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Abstract

In the classical voter model on the integer lattice, a voter with one of two opinions, say
0 or 1, is placed at each location on the lattice. Each voter has an alarm clock set to
an exponentially distributed random time. When the clock rings, the voter adopts the
opinion of a randomly chosen neighbour and the clock is set at a new random time. This
process satisfies a moment duality with a system of coalescing random walks.

Here we are interested in the situation with an uncountable number of voters, placed at
each point of the real line. We allow them to adopt the opinions of other voters that are
far away. Specifically, we describe a measure valued process satisfying a moment duality
relation with a coalescing system of symmetric α-stable processes, where α ∈ (1, 2). Such
a process was constructed by Steven N. Evans in 1997.

The purpose of this thesis is to analyze this so called long-range voter model on the real
line. We discuss the Hausdorff dimension of the interface between opinions and examine
the survival probability of colonies of opinion 1 at a given time point. In addition, for a
simplified model, we calculate the dimension of the exceptional time points where the
support of opinion 1 is unbounded. Furthermore, we show that the process arises as limit
of solutions of a stochastic partial differential equation with accelerated noise.
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1. Introduction

The voter model is an interacting particle system that was introduced independently by
Clifford and Sudbury [CS73] and Holley and Liggett [HL75] in the 1970s. At each site of
some discrete geographic space S sits a person who has one of several possible opinions.
These persons are called voters. Each voter has a clock which rings after some standard
exponentially distributed random time, independently of the other clocks. When a voter’s
clock rings, the voter adopts the opinion of a person who is chosen according to a given
probability distribution on the site space and the clock is set to a new random time.
In addition to the interpretation with the voters, the model can also be used in other
application contexts, for example as a model for a territorial conflict between different
populations or a random coloring of some graph. In the case of two different opinions
or types or colors, each site of the space can be occupied or vacant, for example by one
party or a particle.

Considering as the geographical space the lattice S = Zd for some dimension d ∈ N
and as possible opinions 0 and 1, one can formalize the voter model according to [Li85,
Chapter V] as follows: It is a Markov process (ηt)t≥0 taking values in E = {0, 1}S whose
generator A acts on functions f : E → R which depend on at most a finite number of
coordinates like

(Af)(η) =
∑

x∈Zd

c(x, η)(f(η(x)) − f(η)), η ∈ E.

Here η(x) : Zd → {0, 1} is defined via

η(x)(y) :=
{

1 − η(x), if y = x,

η(y), if y ̸= x

and the so called jump rate c(x, η) from η to η(x) for some x ∈ Zd is given by

c(x, η) :=
∑

y∈Zd,
η(y) ̸=η(x)

p(x, y)

where p(·, ·) denotes the transition probability of some irreducible Markov chain on Zd.
Then ηt(x) ∈ {0, 1} indicates the opinion of the voter at site x ∈ Zd at time t ≥ 0. For
x, y ∈ Zd the value p(x, y) can be interpreted as the probability that the voter at site
x adopts the opinion of the voter at site y given the voter at x is chosen to change the
opinion at this time. For simplicity, we will henceforth assume that p is symmetric and
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translation-invariant, i.e. p(x, y) = p(y, x) = p(0, y − x) for each x, y ∈ Zd.

It is also possible to construct the voter model in a rigorous way based on the intuition
with the exponentially distributed times at which the changes of opinion occur. This
leads to a graphical representation which is described in detail for example in [Du88,
Chapter 2]. Using this one can compute the distribution of ηt(x) for some fixed x ∈ Zd

and t ≥ 0 given some initial condition η0 ∈ E: One starts a continuous-time random walk
with increment distribution p(0, ·) in x and evaluates η0 at the position of this random
walk at time t. This gives a realisation of ηt(x). To compute the opinions of several
voters at some time, one can proceed in the same way, but the different random walks
are independent only until two walkers meet. When two walkers meet, they coalesce and
continue following together a random walk until they meet another walker. This is the
well known duality between the voter model and coalescing random walks: Consider a
finite set A ⊂ Zd. Start an independent random walk at each point of A. Each time two
walkers meet they coalesce and follow together a random walk until they meet another
walker. Thus let Y A

t be the set of positions of this coalescing random walk at time t ≥ 0.
Then one has

P [ηt(x) = 1 for all x ∈ A] = P
[
η0(y) = 1 for all y ∈ Y A

t

]
.

Since ηt(x) ∈ {0, 1} for each x ∈ Zd, this can also be written in terms of moments:

E
[ ∏

x∈A

ηt(x)
]

= E

 ∏
y∈Y A

t

η0(y)

 .
The duality allows to obtain results on the voter model using facts about random walks.
Assume that the random walk is simple, i.e.

p(x, y) :=
{ 1

2d , if ∑d
i=1 |yi − xi|2 = 1,

0, else.

For the situation where the initial condition is a Bernoulli measure with intensity ϑ ∈ (0, 1),
that is

P ◦ η−1
0 = (ϑδ1 + (1 − ϑ)δ0)⊗Zd

,

[CS73] and [HL75] obtained that the process ηt converges in distribution to a random
variable η∞ as t −→ ∞ satisfying

P[η∞ ∈ ·] =
{
ϑδ1 + (1 − ϑ)δ0, if d ∈ {1, 2} ,
νϑ, if d ≥ 3,

where δ1 or δ0 denotes the dirac measure on all 1’s or 0’s and νϑ is an ergodic nontrivial
equilibrium measure with intensity ϑ. More generally, the same dichotomy can be
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observed depending on the reccurence or transience of the associated random walk. In
the recurrent case, i.e. d ≤ 2 for simple random walks, one can show for an arbitrary
initial condition η0 that for x, y ∈ Zd

lim
t→∞

P [ηt(x) ̸= ηt(y)] = 0.

This means in the long term there is local consensus between the two opinions 0 and 1. If
one of the two opinions initially has a bounded support, it can be proven that this opinion
will eventually die out. In dimension d = 1, the so-called interface at a certain time t ≥ 0
is defined as {x ∈ Z : ηt(x) ̸= ηt(x− 1)}. It can be interpreted as the transition area
between the two opinions. [Sc78, Section 2] described the interface through a system of
annihilating random walks. These are random walks in which both walkers die when
they meet each other.

While the model described so far assumes a countable number of voters on the discrete
set Zd, it is also possible to construct a voter model in a situation with continuous space.
Steven N. Evans introduced in [Ev97] a process which fulfills the moment duality of
the voter model with a coalescing system of Markov processes taking values in a Polish
space. Important examples of the dual process are coalescing Brownian motions or
coalescing α-stable processes with α ∈ (1, 2) on the real line R. Thus in these cases we
refer to the process that [Ev97] constructed as a nearest-neighbour or long-range voter
model on the real line. We only consider the one-dimensional case, since two Brownian
motions or two stable processes in higher dimensions with probability 1 do not meet.
Further we continue to look at the two-type situation, while [Ev97] even allows infinitely
many types. Formally, the process is a measure-valued Feller process (ut)t≥0 where ut

is a measure on R with some density ut : R → [0, 1] that fulfills an analogous moment
duality as the classical voter model: For each t ≥ 0, n ∈ N and for Lebesgue-almost all
(x1, . . . , xn) ∈ Rn, it holds

E
[

n∏
i=1

ut(xi)
]

= E

 ∏
y∈Ξ{x1,...,xn}

t

u0(y)

 (1.1)

where ΞA
t denotes the set of positions of particles performing a coalescing Brownian

motion or coalescing α-stable process at time t starting in a finite set A ⊂ R. Thus
ut(x) ∈ [0, 1] can be first of all interpreted as the proportion of opinion 1 of the voter
at site x ∈ R at time t ≥ 0. But [Ev97] showed that, for each fixed t > 0, one has
almost surely ut(x) ∈ {0, 1} for Lebesgue-almost all x ∈ R. Therefore, we can really
interpret ut(x) as the opinion of the voter at site x at time t. It should also be noticed
that, in contrast to the discrete voter model, the moment duality is used here to show
existence of the process. The discrete model was introduced via the generator or graphical
construction and duality is an application of it.

The nearest-neighbour voter model on the real line is a well studied process. [HOV18,
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Theorem 2.8 (a)] proved that it can be approximated by solutions of the stochastic partial
differential equation

∂tu
[γ]
t (x) = 1

2∆u[γ]
t (x) +

√
γu

[γ]
t (x)(1 − u

[γ]
t (x))Ẇt,x, t ≥ 0, x ∈ R, (1.2)

as γ → ∞. Here Ẇ is a space-time white noise. For γ ∈ (0,∞), this model is called
continuous-space stepping stone model with parameter γ. Here both opinions can coexist
at the same site and the type is changed at a rate proportional to the proportions of the
respective types at a site. [Tr95] showed that the interface of a rescaling of (1.2) converges
in distribution to annihilating Brownian motion. [HOV18] identified the interface of the
voter model with annihilating Brownian motion. In particular, it was shown in [HOV18,
Theorem 2.12] that the voter model can also be constructed from the annihilating system,
as is also possible in the discrete case. Further due to [AS11] and [GSW16] there is also
a graphical representation using the so called dual Brownian web. Roughly speaking the
Brownian web is a system of coalescing Brownian motion where at each space-time-point
one starts a new Brownian motion. For more details on the nearest-neighbour voter
model see [HOV21, Section 3] and [BO21].

The aim of this work is to study the long-range voter model on the real line whose dual
process is a system of coalescing α-stable processes with α ∈ (1, 2). One difficulty is that
the paths of stable processes are not continuous. This complicates the examination of
coalescing systems of such processes. If one starts with a compact interval of opinion
1, in the Brownian case this opinion survives as long as it takes for two independent
Brownian motions that start at the two boundary points of the compact set to meet.
This follows from the characterization of the interface mentioned above. In the stable
case it is not clear what the interface looks like. Intuitively it should be more chaotic like
a fractal. A main goal of this work is to get a better understanding of this. Therefore, we
prove an upper bound on the Hausdorff dimension of the interface and give heuristics on
a lower bound. Further we compute the survival probability of a small colony of opinion
1 at some fixed time. We also show that the support remains compact at fixed times.
This opens the question of whether there may be random time points when the support
is unbounded. We will consider some toy model and compute the Hausdorff dimension of
these exceptional time points in that simpler model. Moreover, we will prove that the
long-range voter-model on the real line arises as the limit of the finite rate model (1.2)
as γ → ∞ where the Laplace operator is replaced by the fractional Laplace operator.

To achieve these goals, duality is often the main tool that will be used in proofs. In
fact, the moment duality formula (1.1) is a priori the only characterization of the process
available. Therefore it is important to understand coalescing stable processes. In [EMS13]
it is shown that the system “comes down from infinity” if one starts the particles in a
compact subset of the real line. We will use various interim results from [EMS13] for
studying the voter model.
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Here is the outline: In Chapter 2, we will discuss basic properties of stable processes
and coalescing systems. When defining the coalescing system, we will follow [EMS13]
and cite various results. We then introduce the long-range voter model on the real line
in Chapter 3 with the result of [Ev97] and prove basic properties that follow from the
moment duality. Further we show that the support stays bounded at fixed times. These
properties are required in particular in the following two chapters. In Chapter 4, we
prove an upper bound on the Hausdorff dimension of the interface. In Chapter 5, we
give bounds on the survival probability of small colonies at fixed times and derive that
they die out almost surely. In Chapter 6, we introduce the toy model and compute the
Hausdorff dimension of the exceptional time points for it. In Chapter 7, we show that the
finite rate model converges to the voter model. Finally, in Chapter 8, we discuss some
open questions and conjectures including a lower bound on the Hausdorff dimension of
the interface.
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2. Preliminaries

2.1. Stable processes
In this section, we introduce stable processes from which we build the dual process of
the voter model, the coalescing stable process. Since stable processes are Lévy processes
we start defining this class of processes (see [Be96] and [Kyp14]). Here we always restrict
ourselves to the one-dimensional case. After presenting basic distribution properties
of stable processes, we later cite results about time reversal, hitting times and local
times. In the following sections of that chapter we introduce the coalescing stable process
(Section 2.2) and present stable limit theorems (Section 2.3).

Definition 2.1. A Lévy process is a real-valued stochastic process X = (Xt)t≥0 with
X0 = 0 and càdlàg paths on some filtered probability space (Ω,A, (Ft)t≥0,P) such that

(i) Xt −Xs is independent of σ(Xu : u ≤ s) for all s ∈ [0, t],

(ii) Xt −Xs
d= Xt−s for all s ∈ [0, t].

The characteristic function of a Lévy processes X can be written in the form

E
[
eiϑXt

]
= e−tΨ(ϑ), ϑ ∈ R,

where Ψ: R → C is called the characteristic exponent of X. It determines the law of X
as a random variable with values in D([0,∞),R), the space of real-valued càdlàg-paths.
In general, if E is some metric space, we denote by D([0,∞), E) the space of E-valued
càdlàg-paths which we endow with the Skorokhod topology (see [EK86, Section 3.5] or
[JS03, Chapter VI]).

Definition 2.2. A strictly stable process with index α ∈ (0, 2] is a Lévy process X such
that for each t > 0

Xt
d= t

1
αX1.

According to [Be96, Section VIII.1, p. 217] the characteristic exponent Ψ(ϑ) of a strictly
stable process with index α ∈ (0, 2] is for ϑ ∈ R given by

Ψ(ϑ) =


c |ϑ|α

(
1 − iβsgn(ϑ) tan

(
πα
2
))
, if α ∈ (0, 1) ∪ (1, 2),

c |ϑ| + diϑ, if α = 1,
cϑ2, if α = 2.

(2.1)

where c > 0, d ∈ R and β ∈ [−1, 1].
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Definition 2.3. We call the distribution of a real-valued random variable Z strictly
stable with index α ∈ (0, 2] if for ϑ ∈ R, its characteristic function is given by

E
[
eiϑZ

]
= e−Ψ(ϑ)

with Ψ from (2.1).

Let X be a strictly stable process with index α ∈ (0, 2]. We assume from now on
β = d = 0, that is, the process is symmetric and its characteristic exponent is given by

Ψ(ϑ) = c |ϑ|α , ϑ ∈ R.

We call the symmetric strictly stable process simply an α-stable process or stable process
(with rate c) and analogously we call the distribution of X1 an α-stable distribution or
stable distribution (with rate c). In the case α = 1, X is the so called Cauchy process,
in the case α = 2, the process has continuous sample paths and is Brownian motion.
Furthermore, we refer to the stable process with c = 1 as the standard stable process and
to the stable distribution with c = 1 as the standard stable distribution.

By Fourier inversion, Xt has a density p(c,α)
t : R → (0,∞), i.e., for t > 0 and x ∈ R,

p
(c,α)
t (x) = 1

2π

∫ ∞

−∞
e−ixϑe−tc|ϑ|α dx.

From the scaling property of the stable process it follows that the density fulfills for t > 0
and x ∈ R

p
(c,α)
t (x) = t−

1
α p

(c,α)
1 (t−

1
αx).

We simply write p(α)
t := p

(1,α)
t for t > 0. The density p(α)

t is continuous and symmetric
and according to [BG60, Theorem 2.1] (see also [BJ07, Lemma 3]) in the case α ∈ (0, 2)
there exist constants c1(α), c2(α) > 0 such that for t > 0 and x ∈ R

c1(α) min
{
t−

1
α , t |x|−α−1

}
≤ p

(α)
t (x) ≤ c2(α) min

{
t−

1
α , t |x|−α−1

}
. (2.2)

For each x ∈ R denote by Px the law of x+X under P. We refer to x+X as a stable
process starting in x. According to [Be96, Propositions I.2.5, I.2.6], X is a strong Markov
process and the corresponding semigroup has the Feller property. We can write down
the scaling property in the following way. For x ∈ R and c > 0, we have

Px

[
(c− 1

αXct)t≥0 ∈ ·
]

= Pc−1/αx [(Xt)t≥0 ∈ ·] . (2.3)

The generator of a standard stable process is called fractional Laplacian operator and is
denoted by Lα = −(−∆)α/2, that is

(Lαf) (x) = lim
t↘0

1
t

(∫ ∞

−∞
p

(α)
t (y − x)f(y) dy − f(x)

)
, x ∈ R, (2.4)
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for each f : R → R such that the limit on the right-hand side in (2.4) exists. For further
equivalent definitions of the fractional Laplacian, see for example [Kw17].

