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Abstract

Recent advances in theoretical physics have increasingly focused on the dynamics of quan-
tum systems with many interacting degrees of freedom, while ultracold atom platforms
now enable the realization of diverse theoretical models with precise control over system
parameters and advanced monitoring techniques. A prominent example is cavity quantum
electrodynamics (CQED), where large atomic or molecular ensembles are coupled to high-
finesse optical cavities, enabling strong interaction with confined electromagnetic modes
and leading to phenomena such as the superradiant phase transition, in which atoms
and photons form a coherent state. Most theoretical studies of CQED have concentrated
on regimes of spatially uniform atom—cavity coupling, where collective behavior allows a
description in terms of the classical dynamics of a few macroscopic variables. However,
experimental capabilities now permit exploration beyond this limit, though theoretical
progress is hindered by the exponential computational complexity of simulating large
quantum systems, particularly when environmental coupling is included. This thesis ad-
dresses such challenges by developing efficient approaches, within the Keldysh formalism
of non-equilibrium quantum field theory, to study systems with strongly disordered in-
teractions coupled to external reservoirs. Two representative models are considered: a
disordered spin—boson model describing light-matter interactions with quenched disor-
der, relevant to recent CQED experiments in confocal cavities, and a fermion—phonon
system governed by the Yukawa—Sachdev—Ye-Kitaev (Yukawa-SYK) model. Both sys-
tems are quantum critical, exhibiting a continuum of low-energy modes above their sta-
tionary states, yet disorder produces qualitatively distinct dynamical behaviors: in the
spin—boson system it induces slow, glassy relaxation, whereas in the Yukawa-SYK model
it leads to rapid thermalization. These contrasting outcomes reveal the non-trivial role
of disorder in quantum many-body systems and motivate further investigation into its

effects on non-equilibrium quantum dynamics.
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Introduction

In recent years, an active research direction has emerged in the study of non-equilibrium
dynamics in quantum many-body systems [Il, 2]. While this surge of interest is rela-
tively recent, the intellectual roots of the field date back to the mid-20th century. In the
1950s and 1960s, seminal works by Schwinger, Keldysh, Kadanoff, and Baym [3, 4] [5]
laid the theoretical foundations through the formulation of quantum mechanics on a
closed time contour, knwon as the Schwinger—Keldysh formalism. Building on these de-
velopments, Barouch and McCoy [6] investigated the dynamics of a one-dimensional spin
chain subjected to a sudden change in system parameters, a study that predated the
modern terminology of the quantum quench by decades. Despite these early contribu-
tions, sustained research activity in this area remained sporadic until the 1990s, when
the pioneering works of Deutsch and Srednicki introduced the eigenstate thermalization
hypothesis (ETH) [7, 8], providing a statistical framework to explain the emergence of
thermal behavior in isolated quantum systems.

Several factors have contributed to the resurgence of interest in non-equilibrium quan-
tum dynamics over the past few decades. On the theoretical side, the dramatic increase
in computational power, driven by advances in computer hardware and high-performance
computing, has made it possible to simulate the dynamics of quantum systems of appre-
ciable, though still finite, size. In parallel, the development of methods based on tensor
network representations of quantum states [9, 10} 11} [12], particularly for one-dimensional
and quasi-one-dimensional systems, has opened powerful new avenues for tracking and an-
alyzing the time evolution of many-body states, with prospects for scaling to effectively
infinite systems. These methodological breakthroughs have enabled detailed studies of a
wide variety of model systems composed of bosons [13], fermions |14} [15], and spins |10 [16],
leading to significant insights into phenomena such as thermalization in isolated systems,
entanglement dynamics, and transport properties, among others.

On the experimental front, remarkable progress in controlling and probing quantum
systems has transformed the study of non-equilibrium dynamics from a largely theoret-
ical pursuit into a vibrant interplay between theory and experiment. Ultracold atomic
gases [17, 18, 19, 20], trapped ions [21], 22], superconducting qubits [23, 24], and cavity
quantum electrodynamics (CQED) [25, 26] platforms now offer highly tunable, nearly

isolated settings where quantum many-body dynamics can be engineered and monitored
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with unprecedented precision. In ultracold atom experiments, for instance, optical lattices
enable the realization of clean lattice models with controllable dimensionality, interaction
strength, and disorder [27, 28]. CQED systems introduce the ability to study strong
long-range interactions in a many-body context, enabling the exploration of phenomena
such as superradiance, driven-dissipative phase transitions, and collective quantum dy-
namics [29] [30) 31]. Together, these advances have made it possible to experimentally
probe quantum quenches, thermalization, and localization, phenomena that were once
accessible only through theoretical models and numerical simulations.

Within this growing interest in non-equilibrium physics, disorder has emerged as a key
ingredient for exploring new dynamical regimes in quantum many-body systems. While
its exact definition depends on the specific system, it can generally be described as spatial
variations in a system’s parameters that lack periodic structure. Examples include impu-
rity atoms randomly distributed in a material or dislocations that disrupt an otherwise
regular crystal lattice. For many years, the effect of disorder on quantum transport was
thought to mirror that in classical systems, primarily changing the transport profile from
ballistic to diffusive. This view shifted significantly in the mid-20th century with two
important theoretical developments that revealed a more profound role for disorder in
physical systems.

The first of these developments was the discovery of Anderson localization [32] 133].
In 1958, Anderson demonstrated that in a sufficiently disordered quantum system, in-
terference between multiple scattering paths can completely suppress wave propagation,
leading to the absence of diffusion even at finite energies. In contrast to the classical
picture, where disorder merely slows transport, Anderson’s result showed that quantum
interference can localize particles, turning them into effectively immobile states. This
phenomenon has since been observed in a variety of physical settings, including electronic
transport in solids [34] [35], light propagation in disordered media [36], and cold-atom
experiments [37]. While Anderson’s original work focused on non-interacting particles, it
provided the conceptual basis for later studies that asked how localization might persist or
break down in the presence of interactions, a question that eventually led to the modern
framework of many-body localization (MBL). In such systems, disorder and interactions
combine to prevent thermalization, so that the system retains memory of its initial state
for arbitrarily long times [38,[39]. Unlike conventional thermalizing systems, MBL phases
exhibit atypical dynamical features such as slow entanglement growth and the absence of
conventional transport [40] 41].

The second major development was the emergence of spin glass physics, which placed
disorder at the core of a new class of phenomena in condensed matter and statistical
physics |42 43]. In the 1970s, Edwards and Anderson introduced a model of magnetic
systems in which the interactions between spins are both random in sign and magni-

tude [44]. This quenched disorder leads to frustration, preventing the system from settling
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into a single ordered ground state. Instead, spin glasses are characterized by frozen spin
configurations with no global magnetization. Each configuration belongs to a highly com-
plex energy landscape with a multitude of nearly degenerate minima, giving rise to slow,
history-dependent dynamics. A proper characterization of spin glass phases and their
transitions was achieved only after a series of seminal works by Parisi [45, 46, 147, 48],
which established what is now known as replica symmetry breaking (RSB). In this frame-
work, the spin glass order parameter is not a single number but a distribution function
describing the overlaps between all possible low-energy states of the system, i.e. replicas,
each separated by large energy barriers.

Recent experimental advances have enabled the realization of frustrated spin systems
with long-range interactions. In such setups, disordered spin—spin couplings can be en-
gineered by coupling an ensemble of atoms or ions to a large number of cavity modes,
with photon-mediated interactions providing both tunability and the means to introduce
controlled disorder [49] 50} [51]. These CQED realizations offer a unique opportunity to
study some of the most intriguing phenomena in complex disordered systems. Among
these are associative memories [52] 53 54] and spin glasses. CQED platforms allow direct
imaging of the emergence of these phases with exceptional precision. In particular, the
ability to take snapshots of the spin configuration has recently made it possible to directly
observe replica symmetry breaking (RSB), which had previously been detected only in-
directly through its influence on macroscopic properties of the system, such as magnetic
susceptibility.

While spin glasses were first identified in classical systems, later studies explored
the existence of spin glass phases as ground states of disordered quantum systems, with
particular attention to the role of quantum fluctuations in modifying or destabilizing spin
glass order. Notably, Sachdev and Ye (SY) [55] showed that the ground state of certain
disordered spin system{-] lacks spin glass order and remains paramagnetic due to strong
quantum fluctuations. Such a quantum paramagnetic state, also known as a quantum spin
liquid, is characterized by a continuum of low-energy excitations, called spinons, which
emerge from the fractionalization of the original spins into spinon pairs [56]. Nearly two
decades later, interest in the SY model was revived by Kitaev [57], who introduced a
variant now known as the Sachdev—Ye-Kitaev (SYK) model, revealing deep connections
both to holography and to the theory of quantum chaos. In the latter context, the SYK
model was shown to be maximally chaotic [58], with a Lyapunov exponent saturating the
upper bound derived by Maldacena, Shenker, and Stanford [59]. Since then, extensive
research on the SYK model and its generalizations has spanned a remarkably diverse range
of fields, including holography [60], quantum information theory [61], and, in particular,
the theory of non—Fermi liquids [62] 63, [64]. More recent studies have demonstrated that

!We note that the spins in the SY model belong to representations of the su(M) Lie algebra with
M > 2.
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SYK-like models can capture key aspects of the strange metal phase observed in high-
temperature superconductors and heavy fermion compounds [65] [66], where conducting
electrons display universal properties, such as a linear-in-temperature resistivity, that
starkly contrast with conventional Fermi liquid behavior [67, 68].

Remarkably, recent proposals also demonstrate the possibility of simulating SYK
model in CQED platforms. The natural ability of optical cavities to mediate long-range
interactions between atoms, combined with controlled spatial disorder, allow to simulate
the fully connected random couplings of the SYK Hamiltonian. Both multimode cavity
architectures with static disorder [69] and single-mode cavities with rapidly cycled disor-
der configurations [70] have been proposed, and numerical studies indicate that key SYK
signatures remain robust under experimentally realistic conditions.

The experimental realizations of spin glasses and the SYK model discussed above
highlight multimode optical cavities as powerful platforms for simulating disordered quan-
tum systems. The distinct spatial mode structures produce position-dependent coupling
strengths, giving rise to geometric frustration. This versatility makes multimode CQED
architectures well suited for engineering a broad range of frustrated many-body Hamil-
tonians, potentially including quantum spin liquids. In parallel, recent experiments have
demonstrated programmable spin—exchange interactions in single-mode cavity setups [71],
providing a complementary route to realize and control frustration in many-body systems.

The developments discussed above illustrate how disorder, interactions, and quantum
fluctuations can combine to produce a wide variety of novel phases. In certain respects,
these effects can lead to strikingly opposite behaviors: while in spin glasses they sup-
press relaxation and prevent thermalization, in SYK models they give rise to maximal
chaos and highly efficient thermalization. The present thesis aims to investigate the non-
equilibrium dynamics of both classes of systems within a unified technical framework,
while maintaining close contact with relevant experimental advances wherever possible.

This thesis investigates the non-equilibrium open-system dynamics of two classes of
disordered systems, spin glasses and SYK models, within a unified technical framework:
the Schwinger—Keldysh formulation of quantum field theory [4, [72, [73]. This approach
offers several key advantages: it treats these systems directly in the thermodynamic limit
while preserving their essential physical characteristics, and it incorporates disorder in a
straightforward way without resorting to methods such as the replica trick. It naturally
captures the markedly different dynamical behaviors of the two cases, describing both
the fast thermalization characteristic of SYK models and the slow, frustrated dynam-
ics of spin glasses. In addition, the Schwinger-Keldysh formalism seamlessly includes
the effects of coupling to an external environment without the exponential growth in
computational cost that hampers many treatments of open quantum systems [74] [75].
In the simplest approaches to system—environment interactions, the Hilbert space must

be doubled, quickly rendering exact methods intractable for large systems [76, [77]. the
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Schwinger—Keldysh framework avoids this limitation while remaining analytically and

computationally tractable.

The contents of this thesis are organized as follows.

In Chapter we briefly discuss how the notion of disorder is incorporated into
the theoretical modeling of physical systems. By distinguishing between annealed and
quenched disorder, we provide a concise overview of the challenges associated with treating
quenched disorder and lay the groundwork for the chapters that follow.

In Chapter we discuss the dynamics of a system of fermions and bosons that
are coupled to each other via random interactions. This model, also known as the
Yukawa—SYK model due to the similarity of the interaction between bosons and fermions
to the Yukawa model of nuclear interactions, belongs to the class of SYK models with
a critical zero-temperature phase and fast thermalization behavior upon quenches in the
system’s parameters.

In Chapter [3] we address far-from-equilibrium dynamics in a spin—-boson problem
with random interactions. This model captures the essential aspects of spin glasses real-
ized in CQED experiments, where the cavity mode induces an effective interaction among
spins, leading to a spin-glass phase. Particular attention is given to the role of quantum
fluctuations, which are controlled by the spin size, as well as to the influence of photons
as active dynamical degrees of freedom, beyond their role in mediating effective spin—spin
interactions.

In Chapter [4] we conclude by discussing various possible future directions.



Chapter 1
A primer on disorder

From a physical perspective, disorder refers to elements of a system that remain fixed, or
vary only very slowly in time, while perturbing an otherwise clean system. Examples in-
clude impurities embedded in a host material, or dislocations and defects in the underlying
lattice, whose locations are typically random. There are also cases where nothing in the
system is inherently random, yet it is a good approximation to treat certain quasi-random
parameters as random variables. This perspective will become particularly relevant in our
discussion of the CQED setup in Chapter [3]

Mathematically, disorder is typically represented by a set of random parameters in
the model, sampled from a given probability distribution. Consequently, no two points
in the system are identical, and the microscopic details depend on the specific realiza-
tion of the disorder. Nevertheless, certain quantities, particularly macroscopic ones that
depend only on spatial averages of microscopic variables over sufficiently large regions,
can often be obtained by averaging over many disorder realizations. Systems, or more
precisely quantities, that satisfy this property are termed self-averaging. While many dis-
ordered systems are self-averaging, there are also cases where this property fails, at least
for some observables. A prominent example is provided by spin glasses. Even in such
cases, however, averaging over disorder, equivalent to repeating experiments with different
disorder realizations, can yield valuable information about the macroscopic properties of
the system [42] 43].

Disorder: quenched versus annealed

In statistical mechanics, the most direct route to calculating thermodynamic properties

is through the partition function

Z = Tre PHM) (1.1)
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where 77 denotes a particular realization of the disorder variables. In a clean system, Z
is uniquely defined. In a disordered system, however, it depends explicitly on 1. Since

thermodynamic potentials are derived from the free energy
F=-TlogZ, (1.2)

a fundamental question arises: should we average the partition function over disorder
realizations before or after taking the logarithm? The answer is not just a matter of
computational complexity, and is related the physical interpretation of disorder.

If one averages Z first and then takes the logarithm,
Fon = —Tlog Z, (1.3)

one obtains what is known as the annealed free energy. In contrast, if one takes the

logarithm first and then averages,
Fye = —Tlog Z, (1.4)

one obtains the quenched free energy. The distinction is mathematically subtle but phys-

ically important. Because logarithm is a concave function one has
Fann < Fquea (15)

which reflects the fact that averaging before the logarithm overestimates the system’s
ability to explore different disorder realizations.

The physical meaning becomes clear when we consider the dynamics of the disor-
der variables relative to the degrees of freedom described by the partition function. In
quenched disorder, the disorder configuration is effectively frozen over the timescale rel-
evant for the thermal fluctuations of the system’s microscopic variables. Each disorder
realization constitutes a static background, and the system must adapt to it. Examples
include magnetic impurities in a metal, random defects in a crystal, or the random cou-
plings in a spin glass: in all these cases, the positions and strengths of the disorder sources
are fixed during the experiment. The appropriate approach is thus to compute the free
energy for each fixed realization, and then average, yielding Eq. (1.4)).

In annealed disorder, by contrast, the disorder degrees of freedom fluctuate rapidly
compared to the system’s equilibration time, allowing them to explore their own configura-
tion space during the course of the system’s thermal dynamics. Here, the system’s micro-
scopic variables and the disorder variables effectively thermalize together, and the correct
statistical treatment involves including the disorder variables in the partition sum before
taking the logarithm, leading to Eq. . A classic example is an alloy at sufficiently
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high temperature, where the atomic species can diffuse and redistribute on experimental
timescales.

The difference between these two cases can be substantial. In quenched disorder, the
system is constrained by a single realization, and rare but energetically costly disorder
configurations can dominate physical properties. In annealed disorder, such rare config-
urations are suppressed by the disorder’s self-adjustment. For the problems discussed in
this thesis, we always assume to work with quenched disorder.

Quenched disorder poses a theoretical challenge due to the need to average the loga-
rithm in Eq. . Two approaches are widely used to address this problem. The first
is the replica method [44] 43], in which multiple copies of the system are introduced to
facilitate disorder averaging. The second is the Schwinger-Keldysh formalism [73], used
in this thesis, which treats the problem directly in real time and is particularly well suited
for non-equilibrium dynamics. A third technique, known as supersymmetry [78], can also
be employed, but is applicable only to disordered systems of free bosons and fermions.
Below, we briefly discuss the first two approaches, while omitting supersymmetry due to

its limited application and lack of relevance to the content of the thesis.

The replica trick

To handle averaging in the presence of quenched disorder, Anderson introduced the replica
trick, which relies on the following identity
ZR -1

In Z = lim
R—0

(1.6)

In this approach, the disorder-averaged free energy is obtained by first considering R
replicas of the original system, computing the averaged quantity Z%, and then analytically
continuing the result from integer R to real values before taking the limit R — 0. A
crucial consequence of disorder averaging is that it couples degrees of freedom belonging
to different replicas, thereby generating an effective interaction between them.

A natural outcome of the replica approach is the emergence of correlations between
observables belonging to different replicas, arising from their shared disorder realizations.

These correlations are quantified by functions of the form
Cap(is j) = (Oai Op,5), (1.7)

where (a, ) denote replica indices and (7, ) represent other physical labels, such as
the position. In general, whether such correlations vanish for a # [ (replica-diagonal
property) or remain finite (replica off-diagonal property) is not known a priori, and must

be checked for each specific model and for different parameter regimes within the same
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model.

A representative example of a system with a replica-diagonal structure is the SYK
model (see Chapter , in which annealed and quenched disorder yield identical physi-
cal results [79, 80]. By contrast, glassy systems exhibit a replica off-diagonal structure.
Remarkably, such systems often display replica symmetry breaking (RSB), where Cyp is
not only finite for av # /3, but also depends on the specific pair of replicas [42]. A subtle
aspect of the replica trick is the R — 0 limit, which must be taken carefully, following
a prescription first introduced by Parisi [45, 46, [47, [48], in order to obtain physically

meaningful results.

The Schwinger-Keldysh formalism

The starting point of the Schwinger-Keldysh formalism is the identity [73]
1=Trp(t) = Tr(e_th Po e”Ht), (1.8)

where pg is the initial density matrix of the system. Dividing each exponential into small
time increments allows one to proceed in a manner analogous to the derivation of the
Feynman path integral. The resulting expression involves two path integrals, correspond-

ing to the forward and backward branches of the time contour:

1= [ Dlos,6-] (61(0)] poo- (0)) erSloct-slo-, (1.9)

where ¢, denote the fields on the two branches, and S[¢+] has the same form as the
standard action but with opposite overall signs. The expectation value of ¢(t) is then
given by

(6(0) = [ Dlo,6-16+(2) (6:(0)] polo-(0)) ei¥1oe1=i510-) (1.10)

If the Hamiltonian H, and hence the action S, contains random variables, the disorder

average can be performed directly:

(6@) = [ Dlow, 6-164(8) (61(0)] polo-(0)) T8, (1.11)

This step has no direct analogue in the equilibrium formalism, where the partition function
appears in the denominator of thermal averages, complicating the disorder average. In
writing Eq. we have assumed that the initial state is uncorrelated with the disorder.
This assumption fails, for example, when the initial state is the thermal or ground state of
H for the same disorder realization. Such cases can often be handled by starting from an
uncorrelated initial state and adiabatically introducing the disorder or cooling the system

to the desired correlated state, in analogy with adiabatic state preparation.
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How does quenched disorder manifest itself in the real-time approach? According
to Eq. , it does so by generating effective interactions between fields on opposite
branches of the time contour. As we will see in Chapters [2] and [3] this coupling between
forward and backward contours is sufficient to capture all of the nontrivial dynamics in

the SYK model and in spin glasses, respectively.



Chapter 2

Thermalization dynamics of a

critical electron-phonon system

In this chapter, we present our results on the dynamics of the Yukawa-SYK model, as
reported in one of our previous works (Ref. [81]). Since the Yukawa—SYK model extends
the SYK model, we begin with a brief overview of the latter to provide the necessary

background for our discussion of thermalization dynamics in the Yukawa—-SYK framework.

A synopsis of the SYK model

The SYK model describes a system of N Majorana fermions governed by the Hamilto-
nian [57, [64]
1 N
Hgyk = ] > Tijkl XX XeXis (2.1)
"k l=1

where the operators y; satisfy the Majorana algebra

{xi x5} = 03, (2.2)

and J;jp; are fully antisymmetric random couplings drawn from a Gaussian distribution
with

312
Jijkl =0, J@'ijl = N3 (2-3>

The model becomes exactly solvable in the large-N limit after averaging over the

disorder, and assuming a replica diagonal solution (cf. Chapter [1). In this limit, the

imaginary-time Green’s function,

Gij(Tl,Tz) = G(TluTQ)dij = _<TXi(7'1)Xj(7'2)>a (2.4)

18
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satisfies a closed set of equations. Specifically, the Dyson equation reads

where the self-energy ¥ is determined self-consistently from
) 3
E(Tth) = J [G(Tl,TQ):| . (26)

The large-N limit ensures that all other contributions to > vanish.
Although these equations generally require numerical solution, the low-energy (long-
time) behavior of G can be extracted analytically. Assuming time-translation symmetry

and using the ansatz G(7) o« 1/|7|*, one finds

o=~ (it5) "5

demonstrating that interactions strongly renormalize the Green’s function at low energies.
This straightforward calculation might give the impression that the SYK model is of

limited physical interest while in fact, its physics is remarkably rich, which explains its

popularity in recent years. In the following, we briefly highlight some of these notable

features.

Conformal symmetry— In the infrared (IR) limit, corresponding to w — 0, we may

omit the iw term in the denominator of Eq. . In this limit, using Eq. we get in

the time domain

[ (G 7P G, 72) drg = =0(71,72). (2.8)
This equation admits a family solutions connected to each other by the following reparametriza-
tion

o= f(r), G(r,m)= |alf(71)32f(7'2)|1/40(01»02)- (2.9)
For instance, we can choose f(7) = e*™17 where T is the temperature, and subsequently
perform analytical continuation to real time via 7 = —it, to find the finite-temperature
Green’s function
G N i/t Tt>1  _7Tt/2
o(t) = - (21 (-Tif2 (2.10)
\/QJ sinh(7Tt)/T

showing that correlations decay exponentially at long times. A notable property of
Eq. is the sole dependence of the decay rate on T. Such behavior is a charac-
teristic of quantum critical systems, such as those close to quantum phase transitions.
This is not surprising as the fermions of the SYK model are also critical, as can be seen
from the zero temperature limit of Eq. . We also notice that this solution breaks
the symmetry in Eq. . Since the symmetry is continuous, we expect a continuum of
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Goldstone modes to appear in the spectrum. However, this result follows from neglecting
the ultraviolet (UV)-relevant term iw in Eq. . The UV corrections, which explicitly
break conformal symmetry, generate a finite energy gap for these Goldstone modes. An
effective theory for them can be constructed by deriving the so-called G action—an
effective action expressed in terms of the Green’s function G and self-energy ¥ [58]. The
saddle-point equations of this action reproduce Egs. and , while the leading-
order fluctuations about the saddle point capture the dynamics of the gapped Goldstone
modes. Although we will not derive this action here, we will discuss the relevance of these
fluctuations in the context of quantum chaos below, which connects to the thermalization
of the system.

Quantum chaos— While chaos in quantum systems can be characterized in various ways,
such as through energy-level statistics, in the SYK model it is most commonly diagnosed
via the out-of-time-ordered correlator (OTOC) [58]

Cii(tr,12) = (Dat), x5(82))) (2.11)

which generalizes ([A4;(t1), B;j(t2)]?), which holds for bosonic operators, to fermionic oper-
ators. Intuitively, C(t,ty) measures the sensitivity of a measurement at time ¢, to a prior
measurement at time ¢;. By analogy with classical chaos, we expect that in a chaotic

system
Cty, ty) ~ eMrlttal (2.12)

where Ay, is the quantum Lyapunov exponent. From Eq. (2.11), evaluating the OTOC
in the SYK model requires computing fermionic four-point functions. This can be done
in two equivalent ways [82]. The first is the standard method: solving the self-consistent
Bethe—Salpeter equation for the four-point function. The second exploits the fact that the
fermionic four-point function can be recast as a two-point function of Green’s functions,
with its excitations corresponding to the gapped Goldstone modes discussed earlier. In

both approaches, a lengthy calculation in the strong-coupling limit J/T > 1 yields [58],182]
A, = 27T (2.13)

This value saturates the universal upper bound on quantum chaos derived in Ref. [59],
making the SYK model a prototypical example of a maximally chaotic system. However,
Eq. is valid only up to the scrambling time t,., beyond which the growth of the
OTOC saturates. The scrambling time characterizes the timescale over which the local

entropy approaches its maximum value following a perturbation to the system.

The SYK model admits various extensions. Examples include introducing higher-order

interaction vertices in Eq. (2.1)) [58], adding a quadratic random hopping term, or formu-
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lating the model with complex fermions [63], all of which involve purely fermionic degrees
of freedom. Extensions to bosonic variables are more subtle: the appearance of negative-
energy modes renders the system unstable unless additional non-random stabilizing terms
are included to bound the spectrum from below. Even when stabilized, purely bosonic

random models typically exhibit glassy phases, as we discuss later in Chapter 3.

Possible realizations of SYK in CQED systems

While extensions of the SYK model to finite dimensions have found relevance across
strongly correlated electron systems [83], 66], there are also proposals to directly simulate
the SYK Hamiltonian in CQED platforms. Below we summarize two complementary
approaches.

In the first approach [69], one makes use of a multimode optical cavity loaded with
ultracold fermions. A spatially disordered AC-Stark shift introduces random position-
dependent detunings for the atoms. By adiabatically eliminating the excited atomic
states and cavity photons, the effective low-energy theory contains all-to-all random four-
fermion interactions among the fermionic motional modes. The degree of randomness and
connectivity can be tuned by varying the number of participating cavity modes and the
spatial overlap between the atomic cloud and cavity field. Numerical simulations of this
scheme indicate characteristic SYK signatures such as the profile of OTOCs.

A complementary proposal [70] achieves similar physics using a single-mode cavity, but
with time-dependent disorder. In this scheme, independent realizations of a disordered
optical potential are applied in rapid succession, so that each short time segment realizes
a different sparse random coupling pattern. Over many cycles, the effective couplings
become dense, mimicking the fully connected random interactions of the SYK model.
This approach avoids the technical complexity of multimode cavities while still allowing
access to the same dynamical signatures.

In both architectures, the randomness is generated by controlled spatial inhomo-
geneities in the atom-light coupling, and the cavity photons mediate the long-range in-
teractions. As we will discuss in Chapter [3] a similar approach can be used to realize spin

glass phases in CQED systems.

The Yukawa-SYK model

One of the prominent theoretical frameworks in condensed matter physics to study critical
systems are fermion—boson models, in which gapless fermions interact with a bosonic field
that may be tuned close to its critical point [84]. Such proximity enhances fluctuations in
both the fermionic and bosonic sectors and has been proposed as a mechanism underlying

phenomena such as high-temperature superconductivity and strange metal behavior. In
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most cases, fermion—boson problems are treated using uncontrolled approximations, so it
is desirable to identify versions of these models that allow for a controlled expansion or,
ideally, can be solved exactly. Remarkably, the SYK model can be extended to an exact
solvable model of strongly interacting fermions and bosons. This extension, known as the
Yukawa—SYK model [85], is define as

I PP QAL 3 iy 214
YSYK = o Z (Wk + Wo%) + N Z Z Gijk Ok VieWios (2.14)
k=1 i,j=1k=10=1l

for 2N fermionic and M bosonic species satisfying the (anti-)commutation relations
{wjg,wjgf} = 0;;0p0 and [¢y, ™| = iJy. The bosons can be interpreted as phonon-like
modes, and the random couplings g, are drawn from a Gaussian distribution. Ref. [85]
demonstrated that this model hosts a critical state at low temperatures, with critical
exponents depending on the ratio N/M [86]. Remarkably, the ground state exhibits su-
perconducting order when the random couplings are purely real, with Cooper pairs formed
from incoherent fermions displaying strong non—Fermi-liquid behavior. Subsequent works
have extended the Yukawa—SYK model to finite spatial dimensions and explored its po-
tential relevance to the strange-metal phase observed in strongly correlated electron sys-
tems [66) [65], as well as holography [87].

In the work presented below [81], we investigate the non-equilibrium dynamics of the
Yukawa—SYK model coupled to an external environment. The non-equilibrium dynamics
of the SYK model, in both regimes of closed and open system dynamics, has been discussed
in other works [88, [89, 90]. Our goal is to examine how the interaction between the
system and environment influences the relaxation of the system toward equilibrium, and to
characterize the distinct temporal evolution of its two components, fermions and phonons,

prior to equilibration.
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We study thermalization dynamics in a fermion-phonon variant of the Sachdev-Ye-Kitaev model coupled
to an external cold thermal bath of harmonic oscillators. We find that quantum critical fermions thermalize
more efficiently than phonons, in sharp contrast to the behavior in the Fermi liquid regime. In addition, after
a short prethermal stage, the system acquires a quasithermal distribution given by a time-dependent effective
temperature, reminiscent of “hydrodynamic” relaxation. All physical observables relax at the same rate which
scales with the final temperature through an exponent that depends universally on the low-energy spectrum of the
system and the bath. Such relaxation rate is derived using a hydrodynamic approximation in full agreement with
the numerical solution of a set quantum kinetic equations derived from the Keldysh formalism for nonequilibrium
Green’s functions. Our results hint toward further research on the applicability of the hydrodynamic picture in
the description of the late time dynamics of open quantum systems despite the absence of conserved quantities

in regimes dominated by conserving collisions.
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I. INTRODUCTION

Thermalization of isolated and open quantum many-body
systems has been a subject of intense research since the early
2010s [1-4]. The combination of the large number of de-
grees of freedom and extended correlations in these systems
restricts the applicability of numerical and perturbative meth-
ods. Not suffering from these limitations, exactly solvable
models can be valuable platforms for the study of relaxation
in quantum many-body systems. Instances of these systems.
include integrable models [5—-8] and the large-N limit of quan-
tum O(N) field theories [9—11] featuring ergodicity breaking
and the phenomenon of prethermalization [12,13].

