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Abstract

Colloidal systems are ubiquitous in nature and are found in many scientific and practical
applications. Therefore, understanding their dynamical and assembly properties is key to
comprehend their collective behavior and to unlock their potential in practical applications.
In this thesis, we used molecular dynamics (MD) simulations to study the transport properties
in colloidal suspensions and the evaporation–driven assembly of colloidal particles to form
superstructures.

First, we investigated the presence of hydrodynamic interactions in colloidal suspensions
using multi–particle collision dynamics coupled with a discrete particle model for the colloidal
particles (MPCD). We compared the MPCD simulations with experimental data and other
simulation methods such as Brownian dynamics with free–draining hydrodynamics (BD)
and with far–field hydrodynamics using the Rotne–Prager–Yamakawa mobility tensor (RPY).
We found that the MPCD simulations exhibited long–time self–diffusion and sedimentation
coefficients that were comparable with experiments, showing that the MPCD method is a
robust and simple method for modeling colloidal suspensions with hydrodynamic interactions.
Additionally, we extended the discrete particle model to probe the influence of particle shape
on their transport properties, examining shapes such as spheres, cubes, tetrahedra, octahedra
and spherocylinders. Agreement of the simulation results with experimental data, where
available, demonstrated the applicability of the discrete particle model to describe shape–
anisotropic colloidal suspensions. Furthermore, we found that the self–diffusion of polyhedral
shapes can be effectively estimated from its spherical analogue whose diameter is mean of
the inscribed and circumscribed sphere diameters.

Second, we probed the structure formation in supraparticles fabricated from the evaporation
of colloidal droplets containing elongated and/or spherical particles. We found that the ori-
entational ordering and packing of the elongated particles in supraparticles can be controlled
through the evaporation rate and aspect ratios of the rod–like particles.
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Zusammenfassung

Kolloidale Systeme sind in der Natur allgegenwärtig und finden sich in vielen wis-
senschaftlichen und praktischen Anwendungen. Daher ist das Verständnis ihrer dynamischen
Eigenschaften und ihrer Assemblierung der Schlüssel zum Verständnis ihres kollektiven Ver-
haltens und zur Erschließung ihres Potenzials für praktische Anwendungen. In dieser Arbeit
haben wir mit Hilfe von Molekulardynamiksimulationen (MD) die Transporteigenschaften
in kolloidalen Suspensionen und die verdunstungsbedingte Assemblierung von kolloidalen
Partikeln zu komplexen Strukturen untersucht.

Als erstes untersuchten wir das Vorhandensein hydrodynamischer Wechselwirkungen in
kolloidalen Suspensionen mit Hilfe der Mehrteilchen-Kollisionsdynamik in Verbindung mit
einem diskreten Teilchenmodell für die kolloidalen Teilchen (MPCD). Wir haben die MPCD-
Simulationen mit experimentellen Daten und anderen Simulationsmethoden wie Brownsche
Dynamik mit frei ablaufender Hydrodynamik (BD) und mit Fernfeld-Hydrodynamik unter Ver-
wendung des Rotne-Prager-Yamakawa-Mobilitätstensors (RPY) verglichen. Dabei stellten wir
fest, dass die MPCD-Simulationen mit Experimenten vergleichbare Langzeit-Selbstdiffusions-
und Sedimentationskoeffizienten aufgewiesen haben, was zeigt, dass die MPCD-Methode eine
robuste und einfache Methode zur Modellierung kolloidaler Suspensionen mit hydrodynamis-
chen Wechselwirkungen ist. Darüber hinaus haben wir das diskrete Partikelmodell erweitert,
um den Einfluss der Partikelform auf ihre Transporteigenschaften zu untersuchen, wobei wir
Formen wie Kugeln, Würfel, Tetraeder, Oktaeder und Kugelzylinder betrachtet haben. Die
Übereinstimmung der Simulationsergebnisse mit experimentellen Daten, sofern vorhanden,
zeigte die Anwendbarkeit des diskreten Partikelmodells zur Beschreibung formanisotroper
kolloidaler Suspensionen. Des Weiteren haben wir festgestellt, dass die Selbstdiffusion
polyedrischer Formen anhand ihres kugelförmigen Analogons, dessen Durchmesser der Mit-
telwert der Durchmesser der eingeschriebenen und der umschriebenen Kugel ist, effektiv
abgeschatzt werden kann.

Zweitens untersuchten wir die Strukturbildung in Suprapartikeln, die aus der Verdampfung
von kolloidalen Tröpfchen mit länglichen und/oder kugelförmigen Partikeln hergestellt wur-
den. Dabei haben wir herausgefunden, dass die orientierte Anordnung und Packung der
länglichen Partikel in den Suprapartikeln durch die Verdampfungsrate und das Seitenverhält-
nis der stabförmigen Partikel gesteuert werden kann.
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Background 1
A cornerstone of the success of our civilization has been our ability to assemble smaller
materials into functional forms. This is evident across a wide range of length scales. On the
larger end of the scale, spanning from centimeters to hundreds of meters, engineers have
designed practical structures like buildings, bridges, and machinery that are integral to our
lives. On the other end of the scale, at the molecular level, chemists have achieved remarkable
precision in synthesizing distinct molecular architectures such as drugs and catalysts[1]. The
intermediate length scale, ranging from tens of nanometers to several micrometers, forms an
important focus of modern scientific investigations due to the immense untapped potential
in this area. Advancements in particle synthesis techniques has enabled the production of
nanoparticles with diverse shapes, functionalities, and compositions, that have the potential
to serve as the building blocks of future materials, if effectively assembled into functional
structures[2].

Unlike macroscopic building blocks like bricks and metal columns, that can be handled easily,
nanoparticles in their dry form can become easily airborne and pose health hazards[3].
Therefore, they are stored and handled in the form of solutions, also known as colloids.
Many technical applications, such as coatings, inkjet printing, and adhesives, use colloids as
the starting material. To utilize colloids effectively for these applications, it is essential to
understand the dynamics and assembly of the constituent nanoparticles.

In this chapter, we will begin with an introductory discussion on colloids, delving into their
historical context and providing a technical overview (Sec. 1.1). Then we will discuss the
various interactions present in colloidal systems and their modeling for theoretical/computa-
tional studies (Sec. 1.2). Following this, we will examine the Brownian motion of colloidal
particles (Sec. 1.3), and introduce the concept of hydrodynamic interactions that can ad-
ditionally affect particle dynamics (Sec. 1.4). Subsequently, we will describe the transport
properties in colloidal suspensions, specifically diffusion (Sec. 1.5) and sedimentation (Sec.
1.6). Lastly, we will explore a particular instance of non–equilibrium dynamics: drying of
colloidal suspensions (Sec. 1.7).
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Fig. 1.1: Selected examples of colloidal particles with anisotropic shapes, made possible by advance-
ments in synthesis techniques. The particles shown include (a) silver nanocubes[4], (c) gold
nanotetrahedra[5], (d) gold tetrapod nanocrystal[6], (e) gold nanorods[7], and polystyrene
ellipsoids[8]. The SEM images have been reproduced with permissions from the references
indicated.

1.1 Colloids

1.1.1 Historical context

Colloids have captivated the minds of scientists and scholars for many centuries. In ancient
times, colloidal gold was used for staining glass, exemplified by the 4th century Lycurgus
cup[9]. During the middle ages, solutions containing gold salts held a reputation for their
supposed medical properties[10].

The modern scientific phase of colloid science, marking the era when scientists began to
grasp the colloidal phenomena, began in the early 19th century. Approximately, it started
when Robert Brown and Adolphe Brongniart, individually in 1827, observed random and
persistent motion of small pollen grains suspended in water[11, 12]. Initially, this motion
was attributed to the presence of microscopic living organisms (“animalcules”). However,
Brown’s subsequent observations of similar behavior in finely powdered inorganic materials
immersed in water suggested a more fundamental origin for this random motion.

Not fully convinced, several conflicting hypotheses emerged, suggesting that external factors
such as vibrations, capillary forces, microscopic currents, thermal variations, caused the
Brownian motion of the particles. These debates continued for several decades without
conclusive resolutions. Finally, in the late 1880s, through numerous experiments, Leon Guoy
showed that external factors were not responsible for Brownian motion and that its origins
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were indeed fundamental[13].

The molecular–kinetic theory, conceptualizing colloidal particles as very large molecules,
gained popularity for describing the motion of colloidal particles. In his seminal 1905 paper,
Einstein argued that if the kinetic theory were applicable to colloids, then a colloidal osmotic
pressure should exist[14]. He proposed a dynamic equilibrium between a fictitious force
and a “restoring” force arising from the colloidal osmotic pressure, and obtained the well–
known Stokes–Einstein relation for the diffusion of a small spherical particle suspended in a
medium. In addition, he showed that beyond a certain “Brownian time”, the mean squared
displacement of a colloidal particle depends linearly on time and diffusion coefficient of the
particle. Interestingly, this idea forms the basis of the sophisticated dynamic light scattering
technique that is used to measure the hydrodynamic size of suspended particles.

Only a few years later, in 1908, Paul Langevin came to the same conclusion as Einstein
through a much simpler approach[15]. He essentially applied Newton’s second law to a
Brownian particle by equating it to the sum of a random force originating from collisions
with surrounding fluid molecules and an opposing frictional force consistent with Stokes’
description. Then employing the equipartion theorem, he obtained a relation between
particle displacements and time, which reduced to Einstein’s relation at long time. Through
this method, Langevin was able to elucidate the concept of “Brownian time” as hypothesized
in Einstein’s derivation. This is examined in greater detail in Sec. 1.3.

Accurately measuring particle displacements was a challenging task at the time, making it
difficult to validate the theoretical hypotheses proposed by Einstein and Langevin. However,
Jean Perrin adopted an alternative approach in his pioneering work. He hypothesized that if
the kinetic theory applied to colloids, then at sedimentation equilibrium,1, the distribution
of the particles as a function of height in a column under the action of gravity should
exhibit a similar trend as gas molecules under gravity, i.e., the particle concentration should
decrease exponentially with height[16, 12]. Extensive experimental studies by Perrin’s group
substantiated the validity of the molecular–kinetic theory for colloids, ultimately earning
him the Nobel prize in Physics in 1926. (Interestingly, almost a century after Brown had first
published his observations!)

Unfortunately, just as colloid science had taken the front seat to scientific advancements,
the cutting edge of physics turned to the subatomic and quantum regimes. However, with
the advent and recognition of several mesoscale technologies such as foods, coatings, and
cosmetics, colloid science came to the forefront once again. With significant improvement
in our understanding, the scope of colloids has broadened and encompasses more than just
small spheres suspended in a liquid. Materials such as foams, aerosols, emulsions, and gels
also fall under the category of colloids. Therefore, over time, the definition of a colloid has

1Sedimentation equilibrium in a colloidal suspension refers to the state where the sedimentation of particles
under the action of gravity is balanced by their thermal motion (diffusion) resulting in a stable concentration
gradient of the particles.
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also been tweaked to cover such materials.

1.1.2 Definition and classification

A colloid can be defined as a mixture where an insoluble substance is uniformly dispersed
throughout another substance, with the former referred to as the dispersed phase and the
latter as the continuous phase[17]. Colloids can be categorized into various types based
on the three states of matter – solid, liquid, and gas. Examples of such colloids are sols,
emulsions, foams, and aerosols[18]. In this study, our focus is on the type where solid
particles are dispersed in a liquid medium, commonly known as sol. Examples of such
colloids include paints, inks, milk, and blood. For simplicity, we will use the term “colloid”
throughout the remainder of this work, omitting the term sol.

In the previous section, we vaguely referred to colloidal particles as “small.” However, it is
essential to define what constitutes “small.” A brief review of the literature tells that colloidal
particles typically range in size from a few nanometers to a few micrometers in diameter,
spanning a range of 3 – 4 orders of magnitude[18]. We can rationalize the statement using
some reasonable arguments.

The lower limit on the size of colloidal particles can be determined by requiring that these
particles interact effectively with the surrounding liquid molecules, where the properties
of the latter can be defined through macroscopic observables such as viscosity and temper-
ature[19]. Consequently, the colloidal particles should be large enough to interact with
multiple liquid molecules simultaneously. Considering water as the continuous phase, with
individual water molecules described as spheres with diameter of approximately 0.28 nm,2

the colloidal particles should be at least an order of magnitude larger to interact with a
statistically significant number of water molecules[19]. Thus, the diameter of a colloidal
particle should be roughly a few nanometers.

The upper limit on the size of colloidal particles can be inferred from sedimentation equilib-
rium, by positing that the particle displacement due to sedimentation is not larger than its
own radius, during an experiment lasting, say, one second[19]. As will be shown in Sec. 1.6,
the sedimentation velocity of a single colloidal particle is,

v∞
s = 2

9
a2∆ρ
η0

g,

where a is the particle radius, ∆ρ is the difference in mass density of the colloidal particle
and solvent, η0 is the solvent viscosity, and g(g = 9.8 m/s2) is the acceleration due to gravity.
Considering polystyrene particles suspended in water (η0 = 10−3 Ns/m2 and ∆ρ = 50 kg/m3)

2The length of 0.28 nm corresponds to the first peak in the radial distribution function of oxygen atoms, as
determined by x-ray diffraction analysis of liquid water under ambient conditions[20].
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and solving for the particle radius we get,

a = 9η0
2∆ρg

which equates to a = 9µm. Therefore, the maximum size of colloidal particles can be upto a
few tens of micrometers.

1.2 Particle interactions
Depending on the application/purpose, there are various colloidal systems at one’s disposal,
each possessing unique physical and chemical properties. Examples include metallic nanopar-
ticles[21] (such as gold, silver, and copper), polymeric particles[22] (including polystyrene
and polymethyl methacrylate), colloidal silica[23] (comprising silicon dioxide), clay particles
of both natural (such as montmorillonite, kaolinite) and synthetic origin (like laponite)[24].

The macroscopic behavior of colloids is dictated by the interplay of various interactions
present in the system. In general, if colloidal particles experience a net repulsive force, they
remain homogeneously dispersed, leading to the formation of a stable suspension. Conversely,
if particles experience a net attractive force, they tend to aggregate and eventually precipitate
out, resulting in an unstable suspension.

Classifying interactions based on opposites like attractive vs. repulsive, or long–ranged
vs. short–ranged may seem logical at first glance. However, the logic fails when solvent
properties come into play or when interactions originate from purely entropic effects[17].
Here, we will discuss the most common interactions present in colloidal systems.

In any colloidal system, two interactions are typically present: hard–core repulsion and van
der Waals attraction. Hard–core repulsion between colloidal particles can be considered as
the colloidal equivalent of Pauli’s exclusion principle, which prevents direct overlap between
any two colloidal particles. For two hard spherical particles with radii a, the repulsion is
zero at separations larger than 2a and becomes infinitely large for smaller separations. In
case of colloidal particles with a “softer” core, such as swollen latex particles or polymer
grafted nanoparticles, the repulsion increases smoothly as particle separations decrease. In
classical molecular dynamics (MD) simulations, an effective hard–sphere potential can be
approximated using the core–shifted Weeks–Chandler–Andersen (WCA) potential[25],

βVWCA(r) =


4

[(
σ

r−∆

)12
−

(
σ

r−∆

)6
]

+ 1, r ≤ ∆ + 21/6σ

0, otherwise
(1.1)

where β = 1/kBT , r is the radial distance between two particles, ∆ is the distance at which
the potential diverges, generally chosen to be close to the diameter of a particle, and σ is
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Fig. 1.2: Comparison between the hard–sphere potential (red) and core–shifted WCA potential (blue)
given by Eq. (1.1).

a length parameter that sets the cutoff distance for the potential and is often used as the
unit of length in MD simulations. This form of the potential ensures that the potential is
purely repulsive and continuously goes to zero at the cutoff distance. Figure 1.2 shows a
comparison between hard–sphere potential (shown in red) and the smoother WCA potential
(shown in blue). The parameters used in the above example are a = 3σ, and ∆ = 5σ.

Van der Waals attraction, also known as dispersion force, originates from quantum mechanical
principles. An intuitive understanding of this force can be illustrated using the example
of a neutral molecule like helium. In a helium molecule, electrons are distributed in an
electron cloud around the nucleus, resulting in an average dipole moment of zero. However,
there exists a possibility that at any given instant, the electrons may be displaced in the
electron cloud such that the molecule gets a finite dipole moment. This instantaneous dipole
can induce attraction between other particles experiencing similar fluctuations[17]. Larger
molecules have a higher likelihood of experiencing such fluctuations, thereby increasing the
probability of generating instantaneous dipole moments and consequently enhancing the
van der Waals attraction.

For two “mesoscale” spherical particles of radius a, whose surfaces are separated by a distance
d, Hamaker derived an equation for the strength of the van der Waals interaction[17, 26],

V (d) = −AH
6

[
2a2

(4a+ d)d + 2a2

(2a+ d)2 + ln (4a+ d)d
(2a+ d)2

]
(1.2)

where AH is called the Hamaker constant. The van der Waals force can be easily calculated
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as,

F (d) = −∂V
∂d

= −AH
6

[
64a6

d2(2a+ d)3(4a+ d)2

]
(1.3)

At very small separations (d≪ a), the equation simplifies to,

F = −AHa

12d2 (1.4)

At larger separations, d ≫ a the van der Waals force follows a ∼ d−6 dependency. As
an example, consider polystyrene spheres of radius a = 200 nm dispersed in water, where
AH ∼ 10−20 J (as provided in Table 13.3 in Ref. [17]). For two particles in close contact, say
d = 0.5 nm, the attractive force between them will be F = 0.66 nN which corresponds to an
energy of V = −78 kBT (T = 298 K). Now, if we increase the separation by 20x, d = 10 nm,
the attraction strength decreases to 1.5 pN corresponding to an energy of V = −3 kBT .
This illustrates that even at a separation of 10 nm, which is 5% of the particle radius, the
interaction energy exceeds kBT . Therefore, in the absence of additional interactions, van der
Waals attraction can destabilize a suspension, which is undesirable in many practical cases.

The destabilizing effect can be countered using various methods. One approach involves
grafting polymer chains onto the surface of colloidal particles[19]. In good solvent conditions,
the polymer chains preferentially interact with the solvent and therefore remain expanded,
effectively masking the van der Waals attraction. However, the effect becomes reversed in
bad solvent conditions. In addition to the van der Waals interaction, polymeric particles,
such as polystyrene latex particles, are hydrophobic,3 increasing their tendency to aggregate.
Experimentally, the range of hydrophobic interactions has been determined to be similar to
van der Waals attraction, typically falling within the range of 0 to 10 nm[28, 29]. To counter
this, polystyrene colloidal particles are often functionalized with carboxylic or sulfate groups,
that tend to stick out from the colloid surface. These functional groups can readily ionize in
solvents like water, resulting in the colloidal particles becoming electrostatically repulsive.
This method of stabilization is commonly referred to as charge stabilization in the context of
colloidal suspensions.

Ionization of the functional groups on the colloid surface leads to the formation of an
electric double layer around the particles due to attraction of counterions and repulsion of
coions from the surface, leading to a partial screening of the electrostatic repulsion[17].
The electric double layer consists of two main regions: the Stern layer and the diffuse
layer. Closest to the surface is the Stern layer, where counterions are tightly bound to
neutralize the surface charge, while in the diffuse layer, ions are more loosely bound with
the colloid surface. The concentration of counterions gradually decreases as the distance
from the surface increases, while it increases for the coions, until both reach the equilibrium

3The hydrophobic effect/interaction is an entropic effect that originates from the higher preference of water
molecules to interact with each other and form hydrogen bonds. Therefore at small separations, nonpolar
molecules experience an effective attraction which minimizes the disruption of the hydrogen bond network
in water[17, 27].

1.2 Particle interactions 7



bulk concentration. However, in many practical cases charged particles interact with each
other in the presence of additional ions in the solution. For example, the physiological
salt concentration in living cells ranges between 0.1 – 0.2 M (mainly NaCl/KCl)[30]. The
presence of such ions affects the ion distribution around colloidal particles and increases the
electrostatic screening.

Using the Debye–Hückel approximation, the electrostatic potential ψ(r) around a spherical
particle of radius a and charge Z (expressed in units of the elementary charge e) in an
electrolyte solution is given as[17],

ψ(r) = C
exp(−κr)

r
(1.5)

where the potential decreases exponentially with the characteristic length κ−1, also known as
the Debye length. Here C is a proportionality constant. In a monovalent electrolyte solution
(NaCl), the Debye length is[31, 32],

κ−1 =
√

ϵrϵ0kBT

2× 103NAe2I
(1.6)

where ϵr is the relative permittivity of the solution, ϵ0 is the free space permittivity, e is the
elementary charge, NA is the Avogadro number, and I is the molar strength of the electrolyte.
Clearly, Debye length depends only on the property of the medium, i.e., ionic strength of the
electrolyte, and not on any property of the charged surface.

Using appropriate boundary conditions, we can solve for C in Eq. (1.5) to get,

ψ(r) = Ze

4πϵrϵ0

( 1
1 + κa

) exp(−κr)
r

(1.7)

The interaction potential between two such particles can be easily solved to obtain,

βVEL(r) = λB

(
Zexp(κa)

1 + κa

)2 exp(−κr)
r

(1.8)

where λB = e2/(4πϵ0ϵrkBT ) is the Bjerrum length. Experimentally, it is difficult to measure
the charge carried by the colloidal particles. However, the charge can be estimated from the
(experimentally measurable) zeta potential ζ,4 as given by the linear screening theory at low
packing fractions[33, 34],

Z = λB
a

(1 + κa) eζ

kBT
(1.9)

The DLVO theory, named after the scientists Boris Derjaguin, Lev Landau, Evert Verway and
Theodoor Overbeek, combines the screened electrostatic repulsion [Eq. (1.8)] and van der

4Within the diffuse layer there is an imaginary surface beyond which the liquid particles move freely relative to
the particle. The electric potential at this imaginary surface is known as zeta potential.
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Waals attraction [Eq. (1.2)] to explain the aggregation behavior in colloids[17]. The two
interactions differ from each other in two ways. First, the van der Waals interaction is mostly
insensitive to variations in salt concentrations and pH of the medium, while the electrostatic
screening is sensitive to such variations. Second, van der Waals interaction is a power law
(i.e., V ∝ 1/d6) while the screened electrostatic repulsion decays exponentially. Therefore, at
very small separations (d→ 0), van der Waals attraction exceeds the electrostatic repulsion.
Thus, when the salt concentration is sufficiently low, the energy barrier due to electrostatic
repulsion is strong enough to prevent the aggregation of the particles. However, as the
salt concentration in the medium is increased, the electrostatic repulsion gets increasingly
screened and after a critical concentration is passed the energy barrier becomes too small
and particles can fall into potential well due to the van der Waals attraction.

Empirically, the hard–core repulsion and short ranged van–der–Waals attraction can be
approximated using the core–shifted WCA potential as given in Eq. (1.1), but without the
distance cutoff. The different variables can be tuned to obtain the proper features such as
the position of the hard–core repulsion, width and depth of the attractive potential well.
Figure 1.3 shows an illustrative example of the combined action of the screened electro-
static repulsion, van der Waals attraction and hard–core repulsion modeled using Eq. (1.8)
and core–shifted WCA potential, respectively. The parameters for this example were tuned
carefully from colloidal probe atomic force microscopy and dynamic light scattering mea-
surements performed on polystyrene colloidal particles[31]. The core–shifted WCA potential
is shown using a blue dashed curve that diverges at ∆ = 440 nm and remains unchanged
with the change in salt concentration in the medium. In contrast, the screened electrostatic
repulsion shown using orange dashed curves becomes weaker as salt concentration is in-
creased in the medium. The net potential is shown with black (or gray) color. In one case
the ionic strength of the medium was low enough (light orange; [NaCl] = 10 mM) that
the electrostatic repulsion remained stronger than the van der Waals attraction. However,
as the ionic strength increases (dark orange; [NaCl] = 80 mM), the electrostatic repulsion
becomes increasingly screened, allowing the van der Waals attraction to dominate at small
separations. This transition results in the particles exhibiting an attractive interaction.

When charge functionalization is insufficient to stabilize colloids, surfactants can also be
employed[35, 8]. Surfactants are chemical compounds possessing both hydrophobic and
hydrophilic domains. Typically, these are compounds with a hydrophilic head that is polar and
may or may not carry an electrical charge and a hydrophobic tail composed of hydrocarbon
chains. In case the colloidal particles have a hydrophobic domain (such as polystyrene latex
particles), the hydrophobic tail readily attaches to the surface of colloids, thereby preventing
the aggregation of colloidal particles.

Some interactions between colloidal particles have purely entropic origins. For instance, a
short ranged, weak attractive interaction can be induced by adding depletants – nonadsorbing
polymers or small colloidal particles – to the solution[36]. When two “large” colloidal
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Fig. 1.3: Illustration of the combined action of screened electrostatic repulsion (orange), van der
Waals attraction + hard–core repulsion(blue). The black(/gray) curve represents the net
interaction potential between two particles at high(/low) salt concentrations. The arrow
shows increased screening of electrostatic repulsion with increasing salt concentration in
the suspension.

particles approach each other closely enough that the depletants cannot fit between them,
an osmotic pressure is generated, causing the colloidal particles to come closer together[37,
38]. The range and strength of this attraction depends on the size and concentration of the
depletants in the suspension.

In summary, the net interaction between colloidal particles is a combination of multiple
interactions, as described above. Fortunately, for most practical applications, only a few of
these interactions are present at a time.

1.3 Brownian motion
As mentioned briefly in the previous sections, colloidal particles exhibit erratic motion that
stems from their rapid and random collisions with the solvent molecules. Since the colloidal
particles are generally much larger than the solvent particles, the mass of a colloidal particle
m≫ ms, where ms is the mass of a solvent particle.

The net force on a colloidal particle is a result of its combined interaction with the solvent Fs

and other colloidal particles Fc. Therefore, we have

Ftotal = Fs + Fc (1.10)
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For simplicity, we can assume that under very dilute conditions, a colloidal particle interacts
solely with the solvent, and therefore Fc = 0.

The interaction with the solvent particles Fs, can be split in two parts:

1. As a colloidal particle moves with a velocity v(t), it experiences a frictional force due
to the solvent molecules in its path, whose magnitude is proportional to v(t). This
force can be written as Fdrag(t) = −γ0v, where γ0 is known as the friction coefficient.
For a particle of radius a moving through a viscous fluid, γ0 = 6πη0a, where η0 is the
dynamic viscosity of the fluid (according to Stoke’s law).

