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Abstract

Implicit models of passive, equilibrium systems have been used for many years to
study and understand the physical behavior of such systems. Given the success of
understanding equilibrium systems through such models, recent studies have focused
on coarse-graining non-equilibrium systems. However, non-equilibrium systems are
highly dependent on the system’s dynamic properties, which are necessarily altered
in a coarse-grained model. Furthermore, certain assumptions which are made
in equilibrium coarse-grained modeling are no longer valid beyond equilibrium.
Therefore, coarse-graining of non-equilibrium systems must be done with extreme
care and consciousness of the true system dynamics.

Perhaps the most ubiquitous example of a coarse-grained model is the Brownian
particle model, in which the motions of fluid particles surrounding a much larger,
immersed particle are only implicitly represented to eliminate these degrees of
freedom. In this thesis, we address the question: what happens when the fluid is far
from equilibrium? We explore the dynamics of a passive probe particle immersed in
an active bath and its implications for coarse-grained modeling. We use effective
generalized Langevin equations, which explicitly include memory effects, to examine
the immersed probe dynamics.

In the first part of this thesis, we classify the behaviors that signify the system’s non-
equilibrium nature. Although the probe adopts many active-particle-like behaviors,
the trajectory of the probe does not exhibit obvious non-equilibrium signatures. To
tell that the probe is out of equilibrium requires examination of its behavior in tandem
with that of the active fluid. Alternatively, applying a small perturbation to the probe,
reveals a violation of the first fluctuation dissipation theorem. In the second part of
this thesis, we determine the mechanism behind the active-particle-like behavior of
the probe. This behavior cannot simply be attributed to the convective motion of
the active bath. Instead, the boundary of the probe contributes significantly to these
adopted dynamics by causing active bath particles to accumulate behind the probe
with respect to its instantaneous velocity. This gathering of active bath particles then
pushes the probe, which in turn promotes its active-particle-like behavior. In the
final part of this thesis, we map the dynamics of a probe immersed in an active bath
and subject to an external force onto an equilibrium coarse-grained model. We find
that this system can be mapped onto a physically meaningful coarse-grained model.
However, due to the activity of the bath, the external force in such an equation is
not equal to the physical external force, but rather a renormalized external force.






Zussamenfassung

Implizite Modelle von passiven Gleichgewichtssystemen (GGS) werden seit vielen
Jahren verwendet, um das physikalische Verhalten solcher Systeme zu untersuchen
und zu verstehen. Angesichts dieses Verstédndniserfolges von GGS haben sich neuere
Studien auf coarse-grained (cg) Nicht-Gleichgewichtssysteme (NGGS) konzentriert.
NGGS sind jedoch in hohem MaRe von dynamischen Eigenschaften des Systems
abhingig, die in einem cg Modell zwangslaufig verandert werden. Auflerdem sind
bestimmte Annahmen der cg Modellierung von GGS jenseits des Gleichgewichts
nicht mehr giiltig. Daher muss die cg Modellierung von NGGS mit duf3erster Sorgfalt
und im Bewusstsein der tatsdchlichen Systemdynamik durchgefiihrt werden.

Eins der bekanntesten Beispiele eines cg Modells ist das Brownsche Teilchenmodell.
In diesem werden die Bewegungen von Fliissigkeitsteilchen, die ein viel grof3eres
Teilchen umgeben, nur implizit dargestellt, um die Freiheitsgrade zu eliminieren.
Hier beschéftigt uns die Frage: Was passiert, wenn das Bad weit vom Gleichgewicht
entfernt ist? Wir untersuchen die Dynamik eines passiven Probeteilchen, das in ein
aktives Bad eingetaucht ist, und deren Auswirkungen auf die cg Modellierung. Wir
verwenden effektive verallgemeinerte Langevin-Gleichungen, die explizit Memory
Effects einschlieen, um die Dynamik der eingetauchten Probe zu untersuchen.

Im ersten Teil dieser Arbeit klassifizieren wir die Verhaltensweisen, die die Nicht-
Gleichgewichtsnatur des Systems kennzeichnen. Obwohl die Probe viele Aktivteilchen-
dhnliche Verhaltensweisen zeigt, weist die Flugbahn der Probe keine offensichtlichen
Nicht-Gleichgewichtssignaturen auf. Um festzustellen, dass die Probe nicht im
Gleichgewicht ist, muss ihr Verhalten im Tandem mit dem der aktiven Fliissigkeit
untersucht werden. Alternativ kann eine kleine Stérung der Probe eine Verletzung
des ersten Fluktuationsdissipationstheorems aufzeigen. Im zweiten Teil bestimmen
wir den Mechanismus, der hinter dem Aktivteilchen-dhnlichen Verhalten der Probe
steht. Dieses Verhalten kann nicht auf die konvektive Bewegung des aktiven Bades
zuriickgefiihrt werden. Stattdessen tragt die Begrenzung der Probe wesentlich zu der
angenommenen Dynamik bei. Sie bewirkt, dass sich aktive Badteilchen hinter der
Probe in Bezug auf ihre momentane Geschwindigkeit ansammeln. Diese Ansamm-
lung aktiver Badteilchen schiebt die Probe an, was ihr Aktivteilchen-dhnliches
Verhalten fordert. Im letzten Teil bilden wir die Dynamik einer in ein aktives
Bad eingetauchten und einer dufleren Kraft ausgesetzten Probe auf ein cg Gle-
ichgewichtsmodell ab. Wir sehen, dass das System auf ein physikalisch sinnvolles,
cg Modell abgebildet werden kann. Aufgrund der Aktivitdt des Bades ist die dul’ere
Kraft in einer solchen Gleichung jedoch nicht gleich der physikalischen duf3eren
Kraft, sondern eher eine renormierte duflere Kraft.
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Introduction

The systems that we encounter in everyday life generally occur on macroscopic
length scales, meaning that they consist of a number of particles at least on the
order of magnitude of Avogadro’s number. Consequently, it is intractable to derive
their macroscopic behaviors from a microscopic starting point. However, some of
the difficulties of deriving macroscopic behaviors can be mitigated if the system has
processes which occur on different length and time scales.

In this case, the fast degrees of freedom in the system can be integrated out, under
the assumption that their effects are irrelevant to the slow degrees of freedom. Most
commonly, the interactions between the fast and slow degrees of freedom are then
represented as stochastic noise and systematic dissipation rather than being explicitly
calculated. This method is one type of coarse-grained modeling. One of the most
common examples of this type of modeling is that of a large particle immersed in a
fluid of significantly smaller particles. In this case, the motions of the fluid particles
are only represented implicitly, rather than explicitly. This model is known as the
Brownian particle model.

Such implicit models make studying the properties of macroscopic systems much
more feasible because they greatly reduce the degrees of freedom in the system.
Therefore, it is of great importance to find implicit models for systems of interest.
However, in order to make implicit models that accurately represent the dynamics
of a system, it is necessary to determine the form of the fluctuating and dissipative
forces of that particular system, which requires careful consideration of its physical
properties as well as data from experimental or explicit all-atom simulations. Fur-
thermore, not all systems have dynamics which occur on well-separated time scales,
in which case interactions between the fast and slow degrees of freedom are time
dependent. Coarse grained models for such systems can still be constructed using
the Mori-Zwangzig formalism, however, this method is only feasible for relatively
simple systems.

In addition to being macroscopic, most systems that we encounter are non-equilibrium,
i.e. they are subject to the continuous addition and/or dissipation of energy. Such
systems pose a challenge for coarse-graining because they do not necessarily reach a
stationary probability distribution and fluctuation-dissipation relations are no longer
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guaranteed to be valid. Consequently, coarse-graining methods from equilibrium
must be applied with care to non-equilibrium systems and thorough understanding
of the system dynamics is necessary. One particular class of non-equilibrium systems
is active matter systems, in which bodies within the system exhibit self-propulsion,
thereby adding energy to the system. Such active systems exhibit significantly dif-
ferent behavior from passive systems due to their non-equilibrium nature; however,
they are simple enough to model that they provide an excellent testing ground for
coarse-grained models out of equilibrium.

To facilitate the understanding and further study of such systems, we investigate
the stochastic and dissipative forces that are present in mixed passive and active
systems. In particular, we investigate such forces in the system of a passive probe
immersed in a bath of active particles. The first part of this thesis provides a literature
review of relevant research areas. We first recapitulate previous work concerning
stochastic, implicit modeling for equilibrium systems. In particular, we focus on
the most common types of equations used to describe such models: Langevin
(Chapter 2) and Fokker-Planck (Chapter 3) equations. In Chapter 2, we particularly
emphasize systems which do not necessarily have well-separated time/length scales
and, consequently, must be described by a generalized Langevin equation.

The success of implicit models relies on adequate knowledge of the stochastic
and dissipative forces in a system. We therefore describe linear response theory
in Chapter 4, which allows us to derive a direct relation between stochastic and
dissipative forces. We furthermore introduce the field of microrheology in Chapter 5,
which also enables the acquisition of stochastic and dissipative properties. Following
this, in Chapter 6, we introduce the idea of active matter systems and highlight the
research in this field which we find to be relevant to understanding the dynamics of
our system. In Chapter 7, we describe the details of how we simulated our model
system.

In the second part of this thesis, we investigate the non-equilibrium signatures of a
passive probe immersed in an active bath. Given that previous studies have shown
that a probe immersed in an active bath behaves like an active particle itself, we
begin by diagnosing the non-equilibrium signatures of an active particles itself in
Chapter 8. We then use these results to search for the non-equilibrium signatures of
the probe in Chapter 9. We conclude this section in Chapter 10.

The third part focuses on understanding the mechanism through which a probe
immersed in an active bath acquires properties similar to those of an active particle
itself. Specifically, we aim to disentangle the convective properties of the active bath
from those which are resultant of boundary interactions. We therefore expand our

Chapter 1 Introduction



study to encompass probes of different sizes and examine their kinetic temperature
in Chapter 11. To isolate the bath’s convective properties, we study a transparent,
convective probe immersed in an active bath in Chapter 12. We then assess the
importance of boundary interactions by calculating the spherical harmonics of
the bath in the vicinity of the probe in Chapter 13. We conclude this section in
Chapter 14.

In the fourth and final part, we subject a probe immersed in an active bath to two
types of external forces which are highly relevant to microrheological studies: a
harmonic, trapping force in Chapter 15 and a constant, ‘drag’ force in Chapter 16.
We then map the dynamics of these probes to a coarse-grained model and gauge the
physical implications of such a mapping. We conclude this section in Chapter 17.
In Chapter 18, we summarize our findings and conclude with an outlook on future
research.

11



Part I

Background



The Langevin equation

Implicit models eliminate fast degrees of freedom and only explicitly represent slow
processes in the system. However, they maintain dynamics which are largely similar
to those of the original system through the addition of random, stochastic noise and
systematic, dissipative forces. These forces mimic the effects of the ‘irrelevant,” fast
variables in the explicit system. One of the most famous and well studied examples
of this type of modeling is that of Brownian motion [1, 2, 3, 4, 5]. The Brownian
particle model describes a large particle which is immersed in a solvent fluid made
up of significantly smaller particles. Due to the difference in size between the solvent
particles and the immersed particle, the time scales associated with the solvent fluid
are fast compared to those of the immersed particle. The random collisions between
the immersed particle and the solvent fluid particles can be represented by stochastic
noise and a linear dissipative term. The equation of motion associated with the
dynamics of the larger, immersed ‘Brownian’ particle is known as the Langevin
equation [5]:

mv(t) = —yv(t) + T'(¢), (2.1)

where m is the mass of the larger, immersed particle and v is its velocity. For a
particle of radius R immersed in a fluid with viscosity n, the damping constant is

~v = 6wnR [6]. From this damping constant, we can also define a translational
kpT
o
term on the right-hand side of Eq. (2.1) represents the dissipative, damping force on

diffusion coefficient Dy = using the Stokes—Einstein relation [7, 8]. The first
a particle from the fast degrees of freedom. The second term of Eq. (2.1) represents
the fluctuating, stochastic force on a particle from these same degrees of freedom. In
the physical picture, this term mimics the occasional collisions between the immersed
and solvent particles. The stochastic force (T'(¢)) can be represented by Gaussian
white noise such that:

(COITE) =0 (Ti(6)|T;(t)) = 2vksTo:;6(t —t'). (2.2)

13
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The Mori-Zwanzig formalism

However, Eq. (2.1) assumes that there is a perfect separation of times scales, essen-
tially assuming that the mass of the immersed large particle is infinite compared to
that of the smaller bath particles. In this case, the system is ‘Markovian,” meaning
that its future dynamics are governed only by its current state, i.e. it has no ‘memory.’
Systems which do not have a perfect separation of time scales are ‘Non-Markovian’
and the memory of the system is important in determining future behavior.

To include memory effects in implicit models of systems in which there is not a
perfect separation of time scales, we can use the Mori-Zwanzig projection operator
formalism [9, 10, 11, 12]. The Mori-Zwanzig formalism assumes a system of N
particles defined by the Hamiltonian equations of motion:

g M

t opi

. on (2:3)
pl - aqlv

for a particle ¢ in a system with Hamiltonian H where variables £ = {{q;},{pi}}
describe the phase space of the system. The time dependence of any relevant variable
in the system, {A4;(&)}, is:

d oH 9 OH O B
TAEO) = |5 e~ G A = L4 @24

i
where £ is the Liouville operator, which describes the evolution of the phase space
probability distribution over time. For simplicity of the derivation, we assume that
A; is a scalar; however, this derivation can easily be extended to vector variables.
The solution of Eq. (2.4) is:

A;i(t) = exp (£t)A;(0). (2.5)

Now, for illustrative purposes, we assume our system is in equilibrium such that its
phase space variables are Boltzmann distributed according to:

(2.6)

_exp(=BH(C))
P& = Tag exp (BH(E)’

where 8 = 1/kpT. However, this assumption is not necessary for the Mori-Zwanzig
formalism. The Mori-Zwanzig formalism only requires that the stochastic process is

Chapter 2 The Langevin equation



stationary, i.e. the system can be described with a probability density and stochastic
equations of motion which do not explicitly depend on time.

With the probability density of our system, as described in Eq. (2.6), we can then
define a scalar product between system observable A and B,

(AlB) = [ dg p©) 4O B"(€), @.7)

to determine the correlation between the two observables. From this definition we
can then define a projection operator P which can be used to differentiate between
relevant and irrelevant dynamic variables. Acting P on another observable of the
system, B, gives:

PB =33 (4;|B) [(A|A)*1Lj A, (2.8)
i ’
which projects the selected observable on the entire space of relevant variables { 4;}.
The converse projector, @ = 1 — P, consequently projects an observable onto the
entire space of irrelevant variables. With these definitions of P and @ combined
with Eq.(2.4), after some transformations, we can write [9, 13]:

S AE(0) = 19A0) — [ dsKult — 9)45(s) + Tift). 2.9)
dart 0

The first term of Eq. (2.9) represents the direct interactions between relevant observ-
ables, where we define the frequency matrix of the relevant variable interactions,
iQ2;5, as:

i = —(AxlLAy) [(A1A) 7 (2.10)

Because the Mori-Zwanzig formalism is a linear theory, non-linear interaction forces
and dissipative terms are absorbed in the random force term and a renormalized
memory kernel. This linearization is not always desirable; therefore, a number of
modified projection operator formalisms have been proposed [13, 14, 15, 16]. Since
the particle described in Eq. (2.1) is not subject to a potential, this term has no
analogous counterpart in Eq. (2.1).

The third term of Eq. (2.9) corresponds to the random fluctuations of the force due
to interactions between relevant and irrelevant variables. This term is analogous to
the stochastic force of Eq. (2.1) and is given by:

Ti(t) = exp (QLt) QLA;. (2.11)

2.1 The Mori-Zwanzig formalism

15
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The second term of Eq. (2.9) corresponds to the dissipative forces due to interactions
between the relevant and irrelevant variables, where

Kji(t) = (LATi()) [<A|A>*1]jk. (2.12)
This is analogous to the dissipative term of Eq. (2.1), —yv(t). The form of the

dissipative term in Eq. (2.1) is only valid in the limit that there is a perfect separation
of time scales.

In the case that time scales are not perfectly separated, when we consider observables
{A;} to be the position and velocity of a particle, Eq. (2.9) can no longer be
approximated as Eq. (2.1), but instead as:

MV(t) = — /Ot ds K(t —s)V(s) + T'(t), (2.13)

where M is the particle mass, V(t) is its velocity, K (¢t — s) is the memory kernel,
and I'(t) is the stochastic force. This equation is known as the generalized Langevin
equation (GLE). In this equation we have again assumed that the particle is not
subject to external forces, so the first term of Eq. (2.9) is eliminated. The second
term, analogously to Eq. (2.9), is the friction force. The important difference to
note between the friction of Eq. (2.13) and that of Eq. (2.1) is that, in Eq. (2.13),
the friction force depends on the entire history, or ‘memory,” of the particle. This
dependence is because of the non-Markovian nature of the system. The third and
final term again represents the random collisions of the particle with the implicit
bath.

Calculation of the memory kernel and stochastic forces

While there have been many techniques created to extract the memory kernel from
simulations [17, 18, 19, 20, 21, 22, 23, 24], we use the technique proposed by
Shin et al. [17], which we will refer to as the inverse Volterra technique, because
this is the most direct method of extraction. This technique relies on transforming
Eq. (2.13) into the Volterra equation:

MCy(t) = — /0 " AsK(t— $)Cy (s), (2.14)

where Cy (1) = + fOT ds V(t 4+ s) V(' + s) in the limit T — oo is the velocity
autocorrelation function (VACF). The transformation of Eq. (2.13) into Eq. (2.14)

Chapter 2 The Langevin equation



is done simply by multiplying Eq. (2.13) by V(0). It is important to note that
Eq. (2.14) is free of stochastic noise because, by definition, the stochastic noise must
be orthogonal to all relevant variables; thus, (I'(¢)|V(0)) = 0.