Now we quote from [Be96] a time-reversal property that applies to symmetric Lévy
processes. We specifically consider two independent stable processes X = (Xt)t≥0 and
Y = (Yt)t≥0. Assume that they are defined on the same filtered probability space
(Ω,A, (Ft)t≥0,P). For (x, y) ∈ R2, we denote by P(x,y) the law of (X,Y ) under P. For
fixed t > 0, define

X̃s :=
{
X(t−s)−, if s ∈ [0, t),
X0, if s ∈ [t,∞),

Ỹs :=
{
Y(t−s)−, if s ∈ [0, t),
Y0, if s ∈ [t,∞),

where for s > 0,
Xs− := lim

u↗s
Xu.

When we write P(x,y)
[
(X̃, Ỹ ) ∈ ·

]
we mean that (X0, Y0) = (x, y).

Proposition 2.4 ([Be96]). Let X and Y be two independent stable processes of index
α ∈ (0, 2] and t > 0. For an Ft-measurable functional F : D([0,∞),R)2 → [0,∞) we
have ∫

R

∫
R

E(x,y) [F (X,Y )] dy dx =
∫
R

∫
R

E(x,y)
[
F (X̃, Ỹ )

]
dy dx. (2.5)

Proof. This is proved in [Be96, Section II.1, p. 46 above].

Next we sum up results on hitting times of stable processes (see [GR17] for general results
on hitting times of symmetric Lévy processes). A stable process hits points almost surely
if and only if α ∈ (1, 2].

Proposition 2.5 ([YYY09],[Po67],[GR17]). Let (Xt)t≥0 be a standard stable process of
index α ∈ (1, 2] and let

τ := inf {t > 0 : Xt = 0} .

(i) For x ∈ R and t > 0, we have

Px [τ ≤ t] =
∫ 1

0

(1 − s)−(1− 1
α )s− 1

α

Γ
(

1
α

)
Γ
(
1 − 1

α

) ·
p

(α)
1

(
x(ts)− 1

α

)
p

(α)
1 (0)

ds,

where Γ denotes the gamma function, i.e. Γ(x) =
∫∞

0 ux−1e−u du for x > 0.

(ii) There are constants C2.5.1 = C2.5.1(α) > 0, C2.5.2 = C2.5.2(α) > 0 and C2.5.3 =
C2.5.3(α) > 0 such that for x ∈ R and t > 0, we have

C2.5.1 min
{
C2.5.2t

−(1− 1
α ) |x|α−1 , 1

}
≤ Px [τ > t] ≤ min

{
C2.5.3t

−(1− 1
α ) |x|α−1 , 1

}
.
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Proof. The formula in (i) is given in the proof of [YYY09, Theorem 5.4]. The asymptotics
of the non-hitting-probability in (ii) was proved in [Po67, Theorem 2]. The given bounds
follow directly from more general results for symmetric Lévy processes in [GR17]: Let

K(x) :=
∫ ∞

0

(
p(α)

s (0) − p(α)
s (x)

)
ds =

(
2Γ(α) sin

((α− 1)π
2

))−1
|x|α−1

for x ∈ R (for the second equality see for example [YYY09, Lemma 4.1 (ii)]). According
to [GR17, Proposition 3.1] for x ∈ R and t > 0, we have

Px [τ > t] ≤ 51π3 K(x)
tΨ−1(1/t) = C2.5.3t

−(1− 1
α ) |x|α−1

for some constant C2.5.3 = C2.5.3(α) > 0. In the last equality we plugged in Ψ−1(y) = y
1
α

due to Ψ(y) = yα for y > 0. Using [GR17, Lemma 3.3] we get the existence of constants
C2.5.1 = C2.5.1(α) > 0 and C2.5.2 = C2.5.2(α) > 0 such that for x ∈ R and t > 0

Px [τ > t] ≥ C2.5.1 min
{

K(x)
K(1/Ψ−1(1/t)) , 1

}
≥ C2.5.1 min

{
C2.5.2t

−(1− 1
α ) |x|α−1 , 1

}
.

We close this section with introducing the notion of local times of stable processes where
we cite the occupation time formula and give an upper bound on the Laplace transform
of the local time.

Proposition 2.6 ([Bo64],[Ba88]). Let (Xt)t≥0 be a stable process of index α ∈ (1, 2].
There exists a process (L(z)

t )t≥0,z∈R, which is jointly continuous in both variables, such
that for each bounded and measurable f : R → R and t ≥ 0, the occupation time formula
holds, that is, P-almost surely∫ t

0
f(Xs) ds =

∫ ∞

−∞
f(z)L(z)

t dz. (2.6)

(L(z)
t )t≥0 is called local time process of (Xt)t≥0 in z ∈ R.

Proof. This is proved in [Bo64, Theorem 1 & Section 4]. See also [Ba88, Theorem 2].

Lemma 2.7 ([AT00],[BHO16]). Let (Xt)t≥0 be a stable process of index α ∈ (1, 2] and
let (L(z)

t )t≥0 its local time process in z ∈ R. For each bounded and measurable function
f : R × [0,∞) × Ω → R, we have P-almost surely∫ t

0
f(Xs, s, ·) ds =

∫ ∞

−∞

∫ t

0
f(z, s, ·) dL(z)

s dz.

Proof. This follows from the occupation time formula (2.6). See [BHO16, Lemma A.10]
or [AT00, Lemma 2] for a proof in the Brownian case α = 2, which works exactly the
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same here.

Lemma 2.8. Let (L(0)
t )t≥0 be the local time process of a standard stable process of index

α ∈ (1, 2] in 0. There exists a constant C2.8 = C2.8(α) > 0 such that for λ > 0 and t > 0
we have

E
[
e−λL

(0)
t

]
≤ C2.8

λ
t−(1− 1

α ).

Proof. For u ≥ 0 let
τu := inf

{
t ≥ 0 : L(0)

t > u
}
.

(τu)u≥0 is the inverse local time process. According to [Be99, Section 2.2 & Proposition
8.1] the process (τu)u≥0 is a stable subordinator with index β = 1 − 1

α ∈ (0, 1), that is,
E[e−λτu ] = e−ucλβ for λ > 0, u ≥ 0 and some constant c = c(β) = c(α) > 0. By [Kh11,
Lecture 8, Theorem 10], there exists a constant C2.8 = C2.8(β) = C2.8(α) > 0 such that
for z > 0, we have

P[τ1 > z] ≤ C2.8z
−β.

Using the scaling property τu
d= u

1
β τ1 this yields

P[τu > z] ≤ C2.8uz
−β = C2.8uz

−(1− 1
α ).

With this tail bound we are now ready to bound the Laplace transform of L(0)
t for t ≥ 0.

E
[
e−λL

(0)
t

]
=
∫ 1

0
P
[
e−λL

(0)
t ≥ x

]
dx

=
∫ 1

0
P
[
L

(0)
t ≤ − 1

λ
ln(x)

]
dx

=
∫ 1

0
P
[
τ− 1

λ
ln(x) > t

]
dx

≤ −C2.8
λ
t−(1− 1

α )
∫ 1

0
ln(x) dx

= C2.8
λ
t−(1− 1

α ).

2.2. Coalescing stable process

Having established basic definitions and properties of stable processes in the last section
we introduce now the coalescing stable process. Informally speaking, one starts several
independent stable processes of index α ∈ (1, 2] somewhere on the real line and if two
processes meet, they coalesce. This process was examined in detail in [EMS13] and
we follow the notation there and present here the constructions and most important
results that are relevant to us. Note that in the Brownian case α = 2, such processes

10



have already been introduced in [Ar79]. We start giving a formal construction of a
vector-valued coalescing system of a finite or countable number of stable processes and
afterwards we introduce the set-valued coalescing system which allows to start a stable
process in each point of a closed subset of the real line (for example the real line itself).
The constructions follows [EMS13, Section 2].

Vector-valued coalescing system
Let N ∈ N ∪ {∞} and

[N ] =
{

{1, 2, . . . , N} , if N < ∞,

N, if N = ∞.

Let ξ(1), ξ(2), . . . , ξ(N) be independent α-stable processes of index α ∈ (1, 2] starting
in some points ξ(1)

0 , ξ
(2)
0 , . . . , ξ

(N)
0 ∈ R (if N = ∞ we take a family of countable many

processes). Fix a bijection σ : [N ] → [N ]. The map can be interpreted as follows: If
particle σ(i) and σ(j) with i < j hit each other, then particle σ(j) dies and follows the
path of particle σ(i). In the construction of the coalescing system, σ describes the order
in which we ”lay down” the stable processes (first we lay down process number σ(1),
then σ(2) and so on). Now we give a formal inductive construction of the vector-valued
coalescing process, which we denote by ζσ = (ζσ,1, ζσ,2, . . . ). It takes values in the space
D([0,∞),R)N . Let ζσ,σ(1) := ξ(σ(1)). Assume that ζσ,σ(1), ζσ,σ(2), . . . , ζσ,σ(i−1) are already
constructed for some i ≥ 2. Set

τi := inf
{
t ≥ 0 : ξ(σ(i))

t ∈
{
ζ

σ,σ(1)
t , ζ

σ,σ(2)
t , . . . , ζ

σ,σ(i−1)
t

}}
.

This is the first coalescence time of particle number σ(i). Note that τi is almost surely
finite due to the assumption α ∈ (1, 2]. Further let

Ji := min
{
j ∈ {1, 2, . . . , i− 1} : ξ(σ(i))

τi
= ζσ,σ(j)

τi

}
.

This means particle number σ(Ji) is the coalescence partner of particle σ(i). For t ≥ 0 let

ζ
σ,σ(i)
t :=

ξ
(σ(i))
t , if t < τi,

ζ
σ,σ(Ji)
t , if t ≥ τi.

Lemma 2.9 ([EMS13]). The distribution of ζσ does not depend on the choice of the
bijection σ : [N ] → [N ].
Proof. This is [EMS13, Lemma 2.1].

Let id : [N ] → [N ] be the identical mapping. The previous lemma motivates to define
ζ := ζ id. We write ζ = (ζ(1), ζ(2), . . . ). Define the right-continuous filtration (Fcoal

t )t≥0
via

Fcoal
t :=

⋂
ε>0

σ(ξ(i)
s : s ≤ t+ ε, i ∈ [N ]).

11



Lemma 2.10 ([EMS13]). The stochastic process ζ is strong Markov with respect to the
filtration (Fcoal

t )t≥0.

Proof. This is [EMS13, Lemma 2.2].

Set-valued coalescing system
For t ≥ 0, define

Ξt :=
{
ζ

(i)
t : i ∈ [N ]

}
,

where B denotes the topological closure in R of a set B ⊂ R. We refer to (Ξt)t≥0 as the
set-valued coalescing system. The process (Ξt)t≥0 takes values in the set CR of nonempty
closed subsets of R. One can topologize that state space as follows (see [EMS13, Section
2.2]): Consider the one-point compactification R∗ of R with some metric dR∗ . Let KR∗

be the set of nonempty compact subsets of R∗ with the Hausdorff metric dKR∗ , i.e.

dKR∗ (K1,K2) = inf {ε > 0 : Kε
1 ⊃ K2 and Kε

2 ⊃ K1}

where K1,K2 ∈ KR∗ and with

Kε := {y ∈ R∗ : dR∗(x, y) < ε for some x ∈ R∗}

for K ∈ KR∗ and ε > 0. Let C ∈ CR be closed in R. Since the closure CR∗
of C in R∗ is

compact in R∗, i.e. CR∗
∈ KR∗ , the Hausdorff metric dKR∗ induces a metric dCR on CR via

dCR(C1, C2) := dKR∗ (CR∗

1 , C
R∗

2 )

for C1, C2 ∈ CR.

To emphasize the initial condition of the process, we also write Ξx
t := Ξt if

x = (ζ(1)
0 , ζ

(2)
0 , . . . ).

Proposition 2.11 ([EMS13]). Let x, y ∈ RN such that

{xi : i ∈ [N ]} = {yi : i ∈ [N ]},

then (Ξx
t )t>0 and (Ξy

t )t>0 have the same distribution.

Proof. This is [EMS13, Proposition 2.5].

The last proposition motivates to introduce the notation ΞA
t := Ξt if

A =
{
ζ

(i)
0 : i ∈ [N ]

}
.

So we can talk about the distribution of the set-valued coalescing system given an initial
condition A ⊂ R where A is nonempty and closed. In fact the distribution is the same as

12



the distribution of the coalescing system starting in an arbitrary countable dense subset
of A. Therefore we also write ΞA

t := Ξt in the case when

A =
{
ζ

(i)
0 : i ∈ [N ]

}
.

Remark 2.12. Let ∅ ≠ A1 ⊂ A2 ⊂ R be two finite sets. By constructing the coalescing
system via laying down first the stable processes starting in A1 and then in A2 \A1 we
can assume for t ≥ 0

ΞA1
t ⊂ ΞA2

t .

Now we argue why a similar inclusion holds in the case where ∅ ≠ A1 ⊂ A2 ⊂ R are
closed sets: The coalescing system ΞA2 is built from some vector-valued coalescing
system ζ = (ζ(1), ζ(2), . . . ) based on independent stable processes ξ(1), ξ(2), . . . , such that
{ξ(i)

0 : i ∈ N} is a countable dense subset of A2. Let

I :=
{
i ∈ N : ξ(i)

0 ∈ A1
}

and write I = {i1, i2, . . .} with 1 ≤ i1 < i2 < . . . . Define

ζ̃ := (ζ̃(1), ζ̃(2), . . . ) := (ζ(i1), ζ(i2), . . . )

and let for t ≥ 0
Ξ̃A1

t :=
{
ζ̃

(i)
t : i ∈ N

}
=
{
ζ

(ik)
t : k ∈ N

}
,

be the corresponding set-valued coalescing system. By construction we have Ξ̃A1
t ⊂ ΞA2

t

for each t ≥ 0 and according to Lemma 2.9 Ξ̃A1 has the same distribution as ΞA1 . The
discussion above shows for nonempty closed sets A1, A2, . . . ⊂ R such that A1 ⊂ A2 ⊂ . . .
we have for each measurable set B ⊂ R and t ≥ 0

P
[
ΞA1

t ∩B ̸= ∅
]

≤ P
[
ΞA2

t ∩B ̸= ∅
]

and
lim

n→∞
P
[
ΞAn

t ∩B ̸= ∅
]

= P
[
Ξ
⋃∞

n=1 An

t ∩B ̸= ∅
]
.

Corollary 2.13 ([EMS13]). The stochastic process Ξ is strong Markov with respect to
the filtration (Fcoal

t )t≥0.

Proof. This is [EMS13, Corollary 2.6].

One main result of [EMS13] is that almost surely |ΞA
t | < ∞ for each t > 0 if A is a

compact set (see [EMS13, Theorem 6.1 (a)]). An important step to that is an error
bound for the probability that the reduction to a fixed finite number of particles doesn’t
happen quickly or that the particles move too far around up to that time. We use this
result later in several ways, therefore we give its precise formulation which needs some
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notation: For a nonempty closed A ⊂ R and δ > 0, define the δ-fattening of A to be

Aδ := {y ∈ R : |y − x| < δ for some x ∈ A}

and define the range of (ΞA
t )t≥0 until time t0 > 0 as

R(A; [0, t0]) :=
⋃

s≤t0

ΞA
s .

Further, for m ∈ N, let
τA

m := inf
{
s ≥ 0 :

∣∣∣ΞA
s

∣∣∣ ≤ m
}
.

Let (Xt)t≥0 be a standard stable process of index α ∈ (1, 2). Fix β > 0 and let

p := p(β) := P1[Xs = 0 for some s ∈ (0, β)] > 0.

Set γ := 1/(1 − p/5) > 1, let η ∈
(

α−1
2 , α− 1

)
, h := 1 − (1 + η)/α > 0, 0 < ε ≤ 1

2 ,
νi := εγ−hi and ηi := β2αγ−αi for i ∈ N0.

Lemma 2.14 ([EMS13]). There is a constant C2.14 = C2.14(ε) > 0 such that for each
m ∈ N0, ℓ > 0, A ⊂ R with diam(A) ≤ ℓ

2 and |A| = ⌈γm⌉ and each k ∈ N0 with k ≤ m,
one has the bound

P

τA
⌈γk⌉ > ℓα

m∑
i=k+1

ηi

 ∪
{

R(A; [0, τA
⌈γk⌉]) ⊈ (A)ℓ

∑m

i=k+1 νi
} ≤ C2.14γ

−ηk.