A pivotal case of exact solvability is the celebrated
Sachdev-Ye-Kitaev model (SYK) [14-17] consisting of a
system of randomly interacting Majorana fermions which
admits an exact solution in the limit of a very large num-
ber of fermions. The SYK model features a low-temperature
non-Fermi liquid (NFL) critical state, Planckian dissipa-
tion together with the saturation of the upper bound on
quantum chaos [18,19]. Last, it is shown that the SYK
model has a holographic dual as a theory of gravity in
AdS background [15,20,21]. Another class of SYK models,
called Yukawa-SYK models, comprises systems of com-
plex fermions interacting randomly with phonons [22-26]
or similar bosonic excitations [27] with a plethora of in-
teresting properties in addition to those of purely fermionic
SYK systems. These include an NFL to unconventional
superconducting phase transition [22,23,25,28,29] beyond
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the BCS theory [30] and self-tuned quantum criticality for
phonons where the phonon gap vanishes at 7 — 0 regardless
[22-25,31] of the strength of the interaction and the phonon
gap. Extensions of these models to lattice systems [32-36] and
to the Kondo problem [37] have also been studied in the past.
In this paper, we study the dynamics of a Yukawa-SYK
system coupled to an external bath of thermal phonons by
using the Keldysh formalism of nonequilibrium quantum field
theory [38—40]. Previous works have addressed various out-
of-equilibrium aspects of isolated [41-44], open [45—47], and
periodically driven [48] fermionic SYK models. Our moti-
vation for considering the dynamics of Yukawa-SYK model
is threefold: (i) Phonons and other bosonic excitations are
always present in real electronic systems and therefore the
Yukawa-SYK model is a convenient framework to study their
effects on the NFL behavior. As we will see, the model is an
example for the complex nonequilibrium dynamics of a mul-
ticomponent systems with strongly interacting parts. (i) Most
of the studies of the dynamics of open SYK systems consider
critical NFL fermionic baths which usually are modeled by
another SYK system, while in realistic settings, there are no
such restrictions on the nature of the external bath. Instead,
in this work we consider a generic Caldeira-Leggett [49] bath
of harmonic oscillators coupled to the phonons of the system.
Below we demonstrate that this is indeed the most relevant
bath coupling of our system. (iii) The fermion sector of the
Yukawa-SYK model has a U (1) symmetry and has a finite lo-
cal Hilbert space while these features are absent in the phonon
sector. The U(1) symmetry of the Yukawa-SYK model can
break, yielding a superconducting state. Thus, our study of
the symmetric limit is a necessary first step to nonequilibrium
superconductivity [S0-56] in these systems.

©2023 American Physical Society
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FIG. 1. (a) Schematics of the Yukawa-SYK model where fermions (blue dots with white arrows indicating spin) are scattered by phonons
(green dots) from one site to another with a random amplitude g;;;. Each phonon mode ¢ is coupled to a separate thermal bath By.
(b) Qualitative evolution of the effective temperature in a bath-coupled Yukawa-SYK system. Prior to the quench, phonons and fermion
density fluctuations are in a hybrid critical state. Immediately after the quench, the system undergoes a fast process which is followed by a
long-lasting process of thermalization where a hydrodynamical description of the system is possible.

While environments are usually perceived as sources of
decoherence that adversely affect interesting quantum effects,
open quantum systems can host novel phases of matter which
are inaccessible in isolated systems [57-60]. Therefore, it
is natural to study the dynamics of the SYK model as a
prototype for NFL systems in presence of coupling to an
environment. The importance of the nature of the bath and
the type of system-bath coupling on both the intermediate and
long-time behavior of purely fermionic SYK models has been
highlighted by Refs. [45—47]. As a controlled theory for the
dynamics of a strongly interacting electron-phonon system
coupled to an external bath, the Yukawa-SYK model can
provide valuable insights into the nonequilibrium dynamics
of similar but more complex systems.

We first show that the critical phase survives for couplings
to Ohmic, super-Ohmic, and a range of sub-Ohmic baths. The
distributions of fermionic and phononic excitations display
clear qualitative differences over the course of the evolution.
Shortly after the quench, the system shows local (in time)
equilibrium, where the distribution of excitations is given by a
thermal function at an effective, time-dependent temperature.
This is similar to the late-time regime of “hydrodynamic”
relaxation [61-65] although with important differences which
are addressed in Sec. VD. We show that the NFL and Fermi
liquid (FL) regimes have different signatures in the thermal-
ization profiles of fermions and phonons. In the NFL regime,
fermions thermalize more efficiently than phonons despite the
latter’s direct coupling to the cold bath. Interestingly, the ef-
fective temperature of fermionic excitations is lower than that
of phonons at later times. On the other hand, in the FL regime,
phonons thermalize faster than fermions and are colder during
the intermediate and late stages of thermalization.

The paper has the following structure: In Sec. II we demon-
strate the theoretical setup and give a summary of our results.
In Sec. IIT we introduce the Yukawa-SYK model and charac-
terize different types of baths that we can couple to the system.
In Sec. IV we briefly review the Keldysh formalism and derive
the quantum kinetic equations (QKE) for the Yukawa-SYK

model. The results of the numerical solution of QKE and their
interpretation are presented in Sec. V. Finally, we conclude
the paper and propose some future directions in Sec. VI.

II. OVERVIEW OF RESULTS

The Yukawa-SYK model describes a system of Einstein
phonons randomly interacting with the density fluctuations
of a system of complex fermions [Fig. 1(a)]. The random
fermion-phonon coupling is chosen from a Gaussian ensem-
ble with zero mean and second moment proportional to g°.
This system is always in a quantum critical state at low tem-
peratures characterized by the strong hybridization of phonons
and fermion density fluctuations [22,23,25]. At t =0, we
couple each phonon species to a separate non-Markovian
thermal system of phonons. By assuming a large number of
degrees of freedom in each local bath, we neglect the effect
of system-bath coupling on the environment. At low energies,
the bath density of states (DOS) has a power-law behavior
J(w) ~ w|w|*~" where the exponent a characterizes the low-
energy behavior of the environment.

The effect of the bath on the system crucially depends on
the scaling behavior of J(w) at small frequencies. We call the
bath infrared (IR) irrelevant when the exponent a given above
satisfies a > a,, for a universal value a. determined only by
the Yukawa-SYK model. In this case, the bath DOS goes
to zero fast enough at low energies such that the tunneling
of phonons between the system and the bath cannot affect
the low-energy spectrum of the system. The bath is called
marginal for a = a., where at low energies, the system-bath
coupling and fermion-phonon interactions scale with energy
in the same way and similar to the irrelevant bath. Therefore,
we do not expect any qualitative change in the spectrum of
the system when coupled to a marginal bath. Finally, the
bath is termed relevant when a < a, where we expect the
system-bath coupling to affect the low-energy spectrum of the
system. We will not focus on a relevant bath in the following,
since it tends to destroy the critical phase as shown for purely

104319-2
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fermionic SYK systems [46]. The limitation to an irrelevant
bath coupling is not substantial. We will see that it always
includes the regime of an Ohmic and super-Ohmic bath and
excludes only certain sub-Ohmic environments.

After turning on the system-bath coupling at t = 0, the
evolution of the system follows a two-stage process. An initial
and quick stage of dynamics characterized by large energy
transfer between the system and the bath as a result of the
lack of complete overlap between the eigenstates of pre- and
postquench Hamiltonians followed by a slow and long-lasting
period of quasiequilibrium behavior [Fig. 1(b)]. During the
first stage of dynamics, the population of phonons in the sys-
tem is found to deviate significantly from equilibrium, while
the population of fermions appears to be closer to a thermal
distribution. As explained below, the relative robustness of
the distribution of fermions is a result of Pauli’s exclusion
principle and the U (1) symmetry of fermions which restrict
the available phase space for fermion scattering. The insensi-
tivity of the fermion population allows us to assign fermions
an effective temperature using the fluctuation-dissipation ratio
(FDR) from the earliest instants of dynamics.

During the second stage of the evolution, both fermions
and phonons satisfy fluctuation-dissipation theorem (FDT) at
low to moderate energies (with respect to the bare gap of
the phonons). The effective temperature can be deduced from
FDT ([45,46]), showing a monotonic decrease toward its final
value. Interestingly, fermions appear to be slightly colder than
phonons during the second stage of the dynamics, despite
the direct coupling of phonons to the bath. We show that
the same phenomenon does not occur in an FL variant of the
Yukawa-SYK model with the same strength of interactions
and conclude that it is a result of the strong correlations
between fermions and phonons in the NFL system. We note
that such comparison between fermions and phonons is not
possible in the quench dynamics of purely fermionic SYK
models studied in the past [41,45-47,66].

Looking at the evolution of effective temperature quanti-
tatively, we observe an exponential relaxation of temperature
and other observables such as energy with the same rate. We
call this rate I' which is defined via T — Ty ~ ¢~ "', We see
that I follows a power-law behavior in terms of the final
temperature ' ~ T where the exponent x is universally deter-
mined by the low-energy behavior of the system and the bath,
and it increases linearly with a. This observation suggests that
the evolution of every physical quantity is uniquely deter-
mined through its dependence on the effective temperature.
Thus, the knowledge of the time evolution of the effective
temperature is sufficient to describe the behavior of all of
the observables. We solve for the complete nonequilibrium
dynamics by numerically integrating the QKE. However, to
check the mentioned hypothesis and to physically illustrate
our numerical results, we also perform a “hydrodynamic”
approximation (see Sec. VD for remarks on the usage of
this term) by finding a closed set of equations for the total
energy and the rate of energy transfer between the system
and the bath as functions of effective temperature. By solving
them, we find the dependence of the temperature relaxation
rate on final temperature in complete agreement with the
results obtained from the numerical integration of QKE. Fur-
thermore, we show that the evolution during the slow phase

of the dynamics can itself be separated into two additional
stages with different scaling behavior if the bath is at very low
temperatures. During the time window where T >> T and for
an irrelevant bath, temperature displays power-law behavior
in time given by

Tr(t) ot e, (D

while for a marginal bath Tox(r) e T For T — Ty < Ty
there is a crossover where the power-law decay for the irrel-
evant bath becomes exponential in time. We find the scaling
form of the decay rate during this stage to be

P 7o, @)

for the NFL phase and I' oc 7'*¢ for FL phase (see Ap-
pendix D). The faster relaxation at low temperatures can be
considered as a fingerprint of the NFL phase.

III. THE MODEL
A. The Yukawa-SYK model

The Yukawa-SYK model is a system of N phonon and 2N
fermion species in the exactly solvable limit N — oo. The
Hamiltonian of the system is

N N
1 1 .
H=23 (% +ojti) + D giudibi Vo ()
k=1 ijk
o=+

The phonon fields ¢, and their conjugate momenta 7y satisfy
the commutation relation [¢y, ;] = i8y; and have the bare gap
wy, while fermion operators are defined by the anticommu-
tation relation {y;,, WJTU,} = §;j050'. The random couplings
8ijk = & T 18}, are chosen from Gaussian ensembles with
zero means and equal second moments given by

g

g/ij,kgjnm,l = E(aiﬂajm + Simaj”)akl’ (4)
g// g// — g_2(6 Sim — Simbin)d 5)
ijkSnm,l Ty ATImEjm im® jn ) Okl

We note that one can define the Yukawa-SYK model for N
fermion and M phonon species. The resulting theory is still
critical at low temperatures in the limit N, M — oo as long
as % is finite [22,25]. The strength of g and g’ can also
be different. This will give an effective interaction between
fermions in the Cooper channel. Since we are only interested
in the dynamics of the model in the normal phase, we increase
the pair-breaking and thus tune the superconducting pairing to
zero by taking the same variance for g’ and g’ [28].

The Hamiltonian in Eq. (3) becomes exactly solvable in
the limit N — oo as the vertex corrections vanish in this limit
and a closed system of self-consistent equations for fermion
and phonon Green’s functions can be obtained [22]. A key
feature of the system is that particle-hole fluctuations always
renormalize the effective phonon gap down to zero as T — O.
This is a consequence of the large DOS of fermions at low
frequencies in the large-N limit. Unlike the usual scenario
where the quantum critical point is reached by tuning a param-
eter in the Hamiltonian, this model has self-tuned criticality
at sufficiently low temperatures for all values of g and wy
[22,23,25,27,28,31]. Due to the disappearance of the phonon
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gap, both fermions and phonons become critical at low tem-
peratures where the system is in the NFL phase. In this regime,
the diagonal element of imaginary time Green’s functions
have the following behavior at large time separations:

Wio (O], (0)) o sﬁjg), (©)

io

1 1
D) =— ij<¢k<r>¢k<0>> x pa v

The parameter A is independent of the microscopic details
and reads

A~ 0.42. (8)

Therefore the scaling dimensions of the fields at the NFL
fixed point are given by [{] = A and [¢] = 1 — 2A. One can
show that the effective phonon gap scales with temperature
as wly ~ T*~! at low temperatures. At high temperatures,
phonons act as static impurities for fermions and the system is
in the universality class of the SYK, model given by Eq. (19)
with constant fermionic DOS at low energies. For more de-
tail about the Yukawa-SYK model, we refer the reader to
Refs. [22,25].

B. The bath
1. General considerations

Thermalization is a by-product of coupling the degrees of
freedom in the bath to the degrees of freedom in the system.
In general, the Hamiltonian of system-bath coupling is given
by

Hsp(t) =Y [a;;05(1)0%(t) + H.c.], ©)
ij

where the operators OF and OF only contain the degrees of
freedom in the system and the bath, respectively. In order
to proceed, we assume that the effect of the system-bath
coupling on the bath degrees of freedom is negligible. This
means that the evolution of OF is approximately given by
408 ~ i[Hg, OF], which is justified as long as the number of
degrees of freedom in the bath is much larger than the number
of degrees of freedom in the system.

We assume that the temperature of the bath is low enough
that the system eventually will end up in the critical phase.
As a result, we expect the scaling dimension of O to be
determined by the scaling dimensions of ¢; and v;, at the
NFL fixed point. For Of ~ "y ¢™ by using Eqgs. (6) and
(7) we find the scaling dimension of the coupling a;; at the
NFL fixed point

[aij] = 1 — (n+n)A —m(1 —2A) — [OF]. (10)

Couplings can be organized according to the sign of their scal-
ing dimension as relevant ([a;;] > 0), marginal ([a;;] = 0),
and irrelevant ([a;;] < 0). In the language of renormalization
group, the effect of relevant couplings is pronounced at low
energies. Marginal and irrelevant couplings are supposed to
only alter the nonuniversal properties of the system, since
their effect is suppressed at low energies. This does not mean,
though, that irrelevant couplings are unimportant as they still
can thermalize the system via coupling to high-energy modes.

Based on Eq. (10), we see that couplings with higher
powers of fermion and phonon operators are generally less
efficient. Therefore, it is permissible to neglect higher-order
operators and to only keep those with the lowest-order consis-
tent with the symmetries.

Below, we consider two general classes of phonon and
fermion baths relevant to the Yukawa-SYK model. Using
aforementioned scaling arguments, we will explain that the
setup in Fig. 1(a) is the physically most relevant one that
preserves the NFL phase at low temperatures.

2. Phonon bath

A phonon bath consists of a set of phonon displacement
operators {X;} together with their conjugate momenta {P;}.
We assume that instead of having Hg, we know all of the
connected correlation functions of the bath. For our purposes,
though, only the two-point functions are required,

Dij(t, 1) = —i(X:()X;(t"). (1)

We have assumed that the bath is Z, symmetric, so correlation
functions with an odd number of phonon operators vanish.
We want to find the net effect of system-bath coupling on
the dynamics of the system. In order to do so, we need
to integrate out the bath degrees of freedom. Due to the
potentially nonlocal behavior of the correlation functions in
Eq. (11), integrating out the bath degrees of freedom can
induce correlations in the system that are nonlocal in time.
Also, coupling to the bath can make the off-diagonal Green’s
functions of the system like (¢ ¢;) nonvanishing. While the
former effect is actually a desirable feature that can lead to
interesting physics, the latter can ruin the exact solvability
of the model. Two ways to work around this issue is to use
an SYK-like random system-bath coupling where the induced
off-diagonal elements vanish in the large-N limit [45-47] or
to couple each degree of freedom in the system to a separate
bath. While we explicitly take the latter route, one can show
that the former approach gives similar results.

The lowest-order terms in Eq. (9) for a phonon bath have
the form X ¢. Note that the coupling of the bath phonons to
density fluctuations of fermions X" is less relevant than
the phonon coupling and can be ignored. We assume that for
every phonon mode in the system ¢y, there is effectively one
independent but similar mode in the bath X; coupled to the
phonon mode. As a result, we can write

Hsp =) ¢uXk. (12)
k

Therefore, we are taking each X to be a separate Caldeira-
Leggett bath [40,49]. The bath correlation functions are
diagonal and time-translation invariant:

(Xi()X;(t") = i8;;D(t —1'). 13)

The response and Keldysh correlation functions of the bath
are defined as

(1) = 0ND(1) = D(-1)], (14)

K1) =D@) +D(~1). (15)
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The spectral density of phonons in the bath J(w) can be found
from J(w) = —Im DF(w). We assume that J(w) is given by
the generic expression

ma
J(w) = y sin (7) sgn (w)|w|“e” 1oV, (16)

The parameter y determines the strength of system-bath cou-
pling and w, is a cut-off energy scale assumed to be larger
than relevant energy scales in the system. Depending on the
value of a, the bath is usually called Ohmic (a = 1), super-
Ohmic (a > 1), or sub-Ohmic (a < 1). The real part of DF
can be found from J(w) using Kramers-Kronig relations.
The Keldysh function DX is found from the condition of
thermal equilibrium for the bath and using FDT (28). The
low-frequency limit of Eq. (16) gives us the scaling dimension
of X

1+4+a
[X]= . a7
2
Putting this in Eq. (10) we see that Hgp is irrelevant for
a>a.=4A — 1. (18)

The value for the threshold exponent a,. coincides with the
power of the frequency or temperature divergence of critical
phonons [22]. Hence, the NFL phase of the Yukawa-SYK
model survives after coupling the system to a wide range of
generic cold phonon baths, unlike coupling to a fermion bath
were the simplest system-bath coupling consisting of direct
charge transfer between the system and the reservoir destroys
the NFL phase as was shown before [45,46,67]. This point
becomes relevant by noting that in the real-world electron-
phonon systems, thermalization dominantly occurs through
the interaction of phonons with the environment.

Notice, with the above given value for A follows a. ~
0.68. Hence, our analysis applies to super-Ohmic, Ohmic, and
a > a. sub-Ohmic baths. By varying the ratio M/N of the
phonon and fermion modes the exponent A varies between
4_1‘ and % [22], such that 0 < a, < 1. Hence, our analysis is
always applicable to the Ohmic and super-Ohmic regime.

3. Fermion bath

We consider a particle-hole symmetric fermion bath de-
scribed by the set of fermion operators (.. , xi» ). We assume
the bath respects SU(2) and U (1) symmetries and therefore
conserves total spin and charge. Again, we use Eq. (10) and
only consider the lowest-order terms in ¥ and ¢ that con-
serve spin and charge in the system-bath mixture to see that
the most relevant terms in Hsg are direct fermion tunnel-
ing Xo "W, + ¥ %, and fermion-phonon scattering x. x,¢. A
generic fermion bath has a nearly uniform density of states at
low energies and is conveniently modeled by a SYK, system
defined as

Np
1
_ ¥
Hsyxy = _«/_N_B ,X,: 1ij Xiw Xjor - (19)
o=+
The random hopping term #;; = —t; is chosen from a Gaus-

sian ensemble with zero mean and second moment |7;;|> = ¢°.
The Hamiltonian in Eq. (19) can be solved after taking the

average over the random hopping, resulting in the well-known
semicircular DOS. A convenient way to define the tunneling
Hamiltonian such that it preserves the exact solvability of the
model is to take

N N

Hgp = ——— ZZ D (¥l xjo +He),  (20)

i j o=%

where |;;|? = o? and o;; = 0. The prefactor in Eq. (20)
ensures that the effect of system-bath coupling on the bath
is O(N/Np) and therefore the bath is not affected by Hsg
when Ng > N. According to Eq. (19), the scaling dimension
of x is % By putting this in Eq. (10), we see that (20) is a
relevant coupling destroying the NFL phase and as a result, the
low-energy limit of the system is a FL. with linearly Landau-
damped phonons.

In case of coupling phonons to a bath of fermions described
by Eq. (19), we can use a Yukawa vertex similar to the original
model in Eq. (3)

N N

SB \/WZZ)\'I/I(X[JXJU(pk (21)
B

It is easy to check that this coupling is irrelevant and due to
the uniform DOS of the bath, contributes to linear Landau
damping of phonons similar to second term in Eq. (D9). At
low energies, this regime is similar to coupling phonons to an
Ohmic phonon bath corresponding to @ = 1 in Eq. (16) and
hence does not require a separate treatment.

IV. KELDYSH FORMALISM

A. General definitions

‘We only mention briefly the essential concepts used in our
work and refer readers to Ref. [40] for a detailed treatment
of Keldysh formalism. In Keldysh approach, we work with
greater G~ and lesser G= correlation functions

G (t,t) = —ila()a' (")), (22)

G=(t,t) = —ig (@' (tHa(r)), (23)

where £ = & corresponds to bosonic (4) and fermionic (—)
statistics for a. In the equilibrium formalism, the central ob-
jects of study are time-ordered correlation functions and the
physically measurable correlation functions are only found at
the end of calculation using analytical continuation, whereas
in Keldysh field theory the response and Keldysh (symmetric)
correlation functions can be found directly from Eq. (22),

GR(t, i)Y = 0@ — G (t,1)— G=@t,1)], (24)
GAt, 1) = [GR@t, )T, (25)

GK@t,tY=6G"@, 1)+ G=@,1). (26)

In Keldysh field theory we are not limited to thermal states
and, in general, the evolution of Green’s functions in (22) is
given by QKE which are a set of self-consistent integrodif-
ferential equations between correlation functions of different
order. For a generic interacting system there are an infinite
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number of these equations, a quantum counterpart of the
BBGKY hierarchy [68]. Accordingly, a truncation of QKE
is often required which inevitably results in approximate so-
lutions. For SYK models, however, and, as we show below,
QKE become closed at the level of two-point functions in the
limit N — o0, allowing us to monitor the dynamics exactly.

For steady states, Green’s functions depend on ¢ — ¢/, al-
lowing us to take their Fourier transform. The spectral density
of single-particle states .4(w) is determined by

A(w) = —21m GX(w). 27)

Particularly in thermal equilibrium and at temperature 7', the
FDT relates GX (w) to A(w) via

iK' o
[ Aw) ] = tanh o7 (28)

One usually can regard Eq. (28) as a relation that gives
GX in terms A when the temperature is known. Out of
equilibrium, time-translation symmetry is usually broken and
Green’s functions are not only functions of 7 — ¢'. As a result,
there is no a unique way to extend Egs. (27) and (28) to
out-of-equilibrium situations. Two commonly used extensions
are the Wigner transformation defined by [40]

+00 T T o
Gt,w) = G t+§,t—§ et dr, (29)
—00

and Fourier transformation along the “corner slice” given by
[66]

+oo
Git,w) = / [O()G(t, t —1)

o0

+ O(=1)G(t + 1,1)]e" dr. (30)

Both definitions are expected be equivalent for steady states
and also non-steady states if the change in G(z,t') along the
center-of-mass coordinate % is slower than the change along
t —t'. As aresult, the two definitions in Egs. (29) and (30) can
give quite different results out of equilibrium. Although the
Wigner transformation is the most commonly used definition,
it violates the causal structure of kinetic equations given in
Eq. (52) below. The same does not happen for integration
over the corner slice which is actually the natural choice con-
sidering how Green’s functions are evolved in time by QKE
(Appendix A). For instance, in a quench at t = t;, the func-
tion G(¢, w) defined according to Eq. (29) displays nontrivial
dynamics at t < #y before the quench happens. This issue
becomes more pronounced in critical systems where memory
effects are strong due to the slow decay of correlations in
time. Henceforth, we employ the corner slice to define time-
dependent Green’s functions in the frequency domain. The
spectral density at time ¢ is defined analogously to Eq. (27).
We define the FDR as

iGK(t, a))]f
Alt,w) |’

which can be used to find the nonequilibrium one-particle
distribution function n(¢, w) according to [40]

F(t,0) = [ 31)

F(t,w) = [142&n(t, w)]*. 32)

C O+
t=0( : :

FIG. 2. The closed time contour in the Schwinger-Keldysh for-
malism starts at the initial moment of the evolution (+ = 0) and goes
to infinite future and back. Every field is defined on C. Equivalently,
each field is decomposed to its forward and backward components.

An effective temperature Tei(f) can be defined if for small
frequencies n(t, w) is approximated by the Bose-Einstein
(Fermi-Dirac) distribution for bosons (fermions)

tanh

1)
() F(t, w). (33)
Note that, in out-of-equilibrium situations the temperature is
found by the best fitting of a hyperbolic function to F (¢, w).
In equilibrium, FDT is used to obtain GX in terms of spectral
density and temperature.

Keldysh field theory can also be expressed in the path
integral language. This can be easily seen by looking at the
evolution of density matrix

p(t) =U(t,0)pU’(t,0), (34)

where py is the initial density matrix and U is the unitary time-
evolution operator. By decomposing time-evolution operators
on each side into the multiplication of time-evolution oper-
ators over small time steps, inserting resolutions of identity
between them and applying a Trotter expansion, we get a path
integral for each side corresponding to forward (left side) and
backward (right side) directions of integration. The quantum
fields of opposite directions are not independent. They are
coupled through the matrix element of py between the fields of
opposite contours att = 0. Moreover, since the trace of p(¢) is
to be calculated eventually, the value of the fields on opposite
branches should coincide at the final time. As a result, one
can define quantum fields on a closed time contour C shown
in Fig. 2. Naively, the usual temporal integration in the action
is replaced by integration over the contour

+o0
/ Lt)dt — yg L(t.)dt,, 35)
—00 C

while keeping in mind to take care of the boundary conditions
mentioned above. Instead of time ordering in the equilibrium
formalism, the correlation functions are contour ordered

iG(te, 1) = (Tea(t)a(t,)) = &(Tea(t,)alt.)), (36)

where T is the contour ordering operator. Equivalently, we
can assign each field an extra index corresponding to whether
it is on the forward or backward branches of the contour. Then,
we have an alternative expression for the greater and lesser
correlation functions given in Eq. (22) as

G (t,t)=G@t—,t'+), (37)

G<(t,1") = G(t+,1'—). (38)
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or(t)

wia(t>

(b)

(c)

FIG. 3. (a) The interaction vertex for the Yukawa-SYK model
after averaging over random interactions. [(b) and (c)] Diagrammatic
representation of Dyson equations for (b) fermions and (c) phonons.
Narrow lines are bare Green’s functions.

B. Keldysh action for the Yukawa-SYK model

When the system is isolated, its evolution follows Eq. (3).
Therefore, we can use the Keldysh action of Eq. (3) to de-
scribes the dynamics. This action is given by

S = Sf + Sph + Sint’ (39)
N
7= 20 e 00, i ), (40)
rr:ii
1Y :
S =75 > 7% dt, (F + i), (41)
1< k _
Sine = _ﬁ %{: 8ijk i dt, d)k(tc)wm (Q‘)Wja (tc)' (42)
o=+

In Keldysh formalism, disorder averaging is implemented di-
rectly, without the need to use methods like replica trick [69]
or supersymmetry [70]. By evaluating the Gaussian integrals
over disorder realizations, we get the effective interaction
vertex in Fig. 3(a) given by the nonlocal action

. N
Sw=as Y Y § pauaroon

ijk o,0'=%
X ‘(/;l'(f (tc)wja (tc)lﬁja/(té)llfia’(t:-)‘ (43)
The fermion and phonon Green’s functions are defined by
Gt 1) = —i{TeWio (t)¥io (1)), (44)
D(te, 1)) = —i{Ter(t)i (1)), (45)

and are assumed to be independent of field indices. The
Green’s functions satisfy Dyson equations

G=Gyp+Gy® X R®G, (46)
D=Dy+Dy®II®D. 7

Gy and Dy are fermion and phonon Green’s functions in the
absence of interactions and X and IT are fermion and phonon
self-energies, respectively. For N — oo, vertex corrections
can safely be ignored and self-energies are given by loop
diagrams in Figs. 3(b) and 3(c) which read as

X(te, 1) = ig G(t,, t)D(t,, 1), (48)
(., 1) = —2ig"G(t., t))G(t., t.). (49)

It may appear that the Dyson equations should be solved
self-consistently. Nevertheless, by applying the inverse of free
Green’s functions on both sides of Eqs. (46) and (47) we get

0, Glte, 1) = 8(te, 1) + f B(te, )G (Te 1) dTe,  (50)
_ (82 + wé)D(tc, 1) =8(tc, 1))
+ 7{1’[(%, 7.)D(7,, 1)) d .. (51)

One can show that (see Appendix A) these equations have
a causal structure such that the value of a function at (¢, t')
only depends on the value of other functions at times (¢, t,),
satisfying

max{f;, f,} < max{t, t'}, (52)

and therefore we do not need to solve Dyson equations self-
consistently. In order to find the dynamics, we have to write
Egs. (50) and (51) in terms of greater and lesser functions and
then solve them numerically. While these equations together
with FDT are sufficient to find the Green’s functions at equi-
librium, an accurate numerical solution of integrodifferential
equations for time evolution requires us to work with first-
order time derivatives. Therefore, we rewrite the equations for
phonons (51) in terms of a larger set of first-order equations.
This is achieved by introducing two extra correlation func-
tions,

B(te, 1) = —i{Tem (1) (1)), (53)
Clte, 1) = —i{Tem(te)me(t)), (54)

where m;, = ¢3k is the momentum conjugate field of ¢.
A detailed discussion of the first-order quantum kinetic
equations and their numerical solution can be found in
Appendix A.

C. Formulating system-bath coupling

Here we only consider the coupling of phonons to a phonon
bath as represented by Eq. (12). For a discussion of fermion
bath with the coupling in Eq. (20) in Keldysh language, see
Ref. [47].
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— Tiwo=0.017

0.434
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wot

FIG. 4. Total energy as a function of time for g*/w] = 0.7,
a=1.0,Ts/wy = 0.012, and y /wy = 0.12. The red dashed line indi-
cates the total energy before the quench. Inset shows the exponential
decay of energy at later times with a relaxation rate (given by the
slope of the logarithm) that increases with 7.

Following the arguments of Sec. IIIB2, we assume a
quadratic Keldysh action for the phonon bath,

1 N
=33 $ §xo e ndredr. (59

The bath Green’s function ® is determined by Eq. (16) and
using FDT. Integrating out the bath degrees of freedom and
using Eq. (12) gives the action responsible for the thermaliza-
tion of phonons,

1 N
Son.= ; 55 f S 1D () diodi, (56)

which contributes to phonon self-energy in Eq. (49)
M(te. 1)) = =2i8Glte. )G, 1) + Dlter 1)) (57)

V. RESULTS

In Sec. V A we present the results of the numerical solution
of QKE [Egs. (50) and (51)] and by looking at the behavior
of effective temperature and the deviation of the system from
equilibrium at low energies, we motivate a two-stage picture
for dynamics after the quench. In Sec. V B we analyze the first
stage of dynamics detail and address the role of phonons and
symmetries in the dynamics at early times. The evolution of
the system during the second stage of dynamics together with
an analytical evaluation of the behavior of relaxation rate are
given in Secs. V C and V D, respectively.