Although this equation itself can already theoretically be inverted to determine the
memory kernel, Shin et al. [17] showed that it is more stable to invert a Volterra
equation of the second kind. We can obtain such an equation by taking the time
derivative of Eq. (2.14), from which we find,

MCiy () = —Cy (0)K (1) — /0 " AsK(5)Cy (1 — 5). (2.15)

We can then identify the time derivatives of the VACF as:

Cv(t) = S (F(0)V(0)) = ~Cpv (1)

M M
. ) (2.16)

Cv(t) = 32 FOF0) = =75 Cr(1),
the velocity-force correlation function (VFCF) and the force-autocorrelation function
(FACF) of the particle, respectively.

From these correlation functions, we can reconstruct the memory kernel of the
colloid directly from our simulation data [17]:

1 Cr(iAt) — Yo wiCrv((j — k)ADK (kAt)

Cv(0) + %CFV(O) 7

K(jAt) = (2.17)

where At is the time resolution of the correlation function calculated from the
simulation and w; is a weight factor such that:

1 .
1 =0
wj=1%"7 (2.18)
1 j#0.
In addition to Eq. (2.17), we also know the initial condition that M K (0) = gi—ggg.

After reconstructing the memory kernel, we can exploit this knowledge to find the
stochastic noise of the system. We can do this by a trivial re-ordering of Eq. (2.13)
as [17]:

I'(t)=F(@)+ /Ot dsK (t — s)v(s), (2.19)

2.1 The Mori-Zwanzig formalism

17
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where F(t) is the instantaneous force acting on the particle, which is calculated dur-
ing the simulated trajectory. Thus, from Eq. (2.19), we can examine the properties
of the stochastic force.

The second fluctuation dissipation theorem

The dissipative and stochastic terms of Eq. (2.9) (thus Eq. (2.13) as well) can be
related through the Mori-Zwanzig formalism [9, 11, 10, 13] by inserting Eq. (2.11)
into Eq. (2.12). This relation is known as the second fluctuation dissipation theorem
(2FDT) [25]:

(T;(0)|T; (1)) = Kir(t)(Ag|A; ). (2.20)

When this relation is applied to the dynamics of Eq. (2.1), we recover Eq. (2.2). In
the case of the GLE (Eq. (2.13)), we can formulate the 2FDT as:

(LO)IT(1)) = M V") K (2). (2.21)

Although the validity of the 2FDT in non-equilibrium systems has been controversial
in literature [26, 27, 28, 29, 30, 31, 32], it can be explicitly shown that, if the
correlation function is described by an inverse Volterra equation such as Eq. (2.14),
then Eq. (2.21) must hold [33].

Chapter 2 The Langevin equation



The Fokker-Planck equation

In Chapter 2, we described the dynamics of a Brownian particle through its individual
trajectory. However, we would now like to change lenses and describe its evolution
through a probability density, P(x,t), where x is some observable. In order to make
this jump to a probability density, we will need to make three assumptions: that our
process is Markovian (i.e. it is described by Eq. (2.1) rather than Eq. (2.13)), that
our process is stationary, and that the noise is white and Gaussian distributed.

Because the probability distribution is a conserved quantity, we know its time
derivative must be balanced by a flux. Therefore, for a stationary, Markov process
we can write down that:

OP(x,
ot

where R(x,x’) is the transition rate between two states. This equation essentially

b _ / 42’ P(x', 1) R(x,x) — / 2’ P(x, )R, %), 3.1

states that the change in the probability distribution is equal to the difference
between the flow in and the flow out. Assuming that it is unlikely for a large jump
in space to occur (i.e. R(x,x’) ~ 0 for large (x — x’)), then we can rewrite Eq. (3.1)
as an expansion:

bd © (_1\k ok
POt 3 E T fasPlx 1) (3.2)

k=1

where ay(x) = [ de €*R(e,x) and R(x,x’) = R(x — x/,x') for a small variation, e.
This is known as the Kramers-Moyal expansion [34, 35].

If we now assume that R(x,x’) only varies slowly as a function of x and, therefore,
P(x.t) also varies slowly, then we can cut off the expansion after the second moment.
This results in the Fokker-Planck equation:

OP(x,t) 0 102

ot = T ox (1 (x)P(x,1)) + 3 9x2 (2 (x)P(x,1)) . (3.3)

19
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When Eq. (3.3) is applied to the dynamics of Eq. (2.1), then the resulting Fokker-
Planck equation for the probability density P(x, v, t) is:

). B.4)

, 2
—ap(’(;; vit) _ —(% (VP(x, v, ) + a% (%vp(x, v, t)) + ”fn‘?QT 0 P(g’;v’t
We would once again like to emphasize that Egs. (2.1) and (3.4) describe the same
dynamics, just through different lenses. Whereas Eq. (2.1) describes the dynamics
through a single trajectory, Eq. (3.4) describes the dynamics through the evolution of
the probability distribution over time. In order to move to the probability distribution
picture given by the Fokker-Planck equation, it is necessary to assume that the
system is Markovian. Therefore, the Fokker-Planck equation cannot describe systems
without perfect time scale separation. Such systems must instead be described by a
Langevin-type equation, in particular Eq. 2.9 of Section 2.1.

Chapter 3 The Fokker-Planck equation



Linear response theory

The response function of a system relates the change of an ensemble-averaged
observable to an external, perturbing force. The goal of linear response theory is
to determine the dynamical response function of an observable (6Y'(¢)) to a small
perturbation («(¢)), where «(t) is sufficiently small that §Y (¢) scales linearly with
a(t). The linear response of a classical system can be derived in a variety of manners
(see e.g. Refs. [9, 36, 37]). Here we follow the derivation of Ref. [9].

We assume that the system is initially (for ¢ < 0) characterized by an equilibrium
Hamiltonian Hy (&) with phase space variable £. Thus, the system has an unperturbed
distribution function:

mwz%fwm;zzﬁfwm7 (4.1)

where Z is the partition function and 5 = 1/kpT. The perturbed Hamiltonian is
then H (&, o) = Ho(€) — a(t) X (£), where X (&) is another system observable.

Due to the time dependence of the perturbation, the distribution function is also
now time dependent (f(¢,¢)) and evolves according to the Liouville equation:

of _
=~ {f.H) 42

= —Lof — Lia(t) f.
Here, L, is the unperturbed Liouville operator and £; is the Liouville operator of

the perturbation. L f is the Poisson bracket of Hy and f; £, f is the Poisson bracket
of —X and f.

Since we only want to find the first order response of the system, we now do a first
order expansion of f in powers of «(t):

f=fo+ fi+0(?, (4.3)

where fy and f; are the zeroth and first order terms respectively. Plugging Eq. (4.3)
into Eq. (4.2), we can now write two separate equations for the zeroth and first
order terms:
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0
% = —Lo fo, 4.4)

N o~ L0t o 4.5)

Because the system starts in equilibrium, «(t) vanishes for ¢ < 0. Therefore,
Egs. (4.4) and (4.5) are subject to the initial conditions:

fO(O) = feq§ fl(O) = 0. (4.6)
We know that £y foq = 0. Thus, solving Eq. 4.4, fo(t) = feq for all values of ¢.

Eq. (4.5) is an inhomogenous first-order differential equation with a vanishing initial
value. Consequently, we can write down the solution:

filt) = — /0 " ds e~ L0 £ a(s) fo(s). 4.7)

We can immediately substitute f,, for fo(s) from our solution to Eq. 4.4. Now,
explicitly writing the Poisson bracket £, f. and using the known distribution f.q,
we can write:

L£10(8) foq = —B(8)X feoq. (4.8)
Thus, Eq. (4.7) becomes:

A = /0 " ds Ba(s)e— DL X g, (4.9)

We can now use these results to find the time-dependent fluctuations of observable
Y:
§Y () =Y (t) — (Yeq)

, (4.10)
= [(as pats) [ae v(ee I8 g,
0

where (Y,q) is the equilibrium average of observable Y. We can now operate the
Liouville operator backwards on Y. The phase space integral then simply generates
an equilibrium average such that:

SY () = 5/; ds a(s)(Y (t — )X (0))eq + e » 4.11)

Chapter 4 Linear response theory



where we ignore higher order terms. This equation suggests that we define the time
dependent susceptibility:

Pxy (t) = BY (£)X(0))eq. (4.12)

Now we can finally write down the standard linear response equation [38]:

Y () = 8 /0 s by (s)alt — 5), 4.13)

where we have again disregarded higher orders of «.

This relation is also known as the first fluctuation dissipation theorem (1FDT).

The 1FDT relates the non-equilibrium response of an observable to some small
perturbation to the equilibrium relaxation of that observable. This is in contrast to
the 2FDT (see Section 2.2), which connects dissipative interactions in a system with
stochastic noise in the same system. It has been previously shown that the 1FDT will
hold even in a non-equilibrium steady-state, provided certain assumptions which
imply that the system remains close to equilibrium [39, 40, 41].
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Microrheology

Rheology is the study of the deformation and flow of matter, in particular through
the observation of macroscopic behaviors. For example, a typical rheological study
may aim to quantify the viscoelastic properties of a complex fluid by relating its
stresses and strains [42]. Microrheology, on the other hand, focuses on linking
the microscopic dynamics of a system to its macroscopic response. These studies
primarily use the behavior of a immersed probe particle to gain knowledge about
the surrounding medium [43, 44, 45].

In general, microrheological studies can be classified in two categories: passive
and active [46, 47]. Passive microrheology monitors the diffusive motion of an
immersed probe to gain knowledge about the (thermal) fluctuations in the medium.
For example, the Stokes-Einstein relation relates the diffusion of a spherical probe
to the viscosity of the medium in which it is immersed [7, 8]. Active microrheology
either measures the mobility of the probe, by applying a constant external force,
or measures the frequency dependence of the mobility, by applying an oscillating
external force.

In the case of a probe subject to a constant external force, the average force exerted
on the probe ({F')) can be related to its average velocity ({(V')) by the equation:

(V) = u(r), (5.1)

where 4 is the mobility of the probe. Within the linear response regime, the results
of passive and active microrheology are related and consistent with one another.
However, unlike passive microrheology, active microrheology extends beyond the
linear response regime, at which point the mobility becomes dependent on the
external pulling force. Beyond the linear response regime, both ‘thinning’ (increased
mobility) [48, 49, 50, 51, 52] and thickening (decreased mobility) [50, 52, 53, 54]
behavior have been observed for different systems.



Active matter

Active matter systems have recently gained popularity as exemplary non-equilibrium
systems. Active matter systems are characterized by the fact that (at least some)
constituent bodies are autonomous and add energy to the system as directed motion.
As such, the total momentum of two active bodies before and after a collision is
not necessarily the same [55]. Examples of active bodies range all the way from
the microscopic example of bacteria, to the macroscopic example of birds, or even
people.

Many different models of active bodies have been proposed to mimic behaviors of
different real-life systems. Generally, these models all share the fact that they assign
each active body an orientation along which it propels itself. However, they differ in
the manner in which the orientation of these bodies changes. For example, one of
the first active matter models, the Vicsek model [56], aligns a particle’s orientation
based on the average orientation of its neighbors. The run-and-tumble model of
an active particle, based largely on the experimental behavior of bacteria [57],
consists of a random walk with two distinct actions: the run, in which the particle
moves in a straight line with a constant speed, and the tumble, in which the particle
reorients itself according to a Poisson-distribution [58]. Perhaps the simplest active
particle model is the active Brownian particle (ABP) model. This model consists
of an overdamped Brownian particle, which propels itself at a constant speed and
whose orientation is subject to thermal rotational diffusion [58].

Recently, studies have additionally considered the active Langevin particle (ALP)
model, in which an underdamped Brownian particle propels itself with a constant
force, the orientation of which is subject to thermal rotational diffusion [59, 60, 61,
62, 63, 64, 65, 66]. This model is very similar to the ABP model, except the particle
is underdamped rather than overdamped.

In general, the propulsion force of ABPs and ALPs can be regarded as a form of
‘active noise;” however, this ‘active noise’ must be distinguished from the white
noise assumed in Langevin equations for passive particles. Unlike white noise,
the magnitude of the propulsion speed is bounded by the value of vy (for ALPs,
propulsion force F}). Furthermore, the propulsion speed (force) has an exponentially
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decaying autocorrelation function and its different components (x,y,z) are correlated
with each other [67].

In the following sections, we consider the last two of these models, the ABP and
ALP models, in more detail. In particular, we elaborate on the equations of motion
for these models (ABPs: Section 6.1, ALPs: Section 6.2), the collective behavior of
such particles (Section 6.3), and how such active particles interact with boundaries
(Section 6.4) and passive particles (Section 6.5) in the same system. We specifically
consider the dynamics of spherical ABPs and ALPs. Although we particularly highlight
these two active particle models, many of their phenomenological behaviors (e.g.
motility-induced phase separation) are widely generalizable to other active particle
models [68].

Active Brownian particle model

ABPs are overdamped particles which propel themselves with a velocity of a constant
magnitude, whose orientation changes with thermal rotational diffusion. Although
such particles are not subject to hydrodynamic interactions, they are subject to
random fluctuations of an implicit bath. The equation of motion for an isolated ABP
is [59]:

r(t) = voe(t) + £(t) (6.1)

where vy is the ABP propulsion velocity and e(t) is its orientation. £(¢) is Gaus-
sian distributed white noise with a variance given by the 2FDT in Eq. (2.2). The
orientation, e(t), is governed by thermal rotational diffusion, such that,

&(t) = N(t) x e(t). (6.2)

Here, N(¢) is Gaussian white noise with a mean of 0 and a variance of:

(Na(t)Np(t)) = 2DRrdapd(t — 1), (6.3)
where Dy = %% for a particle of radius R. Eq. (6.3) is equivalent to the 2FDT in

Eq. (2.2) except for the rotational degree of freedom.

These dynamical equations of motion lead to ABP behaviors which are distinct
from those of a passive particle. In particular, ABPs have a finite persistence length,

Chapter 6 Active matter
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Figure 6.1.: Active Brownian particles. a) Schematic model of an active Brownian particle
characterized by propulsion speed vy and orientation e(t). Trajectories of active Brownian
particles (in 2D) for propulsion velocities b) vg = Oums~! (passive Brownian particle), c)
vo = lpms™1, d) vo = 2ums~!, and e) vy = 3ums~!. For each propulsion velocity, four
different trajectories are shown, each in a different color. f) Mean square displacements of
active Brownian particles (in 2D) with aforementioned propulsion speeds. Figs. b-f) are
adapted from Ref. [68].

l, = vo/ Dg, during which they travel along their initial orientation before changing
direction [68]. This persistence can be seen qualitatively by comparing the trajectory
of a passive particle in Fig. 6.1b) to the trajectory of an ABP in Fig. 6.1e).

The mean square displacement (MSD) of an ABP is also distinct from that of a
passive particle. Whereas an overdamped passive particle exhibits diffusive behavior
(MSD(¥) x t) at all time scales, an ABP exhibits superdiffusive behavior (MSD(¢) o

%, for @ > 1) at intermediate time scales (¢ ~ 1/Dp), as can be seen in Fig. 6.1(f).

At long time scales, its motion once again becomes diffusive (Fig. 6.1(f)) [69];
however, its motion is characterized by the an enhanced diffusion coefficient, Deg =
Dr + v3/Dg (in 2D).

6.1 Active Brownian particle model
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Active Langevin particle model

Similarly to the ABP model, ALPs propel themselves with a constant force F subject
to rotational diffusion with a diffusion constant Dg [59, 60, 61, 62, 63, 64, 65, 66].
The difference between the ABP and the ALP model is that ALPs are underdamped,
i.e. they have inertia. Therefore, the equation of motion for an isolated ALP is:

mv(t) = Foe(t) —yv(t) + &(¢), (6.4)

where Fj is the propulsion force of the ALP, e(¢) is its orientation, and v = 67nR
is the damping constant for an ALP radius R in a thermal bath with viscosity 7.
The stochastic force on the ALPs, £(¢), represents implicit collisions of the ALPs
with thermal bath particles. These collisions can be represented as Gaussian white
noise with a variance described by the 2FDT given in Eq. (2.2). From the damping
constant, v, we define the translational diffusion coefficient of an isolated ALP,
Dy, as Dy = kgT/~. In Eq. (6.4), we have assumed that the damping force is
Markovian.

The orientation of the ALP, e(t), is governed by rotational diffusion, such that,

Jé(t) = —yre(t) + N(t) x e(t), (6.5)

where J is the moment of inertia of the ALP, vz = kgTr/Dp is its rotational damping
constant for a rotational temperature of 7, and N(¢) is Gaussian white noise with a
mean of 0 and a variance given in Eq. (6.2).

The addition of both translational and rotational inertia to the equations of motion
leads to characteristic rotational and translational inertial relaxation times for the
ALPs (g = J/~vg and 7 = m/~, respectively). These characteristic inertial times are
in addition to the persistence time 7, = 1/Dpg, which characterizes the rotational
relaxation of the random walk and is also present in the case of no rotational
inertia. These additional time scales are exhibited in the MSD of an ALP: the MSD is
ballistic at very short time scales due to its inertia, then it becomes diffusive due to
fluctuations of the implicit solvent, then it once again becomes ballistic due to its
self propulsion, and finally at very long times it becomes diffusive [59]. As is the
case for an ABP, the long time diffusion coefficient of an ALP is enhanced from that
of a passive particle.

