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“perché tutte le immagini portano scritto:
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Abstract

The elusive nature of dark matter (DM) has prompted a variety of theoretical models
and experimental searches aimed at uncovering its properties. This thesis explores three
approaches to advance the understanding of DM production within simplified t-channel
models, where DM interacts with a Standard Model (SM) fermion through a heavier
gauge-charged mediator.

First, we highlight the importance of non-perturbative effects from long-range interac-
tions like the Sommerfeld effect and bound state formation in colored co-annihilations.
We implement such effects in micrOMEGAs, a popular code to compute the DM relic abun-
dance, and we find that previous exclusions of parameter space by direct detection and
LHC searches may still be viable, emphasizing the potential of long-lived particle (LLP)
and bound-state searches at the LHC.

Second, we analyze thermal corrections to freeze-in production of feebly interacting DM
using the Closed-Time-Path formalism. We perform a detailed analysis of the DM rate
equation and we compute its relic abundance by using 1PI-resummed propagators derived
from a 2PI effective action that includes the full dependence on relevant mass scales. Our
results show significant deviations from the semiclassical Boltzmann approach and the
Hard-Thermal-Loop approximation, demonstrating the role of theoretical uncertainties in
determining DM properties. We also address the issue of negative spectral sums in models
featuring gauge-charged scalar fields.

Lastly, we study freeze-in production during non-instantaneous reheating after inflation,
showing that low reheating temperatures and different inflationary potentials can alter DM
production. We highlight the impact of inflationary dynamics on DM freeze-in and LLP
searches, stressing the importance of accurately defining the reheating temperature.
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Zusammenfassung

Die schwer fassbare Natur der Dunklen Materie (DM) hat eine Vielzahl theoretischer
Modelle und experimenteller Suchmethoden hervorgebracht, um ihre Eigenschaften zu
entschlüsseln. Diese Dissertation untersucht drei Ansätze zum Verständnis der DM-
Produktion innerhalb vereinfachter t-Kanal-Modelle, bei denen DM mit einem Fermion
des Standardmodells (SM) durch ein schwereres gaugeladenes Vermittlerteilchen inter-
agiert.

Zunächst untersuchen wir, wie farbige Koannihilationskanäle die Vorhersagen über die
Massen der Teilchen im dunklen Sektor beeinflussen und betonen dabei die Bedeutung
nicht-perturbativer Effekte wie den Sommerfeld-Effekt und die Bildung von gebundenen
Zuständen. Wir implementieren solche Effekte in einem weit verbreiteten Code zur Berech-
nung der DM-Reliktdichte und stellen fest, dass zuvor durch direkte Detektion und LHC-
Suchen ausgeschlossene Parameterbereiche möglicherweise doch noch relevant sind. Wir
unterstreichen das Potenzial von Suchen nach langlebigen Teilchen (Long-lived Particles
oder LLP) und gebundenen Zuständen am LHC.

Zweitens analysieren wir thermische Korrekturen zur Freeze-in-Produktion von schwach
interagierender DM unter Verwendung des Closed-Time-Path-Formalismus. Wir führen
eine detaillierte Analyse der DM-Rategleichung durch und berechnen ihre Reliktdichte
mithilfe 1PI-resummierter Propagatoren, die aus einer 2PI-Effektiven-Wirkung abgeleitet
sind und die volle Abhängigkeit von relevanten Massen berücksichtigen. Unsere Ergeb-
nisse zeigen signifikante Abweichungen vom semiklassischen Boltzmann-Ansatz und der
Hard-Thermal-Loop-Näherung, was die Rolle theoretischer Unsicherheiten bei der Bes-
timmung von DM-Eigenschaften verdeutlicht. Wir behandeln auch das Problem negativer
Spektralsummen in Modellen mit gaugeladenen Skalarfeldern.

Abschließend untersuchen wir die Freeze-in-Produktion während der nicht-instantanen
Reheating-phase nach der Inflation und zeigen, dass niedrige Reheating-temperaturen und
unterschiedliche Inflationspotentiale die DM-Produktion verändern können. Wir heben die
Auswirkungen der Inflationsdynamik auf die DM-Freeze-in-Produktion und LLP-Suchen
hervor und betonen die Bedeutung einer genauen Definition der Reheating-temperatur.
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CHAPTER I

Introduction

Over the last century, two groundbreaking theories have emerged as the cornerstones of
high-energy physics: the Standard Model (SM) of Particle Physics and the Lambda Cold
Dark Matter (ΛCDM) model of Cosmology.

The SM of Particle Physics is one of the most significant achievements in modern physics.
It provides a comprehensive framework for understanding elementary particles and their
fundamental interactions, except for gravity. Developed throughout the latter half of the
20th century, it describes all known elementary particles, with the discovery of the Higgs
boson at the Large Hadron Collider (LHC) in 2012 as the final monumental confirmation
of the theory. Despite its successes, the SM has limitations. It does not account for a
quantum description of gravity or explain certain observations, most notably neutrino
oscillations, which imply that neutrinos have mass, a property not included in the SM.1

In parallel, cosmology has been revolutionized by the ΛCDM model, based on Gen-
eral Relativity (GR), together with the theory of cosmic inflation. The model assumes a
Universe that is homogeneous and isotropic on large scales (the cosmological principle),
containing dark energy (Λ) that drives its accelerated expansion and Cold Dark Matter
(CDM) that explains gravitational effects not attributable to visible matter alone, includ-
ing the Large-Scale Structure (LSS) of the Universe. Supported by observations of the
cosmic microwave background (CMB) and of the matter power spectrum, inflation justi-
fies the cosmological principle and provides an origin for the formation of structure. The
ΛCDM model presents challenges to the SM, as no known particle, field, or interaction
within the SM can fully explain dark matter (DM), dark energy, or cosmic inflation. The
inability of the SM to account for the baryon asymmetry of the Universe, namely the
observed excess of matter over antimatter, also suggests the need for physics Beyond the
Standard Model (BSM).

This thesis focuses on the DM problem. Since the 1920s, observations of stellar motion
in galaxy clusters and rotation curves of spiral galaxies have indicated the presence of
“invisible” mass—DM—that cannot be explained by luminous baryonic matter. DM is
thought to make up about 85% of the Universe’s matter content and about 26% of its
energy density, yet its nature remains one of the most profound mysteries in physics. In
the SM, only neutrinos could potentially be DM, but the way structures are formed in the
Universe precludes them from fulfilling this role. Other explanations, such as primordial

1There are many more issues and curiosities about the SM as a theory that have received substantial
attention in recent years, most notably the hierarchy problem, the strong CP problem, quantum triviality,
the flavour puzzle, the inability to unify the EW and strong interactions at a higher scale, the particle desert,
not to mention the lack of a consistent and mathematically complete gauged QFT in four-dimensional
spacetimes (mass gap problem).
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CHAPTER I. INTRODUCTION

black holes or modified gravity theories like MOdified Newtonian Dynamics (MOND),
will be reviewed in Chapter II. The most widely explored hypothesis is that DM is a BSM
particle, perhaps part of a dark sector, interacting weakly with visible matter or consisting
of particles much heavier than the TeV scale. This might explain why such a particle has
not been detected at colliders, by telescopes, or in underground experiments.

In recent years, simplified models of DM have sparked the interest of the theoretical
and experimental communities. These are theoretical frameworks designed to capture the
essential physics of DM interactions within a minimalistic setup, particularly relevant for
collider experiments. These models introduce a DM particle and a mediator that couples
DM to SM particles through renormalizable operators. They are constructed to include
just enough complexity to describe key physical processes at collider energies while limiting
the number of new particles and parameters, making them practical for experimental
searches. Moreover, they serve as a bridge between broader effective predictions and more
detailed, parameter-rich predictions of complete models (e.g., supersymmetry).

In this work, we focus on the class of simplified models going under the name of t-
channel models. These involve charged or colored mediators that are exchanged off-shell
when interacting with DM plus a SM fermion. Both the mediators and the DM share the
same stabilizing symmetry.2 This leads to different experimental signatures. Unlike their
s-channel counterpart, t-channel interactions do not feature resonant enhancement, and
their constraints come from searches targeting final states with missing energy plus jets or
leptons. Some t-channel models also resemble scenarios in the Minimal Supersymmetric
Standard Model (MSSM), such as the squark-neutralino system. Therefore, they allow
researchers to study key physical processes that could originate from MSSM physics but
in a less complex and less constrained framework.

The study of simplified DM models is particularly timely due to the high energies ac-
cessible at the LHC, which challenge the validity of effective descriptions and necessitate
models that can probe DM interactions within these energy scales. As the LHC continues
to gather data, there is a growing need for models that can accurately describe potential
DM signals while remaining computationally feasible and experimentally testable. Addi-
tionally, the growing sensitivity and scope of direct and indirect detection searches demand
a comprehensive analysis of DM phenomenology that remains efficient and effective, with-
out being hindered by model complexity. Simplified DM models meet this need, making
them a powerful and highly testable tool for ongoing and future DM searches.

How can we be sure that a certain experiment is targeting a parameter space region
compatible with DM? Specifically, how do we compare experimental results with cosmo-
logical and astrophysical observations? The most precise quantity related to DM measured
to date is its cosmic relic abundance, known with an accuracy at the sub-percent level of
error. By understanding if a given combination of parameters (e.g., masses and couplings)
provides the correct abundance, we can correctly interpret experimental bounds and, with
some luck, signals. The way this abundance was established in the early Universe is cru-
cially dependent on the specific process through which DM particles were produced and
left as a cosmic relic.

As we will review in Chapter III, the cosmological evolution of the DM number density
is commonly obtained by solving its Boltzmann equation, which depicts the competition

2Simplified DM models are divided into two categories: s-channel and t-channel models. They differ
primarily in the nature of their mediators, the interaction topologies, and the resulting experimental
signatures. In s-channel models, DM is charged under a stabilizing symmetry, while the mediator is
not necessarily. The mediator is typically a neutral particle that can be produced on-shell, leading to
experimental searches focusing on resonance phenomena.
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between the rate of expansion of the Universe, diluting the number density, and the DM
interaction rate, which determines the rate of change in the number of DM particles. In the
literature, it is historically assumed that the DM relic abundance was set during radiation
domination (RD), when the energy density of the Universe was dominated by the radiation
bath of relativistic particles, expanding adiabatically at a well-defined rate. At the same
time, the interaction rate is typically derived with standard QFT techniques by calculating
the cross-sections of the creation and destruction processes happening in-vacuum with
states that are assumed to be asymptotically free and interact instantaneously. In this
‘empirical’ approach, the only way to account for the statistical properties of the thermal
bath is by manually incorporating the distribution functions of particles involved in the
reactions. Solving the Boltzmann equation provides a simple and effective way to relate
the properties of the Universe, model parameters, and associated DM phenomenology,
making it a successful approach.

These assumptions and simplifications warrant scrutiny. Examining them is crucial
because the process by which DM is produced directly influences predictions for model
parameters, such as the correlation between particle masses and interaction couplings.
These parameters are what experiments aim to constrain, and accurately interpreting
these constraints is vital. Misinterpretations could lead to the premature exclusion of a
model or, conversely, the failure to recognize a viable parameter region. Thus, a deeper
understanding of DM production processes and the underlying cosmological conditions
is essential for making correct inferences about the viability of DM models based on
experimental data.

This thesis aims to dissect and examine three ways of advancing the accuracy of
DM production calculations in simplified t-channel models. First, by incorporating
long-range effects arising from colored mediators in co-annihilation scenarios, notably the
Sommerfeld effect and the formation of mediators’ bound states. Second, by accounting
for thermal corrections arising from the interactions of the mediators with the primordial
finite-density thermal bath. Third, by considering the possibility of a prolonged reheating
phase after cosmic inflation. As we will see, all these investigations reveal the crucial
necessity of accurately accounting for non-trivial effects to guarantee a higher level of
precision in the calculation and reduce the theoretical uncertainty when confronting a
model with experimental bounds. Moreover, the methods developed here have broader
applicability beyond simplified DM models and DM physics, extending to the wider realm
of particle production in the early Universe.

The thesis is structured as follows:

In Chapter II, we review the evidence supporting DM from various astrophysical
and cosmological observations, while also addressing related tensions and controversies.
We outline the historically significant DM candidates, with a particular focus on simplified
t-channel DM models, and we highlight key detection strategies. Alternative theories to
particle DM are also discussed.

In Chapter III, we present the theoretical framework for describing the Universe’s ex-
pansion within the ΛCDM model and demonstrate how to compute the evolution of DM
particle number density from a given particle physics model. Our focus will be on two
main paradigms: the freeze-out and freeze-in mechanisms.

Chapter IV reviews DM production in co-annihilation scenarios, emphasizing the impact
of non-perturbative effects from long-range forces, notably the Sommerfeld effect and
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Bound State Formation. We collect and present key results necessary for incorporating
these effects into the DM Boltzmann equation.

In Chapter V, we demonstrate the influence of such long-range effects on the phe-
nomenology of simplified t-channel DM models, highlighting their interplay with collider
constraints and direct detection experiments.

In Chapter VI, we discuss the relevance of thermal corrections to freeze-in production
and justify the necessity of a fully-fledged thermal QFT approach, specifically the CTP
formalism. We review this formalism and show how to derive the rate equation for the
DM number density.

Chapter VII presents a calculation of the DM interaction rate for a simplified t-channel
model with a singlet scalar DM candidate, using the CTP formalism. We compute the
1PI-resummed propagators in the interaction rate while retaining all mass scales. The an-
alytical derivations, along with their implementation in a numerical routine, are presented
in detail.

Chapter VIII discusses the result of the numerical Monte Carlo integration of the DM
interaction rate in the CTP formalism and with various approximated approaches, such
as the HTL approximation and the Boltzmann equation approach. The resulting DM
abundance across a broad parameter range and the different methods are compared to
show how more precise calculations can lead to discrepancies in the prediction of the DM
abundance.

In Chapter IX, we analyze a similar scenario involving Majorana DM and a gauge-
charged scalar mediator. We focus on the issue of a negative spectral sum in the 1PI-
resummed scalar spectral density within the Feynman gauge and propose alternative res-
olutions.

Finally, in Chapter X, we explore freeze-in production during an extended reheating
phase post-inflation and demonstrate the phenomenological implications at colliders aris-
ing from different reheating potentials and inflaton decay modes.
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CHAPTER II

Dark Matter

The investigation into the origin of Dark Matter (DM), the missing luminous matter in
astrophysical objects and cosmological structures, has now extended beyond a century.
The historical trajectory of DM research has paralleled the major revolutions in mod-
ern particle physics and cosmology since the 1920s, as comprehensively documented in
Ref. [11]. This narrative continues to evolve, penned by tens of thousands of scientists
globally, as the nature of this elusive phenomenon remains one of the most significant (if
not the preeminent) challenges in astrophysics and, to some extent, particle physics.

In this chapter, we provide a concise literature-based review of the observations indicat-
ing the existence of DM and discuss the evidence supporting and opposing the hypothesis
that DM constitutes a novel form of matter. We will examine various particle candidates
that have been extensively studied over the past four decades, with particular attention
to how perspectives have shifted following the advent of the Large Hadron Collider (LHC)
and the era of precision cosmology. We will highlight the principal experimental efforts
aimed at detecting or producing DM particles, and how these efforts constrain or invalidate
different particle physics models. Finally, we will also mention alternative explanations
for DM, focusing on modifications to the theory of gravity, and evaluate their respective
successes and shortcomings.

For more comprehensive reviews on the subject, readers can refer to the extensive recent
review in Ref. [12] and other notable reviews [13–18]. More specialized reviews will be
cited in the following sections.

II.1 Observational Evidences

The first hints pointing to the need for extra matter content in galaxies date back to
the works of Kapteyn [19], Jeans [20], and Oort [21] who already mentioned the possible
existence of some dark bodies to account for the motion of stars in the local Milky Way,
perhaps in the form of faint stars.

It is however with the pioneering works of Zwicky [22, 23] and of Smith [24] on the
apparent velocity of galaxies inside the Coma and Virgo clusters that the problem of
DM started to be taken seriously, while observations on the rotational curves of spiral
galaxies in the 1970s [25] finally persuaded the community to embrace the “missing matter
problem” in astrophysical environments at multiple scales.

In the following, we give an overview of the most important pieces of evidence, starting
from local measurements of galaxies and galaxy clusters up to observations of the large-
scale structure of the Universe and of the Cosmic Microwave Background.

7
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II.1.1 Galaxy Dynamics

Spiral galaxies. In the 1970s, a series of works exploited the advent of 21-cm radioas-
tronomy to measure velocities of gas and stars of spiral galaxies and compare them with
optical observations [25–30]. Assume an axisymmetric galaxy of radius R, and take the
circular velocity vc of a gas particle, say, neutral hydrogen, at a distance r from the center
of the galaxy. The galaxy has a mass that grows with distance as M(r) = 4πρr3/3, ρ
being its volume density, up to r = R. Outside, the galaxy can be viewed as a pointlike
source of gravitation with total mass M = 4πρR3/3. Thus, the velocity of the gas particle
follows from energy conservation as

vc =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
√︃

4πGNρ

3
r r ≤ R√︃

GNM

r
r > R

. (II.1)

Hence, the expected behavior is that the velocity increases linearly inside the galaxy
and has a so-called Keplerian fall-off vc ∼ r−1/2 outside. Remarkably, while the measured
rotation curves of the observed galaxies agreed well inside the galactic disks, they exhibited
a flat or very slow decrease in radius at large distances! An obvious solution immediately
seemed to imply the existence of non-luminous matter in the outer regions of the galaxies.
This hypothesis of a spherical massive population of invisible objects–what today we call
the dark matter halo–embedding the galactic luminous matter, became more and more
accepted by the community [31, 32], further corroborated by studies on the stability of
galactic disks [33], on the dispersion velocities in elliptical galaxies [34], and by further
confirmation of the rotation curves profile in the optical band [29]. Fig. II.1 shows the
rotation curves measured by Rubin and Ford for the Andromeda galaxy (left panel) [25],
and for several more galaxies (right panel) [29]. Last year, the Milky Way Keplerian fall-off
might have been finally detected [35].

Elliptical galaxies To estimate the mass of an elliptical galaxy one can rely on a vari-
ety of methods [36], comprising determining the stellar velocity dispersion using the Virial
theorem, measuring the velocities of neutral hydrogen rings around the galaxy with rota-
tion curves similar to those in spiral galaxies, observing the X-ray emissions from hot gas
in hydrostatic equilibrium around ellipticals, studying ionized gas, globular clusters, grav-
itational lensing, and others. Overall, until the late 1990s, there was no clear, conclusive
statement about the presence of DM in elliptic galaxy environments [37–39]. More re-
cent studies have indicated that their evolution and structure are compatible with models
involving a DM halo [40–42].

Local density. Efforts to determine the local DM density, crucial for both galactic
dynamics and DM detection, have evolved significantly over time. From the earlier works
[19–21] to the improved methods in the 1980s [43,44], up to more recent refinements thanks
to data from surveys like Hipparcos, SDSS, and RAVE [45], the need for invisible matter
nearby the solar system in roughly the same amount of the visible one appeared with
more and more evidence. The results, though, varied depending on various assumptions,
especially on the shape of the DM halo. Based on measurements from the SDSS, the
Milky Way is consistent with having a spherical DM halo with radius ∼ 8 kpc. There are
also indications of a mean local DM density around 0.4−0.6GeV/cm3. At the same time,
the need for a more precise measurement has underscored the need for more sophisticated
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Figure II.1: Left: Rotation curve of M31 (Andromeda galaxy) as measured by Rubin and Ford
in 1970 [25]. Right: Rotation curves of several galaxies from Rubin and Ford (1978) [29].

models and assessment of uncertainties [46]. Future date releases from the Gaia satellite
(the most recent one is [47]) promise more precise three-dimensional models, crucial for
understanding the distribution of DM in our galaxy.

Small-scale anomalies. At the galactic scale, there are a few issues with the standard
Cold Dark Matter (CDM) model, assuming that galaxies are embedded in a virialized halo
of dark massive particles. The predictions of the CDMmodel are, in fact, often inconsistent
with observations on small scales, particularly below hundreds of kpc [48–50]. Three main
problems include: i) the core-cusp problem, which refers to a discrepancy between the
predicted steep density profiles of DM halos (cusp profiles) in N -body simulations [51]
and the flatter profiles (core profiles) observed in low-mass galaxies [52]; ii) the missing
satellites or dwarf galaxy problem, concerning the overabundance of predicted satellite
galaxies in simulations (∼ 1000) compared to the observed number in the Local Group
(∼ 50), though recent analyses re-affirm the consistency of models [53]; iii) the Too Big
To Fail problem, which arises from the inconsistency between the predicted large masses
of DM subhalos and the observed central masses of the brightest satellite galaxies in the
Local Group. Solutions to these problems have been proposed, ranging from baryonic
feedback coming from the explosion of supernovae, to Warm DM, self-interacting DM,
and ultralight particles (cf. Section II.2).

II.1.2 Galaxy Cluster Dynamics

In the 1930s, assuming Newtonian gravity and applying the virial theorem, Zwicky esti-
mated the mass of the Coma cluster from the average velocities of roughly 800 individ-
ual galaxies, measured via the Doppler shift of galactic spectra [22, 23]. He found that
Mcluster ≃ 4.5 × 1013 M⊙, where M⊙ is one solar mass. Previous observations assumed
that a typical galaxy had a luminosity 8.5 × 107 times that of the Sun, leading Zwicky
to conclude that the mass-to-light ratio of the Coma cluster was around 500. Despite
potentially large uncertainties in various parameters, his method paved the way for study-
ing the velocity and density profiles of DM in astrophysical systems [45]. Correcting for
these uncertainties, Coma’s velocity dispersion still points to the existence of DM (dunkle
Materie, as Zwicky called it in [22]). Similarly, Smith’s work on the Virgo cluster [24]
concluded that luminous matter alone cannot explain the motion of galaxies within the
cluster.

Modern methods combine X-ray observations of hot intra-cluster gas and gravitational
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Figure II.2: The Bullet Cluster (left) and Abell 520 (right), where the optical images are combined
with the inferred DM distribution (on the left in blue, on the right in cyan) and the observed hot
gas and starlight distribution (on the left in pink, on the right in orange). Credits left image: X-ray:
NASA/CXC/CfA/M.Markevitch et al.; Optical: NASA/STScI; Magellan/U.Arizona/D.Clowe et
al.; Lensing Map: NASA/STScI; ESO WFI; Magellan/U.Arizona/D.Clowe et al.. Credits right
image: NASA, ESA, CFHT, CXO, M.J. Jee (University of California, Davis), and A. Mahdavi
(San Francisco State University).

lensing to determine the density and temperature of baryonic content and gravitational
effects. Of particular importance is the study of colliding clusters, notably 1E0657-558,
known as the Bullet Cluster [54] (see also [55]). The Bullet Cluster, depicted in the left
panel of Fig. II.2, shows a composite of optical images (luminous matter), X-rays (hot gas
in pink), and gravitational lensing (total mass in blue). The pink and blue distributions do
not overlap, which would be unexpected if only normal matter were present. In contrast,
if the clusters have a DM halo, the luminous component could be slowed down during
the collision due to interactions, friction, and shock waves, while the majority of the
gravitational mass, primarily from the non-luminous DM component, would pass through
unimpeded. This discrepancy highlights evidence for the non-collisional nature of DM [56].
The spatial offset between total mass and baryonic mass centers, with 8σ significance,
suggests these clusters are predominantly composed of weakly interacting DM. Analyzing
72 cluster collisions, Ref. [57] claimed 7.6σ evidence for DM.

Controversies and tensions. Despite the common opinion on colliding clusters such as
the Bullet, there are some controversies about how rare events of this type in the Universe
are and how to correctly interpret their existence. The two colliding sub-clusters have
exceptionally high velocities (∼ 3000 km/s) for their age in a ΛCDM Universe. While
early analyses claimed that there is no real issue with ΛCDM [58], subsequent studies [59]
claimed that there is only a 10% probability of finding a similar system as the Bullet
cluster in the entire sky (up to redshift z = 0.3), which, combined with the fact that [54]
used only ∼ 5% of the sky coverage, would reduce these odds to ∼ 0.5%. At the same time,
the existence of objects such as Abell 520, nicknamed the “Train Wreck Cluster”, show
the exact opposite behavior, with the estimated DM density via gravitational lensing
concentrated in the central part of the collision. This poses significant challenges to
the (almost) collisionless nature of DM, as suggested by the Bullet cluster [60]. The
tension worsens significantly when inexplicably massive clusters are taken into account.
For instance, ACT-CL J0102-4915, commonly known as El Gordo is the most massive
cluster at redshift z > 0.8 (it is located at z = 0.87), with a monster mass of ∼ 2×1015M⊙
[61], which is extremely unexpected in the ΛCDM theory at such a distance [62]. Its
dimensions and peculiar shape seem to require that two very massive sub-clusters had to
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collide with high relative velocity, which would be in a 5.4σ tension with the ΛCDM model
(5.7σ when combined with the Bullet cluster) [63].

II.1.3 Large Scale Structure

If DM dominates the Universe’s matter budget, its particles’ properties shape the forma-
tion and evolution of the Universe’s structure. Thus, the DM problem is linked to the
large-scale structure (LSS) of the Universe, as first realized and computed by various pi-
oneering works between the 1970s and the 1980s [67–70]. This has been by now observed
with great detail thanks to experiments such as the Sloan Digital Sky Survey (SDSS) [64],
whose detected cosmic web of structures (filaments, superclusters, voids, etc.) is depicted
in the upper panel in Fig. II.3 (see also [71] for the most recent results extending up to 11
Gyr in distance).

The role of a CDM component is crucial in amplifying tiny local over- and underdensities
in the matter field, enhancing the aggregation of baryonic matter into potential wells in
the early Universe, thereby driving the formation of galaxies, clusters, superclusters, and
filaments in a hierarchical evolution [72, 73]. Standard cosmological models predict that
primordial inhomogeneities were extremely small, around ten parts per million, as indi-
cated by the smoothness of the CMB radiation (see next section). Relativistic baryons and
photons could not cluster effectively due to oscillations from pressure waves and electro-
magnetic interactions, and damping by the Universe’s expansion, whereas a collisionless,
non-relativistic DM component has a density profile that grows over time. Thus, primor-
dial DM inhomogeneities grew, starting with shorter perturbation length scales followed
by larger ones. After the first atoms formed, baryons decoupled from radiation and fell
into the gravitational wells created by DM. This agrees with the smooth power-law behav-
ior observed in the matter power spectrum (upper right panel of Fig. II.3), quantifying the
variance in local inhomogeneities for each mode k, the inverse of the perturbation length
scale.

Moreover, N -body simulations have now reached a remarkable level of precision and
sophistication, emulating the motion and dynamics of up to N ∼ 1012 massive particles,
covering time intervals almost as long as the age of the Universe (∼ 1010 years) and volumes
of ∼ (10 Gpc)3 with kpc resolution—a significant improvement compared to efforts from 40
years ago [73]. These simulations consistently highlight DM as the cornerstone ingredient
in explaining the structure we observe [66, 74]. Higher precision is achieved with more
realistic simulations that include the magneto-hydrodynamics of baryons, despite their
computational complexity. Recent results are encouraging, confirming that the ΛCDM
model with baryons accurately describes the evolution of structures from cosmic to galactic
scales.

II.1.4 Cosmic Microwave Background

The Cosmic Microwave Background (CMB) is the residual thermal radiation from the Big
Bang, which fills the universe almost uniformly in every direction at an average black-body
temperature about 2.725 K, with relative fluctuations of order 10−5. It was first detected
serendipitously by Penzias and Wilson in 1965 [76] with immediate repercussions in the
study of cosmology [77–79]. This radiation is a crucial observational tool in cosmology,
providing a snapshot of the universe when it was just about 380,000 years old, a period
known as the recombination era. At this time, the universe had cooled enough for protons
and electrons to combine and form neutral hydrogen atoms, allowing photons to travel
freely without constant scattering by charged particles.
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Figure II.3: Upper panel: The cosmic web as observed by the SDSS [64]. Credits: M. Blanton and
SDSS.Middle panel: The growth and dumping of the matter power spectrum with the wavenumber
(inverse wavelength) as determined by different cosmological observations [65]. Credits: ESA and
the Planck Collaboration. Lower panel: Collection of several numerical N -body simulations with
and without baryons from [66] from which references to the simulation works can be found.
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Figure II.4: Results from the Planck 2018 release [65,75]. Upper panel: All-sky map of the CMB
temperature fluctuations, spanning a range from −300µ K (bluer shades) to +300µ K (redder
shades) about the average of ∼ 2.7 K. Lower panel: Angular power spectrum of the TT-modes
of the CMB as a function of the multipole moment ℓ, the angular frequency (inverse angular
separation).

The observed temperature fluctuations have been measured at various wavelengths using
different instruments, such as the Planck satellite [65, 75], whose all-sky map is displayed
in the upper panel of Fig. II.4. The angular power spectrum (see lower panel) quantifies
the correlation between inhomogeneities at different angular separations, θ, in the sky.
This can also be expressed as a function of the multipole moment (or angular frequency),
ℓ ∼ π/θ.

The impressive uniformity of the CMB has led cosmologists to adopt the theory of
cosmic inflation, which proposes a period of exponential expansion during the universe’s
earliest moments, before the formation of the radiation bath (see Section X.2 for a brief
review). If inflation was driven by a quantum field, its primordial quantum fluctuations
could have been imprinted on the spacetime metric, seeding the initial matter density
oscillations that eventually evolved into the LSS we observe today (cf. Section II.1.3).
These features would have influenced the distribution of baryons and photons just before
recombination, a process that would be significantly affected by the presence of DM.

The peaks in the CMB power spectrum are caused by acoustic oscillations in the baryon-
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photon fluid. The positions of these peaks depend on the density of DM, as less DM results
in a later radiation-matter equality. The amplitude of the peaks is influenced by the rela-
tive amounts of DM and normal matter, with only normal matter participating in acoustic
oscillations. Comprehensive fits to the data show that the Standard Model of cosmology
(ΛCDM + Gaussian primordial inflationary perturbations) accurately reproduces the ob-
served CMB power spectrum and allows for the most precise determination of the DM relic
abundance today Ωch

2. This corresponds to the CDM energy-matter density relative to
the critical density of the Universe today ρc = 3H2

0/8πG, with G being Newton’s constant
and H0 = h × 100 km/sMpc−1 the Hubble expansion parameter today (cf. Section III.1
for more details on cosmological parameters). The current measurement is [75]

Ωch
2 = 0.1200± 0.0012 68%C.L. TT,TE,EE+lowE+lensing , (II.2)

which roughly translates into a ∼ 26% amount of CDM in the energy budget of the
Universe.

A more detailed analysis of the CMB power spectrum reveals that the relative heights of
the second and third peaks provide key information about the amounts of baryonic matter
(coupled to photons) and DM (providing gravitational influence). The third peak’s height
is significantly higher than it would be if only baryonic matter were present, which provides
what is probably the strongest evidence for the existence of (and the need for) DM. If the
Universe contained only baryonic matter, the third peak would be notably suppressed,
contradicting observational data. Moreover, the overall shape and the position of the
peaks are strongly influenced by the amount of dark energy in the Universe. Assuming a
cosmological constant Λ with negative pressure, it is found that ΩΛ ≃ 0.7.1

II.1.5 Tensions in the ΛCDM model

Cosmology is currently facing what some authors have described as a genuine crisis. In-
creasing tensions and controversies exist over the interpretation of data and simulations,
particularly regarding the scales at which the ΛCDM concordance model of cosmology
and, more broadly, the cosmological principle of spatial homogeneity and isotropy, can be
reliably applied.

Without any doubt, the most alarming issue today relates to the Hubble tension. This
refers to the discrepancy between measurements of the Hubble constant H0, which repre-
sents the current expansion rate of the universe. Local measurements using methods such
as Cepheid variable stars and Type Ia supernovae as standard candles yield values between
71−73 km/s/Mpc [82,83], while observations of the early universe, particularly the CMB,
combined with assuming the ΛCDM model, yield a lower value around 67 km/s/Mpc [75].
This discrepancy has grown over time with measurements reaching a higher and higher
precision so that the tension is now way above the 5σ level, triggering the community to
try to get to the bottom of it [84].2

A vast amount of explanations to understand the Hubble tensions are currently consid-
ered, such as New Physics responsible for the change in the expansion rate of the early
Universe (e.g., Early Dark Energy and its variations), to the variation of some of the

1A very useful tutorial explaining these and other features can be found on Wayne Hu’s web page [80],
while, for an in-depth understanding, we refer to Dodelson’s book [81].

2Improved measurements using the James Webb Space Telescope (JWST) could help resolve the issue,
as suggested by the Chicago Carnegie Hubble Program (CCHP) [85]. Recent claims from April 2024
by CCHP members (not yet publicly available or peer-reviewed) indicate that the tension might have
significantly decreased below 3σ, with new blinded (re-)analyses suggesting H0 ≃ 69 km/s/Mpc [86],
compatible with Planck results and the newest DESI measurements [87] of H0 ≃ 68km/s/Mpc.
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parameters of fundamental interactions over cosmological times, or involving late Uni-
verse dark energy solutions or DM in the form of dark radiation. These and many other
possibilities are comprehensively reviewed in Refs. [88, 89].

Here, we only mention that, apart from New Physics explanations, none of which is
currently even close to being satisfactory, a solution could also lie in problems with the
cosmological distance ladder. This is a sequence of methods used to measure distances in
the universe, ranging from radar in the solar system to redshift-distance relations for dis-
tant galaxies. Each step, including parallax, Cepheid variables, and Type-Ia supernovae,
builds its calibration on the previous ones, enabling astronomers to map cosmic distances
with increasing precision. This hierarchical approach ensures accurate distance measure-
ments across vast scales, but it is currently a subject of inquiry due to inconsistencies and
systematic uncertainties. However, as reviewed in Ref. [90], there are indications that not
even a better-calibrated ladder would resolve the Hubble tension.

Finally, several anomalies and oddities are resiliently emerging within the ΛCDM con-
cordance model, including the S8 anomaly [91], the CMB dipole anomaly [92], the high-
redshift 21cm anomaly [93], and various small-scale anomalies, among others [50, 89, 94].
These issues suggest that it might be time to reconsider the cosmological principle, the
foundational assumption of modern cosmology. Additionally, mounting evidence indicates
that the existence of giant voids near the Local Group, such as the KBC void [95], is
incompatible with both the evolution of cosmic structures in ΛCDM and the cosmological
principle at Gpc scales. The presence of this significant matter density deficit nearby could
potentially explain the Hubble tension (if it is indeed real) and other anomalies [96,97].

II.2 Dark Matter Candidates

Given what we have discussed in the previous section, there are essentially two possibilities
to explain observations. Either all the discrepancies are solved by the existence of DM in
the form of particles or macroscopic objects with the right characteristics, or the laws of
physics need to be modified in certain conditions and no DM is needed. The second option
will be briefly explored in Section II.4, while we dedicate the majority of this section to
the DM hypothesis, especially in its elementary particle form.

We briefly review some of the historically famous DM candidates as well as the most
modern vision on this research area, while we refer to Refs. [12,13,98–102] for a complete
overview. As a matter of fact, the number of possible explanations for DM is difficult to
track as newer and newer ideas are brought forward. In general, DM could be made of
very massive macroscopic objects, as well as by elementary or composite particles with
masses ranging from a few eV up to the Planck scale MPl ∼ 1019GeV, down to wavelike
scalars as light as 10−21 eV behaving like classical fields on astrophysical distances. The
viable range of DM masses can, in principle, span more than 90 orders of magnitude3

10−21 eV < M < 1075 eV , (II.3)

as shown in Fig. II.5 from [12]. The lower bound stems from requiring that the de Broglie
wavelength associated to the DM particles is not too large to disrupt the formation of
structures on the largest scales, while the upper bound comes from observations pointing
to the existence of DM in dwarf galaxies of masses around 105M⊙ ∼ 1035 kg.

Before we list some of the possible explanations lying on this vast landscape, we need
to make sure that we know what a decent DM candidate should look like, that is to say,

3Using 1 eV ≃ 1.8× 10−36 kg, this is equivalent to 10−57 kg < M < 1037 kg.
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Figure II.5: Theoretically viable mass range for DM candidates. Figure taken from [12].

what the requirements or properties are that it needs to have.

II.2.1 Requirements

If we assume the validity of the ΛCDM model, there are several requirements a good DM
candidate needs to have to match experimental observations and constraints.

• Cold . DM must be non-relativistic at the time of matter-radiation equality when
the Universe was roughly 50,000 years old. When the universe became matter-
dominated, those density fluctuations primordially imprinted started to grow, even-
tually creating the LSS we observe today, as explained in the previous section. A
relativistic hot DM (HDM) candidate (M < keV) would have had a too long free-
streaming length, incompatible with the existence of structures on small scales. A
warm DM (WDM) particle candidate, something in between CDM and HDM, is
a viable possibility, and it is currently constrained in different ways, especially by
observations of the Lyman-α forest and the 21-cm line. A recent analysis combining
Lyman-α observations and N -body simulations puts the WDM mass lower bound
to M ≳ 5.7 keV [103].

• Dark ... of course! Which translates into having null or very tiny electric charge
q: smaller than 10−10 for DM particles with M ≲ TeV, not more than q ≃ 0.3 for
macroscopic objects. Moreover, it is unlikely that it can have a colour charge and,
in general, is not a singlet under the gauge group of the Standard Model (SM) of
particle physics. These conclusions come from the non-observation of any cosmic
ray or photon signals and from the requirements of being consistent with Big Bang
Nucleosynthesis (BBN), being as collisionless as possible, not disrupting structures,
to explain clusters’ shapes, and stabilizing galaxy disks [12,104].

• Stable . DM needs to have a lifetime at least of the order of the age of the Universe
∼ 13.8 Gyr ∼ 1017 s so that its (possible) decays have no cosmological effect. Lower
bounds depend on the type of candidate and at present date can vary between
1017 s− 1028 s.

• (Almost) Collisionless. Direct and indirect detection experiments constrain the
interaction cross-section of DM particle candidates on visible matter (cf. Sec-
tion II.3), which needs to be much smaller than typical weak interaction cross-
sections. Self-interactions are constrained by observations at every cosmological
scale, implying that DM particles can interact with themselves only for cross-sections
smaller than those typical of strong interactions.

• Non-baryonic. In order not to disrupt the observed primordial abundance of light
elements from BBN, and the features of the CMB power spectrum, DM cannot be
SM baryonic as this would imply a much larger overall abundance of baryonic matter
in the Universe, which is ruled out.
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II.2.2 Pre-LHC ideas

Standard Model DM. Since DM needs to be neutral, stable, weakly interacting, and
with a gravitational mass, SM neutrinos might appear as the ideal candidates. However,
the cosmological density of neutrinos implies that the sum of their masses over the three
flavour generations must be

∑︁
νmν ≲ 0.1 eV [105]. In contrast, the DM density is repro-

duced if their masses amount to 11 eV, also ruled out by laboratory experiments currently
setting an upper bound on the heaviest neutrino mass eigenstate at ≲ eV. Moreover, such
a light thermal relic would wash out any structure formation.

Other possibilities brought forward in the 1980s regarded neutral bound states of quarks
also known as quark nuggets or strangelets, or also of Q-balls [106, 107] whose exis-
tence is questioned both by issues with their stability and because in the SM they would
require a primordial QCD phase transition of the first order, while lattice simulations indi-
cate that the transition is rather a smooth crossover. Things could be different if Beyond
the Standard Model (BSM) degrees of freedom were involved.

Another interesting possibility is that of hexaquarks, a neutral spin-0 di-baryon bound
state of six valence quarks whose existence is hypothesized by QCD but never con-
firmed [108]. Whether hexaquarks can be a DM candidate is a matter of debate as they
are strongly constrained by various experiments, but their properties are still largely un-
known and need better lattice simulations to be understood [109,110]. For other solutions
involving electroweak and gravitational bound states, see [12].

In the early days of DM research, a considered hypothesis was that of Massive Astro-
physical Compact Halo Objects (MACHOs), extended celestial bodies made of ordinary
baryonic matter such as faint stars, planets, etc. The problem with MACHOs is the
last requirement in Section II.2.1: they are baryonic and thus ruled out by cosmological
observations for any possible mass.

Primordial Black Holes. Primordial black holes (PBH) are black holes formed before
BBN out of ordinary (SM) matter when large homogeneities with wavenumber k re-enter
the horizon after inflation and gravitationally collapse to form a black hole [111–114].
Planck-scale PBH would almost immediately evaporate away due to Hawking radiation
[115], while PBH formed at temperatures before BBN could have a mass ranging from
that of an asteroid to that of a supermassive black hole. In general, the later the horizon
re-entry, the larger the primordial density length λ ∝ 1/k and hence the more massive
the PBH. Other PBH formation mechanisms involve the gravitational collapse triggered
by inflationary perturbations or by bubble collision during first-order phase transitions in
theories beyond the SM. In principle, PBHs could reproduce the observed DM if just a tiny
fraction of all the primordial matter densities collapsed. In practice, several experimental
constraints limit the viable mass range of PBH to constitute the whole DM in the window
10−16M⊙ < M < 10−12M⊙ [116–118]. However, several caveats can relax these bounds,
such as assuming a non-monochromatic mass function, how PBH would move and cluster
inside galaxies, whether they constitute only a fraction of the DM, etc. The recent rise of
Gravitational Wave (GW) astronomy is expected to boost the search of PBH and unravel
their role as a potential DM candidate [119–121].

Sterile Neutrinos. The SM neutrinos exist solely in a left-handed doublet representa-
tion of SU(2), paired with their lepton counterparts and possessing weak isospin ±1/2. No
evidence of right-handed neutrinos (RHNs) has been found. If RHNs do exist, they must
be inert under the SM gauge group, lacking color charge, being electroweak singlets, and
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having no weak hypercharge. Hence, they are also referred to as sterile neutrinos. The ex-
istence of RHNs could naturally explain why (at least two out of three) SM neutrinos have
such small masses, potentially via the seesaw mechanism, which was especially popular in
the context of Grand Unification Theories. This mechanism would require RHNs to be
very heavy (≫ TeV), earning them the name Heavy Neutral Leptons (HNLs). For sterile
neutrinos to be viable DM candidates, they must be sufficiently massive to avoid disrupt-
ing cosmic structures, as dictated by the Gunn-Tremaine bound of M ≳ keV [122, 123].
Several production mechanisms for sterile neutrino DM have been proposed, including
non-resonant oscillations [124], resonant oscillations due to in-medium effects [125], and
the freeze-in mechanism (cf. Section III.5.2). However, current experimental limits heavily
constrain the parameter space for sterile neutrinos, reducing their attractiveness as DM
candidates over time 4.

(QCD) Axions. An axion is a hypothetical elementary particle proposed to resolve the
strong CP problem in quantum chromodynamics (QCD) by ensuring the CP symmetry
is conserved in strong interactions in a dynamical and not fine-tuned way [130, 131]. It
is a light, neutral particle that emerges as the pseudo-Nambu-Goldstone boson from the
spontaneous breaking of a new U(1) symmetry at high energies, a concept introduced by
Peccei and Quinn in 1977 [132, 133]. Of the several QCD axion models, the most famous
are the KSVZ axion model [134, 135] and the DFSZ axion model [136, 137], while string
theory predicts a whole “axiverse” [138]. Axions have immediately been considered an ideal
DM candidate [139] as they cosmologically behave as pressureless non-relativistic matter,
they interact very weekly with SM particles such that they avoid several experimental
constraints, they are stable on cosmological timescales, and various theories such as the
misalignment mechanism (cold axions), thermal production (hot axions) or topological
defects from cosmic strings make sure that axions can yield the correct DM relic abundance
[139,140]. Recent theoretical advancements, however, suggest that the strong CP problem
may not exist, potentially eliminating the need for a QCD axion [141,142].

Supersymmetric particles. Supersymmetry (SUSY) [143] has arguably been one of
the most remarkable ventures in theoretical modeling and experimental exploration in
high-energy physics over the past five decades. It is a theoretical framework that extends
the SM by proposing a symmetry between fermions and bosons. In SUSY, every particle
has a corresponding superpartner with opposite spin-statistic properties (fermions have
bosonic partners while bosons have fermionic partners). SUSY was invoked to solve several
issues in particle physics, such as the hierarchy problem and the smallness of the Higgs
mass, while providing the unification of forces, and, in principle, ideal DM particle candi-
dates. Moreover, if SUSY is seen as a gauge (local) symmetry, it gives rise to supergravity,
a quantum gravity framework that finds its natural realization in superstring theories. De-
spite its theoretical appeal, SUSY has not yet been experimentally confirmed, and the LHC
results have dampened the enthusiasm for a theory that captivated researchers for half a
century. Even if SUSY were realized in nature, it would not address several naturalness
problems that initially motivated its study.

4Besides DM physics, RHNs can play an important role in the generation of a primordial baryon
asymmetry, the seed for the present-day observed overabundance of matter over antimatter, which the
Standard Models of particle physics and of cosmology alone cannot explain [126]. Mechanisms of these
type go under the name of baryogenesis (when the asymmetry is directly generated in the baryonic
sector) or leptogenesis (when the asymmetry is generated in the leptonic sector and then transferred
onto the baryonic one via non-perturbative ‘sphaleron’ processes) [127–129].
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Among the many supersymmetric particles, several potential DM candidates exist in
the Minimal Supersymmetric Standard Model (MSSM) [144]. Neutralinos are mass
eigenstates given by the mixing of the neutral components of the superpartners of the
B (binos) and W (winos) vector bosons and of the Higgs scalar doublets (higgsinos).
Depending on the value of the mixing parameters, neutralinos can come in an (almost)
pure eigenstate of one of the mixing superpartners. They have often been regarded as the
paradigmatic example of a DM particle [145,146] in that they are neutral and the lightest
state is stable thanks to R-parity, the leftover of SUSY-breaking, although LHC results
have already exploited their realization at the weak scale. If at all, neutralinos could be
found in the multi-TeV regime. Other MSSM-motivated candidates (or from extensions of
the MSSM) include gravitinos [147] (the spin-3/2 superpartners of gravitons), axinos and
saxions [148] (fermionic and scalar superpartners of the QCD axions), and sneutrinos [149]
(scalar superpartner or neutrinos) [150–154].

WIMPs. Weakly Interacting Massive Particles (WIMPs) have long been considered
the DM candidates par excellence [15, 146]. What a WIMP is can be a matter of
debate. In its original form, WIMPs are neutral particles with masses at the electroweak
scales that interact with interaction cross-sections with a magnitude typical of weak
interactions. Remarkably, these few requirements are sufficient to yield a thermal
relic whose abundance would exactly match that of DM. Moreover, WIMPs would be
naturally realized by particles in the MSSM [146], such as neutralinos, or by minimal
extensions to the SM [155, 156], and could be easily produced at colliders or detected in
underground laboratories. This is the famous WIMP miracle. Unfortunately, no WIMP
has ever been found and current limits on their interaction cross-sections, paired with
null results at the LHC, have essentially ruled out their existence in their vanilla form.
Nonetheless, the term WIMP is now being used as a synonym for a particle in thermal
equilibrium in the early Universe with masses between O(100) GeV up to O(10) TeV
whose relic abundance is set by the freeze-out mechanism (cf. Section III.5.1) and
whose dynamics might be much more convoluted than previously considered [100, 102].
For instance, in this thesis, we will explore the case for thermal DM particles as part
of a dark sector in so-called simplified t-channel models (cf. Section II.2.4 and Chapter V).

For other ideas that have held sway for several decades, such as extra dimensions
and Kaluza-Klein modes, composite Higgs models, split SUSY, and others, we again refer
to reviews such as Refs. [12, 13].

II.2.3 Recent Ideas

The absence of experimental evidence for any new particles, aside from the discovery of
the Higgs boson at the LHC in 2012, has caused a significant paradigm shift in addressing
fundamental questions in physics. Previously, research was often driven by a top-down ap-
proach based on first principles and “aesthetic” preferences. However, the current trend
is more conservative and bottom-up: starting from empirical data, researchers test nu-
merous models with minimal assumptions and parameters, allowing observations to guide
the direction of inquiry. This approach remains largely agnostic about whether a more
fundamental principle underlies the simple assumptions made. Advances in computing
power, along with more precise measurements of SM parameters and improved resolution
in astrophysical and cosmological surveys, are expected to provide greater clarity in the
quest for DM and other unresolved issues in physics [99].
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(Ultra)Light Particles. An emerging area of interest in DM research is the possibility
of DM particles in the sub-GeV mass range [157–159]. Particles with masses above a few
meV still behave like discrete particles at atomic and molecular scales, while those below
this threshold exhibit wavelike properties for any detector. These ideas have spurred the
development of numerous models and search strategies, leveraging innovative materials and
techniques for direct detection. Examples include superconductors, Dirac materials, noble
liquids, and superfluid helium, to name a few. In the sub-eV regime, a wide array of DM
candidates becomes viable, including Weakly Interacting Slim Particles (WISPs) such
as QCD axions, axion-like particles (ALPs), and hidden photons [160]. At the extreme
lower end of the spectrum, ultralight scalar particles (or ULAs for ultralight ALPs) can
have masses as low as ∼ 10−21 eV, and they are also known as Fuzzy DM [161, 162].
These particles have such small masses that their de Broglie wavelength can extend to
macroscopic scales, potentially spanning the diameter of a galaxy. Consequently, the DM
field behaves classically, with its phenomenology better described by fluid dynamics and
collective phenomena rather than particle physics. Theoretical motivations for ALPs and
ULAs extend beyond addressing the strong CP problem, while they have recently gained
significant attention as potential DM candidates [140,163].

Feebly Interacting Particles. Feebly Interacting (Massive) Particles (FIPs or
FIMPs) are a challenging and active area of research [164]. The concept is that DM
consists of particles that interact with the visible sector only through very small couplings,
typically via a portal interaction mediated by another BSM state, such as a dark photon
(dark photons themselves can also be candidates for DM) or the interaction could be medi-
ated by other heavy dark states potentially charged under the SM gauge group. This latter
scenario will be extensively explored in this thesis (cf. Section II.2.4 and Chapters VII
and X). A robust theoretical framework for FIPs is provided by hidden valley sectors [165].
Many light DM candidates, such as sterile neutrinos and ALPs can be classified as FIPs
due to their typically very suppressed couplings to SM particles. At the opposite end of
the mass spectrum, superheavy particles with masses M > 100 TeV, also known as WIM-
Pzillas [166,167], can also serve as DM candidates. These particles must be non-thermally
produced and exhibit feeble interactions with SM particles. Examples of such production
mechanisms include sourcing by inflation [168] and gravitational production [169].

Confining Dark Sectors. DM may reside within a diverse and intricate dark sector,
potentially as complex as the visible sector of the SM. For instance, it is plausible that DM
is not a fundamental particle but rather a composite entity. Recent attention has focused
on theories incorporating a confining force within the dark sector. This force could be
the SM’s strong force, as seen in scenarios like colored DM [170]. Alternatively, novel
dark forces akin to dark QCD or dark SU(N) theories [171, 172], encompassing concepts
like gluequark DM, dark glueballs, dark baryons and mesons, and even dark atoms, have
garnered attention. The allure of dark sectors has intensified in recent years due to the
possibility that they underwent phase transitions in the early Universe, potentially giving
rise to cosmic strings and the nucleation of false vacuum bubbles. Collisions between
these cosmic defects could generate a stochastic gravitational wave background (SGWB),
yielding distinct signatures. This interest has been further fueled by compelling evidence
supporting the existence of an SGWB from various Pulsar Timing Arrays [173].
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EFTs and Simplified Models.

A bottom-up approach to the search for DM has had the effect of letting theoreticians
experiment with simplified versions of more structured theories to the point that several
fields gained their own independence and self-existence. An example is Effective field
theories (EFTs). EFTs simplify complex problems by focusing on relevant phenomena
at a specific energy scale, with the concept that dynamics at different scales can be decou-
pled when the scale separation is sufficiently large. High-energy effects are suppressed in
low-energy processes; thus, EFTs allow for systematic approximations while encapsulating
the influence of high-energy physics through expansion in effective parameters and inter-
actions. DM EFTs have been especially exploited in the context of collider searches [175]
and direct detection searches [176], but also used to investigate alternative production
mechanisms of DM particles in the early Universe [177].

While very useful for low-energy laboratories such as direct detection experiments, the
challenge with using effective operators lies in their inability to accurately reflect the phys-
ical processes occurring at colliders. Instead of merely observing ‘DM + something’ events,
the critical events involve the direct production of new particles that mediate interactions
between DM and the SM particles. By focusing solely on effective operators, we would
miss the production of mediators (integrated out in the EFT approach), which are essential
for capturing the primary interaction channels at colliders. Therefore, effective operators
fall short in representing the full spectrum of the most important interaction channels.

This is why in the last decade Simplified Models of DM became so popular
[174, 178–189]. They are theoretical frameworks for exploring the properties and inter-
actions of DM particles in a phenomenological and versatile way. These models aim to
capture the essential features of DM from so-called “UV complete models” (e.g., SUSY)
while minimizing complexity and, at the same time, not necessarily relying on an EFT (see
however [190, 191]). In this sense, they lie in between effective and complete descriptions
as shown in Fig. II.6 from [174]. They are particularly useful as benchmark scenarios
for comparing the capabilities of different experimental and observational probes, sys-
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tematically exploring the parameter space and comparing predictions with experimental
data. Moreover, they can accommodate a wide range of DM candidates and interaction
mechanisms.

Broadly speaking, simplified models consist of at least two BSM fields: a DM candi-
date and a (heavy) mediator. DM can only communicate with other particles through
the interaction with the mediator (modulo self-interactions). Therefore, we can classify
simplified models into two macro-categories:

• s-channel models: DM has interaction vertices exclusively with the mediator.
The mediator is a color singlet and can couple to pairs of DM states and pairs of
SM fields. DM can thus annihilate into SM particles via 2-to-2 processes with one
mediator exchanged in the s-channel, featuring potential resonant enhancements.
The mediators and the SM fields have to be even under the symmetry that stabilizes
DM, say Z2, but DM has to be odd. This implies that s-channel mediators can only
couple to both pairs of SM particles and pairs of DM particles. Mediators in these
models could be heavy vector bosons such as dark photons, scalars such as Higgs-
like particles, pseudo-scalars, or tensor fields. At the same time, DM is generally
considered to be fermionic, but it can also have spin 0.

• t-channel models: DM has an interaction vertex with one mediator and one SM
particle, typically a SM fermion. Due to gauge invariance, the mediator has to
share the same SM gauge quantum numbers as the SM partner. DM can thus
annihilate into SM particles via 2-to-2 processes with one mediator exchanged in the
t-channel. The mediators and DM have to be odd under the stabilizing symmetry,
while the SM fields have to be even. Typical mediators in these models feature
colored charged scalars (squark-like), electroweak-charged scalars (slepton-like), and
vectorlike fermions, while DM can be any type of field with spin from 0 to 1. Another
feature here is that mediators can directly decay into DM particles (+ a SM particle).
One of the first motivations to study t-channel models is that some of them resemble
systems in the MSSM.

The dark matter (DM) models explored in this thesis build on recent efforts to classify and
thoroughly investigate simplified t-channel models [6,187–189], integrating comprehensive
collider analyses with constraints from direct and indirect detection searches.

t-channel mediators, being charged under the Standard Model (SM), exhibit a rich phe-
nomenology. They can potentially be produced and detected at colliders, either directly
or through the observation of missing energy signatures associated with their decay prod-
ucts, possibly including the DM itself. Additionally, if DM exhibits strong coupling, its
interactions with nuclei in underground detectors could induce nuclear recoils, providing
detectable signals. Furthermore, DM annihilations in dense galactic regions could result
in distinctive photon and cosmic ray emissions, typical signatures of WIMP-like particles.

Conversely, if DM couples very weakly, making it FIMP-like, detection becomes more
challenging. In such scenarios, the only feasible detection method might involve observing
long-lived mediators decaying at displaced vertices within detectors or even outside them.
This possibility is explored in Chapter X, where we examine the impact of FIMP DM
production from mediator decays during extended reheating phases following inflation, an
interplay absent in s-channel models where mediators do not decay into DM directly.

As we will explore in the following chapters, SM-charged mediators open up a broad
spectrum of possibilities for understanding their role in the early Universe, particularly
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by examining the influence of their gauge interactions. For example, long-range potentials
can non-perturbatively alter interactions between mediators (see Chapters IV and V),
while their close coupling with the primordial thermal plasma can significantly modify
their spectral properties (see Chapters VI, VII and IX), thereby strongly influencing DM
genesis.

In the following section, we review the framework for studying t-channel models of DM
developed in Refs. [187–189].

II.2.4 Simplified t-Channel Models

In the t-channel framework, the SM is augmented with a DM field X, which is a singlet
under the SM gauge group SU(3)c ⊗ SU(2)L ⊗ U(1)Y , and a mediator Y , which is
charged under the SM gauge group. The classification of these models is determined by
the spin statistics of the dark sector particles and the gauge quantum numbers of the
mediator. Using the notation of [188], the most general Lagrangian comprising all the
possibilities is

L = LSM + Lkin + LF (χ) + LF (χ̃) + LS(S) + LS(S̃) + LV (V ) + LV (Ṽ ) , (II.4)

where LSM is the SM Lagrangian and Lkin contains gauge-invariant kinetic and mass terms
for all the new fields. These are six possible DM candidates that we denote as follows:
S̃ (real scalar), S (complex scalar), χ̃ (Majorana fermion), χ (Dirac fermion), Ṽ µ (real
vector), Vµ (complex vector).

The Lagrangians for these scalar, fermionic, and vector DM candidates are given by

LS(X) =
(︁
λLψ̄LLX + λuψ̄uuX + λdψ̄ddX + h.c.

)︁
, (II.5)

LF (X) =
(︂
λLX̄Lϕ

†
L + λuX̄uϕ

†
u + λdX̄dϕ

†
d + h.c.

)︂
, (II.6)

LV (X) =
(︁
λLψ̄L /XL+ λuψ̄u /Xu+ λdψ̄d /Xd+ h.c.

)︁
. (II.7)

Here, L is a SM SU(2)L fermion doublet in the left-handed representation and it can
represent either a quark doublet or a lepton doublet.5 In this context, u stands for the
right-handed up-type quark uR (as no right-handed neutrinos are present in the SM),
while d can denote either a right-handed lepton eR or a down-type quark dR. The scalar
mediators are denoted by ϕ, and their gauge quantum numbers are determined by the
gauge group representations of the SM fermion they interact with. For example, ϕQ is
a left-handed doublet. Similarly, the fermionic mediators are represented by ψ. The
Feynman slashed notation /X = γµX

µ indicates that Xµ is a vector DM field. The DM
couplings λ span the entire flavor space and are thus understood as 3×3 complex matrices.
Note that the most generic case involves one 3 × 3 complex matrix of couplings for each
SU(2)L model type, 12 mediators (each with its own mass parameter), and one DM
mass. For colored models, this amounts to an additional 40 parameters, while for colorless
models, the number only reduces to 30. Such a situation would deviate significantly from
the simplification intended by the “simplified model” philosophy. Thus, we will always
assume that coupling matrices are flavor diagonal and degenerate, meaning that only one
coupling parameter needs to be considered for each SU(2)L representation. Similarly, all

5The framework presented in [187] focuses exclusively on color-charged mediators and quarks, as these
particles can be produced at colliders and exhibit a broader range of phenomenological signatures compared
to color-neutral states.
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mediator masses are assumed equal. The parameter space dramatically shrinks to only
three parameters for each model type:

{MX , MY , λ} . (II.8)

In [187], models are assigned specific names to facilitate their classification. For instance,
the S3M-type and S3D-type models comprise a scalar mediator (S) ϕ (or ϕ̃) and a DM
field with mass Mχ that is either Majorana (M) or Dirac (D). The 3 indicates that the
scalar mediator is a color triplet. For colorless models, we refer to them as S1M-type and
S1D-type. For models with a universal coupling to all flavors, we have

Luni,1 =
∑︂

F=L,u,d

3∑︂
α=1

(︂
λϕX̄Fαϕ

†
Fα

+ h.c.
)︂
, (II.9)

where X = χ (Dirac) or χ̃ (Majorana), and α is a generation index. One can further
restrict the Lagrangian to a single generation and flavor to simplify the analysis. For
example, the S3MuR model corresponds to a Majorana DM coupling only to the up-type
right-handed quarks, resembling a system with a bino-like neutralino DM and a squark
mediator in the MSSM. The parameters of the models are:

{Mχ, Mϕ, λϕ} , (II.10)

In an analogous way, we have the F3S-type and F3C-type models where the mediators are
vector-like fermions (F) ψ all degenerate in mass and DM is a real (S) or complex (C)
scalar with mass MS . The mediators live in the triplet representation of SU(3)c. For
color singlets, we could use F1S and F1C. All couplings are taken to be universal and
flavor-diagonal, resulting in the following Lagrangian:

Luni,2 =
∑︂

F=L,u,d

3∑︂
α=1

(︁
λψψ̄Fα

FαX + h.c.
)︁
, (II.11)

where X = S̃ (real scalar) or S (complex scalar). The model parameters are

{MS , Mψ, λψ} . (II.12)

Finally, vector DM models are also a possibility. In this framework, they are called F3V

and F3W for real and complex vectors, respectively, of mass MV . All fermion mediators
are color triplets and degenerate with mass Mψ. For colorless mediators, we may use the
names F1V and F1W. In this thesis work, however, we will not discuss such scenarios.

Relevance to this thesis work

The primary objective of this framework is to comprehensively address the
phenomenology of various models in a systematic and automated manner. This
workflow leverages multiple codes that utilize the UFO library [192], a standardized
language for encoding model properties such as fields, quantum numbers, param-
eters, and interaction vertices. These files are read by various tools for diverse
purposes, including generating Feynman diagrams, simulating next-to-leading
order corrections, parton showers, and jets, and calculating cosmological evolution
variables such as the DM number density and expected signatures in direct and
indirect detection experiments.
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The typical “phenomenological flow” of codes begins with the FeynRules

package [193] to implement the model Lagrangian, field content, and parameters,
and to generate the UFO library. In Chapter V, we utilize the generated files for
certain S3M models featuring Majorana fermion DM candidates and colored scalar
mediators to compute the DM relic abundance using micrOMEGAs [194]. This
software package utilizes the UFO library to solve the DM Boltzmann equation
(cf. Chapter III) considering all relevant tree-level processes.

Specifically, we will extend micrOMEGAs for the S3MuR, S3MdR, and S3MqL

models to include non-perturbative effects arising from the long-range interaction
of gluonic Coulomb forces exchanged by colored mediators, namely the Sommerfeld
Effect (SE) and Bound State Formation (BSF). As detailed in Chapter IV, these
effects become significant corrections to the DM interaction rate in scenarios where
mediators and DM differ in mass by less than 20%, thereby crucially impacting the
phenomenology of the simplified t-channel models under consideration.

Although these effects have only recently begun to be incorporated in DM
studies, their systematic inclusion in the “phenomenological flow” such as in
micrOMEGAs, has not been previously attempted. In our work, we have addressed
this gap by providing a functional patch to micrOMEGAs, utilized in [1] and
described in Chapter V. The completion of this patch has been recently made
public in [7, 8].

Simplified t-channel models will also serve as the framework in Chapter VII
and Chapter X where we investigate the freeze-in production mechanism of DM
(cf. Section III.5.2). In the former, we demonstrate the systematic inclusion
of in-medium finite-temperature effects on the evolution of DM number density,
comparing our results with existing literature. The latter section highlights how
modifications to the thermal history of the Universe, specifically scenarios with
low reheating temperatures, impact DM production and the expected signatures
at colliders.

As a final remark, we would like to stress once more the significance of un-
derstanding the intricacies of simplified t-channel models. We believe the answer
is multifaceted. First, if DM manifests as a new particle detectable at colliders, it
must have some portal connection with the SM, as suggested by various theoretical
frameworks such as SUSY. Simplified models offer a versatile framework to analyze
different phenomena with fewer theoretical constraints, allowing nature and
experiments to guide the direction of research. Ultimately, the outcome is often be-
yond the control of theorists, as history has demonstrated over the last four decades.

Secondly, if a new signature compatible with BSM physics is observed, how
can we ascertain that it originates from DM? While multiple signatures and confir-
mations from various perspectives are essential, a critical aspect of interpretation
lies in relating terrestrial signals to specific DM models and their cosmological
evolution. Neglecting relevant effects and subtleties in this evolution could lead
to discrepancies between predictions and discoveries, potentially indicating a
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Figure II.7: A scheme of the three main types of searches for DM particles. The interaction
between DM and SM particles follows the direction of the arrows. Figure from [195].

misinterpretation of experimental results that could have been resolved with better
theoretical calculations and reduced uncertainty.

Furthermore, as we already mentioned, ongoing initiatives are aiming to provide
the experimental community with meaningful benchmark points and parameter
ranges to search for signals of simplified t-channel models. [6, 189] Therefore,
comprehending the full spectrum of theoretical possibilities and uncertainties is
timely and crucially important.

In the next section, we will review some of the most important types of experimental
searches aiming at detecting signals to be correlated with DM. In particular, we will
highlight their importance in relation to the simplified models here described.

II.3 Experimental Searches

The existence of DM is primarily inferred through its gravitational effects, providing in-
sights into its total mass, distribution, and interactions across different astrophysical scales.
To further elucidate its nature, investigations focus on three main approaches, which are
schematically shown in Fig. II.7: Direct Detection, which aims to capture the recoil
of DM particles interacting with nuclei or electrons in sensitive underground detectors;
Indirect Detection, which seeks signatures of DM annihilation or decay products in
cosmic rays, photons, or neutrinos; and Accelerator-based Detection, where DM par-
ticles are produced and studied in controlled environments like particle colliders, aiming to
observe missing energy or exotic decay channels that could indicate the presence of DM.
Each approach plays a crucial role in complementing gravitational evidence to unravel the
mystery of DM’s composition and interactions with ordinary matter.

II.3.1 Direct Detection

Direct detection (DD) experiments search for signatures left by DM particles in the galactic
halo interacting with detector materials, typically manifesting as energy deposits with
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distinct kinematics. These experiments are conducted deep underground to shield ultra-
pure detector materials from cosmic radiation, minimizing background noise. Given the
expected extremely low interaction rates and energy yields, even minimal interference can
lead to false positives.

The primary categories of DD searches involve DM scattering on nuclei and electrons.
Other non-standard techniques include scattering on phonons, the Migdal effect, and in-
elastic scatterings, which are currently under investigation [12, 196]. Historically, scatter-
ing on nuclei has been the dominant method due to the largest momentum transfer in
elastic scattering occurring when the projectile and target masses are comparable. This
approach has led the field for many years, especially as early expectations placed DM
in the electroweak-scale regime, aligning with the masses of nuclei like Xe and Ar and
their isotopes, which are approximately O(100)GeV. Conversely, in the sub-GeV regime,
which has only recently garnered attention, scattering on electrons (me = 511 keV) is
proving to be the most efficient choice. The low energy deposit means that a range of
quantum-mechanical effects becomes relevant, as DM interactions become sensitive not
only to individual scattering sites but also to the material structure of the detector.

The event rate R for DM elastic scattering on a single nucleus with mass number A is
the number of events per nuclear recoil energy ER and its differential form is given by [12]

dR

dER
=
NT

mT

∫︂ ∞

v>vmin

dσA
dER

v
ρ⊕
M
f⊕(v) d3v . (II.13)

Here, NT represents the number of target nuclei in the detector’s target material of mass
mT , and σA denotes the DM-nucleus interaction cross-section, which is determined by the
particle physics model of DM. The integral is performed over the DM velocity v in the
Earth’s frame, typically ranging from 200 to 500 km/s. The integral includes factors such
as the local DM density ρ⊕ ≈ ρ⊙ ≈ 0.4GeV/cm3, and assumes a Maxwellian distribution
for the local DM velocity distribution. The lower integration bound, vmin, signifies the
minimum velocity required for a DM particle to transfer a kinetic energy ER to the nucleus,

and is defined as vmin =
√︂

mAER

2µ2A
, where µA = mAM

mA+M denotes the reduced mass of the DM-

nucleus system. Here, mA ≈ AmN , with mN representing the mass of a single nucleon,
typically 939MeV in the isospin limit where mp = mn = mN .

The interaction cross-section can be spin-independent (SI) or spin-dependent (SD).
In the first case, the nucleus can be resolved coeherently and the differential cross-section
is directly proportional to the cross-section for DM scattering on nucleons (protons and
neutrons) σSI and to the nuclear form factor.

In the regime of small momentum exchange, where DM interacts with the entire nucleus
coherently as a point particle, the SI cross-section can be expressed as [12]:

σASI

⃓⃓⃓
q→0

= A2σSI ≈ σSI

⎧⎪⎨⎪⎩
A2 for M ≪ mN ,

A4/(1 +AmN/M)2 for mN ≪M < mA,

A4 for M ≫ mA.

(II.14)

Notice how the coherent interaction enhances the cross-section by factors of A.

SD searches aim to detect interactions between the spin of DM and the spin of nucleons.
The theory underlying this interaction is more complex. The SD differential cross-section
for DM scattering off a nucleon σSD grows with the spin-spin interaction strength and
hence with the total DM spin, while it decreases with the maximal recoil energy. For a
heavy nucleus of mass number A the formula is more complicated due to the incoherent
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resolution of each nucleon. In the zero momentum exchange limit, one can obtain an
approximated formula which reads as [12]

σASD ≈ σSDS(0)×
{︄

1 for M ≪ mN,A,

A2 for M ≫ mN,A.
(II.15)

Here, S(0) is the zero momentum limit of the nuclear response function, which takes into
account the form of the nuclear wavefunctions.

Detection techniques and detector materials vary depending on the experimental goals.
Some of the most employed techniques include detectors based on noble liquid scintillators
(e.g., XENON [197], LUX-ZEPLIN (LZ) [198], DarkSide [199], PandaX [200]), scintillating
crystals (e.g., DAMA/LIBRA [201], SABRE [202], COSINE [203]), cryogenic detectors
(e.g., CDMS [204], EDELWEISS [205], CRESST [206]), and superheated liquids (e.g.,
PICO [207]). Fig. II.8 illustrates the state-of-the-art in DM detection. The left panel
shows experimental constraints on the SI cross-section as a function of DM mass, while the
right panel displays constraints on the SD cross-section. Current bounds are approaching
the so-called “neutrino floor”, which is an irreducible background predicted from coherent
neutrino-nucleus scattering for neutrinos with energies ≲ GeV. This background could
obscure a potential DM signal, hence the name “neutrino fog”. Solar neutrinos dominate
this background for DM masses below tens of GeV, while atmospheric neutrinos are more
relevant for heavier DM. One potential approach to overcome these irreducible obstacles
is through directional detectors. These detectors aim to trace the recoil track of nuclei
when a DM particle passes through the detector, leveraging the Earth’s relative motion
with respect to the DM halo and revolutionizing DM detection in the Galaxy.

Relevance to this thesis work

Limits from the XENON1T and PICO-60 DD experiments, as well as future pro-
jections from the DARWIN project, will be key ingredients in the analysis of the
constrained parameter space in the simplified t-channel models analyzed in Chap-
ter V (cf. Sections V.A and VIII.2), where we will demonstrate how accounting
for non-perturbative effects from long-range interactions (cf. Chapter IV for an
overview) sensibly morph the constrained and allowed parameter regions (cf. also
the corresponding paper [1]).

II.3.2 Indirect Detection

Indirect Detection (ID) encompasses methods and experiments seeking signals of DM
interactions in astrophysical environments, manifesting as excesses in photon, cosmic ray,
and neutrino fluxes. Typically focusing on heavier DM candidates, often in the GeV
mass range and above, ID experiments aim to detect annihilation or decay products of
DM particles. While in this thesis we will focus on DD and collider limits due to their
relevance to the models and parameter space studied, we provide a concise overview of ID
directions. For further details, comprehensive reviews such as [12,208] are recommended.

If our Galaxy resides within a DM halo where DM particles interact beyond gravi-
tational effects, annihilation or decay processes may produce observable signals. These
include high-energy gamma-ray photons observed by satellites like FERMI-LAT [209]
and AMS-02 [210], and by ground-based Cerenkov telescopes such as HESS [211], VERI-
TAS [212], and MAGIC [213]. Alternatively, low-energy X-ray photons can be produced
as secondary photons from electron-positron annihilations following DM interactions or as
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Figure II.8: Current bounds on the DM cross-section on nucleons as a function of the DM mass.
Left panel: limits on the SI cross-section. Right panel: limits on the SD cross-section on protons
(neutrons give similar results). Figures from [12].

primary photons in light DM models (e.g., sterile neutrinos), detectable by telescopes like
CHANDRA [214] and INTEGRAL [215].

Cosmic rays are electrically charged particles arriving on Earth from practically any
possible astrophysical object. They primarily consist of particles like positrons, electrons,
anti-protons, and anti-deuterons, and can also originate from DM annihilation or decay.
The challenge here is the complex background, which hides a potential DM signal since
all these cosmic rays are copiously produced by the sun, stellar activity in the Galaxy,
and supernova explosions. Their propagation is affected by diffusive effects, energy losses,
and other interactions with the interstellar medium. Two major issues associated with
ID are the accurate modeling of the source environment (the galactic center, a supernova
remnant, a neutron star, etc), which is usually very complex, and the propagation of the
astroparticle messengers through the galaxy until they reach a detector such as a telescope.
Significant experiments in this domain include the already cited AMS-02, PAMELA [216],
the Pierre Auger Observatory [217], and various Cerenkov telescopes sensitive to cosmic
ray fluxes (e.g., the future CTA [218]).

Neutrinos, being electrically neutral and weakly interacting, serve as ideal messengers for
DM signals as they propagate through the Galaxy unaffected by magnetic fields or dense
environments. Detecting neutrinos, however, poses challenges due to their elusive nature
and indirect energy reconstruction methods. The largest neutrino detector on Earth is
the IceCube Neutrino Observatory [219] at the Earth’s South Pole, while other important
experiments are ANTARES [220] and SuperKamiokande [221].

II.3.3 Collider Searches

DM may manifest itself in collider experiments, which are sophisticated machines that
accelerate particles along circular or linear paths, causing them to collide either with
each other or with a fixed target. Typically, DM would appear as missing energy in
reconstructed events due to its weak interactions with ordinary matter. However, gauge-
charged mediators could be produced directly due to their interactions with SM particles
in scenarios involving a richer dark sector, such as in SUSY or simplified models. These
mediators could subsequently decay into DM states, yielding distinctive signals that vary
depending on the specific model. Reviews on collider searches for DM can be found in,
for instance, [12,222].

Collider experiments encompass various types, with the most prominent being the
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LHC [223], a proton-proton (pp) circular collider with a circumference of approximately
27 km and current center-of-mass energy of

√
s = 13.6 TeV, expected to reach 14 TeV. Its

upcoming High-Luminosity LHC (HL-LHC) upgrade aims for an integrated luminosity of
∼ 3000/fb [224]. The LHC’s discoveries include the Higgs boson in 2012 and the verifi-
cation of many SM predictions with enhanced precision. Despite these achievements, no
significant deviations from the SM have been observed so far, suggesting several possibili-
ties: DM could be heavier than the LHC’s reach (beyond the TeV regime), have extremely
feeble interactions that make it challenging to detect at colliders, or it might not be a new
particle altogether.

Due to substantial QCD background issues in pp colliders, an alternative approach
involves constructing more powerful lepton colliders, following the success of the Large
Electron-Positron (LEP) collider, which reached energies up to 200 GeV. [225] Although
lepton colliders operate at lower energies compared to pp colliders, they offer a clean
experimental environment suitable for precision measurements. If DM induces minute
deviations in SM observables, precision collider physics could prove indispensable.

Particles produced in colliders are detected through various means: calorimeters measure
the energy deposited by electrons and photons, the detector’s outer layers track muons
escaping the inner layers, QCD jets generated by hadronization processes immediately
following the emission of a quark or a gluon are reconstructed with sophisticated triggers
and algorithms, and the missing energy carried away by neutrinos, invisible to colliders,
is inferred by the event kinematics. DM may leave traces through one or a combination
of these detection signatures.

Mono-X searches

Typical signatures of DM in collider experiments include mono-X searches, where a single
visible particle (X), such as a photon, jet, or W/Z boson, recoils against Missing Transverse
Energy (MET). This indicates the production of DM particles. Mono-X searches are
relatively model-independent and highly sensitive to New Physics. However, their signal-
to-noise ratio can be challenging to optimize due to the significant presence of neutrinos
produced from weak processes following the collision (besides the QCD background, of
course).

High-mass resonances

Other possibilities involve searching for excesses of events in the form of resonances at
specific values of the invariant mass, which might signal the existence of a new BSM state.
Prime examples are diphoton resonances, where new particles decay in pairs of photons,
which famously rose to the headlines when the 750GeV diphoton excess was found at the
LHC in 2015. However, later data did not confirm it. These types of searches (together
with multi-jet, multi-lepton, and other signatures) are called prompt because they assume
that BSM states are produced close to the interaction vertex.

Searches of these types are mainly carried out by the ATLAS [226] and CMS [227]
experiments at the LHC. Dedicated analyses are heavily model-dependent due to the
abundance of parameters in (realistic) DM particle models that have to be fixed to derive
bounds on observables such as cross-sections, decay widths, branching ratios, etc. For
example, Ref. [228] has recently provided a thorough analysis constraining DM s-channel
models featuring a spin-0 (Higgs) or a spin-1 (dark photon) portal.
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Long-Lived Particle (LLP) Signatures.

Due to the absence of statistically significant prompt signals and increasingly stringent
constraints, recent years have seen growing interest in alternative signatures from long-lived
particles (LLPs). If BSM particles possess suppressed couplings, small mass splittings, or
limited phase space for decay, they may travel macroscopic distances before decaying,
giving rise to striking displaced or non-pointing signatures.

LLP searches exploit the unique capability of modern detectors to reconstruct such un-
conventional topologies. Below we summarize the main experimental categories, following
Refs. [229–234]:

• Heavy Stable Charged Particles (HSCPs): LLPs that are charged and long-
lived enough to exit the detector (cτ ≳ 1 m) are reconstructed as slow, highly
ionizing tracks in the inner tracker and muon system. Time-of-flight and dE/dx
measurements are used to discriminate them from SM muons. Current CMS and
ATLAS analyses exclude sleptons or vectorlike leptons with cτ ≳ 0.1−100 m for
m ≲ 600 GeV [229, 235]. If the LLP also carries QCD color, it hadronizes into
R-hadrons, forming the basis of so-called “R-hadron” searches.

• Disappearing or Kinked Tracks (DT/KT): For intermediate lifetimes (10−2 ≲
cτ/m ≲ 10), charged LLPs may decay inside the inner tracker. If decay products
are soft or neutral, the track appears to “disappear”; if they are visible, the track
abruptly changes direction (a “kinked” track). ATLAS and CMS searches target such
signatures by identifying tracks with missing outer hits and minimal calorimeter
energy deposition [230, 233, 234, 236]. These searches are particularly sensitive to
electroweak multiplets (e.g., Higgsino or wino-like states).

• Displaced Vertices and Displaced Leptons (DV/DL): When an LLP decays
within the tracker volume, its displaced decay products can form a secondary ver-
tex several millimeters to tens of centimeters from the primary interaction point.
Dedicated DV and DL searches relax standard impact-parameter constraints and
use triggers designed for displaced leptons or large MET. ATLAS analyses consider
opposite- and same-flavor lepton pairs [231], while CMS focuses primarily on dis-
placed eµ pairs [232, 237]. ATLAS is most sensitive around cτ ∼ 10−2 m, whereas
CMS extends to shorter lifetimes of order 10−3 m.

Together, HSCP, DT, and DL searches probe a broad range of lifetimes and decay modes,
covering 10−4 m ≲ cτ ≲ 103 m. Their complementarity allows collider experiments to
explore vast regions of parameter space that would otherwise remain unconstrained in
prompt analyses.

In the context of DM models with feebly coupled mediators—such as the simplified t-
channel scenarios studied in this thesis—LLP searches are particularly powerful. There,
mediators charged under the SM gauge group can be produced at colliders and decay into
DM plus a visible SM fermion:

P −→ DM+ fSM ,

where P is either a scalar or vectorlike fermion and fSM a charged lepton or quark. Depend-
ing on the mediator mass and coupling strength, these decays may occur with macroscopic
lifetimes, producing any of the LLP signatures listed above.

II.3.4 Synergy of Experimental Probes in this Thesis

The diverse array of experimental strategies reviewed above—spanning direct detection,
prompt collider signals, and long-lived particle signatures—forms the empirical foundation
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against which the theoretical predictions of this thesis are tested. In the subsequent
chapters, we will demonstrate that the interpretation of these constraints is intrinsically
dependent on the rigorous treatment of particle production mechanisms.

Specifically, in Chapter V, we integrate limits from Direct Detection (XENON1T, PICO-
60) and prompt collider searches (mono-jet, multi-jet) to constrain the parameter space of
simplified t-channel models. Crucially, we will show that including non-perturbative effects
such as Sommerfeld enhancement and bound state formation (cf. Chapter IV)
fundamentally alters the exclusion boundaries defined by these experiments, opening up
parameter regions that standard perturbative calculations would deem excluded [1]. A key
aspect of this analysis involves the use of high-mass resonance searches (e.g., diphoton
final states), which we demonstrate provide a robust, coupling-independent probe of the
mediator mass, complementing the coupling-dependent missing-energy searches.

Furthermore, the sensitivity to Long-Lived Particles plays a pivotal role in the anal-
ysis of non-thermal production scenarios. In Chapter X, we employ constraints from
HSCP, disappearing track, and displaced vertex searches to bound the properties of feebly
interacting mediators. We will establish a direct link between the cosmological history
of the Universe—specifically the reheating epoch—and the macroscopic lifetime of these
mediators. Consequently, we argue that the interpretation of collider exclusions is not
purely a particle physics exercise but is inextricably linked to the underlying cosmological
assumptions.

II.4 Alternatives to Dark Matter

The non-discovery of particles associated with DM (or, in fact, any BSM particles) and the
increasing number of tensions and inconsistencies within the Standard Model of Cosmology
prompt the question of whether DM exists at all. While this may seem like a bold assertion,
there are reasons to consider alternative explanations. One possibility is that the answer
to the overwhelming evidence that General Relativity combined with ordinary matter
cannot account for most astrophysical phenomena and cosmological observations may lie
in a modification of the laws of gravitation. The most important theory of this kind is
MOdified Newtonian Dynamics (MOND), proposed by M. Milgrom in 1983 [238–241] as
an alternative to the CDM paradigm to explain the puzzling flattening of the rotation
curve of galaxies at large radii.6 What MOND essentially does is modify Newton’s law
of motion F = ma in the regime of small accelerations. In this theory, below a certain
critical acceleration a0, the law becomes

F = mµ

(︃
a

a0

)︃
a , (II.16)

where µ is an interpolating function that reproduces Newtonian dynamics for a ≫ a0
and leads to the Milgrom’s law F = ma2/a0 in the deep-MOND regime a ≪ a0. The
quadratic dependence below a0 allows for the flattening of the rotation curve without a
CDM component. This is a consequence of a2 ∝ 1/r2 being invariant under space and time
dilation. In fact, repeating the exercise of Eq. (II.1), we can equate Newton’s universal

6For reviews on MOND theories, their predictions, and their confirmation/falsification, we refer to, e.g.,
Refs. [242–244].
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law of gravitation to the modified Newton’s law of motion to obtain [12]

GmMb(r)

r2
= F ≃

{︄
ma if a > a0,

ma2/a0 if a < a0,
=⇒ v(r) ≃

{︄
(GMb(r)/r)

1/2 Newton,

(GMb(r)/a0)
1/4 MOND,

(II.17)

where Mb(r) is the baryonic mass within a radius r. We observe that, in addition to

predicting a flat rotation curve, MOND predicts a precise proportionality v∞ ∝ M
1/4
b

between the rotational velocity at large radii v∞ and the baryonic mass Mb of an astro-
physical object. This relationship is known as the baryonic Tully-Fisher relation [245],
one of MOND’s most significant predictions and arguably its greatest success.

Observations of hundreds of galactic rotation curves consistently align with this MOND
prediction over at least four orders of magnitude, encompassing both faint dwarf galaxies
and star-rich massive galaxies. In contrast, the standard CDM model does not naturally
predict this correlation unless structure formation with DM dynamically generates this
common behavior across various scales, possibly by considering complex baryonic dynamics
in galaxy formation—a process that remains unclear to date. By fitting the MONDian
law of gravitation, the critical acceleration value can be determined, yielding [12]

a0 ≃ 1.2× 10−10m/s2 . (II.18)

Notice that MOND predicts this value to be universal, i.e., applicable to every astrophys-
ical system. However, it has been claimed that there is no possibility for the existence
of such a universal critical acceleration a0, effectively ruling out MOND at more than
10σ [246]. This claim has sparked a series of rebuttals and replies among different re-
searchers [247–249]. The bottom line is that the purported falsification of MOND may
have resulted from analysis errors and misinterpretation of the results.

Another feature that CDM models struggle to explain is the observed correlation be-
tween the radial gravitational acceleration and the acceleration based on baryons alone
at a generic radius. This indicates that “For any feature in the luminosity profile there
is a corresponding feature in the rotation curve and vice versa,” also known as Renzo’s
rule [250]. The CDM model predicts that the rotation curves of galaxies should be pri-
marily determined by the distribution of DM, typically assumed to be a smooth and
spherically symmetric halo. Therefore, the detailed features in the rotation curve should
not directly correlate with the distribution of visible matter alone. The CDM model would
require a specifically and finely tuned distribution of DM to match the features seen in the
visible matter. In contrast, MOND can link the observed dynamics to the visible matter
distribution, providing a straightforward explanation for the direct correlation observed
in Renzo’s rule, without invoking unseen DM.

As discussed in Section II.1.2, cluster collisions have often been regarded as strong ev-
idence in favor of collisionless CDM and a significant challenge for MOND theories since
MOND predicts the “phantom” mass distribution to follow the distribution of baryonic
matter, which is not observed in such collisions [54, 251]. An ad-hoc solution to this
problem involves postulating MOND plus some amount of DM in the form of light neu-
trinos [244]. Similarly, the existence of the El Gordo cluster, the KBC void, and other
tensions in the ΛCDM model could be explained with MONDian dynamics [62,63,252].

The main challenges with MOND theories arise when considering the largest scales7,
where, in contrast, the ΛCDM concordance model finds its greatest success, displaying a

7Some issues with MOND theories were claimed to be found in globular clusters [253] but were later
refuted [254].
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remarkable consistency within many observations of the LSS and the CMB. Here, MOND
in its non-relativistic form struggles to reproduce the CMB anisotropies and the formation
of structures [255], and it faces significant difficulties in explaining gravitational lensing
effects. For one, non-relativistic MONDian dynamics is an empirical paradigm that probes
very low acceleration regimes and cannot be a universal law at every scale, as it violates
momentum conservation and does not align with predictions from General Relativity.
Several non-relativistic theories embedding the vanilla MOND and attempting to address
some of its issues have been proposed over the years, including AQUAdratic Lagrangian
(AQUAL) [241] as modified Poisson gravity, Quasilinear MOND (QUMOND) [256], and
other generalizations [257]. For the other, MOND theories require embedding in a more
fundamental theory of modified gravity consistent with relativity.

In 2004, Bekenstein formulated the first Tensor-Vector-Scalar (TeVeS) relativistic the-
ory of MOND [258]. One of its key predictions is that ordinary matter must couple
to a modified metric tensor, leading to a discrepancy between the speeds of light and
gravitational waves. This was essentially ruled out by the simultaneous detection of the
gravitational wave event GW170817 from a neutron star binary merger and its electro-
magnetic counterpart, demonstrating that gravity propagates at the speed of light up to
at least 40 Mpc [259, 260]. Nevertheless, some of these issues can be reconciled in recent
attempts involving Einstein-Aether theories, entropic (or emergent) gravity, and bimetric
gravity [261–267].

We conclude by mentioning two recent observations that have been claimed to challenge
or even rule out MOND theories. Recent analyses suggest that some galaxies are surpris-
ingly deficient in DM [268–270]. One possibility is that gravitational interactions stripped
the DM, while another is that it was driven out during the galaxy’s formation by merging
protogalactic fragments. Interestingly, these results could be interpreted as evidence in
favor of the particle nature of DM, as opposed to universal modifications of gravitational
laws. However, it is crucial to ensure that the considered data effectively probe the regime
where MOND theories would apply (the low acceleration regime). For instance, in the case
of [270], the authors themselves state that no definitive conclusions can be drawn. In fact,
Ref. [271] argues that MOND is perfectly consistent with DM-deficient dwarf galaxies in
the Fornax cluster.

Another recent puzzling tension arises from the analysis of the stellar motion of wide
binaries in the Milky Way conducted by two different groups using the GAIA satellite.
While Ref. [272] claimed that MOND should be excluded on small scales with a 16σ con-
fidence, Ref. [273] concluded the exact opposite, showing a 10σ deviation from Newtonian
gravity. Thus, we can conclude that the dispute between the two views is far from being
settled and further investigations are needed.

In conclusion, while MOND theories have garnered scientific interest due to their suc-
cesses, they remain a subject of controversy and skepticism. One major challenge is their
difficulty in being integrated into a more fundamental theory of nature. Additionally, they
are not linked to other unresolved issues in the SM of particle physics, and their successes
are often limited, requiring significant revisions, as we have outlined.

This is not necessarily a critical flaw, as similar challenges have been faced and continue
to be faced by any theory in particle physics. However, the advantages of a particle-based
explanation for DM are considerable. These include the potential for a deeper connection
to a fundamental theory of nature, addressing other issues within the SM, its detectability,
and the highly advanced level of global collaboration in this research field.

While the development of MOND theories would benefit from improved scientific prac-
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tices and a reduction in bias, the current strengths and potential of particle-based DM
explanations still surpass those of MOND, making the latter a less favored approach at
present.

Concluding Remarks

For over a century, the physics community has accumulated evidence suggesting that
ordinary matter, combined with General Relativity, cannot fully explain the properties of
astrophysical objects across nearly every scale. In contrast, the inclusion of a cold dark
matter (DM) component within galaxies, clusters, and the entire Universe offers a unified
explanation for these discrepancies.