2. Collisions with the solvent particles result in a stochastic force Fr(t) on the colloidal
particles.

Therefore, the equation of motion for a colloidal particle can be expressed in Newtonian
form as,

m
d
dtv(t) = −γ0v(t) + Fr(t) (1.11)

This equation, known as the Langevin equation, was first proposed by Paul Langevin in 1908.
To analyze the dynamics, we must describe the properties of Fr(t). Since the solvent particles
can collide with the colloidal particle from any direction, we can assume that Fr(t) follows a
normal distribution with zero mean,

⟨Fr(t)⟩ = 0 (1.12)

Due to the significant difference in their masses, the timescales relevant for the solvent and
colloidal particles are generally separated by several orders of magnitude. For a time τ ,
which is longer than the mean free time of the solvent particles τs, but short compared to the
momentum relaxation time of the colloidal particles τc = m/γ0, the stochastic force Fr(t)
can be assumed to be delta correlated,

⟨Fr(t) · Fr(t′)⟩ = hδ(t− t′) (1.13)

where |t′− t| ≈ τ and h quantifies the strength of thermal fluctuations. Using this assumption
along with Eq. (1.12), we can solve the Langevin equation to obtain (for simplicity we only
solve for the one dimensional case),

v(t) = v0e
−t/τc +

∫ t

0
ds e−(t−s)/τcFr(s) (1.14)

where v0 is the initial velocity. Taking an ensemble average of the velocity (assuming that all
the particles have initial velocity v0), the stochastic term vanishes,

⟨v(t)⟩ = v0e
−t/τc (1.15)

1.3 Brownian motion 11
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Fig. 1.4: Time dependence of the mean squared displacement of a polystyrene colloidal particle
of radius a = 200 nm. The inset shows the time dependence at short times with the blue
dashed line showing momentum relaxation timescale for the colloidal particle.

Here, the velocity decays exponentially with time, implying that information about the initial
velocity is lost for t≫ τc.

Squaring Eq. (1.14),

⟨v2(t)⟩ = v2
0e

−2t/τc+
∫ t

0
ds

∫ t

0
ds′e−(t−s)/τc e−(t−s′)/τc Fr(s)Fr(s′)+2v0e

−t/τc
∫ t

0
ds e−(t−s)/τcFr(s)

and then taking an ensemble average gives us,

⟨v2(t)⟩ = v2
0e

−2t/τc +
∫ t

0
ds

∫ t

0
ds′e−(t−s)/τc e−(t−s′)/τc hδ(t− t′)

=⇒ ⟨v2(t)⟩ = v2
0e

−2t/τc + hτc
2 [1− e−2t/τc ] (1.16)

As time goes to infinity, ⟨v2(t)⟩ = hτc/2. According to the equipartition theorem, the average
kinetic energy of a particle at temperature T in one dimension is,〈

mv2

2

〉
= kBT

2 (1.17)

Thus, ⟨v2(t)⟩ → kBT/m at long times and

h = 2kBT

mτc
= 2kBT

m2 γ0 (1.18)

This relation is known as the Fluctuation-dissipation theorem, which relates the fluctuations h
to the dissipation γ0 in the system.
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We can readily derive the time–dependence of the position from Eq. (1.14) by using the
initial conditions: x(0) = x0 and v(0) = v0,

x(t) = x0 +
∫ t

0
v(k)dk

x(t)− x0 = v0τc[1− e−t/τc ] + τc

∫ t

0
ds [1− e−(t−s)/τc ]Fr(s) (1.19)

Taking squares on both sides of Eq. (1.19) and then the ensemble average we get,

⟨[x(t)− x0]2⟩ = ⟨v2
0⟩τ2

c (1− e−t/τc)2 + hτ2
c

∫ t

0
ds [1− e−(t−s)/τc ]2

Using the fluctuation–dissipation relation (Eq. (1.18)) and ⟨v2
0⟩ = kBT/m, we obtain an

expression for the mean squared displacement,

⟨∆x(t)2⟩ ≡ ⟨[x(t)− x0]2⟩ = 2τ2
c
kBT

m
[ t
τc
− 1 + e−t/τc ] (1.20)

At short times, t≪ τc, the mean squared displacement reduces to

⟨∆x(t)2⟩ = kBT

m
t2 ≡ ⟨v2

0⟩t2 (1.21)

showing that, at short times, colloidal particles move freely according to their thermal
velocities. But at long times t ≫ τc, also known as the diffusive limit, the mean squared
displacement reduces to,

⟨∆x(t)2⟩ = 2 kBT

6πη0a
t ≡ 2D0t (1.22)

which is linear in time. The proportionality factor D0 = kBT/6πη0a is known as the diffusion
coefficient. In three dimensions, the relation becomes ⟨∆r(t)2⟩ = 6D0t. Figure 1.4 shows the
time dependence of the mean squared displacement [Eq. (1.20)] for polystyrene colloidal
particles of radius a = 200 nm in water, with the inset showing the ∼ t2 dependence at short
times.

1.4 Hydrodynamic interactions

An additional level of complexity to colloidal dynamics arises from hydrodynamic interactions.
As colloidal particles translate or rotate, they induce a flow in the surrounding solvent
molecules, which in turn transfer momentum to other colloidal particles that move in
response[19]. These interactions are known as solvent–mediated hydrodynamic interactions.
The significance and complexity of hydrodynamic interactions are underscored by their range
and multi–body characteristics, respectively.
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Fig. 1.5: Illustration explaining the long–ranged hydrodynamic interactions between colloidal par-
ticles due to the flow field generated in the solvent. Figure adapted from Ref. [39] with
permissions.

Stokes equation for incompressible fluids at very small Reynolds number (Re≪ 1) are given
as[19],

∇p(r, t)− η0∇2u(r, t) = f(r), (1.23)

∇ · u(r, t) = 0 (1.24)

where u(r, t) is the local fluid velocity, p(r, t) is the pressure, η0 is the fluid shear viscosity,
and f(r) is any external force acting on the fluid. Equation (1.23) is also referred to as the
creeping flow equation and Eq. (1.24) is the relation for incompressibility of the fluid. An
approximate solution for the fluid flow velocity, in case of a single spherical particle of radius
a translating with velocity v in an unbounded fluid which is at rest at infinity is,

u(r, t) = A(r− vt) · v,

where

A(r) = 3a
4r (I + r̂r̂) + 1

4

(
a

r

)3
(I− 3r̂r̂) (1.25)

with r = |r|, r̂ = r/r. Here we have assumed that the sphere is not rotating and the boundary
conditions are: u(r)→ 0 for (r →∞) and u(r) = v for r = a, when the center of the sphere
lies at the origin. This shows that perturbations in the fluid flow due to the movement of
a colloidal particle decay as 1/r, and therefore are long ranged. When multiple particles
are present in the system, each particle generates a flow field that propagates through the
fluid. The net fluid velocity at any point is a superposition of the flow fields generated by all
particles, making the problem inherently many–body in nature.

Hydrodynamic interactions can be incorporated into MD simulations using various methods.
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Brownian dynamics with the Rotne–Prager–Yamakawa mobility tensor[40, 41, 42] and
Stokesian dynamics[43] are well–known implicit solvent simulation methods that account
for hydrodynamic interactions between colloidal particles through the equations of motion.
Other simulation techniques, such as multi-particle collision dynamics[44, 45, 46], and lattice-
Boltzmann methods[47, 48], utilize simplified models of the solvent that are computationally
less demanding but have properties similar to real solvent. We will discuss some of these
methods in greater detail in Chapter 2.

1.5 Diffusion
The term diffusion is typically associated with the process in which particles move from
a region of high concentration to a region of low concentration. While this captures part
of its essence, the concept extends further. As seen from the analysis of Brownian motion,
individual colloidal particles exhibit non–zero (squared) displacements due to their thermal
motion, which is also a form of diffusion. Therefore, diffusion can be categorized into two
types: collective diffusion and self–diffusion.

Collective diffusion involves the movement of mass in response to concentration gradients,
ultimately leading to the homogenization of the system[19]. This process is driven by
entropy. For instance, consider a drop of ink in water. At the ink–water interface, ink particles
experience more frequent collisions with other ink particles where the concentration is higher.
As a result, there is a net flow of particles toward the region of lower concentration. This
gradual mixing is illustrated graphically in Fig. 1.6(a→b).

Self–diffusion refers to the motion of an individual colloidal particle, often referred to as a
“tracer” particle, within a system as it interacts with its surrounding particles and is commonly
studied in homogeneous systems[19]. A straightforward approach to quantify self–diffusion
is to measure the mean squared displacement of the particles over an extended duration,
t≫ m/γ0.

An important assumption in the analysis of Brownian motion was that of infinite dilution.
In reality, even at low finite concentrations, colloidal particles interact with each other,
potentially influencing the time–dependent behavior of the mean squared displacement.
To accommodate this, we replace D0 in Eq. (1.22) with the concentration dependent
self–diffusion coefficient D, yielding

⟨∆r(t)2⟩ = 6Dt (1.26)

In the diffusive limit (t ≫ m/γ0), self–diffusion of colloidal particles can be categorized
into: short–time Ds and long–time Dℓ self–diffusion. During short times, the environment
surrounding a tracer particle can be considered stationary, effectively forming a local cage
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Fig. 1.6: Illustration for the different diffusive regimes in a colloidal system. (a) In response to
concentration gradients in the system, colloidal particles move to region of lower concen-
tration – collective diffusion – to form a (b) homogeneous suspension. In a homogeneous
suspension particles undergo self–diffusion (c) and (d), where the tracer particle is shown
in a different color. (c) illustrates the local cage dynamics of the tracer particle at short
times t≪ m/γ, while (d) shows the long-time diffusion of a colloidal particle.

within which it can move. The diffusive motion within this local cage can be described by
Ds. If the tracer particle does not interact with its surroundings, one would expect Ds = D0.
However, hydrodynamic interactions between particles affect the diffusion of the colloidal
particles, leading to a different short–time diffusion Ds < D0. Over longer periods, the
surrounding particles also undergo displacements, allowing the tracer particle to escape from
one cage to another multiple times. The diffusive dynamics over such extended duration can
be characterized by Dℓ. Figure 1.6 shows a visual representation of both short–time (c) and
long–time (d) self–diffusion of colloidal particles.

The dynamics of colloidal particles is influenced by various factors, including shape, size,
interactions, and volume fractions. Due to practical considerations, much of the theoretical
and experimental work has predominantly focused on spherical colloidal particles. Research
in this area has explored the impact of particle size, volume fractions, and hydrodynamic
interactions on colloidal dynamics. Research exploring the effects of hydrodynamic inter-
actions remains an active area of research. In Chapter 3, we present a systematic study of
self–diffusion in colloidal suspensions comprising of spherical particles. Here we employ the
multi–particle collision dynamics (MPCD) method coupled with a discrete particle model for
colloids[49]. Through simulations spanning a wide range of volume fractions, we evaluate
the effectiveness of the discrete particle model, comparing the simulation results with existing
experimental data, theoretical predictions, and other simulation methods. The different
simulation methods employed are described in Chapter 2.

Research investigating the influence of particle shape on colloidal dynamics has been rela-
tively limited. Existing studies on shape–anisotropic colloidal particles primarily focus on
rod–like shapes due to their practical interest. However other shapes are equally important
to study. A key experimental challenge has been the limited accessibility to high quality
shape–anisotropic colloidal particles. While on the theoretical front, the lack of models
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capable of handling shape–anisotropic particles has posed limitations. In Chapter 4, we
address this gap by extending the discrete particle model to accommodate shape–anisotropic
particles[50]. We systematically examine self–diffusion in suspensions of cubes, tetrahedra,
octahedra and spherocylinders, across various volume fractions.

1.6 Sedimentation

Sedimentation refers to the phenomena where colloidal particles drift with a constant velocity
in response to an external force. This constant velocity is known as sedimentation velocity.
An example of such an external force is gravity, which is typically not significant enough to
affect colloidal particles due to their small mass. To illustrate this, we can consider the simple
case of spherical colloidal particles at infinite dilution. At steady state, the sedimentation
velocity v∞

s (the infinity symbol here refers to the infinite dilution limit) is governed by a
balance between the external driving force Fext and the frictional force Fdrag = −6πη0av∞

s
on the colloidal particle. Therefore,

v∞
s = 1

6πη0a
Fext ≡ γ−1

0 Fext (1.27)

If we assume that the gravity as the external force, then we can derive the sedimentation
velocity as,

v∞
s = 2

9
a2∆ρ
η0

g (1.28)

where ∆ρ is density difference between the colloidal particle and the fluid. For a polystyrene
particle of radius R = 200 nm in water, the sedimentation velocity would be v∞

s = 6 ×
10−3nm/s, which is too small to measure. Hence, techniques like centrifugation are needed
to artificially increase the force to obtain measurable sedimentation velocities. Alternatively,
the sedimentation velocity can be increased by increasing the density difference ∆ρ, such as
by lowering the density of the fluid or using particles with a higher density.

In incompressible suspensions, the presence of solvent backflow plays a critical role. In
the laboratory frame, the flux of colloidal particles through a cross–section normal to the
sedimentation velocity vs, is compensated exactly by an opposite flow of the solvent. This
equilibrium can be expressed as,

ϕvs + (1− ϕ)vb = 0 (1.29)

where ϕ represents the volume fraction of the suspension, and vb is the solvent backflow
velocity. Solvent backflow tends to obstruct the sedimentation of colloidal particles, thus
sedimentation depends on volume fraction of the colloids[32]. Moreover, the influence of
hydrodynamic interactions further enhances the dependence on volume fraction.
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Sedimentation can be readily characterized by the sedimentation coefficient K, defined as,

vs = Kγ−1
0 Fext. (1.30)

Comparing this with Eq. (1.27), we observe that at infinite dilution, K = 1.

In Chapter 3, we investigate the sedimentation in colloidal suspensions comprised of spher-
ical particles, employing the discrete particle model for colloids. The simulations cover
a wide range of volume fractions, evaluating the discrete particle model and comparing
the simulation results with existing experimental data, theoretical predictions, and other
simulation methods. Further, in Chapter 4, we also study sedimentation in suspensions of
shape–anisotropic colloidal particles.

1.7 Drying of colloidal suspensions
Colloidal systems encountered in real life are often subjected to conditions that give rise to
emergent collective behavior such as phase transitions, self–assembly, and pattern formation.
Evaporation of colloidal suspensions is a representative example that plays a fundamental
role in many practical applications such as coatings[51, 52, 53], ink–jet printing[54, 55],
and foods[56]. A common feature across these applications is the structural organization
of particles that emerges from the interplay of various factors that include evaporation rate
(moving interface), confining geometry, transport properties and particle interactions.

A familiar household example of structure formation due to evaporation is when a coffee
drop dries up, leaving a characteristic stain that is darker along the edges[57, 58, 59, 60].
This phenomenon occurs because the droplet’s contact line gets pinned to the substrate. As
water evaporates, the pinned edge must be constantly replenished from the interior, leading
to a net transport of the coffee particles to the edge.

A geometry of interest for practical applications such as paints and coatings is that of films[62,
63, 64, 65]. As opposed to the coffee–ring effect, in films there is no contact line pinning and
water evaporates uniformly from the surface of the film. As water evaporates, the volume
fraction of the colloidal particles increases until they get jammed. The arrangement of the
colloidal particles in the dried film determines its properties, with closely packed particles
forming crystalline films with interesting optical features, while randomly packed particles
yield amorphous films.

The critical parameters influencing this process are the evaporation and diffusion rates of
colloidal particles. When the air–water interface moves faster than the particle diffusion
rate, particles accumulate at the drying interface (skin–layer formation)[62, 66, 61, 67].
Conversely, if the diffusion rate exceeds the interface movement, particles remain homo-
geneously distributed. The relative importance of advective (evaporation) and diffusive
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(a) (b)

Fig. 1.7: (a) A characteristic stain produced from the evaporation of coffee spills, which is darker on
the edges. The zoomed in section is an illustration of how coffee particles are distributed
in the ring. (b) Snapshots of a colloidal film, composed of large (red) and small (blue)
particles, drying at a constant evaporation rate. Figure adapted from Ref. [61]

transport can be quantified using the dimensionless Péclet number, which is defined as the
ratio of the rate of particle advection and diffusion rate of the colloidal particles. In the case
of films, Péclet number can be defined as, Pe = H0v/D0, where H0 is the height of the film
at the beginning of evaporation, v is the speed of the drying interface, and D0 is the particle
diffusion coefficient[61, 62].

Interesting effects occur in the presence of multiple particle types (sizes), leading to varied
diffusion rates and therefore different Péclet numbers. For example, drying of a binary
suspension has been observed to exhibit inverted stratification [Fig. 1.7(b)], where the
smaller colloids form the top layer[61, 67, 65, 68]. The extent of stratification depends
on the particle size ratios, with larger size ratios leading to larger stratified layers. This
phenomenon stems from the interplay between colloidal particle diffusion and accumulation
at the drying interface, leading to concentration gradients that are more pronounced for
larger particles. Leveraging this behavior can facilitate the creation of multilayer coatings in
a single step, although it may be disadvantageous when seeking a homogeneous distribution.

1.7.1 Supraparticles
The drying of spherical droplets is another case of particular interest, where the eventually
dried assembly of colloidal particles is commonly referred to as a “supraparticle”[69, 70].
Depending on the composition, chemistry, and arrangement of the constituent particles,
supraparticles can exhibit emergent properties beyond those of the individual constituent
particles[69]. By controlling their emergent behavior, supraparticles have the potential to find
applications in various technological fields such as catalysis[71, 72, 73, 74], photonics[75,
76], drug delivery[77], and energy storage[78].

Different synthesis techniques such as spray drying[79, 80], Leidenfrost levitation[81], emul-

1.7 Drying of colloidal suspensions 19



Evaporation(a) (b) (c)

(d) (e) (f)

60 μm1 μm 1 μm

Fig. 1.8: (a–c) Time evolution of a polystyrene (PS) suspension droplet drying on a superamphiphobic
surface. The bottom row shows (e) an SEM image of a supraparticle formed after drying of
PS suspension droplet, with zoomed in sections of the (d) surface and (f) crossection.

sion drying[82, 83], and drying from solid surfaces[70, 31, 71], allow for spherical drying
geometries. In emulsion drying, small colloidal droplets of one liquid are contained within
another immiscible liquid and stabilized by surfactants or emulsifying agents. Examples
include, water–in–oil or oil–in–water emulsions. With emulsion drying, one can achieve
very slow drying speeds. However, a disadvantage of the method is the need for additional
processing liquids, which must be disposed of carefully. This issue is not encountered in other
“dry” methods, where the droplets are dried directly through the evaporation of water into
air. Spray drying and Leidenfrost levitation are well–known dry assembly methods, which
are generally conducted at high temperatures, where drying occurs very quickly. Although
these methods are economically attractive, conducting systematic studies to investigate the
structure formation in supraparticles using these methods proves challenging[84, 85]. For
example, the drying of the droplets can finish within a few seconds, and therefore performing
real time experiments can be difficult, requiring sophisticated techniques such as small angle
X–ray scattering[86]. The lack of control over the drying speed limits the ability to investigate
drying over a range of Péclet number, defined as Pe = R0v0/D0, for drying droplets. Here R0

is the initial droplet radius, D0 is the particle diffusion rate, and v0 = α/8πR0 is the initial
drying speed (α is the rate of change of surface area, which is assumed to be constant)[87].

Another dry assembly method involves evaporation of droplets from solid substrates, where
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Fig. 1.9: Simulation snapshots of supraparticles(SP) composed of elongated/rod–like particles of
aspect ratio 11, formed from (a) fast and (b) slow evaporation. The Péclet numbers of
drying are indicated on the bottom right of the snapshots. The ordered clusters on the SP
surface are indicated using different colors for visual aid. SP crossections (first quadrant
of the snapshots) show the ordering of rods in the interior – (a) random and (b) ordered
bundles.

the pinning of the droplets can be prevented by using superamphiphobic surfaces5[88, 89].
Compared to spray drying and Leidenfrost levitation, drying on solid substrates is slower and
can be easily controlled, where one can systematically study the effect of drying rates on the
structure formation in supraparticles[8].

While utilizing spherical colloidal particles, supraparticles of various structures have been
fabricated by controlling parameters such as the evaporation rate and particle compositions.
For example, similar to film geometry, drying of binary suspension droplets results in the
segregation of colloids based on their sizes, forming a core–shell morphology, with small
particles forming the shell[70]. The extent of this stratification depends on the evaporation
rate, with faster evaporation leading to greater stratification. Hydrodynamic interactions
between suspended particles also influence the structure formation in supraparticles[70, 87].

Highly porous supraparticles have been created from binary suspensions of TiO2 and poly-
meric particles, where the polymer particles serve as sacrificial components that can be
removed through calcination[71]. The shape and internal structure of supraparticles can
be further tuned by modulating the interactions between colloidal particles. As discussed
in Sec. 1.2, in a charge stabilized suspension, interactions can be controlled by introducing
salt into the medium. Experiments have shown that after the addition of salt, supraparticles
transition from crystalline to amorphous structures[31]. Additionally, with increased salt
concentration, the shape of supraparticles changes from spherical to non–spherical[31, 8].

In addition to evaporation rate and particle compositions, the shape of colloidal particles is

5Superamphiphobic surfaces repel water and non–polar liquids, allowing for droplets to have high contact
angles (> 150◦) and a low contact area between the liquid and solid. Additionally, superamphiphobic surfaces
have a porous structure that allows for radially symmetric evaporation.
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another crucial factor that can be used to tune the properties of supraparticles. For example,
supraparticles made from silica nanorods using emulsion drying showed smectic ordering of
the rods on the surface, which could be adjusted by adding salt[90]. The smectic ordering of
silica nanorods resulted in enhanced reflectance and scattering efficiency, offering potential
applications in ultrabright coatings that could replace the environmentally burdensome
TiO2 nanoparticles traditionally used for this purpose[90]. In another study, supraparticles
composed of silica–coated gold nanorods fabricated via emulsion drying demonstrated
enhanced Raman scattering of analyte molecules when the supraparticles were porous,
suggesting applications in material sensing[91].

To that end, in Chapter 5, we investigate the structure formation in supraparticles composed
of elongated/rod–like and spherical particles through the evaporation of droplets on a
superamphiphobic surface. Through experiments and simulations, we systematically probe
the effect of varying the evaporation rate and aspect ratios of particles on the structure
formation in the supraparticles. We find that the ordering of the rods can be controlled by
the evaporation rate, with slow evaporation leading to more ordered structures [Fig. 1.9].
Additionally, we observe that supraparticle porosity tends to increase with higher evaporation
rates and larger aspect ratios. The ability to control the ordering of rods in supraparticles
makes them ideal candidates for applications in catalysis and optics.
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Mesoscale Molecular Dynamics
Simulations

2
In the modern era of high performance computing, MD simulations are invaluable tools that
allow us to probe the “evolution” of molecular systems at resolutions often impossible to reach
in experiments. By offering insights at the molecular level, MD simulations can complement
experiments and assist in the design of novel functional materials, drug molecules and
polymers.

The basic workflow of MD simulations is similar to that of experiments. It begins with
the initialization of a system consisting of N particles with positions r1, r2, ...., rN and
velocities v1,v2, ....,vN in a simulation box. Then, by choosing appropriate interactions in
the system, we can compute forces between the particles and update their positions and
velocities accordingly using the Newton’s equations of motion. When one is interested in
equilibrium processes, this step is repeated until the system is equilibrated, i.e., the properties
of the system fluctuate around stable average values over time (energy minimization). Post
equilibration, production runs are conducted where we measure the necessary quantities.

Integrating Newton’s equations of motion allows us to describe a system in the microcanoni-
cal (NVE) ensemble. However, to simulate experimental conditions, it is desirable to perform
simulations at constant temperature or pressure. Several algorithms are available for con-
trolling the temperature and pressure of the system, which are known as thermostats and
barostats, respectively. Depending on which state variables are held constant, one can
perform simulations in different statistical ensembles – NVE, NVT, NPT.

Depending on the time and length scales of the phenomena of interest, one must choose ap-
propriate representations and interactions in the system. For example, atomistic simulations
offer the finest resolution where each atom is treated as an individual particle. These simula-
tions are useful to study phenomena such as chemical reactions, protein–ligand interactions,
or identifying drug–target interactions. But the high level of accuracy comes at the cost of
high computational resources. When the time and length scales of interest are much larger,
then atomistic simulations become unfeasible. This limitation can be overcome through a
process known as coarse–graining, where a group of atoms/molecules are represented as an
individual particle and the coarse–grained interaction potentials take an effective form.

Typically, in mesoscale systems, the number of solvent particles outnumber the colloidal/poly-
meric particles by several orders and therefore take up a large portion of the computational
power. In many cases, the actual dynamics of the solvent is not of particular interest.
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Therefore, in such systems coarse–grained simulations are the preferred method that try
to eliminate/reduce the degrees of freedom of the solvent through various approximations.
There are several coarse–grained methods at one’s disposal.

One approach is to completely eliminate the solvent and incorporate its effect through the
equations of motion. Such methods are referred to as implicit solvent methods, which include
Brownian dynamics and Langevin dynamics. The Brownian dynamics method is discussed in
greater detail in Sec. 2.1.

Instead of completely eliminating the solvent, a class of mesoscale simulation methods
employ a simplified description of the solvent which is computationally less demanding than
the atomistic description, but retains properties resembling real solvents. Such methods
include MPCD[40, 46, 44, 45, 92], and lattice Boltzmann method[40, 93, 47]. The MPCD
method is discussed in greater detail in Sec. 2.2.

2.1 Brownian dynamics

Brownian dynamics (BD) simulation is a well–known method that takes advantage of the
large time–scale separations of the colloidal and solvent particle dynamics and replaces the
solvent–colloid interactions with a stochastic force. It describes a system in the canonical
(NVT) ensemble.

At the core of Brownian dynamics lies the Langevin equation as discussed in Sec. 1.3. In the
overdamped limit, the inertial term vanishes and the dynamics can be written as,

dr
dt = 1

γ0
(FC + FR) ≡ D0

kBT
(FC + FR) (2.1)

where D0 and γ0 are the diffusion coefficient and friction coefficient at infinite dilution. Here
FC is the total systematic force on the particle and FR is a random force due to collisions
with solvent particles.