Although Egs. (6.4) and (6.5) describe the most general model of an ALP [59], in
Parts II-IV, we follow Refs. [60, 62] and set the rotational inertia of ALPs to zero for
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simplicity. Therefore, Eq. (6.5) simplifies to Eq. (6.2) and the two time scales which
characterize the system are 7 and 7,,.

Collective behavior

Collective motion occurs when the movement of a singular unit in a system is almost
entirely determined by its interactions with other units. In other words, the behavior
of an isolated unit significantly differs from that of its behavior in a group [55]. This
type of phenomenon can occur in both passive and active systems; however, it has
garnered particular attention in the field of active matter because of the emergence
of motility-induced phase separation (MIPS).

Although passive Brownian particles (PBPs) can undergo liquid-vapor phase separa-
tion, this is only possible in systems in which the interactions between particles have
an attractive component. In purely repulsive passive systems, it is impossible for
liquid-vapor phase separation to occur. However, active systems can undergo phase
separation even when the interactions are purely repulsive; a phenomenon known
as MIPS, in which a high density and a dilute gas coexist in the same system [70, 71,
72, 64, 59, 73].

The two primary characteristics of active particles which drive MIPS are that active
particles tend to cluster in areas where they move more slowly [74] and that the
local propulsion speed depends on the local density [75]. Although these behaviors
are not hard-coded into the behavior of the ABPs, they emerge due to collisions
between the particles, which occur more frequently in high density regions.

The mechanism by which clusters form in active systems is shown in Figs. 6.2a-
¢). When two active particles collide (Fig. 6.2a)), they become stuck together
(Fig. 6.2b)) for some finite time which is determined by their rotational diffusion.
Only after this finite time, are they able to separate (Fig. 6.2c)). The clusters in
MIPS are dynamic, as can be seen in Figs. 6.2e-h), which show the time evolution of
MIPS clusters [68].

Although MIPS occurs in both ABPs [71, 72] and ALPs [64, 59, 73], the charac-
teristics of MIPS in baths of ABPs and ALPs differ. In particular, MIPS is harder
to achieve for ALPs because their translational inertia causes them to bounce off
each other when they collide, rather than stick together [59]. In fact, above a
certain critical reduced mass (M = Dpm/~ = 0.08, which measures the impact of
inertia), MIPS does not occur in baths of ALPs (see Fig. 6.3a)) [59]. Conversely, the

6.3 Collective behavior
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(a) (b) (c) (d)

o @ Cad) Py &P

Figure 6.2.: Clustering of active particles. a-d) Schematic diagram of how clusters form in
groups of active particles: a) two active particles collide and, consequently, b) block each
other, thereby forming a two particle cluster. ¢) After a finite amount of time (on the time
scale of rotational diffusion), the particles are able to break free of each other. d) Depending
on the properties of the active particles (density, speed, etc.), further particles can also join
the cluster. e-h) Clusters formed in a homogeneous distribution of active particles with area
fraction ¢ = 0.14 in Ref. [76]. The overlaid color of each particle shows to which cluster it
belongs, thus highlighting the dynamic nature of the clusters. Figure adapted from Ref. [68].
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Figure 6.3.: Phase diagram of ALPs in 2D with packing area ¢ = 0.5. a) Peclet number vs.
reduced mass (M = Dgm/7), where the moment of inertia of the ALPs is .J = 0.066¢/ D%.
Figure adapted from Ref. [64]. The red horizonal line with an arrow shows Pe ~ 20, the
upper limit of the Peclet numbers used in Parts II-IV. b) Reduced mass vs. reduced moment
of inertia (I = Dpg.J/~r), where the Peclet number is Pe = 50. In Parts II-IV, M = 0.03,
there is no rotational inertia (i.e. J = I = 0), and Pe < 20. Figure adapted from Ref. [73].

increase of rotational inertia in ALPs actually enhances the stability of MIPS (see
Fig. 6.3b)) [73].

In Parts II-IV, our ALPs have a reduced mass of M ~ 0.03, below the critical reduced
mass. However, we limit ourselves to ALPs with Peclet numbers Pe = Fy/(2DgrYR) <
20, which is below the threshold necessary to induce MIPS in a system of ALPs (see
Fig. 6.3a)). We note that Fig. 6.3a) was constructed from simulations of ALPs with
rotational inertia, whereas we use overdamped rotational equations of motion in
Parts II-IV. However, Ref. [64] found that the results presented in Fig. 6.3a) remained
qualitatively the same for multiple values of rotational intertia, implying that the
rotational dynamics are close to overdamped. We therefore infer that these results
extend to systems with overdamped rotational dynamics.

The systems used to construct Fig. 6.3 are performed in 2D, whereas those presented
in Parts II-IV are in 3D. To our knowledge, no phase diagrams have been constructed
for ALPs in 3D. Based on the fact that, for ABPs, the Peclet number necessary for
phase separation is significantly higher in 3D than in 2D [77], we infer that this will
also be the case for ALPs. Consequently, we expect the low Peclet numbers studied
in Parts II-IV are well below the threshold for MIPS.

6.3 Collective behavior
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Boundary interactions

Self-propelled particles tend to accumulate at boundaries [78, 79, 80, 81, 82, 83,
84, 85]. This accumulation is in part due to complex swimming dynamics of the
active particles (e.g. cilia- and flagella-boundary interactions [85] or hydrodynamic
interactions [79, 83]) as well as the geometric constraints of the boundary [80, 81].
However, the most simple explanation for this accumulation is the finite persistence
time of active particles, which causes them to maintain their orientation for a finite
time even after encountering an obstacle.

This persistent motion of active particles exerts a force perpendicular to the bound-
ary, which accumulates over time and space to generate a ‘swim pressure,” which
represents the pressure exerted by the boundary in order to contain the active parti-
cle [86]. Although for free (i.e. no external forces acting on it) symmetric bodies the
net force on the body will always be zero, free asymmetric bodies can experience a
net force which leads to directed motion (see Section 6.5) [87, 88, 89].

Active-passive systems

In addition to studies of purely active systems, other studies have focused on systems
with a mixture of passive and active elements. We focus on one such active-passive
system: that of a passive probe immersed in an active bath. One of the first
investigations of such a system was done by Wu and Libchaber, who put micron
scale beads in a quasi-two-dimensional bath of bacteria [90]. In this setup, Wu and
Libchaber found that the passive colloids immersed in the bacterial bath had MSDs
with two distinct time scales. Whereas on the long time scale the passive colloid
exhibited normal diffusive behavior, on the short time scale, it was superdiffusive
(see Fig. 6.4), much like the different time scales exhibited by an ABP itself [69].

Since the experiments of Wu and Libchaber [90] reported this enhanced diffusion of
a probe in a bacterial bath, a plethora of both experimental and theoretical studies
have been published on the behavior of a probe in an active bath [28, 29, 31, 87,
88, 89, 91, 92, 93, 94, 95, 96, 97, 98, 99, 100, 101, 102]. A number of such studies
have asserted that the dynamical behavior of a probe immersed in an active bath
is analogous to that of an isolated active particle [28, 58, 68]. Other studies have
derived equations for the net force exerted on bodies immersed in active baths, as
well as the density profile surrounding such a body [88, 89]. Unlike analogous
passive systems, active baths can generate a net force on immersed probe particles.

Chapter 6 Active matter
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Figure 6.4.: Mean square displacement measurements of passive beads with diameters
4.5pm (squares) and 10um (circles) immersed in a bath of motile bacteria. The dashed

lines correspond to the thermal diffusion of 4.5um and 10um beads. Solid lines with slopes
a = 1.0, 1.5, 2.0 are added for ease of visualization. Figure from Ref. [90].

However, as one would expect from symmetry, in the case that the probe is free (i.e.
no external forces are acting on it), this is only possible for asymmetric probes (see
the example in Fig. 6.5). The net force on a free, symmetric probe in an active bath
remains zero, as it would in a passive bath. This ability to generate directed motion
from an active bath has led researchers to investigate whether useful work can be
extracted from active baths [103, 104, 105, 106].

(a) (b)

Figure 6.5.: Motion of an asymmetric wedge. a) In a passive bath, the wedge displays
no directed motion, whereas b) in an active bath, the particles gather in the corner of the
wedge, resulting in directed motion. Figure taken from Ref. [68].
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Simulation details

The simulation data discussed in this thesis have all been obtained using the molecu-
lar dynamics (MD) method [107, 108, 109, 110]. This method numerically solves
Newton’s equations of motion for both translational,

a(t) =v(t)  o(t) = —F(t), (7.1)
and rotational, .
o) =w(t) @) = 57(0), (7.2)

degrees of freedom and evolves them in time. In Eq. 7.1, z(¢) is the position, v(t)
the velocity, and m is the mass. The force field, F(¢) is defined by the underlying
microscopic model. In Eq. 7.2, w(t) is the orientation, w(¢) is the angular velocity,
7(t) is the net torque, and .J is moment of inertia.

All simulations are performed using LAMMPS [111]. The length, energy, and mass
scales in the system are defined by the Lennard-Jones (LJ) diameter o, energy e,
and mass m, respectively, which defines the LJ time scale t; = o/m/e. We use
truncated and shifted LJ potentials with the energy scale ¢ which are cut off at
Te = 2 o, resulting in purely repulsive interactions according to the Weeks-Chandler-
Anderson (WCA) potential [112]:

)12 a)6 e r %O'
_ {4e(<;> —(9)°) +e r<2 -

0 r>2%0.

The simulation box has periodic boundary conditions in all three dimensions and a
side length based on the desired density of the bath. The box is cubic in all cases
except for simulations of the dragged colloid in Chapter 16, in which case the x-axis
of the box is three times longer than that of the other axes.

The active bath consists of spherical ALPs with a mass of marp = 1m and a radius
of R = 0.50. The passive bath is modeled by ALPs with an active force F;y = 0. The
number of ALPs in the bath is determined by the desired density of the bath. In order
to sample at our desired temperature, kgT = 1 ¢, we couple the ALP bath particles
to a thermal bath using a Langevin thermostat. The parameters of the thermal bath



are chosen such that n = 1 m/(cty;), resulting in v = 37m/tyj, Dy = (37)"'o?/tyry,
and Dr = 7~ !/ty;. The ALPs interact through the WCA potential (Eq. (7.3)) with
both other bath particles and, in the case of all sections except Chapter 12, with
the probe. Isolated ALP simulations are performed for an single ALP with the same
properties (marp = 1m, R = 0.50) as those of a bath ALP.

In Parts II and IV, the probe has a mass of M = 100m and is defined as a rigid
body with a radius R, = 3o. In Part III, we vary the radius of the rigid probe while
maintaining its mass to volume ratio. In all these sections (except Chapter 12), the
body of the probe is constructed so that its surface is smooth, resulting in full slip
boundary conditions for the LJ fluid. The probe interacts with the bath particles
through the WCA potential of Eq. (7.3).

In Chapter 12, the probe is transparent and convective, so it does not interact with
the ALPs through the WCA potential, but rather if ALPs j = 1...N are contained in
the volume V of the probe, then the velocity of the probe is V = % Zé\le v; and the
squared velocity is (V?) = 1 > k(Vjvk). We vary the radius of the transparent,
convective probe to match the radii tested in Part III.

To test the 1FDT for the immersed passive particle in Section 9.4, we perform two
simulations simultaneously: one in which a perturbation of force a(t) = MVjd(t) is
applied to the immersed particle (pert) and one in which no perturbation is applied
to the immersed particle (unpert). Aside from this perturbation, the simulations
are identical; in particular, the same random numbers are used in the thermostat.
We then calculate the response as as §V (t) = Vpert (t) — Vanpert () and average this
function over many systems to reduce statistical noise. This method is identical to
that used in Refs. [33, 41, 113].

Throughout all the following sections, to simplify notation, we will use dimensionless
quantities £ = t v/m, v = v /m/kgT, Fy = FO%\/W, and Dr = Dr m/7.
Density values, the mass to volume ratio of the immersed passive probe, the spring
constant of the harmonic potential, and all distances are given in LJ units. In these
cases, the LJ units are explicitly written with the value. All values without explicitly
written units are given in dimensionless units.
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Part 11

Non-equilibrium signatures of a passive
probe in an active bath



As we have discussed in Chapter 6, active systems exhibit vastly different behavior
from passive systems. Furthermore, we have seen in Section 6.5 that when active
and passive elements are mixed, the dynamics of the passive elements in the system
are also significantly altered. In particular, we highlighted the system of a probe in
an active bath, which has received growing attention since the experiments of Wu
and Libchaber [90]. Nevertheless, in spite of an increasing volume of literature, a
comprehensive understanding of this system is still lacking — especially regarding
the question of how to use such a probe for measuring bath properties. As mentioned
in Section 6.5, the net force on a free (i.e. no external forces acting on it) symmetric
probe in an active bath remains zero [88, 89]. However, this begs the question: how
can we tell that a free, symmetric probe in an active bath is out of equilibrium?

This problem is addressed in the present section. We consider a system of a passive
probe particle immersed in a bath of ALPs. We limit ourselves to low Peclet numbers
(Pe < 20 where Pe = Fy/(2DgryR)) where MIPS does not occur. Our central
question is: What are non-equilibrium signatures in the motion of the passive probe
in this active fluid?

As mentioned in Section 6.5, a number of previous studies have asserted that the
dynamical behavior of a probe immersed in an active bath is analogous to that of an
isolated active particle [28, 58, 68]. Therefore, we will also characterize the behavior
of an isolated ALP, as a reference and to identify its characteristic non-equilibrium
signatures.

The results presented in this part have been published in:

Passive probe particle in an active bath: can we tell it is out of equilibrium?
J. Shea, G. Jung, F. Schmid, Soft Matter 18, 6965-6973 (2022).
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Isolated active Langevin
particle

The equations of motion of an isolated ALP without rotational inertia (see Sec-
tion 6.2) in dimensionless units read:

390 = Foe(D) — v(D) + &)

(8.1
d R N ~
e =N(@) xe(h)

where e(f) is a unit vector and the stochastic contributions € and N satisfy fluctuation-
dissipation relations (£(H)€(f")) = 216(f —#') and (N()N(#')) = 2Dr16(f—7'). From
these equations, we can analytically calculate the VACF Cy(t) = (v(#') - (' + 1)) of

isolated ALPs (see Appendix A):

(12
FO

G(@vE)) = 3e =71 & 5 (e72Prli=t1 —2Dpe=1) . (8.2)
- R

The corresponding memory kernel K (¢) which solves the Volterra equation:
—(¥(0)¥ (1)) = — [ ds K(t — s){%(0)¥(s)), (8.3)

can be calculated by Fourier methods, giving

N 6 A T—1 FOZ —t)7
KALP(t) - <‘A’2> (5(1‘) - 67 1 T QBR € )? (84)

with 7 = (¥2)/(E2 + 6Dp). To verify this result, one can simply insert (8.4) and
(8.2) into Eq. (8.3).

From Eq. (8.2), we can then find the mean squared velocity of an ALP by taking
t=1t" Y
¥ =3+ o (8.5)
1+2Dpg
The kinetic temperature of a passive particle in equilibrium is directly proportional
to the mean-squared velocity (initial value of the velocity autocorrelation function)
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Figure 8.1.: a) Velocity distribution of isolated ALPs for different driving forces F}, as
indicated. Solid lines show simulation data, dashed lines the prediction of Eq. (8.8). The
curves have been rescaled by (¥2) for better visibility. b) Relative entropy (Eq. (8.9))
between the distributions in a) and a Gaussian distribution with same standard deviation as
a function of £5.

through the equation (v2(t)) = dkgT/m, where d is the number of dimensions
in the system [9]. From this equation, we define the kinetic temperature of an
ALP as kgT.g = m(v?(t))/d. Unlike a passive particle, however, T,z of an ALP will
not necessarily be equal to the temperature of the thermal bath, T'. In fact, from
Eq. (8.5), we find that it is given by:

keTew , 1 FZ
kT 3 (1+2Dg)

(8.6)

Therefore, we expect (kpTeq — kpT) o< Fiy. This scaling relation is analogous to that
between the effective diffusion constant of an ABP and its active velocity [68].

The failure of an ALP to equilibrate to the same temperature as its thermal bath is a
hallmark non-equilibrium signature; however, knowledge of the ALP thermostat is
required to observe this enhanced temperature.

We also examine the velocity distribution, P(¥), of an ALP, a description of which
can be found in Appendix B.1. From simulation data, we observe that as £}, of
an ALP increases, its velocity distribution becomes increasingly non-Gaussian, as
shown in Fig. 8.1a). This can also be inferred from the Fokker-Planck equation
corresponding to Egs. (8.1), which predicts a stationary velocity distribution:
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P(¥) =N e V72 exp(Fp U(|9))), (8.7)

in the limit D — 0 (see Appendix B.2), where U’(|¥]) = (cos<((¥,e))¢ is the
mean cosine of the angle between v and e for given ALP velocity v. The first
factor (e~V*/2) represents a Maxwell distribution at temperature k7. The second
factor (exp(Fy U(|¥]))) represents the effect of the propelling force. In the limit
Dp — 0, the ALPs rotate infinitely slowly, and U (|¥|) can be evaluated as U(|v|) =
FLO In (sinh(Fy¥)/Fy¥). Motivated by this result, we conjecture that P(¥) can, in
general, be approximated by the expression:

o aroerp VIH2DR Bp|9|
PR)=Ne —— sinh — ), (8.8)
Folv] V1+2Dg

which reproduces the correct limits Dr — 0 and £y — 0 and the correct kinetic
temperature (Eq. (8.6)). Fig. 8.1a) shows that the simulation data (solid lines) are
very well captured by this ansatz (dashed line).