Proof. This is [EMS13, Lemma 6.10 (a)].

We will use this result in the following way.

Corollary 2.15. There are t0 > 0 and γ > 1 and for each η ∈
(

α−1
2 , α− 1

)
, there

is a constant C2.15 = C2.15(η, α) > 0 such that for each m ∈ N, ℓ > 0, A ⊂ R with
diam(A) ≤ ℓ and |A| = ⌈γm⌉ and each k ∈ N0 with k ≤ m, one has

P
[{
τA

⌈γk⌉ > ℓαt0
}

∪
{

R(A; [0, τA
⌈γk⌉]) ⊈ (A)ℓ

}]
≤ C2.15γ

−ηk.

Proof. Let η ∈
(

α−1
2 , α− 1

)
, h := 1 − (1 + η)/α > 0 and γ > 1 as in Lemma 2.14. First

fix ℓ > 0, A ⊂ R with diam(A) ≤ ℓ
2 and |A| = ⌈γm⌉ for some m ∈ N0. Further let

ε < 1
2(1 − γ−h) < 1

2 which implies

∞∑
i=k+1

νi = ε
∞∑

i=k+1
γ−hi = ε

γ−h(k+1)

1 − γ−h
<

1
2γ

−h(k+1) <
1
2 .
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Lemma 2.14 yields for k ∈ N0 with k ≤ m

P

τA
⌈γk⌉ > ℓα

∞∑
i=k+1

ηi

 ∪
{

R(A; [0, τA
⌈γk⌉]) ⊈ (A)

ℓ
2
}

≤ P

τA
⌈γk⌉ > ℓα

m∑
i=k+1

ηi

 ∪
{

R(A; [0, τA
⌈γk⌉]) ⊈ (A)ℓ

∑m

i=k+1 νi
}

≤ C2.15γ
−ηk

with C2.15 = C2.14. Since C2.14 depends of ε and we chose ε dependent of h which depends
on α and η, the constant C2.15 depends on η and α.
Now consider A with diam(A) ≤ ℓ instead of diam(A) ≤ ℓ

2 and choose t0 := 2α∑∞
i=1 ηi

to receive the desired result.

Next we give a bound on the probability that the coalescing system starting in initial
sets far away from the origin hits a fixed interval. Let α−1

2 < η < α− 1, d := 2
η > 1. For

r ∈ N define

Jr,1 :=
[

−
r∑

j=1
jd,−

r−1∑
j=1

jd

)
and Jr,2 :=

[
r−1∑
j=1

jd,
r∑

j=1
jd

)
.

Then (Jr,i)r∈N,i∈{1,2} is a partition of R into bounded intervals, where Jr,i has length rd

for r ∈ N, i ∈ {1, 2}. The following result is a part of the proof of [EMS13, Theorem 6.3]
where it is proven for a = 1. We repeat the proof here to emphasize the dependence on a.

Lemma 2.16 ([EMS13]). Let a > 0. There exist C2.16.1, C2.16.2 > 0 (which may depend
on α and d) and r0 = r0(α, a, d) ∈ N such that, for each t > 0, r ≥ r0, i ∈ {1, 2} and
each nonempty closed set A ⊂ Jr,i we have

P
[
ΞA

t ∩ [−a, a] ̸= ∅
]

≤ C2.16.1r
−2 + C2.16.2tr

−α.

Proof. Let A ⊂ Jr,i for some i ∈ {1, 2} and r ∈ N. Consider γ > 1 from Corollary 2.15.
According to Remark 2.12 it is enough to prove the result in the case |A| = ⌈γm⌉ for some
m ∈ N0. The rough idea is to divide the hitting probability according to whether the
particles move quickly away from Jr,i or not. In the first case we can use Corollary 2.15,
in the latter case we can use the tails of stable process.
According to Corollary 2.15 there are t0 > 0 and a constant C2.16.1 := C2.16.1(α, d) :=
C2.15(η, α) > 0 such that (note diam(A) ≤ rd) for k ≤ m

P
[
R(A; [0, τA

⌈γk⌉]) ⊈ (Jr,i)rd
]

≤ C2.16.1γ
−ηk.

For r ∈ N define b := b(r) := (2/η)⌈logγ(r)⌉ = d⌈logγ(r)⌉. We will use the last bound
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later with k = b which leads to

P
[
R(A; [0, τA

⌈γb⌉]) ⊈ (Jr,i)rd
]

≤ C2.16.1r
−2. (2.7)

Next we need a lower bound on the distance of (Jr,i)rd and [−a, a] for sufficient large r,
i ∈ {1, 2}. Choose r1 = r1(a, d) ∈ N withr1−1∑

j=1
jd

 > a.

For r ≥ r1 we have

inf
x∈[−a,a],y∈Jr,i

|x− y| ≥

r−1∑
j=1

jd

− a >

(∫ r−1

0
xd dx

)
− a = 1

d+ 1(r − 1)d+1 − a.

There exists r2 = r2(a, d) ≥ r1 with

1
d+ 1(r − 1)d+1 − 1

4(d+ 1)r
d+1 ≥ rd + a

for all r ≥ r2. This implies

inf
x∈[−a,a],y∈Jr,i

|x− y| ≥ rd + 1
4(d+ 1)r

d+1

respectively
inf

x∈[−a,a],y∈(Jr,i)rd
|x− y| ≥ 1

4(d+ 1)r
d+1

for r ≥ r2 and i ∈ {1, 2}.

Let X(1), X(2), . . . , X(n) be independent standard stable processes of index α ∈ (1, 2]
with (X(1)

0 , X
(2)
0 , . . . , X

(n)
0 ) = (x(1), x(2), . . . , x(n)) ∈ Rn. Due to [EMS13, Corollary 6.8

(a)] there is a constant C2.16.3 = C2.16.3(α) > 0 such that for t > 0 and u > 0 we have

P
[

sup
0≤s≤t

∣∣∣X(i)
s − x(i)

∣∣∣ > u for some i ∈ {1, 2, . . . , n}
]

≤ C2.16.3ntu
−α. (2.8)

Let n = ⌈γb⌉. Since ⌈x⌉ ≤ 3
2x for x ≥ 2 there is r3 = r3(γ, d) ∈ N such that for r ≥ r3

⌈γb⌉ = ⌈γd⌈logγ(r)⌉⌉ ≤ 3
2γ

d⌈logγ(r)⌉ ≤ 3
2γ

drd

where we used ⌈x⌉ ≤ x + 1 for x ∈ R in the last inequality. For r ≥ r3, i ∈ {1, 2} and
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(X(1)
0 , . . . , X

(⌈γb⌉)
0 ) = (x(1), . . . , x(⌈γb⌉)) with x(1), . . . , x(⌈γb⌉) ∈ (Jr,i)rd we have with (2.8)

P
[

sup
0≤s≤t

∣∣∣X(i)
s − x(i)

∣∣∣ > 1
4(d+ 1)r

d+1 for some i ∈
{

1, . . . , ⌈γb⌉
}]

≤ C2.16.3⌈γb⌉t
( 1

4(d+ 1)r
d+1
)−α

≤ C2.16.2tr
−α(d+1)+d

= C2.16.2tr
−α−d(α−1)

≤ C2.16.2tr
−α

(2.9)

for some constant C2.16.2 = C2.16.2(α, γ, d) > 0 where we used d(α − 1) > 0 in the last
inequality. Since the distance of (Jr,i)rd and [−a, a] is at least 1

4(d+1)r
d+1 for r ≥ r2 and

i ∈ {1, 2}, we get from (2.9) with r0 := max {r2, r3}

P
[
ΞAb

s ∩ [−a, a] ̸= ∅ for some s ∈ [0, t]
]

≤ C2.16.2tr
−α (2.10)

for all r ≥ r0, i ∈ {1, 2} and Ab ⊂ (Jr,i)rd with |Ab| = ⌈γb⌉. Now let r ≥ r0. For A ⊂ Jr,i,
i ∈ {1, 2}, |A| = ⌈γm⌉, m ∈ N0 we have

P
[
ΞA

s ∩ [−a, a] ̸= ∅ for some s ∈ [0, t]
]

= P
[ {

ΞA
s ∩ [−a, a] ̸= ∅ for some s ∈ [0, t]

}
∩
{

R(A; [0, τA
⌈γb⌉]) ⊈ (Jr,i)rd

} ]
+ P

[ {
ΞA

s ∩ [−a, a] ̸= ∅ for some s ∈ [0, t]
}

∩
{

R(A; [0, τA
⌈γb⌉]) ⊆ (Jr,i)rd

, τA
⌈γb⌉ < t

} ]
+ P

[ {
ΞA

s ∩ [−a, a] ̸= ∅ for some s ∈ [0, t]
}

∩
{

R(A; [0, τA
⌈γb⌉]) ⊆ (Jr,i)rd

, τA
⌈γb⌉ ≥ t

} ]
The first summand is bounded by C2.16.1r

−2 (see (2.7)) and using the strong Markov
property of the coalescing system (see Corollary 2.13) the second summand is bounded by
C2.16.2tr

−α (see (2.10)). The third summand is equal to zero since [−a, a] ∩ (Jr,i)rd = ∅
for r ≥ r0. We conclude

P
[
ΞA

t ∩ [−a, a] ̸= ∅
]

≤ C2.16.1r
−2 + C2.16.2tr

−α.

2.3. Stable limit theorems and convergence of coalescing
systems

Let (Zn)n∈N be a sequence of independent identically distributed real valued random
variables. It is well known due to the central limit theorem that rescaled sums of such
random variables converge in distribution to the normal distribution if E[Z2

1 ] < ∞. If
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E[Z2
1 ] = ∞ there exist analogs to the central limit theorem where stable distributions

occur in the limit. One can make use of this to show that a rescaled coalescing system
of certain random walks converges to the coalescing stable process of index α ∈ (1, 2).
In this section, we present the necessary steps to obtain this result (formulated in
Corollary 2.23) since we need it later. For (local) central limit theorems for stable
distributions we refer to [GK54] and for functional limit theorems in D([0,∞),R) to
[Sk57]. Furthermore, [Wh02, Section 4.5] gives an overview of both. The convergence
of the coalescing system is sketched in [MRV19, Section 6], but we give here some more
details. We may remark that in [NRS05, Lemma 5.1] it is shown that coalescing random
walks whose increment distribution has second moments converge to coalescing Brownian
motion. Therefore, we exclude in this section the case α = 2. In the following, we write
Sn := s0 + ∑n

i=1 Zi for n ∈ N with s0 ∈ R and refer to (Sn)n∈N0 as a (discrete-time)
random walk and to Z1, Z2, . . . as the increments of the random walk. If X,X1, X2, . . .
are random variables with values in a metric space E, we write Xn

n→∞====⇒ X if (Xn)n∈N
converges in distribution to X.

Definition 2.17. Let s0 = 0. The distribution of Z1 belongs to the domain of attraction
of an α-stable distribution µ, α ∈ (0, 2], if there exist (cn)n∈N ⊂ (0,∞) and (mn)n∈N ⊂ R
such that

c−1
n (Sn −mn) n→∞====⇒ Z

with an α-stable distributed random variable Z ∼ µ. The distribution of Z1 belongs to
the normal domain of attraction an α-stable distribution, if we can choose cn = an

1
α for

some constant a > 0.

We may remark that the notion of (normal) domain of attraction is not restricted to
symmetric stable processes, but in that what follows we will assume as before that
stable processes are symmetric. Therefore we further focus on distributions of Z1 that
are symmetric. The following characterization result is due to [GK54, Section 35], our
formulation of it is based on [Wh02, Theorem 4.5.2].

Proposition 2.18 ([GK54],[Wh02]). Let α ∈ (0, 2) and let Z1 be a real-valued random
variable with a symmetric distribution, i.e. Z1

d= −Z1. The distribution of Z1 belongs
to the normal domain of attraction with a = 1, i.e. cn = n

1
α , of an α-stable distribution

with rate c > 0, if and only if

lim
x→∞

c−1xαP[Z1 > x] = Cdom
α

with
Cdom

α = 1
2

(∫ ∞

0
x−α sin(x) dx

)
.

Proof. This is [Wh02, Theorem 4.5.2]. There the case c = 1 was proved. The general
case c > 0 follows from the scaling property of the stable distribution.

Now we can formulate the functional limit theorem that goes back to [Sk57, Theorem
2.7].
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Proposition 2.19 ([Sk57]). Let α ∈ (0, 2), s0 = 0 and assume that Z1 satisfies the
requirements of Proposition 2.18 for some c > 0. Then(

S⌊nt⌋

n
1
α

)
t≥0

n→∞====⇒ (Xt)t≥0 in D([0,∞),R),

where X = (Xt)t≥0 is an α-stable process with rate c > 0.

Proof. This is [Sk57, Theorem 2.7].

To prove convergence of coalescing systems of certain random walks it is enough to
show convergence of the hitting times of the random walks. Here we follow the proof of
[MRV19, Lemma 6.1]. We need the following local limit theorem (see [GK54, Chapter 9,
Section 50] or [IL71, Theorem 4.2.1]) for random walks on a lattice. Since the formulation
of the theorem in [GK54] and [IL71] needs a kind of maximality property of the lattice,
we assume P[Z1 = k] > 0 for all k ∈ Z to fulfill this property.

Proposition 2.20 ([GK54]). Let α ∈ (0, 2), s0 = 0 and assume that Z1 satisfies the
requirements of Proposition 2.18 for some c > 0 as well as P[Z1 = k] > 0 for all k ∈ Z.
Consider some increasing sequence (tn)n∈N ⊂ [1,∞) with limn→∞ tn = ∞. It holds

lim
n→∞

sup
x∈R

∣∣∣∣⌊tn⌋
1
α P[S⌊tn⌋ = ⌊t

1
α
n x⌋] − p

(c,α)
1 (x)

∣∣∣∣ = 0.

Proof. Denote by φX : R → C the characteristic function of a real-valued random variable
X. By Fourier inversion (see [Kl13, Theorem 15.10, Exercise 15.1.6]) we have for each
n ∈ N and x ∈ R

P[S⌊tn⌋ = ⌊t
1
α
n x⌋] = 1

2π

∫ π

−π
exp

(
−iξ⌊t

1
α
n x⌋

)
φS⌊tn⌋(ξ) dξ

and
p

(c,α)
1 (x) = 1

2π

∫
R

exp(−iξx)φX1(ξ) dξ,

where (Xt)t≥0 is an α-stable process with rate c > 0. Thus∣∣∣∣⌊tn⌋
1
α P[S⌊tn⌋ = ⌊t

1
α
n x⌋] − p

(c,α)
1 (x)

∣∣∣∣
≤
∫
R

∣∣∣∣∣∣exp

−iξ ⌊t
1
α
n x⌋

⌊tn⌋
1
α

φZ1

(
ξ

⌊tn⌋
1
α

)⌊tn⌋

1[
−π⌊tn⌋

1
α ,π⌊tn⌋

1
α

](ξ) − exp(−iξx)φX1(ξ)

∣∣∣∣∣∣ dξ,
Now with the same proof as in [GK54, Chapter 9, Section 50] or [IL71, Theorem 4.2.1],
where only the case tn = n is considered, one can show that the right-hand side of the
last equation converges to zero (note that (⌊tn⌋)n∈N ⊂ N).
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Lemma 2.21. Let α ∈ (1, 2), s0 = 0 and assume that Z1 satisfies the requirements of
Proposition 2.18 for some c > 0 as well as P[Z1 = k] > 0 for all k ∈ Z. Let a ∈ R and

T (n) := inf
{
j ∈ N0 : Sj = ⌊an

1
α ⌋
}
, T := inf {t ≥ 0 : Xt = a} .

Then we have
1
n
T (n) n→∞====⇒ T.

Proof. We show convergence of the Laplace transforms (this implies convergence in
distribution, see [Bi99, Example 5.5]). For λ > 0 let

u(λ)(x) =
∫ ∞

0
e−λtp

(c,α)
t (x) dt, x ∈ R

and
v(λ)(k) =

∞∑
j=0

e−λjP[Sj = k] =
∫ ∞

0
e−λ⌊t⌋P[S⌊t⌋ = k] dt, k ∈ Z.