If DM is indeed a new particle, its discovery would mark the presence of physics beyond
the Standard Model (BSM), which is eagerly sought to address various unresolved issues
in the Standard Model of particle physics. Despite the recent limitations exposed in the
otherwise successful ΛCDM concordance model during what is known as the “precision era
of cosmology”, the particle hypothesis remains the most compelling option. It accounts for
a vast array of observations across all cosmological scales and holds the crucial potential
of being linked to one or more fundamental problems within the SM.

Numerous theories propose DM as a thermal relic, such as WIMP-like particles or
FIMPs. An example is the simplified t-channel models discussed in Section II.2.4, where
the key distinction between these possibilities lies in the strength of the DM coupling.
While these models are conceptually simple, they pose significant computational chal-
lenges and exhibit a rich phenomenology. Whether they represent the best model of DM
is ultimately up to experimental validation. However, they serve as a comprehensive
framework for testing the impact of state-of-the-art methods in computing DM proper-
ties. These methods are crucial not only for accurately interpreting the models and their
experimental constraints but also for advancing theoretical and computational techniques
applicable to other areas, such as alternative DM models, leptogenesis, and gravitational
wave studies.

In this thesis, we will focus on computing the most critical property of DM: its relic
abundance, as defined in Eq. (II.2). This measurement is the most precise indicator of the
amount of DM in the Universe today and plays a pivotal role in distinguishing between
different particle types, production mechanisms, and parameter values in the models under
consideration. The next chapter will explore the methods for calculating this essential
quantity.
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CHAPTER III

Particle Production in the Early
Universe

After reviewing the observational evidence underpinning the Dark Matter (DM) problem,
the most extensively studied DM candidates and theoretical frameworks, and the principal
experimental search strategies, we now turn to a set of more fundamental questions: how
did DM originate in our Universe? At which stage of cosmic history was it produced?
And through which mechanisms did it evolve toward its present-day relic abundance,
ΩDMh

2 = 0.120?

Addressing these questions requires an understanding of particle production in the early
Universe, where the thermal history and expansion of the Universe are studied in con-
junction with the microscopic processes governing particle interactions in a hot and dense
environment. In the earliest stages following the Big Bang, the extreme temperatures and
densities provided favorable conditions for the creation of a wide variety of particle species,
including viable DM candidates. As the Universe expanded and cooled, the competition
between particle interaction rates and the cosmic expansion rate determined whether these
species remained in equilibrium, decoupled from the thermal bath, or were produced out
of equilibrium, ultimately shaping their relic abundances observed today.

This chapter is devoted to explaining how such processes can be consistently described
and to establishing the theoretical framework used to derive the evolution equations gov-
erning particle abundances in an expanding Universe.

We begin by briefly reviewing the key ingredients of the ΛCDM concordance model
of cosmology and summarizing the thermal history of the Universe, which together pro-
vide the cosmological backdrop for the particle-production mechanisms discussed in the
remainder of the chapter.

III.1 Cosmology of the Expanding Universe

III.1.1 ΛCDM Cosmology

The standard theory for describing the cosmos is the Hot Big Bang model, which is
based on a few simple assumptions [81, 274]. The Universe at very large scales (at least
260Mpc [275]) is spatially homogeneous and isotropic on average and is described by the
Friedmann-Lemâitre-Robertson-Walker metric (FLRW) [276–279],

ds2 = −dt2 + a2(t)

[︃
dr2

1− kr2
+ r2dθ2 + r2 sin2 θdϕ2

]︃
k=0
= dt2 − a2(t) (dx2 + dy2 + dz2),

(III.1)

37



CHAPTER III. PARTICLE PRODUCTION IN THE EARLY UNIVERSE

where a(t) is the scale factor, responsible for the evolution of the spatial hypersurfaces,
k = {0, 1,−1} is a constant characterizing the global geometry of the FLRW manifold,
which can be spatially flat (k = 0), closed as a sphere (k = 1), or open as a hyperbolic
surface (k = −1). Notice that we used the mostly negative signature for the metric and
natural units (c = 1). The normalization for a(t) implies a(t0) = 1 at the present time t0.

Second, the matter-energy content in the Universe can be modeled by a perfect fluid with
stress-energy tensor given by Tµν = diag(ρ,−P,−P,−P ), where ρ and P are respectively
the energy density and the isotropic pressure of the fluid. Einstein’s field equations [280]
applied to such a Universe translate into the Friedmann equations regulating the evolution
of the expansion of the Universe as a function of its matter-energy content, yielding(︃

ȧ

a

)︃2

≡ H2 =
ρ

3M2
Pl

− k

a2
, (III.2)

ä

a
= − 1

6M2
Pl

(ρ+ 3P ). (III.3)

Here, H = ȧ/a is the Hubble rate, with dots representing derivatives with respect to cosmic
time t, whereas MPl = 2.4 × 1018GeV is the reduced Planck Mass and k is the spatial
curvature. Experimental data are pointing with very high precision to a flat Universe so
that we can safely neglect the curvature term in our equations and set k = 0 [75].

To solve the Friedmann equations, one has to close the system with the additional
equation of state for the barotropic fluids

P = wρ, (III.4)

where w is a constant that discriminates the different types of fluids:⎧⎪⎨⎪⎩
w = 0 pressureless non-relativistic matter,

w = 1/3 relativistic particles (radiation),

w = −1 vacuum energy.

(III.5)

Vacuum energy can be described by a cosmological constant Λ that can be added to
Einstein’s field equations as Λgµν term. By using the first law of thermodynamics d(ρV ) =
−PdV , where V = a3 is the volume of a comoving cube, we obtain the following continuity
equation

ρ̇+ 3H(ρ+ P ) = 0 =⇒ ρ̇+ 3Hρ(1 + w) = 0. (III.6)

From solving this equation, we find the scaling behavior of the energy densities as a
function of the scale factor, yielding

ρ ∝ a−3(1+w), (III.7)

so that we have different scaling for the various types of matter-energy:

ρ =

⎧⎪⎨⎪⎩
a−3 pressureless non-relativistic matter,

a−4 relativistic particles (radiation),

const vacuum energy.

(III.8)

Consequently, in a single-component universe, the time dependence of the scale factor
differs case by case, since Eq. (III.2) reduces to

ȧ

a
∝ a−

3
2
(1+w), (III.9)
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whose solutions scale as a(t) ∝ t
2

3(1+w) such that we end up with a variety of expansion
behaviors, depending on the specific value of w. In particular,

a(t) ∝

⎧⎪⎨⎪⎩
t2/3,

t1/2,

eHt,

=⇒ H(t) ∝

⎧⎪⎨⎪⎩
1/2 t−1 pressureless matter,

2/3 t−1 radiation,

const vacuum energy.

(III.10)

Notice that, from Eq. (III.3), if the dominant fluid has w < −1/3, the Universe undergoes
a period of accelerated expansion. However, in a multi-component universe, things become
more complicated, since we have to take into account the sum of all contributions

ρTOT = ρr + ρm + ρΛ,

with ρr, ρm, and ρΛ = 3M2
PlΛ the energy densities of radiation, pressureless matter, and Λ,

respectively. Analytical solutions are not so straightforward to obtain. However, thanks to
the different scaling, we can infer in which period of cosmic history the various components
dominated the universe’s energy budget. At early times, the energy density is completely
dominated by the thermalized primordial bath, which behaves like radiation. As time
flows, pressureless matter overcomes until it gets completely subdued by the constant
contribution of the vacuum energy, which does not feel the red-shifting of the scale factor.

If we put k = 0, we can define the critical density ρc as

ρc = 3M2
PlH

2, (III.11)

which is the energy density the Universe should have to be spatially flat. Today its value
is ρc0 = 1.05371(5) × 10−5h2 (GeV/c2) cm−3. To compare present day energy densities
with ρc0, we define the critical density parameter as

Ωi =
ρi0
ρc0

=
ρi0

3M2
PlH

2
0

, (III.12)

where the subscript ‘0’ indicates a value today, at a = a0 = 1. Dividing Eq. (III.2) by H2,
one finds

1 =

∑︁
i ρi
ρc

− k

a2H2
=
∑︂
i

Ωi −
k

a2H2
.

Observing how ΩTOT =
∑︁

iΩi differs from 1 tells us what is the spatial curvature of the
Universe. The latter term is usually rewritten as Ωk = −k/a2H2 and Planck 2018 data
suggest this to be consistent with zero, hence a spatially flat Universe [75]. According to
the same analysis, the Universe’s energy density consists of

ΩΛ ≃ 68.5%, Ωm ≃ 26.4% + 4.9%, Ωr ≃ 0.0054% + 0.0037%, (III.13)

where ΩΛ is the Dark Energy (DE) component, consistent with a cosmological constant Λ,
Ωm is the matter component divided in a dominant Cold Dark Matter (CDM) component
(Ωc ≃ 26.4%) and a subdominant baryonic component, made of atoms (Ωb ≃ 4.9%). Ra-
diation accounts for less than 10−4 with slightly more photons than neutrinos (considered
massless). These findings justify the name ‘ΛCDM’ for the cosmological model of the
Universe.
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III.1.2 Thermal History

As the Universe expands, particles get more and more diluted and the temperature of the
Universe decreases. But, what do we mean by the word “temperature” in Cosmology?
This term holds significance solely within a system at thermal equilibrium, a state attain-
able when particles within it interact closely, sharing identical thermodynamic properties.
To quantify these properties, we need some proper definitions within basic equilibrium
thermodynamics in an expanding universe. Here, we summarize the more complete treat-
ment found in classical references such as Refs. [274,281].

The phase space distribution of particles in the early Universe is f(x,p, t) = f(p, T, µ),
where we used the homogeneity and isotropy assumption to rewrite f solely as a function
of p = |p|, the temperature T and the chemical potential µ. Moreover, an implicit average
over spatial coordinates is understood. The number density, energy density and isotropic
pressure of particles are defined from f as

n(T, µ) =
g

(2π)3

∫︂
d3p f(p, T, µ) , (III.14)

ρ(T, µ) =
g

(2π)3

∫︂
d3pE(p)f(p, T, µ) , (III.15)

P (T, µ) =
g

(2π)3

∫︂
d3p

p2

3E(p)
f(p, T, µ) , (III.16)

where E2 = p2 + m2 and where the factor 3 accounts for isotropy in all three spatial
directions.

If we assume particles to be in kinetic equilibrium, their phase-space distributions follow
Bose-Einstein (BE) or Fermi-Dirac (FD) statistics,

f(p, T, µ) =

[︃
exp

(︃
E − µ

T

)︃
+ c

]︃−1

, (III.17)

where the c = −1 holds for bosons, c = +1 for fermions, and c = 0 is their non-relativistic
approximation, namely a Maxwell-Boltzmann distribution.

Neglecting the chemical potentials in the early universe1, our thermodynamic variables
can be rewritten in the relativistic regime (T ≫ m) as

neq(T ) =
g

π2
T 3 ×

⎧⎨⎩
3ζ(3)/4 c = +1,
1 c = 0,
ζ(3) c = −1,

(III.18)

ρeq(T ) =
g

π2
T 4 ×

⎧⎨⎩
7π4/240 c = +1,
3 c = 0,
π4/30 c = −1,

(III.19)

where ζ is the Riemann’s zeta function and ζ(3) ≈ 1.2. In the non-relativistic regime
(T ≪M), all distribution functions reduce to the Maxwell-Boltzmann one, yielding

n(T ) = g

(︃
mT

2π

)︃3/2

e−m/T (III.20)

1For an explanation, refer to Section 6 of Chapter 15 in Weinberg’s book [282]. This can be justified
because the Universe is electrically neutral, with the baryon density estimated to be less than a billionth
of the photon density and the lepton density also negligible, of similar magnitude as the baryon number.
While precise calculations would consider non-zero chemical potentials, such details are beyond the scope
of this thesis.
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Figure III.1: Evolution of the effective number of relativistic degrees of freedom g∗ (solid line)
and the effective number of entropy degrees of freedom g∗,s (dashed line) as a function of the
temperature of the Universe assuming only the particle content of the SM. Notice the QCD phase
transition at T ∼ 100MeV, and the e+e− annihilation at T ∼ 1MeV. Figure from [283].

and

ρ(T ) = mn(T ) . (III.21)

If some process occurs at thermal equilibrium, then the particles involved share the same
temperature. On the contrary, there are cases in which some species i are not in equilib-
rium with the others and possess their own Ti. In that case, the total energy density of
relativistic particles can be written as

ρ(T ) =
π2

30
g∗(T )T 4 , (III.22)

where

g∗(T ) =
∑︂
i=BE

gi

(︃
Ti
T

)︃4

+
7

8

∑︂
i=FD

gi

(︃
Ti
T

)︃4

(III.23)

is the (energy) effective number of relativistic degrees of freedom, which takes into account
the fact that with the diminishing of T , the contribution of particles that are no longer
relativistic disappears. The evolution of g∗(T ) assuming only SM particle content is il-
lustrated in Fig. III.1. It runs from 106.75, when all SM particles are relativistic and
part of the thermal bath, down to 3.38, the present-day value. Notice the sudden jumps
in correspondence of the QCD phase transition T ∼ 100MeV and after the decoupling
of weak interactions at T ∼ MeV. The last ingredient we need for tracking the thermal
history is the entropy of a comoving volume,

S(a, T ) = a3
ρ(T ) + P (T )

T
, (III.24)

which is a conserved quantity in the expanding universe as long as the particle species are
in thermal equilibrium. If we consider relativistic particles, P = ρ/3, this quantity can be
rewritten as

S(a, T ) =
2π2

45
gT 3a3 (III.25)
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for a single species. If there were many species with different equilibrium temperatures (a
typical situation when describing the early Universe), the total entropy reads

S(a, T ) =
2π2

45
g∗,s(T )T 3a3 , (III.26)

where

g∗,s(T ) =
∑︂
i=BE

gi

(︃
Ti
T

)︃3

+
7

8

∑︂
i=FD

gi

(︃
Ti
T

)︃3

(III.27)

is the entropy effective number of relativistic degrees of freedom. Its evolution in time is
depicted with dashed lines in Fig. III.1 tracking the same behavior and values of g∗(T ) for
T > 1MeV. After neutrino decoupling, electron-positron annihilations re-heat the photon
plasma leading to a slight increase in the photon entropy, explaining the deviation from
g∗ and the final value of g∗,s = 3.94.

Another very commonly used quantity is the entropy density, namely the entropy per
comoving volume, which is

s(T ) = S(T )/a3 =
2π2

45
g∗,s(T )T 3. (III.28)

If we assume that all along the expansion history of the Universe entropy is conserved,

then one has g
1/3
∗,s Ta = const, anytime thermal equilibrium is assured. This also implies

the validity of Tolman law [284], namely T ∝ a−1. Thus, one can write an equation for
the evolution of the temperature with cosmic time which reads as follows

d
(︂
g
1/3
∗,s Ta

)︂
= 0 =⇒ 1

T

dT

dt
= −H

(︃
1 +

1

3

d ln g∗,s
d lnT

)︃−1

, (III.29)

or, by employing the conformal time τ = ln(a/a0), as

1

T

dT

dτ
= −

(︃
1 +

1

3

d ln g∗,s
d lnT

)︃−1

. (III.30)

Note that, in case entropy is not conserved, we cannot use Eq. (III.29) to derive a relation
between temperature and time/scale-factor. This case will be treated in Section X.3,
where we will analyze non-adiabatic cosmic expansions, namely with phases where entropy
increases over time. For the standard case of a Universe in a radiation-dominated era and
followed by a matter-dominated era, entropy is almost always conserved so that these
formulae can be safely used.2

III.2 From Liouville to Boltzmann

Let us consider a physical process where particles are created and destroyed. We want
to compute the evolution of the total number of one of the species, which is given by the
integral of its distribution function f(x,p, t) over the entire phase space,

N =

∫︂
f(x,p, t) d3x d3p . (III.31)

2Some exceptions are during the QCD cross-over around T ∼ 100 MeV and after neutrino decouple
and e+e− → γγ annihilations reheat the photon plasma around T ∼ 1 MeV.
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Let us also assume that an instantaneous force F acts on an infinitesimal phase space vol-
ume. Exploiting Liouville’s theorem [285], which affirms that in the absence of collisions,
the phase space distribution is constant, we have [286]

f
(︂
x+

p

m
∆t,p+ F∆t, t+∆t

)︂
d3xd3p = f(x,p, t) d3x d3p . (III.32)

Since we are mainly interested in collisional systems, the change in the number of particles
in an infinitesimal volume reads

dNcoll =
{︂
f
(︂
x+

p

m
∆t,p+ F∆t, t+∆t

)︂
− f(x,p, t)

}︂
d3xd3p

=

(︃
∂f

∂t

)︃
coll

dtd3x d3p. (III.33)

Differentiating this expression with respect to d3x d3pdt, we obtain

dNcoll

d3xd3pdt
=

(︃
∂f

∂t

)︃
coll

=
df

dt
, (III.34)

highlighting how the total derivative of f rules the net change of particles per unit time
and unit phase space volume. The total derivative of f reads

df

dt
=
∂f

∂t
+∇xf · dx

dt
+∇pf · dp

dt

=
∂f

∂t
+

p

m
· ∇xf + F · ∇pf

!
=

(︃
∂f

∂t

)︃
coll

. (III.35)

This is the classical Boltzmann equation. If we introduce the classical Liouville kinetic
operator [274],

L̂[·] = ∂t +
p

m
· ∇x + F · ∇p , (III.36)

where p = dv/dt and F = dp/dt, Eq. (III.35) can be rewritten as

L̂[f ] = Ĉ[f ] , (III.37)

where Ĉ[f ] is the collision operator, to be specified case by case, according to which
reactions are considered.

The whole argument works well in a flat spacetime. However, in a generic metric, we
cannot neglect spacetime curvature and the fact that particle dynamics is governed by
the covariant generalization of classical mechanics laws, General Relativity [280]. One can
generalize the Liouville operator into a covariant form as [281]

L̂[·] = Pµ
∂

∂Pµ
− ΓµνσP

νP σ
∂

∂Pµ
, (III.38)

where Pµ is the particle four-momentum and Γµνσ a Christoffel symbol [287]. To compute
the covariant Liouville operator, we need to specify the spacetime manifold on which the
dynamics occur. According to the Cosmological Principle, this is given by the Friedmann-
Leamâitre-Robertson-Walker metric tensor which we have reviewed in Section III.1.1.
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III.3 Boltzmann Equation in FLRW Cosmology

To compute the Liouville operator, we need the Christoffel symbols in the FLRW metric.
Exploiting the homogeneity and isotropy, the distribution function can only depend on
energy and time so that ∇xf = 0. This simplifies the Liouville operator since we only
need the following Christoffel symbols

Γ0
00 = 0, Γ0

ij =
ȧ

a
gij ,

and the term in Eq. (III.38) is simply

Γ0
ijP

iP j =
ȧ

a
gijp

ipj =
ȧ

a
|p|2 .

Hence,

L̂[f ] = E
∂f

∂t
− a

ȧ
|p|2 ∂f

∂E
. (III.39)

We can easily rearrange the Boltzmann equation, multiplying by the number of internal
degrees of freedom g, dividing by the energy E and integrating on the Lorentz-invariant
phase space measure (LIPS),

dΠ =
d3p

(2π)3 2E
, (III.40)

obtaining
g

(2π)3E

∫︂
d3p L̂[f ] =

g

(2π)3

∫︂
d3p

E
Ĉ[f ]. (III.41)

Simplifying the l.h.s of this equation gives

g

(2π)3E

∫︂
d3p L̂[f ] =

g

(2π)3E

∫︂
d3p

[︃
E
∂f

∂t
− ȧ

a
|p|2 ∂f

∂E

]︃
=

= ṅ− ȧ

a

g

2π2

∫︂ ∞

0
dp p4

∂f

∂E
= ṅ− ȧ

a

g

2π2

∫︂ ∞

0
dp p3

∂f

∂p
=

= ṅ− ȧ

a

g

2π2

[︃
fp3|∞0 − 3

∫︂ ∞

0
dp p2f

]︃
=

= ṅ+ 3
ȧ

a
n. (III.42)

In the second step, we used the definition of number density, given by the integral of the
distribution function over the phase space, which reads from Eq. (III.14) with µ = 0 as

n(t) =
g

(2π)3

∫︂
d3p f(E, t) . (III.43)

In the third step, we used the fact that thanks to E2 = p2 +m2, we have 1
E

∂
∂E = 1

p
∂
∂p , in

the fourth we integrated by parts and in the last one we used the assumption that at the
boundary we do expect the distribution function to vanish very rapidly.

To summarize, our final Boltzmann equation is

ṅ(t) + 3Hn(t) =
g

(2π)3

∫︂
d3p

E
Ĉ[f ] ≡

∑︂
α

γα , (III.44)
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where the last term is the sum of all decays, scattering, and annihilation processes that
contribute to the reduction or the increase of the number density. We call γα the DM
interaction rate density of the process α. Notice also the behavior of a non-collisional
system, i.e., one where Ĉ[f ] = 0. In this case, the number density scales as n(t) ∝ a(t)−3,
meaning that the number of particles in a comoving volume is conserved.

III.3.1 Comoving Yield and Relic Abundance

It is common practice to absorb the dependence on the expanding Universe by using
comoving variables. To this aim, we introduce the comoving number density Y = n/s, with
s = 2π2/45 g∗,sT 3 the entropy density (cf. Eq. (III.28)) and the time variable z = mχ/T ,
trading the time coordinate for the inverse temperature (a growing quantity as the Universe
cools down while expanding). One can also choose a mass scale different than mχ in the
definition of z, depending on the relevant mass scale one is interested in. For instance, if
decays are the dominant DM production process, it is useful to employ the mass of the
decaying particle. The transformed Boltzmann equation is given by

zHs
dYχ
dz

= γχ . (III.45)

After solving for Yχ, one can find the DM relic abundance at the present date from the
density parameter (cf. Eq. (III.12)) as follows:

ΩDMh
2 =

ρDM

ρc/h2
=

s0
ρc/h2

mDMY
∞
DM = 0.12

(︂mDM

TeV

)︂(︃ Y∞
DM

10−12

)︃
, (III.46)

where ρc ≃ 10−5h2GeV cm−3 is the critical density of the Universe, s0 ≃ 2891 cm−3

the entropy density today, h = H0/(100 km s−1Mpc−1) with H0 the Hubble parameter
today [105], and Y∞

DM = YDM(z = ∞) the comoving DM yield today. Here, we used the
fact that DM is a non-relativistic fluid and hence its energy density scales as

ρDM = nDMmDM = s YDMmDM .

Due to the Hubble tension (cf. Section II.1.5), it is preferable to express observables
independently of the value of the Hubble constant today, hence the use of h ≈ 0.7 above.

III.4 Collision Operators

We want to understand how to actually calculate the Boltzmann equation. To do this, we
need to specify the form of the collision operators on the r.h.s of Eq. (III.44) (or equivalently
of Eq. (III.45)). These encapsulate the information regarding the interactions that create
and deplete the DM particles and, thus, their number density.

Consider a theory involving Standard Model (SM) particles B1, B2, . . . in thermal equi-
librium, alongside a dark sector containing an inert DM state χ and a mediator particle
X that interacts with both the visible and dark sectors. This setup is exemplified by
simplified t-channel models discussed in Section II.2.4, which are central to this thesis.
DM can annihilate or be produced through processes such as mediator decays and inverse
decays, for instance, X ↔ χ+B1, as well as through pair and single annihilation processes
like χ+ χ↔ B1 +B1, χ+X ↔ B1 +B2, and others.

For three-body decays such as 1 → χ+ 2, the interaction density is given by:
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γ1↔χ+2 =

∫︂
dΠ1 dΠ2 dΠχ (2π)

4 δ(4)(p1 − pχ − p2)

× {|Mχ+2→1|2 fχf2[1± f1]− |M1→χ+2|2 f1[1± fχ][1± f2]}

=

∫︂
dΠ1 dΠ2 dΠχ (2π)

4 δ(4)(p1 − pχ − p2)

× |M1→χ+2|2{fχf2[1± f1]− f1[1± fχ][1± f2]} , (III.47)

where the probability of a process to happen, encoded in the matrix elements M summed
over the initial and final polarization states, is integrated over all the phase space config-
urations dΠj (cf. Eq. (III.40)) the jth species can assume, weighted by their statistical
distribution functions fj and in such a way that momentum is conserved, which is guar-
anteed by the Dirac delta function.3

In the second step, we also assumed that the decay processes are CP -conserving so that,
using the CPT theorem, the matrix elements of the direct and inverse reactions are the
same, namely |M1→χ+2|2= |M2+χ→1|2. The first addend in the parentheses accounts for
the depletion of DM particles via inverse decays, whereas the second term represents the
creation of DM via decays. The − (+) indicates the presence of a Pauli blocking (Bose
enhancement) effect in the final states according to the quantum statistics the involved
particles obey. In the early Universe, the typical energies are high enough to let us omit
these quantum contributions.

Following the same logic, for a 2-to-2 process of the type 1 + 2 ↔ 3 + 4, the interaction
density is given by

γ1+2↔3+4 =

∫︂
dΠ1 dΠ2 dΠ3 dΠ4 (2π)

4 δ(4)(p1 + p2 − p3 − p4)

×
{︁
|M3+4→1+2|2 f3f4[1± f1][1± f2]− |M1+2→3+4|2 f1f2[1± f3][1± f4]

}︁
=

∫︂
dΠ1 dΠ2 dΠ3 dΠ4 (2π)

4 δ(4)(p1 + p2 − p3 − p4)

× |M|2 {f3f4[1± f1][1± f2]− f1f2[1± f3][1± f4]} , (III.48)

where we considered again the case for CP -conserving matrix elements. The Boltzmann
equation for the DM number density nχ follows from summing all the collision terms of
the types in Eqs. (III.47) and (III.48) allowed by the theory. For instance, by considering
1 ↔ 2 and 2 ↔ 2 processes, usually the dominant ones if allowed by symmetries and
kinematics, we obtain

ṅχ + 3Hnχ =
∑︂
ij

γi↔χ+j +
∑︂
ijk

γi+j↔χ+k , (III.49)

Notice that the scattering term automatically includes single and pair annihilations.

Suppose now that the system is in kinetic equilibrium so that we can assume that all
particles have equilibrium distribution functions. If we approximate them with Maxwell-
Boltzmann statistics, we obtain for the ith species

fi =
1

e(Ei−µi)/T ± 1
≈ e−(Ei−µi)/T ,

3One may wonder why we are integrating only over three-momenta and not over energies. Technically,
we would have

∫︁
d3p dE, but since E2 = p2+m2, we are forced to insert a Dirac delta,

∫︁
d3p dE δ(E2−p2−

m2). Using the property δ(f(x)) =
∑︁

i δ(x−xi)/|f ′(xi)|, with f(xi) = 0, we end up with
∫︁
d3p

∫︁∞
0

dE δ(E−√︁
p2 −m2)/2E =

∫︁
d3p/2E |

E=
√

p2+m2 .
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⇓
1± fi ≈ 1 .

Substituting these approximations into Eqs. (III.47) and (III.48) and using energy conser-
vation, Eq. (III.49) becomes

ṅχ + 3Hnχ =−
∑︂
ij

∫︂
dΠχ dΠi dΠj (2π)

4 δ(4)(pi − pχ − pj)

× |Mi→χ+j |2 e−
Ei
T

(︃
e

µχ+µj
T − e

µi
T

)︃
−
∑︂
ijk

∫︂
dΠχ dΠi dΠj dΠk (2π)

4 δ(4)(pi + pj − pχ − pk)

× |Mi+j→χ+k|2 e−
Ei+Ej

T

(︃
e

µχ+µk
T − e

µi+µj
T

)︃
.

Defining the equilibrium number density as

neqi (t) =
gi

(2π)3

∫︂
d3pi e

−Ei/T , (III.50)

with gi the number of internal degrees of freedom of the ith species, we have
fi ≃ f eqi eµi/T = e−Ei/Tni/n

eq
i so that the Boltzmann equation becomes

ṅχ + 3Hnχ =−
∑︂
ij

∫︂
dΠχ dΠi dΠj (2π)

4 δ(4)(pi − pχ − pj)

× |Mi→χ+j |2 e−
Ei
T

(︄
nχnj
neqχ n

eq
j

− ni
neqi

)︄

−
∑︂
ijk

∫︂
dΠ1 dΠi dΠj dΠk (2π)

4 δ(4)(p1 + pi − pj − pk)

× |Mi+j→χ+k|2 e−
Ei+Ej

T

(︄
nχnk
neqχ n

eq
k

− ninj
neqi n

eq
j

)︄
. (III.51)

III.4.1 Interaction Rates

We now introduce the thermally averaged decay rate as

⟨Γij⟩ =
1

neqi

∫︂
dΠχ dΠi dΠj (2π)

4δ(4)(pi − pχ − pj)|M|2 e−
Ei
T , (III.52)

and the thermally averaged cross section (times the relative velocity),

⟨σvijk⟩ =
1

neqi

1

neqj

∫︂
dΠχ dΠi dΠj dΠk (2π)

4δ(4)(pi + pj − pχ − pk)|M|2 e−
Ei+Ej

T , (III.53)

by weighting the average over the equilibrium number densities of the initial state particles.
Substituting Eqs. (III.52) and (III.53) into Eq. (III.51), we obtain

ṅχ + 3Hnχ = −
∑︂
ij

neqi ⟨Γij⟩
[︄
nχnj
neqχ n

eq
j

− ni
neqi

]︄
−
∑︂
ijk

neqi n
eq
j ⟨σvijk⟩

[︄
nχnk
neqχ n

eq
k

− ninj
neqi n

eq
j

]︄
.

(III.54)
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More generically, one can write the Boltzmann equation as

ṅχ + 3Hnχ =
∑︂

processes

γeqχ (I → F)

⎛⎝∏︂
i∈I

ni
neqi

−
∏︂
f∈F

nf
neqf

⎞⎠ ≡ γχ , (III.55)

with I → F describes a process with an initial state I and a final state F that contains
at least one DM particle and with

γeqχ (I → F) =

∫︂ (︄ ∏︂
i∈F∪I

d3p⃗i

(2π)3Ei

)︄
|M (I → F )|2 (2π)4δ

⎛⎝∑︂
i∈I

pi −
∑︂
j∈F

pj

⎞⎠∏︂
i∈I

f eqi .

(III.56)

Notice that, in this definition, γeq absorbs the equilibrium number density factors appear-
ing in front of the sum signs in Eq. (III.54). Explicitly, for decay processes of the type
i→ χ+ j, the interaction rate density is given by

(γij)dec =
y2DMmi

16π3

(︄
1 +

m2
j

m2
i

−
m2
χ

m2
i

)︄√︃
λ
(︂
m2
i ,m

2
j ,m

2
χ

)︂
T K1(mi/T ) , (III.57)

where yDM is the coupling between DM and particles i and j, with masses mχ, mi, and
mj , respectively, and where

λ(a, b, c) = a2 + b2 + c2 − 4bc (III.58)

is the Källen triangular function [288], while K1 a modified Bessel function of the second
kind [289].

Similarly, the interaction rate density for scattering processes i + j → χ + k can be
expressed as

γijk =
T

64π4

∫︂ ∞

smax

ds σ̂ijk(s)
√
sK1(

√
s/T ) , (III.59)

with smax = max{(mi +mj)
2, (mχ +mk)

2} the minimum center-of-mass energy by kine-
matic constraints. Here, σ̂ijk(s) is the reduced cross-section for the considered scattering
process, defined as

σ̂ijk(s) = 2s λ

(︄
1,
m2
i

s
,
m2
j

s

)︄
σijk(s) , (III.60)

with σijk(s) being the cross-section of the scattering process.

Now that we have the fundamental ingredients to calculate the DM rate equation and
the evolution of its number density, what remains to do is to specify the conditions under
which this dynamics takes place, for instance, by setting the initial conditions and by
specifying the mechanism of DM production.

III.5 Production Mechanisms

Two of the most studied production mechanisms are the freeze-out and the freeze-in
of the DM number density. In the first, DM is in equilibrium with the thermal radiation
bath of SM particles, and its relic abundance is determined by the moment the Universe
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has sufficiently expanded that it becomes increasingly difficult for two DM particles to find
each other and annihilate away, effectively shutting off their interactions. Oppositely, the
freeze-in mechanism features DM particles which only have a very feeble coupling to the
SM bath. Their initial abundance is negligible and their number density increases from
zero thanks to decay and scattering processes that have DM in the final state and some
other particles in the radiation bath as initial states. As soon as these “parent” particles
are torn apart by the expanded Universe, their interactions are no longer efficient to further
produce DM particles, and, therefore, a relic abundance of DM is set. As will become clear
soon, the differences and complementarities of these two mechanisms are imprinted in how
the Boltzmann equation is solved and how the yield depends on the microphysics of the
particular DM model considered.

III.5.1 Freeze-out

Let us assume that the DM particles χ annihilate into lighter states ℓ as χ+χ↔ ℓ+ℓ̄, where
the bar indicates antiparticles (if some charge is involved such as the case for WIMPs, cf.
Section II.2). Light states are tightly coupled to the thermal bath, maintaining their
equilibrium densities, implying nℓ = neqℓ . We also assume that the dark sector features no
CP -violating interactions and that, initially, the same amount of χ and χ̄ populated the
Universe, nχ = nχ. From energy conservation implying Eχ +Eχ = Eℓ +Eℓ, we can write
nℓnℓ = neqχ n

eq
χ = (neqχ )2.

Thus, the Boltzmann equation in Eq. (III.54) reduces to

ṅχ + 3Hnχ = −⟨σv⟩ [n2χ − (neqχ )2] . (III.61)

We now transform this equation by using comoving variables (cf. Eq. (III.45)) and by
assuming a radiation-dominated Universe, for which the Hubble rate reads from Eq. (III.2)
and Eq. (III.22) as

H =
π

3
√
10
g
1/2
∗

T 2

MPl
. (III.62)

The Boltzmann equation for the DM comoving yield with z = mχ/T reads

dYχ
dz

= −c g1/2∗,eff
⟨σv⟩
z2

[︁
Y 2
χ − (Y eq

χ )2
]︁
, (III.63)

where

c =
√︁
π/45MPlmχ , (III.64)

g
1/2
∗,eff =

g∗,s√
g∗

(︃
1− z

3g∗,s

dg∗,s
dz

)︃
≃ g∗,s√

g∗
. (III.65)

Notice that the derivative appearing in the second line and coming from Eq. (III.30) is
totally irrelevant for our purposes since in this work we will focus on epochs in the early
Universe where the relativistic degrees of freedom can only mildly change. Moreover, the
variation in the derivative is logarithmic and therefore negligible.

Since DM is a cold relic, its evolution can be described in terms of non-relativistic
dynamics. In particular, its cross-section is expected to have some proportionality to the
relative velocity between interacting particles: σv ∝ vn, with n ≥ 0. Also, since from
kinetic theory arguments, one has ⟨v⟩ ∼ T 1/2, we can parameterize the cross section times
the relative velocity as [290]

⟨σv⟩ = σ0(T/mχ)
n = σ0z

−n , (III.66)
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where σ0 is a constant and mχ has been introduced for dimensional reasons. Here, n = 0
represents the case of s-wave cross sections, n = 1 for p-wave cross sections, etc. The
reason behind this naming is found when expanding the interaction amplitude in terms
of partial-waves such as Bessel functions and Legendre polynomials which provide the
matching between powers of momentum (or velocity) and values of the total orbital an-
gular momentum. More about partial-wave expansions will be discussed in Section IV.2.
This parameterization is of particular help when multiple partial-wave contributions are
involved. For example, both an s-wave and a p-wave term contribute to annihilations, we
could write σtot = σs + σpz

−1.

Let us follow [274] and focus on the simple single partial-wave situation. The Boltzmann
equation becomes

dYχ
dz

= − λ

zn+2

[︁
Y 2
χ − (Y eq

χ )2
]︁
, (III.67)

with λ = σ0s(z = 1)/H(z = 1) ≃ 0.2MPlmχ(g∗,s/g
1/2
∗ )σ0. At very high temperatures

before freeze-out (z ≲ zf.o.), the comoving number density follows its equilibrium value,
Yχ ≃ Y eq

χ ≃ 1, while at lower temperatures and after freeze-out (z ≳ zf.o.) the equilibrium
abundance is exponentially suppressed, Y eq

X ∼ e−x, and can be neglected. Thus, we can
approximate Eq. (III.67) with

dYχ
dz

≃ − λ

zn+2
Y 2
χ .

Solving this differential equation with a separation of variables yields

Y∞
χ ≃ n+ 1

λ
zn+1
f.o. ≃

3.79(n+ 1)zn+1
f.o.

(g∗,s/g
1/2
∗ )MPlmχσ0

, (III.68)

from which we see that the relic density strongly depends on the freeze-out temperature,
the mass of the frozen-out particle, the type of non-relativistic scattering, and especially
the cross section σ0. Numerical results show that the exact moment (or temperature) at
which freeze-out occurs is not very sensitive to the precise microphysics involved. In fact,
one finds zf.o ∼ lnλ ∼ ln(MPmχσ0), and typical values lie around zf.o. ≃ 20− 30.

III.5.2 Freeze-in

Let us now assume that the DM particles χ are not in thermal equilibrium with the SM
bath with which they do not share any coupling. Instead, they only interact with a parent
particle X which is itself in thermal contact with SM particles, which we collectively call
B (for “bath” particles). The initial χ abundance is zero and the DM coupling is assumed
to be very small. Thus, assuming a Z2 or similar stabilizing symmetry shared in the dark
sector, the only way DM can be produced is by direct decays X → χB or single and
pair annihilations like X B1 → χB2 and XX → χχ of parent particles into DM states.
Backward reactions are suppressed until a sufficient number of DM particles are created.
If the production reactions keep being efficient to the point that DM reaches equilibrium,
backreactions switch on and we end up in the freeze-out case. Otherwise, as soon as DM
production stops, no other process can further create or deplete the χ number density,
which remains frozen, only redshifting with the expansion of the Universe.

For simplicity, let us assume that the parent particle decay is the dominant process and
that mX ≫ mχ and mB = 0. We can write the Boltzmann equation for the DM comoving
yield Yχ as a function of the time variable z = mX/T , where we choose the mass of the
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Figure III.2: The evolution of the relic density as a function of the time variable z = M/T
for a 1 TeV DM candidate. Upper panel: Thermal freeze-out. The larger the DM annihilation
cross-section, the smaller the final yield. Lower panel: Freeze-in. The higher the DM coupling
the stronger the decay rate (of a much heavier parent particle) and the larger the relic abundance.
The dashed gray line marks the observed DM abundance [75]. The dot-dashed blue line indicates
the equilibrium abundance of DM particles with its characteristic Boltzmann suppression.

parent particle as our reference scale:

zsH
dYχ
dz

≃ γX→χB = 2gX

∫︂
dΠX ΓXmXf

eq
X

=
gX
2π2

m2
XΓX
z

K1(z) , (III.69)

where we have neglected the inverse reaction (inverse decays in this case) and where ΓX is
the decay width of the parent particle. Performing algebraic manipulation and integrating
over z, one obtains [291]

Yχ(z) ≃
45

0.334π4
gXMPl ΓX
m2
Xg⋆s

√
g⋆

∫︂ z

zmin

dz′K1(z
′) (z′)3 , (III.70)
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where the integration extremes have to be specified. The integrand is an increasing func-
tion of time until roughly z ≃ 1 after which the Bessel function picks up an exponential
suppression, signaling the Boltzmann tail of the (non-relativistic) parent particle distribu-
tion function. Therefore, the yield increases until z ≃ 1, after which it freezes to a constant
value. The exact point in time is called the freeze-in temperature and, numerically, it is
usually found to lie between z = zfi ≃ 2− 5. This behavior is shown in Fig. III.2.

If we want to obtain the yield today, Y 0
χ , we evaluate the function at the present tem-

perature, namely, we set the upper integration boundary to z = mX/T0 ≃ ∞, which in
practice is a very good approximation given that after zfi the comoving yield does not
change (in this vanilla scenario). The lower bound corresponds to the maximum temper-
ature (equivalently, the earliest time) in which DM production is considered. Given the
sensitivity of freeze-in to initial conditions, it is important to correctly assess in which
temperature interval DM is produced. We will discuss at length this issue in the final
chapter of this thesis (cf. Chapter X). Here, we can perform the approximation in which
the bulk of the production happens well inside Radiation Domination, where the Universe
evolves adiabatically, H ∼ T 2, and nothing exotic happens. In this case, we can assume
the maximum temperature to be the reheating temperature after inflation, which given
our assumptions, is much larger than the freeze-in temperature (i.e., the parent particle
mass) and can be considered infinitely large. Thus, zmin ≃ 0, and the integral can be
solved analytically, yielding

Y 0
χ ≃ 135gX

8π3 0.33 g⋆s
√
g⋆

(︃
MPl ΓX
m2
X

)︃
, (III.71)

where the number of energy and entropy relativistic degrees of freedom are evaluated at
the freeze-in temperature. Assuming ΓX ∼ y2DMmX/(8π), one recovers the correct DM
relic abundance whenever

ΩDMh
2 ≃ 0.12

(︂ y

2 · 10−12

)︂2 mχ

mX
. (III.72)

We see that the required DM couplings have to be extremely small, in conformity with
our initial assumptions. We will come back to the freeze-in mechanism in the second part
of this thesis, where we will dive deep into two key aspects affecting how particles interact
in the primordial plasma: incorporating in-medium effects from statistical field theory, cf.
Chapters VI and VII, and non-standard expansions the Universe might have undergone
in the earliest epochs (cf. Chapter X).

III.5.3 Other Mechanisms

There are many other production mechanisms explored in the literature besides freeze-out
and freeze-in, each of which originated from different motivations, such as satisfying certain
experimental constraints, giving rise to new phenomenology and potential signatures, and
pairing with specific models of DM or cosmology. Three famous exceptions to freeze-out
were for instance formulated in 1990 by Ref. [292], regarding resonantly-enhanced DM
production due to s-channel annihilations, threshold effects responsible for the production
of forbidden DM particles, namely when DM annihilates into heavier states, and co-
annihilations, which occur when DM is close in mass with other dark sector particles. The
latter case will be extensively discussed in the following chapters.

Another “exception” occurs when the interconversion rate between dark sector particles
is suppressed. This occurs when processes such as χ + . . . ↔ X + . . . , χ being the
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DM, and X a dark sector particle, which keeps the dark sector in chemical equilibrium,
are proportional to small couplings. In this case, dubbed conversion-driven freeze-
out [293] (CDFO) or co-scattering [294], the DM abundance is not set by dark sector
particle annihilations, but is driven by the freezing-out of the interconversion processes.
Such a mechanism lies between the freeze-out and the freeze-in regimes.

For couplings even tinier than those typical of freeze-in, heavy parent particles in thermal
equilibrium could be so long-lived that they could undergo freeze-out before they have
time to decay into DM particles. Eventually, they decay into DM, and their abundance is
entirely converted into the DM relic abundance. This mechanism is called superWIMP
[148,295].

One could drop the assumption that DM was always in kinetic equilibrium, which is
typically the case since elastic processes of the type χ+ . . .↔ χ+ . . . are very efficient if
relativistic particles are involved in ‘. . . ’ (they are not Boltzmann-suppressed). However,
at some point after chemical decoupling, DM particles go out of kinetic equilibrium with
consequences on their matter spectrum at small scales [296]. Note, however, that kinetic
decoupling can also occur much earlier and interfere with chemical decoupling and the
freeze-out process, as pointed out in [297].

Other possibilities involve self-interacting DM (SIDM) [298, 299], invoked to explain
features of structures at small scales and of cluster collisions (cf. Sections II.1.2 and II.1.3);
strongly-interacting massive particles (SIMPs), which can interact with couplings of the
order of the QCD strong interaction and yield the correct relic abundance via 3 → 2
processes [300]; ELastically DEcoupling Relics (ELDERs) are in kinetic equilibrium with
themselves and in chemical equilibrium with the SM plasma. After kinetic decoupling,
the “cannibalization” phase driven by 3 → 2 processes occurs, eventually freezing the
remaining DM comoving number density [301]; DM can also undergo processes of the
type χiχj → χk + . . . when part of a dark sector including several dark components χ.
These semi-annihilations can account for the correct abundance [302]. DM could be
produced non-thermally and not be self-conjugate due to some asymmetry in the dark
sector. Mechanisms addressing this possibility go under the name of asymmetric DM
(ADM) [303–305]. Thermal squeeze-out, as discussed in [306], explores confinement
phase transitions within dark sectors characterized by non-Abelian dark gauge groups
(such as dark QCD), highlighting how contracting pockets in the deconfined phase enhance
dark matter annihilation rates until the phase transition halts, thereby establishing a relic
abundance.

Many more possibilities have been proposed in recent years that are not listed here.

III.6 Scope and Limitations of the Standard Particle-
production Framework

The freeze-out and freeze-in paradigms reviewed in this chapter constitute the standard
theoretical framework for describing the cosmological production of dark matter. Despite
their conceptual differences, both mechanisms rely on a common set of theoretical ingre-
dients: a Boltzmann equation governing the evolution of number densities, interaction
rates computed from microscopic particle physics, and a background cosmology fixing
the expansion history of the Universe. Together, these elements provide a remarkably
efficient bridge between fundamental model parameters and observable phenomenology,
which largely explains their widespread adoption in the literature.

At the same time, this efficiency rests on a number of assumptions that are rarely ques-

53



tioned once the framework is in place. First, the collision terms entering the Boltzmann
equation are typically constructed from short-distance, point-like interactions, implicitly
assuming that non-perturbative or long-range effects are either absent or negligible. Sec-
ond, interaction rates are usually obtained from in-vacuum quantum field theory ampli-
tudes and only subsequently embedded into a thermal environment through a manual
thermal averaging procedure. Third, the dilution term in the Boltzmann equation is
almost universally fixed by the standard ΛCDM expansion history, assuming radiation
domination throughout the relevant epochs of dark matter production.

While these assumptions are internally consistent and often well justified, they are not
guaranteed to hold across the full range of particle models and cosmological histories
currently under consideration. Crucially, departures from any one of them can modify
the relation between particle properties, cosmological evolution, and the predicted relic
abundance, thereby reshaping the phenomenological interpretation of experimental con-
straints. This is particularly relevant in regimes where dark matter production is sensitive
to threshold effects, collective phenomena in the thermal bath, or non-standard expansion
histories.

The remainder of this thesis is devoted to a systematic examination of these underlying
assumptions and to the development of more refined theoretical tools where they break
down. In the first part of this thesis (Part I), we examine the impact of long-range
interactions in thermal dark matter scenarios (WIMPs), where non-perturbative effects
such as Sommerfeld enhancement and bound-state formation require a modification of the
standard freeze-out treatment (Chapters IV and V). The second part (Part II) focuses on
feebly interacting dark matter (FIMPs) and addresses the limitations of semi-classical rate
calculations by deriving the evolution of the dark matter abundance from non-equilibrium
thermal quantum field theory (Chapters VI to IX). Finally, we explore how departures
from the standard radiation-dominated expansion history alter freeze-in production and
its phenomenological implications (Chapter X).

With this perspective, the discussion of freeze-out and freeze-in presented in this chapter
should be viewed not as an endpoint, but as a reference framework. It establishes the base-
line against which the subsequent chapters quantify, in concrete and phenomenologically
relevant settings, how refined treatments of particle interactions and cosmology reshape
our understanding of dark matter production in the early Universe.
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CHAPTER IV

Co-annihilations and Long-Range
Non-Perturbative Effects

This chapter presents a detailed literature-based review of WIMP-like particle produc-
tion in a thermalized dark sector, with a particular focus on the co-annihilation regime.
Here, DM is close in mass with one or several mediators, whose annihilations into SM
particles drive the freeze-out of the DM number density. We explore how this regime is
influenced by long-range forces mediated by massless SM vector bosons, which interact
with the mediators according to their SM quantum numbers. Specifically, we discuss the
Sommerfeld effect and the formation and decay of bound states composed of mediator
pairs, illustrating how these phenomena modify the Boltzmann equation governing DM.

The concepts and equations presented in this chapter lay the groundwork for the primary
investigations in Chapter V of this thesis, where we delve into these effects in greater depth.
There, we will apply the knowledge here presented in a simplified t-channel DM model
featuring color-charged mediators and assess the impact of gluon-mediated long-range
forces on the parameter space of the model, with particular attention to the co-annihilating
regime.

We begin this chapter by reviewing co-annihilation scenarios.

IV.1 Co-annihilation Scenarios

Assume that there exist particles in the dark sector that interact with each other and that
are nearly degenerate in mass. For instance, let us assume that there exists a tower of
states χn and that for n ≥ 2 they have a mass slightly larger than the state χ1. If the
mass splitting ∆mn = mχn −mχ1 is much larger than the freeze-out temperature Tfo of
χ1, by the time the interactions of χ1 go out of equilibrium, all the heavier particles are
already Boltzmann suppressed. On the contrary, if ∆mn is comparable to Tfo, the heavier
partners remain thermally accessible:

∆mn ≫ Tfo −→ nn ∝ e−∆mn/Tfo ≪ 1, (IV.1)

∆mn ∼ Tfo −→ nn ∝ e−∆mn/Tfo ∼ 1. (IV.2)

This means that reactions that involve particles almost degenerate in mass with χ1 will
play a role in setting the abundance of the χ1 relic. Let us assume that the dark sector
particles enjoy a symmetry that guarantees their stability against decaying. This could
be, for instance, a Z2 symmetry or the supersymmetric R-parity under which dark sector
particles are odd but SM particles are even. The reactions involving the depletion of the
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state χi allowed by such a symmetry are summarized by

χi χj ↔ X Y, (IV.3)

χiX ↔ χj Y, (IV.4)

χi ↔ χj X + . . . , (IV.5)

where X and Y are some SM particles in the thermal bath. The first reactions are called
annihilations when i = j, co-annihilations when i ̸= j, while the second line refers to
elastic scattering when i = j or conversion processes/inelastic scattering when i ̸= j. The
last line corresponds to decays which can be of 2-body or higher particle multiplicity type.

The Boltzmann equation for ni reads as [292,307]

dni
dt

+ 3Hni =−
∑︂
j,X

⟨σijvij⟩
(︂
ninj − neqi n

eq
j

)︂
−
∑︂
j ̸=i

[︂⟨︁
σ′Xijvij

⟩︁ (︁
ninX − neqi n

eq
X

)︁
−
⟨︁
σ′Xjivij

⟩︁ (︂
njnX − neqj n

eq
X

)︂]︂
−
∑︂
j ̸=i

[︂
Γij (ni − neqi )− Γji

(︂
nj − neqj

)︂]︂
, (IV.6)

where the χiχj annihilation cross-section is

σij =
∑︂
X

σ(χiχj → X) , (IV.7)

the interconversion χ→ χj cross-section reads as

σ′Xij =
∑︂
Y

σ(χiX → χjY ) , (IV.8)

and the decay rates are given by

Γij =
∑︂
X

Γ(χi → χjX) . (IV.9)

vij is the relative velocity between the species i and j. The equilibrium abundances and
the thermal averages are defined in Eqs. (III.50) and (III.53).

We assume that the lightest stable particle (LSP) in the dark sector has a lifetime much
larger than the age of the Universe (a necessary condition for being a DM candidate and
a common one in certain supersymmetric scenarios like the MSSM), while all the other
species have a decay rate much faster than the Hubble rate. This means that, given the
imposed Z2 symmetry (which in the MSSM is the R-parity), all of these particles but
the LSP will eventually decay into the LSP itself and into other SM particles. Thus, the
evolution of the LSP can be described by the sum of the number densities of all dark
sector species, namely

n =

N∑︂
i=1

ni . (IV.10)

A close look to Eq. (IV.6) reveals that, when summing over i, the contributions from
interconversion and decay processes, namely the second and third lines, cancel out. Thus,
we remain with the following Boltzmann equation

dn

dt
+ 3Hn = −

N∑︂
i,j=1

⟨σijvij⟩
(︂
ninj − neqi n

eq
j

)︂
. (IV.11)
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We can further simplify this equation by observing that, provided that chemical equi-
librium between different species is maintained, meaning that interconversion rates are
high enough, the distribution functions of the χi particles follow the equilibrium ones. In
particular, we can use

ni
n

≃ neqi
neq

. (IV.12)

Let us see if this is indeed the case. We compare the rates of the annihilation reactions,
yielding

ninjσij ∼ T 3m
3/2
i m

3/2
j e−

mi+mj
T , (IV.13)

ninXσ
′
ij ∼ T 9/2m

3/2
i e−

mj
T σ′ij . (IV.14)

Computing the ratio of the second rate to the first one and assuming that the cross-sections
are of the same order, σ′ij ≃ σij , we obtain

(IV.14)

(IV.13)
∼ nX

nj
∼
(︃
T

mj

)︃3/2

emi/T
σ′ij
σij

∼ 6× 108, (IV.15)

where we have also taken mj ≃ mi, and mi/T ∼ xfo ≃ 25. These simple estimates show
that around the freeze-out temperature, interconversion rates are way stronger than anni-
hilation rates. This is due to the much larger number density of (massless) SM particles in
the thermal background which receives no Boltzmann suppression. Importantly, even if the
cross-sections are separated by a few orders of magnitude, our conclusion does not change.
The magnitude of these rates guarantees the validity of Eq. (IV.12). A situation where
chemical equilibrium is not guaranteed may occur when the DM coupling that regulates
DM interactions is too small. In this case, one is not allowed to perform the approximation
in Eq. (IV.12) and one needs to consider the full set of coupled Boltzmann equations. In
this regime, the DM-production mechanism is called conversion-driven freeze-out [293,308]
or co-scattering [294] (as anticipated in Section III.5.3).

By substituting Eq. (IV.12) into Eq. (IV.11), we find that the evolution of the total
number density and hence of the DM abundance is regulated by a single Boltzmann
equation,

dn

dt
+ 3Hn = −⟨σeffv⟩

(︁
n2 − n2eq

)︁
, (IV.16)

where the effective thermally averaged cross-section times relative velocity reads

⟨σeffv⟩ =
∑︂
ij

⟨σijvij⟩
neqi
neq

neqj
neq

. (IV.17)

IV.1.1 Co-annihilations in Simplified t-Channel Models

Let us consider the case of a simplified t-channel DM model as the ones presented in
Section II.2.4. For convenience with the notation of Chapter V, we call the DM candidate
with χ and the co-annihilation partners with Xi, with i = 1, 2, . . . .

The evolution of the dark sector is determined by the coupled Boltzmann equations
for the Majorana fermion χ and its coloured scalar partners Xi. Assuming that elastic
scatterings and conversion processes such as Xi ↔ χqi occur much faster than the Hubble
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expansion, chemical equilibrium is maintained among all Z2-odd states until freeze-out.
Under this approximation, the total comoving number density can be written as

Ỹ ≡ ñ

s
= Yχ + 2

∑︂
i=u,c,t

YXi , (IV.18)

where the factor of two accounts for particles and antiparticles of the scalar fields. The
corresponding Boltzmann equation, in terms of the dimensionless variable z = mχ/T ,
takes the form:

dỸ

dz
= −c g1/2∗,eff

⟨σeffvrel⟩
z2

(︂
Ỹ

2 − Ỹ
2
eq

)︂
, (IV.19)

with

Y eq
χ ≃ 90

(2π)7/2
gχ
g∗S

z3/2 e−z , (IV.20)

Y eq
X = Y eq

X†
≃ 90

(2π)7/2
gX
g∗S

[(1 + δ)z]3/2 e−(1+δ)z , (IV.21)

and with gχ = 2 and gX = 3 being the internal degrees of freedom of the Majorana particle
χ and the coloured scalars X. Moreover, we have defined the total and the relative mass
splitting as

∆m ≡ mX −mχ, δ ≡ mX −mχ

mχ
≡ ∆m

mχ
. (IV.22)

The effective annihilation cross-section in Eq. (IV.19) is given by

⟨σeffvrel⟩ =
∑︂
ij

⟨σijvij⟩
Y eq
i

Ỹ
eq

Y eq
j

Ỹ
eq , (IV.23)

where ⟨σijvij⟩ comprises of all the annihilation cross-sections of two co-annihilating species
i and j. In the regime where the colored scalars are considerably heavier than χ, their
abundance becomes exponentially suppressed by the Boltzmann factor, leaving direct χχ
annihilation as the dominant process determining the relic density. Conversely, when
the mass splitting is small, co-annihilations remain significant during freeze-out and can
substantially modify the predicted relic abundance.

IV.1.2 Considerations on Co-annihilations

Two important assumptions underlie this analysis. First, we require that elastic scatterings
between dark sector particles and the SM bath occur rapidly compared to annihilation
processes, such that the phase-space distributions of the dark sector states track those of
the thermal bath. Second, we assume that processes converting one dark sector particle
into another are sufficiently rapid to maintain chemical equilibrium throughout the freeze-
out epoch. These approximations allow for a simplified and tractable description of the
coupled Boltzmann equations governing the number densities.

In the context of co-annihilation, the direct DM annihilation process does not need
to dominate. The annihilations involving multiple particles within a dark sector can
encompass various other aspects. For instance, when the DM state interacts primarily
through gravity and the annihilations predominantly involve a next-to-lightest state with
weak interactions. Co-annihilating dark sectors have been investigated for years because
they allow to evade the vanilla WIMP scenario, where DM has a sizable coupling to the
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SM and masses within the ∼ 100 GeV scale, a paradigm that has by now been cornered
by multiple experimental endeavors [100,196,208,222] (cf. also Section II.3).

On the contrary, as we will show in Chapter V, a small mass splitting between the
lightest stable state and the co-annihilating partners allows for much larger DM masses,
up to the multi-TeV regime, while making prompt searches less sensitive due to the small
energy deposited in hadron jets, as well as allowing for more stable next-to-lightest states
due to the reduced phase space. These are attractive features that could explain why no
BSM particle has yet been detected at the LHC.

In fact, starting from the ’90s and up to twenty years later, the most studied co-
annihilation models took place within the MSSM or one of its variations (the “complete”
variant of simplified DM models), where a neutralino, the lightest supersymmetric particle,
serves as the DM candidate, while scalar fermions (squarks or sleptons), or gluinos have
nearly degenerate masses and co-annihilate with it [292,307,309–318]. More recently, the
case for co-annihilations in the stop-neutralino system has been revisited in [319–323] by
a more in-depth analysis including loop corrections, renormalization scheme uncertainties,
and non-perturbative effects from long-range forces. Also, high-scale SUSY scenarios have
been re-considered in light of no significant signals beyond the SM at the LHC, including
gaugino co-annihilations [324], such as the bino-wino system [325–330]

As a matter of fact, most models that feature a multi-particle dark sector include co-
annihilation scenarios among the possible ways of providing the correct DM abundance
and evading experimental constraints. For instance, these comprise models such as the
Little Higgs [331], the Inert Doublet [332], Minimal Dark Matter [156], and simplified
models in general [333], including the t-channel models described in Section II.2.4. In
particular, in simplified t-channel models, DM can either pair annihilate via its Yukawa
interaction or have interconversion co-annihilations with its mediator and a SM particle.
Therefore, in the co-annihilation regime, the evolution of its number density and the freeze-
out of its relic abundance are mainly driven by those processes that involve the mediators
alone. These could be single or pair annihilations of mediators into SM states, as well as
multi-body decays, which are usually of lesser importance.

In these models, the mediators share the same gauge quantum numbers of the SM state
they interact with and thus interact with at least one SM gauge boson. In the unbroken
phase of the electroweak symmetry, all the SM bosons are massless and thus can mediate
a long-range interaction of Coulomb type, whereas, as soon as the symmetry is broken,
roughly at TEW ∼ 150GeV, theW and Z bosons masses make the interaction short-ranged
and of Yukawa type.

As we will see in the following section, a mediator is influenced by the long-range features
as long as its dynamics are non-relativistic, meaning that it moves sufficiently slowly and
“has the time” to resolve the non-instantaneous interaction. This is the case for a co-
annihilation-driven freeze-out, which is non-relativistic by definition. Moreover, for multi-
TeV mediator masses, even the W and Z bosons can be perceived as massless, either
because all the relevant processes that yield the DM abundance happen before EWSB,
or because, effectively, the W and Z masses are negligible. In the co-annihilating regime,
including such effects turns out to be crucial for a precise description of DM production
and a sensible interpretation of experimental exclusion limits.
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IV.2 Sommerfeld Effect (SE)

IV.2.1 Quantum-mechanical Derivation

Consider two electrically charged particles with mass m approaching each other from
infinity with relative velocity v ≪ 1. Before they can feel each other, their behavior is
fully described by a plane wave wavefunction,

ψ
(0)
k (z) = eikz, (IV.24)

where we took the z-axis as the axis along which the movement occurs and where k is
the particle momentum along the z-axis. If the two particles did not carry any charge,
the plane wave description would always hold. However, they can interact due to their
electric charge, and, to a first “hard” approximation, their interaction is simply described
by a “bare” point-like cross-section times relative velocity

σ0 ≡ (σv)0 ≃ π
α2

m2
. (IV.25)

Moreover, they source a central Coulomb potential

V (r) = ±α
r
, (IV.26)

where α = e2/(4π) is the fine structure constant, e the electric charge and ± indicates
if the potential is repulsive (+) or attractive (−). Before the particles meet, they start
feeling the long-range Coulomb force which can repel or attract them, prompting a decel-
eration or an acceleration towards each other. Quantum-mechanically, this means that the
wavefunctions get distorted in a well-known manner: the quantum-mechanical scattering
in the presence of a central potential has the effect that the outgoing wavefunction is made
of a plane wave component and a spherical wave [334]

ψk(z, r, θ) ∼ eikz + f(θ)
eikr

r
as r → ∞ . (IV.27)

The cross-section is now given by

σv = σ0 S(v) , (IV.28)

where the S(v) factor can enhance or reduce the interaction probability, depending on the
sign of the potential. The factor is defined as the ratio between the long-range influenced
cross-section and the bare (or “hard”) one:

S(v) =
σv

σ0
. (IV.29)

Equivalently, it can be characterized as the ratio between the probability of finding a
particle at the origin of the two-particle system (the interaction point) when the long-
range potential is considered and when not:

S(v) =
|ψk(0)|2

|ψ(0)
k (0)|2

. (IV.30)

This factor is called the Sommerfeld factor after Arnold Sommerfeld who first theorized
the effect in 1931 while studying the scattering of slowly moving electrons and positrons
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[335]. To determine what S(v) looks like, we need to study the full quantum system and
find an expression for the wavefunction at the origin.

The Schrödinger equation with a central potential in the center-of-momentum (CoM)
frame reduces to

−∇2
rel

2µ
ψk =

(︃
k2

2µ
− V (r)

)︃
ψk , (IV.31)

where µ = m/2 is the reduced mass and k2/(2µ) the kinetic energy of the CoM. Thanks
to the spherical symmetry, we can expand ψ into radial wavefunctions and Legendre
polynomials

ψk =
∑︂
ℓ

AℓRkℓ(r)Pℓ(cos θ) , (IV.32)

where Aℓ is a coefficient that depends on the angular momentum ℓ. By further defining
the reduced radial wavefunction ukℓ(r) ≡ rRkℓ(r), the Schrödinger equation becomes

d2

dr2
ukℓ(r) =

[︃
mV (r) +

ℓ(ℓ+ 1)

r2
− k2

]︃
ukℓ(r) . (IV.33)

Since the solutions in the absence of a potential are spherical Bessel functions that behave
near the origin as (kr)ℓ, only the ℓ = 0 term is relevant in this limit. This needs not
to be the case if other symmetries impose that the interaction in the s-wave limit is null
(see later). For now, let us assume for simplicity that ℓ = 0. To solve the second order
ODE in Eq. (IV.33), we need two boundary conditions. One is found at the origin, where
uk(0) = 0. The other is at infinity, where the system is asymptotically free and thus

uk(∞) = sin (kr + δV ) , (IV.34)

where δV is a phase that depends on the properties of the potential. Following [336–339],
the solution to Eq. (IV.33) is given by

uk(x) = C1

√
xJ1(2

√
x) , (IV.35)

where C1 is an integration constant, x = αmr and J1(x) is a Bessel function of the first
kind. After some steps, one finds that the boundary conditions impose C1 to take the
form of

C1 =
εΓ
(︁
1− i

2ε

)︁
e−

π
4ε eiη

, (IV.36)

with ε = k/(αm) and η being a phase that plays no role once taking the absolute value
squared to calculate the probability of finding the reduced system at the origin. This
yields

|ψk(0)|2=
|Γ(1 + i

2ε)|
2

e−
π
2ε

|k|2 . (IV.37)

This also implies that the bare probability when the potential vanishes, namely when

α→ 0 and ε→ ∞, is simply |ψ(0)
k (0)|2= |k|2 . Computing the ratio of the two probabilities,

one arrives at an expression for the ℓ = 0 Sommerfeld factor of a Coulomb potential:
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Sℓ=0(v) =
|ψk(0)|2

|ψ(0)
k (0)|2

=
π/ε

1− e−π/ε
=

2πζ

1− e−2πζ
, (IV.38)

where one defines

ζ ≡ α

v
= α

µ

k
=

1

2ε
. (IV.39)

Notice that ζ can be either positive or negative, depending on the sign of the Coulomb
potential. When ζ > 0, Sℓ=0 ≥ 1, and we can have the following limits:

Sℓ=0 =
2πζ

1− e−2πζ
−→

⎧⎨⎩
2πα

v
if α≫ v

1 if α≪ v
, (IV.40)

which have a clear physical interpretation. When the gauge coupling strength α is much
larger than the relative velocity, the Coulomb force further attracts the interacting particle
enhancing the cross-section. On the contrary, if this interaction is negligible in comparison
to their kinetic energy, the cross-section is left unaltered. Analogously, when ζ < 0, we
have a mirror behavior,

Sℓ=0 =
−2π|ζ|
1− e2π|ζ|

−→

⎧⎨⎩exp

(︃
−2π

|α|
v

)︃
if |α|≫ v

1 if |α|≪ v
, (IV.41)

where now the repulsive nature of the potential suppresses the cross-section by an expo-
nential factor any time the long-range force dominates, while it leaves it unaltered when
negligible. We show these behaviors in Fig. IV.1. Notice that, the reason why the long-
range behavior starts being important in correspondence of α ∼ v is traceable in the
following argument. The typical interaction distance is given by the inverse of the aver-
age relative momentum k = µvrel exchanged between two scattering particles. When the
interaction distance approaches the Bohr radius (µα)−1 of the system, equating the two
lengths gives α ∼ vrel. Therefore:

long-range effects arise when the interaction length (µvrel)
−1 is about the Bohr

radius (µα)−1 of the system.

Notice that, a self-consistent calculation of the Sommerfeld effect is needed when apply-
ing a factorized Sommerfeld factor to the tree-level s-wave cross-section, which can lead
to violation of partial-wave unitarity due to the appearance of zero-energy bound-states.
This has been done in Ref. [339] where the interference of short-range interactions is taken
into account leading to a variation of the Sommerfeld factor that does not lead unitarity
violation.

IV.2.2 Field-theoretical Viewpoint

A QFT approach to the Sommerfeld effect helps us understand the source of its non-
perturbative nature. Let us consider two incoming particles X with mass m and relative
velocity v that scatter off one another via the exchange of a massless gauge boson with
coupling strength α. The Feynman diagram describing the process is depicted in Fig. IV.2.
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Figure IV.1: Sommerfeld factor S0 in Eq. (IV.38) for a Coulomb potential for s-wave scatterings
as a function of ζ = |α|/vrel. The orange (cyan) line shows the case for an attractive (repulsive)
force with α > 0 (α < 0), asymptotically going to a linear enhancement (exponential suppression)
at small velocities. At large velocities S0 → 1 in both scenarios.
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X̄

X

X̄

X

X̄
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Figure IV.2: Left: Scattering of two charged particles X via exchange of a gauge boson (wavy
line). Middle: Diagram with two insertions of gauge boson exchanges. Right: Ladder diagram
with an infinite number of gauge boson insertions.

Each interaction vertex brings a factor of
√
α, the gauge coupling. The gauge boson prop-

agator is in a t-channel configuration and therefore the matrix element of the interaction
can be approximated as

(
√
α)2

1

t
∼ α

q2
∝ α

v2
, (IV.42)

where we have only taken track of the powers in α and v. If we insert another gauge boson
exchange, as in the middle of Fig. IV.2, each propagator brings a factor ∼ 1/v2, while each
interaction vertex a power ∼ √

α. However, we also have to consider the loop integration.
Let us name q the loop momentum. The zero component scales as the kinetic energy,
q0 ∼ v2, while the spatial components are simply |q⃗|∼ v. Thus, the loop integration
measure scales as d4q = dq0dq

3 ∼ v5. Combining all the factors, the two-gauge boson
exchange diagram scales as

v5
α

v2
α

(︃
1

v2

)︃3

=
α2

v3
. (IV.43)

If the dynamics of the interaction occurs in a regime where α ∼ v, both Eq. (IV.42)
and Eq. (IV.43) scale as 1/v ∼ 1/α, which means that even if we continue to add new
gauge boson exchanges, the order in α never changes. This signals a clear breakdown of
perturbation theory and the need for a resummation of the entire ladder diagram (right
diagram in Fig. IV.2), made of infinite rung insertions.
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If α ∼ v, each rung insertion contributes as 1/v ∼ 1/α.

The fact that for α ∼ v we obtain a non-perturbative behavior and that the Sommerfeld
effect introduced in the previous section is relevant is a first hint that the two phenomena
are somewhat intertwined.

In fact, as shown in [340], the non-perturbative nature of the ladder diagram arising
in the non-relativistic regime is the consequence of the solution of the following Bethe-
Salpeter equation [341] defining the non-perturbative 4-point vertex

iΓ(p1, p2; p3, p4) = iΓ̃(p1, p2; p3, p4) +

∫︂
d4q

(2π)4
Γ̃G(q)G(p1 + p2 − q) Γ , (IV.44)

where p1 and p2 are the incoming momenta, while p3 and p4 are the outgoing ones. Here
Γ̃ are two-particle irreducible diagrams and G is the non-perturbative propagator. In the
non-relativistic limit, this 4-point function can be simplified by defining

χ(p1, p2; p3, p4) = G(p1)G(p2)Γ(p1, p2; p3, p4) (IV.45)

which, after some steps reduces the Bethe-Salpeter to a Schrödinger equation in integral
form given by (︃

p2

m
− E

)︃
ψBS(p) +

∫︂
d3q

(2π)3
V (p− q)ψBS(q) , (IV.46)

where one defines the Bethe-Salpeter wavefunction as

ψBS(p) =

∫︂
dp0
2π

χ (P, p) . (IV.47)

In these steps, we have also introduced the change of variables p = (p1 − p2)/2 and
P = (p1 + p2)/2. The Bethe-Salpeter wavefunction is nothing but the solution to the
Schrödinger equation with a potential V accounting for the interactions included in the
vertex function Γ̃. More specifically, the matrix element of the non-perturbative interaction
can be written as follows [340]

Mladder(p1, p2; {pf}) ≈
∫︂

d3k

(2π)3
Minst(k− k, {pf})ψBS(k) , (IV.48)

where Minst refers to the matrix element in the instantaneous approximation, without
the ladder. The ratio between the cross-section with and without the ladder diagram
is precisely the Sommerfeld factor, in complete analogy with the more intuitive method
illustrated in the previous section.

IV.2.3 Higher Partial Waves

If we include higher angular momentum values, the solution of the Schrödinger equation
determining the wavefunction components follows similarly and yields the following result
for the ℓ-wave Sommerfeld factor [337,340]

Sℓ =

⃓⃓⃓⃓
(2ℓ+ 1)!

(ℓ! )2
∂ℓRℓ(z)

∂zℓ

⃓⃓⃓⃓
z=0

⃓⃓⃓⃓2
, (IV.49)
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where z = 2mrv is a dimensionless variable. The radial wavefunction in this case reads as

Rℓ(z) =
zℓe−iz/2

Γ(2ℓ+ 2)
eπζ/2 Γ (1 + ℓ+ iζ) 1F1 (1 + ℓ+ iζ; 2ℓ+ 2; iz) (IV.50)

where 1F1 is the confluent hypergeometric function of the first kind [289]. By inserting
this expression in the Sommerfeld factor in Eq. (IV.49), one obtains

Sℓ = |Γ (1 + ℓ+ iζ)|2 eπζ

(ℓ! )2
= S0

ℓ∏︂
b=1

(︃
1 +

ζ2

b2

)︃
, (IV.51)

with S0 given by Eq. (IV.38). This shows how the ℓ-th partial wave correction factorizes
into the s-wave contribution times products of terms that are progressively less relevant
due to the presence of ζ2 ∼ α2 ≪ 1. However, there is an important caveat to this result,
that is, when deriving the Sommerfeld factor, it is assumed that each partial wave ℓ in
the transition amplitude can be expanded as pℓ (or vℓ) for low momenta. This allows
matching each partial-wave contribution to σv with its Sommerfeld factor Sℓ. Namely, if
we expand

(σv)(0) = σ0 + σ1 v
2 + σ2 v

4 + . . . , (IV.52)

where each coefficient corresponds to the ℓ = 0 (or s-wave) term, ℓ = 1 (or p-wave) term,
ℓ = 2 (or d-wave) term, and so on, the Sommerfeld-corrected cross-section reads as

σv = σ0 S0 + σ1 S1 + σ2 S2 + . . . , (IV.53)

with each Sℓ correction multiplying a single partial-wave term. This recipe only works
if the amplitude is dominated by a single partial-wave process so that the Sommerfeld
correction is just a multiplicative factor to the tree-level cross-section.

However, this needs not be the case if one takes a full expansion of the amplitude in
powers of p, as shown in [342], where the ℓ-th amplitude reads as

Mℓ ∝
∑︂
n≥0

pℓ+2n , (IV.54)

with n ≥ 0 being an integer number. Consequently, one finds

(σvrel)
(0) ∼ |M(0)|2=

∑︂
ℓ

|M(0)
ℓ |2∝

∑︂
ℓ,n,n′

p2(ℓ+n+n
′) . (IV.55)

This implies that terms proportional to p2 are not purely “p-wave” and receive contribu-
tions from states with ℓ = 0 (e.g., when n = 1 and n′ = 0). For the successive terms in
the momentum expansion scaling with p2m, the contribution emerges from m+1 different
partial-waves so that utilizing the partial-wave terminology fails for m ̸= 0. Up to which
n one can expand depends on the process one is analyzing, but it becomes clear that the
ℓ-th Sommerfeld factor can be attached to different powers of p in Mℓ, not only to pℓ.
Re-deriving the Sommerfeld-corrected squared matrix element, one finds [342]

σvrel ∼ |M(S)|2=
∑︂
ℓ

|MS
ℓ |2∝

∑︂
ℓ

Sℓ
∑︂
n,n′

p2(ℓ+n+n
′) . (IV.56)

In this form, the Sommerfeld factors can no longer be factored out due to the inclusion of
higher orders in the momentum expansions at a specified order in ℓ. Consequently, one
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must decide the extent to which the cross-section expansion of the process under correc-
tion is to be expanded and then multiply each term in the expansion by the respective
Sommerfeld factor. However, in this and the subsequent chapters, we will not delve into
this refinement. For the processes of interest, the ℓ = 0 Sommerfeld correction will ade-
quately account for the relevant corrections in dark matter phenomenology. Nevertheless,
we will avoid referring to terms in σv proportional to v0, v2, etc., as s-wave, p-wave, etc.

IV.3 Bound State Formation (BSF)

So far, we have focused on the distortion produced by the long-range potential to the
scattering wavefunction, a solution to Schrödinger equation with positive energy eigenval-
ues. However, as it is well known, there exists another class of solutions involving negative
energy levels: bound states. Non-relativistic quantum mechanics tells us that the discrete
spectrum of solutions to the Schrödinger equation given by [334][︃

−∇2
rel

2µ
+ V (r)

]︃
ψnℓm(r) = Enψnℓm(r) , (IV.57)

with an attractive Coulomb potential (repulsive potentials do not admit discrete solutions)
reads as [334,343]

ψnℓm(r) = Rnℓ(r)Yℓm(Ω) , (IV.58)

Rnℓ(r) = (2κ/n)3/2
[︃
(n− ℓ− 1)!

2n(n+ ℓ)!

]︃1/2
e−κr/n (2κr/n)ℓ L2ℓ+1

n−ℓ−1(2κr/n) , (IV.59)

where Yℓm(Ω) are the spherical harmonics and Ln−ℓ−1 are generalized Laguerre polyno-
mials. The wavefunctions are normalized according to∫︂

d3rψ∗
nℓm(r)ψn′ℓ′m′(r) = δnn′δℓℓ′δmm′ . (IV.60)

The energy eigenvalues are degenerate in ℓ and m, respectively, the total and orbital
angular momentum quantum numbers, and only depend on n as

En = −µ(α
B)2

2n2
= − κ2

2µn2
, (IV.61)

with κ = µαB being the Bohr momentum. This is a peculiar feature of hydrogen-like
systems. The coupling strength for bound states αB is evaluated at the momentum of
the interaction when its RGE evolution is accounted for. In this case, it is the Bohr
momentum itself. This differs from the coupling strength of the scattering interaction
that gives rise to the Sommerfeld effect, where the typical average momentum exchange
is the relative momentum k = µvrel. We will refer to the scattering coupling strength as
αS . The coupling strength can also depend on group factors in non-Abelian theories (see
later in Section IV.4.3). Here, however, we will remain agnostic on the particular gauge
group the force carrier belongs to and derive general results for Coulomb potentials.

The ground state is characterized by the quantum numbers {nℓm} = {100} with the
corresponding spherically symmetric wavefunction reading as [343]

ψ100(r) =
κ3/2√
π
e−κr . (IV.62)
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We shall now ask ourselves: what is the probability for a pair of particles with mass m
to meet and form a bound state? One might be tempted to answer this question by
identifying this probability with the modulus squared of the bound state wavefunction
at the origin of the system. However, this only corresponds to the probability of finding
the bound state at the origin and does not provide information about the transition from
the initial state, where the two particles are at an infinite distance and start to interact
under the influence of the Coulomb potential, to the final state where the two particles
are effectively bound.

Therefore, what we need to compute is the transition amplitude between an initial
scattering state wavefunction with momentum k and positive energy eigenvalue, ψk, which
is a solution to the Schrödinger equation belonging to the continuum spectrum, and the
final bound state wavefunction ψnℓm, which is a solution to the same equation but belongs
to the discrete spectrum and has a negative energy eigenvalue.

In particular, the transition has to remove energy from the interacting system. The
missing energy is carried away by the radiation emitted during the transition in the form
of quanta of the force carrier, the same that generates the Coulomb potential. For vector
bosons, as the case here examined, this is a dipole transition with interaction Hamiltonian
of the form

√
4παBSFωr · E, αBSF refers to the coupling strength at the radiative vertex

and it is evaluated at the typical average momentum transfer for the interaction, namely
ω = µ/2

(︁
(αB)2 + v2rel

)︁
that is the difference between the final and initial state energies.

E is the classical electric field.

From standard Quantum Mechanics, the probability of forming a bound state is pro-
portional to the matrix element squared, given by

|Mk→{nℓm}|2 =
2

3
(4παBSF)Q2ω2|⟨ψnℓm(r)|r|ψk(r)⟩ |2

=
2

3
(4παBSF)Q2ω2 1

2ℓ+ 1

∑︂
m

∫︂
d3rd3r′

(︁
r · r′

)︁
ψnℓm(r)ψ

∗
nℓm(r

′)ψ∗
k(r)ψk(r

′) ,

(IV.63)

where Q is the charge of the interacting particles. In the non-Abelian case, where a gluon

mediates the Coulomb potential, one has to substitute Q2 → C
[R]
2 , the quadratic Casimir

of SU(Nc) in the representation [R]. The matrix element can be computed by employing
the solutions to the Schrödinger equation in Eq. (IV.58) and in Eq. (IV.50). We refer the
reader for the details of the calculation in the general case with arbitrary values of n and ℓ
to, e.g., Refs. [344–347], where formulae for Abelian and Non-Abelian Coulomb potentials
are treated.

Here, we want to highlight the case that will be of greatest interest to us, namely the
capture into the ground state {100}. The differential cross-section for this process to
happen is defined by [345]

vrel
dσk→{100}

dΩ
=

ω

1024π2µ3
|Mk→{100}|2sin2 θ , (IV.64)

where θ is the angle between the momenta of the outgoing radiated vector boson and the
incoming scattering state in the CoM frame. Since the capture into the ground state is
spherically symmetric, we can directly integrate over the solid angle to obtain the BSF
cross-section times relative velocity [345],

σBSFvrel =
(αB)2 + v2rel
768πµ2

|Mk→{100}|2 . (IV.65)
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The calculation of the matrix element squared can be performed with standard quan-
tum mechanics [344, 348], and it has been recently revisited in several works in the DM
literature. For example, one can adopt:

• a Feynman diagrammatic approach, by analyzing the Bethe-Salpeter equations, the
relativistic extension of the Schrödinger equation including the continuum and the
discrete spectrum, and the 5-point Green’s function that gives rise to the transition
amplitude between scattering and bound states with radiation emission [345, 349–
355]. This is a powerful method because it allows for a generic and controlled
calculation from first-principles of QFT of any possible transition including BSF via
emission of scalar mediators and massive mediators of any gauge group, as well as
transitions between different bound states.

• an effective field theory (EFT) approach that borrows the methods of potential
non-relativistic EFTs for quarkonium and “darkonium” studies (e.g., pNRQCD and
pNRQED [327,328,356–362]) to calculate observables such as the BSF cross-section
and capture rate [363–367].

• more “traditional” methods relying on quantum mechanical arguments [368–373].

We refer the reader to this literature and the references therein for details about the
calculation. Here, we want to show the results of interest to our discussion in preparation
for the next chapter. Specifically, the BSF cross-section for the capture into the ground
state with the emission of an (Abelian or non-Abelian) vector boson reads as

σBSFvrel = σ0 SBSF(ζS , ζB) , (IV.66)

where σ0 = π(αB)2/(4µ2), and, in analogy with the Sommerfeld effect, one defines the
BSF factor [351]

SBSF(ζS , ζB) =
29

3

(︃
2πζS

1− e−2πζS

)︃
(1 + ζ2S)

ζ4B
(1 + ζ2B)

3
e−4ζS arccot(ζB) (IV.67)

as a function of

ζS = αS/vrel , ζB = αB/vrel . (IV.68)

In SBSF, the factor in the first parenthesis is identical to the s-wave Coulomb Sommerfeld
factor (cf. Eq. (IV.38)). This is not a coincidence since the overlap integral involves the
convolution of a scattering wavefunction, which is influenced by the Sommerfeld effect, as
explained in the previous section. The Sommerfeld factor lies in the normalization of the
scattering wavefunction. The second term accounts for the p-wave correction to S0 (cf.
Eq. (IV.51)). The presence of this second factor comes from the fact that the radiative
capture is, at leading order, a dipole transition between the initial scattering state and
the final bound state. These transitions impose a selection rule ∆ℓ = ±1 on the orbital
angular momentum, such that for the final bound state to be in the ground state (100),
the initial scattering state must be in a ℓ = 1 state, hence the p-wave correction. The last
factor accounts for the convolution of the bound state wavefunction with the radiative
vertex.

In Fig. IV.3 we show the rate between the BSF and the perturbative annihilation cross-
sections, namely SBSF, as a function of ζ (we take ζS = ζB for simplicity). At large veloci-
ties, when ζS , ζB ≪ 1, the BSF cross-section is suppressed by SBSF ≃ ζ4B ∼ (αB/vrel)

4 ≪ 1.
On the other hand, at low velocities, we obtain the characteristic scaling SBSF ∼ αS/vrel
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Figure IV.3: BSF factor SBSF of Eq. (IV.67) as a function of the parameter ζ = α/vrel in the case
with |ζS |= ζB ≡ ζ. The upper panel shows the case for an attractive force in the initial scattering
state (ζS > 0), while the lower panel applies to a repulsive force (ζS < 0). The asymptotic behavior
at large velocities (small ζ) is the same ∝ ζ4 in both cases and it is shown with the dashed light
cyan line, while, at small velocities (large ζ), BSF is linearly enhanced (exponentially suppressed)
if the initial states attract (repel) each other, shown in dot-dashed light green.

when the interaction between the scattering state is attractive, hence if ζS ≳ 1 and ζB ≳ 1.
The BSF cross-section in this case is enhanced. Moreover, the BSF factor and cross-section
are maximized when αS/αB = 0.5 (and for αS , αB ∼ vrel) signaling that the radiative tran-
sition is most probable to happen when the potentials governing the interactions between
the free and the bound states are very similar. Finally, when the interaction is repul-
sive (ζS < 0) and at low velocities, ζS ≳ −1 and ζB > 1, the BSF probability becomes
exponentially suppressed, SBSF ∼∝ exp(−2π|ζS |), as it becomes harder to form bound
states when two incoming particles experience a strong repulsive force. These qualitative
behaviors agree with what we show in Fig. IV.3.

Similarly to the case for perturbative and Sommerfeld-affected cross-sections, we can
define a thermally-averaged BSF cross-section by weighting σBSFvrel with the Maxwellian
distribution of bound states traveling at speed vrel as follows [351]:

⟨σBSFvrel⟩ =
(︂ µ

2πT

)︂3/2 ∫︂
d3vrel exp

(︁
−µv2rel/2T

)︁
[1 + fA(ω)]σBSFvrel . (IV.69)

Here, ω = µ/2
[︁
(α)2 + v2rel

]︁
is the energy emitted by the radiated gauge boson, which
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equals its kinetic energy minus the (negative) binding energy E100 = −µ(α)2/2 of the
newly formed bound state, and fA(ω) = (exp(ω/T ) − 1)−1 is its distribution function,
accounting for the final-state Bose-enhancement factor 1 + fA(ω). This term is necessary
to ensure the detailed balance between bound state formation and ionization reactions
(the inverse process), i.e. ionization equilibrium.

IV.3.1 Bound-state Ionization and Decays

If bound states are successfully formed via a capture process in the early Universe, such
as

X1 +X2 → Bnℓ +A , (IV.70)

with A being the emitted radiation in the form of vector boson quanta, they can be ionized
by the same vector bosons that are part of the thermal plasma and dissociate back into
their constituents,

Bnℓ +A→ X1 +X2 . (IV.71)

These two processes are the inverse of each other. Alternatively, they can directly decay
into radiation or other particles,

Bnℓ → A+A+ . . . . (IV.72)

Ionization usually dominates at temperatures larger than the binding energy, when parti-
cles in the thermal plasma are sufficiently energetic to disrupt the bound state. We can
derive the ionization probability from detailed balance arguments. Suppose the amplitude
squared to form and dissociate a bound state are the same due to CP -invariance,

|MX1+X2→B+A|2= |MB+A→X1+X2 |2 . (IV.73)

The cross-section of the two processes is related by [351]

σion
σBSF

=
g1g2
gBgA

[︃
(s−m2

1 −m2
2)

2 − 4m2
1m

2
2

(s−m2
A −m2

B)
2 − 4m2

Am
2
B

]︃1/2 |P1|
|PA|

, (IV.74)

where the g’s are the internal degrees of freedom, s is the CoM energy squared, and P
refers to the momentum of the particle in the CoM frame. In the non-relativistic regime,
we can set

s ≃ (m1 +m2 + Ek)2 ≃ (m1 +m2 + Enℓ + ω)2, (IV.75)

where Ek = µvrel/2 is the kinetic energy of the initial scattering state in the CoM frame.
In this frame we can also set |P1|= |P2|= µvrel and |PA|= |PB|= ω, to obtain

σion =
g1g2
gAgB

(︃
µ2v2rel
ω2

)︃
σBSF . (IV.76)

This is the so-called Milne relation [348,374]. The ionization rate follows from [351]

Γion =
gA
2π2

∫︂ ∞

ωmin

dω
ω2

eω/T − 1
σion . (IV.77)
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Notice how at large temperatures the Bose-Einstein distribution of radiation enhances the
rate, while at low temperatures it makes it exponentially suppressed, in agreement with
our physical intuition.

The decay of a bound state is proportional to the perturbative annihilation cross-section
of the scattering states times the probability density of finding a bound state at the origin
of the CoM system [345,346,351]. For the decay of the {100} ground state, we only need
the s-wave component of the cross-section, namely

Γdec =
(︁
σs−wave
ann vrel

)︁
|ψ100(0)|2 . (IV.78)

By employing Eq. (IV.62), we obtain |ψ100(0)|2= (µαB)3/π, and, together with assuming
(σs−wave

ann vrel) ≃ g1g2π(α
S)2/µ2, leads to [351]

Γdec ≃ 16g1g2µ(α
S)2(αB)3 . (IV.79)

In Section IV.4.3 we will consider the non-Abelian case of the capture of coloured triplet
massive states into the ground state by emission of a gluon. The BSF cross-section, the
ionization rate (caused by energetic gluons in the plasma), and the decay rate into pairs
of gluons will also depend on the colour decomposition of the considered interactions.

IV.3.2 Effective DM Boltzmann Equation with BSF

The formation and subsequent decay of bound states involving dark sector particles can af-
fect the DM relic abundance by effectively opening up a new annihilation channel, whether
it is the DM particles themselves that form the bound states or whether the dark sector
mediators bind together and drive the depletion of the DM number density in the co-
annihilation regime. These effects must be incorporated as additional terms into the
system of coupled Boltzmann equations that control the evolution of the number densities
of bound and unbound particles.

In principle, one would need to account for the evolution of the number densities of each
bound state that is formed, including excited states, and also consider all the transitions
allowed by kinematics and selection rules. Here, we make two simplifications. First, we
only focus on bound states formed by mediator particles; second, we take into account
only their ground state.

IV.3.2.1 Boltzmann Equation for Simplified t-channel Models

Let us consider the case of simplified t-channel DM models (cf. Sections II.2.4 and IV.1.1).
Here, the DM candidate χ interacts with heavier mediators X that are charged under
the SM gauge group and can form bound states via emission of the vector boson they
interact with. This case will be treated in greater detail in the next chapter. The coupled
Boltzmann equations for the yields of DM, Yχ, of the mediators YX + YX† (particle and
anti-particle), and of the mediator bound states YB take the following form (see also
[349,372,375]):

dYχ
dz

= γDM, (IV.80)

d (YX + YX†)

dz
= 2

(︃
dYX
dz

)︃
w/oBSF

− 2
c
√
g∗,eff
z2

⟨σBSFvrel⟩
(︃
Y 2
X −

(︁
Y eq
X

)︁2 YB
Y eq
B

)︃
, (IV.81)

dYB
dz

= −
c
√
g∗,eff
z2s

Γdec

(︁
YB − Y eq

B
)︁
+
c
√
g∗,eff
z2

⟨σBSFvrel⟩
(︃
Y 2
X −

(︁
Y eq
X

)︁2 YB
Y eq
B

)︃
.