The non-Gaussianity of the velocity distribution is another signature of the non-
equilibrium nature of an isolated ALP, and one which can be extracted from the
ALP trajectory alone. To better quantify this deviation from a Gaussian distribu-
tion, we calculate the relative entropy (Kullback-Leibler divergence) between the
velocity distribution of an isolated ALP, as calculated from simulation data, and a
zero-centered Gaussian distribution whose standard deviation corresponds to the
theoretical kinetic temperature given in Eq. (8.6). The relative entropy between
these two distributions is defined as:

Dia(POIIQW) = [ &P (28) , 59)

where P(¥) is the velocity distribution from simulation data and Q(¥) is the reference
Gaussian distribution. This relative entropy is graphed for an isolated ALP as a
function of Fy in Fig. 8.1b). We find that the velocity distribution of an ALP remains
approximately Gaussian until an active force of £} ~ 1, at which point it becomes
increasingly non-Gaussian. This value of Fy = 1 is the point at which the thermal
forces are approximately equal to the “pulling" forces; after this point, “pulling"
dominates.

Chapter 8 Isolated active Langevin particle



Probe in an active Langevin
particle bath

We now consider a three dimensional system of a passive probe immersed in a bath
of ALPs (see Fig. 9.1). The ALPs behave as described in Section 6.2, except they now
additionally interact with each other and with the immersed probe via repulsive
hard core interactions of the WCA type [112]. Consequently, the equation of motion
for an interacting ALP, n, in our bath is:

mvn(t) = F()en(t)_’yvn(t)—'—én(t)_VUWCA(rn_R)_ Z VUWCA(rn_rm): (91)
n#m

where the terms are as defined in Section 6.2. The two final, additional terms
describe WCA interactions with the probe and with all other ALPs, respectively.

QA o o
» R 0
Q

en(t) = Np(t) x en(t)
(NZONBE) = 2Dm0sdlt 1) Fro ()

e @ 9

Figure 9.1.: System of a passive probe immersed in a bath of active Langevin particles.

™Y

The immersed probe only experiences forces from interactions with the surrounding
ALPs. Unlike the ALPs, the probe is not coupled to the thermal bath; therefore, its
equations of motion do not include stochastic or dissipative terms due to coupling
with the thermal bath. Thus, our equation of motion for the probe is:

MV(t) == VUwca(R —1y), (9.2)
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where M is the mass of the probe, V (t) is its velocity, and Uywca (R —r;,) is the WCA
potential due to an ALP particle, n, at position r,,.

Velocity distributions and autocorrelation functions

Similar to isolated ALPs, bath ALPs exhibit the non-equilibrium signature of a non-
Gaussian velocity distribution for Fy > 1. This is apparent from Fig. 9.2a), which
compares their velocity distribution from simulation data to a Gaussian distribution
with the same standard deviation, and in Fig. 9.2b), which shows the relative entropy
between these two curves. The velocity distribution of the immersed passive particle,
on the other hand, remains Gaussian at all values of Fy, independent of both the
activity of the bath ALPs and their density (see Figs. 9.2d) and e)). Thus, in contrast
to the case for both isolated and bath ALPs, the velocity distribution of the probe
particle does not reveal the non-equilibrium nature of the system.
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- 0.0 Fp=5.3
115 e) [ 2
=P S ,’f" e e +AkBT:kﬂTvaulr—'kﬂTA P bath -e- p=03
2 —~1.0 / - [N f) . p=0.4
= o = 4 - big
S = g F .- @ -~ . p=05
a o § 7 . ™ X o s B . . .
=05 };' 4 < H p=0.6
QY &;; . " r.‘b‘o‘ COTETTETTETTe p=07
0 2 4 6 0 2 4 6 -=- p=08
VMeartice |V Fo Fo

Figure 9.2.: a,d): Velocity distribution for a) bath ALPs and d) the immersed probe from
simulation data (solid lines) at p = 0.40 2 for different driving forces Fo, as indicated. The
dotted lines show Gaussian distributions with the same standard deviation for comparison.
The x-axis has been rescaled by /M particie for better visibility, where a) |/mparticle = vVm
and d) /Mparticle = VM. b,e): Corresponding relative entropies (Eq. (8.9)) between the
simulation data and Gaussians with the same standard deviation. ¢,f): Kinetic temperature
difference scaled by 13“02 between ¢) a bath ALP and the thermal bath, and f) the probe and
the ALP fluid. The dotted black line shows the difference between the kinetic temperature
of an isolated ALP and its thermal bath. Densities in the legend are expressed in LJ units of
o3,

The immersed probe does, however, still exhibit the non-equilibrium signature of
an enhanced kinetic temperature. In fact, for an ALP bath with a given Fy, we find
that the kinetic temperature of the immersed probe is even higher than that of the
ALP bath (Fig. 9.2f)), which is already enhanced from that of an equilibrium bath

Chapter 9 Probe in an active Langevin particle bath



(Fig. 9.2¢)). Thus, this system has a twofold lack of thermalization: firstly, between
the ALP bath and the thermal bath, and secondly, between the probe and the ALP
bath. Remarkably, we find these effects persist even when the probe is thermostatted,
although the difference is less pronounced (see Fig. 9.3). The fact that the probe
does not equilibrate to the same kinetic temperature as the ALP bath clearly reveals
the non-equilibrium nature of the system; however, it requires analysis of both bath
and probe. To uncover non-equilibrium signatures by solely observing the probe, we
further investigate its dynamic properties.

"""""" Isolated ALP
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Figure 9.3.: Difference between the kinetic temperature of a thermostatted, immersed
passive particle and that of the active bath (AkgTErobs,. ) divided by F, as a function of
Fy. The dotted black line represents the kinetic temperature of an isolated ALP. Densities in
the legend are expressed in LJ units of o3,

We first focus on the VACF, which we determined analytically for an isolated ALP in
Eq. (8.2). As is the case for the VACF of an isolated ALP (assuming v/m > 2Dp), in
the limit ¢+ — oo, the VACF of a bath ALP decays exponentially as 2D, independent
of density, as is shown in Fig. 9.4a). However, both for the bath ALPs and the probe,
this exponential decay is only observed at sufficiently high values of F}, as is shown
for the probe in Fig. 9.4c).

Despite the significant size difference between an ALP and the probe, the VACF of
the probe decays exponentially at a very similar rate to that of an isolated ALP, as
shown in Fig. 9.4b). Thus, the probe acquires some properties of the ALPs in the
surrounding bath. However, unlike the VACF of bath ALPs, the VACF of the probe in
the long-time limit depends on the density of bath ALPs.

9.1 Velocity distributions and autocorrelation functions | 43



9.2

44

0 20 40
. 101 L
2
<2 100_
=
2101

) — Fo=0.0

) — 20 ;

S5 I o — Fo=02

=y & |— Fo=05

Y d) o — Fo=11

= ‘ . — Fo=21
101 A 10t Fo=5.3

t

Figure 9.4.: VACF and memory kernel. a,b) Semi-logarithmic plot of the VACF for different
densities with 13“0 = 5.3 of a) a bath ALP, b) the immersed probe. ¢) Semi-logarithmic plot of
the VACF for the immersed probe in a bath of density p = 0.40—3 for different values of £j.
Dashed lines show the absolute value of the VACF. d) Semi-logarithmic plot of the memory
kernel of the immersed passive particle in a bath of p = 0.40 2 for different values of Fj.
Densities in the legend are expressed in LJ units of o3.

Non-Markovian behavior of the probe

Although the behavior of the VACF of a probe in an active bath differs from that
of a probe in a passive bath, these differences are not inherent to non-equilibrium.
Thus, to continue searching the dynamic behavior of the probe for non-equilibrium
signatures, we map its movement onto the GLE given in Eq. (2.13). In mapping
the motion of the probe to the GLE, we explicitly allow that the effective dynamics
of the colloid in the ALP fluid may be non-Markovian. The memory kernel, K(¢),
is determined from the VACF by Volterra inversion, as described in Sec. 2.1.1. We
emphasize that the GLE is a coarse-grained model equation; the true dynamical
equation of motion for the probe in the explicit active fluid is given in Eq. (9.2).

As shown in Fig. 9.4d), the shape of the memory kernel changes qualitatively
with increasing activity level of the ALP fluid. It becomes non-monotonous and
negative at intermediate times, indicating transient positive feedback that promotes
superdiffusive behavior. This is also observed in the memory kernel of isolated ALPs
(Eq. (8.4)). We conclude that the dynamics of the probe particle does acquire some
properties of ALPs, as claimed in Refs. [28, 58, 68, 90]. However, memory kernels

Chapter 9 Probe in an active Langevin particle bath
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Figure 9.5.: Test of the 2FDT for the immersed passive particle in a bath with density
p = 0.4073. a) Memory kernel (solid line) and the stochastic force autocorrelation function
(dashed line) as a function of time for values of FO =0 and 13"0 = 5.3. The prefactor of the
memory kernel has been factored out. b) The stochastic force autocorrelation function as a
function of the memory kernel (prefactor removed) for various 1:“0.

may also oscillate in equilibrium systems [23, 24, 114], hence this cannot be used
to diagnose non-equilibrium.

In Section 2.2, we showed that the dissipative interactions, described by the memory
kernel, can be related to the stochastic forces through the 2FDT (see Eq. (2.21)) [9,
33]. Several studies of a passive probe immersed in an active bath have concluded
that the non-equilibrium nature of the bath leads to a violation of the 2FDT for the
immersed probe [26, 27, 28, 29, 30, 31], which has been touted as a signature of the
non-equilibrium nature of this system. In seeming contradiction, Loi et al. [32] found
that the 2FDT for the correlation function of the independent scattering function is
fulfilled for a passive probe in an active bath. This apparent contradiction is due to
a difference in definition of the stochastic and dissipative forces on the probe. In
fact, as stated in Section 2.2, Ref. [33] has shown that whenever the stochastic and
dissipative forces on the probe are defined according to the Mori-Zwanzig projection
operators [9, 10, 11, 13], then the 2FDT will be fulfilled exactly, even if the system
is out of equilibrium. Therefore, violation of the 2FDT is not an inherent trait of
the non-equilibrium nature of the bath, but rather a matter of definition. Indeed, in
accordance with the results of Loi et al. [32] and Ref. [33], we find that the 2FDT
for the GLE is fulfilled exactly for the immersed probe for all driving forces Fj (see
Fig. 9.5).

9.2 Non-Markovian behavior of the probe
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Figure 9.6.: Velocity cross correlation functions of the probe particle in a fluid of density
p = 0.403 for activities a) Fy = 0, b) £, = 1.1, ¢) and £, = 5.3. For all values of F}, the
cross correlations are approximately zero and are orders of magnitude less than the probe
VACFs in Figs. 9.4b) and c).

Entropy production

Among other non-equilibrium signatures proposed in the literature [115, 116, 117,
118, 119], one of the most ubiquitous is entropy production associated with a
difference of probabilities between forward and time-reversed trajectories, which
has been found in a number of active systems including that of an isolated active
Langevin particle [62] and that of many interacting active Brownian particles under-
going MIPS [120]. In particular, Ref. [121] found evidence for entropy production
through time reversal symmetry breaking in a model used to represent a passive
probe immersed in an active bath. However, their model implicitly represents probe
interactions with active bath particles through Gaussian colored noise rather than
through explicit microscopic processes.

As a means of investigating the possibility of entropy production through the breaking
of time reversal symmetry, we examine the stochastic force on the probe as well
as the velocity cross-correlation functions of the probe. We find that the velocity
cross-correlation functions of the probe are zero, even in the presence of an active
bath, as is shown in Fig. 9.6. Thus, we do not see any signatures of time reversal
symmetry breaking in the velocity of the probe.

From Eq. (2.19), we calculate the stochastic force on the probe particle directly from
our simulation data [17]. We find that, in spite of the non-equilibrium nature of the
bath, the stochastic force distribution on the probe remains Gaussian, as is shown
in Fig. 9.7. Although we do see some deviations from a Gaussian stochastic force
distribution at low densities (see Fig. 9.7a) and Appendix C), these deviations seem

Chapter 9 Probe in an active Langevin particle bath
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Figure 9.7.: Stochastic force distribution on the probe particle immersed in a fluid of
ALPs with density a) p = 0.40 2 and b) p = 0.80 2. The solid lines show simulation data,
whereas the dotted lines show zero-centered Gaussian distributions with the same standard
deviation.

to be due to low density effects rather than to the bath activity. In fact, as the activity
of the bath increases, the deviations from a Gaussian distribution at low densities
actually decrease. Therefore, the stochastic force on the probe also does not reveal
any signs of time reversal symmetry breaking. Thus, we, in fact, found no evidence
of such a breaking of time reversal symmetry in our probe trajectories.

Evidence of entropy production has also been found for a probe immersed in an
active bath without relying on time reversal symmetry breaking [122]. However,
this method relies on explicit knowledge of the active bath particle dynamics and,
consequently, does not provide a non-equilibrium signature which can be determined

solely from knowledge of the probe.

Response to small perturbations

In equilibrium systems, the response of quantities to infinitesimal external pertur-
bations can be described by linear response theory (see Chapter 4). As a last test
of non-equilibrium signatures in our active system, we investigate whether the
predictions of linear response theory still hold here. Specifically, we investigate the
1FDT, which is described in Chapter 4.

To test the validity of the 1FDT for the immersed passive particle, we apply a
perturbation by kicking it slightly at time ¢ = 0, i.e., we add an instantaneous force
of the form «(t) = MVyd(t), where M is the immersed particle mass and V} is small.

9.4 Response to small perturbations
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We then investigate the response of the velocity [33, 113]. For our specific system,
in the equilibrium case, the 1FDT (see Eq. (4.12) for the general case) would be

given by:
SV (1) _ CP)
Vo Ccge(0)

(9.3)

where C°(t) is the steady state (equilibrium) VACF. The question is whether this
relation still holds if the system is perturbed from a non-equilibrium steady state,
such as our active system.

To test the relation for the immersed passive particle, we perform two simulations
simultaneously: one in which the perturbation a(t) = MV;d(t) is applied to the
immersed particle (pert) and one in which no perturbation is applied to the immersed
particle (unpert). Aside from this perturbation, the simulations are identical; in
particular, the same random numbers are used in the thermostat. We then calculate
the response as 6V (t) = Vpert(t) — Vinpert (t) and average this function over many
systems to reduce statistical noise. This method is identical to that used in Ref. [33,
41, 113]. To ensure that we are within the regime where the response is linear in V),
we test multiple values of V, (V5 = 0.2, 0.4, 0.5; see Appendix D) and verify that
the response function is the same for all values.

The results for §(V (£))/V; are summarized in Fig. 9.8 and plotted versus CE5(8)/ CE5(0).
If Eq. (9.3) holds, the data in such a plot should all collapse onto one diagonal line.
Fig. 9.8 shows that this is indeed the case at driving force £y = 0 (an equilibrium
bath), but deviations are observed already at low values of F,. As the value of F}
increases, thereby driving the system further out of equilibrium, the violation of the
1FDT becomes increasingly large. Thus, even though the immersed passive particle
reaches a nonequilibrium steady state, the 1FDT is not fulfilled for a passive particle
immersed in an active bath. This effect can be used to detect non-equilibrium even

if one has only access to the observation of a single probe particle.

48 Chapter 9 Probe in an active Langevin particle bath
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Figure 9.8.: Test of the 1FDT for the immersed passive particle in a bath with density
p = 0.4073 for perturbation force a(t) = MVyd(t) with Vo = 0.5. a) Schematic diagram of
the perturbation applied to the probe. b) Response function of the probe velocity versus
normalized VACF. The red diamond shows the point (0,0) to which both the functions decay

in the long-time limit. If the 1FDT is fulfilled, the curve is a straight line along the diagonal.

c) Response function of the probe velocity (dotted line) and normalized VACF (solid line) as
a function of time for Fy = 5.3.

9.4 Response to small perturbations
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Part Il; conclusions and
outlook

We have shown that non-equilibrium signatures of a passive particle in an active
bath are not as readily available as those of an active particle itself. Although the
immersed probe does inherit some properties of the active bath, such as slowly
decaying velocity correlations and a partially negative memory kernel, unlike an
active bath particle, it does not inherit a non-Gaussian linear velocity distribution.
The probe acquires an enhanced kinetic temperature, as does the active bath, but
these two temperatures are not equal: the temperature of the immersed probe is
even higher than that of the active bath. Therefore, the lack of thermalization in this
system is twofold. The failure of the probe to equilibrate to the same temperature as
the active bath is one non-equilibrium signature of the system; however, detecting
this enhanced temperature requires knowledge of the bath itself. As one way to
detect a non-equilibrium signature from only the trajectory of the probe, we propose
to slightly perturb the probe. If the bath is not at equilibrium, this will then be
revealed through a violation of the first fluctuation dissipation theorem.

In the current work, we have considered active particles with inertia (ALPs), because
this allowed us to study velocity-related quantities such as the kinetic temperature
and velocity autocorrelation function. Literature studies have often focused on the
overdamped limit of active Brownian particles (ABPs) with mass m — 0 [28, 71,
72, 87, 89, 88, 98]. We expect that our main results will still persist in that limit,
especially given that important fundamental properties of the fluid, such as the
quadratic scaling of the effective temperature (or effective diffusion constant in
the case of an ABP) and the velocity correlations (see Fig. 9.4a)) are also valid for
ABPs. On the other hand, our active particles were coupled to a Langevin thermostat,
implying that we do not take into account the possibility of hydrodynamic flows in
the implicit solvent. This corresponds to a situation where hydrodynamic interactions
are effectively screened, e.g., due to the presence of static obstacles. We should note
that even in free solution, active swimmers have reduced hydrodynamic interactions,
because they do not act as hydrodynamic monopoles, but as dipoles. Nevertheless,
recent experiments found interesting heterogeneous jump-diffusion processes in the



dynamics of tracer particles interacting hydrodynamically with an active fluid [123],
which possibly carries additional unambiguous signatures of nonequilibrium.
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Part 111

Boundary interactions of active matter with
an immersed passive probe



In Section 6.4, we saw that self-propelled bodies tend to accumulate at bound-
aries [78, 79, 80, 81, 82, 83, 84], generating a force on said boundary [88, 89].
For asymmetric bodies, this force can lead to directed motion (see Section 6.5), in
contrast to free symmetric bodies, on which the net force remains zero [88, 89].
However, even though free symmetric bodies do not experience a net force when
in contact with active particles, they do still experience accumulations of active
particles at their surfaces.

