�ects the
intuition that WSIs are DOIs for CS and VP, while they are not for BP.

Before we formally state the recovery algorithm, we introduce some additional nota-
tion. Recall that any WSI is of the form (h← t, S), where h ∈ I is the row with the −1
entry in the coe�cient matrix E and (t, S) are the non-zero entries ts > 0 for s ∈ S.
Let K denote the row indices of E. Thus, in the primal model P̃ , these indices refer
to the variables yk, k ∈ K and columns of E> with associated WSI (h← t, S). For
abbreviation, we write k = k(h← t, S) in this case. Two indices j ∈ J and k ∈ K are
said to be WSI compatible if aj − uh + t ∈ A for h ∈ I de�ned by k = k(h← t, S).
The recovery algorithm is formally stated by Algorithm 2. First note that by de�nition

of compatible pairs (j, k) ∈ J ×K the value of δ is strictly positive in Step 5. Moreover,
the assignments in the Step 7 do neither invalidate the primal feasibility Aλ∗+E>y = b
nor alter the cost of the solution. This results from the equalities aj′ = aj − uh + t and
cj = cj′ = 1. Therefore, the inner loop (Steps 4�10) is successful if an equivalent primal
solution with y∗ = 0 is constructed. Otherwise (Step 8), there must exist an active
WSI with row index h for which no compatible j ∈ J exists. In this case, replacements
to row h cannot be recovered. The recovery algorithm has failed in this iteration, and
therefore some active WSIs are eliminated from the RMP and their re-introduction is
made impossible. As a result, the next RMP solution (Step 2) does not contain any
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Algorithm 2: Column generation recovery algorithm
1 repeat

2 Compute solution (λ∗, y∗) to P̃ using CG
3 while WSI compatible pairs (j, k) ∈ J ×K with λ∗j > 0 and y∗k > 0 exist do

4 Select a WSI compatible pair (j, k) ∈ J ×K with λ∗j > 0 and y∗k > 0

5 Let δ := min{λ∗j , y∗k}
6 Let j′ ∈ J such that aj′ = aj − uh + t
7 Let λ∗j := λ∗j − δ, y∗k := y∗k − δ, λ∗j′ := λ∗j′ + δ

8 if y∗ > 0 then
9 Select one (or several) h ∈ I such that y∗k > 0 for h de�ned by k = k(h← t, S)

10 Eliminate all WSIs (h← t′, S′) for S′ ⊆ I, t′ ∈ ZI
>0 from the RMP and prohibit their

re-generation

11 until y∗ = 0
Result: Solution λ∗ to P

WSIs that refer to the row index h ∈ I selected in Step 9. Thus, after a maximum of
m outer loops, the Algorithm 2 must terminate with a solution (λ∗, 0) to P̃ . Since the
recovery procedure is cost preserving, Proposition 5.1(v) is ful�lled so that the modi�ed
λ∗ is an optimal primal solution to P .
The Steps 4 and 9 leave di�erent strategies for choices of speci�c pairs (j, k) and h

open. For Step 4, the selection of a pair (j, k) leading to a maximal δ may help to
minimize the number of necessary iterations of Algorithm 2. For the selection of a row
h in Step 9, we observed in our computational test that the number of possible choices
is always small so that we always choose all h ∈ I with y∗k > 0 and k(h← t, S).

5.5 Computational Results

In the following, we present computational results for CS, BP, VC, and BPC showing
how the stabilization with DIs a�ects the CG process. Furthermore, we analyze the
e�ects of using di�erent classes of DIs and show that the dynamic generation of DIs is
often bene�cial. All algorithms described in this paper were implemented in C++ using
CPLEX 12.5 as LP solver. The experiments were conducted on two standard PCs, one
with an Intel(R) Core(TM) i7-3770 (for BP) and one with an Intel(R) Core(TM) i7-2600
(for CS, VC, and BPC), each running at 3.4 GHz and with 16.0 GB main memory using
a single thread only.

5.5.1 Results for Bin Packing

We use the same basic CG algorithm for each of the di�erent CG strategies that we
compare. The main features of the CG algorithm are as follows: We use a best �t
decreasing heuristic (Martello and Toth, 1990) to generate an initial set of columns
for warm starting the CG process. The subproblems are solved by the DP algorithm
described in Section 5.4.1 and a single best reduced-cost bin column is generated in
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each iteration. Pre-tests indicated that adding a single bin column is generally the
best performing strategy. If DIs are generated dynamically, multiple SI columns with a
violation of at least 25% of the most violated SI are added. In preliminary computational
tests, this appeared to be marginally superior compared to values of 50% and 75% and
adding a single DI column only.
The �rst strategy we consider is the standard CG approach without using any DIs

referred to by standard in the following. In contrast, the strategy denoted by aggregation
uses constraint aggregation on items with identical weight. This is the approach followed
by Ben Amor et al. (2006) and can be seen as the state of the art for BP. It is, therefore,
used as the baseline strategy for comparisons with all other strategies. Moreover, all
following strategies also make use of this aggregation. We also consider using DIs in a
static fashion only (static), i.e., the addition of a set of expectedly helpful DIs to the RMP
as static columns prior to the CG process. Motivated by preliminary computational
tests, we use DIs that are similar to what Ben Amor et al. (2006) proposed for CS.
More precisely, we use the m − 1 ranking inequalities, which are DDOIs for BP, see
Theorem 5.2. Additionally, O (m) SIs (h←S) with |S| = 2 are added, namely one for
each item h ∈ I. Herein, the set S = {i, j} is chosen (if existent) such that the slack in
wh ≥ wi + wj is minimal (and non-negative). The pure dynamic generation of violated
SIs using the separation procedure of Section 5.4.1 is denoted by dynamic. Finally, we
consider the combination of the latter two, i.e., the use of static DIs and the dynamic
generation of additional violated SIs. This last strategy is referred to as stat+dyn.
As test instances we used the benchmark sets by Scholl et al. (1997) and Sim and

Hart (2013) comprising a total of 1,210 and 15,830 instances, respectively. Both bench-
mark sets are subdivided into several subclasses di�ering with respect to the number
of items, the capacity, and the variance of the item weights resulting in instances with
very di�erent characteristics and degrees of complexity. In the following, we present
results averaged over all subclasses. However, we include only those instances, for which
the computation time of aggregation is at least one second. This reduces the number
of benchmark instances to 207 and 4,032, respectively. The other instances are solved
in too little time with the stronger algorithmic strategies. Hence, the consideration of
these instances would, if they were taken into account, produce unreliable values for the
computation times.
We further di�erentiate two subgroups for each of the benchmark sets: Groups 1 com-

prise the instances with computation times between one and ten seconds for aggregation,
and it consist of 157 and 3,352 instances for the sets of Scholl et al. (1997) and Sim and
Hart (2013), respectively. The hardest instances in terms of solution time (> 10 seconds
for aggregation) are in groups 2 consisting of the remaining 50 and 680 instances.
Table 5.2 summarizes the results for BP, where the table columns have the following

meaning:

m The number of rows in the RMP relative to aggregation
Solution time The time for solving the linear relaxation of the RMP relative to aggre-

gation; we present average, maximum, and minimum values over the
instances
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# Iterations The number of iterations relative to aggregation; we present average,
maximum, and minimum values over the instances

SP/RMP The ratio of the times spent for solving the subproblem and re-optimi-
zing the RMP, averaged over the instances.