(IV.82)
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The DM interaction rate density is simply determined by the decay and scattering pro-
cesses it is subject to (cf. Section III.4.1) and it is not influenced by the bound state
dynamics. The first term in the collisional part of the mediators’ equation refers to any
number-changing interaction that does not involve bound states (decay into DM states,
scatterings with SM particles, etc.), while the second term is a gain/loss term due to BSF.
This same term appears with the opposite sign in the bound state Boltzmann equation,
where we have also added the loss term attributed to the decay of the bound states into
radiation. Notice that, due to the Milne relation in Eq. (IV.76), we can swap the BSF
cross-section with the ionization rate as follows

Γion = ⟨σBSFvrel⟩ s
Y eq 2
X

Y eq
B

. (IV.83)

Second, by assuming that the bound states are meta-stable and close-to-equilibrium, we
can approximate their number density YB as being almost constant, dYB/dz ≈ 0. This
assumption is reasonable as long as chemical equilibrium between free particles is assured
(a premise that holds within the co-annihilation regime) and that the processes involving
the bound states (formation, ionization, rapid decays, level transitions, etc.) are fast
enough to exceed the Hubble expansion, which is indeed the case for temperatures larger
than their binding energies (see also Ref. [375] for a recent, more detailed argumentation).
By setting the l.h.s of Eq. (IV.82) to zero, we can algebraically solve the r.h.s. for YB to
find [372]

YB
Y eq
B

=
Γdec + Γion

(︂
YX
Y eq
X

)︂2
Γtot

, (IV.84)

where Γtot = Γdec+Γion. By inserting Eq. (IV.84) back into Eqs. (IV.81) and (IV.82) and
by further summing Eq. (IV.80) with Eq. (IV.82), we can now turn the convoluted system
of Boltzmann equations into a much simpler form where we only have to consider a single
Boltzmann equation for the total number density of the dark sector particles, in a very
similar fashion as for the bare co-annihilation scenario,

d (Yχ + 2YX)

dz
=

(︃
d (Yχ + 2YX)

dz

)︃
w/oBSF

−
2c
√
g∗,eff
z2s

Γdec

Γtot

[︄
Y eq
B(︁

Y eq
X

)︁2Γion

(︂
Y 2
X −

(︁
Y eq
X

)︁2)︂]︄

=

(︃
d (Yχ + 2YX)

dz

)︃
w/oBSF

− 2
c
√
g∗,eff
z2

Γdec

Γtot
⟨σBSFvrel⟩

(︂
Y 2
X −

(︁
Y eq
X

)︁2)︂
=

(︃
d (Yχ + 2YX)

dz

)︃
w/oBSF

−
c
√
g∗,eff
z2

2 ⟨σBSFvrel⟩eff
(︂
Y 2
X −

(︁
Y eq
X

)︁2)︂
,

(IV.85)

The effects introduced by BSF have been reabsorbed into an effective thermally-averaged
BSF cross-section, affecting the evolution of the constituents’ number density (and the
total yield), which reads as [349,351]

⟨σBSFvrel⟩eff ≡ ⟨σBSFvrel⟩
Γdec

Γdec + Γion
, (IV.86)

weighting the BSF cross-section by the fraction of bound states that decay into radiation
and change the number density of dark sector particles. At large temperatures, since
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the ionization processes are much more efficient than bound state decays, the effective
contribution of bound states in the dark sector evolution is negligible, so the relic density
calculation is independent of the BSF cross-section. As the universe cools down, the
ionization rate becomes exponentially suppressed and, eventually, all bound states decay,
efficiently depleting the dark sector scalars.

This means that the effect of BSF on the Boltzmann equation can be relevant even
at temperatures close to the binding energy (T ≳ EB), way lower than typical freeze-out
temperatures. For instance, assuming α ∼ 0.1, EB ∼ κ2/(2µ) ∼ µα2 ∼ mX/400 is way
smaller than Tfo ∼ mX/25. In fact, BSF is typically efficient at times of the order of
z = mX/T ∼ 103, as one can find by solving the complete Boltzmann equation for the
total yield Ỹ = Yχ + 2YX (following from Eq. (IV.85)):

dỸ

dz
= −

cg
1/2
∗,eff
z2

⟨σeffvrel⟩
(︃
Ỹ

2 −
(︂
Ỹ

eq
)︂2)︃

− 2
cg

1/2
∗,eff
z2

⟨σBSFvrel⟩eff
(︂
Y 2
X −

(︁
Y eq
X

)︁2)︂
.

(IV.87)

Here, the first term in the collisional part corresponds to the standard co-annihilation
term without BSF, but including the SE for those processes that are affected by long-range
forces. The second term accounts for the DM depletion via BSF. Obviously, for each BSF,
one needs a corresponding term to add to the BSF contribution in Eq. (IV.87). This is
the case treated in the next Chapter V, where we consider a model featuring bound states
formed by more types of mediator pairs appearing in multiple flavour family copies.

IV.4 Sommerfeld Effect and Bound State Formation in
Coloured Models

The general framework discussed in the previous sections becomes particularly rich when
applied to non-Abelian gauge theories like QCD. Colored mediatorsX interacting via gluon
exchange exhibit a complex structure of long-range interactions that depends on their color
representations. This section provides the theoretical foundation for understanding these
effects, which will be crucial for the simplified t-channel models analyzed in the following
chapter.

IV.4.1 Color Decomposition and Non-Abelian Potentials

When two colored mediator particles interact, their combined color state can be decom-
posed into irreducible representations of SU(3)C . For particles in representations R1 and
R2, the tensor product decomposes as:

R1 ⊗R2 =
⨁︂
R̂

R̂ . (IV.88)

If the dynamics of the mediators’ interaction is non-relativistic (as the case of interest for
DM freeze-out), each irreducible representation R̂ experiences a different Coulomb-like
potential:

V[R̂](r) = −α
[R̂]
g (Q)

r
, (IV.89)
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The effective coupling constant in each representation is related to the strong coupling
αs(Q) by:

α[R̂]
g (Q) = αs(Q)× 1

2

[︂
C2(R̂)− C2(R1)− C2(R2)

]︂
≡ αs(Q)× k[R̂], (IV.90)

where C2(R) is the quadratic Casimir invariant. The factor k[R̂] determines whether the

potential is attractive (k[R̂] > 0) or repulsive (k[R̂] < 0).

We demonstrate the relation in Eq. (IV.90). Consider the generators of the repre-
sentations R1 and R2 and denote them with T aR1

and T aR2
. Their tensor product for

the irreducible representation RJ reads as[︁
T aR1

⊗ T aR2

]︁
J
= (IV.91)

=
1

2

[︂(︁
T aR1

+ T aR2

)︁2
J
−
(︁
T aR1

)︁2 − (︁T aR2

)︁2]︂
(IV.92)

=
1

2

[︁
T aRJ

T aRJ
− (C2(R1) + C2(R2))1R1 ⊗ 1R2

]︁
(IV.93)

=
1

2
[C2(RJ)− C2(R1)− C2(R2)] , (IV.94)

where we used
C2(R)1R = T aR T

a
R

.

For the lowest dimensional representations of SU(3), the quadratic Casimirs read as:

C2(1) = 0, (IV.95)

C2(3) = C2(3̄) = 4/3, (IV.96)

C2(6) = C2(6̄) = 10/3, (IV.97)

C2(8) = 3, (IV.98)

If the incoming interacting particles are in the fundamental (3) or anti-fundamental (3̄)
representation, as in the case relevant for the simplified t-channel models discussed in
Chapter V, we have the following irreducible decompositions and corresponding colour
factors:

3⊗ 3̄ = 1⊕ 8 =⇒ k1 = −4

3
, k8 = +

1

6
, (IV.99)

3⊗ 3 = 3̄⊕ 6 =⇒ k3̄ = −2

3
, k6 = +

1

3
. (IV.100)

Inserting them in Eq. (IV.90) and then in Eq. (IV.89), we obtain the decomposed potentials
as follows:

V1 = −4

3

αs
r
, (IV.101)

V8 = +
1

6

αs
r
, (IV.102)

V3̄ = −2

3

αs
r
, (IV.103)

V6 = +
1

3

αs
r
. (IV.104)

76



IV.4. SOMMERFELD EFFECT AND BOUND STATE FORMATION IN COLOURED MODELS

IV.4.2 Sommerfeld Enhancement in Non-Abelian Theories

The color-dependent long-range Coulomb potentials of the strong force lead to modified
annihilation cross-sections due to the Sommerfeld effect as given in Eq. (IV.38). According
to the irreducible representation of the interaction, the Sommerfeld enhancement factor
for each interaction channel depends on the color factor k[R]:

S0,[R] = S0

(︃
k[R]

αs
vrel

)︃
, (IV.105)

As already discussed, depending on the structure of the interaction (cf. Section IV.2.3),
the non-perturbative correction to the cross-section can actually be more complicated than
a simple multiplicative factor. Notice that, for a representation leading to an attractive
potential, the Sommerfeld factor will enhance the perturbative cross-section, while in the
case of a repulsive gluon potential, the cross-section will be suppressed.

The specific form and combination of these corrections depends on the detailed model
implementation, which will be discussed in the following chapter for concrete t-channel
models (cf. Chapter V). There, we will show how for incoming colored states in the
fundamental representation of SU(3), the total cross-section can be written as a sum of
contributions from different color channels.

IV.4.3 Bound State Formation in Non-Abelian Theories

Bound state formation in non-Abelian theories is particularly rich due to the multiple
color channels available. The formation process:

X1 +X2 → B(X1X2) + g, (IV.106)

can occur in different color representations, each with its own binding energy and formation
cross-section.

The binding energies follow the hydrogen-like spectrum:

E [R̂]
n = −

κ2
[R̂]

2µn2
, (IV.107)

where the Bohr momentum depends on the color representation:

κ[R̂] ≡ µαg,[R̂] = µk[R̂] αs. (IV.108)

For colored mediators transforming in the fundamental representation, the most impor-
tant bound states are usually those in the attractive color singlet channel (3 ⊗ 3̄ → 1),
which have the deepest binding energy and whose BSF cross-section and formation rate
are the highest. The color octet states are, on the other hand, repulsive and do not form
bound states, unless additional attractive potentials play a role in the interaction of the
colored state, such as in the case of BS formed due to the emission of a massless Higgs
field at high energies [352,376].

In Fig. IV.4, we illustrate a representative five-point Feynman diagram for bound-state
formation, in which a free gluon is emitted while multiple gluon exchanges mediate the
long-range interaction between the incoming particles and the constituents of the emerging
bound state. This diagram captures both the perturbative radiative transition and the
non-perturbative dynamics associated with the attractive QCD potential [1, 345,351].

77



CHAPTER IV. CO-ANNIHILATIONS AND LONG-RANGE NON-PERTURBATIVE EFFECTS

X(†)

X(†)

g

B... ...

Figure IV.4: The Feynman diagram illustrating the radiative capture of a scalar triplet pair into
a bound state depicts several components. The initial state involves a pair of scalar triplets, which
could be XX†, XX, or X†X†, with non-perturbative wavefunctions for the scalar triplet pair. The
diagram includes a perturbative 5-point function that features the radiative vertex, represented
by a gray dashed blob. In the final state, the diagram shows the bound state B and an on-shell
radiated gluon g. Figure created by the thesis author and also published in [1].

+ +

Figure IV.5: Tree-level contributions to the radiative vertex depicted in Fig. IV.4. The leftmost
diagram represents radiation from the gluon propagator. The remaining two diagrams illustrate
contributions arising directly from emission off external legs. Figure created by the thesis author
and also published in [1].

The non-Abelian structure of the radiative vertex is emphasized in Fig. IV.5. The
leftmost diagram is specific to non-Abelian gauge theories and arises from gauge-boson
self-interactions, whereas the remaining two diagrams correspond to gluon emission from
external legs. These latter contributions are also present in Abelian theories, highlight-
ing the qualitative difference between Abelian and non-Abelian bound-state formation
mechanisms [1, 345,351].

IV.4.4 Ionization and Decay of Bound States

The impact of bound states on dark sector evolution is controlled by the competition
between their destruction through ionization and their decay into lighter states. This
competition determines when bound states can effectively contribute to number-changing
processes.

IV.4.4.1 Ionization Processes

Bound states formed via gluon emission can be dissociated by energetic gluons from the
thermal plasma. For color-singlet bound states, the ionization rate follows from the Milne
relation and can be written as [351]:

Γion,[1] = gg

∫︂ ∞

ωmin

dω
ω2

2π2
1

eω/T − 1
σion, (IV.109)
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σion =
g1 g2
gggB

(︃
µ2v2rel
ω2

)︃
σBSF, (IV.110)

where gg = 8 denotes the internal degrees of freedom of gluons, respectively. For capture
into the singlet ground state, gB = 1.

The Bose-Einstein distribution enhances ionization at early times, while at T ≪ ω
the rate becomes exponentially suppressed. This temperature dependence is crucial: at
temperatures above the binding energy, ionization dominates and bound states do not
contribute appreciably to number-changing processes.

IV.4.4.2 Bound State Decay

Once ionization ceases to be effective, bound states decay predominantly through the
annihilation of their constituents. For ℓ = 0 states, the decay rate can be expressed in
terms of the s-wave annihilation cross-section and the bound state wavefunction at the
origin. For a color-singlet ground state decaying into gluons [351]:

Γdec,[1] =
64

81
µ (αann

s )2(αBs,[1])
3, (IV.111)

where the couplings are evaluated at the appropriate annihilation and binding scales.

IV.4.4.3 Effective BSF Cross-Section

Assuming bound states remain close to equilibrium and evolve adiabatically, the effects of
formation, ionization, and decay can be consistently absorbed into an effective thermally-
averaged BSF cross-section:

⟨σBSFvrel⟩eff ≡
⟨︂
σ
[8]→[1]
BSF vrel

⟩︂ Γdec[1]

Γdec[1] + Γion,[1]
. (IV.112)

At early times, the ratio Γdec/(Γdec+Γion) suppresses the contribution of bound states. In
contrast, at later times, it approaches unity, allowing BSF to efficiently reduce the number
density of colored mediators. This transition typically occurs at temperatures far below
the standard freeze-out scale, implying that BSF can remain relevant at z ∼ 103.

The total effective annihilation cross-section entering the Boltzmann equation is ob-
tained by summing the perturbative annihilation channels and the BSF contribution for
each flavor:

⟨σXX†vrel⟩eff =
∑︂
i

(︃⟨︂
σ
XiX

†
i
vrel

⟩︂
+
⟨︂
σ
[8]→[1]
BSF vrel

⟩︂ Γdec[1]

Γdec[1] + Γion,[1]

)︃
, (IV.113)

which replaces the purely perturbative annihilation term in the effective cross-section.

Concluding Remarks

In the co-annihilation regime, the presence of heavy gauge-charged particles in the thermal
bath mediates interactions between dark matter (DM) and the visible sector, giving rise
to long-range forces. These interactions induce non-perturbative effects that cannot be
captured by fixed-order perturbation theory.

In the non-relativistic limit, we have shown how the Sommerfeld effect of each partial
wave enters the S-matrix amplitude of annihilation processes. In the simplest situation,
where a single partial wave dominates, the SE factorizes from the short-distance dynamics
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and acts as a multiplicative correction to the perturbative cross section. This Sommerfeld
factor can either enhance or suppress the annihilation rate, depending on whether the
effective potential is attractive or repulsive.

Moreover, the formation of bound states of the mediators provides an additional anni-
hilation channel. When efficient, bound-state formation BSF invariably reduces the DM
abundance. In the co-annihilation regime, as we will demonstrate in the next chapter, the
effective cross section in Eq. (IV.86) remains sizable even beyond the standard freeze-out
epoch, typically occurring at zfo ≡ mDM/T ∼ 25–30. Consequently, BSF can significantly
alter the thermal history of DM and its phenomenology. In particular, BSF becomes most
relevant at temperatures comparable to the binding energy of the bound state, which de-
pends on the underlying interaction. In non-Abelian theories, the structure of SE and BSF
is further enriched by the color decomposition of the initial and final states into irreducible
representations.

In co-annihilation scenarios involving coloured mediators, typical values of the strong
coupling, αs ∼ 0.1, imply zBSF ∼ 2mDM/µα

2
s ∼ 400 , so that the DM number density

continues to be depleted through BSF and subsequent bound-state decay at relatively late
times. This effect can lead to substantial modifications of the relic abundance and to
important phenomenological consequences.

In the next chapter, we present an efficient numerical implementation of these non-
perturbative effects for coloured simplified t-channel models featuring a Majorana DM
particle and coloured scalar triplet mediators. We show that QCD-induced long-range
interactions have a pronounced impact on the viable parameter space. We further provide
a detailed phenomenological analysis illustrating how the parameter space is progressively
reshaped when Sommerfeld enhancement and bound-state formation are included, and we
discuss the sensitivity of current and future experimental searches to these effects.
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CHAPTER V

Impact of Sommerfeld Effect and
Bound State Formation on Simplified

t-Channel DM Models

In the previous chapter, we have understood that in certain scenarios, accounting for the
effects generated by the long-range behavior of attractive and repulsive forces modifies the
calculation of fundamental properties and observables related to the production of Dark
Matter (DM) particles in the Early Universe. The Sommerfeld Effect (SE) is responsi-
ble for non-perturbatively affecting the interaction cross-sections that enter the collision
operators in the Boltzmann equation, whereas the formation and decay of metastable
bound states can efficiently contribute to the depletion of dark sector particles. In the
co-annihilation regime, such effects can sensibly change the prediction of the DM relic
density, demanding their precise implementation in any phenomenological study where
dark sector particles are sensitive to long-range distortions.

In this chapter, we will analyze such an impact in the framework of the simplified
t-channel DM models that we have described in Section II.2.4, demonstrating how the
parameter space is modified when accounting for SE and Bound State Formation (BSF).
These modifications affect the way current experimental facilities are probing the model
in such a way that i) portions of parameter space thought to be excluded open up again
and ii) a complementary approach to experimental searches is needed.

This work is one of the first to address the phenomenological impact of non-perturbative
effects in simplified DMmodels from an all-around perspective, implementing theory devel-
opments into a widely-used computational framework (micrOMEGAs) to perform parameter
scans and combining them with experimental limits, as we are going to show.

To systematically investigate these phenomena, we must first establish the theoretical
framework by defining the specific models under consideration and identifying all relevant
(co-)annihilation channels. This foundation enables us to understand where and how
long-range effects will manifest, setting the stage for their detailed implementation and
subsequent phenomenological analysis.

Statement of Personal Contribution for this Chapter

Statement of Personal Contribution for this Chapter

The research presented in this chapter is derived from a collaborative project
originating from an idea of JH that resulted in Ref. [1], from which this chapter
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CHAPTER V. IMPACT OF SOMMERFELD EFFECT AND BOUND STATE FORMATION ON
SIMPLIFIED t-CHANNEL DM MODELS

takes the conducted analysis, presented results, and derived conclusions. The
principal contributions to this publication of the thesis author include:

• The technical implementation into micrOMEGAs of the cross-sections for the
Sommerfeld effect and bound-state formation, as well as the necessary mod-
ification of how the Boltzmann equation is calculated (together with MB,
following an initial suggestion of JH).

• The execution of the numerical scans required to generate the data presented
in the parameter space plots throughout this chapter (together with MB).

• The drawing of all diagrams and tables.
• The creation of Figs. V.2 and V.11.
• With the collaborators: analysis and interpretation of the results, derivation
of the conclusions, and writing of the paper.
At the beginning of the relevant sections, we will emphasize which parts have
been directly done by the thesis author alone, which resulted from a combined
effort with the papers’ co-authors, and which are taken from the literature.

V.1 S3M Models and Annihilation Channels

Declaration: This section presents the specific implementation details for the DM model
and cosmological calculations used in this chapter. The thesis author analyzed the co-
annihilation channels and wrote the text in the paper, while all authors reviewed the results
and corrected the text. The text presented here is a restructured version of the publication.

Model Lagrangian

We consider the class of models denoted as S3M (cf. Section II.2.4). Here, the DM
candidate is a Majorana fermion singlet χ with mass mDM, interacting with a Yukawa
coupling gDM with a SM fermion (a quark q in our case) and a coloured charged scalar
mediator X with mass mX ≥ mDM.

The scalar mediators transform in the fundamental representation of SU(3) and are
thus color triplets. Depending on the mediator quantum numbers, we distinguish three
scenarios — referred to as the uR, dR, and qL models — corresponding to right-handed up-
type quarks, right-handed down-type quarks, and left-handed quark doublets, respectively
[174,186–188,377]. The scalar mediators carry specific SM gauge quantum numbers under
SU(3)c × SU(2)L × U(1)Y : (3, 1)2/3 for the uR model, (3, 1)−1/3 for the dR model, and
(3, 2)−1/6 for the qL model.

The interaction Lagrangian of the dark sector reads as:

L ⊃
∑︂
i

(DµXi)
†(DµXi) +

∑︂
i,j

(︂
gDM,ijX

†
i χ̄PRqj + g∗DM,ijXiq̄jPLχ

)︂
, (V.1)

where Dµ is the usual covariant derivative incorporating the interactions of the mediators
with the SM. For simplicity, we take the couplings to be real, flavor-diagonal, and universal
(gij = g δij), thereby avoiding flavor-mixing effects that would complicate the analysis
through flavor-violating processes.
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Figure 1: Representative Feynman diagrams corresponding to the main subset of
processes contributing to (co-)annihilations described in Tab. ??. For simplicity,
we don’t show here possible interfering diagrams from crossing symmetries (for
example, we would have an u-channel for χχ→ qq̄, XX† → qq̄ and XX → qq). We
also only illustrated the gluon gauge vertices, since the strong coupling dominates.
In diagram 1h, we could also have the interaction of any other SM gauge boson
with the quarks, while in diagrams 1b, 1c, 1d, 1e and 1i, the gluon can be replaced
by a photon or a Z boson in the uR and dR models and additionally by W± bosons
in the qL model.
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Figure 1: Representative Feynman diagrams corresponding to the main subset of
processes contributing to (co-)annihilations described in Tab. ??. For simplicity,
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Figure V.1: Representative Feynman diagrams corresponding to the main subset of processes
contributing to (co-)annihilations described in Table V.1. Figure created by the thesis author and
also published in [1].

Annihilation Channels

The relic abundance of χ is established by solving the Boltzmann equation as outlined in
the previous chapters (cf. Eq. (IV.19)). The processes that govern the DM number density
evolution are not only dominated by DM pair-annihilations, χχ → SM SM, but also by
co-annihilation channels involving the colored scalars. As we saw in Section IV.1, these
channels are active when DM and the mediators are nearly degenerate in mass. In the
model here considered, these processes include χX → SM, χX† → SM, and XX† annihi-
lations into SM particles. Representative Feynman diagrams illustrating these interactions
are provided in Fig. V.1.1

The annihilation and co-annihilation dynamics in the t-channel scenarios considered are
shaped by the mass splitting between the dark matter candidate χ and the colored scalar
mediators Xi, as well as the relative sizes of the Yukawa and gauge couplings. Table V.1
summarizes the dominant annihilation channels (the same as Fig. V.1), highlighting their
parametric dependence on the mass splitting ∆m = mX −mχ (second column) and the
leading velocity dependence in the non-relativistic limit (third column). These processes
can be read off from Eq. (IV.23) by expanding it and accounting for the (co)-annihilation

1For clarity, only gluon-mediated interactions are explicitly shown, since the strong coupling dominates;
however, in the uR and dR scenarios, photon and Z exchange and production can also contribute, while
in the qL case, W± exchange and production are additionally relevant.

83



CHAPTER V. IMPACT OF SOMMERFELD EFFECT AND BOUND STATE FORMATION ON
SIMPLIFIED t-CHANNEL DM MODELS

processes as follows

⟨σeffvrel⟩ =
2Y eq

X Y eq
X†

⟨σXX†vrel⟩
Ỹ

2
eq

+
2Y eq

X Y eq
X ⟨σX(†)X(†)vrel⟩

Ỹ
2
eq

+
4Y eq

χ Y eq
X ⟨σχX(†)vrel⟩
Ỹ

2
eq

+
Y eq
χ Y eq

χ ⟨σχχvrel⟩
Ỹ

2
eq

=
2[︁

gχ + 2
∑︁

i gXi(1 + δ)3/2e−δz
]︁2[︃(︂⟨σXX†vrel⟩+ ⟨σX(†)X(†)vrel⟩

)︂
g2X(1 + δ)3 e−2zδ

+ 2⟨σχX(†)vrel⟩gXgχ(1 + δ)3/2e−δz + ⟨σχχvrel⟩g2χ
]︃
. (V.2)

where we have taken into account the multiplicities originating from the summation in
Eq. (IV.23).

Notice how, for large mass splittings (δ ≫ 1), the co-annihilation contributions from the
cross-sections ⟨σXX†vrel⟩, ⟨σX(†)X(†)vrel⟩, and ⟨σχX(†)vrel⟩ become completely negligible,
while only direct DM annihilations, ⟨σχχvrel⟩, can produce DM particles, as expected.

In the degenerate limit (δ = 0), all coannihilation processes contribute to the effective
production rate. Their relative weights are given by

2g2X
(gχ + 2

∑︁
i gXi)

2
,

2g2X
(gχ + 2

∑︁
i gXi)

2
,

4gXgχ
(gχ + 2

∑︁
i gXi)

2
,

g2χ
(gχ + 2

∑︁
i gXi)

2
, (V.3)

corresponding to the channels XX∗, X∗X, Xχ, and χχ, respectively.

For the uR and dR models, we consider three copies of SU(2)-singlet colored scalars.
Each scalar carries only color degrees of freedom, yielding gX = 3, while the Majorana
singlet dark matter particle has gχ = 2. Since there are three mediator fields, we obtain∑︁

i gXi = 9, and therefore

gχ + 2
∑︂
i

gXi = 20. (V.4)

Substituting these values into Eq. (V.3), the relative contributions of the four channels
are

(XX∗, X∗X, Xχ, χχ) = (0.045, 0.045, 0.06, 0.01), (V.5)

In contrast, the qL model involves SU(2)-doublet mediators, leading to six copies of color-
triplet scalars. In this case,

∑︁
i gXi = 18, and thus

gχ + 2
∑︂
i

gXi = 38. (V.6)

The corresponding relative contributions become

(XX∗, X∗X, Xχ, χχ) = (0.0125, 0.0125, 0.0166, 0.0028), (V.7)

The larger multiplicity of mediators in the qL model therefore enlarges the denominator
in Eq. (V.3), suppressing the effective annihilation rate relative to the uR and dR cases.
This difference constitutes the main qualitative distinction among the three models in the
computation of the relic abundance (cf. Section V.3), although the absolute magnitudes
of the individual annihilation cross-sections may differ substantially.

In the co-annihilating parameter region, we observe that t-channel direct annihilations
of DM into quarks, as well as pair annihilations of the scalar-antiscalar triplets into quark-
antiquark pairs, are velocity-suppressed in the massless quark limit and are therefore
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Process Contribution to ⟨σv⟩ vrel Colour structure BSF

χχ→ qiq̄i g4DM

v2rel (mq = 0)

v0rel (mq ̸= 0)
none ✗

XiX
†
j → gg g4se

−2zδ v0rel |M|2∼ 2
7 [1] +

5
7 [8]

✓

XiX
†
j → qiq̄j (αg2DM + βg2s)

2e−2zδ v2rel (mq = 0)

v0rel (mq ̸= 0)

|M|2∼ f1 (gDM, gs) [1]
+f8 (gDM, gs) [8]

XiXj → qiqj g4DMe
−2zδ v0rel |M|2∼ 1

3 [3̄] +
2
3 [6]

✓

XiXi → qiqi g4DMe
−2zδ v0rel |M|2∼ [6]

Xiχ→ qiA g2DMg
2
gaugee

−zδ v0rel none ✗

Table V.1: Summary of the key processes contributing to DM (co-)annihilation (see correspond-
ing Feynman diagrams in Fig. V.1). The second column details the coupling structure and the
suppression factor associated with the mass splitting δ. Here, ggauge represents the gauge coupling
at the qq̄A vertex, where A denotes the relevant gauge boson (such as g, γ, Z, and W±, with W±

applying exclusively to the qL model). In the XX† → qq̄ process, α and β generically represent
contributions from Yukawa- and gluon-mediated interactions. The third column provides the dom-
inant velocity dependence of σvrel in the low-velocity limit, distinguishing between massive and
massless quarks, with the latter being most pertinent to our analysis. The fourth column breaks
down the squared matrix element into contributions from different color configurations [R̂], where
f1 and f8 are functions of the coupling constants. The fifth column indicates whether the initial-
state particles can (✓) or cannot (✗) form a bound state, with a ✓ symbol denoting suppressed
BSF when particles are not in conjugate representations. Table created by the thesis author for [1].

subdominant across nearly all relevant parameter space. The top quark mass, however,
would not be negligible for light DM and small mass splittings. Yet, as shown in Sec-
tion V.3, typical Yukawa couplings in this parameter space are gDM ≲ 10−1, and these
processes are further suppressed by g4DM.

Generally, when the Yukawa coupling gDM is smaller than the strong coupling gs, pro-
cesses that lack gluon vertices are negligible, even if they are not velocity-suppressed (e.g.,
XX → qq).

V.1.1 Long-Range Effects for Coloured Annihilations

As detailed in Section IV.4, coloured (annihilation) processes are affected in the non-
relativistic regime by the long-range Coulomb gluon potential of the interacting mediators
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via the non-perturbative SE. Moreover, the formation and subsequent decay and ioniza-
tion of Bound States (BS) of the dark sector mediators act effectively as an additional
annihilation channel for the DM particles in the co-annihilation regime (small mass split-
tings).

V.1.1.1 Sommerfeld Effect

Given that the mediators are color triplets, their interaction is decomposed as 3⊗3̄ = 1⊕8
and 3⊗ 3 = 3̄⊕ 6, leading to the potentials given in Eqs. (IV.101) to (IV.104).

This means that the Sommerfeld-corrected cross-sections can be written as (see also
[342])

σ3⊗3̄→ggvrel = σ3⊗3̄→gg,0

(︃
2

7
S0,[1] +

5

7
S0,[8]

)︃
, (V.8)

σ3⊗3̄→qq̄vrel = σ3⊗3̄,0

(︁
f[1](gs, gDM)S0,[1] + f[8](gs, gDM)S0,[8]

)︁
, (V.9)

σ3⊗3→qqvrel = σ3⊗3→qq,0 S0,[6] , (V.10)

σ3i⊗3j→qiqjvrel = σ3i⊗3j→qiqj ,0

(︃
1

3
S0,[3̄] +

2

3
S0,[6]

)︃
. (V.11)

Here, we used the s-wave Sommerfeld factors in Eq. (IV.105)

S0,[R] = S0

(︃
k[R]

αs
vrel

)︃
(V.12)

As anticipated, when vrel ≲ k[R]αs, the SE can significantly impact the perturbative
cross-sections, by either substantially amplifying (attractive potential) or reducing (repul-
sive potential) it, thereby affecting the annihilation processes discussed in Section V.1.
Making use of the four values of k[R] from the potentials in Eqs. (IV.101) to (IV.104), the
four necessary SE factors are [342]:

S0,[1] = S0

(︃
4αSs
3vrel

)︃
, S0,[8] = S0

(︃−αSs
6vrel

)︃
, S0,[3̄] = S0

(︃
2αSs
3vrel

)︃
, S0,[6] = S0

(︃−αSs
3vrel

)︃
.

(V.13)

We notice that the annihilation into a quark-antiquark pair is the most intricate case. In
fact, decomposing the color structure of the amplitude is nontrivial due to the interference
between QCD- and Yukawa-dominated diagrams [342]. Generally, each term in the squared
matrix element must be evaluated for its individual color contribution, and the resulting
color weight factors—here represented as functions f[1] and f[8] of the couplings gs and
gDM—must then be determined. However, since these processes are velocity-suppressed
in our model, we will neglect the SE for them.

Finally, in the last process in Eq. (V.11), we consider the case of distinguishable particles
in both the initial and final states. This situation arises, for instance, in reactions like
Xi +Xj → qi + qj , where i and j refer to distinct flavors.

Notice that, for annihilation processes dominated by velocity-dependent terms (see Ta-
ble V.1), it is important to consider SE corrections across different partial-wave contri-
butions. However, in the following, we focus exclusively on the dominant s-wave SE
corrections, disregarding higher partial-wave contributions. The latter introduces correc-
tions proportional to ζ2s ∝ α2

s, which are of order O(10−2) and do not significantly alter
the results.
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V.1.1.2 Bound State Formation

The colored scalars can form bound states, as demonstrated in the previous chapter and
the possible BSF channels are constrained by color algebra. For scalars transforming as
triplets and anti-triplets under SU(3), the decomposition of tensor products determines
which capture processes are allowed. In the case of particle–antiparticle scattering, gauge
invariance permits the transitions

(X +X†)[8] → {B(XX†)[1] + g}[8], (V.14a)

(X +X†)[1] → {B(XX†)[8] + g}[1S ], (V.14b)

(X +X†)[8] → {B(XX†)[8] + g}[8S,A]. (V.14c)

However, only the color-singlet potential is attractive. As a result, capture into singlet
bound states from an octet initial configuration dominates the phenomenology and is the
only process retained in the following. Possible exceptions may arise in the presence of
additional attractive long-range forces, such as Higgs exchange, which are not considered
here (see instead Refs. [352,376]).

Analogous considerations apply to particle–particle scattering. While several color chan-
nels are in principle allowed, capture into [3̄] bound states suffers from destructive interfer-
ence at the level of the squared matrix element [1,345]. Consequently, these contributions
are parametrically suppressed, and the dominant BSF effect again originates from the
formation of the color-singlet ground state (nℓm) = (100).

Excited bound states can, in general, participate indirectly through radiative transi-
tions or direct decays, thereby modifying the annihilation history. Recent studies have
systematically incorporated these effects [346,347,375]. In the co-annihilation regime rele-
vant for this thesis, however, their quantitative impact remains subleading, and restricting
the analysis to the ground state provides an accurate description. Updated treatments,
including excited-state dynamics, can be found in [7, 8].

V.1.1.3 Model-Specific BSF Considerations

For the simplified t-channel models considered in this work, several specific aspects of
bound state dynamics are relevant:

Constituent instabilities

The colored scalars themselves can decay via Yukawa interactions into a DM particle
and a quark. Including such effects consistently through detailed balance necessarily
increases the effective BSF contribution. We adopt the conservative approach of neglecting
constituent decays, which provides a lower bound on the impact of bound states.

Flavor considerations

Bound states formed from different-flavor scalar pairs have suppressed contributions. Their
decay into gluons is forbidden by the flavor-diagonal structure of the Lagrangian, and de-
cays into quark-antiquark pairs are both coupling- and velocity-suppressed. These chan-
nels can be safely neglected in the co-annihilation regime.

V.1.1.4 Neglecting Electroweak Potentials

In our analysis, we neglect the Yukawa-type potentials induced by electroweak gauge
boson exchange (see, e.g., [330, 355, 378–380] for dedicated studies). At long distances,
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these interactions are exponentially suppressed, making their impact negligible for light
dark matter. A sizeable correction would require the Bohr radius of the two-body state
to be smaller than the mediator’s Compton wavelength, i.e.

(αmX/2)
−1 ≲ m−1

A ⇐⇒ µα < mA (V.15)

For electroweak-strength couplings (α ≃ 0.02), this condition is only fulfilled if the coloured
partner mass satisfies mX ≳ 8 TeV. On the other hand, freeze-out typically occurs at
T ∼ mχ/30 ≃ mX/30 in the co-annihilation regime. Since electroweak symmetry breaking
takes place at TEWSB ∼ 150 GeV, theW and Z bosons are massive during freeze-out only if
mX ≲ 4.5 TeV. Consequently, for the mass range of interest in this study, the electroweak
contribution to the potential can safely be ignored.

We demonstrate the statement above with a simple estimate. Consider a mediator
mass mX ≃ 2TeV, so that its reduced mass is µ ≃ 1TeV. Taking typical values of
the gauge coupling constants at the TeV scale, we have [381]:

g3 ≃ 1.1 =⇒ α3 =
g23
4π

≃ 0.096 , (V.16)

g2 ≃ 0.65 =⇒ α2 =
g22
4π

≃ 0.033 , (V.17)

g1 ≃ 0.45 =⇒ α1 =
g21
4π

≃ 0.016 . (V.18)

This implies

µα3 ≃ 96GeV > mg = 0 , (V.19)

µα2 ≃ 33GeV < mW ≃ 80GeV , (V.20)

µα1 ≃ 16GeV < mZ ≃ 91GeV . (V.21)

(V.22)

Thus, the condition in Eq. (V.15) is fulfilled only for the α3 coupling, making it the
only relevant long-range interaction at such energy scales. Equivalently, if we write
the potential of a mediator charged under all the SM gauge groups, and we take
the singlet representations of the two-particle interaction forming the bound states
in SU(3)c and SU(2)L, and with weak hypercharge equal to 1/2, we obtain:

V (r) = −4

3

α3

r
− 3

4

α2

r
e−mW r − 1

4

α1

r
e−mZr . (V.23)

Plugging the values of the coupling strengths and evaluating the potential at the
shortest Bohr radius for µ = 1TeV, the strong coupling one,

(µα3)
−1 = 1.04× 10−2GeV−1 ,

one obtains

V (r = (µα3)
−1) ≃ −12.307⏞ ⏟⏟ ⏞

g

− 1.002⏞ ⏟⏟ ⏞
W

− 0.149⏞ ⏟⏟ ⏞
Z

. (V.24)

This confirms the dominance of the strong coupling at the TeV energy scale at the
strong coupling Bohr radius. For larger Bohr radii, such as the ones of the α2 and
α1 couplings, the effect is even more pronounced.
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The relic density calculation presented in the following sections incorporates bound
state effects through the effective annihilation cross-section Eq. (IV.112), which captures
late-time mediator depletion while remaining conservative with respect to constituent in-
stabilities and flavor-off-diagonal bound states. The corresponding cosmological evolution
is governed by the modified Boltzmann equation discussed in Chapter IV (cf. Eq. (IV.87)).

V.2 Numerical Implementation of SE and BSF for Coloured
Model

Declaration: The theoretical framework outlined in Section IV.4 provides the basis for
the present section, where we concentrate on the numerical implementation of SE and
BSF effects in simplified t-channel models. The derivation of the results, as well as
their mathematical formulation and numerical realization for the models considered,
was carried out by the thesis author and MB in [1]. This work was performed in close
and continuous collaboration with JH, who originally proposed the underlying idea and
provided guidance on its numerical implementation. The implementation presented here
establishes the foundational framework for this approach and predates the more advanced
developments later published in Refs. [7, 8]. The text has been substantially revised from
the original publication and supplemented with additional material.

Building upon the theoretical framework developed in Section IV.4, we now turn
to the practical implementation of SE and BSF effects in simplified t-channel models. To
compute the DM relic abundance, we employ the numerical package micrOMEGAs [315,382],
a widely used tool for precision calculations in particle dark matter phenomenology.

micrOMEGAs is a C-based framework designed to compute the relic density of DM in
generic particle physics models, together with a broad range of related observables, in-
cluding direct and indirect detection cross sections, collider signatures, and other phe-
nomenological quantities. It supports thermal freeze-out scenarios with up to two DM
components, freeze-in production including relativistic and quantum-statistical effects,
and, in its most recent versions [383], multi-component dark sectors and conversion-driven
freeze-out. The program is interfaced with CalcHEP [384], which automatically generates
Feynman diagrams and evaluates matrix elements and phase-space integrals once the par-
ticle model is specified. Model information can be provided in the Universal FeynRules
Output (UFO) format [192], enabling the automated construction of all relevant ampli-
tudes and cross sections. This integrates perfectly with the universal t-channel framework
described in Section II.2.4 (see [6]).

Thanks to this infrastructure, micrOMEGAs efficiently computes all annihilation and co-
annihilation processes contributing to the evolution of the DM number density and nu-
merically solves the Boltzmann equation to obtain the final relic abundance.

However, the public version of micrOMEGAs does not provide an automated treatment
of non-perturbative effects such as Sommerfeld enhancement, which are crucial in models
with long-range interactions like those considered here. Moreover, bound-state formation
and the subsequent decay and ionization processes, which can significantly alter the relic
abundance in the co-annihilation regime, are not implemented by default.

To incorporate these effects while preserving the numerical efficiency and flexibility of
micrOMEGAs, we extended the code by modifying existing routines and implementing new
modules tailored to the computation of SE and BSF contributions.
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V.2.1 Strong Coupling Constants

The implementation of the SE and BSF in micrOMEGAs requires the evaluation of the strong
coupling constant at the characteristic momentum scales of the underlying non-relativistic
processes. Since these scales differ significantly between scattering, bound-state dynamics,
and radiative transitions, a consistent treatment of the running coupling αs(Q) is essential.

The momentum dependence of αs is already implemented in micrOMEGAs through the
function alphaQCD(Q), which solves the renormalization group equation for the QCD
coupling. More precisely, the scale evolution of αs(Q) is governed by the QCD β-function,

Q2 dαs
dQ2

= −
(︁
b0α

2
s + b1α

3
s + . . .

)︁
, (V.25)

b0 =
11CA − 4nfTR

12π
=

33− 2nf
12π

, (V.26)

b1 =
17C2

A − nfTR(10CA + 6CF )

24π2
=

153− 19nf
24π2

, (V.27)

where nf denotes the number of active quark flavours at the scale Q, and CA, CF , and TR
are the usual SU(3) colour factors. In micrOMEGAs, the running of αs(Q) is implemented
up to next-to-next-to-leading order (NNLO).

However, in the presence of long-range interactions and bound states, the relevant mo-
mentum transfer is process-dependent and must be determined self-consistently.

Relevant momentum scales.

For scattering states entering the Sommerfeld effect, the typical momentum transfer is set
by the relative momentum of the incoming particles,

QSE ∼ µvrel, (V.28)

where µ = mX/2 is the reduced mass of the interacting pair. For bound states in a colour
representation R̂, the characteristic scale is instead the Bohr momentum,

κ[R̂] ≡ µαB
g,[R̂]

, (V.29)

which controls the bound-state wavefunction and the potential entering the Schrödinger
equation.

Radiative bound-state formation involves an additional momentum scale associated with
the emitted gluon. In the non-relativistic limit, energy conservation implies

QBSF ≡ ω ≃ Ek − Enℓm =
µ

2

[︂
v2rel + (αB

g,[R̂]
)2
]︂
, (V.30)

while gluon emission from the exchanged mediator in non-Abelian diagrams is character-
ized by

QNA ≃ |p− q|≃ µ
√︂
v2rel + (αB

g,[R̂]
)2. (V.31)

In the regime where BSF is most efficient, vrel ≪ αBg , one finds Q
NA ≃ µαB

g,[R̂]
= κ[R̂], such

that the strong coupling entering the non-Abelian vertex coincides with that governing
the bound-state potential.
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Vertices αs αg
Average momentum

transfer Q

Wavefunction
(ladder diagram)
of scattering rate

in colour rep. R̂

αSs
αSg,[R] = (αSs /2)×

×[C2(R1) + C2(R2)− C2(R̂)]
k = µvrel

Wavefunction
(ladder diagram)
of scattering rate

in colour rep. R̂

αB
s,[R̂]

αBg,[R] = (αSs /2)×
×[C2(R1) + C2(R2)− C2(R̂)]

κR̂ = µαBg,[R]

Formation of bound
states of colour rep.

R̂: gluon emission

αBSF
s,[R̂]

Ek − Enℓ =
µ

2

[︂
v2rel + (αBg,[R]/n)

2
]︂

Radiative vertex
in non-Abelian

diagram for capture

in colour rep. R̂

αNA
s,[R̂]

µ
√︂
v2rel + (αBg,[R])

2

Table V.2: The definition of the strong coupling constants αs(Q) used in this work and their

dependence on the colour representation R̂ of the interaction and on the average momentum
transfer Q at which they are evaluated. Taken from Tab. 1 in [351].

Definition of effective couplings.

For each process, we introduce three scale-dependent strong couplings,

αB
s (Q), αBSF

s (Q), αNA
s (Q), (V.32)

which are evaluated at the corresponding momentum scales and combined with colour

factors to define the effective interaction strength α
[R̂]
g (Q) = k[R̂]αs(Q). The colour de-

composition of the relevant two-particle states is given by

3⊗ 3̄ = 1⊕ 8, 3⊗ 3 = 3̄⊕ 6, 3̄⊗ 3̄ = 3⊕ 6̄ . (V.33)

All relevant momentum scales and coupling definitions are summarized in Table V.2.

Numerical implementation.

To efficiently evaluate these couplings during the relic-density computation, we precom-
pute αB

s , α
BSF
s , and αNA

s for a grid of reduced masses µ and relative velocities vrel.
The resulting values are stored in lookup tables (alpha table 331, alpha table 333,
alpha table 336, alpha table 338) corresponding to the different colour channels. They
are accessed through dedicated routines such as read table alpha331(void), while the
function alphaS type(type,mX,vrel,*table) returns the appropriate coupling constant
for a given process, mass, and velocity.

This allows for a systematic and representation-independent construction of the effective
QCD potentials entering the SE and BSF calculations.
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V.2.2 Sommerfeld Effect Implementation

The SE modifies the annihilation and co-annihilation cross sections of non-relativistic
particles by resumming long-range interactions in the initial state. In general, SE depends
on the partial-wave decomposition of the scattering amplitude and on the colour structure
of the interacting particles, as discussed in Sections IV.2.3 and IV.4.1.

In this work, we restrict ourselves to the dominant contributions relevant for coloured
co-annihilation in simplified t-channel models:

• s-wave dominated processes,

• gluon-mediated long-range interactions,

• initial states in the 3 and 3̄ representations of SU(3).

This approximation captures the leading non-perturbative effects in the parameter region
of interest while keeping the numerical implementation tractable.

Coulomb Sommerfeld factor.

For a Coulomb-like potential, the s-wave Sommerfeld factor is given by

S0(ζ) =
2πζ

1− e−2πζ
, ζ =

α

vrel
. (V.34)

We implement this expression in C++ as follows:

1 double SommerfeldCoulomb(double zeta)

2 {

3 if (std::abs(zeta) < 1e-12) return 1.0;

4 return 2.0 * M_PI * zeta / (1.0 - std::exp(-2.0 * M_PI * zeta));

5 }

This function returns the Coulomb enhancement factor and is numerically stable in the
limit vrel → 0.

Colour-decomposed Sommerfeld factors.

For coloured particles, the Sommerfeld factor must be projected onto the irreducible colour
representations of the initial state. For the relevant SU(3) decompositions, we implement
the factors as described in Sections IV.4.2 and V.1.1.1 and following the rules for identical
initial particles, as described in [342]:

S3⊗3̄
0 =

2

7
S0

(︃
4

3

αs
v

)︃
+

5

7
S0

(︃
−1

6

αs
v

)︃
, (V.35)

S3⊗3
0 =

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

1

3
S0

(︃
2

3

αs
v

)︃
, X1 ̸= X2,

S0

(︃
−1

3

αs
v

)︃
, X1 = X2 (s-wave),

S0

(︃
2

3

αs
v

)︃
, X1 = X2 (p-wave).

(V.36)

The corresponding implementation automatically selects the appropriate colour coeffi-
cients:
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1 double SommerfeldFactor(double alphaS, double vrel,

2 int c1, int c2, long n1, long n2, int partialWave)

3 {

4 if (c1 == 1 || c2 == 1) return 1.0; // singlet states

5

6 struct Channel { double cfac, weight; };

7 std::vector<Channel> channels;

8

9 // 3 x 3bar -> 1 + 8

10 if ((c1 == 3 && c2 == -3) || (c1 == -3 && c2 == 3)) {

11 channels.push_back({ 4.0/3.0, 2.0/7.0 }); // singlet

12 channels.push_back({-1.0/6.0, 5.0/7.0 }); // octet

13 }

14

15 // 3 x 3 or 3bar x 3bar -> 3bar + 6

16 if ((c1 == 3 && c2 == 3) || (c1 == -3 && c2 == -3)) {

17 if (n1 != n2) {

18 channels.push_back({ 2.0/3.0, 1.0/3.0 });

19 } else {

20 if (partialWave == 0) // s-wave

21 channels.push_back({-1.0/3.0, 1.0});

22 else // p-wave

23 channels.push_back({ 2.0/3.0, 1.0});

24 }

25 }

26

27 double SE = 0.0;

28 for (const auto& ch : channels) {

29 double zeta = ch.cfac * alphaS / vrel;

30 SE += ch.weight * SommerfeldCoulomb(zeta);

31 }

32 return SE;

33 }

Sommerfeld-corrected cross sections in micrOMEGAs.

To incorporate SE into the relic-density computation without recomputing matrix elements
from scratch, we exploit the micrOMEGAs hook function

void improveCrossSection(...).

This function is automatically called by micrOMEGAs during the thermal averaging proce-
dure when computing the DM interaction rate and allows us to modify the cross-sections
of the relevant annihilation processes on the fly.

Our strategy is to:

1. identify coloured initial states,

2. extract the s-wave coefficient of the annihilation cross section,

3. evaluate the running strong coupling at the scale Q = µvrel,

4. compute the colour-decomposed Sommerfeld factor,

5. rescale the cross section accordingly.

The implementation reads:

1 void improveCrossSection(long n1,long n2,long n3,long n4,double Pcm,double *cs)

2 {

3 // Convert PDG codes to particle names
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4 char* name1 = pdg2name(n1);

5 char* name2 = pdg2name(n2);

6 char* name3 = pdg2name(n3);

7 char* name4 = pdg2name(n4);

8

9 // Extract quantum numbers (spin, charge, colour)

10 int s1,q1,c1, s2,q2,c2;

11 qNumbers(name1,&s1,&q1,&c1);

12 qNumbers(name2,&s2,&q2,&c2);

13

14 // Apply Sommerfeld effect only to coloured initial states

15 if (c1 == 1 || c2 == 1) return;

16

17 // Particle masses

18 double mp1 = pMass(name1);

19 double mp2 = pMass(name2);

20 double mp3 = pMass(name3);

21 double mp4 = pMass(name4);

22

23 // Reduced mass of the initial state

24 double mu = mp1 * mp2 / (mp1 + mp2);

25

26 // Centre-of-mass energy

27 double sqrts = sqrt(mp1*mp1 + Pcm*Pcm) + sqrt(mp2*mp2 + Pcm*Pcm);

28

29 // Relative velocity (relativistic definition)

30 double vrel = vRel(Pcm, mp1, mp2);

31

32 // Regulator to avoid divergence at v -> 0

33 const double vcut = 1e-5;

34 if (vrel < vcut) vrel = vcut;

35

36 // Momentum corresponding to vcut

37 double pcut = plowv(vcut, mp1, mp2);

38

39 // Interaction scale for Sommerfeld effect

40 double QSE = mu * vrel;

41

42 // Running strong coupling at scale QSE

43 double alphaSE = alphaQCD(QSE);

44

45 // Build process name: "X1,X2->X3,X4"

46 std::string procString =

47 std::string(name1) + "," + name2 + "->" + name3 + "," + name4;

48

49 char* procName = new char[procString.length() + 1];

50 strcpy(procName, procString.c_str());

51

52 // Initialize process in micrOMEGAs

53 numout* channel = newProcess(procName);

54 procInfo1(channel, &nsub, &nin, &nout);

55

56 // Backup current matrix element configuration

57 int nsub22mem = nsub22;

58 double (*sqme22mem)() = sqme22;

59

60 // Extract s-wave contribution in the low-velocity limit

61 int err = 0;

62 double swave =

63 cs22(channel, 0, pcut, -1.0, +1.0, &err) / (3.89379E8) * vcut;
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64

65 // Compute Sommerfeld factor (s-wave, partialWave = 0)

66 double SE = SommerfeldFactor(alphaSE, vrel, c1, c2, n1, n2, 0);

67

68 // Sommerfeld-corrected cross section

69 double sigmaV = swave * SE;

70 *cs = sigmaV / vrel;

71

72 // Restore matrix element configuration

73 nsub22 = nsub22mem;

74 sqme22 = sqme22mem;

75

76 delete[] procName;

77 }

Several internal micrOMEGAs routines are used in this implementation.

The function pdg2name converts a particle identifier into its corresponding model name.
It relies on the Particle Data Group (PDG) numbering scheme, which assigns unique
integer codes to elementary particles for use in Monte Carlo generators, with positive
numbers for particles and negative numbers for antiparticles.

The function plowv returns the center-of-mass momentum corresponding to a given
relative velocity and particle masses, and is used to consistently extract the low-velocity
limit of the annihilation cross section.

Finally, the function cs22 computes the total 2 → 2 scattering cross section for a given
process previously initialized by newProcess, performing the phase-space integration over
the squared matrix element generated by CalcHEP.

In this way, Sommerfeld corrections are applied exclusively to processes with coloured
initial states, while the automated matrix-element generation of CalcHEP is fully preserved.
This modular implementation ensures numerical stability, correct colour treatment, and
consistent inclusion of velocity-dependent non-perturbative effects in the relic-density com-
putation.

V.2.3 Bound-State Formation Channels Implementation

While the Sommerfeld enhancement modifies the amplitudes of already existing annihi-
lation processes, bound-state formation (BSF) introduces genuinely new reactions that
deplete the dark-sector number density in the co-annihilation regime. Therefore, BSF
effects cannot be incorporated through the same procedure used for Sommerfeld-corrected
scattering cross sections (cf. improveCrossSection), but must instead be implemented
directly at the level of the Boltzmann equation.

Concretely, the thermally averaged annihilation cross section entering the interaction
rate must be promoted to the effective quantity in Eq. (IV.113), which reads as

⟨σXX†vrel⟩eff =
∑︂
i

(︃⟨︂
σ
XiX

†
i
vrel

⟩︂
+
⟨︂
σ
[8]→[1]
BSF vrel

⟩︂ Γdec[1]

Γdec[1] + Γion,[1]

)︃
. (V.37)

This requires a direct modification of the interaction rate appearing on the right-hand side
of the Boltzmann equation as implemented in micrOMEGAs.
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V.2.3.1 Modification of the Boltzmann Solver

In micrOMEGAs, the interaction rate is defined in the source file omega.c. To consistently
include BSF effects, three modifications are necessary.

1) Extended integration range.

Bound-state effects typically become relevant at temperatures much lower than the freeze-
out temperature, corresponding to z = mX/T ∼ O(103). Therefore, we employ the
routines darkOmega2 or darkOmega2TR, which allow manual control of the final integration
temperature. We set

Tend = 10−3GeV, (V.38)

ensuring that the Boltzmann equation is integrated well into the epoch where BSF pro-
cesses dominate. Given that the mediator masses in the simulation considered range from
O(100GeV) to O(10TeV), this choice is conservative and numerically stable.

2) Access to interaction rates.

The dark-sector particle content is initialized via fillCDMmem(), while the interaction rates
are constructed through TabDmEq. Within this routine, the function aRate4(T, vs1100,

vs2200, ...) computes the thermally averaged annihilation rates of dark-sector particles.
Since BSF contributes only once to the annihilation of a given particle pair, it suffices to
modify the term vs1100, corresponding to the dominant co-annihilation channel.

3) Insertion of the BSF contribution.

For a model with a single mediator with assigned PDG code 20000022 and a dark matter
particle with assigned PDG code 52, the BSF contribution to the interaction rate can be
added as follows inside the aRate4 function in omega.c:

1 int gDM = 2;

2 double xJH = pMass(pdg2name(52)) / T;

3 double deltaJH =

4 (pMass(pdg2name(2000002)) - pMass(pdg2name(52)))

5 / pMass(pdg2name(52));

6

7 vs1100 += improveAveragedCrossSection(2000002, -2000002,

8 pMass(pdg2name(52)), T)

9 * g1 * g1 * 2.0 * pow(3.0, 2) * pow(1.0 + deltaJH, 3)

10 / pow(gDM * exp(xJH * deltaJH)

11 + 2.0 * 3.0 * pow(1.0 + deltaJH, 3.0 / 2.0), 2);

Here, deltaJH denotes the relative mass splitting between the mediator and the dark
matter particle. The function improveAveragedCrossSection computes the effective BSF
contribution to ⟨σv⟩, including ionization and decay effects.

V.2.3.2 Structure of the BSF Implementation

The function improveAveragedCrossSection constitutes the core of the BSF implementa-
tion. It evaluates the effective bound-state formation cross section derived in Eq. (IV.112)
by combining three ingredients:

• the BSF cross-section via integrating bsf_cs_integrand,

2In the actual three S3M models, we obviously account for all the present flavour families.
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• the bound-state ionization rate via integrating vsf_ion_integrand

• the bound-state decay width defined with GammaDecay

These quantities are implemented through the following routines:

BSF Cross-section Integrand

This routine computes the integrand of the thermal average of the BSF cross-section (cf.
Eq. (IV.69)):

⟨σBSFvrel⟩ =
(︂ µ

2πT

)︂3/2 ∫︂
d3vrel exp

(︁
−µv2rel/2T

)︁
[1 + fg(ω)]σBSFvrel .

For a given relative velocity vrel and set of model parameters, it evaluates the BSF cross
section, including the appropriate color factors and gauge couplings (evaluated at the
correct momentum), and multiplies it by the phase-space measure and thermal distribution
functions. Special care is taken in the vrel → 0 limit, where an analytic expression is used
to avoid numerical instabilities arising from the 1/vrel behaviour of the BSF factor. The
resulting quantity is later integrated over the relative velocity for thermal averaging.

1 double bsf_cs_integrand(double vrel, const Parameters& pars)

2 {

3 const int c1 = pars.color1;

4 const int c2 = pars.color2;

5 const double mu = pars.m;

6 const double T = pars.T;

7

8 double result = 0.0;

9

10 // Couplings

11 double alpha_s_BSF = 0.0;

12 double alpha_s_B = 0.0;

13 const double alpha_s_S = alphaQCD(mu * vrel);

14 double alpha_g_B = 0.0;

15 double alpha_g_S = 0.0;

16

17 // Only color triplet-antitriplet case

18 if ((c1 == 3 && c2 == -3) || (c1 == -3 && c2 == 3)) {

19 alpha_s_B = alphaS_type(1, mu, vrel, alpha_table_331);

20 alpha_s_BSF = alphaS_type(2, mu, vrel, alpha_table_331);

21 alpha_g_B = 4.0 / 3.0 * alpha_s_B;

22 alpha_g_S = -1.0 / 6.0 * alpha_s_S;

23 }

24

25 if (c1 == -c2) {

26 const double cas2 = casimir2(c1);

27 const double cas2G = casimir2(8);

28 const double dR = static_cast<double>(c1);

29 const double fc = std::pow(1.0 + cas2G / (2.0 * cas2), 2.0);

30

31 const double omega = mu / 2.0 * (std::pow(alpha_g_B, 2) + std::pow(vrel, 2));

32

33 const double bose =

34 1.0 + 1.0 / (std::exp(omega / T) - 1.0);

35

36 const double boltzmann =

37 std::pow(mu / (2.0 * M_PI * T), 1.5) *

38 std::exp(-mu * vrel * vrel / (2.0 * T));

39
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40 double S_BSF = 0.0;

41

42 if (vrel > 1e-5) {

43 const double zeta_s = alpha_g_S / vrel;

44 const double zeta_b = alpha_g_B / vrel;

45

46 S_BSF =

47 2.0 * M_PI * zeta_s / (1.0 - std::exp(-2.0 * M_PI * zeta_s)) *

48 (1.0 + zeta_s * zeta_s) *

49 std::pow(zeta_b, 4) *

50 std::exp(-4.0 * zeta_s * acot(zeta_b)) /

51 std::pow(1.0 + zeta_b * zeta_b, 3);

52 } else {

53 // v -> 0 limit

54 S_BSF =

55 2.0 * std::exp(-4.0 * alpha_g_S / alpha_g_B) *

56 M_PI * std::pow(alpha_g_S, 3) / std::pow(alpha_g_B, 2);

57 }

58

59 const double sigma_v =

60 M_PI * alpha_s_BSF * alpha_g_B / (mu * mu) *

61 std::pow(2.0, 7) / 3.0 * cas2 / (dR * dR) * fc * S_BSF;

62

63 const double measure =

64 4.0 * M_PI * (vrel > 1e-5 ? vrel * vrel : vrel);

65

66 result = sigma_v * measure * bose * boltzmann;

67 }

68

69 return result;

70 }

Ionization Rate Integrand

This routine computes the integrand of the thermal average of the bound-state dissociation
cross section, as given in Eqs. (IV.109) and (IV.110):

Γion,[1] = gg

∫︂ ∞

ωmin

dω
ω2

2π2
1

eω/T − 1
σion,

σion =
g2X
gggB

(︃
µ2v2rel
ω2

)︃
σBSF.

It evaluates the BS ionization cross-section for a given relative velocity vrel, including color
factors, gauge couplings, and statistical factors associated with gluon absorption. The
integrand is weighted by the appropriate phase-space measure and thermal occupation
number (following the Boltzmann distribution). As in the BSF case, the vrel → 0 limit
is treated analytically to ensure numerical stability. The result determines the rate of
bound-state destruction in the thermal plasma.

1 double bsf_diss_integrand(double vrel, const Parameters& pars)

2 {

3 const int c1 = pars.color1;

4 const int c2 = pars.color2;

5 const int s1 = pars.spin;

6 const double mu = pars.m;

7 const double T = pars.T;
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8

9 double result = 0.0;

10

11 double alpha_s_BSF = 0.0;

12 double alpha_s_B = 0.0;

13 const double alpha_s_S = alphaQCD(mu * vrel);

14 double alpha_g_B = 0.0;

15 double alpha_g_S = 0.0;

16

17 if ((c1 == 3 && c2 == -3) || (c1 == -3 && c2 == 3)) {

18 alpha_s_B = alphaS_type(1, mu, vrel, alpha_table_331);

19 alpha_s_BSF = alphaS_type(2, mu, vrel, alpha_table_331);

20 alpha_g_B = 4.0 / 3.0 * alpha_s_B;

21 alpha_g_S = -1.0 / 6.0 * alpha_s_S;

22 }

23

24 if (c1 == -c2) {

25 const double cas2 = casimir2(c1);

26 const double cas2G = casimir2(8);

27 const double fc = std::pow(1.0 + cas2G / (2.0 * cas2), 2.0);

28 const double gX = g_i(s1, c1);

29 const double gB = 1.0;

30

31 const double omega = mu / 2.0 * (std::pow(alpha_g_B, 2) + std::pow(vrel, 2));

32 const double statistic = 1.0 / (std::exp(omega / T) - 1.0);

33

34 double S_BSF = 0.0;

35

36 if (vrel > 1e-5) {

37 const double zeta_s = alpha_g_S / vrel;

38 const double zeta_b = alpha_g_B / vrel;

39

40 S_BSF =

41 2.0 * M_PI * zeta_s / (1.0 - std::exp(-2.0 * M_PI * zeta_s)) *

42 (1.0 + zeta_s * zeta_s) *

43 std::pow(zeta_b, 4) *

44 std::exp(-4.0 * zeta_s * acot(zeta_b)) /

45 std::pow(1.0 + zeta_b * zeta_b, 3);

46 } else {

47 S_BSF =

48 2.0 * std::exp(-4.0 * alpha_g_S / alpha_g_B) *

49 M_PI * std::pow(alpha_g_S, 3) / std::pow(alpha_g_B, 2);

50 }

51

52 const double sigma_v =

53 M_PI * alpha_s_BSF * alpha_g_B / (mu * mu) *

54 std::pow(2.0, 7) / 3.0 * cas2 / (c1 * c1) * fc * S_BSF;

55

56 const double prefac =

57 std::pow(gX, 2) * std::pow(mu, 3) / (2.0 * std::pow(M_PI, 2) * gB);

58

59 const double measure = (vrel > 1e-5 ? vrel * vrel : vrel);

60

61 result = sigma_v * measure * statistic * prefac;

62 }

63

64 return result;

65 }
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Decay Rate function

This routine computes the decay width of a bound state formed by two colored particles,
which is given by Eq. (IV.78)

Γdec =
(︁
σs−wave
ann vrel

)︁
|ψ100(0)|2 .

It first determines the relevant quantum numbers and reduced mass of the system, then
evaluates the bound-state wave function at the origin in the Coulomb approximation.
The decay width is obtained by summing over all allowed annihilation channels through
the corresponding s-wave coefficients, with a conservative estimate based on gluonic final
states in our simplified treatment. For singlet BS, it reduces to Eq. (IV.111).

1 double GammaDecay(long n1, long n2)

2 {

3 double Gamma = 0.0;

4 double swavecoeff = 0.0;

5 double WaveFctSq = 0.0;

6

7 const char* name1 = pdg2name(n1);

8 const char* name2 = pdg2name(n2);

9

10 int s1, s2, q1, q2, c1, c2;

11 qNumbers(name1, &s1, &q1, &c1);

12 qNumbers(name2, &s2, &q2, &c2);

13

14 const double m1 = pMass(name1);

15 const double m2 = pMass(name2);

16 const double mu = m1 * m2 / (m1 + m2);

17

18 double alpha_s_B = 0.0;

19 if ((c1 == 3 && c2 == -3) || (c1 == -3 && c2 == 3)) {

20 alpha_s_B = alphaS_type(1, mu, 0.1, alpha_table_331);

21 }

22

23 // Conservative estimate: gluon final state only

24 if (bsfmethod == -1) {

25 const long ng = 21; // gluon PDG code

26

27 swavecoeff =

28 2.0 / 7.0 *

29 coefficient_swave(n1, n2, ng, ng) *

30 std::fabs(g_i(s1, c1)) * std::fabs(g_i(s2, c2));

31

32 if (c1 == -c2) {

33 WaveFctSq =

34 std::pow(2.0, 6) * std::pow(mu, 3) /

35 (std::pow(3.0, 3) * M_PI) *

36 std::pow(alpha_s_B, 3);

37

38 Gamma = WaveFctSq * swavecoeff;

39 }

40 }

41

42 for (int i = 0; i < nModelParticles; ++i) {

43 for (int j = 0; j < nModelParticles; ++j) {

44

45 const bool ok =

46 ModelPrtcls[i].name[0] != '~' &&

100



V.2. NUMERICAL IMPLEMENTATION OF SE AND BSF FOR COLOURED MODEL

47 ModelPrtcls[i].aname[0] != '~' &&

48 ModelPrtcls[j].name[0] != '~' &&

49 ModelPrtcls[j].aname[0] != '~';
50

51 if (!ok) continue;

52

53 const int n3 = ModelPrtcls[i].NPDG;

54 const int n4 = ModelPrtcls[j].NPDG;

55

56 if (n3 != 25 && n4 != 25) {

57 swavecoeff += coefficient_swave(n1, n2, n3, n4);

58 }

59 }

60 }

61

62 Gamma = WaveFctSq * swavecoeff;

63 return Gamma;

64 }

V.2.3.3 Effective BSF Cross Section

The function improveAveragedCrossSection performs the following steps:

1. identification of the colour and spin quantum numbers of the initial-state particles;

2. computation of the bound-state decay rate via GammaDecay;

3. evaluation of the thermally averaged BSF cross section and ionization rate via nu-
merical integration of bsf cs integrand and bsf ion integrand using the native
integration methods;

4. construction of the effective BSF contribution,

⟨σv⟩BSF,eff =
Γdec

Γdec + Γion
⟨σv⟩BSF. (V.39)

A representative implementation is given below:

1 double improveAveragedCrossSection(long n1, long n2,

2 double mdm, double T)

3 {

4 double Decay_rate = 0.0, Ion_rate = 0.0, bsf_eff = 0.0;

5

6 int s1, s2, q1, q2, c1, c2;

7 char* name1 = pdg2name(n1);

8 char* name2 = pdg2name(n2);

9 qNumbers(name1, &s1, &q1, &c1);

10 qNumbers(name2, &s2, &q2, &c2);

11

12 bool o1 = (name1[0] == '~');
13 bool o2 = (name2[0] == '~');
14

15 if (o1 && o2 && c1 != 1 && c2 != 1) {

16

17 Decay_rate = GammaDecay(n1, n2);

18

19 if (c1 == -c2) {

20 double mu = pMass(name1) * pMass(name2)

21 / (pMass(name1) + pMass(name2));

22

23 Parameters pars = {s1, c1, c2, mu, T};
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24

25 double bsfaverage =

26 simpsonArg(bsf_cs_integrand, pars, 0.0, 1.0, 1e-5);

27

28 Ion_rate =

29 simpsonArg(bsf_ion_integrand, pars, 0.0, 1.0, 1e-5);

30

31 double decayWeight =

32 Decay_rate / (Decay_rate + Ion_rate);

33

34 bsf_eff = decayWeight * bsfaverage;

35 }

36 }

37

38 return bsf_eff;

39 }

This implementation mirrors the theoretical structure developed in Section IV.4. Bound-
state formation acts as an additional depletion channel whose efficiency is controlled by
the competition between formation, ionization, and decay. By embedding these effects
directly into the interaction rate of the Boltzmann equation, we obtain a consistent and
numerically stable treatment of BSF within the micrOMEGAs framework.

Having established the complete numerical implementation of Sommerfeld enhancement
and bound-state formation effects, we now turn to the phenomenological analysis. The
robust computational framework developed above enables systematic parameter scans that
reveal how these non-perturbative effects reshape the viable parameter space of simplified
t-channel dark matter models. The following sections present the results of these scans
and their implications for dark matter phenomenology.

V.3 Impact of SE and BSF on the Model Parameters

Declaration: The results presented in this section are based on a joint analysis by the thesis
author and MB, as reported in Ref. [1]. The thesis author contributed in particular to the
parameter scans and the preparation of the figures. The interpretation of the results was
developed through discussions with MB and JH. The text constitutes a revised version of
the original publication, which was co-authored by the thesis author and MB and reviewed
by all co-authors.

In this section, we run the modified version of micrOMEGAs outlined in Section V.2 for
the uR, dR, and qL models, and we assess how long-range effects alter their parameter
space. Afterwards, we quantify their influence on the relic density and the corresponding
experimental constraints on the parameters of the dark sector.

V.3.1 Mass Splitting vs. Dark Matter Mass

Fig. V.2 illustrates the impact of non-perturbative effects on the viable parameter space in
the (mDM,∆m) plane for the uR, dR, and qL models introduced in Section V.1. For a fixed
Yukawa coupling gDM, each band denotes the combinations ofmDM and ∆m = mX−mDM

that reproduce the observed relic abundance within 5σ, ΩDMh
2 = 0.120 ± 0.005 [75].

Results are shown for two representative values of the coupling: gDM = 10−2 (orange)
and gDM = 1 (blue) and for mDM ranging between 100GeV and 3000GeV, while the mass
splitting is varied between 0 and 100GeV. Dotted, dashed, and solid lines correspond to
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Figure V.2: Figure showing the mass splitting ∆m = mX − mDM versus the DM mass mDM

for the three models considered: uR (top), dR (middle), and qL (bottom). The shaded bands
represent the observed DM relic density within a 5σ uncertainty, as reported by [75]. The results
are presented by sequentially including different contributions: perturbative effects alone (dotted
lines), with the Sommerfeld effect (dashed lines), and with the additional impact of BSF (solid
lines). The two-color scheme distinguishes between two benchmark values of the Yukawa coupling:
gDM = 1 (blue) and gDM = 10−2 (orange). Figure created by the thesis’s author and also published
in [1].
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perturbative calculations only, including Sommerfeld effect, and including both SE and
bound-state formation (BSF), respectively.

General behavior. As anticipated, non-perturbative effects become increasingly relevant
for smaller mass splittings and smaller values of gDM. For δ ≡ ∆m/mDM ≪ 1, processes
involving two colored scalars are no longer Boltzmann suppressed (cf. Table V.1), and
multiple gluon exchange enhances annihilation rates through SE, while BSF provides an
additional depletion channel. Since BSF is governed predominantly by the strong coupling,
its relative importance increases when gs becomes comparable to or larger than gDM. In
the parameter region of interest, gs varies between ∼ 1.0 and 1.6, depending on the typical
momentum transfer, such that for gDM = 1 interactions mediated by gs are of comparable
strength to those controlled by gDM.

Key observations:

• Dependence on ∆m: For fixed gDM, the effective annihilation cross-section in-
creases as ∆m→ 0, where co-annihilation and colored annihilation processes become
most efficient. Consequently, the DM mass compatible with the relic density reaches
its maximum in the degenerate limit (recall that mDM and the DM cross-section are
anti-correlated once the relic abundance is fixed).

• Role of non-perturbative effects: Including SE and BSF systematically shifts
the allowed parameter space toward larger mDM, reflecting a more efficient depletion
of the DM number density.

• Coupling dependence: The relative impact of SE and BSF is largest for small
gDM, while for gDM ∼ 1 the enhancement remains significant due to the comparable
strength of gs.

Model-by-model comparison.

• uR model: For gDM = 10−2, the maximal DM mass increases from ∼ 1.0 TeV in the
perturbative treatment to ∼ 2.4 TeV once SE and BSF are included. For gDM = 1,
the corresponding shift is from ∼ 2.0 TeV to ∼ 2.9 TeV.

• dR model: A similar behavior is observed, with the upper bound onmDM increasing
from ∼ 1.2 TeV to ∼ 2.4 TeV for small gDM, and from ∼ 1.9 TeV to ∼ 2.8 TeV for
gDM = 1.

• qL model: The impact of BSF is comparatively weaker, in agreement with Eq. (V.3).
Here, the maximal DM mass increases from ∼ 1.0 TeV to ∼ 2.0 TeV for gDM = 10−2,
and from ∼ 1.8 TeV to ∼ 2.5 TeV for gDM = 1. This reduced sensitivity arises from
the dilution of the effective co-annihilation cross-section among a larger number of
co-annihilating states.

Key Takeaway:
• SE and BSF dominate the relic-density calculation in the near-degenerate
regime ∆m/mDM ≪ 1.

• Their impact is strongest when gDM ≲ gs, where gluon-mediated interactions
efficiently enhance annihilation rates.

• The combined non-perturbative effects can increase the maximal DM mass
compatible with the observed relic abundance by up to a factor of two.

In the following, we therefore focus on the uR model, as it captures the essential features
observed across all three scenarios, while the qualitative behavior of the dR and qL models

104



V.3. IMPACT OF SE AND BSF ON THE MODEL PARAMETERS

gDM
BSF+SE 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6

0.5 1.0 1.5 2.0 2.5 3.0 3.5
0

20

40

60

80

100

underabundant DM

from freeze-out

Figure V.3: Values of the Yukawa coupling required to achieve the measured DM relic density
ΩDM for various combinations of mass splitting ∆m = mX − mDM and DM mass mDM. This
plot incorporates SE and BSF effects, which become increasingly significant as the mass splitting
approaches smaller values, corresponding to the co-annihilation region. The dashed white lines
indicate the range where 10−7 ≲ gDM ≲ 10−2. Below this range, maintaining chemical equilibrium
between the unbound particles in the dark sector becomes challenging, and the assumption of
co-annihilation freeze-out may no longer hold. Figure created by MB and also published in [1].

remains largely analogous.

V.3.2 Parameter Space Scan and Lower Bound on the Yukawa Coupling

Fig. V.3 displays the values of the Yukawa coupling gDM required to reproduce the observed
dark matter relic abundance in the uR model, ΩDMh

2 ≤ 0.125 (corresponding to +5σ),
in the (mDM,∆m) plane. The results include both SE and BSF. The displayed coupling
values therefore represent a lower bound on gDM, as smaller couplings would lead to an
overabundance of dark matter.

General trends. The lower bound on gDM becomes increasingly stringent with growing
mDM. This behavior reflects the decrease of the relic abundance with increasing DM mass,
which must be compensated by a larger effective annihilation cross-section. In contrast, for
sufficiently large mass splittings, ∆m ≳ 0.2mDM, annihilation channels involving colored
mediators are Boltzmann suppressed, and the relic density approaches the standard freeze-
out regime.

Key observations from Fig. V.3:

• Transition between regimes: For ∆m/mDM ≳ 0.2, co-annihilation processes
become inefficient, leading to an abrupt change in the required coupling, visible as
a sharp transition in the low-mass region.
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• Near-degenerate regime: Decreasing the mass splitting reduces the required gDM,
as annihilations mediated by lighter propagators are less suppressed and colored
annihilation channels become exponentially unsuppressed.

• Role of non-perturbative effects: In the co-annihilation region, SE enhances
colored annihilations, while colored mediators also participate in BSF, further in-
creasing the effective annihilation rate.

For sufficiently small mass splittings, annihilation processes mediated solely by the strong
coupling gs become nearly sufficient to deplete the dark matter density. This region is
indicated by the white dashed contours in Fig. V.3, corresponding to 10−7 ≲ gDM ≲ 10−2.
Below this band (gray-shaded region), the Yukawa interaction is too weak to maintain
chemical equilibrium within the dark sector, and the standard co-annihilation freeze-out
assumption breaks down.

Chemical equilibrium constraint. To estimate the minimal coupling g̃DM required to
maintain chemical equilibrium between χ and X, we impose

ΓX
Y eq
X

Y eq
χ

> H (V.40)

at T ≃ mχ/30, where ΓX denotes the interaction rate for the (inverse) decay X ↔ χq.
Assuming radiation domination, a small mass splitting, and neglecting the quark mass,
this condition yields [1]

g̃DM ≳

√︃
mDM

GeV

(︂
1× 10−9 + 6.8× 10−11mDM

∆m

)︂
. (V.41)

For gDM < g̃DM, thermal freeze-out cannot account for the observed relic abundance.
In this region, alternative production mechanisms such as conversion-driven freeze-out or
freeze-in become necessary [293, 294, 385]. We emphasize that Eq. (V.41) applies only
for mDM ≫ ∆m ≫ mq and does not capture next-to-leading-order effects relevant for
top-associated processes.

V.3.3 Impact of Non-Perturbative Effects

To isolate the role of SE and BSF, Fig. V.4 shows the ratio between the lower bound on
gDM obtained with SE+BSF, gSE+BSF

DM , and that derived from perturbative annihilations
alone, gPertDM .

Interpretation of Fig. V.4:

• Blue-shaded regions: SE and BSF enhance the effective annihilation cross-section,
reducing the minimal coupling required to reproduce the observed relic abundance.

• Orange-shaded regions: The required coupling increases due to Sommerfeld sup-
pression from repulsive color potentials, typically occurring when gDM ≳ gs.

SE affects all processes involving two colored particles in the initial state, independent of
whether they are mediated by gs or gDM. In contrast, BSF proceeds exclusively through
gluon exchange and becomes subdominant when gDM ≫ gs. Comparing Figs. V.3 and V.4,
the orange regions are seen to coincide with gDM ≳ gs ≃ 1, where direct DM annihilations
and colored XX initial states dominate and the gluon potential is repulsive.

Blue regions correspond to small ∆m/mDM and gDM ≲ gs, where Sommerfeld-enhanced
XX† annihilations and efficient BSF dominate the effective annihilation cross-section. In

106



V.3. IMPACT OF SE AND BSF ON THE MODEL PARAMETERS

gDM
BSF+SE

gDM
pert

0.10 0.50 0.75 0.90 0.99 1.01 1.03 1.05

0.5 1.0 1.5 2.0 2.5 3.0 3.5

20

40

60

80

100

Figure V.4: Comparison of Yukawa coupling values needed to achieve the observed DM relic
density ΩDMh

2 in the (mDM,∆m) plane. The plot contrasts scenarios that include the SE and
BSF with those that consider only perturbative annihilations. Blue-toned regions highlight areas
where non-perturbative effects require a lower Yukawa coupling compared to the perturbative case,
whereas orange-toned regions indicate where a higher coupling is necessary. Figure created by MB
and also published in [1].

these regions, attractive potentials and additional bound-state channels produce the most
pronounced deviations from the perturbative prediction.

Key Takeaway:
• The lower bound on gDM is strongly shaped by SE and BSF in the co-
annihilation regime.

• For ∆m/mDM ≪ 1 and gDM ≲ gs, non-perturbative effects substantially
reduce the coupling required to reproduce the observed relic density.

• Below the critical coupling g̃DM, chemical equilibrium fails, and non-thermal
production mechanisms become necessary.

Overall, the intricate interplay between mass splittings, Yukawa interactions, and strong
dynamics highlights the necessity of including both SE and BSF for a reliable determina-
tion of the viable parameter space.

The analysis presented above demonstrates how non-perturbative effects reshape the
theoretical predictions for the relic density through their modification of the effective
annihilation cross-section Eq. (IV.23). Specifically, we have shown that:

• Sommerfeld enhancement and bound-state formation substantially alter the coupling
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gDM required to reproduce the observed relic abundance, particularly in the co-
annihilation regime where ∆m/mDM ≪ 1

• For gDM ≲ gs, attractive color potentials lead to enhanced depletion rates, reducing
the minimal coupling needed

• For gDM ≳ gs, repulsive potentials can suppress annihilation rates, requiring larger
couplings

• Below a critical coupling g̃DM, chemical equilibrium in the dark sector breaks down,
necessitating non-thermal production mechanisms

These theoretical modifications have direct implications for experimental searches, as
the altered coupling requirements change the exclusion boundaries from direct detection,
collider, and other searches. The interplay between the modified relic density predictions
and experimental constraints forms the focus of the following section, where we examine
how the inclusion of SE and BSF effects reshapes the experimentally viable parameter
space of simplified t-channel models.

V.4 Interplay with Experimental Constraints

Declaration: This section is based on the results presented in [1], arising from a collabora-
tion involving all authors, with MB and the thesis author contributing prominently to the
analysis. The work benefited from important initial guidance by JH, who also introduced
the idea of employing BSF searches at colliders as an additional probe. The derivation of
the experimental limits was led primarily by KM and DS (with a minor contribution from
the thesis author; see Section V.A). The thesis author and MB were chiefly responsible
for incorporating these limits into the parameter-space analysis and for interpreting the
results in collaboration with the full author team. The text presented here is a thoroughly
revised and expanded version of the original publication, with improved exposition and
additional material.

This section examines how experimental searches constrain the viable parameter
space of the uR simplified model, and how these constraints evolve when non-perturbative
long-range effects are incorporated into the relic density calculations. The analysis
presented here synthesizes the comprehensive methodology developed in Ref. [1] and the
experimental framework detailed in Section V.A.

The experimental landscape encompasses four complementary approaches to probe the
model parameter space:

• Direct Detection Experiments: We evaluate constraints from both spin-
independent (SI) and spin-dependent (SD) nuclear recoil searches. SI limits from
Xenon-1T [386] and SD limits from PICO-60 [207] provide complementary coverage
of the parameter space. While SI interactions for Majorana DM arise only at loop
level, SD interactions occur at tree level, making both channels essential for com-
prehensive constraints. Future projections from the DARWIN experiment [387] are
also incorporated.

• Prompt Collider Signatures: We reinterpret LHC searches targeting mediators
that decay promptly to final states including missing transverse energy. ATLAS
mono-jet analyses constrain compressed mass spectra, while multi-jet searches probe
larger mass splittings [388]. We also include projected sensitivities for the High-
Luminosity LHC [224].

• Bound-State Resonance Searches: The formation of stoponium-like bound
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(a) Perturbative Annihilations (b) Sommerfeld

(c) Sommerfeld+BSF

Figure V.5: Experimental exclusion limits on the uR model in the (mDM,∆m)-plane. For each
point in the plane, we determine the smallest value of gDM such that DM is not overproduced.
If this lower bound on gDM contradicts the limits from spin-independent DD (spin-dependent
DD, prompt-collider searches, perturbative unitarity, di-photon searches), it is coloured in green
(magenta, blue, black, cyan). We show the experimental limits obtained considering perturbative
annihilation (a), including the SE (b), and including the SE+BSF (c). The grey dashed line
divides the parameter space into two regions. Above, the observed relic density can be generated
via thermal freeze-out. Below, thermal freeze-out under-produces DM, and accounting for the
complete DM relic density requires other production mechanisms. Figure created by MB and also
published in [1].

.
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states B(XX†) at the LHC provides constraints independent of the DM coupling.
These strongly-bound states decay primarily to gluons, but the clean diphoton
channel yields the most stringent limits. We employ ATLAS high-mass resonance
searches [389] to bound mediator masses (cf. Section V.A.2.2).

• Long-Lived Particle Searches: In parameter regions characterized by suppressed
couplings or small mass splittings, mediators become metastable. We recast CMS
Heavy Stable Charged Particle searches [390, 391] to constrain scenarios where R-
hadrons produce ionizing tracks or exhibit delayed decays Section V.A.2.3.

Fig. V.5 illustrates the progressive impact of non-perturbative effects on experimental
constraints, showing results for three scenarios: perturbative annihilations only (panel (a)),
including Sommerfeld enhancement (panel (b)), and incorporating both Sommerfeld en-
hancement and bound-state formation (panel (c)).

The exclusion methodology proceeds as follows: for each point in the (mDM,∆m) param-
eter space, we compute the minimal DM coupling gDM,Ω required to achieve the observed
relic abundance. This theoretical requirement is then compared against the most stringent
experimental upper bound gDM,exp from direct detection and collider searches. Parame-
ter points where gDM,Ω > gDM,exp are considered excluded. The precise determination of
gDM,Ω employs numerical scans with a customized version of micrOMEGAs, as described in
Section V.3.

To interpret the qualitative features of these exclusion boundaries, we analyze the para-
metric dependence of gDM,Ω on the model parameters. Using the approximate relation
ΩDM ∼ ⟨σv⟩−1 for thermal freeze-out, we identify three distinct scaling regimes deter-
mined by the relative importance of colored co-annihilation versus direct DM annihilation
processes:

1. Colored-dominated regime: For DM masses at or below the TeV scale with
small mass splittings ∆m ≪ mDM, colored co-annihilation processes dominate the
depletion of DM abundance. In this regime, the relic density constraint becomes es-
sentially independent of gDM (provided chemical equilibrium is maintained), allowing
gDM,Ω to approach arbitrarily small values.

2. Mixed annihilation regime: For heavier DM masses, mDM ≳ O(TeV), with
continued small mass splittings, colored co-annihilations remain significant but DM-
mediated processes become necessary to achieve sufficient depletion. The annihila-
tion rate transitions to being dominated by gDM-dependent channels.

3. DM-dominated regime: When mass splittings become large, ∆m ≫ mDM, col-
ored co-annihilations are exponentially suppressed by Boltzmann factors, leaving
only direct DM annihilations to set the relic abundance.

These regimes manifest in the parametric scaling

g4DM ∝

⎧⎪⎪⎨⎪⎪⎩
→ 0 if ∆m≪ mDM ∧ mDM ≲ O(TeV),

m2
DM if ∆m≪ mDM ∧ mDM ≳ O(TeV),

(∆m)4m−2
DM if ∆m≫ mDM,

(V.42)

which provides a framework for understanding the structure of the experimental exclusion
limits presented in the following analysis.

In the following, we examine how these scaling behaviours manifest themselves once cur-
rent experimental constraints are taken into account, and how they are modified by the
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Table V.3: Qualitative behaviour of the DM coupling required to reproduce the relic
density in different parametric regimes.

Regime mDM ∆m Behaviour of gDM,Ω

Coloured-dominated ≲ O(TeV) ≪ mDM gDM,Ω → 0

Mixed annihilation ≳ O(TeV) ≪ mDM gDM,Ω ∝ m
1/2
DM

DM-dominated any ≫ mDM gDM,Ω ∝ ∆mm
−1/2
DM

inclusion of non-perturbative effects such as Sommerfeld enhancement and bound state
formation.

V.4.1 Analysis of Current Experimental Constraints

The combined exclusion boundaries from direct detection searches, collider analyses, and
theoretical consistency requirements are displayed in Fig. V.5. The exclusion criterion
follows a straightforward comparison: for each parameter point, the minimal DM cou-
pling gDM ≡ gDM,Ω needed to reproduce the observed relic abundance is computed and
contrasted with the most restrictive experimental upper bound gDM,exp. Points satisfying
gDM,Ω > gDM,exp are deemed phenomenologically excluded.

The resulting exclusion patterns exhibit characteristic dependencies on the DM mass
and mass splitting, which can be analytically understood through the interplay between
relic density requirements and detection sensitivities.

Spin-independent direct detection (SI-DD)

The green exclusion regions in Fig. V.5 arise from SI nuclear recoil searches. These con-
straints achieve maximal strength in the region of large DM masses (mDM ≳ O(1 TeV))
combined with small mass splittings (∆m ≲ 100 GeV). In this domain, colored co-
annihilation processes remain efficient, compelling the relic density requirement to enforce
relatively large values of gDM.

Conversely, for lighter DM masses (mDM ≲ 1 TeV) with extremely small mass splittings
(∆m ≲ 50 GeV), SI-DD constraints become considerably weaker. This relaxation occurs
because efficient colored annihilations permit the correct relic abundance to be achieved
with arbitrarily small gDM, effectively evading direct detection sensitivity.

A notable feature is the appearance of an excluded band near ∆m ≃ mt, which orig-
inates from a top-quark resonance enhancement in the one-loop DM-nucleon scattering
amplitude [186]. The parametric dependence on mediator masses, SM quark masses, and
DM mass enters through Wilson coefficients generated during one-loop renormalization
group evolution (see Section V.A Appendix A2 in [186]).

Depending on the mass hierarchy, the SI cross-section in Eq. (V.A.2) exhibits distinct
scaling behaviors:

σSI ∝

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
g4DM

m2
DM

m4
N

(∆m)4
, if mq ≪ ∆m≪ mDM,

g4DM

m2
DM

m4
N

(∆m)4
m6

DM

(∆m)6
, if ∆m≫ mDM,

(V.43)

When combined with the relic density constraint from Eq. (V.42), this yields the charac-
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teristic scaling

σSI ∝

⎧⎪⎪⎨⎪⎪⎩
→ 0 , ∆m≪ mDM and mDM ≲ O(TeV),

m4
N (∆m)−4 , ∆m≪ mDM and mDM ≳ O(TeV),

m4
Nm

2
DM (∆m)−6 , ∆m≫ mDM.

(V.44)

This scaling explains why SI-DD effectively constrains the small-∆m, large-mDM region
while remaining largely insensitive to parameter space with large mass splittings due to
the strong ∆m suppression.