In Part II, we found that a symmetric probe immersed in an active bath adopts many
attributes of active particles themselves, as previously claimed in Refs. [28, 58, 68,
90]. Specifically, we found: the kinetic temperature of the probe scales quadratically
with Fg, as it does for an active particle (Section 9.1); in the long time limit, the
VACF of the probe decays with the same rate as that of an active particle, in spite of
a significant difference in size (Section 9.1); and the memory kernel of the probe
becomes negative at intermediate times, as is the case for that of an active particle
(Section 9.2).

Yet it remains unclear what mechanism leads the probe to acquire these attributes of
an active particle. In particular, it is unclear as to how the properties of the probe vs.
the properties of the active bath influence the probe dynamics. In this section, we
examine the properties of the active bath as well as how the active bath interacts
with the immersed probe at its boundary in order to ascertain this mechanism.

To determine the mechanism underlying the active-particle-like behavior of the
immersed probe, we expand our scope to consider passive probes of different sizes
(i.e. different probe boundary parameters) immersed in an ALP bath. In Part II, we
always studied a probe of mass M = 100m and radius R,, = 3.0c. We now maintain
the mass to volume ratio of the probe from these chapters — M/V = 25/(97)mo 3
— but change its radius so that the probe has the parameters shown in Table III.1.
The equations of motion for the probe (see Eq. (9.2)) and the interacting ALPs in

the bath (see Eq. (9.1)) remain the same.

R, M
0.50 | 0.46296m
lo 3.703Tm
20 29.623m
30 100.00m
4o 237.04m

Tab. Il1.1.: List of probe radii (R,) investigated as well as their corresponding masses (M),
which maintain a constant probe mass to volume ratio of M/V = 25/(97)mo 3.
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Kinetic temperature

We first investigate the difference between the kinetic temperature of the probes
in Table III.1 and that of the bath ALPs (AkgT = kgTprobe — kBTALP Bath) — OnNe
active-particle-like property of the immersed probe. Here we define the kinetic
temperature of both the probe and a bath ALP as (see Chapter 8): kT = % (v?),
where m is the particle mass, d is the number of dimensions, and (v?) is the particle’s
mean squared velocity. We confirm in Appendix F that, for probes of all different
sizes, the probe velocity distribution remains Gaussian in an active bath, as we found
in Section 9.1 for a probe of R, = 3.00.

We found in Section 9.1 that a probe of radius R, = 3.0c exhibits a higher kinetic
temperature than that of the bath ALPs. As stated in Section 9.1, this is a distinct
non-equilibrium signature: in equilibrium, we would expect the probe and ALP
bath to have the same kinetic temperature, regardless of probe size. Given that our
system is out of equilibrium and that we have already seen that the probe kinetic
temperature does not necessarily equilibrate to that of the ALP bath, we would now
like to understand how probe size affects kinetic temperature.

As expected in equilibrium, we find that AkgT = 0 for a probe immersed in a passive
bath, regardless of bath density and probe size (see Fig. 11.1). However, once the
bath becomes active, the difference becomes dependent on both of these factors.
In particular, the behavior of AkgT as a function of Fy for a probe of R, = 0.5¢
differs significantly from its behavior for larger probes (compare Fig. 11.1a) with
Figs. 11.1b-e)). We infer that this different behavior stems from the fact that, in
the R, = 0.50 case, the probe radius is the same as that of the ALPs themselves.
Therefore, the probe does not pose a significant obstacle and can be shoved relatively
easily by the bath ALPs. This is not the case for larger probes, leading to different
qualitative behavior of AkgT as a function of Ep.

For all probes with radii R, > 1.00, AkgT > 0 for baths of all densities and activities
Fy > 0, meaning that the probe is ‘hotter’ than the ALP bath (see Figs. 12.2b-e)).
Furthermore, in looking at Figs. 11.1b'-e’), we can see from graphing AkpT/F§ as
a function of F} that AkpT scales approximately quadratically to £y for probes of
all radii R, > 1.00. We note that AkpT only appears to scale quadratically with
Fy in Fig. 11.1a’) because the values of AkgT are so close to zero. This quadratic
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Figure 11.1.: Difference between the probe kinetic temperature and that of a bath ALP
(AkBTEISYS o = kBTprobe — kBTALP bath) Plotted as a function of the ALP active force
(Fp) for immersed probes with different radii: a/a’) R, = 0.50, b/b’) R, = 1.00, ¢/c’)
R, =2.00,d/d") R, =3.00, and e/e') R, = 4.00. a-d) The left column shows the unscaled
difference, whereas a’-d’) the right column shows the difference scaled by ﬁ‘g. Different
colors show different bath densities (p). All values of the density are expressed in LJ units of
o 3. We show a solid black line at 0.

55



56

scaling of the kinetic temperature is the same which we found for an isolated ALP in
Section 8.

In comparing AkgT for probes of different radii, we find that AkgT generally
increases with the probe radius. However, upon closer examination of Figs. 11.1d)
and e), we see that AkgT in fact has a non-monotonic relationship with the probe
radius. To highlight this non-monotonic behavior, we plot AkgT as a function of the
probe radius (R,) in Fig. 11.2.

In examining Fig. 11.2, we see that AkgT only behaves non-monotonically for
sufficiently high bath activities, 7, > 2. This non-monotonicity occurs for ALP
baths of all densities; however, the active force at which the onset occurs is density
dependent. We also see in Fig. 11.2 that the maximum value of AkgT always
occurs around R, = 3.00, independent of bath density and activity. To get a better
approximation of where this maximum occurs, we fit AkgT as a function of Fy
with a spline interpolation (shown as dotted lines in Fig. 11.2) and calculate the
maximum of this interpolation (Rp.y) if one exists, which is shown in Fig. 11.3. In
Fig. 11.3 we only consider activities F, > 0.2 because of larger relative errors in the
value of AkgT for very low activities.

Fig. 11.3 confirms that the non-monotonic behavior (i.e. the presence of Ryayx)
occurs at all densities, but only at higher active forces. For lower active forces, we do
not see non-monotonic behavior; however, we cannot eliminate the possibility that
a maximum exists because we have only studied radii up to R, = 4.0c. Fig. 11.3a)
shows that, the higher the density of the bath, the higher the activity necessary for
non-monotonic behavior to occur. We also see that, based on our interpolation, Ry.x
is not strictly 3.00, as it seemed in Fig. 11.2. Instead, Ry.x depends on both the
activity and density of the bath. Based on Fig. 11.3a), Rnax initially decreases with
increasing bath activity and then plateaus. The plateau value of R,,., decreases
with increasing density. The fact that Ry,.x decreases as Fg increases indicates that
Ruax does not correspond to the persistence length of the ALPs, which grows with
an increasing active force (see Appendix G).

We have now seen that probes of all sizes R, > 1.00 exhibit active-particle-like behav-
ior in that they exhibit an enhanced kinetic temperature which scales quadratically
with the bath activity. Furthermore, we have seen that AkgT has a non-monotonic
relationship with the probe radius R,. Therefore, we proceed to investigate the
mechanism underlying this active-particle-like behavior as well as the cause of the
non-monotonic behavior of AkgT as a function of the probe radius.

Chapter 11  Kinetic temperature
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Figure 11.2.: Difference between the probe kinetic temperature and that of the ALP bath
(AkpTRrsbs 1) plotted as a function of the probe radius (R,). In the left column, each plot

shows ALP baths of different densities (p, each a different color) for a specific activity (13"0):

a) Ffy=1.1,b) Fy=2.1,¢) £} =32 and d) F, = 5.3. In the right column, each plot shows
ALP baths of different activities (F|, each a different color) for a specific bath density (p): e)
p=0.30"3 and f) p = 0.8073. All values of the density are expressed in LJ units of 3.
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We conclude this chapter with the comment that the significant dependence of the
probe dynamics on its own boundary provides us with another non-equilibrium
signature for a probe immersed in an active bath. In an equilibrium system, we
would expect that probes of all sizes would equilibrate to the same kinetic temper-
ature. Therefore, the fact that probes of different sizes achieve different kinetic
temperatures in an active bath can be used as a non-equilibrium signature. In
Section II, we proposed one non-equilibrium signature of a probe immersed in an
active bath which can be determined only from the probe trajectory: the violation of
the 1FDT. We now propose another non-equilibrium signature of this system which
can be determined from the trajectories of differently sized probes: different kinetic
temperatures for probes of different sizes in the same active bath. However, this
new non-equilibrium signature requires the simultaneous study of two probes and
cannot be identified based on one probe trajectory alone.

Chapter 11  Kinetic temperature



Transparent, convective probe 1 2

We have seen that all probes R, > 1.00 exhibit an enhanced kinetic temperature,
which scales quadratically with the bath activity, similar to an ALP itself. But is this
active-particle-like behavior purely due to the convective properties of the active
bath, or does the interface between the probe and the active bath contribute to
this behavior? In order to answer this question, we again consider a bath of ALPs
with mass m and velocity v; in three dimensions. As stated in Chapter 8, the
kinetic temperature of a bath ALP is given by kgTArLp path = %(vQ), where d is
the dimensionality of the system; hence, (v?) = %kBTALP bath- We now consider a
transparent, convective probe particle (‘bubble’) immersed in the bath (see Fig. 12.1).
This bubble covers a volume V = 4/ 37TR§ and swims with the bath ALPs without
otherwise affecting them. Namely, if ALPs j = 1...N are contained in the volume
V of the bubble, then its velocity is V = % Zf;l v; and its squared velocity is
(V) = & > jk(vjvi). In the simplest case, if the ALPs are totally uncorrelated,
then (V2) = L(v2) = z&kpTALP bath-

m

5.\ o o o
-9 @
@

¢ § >
), ,\_A’
- ?

@

Figure 12.1.: System of a transparent, convective probe (‘bubble’) immersed in a bath of
active Langevin particles.

We now assign a hypothetical mass M to the bubble, so that we can determine its
hypothetical kinetic temperature, kgTp,ohe- For the uncorrelated ALP particles, we
obtain Tp,obe = %TALP bath- For an ALP bath of density p, the number of particles
contained in volume V is N = pV. Thus, for uncorrelated ALPs:
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pTProbe o M

_— (12.1)
TALP bath MV

For purposes of comparison, we now consider bubbles with the radii and correspond-
ing hypothetical masses listed in Table III.1. From Eq. (12.1), given our ALP mass
and the probe mass to volume ratio (which is kept constant as M/V = 25/(97)mo 3
for probes of all radii), we expect that Tpohe > TALP bath fOr @ bubble in a bath of
uncorrelated ALPs with p < 163, This relation is thus consistent with the results in
Sections 9.1 and 11 for a hard probe. Therefore, without further investigation, it

could be inferred that the hard probe’s enhanced kinetic temperature is simply due
to the convective properties of the bath.

However, our ALPs are not necessarily uncorrelated. To assess the correlations
within the ALP bath, we calculate Agupble = pTProbe/TALP bath fOr simulations of a
transparent, convective probe immersed in an ALP bath. We then compare these
values to the theoretical value for a bath of uncorrelated ALP particles (Eq. (12.1))
in Figs. 12.2a’-¢’).

We first remark that analyzing a bubble of radius R, = 0.5¢0 (Fig. 12.2a’)) does not
provide us with additional insight because, in this case, the volume of the bubble is
identical to that of an ALP. Therefore, the bubble simply tracks a singular bath ALP.
We thus expect that Tpyone/M = TALP Bath/M, SO Apubble = pM /m for all values of
activity, which agrees with our results in Fig. 12.2a’).

In Fig. 12.2b’), we see that the behavior of a bubble with radius R, = 1.0c also
shows qualitatively different behavior from bubbles with larger radii. We infer
that this behavior is due to the small bubble volume. In high density baths, the
bubble behavior approaches that of larger bubbles because the bath is sufficiently
dense that multiple particles are encompassed within the bubble volume. However,
in low density baths, the bubble encompasses, at most times, only one ALP and,
consequently, its behavior approaches that of a single ALP.

For bubbles with radii R, > 1.00 in passive and low activity baths, we find that
ABupble calculated from simulation data matches that predicted for a bath of un-
correlated ALP particles (Eq. (12.1)) very well, regardless of bath density. This
indicates that, in our ALP bath model, for passive and low activity baths, the motion
of bath ALPs is uncorrelated. However, as the activity of the bath increases, we
see that our theoretical model for the bubble underestimates the value of Agubble,
indicating that correlations between bath particles emerge with increased activity.
These correlations become even more pronounced in higher density baths.

Chapter 12 Transparent, convective probe
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Figure 12.2.: Ratio of the probe temperature (Tp,one) to that of a bath ALP (TALp batn)
scaled by the bath density (p) and plotted as a function of the ALP active force (Fy) for
immersed probes with different radii: a/a’) R, = 0.50, b/b’") R, = 1.00, ¢/¢) R, = 2.00,
d/d’) R, = 3.00, and e/e’) R, = 4.00. a-e) For a probe with a hard boundary. a’-e’) For a
transparent, convective probe. The solid black line in each graph shows the value predicted
for a bath of uncorrelated ALPs (Eq. (12.1)). The colored, dotted lines in a’) show pM/m.
Densities in the legend are expressed in LJ units of o=3.
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We now assess how the boundary of the probe affects the correlations among bath
ALPs by calculating the ratio Ap,ohe = pTProbe/TALP bath fOr @ hard probe (see
Figs. 12.2a-e)). We consider hard probes with radius and mass parameters listed
in Table III.1. For a hard probe immersed in a passive bath, the probe and bath
will be in thermal equilibrium such that Tpohe = Thath; therefore, Apope = p, as is
shown for passive probes of all sizes immersed in passive baths of all densities in
Fig. 12.2.

Given that, for bubbles of R, = 0.50 and R, = 1.00, the bubble often only tracks
a single ALP particle, comparing Ap,one and Apupbie fOr probes of these sizes does
not reveal the effects of the probe boundary on probe dynamics. Therefore, we do
not discuss a comparison between Apyope and Apyppie for probes of R, = 0.50 and
R, = 1.00. We do, however, note that the behavior of Ap,.pe as a function of Fy for
small probes (R,, < 1.00) qualitatively differs from that which we see for probes of
larger radii. We infer that these qualitative differences result from the fact that the
probe and the ALPs are on the same length scale.

For all probes R, > 1.00, Aprobe < ABubble for low bath activities. For high bath
activities, Apyobe > ABubble- This means that, for low bath activities, the probe
boundary anti-correlates the bath particles. In the passive case, this anti-correlation
is necessary for the probe to come to thermal equilibrium with the bath. For high
bath activities, on the other hand, the probe boundary correlates the bath particles.

The most important, if perhaps also most general, conclusion to be drawn from
comparing Ap,ohe t0 Aubble 1S that — for a given bath density, bath activity, and
probe radius — they are not the same (i.e. Figs. 12.2a-e) are not equivalent to
Figs. 12.2a’-¢')). Therefore, the dynamics of the immersed hard probe are not solely
due to the convective properties of the bath. Rather, the probe boundary affects the
correlations within the ALP bath, which then influence the probe behavior.

Chapter 12 Transparent, convective probe



Spherical harmonics 1 3

Given that the probe boundary plays an important role in both the dynamics of
the immersed probe and the correlations in the ALP bath, we now examine the
properties of the ALP fluid in the vicinity of the probe. We do this for probes of all
sizes listed in Table III.1. We examine the ALP fluid properties by calculating the
spherical harmonics of the ALP bath with respect to the instantaneous velocity of
the probe (V) as a function of distance from the probe (see Appendix H).

From these spherical harmonics, we calculate the density of the bath fluid as a
function of the distance from the center of the immersed probe as:

p(r) = @ Z Y (ri/ri). (13.1)
i€dr

Here, Y(r;/r;) is the spherical harmonic [ = m = 0 associated with bath particle 1,
which lies within spherical shell 6r of volume V(r) = 4/37((r +r/2)® — (r —dr/2)3).
Ref. [88] analytically found that, for a sphere immersed in a dilute 3D system
of ABPs, the ABP concentration is exponentially screened. We now examine the
density profile surrounding a spherical probe immersed in a dense 3D system of ALPs
through simulation data. We can see in Figs. 13.1a-e) that, even in a bath of density
p = 0.4073, our bath is sufficiently dense to show oscillations before approaching
the bulk density.

In comparing the density curves for a passive and an active bath in Figs. 13.1a-e),
we see that the first peak of the density curve is higher in an active bath for probes
of all radii. This means that adding activity to the bath leads to a higher density of
bath particles in the vicinity of the probe. Interestingly, we see that the magnitude
of increase in the peak density is non-monotonic with the probe radius. Similarly to
the behavior of AkgT, this difference reaches a maximum for a probe of R, = 3.00
and then decreases for a probe of R, = 4.00.