# Dynamic DIs The number of DIs that are generated dynamically during the CG
process; we present average, maximum, and minimum values over the
instances

Recovery The total number of instances for which a recovery is needed (# inst.)
and the maximum number of iterations of the recovering algorithm for
one of the instances (max it.).

Table 5.2 shows that the dynamic generation of DIs results in an average speedup
of approximately factor two compared to aggregation. For the hard group 2 instances,
the average speedup even reaches factor three to four. Thereby, stat+dyn is slightly
faster than the pure use of dynamic DIs. There are also instances for which stat+dyn
and dynamic perform worse than aggregation in terms of computations times. However,
computation times never go beyond 139% and 130% of aggregation for dynamic and
stat+dyn, respectively. The biggest speedups on the contrary exceed factor 15, while
standard CG is at least one order on magnitude slower than all strategies applying
aggregation.
The static use of DIs results only in a small speedup of approximately 2−3% on

average. Recall that ranking inequalities were not yet known as DDOIs in the work of
Ben Amor et al. (2006). Therefore, a static DI-based CG algorithm was not considered
for BP at that time.
Regarding the number of iterations, the di�erences between the strategies using dy-

namic DIs and aggregation are even more pronounced than for the computations times.
Also static performs considerably better as it requires only about two thirds of the
iterations of aggregation.
Another interesting result is that a recovery is necessary only for a very small number

of instances. Even more, the maximum number of iterations of the recovery algorithm
is two (cf. Algorithm 2). This demonstrates that the SIs we add to the RMP (static or
dynamic) are indeed DDOIs for most of the instances in the benchmark.
Table 5.2 also indicates that there are instances, for which no dynamic DIs are gener-

ated when static DIs are added a priori. These are instances in which the item sizes are
very similar so that no three items h, i, j ∈ I with wh ≥ wi + wj exist. It is therefore
clear that no SIs (h←S) with |S| ≥ 2 exist in these cases so that no additional speedup
can be achieved. Our results include a total of 1,427 and 39 such instances for the sets of
Sim and Hart and Scholl et al., respectively. In summary, the overall average speedup for
the instances, in which SIs with |S| ≥ 2 exist, actually exceeds factor two signi�cantly.
In Figure 5.2, we display more generally the in�uence of the number of possible SIs on

the performance of the di�erent CG strategies. The ratio RBP = maxi∈I wi/mini∈I wi
serves as an approximate measure of how many SIs potentially exist. Clearly, this ratio
reveals no information on the distribution of the items weights. In fact, the number of
SIs is generally not computable, but RBP can be determined easily for each BP instance.
Note that a ratio RBP < 2 re�ects the case described above, in which no SI with |S| ≥ 2
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Figure 5.2: Average computations times relative to aggregation (ordinate) depending
on the ratio maxi∈I wi/mini∈I wi (abscissae) for all considered Sim and
Hart instances for the bin packing problem (BP)

exist. The relationship between the ratio RBP and the speedups using DIs is depicted
in Figure 5.2: It shows the average computation times of static, dynamic, and stat+dyn
relative to aggregation for all 4,032 considered Sim and Hart instances depending on RBP .
Note that the abscissae groups instances according to RBP (rounded to one decimal) and
that the ordinate shows the relative computation times in logarithmic scale. Figure 5.2
clearly demonstrates that the dynamic generation of SIs, i.e., implicitly considering the
set of all SIs, works better the bigger the ratio RBP . One can therefore suspect that there
is a highly signi�cant positive correlation between the number of SIs and the resulting
acceleration of the CG process. For larger values of RBP , average speedups reach factors
between �ve and ten.

5.5.2 Results for Cutting Stock

For CS, the basic CG algorithm and the di�erent stabilization strategies are similar
to BP. We only describe the di�erences. The UKP subproblems are solved with the
DP approach of Section 5.4.1. For CS, the basic CG algorithms already makes use
of constraint aggregation. Thus, the strategies standard and aggregation coincide, and
results are solely reported as standard. Strategy static as proposed by Ben Amor et al.
(2006) is the state of the art for CS. Therefore, static is the baseline strategy meaning
that results for all other strategies are presented relative to it. Recall that the WSIs are
DOIs for CS and no recovery is needed, see Theorem 5.1(i).
Generally, the BP benchmark instances of the previous section can also be interpreted

as CS instances, in which items of identical length need to be aggregated. In preliminary
experiments, we found that the UKP subproblems of CS are solved signi�cantly faster
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than the (binary) KP subproblems of BP for all the benchmark instances. We suspect
that this is due to the smaller state space of the DP of the UKP compared to the one
of KP. Recall that the state graph of the UKP (depicted in Figure 5.1) has only L + 1
states, while the state graph of KP has 1 + (L + 1)m = O (mL) states. We would like
to stress that for both UKP and KP we implemented state-of-the-art DP algorithms:
In particular, for KP we do not explicitly build the O (mL) states, but use a list-based
implementation as discussed in (Kellerer et al., 2004, Sect. 3.4). In contrast, for UKP we
found that a straightforward array-based implementation of the DP approach is faster
than the list-based approach. We suspect that on a modern CPU, the smaller state graph
of UKP can be accessed much faster (due to caching techniques) so that the solution
of the UKP subproblems as they occur in the BP benchmark instances is possible in
almost no (measurable) time.
As a result, of the 17,040 benchmark instances from the sets of Scholl et al. and Sim

and Hart over 99% are solved by standard CG in less than 1 second of computation time,
most of them in only a few milliseconds, meaning that a large number of UKP can be
solved in this short time. Therefore, we considered these CS instances of limited interest
and generated new and harder CS instances. These are characterized by huge values for
the capacity (in order to complicate the subproblems) and larger numbers of items with
distinct lengths. The instances we generated can be grouped into di�erent subclasses of
problems. Capacities take values L ∈ {500,000, 1,500,000} and integer item lengths are
uniformly drawn from [2/15L, 2/3L] and [1/150L, 2/3L] resulting in items for which
the ratios wi/L are analog to those in the benchmark instances used by Ben Amor et al.
(2006). The number of items with distinct item length takes values m = {125, 250, 500}.
Demands are uniformly distributed in the range [1, 20]. For each subclass, 20 instances
were generated. The entire benchmark set comprises 240 instances and is available at
http://logistik.bwl.uni-mainz.de/Dateien/CS.zip.
Table 5.3 presents our results for CS. First and foremost, the overall speedups of

using stabilized CG are signi�cantly smaller for CS compared to BP. The static use of
DIs results in an average speedup of about one third. The additional use of dynamically
generated DI saves an extra 17% of the computation time. The pure dynamic generation
even results in a slightly slower overall algorithm than the static version.
The results regarding the number of iterations are more in favor of using stabilized

CG. Iterations are on average reduced by a larger factor than the computation times.
The results by subclasses are similar to the overall results as can be seen in Section 5.C
of the Appendix.