Spin-dependent direct detection (SD-DD)

The magenta exclusion regions in Fig. V.5 represent constraints from SD nuclear recoil
searches. Relative to SI-DD, SD constraints exhibit reduced sensitivity for small mass
splittings but gain competitive or even dominant strength for ∆m ≳ 200 GeV.

This distinctive pattern emerges from the scaling behavior of the SD scattering cross-
section presented in Eq. (V.A.1) (detailed derivations can be found in [186]):

σSD ∝

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

g4DMm
2
N

(∆m)4
→ 0 , ∆m≪ mDM ≲ O(TeV),

g4DMm
2
N

(∆m)2m2
DM

∝ m2
N

(∆m)2
, ∆m≪ mDM ≳ O(TeV),

g4DMm
2
N

(∆m)4
∝ m2

N

m2
DM

, ∆m≫ mDM,

(V.45)

where the relic density constraint again determines the lower bound on gDM. The weaker
∆m suppression in the small mass splitting regime explains the reduced SD-DD sensitivity
compared to SI-DD, while the independence from ∆m for large mass splittings enables
SD-DD to constrain DM masses up to mDM ∼ 200 GeV.

Perturbative consistency requirements

The black shaded areas in Fig. V.5 indicate parameter regions where the coupling needed to
reproduce the observed relic density violates the conservative perturbative unitarity bound
gDM <

√
4π. This theoretical constraint provides an absolute upper limit on the viable

parameter space, independent of experimental sensitivities, following the methodology
established in [392,393].

Collider searches and bound-state constraints

Experimental constraints from collider searches are depicted in blue (prompt processes)
and cyan (bound-state resonances). Prompt searches achieve optimal sensitivity for
mDM ≲ 1.2 TeV with moderate-to-large mass splittings, where multi-jet+��ET analyses
dominate. In the small mass splitting regime, mono-jet searches become most relevant
due to their reliance on initial-state radiation to generate observable signatures.

Bound-state searches exclude mediator masses up to mX ≲ 290 GeV in regions where
the binding energy exceeds the constituent decay width [394]. These searches uniquely
probe parameter space inaccessible to both direct detection and prompt collider analyses,
playing a vital role in constraining scenarios with small gDM.
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V.4.2 Influence of Non-Perturbative Effects on Experimental Con-
straints

When current experimental constraints from direct detection, collider searches, and
theoretical consistency requirements are applied, the surviving parameter space in the
(mDM,∆m)-plane separates into two qualitatively distinct domains, as illustrated in
Fig. V.5. These regions differ not only in the magnitude of the required DM-SM cou-
pling gDM but also in their susceptibility to non-perturbative long-range effects.

Perturbative domain

In the regime characterized by large DM masses and substantial mass splittings, achieving
the observed relic abundance necessitates couplings of order gDM ≳ O(1). Under these
conditions, Sommerfeld enhancement and bound-state formation exert minimal influence
on the relic density calculation, as DM annihilation processes dominate the depletion
mechanisms.

Furthermore, when gDM ≳ gs, the effective potential between colored co-annihilating
states becomes repulsive, which suppresses Sommerfeld enhancement of colored annihi-
lation channels. Consequently, the inclusion of SE leads to a modest reduction in the
effective annihilation cross-section, requiring slightly larger values of gDM to prevent DM
overproduction. This effect marginally strengthens constraints from direct detection, col-
lider searches, and perturbative unitarity, producing only minor shifts in the exclusion
contours even for DM masses extending up to O(20 TeV).

Strongly co-annihilating regime

In contrast, the phenomenology changes substantially in the strongly co-annihilating
regime characterised by mDM ≲ 2.5 TeV and ∆m ≲ 80 GeV. Here, the relic density
can be reproduced with small couplings, gDM ∼ 10−2–10−1, rendering non-perturbative
effects crucial. Sommerfeld enhancement alone increases the annihilation cross-section
at the ∼ 10% level and induces only moderate shifts in the exclusion limits. However,
when bound state formation is included, the effective annihilation rate is significantly en-
hanced, allowing substantially smaller values of gDM while still achieving the correct relic
abundance.

As a consequence, regions that are excluded at the perturbative level — particularly for
500 GeV ≲ mDM ≲ 1.5 TeV — become viable once SE and BSF are taken into account.
Quantitatively, the maximum DM mass compatible with current constraints increases
from approximately 1 TeV in the perturbative treatment to about 2.4 TeV when BSF is
included, while the allowed mass splitting expands from ∆m ≲ 30 GeV to ∆m ≲ 50 GeV.
In this region, the combined impact of SE and BSF modifies exclusion limits by up to
O(100%), demonstrating that BSF effects dominate over Sommerfeld enhancement alone.

The gray regions in Fig. V.5 and Fig. V.6 correspond to parameter points where thermal
freeze-out underproduces the observed DM relic density. Below the gray dashed line,
the couplings required to reproduce the full relic abundance via freeze-out are extremely
small, gDM ≲ 10−6, placing these scenarios beyond the reach of direct detection and
prompt collider searches. Nevertheless, such small couplings naturally give rise to long-
lived coloured states, opening complementary discovery opportunities via LLP searches.
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(a) Perturbative Annihilations (b) Sommerfeld

(c) Sommerfeld+BSF

Figure V.6: Experimental constraints in the co-annihilation regime. As previously, exclusions
from spin-independent DD (spin-dependent DD, colliders, unitarity, di-photon searches) appear in
green (magenta, blue, black, cyan). Additionally, we indicate regions where LLP searches could
constrain parameter space requiring non-thermal production mechanisms such as conversion-driven
freeze-out or freeze-in, marked in orange. Figure created by MB and also published in [1].
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Key Takeaway:

Overall, incorporating Sommerfeld enhancement and bound state formation
substantially enlarges the phenomenologically viable parameter space, particularly
in the strongly co-annihilating regime. Neglecting these effects leads to overly
conservative exclusions and an incomplete assessment of experimental sensitivities
in simplified t-channel DM models.

V.4.3 Potential of Long-Lived Particle Searches

In regions of parameter space where thermal freeze-out underproduces the observed DM
relic density, additional production mechanisms such as conversion-driven freeze-out or
freeze-in are required. To characterize this regime, we employ the condition in Eq. (V.40)
to estimate a critical coupling g̃DM, below which (inverse) decays of the coloured mediator
fall out of chemical equilibrium during the epoch of DM freeze-out. This threshold provides
a useful diagnostic for identifying regions where DM production proceeds out of equilibrium
and where long-lived particle (LLP) signatures may arise.

Unlike direct detection and prompt collider searches, which impose upper bounds on the
DM–SM coupling gDM, LLP searches constrain gDM from below. Smaller couplings lead to
increasingly long-lived coloured scalars X, which can be probed via heavy stable charged
particle (HSCP) searches, as discussed in Section V.A.2.3. In Fig. V.6, the parameter
regions where g̃DM < gLLPDM are indicated by orange shading, highlighting the sensitivity of
LLP searches to scenarios featuring an out-of-equilibrium dark sector.

Current HSCP searches are sensitive to DM masses up to approximately 1.2 TeV and
decay lengths of order O(10 cm). In the absence of non-perturbative effects, perturbative
annihilations alone would exclude essentially the entire parameter space below the gray
dashed line in Fig. V.5. However, the inclusion of Sommerfeld enhancement and bound
state formation substantially weakens this conclusion by allowing efficient DM annihilation
at smaller couplings, thereby extending the viable parameter space to DM masses beyond
the present reach of HSCP searches.

As a result, a significant fraction of the non-thermal region remains unconstrained once
SE and BSF effects are taken into account. This highlights the importance of LLP searches
as a complementary probe of DM scenarios with suppressed couplings, while simultane-
ously demonstrating that non-perturbative effects must be incorporated to reliably delin-
eate the parameter space accessible to such searches.

V.4.4 Projected Exclusion Limits of Future Experiments

The projected exclusion limits from future experiments are shown in Fig. V.7, where we
include the expected sensitivities of the DARWIN direct detection experiment and the
High-Luminosity LHC (HL-LHC). Compared to current limits, the increased exposure
of next-generation direct detection experiments and the significantly larger data set of
the HL-LHC are expected to probe most of the presently unconstrained parameter space
shown in Fig. V.5.

In particular, the HL-LHC is expected to improve collider limits by up to two orders
of magnitude relative to current searches, while future direct detection experiments will
provide the dominant sensitivity across large regions of parameter space. Assuming that
DM is a Majorana particle constituting the full relic abundance, the combination of spin-
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(a) Perturbative Annihilations (b) Sommerfeld

(c) Sommerfeld+BSF

Figure V.7: Same as in Fig. V.5, but employing projected limits from future experiments. Figure
created by MB and also published in [1].

.
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independent and spin-dependent direct detection searches will exclude nearly the entire
parameter space above the gray dashed line in Fig. V.7.

Nevertheless, a small but phenomenologically relevant region remains unconstrained.
This region corresponds to very small mass splittings, ∆m ≲ O(GeV), and couplings in
the range 10−6 ≲ gDM ≲ 10−2. Here, direct detection is suppressed, prompt collider
searches lose sensitivity due to non-prompt mediator decays, and LLP signatures are not
induced. Bound state searches at colliders, discussed in Section V.4.5, are uniquely suited
to probe this gap. At the HL-LHC, such searches are expected to extend sensitivity from
mediator masses of approximately 290 GeV to roughly 650 GeV.

For larger mass splittings, spin-dependent direct detection constraints become increas-
ingly powerful due to their weaker suppression compared to spin-independent scattering,
in accordance with the scaling behaviour discussed in Eq. (V.45).

If no signal is observed in future experiments, three distinct regions will remain viable.
First, a region with gDM ∼ O(1) and multi-TeV DM and mediator masses, which could be
probed by future high-energy colliders such as the FCC. Second, a narrow band of small
couplings near the transition between thermal and non-thermal DM production, where
non-perturbative effects play a decisive role. Third, the region below the gray dashed line,
where DM is underproduced via freeze-out and must be generated through conversion-
driven freeze-out or freeze-in.

In all cases, Sommerfeld enhancement and bound state formation significantly affect the
interpretation of experimental sensitivities. Accurately assessing the viability of simpli-
fied t-channel DM models, therefore, requires the consistent inclusion of non-perturbative
effects in relic density calculations, both for present and future searches.

V.4.5 Potential of Bound State Searches at the LHC

To illustrate the unique role of collider searches for dark-sector bound states, we present
in Fig. V.8 the exclusion limits in the (mDM, gDM) plane for fixed relative mass splittings
δ = ∆m/mDM = 0.01 (upper panels) and δ = 0.05 (lower panels). The colour coding
follows the same convention as in the (mDM,∆m) projections shown in Fig. V.5–V.7.
Unlike the previous figures, these plots explicitly display regions where the DM relic density
is overproduced, as the mass splitting is fixed while the coupling gDM is varied.

The solid black contours in Fig. V.8 delineate the boundary between regions of over-
abundant DM and the freeze-out regime. Above this boundary, DM is efficiently depleted
during thermal freeze-out, whereas below it, DM is either underproduced or must be
generated via non-thermal mechanisms such as conversion-driven freeze-out or freeze-in.
While the correct relic density may still be obtained in parts of the non-thermal region,
this possibility is not explored further here.

Conventional experimental searches constrain gDM in complementary but limited ways.
Direct detection and prompt collider searches impose upper bounds on the coupling, as
both DM–nucleon scattering rates and mediator production cross-sections increase with
gDM. Prompt collider searches further require a minimal coupling to ensure that mediator
decays are prompt. Conversely, long-lived particle searches constrain gDM from below but
lose sensitivity once mediator decays become too rapid to yield displaced signatures.

Bound state searches occupy a qualitatively different position in this landscape. The pro-
duction cross-section for an X–X† bound state at hadron colliders, given by Eq. (V.A.3),
is governed primarily by the strong interaction and is largely independent of gDM, provided
that the decay width of the constituent particles remains smaller than the binding energy
of the bound state [394]. If the decay width becomes too large, bound state formation is
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(a) δ = 0.01, current limits (b) δ = 0.01, projected limits

(c) δ = 0.05, current limits (d) δ = 0.05, projected limits

Figure V.8: Future and current limits are shown in the (mDM, gDM)-plane for a fixed relative mass
splitting δ. The limits from spin-independent direct detection (spin-dependent direct detection,
prompt collider searches, long-lived particle searches, bound state searches at colliders) are shown
in green (magenta, blue, orange, cyan). Additionally, the plane is split into three regions. Firstly
a region for small couplings where DM production proceeds non-thermally, secondly, a freeze-out
region where DM is either underproduced or matches the observed relic density, which coincides
with the boundary of this region to the area of parameter space where DM is overabundant. Figure
created by MB and also published in [1].
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suppressed, implying that these searches are effective up to couplings of order gDM ≲ gs.

Crucially, once formed, the bound state can decay through gauge-mediated annihilation
of its constituents, a channel that does not rely on the DM–SM coupling. As a result,
bound state searches remain sensitive to scenarios with extremely small couplings, where
direct detection, prompt collider searches, and LLP searches all lose sensitivity. This
feature is clearly visible in Fig. V.8, where bound state searches (cyan regions) uniquely
probe the coupling range 10−6 ≲ gDM ≲ 10−2.

At the HL-LHC, the reach of bound state searches is expected to improve substantially,
extending sensitivity in the strongly co-annihilating regime to DM masses of up to approx-
imately 650 GeV. This makes bound state searches one of the most promising strategies
for closing the remaining gaps in the parameter space of coloured co-annihilation scenarios,
particularly in regions where non-perturbative effects play a decisive role in determining
the DM relic abundance.

In summary, bound state searches at colliders provide a uniquely powerful and comple-
mentary probe of simplified t-channel DM models. They are capable of testing regions of
parameter space characterized by small mass splittings and suppressed DM–SM couplings,
which remain inaccessible to all other current and projected experimental strategies. Their
inclusion is therefore essential for achieving a comprehensive and robust exploration of
coloured co-annihilation scenarios.

V.5 Conclusions and Outlooks

Across this chapter, we developed a consistent treatment of Sommerfeld enhancement (SE)
and bound-state formation (BSF) in simplified t-channel dark-matter models with coloured
mediators. By incorporating long-range QCD effects into the relic-density computation
and mapping the analytic scaling regimes (cf. Eq. (V.42)), we showed how SE and BSF
reshape the effective annihilation rate. For gDM ≲ gs, attractive colour potentials enhance
depletion; for gDM ≳ gs, repulsive potentials can suppress coloured channels; BSF always
increases the rate but becomes irrelevant once gDM ≫ gs. As a consequence, the coupling
required to obtain ΩDM is substantially reduced in the co-annihilation regime, reopening
parameter space previously excluded at tree level and extending the viable range up to
roughly mDM ≃ 2.4 TeV with ∆m ≲ 50 GeV. Confronting these predictions with spin-
independent/spin-dependent direct detection, prompt LHC searches, LLP probes, and
bound-state resonances, we demonstrated that including SE+BSF shifts the combined
exclusions in a controlled, model-dependent way and explains the persistence of a non-
thermal wedge at tiny couplings and compressed spectra, where LLP and bound-state
searches provide the leading discovery potential.

Outlook

Looking ahead, it is natural to extend this framework to include the formation and tran-
sitions of excited bound states, which have been shown to yield a mild (strong) impact
in the co-annihilation (conversion-driven freeze-out) regimes for the same t-channel mod-
els [346, 347, 375]. In this direction, a recent preprint [8] builds on the present work and
aims to finalise the implementation in micrOMEGAs of SE and BSF for coloured mediators,
including excited states. It will also be important to study mixed long-range forces in
models featuring SU(2) doublets [378, 380], couplings with the Higgs field [352, 376], or
even light dark photons [353], with prospects at the future Forward Physics Facility [3].
On the experimental side, improved recasts of HSCP/DT/LLP searches and dedicated
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Figure V.9: One-loop diagrams illustrating the elastic scattering between DM and gluons within
nucleons, contributing to the spin-independent DM-nucleon cross-section. Figure created by the
thesis author and included in [1].

diphoton resonance analyses at the HL-LHC, together with next-generation direct detec-
tion (e.g. DARWIN) and future colliders, can close the remaining gaps in the parameter
space.

V.A Experimental Constraints

Declaration: In this section, we summarize the analysis conducted for [1] using various
experimental constraints, necessary to understand the results of this work. Experimental
limits have been obtained by DS and KM, who also took care of the text. The thesis
author has co-authored the analysis relative to Section V.A.2.2. The text in this section
is a shortened version of what was presented in the publication, which was reviewed and
corrected by all authors.

In this section, we summarize the experimental searches and analyses employed to
constrain the parameter space in Section V.4 as done in Ref. [1]. For a more detailed
description, we refer the reader to this publication.

V.A.1 Limits on gDM from Direct Detection

To assess the direct detection (DD) constraints on the parameter space, we adhere to the
methodology outlined in Ref. [186]. Direct detection constraints arise from the absence
of observed DM-nucleus interactions on Earth. These constraints are categorized into
spin-independent (SI) and spin-dependent (SD) interactions (cf. Section II.3.1).

We utilize the SI constraints from the Xenon-1T experiment [386] and SD constraints
from the PICO-60 experiment [207]. Additionally, we consider future projections for the
planned DARWIN experiment [387].

In our model, the spin-dependent (SD) DM-nucleon scattering is mediated at tree level
by the s-channel exchange of a colored mediator X, with the SD DM-nucleon cross-section
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scaling as g4DM [186]:
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(V.A.1)

where ∆uN , ∆dN , and ∆sN are matrix elements that are evaluated when taking into ac-
count the nuclear axial vector. For spin-independent (SI) scattering, due to the Majorana
nature of the DM candidate, there is no velocity-unsuppressed tree-level contribution.
Consequently, SI DM-nucleon scattering occurs at the one-loop level, primarily arising
from the diagrams depicted in Fig. V.9. Similar to SD scattering, the parametric depen-
dence of the SI DM-nucleon cross-section also scales as g4DM [186]:

σSI =
4g4DM

π

(︃
mDMmN

mDM +mN

)︃2

|f̃N |2, (V.A.2)

where f̃N = fN/g
2
DM is the matrix element arising from the DM-nucleon interaction, in-

cluding the Wilson coefficients at one-loop (with the DM coupling factorized out). To
determine the SD DM-nucleon scattering cross-section for this simplified model, we per-
form a comprehensive one-loop matching of the relevant Wilson coefficients, including
all possible diagrams and interference effects. We also conduct a renormalization group
evolution (RGE) from the mediator mass scale to the low-energy scale (approximately 1
GeV), which is pertinent for DM scattering with heavy nucleons. Detailed procedures for
this calculation are provided in Ref. [186]. The inclusion of RGE evolution results in an
enhancement of approximately a factor of two at the amplitude level, translating to about
a factor of four at the cross-section level.

Given that experimental limits on SI cross-sections are roughly six orders of magnitude
stronger than those on SD cross-sections, and that SI cross-sections are enhanced by RGE
evolution despite being one-loop suppressed, both SI and SD constraints are crucial for
our study.

In Section V.4, we will examine how DD constraints influence the parameter space of
the uR model. The dependence of both SI and SD cross-sections on g4DM implies that DD
experiments provide upper limits on gDM for each data point (mDM,∆m). These upper
limits, combined with the lower limits on gDM required to avoid DM overproduction, will
define the permissible and excluded regions of the parameter space, as discussed in detail
in Section V.4.1.

V.A.2 Collider Constraints

Given that both the mediator and DM possess masses on the order of the TeV scale, the
models under consideration are also constrained by collider experiments.

Three main types of searches are employed to impose constraints on the parameter space
(cf. also Section II.3.3):

1. Prompt Searches: These involve detecting mediators that are produced and decay
immediately into DM and jets.
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2. Long-Lived Particle (LLP) Searches: The produced mediators are not short-lived
and may decay either within or outside the detector.

3. Bound State Formation at the LHC: Pair-produced mediators may form bound
states, which then decay into Standard Model (SM) gauge bosons.

V.A.2.1 Prompt Searches

Feynman diagrams illustrating key processes at the LHC are depicted in Fig. V.10. These
processes involve the pair production of mediators, associated production of DM with a
mediator, and pair production of DM with an Initial State Radiated (ISR) jet. The QCD
strong coupling purely mediates the production cross-section of the first of these processes,
while the latter processes are controlled by the product of DM coupling gDM and the strong
coupling constant. Additionally, processes scaling with g4DM, like pair production of DM
and qq → XX, are considered, albeit with subdominant cross-sections for the region of
interest. The cross-sections are computed at Next-to-Leading Order (NLO) using the
Monte Carlo event generator MG5aMC@NLO [395], with the CT14NLO [396] PDF set.
The details of the calculation are provided in [186].

Prompt searches at the LHC, particularly mono and multi-jet +��ET searches, play a cru-
cial role in constraining the parameter space, especially for mass differences ≥ 5GeV and
sizable couplings. The mono-jet + ��ET searches are particularly effective in constraining
compressed spectra, relying on a hard ISR jet emission, while the multi-jet +��ET searches
target moderate to high ∆m regions due to increased jet activity in the final state.

These searches are reinterpreted using the MadAnalysis5 Public Analysis Database
(Ma5-PAD) framework [397] to obtain constraints for the models under consideration.
The validation of the reinterpretation process ensures agreement with official documenta-
tion within acceptable margins and the details are illustrated in [1] and in [398].

In short, for the mono-jet + ��ET searches, one defines pre-selection criteria and signal
regions, with the analysis reproduced and recasted within the Ma5-PAD framework. Signal
events are generated at tree-level [395], and then showered and hadronized [399,400], and
the obtained limits in the (mχ,∆m) plane at the 95% C.L. are determined using a log-
likelihood method. Similarly, the multi-jet +��ET searches target scenarios with significant
missing transverse energy, with baseline criteria and signal regions defined accordingly
(cf. [1]). The analysis is recast following Ref. [388], with validation confirming agreement
with official documentation.

Finally, projections for the forthcoming high-luminosity LHC (HL-LHC) [224] are pro-
vided through a naive luminosity-rescaled 95% confidence level exclusion limit. However,
more accurate limits depend on proper background estimates from data-driven methods
to address high pile-ups at higher luminosities.

V.A.2.2 Bound State Production at LHC

Colored mediators can be produced in pairs at the LHC and can form bound states
B(XX†). When the coupling of the mediator to DM (gDM) is relatively weak, these bound
states primarily decay into pairs of gauge bosons. In the scenario under consideration, the
dominant decay mode is into pairs of gluons, with a branching ratio of approximately 99%.
This is followed by decays into pairs of photons, Zγ, and then Z-boson pairs.3

3Decays into W -bosons are relevant for the qL model but not for the uR model. Additionally, in the
parameter space of interest, the coupling gDM is very small, making decays into quarks or DM negligible.
Decays into Zγ are suppressed in the uR model but could be more significant in the qL model.
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Figure V.10: Feynman diagrams depicting processes at the LHC, following the same notation
as in Fig. V.9. The diagrams illustrate the pair production of mediators (left), the associated
production of DM with a mediator (center), and the production of a DM pair accompanied by an
ISR jet (right). Figure created by the thesis author also published in [1].

In this study, we focus on the production of the bound state B(XX†) and its subsequent
decay into pairs of photons at the LHC. The diphoton decay channel offers the most
stringent constraints for the uR model. These constraints are independent of the DM
mass and, for small gDM, are not significantly affected by the couplings of the mediator
and DM.

To constrain the mass of the mediator, we use results from high-mass (≳ 100 GeV)
diphoton searches conducted by the ATLAS experiment [389]. The analysis in Ref. [389]
provides limits on the fiducial cross-section (times branching ratio) at 95% C.L., which
we adjust using a nearly constant efficiency factor, derived from the detector acceptance
and reconstruction efficiency as described in [401], to obtain the total cross-section (times
branching ratio).

For calculating the theoretical cross-section, we follow the method outlined in Refs. [402,
403], where the bound-state production cross-section is computed at NLO in QCD, placing
constraints on s-wave stoponium production at the LHC.

The leading-order production cross-section for a stoponium-like bound state in the Nar-
row Width Approximation (NWA) is given by

σ(pp→ B(XX†)) =
π2

8m3
B
Γ(B(XX†) → gg)Pgg

(︂ mB
13 TeV

)︂
, (V.A.3)

where Γ(B(XX†) → gg) represents the decay width of the bound state to gluon pairs,
Pgg denotes the gluon luminosity for pp collisions at a 13 TeV center-of-mass energy, and
mB ≃ 2mX is the mass of the bound state.4 We utilize the NLO calculation from [402]
and evaluate the strong coupling αs at µ = mB. This result is then multiplied by the
branching ratio of bound state decays into diphoton resonances (around 0.3% − 0.5%).
For details on the decay widths of B(XX†) to gg, γγ, Zγ, and ZZ, see [402,403].

Considering the three generations of stoponium-like bound states in the uR model,
Fig. V.11 shows the current exclusion limits on the bound state mass by comparing the
experimental bound on the production cross-section times the diphoton-resonance branch-
ing ratio (black line) with the theoretical prediction (red line) for the uR model. The
exclusion limits on the mediator mass mX ≃ mB/2 are:

100 GeV ≲ mX ≲ 290 GeV . (V.A.4)

4The relation between the masses is not exact due to binding energy, but this difference is negligible
compared to the constituent masses.
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Figure V.11: Exclusion limits on the mass of the B(XX†) bound state from collider data. The
solid black line represents the total cross-section for pp → B(XX†) → γγ as measured by the
ATLAS experiment (

√
s = 13 TeV, L = 36.7 fb−1) [389]. The red line depicts our theoretical

prediction for the uR model. Exclusion occurs where the red line exceeds the experimental limit.
Figure created by the thesis author and also published in [1].

The lower limit of 100 GeV arises from the experimental analyses used, while small masses
could be probed by alternative low-energy experiments.

To estimate the projected exclusion bounds from the HL-LHC, we scale the integrated
luminosity relative to the ATLAS data used previously. In particular, we use asymptotic
expressions to calculate the significance (Z = signal/

√
background). Background event

numbers are scaled from Fig. 2 of [389] for HL-LHC luminosity. This method is consistent
with experimental bounds from full likelihood analyses as noted in [401], and HL-LHC
will have a high background event count, making the asymptotic significance a good ap-
proximation. The upper bound on the mediator mass is expected to increase significantly
for the HL-LHC, with the anticipated limit being

mX ≲ 650 GeV . (V.A.5)

It is important to note that these limits are independent of the exact value of gDM, the
Yukawa coupling between DM and the mediator and SM fermions.

V.A.2.3 Long-Lived Particle Searches

Certain regions of our parameter space feature small mass gaps, resulting in decay widths
only detectable by Long-Lived Particle (LLP) searches. For this analysis, we consider
searches for heavy stable charged particles (HSCP). Pair-production of mediators can
yield charged particles with sufficiently small decay widths to exit the detector before de-
caying. These charged particles will form R-hadrons governed by QCD dynamics. Charged
hadrons with velocities (β = v/c < 1) traversing the detector leave ionizing tracks, aid-
ing their detection. For R-hadrons decaying outside the detector, time-of-flight (TOF)
measurements can distinguish them from Standard Model (SM) particles.

The CMS collaboration has conducted HSCP searches at 8 and 13 TeV LHC energies,
primarily within supersymmetric models with long-lived gluinos and squarks [390, 391].
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We employ methods similar to those in [184] to reinterpret these CMS searches for HSCP
at both energies. CMS focused on long-lived stops, staus, and heavy vectorlike leptons,
utilizing tracker-only and tracker+TOF analyses.

We recast the CMS cross-section limits on stops and staus to constraints in our model.
The sensitivity regime depends on parent particle lifetimes, with a fraction decaying within
the tracker affecting the HSCP signal. We calculate an effective cross-section by multiply-
ing the production cross-section by the efficiency fraction fLLP(τ). Tentative projections
for the High-Luminosity LHC (HL-LHC) are based on [184], which involves a simple lu-
minosity rescaling of expected signal and observed background events. We normalize the
signal events obtained after all cuts to the production cross-section and an integrated
luminosity of 3000 fb−1.

For the background, we take the official number of background events from the CMS
analysis and normalize it for HL-LHC. However, accurate projections depend on addressing
instrumental backgrounds and improving trigger systems and pile-up rate understanding.
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CHAPTER VI

DM Freeze-in from Non-Equilibrium
QFT: Motivations and Theoretical

Background

In the previous chapter, we examined scenarios where DM relic abundance is set via
the freeze-out mechanism, with a particular focus on the co-annihilation regime. A key
assumption was that DM remained in thermal contact with the primordial bath until its
interactions became too weak to maintain equilibrium, typically occurring when DM and
dark sector mediators were in the non-relativistic regime.

In the second part of this thesis, we turn to a complementary paradigm: feebly inter-
acting massive particles (FIMPs) whose abundance is built up through freeze-in. In this
regime, the DM population starts essentially from zero and is sourced by rare reactions
in the bath, typically decays or annihilations involving a heavier mediator and Standard
Model particles (see Section III.5.2). The defining assumption is the smallness of the por-
tal interaction, such that DM never reaches chemical equilibrium and inverse processes
remain negligible.

Because production takes place efficiently around temperatures set by the relevant mass
scales, freeze-in is intrinsically sensitive to epochs where some of the particles participating
in the reactions are still relativistic. If the mediator is itself embedded in the plasma,
finite-density effects modify its propagation and kinematics, so that thermal corrections
can feed back into the predicted relic abundance. This situation is qualitatively different
from freeze-out, whose dynamics are controlled by non-relativistic physics at temperatures
well below the particle masses.

The purpose of this chapter is to assemble the theoretical tools needed to treat such
finite-temperature effects from first principles. Building on standard results in nonequilib-
rium thermal QFT, we outline how to obtain the evolution equation for the DM abundance
starting from real-time correlation functions. Similar quantum-kinetic equations have long
been exploited in other cosmological applications (most notably leptogenesis), but they
have not been developed in detail for the phenomenologically motivated freeze-in setups
studied in this thesis.

This material prepares the ground for Chapters VII and VIII, where we apply the formal-
ism to simplified t-channel models with scalar DM and gauge-charged vectorlike mediators
and then benchmark the resulting predictions against commonly used approximations, in-
cluding Hard Thermal Loop treatments and semiclassical Boltzmann calculations.
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Statement of Personal Contribution for this Chapter

Statement of Personal Contribution for this Chapter
The theoretical concepts and derivations presented in this chapter are mainly based
on existing literature and re-elaborated in the context of the published work [5],
which originated from an idea of JH. For the most part, the published manuscript
was written by the thesis author and MB, while its structure and content evolved
through continuous exchange among all authors. The thesis author played a cen-
tral role in shaping the narrative flow and depth of discussion. As such, the content
reproduced here closely follows the form presented in [5], which the author regards
as a faithful and effective representation of his contribution to the research and
literature review. This chapter serves as a necessary theoretical background to un-
derstand its application in Chapter VII. All the references, concepts, and equations
were analyzed and discussed in collaboration with the paper’s co-authors. In partic-
ular, with reference to this chapter, the principal contributions of the thesis author
to the associated publication include:

• The literature research and critical review of results and state-of-the-art rel-
evant to the scope of the project, which accounted for more than half of the
total project duration.

• The formulation and presentation of the theoretical concepts and equations.

VI.1 State of the Art

Declaration: this section is a reformulation in shorter form of the introduction in [5],
written by the thesis author as a result of thorough literature research and review. This
was primarily conducted by the thesis author but in continuous discussion with MB, JH
and CT. In the paper, all authors reviewed and corrected the text.

Over the last few years, several ingredients that are subleading in vacuum calculations
have been recognized as quantitatively relevant for freeze-in at T ∼ M . A first class
of effects concerns the statistics of the bath: using the full Fermi–Dirac/Bose–Einstein
distributions in the collision operator, rather than Maxwell–Boltzmann approximations,
can shift the final abundance by up to O(10%) [382,404–406].

A second recurring theme is the role of thermal masses, typically of order gT , which are
often introduced to render scattering rates finite when t-channel exchanges involve light
degrees of freedom. In such cases, the vacuum cross sections exhibit soft/collinear enhance-
ments and a logarithmic sensitivity to the infrared; replacing the exchanged propagators
by thermally screened ones regulates these singularities. Depending on the spectrum,
thermal masses also reshape decay kinematics and can open or close channels compared
to the T = 0 case, thereby affecting the freeze-in history (see, e.g., Refs. [383,405–411]).

While these improvements are widely used, most studies still implement them within
a semiclassical Boltzmann framework, where thermal effects enter through modified dis-
persion relations or regulator masses inserted into vacuum matrix elements (cf. Sec-
tion III.4.1). This raises the question of how robust such prescriptions are across tempera-
ture and coupling regimes, especially when momentum-dependent medium effects become
important.

The underlying conceptual issue is that the usual cross sections are computed from in-out
S-matrix elements between asymptotic, non-interacting states, whereas a hot and dense
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medium does not admit a clean notion of asymptotic particles. A systematic treatment
of finite-density dynamics therefore calls for thermal quantum field theory [412–414]. De-
pending on the problem, this can be approached either through the imaginary-time (Mat-
subara) formalism [413,415,416] in equilibrium, or through the real-time closed-time-path
(Keldysh–Schwinger) formalism [417–429], which is also the standard setting for nonequi-
librium physics [430,431].

A significant advancement in the consistent treatment of DM freeze-in at finite tem-
peratures, moving beyond the semi-empirical Boltzmann approach, has been achieved by
Ref. [432]. The authors utilize the imaginary-time formalism to calculate the production
rate of Majorana DM fermion particles through three-body and four-body interactions
involving a heavier gauge-charged scalar mediator and a Standard Model (SM) fermion in
thermal equilibrium (for related freeze-out studies, see [433,434]). These rates are derived
in the ultrarelativistic regime by leveraging the large-momentum limit of Hard Thermal
Loop (HTL) resummed propagators for the equilibrated fields [435–437] and incorporating
reactions enhanced by multiple soft scatterings with the plasma, which are particularly
efficient at high temperatures. Such a quantum phenomenon, known as the Landau-
Pomeranchuk-Migdal (LPM) effect [438, 439], is computed for massless particles and is
phenomenologically suppressed in the non-relativistic regime (T ≪ M), where the Born
approximation is assumed to prevail. This interpolation enables the characterization of
particle production across all temperature regimes, albeit with a high-temperature approx-
imation near the peak of freeze-in production (T ∼M). While more refined interpolations
are feasible [440], it remains an open question whether accounting for a massive mediator
and DM candidate would significantly alter the production rate, given the complexity of
the calculations required for a precise and smooth transition between regimes.

VI.1.1 Our Approach

Our strategy is to formulate freeze-in directly at the level of nonequilibrium correlation
functions. Concretely, we employ quantum-kinetic Kadanoff–Baym equations [441] de-
rived in the Closed-Time-Path (CTP) formalism, and we connect them to a number-
density evolution equation for DM. The central objects are two-point functions defined
on a complex time contour; their dynamics follow from Schwinger–Dyson equations that
can be obtained as stationarity conditions of a two-particle-irreducible (2PI) effective ac-
tion [419,420,430,431,442,443].1

Two aspects make this appealing for freeze-in. First, the CTP is an initial-value formal-
ism: it computes time-dependent expectation values in an interacting medium (hence the
name in-in), rather than scattering probabilities between asymptotic states. Second, once
Wightman functions are related to phase-space occupation numbers, the same framework
provides a controlled route from microscopic QFT dynamics to macroscopic rate equations.

Historically, these techniques have been developed extensively in baryogenesis and lep-
togenesis [385, 444–470], whereas explicit applications to dark-matter freeze-in are com-
paratively scarce [471–475].

In the remainder of this chapter, we summarize the elements of the CTP and the 2PI
construction that are needed to set up the kinetic description, and we show how the DM
number-density equation emerges. This will serve as the theoretical starting point for

1A key advantage of 2PI effective actions is their ability to systematically include quantum and thermal
corrections by resumming a significantly wider set of diagrams compared to traditional 1PI methods. This
broader resummation capability allows for a more comprehensive exploration of the field configuration
space.
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Chapter VII, where we apply the formalism to a simplified t-channel model and perform
a systematic comparison with approximation schemes commonly used in the freeze-in
literature.

VI.2 The Closed-Time-Path Formalism

Declaration: This section presents results from the literature, a large fraction of which
were rederived and further developed by the thesis author, MB, and CT in [5]. The use of
the CTP formalism was originally proposed by JH. The material presented here extends
the discussion in [5] by incorporating a broader range of results from the literature. The
original manuscript was written by the thesis author and CT and subsequently reviewed
and revised by all authors.

The Closed-Time-Path (CTP) construction (also referred to as the Keldysh–Schwinger
or in-in formalism) is a standard tool to formulate quantum field theory as an initial-
value problem [417, 418, 430, 431, 476–478]. Its central aim is not the computation of
transition amplitudes between asymptotic states, but the determination of time-dependent
expectation values —in particular, n-point correlation functions—in a state that may be
far from equilibrium.

This viewpoint is well matched to early-Universe applications. Rather than describing a
single scattering event between free particles prepared in the remote past and detected in
the remote future, one wants to follow how an interacting medium (the primordial plasma)
evolves and sources new excitations. In this situation, the relevant degrees of freedom are
encoded in correlators evaluated in the presence of the medium, and the familiar vacuum
particle picture underlying the in-out S-matrix becomes only an approximation.

VI.2.1 CTP Contour

To make contact with the path-integral formulation used in the CTP approach, it is useful
to recall how expectation values are represented in terms of a density operator and time
evolution. We follow the line of reasoning in [479], which builds on the original CTP
constructions [417,418,480,481] (see also [477]), and we use it here as a pedagogical bridge
to the contour-ordered generating functional. In quantum mechanics, given an observable
Ô (Heisenberg picture) and a statistical ensemble described by a density matrix, the
expectation value at time t can be written as

⟨O⟩ = Tr
{︂
ρ̂Ô
}︂
, (VI.1)

where ρ̂ is the density matrix, which weights the probability of finding the system in a
state |Sn(t)⟩ at a given time t. Specifically,

ρ̂(t) =
∑︂
n

pn |Sn(t)⟩ ⟨Sn(t)| , (VI.2)

with
∑︁

n pn = 1. In the path-integral formulation of quantum mechanics, the expectation
value of an operator is given by

⟨O(t)⟩ =
∫︂

Dϕ[t,t]
⟨︂
ϕ(t)

⃓⃓⃓
ρ̂(t)Ô(t)

⃓⃓⃓
ϕ(t)

⟩︂
, (VI.3)

where D is the integration measures on the path contour C which also absorbs an overall
normalization constant N . In the Heisenberg picture, we can let the time-dependent state
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|ϕ(t)⟩ evolve in time under the Hamiltonian Ĥ as

|ϕ(t)⟩ = U(t, ti) |ϕ(ti)⟩ = e−iĤ(t−ti−iε) |ϕ(ti)⟩

=

∫︂
Dϕ̃[ti,t]

⃓⃓⃓
ϕ̃(t)

⟩︂
e
i
∫︁ t
ti
d4xL

(︂
ϕ̃, ϕ̃

̇
ϕ;x

)︂ ⟨︂
ϕ̃(ti)

⃓⃓⃓
ϕ(ti)

⟩︂
, (VI.4)

where we have inserted the functional representation of the unitary time evolution oper-
ator U(t, ti) involving the Lagrangian density L which is a functional of the field ϕ̃, its

time derivative ϕ̃
̇
ϕ, and the spacetime coordinates x, where ϕ̃ is a dummy integration vari-

able. The infinitesimal positive ε guarantees the convergence of the time evolution and is
absorbed into the time arguments. The expectation value can thus be written as

⟨O(t)⟩ =
∫︂

Dϕ[ti,ti]
⟨︂
ψ(ti)

⃓⃓⃓
ρ̂(ti)U(ti, t)Ô(t)U(t, ti)

⃓⃓⃓
ψ(ti)

⟩︂
. (VI.5)

We now use the closure property U(ti, t) = U(ti, tf )U(tf , t) and insert multiple times the
functional representation of U with dummy integration variable ϕ̃, ϕ+, and ϕ− to further
manipulate the expression, yielding

⟨O(t)⟩ =
∫︂

Dϕ[ti,ti]
⟨︂
ϕ(ti)

⃓⃓⃓
ρ̂(ti)U(tf , ti)U(ti, t)Ô(t)U(t, ti)

⃓⃓⃓
ϕ(ti)

⟩︂
=

∫︂
Dϕ[ti,ti]Dϕ+[ti,t]

⟨︂
ϕ(ti)

⃓⃓⃓
ρ̂(ti)U(tf , ti)U(ti, t)Ô(t)

⃓⃓⃓
ϕ+(t)

⟩︂
× e

i
∫︁ t
ti
d4xL

(︂
ϕ+, ϕ̇

+
;x
)︂
δ
(︁
ϕ+(tf )− ϕ(ti)

)︁
(VI.6)

=

∫︂
Dϕ[ti,ti]Dϕ+[ti,t]Dϕ̃

+
[t,tf ]

Dϕ−[ti,tf ]
⟨︁
ϕ(ti)

⃓⃓
ρ̂(ti)

⃓⃓
ϕ−(ti)

⟩︁
× e

i
∫︁ ti
tf

d4xL
(︂
ϕ−, ϕ̇

−
;x
)︂
δ
(︂
ϕ−(tf )− ϕ̃

+
(tf )

)︂
e
i
∫︁ tf
t d4xL

(︂
ϕ̃
+
, ϕ̃
̇
ϕ+;x

)︂
δ
(︂
ϕ̃
+
(t)− ϕ+(t)

)︂
×O+(t) e

i
∫︁ tf
t d4xL

(︂
ϕ̃
+
, ϕ̃
̇
ϕ+;x

)︂
δ
(︁
ϕ+(ti)− ϕ(ti)

)︁
. (VI.7)

Here, O+(t) is the eigenvalue of the Ô(t) operator on the state |ϕ+(t)⟩, namely
Ô(t) |ϕ+(t)⟩ = O+(t) |ϕ+(t)⟩. We integrate the delta functions to obtain the following
expression

⟨O(t)⟩ =
∫︂

D+
[ti,tf ]

Dϕ−[ti,tf ]
⟨︁
ϕ+(ti)

⃓⃓
ρ̂(ti)

⃓⃓
ϕ−(ti)

⟩︁
δ
(︁
ϕ−(tf )− ϕ+(tf )

)︁
×

×O+(t) e
i
∫︁ ti
tf

d4xL
(︂
ϕ−, ϕ̇

−
;x
)︂
e
i
∫︁ tf
ti

d4xL
(︂
ϕ+, ϕ̇

+
;x
)︂
. (VI.8)

This is the expectation value of Ô(t) measured by the state |ϕ+(t)⟩ in a system prepared
at the initial time ti within the statistical ensemble characterized by the density operator
ρ̂ with ensemble average given by the two integration measures and its matrix element.
Recall now the infinitesimal imaginary time iε that we introduced in the time evolution
operator to guarantee the convergence. Thanks to this prescription we can give an inter-
pretation to the (dummy) integration variable ϕ+ and ϕ−. They can be viewed as fields
“sitting” at t± iε so that the expectation value can be expressed as a path integral with a
time contour C+ going from ti to tf , where we use D+

[ti,tf ]
, and then a contour C− from tf

to ti, where we use D−
ti,tf

. The two path integrals can be joined into a single path integral
along a combined time-contour C = C+ ⊕ C−, which goes from ti to itself passing through
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Figure VI.1: The CTP contour in the time variable complex plane. Figure created by the thesis
author.

tf , as we illustrate in Fig. VI.1. This Closed-Time Path (CTP) justifies the name of the
formalism. From the path integral over the time-path C, and by introducing the sources
J± for the fields ϕ±, one can construct a generating functional ZC [J ] as

ZC [J ] = Z[J+, J−] =
∫︂

Dϕ+Dϕ− ei
∫︁
d4x(L(ϕ+)−L(ϕ−)+J+ϕ+−J−ϕ−) ⟨︁ϕ+(ti)⃓⃓ρ̂(ti)⃓⃓ϕ−(ti)⟩︁ ,

(VI.9)

with which we can construct the correlation functions of the theory through functional
differentiation, as shown in the next section. Note that, a crucial simplification that can
be made is to stretch the time path to ti → −∞ and t → +∞. This is possible since we
are mainly interested in the interactions of fields within a plasma in thermal equilibrium,
where the information about initial conditions is lost. An ensemble in thermal equilibrium
with temperature T = 1/β can be realized by appending a third branch to the time
contour, going in the imaginary direction from t = ti to t = −iβ [412] and using Gaussian
initial conditions. In general, whenever initial correlations between fields can be neglected,
initial conditions only enter as a normalization factor for the generating functional and
the correlation functions. Otherwise, the choice of the initial state/statistical ensemble
can be encoded in the path integral employing appropriate boundary conditions [443,482].

VI.2.2 CTP Propagators

The Green’s functions of the theory can be defined in the usual manner by taking functional
derivatives of the generating functional ZC with respect to the sources (see, e.g., [443,
467, 477] and references therein). In particular, one can define propagators (two-point
functions), which are of special interest because they contain information about the number
densities of states in the statistical ensemble, as well as the allowed momentum shells of
the states, as we will show later. The CTP propagators of a field ϕ (with conjugate ϕ̄) are
defined as follows [5, 467,477],

iGab(x, y) = − δ2

δJ(xa)δJ̄(yb)
logZ[J, J̄ ]|J±=0 = ⟨TCϕ(xa)ϕ̄(yb)⟩ . (VI.10)

The contour C is parameterized by the coordinates xa, where a, b = ± characterizes the
respective time branches. The symbol TC represents the path ordering of the time contour,
and the angular brackets ⟨ . . . ⟩ denote the expectation values of quantum operators Ô
within the statistical ensemble. Specifically, this involves tracing the operators weighted

by the density matrix of the theory over every degree of freedom, such that ⟨Ô⟩ = Tr
(︂
ρ̂ Ô
)︂
.

The notation ϕ(x) and ϕ̄(x) in Eq. (VI.10) is intended to represent both scalar and
fermion fields, with G denoting a generic scalar or fermion two-point function. For a
complex scalar field φ(x), we have ϕ(x) = φ(x) and ϕ̄(x) = φ†(x). In the case of a Dirac
fermion Ψ(x) and its Dirac adjoint Ψ̄(x), we have ϕ(x) = Ψ(x) and ϕ̄(x) = Ψ̄(x). When it
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is necessary to distinguish between scalar and fermionic two-point functions, we will use
∆ to denote the scalar propagator and S for the fermion propagator.

i∆ab(x, y) = ⟨TC φ(xa)φ(yb)†⟩ , (VI.11)

i/S
ab
(x, y) = ⟨TC Ψ(xa)Ψ̄(yb)⟩ . (VI.12)

These fields are canonically quantized via their equal-time commutation and anticommu-
tation relations [483]:[︂
φ(x), φ†(y)

]︂
x0=y0

=
[︂
φ̇(x), φ̇†(y)

]︂
x0=y0

= 0,
[︂
φ(x), φ̇†(y)

]︂
x0=y0

= iδ(3)(x⃗− y⃗),

(VI.13){︂
Ψ(x),Ψ†(y)

}︂
x0=y0

=
{︂
Ψ̇(x), Ψ̇

†
(y)
}︂
x0=y0

= 0,
{︂
Ψ(x), Ψ̇

†
(y)
}︂
x0=y0

= iδ(3)(x⃗− y⃗)1.

(VI.14)

For a given field, there are four possible CTP correlators. These are the time-ordered G++

(or GT ) type, the anti-time-ordered G−− (or GT̄ ) type, and the two so-called Wightman
propagators with G+− (or G<) and G−+ (or G>). Specifically, for scalar Green functions,
we have [477]

i∆++(x, y) ≡ i∆T (x, y) =
⟨︂
T φ(x)φ(y)†

⟩︂
, (VI.15a)

i∆+−(x, y) ≡ i∆<(x, y) = −
⟨︂
φ†(y)φ(x)

⟩︂
, (VI.15b)

i∆−+(x, y) ≡ i∆>(x, y) =
⟨︂
φ(x)φ(y)†

⟩︂
, (VI.15c)

i∆−−(x, y) ≡ i∆T̄ (x, y) =
⟨︂
T̄φ(x)φ(y)†

⟩︂
, (VI.15d)

while, for fermionic Green functions, we have [477]

i/S
++

(x, y) ≡ i/S
T
(x, y) =

⟨︁
T Ψ(x)Ψ̄(y)

⟩︁
, (VI.16a)

i/S
+−

(x, y) ≡ i/S
<
(x, y) =

⟨︁
Ψ̄(y)Ψ(x)

⟩︁
, (VI.16b)

i/S
−+

(x, y) ≡ i/S
>
(x, y) =

⟨︁
Ψ(x)Ψ̄(y)

⟩︁
, (VI.16c)

i/S
−−

(x, y) ≡ i/S
T̄
(x, y) =

⟨︁
T̄Ψ(x)Ψ̄(y)

⟩︁
. (VI.16d)

Here, T (T̄ ) denotes time (anti-time) ordering. In the definition of /S
<
, we added a minus

sign due to the anti-commutativity of fermion spinors. Notice that these definitions imply

(i∆<,>(x, y))† = i∆<,>(y, x) , (VI.17)

(iγ0/S
<,>

(x, y))† = iγ0/S
<,>

(y, x) . (VI.18)

These two-point functions are not independent. In fact, a closer inspection shows that
the time and anti-time ordered Green’s functions can be determined directly with the
Wightmann functions. Using again G to indicate both scalar and fermion functions, one
has

GT (x, y) = θ(x0 − y0)G
>(x, y) + θ(y0 − x0)G

<(x, y) , (VI.19)

GT̄ (x, y) = θ(x0 − y0)G
<(x, y) + θ(y0 − x0)G

>(x, y) . (VI.20)
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Moreover, by defining the retarded GR and advanced GA propagators as

GR(x, y) = θ(x0 − y0)
(︁
G>(x, y) +G<(x, y)

)︁
, (VI.21)

GA(x, y) = θ(y0 − x0)
(︁
G>(x, y) +G<(x, y)

)︁
, (VI.22)

it follows that we can relate the propagators also by

GR = GT −G< = G> −GT̄ , (VI.23)

GA = GT −G> = G< −GT̄ . (VI.24)

Notice, in particular, that GR(x, y) = GA(y, x).

We decompose the retarded propagators into their Hermitian and anti-Hermitian com-
ponents as follows [449,467]:

GH =
1

2

(︁
GR +GA

)︁
=

1

2

(︂
GT −GT̄

)︂
=

1

2

(︁
G++ −G−−)︁ , (VI.25)

GA =
i

2

(︁
GR −GA

)︁
=
i

2

(︁
G> −G<

)︁
=
i

2

(︁
G−+ −G+−)︁ . (VI.26)

GA is particularly important because it represents the spectral density of states. As we will
soon demonstrate, this key quantity encapsulates all the information about the spectrum
of on-shell single and multi-particle states, as well as their off-shell properties.

GH(x, y) = −i sign(x0 − y0)G
A(x, y) . (VI.27)

Finally, it is worth noting that at thermal equilibrium, where the temperature is T ≡ 1/β,
the propagators effectively reduce to a single independent combination. T his sim-
plification arises because, in thermal equilibrium, the expectation value is given by

⟨. . . ⟩ = Tr
(︂
e−βĤ . . .

)︂
, and the cyclic property of the trace leads to the Kubo-Martin-

Schwinger (KMS) relations [412]:

G>eq(t) = ±G<eq(t+ iβ) , (VI.28)

where the ± sign distinguishes between bosons and fermions. These KMS relations will
prove highly valuable, especially when expressed in momentum space.

VI.3 2PI effective action

Declaration: this section presents results from the literature, re-elaborated by the thesis
author, MB, and CT for [5]. All authors discussed the results and their interpretation.
The text closely follows what was presented in [5], with partial reformulation and integrated
with more details on the theoretical background. The text in the paper was written by the
thesis author and CT. All authors reviewed and corrected the text.

The statistical properties of an ensemble evolve according to the evolution equations for
correlation functions. These equations can be transformed into rate equations for particle
number densities. To derive such rate equations, it is advantageous to replace the generat-
ing functional ZC with a functional that depends solely on the one- and two-point functions
of the theory and whose equations of motion describe the dynamics of the propagators.

While the one-particle irreducible (1PI) effective action provides a powerful framework
for computing scattering amplitudes and vacuum correlation functions, it is not well suited
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for describing nonequilibrium dynamics beyond linear response. In particular, truncations
of the 1PI effective action generally violate conservation laws and fail to resum secular
terms that grow with time, rendering them unreliable for long-time evolution problems
[443]. This breakdown occurs because the 1PI expansion is essentially an expansion in
the number of loops; in a plasma, the presence of a medium requires the resummation
of infinite subsets of diagrams (such as “daisy” or “ring” diagrams) to account for Debye
screening and thermal masses, which 1PI truncations do not naturally provide without
additional manual resummation schemes.

The two-particle irreducible (2PI) effective action [419,420,430,442,443] overcomes these
limitations by treating the full propagators as independent dynamical variables. This
allows for self-consistent resummations that preserve global symmetries, ensure energy–
momentum conservation at any truncation order, and provide a controlled framework for
describing the real-time evolution of interacting quantum systems far from equilibrium.

The appropriate functional for this purpose is the two-particle irreducible (2PI) effective
action Γ2PI

C . The equations of motion derived from this 2PI effective action correspond to
the Schwinger–Dyson equations, which govern the dynamics of the propagators.

To construct the 2PI effective action, one begins by extending ZC [J ] to incorporate
non-local sources R(xa, yb) for two-point functions. The generating functional is defined
as [443]:

Z[J,R] = exp(iW [J,R]) =

∫︂
Dϕ exp

[︃
i

(︃
S[ϕ] +

∫︂
C
Jϕ+

1

2

∫︂
C
ϕRϕ

)︃]︃
(VI.29)

By performing Legendre transformations of −i logZC[J,R] with respect to both J and R

[419,420,430,442,443], one obtains a functional Γ2PI
C that depends only on the exact one-

point functions (averaged fields) and the exact two-point functions, the (full) propagators
of the theory.

Conceptually, the 2PI effective action can be viewed as a nonequilibrium generaliza-
tion of the thermodynamic potential (free energy). Instead of depending only on classical
background fields, it depends explicitly on the full two-point functions, which encode both
spectral information and statistical occupation numbers. As a result, the equations of mo-
tion derived from Γ2PI

C describe, in a unified manner, the coupled evolution of quasiparticle
dispersion relations and distribution functions.

This functional can be expressed as [419,442,449]:

Γ2PI
C [∆, S] = i tr

[︂
∆0−1

∆
]︂
− i tr

[︂
S0−1

S
]︂
+ i tr ln∆−1 − i tr lnS−1 + Γ2[∆, S] , (VI.30)

where ∆ and S are the exact two-point functions for scalar and fermion fields, respec-
tively. Here, Γ2 represents the sum of all 2PI vacuum graphs constructed using the exact
propagators, and ∆0 and S0 are the tree-level propagators, which are the inverses of the
corresponding kinetic operators in the classical action.2

The functional Γ2[∆, S] contains all interaction effects beyond the classical action and
the Gaussian fluctuations encoded in the logarithmic terms. It is defined as the sum of
all closed vacuum diagrams that are two-particle irreducible with respect to cutting two

2We will not delve into the treatment of gauge bosons, as their analysis parallels that of scalar fields but
involves additional complexities due to their vector nature and the need for gauge fixing (see, for example,
Ref. [443]). For our purposes, gauge bosons are considered part of the thermalized SM bath, with which
dark sector particles interact. Consequently, we will focus solely on their spectral properties. However, we
will revisit the analysis of gauge boson propagators in Chapter IX.
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internal propagator lines. Truncating Γ2 at a given loop order corresponds to a nonpertur-
bative resummation of an infinite class of perturbative diagrams in the resulting equations
of motion. Importantly, such truncations preserve global symmetries and conservation
laws, provided these symmetries are respected at the level of Γ2.

By varying the effective action and applying the stationary conditions in the absence of
external sources, given by [443,467]

δΓ2PI
C [∆, S]

δ∆ba(y, x)
= 0 and

δΓ2PI
C [∆, S]

δ/S
ba
(y, x)

= 0 , (VI.31)

we obtain the equations of motion for the propagators [443,467]:

i∆0 ab−1
(x, y) = i∆ab−1

(x, y) + iΠab(x, y) , (VI.32)

i/S
0 ab−1

(x, y) = i/S
ab−1

(x, y) + i/Σ
ab
(x, y) . (VI.33)

The free propagators are related to the exact propagators through the proper self-energies,
which are defined as follows [443,467]:

Πab(x, y) = i ab
δΓ2[∆, S]

iδ∆ba(y, x)
, (VI.34)

/Σ
ab
(x, y) = −i ab δΓ2[∆, S]

iδ/S
ba
(y, x)

. (VI.35)

Here, the self-energies are obtained by differentiating the interaction functional Γ2[∆, S].
Diagrammatically, this operation corresponds to removing a single propagator line from
the underlying 2PI vacuum diagrams. Multiplying the self-energy by −i yields the corre-
sponding sum of one-particle irreducible (1PI) diagrams, constructed with full propagators
and weighted by the Closed-Time-Path (CTP) branch indices a, b.

In summary, the 2PI effective action furnishes a self-consistent and symmetry-preserving
framework for studying nonequilibrium quantum dynamics. By elevating propagators to
dynamical variables, it bridges the gap between quantum field theory and kinetic the-
ory and forms the theoretical foundation for deriving rate equations governing particle
production and annihilation in the early Universe.

VI.3.1 Schwinger-Dyson and Kadanoff-Baym Equations

Having specified the definitions of the two-point functions, we are now able to derive the
Schwinger-Dyson equations for the dressed propagators. This is achieved by applying the
convolution of one full propagator with the equations of motion given in Eqs. (VI.32) and
(VI.33). The resulting equations are [449,467]:(︁

−∂2 −m2
)︁
i∆ab(x, y) = aδabiδ

(4)(x− y)− i
∑︂
c=±

c

∫︂
d4z iΠac(x, z) i∆cb(z, y) , (VI.36)

(︁
i/∂ −m

)︁
i/S

ab
(x, y) = aδabiδ

(4)(x− y)− i
∑︂
c=±

c

∫︂
d4z i/Σ

ac
(x, z) i/S

cb
(z, y) . (VI.37)

While these equations describe the dynamics for the four CTP propagators, only two
independent combinations of these equations are required (cf. Eq. (VI.23)). Therefore, we
can reformulate them into separate sets: one for the retarded and advanced propagators,
and another for the Wightman <,> functions.

138



VI.3. 2PI EFFECTIVE ACTION

For scalar propagators, we have [467]

(−∂2 −m2) i∆R,A(x, y) + i
(︁
iΠR,A ⊙ i∆R,A

)︁
(x, y) = iδ(4)(x− y) , (VI.38)

(−∂2 −m2)i∆<,>(x, y) + i
(︁
iΠR ⊙ i∆<,>

)︁
(x, y) + i

(︁
iΠ<,> ⊙ i∆A

)︁
(x, y) = 0 , (VI.39)

while for fermion propagators we obtain [467]

(i/∂ −m) i/S
R,A

(x, y) + i
(︂
i/Σ

R,A ⊙ i/S
R,A
)︂
(x, y) = iδ(4)(x− y) , (VI.40)

(i/∂ −m)i/S
<,>

(x, y) + i
(︂
i/Σ

R ⊙ i/S
<,>
)︂
(x, y) + i

(︂
i/Σ

<,> ⊙ i/S
A
)︂
(x, y) = 0 . (VI.41)

We use the notation (A⊙B)(x, y) ≡
∫︁
d4z A(x, z)B(z, y) to denote the convolution inte-

grals. Additionally, we have defined the retarded, advanced, and Wightman self-energies
in a manner consistent with the definitions provided in Eq. (VI.23).

Equations (VI.38) and (VI.40) describe the retarded and advanced propagators, which
are instrumental in characterizing the spectral properties of the fields in the system. These
properties become more evident when transitioning from coordinate space to momen-
tum space, as we will soon show. Conversely, Equations (VI.39) and (VI.41) capture
the statistical information of the fields, leading to kinetic equations for the distribution
functions. This connection becomes clear when substituting the retarded and advanced
functions in these equations with spectral and Hermitian components, using the relations
in Eq. (VI.26). The result is the Kadanoff-Baym equations [441]:

(−∂2 −m2)∆<,> −ΠH ⊙∆<,> −Π<,> ⊙∆H =
1

2
(Π> ⊙∆< −Π< ⊙∆>) , (VI.42)

(i/∂ −m)/S
<,> − /Σ

H ⊙ /S
<,> − /Σ

<,> ⊙ /S
H
=

1

2
(/Σ

> ⊙ /S
< − /Σ

< ⊙ /S
>
) . (VI.43)

The right-hand side of the equation can be interpreted as the QFT analog of the collision
operator found in semi-classical Boltzmann equations, encompassing terms for particle
creation and annihilation. Consequently, this term vanishes in thermodynamic equilib-
rium. This can be directly demonstrated by applying the KMS relations from Eq. (VI.28)
to both the Wightman propagators and the self-energies.

The Kadanoff-Baym equations are particularly powerful because they do not assume
the quasiparticle approximation a priori. They allow for the study of systems with broad
spectral functions where the notion of a well-defined ‘particle’ might be lost due to strong
interactions or high temperatures. Specifically, the convolution structure represents a
non-local “memory kernel”, meaning the evolution of the system at time t depends on its
previous history, a feature that is essential for describing the approach to equilibrium and
the emergence of thermal widths.

VI.3.2 Wigner Transform and Gradient Expansion

We now aim to distinguish between microscopic and macroscopic aspects of the physics
involved. Specifically, we want to separate statistical fluctuations, which represent the
microscopic details, from the macroscopic changes. The latter are less critical for our
purposes, as long as the background in which the field dynamics occur evolves slowly. For
instance, this is true when the timescales for particle interactions are significantly shorter
than those for the expansion of the Universe.

To illustrate this, we first perform a Wigner transformation of the two-point Green’s
functions. This transformation involves taking a Fourier transform with respect to the
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relative coordinate r:

G(k, x) =

∫︂
d4r eik·rG

(︂
x+

r

2
, x− r

2

)︂
, (VI.44)

where x represents the mean coordinate. In Wigner space, convolutions take on a simplified
form, as demonstrated in Appendix B of [484], yielding

A⊙B → (A⊙B)(k, x) =

∫︂
d4reik·r

∫︂
d4zA

(︂
x+

r

2
, z
)︂
B
(︂
z, x− r

2

)︂
= e−i⋄{A(k, x)}{B(k, x)} ,

(VI.45)

where the diamond operator is defined as

⋄{A}{B} =
1

2
(∂xA · ∂kB − ∂kA · ∂xB) , (VI.46)

and the exponentiation is interpreted as a series expansion, such as

e−i⋄ = cos ⋄ − i sin ⋄ =

∞∑︂
n=0

(−1)n
(−i⋄)2n
(2n)!

+

∞∑︂
n=0

(−1)n
(−i⋄)2n+1

(2n+ 1)!
. (VI.47)

In Wigner space, the Kadanoff-Baym equations are transformed into (see, e.g., [449]),(︃
k2 − 1

4
∂2 + ik · ∂x −m2e−

i
2

←
∂ x·∂k

)︃
∆<,> − e−i⋄{ΠH}{∆<,>} − e−i⋄{Π<,>}{∆H} = Cϕ ,

(VI.48)(︃
/k +

i

2
/∂x − iγ5me−

i
2

←
∂ x·∂k

)︃
/S
<,> − e−i⋄{/ΣH}{/S<,>} − e−i⋄{/Σ<,>}{/SH} = Cψ ,

(VI.49)

where the collision operators read as

Cϕ =
1

2
e−i⋄

(︁
{Π>}{∆<} − {Π<}{∆>}

)︁
, (VI.50)

Cψ =
1

2
e−i⋄

(︂
{/Σ>}{/S<} − {/Σ<}{/S>}

)︂
. (VI.51)

Similarly, Eqs. (VI.38) and (VI.40) assume the following forms(︃
k2 − 1

4
∂2x + ik · ∂ −m2e−

i
2

←
∂ x·∂k

)︃
i∆R/A − e−i⋄{ΠR,A}{∆R,A} = i , (VI.52)(︃

/k +
i

2
/∂x − iγ5me−

i
2

←
∂ x·∂k

)︃
i//S

R/A − e−i⋄{/ΣR,A}{/SR,A} = i . (VI.53)

The series expansion of the gradient terms in the exponent of the diamond operator e−i⋄

can be truncated at a certain order if the convoluted operators exhibit only a weak depen-
dence on the mean coordinate x. This truncation effectively simplifies the macroscopic
correlation length, which measures how the expanded functions vary with respect to the
macroscopic mean coordinate. In situations where the background fields change slowly,
such as in thermal equilibrium, their correlation length is much larger than the de Broglie
wavelength of the particles in the plasma, which is typically on the order of T−1. This
means that the spatial variation of these background fields is negligible compared to the
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momentum of the particles, namely that ∂ ≪ k ∼ λ−1
DB ∼ T . In this case, the gradient

expansion is justified.

In Wigner space and up to first order in the gradients, the Kadanoff-Baym equations in
Eqs. (VI.48) and (VI.49) become

k0∂t
(︁
i∆<,>

)︁
= −1

2

(︁
iΠ> i∆< − iΠ< i∆>

)︁
+O(∂tΠ

H;<,>∆<,>;H) , (VI.54)

/k
(︁
iS<,>

)︁
= −1

2

(︂
i/Σ

>
i/S

< − i/Σ
<
i/S

>
)︂
+O

(︂
∂t /Σ

H;<,>/S
<,>;H)︂

, (VI.55)

These equations are essential because they will eventually yield the fluid rate equations for
the DM distribution after integrating over energy, as detailed in Section VI.4. Specifically,
the left-hand side is directly related to the time derivative of particle number densities,
while the first term on the right-hand side represents the dominant contribution to the
particle production rate. The terms involving temporal derivatives, which are discarded,
account for gradient corrections to the production rate. In a freeze-in scenario, these
gradient corrections are expected to be significantly suppressed due to the tiny coupling
involved.

For the retarded and advanced two-point Green’s functions, the Schwinger-Dyson equa-
tions, given by Eq. (VI.52) and Eq. (VI.53), can be expressed as discussed in [449,484].3(︂

k2 + ik · ∂x −m2 −ΠR/A
)︂
i∆R/A = i , (VI.56)(︃

/k +
1

2
/∂x −m− /Σ

R/A
)︃
i//S

R/A
= i . (VI.57)

In Wigner space, the KMS relations given in Eq. (VI.28) are expressed as

Geq,>(k) = ±eβk0Geq,<(k) , (VI.58)

where the positive (negative) sign corresponds to bosons (fermions). Due to translation
invariance in equilibrium, the Green’s functions Geq depend solely on the spatial relative
coordinate. Consequently, their Wigner transform simplifies to a Fourier transform depen-
dent only on momentum. From Eqs. (VI.58) and (VI.26), it is clear that the Wightman
propagators are directly related to the spectral density of states Geq,A as follows:

iGeq,<(k) = ±2f∓(k0)Geq,A(k) , (VI.59)

iGeq,>(k) = ∓2f∓(−k0)Geq,A(k) , (VI.60)

where the ± signs are as previously indicated.

The functions f∓ represent the Bose-Einstein and Fermi-Dirac distribution functions in
thermal equilibrium:

f∓(p0) =
1

ep0/T ∓ 1
, (VI.61)

with T = 1/β.

These relations simplify our calculations by reducing the complexities of the CTP formal-
ism—specifically, the doubling of degrees of freedom—to just evaluating a single function:
the spectral density of states.

3Alternative approaches addressing quantum kinetic equations without relying on 2PI effective action
expansions or approximated Kadanoff-Baym equations have been explored for scalar field dynamics in the
early Universe, with applications to dark matter and reheating after inflation [485–495].
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VI.3.2.1 Spectral Sum Rules

In Wigner space, the spectral densities have to obey a spectral sum rule that is a di-
rect consequence of the equal-time canonical (anti)commutation relations in Eqs. (VI.13)
and (VI.14). Let us take the example of scalars. Eq. (VI.13) in Wigner space becomes[︂

φ(t, k⃗), φ̇†(t′, k⃗)
]︂
t=t′

= i . (VI.62)

The spectral function can be rewritten with field operators as

∆A(t, k⃗) =
1

2

(︁
∆> −∆<

)︁
(t, k⃗) =

1

2

⟨︂[︂
ϕ(t, k⃗), ϕ†(0, k⃗)

]︂⟩︂
. (VI.63)

Taking the time derivative of this expression and setting t = 0 afterward yields

∆̇
A
(0, k⃗) =

1

2

⟨︂[︂
ϕ̇(t, k⃗), ϕ†(0, k⃗)

]︂⟩︂
|t=0 (VI.64)

= − i

2
. (VI.65)

Now consider the Fourier transform of ∆̇
A
with respect to t and evaluated at t = 0

∆̇
A
(t, k⃗)|t=0 =

d

dt

∫︂
dk0

2π
e−itk

0
∆A(k0, k⃗)

⃓⃓⃓⃓
t=0

(VI.66)

= − i

2

∫︂
dk0

π
k0∆A(k) . (VI.67)

This implies the following bosonic spectral sum rule∫︂
dk0

π
k0∆A(k) = 1 . (VI.68)

Similarly, for fermionic fields, we obtain the following fermionic spectral sum rule from
the equal-time anticommutation relations in Wigner space:∫︂

dk0

π

1

4
Tr
{︂
γ0/S

A
(k)
}︂
= 1 . (VI.69)

In the last equation, we used the identity matrix in the representation of the Clifford
algebra generated by the Gamma matrices. These sum rules are critical since they come
from the quantization conditions; thus, their validity ensures the consistency of the theory
and of the solutions of the Schwinger-Dyson equations.

VI.3.2.2 Tree-level Propagators

When neglecting the interactions with the plasma, Eqs. (VI.56) and (VI.57) are solved
by the tree-level propagators, that is to say, by the solutions to the Klein-Gordon and
the Dirac equations for scalars and fermions, respectively. In Wigner space and assuming
thermal equilibrium, they read for bosonic fields as [431,467,477]

i∆T
eq(k) =

i

k2 −m2 + isign(k0)ϵ
+ 2πδ(k2 −m2)sign(k0) f

eq
− (k0) , (VI.70)

i∆T̄
eq(k) =

−i
k2 −m2 + isign(k0)ϵ

+ 2πδ(k2 −m2)sign(k0)
(︁
1 + f eq− (k0)

)︁
, (VI.71)
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i∆<
eq(k) = 2πδ(k2 −m2)sign(k0)f

eq
− (k0) , (VI.72)

i∆>
eq(k) = 2πδ(k2 −m2)sign(k0)

(︁
1 + f eq− (k0)

)︁
, (VI.73)

where f−(k0) is the Bose-Einstein distribution. For fermionic fields, one has

i/S
T
eq(k) =

i(/k +m)

k2 −m2 + isign(k0)ϵ
+ (/k +m)2πδ(k2 −m2)sign(k0) f

eq
+ (k0) , (VI.74)

i/S
T̄
eq(k) =

−i(/k +m)

k2 −m2 + isign(k0)ϵ
+ (/k +m)2πδ(k2 −m2)sign(k0)

(︁
1− f eq+ (k0)

)︁
, (VI.75)

i/S
<
eq(k) = −(/k +m)2πδ(k2 −m2)sign(k0)f

eq
+ (k0) , (VI.76)

i/S
>
eq(k) = (/k +m)2πδ(k2 −m2)sign(k0)

(︁
1− f eq+ (k0)

)︁
, (VI.77)

where f+(k0) is the Fermi-Dirac distribution. Notice that, without the assumption of
thermal equilibrium, the expressions would be slightly different and we could not use the
Bose-Einstein and the Fermi-Dirac distributions (see, e.g., appendix A of [468]). Following
the definition in Eq. (VI.26), the anti-Hermitian propagators read as

∆A(k) = π sign(k0) δ
(︁
k2 −m2

)︁
, (VI.78)

/S
A
(k) = π sign(k0) (/k +m) δ

(︁
k2 −m2

)︁
, (VI.79)

which explains why they are also called spectral densities: they determine the density
and the dispersion relation of states that are on-shell at a particular energy shell. The
Wightman functions for scalar fields also follow from Eqs. (VI.26) and (VI.78) as

i∆<(k) = 2∆A(k)f−(k) , (VI.80)

i∆>(k) = 2∆A(k) (1 + f−(k)) , (VI.81)

while using Eq. (VI.79) yields

i/S
<
(k) = −2/S

A
(k)f+(k) , (VI.82)

i/S
>
(k) = 2/S

A
(k) (1− f+(k)) . (VI.83)

VI.3.2.3 Resummed Propagators

We will now retain the interaction with the plasma as described in Eq. (VI.56) and
Eq. (VI.57), and assume spatial homogeneity and isotropy. This allows us to algebraically
solve the equations for the resummed propagators. For scalar fields, the resummed propa-
gators are given by [431,467,477,479]

i∆R/A =
i

k2 −m2 −ΠR/A
=

i

k2 −m2 −ΠH ± iΠA , (VI.84)

where + corresponds to the retarded propagator and − to the advanced propagator.
Consequently, the anti-Hermitian (spectral density) and Hermitian components of the
resummed scalar propagators can be expressed as

∆A = −ℑ∆R =
ΠA

(k2 −m2 −ΠH)2 + (ΠA)2
, (VI.85)

∆H = ℜ∆R =
k2 −m2 −ΠH

(k2 −m2 −ΠH)2 + (ΠA)2
. (VI.86)
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Similarly, the retarded and advanced propagators for fermion fields are given by

i/S
R/A

=
i

/k −m− /Σ
R/A

=
i

/k −m− /Σ
H ± i/Σ

A . (VI.87)

The resummed anti-Hermitian and Hermitian parts of the propagator can be obtained
similarly, though they involve more complexity due to the presence of Dirac matrices. By
introducing the notation

/Σ
H/A

= γµΣH/A
µ , (VI.88)

a more compact representation of the resummed propagators reads as

/S
A
= −ℑ/SR =

(︂
/k +m− /Σ

H)︂ Γ

Ω2 + Γ2
− /Σ

A Ω

Ω2 + Γ2
, (VI.89)

/S
H
= ℜ/SR =

(︂
/k +m− /Σ

H)︂ Ω

Ω2 + Γ2
+ /Σ

A Γ

Ω2 + Γ2
, (VI.90)

with Γ and Ω representing the width and the pole of the propagators, reading

Γ ≡ 2
(︁
k − ΣH)︁ · ΣA, (VI.91)

Ω ≡
(︁
k − ΣH)︁2 − (ΣA)2 −m2 . (VI.92)

These resummed expressions are central to the study of particles in a thermal bath. The

spectral density ∆A (and similarly /S
A
) no longer consists of sharp delta functions but

rather Breit-Wigner-like peaks. The width ΠA (or Γ for fermions) physically represents
the interaction rate of the particles with the medium. In the context of dark matter
freeze-in, this broadening of the spectral function allows for production processes that
would be kinematically forbidden at tree-level, effectively capturing the effects of multiple
soft scatterings and off-shell production in the early Universe.

VI.4 Derivation of the Fluid Equation for Freeze-in

Declaration: this section presents results from the literature, re-elaborated by the thesis
author for [5]. All authors discussed the results and their interpretation. The text is
a substantially reworked version of what was presented in [5] with expanded theoretical
information and stylistic adjustments. The text in the paper was written by the thesis
author and was reviewed and corrected by all authors.

In this section, we derive an analog of the Boltzmann equation for the number density of
a scalar field denoted by s (representing our dark matter candidate). 4 This derivation
bridges the gap between the formal Schwinger-Dyson equations of the 2PI framework
and the macroscopic fluid equations used in cosmology. The starting point is the kinetic
equation for a scalar propagator in Wigner space, as given in Eq. (VI.54).

VI.4.1 The Kadanoff-Baym Ansatz and Quasiparticle Limit

Focusing on the freeze-in production scenario, we assume that the dark matter s interacts
very weakly with the Standard Model (SM) bath. This implies that the dark matter

4We choose s instead of ϕ, as previously used, because this is how we will refer to the DM candidate in
the t-channel model we will analyze in Chapters VII and VIII.
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abundance fs remains much smaller than the equilibrium distribution (fs ≪ feq) and that
the self-energy Πs is dominated by interactions with thermalized bath particles.

While the bath particles are in equilibrium, the s particles are not. To solve the
Kadanoff-Baym equations, we require an ansatz that relates the spectral properties to
the statistical properties. We employ the generalized fluctuation-dissipation relation, or
Kadanoff-Baym ansatz [431,442,484]:

i∆<
s (p) = 2∆A

s (p, x)fs(p
0, p⃗) , (VI.93a)

i∆>
s (p) = 2∆A

s (p, x)
(︁
1 + fs(p

0, p⃗)
)︁
. (VI.93b)

Mathematically, this ansatz assumes that the non-equilibrium information is entirely con-
tained within the distribution function fs, while the spectral density ∆A

s maintains its
structure. In the weak-coupling limit, we further assume the quasiparticle approxima-
tion, where the spectral density is sharply peaked at the on-shell energy ωp =

√︁
|p⃗|2+m2

s:

∆A
s (p) ≃ πδ(p2 −m2

s)sign(p
0) . (VI.94)

Physically, this neglects the thermal width of the dark matter itself (since ΠA
s is suppressed

by small couplings), though we retain the thermal widths of the bath particles that produce
it. This distinction is vital: the production rate depends on the spectral broadening of
the source fields, not the s field itself.

The number density ns is defined by integrating the distribution function over the avail-
able phase space. In the CTP framework, the relationship between the Wightman propa-
gator and the distribution function is given by:

fs(ωp) =

∫︂ ∞

0

dp0

π
p0i∆<

s (p) . (VI.95)

VI.4.2 The Collision Operator and the Rate Equation

To derive the evolution of fs, we integrate the kinetic equation (VI.54) over the positive
energy branch p0 > 0. The right-hand side of the Kadanoff-Baym equation functions as a
collision operator C[fs]:

∂tfs(t, p⃗) =

∫︂ ∞

0

dp0

π

1

2

[︁(︁
iΠ<s

)︁ (︁
i∆>

s

)︁
−
(︁
iΠ>s

)︁ (︁
i∆<

s

)︁]︁
=

∫︂ ∞

0

dp0

π
∆A
s Π

A
s

[︁
feq(p

0)(1 + fs)− (1 + feq)fs
]︁

=
ΠA
s (ωp, |p⃗|)
ωp

[feq(ωp)− fs(t, p⃗)] (VI.96)

where we applied the KMS relations for the thermal self-energies iΠ<,>s of the bath (the
DM self-energy contains only fields at thermal equilibrium, for which the KMS relations
are always valid). The structure contains a gain term (proportional to feq) representing
production from the bath, and a loss term (proportional to fs) representing back-reaction.
In the freeze-in regime (fs ≪ feq), the loss term is negligible:

∂tfs(t, p⃗) ≃
ΠA
s (ωp, |p⃗|)
ωp

feq(ωp) . (VI.97)

Integrating over momentum
∫︁ d3p

(2π)3
gives the rate of change for the number density:

d

dt
ns(t) =

∫︂
d3p⃗

(2π)3
ΠA
s (ωp, |p⃗|)
ωp

feq(ωp) . (VI.98)
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VI.4.3 Expansion of the Universe and Conformal Mapping

In the early Universe, we account for the FLRW metric gµν = diag(1,−a2,−a2,−a2). Fol-
lowing [457,467], we use a conformal transformation to map the problem to a Minkowski-
like form. Defining conformal time η such that dt = adη, and scaling the fields (e.g.,
ϕ→ aϕ), the kinetic terms remain canonical. All masses and momenta are interpreted as
comoving quantities (mcom = amph, pcom = apph).

The physical number density nph and comoving density ns are related by ns = a3nph.
Transforming Eq. (VI.98) into physical coordinates yields [5]:

d

dt
nph(t) + 3Hnph =

∫︂
d3p⃗

(2π)3
ΠA
s (ωp, |p⃗|)
ωp

feq(ωp) ≡ γs . (VI.99)

Using the DM Yield Ys = nph/s and z = m/T (m being some reference mass scale,
which can be the DM mass or the mass of some other particle):

zHs
dYs
dz

= γs . (VI.100)

This is equivalent in form to the Boltzmann equation we introduced in Eq. (III.45).
However, here it has been derived from field-theoretical principles and where the relation
between the QFT description of particle interaction and their statistical and thermo-
dynamical properties is made manifest. On the contrary, the steps that brought us to
Eq. (III.45) relied on a combination of classical arguments of fluid dynamics and scatter-
ing theory, but its form was never justified from a theoretical point view, but rather a
semi-empirical one.

In the next chapter, we will solve Eq. (VI.100) to determine the evolution of the DM
number density and abundance from the foundational principles of QFT, applied to a
specific model: a simplified t-channel scenario involving a singlet scalar DM candidate.
The scalar interacts with an SM fermion through a heavier vectorlike fermion mediator
possessing gauge charges. A key aspect of our analysis will be the incorporation of thermal
effects via the resummed propagators of the SM-charged fermion species, which contribute
to the DM self-energy in the r.h.s of Eq. (VI.99). We will employ their 1PI-resummed
form across the full temperature range, avoiding any further approximations, and provide
a comparison with commonly used approximation schemes.

To clarify the advantages of the CTP derivation, we summarize the conceptual differ-
ences between the classical Boltzmann approach and the 2PI/CTP framework in Table
VI.1. The CTP approach avoids double-counting and captures multi-particle effects that
are typically missed in the classical approach. In the next chapter, we apply this yield
equation to a specific t-channel mediator model.

Concluding Remarks

Building on the extensive literature on the topic, in this chapter, we have reviewed the
key quantities employed for describing particle production in non-equilibrium QFT and
we have derived the evolution equation of the DM number density in the freeze-in mecha-
nism. The discussion has been carried out within the CTP formalism, which is a powerful
and versatile method for computing real-time observables in finite-density environments
following a rigorous “from-first-principles” recipe.
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Table VI.1: Summary of comparison between the Boltzmann and CTP/2PI frameworks.

Feature Classical Boltzmann CTP / 2PI Framework

Starting Point Dilute gas, asymptotic states 2PI effective action

Interaction Rate Vacuum cross-sections σ(v) Imaginary part of the self-energy

Kinematics On-shell delta functions Resummed spectral functions ∆A

Statistical Factors Added manually Naturally from KMS relations

Medium Effects Often neglected With thermal masses and widths

Off-shell Effects Not captured Included via integration over ΠA

When combined with the 2PI effective action approach, this formalism enables a system-
atic derivation of the DM rate equation from the Kadanoff-Baym equations of the CTP
two-point functions, encompassing quantum and thermal corrections across all orders, as
encoded in the exact Green’s functions. These functions, expressed as Wigner-transformed
resummed propagators, effectively capture the full spectrum of interactions between fields
and the surrounding plasma.

To accurately assess the impact of these quantum and thermal interactions on DM
production, we must adopt a specific DM model and calculate the DM self-energy within
the DM interaction rate density using these resummed propagators. This critical step
will be undertaken in the next two chapters, where we will focus on a simplified t-channel
model of scalar DM to explicitly compute these quantities.

What we are going to present not only marks the first comprehensive analytical and
numerical study of this kind within the freeze-in literature but also sets the stage for
a thorough comparison with alternative methodologies. Specifically, we will contrast
our results—obtained using 1PI-resummed propagators including the in-vacuum mass
scales—with other prevalent approaches, such as the Hard Thermal Loop resummation
technique and the conventional ‘S-matrix’ Boltzmann equation approach. By doing so, we
will highlight the conditions under which these methods converge or diverge, quantify their
disagreement, and offer crucial insights into their respective applicability across different
parameter regimes.
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CHAPTER VII

Scalar DM from Non-Equilibrium
QFT: Production Rates,

Self-Energies, and Plasma Dynamics

In this chapter, we apply the Closed-Time-Path (CTP) formalism combined with the
two-particle-irreducible (2PI) effective action approach, as reviewed in Chapter VI, to
compute the evolution of the Dark Matter (DM) number density and to determine its
relic abundance in the context of freeze-in production.

We begin by introducing the particle-physics framework in which our analysis is per-
formed: a simplified t-channel model featuring a vectorlike fermionic heavy mediator that
acts as a portal between the visible sector and a feebly interacting scalar DM particle
through a Yukawa interaction. We then describe how the DM production rate is com-
puted from its self-energy derived from the 2PI effective action, and we show explicitly
how this rate depends on resummed propagators appearing in the self-energy loop. The
resummed propagators are evaluated at first order in the loop expansion, which requires
a technically involved and lengthy computation that we present in full detail.

Each analytical component is implemented in a dedicated numerical routine written in
C++. While an overall description of the numerical framework is deferred to Chapter VIII,
we provide here the explicit implementation of the individual functions alongside their
analytical derivation. For comparison, we also present the DM production rate in the
Hard Thermal Loop (HTL) approximation and at tree level. Furthermore, we analyze in
detail the pole structure of the fermionic spectral density, highlighting the characteristic
features of quantum fields at finite temperature and their role in governing the dynamics
of DM interactions.

The computations presented in this chapter constitute the core of the results published
in Ref. [5]. They are original and, to the best of our knowledge, represent the first study
of this kind in the context of dark matter freeze-in based on the CTP and 2PI formalisms.

Statement of Personal Contribution for this Chapter

Statement of Personal Contribution for this Chapter

The theoretical ideas and derivations presented in this chapter have been
developed by the thesis author and MB for [5]. The theoretical foundations are
mainly based on existing literature, while most of the analytical results and the
numerical implementation are original. All the authors contributed to discussing
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and interpreting the results. Some of the text here is based on what was presented
in [5], which was mainly written by the thesis author, with contributions from MB
and CT, while reviewed and corrected by all authors. The original text has been
largely reworked and integrated with lots of information regarding the derivation
and analysis of various quantities central to the calculation, together with their
numerical implementation. In particular, in reference to this chapter, the principal
contributions of the thesis author to this publication include:

• The literature research and review.
• The derivation of the resummed fermion spectral densities (together with MB
and cross-checked by CT).

• The analysis of the structure of the fermion self-energy and resummed spectral
density (together with MB).

• The analysis and derivations in the HTL limit (together with MB).
• The numerical implementation necessary to compute the DM self-energy on
the CTP (together with MB).

• The derivation of the matrix elements and cross-sections for the interaction
rate in the Boltzmann approach (together with MB).

• The creation of Figs. VII.3.
At the beginning of each section, we will emphasize which parts have been directly
done by the thesis author alone, which resulted from a combined effort with the
papers’ co-authors, and which are taken from the literature. Moreover, a statement
on the authors of the text of each section will be provided.

VII.1 Vectorlike Portal FIMP Models

Declaration: this section presents the particle DM model that will be used in the coming
sections. The following text is taken from [5] with small adjustments in style and content.
The text in the paper was written by the thesis author, while all authors contributed to
structuring, reviewing, and refining the manuscript.

We consider a model where DM is represented by a real scalar singlet s, which in-
teracts through a weak Yukawa coupling with a vectorlike BSM fermion F (referred to
as the “mediator”) and an SM fermion f . This model is often termed the vectorlike
portal and has been previously explored in the contexts of both freeze-out [496–498] and
freeze-in [184,411], though without accounting for thermal effects. It falls within the F3S
class of simplified t-channel models as discussed in [188] (cf. Section II.2.4).

The Lagrangian density of the model is given by

L = LSM +
1

2
(∂µs)

2 − 1

2
m2

DMs
2 − V (s,H) + F̄

(︁
i /D −mF

)︁
F −

[︁
yDMF̄PL/Rfs+ h.c.

]︁
,

(VII.1)

where V (s,H) denotes the scalar potential of DM, potentially including interactions with
the Higgs field, Dµ is the covariant derivative, yDM represents the portal Yukawa coupling,
and PL/R = (1 ∓ γ5)/2 are the chiral projection operators. Since we focus on the freeze-
in regime, this coupling is assumed to be yDM ≪ 1. The mediator and DM scalar are
stabilized by a Z2 symmetry under which they are odd, while SM fields remain even,
ensuring that DM is the lightest stable particle in the dark sector.
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Y SU(2) SU(3) G µ =MZ 104GeV 107GeV 1010GeV

eL −1/2 2 1
g21
4

+
3g22
4

0.38 0.4 0.46 0.52

qL +1/6 2 3
g21
36

+
3g22
4

+
4g23
3

2.3 1.6 1.2 1.0

eR −1 1 1 g21 0.21 0.22 0.24 0.26

uR +2/3 1 3
4g21
9

+
4g23
3

2.1 1.3 0.9 0.7

dR −1/3 1 3
g21
9

+
4g23
3

2.0 1.2 0.8 0.6

Table VII.1: The effective gauge coupling G as defined in Eq. (VII.2) for the five possible models
according to the SM fermion gauge representations. We use the 1-loop β-functions of the SM
gauge couplings to estimate G at several renormalization scales µ from the Z pole (µ = MZ) up
to 1010 GeV, enclosing some of the values of G considered later in this work. Table created by the
thesis author and included in [5].

In this work, we exclude the effects of DM self-interactions and any interaction terms
between DM and the Higgs in the scalar potential. This simplification allows us to focus
on a reduced parameter set, specifically the gauge couplings, the Yukawa coupling yDM,
and the masses mDM and mF . Notably, we assume the self-coupling and Higgs interaction
to be sufficiently weak to prevent the scalar singlet from equilibrating with itself or the
SM bath (see, e.g., Refs. [184,406,499,500]).

To maintain gauge invariance, the heavy mediators F must share the same representa-
tion under Standard Model (SM) gauge groups as the SM fermion f they interact with,
meaning they are also gauge charged. Given that SM fermions belong to five distinct repre-
sentations, the model can be realized in five different ways, as the first and second columns
of Table VII.1 list. We parameterize the gauge interaction of the vectorlike fermion F and
the SM fermion f using an effective gauge coupling G, defined as

G = Y 2g21 + C2 (R2) g
2
2 + C2 (R3) g

2
3 , (VII.2)

where g1, g2, and g3 are the SM gauge couplings corresponding to U(1)Y , SU(2)L, and
SU(3)C , respectively. Here, Y denotes the weak hypercharge of f/F , while R2 and R3

represent their respective representations under SU(2)L and SU(3)C , with C2 as the
associated Casimir invariants. Typical values for the effective gauge coupling G across
the five model realizations are shown in the third and fourth columns in Table VII.1,
where we use the one-loop beta functions of the SM gauge couplings.