One has (due to [Be96, Corollary II.5.18] for the first equality and using the Markov
property at time T (n) in the second equality)

uλ(a) = uλ(0)E[e−λT ], v
λ
n (⌊an

1
α ⌋) = v

λ
n (0)E[e− λ

n
T (n) ],

so it is enough to show that

lim
n→∞

n
1
α

−1v
λ
n (⌊xn

1
α ⌋) = uλ(x) (2.11)

for x ∈ R (we need this for x ∈ {0, a}). We compute for n ∈ N

n
1
α

−1v
λ
n (⌊xn

1
α ⌋) = n

1
α

−1
∫ ∞

0
e−λ

⌊t⌋
n P[S⌊t⌋ = ⌊n

1
αx⌋] dt

=
∫ ∞

0
e−λ

⌊nt⌋
n n

1
α P[S⌊nt⌋ = ⌊n

1
αx⌋] dt

=
∫ ∞

0
e−λ

⌊nt⌋
n t−

1
α (nt)

1
α P[S⌊nt⌋ = ⌊(nt)

1
α t−

1
αx⌋] dt.

If we call the intergrand in the last integral f (n)(t), we have using Proposition 2.20 for
each t > 0

lim
n→∞

f (n)(t) = e−λtt−
1
α p

(c,α)
1 (t−

1
αx) = e−λtp

(c,α)
t (x).

Now we want to use dominated convergence: Due to Proposition 2.20 there exists a
constant C2.21.1 > 0 such that

sup
t≥1

sup
x∈R

∣∣∣⌊t⌋ 1
α P[S⌊t⌋ = ⌊t

1
αx⌋] − p

(c,α)
1 (x)

∣∣∣ ≤ C2.21.1. (2.12)

Further there is a constant C2.21.2 > 0 such that supy≥2
y

y−1 ≤ C2.21.2. Using ⌊y⌋ ≥ y − 1
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for y ≥ 0 we get for nt ≤ 2∣∣∣f (n)(t)
∣∣∣ ≤ 2

1
α e−λ

⌊nt⌋
n t−

1
α ≤ 2

1
α eλe−λtt−

1
α

and for nt ≥ 2

∣∣∣f (n)(t)
∣∣∣ = e−λ

⌊nt⌋
n t−

1
α

(
nt

⌊nt⌋

) 1
α

⌊nt⌋
1
α P[S⌊nt⌋ = ⌊(nt)

1
α t−

1
αx⌋]

≤ eλ
(

nt

nt− 1

) 1
α

C2.21.3e
−λtt−

1
α

≤ eλC
1
α
2.21.2C2.21.3e

−λtt−
1
α

for some constant C2.21.3 > 0, where we used (2.12) in the first inequality. So there exists
a constant C2.21.4 > 0 such that for each t > 0

sup
n∈N

∣∣∣f (n)(t)
∣∣∣ ≤ C2.21.4e

−λtt−
1
α .

Thus dominated convergence gives (2.11).

Corollary 2.22. Let α ∈ (1, 2), x1 ∈ R and (X(1)
t )t≥0 and (X(2)

t )t≥0 be two independent
standard stable processes with X

(1)
0 = x1 and X

(2)
0 = 0. Further let Z(1)

1 , Z
(1)
2 , Z

(1)
3 , . . . ,

Z
(2)
1 , Z

(2)
2 , Z

(2)
3 , . . . be independent copies of a random variable satisfying the requirements

of Proposition 2.18 with c = 1 as well as P[Z(1)
1 = k] > 0 for each k ∈ Z. Now let

S
(n,1)
j := ⌊x1n

1
α ⌋ +

j∑
ℓ=1

Z
(1)
ℓ , S

(n,2)
j := 0 +

j∑
ℓ=1

Z
(2)
ℓ

and

T (n) := inf
{
j ∈ N0 : S(n,1)

j = S
(n,2)
j

}
, T := inf

{
t ≥ 0 : X(1)

t = X
(2)
t

}
.

Then we have
1
n
T (n) n→∞====⇒ T.

Proof. For ℓ ∈ N let Zℓ := Z
(1)
ℓ −Z

(2)
ℓ , for j ∈ N0 let S(n)

j := S
(n,1)
j − S

(n,2)
j and for t ≥ 0

let Xt := X
(1)
t −X

(2)
t . Since P[Z(1)

1 = k] > 0 for each k ∈ Z, we have P[Z1 = k] > 0 for
each k ∈ Z. Due to the independence of X(1)

1 and X
(1)
2 the random variable X1 has a

stable distribution with rate 2. Since the distributions of Z(1)
1 and Z

(2)
1 belong to the

normal domain of attraction of an stable distribution with rate 1, it follows from the
independence of Z(1)

1 and Z(2)
1 and Definition 2.17, that Z1 belongs to the normal domain

of attraction of an stable distribution with rate 2. Therefore the result follows from
Lemma 2.21.
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Weak convergence of the random walks (Proposition 2.19) and the hitting times (Corol-
lary 2.22) implies convergence of the coalescing system. This is what we now formulate as
a corollary. Note that a (discrete-time) vector-valued (respectively set-valued) coalescing
system of a finite number of random walks can formally be defined in a completely
analogous way as we defined the vector-valued (respectively set-valued) coalescing system
of stable processes in the beginning of Section 2.2.

Corollary 2.23. Let α ∈ (1, 2), x1, x2, . . . , xm ∈ R and let (π(n)
k )k∈N0 be the vector-valued

coalescing system of m ∈ N discrete-time random walks on Z with

π
(n)
0 = (⌊x1n

1
α ⌋, ⌊x2n

1
α ⌋, . . . , ⌊xmn

1
α ⌋).

Assume that the increments of the random walks are independent copies of a random
variable Z satisfying the requirements of Proposition 2.18 with c = 1 as well as P[Z =
k] > 0 for each k ∈ Z. Further let (ζt)t≥0 be the vector-valued system of coalescing
α-stable processes starting in ζ0 = (x1, x2, . . . , xm). Then we haveπ(n)

⌊nt⌋

n
1
α


t≥0

n→∞====⇒ (ζt)t≥0 in D([0,∞),Rm).

Proof. The system of coalescing random walks is constructed using m independent
random walks and their (in total

(m
2
)
) hitting times (analogous the coalescing system of

α-stable particles). Therefore it is enough to show that all these objects converge together
in distribution. Since each of the m independent rescaled random walks converges in
distribution in D([0,∞),R) (due to Proposition 2.19), all m processes converge together
in D([0,∞),Rm) (see for example [Wh02, Theorem 11.6.7]). Due to Corollary 2.22 each
of the

(m
2
)

rescaled hitting times converges in distribution. If we interpret the hitting
times (which are random variables with values in R) as constant functions in D([0,∞),R),
we get that the families of rescaled hitting times are C-tight, so [JS03, Corollary VI.3.33]
implies that all m rescaled processes and

(m
2
)

rescaled hitting times converge together in
distribution in D([0,∞),Rm+(m

2 )). This implies convergence of the system of coalescing
random walks to the system of coalescing α-stable processes in D([0,∞),Rm).
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3. Some basic properties

3.1. Formal introduction of the voter model on the real line
In this section we give a formal introduction of the long-range voter model on the real line
(with two opinions) using a moment duality with the coalescing stable process (Ξt)t≥0 of
index α ∈ (1, 2] which we presented in Section 2.2. The existence result has been proved
in [Ev97]. We then show simple consequences of the duality. Let

M≤1(R) := {u(x) dx : u : R → [0, 1] measurable} ⊂ M(R)

where M(R) denotes the space of all Radon measures on R which we will topologize
with vague convergence. For u ∈ M≤1(R), we also denote the corresponding density by
u : R → [0, 1].
The following existence theorem follows from [Ev97, Theorem 4.1, Proposition 5.1]
and [DEF+00, Corollary 7.3] where more general processes are considered for the dual
coalescing mechanism. Further [Ev97] deals with infinite opinions, but gives a remark
after [Ev97, Theorem 4.1] on how to get a two-opinion process. We present the theorem
in the form of [HOV21, Theorem 3.1], where it was formulated for the case α = 2.

Theorem 3.1 ([Ev97],[DEF+00]). There exists a unique Feller semigroup on M≤1(R)
such that the corresponding Feller process (ut)t≥0 is characterized by the following moment
duality: For all u0 ∈ M≤1(R), t ≥ 0 and n ∈ N, we have for Lebesgue-almost all
(x1, . . . , xn) ∈ Rn

Eu0

[
n∏

i=1
ut(xi)

]
= E

 ∏
y∈Ξ{x1,...,xn}

t

u0(y)

 .
where Pu0 denotes the distribution of (ut)t≥0, starting from u0. For each u0 ∈ M≤1(R)
the process (ut)t≥0 has continuous sample paths, and for each fixed t > 0, we have
Pu0-almost surely

ut(x) ∈ {0, 1} for Lebesgue-almost all x ∈ R.

Remark 3.2. We refer to the measure-valued process (ut)t≥0 as the long-range voter
model on the real line. We think of ut(x) as the proportion of voters at place x ∈ R who
have opinion 1 at time t ≥ 0. Hence the following initial conditions are interesting:

• Let B ⊂ R be measurable and bounded, for example B = [−1, 1]. Let u0 = 1B.
Then the voter model starts with individuals having opinion 1 in B and individuals
having opinion 0 in Bc.
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• Let ϑ ∈ (0, 1). In a discrete voter model, the voters’ opinions at time t = 0 can be
distributed independently and identically with a success probability ϑ for opinion 1.
This motivates us to consider the initial condition u0(x) = ϑ for all x ∈ R for the
voter model on the real line. However, this initial condition cannot be interpreted
formally as in the discrete voter model, since there is an uncountable number of
voters.

3.2. Applications of duality
Having introduced the process formally in the previous section, we can now show simple
applications of the moment duality. We start to express the probability that there is
mass in some set or interval in terms of the dual process. Afterwards we show a scaling
property of the total mass that follows from the scaling property of the stable process.

Denote by λ the Lebesgue measure on R. In the next few lemmas and corollaries, we
express

Pu0 [ut(A) > 0] and Pu0 [0 < ut(A) < λ(A)]

for an initial condition u0 ∈ M≤1(R), a measurable set A ⊂ R and a time t > 0 in terms of
moments and probabilities concerning the dual process. We start with considering general
u0 and a general set A in Lemma 3.3, in Lemma 3.4 we specify the cases u0 = 1B for a
measurable set B ⊂ R or u0(x) = ϑ for x ∈ R and some ϑ ∈ (0, 1) and in Corollary 3.5
we consider the situation when A is an interval.
Lemma 3.3. Let A ⊂ R be a measurable set with λ(A) ∈ (0,∞). Further let U1, U2, . . .
be independent random variables that are uniformly distributed on A and independent of
(ΞR

t )t≥0. Then for each u0 ∈ M≤1(R) and t > 0, we have

Pu0 [ut(A) > 0] = 1 − E

 ∏
y∈Ξ{Un : n∈N}

t

(1 − u0(y))

 (3.1)

and
Pu0 [0 < ut(A) < λ(A)]

= 1 −

E

 ∏
y∈Ξ{Un : n∈N}

t

(1 − u0(y))

+ E

 ∏
y∈Ξ{Un : n∈N}

t

u0(y)




≤ P
[∣∣∣Ξ{Un : n∈N}

t

∣∣∣ > 1
]
.

(3.2)

Proof. For a [0, 1]-valued random variable X we have

P[X = 0] = lim
n→∞

E [(1 −X)n] and P[X = 1] = lim
n→∞

E [Xn] .

Fix an initial condition u0 ∈ M≤1(R) and t > 0. Since the measure ut has a density
ut that takes values in [0, 1], the random variable ut(A) takes values in [0, λ(A)] and
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λ(A)−1ut(A) takes values in [0, 1]. Thus we get

Pu0 [ut(A) > 0] = 1 − Pu0 [ut(A) = 0]

= 1 − Pu0

[
λ(A)−1ut(A) = 0

]
= 1 − lim

n→∞
Eu0

[(
1 − λ(A)−1ut(A)

)n]
.

(3.3)

Analogously, we have

Pu0 [0 < ut(A) < λ(A)]
= 1 − (Pu0 [ut(A) = 0] + Pu0 [ut(A) = λ(A)])

= 1 −
(
Pu0

[
λ(A)−1ut(A) = 0

]
+ Pu0

[
λ(A)−1ut(A) = 1

])
= 1 − lim

n→∞

(
Eu0

[(
1 − λ(A)−1ut(A)

)n]
+ Eu0

[(
λ(A)−1ut(A)

)n])
.

(3.4)

For n ∈ N, we have using the moment duality from Theorem 3.1

Eu0

[(
λ(A)−1ut(A)

)n]
= Eu0

[(∫
A
λ(A)−1ut(x) dx

)n]
=
∫

An
λ(A)−n Eu0

[
n∏

i=1
ut(xi)

]
dx

=
∫

An
λ(A)−n E

 ∏
y∈Ξ{x1,...,xn}

t

u0(y)

 dx

= E

 ∏
y∈Ξ{U1,...,Un}

t

u0(y)

 .
and analogously

Eu0

[(
1 − λ(A)−1ut(A)

)n]
=
∫

An
λ(A)−n Eu0

[
n∏

i=1
(1 − ut(xi))

]
dx

=
∫

An
λ(A)−n E1−u0

[
n∏

i=1
ut(xi)

]
dx

=
∫

An
λ(A)−n E

 ∏
y∈Ξ{x1,...,xn}

t

(1 − u0(y))

 dx

= E

 ∏
y∈Ξ{U1,...,Un}

t

(1 − u0(y))

 .
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Putting the last two identities into (3.3) and (3.4) and passing to the limit gives the
equalities in (3.1) and (3.2). The inequality in (3.2) follows from ∏

y∈Ξ{Un : n∈N}
t

(1 − u0(y)) +
∏

y∈Ξ{Un : n∈N}
t

u0(y)

1{
|Ξ{Un : n∈N}

t |=1
} = 1{

|Ξ{Un : n∈N}
t |=1

}
and  ∏

y∈Ξ{Un : n∈N}
t

(1 − u0(y)) +
∏

y∈Ξ{Un : n∈N}
t

u0(y)

1{
|Ξ{Un : n∈N}

t |>1
} ≥ 0.

Lemma 3.4. Let A ⊂ R be a measurable set with λ(A) ∈ (0,∞). Further let U1, U2, . . .
be independent random variables that are uniformly distributed on A and independent of
(ΞR

t )t≥0.

(i) Let u0 = 1B for some measurable set B ⊂ R. Then for t > 0

Pu0 [ut(A) > 0] = P
[
Ξ{Un : n∈N}

t ∩B ̸= ∅
]

and

Pu0 [0 < ut(A) < λ(A)] = P
[
Ξ{Un : n∈N}

t ∩B ̸= ∅, Ξ{Un : n∈N}
t ∩Bc ̸= ∅

]
≤ P

[∣∣∣Ξ{Un : n∈N}
t

∣∣∣ > 1
]
.

(ii) Let ϑ ∈ (0, 1) and u0(x) = ϑ for all x ∈ R. Then for t > 0(
1 − ((1 − ϑ)2 + ϑ2)

)
P
[∣∣∣Ξ{Un : n∈N}

t

∣∣∣ > 1
]

≤ Pu0 [0 < ut(A) < λ(A)]

≤ P
[∣∣∣Ξ{Un : n∈N}

t

∣∣∣ > 1
]
.

Proof. (i) Since u0 = 1B, we have

E

 ∏
y∈Ξ{Un : n∈N}

t

u0(y)

 = P
[
Ξ{Un : n∈N}

t ⊂ B
]

and

E

 ∏
y∈Ξ{Un : n∈N}

t

(1 − u0(y))

 = P
[
Ξ{Un : n∈N}

t ⊂ Bc
]
.

Therefore, the claim follows from Lemma 3.3.
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(ii) From Lemma 3.3, we get

Pu0 [0 < ut(A) < λ(A)] = 1 −
(

E
[
(1 − ϑ)|Ξ{Un : n∈N}

t |
]

+ E
[
ϑ|Ξ{Un : n∈N}

t |
])

.

Write U := {Un : n ∈ N}. Then we have

E
[
(1 − ϑ)|ΞU

t |
]

= (1 − ϑ)
(
1 − P

[∣∣∣ΞU
t

∣∣∣ > 1
])

+ E
[
(1 − ϑ)|ΞU

t |1{|ΞU
t |>1}

]
= 1 − ϑ+ E

[(
(1 − ϑ)|ΞU

t | − (1 − ϑ)
)

1{|ΞU
t |>1}

]
and

E
[
ϑ|ΞU

t |
]

= ϑ
(
1 − P

[∣∣∣ΞU
t

∣∣∣ > 1
])

+ E
[
ϑ|ΞU

t |1{|ΞU
t |>1}

]
= ϑ+ E

[(
ϑ|ΞU

t | − ϑ
)

1{|ΞU
t |>1}

]
.