Solution time # Iterations SP/ # Dynamic DIs
Instances Algorithm (avg./max/min) (avg./max/min) RMP (avg./max/min)

All
instances
(n = 240)

standard 1.50/8.73/0.93 1.77/29.00/1.31 17.6 �
static 1.00/1.00/1.00 1.00/1.00/1.00 13.7 �
dynamic 1.03/4.80/0.44 0.86/9.00/0.41 6.5 5590/18100/247
stat+dyn 0.83/1.53/0.29 0.75/1.00/0.31 9.8 1120/3742/0

Table 5.3: Computational results for the cutting stock problem (CS)
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5.5.3 Results for Vertex Coloring

Analog to BP and CS, we use one basic CG algorithm for our experiments and run it with
di�erent strategies regarding the stabilization with DIs. To warm start the CG process,
a simple greedy coloring is performed. The MWIS pricing problem is solved using the
algorithm and its implementation by Held et al. (2012). In each iteration, a single best
reduced-cost column is added to the RMP. If dynamic generation of DIs is used, violated
SIs are separated using the procedure described in Section 5.4.1 and multiple SI columns
with a violation of at least 25% of the most violated SI are generated.
Standard denotes the basic CG algorithm without stabilization. It serves as the base-

line algorithm for the other strategies. The algorithm using constraint elimination is
denoted by elimination, and all following strategies also make use of constraint elimi-
nation. For an approach that uses DIs in a static fashion, recall that no linear system
of DIs can impose all pair inequalities, see Section 5.3.3. Still, we suggest a strategy
that uses a linear-sized subset of the pair inequalities similar to the ranking inequalities
in CS and BP. For each vertex h ∈ I, we determine a vertex i = argmaxs∈Sh

|N(s)|.
This is the vertex in the candidate set Sh that has the most con�icts, and we add the
corresponding SI column to initialize the RMP. The intuition is that this vertex i is the
hardest one to cover of all the vertices that are easier to cover than h. Therefore, the
repetition of this SI selection for each vertex h ∈ I should result in a near ranking of all
the duals. We refer to this approach as static, and no SIs with |S| > 1 are used in this
case. The strategies dynamic and stat+dyn are analog to CS and BP.
Note that because constraint elimination is performed in each strategy that uses DIs,

the candidate sets Sh for all vertices h ∈ I comprise only vertices s ∈ Sh for which
h ∈ N(s) holds. Consequently, by Theorem 5.2(b) all SIs generated by our separation
procedure are in fact DOIs and no recovery is needed.
As benchmark problems, we used the instances from the graph coloring benchmark

web page https://sites.google.com/site/graphcoloring/home of Gualandi and
Chiarandini (2014). The entire benchmark comprises 136 instances. We restrict our
analysis to those instances in which at least one possible SI exists. This eliminates
approximately half of the instances so that 74 VC instances remain. Furthermore, we
exclude from our computational analysis those instances, for which the linear relaxation
of the RMP cannot be solved within a time limit of one hour using all strategies (15
instances), and those instances, for which the solution time is less than 0.1 seconds for
the standard strategy (34 instances). This leaves 25 instances for the test set which we
further subdivided into two groups: Group 1 comprises all instances for which the ratio
RV C = (

∑
h∈I |Sh|)/m2 > 0.001, while the remaining instances form group 2. RV C mea-

sures the number of possible replacements of items relative to the instance size, thus,
giving an approximation on the number of possible SIs relative to the instances size.
One can expect that (dynamic) stabilization generally performs better for group 1 than
for group 2.
The results of the computational tests are summarized in Table 5.4. The additional

column Poss. repl. % shows the ratio RV C in percent. A general observation is that
with stabilized CG an average speedup of approximately factor two can be achieved

137

https://sites.google.com/site/graphcoloring/home


Chapter 5. Dual Inequalities for Stabilized Column Generation

P
o
ss
.

S
o
lu
ti
o
n
ti
m
e

#
It
er
a
ti
o
n
s

S
P
/

#
D
y
n
a
m
ic

D
Is

In
st
a
n
ce
s

A
lg
o
ri
th
m

m
re
p
l.
%

(a
v
g
./
m
a
x
/
m
in
)

(a
v
g
./
m
a
x
/m

in
)

R
M
P

(a
v
g
./
m
a
x
/
m
in
)

A
ll

in
st
a
n
ce
s

(n
=

25
)

st
a
n
d
a
rd

1
0

1
.0
0
/
1
.0
0
/
1
.0
0

1
.0
0
/
1
.0
0
/
1
.0
0

2
9
.8

�
el
im

in
a
ti
o
n

0
.8
0

0
0
.8
8
/
1
.1
6
/
0
.3
5

0
.9
3
/
1
.1
2
/
0
.5
2

33
.0

�
st
a
ti
c

0
.8
0

0
.6
4

0
.5
7
/
1
.1
7
/
0
.0
6

0
.7
1
/
1
.0
1
/
0
.1
5

1
3
.8

�
d
y
n
a
m
ic

0
.8
0

0
.6
4

0
.5
4
/
0
.9
6
/
0
.0
3

0
.7
2
/
1
.0
4
/
0
.0
8

1
1
.5

3
4
9
/
5
3
1
4
/0

st
a
t+
d
y
n

0
.8
0

0
.6
4

0
.5
3
/
0
.9
1
/
0
.0
6

0
.7
0
/
0
.9
9
/
0
.0
8

1
2
.0

1
2
1
/
2
0
1
5
/0

G
ro
u
p
1

(n
=

11
)

st
a
n
d
a
rd

1
0

1
.0
0
/
1
.0
0
/
1
.0
0

1
.0
0
/
1
.0
0
/
1
.0
0

5
9
.7

�
el
im

in
a
ti
o
n

0
.9
6

0
1
.0
1
/
1
.1
6
/
0
.9
0

1
.0
0
/
1
.1
2
/
0
.8
8

62
.0

�
st
a
ti
c

0
.9
6

1
.4
5

0
.3
5
/
0
.7
8
/
0
.0
6

0
.6
0
/
0
.9
0
/
0
.1
5

1
7
.5

�
d
y
n
a
m
ic

0
.9
6

1
.4
5

0
.3
3
/
0
.7
1
/
0
.0
4

0
.5
7
/
0
.9
2
/
0
.0
8

1
3
.9

7
6
5
/
5
3
1
4
/
2
6

st
a
t+
d
y
n

0
.9
6

1
.4
5

0
.3
1
/
0
.7
0
/
0
.0
6

0
.5
5
/
0
.9
0
/
0
.0
8

1
5
.1

2
7
0
/
2
0
1
5
/0

G
ro
u
p
2

(n
=

14
)