Notice that the gauge interactions are sufficiently large to safely assume that the medi-
ators, as well as the SM fermions, interact quickly enough with the thermal bath to reach
a state of thermal equilibrium. Thus, we do not need to study their kinetic evolution,
because their properties are fully encoded in the equilibrium Green’s functions, unequivo-
cally determined by the equilibrium distribution and the spectral properties through their
interaction with the thermal bath.
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VII.2 Production Rate and Self-Energy

Declaration: this section presents results from the literature, re-elaborated by the thesis
author, MB, and CT for [5]. The following text is based on what was presented in the
publication, with adjustments in style and content and integrated information. The text
in the paper was written by the thesis author and CT, while all authors contributed to
structuring, reviewing, and refining the manuscript.

To specify the form of the interaction rate density in Eq. (VI.99), we need to com-
pute the DM self-energy. Formally, the 2PI formalism requires the exact self-energy,
obtained from the full 2PI effective action. Since this functional is not known in closed
form, a controlled approximation is required. In practice, this amounts to specifying
the loop order at which the 2PI effective action is truncated, which directly fixes the
perturbative order of the resulting self-energy, as well as the type of propagators entering
the calculation.

In the present work, we truncate the 2PI effective action at its lowest non-trivial order.
Diagrammatically, this corresponds to retaining only the two-loop contribution to Γ2 and
neglecting all higher-loop terms. For the simplified t-channel DM model considered here,
the truncated 2PI effective action reads

Γ2 = −i − i + . . . , (VII.3)

where double lines denote full propagators. The dashed line represents the scalar DM field,
the solid lines correspond to the heavy mediator F (gray) and the SM fermion f (white),
and the wavy line denotes a gauge boson. The ellipsis indicates higher-loop contributions
and terms involving additional powers of the DM coupling yDM. Throughout this work,
only the first term in Eq. (VII.3) is retained.

This truncation implies that the DM self-energy is evaluated at one-loop order, obtained
by functional differentiation of the two-loop 2PI effective action. All higher-order contribu-
tions to the self-energy are consistently neglected. These include diagrams with additional
insertions of DM propagators, which are suppressed by the feeble DM coupling, as well as
gauge boson exchanges between fermion lines. The latter correspond to so-called diamond
or vertex diagrams and encode quantum interference effects that go beyond the scope of
the present approximation.

In particular, gauge boson exchanges between fermion lines can give rise to the Landau–
Pomeranchuk–Migdal (LPM) effect [438,439], which becomes relevant in kinematic regimes
dominated by lightcone momenta. In hot gauge theories, obtaining the correct leading-
order interaction rate in this regime requires the resummation of an infinite series of ladder
diagrams [501, 502]. While such effects have been extensively studied in the context of
leptogenesis and thermal particle production [503,504], a fully consistent treatment across
relativistic and non-relativistic regimes in the presence of multiple in-vacuum mass scales
remains an open theoretical challenge. A detailed discussion of the formal origin of these
contributions within the 2PI framework can be found in Ref. [5]. Recent developments
indicate that LPM effects can have a substantial quantitative impact on DM relic density
calculations for small mass splittings between DM and the heavy fermion mediator [10,505].
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In the present analysis, however, such effects are not included explicitly. We return to
this point when comparing the CTP-based results to those obtained from Boltzmann-like
approaches in Section VII.6.1.

The self-energies are obtained by functional differentiation of Γ2, which corresponds
diagrammatically to cutting the diagrams in Eq. (VII.3). As an example, the leading-
order contribution to the DM self-energy arises from the first term in Eq. (VII.3) and is
obtained by cutting the DM propagator in the corresponding diagram. This yields the one-
loop DM self-energy shown in Fig. VII.1. Here, we also consider both orientations of the

p p

k k

k-p k+p

Figure VII.1: The DM self energy diagrams corresponding to Eq. (VII.4). The double lines in
the fermion loop indicate a full propagator, and we account for contributions coming from both
fermion flow orientations. Figure created by CT and included in [5].

fermion loop, corresponding to particle and antiparticle contributions to DM production.

On the CTP contour, the 1-loop DM self-energy can be expressed using the standard
QFT Feynman rules, with particular attention to the CTP indices. The self-energy can
be directly obtained by functional differentiation of the 2PI effective action. Functional
derivatives of the generating functional also reveal the Feynman rules of the theory, which,
on the CTP contour, are the same as those in in-vacuum QFT, with the added complexity
of doubled degrees of freedom. The following box provides a scheme to account for the
CTP indices and propagators correctly.

CTP Feynman Rules

1. Define an arbitrary fermion flow.

2. The CTP vertices are assigned against the fermion flow. The propagators
have the indices in the order in which the vertices are encountered.

3. For Majorana fermions we always use /S
ab
(p).

4. For chiral fermions we use the ordinary propagator /S
ab

if the charge flow is
parallel to the fermion flow. We use the charge-conjugated propagator if the
flows are anti-parallel.

5. If the direction of the momentum p is parallel (anti-parallel) to the fermion
flow, the sign of the momentum in the propagator is positive (negative).

6. Scalar propagators: the CTP indices are always assigned against the charge
flow of the scalar, and the sign of the momentum is + (−) if charge and
momentum flows are parallel (antiparallel).

7. Vector bosons function as scalar bosons.

With these rules at our disposal, the diagram in Fig. VII.1 corresponds to the following
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DM self-energy on the CTP

−iΠabs (p) = y2DM

∫︂
d4k

(2π)4
tr
{︂
PL i /S

ab
F (k)PR i /S

ba
f (k − p) + PL i /S

ba
F (k)PR i /S

ab
f (k + p)

}︂
,

(VII.4)

where a, b are the CTP indices, yDM is the DM coupling, k is the loop momentum, and
where the trace is performed over the Clifford algebra. Using the KMS relation for the
DM self-energy (equivalent to the one for the propagator as in Eq. (VI.93)), Eq. (VII.4)
leads to the anti-Hermitian self-energy as follows

ΠA
s (p) = −y

2
DM

2
f−1
− (p0)

∫︂
d4k

(2π)4
tr
{︂
PL i /S

<
F (k)PR i /S

>
f (k − p)

+PL i /S
>
F (k)PR i /S

<
f (k + p)

}︂
,

(VII.5)

Using the fermionic KMS relations in Eq. (VI.93) brings us to

ΠA
s (p) = −2y2DMf

−1
− (p0)

∫︂
d4k

(2π)4

[︂
tr
{︂
PL/S

A
F (k)PR/S

A
f (k − p)

}︂
f+(k0) (1− f+(k0 − p0))

+ tr
{︂
PL/S

A
F (k)PR/S

A
f (k + p)

}︂
f+(k0 + p0) (1− f+(k0))

]︂
,

(VII.6)

which yields

ΠA
s (p) = − 2 y2DM

∫︂
d4k

(2π)4
tr
{︂
PL/S

A
F (k)PR/S

A
f (k − p)

}︂
[1− f+(k0)− f+(p0 − k0)]

− (p↔ −p) . (VII.7)

Here, we used the identities

f−1
− (p0)f+(k0)(1− f+(k0 − p0)) = 1− f+(k0)− f+(p0 − k0),

f−1
− (p0)f+(k0 + p0)(1− f+(k0)) = − (1− f+(k0)− f+(−p0 − k0)).

(VII.8)

Eq. (VII.7) is the key expression required to compute and subsequently integrate over the
DM momentum, ultimately yielding the DM interaction rate density γDM in Eq. (VI.99).
This can be directly evaluated by performing the integrals over the loop momentum d4k
and the external DM three-momentum d|p⃗| (the azimuthal integration is trivially per-
formed), yielding:

γDM =
y2DM

4π5

∫︂
d|p⃗|dk0 d|k⃗|d cos θ |k⃗|

2|p⃗|2
ωp

tr
{︂
PL/S

A
F (k)PR/S

A
f (q)

}︂
× f−(ωp)

[︁
1− f+(k

0)− f+(ωp − k0)
]︁
, (VII.9)

where θ refers to the spatial angle between p⃗ and k⃗ and where ωp is the energy component of
the DM momentum. The remaining four-dimensional integral has to be done numerically.
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Numerical Implementation

The numerical implementation of the multi-dimensional integration is performed using a
custom C++ routine that employs the Vegas Monte Carlo algorithm [506] as provided by
the GNU Scientific Library (GSL) [507]. The technical details of the code are deferred to
Section VIII.1.1. In the following sections, we present a detailed analytical derivation of the
various contributions entering Eq. (VII.9), which are required for its numerical evaluation.
Each of these contributions is implemented as a dedicated object function in the numerical
routine and is shown explicitly after its corresponding mathematical derivation. These
components are then assembled and employed in the full numerical evaluation described
in Section VIII.1.1. A list of all the functions and routines is presented in Section VII.A
(see in particular Table VII.2).

VII.3 1PI-resummed Spectral Densities

Declaration: This section presents both original results and material from the literature,
rederived and elaborated by the thesis author, MB, and CT in [5]. The work was developed
through close collaboration among all authors, with continuous discussions throughout.
The text here is based on the publication but has been extensively revised and supple-
mented with additional details on analytical derivations and numerical implementations.
In the original paper, all authors contributed to structuring, reviewing, and refining the
manuscript.

To compute the 1PI-resummed spectral densities entering Eq. (VII.7), we need the anti-
Hermitian part of the 1PI-resummed retarded propagators, given by Eq. (VI.89). For the
fermion fields F and f these read as

/S
A
F (k) =

(︂
/k − /Σ

H
F (k) +mF

)︂ ΓF (k)

Ω2
F (k) + Γ2

F (k)
− /Σ

A
F (k)

ΩF (k)

Ω2
F (k) + Γ2

F (k)
, (VII.10)

/S
A
f (q) =

(︂
/q − /Σ

H
f (q)

)︂ Γf (q)

Ω2
f (q) + Γ2

f (q)
− /Σ

A
f (q)

Ωf (q)

Ω2
f (q) + Γ2

f (q)
, (VII.11)

with

ΩF (k) ≡
(︁
kµ − ΣH

F,µ(k)
)︁2 − (︁ΣA

F,µ(k)
)︁2 −m2

F , (VII.12)

Ωf (q) ≡
(︁
qµ − ΣH

f,µ(q)
)︁2 − (︁ΣA

f,µ(q)
)︁2
, (VII.13)

ΓF (k) ≡ 2
(︁
kµ − ΣH

F,µ(k)
)︁
ΣA,µ
F (k) , (VII.14)

Γf (q) ≡ 2
(︁
qµ − ΣH

f,µ(q)
)︁
ΣA,µ
f (q) , (VII.15)

and q = k − p. When Γ(k) ≪ Ω(k), the spectral densities exhibit sharp peaks around
Ω(k), indicating that these peaks correspond to propagating degrees of freedom with
well-defined dispersion relations. Consequently, the functions ΓF,f can be interpreted as
thermal widths, which contribute to broadening the density of states.

As shown by Eqs. (VII.12)-(VII.15), the resummed spectral propagators demand to
know the form of the anti-Hermitian and Hermitian parts of the self-energy, given by
/Σ
A
(p) and /Σ

H
(p), respectively. We compute the one-loop fermion self-energy by consider-

ing only the gauge corrections shown in the sunset diagram of Fig. VII.2. While additional
loop diagrams involving Higgs boson exchanges and Yukawa interactions for SM fermions
could be included, such contributions are generally negligible in models where the Yukawa
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Figure VII.2: One-loop gauge contribution to the fermion self-energy. For right-handed SM
fermions and the vectorlike dark fermion F in Eq. (VII.1), the wavy line represents U(1) gauge
bosons or gluons (if color-charged). For left-handed fermions, it can also denote SU(2) gauge
bosons.

couplings of SM fermions to the vectorlike fermion F are very small. It is essential to note
that, in models with top quarks, Yukawa interactions can be substantial, influencing the
thermal mass in the dispersion relation. In the ultrarelativistic regime, top quark decays
are energetically favorable and kinematically allowed, unlike scenarios where Yukawa cou-
plings are suppressed or absent. At lower temperatures, decays might be kinematically
forbidden until the mass of the vectorlike fermion becomes dominant. These effects are
beyond the scope of this study.

On the CTP contour, the sunset diagram gives the following self-energy contribution
(cf. CTP Feynman Rules)

−i/Σab(k)L/R = −GL/R
∫︂

d4ℓ

(2π)4
γµPL/Ri/S

ab
L/R(k − ℓ)PL/Rγ

νi∆ab
µν(ℓ) . (VII.16)

Here, the factor GL/R summarizes the gauge interactions of the chiral fermion considered.

In the SM case, it is given by Eq. (VII.2). ∆ab
µν(ℓ) is the gauge boson propagator. In the

Feynman gauge, it is obtained from a scalar propagator by ∆ab
µν(ℓ) = −gµν∆ab(ℓ).

Thus, the Hermitian and anti-Hermitian self-energies needed in the resummed fermion
propagators can be simply determined by

/Σ
H
(k) =

1

2

[︂
/Σ
++

(k)− /Σ
−−

(k)
]︂
, /Σ

A
(k) =

1

2

[︂
/Σ
−+

(k)− /Σ
+−

(k)
]︂
. (VII.17)

VII.3.1 Products of Self-energies

To compute Eqs. (VII.12)-(VII.15), we need to determine the Lorentz-vector ΣµL/R (the

CTP indices are suppressed). This is defined via /ΣL/R = PR/LγµΣ
µ
L/R and can be ex-

pressed in terms of the Lorentz vectors it depends on, namely pµ, the momentum of the
particle, and uµ, the plasma reference vector with u2 = 1 and u0 > 0. In what follows, we
choose to work in the rest frame of the plasma, implying uµ = (1, 0⃗). The self-energy can
be decomposed as

Σµ(k) =
1

|k⃗|2
[(k0uµ − kµ)K + (k0kµ − k2uµ)U ] , (VII.18)

K ≡ (k · Σ) , U ≡ (u · Σ) , (VII.19)

as can be shown by contracting the same expression once with kµ and once with uµ. These
quantities have to be determined for both the Hermitian and anti-Hermitian self-energies.
Moreover, they can be decomposed into a vacuum (T = 0) and a thermal part (T ̸= 0).
The first is given by the full self-energy evaluated in the T → 0 limit of all distribution
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functions involved in the calculation, while the latter contains the rest. 1

When evaluating the product of the resummed fermion propagators in Eq. (VII.9), we
need to perform multiplications between Eq. (VII.10) and Eq. (VII.11), which involve
Dirac-slashed momenta, self-energies, pole functions Ω and width functions Γ, which are
themselves quite convoluted, as shown in Eqs. (VII.12) to (VII.15).

By expanding Eqs. (VII.12) to (VII.15), we find:

ΩF (k) = k2 − 2k · ΣH
F (k) +

(︁
ΣH
F (k)

)︁2 − (︁ΣA
F (k)

)︁2 −m2
F , (VII.20)

Ωf (q) = q2 − 2q · ΣH
f (q) +

(︁
ΣH
f (q)

)︁2 − (︁ΣA
f (q)

)︁2
, (VII.21)

ΓF (k) = 2k · ΣA
F (k)− ΣH

F (k) · ΣA
F (k) , (VII.22)

Γf (q) = 2q · ΣA
f (q)− ΣH

f (q) · ΣA
f (q) . (VII.23)

The trace we have to resolve in Eq. (VII.9) implies the computation of the following four
distinct terms:

Tr
{︂
PL

(︂
/k − /Σ

H
F (k)

)︂
PR

(︂
/q − /Σ

H
f (q)

)︂}︂
= 2

(︁
k · q − k · ΣH

f (q)− q · ΣH
F (k) + ΣH

f (q) · ΣH
F (k)

)︁
,

(VII.24)

Tr
{︂
PL

(︂
/k − /Σ

H
F (k)

)︂
PR /Σ

A
f (q)

}︂
= 2

(︁
K · ΣA

f (q)− ΣH
F (k) · ΣA

f (k)
)︁
, (VII.25)

Tr
{︂
PL /Σ

A
F (k)PR

(︂
/q − /Σ

H
f (q)

)︂}︂
= 2

(︁
q · ΣA

F (k)− ΣH
f (q) · ΣA

F (k)
)︁
, (VII.26)

Tr
{︂
PL /Σ

A
F (k)PR /Σ

A
f (q)

}︂
= 2ΣA

F (k) · ΣA
f (q) . (VII.27)

This means that we have to compute a total of 20 scalar products:

Same momentum:

K · ΣA
F (k); k · ΣH

F (k); Q · ΣA
f (q); q · ΣH

f (q);

q · ΣA
F (k); q · ΣH

F (k); k · ΣA
f (q); k · ΣH

f (q);

Mixed self-energy products:

ΣH
F (k) · ΣH

f (q); ΣH
F (k) · ΣA

f (q); ΣH
F (k) · ΣA

F (k);

ΣA
F (k) · ΣA

f (q); ΣA
F (k) · ΣH

f (q); ΣA
f (q) · ΣH

f (q);

Square of self-energies:(︁
ΣH
F (k)

)︁2
;
(︁
ΣA
f (q)

)︁2
;
(︁
ΣA
F (k)

)︁2
;
(︁
ΣH
f (q)

)︁2
.

1The vacuum component of the Hermitian self-energy includes both ultraviolet (UV) and infrared
(IR) divergences. UV divergences require renormalization, as is standard in zero-temperature QFT. The
renormalized observables, such as spectral densities, maintain their analytic form after this process. Im-
portantly, finite-temperature corrections do not alter the renormalization conditions or introduce new UV
divergences, due to the natural cutoff provided by the thermal fluctuation correlation length. For IR di-
vergences, the Bloch-Nordsiek [508] and Kinoshita-Lee-Nauenberg [509, 510] theorems ensure that at zero
temperature, observables are free from soft and collinear divergences. The thermal components of the
Hermitian self-energy, as well as both vacuum and thermal parts of the anti-Hermitian self-energy, are free
from divergences.
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The tedious task can be simplified by using a series of useful relations, which can be
found by combining Eqs. (VII.18) and (VII.19) and that prove to be very useful.

Dirac product of the self-energy:

/Σ(p) = γµΣµ =
1

2|p⃗|2
[︁(︁
p0γ0 − /p

)︁
P +

(︁
p0/p− p2γ0

)︁
U
]︁
. (VII.28)

Product of two self-energies:

ΣH(p) · ΣA(p) =
1

4|p⃗|4
[︁
(p0uµ − pµ)PH + (p0pµ − p2uµ)UH]︁ [︁(p0uµ − pµ)PA + (p0pµ − p2uµ)UA]︁

= − 1

2|p⃗|2
(︁
PHPA + p2UHUA − p0

(︁
PHUA − PAUH)︁)︁ , (VII.29)

ΣA(p) · ΣA(p) = − 1

2|p⃗|2
(︂(︁

PA)︁2 + p2
(︁
UA)︁2 − 2p0

(︁
PAUA)︁)︂ , (VII.30)

ΣH(p) · ΣH(p) = − 1

2|p⃗|2
(︂(︁

PH)︁2 + p2
(︁
UH)︁2 − 2p0

(︁
PHUH)︁)︂ . (VII.31)

Two different momenta (you also pick up a dependence on the angle between them):

k · Σ(p) = 1

2|p⃗|
[︁(︁
p0k0 − p · k

)︁
P +

(︁
p0p · k − p2k0

)︁
U
]︁

=
1

2|p⃗|
[︂
|p⃗||k⃗|cos θpkP −

(︂
p0|p⃗||k⃗|cos θpk + |p⃗|2k0

)︂
U
]︂
, (VII.32)

Σr(k) · Σs(p) = 1

4

[︂
cos θpk

(︂
k0 Ur(k)Ps −KrPs + p0KrUs(p)

)︂
−
(︂
cos θpkk0p0 − |k⃗||p⃗|

)︂
Ur(k)Us(p)

]︂
, (VII.33)

where, in the last line, the indices r and s refer to either A or H.

Therefore, what we need to determine are essentially only the functions PH, PA, UH,
and UA. Moreover, due to the Dirac structure of the self-energy, the scalar products can
be related to the following traces:

Tr
{︁
/p/Σ
}︁
= 2 (p · Σ) = 2P, Tr

{︁
/u/Σ
}︁
= 2 (u · Σ) = 2U , (VII.34)

which simplifies the computation process. In particular, we need to calculate only the
following four traces:

Tr
{︂
/p/Σ

H
(p)
}︂(T ̸=0)

, Tr
{︂
/u/Σ

H
(p)
}︂(T ̸=0)

, Tr
{︂
/p/Σ

A
(p)
}︂(T ̸=0)

, Tr
{︂
/u/Σ

A
(p)
}︂(T ̸=0)

.

(VII.35)

In what follows, we dedicate ample space to illustrating how to calculate such quantities,
determining the potential limiting behaviors that simplify the analysis in certain kinemat-
ical regimes, and showing how everything is implemented in the numerical code.

VII.3.2 Generic structure of the traces

We show here the generic structure of the CTP contour of the traces we need to calculate.
In what follows, the notation ∆̃ means that we take the scalar propagator but substituting
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f− → −f+. This happens as soon as we factor out the Clifford algebra structure from the
fermion propagators, which simplifies the calculation.

Tr
{︂
/p/Σ

ab
(p)
}︂
= −iG

∫︂
d4k

(2π)4
Tr
{︂
pαγ

αγµPLi/S
ab
ℓ,R(p− k)PRγ

νi∆ab
µν(k)

}︂
= −iGpα

∫︂
d4k

(2π)4
i∆ab

µν(k) Tr
{︁
γαγµ(/p− /k)PRγ

ν
}︁
i∆ab

ℓ,R(p− k)
⃓⃓⃓
f−→−f+

=⏞⏟⏟⏞
cyclicity

−iGpα
∫︂

d4k

(2π)4
i∆ab

µν(k)i∆
ab
ℓ,R(p− k)

⃓⃓⃓
f−→−f+

(pβ − kβ)

× Tr

{︃
γνγαγµγβ

1 + γ5

2

}︃
= −iG

2
pα

∫︂
d4k

(2π)4
(−gµν)i∆ab

γ (k) i∆ab
ℓ,R(p− k)(pβ − kβ)

× 4
[︂
gναgµβ − gνµgαβ + gνβgαµ + iϵναµβ

]︂
= −4iG

∫︂
d4k

(2π)4
i∆ab

γ (k) i∆ab
ℓ,R(p− k)

⃓⃓⃓
f−→−f+

p · (p− k) (VII.36)

Even if the fermion is massive, like the dark sector vectorlike heavy fermion, the mass
term in the numerator of the propagator does not contribute, because it would just be
PLmFPR = mFPLPR = 0. That is why we have not considered it. Here, we used the
property PLγ

β = γβPR, and the fact that the contraction of the totally antisymmetric
pseudo-tensor ϵναµβ with a symmetric tensor like the metric gµν is zero. Analogously, the
contraction with the plasma vector u, leads to a similar result, just with u·(p−k) = p0−k0
instead of p · (p− k)2:

Tr
{︂
/u/Σ

ab
(p)
}︂
= −4iG

∫︂
d4k

(2π)4
i∆ab

γ (k) i∆ab
ℓ,R(p− k) · (p0 − k0) . (VII.37)

We proceed with evaluating first the Hermitian and then the anti-Hermitian contractions.

VII.3.3 Hermitian contractions

VII.3.3.1 Contraction with p

The starting point is the expression given by Eq. (VI.26):

Tr
{︂
/p/Σ

H
(p)
}︂
=

1

2

(︂
Tr
{︂
/p/Σ

++
(p)
}︂
− Tr

{︂
/p/Σ

−−
(p)
}︂)︂

. (VII.38)

We proceed with calculating it.

Tr
{︂
/p/Σ

H
(p)
}︂
= −2iG

∫︂
d4k

(2π)4
p · (p− k)

[︂
i∆++

γ (k) i∆̃
++

ℓ,R(p− k)− i∆−−
γ (k) i∆̃

−−
ℓ,R (p− k)

]︂
= −2iG

∫︂
d4k

(2π)4
(p2 − p · k)

[︃
i
(︁
∆F

γ (k) + ∆H
γ (k)

)︁
i
(︂
∆̃

F

ℓ,R(p− k) + ∆̃
H
ℓ,R(p− k)

)︂
− i
(︁
∆F

γ (k) + ∆H
γ (k)

)︁
i
(︂
∆̃

F

ℓ,R(p− k) + ∆̃
H
ℓ,R(p− k)

)︂]︃
2Notice that, since u is a dimensionless vector, the contraction with u has energy dimension 1, while

the contraction with the momentum p has energy dimension 2.
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= 4G

∫︂
d4k

(2π)4
(p2 − p · k)

[︂
i∆F

γ (k)∆̃
H
ℓ,R(p− k) + ∆H

γ (k)i∆̃
F

ℓ,R(p− k)
]︂

=⏞⏟⏟⏞
(∗)

4G

∫︂
d4k

(2π)4
(p2 − p · k)

{︃
[1 + 2f−(k0)] δ(k

2)π sign(k0)PV
1

(p− k)2 −m2
F

+ [1− 2f+(p0 − k0)] δ((p− k)2)π sign(p0 − k0)PV
1

k2

}︃

=⏞⏟⏟⏞
(†)

4πG

∫︂
d4k

(2π)4
[1 + 2f−(|k0|)] PV

δ(k2)

(p− k)2 −m2
F

(p2 − p · k)⏞ ⏟⏟ ⏞
(I)

(VII.39)

+ 4πG

∫︂
d4k

(2π)4
[1− 2f+(|p0 − k0|)] PV

δ((p− k)2 −m2
F )

k2 −m2
F

(p2 − p · k)⏞ ⏟⏟ ⏞
(II)

(VII.40)

Here, PV is Cauchy’s principal value. We have used in (∗) the properties of the CTP
propagators as illustrated in Section VI.3.2.2, while in (†), we used the fact that

sign(x)(1± 2f∓(x)) = 1± 2f∓(|x|)

We start with part (I) above:

(I) = 4πG

∫︂
d3|k⃗|
(2π)4

[1 + 2f−(|k0|)]
∫︂

dk0
δ(k0 − |k⃗|) + δ(k0 + |k⃗|)

2|k⃗|
PV

1

(p− k)2 −m2
F

(p2 − p · k)

=
G

4π2

∫︂ ∞

0

d|k⃗| |k⃗|
∑︂

k0=±|k⃗|

[1 + 2f−(|k0|)]
∫︂ 1

−1

d cos θ
p2 − p0k0 + |p⃗||k⃗| cos θ

p2 −m2
F − 2p0k0 + 2|p⃗||k⃗| cos θ

=
G

8π2

∫︂ ∞

0

d|k⃗||k⃗|
∑︂
±

[1 + 2f−(|k0|)]
(︄
4 +

p2 +m2
F

2|p⃗||k⃗|
∑︂
±

ln

⃓⃓⃓⃓
⃓p2 −m2

F ∓ 2p0|k⃗|+ 2|p⃗||k⃗|
p2 −m2

F ∓ 2p0|k⃗| − 2|p⃗||k⃗|

⃓⃓⃓⃓
⃓
)︄

=
G

2π2

∫︂
d|k⃗||k⃗|2 + G

16π2

p2 +m2
F

|p⃗|

∫︂
d|k⃗|

∑︂
±

ln

⃓⃓⃓⃓
⃓p2 −m2

F ∓ 2p0|k⃗|+ 2|p⃗||k⃗|
p2 −m2

F ∓ 2p0|k⃗| − 2|p⃗||k⃗|

⃓⃓⃓⃓
⃓⏞ ⏟⏟ ⏞

Vacuum

(VII.41)

+
GT 2

6
+

G

16π2

p2 +m2
F

|p⃗|

∫︂
d|k⃗|f−(|k⃗|)

∑︂
±

ln

⃓⃓⃓⃓
⃓p2 −m2

F ∓ 2p0|k⃗|+ 2|p⃗||k⃗|
p2 −m2

F ∓ 2p0|k⃗| − 2|p⃗||k⃗|

⃓⃓⃓⃓
⃓⏞ ⏟⏟ ⏞

Thermal

. (VII.42)

In the first step, we utilized the known properties of the delta function and integrated over
dk0 to eliminate them. In the second step, we integrated over d cos θ, while in the last step
we arranged the expression into a Vacuum part without the Bose-Einstein distribution,
and a Thermal part including it. The vacuum part is UV divergent, and it is dealt with
through standard renormalization techniques. We thus only retain the pure thermal part.

The second part, (II), is derived in the following:

(II) = 4πG

∫︂
d4k

(2π)4
[1− 2f+(|k0|)]

δ(k0 − ωk) + δ(k0 + ωk)

2ωk

× PV
1

p2 + k2 − 2p0k0 + 2|p⃗||k⃗| cos θ

(︂
p0k0 − |p⃗||k⃗| cos θ

)︂

= 2πG

∫︂
d3|k⃗|
(2π)4

∑︂
k0=±ωk

1

ωk
[1− 2f+(ωk)]

p0k0 − |p⃗||k⃗| cos θ
p2 +m2

F − 2p0k0 cos θ
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=
G

8π2

∫︂ ∞

0

d|k⃗| |k⃗|2√︂
|k⃗|2 +m2

F

[1− 2f+(ωk)]

×
∑︂

k0=±ωk

∫︂ 1

−1

d cos θ

(︄
−1 + (p2 +m2

F )
1

p2 + ω2
k − 2p0k0 + 2|p⃗||k⃗| cos θ

)︄

=
G

2π2

∫︂ ∞

0

d|k⃗| |k⃗|
2

ωk
+

G

16π2|p⃗| (p
2 +m2

F )

∫︂ ∞

0

d|k⃗| |k⃗|
ωk

∑︂
±

ln

⃓⃓⃓⃓
⃓p2 +m2

F ∓ 2p0ωk + 2|p⃗||k⃗|
p2 +m2

F ∓ 2p0ωk − 2|p⃗||k⃗|

⃓⃓⃓⃓
⃓⏞ ⏟⏟ ⏞

Vacuum

(VII.43)

+
G

π2

∫︂ ∞

0

d|k⃗| |k⃗|
2

ωk
f+(ωk)−

G(p2 +m2
F )

8π2|p⃗|

∫︂ ∞

0

d|k⃗| |k⃗|
ωk
f+(ωk)

∑︂
±

ln

⃓⃓⃓⃓
⃓p2 +m2

F ∓ 2p0ωk + 2|p⃗||k⃗|
p2 +m2

F ∓ 2p0ωk − 2|p⃗||k⃗|

⃓⃓⃓⃓
⃓⏞ ⏟⏟ ⏞

Thermal

.

(VII.44)

We followed the same steps and performed the same integrations as for part (I), with

the complication that the delta function evaluates at the poles k0 = ±ωk = ±
√︂

|k⃗|2 +m2
F

Again, the vacuum part is reabsorbed by standard renormalization techniques, whereas
the thermal part is the one that influences the dynamics at finite temperatures.

Collecting the pieces together, we obtain the Hermitian contraction of the fermionic
self-energy with the momentum p as

Tr
{︂
/p/Σ

H
(p)
}︂(T ̸=0)

⏞ ⏟⏟ ⏞
kSigmaH_M

=
GT 2

6
+
G

π2

∫︂ ∞

0
dk

k2

ωF,k
f+(ωF,k)⏞ ⏟⏟ ⏞

C++: k2omegafp

+
G

8π2
p2 +m2

F

|p⃗|

∫︂ ∞

0
dk f−(k)

∑︂
±

ln

⃓⃓⃓⃓
p2 −m2

F + 2k(|p⃗|∓p0)
p2 −m2

F − 2k(|p⃗|±p0)

⃓⃓⃓⃓
⏞ ⏟⏟ ⏞

I
(M)
2− , C++: I2mM

− G

8π2
p2 +m2

F

|p⃗|

∫︂ ∞

0
dk f+ (ωF,k)

∑︂
±

ln

⃓⃓⃓⃓
p2 +m2

F ∓ 2p0ωF,k + 2|p⃗|k
p2 +m2

F ∓ 2p0ωF,k − 2|p⃗|k

⃓⃓⃓⃓
⏞ ⏟⏟ ⏞

J
(M)
2+ , C++: J2pM

.

(VII.45)

As anticipated right before the start of this section, each of the derived components has
been implemented in the C++ numerical code used to calculate the multi-dimensional
integration in Eq. (VII.9) (cf. Chapter VIII for details on the integration method). For
instance, the quantity just calculated has been implemented in a corresponding kSigmaH_M
function as follows:

double kSigmaH_M (double xk0, double xk, double mF){

if(HTL_ON == true) return G/pow(2.*M_PI,2) * M_PI*M_PI / 2.;

return G / (M_PI * M_PI) / 2.

* ( M_PI*M_PI / 6. + k2omegafp(mF)

+ (xk0*xk0 - xk*xk + mF*mF )/8./xk

* ( I2mM(xk0,xk,mF) - J2pM(xk0,xk,mF) )

);

}
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Notice that all quantities are expressed in natural units, i.e., we rescale all dimensionful

quantities by powers of the plasma temperature. At the same time, the integrals I
(M)
2

and J
(M)
2+ have been implemented in the functions I2mM and J2pM that we are going to

illustrate in the following paragraphs.

I
(M)
2− Integral

To implement the various components, we use the fact that the integral I
(M)
2− can be

expressed as (cf. [479] for the massless version)

p−mF
:=

k2 −m2
F

p0 − |p⃗| (VII.46)

p+mF
:=

k2 −m2
F

p0 + |p⃗| (VII.47)

I
(M)
2± ≡ − p+mF

|p+mF |
a±(|k+mF

|) + p−mF

|p−mF |
a±(|p−mF

|) (VII.48)

where

a±(y) ≡
∫︂ ∞

0
dxf±(x) ln

⃓⃓⃓⃓
2x+ y

2x− y

⃓⃓⃓⃓
. (VII.49)

Notice that this integral function is uneven in the argument, a±(−y) = −a±(y) and thus
a±(0) = 0. Moreover, the following limiting value holds that can help achieve a more
performative numerical implementation (cf. also [479]):

a+(y)⏞ ⏟⏟ ⏞
C++: ap

→

⎧⎪⎪⎨⎪⎪⎩
|y|
2
( C⏞⏟⏟⏞
≈1.72645

− ln|y|) if |y|→ 0

π2

3y
if |y|→ ∞

, a−(y)⏞ ⏟⏟ ⏞
C++ am

→

⎧⎪⎨⎪⎩
0 if |y|→ 0

2π2

3y
if |y|→ ∞

(VII.50)

These functions are implemented in the numerical code as follows:

// First integral

double k2omegafp (double mF) {

// Small masses: analytic result

if(mF<pow(10.,-2))

return M_PI *M_PI / 12.;

// Use pre-computed tabulated result

if(mF>pow(10.,-2) && mF<10.)

return( pow(10., Tabulated_Integral_1d( log10(fabs(mF)), -2., 1., 0.01,

table_dint )));

// Large masses: non-relativistic Bessel K

return( gsl_sf_bessel_Kn(1,mF));

// Helper function to calculate I2mM integral

double am (double y){

if (fabs(y)< pow(10,-4))

return 0;

if (fabs(y)> pow(10,4))

return 2. * M_PI*M_PI / 3. / fabs(y);

// Otherwise return pre-computed tabulated result

return pow(10.,Tabulated_Integral_1d( log10(fabs(y)), -4., 4., 0.01, table_am ));
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}

double I2mM (double xk0, double xk, double mF){

double kmp = ((xk0+xk)*(xk0-xk)-mF*mF) / ((xk0-xk));

double kmm = ((xk0+xk)*(xk0-xk)-mF*mF) / ((xk0+xk));

return - kmp/fabs(kmp) * am(fabs( kmp ))

+ kmm/fabs(kmm) * am(fabs( kmm ));

}

}

J
(M)
2+ Integral

The integral J
(M)
2+ can also be decomposed into a sum of integrals in one variable. The

decomposition was not in the code that led to [5] and was found only later for this thesis.
It proceeds as follows. First, we make a change of variable using

ω =
√︂
k2 +m2

F =⇒ dk =
ω

ω2 −m2
F

dω . (VII.51)

This renders the Fermi-Dirac function linear in the variable of integration ω:

J
(M)
2± =

∫︂ ∞

mF

dω
ωf±(ω)√︂
ω2 −m2

F

∑︂
±′

ln

⃓⃓⃓⃓
⃓⃓p2 +m2

F ∓′ 2p0ω + 2|p⃗|
√︂
ω2 −m2

F

p2 +m2
F ∓′ 2p0ω − 2|p⃗|

√︂
ω2 −m2

F

⃓⃓⃓⃓
⃓⃓ . (VII.52)

If we define

Y±(ω) := p2 +m2
F ∓ 2p0ω , (VII.53)

and the generalized integral function

b±(y) ≡
∫︂ ∞

mF

dω
ωf±(ω)√︂
ω2 −m2

F

ln

⃓⃓⃓⃓
⃓⃓2|p⃗|

√︂
ω2 −m2

F + y

2|p⃗|
√︂
ω2 −m2

F − y

⃓⃓⃓⃓
⃓⃓ , (VII.54)

we can express J
(M)
2± as

J
(M)
2± = b±(Y+(mF )) + b±(Y−(mF )) . (VII.55)

Small-y behavior (|y|≪ 2|p⃗|
√︂
ω2 −m2

F ) For small |y|, the logarithm can be expanded
as

ln

⎛⎝1 + y/(2|p⃗|
√︂
ω2 −m2

F )

1− y/(2|p⃗|
√︂
ω2 −m2

F )

⎞⎠ ≃ y

|p⃗|(ω2 −m2
F )

1/2
+

y3

12|p⃗|3(ω2 −m2
F )

3/2
+ . . . , (VII.56)

which, when inserted into Eq. (VII.54), yields

b±(y) ≃
y

|p⃗|

∫︂ ∞

mF

dω
ωf+(ω)

ω2 −m2
F

+ (O)(y3) . (VII.57)
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The leading term behaves linearly in y for vanishing y. Thus, we have

b+(y) ≃ C1y, C1 =
1

|p⃗|

∫︂ ∞

mF

dω
ωf+(ω)

ω2 −m2
F

. (VII.58)

The constant C1 depends on the value of mF . However, in the ultrarelativistic regime
(UR), where mF ≪ T , we have

b+(y) ≃
y

|p⃗|

∫︂ ∞

0

f+(ω)

ω
dω +O(y3). (VII.59)

At finite temperature, the infrared behavior of the integral is regulated by mF , leading to

bUR
+ (y) ≃ y

2|p⃗|

[︃
ln

(︃
T

mF

)︃
+ Cs

]︃
, |y|≪ 2|p⃗|T, (VII.60)

where Cs is a numerical constant of order unity that has to be found by fitting the regulated
result with various values of mF /T .

Large-y behavior (|y|≫ 2|p⃗|
√︂
ω2 −m2

F ) For large |y|, the logarithm can be expanded
as

ln

⃓⃓⃓⃓
⃓⃓2|p⃗|

√︂
ω2 −m2

F + y

2|p⃗|
√︂
ω2 −m2

F − y

⃓⃓⃓⃓
⃓⃓ ≃ 4|p⃗|

√︂
ω2 −m2

F

y
+O(1/y3) , (VII.61)

yielding

b+(y) ≃
4|p⃗|
y

∫︂ ∞

mF

dω
ωf+(ω)√︂
ω2 −m2

F

√︂
ω2 −m2

F ≃ 4|p⃗|
y

∫︂ ∞

mF

dωωf+(ω) (VII.62)

which implies

b+(y) ≃
|p⃗|π2T 2

3y
(VII.63)

which is also the result for the UR-approximated result (mF ≪ T ).

As already said, the decomposition explained above was not used in the code that led
to [5] and was found only later for this thesis. Clearly, its integration in the numerical
routine is straightforward. The code as implemented for [5] follows from:

double J2pM (double xk0, double xk, double mF){

double r = log10(sqrt(xk0*xk0 + xk*xk));

double theta = atan(fabs(xk0)/xk);

// Use pre-computed tabulated result when possible

if(r>-3. && r < 5.){

return Tabulated_Integral_3d(log10(mF),-2.,1.,97./3232.,r,-3.,5.,8./399.,theta,0.,

M_PI/2.,M_PI/2./399.,table_pSigmaH);

}

// Otherwise integrate

return pSigmaH_int(xk0,xk,mF);

}

// pSigma contraction
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// Use numerical integration method from GSL

// QAGI adaptive integration

// gsl_integration_qagiu

double pSigmaH_int(double xk0, double xk, double z){

struct fparams2 pars= {xk0 ,xk, z};

double res, err;

gsl_set_error_handler_off();

gsl_integration_workspace * w = gsl_integration_workspace_alloc(4000);

gsl_function F;

// Integrand function

F.function = &fpSigma;

F.params = &pars;

int status = gsl_integration_qagiu(&F, 0., 1.e-6, 1.e-6, 4000, w, &res, &err);

if(status == GSL_EDIVERGE){

status = gsl_integration_qagiu(&F, 0., 1.e-9, 1.e-9, 4000, w, &res, &err);

if (status == GSL_EDIVERGE){ status = gsl_integration_qagiu(&F, 0., 1.e-12, 1.e-12,

4000, w, &res, &err);}

}

gsl_integration_workspace_free(w);

return res;

}

// Integrand function

double fpSigma (double y, void * p){

struct fparams2 * fp = (struct fparams2 *)p;

double xk0 = fp->a;

double xk = fp->b;

double z = fp->c;

double y0 = sqrt(y*y+z*z);

double a1 = xk0*xk0-xk*xk + z*z - 2.*xk0*y0 + 2.*y*xk;

double a2 = xk0*xk0-xk*xk + z*z - 2.*xk0*y0 - 2.*y*xk;

double b1 = xk0*xk0-xk*xk + z*z + 2.*xk0*y0 + 2.*y*xk;

double b2 = xk0*xk0-xk*xk + z*z + 2.*xk0*y0 - 2.*y*xk;

double x = nF(y0)*log(fabs(a1/a2*b1/b2));

return x;

}

Massless fermion

For a massless fermion, Eq. (VII.45) simplifies to

Tr
{︂
/p/Σ

H
(p)
}︂(T ̸=0)

mF=0
=
GT 2

4
+

G

8π2
p2

|p⃗|

∫︂ ∞

0
dk (f−(k)− f+(k))

∑︂
±

ln

⃓⃓⃓⃓
p2 + 2k(|p⃗|∓p0)
p2 − 2k(|p⃗|±p0)

⃓⃓⃓⃓
(VII.64)

=
GT 2

4
+

G

8π2
p2

|p⃗| (I2− − I2+) , (VII.65)
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where

I2± ≡ p0 − |p⃗|
|p0 + |p⃗||a±(|p0 − |p⃗||)− p0 + |p⃗|

|p0 + |p⃗||a±(|p0 + |p⃗||) . (VII.66)

The trace and the integral functions I2− and I2+ are implemented as

double kSigmaH(double xk0, double xk) {

if(HTL_ON == true) return G/pow(2.*M_PI,2) * M_PI * M_PI / 2.;

else {

return G/pow(2.*M_PI,2) *

((xk0*xk0 - xk*xk)/4./xk * (I2m(xk0,xk) - I2p(xk0,xk)) + M_PI * M_PI / 2.);

}

}

double I2m (double xk0, double xk){

return - (xk0+xk)/fabs(xk0+xk) * am(fabs(xk0+xk))

+ (xk0 - xk)/fabs(xk0 - xk) * am(fabs(xk0-xk));

}

double I2p (double xk0, double xk){

return - (xk0+xk)/fabs(xk0+xk) * ap(fabs(xk0+xk))

+ (xk0 - xk)/fabs(xk0 - xk) * ap(fabs(xk0-xk));

}

VII.3.3.2 Contraction with u

For the contraction with uµ, Tr
{︂
/u/Σ

H
(p)
}︂
, the calculation proceeds in a very similar way,

with the only difference of substituting p2 − p · k with p0 − k0. Starting directly after
having integrated over dk0 and the azimuthal angle dϕ, we have

(I)u =
G

4π2

∫︂ ∞

0

d|k⃗||k⃗|
∑︂

k0=±|k⃗|

[1 + 2f−(|k0|)]
∫︂ 1

−1

d cos θ
p0 − k0

p2 −m2
F ∓ 2|p⃗||k⃗|+ 2|p⃗||k⃗| cos θ

=
G

8π2|p⃗|

∫︂ ∞

0

d|k⃗| [1 + 2f−(|k0|)]
∑︂
±

(p0 ∓ |k⃗|) ln
⃓⃓⃓⃓
⃓p2 −m2

F ∓ 2p0|k⃗|+ 2|p⃗||k⃗|
p2 −m2

F ∓ 2p0|k⃗| − 2|p⃗||k⃗|

⃓⃓⃓⃓
⃓ (VII.67)

(VII.68)

and

(II)u =
G

4π2

∫︂ ∞

0

d|k⃗| |k⃗|
2

ωk
[1 + 2f+(|k0|)]

∑︂
±

(±ωk)

∫︂ 1

−1

d cos θ
1

p2 +m2
F ∓ 2p0ωk + 2|p⃗||k⃗| cos θ

=
G

8π2|p⃗|

∫︂ ∞

0

d|k⃗||k⃗| [1 + 2f+(|k0|)]
∑︂
±

(±) ln

⃓⃓⃓⃓
⃓p2 +m2

F ∓ 2p0ωk + 2|p⃗||k⃗|
p2 +m2

F ∓ 2p0ωk − 2|p⃗||k⃗|

⃓⃓⃓⃓
⃓ (VII.69)

Adding the (I)u and (II)u parts together, we obtain

Tr
{︂
/u/Σ

H
(p)
}︂(T ̸=0)

=
G

4π2

1

|p⃗|

∫︂ ∞

0

dk f−(k)
∑︂
±′

(p0 ∓′ k) ln

⃓⃓⃓⃓
p2 −m2

F + 2k(|p⃗|∓′p0)

p2 −m2
F − 2k(|p⃗|±′p0)

⃓⃓⃓⃓

+
G

4π2

1

|p⃗|

∫︂ ∞

0

dk k f+(ωF,k)
∑︂
±′

(∓′) ln

⃓⃓⃓⃓
p2 +m2

F ∓′ 2p0 ωF,k + 2|p⃗|k
p2 +m2

F ∓′ 2p0 ωF,k − 2|p⃗|k

⃓⃓⃓⃓

=
G

8π2|p⃗|

(︃
p0I2− + I

(M)
3− − J

(M)
3+ + 3π2T 2 ln

⃓⃓⃓⃓
p0 + |p⃗|
p0 − |p⃗|

⃓⃓⃓⃓)︃
, (VII.70)
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where I2− was already given in Eq. (VII.48), and where we have defined

I
(M)
3± ≡

∫︂ ∞

0
dk k f±(k)

∑︂
±′

(∓′) ln

⃓⃓⃓⃓
p2 −m2

F + 2k(|p⃗|∓′p0)
p2 −m2

F − 2k(|p⃗|±′p0)

⃓⃓⃓⃓
, (VII.71)

J
(M)
3± ≡

∫︂ ∞

0
dk k f±(ωF,k)

∑︂
±′

(∓′) ln

⃓⃓⃓⃓
p2 +m2

F ∓′ 2p0 ωF,k + 2|p⃗|k
p2 +m2

F ∓′ 2p0 ωF,k − 2|p⃗|k

⃓⃓⃓⃓
. (VII.72)

I3± Integral

The I
(M)
3± can be simplified as

I
(M)
3± = c±(|p−mF

|)− c±(|p+mF
|) , (VII.73)

where

c±(y) ≡
∫︂ ∞

0
dk kf±(k) ln

⃓⃓⃓⃓
2k + y

2k − y

⃓⃓⃓⃓
. (VII.74)

Small-y regime. Expanding ln|y2 − 4x2|≃ ln
(︁
4x2
)︁
,

c−(y→0) = 2

∫︂ ∞

0

x ln(2x)

ex − 1
dx ≃ 1.79617.

Large-y regime. For y ≫ 1,

c−(y) ≃ 2 ln y

∫︂ ∞

0

x

ex − 1
dx =

π2

3
ln y.

These limits are implemented in the cmMint function outside of the tabulated region.

J3± Integral

Regarding the J3± integral, a decomposition was not found during the preparation of [5]
and was not implemented in the numerical code. However, we can also show that J3± can
be decomposed similarly as for J2± in Eq. (VII.52). First, change the integration variable
to dω using that kdk = ωmF ,kdωF,k ≡ ωdω, obtaining:

J3± =

∫︂ ∞

mF

dω ωf±(ω)
∑︂
±′

(∓′) ln

⃓⃓⃓⃓
⃓⃓p2 +m2

F ∓′ 2p0ω + 2|p⃗|
√︂
ω2 −m2

F

p2 +m2
F ∓′ 2p0ω − 2|p⃗|

√︂
ω2 −m2

F

⃓⃓⃓⃓
⃓⃓ . (VII.75)

Then we define the following auxiliary single-variable function,

d
(mF )
± (y) ≡

∫︂ ∞

mF

dω ωf±(ω) ln

⃓⃓⃓⃓
⃓⃓2
√︂
ω2 −m2

F + y

2
√︂
ω2 −m2

F − y

⃓⃓⃓⃓
⃓⃓ , (VII.76)

which allows to express Eq. (VII.75) as

J3± = d
(mF )
± (|P−

mF
|)− d

(mF )
± (|P+

mF
|) , (VII.77)
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where

P±
mF

=
p2 +m2

F ∓ 2p0mF

p0 ± |p⃗| . (VII.78)

For small and large y, one finds the asymptotic behaviors

d
(mF )
± (y) ≃ y A±(mF ), y ≪ 2

√︂
ω2 −m2

F ,

d
(mF )
± (y) ≃ 4B±(mF )

y
, y ≫ 2

√︂
ω2 −m2

F ,

where

A±(mF ) =

∫︂ ∞

mF

dω
ω f±(ω)√︂
ω2 −m2

F

, B±(mF ) =

∫︂ ∞

mF

dω ω
√︂
ω2 −m2

F f±(ω).

The interpolating functions A(mF ) and B(mF ) can be numerically determined by inter-
polating over several values of mF .

All the functions above are implemented in the code as:

double uSigmaH_M (double xk0, double xk, double mF){

// HTL result

if(HTL_ON == true) return G/16.xk *

log( fabs((xk0+xk) / (xk0-xk)) );

// Full result

return G/8./M_PI/M_PI/xk * ( xk0*I2mM(xk0,xk,mF)

- I3TpM(xk0,xk,mF)

+ I3TmM(xk0,xk,mF)

+ log( fabs((xk0+xk) / (xk0-xk)) )

* M_PI * M_PI * 3. );

}

double I3TmM (double xk0, double xk, double mF){

double kmp = ((xk0+xk)*(xk0-xk)-mF*mF) / ((xk0-xk));

double kmm = ((xk0+xk)*(xk0-xk)-mF*mF) / ((xk0+xk));

return( cmMint(fabs(kmm)) - cmMint(fabs(kmp)) );

}

double cmMint (double y) {

if (y < pow(10., -2))

return 1.79617;

if (y > pow(10., 3))

return 1. / 3. * M_PI * M_PI * log(y);

return pow(10., Tabulated_Integral_1d(log10(fabs(y)), -2., 3., 0.01, table_cMmint));

}

double I3TpM (double xk0, double xk, double mF){

double r = log10(sqrt(xk0*xk0 + xk*xk));

double theta = atan(fabs(xk0)/xk);

n_funcalls=n_funcalls+1;

if(r>-3 && r<5.){
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n_TabInt=n_TabInt+1;

return xk0/fabs(xk0)*Tabulated_Integral_3d(log10(mF),-2.,1.,97./3232.,r

,-3.,5.,8./399.,theta,0.,M_PI/2.,M_PI/2./399.,table_uSigmaH);

}

return xk0/fabs(xk0)*uSigmaH_int(xk0,xk,mF);

}

// uSigma contraction

// Use numerical integration method from GSL

// QAGI adaptive integration

// gsl_integration_qagiu

double uSigmaH_int(double xk0, double xk, double z){

struct fparams2 pars= {xk0 ,xk, z};

double res, err;

gsl_set_error_handler_off();

gsl_integration_workspace * w = gsl_integration_workspace_alloc(4000);

gsl_function F;

F.function = &fuSigma; // Integrand

F.params = &pars;

int status = gsl_integration_qagiu(&F, 0., 1.e-6, 1.e-6, 4000, w, &res, &err);

if(status == GSL_EDIVERGE){

status = gsl_integration_qagiu(&F, 0., 1.e-9, 1.e-9, 4000, w, &res, &err);

if (status == GSL_EDIVERGE){ status = gsl_integration_qagiu(&F, 0., 1.e-12, 1.e-12,

4000, w, &res, &err);}

}

gsl_integration_workspace_free(w);

return res;

}

// Integrand

double fuSigma (double y, void * p){

struct fparams2 * fp = (struct fparams2 *)p;

double xk0 = fp->a;

double xk = fp->b;

double z = fp->c;

double y0 = sqrt(y*y+z*z);

double a1 = xk0*xk0-xk*xk + z*z - 2.*xk0*y0 + 2.*y*xk;

double a2 = xk0*xk0-xk*xk + z*z - 2.*xk0*y0 - 2.*y*xk;

double b1 = xk0*xk0-xk*xk + z*z + 2.*xk0*y0 - 2.*y*xk;

double b2 = xk0*xk0-xk*xk + z*z + 2.*xk0*y0 + 2.*y*xk;

double x = y * nF(y0)*log(fabs(a1/a2*b1/b2));

return x;

}

For a massless fermion, one obtains

Tr
{︂
/u/Σ

H
(p)
}︂(T ̸=0)

mF=0
=

G

4π2
1

|p⃗|

∫︂ ∞

0
dk k (f−(k) + f+(k))

∑︂
±

(∓) ln

⃓⃓⃓⃓
p2 + 2k(|p⃗|∓p0)
p2 − 2k(|p⃗|±p0)

⃓⃓⃓⃓
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+
G

4π2
p0
|p⃗|

∫︂ ∞

0
dk f−(k)

∑︂
±

ln

⃓⃓⃓⃓
p2 + 2k(|p⃗|∓p0)
p2 − 2k(|p⃗|±p0)

⃓⃓⃓⃓
. (VII.79)

Here, we define

c(y)⏞⏟⏟⏞
C++: cint

≡ c+(y) + c−(y) =
∫︂ ∞

0
dk k [f+(k) + f−(k)] ln

⃓⃓⃓⃓
2k + y

2k − y

⃓⃓⃓⃓
(VII.80)

to simplify the first integral in Eq. (VII.79), namely

I
(0)
3± = c±(|p0 − |p⃗||)− c

(0)
± (|p0 + |p⃗||) (VII.81)

If we expand the integrand function for large y, we find (cf. also [479])

c(y) ≃ π2

2
ln y − π2

6
(3 + 7 ln 2.36 lnA+ 3 lnπ) (VII.82)

≃ π2

2
ln y − π2

6
2.33106 , (VII.83)

where A ≃ 1.282427 is the Glaisher-Kinkelin constant,3 whereas for small-y values, we
find

c(y) ≃ 0.1733 y2 . (VII.84)

The expressions for the contraction with u for a massless fermion are implemented in the
following code:

double uSigmaH (double xk0, double xk){

if(HTL_ON == true) return G/16./xk * log( fabs((xk0+xk) / (xk0-xk)) );

return G/8./M_PI/M_PI/xk * ( I3T(xk0,xk)

+ xk0 * I2m(xk0,xk)

+ log( fabs((xk0+xk) / (xk0-xk)) )

* M_PI*M_PI/2. );

}

double I3T (double xk0, double xk){

return cint(fabs(xk0-xk)) - cint(fabs(xk0+xk));

}

double cint (double y) {

if (y < pow(10., -5))

return 0.17328679619 * y * y;

if (y > pow(10., 3))

return M_PI * M_PI / 2. * log(y) - M_PI * M_PI / 6. * (2.33106);

return pow(10., Tabulated_Integral_1d(log10(fabs(y)), -5., 3., 0.01, table_cint));

}

VII.3.4 Anti-Hermitian Contractions

VII.3.4.1 Contraction with p, Anti-Hermitian

For the anti-Hermitian parts, we use the properties described in Sections VI.2.2
and VI.3.2.2, in particular that

Tr
{︂
/p/Σ

A}︂
=

1

2
f−1
+ (p0) Tr

{︂
/p i/Σ

>
(p)
}︂
.

3https://mathworld.wolfram.com/Glaisher-KinkelinConstant.html
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Thus,

Tr
{︂
/p i/Σ

>
(p)
}︂
= 4G

∫︂
d4k

(2π)4
i∆>

γ (k) i∆̃
>

ℓ,R(p− k) p · (p− k)

= 4G

∫︂
d4k

4π2
δ(k2)δ

(︂
(p− k)2 −m2

F

)︂[︂(︂
1− f+(p0 − k0)

)︂(︂
1 + f−(k0)

)︂]︂
× sign(k0)sign(p0 − k0)(p

2 − p · k)

=⏞⏟⏟⏞
k→p−k

G

π2
ep0f+(p0) sign(p

2 −m2
F )
p2 +m2

F

2
(VII.85)

×
∫︂

d4k δ(k2 −m2
F )δ((p− k)2)

[︂
1− f+(k0) + f−(p0 − k0)

]︂
(VII.86)

In the first step, we used the formulae shown in Section VI.3.2.2. In the second step, we
shifted the integration variable k → p − k to ease the integration over the delta function
with the fermion mass mF . In particular, we also have p2 − p · k → p · k. Moreover, we
used the on-shellness property (under integration condition), which implies

sign(k0)sign(p0 − k0) = sign(p2 −m2
F ) , (VII.87)

and

0 = (p− k)2 = p2 + k2 − 2p · k = p2 +m2
F − 2p · k =⇒ p · k =

p2 +m2
F

2
. (VII.88)

Finally, we made use of the following identity:

ep0f+(p0) = [1− f+(p0 − k0) + f+(k0)] = 1− f+(p0 − k0) + f−(k0)− f+(p0 − k0)f−(k0)

Therefore, we obtain

=
G

4π
ep0f+(p0)sign(p

2 −m2
F )
p2 +m2

F

|p⃗|

∫︂
B
dk0

[︂
1− f+(k0) + f−(p0 − k0)

]︂
⏞ ⏟⏟ ⏞

I(k0)|B

which can be integrated using

I(k0)
⃓⃓⃓
B
= I(k0)

⃓⃓⃓k0+
k0−

+ θ(−p2) I(k0)
⃓⃓⃓+∞

−∞
,

with

k0± =
p0
2p2

(p2 +m2
F )±

|p⃗|
2p2

⃓⃓
p2 −m2

F

⃓⃓
.

The result is

Tr
{︂
/p/Σ

A
(p)
}︂
=

G

8π
sign(p2 −m2

F )
p2 +m2

F

|p⃗|

⎡⎢⎣θ(−p2)p0 + T ln

⃓⃓⃓⃓
⃓⃓⃓ sinh

(︂
k0
+−p0

2T

)︂
cosh

(︂
k0
−

2T

)︂
sinh

(︂
k0
−−p0

2T

)︂
cosh

(︂
k0
+

2T

)︂
⃓⃓⃓⃓
⃓⃓⃓
⎤⎥⎦ .

(VII.89)
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double kSigmaA_M (double xk0, double xk, double mF){

// We add: 1. vacuum contribution 2. Thermal Part - HTL 3. HTL (HTL part is identical 0

here). This is for the m=0 case

// We have a expression not split into vacuum and T neq 0 part for the massive case

if(HTL_ON == true) return 0;

double xk2 = xk0*xk0 -xk*xk;

double logshch = log(

fabs(

cosh(xp0p/2.) / cosh(xp0m/2.)

* sinh((xp0m-xk0)/2.) / sinh((xp0p-xk0)/2.)

)

);

double xp0p = 1./2./(xk2) *

(xk0 * (xk2 + mF*mF)

+ xk*fabs(xk2 - mF*mF) );

double xp0m = 1./2./(xk2) *

(xk0 * (xk2 + mF*mF)

- xk*fabs(xk2 - mF*mF) );

return G/16./M_PI * (xk2 - mF*mF)

/ fabs(xk2 - mF*mF)

* (xk2 + mF*mF) / xk

* ( Theta(-xk2) * xk0

+ logshch );

}

The massless variant of the anti-Hermitian contraction with k follows straightforwardly
from the expressions above by setting mF = 0.

VII.3.4.2 Contraction with u, Anti-Hermitian

To calculate Tr
{︂
/u/Σ

A
(p)
}︂

follow the same steps as for the computation of Tr
{︂
/p/Σ

A
(p)
}︂
,

with the only difference that p2 − p · k → p0 − k0, which becomes simply k0 after shifting
integration variable with k → p− k. Therefore:

Tr
{︂
/u/Σ

>
(p)
}︂
=

G

2π
ep0f+(p0)sign(p

2 −m2
F )

1

|p⃗|

∫︂
B
dk0 k0

[︂
1− f+(k0) + f−(p0 − k0)

]︂
.

(VII.90)

This integration involves the first moment of the Bose-Einstein and Fermi-Dirac distribu-
tion functions, namely4∫︂ ∞

0
dxxnf±(x− µ) = ∓Γ(n+ 1)Lin+1(∓eµ) . (VII.91)

Here, Lis(x) is the polylogarithm of order s. If the chemical potential µ is zero, or,
equivalently, if the argument of the distribution function is exactly the integration variable,
the relation in Eq. (VII.91) simplifies to

∫︂ ∞

0
dxxnf±(x) = ∓Γ(n+ 1)Lin+1(∓1) =

⎧⎨⎩Γ(n+ 1)ζ(n+ 1) Bose-Einstein,

(1− 2−n)Γ(n+ 1)ζ(n+ 1) Fermi-Dirac.

(VII.92)

4https://mathworld.wolfram.com/Polylogarithm.html
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Exploiting these mathematical relations, the integral in Eq. (VII.90) becomes

(VII.90) =
G

2π|p⃗|e
p0f+(p0)sign(p

2 −m2
F ) (VII.93)

Re

{︃
Tk0 ln

⃓⃓⃓⃓
f−(k0 − p0)

f+(k0)

⃓⃓⃓⃓
+ T 2Li2

(︁
−ek0

)︁
− T 2Li2

(︁
ek0−p0

)︁}︃
B
, (VII.94)

where Li2 (x) is the dilogarithm function, the polylogarithm of order 2, also known as
Spence’s function. The real part Re is taken to ensure the reality of the expression. In fact,
the dilogarithm can become complex when the arguments of the exponentials cross branch
cuts. Relating the Wightmann Eq. (VII.94) with its spectral counterpart and integrating
over the domain B, we obtain

Tr
{︂
/u/Σ

A
(p)
}︂
=

G

4π

sign(p2 −m2
F )

|p⃗|

[︄
θ(−p2)

(︄
−π

2T 2

2
+

(︁
p0
)︁2

2

)︄

+ T Re

{︃
k0 ln

⃓⃓⃓⃓
f−(k

0 − p0)

f+(k0)

⃓⃓⃓⃓
+ TLi2

(︂
−ek0/T

)︂
− TLi2

(︂
e(k

0−p0)/T
)︂}︃⃓⃓⃓⃓k0

+

k0
−

]︄
.

(VII.95)

This function is implemented in the numerical code as follows:

double uSigmaA_M(double xk0, double xk, double mF) {

double xk2 = xk0 * xk0 - xk * xk;

if (HTL_ON == true) return G / 8. / M_PI / xk * I1HTL(xk0, xk);

double xp0p = 1. / 2. / xk2 * (xk0 * (xk2 + mF * mF) + xk

* fabs(xk2 - mF * mF));

double xp0m = 1. / 2. / xk2 * (xk0 * (xk2 + mF * mF) - xk

* fabs(xk2 - mF * mF));

return G / 8. / M_PI * GSL_SIGN(xk2 - mF * mF) / xk

* (Theta(-xk0 * xk0 + xk * xk)

* (-M_PI * M_PI / 2. + xk0 * xk0 / 2.)

+ f1TM(xp0p, xk0) - f1TM(xp0m, xk0));

}

double f1TM(double xp0, double xk0) {

return xp0 * log(fabs((1 + exp(xp0)) / (1 - exp(xp0 - xk0))))

+ gsl_sf_dilog(-exp(xp0)) - gsl_sf_dilog(exp(x - xk0));

}

The massless variant of the anti-Hermitian contraction with u follows straightforwardly
from the expressions above by setting mF = 0.

VII.4 DM Self-energy with HTL Propagators

Declaration: this section presents results from the literature and new results developed by
the thesis author and MB for [5]. All authors discussed the results and their interpretation.
The text follows what is presented in the paper, but has been largely reworked and integrated
with information regarding analytical derivations and numerical implementations. In the
paper, all authors contributed to structuring, reviewing, and refining the manuscript.

VII.4.1 Resummed Propagators in the HTL Approximation

In the previous section, we derived spectral densities that can be simplified under the
assumption that the loop momenta ℓ in the fermion self-energies are much larger than
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the other relevant mass scales (k,mF ,mDM). This simplification involves treating the
problem as if there were a clear separation between hard scales (O(πT )) and soft scales
(O(gT )). This approach is known as Hard Thermal Loop (HTL) effective perturbation
theory, where the self-energies are resummed to capture the leading contributions from
thermal fluctuations with hard virtual momenta [435,436,511–515].

In a small coupling expansion, this resummation is crucial whenever the external mo-
mentum is soft. Contributions that would appear as higher-order in g in vacuum become
as significant as the tree-level term in a hot plasma, necessitating resummation to main-
tain perturbative accuracy. Practically, the HTL approximation involves expanding in
k/ℓ ∼ g/π and retaining only the leading terms. This approximation is expected to be
valid if g ≪ 1.

We must now evaluate whether this simplified HTL scheme, commonly used in leptogen-
esis scenarios, is appropriate for describing freeze-in DM production. Given that freeze-in
dynamics occur at temperatures T ∼ mF , the momentum of the heavy fermion F in the
DM self-energy is of order k ∼ mF ∼ T . Consequently, the expansion parameter k/ℓ is of
order one, indicating that the HTL approximation may not be well-justified for the bulk
of DM production.

To highlight the differences from the 1PI-resummed case, we collect now the HTL self-
energy, spectral densities, and production rates. The impact on freeze-in production will
be discussed in Section VIII.2.

Hermitian contractions

In the HTL limit, where all masses are negligible, and the loop momentum is the domi-
nating scale (k ≫ mF , p, p0), the whole expression in Eq. (VII.45) simplifies to:

Tr
{︂
/p/Σ

H
(p)
}︂HTL

=
GT 2

4
+
G

π2

∫︂ ∞

0
dkkf+(k) =

GT 2

8
. (VII.96)

Clearly, given that in-vacuum masses play no role within the HTL limit, the same result
holds for a massless fermion (cf. Eq. (VII.65)).

In the HTL limit, the contraction with the plasma vector u in Eq. (VII.70) simplifies to

Tr
{︂
/u/Σ

H
(p)
}︂HTL

=
GT 2

16|p⃗| ln
⃓⃓⃓⃓
p0 + |p⃗|
p0 − |p⃗|

⃓⃓⃓⃓
(VII.97)

Anti-Hermitian contractions

For the anti-Hermitian parts, the contraction with the fermion momentum results in a
vanishing trace:

Tr
{︂
/p/Σ

A
(p)
}︂HTL

= 0 , (VII.98)

To demonstrate this, we start from the full expression before integration:

Tr
{︂
/p/Σ

A
(p)
}︂
∝
∫︂

d4k

(2π)4
Tr
{︂
pαγ

αγµPL,Ri/S
>
ℓ,R(k)PR/Lγ

νi∆>
µν(p− k)

}︂
(VII.99)

∝
∫︂
d4k δ(k2 −m2

F ) δ((p− k)2) Tr
{︁
/p/k
}︁
. (VII.100)

The HTL limit corresponds to the situation where the loop momentum is hard (k ∼ T )
and the external momentum is soft (p0, |p⃗|,mF ≪ T ). The two delta functions enforce the
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on-shell conditions

k2 = m2
F , (p− k)2 = 0.

from which one obtains

p·k = p0k0 − p⃗·k⃗ =
p2 +m2

F

2
.

This fixes k0 for each direction of k⃗ as

k0 =
p0(p

2 +m2
F )/2 + |p⃗| |k⃗|cos θ
p0

≃ |k⃗|
(︂
1 +O

(︂ p
T

)︂)︂
,

so that the integral effectively samples momenta |k⃗|∼ T with angles satisfying

p0 = k̂ ·p⃗+O
(︃
p2

T

)︃
, (VII.101)

where k̂ = k⃗/|k⃗|. Using this approximation, the two delta functions reduce to

δ(k2 −m2
F ) δ((p− k)2) −→ 1

4|k⃗|2
δ(p0 − k̂ ·p⃗)

[︂
1 +O

(︂ p
T

)︂ ]︂
.

At the same time, the Dirac trace appearing in the contraction Tr
{︂
/p/Σ

A}︂
is proportional

to

Tr
{︁
/p/k
}︁
= 4p · k = 4(p0k0 − p⃗ · k⃗) ≃ 4k0 (p0 − p⃗·k̂). (VII.102)

Combining Eqs. (VII.101) and (VII.102), we see that the integrand of the loop integral is
multiplied by the factor (p0 − k̂ ·p⃗) and simultaneously by δ(p0 − k̂ ·p⃗). Hence,

(p0 − k̂ ·p⃗) δ(p0 − k̂ ·p⃗) = 0, (VII.103)

and the entire integrand vanishes pointwise. This demonstrates that

Tr
[︂
/p/Σ

A
(p)
]︂
HTL

= 0, (VII.104)

independently of the details of the statistical factors. The vanishing occurs because, in
the HTL regime, both internal lines are placed on shell, and the delta-function constraint
forces p0 = k̂ ·p⃗, so that the kinematic contraction p·(γ0 − k̂ ·γ⃗) identically cancels.

The contraction with the plasma four-vector is instead non-vanishing only for spacelike
external momenta, yielding

Tr
{︂
/u/Σ

A
(p)
}︂HTL

= θ(−k2)4G
π

|k⃗|T 2 . (VII.105)
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VII.4.2 Dispersion Relations

In summary, using K = 2Tr
{︁
/k/Σ
}︁
, we have:

KH
HTL =

1

4
GT 2, UH

HTL =
G

8|k⃗|
T 2 log

⃓⃓⃓⃓
⃓k0 + |k⃗|
k0 − |k⃗|

⃓⃓⃓⃓
⃓ , (VII.106)

KA
HTL = 0, UA

HTL = θ
(︁
−k2

)︁ G
π
8|k⃗|T 2 . (VII.107)

The numerical code implements the HTL-approximated contractions when the
global flag variable HTL_ON is set to TRUE (cf. the numerical implementation in
the previous sections).

Note that the functions in Eqs. (VII.106) and (VII.107) depend only on the temperature T
and the external momentum k, with all vacuum mass scales neglected in accordance with
the high-temperature expansion. Substituting these expressions into Eq. (VII.18), and
subsequently into the definitions of ΩF/f and ΓF/f in Eqs. (VII.12)–(VII.15), and finally
into Eqs. (VII.10) and (VII.11), yields the HTL limit of the corresponding spectral densi-
ties.

Furthermore, the thermal widths ΓHTL
F/f , which are directly proportional to UA

HTL, are

nonzero only for space-like momenta (k2 < 0). This kinematic domain corresponds to the
so-called continuum region, whose properties will be discussed in detail in Section VII.5.

For timelike momenta k2 > 0, the HTL widths vanish, ΓHTL
F/f = 0, and the HTL spectral

densities in Eq. (VI.79) simplify to delta functions 5

5The Dirac delta distribution can be obtained as the limit of a normalized Lorentzian function. Define

Lϵ(x) =
1

π

ϵ

x2 + ϵ2
, ϵ > 0. (VII.108)

It is straightforward to verify that∫︂ +∞

−∞
Lϵ(x) dx =

1

π

∫︂ +∞

−∞

ϵ dx

x2 + ϵ2
= 1, (VII.109)

so Lϵ(x) is normalized for all ϵ. In the limit ϵ → 0+, the function becomes infinitely peaked at x = 0 while
preserving unit area, and we define

δ(x) = lim
ϵ→0+

1

π

ϵ

x2 + ϵ2
. (VII.110)

For any smooth test function f(x),∫︂ +∞

−∞
f(x) δ(x) dx = lim

ϵ→0+

∫︂ +∞

−∞
f(x)Lϵ(x) dx = f(0), (VII.111)

confirming the defining property of the Dirac delta. This representation also implies the useful identity

1

x± iϵ
= PV

(︃
1

x

)︃
∓ iπ δ(x), (VII.112)

with PV the Cauchy’s principal value, which connects the Lorentzian regularization to the spectral repre-
sentation of propagators. This is also known as the Sokhotski–Plemelj theorem.
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/S
A,HTL
F/f (k) = π sign(k0)

(︂
/k − /Σ

H,HTL
F/f (k)−mF/f

)︂
δ

(︃[︂
k − ΣH,HTL

F/f (k)
]︂2

−m2
F/f

)︃
, k2 > 0

(VII.113)

where mF/f is the in-vacuum mass.

Here, we encounter a scenario analogous to the tree-level in-vacuum spectral densities,
where the system exhibits particle-like behavior with a well-defined dispersion relation
described by the zeros of the delta function’s argument:

gF/f (k) ≡
[︂
k − ΣH,HTL

F/f (k)
]︂2

−m2
F/f

!
= 0 . (VII.114)

Here, we have defined the dispersion relation functions gF/f . Let us explicitly write

the function gF (k0) to make the dependence on k0 and |k⃗| manifest. We first expand the
square of the Hermitian self-energy using Eq. (VII.31),

gF (k0) = k20 − |k⃗|2 − 2(k · ΣH)− 2

k2
[︁
(kΣH)2 + k2(uΣH)2 − 2k0(kΣ

H)(uΣH)
]︁
−m2

F ,

and then we make use of Eqs. (VII.106) and (VII.107), to get:

gF (k0) = k2 − GT 2

4
− 2T 2

k2

[︄
G2

64
+ k2

G2

256|k⃗|2
ln2
⃓⃓⃓⃓
k0 + |k⃗|
k0 − |k⃗|

⃓⃓⃓⃓
− 2k0

G2

128|k⃗|
ln

⃓⃓⃓⃓
k0 + |k⃗|
k0 − |k⃗|

⃓⃓⃓⃓]︄
−m2

F

= k20 − |k⃗|2 − GT 2

4
− G2T 2

32 (k20 − |k⃗|2)

[︄
1 +

k20 − |k⃗|2
4|k⃗|2

ln2

⃓⃓⃓⃓
⃓ k0 + |k⃗|
k0 − |k⃗|

⃓⃓⃓⃓
⃓− 2

k0

|k⃗|
ln

⃓⃓⃓⃓
⃓ k0 + |k⃗|
k0 − |k⃗|

⃓⃓⃓⃓
⃓
]︄
−m2

F .

(VII.115)

For vanishing in-vacuum masses, mF/f = 0, Eq. (VII.115) can be analytically solved for
the zero component of the four-momentum, yielding the following solutions [516]

(︁
k0+
)︁2

= ω2
+(|k⃗|) = |k⃗|2

⎡⎣W−1

(︂
− exp

(︂
−α|k⃗|2 − 1

)︂)︂
− 1

W−1

(︂
− exp

(︂
−α|k⃗|2 − 1

)︂)︂
+ 1

⎤⎦2

, (VII.116)

(︁
k0−
)︁2

= ω2
−(|k⃗|) = |k⃗|2

⎡⎣W0

(︂
− exp

(︂
−α|k⃗|2 − 1

)︂)︂
− 1

W0

(︂
− exp

(︂
−α|k⃗|2 − 1

)︂)︂
+ 1

⎤⎦2

, (VII.117)

where α = 16/(GT 2) and where W0 and W−1 are Lambert-W functions. These solutions
correspond physically to quasi-particle and hole poles. For fermions with non-zero in-
vacuum mass, an analytic solution is not available, and thus Eq. (VII.114) must be solved
numerically. It is important to note, however, that massive fermions also exhibit two-pole
branches with similar characteristics. Notably, in the large momentum limit, |k⃗| ≫ T , the
quasi-particles have a dispersion relation of the form(︁

k0
)︁2

= |k⃗|2 + G

4
T 2 ≡ |k⃗|2 +m2

th , (VII.118)

where mth is the thermal mass of the field, and it corresponds to the momentum-
independent part of the thermal Hermitian self-energy. For fermions solely interacting
with gauge bosons in the plasma, the thermal mass is thus simply given by

m2
th =

G

4
T 2 . (VII.119)
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VII.4.3 Kinematic Regimes for the HTL integration

We now evaluate the DM self-energy in the HTL approximation. Our starting point is the
general expression

ΠA
s (p) = −2 y2DM

∫︂
d4k

(2π)4
Tr
[︂
PL /S

A
F (k)PR /S

A
f (k − p)

]︂
[1− f+(k0)− f+(p0 − k0)]

−(p↔ −p),
(VII.120)

In the HTL limit, we replace both fermionic spectral functions in Eqs. (VII.10) and (VII.11)
with their resummed expressions. After the trivial integration over the azimuthal angle ϕ,
the remaining integrations in Eq. (VII.120) (over k0, |k⃗|, and cos θkq) naturally separate
into four distinct kinematic regions. These regions are determined by whether k2 (the
heavy-fermion momentum) and q2 (the light-fermion momentum) are timelike or spacelike:

ΠA
s,HTL(p) = ΠA

s,TT(p) + ΠA
s,TS(p) + ΠA

s,ST(p) + ΠA
s,SS(p). (VII.121)

where:

TT : both momenta k and q are timelike (k2 > 0 and q2 > 0);

TS : k is timelike (k2 > 0) and q is spacelike (q2 < 0);

ST : k is spacelike (k2 < 0) and q is timelike (q2 > 0);

SS : both momenta k and q are spacelike (k2 < 0 and q2 < 0).

Each contribution corresponds to a specific combination of the supports of the two spectral
functions and thus has a clear physical interpretation. Whenever one of the momenta is
timelike, Eq. (VII.107) shows that the corresponding fermion is placed on its mass shell,
so its spectral density reduces to a delta-function structure.

Our strategy is therefore straightforward: whenever delta functions are present, we
determine their zeros, allowing us to integrate over k0 using δ(gF (k)) and over cos θkq
using δ(gf (q)). After fixing k0 and cos θkq in this way, we perform the remaining radial

integral over |k⃗|. We now examine each kinematic regime in turn.

VII.4.3.1 Double timelike momenta (k2 > 0 and q2 > 0)

When both internal momenta are timelike, the spectral self-energies reduce to delta func-
tions. Inserting these into Eq. (VII.120) gives

ΠA
s (p) = −y

2
DM

2π2

∫︂
d4k sgn(k0) sgn(p0 − k0) Tr

{︁
PL(/k − ΣH

F (k))PR(/q − ΣH
f (q))

}︁
×δF (gF (k0)) δf (gf (q0)) [1− f+(k0)− f+(p0 − k0)],

(VII.122)

where the trace over Dirac indices yields scalar combinations of the form

Tr
[︁
PL(/k − ΣH

F (k))PR(/q − ΣH
f (q))

]︁
= 2[k ·q − k ·ΣH

f (q)− q ·ΣH
F (k) + ΣH

F (k)·ΣH
f (q)].

(VII.123)

To evaluate this contribution, we employ the results in Eqs. (VII.32), (VII.33), (VII.106)
and (VII.107). The remaining task is to treat the delta functions, identify their solutions,
and understand the integration domain. The delta functions in Eq. (VII.122) place the
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fermions on their HTL quasiparticle mass shells, whose zeros define the four branches
k0 = ±ω+,mF ,±ω−,mF . Thus, this kinematic regime corresponds to processes in which
both internal lines describe thermal quasiparticle modes, i.e., decays or inverse decays in
the medium.

For the massless SM fermion (mf = 0), the dispersion relations are known analytically
and given in Eqs. (VII.116) and (VII.117). For the massive heavy fermion F , they must
be obtained numerically.

Using the standard identity for delta functions yields∫︂
dk0 δ (gF (k0)) =

∑︂
i

1

|g′F (k0i )|
, g′F (k

0
i ) =

d

dk0

(︂ [︂
k − ΣH,HTL

F (k)
]︂2

−m2
F

)︂⃓⃓⃓
k0=k0i

.

(VII.124)

Here, we evaluate the derivative from Eq. (VII.115), yielding

g′F (k
0) =

1

128 |k⃗|4 (k20 − |k⃗|2)

[︂
4k0|k⃗|3

(︂
−G2T 2 + 64 |k⃗|2(k20 − |k⃗|2)

)︂
+4G2|k⃗|(k20 − |k⃗|2) ln

⃓⃓⃓⃓
⃓k0 + |k⃗|
k0 − |k⃗|

⃓⃓⃓⃓
⃓−G2k0(k

2
0 − |k⃗|2) ln2

⃓⃓⃓⃓
⃓k0 + |k⃗|
k0 − |k⃗|

⃓⃓⃓⃓
⃓
]︄
. (VII.125)

Similarly, for the light fermion f , exploiting the integral over the cosine of the radial angle,
one obtains∫︂

d cos θkq δ(gf (q0)) =
∑︂
j

1⃓⃓⃓
g′f (q

0
j )
⃓⃓⃓ , g′f (q

0
j ) =

d

d cos θkq

(︂
q − ΣH,HTL

f (q)
)︂2 ⃓⃓⃓⃓

cos θkq=cos θjkq

.

(VII.126)

Here, the derivative g′f = dgf/d cos θkq is given by:

g′f (q) =
p |k⃗|
128

[︃
256− 4G2

|q⃗|6 − q20|q⃗|4
(︁
|q⃗|2 − 2q20

)︁
+

8G2q0
|q⃗|5 ln

⃓⃓⃓⃓
q0 + |q⃗|
q0 − |q⃗|

⃓⃓⃓⃓
(VII.127)

+
G2

|q⃗|6
(︁
|q⃗|2 − 2q20

)︁
ln2
⃓⃓⃓⃓
q0 + |q⃗|
q0 − |q⃗|

⃓⃓⃓⃓]︃
. (VII.128)

where |q⃗| is fixed by the loop momentum |k⃗|, the external momentum |p⃗| and cos θj .
Using Eqs. (VII.123), (VII.125) and (VII.128) into Eq. (VII.123) gives the following TT
contribution to the DM self-energy in the HTL limit:

ΠA
s,TT (p) =

y2DM
2π

∫︂
d|k⃗|

∑︂
i

∑︂
j

[︁
kiqj − qjΣ

H
F (ki)− kiΣ

H
f (qj) + ΣH

f (qj) Σ
H
F (ki)

]︁

×
[︁
1− f+(k

0
i )− f+(−q0j )

]︁ sign
(︂
k0i q

0
j

)︂
|k⃗|2

|g′F
(︁
k0i
)︁
||g′f (cos θj) |

×Θ
(︂
|q⃗|j −

⃓⃓⃓
|p⃗| − |k⃗|

⃓⃓⃓)︂
Θ
(︂
−|q⃗|j +

⃓⃓⃓
|p⃗|+ |k⃗|

⃓⃓⃓)︂
, (VII.129)

where the step functions encode the kinematic constraints implied by q = k − p. The
Heaviside functions in Eq. (VII.129) are required for the numerical implementation: As
we search for the |q⃗|j solving Eq. (VII.128), we have to verify if each |q⃗|j can be generated

from an angle θj satisfying −1 ≤ cos θj ≤ 1, which is the case as long as
⃓⃓⃓
|p⃗| − |k⃗|

⃓⃓⃓
≤ |q⃗| ≤⃓⃓⃓

|p⃗|+ |k⃗|
⃓⃓⃓
.
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VII.4.3.2 Timelike–spacelike momenta (k2 > 0, q2 < 0)

When k is timelike and q spacelike, only the F propagator is on shell and given by
Eq. (VII.113), whereas the f propagator corresponds to its HTL spectral function in
the continuum region, i.e., it has a finite width Γf (q) ̸= 0. Thus, only one delta function
has to be considered. Inserting these forms into Eq. (VII.120) and integrating over k0

with the on-shell delta function of SA
F (k) fixes k

0 = k0i (|k⃗|) and hence q0 = k0i − p0.

The resulting expression reads

ΠA
s,TS(p) = 2

y2DM

(2π)2

∫︂
d|k⃗| dcos θ

∑︂
i

|k⃗|2
|g′F (k0i )|

sgn(k0i )
[︁
1− f+(k

0
i )− f+(p

0 − k0i )
]︁
(A−B),

(VII.130)

with

ΠA
s,TS(p) = 2

y2DM
(2π)2

∫︂
d cos θ d|k⃗|

∑︂
i

|k⃗|2
|g′F
(︁
k0i
)︁
| (A−B) sign

(︁
k0i
)︁ [︁

1− f+(k
0
i )− f+(p

0 − k0i )
]︁
,

(VII.131)

A =
Γf (q)

(︂
kiq − kiΣ

H
f (q)− qΣH

F (ki) + ΣH
F (ki) Σ

H
f (q)

)︂
Ω2
f (q) + Γ2

f (q)
, (VII.132)

B =
Ωf (q)

(︂
kiΣ

A
f (q)− ΣH

F (ki) Σ
A
f (q)

)︂
Ω2
f (q) + Γ2

f (q)
, (VII.133)

Here, Ωf and Γf are the Hermitian and anti-Hermitian components of the light-fermion
self-energy. The first term, A, represents the absorptive contribution due to the nonzero
width of the spacelike f mode, while B arises from interference between the Hermitian
and anti-Hermitian parts. The angular and radial integrations are performed numerically,

using q0 = k0i − p0 and |q⃗| =
√︂
|p⃗|2+|k⃗|2−2|p⃗||k⃗|cos θ.

The configuration with k2 < 0 and q2 > 0 (ST) is completely analogous and is obtained
by interchanging k ↔ q and f ↔ F .

VII.4.3.3 Double spacelike momenta (k2 < 0 and q2 < 0)

When both internal momenta are spacelike, the delta functions in Eq. (VII.113) have
no support, and both fermionic spectral densities are given by their HTL continuum
expressions. In this case, both propagators carry finite widths, and the self-energy must
be evaluated numerically over the Landau-damping region (k2 < 0, q2 < 0), yielding

ΠA
s,SS(p) = −2 y2DM

∫︂
d4k

(2π)4
Tr
[︂
PL /S

A
F,HTL(k)PR /S

A
f,HTL(q)

]︂
[1− f+(k0)− f+(p0 − k0)],

(VII.134)

The integrand receives contributions only from the spacelike region enforced by the θ(−k2)
and θ(−q2) factors. Physically, this configuration corresponds to processes in which both
internal lines are off-shell and interact through Landau damping in the medium. As in the
resummed one-particle-irreducible (1PI) propagator, this part of the self-energy describes
the continuum contribution and does not correspond to isolated quasiparticle poles.
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VII.5 Pole structure

Declaration: this section presents results from the literature, re-elaborated by the thesis
author and MB for [5]. The interpretation of the results was carried out in close
collaboration with all authors, with primary responsibility taken by the thesis author and
MB. The text is taken from the paper with small stylistic modifications. In the original
paper, all authors contributed to structuring, reviewing, and refining the manuscript.

After this long derivation, we understand that the spectral self-energies in the 1PI
case as well as in the HTL approximation have a complex structure and that this crucially
influences the DM self-energy and, thus, it interaction rate density. In particular, the pole
structure of Eqs. (VII.10) and (VII.11) can be quite complex. To accurately determine this
structure without resorting to a high-temperature (HTL) expansion (see Section VII.4.1),
numerical methods are required. At finite temperatures, several poles may correspond to
propagating modes and collective excitations with well-defined quantum numbers [412].
In a hot plasma, these poles are typically classified as quasi-particles if they exhibit a
positive helicity-to-chirality ratio, or hole modes if this ratio is negative.

In the low-momentum region, these modes are clearly distinguishable, with spectral
densities sharply peaking at the poles. This is illustrated by the brighter contours in the
left panel of Fig. VII.3, where each mode roughly contributes half of the density of states.

At higher momenta, hole excitations become massless and effectively decouple from the
plasma, while the screened quasi-particle modes asymptotically approach the in-vacuum
fermionic state. In the “off-shell” regime, there are additional contributions from “virtual”
modes, which involve energy exchanges between fermion quanta and the thermal bath,
even though such exchanges would be forbidden in vacuum.

These contributions are proportional to the thermal width Γ and, while suppressed,
account for the irreducible Landau damping by the medium through the exchange of
“off-shell” states with the plasma. Compared to the HTL-approximated version (see Sec-
tion VII.4.1), the spectral densities below the lightcone are more damped, as shown in the
right panel of Fig. VII.3. The plot shows that the ratio of (u · SA)HTL to (u · SA)1PI gets
larger with increasing values of |k⃗|/T . This is because the 1PI contribution includes an
exponential suppression that occurs once k ≳ T . For a thorough discussion on collective
excitations in the plasma, refer to early works [517–519] and more recent studies on early
Universe particle production [489,493].

VII.5.1 Kinematic regions

Here, we want to give a physical interpretation to the four kinematic regimes in which we
have divided the computation.

k2 > 0, q2 > 0 : Both fermions exhibit timelike momenta, with their spectral den-
sities peaking at the poles where a particle-like interpretation of the interacting fermionic
states is applicable, provided the thermal width is sufficiently narrow. The contributions
from hole peaks are negligible for DM production compared to those from quasi-particle
peaks, and hole excitations effectively decouple at high momenta. Consequently, the DM
interaction rate given by Eq. (VII.9) is primarily influenced by kinematics that enable
the quasi-particle peaks of the spectral distributions to overlap. From a particle-like
perspective, these contributions can be interpreted as decay processes of the form
F → f + s, where the approximate masses are M2

i = m2
i +m2

th,i, with mi representing
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the in-vacuum masses and mth,i =
√
GT/2 the thermal masses of the fermions6. At

high temperatures, since both fermions receive identical gauge thermal corrections, their
dispersion relations converge. Consequently, decays are not kinematically allowed at
early “times” z = mF /T . In other words, the contribution to DM production from the
1PI-resummed spectral densities is suppressed.