Equation (2.1) ignores the solvent mediated hydrodynamic interactions between colloidal
particles and any memory effects in the random force. To accout for these interactions, a
configuration–dependent diffusion coefficient is introduced, modifying the displacement
equation to[94],

∆r = D
kBT

· FC∆t+∇ ·D∆t+ R, (2.2)

where D is a 3N × 3N diffusion tensor that depends upon the instantaneous positions of all
the N particles, and R is a random displacement having a Gaussian distribution with zero
mean and covariance ⟨RR⟩ = 2D∆t.
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In the absence of hydrodynamic interactions the diffusion tensor is diagonal and constant,

Dij = δij
kBT

6πη0a
(2.3)

where δij is the Kronecker delta function. In this case, ∇ ·D = 0 and therefore the average
displacement of a particle depends only on the force acting on it.

In the presence of hydrodynamic interactions, the diffusion tensor can be approximated
using the Rotne–Prager–Yamakawa (RPY) tensor[41, 42, 40], where the diagonal elements
remain as in Eq. (2.3) and the off–diagonal elements are,

Dij =


(

kBT
8πηrij

) [
(1 + 2a2

3r2
ij

)I + (1− 2a2

r2
ij

)r̂ij r̂ij

]
, rij ≥ 2a(

kBT
6πηa

) [
(1− 9

32
rij

a )I + 3
32

rij

a r̂ij r̂ij

]
, rij < 2a

(2.4)

where r̂ij = rij/rij . This tensor also has zero divergence,∇·D = 0. The average displacement
of a particle depends not only on the force acting on it, but also on the positions of all other
particles in the system. We must keep in mind that the RPY tensor is only a leading
approximation for the hydrodynamic interactions and assumes pairwise additivity (ignoring
the multi–body effects involving three or more particles)[95, 40].

2.2 Multi–particle collision dynamics
MPCD is a simulation technique that coarse–grains the solvent into a functional and com-
putationally inexpensive form, where the idea is to preserve momentum conservation and
reproduce certain properties of real solvents, such as the kinematic viscosity and diffusiv-
ity, which are closely connected with the propagation of hydrodynamic interactions. The
coarse–grained solvent is coupled to the solute particles using suitable models to achieve
hydrodynamic coupling between the solute particles[40].

2.2.1 Algorithm
The MPCD solvent is modeled as N point–like particles of mass m that move in continuous
space via alternating streaming and collision steps that occur at a regular time interval ∆tc.
The assumption of point–like particles means that the solvent particles do not interact with
each other through an interaction potential and obey an ideal gas equation of state.

During the streaming step, the solvent positions and velocities are updated as[49, 46, 44],

dri

dt = vi

m
dvi

dt = Fi,

(2.5)
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(a)

(b) Streaming

(c) Collision

Fig. 2.1: (a) Illustration of colloids (solute) immersed in an MPCD solvent, with the colloidal particles
described using the discrete particle model. The figure shows a two dimensional projection
of a three dimensional system for ease of understanding. (b) During the streaming step,
solvent particles move according to Eq. (2.5). The solute particles move according to
the classical MD algorithm whose timestep ∆t is generally at least an order smaller then
the MPCD streaming timestep ∆tc. (c) In the collision step, solvent and solute particles
exchange momentum locally, according to Eq. (2.6).

where ri(t) is the position, vi(t) is the velocity of particle i, and Fi(t) is any external force
acting on the solvent [Fig. 2.1(b)].

After streaming, the particles undergo multi-particle collisions where they exchange mo-
mentum locally. There are multiple algorithms that have been proposed, but they have a
common feature: They are spatially restricted such that their effects are “local”[40, 44]. Here
we consider the widely used stochastic rotation dynamics (SRD) scheme first proposed by
Malevanets and Kapral [Fig. 2.1(c)][45].

To perform collisions, particles are first sorted into smaller cubic collision cells of edge length
ℓ, where they only interact with members of their own cell. The average number of particles
per cell ρ0 is fixed and is typically chosen between 3 and 20[46]. The actual number of
particles in a cell can vary during the simulations. The collision step involves a stochastic
rotation of the particle velocities in every collision cell,

vi ← uj + Ωj · (vi − uj), (2.6)
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where uj is the center of mass velocity of particles in cell j, and Ωj is the rotation operator
for cell j. Typically, Ωj rotates the velocities by a fixed angle α around a randomly chosen
axis, which is mutually independent for every cell.

Malevanets and Kapral showed that the SRD algorithm obeys an H–theorem, meaning that at
equilibrium the solvent particle velocities have a Maxwellian distribution and the algorithm
reproduces the correct hydrodynamic equations with an ideal–gas equation of state[45].
However, discretizing the simulation box into a cubic grid can lead to the loss of Galilean
invariance, which is most pronounced when the mean free path of the solvent particles
is smaller than the cell size ℓ, as the solvent particles remain correlated over multiple
collisions[92, 45]. To retain Galilean invariance, the collision grid is shifted before the
collision step, by a random vector whose components are drawn from a uniform distribution
in the range [−ℓ/2, ℓ/2][96, 97]. Additionally, grid shifting also accelerates momentum
transfer between cells and can influence the transport coefficients of the solvent.

2.2.2 Solvent mapping

The natural system of units sufficient to describe the properties of the MPCD solvent are the
collision cell edge–length ℓ, solvent particle mass m, and the energy kBT . Subsequently we
can derive the unit of time as τ =

√
mℓ2/kBT , and solvent mass density ϱ = ρ0m/ℓ

3.

The simplicity of the SRD algorithm allows for the analytical calculation of different transport
properties of the solvent particles, which prove useful to efficiently tune the solvent without
having to run additional simulations. The diffusion coefficient of a solvent particle, within
the random–collision approximation is derived as[98],

D

D0
= λ

[ 3
2(1− cosα)

(
ρ0

ρ0 − 1

)
− 1

2

]
(2.7)

where D0 = ℓ2/τ , and λ = ∆tc/τ is the dimensionless mean free path of the solvent particles.

In addition the kinematic viscosity ν0 = η0/ϱ can also be determined analytically with the
means of kinetic theory[99]. The total kinetic viscosity, ν0 = νkin + νcoll, is the sum of the
kinetic and collisional contributions. In three dimensions, they are given as[99, 100, 101],

νkin
ℓ2/τ

= λ

[ 1
4− 2 cosα− 2 cos 2α

5ρ0
ρ0 − 1 −

1
2

]
,

νcoll
ℓ2/τ

= 1
λ

(1− cosα)
18

(
1− 1

ρ0

) (2.8)

For typical SRD paramaters of α = 130◦, ρ0 = 5 ℓ−3, and ∆tc = 0.1 τ , the analytic expressions
predict solvent diffusivity D = 0.064 ℓ2/τ and total kinematic viscosity ν0 = 0.79 ℓ2/τ ,
implying a dynamic viscosity η0 = 3.95 kBTτ/ℓ

3. The analytic prediction for kinematic
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Fig. 2.2: Theoretical estimate for Schmidt number Sc versus dimensionless mean free path λ for
various values of α and ρ0.

viscosity has been verified with measurements from simulations of Poiseuille flows[102, 99].
However, the analytic estimate for the diffusion coefficient is lower than that measured in
direct simulations which is argued to originate from the lack of hydrodynamic correlations in
the analytic derivations[44, 99].

We note from Eq. (2.8) that, for a large α and small λ, νcoll > νkin. Conversely, for a small α
and large λ, νkin > νcoll. This means that kinetic transport is dominant when the mean free
path is large and the rotation angle is small, implying little exchange of momentum between
particles during collisions. This condition is characteristic of gases and the opposite is true
in liquids. A suitable measure to characterize fluids is through the dimensionless Schmidt
number Sc = ν0/D, which is defined as the ratio between momentum transport (ν0) and
mass transport (D). The Schmidt number is on the order of unity for gases, while for liquids
it is between 102 to 103. Figure 2.2 shows how the Schmidt number varies with the three
parameters: λ, α, and ρ0. Clearly, for a given λ, the Schmidt number can be maximized by
increasing the rotation angle α and ρ0. However, the impact of increasing ρ0 on the Schmidt
number is only marginal.

2.2.3 Solute–solvent coupling

MPCD is an attractive method for modeling soft matter systems with hydrodynamic inter-
actions due to its flexibility and compatibility with various solutes such as polymers[103],
colloids[49, 104], and membranes[105]. Typically, the solute and the MPCD solvent are cou-
pled using a hybrid MD and MPCD scheme. In this approach, solute particles are treated as
regular MD particles that exchange momentum with the MPCD solvent during the streaming
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and/or collision steps.

During the streaming step, the solute–solvent coupling involves the reflection of solvent
particles from the solute surface to achieve slip or no–slip boundary conditions. In the
collision step, solute particles participate similarly to solvent particles, but with the distinction
of being treated as “heavy” particles. This means their contribution to the center of mass
velocity in a particular cell is higher[44].

Modeling of colloidal particles with MPCD using the reflection based approach has proven
to be challenging[44]. Reflection of solvent particles from the solute surface often results
in collision cells that are underfilled or completely devoid of solvent particles, leading to
abrupt changes in local solvent properties, such as diffusion [Eq. (2.7)] and viscosity [Eq.
(2.8)]. To mitigate these effects, virtual solvent particles are introduced during the collision
step. Instead some studies model the solute–solvent and solute–solute interactions with
short–ranged repulsive pair potentials, while the solvent–solvent interactions are mediated
through the MPCD collisions[92, 98, 106, 107, 108]. In addition to the problem of partially
filled cells, this method can introduce subtleties at the solvent–colloid interface, potentially
leading to spurious depletion interactions, that need careful handling/parameterization[98].

These complexities were overcome by representing colloidal particles as a mesh of point
(“vertex”) particles connected via harmonic springs[109]. In this model, the vertex particles
are coupled to the solvent particles through momentum exchange in the collision step and
allow solvent particles to move freely through the colloidal particles, thereby eliminating the
need for virtual particles. This discrete-particle model simplifies the simulation and reduces
computational overhead. In Chapter 3, this model is employed to characterize the transport
properties of colloids, such as self–diffusion and sedimentation[49]. Chapter 4 extends the
discrete–particle model to accommodate shape–anisotropic particles, further demonstrating
the model’s versatility and robustness in handling complex soft matter systems[50].
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ABSTRACT

We study self-diffusion and sedimentation in colloidal suspensions of nearly hard spheres using the multiparticle collision dynam-
ics simulation method for the solvent with a discrete mesh model for the colloidal particles (MD+MPCD). We cover colloid volume
fractions from 0.01 to 0.40 and compare the MD+MPCD simulations to experimental data and Brownian dynamics simulations with
free-draining hydrodynamics (BD) as well as pairwise far-field hydrodynamics described using the Rotne–Prager–Yamakawa mobility ten-
sor (BD+RPY). The dynamics in MD+MPCD suggest that the colloidal particles are only partially coupled to the solvent at short times.
However, the long-time self-diffusion coefficient in MD+MPCD is comparable to that in experiments, and the sedimentation coefficient
in MD+MPCD is in good agreement with that in experiments and BD+RPY, suggesting that MD+MPCD gives a reasonable description
of hydrodynamic interactions in colloidal suspensions. The discrete-particle MD+MPCD approach is convenient and readily extended to
more complex shapes, and we determine the long-time self-diffusion coefficient in suspensions of nearly hard cubes to demonstrate its
generality.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0075002

I. INTRODUCTION

The dynamics of nanometer- or micrometer-sized colloidal
particles (“colloids”) suspended in a solvent control many pro-
cesses, ranging from the nanoscale assembly of functional materials1

and transport in biological systems2 to industrial-scale processes
such as enhanced oil recovery.3 The motion of the colloids is
dictated by not only direct interactions between the suspended
particles, such as dispersion forces or electrostatics, but also fluctu-
ating hydrodynamic forces exerted by the solvent.4 The many-body
hydrodynamic interactions in colloidal suspensions are typically
described theoretically using a low-Reynolds-number treatment of
the solvent.5–7 These equations are challenging to solve for all but
a handful of special theoretical cases, so numerical approaches are
frequently required. Here, we restrict our discussion to particle-
based computer simulation techniques that are well-suited for
describing suspensions with thermal fluctuations and complex
chemistries.

Particle-based computer simulations that fully resolve both the
suspended colloids and solvents [e.g., atomistic molecular dynam-
ics (MD)] are prohibitively expensive for reaching the long time
scales and large length scales that are practically relevant, necessitat-
ing the use of coarse-grained models.8 In these models, the colloids
are resolved explicitly, while the thermodynamic and hydrody-
namic effects of the solvent are captured either implicitly or using a
simplified description. Brownian dynamics (BD) is a classic implicit-
solvent technique9 that, in its simplest form, neglects hydrodynamic
forces other than single-colloid drag (the free-draining approx-
imation). Hydrodynamic forces between colloids can be intro-
duced to BD by an appropriate hydrodynamic tensor,10 as in the
Rotne–Prager–Yamakawa11,12 (BD+RPY) or Stokesian dynamics
approaches.13,14 These techniques are powerful and computationally
efficient because they do not need to capture details of the sol-
vent; however, the correct hydrodynamic tensor must be known,
which can be challenging for complex particle shapes or bounded
geometries.
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An alternative family of “mesoscale” simulation methods,
which includes multiparticle collision dynamics (MPCD),8,15,16

dissipative particle dynamics,17,18 and the lattice Boltzmann
method,19,20 retains an explicit solvent but uses a simplified model
with similar physical properties to the real solvent. The colloids are
coupled to the solvent so that hydrodynamic forces between them
emerge naturally within the model. Hence, these approaches are
generally more compatible with complex particles and geometries;
however, there are still active questions about how the solvent prop-
erties and coupling scheme affect the hydrodynamic forces and, in
particular, whether they reproduce low-Reynolds-number results in
appropriate limits.21–23 The focus of this article is on the MPCD
method, which is the newest of the three mesoscale approaches listed
above. In MPCD, the solvent is modeled as point particles that inter-
act with each other through stochastic collisions in spatially localized
cells.15 Depending on the collision scheme, the MPCD solvent has
properties of a gas-like or liquid-like (typically Newtonian) fluid.24

Numerous approaches have been proposed for coupling col-
loids to the MPCD solvent. Several studies modeled the colloids
as smooth spheres that interact with the solvent through a short-
ranged repulsive pair potential;25–28 however, this coupling can only
give slip boundary conditions on the colloids. Inoue et al. pro-
posed an alternative approach where the solvent is stochastically
scattered from the colloids,29 transferring both translational and
rotational momentum to produce no-slip boundary conditions. The
resulting dynamics of a single colloid were in good agreement with
theoretical predictions,30 while the colloid long-time self-diffusion
coefficients in suspensions were slightly larger than those in refer-
ence simulations using fast lubrication dynamics.31 This coupling
scheme has been used to study many processes including sedi-
menting32 and sheared33,34 suspensions. We note, however, that the
stochastic reflection procedure approximates the colloid surface as
an infinite plane, which limits its application to particles with a
low curvature and when the mean free path of the solvent parti-
cles is small compared to the colloid diameter;33 this assumption
can be relaxed by reflecting the solvent from the surface as an elastic
collision.35

All of these reflection-based coupling schemes suffer from a
few practical drawbacks. First, reflection may introduce spurious
depletion forces between colloids that must be carefully handled.26,33

Second, the presence of impenetrable solid surfaces inevitably leads
to partially filled collision cells; this alters the local solvent proper-
ties near the surfaces and requires the insertion of “virtual” solvent
particles inside the moving colloids.36–38 Finally, performing the
reflection requires pairwise collision detection between the solvent
and colloids, which is computationally expensive due to the large
number of solvent particles. These issues are exacerbated in dense
suspensions.

To circumvent these problems, Poblete et al. recently pro-
posed a discrete particle model39 that represents a colloid as a mesh
of point particles (“vertex particles”) connected by elastic springs
(Fig. 1).40–42 Unlike in reflection-based coupling schemes, the col-
loid is fully penetrable to the solvent, and the vertex particles couple
to the solvent only during the stochastic collision. In addition to
the benefits of addressing physical and computational challenges
associated with reflection-based coupling, this model is compatible
with arbitrary colloid shapes, such as spherocylinders,43 and with
complex surface patterns.43,44 The hydrodynamic properties of a

FIG. 1. Discrete particle model for (a) a spherical colloid with a radius of a = 3ℓ and
(b) a cubic colloid with a diameter of d = 6ℓ. The Nv vertex particles and bonds
between nearest neighbors are shown in red. The central particle for the spherical
colloid is shown in blue; particle sizes have been reduced for clarity. Rendered
using Visual Molecular Dynamics (version 1.9.3).49

single such colloid were studied for various degrees of discretiza-
tion, finding good agreement with low-Reynolds-number theoretical
predictions when one vertex particle occupied approximately one
collision cell.39 To our knowledge, however, the properties of sus-
pensions represented using this colloid model in MPCD have not
been studied in detail. Characterizing the transport properties of
colloidal suspensions is not only of fundamental interest in its own
right but also important for reliably applying similar models to more
complex soft-matter systems.

Here, we perform bulk simulations of a colloidal suspension
of nearly hard spheres using MPCD with a discrete particle model.
We characterize the short-time and long-time self-diffusive motion
from equilibrium simulations and the sedimentation coefficients
from nonequilibrium simulations. We compare these simulations to
BD and BD+RPY simulations as well as experimental data and low-
Reynolds-number theoretical predictions as functions of volume
fraction, finding good agreement for some quantities but discrepan-
cies in others. To demonstrate the generality of the discrete particle
model, we also simulate a colloidal suspension of nearly hard cubes
and report the long-time self-diffusion coefficient as a function of
volume fraction. Overall, we find that MPCD with a discrete particle
model is convenient to implement and gives a good description of
colloidal suspension dynamics.

II. MODELS
A. Multiparticle collision dynamics

The MPCD solvent consists of point particles, each having a
position ri, a velocity vi, and the same mass m, whose motion is gov-
erned by alternating streaming and collision steps.8,16 During the
streaming step, the solvent particles move according to Newton’s
equations of motion,

dri

dt
= vi,

mi
dvi

dt
= Fi,

(1)
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where mi is the mass of particle i and Fi is the force acting on it. In the
case of a constant (or zero) force acting on each particle, these equa-
tions may be analytically integrated to give the equations of ballistic
motion, while more complex forces require a numerical integration
scheme.9

A stochastic multiparticle collision is performed at equal time
intervals between streaming steps. During this collision step, each
particle is assigned to a cubic cell of edge length ℓ to undergo a
spatially localized momentum exchange. To ensure Galilean invari-
ance,45 the collision cells are shifted along each Cartesian axis by a
random amount drawn uniformly on [−ℓ/2,+ℓ/2]. In this work, we
apply the stochastic rotation dynamics (SRD) collision scheme with-
out angular momentum conservation,15 where the particle velocities
are updated during the collision by

vi ← uj +Ωj ⋅ (vi − uj), (2)

where uj is the center-of-mass velocity and Ωj is the rotation oper-
ator of the cell j that contains particle i. The rotation operator is
chosen to have a fixed rotation angle but a random rotation axis for
each cell. During the collision, we apply a cell-level Maxwellian ther-
mostat to maintain a constant temperature T.46 Both the streaming
and collision steps conserve linear momentum, and hydrodynamic
interactions in the solvent are approximately reproduced down to
the cell size.28,47

The natural system of units describing the MPCD solvent is
defined by the mass m of a solvent particle, the length ℓ of a collision-
cell edge, and the energy scale kBT with kB being Boltzmann’s
constant; the resulting unit of time is τ = √mℓ2β with β = 1/(kBT).
We adopted standard SRD parameters—a collision time of 0.1τ,
an average solvent number density of ρ0 = 5ℓ−3, and a rotation
angle of 130○—resulting in a liquid-like Newtonian fluid with
dynamic viscosity η0 = 3.95 ± 0.01kBTτ/ℓ3 and kinematic viscosity
ν0 = η0/(ρ0m) = 0.79ℓ2/τ.48

B. Discrete particle model for colloids
The spherical colloids were coupled to the MPCD solvent

using a discrete particle model [Fig. 1(a)].39 Each colloid was rep-
resented by Nv vertex particles on the surface of a sphere of radius a.
An additional particle was placed at the center of the sphere and
used to compute excluded-volume interactions between colloids (see
below). The positions of the vertices were generated by recursively
subdividing the faces of a regular icosahedron into equilateral trian-
gles and then radially scaling the vertices to a distance a from the
center of the sphere. Note that the scaling procedure distorts the tri-
angular faces so that the separations between neighboring vertices
may no longer be equal. The resulting shape is sometimes referred
to as an icosphere.

To maintain the surface-mesh shape, the vertex particles were
connected with their nearest neighbors and with the central particle
using a harmonic potential,

βub(r) = k
2
(r − rb)2, (3)

where r and rb are the actual and desired distances between bonded
particles, respectively. We set the spring constant to k = 5000ℓ−2 to
ensure the (nearly) rigid shape of the colloid.39 In this work, we

used a sphere radius of a = 3ℓ and subdivided the icosahedron once,
resulting in Nv = 42 vertex particles and bond lengths rb = 1.64ℓ,
1.85ℓ, and 3ℓ. We set the mass of each vertex particle and the central
particle equal to the average mass of the solvent in a collision cell
(mv = 5m), giving a total colloid mass of M = (Nv + 1)mv = 215m.

To represent hard-sphere excluded-volume interactions
between colloids, the central particles interacted through the
core-shifted Weeks–Chandler–Andersen potential,50

βu(r) =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

4[( σ
r − Δ

)12 − ( σ
r − Δ

)6] + 1, r ≤ r∗
0, otherwise,

(4)

where r is the distance between two central particles, and we used
σ = 1.0ℓ, Δ = 5.0ℓ, and r∗ = Δ + 21/6σ ≈ 6.12ℓ. This potential is
purely repulsive and gives an effective hard-sphere diameter of 6.02ℓ
upon mapping the second virial coefficient, in good agreement with
the nominal diameter d = 6ℓ.

The vertex particles (but not the central particle) were cou-
pled to the MPCD solvent through the collision step39 [Eq. (2)] with
appropriate treatment of the different particle masses when comput-
ing the center-of-mass velocity of a cell and applying the thermostat.
Between collisions, the positions and velocities of the vertex par-
ticles and the central particle were evolved according to Newton’s
equations of motion [Eq. (1)] using a velocity Verlet integration
scheme with a time step of 0.005τ, as in traditional MD simu-
lations.9 Accordingly, we will refer to the discrete particle model
coupled to the MPCD solvent as MD+MPCD in the rest of this
article.

C. Brownian dynamics
To facilitate the assessment of the MD+MPCD model, we

also performed Brownian dynamics simulations using both free-
draining hydrodynamics (BD) and pairwise far-field hydrodynamics
(BD+RPY).9–12 These models are popular and have well-defined
hydrodynamic interactions, so they serve as useful reference points
for understanding the solvent-mediated interactions that emerge
in the MD+MPCD model. A single colloid at infinite dilution
in a Newtonian fluid diffuses according to the Stokes–Einstein
relationship, D0 = kBT/γ0, at times much longer than the iner-
tial (Brownian) time scale τB =M/γ0. For spheres with no-slip
boundary conditions, the friction coefficient is γ0 = 6πη0a, so
D0 = 4.48 × 10−3ℓ2/τ and τB = 0.96τ for the MPCD solvent
(Sec. II A). This inertial time is much less than the time required for
a colloid to diffuse its own radius τ0 = a2/D0 ≈ 2.0 × 103τ, justifying
the neglect of colloid inertia that is implicit to Brownian dynamics
simulations.

We represented each colloid using only the central particle, as
vertex particles are not required for Brownian dynamics simulations
of bulk suspensions of spheres, using the same colloid interactions
given by Eq. (4). Considering only the translation of the colloids in
the low-Reynolds-number limit, the vector of positions of all colloids
R = (r1, r2, . . .) changes by ΔR over a time Δt according to10

ΔR = [M ⋅F + kBT(∇ ⋅M)]Δt + ΔW, (5)

where M is the mobility tensor coupling the translation of each col-
loid to the vector of forces on all of the colloids F = (F1, F2, . . .) and
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ΔW is the vector of random displacements of all colloids having
a Gaussian distribution with zero mean and covariance ⟨ΔWΔW⟩= 2kBTMΔt. The divergence of M is taken with respect to R.10,51

The hydrodynamic interactions that are present in the sim-
ulations are determined by the choice of M. Stokesian dynamics
includes both near-field (lubrication) and far-field coupling in M
and can also include torques and stresslets,14 but has a corre-
sponding large computational cost. Here, we use the simpler but
reasonably accurate approximation that the entries of M are given
pairwise,

M =
⎛⎜⎜⎜⎜⎜⎝

M(11) M(12) ⋅ ⋅ ⋅
M(21) M(22) ⋅ ⋅ ⋅
⋮ ⋮ . . .

⎞⎟⎟⎟⎟⎟⎠
, (6)

where M(ij) couples the velocity of colloid i to the force on colloid
j and depends on only ri and rj. With free-draining hydrodynamics
(BD), M(ii) = γ−1

0 I and M(ij) = 0 for i ≠ j so that each colloid experi-
ences only its bare particle drag and no hydrodynamic interactions
with the other colloids (I is the identity tensor.) With pairwise far-
field hydrodynamics (BD+RPY), we use a periodic formulation52 of
the free-space RPY tensor,11,12 M(ii) = γ−1

0 I and

M(ij) = γ−1
0

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
(3a

4r
+ a3

2r3 )I + (3a
4r
− 3a3

2r3 )r̂r̂, r > d,

(1 − 9r
32a
)I + 3r

32a
r̂r̂, r ≤ d,

(7)

for i ≠ j, where r̂ = r/r is the unit vector from j to i (r = ri − rj and
r = ∣r∣). The periodic formulation of the free-space tensor is53

M(ij) = 1
η0V∑k≠0

eik⋅(ri−rj) 1
k2 ( sin ka

ka
)2(I − k̂k̂), (8)

where V is the volume of the simulation box, k is a wavevector com-
mensurate with the simulation box, k = ∣k∣, and k̂ = k/k. The sum
over wavevectors must be treated carefully when applying Eq. (5),
so we used the efficient positively split Ewald technique of Fiore
et al. with a splitting parameter of 0.5 and a relative error tolerance
of 10−3.53 The mobility tensor M for both the BD model and the
BD+RPY model is divergence-free (∇ ⋅M = 0),10,51 so this term can
be neglected in Eq. (5). We used a time step of Δt = 10−5τ0 ≈ 0.02τ
in both our BD and BD+RPY simulations for numerical stability.