st
a
n
d
a
rd

1
0

1
.0
0
/
1
.0
0
/
1
.0
0

1
.0
0
/
1
.0
0
/
1
.0
0

6
.3

�
el
im

in
a
ti
o
n

0
.6
7

0
0
.7
8
/
1
.0
4
/
0
.3
5

0
.8
7
/
1
.0
3
/
0
.5
2

10
.3

�
st
a
ti
c

0
.6
7

0
.0
1

0
.7
4
/
1
.1
7
/
0
.2
7

0
.8
1
/
1
.0
1
/
0
.4
3

1
0
.8

�
d
y
n
a
m
ic

0
.6
7

0
.0
1

0
.7
1
/
0
.9
6
/
0
.4
0

0
.8
1
/
1
.0
4
/
0
.4
5

9
.6

2
3
/
2
8
8
/
0

st
a
t+
d
y
n

0
.6
7

0
.0
1

0
.7
0
/
0
.9
1
/
0
.4
2

0
.8
1
/
0
.9
9
/
0
.4
3

9
.6

4
/
5
2
/
0

T
a
b
le
5
.4
:
C
om

pu
ta
ti
on
al

re
su
lt
s
fo
r
th
e
ve
rt
ex

co
lo
ri
ng

pr
ob
le
m

(V
C
)

138



Chapter 5. Dual Inequalities for Stabilized Column Generation

compared to standard. Thereby, all three strategies using DIs perform comparably well,
although the biggest gains can be achieved with stat+dyn. For larger values of RV C ,
stabilization with SIs is even more attractive and the average speedup reaches factor
three for group 2. Table 5.4 also reveals that stabilization comes almost for free, since
the maximum relative computation time for static is only 17% longer than standard and
the strategies with dynamic separation of SIs never take more computation time than
standard. On the other hand, the biggest speedups exceed factors 15, 30, and 15 for
static, dynamic, and stat+dyn, respectively. Expectedly, elimination works better the
more vertices can be eliminated. The insights regarding the number of iterations are
evident: stabilization by DIs can help to reduce the number of CG iterations and is
rarely detrimental.

5.5.4 Results for Bin Packing with Con�icts

Analog to Sections 5.5.1�5.5.3, we run one basic CG algorithm for BPC with di�erent
stabilization strategies to analyze their impact on the CG approach. An initial set
of columns to warm start the process is obtained by performing a �rst �t decreasing
heuristic several times with di�erent orderings of the items. The KPC subproblems, for
which the con�icts are de�ned on interval graphs in all benchmark instances, are solved
with the DP algorithm of Sadykov and Vanderbeck (2013) described in Section 5.4.1.
Again, a single best reduced-cost bin and multiple SI columns with a minimum violation
of 25% of the most violated SI are generated in each iteration.
Standard CG without stabilization serves as the baseline strategy for comparisons

with the other strategies. Similar to VC, no linear system of DIs can impose all pair
inequalities, see Section 5.3.3. For an approach that uses DIs in a static fashion, we
therefore follow a strategy using the same basic idea as for VC: For each item h ∈ I
we identify the item i ∈ Sh (if any) that is the hardest one to cover of all the vertices
that are easier to cover than h and add the respective pair inequality to the RMP. For
BPC, however, the hardness to cover an item i depends on both its weight wi and its
con�icts N(i). Therefore, as item i we choose one that maximizes the sum of wi/wh and
|N(i)|/|N(h)|. SIs with |S| > 1 are not used in this static approach. Strategies dynamic
and stat.dyn are analog to the other problems. Both strategies are performed with
the di�erent separation procedures for the SIs as described in Section 5.4.1. The exact
separation of pair inequalities by inspection is indicated by the su�x .pairs, while the
su�xes .DP and .exact refer to the DP-based and exact separation of SIs, respectively.
As test problems, we used the benchmark instances of Fernandes Muritiba et al.

(2010). The complete set comprises 800 instances with di�ering characteristics regarding
the number of items, the capacity, the item lengths, and the number of con�icts of the
items. Similar to BP and VC, we include in our computational analysis only those 169
instances, for which the solution of the RMP took more than one second of computation
time in the standard CG. We also distinguish two subgroups of instances. Group 1
comprises instances from the classes 1�4 of the benchmark set, while group 2 comprises
instances from classes 5�8. The latter are instances for which the item weights are
such that no three items i, j, h with wh ≥ wi + wj exist, i.e., no SIs with |S| > 1 are
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possible. Furthermore, we report separate results for the hardest instances in terms of
computation time. This includes 49 instances for which the solution time of standard
CG was more than 10 seconds.
Table 5.5 summarizes the results for BPC. It reveals that a signi�cant improvement

can be achieved by using stabilized CG. The biggest gain is already obtained from the
static use of pair inequalities leading to a speedup of almost factor four. The additional,
dynamic separation of violated SIs further decreases computation times resulting in an
average speedup of almost factor �ve over all considered instances. The pure dynamic
generation of DIs is inferior to the other stabilization strategies. Still, a speedup of
approximately factor three compared to standard CG can be achieved. For the hard
instances, stabilized CG is even more bene�cial and leads to an average speedup exceed-
ing factor eight for stat+dyn.DP. The results for group 1 are also more in favor for the
stabilization strategies than those over all instances. There, average speedups exceed
factors between four and �ve for static and stat+dyn, respectively. For group 2, speedups
reach factors three and four, respectively. Also, Table 5.5 indicates that for group 2 the
separation of pair inequalities and the DP-based heuristic dynamically generate exactly
the same number of DIs. This can be explained by the fact that no SIs other than pair
inequalities exist for these instances.
Regarding the di�erent separation strategies for the dynamic separation of violated