The kinematic window opens as soon as the in-vacuum mass mF becomes comparable
to the plasma temperature, specifically when

z >
√
G

mDMmF

m2
F −m2

DM

. (VII.135)

k2 > 0 and q2 < 0, k2 < 0 and q2 > 0 : This regime provides the predominant contri-
bution to the DM interaction rate when the kinematics prevent both fields from aligning
with the timelike peaks of their spectral densities. In this scenario, the spacelike fermion
can be interpreted as mediating interactions with the thermal plasma off-shell. Thus,
these regimes can be understood as scattering processes that produce DM quanta.

k2 < 0, q2 < 0 : When both momenta are spacelike, the spectral densities reside in
the continuum, and neither is enhanced by being nearly on the mass-shell. Consequently,
this regime contributes minimally to the DM interaction rate. From a particle interpreta-
tion perspective, the convolution of these spectral densities can be physically interpreted
as two exchanges of “off-shell” virtual fermion quanta with the thermal environment.

VII.6 Tree-level Propagators

Declaration: this section presents known results from the literature, re-elaborated by the
thesis author and MB for [5]. The work was developed through close collaboration among
all authors, with continuous discussions throughout. The text is a reworked and extended
version of what was presented in the paper. In the original paper, all authors contributed
to structuring, reviewing, and refining the manuscript.

We now consider the tree-level limit of the HTL-resummed fermionic spectral den-
sities, focusing only on the leading-order correction in gT to the HTL fermionic
self-energies. This approximation implies that thermal widths are set to zero, and only
the momentum-independent thermal masses, as given in Eq. (VII.119), are retained in
the dispersion relations. Consequently, the spectral densities in the DM self-energy loop
simplify to delta functions above the light cone, yielding:

/S
A
F (k) = πδ(k2 −m2

F )(/k +mF ) sign(k
0) , (VII.136)

/S
A
f (k − p) = πδ

(︁
(k − p)2 −m2

f

)︁ (︁
/k − /p+mf

)︁
sign(k0 − p0) , (VII.137)

where the masses are determined solely by the in-vacuum masses and the momentum-
independent thermal masses. This configuration accounts only for DM production from
decays of on-shell fermionic states with in-vacuum and thermal masses as specified in
Eq. (VII.118).

6Decays of the type f → F + s and inverse decays F + f → s are kinematically forbidden since Yukawa
interactions and in-vacuum masses for the SM fermions are neglected.
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Figure VII.3: Left panel: the spectral density (u · SA)1PI in linear scale for a massless fermion

as a function of the energy k0/T and spatial |k⃗|/T components of its momentum, normalized to
the plasma temperature. Brighter colors signal larger values and they are in correspondence of
the quasi-particle and hole peaks. Notice how the latter fades away at large momenta as holes
decouple from the plasma. The white dashed lines mark the quasi-particle and hole branches in
the HTL approximation (cf. Eqs. (VII.116) and (VII.117)), while the white solid line corresponds
to the dispersion relation with momentum-independent thermal mass in Eq. (VII.118). Notice also
that, in the dark regions, (u · SA)1PI is small but not zero. Right panel: ratio of u · SA in the
HTL approximation to the 1PI one for a broader kinematic range. Below the light cone, the HTL
spectral density becomes larger than the 1PI one for hard momenta, which instead captures an
exponential suppression as soon as k ≳ T . Figure created by the thesis author and included in [5].

To obtain the tree-level limit of the DM self-energy, we substitute these expressions into
Eq. (VII.7), resulting in:

ΠA
s (p) = 4π2y2DM

∫︂
d4k

(2π)4
δ(k2 −m2

F )δ((k − p)2 −m2
f )
[︁
k2 − k · p

]︁
× [1− f+(k0)− f+(p0 − k0)] sign(k0) sign(k0 − p0) . (VII.138)

This integral can be analytically evaluated. It is convenient to transform the integration
measure as follows:

d4k −→ 1

2|p⃗|dϕ dk0 d(p · k) d
(︁
k2
)︁
, (VII.139)

which simplifies the integration over the delta functions. Furthermore, since the particles
in the loop are on-shell, we have:

sign(k0) sign(k0 − p0) = −sign(p2 −m2
F −m2

f ) . (VII.140)

Incorporating these observations, Eq. (VII.138) simplifies to:

ΠA
s (p) =

y2DM

16π |p⃗|
⃓⃓⃓
p2 −m2

F −m2
f

⃓⃓⃓ ∫︂
B
dk0 [1− f+(k0)− f+(p0 − k0)] , (VII.141)

where the integration boundaries of I are defined as:

I
⃓⃓⃓
B
= I

⃓⃓⃓k0+
k0−
θ(p2) + I

⃓⃓⃓+∞

−∞
θ(−p2) , (VII.142)
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with:

k0± =
p0
2p2

(︁
p2 +m2

F −m2
f

)︁
± |p⃗|

2p2

√︃
λ
(︂
p2,m2

F ,m
2
f

)︂
, (VII.143)

λ
(︁
p2,m2

F ,m
2
f

)︁
=
(︁
p2 − (mF +mf )

2
)︁ (︁
p2 − (mF −mf )

2
)︁
. (VII.144)

Evaluating the integral in Eq. (VII.141) with the full distribution functions at finite tem-
perature yields:

ΠA
s (p) =

y2DM

16π |p⃗|
⃓⃓⃓
p2 −m2

F −m2
f

⃓⃓⃓ (︄
p0 θ(−p2) + T ln

⃓⃓⃓⃓
⃓cosh

(︁
(p0 − k0−)/2T

)︁
cosh

(︁
(p0 − k0+)/2T

)︁ cosh (︁k0+/2T )︁
cosh

(︁
k0−/2T

)︁ ⃓⃓⃓⃓⃓
)︄
.

(VII.145)

Finally, the differential interaction rate of DM, which implies the on-shellness conditions

p2 = m2
DM > 0 and p0 = ωp =

√︂
m2

DM + |p⃗|2, is given by:

ΠA
s (p)

ωp
=

y2DM T

16π ωp |p⃗|
⃓⃓⃓
m2

DM −m2
F −m2

f

⃓⃓⃓
ln

⃓⃓⃓⃓
⃓cosh

(︁
(ωp − k0−)/2T

)︁
cosh

(︁
(ωp − k0+)/2T

)︁ cosh (︁k0+/2T )︁
cosh

(︁
k0−/2T

)︁ ⃓⃓⃓⃓⃓ .
(VII.146)

It is important to note that the differential rate can describe both decays and inverse decays
depending on the kinematic regions. However, in our setup, the hierarchyMF > Mf+mDM

(cf. Eq. (VII.135)) ensures that only the decay process F → f+s is kinematically allowed.
The same differential rate can be derived using a Boltzmann equation approach without
approximating the equilibrium distribution functions to Maxwell-Boltzmann distributions
[382,404,406]. The CTP formalism, however, allows for a direct treatment of the quantum
relativistic nature of the interacting particles from a first-principles perspective.

To obtain the total DM production rate γDM from decays (accounting for relativistic
quantum statistics), we integrate the expression in Eq. (VII.146) over d|p⃗|. As with the
HTL case, we expect the tree-level approximation to yield significant discrepancies in
the DM relic abundance compared to 1PI-resummed spectral densities, especially when
decay processes are suppressed (small mass splitting between F and DM) and the high-
temperature expansion becomes unreliable. Moreover, tree-level propagators neglect scat-
tering contributions, leading to a significantly lower DM production rate compared to
1PI-resummed spectral densities when scattering processes are relevant, particularly for
small mass splittings and large gauge couplings, as will be discussed in the next chapter.

VII.6.1 Semi-classical Boltzmann Approach

In this section, we summarize the standard semi-classical treatment of dark matter (DM)
freeze-in based on the Boltzmann equation (cf. Section III.5.2). This will serve as a
reference for comparison with the fully quantum-field-theoretical CTP approach developed
later. The comoving number density of DM is defined as

YDM ≡ nDM

s
, (VII.147)

and its evolution is governed by the Boltzmann equation (cf. Eq. (III.45)),

z H(z) s(z)
dYDM

dz
= γDM(T ) , z ≡ mF

T
, (VII.148)

where s is the entropy density, H the Hubble rate, and γDM the total DM production rate
density. In the parameter region relevant for freeze-in, the dominant contribution arises
from the decay of the heavy vectorlike fermion mediator F into a Standard Model fermion
f and the scalar DM particle s.
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General structure of decay production

All decay contributions to γDM follow the same master expression,

γ
(dec)
DM (T ) =

∫︂
d3pF
(2π)3

f eqF (EF )
MF (T )

EF
ΓF→fs(T ) , (VII.149)

where f eqF is the equilibrium distribution of the decaying particle and ΓF→fs(T ) is the
temperature-dependent decay width. For Maxwell–Boltzmann statistics, one obtains the
standard integral, ∫︂

d3p

(2π)3
MF

E
e−E/T =

M2
F T

2π2
K1

(︃
MF

T

)︃
, (VII.150)

with K1 being a modified Bessel function of the second kind, leading to the compact result

γ
(dec)
DM (T ) =

M2
F (T )T

2π2
K1

(︃
MF (T )

T

)︃
ΓF→fs(T ) . (VII.151)

Decay width from the matrix element

The relevant interaction is described by the Yukawa term

Lint = yDM f̄ F s+ h.c. (VII.152)

for the decay

F (p) → f(k) + s(q) . (VII.153)

The squared, spin-summed matrix element is

|M|2 = y2DMTr
[︁
(/k +mf )(/p+mF )

]︁
= y2DM (m2

F +m2
f −m2

DM) . (VII.154)

Using the standard two-body phase-space integral,∫︂
dΦ2 =

1

16πm2
F

√︂
λ(m2

F ,m
2
f ,m

2
DM) , (VII.155)

the vacuum decay width becomes

ΓF→fs =
1

2mF

∫︂
dΦ2 |M|2

=
y2DMmF

16π

(︄
1 +

m2
f

m2
F

− m2
DM

m2
F

)︄√︂
λ(m2

F ,m
2
f ,m

2
DM) . (VII.156)

In-vacuum decay rate density

Inserting Eq. (VII.156) into Eq. (VII.151) with MF → mF , we obtain

(γDM)dec =
y2DMmF

16π3

(︄
1 +

m2
f

m2
F

− m2
DM

m2
F

)︄√︂
λ(m2

F ,m
2
f ,m

2
DM)T K1

(︂mF

T

)︂
.

(VII.157)
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Figure VII.4: The scattering diagrams for the s- and t-channel processes illustrating the single-
particle production of the scalar singlet DM candidate s. The diagram for double production is
neglected due to suppression by a factor of y2DM/G. Fermion flow directions are not explicitly
shown; both possible orientations for each diagram should be considered. Figure created by CT
and included in [5].

Thermal corrections

Thermal effects can be included at leading order by promoting vacuum masses to thermal
masses,

m2
i → M2

i (T ) = m2
i +m2

i,th(T ) . (VII.158)

In our model, the fermionic thermal masses satisfy

m2
i,th =

GT 2

4
, (VII.159)

while the DM thermal mass is negligible due to its feeble coupling. The thermal decay
width is then obtained by the replacement mi →Mi(T ) in Eq. (VII.156),

ΓF→fs(T ) = ΓF→fs

⃓⃓⃓
mi→Mi(T )

. (VII.160)

Inserting into Eq. (VII.151) and using M ≡ M(T ) to ease the notation, we find the
thermally corrected decay rate density

(γDM)dec,th =
y2DMMF

16π3

(︄
1 +

M2
f

M2
F

− m2
DM

M2
F

)︄√︃
λ
(︂
M2
F ,M

2
f ,m

2
DM

)︂
T K1

(︃
MF

T

)︃
.

(VII.161)

VII.6.2 Scatterings and the interaction rate

At sufficiently high temperatures, 2 ↔ 2 scattering processes may provide an important
contribution to freeze-in production because the collision operator (cf. Eq. (III.56)) is
proportional to the equilibrium number densities, which scale in the high-temperatures
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regime as neq ∼ T 3. Scatterings become particularly relevant when the dominant decay
channel is suppressed, e.g. in the presence of a small mass splitting δ = (mF −mDM)/mF

which shrinks the available phase space. In the simplified t-channel model here considered,
we restrict the Boltzmann treatment of scatterings to the processes displayed in Fig. VII.4,
which correspond to the following processes,

F + f → s+A,

F +A → s+ f,

f +A → s+ F,

(VII.162)

where A denotes a gauge boson. All potential t-channel infrared (IR) divergences in these
channels are regulated by including appropriate thermal masses in the gauge-boson (and
other light) propagators, as discussed below.

IR regulation and thermal masses

When nearly massless particles (with m ≪ T ) are exchanged in the t-channel, the scat-
tering amplitude can produce logarithmic IR enhancements. A physically motivated reg-
ularization is obtained by replacing the vacuum propagator denominators by their HTL–
resummed counterparts; at leading order this is equivalent to endowing the exchanged
gauge boson (or light fermion) with a thermal mass

m2
th ∝ G2T 2 ,

which removes the IR singularity because mth ∼ O(T ). In the Boltzmann treatment,
we implement this regularization by using thermal masses inside the propagators that
appear in the tree-level matrix elements used to compute the scattering cross sections.
This prescription is standard in the literature (see e.g. Refs. [408,520]) and is sufficient for
our leading-order comparison with the CTP calculation.

Omission of interference terms

When squaring the matrix elements, we keep only the squared s- and t-channel con-
tributions and systematically omit interference terms. This choice is motivated by two
observations: (i) within the 2PI/CTP expansion squared amplitudes appear already at
leading order (LO) while interference terms generally arise at next-to-leading order (NLO)
and would require a two-loop calculation of the DM self-energy to be captured; and (ii)
we explicitly verified (analytically and numerically) that the interference between s- and
t-channel amplitudes alters the total squared matrix element only at the O(10%) level for
the parameter space of interest. Consequently, neglecting interference terms provides a
consistent LO comparison between the Boltzmann and CTP formalisms.

VII.6.2.1 Total scattering contribution

With the above prescriptions, the total DM production rate density from scatterings is

(γDM)scat = γFf→sA + γFA→sf + γfA→sF , (VII.163)

where each individual contribution is evaluated using the 2 → 2 interaction rate given in
Eq. (III.59), which reads as

γij→sk(T ) =
T

64π4

∫︂ ∞

smin

ds σ̂ij→sk(s)
√
s K1(

√
s/T ), (VII.164)
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with smin = max{(mi + mj)
2, (mDM + mk)

2} and σ̂ij→sk. We have chosen to represent
the Mandelstam variable in a gothic font, s, to avoid confusion with the dark matter
(DM) particle, which is denoted by an italicized. The reduced cross-section is (cf. also
Eq. (III.60))

σ̂ij→sk(s) ≡ 2s λ
(︂
1,
m2
i

s
,
m2
j

s

)︂
σij→sk(s). (VII.165)

We recall the relation between the differential cross section and the squared matrix
element for 2 → 2 processes in the centre-of-mass frame [483]:

dσ

dΩ
=

1

64π2s

|p⃗3|
|p⃗1|

|M|2, (VII.166)

where |p⃗1|=
√
s

2
λ1/2(1,m2

i /s,m
2
j/s) and |p⃗3|=

√
s

2
λ1/2(1,m2

DM/s,m
2
k/s). Integrating over

the solid angle gives the total σ(s) which then enters σ̂(s) through Eq. (VII.165).

In practice, to compute γij→sk we:

1. Compute the tree-level squared amplitude |M|2 for the channel, keeping only the
squared s- and t-channel contributions (no interference). To do this, we use FeynCalc
[521,522].

2. From |M|2 obtain σij→sk(s) by performing the angular integral (the cross-sections
can be found in Section VII.B.);

3. Build the reduced cross section σ̂(s) via (VII.165);

4. Integrate σ̂(s) in (VII.164) numerically, using thermal masses mth(T ) in the propa-
gators to regulate any t-channel singularity.

We stress that using thermal masses in the propagator denominators is essential to avoid
unphysical logarithmic divergences of the form log(m/T ). The thermal mass provides the
physical IR cutoff m → mth ∼ gT , so that the logarithm becomes log(g) and remains
finite for weak coupling g.

VII.6.2.2 Final Interaction Rate

The total DM production rate density which enters the Boltzmann equation is obtained
by adding the thermally corrected decay and scattering contributions,

γDM(T ) = (γDM)dec,th (T ) + (γDM)scat (T ) , (VII.167)

with (γDM)scat given by (VII.163) and each γijk computed through (VII.164).

Concluding Remarks

In this chapter, we have presented a comprehensive and detailed application of the CTP
formalism combined with the 2PI effective action approach to compute DM production
rates in the freeze-in mechanism. Starting from the vectorlike portal FIMP model, we
systematically derived the DM production rate from the self-energy obtained through
the 2PI effective action, explicitly showing how thermal effects enter through resummed
propagators in the self-energy loop.

The technical core of our analysis has been the computation of 1PI-resummed spectral
densities, which required a careful treatment of fermion self-energies at finite temperature.
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We provided full analytical derivations of the Hermitian and anti-Hermitian components,
analyzed the pole structure of the fermionic spectral density, and presented both the HTL
approximation and tree-level results for comparison. Each analytical component has been
implemented in dedicated numerical routines, demonstrating the modularity and efficiency
of our computational framework.

Furthermore, we established a connection to the conventional Boltzmann approach by
deriving the corresponding cross-sections and interaction rates, thereby bridging the first-
principles CTP formalism and the more traditional semi-classical treatment. This com-
parison is essential for validating our results and understanding the validity regime of
different approximations.

The detailed derivations, analytical results, and numerical implementations presented
here constitute original contributions to the field and represent, to our knowledge, the first
comprehensive study of DM freeze-in production based on the CTP and 2PI formalisms.
These results provide the foundation for the phenomenological analysis and numerical
applications that will be presented in the following chapter.

VII.A Functions and Routines for Spectral Densities

Table VII.2: Detailed overview of all fermionic self-energy contraction functions used in
the code.

Function Description

kSigmaH

Eq. (VII.65)
Hermitian part of the massless fermion self-energy contracted with
external momentum k. It contains either the pure HTL expression
or the full one-loop thermal and vacuum contributions depend-
ing on HTL ON. This function enters the helicity structure of the
propagator and contributes to the modification of the dispersion
relation.

uSigmaH

Eq. (VII.79)
Hermitian massless self-energy contracted with the heat-bath four-
vector uµ = (1,0). It contains logarithmic contributions arising
from angular integrals and controls how the medium modifies the
temporal part of the fermion self-energy. It contributes to deter-
mining the thermal mass and collective mode structure.

kSigmaA Anti-hermitian part of the massless self-energy contracted with kµ.
Represents absorptive (damping) processes through the imaginary
part of the self-energy. Includes vacuum and thermal finite-width
contributions, vanishing in pure HTL.

uSigmaA Anti-hermitian part contracted with uµ. Contains the thermal
scattering rate contributions, including imaginary terms from log-
arithmic singularities. Contributes directly to fermion damping
in the medium.

SigmaH2 Scalar combination built from via Lorentz-contraction with (ΣH)2

Constructed from kΣH and uΣH, it enters the denominator of
the resummed propagator. Encodes the effective “mass-squared”
correction from hermitian parts.

Continued on next page
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Function Description

SigmaA2 Analogous to SigmaH2 but built from the anti-hermitian parts.
Encodes the square of the damping contributions and appears in
the imaginary part of the propagator denominator. Important for
determining widths of quasiparticles.

SigmaHA Mixed hermitian–antihermitian Lorentz-scalar contraction. Ap-
pears in the imaginary/real mixing structure in the fermion prop-
agator. Relevant when considering interference between dispersive
and absorptive effects.

kSigmaH M

Eq. (VII.45)
Hermitian massive fermion self-energy contracted with kµ. Gen-
eralizes the massless expression by replacing integrals with mass-
dependent versions (I2mM, J2pM, etc.). Contains new massive ther-
mal and vacuum structures, modifying the dispersion relation for
mF ̸= 0.

uSigmaH M

Eq. (VII.70)
Massive version of the hermitian contraction with uµ. Includes
new mass-dependent terms reflecting the threshold structure and
non-relativistic corrections. Important for heavy-fermion thermal
propagation.

kSigmaA M

Eq. (VII.89)
Anti-hermitian massive self-energy contracted with kµ. Encodes
the damping behavior of massive fermions in the medium.

uSigmaA M

Eq. (VII.95)
Anti-hermitian massive contraction with uµ. Contains mass-
dependent absorptive thermal terms and vacuum terms. Deter-
mines the width and non-relativistic damping of heavy fermions.

SigmaH2 M Massive analogue of SigmaH2. Constructed from kSigmaH_M and
uSigmaH_M and includes new mass-dependent interference terms.
Enters the denominator of the massive resummed propagator.

SigmaA2 M Massive analogue of SigmaA2. Encodes the squared damping con-
tributions for massive fermions. Relevant for decay widths and
spectral-function calculations.

SigmaHA M Massive analogue of SigmaHA_M. Important for the interplay of
dispersion and damping in massive fermion propagation.

DenpSA M Complete denominator of the massive fermion propagator, includ-
ing hermitian, antihermitian, and mass terms. Built from the
combinations “H2”, “A2”, and “HA”, it determines the location
and width of quasiparticle poles.

kSigmaHq Massless hermitian self-energy contracted with the momentum of
another fermion with momentum qµ. Used in mixed-momentum
processes and in constructing scattering kernels involving two
fermion lines.

Continued on next page
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Function Description

kSigmaAq Anti-hermitian analogue of kSigmaHq. Contains finite-width con-
tributions when the self-energy is evaluated at a different momen-
tum.

qSigmaH Mk Hermitian massive self-energy contracted with a massless momen-
tum qµ. Appears in mixed massive–massless processes, such as
DM–fermion interactions.

qSigmaA Mk Anti-hermitian analogue of qSigmaH Mk. Contributes to mass-
less–massive interference damping rates.

SigmaH2 Mk q Scalar hermitian–hermitian mixed product of massive and mass-
less self-energies. Important for interference terms in mixed-
species scattering amplitudes and resummed vertices.

SigmaA2 Mk q Anti-hermitian analogue of SigmaH2 Mk q. Contributes to imagi-
nary parts of mixed propagators.

Sigma HMk Aq Mixed hermitian–antihermitian scalar built from massive (H) and
massless (A) contributions. Encodes interference between disper-
sive massive effects and absorptive massless effects.

Sigma AMk Hq Opposite interference combination (massive A with massless H).

VII.A.1 Massless Fermion Self-Energy

// =============================================================

// MASSLESS FERMION SELF-ENERGY

// Hermitian (H) and anti-hermitian (A) parts contracted with

// external momentum k and plasma vector u.

// Used to construct quantities SigmaH2, SigmaA2, SigmaHA.

// =============================================================

double kSigmaH(double xk0, double xk) {

if(HTL_ON == true) return G/pow(2.*M_PI,2) * M_PI * M_PI / 2.;

else {

return G/pow(2.*M_PI,2) *

((xk0*xk0 - xk*xk)/4./xk * (I2m(xk0,xk) - I2p(xk0,xk)) + M_PI * M_PI / 2.);

}

}

double uSigmaH(double xk0, double xk) {

if(HTL_ON == true)

return G/8./M_PI/M_PI/xk * log(fabs((xk0+xk)/(xk0-xk))) * M_PI * M_PI / 2.;

else {

return G/8./M_PI/M_PI/xk *

( I3T(xk0,xk) + xk0*I2m(xk0,xk)

+ log(fabs((xk0+xk)/(xk0-xk)))*M_PI * M_PI / 2. );

}

}

double kSigmaA(double xk0, double xk) {

if(HTL_ON == true) return 0;

return G/16./M_PI * (xk0*xk0 - xk*xk) / fabs(xk) * I0vac(xk0,xk)

+ G/16./M_PI * (xk0*xk0 - xk*xk) / fabs(xk) * I0T(xk0,xk);
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}

double uSigmaA(double xk0, double xk) {

if(HTL_ON == true) return G/8./M_PI/xk * I1HTL(xk0,xk);

return G/8./M_PI/xk * (I1vac(xk0,xk) + I1T(xk0,xk) + I1HTL(xk0,xk));

}

// Scalar combinations H^2, A^2, and mixed HA

double SigmaH2(double xk0, double xk) {

return 1./(xk*xk) *

( -pow(kSigmaH(xk0,xk),2)

-(xk0*xk0-xk*xk)*pow(uSigmaH(xk0,xk),2)

+2.*xk0*kSigmaH(xk0,xk)*uSigmaH(xk0,xk) );

}

double SigmaA2(double xk0, double xk) {

return 1./(xk*xk) *

( -pow(kSigmaA(xk0,xk),2)

-(xk0*xk0-xk*xk)*pow(uSigmaA(xk0,xk),2)

+2.*xk0*kSigmaA(xk0,xk)*uSigmaA(xk0,xk) );

}

double SigmaHA(double xk0, double xk) {

return 1./(xk*xk) *

( -kSigmaH(xk0,xk)*kSigmaA(xk0,xk)

-(xk0*xk0-xk*xk)*uSigmaH(xk0,xk)*uSigmaA(xk0,xk)

+xk0*(kSigmaH(xk0,xk)*uSigmaA(xk0,xk)

+uSigmaH(xk0,xk)*kSigmaA(xk0,xk)) );

}

VII.A.2 Massive Fermion Self-Energy

// =============================================================

// MASSIVE FERMION SELF-ENERGY

// Mass-dependent generalizations of H, A, H^2, A^2, and HA.

// =============================================================

double kSigmaH_M (double xk0, double xk, double mF){

if(HTL_ON == true) return G/pow(2.*M_PI,2) * M_PI*M_PI / 2.;

return G / (M_PI * M_PI) / 2.

* ( M_PI*M_PI / 6. + k2omegafp(mF)

+ (xk0*xk0 - xk*xk + mF*mF )/8./xk

* ( I2mM(xk0,xk,mF) - J2pM(xk0,xk,mF) )

);

}

double uSigmaH_M (double xk0, double xk, double mF){

if(HTL_ON == true) return G/16.xk *

log( fabs((xk0+xk) / (xk0-xk)) );

// Full result

return G/8./M_PI/M_PI/xk * ( xk0*I2mM(xk0,xk,mF)

- I3TpM(xk0,xk,mF)

+ I3TmM(xk0,xk,mF)

+ log( fabs((xk0+xk) / (xk0-xk)) )

* M_PI * M_PI * 3. );

double kSigmaA_M (double xk0, double xk, double mF){

// We add: 1. vacuum contribution 2. Thermal Part - HTL 3. HTL (HTL part is identical 0

here). This is for the m=0 case

// We have a expression not split into vacuum and T neq 0 part for the massive case
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if(HTL_ON == true) return 0;

double xk2 = xk0*xk0 -xk*xk;

double logshch = log(

fabs(

cosh(xp0p/2.) / cosh(xp0m/2.)

* sinh((xp0m-xk0)/2.) / sinh((xp0p-xk0)/2.)

)

);

double xp0p = 1./2./(xk2) *

(xk0 * (xk2 + mF*mF)

+ xk*fabs(xk2 - mF*mF) );

double xp0m = 1./2./(xk2) *

(xk0 * (xk2 + mF*mF)

- xk*fabs(xk2 - mF*mF) );

return G/16./M_PI * (xk2 - mF*mF)

/ fabs(xk2 - mF*mF)

* (xk2 + mF*mF) / xk

* ( Theta(-xk2) * xk0

+ logshch );

}

double uSigmaA_M(double xk0, double xk, double mF) {

double xk2 = xk0 * xk0 - xk * xk;

if (HTL_ON == true) return G / 8. / M_PI / xk * I1HTL(xk0, xk);

double xp0p = 1. / 2. / xk2 * (xk0 * (xk2 + mF * mF) + xk

* fabs(xk2 - mF * mF));

double xp0m = 1. / 2. / xk2 * (xk0 * (xk2 + mF * mF) - xk

* fabs(xk2 - mF * mF));

return G / 8. / M_PI * GSL_SIGN(xk2 - mF * mF) / xk

* (Theta(-xk0 * xk0 + xk * xk)

* (-M_PI * M_PI / 2. + xk0 * xk0 / 2.)

+ f1TM(xp0p, xk0) - f1TM(xp0m, xk0));

}

double SigmaH2_M(double xk0, double xk, double mF) {

return 1./(xk*xk) *

( -pow(kSigmaH_M(xk0,xk,mF),2)

-(xk0*xk0-xk*xk)*pow(uSigmaH_M(xk0,xk,mF),2)

+2.*xk0*kSigmaH_M(xk0,xk,mF)*uSigmaH_M(xk0,xk,mF) );

}

double SigmaA2_M(double xk0, double xk, double mF) {

return 1./(xk*xk) *

( -pow(kSigmaA_M(xk0,xk,mF),2)

-(xk0*xk0-xk*xk)*pow(uSigmaA_M(xk0,xk,mF),2)

+2.*xk0*kSigmaA_M(xk0,xk,mF)*uSigmaA_M(xk0,xk,mF) );

}

double SigmaHA_M(double xk0, double xk, double mF) {

return 1./(xk*xk) *

( -kSigmaH_M(xk0,xk,mF)*kSigmaA_M(xk0,xk,mF)

-(xk0*xk0-xk*xk)*uSigmaH_M(xk0,xk,mF)*uSigmaA_M(xk0,xk,mF)

+xk0*(kSigmaH_M(xk0,xk,mF)*uSigmaA_M(xk0,xk,mF)

+uSigmaH_M(xk0,xk,mF)*kSigmaA_M(xk0,xk,mF)) );

}

VII.A.3 Mixed-Momentum Contractions

// =============================================================

// MIXED-MOMENTUM SELF-ENERGY CONTRACTIONS
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// Combines massive and massless self-energies, evaluated at

// different momenta k and q.

// =============================================================

// Massless Sigma_H contracted with k

double kSigmaHq(double xk0, double xk, double xq0, double xq, double xqk) {

return 1./(xq*xq) *

( xqk*kSigmaH(xq0,xq)

+ (xq*xq*xk0 - xq0*xqk)*uSigmaH(xq0,xq) );

}

// Massless Sigma_A contracted with k

double kSigmaAq(double xk0, double xk, double xq0, double xq, double xqk) {

return 1./(xq*xq) *

( xqk*kSigmaA(xq0,xq)

+ (xq*xq*xk0 - xq0*xqk)*uSigmaA(xq0,xq) );

}

// Massive Sigma_H contracted with q

double qSigmaH_Mk(double xk0, double xk, double xq0, double xq, double xqk, double mF) {

return 1./(xk*xk) *

( xqk*kSigmaH_M(xk0,xk,mF)

+ (xk*xk*xq0 - xk0*xqk)*uSigmaH_M(xk0,xk,mF) );

}

// Massive Sigma_A contracted with q

double qSigmaA_Mk(double xk0, double xk, double xq0, double xq, double xqk, double mF) {

return 1./(xk*xk) *

( xqk*kSigmaA_M(xk0,xk,mF)

+ (xk*xk*xq0 - xk0*xqk)*uSigmaA_M(xk0,xk,mF) );

}

// Scalar products of massive and massless Hermitian self-energies

double SigmaH2_Mk_q(double xk0, double xk, double xq0, double xq, double xqk, double mF) {

return 1./(xk*xk*xq*xq) *

( -xqk*kSigmaH_M(xk0,xk,mF)*kSigmaH(xq0,xq)

+ (xq*xq*xk*xk - xq0*xk0*xqk)*uSigmaH_M(xk0,xk,mF)*uSigmaH(xq0,xq)

+ xq0*xqk*kSigmaH_M(xk0,xk,mF)*uSigmaH(xq0,xq)

+ xk0*xqk*uSigmaH_M(xk0,xk,mF)*kSigmaH(xq0,xq) );

}

// Scalar products of massive and massless anti-Hermitian self-energies

double SigmaA2_Mk_q(double xk0, double xk, double xq0, double xq, double xqk, double mF) {

return 1./(xk*xk*xq*xq) *

( -xqk*kSigmaA_M(xk0,xk,mF)*kSigmaA(xq0,xq)

+ (xq*xq*xk*xk - xq0*xk0*xqk)*uSigmaA_M(xk0,xk,mF)*uSigmaA(xq0,xq)

+ xq0*xqk*kSigmaA_M(xk0,xk,mF)*uSigmaA(xq0,xq)

+ xk0*xqk*uSigmaA_M(xk0,xk,mF)*kSigmaA(xq0,xq) );

}

// Scalar products of massive Hermitian and massless anti-Hermitian self-energies

double Sigma_HMk_Aq(double xk0, double xk, double xq0, double xq, double xqk, double mF) {

return 1./(xk*xk*xq*xq) *

( -xqk*kSigmaH_M(xk0,xk,mF)*kSigmaA(xq0,xq)

+ (xq*xq*xk*xk - xq0*xk0*xqk)*uSigmaH_M(xk0,xk,mF)*uSigmaA(xq0,xq)

+ xq0*xqk*kSigmaH_M(xk0,xk,mF)*uSigmaA(xq0,xq)

+ xk0*xqk*uSigmaH_M(xk0,xk,mF)*kSigmaA(xq0,xq) );

}

// Scalar products of massive anti-Hermitian and massless Hermitian self-energies

double Sigma_AMk_Hq(double xk0, double xk, double xq0, double xq, double xqk, double mF) {
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return 1./(xk*xk*xq*xq) *

( -xqk*kSigmaA_M(xk0,xk,mF)*kSigmaH(xq0,xq)

+ (xq*xq*xk*xk - xq0*xk0*xqk)*uSigmaA_M(xk0,xk,mF)*uSigmaH(xq0,xq)

+ xq0*xqk*kSigmaA_M(xk0,xk,mF)*uSigmaH(xq0,xq)

+ xk0*xqk*uSigmaA_M(xk0,xk,mF)*kSigmaH(xq0,xq) );

}

VII.B Cross Sections for the Boltzmann Approach

In this appendix, we collect the results for the scattering cross-sections necessary to com-
pute the DM interaction rate in Eq. (III.59), and Eq. (VII.165). The matrix elements have
been computed using FeynCalc [521, 522], while we have integrated them using standard
integration techniques in Mathematica. Only the propagators receive a thermal mass cor-

rection, which is indicated with a capital letterM =
√︂
m2

vac +m2
th. For in-vacuum masses,

we use lowercase m letters. Consider SM leptons and gauge bosons to be massless.

VII.B.1 f(k1) + Aµ(k2) → F (p1) + s(p2)

N.B. the same cross-sections are obtained for the process F (k1)+Aµ(k2) → f(p1)+ s(p2)
by simply exchanging the fermion masses.

We first write the matrix elements (amplitude) for the scattering processes.

t-channel amplitude

Mt =
1

t−M2
F

ū(p1,mF ) γ
µ
(︂
/k1 − /p2 +mF

)︂
γ5 u(k1,mf ) ε

∗
µ(k2) . (VII.B.1)

s-channel amplitude

Ms =
1

s−M2
f

ū(p1,mF ) γ
5 (/k1 + /k2 +mf ) γ

µ u(k1,mf ) ε
∗
µ(k2) . (VII.B.2)

By squaring the total amplitude, we obtain three contributions:

|M|2= |Ms|2+|Mt|2+2ℜ (MuM∗
t ) . (VII.B.3)

Employing Eq. (VII.166), we obtain the following pure channel and interference cross-
section terms.

Pure s-channel production σ
(s)
fA

σ
(s)
fA = −

(m2
DM −m2

F − s)(M2
F + s)

√︂
λ(s,m2

F ,m
2
DM)

16π(M2
f − s)2 s2

(VII.B.4)

Pure t-channel production σ
(t)
fA

σ
(t)
fA(s) = − 1

8π

1

s4

[︄
s
√︂
λ(s,m2

F ,m
2
DM)N (fA)

t (s)
/︂
D(fA)

t (s)
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+ sQ(fA)
t (s)

(︄
ln

[︃
−m2

DMs+ s(−m2
F + 2M2

F + s−
√︂
λ(s,m2

F ,m
2
DM))

]︃

− ln

[︃
−m2

DMs+ s(−m2
F + 2M2

F + s+
√︂
λ(s,m2

F ,m
2
DM))

]︃)︄]︄
. (VII.B.5)

Here, we have introduced the following polynomial functions:

N (fA)
t (s) = (m2

DM −M2
F )(M

2
F −m2

F )(5m
2
DM +m2

F − 6M2
F )

+m2
DM

(︁
2m2

F − 2mFMF − 5M2
F

)︁
s

+M2
F

(︁
−3m2

F + 2mFMF + 6M2
F

)︁
s+M2

F s
2; (VII.B.6)

D(fA)
t (s) = (m2

DM −M2
F )(m

2
F −M2

F ) +M2
F s; (VII.B.7)

Q(fA)
t (s) = 2(m2

DM −M2
F )
(︁
m2

DM + 2m2
F − 3M2

F

)︁
−
(︁
2m2

DM + (mF − 3MF )(mF +MF )
)︁
s+ s2. (VII.B.8)

Interference between s- and t-channel σ
(st)
fA

σ
(st)
fA (s) =

1

4π s4 (M2
f − s)

{︄
1

2
s2
(︁
m2

DM +m2
F − 2M2

f + s
)︁√︂

λ(s,m2
F ,m

2
DM)

+ s2
[︂
(mF −Mf )(−mDM +Mf )(mDM +Mf )(mF +Mf )−mFMfs

]︂
×
[︄
ln
(︂
−m2

DMs+ s(−m2
F + 2M2

f + s−
√︂
λ(s,m2

F ,m
2
DM))

)︂
− ln

(︂
−m2

DMs+ s(−m2
F + 2M2

f + s+
√︂
λ(s,m2

F ,m
2
DM))

)︂]︄}︄
. (VII.B.9)

VII.B.2 f(k1) + F (k2) → Aµ(p1) + s(p2)

The same procedure applies to this scattering process.

u-channel

Mu =
1

u−m2
F

v̄(k2,mF ) γ
µ
(︂
/k1 − /p2 +mF

)︂
γ5 u(k1,mf ) ε

∗
µ(p1) . (VII.B.10)

t-channel

Mt =
1

t−m2
F

v̄(k2,mF ) γ
5
(︂
/k1 − /p1 +mF

)︂
γµ u(k1,mf ) ε

∗
µ(p1) . (VII.B.11)

Pure u-channel production σ
(u)
fF

σu
fF (s) =

1

8π

1

(m2
DM − s)2

[︄
(m2

DM − s)
√︂
λ(s,m2

F ,M
2
f )Nu(s)

/︂(︂
sDu(s)

)︂
+Qu(s)

/︂
(m2

F − s)2
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×
(︄
ln

⎡⎣−m2
F + 2M2

f −
√︂
λ(s,m2

F ,M
2
f ) +

m2
DM(−m2

F +
√︂
λ(s,m2

F ,M
2
f )− s)

s
+ s

⎤⎦
− ln

⎡⎣−m2
F + 2M2

f +
√︂
λ(s,m2

F ,M
2
f ) + s−

m2
DM(m2

F +
√︂
λ(s,m2

F ,M
2
f ) + s)

s

⎤⎦)︄]︄.
(VII.B.12)

Here, we have introduced the following polynomial functions:

Nu(s) = m8
DMm

2
F +m6

DM(mF −Mf )(m
2
F (mF +Mf ) + 2Mfs)

+m4
DMs

(︂
2(mF +Mf )(m

3
F −m2

FMf − 2mFM
2
f +M3

f ) + (m2
F − 4mFMf +M2

f )s
)︂

+ s2
(︂
4(mF −Mf )M

4
f (mF +Mf )− 2M3

f (mF +Mf )s+M2
f s

2
)︂

+m2
DMs

(︂
−4m2

F (mF −Mf )M
2
f (mF +Mf ) + (mF +Mf )(m

3
F −m2

FMf + 4M3
f )s

+ 2mF (−mF +Mf )s
2
)︂
. (VII.B.13)

Du(s) = m4
DMm

2
F + s(−(mF −Mf )M

2
f (mF +Mf ) +M2

f s)

+m2
DM(m2

F (mF −Mf )(mF +Mf )− (m2
F +M2

f )s). (VII.B.14)

Qu(s) = m6
DM −m4

DM(2(−m2
F −mFMf +M2

f ) + s)

+ s(−2M2
f (m

2
F − 2M2

f ) + 2mFMfs− s2)

+m2
DM(−2m2

FM
2
f + 2(m2

F − 2mFMf −M2
f )s+ s2). (VII.B.15)

Pure t-channel production σ
(t)
fF

σt
fF (s) =

1

8π

1

(m2
DM − s)2

[︄
(m2

DM − s)
√︂
λ(s,m2

F ,M
2
f )Nt(s)

/︂(︂
sDt(s)

)︂
+Qt(s)

/︂
(m2

F − s)2

×
(︄
ln

⎡⎣m2
F − 2M2

f +
√︂
λ(s,m2

F ,M
2
f )− s+

m2
DM(−m2

F −
√︂
λ(s,m2

F ,M
2
f ) + s)

s

⎤⎦
− ln

⎡⎣m2
F − 2M2

f −
√︂
λ(s,m2

F ,M
2
f )− s+

m2
DM(−m2

F +
√︂
λ(s,m2

F ,M
2
f ) + s)

s

⎤⎦)︄]︄.
(VII.B.16)

Here, we have introduced the following polynomial functions:

Nt(s) = −m6
DMMf (−m2

FMf + 2Mfs) +m4
DMs(2M

2
f (m

2
F +M2

f ) +M2
f s)

+m2
DMs(−4m2

FM
2
f (m

2
F +M2

f ) +Mf (m
2
FMf + 4M3

f )s)

+ s2(−4M2
f (−m4

F +M4
f )− 2M2

f (2m
2
F +M2

f )s+M2
f s

2). (VII.B.17)

Dt(s) = m2
DMM

2
f (m

2
F − s) + s(−(mF −Mf )M

2
f (mF +Mf ) +M2

f s). (VII.B.18)

Qt(s) = m6
DM +m4

DM(−2(m2
F +M2

f )− s)

+ s(−2(m2
F − 2M2

f )(m
2
F +M2

f ) + 2m2
F s− s2)
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+m2
DM(2m2

F (m
2
F +M2

f )− 2M2
f s+ s2). (VII.B.19)

Interference between u- and t-channel σ
(ut)
fF

σ(s) =
1

4π

1

(m2
DM − s)2(m2

F − s)2(m2
DM +m2

F −M2
f − s)s

×
[︄
− (m2

DM − s)
√︂
(m2

F − s)2 (m2
DM +m2

F −M2
f −M2

f − s)(m4
DM + s(−2mFMf + s))

+ sP1(s) ln

(︄
−m2

F + 2M2
f −

√︂
(m2

F − s)2 +
m2

DM(−m2
F +

√︁
(m2

F − s)2 − s)

s
+ s

)︄

+ sP2(s) ln

(︄
m2

F − 2M2
f +

√︂
(m2

F − s)2 − s+
m2

DM(−m2
F −

√︁
(m2

F − s)2 + s)

s

)︄

+ sP3(s) ln

(︄
m2

F − 2M2
f −

√︂
(m2

F − s)2 − s+
m2

DM(−m2
F +

√︁
(m2

F − s)2 + s)

s

)︄

+ P4(s) ln

(︄
−m2

F + 2M2
f +

√︂
(m2

F − s)2 + s− m2
DM(m2

F +
√︁
(m2

F − s)2 + s)

s

)︄]︄
.

(VII.B.20)

Here, we have introduced the following polynomial functions:

P1(s) = −m6
DM(2mF −Mf )(mF +Mf ) +m4

DM

(︂
− 2m4

F +m3
FMf −M2

f (M
2
f + s)

+m2
F (3M

2
f + 2s) +mF (M

3
f + 3Mfs)

)︂
+m2

DM

(︂
2m3

F (mF −Mf )Mf (mF +Mf )− 4mFM
3
f s+Mf (−3mF +Mf )s

2
)︂

+ s
(︂
2mFM

3
f (−mF +Mf )(mF +Mf )−Mf (m

3
F −m2

FMf − 3mFM
2
f +M3

f )s

+ (mF −Mf )Mfs
2
)︂
, (VII.B.21)

P2(s) = m6
DMM

2
f −m4

DMM
2
f (M

2
f +mF (mF +Mf ) + s)

+m2
DM(2m3

FM
2
fMf +M2

f s
2)

+ s
(︂
2mFM

2
f (−mF +Mf )(mF +Mf )Mf −M2

f s
2

+ (−M4
f +mFM

2
f (mF +Mf ))s

)︂
, (VII.B.22)

P3(s) = −m6
DMM

2
f +m4

DMM
2
f (M

2
f +mF (mF +Mf ) + s)

+m2
DM(− 2m3

FM
2
fMf −M2

f s
2)

+ s
(︂
− 2mFM

2
f (−mF +Mf )(mF +Mf )Mf +M2

f s
2

+ (M4
f −mFM

2
f (mF +Mf ))s

)︂
, (VII.B.23)

P4(s) = m6
DM(2mF −Mf )(mF +Mf ) +m4

DM

(︂
2m4

F −m3
FMf +M2

f (M
2
f + s)

−m2
F (3M

2
f + 2s)−mF (M

3
f + 3Mfs)

)︂
+m2

DM

(︂
− 2m3

F (mF −Mf )Mf (mF +Mf ) + 4mFM
3
f s+ (3mF −Mf )Mfs

2
)︂

+ s
(︂
2mF (mF −Mf )M

3
f (mF +Mf ) +Mf (m

3
F −m2

FMf − 3mFM
2
f +M3

f )s
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+Mf (−mF +Mf )s
2
)︂
. (VII.B.24)
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CHAPTER VIII

Scalar DM from Non-Equilibrium
QFT: Numerical Analysis and Results

In the preceding two chapters, we established the theoretical framework for describing
dark matter production in a thermal plasma using the closed-time-path (CTP) formal-
ism within a two-particle-irreducible (2PI) approach. We demonstrated how the spectral
properties of plasma excitations interacting with dark matter influence the corresponding
interaction rates, and provided a detailed discussion of the key ingredients necessary for
their computation.

In this chapter, we complete the analysis by numerically evaluating the interaction rate
and integrating it over time to track its evolution, along with that of the dark matter relic
abundance, throughout the Universe’s expansion history. By systematically comparing
the CTP-based treatment with the hard-thermal-loop (HTL) approximation and the semi-
classical Boltzmann approach, we quantify the differences between these methods across a
broad region of parameter space. The numerical strategy and implementation of the time
integration are also described in detail.

Statement of Personal Contribution for this Chapter

Statement of Personal Contribution for this Chapter This chapter presents

results published in [5] from the numerical analysis conducted by the thesis author
and MB, with support from CT for the numerical implementation. The thesis
author was particularly involved in:

• The development of the C++ numerical code together with MB, substan-
tially expanding and reworking a first version of CT developed for [468]. An
overview of the code is provided in this chapter and in the previous one.

• The deployment on High-Performance Computers together with MB.
• The development of the Mathematica notebooks together with MB for ana-
lytics and numerical analysis, including the creation of plots.

• The creation of Figs. VIII.2, VIII.4, VIII.3, VIII.5, VIII.6, VIII.7, VIII.8,
VIII.9, VIII.10 using the data generated by simulations run by the thesis
author, MB, and CT.
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VIII.1 Numerical Procedure

Declaration: this section presents results published in [5] from the numerical analysis con-
ducted by the thesis author and MB, with support from CT for the numerical implemen-
tation. The thesis author was particularly involved in:

• Translating the analytical findings presented in the previous chapter into C++ code,
starting from an existing code base written by CT for [468]. This effort was conducted
together with MB. Part of the code has already been presented in the previous chapter.
Here, we focus on the integration routine.

• Optimizing the numerical code and implementing its parallel submission on multiple
nodes of a high-performance computing resource to generate the simulation data.
This effort was conducted together with MB.

• Using Mathematica to analyze the simulation data and generate the plots for their
visualization and interpretation. This effort was conducted together with MB.

The running effect estimate was estimated by MB and the thesis author. The following
text is a substantially reworked and expanded version of what was presented in Section 4.1
of [5]. The text in the paper has been written by the thesis author and by MB and was
reviewed and corrected by all authors.

In this section, we examine the DM interaction rate densities γDM and the resulting
relic abundance of DM, as defined by Eq. (VIII.23), using the approaches we detailed
in Chapter VII. These are shown in Table VIII.1, where we subdivide the approaches into
two Method Classes: Boltzmann-approach and CTP-approach. Within the Boltzmann
method, we calculate the DM relic abundance using decays with in-vacuum masses only
(item 1, Eq. (VII.157)), with the addition of thermal masses (item 2, Eq. (VII.161)),
and then by further adding scatterings with thermal mass-regulated propagators (item
3, Eq. (VII.167)). Within the CTP method, we use the Full 1PI-resummed propaga-
tors (item 4, Eq. (VII.9)), HTL-approximated 1PI-resummed propagators (item 5, use
Eq. (VI.99) with Eq. (VII.121)), and tree-level propagators (item 6, use Eq. (VI.99) with
Eq. (VII.146)). More specifically, we are interested in comparing the DM interaction rates

No. Name Method Mvac. Mth. Scatt.? γDM

1 Decays with Mvac. Boltzmann ✓ ✗ ✗ (VII.157)
2 Decays with Mvac. and Mth. Boltzmann ✓ ✓ ✗ (VII.161)
3 Decays + scatterings withMth.-

regulated propagators
Boltzmann ✓ ✓ ✓ (VII.167)

4 Full 1PI-resummed CTP ✓ ✓ ✓ (VI.99),
(VII.9)

5 HTL 1PI-resummed CTP ✓ ✓ ✓ (VI.99),
(VII.121)

6 Tree-Level CTP ✓ ✓ ✗ (VII.146)

Table VIII.1: Comparison of the different methods used to compute the DM interaction rate
density γDM. We compare the three Boltzmann-based approaches (items 1, 2, and 3) and the
two approximated CTP approaches (items 5 and 6) with the full 1PI-resummed approach on the
CTP (item 4). The fourth, fifth, and sixth columns indicate whether vacuum masses, thermal
masses, and scattering contributions are included. The last column refers to the DM interaction
rate densities utilized in each computation method.
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and the relic density obtained using 1PI-resummed propagators within the CTP formalism
(see item 6 in Table VIII.1) with those computed using the other methods (items 1 to 5
in Table VIII.1). It is important to note that for CTP-based methods, we account for
full relativistic quantum statistics, whereas in the Boltzmann equation approaches, we use
non-relativistic Maxwell-Boltzmann distribution functions.

To compute the interaction rate densities derived in the previous chapter, we employ a
dedicated numerical integration framework developed in C++. The resulting rates are then
imported into Mathematica, where they are interpolated and used to solve the Boltzmann
equation governing the time evolution of the comoving yield and the relic abundance.
In the following section, we outline the key components of this numerical routine and
discuss its implementation. This setup allows a direct comparison between the results
obtained from different analytical approximations and the fully 1PI-resummed interaction
rates derived within the Closed-Time-Path (CTP) formalism, which represents the central
outcome of this work.

VIII.1.1 Overview of C++ numerical code

The goal of the numerical code is essentially to calculate a 4-dimensional phase-space
integral (cf. (VII.9)):

γDM =
y2DM

4π5

∫︂
d|p⃗| dk0 d|k⃗| d cos θ |k⃗|

2|p⃗|2
ωp

tr
{︂
PL/S

A
F (k)PR/S

A
f (q)

}︂
× f−(ωp)

[︁
1− f+(k

0)− f+(ωp − k0)
]︁
, (VIII.1)

The code integrates over the free kinematical variables of the interaction process involving
DM and the particles it interacts with. Specifically,

|k⃗|, |p⃗|, k0, cos θ,

where cos θ is the angle between k⃗ and p⃗

The integrand is first expressed in terms of physical dimensionless variables, where each
dimensionful quantity is normalized by the temperature. For example:

|k⃗|→ xk = |k⃗|/T → xk,

k0 → xk0 = k0/T → xk0,

|p⃗|→ xp = |p⃗|/T → xp,

cos θ → costh .

By also defining the transferred momentum as q = k − p, from which we have

|q⃗|=
√︂
|k⃗|2+|p⃗|2+2|k⃗||p⃗|cos θ,

q⃗ · k⃗ = |k⃗|2−2|k⃗||p⃗|cos θ,

the integrand can thus be expressed as:

double Integrand(

double xk0,

double xk,

double xp,

double costh,
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double z

)

{

double mDM = z/(1.+delDM);

double xp0 = sqrt(xp*xp + mDM*mDM);

double xq0 = xk0 - xp0;

double xq = sqrt(xk*xk + xp*xp - 2. * xk*xp * costh);

double xqk = xk*xk - xp*xk*costh;//xq*xk*costh;

double numerator = Numerator_Fk_fq(xk0, xk, xq0, xq, xqk, z);

double denominator = Denominator_Fk_fq(xk0, xk, xq0, xq, xqk, z);

return(

2.*ydm*ydm*xk*xk/(pow(2.*M_PI,3)) *

(numerator/denominator) *

(1. - nF(xk0) - nF(-xq0))

);

}

Here, the Numerator_Fk_fq and Denominator_Fk_fq functions, which are the numerator

and the denominator obtained by manipulating the trace tr
{︂
PL/S

A
F (k)PR/S

A
f (q)

}︂
using

Eqs. (VII.10), (VII.11) and (VII.20) to (VII.23).

Numerator

The numerator is defined in the following numerical function:

double Numerator_Fk_fq(

double xk0, double xk, double xq0, double xq, double xqk, double mF)

{

double abF = 2. * ( kSigmaA_M(xk0,xk,mF) - SigmaHA_M(xk0,xk,mF) );

double abf = 2. * ( kSigmaA(xq0,xq) - SigmaHA(xq0,xq) );

double a2mb2F = xk0*xk0 - xk*xk

+ SigmaH2_M(xk0,xk,mF)

- 2. * kSigmaH_M(xk0,xk,mF)

- SigmaA2_M(xk0,xk,mF)

- mF*mF;

double a2mb2f = xq0*xq0-xq*xq

+ SigmaH2(xq0,xq)

- 2. * kSigmaH(xq0,xq)

- SigmaA2(xq0,xq);

double numerator = 2. *

( abF * abf * (xk0*xq0 - xqk - kSigmaHq(xk0,xk,xq0,xq,xqk)

- qSigmaH_Mk(xk0,xk,xq0,xq,xqk,mF)

+ SigmaH2_Mk_q(xk0,xk,xq0,xq,xqk,mF))

+ a2mb2F * a2mb2f * SigmaA2_Mk_q(xk0,xk,xq0,xq,xqk,mF)

- abF * a2mb2f * ( kSigmaAq(xk0,xk,xq0,xq,xqk)

- Sigma_HMk_Aq(xk0,xk,xq0,xq,xqk,mF) )

- a2mb2F * abf

* ( qSigmaA_Mk(xk0,xk,xq0,xq,xqk,mF)

- Sigma_AMk_Hq(xk0,xk,xq0,xq,xqk,mF)

)

);

return numerator;

}
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Denominator

The denominator is defined in the following code snippet:

double Denominator_Fk_fq(

double xk0, double xk, double xq0, double xq, double xqk, double mF

){

return DenpSA (xq0, xq) * DenpSA_M (xk0, xk, mF);

}

double DenpSA (double xk0, double xk){

return(

pow(xk0*xk0 - xk*xk

- 2. * kSigmaH(xk0,xk)

+ SigmaH2(xk0,xk)

- SigmaA2(xk0,xk),2)

+ 4. * pow(kSigmaA(xk0,xk)

- SigmaHA(xk0,xk),2)

);

}

double DenpSA_M (double xk0, double xk, double mF){

return(

pow(xk0*xk0 - xk*xk

- 2. * kSigmaH_M(xk0,xk,mF)

+ SigmaH2_M(xk0,xk,mF)

- SigmaA2_M(xk0,xk,mF)

- mF*mF, 2)

+ 4. * pow( kSigmaA_M(xk0,xk,mF)

- SigmaHA_M(xk0,xk,mF), 2)

);

}

Change of Integration Variable

The functions necessary to calculate the self-energy contribution of the fermionic loop are
contained in a separate library Functions.h that is used by the main integration routine.
The details of such functions are found in Chapter VII, in particular in Section VII.3.3,
Section VII.3.4, and Section VII.A.

The integral is then transformed into a 4-hypercube space [0, 1]4, which is better suited
for the Monte Carlo integration using the following transformations:

xk =
t1

1− t1
,

xp =
t2

1− t2
,

xk0 =
t3

1− |t3|
,

cos θ = t4,

where ti ∈ [0, 1] for i = 1, 2, 3, 4. The Jacobian J of the transformation is the determinant
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of the Jacobian matrix, which follows from:

J =

⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓

∂xk
∂t

∂xk
∂t2

∂xk
∂t3

∂xk
∂t4

∂xp
∂t

∂xp
∂t2

∂xp
∂t3

∂xp
∂t4

∂xk0
∂t

∂xk0
∂t2

∂xk0
∂t3

∂xk0
∂t4

∂cos θ

∂t

∂cos θ

∂t2

∂cos θ

∂t3

∂cos θ

∂t4

⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓

=

⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓⃓⃓
⃓

1

(1− t1)2
0 0 0

0
1

(1− t2)2
0 0

0 0
1

(1− |t3|)2
0

0 0 0 1

⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓⃓⃓
⃓

=
1

(1− t1)2(1− t2)2(1− |t3|)2
, (VIII.2)

and the transformed integrand is now expressed as

double Integrandfull_Transformed(

double t1, double t2, double t3, double t4, double z)

{

double xk = t1/(1.-t1);

double xp = t2/(1.-t2);

double xk0 = t3/(1.-fabs(t3));

double costh = t4;

double mdm = z/(1.+delDM);

double xp0 = sqrt(xp*xp + mdm*mdm);

double jacobian = 1. / (

pow(1.-t1,2) * pow(1.-t2,2) * pow(1. - fabs(t3),2) );

return( fabs(jacobian)* xp*xp / xp0 * 4. * M_PI/(pow(2.*M_PI,3)) *

Integrand_NEW(xk0,xk,xp,costh,z) * nB(xp0)

);

}

The only universal constants are the parameters as in Eq. (VIII.3):

G→ G

δ =
mF −mDM

mDM
→ delDM,

z ≡ mF

T
→ z.

The integration can be set up by defining a function that will feed the integration routine:

struct fparams {double zz;};
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double myf (double x[], size_t dim, void * p){

struct fparams * fp = (struct fparams *)p;

double aux = Integrandfull_Transformed (

x[0], x[1], x[2], x[3], fp->zz

);

if (!isnan(aux)) return aux;

else return 0.;

}

Here, the parameter zz is just the time variable z = mF /T . In the main function, the
integration is done with the following code

int main(){

// Some preparatory code for the multi-parameter scan

// ....

//

double zz = 0.1 // Some number you assign

fparams params = {zz};

// Result and error variable for the integration

double res, err;

// Integration boundaries

double xl[4] = { 0., 0., -1., -1.};

double xu[4] = { 1., 1., 1., 1.};

// Random number generator

// GSL's Taus generator:

gsl_rng *rng = gsl_rng_alloc(gsl_rng_taus2);

// Initialize the GSL generator with time:

gsl_rng_set(rng, time(NULL));

//Monte-Carlo function defined in "gsl_monte.h"

// double (* f) (double * x, size_t dim, void * params)

gsl_monte_function F;

F.f = &myf; // Which function it has to point to -> myf defined above

F.dim = 4; // Number of dimensions to integrate over.

F.params = &params; // Pointer to parameters of the function (zz)

size_t calls = 1e5; // Number of evaluations to estimate integral

// Allocate and initialize a workspace for Monte Carlo integration

in *dim* dimensions.

gsl_monte_vegas_state *s = gsl_monte_vegas_alloc (4);

// The workspace is used to maintain the state of the integration.

gsl_monte_vegas_params params;

gsl_monte_vegas_params_get(s, &params);

// Warm-up pre-integration

gsl_monte_vegas_integrate (&F, xl, xu, 4, calls, rng, s, &res, &err);

gsl_monte_vegas_params_get(s, &params);

printf(" stage = %i \n",(params).stage);
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// additions change stage

params.stage = 2;

gsl_monte_vegas_params_set(s, &params);

size_t accumulated_calls;

accumulated_calls = calls;

double resolution = 1.;

if(zz>7) resolution = 2.;

// We check when the relative error (err/res) falls below 1%

while ( (fabs(err/res)*100>resolution))

{

count = count +1;

params.stage = 2;

gsl_monte_vegas_params_set(s, &params);

accumulated_calls = accumulated_calls + calls;

gsl_monte_vegas_integrate (&F, xl, xu, 4, calls, rng, s, &res, &err);

// Write result on file

if (mytestfile.is_open()){

mytestfile << zz<<" "<<res<<" "<<err

<<" "<<err/res<<"

"<<gsl_monte_vegas_chisq (s)

<<" "<< accumulated_calls <<endl;

}

}

// Close file

mytestfile.close();

// Free memory

gsl_monte_vegas_free (s);

gsl_rng_free(rng);

return 0;

}

VIII.1.2 Summary of the GSL VEGAS Monte Carlo Algorithm

We provide a summary of the key features of the VEGAS Monte Carlo algorithm method
here. For more information on the routine implemented in the GNU Scientific Library,
we refer to the official documentation in [507] and https://www.gnu.org/software/gsl/

doc/html/montecarlo.html.

The VEGAS algorithm is an adaptive Monte Carlo integration method based on im-
portance sampling. Its central idea is to approximate the optimal sampling density
g(x) ∝ |f(x)| by constructing a separable probability distribution

g(x) = g1(x1) g2(x2) · · · gd(xd),

which reduces the number of required histogram bins from Kd to Kd in d dimensions.
Each gi is estimated from histograms of the integrand collected during sampling, and the
domain is divided into typically 50–100 bins per dimension. However, the exact number
is chosen adaptively based on the number of requested function calls.

VEGAS proceeds in multiple passes (iterations). In each iteration, it draws N sample
points using the current approximation of g(x), computes an estimate of the integral
and its variance, and then rebins the grid according to the variance-weighted histogram
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data. The rebinning aggressiveness is controlled by the parameter alpha (default 1.5),
with smaller values producing slower adaptation and larger values producing more rapid
grid changes. One typically performs an initial “warm-up” iteration with relatively few
calls (e.g. 103–104) to obtain a rough grid, followed by several main iterations with larger
sample sizes (e.g. 105–106 calls per iteration).

Each iteration yields an independent value Ik with error estimate σk, and the final result
is a weighted average,

I =

∑︁
k Ik/σ

2
k∑︁

k 1/σ
2
k

, σ2 =

(︄∑︂
k

1/σ2k

)︄−1

.

The GSL algorithm also calculates the reduced chi-squared of the distribution

χ2/ν =
1

ν

∑︂
k

(Ik − I)2

σ2k
,

which is expected to be near unity when the importance-sampling grid is well adapted
and the variance estimates are reliable. A significantly larger value indicates that more
iterations or a larger number of samples per iteration may be required.

The GSL interface provides functions to allocate a VEGAS state, initialize or reset
the sampling grid, adjust parameters such as alpha, the number of iterations, and the
sampling mode (importance, stratified, or combined), and to retrieve both iteration-level
and averaged results. Some of these have been displayed in the code presented above.

VEGAS is most effective when the integrand displays high variance, where simple sam-
pling would not capture sharp peaks sufficiently. Importance sampling is thus particularly
suited for the case treated in this chapter, where the integrand displays very large and
narrow peaks from the fermionic self-energies, which are essentially broadened delta func-
tions.

VIII.1.3 Parameter definition, scan strategy, and numerical implemen-
tation

All dimensionful quantities entering the DM interaction rate density γDM are normalized
to the plasma temperature T . The computation is therefore carried out entirely in terms
of dimensionless variables. The set of free input parameters is defined as

G, δ ≡ mF −mDM

mDM
, z ≡ mF

T
, (VIII.3)

where G denotes the effective gauge coupling defined in Eq. (VII.2), δ parametrizes the
relative mass splitting between the heavy fermion mediator and the DM particle, and z
controls the temperature dependence of the production process.

The numerical scan is performed over a discrete grid in the three-dimensional parameter
space (G, δ, z). The corresponding scan ranges and discretization choices are summarized
in Table VIII.2.

In total, this results in 13× 10× 32 = 4160 parameter points, each evaluated indepen-
dently by the numerical code.
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Parameter Definition Range Sampling

G Effective gauge coupling 0.4 ≤ G ≤ 1.6 Linear, step size 0.1

log10 δ Relative mass splitting [−1, 1] Linear, 10 points

z Inverse temperature [0.01, 10] 32 logarithmic points

Table VIII.2: Definition and discretization of the free input parameters used in the nu-
merical scan.

Validity regime and electroweak symmetry.

The computation is performed assuming the unbroken electroweak phase. This assumption
is valid provided that the freeze-in DM production occurs at temperatures

Tfi ≃ mF

5
≳ TEW, (VIII.4)

where TEW ≃ 160 GeV is the electroweak crossover temperature [523]. Consequently, for
mediator massesmF ≳ O(TeV), the freeze-in process takes place entirely in the symmetric
phase, and electroweak symmetry breaking effects can be consistently neglected.

Numerical implementation.

The numerical configuration of the integration procedure is summarized in Table VIII.3.

Setting Value

Integration method VEGAS (adaptive Monte Carlo)

Library GNU Scientific Library (GSL)

Target relative error ≤ 1%

Parameter points 4160

Programming language C++

Table VIII.3: Numerical setup used for the evaluation of the rate density integrals.

VIII.1.3.1 Running of the effective gauge coupling

To assess the impact of renormalization-group running on the effective gauge coupling G,
we estimate running effects at one-loop order under the assumption that the heavy fermion
mediator is charged only under SU(3)c and transforms in the fundamental representation.
This is expected to be the dominant gauge contribution. Effectively, this corresponds to
adding a single color-charged fermion species, analogous to a fourth fermion generation.

At one-loop order, the QCD gauge coupling g3 evolves according to [105,432]

dg3
d lnµ

= −c g33
16π2

, (VIII.5)

with

c =
11

3
Nc −

1

6
nS − 4

3
nG =

33

6
, (VIII.6)
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where Nc = 3, nS = 0, and nG = 4. The solution of Eq. (VIII.5) is

g23(µ) =

[︃
g−2
3 (µ0) +

c

16π2
ln

(︃
µ

µ0

)︃]︃−1

. (VIII.7)

We choose the reference scale µ0 = mF and define

g3(mF ) ≡ gM3 , GM ≡ 4

3

(︁
gM3
)︁2
, (VIII.8)

which coincides with the effective gauge coupling used throughout the numerical analysis.

Choice of renormalization scale.

We consider the following assignments for the running scale:

µ = max(mF , T )

. While alternative choices such as µ = πT or µ = T are commonly adopted in thermal
field theory, we find that they do not qualitatively affect the results. In practice, we
adopt µ = max(mF , T ), which avoids the appearance of a Landau pole associated with
confinement in the T ≪ mF regime.

Analytical estimate of running effects.

To obtain a semi-analytical estimate of running-coupling corrections, we focus on scatter-
ing processes, which dominate the DM production rate for small mass splittings (δ ≪ 1)
and z < 1. In this regime, the scattering contribution to the interaction rate density can
be schematically modeled as

γscatt(z) ∼ G(µ) e−z, (VIII.9)

up to logarithmic corrections in G. Replacing GM → G(µ) with µ = max(mF , T ), the
relative change induced by running effects may be approximated as

GM

e(z = 1)
+

∫︂ 1

0
dz

[︃
(GM )−1 +

3c

64π2
ln
(︁
z−1
)︁]︃−1

e−z

GM
. (VIII.10)

This expression cannot be evaluated in closed form. However, further insight can be gained
by considering limiting cases.

In the regime where the logarithmic term is subdominant,

c

16π2
ln
(︁
z−1
)︁
≪ (gM3 )−2, (VIII.11)

which corresponds numerically to 0.12GM ≪ 1 for µ/µ0 ∼ 100, Eq. (VIII.10) simplifies to

GM −
∫︁ 1
0 dz 3c(GM )2

64π2 ln
(︁
z−1
)︁
e−z

GM
≃ 1− 0.8

3c

64π2
GM ≃ 1− 0.02GM . (VIII.12)

For the parameter range considered in this work, GM ≲ 1.2, the above approximation
remains valid. We therefore expect running-coupling effects to induce at most a relative
suppression of scattering rates at the level of 2%–3%.
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Fit: G=0.5,δ=0.1

Fit: G=1.0,δ=10

Data: G=0.5,δ=0.1

Data: G=1.0,δ=10
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Figure VIII.1: We display the numerically obtained data points for the DM interaction rate
density using 1PI-resummed propagators, as well as our fit to the data for two choices of (G, δ).
Figure created by MB and included in [5].

Comparison with numerical results.

This analytical estimate is in excellent agreement with numerical checks. As a matter
of fact, explicit integrations of the full thermal-mass–regulated scattering rates, including
the running of G(µ), yield deviations in the relic abundance of at most 1.5%. Given
the numerical cost of evaluating fully resummed rates, we thus conclude that neglecting
running effects introduces an uncertainty well below other theoretical systematics (around
O(1%)).

Finally, we emphasize that this estimate applies primarily to the small–δ regime, where
scattering processes dominate DM production. For larger mass splittings, decays become
the leading contribution. However, since decay-driven freeze-in occurs over a narrower
temperature interval, running effects are expected to be even less significant in that regime.

VIII.2 Comparison of the Interaction Rates

Declaration: In this section, the numerical results, including the comparison of interaction
rates, were produced by the thesis author and MB. The interpretation of these results was
performed in close collaboration with all authors, with primary responsibility taken by the
thesis author and MB. The fitting procedure was conceived and carried out by MB. The
text closely follows the presentation in [5], with minor stylistic and content adjustments.
The manuscript was written by the thesis author and MB, while all authors contributed to
its organization, review, and refinement.

In this section, we compare the interaction rate densities γDM obtained using the different
computational frameworks introduced in the previous sections.

VIII.2.1 Parametric fit of the interaction rate

To facilitate a systematic comparison between methods and to enable efficient integration
of the rate densities, we fit the numerically evaluated interaction rates obtained with HTL-
and 1PI-resummed propagators using the ansatz

γDM(z)

y2DMT
4
= Az3K1(az) +B zK1(bz) , (VIII.13)
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where A, a, B, and b are fit parameters that depend on (G, δ), and K1 denotes the
modified Bessel function of the second kind. The two terms are designed to sepa-
rately capture the decay-dominated (low-temperature) and scattering-dominated (high-
temperature) regimes.

In Fig. VIII.1, we show representative examples of the fitted curves alongside the raw
numerical data obtained with 1PI-resummed propagators, demonstrating excellent agree-
ment across the full temperature range.

VIII.2.2 Asymptotic behavior and physical interpretation

The functional form in Eq. (VIII.13) is motivated by the distinct physical mechanisms
governing DM production in the ultraviolet (z ≪ 1) and infrared (z ≳ 1) regimes.

High-temperature regime (z ≪ 1)

At high temperatures, the mass splitting between the parent particle F and the DM can-
didate is negligible, rendering decays phase-space suppressed and eventually kinematically
forbidden (cf. Eq. (VII.135)). In this regime, DM production is dominated by scatterings,
enhanced by the large number density of relativistic plasma constituents, neq ∼ T 3.

In vacuum, scattering-induced interaction rates scale parametrically as

γscatt ∝ zK1(z), (VIII.14)

which motivates the second term in Eq. (VIII.13). For z ≪ 1, this contribution approaches
a constant, giving rise to the plateau observed in Fig. VIII.2. Since the dominant scattering
amplitudes involve gauge interactions, the height of this plateau increases with the effective
gauge coupling G.

Taking the z → 0 limit of the fit function yields

Az3K1(az) +BzK1(bz)
z→0−−→ B

b
, (VIII.15)

which depends only on G. Assuming that the leading scattering processes involve a single
gauge vertex (∝ G) together with t-channel fermion exchange (∝ G lnG) [462], we find
that the fitted parameters are well described by

B

b
= 1.0× 10−3G− 3.32× 10−4G lnG . (VIII.16)

Low-temperature regime (z ≳ 1)

At low temperatures, DM production is dominated by decays of the parent particle F ,
provided that the mass splitting δ is sufficiently large to allow kinematically accessible
decays and that F remains thermally populated. In this regime, the interaction rate
scales as

γdec ∝ z3K1(z), (VIII.17)

which motivates the first term in Eq. (VIII.13). This behavior explains the pronounced
peaks observed in Fig. VIII.2 for benchmarks with δ = 10.

For z → ∞, the fit function asymptotes to

Az3K1(az) +BzK1(bz)
z→∞−−−→ A√

a
exp(−az)z5/2. (VIII.18)
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In decay-dominated freeze-in scenarios, this combination can be identified with the dimen-
sionless decay rate,

A√
a
=

ΓF
m2
F

, (VIII.19)

where ΓF is the in-vacuum decay width of the parent particle. Evaluating ΓF using
in-vacuum masses and expanding in the non-relativistic limit yields the parametric depen-
dence

A√
a
= 0.067

δ2(δ + 2)2

16π(1 + δ)4
, (VIII.20)

which accurately reproduces the fitted normalization in the large-z regime. As δ decreases,
the available phase space for decays rapidly shrinks, causing the decay contribution to
become negligible and leaving scatterings as the dominant production channel.

VIII.2.3 Interpretation of Results

In Fig. VIII.2, we show the evolution of γDM as a function of the dimensionless inverse
temperature z ≡ mF /T for four representative benchmark points,

(G, δ) ∈ {(1.2, 10), (1.2, 0.1), (0.5, 10), (0.5, 0.1)} . (VIII.21)

These benchmarks are chosen to probe both weak and strong effective couplings, as well
as regimes where DM production is dominated either by decays (δ ≳ 1) or by scatterings
(δ ≪ 1).

CTP with HTL-resummed propagators

The HTL-resummed solution generally predicts a larger contribution from scatterings,
while the decay-dominated regime (large z) shows similar rates. However, around the
transition region near z ∼ 1, the HTL solution tends to underestimate the interaction rate
density. This occurs because, for small z, where scatterings are dominant, the primary
contribution comes from momentum configurations where one of the fermionic propagators
carries spacelike momentum. The HTL approximation, which neglects the in-vacuum mass
of the parent particle, does not account for the exponential suppression at large spacelike
momenta present in the 1PI-resummed propagator (cf. Fig. VII.3), leading to a larger
rate in this regime.

As decays become relevant, HTL-resummed propagators, which behave like delta func-
tions for timelike momenta, exhibit a sharp transition. In contrast, 1PI-resummed prop-
agators have finite widths even for timelike momenta, with “smeared” spectral densities
capturing decay contributions over a broader momentum range, including smaller z val-
ues (explaining why the solid red lines in Fig. VIII.2 rise earlier). This effect is more
pronounced for larger values of G. Once decays are fully accessible, HTL rates tend to
overestimate the decay contribution because the finite width of 1PI-resummed propaga-
tors smooths the quasi-particle peak, resulting in a slight reduction in the rate when
quasi-particle solutions are kinematically accessible.

CTP with tree-level propagators

Here, the rate is computed using Eq. (VII.146), which includes only decays with thermal
masses and quantum relativistic statistics, excluding scattering contributions. This rate
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Figure VIII.2: Evolution of the interaction rate density in terms of the time variable z = mF /T
for a calculation using: the Boltzmann equation (BEQ) including decays only (blue and short
dashing), scatterings (blue and long dashing) with thermal masses and their sum (solid blue). The
rate from decays with in-vacuum masses is shown with solid green lines. In the CTP formalism, the
rates are derived with 1PI-resummed propagators (red, solid), using HTL propagators (red, long
dashing), and tree-level propagators (red, short dashing). The latter also corresponds to decays
with thermal masses and full quantum relativistic statistics. Figure created by the thesis author
with notebooks co-developed by the thesis author and MB using simulation data generated by the
thesis author and MB and included in [5].

is equivalent to the one obtained with HTL timelike propagators when approximating
(ΣH

F/f )
2 = m2

th. Consequently, the interpretation closely aligns with the discussion of
decays within the HTL approximation.

Boltzmann equation with decays and scatterings using thermal masses:

Using thermal masses leads to an underestimation of scattering contributions and an
overestimation of decay contributions. The underestimation arises because Boltzmann
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statistics are used instead of quantum statistics in the collision term calculation. The over-
estimation at larger z may result from several factors. First, using Boltzmann statistics
(blue short-dashed lines) instead of the appropriate Bose-Einstein and Fermi-Dirac distri-
butions (red short-dashed lines) results in an overestimation of decay contributions due to
reduced Pauli blocking for final-state fermions. Additionally, as shown in Fig. VII.3, ap-
proximating fermion dispersion relations solely with in-vacuum and thermal masses tends
to overestimate the total mass, thereby increasing the decay contribution when decays are
efficient. A larger thermal mass also reduces the kinematically allowed window for decays
earlier. Moreover, thermal mass-regulated scatterings contribute non-negligibly for a sig-
nificantly longer period compared to the scattering processes captured by 1PI-resummed
propagators. These differences account for the discrepancy in the height of the decay
peaks between the solid blue and red curves.

Boltzmann equation with vacuum decays

This approach disregards scattering contributions and thus significantly underestimates
the production rate at small z. For larger z, where decays dominate the interaction rate,
the resulting rate falls between those obtained from decays with thermal masses and the
CTP rates. The lower rate compared to the one including scattering contributions (solid
blue) is mainly due to the omission of scatterings and thermal masses.

VIII.3 Comparison of the Relic Densities

Declaration: In this section, the numerical results, including the comparison of interaction
rates, were generated by the thesis author and MB. The interpretation of these results was
carried out in close collaboration with all authors, with primary responsibility taken by the
thesis author and MB. The text largely follows the presentation in [5], with minor stylistic
and content adjustments. The manuscript was written by the thesis author and MB, while
all authors contributed to its organization, review, and refinement.

To place the approaches of Table VIII.1 on equal footing, we compare their predictions for
the relic abundance by integrating the rate equation in the regime where backreactions
are negligible. This yields

YDM(z) =

∫︂ z

0

dz′

z′
γDM(G, δ; z′)
s(z′)H(z′)

=
y2DMMPl

mF

135
√
10

2π3g⋆s(mF )g⋆(mF )
I(G, δ; z), (VIII.22)

where I(G, δ; z) =
∫︁ z
0 dz′ γDM/(T

4y2DM). Here, MPl is the reduced Planck mass and g⋆s, g⋆
are the effective relativistic degrees of freedom (cf. Section III.1.2). Using Eq. (III.46) and
mF = (1 + δ)mDM, the abundance at time z reads

ΩDMh
2(z) = 0.12

(︃
yDM

2.46× 10−13

)︃2 I(G, δ; z)
1 + δ

. (VIII.23)

Figure VIII.3 tracks the time evolution of ΩDM obtained from the different rate inputs
summarized in Fig. VIII.2. Solid red lines correspond to the CTP calculation with fully
1PI-resummed propagators; dashed red to the HTL approximation; short-dashed red to
the CTP result with tree-level propagators and thermal masses. In the Boltzmann class,
the green solid curve shows decays with vacuum masses (Eq. (VII.157)); blue dot-dashed
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Figure VIII.3: Evolution of the DM relic abundance. The color scheme of the plotted lines and
the values of G and δ chosen in each panel are the same as in Fig. VIII.2. Figure created by
the thesis author with notebooks co-developed by the thesis author and MB using simulation data
generated by the thesis author and MB and included in [5].

includes thermal masses in decays (Eq. (VII.161)); blue dashed adds thermally regulated
scatterings (Eq. (VII.167)); their combination appears as a solid blue curve. The bench-
marks (G, δ) ∈ {(1.2, 10), (1.2, 0.1), (0.5, 10), (0.5, 0.1)} expose decay- versus scattering-
dominated regimes. The same information normalized to the fully resummed CTP pre-
diction is shown in Fig. VIII.4.

The deviation maps in Figures VIII.5 and VIII.9 summarize, across (G, δ), the fractional
shift of ΩDM predicted by each approximation relative to the fully 1PI-resummed result.
Warm tones indicate an overestimate; cool tones, an underestimate.
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Figure VIII.4: Evolution of the DM relic abundance normalized to the values obtained with 1PI-
resummed propagators. The color scheme of the plotted lines and the values of G and δ chosen
in each panel are the same as in Fig. VIII.2. Figure created by the thesis author with notebooks
co-developed by the thesis author and MB using simulation data generated by the thesis author and
MB and included in [5].

VIII.3.1 Interpretation of Results

Boltzmann approach with decays (vacuum masses)

This baseline excludes scatterings and uses Maxwell–Boltzmann statistics, thereby both
missing the dominant production at small δ and inflating the decay contribution at late
times. Consequently, ΩDM is moderately high at large δ (up to 14%) and severely low at
small δ (down to −86%). A diagonal band where these biases compensate is visible in
Fig. VIII.5; the residual G-dependence follows from the scaling of scattering contributions
with gauge couplings.
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Figure VIII.5: Relative correction on the relic abundance calculated by taking into account
one-loop fully-resummed propagators with respect to the one calculated within the Boltzmann
approach, only considering vacuum decays. The percentage deviation is also shown in warm colors
when positive, and with cold colors when negative. Figure by the thesis author with and included
in [5].

Boltzmann approach with decays (thermal masses)

Thermal masses shut off decays at high temperatures and enhance the late-time overesti-
mate in the non-relativistic regime. As seen in Fig. VIII.6, the deviation reaches ∼ +15%
at large δ but becomes even more negative at small δ (down to −100%) where decays
are suppressed. Including quantum statistics (captured by the CTP tree-level result,
Fig. VIII.7) strengthens this trend via Pauli blocking. Among decay-only treatments, this
option yields the largest overall error; a compensation band persists.

Boltzmann approach considering decays and scatterings with thermal masses

Adding thermally regulated t-channel scatterings (Fig. VIII.8) cures the small-δ deficit:
for δ ≲ 25% the deviation is negative but limited to ∼ −10%. At large δ, the decay
overestimate persists (up to ∼ +35%). The two trends cancel for intermediate δ and
moderate G, leaving O(1%) differences. Once the explicit G-dependence of scatterings
is included, the residual deviation is governed primarily by δ. Incorporating the correct
bath statistics for decays (approximated by the CTP tree-level result) reduces the large-δ
overshoot to ∼ +15%.

HTL propagators

HTL propagators reproduce the decay-dominated regime to within a few percent, but they
overestimate the scattering contribution (Fig. VIII.9). As a result, the small-δ region ex-
hibits a positive bias (up to +27%) that grows with G, consistent with the HTL expansion
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Figure VIII.6: Same caption as Fig. VIII.5 but considering vacuum and thermal masses instead
of only vacuum masses. Figure by the thesis author with and included in [5].

being organized in powers of G/π. We now quantify the contributions to the relic density
that were omitted in this work. As previously discussed, we truncate the expansion of
the 2PI effective action at LO, which leads to the omission of two potentially relevant
contributions.

First, interference terms between t-channel and s-channel scatterings only emerge at
NLO in the 2PI effective action expansion and are therefore not included. However, within
the Boltzmann equation framework, these terms are found to be sub-leading (around
O(10%)) relative to the squared s- and t-channel contributions, and we expect a similar
level of significance with our method. Second, this truncation excludes contributions to
DM production arising from the LPM effect.

In Ref. [432], a similar scenario to ours is analyzed (albeit with different statistics: a
scalar mediator and fermionic DM), showing that the LPM effect enhances the scattering
contribution to the DM relic abundance by approximately O(50%) (10%) for small (large)
mass splittings. However, these results are derived in the ultrarelativistic limit and ex-
trapolated to the non-relativistic regime, while the treatment of the LPM effect involving
two in-vacuum mass scales, as in our scenario, has not yet been explored in the literature.

To estimate the potential corrections to our results, we proceed as follows: based on
Ref. [432], we assume that the LPM effect enhances the DM production rate from scat-
terings by 50% for δ = 0.1 and by 10% for δ = 10, with a linear interpolation of the
enhancement in δ between these points. Practically, we implement this by replacing the
coefficient B → (1.504 − 0.04δ)B in Eq. (VIII.13). We then compare the resulting DM
relic density to the uncorrected density. The results of this comparison are presented in
the (G, δ) plane in Fig. VIII.10. We find that by truncating the effective action at LO,
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Figure VIII.7: Same caption as Fig. VIII.5 but considering vacuum and thermal masses as well
as the correct quantum statistics instead of vacuum masses only and Boltzmann statistics. Figure
by the thesis author with and included in [5].

the relic density can be underestimated by up to ∼ 30% for the smallest mass splittings,
where scatterings dominate the DM interaction rate. For large mass splittings, the relic
density is only mildly affected, differing by just a few percent.

Recent work, presented both in a master’s thesis [505] and in a subsequent publication
[10] that builds upon our analysis, demonstrates that a proper treatment of the LPM effect
within the model considered in this chapter leads to significantly milder corrections. In
particular, the resulting modifications to the interaction rates range from approximately
−10% in the limit of nearly degenerate masses to negligible effects for large mass splittings.

A related source of theoretical uncertainty stems from the non-conservation of local
symmetries. Truncating the loop expansion of the 2PI effective action, as done in this
work, prevents the cancellation of gauge-dependent parts of diagrams with higher-loop
topologies, leading to gauge-dependent observables [465,476,524–526].

In practice, however, a truncation and a gauge choice must be made. In our case,
this corresponds to considering the LO (two-loop) expansion of the 2PI effective action
and adopting the Feynman gauge. We therefore expect any omitted gauge-dependent
contributions to the 1PI-resummed propagators and the DM relic abundance to lie within
the same uncertainty band as the higher-order corrections that were not included in our
calculation.
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-12% -8% 6% 20% 30% 30% 30% 30% 29% 29%

-11% -8% 4% 18% 27% 30% 30% 30% 30% 29%

-11% -9% 3% 17% 26% 30% 30% 30% 30% 30%

-9% -8% 2% 17% 26% 30% 31% 31% 31% 31%

-9% -8% 1% 15% 26% 30% 31% 31% 31% 29%

-9% -9% 0% 14% 25% 30% 32% 32% 31% 31%

-8% -6% -1% 13% 25% 31% 32% 32% 32% 32%

Figure VIII.8: Same caption as in Fig. VIII.5, but including thermal masses for decays as well as
thermal mass-regulated scatterings. Figure by the thesis author with and included in [5].
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VIII.3. COMPARISON OF THE RELIC DENSITIES
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26% 21% 14% 11% 8% 7% 6% 5% 4% 4%

27% 25% 15% 11% 9% 7% 6% 5% 5% 5%

Figure VIII.9: Same caption as in Fig. VIII.5 but comparing the DM abundance using one-loop
fully-resummed propagators with the one calculated with HTL-resummed propagators. Figure by
the thesis author with and included in [5].
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Figure VIII.10: Relative correction to the relic density calculated with 1PI-resummed propagators
when further considering a 50% (10%) enhancement of the scattering rate producing DM for
δ = 0.1 (δ = 10), the estimated contribution of the LPM effect from Ref. [432]. For mass splittings
in between, we linearly interpolated the enhancement in δ. The percentage deviation is shown
in colder colours when more negative. Figure created by the thesis author with simulation data
generated by the thesis author and MB and included in [5].
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VIII.4 Conclusions and Outlooks

Throughout this chapter, we carried out an ab initio computation of freeze-in on the
closed-time path (CTP) with 1PI-resummed fermion propagators and contrasted it with
semi-classical Boltzmann descriptions of increasing sophistication. We find that a decays-
only Boltzmann treatment is not reliably predictive: depending on whether thermal masses
are included, it can misestimate ΩDM by up to O(100%) (∼ 86% without thermal masses).
Adding thermally regulated t-channel scatterings restores agreement at small mass split-
tings, down to deviations of O(−10%), but tends to overproduce by O(35%) when medi-
ator decays dominate; in this regime, the deviation is largely insensitive to the effective
gauge coupling G. Within the CTP framework, HTL-resummed propagators reproduce
the large-hierarchy limit at the percent level, while yielding up to O(25%) more DM in the
compressed region, with the discrepancy increasing toward larger G. By contrast, tree-
level propagators entirely miss ultrarelativistic scattering production, leading to O(100%)
underproduction at small δ, although they track the decay-dominated regime (δ ≃ 10).
These conclusions are generic for scalar DM produced through gauge-interacting vertices.

We also assessed systematic uncertainties associated with effects beyond our truncation.
A naive estimate based on the LPM enhancement of scatterings could imply an addi-
tional underestimation of the relic density by up to ∼ 30% at small δ; however, recent
dedicated analyses for this model find that a proper LPM treatment yields substantially
milder corrections, from about −10% in the nearly degenerate limit to negligible at large
splittings. Gauge dependence induced by working at LO in the 2PI effective action (here
in Feynman gauge) is expected to be of comparable size to the omitted higher-order cor-
rections. Finally, in models involving top quarks, Yukawa-induced thermal corrections
split the fermionic dispersion relations and can shift the relative importance of decays
and scatterings; accounting for these effects will refine the quantitative comparison across
methods.

Outlook

Natural extensions of this work include: (i) a first-principles treatment of the LPM effect in
the present two-mass-scale setup to replace the extrapolations used in earlier estimates; (ii)
going beyond LO in the 2PI truncation or employing improved resummations to reduce
gauge artefacts and assess the stability of the predictions; (iii) incorporating Yukawa-
induced thermal corrections from the top sector to quantify their impact, especially in the
mass-compressed region. Taken together, these steps will turn the comparisons presented
here into precision tools for freeze-in calculations in gauge-interacting dark sectors.
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CHAPTER IX

Issues with Charged Scalars on the
CTP

The scenario analyzed in the previous section relies on a simplified t-channel Dark Matter
(DM) model where DM is a singlet scalar field and the mediator is a vector-like fermion,
charged under the SM gauge group. Another interesting and relevant situation arises when
DM is a Majorana fermion, chargeless under the SM gauge group, while the mediator is
a charged complex scalar field. This scenario was examined in [1] and is thoroughly
explained in Chapter V. Such a model has been extensively investigated in multiple studies
addressing the freeze-out regime, where Majorana DM evades direct detection constraints
via loop-suppressed couplings to gauge bosons. Meanwhile, the parent scalar can be
produced at colliders and in astrophysical environments [293, 308, 319–323, 346, 347, 385,
527,528].