We also see that the initial peak of the active bath density profile is shifted slightly
closer to the probe center in comparison with that of the passive bath, again inde-
pendent of probe radius. This shift indicates that ALPs are able to move closer to the
probe than passive bath particles. We infer that this ability stems from the higher
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Figure 13.1.: a-d) Density of the bath (p(r)) in LJ units of o2, a’-d’) dipole moment of
the bath (29(r), see Eq. (13.2)), and a”-d") alignment of the ALP velocities with that of
the probe velocity ((V - v)(r), see Eq. 13.3) as a function of distance from the center of the
immersed probe (r) for baths of average density py = 0.40~3. Each column shows a probe
of a different radius: a/a’/a"”) R, = 0.50, b/b’/b") R, = 1.00, c/c’/c") R, = 3.00, and
d/d’/d") R, = 4.00. For ease of visualization, in a-d) we show a black line at the global
density and in a’-d’) and a”-d”) we show a black line at 0.

kinetic energy of ALPs due to their active force, which allows them to overcome
more of the repulsive potential from WCA interactions with the probe.

In addition to calculating the density, we also calculate higher order spherical

harmonics of the bath as a function of distance from the probe:

1
Q' (r) = < > Y (ri/re). (13.2)
V
i€0r
From Figs. 13.1a’)-d’), we see that the ALP bath acquires a negative dipole moment
surrounding the probe, which is sustained to large values of r. This negative dipole
moment indicates that ALPs collect behind the probe relative to its instantaneous
velocity, even at large distances from the probe. This non-zero dipole moment of an
ALP bath surrounding a probe is in contrast to the dipole moment of a passive bath

Chapter 13 Spherical harmonics



surrounding a probe, which is zero. We find no significant structure in higher order
spherical harmonics for either the active or passive bath.

We can see that the first negative peak in the dipole moment occurs at approximately
the same location as the first peak in the fluid density profile. Therefore, we infer
that the increased peak density of an active bath fluid (relative to that of a passive
bath fluid) is primarily due to the accumulation of ALPs behind the probe relative to
its instantaneous velocity. This mechanism of active particles gathering behind an
immersed passive probe has previously been seen for a probe dragged through an
ABP bath in Ref. [99], where it is framed as a difference between the forces behind
and in front of the probe.

The small values of Q(r) for a probe of radius R, = 0.50 demonstrate that the
accumulation mechanism is not significant in a probe of this size. The failure of this
mechanism can be explained intuitively: the probe has the same size (in volume)
as the ALPs themselves, therefore significant accumulation is not possible. This
lack of accumulation helps to explain why the behavior of AkgT as a function of
FE} for a probe of R, = 0.50 differs significantly from probes with larger radii (see
Fig. 11.1).

We infer that the velocities of the ALPs collected behind the probe become correlated,
causing the enhanced correlations among high activity bath ALPs that we saw in
comparing Agupple and Ap,ope in Fig. 12.2). We then infer that the ALPs proceed
to push the probe. To assess this hypothesis, we calculate the alignment of ALP
velocities with that of the probe as:

1

(V-v) ZV V. (13.3)

( €T

Figs. 13.1a”-d"), confirm that the ALPs in the vicinity of the probe are, in fact,
aligned with that of the probe, supporting our hypothesis of this pushing mechanism.
We see in Figs. 13.1a”-d”) that the height of the maximum peak in (V - v)(r)
has a non-monotonic relationship to the probe radius, much like AkgT and the
maximum of the density peak. The maximum peak of (V - v)(r) occurs, once again,
at approximately R, = 3.00.

We furthermore infer that the pushing by the ALPs promotes the enhanced kinetic
temperature of the probe and induces its active-particle-like behavior (i.e. VACF
and memory kernel behavior). Indeed, we can see in Fig. 13.2 that the kinetic
temperature difference between the immersed probe and the ALP bath is positively
correlated with the average magnitude of the negative dipole moment ((€29)).
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Figure 13.2.: Kinetic temperature difference between the immersed probe and the ALP
bath as a function of the absolute value of the average dipole moment, (29). Data for all
simulated bath densities (p) and activities (13“0), as well as for all probe radii (R;), are shown.
Different probe radii a distinguished by different symbols and different bath densities are
distinguished by different colors. Bath activities are not distinguished. Densities in the
legend are expressed in LJ units of o—3.

We note that this positive correlation primarily occurs for probes of radii R, > 1.0c.
For probes of R, = 0.50, only very few points are shown because of relatively large
errors in (Q}). For probes of R, = 1.00, we see a cluster of points in the lower right
corner of the graph. The location of this cluster indicates that, in spite of high values
of (9), kgT remains low. We infer this weaker coupling between (2{) and kgT
stems from the similarity in size between the probe and the bath ALPs.

Chapter 13 Spherical harmonics



Part lll; conclusions and
outlook

We have shown that the active-particle-like behavior and enhanced kinetic tem-
perature of a probe immersed in an active bath cannot simply be attributed to
the convective motion of the active bath. The boundary of the probe contributes
significantly to these adopted dynamics. The probe boundary causes active bath
particles to accumulate behind the probe with respect to its instantaneous velocity.
Once gathered behind the probe, particles are forced to move in the same direction,
leading to correlations among bath particles with sufficiently high activity. This
gathering of active bath particles pushes the probe, which in turn promotes the
active-particle-like behavior, in particular the enhanced kinetic temperature, of the
probe.

These boundary interactions, and consequently the dynamics of both the probe and
the active fluid, are highly contingent on the specific configuration of the probe
boundary. For probes with a radius approximately equal to that of the bath particles,
the accumulation mechanism is significantly less effective. Furthermore, the kinetic
temperature difference between the probe and the active fluid is dependent on the
probe radius. The variability the boundary interactions furnishes us with another
non-equilibrium signature of a probe immersed in an active bath: probes of different
sizes acquire different kinetic temperatures, even when immersed in the same active
bath.

We additionally found that the kinetic temperature difference between the immersed
probe and the active bath scales non-monotonically with the probe size. Though we
found that this non-monotonicity was consistent in other investigated quantities (e.g.
alignment between bath particles and probe, peak density, and average negative
dipole moment), we did not find the physical reason for the existence of such a
maximum. We leave determining this mechanism, and ascertaining whether this
behavior is specific to our system or universal, as a question for future work.

Because our active particles are coupled to a Langevin thermostat, the hydrodynamic
interactions in the fluid are effectively screened. In future work, it would be inter-
esting to study systems in with hydrodynamic interactions, which would certainly
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impact the correlations within both the passive and the active fluid. Furthermore,
given the importance of the boundary in both the dynamics of the probe and the
active fluid, it would be interesting to consider a boundary with localized defor-
mations. It has been shown that such boundary deformities can induce long-range
effects in the bulk active fluid [124], which may in turn alter the dynamics of the
immersed probe.

Chapter 14 Part lll: conclusions and outlook
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Probe immersed in an active bath subject
to external forces



70

Many microrheological studies rely on subjecting a probe to an external force to
determine the properties of the immersive medium (see Chapter 5). This is true
for both experimental and computational microrheological studies. These external
forces often take the form of either constant, drag forces or harmonic, trapping forces.
Such studies have recently been applied to probe the microrheological properties
of active systems [26, 99, 125, 126, 127, 128]. A number of these studies cite
violations of [26, 29], or necessary modifications to [127], fluctuation dissipation
theorems among their findings.

The dynamics of a probe subject to a constant drag force or a harmonic trapping force
can be coarse-grained onto a GLE with an additional external force term. These GLEs
can be transformed into Volterra equations in the same way that we transformed
Eq. (2.13) into Eq. (2.14) in Chapter 2 [24, 33]. This inverse Volterra equation can
then be inverted to define the memory kernel of the probe. Ref. [33] has shown
that when a particle’s dynamics are mapped onto a GLE where the memory kernel is
defined by a Volterra equation, the 2FDT will always be fulfilled. Therefore, probes
immersed in active baths and subject to harmonic and constant external forces can
be mapped onto GLEs which fulfill the 2FDT. The question remains, however, how
to reconcile such a GLE which fulfills a 2FDT with the physical interpretations found
in previous studies.

To this end, we now subject a probe immersed in an active bath to two different
types of external forces: a constant, ‘drag’ force and a harmonic, trapping force.
We then map the dynamics of the probe onto a GLE and use the inverse Volterra
method to determine a memory kernel for the probe which will fulfill the 2FDT. The
central goal of this section is to understand the physical implications of such a GLE

mapping.
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Harmonic potential 1 5

We trap the immersed probe in a harmonic potential such that its equation of motion
is:
MV (t) = =VUamm (R = Ro|) = Y VUwca(R —1y), (15.1)

where M is the mass of the probe, V (t) is its velocity, and Uwca (R —r,,) is the WCA
potential due to an ALP particle, n, at position ry,. Usiarm (|R — Ro|) = 3k/R — Rg|?

is the harmonic, trapping potential with trapping constant k and trap center Ry.

We test three different values of k: & = 1, 5, and 10 in LJ units of ec—2. Aside
from the external, trapping force, the immersed probe only experiences forces from
interactions with the surrounding ALPs. The ALPs are described by Eq. (9.1).

Because the probe is now subject to a potential, we must slightly alter the GLE to
which we map our system dynamics. Our GLE now reads:

MV (t) = —VUiam (R — Ry|) — /Ot ds K(t — s)V(s) 4+ L'(t). (15.2)

Eq. (15.2) can be transformed into a Volterra equation analogously to Eq. (2.13)
(see Chapter 2). Following the same procedure outlined in Ref. [17], we can then
reconstruct the memory kernel as [24]:

LOp(mAt) — kCy (mAL) — 22 St w,Cry ((m — n) At) K (nAt)

Rman = Cv(0) + 22 Oy 0)

)

(15.3)

where the initial condition is now K (0) = 7 gf; 283 — k.

Position probability distribution

In equilibrium, we know that a harmonically trapped particle has a Gaussian position
distribution centered at the trap center with variance (r?(t)) = kg7 /k for each
harmonically trapped axis i. As expected, this matches what we find for a probe
immersed in a passive bath, as we can see in Fig. 15.1a), which shows the position
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Figure 15.1.: Position distribution relative to the trap center (P(z)) of a harmonically
trapped probe immersed in a) a passive (13“0 = 0.0) and b) an active bath (Fo = 5.3). Solid
lines show simulation data, whereas dashed lines show a Gaussian distribution with mean 0
and the variance a) expected for a probe in a harmonic potential with each respective spring
constant k and b) of the simulation data. Each bath has average density po = 0.40 2. Values
of k in the legend are shown in in LJ units of eo—2.

distribution of the probe in the x-direction relative to the trap center. Although we
only show the position distribution in the x-direction, since the probe is confined
along all axes, we find the same form of position distribution in both the y and z
directions as well.

We see in Fig. 15.1b), that the position distribution of the probe remains Gaussian
and centered around the trap center even in an active bath. However, although the
position probability distribution is, as in equilibrium, Gaussian distributed around
the center of the trap, the variance of the probe position distribution is not that which
we expect in equilibrium. Even when we account for the higher kinetic temperature
of the probe immersed in an active bath (kgT.g = m(v2(t))/3 in 3D), we find that
kgT.q/(r2(t)) # k, as can be seen in Fig. 15.2 where we plot kgT.g/(r?(t)) as a
function of k. Furthermore, we see in Fig. 15.2 that the value of kpTeq/(r2(t)) for a
given constraint k is not density independent in the active case, as we would expect
in equilibrium.

Although kgT.g/(r?(t)) # k for a harmonically confined probe in an active bath, it
does appear that kgTeq/(r?(t)) o< k. We therefore posit that, due to the activity of
the bath particles, in order to make a coarse-grained model of a probe immersed
in an active bath, the external force on the probe needs to be renormalized. Then,
kpTeg/(r?(t)) = k for the active bath, where k = ak is the renormalized spring
constant of the harmonic potential with renormalization factor .

Chapter 15 Harmonic potential



15.2

kgTess / (r?) [e072]

T T

2 4 6 8 10

k [e07?]

Figure 15.2.: kpT.s/(r?(t)) as a function of k for a probe immersed in a passive bath
(Fo = 0.0, indigo) as well as for a probe immersed in an active bath (Fo = 5.3, orange).
We show data for both a bath with a density of py = 0.4 (triangles) and of py = 0.8073
(x-symbol). Solid colored lines show the line of best fit for baths with density py = 0.4073,
whereas dashed colored lines show the line of best fit for baths with density py = 0.80 3.
The solid black line shows kpT.g/(r2(t)) = k. Densities in the legend are expressed in LJ
units of 3.

To determine the renormalization factor «, we fit our data in Fig. 15.2 to a line with
zero offset. As expected, in the passive case, o =~ 1 for both bath densities because
the external force does not need to be renormalized and is density independent. In
the active case, we find that for a bath with density p = 0.4073, g4 = 0.190 £ 0.001
and for a bath with density p = 0.8073, ags = 0.079 & 0.002. In both cases, a < 1,
meaning that the activity of the bath effectively decreases the spring constant of
the harmonic potential and, thereby, decreases the trapping force exerted on the
probe.

Velocity autocorrelation function and memory kernel

We now examine the VACF and memory kernel of the trapped probe. From
Figs. 15.3a) and b), we see that, when immersed in a passive bath, the VACF/mem-
ory kernel of a harmonically constrained probe only differs slightly from that of an
unconstrained probe. Namely, the oscillation of the VACF for a harmonically con-

15.2 Velocity autocorrelation function and memory kernel
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strained probe is slightly deeper than that for an unconstrained probe. The increased
depth of this oscillation relates to the restoring force on the probe; therefore, we
expect that its depth would increase with an increased value of k, which agrees with
what we see in Fig. 15.3a). The memory kernel of a free vs. trapped probe in a
passive bath exhibits even fewer differences. In fact, the differences between the
memory kernel of a free vs. trapped particle all fall within our error bounds.

When immersed in an active bath, the VACF/memory kernel of the harmonically
constrained probe differs more significantly from that of an unconstrained probe. In
Fig. 15.3c), we see that the trapped probe has a decreased local kinetic temperature
in comparison with that of an free probe. This difference is not surprising given the
constraint on the probe.

What is surprising is the long-time tail which the harmonic constraint incites in the
VACF. In Fig. 15.3c), we see that the VACF of a free probe immersed in an active bath
decays at times  ~ (O(102). This is no longer the case when the probe is constrained.
When subject to a harmonic constraint, the VACF exhibits an oscillation which has
still not completely decayed at times # ~ O(10?). The oscillation of the VACF in the
active case of a harmonically constrained probe can be understood much the same
as the increased depth of the oscillation in the passive case: the oscillation results
from an increased restoring force on the probe. We suspect that this failure of the
VACEF to fully decay on the time scale which we studied leads to the slight negative
offset in the memory kernel (see the inset of Fig. 15.3d)).

Stochastic force distribution

Once we have determined the memory kernel of the probe, it is straightforward to
determine the stochastic force (I'(¢)) in Eq. (15.2):

L(t) = F(t) + VUHarm (R — Rol) + /Ut ds K(t — s)V(s). (15.4)

The only difference between Eq. 15.4 and Eq. 2.19 — which we used to derive the
stochastic force for a free probe — is the extra term to account for the external,
harmonic force.

In Fig. 16.5, we see that in both the case of a passive and an active bath, the stochas-
tic force distribution calculated from simulation data (solid lines) approximately
matches a zero-centered Gaussian with the same standard deviation (dashed lines).
The only deviations from the zero-centered Gaussian are an enhanced peak in the

Chapter 15 Harmonic potential



Fo=0.0 0=>5.3
0.010- — k=1
— k=5 |
0.008 ben | [*5R
& 0.006] 10.15 =
s - a S
= 1= wit | 0 3 ]
8 0.004 'S 0 t'T,'-. g H’#f +0.10 8
‘2 000212 €5 i 2
§_2' a) g c) 0.05
0.000 o 1ot
t \/ L 0.00
-0.0021 _ . . . _ .
17.5
i ] - 25
15.0- — = A
K i i
125 . Wi % il 20
0.0 1 w
__10.0; . =i / o [
< 103 10° 108 )
& 7.5 : 10 <2
5.0 5
b d
2.51 ) \/’\—— ) 0
0.0 -5
10-1 10! 103 10-1 10 10°
t t

Figure 15.3.: Velocity autocorrelation function (VACF) and memory kernel of an immersed
probe trapped in a harmonic potential. The left column shows a) the VACF and b) the
memory kernel for a probe immersed in a passive bath (¥ = 0.0), whereas the right column

shows the b) VACF and d) memory kernel for a probe immersed in an active bath (Fh = 5.3).

Each bath has average density p, = 0.40 2 and the probe has a radius R, = 3.00. Insets
show the difference between the VACF/memory kernel of a free and trapped probe. Values
of k in the legend are shown in in LJ units of ec 2.

15.3 Stochastic force distribution
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Figure 15.4.: Stochastic force distribution of the harmonically trapped probe in a bath of
density p = 0.40~3. a) The stochastic force distribution for a passive bath. b) The stochastic
force distribution for an active bath with activity Fy = 5.3. The solid lines show simulation

data, whereas the dotted lines show zero-centered Gaussian distributions with the same
standard deviation. Values of k in the legend are shown in in LJ units of ec—2.

distribution, which we infer results from the low density of the bath and which we
also saw for the unconstrained probe (see Chapter 9.3 and Appendix C).

Spherical harmonics

In spite of the additional harmonic force on the probe, the density profile of the ALP
bath (as calculated from Eq. (13.1)) remains identical for a trapped and a free probe
(see Fig. 15.5a)). Furthermore, the dipole moment, Q(l](r) (see Eq. (13.2)), remains
the same whether the probe is trapped or free. This is most likely due to the fact that
the forces exerted by the harmonic trap are small, i.e. within the linear response
regime. Therefore, we do not see a significant alteration of the bath dynamics due
to the external force on the probe, in spite of the changed behavior of the probe
itself, which we see in the VACF and memory kernel in Fig. 15.3.