DIs, the separation of pair inequalities by inspection and the separation with the DP-
based heuristic perform comparably well. While the former is slightly better averaged
over all considered instances as well as for subgroups 1 and 2, the additional e�ort for
the separation in the latter pays o� for the hard instances resulting in a slightly better
performance. Also, it is obvious from Table 5.5 that the exact separation of violated SIs
is too time consuming for BPC and does not pay o�.
As for the other problems, the results regarding the number of iterations are similar

to those for the computation times: Stabilized CG results in a signi�cant reduction of
the iterations needed for the optimization of the RMP. Moreover, the dynamic addition
of SIs yields an additional, considerable gain compared to using DIs in a static fashion
only. Table 5.5 also reveals that the exact separation of violated SIs does not result in a
decrease in the number of iterations compared to the other separation strategies. This
can be explained by the use of the KP bound (see Section 5.4.1) in the separation and
the potential miss of some SIs with a violation of at least 25% of the most violated SI.
Indeed, preliminary tests showed that without using the KP bound the exact separation
of violated DIs leads to a slight decrease in the number of iterations relative to the other
separation strategies. However, computation times increase disproportionately.
Overall, stabilization with DIs works well for our CG approach to BPC.While speedups

can reach a factor of 50, the most successful strategies static, stat+dyn.pairs, and
stat+dyn.DP are never slower than standard CG. In contrast, the worst performance of
these strategies still results in a speedup of almost factor two. Finally, Table 5.5 indi-
cates that all SIs that we generated in the test problems were DDOIs, since a recovery
was never necessary for any of the instances and strategies.
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5.6 Conclusions

Ben Amor et al. (2006) introduced DOIs and DDOIs as a general concept to accelerate
the CG process, which was then tested for two well structured problems, CS and BP.
As they state, the restriction of the dual space by DIs leads to less possible intermediate
values for the dual multipliers so that a dual-optimal solution is computed faster. In
this paper, we extend their results in theory, applications, algorithms, and computational
results.
On the theoretical side, we generalize the characterization of a system of DDOIs as

stated in Proposition 5.1. Moreover, instead of deriving properties of dual-optimal solu-
tions directly from the problem under consideration, we introduce several new properties
referring to the coe�cient matrix of the underlying primal problem. The new compre-
hensive class of the so-called weighted subset inequalities (WSI) is shown to be DOIs
for any problem whose coe�cient matrix ful�lls the exchange property. A direct conse-
quence is that WSI also hold for VP, and they generalize the subset inequalities prior
known to be DOIs for CS. With the help of the row replacement property, the pair
inequalities are proven to form a new class of DDOIs for BP.
On the application side, the same pair inequalities are also valid for VC and BPC.

For these two problems, DIs have not been tested before (to the best of our knowl-
edge). Furthermore, DOIs and DDOIs can also be applied to problems with general
cost-minimization objective, which is only partly covered in the paper at hand (due
to the unit-cost assumption made starting from Section 5.3). In a companion paper
(Gschwind and Irnich, 2014), we show that the CG algorithm of Caprara et al. (2013)
for the temporal knapsack problem bene�ts from the integration of DOIs. Recently,
we discussed and agree with Bianchessi et al. (2014) that the split commodities mixed
routing problem is an excellent candidate to apply DIs for a vehicle routing problem.
We suspect that an observable acceleration of the branch-and-price algorithm can be
gained.
We see the most important algorithmic innovation in the dynamic generation of DIs.

This strategy can either replace or complement the integration of DIs in the form of
additional primal columns into the initial RMP. Several exact and heuristic algorithms
for the dynamic generation (=separation) of DIs have been presented. The additional
e�ort for the implementation of separation procedures is small, as shown for CS, BP,
and VC. In fact, the most violated WSI in CS and BP are an algorithmic by-product,
since they result from intermediate solutions that must anyway be computed when the
knapsack-type pricing problem is solved by DP (the currently best known approach in
this case). Even some tailored separation heuristics like the ones proposed for BPC are
relatively simple to implement.
The possible over-stabilization of the CG process with potential DDOIs is another

new idea �rst coined and analyzed in this paper. The idea goes hand in hand with
the dynamic generation of DIs because WSIs form an exponential class of DIs and
can therefore not entirely be added to the initial RMP. On the downside, the dynamic
addition of non-DDOIs, i.e., DIs that may cut o� the entire dual-optimal polyhedron,
requires the use of a recovery algorithm as the one presented in Section 5.4.2. The
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required iterative application of the recovery algorithm may at the end lead to many
additional CG iterations. Fortunately, this never happened in our computational studies.
It is indeed reverse, only in rare cases more than one recovery was needed, most of the
time none was required at all. Overall, over-stabilization turns out to be advantageous
on average for BP, VC, and BPC. For BP, we show that �nally much larger speedups
can result when DIs are added dynamically.
The extensive computational tests on many known and some additional harder bench-

mark problems allow some clear statements: For all problems analyzed (CS, BP, VC,
and BPC), the newly identi�ed and potential DDOIs together reduce the number of CG
iterations when added before proving optimality of the RMP, sometimes signi�cantly.
Since the LP-reoptimization of the RMP becomes slightly more time consuming with
additional DI columns, the overall reduction in computation time is generally smaller
than the reduction in CG iterations. However, for all studied problems the average
computation times are reduced compared to state-of-the-art CG algorithms. For the
BP example, we compare with an implementation already using constraint aggregation
as suggested by Ben Amor et al. (2006). Here we are able to con�rm their substantial
and impressive speedups of factors between two and three for many BP instances. With
a mix of statically and dynamically added DIs together with over-stabilization we gain
another factor of approx. two for the extensive benchmark set of Sim and Hart (2013)
and a factor of 2.5 for the widely used benchmark by Scholl et al. (1997). Notably, while
for this strategy (stat+dyn) the maximum slowdown was by factor 1.3, the maximum
speedup was more than factor ten on some instances. Thus, the use of DIs seldom and
only gently hampers the CG process, but very often it accelerates. For future applica-
tions we expect the dynamic addition of DIs to work best for those problems, in which
the solution of the pricing almost completely occupies the overall computation time: any
reduction in the number of CG iterations should linearly contribute to a reduction in
the solution time.
The results presented in this paper all refer to the solution of the linear relaxation

of the extensive formulation. Clearly, the same techniques should also be tested when
CG is used in branch-and-price. Such a comparison is, however, a non-trivial task: The
overall computation times very much depend on the branching scheme applied, which
due to degeneracy of the primal solution may make completely di�erent decisions for
the alternative DI strategies, leading to actually incomparable search trees. Even more
severe is the fact that some branching decisions are incompatible with some DIs, see, e.g.,
the branch-and-price algorithm of Alves and Valério de Carvalho (2008) for the multiple
length CS. Generic strategies to integrate DIs and branching constitute an interesting
avenue for future research.
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Appendix

5.A Proofs

Proof of Proposition 5.1:
(i)⇒(ii) and (ii)⇒(iii): Take a dual-optimal solution π∗ from D∗ ∩ {π : E>π ≤ e}, i.e.,
π∗ is feasible for D̃ (showing (ii)). Since D̃ is a restriction of D, π∗ is also optimal for
D̃ implying zD = zD̃.
(iii)⇒(iv): Consequence of LP duality.
(iv)⇒(v): Independent of (λ̃, y), take a primal optimal solution λ∗ to P . Then, (λ∗, 0)
is a feasible for P̃ and has identical objective value. Hence, it is an optimal solution to
P̃ because of zP = zP̃ . Therefore, c