The natural system of units describing the colloids in Brow-
nian dynamics is defined by the colloid radius a, the energy scale
kBT, and the diffusion time τ0. As this system of units is also useful
and general for describing colloidal suspensions, we will use these
units rather than the MPCD units of Sec. II A to present most
of our results. It is straightforward to convert between the two if
desired.

D. Langevin dynamics
In addition to MPCD and BD, we also used Langevin dynam-

ics (LD) simulations with free-draining hydrodynamics to initially
equilibrate the colloid configurations and to perform selected com-
parisons (Sec. III A). The standard LD equations of motion for a

particle i are9

dri

dt
= vi,

mi
dvi

dt
= Fi − γivi + FR,i,

(9)

where γi is the particle drag coefficient and FR,i is a randomly fluc-
tuating force having a Gaussian distribution with zero mean and
covariance ⟨FR,i(t)FR,i(t′)⟩ = 2kBTγiδ(t − t′)I. For colloids repre-
sented by single spheres, these equations apply straightforwardly
with mi =M and γi = γ0 (BD is the overdamped limit of LD). How-
ever, they may also be applied to the discrete particle model using
mi = mv and a desired γi. Taking γi = γ0/(Nv + 1) results in the same
diffusivity for an isolated colloid, but other values can be chosen, e.g.,
to accelerate equilibration.

E. Simulation details
We simulated bulk suspensions containing N spheres in a

three-dimensional cubic simulation box of edge length L with peri-
odic boundary conditions. For most simulations, we fixed the box
size at L = 120ℓ = 40a and varied the number of colloids to obtain
a desired volume fraction of ϕ = Nv/L3, where v is the volume of a
single colloid (v = 4πa3/3 for spherical colloids). We varied ϕ in the
range 0.01 ≤ ϕ ≤ 0.40, giving between 153 and 6112 colloids. We also
varied L in some simulations to test for finite-size effects (Sec. III).
Equilibrium configurations were prepared by initially placing the
discrete-particle colloids in the box without overlap and then sim-
ulating for 2.5 × 104τ using Langevin dynamics with γi = 1.0m/τ.
We saved eight equilibrated configurations that we subsequently
used to initialize production simulations for the various mod-
els. The simulations were performed using HOOMD-blue (version
2.9.6)54,55 extended with azplugins (version 0.10.2)56 and a public
version of the positively split Ewald method53,57 with minor modifi-
cations for compatibility with the version of HOOMD-blue that we
used.

III. DIFFUSION

Neutrally buoyant colloids in a suspension move ballistically
at times t ≪ τB before their motion can become diffusive at t ≳ τB.
At infinite dilution, the colloid self-diffusion coefficient is D0 for
t ≫ τB; however, at finite concentration, the colloids cannot diffuse
freely for an indefinite duration. They eventually come into con-
tact with other colloids at times t ∼ τ0, leading to a slowing of their
dynamics while their local environment relaxes. At longer times
t ≫ τ0, the colloid dynamics can then be viewed as the collective
motion of a colloid carrying a “cage” of other colloids, resulting
in slower dynamics.58 Hence, the diffusive motion of a colloid is
commonly described by two diffusion coefficients: a short-time self-
diffusion coefficient DS that characterizes local diffusive motion at
times τB ≪ t ≪ τ0 and a long-time self-diffusion coefficient DL (≤DS
for hard spheres) that characterizes the overall relaxation at t ≫ τ0.
Note that DS and DL are identical at infinite dilution and equal
to D0.

To determine diffusion coefficients in our simulations, we
measured the mean squared displacement ⟨Δr2⟩ of the suspended
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colloids and computed its time derivative,

α(t) = 1
6

d⟨Δr2⟩
dt

. (10)

Diffusive motion is characterized by ⟨Δr2⟩ ∼ 6Dt in three dimen-
sions, meaning that α ∼ D should be a constant for diffusive motion.
The long-time self-diffusion coefficient DL can be determined from
the long-time plateau of α; we averaged α over 3τ0 ≤ t ≤ 12τ0 for
our data. The short-time self-diffusion coefficient DS is a little more
ambiguous to characterize, and we will discuss this point further in
Sec. III A.

The long-ranged nature of hydrodynamic interactions [see, e.g.,
Eq. (7)] can lead to significant finite-size effects in simulations with
periodic boundary conditions due to the solvent-mediated inter-
actions of the suspended particles with their periodic images.59–62

Dünweg and Kremer showed that the long-time self-diffusion coef-
ficient D∞L for a solute in an infinitely sized simulation box can be
obtained from measurements of DL in a cubic simulation box with
edge length L using

D∞L = DL + ξ
kBT

6πη0L
, (11)

where ξ ≈ 2.837 297 plays a role analogous to a Madelung
constant.52,61,62 Finite-size corrections have also been developed for
noncubic periodic52,63 and partially confined systems,64 but will not
be discussed here.

Equation (11) can be readily applied to compute D∞L in
dilute suspensions (ϕ→ 0); however, this expression becomes
inaccurate even at small volume fractions. In this concentra-
tion regime, the functional form of the hydrodynamic interac-
tions remains unchanged,65 but the interactions must propagate
through a medium with an effectively higher viscosity.66,67 Hence,
finite-concentration effects can be accounted for in Eq. (11) by
replacing the solvent viscosity η0 by the suspension viscosity
η.66 Determining η would require additional simulations, but
fortunately, we can approximately eliminate the suspension
viscosity from Eq. (11) by positing a Stokes–Einstein relationship
D∞L = D0(η0/η).62 Substituting for η and solving for D∞L gives

D∞L ≈ DL(1 − ξ
γ0

6πη0L
)−1

. (12)

To apply Eq. (12) to our simulations, we assumed that the spherical
colloids had hydrodynamic radius a and no-slip boundary condi-
tions in both the MD+MPCD and BD+RPY models, so γ0 = 6πη0a
could be directly substituted. It is important to note that Eqs. (11)
and (12) are based on a low-Reynolds-number description of hydro-
dynamics and are, therefore, also subject to the approximations
discussed in Sec. II C.

To test this approach for correcting finite-size effects,
we performed additional MD+MPCD and BD+RPY simula-
tions at ϕ = 0.05 and ϕ = 0.30, varying the box size between
L = 20a and L = 60a, and corrected the measured DL using Eq. (12).
We found that the resulting D∞L values at both ϕ were indepen-
dent of L within our measurement accuracy, which provides an
a posteriori justification for the assumptions we made. Therefore,
we have corrected the long-time self-diffusion coefficients from the

MD+MPCD and BD+RPY simulations using Eq. (12) to facilitate
comparison with experiments, theory, and other simulations. For
simplicity, we will not distinguish D∞L from DL in the following
discussion.

A. Short-time self-diffusion
Within a Brownian dynamics theoretical framework, the

motion of a colloid is instantaneously diffusive due to the neglect
of inertia, so DS must relate to the displacement of a colloid over a
single small time step Δt. Accordingly, DS can be determined from
the trace of the mobility tensor M,65

DS = kBT
3N

trM. (13)

For pairwise hydrodynamic interactions, it immediately follows that
DS = (kBT/3)trM(ii), so DS = D0 for free-draining hydrodynamics
or free-space RPY hydrodynamics [Eq. (7)], and DS can be eval-
uated for periodic RPY hydrodynamics using Eq. (8).53 For our
simulation box (L = 40a), we find DS = 0.929D0, which should be
regarded as a finite-size effect to be corrected. For higher-order
hydrodynamic interactions, DS is expected to depend on ϕ, but
determining an analytic expression is challenging. Batchelor derived
the first-order correction to the short-time self-diffusion with
the two-sphere mobility tensor,68 finding DS(ϕ) = D0(1 − 1.83ϕ).
Beenakker and Mazur then included second-order correction terms
to DS based on approximated near-field hydrodynamic interac-
tions and a partial resummation of the many-body contributions;69

the predicted DS values were in good agreement with the results
from experiments and accelerated Stokesian dynamics simulations
for ϕ ≲ 0.40,70 despite the lack of lubrication corrections in the
theory.

Given this theoretical background, we expected both the BD
and BD+RPY simulations to give short-time self-diffusion coeffi-
cients DS ≈ D0, independent of ϕ. To approximately extract DS from
the simulations, we considered α(t), which should steadily decrease
from DS at t = 0 to its long-time limit, DL. We found that α approx-
imately approached D0 in the BD simulations and a slightly smaller
value in the BD+RPY simulations as t → 0 [Fig. 2(a)]. Both the
values were consistent with—but slightly smaller than—those pre-
dicted by Eq. (13) at ϕ = 0.30 due to excluded-volume interactions
between the colloids during the measurement time, which effec-
tively reduce α. We have verified that we exactly obtain theoretically
expected values for DS from our simulations at smaller ϕ or if we
measure the displacement over a single simulation time step with
the excluded-volume interactions disabled.

In stark contrast to the BD and BD+RPY simulations, α was
not a monotonic function of t in the MD+MPCD simulations:
α increased at short times, obtained a maximum α∗ at time t∗,
and then decreased to a long-time plateau for t ≳ τ0 [Fig. 2(b)].
To rule out the maximum α∗ emerging due to inertial effects,
which are present in MD+MPCD but not in BD or BD+RPY
(Sec. II C), we performed LD simulations of single-particle colloids
with γi = γ0. We found that α in the LD simulations increased for
t ≲ 2.5 × 10−3τ0 ≈ 5τB, reflecting the ballistic motion of the colloids
at short times, but essentially tracked α from the BD simulations
after that time [Fig. 2(a)]. The maximum α∗ in the MD+MPCD sim-
ulations occurs, however, at much later times t∗ ≫ 5τB [Fig. 2(b)]
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FIG. 2. Time derivative α of the colloid mean squared displacement from (a)
different methods at ϕ = 0.30 and (b) MD+MPCD at different ϕ. In (c), α is nor-
malized by DL without finite-size corrections to compare methods in (a) with NVT
simulations.

and, therefore, cannot be due to inertia if the colloid experiences a
hydrodynamic friction γ0.

We considered that the behavior of α in the MD+MPCD simu-
lations might be caused by a lack of coupling between the colloids
and the MPCD solvent such that the hydrodynamic friction on
a colloid is less than γ0 at short times. In the worst-case limit,
the colloids would be completely decoupled from the solvent and
experience no friction, as in vacuum. To compare the MD+MPCD
results with this limit, we performed isothermal–isochoric (NVT)
simulations9 of the colloids, each represented by a single parti-
cle, using a Nosé–Hoover thermostat with a time constant of 0.1τ
and a time step of 0.005τ. The colloid motion was expected to
become diffusive in the NVT simulations at long times because
of collisions between particles. However, the corresponding long-
time self-diffusion coefficient DL was expected to be larger than
that in the MD+MPCD simulations due to the lack of solvent.
Indeed, at ϕ = 0.30, α was consistently larger in the NVT simula-
tions than that in the MD+MPCD simulations, leading to DL being
roughly 40 times larger. Accordingly, we normalized α by DL to
facilitate comparison with the MD+MPCD simulations [Fig. 2(c)].
In the NVT simulations, α/DL increased monotonically to one.
Its shape at short times is reminiscent of the MD+MPCD simu-
lations at short times, but there was no significant maximum α∗
in the NVT simulations. This comparison suggests that there may

be partial coupling of the colloids to the solvent in MD+MPCD
at short times, but more complete hydrodynamic coupling at
longer times. This contrasts with the BD and BD+RPY simulations,
where the colloids experience an exactly prescribed friction at all
times.

The fundamental differences between the MD+MPCD and
BD+RPY simulations at short times might be understood by
considering the time scales at which hydrodynamic interac-
tions propagate.7,23 In BD+RPY, the solvent-mediated cou-
pling between the colloids is instantaneous and only depends
on their positions, whereas in MD+MPCD, shear and sound
waves propagate with finite velocities. The speed of sound in
the MPCD solvent is c ∼ ℓ/τ, so the typical time scale of
sound-wave propagation is τc ∼ a/c = 1.5 × 10−3τ0. The viscous
time scale associated with the lifetime of a shear wave is
τν ∼ a2/ν0 = 5.7 × 10−3τ0.7,39 These time scales are comparable in
magnitude to each other and are one order of magnitude larger than
τB = 4.8 × 10−4τ0. It was argued in Ref. 23 that this lack of time scale
separation may cause incomplete hydrodynamic coupling at short
times.

Nevertheless, it is tempting to identify α∗ in the MD+MPCD
simulations as the short-time self-diffusion coefficient DS because it
decreases with increasing ϕ [Fig. 3(a)] and occurs in the expected
time interval τB ≲ t∗ ≲ τ0 [Fig. 2(b)]. Previous MD+MPCD simu-
lations that used reflection-based colloid–solvent coupling adopted
this definition of DS.31 We note, however, that this definition is
somewhat at odds with the idea that DS should result from hydro-
dynamic interactions between colloids at times before the colloids
physically interact. To interrogate this point, we determined t∗ as a
function of ϕ [Fig. 3(b)], finding that it decreased as ϕ increased. We
simultaneously estimated the average surface-to-surface distance
dcc between nearest-neighbor colloids using a theoretical expres-
sion developed by Torquato for random hard-sphere packings71

FIG. 3. (a) Maximum α∗ at time t∗ from the MD+MPCD simulations [Fig. 2(b)]. (b)
t∗ and theoretical average nearest surface-to-surface distance of colloids dcc as
functions of ϕ. Inset: t∗ vs dcc.
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[Fig. 3(b)]. Note that dcc is considerably smaller than the radius of
a colloid at most packing fractions and also decreases with ϕ, imply-
ing that two colloids can encounter each other at times much shorter
than τ0. This behavior is consistent with the monotonic decrease
in α in the BD and BD+RPY simulations at short times, as col-
loids should diffuse more slowly when they are hindered or caged
by nearby particles.

We found that t∗ was much larger than the hydrodynamic time
scales τc and τν but correlated strongly with dcc [inset of Fig. 3(b)],
suggesting that the maximum in α in the MD+MPCD simulations
may be due to interactions between close colloids. However, it is
challenging to separate effects from direct interactions [Eq. (4)],
from (possible) hydrodynamic interactions, and from lack of sep-
aration of time scales in MD+MPCD simulations. Collective cage
dynamics can be characterized from the intermediate scattering
function at wavevectors where the static structure factor has its first
maximum,7 and this measurement has been carried out previously
for MD+MPCD with a similar discrete particle model.72 However,
we emphasize that short-time cage dynamics are fundamentally dif-
ferent than the short-time diffusion coefficient defined by Eq. (13).7
Given this ambiguity, we have chosen not to report α∗ as DS for
the MD+MPCD simulations. The curious short-time behavior in
the MD+MPCD simulations should be carefully considered when
applying the model to study dynamics. We are, however, encour-
aged that despite differences at short times, α still has qualitatively
the same behavior at intermediate and long times in MD+MPCD as
in BD+RPY [Fig. 2(b)].

B. Long-time self-diffusion
The long-time self-diffusion of the colloids is strongly tied to

the structure of the suspension. Brady argued that for hard spheres,
DL can be factored into hydrodynamic and structural contributions,
approximately given by58

DL(ϕ) = DS(ϕ)[1 + 2ϕg(d+; ϕ)]−1, (14)

where g(d+; ϕ) is the contact value of the radial distribution func-
tion g(r) for a given volume fraction ϕ as r → d from the right.
Figure 4 shows g(r) from our simulations at different ϕ, demonstrat-
ing the well-known behavior that the first peak in g(r) increases with

FIG. 4. Radial distribution function g(r) between the colloids for selected vol-
ume fractions ϕ. Inset: Value at contact g(d+; ϕ) as a function of ϕ from our
simulations (symbols) and from Eq. (15) (solid line).

increasing ϕ for hard spheres as their local structure becomes more
pronounced. For a hard-sphere fluid, the first peak corresponds to
g(d+; ϕ), and its value is related to the thermodynamic pressure.
We theoretically estimate

g(d+; ϕ) = 1 − ϕ/2(1 − ϕ)3 , (15)

using the Carnahan–Starling equation of state.73 We simulated
nearly hard spheres [Eq. (4)] rather than true hard spheres, so
contact is not as precisely defined for our model: the first peak in
g(r) occurs at r slightly larger than d. We approximated g(d+; ϕ) in
the simulations by the height of the first peak, which we determined
by fitting a quadratic interpolating function through the first peak of
g(r). The computed g(d+; ϕ) is in excellent agreement with Eq. (15)
(inset of Fig. 4), especially for ϕ ≲ 0.20. We accordingly compared
DL from our simulations to predictions of Eq. (14) using Eq. (15)
and assuming DS = D0. This value of DS is prescribed in the BD and
BD+RPY simulations and is an approximation for the MD+MPCD
simulations for lack of well-defined short-time diffusion
(Sec. III A).

For small colloid volume fractions ϕ ≲ 0.10, the long-time self-
diffusion coefficient DL measured in the BD simulations (Fig. 5)
was close to the theoretical prediction [Eq. (14)] using DS = D0. At
larger ϕ, however, DL was systematically larger in the BD simula-
tions than theoretically predicted. To test whether this discrepancy
originated from the soft colloid–colloid repulsion in our simula-
tions [Eq. (4)], we compared our results with previous Monte Carlo
simulations using a true hard-sphere model,74 finding excellent
agreement within the measurement accuracy. Furthermore, using
the measured g(d+; ϕ) value in Eq. (14) rather than Eq. (15) did
not significantly change the theoretical prediction. In the BD+RPY
simulations, DL was systematically larger than that in both the BD
simulations and the theoretical prediction. We were surprised to also
observe a qualitatively different dependence on ϕ given that both
the BD and BD+RPY simulations have DS = D0 and give the same
suspension structure, so DL should have the same dependence on
ϕ in both methods according to Eq. (14). Brady pointed out in his
analysis that although Eq. (14) gives the proper asymptotic behav-
ior as ϕ approaches maximum packing, it should be regarded as a
simple estimate at other ϕ.58 Evidently, this estimate is inaccurate

FIG. 5. Long-time self-diffusion coefficients DL as functions of volume fraction ϕ
for the different simulation methods, reference experiments,75,76 and as predicted
by Eq. (14) with Eq. (15) and DS = D0.
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for BD+RPY at the simulated volume fractions, which are far from
maximum packing.

In the MD+MPCD simulations, DL had similar values and
dependence on ϕ as in the BD simulations and as predicted by
Eq. (14), assuming DS = D0. These values of DL were systematically
larger than those reported in experiments with hard-sphere-like col-
loidal particles75,76 but had a similar dependence on ϕ. We note
that careful inspection of Fig. 5 shows that DL was slightly larger
(about 5%) than D0 in the MD+MPCD simulations at ϕ = 0.01.
This discrepancy might be interpreted as a slightly smaller effective
friction on the colloid than expected from the Stokes–Einstein rela-
tion, which could be explained by an effective hydrodynamic radius
that differs from the nominal radius a. Following this idea, Poblete
et al. reported the effective hydrodynamic radius for their discrete
particle model in MPCD based on single-colloid simulations. The
specific value depended on the measurement protocol but was typ-
ically larger than a by as much as 10%. This finding contrasts with
our measurement, which would lead to an effective radius about 5%
smaller than a in order to make DL larger than D0 for ϕ = 0.01. How-
ever, we prefer not to attribute this difference to the hydrodynamic
size since it is not straightforward to separate the colloid size from
other factors (e.g., viscosity), determining the friction coefficient in
the MD+MPCD model. A smaller friction coefficient than expected
could be related to the extent of colloid–solvent coupling discussed
in Sec. III A.

IV. SEDIMENTATION

In addition to equilibrium self-diffusion, we also studied
nonequilibrium sedimentation of the spherical colloids. Sedimen-
tation is not only an important process in its own right but also
helpful for understanding the analogous process of collective dif-
fusion down a concentration gradient.68,77–79 During sedimenta-
tion, all colloids are subject to a constant external force f that
causes them to move in the direction of f with average velocity
u. If the suspension is incompressible, the motion of the colloids
implies an opposing backflow of the solvent with average veloc-
ity u0 such that the volume-average velocity uv = ϕu + (1 − ϕ)u0
is zero. Backflow tends to hinder sedimentation of the col-
loids, and as a result, the rate of sedimentation is experimen-
tally known to depend on the colloid volume fraction ϕ.4 This
dependence is enhanced by hydrodynamic interactions between
colloids.

Sedimentation is conveniently characterized by the sedimenta-
tion coefficient K, defined by u = Kγ−1

0 f, which relates the average
velocity of a colloid in the suspension to the average velocity of a
single colloid moving under the same force. Batchelor showed that80

K(ϕ) = 1 − 6.55ϕ (16)

for an incompressible hard-sphere suspension at dilute volume frac-
tions using exact two-sphere mobility tensors. Batchelor’s result
can be extrapolated to higher volume fractions using the empirical
expression4

K(ϕ) ≈ (1 − ϕ)6.55, (17)

which has the same small-ϕ expansion. Banchio and Nägele com-
puted the sedimentation coefficient for an incompressible hard-
sphere suspension with pairwise far-field hydrodynamics given by

the RPY tensor,70

K(ϕ) = (1 − ϕ)3

1 + 2ϕ
+ ϕ2

5
, (18)

correcting an earlier result from Brady and Durlofsky.66,81 The
small-ϕ expansion of this result is K(ϕ) = 1 − 5ϕ, which has a
slightly weaker dependence on ϕ than Eq. (16).

We measured K for our models using nonequilibrium simu-
lations,82 where we applied a constant force f = fxx̂ to the colloids
along the x-direction x̂. In the MD+MPCD simulations, this force
was equally distributed to all Nv + 1 constituent particles of a colloid,
and an opposing force was applied to the solvent particles to ensure
that the entire system was force-free and did not accelerate. (These
simulations were performed using double-precision floating-point
arithmetic to improve numerical accuracy and momentum conser-
vation.54) In the BD and BD+RPY simulations, the force was applied
to the single particle representing the colloid.

For all simulation methods, we applied two forces fx= 1.5kBT/a and 3.0kBT/a and measured u in a stationary frame,
that is, the value we observed in the simulations. We simulated
50τ0 to reach a steady state and then sampled u roughly every
5 × 10−5τ0 during a 25τ0 simulation. We noted that the colloids
in the MD+MPCD simulations accelerated between stochastic col-
lisions because the colloids follow Newton’s equations of motion
[Eq. (1)] during this time and experience a net force. We also found
that the central and vertex particles oscillated out of phase with
each other due to their bonded interactions, which are not damped
between collisions. We accordingly computed u in the MD+MPCD
simulations using the average velocity of all particles comprising a
colloid and sampled u uniformly over time steps between collisions
to obtain a representative average. In the BD and BD+RPY simula-
tions, we simply computed u from the displacement of the colloids
during a single time step. We then fit ux = u ⋅ x̂ as a linear function
of fx, which is the expected relationship for small fx, and determined
K from the slope of the fit. Figure 6 shows ux as a function of fx for
the MD+MPCD simulations, and the data are well-fit by a line for all
investigated ϕ.

Similarly to self-diffusion coefficients, sedimentation coeffi-
cients measured in simulations with periodic boundary conditions

FIG. 6. Average colloid velocities ux in the stationary frame as functions of applied
force fx from the MD+MPCD simulations for all investigated colloid volume frac-
tions ϕ. The estimated measurement uncertainty is smaller than the symbol
size.
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should be corrected for finite-size effects.66,83,84 We determined
the sedimentation coefficient in an infinite-size box K∞ from
measurements of K in a finite-size box using the correction83,84

K∞ ≈ K(1 − ξS(0)η0a
ηL
)−1

, (19)

where S(0) is the static structure factor of the suspension extrap-
olated to zero wavevector. To eliminate the suspension-viscosity
dependence in this correction, we made an assumption consistent
with Eq. (12) that η0/η = D∞L /D0, so

K∞ ≈ K(1 − ξS(0)D∞L a
D0L
)−1

. (20)

Given the consistency of the measured g(d+; ϕ) (Fig. 4) with
Eq. (15), we estimated S(0) from the isothermal compressibility of
the Carnahan–Starling equation of state,73,83

S(0) = (1 − ϕ)4

1 + 4ϕ + 4ϕ2 − 4ϕ3 + ϕ4 . (21)

We applied this finite-size correction to our measurements, but as
for DL, we will not retain the notation K∞ in the discussion that
follows.

Figure 7(a) shows the sedimentation coefficient K as a func-
tion of ϕ for the MD+MPCD, BD, and BD+RPY simulations. For
the BD simulations, K can be analytically determined to be K = 1
independent of ϕ using a simple argument: The sum of all pairwise
forces between colloids must be zero and the time average of the
random displacements is also zero, so averaging the displacements
in Eq. (5) over all colloids for BD hydrodynamics leaves only the

FIG. 7. Sedimentation coefficients K as functions of colloid volume fraction ϕ for
the different simulation methods in (a) the stationary frame observed in the simu-
lations and (b) the frame where the volume-averaged velocity is zero. (Note that
the BD+RPY data are the same in both panels.) Theoretical predictions, refer-
ence experiments,85,86 and reference simulations using BD+RPY with a discrete
particle model22 are also shown in (b).

displacement from the external force ⟨Δr⟩ = ⟨N−1∑N
i=1Δri⟩ = γ−1

0 fΔt
and K = 1. Accordingly, we have plotted only this theoretical value,
but we verified that this result was also obtained in BD simulations.
In contrast, K decreased strongly as ϕ increased in the BD+RPY
and MD+MPCD simulations and was nearly the same for both
methods at all ϕ investigated. As expected, K → 1 as ϕ→ 0 in the
BD+RPY simulations, but in the MD+MPCD simulations, K was
slightly larger than one at ϕ = 0.01. This discrepancy is consistent
with DL being somewhat larger than D0 at the same concentration
(Fig. 5).