Finite-temperature corrections to DM production in this model have been recently stud-
ied in [529] for co-annihilations and in [432] for freeze-in and superWIMP production,
including the LPM effect, as discussed in the previous chapter. However, an analysis of
such models along the lines of what we have presented in Chapter VII and in [5] has not
yet been done.

This same model is commonly featured in leptogenesis scenarios where the Majorana
fermion is a massive right-handed neutrino (RHN) and the charged scalar companion is
the SM Higgs field. In this case, the fermion they interact with is a SM lepton, as the RHN
does not couple to quarks. However, there is a small but important difference compared
to the simplified DM model above: the RHN is the most massive state and eventually
decays to produce the lepton asymmetry necessary for yielding a net baryon abundance
via the so-called sphaleron non-perturbative processes [127–129,530–533].

The mechanisms by which the baryon asymmetry of the Universe (BAU) can be created
are varied and remain an active area of research. In our context, we focus on the case of
a BAU produced via out-of-equilibrium decays of RHNs, resembling freeze-in production.
Another difference is that the Higgs can be massless in high-scale leptogenesis scenarios,
but its potential and vacuum expectation value (vev) require a TQFT treatment at and
below the electroweak crossover. This contrasts with our freeze-in DM scenario where the
parent is heavier in-vacuum than the DM, and where the gauge-singlet fermion is stable
and does not decay away. As highlighted at the beginning of Chapter VI, leptogenesis
studies using TQFT methods have a longer tradition, especially in the CTP formalism.

Understanding the implications of analyzing these models at finite temperatures in the
CTP formalism is of utmost interest and remains unexplored for both DM freeze-in and
leptogenesis. In fact, as far as we are aware, there are currently no complete calculations
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of the production rate of DM/RHNs using 1PI-resummed propagators that do not rely on
perturbative approximations or HTL-resummed propagators.

In this chapter, we present advancements in this direction that could help address this
problem in the future. The calculation of fundamental quantities such as self-energies
and resummed propagators closely follows the case already discussed, with minor modi-
fications. However, a major issue arises when considering the spectral properties of the
resummed complex scalar propagator at finite temperature. We collect some results and
thoughts regarding this issue.

Statement of Personal Contribution for this Chapter

Statement of Personal Contribution for this Chapter
The theoretical ideas and derivations presented in this chapter are novel though
based on known results from the literature that have been used as starting point.
The analysis here presented has not been published and is the result of an indepen-
dent research effort conducted by the thesis’ author.

IX.1 Model Lagrangian

The Lagrangian of the model reads in a similar way as the Lagrangian employed in the
case of long-range effects in colored co-annihilations (cf. Eq. (V.1)). If we call the scalar
mediator with the Greek letter Φ and the Majorana fermion with the Greek letter χ, the
most generic Lagrangian density reads as

L = LSM + LΦ + Lχ + LΦχ + L4 , (IX.1)

where

LΦ = |DµΦ|2+m2
Φ(Φ

†Φ)− λ(Φ†Φ)2 +mixed terms, (IX.2)

Lχ =
1

2
χ̄
(︁
/∂ −mχ

)︁
χ (IX.3)

LχΦ = −yΦ χ̄PL/R fSM + h.c., (IX.4)

where the summation over flavour families is implicit. The last term corresponds to scalar
four-point interactions. In the leptogenesis case, there are no interactions of this type
besides the Higgs quartic, already included in LΦ, whereas in the DM context, there could
be couplings between the dark scalar and the SM Higgs, if allowed by the symmetries of
the model. For instance, these interactions could take the form of

L4 =− λ(H†H)(Φ†Φ)−A(ΦLH)ΦR + . . . , (IX.5)

where the first term applies to both SU(2) singlets and doublets, while the latter is anal-
ogous to the MSSM couplings which mix right-handed and left-handed sfermions.

IX.2 Rate Equation

To calculate the Majorana fermion production rate, we refer again to the CTP formalism
and closely follow the derivations carried out in the previous chapters for scalar DM in the
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vectorlike model. The Kadanoff-Baym equations for the Majorana fermion propagators /S
follow directly from Eq. (VI.43). After re-writing them in Wigner space (cf. Eq. (VI.3.2)),
we obtain(︃

/k −Mχ − /Σ
H
χ + i

1

2
γ0∂t

)︃
/S
</>
χ − /Σ

</>
χ /S

H
χ =

1

2

(︂
/Σ
>
χ /S

<
χ − /Σ

<
χ /S

>
χ

)︂
(IX.6)

≡ /Cχ , (IX.7)

with the r.h.s. being the collision operator. Following the same approximations employed
for the case of scalar FIMP DM, we can arrive at the Boltzmann equation for the dis-
tribution function of χ, fχ. We add Eq. (IX.7) to its hermitian conjugate, and, after
rearranging the terms into commutators and anticommutators, we obtain

i

2
∂t

{︂
γ0, /S

</>
χ

}︂
+
[︂
/k −Mχ − /Σ

H
χ , /S

</>
χ

]︂
−
[︂
/Σ
</>
χ , /S

H
χ

]︂
= /Cχ + /C†

χ . (IX.8)

We multiply this equation by

−
∫︂

dp0

2π
sign(p0)

1

4
Tr{...} .

which leads to

−
∫︂

dp0

2π
sign(p0)

1

4
Tr

{︃
1

2
∂t

{︂
γ0, i/S

<
χ (p)

}︂}︃
= · · · = ∂tfχ(p) , (IX.9)

recovering the time derivative of the Majorana fermion distribution function. By equating
this to the new r.h.s, we get

∂tfχ(t, p) =
1

4

∫︂
dp0

2π
sign(p0) Tr

{︂
/Cχ(p) + /C†

χ(p)
}︂
, (IX.10)

analog of Eq. (VI.95). Since the Majorana fermion is feebly-interacting, we can neglect the
Hermitian self-energies in the evolution equation and simply use the tree-level propagators
for /Sχ. Hence, we obtain

∂tfχ(t, p) =
1

4

∫︂
dp0

2π
sign(p0) Tr

{︂
i/Σ

>
χ (p)i/S

<
χ (p)− i/Σ

<
χ (p)i/S

>
χ (p)

}︂
.

=
1

4

∫︂
dp0

2π
sign(p0) Tr

{︂
i/Σ

>
χ (p)2/S

A
χ (p)(−f(p))− i/Σ

<
χ (p)2/S

A
χ (p)(1− f(p))

}︂
.

(IX.11)
where, in the last line, we have employed the Kadanoff-Baym ansatz (cf. Eq. (VI.93b))
which allows us to relate the Wightmann functions even in an out-of-equilibrium context.

We can now use the KMS relations for the Majorana fermion self-energies, since the
particles involved in the one-loop diagrams up to order y2 (a SM fermion and a dark
scalar) are in thermal equilibrium:

i/Σ
>
χ = −2/Σ

A
χ f

eq
χ (p) , (IX.12)

i/Σ
<
χ = 2/Σ

A
χ

(︁
1− f eqχ (p)

)︁
. (IX.13)
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Thus, we obtain

∂tfχ(t, p) =
1

4

∫︂
dp0

2π
sign(p0) Tr

{︂
/Σ
A
χ (p)/S

A
χ (p)

}︂
×
[︁
(1− f eqχ (p0))(− fχ(t, p)) + f eqχ (p0)(1− fχ(t, p))

]︁
= −

∫︂
dp0

2π
Tr
{︂
/p/Σ

A
χ (p)

}︂
πδ(p2 −m2

χ)
(︁
fχ(t, p)− f eqχ (p0)

)︁
= −

∑︂
p0=±

√
|p⃗|2+m2

χ

1

4|p0| Tr
{︂
/p/Σ

A
χ (p)

}︂(︁
fχ(t, p)− f eqχ (p0)

)︁
= − 1

2|p0| Tr
{︂
/p/Σ

A
χ (p)

}︂⃓⃓⃓⃓
p0=

√
|p⃗|2+m2

χ

(︁
fχ(t, p)− f eqχ (p0)

)︁
.

(IX.14)

We identify the differential interaction rate Γχ(p) with

Γχ(|p⃗|) ≡
1

2|p0| Tr
{︂
/p/Σ

A
χ (p)

}︂⃓⃓⃓⃓
p2=m2

χ

(IX.15)

and we rewrite Eq. (IX.14) as

∂tfχ(t, p) = −Γχ(|p⃗|)(fχ(t, p)− f eqχ (p0)) ≃ Γχ(|p⃗|) f eqχ (p0)|p2=m2
χ
. (IX.16)

In the last step, we used one of the freeze-in assumptions, namely that the FIMP particle
χ has a negligible initial abundance and that back-reactions are negligible, which means
fχ ≪ f eqχ . By integrating over the three-momentum, we obtain the evolution equation for
the FIMP number density (in analogy with Eq. (VI.98)):

d

dt
nχ = γχ ≡

∫︂
d3p⃗

(2π)3
ΠA
s (ωp, |p⃗|)
ωp

f−(ωp) . (IX.17)

ṅχ = γχ ≡ 2

(2π)2

∫︂
d|p⃗| |p⃗|

2

p0
tr
{︁
/pΣ

A
χ (p)

}︁
f eqχ
(︁⃓⃓
p0
⃓⃓)︁
. (IX.18)

As a final remark, the l.h.s. as it stands right now does not include the expansion of
the universe because the quantities are considered as comoving. The generalization to an
expanding background is straightforward and follows what we illustrated in Section VI.4,
leading to the usual diffusion term in an FLRW expanding background with quantities
expressed in physical coordinates

∂tfχ(t, p) −→ ∂tfχ(t, p) + 3Hfχ(t, p) , (IX.19)

with H = ȧ/a the Hubble rate and a(t) the Universe scale factor.

IX.3 Self-Energy and Production Rate

The fermion self-energy on which the collision operator, also known as the production
rate, depends is derived from the 2PI effective action of the model (cf. Section VI.3).
In particular, its definition follows from Eq. (VI.35). In analogy with the discussion in
Section VII.2 for a scalar DM, the 2PI effective action Γ2 is given by a fermionic loop
with a full scalar propagator inserted in between. As already clarified in the scalar DM
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scenario (cf. Section VII.2), we shall omit vertex-type contributions resulting from the
second (NLO) term in Γ2, which would include interference of s-channel and t-channel
scatterings, as well as the LPM effect in the ultrarelativistic regime. For works addressing
such corrections, we refer to [534] for the leptogenesis case and to [432] for the Majorana
DM case.

On the CTP contour, the 1-loop self-energy is obtained by functionally differentiating
Γ2 or, alternatively, by following the CTP Feynman rules described in Section VII.2. In
momentum space, it reads as

−i/ΣA
χ (p) = ab y2

∫︂
d4k

(2π)4

(︂
PL i /S

ab
f (k) i∆ba

Φ (k − p) + PR i /S
ab
f (k) i∆ba

Φ (k − p)
)︂

= −ab y2
∫︂

d4k

(2π)4
i /S

ab
f (k) i∆ba(k − p) . (IX.20)

What we need is the spectral self-energy, i.e. the anti-Hermitian part of the retarded
self-energy, which reads as

/Σ
A
χ (p) =

i

2

(︂
/Σ
>
χ − /Σ

<
χ

)︂
=

1

2
f−1
+ (p0) /Σ

<
χ (p) =

1

2
y2 f+(p

0)−1

∫︂
d4k

(2π)4
i/S

<
f i∆

<
Φ(p− k)

= 2 y2
∫︂

d4k

(2π)4
/S
A
f (k)∆

A
Φ(p− k)

(︁
1 + f−(p0 − k0)− f+(k

0)
)︁
.

(IX.21)

To arrive at the last expression we have made use of the KMS relation between Wightmann
functions (including the FIMP self-energy) as a consequence of thermal equilibrium for
the fields in the self-energy loop, and we converted the same functions by making use of
the fermion and scalar spectral representations. Consequently, the production rate follows

by tracing over /p/Σ
A
χ , as required by Eq. (IX.15), with the trace over the Clifford algebra

reducing to computing Tr /p/S
A
χ (p).

At this point, we need to ask ourselves what is the form of the propagator in the loop
integral. The 2PI effective action dictates employing the formally exact (full) propagators
of the theory, which are however unknown. As already done for the scalar DM vectorlike
model, we shall use 1PI-resummed, HTL-resummed, and tree-level propagators. We do

not need to repeat the analysis for the resummed (1PI or HTL) fermion propagator /S
A
f

since even in the model here examined, the dominant contribution to the SM fermion
self-energy comes from its gauge interactions in the sunset diagram of Fig. VII.2. The
spectral properties of a fermion in the thermal plasma were discussed at length in the
previous chapters and remain applicable in our context. What remains to be understood
are the properties of an in-medium scalar field, specifically by examining the structure of
its resummed retarded propagator and its spectrum and damping.

IX.4 Resummed Scalar Propagator

After performing a gradient expansion of the Kadanoff-Baym equations for the two-point
Green’s functions of scalar fields and after taking their Wigner transform, the resummed
retarded and advanced propagators read as in Eq. (VI.84), namely

i∆
R/A
Φ (k) =

i

k2 −m2
Φ −Π

R/A
Φ

=
i

k2 −m2
Φ −ΠH

Φ ± iΠA
Φ

, (IX.22)
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where + (−) applies to the retarded (advanced) case and where we have introduced the
Hermitian and anti-Hermitian self-energies. In analogy to Eq. (VI.85) and Eq. (VI.86),
the anti-Hermitian (spectral density) and Hermitian resummed scalar propagators follow
as

∆A
Φ = −ℑ∆R

Φ =
ΠA

Φ(︁
k2 −m2 −ΠH

Φ

)︁2
+
(︁
ΠA

Φ

)︁2 , (IX.23)

∆H
Φ = ℜ∆R

Φ =
k2 −m2 −ΠH

Φ(︁
k2 −m2

Φ −ΠH
Φ

)︁2
+
(︁
ΠA

Φ

)︁2 . (IX.24)

The Hermitian self-energy corresponds to a modification of the position of the pole de-
scribing the mass-shell and the dispersion relation, while the anti-Hermitian self-energy is
interpreted as a thermal width, responsible for the damping of the scalar field correlations
and its dissipation into the plasma. This is in complete analogy to and even simpler than
the case for fermions, which we have discussed at length in Section VII.3.

The self-energy of the scalar field is diagrammatically given by

−iΠabΦ (p) =
k

+
k

+

p− k

k

+

p− k

k

, (IX.25)

where a sum over oppositely charged flow is assumed, where needed. The last diagram
is proportional to the feeble coupling squared and can be safely neglected. We proceed
now to calculate the self-energy contribution from the first three diagrams, which we dub
as the four-scalar, the seagull (four-point interaction with gauge bosons), and the sunset
diagrams.

We will first adopt the same strategy used in the case of resummed fermion propagators,
namely, using the CTP Feynman rules and employing the Feynman gauge. This will lead
to simple expressions, but to a major issue regarding the spectral sum of the resummed
scalar propagator, which will result in being negative, leading to a breakdown of unitarity
and causality of the theory. Possible solutions to such a problem will be explored in
Section IX.5.

IX.4.1 Four-scalar

On the CTP, the self-energy reads as

−iΠab4S = −iλκ
∫︂

d4k

(2π)4
i∆ab(k) , (IX.26)

where κ is a combinatorial factor from the Feynman rules related to the interaction vertex
(Wick contractions). For instance, κ = 6 if only fields of the same type are involved, but
κ = 3 if a vertex like Φ†ΦH†H is involved.

For this first diagram, the anti-Hermitian part of the self-energy is identically zero,
because the Wightmann self-energy is not defined. The reason is that at the interaction
vertex, we would need fields sitting on both the positive and the negative time branches
of the CTP contour, which is not possible. Thus,

ΠA
4S = 0 . (IX.27)
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The Hermitian part is non-vanishing and reads as

−iΠH
4S =

1

2

(︁
(−iΠ++

Φ )− (−iΠ−−
Φ )

)︁
=
κ

2

∫︂
d4k

(2π)4
(−iλ)

(︁
i∆++(k) + i∆−−(k)

)︁
= −iλκ

∫︂
d4k

(2π)4
i∆F (k) = −iλκ

∫︂
d4k

(2π)4
(︁
1 + 2f−(|k0|)

)︁
sign(k0)∆A , (IX.28)

where we used the relation between the statistical and the spectral propagators given by
i∆F (k) = (1 + 2f−(k0))∆A(k). If the scalar field in the loop has an in-vacuum mass, say
mΦ, the Hermitian self-energy becomes

ΠH
4S = κλ

∫︂
d4k

(2π)4
(1 + 2f−(|k0|))π δ

(︃
k2 −m2

Φ

)︃
. (IX.29)

We can split the vacuum and the thermal parts, where for the first one we have

ΠH,vac
4S = κλ

∫︂
d4k

(2π)4
πδ
(︁
k2 −m2

Φ

)︁
=

λκ

4π2

∫︂ Λ

0
dk

k2√︂
k2 +m2

Φ

=
λκ

4π2

⎡⎣Λ√︂Λ2 +m2
Φ −m2

Φ arctanh

⎛⎝ Λ√︂
Λ2 +m2

Φ

⎞⎠⎤⎦ , (IX.30)

where a UV cutoff was introduced. In the massless limit, mΦ = 0, this term reduces to
λκΛ2/4π2. The thermal part is instead given by

ΠH,th
4S = λκ

∫︂
d4k

(2π)4
f−(|k0|)2πδ(k2 −m2

Φ) =
λκ

2π2

∫︂ ∞

0
d|k⃗| |k⃗|2√︂

|k⃗|2 +m2
Φ

f−

(︃√︂
|k⃗|2 +m2

Φ

)︃
.

(IX.31)

This integral is finite and convergent thanks to the presence of the Bose-Einstein distribu-
tion, but has no analytical form. If we call it I(mΦ), we can find a series expansion and
asymptotic behaviours which read as

I(mΦ) =

∫︂ ∞

0
d|k⃗| |k⃗|2√︂

|k⃗|2 +m2
Φ

f−

(︃√︂
|k⃗|2 +m2

Φ

)︃
(IX.32)

=

∫︂ ∞

mΦ

dy

√︂
y2 −m2

Φ

ey/T − 1
= mΦT

∞∑︂
n=1

K1(n
mΦ
T )

n
, (IX.33)

≃

⎧⎪⎪⎨⎪⎪⎩
π2

6
mΦ ≪ T

mΦ

T
K1(mΦ/T ) mΦ ≫ T

, (IX.34)

where in the first step we have performed the change of variable |k⃗| →
√︂
y2 −m2

Φ, while the

series expansion follows from the series representation of the Bose-Einstein distribution.
Thus, we see that a very massive field will have a suppressed four-scalar loop, while a
massless one entails

ΠH,th
4S = λκ

T 2

12
. (IX.35)

This corresponds to the thermal mass of a scalar field (without gauge interactions).
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IX.4.2 Seagull

The seagull diagram also has a vanishing anti-Hermitian part on the CTP:

ΠA
seagull = 0 . (IX.36)

For the Hermitian part, we need to compute a similar integral as in Eq. (IX.26), with the
only difference that, since we have a gauge boson in the loop, we also have to take into
account the gauge couplings, the hypercharge, and the quadratic Casimirs, yielding

Πseagull,H
Φ = −1

2

(︃
2Y 2

Φg
2
1 +

3

2
g22 +

8

3
g23

)︃∫︂
d4k

(2π)4
gµν i∆F

µν(k) , (IX.37)

where we defined the effective gauge coupling in the same way as in Eq. (VII.2):

G = Y 2
Φg

2
1 +

3

4
g22 +

4

3
g23 . (IX.38)

By assuming the Feynman gauge, with which we can directly substitute ∆µν = −gµν∆,
we can easily manipulate the expression and arrive at

Πseagull,H
Φ = −G

∫︂
d4k

(2π)4
gµν(−gµν∆F

γ ) = 4G

∫︂
d4k

(2π)4
(1 + 2f−(|k0|))πδ(k2)

= ΠH,seagull,vac
Φ + 4G

∫︂
d4k

(2π)3
δ(k2)f−(|k0|)

=
GΛ2

2π2
+

1

3
GT 2, (IX.39)

where we recognize the vacuum term and the correction to the scalar field thermal mass.
It is independent of whether the external scalar is massive or not.

IX.4.3 Sunset

The sunset diagram is more complicated due to the explicit dependence on the external
momentum p, which on the CTP yields the following self-energy

−iΠab, sunsetΦ (p) = −G
∫︂

d4k

(2π)4
(p+ k)µ(p+ k)ν i∆ab

γ,µν(p− k) i∆ab
Φ (k) . (IX.40)

We consider the case of the Feynman gauge again and substitute ∆µν = −gµν∆.

Hermitian Part

The Hermitian part follows from its definition in Eq. (VI.26) and, after some manipulation,
it reads as

ΠH, sunset
Φ = −G

2

∫︂
d4k

(2π)3
(p+ k)2

[︃
P δ((p− k)2)

k2 −m2
Φ

(1 + 2f−(|p0 − k0|))

+ P δ(k
2 −m2

Φ)

(p− k)2
(1 + 2f−(|k0|))

]︃
. (IX.41)

Now, we divide it into vacuum (without f−) and thermal contribution. The vacuum one
has an intricate expression and is not of interest to our discussion here. Moreover, in the
second term, we perform the variable shift k → p− k and we obtain

ΠH
Φ = ΠH,vac.

Φ −G

∫︂
d4k

(2π)3

[︃
(2p− k)2P δ(k2)

(p− k)2 −m2
Φ

+ (p+ k)2P δ(k
2 −m2

Φ)

(p− k)2

]︃
f−(|k0|) .
(IX.42)
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We immediately integrate the thermal part over dϕ and over dk0 and then over d cos θ to
obtain

− G

4π2

∫︂
d|k⃗|d cos θ |k⃗|2

∑︂
±

{︃
1

2|k⃗|
4p2 ∓ 4p0|k⃗|+4|p⃗||k⃗|cos θ

p2 −m2
Φ ∓ 2p0|k⃗|+2|p⃗||k⃗|cos θ

f−(|k⃗|)

+
1

2
√︂
|k⃗|2+m2

Φ

p2 +m2
Φ ± 2p0

√︂
|k⃗|2+m2

Φ − 2|p⃗||k⃗|cos θ

p2 +m2
Φ ∓ 2p0

√︂
|k⃗|2+m2

Φ + 2|p⃗||k⃗|cos θ
f−

(︃√︂
|k⃗|2+m2

Φ

)︃}︃
= (...)

= −G
6
T 2 − G

4π2

∫︂
d|k⃗|

{︄
− 2|k⃗|2√︂

|k⃗|2+m2
Φ

f−

(︃√︂
|k⃗|2+m2

Φ

)︃

+
p2 +m2

Φ

2|p⃗|
∑︂
±

⎛⎝ |k⃗|√︂
|k⃗|2+m2

Φ

ln

⃓⃓⃓⃓
p2 +m2

Φ ∓ 2p0
√︂

|k⃗|2+m2
Φ + 2|p⃗||k⃗|

p2 +m2
Φ ∓ 2p0

√︂
|k⃗|2+m2

Φ − 2|p⃗||k⃗|

⃓⃓⃓⃓
f−

(︃√︂
|k⃗|2+m2

Φ

)︃⎞⎠
+ ln

⃓⃓⃓⃓
p2 −m2

Φ ∓ 2p0|k⃗|+2|p⃗||k⃗|
p2 −m2

Φ ∓ 2p0|k⃗|−2|p⃗||k⃗|

⃓⃓⃓⃓
f−(|k⃗|)

}︄
. (IX.43)

In the first step, we left the contribution of the two delta functions from integration over
dk0 implicitly given in the sum, where ± stems from k0 = ±|k⃗|. In the second equality,
we integrated over cos θ, which can be performed analytically but requires some steps.
The final expression cannot be further simplified and needs to be computed numerically.
Combining Eqs. (IX.31), (IX.39) and (IX.43), we obtain the total Hermitian self-energy,
which we could also dub as the momentum-dependent thermal mass correction to the
dispersion relation of the scalar field in-medium.

In the limit with massless scalarsmΦ → 0 (e.g., in leptogenesis scenarios), the integrands
of the sunset diagram massively simplify, yielding the following result

ΠH,T ̸=0|sunsetmΦ=0 =
−G
2π2

∫︂
d|k⃗| |k⃗|f−(|k⃗|)−

G

4π2
p2

|p⃗|

∫︂
d|k⃗|

∑︂
±

ln

⃓⃓⃓⃓
p2 ∓ 2p0|k⃗|+2|p⃗||k⃗|
p2 ∓ 2p0|k⃗|−2|p⃗||k⃗|

⃓⃓⃓⃓
f−(|k⃗|)

= −GT
2

12
− G

4π2
p2

|p⃗|

∫︂
d|k⃗|

∑︂
±

ln

⃓⃓⃓⃓
p2 ∓ 2p0|k⃗|+2|p⃗||k⃗|
p2 ∓ 2p0|k⃗|−2|p⃗||k⃗|

⃓⃓⃓⃓
f−(|k⃗|) . (IX.44)

The total temperature-dependent Hermitian self-energy for a massless scalar field is thus
given by

ΠH,T ̸=0|mΦ=0=
λκT 2

12
+
GT 2

4
− G

4π2
p2

|p⃗|

∫︂
d|k⃗|

∑︂
±

ln

⃓⃓⃓⃓
p2 ∓ 2p0|k⃗|+2|p⃗||k⃗|
p2 ∓ 2p0|k⃗|−2|p⃗||k⃗|

⃓⃓⃓⃓
f−(|k⃗|) .

(IX.45)

Notice that the second term vanishes if we take the HTL limit, namely if we assume that
the loop momentum is much larger than the external one, k ≫ p, so that we recover the
well-known HTL thermal mass for a complex gauge-charged scalar, which is

mth
Φ =

λκT 2

12
+
GT 2

4
. (IX.46)

With the external momentum dependence, the integral has to be computed numerically.
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Anti-Hermitian Part

The sunset diagram also contains an anti-Hermitian part, which is the spectral self-energy
of the scalar field. This reads as

iΠA(p) =
1

2

(︁
iΠ>(p)− iΠ<(p)

)︁
= G

∫︂
d4k

(2π)4
(p+ k)µ(p+ k)ν

1

2

(︁
i∆>

Φ(k) i∆
>
γ,µν(p− k)− i∆<

Φ(k) i∆
<
γ,µν(p− k)

)︁
.

(IX.47)

By employing the Feynman gauge (∆µν = −gµν∆) and the KMS relations for both the
vector and the scalar propagators (cf. Eq. (VI.58)), we end up with

ΠA(p) = −2π2G

∫︂
d4k

(2π)4
(p+ k)2 δ(k2 −m2

Φ) δ((p− k)2)

× sign(k0)sign(p0 − k0)

[︃
1 + f−(k0) + f−(p0 − k0)

]︃
, (IX.48)

where the delta functions come from the tree-level propagators, i.e., considering the fields
in the loop as on-shell. We change integration variables as in Eq. (VII.139) to

d4k =
1

2|p⃗|dϕ dk
0 d(p · k) d(k2) , (IX.49)

so that we can easily exploit the two delta functions to carry out the dk2 and the d(p · k)
integrations, while the azimuthal integration over dϕ is trivially realized. We obtain

ΠA(p) = − G

8π

p2 +m2
Φ

|p⃗|

∫︂
B
dk0 sign(k0)sign(p0 − k0)

[︁
1 + f−(k0) + f−(p0 − k0)

]︁
=− G

8π

p2 +m2
Φ

|p⃗| sign(p2 −m2
Φ)

∫︂
B
dk0

[︁
1 + f− − (k0) + f−(p0 − k0)

]︁
. (IX.50)

In the second line, we have used the property that, since the particles are on-shell, the
following equality holds

sign(p2 −m2
Φ) = sign(k0) sign(p0 − k0) . (IX.51)

This is easy to show via a particle kinematics argument. Consider an initial-state
momentum p and two final-state momenta k and q, for which k2 = m2

1 and q
2 = m2

2.
Energy-momentum conservation dictates that pµ = qµ + kµ. By squaring this
relation and by using the on-shell conditions, one obtains

p2 −m2
1 −m2

2 = 2q0k0 − 2|q⃗||k⃗|cos θ

= 2q0k0

(︄
1− |q⃗||k⃗|

|q0||k0|
cos θ

sign(q0k0)

)︄
.

Since |q0|≥ |q⃗| and |k0|≥ |k⃗|, the term in the parentheses is always greater than or
equal to zero. Hence,

sign(p2 −m2
1 −m2

2) = sign(q0)sign(k0).

By substituting q with p− k, we get the result in Eq. (IX.51).
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The integral is evaluated as∫︂
B
dk0

[︁
1 + f− − (k0) + f−(p0 − k0)

]︁
=

[︃
−k0 − T ln

⃓⃓⃓⃓
f−(k0)

f−(p0 − k0)

⃓⃓⃓⃓]︃
B

(IX.52)

where the integration boundaries are such that

I(k0)
⃓⃓⃓⃓
B
= I(k0)

[︄
θ(p2)

⃓⃓⃓⃓k0+
k0−

+ θ(−p2)
(︄⃓⃓⃓⃓k0+

−∞
+

⃓⃓⃓⃓+∞

k0−

)︄]︄
(IX.53)

= I(k0)
(︄⃓⃓⃓⃓k0+

k0−

+ θ(−p2)
⃓⃓⃓⃓+∞

−∞

)︄
, (IX.54)

with

k0± =
p0

2p2
(p2 +m2

Φ −m2
γ)±

|p⃗|
2p2

√︂
λ(p2,m2

Φ,m
2
γ) −→

mγ=0

p0

2p2
(p2 +m2

Φ)±
|p⃗|
2p2

⃓⃓
p2 −m2

Φ

⃓⃓
.

(IX.55)
One can check that the integration in θ(−p2)I|+∞

−∞ does not vanish, for example by using
a UV regulator in this way:

lim
Λ→∞

∫︂ Λ

−Λ
dk0(1 + f−(k0) + f−(p0 − k0)) = lim

Λ→∞
−2Λ−T ln

⃓⃓⃓⃓
f−(Λ)

f−(p0 − Λ)

f−(p0 + Λ)

f−(−Λ)

⃓⃓⃓⃓
= p0,

(IX.56)
where we used the fact that f−(Λ) ≃ e−Λ, f−(−Λ) ≃ −1, f−(p0 − Λ) ≃ −1, and
f−(p0 + Λ) ≃ e−(p0 + Λ). We therefore remain with

I(k0)
⃓⃓⃓⃓
B
= θ(−p2)p0 + k0− − k0+ + T ln

⃓⃓⃓⃓
f−(k0−)f−(p

0 − k0+)

f−(p0 − k0−)f−(k
0
+)

⃓⃓⃓⃓
, (IX.57)

and the spectral self-energy results in

ΠA(p) = − G

8π

p2 +m2
Φ

|p⃗| sign(p2 −m2
Φ)

[︃
θ(−p2)p0 + k0− − k0+ + ln

⃓⃓⃓⃓
f−(k0−)f−(p

0 − k0+)

f−(k0+)f−(p0 − k0−)

⃓⃓⃓⃓]︃
.

(IX.58)
In the massless limit, mΦ = 0, this simplifies to

ΠA(p) = − G

8π

p2

|p⃗|sign(p
2)

⎡⎣θ(−p2)p0 − |p⃗| sign(p2) + 2T ln

⃓⃓⃓⃓
⃓ 1− e

p0+|p⃗|sign(p2)
2T

1− e
p0−|p⃗| sign(p2)

2T

⃓⃓⃓⃓
⃓
⎤⎦

=
G

8π

p2

|p⃗|

⎡⎣p0θ(−p2) + |p⃗|−2T sign(p2) ln

⃓⃓⃓⃓
⃓ 1− e

p0+|p⃗|sign(p2)
2T

1− e
p0−|p⃗| sign(p2)

2T

⃓⃓⃓⃓
⃓
⎤⎦ . (IX.59)

Now, this self-energy contains both the “vacuum” and the “thermal” parts

ΠA = ΠA,vac. +ΠA,T ̸=0. (IX.60)

The vacuum term is easy to derive and is simply

ΠA,vac. = − G

16π

p2

|p⃗|

∫︂
B

(︁
sign(k0) + sign(p0 − k0)

)︁
= − G

8π

p2

|p⃗|(k
0
+ − k0−)θ(p

2)sign(p0)
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= − G

8π
p2θ(p2)sign(p0) , (IX.61)

where we used the fact that, since sign(k0)sign(p0 − k0) = sign(p2), the integrand does not
vanish only if p2 > 0. This also implies that the vacuum spectral self-energy for lightlike
and spacelike external momenta is zero (in the massless scenario considered here). In
addition, the total sign of the sum inside the integral depends on the sign of p0, as can
be explicitly checked. We can subtract this term from the total spectral self-energy in
Eq. (IX.59) to obtain the temperature-dependent part

ΠA,T ̸=0 = ΠA −ΠA,vac.

=
G

8π

p2

|p⃗|

⎡⎣θ(−p2)p0 + |p⃗|(1 + θ(p2)sign(p0))− 2T sign(p2) ln

⃓⃓⃓⃓
⃓1− e

p0+|p⃗|sign(p2)
2T

1− e
p0−|p⃗|sign(p2)

2T

⃓⃓⃓⃓
⃓
⎤⎦

(IX.62)

=
G

8π

p2

|p⃗| ×

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
2|p⃗|θ(p0)− 2 ln

⃓⃓⃓⃓
1− e

p0+|p⃗|
2

1− e
p0−|p⃗|

2

⃓⃓⃓⃓
if p2 > 0

p0 + |p⃗|−2 ln

⃓⃓⃓⃓
1− e

p0+|p⃗|
2

1− e
p0−|p⃗|

2

⃓⃓⃓⃓
if p2 < 0

, (IX.63)

where in the first line with p2 > 0 we used 1+sign(p0) = 2θ(p0). We will now focus on the
massless case, because of its more manageable expressions, while the same conclusions hold
for a massive scalar. The anti-Hermitian part of the retarded self-energy for a massless
charged scalar is plotted against p0/T with solid lines in the upper panel of Fig. IX.1
together with its Hermitian part in opaque dashed lines for four different values of |p⃗|/T
corresponding to |p⃗|/T = 0.1, 0.5, 1.0, 1.5 and for G = 1. Notice how the first is odd in
p0, while the second is even, as expected. Combining these two functions into Eq. (IX.23)
yields the resummed scalar propagator in the lower panel for the same choice of momenta.
Notice the on-shell resonances about the quasi-particle poles.

However, the spectral density is found to be negative for positive p0. This is a con-
sequence of ΠA turning negative when going from spacelike momenta (inner part of the
plot) to timelike momenta (outer part). This is a problem for two reasons. First, ΠA is
associated with the width of the scalar and it is proportional to its decay (damping) rate
in-vacuum (in-medium). Therefore, a negative self-energy for timelike momenta implies
a negative rate, which is obviously nonsense. Second, because the sign of the resummed
spectral density (the resummed anti-Hermitian propagator ∆A in Eq. (IX.23)) is the sign
of ΠA, we need to check if the spectral sum of the scalar propagator, which comes from
requiring that the theory is canonically quantized (cf. Eq. (VI.13)) and is unitary and
causal, is correct, namely that ∫︂

dk0

π
k0∆A(k) = 1 . (IX.64)

For a tree-level propagator, where the spectral self-energy is zero and spectral densities
are delta functions, this is trivially realized, also in the massive case. For a 1PI-resummed
propagator, we have instead∫︂

dk0

π
k0∆A(k) =

∫︂
dk0

π
k0

ΠA
Φ(︁

k2 −ΠH
Φ

)︁2
+
(︁
ΠA

Φ

)︁2 , (IX.65)
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Figure IX.1: Upper panel: shown is the anti-Hermitian ΠA (Hermitian ΠH) self-energy in solid
(dashed faded) lines of a massless charged scalar as a function of p0/T for four fixed values of
the three-momentum magnitude p/T . Notice the anti-symmetrical (symmetrical) behavior in p0.
Lower panel: Spectral density ∆A from Eq. (IX.23). Notice the resonances close to the quasi-
particle poles and the ill-behaved opposite sign. For these plots, we set G = 1.

If we define µ2 ≡ ΠH and if we assume the narrow-width-approximation (NWA) for which
ΠA(k) ≡ k0 Γ, we can rewrite the integrand as [479]

ΠA
Φ(︁

k2 −ΠH
Φ

)︁2
+
(︁
ΠA

Φ

)︁2 −→ k0 Γ(︂
k20 −

(︂
|k⃗|2+µ2

)︂)︂2
+ k20Γ

2

. (IX.66)

The denominator has poles whenever the quartic equation for k0 is satisfied,

k40 −+k20

[︂
Γ2 − 2(|k⃗|2+µ2)

]︂
+
(︂
|k⃗|2 + µ2

)︂2
= 0 (IX.67)
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=⇒ k0 =

⌜⃓⃓⎷µ2 + |k⃗|2 − Γ

2

(︄
Γ∓

√︃
Γ2 − 4

(︂
|k⃗|2 + µ2

)︂)︄
≡ ω± , (IX.68)

so that the integral becomes∫︂
dk0

π

k20Γ

(k0 − ω+)(k0 + ω+)(k0 − ω−)(k0 + ω−)
≃ sign(Γ) . (IX.69)

Here, we used the Cauchy integration formula over a closed contour in the upper k0
complex plane. This result qualitatively shows that the positivity of the spectral sum
depends on the sign of the width in the NWA. An analogous result is found for a massive
scalar field; only the definition of µ changes.

To have a more quantitative understanding, we directly compute the spectral sum for a
massless scalar field by using the full expressions in Eqs. (IX.45) and (IX.59).

The spectral density is plotted in Fig. IX.1 as a function of the zeroth component of the
scalar 4-momentum.

IX.5 Restoring the Spectral Sum

To the best of our knowledge, the issue of restoring the spectral sum of the 1PI-resummed
gauge-charged scalar propagator has not been thoroughly addressed in the literature, with
the notable exception of the attempt and indications provided in [479]. In that work,
it is suggested that the negativity of the spectral function might be related to the non-
self-consistent calculation of the resummed Higgs propagator due to the truncation of the
Schwinger-Dyson equations. The author speculates that a self-consistent solution could
resolve this issue, which we will briefly revisit in Section IX.5.3.

The most straightforward solution involves using an HTL-approximated form of the
propagator. In this approximation, the thermal width, i.e., the anti-Hermitian part of
the self-energy, is identically zero, and the resummed spectral density takes the form of
a Dirac delta function centered at the mass-shell of the in-medium quasi-particle. The
dispersion relation of this quasi-particle is modified by the Hermitian part of the retarded
self-energy, resulting in a momentum-independent thermal mass:

ΠA = 0, ΠH = m2
th =

(︃
λκ

12
+
G

4

)︃
T 2, (IX.70)

∆A = πδ(p2 −m2
th), ∆H = PV

1

p2 −m2
th

. (IX.71)

In this way, the resummed spectral density has the same form as the tree-level one, so that
the spectral sum is automatically satisfied and the interaction rate has no pathology. In
particular, the HTL interaction rate for the Majorana fermion FIMP follows from taking

the trace tr
{︂
/p/Σ

A
χ

}︂
with the spectral self-energy given in Eq. (IX.21) with an HTL scalar

spectral density as in Eq. (IX.71) and an HTL fermion spectral density as in Eq. (VII.113).
In the high-temperature limit, we can instead use the tree-level propagators for both scalars
and fermions (delta functions) with in-vacuum and thermal masses in their dispersion
relations.

Why this is the case could be related to issues with gauge invariance. As mentioned in
VIII.2, the truncation of the 2PI effective action inevitably introduces gauge dependencies
due to the omission of higher-order diagrams whose gauge-dependent part would lead to an
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overall satisfaction of the Nielsen identities of the theory. The fact that the formally exact
2PI effective action is gauge-independent has been demonstrated in [476, 524, 525], where
it has also been shown that gauge-dependencies come at higher orders in the truncation.
As shown in [535], the spectral densities for gauge-charged vectorlike fermions have a
subleading dependence on the gauge fixing parameter and are not expected to change
the DM rate sensitively. However, the fact that the HTL resummation leads to gauge-
independent quantities [436] could be the reason why the HTL scalar spectral density has
a regular spectral sum.

IX.5.1 Gauge Dependencies

To further investigate this possibility, we need to better understand how gauge interactions
work at finite temperatures. So far, we have always carried out our calculations in the
Feynman gauge, which is a particular gauge fixing choice among the infinitely many in
the class of covariant gauges given by the Lagrangian term

Lgf =
1

2ξ
(∂µA

µ)2. (IX.72)

The Feynman gauge corresponds to setting ξ = 1. In vacuum QFT, assuming a generic
value of ξ leads to the following gauge boson retarded propagator [483]

∆µν(k) =

(︃
−gµν + (1− ξ)

kµkν
k2

)︃
1

k2
, (IX.73)

and the Feynman gauge simply corresponds to having ∆µν(k) = −gµν/k2 = −gµν∆(k),
where ∆(k) is the retarded propagator of a scalar field. The last relation is exactly what
was assumed in the previous sections, extending its validity to all CTP propagators at
finite temperatures, in particular to the gauge boson spectral density. Is this, in general,
a correct assumption? Can it be extended to a generic gauge?

A naive computation gives us a practical answer. Let us consider the case of the Hermi-
tian self-energy from the sunset diagram as in Section IX.4.3. By inserting the expression
in Eq. (IX.73) in Eq. (IX.40) and by manipulating the expression similarly to how we
arrived at Eq. (IX.42), one realizes that the integrand has a term that goes like∫︂

d4k

(2π)4
(2p− k)µ(2p− k)ν

(︃
−gµν + (1− ξ)

kµkν
k2

)︃
2πδ(k2)

1

(p− k)2 −m2
Φ

f−(|k0|) + . . . .

(IX.74)

The expression above cannot be integrated because it is singular in k. The on-shellness
condition imposed by the delta function makes it impossible to perform the integration
for the term proportional to (1− ξ)/k2, which is divergent. Indeed, it can be verified that
no cancellation occurs and that this expression is ill-defined. Notice that the Feynman
gauge circumvents this issue by setting such a term to zero from the beginning,

It looks like a direct extension of Eq. (IX.73) to the CTP contour is simply wrong.
Indeed, this was acknowledged in the mid-80s [422, 426, 536–539], where it was shown
that a path-integral quantization at thermal equilibrium with a covariant gauge fixing
Lagrangian leads to the following gauge boson propagator

iDab
µν(k) =

(︃
−gµν + (1− ξ)kµkν

∂

∂k2

)︃
iDab(k) , (IX.75)
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where i∆ab(p) is the usual CTP scalar propagator. The novelty here is encoded in the
derivative wrt. k2 instead of a multiplying factor 1/k2, an expedient that can make the
integral in Eq. (IX.74) non singular.

However, it was later noticed by Landshoff and Rebhan in 1992 [540] that this trick
does not solve the issue of thermalizing unphysical degrees of freedom, i.e., the ghost fields
introduced via the Faddeev-Popov trick [541]. A correct treatment would give a thermal
part only to the two physical vector boson states and leave unphysical states and ghosts
to the vacuum part for the right quantization of the theory. This is exactly what the
Landshoff and Rebhan prescription (from now on LR) in [540] does and we briefly repeat
their argument (cf. also [542–544]). In thermal field theory, the partition function and
thermal averages are defined as

Z =
∑︂
i

⟨i|e−βĤ |i⟩ , (IX.76)⟨︂
Ô
⟩︂
=
∑︂
i

⟨i|e−βĤÔ|i⟩ . (IX.77)

In both cases, the sum is over a complete orthonormal set of physical states |i,phys⟩, which,
in the case of scalar field theories, span the entire Hilbert space, so one may replace the
sums with traces of the operators:

Z =
∑︂
i

⟨i|e−βĤ |i⟩ −→ tr
{︂
e−βĤ

}︂
, (IX.78)⟨︂

Ô
⟩︂
=
∑︂
i

⟨i|e−βĤÔ|i⟩ −→ tr
{︂
e−βĤÔ

}︂
. (IX.79)

However, in the case of a gauge theory, the Hilbert space also contains unphysical states
and one needs a gauge fixing procedure to get rid of them when computing physical
observables. As well known, the traditional way is to cancel the contribution from these
redundant states by introducing ghost fields [545, 546]. The point of [540] is to directly
perform the sum with only physical states from the beginning so that only these acquire a
thermal part and can be put on-shell. The derivation follows the Gupta-Bleuler procedure
[547,548] and will not be repeated here. The results are given as follows.

The sum over the polarization tensors ϵµλ(k) in a covariant gauge as imposed by
Eq. (IX.72) takes the general form

2∑︂
λ=1

ϵµλ(k)ϵ
ν
λ(k) ≡ Tµν = −Gµν + uµkν + uνkµ

u · k − u2
kµkν

(u · k)2 , (IX.80)

where we took polarization vectors orthogonal to uµ, the plasma 4-velocity, and to kµ,
and where the modified metric Gµν(k) corresponds to the tensor structure

Gµν(k) = −gµν + kµfν + kνfµ

f · k − (f2 − ξk2)
kµkν

(f · k)2 (IX.81)

and only modifies the vacuum part of the propagator. This structure comes from consid-
ering a more general linear gauge with a quadratic gauge-breaking term given by

Llin. gf =
1

2ξ
(AµfµfνA

ν) , (IX.82)

with fµ the gauge breaking term. If fµ = ikµ, we recover the covariant gauge as in
Eq. (IX.73), while for fµ = (0, ik) we recover the Coulomb gauge. Notice also that in the
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frame where the plasma is at rest, uµ = (1,0), the polarization tensor for covariant gauges
reads as

Tµν(k) −→ T ij(k) = δij − kikj

k2
, (IX.83)

and it is zero whenever µ or ν equal 0. The same holds in the Coulomb gauge. The
resulting gauge boson propagator on the CTP is given by [540]

Dµν(k) = −Gµν

⎛⎜⎝ 1

k2 + iϵ
−2πiδ(k2) θ(−k · u)

−2πiδ(k2) θ(+k · u) −1

k2 − iϵ

⎞⎟⎠ (IX.84)

− iTµν(k) 2πδ(k2) f−(|k0|)
(︃
1 1
1 1

)︃
, (IX.85)

while the ghost propagator is exactly equal to the vacuum part of the gauge boson one in
Eq. (IX.84).

While keeping a covariant formulation of the gauge theory can be viewed as desirable in
the real-time formalism, where quantities are calculated as in zero-temperature QFT with
modified Feynman rules, we want to highlight how most of the calculations for hot gauge
theories are done in the non-covariant Coulomb gauge [412, 543]. As also nicely stressed
in [549, 550], sticking to covariant formulations of gauge-breaking terms at finite-T is not
very practical, since Lorentz invariance is broken by the existence of a preferred reference
frame, the plasma frame. Moreover, in the Coulomb gauge, only the physical vector
boson degrees of freedom play a role and acquire a thermal part. Also, resummed gauge
boson propagators are better expressed in the Coulomb gauge, where the separation into
longitudinal and transverse degrees of freedom is manifest. A way to keep the covariant
formulation of the CTP propagators that holds in the Coulomb gauge is

∆µν
ab (k) = −Rµν∆ab(k) , (IX.86)

where

Rµν = gµν +
kµkν

κ2
− k · u

κ2
(uµkν + uνkµ) +

k2

κ2
uµuν , (IX.87)

and where k · u ≡ ω and κ =
√
ω2 − k2 = k2 are the energy and the magnitude of

the 3-momentum of the gauge boson. We notice that this formulation resembles the LR
prescription. Indeed, the thermal part arising from the two formulations is the same,
while the zero-temperature part in the LR prescription is given by Eq. (IX.81). Thus,
the thermal part of both formulations agrees when calculated in the Coulomb gauge. In
particular, in the plasma frame with uµ = (1,0), we have

Rµν =

⎧⎨⎩−δij +
kikj
k2

if i, j ̸= 0,

0 otherwise
. (IX.88)

IX.5.2 Coulomb Gauge

We revisit the calculation of the seagull (cf. Section IX.4.2) and sunset (cf. Section IX.4.3)
diagrams involving a tree-level gauge boson propagator, this time in the Coulomb gauge.
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Instead of employing ∆ab
µν = −gµν∆ab, we use

∆ab
µν(k) =

⎧⎨⎩
(︃
δij −

kikj
k2

)︃
∆ab(k) if i, j ̸= 0,

0 otherwise
. (IX.89)

The gauge boson spectral density reads as

∆A
µν(k) =

i

2

(︁
∆>
µν(k)−∆<

µν(k)
)︁
=
i

2

(︃
δij −

kikj
k2

)︃(︁
∆>(k)−∆<(k)

)︁
(IX.90)

= −1

2

(︃
δij −

kikj
k2

)︃[︁
2πδ(k2) (f−(|k0|) + θ(−k0))− 2πδ(k2) (f−(|k0|) + θ(+k0))

]︁
(IX.91)

=

(︃
δij −

kikj
k2

)︃
π δ(k2)sign(k0) . (IX.92)

We start with the anti-Hermitian one, which gives rise to our sign problem. Modifying
the expression in Eq. (IX.48) in the Coulomb gauge, we arrive at

ΠA,sun(p) = G

∫︂
d4k

(2π)4
(2p− k)µ(2p− k)ν 2πδ(k2) 2πδ((p− k)2)

× sign(k0)sign(p0 − k0)

[︃
1 + f−(k0) + f−(p0 − k0)

]︃
(−Rµν(p− k)) ,

=
G

2π2
sign(p2)|p⃗|

∫︂
dk0 d(p · k)

(︄
1−

(︁
p0k0 − p · k

)︁2
|p⃗|2k20

)︄
×

× δ(p · k − p2)
[︁
1 + f−(k0) + f−(p0 − k0)

]︁
=

G

4π
sign(p2)|p⃗|

∫︂
B
dk0

[︁
1 + f−(k0) + f−(p0 − k0)

]︁
+

− G

4π

sign(p2)

|p⃗|

∫︂
B
dk0

[︃
p20 +

p4

k20
− 2

p0p
2

k0

]︃ [︁
1 + f−(k0) + f−(p0 − k0)

]︁
= ΠA

ξ=1(p) + ΠA
new(p) , (IX.93)

where we used

(2p− k)µ(2p− k)ν (−Rµν(p− k)) = 4|p⃗|2(1− cos2 θpk) . (IX.94)

The first term is equivalent to the sunset self-energy in the Feynman gauge, ΠA
ξ=1, while

the second term is new and needs to be analyzed. Despite the presence of terms with
inverse powers of k0, the integral is finite because the integration never crosses the zero
within the integration boundaries. In fact, we can write them as in Eq. (IX.53) with
k0± = (p0 − |p⃗|sign(p2))/2, yielding

⃓⃓⃓⃓
B
=

⃓⃓⃓⃓ p0+|p⃗|
2

p0−|p⃗|
2

θ(p2) +

⎛⎝⃓⃓⃓⃓ p0−|p⃗|2

−∞
+

⃓⃓⃓⃓+∞

p0+|p⃗|
2

⎞⎠ θ(−p2)

≡
⃓⃓⃓⃓sign(p0) |p0+|p⃗||2

sign(p0)
|p0−|p⃗||

2

θ(p2) +

⎛⎝⃓⃓⃓⃓−|p0−|p⃗||2

−∞
+

⃓⃓⃓⃓+∞

|p0+|p⃗||
2

⎞⎠ θ(−p2) , (IX.95)
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Figure IX.2: Left panel: spectral self-energy in the Coulomb gauge against p0/T for G = 1 and
|p⃗|/T = 1. The orange line shows the result of Eq. (IX.93), while the blue and green lines correspond
respectively to ΠA

ξ=1 and ΠA
new. Right panel: the corresponding spectral density Eq. (IX.96) in the

Coulomb gauge with the same color scheme. The spectral sums for the total, ‘ξ = 1’, and ‘new’
densities are 0.15, −1.03, and 0.75, respectively.

which demonstrates our claim for both the timelike and the spacelike case. The anti-
Hermitian self-energy in Coulomb gauge is plotted in the left panel of Fig. IX.2 against
p0/T for fixed |p⃗|/T = 1 and G = 1. The orange blue and green lines correspond to the
ΠA
ξ=1 and ΠA

new of Eq. (IX.93), while the orange line is their sum. Notice how the ‘ξ = 1’

part has the opposite sign of the ‘new’ part, but both functions are antisymmetric in p0

and have the same zeros. By inserting these three types of ΠA in the resummed spectral
density ∆A, we can check whether it behaves correctly and the spectral sum issue is cured.
First, we use a simple thermal mass m2

Φ = GT 2/4 in the pole of the propagator, namely

∆A,Cou
Φ =

ΠA,Cou
Φ(︁

p2 −m2
Φ

)︁2
+
(︂
ΠA,Cou

Φ

)︂2 , (IX.96)

which is plotted in the right panel of Fig. IX.2, where we use the same color scheme of
the left panel. We note that the spectral density now has the correct behavior, displaying
a positive resonance for positive p0 and a negative one otherwise. When computing the
spectral sum for this choice of parameters (G = 1 and |p⃗|/T = 1), we find∫︂

dk0

π
k0∆A = 0.15 ,

∫︂
dk0

π
k0∆A

ξ=1 = −1.03 ,

∫︂
dk0

π
k0∆A

New = 0.74 , (IX.97)

showing a marked improvement with respect to the Feynman gauge result. For other
choices of |p⃗|/T and G, the spectral sum does not show a stable behavior, yielding both
negative and positive values.

We now turn to compute the Hermitian part of the retarded self-energy in the Coulomb
gauge. For the ‘seagull’ diagram, we just need the statistical propagator, which is given
by

i∆F
µν(k) = (1 + 2f−(|k0|)) sign(k0)∆A

µν(k) = (1 + 2f−(|k0|)) πδ(k2)
(︃
δij −

kikj
k2

)︃
.

(IX.98)
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Thus, the ‘seagull’ contribution is

ΠH, sea(p) = −G
∫︂

d4k

(2π)4
gµν i∆F

µν(k) =

∫︂
d4k

(2π)4
gµν (1 + 2f−(|k0|)) πδ(k2)

(︃
δij −

kikj
k2

)︃
=

G

2π2

∫︂ Λ

0
d|k⃗| |k⃗|+ G

π2

∫︂ ∞

0
d|k⃗| |k⃗|f−(|k⃗|)

=
GΛ2

4π2
+
GT 2

6
. (IX.99)

Notice that the Coulomb gauge provides a seagull self-energy whose temperature-
dependent part is half the result obtained in the Feynman gauge as a result of having
only two physical degrees of freedom put on-shell and thermalized instead of four.

The ‘sunset’ contribution is much more involved and it reads as

ΠH, sun(p) = −iG
2

∫︂
d4k

(2π)4
(p+ k)µ(p+ k)ν

(︁
i∆++

Φ (k)i∆++
µν (p− k)− i∆−−

Φ (k)i∆−−
µν (p− k)

)︁
= G

∫︂
d4k

(2π)3

(︄
δij −

(pi − ki)(pj − kj)

(p⃗− k⃗)2

)︄(︃
δ(k2)

(p− k)2
f−(|k0|) +

δ((p− k)2)

k2
f−(|p0 − k0|)

)︃
.

(IX.100)

In the second line, we used Eq. (IX.89) and we only kept the thermal part. The contraction
of the four-momenta with the Coulomb term from the gauge boson propagator gives

(p+ k)µ(p+ k)nu

(︄
δij −

(pi − ki)(pj − kj)

(p⃗− k⃗)2

)︄
= 4|p⃗|2|k⃗|2 1− cos2 θpk

|p⃗|2 + |k⃗|2 − 2|p⃗||k⃗| cos θpk
.

(IX.101)

We integrate the first term in Eq. (IX.100) proportional to δ(k2), which we name ΠH, sun
A (p),

over dk0 and then over d cos θ to obtain

ΠH, sun
A (p) =

G

(2π)3

∫︂ ∞

0
d|k⃗|f−(|k⃗|)

π

2|p⃗|

{︃
4|k⃗||p⃗|+ 1

|k⃗|2 ∓ 2|k⃗|p0 + p20
×

×
∑︂
±

[︄
2(|k⃗|2 − |p⃗|2)2 ln ||k⃗| − |p⃗||

|k⃗|+ |p⃗|
+
(︂
p2 + 2|k⃗|(|p⃗| ∓ p0)

)︂(︂
−p2 + 2|k⃗|(|p⃗| ± p0)

)︂
×

× ln

⃓⃓⃓⃓−p2 ± 2|k⃗|p0
p2 ∓ 2|k⃗|p0

p2 ∓ 2|k⃗|p0 + 2|k⃗||p⃗|
−p2 ± 2|k⃗|p0 + 2|k⃗||p⃗|

⃓⃓⃓⃓]︄ }︃
. (IX.102)

The second term, which we call ΠH, sun
B (p), is proportional to δ((p− k)2) is more involved

but the two integrations can still be performed. It reads as follows,

ΠH, sun
B (p) =

GT 2

6
+ (IX.103)

+
G

(2π)2

∫︂ ∞

0

d|k⃗|f−(|k⃗|)
∑︂
±

{︃
ln

⃓⃓⃓⃓
p2 ∓ 2p0|k⃗|+ 2|p⃗||k⃗|
p2 ∓ 2p0|k⃗| − 2|p⃗||k⃗|

⃓⃓⃓⃓ (︄
|p⃗|+ |k⃗|2

2|p⃗| −
p2 ∓ 2p0|k⃗|

2|p⃗|

)︄

+
1

4|k⃗|2|p⃗|

[︂
|p⃗|2 + (±2|k⃗| − p0)p0

]︂ [︄
4|k⃗||p⃗|+

(︂
|p⃗|2 + (±2|k⃗| − p0)p0

)︂
ln

⃓⃓⃓⃓−p2 ± 2|k⃗|p0 − 2|p⃗||k⃗|
−p2 ± 2|k⃗|p0 + 2|p⃗||k⃗|

⃓⃓⃓⃓]︄ }︃
.

(IX.104)

The total Hermitian self-energy reads as (only the temperature-dependent parts)
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Figure IX.3: The Hermitian self-energy of Eq. (IX.105) (left panel) and the resummed spectral
density (right panel) in the Coulomb gauge for G = 1 and |p⃗|/T = 1. The spectral densities are the
same of Fig. IX.2 with the addition of the red line corresponding to Eq. (IX.23) where Eq. (IX.105)
is used in the denominator.

ΠH = ΠH,sea +ΠH,sun
A +ΠH,sun

B (IX.105)

and is shown in the left panel of Fig. IX.3 with G = 1 and |p⃗|/T = 1. The right panel
illustrates with a red line the spectral density for the same choice of parameters obtained
with Eq. (IX.23) and using Eq. (IX.105) in the denominator instead of a simple thermal
mass as in Eq. (IX.96). We also display the same lines as in Fig. IX.2 for comparison.
The obtained delta-function-like shapes display the right behavior and are centered at
a slightly shifted pole with respect to the lines in Fig. IX.2. This is to be expected
since the Hermitian self-energy is a much more complex function than a bare thermal
mass. Nevertheless, the fact that the pole is close to its high-temperature limit is another
encouraging sign that the calculation goes in the right direction. Moreover, the spectral
sum for this parameter point amounts to ≈ 0.74, improving the previous result shown in
Eq. (IX.97) of ≈ 0.15. However, when tested for other parameter points (e.g., other values
of |p⃗|/T or G) the spectral density behavior was found to be unstable, sometimes giving
positive spectral sums and sometimes negative ones. This signals that resorting to the
Coulomb gauge cannot be the definitive solution to ensure the theoretical consistency of
1PI-resummed propagators of a SM-charged complex scalar field.

IX.5.3 Other Possibilities

Even if the Coulomb gauge appears to correct the ill-defined 1PI-resummed spectral den-
sity of a gauge-charged complex scalar field in the Feynman gauge, one can object that this
is still a particular, although motivated, choice of gauge. Therefore, a gauge-independent
analysis is desired. The HTL scheme offers a framework where resummed Green’s func-
tions are gauge-independent so that one could check if the calculation with HTL-resummed
gauge boson propagators also yields a spectral sum close to 1. In Section IX.B, we lay the
foundations for a calculation in this direction, where we give an analytical expression for
the anti-Hermitian self-energy with HTL gauge boson propagators.

Another solution might be the one proposed in [479], where the author speculates about
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the possibility that a self-consistent solution of the Schwinger-Dyson equations for the
spectral propagator could yield the correct result even in Feynman gauge and without
resorting to the HTL-approximation. The idea is to solve for the one-loop propagator
and for the one-loop self-energies at the same time, by solving the following system of
equations

∆A
Φ(p) =

ΠA[∆Φ,∆γ ](p)

(p2 −ΠA[∆Φ,∆γ ](p))
2 + (ΠA[∆Φ,∆γ ](p))

2 , (IX.106)

ΠA
Φ [∆Φ,∆γ ](p) = −2G

∫︂
d4k

(2π)4
(p+ k)2∆A

Φ(k)∆
A
γ (p− k) (1 + f−(u · k) + f−(u · (p− k))) .

(IX.107)

This is a complicated non-linear integro-differential system, which needs dedicated meth-
ods. A possibility is offered by wavelet analysis [551], or by various types of spectral
methods, notably by using Chebyshev series [552], Legendre series [553], or collocation
methods [554], which have also been employed for such types of systems. Eventually, it
can also be that one has to resort to more efficient computational methods relying on
solutions of the Schwinger-Dyson system on the lattice.

Concluding Remarks

The study of particle production at finite temperatures for Majorana FIMPs is highly
relevant in the context of both simplified models and leptogenesis. In this work, we
reviewed the calculation of the FIMP interaction rate using the CTP formalism, following
the same strategy employed in Chapter VII. We encountered a fundamental issue with
1PI-resummed propagators of gauge-charged scalar fields. Specifically, the spectral density
yielded negative spectral sums when corrections from gauge interactions in the Feynman
gauge were included. This anomaly suggests a potential conceptual or operational issue
with the computation of this crucial quantity.

To address this, we explored the possibility that gauge dependencies could be influ-
encing the results. Such dependencies are expected due to the systematic truncation of
the coupled Schwinger-Dyson equations. We explicitly analyzed the case of the Coulomb
gauge, the most commonly used choice in finite-temperature quantum field theory. While
the spectral sum was positive for some parameter choices in this gauge, it remained neg-
ative for others, indicating the relevance of gauge choice and underscoring the need for a
gauge-independent calculation.

We finally proposed that using Hard Thermal Loop (HTL) resummed gauge boson
propagators in the scalar self-energy calculation might resolve the issue, as detailed in
Section IX.B. Additionally, a systematic solution of the Schwinger-Dyson equations using
different calculation methods might ultimately provide a definitive answer.

IX.A Tree-level Interaction Rate

Using tree-level propagators, the interaction rate for the Majorana fermion is well-behaved
and reads from

γtree(p) = Tr
{︂
/p/Σ

LO,A
χ (p)

}︂
=

2g2DM

∫︂
d4k

(2π)2
(p · k) δ(k2 −m2

f ) δ
(︁
(p− k)2 −m2

Φ

)︁
×

× sign(k0)sign(p0 − k0)
(︁
1 + f−(p0 − k0)− f+(k

0)
)︁
.

(IX.A.1)
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The first assumption we make is to put the SM fermion in-vacuum mass to zero, mf = 0,
as we do expect to describe the evolution of the DM density at temperatures T ≳ ΛEW.
By performing the integration over the delta function and over the azimuthal angle, we
remain with

γtree(p) =
g2DM

2π

sign(p2 −m2
Φ)

|p⃗|
p2 −m2

Φ

4

∫︂ k0+

k0−

dk0(1 + f−(p0 − k0)− f+(k
0))

=
g2DM

8π

p2 −m2
Φ

|p⃗| sign(p2 −m2
Φ)

[︃
k0− − k0+ − T ln

⃓⃓⃓⃓
f+(k

0
+)f−(p

0 − k0)

f+(k0−)f−(p0 − k0+)

⃓⃓⃓⃓]︃
,

(IX.A.2)
where, if p2 ̸= 0,

k0± =
p0

2p2
(p2 +m2

1 −m2
2)±

|p⃗|
2p2

λ1/2(p2,m2
1,m

2
2) , (IX.A.3)

which, with m2
1 = m2

f = 0 and m2
2 = m2

Φ, becomes

k0± =
1

2p2
[︁
p0(p2 −m2

Φ)± |p⃗|
⃓⃓
p2 −m2

Φ

⃓⃓]︁
. (IX.A.4)

Now, since we want to calculate the differential production rate on-shell, we put p2 = m2
χ

and we obtain

ΓLO
χ = gΦ

1

2|p0|H
⃓⃓⃓⃓
p2=m2

χ

= gΦ
g2DM

16π

m2
χ −m2

Φ

|p0||p⃗|

[︃
k0 + T ln

⃓⃓⃓⃓
f+(k

0)

f−(p0 − k0)

⃓⃓⃓⃓]︃k0+
k0−

, (IX.A.5)

where we introduced the number of degrees of freedom gΦ of the dark scalar accounting
for colour and weak isospin. By rearranging the terms, we arrive at the final result

ΓLO
χ = gΦ

g2DM

16π

m2
χ −m2

Φ

|p0||p⃗| T

(︄
ln

⃓⃓⃓⃓
sinh

(︁
β(p0 − k0+)/2

)︁
cosh

(︁
β(p0 − k0−)/2

)︁ ⃓⃓⃓⃓− ln

⃓⃓⃓⃓
sinh

(︁
βk0−/2

)︁
cosh

(︁
βk0+/2

)︁ ⃓⃓⃓⃓)︄ .

(IX.A.6)

The T → 0 limit is obtained by using the vacuum limit of the distribution functions

f±(p0) → ±θ(−p0) , (IX.A.7)

yielding

ΓLO,vac
χ = gΦ

g2DM

16π |p0|
m2
χ −m2

Φ

|p⃗| sign(m2
χ −m2

Φ)sign(p
0)(k0+ − k0−)θ(m

2
χ −m2

Φ)

=
g2DM

16π |p0|
(m2

χ −m2
Φ)

2

m2
χ

sign(p0)θ(mχ −mΦ) . (IX.A.8)

The Heaviside theta function tells us that in the scenario with χ heavier than Φ, mχ > mΦ,
the vacuum rate vanishes. This is physically consistent with having assumed that DM
production proceeds via the decays of Φ particles, which are in equilibrium with the
SM bath, and, therefore, their number density in-vacuum is zero. In other words, the
“vanilla” freeze-in scenario cannot be reproduced in the zero temperature limit. Typically,
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the standard freeze-in calculation assumes Boltzmann distributions for the equilibrium
distribution functions and neglects the effects of Pauli-blocking and Bose-enhancement,
which is a good approximation if the energies of the particles involved are large compared
to the temperature, in our case

⃓⃓
p0
⃓⃓
,
⃓⃓
k0
⃓⃓
,
⃓⃓
p0 − k0

⃓⃓
≫ T . To reproduce the results of

the standard freeze-in calculation in the CTP context, we need to include NLO order
contributions in the expansion of the distribution functions

f±
(︁
p0
)︁
≈ ±Θ

(︁
−p0

)︁ [︃
1∓ exp

(︃
p0

T

)︃]︃
+Θ

(︁
p0
)︁
exp

(︃
−p

0

T

)︃
. (IX.A.9)

For the integral in Eq. (IX.A.2), we use this approximation and sign(p0 − k0) = sign(p0)
and sign(k0) = sign(p0)sign(m2

χ −m2
Φ), obtaining

Γχ (|p⃗|) = −g
2
DMgΦ
8π|p0|

Θ
(︂[︁
m2

Φ − p2
]︁2)︂

|p⃗|
p2 −m2

Φ

2
×

×
k0+∫︂
k0−

dk0
[︃
exp

(︃
−sign(p0)

p0 − k0

T

)︃
+ exp

(︃
sign(p0)

k0

T

)︃]︃

p0>0
= − g2DM

16πp0 |p⃗|
(︁
p2 −m2

Φ

)︁
T

[︃
exp

(︃
−p

0 − k0

T

)︃
+ exp

(︃
k0

T

)︃]︃⃓⃓⃓⃓k0+
k0−

. (IX.A.10)

In the last step, we used the anti-symmetrical property of the interaction rate under the
shift p0 → −p0. In the literature, the freeze-in interaction rate is typically given on the
level of the number density and results:

∂tnχ =
gΦ
2π2

m2
ΦΓΦTK1

(︂mΦ

T

)︂
= Γχ,nnχ , (IX.A.11)

where ΓΦ is the decay rate of the mother particle at rest. Thus, via Eq. (IX.14) we can
identify

Γχ,nnχ =

∫︂
gχ

d3p

(2π)3
Γχ (|p⃗|) f eqχ

(︁
p0
)︁

=
gχgΦg

2
DM

16π

m2
Φ −m2

χ

2π2
T

∫︂
d|p⃗| |p⃗|

p0

[︃
exp

(︃
−2p0 − k0

T

)︃
+ exp

(︃
k0 − p0

T

)︃]︃⃓⃓⃓⃓k0+
k0−

.

(IX.A.12)

In the second step, we have approximated f eqχ
(︁
p0
)︁
= exp

(︂
−p0

T

)︂
. In the spirit of our

previous approximation, we only keep the leading order term in the integral. Since k0+ −
p0 > 0 and since k0+− p0 > k0+− 2p0 > k0−− p0 > k0−− 2p0 for p0 > 0, we can approximate
the integral further as

Γχ,nnχ ≈ gχgΦg
2
DM

16π

m2
Φ −m2

χ

2π2
T

∫︂
d|p⃗| |p⃗|

p0
exp

(︃
k0+ − p0

T

)︃
=
gχgΦg

2
DM

16π

m2
Φ −m2

χ

2π2
T

∫︂
dp0 exp

(︄
|p⃗|
(︁
m2

Φ −m2
χ

)︁
+ p0

(︁
m2

Φ +m2
χ

)︁
2m2

χT

)︄
.

(IX.A.13)
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In the limit mχ → 0, an analytical solution is found as

Γχ,nnχ
mχ→0
=

gχgΦg
2
DM

16π

m2
Φ

2π2
TmΦK1

(︂mΦ

T

)︂
=

gΦ
2π2

ΓΦm
2
ΦTK1

(︂mΦ

T

)︂
, (IX.A.14)

where we identified ΓΦ =
gχg2DM
16π mΦ as the decay rate at rest for mχ = 0. Hence, we

recover the freeze-in rate that is commonly employed within the Boltzmann formalism if
we approximate the distribution functions as in Eq. (IX.16) and only consider the leading
order contribution in the resulting integrated sum of the distribution functions appearing
in the self-energy. Finally, if we were to retain the asymptotic (high-temperature) thermal
masses of the BSM scalar and of the SM quark, we could write the interaction rate as

γtreehigh−T =
g2DM

8π

m2
χ +m2

f −m2
Φ

|p⃗| sign(m2
χ −m2

f −m2
Φ)

×
[︃
− |p⃗|
2m2

χ

λ1/2(m2
χ,m

2
f ,m

2
Φ) + T ln

⃓⃓⃓⃓
f+(k

0
+)f−(p

0 − k0−)
f−(p0 − k0+)f+(k

0
−)

⃓⃓⃓⃓]︃
,

(IX.A.15)

with k0± given by Eq. (IX.A.3) with m2
1 and m

2
2 given by the sum of the squared in-vacuum

and thermal masses of Φ and f .

IX.B HTL-resummed Propagators

Hot gauge theories usually require resumming gauge boson propagators when soft mo-
menta are hit, as we have described at length in Section VII.4.1, talking about the
HTL approximation scheme. This scheme has the advantage of being gauge independent
and, therefore, we may investigate what happens to the scalar field self-energies when we
use HTL-resummed gauge boson propagators in the sunset and seagull diagrams of Sec-
tion IX.4.2. This section collects some steps in this direction. They are not complete and
have not been tested, but serve as a basis to address the problem of the negative spectral
sum from another (in principle gauge-independent) perspective than the Coulomb gauge
solution we provided.

The finite-temperature propagator for a massless gauge boson is split into longitudinal
and transverse contributions, plus a term from assuming a covariant gauge fixing; it reads

i∆µν(Q) = P Tµν∆T (Q) + PLµν∆L(Q)− ξ
QµQν
Q2

∆(Q)

= P Tµν
i

Q2 −ΠT (Q)
+ PLµν

i

Q2 −ΠL(Q)
− ξ

QµQν
Q2

i

Q2
. (IX.B.1)

In the following, we will assume the Feynman gauge, ξ = 1, since HTL propagators are
gauge-independent. The transverse and longitudinal projectors are defined as

P Tµν = −gµν +
QµQν
Q2

+
NµNν

N2
(IX.B.2)

PLµν = −NµNν

N2
, (IX.B.3)
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where Nµ is the projection of the four-velocity of the medium Uµ onto the direction
orthogonal to the external momentum Qµ:

Nµ = Uµ − Q · U
Q2

Qµ, Q ·N = 0 . (IX.B.4)

A common convention considers Uµ = (1, 0⃗) in the medium rest frame. The terms ΠT and
ΠL are the transverse and longitudinal components of the polarization tensor, which in
the Feynman gauge is defined via

Πµν(Q) = ΠT (Q)P Tµν +ΠL(Q)PLµν , (ξ = 1) . (IX.B.5)

This is the only form it can have by the Ward identity, which states that the one-loop self-
energy needs to be transverse, QµΠµν(Q) = 0. This also justifies why the gauge-dependent
part of the propagator does not receive any self-energy correction.

In what follows, we will explicitly calculate all the contributions to the self-energy ten-
sor Πµν and then we will extract its longitudinal and transverse parts via the following
relations:

ΠL = PL,µνΠ
µν = −UµUν

U2
Πµν =

Q2

q2
Π00 , (IX.B.6)

ΠT =
1

2
PT,µνΠ

µν = −1

2
[Π + ΠL], Π ≡ gµνΠ

µν . (IX.B.7)

Notice that, at this stage, we have never assumed anything about the Keldysh-Schwinger
structure of the polarization tensor. These relations hold generically, for each of the four
Keldysh-Schwinger polarization tensors. We now introduce the dispersion relations for
transverse modes ωT and for longitudinal modes ωL, defined by

ω2
T (k) = |k⃗|2 +ΠH

T (k0 = ωT (|k⃗|), |k⃗|) , (IX.B.8)

ω2
L(k) = |k⃗|2 +ΠH

L (k0 = ωT (|k⃗|), |k⃗|) , (IX.B.9)

(IX.B.10)

In the zero momentum limit, |k⃗| → 0, both frequencies reduce to the plasma frequency

ωP =
eT

3
. (IX.B.11)

Using |k⃗| = k, x = k0/k, m
2 = e2T 2/6, the transverse and longitudinal spectral densities

read as [412]

ρT,L(k) = 2πZT,L(k) [δ(k0 − ωT,L(k))− δ(k0 + ωT,L(k))] + βT,L(k0, k) , (IX.B.12)

ZL(k) =
ωL(k)

(︁
ω2
L(k)− k2

)︁
k2 (k2 + 2m2 − ωL(k))

, ZT (k) =
ωT (k)

(︁
ω2
T (k)− k2

)︁
3ωPω2

T (k)−
(︁
ω2
T (k)− k2

)︁2 , (IX.B.13)

βL(k0, k) =
m2x θ(1− x2)[︂

k2 + 2m2
(︂
1− x

2 ln
⃓⃓⃓
x+1
x−1

⃓⃓⃓)︂]︂2
+ π2m4x2

, (IX.B.14)

βT (k0, k) =
2m2x(1− x2)θ(1− x2)

4
(︂
k2(x2 − 1)−m2

[︂
x2 + x(1−x2)

2 ln
⃓⃓⃓
x+1
x−1

⃓⃓⃓]︂)︂2
+ π2m4x2(1− x2)2

. (IX.B.15)
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We can now use all these formulae for the HTL-resummed gauge boson propagators to
derive an expression for the anti-Hermitian self-energy of the charged scalar ΠA

Φ . Since this
only depends on the sunset diagram Eq. (IX.40), we can directly determine its expression
as follows

iΠA
Φ = Gf−1

− (p0)

∫︂
d4k

(2π)4
(2p− k)µ(2p− k)ν

1

2
i∆<

Φ(p− k) i∆<
µν(k) =

=
G

2
f−1
− (p0)

∫︂
d4k

(2π)4
2πδ

(︁
(p− k)2 −m2

Φ

)︁
sign(p0 − k0)f−(p0 − k0)f−(k0)

× (2p− k)µ(2p− k)ν

[︄
P Tµν ρT (k) + PLµν

|k⃗|2
k2

ρL(k) + ξ
kµkν
k4

]︄
. (IX.B.16)

We now use the following properties:

① (2p− k)µ(2p− k)ν kµkν =
(︁
(p− k)2 − p2

)︁2 −→⏞⏟⏟⏞
(p−k)2=0,m2

Φ

p4,
(︁
m2

Φ − p2
)︁2 ≡ p̃4 ;

② (2p− k)µ(2p− k)ν P Tµν(k) = (2p− k)µ(2p− k)ν (−Rµν(k)) =⏞⏟⏟⏞
(IX.94)

4|p⃗|2(1− cos2 θpk) ;

③ (2p−k)µ(2p−k)ν PLµν(k) = −(2p−k)2+
(︁
k2 − 2p · k

)︁2
k2

− (2p−k)µ(2p−k)ν P Tµν(k) .
These allow us to rewrite Eq. (IX.B.16) in the following way

iΠA
Φ =

G

16π3

∫︂
d4k (1 + f−(k0) + f−(p0 − k0)) sign(p

0 − k0)δ
(︁
(p− k)2 −m2

Φ

)︁
×
{︄
ξ
p̃4

k4
−
[︁
3p2 + 2p · k +m2

Φ

]︁ |k⃗|2
k2

ρL(k) +
p̃4

k4
|k⃗|2ρL(k)

+(2p− k)µ(2p− k)νP Tµν

[︄
ρT (k)−

|k⃗|2
k2

ρL(k)

]︄}︄

=
G

8π2

∫︂
d|k⃗||k⃗|2dk0d cos θ (1 + f−(k0) + f−(p0 − k0)) sign(p

0 − k0) δ
(︁
(p− k)2 −m2

Φ

)︁

×

⎧⎪⎪⎨⎪⎪⎩
p̃4

k4

(︂
ξ + |k⃗|2ρL(k)

)︂
⏞ ⏟⏟ ⏞

(a)

−
(︂
3p2 + 2p0k0 − 2|p⃗||k⃗| cos θ +m2

Φ

)︂ |k⃗|2
k2

ρL(k)⏞ ⏟⏟ ⏞
(b)

+4|p⃗|2
(︁
1− cos2 θ

)︁(︄
ρT (k)−

|k⃗|2
k2

ρL(k)

)︄
⏞ ⏟⏟ ⏞

(c)

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭ . (IX.B.17)

The integral over cos θ sets the boundary conditions via the delta function:

0 = (p− k)2 −m2
Φ = p2 + k2 − 2p · k −m2

Φ = p2 + k20 − |k⃗|2 − 2p0k0 + 2|p⃗||k⃗| cos θ −m2
Φ .

Whenever no extra delta function is involved, i.e., for the gauge-fixing-dependent term
and the spacelike terms of the spectral functions, we remain with two integrations

B =
{︂
p0 − |p⃗| − |k⃗| ≤ k0 ≤ p0 −

⃓⃓⃓
|p⃗| − |k⃗|

⃓⃓⃓
∪ p0 +

⃓⃓⃓
|p⃗| − |k⃗|

⃓⃓⃓
≤ k0 ≤ p0 + |p⃗|+ |k⃗|

}︂
,

(IX.B.18)
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when m2
Φ = 0, the massless case, or

B =

{︄
p0 −

√︃(︂
|p⃗|+ |k⃗|

)︂2
+m2

ϕ ≤ k0 ≤ p0 −
√︃(︂

|p⃗| − |k⃗|
)︂2

+m2
ϕ ∪ (IX.B.19)

p0 +

√︃(︂
|p⃗| − |k⃗|

)︂2
+m2

ϕ ≤ k0 ≤ p0 +

√︃(︂
|p⃗|+ |k⃗|

)︂2
+m2

ϕ

}︄
, (IX.B.20)

for the massive case. If, however, we hit the plasmon quasi-particle poles for timelike
momenta, the delta functions bring away the integral over dk0, which implies that the
integration boundaries are transferred onto the integral over the spatial momentum by
requiring that{︄

0 = (p− k)2 = p2 + k2 − 2p · k = p2 + k20 − |k⃗|2 − 2p0k0 + 2|p⃗||k⃗| cos θ ,
0 = k0 = ±ωL,T (|k⃗|)

giving rise to the following system of inequalities for |k⃗| which constitute the new integra-
tion boundaries

Bk =
{︄

|k⃗|2 − ω2
L,T (|k⃗|) + 2p0ωL,T (|k⃗|)− p2 + 2|p⃗||k⃗| ≥ 0

|k⃗|2 − ω2
L,T (|k⃗|) + 2p0ωL,T (|k⃗|)− p2 − 2|p⃗||k⃗| ≤ 0

. (IX.B.21)

In the limit where the external scalar field is at rest p⃗→ 0, where the limit is understood
in comparison to the soft scale gT or the scalar (thermal) mass mΦ, the last term in
Eq. (IX.B.17), including the transverse component of the gauge boson, disappears, as well
as terms proportional to cos θ.
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CHAPTER X

Dark Matter Freeze-In during
Inflationary Reheating

In this final chapter, we explore an alternative approach to understanding freeze-in DM
production by examining how the cosmological expansion history itself influences DM
abundance, rather than focusing solely on the collisional dynamics within the Boltzmann
equation. Specifically, we investigate how different reheating scenarios following inflation
affect the DM relic density and consequently shape the parameter space of simplified t-
channel DM models. This analysis enables us to demonstrate that i) the cosmological
background during DM production fundamentally alters model predictions, and ii) novel
connections emerge between collider phenomenology and early Universe physics.

This chapter synthesizes research published in [4], to which the thesis author contributed
substantially. The work builds upon foundational analysis from the master’s thesis [555],
co-supervised by the thesis author. Results not directly derived by the thesis author are
appropriately attributed to their original sources.

Statement of Personal Contribution for this Chapter

Statement of Personal Contribution for this Chapter The research presented
in this chapter is derived from a collaborative project that resulted in Ref. [4], from
which this chapter takes the conducted analysis, presented results, and derived
conclusions. The principal contributions to this publication of the thesis author
include:

• Formulating the initial research concept with JH.
• Conducting the literature research regarding reheating models and applica-
tions to DM production.

• Deriving the equations and cross-checking with the results derived by JL (who
contributed during the first stages of the project).

• Writing the largest part of the manuscript.

X.1 Motivations

Throughout the preceding chapters of this thesis, we have extensively examined various
approaches to enhancing the collisional component of the DM rate equation, either through
long-range non-perturbative phenomena (Chapters IV and V) or by incorporating thermal
corrections from non-equilibrium quantum field theory (Chapters VI to IX). However,
the left-hand side of the Boltzmann equation—commonly referred to as the Liouville or
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diffusion term—has remained unchanged, with the implicit assumption that the system
evolves within a Friedmann-Lemâıtre-Robertson-Walker (FLRW) background dominated
by radiation energy density.

This assumption is well-founded given that we know the Universe must have been
radiation-dominated at least by the time of Big Bang Nucleosynthesis (BBN), approx-
imately one second after the Big Bang when the temperature was around 1MeV [556].

Nevertheless, multiple theoretical frameworks suggest that prior to BBN, the cosmic evo-
lution could have been considerably more complex, involving several non-standard cosmo-
logical epochs where radiation did not constitute the dominant cosmic fluid. The primary
example emerges from inflation, the leading theory that resolves some of the most signifi-
cant challenges facing the standard ΛCDM cosmological model (cf. Section X.2) [274,281].
Inflation also provides mechanisms to generate all particle content in the Universe through
a process known as reheating. As we will demonstrate in Section X.3, an extended reheat-
ing phase following inflation—where the inflaton dominates the cosmic energy budget
before decaying and producing the radiation bath—results in substantial modifications to
the expansion rate.

Additional reheating phases could also arise from the decay of massive fields such as
string theory moduli [168, 290, 557–565]. Moreover, exotic new fields could have influ-
enced the earliest cosmic epochs, including non-relativistic species [566], quintessential
fluids [567, 568], Early Dark Energy [569], among many others comprehensively reviewed
in Ref. [570]. Finally, additional degrees of freedom beyond the Standard Model could have
enabled intricate dynamics that made the early Universe a substantially more complex en-
vironment, including first-order phase transitions, cosmic defect formation and evolution,
non-equilibrium conditions, and non-perturbative particle production [274,430,571–573].

While we currently lack definitive evidence supporting any particular theory, we also
have no cosmological observations that can probe epochs before BBN, which remains the
earliest period directly accessible to experimental investigation. However, this situation
may soon change if a positive signal from a stochastic gravitational wave background com-
patible with early Universe physics is detected [173]. Combined with improved observa-
tions of the Cosmic Microwave Background (CMB) [574] and Large-Scale Structure [575]
from future experiments, this could enable us to access this largely unexplored cosmic
epoch. Furthermore, as current and future collider searches probe the Standard Model at
and beyond the TeV scale [224, 576], understanding the interplay between possible early
Universe scenarios and the Standard Model becomes crucial for interpreting potential sig-
nals of New Physics or exclusion limits for theories beyond the Standard Model. This
includes, for example, baryogenesis and leptogenesis mechanisms, neutrino mass genera-
tion, and naturally, dark matter production.

If DM production occurred during a non-standard cosmological epoch, it could have pro-
found implications for model parameters. In the freeze-in mechanism (cf. Section III.5.2),
the DM comoving number density typically reaches its maximum at temperatures cor-
responding to the highest mass scale involved in the production process, such as the
mass of a decaying heavy mediator. If this freeze-in temperature occurs within a faster-
than-radiation expansion era, it results in a reduced DM yield, necessitating stronger
interactions—either through larger couplings or more massive particles—with dramatic
consequences for detection strategies.

Previous investigations (see, e.g., [168,560,565,577–580]) have explored deviations from
standard expansion histories and their effects on DM production. Specifically, Ref. [411]
examined the impact of a prolonged reheating phase on simplified t-channel DM models
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and found that larger couplings are generally required, resulting in shorter-lived signatures
at colliders compared to standard freeze-in scenarios during radiation domination. This
work improved upon Ref. [382], which assumed instantaneous reheating, even when con-
sidering reheating temperatures lower than the mass of the decaying mediator. Such an
assumption leads to inaccurate results because it neglects the bulk of freeze-in production,
thereby underestimating the DM yield.

However, what remains unexplored is the interplay between different reheating scenarios
derived from well-motivated inflaton potentials and their combined impact on DM phe-
nomenology—particularly regarding collider signatures—and cosmological observations,
such as CMB measurements.

In this chapter, we address these issues by examining the effects of various inflation-
ary reheating scenarios on freeze-in DM production within a simplified t-channel model
(cf. Section II.2.4). We begin by reviewing the motivations and key aspects of cosmic in-
flation in Section X.2, followed by a discussion of post-inflation reheating dynamics in Sec-
tion X.3, where we clarify the essential factors governing cosmic expansion. In Section X.4,
we integrate the freeze-in mechanism described in Section III.5.2 into this cosmological
framework, while Section X.5 illustrates how these factors influence potential collider sig-
nals. By combining these findings with CMB constraints discussed in Section X.2.5, we
demonstrate how reheating scenarios and their parameters critically affect predictions of
collider observables and the interpretation of potential detections (cf. Section X.6).

X.2 Inflation

Declaration: this section is a review of major literature results about inflation and inflaton
models.

X.2.1 Shortcomings of the Hot Big Bang Model

Cosmic inflation is a theoretical framework in cosmology that proposes a rapid and expo-
nential expansion of space in the very early Universe, occurring within the first fractions
of a second in the Universe’s life. This paradigm is desired for several reasons:

1. Solving the Horizon Problem: The horizon problem arises from the observation
that regions of the Universe separated by vast distances appear to have nearly iden-
tical properties, such as the CMB temperature. However, according to the standard
Big Bang model, there hasn’t been enough time since the Big Bang for light to have
traveled between these regions and equalized their temperatures. Inflation provides
a solution by positing that regions originally in causal contact became causally dis-
connected during inflation, but preserved similar statistical properties which later
translate into a uniform CMB temperature distribution.

2. Addressing the Flatness Problem: The Universe appears to be extremely close
to flat on large scales even though the energy density of spatial curvature is expected
to grow with time. Thus, the flatness problem arises from the question of why
the Universe’s density parameter, which determines its curvature, is so close to
the critical value that would make it still flat today. Inflation naturally leads to a
Universe that is very close to flat without the need for finely tuned initial conditions,
as the rapid expansion dilutes any initial curvature to an exponentially small value.

3. Absence of Cosmic Relics: In the early Universe, phase transitions from
symmetry-breaking processes of fundamental forces (e.g., the electroweak phase tran-
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sition) could have produced topological defects such as monopoles, cosmic strings,
domain walls, and textures. These defects are relics that occurred during these phase
transitions. However, their presence in the Universe is not observed, which would
pose a challenge to the standard Big Bang model. Inflation provides a resolution to
this problem through a mechanism known as “cosmic supercooling”. During infla-
tion, the rapid expansion of space effectively “irons out” any pre-existing defects by
exponentially diluting their densities.

4. Formation of Large-Scale Structure: Inflation provides a physical mechanism
for the origin of the primordial density fluctuations that seeded the formation of
large-scale structures like galaxies and galaxy clusters. Quantum fluctuations during
inflation get imprinted on the fabric of spacetime, leading to variations in the density
of matter. Over time, gravitational instability amplifies these density fluctuations,
eventually giving rise to the rich cosmic web of structures observed in the Universe
today. This also explains why the Cosmic Microwave Background (CMB) radiation,
which is the remnant heat from the Big Bang, exhibits tiny temperature fluctuations
on large scales.

X.2.2 Slow-roll Inflation

For Inflation to solve the aforementioned problems, the comoving Hubble radius (aH)−1,
within which causal connections between different patches happen within a Hubble time
H−1, had to be very large right at the start of inflation. In this way, all portions of the
Universe were in causal contact. During inflation, the Hubble sphere shrank exponentially,
and particles initially in causal contact with one another could no longer communicate:
their modes exited the (Hubble) horizon. If the entire observable Universe was within the
comoving Hubble radius, then the horizon problem is technically solved.