>λ∗ = zP̃ ≤ c>λ̃+ e>y.
(v)⇒(vi): Let (λ̃, y) be optimal for P̃ . Then there exists a λ∗ feasible for P with
c>λ∗ ≤ c>λ̃ + e>y. Also, (λ∗, y∗) with y∗ = 0 is feasible for P̃ and has identical cost.
Thus, (λ∗, y∗) is optimal for P̃ and Ey∗ = 0.
(vi)⇒(vii) and (vii)⇒(i): Since Ey∗ = 0, the primal solution λ̃∗ is feasible for P . More-
over, y∗ is an extreme ray for P̃ . The optimality of (λ̃∗, y∗) implies that P̃ is bounded
so that e>y∗ ≥ 0. Then, zP̃ = c>λ̃∗ + e>y∗ ≤ zP ≤ c>λ̃∗. As a consequence, e>y∗ = 0
and zP̃ = zP = zD = zD̃. Therefore, every optimal dual solution π∗ to D̃ is feasible and
herewith optimal for D, i.e., π∗ ∈ D∗ (showing (vii)) and hence π∗ ∈ D∗∩{π : E>π ≤ e}.

�

Proof of Proposition 5.2:
Assume that the left part (Exch-D) is not ful�lled, i.e.,∑

i∈I

(ti − si)π∗i > 0. (5.2a)

We have to show that λ∗k = 0 holds for all k ∈ J with ak ≥ s. Consider such a column
index k ∈ J : The primal variable λk has the associated dual inequality∑

i∈I

aikπi ≤ 1. (5.2b)

Since A has the (s, t)-exchange property, we have ak − s + t ∈ A with the associated
dual inequality ∑

i∈I

(aik − si + ti)πi =
∑
i∈I

aikπi +
∑
i∈I

(ti − si)πi ≤ 1. (5.2c)

Since π∗ is dual feasible, it follows from (5.2a) and (5.2c)∑
i∈I

aikπ
∗
i ≤ 1−

∑
i∈I

(ti − si)π∗i < 1

such that the dual inequality (5.2b) has strictly positive slack. Complementary slackness
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implies λ∗k = 0, i.e., (Exch-P), which completes the proof. �

Proof of Proposition 5.3:
This is a direct consequence of Proposition 5.2: The option (Exch-P) is impossible
because λ∗k = 0 for all ak ∈ A with ak ≥ uh, i.e., ahk ≥ 1 implies (Aλ∗)h = 0 < bh.
Hence, (Exch-D) must be true implying the above inequality. �

Proof of Theorem 5.1:
For both CS and VP, it is easy to verify that the matrix A has the (h, t)-exchange
property for all h ∈ I, S ⊆ I, t ∈ ZS>0 with wh ≥

∑
s∈S tsws and whp ≥

∑
s∈S tswsp for

all p = 1, 2, . . . , d, respectively. Then, the result follows directly from Proposition 5.3.
�

Proof of Remark 5.1:
(i): We give a constructive proof. If Aλ ≥ b already holds with equality, there is

nothing to prove. Otherwise, there exists a row h ∈ I for which (Aλ)h > bh. Choose
any j ∈ J with λj > 0 and ahj > 0. Since aj ≥ uh and A has the (h, 0)-exchange
property, aj−uh ∈ A holds. Thus, let ak = aj−uh be the corresponding column. Then,
λ′ = λ− uj + uk is another solution with Aλ′ ≥ b, but with smaller surplus (if any). By
repeating this type of exchange procedure, a solution λ′ to the system Aλ′ = b, λ′ ≥ 0
can be constructed.
(ii): Follows directly from Proposition 5.3. �

Proof of Proposition 5.4:
We base our proof on the equivalence of (v)⇒(i) of Proposition 5.1, i.e., we show (v).
Let (λ̃, y) be a feasible solution to P̃ . If y = 0 there is nothing to do because λ̃ is

feasible for P with identical cost and hence optimal also for P .
Otherwise, there is at least one positive component of y corresponding to a valid

replacement (h, i). We refer to the respective variable as y(h,i). A replacement cycle
(i1, i2, . . . , ip, i1) (with the additional de�nition ip+1 := i1) is a cyclic sequence of di�erent
row indices such that (is, is+1) is a valid replacement and y(is,is+1) > 0 for all s =

1, 2, . . . , p. A basic solution to P̃ cannot contain any replacement cycles, since the
corresponding columns are linear dependent. Consequently, all valid replacements (h, i)
form a directed acyclic graph (DAG).
We �rst show that it is possible to construct, with the help of (λ̃, y), another feasible

solution (λ̃′, y′) to P̃ with identical cost 1>λ̃ + e>y = 1>λ̃′ + e>y′ and 1>y′ < 1>y.
The latter inequality means that we can reduce the infeasibility w.r.t. P . Now, choose
a longest path P = (h = i1, i2, . . . , ip = i) in the DAG. The maximality of P implies
(Ey)h < 0 and (Ey)i > 0, and, therefore, (Aλ̃)h > (Aλ̃)i. Hence, there exist columns
ak, k ∈ J with ahk = 1 and aik = 0. Let K ⊆ J be the set of these column indices.
All columns ak, k ∈ K allow the application of all replacements (i1, i2), . . . , (ip−1, ip)

when these are performed in the following order: Consider a �xed column ak, k ∈ K.
Let 1 ≤ q ≤ p − 1 be the largest index with aiq ,k = 1. Apply the replacements
(iq, iq+1), (iq+1, iq+2), . . . , (ip−1, ip). Next, let 1 ≤ q′ ≤ q − 1 be the largest index with
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aiq′ ,k = 1. Apply the replacements (iq′ , iq′+1), (iq′+1, iq′+2), . . . , (iq−1, iq). Replace q by q′

and iterate until q′ = 1. Note that we used every replacement of P exactly once.
Due to the row replacement property of A, each replacement of a column ak, k ∈ K by

ak−uh+ui results in another column aj(k) ∈ A. Iteratively, we perform replacements and
update the solution (λ̃, y). In each iteration, we compute ε = min{yi1,i2 , yi2,i3 , . . . , yip−1,ip}.
The replacement of ak into aj(k) is performed µk = min{λ̃k, ε} times. The new feasible
solution is yis := yis − ε for s = 1, . . . , p, while the remaining components of y are un-
changed. Moreover, λ̃k := λ̃k − µk and λ̃j(k) := λ̃j(k) + µk. Whenever one of the yis,is+1

becomes zero, the procedure stops. The new feasible solution (λ̃′, y′) is the current (up-
dated) solution (λ̃, y). Note that this new solution has identical cost and 1>y′ < 1>y
holds.
Also note that it is always possible to perform replacements until one of the yis,is+1

is 0 because
∑

k∈K λ̃k ≥ min{yi1,i2 , yi2,i3 , . . . , yip−1,ip} = ε′ holds: The feasibility of (λ̃, y)

implies (Aλ̃ + Ey)h = 1 = (Aλ̃ + Ey)i which together with the maximality if P means
that (Aλ̃)h ≥ 1 + yi1,i2 and (Aλ̃)i = 1− yip−1,ip . Therefore,

∑
k∈K λ̃k ≥ ε′.