A. The two-stage picture of postquench evolution

In this part, we demonstrate the qualitative difference be-
tween the behavior of various physical quantities at the early
and later periods of the postquench evolution. Accordingly,
we separate the dynamics into two stages as was mentioned
in Sec. II. By inspecting the total energy (see Appendix B) as
a function of time shown in Fig. 4, we observe an oscillatory
behavior during the early times after the quench which shortly
afterwards turns into a monotonic decrease until the system

12 0.7

— ot =0.0
10 wot=10.0 el
—— wot=100.0 -
3 —— wot=200.0
< 05
Q
g
~No 0.4
|3 — Wot =0.0
03 wot=10.0
—— wot=100.0
—— wot=200.0
| 0.2
0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 -1.00 -0.75 —0.50 —0.25 0.00 0.25 0.50 0.75 1.00
w/wo w/wo
(a) (b)
1 —— wot=0.0 1 = wot=0.0
wot=10.0 wot=10.0
—— Wwot=100.0 —— Wwot=100.0
—— wot=200.0 —— wot =200.0
3 3
= o o0
5 s
T w
-1 -1
-1.0 -0.5 0.0 0.5 1.0 -1.0 -0.5 0.0 0.5 1.0
w/wWo w/wo
(c) (d)

FIG. 5. Top panel: Phonon (a) and fermion (b) spectral densities
at different times. We can see a quick deformation in both spectral
densities at early times. Bottom panel: FDR for phonons (c) and
fermions (d) as a function of frequency at different times. The large
early deviation of F (¢, ) from quasiequilibrium for phonons is clear.
After a while, both fermions and phonons display quasiequilibrium
behavior. The quench parameters are chosen as g°/w} = 0.7, a =
1.0, y /wy = 0.12, T; /wy = 0.05, and Ty /wy = 0.012.

reaches its final thermal state at t+ — oo. This change in the
behavior of the energy is the first sign of the two-stage time
evolution of the system.

The one particle spectra of fermions and phonons are
depicted in Figs. 5(a) and 5(b) at different times. A quick
deformation of both fermionic and phononic spectra imme-
diately after the quench is observed throughout the frequency
space. On the other hand, the variation in the spectra is slow
and gradual at later stages and mostly occurs at low energies.
This crossover in the behavior of the evolution of one particle
spectrum from early to later stages of the evolution is another
manifestation of the fact that the early and later periods re-
quire separate physical descriptions.

Another quantity of interest is the distribution of single
particle excitations related to the FDR defined in Eq. (31).
As it can be seen in Figs. 5(c) and 5(d), the distributions of
both phonons and fermions deviate from quasiequilibrium at
early times while at later times they appear to be quite close
to a thermal state with a time-dependent temperature. A quan-
titative measure of the deviations from quasiequilibrium can
be defined if we assign each species an effective temperature
which is read from the slope of the FDR at the origin of the
frequency space according to

1
T (1) ~ 20.F ) . (58)

w—0

104319-8



THERMALIZATION OF NON-FERMI-LIQUID ...

PHYSICAL REVIEW B 108, 104319 (2023)

0.30

—— Fermions
0.251 Phonons

o
o
&

o
o
G

o
o
i

°
o
@

o
o
o

o

100 200 300 400

0.05 4 wot

F Tor(D)/wo

0.00 T T T T T T
50 75 100 125 150 175 200

wot

S}
N
wu

FIG. 6. The deviation of FDR for fermions and phonons from
quasiequilibrium defined in Eq. (60) as a function of time. The
minima show the transition to the second stage of the dynamics.
Furthermore, phonons exhibit considerably larger deviations com-
pared to fermions at all times. Dashed lines indicate the the minima
of §F. Inset: The extrapolated effective temperature for fermions
and phonons as a function of time. The peaks approximately mark
the onset of the second stage of the evolution. The parameters are
/w3 =0.7,a=1.0,T;/wy = 0.05, and y /wy = 0.12.

The effective temperatures obtained from Eq. (58) for
fermions and phonons is shown in Fig. 6. With the exception
of the early times, phonons appear to be at a higher temper-
ature than fermions. This may look counterintuitive from a
classical point of view, as phonons are directly coupled to
the cold bath while fermions exchange heat with the bath
only indirectly via phonons. Nonetheless, quantum effects can
explain this behavior as the correlations between fermions and
phonons due to their strong interactions render the aforemen-
tioned distinction meaningless. This behavior of the strongly
interacting NFL phase can be contrasted to the behavior of a
similar system with an additional moderate to strong random
hopping term for fermions which makes the system a Fermi
liquid. In the latter case (see Appendix D), the effective tem-
perature of phonons is smaller than the effective temperature
of fermions during the intermediate and later stages of the
evolution as the correlations between fermions and phonons
are weak compared to the NFL phase.

We use the effective temperatures to define the quasiequi-
librium FDRs for phonons and fermions according to

Fyy(t, ) = tanh (59)

1)
2T (1)
The deviation from quasiequilibrium can be defined [46] in

terms of the functional norm of the difference between F (f, w)
found from Eq. (31) and Fq given by Eq. (59),

JTMF@, o) —Feqa,wnzdw}z )

SF(t) =
© [ SN Rt w)do

We have divided the difference by the norm of F¢q to obtain
the relative deviation. The relative deviation §F (¢) is shown
in Fig. 6 for phonons and fermions. We observe that for both
phonons and fermions, there is a temporary increase in 6 F (t)
followed by a minimum and then a gradual approach towards

the true equilibrium at later times. The oscillations in E(¢)
stop approximately around the same time (Fig. 4) when §F ()
for fermions and phonons reach their minimum. Accordingly,
the minima in the deviations of fermions and phonons from
quasiequilibrium set a natural boundary between the first and
second stages of the evolution.

The separation of the evolution into two stages can also be
observed by looking at the behavior of the effective tempera-
ture for fermions. We read the effective temperature from the
FDR for fermions as their deviation from quasiequilibrium is
significantly less than phonons throughout the entire evolu-
tion. As it can be seen in Fig. 6, there is a temporary increase
in the effective temperature after the quench and as expected
from the two-stage picture given above, the location of the
peak in the effective temperature is close to the location of the
minimum in §F (¢) for fermions.

Having explained the qualitative differences between early
stage and late stage dynamics, we will separately discuss their
properties in more details in the following sections.

B. First stage of dynamics

The first distinct feature of the first stage of dynamics is the
fast relaxation of both fermion and phonon densities of states
[Fig. 5(a) and 5(b)]. Similar behavior has been found in the far
from equilibrium dynamics of purely fermionic SYK models
[44]. This behavior is pronounced at higher frequencies where
the high-frequency components of spectral functions at early
times coincide with their value at 1 — oo [see the curves for
wot = 10.0 in Figs. 5(a) and 5(b)].

The second feature is the early oscillatory evolution of total
energy. This behavior has not been observed in the thermaliza-
tion of purely fermionic SYK models [45,46] coupled to IR
irrelevant external baths. The appearance of these oscillations
may seem inconsistent with the Yukawa-SYK model being
in a scale invariant critical state with no characteristic energy
scales besides the temperature itself. However, the coupling of
the system to the bath introduces new energy scales including
the system-bath coupling and the UV cut-off w, defined in
Eq. (16) which puts a soft upper bound on the energy spectrum
of the environment. Furthermore, due to the temporary heating
of the system as a result of the sudden coupling of the system
to the bath, the system is pushed away from the critical state.
This can render the dynamics sensitive to the bare phonon
gap wp and the coupling g>. Phonons as harmonic oscillators
exhibit oscillatory behavior and as it can be seen in Figs. 5(a)
and 5(c), high-frequency phonons with finite spectral weight
are generated in the range of frequencies w < w after the
quench, resulting in the emergence temporary oscillations in
the profile of phonon correlation functions over timescales
t 2 1/wg in agreement with the approximate period of initial
energy oscillations t & 27 /w, in Fig. 4. For the Yukawa-
SYK model, the total energy is given by

E@) _

N (%), 61)

where the contribution of the potential term (~ w¢?) is
canceled by the fermion-phonon interaction while the kinetic
term is amplified by a factor of 2. We refer the reader to Ap-
pendix B for a derivation of this result. The above expression
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holds in and out of equilibrium and it directly connects the
energy oscillations to the oscillations of phonon correlator as
explained before.

The third distinct feature of the first stage of dynamics is
the deviation of the populations of both fermions and phonons
from a thermal distribution [Figs. 5(c) and 5(d)]. While a
temporary distortion in the distribution of particles is naturally
expected as a result of the sudden coupling of the system to
the bath, the relative robustness of the distribution of fermions
compared to phonons as it can be seen in Fig. 6 requires
extra physical explanation. At first, one may argue that the
substantial difference between the distribution of phonons and
fermions comes from coupling the bath directly to phonons
while fermions are affected less as they only indirectly inter-
act with the bath through their mutual coupling to phonons.
However, this statement cannot fully explain the physics of
the problem for two reasons: First, we are dealing with a mod-
erately strong interacting system of fermions and phonons
and therefore we expect any perturbations in the phononic
sector to be transmitted efficiently to the fermionic sector.
Second, the rigidity of the distribution of fermions persists
even in case of directly coupling fermions to the bath as
long as one crucial condition (see below) is satisfied. The
robustness of fermionic distribution can be attributed to two
elements: the Pauli’s exclusion principle due to fermionic
statistics and the global U (1) symmetry of the problem under
the transformation v, — €1, which guarantees fermion
number conservation. To the extent of our knowledge, the
role of U (1) symmetry in the quench dynamics of SYK mod-
els has not been investigated before. We will explain below,
using Fermi’s golden rule arguments, how U(1) symmetry
and Fermi statistics restrict the distortion of the fermionic
distribution function after a quench.

When we turn on the system-bath coupling by a quench
function f(¢) [for this work f(¢) o« ®(¢)], excitations are
created in the system (the bath is large and assumed to be
unaffected by the quench). The energy of these excitations
depends crucially on the power spectrum of f(¢) defined as
| f (w)|?, where f (w) is the Fourier transform of f(¢). The per-
turbative rate of change in the phonon distribution at energy
w, consistent with the symmetries of the problem to the lowest
order in the system-bath coupling, satisfies

dipn(w) o / |7 ()T (@ — €) ppn(w)
x [np(w — €) — npp(w)] de, (62)

where pp, is the phonon spectral density, np is the distribution
of phonons in the bath and J(w) is the bath spectral density
given in Eq. (16). For a direct coupling between fermions and
a phononic bath respecting the U (1) symmetry we have

dnp(w) o / de / dv | f ()P A(@)] (v)(np(v) — 1)

x {[1 = np@)nf(w — € —v)A(w — € —v)
— np(@)[1 —np(@+e€+v)Aw+e€+v)}

+ higher-order terms with even powers of A(w),
(63)
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FIG. 7. The relaxation rates of temperature, energy, and (¢?) to-
gether with their power-law fits versus final temperature for a = 1.0
(see Table 1), g%/w} = 0.7, and y /wy = 0.12.

where A(w) is the fermion spectral density. The fact that we
always have even powers of A is a consequence of the U (1)
symmetry in the system. Together with fermionic statistics,
this severely restricts the contributing domain of integration
in Eq. (63) to excitations close to the Fermi energy. This is in
contrast to Eq. (62) for phonons where such restrictions do not
hold.

C. Second stage of dynamics

During the second stage of dynamics, we observe a grad-
ual enhancement of the NFL behavior for fermions as the
systems cools down which has already been observed in
purely fermionic SYK models in the past [46,47]. In addition,
phonons are softened over time toward their low-temperature
gapless state, an exclusive property of the Yukawa-SYK
model.

Shortly after the oscillatory behavior of the energy is over,
the energy starts to relax exponentially to its final value (inset
of Fig. 4)

E(t)~E;+Age . (64)

The energy relaxation rate I'y depends on the final tempera-
ture and has a power-law scaling with Tr (Fig. 7).

The effective temperature also follows a monotonic de-
crease during the second stage. We see that the late stage
relaxation follows an exponential trend,

To(t) ~ Tp + Are """, (65)

TABLE I. Comparison of the exponent of temperature relaxation
rate x defined as I'y Tf’-‘ found from the numerical solution of
quantum kinetic equations and the analytical hydrodynamical ap-
proximation. The parameters a and A are respectively defined in
Egs. (16) and (8).

Bath exponent Numerics Analytics (@ + 1 —4A)
a=1 0.32 0.32
a=12 0.53 0.52
a=0.9 0.21 0.22
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The temperature relaxation rate I'y (Fig. 7) turns out to be
close to the energy relaxation rate I'g for different values of
a (Table I) and has the same scaling with T¢ as I'r given by
Eq. (66).

The exponential relaxation is not exclusive to total energy
and temperature. The fluctuations of phonon displacement
(¢?) also relax exponentially to their final value, with the
same rate given above (Fig. 7). Moreover, total energy is
proportional to (%) according to Eq. (61) and therefore this
quantity has the same relaxation profile. The fact that all of
these quantities relax in the same way as temperature suggests
that the dynamics of the system is completely captured by
the effective temperature. This is consistent with the general
picture of quantum critical systems, where temperature is the
only relevant energy scale [71]. We will confirm this hypoth-
esis in the next section and find the dependence of I" on T as

FE ~ Tfa—4A+l , (66)

where a is the exponent of the phonon bath defined in Eq. (16)
and A is given by Eq. (8). We see that the exponent is always
positive for an irrelevant bath according to Eq. (18).

We can evaluate the efficiency of the bath to thermalize the
critical system by looking at Eq. (66). As the bath becomes
less relevant in the IR limit, the relaxation rate gets suppressed
at small temperatures. The limit a = 4A — 1 when the expo-
nent of Ty in Eq. (66) becomes zero corresponds to a marginal
system-bath coupling.

D. Hydrodynamical approximation

As shown before, all physical observables relax with the
same rate in the slow stage of thermalization. This can hap-
pen, for instance, if all of these quantities could be uniquely
determined by only one of them such as the temperature.
The SYK model and its variants are all-to-all connected
interacting models which can efficiently redistribute energy
[18,41,44,48]. When we couple these systems to thermal
baths, we expect the energy transfer between the system and
the bath to be the slowest relevant process and, thus, deter-
mining the rate of relaxation. At every instant of time, the
system is in local equilibrium and all of the observables are
given by their value in equilibrium at temperature Tog (). This
situation is similar to the “hydrodynamic” relaxation of trans-
lationally invariant initial states. Despite the similarity, there
is an important difference between our setup and those studied
by Refs. [61-63] in which the energy is locally conserved and,
hence, is described by a stochastic diffusion equation after
local equilibrium has been established. The scale invariance
of the diffusion equation results in the power-law decay of
observables at long times, whereas in our system, the energy
is not conserved due to coupling to the bath and the long
time decay is exponential, except for when the bath is at zero
temperature (see the end of this section). Possibly, our case is
closer to the hydrodynamic regimes discussed in Refs. [64,65]
where collisions are faster than losses, although these sys-
tems are integrable in the absence of losses in contrast to the
Yukawa-SYK model.

To check the validity of such a “hydrodynamic” hypoth-
esis, we assume the system to be in thermal equilibrium at

temperature Tu(#) and find energy transfer rate and total
energy in terms of Ti(f). We solve this closed set of equa-
tions to find the relaxation profile of the temperature and
compare the results to the numerics of Sec. V C. The energy
transfer rate between the system and the bath can be found in
terms of the Green’s functions of phonons in the system and
the bath (see Appendix C),

RE() = — %f{@’f(z/, 09, DAt', 1)
0

+ DR, )9, DX, 1)]dr . (67)

When the system is in a quasithermal state with the slowly
varying temperature T. (), we can assume time translation
symmetry and use the expressions for functions appearing in
Eq. (67) at thermal equilibrium to get

dow R
OE =N | —wJ(w)Im D" (w)
2

X {coth[ @ :| — coth (i> }, (68)
2T (1) 2Tf

where J(w) was given by Eq. (16). At low temperatures, we
can employ the scaling form of the phonon Green’s function
[22] to find

1 - a Tofr
QE = —Nyg** Doy TR “f(TLf), (69)

where f(x) is given by
21t7 cos 2 A)
cos (r A)sin® (m A)LRA)C(1 — 4A)

4n
2A —1 *
X (—) -/ yi+2742 (coth y — coth yx) dy,
0

f@ = -

8A2sin g
(70)
and it has the following limiting behaviors:
)lcl_r}} fx)=0, xli)rgc f(x) = const. (71)
For finite Ty and Tog (1) 2 Ty, Eq. (69) gives
9,E TJZ“—“A(T&f —T7). (72)

For a zero temperature bath or when Ty < Tor < g2/},
which corresponds to the intermediate stage of the evolution
of the system coupled to a finite temperature but sufficiently
cold bath, we find

QE o T4, (73)

To identify a closed differential equation for the time evolu-
tion of the temperature, we note that, similarly to the SYK
model [18], the Yukawa-SYK model has a linear specific heat
at small temperatures,

E(T)— E(0) ~ iNcT?, (74)

where c is a nonuniversal parameter which can be evaluated
numerically. The linear specific heat is a consequence of the
reparameterization symmetry of the Yukawa-SYK model in
the infrared limit [72] which is spontaneously broken by the
saddle-point solution in Egs. (6) and (7). The degeneracy of
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FIG. 8. Numerical solution of Eq. (75) for the two cases of zero
and finite-temperature Ohmic baths (@ = 1). The late time power-law
decay of temperature is evident for 7y = 0. For a finite-temperature
bath, the power-law regime can exists only transiently and it eventu-
ally turns into an exponential relaxation at longer times.

the resulting gapless Goldstone modes is lifted by the con-
tributions from UV modes, resulting in a Schwarzian term
in the effective action of the fluctuations around the saddle
point. Since the irrelevant bath does not affect the low-energy
physics of the system, we expect a Schwarzian term to be
present in the low-energy action of a system coupled to bath.
The Schwarzian results in a linear specific heat [18] at small
temperatures.

By combining (69) and (74) we get a kinetic equation that
governs the time variation of the temperature:

dTe Y 204A-1), —8Ap2+a— Tetr
< _ _ 7 T +a—4A i 75
dt [ g “o eff f Tf ( )

As a result, for the regime Te(t) 2 Tf the evolution of tem-
perature is given by

dTer
dt

o —y T} H = (Tr — Ty). (76)

Therefore T relaxes exponentially to 7y with a rate satisfying
(66). The similarity between 'y and 'z is now clear from
(72).

In the limit of a zero or extremely low-temperature bath in
Eq. (73), we get a power-law decay for temperature,

d T
dt

o T2 5 lim Ty(t) ot ess. (77)
—00

The result of the numerical evaluation of Eq. (75) is given in
Fig. 8 for baths at zero and finite but small temperatures. As it
can be seen, the regime of power-law relaxation of tempera-
ture can be difficult to access for a finite-temperature bath, as
the system may enter the exponential relaxation regime before
the power-law behavior can emerge. This is the case for the
numerical data presented in this paper as the limited numeri-
cal resources prevented us to resolve temperatures which are
small enough to observe the power-law decay in Eq. (77).

VI. CONCLUSIONS

In this work, we studied the quench dynamics of a variant
of the SYK model with electron-phonon interactions coupled
to an external bath. Based on scaling analysis and numer-
ical evaluation of quantum kinetic equations, we showed
that for couplings to a generic phonon bath described by
the Caldeira-Leggett model, the critical behavior of the sys-
tem is unaffected. Furthermore, we observed that the system
relaxes quickly at short-time/high-frequency scales while
global thermalization, corresponding to the equilibration of
small-frequency modes, takes longer. The system exhibits
quasiequilibrium behavior at a time-dependent effective tem-
perature obtained from the fluctuation-dissipation theorem.
Using the quasiequilibrium state of the system, we provided
an analytical description of the relaxation profile of total en-
ergy and temperature in agreement with our numerics. We
found that while phonons are directly coupled to the bath,
fermions have a lower temperature due to strong correlations
between the two species in the NFL phase, while the opposite
is true in the FL state.

There are multiple directions to pursue in the context
of the dynamics of what we generally call fermion-boson
SYK (FB-SYK) systems. One clear extension of our work is
to study quenches in the presence pairing interactions, i.e.,
when the real and imaginary parts of g;;x in Eq. (3) have
different second moments. This is the direction that we are
currently following. One could also study the evolution of
FB-SYK systems under the influence of an external periodic
drive. The driving field can be coupled to fermions (similarly
to Ref. [48] for the SYK model) or phonons. Furthermore,
phonons can be driven linearly or parametrically with the
possibility of different qualitative and quantitative behaviors.
In the superconducting phase, one may investigate the de-
struction or possibly the transient amplification [50,51] of
superconducting correlations in a system with pairing of in-
coherent fermions.

Note added. During the submission process of this paper,
we became aware of a recent work [73] where the quench
dynamics of an isolated superconducting Yukawa-SYK model
is studied using Keldysh field theory.
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APPENDIX A: QUANTUM KINETIC EQUATIONS

We start from an alternative expression for the free phonon
action using Legendre transformation

N
Sm=3" fé dt, [t b — Hxy b0)]
k

N
1 _
=§§ ygdtcé,f~D0‘-d>k, (AD)
C
k
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where ®; = (¢, 7)" and

—w? =9
I e (A2)
0 ( 5, -1
The Green’s function matrix is defined as
D(t..t) B@.,t)
D, t) = ¢ ., A3
(feo ) [B(tc,t;) Clc.t]) A

where D, B, and C were defined in Eqgs. (45), (53), and (54).
We also have B(z,, 1)) = B(t/, t.) where we have avoided using
the transpose sign BT as superscripts are reserved for Keldysh
indices. Then, the matrix form of Dyson equation in (51) is
given by

DO_1 -D(., tc/) = 18(t, té) + % ., =) - D(z., té)drc-

(A4)
The self-energy matrix has only one nonzero entry,

(. ) = TG, r;>((1) 8) (A3)

where T1(z., ¢.) is given in (57). Putting (A3) and (A5) in (A4)
gives

8, D(t,, 1)) = B(tc, ), (A6)

8, B(te, 1)) = — 8(te, 1)) — wiD(te, 1))
- f I(t,, 7.)D(7., 1)) d ., (A7)
3,.B" (t., 1)) = C(t,, 1)), (A8)

3, C(te, 1)) = — 8(te, 1)) — 2B, 1))
— 7{ (., t.)B(z., 1)) dr.. (A9)

We use Langreth rules [75] and write Egs. (50) and (A6)—(A9)
together with their Hermitian conjugates in terms of greater,
lesser, retarded, and advanced functions to get QKE,

+i0,G2(t,1) = /[ER(t, )G2(z, 1)

+ 22(, 1)G Nt 1)) dx, (A10)

—i,G2(t,1) = /[GR(t, )E2(z, 1)
+ G2(t, 1) (1, 1)) dx, (A11)
22(t,1) = ig?G(t, 1 )D(t, 1), (A12)
D2 (t,1") = B2(t,1), (A13)
dD(t,1") = B2(1,1), (A14)
B2(t,1") = 8,B2(t,1') = F2(,1), (A15)

FIG. 9. Illustration of how QKE are solved in the two-
dimensional time space.

B2(t, 1) = —2D2(t,1') — / [(TIR(r, T)DZ (2, 1)

+ 2(r, 1)D (1, 1)) d, (A16)

OFZ(1,1) = —2B5(1', 1) — /[HR(I, DBES({, 1)

+ 2@, T)B (1, 1)) dx, (A17)

F2(1,1') = —wiBS(1, 1) — /[BR(t, OIS, 1)

+ B2(t, )T (z, ") dx, (A18)

21, 1) = —2igG2(t, 1 )GS(t', 1) + D2(t, ). (A19)
The phonon self-energy contains the contribution from the
bath given by (57). The retarded and advanced functions are
defined according to Eqgs. (24) and (25). Note that BA(¢,t') #
[BA(, t)]" but

B\t t)y=00 —t)[B~(t, 1) - B (t,1)]
=@ —n[B~(',1)-B~(',n)] =B 1),
(A20)

therefore the causality of kinetic equations is respected.

In order to numerically solve QKE, we pay attention to the
causal structure in (52) and use an implicit midpoint method
on an N x N grid with step size dt (see Fig. 9). To access
temperature 7, we should be able to resolve frequencies com-
parable to 7. Consequently, the grid size should satisfy the
condition N dt > nwT~'. Furthermore, the step size should
be small enough to prevent instabilities of the solution at
late stages of the evolution. The main numerical cost comes
from increasing the grid size N. We tested two choices of
N = 3000, dt =0.1 and N = 5000, dt = 0.05 and the re-
sults were in agreement.
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APPENDIX B: TOTAL ENERGY

The total energy is given by the expectation value of (3).
The contribution of the free phonon term is given by

(Hon(1)) = ﬁN( R+ R)Dyor (BD)

To find the contribution of the interaction term we add the
source term —i 35 J(t)H;n () dt to the action and take the func-
tional derivative with respect to the source,

T b1 piS—i § JOHm() dt
5J(t)[/pwf’w’¢]e ] 2

Evaluating the functional derivative results in

(Hing (1)) = i

(Hi (1)) = Ng* f. D(t,t))G(t,t)G(t., 1) dr). (B3)

To simplify the expression for total energy, we note that (B3)
can be written in terms of phonon self-energy given in (49) to
get

(Hin (1)) = %N % Mysyk (¢, t)D(t., t)dt.,  (B4)

where ITysyk is the contribution of Yukawa-SYK interaction
to phonon self-energy, excluding the coupling to the bath
given by D(z,t'). In the next step, we make use of SD equa-
tion for phonons (51) to write

- i ,
(Hi (1)) = —ZN(a,2 + DX (t, 1)

—%Nf@(r,z;)l)(zc’, tdi..  (BS)

The total energy is found by adding (B1) to (BS), resulting in

the cancellation of the term proportional to g,

E(t)
N

i /
= D Ol
_ i/[gR(t’ DX 1)+ DK, 1D (', 1)) dr'.
(B6)
The first term can be written as (r2(¢)) which was mentioned
in Eq. (61) of the main text.
APPENDIX C: ENERGY TRANSFER RATE
The energy current operator is given by
0Hs = i[Hs + Hp + Hsp, Hs] = i[Hsp, Hs], (CD)

where Hj is the Hamiltonian of an isolated system given by (3)
and Hgp is defined in (12). After calculating the commutator
we get

dHs == Xif1. (C2)
I
The expectation value of X; (ﬁ[ reads as

X (1)) = f D, )i (1)) dt’,  (C3)

where D (¢, ") is the contour-ordered Green’s function of the
bath defined in (55). Therefore, the energy transfer rate is

given by

E(t) = (8,Hs) = —iNf@(r, 8, D(t', 1) dt'

o
-- f K, )8, DNE 1)
0

+ O, 1H9,DX (', 1)1dr, (C4)

which is the quoted result in Eq. (67) of the main text.

APPENDIX D: THE FERMI LIQUID ELECTRON-PHONON
SYSTEM

Fermi liquid behavior can be obtained by adding a random
hopping term H, to the Yukawa-SYK Hamiltonian in Eq. (3)

1
Ho=——=> 1y} ¥ (D1)
t ﬁ;: JVioc ¥ Jo

. . T .
The. hopping arpphtude tjj = t{; + it;; is a random Gaussian
variable and satisfies

;; =0, (D2)
2
tam = = Bindjm + Bind ), (D3)
¢
1t = E(Sinsjm = 8imbjn)- (D4)

The hopping term results in an extra contribution to the
fermion self-energy in Eq. (48) given by

X (te, 1) = 12G(te, 1)), (D5)

where in the absence of the Yukawa interaction and at equi-
librium yields the following fermion Green’s function:

2
o+ iA —
According to the scaling dimension of fermion operators
[V] = A given by Eq. (6), H, is a relevant operator near
the Yukawa-SYK fixed point and we can treat the Yukawa
interaction as a perturbation to randomly hopping fermions
and free phonons. The Yukawa contribution to the imaginary

parts of the fermion and phonon self-energies at equilibrium
reads

G (w) = (D6)

Im = (w) = —gZ/ImGR(v)ImDR(a)— V)

(D7)

v v—ow | dv
X |tanh — — coth —
2T

2T |27’
Im I (@) = —ZgZ/ImGR(v)ImGR(v—i-w)

d
X | tanh vt — tanh ) i (D8)
2T

oT | 27°

We substitute G® in Eq. (D8) from Eq. (D6). After putting
the contribution from the coupling to the bath and the Yukawa
interaction together we find

2¢°

Im IT¥(w) ~ —y sin (?) sgn (w)|w|* — ﬁa) (DY)
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FIG. 10. Effective temperatures for a Fermi liquid Yukawa-SYK

system coupled to an external Ohmic bath. The parameters are
t/wy = 1.0, &/wj = 0.7, and y /wy = 0.2.

As expected for a fermionic system with a smooth DOS at
the Fermi energy, the interaction of phonons with fermion
charge fluctuations results in the Landau damping of phonons.
Depending on the exponent of the bath a and temperature,
phonons exhibit different relaxation behaviors. For Ohmic
and sub-Ohmic baths (a < 1) the Yukawa interaction does
not alter the dynamics of phonons at temperatures below
the crossover scale w* ~ (yt?/g*)"/1=% while for a super-
Ohmic bath the Yukawa self-energy dominates the spectrum
of phonons below w*. Typically, the system-bath coupling y
is a small parameter and the Yukawa vertex determines the
relaxation of phonons down to very small temperatures. Note
that in contrast to the SYK regime (+ — 0), phonons are not
critical at T — 0 and have a finite renormalized gap w,; there-
fore, for small energies we have Im DR (w) ~ %Im MR ().

Substituting Eq. (D9) into Eq. (D7) yields

may g 28

|:y sin (7)|a)| + ﬁ:l|w| .
(D10)
Albeit the scaling of the fermion self-energy depends on the

Im 2% (w) ~ —
m g (@) 2rwit

0
spectrum of the bath, we have ¥(w)/w 275 0 and therefore
the scattering rate of fermions is consistent with the Fermi
liquid picture.

5.25 ] N
X Trlwo X
5.004 3348.938%(TH/w()? !
4.75 X
4.50
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4.25
4.00
\¢
7N\
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0.033 0034 0035 0036  0.037 0038 0039  0.040
Trwo

FIG. 11. Temperature relaxation rate for a Fermi liquid Yukawa-
SYK system coupled to an external Ohmic bath. The parameters are
t/wy = 1.0, &/w} = 0.7, and y /wy = 0.2.

By solving the kinetic equations for this system nu-
merically, we can employ Eq. (58) to find the effective
temperatures for fermions and phonons. As it can be seen in
Fig. 10, phonons are colder than fermions during intermediate
and late stages of the evolution as they are directly coupled
to the bath, in contrast to the NFL phase discussed in the
main text. Furthermore, we observe a late-time exponential
relaxation of temperature T — Ty ~ ¢~ 7", However, the scal-
ing of the relaxation rate I'r is different from the one for the
critical system in Eq. (I). For an Ohmic bath (¢ = 1), numerics
show 'y oc T? (see Fig. 11) while for a super-Ohmic bath
with @ = 1.2 we get I'; o T>?°. We can use the hydrody-
namical approximation for the energy transfer rate in Eq. (68)
together with a linear specific heat for the Fermi liquid
to get

Iy o T, (D11)
which is consistent with the results given above. The impor-
tant observation here is that the relaxation of the FL is much
slower than the SYK phase at small temperatures.
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Chapter 3

Non-equilibrium dynamics of spin
glasses in CQED

In this chapter, we turn to the second main direction of the thesis, which concerns the
dynamics of disorder-induced spin-glass phases, with particular relevance to recent exper-
iments on spin glasses realized in confocal cavities. Through a bosonic extension of SYK
model, we begin with a brief review of spin glasses and their theoretical description in
equilibrium. We then outline how our approach addresses some of these challenges, with

a particular emphasis on the non-equilibrium dynamics of such systems.