In order to compare these results with each other and with the-
oretical predictions, it is important to note that K depends on the
reference frame chosen to measure u.87,88 In the theoretical analyses
leading to Eqs. (16) and (18), the sedimentation velocities are defined
relative to uv,80,81 which is zero for an incompressible suspension
because there is no volume flux. The MD+MPCD simulations, how-
ever, were effectively performed in a reference frame where the
mass-averaged velocity um = wu + (1 −w)u0, with w being the col-
loid mass fraction, is zero due to conservation of linear momentum.
Having um = 0 does not also give uv = 0 for our MD+MPCD model,
so the colloid velocities were effectively measured relative to um
rather than uv. The BD equations of motion imply a stationary sol-
vent, so the colloid velocities were measured relative to the solvent
velocity u0 rather than uv. The BD+RPY simulations have a back-
flow of solvent that results from discarding the k = 0 wavevector
in Eq. (8) such that uv = 0,13 so these simulations have the same
reference frame as the theoretical calculations.

Accordingly, we shifted u and u0 measured in the MD+MPCD
and BD simulations to u′ = u − uv and u′0 = u0 − uv so that u′v = 0
in the shifted reference frame. For the MD+MPCD simula-
tions, u′ = (1 − ϕ)[1 +w/(1 −w)]u, with w =MN/(MN +mρ0L3),
because u0 = −[w/(1 −w)]u in the frame where um = 0. In per-
forming this shift, we note that there is some ambiguity in defining
the colloid and solvent volume fractions in the MD+MPCD model
because the colloids do not exclude volume to the solvent; we used
the nominal values ϕ and 1 − ϕ for consistency with the other
simulations. For the BD simulations, u′ = (1 − ϕ)u because u0 = 0
in the frame that moves with the solvent. These scaling factors
between u and u′ can be straightforwardly applied to transform the
measured K.

After applying the shift to a common reference frame
[Fig. 7(b)], K remained consistently smaller in the MD+MPCD and
BD+RPY simulations than in the BD simulations due to the pres-
ence of hydrodynamic interactions between colloids. As expected, K
for the BD+RPY simulations was in nearly perfect agreement with
Eq. (18). The values of K in the MD+MPCD simulations were typi-
cally larger than Eq. (17) but smaller than Eq. (18). For ϕ ≲ 0.25, K
was similar to Eq. (17), experimental measurements,85,86 and simu-
lations conducted using BD+RPY with a discrete particle model for
the colloids.22 At larger ϕ, K more closely resembled the results of
the BD+RPY simulations.

Overall, the MD+MPCD simulations showed sedimentation
behavior that was consistent with the presence of hydrodynamic
interactions between colloids. This observation is somewhat at
odds with a recent report23 that found essentially no long-ranged
hydrodynamic interactions between two mutually diffusing col-
loids modeled using MD+MPCD with a reflection scheme for the
solvent–colloid coupling; their conclusion was that MD+MPCD
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was not suitable for modeling colloidal suspensions. Given the fun-
damentally different nature of their measurements and ours, it is
challenging to make a conclusive comparison but this discrepancy
surely deserves further consideration.

V. DIFFUSION OF CUBIC COLLOIDS

Having shown that MD+MPCD with a discrete particle model
largely reproduces the experimentally observed and theoretically
expected dynamics of spherical colloids, we extended the model
to cubic colloids to demonstrate the generality and flexibility of
the approach. The diameter (edge length) of the cubes was set to
d = 6ℓ, and vertex particles were placed on their surface in a square
lattice with a spacing of 6/7ℓ, i.e., seven vertex particles per edge
and Nv = 296 vertex particles per colloid [Fig. 1(b)]. Each vertex
particle was connected to its nearest neighbor and its diametri-
cally opposed vertex particle using a harmonic potential [Eq. (3)].
Unlike the spherical colloids, we did not include a central particle
to model the excluded-volume interactions between cubes because
these interactions do not have a simple mathematical form. Instead,
all nonbonded vertex particles interacted with each other through
the Weeks–Chandler–Andersen pair potential50 [Eq. (4) with
σ = 1.0ℓ and Δ = 0.0ℓ]. We confirmed that the vertex–particle
spacing was small enough that the cubes did not penetrate each
other. As a side effect of this model for the interactions, each cube
had a slightly corrugated texture and excluded a larger volume
vex ≈ (d + σ)3 than expected from its hydrodynamic diameter,
v = d3. In dilute suspensions where colloid–colloid interactions
are predominantly solvent-mediated, the hydrodynamic volume
fraction ϕ = Nv/L3 may dictate the behavior, whereas in concen-
trated suspensions where excluded-volume interactions dominate,
the thermodynamic volume fraction ϕex = Nvex/L3 (≈1.6 ϕ for the
chosen parameters) may be more relevant. We restricted our sim-
ulations to ϕex < 0.40 to stay well below the freezing transition of
hard cubes.89 The size of the simulation box was set to L = 120ℓ,
and we performed four independent simulations per volume frac-
tion using the same MPCD parameters as for the spherical colloids
(Sec. II A).

Okada and Satoh numerically determined the translational dif-
fusion coefficient of a cube at infinite dilution by measuring the drag
force under a uniform low-Reynolds-number flow.91 They found
that the translational friction coefficient γ0 was independent of ori-
entation.92 The resulting colloid diffusion coefficient D0 was reduced
by a factor of 1.384 compared to a sphere with the same diameter.
Interestingly, this factor is comparable to the mean diameter of
the spheres that inscribe and circumscribe the cube, (1 +√3)/2 d≈ 1.366 d. Thus, cubes are predicted to diffuse much slower than
spheres with the same diameter d. Even if one adjusts the cube diam-
eter to match the sphere volume, the resulting D0 of a cube would be
about 10% smaller than that of a sphere. In the simulations, we can
determine D0 from DL in the dilute regime ϕ→ 0. We applied the
same finite-size correction [Eq. (12)] as for the spheres, but using a
friction coefficient of γ0 ≈ 13.04η0d for the cubes.91 Figure 8 shows
the adjusted DL as functions of ϕ and ϕex. At ϕ = 0.01, we find DL= (3.17 ± 0.06) × 10−3ℓ2/τ, which is close to the theoretically
expected value of D0 = 3.23 × 10−3ℓ2/τ. The diffusivity decreases
with increasing colloid volume fraction, as expected, and DL
approaches zero as ϕex comes close to the freezing transition.89 We

FIG. 8. Long-time self-diffusion coefficients DL of cubic and spherical colloids as
functions of their volume fraction ϕ. Filled and open squares indicate definition of
ϕ using the hydrodynamic size (v) and the excluded volume (vex) of the cubes,
respectively. The results are shown (a) in MD+MPCD units and (b) reduced by the
theoretically expected self-diffusion coefficient at infinite dilution, D0. Reference
experiments for pseudo-cubic colloidal superballs90 are also shown in (b).

also remark that DL has a similar dependence on volume fraction
as reported in experiments of pseudo-cubic silica superballs90 when
ϕ is defined using the hydrodynamic size. This agreement is fur-
ther indication that MD+MPCD gives a good approximation of the
long-time diffusive suspension dynamics.

VI. CONCLUSIONS

We studied the diffusion and sedimentation of colloidal par-
ticles suspended in a Newtonian solvent using various computer
simulation techniques. We focused, in particular, on a discrete
particle model for the colloids coupled to the multiparticle collision
dynamics model for the solvent (MD+MPCD). We characterized the
short-time and long-time motion of spherical colloids and deter-
mined the long-time self-diffusion coefficient and sedimentation
coefficient spanning a range of colloid volume fractions from
ϕ = 0.01 to ϕ = 0.40. We compared the MD+MPCD model to exper-
iments, theoretical predictions based on low-Reynolds-number
hydrodynamics, and additional Brownian dynamics simulations
using both free-draining hydrodynamics (BD) and pairwise far-field
hydrodynamics (BD+RPY).

Overall, we found that the MD+MPCD model for spheri-
cal colloids gave satisfactory results that were generally similar
to experimental measurements, the theoretical predictions, and
BD+RPY simulations. The largest discrepancy was found for the
short-time motion of the colloids: a maximum was observed in
the time derivative α of the colloid mean squared displacement in
the MD+MPCD model that was absent from the BD and BD+RPY
models. As ϕ increased, this maximum decreased and occurred at
earlier times; we found that this time correlated with the average
distance between nearest colloids. By a careful comparison with
additional simulations, we posited that this maximum should not
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be identified as a short-time self-diffusion coefficient, but rather
might be due to partial hydrodynamic coupling of the colloids
to the solvent in MD+MPCD at short times. However, at longer
times, the MD+MPCD model showed many expected features for
colloidal suspensions, including a decrease in α to a long-time
plateau that gave a long-time self-diffusion coefficient that depended
on ϕ and was largely consistent with experimental data. Further-
more, the sedimentation coefficients measured in MD+MPCD were
almost identical to BD+RPY in the stationary frame, were simi-
lar to experimental data in the frame where the volume-averaged
velocity was zero, and differed significantly from BD simulations
with free-draining hydrodynamics. Together, these data suggest
the presence of hydrodynamic interactions in the MD+MPCD
simulations.

One major benefit of the discrete particle model we used is its
extensibility to particle shapes other than spheres. To demonstrate
this flexibility, we also studied the long-time self-diffusion of cubic
colloidal particles using MD+MPCD. Compared to a spherical col-
loid of the same diameter, the long-time self-diffusion coefficient of
a cube at nearly infinite dilution (ϕ = 0.01) was reduced by a factor of
roughly 1.5, in reasonable agreement with theoretical predictions.91

At all investigated colloid volume fractions ϕ, the cubes diffused
slower than spheres of equal diameter and were in good agreement
with experiments using pseudo-cubic colloidal superballs.90 Alto-
gether, we found MD+MPCD to be a convenient and reasonable
approach to study colloidal suspensions, especially for particles with
complex shapes.
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We determine the long-time self-diffusion coefficient and sedimentation coefficient for suspensions of

nanoparticles with anisotropic shapes (octahedra, cubes, tetrahedra, and spherocylinders) as a function

of nanoparticle concentration using mesoscale simulations. We use a discrete particle model for the

nanoparticles, and we account for solvent-mediated hydrodynamic interactions between nanoparticles

using the multiparticle collision dynamics method. Our simulations are compared to theoretical

predictions and experimental data from existing literature, demonstrating good agreement in the

majority of cases. Further, we find that the self-diffusion coefficient of the regular polyhedral shapes can

be estimated from that of a sphere whose diameter is the average of their inscribed and circumscribed

sphere diameters.

I Introduction

The dynamics of nanoparticles (NPs) in suspensions play an
important role in numerous applications, ranging from cellular
transport1 to the fabrication of functional nanomaterials.2 For
example, therapeutic agents can be encapsulated inside or
attached to NPs for targeted drug delivery, and differences in
NP dynamics in the body can affect their uptake and efficacy.3–5

Many factors impact the motion of NPs, including their size,
interactions with each other, and interactions with their
surroundings.6 This work focuses specifically on the effect of
shape, which has emerged as an important factor for modulat-
ing the properties and function of NPs in many practical
applications.7,8 For example, shape-anisotropic iron-oxide-
based magnetic NPs were shown to enhance contrast for
magnetic resonance imaging compared to spherical NPs,8

while quantum rods were shown to have enhanced diffusion
compared to quantum dots in confined networks.9 Given that
NPs with a variety of shapes can be readily synthesized10–12 and
that many naturally occurring NPs (e.g., the rod-like tobacco

mosaic virus13,14 and gibbsite platelets15) also exhibit pro-
nounced shape anisotropy, it is important to develop a funda-
mental understanding of the relationship between shape and
transport properties, such as diffusion coefficients, in order to
engineer NPs for practical applications.

Experimentally characterizing how NP dynamics depend on
shape and concentration can be challenging. For example,
dynamic light scattering is a common technique for measuring
NP diffusion from fluctuations in scattered light intensity.16

However, knowledge about the distribution of NP sizes and/or
shapes is needed to extract the diffusion coefficient from the
raw measurement data,17,18 and it is difficult to perform this
analysis for non-dilute solutions.19 Camera-based tracking of
tagged NPs is an alternative approach that allows for the direct
measurement of the NP diffusion coefficient,9,20 but this
method has limited spatial and temporal resolution.20 NP
properties may also be affected if labeling agents, such as
fluorescent markers, are used.21 Further, it can be difficult to
prepare NP suspensions with sufficiently low polydispersity and
at high enough concentrations to accurately assess how the
diffusion coefficient varies with both NP characteristics and
concentration.

As a result, theory and simulations have proven to be useful
approaches for studying the dynamics of NP suspensions. Early
theories predominantly focused on spherical NPs, for which the
single-particle translational and rotational diffusion coeffi-
cients can be calculated using the classical Stokes–Einstein
and Stokes–Einstein–Debye relations, respectively. Theoretical
predictions for the first-order concentration dependence of the
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long-time self-diffusion coefficient for suspensions of spherical
NPs have also been derived.22,23 Beyond spherical NPs, pioneer-
ing works by Kuhn, Kirkwood, and others have led to estimates
for the single-particle translational and rotational diffusion
coefficients of rod-like particles.24–29 At finite concentration,
the diffusive motion of the rods becomes more complex but can
be split qualitatively into three regimes: at dilute concentra-
tions, rods have essentially unrestricted motion in all direc-
tions; at semi-dilute concentrations, their motion is slightly
hindered perpendicular to the long axis of the rod; and at high
concentrations, the perpendicular diffusive motion is entirely
suppressed.30 However, predicting the dynamics of rod-like NPs
with quantitative accuracy still remains challenging because
their anisotropic shape can lead to complex flow patterns
around individual NPs and to non-trivial collective behavior
such as nematic or smectic ordering. For more complicated NP
shapes than rods, predicting even single-particle diffusion
coefficients becomes challenging, and numerical approaches
are often required.31,32 In general, fully analytic descriptions of
NP dynamics in suspensions are challenging to construct due
to the many-body hydrodynamic interactions (HIs) between
NPs that are mediated by the solvent.

Computer simulations are highly useful tools for numeri-
cally investigating NP dynamics in suspensions. The main
challenge is to construct models that capture the relevant
physics while remaining computationally tractable. Explicitly
resolving both the NPs and the solvent molecules they are
suspended in using, e.g., classical molecular dynamics (MD)
approaches, quickly becomes infeasible because NPs are typi-
cally much larger than solvent molecules. However, given the
corresponding separation of time scales between the solvent
dynamics and NP dynamics, it is often possible to overcome
this difficulty using coarse-grained models having simplified or
implicit treatments of the solvent.33 For example, Brownian
dynamics (BD) is a well-known implicit-solvent technique that
accounts for solvent-induced drag and fluctuating forces on the
NPs,34 but which neglects HIs between the NPs in its most basic
form. HIs can be introduced to BD through appropriate mobility
tensors,35 such as the pairwise far-field Rotne–Prager–Yamakawa
tensor for spherical particles.36,37 Stokesian dynamics, a gold-
standard approach for simulating colloidal suspensions, addi-
tionally accounts for short-range lubrication forces between NPs
within the BD framework.38,39 However, BD approaches that
include HIs are often still computationally demanding to imple-
ment and require expressions for the mobility tensor, which may
be difficult to obtain for complex NP shapes.

To circumvent issues determining inputs needed for a fully
implicit treatment of the solvent, several mesoscale simulation
methods, including multiparticle collision dynamics
(MPCD),33,40,41 dissipative particle dynamics,42,43 and the lattice
Boltzmann method,44,45 use simplified particle-based solvent
models that are less demanding to simulate than an atomistic
model but still have properties resembling that of real solvents. In
this work, we will use MPCD because we have recently shown that
MPCD can reasonably reproduce expected results for the long-time
self-diffusion coefficient and sedimentation coefficient for

suspensions of spherical NPs over a range of NP concentrations,46

and the same approach used to model the spherical NPs can be
extended to NPs with other shapes. In MPCD, NPs are modeled as
conventional MD particles that can be coupled to the solvent
through different schemes to ensure HIs develop.46–52 The current
state-of-the-art coupling scheme, first proposed by Poblete et al.,
uses a discrete particle model that represents an NP as a mesh of
‘‘vertex’’ particles interconnected via elastic springs.47 The solvent
particles interact with the NPs only through stochastic collisions
that are straightforward to compute. We used a discrete particle
model to study the long-time self-diffusion of cubes,46 and similar
models have been used to simulate the self-assembly of colloids
with shape and/or interaction anisotropy.53–58 However, we are
unaware of a systematic study using MPCD to characterize the
long-time self-diffusion coefficients and sedimentation coefficients
for suspensions of shape-anisotropic NPs at varying concentrations.

In this work, we use MPCD with a discrete particle model to
study the long-time self-diffusion and sedimentation coeffi-
cients of octahedra, cubes, tetrahedra, and spherocylinders as
a function of NP concentration. We investigate the effect of
shape by comparing the results for the different NP shapes with
each other and with spheres. We also assess the influence of
solvent-mediated HIs by comparing the MPCD simulations
with implicit-solvent Langevin dynamics (LD) simulations.

II Models
A. Multiparticle collision dynamics

In MPCD, the solvent consists of point particles that are propa-
gated in alternating streaming and collision steps that occur at a
regular time interval Dt. During the streaming step, the solvent
particles move according to Newton’s equations of motion,

dri

dt
¼ vi

mi
dvi

dt
¼ Fi; (1)

where ri is the position, vi is the velocity, and mi is the mass of
particle i, while Fi is the force acting on particle i. All solvent
particles have the same mass m. Unlike standard MD particles,
MPCD particles do not interact with each other by pairwise
forces, but each particle may be acted on by a body force. For
a constant Fi, eqn (1) can be integrated analytically to give the
standard equations of ballistic motion.

In the collision step, the solvent particles are sorted into
cubic cells of edge length c, then exchange momentum with
particles in the same cell according to a collision scheme. Here,
we use the stochastic rotation dynamics (SRD) scheme without
angular momentum conservation.40,41 SRD updates the velocity
of particle i in cell j according to:

vi’uj + Xj�(vi–uj), (2)

where uj is the mass-averaged velocity of the particles in cell j
and Xj is the rotation matrix for cell j. The matrix Xj rotates
about an axis randomly selected for cell j by a fixed angle a. At
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each collision step, the collision cells are shifted along each
Cartesian direction by a random amount drawn uniformly from
[�c/2, +c/2] to ensure Galilean invariance,59,60 and a cell-level
Maxwellian thermostat is used to maintain a constant tempera-
ture T.61

The natural units for MPCD simulations are the length c of
the collision cells, the mass m of the solvent particles, and the
thermal energy kBT, where kB is the Boltzmann constant. The

corresponding unit of time is t ¼
ffiffiffiffiffiffiffiffiffiffiffi
m‘2b

p
, where b = 1/(kBT). We

adopted the standard SRD parameters Dt = 0.1t, a = 1301, and
average solvent number density 5c�3, which give a liquid-like
Newtonian fluid with dynamic viscosity Z0 = 3.95kBTt/c3.62

B. Discrete particle model

A discrete particle model was used to represent the NPs and
couple them to the solvent.46,47 The NP shapes we modeled
were a sphere, an octahedron, a cube, a tetrahedron, and two
spherocylinders with different aspect ratios (Fig. 1). Each NP
consisted of Nv vertex particles on the surface of the shape, and
each vertex particle had mass 5m. The vertex particles were
bonded to their nearest neighbors with a harmonic potential,

bubðrÞ ¼
kb

2
ðr� rbÞ2; (3)

where r is the distance between two particles, rb is the distance
required for the bond by the shape, and kb is the spring
constant. To ensure that the NPs maintained their shapes,
the vertex particles were also bonded to either an additional
particle in the center of the NP (sphere, octahedron, cube, &
tetrahedron) or their diametrically opposed vertex particle
(spherocylinders). Excluded-volume interactions between NPs
were modeled by applying the Weeks–Chandler–Andersen
repulsive potential63 between vertex particles

buðrÞ ¼
4

s
r

� �12
� s

r

� �6� �
þ 1; r � 21=6s

0; otherwise

8><
>: : (4)

All vertex particles (but not the central particle) were coupled to
the MPCD solvent through the collision step eqn (2).47 Between
collision steps, the central and vertex particles moved accord-
ing to eqn (1). Based on our prior work,46 we used kb = 5000c�2

to make stiff bonds and s = c, and we integrated eqn (1) using

the velocity Verlet algorithm with time step 0.005t. We visually
confirmed that all NPs maintained a nearly rigid shape and that
no NPs penetrated each other for the vertex-particle configura-
tions chosen as described next.

Sphere.—We modeled a sphere having diameter d = 6c
[Fig. 1(a)] as a reference point. To create the vertex particles,
we subdivided the triangular faces of a regular icosahedron
twice and scaled the positions of all vertices to lie on the surface
of the sphere. This process resulted in Nv = 162 vertex particles
with a typical nearest-neighbor distance between 0.83c and
0.97c. Note that this model differs from the one we used in ref.
46 in two ways: (1) the number of vertex particles is larger and
(2) the excluded volume is handled through the vertex particles
rather than through the central particle. These choices were
made in this work so that the spheres would have a comparable
surface density of vertex particles and the same style of
excluded-volume interactions as the anisotropic NPs we
studied.

Octahedron and tetrahedron.—We modeled a regular octahe-
dron and a regular tetrahedron, both having edge length a = 6c
[Fig. 1(b) and (d)]. Because the faces of these polyhedra are
equilateral triangles, we first created a three-dimensional tri-
angulated model of each shape using computer-aided design
software, then subdivided the faces 3 times to create a trian-
gular mesh of vertex particles. This process resulted in 9 vertex
particles per edge and distance a/8 = 0.75c between all nearest-
neighbor vertex particles for both shapes. The total number of
vertex particles was Nv = 258 for the octahedron and Nv = 130 for
the tetrahedron.

Cube.—We modeled a cube with edge length a = 6c [Fig. 1(c)]
using a square mesh with 8 vertex particles per edge. The total
number of vertex particles was Nv = 296, and the distance
between nearest-neighbor vertex particles was a/7 E 0.86c.
This is the same vertex particle configuration as in ref. 46,
and the description here corrects a typographical error for the
number of vertex particles per edge. Unlike in ref. 46, though, a
central particle was used to maintain rigidity to keep consis-
tency with the sphere, octahedron, and tetrahedron.

Spherocylinder.—We modeled two types of spherocylinders:
both had two hemispheres with diameter d = 6c, but one had a
cylinder of length h = 6c while the other cylinder had the length
h = 12c [Fig. 1(e)]. Thus, the spherocylinders had aspect ratios
l � d/h = 1 and 2, respectively. This degree of anisotropy is

Fig. 1 Discrete particle model for (a) sphere, (b) octahedron, (c) cube, (d) tetrahedron and (e) two spherocylinders (aspect ratios l = 1 and 2). The Nv

vertex particles are shown in orange, and the bonds to their nearest neighbors are shown in blue. To improve the clarity of these renderings, the size of
the vertex particles has been decreased, and central particles and additional bonds used to maintain the shape have been omitted. These snapshots were
rendered using visual molecular dynamics (version 1.9.3).64
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much smaller than that of many rod-like particles, such as
those of biological origin like the fd virus65,66 and tobacco
mosaic virus,13 that is often in the range l] 10. Nanorods with
smaller aspect ratios can be synthesized,67–69 but we found
surprisingly little data on their transport coefficients. Hence,
we chose to study spherocylinders with these smaller aspect
ratios to begin to bridge the knowledge gap between spheres
and long rod-like NPs. Discrete particle models for the spher-
ocylinders were constructed through a multi-step process: First,
a mesh of vertex particles for the hemispheres was created by
slicing our discrete sphere model in half along a plane that
exposed 20 evenly spaced vertex particles around its circumfer-
ence and had 91 vertex particles in total. Then, vertex particles
for the cylinder were generated from the ring of 20 exposed
vertex particles by translating the ring by 0.75c and rotating it
around the axis of the cylinder by 91 to stagger the particles on
consecutive rings. This process was repeated until the entire
cylinder surface was covered with vertex particles. The total
number of vertex particles per spherocylinder was Nv = 322 for
l = 1 and Nv = 482 for l = 2, with the nearest-neighbor distance
between vertex particles ranging from 0.83c to 0.97c.

C. Simulation details

We performed bulk simulations containing N NPs in a cubic
simulation box with edge length L = 120c and periodic bound-
ary conditions. We simulated a range of nominal NP volume
fractions f = Nv/L3, where v is the nominal volume of each NP
(Table 1), by varying N. We created equilibrated configurations
of NPs at the different volume fractions using LD simulations.
LD simulations are faster to perform than MPCD simulations
because they do not include HI, and we also chose the friction
coefficient for the LD simulations to give faster NP dynamics
than in the MPCD simulations in order to accelerate equili-
bration. Starting from these configurations, we measured the
long-time self-diffusion coefficient as a function of f using
equilibrium simulations (Section IIIA) and the sedimentation
coefficient as a function of f using nonequilibrium simulations
(Section IIIB). All simulations were conducted using HOOMD-
blue70,71 (version 2.9.7) extended with azplugins72 (version
0.12.0).

For the spheres and regular polyhedra, we performed one
equilibrium simulation of length 2 � 105t and recorded the
position of all central particles every 10t. We performed one
nonequilibrium simulation consisting of a warmup period of

0.5 � 105t to reach steady state followed by a production period
of length 1.5� 105t in which we recorded the average velocity of
the NPs every 0.105t and the average velocity of the solvent
every 0.1t. The different sampling frequencies for the NPs and
solvent were chosen to account for acceleration of the NPs
between solvent collisions.46 To estimate error bars, we sub-
divided these trajectories into three blocks and computed the
standard error between blocks.

For the spherocylinders, we performed eight equilibrium
simulations of length 105t and recorded the position of enough
vertex particles to reconstruct the center of mass of each NP
every 2.5t. We performed three nonequilibrium simulations
consisting of a 0.5 � 105t warmup period and 1 � 105t
production period with the velocities sampled in the same
way as for the other shapes. Error bars were estimated as the
standard error of the independent simulations.