The iterative updates �nally result in y′ = 0 because the replacement procedure
eliminates at least one arc is from the DAG for every chosen path longest P . This
concludes the proof. �

Proof of Theorem 5.2:
For all three problems, it is easy to verify that the matrixA has the (h, t)-row replacement
property for the respective h, i ∈ I as speci�ed in the theorem. Then, the results
regarding DDOIs follow directly from Proposition 5.4.
For the statements regarding DOIs, note that the matrix A has the (h, i)-exchange

property for the respective pairs h, i ∈ I for all problems and the results follow from
Proposition 5.3. �

Proof of Proposition 5.5:
(i) �⇒�: Follows by de�ning y = ai∗λ− bi and substituting into the lhs of (5.1).
�⇐�: Follows by multiplication of row i with α and the subsequent addition of the two
rows.

(ii) P and P̃ are equivalent to a formulation with the additional column corresponding
to the equation απh = πi (Proposition 5.1) which is according to (i) equivalent to
the aggregated formulation P̃ ′. Because P and P̃ ′ are equivalent, so are D and D̃′.
Furthermore, it is easy to verify that zD = b>π∗ = b′>π′∗ holds. Therefore, π′∗ is an
optimal solution to D̃′. �

Proof of Remark 5.2:
The aggregation of all rows onto the �rst row results in a single row (a′j)λ = b′ with
a′j =

∑
i∈I aijwi/L, b

′ =
∑

i∈I biwi/L, and associated dual value π′ = 1. We show this
by induction over the number m of rows that are aggregated onto the �rst row.
Case m = 0: The �rst row is (a1j)λ = b1. Using the DDOIs proposed by Ben Amor

et al. (2006), we can choose the associated dual value as π∗1 = w1/L. Multiplication with
w1/L results in (

a1jw1

L
)λ = b1w1

L
with associated dual π∗1

′ = 1.
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Case m−1→ m: Given is the �rst row representing the aggregation of rows 1 to m−1

of the form (
∑m−1

i=1 aijwi

L
)λ =

∑m−1
i=1 biwi

L
with π∗1

′ = 1. Also, row m is (amj)λ = bm with
π∗m = wm

L
= wm

L
π∗1
′. Aggregating both rows according to Proposition 5.5 gives

(

∑m−1
i=1 aijwi
L

+
wm
L
amj)λ = (

∑m
i=1 aijwi
L

)λ =

∑m−1
i=1 biwi
L

+
wm
L
bm =

∑m
i=1 biwi
L

.

The associated dual value is 1.
Moreover, the aggregated entry aj represents column j ∈ J of the original model

formulation. Because the instance can be solved without any loss, there is at least one
column j ∈ J representing a cutting pattern with no loss, i.e.,

∑
i∈I aijwi = L, in the

original model. Therefore, the corresponding aggregated entry is 1. Columns with loss
result in aggregated entries aj < 1.
Obviously, an optimal solution to the aggregated model is given by choosing

∑m
i=1 biwi/L

times a column j ∈ J with aj = 1. �

Proof of Proposition 5.6:
Note �rst that in set-covering also dominated columns can be eliminated, i.e., a column
aj can be eliminated if there exists another column ak with aj ≤ ak (and cj ≥ ck, ful�lled
here due to cj = ck = 1).
Let aj be the column corresponding to the independent set S ⊆ I with h ∈ I and

i /∈ I. Because N(h) ⊇ N(i), which implies i /∈ N(h) and h /∈ N(i), the set S ∪ {i} is
also an independent set and the corresponding column a′j dominates column aj. Thus,
ahj > aij cannot hold for an undominated column. As a result, we have aij ≥ ahj,∀j ∈ J
after eliminating all dominated columns and, hence, row i is dominated by row h and
can be eliminated. �

5.B Dynamic Programming-based Separation of Subset
Inequalities for the Bin Packing Problem with Con�icts (BPC)

We refer to Section 5.4.1 in which we claimed that the heuristic DP-based separation
algorithm for identifying violated SIs can be implemented to run in O (mL) time. Recall
that in the BPC an item i ∈ I has an associated interval Ii := (ai, bi). Any two items
i, j ∈ I are in con�ict (indicated by {i, j} ∈ E) if and only if Ii ∩ Ij 6= ∅.
In a preprocessing step, we loop over all items h ∈ I and compute Sh := {i ∈

I : N(h) ∪ {h} ⊇ N(i), wh ≥ wi}. Moreover, the smallest interval ISh
containing⋃

i∈Sh
(ai, bi) can be determined by computing the left- and rightmost interval borders of

the items in Sh, i.e., aSh
:= minj∈Sh

aj and bSh
:= maxj∈Sh

bj and setting ISh
= (aSh

, bSh
).

This step requires O (m) time per item, overall O (m2) time.
The actual separation procedure works as follows: Loop over all states w = 1, 2, . . . , L

at the �nal stage m of the DP. Each state represents a solution, which is an independent
set Sw with weight w. The determination of Sw takes O (m) time. Now determine
the smallest interval ISw covering

⋃
j∈Sw
Ij. This can be done, similar as before, by

computing aSw := minj∈Sw aj and bSw := maxj∈Sw bj and setting ISw = (aSw , bSw). Also,
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this step requires only O (m) time. An additional loop over all h ∈ I now allows the
direct O (1) test, whether or not h and Sw together form a possible SI. Indeed, wh ≥ w
is trivial and Sh ⊇ Sw is checked via aSh

≥ aSw and bSh
≤ bSw . In the positive case,

the violation of the DI (h←Sw) is
∑

s∈Sw
π̄s− π̄h. Summing up, the outer loop requires

O (L) time, while all steps inside that loop require O (m) time, yielding the O (mL)
result.

5.C Detailed Computational Results for CS

Table 5.6 presents results for CS by subclass.