A model of bosons with random couplings

As a simple bosonic extension of the SYK Hamiltonian, we replace the Majorana operators

by real bosonic variables and consider a random quadratic interaction

1 N
H= _ini]’ Gi0j, (3.1)
oy

where the symmetric random matrix J;; is drawn from

_ N ¢
This model has two immediate issues. First, it is dynamically trivial, since all terms in
H commute. Second, for a generic disorder realization the spectrum is unbounded from
below because J need not be positive definite. The first issue is remedied by adding a

kinetic term

He =3 x, (3.3)

40
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while the second requires a stabilization mechanism that bounds the energy from below.

A standard choice is the spherical constraint
> 0 =N, (3.4)

which prevents the fields from acquiring arbitrarily large amplitudes. [[] The resulting
model is the quantum spherical 2-rotor model [91, 92| 93, 94]. Its physics is, however,
qualitatively different from the SYK model.

To expose the difference with the fermionic case, we perform the disorder average
and look for a replica-diagonal solution. In the large-N limit the problem reduces to

saddle-point equations for the imaginary-time Green’s function

G(1) = =(T'¢i(7)9:(0)), (3-5)

which obeys the Dyson equation

1
T w2+ A+ S(iw,)’

G(iwy,) = wy, = 2T, (3.6)

with self-energy
Y(iw,) = J? G(iw,). (3.7)

Here \ is the Lagrange multiplier enforcing Eq. (3.4). Analytic continuation to real

frequencies gives the spectral density [93]

Aw) = —Im G*(w) = 2; sgn(w) \/4(]2 — (w2 - /\)2, (3.8)

which is supported where |w? — A\| < 2J. The constraint fixes A through

/ A W) coth(sz) 1 (3.9)

—00 2T

As illustrated in Fig. 3.1} decreasing T lowers A until, at 7" = .J, the lower band edge
reaches zero (A = 2J) and the spectrum becomes gapless, signaling a phase transition.
For T' < J the replica-diagonal saddle no longer exists: the equations admit no solution
consistent with Eq. , indicating the breakdown of replica diagonality. In this low-
temperature regime one must include inter-replica couplings and treat correlations using
the Parisi scheme, which lies beyond our present scope. It suffices here to emphasize
the central contrast with the fermionic SYK model. In the fermionic case, Fermi-Dirac
statistics replace coth(w/2T) in Eq. by tanh(w/2T), precluding condensation and

leading to a thermodynamically stable state, whereas the bosonic model enters a glassy

IFor fermions this instability does not arise because, unlike bosons, they cannot arbitrarily grow.
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Figure 3.1: The spectral function of the quantum spherical 2-rotor model at different
temperatures. A phase transition to the glass phase occurs at T' = J, where the energy
gap vanishes.

phase at low temperatures with RSB (cf. Chapter [1)).

A hallmark of glassy phases is their extremely slow relaxation dynamics. This behavior
arises from the fact that the free-energy landscape contains a macroscopic number of local
minima, separated by large energy barriers. Upon cooling, the system becomes trapped
in one of these minima, and thermal or quantum fluctuations require a long time to
induce tunneling or hopping between minima. This leads to a pronounced slowing down
of the relaxation process, which in turn gives rise to characteristic phenomena such as
aging and memory effects, where the response of the system depends sensitively on its
historyZ[42], 43].

The disordered bosonic model discussed above can be extended to systems of spins.
A well-known case is the quantum Sherrington-Kirkpatrick (SK) model given by [95] 96,
93, 97]

N
HSK :hZUf—FZJZ'jO'fJ;:, (310)

i=1 i<j
where o are Pauli operators satisfying [aia,af | = 2id;j€a8,0] with o, = z,y, 2, and

random couplings J;; is taken from a Gaussian distribution according to

_ — J?

Jij =0, Ji= N (3.11)
The SK model is a paramagnet for h = J, while at h ~ J it undergoes a phase transition
to a spin glass phase with RSB [93,97]. Since spin operators are bounded, we do not need
to impose any extra constraints on them. As we see later, this model can be simulated in

CQED experiments.



Chapter 3. Non-equilibrium dynamics of spin glasses in CQED 43

CQED realization of spin glasses

In experiments with ultracold gases in multimode confocal cavities, separate clusters of
atoms are trapped at different positions inside the cavity while interacting with multiple
cavity modes. The system is described by the Hamiltonian [54} 49, (50} [51]

Heqep = Z NS+ Zwaagaa — QZ @a(ri)(aL + aa) ST, (3.12)
i a i

where S denotes the total spin of cluster ¢ with detuning A;, a, is the annihilation
operator for cavity mode « with detuning w,, and g is the atom—cavity coupling strength,
tunable via the intensity of an applied laser. The mode functions ®,(r) specify the
spatial profiles of the standing waves in the cavity. Photon leakage into the vacuum can

be incorporated in the Lindblad formalism through jump operators L, = \/kq G-
In the dispersive regime, w, > A,;, g, and neglecting cavity losses, the cavity modes

can be adiabatically eliminated, yielding the effective spin Hamiltonian[98] [99]

Hex =Y NS7 =) J;5S7S5, (3.13)
with )
g

Jig = wfq)a(m) Do (1), (3.14)

the effective spin—spin couplings mediated by the cavity. The nature of the resulting
many-body phase depends on the spatial structure of the mode functions &, and the
number of participating modes. If all ®, have uniform sign across the cavity, J;; > 0
and the strong-coupling limit is a trivial ferromagnet. If ®, change sign between different
cluster positions, J;; becomes a sum of random terms. When the number of such random
contributions remains small compared to the number of clusters, the system is not frus-
trated but realizes an associative memory phase [53], as in the Hopfield model [52]: upon
cooling, the spins relax toward a configuration strongly overlapping with one of the &,
patterns [54], the choice of which is set by the initial state’s overlap with ®,. When the
number of cavity modes is sufficiently large compared to the number of clusters, the cou-
plings J;; can, by the central limit theorem, be treated as independent Gaussian random
variables. In this limit, the effective Hamiltonian in Eq. reduces to the SK model

discussed above, with a spin-glass ground state.

Non-equilibrium dynamics of CQED spin glasses

We aim to describe the spin-glass dynamics of the setup discussed in the previous section,

focusing on universal features that are insensitive to microscopic details. For the original
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model in Eq. (3.12)), analytical progress is challenging and has so far only been achieved
using exact methods for small systems of clusters with single spins, after adiabatically
eliminating the cavity modes.

To proceed, we consider the simplified model

N M

H=AY 5 +w.Y alaa =" ga, (al + aa)Sf, (3.15)
i=1 a=1 i,00

which closely resembles Eq. (3.12) but assumes uniform atomic and cavity detunings,

consistent with experimental conditions. The couplings g, ; are random Gaussian variables

with statistics )

— 9
Joi9ps = 25(M + N)

where S is the spin length of each cluster. This model retains the essential features of

97,1' - O, 51']' (5,15, (316)

Hecqep, including the emergence of an associative memory phase for M < N and a
spin-glass phase for M ~ N.

The ground state of this model can be analyzed for S = 1/2, for example by mapping
spins to bosons and imposing a fixed spin-length constraint, as in Refs. [98, 99]. How-
ever, this approach is not suited for studying non-equilibrium dynamics, particularly for
quenches from arbitrary initial spin states. Possible alternatives include semiclassical ap-
proximations [100] and controlled approximations based on non-equilibrium field theory,
as developed in the two works shown below [101] [102]. The field-theoretical framework
allows us to systematically incorporate several important effects, including the role of
finite spin length S, which governs the strength of quantum fluctuations, as well as the

explicit dynamics of the cavity modes as active degrees of freedom.
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Light-matter interfaces have now entered a new stage marked by the ability to engineer quantum correlated
states under driven-dissipative conditions. To propel this new generation of experiments, we are confronted with
the need to model nonunitary many-body dynamics in strongly coupled regimes by transcending traditional
approaches in quantum optics. In this work, we contribute to this program by adapting a functional-integral
technique, conventionally employed in high-energy physics, in order to obtain nonequilibrium dynamics for
interacting light-matter systems. Our approach is grounded in constructing “two-particle irreducible” (2PI)
effective actions, which provide a nonperturbative and conserving framework for describing quantum evolution
at a polynomial cost in time. We apply our method to complement the analysis of spin-glass formation in
the context of frustrated multimode cavity quantum electrodynamics, initiated in our accompanying work
[Hosseinabadi et al., Phys. Rev. Res. xx, xxxx (2024)]. Finally, we outline the capability of the technique to
describe other near-term platforms in many-body quantum optics, and its potential to make predictions for this

new class of experiments.

DOI: 10.1103/PhysRevResearch.6.043314

I. INTRODUCTION

The field of quantum simulation has recently undergone a
transformation, evolving into a new realm of research where
the worlds of condensed-matter physics and quantum optics
merge. Today, an increasing array of platforms hosting many-
body systems can accommodate both unitary and dissipative
dynamics in a controlled fashion [1-6]. This circumstance
paves the way for the exploration of phases of matter and
strongly correlated behavior that have no counterparts in ei-
ther thermodynamic equilibrium or isolated nonequilibrium
conditions.

In contrast with conventional solid-state systems, driven-
dissipative condensed matter (also known as many-body
quantum optics) systems exhibit a host of innovative char-
acteristics. In the former, dissipation poses the primary
challenge to quantum coherence, while in the latter, dissipa-
tion is at times intentionally harnessed or even engineered to
drive the system into entangled states [7-9].

Traditional solid-state physics focuses on understanding
equilibrium phases of matter that result from the interplay
of interactions and thermal fluctuations [10—13]. In the realm
of driven-dissipative condensed matter, instead, emergent
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behavior can occur in dynamics or in the nonequilibrium
steady state where the system settles. These novel responses
usually arise from the intricate interplay of classical and quan-
tum noise within the strongly coupled limit of a many-particle
system. Finally, the nature of interactions fostering strong
correlations takes on a fundamentally different character in
the domain of quantum many-body optics. Here, short-range
interactions originating from atoms or molecules coexist with
long-range or even all-to-all interactions mediated by light,
leading to fundamentally distinct cooperative mechanisms.

These distinctive features find natural occurrence in cavity
quantum electrodynamics (cQED) experiments, which have
occupied a central position in the field of driven-open quan-
tum simulators for over a decade. In cavity QED, atoms
and photons experience couplings as a consequence of their
confinement within high-finesse optical cavities [14]. This
confinement enables repeated light-matter scattering in nearly
isolated conditions, achieving effectively strong interactions.
Leveraging the flexibility, tunability, and engineering ca-
pabilities inherent in quantum simulators, these platforms
have become ideal environments for realizing nonequilibrium
phases of matter under driven-open conditions. Beyond funda-
mental research, applications extend to quantum information,
where cavity QED currently holds the world record for spin
squeezing [15,16], an entangled state which surpasses classi-
cal limits for metrology and sensing.

In the majority of these experiments, the dynamical be-
havior of the system can be reduced to a few degrees of
freedom: typically, these are photon amplitudes and num-
bers in conjunction with the dynamics of a collective spin
that encapsulates the motion of the entire assembly of atoms

Published by the American Physical Society
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[17-33]. This usually results from the all-to-all nature of
photon-mediated interactions in the cavity, which allows for
an effective mean-field description. Quantum fluctuations are
subleading in the number of atoms when the dynamics of
such macroscopic degrees of freedom are considered and the
system’s behavior can be effectively characterized through
semiclassical descriptions [22].

This situation presents significant advantages when it
comes to modeling cavity QED experiments. Simultaneously,
it naturally prompts the exploration of conditions where the
strong correlations inherent in these systems become dom-
inant. In this context, we are witnessing the emergence of
a novel category of experiments, where the true many-body
nature of the platform emerges and it defies a description
using only a few macroscopic degrees of freedom. These
experiments encompass a variety of setups, such as Rydberg
tweezer arrays integrated into optical cavities [34], atomic
ensembles with adjustable loading capacities [35,36], and the
fermionic variant of traditional cavity QED experiments [37].

All these experiments necessitate the integration of meth-
ods traditionally employed for addressing strongly correlated
problems with the extra complication that detailed balance is
broken and dynamics are nonunitary. Accessing the long-term
evolution of open many-body systems subject to external (co-
herent or incoherent) drives as well as strong interactions, is
one of the most challenging computational frontiers. Never-
theless, it has now become increasingly important in order to
steer this new generation of cavity QED platforms.

Indeed, as numerous established platforms push the bound-
aries of the NISQ (noisy intermediate-scale quantum) era
[38], a cavity QED platform endowed with strong correla-
tions presents an intriguing opportunity. It would hold the
potential for innovative strategies in quantum processing,
leveraging the combined advantages offered by cooperative
behavior [39], the interplay of long- and short-range inter-
actions [34,40,41], the manipulation of controllable quantum
fluctuations [42], including the potential to manipulate deco-
herence channels [43].

As of today, state of art methods to model these ex-
periments would encompass a number of options. Refined
versions of semiclassical techniques, such as discrete phase
space representations of the Hilbert space, have been tailored
for addressing the driven-dissipative dynamics of spin and
bosonic systems [44—49]. Tensor network Ansitze, which re-
tain the most informative correlations to describe dynamics,
have been used to study phase transitions in driven open sys-
tems [50-57]. At the same time, cluster mean-field methods
[58] or self-consistent Gaussian approximations [59] remain a
straightforward, and, in some circumstances, competitive way,
to qualitatively capture nonunitary dynamics.

In this paper, we introduce a method to tackle the dynamics
of strongly interacting light-matter systems in the many-body
limit [60,61]. It is an adaptation of the two-particle irre-
ducible (2P]) effective action formalism which has been used
in high-energy physics and cosmology [62—74], as well as in
condensed-matter and atomic, molecular, and optical (AMO)
physics [75-83]. The method involves deriving a quantum
effective action for the system as a function of its two-point
correlation functions. Such action gives exact equations of
motion of two-point functions, and with some ingenuity also

the dynamics of higher point correlation functions [84,85].
It is via a set of controlled nonperturbative approximations
(large-N limit, dilute expansion, loop expansion) for the ef-
fective action [60,61,78,81] that the dynamics is numerically
solved.

Equations of motion derived from 2PI effective actions,
known as Dyson equations (DEs) [61], offer numerous advan-
tages. They give rise to self-consistent dynamics of two-point
functions free from secular effects [61,86]. Since approxi-
mations are directly performed at the level of the action,
the resulting DE are comnserving, in the sense they cannot
spoil the conserved quantities of the original model. They
also can seamlessly incorporate both coherent and dissipative
dynamics, as functional-integral methods do not markedly
differentiate between the two [87]. They do not suffer from
limitations when degrees of freedom with unbounded Hilbert
space, like photons or phonons, are included in dynamics.
The dynamics governed by DE have polynomial time costs in
system size and they can be run on a personal computer. The
price to pay is formulating educated guesses on the physics
of the problem, which are crucial for selecting the proper
approximation scheme. Furthermore, these DE are known to
semiquantitatively reproduce dynamics, and they are there-
fore excellent for elucidating the mechanisms at work in a
given problem of interest, but less suited to fit with accu-
racy experimental curves, for instance. With these caveats,
the method is highly flexible and applicable virtually to any
driven-dissipative many particle system, made of fermions,
bosons or spins, as we also expand in the conclusions of this
paper.

In this work, we initiate our research program by applying
this method to examine the dynamics of strongly corre-
lated light-matter systems within multimode cavity QED.
Our model is inspired by the experimental setup presented
in Refs. [36,88-90] which involves several photonic modes
connecting nodes (Fig. 1). Each of these nodes houses atomic
ensembles with adjustable loading capacities. By manipulat-
ing the number of atoms in each node (ranging from a few
to thousands in the experiment) by using optical tweezers,
one can introduce tunable quantum fluctuations in the plat-
form. These fluctuations enable the exploration of system
dynamics, from strongly correlated to semiclassical regimes.
Importantly, this flexibility is not unique to this platform
[35,91] and represents a promising starting point for delving
into many-body cavity QED beyond the domain of collective
dynamic responses [18,19]. During the final stages of the
current work, the experiment detailed in Ref. [92] verified
the existence of a spin-glass (SG) phase within the quan-
tum gas microscope platform of Refs. [36,88-90] for the
first time through direct measurement of the configuration
of spins in the system. In this paper, we complement the
findings presented in our accompanying work on dynami-
cal spin-glass formation [93] by providing a comprehensive
derivation of nonequilibrium field theory for frustrated cavity
QED and investigating the full spectrum of nonequilibrium
phases and crossovers inherent to these systems. Our objec-
tive is to bridge the domains of AMO and the many-body
community working at the interface of condensed matter and
field theory.

043314-2
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FIG. 1. Schematics of the model considered in this work: N clusters (tan circles) of N; two-level atoms (spins) interact with M cavity
modes (green lines) via static disordered couplings g, ;. Cavity modes mediate effective all-to-all interactions modulated among clusters. The
effective interaction is modulated by static disorder and generates frustration and glassy dynamics. Each cluster can be taken as a large spin §
with amplitude N, /2. Cavity modes induce ferromagnetic (FM) interactions between spins within the same cluster.

II. OUTLINE OF THE PAPER

The goal of this work is to understand the far from equilib-
rium dynamics of SG phases in frustrated cavity QED with
strong disorder, where fluctuations cannot be omitted and
mean-field treatments are not applicable. We remark that our
approach is distinct from those of Refs. [94,95] which by
construction, are suitable only for the universal SG behavior
at steady state, in two key aspects. First, the formalism de-
veloped here is applicable in far from equilibrium situations
such as quench dynamics, while keeping track of the quantum
nature of spins. Second, the platform of Refs. [36,88-90] nat-
urally includes extra FM interactions which are unimportant
in the steady state of the system [42], but as shown in this
work, can qualitatively modify conventional SG dynamics
away from equilibrium. We now briefly outline our key results
which expand upon the results of our accompanying work
[93].

A. Introduction to the model

We commence the paper by introducing the model in
Sec. III. We briefly review previous works on the behavior
of the model in different regimes of parameters at the steady
state and motivate using our approach to treat its far from
equilibrium dynamics.

B. Introduction to the method

We provide a brief introduction to effective action methods
and nonequilibrium field theory in Sec. IV. This serves as a
foundation for the detailed derivation of our formalism in the
context of frustrated light-matter interactions in cavity QED,
covered in Sec. V, where we develop a versatile approach to
address real-time dynamics in a model for disordered cavity
QED given in Fig. 1. To enhance accessibility, this section and
its accompanying Appendixes are crafted to be reproducible
from scratch by the interested reader.

C. Magnetization dynamics

In Sec. VIA, we show that the mean-field (MF) ap-
proximation, given by the leading-order contribution in our
approach, predicts a paramagnetic (PM) to ferromagnetic

(FM) phase transition of effective spin degrees of freedom in
the universality class of infinite range Ising model, but it com-
pletely omits the effect of frustrated interactions generated by
static disorder in the system. FM interactions are mediated
by virtual photon exchange processes among spins within
the same cluster, and in contrast with intercluster couplings,
are not frustrated. In Sec. VIB we demonstrate that, upon
the nonperturbative incorporation of disorder and fluctuations,
our approach provides a dramatic improvement of MF re-
sults. As the focus of this work is the far from equilibrium
dynamics of this system after interaction quenches, we first
look at the dynamics of simple spin observables, such as
global magnetization. We find that if the system is initiated
in a symmetry-broken state with a finite total magnetization,
the relaxation of magnetic order substantially depends on the
coupling strength and the size of atomic ensembles N; or
equivalently, the amplitude of large spins $; per each cluster.
For weak couplings (Sec. VIB 1), global magnetization dis-
plays paramagnetic oscillations which are weakly damped due
to the dephasing generated by static disorder. Upon increas-
ing the coupling (Sec. VI B 2), spin relaxation changes from
underdamped dynamics to overdamped dynamics without os-
cillations. In Sec. VIB 3 we address the effect of ensemble
size Ny on magnetization dynamics. We show that in the
overdamped regime and for small N;, global magnetization
(8%) relaxes quickly to zero while for large Nj, after an initial
collapse to a finite value, it stays in a transient prethermal
state with a slow spiral decay of the magnetization vector
along the axis of temporary FM order. We benchmark 2PI
with a semiclassical phase-space approximation [44,96] and
demonstrate excellent agreement in the limit of large spins be-
tween the two, where the latter becomes exact. This indicates
the viability of 2PI for approximating quantum dynamics by
starting from the limit of large spins, and systematically in-
corporating quantum fluctuations as the spin size is lowered
downto S = 1/2.

D. Dynamics of spin glass

To probe into the nature of the transition in the system
as magnetization dynamics change from underdamped to
overdamped, we consider more complex and richer spin ob-
servables in Sec. VIC. Particularly, and with the expectation
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FIG. 2. Measuring SG order through the overlap of spin configurations (Q) between two similar, but independent, systems A and B which
share the same pattern of disordered couplings g, ;. Starting from the same initial state for both systems and evolving both of them under
similar Lindblad dynamics, we can still obtain different spin configuration for each of them by doing measurements and applying projections
to the their states. If the systems are SG, the overlap remains finite at long times. For a PM, the relative orientations of spins in the two copies
are random and only half of the spins share the same orientation as their counterparts.

of exploring SG order in the system, we consider the dynamics
of two different order parameters for SG in Secs. VIC 2 and
VIC 3. First, we consider the time evolution of the overlap of
spin configurations between two identical systems (replicas)
with a similar disorder profile but otherwise decoupled from
each other. This overlap Q, which measures the statistical
correlations between the two replicas only due to their shared
disorder pattern, is a finite quantity in the SG phase and
vanishes for a PM (Fig. 2), as has been demonstrated experi-
mentally [92]. To obtain dynamics of the overlap, we extend
the formalism of Keldysh field theory with technical similarity
between our approach and the one introduced by Ref. [97]
to study measurement-induced phase transitions. In the PM
phase, the overlap parameter relaxes to zero after experiencing
small temporary fluctuations, in contrast with the SG phase
where the order parameter relaxes to a finite value. We show
that weak cavity losses stabilize SG order by effectively cool-
ing down the system. Stronger photon losses, on the other
hand, suppress the SG phase. As a second measure of SG
order, we consider the temporal correlations of spins over long
times, conventionally known as the Edwards-Anderson (EA)
[98,99] order parameter, corresponding to the overlap of two
snapshots of the same system taken at long time intervals.
We confirm that EA order parameter changes from zero in
the PM phase, when the system loses its memory quickly,
to a finite value in the SG phase, proving that the system is
glassified. We proceed to show that spin fluctuations violate
the fluctuation-dissipation theorem [86,100], a phenomenon
conjectured to be closely related to replica symmetry breaking
in SG systems [101].

E. Effect of resonant photons

In Sec. VICS5, we consider the effect of photon frequency
on the glass phase by looking at SG order parameter in a
wide range of photon frequencies from fast photons to the
resonance limit, where atomic and cavity detunings are close,
and below. We see that the SG order is peaked close to the res-
onance, while it saturates in the adiabatic limit. At frequencies
below the resonance, SG order is dramatically suppressed,
resembling the suppression of various types of order by low-

frequency lattice distortions (phonons) in solid-state physics.
We also address briefly the spectrum of low-lying excitations
in the SG phase, showing a continuum of sub-Ohmic modes
at small energies.

The capability to include in the same set of dynamical
equations variable ranges of coupling, tunable values of N;
and active photons, is one of the key merits of our approach.
It allows us to solve for the dynamics of the full platform with-
out the need to invoke large energy scale separations, effective
descriptions suited only to atomic or photonic degrees of
freedom, or to treat distinctly the quantum and semiclassical
regimes. In this regard, the method has a degree of flexibil-
ity that appears promising to treat other strongly correlated
driven-dissipative systems, as we discuss in the concluding
Sec. VIIL

III. THE MODEL

The experiment in Refs. [36,88-90] can be modeled by a
system of N clusters, each one containing N two-level atoms
encoded by the spin-1/2 operators o;;, with cluster 1 <i < N
and atom indices 1 < A < N, as shown in Fig. 1. The cou-
plings between the atoms and the M photonic modes of the
cavity are spatial-dependent and uncorrelated from each other,
which justifies their modeling via random spin-boson cou-
plings [94,95,102]. Starting from the same initial state for all
spins, each cluster is equivalent to a single spin S; = ), 075, /2
with amplitude S = N;/2. The parameter S can be tuned by
loading few or several atoms in each cluster, and it dictates the
strength of quantum fluctuations. For instance, at large S each
cluster would be effectively described by a classical angular
momentum, since its quantum noise would scale down as
1/S [18,103,104]. A minimal model for the system is given
by the random Dicke model whose evolution is governed by

dp = —ilH, p] + Yo, Dlaalp, where

H = % Zafk + Zwaa];aa
i\ o

1

T wil@q + al)os, (1
J<—M+N)Ns§,g ’
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and
Dlay)p = ku(2aqpal, — {alaq. p}). )

We assume that cavity modes are nearly degenerate such that
wy = w,. and k4, = k. The couplings g,; are assumed to be
random and chosen from a Gaussian distribution:

Zuigp) = Supliig 3

Couplings for spins in the same cluster are similar as we
assume that the spatial size of each cluster is smaller than the
wavelength of cavity modes. The scaling of the interaction
term guarantees that the total energy is extensive in system
size [105]. For w. > g, A photons are the fastest degree of
freedom in the problem; they quickly relax to stationary value
and approximately, they mediate instantaneous interactions
among spins. Assuming x = 0, photons can be adiabatically
eliminated [42,106—109] and the model in (1) is mapped to

Her = Y Hi + Hi, )

l

— z _ 4 x\2
H = AS; = o (Xa: g§i> ) )

4
Hin = aida 'S)-(S)f, 6
t (N—l—M)N\a)( ;Zg g I ( )

o

8ai =0,

where S7 = )", 03} /2 is the total spin operator for each clus-
ter. For Ny > 1, each cluster in Eq. (5) is an infinite range
quantum Ising model also known as the Lipkin-Meshkov-
Glick [110] (LMG) model with Hamiltonian

J
mm=Ay—ﬁw¥. (7

Hiyvg admits an exact solution using mean-field theory in
the limit Ny — oo and features a paramagnet (PM) to FM
phase transition [23,111-115] at A = J. The effective inter-
actions between atoms within the same cluster in Eq. (5) are
purely ferromagnetic and, to leading order, we can identify
J = 4g’n/(1 + n)w, after disorder averaging, with n = M/N.
Each cluster is further coupled to other clusters via Eq. (6),
which is expected to generate frustration in the system. For
N, = 1, the ferromagnetic interaction vanishes since ($*)> =
(6*)> =1 and this model becomes the quantum Hopfield
model (QHM) [116]. The QHM has a PM ground state for
sufficiently large A while for small A, the ground state cru-
cially depends on the ratio n [117]. For small values n <
ne ~ O(107"), the system is in the memory retrieval phase
[42,103,118,119], which is a Dicke model in disguise with
multiple superradiant ground states. When the number of
photon modes (M) surpasses a critical limit n > . [117],
frustrations dominate and turn the system into a quantum glass
[94,95,104,120], arguably in the same universality class of the
quantum Sherrington-Kirkpatrick [121,122] (SK) model. In
this paper, we are interested in SG dynamics and will only
consider the limit n = 1.

The many-body nature of the model (1) when photons
participate in the dynamics prevents us from using exact
diagonalization. Moreover, because of the frustrated cou-
plings, mean-field (MF) methods or dynamics of cumulants
expansions (CE) [22] are inapplicable. Instead, we attack this

problem using methods of nonequilibrium quantum field the-
ory (NEQFT). In the next section, we introduce the method
using a simple example first, and then proceed to apply it
to the model in Eq. (1). A treatment of the Dicke model
without disordered couplings is also provided in Appendix G
for comparison with the random Dicke model and pedagogical
purposes.

IV. NONEQUILIBRIUM FIELD THEORY
A. Basics of two-particle irreducible formalism

Similar to classical mechanics, the dynamics of a quan-
tum system can also be obtained from an action principle
[62,123,124]. In particular, one can define a quantum effec-
tive action (EA) I'[¢, G] in terms of one-point ¢ = (¢) and
two-point iG(t,t") = (¢(t)p(t)). correlation functions of the
system, known as 2PI-EA, whose stationary solution with
respect to correlation functions yields the equations of motion
for those correlation functions [61]. The equations of motion
include all quantum effects, and in principle, can be solved to
obtain the exact-correlation functions of the system. However,
this is only true if the full expression of 2PI-EA is known. For
a system of real-valued bosonic fields, the general expression
of I is given by

T'[¢, G] = Sule] — %Tr nG + %Tr(Gg'G) +Tle, Gl.
(8)

The first term is the classical action, the rest of the terms
capture fluctuations (both quantum and statistical [66]), and
Gy is the Green’s function of the noninteracting system. The
last term I", usually admits an expansion in terms of connected
Feynman diagrams which cannot be disconnected by cutting
at most two of their lines (hence the name two-particle irre-
ducible). Often, it is only possible to do an approximation for
I';, by keeping only a finite number of diagrams or, similar
to this work, an infinite subset of diagrams. This in turn
yields an approximate solution for correlation functions and
field expectation values. The main advantage of 2PI is that,
despite the inevitable use of approximations, it is a conserving
method [61,84]. This means that, the approximated dynamics
respect all of the conservation laws of the original problem
and therefore, is immune to the instabilities that many other
methods of approximation for dynamics have. In addition to
being a conserving method, in certain problems, including the
one considered here, it is possible to obtain nonperturbative
approximations for I'y, which produce qualitatively valid re-
sults for dynamics at long times [60,61,66,78,125,126].

B. Comparison with other approaches

There are various methods to explore many-body quantum
dynamics theoretically and each one has its own advantages
and shortcomings. Exact diagonalization (ED) gives accurate
results but is often limited to very small system sizes, espe-
cially for open quantum systems where the size of the vector
space grows even faster due to the necessity of working with
mixed states. Methods based on matrix product states (MPSs)
[127] are mostly limited to one spatial dimension and systems
with local interactions and weak entanglement. Among the
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most frequently used methods in the AMO community are
cumulants expansion (CE) and truncated Wigner approxima-
tion (TWA) [96] together with its extension, discrete truncated
Wigner approximation (DTWA) [44]. The main advantages of
CE are simplicity and cheap computational cost. On the other
hand, it is an uncontrolled approximation [128,129]. There is
no a priori knowledge of its domain of applicability before
solving the equations and checking the physical consistency
of the results. Furthermore, to calculate correlation functions
at different times in CE, one needs to resort to the quantum
regression theorem [109,130], which complicates the calcu-
lations. TWA approximates quantum dynamics with classical
statistical mechanics by sampling the initial probability distri-
bution function from the system’s initial wave function and,
subsequently, evolving the system according to the classical
equations of motion. The advantage of TWA is that it is a
controlled approximation, since it can be expressed as the
leading-order contribution in the expansion of dynamics in
powers of 7, which turn out to be equivalent to classical
statistical mechanics [61,96]. The drawback of TWA is its lim-
itation to systems with weak quantum fluctuations and when
quantum effects are not built up over time. For instance, TWA
is unable to capture tunneling phenomena [96] even at the
level of qualitative accuracy. While the calculation of nonlocal
symmetric correlation functions is straightforward in TWA, to
evaluate quantities such as response functions one needs to go
to higher-order terms in 7 [96], considerably increasing the
required effort to use the method. A detailed comparison of
DTWA and 2PI for our system is provided in Sec. VIB 3 and
Appendix F.