Hence

E
[
(1 − ϑ)|ΞU

t |
]

+ E
[
ϑ|ΞU

t |
]

= 1 − E
[(

1 −
(
(1 − ϑ)|ΞU

t | + ϑ|ΞU
t |
))

1{|ΞU
t |>1}

]
and

Pu0 [0 < ut(A) < λ(A)] = E
[(

1 −
(
(1 − ϑ)|ΞU

t | + ϑ|ΞU
t |
))

1{|ΞU
t |>1}

]
.

Thus (ii) follows (for the lower bound note {|ΞU
t | > 1} = {|ΞU

t | ≥ 2}).

Corollary 3.5. Let a, b ∈ R with a < b.

(i) Let u0 = 1B for some measurable set B ⊂ R. Then for t > 0,

Pu0 [ut([a, b]) > 0] = P
[
Ξ[a,b]

t ∩B ̸= ∅
]

and

Pu0 [0 < ut([a, b]) < b− a] = P
[
Ξ[a,b]

t ∩B ̸= ∅, Ξ[a,b]
t ∩Bc ̸= ∅

]
≤ P

[∣∣∣Ξ[a,b]
t

∣∣∣ > 1
]
.

(ii) Let ϑ ∈ (0, 1) and u0(x) = ϑ for all x ∈ R. Then for t > 0(
1 − ((1 − ϑ)2 + ϑ2)

)
P
[∣∣∣Ξ[a,b]

t

∣∣∣ > 1
]

≤ Pu0 [0 < ut([a, b]) < b− a]

≤ P
[∣∣∣Ξ[a,b]

t

∣∣∣ > 1
]
.

Proof. Let U1, U2, . . . be independent random variables that are uniformly distributed
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on [a, b] and independent of (ΞR
t )t≥0. Due to the lemma of Borel-Cantelli (see [Kl13,

Theorem 2.7]), we have for each interval [c, d] ⊂ [a, b]

P[Un ∈ [c, d] for infinitely many n ∈ N] = 1.

Hence

P[{Un : n ∈ N} is a dense subset of [a, b]]

= P

 ⋂
a≤c<d≤b

c,d∈Q

{Un ∈ [c, d] for infinitely many n ∈ N}


= 1.

Thus from Proposition 2.11, we get that (Ξ{Un : n∈N}
t )t>0 and (Ξ[a,b]

t )t>0 have the same
distribution and the results follow from Lemma 3.4.

Now we consider the total mass ut(R) at time t ≥ 0.

Corollary 3.6. Let B ⊂ R be a measurable set and let u0 = 1B. For t > 0, we have

Pu0 [ut(R) > 0] = P
[
ΞR

t ∩B ̸= ∅
]
.

Proof. We use Corollary 3.5 (i) in the second line and Remark 2.12 in the third line to
compute

Pu0 [ut(R) > 0] = lim
n→∞

Pu0 [ut([−n, n]) > 0]

= lim
n→∞

P
[
Ξ[−n,n]

t ∩B ̸= ∅
]

= P
[
ΞR

t ∩B ̸= ∅
]
.

Remark 3.7. Let t ≥ 0. Shifting a coalescing system of processes is in distribution the
same as shifting the initial condition of the system. Therefore, ΞR

t is translation invariant.
With duality it follows for the voter model that

P1B [ut(R) > 0] = P1x+B [ut(R) > 0]

for x ∈ R and a measurable set B ⊂ R, where

x+B := {x+ y : y ∈ B} .

Lemma 3.8. Let B ⊂ R be a measurable set and let t > 0. Then the scaling property

P1B

[
t−

1
αut(R) ∈ ·

]
= P1

t−1/αB
[u1(R) ∈ ·]
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holds.

Proof. In the following we write

⟨f, g⟩ :=
∫
R
f(x)g(x) dx

for measurable functions f, g : R → R if the integral exists. Consider some arbitrary
initial condition u0 ∈ M≤1(R). Let n ∈ N, ϕ : R → R be measurable and bounded with
compact support and c > 0. Using the duality (Theorem 3.1) and the scaling property of
the stable process (see (2.3)) we get

Eu0

[
⟨ut(c−1/α·), ϕ⟩n

]
=
∫
Rn

Eu0

[
n∏

i=1
ut

(
c− 1

αxi

)] n∏
i=1

ϕ(xi) dx

=
∫
Rn

E

 ∏
y∈Ξc−1/α{x1,x2,...,xn}

t

u0 (y)

 n∏
i=1

ϕ(xi) dx

=
∫
Rn

E

 ∏
y∈Ξ{x1,x2,...,xn}

ct

u0
(
c− 1

α y
) n∏

i=1
ϕ(xi) dx

=
∫
Rn

Eu0(c−1/α·)

[
n∏

i=1
uct (xi)

]
n∏

i=1
ϕ(xi) dx

= Eu0(c−1/α·) [⟨uct, ϕ⟩n] .

Thus [Kl13, Corollary 15.32] gives

Pu0

[
⟨ut(c−1/α·), ϕ⟩ ∈ ·

]
= Pu0(c−1/α·) [⟨uct, ϕ⟩ ∈ ·] .

This implies for n ∈ N

Pu0

[∫ n

−n
ut(c− 1

αx) dx ∈ ·
]

= Pu0(c−1/α·)
[∫ n

−n
uct(x) dx ∈ ·

]
and with a substitution we get

Pu0

[
c

1
α

∫ c−1/αn

−c−1/αn
ut(x) dx ∈ ·

]
= Pu0(c−1/α·)

[∫ n

−n
uct(x) dx ∈ ·

]
,

hence
Pu0

[
c

1
αut(R) ∈ ·

]
= Pu0(c−1/α·) [uct(R) ∈ ·] .

With c = t−1 we get

Pu0

[
t−

1
αut(R) ∈ ·

]
= Pu0(t1/α·) [u1(R) ∈ ·] .
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Plugging in u0 = 1B yields

P1B

[
t−

1
αut(R) ∈ ·

]
= P1

t−1/αB
[u1(R) ∈ ·] .

3.3. Bounded support property

We end the chapter by showing that when the voter model is started with a bounded
initial region of opinion 1, then almost surely, the support of opinion 1 is bounded at
any fixed deterministic time. The idea is to show that the probability that there is mass
far away from the origin is sufficiently small that one can use a Borel-Cantelli argument.
Using our results from the previous section to transform the question to the dual pic-
ture, this is a corollary of Lemma 2.16. There we gave a bound on the probability that
the coalescing system starting in an initial set far away from the origin hits a fixed interval.

For µ ∈ M(R), define the measure-theoretic support of µ ∈ M(R) by

supp(µ) := {x ∈ R : µ(Bε(x)) > 0 for all ε > 0}

with
Bε(x) = {y ∈ R : |y − x| < ε} , x ∈ R, ε > 0.

Theorem 3.9. Let u0 ∈ M≤1(R) and assume supp(u0) is bounded. For each t > 0,
Pu0-almost surely supp(ut) is a bounded set.

Proof. Since supp(u0) is bounded, there exists a > 0 with supp(u0) ⊂ [−a, a], i.e.
u0 ≤ 1[−a,a]. We recall the formal situation from Lemma 2.16. Let α−1

2 < η < α− 1 and
d := 2

η > 1. For r ∈ N, we defined

Jr,1 =
[

−
r∑

j=1
jd,−

r−1∑
j=1

jd

)
and Jr,2 =

[
r−1∑
j=1

jd,
r∑

j=1
jd

)
.

According to Lemma 3.3, Corollary 3.5 (i) and Lemma 2.16, there exist C2.16.1, C2.16.2 > 0
and r0 = r0(α, a, d) ∈ N such that, for each t > 0, r ≥ r0 and i ∈ {1, 2} we have

Pu0 [ut(Jr,i) > 0] ≤ P
[
ΞJr,i

t ∩ [−a, a] ̸= ∅
]

≤ C2.16.1r
−2 + C2.16.2tr

−α.

This implies that for each t > 0,
∞∑

r=1
(Pu0 [ut(Jr,1) > 0] + Pu0 [ut(Jr,2) > 0]) < ∞.

30



Thus the Borel-Cantelli lemma (see [Kl13, Theorem 2.7]) yields

Pu0 [ut(Jr,i) > 0 for at most finitely many (r, i) ∈ N × {1, 2}] = 1.

Since (Jr,i)r∈N,i∈{1,2} is a partition of R, we have shown that

Pu0 [supp(ut) is a bounded set] = 1.
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4. Hausdorff dimension of the interface – an
upper bound

4.1. Main result

One way to study our process is to look at the so called interface which we can interpret
as the transition region of the two types. For u ∈ M≤1(R) (with density u : R → [0, 1])
we write 1 − u ∈ M≤1(R) for the measure with density 1 − u : R → [0, 1]. Then we define

I(u) := supp(u) ∩ supp(1 − u)

as the interface of u ∈ M≤1(R). For example, if we start the voter model with u0 = 1[−a,a]
for some a > 0 we have I(u0) = {−a, a}. In the Brownian case α = 2 it is well known
that the interface is described by annihilating Brownian motion (see [Tr95] and [HOV18,
Theorem 2.12]), a family of independent Brownian motions where processes get killed if
they hit each other. Since the behavior of stable processes in the case α ∈ (1, 2) is more
chaotic than that of Brownian motion, the interface in that case should be described by
the Hausdorff dimension at a fixed time t > 0. The appendix (see Appendix A.1) contains
a brief overview of the definition of the Hausdorff dimension of a subset of R. The main
result of this chapter which we formulate now is an upper bound on the dimension.
Getting a lower bound is more difficult. In Section 8.1, we give some heuristics on that.
In the following, dimH(A) denotes the Hausdorff dimension of a set A ⊂ R.

Theorem 4.1. Let u0 ∈ M≤1(R). For each t > 0, we have Pu0-almost surely

dimH(I(ut)) ≤ 1 − (α− 1)2.

Remark 4.2. The dimension bound in Theorem 4.1 agrees with the Brownian case
α = 2: In this case I(ut) is almost surely a locally finite set for fixed t > 0 (see [HOV18,
Proposition 5.17]). Therefore its dimension is zero. Furthermore

(1, 2) ∋ α 7→ 1 − (α− 1)2 = −α2 + 2α

is decreasing. This is something which one would expect for the dimension of the interface
since the smaller α is the more heavy are the tails of the α-stable process.
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4.2. Proof of Theorem 4.1

The aim of this section is to prove the dimension bound from Theorem 4.1. The main
step is to determine the order of the probability that a small interval contains an interface
point as a function of the interval diameter. We start with a simple lemma and afterwards
we explain the strategy.

Lemma 4.3. Let u ∈ M≤1(R) and a, b ∈ R with a < b. The following statements are
equivalent:

(i) I(u) ∩ (a, b) ̸= ∅

(ii) 0 <
∫ b

a u(y) dy < b− a

Proof. Assume (i) holds. This implies that there exists x ∈ (a, b) such that
∫ x+δ

x−δ u(y) dy >
0 and

∫ x+δ
x−δ (1 − u(y)) dy > 0 for each δ > 0. Thus (ii) follows from (i) via choosing δ > 0

small enough such that [x− δ, x+ δ] ⊂ (a, b).
Now assume (i) does not hold. Then for each x ∈ (a, b), there is a δ = δ(x) > 0 such that
either ∫ x+δ

x−δ
u(y) dy = 0 or

∫ x+δ

x−δ
(1 − u(y)) dy = 0. (4.1)

Fix some x0 ∈ (a, b) and assume
∫ x0+δ

x0−δ u(y) dy = 0 for some δ = δ(x0) > 0. Let

x1 := inf
{
r ≤ x0 :

∫ x0

r
u(y) dy = 0

}
.

For ε > 0, we have ∫ x1+ε

x1−ε
u(y) dy > 0

and ∫ x1+ε

x1−ε
u(y) dy ≤ ε < 2ε

what is equivalent to ∫ x1+ε

x1−ε
(1 − u(y)) dy > 0.

Thus, due to (4.1), we get x1 /∈ (a, b), which implies x1 ≤ a. Now let

x2 := sup
{
s ≥ x0 :

∫ s

x0
u(y) dy = 0

}
.

With an analogous argument as above, we get x2 ≥ b. This implies∫ b

a
u(y) dy = 0.
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In the case
∫ x0+δ

x0−δ (1 − u(y)) dy = 0 for some δ = δ(x0) > 0 one can show with the same
argument

∫ b
a u(y) dy = b− a. We conclude that (ii) does not hold.

With Lemma 4.3 we get from duality (Lemma 3.3) for u0 ∈ M≤1(R), t > 0 and a, b ∈ R
with a < b

Pu0 [I(ut) ∩ (a, b) ̸= ∅] = Pu0 [0 < ut(([a, b]) < b− a] ≤ P
[∣∣∣Ξ[a,b]

t

∣∣∣ > 1
]
.

Thus in the dual picture we have to bound the probability that the coalescing system
starting in an interval [a, b] has not coalesced down to one particle up to time t. In the
Brownian case α = 2, this is the probability that the two extremal processes started in
a and b have not met up to time t since the paths of Brownian motion are continuous.
For the α-stable process with α < 2, this is not the case and thus the question is more
difficult to answer. We start with bounds for a finite initial number of particles: In
Lemma 4.4 we prepare this via giving bounds on the non-hitting-probability of two
arbitrary particles. Then we consider the case of 2n particles for n ∈ N in Lemma 4.5
and Lemma 4.6 and then deduce a bound for any finite number N ∈ N of particles in
Corollary 4.7. With the help of Corollary 2.15, which is a consequence of [EMS13, Lemma
6.10], we can then get results for the situation where the coalescing system starts with in-
finitely many particles which we formulate in Lemma 4.8. Then we can prove Theorem 4.1.

Recall from Section 2.2 the construction of the vector-valued coalescing process ζσ for
bijections σ : [N ] → [N ] starting with N ∈ N ∪ {∞} particles. For i ∈ [N ] we denoted by
τi the first coalescence time of particle number σ(i). For i, j ∈ [N ] with i < j, define the
stopping time

T (i,j) := inf
{
t ≥ 0 : ζ id,i

t = ζ id,j
t

}
.

This is the first time when the path that particle i follows hits the path that particle j
follows.

Lemma 4.4. For ξ0 ∈ RN , i, j ∈ [N ] with i < j and t > 0, we have

C4.4.1 min
{
C4.4.2t

−(1− 1
α )
∣∣∣ξ(j)

0 − ξ
(i)
0

∣∣∣α−1
, 1
}

≤ P
[
T (i,j) ≥ t

]
≤ min

{
C4.4.3t

−(1− 1
α )
∣∣∣ξ(j)

0 − ξ
(i)
0

∣∣∣α−1
, 1
}

for some constants C4.4.1 = C4.4.1(α) > 0, C4.4.2 = C4.4.2(α) > 0 and C4.4.3 = C4.4.3(α) >
0.

Proof. Fix i, j ∈ [N ] with i < j. Let σ : [N ] → [N ] be a bijection with σ(1) = i and
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σ(2) = j and let t > 0.

P
[
T (i,j) ≥ t

]
= P

[
ζ id,i

s ̸= ζ id,j
s for all s < t

]
= P

[
ζσ,i

s ̸= ζσ,j
s for all s < t

]
= P

[
ζσ,σ(1)

s ̸= ζσ,σ(2)
s for all s < t

]
= P

[
ξ(σ(1))

s ̸= ξ(σ(2))
s for all s < t

]
= P

[
ξ(j)

s − ξ(i)
s ̸= 0 for all s < t

]
.

In the second equality we used that the distribution of ζσ does not depend on the
choice of the bijection σ : [N ] → [N ] (see Lemma 2.9). Since the difference of two
independent stable processes is again a stable process, we can now use the bounds of the
non-hitting-probability of the stable process from Proposition 2.5 (ii).

Lemma 4.5. Let n ∈ N and A ⊂ R with |A| = 2n. For t > 0, we have

P
[∣∣∣ΞA

t

∣∣∣ > 1
]

≤ C4.4.3t
−(1− 1

α )
n∑

j=1

2n−j∑
i=1

∣∣∣ξ(1+(i−1)2j+2j−1)
0 − ξ

(1+(i−1)2j)
0

∣∣∣α−1
.