For the Hubble radius to decrease, we need [283]

d

dt
(aH)−1 = − ä

(ȧ)2
< 0 =⇒ ä > 0 , (X.1)

hence an accelerated expansion of the Universe. In particular, one finds that, for the
horizon problem to be solved, the scale factor at the end of inflation had to be at least
around 50 − 60 e-folds larger than that at the beginning. Remarkably, the same order
of e-folds is necessary to solve the flatness fine-tuning problem and can also get rid of
topological relics. From Eq. (X.1), one can also write

0 >
d

dt
(aH)−1 = −1

a

(︄
1 +

Ḣ

H2

)︄
≡ −1

a
(1− ε), (X.2)

where

ε ≡ − Ḣ

H2
< 1 (X.3)

is the first slow-roll parameter and the condition it must satisfy for inflation to happen
(being smaller than 1) is called the first slow-roll condition. In combination with the first
Friedmann equation, H2 = ρ/(3M2

Pl), and the continuity equation ρ̇ = −3H(ρ + P ), it
also implies that

ε = −Ḣ
H

=
3

2

(︃
1 +

P

ρ

)︃
< 1 =⇒ P

ρ
< −1

3
, (X.4)
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which means that something with negative pressure (and nearly constant energy density)
is necessary for inflation, similar to a cosmological constant.

Since we want inflation to last at least 50−60 e-folds, we also require that ε remains small
for the entire duration. This condition is controlled by the second slow-roll parameter

η ≡ ε̇

Hε
, (X.5)

which measures the fractional change of ε per Hubble time. Thus, the Universe keeps
inflating as long as |η|< 1, the second slow-roll condition.

X.2.3 Scalar Field Inflation

The simplest way to describe the dynamics of inflation is with a real scalar field ϕ, the
inflaton, minimally coupled to gravity, whose Lagrangian density reads as [483]

Lϕ = −1

2
gµν∂µϕ∂νϕ− V (ϕ) , (X.6)

where gµν is the metric (the FLRW in our case) and V (ϕ) is the field’s potential. We
consider ϕ to be spatially homogeneous and isotropic; its energy density and pressure can
be derived from its energy-momentum tensor, reading as [283]

ρϕ =
ϕ̇
2

2
+ V (ϕ), Pϕ =

ϕ̇
2

2
− V (ϕ) , wΦ =

PΦ

ρΦ
=

ϕ̇
2

2
− V (ϕ)

ϕ̇
2

2
+ V (ϕ)

. (X.7)

Thus, the first slow-roll condition is satisfied if the inflaton energy density and pressure

dominate the Hubble rate, and if Pϕ < 0, implying V (ϕ) > ϕ̇
2
/2. This is why these

scenarios are called slow-roll : the inflaton needs to have a small kinetic energy density to
slowly roll down its (very flat) potential during inflation towards its vacuum expectation
value (which signals the end of the inflationary expansion). This also implies that during
inflation, the Hubble rate can be approximated as

H2 ≈ ρϕ
3M2

Pl

≈ V (ϕ)

3M2
Pl

. (X.8)

Let us now consider the Klein-Gordon equation of motion of the inflaton ϕ [274],

ϕ̈+ 3Hϕ̇ = V ′(ϕ) , (X.9)

where ′ denotes a derivative with respect to ϕ. The slow-roll condition allows to neglect
the double time derivative, so that

ϕ̇ ≈ −V
′(ϕ)
3H

. (X.10)

With these approximations, from the above definitions of ε and η we can define the po-
tential slow-roll parameters as [283]

εV ≡ M2
Pl

2

(︃
V ′

V

)︃2

, ηV ≡M2
Pl

(︃
V ′′

V

)︃
. (X.11)
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which are useful quantities assessing whether a given scalar field potential can lead to
slow-roll inflation. Clearly, during inflation, the potential slow-roll parameters need to
remain small: εV ≪ 1, |ηV |≪ 1.

The end of inflation is defined by requiring that the slow-roll parameters are not small
anymore. As soon as one becomes of order 1, inflation stops. Parametrically, this is
obtained with max{εV (ϕend), ηV (ϕend)} ≡ 1. We can find the energy density of the inflaton
field at this moment by imposing the equation-of-state parameter to be wϕ = −1/3. This

implies ϕ̇
2
end = V (ϕend), which also yields

ρϕend =
3

2
V (ϕend) . (X.12)

X.2.4 Power Spectrum

One of the most striking predictions of inflation is that the quantum fluctuations of the
inflaton field get imprinted on the Universe as quasi-Gaussian oscillations in the local en-
ergy density profile. These tiny discrepancies grow over time as gravitational instabilities,
leading to the formation of the first structures once gravity pulls matter inwards in over-
dense regions. These inhomogeneities in the expectation values of correlations between
the inflaton field value at different points in space can be described in momentum space
by their power spectrum ∆(k), where k is the wavenumber associated with a correlation
length λ = 2π/k.

The power spectrum can be described by a power law as [283]

∆(k) = As,⋆

(︃
k

k⋆

)︃ns−1

, (X.13)

where As,⋆ is the amplitude at a given pivot scale k⋆. The spectral index ns measures
how distant the power spectrum is from being scale-invariant, where ns = 1, and ∆(k) is
constant in k. A scale-invariant (or Harrison-Zeldovich) spectrum means that no quantum
effect was imprinted on the fabric of spacetime at the beginning of time and, hence,
that some fundamental symmetry was responsible for the initial conditions that led to a
homogeneous and flat Universe. On the contrary, any deviation from scale-invariance is a
sign that correlations were impressed with a dynamic process such as slow-roll inflation.
In addition to these parameters, inflation also predicts an unavoidable production of a
stochastic background of gravitational waves (GW) as a result of the tensor perturbations
on the metric induced by the inflaton quantum fluctuations. Also, the power spectrum of
GWs can be represented by a power law and, to compare with observations of the CMB,
we use the tensor-to-scalar ratio r parameter, measuring the ratio between the tensor and
scalar power spectrum amplitudes at a given pivot scale:

r⋆ =
At,⋆
As,⋆

. (X.14)

The most up-to-date measurements by the Planck collaboration [581] give us

ns = 0.9659± 0.0040 , As,⋆ = (2.1± 0.1)× 10−9 , (X.15)

whereas the most stringent upper bound on r comes from the recent 2021 analysis by
BICEP/Keck (BK) [582],

r0.05 < 0.035, 95%C.L. , (X.16)
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where r0.05 means that the chosen pivot scale is k⋆ = 0.05Mpc−1. These findings are in
favor of, but still do not prove an inflationary explanation.

These observables can be related to the form of the potential V in a scalar field theory
of inflation. For instance, the amplitude of the Gaussian curvature perturbation is [281]

As,⋆ =
V

24π2εVM4
Pl

. (X.17)

while, the tensor-to-scalar ratio and spectral index are given by [281]

r = 16εV ; ns = 1− 6εV + 2ηV . (X.18)

Therefore, we can constrain the parameters of a chosen inflaton model by directly com-
paring the predictions on ns,, r, and As,⋆ with experimental observations.

Another useful quantity is the total number N⋆ of e–folds that occurred after the modes
at the CMB pivot scale k⋆ = 0.05Mpc−1 first crossed the horizon until the end of inflation,
defined as [283,583]

N⋆ =

∫︂ ϕ⋆

ϕend

1√
2εV

dϕ

MPl
. (X.19)

This is determined by the model parameters, which are directly constrained by demanding
N⋆ to be around 60 (the number of e-folds required for a complete inflation scenario). In
Fig. X.1, we show the results obtained by the Planck collaboration in the final release of
2018 [581], and their combination with constraints from BICEP/Keck and WMAP ob-
servations conducted by the BICEP/Keck collaboration in 2021 [582]. The theoretical
predictions from some inflationary models are displayed with different colors and are re-
quired to reproduce a number of e-folds N⋆ between 50 and 60. In particular, so-called R2

and α-attractor inflation models are currently favored and will be the topic of the next
section. A last remark is, however, necessary. While we have cited the constraints on r0.05
in Eq. (X.16), we have displayed the experimental results for r0.002. We can easily map
one observable to the other by writing the spectrum of tensor perturbations [584]

∆t(k) = At, 0.05

(︃
k

0.05Mpc−1

)︃nt

= r0.05As, 0.05

(︃
k

0.05Mpc−1

)︃−r0.05/8
, (X.20)

where we have used Eq. (X.14) and the consistency relation nt = −r/8 for single field
slow-roll models. We can use the same definition of r at the pivot scale 0.002Mpc−1, from
which we obtain the following relation with r0.05

r0.002 = r0.05

(︃
0.002

0.05

)︃−r0.05/8−ns+1

. (X.21)

X.2.5 Universal Attractor Models

As Fig. X.1 shows, the simplest single-field inflationary models with a monomial potential
are being excluded by current observations. On the contrary, more convoluted possibilities,
such as α-attractors, are consistent with the experimental constraints. The prime type
of model in this category is Starobinsky inflation, dating back to ideas of the early 80’s
[585–587]. It consists of a modification of the Einstein-Hilbert action by adding a curvature
term proportional to the Ricci scalar R squared, hence it is also called a R+R2 or simply
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Figure X.1: Constraints on ns and r at 68% and 95% CL at the pivot scale k = 0.002Mpc−1.
The upper panel shows the result by Planck 2018 (figure from [581]), while the lower panel come
from the BICEP/Keck 2021 analysis (figure from [582]). The theoretical predictions from some
inflationary models are displayed.

R2 model1. It falls in the broader category of f(R) theories of modified gravity [588]. As it
was shown in [589], this formulation is equivalent to General Relativity with the addition
of a massive scalar field Φ with the following (Starobinsky) potential [585]

V (ϕ) = Λ4

(︃
1− e

−
√︂

2
3

Φ
MPl

)︃2

. (X.22)

Here, Λ represents a normalization scale, which dominate the dynamics during inflation,
when ϕ takes large values and behaves as a cosmological constant, leading to a quasi-de
Sitter expansion. The field rolls down the flat potential, as displayed in Fig. X.2, and
eventually falls into its true vacuum, ending inflation and reheating the Universe. At this
point, the inflaton potential can be approximated for small field values as

V (Φ) ≃ 2Λ4

3

Φ2

M2
Pl

, or, equivalently, as V (Φ) ≃ λM2
PlΦ

2, (X.23)

1The Ricci scalar is given by the trace R = gµνRµν , where Rµν is the Ricci curvature tensor that
represents the degree to which the geometry determined by a metric tensor gµν deviates from that of flat
space
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Figure X.2: The orange line is the Starobinsky potential from Eq. (X.22). The blue (green) line
corresponds to an E-model (T-model) potential with α = 1 and n = 2, or, equivalently k = 4 (cf.
Eqs. (X.24) and (X.25)). Dashed lines indicate the potentials with α = 2 and n = 1.

where we have defined the dimensionless parameter λ = (Λ/MPl)
4. Notice that Starobin-

sky inflation is similar to Higgs inflation [590], where the SM Higgs couples non-minimally
to gravity and plays the role of the inflaton.

This equivalence is not a coincidence, but rather stems from the fact that a more general
class of non-minimally coupled theories, known as universal attractors [591, 592], encom-
passes Higgs and Starobinsky inflation as special cases. In particular, it is found that an
entire class of no-scale supergravity theories [593–598] leads to inflationary scenarios that
exhibit Starobinsky-like flat potentials at large field values and are currently in agreement
with observations. The term “no-scale” comes from the fact that the scale at which super-
symmetry is broken is initially undetermined in these models. They have the attractive
property of being able to maintain a hierarchy of energy scales without requiring fine-
tuning. In particular, the exact energy scale at which inflation occurs does not depend on
the supersymmetry-breaking scale, which could be anywhere between the TeV scale of the
LHC up to 1010TeV, the upper limit imposed by CMB constraints on the tensor-to-scalar
ratio r. Notice that this upper bound is much smaller than MPl ∼ 1015TeV. More-
over, they provide scalar potentials that are flat enough to drive the slow-roll inflationary
expansion for the right amount of time.

In this analysis, we focus on the so-called E and T α-attractors, provided by the following
inflaton potentials [591,592]:

V (Φ) = Λ4

(︃
1− e

−
√︂

2
3α

Φ
MPl

)︃2n

, E-model, (X.24)

V (Φ) = Λ4

[︃
tanh

(︃
Φ√

6αMPl

)︃]︃2n
, T-model. (X.25)

Here, n is a positive integer, while α > 0 is a parameter that classifies various possible
realizations of the potential from supergravity. Notice that for n = 1 and α = 1 the
E-model recovers the Starobinsky potential [585].

Notice that, within the current experimental sensitivity, all these models lead essentially
to similar behavior during inflation. What makes them distinguishable is the dynamics
at the end of inflation, or in other words, how the inflaton oscillates around the minimum
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of its potential in the post-inflationary reheating phase. This is a crucial observation,
especially when considering the potential creation of DM particles during this epoch.

The interplay between CMB constraints on the non-standard expansion, primarily gov-
erned by the reheating potential, and experimental investigations of DM—such as those
conducted at colliders—presents an opportunity to simultaneously glean insights into both
phenomena (cf. Section X.6).

X.3 Reheating Dynamics and Beyond

Declaration: The results presented in this section are mainly based on existing literature
and have been reformulated by the thesis author, YX, JL, and MB, for [4]. The text
presented in this section is based on what was presented in the publication, but reworked
in style and expanded in content. In the paper, the text was written by the thesis author
and YX, while all authors reviewed and corrected the text. Additional material has been
incorporated based on recent theoretical developments in the field.

X.3.1 Connection between α-Attractors and the Monomial Potential

Following the end of inflation, the inflaton field undergoes oscillations around the minimum
of its potential, initiating the reheating process of the Universe by decaying into highly
energetic particles. These particles gradually come to dominate the Universe’s energy
density as the inflaton condensate depletes its energy. The E- and T-type α-attractor
potentials in Eqs. (X.24) and (X.25) have a plateau for large field values (Φ≫MPl) driving
inflation, and a minimum at Φ = 0 where reheating occurs. To study the post-inflationary
dynamics, we expand each potential around this minimum.

E-model:

In the vicinity of Φ = 0, the exponential term can be expanded via Taylor series:

e
−
√︂

2
3α

Φ
MPl = 1−

√︃
2

3α

Φ

MPl
+

1

2

2

3α

Φ2

M2
Pl

− 1

6

(︃
2

3α

)︃3
2 Φ3

M3
Pl

+ · · · .

Substituting this expansion into Eq. (X.24) yields, at leading order,

VE(Φ) ≃ Λ4

[︄√︃
2

3α

Φ

MPl
− 1

2

(︃
2

3α

)︃
Φ2

M2
Pl

+O(Φ3/M3
Pl)

]︄2n

≃ Λ4

(︃
2

3α

)︃n(︃ Φ

MPl

)︃2n[︃
1 +O

(︃
Φ

MPl

)︃]︃
. (X.26)

Thus, in the neighborhood of its minimum, the potential exhibits the behavior

VE(Φ) ∝ Φ2n,

corresponding to a polynomial potential with parameters

kE = 2n, λE = Λ4

(︃
2

3α

)︃n
, M =MPl. (X.27)
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T-model:

Similarly, expanding the hyperbolic tangent near the origin,

tanh

(︃
Φ√

6αMPl

)︃
=

Φ√
6αMPl

− 1

3

(︃
Φ√

6αMPl

)︃3
+O

(︁
Φ5
)︁
,

and substituting into Eq. (X.25) yields

VT (Φ) ≃ Λ4

(︃
Φ√

6αMPl

)︃2n[︃
1 +O

(︃
Φ2

M2
Pl

)︃]︃
, (X.28)

which again has the leading power VT (Φ) ∝ Φ2n and the corresponding parameters

kT = 2n, λT = Λ4 (6α)−n, M =MPl. (X.29)

Unified monomial form.

Both expansions reduce to an effective low-energy potential of the form

V (Φ) = λ
Φk

Mk−4
, k = 2n, (X.30)

where the dimensionless coupling λ encodes the dependence on the microscopic parameters
(Λ, α, n):

λ ≃

⎧⎪⎨⎪⎩Λ4

(︃
2

3α

)︃k/2
(E-model),

Λ4 (6α)−k/2 (T-model).

The effective scaleM can, without loss of generality, be identified with the reduced Planck
mass MPl, which sets the natural cutoff of the inflaton sector.

Physical interpretation.

During inflation, the field probes the plateau region of Eqs. (X.24) and (X.25), but fol-
lowing the conclusion of inflation, it oscillates around the minimum Φ ≃ 0, where the
potential is accurately described by the monomial form (X.30). Consequently, throughout
the reheating phase, the inflaton behaves as if it had a potential V ∝ Φk, with k = 2n
determining its effective equation of state wΦ = (k− 2)/(k+2) and thereby governing the
scaling behavior of ρΦ and ρR discussed in the subsequent analysis.

The specific form of the inflaton potential is not essential for our analysis, as our primary
focus concerns how the reheating phase affects DM production. The potential presented
in Eq. (X.30) is adequate for this purpose. However, we will subsequently utilize CMB
constraints on E- and T -models to investigate the interconnections between cosmologi-
cal and collider data regarding both reheating dynamics and DM model parameters (see
Section X.5 and Section X.2.5).

X.3.2 Coupled evolution of inflaton and radiation bath

The temporal evolution of the homogeneous inflaton field following inflation is governed
by the Klein-Gordon equation introduced in Section X.2.3, now augmented with a decay
term Γϕϕ̇, where ΓΦ represents the inflaton decay width:

Φ̈ + (3H + ΓΦ) Φ̇ + V ′(Φ) = 0 , (X.31)
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where dots denote time derivatives, H = ȧ/a is the Hubble expansion rate, and
V ′(Φ) = ∂ΦV (Φ). This equation can be rewritten in terms of the energy density and
pressure of the inflaton condensate by using Eq. (X.7). Due to the oscillatory behavior,
it is more useful to average these quantities over several periods of oscillation. Taking
the average of Eq. (X.31), we can neglect the term proportional to ⟨ΓΦ⟩ and ⟨H⟩. This
is a good approximation as long as the decay width and the Hubble rate do not vary
significantly within a few oscillations, which is a reasonable assumption considering that
reheating occurs when the inflaton potential is very flat. This implies that [599],

⟨Φ̇⟩ ≃ ⟨ΦV ′(Φ)⟩ . (X.32)

Making use of the Virial theorem for the potential V (Φ) ∝ Φk, namely,⟨︃
Φ̇
2

2

⟩︃
=
k

2
⟨V (Φ)⟩ , (X.33)

and substituting Eq. (X.33) into Eq. (X.7), we obtain the density, isotropic pressure, and
the equation of state for the inflaton [599,600]:

⟨ρΦ⟩ =
Φ̇

2
+ V (Φ) =

(︃
k

2
+ 1

)︃
λ

⟨︁
Φk
⟩︁

Mk−4
Pl

, (X.34)

⟨PΦ⟩ =
Φ̇

2
− V (Φ) =

(︃
k

2
− 1

)︃
λ

⟨︁
Φk
⟩︁

Mk−4
Pl

, (X.35)

⟨wΦ⟩ =
⟨ρΦ⟩
⟨Pϕ⟩

=
k − 2

k + 2
. (X.36)

Note that the k = 2 case corresponds to the inflaton oscillating with a quadratic potential
and behaving like pressureless matter, while for k = 4, its equation of state describes a
radiation-like condensate with P = ρ/3.

By combining Eqs. (X.34)-(X.36) with Eq. (X.31), we obtain the equation for the time
evolution of the inflaton energy density

ρ̇Φ +
6k

k + 2
H ρΦ = − 2k

k + 2
ΓΦ ρΦ . (X.37)

The factor 2k
k+2 = 1 + wΦ accounts for the specific equation of state of the decaying

inflaton fluid. The decay of the inflaton produces highly energetic particles behaving like
a relativistic fluid, whose energy density ρR evolves according to

ρ̇R + 4HρR =
2k

k + 2
ΓΦ ρΦ . (X.38)

The system of equations for ρΦ(t), ρR(t) and a(t) is closed by the first Friedmann equation

H2 =
ρΦ + ρR
3M2

Pl

, (X.39)

yielding a solution for the energy densities as functions of the scale factor a.

An analytic solution can be derived by first solving Eq. (X.37) for ρΦ by assuming
ΓΦ ≪ H when aend ≪ a ≪ arh, where aend and arh are the scale factors at the beginning
and the end of the reheating phase, respectively. This is a well-motivated approximation
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since the inflaton decay width is negligible compared to the Hubble rate at the beginning
of the reheating phase. We thus obtain

ρΦ(a) ≃ ρΦ(arh)
(︂arh
a

)︂ 6k
k+2

if aend ≪ a≪ arh . (X.40)

At later times, a > arh, the inflaton will decay away with e−Γϕt, assuming that ΓΦ is
constant in time, as is the case for k = 2. In contrast, for k > 2, the decay width can
acquire a dependence on time (cf. Eqs. (X.50) and (X.58)) and the scaling of ρΦ(t) will
be model-dependent in general but close-to-exponential.

Solving for ρR(a)

Using ρ̇R = aH dρR
da and substituting Eq. (X.40) into Eq. (X.38), we obtain

aH
dρR
da

+ 4HρR =
2k

k + 2
ΓΦ(a) ρΦ(a). (X.41)

Dividing both sides by aH yields a first-order inhomogeneous differential equation:

dρR
da

+
4ρR
a

=
2k

k + 2

ΓΦ(a) ρΦ(a)

aH(a)
. (X.42)

Multiply Eq. (X.42) by a4 to obtain

d

da

[︁
a4ρR(a)

]︁
=

2k

k + 2
a3

ΓΦ(a) ρΦ(a)

H(a)
. (X.43)

Integrating from aend (the onset of reheating) to a general scale factor a gives

a4ρR(a)− a4endρR(aend) =
2k

k + 2

∫︂ a

aend

d(a′) (a′)3
ΓΦ(a

′) ρΦ(a′)
H(a′)

. (X.44)

Since the initial radiation density is negligible, ρR(aend) ≃ 0, the solution becomes

ρR(a) =
2k

k + 2

1

a4

∫︂ a

aend

da′ (a′)3
ΓΦ(a

′) ρΦ(a′)
H(a′)

. (X.45)

Using H(a′) ≃
√︂
ρΦ(a′)/(3M2

Pl), Eq. (X.45) becomes

ρR(a) ≃
2k

k + 2

√
3MPl

a4

∫︂ a

aend

da′ (a′)3 ΓΦ(a
′) ρ1/2Φ (a′) , (X.46)

in agreement with [4, 601].

Equation (X.46) explicitly shows how radiation is continuously sourced by the decay of
the inflaton condensate. At early times (a ≃ aend), ρR is tiny because the integrand is
suppressed by ΓΦ ≪ H; as the Universe expands, ρΦ decreases and ΓΦ/H grows, causing
ρR to build up until it eventually equals ρΦ at reheating completion (a = aRH). The
integrand also reveals that the time dependence of ΓΦ(a

′) controls whether the functional
dependence of the energy transfer on the scale factor (and thus on time). This dependence
is determined by the prevalent decay channel of the inflaton, which is the subject of the
next sections.
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Temperature of the thermal bath

The temperature of the radiation thermal bath is then determined by inverting Eq. (III.22),
yielding

T (a) =

(︃
30 ρR(a)

π2g⋆

)︃1/4

, (X.47)

where g⋆ ∼ O(100) denotes the effective number of relativistic degrees of freedom that
we assume to be constant throughout the reheating process, which is a good assumption
for the considered temperatures of T > 1 GeV. We define the scale factor arh and the
reheating temperature Trh = T (arh) as the point in time when the energy density of
radiation becomes equal to that of the inflaton,

ρΦ(arh) = ρR(arh) , (X.48)

and starts to dominate. We should note that this definition of the reheating temperature is
not equivalent to the definition used in the instantaneous reheating approximation, which
is based on the relations ΓΦ = H in the context of matter-dominated (MD) reheating [274].
Note that Trh marks the onset of the radiation phase, and in this sense, the definition in
Eq. (X.48) is more accurate.

In section Section X.5, we show that the definition of the reheating temperature, as well
as the properties of the inflaton decay products, can have a substantial impact on the
interpretation of experimental constraints.

X.3.3 Beyond Perturbative Reheating: Preheating and Non-linear Dy-
namics

While the preceding analysis treats inflaton decay perturbatively through effective decay
widths ΓΦ, the early stages of reheating can involve highly non-perturbative processes
that dramatically alter the energy transfer dynamics. This initial non-perturbative phase,
termed preheating, has been extensively studied in the literature and can significantly
impact the efficiency of reheating.

Parametric Resonance.

The mechanism underlying preheating is parametric resonance: as the inflaton oscillates
coherently around the minimum of its potential, it induces time-dependent effective masses
for coupled fields [572, 602]. Consider a scalar field χ coupled to the inflaton through an
interaction 1

2g
2Φ2χ2. The equation of motion for Fourier modes χk in an expanding

universe takes the form

χ̈k + 3Hχ̇k +
[︁
k2/a2 + g2Φ2(t)

]︁
χk = 0 , (X.49)

which describes a parametric oscillator with time-dependent frequency modulated by Φ(t).
When the inflaton oscillates as Φ(t) ≃ Φ0(t) cos(mt), this leads to explosive particle pro-
duction in certain momentum bands, with occupation numbers growing exponentially as
nk ∼ e2µkt, where µk is the Floquet exponent characterizing the instability [603].

Narrow vs. Broad Resonance.

As described in [604], the efficiency of preheating depends critically on the dimensionless
parameter q ≡ g2Φ2

0/(4m
2), where m is the inflaton mass. For q ≪ 1 (narrow resonance),
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particle production is moderate and occurs in discrete momentum bands. However, for
q ≫ 1 (broad resonance), the instability bands merge and particle production becomes
extremely efficient, with characteristic Floquet exponents µk ∼ 0.1 − 0.3m [603]. In this
regime, a significant fraction of the inflaton energy can be transferred to daughter particles
within just a few inflaton oscillations—far more efficiently than perturbative decay would
suggest. For potentials with V (Φ) ∝ Φk with k > 2, the resonance structure becomes more
complex. The anharmonicity of inflaton oscillations leads to different resonance patterns
described by generalized Floquet equations (Mathieu or Lamé equations) [605].

Stochastic Resonance.

In expanding universes, the growth of fluctuations is counteracted by Hubble damping.
Moreover, the changing amplitude Φ0(t) ∝ a−3k/(k+2) due to cosmic expansion means that
the effective coupling evolves in time. This can lead to stochastic resonance [603], where the
phases of successive parametric kicks become uncorrelated, resulting in a random-walk-like
growth of occupation numbers rather than purely exponential amplification. Nevertheless,
even in the stochastic regime, preheating can be highly efficient if µk ≫ H.

Backreaction and Fragmentation.

Parametric resonance does not continue indefinitely. Eventually, the large occupation
numbers of produced particles lead to backreaction effects that modify the inflaton dy-
namics [605,606]. There are two primary mechanisms:

• Rescattering : Interactions among the highly populated daughter modes become im-
portant, leading to redistribution of energy across different momenta and potential
thermalization.

• Self-interaction: For potentials with significant self-coupling, the inflaton field can
fragment into spatially localized configurations such as oscillons—long-lived, quasi-
stable solitonic objects that decay much more slowly than the homogeneous conden-
sate.

Lattice simulations have revealed that following preheating, the system enters a turbu-
lent regime characterized by self-similar evolution and energy cascades across different
momentum scales [607, 608]. This turbulent phase is crucial for understanding how the
non-thermal spectrum produced during preheating eventually thermalizes.

Fermion and Gauge Boson Production.

While parametric resonance is most efficient for bosonic fields, fermions can also be pro-
duced through analogous mechanisms, albeit with important differences [573]. Pauli block-
ing prevents unbounded occupation numbers, making fermionic preheating less explosive
than the bosonic case. Nevertheless, coherent oscillations of the inflaton can still lead
to significant fermion production through parametric excitation, particularly for Yukawa
couplings yΦψ̄ψ.

For gauge fields, tachyonic instabilities can arise if the inflaton carries appropriate quan-
tum numbers. In models with pseudo-scalar inflatons coupled to gauge fields through ΦFF̃
interactions, explosive production of gauge quanta can occur, leading to nearly instanta-
neous energy transfer [609,610].
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Thermalization.

Neither perturbative decay nor preheating directly produce thermal spectra. The highly
non-thermal distributions resulting from parametric resonance must undergo further evolu-
tion to reach local thermal equilibrium required for Big Bang nucleosynthesis [443,608,611].
The thermalization timescale depends on the interaction rates among decay products:

• Kinetic equilibrium: Redistribution of energy through elastic scatterings, establish-
ing a thermal momentum distribution.

• Chemical equilibrium: Adjustment of particle abundances through number-changing
processes to match thermal values.

Studies using quantum kinetic theory and classical-statistical lattice simulations suggest
that for typical couplings, thermalization can occur within a few Hubble times after pre-
heating ends [611]. However, the detailed thermalization dynamics remain an active area
of research, particularly regarding the role of turbulent cascades in achieving full equilib-
rium (see, e.g., the recent [612,613]).

Observational Implications.

The distinction between perturbative and non-perturbative reheating has important phe-
nomenological consequences. Non-perturbative processes can:

• Significantly enhance gravitational wave production through collision of particles,
bubble walls, or oscillons.

• Modify predictions for dark matter abundance if dark matter particles are produced
during or after preheating.

• Impact baryogenesis scenarios that rely on out-of-equilibrium dynamics.

• Alter the effective number of e-folds between horizon crossing and reheating com-
pletion, affecting CMB predictions.

For the purposes of our analysis, we adopt the perturbative framework detailed in the
following sections, which remains valid provided that: (i) coupling constants are suffi-
ciently small to avoid broad resonance (q ≪ 1), (ii) the inflaton decay completes before
significant backreaction effects emerge, and (iii) thermalization occurs rapidly compared
to the Hubble expansion rate after preheating. These conditions are generally satisfied for
the low reheating temperature scenarios (Trh < 10 TeV) considered in this work, where
small couplings are required to achieve gradual inflaton decay.

X.3.4 Bosonic Reheating

Inflationary reheating may proceed through inflaton decays into scalar particle pairs via a
trilinear interaction of the form µΦ|X|2. This mechanism can be naturally realized through
the coupling µHΦ|H|2, enabling the inflaton to reheat the Universe by decaying into Higgs
bosons. Additional bosonic decay channels become possible if further scalar fields are
introduced beyond the Standard Model. In the context of this chapter, we investigate
FIMP models featuring Majorana DM generated from the decay of heavier charged scalar
parent particles P , as detailed in Section X.4 and Section II.2.4. Within this framework,
the inflaton could decay into parent particle pairs P through the interaction µPΦ|P |2. We
assume that the produced scalars achieve rapid thermalization via their gauge interactions,
allowing us to incorporate them into the radiation bath described by Eq. (X.38).

We consider the scenario where the intrinsic masses of the decay products are negligible
relative to the inflaton mass. Under this assumption, the inflaton decay width can be
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expressed as follows [599,601,614]

ΓΦ→XX†(t) =
µ2eff(k)

8πmΦ(t)
, (X.50)

where

µ2eff(k) = µ2 αµ(k,R)
(k + 2)(k − 1)

4

√︄
π k

2(k − 1)

Γ(k+2
2k )

Γ( 1k )
(X.51)

represents an effective coupling derived from proper averaging over inflaton oscillations.
In this context, µ may correspond to either µH or µP ; provided that the scalar daugh-
ter particles contribute to the radiation bath, the specific microphysical details become
irrelevant to our analysis. The function αµ(k,R) depends on a kinematic factor R that
essentially characterizes whether the inflaton-induced P mass m2

eff(t) = 2µΦ is compa-
rable to the inflaton mass mΦ (R ≳ 1) or not (R < 1). Our analysis primarily focuses
on low-reheating temperature scenarios, achieved through gradual inflaton decay, which
implies that µ is assumed to be very small (for instance, relative toMPl) and consequently
R ≪ 1. Under these conditions, αµ exhibits only weak dependence on increasing k, with
αµ ≃ 1 for k = 2 and αµ ≃ 0.9 for k = 4 [599].

The inflaton mass can be extracted from its potential (cf. Eq. (X.30)), giving

m2
Φ(t) = V ′′(Φ) = k(k − 1)λ

Φk−2(t)

Mk−4
Pl

≃ k(k − 1)λ
2
kM

2(4−k)
k

Pl ρ
k−2
k

Φ (t) , (X.52)

where we employed the so-called “envelope approximation” for ρΦ, defined by ρΦ(t) =
3V (Φ0(t))/2, with Φ0(t) capturing the redshift and decay effects of the condensate Φ(t) ≃
Φ0(t)P (t) at large scales, while P (t) describes its short-scale anharmonicity [599, 600]. It
is important to note that for the standard k = 2 case, mΦ =

√
2λMPl remains constant

over time, whereas for k > 2 it diminishes with ρΦ throughout reheating.

This behavior leads to two important implications: first, the bosonic decay width ex-
periences kinematic enhancement at later times, resulting in an accelerated reheating
phase; second, the inflaton mass may potentially approach or fall below the mass of the
decay products, thereby violating the perturbative reheating assumption and necessitat-
ing consideration of additional phenomena such as back-reaction effects. This situation
is prevented provided that R ≪ 1 throughout the entire reheating phase. Nevertheless,
Ref. [599] demonstrated that for k = 4 within an α-attractor T -model, R ≳ 1 occurs
when 10−19 ≲ µ/MPl ≲ 10−9.

However, given our focus on low reheating temperature scenarios (i.e., Trh < 10TeV),
we have verified that typical values of µ/MPl fall below 10−19 (cf. Eq. (X.57)), suggesting
that any kinematic enhancement of the decay rate or non-perturbative particle production
would likely manifest only during the final stages of reheating. Furthermore, Ref. [599]
also identified non-perturbative effects at temperatures reaching Tmax in scenarios where
reheating is mediated by inflaton scattering. This particular case is not addressed in our
analysis and would be irrelevant given the hierarchy Tmax ≫ mP under consideration.
With these assumptions at hand, by inserting Eq. (X.50) into Eq. (X.46), one obtains after
integration [599]

ρR(a) ≃
√
3

8π

1

1 + 2k

√︃
k

k − 1

µ2eff

λ
1
k

M
2k−4

k
Pl ρ

1
k
Φ(arh)

(︂arh
a

)︂ 6
2+k

[︄
1−

(︂aend
a

)︂ 2(1+2k)
2+k

]︄
. (X.53)
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Figure X.3: Time evolution of energy densities for Trh = 20 GeV: the inflaton (blue dashed lines),
radiation (blue solid lines), and the radiation temperature (red solid lines). The panels correspond
to reheating potentials with k = 2 (top), bosonic k = 4 (middle), and fermionic k = 4 (bottom).
Figures created by YX and included in [4].
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This expression reveals that the radiation energy density and bath temperature vanish at
the conclusion of inflation, ρR(aend) = 0 and T (aend) = 0, but rapidly attain a maximum

at amax ≃ aend(
2k+4
3 )

k+2
4k+2 .

Furthermore, throughout the reheating epoch (a ≫ aend), the radiation energy density

exhibits redshifting behavior ρR(a) ∝ a−
6

2+k , leading to

T (a) ≃ Trh

(︂arh
a

)︂ 3
4+2k

. (X.54)

Specifically, this indicates that for k = 2 (matter-like reheating) we observe ρR ∝ a−3/2

and T ∝ a−3/8, whereas for k = 4 (radiation-like reheating) we find ρR ∝ a−1 and
T ∝ a−1/4. Tab. X.1 summarizes the various scaling behaviors relevant to our analysis.
It is worth noting that these patterns differ from the redshifting characteristics during
adiabatic cosmic expansion with entropy conservation, where ρR ∝ a−4 and T ∝ a−1.

Utilizing this solution and combining Eq. (X.54) with Eq. (X.40) and Eq. (X.39) provides
the Hubble expansion rate during bosonic reheating when Φ dominates,

H(T ) ≃
√︁
ρΦ(Trh)√
3MPl

(︃
T

Trh

)︃2k

. (X.55)

The maximum and reheating temperatures can be determined from Eq. (X.47) by applying
the corresponding amax and enforcing ρΦ = ρR at arh, respectively. Consequently, we
obtain [599]

T 4
max,b =

15

4π3g⋆

k√︁
3k(k − 1)

M
2k−4

k
Pl

λ
1
k

µ2effρ
1
k
end

(︃
3

2k + 4

)︃2k+4
2k+1

(X.56)

and [599]

T 4
rh,b =

30

π2g⋆

[︄ √
3

8π (1 + 2k)

√︃
k

k − 1
λ−

1
k
µ2eff
M2

Pl

]︄ k
k−1

M4
Pl . (X.57)

The evolution of ρΦ(a), ρR(a), and T (a) in BR, obtained by numerically solving the
Eqs. (X.37)-(X.39), as explained in the previous section, are shown in the left panel (k = 2)
and the central panel (k = 4) of Fig. X.3.

X.3.5 Fermionic Reheating

The inflaton may alternatively reheat the Universe through decays into fermion pairs via
a trilinear coupling of the form yΦF̄F , a mechanism referred to as “fermionic reheating”
(FR). This scenario presents additional complexity, as scalar inflaton fields cannot directly
decay into Standard Model fermion pairs due to their chiral nature. Consequently, the
introduction of additional Majorana or vector-like fermion species becomes necessary. In
the context of this chapter, we investigate FIMP models that could involve a scalar singlet
DM candidate generated through the decay of heavier vector-like parent particles carrying
Standard Model gauge charges (cf. Sections II.2.4 and X.4). Such particles could serve
as inflaton decay products and, upon rapid thermalization via gauge interactions, be
incorporated into the radiation bath. Since we do not consider direct inflaton couplings
to DM particles, models featuring only Majorana DM with charged scalar parents cannot
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accommodate this scenario unless an additional vector-like fermion is introduced. The
decay width for final-state fermions with negligible masses is given by

ΓΦ→FF̄ (t) =
y2eff(k)

8π
mΦ(t) , (X.58)

where [599]

y2eff(k) = y2αy(k,R)

√︄
πk

2(k − 1)

Γ(k+2
2k )

Γ( 1k )
(X.59)

represents the effective coupling obtained through averaging over inflaton oscillations, with
the inflaton mass specified by Eq. (X.52). For the function αy(k,R), a similar argument as
for αµ(k,R) can be applied: the inflaton-induced fermion mass squared y2Φ2 is negligible
(R ≪ 1) if y is tiny enough, y < O

(︁
10−6

)︁
, so that αy is approximately constant in R,

while it only varies between αy = 1 at k = 2 and αy ≃ 1.05 at k = 4 [599]. 2

Inserting Eq. (X.58) into Eq. (X.46) yields [599]

ρR(a) ≃
√
3

8π

k
√︁
k(k − 1)

7− k
y2effλ

1
kM

4
k
Plρ

k−1
k

Φ (arh)
(︂arh
a

)︂ 6(k−1)
2+k

[︄
1−

(︂aend
a

)︂ 2(7−k)
2+k

]︄
, (X.60)

with ρR(aend) = 0, but the maximum occurs at amax ≃ aend(
2k+4
3k−3)

k+2
14−2k , which differs

from the bosonic scenario. For the relevant values of k in our analysis (k < 7), during

the reheating phase we find ρR(a) ∝ a−
6(k−1)
2+k , with the Standard Model temperature

evolving according to

T (a) ≃ Trh

(︂arh
a

)︂ 3k−3
4+2k

. (X.61)

Consequently, for quadratic potentials (k = 2), we observe ρR ∝ a−3/2 and T ∝ a−3/8,
similar to bosonic reheating, but for quartic potentials (k = 4) radiation redshifts as
ρR ∝ a−3 and the temperature-scale factor relationship becomes T ∝ a−3/4, indicating
more rapid cooling of the radiation bath compared to bosonic reheating. Tab. X.1 pro-
vides a comprehensive summary of the various behaviors relevant to our investigation.
Combining Eq. (X.61) with Eq. (X.40) and Eq. (X.39) yields the Hubble expansion rate
during fermionic reheating when Φ dominates,

H(T ) ≃
√︁
ρΦ(Trh)√
3MPl

(︃
T

Trh

)︃ 2k
k−1

. (X.62)

The maximum and reheating temperatures in this case are given by [599]

T 4
max,f =

15

4π3g⋆

k2√︁
3k(k − 1)

λ
1
kM

4
k
Ply

2
eff ρ

k−1
k

end

(︃
3k − 3

2k + 4

)︃ 2k+4
7−k

(X.63)

2Notice that, differently from the bosonic case, the broad resonance regime (R ≫ 1) would be less
impactful as effects from non-perturbative backreaction would be damped by Pauli blocking [573, 615].
Nonetheless, the inflaton decay rate would also be reduced by a factor R−1/2, leading to a more prolonged
reheating phase. These effects are, however, not of relevance as long as y < 10−5 [616], a necessary
condition to be in a low reheating temperature scenario.
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and [599]

T 4
rh,f =

30

π2g⋆

[︄
k
√︁
3k(k − 1)

7− k
λ

1
k
y2eff
8π

]︄k
M4

Pl . (X.64)

The temporal evolution of ρΦ(a), ρR(a), and T (a) during fermionic reheating is illustrated
in the left panel (k = 2) and right panel (k = 4) of Fig. X.3. For k = 2, the scaling behav-
ior of ρR(a) in the bosonic scenario matches that of fermionic reheating, as depicted by
the blue solid line in the left panel of Fig. X.3. However, as the parameter k increases, the
distinction between the two scenarios becomes more evident. Specifically, in the bosonic
scenario, ρR is suppressed relative to the fermionic case, owing to the characteristic tem-
poral dependence of the decay rate. It is crucial to recognize that in bosonic reheating,
the decay rate scales as 1/mΦ(t) (cf. Eq. (X.50)) whereas in the fermionic case it scales
as mΦ(t) (cf. Eq. (X.58)). This fundamental difference in decay rate behavior explains
the less steep slope observed in the solid blue line of the bosonic case compared to the
fermionic scenario in Fig. X.3, particularly for k > 2.

X.4 Freeze-In Production during Reheating

Declaration: The results presented in this section have been mainly developed by the thesis
author, MB, and JL for [4]. A preliminary raw version of such results also appeared
in [555]. The thesis author contributed to the analytical study, the discussions, and the
interpretation of results. The text presented in this section is based on what was presented
in the publication, but reworked in style. The original text was written by the thesis author
and by MB. In the paper, all authors participated in the discussions, the interpretation of
results, and reviewed and corrected the text.

We are now positioned to analyze the impact of an inflationary reheating period
on the production of DM particles.

We focus on DM freeze-in production via the the process P → χfSM, where a SM-
charged parent mediator P , assumed to be in thermal equilibrium with the SM bath,
decays into a DM candidate χ and a SM fermion fSM. This DM model lies within the
simplified t-channel models discussed throughout this thesis work.

While thermal equilibrium is typically assumed, it is important to note the potential
limitations of this assumption and what applies in this scenario:

1. Pre-Thermalization: Immediately after inflation, the particle bath is populated
by non-thermalized decay products of the inflaton, in a phase known as pre-
thermalization. In principle, particle production of non-thermalized particles is more
complex and could, in principle, yield results that differ from those assuming ther-
malized states. However, in Appendix D of [4], we estimated the maximum effects
of pre-thermalization on the DM relic abundance for k = 2 and found them negli-
gible whenever mP /Trh ≲ 103, a condition that encompasses the scenarios analyzed
here. Thus, we disregard pre-thermalization effects and assume the parent particles
remain in equilibrium with the SM at all times.

2. Finite-temperature effects: Notice also that, as discussed at length in Chap-
ters VII to IX, scattering processes and finite-temperature effects can significantly
correct the relic abundance from freeze-in when the mass difference between DM and
the parent particle is small. However, if mP ≫ mχ, such corrections are expected to
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be less than O(10%). This is indeed the case in the scenario here considered, where
we only focus on production from parent particle decay with a clearly separate mass
hierarchy between the parent particle and DM.

3. Gravitational Production: Additionally, we acknowledge that the gravitational
production of DM via graviton-mediated scatterings—an irreducible contribution
to the DM abundance—is Planck-suppressed (cf. Refs. [617–619]) and, therefore,
irrelevant in low-reheating temperature scenarios like those considered in this study.

Dark Matter Production during Reheating

As discussed in Chapter III, the temporal evolution of the DM number density nDM follows
the Boltzmann equation

ṅDM + 3HnDM = γdec , (X.65)

where γdec represents the collision term associated with the decays of a heavy parent
particle P into DM pairs. Neglecting back-reaction effects and assuming negligible intrinsic
masses for the decay products, the collision term takes the form

γdec =
gP
2π2

ΓP m
2
P T K1

(︂mP

T

)︂
, (X.66)

where gP counts the internal degrees of freedom of the parent particle and ΓP denotes
its total decay width into DM states. In our framework, we do not specify a particular
particle-physics model for ΓP , as it will subsequently be constrained directly through the
LLP decay length cτ = Γ−1

P (cf. Section X.5).

Solving the Boltzmann Equation during Reheating

Throughout the reheating phase, cosmic expansion proceeds non-adiabatically, with en-
tropy being continuously generated through inflaton decays. Consequently, it becomes
advantageous to monitor DM production using the comoving number density

X (a) ≡ nDM(a)

(︃
a

aend

)︃3

, (X.67)

which evolves according to

dX (a)

d ln a
=

(︃
a

aend

)︃3 γdec(a)

H(a)
. (X.68)

Here, H(a) represents the total Hubble expansion rate, encompassing both inflaton and
radiation contributions:

H(a) =

√︁
ρΦ(a) + ρR(a)√

3MPl

, (X.69)

and γdec(a) ≡ γdec(T (a)) as specified in Eq. (X.66). This equation can be integrated
numerically once the temporal evolution of ρΦ(a) and ρR(a) is established (cf. Section X.3).

The function X (a) encapsulates the total number of DM particles per comoving volume
generated up to scale factor a, incorporating the non-adiabatic effects of entropy injection
during reheating. It therefore represents the most natural variable for describing DM
genesis within a general cosmological background.
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Connecting to the Entropy-Normalized Yield

Following the completion of reheating when the Universe transitions to radiation domina-
tion, entropy generation terminates and the comoving entropy S(T ) = s(T ) a3(T ) achieves
conservation. Within this regime, the standard comoving yield can be defined as

YDM(T ) ≡ nDM

s(T )
=

X (a(T ))

S(T )
, (X.70)

where s(T ) represents the entropy density of the thermal bath. The present-day DM relic
abundance is then expressed as

ΩDMh
2 =

ρDM

ρc/h2
=
mDMXDM(a0)

ρc/h2

(︃
aend
a0

)︃3

, (X.71)

which can alternatively be formulated in terms of YDM at late times when Y becomes
constant.

Analytical approximations can be derived by inserting Eq. (X.66) and the appropriate
temperature–scale factor relationship during reheating (cf. Eqs. (X.54), (X.61)). This
yields a relic abundance of the form [4]

ΩDM

0.12
≃
(︃
1.5 m

cτ

)︃(︃
106.75

g∗

)︃3/2 (︂ mDM

100 keV

)︂(︃200 GeV

mP

)︃2

(X.72)

×

⎧⎪⎪⎪⎨⎪⎪⎪⎩
2k + 4

3

(︃
TRH

mP

)︃4k−1

Irh,b + I0
RD, BR,

2k + 4

3k − 3

(︃
TRH

mP

)︃ 9−k
k−1

Irh,f + I0
RD, FR,

(X.73)

with the integrals over the Bessel functions encoding the freeze-in history:

Irh,b =

∫︂ zRH

zend

dz′ z′2+4k
K1(z

′) , (X.74)

Irh,f =
∫︂ zRH

zend

dz′ z′
2k+6
k−1 K1(z

′) , (X.75)

I0
RD =

∫︂ ∞

zRH

dz′ z′3K1(z
′) . (X.76)

The first two integrals describe DM production during the reheating phase in bosonic and
fermionic scenarios, respectively, while I0

RD captures the contribution from the subsequent
radiation-dominated epoch.

Relation to the Standard Freeze-In Picture and Dilution Factor

In the conventional radiation-dominated freeze-in scenario (TRH > mP ), entropy is
conserved and Eq. (X.65) can be rewritten directly in terms of the comoving yield
YDM = nDM/s:

Y RD
DM (T ) ∼ ΓP

H(T )
∼ ΓP

mPMPl

T 3
=⇒ Y RD

DM (zfi) ∼ z3fi
ΓPMPl

m2
P

. (X.77)
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However, when Tfi > TRH, the expansion rate and entropy production during reheating
modify the DM yield significantly. Entropy injection leads to a dilution factor

D(T ) =
S(T )

S(TRH)
=

s(T ) a3(T )

s(TRH) a3(TRH)
≃

⎧⎪⎪⎪⎨⎪⎪⎪⎩
(︃
TRH

T

)︃1+2k

, BR,(︃
TRH

T

)︃ 7−k
k−1

, FR,

(X.78)

which accounts for the continuous entropy production before full radiation domination.

This dilution effect lowers the final DM yield relative to the standard RD estimate, with
the correction scaling as

Y RH
DM (T ) ∼ ΓPmPMPl

T 3
×

⎧⎪⎪⎪⎨⎪⎪⎪⎩
(︃
TRH

T

)︃4k−1

, BR,(︃
TRH

T

)︃ 9−k
k−1

, FR.

(X.79)

Evaluating this at the typical freeze-in temperature Tfi ≃ mP /zfi (with zfi ≃ 4−10) yields

Y RH
DM

(︃
mP

zfi

)︃
∼ z3fi

ΓPMPl

m2
P

×

⎧⎪⎪⎪⎨⎪⎪⎪⎩
(︃
zfiTRH

mP

)︃4k−1

, BR,(︃
zfiTRH

mP

)︃ 9−k
k−1

, FR.

(X.80)

Figure X.4 illustrates the evolution of the DM yield as a function of the time variable
z = mP /T , derived from a numerical solution of the differential equations system, in-
cluding Eq. (X.37), Eq. (X.38) (which determine the Hubble rate in Eq. (X.69)), and the
Boltzmann equation in Eq. (X.68).

Dilution Effects

In Fig. X.4, we observe an extended period of pure DM dilution for large mP /Trh ratios.
Additionally, as soon as mP /Trh ≳ 1, the genesis of DM primarily occurs at larger z in the
k = 4 BR scenario compared to k = 2 and k = 4 in FR. The DM production rate exhibits
the scaling behavior

dXDM

dz
=

{︄
z2+4kK1 (z) BR

z
2k+6
k−1 K1 (z) FR

. (X.81)

Consequently, we anticipate the peak of DM production occurring at later times in BR
scenarios, specifically (zfi)BR, k=4 > (zfi)k=2 ≳ (zfi)FR, k=4.

When combined with the dilution factor presented in Eq. (X.78), we can comprehend
the relative peak heights for the different reheating scenarios illustrated in Fig. X.4. The
dilution factor expressed as

D (zfi) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
z1+2k
fi

(︃
Trh
mP

)︃1+2k

BR

z
7−k
k−1

fi

(︃
Trh
mP

)︃ 7−k
k−1

FR

, (X.82)
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Figure X.4: Evolution of the DM comoving number density YDM for mDM = 1GeV, and mP =
500GeV. From upper-left to bottom-right, we fix the reheating temperature at the values 104,
100, 20, and 10 GeV. The k = 2 scenario is depicted with solid lines, while dashed and dot-dashed
lines portray the FR and BR scenarios with k = 4 potentials. The measured relic abundance,
ΩDMh

2 = 0.12, corresponds to the decay length values in Tab. X.2. Figures created by YX and
included in [4].

diminishes (or grows) with the highest power in mP /Trh (or zfi) for the BR scenario with
k = 4, followed by the reheating scenario with k = 2, and subsequently the FR scenario
with k = 4. As a consequence, the hierarchy for mP /Trh ≳ 1,

DBR,k=4 (Tfi) > DFR,k=2,k=4 (Tfi) , (X.83)

eventually reverses for mP /Trh ≫ 1.

Validity of Freeze-in Assumptions

We verify whether the DM evolution consistently remains within the freeze-in regime
until production cessation. This condition is satisfied when the interaction rate stays
below the expansion rate, Γ(T ) < H(T ), enabling us to neglect back-reaction effects.
Equivalently, this requires that the DM yield remains smaller than its equilibrium value,
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Type Trh [GeV] cτ [m]

k = 2 10 1.8× 10−2

k = 4 BR 10 1.8× 10−6

k = 4 FR 10 1.7× 102

k = 2 20 2.2× 100

k = 4 BR 20 3.6× 10−2

k = 4 FR 20 4.7× 102

k = 2 100 3.3× 103

k = 4 BR 100 3.4× 103

k = 4 FR 100 4.1× 103

k = 2 104 1.3× 104

k = 4 BR 104 1.3× 104

k = 4 FR 104 1.3× 104

Table X.2: Values of cτ that account for the observed DM relic abundance for mDM = 1GeV
and mP = 500GeV. We show the results for BR and FR with k = 2 and k = 4, and Trh =
10, 20, 100, 104 GeV. Table created by YX and the thesis author and included in [4].

which is expressed as (using Eq. (III.18))

Y eq
DM =

neqDM

s
=

2T 3

π2
45

2π2g⋆sT 3
= 45/(π4g⋆s) .

To determine which parameter combinations fulfill this requirement, we first fix the DM
yield to the observed value,

Y 0
DMmDM = 4.3 · 10−10GeV ,

via Eq. (X.80), which consequently determines the value of ΓP . We then substitute it into
YDM(zfi) ≃ Γ(zfi)/H(zfi) and compare with the equilibrium value. This implies that the
following relations must be satisfied:

mP

Trh
<

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

160
(︂mDM

GeV

)︂1/5 zfi
5

k = 2

70
(︂mDM

GeV

)︂1/9 zfi
10

k = 4 BR

108
(︂mDM

GeV

)︂ zfi
5

k = 4 FR

. (X.84)

This is satisfied for the choice of parameters illustrated in Fig. X.4. However, it becomes
easier to violate the freeze-in assumptions at low reheating temperatures because, as we
lower the DM mass, the interaction rate has to increase to compensate for the smaller DM
energy density. For instance, choosing mDM = 12 keV the lower bound on FIMP masses
from the Lyman-α according to [184, 620] implies that DM equilibrates if mP = 500GeV
and Trh = 10GeV. In what follows, the freeze-in conditions are always fulfilled.

281



CHAPTER X. DARK MATTER FREEZE-IN DURING INFLATIONARY REHEATING

100 200 300 400 500 600 700 800 900 1000
mP [GeV]

10−4

10−3

10−2

10−1

100

101

102

c
τ

[m
]

DL
CM

S

DL ATLAS

DT

HSCP

mDM = 12 keV

k = 2, Trh = 20 GeV

k = 4 Fermionic

k = 4 Bosonic

k = 2, Trh = 102 GeV

k = 4 Fermionic

k = 4 Bosonic

k = 2,4 ,Trh = 104 GeV

200 300 400 500 600 700 800 900 1000
mP [GeV]

10−2

10−1

100

101

102

103

c
τ

[m
]

DT

DLS

HSCP

mDM = 12 keV

k = 2, Trh = 20 GeV

k = 4 Fermionic

k = 4 Bosonic

k = 2, Trh = 102 GeV

k = 4 Fermionic

k = 4 Bosonic

k = 2,4 ,Trh = 104 GeV

100 200 300 400 500 600 700 800 900 1000
mP [GeV]

10−4

10−2

100

102

104

c
τ

[m
]

DL
CM

S

DL ATLAS

DT

HSCP

mDM = 1 GeV

200 300 400 500 600 700 800 900 1000
mP [GeV]

10−2

10−1

100

101

102

103

104

105

c
τ

[m
]

DT

DLS

HSCP

mDM = 1 GeV

Figure X.5: Mapping the parent lifetime cτ versus mass mP that reproduces the observed relic
density. Top panels: mDM = 12 keV; bottom: 1GeV. Color code: Trh = 20GeV (blue), 100GeV
(black), 104 GeV (red). Line styles: solid (k = 2); dashed (FR, k = 4); dot-dashed (BR, k = 4).
For Trh = 104 GeV, the reheating history is immaterial over the mass range displayed, hence the red
curves overlap. Shaded regions summarize current LLP constraints: gray (muonphilic Majorana
DM) from Ref. [411] and light blue (leptophilic scalar singlet) from Ref. [184]. Figures created by
YX and included in [4].

X.5 Interplay with Long-Lived-Particle Searches

Declaration: The results presented in this section have been developed by the thesis author,
MB, JL, and YX for [4]. The thesis author contributed to the discussions and interpreta-
tion of results. The text presented here is based on what was presented in [4] but reworked
in the presentation style and has been written by the thesis author and by MB. In partic-
ular, the thesis author wrote Section X.5.2. In the paper, all authors participated in the
discussions, the interpretation of results, and reviewed and corrected the text.

X.5.1 Lifetime Inference from the Relic Density

We survey how the parent lifetime cτ = Γ−1 scales with the mediator mass mP across four
benchmark cosmologies consistent with the relic density. Two realizations are considered:
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(i) Majorana DM with a scalar parent, and (ii) scalar–singlet DM with a vectorlike fermion
parent. For each model we show mDM = 12 keV (upper panels) and mDM = 1GeV (lower
panels). The DM couples to a right-handed lepton; the collider overlays in Fig. X.5
correspond to the muonphilic configuration for the Majorana case.

Line styles encode the expansion history: solid (k = 2), dashed (FR, k = 4), and
dot–dashed (BR, k = 4). For k = 2, FR and BR coincide and therefore both appear as
solid curves. Colors indicate the reheating temperature: Trh = 104GeV (red), 102GeV
(black), and 20GeV (blue). In the high–Trh regime (Trh ≫ mP ), freeze-in proceeds after
reheating and becomes insensitive to the details of the reheating dynamics, explaining the
overlap of the red families. At lower Trh, the black/blue families converge asmP decreases.

For k > 2, the inflaton mass and decay width track the condensate energy density,
modifying the expansion rate in bosonic reheating (BR) versus fermionic reheating (FR)
and feeding back into DM production during reheating. In practice, dilution during BR
is typically stronger than in FR, which pushes toward shorter cτ in BR at fixed (mP , Trh)
(cf. Tab. X.2).

Since ΩDMh
2 ∝ mDM/(cτ), increasing mDM requires longer lifetimes to keep ΩDMh

2

fixed—hence the upward shift of the curves in Fig. X.5 when moving from 12 keV to
1 GeV.

Relative to Refs. [184, 411], our calculation adopts the thermodynamically consistent
definition of reheating (Eq. (X.48)) and follows the full non-adiabatic evolution. These
differences matter when inferring CMB bounds on Trh and generally lead those earlier
approximations to underestimate ΩDM (see Appendix C of [4]).

X.5.2 LLP Search Landscape and Implications

The shaded regions in Fig. X.5 summarize the current LHC reach for long-lived charged
parents: gray for the muonphilic Majorana setup [411] and light blue for the leptophilic
scalar–singlet case [184] (cf. also Section II.3.3). Below we sketch the salient features of
the searches used in those recasts; for technical details of recasting and reinterpretation,
see the cited works.

HSCP searches (slepton-like, ionizing tracks) probe the longest lifetimes. In the
scalar–singlet scenario [184], CMS excludes vectorlike fermion parents with cτ ≳ 0.1 (100)
m at mP ≃ 200 (600) GeV [229]. For the muonphilic Majorana setup, the reinterpretation
in Ref. [411] yields slightly stronger bounds for scalar parents, excluding cτ ≳ 0.3 (100) m
at mP ∼ 100 (400) GeV using CMS [229] and ATLAS [235].

Displaced-lepton (DL) searches constrain intermediate lifetimes. ATLAS [231] is most
sensitive near cτ ∼ 10−2 m and analyzes both displaced eµ and same-flavor pairs, while
CMS [232, 237] targets cτ ∼ 10−3 m focusing on eµ. Ref. [411] reinterprets both ATLAS
and CMS DL results for a scalar parent, whereas Ref. [184] employs the CMS analyses
available at the time.

Disappearing-track (DT) searches target lifetimes between the DL and HSCP regimes
[230,233,234,236,621]. In the recasts of Refs. [184,411], DT sensitivity extends only up to
mP ∼ 180 (350) GeV, respectively. For the muonphilic scalar parent in Ref. [411], CMS
DT results [233] were also interpreted as kinked-track signatures; the gray DT region in
Fig. X.5 should therefore be seen as a forecast.

The interplay with Fig. X.5 highlights that a faithful treatment of reheating is essential
to identify which LLP channels dominate. As an example, for a 1 GeV Majorana DM
candidate (left, bottom), large Trh (red) leaves HSCP as the primary handle, whereas at
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Figure X.6: Joint cosmology–collider constraints for the leptophilic Majorana DM model (scalar
parent) assuming k = 2 reheating. Left: Starobinsky (α = 1) E-model; center: E-model with
α = 2; right: T-model (α = 1 in blue, α = 2 in black). Blue shaded regions indicate where
reproducing ΩDM conflicts with the CMB-driven lower bound on Trh for mDM = 12 keV (solid),
1MeV (dot–dashed), and 1GeV (dotted). Gray areas denote LLP exclusions (see Ref. [411] and
text). Figures created by YX and included in [4].

low Trh (blue) DL searches gain traction.

A future LLP signal could even differentiate BR from FR and infer the power k of
the reheating potential when Trh ≲ mP . This is reflected in the distinct cτ predictions:
solid (k = 2), dashed (k = 4, FR), dot–dashed (k = 4, BR). Disentangling these requires
combining the LLP information (parent quantum numbers and lifetime) and mDM with
cosmological inference of Trh, which depends on the inflationary model class discussed
next.

X.6 Interplay with CMB Observations

Declaration: The results presented in this section have been developed by the thesis author,
MB, and YX for [4]. In particular, YX led the analysis on the cosmological constraints
(also discussed in Appendix X.A), while the thesis author contributed to the interpreta-
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tion and discussion of the results. The text presented in this section is based on what
was presented in Section IV.C in [4], but restructured in style and content. In the paper,
all authors participated in the discussions, the interpretation of results, and reviewed and
corrected the text. The phase of inflationary reheating can leave a measurable imprint

on both dark matter (DM) production and collider observables. Understanding this con-
nection requires combining the predictions of inflationary models with the limits derived
from cosmological data—particularly the Cosmic Microwave Background (CMB). In this
section, we explore this interplay, focusing on the α–attractor E- and T -models, whose
effective reheating potentials take the form

V (Φ) ∝ Φk, (X.85)

as discussed in Sections X.2.3 and X.2.4.

This section aims to investigate how inflationary constraints on the reheating temper-
ature Trh, derived from CMB observables such as ns and r, translate into limits on the
parent particle decay length cτ in DM models constrained by collider searches. These com-
plementary bounds allow one to connect early-Universe cosmology with laboratory-based
searches for long-lived particles (LLPs).

Inflationary Observables and Reheating Connection

Inflationary α–attractor models predict precise relations among the scalar spectral index
ns, the tensor-to-scalar ratio r, the amplitude As of primordial perturbations, and the num-
ber of e-folds N⋆ between horizon exit and the end of inflation (cf. Eqs. (X.A.5)–(X.A.18)).
Current observations from Planck [581] and BICEP/Keck [582] strongly constrain these
quantities (cf. Section X.2.4):

• As,⋆ = (2.1± 0.1)× 10−9;

• ns = 0.9659± 0.0040 (68% C.L.);

• r0.05 < 0.035, 95%C.L..

Reheating affects when the CMB pivot scale k⋆ re-enters the horizon, linking Trh to the
inflationary parameters through the relation (see Section X.A.3 or [4, 622] for the deriva-
tion)

Trh =

[︄(︃
43

11g∗s,rh

)︃ 1
3 a0T0
k⋆

H⋆e
−N⋆

(︃
45Vend
π2g∗rh

)︃− 1
3(1+wrh)

]︄ 3(1+wrh)
3wrh−1

. (X.86)

Thus, by fixing As and ns, one can infer the allowed range for Trh in each inflationary
model.

For the α–attractor E and T models:

• Increasing ns corresponds to a higher number of e-folds N⋆;

• The smallest allowed value of ns sets the minimum reheating temperature Tmin
rh ;

• For k = 4 (wrh = 1/3), reheating behaves like radiation domination, and Trh becomes
unconstrained [622].
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Figure X.7: Combined LLP and inflationary constraints for Majorana (left) and scalar singlet
(right) DM models in cosmologies with k = 2. The panels correspond to α–attractor E- and T-
models, with blue regions excluded by ns < 0.9579 (2σ) [582]. LLP exclusions follow [184]. Figures
created by YX and included in [4].

Results: CMB Bounds on the Reheating Temperature

Figure X.6 and Fig. X.7 illustrate the interplay between LLP searches and inflationary
bounds for both Majorana and scalar singlet DM scenarios, assuming a reheating potential
with k = 2. The three panels correspond to:

• E-models: α = 1 (Starobinsky inflation) and α = 2;

• T-models: α = 1, 2 (blue and black curves, respectively).

Solid, dot-dashed, and dotted lines correspond to mDM = 12 keV, 1MeV, and 1GeV. The
blue-shaded regions mark the parameter space excluded by the 2σ bound ns < 0.9579
from [582]. The resulting minimum reheating temperatures are summarized in Table X.3.

Interpretation:

• T-models impose more stringent reheating temperature bounds than E-models.

• Smaller α values correspond to tighter inflationary constraints.
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Model Type α Lower Bound on Trh [GeV]

E-model 1 1.8× 102

E-model 2 7.8

T-model 1 4.0× 104

T-model 2 1.8× 104

Table X.3: Lower bounds on the reheating temperature Trh inferred from CMB constraints for
α–attractor inflationary models. T-models generally yield tighter constraints than E-models, with
smaller α leading to higher Trh.

Linking Trh to Collider Observables

Lower bounds on Trh imply corresponding lower bounds on the parent lifetime. Because
ΩDM grows with Trh at fixed (mP , cτ), achieving ΩDM ≃ 0.12 at larger Trh demands longer
cτ :

ΩDM ∝ mDM/(cτ) ⇒ Tmin
rh ⇒ cτmin. (X.87)

Hence, higher reheating temperatures translate into stronger lower limits on the parent
decay length. For mDM ≈ 12 keV, this floor is unavoidable due to the Lyman-α bound on
the minimal DM mass.

At the qualitative level:

• For k = 2 and Trh ≫ mP : cτ ∝ m−2
P ;

• For k = 2 and Trh ≪ mP : cτ ∝ m−9
P .

This scaling reproduces the asymptotic regimes identified in Eqs. (X.77) and (X.80). Im-
portantly, unlike collider limits, inflationary constraints are not bounded by kinematics
and extend naturally to mP ≳ 1 TeV.

Future Sensitivity: Prospects from CMB-S4

Next-generation CMB experiments such as CMB-S4 [623] will significantly improve the
precision on ns and r. 3 Figure X.8 shows projected exclusion regions (magenta) for an
E-model with k = 2 and α = 1 (Starobinsky inflation, fiducial r = 0.003). Similar results
hold for the T-model.

Stronger projected ns constraints at 2σ will push the lower bound on Trh upward, thereby
shifting the “kink” in the cτ–mP relation to larger mediator masses. This will tighten the
combined cosmological–collider limits on long-lived mediators, extending sensitivity to
heavier mP regimes inaccessible to current LHC searches.

X.7 Conclusions and Outlooks

Throughout this chapter we developed a concrete bridge between inflationary reheating
and freeze-in dark matter (FIMP) production, and connected it to collider observables. We

3At the time the research underlying [4] and this chapter of the thesis was conducted, the CMB-S4
project was supported by major funding agencies. In 2025, this support was withdrawn, and the project is
consequently expected to be discontinued. Nevertheless, the broader legacy of successive CMB experiments
in progressively tightening constraints on inflationary parameters is expected to persist. The conclusions
and implications discussed here, therefore, remain relevant.
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Figure X.8: Projected CMB-S4 exclusion limits (magenta) overlaid on the current inflationary
and collider constraints for Starobinsky inflation (α = 1, k = 2). Improved sensitivity to ns and r
leads to higher inferred reheating temperatures and stronger lower bounds on cτ . Figure created
by YX and included in [4].

modelled the post-inflation dynamics with monomial reheating potentials V ∝Φk and two
decay patterns of the inflaton (bosonic versus fermionic). We solved the Boltzmann system
across the reheating and radiation-dominated epochs, expressed the result in terms of an
entropy-normalised yield, and identified the dilution associated with the non-adiabatic
expansion. We also stated and verified the conditions under which the freeze-in assumption
remains valid in this background.

From a phenomenological perspective, the mapping of the relic-density condition onto
the parent lifetime–mass plane, cτ versus mP (Fig. X.5), yields several robust messages.
When Trh≫mP , production occurs after reheating and becomes insensitive to the details
of the reheating history; the different k and BR/FR choices collapse to the same predic-
tion. For k=2, BR and FR are indistinguishable, while for k>2 the stronger dilution in
bosonic reheating typically requires shorter lifetimes than in the fermionic case at fixed
(mP , Trh). he relative importance of LLP search channels (HSCP, displaced leptons, dis-
appearing/kinked tracks) then depends on Trh and on where a given model sits on the
cτ–mP plane. Importantly, adopting the thermodynamically consistent definition of the
reheating temperature in Eq. (X.48) and following the full non-adiabatic evolution leads
to quantitative differences with earlier approximations used in the literature.

We further embedded this analysis in inflationary α–attractor E- and T-models. Be-
cause N⋆ depends on Trh, CMB measurements of ns and r imply model-dependent lower
bounds on the reheating temperature (Table X.3) that are stringent for T-models and
become weaker as α increases. For k=4 (wrh=1/3), Trh is not constrained by CMB data.
Translating Tmin

rh into a minimum lifetime, we obtained combined cosmology–collider ex-
clusions (Figs. X.6 and X.7) that extend beyond kinematic limitations of LHC searches
and remain effective even for very heavy parents. Future improvements in ns and r (e.g.
CMB-S4) will raise Tmin

rh and strengthen the lower limits on cτ , shifting the sensitivity to
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higher mP .

Taken together, these results show that the microphysics of reheating leaves testable
imprints in long-lived particle signatures, and that cosmological data provide orthogonal
leverage on the same model space. A potential LLP signal, combined with an inference
of Trh from inflation, could discriminate bosonic from fermionic reheating and even point
to the effective power k of the reheating potential. The framework developed here thus
offers a coherent strategy to interrogate the thermal history of the Universe with both
telescopes and colliders.

Outlook

Apart from improving the complementary analysis of CMB data and LLP searches in
probing the parameter space, the theoretical uncertainty associated with the production
of FIMP DM in non-standard cosmologies can be improved in multiple ways.

Firstly, refining the calculation of the relic abundance by including additional chan-
nels, such as inflaton scatterings [599], and non-perturbative particle production during
preheating [572, 573, 603, 615], is essential. This can be achieved by utilizing lattice sim-
ulations, which have become more accessible thanks to recently published computational
packages [610,624].

Moreover, a thorough analysis of particle production and thermalization processes in
the early Universe is needed for collider-friendly models such as the simplified t-channel
ones. This analysis should build upon existing work in the field [324, 612, 613, 625–629]
but specifically tailored to these models.

Finally, it would be intriguing to connect the phenomenology associated with low-
reheating (collider-friendly) and high-reheating temperature (gravitational wave-friendly)
scenarios. Performing a global analysis of the entire parameter space and production
possibilities would provide valuable insights into the interplay between these regimes.

X.A Inflation Models and Constraints

Declaration: This appendix re-proposes the results presented in Appendix B of [4], mainly
written by YX. It serves here to complete the picture on the inflation models and the
cosmological constraints that are used within the chapter. In the paper, all authors par-
ticipated in the discussions, the interpretation of results, and reviewed and corrected the
text.

X.A.1 E-model

We first consider the α-attractor inflation scenario described by a potential with an expo-
nential dependence on Φ (E-model) given by [591,592]

V (Φ) = Λ4

(︃
1− e

−
√︂

2
3α

Φ
MPl

)︃2n

. (X.A.1)

Here, n is a positive integer, while α > 0 is a parameter that classifies various possible
realizations of the potential from supergravity. Notice that for n = 1 and α = 1, one
recovers the Starobinsky model [585]. We can use Eqs. (X.11) and (X.18) to calculate the
tensor-to-scalar ratio and spectral index for this class of potentials, which will depend on
the model parameters α and n. The quantities, as shown in Appendix B of [4], read in
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at the 95% C.L. at the pivot scale k⋆ = 0.05Mpc−1 [582]. Future CMB-S4 projections with fiducial
r = 0.003 are indicated with a gray contour [623]. Figures created by YX and included in [4].

the E-model as

r =
64n2

3α

(︃
e

√︂
2
3α

Φk
MPl − 1

)︃2 , (X.A.2)

ns = 1−
8n

(︃
e

√︂
2
3α

Φk
MPl + n

)︃
3α

(︃
e

√︂
2
3α

Φk
MPl − 1

)︃ . (X.A.3)

From the last equation, one can solve for Φk to find its parametric dependence, yielding

Φk =MPl

√︃
3α

2
ln

[︄
1 +

4n+ 2
√︁
4n2 + 6nα(1 + n)(1− ns)

3α(1− ns)

]︄
. (X.A.4)

Inserting this relation back into Eq. (X.A.2), relation between r and ns is established:

r = 48α

[︄
n(1− ns)

2n+
√︁

4n2 + 6n(1 + n)(1− ns)

]︄2
. (X.A.5)

This also depends on the inflaton potential parameters. The total number of e-folds N⋆

after inflation that occurred after the CMB pivot scale k⋆ has crossed the horizon for the
first time follows from Eq. (X.19) as

N⋆ =

∫︂ Φ⋆

Φend

1√
2εV

dΦ

MPl
=

3α

4n

[︄
e

√︂
2
3α

Φ⋆
MPl − e

√︂
2
3α

Φend
MPl −

√︃
2

3α

(Φ⋆ − Φend)

MPl

]︄
, (X.A.6)
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where Φend denotes the field value at the end of inflation and is defined via
max{εV (Φend), ηV (Φend)} ≡ 1, such that

Φend =MPl

√︃
3α

2
ln

(︃
1 +

2n√
3α

)︃
. (X.A.7)

With Eq. (X.A.4) and Eq. (X.A.7), we can further rewrite Eq. (X.A.6) as

N⋆ =
3α

4n

[︄
2
(︂
n
(︁
2−

√
3(1− ns)

√
α
)︁
+
√︁
4n2 + 6n(1 + n)(1− ns)α

)︂
3(1− ns)α

(X.A.8)

− ln

(︄
4n+ 3(1− ns)α+ 2

√︁
4n2 + 6n(1 + n)(1− ns)α

(1− ns)(2
√
3n+ 3

√
α)

√
α

)︄]︄
, (X.A.9)

which establishes a direct relationship with the inflationary parameters and observables.
We show in Fig. X.9 the (r, ns)−plane in the case with n = 1 (k = 2 during reheating) with
some benchmark lines from Eq. (X.A.2) and Eq. (X.A.6) with 50 ≤ N⋆ ≤ 60, together with
the current 95% C.L. limits from [582]. The gray contour displays the projected limits
of the future experiment CMB-S4 with a fiducial value r = 0.003 [574]. Note that the
E-model with α = 1 reproduces Starobinsky inflation [585], with its famous predictions

ns = 1− 2

N⋆
, r =

12

N2
⋆

(X.A.10)

well within the CMB constraints.

Finally, the overall normalization of the potential and hence Λ can be fixed by the
amplitude of the scalar perturbations in Eq. (X.17) as follows [599,630]:

Λ =MPl

(︃
3

2
π2rAs,⋆

)︃1/4
[︄

4n+ 2
√︁
4n2 + 6nα(1 + n)(1− ns)

4n+ 2
√︁

4n2 + 6nα(1 + n)(1− ns) + 3α(1− ns)

]︄−n/2
.

(X.A.11)

X.A.2 T-model

The second type of α-attractor models we consider comprises a class of potentials with
the following form [591,592]

V (Φ) = Λ4

[︃
tanh

(︃
Φ√

6αMPl

)︃]︃2n
, (X.A.12)

where α, n, and Λ are understood as before. Following the same arguments as just
explained for the E-model, the derivation of all the relevant quantities in the T-model can
be straightforwardly computed. This was done in Appendix B of [4], resulting in:

ns = 1− 8n

3α

[︄
n+Cosh

(︄√︃
2

3α

Φk
MPl

)︄]︄[︄
Csch

(︄√︃
2

3α

Φk
MPl

)︄]︄2
, (X.A.13)

Φk =MPl

√︃
3α

2
× arcosh

(︄
4n+

√︁
9α2(1− ns)2 + 8n2(2 + 3α− 3αns)

3α(1− ns)

)︄
, (X.A.14)
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r =
24nα (1− ns)

2

n [4 + 3α(1− ns)] +
√︁
9α2(1− ns)2 + 8n2(2 + 3α− 3αns)

, (X.A.15)

Φend =MPl

√︃
3α

2
× arcosh

(︃
1 +

4n2

3α

)︃
, (X.A.16)

N⋆ =
3α

4n2

[︄
4n+

√︁
9α2(1− ns)2 + 8n2(2 + 3α− 3αns)

3α(1− ns)
−
√︃
1 +

4n2

3α

]︄
, (X.A.17)

Λ =MPl

(︃
3

2
πrAs,⋆

)︃1/4
[︄
4n+

√︁
9α2(1− ns)2 + 8n2(2 + 3α− 3αns)− 3α(1− ns)

4n+
√︁
9α2(1− ns)2 + 8n2(2 + 3α− 3αns) + 3α(1− ns)

]︄−n/4
.

(X.A.18)

We show in Fig. X.9 the (r, ns)−plane in the n = 1 case (k = 2 during reheating) with
some benchmark scenarios for the E-model (red line) using Eq. (X.A.2) and the T-model
(black line) using Eq. (X.A.15) with 50 ≤ N⋆ ≤ 60, together with the current 95% C.L.
limits from [582].

X.A.3 Matching Reheating to Inflationary Parameters

The period of reheating affects the moment at which the CMB pivot scale re-enters the
horizon, allowing to relate CMB predictions with the reheating parameters, e.g. the
equation of state wrh ≡ wΦ(a < arh), the duration of reheating, as well as the reheating
temperature [584, 622,631]. To show the correlation between inflationary predictions and
reheating parameters, we consider the horizon crossing for a given mode, e.g. the pivot
scale k ≡ k⋆ = a⋆H⋆, so that we can write

k⋆
a0H0

=
a⋆
aend

aend
arh

arh
aeq

aeq
a0

H⋆

H0
, (X.A.19)

where a subscript ‘0’ stems from “present day” values. This implies
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. (X.A.20)

Using ρ = ρend

(︂
a

aend

)︂−3(1+wrh)
during reheating (cf. Eq. (X.40)), one has

Nrh ≡ ln

(︃
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, (X.A.21)

where ρrh =
g∗,rhπ

2

30 T 4
rh and ρend = 3

2Vend with Vend denoting the inflaton potential energy
at the end of inflation. After reheating, entropy is conserved, which implies
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3
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)︃3(︃
2T 3

0 + 6 · 7
8
T 3
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, (X.A.22)
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Figure X.10: Reheating temperature values as functions of ns for α-attractor E- (left column, blue
curves) and T-models (right column, black curves) with α = 1 (upper row) and α = 2 (lower row).
We show with solid, dot-dashed, dashed, and dotted lines the predictions for reheating scenarios
with k = 2, 3, 5, and 6, respectively. Values of Trh within the 2σ constraints from Ref. [582] are
allowed. The upper red-shaded area is excluded by limits on r from Ref [582], while the lower one
is excluded by BBN [105,632]. Figures created by YX and included in [4].
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where we have used Eq. (X.A.19) in the second step. Using Eq. (X.A.23) and Eq. (X.A.21),
one finds [622]
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If wrh ̸= 1/3, we have
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whereH⋆ = πMPl

√︂
rAs,⋆

2 . Finally, by using Eq. (X.A.24) and Eq. (X.A.23), we obtain [622]
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, (X.A.26)

where H⋆, N⋆ and Vend depend on the inflation model. Notice that, when wrh = 1/3, one
cannot solve Eq. (X.A.24) and hence cannot predict Nrh, since this quantity cancels on
each side of the equation. Note that one defines the RD phase when ρR ≥ ρΦ, i.e., when
the EoS of the Universe approaches 1/3; however, if it is already 1/3 during reheating,
then one cannot discriminate between the two regimes, and hence the value of Nrh is left
undefined (see also [622]).

Reheating constraints are shown in Fig. X.10, where the two vertical red dotted lines
correspond to the 2σ range of ns (cf. Fig. X.1). For the E-model with α = 1 and k = 2n = 2
(Starobinsky inflation), the minimum reheating temperature allowed is Tmin

rh ≃ 180.7 GeV.
With larger α, the lower bound on Trh decreases, e.g. Tmin

rh ≃ 7.8 GeV with α = 2. For
T-models, the minimum reheating temperature allowed is Tmin

rh ≃ 4.0×104 GeV for α = 1
and Tmin

rh ≃ 1.8×104 GeV α = 2. For larger values of k, the equation of state wrh increases,
implying a change of slope of Trh as a function of ns.
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CHAPTER XI

Summary and Conclusion

In this thesis, we have explored complementary approaches to addressing the Dark Mat-
ter (DM) problem within the framework of simplified t-channel DM models by demon-
strating how the calculation of the DM relic abundance is affected when accounting for
several non-standard effects, such as non-perturbative phenomena from long-range forces,
finite-temperature corrections, or low reheating temperature scenarios after inflation. Our
findings highlight the importance of these improved calculations for evaluating theoreti-
cal uncertainties, determining whether a model is ruled out, and accurately interpreting
potential signals of new physics.

Following a comprehensive introduction to the broad topic of DM in Chapter II and a
review of the key ingredients for describing its particle production in the early Universe in
Chapter III, the first part of this thesis, “WIMPs”, focused on understanding the impact of
long-range forces within colored co-annihilation scenarios of thermal DM. In Chapter IV,
we reviewed how the freeze-out of DM in the co-annihilating regime is mainly driven by the
annihilation processes of the co-annihilating partners, the mediators. If gauge-charged, the
mediators generate a long-range potential in the non-relativistic regime, distorting their
wavefunctions and leading to the Sommerfeld effect (SE) and Bound State Formation
(BSF), which we incorporated in the Boltzmann equation of the DM number density.

In Chapter V, we showed that these non-perturbative phenomena significantly impact
the phenomenology of t-channel models featuring Majorana DM, especially in the co-
annihilating regime. The Sommerfeld-enhanced particle-antiparticle annihilations of the
color-charged mediators reduce their number density more efficiently, while the formation
and subsequent decay of mediators’ bound states act as an additional depletion chan-
nel. After incorporating these effects in computational routines for the calculation of
the DM relic abundance, we performed a parameter space scan and found that including
these effects requires DM couplings up to a factor 10 smaller (5% larger) than if they
were neglected when the mediators annihilate dominantly via QCD-dominated (Yukawa-
dominated) processes.

We combined our cosmological predictions with constraints from ATLAS mono- and multi-
jet searches, as well as from the PICO and XENON1T direct detection (DD) experiments.
This demonstrates that including SE and BSF opens up the allowed parameter space,
permitting larger DM masses and mass splittings than previously believed. Among various
possibilities, we highlighted that searching for high-mass resonances and long-lived particle
(LLP) signatures at the LHC complements collider and DD searches, probing parameter
regions otherwise unconstrained. Projections from future experimental projects, such as
DARWIN and HL-LHC, indicate that simplified t-channel models are highly testable,
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CHAPTER XI. SUMMARY AND CONCLUSION

and our work demonstrates the importance of accurate theoretical predictions for correct
interpretations.

The second part of this thesis, “FIMPs”, addressed the possibility that DM is a Feebly
Interacting Massive Particle (FIMP) and the ‘freeze-in’ of its relic abundance follows
from decays of heavier mediators as well as scattering processes. In Chapter VI, we
motivated the need for a ‘first-principle approach’ to particle production that incorporates
finite-temperature corrections from the finite-density medium in which the early Universe
dynamics occur. We reviewed the CTP formalism and the 2PI effective action approach,
which allow for a derivation of the DM rate equations from methods of non-equilibrium
QFT and the incorporation of thermal effects in a self-consistent and controlled way.

Having established the theoretical basis, we calculated the relic abundance in Chap-
ter VII by assuming a scalar DM interacting with a vectorlike gauge-charged fermion
and a SM fermion. This involved determining the DM interaction rate by calculating the
1PI-resummed fermion propagators in the DM self-energy, including all in-vacuum mass
scales. This required the treatment of highly non-trivial analytical expressions and the
numerical evaluation of multidimensional integrals. To this end, we developed original C++
code enabling efficient and stable computations over a broad region of parameter space.
Representative code snippets were presented for each key physical quantity entering the
self-energy calculation, together with a detailed analytical discussion of their derivation
and asymptotic behaviour in selected kinematic regimes. We showed that the spectral
and dissipative properties of 1PI-resummed propagators are similar to those of the sim-
pler, HTL-approximated counterparts, but richer in probing all the kinematic regimes.

In Chapter VIII, we compared the time evolution of the DM interaction rate and num-
ber density obtained with 1PI-resummed, HTL-resummed, and tree-level propagators, as
well as using the semi-classical Boltzmann-equation approach with and without thermal
masses in the S-matrix amplitudes. The evaluation of the dark matter self-energy and the
resulting relic abundance relied on multidimensional Monte Carlo integration performed
on high-performance computing facilities, with the numerical setup described in a dedi-
cated section of the chapter. We demonstrated how various methods have quantitative
differences depending on the strength of the gauge coupling, controlling the dominant
finite-temperature corrections to the vectorlike and SM fermions, and the mass-splitting
between DM and the vectorlike mediator. We also highlighted how this work aids phe-
nomenological studies by indicating the amount of deviation between more conventional
approaches to DM freeze-in from our calculation. We stress that this work is the first com-
bining an established theoretical framework, such as the 2PI effective action approach to
the CTP formalism, to compute phenomenologically-relevant quantities in the DM con-
text, and that it can be extended to different contexts such as baryo- and leptogenesis
scenarios, gravitational wave production, and non-perturbative particle production.

In Chapter IX, we collected some results analogous to Chapter VII but with a Majorana
FIMP and a gauge-charged scalar mediator field, relevant for simplified t-channel DM
models and also leptogenesis scenarios. We computed the 1PI-resummed scalar propagator
in the Feynman gauge, highlighting how this choice leads to negative spectral sums and
a breakdown of the consistency of the theory. We proposed different ways to address
this issue, starting from reviewing how gauge dependencies can be treated in a thermal
QFT. We then chose to redo the calculation in the Coulomb gauge, the most “natural”
choice in hot gauge theories, and we showed that, for some parameter points, the spectral
sum turned positive, but, for different choices, it did not. Although we were hitherto
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unable to find a conclusive solution to the problem, we proposed alternative possibilities
such as using HTL-resummed gauge boson propagators or self-consistent solutions to the
Schwinger-Dyson equations.

Finally, in Chapter X, we motivated the study of DM freeze-in during a cosmological era
not dominated by radiation, such as a prolonged reheating phase after cosmic inflation.
After reviewing the basic ideas of slow-roll scalar-field inflation and its observational pre-
dictions, we provided a detailed description of reheating dynamics from universal attractor
models with inflaton decays into either fermions or bosons, and we showed how to use CMB
observables to constrain inflationary parameters. We analyzed DM production from de-
cays of a heavy gauge-charged mediator, demonstrating that different reheating scenarios
lead to vastly different predictions for the relic abundance as soon as the reheating tem-
perature is smaller than the mediator’s mass. This has striking consequences on the DM
coupling and, hence, on the lifetime of the mediator. We showed that the predictions
on the lifetime can change by several orders of magnitude within the different expansion
histories and that the interpretation of current LLP constraints is reheating-dependent.
Moreover, we demonstrated how the interplay between CMB and collider observables im-
plies the possibility of using inflationary observables to probe portions of the parameter
space, especially in light of future experiments such as CMB-S4.

In this thesis, we have made significant steps in understanding theoretical uncertainties in
DM phenomenology. To achieve this, we have advanced state-of-the-art methods to cal-
culate DM production in the early Universe, which have broader implications beyond DM
physics. Although our focus has been on a specific particle DM framework, our analyses
can be applied to other DM models that involve long-range effects, finite-temperature cor-
rections, or low-reheating temperature scenarios. Consequently, this work represents an
important contribution to the wider effort of enhancing our understanding of the nature
and origin of DM and how to interpret potential experimental signatures.
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CHAPTER A

Appendix: Notations and
Conventions

In this thesis, we have largely made use of the notation that is typically operated in the
high-energy physics literature and we have employed some conventions that are of common
practice.

Unless specified, all the quantities are expressed in natural units, i.e., we use

h̄ = c = kB = 1 , (A.1)

where h̄ is the reduced Planck constant, c the speed of light in vacuum, and kB the
Boltzmann constant. Natural units allow us to express every dimensional quantity in
units of energy expressed in electronvolts and their (sub)multiples.
We adopt the “mostly minuses” convention where the metric signature is (1, 3, 0)+, or
(+,−,−,−). For a flat manifold, the Minkowski metric reads as

ηµν = diag (1,−1,−1,−1) . (A.2)

We adopt Einstein’s summation convention which implies we sum over repeated (space-
time) indices. Thus, the inner product between two four-vectors can be written as
p · k = pµk

µ = p0k0 − p⃗ · k⃗. The squared of a four-vector implies the inner product
with itself, viz. p2 = pµp

µ.

The Dirac matrices γµ, which are employed in calculations involving spinor vectors and
fields, form a basis of the Clifford algebra obeying the anticommuntation relations

{γµ, γν} = γµγν + γνγµ = 2ηµνI4 , (A.3)

where I4 is the 4-dimensional identity matrix. γ0 is Hermitian, while the other three space-
like γi are anti-Hermitian. Whenever contracted with a Lorentz vector (pµ, ∂µ, etc.), we
use the Feynman slashed notation

γµpµ ≡ /p . (A.4)

The fifth gamma matrix, γ5, is defined by γ5 = iγ0γ1γ2γ3, from which (γ5)2 = I4 It is
also Hermitian and it anticommutes with all γµ. Other properties and identities of the
“Dirac gammology” that have been used can be found at this link.
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