In comparison to CE and TWA, 2PI can be used to perform
controlled approximations, provided that a control parameter
exists in the system. In this case, the 2PI action admits an
expansion in powers of the control parameter [61]. For in-
stance, this parameter can be /, similar to the example given
before, or inverse of the components of a vector field or in
our case, the inverse of the spin amplitude per cluster and the
number of photon modes to the number of clusters. Moreover,
symmetric and antisymmetric correlation functions are the
quantities in terms of which the formalism is built and are the
direct outcomes of calculations. 2PI also excels in capturing
quantum effects, mainly because it involves a resummation of
the perturbative expansion to infinite order. For instance, it has
been used to study dynamics in strongly correlated systems of
electrons [131-133] and phonons [134,135] with non-Fermi
liquid (NFL) behavior and critical fluctuations. 2PI works well
also when small quantum effects are accumulated over time,
leading to drastic changes in the system at long times such as
in tunneling phenomena [64,136]. Despite numerous advan-
tages, 2PI has some limitations. First, the approximations that
are usually made to retain only a subset of the diagrams in
the effective action, such as 1/N expansions [60,61,63,78],
give qualitatively valuable results about the universal trend
of the dynamics, but are not tailored to have quantitative
accuracy, i.e., they are not suitable for a point-wise compar-
ison with experimental data. Sometimes, one needs to make
educated guesses about which diagrams have to be kept to
capture a certain aspect of the physics which is of interest.
The exception to these is working in the weak coupling or
the dilute limit, where collisions can be incorporated pertur-

batively [86,100]. Second, working with non-Gaussian initial
states is difficult in 2PI as these require the inclusion of extra
interaction vertices [61] that complicate the approximation.
‘We emphasize that this restriction only holds for initial states.
2PI is not limited to Gaussian dynamics (such as second-order
cumulants) and in fact, captures non-Gaussian correlations
generated over time after initializing the systems in a Gaussian
state.

V. TWO-PARTICLE IRREDUCIBLE FOR DISORDERED
CAVITY QED

A. Keldysh action for spins

To treat Eq. (1) using field theory, we need a path
integral representation for spin operators. Different spin rep-
resentations include spin coherent-state path integral, the
Holstein-Primakoff transformation and particularly, spinon
representations in terms of Abrikosov fermions or Schwinger
bosons [137,138]. In this work, we represent each spin-half
operator in terms of three Majorana fermions (¢, ¥, ¥°) as
[139-151] given by

Ua = —iEaﬁyWﬂWV7 {WX’ WS} = 80‘)3’ (9)

where we have assumed summation over repeated indices.
It is easy to check that (9) satisfies spin commutation rela-
tions [0, of] = 2ieyp,07. This representation was used by
Refs. [150,151] to study the onset of superradiance in the
steady state of the Dicke model with different types of external
baths. We note that, although fermionic and bosonic spinons
are formally equivalent (after projection into the physical
sector of the Hilbert space), they can yield different results
upon using further approximations. For instance, in 2PI we
mostly start from “simple” initial states for which the values
of correlation functions G(z,t") are known only at a single
initial time ¢ = ¢ = 0. This corresponds to a Gaussian state
for bosons and fermions (more precisely, the Gibbs state of a
quadratic fermionic Hamiltonian [152]). In Appendix A, we
show that a Gaussian state for Schwinger bosons is always a
mixed state at least for one of the boson species and generates
a relative error of O((25)?) for the values of extensive quanti-
ties such as energy or the effective action. However, Gaussian
states for fermionic spinons (complex or Majorana) can be
pure states and do not introduce any errors in representing
spin coherent states. As we show below, diagrammatic cor-
rections beyond mean-field dynamics start at O(1/2S) and are
subleading to the error of using Gaussian states for Schwinger
bosons. Hence, using fermionic spinons is in fact essential for
the consistency of the approximation for all spin sizes and not
only for § & 1, as long as we use Gaussian initial states.

The Keldysh action for “free” spins, corresponding to the
first term in Eq. (1) and written in terms of Majorana fermions,
has two parts

So =SB + Sa, (10)

N Ny xyz

=20 Y pivsavia  an
o
Sa=y_y f IAYE Y di., (12)
i A
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where Sp is the contribution of the Berry phase of spins to
the action [153]. The action in Eq. (10) can be compactly
written as

N N
1 : .
=3 Z Z % vl G, dt, (13)
i A

with \I/g = (1//1 A, ; )\, f)\). The inverse bare Green’s function
for fermions G_ is defined as

i, iA 0
Gy'=|—-ia i3, 0 |. (14)
0 0 id,

Finally, we define the fermion Green’s function and its dia-
grammatic representation as

G0 (1) = (VAU (1)) : ———. (15)

Note that G is the dressed-fermion Green’s function.

B. Keldysh action for photon sector

The dissipative Keldysh action for photons can be obtained
directly from the Liouvillian by following the prescription
given in Ref. [87]:

S = [ 1020, — 00 + i)
—a_(id, — w, — ik)a_ — 2ika_ay]dt. (16)

Since the spin-photon coupling in Eq. (1) depends on the
combination (a + a') of photon operators, dealing with inter-
actions is simpler when we make the following transformation
to real-valued photon fields (¢, ) given by

ax = \/%(m + i”i>. 17)
we

Substitution in Eq. (16) gives

M
1 .
= EE :/cbngchadt, (18)

where <I>§ = (Pot> Tats Po—, Tou—) and ﬁal is a 4 x 4 matrix
defined as
s _ [0 ()T
Dy =| . . R (19)
(D) " (D)
2 .
A—1\T+ _(UL. + LKW —3,
A_nyt— | Tikwe  —K
(Dy')" = [ . —iﬁ]’ Q1)
Ayt —IiKWw, K
(Dy') = [ e _,%], (22)
2 .
A_ly—— | wg F ko, 0
(Dg') = [ P ,w_} (23)
Photon Green’s functions are defined according to
iD? Z (t,1) = <<I>”(t)<b” (t )) (24)

FIG. 3. Spin-photon interaction vertex after averaging over the
disorder. The dashed line indicates the average g, 83, ;-

where p, p’ = (¢, m). We see that only the D?® component
appears explicitly in the diagrams for the effective action
and self-energies. Hence, only D?? requires a diagrammatic
representation which is given by

iDS%(t, 1) = (b (t)dp(t)),

L AANAANANANAL. (25)

C. Spin-photon interaction

Using the conventions introduced above, the Keldysh ac-
tion for the interaction term reads

Sint = 1/ (N+M)N Z%d[cgm(ﬁa M (26)

In principle, we can proceed by taking the average of the
Keldysh action over the random couplings g,;. This yields an
effective interaction defined by eS:" = ¢iSin, where

4lg2a)c
Sur = = eSS b 000000 0

ai AN
X Y A, O, (). (27

We have assumed that the initial state is not correlated with
disorder profile (see comments in Secs. VD and VE for
more details). The diagrammatic form of S is given in
Fig. 3. To have a systematic and controlled approximation
in 1/N; that captures the frustrated nature of the problem,
we have to keep an infinite subset of 2PI diagrams shown in
Fig. 4. A closed form for the corresponding summation can be
found, as shown, for example, for the quantum O(N) model
in Refs. [60,61,63,83]. An easier approach is the auxiliary
field method [60,61,63], based on the Hubbard-Stratonovich
(HS) transformation [11,78,81,100]. HS transformation finds
various applications in the study of collective effects in
many-body systems such as plasmons [11], superconductivity
[11,154], superfluidity [153] and quantum spin liquids [137].
The basic idea is to introduce a new field which we label as
X, that mediates the original interaction in Sjy. In our case,
x decouples the interaction between spins and cavity modes
as diagrammatically illustrated in Fig. 5(a). The action of x
and its coupling to other degrees of freedom are given by (see
Appendix B for a mathematical derivation)

Sine = Sy + Syy + Sexes (28)
where S, is the action of the HS defined as

- ZZZ%%drcdt XS:(te)

i,j 0,0’

(W )0, s 1) XG5 (2))- (29)
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Fg%

FIG. 4. Leading-order and next-to-leading-order diagrams in the 1/N; expansion of 2PI action.

We name yx as the Ising field because it mediates the
Ising-type interaction among spins as we see below. x is a
two-component real valued scalar field defined as

Hoi = (Xai» Xai): (30)

together with its inverse bare Green’s function

(W) (ter 1) = VN F Mupbij(0)ger(ter 1), (31)

ai,Bj

and its full Green’s function

W (1) = (X (1)) :OOOOBODY. (32

i, By

Note that the “free” part of the action for the Ising field S,
is local in time and does not contain any time derivatives
of x. This makes the equations of motion for x algebraic
rather than differential. The latter is the generic case where the
equations of motion for correlation functions form a system
of coupled differential equations, and adiabatic elimination is
equivalent to approximately ignoring the time derivatives of
some of the dynamical variables, which are assumed to have a
quick response compared with other timescales in the system.
For the HS field, adiabatically eliminating x is exact, which is
equivalent to taking the Gaussian integral over x in Eq. (29),
and the result is given by Siy in Eq. (26). The next term in
Eq. (28) is S,y which describes the coupling of fermions to
the first component of x:

2i T
Syy = —WZ¢dIﬂX;i BV (33)

S o,i, A

W22 = “soooomoy =

and S,, 4 describes the disordered interaction of photons with
the second component of x:

Sero = V20 Y 75 dte 2 guitbe- (34)

The diagrammatic representations of the original vertex in
Eq. (26) and the transformed ones [Eqgs. (33) and (34)] are
given in Fig. 5(a).

We show later that the two components of the Ising field
correspond to different physical quantities. As will be shown
in Sec. VH1, Xl is related to the effective magnetic field
experienced by each cluster and x2 is connected to magne-
tization. Similarly, the Green’s functions of Ising fields are
not just mathematical objects and have physical meanings. W
can be expressed in terms of the original Green’s functions as
shown in Fig. 5(c). W?? is related to the spin-spin correlation
function or equivalently, the four-point function of Majorana
fermions,

N,
(SFOISFaN) = =4 (i, (OV5 OV, (O, (1), (35)

AN

whose leading-order expansion is given by the same set of
diagrams as W22 in Fig. 5(c), up to multiplication by an overall
constant, as given by Eq. (78). Therefore, spin-spin correlation
functions are natural byproducts of our formalism. Therefore,
there is no need to solve the Bethe-Salpeter equations to ob-
tain four-point functions of fermions, usually a cumbersome
task particularly for out of equilibrium systems [78,85,155].

Pa Xii Xii

\gai Qba d)a

FIG. 5. (a) The original interaction vertex and the decoupled interactions after HS transformation. (b) The effective interaction between
photons and the Ising field after disorder averaging. (c) Diagrammatic representation of the Ising (HS) field propagators. The appearing
fermion and photon lines are assumed to be renormalized by interactions. W?? coincides with spin-spin correlation function, up to an overall

multiplicative factor.
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D. Disorder averaging

We can now take the average over the disordered couplings.
In the Keldysh formalism, the average can be taken without
resorting to the replica trick [100]. The only term in the action
depending on gis S, 4. The effective interaction after disorder

averaging is given by e/Sx¢ = ¢iSus | where
Syp = igwe Z 7§ 7§ diedt] 3o (1) o) x i (t)pa (1)), (36)

is shown diagrammatically in Fig. 5(b). We have to make an
important remark about the process of disorder averaging. In
obtaining Eq. (36) we have assumed that the initial state of
the system is not correlated with the disorder. This is valid
for the initial states we consider in this paper. However, to
study phenomena such as associative memory in multimode
cavity QED [42,103,116,117,119,156], where a significant
overlap of the initial spin configuration is required for memory
retrieval, one has to assume that the initial state depends on
gqi- In that case, disorder averaging will generate more terms
than Eq. (36), which couple the initial state to the interaction
vertex in Eq. (34).

E. Symmetry considerations

The symmetry structure of the model helps us to sim-
plify the study of its dynamical response. Originally, the
Hamiltonian in Eq. (1) is invariant only under a global Z,
transformation that maps all spins and cavity modes simul-
taneously according to

o5 —> —05, a4y = —dag. (37

According to the language of Refs. [87,157-159], in the ab-
sence of photon loss this is a quantum symmetry of the system
with a conserved Z, charge. A quantum symmetry is a sym-
metry of the fields on each individual Keldysh contour, while
a classical symmetry is the invariance of the Keldysh action
under a simultaneous transformation of the fields on forward
and backward contours [87]. With photon loss, the quantum
symmetry is demoted to a classical symmetry without a con-
served charge. However, starting from a symmetric initial
state, a classical symmetry still guarantees that the symmetry
will remain unbroken in the absence of symmetry-breaking
perturbations.

The symmetry structure of the model is enriched after
disorder averaging and using the fermion representation in
Eq. (9). It can be easily verified that the disorder-averaged
Keldysh action has the following sets of symmetries:

(1) Alocal Z, gauge symmetry under the transformation

Vo = —Vas (38)

which holds for each spin separately. This symmetry is an
artifact of representing spins in terms of quadratic fermion op-
erators and is not physical. The initial state or external forces
cannot break this symmetry. The important consequence of
this symmetry is that

Gyl o 8ijbsa. (39)

(2) A Z, symmetry for each separate cluster i and Ising
fields coupled to it:

O'l)\ —

—oi (b =1,...,N,), (40)

Xoi—> — xS o=1L2=1,...,M). (41)

Equation (41) holds because the effective interaction in
Eq. (36) is quadratic in x. This symmetry is a classical sym-
metry with no conserved quantities.

(3) A Z, symmetry of each photon mode given by

(pa g _(pa’
This symmetry is also a result of S,4 being quadratic in
photon fields and is a weak symmetry. This symmetry implies
that

Ty —> — g 42)

DLt o Sap. 43)

We see that the Z, symmetries of spin and photon sectors
are decoupled. This means that, even if the initial state of spins
breaks the symmetry, no photon coherence will be generated
({aq(t)) = 0). On the other hand, a finite value for o7} results
in a finite value for X;}Q-

We again remark that the above arguments hold true only if
the initial state of the system is not correlated with the disorder
pattern, such that Eq. (36) is the only outcome of disorder
averaging. Otherwise, a Z, broken initial state can in principle
break the Z, symmetry of some of the photon modes. This
happens for example, if the initial spin configuration has a
strong overlap with a single disorder pattern corresponding to
the photon mode «, such that

> 0, (44)

or if a symmetry—breakmg perturbatlon that favors a single
pattern such as

SH =€) g0, (45)
ik
is applied to the system. In this case, one expects that for
sufficiently small M/N, the pattern o to be activated and
retrieved [103,117].

For the fully polarized initial states of spins considered in
this problem and in the thermodynamic limit, we can safely
take (¢, (¢)) = 0 throughout the evolution. Even starting from
a state with (¢) # 0, its value will decay to zero as it cannot
align itself with any of the disorder patterns.

F. Two-particle irreducible action

The 2PI action for the model given above is a functional of
fermion, photon and Ising field correlation functions together
with the expectation values of Ising fields and has the general
form given by [61]

I'lx,G,D,W]= TrlnG

Sylx1+ 5 ETr(c;g‘c;)

— iTrlnD + i.Tr(Dle) — i.Tran
2 2 0 2

+ %Tr(WO 'W) + Tal%, G, D, W1. (46)
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NM NM
N + M N+ M
(a)
TN NM
\ ~ —————N;
N (N + M>2
(b)

FIG. 6. (a) The leading-order contribution of interactions to 2PI
action. The dashed line in the right diagram is not a Green’s function
and cannot be cut. (b) A diagram which linearly scales with N; but
is not extensive and neglected. Black circles connected to springs
represent the expectation value of Ising field .

The expressions for S,, Go, Dy, and Wy were respectively
given in Egs. (29), (14), (19), and (31). % is the expectation
value of the Ising field

%o ) = (x50), (47)

shown by a black circle connected to a spring in Fig. 6(a).
The last term in Eq. (46) captures interactions and, as we
mentioned in Sec. IV A, is given by the sum of 2PI diagrams.
To systematically expand I';, we need to specify how the
expectation values and Green’s functions of the Ising field
scale with parameters of the system. According to Eq. (31),
to the leading order in (N + M)~! we have

1
12
W~ 3130 i )
The diagonal elements W!' and W22 are zero at the bare
level in Eq. (29). However, they become nonzero when the
couplings of x to ¥ and ¢ are taken into account [Fig. 5(c)].
For W22 we have

(48)

1
w2, ‘SijO(z\ur—M)' (49)

As shown later, W!! has a subleading term due to interactions
which contributes at leading order when it is summed over
photon modes

1 1
Wi~ §;:8,,0 ——— 8;i(1 =848)0 ——— ).
ap jOup <N—|—M)+ ]( ﬁ) ((N+M)2>
(50)

Furthermore, ¥ will have the following scalings [Egs. (73) and

(72)]:
B VN, B N,
lf\/ — 2r‘\4
X O(N+M)’ X 0( N+M>' S

At last, the fermion-Ising vertex in Eq. (33) has

1
Syp ~ —. 52
xv \/ﬁs ( )
We now have all of the necessary ingredients to perform a
systematic expansion of ['.

G. Diagrammatic evaluation of two-particle irreducible action

We are interested in the thermodynamic limit of the system
in Eq. (1) where N, M — oo while the ratio n = M/N is
kept fixed. Moreover, the number of spins per cluster N; is
assumed to be larger than one and will play the role of the
control parameter for the expansion. Also, we assume that
N; < N, which is a valid assumption in the thermodynamic
limit of the problem. The interaction part of the 2PI action,
given by I'; in Eq. (46), admits a diagrammatic expansion in
terms of the connected vacuum bubbles of the theory which
cannot be split into half by cutting one or two of their Green’s
function lines, also known as two-particle irreducible (2PI)
graphs [61]. Below, we classify these diagrams for our system
as leading-order (LO) terms

30 ~ N, (53)
and next-to-leading-order (NLO) terms
YO ~ N9, (54)

and higher-order terms which are ignored in this work. We
also ignore terms which are subextensive.

The following discussion will also elucidate how the pa-
rameter controlling the strength of quantum fluctuations, Nj,
enters naturally in the field theory description and in the DE
derived from it. This is one of the key merits of the approach,
at variance with more numerical oriented methods which
have to deal with growing computational complexity as Nj is
decreased.

1. Leading-order contributions

The LO terms have linear scaling with N; and at the same
time, scale extensively with system size. Two of these dia-
grams exist and both involve the expectation values of Ising
fields, as shown in Fig. 6(a). Their mathematical expressions
are given by

M N N;

9= 2303 Y fanidein
— g Z Z 7€ j£ didt, 5t )DYY, (e 1) Rai (2.

(55)

Note that the disorder (dashed) line in Fig. 6(a) cannot be
cut, as it is a part of the disorder averaged interaction vertex
in Fig. 5(b). Accordingly, the right diagram in Fig. 6(a) is
not two-particle reducible. It can be shown, by solving the
resulting equations of motion derived from Eq. (55), that the
LO terms describe a dynamical mean-field interaction of spin
expectation values (o*) mediated by photons through their
response function (see Sec. VI A). Therefore, the LO contribu-
tion describes the LMG coupling in Eq. (5) with the inclusion
of retardation effects due to photon dynamics.

We note that there are other terms that scale linearly with
N;, such as the one given in Fig. 6(b), but all of them scale
nonextensively with system size and can be neglected in the
thermodynamic limit.
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NLO _
F2 —

NM NM
N+ M N+ M

FIG. 7. Next-to-leading-order contributions to 2PI action.

2. Next-to-leading-order contributions

The NLO diagrams do not scale with N; but still scale
linearly with the number of clusters N. There are two NLO
diagrams shown in Fig. 7 and their formulas are given by

M N N,

PN ]% ¥ Z f f dtedt}W,! 5. (e, 1))
s 0[,/3

i A

x (G (te 1DGE te. 1) = G (1, 1G5 (1. 12)]

cr e

M N
—igwc Y Y f f dt.dt! W2 (te, tHDL2 (1., 1)).
(56)

The rest of the terms in I'; are either next-to-next-to-leading-
order (NNLO) in 1/N; or scale subextensively with system
size (Fig. 8). In this work we neglect these terms and take

Iy~ T30 + Mo, (57)

It is worth showing which diagrams we are keeping
in terms of the original action prior to HS transformation
(Fig. 4). As mentioned before, the LO part describes a retarded
self-interaction of the spin expectation value expressed in
terms of fermion Green’s function [according to Eq. (9)]:

{o%) =2G™, (1,1), (58)

given by closed loops in the first term of Fig. 4, within the
same cluster and mediated by photons. In the regime of fast
photons and at steady state, this reduces to the ferromagnetic
interaction in Eq. (6). For NLO terms, the two diagrams in
Fig. 7 are equivalent to the sum of an infinite number of
diagrams in the original representation of the theory, shown
in the brackets of Fig. 4. This can be verified by plugging
the diagrammatic expression of W given in Fig. 5(c) into the
diagrams of Fig. 7, and subsequently substitute the lines for
bare W with simple dots, as the latter is just a constant. This

NM? 1
(N +M)3N,

NM NM? 1
(N + M)? (N+M)yN,

FIG. 8. Some of the neglected diagrams in this work which ap-
pear after NLO terms. The left diagram is subextensive in system size
and the rest are NNLO in 1/N;.

infinite series is a byproduct of disordered couplings. For the
Dicke model without disorder (see Appendix G), only the
first NLO diagram would contribute since in the absence of
disorder, dashed lines would disappear. This makes the rest of
NLO diagrams two-particle-reducible and hence, forbidden in
the expansion of I'.

H. Equations of motion

Green’s functions and field expectation values are obtained
from the stationary solution of QEA which is found from
T T .
SX() T SWI% (e, 1))
or 0 T

DL (e, 1))

0, (59)

- —0.  (60)
8Gy; o (te 1)

After taking functional derivatives of Eq. (46), we see that the
equations of motion for Green’s functions can always be cast
compactly as

G'=G6,"-%, (61)
D'=D,' - 11, (62)
W =W, -, (63)

known as Dyson equations [61,86,100]. The matrices 3,1,
and Q are fermion, photon, and Ising field self-energies,
respectively. They are given in terms of the functional deriva-
tives of I'; as

8,
DA (0 N, Y R — (64)
i 8GI (1l 1)
, T
M) = 42, (6)
8Dy (¢!, 1)
, 8T
Q% (e, 1)) = +2I————. (66)
ai,BjAC e (SW[;’]‘,’(ZI'([Z" tc)

Due to their large size, the expanded forms of Eqs. (61)—
(63), required for numerically solving them, are given in
Appendix C. We only mention the important details here.
The fermion and photon Green’s functions will be diagonal
in the spin-site and photon-mode bases, respectively. Due to
permutation symmetry [18,19,160] we also have

Gl tes 1)) = 88,00 G (1, 1)), (67)
DG (te, 1)) = 8up D" (1, 1)) (68)

The same is true for their self-energies. The Ising field’s
Green’s function and its self-energy will acquire off-diagonal
elements only in the photon indices. Due to the emergent
permutation symmetry after disorder averaging, all diagonal
elements of W and Q2 are the same. This holds also for the
off-diagonal elements of W and :

Wo (e, 1)) = 8V (1o, 1)), (69)
WGt t)) = 8,U" (te,t)), e # B (70)
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A similar argument applies to ¥, and it has the same value for
all sites and photon modes:

Xai(®) = %°(@). (71)

We proceed similarly to the previous section. We find the
equations of motion at LO first and then consider the NLO
corrections.

1. Equations of motion at leading order

For j%, one always finds that it has the same value on
forward and backward Keldysh contours, as it should be since
these are classical variables. From Egs. (55) and (59) we have

8FLO—0—> 72(t) = =2 N; G (@, 1), (72)
spt X N *

51“}0:0_)5(1(0: 28w,
852 VN +M Jy

DR,
(73)

where Dﬁ’p is the photon response function defined as (for

details see Appendix C)

=0 —)0[D). ¢, (4

which describes the response of the photons to an external lin-
ear perturbation. Note that the time variables used in Eq. (74)
are normal variables and are not defined on the time contour.
Substituting (72) into (73) gives

4g2wc\/Ns
N+M

DY, 1) =

i) =— dt DY, ()G (1, 1), (T5)

0

in agreement with the scaling relations for ¥ givenin Eq. (51).
For ¥ we have at leading order

tc,t/c 5 \/—fmaﬁd(tcvtc) ( ) (76)

The temporally local elements of fermion self-energy describe
the effective magnetic-field spins experience due to inter-
actions. Accordingly, Eq. (76) describes a time-dependent
magnetic field By in the X direction experienced by each spin.
This sheds light on the physical meaning of the first compo-
nent of the HS field: it is the magnetic field experienced by
each spin and its Green’s functions give the fluctuations of
this field. This could be inferred also from Eq. (33) which
describes the coupling of ¢* = —2iy*y” to x;. Similarly,
Egs. (72) and (58) relate x> to (o) as

(510)] =

Furthermore, it can be shown that W22 is related to the two-
point correlation function of the large spins Sf =), 03} /2
through

—V (N +M)N72(2))2. (77)

(S )SF (), = i(N 4+ M)N,V > (10, 1) /4. (78)

Equation (78) can be rigorously proven by introducing
source terms in the Keldysh action which are coupled to
0¥, and then taking functional derivatives with respect to
the sources twice (cf. Appendix B). By substituting ' from
Eq. (75) into Eq. (76), the effective magnetic field B, is found

to be
4gw.M (!
Bi(t) = ———— | di'D% ¢, 1")GLE (', 1). 79
(@) N+M/o R (1, 1)GE (1) (79

Interpreting Eq. (79) is straightforward now; spins perturb
photons whose displacement is given by ¢ which acts as an
effective field applied to spins through the Dicke coupling in
Eq. (1), creating a self-interaction for spins.

Last, we investigate the photon sector at LO by calculating
the photon self-energy IT. Since all terms in ['; only depend on
the ¢¢ component of D, the only nonzero element of photon
self-energy is T1#? given by

i (et = O, 5@

= —2iNg*wex* (te)X*(£)-
Written in terms of normal time variables, it is easy to show
that IT° does not alter the spectrum or equivalently [11,100],
the response function of photons. Hence, its only effect is
to increase the photon population. At this order, spins pump
photons, but without generating any finite values for (¢). As
couplings to different clusters have different signs, their MF
contributions cancel out each other in the thermodynamic
limit and photon pumping is realized only at the level of
fluctuations. Furthermore, no changes of D}’;‘b at this order of
approximation means that the kernel of the effective interac-
tion between spins is given by its noninteracting form, i.e., it
is the response function of a damped (for « # 0) harmonic os-
cillator. We note that the self-energy of the Ising field vanishes
at this order.

We summarize the physics of the problem in the LO ap-
proximation. There is an effective Ising-like interaction of
spins within the same cluster with a retarded kernel given
by the response of cavity photons in the noninteracting limit.
Photons are coherently pumped by spins, but their energy
levels and loss rates remain unaffected. At this order of
approximation, the model behaves very similar to the MF
solution of the Dicke model. The effective retarded spin-spin
interaction is generated also for the Dicke model, if we for-
mally solve the equation of motion for the photon mode in
terms of o* and then, substitute them back in the equations of
motion for spins.

(80)

2. Equations of motion at next-to-leading order

As is evident from Eq. (56), TYM0 does not depend on
% . Therefore, Eqs. (72) and (73) describe } to NLO. Ac-
cordingly, the general picture of an effective MF interaction
between spins remain unaltered. Although the interaction ker-
nel given by D£¢ will be renormalized by fluctuations at NLO.

The self-energies at NLO are found from the functional
derivatives of '’Y'-© and are given by

Saottet) = 00

M
= (Ve ) + (O = UM (1, 1,))
X Z E"’"“"YE-'IJB(SG’Y.(S(tfH t:;)a (81)
6
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Mot tt) =/ \

= 2N g%, V2 (b, 1), (82)
Ising self-energies are nonvanishing at this order are

(QNLO)SB(#/C’ t;) = \@_@J = 4i92wc

X (GYY (Lo, )G (te, 1)

GV (o, )G (1)), B

- =<

(QNLO)(QX%?(t(zati:) = M

= 20%we00s D (te, t)).
We see that the off-diagonal element of W given by U is
multiplied by an extra factor of O(M) in Eq. (81), and it
has to be kept though it is subleading compared with the
diagonal element V. The resulting equations of motion are
a system of 36 coupled integro-differential equations for dif-
ferent components of Green’s functions and j¥. The complete
expressions for these equations are given in Appendix C in
terms of the symmetric (Keldysh) and antisymmetric (retarded
and advanced) correlation functions.

s

(84)

3. Evaluation of glass order parameter

The formalism developed so far is sufficient to calculate
some of the correlation functions of our system which are
usually the quantities of interest for quantum dynamics. How-
ever, for systems with static disorder, we can define new types
of expectation values depending on the order of calculating
operator expectation values and disorder averaging [99]. As
will be explained in Sec. VIC 2, the spin overlap quantity

1 R
0@) = m(SfA(’)Sf,B(f))C (85)

s
between two similar copies (A and B) of the system, which
measures the statistical correlations between A and B gener-
ated by the disorder, is of particular importance in our analysis
(cf. Fig. 2). Q(t) cannot be evaluated directly in terms of
the “normal” correlation functions, simply because of the
noncommutativity of taking expectation values and disorder
averaging in Eq. (85). However, it can still be calculated
thanks to the versatility of the Keldysh approach in dealing
with quenched disorder [11,100]. The correlation between
the value of an observable O in two systems before disorder
averaging can be written as

(Os()Op(1)= / DIATDIG510A ()0 (1) or 815185501,
(86)

Note that up to this point fields belonging to different copies,
¢4 and ¢p, do not interact with each other. We can now
straightforwardly find

Q(t)=/D[¢A]D[¢B](’)A(t)OB(t)eis["’/"g“f]*is["""gﬂf]- 87)

Since the actions of both copies depend on the same realiza-
tion of g,;, averaging over disorder couples fields of different
replicas, and generates an effective interaction between them.
However, the effective interaction only affects inter-replica
quantities of the form given in Eq. (86). Before applying
Eq. (87) to our problem, we make some remarks about our
finding. Clearly, there is a strong resemblance between our re-
sult and the replica trick [11,99,161,162] as they both involve
more than one copy of the system. However, there are also
crucial differences between the two. In the replica trick the
number of replicas is taken to zero via analytical continuation
while here we are strictly working with two copies of the sys-
tem. Depending on the particular system and other parameters
such as temperature, RSB may or may not occur while the sys-
tem is nevertheless a glass [99,122]. However, as we explain
later (cf. Sec. VIC?2), if one-point functions are vanishing
while Q is finite, the system has glassy behavior. Despite
these differences, we call Eq. (87) the “replicated model”
for convenience. We note that a similar replica approach has
been used by Ref. [97] to study measurement-induced phase
transitions due to continuous-time measurements.

We apply Eq. (87) to the HS transformed interaction part
of the action in Eq. (28). S,,4 is the only term depending on
gqi and has to be averaged in Eq. (87). The result of disorder
averaging are three terms, two of them couple fields from
the same copies and correspond to the effective vertex S, 4
in Eq. (36). The third term gives an interaction between fields
of different copies and reads

S48 =2igw. Y / / didt! xg; 4 (1) ban () X a; 51 Pa5(E,).