Solution time # Iterations SP/ # Dynamic DIs
Instances Algorithm (avg./max/min) (avg./max/min) RMP (avg./max/min)

All
instances
(n = 240)

standard 1.50/8.73/0.93 1.77/29.00/1.31 17.6 �
static 1.00/1.00/1.00 1.00/1.00/1.00 13.7 �
dynamic 1.03/4.80/0.44 0.86/9.00/0.41 6.5 5590/18100/247
stat+dyn 0.83/1.53/0.29 0.75/1.00/0.31 9.8 1120/3742/0

L =
1.500.000
(n = 120)

standard 1.49/7.06/0.98 1.70/13.00/1.32 18.6 �
static 1.00/1.00/1.00 1.00/1.00/1.00 14.4 �
dynamic 0.97/4.55/0.49 0.85/7.00/0.41 6.6 5567/18100/247
stat+dyn 0.82/1.11/0.29 0.75/1.00/0.31 10.5 1131/3742/0

L =
500.000
(n = 120)

standard 1.50/8.73/0.93 1.85/29.00/1.31 9.7 �
static 1.00/1.00/1.00 1.00/1.00/1.00 8.1 �
dynamic 1.08/4.80/0.44 0.87/9.00/0.60 3.6 5614/17362/483
stat+dyn 0.84/1.53/0.29 0.74/1.00/0.35 5.8 1108/3544/0

With
small items
(n = 120)

standard 1.33/7.06/0.93 1.54/13.00/1.31 21.8 �
static 1.00/1.00/1.00 1.00/1.00/1.00 17.3 �
dynamic 0.99/4.55/0.58 0.86/7.00/0.59 7.9 6711/18100/247
stat+dyn 0.87/1.45/0.55 0.77/1.00/0.58 12.1 1538/3742/0

Without
small items
(n = 120)

standard 1.66/8.73/0.99 2.01/29.00/1.51 9.6 �
static 1.00/1.00/1.00 1.00/1.00/1.00 7.7 �
dynamic 1.06/4.80/0.44 0.86/9.00/0.41 3.4 4470/11906/483
stat+dyn 0.79/1.53/0.29 0.72/1.00/0.31 5.8 701/1731/0

Table 5.6: Detailed computational results for the cutting stock problem (CS)
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Chapter 6

Summary and Conclusion

The main goal of this thesis was to contribute to the development of new exact solu-
tion approaches to di�erent combinatorial optimization problems. In what follows, we
chapter-wise summarize the work, restate the main results, and give concluding remarks.
In Chapter 2, we provided insights into the nature of the symmetry inherent in the

circular TTP instances. We showed that the largest symmetry group can reduce the
search space by a factor approximating 4n, where n is the number of teams. By se-
lecting representatives from classes of symmetric solutions, it is possible to design al-
gorithms that exactly cut o� the symmetric parts of the solution space and, thus, are
much faster. Using a branch-and-bound approach we demonstrated that the speedups
increase with n. Even more, our empirical results suggest that symmetry reduction can
lead to speedups that approximate factor 4n for the larger constrained instances. For
the unconstrained circular instances, only a smaller symmetry group can be exploited
e�ectively in the branch-and-bound algorithm leading to speedups that seem to approxi-
mate factor 2n. With the accelerated branch-and-bound algorithm we were able to solve
two unconstrained instances to proven optimality for the �rst time.
Chapters 3 and 4 studied routing problems with temporal intra-route synchronization

constraints. The special case of maximum ride-time constraints was addressed in Chap-
ter 3. It proposed a new integer CG approach to the DARP which is the prototypical
VRP with maximum ride-time constraints. For the �rst time, all route constraints of
the DARP are handled in the CG subproblem. We derived a new dynamic-programming
labeling algorithm for its e�ective solution. The key component of the algorithms is a
new, e�ective dominance rule for comparing partial paths. The labeling procedure also
allows feasibility testing of a given route in pseudo-linear time and constitutes the �rst
e�cient feasibility check when a partial route is extended in a node-by-node fashion.
Furthermore, we conducted an extensive computational study comparing the proposed
branch-and-cut-and-price algorithm with the best known approaches from the literature
and alternative CG algorithms that handle maximum ride-time constraints either as con-
straints of the master program or with less e�ective labeling procedures. The detailed
analysis showed that our algorithm signi�cantly outperforms all other exact solution
techniques.
In Chapter 4, we introduced the VRPTWTSPD as the prototypical VRP with full

temporal intra-route synchronization, i.e., with minimum and maximum ride-time con-
straints. For the problem with only maximum ride times, Chapter 3 has shown that
handling all route constraints in the subproblem is the preferable strategy in an integer
CG approach. This is mainly due to the fact that a highly e�ective solution algorithm
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for the subproblem could be derived. The additional presence of minimum ride times,
however, signi�cantly complicates the (sub)problem and it is a priori not clear what is
the best compromise between the strength of the LP bound and the hardness of the sub-
problem. Therefore, we developed four branch-and-cut-and-price solution approaches
to the VRPTWTSPD based on CG formulations with di�ering subproblems. Two of
these subproblems were considered for the �rst time in this chapter. One of them is
the subproblem that integrates all constraints of the VRPTWTSPD that refer to routes
individually. In the other one, maximum ride-time constraints are relaxed. We derived
new dominance rules and labeling algorithms for their solution based on our ideas of
Chapter 3. Extensive computational experiments demonstrated the applicability of the
new labeling algorithms in the sense that they are capable of solving subproblems aris-
ing in state-of-the-art benchmark instances in reasonable time. Moreover, the results
indicated a clear ranking of the four presented branch-and-cut-and-price algorithms for
solving the VRPTWTSPD. The strongest approaches are those that handle either both
classes of ride-time constraints or only the maximum ride-time constraints in the sub-
problem. They performed comparably well and were consistently signi�cantly stronger
than the other considered approaches.
In Chapter 5, we extended in theory, applications, algorithms, and computational re-

sults the work of Ben Amor et al. (2006) who introduced the concept of DOIs and DDOIs
to stabilize the CG process. On the theoretical side, we generalized the characteriza-
tion of a system of DDOIs. Moreover, instead of deriving properties of dual-optimal
solutions directly from the problem under consideration, we introduced several new
properties referring to the coe�cient matrix of the underlying primal problem allowing
for the identi�cation of DOIs and DDOIs for all problems whose coe�cient matrices
ful�ll these properties. Therewith, additional classes of DIs were proven to be DOIs for
CS and DDOIs for BP. On the application side, we extended the DI-based stabilization
to additional problems, namely VP, VC, and BPC. For all problems, we derived DOIs
and/or DDOIs using the new matrix properties. On the algorithmic side, we proposed
the dynamic generation (=separation) of DIs. This strategy can either replace or com-
plement the integration of DIs into the initial RMP prior to the actual CG process.
Several exact and heuristic algorithms for the separation of violated DIs were presented.
Furthermore, we suggested the over-stabilization of the CG process with DIs that are
potentially but not necessarily DDOIs. Along with that, a recovery procedure that is
needed to restore primal feasibility in this case was presented. Computational results
indicated that for all analyzed problems (CS, BP, VC, BPC) using the newly identi�ed
DDOIs together with dynamic generation and over-stabilization signi�cantly reduces
the number of CG iterations and the computation times for solving the LP relaxation of
the RMP compared to state-of-the-art CG algorithms. An interesting avenue for future
research is the integration and analysis of the DI-based stabilization techniques within
a branch-and-price context.
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