Chapter 15 Harmonic potential
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Figure 15.5.: a) Density expressed in LJ units o3 (p(r), see Eq. (13.1)) and b) dipole
moment (Q9(r), see Eq (13.2)), surrounding a harmonically confined probe immersed in
a bath with activities Fo = 0.0 (indigo) and Fo = 5.3 (orange). The probe has a radius
R, = 3.00 and is immersed in a bath with global density py = 0.40~3. Different symbols
show different harmonic trapping strengths k = leoc=3 (plus symbol), k¥ = 5eo =3 (star
symbol), k = 10ec—2 (x symbol). The results for a free probe are shown in a) by open circles
and in b) by bars. For ease of visualization, in a) we add a vertical shift between the density

profiles for different trapping strengths and show a black dashed line at the global density.

In b), we show a black dashed line at zero.

15.4 Spherical harmonics
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Drag force

We now pull a passive probe through a bath of interacting ALPs with a constant
‘drag’ force along the x-axis: F = F,,;X (see Fig. 16.1). Thus, the equation of motion
for the probe is:
MV (t) = Foxik — > VUwca(R — 17,), (16.1)
n

where M is the mass of the probe, V(t) is its velocity, and Uywca (R — r},) is the
WCA potential due to an ALP particle, n, at position r,,. Aside from the constant
external force, the immersed probe only experiences forces from interactions with
the surrounding ALPs. The ALPs are described by Eq. (9.1). The ALP bath has a
global density of 0.40~2 and the probe has a radius R, = 3.00.

o o

5 o

FOen

!‘)9

ext X

@

Figure 16.1.: System of a passive probe dragged by a constant, external force through a
bath of active Langevin particles.

P

It has been postulated in Ref. [33], that a system with time dependent drift can be
mapped onto a GLE of the form:

MV() = £(t) /0 "ds K(t — $)V(s) + T(0), (16.2)

where f(¢) is the time dependent drift force. We can split this equation into two
parts:

MV(t) = £(t) — /0 "ds K(t — )V (s), (16.3)
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MU = — /0 "ds K(t — $)U(s) + T(1). (16.4)

Here, V(t) = U(t) + V(t) such that V(t) = (V(t))pneq is the non-equilibrium average
of the velocity (i.e. the drift velocity).

Eq. (16.4) is of exactly the same form as Eq. (2.13). The only difference is that the
velocity U(t) is now the velocity of the probe in the co-moving frame. Since the
equations are of the same form, Eq. (16.4) can also be transformed into a Volterra
equation, which can then be inverted to find the memory kernel of the probe. Using
such a mapping, the effective drift force on the probe can then be calculated with
Eq. 16.3, as £(t) = MV (t) + [Lds K(t — s)V(s).

Ref. [99] has already analyzed a probe dragged through a 2D bath of ALPs. However,
they focused on drag forces well beyond the linear response regime. We now focus
on drag forces which encompass the transition from being within the linear response
regime to being beyond it.

Static mobility

The mobility of a probe dragged through a fluid is defined by Eq. (5.1), which can
be written for our system as:

<Vx> = ﬂDragFexta (16.5)

where (V) is the average velocity along the x-axis and /ipa, is the mobility. Here we
have used F.y; = aFiy as our external force because we saw in Section 15.1 that,
for a probe immersed in an active bath, the external force exerted on the probe needs
to be renormalized. To assess the range of the linear response regime, we define
a Peclet number for the probe: Pe = (V,)/Vair. Here, we define Vgig = D/ Ry
based on the probe radius R, = 3.0c and the effective diffusion coefficient of an
isolated ALP: Doy = kpTeg/7y, where kpTeg = kpT[1 + FOQ /(3 + 6D r)| as defined in
Eq. (8.6). In terms of Fl., Pe = ,uDragFext /Vaig (see Appendix J).

We graph the force dependent mobility (pog(Fext) = (Vi)/ F.t) as a function of
the Peclet number in Fig. 16.2a). We expect that /LDrag(Fext) is constant within
the linear response regime for a probe immersed in a passive bath. We also find
this to be the case for a probe immersed in an active bath. However, for a probe
immersed in an active bath, the linear response regime is less clear because of large
fluctuations in MDI-ag(Fext) for low values of Pe, as shown in Fig. 16.2. We infer that

16.1 Static mobility
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Figure 16.2.: Probe mobility and Peclet number. a) Force dependent mobility as a function
of Peclet number. Insets zoom in on the mobility beyond the linear response regime. b)
Average velocity along the x-axis, (V), as a function of the renormalized external drag force,
F..t. The circles show the simulation data and the solid lines show the best fit for these
data, the slope of which is jiprae. The dashed lines have a slope corresponding to px. Each
bath has average density py = 0.40~2 and the probe has a radius R, = 3.00.

these fluctuations result from the fact that the activity of the bath induces larger
variations in the probe velocity.

Linear response generally holds for Peclet numbers up to Pe ~ 1, which agrees with
what we find in Fig. 16.2a) for both a probe immersed in a passive and an active
bath. We therefore consider Peclet numbers Pe < 1 to be within the linear response
regime. We would like to note that, due to the enhanced diffusion of the active bath
particles in comparison to the passive bath particles, equivalent Peclet numbers for a
probe in an active and a passive bath correspond to different external drag forces
(see Appendix J). Much larger drag forces are required to achieve the same Peclet
number for an active bath in comparison with a passive bath.

In Fig. 16.2b), we now graph (V) as a function of Fiyt to determine HDrag Within the
linear response regime using Eq. (16.5). We extract a mobility pipag = 0.02057 &=
0.00006 for a probe immersed in a passive bath (¥ = 0.0) with a density p = 0.40 5.
For a probe in an active bath (£}, = 5.3) of density p = 0.403, we extract a mobility
of fiprag = 0.15440.006. Comparing these values, we see that increasing the activity
of the bath also increases the mobility of the probe particle.

Eq. (16.5) is not the only way to define mobility. The mobility can also be defined
by the memory kernel of a free probe through the equation:

00 =<1
,m{/m%m}. (16.6)
0
Using the memory kernels calculated in Section 9.2, we calculate ux = 0.0226 +

0.0003 for a probe in a passive bath of density p = 0.4073 and pux = 0.147£0.002 for
a probe in an active bath of density p = 0.40 3 with Fj = 5.3. As expected, for the

Chapter 16 Drag force
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probe dragged through a passive bath, the mobility calculated from Eq. (16.6) agrees
well with that calculated from Eq. (16.5). The slight discrepancy between values is
most likely due to the reconstruction of the memory, which becomes less accurate at
longer times. For an active bath the two methods of calculating the mobility also
agree. However, we would like to emphasize that using the renormalized external

force to define pp;ag(Fext) is essential to this agreement.

Beyond linear response

The insets of Fig. 16.2a) show us that the behavior beyond the linear response
regime is qualitatively different for a probe immersed in an active vs. a passive bath.
As mentioned in Chapter 5, both ‘thinning’ (increased mobility) [48, 49, 50, 51,
52] and ‘thickening’ (decreased mobility) [33, 50, 52, 53, 54] behavior have been
observed for different systems beyond the linear response regime. We find that (for
our particular system), whereas a probe dragged through a passive bath exhibits
thinning behavior, a probe dragged through a bath of ALPs exhibits thickening
behavior. Due to these opposite behaviors, the values of uDrag(Fext) for a passive
and an active bath at the same Peclet number approach each other beyond the linear
response regime.

Velocity autocorrelation function and memory kernel

Having looked at the active microrheological properties of the active bath, we turn
to the dynamic properties of the dragged probe: namely, the VACF and the memory
kernel. We map the dynamics of our system onto Eq. (16.2). We examine the VACF
in the co-moving frame because, for a probe dragged through a passive bath, this
should be the same for all drag forces within the linear response regime [33]. We
would like to evaluate the universality of the co-moving VACF for a probe dragged
through an active bath as well.

As we would expect, within the linear response regime (Pe < 1), the VACF and
memory kernel are isotropic and independent of F,. for a probe dragged through a
passive bath. We additionally find that the VACF and memory kernel are isotropic
and independent of F, for a probe dragged through an active bath (Figs. 16.3 and
16.4).

16.2 Beyond linear response
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Figure 16.3.: Velocity autocorrelation function (VACF) of the dragged, immersed probe.
Each bath has global density py = 0.40 3 and the probe has a radius R, = 3.00. a,b) The
top row shows the component of the VACF which is parallel to the drag force, whereas
¢,d) the middle row shows the perpendicular component. e,f) The bottom row shows the
difference between parallel and perpendicular components of the memory kernel. a,c,e)
The left column is for a passive bath, whereas b,d,f) the right column is for an active bath
(Fy = 5.3). The black curves in plots a-d) show the VACF for a probe which is not dragged
and insets show the difference between the VACF of a free and a dragged probe. We show a
black line at zero in each graph for ease of visualization.
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Figure 16.4.: Memory kernel of the dragged, immersed probe. Each bath has global density
po = 0.40 73 and the probe has a radius R, = 3.00. a,b) The top row shows the component
of the memory kernel which is parallel to the drag force, whereas ¢,d) the middle row shows
the perpendicular component. e,f) The bottom row shows the difference between parallel
and perpendicular components of the memory kernel. a,c,e) The left column is for a passive
bath, whereas b,d,f) the right column is for an active bath (FO = 5.3). The black curves in
plots a-d) show the memory kernel for a probe which is not dragged and insets show the
difference between the memory kernel of a free and a dragged probe. We show a black line
at zero in each graph for ease of visualization.

16.3 Velocity autocorrelation function and memory kernel

83



16.4

84

Beyond the linear response regime, however, the VACF and memory kernel are
neither isotropic (see Figs. 16.3e,f) and 16.4e,)) nor independent of F for both
passive and active systems. In both the case of a passive and active bath, a drag
force beyond the linear response regime causes the VACF to decay more rapidly in
both its parallel and perpendicular components. The behavior of the memory kernel
is primarily affected at short times, during which its value is greater than that of a
free probe. This is, again, true for both a probe dragged through a passive and an
active bath.

However, the other aspects of the VACF/memory kernel form differ based on whether
the bath is passive or active. In a passive bath, we see that the dragged probe ac-
quires an increased local kinetic temperature in both its parallel and perpendicular
components. In an active bath, on the other hand, the dragged probe only ac-
quires an increased local kinetic temperature in its parallel component. In fact, in
its perpendicular component, the probe dragged through an active bath actually
experiences a decrease in local kinetic temperature.

Stochastic force distribution

Once we have determined the memory kernel of the probe, it is straightforward to
determine the stochastic force (I'(¢) in Eq. (16.2)) using Eq. 2.19, the probability
distribution of which we show in Fig. 16.5. In Fig. 16.5, we see that in both the case
of a passive and an active bath, for low Peclet numbers (within the linear response
regime), the stochastic force distribution calculated from simulation data (solid
lines) approximately matches a zero-centered Gaussian with the same standard
deviation (dashed lines). The only deviations from the zero-centered Gaussian are
an enhanced peak in the distribution, which we infer results from the low density of
the bath (see Section 9.3 and Appendix C).

However, at higher drag forces, the distribution calculated from simulation data
develops an asymmetry in both components parallel and perpendicular to the drag
force. This asymmetry has already been seen for a passive bath in Ref. [33]; we now
show that it also occurs for an active bath, though the magnitude of the asymmetry
appears to be slightly lower in the active case. We infer that the lower asymmetry
in the active case stems from the already enhanced fluctuations due to the bath
activity.

The asymmetry takes the form of a long tail in the negative forces of the distribution.
This long tail occurs because, outside of the linear response regime, bath particles

Chapter 16 Drag force



—— Pe=0.07

—— Pe=0.63
—— Pe=15
S
o — Pe=4.5
> Pe=7.2
Ty
o
S—
a

-200 -100 0 100 200 -200 -100 0 100 200
i/ (V?) i/ (V?)

Figure 16.5.: Stochastic force distribution of the dragged, immersed probe in a bath of
density p = 0.40~3. a,b) The top row shows the component of the stochastic force which
is parallel to the drag force, whereas ¢,d) the bottom row shows one of the perpendicular
components (the other perpendicular component is identical). a,c¢) The left column is for a
passive bath, whereas b,d) the right column is for an active bath (Fy = 5.3). The solid lines
show simulation data, whereas the dotted lines show zero-centered Gaussian distributions
with the same standard deviation. We show a black horizontal line at zero for ease of

visualization.

16.4 Stochastic force distribution
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Figure 16.6.: Density in LJ units o3 (p(r), see Eq. (13.1)) of the immersed probe in baths
with activities Fo = 0.0 (indigo) and FO = 5.3 (orange). Open circles with dotted lines show
p(r) for a probe which is not dragged, whereas solid lines with stars show p(r) for a probe
dragged with Pe ~ 7.2. The probe has a radius R, = 3.00. For ease of visualization, we
show a black dashed line at the global density, py = 0.4073.

in the vicinity of the probe do not necessarily travel at the same relative velocity
as the probe [129]. This leads some bath particles to ‘crash,” with relatively high
forces, into the probe, promoting the long tail. Because the average of the stochastic
force distribution remains zero, the distribution also exhibits a slightly enhanced
probability for positive forces. The distribution outside the linear response regime
can be described by a split normal Gaussian [33].

Spherical harmonics

We infer that the behavior of the probe mobility beyond the linear response regime
results primarily from the different number of contacts experienced by a dragged
probe. We see in Fig. 16.6 that the density profile (calculated from Eq. (13.1)) for
both a passive and active bath differs for a free vs. a dragged particle. However,
whereas a probe dragged through a passive bath has a higher number of contacts in
its immediate vicinity, a probe dragged through an active bath has a lower number
of contacts. The different behavior of the contact number beyond the linear response
regime for a passive vs. active bath hints at the reasoning for thinning vs. thickening

behavior in each respective case.

Chapter 16 Drag force
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Figure 16.7.: Dipole moment (Q(r), see Eq. (13.2)) of the bath as a function of distance
from the center of the immersed probe (r) for a probe dragged with a Peclet number a)
Pe =~ 1.5, b) Pe =~ 4.5, and ¢) Pe ~ 7.2 for both a passive (Fo = 0.0, indigo) and an active
(Fy = 5.3, orange) bath. Each bath has average density p, = 0.40 3 and the probe has a

radius R, = 3.00. For ease of visualization we show a black dashed line at 0.

It has previously been shown that a probe dragged with sufficient force through a
passive bath experiences an increased density of particles in front of it [33, 52]. By
examining the dipole moment in the vicinity of the probe (see Fig. 16.7, calculated
from Eq. (13.2)), we verify this buildup of particles in front of a probe dragged
through a passive bath with Pe > 1.

A similar frontal buildup is exhibited by a probe dragged through an active bath
with Pe ~ 7.2. However, for a lower Peclet number (e.g. Pe =~ 1.5 and Pe ~ 4.5), we
do not see such a buildup in an active bath. In fact, in spite of the drag force, we
still see a buildup of ALPs behind the probe for Pe < 1.5.

We reason this qualitative difference in the bath behavior at the probe interface
following the arguments of Ref. [99]. For small Peclet numbers, the speed of the
ALPs is greater than that of the dragged probe. Thus, the ALPs are able to accumulate
behind the probe and push, as was the case for a probe without an external drag
force. Consequently, we still see a negative dipole moment in the active bath for
Pe =~ 1.5 in Fig. 16.7a). For intermediate Peclet numbers, the dragged probe and
the ALPs move at similar speeds. Therefore, the dipole moment of the active bath
goes to zero, which we see happening for Pe ~ 4.5 in Fig. 16.7b). Although for this
value of Pe the dipole moment is not entirely zero, we can see that its magnitude
and range are smaller. For large Peclet numbers, ALPs can no longer catch up to the
probe and, consequently, the active bath acquires a positive dipole moment in the
vicinity of the probe, as seen for Pe ~ 7.2 in Fig. 16.7c).

16.5 Spherical harmonics
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Figure 16.8.: Effective drift force (f,) determined by our coarse-grained model (see
Eq. (16.7)) a) as a function of the applied external force (Fiuy), b) as a function of the
Peclet number. In b), f, has been rescaled by C = pprag/Vais because Pe = CF.y (see
Appendix J). The dashed, black line in each plot shows f, = F., what we would expect for
a good coarse-grained mapping. Each bath has average density py = 0.40~2 and the probe
has a radius R, = 3.00.

Effective drift force

To understand the external force in our GLE mapping, we evaluate the effective drift
force in our coarse-grained mapping. In our particular system, the effective drift
force is:

Iz = (Va) /000 dt’ K||(t')- (16.7)

We now compare the value of f,, which we find from our coarse-grained model, to
the renormalized, applied external force (Fuyxt) as shown in Fig. 16.8. In the case
that our mapping is successful, we expect that f, = Fuy.

Within the linear response regime, we find that, for both passive and active cases, this
relation holds (see insets of Figs. 16.8a) and b)). Therefore, with the renormalized
drag force, our coarse-grained model works.

Beyond the linear response regime, however, the relation breaks down both in the
case of a passive and an active bath (see Figs. 16.8a) and b)). In the case of a
passive bath, our coarse-grained model underestimates the value of Fl.. In the
case of an active bath, our coarse-grained model overestimates the value of Foyt.
We attribute the difference in the way the relation breaks down (underestimation
vs. overestimation) for a passive vs. active system to the opposite behavior of the
mobility beyond linear response (thinning vs. thickening).