(88)

Using this “replicated Keldysh field theory,” we can obtain
Q(t) in terms of the diagonal (¢ = ¢) elements of inter-replica
correlation functions. To distinguish inter-replica correlators
from the normal ones, we represent the former with a tilde
mark below them such as Dg:g (¢, t)). For example, for Q we
have

N+M_ 5

0) = i—g =V, (89)
For the replicated theory, there will be four more independent
equations of motion that have to be solved in addition to those
of the previous section. Crucially, these extra equations do not
alter the dynamics of replica-diagonal quantities, as expected,
since replicas are just abstractions and are not “aware” of
each other. Nonreplica diagonal quantities, on the other hand,
depend both on replica diagonal and nonreplica diagonal cor-
relation functions. Furthermore, all of the nonreplica diagonal
response functions turn out to vanish, as perturbing one replica
cannot leave any effects on the other one. We leave the de-
tails of the calculations and the extra equations of motion to
Appendix D.

VI. RESULTS

In this section, we report our findings in the following or-
der. First, we discuss in Sec. VI A the results of approximating
the effective action only to LO. In Sec. VIB, we demonstrate
that the NLO corrections significantly change the dynamics
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for all values of N;, motivating the necessity of keeping NLO
effects. In Sec. VIC, we discuss the formation of SG phase in
the system by studying various physical characteristics of SG
in our system. We also address the effect of spin size N; and
photon frequency on the glassy behavior of the system.

We study the quench dynamics starting from a polarized
spin state specified by the angles (6y, ¢p) such that

()0 = (sin By cos ¢y, sin Gy sin @y, cos by), (90)

and the vacuum state for photons |0) satisfying a|0) = 0. We
turn on the spin-photon coupling g at ¢ = 0 and let the system
evolve.

A. Results at leading order

The equations of motion for the diagonal elements of
fermion Green’s functions become decoupled from the nondi-
agonal elements at LO. This allows us to write the dynamics
of magnetization m = (§) in a transparent form as (Ap-
pendix E 1)

d
7 (1) = —Amy(1), oD

t
imy(z) = Amy(t) — Jo? / m (DS (¢, 1 ym, (')t
0

dt
(92)
4, (1) =Jo? / tm OD (¢, " ym,(t)Hdt',  (93)

dt Z - c o y R 4 X ’

where J is the coupling of LMG model defined in Eq. (4). The
photon response function Dﬁ‘z’ is given by its bare value at LO
which is (the minus of) the response function of a damped
harmonic oscillator

O —1t) _u_r
e

c

DY@ —1)=— sinw(t — 1), (94)
Equations (91)—(93) describe the motion of classical angular-
momentum variables with a conserved vector length || = 1.
Adiabatic elimination of photons [163] amounts to approxi-
mate the integral in Eq. (93) as

~ my (t)m,(t) /0 DY (t —t")dt' ~ my(t)m.(1) /0 DY (¢"ydr'

1

~ = mmy(t)mz(t). (95)
Substituting (95) into Egs. (92) and (93) results in the MF
equations of motion for LMG model with a coupling modi-
fied by photon loss according to J — Jw?/(w? + «*). From
a physical point of view, the above derivation shows that,
at LO, our approximation maps each cluster to a classical
LMG system without coupling to other clusters. Therefore,
the LO approximation describes the FM-to-PM transition of
an infinite-range Ising model with retarded interactions. The
critical coupling of this system is determined according to the
condition A = J [111] to be

1 [A(@2+Kk2)N+M
gczz .

W, M (96)

Although only valid in the adiabatic regime of the MF solu-
tion, we use g. throughout this paper and scale the coupling

FIG. 9. Dynamics at the leading-order of approximation describ-
ing the motion of classical spins coupled via a retarded interaction,
for g/g. = 1.27 and (6, o) = (0.7, 0). (top panel) Dynamics of
spins in the adiabatic limit w./A = 5.0 and for ¥ = 0 (dark purple
curve) and /A = 0.5 (light green curve). (bottom panel) The same
as the top panel only for slow photons w, = A, showing tunneling
events when photon loss is weak.

g according to it when comparing our results for different
values of A, w,, or k. Clearly, dynamics at LO do not have any
features unexplored in the past, and we only report the results
of our simulations as a consistency check of our approach. In
Fig. 9 we have shown the dynamics of spins initiated close to
an equilibrium state of Eqs. (91)-(93) inside the FM phase.
We see that for fast photons (top panel of Fig. 9), the system
remains close to the minimum with oscillations which are
smoothed by photon loss. For slow photons when adiabatic
elimination does not work (bottom panel of Fig. 9), the fluc-
tuations induced by photon dynamics relieve FM correlations
and can create rare tunneling events. With photon loss, the
destructive effect of slow photons on FM order is reduced due
to the effective damping that slows down the spins towards the
bottom of the nearby energy minimum.

Having explored spin dynamics at LO, we now discuss the
evolution of the photon sector. As we said before, the response
of photons given by the retarded function Dg‘p is unaltered
by interactions at LO. However, the symmetric correlation
function of photons and photon population are affected by
the coupling to spins. Spins pump cavity modes due to the
presence of the transverse field A, and as shown in Fig. 10,
create large oscillations (if k = 0) or a superradiant burst (if
k # 0) in the population of photons n(¢). We do not discuss
dynamics of the PM phase in LO approximation here due to

n(t)/Ns

AAAAAAAAAAAAAAAA
N\NU

0 20
-t

o

o«
W o

n(t)/Ns

FIG. 10. Evolution of photon population per each mode normal-
ized by cluster size Ny, for g/g. = 1.27 and (6y, o) = (0.77, 0). (top
panel) The adiabatic limit w./A = 5.0 and for ¥k = 0 (dark purple
curve) and x /A = 0.5 (light green curve). (bottom panel) The same
as the top panel only for slow photons w, = A.
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their trivial nature, and will show them in comparison with
NLO results later.

The insufficiency of the LO approximation is clear by
above observations. At this order of approximation, the size
of each cluster N; only appears as an overall scaling factor
in photon number n(t) o< N;, and spin dynamics do not de-
pend on N;. The latter is not physically valid, as we expect
fluctuations to affect spin dynamics noticeably when the spin
per each cluster S = Z»\ 6, /2 becomes smaller as N; is
decreased. The other important shortcoming of LO approx-
imation is visible in the dynamics of photon population in
the adiabatic limit without loss, where the amplitude of the
oscillations in n(¢) does not change and remains constant
(Fig. 10). In reality, photons experience dissipation even in
a perfect cavity because they can be reabsorbed by spins over
longer timescales and the system is expected to equilibrate
eventually. It is clear from the discussion above that LO ap-
proximation fails to capture this effect. As we see next, NLO
corrections take into account fluctuations and the reabsorption
of photons, in addition to nontrivial regimes of dynamics such
as glassy behavior.

B. Results at next-to-leading order for large spins

Below we report on the dynamics at NLO for quenches to
PM and FM phases of the system in the limit of many spins
per cluster (N, = 10%). We note that we label these phases
according to the behavior of the system at the MF level. The
dynamics may change significantly when going beyond MF
theory, making these labels inaccurate a posteriori.

1. Dynamics in the paramagnetic phase

We initialize the system in the ground state of photons and
the spin state with (6y, ¢o) = (0.7, 0) in Eq. (90). We choose
a coupling below g, given in Eq. (96) and consider both cases
of perfect and lossy cavities.

The results for fast photons (w./A =5) are shown in
Fig. 11, in comparison with LO results. We see that the evo-
lution of my is considerably altered by taking fluctuations into
account. Spin dynamics is now damped even in the absence of
photon loss. This is expected because dissipation is a natural
byproduct of interactions in a many-body system. We also see
that photon loss has a minor impact on spin dynamics as it is
weaker than the fluctuation-induced dissipation. As shown in
the middle panel of Fig. 11, 0% shows a surprising behavior at
NLO by not relaxing to its minimum value, in contrast with
the LO result which at least, when « # 0, approaches —1.
However, there is a clear explanation for this phenomenon.
The value of g* gives the variance of the disordered coupling
in the system. This means that, while most of the individual
couplings for each realization of the disorder are smaller than
g, some of them are still large enough to weaken the PM
configuration of the ground state without causing a phase
transition in the system. The fact that this behavior is purely
due to random interactions is supported by our observation
that the NLO approximation for nondisordered Dicke model
results in the decay of spins into a state with 0* = —1 in the
PM phase. We also have shown the evolution of the spin vector

< 0.51 LO-k/A=0.5 NLO - kK/A=0.5
—— L0-k/A=0.0 =—— NLO-k/A=0.0
0 , , ,

0 5 10 15 20

At

FIG. 11. Comparison of spin dynamics at LO and NLO ap-
proximations for a large spin size (N, = 10°), following a PM
quench (g/g. = 0.71) and in the limit of fast photons w./A = 5 with
(k/A = 0.5) and without photon loss. Top, middle, and bottom rows
show the evolution of m,, m,, and the expectation value of spin size,
respectively. Spins dephase to a single point due to random static
couplings in the system.

size defined by

R@) =) + (m, Y + (m.)? 97)

in Fig. 11. While R is a constant of motion of Egs. (91)—(93),
it changes when fluctuations are considered. The final state of
the system is a PM with a smaller spin size. Note that R(t —
00) is independent of the initial state and is always smaller
than one even at the lowest temperatures, only due to the frus-
trated nature of the system. In the following discussion, R()
will be a useful proxy for assessing the impact of correlations
in dynamics. It is the radius of the Bloch sphere, given at
t = 0 by the spin coherent state in Eq. (90), and a constant
of motion for all-to-all interacting spin systems with homo-
geneous couplings and collective dissipation [18,114,164]. It
stays constant over time because in this class of systems, the
MF approximation is exact in the thermodynamic limit and
therefore no higher-order cumulants are formed, which would
make R(¢) shrink, signaling the onset of a strongly correlated
regime.

Spin dynamics at NLO approximation for the case of res-
onant photons w, = A are illustrated in Fig. 12. As expected,
dynamics become more irregular both at LO and NLO and
photon loss has a more dramatic effect on the dynamics.

2. Dynamics in the ferromagnetic phase

We quench the coupling to g = 1.27g. where a FM state is
realized at LO, as shown previously,. The initial spin vector
is again taken to be (6y, ¢p) = (0.77, 0), such that spins are
close to the ground state of the classical model in Egs. (91)—
(93) at the chosen coupling strength. Similar to the PM case,
we take a large spin size (N; = 10°) where the effect of NLO
corrections is supposed to be small. It will become clear that
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FIG. 12. Comparison of spin dynamics at LO and NLO approx-
imations for a large spin size (N, = 10°), following a PM quench
(g/g. = 0.71) and in the limit of resonant photons w, = A with
(/A = 0.5) and without photon loss. Top, middle, and bottom rows
show the evolution of m,, m., and the expectation value of spin size,
respectively. Spins dephase to a single point due to random static
couplings in the system.

this is an incorrect assumption and NLO contributions are
significant.

The results of the numerics for the adiabatic limit w./A =
5 are depicted in Fig. 13 at LO and NLO approximations. At
LO, m, and m, show small oscillations around the equilibrium
of the MF dynamics and the spin vector is confined to the

0.8 1 T N e Ny S T I TN N g, T s T i g
x \‘
g 0.0
-0.8
0
N OS-W
g LT TG EANCNIN Y T O TNTRN AL DS DG
-1
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LO - k/A=0.5 NLO - k/A=0.5
== LO-k/A=0.0 = NLO - k/A=0.0
@ 0.5 -
01 : . :
0 5 10 15 20
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FIG. 13. Comparison of spin dynamics at LO and NLO ap-
proximations for a large spin size (N, = 10°), following a FM
quench (g/g. = 1.27) and in the limit of fast photons w./A = 5 with
(/A = 0.5) and without photon loss. (top panel) Following a quick
collapse, the decay of FM order parameter strongly slows down and
a prethermal plateau forms. The middle and bottom panels show the
evolution of m, and the radius of the Bloch sphere, respectively.

0.1 0.8

FIG. 14. Evolution of spin vectors projected to the xz plane for
large cluster size N, = 10° and for /A = 0 (dark purple curve)
and /A = 0.5 (light green curve). Spins feature a spiral relaxation
around the axis of FM ordering (dashed line) and towards the origin
(parallel to the arrow).

surface of the Bloch sphere (R = 1). Fluctuations captured at
NLO drastically alter the dynamics. All components of spin
decay and the spin vector shrinks toward the center of the
Bloch sphere. The spin decay features an interesting profile.
For an initial period, the relaxation is quick and spins expe-
rience a collapse to a smaller but finite value. Following this,
the relaxation becomes very slow and the spin vector spirals
around the axis of FM order of the LO solution (Fig. 14).
This situation is similar to the phenomenon of prethermaliza-
tion in the quench dynamics of many-body quantum systems
[23,66,78,165—-172], although here the system can be open.
The prethermal behavior is also seen in the time evolution of
photon number n(¢) shown in Fig. 15(a). During the prether-
mal plateau of spins, n(¢) has a nearly stationary value with
a slow growth [visible in the overall slope of the light curve
in Fig. 15(b) towards the true equilibrium state. Photon losses
only qualitatively affect spin dynamics, by weakly accelerat-
ing the process of relaxation.

As we emphasized before, labeling the system as a FM
for g > g, is only valid at the MF level. It is clear from the

Ezi \/\\/\\l/\\ll\\ll\\ll\\l/\\/\\/\\/\ /\ /\ /\ /\ /\V

s VV VUV

0.0
0.0 25 5.0 7.5 10.0 125 15.0 175 20.0

A.t
(a)
, 0.2
£
< 0.1
< | V . o N NN N N N vy vy Ny
0.0 . . . . . . .
0.0 2.5 5.0 7.5 100 125 15.0 175 20.0
A.t
(b)

FIG. 15. (a) Photon population for a quench into the ordered
phase with g/g. = 1.27, w./A =5, and k = 0 at LO (dark purple
curve) and NLO (light green curve). (b) Photon number per mode
for g/g. = 1.27 and for N = 1000, 200, 20, 5 (light to dark curves).
Relaxation of late-time oscillations is faster for smaller N;.
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FIG. 16. Spin dynamics for different numbers of spin sizes S = N, /2, for g/g. = 1.13, and w./A = 5 without losses. (a) 2PI results show
faster relaxation for smaller spins sizes due to enhanced fluctuations. The prethermal magnetization plateau disappears when N is decreased
due to stronger fluctuations and for N; = 2, 3 the system is PM, as demonstrated in Fig. 21 (b) Dynamics obtained from DTWA. Relaxation
is less sensitive to spin size. The blue curve is 2PI result for Ny = 500, showing good agreement with DTWA for large ;. (c) Comparison of
spin vectors projected to the xz plane for small and large cluster sizes, in adiabatic w./A = 5 and for k /A = 0. The FM spiral of large spin
ensembles crosses over to a quicker, smooth relaxation for smaller values of N;.

previous section that the system is not truly a FM as the
magnetization decays with time. In the upcoming sections,
we provide evidence that the system is, in fact, a spin glass
(SG) in this regime. However, it is not possible to uniquely
determine a SG by only looking at single spin observables.
The only indirect evidence for SG that we have so far is the
slow relaxation of magnetization. We again remark that our
results are expected to be correct for n 2 1 where the model
in Eq. (1) is expected to host a SG [94,118].

3. Dependence of the spin dynamics on cluster size
and the semiclassical limit

The number of spins per cluster N; not only is a control
parameter for the expansion of the effective action but also
determines the strength of fluctuations in the system. This
assumption stems from the conventional understanding that
larger spins often exhibit a more classical behavior compared
with small spins [23,93]. As was said before, the size of the
spin for each cluster is determined by the number of spins in-
side each cluster N; via S = N, /2. Our solution of the problem
also supports that fluctuations are stronger for smaller values
of spins per cluster. This can be seen, for example, in Eq. (81)
where the fermion self-energy scales as N,

The dynamics of spins at NLO are shown in Fig. 16(a)
for different cluster sizes. The main effect of lowering N;
is a faster relaxation of spins. As N; is decreased, quantum
fluctuations become stronger and the transient magnetization
lasts shorter. In the other limit S >> 1, dynamics become clas-
sical [93]. This can be verified by comparing 2PI results with
semiclassical approximations such as DTWA. As shown in
Fig. 16(b), in the limit of large spins, DTWA approaches a
limiting value, and agrees well with 2PI even quantitatively.
Since DTWA becomes exact for large spins [47], this agree-
ment shows the validity of our diagrammatic expansion in the
large spin limit [61]. DTWA results display limited sensitivity
to spin size, and only predict a qualitative modification of
the magnetization plateau. This is due to the fact that as
a semiclassical method, DTWA misses quantum tunneling

effects which are important for small values of N,. Both 2PI
and DTWA predict a prethermal magnetization plateau at
large N;. Further comparison of 2PI and DTWA is provided
in Appendix F. For sufficiently small N, the prethermal state
is completely bypassed and the system experiences a quick
relaxation towards equilibrium [Fig. 16(c)]. Similarly, photon
number relaxes faster for smaller N;, while for larger cluster
sizes it has weakly damped oscillations [Fig. 15(b)].

C. Dynamics of spin glass

The results of NLO approximation given in previous sec-
tions indicate that the strong-coupling limit of the model in
Eq. (1) is not a FM and corrections due to frustration and
fluctuations drastically change the MF phase diagram. From
the Ny = 1 limit of the problem [94,95,118], we know that the
system hosts a SG at sufficiently low temperatures and strong
couplings. The main questions are the following:

(i) What are the physical signatures of SG in and out of
equilibrium?

(i) Can our formalism capture the far from equilibrium
dynamics of SG?

In the upcoming sections, we discuss two direct measures
of SG phase. First, we consider the disorder average of the
square of local magnetization of each spin ensemble which
gives a proxy of the presence of frozen spin configurations.
The second one is related to the ability of the system to retain
its memory of the far past and is connected to the phenomenon
of aging, encoded in two-point correlation functions of the
system for large time separations. We demonstrate that 2PI
can access both of these measures and is able to track their
evolution in real time.

1. Characteristics of spin glass

According to Landau’s theory of phase transitions (PT),
different phases of matter can be classified according to their
symmetries [153,173,174]. A phase transition corresponds to
a change in the symmetry group of a physical system. For
example, the PM-to-FM transition of an Ising FM corresponds
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to the spontaneous breaking of the Z, symmetry of the Hamil-
tonian. The occurrence of the PT is signaled by the continuous
growth of a parameter which vanishes on one side of the tran-
sition. Such parameter is termed as the order parameter and
the way it grows with the control parameter of the transition
provides us with important information about the nature of
the PT [11,153,174]. While the PM-to-SG phase transition fits
into the symmetry-breaking paradigm, the proper definition of
an order parameter for SG has been a subject of debate for
decades, with various candidates [98,99,162]. In the follow-
ing, we consider two of these proposed order parameters to
study the formation of SG in our system.

2. Statistical correlations between similar samples

One way to detect SG order is to compare several systems,
also known as replicas [99,162], which share the same pattern
of the couplings g, ; in Eq. (1). In the SG phase, we expect
to find a finite and stationary correlation between the con-
figuration of spins in different replicas. In the simplest case,
consider two replicas, which we label as A and B, whose state
is given by the density matrix

pt) = pa({8a.i}t, 1) ® pp({ga.i} 1) (98)

p(t) remains a separable state since replicas do not physically
interact with each other. We initialize both systems in the same
state and let them evolve with time. Since both replicas share
the same disorder profile and initial states, they will have the
same state given by the same density matrix ps(t) = pp(?).
However, to compare the profile of magnetization in the two
systems and to obtain correlations between them, we have to
measure spins in the local basis of S7 operators in both repli-
cas. The outcomes of the measurements are not necessarily the
same between the two systems. Nevertheless, we can expect
a finite overlap between the measured spin configurations of
the replicas in the SG phase for each disorder pattern and also
after averaging the outcome over the disorder. The simplest
overlap is given by

@) = %(Sff AOSE(0)) 99
A

where we have included a normalization factor. As long as
the systems are not in the FM phase, a finite value for Q at
long times implies SG order. An extra textbook condition for
the viability of Q is that the Z, symmetry should be broken
explicitly either by a small term in the Hamiltonian or by
the initial state [11,13,174]. We take the latter route below
by starting from spin states with finite (S*). The decay of
magnetization shown in Sec. VI B 2 guarantees that the system
is not FM at long times and, hence, a finite Q means the system
is SG. We explained how to extract Q using the 2PI formalism
in Sec. VH3. In the following we show the dynamics of Q as

the light-matter coupling g and the photon loss k are varied.
We initialize the system in a state with m; = 1 and quench
g from zero to a sufficiently large value. We monitor the
dynamics of Q for different values of photon loss from ¥ = 0
(closed system) to ¥k = 0.5A. As can be seen in Fig. 17(a),
after some fluctuations caused by the quench, Q approaches
zero at long times when the system is not coupled to the bath.
An explanation for this behavior is that the initial energy E; of
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FIG. 17. Dynamics of the overlap parameter Q for different val-
ues of system-bath coupling «. (a) For 6, = 0.5, the energy density
after the quench is large and the final temperature is too high to
realize a SG, unless the system is allowed to cool down via photon
loss. However, for k 2 A (dashed lines), photon loss weakens SG
order. (b) For 6, = 0.77, energy density is smaller and the system
enters a weak SG state without coupling to the bath, but it saturates
to a smaller value of Q, and, hence, glass order is weaker in this
case. The other parameters are g/g. = 1.13, w./A = 5.0, Ny =5,
andn = 1.

the system with respect to the postquench Hamiltonian is large
enough to put the system in a high-temperature equilibrium
PM state if the system is closed. For finite photon loss, Q starts
to grow aftert > « ', the timescale of cooling by photon loss.
For k < A, the sole effect of photon loss is cooling, which
enhances the growth of Q. For k¥ = A, dissipation becomes
detrimental to SG, as shown by dashed lines in Fig. 17(a).
This behavior can be explained by resorting to the stochas-
tic interpretation of Lindblad dynamics [109,175]. For weak
losses ¥ < A, cavity loss induces dephasing of spins in the
x direction given by the jump operator S$*. Dephasing can
be modeled exactly by considering a non-Hermitian Hamil-
tonian in conjunction with repeated weak projections into the
eigenstates of S* to conserve the norm of the state [109,175].
These repeated projections compete with the transverse field
A and stabilize the ordering of spins in the x direction. For
Kk 2 A, cavity loss induces atomic decay and stimulation with
different amplitudes [104,163] which in turn, suppress spin
ordering in the x direction.

The explanation given above for the role of photon loss in
the dynamics is supported by the behavior of quenches with
smaller E;. We note that E; can be calculated easily for the
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FIG. 18. Dynamics of SG order parameter (top panel) and to-
tal magnetization (bottom panel) for different values of coupling
strength. g. is the critical coupling in the MF theory. This plot
shows that the observed value of g. is smaller than the one obtained
from the LO approximation. The other parameters are x /A = 0.5,
w./A=50,N,=5,andn = 1.

initial states considered in this work:

E; = 1NN, A cos 6y, (100)

since we have g = 0 in the prequench Hamiltonian. By ini-
tializing spins closer to 8y = w, we can reduce the energy
density and attain a lower temperature final state for isolated
quenches. For instance, for 6, = 0.77 the system enters the
SG phase even without losses [Fig. 17(b)], although Q is
smaller for k = 0 compared with ¥ > 0 due to the absence
of cooling.

Finally, we consider the emergence of SG order as the
coupling g is increased. Taking Ny =5 and starting from
6p = 0.57 while connecting the system to an external bath
by switching on the photon loss, we look at Q for quenches
to different values of g as shown in the top panel of Fig. 18.
For weak couplings, Q(¢) oscillates and decays to zero. When
g becomes large enough, O grows to a finite value at long
times. We see in the bottom panel of Fig. 18 that spin dynam-
ics changes from underdamped to overdamped at the same
coupling where Q becomes finite. In Fig. 18 the coupling g is
scaled with g. which was the critical coupling of the MF limit
in Eq. (96). A finite value of Q for g/g. < 1 indicates that
NLO contributions shift the boundary of PM and SG phases
towards SG.

3. Temporal correlations and aging phenomena

As discussed before, the diagnosis of SG phase requires
the evidence of a frozen spin configuration, which breaks the
symmetry of the Hamiltonian and, at the same time, has no
global magnetization. In the previous section we discussed
(the square of) the instantaneous magnetization for each site

and showed that it is finite in the glass phase while magnetiza-
tion relaxes to zero. The latter feature distinguished SG from
FM. Another way to confirm a frozen spin state in the system
is to look at the temporal correlation between the magnetiza-
tion of each site at large time separations. For example, we
take a cluster and its total spin operator $* at two different
times t and ¢'. If spins are frozen, they do not fluctuate strongly
in time and the overlap of magnetization for the same site at
two different times is large. In fact, it remains finite even if
|t —t'| — oo. For classical degrees of freedom one has

gen = lim (SO > 0, (101)
t—t'|—o00

|
which is the Edwards-Anderson (EA) order parameter
[98,99]. It is clear that the above condition can also imply
FM order in the system. To exclude FM, the disorder aver-
aged magnetization ($*) should also vanish. For the case of
quantum operators in our problem, the correlator in Eq. (101)
can be generalized to

(102)

e

C(x,T—1) = #({S;f(r), S5 —n)})
s
In the following, we consider the behavior of C for the same
quenches discussed in the previous section. It will be shown
that C changes its behavior at the same points where Q in
Eq. (85) becomes finite. Therefore, both C and Q are consis-
tent measures of SG order in the system.

We again look at the effect of photon loss on quenches from
hot (with 6y = 0.57) and cold (with 6, = 0.7x) initial states
of the system, according to Eq. (100). We consider C(t, T —t)
for different values of the “waiting time” t after the quench as
a function of 7. In Fig. 19(a), we have shown C for 6y = 7 /2
and for zero and finite . We see that C behaves differently
depending on whether the system is isolated or not. When the
system is closed [dashed lines in Fig. 19(a)], it ends up in a
high-temperature PM state with correlations that relax quickly
to equilibrium and show weak dependence on the waiting time
after the quench t. The correlations also decay quickly with
¢, meaning that local magnetization loses the memory of its
past quickly in the PM phase. When the system is allowed to
cool by emitting photons to the outside of the cavity, a SG
phase emerges (solid lines in Fig. 19(a). C becomes strongly
dependent on the waiting time t and there is a crossover in
the behavior of C for t <« 7 and 7 &~ 7. The latter behavior
is termed aging [176,177] and is another feature of quenches
into SG phases. In aging, the decay of C(r, 7 —t) with ¢
becomes slower for “older” systems with larger 7. In this
picture, there is a plateau in C for t <« t [Fig. 19(a)] whose
height gives the EA order parameter. The plateau is more
visible in figures shown in upcoming sections.

Aging is closely related to the lack of thermalization in
spin glasses [101,176,178,179]. The system is unable to reach
equilibrium because of its highly rugged energy landscape
in which adjacent energy configurations, connected by local
spin flips, are separated by large energy barriers. As a result,
ergodicity is broken and the system will not thermalize [178].
The relation between aging and thermalization can be made
more explicit by using the fluctuation dissipation theorem
(FDT) and fluctuation dissipation ratio (FDR) defined below.
At thermal equilibrium, the symmetric correlation function
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FIG. 19. (a) Symmetric correlation function C at different wait-
ing times for quenches from an initial state with high energy density
6y = /2. For k = 0 (dashed lines), the system heats up to PM state
and C quickly decays to zero for ¢+ — oo (lines are almost on top of
each other). For k/A = 0.5 (solid lines) the system cools down to
SG where C remains finite for t — oo. (b) C for an initial state with
low energy density 6, = 0.77. Regardless of « the system ends up in
the glass phase, however, SG order is stronger for k /A = 0.5 (solid
lines) where the system is cooled, compared with x = 0 (dashed
lines). For both figures w./A = 5.0, g/g. = 1.27,n = 1,and N, = 5.

C(t,t") and the response function R(z, ") of an observable O
are connected to each other via FDT [11,86,100]:

d . , ~
R(t—1') = —i / ﬁe"‘“(’_’)tanh (%)C(a)), (103)
where C(w) = f dt exp(iwt )C(t) is the Fourier transform of
C and T is the temperature. At long times or in the classical
limit w < T, we can approximate tanh(w/27) ~ w/2T to get
fort > t'

1
R(t, ")~ ——3,C(z,1"). 104
(t,1) Yk (t,1) (104)
By integration we get
C(t,t')—C(t,1) =2T x(t,1), (105)
where x is the integrated response defined as
t
x(@t,t) = / R(t,t")dt". (106)
t/

Equation (105) can be generalized to out of equilibrium
regimes as [178,180-182]

Ct,t—1t)—C(tr, 1) =2T s (t, )x(r, T — 1), (107)

where T.i is the time-dependent effective temperature. T
can be read from the slope of the plot of x versus C. If a
system is coupled to an external bath with temperature 7' the
fluctuation dissipation ratio X (z, t) is defined as

X(z,t) = (108)

T (T, 1)
Therefore, X measures the deviation of the system from true
equilibrium at temperature 7' [177-179]. For generic systems
that thermalize efficiently, T.f — T and X — 1. For glassy
systems, on the other hand, X can show a multistage behavior,
where the plot of x versus C changes its slope. Furthermore,
FDR may never reach the limit X — 1, and the system will
not thermalize at all.

In Fig. 20(a) we have shown x in terms of C for the PM
phase of our model. We see that the plots have an almost
constant slope [small deviations are mostly due to the error
of numerical integration in Eq. (106)] and, therefore, the PM
phase has a unique temperature. For quenches inside the SG
phase [Fig. 20(b)], x acquires a distinct profile. The long-
time effective temperature [related to the slope of the dashed
line in Fig. 20(b)] and the short-time effective temperature
are different [101,179,183]. This is a direct consequence of
aging in the system. gga can be read from the value of C
at which the change of slope happens [101,184]. For larger
7, the vertical section of the curve lasts longer which also
corresponds to a wider plateau of C(t, T —t). The effective
temperature of SG in Fig. 20(b) is larger than that of the PM
in Fig. 20(a) by about a factor of five, and hence X &~ 0.2. We
remark that there is a close connection between the violation
of FDT and replica symmetry breaking (RSB) in spin glasses
[101], which suggest that the model under consideration hosts
RSB, in agreement with the recent cavity QED experiment of
Ref. [92].

While photon loss was necessary to realize SG for the
high-energy initial state with 6y = 7 /2, if we reduce the initial
energy density by starting from a lower energy state with
6o = 0.7, the system becomes SG regardless of coupling it
to the bath [Fig. 19(b). However, the height of the plateau
for k = 0 is smaller, as the quench inside the SG phase is
shallower in this case. This is in complete agreement with the
behavior of Q given in Figs. 17(a) and 17(b).

4. Effect of spin size on spin-glass formation

In Sec. VIB 3, it was shown that smaller spins are more
susceptible to quantum fluctuations by considering the evo-
lution of total magnetization of the system. Here, we briefly
address the imprint of quantum fluctuations on SG dynamics
as viewed through the lens of the overlap parameter Q. Our
analysis will be more qualitative here, compared with the
comprehensive approach of our other work [93] where the
quantum to classical crossover of SG was studied by looking
at aging dynamics.