Proof. The idea is to represent the event that all processes have coalesced down to one
particle as an intersection of hitting events of pairs of paths. Recall due to the definition
of T (i,j) for i, j ∈ {1, 2, . . . , 2n} with i < j that after the coalescence that particle j with
the larger number follows particle i with the smaller number. We explain the strategy
informally for n = 3, so think of 23 = 8 initial particles. Assume that the paths of
particles 1 and 2, 3 and 4, 5 and 6 and 7 and 8 have met up to time t. Since we consider
the dependent paths the particles follow and not the independent processes think from
now on of each of these four pairs as one particle (or one block) and therefore imagine
particles 2, 4, 6 and 8 are from now on not there. In the next step assume the paths of
particles 1 and 3 and particles 5 and 7 have met up to time t and again think of each of
these pairs as one block. If we further assume that additionally the paths of particles
1 and 5 have met up to time t we know that there is only one particle left. Formally,
consider the following events in the general situation with 2n particles:

A1(t) =
{
T (1,2) < t, T (3,4) < t, . . . , T (2n−1,2n) < t

}
,

A2(t) =
{
T (1,3) < t, T (5,7) < t, . . . , T (2n−3,2n−1) < t

}
,

A3(t) =
{
T (1,5) < t, T (9,13) < t, . . . , T (2n−7,2n−3) < t

}
,

...

An−1(t) =
{
T (1,1+2n−2) < t, T (1+2n−1,1+2n−1+2n−2) < t

}
An(t) =

{
T (1,1+2n−1) < t

}
.
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So we can write for j ∈ {1, 2, . . . , n}

Aj(t) =
2n−j⋂
i=1

{
T (1+(i−1)2j ,1+(i−1)2j+2j−1) < t

}
.

By construction, we have
n⋂

j=1
Aj(t) =

{∣∣∣ΞA
t

∣∣∣ = 1
}
.

Lemma 4.4 yields

P
[∣∣∣ΞA

t

∣∣∣ > 1
]

= P

 n⋃
j=1

Aj(t)c

 ≤
n∑

j=1

2n−j∑
i=1

P
[
T (1+(i−1)2j ,1+(i−1)2j+2j−1) ≥ t

]

≤ C4.4.3t
−(1− 1

α )
n∑

j=1

2n−j∑
i=1

∣∣∣ξ(1+(i−1)2j+2j−1)
0 − ξ

(1+(i−1)2j)
0

∣∣∣α−1
.

Lemma 4.6. Let ℓ > 0, n ∈ N and A ⊂ R with diam(A) ≤ ℓ and |A| = 2n. One has for
t > 0

P
[∣∣∣ΞA

t

∣∣∣ > 1
]

≤ C4.6(2n)2−αt−(1− 1
α )ℓα−1

for some constant C4.6 = C4.6(α) > 0.

Proof. We will use Lemma 4.5. To control the sum on the right hand side of the bound
in Lemma 4.5 we will add particles in a way that we have a uniform bound on the
distance of two neighbouring particles. Due to our assumptions on the set A there exist
a, x1, x2, . . . , x2n ∈ R such that A = {x1, x2, . . . , x2n} and A ⊂ [a, a+ ℓ]. Define

ξ̃0 :=
(
x1, x2, . . . , x2n , a, a+ ℓ

2n − 1 , a+ 2 · ℓ

2n − 1 , . . . , a+ (2n − 1) · ℓ

2n − 1

)
.

Sort the 2n+1 entries of ξ̃0 ∈ [a, a+ ℓ]2n+1 in increasing order and call the resulting vector

ξ̂0 =
(
ξ̂0

(1)
, ξ̂0

(2)
, . . . , ξ̂0

(2n+1)
)

∈ [a, a+ ℓ]2n+1
.

By construction, for i ∈
{
1, 2, . . . , 2n+1 − 1

}
we have∣∣∣∣ξ̂0

(i+1) − ξ̂0
(i)
∣∣∣∣ = ξ̂0

(i+1) − ξ̂0
(i) ≤ ℓ

2n − 1 ≤ ℓ

2n−1 .

This implies for i, j ∈
{
1, 2, . . . , 2n+1} with i < j∣∣∣∣ξ̂0

(j) − ξ̂0
(i)
∣∣∣∣ ≤ (j − i) ℓ

2n−1
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and for j ∈ {1, 2, . . . , n+ 1} and i ∈
{
1, 2, . . . , 2n+1−j

}
∣∣∣∣ξ̂0

(1+(i−1)2j+2j−1) − ξ̂0
(1+(i−1)2j)

∣∣∣∣ ≤ 2j−1 ℓ

2n−1 . (4.2)

Recall that we introduced the notation ΞA
t = Ξ(x1,x2,...,x2n )

t . By construction of the
coalescing system and using Remark 2.12 we can assume

Ξ(x1,x2,...,x2n )
t ⊂ Ξξ̂0

t .

Using this, Lemma 4.5 with 2n+1 initial particles, and (4.2), we get

P
[∣∣∣ΞA

t

∣∣∣ > 1
]

≤ P
[∣∣∣∣Ξξ̂0

t

∣∣∣∣ > 1
]

≤ C4.4.3t
−(1− 1

α )
n+1∑
j=1

2n+1−j∑
i=1

∣∣∣∣ξ̂0
(1+(i−1)2j+2j−1) − ξ̂0

(1+(i−1)2j)
∣∣∣∣α−1

≤ C4.4.3t
−(1− 1

α )
(

ℓ

2n−1

)α−1 n+1∑
j=1

2n+1−j∑
i=1

2(j−1)(α−1)

= C4.4.3t
−(1− 1

α )
(

ℓ

2n−1

)α−1
2n

n+1∑
j=1

21−j2(j−1)(α−1)

= C4.4.32α−1(2n)2−αt−(1− 1
α )ℓα−1

n+1∑
j=1

((1
2

)2−α
)j−1

≤ C4.4.3
2α−1

1 −
(

1
2

)2−α (2n)2−αt−(1− 1
α )ℓα−1.

Corollary 4.7. Let ℓ > 0, N ∈ N and A ⊂ R with diam(A) ≤ ℓ and |A| = N . For t > 0,
we have

P
[∣∣∣ΞA

t

∣∣∣ > 1
]

≤ C4.7N
2−αt−(1− 1

α )ℓα−1

for some constant C4.7 = C4.7(α) > 0.

Proof. We add so many particles that the number of particles is a power of two: Since
we start with N particles we consider instead 2⌈log2(N)⌉ ≥ N particles and get with
Remark 2.12

P
[∣∣∣ΞA

t

∣∣∣ > 1
]

≤ sup
Ã⊂R

diam(Ã)≤ℓ,
∣∣Ã∣∣=2⌈log2(N)⌉

P
[∣∣∣∣ΞÃ

t

∣∣∣∣ > 1
]

≤ C4.6
(
2⌈log2(N)⌉

)2−α
t−(1− 1

α )ℓα−1

≤ C4.622−αN2−αt−(1− 1
α )ℓα−1.
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In the second inequality we used Lemma 4.6 and in the third inequality 2⌈log2(N)⌉ ≤
2 · 2log2(N) = 2N .

Now we consider the case of an infinite number of initial particles.

Lemma 4.8. There is a t0 > 0 and for each t > 0 and η ∈
(

α−1
2 , α− 1

)
there is a

constant C4.8 = C4.8(α, η, t) > 0 such that we have for all ℓ ∈ (0,min{( t
2t0

) 1
α , 1})

sup
n∈N,A⊂R

diam(A)≤ℓ,|A|=n

P
[∣∣∣ΞA

t

∣∣∣ > 1
]

≤ C4.8ℓ
(α−1) η

2−α+η .

Proof. The idea is the following: We have to make sure that the infinitely many particles
quickly coalesce down to a finite number ⌈γk⌉ of particles (for some γ > 1 and k ∈ N) and
during that time no particle leaves an ℓ-fattening of the starting set A of diameter ℓ. This
good event will be denoted by BA,m,γ,ℓ

k . Corollary 2.15 says that this event has a high
probability. In that situation we can use the strong Markov property of the process. Thus,
instead of bounding the probability that there is more than one particle left for infinitely
many particles, we have to bound the probability in the case of ⌈γk⌉ particles starting
from a set Ã of diameter 3ℓ. Then we use Corollary 4.7. Here are the details: According
to Corollary 2.15, there are t0 > 0, γ > 1 and a constant C2.15 = C2.15(η, α) > 0 such
that for each m ∈ N0, ℓ > 0, A ⊂ R with diam(A) ≤ ℓ and |A| = ⌈γm⌉ and each k ∈ N0
with k ≤ m

P
[(
BA,m,γ,ℓ

k

)c]
≤ C2.15γ

−ηk (4.3)

with
BA,m,γ,ℓ

k =
{
τA

⌈γk⌉ ≤ ℓαt0
}

∩
{

R(A; [0, τA
⌈γk⌉]) ⊆ (A)ℓ

}
.

Let ℓ < min{( t
2t0

) 1
α , 1}. On the event on BA,m,γ,ℓ

k we have

t− τA
⌈γk⌉ ≥ t− ℓαt0 >

t

2 .

Thus, using the decomposition

sup
n∈N,A⊂R

diam(A)≤ℓ,|A|=n

P
[∣∣∣ΞA

t

∣∣∣ > 1
]

= sup
m∈N0,A⊂R

diam(A)≤ℓ,|A|=⌈γm⌉

P
[∣∣∣ΞA

t

∣∣∣ > 1
]

= sup
m∈N0,A⊂R

diam(A)≤ℓ,|A|=⌈γm⌉

(
P
[{∣∣∣ΞA

t

∣∣∣ > 1
}

∩BA,m,γ,ℓ
k

]
+ P

[{∣∣∣ΞA
t

∣∣∣ > 1
}

∩
(
BA,m,γ,ℓ

k

)c])
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the strong Markov property of
(
ΞA

t

)
t≥0

(see Corollary 2.13), Corollary 4.7 and (4.3) yield

sup
n∈N,A⊂R

diam(A)≤ℓ,|A|=n

P
[∣∣∣ΞA

t

∣∣∣ > 1
]

≤

 sup
Ã⊂R

diam(Ã)≤3ℓ,
∣∣Ã∣∣=⌈γk⌉

P
[∣∣∣∣ΞÃ

t/2

∣∣∣∣ > 1
]+ C2.15γ

−ηk

≤ C4.7t
−(1− 1

α ) (⌈γk⌉
)2−α

ℓα−1 + C2.15γ
−ηk

≤ 22−αC4.7t
−(1− 1

α )γk(2−α)ℓα−1 + C2.15γ
−ηk

(4.4)

Now choose k ∈ N such that γk ≈ ℓ−δ for some δ > 0, i.e. let k = ⌈δ logγ(ℓ−1)⌉. Using
⌈x⌉ ≤ x+ 1 for x > 0, we get

γk(2−α)ℓα−1 ≤ γδ logγ(ℓ−1)(2−α)+(2−α)ℓα−1 = γ2−αℓ−(2−α)δℓα−1

= γ2−αℓα−1−(2−α)δ

and using ⌈x⌉ ≥ x for x > 0

γ−ηk ≤ γ−ηδ logγ(ℓ−1) = ℓηδ.

Putting the last two inequalities into (4.4) we get for each δ ∈
(
0, α−1

2−α

)
(recall ℓ ≤ 1)

sup
n∈N,A⊂R

diam(A)≤ℓ,|A|=n

P
[∣∣∣ΞA

t

∣∣∣ > 1
]

≤ 22−αC4.7t
−(1− 1

α )γ2−αℓα−1−(2−α)δ + C2.15ℓ
ηδ

≤ C4.8ℓ
min{α−1−(2−α)δ,ηδ}

for some constant C4.8 = C4.8(α, η, γ, t) > 0 (recall that the constant C2.15 depends on
η). Note that α− 1 − (2 − α)δ = ηδ if and only if δ = α−1

2−α+η , so

min {α− 1 − (2 − α)δ, ηδ} =

ηδ, if δ ∈
(
0, α−1

2−α+η

]
,

α− 1 − (2 − α)δ, if δ ∈
(

α−1
2−α+η ,

α−1
2−α

)
.

To obtain an optimal bound we choose δ = α−1
2−α+η and conclude

sup
n∈N,A⊂R

diam(A)≤ℓ,|A|=n

P
[∣∣∣ΞA

t

∣∣∣ > 1
]

≤ C4.8ℓ
(α−1) η

2−α+η .
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Corollary 4.9. Let u0 ∈ M≤1(R), x ∈ R and t > 0. Then we have

Pu0 [x ∈ I(ut)] = 0.

Proof. Let η ∈
(

α−1
2 , α− 1

)
. Using Lemma 4.3 in the second equality, Lemma 3.3

(duality) in the first inequality and Lemma 4.8 in the last inequality we get

Pu0 [x ∈ I(ut)] = lim
m→∞

Pu0

[
I(ut) ∩

(
x− 1

m
,x+ 1

m

)
̸= ∅

]
= lim

m→∞
Pu0

[
0 < ut

([
x− 1

m
,x+ 1

m

])
<

2
m

]
≤ lim sup

m→∞
P
[∣∣∣∣Ξ[x− 1

m
,x+ 1

m ]
t

∣∣∣∣ > 1
]

≤ lim
m→∞

C4.8

( 2
m

)(α−1) η
2−α+η

= 0.

(4.5)

Corollary 4.10. Let u0 ∈ M≤1(R). There is a t0 > 0 and for each t > 0 and
η ∈

(
α−1

2 , α− 1
)

there is a constant C4.8 = C4.8(α, η, t) > 0 such that we have for all
ℓ ∈ (0,min{( t

2t0
) 1

α , 1})

sup
x∈R

Pu0 [I(ut) ∩ [x, x+ ℓ] ̸= ∅] ≤ C4.8ℓ
(α−1) η

2−α+η .

Proof. Let x ∈ R, t > 0 and ℓ > 0. Analogously to the computation in (4.5), we get

Pu0 [I(ut) ∩ [x, x+ ℓ] ̸= ∅] = Pu0 [I(ut) ∩ (x, x+ ℓ) ̸= ∅]
= Pu0 [0 < ut ([x, x+ ℓ]) < ℓ]

≤ P
[∣∣∣Ξ[x,x+ℓ]

t

∣∣∣ > 1
]

where we used Corollary 4.9 in the first equality. Now Lemma 4.8 gives the desired
bound.

Now we can complete the proof of the main theorem.

Proof of Theorem 4.1. Let t > 0. Using the countable stability-property of the Hausdorff
dimension it suffices to show that for each x ∈ R, Pu0-almost surely

dimH (I(ut) ∩ [x, x+ 1]) ≤ 1 − (α− 1)2.

Let x ∈ R and η ∈ (α−1
2 , α− 1). Define s(α, η) := 1 − (α− 1) η

2−α+η . For n ∈ N, we can
bound

Hs(α,η)
1
n

(I(ut) ∩ [x, x+ 1]) ≤
n∑

i=1
n−s(α,η)1{I(ut)∩[x+ i−1

n
,x+ i

n ] ̸=∅}.
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According to Corollary 4.10 there are t0 > 0 and a constant C4.8 = C4.8(α, η, t) > 0 such
that we have for all n ∈ N with n > (min{( t

2t0
) 1

α , 1})−1

Eu0

[
Hs(α,η)

1
n

(I(ut) ∩ [x, x+ 1])
]

≤
n∑

i=1
n−s(α,η)Pu0

[
I(ut) ∩

[
x+ i− 1

n
, x+ i

n

]
̸= ∅

]

≤ C4.8

n∑
i=1

n−s(α,η)
( 1
n

)1−s(α,η)

= C4.8.

Thus Fatou’s lemma (see [Kl13, Theorem 4.21]) yields

Eu0

[
Hs(α,η) (I(ut) ∩ [x, x+ 1])

]
≤ lim inf

n→∞
Eu0

[
Hs(α,η)

1
n

(I(ut) ∩ [x, x+ 1])
]

≤ C4.8 < ∞.