Chapter 16 Drag force



Part IV: conclusions and
outlook

We have shown that the system of a probe immersed in an active bath and subject to
an external force can be mapped onto a physically meaningful GLE which satisfies
the 2FDT. For such a mapping, the dissipative and stochastic forces should be defined
using an inverse Volterra equation. Due to the activity of the bath, the external
force in such an equation is not equal to the physical external force, but rather a
renormalized external force. The necessity of a renormalized force explains citations
of violations or necessary modifications to FDTs in previous research works [26, 29,
127]. The ability to map this non-equilibrium system onto a GLE which satisfies the
2FDT enables the use of many recently developed coarse-grained methods which
rely on its fulfillment [130, 131, 132].

However, the ability to map the probe’s behavior onto a physically meaningful GLE
breaks down for external forces beyond the linear response regime. Consequently,
developing coarse-grained methods for external forces beyond the linear response
regime will be an important area for future research.

Additionally, it has been shown that a harmonically confined active particle exhibits
different behavior from a harmonically confined passive particle [133, 134, 135].
Namely, the radial probability distribution of the active particle exhibits two ‘phases’
which depend on the particle activity and the trap strength: a ‘passive’ phase
described by a Boltzmann-like distribution around the trap center, and an ‘active’
phase described by a non-Boltzmann distribution which is peaked away from the
trap center [135]. Given the shared behaviors of a probe immersed in an active bath
with an active particle itself [28, 58, 68], it would be interesting to determine if
there exists an ‘active’ phase probability distribution for a probe immersed in an
active bath for other values of activity and constraint. If such an ‘active’ phase exists,
a GLE which satisfies the 2FDT would likely be insufficient to describe it, and would
therefore also require further research to develop a coarse-grained model.
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Conclusions and outlook 1 8

A passive probe particle immersed in an active bath behaves differently from a passive
probe particle immersed in an passive bath. We have shown that, in fact, a probe
immersed in an active bath acquires a number of properties reminiscent of an active
particle itself, such as slowly decaying velocity correlations, an enhanced kinetic
temperature, and a partially negative memory kernel. The apparent mechanism
for these active-particle-like behaviors is an accumulation of active particles behind
the probe (with respect to its instantaneous velocity), which push the probe at
sufficiently high activities.

Although the probe does exhibit these active-particle-like behaviors, unlike an
active particle, it does not exhibit a non-Gaussian linear velocity distribution. Non-
equilibrium signatures of a probe immersed in an active bath prove difficult to detect.
As one way to detect a non-equilibrium signature from only the trajectory of the
probe, we propose to slightly perturb the probe, which will reveal a violation of the
first fluctuation dissipation theorem if the bath is not at equilibrium. Alternatively,
we propose to examine the trajectories of multiple probes of different sizes, which
will acquire different kinetic temperatures if the bath is active. We found the kinetic
temperature to behave non-monotonically with respect to the probe radius; however,
an explanation for this behavior remains unclear and should be addressed in future
research.

Despite the probe’s inherently non-equilibrium dynamics due to the activity of the
bath, when subject to an external force, we found that the probe dynamics can still be
mapped onto a physically meaningful generalized Langevin equation which satisfies
the second fluctuation dissipation theorem. In this case, the external force in the
effective generalized Langevin equation is not equal to the physical external force,
but rather a renormalized external force. The ability to map this non-equilibrium
system onto such a generalized Langevin equation enables the use of previously
established coarse-grained methods; however, it also raises the question as to when
such a coarse-grained model breaks down. We have already seen one such instance:
when the external force on the probe is beyond the linear response regime.



Calculation of an isolated ALP
VACF

We know that the VACF can be calculated as:
o n 1 (7 R N
G = / ds 9(E+ 5) 9@ + 5), (A1)
0

in the limit 7 — co. We additionally know that, in rescaled quantities Fy and Dg,
the equation for the velocity of a non-interacting ALP is:

V(&) = 9(0) exp (=) +Fy ./Ot dsexp (—(f — s))e(s)—k/ot dsexp (—(f — 5))€(s) (A.2)

We now assume that the initial time is in the infinite past, as done in Ref. [9], so
that the instantaneous velocity is only determined by the noise terms in Eq. (A.2).
Under this assumption, our ALP instantaneous velocity is:

A A f ~ f AN
9(f) = B /0 du exp (—u) e(f — u) + /0 A exp (—d) EG— o), (A3)

where we have slightly rearranged the time integral for convenience. Following
Eq. (A.1), we then multiply this velocity by the velocity at some other time (v(#)),
average over the noise, and integrate over the time interval 7 in the limit 7 — ooc.
From Egs. (2.2), (6.2), and (6.3) we know that (e(£)£(#)) = 0; therefore, we can
eliminate the cross terms. We also know that (e(f)e(#')) = exp (—2Dg|{ — '|) and
(EDE{)) = 218(F — #). Therefore, performing all the above integrations, we
recover:
(S(09(E)) = B0xp (17— P+ — 10 (exp (-2 ) — 2D exp (— - 7))
1—4D3 ’
(A.4)

given as Eq. (8.2) in Chapter 8.
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Calculation of P(¥)

From simulation data

To calculate P(v) from our simulation data, we calculate the absolute velocity, |v|,
of the particle for each time step. We then assign this value of |v| to an appropriate
bin, each of length dv, to find the absolute velocity distribution N[|v|]. We divide
each of these bins by its true volume, 6V = %w((v + %)3 —(v— %)3), and scale the
distribution by a factor of \/m/kpT to find P(¥). The distribution calculated from
simulation data is normalized such that }° ;| P(¥)éV = 1. Theoretical distributions
of P(¥) are normalized such that [ _dd 4792P(¥) = 1.

From the Fokker-Planck equation

The stochastic equations of motion for an isolated ALP (Egs. (8.1) in Chapter 8) are
equivalent to a Fokker-Planck equation for the time-dependent distribution function
P(v,e, )

a%P({r, e, l) = -V (V+ Vi — Fye) P(V,e,1) — Dr A P(¥, e, 1), (B.1)

where A, denotes the angular part of the Laplace operator. The stationary solution
of this equation (P,(¥, €)) solves,

0= Vs (¥4 Vi — Fve) + D Ac| Ps(v. ). (B.2)

In the limit Dy — 0, Eq. (B.2) is solved by

52
P,(v,e) =N exp ( — % + Fy(e-v)), (B.3)



2 . . . .
where N = %leﬁe*F 3/2 is the normalization constant. Taking the average over

all orientations e gives the velocity distribution at D — 0:

P(¥) = / d®e Pg(v,e) x e /2 AlA sinh(Fy|¥]), (B.4)
Folv|

which is quoted as Eq. (8.7) in Chapter 8. The mean squared velocity calculated
from this distribution is given by (¥2) = 3 + Eg, which has the same functional

form as Eq. (8.5) with Fy /A 1+ 2Dg replaced by F}. Based on this observation, we
conjecture that P(¥) at finite Dy has the same functional form as Eq. (B.4) with F
replaced by Fy/1/1 + 2Dx. This results in Eq. 8.8 of Chapter 8.

B.2 From the Fokker-Planck equation
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Stochastic force distribution
relative entropy

In Section 9.3, we saw qualitatively that the stochastic force distribution of a passive
probe remains Gaussian even when immersed in an active bath. To quantify this,
we calculate the relative entropy between the simulation data and zero-centered
Gaussian distributions with the same standard deviation (see Eq. (8.9)). From
Fig. C.1, we see that there are deviations from a Gaussian distribution at low
densities. However, these deviations occur even in a passive bath. In fact, as the
activity of the bath increases, the deviations from a Gaussian distribution at low
densities actually decrease. Thus, we attribute these deviations to low density effects
rather than activity effects.
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Figure C.1.: Relative entropy (Eq. (8.9)) between the stochastic force distribution calculated
from simulation data and a Gaussian distribution with the same standard deviation. Densities
in the legend are expressed in LJ units of 072,



Test of linear response regime
for perturbation force

We would like to check that the perturbation force we use to test the 1FDT in
Section 9.4 is within the linear response regime for both a probe immersed in a
passive and an active bath. To do this, we test perturbation forces (a(t) = MVyd(t))
for different values of Vj: Vp = 0.2, 0.4, and 0.5. For perturbation forces within the
linear response regime, we expect that §(V (t))/Vy collapses.

Indeed, this is what we see for all our tested values of the perturbation force for
both a probe immersed in a passive bath (Fig. D.1a)) and an active bath (Fig. D.1b)).
Furthermore, we note that, in the case of a passive bath, 6<V(t)) / Vo always matches
C{gs (t)/ Cés (0) curve meaning that the 1FDT is fulfilled as we would expect for this
equilibrium system. This is not the case for a probe immersed in an active bath, in
which case the 1FDT is not fulfilled, as we saw in Section 9.4.

We note that perturbation forces with ;) = 0.2 and 0.4 have fewer statistics than
that with V; = 0.5, leading to deviations in §(V (¢))/Vy at longer times. However,
it is already clear that these curves collapse based on the short time dynamics of
5V (1)) /Vo-
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Figure D.1.: Test of linear response for the perturbation force applied in Chapter 9.4.
5(V(t))/Vy collapses for the different values of the perturbation force tested — a(t) =
MVyo(t), with Vy = 0.2, 0.4, and 0.5 — confirming that the perturbation force is within the
linear response regime for both a) a passive and b) an active bath of density p = 0.4073.
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1FDT for an isolated ALP

In Section 9.4, we tested the 1FDT for a passive probe immersed in an active bath
and found that it is violated. We now test the 1FDT for an isolated ALP. We find that
the 1FDT is also violated for an isolated ALP (see Fig. E.1). Furthermore, the curves
in Fig. E.1 are qualitatively very similar to those in Fig. 9.8. The similarity of the
curves in these figures highlights the similarities between the dynamics of a passive
probe immersed in an active bath and those of an isolated ALP.
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Figure E.1.: Test of the 1FDT for an isolated ALP using a perturbation force a(t) = M Vpd(¢)
with Vy = 0.5. a) Response function of the ALP velocity versus its normalized VACF. The red
‘%’ shows the point (0,0) to which both functions decay in the long-time limit. If the 1FDT is
fulfilled, the curve is a straight line along the diagonal. b) Response function of the probe
velocity (dotted line) and normalized VACF (solid line) as a function of time for Fo =5.3.



Velocity distribution for probes
of different sizes

In Figs. F.1a-e), we plot the velocity distributions — P(¥), calculated as detailed
in Appendix B.1 — of the different sized probes listed in Table III.1 in a bath of
density p = 0.8073. We also show zero-centered Gaussian distributions with the
same standard deviation as the simulation data. At least qualitatively, the Gaussian
distributions seem to match the simulation data very well.

In order to gather a more quantitative understanding of the differences between
the distribution from simulation data and a zero-centered Gaussian with the same
standard deviation, we plot the relative entropy (Eq. (8.9)) between these two
distributions in Figs. F.1a’-e’). From Figs. F.1a’-e), we see that the deviations from a
Gaussian distribution are generally very small. However, we do see some relatively
large deviations for small probes (R, < 2.00) immersed in active baths of low
density (p = 0.3072) in Figs. F.1a’-c/). We attribute these deviations to poorer
statistics for such systems: because the bath has a low density, the probe experiences
fewer collisions with bath particles, which is only exacerbated by the small size of
the probe. Therefore, we conclude that the deviations from a Gaussian distribution
are due more to the less robust statistics in these systems than a fundamental lack
of Gaussianity in the probe velocity distribution.
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Figure F.1.: a-e): Velocity distributions of different sized probes immersed in a bath of
density p = 0.80 for different driving forces £}. Solid lines show simulation data, whereas
dotted lines show zero-centered Gaussian distributions with the same standard deviation
for comparison. The x-axis has been rescaled by v/M for better visibility and the x-axis has
been rescaled by (V?2). a’-e’): Corresponding relative entropies (Eq. (8.9)) between the
simulation data and Gaussian distributions with the same standard deviation. Each row
corresponds to a different sized probe from Table III.1: a/a’) R, = 0.50, b/b’) R, = 1.00,
c/c') R, = 2.00, d/d’) R, = 3.00, and e/e’) R, = 4.00. Densities in the legend are
expressed in LJ units of o3,

Appendix F  Velocity distribution for probes of different sizes



Active Langevin particle
persistence length

The dynamics of active particles can generally be characterized by two parameters:
the speed of propulsion and the rotational diffusion time. These two parameters
can be used to define a persistence length during which an active particle travels
without reorienting. For an active Brownian particle, this persistence length is
typically defined as ¢, = vo/((d — 1) Dg), where vy is the propulsion velocity, d is the
dimensionality of the system, and Dp, is the rotational diffusion constant. In analogy
with this definition, we define the persistence length of an ALP as:

0, = Vv (G.1)

- (d—1)Dg’

We show the ALP persistence length for different densities as a function of £} in
Fig. G.1.
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Figure G.1.: Persistence length of an ALP for different densities (shown as different colors)
as a function of the active force Fj.

From Fig. G.1, we see that /, > R, at all active forces for probes of R, < 1.5. This
characteristic of the ALPs likely contributes to the qualitatively different behavior
we saw for probes of radii R, = 0.50 and R, = 1.0¢ in Part III. Furthermore, ¢,
grows with the active force of the ALPs. In Chapter 11, we saw that the kinetic
temperature difference between the probe and the bath ALPs exhibits non-monotonic
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behavior as a function of probe radius, reaching a maximum at some probe radius
Rinax- We found in Chapter 11 that the value of R, decreases with increasing bath
activity (see Fig. 11.3a)); therefore, given the opposite behavior of £, and Ry.x as
function of £}, we conclude that the persistence length of the ALPs cannot explain
the non-monotonic behavior of the kinetic temperature difference.

Appendix G Active Langevin particle persistence length



Spherical harmonics
calculation

To calculate the spherical harmonics of the ALP bath, we transform the coordinates

of all our bath ALPs into a coordinate system in which Z aligns with V, the instanta-

neous velocity of the probe. We then calculate the spherical harmonics (Y;™(r;/r;))
of each particle i within radius » = 100 from the center of the probe. Each particle
i is assigned to a spherical shell dr according to its distance from the center of the
probe, where the total number of shells is 100. The spherical shells have volume
V(r) = 4/3n((r + 0r/2)% — (r — dr/2)3), where 6r is the radial distance between two
shells. In any given shell, we then sum the Y;"*(r;/r;) values over all particles within
the bin, giving us Eq. (13.2) of the main text. We do these spherical harmonics
calculations for values of [ and m up to [ = 12.

A

&/

Figure H.1.: Schematic diagram describing the calculation of the ALP bath spherical
harmonics in the vicinity of the probe.
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Correlations and density in an
active Langevin particle bath

In Chapter 11, we saw that the kinetic temperature difference between the probe
and the bath ALPs exhibits non-monotonic behavior as a function of probe radius,
reaching a maximum at some probe radius Ry,.x. We have already shown that the
persistence length of the bath ALPs cannot explain this non-monotonic behavior
in Appendix G. For baths of all densities and activities, we found the value of
Ruax ~ 3.00. Therefore, we would like to assess whether the length 3.0 somehow
characterizes the bath dynamics. Here, we specifically investigate correlations among
ALPs.

For the purpose of this investigation, we examine a bath of ALPs (described by
Eq. 9.1), absent of the probe. For a single, randomly selected ALP, we then calculate
the alignment of other ALPs in the vicinity using Eq. 13.3. In Eq. 13.3, we simply
replace V with vy, the velocity of the randomly selected ALP (see Fig. I.1a)). We
are especially interested in correlations between v; and the velocities of ALPs
which are positioned on the axis perpendicular to v;. Correlations amongst these
perpendicularly located particles would allow for coordinated pushing of the probe.
Therefore, in Fig. I.1b), we specifically examine the quantity:

1 .
Zvl v M—Xrll (1.1)

v via(r) = p(r) bl [vi|lri|

where r; is the distance vector from ALP ¢ to the selected ALP.

In agreement with our results in Chapter 12, we see that the motion of particles in
a passive bath is uncorrelated. In an active bath, we see that the velocities of the
ALPs do become correlated, again in agreement with Chapter 12. We find these
correlations up to a length of ~ 1.00. A significant amount of these correlations are
among particles positioned along the axis perpendicular to v; (see Fig. 1.1b)). On
larger length scales, the ALPs become uncorrelated again. The correlation length
scale of ~ 1.0c0 does not match the value of Ry« =~ 3.00 which we saw in Chapter 11.
Therefore, these correlations cannot explain such a value of Ry.x.
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Figure 1.1.: Velocity alignment among active Langevin particles in a bath of global density
po = 0.80 3. a) Alignment of ALP velocities with that of a randomly chosen ALP ((v1 - v)(r),
see Eq. 13.3). b) Alignment of ALP velocities located on the axis perpendicular to the
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velocity of a randomly chosen ALP ({v; - v} (r), see Eq. I.1).
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Peclet number as a function
of drag force

In Section 16.1, we define the Peclet number Pe = (V) /Vy;g for the dragged probe,
with Vgig = Deg/R,. Given that the average force exerted on the probe can be
related to its average velocity through Eq. (16.5), we can rewrite the Peclet number
in terms of F,, as Pe = /LDragFext /Vaig- We found in Section 16.1 that, for both
a probe immersed in an passive and an active bath, /ip,a is @ constant within the
linear response regime. Therefore, we expect that Pe is proportional to F.; with
proportionality constant jiprag/ Vai Within the linear response regime. This is indeed
what we see in Fig. J.1.

20
—— Fo=0.0
Fo=5.3
151 ’ e
@
@ 101
(a
..
5 o
..~...‘
s
01 > o
0 5 10 15 20 25
Fext

Figure J.1.: Peclet number (Pe) as a function of the renormalized external drag force (Foxt)-
The dotted lines show Pe = piprag Fext/Vaisr in the linear response regime, where fip;ag iS
constant.
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