We take an initial state with 6y = 0.77 and « = 0. For
systems with different spin sizes, we monitor the overlap Q
which is shown in Fig. 21. For N; < 3, the overlap vanishes
att — o0, indicating a PM state phase due to excessive heat
generated by the quench, while Q remains finite for larger
N;. This is consistent with mean-field theory calculations of
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FIG. 20. Integrated response x versus C for different waiting times 7. (a) In PM phase, the slope is constant and is proportional to the
inverse of temperature. (b) In SG state, dynamics have multiple timescales and the slope changes with ¢. The parameters are A/w, = 0.2,

k/A=0.5,g/g. =127, and Ny = 5.

Ref. [161] which predict a lower PM-to-SG transition temper-
ature for smaller spins. Figure 21 also shows that Q is more
sensitive to spin size for small S. In the opposite limit of large
N, corresponding to a classical SG, Q is bounded from above
by its upper limit at Ny — oco. The mean-field like oscillations
of Q at Ny > 1 further support the classical behavior of this
limit. Hence, the profile of Q is qualitatively consistent with
the findings of Ref. [93] on the crossover between quantum
and classical SG.

5. Spin glass away from the adiabatic limit

At last, we consider the effect of changing photon fre-
quency w, on the glass phase. 2PI formalism allows us to treat
the problem in all ranges of frequencies and not just in the
regime of fast photons where photons can be adiabatically
eliminated [163,185,186]. We follow the same tradition as
previous sections and scale g with g. in Eq. (96). However, as
will be explained later, this scaling does not alter the general
picture given below.

As explained before, initializing the system in a symmet-
ric spin state helps it to reach the steady state earlier. This

1x 102

0 5 10 15 20
A-t
FIG. 21. Spin overlap Q after interaction quenches to g = 1.13g,
starting from 6y = 0.7 without photon loss and for different spin
sizes. Overlap decreases for smaller N; and due to heating, vanishes
for Ny =2, 3 for which the critical temperature is smaller. Other
parameters are A/w, = 0.2.

reduces the required numerical resources to access the SG
phase in steady state (for a discussion of the numerical costs
see Appendix E). We look at C(t, t — t) for sufficiently large
values of 7 and a fixed ¢. This gives us an estimate of the
EA order parameter gga as a measure of glassiness in the
system. gga is shown in Fig. 22 for simulations with differ-
ent photon frequencies. gga displays a peak below w, = A,
vanishes quickly as w. — 0 and saturates in the adiabatic
limit @, > A. The quick decay of SG order for small pho-
ton frequencies is an expected feature. For instance, phonons
tend to relieve magnetic or density orderings in solid-state
platforms because they have smaller energy gaps and are
thermally excited easily. The observed peak in gga can be ex-
plained as a resonance effect by looking at the coherent part of
the frequency-dependent interaction between spins following

b 4
x "xx
0.30{ %
X
0.25{ % x
X
0.20] ¥ * x
< V. 1
OLu‘ % * ® x
0.151
x
0.101
0.051 4
0 1 2 3 4 5
WelA

FIG. 22. Dependence of SG order parameter at a fixed waiting
time after the quench A x t = 12.0 on photon frequency w.. SG
is strongest close to a resonance frequency near A. Dashed line
indicates the analytical estimate of the resonance frequency w*. The
other parameters are g/g. = 1.27, k /A = 0.5, N; =20, and n = 1.
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integrating out photons, which has the form

N N,
- dw ij x
=YY [ 2ot oWi@a@. (109

ij oA
with
M

V@) ~ ) ga.i8a. jocRe[DR ()], (110)

DR is the bare retarded Green’s function of photons given by
1

R —
D)= (a)+i/c)2—a)§'

(111)
Equation (109) is obtained by integrating out photons in the
original action, resulting in the following spin-spin interaction
in the Keldysh action

M N N

Soo = — Zzzga,lga,jwc[ ;i_:(ac"(—w) oy (=),

a i AN
« ( 0 DA(u))) (Jf(w))
R K X .

Dfw) DX )\oj@))
We decompose the kernel matrix into its real and imaginary
parts. The former is Hermitian and can be attributed to an
effective Hamiltonian given by Eq. (109), while the imaginary
part describes dissipation [87]. The (c, ¢) indices in Eq. (112)
are defined in Appendix C in terms of contour indices. To eval-
uate the strength of the interaction we can put g, ;gs.; ~ & tO
get

(112)

C{)Z—C()LZ‘—IC2

(0? — @2 — K2)2 4K

Verr(w) ~ g, (113)

In the adiabatic limit the relevant energy scales in the
problem are small compared with photonic energy scales
(v K W, k) and we get

2
Vet (@ = 0) ~ —g o/ (0? + k%) ~ —(§> A, (114)

c

If we scale g with g. such that g2 = rgf., where r is a dimen-
sionless number, the effective interaction becomes insensitive
to w.. Therefore, changing w, should not affect the SG order
in the system. This is consistent with Fig. 22 where gpa
approaches a constant value at large frequencies. For smaller
values of w,. and «, however, the dependence of effective
interaction in Eq. (113) on w becomes important. One possible
approximation is to use the “on-shell approximation” and
substitute @ ~ A. Using this approximation and expanding
the effective spin-spin interaction to nonzero leading order
in A, recovers the atom-only description of Ref. [163] which
also captures the dissipative part of the Lindblad dynamics.
Nevertheless, this approach fails to describe the dependence
of spin order on w,, and, in particular, the resonance behavior
in Fig. 22. However, if we use the on-shell approximation and
simply substitute |w| = A in Vg (w) and do not expand it in
A, we find that V¢ has two peaks close to w* given by

o' =+ A2 — k2,

(115)

2.0
— A(w)

w32
1.5]

1.0

e = —
.
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0.0 i i i
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FIG. 23. Atom spectral density in the glass phase for a long wait-
ing time after the quench A - v = 60.0 as a function of frequency.
Atoms form a continuum of sub-Ohmic modes at small energies. The
minimum is due to vacuum Rabi splitting. The other parameters are
g/g. =127,k =0,00=n,Ny=5,andn = 1.

with attractive (Ve > 0) and repulsive (Vegr < 0) sides for
w, > o* and w, < w*, respectively. w* is marked in Fig. 22
and is in good agreement with the numerics.

Nevertheless, there is a feature that cannot be straightfor-
wardly explained by the on-shell approximation used above.
Veer (A) vanishes at w. = w*, but the SG order does not show
any signs of the suppression of interactions. A possible expla-
nation for this discrepancy is that due to strong interactions,
the spin spectral density defined in terms of the imaginary part
of the response function [Eq. (78)]

(N+M)N.yI

1 m[V*(w)],

Aw) = (116)

is modified compared with the noninteracting limit and the
atomic peak at w = A is highly broadened. It is believed
that quantum SGs are critical with a gapless spectrum of
excitations [94,95,183,187]. For SK and disordered SU(N)
Heisenberg models, Refs. [187] and [183] obtained an Ohmic
spectrum with ~w. For a closed Dicke SG at zero temper-
ature, Ref. [94] predicted a similar Ohmic profile, while for
Dicke SG connelcted to a Markovian bath Ref. [95] obtained a
sub-Ohmic ~w? dependence for w < «. We have plotted the
atomic spectral density for a low temperature quench without
photon losses within our approach in Fig. 23. We see that
A(w) displays a gapless spectrum at low frequencies, but
with a sub-Ohmic dispersion ~w?, even though the system is
not coupled to a Markovian bath. One explanation, although
unlikely due to the similar symmetry of this model to the SK
model, is that the system is in a different universality class
with different exponents. Another possibility is that the final
state long after the quench is at finite temperature with many
emitted photons existing in the cavity, which act as an effec-
tive bath for spins. The exponent can be read experimentally
using rf spectroscopy to compare with theoretical predictions.
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VII. CONCLUSIONS

In this work we have provided a diagrammatic derivation of
nonperturbative DE suited to describe spin-glass formation far
from equilibrium in the cavity QED platform of Refs. [36,88—
90]. Very recently, the same group has reported the obser-
vation of SG order [92] and associated replica symmetry
breaking, which is a notoriously hard experimental task. We
predict that SG order in this system can be obstructed by tran-
sient, competing ferromagnetism when the atomic ensembles
trapped in the cavity are largely occupied. We show that SG
order is enhanced by strong quantum fluctuations (few atoms
per ensemble) and when photons are active and resonant with
the atomic transitions. The set of DE derived here have the
flexibility to explore simultaneously a broad set of parame-
ters’ regimes (weak or strong coupling, variable ranges of NV,
adiabatic elimination and active photons) without resorting to
descriptions valid only in a corner of parameter space.

Our work sets also the stage for studying the crossover
from strongly correlated regimes to semiclassical dynamics in
other cavity QED platforms with tunable loading capabilities
[35]. The dynamics of these systems are at reach of state-of-
art 2PI-DE since interactions, although inhomogeneous, are
all-to-all and this allows for more controlled diagrammatic
expansions and numerical integration. At the same time, many
of the new-generation cavity QED experiments combine short
and all-to-all interactions, introducing a notion of dimen-
sionality and lattice spacing that would make the numerical
solution of the 2PI-DE more challenging.

We are currently making progress in this direction by ex-
ploring various experimental platforms:

Rydberg arrays integrated in optical cavities. The ex-
periment in Ref. [34] marked the first combination of
strong, short-range Rydberg interactions with conventional
photon-mediated long-range coupling. Analyzing these sys-
tems beyond mean-field theory opens up possibilities for
exploring exotic phases of matter. These include spin liquids
that are protected from dissipation [34] or limit cycles [188]
that persist in the presence of strong classical and quantum
noise. This line of research should also provide novel oppor-
tunities to explore topological order and lattice gauge theories
in the context of atom-light interfaces [34].

Cavity QED with programable spin-exchange interactions.
Reference [35] reports the realization of programmable non-
local interactions in an array of atomic ensembles within
an optical cavity. This experiment introduces a U(1) variant
[91] to the work discussed here because it focuses on spin-
exchange interactions rather than ferromagnetic (Z,-invariant)
interactions. The ability to program the distance-dependent
interactions with a sophisticated combination of Raman side-
bands and magnetic-field gradients enables the engineering of
dimensionality, topology, and metric as needed. This opens
the door to studying quantum optimization problems on tree-
like [189] or fully connected geometries in cavity QED,
bridging the gap between quantum information and many-
body quantum optics.

Natural and synthetic correlated emission. In recent years,
there has been a surge of interest in the study of dissipative
spin problems that describe correlated emission in atomic
ensembles. The key idea is that emission into free space

involves multiple scattering and interference effects, making
the phenomenon more complex than in traditional textbook
quantum optics [190-194]. This mechanism is typically en-
coded in a Lindblad equation that is nonlocal in space,
or equivalently nondiagonal in jump operators. While solu-
tions for a few atomic excitations are accessible [193], the
many-body regime of correlated emission remains largely
unexplored. This would be of significance for Rydberg
experiments realizing atomic mirrors via this mechanism
[96,195] and for applications in the cavity QED experiment of
Refs. [35,196], where correlated emission could be artificially
engineered [43,197,198]. This would enable the synthesis of
many-body entangled states using dissipation, by leveraging
the full potent of programmable cavity QED in the domain of
nonunitary dynamics.

On the interdisciplinary front, 2PI-DE for dissipative spin
dynamics could also serve to guide dissipative quantum state
preparation in hybrid AMO-spintronics platforms which rely
on correlated emission to entangle NV centers [199].

This list of subjects is by no means exhaustive. For in-
stance, 2PI-DE may be one of the few methods with sufficient
versatility to treat the intrinsically strongly correlated dynam-
ics of fermionic cavity QED experiments [37,200,201]. We
hope that this set of potential applications will motivate read-
ers from different communities to embark on the fascinating
challenge to study the next generation of many-body quantum
optics experiments using dynamical field theory methods.
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APPENDIX A: SCHWINGER BOSONS AND ABRIKOSOV
FERMIONS

In this Appendix, we compare the Schwinger boson and
the Abrikosov fermion representations of spins for treating
dynamics and demonstrate that the latter is substantially more
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accurate for 2PI, if we limit ourselves to Gaussian initial
states. We remark that the Majorana fermion representation
can be written in terms of complex fermions and therefore,
provides similar advantages and, additionally, requires less
numerical resources due to working with a smaller number
of Green’s functions.

Consider the Schwinger boson representation [138,153]

§¢=1@@'a—b'b), (A1)
St =a'b, (A2)

together with the constraint
a'a+b'b=2S. (A3)

We take the spin state |[M, = §) such that S$*|S) = §|S). This
corresponds to the following bosonic state:

) = Ing =28) ® |np, = 0).

However, |n, = 2§) is not a Gaussian state, as can be checked
easily. We can approximate it by a mixed Gaussian state

(A4)

) e Ha,(€)
PG, = slirgo TI‘(E_HGb(é)) ’ (AS)
where
1\ . _

Hg,(€) =1In (1 +§>a‘a+eb‘b. (A6)

Hg, (¢€) has been chosen such that
Tr(pga'a) = 28, (A7)
Tr(pcb'b) =0, (A8)

in order to satisfy Egs. (A1) and (A3) at the level of expecta-
tion values. However, the squares of Egs. (A1) and (A3) are
not satisfied,

}l«aTa - b'b)) 6 = g(l +48) # 82, (A9)

((a'a+b'0)*)g = 25(1 +4S) # 452, (A10)

We note that the errors are larger than the quantities them-
selves. If we could use coherent states for bosons, the errors
would be O(S) and therefore, subleading at least for large
S. But this is not permissible, as coherent states break the
local U(1) gauge symmetry of the Schwinger bosons given
by (a;, b)) — (a;eVi, bie'V).

Alternatively, we can express a spin of size S using
Abrikosov fermions [137]

28
1
z T i
=5 };(fn fo—chen, (A1)
28
ST=>"ficn (A12)

n=1

where f; and ¢, are fermion annihilation operators that satisfy
the usual anticommutation relations. Physical states should
satisfy the following constraint:

fifo+cle, =1, (A13)

which implies

D (i fa+ chen) = 28. (Al4)

For the spin state |M, = §) we can use the following Gaussian
fermionic state:

E—Hcf(e)
PG, = JLTI;O W’ (A15)
where
Hg,(€) =€ Y (clen — £ fu)- (Al6)

The advantage of fermionic spinons is that pg, is in fact, a
pure state for € — oo. In this case, it is easy to see that pg,
satisfies Egs. (A13) and (A14) exactly and not only at the level
of expectation values. Note that while we assumed a fully
polarized spin state in the +Z direction above, the argument
is general and holds for any other spin coherent states after a
proper unitary transformation. Therefore, fermionic Gaussian
states can exactly represent any spin coherent state without
introducing errors.

APPENDIX B: HUBBARD-STRATONOVICH

TRANSFORMATION

We use the following identity;

= /D[Xl, x’1e, (B

where S, is defined in Eq. (29). This identity follows from the
fact that the integral is Gaussian. Then, we shift the integration
variable according to

Kai = Fai +Wo ® Aui. (B2)

The notation ® is matrix multiplication over all indices (time
and species). Wy was given by Eq. (31) and A,; is defined as

A’ ‘(t ) = _\/Z_Iifi ZA ,},\(tc)’#f,\(fc) (B3)
e Vzwcgai¢a(tc‘) .
Applying the shift yields
1= /D[le X2]eiSX+iSX,/,+ngX¢—iSim’ (B4)

where S, y, Sg, ¢, and iy are respectively given by Egs. (33),
(34), and (26). Since Si, does not depend on x we can move
it to the left-hand side (LHS) to get

eiSim — /D[le Xz]eiSX+iSXW+inX¢. (BS)

Therefore, we can substitute the right-hand side (RHS) of the
above expression in the original action.

To prove the connection between the spin-correlation func-
tion and the Green’s function of HS field in Eq. (78), we add
source terms to the Keldysh action:

S—>S+) f JiSidt. (B6)
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The spin-correlation function can be found from

where ¢ is a normal time variable. The retarded, advanced and
Keldysh (RAK) Green’s functions are defined as [86,100]

— 217 .
(TS} = 575570 (B7) GR(t,1') = —i(¢e(t)p, (1)), (C3)
where Z is the generating functional G (t, 1) = =iy (1)gc(1)), (C4)
ZlJ] = / DIy, ¢, 7, x]eS Xl IS4 (BY) Gh(t,1") = —ilpe () (1)) (C5)

The source term can be absorbed into S, as

Accordingly, we define the six-component fermion field

WL = (V2O 2O, WO, PR Y20, YED). (C6)

2i Ny
Syw = _J_IV Z%dtc(xolti - \Z/A;Ji) wVi- (B9

S o,ih

where we have omitted the i) index on the RHS for simplicity.
Then, the action for free fermions S, in Eq. (10) reads

We shift x! according to 1 e
So=5>." / WGt (C7)
2
1=+ o, (B10) Co
o “ - 2M with
which generates a coupling between J and x 2: A 54!
g pling X 6ot = Ag » (Gp) 7 (C8)
VM) L ST
Ser="0r N2 f dixg()J(1). (Bl 1 o [ iAo
@ @) =[] =|-ia w0 (C9)
Now we take functional derivatives with respect to the source 0 0 i
and get For self-energies we define
M SR _ 184+ S-S —— | S+
e N+M ) =TT -2 YT+, (C10)
(787N} = = 5N Y (aOxi@). - B12)
a.p A= L@+ R 8T -8, (C11)
. . 2 2 / _ ~ ~ ~ A A
Using permutation symmetry we have <Xai(t)Xﬂi(f )) = $K = %(E** FET 4R 45, (C12)

iU2(1,1") = iV2(t, ') which yields

DEs have a simple structure in terms of RAK functions:

(Sro)sFh) = iwv”(r, ). (B13)

4 R . ~
ey -z e |lo

AN\ AT Ak AR
0 (64) 2}[(} %}:1, 13

APPENDIX C: DYSON EQUATIONS (Gg)_l GR =1+ SRR, (C14)
For any practical calculation, we need to write equations in ARl AR CRAK KA
terms of normal time variables. DE are more transparent if we (G§) G* =2RGF + 206 (C15)
write fields in the classical or quantum basis defined as [100] The fermion self-energy matrix at NLO reads
1
¢c(t) = E[¢+(t)+¢f(t)], (CD . o 0 0
1 o=10 ?ii ?jﬁ (s, s = %). (C16)
(1) = —=lo+ (1) — p-(1)], (C2) 0 Xy 22
¢q ﬁ ¢+ 2y
J
Following Eq. (81), the expanded forms of the components of ¥ are given by
s ’ 4i 11 l 11 ’ ss' l
o) = +ﬁ[MV”, . 1)+ MM — DU, )]G, 1), (C17)
$ass ’ 4i 11 l 11 / s’ /
=Xt = +]7[Mvm, t, 1)+ MM — 1)Uy, )]G 2, 1), (C18)
$ass’ ’ 4i 11 l 11 / ss’ /
(.1 = —IV[MVSS, . 1)+ MM — DU (1,1)]G3 . 1), (C19)
S = — vy MM — DU @, ]G o C20
50 = = MY @)+ M = DU @ OJGE .. (C20)
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We do not write RAK self-energies in terms of RAK Green’s functions because it is numerically less costly to find them from
Egs. (C10)—(C12). We define B, (¢) as

2M
/Ny

which captures the fermion self-energy at LO [Eq. (76)]. Then, the expanded DEs for retarded fermion Green’s functions are
given by

B(1) = %@, (C21)

i0,GR (1,1) +iAGE (1,1") = 8(t — 1), (C22)

i0,GY (t,1") + iAGS (1,1') = 0, (C23)

i0,GR.(t.1) +iAGE.(t,1') =0, (C24)
t

i0,Gy.(t,1) — iAGR (1,1') — iB.(1)GR (t,1) = f [E8 @, t)GR " 1) + EL @, HGR", )], (C25)
0

t
i0,Gy (1,1') —iAGE (t,1') — iB.(1)GE (1,1') = 8(1 —t’)+/ [ERG. NG i)+ SR, 1HGEa" . 1H]dt",  (C26)
s ) A . s

i0,GN.(1,1") — iAGE (1,1") — iB.(1)GE.(t, 1) = /0 l [ER@. GRa" 1)+ E8 @, ")GEE", 1)]dr”, (C27)
i0,GR.(t.1") + iB.(t)Gh (1.1) = /O t [E2 (.G (" 1)+ SR, 1")GE " 1)]ar”, (C28)
i0,GS (1,1') + iB(t)G} (1, 1) = /0 t [ZR @, t")GE (", 1)+ E8, t")GE (", 1) ]dr", (C29)
i0,G(1,1") + iB.(1)G(t, 1) = 8(t —1') + /0 t [E8 (. GE" 1)+ ER@. )G, 1)]ar". (C30)

For Keldysh components we have

i0,GE (1,1 +iAGK(1,1') =0, (C31)
i0,GX (t,1') +iAGH(1,1') =0, (C32)
i0,GN.(1,1) +iAGE(1,1) =0, (C33)

i0,G5 (t,1') —iAGE (1,1") — iB.(1)GE (1, 1) = /0, [ig(z, "G 1) + B, 1)GE " 1)
+ SE@ G ) + S NG O]ar, (C34)
i0,Gy (1, 1) — iAGE (1,1') — iB(1)GE (1,1') = /Ot [ify(t, "G 1)+ EL @, 1")GE (", 1)
+ S GHE 1)+ EE G )]t (C35)
i0,G.(t,1") — iAGY.(t,1") — iB.(t)GE(t, 1) = /0, [5:;;(:, G 1)+ Ef @, 1")GEE" 1)
+ B0, NG " 1) + £, GLE t/)]dt”, (C36)
i0,GX.(t.1") + iB(t)G}(1,1) = /0, [ig(z, "G 1) + R @, 1")GE (", 1)
+ £S5 GLA" 1) + X, G, t/)]dt”, (C37)
i0,G5 (1, 1) + iB.(1)G,(1.1') = /0, [ig(z, "G " 1)+ R @, 1")GE (", 1)
+ S G ) + X G t’)]dt”, (C38)
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t
i0,GX (t,1') +iB.(1)GY (1,1') = / [zg(z, G 1) + SR, )GE " 1)
0
+ S G ) + SR G ) ar. (C39)

Advanced functions can be obtained from G* = [G®]" and do not require separate computation.
Photons fields in (c, g) basis are cast into a multicomponent field defined by

DL (1) = (Pacs Tacs Pargs Tarq): (C40)
with the free action (Eq. (18)

M
1 o
Spn = 5 § fo oI Dy @, dt, (C41)

where

A_1\A
Dy’ E[ AO (Ag) } (C42)
0

") (0"
O =10z = [K_erga, - a,} (C43)
A 1K PATSOR 0
(D) E[ 0 2i/</a)c:|' (C44)

Note that (ﬁa 1)K is not the inverse of the bare Keldysh function, for details see Ref. [100]. Similar to fermions, DE has the
general structure

AA\ ! A A AK AR
oo 28] -
(DF)™'DR = 1 4 MIRDX, (C46)
(DR)™'DF + (DF)™'D* = f1RDF 4 1K DA (C47)
The photon self-energy matrix IT only has one nonzero entry in (¢, 77 ) basis
FIRIAK _ [“R(/)A/ K 8], (C48)

where [T was given in Eq. (82). The expanded DE for retarded photon functions are given by

— (3 + 1Dt 1)) — wIDE (. 1) =80t —1') + /Ot n* (e, 1")D5, (", 1)dt”, (C49)
— (O +)DE (t.1) — D5 (1,1) = /0 ’ %@, "D ", t)dt", (C50)
+ (3 + 1D, (t.1') = DR (1, 1') = 0, (C51)
+ (B + 1Dy (1, 1") = DE (1.1") =8t — 1), (C52)
and for Keldysh functions:
— (O +K)DE (. 1)) — D5 (1, 1) + 2k Dy (1,1') = /O t (TR, t")Dy (¢, 1) + 5 (e, DY, (1", £)]de”,  (C53)

¥

t
— (8 + 1D (. 1) — W}Dy (1.1') + 2ikwDy, (1,1) = f [R (e, DS, " 1)+ TTX (e, 1Dy (17 1)]de", (C54)
0

)

+ (& +10DK, (1. 1) = DE, (1.1 + Ty (.1 = 0, (C55)
R
.

+ (& +0DK (0,1 = DX (1.4) + ZDA (1,1 = 0. (C56)
o
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As mentioned in the main text, the off-diagonal (o # B) elements of Ising field Green’s functions have to be retained and DE
for Ising field Green’s functions couple diagonal (V') and off-diagonal (U) elements of W. The compact form of the DEs for W
is

A\l _aalmipk R
N R R (WO)A @ VYA WEl_ g (C57)
COREE U N VAN
The self-energy matrices are diagonal in the two-dimensional space of the Ising field components
. QRIAIK 0
SRATK _ [ 1 2 (C58)
0o oY
where 2 and 2, were given in Egs. (83) and (84). It is convenient to decompose W into its free and renormalized parts
W =W +W, (C59)
yielding
WE = WRQRWS + W QfwE. (C60)
WK = WRQAW + WRQRWE 4 wRQkwA, (C61)

The expanded form of Eq. (C60) in the retarded sector is given by (note that Uy = V;!! = V2> = 0)

7 / 1 VAN ¥4 4 / 14
V@) = N+Msz§2(t \/_/ Q¥ (¢, "WV, t)Har", (C62)
OR@,t) = \/N—W/(; QR ¢, O (", t)dt", (C63)
VB, =08t t)= _ / ’ QX ., t"WE@" t)dr" (C64)
1215 — Y12\ - 202\, 22 B )
N
Vi@t =08, 1) = J—/ Qf @, HVEa" 1)+ — DU ", )]dt”, (C65)
1 R R " "ol R 11 L1 7
V22(t t)—Uzz(t t)— N+ Qn(t \/_ Qll(t t ) 2(t )+ WM — DU ,t)]dt , (C66)
and for Eq. (C61) we have
7K / 1 K R " " " 7 / 7
VE@, 1) = WQM(I \/_ 922@ tWVEE" 1) + Q5 V" 1)]dr", (C67)
Ul vy = Jﬁ /0 [Q5, ¢, TS " 1)) + Q5. T3 (" 1)]ar", (C68)
. N 1
VE@a,t)=0K@¢. 1) = / [Q5, ¢, HWVEG" 1)+ Q5. VA" 1)]dr", (C69)
«/N-i—
Ve, 1) =051, 1) = ——— i / Qf @, Ve )+ - DOS ", 1)]adr”
t
+ / Qf @, VA", )+ — DO{ " t)]ar", (C70)
0
VE@ ) =08, 1) = N+Msz{ﬂ(t \/_/ Qf @, HVEC i)+ - DOK", 1)]ar”
t
+ / Qf @, VA" 1)+ M — DOL", 1)]dr". (C71)
0
{
DE have a causal structure [81,131,134] with solutions that APPENDIX D: EVALUATION OF THE OVERLAP
propagate in time such that the values of Green’s functions PARAMETER

at each time step only depend on their values at previous
times, allowing us to efficiently solve them using conventional
numerical methods for differential equations.

After the procedure discussed in Sec. V H3, fields of dif-
ferent replicas will be coupled to each other. Seemingly, this
increases the complexity of the problem because one usually
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has to consider larger Green’s function matrices. However,
the inter-replica couplings do not affect the dynamics of
replica diagonal correlators. Therefore, the dynamics gener-
ated by DE given above are still valid. To evaluate replica
off-diagonal Green’s functions, we have to derive extra dy-
namical equations that take replica diagonal Green’s functions
as inputs. Further simplifications occur by noting that replica
off-diagonal fermion Green’s functions vanish due to the lo-
cal Z, gauge symmetry of the fermionic representation for
spins ¥ — —. The only nonzero replica off-diagonal self-
energies are

Mio(te, 1)) = —2iNgw x>t 7 (1)), (D1)
Onio(te, 1) = 2N o V 2 (1, 1)), (D2)
Q% (te, 1)) = 280D (1, 1)). (D3)

We also note that off-diagonal Green’s functions only have
Keldysh (symmetric) components. This is natural because
replicas are only mathematical entities without real physi-
cal interactions with each other. DE governing D are given
by

(8,+;<)D (tt)—I—D (tt)—O (D4)
(8,+K)D (tt)+wm(tt)_0 (D5)
— (0 + 1D (¢, 1) — 2D}, (2, 1)
:/ [HR(I [//)D (t// [)+HK([ t//)DA (t// /] //.
0
(D6)
— (3 +1)DE (t.1') — 02D (1.1")
=/ [HR(I t//)D ([” [)+HK(I t//)DA (t// /)] //
0
(D7)
For Ising field correlators we have
1 t
Uﬁ(f’f/)=\/M:+N/0 [Q5,@, "WV (" 1)
5@ V" t)]ar", (D8)
1
Vi 1) = S @ ) + UL, (D9)

t
VE@ ) =USt 1) = (5. "WV 1)

Vel
QY (1, 1"V (1" 1)]dt", (D10)

Vi, 1) = U (1)

1 ! )
:Wf QR @, 1"
x [VE@" )+ M — DUE@", t)H]dt", (D11)

t
QR @t t"VE@ tdt".

Vi (e, 1) = (D12)

el
N+ M Jy
These equations can be numerically solved using the same
approach explained in Appendix E.

APPENDIX E: NUMERICAL SOLUTION OF DYSON
EQUATIONS

Solving Dyson equations (DEs) is only possible using nu-
merical integration. To solve DEs numerically, we discretize
both time variables of the correlation functions according to

G, ') — GG, j) (ED)

and solve the problem on a two-dimensional time grid with
time spacing Af. Assuming that correlation functions are
known for i, j < [, which is an [/ x [ square in the time grid,
we evaluate the time derivates for fermion and photon Green’s
functions using Dyson equations in Egs. (C22)-(C39) and
(C49)—(C56). The memory integrals only depend on the val-
ues of correlation functions at i, j < [ and can be evaluated
using various numerical integration methods to be chosen
depending on the desired accuracy. The equations for HS
correlation functions in Egs. (C62)—(C71) involve no time
derivatives and HS correlation functions are directly found
from their equations at each step. Using the values for the
time derivatives allows us to predict the values of Green’s
functions for i, j < [/ + 1 using Euler’s method. However, the
predicted value is usually not accurate enough and leads to
numerical instabilities for long time evolutions. To remedy
this issue, one can use more accurate approaches such as
Runge-Kutta or predictor-corrector methods. For this work,
we used a two-step predictor-corrector method. The reader is
referred to an Appendix in Ref. [81] for a detailed discussion
of the two-step predictor-corrector method for DEs.

The main numerical costs are due to memory integrals on
the RHS of DEs. At each step of the integration, the numerical
cost of evaluating memory integrals scales with /2, where [
is the (discretized) evolution time since the initial state. The
quadratic scaling with / stems from the fact that at each step,
memory integrals should be evaluated for / points on the edge
of the square given by i, j < [/ and for each point, the cost
of numerical integration scales with /. We can reduce the
numerical costs by using the analytical properties of Green’s
functions by only evaluating Green’s functions on one side
of the diagonal (i > j) explicitly and finding their values for
i < j using a combination of complex conjugation or trans-
position. Nevertheless, the numerical costs increase with the
evolution time. To reduce the cost further, one may truncate
memory integrals and keep the memory of the system up to
a certain point in the past. However, this truncation is not
permissible for our glassy system since the integrands have
significant contributions at long times due to strong memory
effects in the SG phase, and omitting memory effects prevents
us to capture glassy dynamics. In this case, the overall cost of
evolving the system for / steps using serial computation scales
as I3. Using parallel computation, we could achieve a slower
increase of the runtime with / given by

Truntime ™ lﬂ s (Ez)

where 2 < 8 < 3. For this work, each simulation took about
three minutes for time evolutions up to A x ¢ = 20. Longer
simulations like those in Figs. 17(a) and 17(b) took about
30 minutes to complete. To obtain the spectral density at
A x T = 60 in Fig. 23, the simulation took about two hours.
The computation time and resources would be less if the
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inter-replica overlap parameter did not need to be evaluated.
All of the simulations were done on a personal computer.