III Results and discussion
A. Long-time self-diffusion coefficient

We computed the long-time self-diffusion coefficient D of the
NPs from the time derivative of the average mean squared
displacement hDr2i of each NP,34

D ¼ lim
t!1

1

6

dhDr2i
dt

: (5)

To improve statistics, we averaged hDr2i over NPs and time
origins, and we extracted D from the time average of the long-
time plateau of dhDr2i/dt, which we fit in the time range 104tr
t o 2 � 104t for the spheres and regular polyhedra and in the
range 3 � 104t r t o 5 � 104t for the spherocylinders. Note
that in defining D in this way, the long-time self-diffusion
coefficient is a scalar quantity. For anisotropic NPs, the short-
time motion is characterized by a diffusion tensor; this tensor
is isotropic for the regular polyhedra we have studied,73 but it is
anisotropic for the spherocylinders.74 Hence, D reported in this
work implies an orientational average at long times for the
spherocylinders.

Due to the long-ranged nature of solvent-mediated HIs, self-
diffusion coefficients measured in simulations with periodic
boundary conditions can suffer from noticeable finite-size
effects.75–77 For a cubic simulation box such as ours, the self-
diffusion coefficient in an infinitely large box DN is related to D

Table 1 Geometric properties of the regular polyhedra investigated. General formulae are given in terms of the edge length a, with the specific value for
a = 6c (the edge length for all our polyhedral NPs) quoted in parentheses. The properties are the volume v, surface area A, sphericity c, inscribed-sphere
diameter dI, circumscribed-sphere diameter dC, and mean of inscribed-sphere and circumscribed-sphere diameters %d

v (c3) A (c2) c dI (c) dC (c) %d (c)

Octahedron
ffiffiffi
2
p

3
a3

(101.8) 2
ffiffiffi
3
p

a2 (124.7) 0.846
ffiffiffi
2

3

r
a

(4.9)
ffiffiffi
2
p

a (8.5)
ffiffiffi
2
p
þ

ffiffiffi
3
pffiffiffi
6
p a

(6.7)

Cube a3 (216.0) 6a2 (216.0) 0.806 a (6.0)
ffiffiffi
3
p

a (10.4) 1þ
ffiffiffi
3
p

2
a

(8.2)

Tetrahedron a3

6
ffiffiffi
2
p

(25.5)
ffiffiffi
3
p

a2 (62.4) 0.671 affiffiffi
6
p (2.4)

ffiffiffi
3

2

r
a

(7.3)
ffiffiffi
2

3

r
a

(4.9)
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in a finite box with edge length L by76,77

D1 ¼ Dþ x
kBT

6pZL
; (6)

where x E 2.837297 and Z is the suspension viscosity. Applying
eqn (6) can be challenging in practice because it requires
knowledge of Z, which depends on the shape and volume
fraction of the NPs. Analytic expressions for Z exist for some NP
shapes,78,79 but they are typically only valid for small NP volume
fractions.80 Hence, additional costly simulations are usually
needed to accurately determine Z. To avoid this step, we
approximated Z with a Stokes–Einstein-like proportionality,
Z/Z0 = D0/DN,46,77 where D0 = kBT/g0 is the long-time self-
diffusion coefficient at infinite dilution (i.e., the single-particle
limit) and g0 is the corresponding hydrodynamic friction coeffi-
cient for the NP (again, orientationally averaged for the spherocy-
linders). Substituting for Z in eqn (6) and solving for DN yields

D1 � D 1� x
g0

6pZ0L

� ��1
: (7)

We previously tested this approximate correction by computing D
for spherical NPs in different box sizes L and confirming that DN

was independent of L within our measurement accuracy.46

To apply eqn (7), g0 must be determined for each NP shape.
Experimental correlations81 for g0 exist [e.g., eqn (9) below];
however, it is not guaranteed that the MPCD simulations are
consistent with these. Instead, we noted that all diffusivities are
corrected by the same factor in eqn (7) regardless of f and that
eqn (6) can be used directly when f is sufficiently small that
Z E Z0. Accordingly, we linearly extrapolated our measured D
to f = 0, using the data from the smallest two values of f that
we simulated, to obtain a measured D0 with finite-size effects.
We then applied eqn (6) with Z = Z0 to calculate DN

0 from D0 and
used the ratio DN

0 /D0 as the finite-size correction factor for all
D. In the rest of the paper, all diffusion coefficients have been
corrected for finite-size effects in this way, but we will still refer
to them as D and D0 for notational simplicity.

1. Regular polyhedra. We first investigated the shape-
dependence of the long-time self-diffusion coefficient extrapo-
lated to infinite dilution D0 for the regular polyhedra we
simulated (octahedron, cube, and tetrahedron). Pettyjohn and
Christiansen experimentally measured the settling rates of
particles with these shapes at low Reynolds number.73,81 They
found that the settling rate could be correlated with particle
shape using the sphericity c, defined as the ratio of the surface
area of a sphere having the same volume as the shape to the
actual surface area A of the shape,

c ¼ p1=3ð6vÞ2=3
A

: (8)

The sphericities of our regular polyhedra are listed in Table 1.
Using the correlation for the settling velocity from ref. 81, a
correlation for the hydrodynamic friction coefficient g0 is

g0 ¼ 3pZ0
6v

p

� �1=3

0:843 log10
c

0:065

� �� ��1
: (9)

Note that the first term in parentheses is the diameter of an
equivalent-volume sphere to the shape, so eqn (9) gives g0 =
3pZ0d for a sphere with diameter d as expected.

Based on eqn (9), a cube should diffuse more slowly than an
octahedron, while an octahedron should diffuse more slowly
than a tetrahedron when all have the same edge length a; a
sphere with diameter d = a is predicted to have D0 between that
of the octahedron and the tetrahedron (Table 2). Indeed, our
simulation results for D0 were qualitatively consistent with these
predictions. Quantitatively, D0 from the cube simulations was in
excellent agreement with the value predicted using eqn (9), but
D0 from the octahedron and tetrahedron simulations was 9%
and 18% smaller, respectively. We calculated a similar deviation
between the measured and predicted D0 for tetrahedra in recent
experiments by Hoffmann and coworkers, who fabricated tetra-
hedral clusters from four spherical polystyrene NPs with dia-
meter 154 nm; they measured a self-diffusion coefficient of D0=
1.72 � 10�12 m2 s�1 in water,82,83 which is 22% smaller than the
predicted value of D0 = 2.2 � 10�12 m2 s�1 when using an edge
length of a = 308 nm in eqn (9). These clusters are, however, not
true tetrahedra so it is unclear whether this deviation from
eqn (9) should be expected in the MPCD simulations too.

We and others previously found that D0 for a cube can also
be reasonably well-approximated by D0 for a sphere with
diameter %d = (dI + dC)/2, the arithmetic mean of the diameters
dI and dC of the spheres that inscribe and circumscribe it,
respectively.32,46 We carried out the same calculation for the
octahedron and tetrahedron, and we again found good agree-
ment with our simulations (Table 2). Thus, using %d seems to
provide a quick and reasonable estimate of D0 for regular
polyhedra as an alternative to eqn (9).

We next investigated the volume-fraction dependence of D
[Fig. 2(a)]. Given that the different NP shapes had different D0, we
report D/D0 to facilitate comparison between shapes [Fig. 2(b)].
The tetrahedra exhibited the strongest dependence on f, the
spheres exhibited the weakest dependence on f, while both the
cubes and octahedra exhibited a similar dependence on f that
was intermediate between the spheres and tetrahedra. In general,
we expected D to decrease when f increased because increased
interactions between NPs usually slow their motion. At low NP
volume fractions, long-ranged solvent-mediated HIs are impor-
tant because short-ranged interactions are infrequent. Differences
in the dependence of D/D0 on f seen in Fig. 2 when f is small are
then likely caused by differences in HIs between shapes.

At higher NP volume fractions, direct interactions between
NPs become more frequent and significant, particularly those

Table 2 Diffusion coefficient at infinite dilution D0 for the sphere and
regular polyhedra calculated from our simulations, using eqn (9), and using
the Stokes–Einstein relationship for a sphere with mean diameter %d given
in Table 1. All values are in units of 10�3 c2/t

Simulation Using eqn (9) Using %d

Sphere 4.32 4.48
Octahedron 3.95 4.36 4.01
Cube 3.31 3.33 3.28
Tetrahedron 5.14 6.29 5.48
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due to excluded-volume between NPs. Indeed, we expect that
eventually D/D0 - 0 when the NPs reach a freezing or jamming
transition that essentially traps each NP in a local cage of
surrounding NPs. Based on f, the regular polyhedra we simu-
lated were all expected to be fluids even at our largest concen-
tration (f = 0.20).84–87 However, we noted that the actual
excluded volume vex of the NPs (and hence excluded-volume
fraction fex) differs from the nominal volume v (and nominal
volume fraction f) because the vertex particles in our discrete
model have a finite size. For example, the vertex particles on the
surface of the cube [Fig. 1(c)] protrude roughly s/2, so the edge
length of the volume excluded by the cube is roughly s longer
than the nominal edge length. In general, we define the
excluded volume as that of the regular polyhedron that con-
tains the spheres with diameter s on the surface of the nominal
regular polyhedron. Geometric considerations give the edge
length aex of our excluded-volume regular polyhedra as aex =
a(1 + s/dI). The ratio of the excluded volume to nominal volume
is then vex/v E (1 + s/dI)

3 and fex is proportionally larger than f
by the same factor. This larger excluded size aex is evident in the
radial distribution function g(r) (Fig. 3) for all shapes.

We attempted to assess the effect of this difference in
nominal and excluded volume using the spherical NPs. We
performed additional simulations where we implemented the
excluded-volume interaction between spheres through a core-
shifted Weeks–Chandler–Andersen potential between only
their central particles, like in ref. 46. As expected, we found
that there was less structuring in the fluid, measured through
g(r), at a given nominal volume fraction f due to the smaller
excluded volume of each sphere [Fig. 4(a)]. However, we found
little difference in the diffusivity over the range of volume frac-
tions investigated [Fig. 4(b)]. Moreover, the simulation data for
D/D0 agreed well with experimental data when plotted using f.

We observed similar agreement between MPCD simulations and
experiments for cubes using the nominal volume fraction f in our

Fig. 2 (a) Long-time self-diffusion coefficient D of spheres, octahedra,
cubes, and tetrahedra as a function of nominal volume fraction f. (b) D
normalized by its value linearly extrapolated to infinite dilution D0.

Fig. 3 Radial distribution function for (a) spheres, (b) octahedra, (c) cubes,
and (d) tetrahedra at different nominal volume fractions f. The arrows in
(d) denote signature peaks for the transition to pentagonal dipyramids at
0.55aex and 0.75aex.

84,85

Fig. 4 (a) Radial distribution function for spheres with excluded volume
handled through either vertex particles (solid lines) or a central particle
(dashed lines). (b) Long-time self-diffusion coefficient D (normalized by
D0) for the same systems compared with experimental data.88,89
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prior work46 [see also Fig. 5(c)]. Hence, at least over the range of
volume fractions considered for the spheres, the nominal volume
fraction f seems to be a good description of the concentration.

We note, though, that structural effects caused by differences
in nominal and excluded volume may still become significant at
sufficiently high excluded volume fractions, particularly if a
phase transition is approached. The tetrahedron, which has
the largest vex/v ratio of our regular polyhedra, is an excellent
example of this point. Previous simulations of hard
tetrahedra84,85 revealed a transition to a fluid consisting of
pentagonal dipyramids when the volume fraction was 0.47. That
study found that g(r) showed a distinct signature of this transi-
tion: at low volume fractions where dipyramids did not form, g(r)
had its first peak at r = 0.75a; whereas, at higher volume fractions
where dipyramids formed, this original peak disappeared, and
the first peak shifted to a much smaller distance r = 0.55a. Our
largest nominal volume fraction f = 0.20 is well below the
reported transition to dipyramids, but if we instead consider
the excluded volume fraction (fex = 0.56), then the system should
have surpassed this transition. When we computed g(r) for the
tetrahedra [Fig. 3(d)], we observed these signature peaks emer-
ging at the reported r if aex was used rather than a. Thus, the
tetrahedra appear to undergo a transition to dipyramids that is
not expected using only f. The more dramatic slowing down of
the tetrahedra dynamics with f compared to the other shapes
could be partially due to this transition.

Finally, we assessed the influence of HIs between the NPs on
their long-time self-diffusion by performing complementary LD

simulations that do not have these interactions (Fig. 5). Due to
the lack of long-ranged solvent-mediated HIs, we did not per-
form any finite-size corrections for the LD diffusion coeffi-
cients. Qualitatively, D/D0 had a similar dependence on f
both with and without HIs, with differences for the tetrahedra
being most pronounced and differences for the cubes being
least pronounced. However, there were clear quantitative dif-
ferences between the MPCD simulations with HIs and the LD
simulations without HIs. For all shapes, D/D0 was smaller for a
given f (had a stronger f dependence) in the LD simulations
compared to the MPCD simulations. Taken together, these
differences support the established picture that solvent-
mediated HIs and excluded-volume interactions between NPs
that determine their fluid structure both play a role in deter-
mining the NP dynamics.

As an aside, we remark that the agreement between our
MPCD simulations and experiments88,89 significantly improved
for the spherical NPs compared to our previous study,46 which
is likely due to the higher surface density of vertex particles
used in this work. The accuracy of discrete particle models
typically improves with increasing surface density,91 and the
surface density of vertex particles on the sphere was roughly
four times that of ref. 46. We note that Poblete et al. recom-
mended a surface density of 0.53/c2 in their study of spherical
NPs to balance discretization and inertia effects,47 which lies
between the value of 0.37/c2 used in ref. 46 and 1.43/c2 used
here. The surface density of vertex particles used for the other
regular polyhedra was comparable to that of our spheres.

Fig. 5 Comparison of long-time self-diffusion coefficient D (normalized by D0) of (a) spheres, (b) octahedra, (c) cubes, and (d) tetrahedra as a function of
volume fraction f from MPCD and LD simulations. Experimental data is included in (a) and (c) from multiple sources. The experimental values of D for the
spheres88,89 were scaled by the Stokes–Einstein prediction for D0, while the experimental values of D for the cubes90 were scaled such that D/D0 = 1 for
the lowest-concentration point in that data set (f E 0).
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2. Spherocylinders. Having studied the self-diffusion of
these regular polyhedra, we next investigated the long-time
self-diffusion of spherocylinders. Bolhuis and Frenkel numeri-
cally studied the phase diagram of hard spherocylinders for a
range of aspect ratios l.92 For l r 2, the spherocylinders
exhibited only two phases—a low-density isotropic phase and
a high-density crystal phase—with the transition between these
occurring at volume fraction 0.58 and 0.53 for l = 1 and 2,
respectively. We therefore restricted our simulations to f r
0.30, which corresponds to fex o 0.44 for our spherocylinders
(vex/v = 1.45 and 1.41 for l = 1 and 2), in order to focus our
calculations on the isotropic phase. We confirmed this was the
case by computing a global nematic order parameter,93,94

finding it to be close to zero (0.02 and 0.03 for l = 1 and 2
when f = 0.30) as expected for an isotropic phase.

In the isotropic phase, the translational diffusion of rod-like
objects is the orientational average of their parallel and normal
components. The self-diffusion coefficient of rods in the infi-
nite dilution limit can be estimated as95

D0 ¼
kBT

3pZðlþ 1Þd lnðlþ 1Þ þ 0:316þ 0:5825

ðlþ 1Þ þ
0:050

ðlþ 1Þ2

� �
;

(10)

where the last three terms in the parenthesis correct for end
effects.28,29,96 This equation gives D0 = 2.94 � 10�3 c2/t and
2.41 � 10�3 c2/t for rods with l = 1 and 2 in our MPCD solvent,
respectively. Our simulated values D0 = 3.09 � 10�3 c2/t and
2.57 � 10�3 c2/t were within 5% of eqn (10), showing the
expected decrease of D0 with l. We also note that eqn (10)
underpredicts the diffusivity of a sphere (l = 0) by about 5%
compared to the classical Stokes–Einstein relation.

The concentration dependence of D/D0 with f was similar
for both spherocylinders (Fig. 6). Indeed, D/D0 for the spher-
ocylinders with l = 1 was nearly indistinguishable from that for
the spheres (l = 0). The longer spherocylinders with l = 2
showed some systematic differences, consistently having a
slightly smaller value than for l = 1 at a given f. This result
indicates that even a small amount of anisotropy may begin to
have an effect on the diffusive dynamics, but the magnitude of
this effect seems to be small. We also compared our simulation
data to the parametric fit of ref. 97. Our simulations qualita-
tively agreed with the prediction that D/D0 should be smaller for
a larger l at a given f, but the simulations consistently had
smaller values of D/D0 than predicted. We note that ref. 97 used
BD simulations that lacked HIs to develop this fit, so it is
unclear to what extent we should expect agreement to simula-
tions with HIs.

B. Sedimentation

After investigating the long-time self-diffusion coefficients of
our shape-anisotropic NPs, we characterized their sedimenta-
tion coefficients. This complementary dynamic property of a
suspension is important for understanding, e.g., how NPs settle
under gravity. We defined the sedimentation coefficient K from
the linear proportionality between the average velocity u of an
NP under a sufficiently small applied force F,

u = Kg�1
0 F. (11)

To measure K in our simulations, we imposed a constant force
F = fxx̂ on all NPs, where x̂ is the unit vector in the x direction,
and measured their average velocity ux = u�x̂. The applied forces
were fx = 0.5kBT/c and 1.0kBT/c per NP, which we distributed
evenly among all the vertex and central particles in each NP. A
balancing force was applied to the MPCD particles to ensure
that the total force on the system was zero. We allowed the
system to reach a steady state under the imposed forces,
performed a production run where we measured ux, and
extracted K from a linear regression of ux and fx.

As for diffusion coefficients, the sedimentation coefficients
from our MPCD simulations must be corrected for finite-size
effects from periodic boundary conditions. The sedimentation
coefficient measured in an infinitely large box KN is related to
the one measured in a finite box by98

K1 ¼ K þ xSð0Þ g0
6pZL

; (12)

where S(0) is the static structure factor at zero wavevector. This
structure factor is related to the isothermal compressibility and
so can be computed from an equation of state. Here, we used
the virial expansion of the pressure, which gives

Sð0Þ ¼ 1þ
X
n¼2

nB̂nfex
n�1

 !�1
; (13)

where B̂n = Bn/vn�1 and Bn is the n-th virial coefficient. We used
fex in eqn (13) because it should characterize the structure of
the suspension better than f (see discussion of Fig. 3). We used
up to the 8th virial coefficient for the regular polyhedra99 and

Fig. 6 (a) Long-time self-diffusion coefficient D for spherocylinders with
aspect ratios l = 1 and 2 as a function of volume fraction f. The sphere
data from Fig. 2 is included as a reference point with l = 0. (b) D
normalized by its value extrapolated to infinite dilution D0. The dashed
curves in (b) are D/D0 predicted from the fit of ref. 97.
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up to the 5th virial coefficient for the spherocylinders.100,101

Like eqn (6), eqn (12) also includes the suspension viscosity Z so
we made the same Stokes–Einstein-like approximation to elim-
inate this dependency,

K1 � K þ xSð0ÞD
D0

g0
6pZ0L

: (14)

We used the finite-size-corrected D/D0 and computed g0 = kBT/
D0 from the finite-size-corrected D0. Note that eqn (12) and (14)
fix an error in eqn (19) and (20) of ref. 46. All sedimentation
coefficients are corrected in this way, but for notational sim-
plicity, we will refer to them as K in the remaining discussion.

MPCD conserves linear momentum, so the sedimentation
coefficients calculated directly from the simulation are in a
frame of reference where the mass-averaged velocity of the NPs
and solvent is zero. However, it is a common practice to
consider suspensions in the frame of reference where the
volume-averaged velocity is zero, i.e., hui = fu + (1 � f)u0 = 0
where u0 is the solvent velocity. Shifting from the mass-
averaged to volume-averaged frame of reference amounts to a
rescaling of K, which we implemented as in our previous
work.46 All values of K are presented in the frame of reference
where the volume-averaged velocity is zero.

The sedimentation coefficients of the regular polyhedra
[Fig. 7(a)] exhibited a qualitatively similar dependence on shape
and concentration as the self-diffusion coefficients did. We
consistently found that the spheres had the largest K, the
tetrahedra had the smallest K, while the octahedra and cubes
had an intermediate K. Moreover, all sedimentation coefficients
decreased with increasing concentration, as expected, with the
tetrahedra having the strongest concentration dependence. The
sedimentation coefficients of both spherocylinders were highly

similar to each other and to that of the sphere [Fig. 7(b)]. These
behaviors are qualitatively similar to the self-diffusion coeffi-
cients, so we will not repeat that discussion here for brevity.

IV Conclusions

We investigated the long-time self-diffusion and sedimentation
of NPs with anisotropic shapes. The anisotropic shapes we
studied were an octahedron, a cube, a tetrahedron, and a
spherocylinder. The NPs were represented with a discrete
particle model and were hydrodynamically coupled to each
other using the multiparticle collision dynamics method. Simu-
lations were conducted across a range of volume fractions for
each shape where the NPs remained in a fluid/isotropic phase.
Our modeling approach can be easily extended to explore the
dynamics of other NP shapes, e.g., irregular polyhedra and non-
convex shapes.102

For regular polyhedra having equal edge lengths, shape had
a clear influence on their transport properties. Octahedra and
cubes were slower diffusing than spheres with diameter equal
to their edge length for all investigated volume fractions
[Fig. 2(a)]. Tetrahedra diffused the fastest at small volume
fractions but the slowest at larger volume fractions, which we
partially attributed to the formation of pentagonal dipyramids.
The simulated self-diffusion coefficients of all investigated NP
shapes at infinite dilution were in good agreement with a
correlation based on sphericity and also with an approximation
using the mean diameter of the spheres that inscribed and
circumscribed the shapes. After accounting for differences due
to shape at infinite dilution [Fig. 2(b)], the self-diffusion
coefficient of the spheres showed the weakest volume-fraction
dependence, that of the tetrahedra showed the strongest
volume-fraction dependence, while the octahedra and cubes
showed intermediate behavior. Similar trends were found for
the dependence of the sedimentation coefficients on volume
fraction [Fig. 7(a)].

For small-aspect-ratio spherocylinders (l = 1 and 2), the
diffusion coefficients at infinite dilution showed a dependence
on aspect ratio that was consistent with theoretical expectation,
meaning that the spherocylinders diffused more slowly as
aspect ratio increased [Fig. 6(a)]. However, after accounting
for shape effects at infinite dilution, the self-diffusion coeffi-
cient [Fig. 6(b)] had a volume-fraction dependence that closely
followed that of spheres having diameter equal to the spher-
ocylinders, with only minor differences for the spherocylinder
with l = 2. The sedimentation coefficient [Fig. 7(b)] had
essentially the same volume-fraction dependence for the
spheres and both spherocylinders. We expect that the dynamics
of spherocylinders should deviate more significantly from
spheres as l increases, and in principle, we can extend our
spherocylinder model to study this regime. However, doing so
incurs higher computational cost due to a substantial increase
in the number of vertex particles per spherocylinder. Further,
we would need larger simulation boxes to accommodate these
spherocylinders and gather good statistics, thereby also

Fig. 7 Sedimentation coefficient K of (a) spheres, octahedra, cubes, and
tetrahedra and (b) spherocylinders as a function of volume fraction f. The
frame of reference used to define K is the one where the volume-averaged
velocity is zero.
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increasing the number of solvent particles required. To miti-
gate these computational challenges, an alternative approach is
to represent the spherocylinders as linear rods comprised of
partially overlapping particles.103 However, establishing a con-
nection between this model, our spherocylinder model, and
experiments is still an open question, which we plan to explore.
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ABSTRACT: We studied the evaporation-induced formation of supra-
particles from dispersions of elongated colloidal particles using experiments
and computer simulations. Aqueous droplets containing a dispersion of
ellipsoidal and spherical polystyrene particles were dried on super-
amphiphobic surfaces at different humidity values that led to varying
evaporation rates. Supraparticles made from only ellipsoidal particles
showed short-range lateral ordering at the supraparticle surface and random
orientations in the interior regardless of the evaporation rate. Particle-based
simulations corroborated the experimental observations in the evaporation-
limited regime and showed an increase in the local nematic ordering as the
diffusion-limited regime was reached. A thin shell of ellipsoids was observed
at the surface when supraparticles were made from binary mixtures of ellipsoids and spheres. Image analysis revealed that the
supraparticle porosity increased with an increasing aspect ratio of the ellipsoids.