This implies we have Pu0-almost surely Hs(α,η) (I(ut) ∩ [x, x+ 1]) < ∞, i.e. Pu0-almost
surely

dimH (I(ut) ∩ [x, x+ 1]) ≤ s(α, η) = 1 − (α− 1) η

2 − α+ η

for each η ∈ (α−1
2 , α − 1). Since (0,∞) ∋ η 7→ η

2−α+η is increasing, we conclude that
Pu0-almost surely

dimH (I(ut) ∩ [x, x+ 1]) ≤ lim
η↗α−1

(
1 − (α− 1) η

2 − α+ η

)
= 1 − (α− 1)2.

41



5. Lifetime of the colonies

5.1. Main results
In this chapter we investigate the total mass ut(R) of the voter model at time t ≥ 0.
Particularly we are interested in the lifetime

τ := inf {t ≥ 0 : ut(R) = 0} (5.1)

of the voter model if we start with a bounded set of opinion 1. Formally, let u0 = 1B

where B ⊂ R is a measurable and bounded set with λ(B) > 0. We are especially
concerned the case where B is a small interval. The aim is to show asymptotic bounds
for the survival probability at time t > 0

Pu0 [ut(R) > 0] = Pu0 [τ > t] .

We will formulate these bounds in the next two theorems and state afterwards in a
corollary that the voter model dies out with probability 1. This suggests to imagine the
support of the voter model (viewed in time) as a colony of opinion 1. In Section 5.2, we
prove Theorem 5.1 (and obtain that the total mass is a martingale) and in Section 5.3 we
prove Theorem 5.2. Later in Corollary 7.21 we show that if u0 has a continuous density
and u0(R) < ∞, then (ut(R))t≥0 has almost surely continuous sample paths.

Theorem 5.1. Let B ⊂ R be a measurable bounded set with λ(B) > 0 and u0 = 1B. For
t > 0, we have

Pu0 [ut(R) > 0] > 0.

Furthermore, there exists a constant C5.1 = C5.1(α) > 0 such that for each t > 0 and
a ∈ R, we have

lim inf
ε↘0

1
ε

P1[a,a+ε] [ut(R) > 0] ≥ C5.1 t
− 1

α .

Theorem 5.2. There is a C5.2 = C5.2(α) ∈ (0,∞) such that for each a ∈ R, ε > 0 and
t > 0 it holds

P1[a,a+ε] [ut(R) > 0] ≤ C5.2 ε t
− 1

α .

In particular
lim sup

ε↘0

1
ε

P1[a,a+ε] [ut(R) > 0] ≤ C5.2 t
− 1

α .

Remark 5.3. The results of Theorem 5.1 and Theorem 5.2 agree with the Brownian
case α = 2: As we mentioned in Section 4.1, the interface is described by a system
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of annihilating Brownian motions. If we start the voter model with u0 = 1[a,a+ε] for
some a ∈ R and ε > 0, the probability that opinion 1 is still alive at time t > 0 is the
probability that two independent Brownian motions, started in a and a+ ε, have not
met up to time t. This probability is of order εt− 1

2 (see Proposition 2.5).
Corollary 5.4. Let u0 ∈ M≤1(R) and assume supp(u0) is bounded. Pu0-almost surely
τ < ∞ and ut(R) = 0 for all t ≥ τ .
Proof. Since supp(u0) is bounded, there exist a, b ∈ R with a < b such that u0 ≤ 1[a,b],
i.e. using duality (Lemma 3.3 and Corollary 3.6) for each t > 0, we have

Pu0 [ut(R) > 0] ≤ P
[
ΞR

t ∩ [a, b] ̸= ∅
]

= P1[a,b] [ut(R) > 0] .

This implies using Theorem 5.2 (recall the lifetime τ from (5.1))

Pu0 [τ < ∞] = 1 − lim
n→∞

Pu0 [τ > n]

= 1 − lim
n→∞

Pu0 [un(R) > 0]

≥ 1 − lim
n→∞

P1[a,b] [un(R) > 0]

≥ 1 − C5.2(b− a) lim
n→∞

n− 1
α

= 1.

This means τ < ∞ Pu0-almost surely. Since the process is Feller (see Theorem 3.1) it has
the strong Markov property (see [Ka97, Theorem 17.17]). This implies for each t > 0,
that

Eu0 [uτ+t(R)] = E1∅ [ut(R)] = 0

due to the moment duality from Theorem 3.1. Therefore we get ut(R) = 0 for each t ≥ τ
Pu0-almost surely.

Conjecture 5.5. It is possible that the statement of Corollary 5.4 is also true under
the weaker assumption u0(R) < ∞ instead of supp(u0) being bounded. However, it is
not clear how to prove it. u0(R) < ∞ allows that the initial mass of opinion 1 may not
lie in a compact interval, but is scattered over the real line. It is technically difficult to
handle this situation, since there could be arbitrarily many colonies that are arbitrarily
far away from the origin: On the one hand smaller colonies extinct faster. But on the
other hand, each of the small colonies has a chance to get large. The same question arises
in Theorem 3.9, where the boundedness of the support was discussed.

5.2. Lower bound for the survival probability
The aim of this section is to prove Theorem 5.1, i.e., we want to get a lower bound on
the survival probability at a fixed time t > 0. To this end we use the Paley-Zygmund
inequality (see [MP10, Lemma 3.23]) and first and second moment bounds of the total
mass ut(R).
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Lemma 5.6. Let u0 ∈ M≤1(R). For each t > 0, we have

Eu0 [ut(R)] = u0(R).

If u0(R) < ∞, then (ut(R))t≥0 is a martingale.

Proof. Let t > 0, let A ⊂ R be a measurable bounded set and let (Xt)t≥0 be a standard
stable process. We use the moment duality (Theorem 3.1) and Fubini’s theorem to
compute

Eu0 [ut(A)] =
∫

A
Eu0 [ut(x)] dx

=
∫

A
Ex [u0(Xt)] dx

=
∫

A

∫
R
u0(y)p(α)

t (y − x) dy dx

=
∫
R
u0(y)

∫
A
p

(α)
t (x− y) dx dy

(5.2)

Now exhaust R with bounded intervals. We use the fact, that p(α)
t (· − y) is a probability

density, to infer from (5.2) that

Eu0 [ut(R)] =
∫
R
u0(y) dy = u0(R).

Now assume u0(R) < ∞. What we have just shown implies that Eu0 [ut(R)] < ∞. Due
to Theorem 3.1, (ut(R))t≥0 is a Markov process with respect to some filtration (Ft)t≥0.
Using this and (5.2) we get for measurable bounded A ⊂ R and an independent copy
(ũt)t≥0 of (ut)t≥0 Pu0-almost surely for 0 ≤ s ≤ t

Eu0

[
ut(A)

∣∣∣Fs

]
= Eus [ũt−s(A)] =

∫
R
us(y)

∫
A
p

(α)
t−s(x− y) dx dy

Again exhausting R with bounded intervals, we conclude that Pu0-almost surely

Eu0

[
ut(R)

∣∣∣Fs

]
=
∫
R
us(y) dy = us(R).

Lemma 5.7. Let B ⊂ R be a measurable bounded set with λ(B) > 0 and u0 = 1B. For
t > 0, we have

Eu0

[
ut(R)2

]
≤ C5.7.1 λ(B)2 diam(B)α−1 t−(1− 1

α
) + C5.7.2 λ(B) t

1
α

for some constants C5.7.1 = C5.7.1(α) ∈ (0,∞) and C5.7.2 = C5.7.2(α) ∈ (0,∞).

Proof. We will use time reversal arguments. Let (Xt)t≥0 and (Yt)t≥0 be two independent
standard stable processes. We use the duality (Theorem 3.1) and the time reversal
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formula (2.5) from Proposition 2.4 to compute

Eu0

[
ut(R)2

]
=
∫
R

∫
R

Eu0 [ut(x)ut(y)] dy dx

=
∫
R

∫
R

P
[
Ξ{x,y}

t ⊂ B
]
dy dx

=
∫
R

∫
R

P(x,y) [Xs ̸= Ys for all s ≤ t,Xt, Yt ∈ B] dy dx

+
∫
R

∫
R

P(x,y) [Xs = Ys for some s ≤ t,Xt ∈ B] dy dx

=
∫
R

∫
R

P(x,y) [Xt−s ̸= Yt−s for all s ≤ t,X0, Y0 ∈ B] dy dx

+
∫
R

∫
R

P(x,y) [Xt−s = Yt−s for some s ≤ t,X0 ∈ B] dy dx

=
∫

B

∫
B

P(x,y) [Xs ̸= Ys for all s ≤ t] dy dx

+
∫

B

∫
R

P(x,y) [Xs = Ys for some s ≤ t] dy dx.

(5.3)

Since (Yt − Xt)t≥0 is a stable process with rate 2, the probability of non-hitting (or
hitting) of Y and X up to time t is the same as the probability of non-hitting (or hitting)
of 0 of an standard stable process started in y − x up to time 2t. Therefore, we can
take use of Proposition 2.5 where we cited a bound for the non-hitting-probability and a
formula for the hitting probability of a standard stable process: There exists a constant
C5.7.1 = C5.7.1(α) > 0 such that

P(x,y) [Xs ̸= Ys for all s ≤ t] ≤ C5.7.1t
−(1− 1

α ) |y − x|α−1

and

P(x,y) [Xs = Ys for some s ≤ t] =
∫ 1

0

(1 − s)−(1− 1
α )s− 1

α

Γ
(

1
α

)
Γ
(
1 − 1

α

) ·
p

(α)
1

(
(y − x)(2ts)− 1

α

)
p

(α)
1 (0)

ds

= t
1
α

∫ 1

0

(1 − s)−(1− 1
α )s− 1

α

Γ
(

1
α

)
Γ
(
1 − 1

α

) ·
p

(α)
t

(
(y − x)(2s)− 1

α

)
p

(α)
1 (0)

ds

where we used the scaling property of the stable density in the last equality. Now we
bound both summands in (5.3) separately. For the first summand, we get∫

B

∫
B

P(x,y) [Xs ̸= Ys for all s ≤ t] dy dx

≤ C5.7.1t
−(1− 1

α
)
∫

B

∫
B

|y − x|α−1 dy dx

≤ C5.7.1λ(B)2diam(B)α−1t−(1− 1
α

).
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For the second summand we get for a constant C5.7.3 = C5.7.3(α) > 0 and C5.7.2 := α·C5.7.3∫
B

∫
R

P(x,y) [Xs = Ys for some s ≤ t] dy dx

= t
1
α

∫
B

∫ 1

0

(1 − s)−(1− 1
α )s− 1

α

Γ
(

1
α

)
Γ
(
1 − 1

α

)
p

(α)
1 (0)

∫
R
p

(α)
t

(
(y − x)(2s)− 1

α

)
dy ds dx

= C5.7.3t
1
α

∫
B

∫ 1

0
(1 − s)−(1− 1

α )
∫
R
p

(α)
t (z) dz ds dx

= C5.7.2λ(B)t
1
α .

We used ∫ 1

0
(1 − s)−(1− 1

α ) ds =
∫ 1

0
s−(1− 1

α ) ds = α

in the last equality due to α ∈ (1, 2], i.e. (1 − 1
α) ∈ (0, 1

2 ]. Finally, (5.3) and the last two
computations yield

Eu0

[
ut(R)2

]
≤ C5.7.1λ(B)2diam(B)α−1t−(1− 1

α
) + C5.7.2λ(B)t

1
α .

With the previous lemma we can now prove Theorem 5.1.

Proof of Theorem 5.1. We use the Paley–Zygmund inequality ([MP10, Lemma 3.23]),
Lemma 5.6 and Lemma 5.7. We get with u0 = 1B for some measurable B ⊂ R with
λ(B) > 0

Pu0 [ut(R) > 0] ≥ Eu0 [ut(R)]2

Eu0 [ut(R)2] ≥ λ(B)2

C5.7.1λ(B)2diam(B)α−1t−(1− 1
α

) + C5.7.2λ(B)t 1
α

> 0.

Now let t > 0, a ∈ R, ε > 0 and u0 = 1[a,a+ε]. We have

P1[a,a+ε] [ut(R) > 0] ≥ ε2

C5.7.1εα+1t−(1− 1
α

) + C5.7.2εt
1
α

= ε

C5.7.1εαt−(1− 1
α

) + C5.7.2t
1
α

,

thus

lim inf
ε↘0

1
ε

P1[a,a+ε] [ut(R) > 0] ≥ lim
ε↘0

1
C5.7.1εαt−(1− 1

α
) + C5.7.2t

1
α

= C−1
5.7.2t

− 1
α .
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5.3. Upper bound for the survival probability

In this section we prove Theorem 5.2, i.e. an upper bound for the survival probability,
if we start the voter model with an initial condition of the form u0 = 1[a,a+ε] for some
a ∈ R and ε > 0. To explain informally the strategy of the proof assume for the moment
a = 0 and ε ∈ (0, 1). Due to the scaling property of the total mass (see Lemma 3.8) it
is enough to show that the survival probability at time t = 1 is bounded by a constant
times ε. Using the moment duality (Corollary 3.6), we get

P1[0,ε] [u1(R) > 0] = P
[
ΞR

1 ∩ [0, ε] ̸= ∅
]
.

The idea is to split the unit interval into intervals of size ε and show that the events{
ΞR

1 ∩ [0, ε] ̸= ∅
}
,
{

ΞR
1 ∩ [ε, 2ε] ̸= ∅

}
,
{

ΞR
1 ∩ [2ε, 3ε] ̸= ∅

}
, . . .

are negatively correlated. Since all this events have the same probability we obtain an
upper bound for P

[
ΞR

1 ∩ [0, ε] ̸= ∅
]

provided that the probability

P1[0,1] [u1(R) > 0] = P
[
ΞR

1 ∩ [0, 1] ̸= ∅
]
.

is non-trivial. We still know that the latter probability is positive (see Theorem 5.1),
therefore we only need to show that it is smaller than one. That is, we have to show
that the voter model dies out with positive probability. We start in Lemma 5.8 showing
this. Then we state in Corollary 5.10 and Corollary 5.11 for the coalescing stable process,
that hitting disjoint intervals is negatively correlated. Here we use that this is already
known for coalescing random walks (see [Ar81], [NRS05]) and an approximation of the
coalescing stable process by a coalescing random walk (see Section 2.3). In Lemma 5.12
we finally put the things together.

Lemma 5.8. Let a, b ∈ R with a < b and u0 = 1[a,b]. For t > 0, we have

Pu0 [ut(R) > 0] = P
[
ΞR

t ∩ [a, b] ̸= ∅
]
< 1.

Proof. Note that the first equality follows from duality (Corollary 3.6). The strategy of
the proof is to decompose the real line into disjoint sets and to compare the coalescing
system starting on the complete real line with independent coalescing systems starting
in the sets of the partition. This allows us to get a lower bound on the non-hitting-
probability of [a, b] which can be written as an infinite product. Finally, we have to show
that this infinite product is positive. Since we know from Lemma 2.16 how to bound the
hitting probability of the coalescing system started in certain intervals far away from the
origin, we will use these intervals for the decomposition: Let α−1

2 < η < α−1, d := 2
η > 1.
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For r ∈ N, define

Jr,1 :=
[

−
r∑

j=1
jd,−

r−1∑
j=1

jd

)
, Jr,2 :=

[
r−1∑
j=1

jd,
r∑

j=1
jd

)

and let Jr := Jr,1 ∪ Jr,2. According to Lemma 2.16, there exists R0 = R0(α, d, b− a) ∈ N
such that for each t > 0, there is a constant C5.8 = C5.8(α, d, t) > 0 such that for all
r ≥ R0, we have

P
[
ΞJr

t ∩ [a, b] ̸= ∅
]

≤ C5.8r
−α < 1. (5.4)

Let J0 := ⋃R0−1
r=1 Jr and t > 0. Now we show P[ΞJ0

t ∩ [a, b] ̸= ∅] < 1: Due to [EMS13,
Theorem 6.1] the set ΞJ0

t/2 is finite P-almost surely, hence

P
[∣∣∣ΞJ0

t/2

∣∣∣ = 1,ΞJ0
t/2 ⊂ [b+ 1,∞)

]
> 0. (5.5)

Let (Xt)t≥0 be a standard stable process. Using the Markov property of the coalescing
system (see Corollary 2.13) we have

P
[
ΞJ0

t ∩ (−∞, b] ̸= ∅
∣∣∣ ∣∣∣ΞJ0

t/2

∣∣∣ = 1,ΞJ0
t/2 ⊂ [b+ 1,∞)

]
≤ Pb+1

[
Xt/2 ≤ b

]
< 1. (5.6)

Note that for two arbitrary events A and B with P[A] > 0 and P[B |A] < 1, we have

P[B] ≤ P[B |A] · P[A] + P[Ac] < 1.