1. Equations of motion at leading order

At LO fermion self-energies will only have local terms
captured by B, and the RHS of Egs. (C31)—(C39) vanishes.
We want to find the time derivatives of spin expectation values
m* = (o*). Using Eq. (9) we have

ima(t) =—ie€ iwf‘(r)wa» = 16 iGK (#,1)
dt P 27 gy P ’(E'3)

We use the chain rule to write

d /
27 Gy (6.1 = (3 + )G, (1 )= (E4)
In DEs we have time derivatives of Green’s functions only
with respect to . However, d,G can be obtained easily by
noting that

Ghy(t.1) = —Gf, (', 1), (E5)
- 3[/G§,g(l, t,)|t=t’ = _8tG§a(t/’ t)|t/=t~ (E6)

For example, to find d(0%) /dt we use Eq. (C32)
GE (1, 1)lv= = —AGY (1, 1), (E7)

and Eq. (C34)
at’ny(f, )y = _atG;;(t,7 )y
= —AGX(t,1) = B.()GE.(t,1),  (ER)

to get

i K _ K
dtGW(t’t)_ B ()G, (t, 1), (E9)

where we have used GX,(z,7) = 0. Using GX.(t, 1) = my(1)
we get

d
Smy(6) = —B(Omy o).

E10
7 (E10)
Using B, from Eq. (79) we get
d .
() = Jo? / KDY (¢, 1 ym (1)dt, (E11)
0

which is the LO equation of motion for m, given in Eq. (93).
Equations (91) and (92) can be obtained similarly using DE at
LO for other components of GX.

APPENDIX F: COMPARISON BETWEEN TWO-PARTICLE
IRREDUCIBLE AND DISCRETE TRUNCATED
WIGNER APPROXIMATION

In this Appendix, we further compare the results of 2PI
and DTWA for aging dynamics. We consider finite cavity loss
k 7 0 which is implemented by solving a stochastic Langevin
equation for cavity modes. Aging dynamics, given by the
behavior of the correlation function in Eq. (102), is shown
in Fig. 24. The 2PI results, which have been given in another
work by us [93], are shown here over a longer timescale for
a better comparison. 2PI predicts that C approaches a limiting

0.7 Ns
AO.G’ —_— 2 7
‘I" 0.51 —_—3 8
~ 0.4 —4 9

—5 10

50.3—\\\
Q0.2 =
0.11 R
0.0 : : ; =

1.2’ Ns
1
= 1.01 —_
e — 4
o 0.6 > 5
S 04 \
0.2 N\
0.0 ‘ ‘ ‘
0 5 10 15 20
A-t

FIG. 24. Comparison of aging dynamics obtained from 2PI (top
panel) and DTWA (bottom panel) for different cluster sizes. Param-
eters are g/g. = 1.27, AJw. = 0.2, and k /A = 0.5.

value as N; is increased. This limit corresponds to a classical
SG with larger correlations at long times. For small N correla-
tion are strongly suppressed by quantum fluctuations although
the SG phase still survives. DTWA shows a qualitatively sim-
ilar behavior for large N;, where C approaches the same limit
for N; 2 10, with a relatively flat profile for a wide range
of t. However, the agreement for large N is qualitative for
aging dynamics, in contrast with the quantitative agreement
of the two methods for magnetization dynamics presented in
Sec. VIB 3. Similar to the magnetization dynamics, DTWA
predicts less sensitivity to spin size down to Ny = 1, although
it still predicts weaker SG. This has to be compared with 2PI,
where C drastically changes for small spins, and particularly
for Ny = 1. Furthermore, 2PI predicts a different correlation
profile at between short (t < A™!) and long (¢t > A™!) time
separations, with a crossover of behavior at ¢ ~ A~!. This
sharp crossover was attributed to the small size of the local
Hilbert space for small spins in Ref. [93], where quantum
effects are more important. DTWA shows a crossover as well,
but the timescale does not match A~! which is the natural
timescale for quantum fluctuations due to the transverse field
A to affect local dynamics. Furthermore, the crossover is
weaker and more smooth.

APPENDIX G: TWO-PARTICLE IRREDUCIBLE FOR THE
SINGLE-MODE DICKE MODEL WITHOUT DISORDER

For the sake of completeness, we give a concise derivation
of far from equilibrium dynamics for the singe-mode Dicke
model [18] below, using a systematic expansion of the 2PI
effective action in powers of the system size N.

For the Dicke model defined by

N
A + g
H=— o t+wa'at+ — a+a' o}, G1
3 % ; W%( ) (GD)
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FIG. 25. The NLO contribution to 2PI action for the Dicke model.

the Keldysh actions for spins and photons are the same as
Egs. (10) and (18) together with their RAK representations in
Egs. (C7) and (C41). The main difference is the spin-photon
coupling part of the action

N
[0,
Sint = 2lg ;) Z % dfc¢1ﬁ,v¢,z

In this case, the expectation value of the photon field ¢ = (¢)
can be finite. It is straightforward to show that at NLO, the 2PI
action reads:

(G2)

Plp. 7. D, G] =Salg. 7]+ 5Trln D~ + STr(D;'D)
i i
—5Trin G~ — 2T (G G) + I2[D, G1.
(G3)

Se1 is obtained by substituting ¢ and 7 in S, in Eq. (18). Go
contains the contribution of ¢ to spin dynamics

~A 71
Gyt = [ (Gé?)_l (G%) } (G4)
id, iA 0
GBY = | -ia id, 2ig 2w /N |,
0 —2ig/2w./N¢ i0;
(GS5)
@) =[G (G6)

The last term T, is given at NLO [O(N?)] by the diagram in
Fig. 25 and reads

40)682 / / / /
o = Z ?{ jﬁ. dted1.D?? (1., 1)) G (te, 11)GT (e, 1))
J

VZ I\ 2Y ’
- G,‘ '(tm tC)ij(tC, tc)]~

i (G7)

The DEs for fermions are similar to those for the disordered
model, provided that we substitute

20,
B.(1) = —2g, I‘V" ()

and use the following fermion self-energies in the basis of
contour branches

(G8)

ss’ ’ Siwcg2 o5 I s’ ,
T3 (1) = —— =Dy 6. 1)Gy (1), (G9)
Ty 1) = - ";’ng Dyt )Gy ,1),  (G10)

1.01 “ N
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FIG. 26. Spin dynamics for a quench into the SR phase of the
Dicke model with photon loss, starting from 6y = 0.97. For N < N*
where N* = 30, the symmetry is restored by fluctuations. N* depends
on the degree of symmetry breaking in the initial state. The other
parameters are g/g. = 1.6, A/w, = 0.4, and « /w. = 0.2.

8iw.g
N (G11)

Biw.g*
N

Ty (0, 1)) = + =Dy (1, 1)GE (1 1),

nE () =+ Dy (8. 1)G (2, 1), (G12)
The equations of motion (EOM) for classical fields are

given by

O +u)p=m, (G13)
(8, + 1) + g + gy 2NwyGE (1, 1) = 0. (G14)

The DEs for photons are identical to those for the disordered
system with the photon self-energy

(¢, 1) = —8iw.g* (G (¢, )G (1., 1)

— G (. 1)GL (1.1, (G15)
given in the basis of contour branches.

Dynamics at LO are equivalent to the mean-field treatment
of the Dicke model with the critical coupling

1 A(a)% + K2)

2 o

8 = (G16)

At NLO the inclusion of fluctuations modifies the dynamics
for smaller system sizes. For instance, after quenching the
coupling into the SR regime g > g, the system may not end
up in a symmetry broken state with (a) # 0, even if the initial
state is not symmetric (Fig. 26). For smaller values of N, one
should choose a larger m, (), otherwise the symmetry will be
restored. The symmetry restoration is due to the fact that for
smaller values of N fluctuation are stronger, resulting in the
enhancement of the tunneling between the different minima in
the energy of the system. This does not mean that the system
is not in a SR state for small N. The photon population still
saturates at a finite value ~N.
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By solving the quench dynamics of a frustrated many-body spin-boson problem, we investigate the role of
spin size on the dynamical formation of spin-glass order. In particular, we observe that quantum and classical
spin glasses exhibit markedly different evolution. The former displays a quick relaxation of magnetization
together with an exponential dependence of the spin-glass order parameter on spin size, while the latter
has long-lasting prethermal magnetization and a spin-glass order parameter independent of spin size. The
quantum-to-classical crossover is sharp and occurs for relatively small spins, highlighting the fragility of the
quantum regime. Furthermore, we show that spin-glass order is resonantly enhanced when the frequency of
the bosonic mediators of the interactions approaches the value of the transverse field. Our predictions are
directly applicable to the nonequilibrium dynamics of all spin-glass systems with SU(2) spins, such as the
quantum Sherrington-Kirkpatrick model, and they can be examined in recently developed multimode cavity

QED experiments.

DOI: 10.1103/PhysRevResearch.6.043313

I. INTRODUCTION

Spin glasses (SGs) are frozen states of spins due to com-
peting interactions generated by strong static disorder in their
host materials [1,2]. Disorder prohibits the formation of long-
range ferromagnetic (FM) or antiferromagnetic (AFM) orders
and at the same time, hinders the melting of the frozen state
by fluctuations and the formation of a paramagnetic (PM)
state. SGs occupy a distinctive position in the field of disor-
dered systems for their significance in our understanding of
ergodicity breaking and for their broad range of applications
from neural networks to optimization problems encompass-
ing dynamics of complex biological systems and quantum
information [3]. While disordered magnetic materials have
historically been the main context for investigating SG, state-
of-the-art quantum simulators possess the capacity to fabricate
strongly correlated systems under controlled settings [4,5].
This presents a unique opportunity to understand the interplay
of disorder, fluctuations and interactions in the emergence of
complex phases of matter, free from the complications and
microscopic details of real-world samples.

A particularly interesting objective is to discern the
boundary separating quantum and classical SG. Numer-
ous quantum many-body systems admit effective classical
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descriptions [6,7] even though their constituents have quan-
tum behavior. This quantum-to-classical (QC) crossover is
usually a result of the competition between decoherence,
enhanced by the system-environment coupling or the temper-
ature [8,9], and quantum fluctuations, which are stronger at
lower dimensions and higher densities [10,11]. In spin sys-
tems, the size of spins (S) is another control parameter for the
strength of quantum fluctuations [7,12—14]. From an experi-
mental point of view, adjusting S is often a formidable task,
primarily because it is intrinsic to the material being investi-
gated. The cavity QED experiment reported in Refs. [15-18]
provides an instance of a platform capable of quantum-
simulating an SG (see in particular the note at the end of this
work), with a high degree of control over parameters of the
system, including the size of spins. The experiment consists
of an ensemble of ultracold atomic clusters trapped by opti-
cal tweezers, coupled to each other via long-range frustrated
interactions mediated by cavity photons [Fig. 1(a)]. This plat-
form has been shown to be a simulator of associative memory
and SG phases [19-28]. However, accessing the broad spec-
trum of dynamical responses in SG systems, and in particular
this platform, would require to solve a frustrated dissipative
quantum many-body system with retarded (photon-mediated)
interactions. In general, there have been limited attempts thus
far to solve for the time evolution of text-book models of SG
and similar disordered systems [29-36].

II. OUTLINE OF RESULTS

In this work we make a significant stride in addressing
far-from-equilibrium dynamics in quantum SGs and, in par-
ticular, those realized by frustrated light-matter interactions in
cavity QED by providing a nonperturbative solution of their

Published by the American Physical Society
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FIG. 1. (a) Schematics of the system considered in this work.
Clusters of two-level atoms can be modeled as spins of size S.
Coupling to a multiple cavity modes of different spatial profile results
in frustrated long-range interactions among large spins, which can
stabilize a spin-glass phase. (b) Generic behavior of the system after
an interaction quench. SG order parameter grows much faster for
small spins compared with large spins, but to a smaller value, due to
stronger quantum fluctuations. (c) Resonantly enhanced SG order, as
the frequency of interaction mediators (cavity photons) approaches
the atomic splitting A.

long-time dynamics. We show that while SG order prevails
for all spin sizes, it displays qualitatively different dynami-
cal responses for different values of S [Fig. 1(b)]. For small
S, which we label as quantum SG, we observe weak aging
where the memory of the initial state is drastically blurred
by quantum fluctuations, alongside with a quick growth of
the SG order parameter to a finite but small value. For large
S, the system displays stronger signatures of aging akin to
classical spin glasses, with a slow growth of the SG order
parameter. The QC crossover is quite sharp and the system
fully classicalizes at spin sizes only few times larger than 7,
the fundamental unit of angular momentum, with an exponen-
tial dependence of SG order parameter on S, demonstrating
the fragility of quantum SG against decoherence. S can be
controlled in cavity QED experiments by adjusting the atomic
load of each cluster trapped by optical tweezers and, in prin-
ciple, can be tuned down to the quantum limit S = 1/2 by
activating Rydberg blockade within each cluster [27]. More-
over, we show that tuning the photon gap to resonance with
the atomic splitting enhances SG order [Fig. 1(c)]. We note
that this is a nontrivial result due to the trade-off between
atom-atom interactions and incoherent generation of photons,
both of which are enhanced close to the resonance [37-39].
While the former stabilizes SG, the latter leads to heating,
which generally has a detrimental effect on ordered phases of
matter. We show that below the resonance, heating dominates
and SG order quickly approaches zero.

III. MODEL

Inspired by cavity QED experiments [15-18,28], we con-
sider a system of N clusters, each one containing N; two-level
atoms, placed inside a multimode cavity with M nearly degen-
erate modes. Atoms are encoded by the Pauli operators o;;,
with cluster 1 < i < N and atom indices 1 < A < N;. Taking
h =1 in this work, the evolution of the system is given by
a quantum master equation d,p0 = —i[H, p] + ngzl Dlay]p
for a dissipative spin-boson model [22,23], where

A :
H= ZA:G;” + oY alay+ ) guilay +al)oy, (1)
i, o

iAo

and Dlaylp = k(2a,pal, — {ala,, p}). The couplings be-
tween the atoms and the photon modes of the cavity are
spatially dependent and uncorrelated from each other, which
justifies their modeling via random couplings [22,23,36].
Accordingly, g,; are assumed to be random and chosen
from a Gaussian distribution with g, =0 and 2ui85; =
80 ng /(N + M)N;. Couplings for spins in the same cluster
are similar as we assume that the spatial size of each cluster
is smaller than the wavelength of cavity modes. Starting from
the same initial state for all spins, each cluster is equivalent
to a single spin 28; = >, i with amplitude S = N, /2. The
parameter S can be tuned by loading few or many atoms in
each cluster, and it dictates the strength of quantum fluctua-
tions. For instance, at large S each cluster would be effectively
described by a classical angular momentum, since its quan-
tum noise would scale down as 1/S [25,27,40]. Integrating
out photons leads to frustrated spin interactions [41-43], and
Eq. (1) is mapped to the Hopfield model (HM) [19]. The
HM has a PM ground state for sufficiently small g. For g
larger than a critical value g., a phase transition occurs and
the ground state crucially depends on the ratio n = M/N [20].
For n < n. ~ O(107'), the system is in the memory retrieval
phase [21,25,26], which is a FM in disguise [1] with multi-
ple superradiant ground states. For n > n. [20], frustration
dominates and turns the system into a spin glass [22,23,27,44]
described by the Sherrington-Kirkpatrick model [45,46]. For
a correct description of quench dynamics or in the limit of dy-
namically active photons w, & A, photons have to be retained
as dynamical degrees of freedom and cannot be integrated
out [41-43]. For this, we resort to nonequilibrium quantum
field theory (NEQFT), covered comprehensively in an accom-
panying article [47].

IV. DYNAMICS OF SPIN-GLASS FORMATION

Throughout this work we take N = M, ensuring the exis-
tence of SG phase for sufficiently strong couplings [20,22].
The initial state is the vacuum state for photons and a uniform
product state for spins specified by the vector (sin 6y, cos 6y)
in the xz plane. We let the system evolve after suddenly
switching on the coupling at t+ = 0. For sufficiently weak
couplings, the system is a PM and spins precess around the
z axis and dephase due to disorder, similar to an underdamped
oscillator. As the coupling is increased, the system undergoes
a phase transition into an SG. The simplest manifestation of
the transition is the overdamped relaxation of global magne-
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FIG. 2. (a) Dependence of average magnetization m, on spin
size (N,) for quenches into SG phase with g/A & 2.0. Inset shows
results of semiclassical (DTWA) calculations. (b) Spin correlation
function at different waiting times after the quench for N; = 5. For
quenches to PM phase (g/ A & 0.18), correlations decay quickly with
t and show weak sensitivity to the waiting time t (dashed lines). For
quenches to SG phase (g/ A ~ 0.4), correlations remain finite at long
time separations and the system retains the memory of its past (solid
lines). The other parameters are w./A = 5.0 and « /A = 0.5.

tization to zero: m, = (o;") is shown in Fig. 2(a), displaying
a crucial dependence on spin size. At early times, spin dy-
namics are insensitive to S, and m, quickly collapses to a
finite value. After this point, trajectories for different spin
sizes start to depart, and relaxation becomes slow for larger
spins. This behavior can be attributed to the inefficiency of
quantum fluctuations to erase the memory of the initial state
for larger spins where a few applications of the transverse field
(AS?) only changes the amplitude of m,, in contrast with small
spins which can be entirely flipped over similar timescales.
The long-lasting, transient magnetic order for large N; is rem-
iniscent of prethermalization, where a system approaches true
equilibrium over long times due to disorder or an extensive
number of nearly conserved local quantities [48-51]. In the
inset of Fig. 2(a) we have shown the results of a semiclas-
sical treatment of the problem based on discrete truncated
Wigner approximation (DTWA) [38,52], displaying qualita-
tive agreement with NEQFT for large spins. However, DTWA
predicts a slower relaxation for small S, possibly because as
a semiclassical approach it ignores quantum fluctuations [53],
which facilitate tunneling between local minima in the energy
landscape of the SG.

The standard measure of SG order is the Edwards-
Anderson [23,54] order parameter given by the t — oo limit
of the symmetric correlation function

1
Cr,t—1)= ﬁ({Sj‘(r), Sir —n)}). 2)

The system is a SG, if alongside with m, = 0, the quantity
qea(t) = lim;_ o C(t, T — t) is finite, which indicates a finite
overlap between spin configurations at long time separations,
a direct consequence of a frozen spin state. We quench the
system from a PM state with 8y = & such that m,(0) = 0. As
shown in Fig. 2(b), C exhibits qualitatively different behaviors
in PM and SG phases. In the former, the long-time correla-
tions are weak and the system reaches equilibrium quickly,
as indicated by the lack of sensitivity to the waiting time 7

FIG. 3. Dependence of temporal correlations on spin size in SG
phase. Short time correlations are stronger for small spins, due to
the smaller size of local Hilbert space (cf. main text). Small spins
are susceptible to quantum fluctuations and their correlations are
sharply suppressed for At = 1 (marked by dashed line), leading
to a quantum SG with weak aging. Large spins are robust against
quantum fluctuations and realize a classical SG with stronger aging.
The waiting time is At = 30 together with g/A ~ 0.4, w./A = 5.0,
andk /A =0.5.

after the quench. On the other hand, correlations decay very
weakly with ¢ and show strong dependence on the waiting
time for quenches into SG. Figure 2(b) hints at the onset of
aging, which is a salient feature of glassy systems and an
indirect signature of the breakdown of fluctuation-dissipation
relations, or in other words of ergodicity [1,2]. In aging, the
system strongly retains the memory of its past for infinitely
long times after the quench. The inability to lose the memory
of the initial state is a result of slow dynamics due to a rugged
energy landscape generated by the disorder [55].

V. EFFECT OF SPIN SIZE ON SPIN-GLASS DYNAMICS

As previously discussed, the spin size S = N;/2 is a crucial
parameter which allows us to study the interplay of frustra-
tion and quantum fluctuations. We have already discussed
the role of S on the dynamics of global magnetization as a
proxy of glassy behavior. In this section, we directly address
quantum effects in the evolution of SG order parameter and
subsequently, characterize quantum and classical SGs based
on their dynamical signatures in a unified framework. The cor-
relation function C is shown in Fig. 3 for different spin sizes,
with a different dependence at small and long time separations
(¢). Short time (r < A™") correlations are stronger for small
spins, while they quickly flatten as S grows. This behavior
is easily explained by considering a generic local spin state
V) =Y, culM, S) with S*|M, S) = MM, S). Fort < A™!
we can approximate C(z,t") ~ C(t, t) which yields C(t,t) =
> (M/S)?|em|?. In the SG phase, local magnetization is fi-
nite and |cy|? has an asymmetrical distribution peaked around
a finite value of M, leading to C(¢,t) < 1 where equality is
approached only in the extreme case of a fully polarized state,
or when § is small. Particularly, for § = 1/2 we always have
C(t,t) = 1, simply because the local Hilbert space is small.
The slight deviation from the exact value for S = 1/2 in Fig. 3
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FIG. 4. Effect of spin size on SG order. gga is suppressed by
quantum fluctuations for small spins. It shows a sharp QC crossover
atS ~ 2 (in units of 72) where it becomes weakly sensitive to S and re-
laxes slowly to its final value. Inset shows rate of change of SG order
parameter. Compared with classical SG, quantum SG relaxes more
quickly at initial times. At later times, dynamics become slow for
all spin sizes, but they are faster for large spins because gga should
still grow to reach the steady state. The results are for g/A =~ 0.4,
w./A =5.0,andk/A =0.5.

signals the validity of our approximation to capture quantum
corrections to the dynamics. Long time correlations follow the
opposite behavior; large spins are robust against quantum fluc-
tuation and their correlation is weakly affected for t > A™!.
For S ~ 1, correlations decay sharply at t &~ A~! which is the
timescale of a single spin flip by the magnetic field (marked
by the dashed line in Fig. 3). Moreover, we see that long
time correlations are drastically weaker for small S compared
with large S. Accordingly, the separation of short and long
timescales for § & 1 and the lack of it for S >> 1 motivate us
to respectively label these as quantum and classical SG. This
distinction is further supported by the dependence of SG order
parameter gga on S at different waiting times after the quench
(Fig. 4). gea grows quickly with S as the quantum noise is
suppressed, and almost saturates for S 2> 2, suggesting the
system is already a classical SG (corresponding to S — 00).
The growth of gga versus S empirically admits an exponential
fit of the form gga = g, — r, €5, where g, is the classical
value and r, is the amplitude of quantum corrections which
are exponentially suppressed in S. The quantities g, r,, and
A depend on other parameters including the waiting time .
The exponential behavior holds up to larger values of S as T
is increased (Fig. 4), because the order parameter growth is
initially slower at larger S and becomes faster later (inset of
Fig. 4). The quick approach of gga to its steady state value
for quantum SG in contrast with its slow growth for classical
SG is another dynamical signature of the two regimes. A
classical SG is glassier with a larger order parameter, stronger
frustration and hence, slower dynamics.

VI. ROLE OF PHOTONS

We now shortly discuss the effect of photons on the SG
phase, as we change their frequency w,.. In the adiabatic
limit (w. > A), the critical coupling depends on w, through
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FIG. 5. Resonantly enhanced SG order. In the limit w. > A pho-
tons are coherently driven and SG order is independent of w,. Near
the resonance w, ~ A, SG order is amplified. For w. < A, photons
are incoherently generated which leads to heating and weak SG.
The resonance width scales with photon loss rate «. The coupling
is adjusted as w, is varied according to g ~ 0.9[A(w? + «2)/w.]'2.
The waiting time and the spin size respectively are At = 12.0 and
S =10.

gc ~ [(@? + k?)/w.]"/? [22]. Accordingly, we scale g with w,
similarly to g.. In this way, when we compare physics at dif-
ferent values of w,, the distance from the critical point remains
fixed which enables us to isolate the effect of dynamically
active photons (retardation effects). The dependence of SG
order parameter on w, is shown in Fig. 5. For w./A > 1,
qea approaches a constant value, consistent with the adopted
scaling of g. As w, is reduced, SG order gets enhanced until
it reaches a maximum around w, ~ A with a width that in-
creases with photon loss «. Reducing w, further causes gga
to vanish quickly over a small energy window. The peak
in gga is the outcome of an intricate competition between
two elements. First, the strength of photon-mediated interac-
tions, which is resonantly enhanced as w. — A. Second, the
generation of incoherent photons by atoms which is limited
by energy conservation, and is amplified when the energy
scales of atomic and cavity excitations are close. Incoherent
photons lead to heating, which subsequently weakens the
SG order. The energy for heating is provided by the laser
drive responsible for the emergence of the Dicke coupling
in Eq. (1), after adiabatically eliminating virtual transitions
to high-energy intermediate states [26,27,56]. We see that
the resonant enhancement dominates dissipation at w, ~ A,
while as we reduce w, below the resonance, heating takes
over and melts the SG. Energy conservation for incoherent
photon generation has to be satisfied over a narrower en-
ergy window as cavity losses decrease, leading to a sharper
resonance peak in Fig. 5. The location of the resonance
peak does not exactly match w, = A due to the renormal-
ization and broadening of atomic and cavity energy levels
by interactions. A similar resonance mechanism has been
proposed recently [39] to enhance superconductivity out of
equilibrium, without controlling for heating. Our findings
suggest the enhancement is robust with respect to heating
effects.
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VII. METHOD

To derive the results of this work, we used the Keldysh field
theory [57,58] extended to open quantum systems [59]. Using
a fermionic representation for spins [60,61] and employing
a conserving approximation based on a quantum effective
action (QEA) [50,62-71] for the system, we dynamically
monitored the onset of SG in the thermodynamic limit. We
expanded QEA in powers of 1/N;, corresponding to succes-
sive atom-photon scattering processes [47].

VIII. PERSPECTIVES

The distinction between quantum and classical SG dynam-
ics addressed in this work holds beyond cavity QED platforms
and encompass SG systems whose constituent degrees of
freedom are the generators of the SU(2) group [1]. These
include the canonical cases of infinite range quantum Ising
and Heisenberg SG models, as well as the quantum p-spin
model [1,2]. Furthermore, the dynamics of Eq. (1) directly
maps to the Sherrington-Kirkpatrick model at large photon
frequencies [22]. On the other hand, the physics of frustrated
systems with finite range interactions is more intricate and the
interplay of quantum fluctuations, dimensionality and symme-
tries can change the behavior of QC crossover. For instance,
in short range and low-dimensional systems of small spins,
quantum fluctuations may destabilize SG order towards a
quantum spin liquid phase [72-74]. This would represent a
natural follow-up direction of our work.

Furthermore, the QC crossover explored here should also
manifest in the aging dynamics of quenches close to the
FM or AFM critical points of quantum spin systems, with-
out disorder [75-78]. Finally, our findings concerning the
resonant enhancement of SG order appear promising for
systems in which a collective mode generates an effective

interaction. The interaction can then be activated or amplified
via an external drive to realize novel phases of matter without
equilibrium counterparts such as those facilitated by driven
excitons in doped moiré systems [79] or driven phonons in
photo-enhanced superconductors [37,39,80]. Our work sug-
gests that the resonance condition should also be able to
stabilize these emergent nonequilibrium phases [39,81].
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Chapter 4
Conclusion and Outlook

In this thesis, we investigated the non-equilibrium dynamics of two strongly disordered
quantum many-body models, the Yukawa-SYK and random Dicke model, coupled to
external environments. Using the Keldysh formalism of field theory, we derived a closed
set of dynamical equations whose numerical solutions provided the time evolution of both
field expectation values and two-point correlation functions. By analyzing the statistical
and spectral components of these correlation functions and their mutual relations, we
traced the evolution of excitation spectra and populations, and identified the conditions
under which the systems reach stationary states following quenches, as well as whether
these states are thermal or not.

For the Yukawa—SYK model, we found that intrinsic relaxation of physical observables
occurs on very short timescales, while the overall thermalization process is governed by
the efficiency of energy exchange with the external bath. This efficiency, in turn, is
strongly influenced by the model’s critical properties. In contrast, the random Dicke model
exhibited markedly different behavior. In the strong-coupling regime, relaxation was slow
for both expectation values and correlation functions, where the latter showed clear aging,
a hallmark of glassy dynamics. We further explored how different parameters impact the
spin glass phase, highlighting the role of spin size in controlling quantum fluctuations,
the influence of cavity losses, and the dynamics in the slow-cavity regime, where photons
actively participate beyond merely mediating effective spin—spin interactions.

The work presented in this thesis can be extended in several directions. One possibil-
ity is to study dynamics in finite-dimensional extensions of the SYK and Yukawa-SYK
models [83] using the same field-theoretic approach, but applied to different lattice ge-
ometries. Such geometries can produce distinct fermionic dispersions and, consequently,
different non-equilibrium relaxation profiles. Another natural direction is to investigate
spin glasses in finite dimensions, beyond the all-to-all interaction limit. This is a theoreti-
cally challenging problem, since most available analytical results rely on mean-field theory.
Phenomenological approaches based on the Ginzburg—Landau description of replica cor-

relation functions [94] [103] exist. However, spin glasses with short-range interactions
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typically have a very large upper critical dimension. For instance, renormalization group
analysis for Ising spins [94] yields d,. = 8, with the model flowing to strong coupling and
lacking perturbatively accessible fixed points. In such cases, one could explore large-S
expansions, similar to the method employed in this work, as a viable route for analytical
progress.

Quantum simulators, such as CQED platforms and Rydberg systems, are now capable
of studying systems with engineered disorder. For spin glasses, experiments have already
realized the glass phase [49, [51]. There are also proposals for simulating the SYK model
using CQED [69, [70]. Extending these proposals to the Yukawa—SYK model appears
feasible, with the role of phonons played by a subset of cavity modes. Along this line, one
could also probe the emergence of the strange metal phase in CQED systems. Another
promising route is to use the platform introduced in Ref. |71] to engineer frustrated
exchange interactions, enabling the simulation of quantum XY spin glasses. An additional
interesting direction is the simulation of metallic glasses in optical cavities, as proposed in
Ref. [104]. Such systems are predicted to exhibit distinct universal properties compared
to insulating glassy systems [103] [105].

Quantum simulators of spin glasses may also open new opportunities for computa-
tion theory. Determining the optimal spin configuration for a given disorder realization
becomes a challenging task as the system size increases. The conventional approach of
classical annealing, physically equivalent to cooling the system towards its optimal state,
has only limited success in solving such global optimization problems. In quantum spin
glasses, one can perform quantum annealing, which exploits quantum fluctuations and
tunneling between multiple energy minima, and is expected to yield faster optimization
in certain cases [106], representing a concrete instance of quantum advantage. An advan-
tage of quantum simulators of spin glasses lies in their computational universality: many
hard combinatorial optimization problems can be mapped onto finding the ground state

of a suitably engineered spin-glass Hamiltonian [107].
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