■ INTRODUCTION
Colloidal particles can assemble into supraparticles of various
sizes, architectures, and compositions.1,2 The material proper-
ties of supraparticles can be engineered through the choice of
the colloidal “building blocks” as well as their composition and
arrangement within the supraparticle. Multiple types of
materials, ranging from nanometer-sized quantum dots3 or
metal organic frameworks4 to micrometer-sized polystyrene
(PS) particles,5 with different shapes and chemistries can be
used as building blocks to create supraparticles. The supra-
particles may have emergent properties that surpass the mere
sum of their parts, arising from the interactions between
different types of building blocks.1,2 Therefore, supraparticles
are versatile materials with potential applications in many fields
of science and technology, including catalysis,1,6−8 gas
adsorption and sensing,4,9 drug encapsulation and delivery,10,11

photonics,12−14 and energy production and storage.15,16

Wet self-assembly methods have been commonly used to
fabricate supraparticles by forming them inside or around
droplet templates, such as emulsion droplets suspended in
liquid media.12,17−20 However, these methods have certain
drawbacks, including the need for additional processing liquids
that require proper disposal as well as only limited control over
the final supraparticle morphology. Dry self-assembly methods
offer an alternative approach where supraparticles are obtained
by evaporating droplets into air.1,5,21 These techniques do not
need additional processing liquids and simplify the collection
of the assembled supraparticles.21 Commonly used dry self-
assembly methods include Leidenfrost levitation22,23 and

spray-drying,24−29 in which droplets dry in a contact free
environment. These methods are typically performed at high
temperatures, where evaporation takes only a few seconds.
Therefore, studying structure formation with these techniques
in real time is difficult and requires complex instruments, such
as rotating anode-based X-ray sources or small-angle X-ray
scattering.30,31 Further, the fast evaporation conditions make it
quite difficult to control the final supraparticle shape and the
distribution of the colloidal particles inside the supraparticle.32

For levitated droplets, additional parameters such as the
thermal conductivity of the substrate can introduce challenges
in controlling the resulting supraparticle shapes.30,32

Alternatively, supraparticles can be fabricated by evaporating
droplets supported on solid substrates. The wetting property of
the substrate is important, as it directly determines the
deposition characteristics in the contact region. Super-
amphiphobic surfaces repel water and also nonpolar liquids,
surfactants, and protein solutions. Droplets on such surfaces
acquire high contact angles (> 150°) and roll off easily (tilting
angle < 10°), while the interfacial area between the liquid and
solid is extremely small (≪ V2/3, where V is the droplet
volume).33−36 Further, superamphiphobic surfaces typically
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have a highly porous structure, which allows the liquid to
evaporate through the substrate, leading to almost radially
symmetric evaporation. As a result, the method suppresses
contact line pinning and hence the coffee-ring effect,37−39 as
well as temperature-induced Marangoni flow inside the
droplet.40 In contrast to Leidenfrost levitation and spray-
drying, evaporation from superamphiphobic surfaces occurs at
much longer time scales, which also makes studying the
structure formation of supraparticles more convenient.41

Conventionally, spherical particles have been used to
fabricate supraparticles of various structures and compositions
by tuning the particle concentrations and processing
parameters such as the evaporation rate.1,5,11,41−43 Examples
include supraparticles having a core−shell morphology of
larger (core) and smaller (shell) PS spheres,5 poly(lactic-co-
glycolic acid)/ciprofloxacin supraparticles prepared in solvents
of various polarity,11 multicomponent spherical mesoporous
supraparticles of metal oxides such as TiO2/SnO2 and TiO2/
ZnO,42 and supraparticles with nonspherical shape induced by
the addition of salt.41 The shape of the colloidal particles
themselves is a powerful but still largely unexplored handle for
controlling supraparticle structure.44−46 Experiments47 and
simulations48 of bulk systems have shown that rod-like
particles tend to pack into more open random structures
compared to their spherical counterparts. Simulations of
sphere−rod mixtures in the bulk also revealed demixing
transitions under the right conditions49 and decreasing packing
with increasing rod aspect ratios.50 Recently, Jacucci et al.
fabricated spherical supraparticles from silica nanorods via
emulsion evaporation and obtained a core−shell morphology,
with a disordered core and an ordered shell.51 The surface
ordering of the nanorods was tuned from smectic to isotropic
by adding salt into the dispersion, which resulted in a decrease
of reflectance. It was noted that the light scattering efficiency
could be further improved upon increasing the range of
nanorod ordering.51 Van der Hoeven et al. assembled silica-
coated gold nanorod supraparticles to enhance the Raman
scattering of analyte molecules. Gold nanorods exhibited
superior and highly tunable plasmonic properties compared to
spheres due to their longitudinal surface plasmon resonance in
the visible and near-infrared spectrum.52 Wang et al. showed
that drying droplets containing lanthanide fluoride nano-
platelets could be utilized to fabricate supraparticles with
tailored optoelectronic properties.53

Although these prior works have hinted at the possibilities of
using anisotropic building blocks for creating supraparticles,
systematic studies investigating the influence of the aspect ratio
of the colloidal particles, mixing colloidal particles with
different aspect ratios, and evaporation rate on structure
formation are still lacking. To better understand these aspects
and to develop design strategies, we performed experiments
and simulations on the formation of supraparticles composed
of ellipsoidal particles and mixtures of spherical and ellipsoidal
particles. In the experiments, we used PS colloidal particles to
differentiate the effect of particle geometry from the effect of
the materials properties. As the density of an aqueous PS
dispersion is close to that of water, and ellipsoidal particles,
having similar interaction potentials and surface chemistry, can
be prepared from PS, we were able to focus on the physics of
supraparticle formation. We found that (i) the ordering of the
ellipsoids could be tuned by changing the evaporation rate, (ii)
ellipsoids tended to form a thin shell with short-range
orientational order on the surface, and (iii) supraparticle

porosity tended to increase with an increasing ellipsoid aspect
ratio due to random packing in the interior.

■ EXPERIMENTAL METHODS
Materials. Methyl trichlorosilane (TCMS, 99%) and hexadecane

(Reagent Plus, 99%) were purchased from Sigma-Aldrich.
1H,1H,2H,2H-Perfluorodecyltrichlorosilane (PFDTS, 96%) was
purchased from Alfa Aesar. n-Hexane (≥95%), toluene (≥99.8%),
acetone (≥99.8%), and isopropyl alcohol (IPA, ≥ 99.8%) were
purchased from Fisher Chemical. Ethanol (≥99.8%) was provided by
Honeywell Research Chemicals. Ultrapure water with a resistivity of
18.2 MΩ·cm was obtained using a Sartorius Arium 611 VF water
purification system. Glass slides 25 × 75 mm2 in size were provided by
Menzel-Glas̈er, Germany. PS particles (zeta potential ≈ −56 mV, with
−COOH groups on the surface) with a diameter of 408 nm
(polydispersity index 0.034) were synthesized by the copolymeriza-
tion of styrene and acrylic acid using surfactant-free emulsion
polymerization.54 The synthesized particles were purified by several
centrifugation cycles and finally redispersed in ultrapure water.
Poly(vinyl alcohol) (PVA, Mw = 115000 g/mol, degree of hydrolysis
86.5−89%) was purchased from VWR Chemicals. Anionic surfactant
sodium dodecyl sulfate (SDS) was purchased from MP Biomedicals.
Preparation of superamphiphobic surfaces. The silicone

nanofilaments-based superamphiphobic surfaces were prepared as
described before.35,55 Glass slides were sonicated in toluene, acetone,
and ethanol and dried by a nitrogen flow. Then, glass slides were
oxygen plasma treated at 30 W for 2 min (Diener Electronic Femto).
The activated glass slides were immersed in 360 mL of toluene with
166 ppm water content in a Teflon box. The water content of toluene
was measured with a Karl Fischer coulometer (Mettler Toledo C20
Compact KF coulometer). 250 μL of TCMS was injected into the
Teflon box to initiate the growth of silicone nanofilaments from the
glass slides. The chamber was kept sealed for 14 h. After the reaction,
the silicone nanofilament-grafted glass slides were rinsed with hexane
to remove any unreacted TCMS. To fluorinate the nanofilaments, the
grafted glass slides were annealed in a furnace at 200 °C for 2 h to
obtain a more stable silicone network. Then, the glass slides were
again activated with oxygen plasma at 120 W for 2 min and immersed
in 120 mL of hexane with 0.1 mL of PFDTS. After 30 min of reaction,
the substrates were rinsed with hexane to remove any unreacted
fluorosilanes. The resultant nanofilament-coated glass substrates were
homogeneous over a large area [Figure S1].
Preparation of polystyrene ellipsoids. PS ellipsoids were

prepared from monodisperse spherical PS particles following the film-
stretching method.56 The preparation procedure is depicted schemati-
cally in Figure S2. Five grams of PVA were dissolved in 139 mL
distilled water to obtain a 3.5 wt % aqueous PVA solution. The system
was stirred at 375 rpm overnight by keeping the temperature at 80 °C.
After obtaining a clear PVA solution, about 4 g of 10 wt % PS particle
dispersion was added and stirred at 375 rpm for 5 h to obtain a
homogeneous PVA/particle dispersion. The weight ratio of PS to
PVA in the final mixture was 0.08. The PVA/particle dispersion was
then poured into a flat Teflon mold (15 × 28 cm2) and was air-dried
for 1 day. After evaporation, a particle-embedded PVA film was
formed. This film was cut into small film strips (3 × 8 cm2 or 3 × 4
cm2, depending on the desired draw ratio). These film strips were
stretched in an oven at 140 °C. The stretching was done by applying
uniaxial tension with a tensile test apparatus (Zwick/Roell Z005
Universal Testing Machine) to the desired length at a speed of 300
mm/min. The films were stretched at draw ratios of 100, 200 and
400% to obtain ellipsoids with varying aspect ratios of about 4, 6, and
11, respectively. The particle size and aspect ratio were calculated by
counting 40 particles in a scanning electron microscopy (SEM) image
of each batch [Table 1]. Several washing steps were required to
recover the ellipsoidal particles from the film. After stretching, the
PVA/particle film strips were cooled to room temperature while still
being clamped in their stretched state and then cut into small pieces
(1 × 1 cm2). The original edges of the stretched films were rejected as
there could be nonuniform stretching near the metal clamps. The
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small film pieces were soaked in an IPA-water mixture (3:7) (v:v)
overnight under magnetic stirring. Then, this mixture was heated to
85 °C for 1 h to dissolve the PVA matrix completely. The dispersion
was centrifuged at 10000 rpm for 1 h to sediment the particles, and
the viscous PVA-rich supernatant was decanted. The sediment was
dissolved again in an IPA−water mixture (3:7) (v:v) and was
centrifuged at 10000 rpm for 1 h. This washing procedure was
repeated two times. In the final washing step, the particles were
dispersed in water at 90 °C under magnetic stirring for 1 h to remove
the traces of PVA. Then, the dispersion was centrifuged one last time
to recover the PS ellipsoids. The resultant particles were redispersed
in an appropriate amount of distilled water, depending on the
required particle concentration.
Evaporation of PS dispersion droplets on superamphipho-

bic surfaces. The aqueous PS dispersions were prepared prior to the
evaporation experiments. The volume concentration of PS ellipsoids
or spheres in the dispersions was kept around 1%, whereas the total
volume concentration of sphere−ellipsoid mixture dispersions was
around 0.6% with a volume ratio of ellipsoids to spheres 1:1 (v:v).
Each system contained a 1 mM aqueous SDS solution to stabilize the
dispersions. Approximately 1 μL of these dispersions were dispensed
onto the superamphiphobic surfaces with the help of an Eppendorf
Research Plus pipet, which was equipped with epT.I.P.S. LoRetention
Reloads tips. To conduct the evaporation experiments in a controlled
manner, a humidity chamber was built in-house. The humidity
chamber was equipped with an inlet, which allowed nitrogen gas to
flow, and a window through which the evaporation process was
monitored by a camera (Blackfly S Color 5.0 MP USB3 Camera). The
humidity during evaporation of the dispersion drops was recorded
with the help of a humidity sensor inside the chamber. Once the
desired humidity was reached, the droplets were dispensed through
the holes on top of the chamber and the holes remained closed
throughout the evaporation. The dispersion droplets evaporated at 23
°C, either under ambient conditions (relative humidity of 30%) or at
a relative humidity of 75%. The supraparticles formed after
evaporation were released by slightly inclining the surfaces and
were collected in small vials.
Characterization. The morphology of the superamphiphobic

surfaces and the supraparticles were imaged by SEM (low voltage
LEO 1530 Gemini, Germany). Prior to imaging, the samples were
sputter coated with a 7 nm layer of Pt using a Safematic Compact
Coating Unit-010 to avoid charging. The water concentration in
toluene was evaluated by using a Karl Fischer coulometer (Mettler
Toledo C20 Compact KF coulometer). To determine the size and
polydispersity of the PS particles, dynamic light scattering (DLS)
measurements were carried out on an ALV spectrometer consisting of
a goniometer and an ALV-5004 multiple-tau full-digital correlator
(320 channels, angular range from 30° to 150°). A He−Ne laser
(wavelength of 632.8 nm) was used as the light source. Measurements
were performed at 20 °C at 9 angles ranging from 30° to 150°. The
zeta potential of the PS particles was measured by a Malvern Zetasizer
Nano Z. Using ImageJ software, we performed image analysis with the
evaporation videos of the droplets and recorded the change in droplet
volume as a function of time. The volume of the droplets was
estimated first by determining an arc through the circumference of the
2D image of one half of the droplet, and then by integrating disc-
shaped slices (which are passing through this arc and cutting the

central axis of the droplet perpendicularly) around the central axis
[Figure S3]. The method assumed no predefined droplet shape.

■ NUMERICAL METHODS
Explicit-solvent simulations of drying colloidal systems are computa-
tionally taxing since they require large numbers of particles and small
time steps to capture the fast motion of the solvent particles. As a
consequence, such explicit-solvent simulations are typically limited to
systems containing a few thousand colloidal particles,57−59 which is
usually too small to fully capture structural variations that occur
during drying. However, it is often not needed to resolve individual
solvent particles but rather only the solvent’s effect on the solute.
Therefore, implicit-solvent simulation methods have been used to
model drying colloidal systems and have shown good agreement with
experiments in some cases.60,61 However, at times there are certain
qualitative and quantitative discrepancies, which are thought to
originate from the lack of solvent effects that exist in real systems such
as solvent backflow and hydrodynamic interactions (HI) between the
particles.5,62−64 Therefore, in this study, we performed simulations
with two methods − (a) Langevin dynamics without HI [-HI] and
(b) multiparticle collision dynamics with HI [+HI].
Langevin dynamics (LD) is a widely used implicit solvent

technique that incorporates the Stokes friction and Brownian motion
of particles in the equations of motion,

F Fmr vi iC R= + (1)

where FC is the force on particle i due to all the conservative
interactions in our system, γ is the friction coefficient and FR is a
uniform random force acting on the particle. The magnitude of the
random force is chosen in accordance with the fluctuation−
dissipation theorem ⟨FR⟩ = 0 and ⟨|FR|2⟩ = 6kBTγ/δt. The friction
coefficients γ for the different colloidal particles are taken as input
parameters that we determined via bulk +HI simulations of very dilute
(ϕ = 0.0001) dispersions of the elongated and spherical particles.
Multiparticle collision dynamics (MPCD) uses a simplified

particle-based solvent model, which undergoes successive free-
streaming and stochastic collision steps.65−67 The solvent is modeled
as a set of point particles of number density ρ, having positions ri

s,
velocities vi

s, and mass m0. In the free streaming step, solvent particles
move ballistically,

t t t t tr r v( ) ( ) ( )i i i
s s s+ = + (2)

where Δt, is the collision time step, which effectively sets the mean
free path of the particles.

The variants of MPCD algorithms differ in their implementation of
the collision step. In our study, we use the widely implemented
stochastic rotation dynamics algorithm, introduced by Malevanets and
Kapral.65 Particles are first binned into cubic collision cells of length l,
where they undergo stochastic rotations of their velocities as,

t t t t tv u v u( ) ( ) ( ) ( )i c c i c
s s s s+ = + ·[ ] (3)

where uc
s(t) is the average velocity of the particles in a collision cell

and Ωc is the rotation operator of the cell in which particle i resides at
time t. The rotation operator is chosen to have a fixed angle of
rotation of 130° around a random axis in each cell. To ensure Galilean
invariance, the collision cells are shifted along each direction by a
distance uniformly drawn from [ − l/2, l/2].66 A Maxwell−Boltzmann
thermostat is applied on the cell level to maintain isothermal
conditions. These stochastic collisions build up HI between the
particles. Solute particles are coupled to the solvent through
momentum exchange in the collision step, as described further below.

In our MPCD droplet simulations, the solvent can flow through the
droplet interface, which likely overpredicts solute entrainment, but
still is a significant improvement over complete neglect of hydro-
dynamic interactions.68 To minimize unphysical hydrodynamic
interactions due to periodic boundary conditions, the simulation
box is padded along all directions by the droplet’s initial radius.

Table 1. Dimensions of the ellipsoids obtained by stretching
a film embedded with 408 nm PS spheres at different draw
ratiosa

Draw ratio (%) L (μm) de (μm) λ = L/de

100 0.92 ± 0.05 0.26 ± 0.01 3.5 ± 0.3
200 1.30 ± 0.11 0.21 ± 0.02 6.1 ± 0.8
400 1.95 ± 0.21 0.18 ± 0.02 11 ± 2

aThe dimensions (length L and diameter de) were determined by
analyzing 40 particles each.
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Spherical colloidal particles were modeled as nearly hard spheres
with diameter ds = 3l via the purely repulsive Weeks−Chandler−
Andersen (WCA) potential,
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(4)

where r is the distance between two interacting particles, and we used
σ = l, Δ = 2l, and rcut = 21/6σ. Coupling of the spherical particles with
the MPCD solvent requires careful treatment. In this study we used a
discrete mesh model to couple the spheres to the solvent.69,70 In this
model, each sphere is represented as a mesh of Nv = 12 vertex point
particles placed on the surface of the sphere with an additional particle
placed in the center of the mesh to impart the nearly hard sphere
excluded volume as given above [Figure 1(a)]. The mesh is created by

using the vertices of an icosahedron that are scaled up such that they
lie on the surface of the sphere. The vertex particles are bonded to
their nearest neighbors and to the central particle via harmonic bonds
which ensures that the mesh shape is conserved. The strength of the
harmonic bonds was set to kico = 5000ϵl−2.
Elongated colloidal particles could, in principle, be described as

ellipsoids using anisotropic pair potentials such as the Gay−Berne
model; however, it is challenging to couple such a model to the
MPCD solvent given the rather large number of vertex particles
needed for covering the ellipsoid surface. Instead, we approximate the
ellipsoids of aspect ratio λ = 4, 6, and 11 using a rod-like (“shish-
kebab”) model [Figure 1(b)], with every colloidal particle consisting
of Nm = 2λ + 1 monomers of diameter de = l bonded via a harmonic
potential,

U r k r r( )
1
2

( )bond rod 0
2= (5)

with equilibrium length r0 = de/2 and strength krod = 1000 ϵde
−2. This

choice ensured that the excluded volume closely resembled that of a
smooth rod. A bending potential between consecutive bond vectors
was introduced to make the rods stiff,

U k( )
1
2

( )bend bend 0
2= (6)

with an equilibrium angle, θ0 = π and strength kbend = 1000 ϵrad−2.
Such a model for rods in conjunction with MPCD has been studied
previously and shown to reproduce the expected diffusion behavior in
the bulk.71 Excluded volume interactions between rods are realized
through WCA interactions between the constituent monomers, as
described above.
The air−droplet interface in the simulations was modeled using a

harmonic potential, located at a distance of R from the center of
droplet, acting radially inward on the central particles of the spheres
and on all particles in the rods,
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Here, r is the distance of the particle from the center of the droplet,
and Δdrop = -ds/2 for the central particles of the spheres and -de/2 for
the rod particles. The interaction strength is analogous to the surface
tension of the droplet and was set to k d200 /drop e

2= . Evaporation of
the droplet was simulated by reducing the size of the droplet using the
following relation,64

R R t
4

2
0

2=
(8)

where α is the rate of change of surface area which is assumed to be a
constant. From the above relation, we can deduce the speed of the
receding interface by taking the time derivative,

v R
t R

d
d 8

= =
(9)

Simulation details- MPCD simulations were performed with an
initial droplet radius R0 = 50de, whereas LD simulations were
performed with droplets of size R0 = 50de & 100de. The initial volume
fraction of colloidal particles in the droplet was chosen as ϕ0 = 0.08
and the droplet was dried until it reached half of its original diameter,
corresponding to a final volume fraction of ϕf = 0.64.

The system of units for the MPCD solvent were the collision cell
edge length l, mass m0 of the solvent particles and the energy scale ϵ =
kBT. The simulation time step was set to 0.001τ and the MPCD
collision time step was set to Δt = 0.1τ where m l /0

2= . The
solvent number density was set to ρ = 5l−3. The mass of the rod
monomers and sphere vertex particles in the MPCD simulations was
set to m = 5m0. The solute (rods/spheres) was coupled with the
MPCD solvent through the collision step.

Simulations were performed using HOOMD-blue version
2.9.772−75 with azplugins version 0.11.0.76

Volume fraction profiles of the colloidal particles were computed
by convolving the number density profile, ρi, of particle of type i with
the Heaviside function, θ, that represents the volume of the sphere of
radius ri, i.e.,77

r r r r r r( ) d ( ) ( )i i i= | | | | (10)

This integral can be simplified using the radial symmetry of the
droplet as,

r
r

r r r r r r r r r r r( )
1

d ( ) ( ) ( ) ,i i i i
2 2= [ ] | |

(11)
Since our model for the rods consists of consecutive overlapping

monomers, the overlap volume had to be accounted for while
computing the volume fractions. For two overlapping spheres of
radius R′, whose centers are separated by a distance R′, the overlap
volume is V′ = 5πR′3/12. To approximately account for the overlap,
we mult ipl ied the Heavis ide function by a constant

b 1 N
N

(5 / 16)( 1)= where Nm is the number of monomers making

up a rod and the prefactor (5/16) is the ratio of the overlap volume to
the volume of a monomer.

■ RESULTS AND DISCUSSION
1. Formation of supraparticles composed of ellip-

soids. The evaporation-induced self-assembly of particles can
be described as an advection−diffusion process in confine-
ment. Inside the spherical droplet, the colloidal particles diffuse
due to Brownian motion, while the evaporating air−solvent
interface creates an effective advection78 that can accumulate
the colloidal particles and create a concentration gradient,

Figure 1. (a) Schematic of spherical particles in the LD and MPCD
simulations, respectively. The diffuse sphere in the MPCD schematic
imparts the excluded volume. (b) Schematic of rod-shaped particles in
simulations.
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provided the drying is fast enough. The relative contributions
of advection and diffusion can be characterized by a
dimensionless quantity known as the Pećlet number Pe,
defined in this context as the ratio of the typical diffusion time,
τd = R0

2/D0, and the evaporation time, τev = R0/vev, at the
beginning of drying. Here, R0 is the initial droplet radius, D0 is
the diffusion coefficient of the colloidal particles at infinite
dilution, and vev is the initial speed of the receding droplet
interface. The expression for the Pećlet number then reduces
to Pe = τd/τev = vevR0/D0. We define Pe ≫ 1 as the
evaporation-limited regime and Pe ≤ 1 as the diffusion-limited
regime. In the following, Pee and Pes refer to the Pećlet
numbers for the elongated and spherical particles, respectively.

One μL droplets containing PS ellipsoids (∼1% initial
volume fraction) with varying aspect ratios (λ = 4, 6, and 11,
corresponding to approximate lengths 0.92 μm, 1.30 μm, and
1.95 μm) were evaporated from superamphiphobic surfaces at
different humidity conditions that led to different evaporation
rates. The PS particles have −COOH groups on their surface,
which lead to an electrostatic double-layer repulsion between
them.41,79 To improve the stability of the dispersions at late
stages of drying with elevated salt concentrations, 1 mM of the
anionic surfactant SDS was added to each dispersion. Due to
the repulsive nature of this interaction, the colloidal particles
were modeled as nearly hard particles in the simulations (see
the Numerical Methods section for details). At high relative
humidity (RH = 75%, 40 ≤ Pee ≤ 70), the complete drying of
the droplets took about 90 min. Each dispersion droplet
formed an almost spherical supraparticle at the end of drying
[Figures 2(a), S4]. At low relative humidity (RH = 30%, 170 ≤

Pee ≤ 200), the final supraparticles were not spherical anymore
due to buckling near the end of evaporation, which typically
occurred from the top [Figures 2(b), S5]. Buckling is a
common phenomenon caused by mechanical instabilities.23

The ordering of the ellipsoids on the buckled supraparticle
surface resembled that of high humidity, although more
ellipsoids were oriented out of plane on the supraparticle
surfaces.

Examination of the supraparticle surfaces under SEM
showed a short-range lateral ordering of ellipsoids upon drying
at a high relative humidity [Figure 3(a-c)]. Most of the
ellipsoids were oriented in plane on the supraparticle surface.
The supraparticle surface with the most out of plane ellipsoids
appeared to be the one with the highest aspect ratio of
ellipsoids (λ = 11). To quantify ordering of the ellipsoids on
the supraparticle surfaces, we computed an orientational order
parameter, defined as

r rS ( , ) 2cos 1i j ij
2=†

(12)

Here, θij is the angle between the long axes of two ellipsoids i
and j, whose center of masses are separated by distance r = | rj− ri| with ri being the position of ellipsoid i. By construction, a
parallel alignment of particles would result in S† = 1, while
isotropic configurations would yield S† = 0. The lateral and
longitudinal ordering of the ellipsoids can be best understood
when S† is plotted on a spatially resolved two-dimensional
heatmap with the width and height of the cells set
approximately equal to the single ellipsoid diameter (de) and
length (L), respectively [Figure 3(d)], so that adjacent cells
represent adjacent ellipsoids. From this plot, we find that, for λ
= 11 (Pee = 70), the ellipsoids were ordered along the short
axis direction up to about four ellipsoid diameters [Figure
3(d)]. For λ = 6 (Pee = 50), the ordering along the short axis
reduced to three ellipsoid diameters, while no ordering was
found for λ = 4 (Pee = 40) [Figure S6]. In all cases, the
ellipsoids did not exhibit any ordering along their long axis
direction. The experiments at low humidity were not used for
analyzing the order parameter of the ellipsoids as many
ellipsoids were aligned out of plane on the supraparticle
surface.

To understand the extent to which the evaporation rate
influenced the surface structure, we performed computer
simulations in both the evaporation- and diffusion-limited
drying regimes. We first performed simulations with and
without hydrodynamic interactions, using droplets with an
initial radius of R0 = 50de, and found nearly identical structures
from both approaches [Figure S7]. This agreement suggests
that hydrodynamic interactions play only a negligible role in
these systems. Therefore, we primarily performed simulations
without hydrodynamic interactions, which allowed us to access
larger droplets of radius R0 = 100de. Subsequent discussion
refers to these simulations.

The Pećlet numbers in simulations and experiments are not
exactly identical but are on the same order of magnitude,
which makes the results comparable. In general, the
experimental and simulation results are in good agreement
[cf. Figures 3 and 4], with some minor differences: The surface
SEM images for λ = 11 [Figure 3(c)] showed some ellipsoids
oriented out-of-plane in the experiments, which were absent in
the simulation snapshots. This difference might arise from the
fact that the simulations treat the ellipsoids as (nearly) hard
rods, which might affect their packing. Further, in the
simulations, droplet confinement is modeled by a purely
repulsive harmonic potential at the droplet−air interface [eq
7], which could suppress an out-of-plane alignment of the
colloidal particles.

In the diffusion-limited regime (Pee ≤ 1), the rods showed
long-ranged ordering along their short and long axis directions
[Figure 4(d-f)], suggesting that the range of surface ordering
highly depends on the Pećlet numbers. Figure 4(g) shows the

Figure 2. SEM images of supraparticles obtained from evaporation-
limited drying with (a) Pee = 50 and (b) Pee = 170 for dispersion
droplets containing ellipsoids with λ = 6. Insets show the surface and
cross sections of the supraparticles at higher magnification. Scale bar
in the insets corresponds to 1 μm.
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radially averaged S† for the λ = 11 rods on the supraparticle
surface with varying Pećlet numbers. The rods exhibited long-
range ordering that decayed as the Pećlet number increased.
The largest Pećlet number in our simulations was comparable
to that of the experiment at high relative humidity [shown as a
dashed line in Figure 4(g)], for which we obtained a similar
trend of S†. We observed that the range of ordering reduced
very quickly with decreasing aspect ratio λ [Figure S6]. For λ =
4 there was, on average, no lateral ordering of rods.

To characterize the ordering of the colloidal particles in the
supraparticle interior, the supraparticles were cut in half with a
scalpel and imaged using SEM. The images revealed randomly
packed ellipsoids regardless of particle aspect ratio [see insets
in Figure 2(a) and Figure S8]. Since, the packing efficiency of
randomly oriented elongated particles is known to decrease
with increasing aspect ratio,48,80−84 we expected an increase in
porosity of our supraparticles as we increased λ.

The packing volume fraction ϕ of the colloidal particles was
determined as a measure of porosity for the experimental
supraparticles by computing the volume of the initial and final
droplet via image analysis. This was achieved by first
determining an arc through the circumference of the 2D
image of one half of the droplet, then using the solid of
revolution method to compute the volume [Figure S3]. Apart
from rotational symmetry, this method does not assume a
specific droplet shape and thus avoids systematic errors due to
deviation from a perfect sphere. The final particle volume
fraction was then calculated as ϕf = ϕ0V0/Vf where, ϕ0 is the

known initial particle volume fraction and V0 and Vf are the
initial and final droplet volumes, respectively. We computed ϕf
for all three ellipsoid aspect ratios as well as for spherical
particles that served as a reference point (Table 2). The final
particle volume fraction tended to decrease with increasing
ellipsoid aspect ratio λ, which is consistent with simulation
studies of randomly packed rods in the bulk.48,80,84,85 The
decrease in random packing efficiency of ellipsoids inside the
supraparticles can be attributed to the increase of orientation-
ally averaged excluded volume for particles with higher aspect
ratios.47,48,86 Our results suggest that the supraparticle porosity
might then be further increased (ϕf decreased) using ellipsoids
with higher aspect ratios.

Likewise, the supraparticle cross sections from simulations in
the evaporation-limited regime (70 ≤ Pee ≤ 140) showed that
the rods were randomly packed in the interior [Figure 4(a-c)].
In contrast, the simulations in the diffusion-limited regime (Pee≤ 1) exhibited local nematic ordering [Figure 4(d-f)], which
can be explained via entropic arguments: At sufficiently high
concentrations, rods prefer to align nematically to increase the
translational entropy at the expense of orientational entropy.87

The isotropic−nematic transition shifts to lower concen-
trations with increasing aspect ratios.88,89 This transition
requires the reorientation of individual rods and nematic
bundles, which could be suppressed when the droplet is dried
quickly (Pee ≫ 1).

Since the simulation cross sections indicated the formation
of orientationally ordered bundles of rods under certain

Figure 3. SEM images of supraparticle surface composed of ellipsoids with (a) λ = 4, (b) λ = 6 and (c) λ = 11. Pećlet numbers for each case are
shown on the bottom right of each panel. (d) 2D heat map for the order parameter S†, computed from the SEM image of the supraparticle surface
shown in (c).
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conditions, we computed the global nematic order parameter
in the droplets at various stages of the drying process. To
establish a reference for the global nematic ordering of the
rods, we performed additional bulk simulations at packing
fractions ranging from 0.10 to 0.60 [Figure S9]. To ensure
proper equilibration, two different approaches were taken
when performing the bulk simulations. In the first, we started
with a dilute system of randomly oriented rods and

compressed the simulation box slowly to reach the desired
packing fraction. In the second, we started with an ordered
system at a high packing fraction and expanded the simulation
box slowly. The final ordering in the bulk systems was virtually
identical for both approaches, which confirms that the systems
were properly equilibrated [Figure S10].

The bulk and confined systems were then analyzed for
nematic order using the orientational bond order parameter,90

u uQ
1
2

(3 )ni ni ni=
(14)

Here, uni
α is the unit bond vector connecting monomer i and i +

1 in the nth rod, and α, β ∈ (x, y, z) denote the Cartesian
coordinates. The largest eigenvalue S of this tensor, averaged
over all bonds, gives information on the global nematic order
in the system.

We compared the global nematic order in the bulk and
drying simulations at low Pećlet numbers (Pee ∼ 1) [Figure
5(a)]. In the bulk systems, we observed an isotropic−nematic
transition for all aspect ratios λ, where the volume fraction ϕIN
of the transition decreased with increasing λ, as expected. The
approximate volume fractions at which the isotropic−nematic
transition occurred were ϕIN = 0.475, 0.375, and 0.225 for rods
of aspect ratios 4, 6, and 11, respectively. In the case of drying
droplets, the long-range nematic ordering of the rods was
suppressed due to the confinement, in agreement with previous
studies of nematic systems in various confinements.91−94

However, some smaller nematic bundles formed at volume
fractions near ϕIN of the bulk systems. Since drying of a droplet
is essentially a nonequilibrium process, we studied the
influence of Pećlet number on the long-range nematic ordering
of rods in the droplet. Figure 5(b) shows for λ = 11 that the
nematic order became even more suppressed with increasing
Pećlet numbers (data for other λ shown in Figure S11).
2. Formation of supraparticles composed of sphere−

ellipsoid mixtures. When evaporating droplets containing PS
sphere−ellipsoid mixtures from superamphiphobic surfaces, we
obtained almost spherical supraparticles at both low and high
relative humidity conditions [Figure S4]. The surface SEM
images were analyzed by selecting small regions and counting
the number of ellipsoids and spheres in those regions. Since
particle sizes were known, we could estimate the relative area
fractions of the constituent particles, denoted as σe and σs for
ellipsoids and spheres, respectively [Figure 6].

We characterize the drying conditions of these binary
mixtures using two Pećlet numbers, namely, Pes for the
spherical particles and Pee for the elongated particles, since the
two particle types have different long-time self-diffusion
coefficients. Supraparticles made under high-humidity con-
ditions (40 ≤ Pee ≤ 50 and Pes = 10) had a surface
predominantly occupied by the ellipsoids for all aspect ratios
[Figure 6(a, c)]. Under low-humidity conditions (130 ≤ Pee ≤

Figure 4. Simulation snapshots showing the supraparticle surface and
cross sections (upper right corner of each snapshot) obtained in the
(a-c) evaporation-limited (Pee ≫ 1) and (d-f) diffusion-limited (Pee ≤
1) drying regimes for λ = 4, 6, and 11. Orientationally ordered clusters
of rods on the surface are indicated via different colors for visual aid.
(g) S† for λ = 11 as a function of the radial distance on the
supraparticle surface for experiments and simulations.

Table 2. Final volume fractions of colloidal particles in
supraparticles at high relative humidity (10 ≤ Pee ≤ 70).
The last column shows the theoretically expected values for
random packing in bulk dispersions

λ ϕ0 ϕf Theoretically expected ϕf

1 0.011 ± 0.001 0.61 ± 0.06 0.6648,0.6884,86,0.6985

4 0.011 ± 0.001 0.59 ± 0.03 0.5348,0.5584,0.5980,0.6185

6 0.013 ± 0.002 0.57 ± 0.08 0.5186,0.5585

11 0.081 ± 0.001 0.52 ± 0.04 0.4086,0.4384,0.4480,0.4885
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200 and 30 ≤ Pes ≤ 50), however, the supraparticle surface was
occupied by a mixture of ellipsoids and spheres [Figures 6(b,
d), S12].

The cross-sectional SEM images indicated a single layer of
ellipsoids oriented parallel to the interface under high relative

humidity conditions [Figure 7]. It was followed by a
homogeneous mixture of the ellipsoids and spheres inside

the supraparticle, irrespective of the ellipsoid aspect ratio and
evaporation rate [Figures S13 and S14]. To elucidate the
effect of mixing spheres and ellipsoids on the final volume
fraction of colloidal particles in the supraparticles, we
computed ϕf using image analysis of the evaporation videos
as described previously. Here, we observed again a decrease in
ϕf with increasing aspect ratio of the ellipsoids [Table 3]. This
decrease in ϕf can be rationalized by the random packing of
ellipsoids in our supraparticles, which introduces additional
constraints on the packing of spheres. The final particle volume
fractions obtained at low relative humidity were slightly smaller
than those at high relative humidity. These findings support

Figure 5. (a) Global nematic order parameter, S, for bulk (empty
symbols with dashed lines) and diffusion-limited simulations of
droplets (filled symbols with solid lines). (b) Pećlet number
dependence of global nematic order parameter in drying droplet for
λ = 11. Simulation cross-section snapshots of final supraparticles are
shown for Pee = 1 (red) and Pee = 140 (orange). Lines are guides for
the eye only.

Figure 6. SEM images of the surface of supraparticles composed of
sphere−ellipsoid mixtures, with ellipsoids having (a, b) λ = 4 and (c,
d) λ = 11. (a) & (c) correspond to high relative humidity experiments
(40 ≤ Pee ≤ 50 and Pes = 10), while (b) & (d) correspond to low
relative humidity (130 ≤ Pee ≤ 200 and 30 ≤ Pes ≤ 50). Figure S12
shows the supraparticle surfaces for λ = 6 at low and high relative
humidity.

Figure 7. Cross-section SEM images near the surface of the
supraparticles which were composed of sphere-ellipsoid mixtures.
(a) λ = 6 at low relative humidity (Pee = 120 and Pes = 30) and (b) λ
= 11 at high relative humidity (Pee = 50 and Pes = 10).

Table 3. Final volume fractions of colloidal particles in
supraparticles composed of sphere-ellipsoid mixtures at
high relative humidity (40 ≤ Pee ≤ 50 and Pes = 10) and at
low relative humidity (130 ≤ Pee ≤ 200 and 30 ≤ Pes ≤ 50)

λ ϕ0 ϕf high RH ϕf low RH

4 0.0066 ± 0.0002 0.59 ± 0.02 0.54 ± 0.02
6 0.0066 ± 0.0004 0.52 ± 0.03 0.50 ± 0.03
11 0.0066 ± 0.0004 0.48 ± 0.03 0.45 ± 0.03
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our hypothesis that fast drying can be leveraged to prevent the
systems from relaxing into a close-packed configuration.

Complementary drying simulations of sphere−rod mixtures
were performed starting with a total initial volume fraction ϕ0
= 0.08, with equal initial volume fractions of rods (ϕ0, e) and
spheres (ϕ0, s), i.e., ϕ0, e = ϕ0, s = 0.04. As with the pure rod
systems, simulations with and without hydrodynamic inter-
actions did not show any significant differences [Figure S15],
suggesting that hydrodynamic interactions between the
particles again play a negligible role in these systems.
Accordingly, we also performed simulations without hydro-
dynamics for larger droplets with R0 = 100de to improve
statistics.

The sphere and rod volume fractions were computed as a
function of radial position in the supraparticle from their
respective number density profiles [Figures 8 and S16]. Figure

8 shows the volume-fraction profiles at initial, intermediate,
and final stages of drying for rods with λ = 11, in the case of
the (a) diffusion-limited drying regime (Pee = 1) and (b)
evaporation-limited drying regime (Pee = 140). For both
regimes, a thin shell of rods formed at the supraparticle surface,
followed by a region predominantly occupied by spheres. This
segregation was observed consistently for all aspect ratios of
rods and all drying speeds. This behavior was in contrast with
the experiments, where we observed a homogeneous
distribution of ellipsoids and spheres on the surface at low
relative humidity. Similar differences in the surface structure
have been reported previously for supraparticles composed of
bidisperse sphere mixtures,5 which have been attributed to the

lack of hydrodynamic interactions in most simulation
models.62,63 However, we were able to rule out this effect for
our systems, by performing simulations with and without
hydrodynamic interactions, which yielded virtually identical
results [Figures S15 and S16]. Another source for the
discrepancy between experiments and simulations could be
finite-size effects, given that the ratio between the characteristic
size of the supraparticle and the colloidal particles is about 10
for the longest rods in the simulations, whereas it is close to
150 in the experiments. Even with our coarse-grained
approach, it is currently impossible for us to reach such large
size ratios in the simulations, so we cannot rule out this point
entirely. However, we note that our simulations with half initial
droplet diameter (and half final supraparticle diameter)
showed the same qualitative behavior as the larger droplets
[Figure S16]. The difference in surface structure might also
stem from the stabilization of the dispersions with SDS, which
might lead to interfacial effects that are not captured by the
simulation model.

Visual inspection of the cross-section snapshots in the
evaporation-limited drying simulations showed that the
interior of the supraparticles consisted of randomly packed
rods, with spheres filling the interstitial spaces. In contrast, in
the diffusion-limited drying regime, the cross sections showed
small nematic bundles of rods along with some randomly
packed rods and spheres for aspect ratios 6 and 11. To better
understand this behavior, we performed additional bulk
simulations of the sphere−rod mixtures with volume fractions
ranging from 0.10 to 0.60 using the same equilibration
procedure as for the pure rod systems. For the largest aspect
ratio, λ = 11, the mixture started to phase separate at ϕ = 0.4
and at higher packing fraction, ϕ = 0.5, the mixture was
demixed and the rods were nematically aligned. For the other
two cases, λ = 4 and 6, the system remained in a mixed phase
throughout [Figure S17]. We compared the global nematic
order in the two bulk simulations (pure rods and sphere−rod
mixtures) and observed that the global nematic ordering of the
rods was almost completely suppressed in the presence of
spheres for λ = 4 and 6 [Figure S18]. In accordance with the
observations from the bulk simulations, the drying simulations
showed the formation of nematic bundles of rods for λ = 11 in
the diffusion-limited drying regime. In comparison with the
pure rod systems, global nematic order in the droplets was
completely suppressed in the presence of spheres [Figures
5(a), S19].

■ CONCLUSIONS
We demonstrated that spherical supraparticles could be
fabricated by using ellipsoidal particles or mixtures of spherical
and ellipsoidal particles. We systematically investigated the
effect of drying speed on the structure formation and
characterized the different drying regimes through the
dimensionless Pećlet numberPe. In the evaporation-limited
drying regime, experiments (40 ≤ Pee ≤ 70) and simulations
(70 ≤ Pee ≤ 140) showed short-range ordering of the
ellipsoidal particles on the supraparticle surface and random
packing in the interior. In the diffusion-limited regime (Pee ≤
1), which we could only explore by simulations for practical
reasons, we found increased ordering of rods on the
supraparticle surface and the formation of nematically ordered
bundles of rods in the interior. Our findings demonstrate the
potential to control the degree of ordering of elongated
particles by adjusting their aspect ratio and/or the evaporation

Figure 8. Volume-fraction profiles for mixtures of spheres (ϕs,
orange) and rods (ϕe, black) with λ = 11, computed from drying
simulations with (a) Pee = 1 (b) Pee = 140. Dotted gray lines in the
plots indicate the total particle volume fraction in the droplet when
the volume fraction profiles were computed (ϕ = 0.08,0.16,0.64).
Insets show cross-sectional snapshots at ϕ = 0.64.
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rate. The good agreement between experiments and
simulations underlines the broad applicability of our strategy.
Similar drying experiments can be conducted with, e.g., silica
or gold rods for creating supraparticles for various applications,
such as sensing or light scattering. Furthermore, the volume
fraction of colloidal particles in the final supraparticles
decreased with increasing aspect ratio, thus showing a pathway
for creating porous supraparticles for catalytic applications.1

When forming supraparticles from a sphere−ellipsoid
mixture at high relative humidity conditions, the supraparticles
exhibited an ellipsoid-rich surface monolayer. Simulations
indicated an additional sphere-rich region just beneath the
surface. This finding hints at the possibility of creating
supraparticles with a core−shell morphology by finely tuning
the ellipsoid aspect ratio and sphere diameter. Supraparticles
made from sphere−ellipsoid mixtures also showed an increase
in porosity with increasing ellipsoid aspect ratio. Porosity of
these supraparticles could be further increased by subsequently
sacrificing the spherical particles, as previously reported for
bidisperse sphere mixtures.1,95 Based on our observations, one
could also fabricate smaller supraparticles that can be used as
nanocarriers in specialized applications, such as targeted drug
delivery, where the drug itself forms one of the components.
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Fig. S1: (a) zoom-in and (b) zoom-out SEM images showing the surface 
morphology of silicone nanofilament-coated glass substrates (c) photo of the
substrate.

(c)



Fig. S2: Schematic depicting the preparation of polystyrene (PS) ellipsoids.
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Fig. S3: 3D reconstruction of droplet using solid of revolution (green) compared
with a sphere (gray). The inset shows an image of a droplet, in which disc-shape
slices are determined for performing solid of revolution.



Fig. S4: SEM images showing the spherical final morphology of supraparticles 
composed of ellipsoids of (a) 𝜆 = 6 at 𝑃𝑒e = 50 (b) 𝜆 = 11 at 𝑃𝑒e = 70 and sphere-
ellipsoid mixtures with ellipsoids of (c) 𝜆 = 4 at 𝑃𝑒s = 10 and 𝑃𝑒e = 40 (d) 𝜆 = 4 at 
𝑃𝑒s = 30 and 𝑃𝑒e = 130  (e) 𝜆 = 11 at 𝑃𝑒s = 10 and 𝑃𝑒e = 50 .



Fig. S5: SEM images of supraparticle surfaces, composed of ellipsoids 
of 𝜆 = (a) 4, (b) 6, and (c) 11 at 170 ≤ 𝑃𝑒e ≤ 200 (left column).The 
corresponding supraparticles showed buckling (right column).



Fig. S6: (a-c) Orientational order parameter calculated from the surface SEM 
images. (d-f) show the Péclet number dependence of orientational order
parameter.

     

 
 

 
 

 
 

 
 

 
 

                          

 
 

 
 

 
 
 
  
 
  
  
  
 
 
  
 
 
  
 
  
 
  
 
  
 
 

 

   

   

   

   

   

   

                 

 

   

   

   

   

   

   

   

     

 
 

 
 

 
 

 
 

 
 

                          

 

 

 

 

 
 
 
  
 
  
  
  
 
 
  
 
 
  
 
  
 
  
 
  
 
 

 

   

   

   

   

   

   

                 

 

   

   

   

   

   

   

   

     

 
 

 
 

 
 

 
 

 
 

                          

 
 

 
 

 
 
 
  
 
  
  
  
 
 
  
 
 
  
 
  
 
  
 
  
 
 

 

   

   

   

   

   

   

                 

 

   

   

   

   

   

   

   

               

    

   

   

   

   

   

   
 

           

    

   

   

   

   

   

   

 

   
 
    

   
 
    

   
 
    

   
 
     

   
 
             

   
 
    

   
 
    

   
 
    

   
 
     

     

     

      

               

    

   

   

   

   

   

   

 

   
 
    

   
 
    

   
 
     

   
 
      

   
 
             

   

   

   

   

   

   

   
 
             



Fig. S7: Simulation snapshots showing the surface morphology of the supraparticles 
obtained from multi-particle collision dynamics (MPCD) and Langevin dynamics (LD) 
simulations for varying aspect ratios 𝜆 and Péclet numbers 𝑃𝑒.
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Fig. S8: The cross-section SEM images of supraparticles composed of  𝜆 = 6 

ellipsoids at 𝑃𝑒e = 50. Images were obtained by zooming out from the 

same region of interest (from (a-c)). 



𝜆 = 4

𝜙 = 0.10 𝜙 = 0.30 𝜙 = 0.60

𝜆 = 6

𝜙 = 0.10 𝜙 = 0.30 𝜙 = 0.50

𝜆 = 11

𝜙 = 0.10 𝜙 = 0.30 𝜙 = 0.50

Fig. S9: Bulk simulations of pure-rod suspensions of varying aspect ratios (rows) 
and varying packing fractions (columns).



Fig. S10: Global order parameter obtained from bond order parameter in 

the bulk systems consisting of rods of varying aspect ratios.



Fig. S11: Order parameter for drying droplet simulations with varying 

aspect ratios of rods, (a) 4, (b) 6, and (c) 11. 

    

    

    

 
     

   

   

   

 

   
 
    

   
 
    

   
 
    

   
 
    

   
 
    

   
 
     

     

   
 
     

   
 
      

                  
   

   

   

   

 

   
 
    

   
 
          

   
 
    

   
 
     



Fig. S12: SEM images showing the supraparticle surfaces composed of sphere-
ellipsoid mixtures with ellipsoids of 𝜆 = 6 at (a) Pee = 50 and Pes = 10, (b) Pee =
120 and Pes = 30.



Fig. S13: The cross-section SEM images of supraparticles composed of sphere-

ellipsoid mixtures with ellipsoids of 𝜆 = 11 at 𝑃𝑒e = 50 and 𝑃𝑒𝑠 = 10. Images were 

obtained by zooming out from the same region of interest (from (a-c)). The cross-

section images indicated a thin crust of ellipsoids on the surface followed by a 

random distribution of the ellipsoids and spheres inside the supraparticle.



Fig. S14: The cross-section SEM images of supraparticles composed of sphere-
ellipsoid mixtures with ellipsoids of 𝜆 = (a) 4, (b) 6, and (c) 11. The left column 
represents evaporation at 40 ≤ 𝑃𝑒e ≤ 50 and 𝑃𝑒s = 10 and the right column 
represents evaporation at 130 ≤ 𝑃𝑒e ≤ 200 and 30 ≤ 𝑃𝑒s≤ 50.



Fig. S15: Comparison of Langevin dynamics and multi-particle collision dynamics 

drying simulations.



Fig. S16: Volume fraction profiles for rod (𝜆 = 11) sphere mixture droplets with 
MPCD and LD methods.
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λ=6

λ=11

𝜙 = 0.10

Fig. S17: Bulk simulations of sphere-rod mixtures of varying aspect ratios 

(rows) and varying packing fractions (columns).
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Figure S18: Global nematic ordering in bulk simulations of pure rods 
(dashed) and sphere-rod mixtures (solid)



Figure S19: Global nematic ordering in droplets containing sphere-rod 
mixtures for (a) 𝜆 = 4, (b) 𝜆 = 6 and (c) 𝜆 = 11.



Summary and outlook 6
Advancements in particle synthesis techniques and recognition of the fact that particle shapes
and interactions are key factors for the engineering of novel functional materials, has garnered
significant interest in the scientific community over the last few decades. Nanoparticles of
different shapes, such as cubes, rods, ellipsoids, tetrahedra, can now be synthesized with
high precision and yield. Understanding the influence of shape on the nanoparticle dynamics
and assembly is crucial for scientific and practical purposes. In this thesis, we investigated
the dynamics and evaporation–driven assembly in colloidal suspensions using molecular
dynamics simulations.

On the dynamics side, we first studied the transport properties – diffusion and sedimentation
– in colloidal suspensions consisting of spherical particles. Colloidal suspension was described
using a discrete particle model for the particles which were coupled with the multi–particle
collision dynamics solvent (MPCD). In the discrete particle model, a single particle was
represented as a mesh of point (vertex) particles that were connected by harmonic springs.
We performed bulk simulations for a wide range of volume fractions and compared the
MD+MPCD simulations with experimental measurements, theoretical predictions and Brow-
nian dynamics simulations with free draining hydrodynamics (BD) and pairwise far–field
hydrodynamics (RPY). In general, we found that the MPCD results were comparable with
expectations from experimental measurements, theoretical predictions and RPY simulations.
We found discrepancies in the short–time self–diffusion coefficients between MPCD and RPY
simulations, which was likely due to partial coupling of the colloids with the MPCD solvent at
short–times. At longer times, a proper coupling was achieved, resulting in expected volume
fraction dependence of the self–diffusion and sedimentation coefficients. This indicated the
presence of hydrodynamic interactions between colloidal particles in the MPCD simulations.

Taking advantage of the flexibility of the discrete particle model, we extended the scope
of our study to investigate suspensions consisting of shape–anisotropic nanoparticles. We
considered shapes such as cube, octahedron, tetrahedron, and spherocylinder. In line with
our previous investigations, we performed bulk simulations for a range of volume fractions
while ensuring to stay in the fluid phase for all the shapes. For the regular polyhedral shapes
we found that shape had a clear influence on their transport properties, where we had
fixed the edge length of the different polyhedra to aid comparison. At very low volume
fractions, cubes and octahedra diffused slower than spheres, while tetrahedra diffused faster.
This trend was consistent with expectations from a correlation based on sphericity of the
different shapes and an approximation using spherical analogues with diameter equal to the
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mean of circumscribing and inscribing sphere diameters. The diffusion and sedimentation
coefficients showed varying volume fraction dependence, that was strongest for tetrahedra
and weakest for spheres, with cubes and octahedra exhibiting intermediate behavior. The
strong volume fraction dependence of the tetrahedra was attributed to the formation of
pentagonal dipyramids at higher volume fractions.

For spherocylinders with small aspect ratios (λ ≤ 2), we observed that the diffusion coefficient
at low volume fractions aligned with the theoretical expectations, slowing with increasing
aspect ratios. The volume fraction dependence of the transport properties deviated marginally
in comparison to spheres, with significant deviations expected at higher aspect ratios, where
it is known that the isotropic–nematic transition occurs at lower volume fractions.

On the assembly side, we probed the structure formation in supraparticles formed from
the evaporation of colloidal droplets consisting of rod–like and/or spherical particles. The
parameters of interest were the droplet evaporation rate and particle aspect ratios. We found
that the orientational ordering and packing of the rod–like particles within the supraparticles
was dependent on the evaporation rate and particle diffusion rate, which was characterized
by the dimensionless Péclet number (Pe). At high Pe, we observed that particles tended
to accumulate at the drying interface, resulting in random packing of rod–like particles
inside the supraparticle. Experimental measurements indicated that random packing of
elongated particles increased supraparticle porosity, which increased with aspect ratios of
the elongated particles, suggesting applications in catalysis processes. On the other hand,
at low Pe, rod–like particles could attain entropically favoured configurations, resulting in
orientationally ordered clusters inside the supraparticles.

Supraparticles formed from rod–sphere mixtures exhibited a top layer rich in rods and a
sphere–rich region just beneath it. This suggested that one could probably form supraparticles
with a core–shell morphology by carefully tuning the aspect ratios of the rod–like particles
and the sphere diameters. Similar to our previous observation, orientational ordering of the
rod–like particles could be controlled through the evaporation rate.
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