Hence from (5.5) and (5.6), we may infer

P
[
ΞJ0

t ∩ [a, b] ̸= ∅
]

≤ P
[
ΞJ0

t ∩ (−∞, b] ̸= ∅
]
< 1. (5.7)

Fix N ∈ N with N ≥ R0 and let

A(N) := J0 ∪

 N⋃
r=R0

Jr

 .
We modify the coalescing system ΞA(N) in the following way: Let Ξ̃A(N) be the coalescing
system where two particles are only allowed to coalesce if both particles started in
the same set Jr with r ∈ {0, R0, R0 + 1, . . . , N}. Since the coalescing stable process is
constructed using independent stable processes we get that the paths of different particles
in this new coalescing system are independent if they start in different intervals Jr with
r ∈ {0, R0, R0 + 1, . . . , N}. Due to [EMS13, Section 2.3] it is possible to construct these
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systems such that ΞA(N)
t ⊂ Ξ̃A(N)

t P-almost surely for t ≥ 0. This implies

P
[
ΞA(N)

t ∩ [a, b] = ∅
]

≥ P
[
Ξ̃A(N)

t ∩ [a, b] = ∅
]

= P
[
ΞJ0

t ∩ [a, b] = ∅
]

·
N∏

r=R0

P
[
ΞJr

t ∩ [a, b] = ∅
]

≥
(
1 − P

[
ΞJ0

t ∩ [a, b] ̸= ∅
])

·
N∏

r=R0

(
1 − Cr−α)

where we used (5.4) in the last inequality. Since all factors in the latter product are
positive (according to (5.7) and (5.4)) and since ∑∞

r=R0 r
−α < ∞ due to α ∈ (1, 2] the

product converges to a positive limit as N −→ ∞ and we get

P
[
ΞR

t ∩ [a, b] = ∅
]

= lim
N→∞

P
[
ΞA(N)

t ∩ [a, b] = ∅
]

≥
(
1 − P

[
ΞJ0

t ∩ [a, b] ̸= ∅
])

·
∞∏

r=R0

(
1 − Cr−α) > 0.

This implies as desired
P
[
ΞR

t ∩ [a, b] ̸= ∅
]
< 1.

One important tool for proving the upper bound for the survival probability is to show
that in the dual picture hitting two disjoint intervals is negatively correlated. This is
known for coalescing (recurrent) random walks due to [Ar81, Lemma 1] in continuous
time and due to [NRS05, Lemma 2.8] in discrete time. Recall that a random walk is
recurrent if it almost surely returns to its starting point. We state now the discrete time
version.

Proposition 5.9 ([NRS05]). Let (ΠA
k )k∈N0 be the set-valued coalescing system of some

recurrent random walk on Z starting in some finite set A ⊂ Z. Let B,C ⊂ Z be two
disjoint sets. For k ∈ N we have

P
[
ΠA

k ∩B ̸= ∅, ΠA
k ∩ C ̸= ∅

]
≤ P

[
ΠA

k ∩B ̸= ∅
]

· P
[
ΠA

k ∩ C ̸= ∅
]
.

Proof. This is [NRS05, Lemma 2.8].

Since we discussed in Section 2.3 the approximation of the coalescing stable process
by certain coalescing random walks, the negative-correlation property from the last
proposition thus transfers to the coalescing stable process.
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Corollary 5.10. Let A ⊂ R be a nonempty and closed set. Further let t > 0 and
a, b, c, d ∈ R with a < b ≤ c < d. We have

P
[
ΞA

t ∩ [a, b] ̸= ∅, ΞA
t ∩ [c, d] ̸= ∅

]
≤ P

[
ΞA

t ∩ [a, b] ̸= ∅
]

· P
[
ΞA

t ∩ [c, d] ̸= ∅
]
.

Proof. We will assume b < c, since the coalescing system hits fixed points with proba-
bility zero. For finite sets A the result follows from Proposition 5.9 via approximation
with coalescing random walks (see Corollary 2.23). If A is not finite this holds using
approximations with finite sets (see Remark 2.12).

Corollary 5.11. Let A ⊂ R be a nonempty and closed set. Further let t > 0 and
a, b, c, d ∈ R with a < b ≤ c < d. We have

P
[
ΞA

t ∩ [a, b] = ∅, ΞA
t ∩ [c, d] = ∅

]
≤ P

[
ΞA

t ∩ [a, b] = ∅
]

· P
[
ΞA

t ∩ [c, d] = ∅
]
.

Proof. Note that for events A1 and A2 with P[A1 ∩A2] ≤ P[A1] · P[A2] we have

P[Ac
1 ∩Ac

2] = 1 − P[A1 ∪A2]
= 1 − (P[A1] + P[A2] − P[A1 ∩A2])
= 1 − P[A1] − P[A2] + P[A1 ∩A2]
≤ 1 − P[A1] − P[A2] + P[A1] · P[A2]
= (1 − P[A1]) · (1 − P[A2])
= P[Ac

1] · P[Ac
2]

and so the assertion follows from Corollary 5.10.

Now we are ready to show that the survival probability of the voter model of a colony of
size ε at some fixed time is bounded by a constant times ε. This is an application of the
negative-correlation-property from Corollary 5.11.

Lemma 5.12. Let t > 0. There is C5.12 = C5.12(α, t) > 0 such that for each a ∈ R and
ε > 0 it holds with u0 = 1[a,a+ε]

Pu0 [ut(R) > 0] = P
[
ΞR

t ∩ [a, a+ ε] ̸= ∅
]

≤ C5.12ε.

Proof. The first equality follows from duality (Corollary 3.6). Now assume ε ∈ (0, 1) (at
the end we can replace the constant C5.12 by max {C5.12, 1} to cover the case ε ≥ 1). For
i ∈

{
1, 2, . . . , ⌈ε−1⌉

}
define B(ε)

i := [a+ (i− 1) · ε, a+ i · ε]. Then

⌈ε−1⌉⋃
i=1

B
(ε)
i ⊂ [a, a+ 2].
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Note that due to Remark 3.7

P
[
ΞR

t ∩B
(ε)
j ̸= ∅

]
= P

[
ΞR

t ∩B
(ε)
i ̸= ∅

]
for all i, j ∈

{
1, 2, . . . , ⌈ε−1⌉

}
. Using these two facts and applying Corollary 5.11 iteratively

gives

P
[
ΞR

t ∩ [a, a+ 2] ̸= ∅
]

≥ P

⌈ε−1⌉⋃
i=1

{
ΞR

t ∩B
(ε)
i ̸= ∅

}
= 1 − P

⌈ε−1⌉⋂
i=1

{
ΞR

t ∩B
(ε)
i = ∅

}
≥ 1 −

⌈ε−1⌉∏
i=1

P
[
ΞR

t ∩B
(ε)
i = ∅

]

= 1 −
⌈ε−1⌉∏
i=1

(
1 − P

[
ΞR

t ∩B
(ε)
i ̸= ∅

])
= 1 −

(
1 − P

[
ΞR

t ∩B
(ε)
1 ̸= ∅

])⌈ε−1⌉
.

This implies(
1 − P

[
ΞR

t ∩ [a, a+ ε] ̸= ∅
])⌈ε−1⌉

≥ 1 − P
[
ΞR

t ∩ [a, a+ 2] ̸= ∅
]
.

Define
p := p(α, t) := P

[
ΞR

t ∩ [a, a+ 2] ̸= ∅
]

and
pε := pε(α, t) := P

[
ΞR

t ∩ [a, a+ ε] ̸= ∅
]
.

We have p, pε ∈ (0, 1), since we know from duality (Corollary 3.6) and Theorem 5.1 that
hitting probabilities are positive and due to Lemma 5.8 that they are smaller than one.
With this notation the last inequality can be shortly written as

(1 − pε)⌈ε−1⌉ ≥ 1 − p.

Let ε̃ := ⌈ε−1⌉−1 ≤ ε. Then
1 − pε ≥ (1 − p)ε̃ .

Hence (using 1 − e−x ≤ x for x ∈ R)

P
[
ΞR

t ∩B ̸= ∅
]

= pε

≤ 1 − (1 − p)ε̃ = 1 − e
− ln
(

1
1−p

)
ε̃ ≤ ln

( 1
1 − p

)
ε̃ ≤ ln

( 1
1 − p

)
ε.
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So we can choose C5.12 := C5.12(α, t) := max
{
ln((1 − p(α, t))−1), 1

}
.

Now we can conclude the proof of Theorem 5.2.

Proof of Theorem 5.2. Consider the constant C5.12(α, 1) from Lemma 5.12. With the
scaling property of the total mass (Lemma 3.8) in the second equality we get for each
a ∈ R, ε > 0 and t > 0

P1[a,a+ε] [ut(R) > 0] = P1[a,a+ε]

[
t−

1
αut(R) > 0

]
= P1

t−1/α[a,a+ε]
[u1(R) > 0]

≤ C5.12(α, 1)εt−
1
α .

52



6. A toy model for exceptional time points

6.1. Description of the model and main result

In Theorem 3.9 we have seen that the support of the voter model stays almost surely
bounded at fixed deterministic times if the initial condition has bounded support. A
question to ask is whether there are random times when the support is unbounded. Those
time points we call exceptional time points. The aim of this chapter is to compute the
Hausdorff dimension of that set of time points in a simpler toy model. In Section 8.2 we
discuss and formulate conjectures for the real voter model.

Having the discrete voter model in mind one would like to think of the long-range voter
model on the real line as distributing infinitesimally small colonies of opinion 1 (according
to a stable transition kernel) in space. Therefore we want to consider a toy model where
colonies are represented by random time intervals (having as length the lifetime of a
voter colony) and the intervals are placed in the space-time-plane according to a Poisson
point process. Since each time interval has a starting time point, a spatial position and
a length or lifetime, we consider a Poisson point process N on [0, 1] × R × (0, 1) with
intensity measure

µ(α,γ)(ds, dx, du) = λ(ds) ⊗ ν(α)(dx) ⊗ u−γ du.

with ν(α)(dx) = p
(α)
1 (x) dx, α ∈ (1, 2] and γ ∈ (1, 2). Due to Theorem 5.1 and Theorem 5.2

for each a ∈ R, the voter model satisfies

lim inf
ε↘0

1
ε

P1[a,a+ε] [ut(R) > 0] ≥ C5.1t
− 1

α

and
lim sup

ε↘0

1
ε

P1[a,a+ε] [ut(R) > 0] ≤ C5.2t
− 1

α .

This motivates to consider γ = 1 + 1
α (since the derivative of t− 1

α is a multiple of t−(1+ 1
α

)).
However, we allow a general γ ∈ (1, 2). Further we only consider interval lengths in (0, 1)
as the small colonies typically live for only a short time. We refer to the introduced point
process N as the toy model for the long-range voter model on the real line.
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Now we define the set of exceptional time points for the toy model. Let

ET = {t ∈ [0, 1] : t is contained in an interval infinitely far away from the origin}
= {t ∈ [0, 1] : N ({(s, x, u) : s < t, |x| ≥ n, u > t− s}) ≥ 1 for each n ∈ N} .

The main result of this chapter is the following.

Theorem 6.1. We have
dimH(ET ) = γ − 1 a.s.

Remark 6.2. If we choose γ = 1 + 1
α , which seems to be a plausible choice for the voter

model as described above, Theorem 6.1 gives

dimH(ET ) = 1
α
.

6.2. Proof of Theorem 6.1
In this section we prove the dimension result from Theorem 6.1. The main idea is to com-
pare the exceptional time points with the time points that are contained in infinitely many
intervals because the Hausdorff dimension of this set is known due to results of [FW04]
and essentially depends on the decay of the lengths of the intervals. In Lemma 6.3 and
Corollary 6.4 we discuss the connection to the time points that are covered by infinitely
many intervals via introducing some modified point process. In Lemma 6.5 we determine
the order of the decay of the interval length and in Corollary 6.6 we finally compute the
dimension of the time points that are infinitely often covered for the modified process.
This finally allows us to get the dimension formula of the exceptional time points in
Theorem 6.1.

We see in the next lemma that N produces with positive probability infinitely many
intervals in each spatial set even in bounded sets. To get a lower bound on the Hausdorff
dimension we want to distinguish between exceptional time points and the time points
that are covered by infinitely many intervals. To do this, we throw away some intervals.
Only those intervals remain included where the interval length does not become too small.
The lengths are coupled to the spatial position in such a way that the further away the
intervals are from the origin, the shorter they are allowed to be. The resulting point
process still produces infinitely many intervals on the total real line, but the number
of intervals in each bounded set is almost surely finite. Thus for that point process the
exceptional time points and the time points that are covered by infinitely many intervals
coincide almost surely. Formally, we introduce a point process N (η) for some η ∈ [0, γ−1)
defined by

N (η) := N
(
· ∩B(α,γ,η)

)
with

B(α,γ,η) =
{

(s, x, u) ∈ [0, 1] × R × (0, 1) : ν(α)((−∞,−x] ∪ [x,∞)) < 2uη
}
.
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This means N (η) counts only the points (s, x, u) of N that fulfill ν(α)((−∞,−x]∪[x,∞)) <
2uη. Note that N (0) = N . In the following lemma we collect some properties of the
intensities of the introduced point processes that imply the latter statements. Recall that
µ(α,γ) is the intensity measure of N .

Lemma 6.3. Let η ∈ [0, γ − 1).

(i) N (η) is a Poisson point process on [0, 1] × R × (0, 1) with intensity measure

µ(α,γ,η)(ds, dx, du) = λ(ds) ⊗ ν(α)(dx) ⊗ u−γ du1B(α,γ,η)(s, x, u).

(ii) Ñ (η) is a Poisson point process on [0, 1] × (0, 1) with intensity measure

µ̃(α,γ,η)(ds, du) = λ(ds) ⊗ u−(γ−η) du.

(iii) µ(α,γ)([0, 1] ×A× (0, 1)) = ∞ for each measurable set A ⊂ R with ν(α)(A) > 0.

(iv) µ(α,γ,η)([0, 1] × R × (0, 1)) = ∞.

(v) If η ∈ (0, γ − 1), then µ(α,γ,η)([0, 1] ×A× (0, 1)) < ∞ for each bounded measurable
set A ⊂ R.

Proof.

(i) This follows from the definition of N (η) since

N (η)(ds, dx, du) = 1B(α,γ,η)(s, x, u)N(ds, dx, du).

(ii) Due to the mapping theorem for Poisson point processes (see [Kl13, Theorem
24.16]) Ñ (η) is a Poisson point process on [0, 1] × (0, 1) with intensity measure
µ̃(α,γ,η) = µ(α,γ,η) ◦ f−1. Thus we compute for s1, s2 ∈ [0, 1] with s1 < s2 and
u1, u2 ∈ (0, 1) with u1 < u2

µ̃(α,γ,η)([s1, s2] × [u1, u2])
= µ(α,γ,η)([s1, s2] × R × [u1, u2])

=
∫ s2

s1
λ(ds)

∫
R
ν(α)(dx)

∫ u2

u1
duu−γ1B(α,γ,η)(s, x, u)

=
∫ s2

s1
λ(ds)

∫ u2

u1
ν(α)

({
x ∈ R : ν(α)((−∞,−x] ∪ [x,∞)) < 2uη

})
u−γ du

=
∫ s2

s1
λ(ds)

∫ u2

u1
u−(γ−η) du
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where we used

ν(α)
({
x ∈ R : ν(α)((−∞,−x] ∪ [x,∞)) < 2uη

})
= ν(α)

({
x ∈ R : ν(α)([x,∞)) < uη

})
= uη

in the last equality. Thus the intensity measure has the stated form.

(iii) Let A ⊂ R be a measurable set. We compute

µ(α,γ)([0, 1] ×A× (0, 1)) = ν(α)(A)
∫ 1

0
u−γ du = ∞

since γ > 1.

(iv) We compute analogously to the calculation in (ii)

µ(α,γ,η)([0, 1] × R × (0, 1)) =
∫ 1

0
u−(γ−η) du = ∞

since γ − η > 1.

(v) Now let η > 0 and assume A ⊂ R is a bounded measurable set. Choose K > 0
such that A ⊂ [−K,K]. Then we get due to the definition of B(α,γ,η)

µ(α,γ,η)([0, 1] ×A× (0, 1))
≤ µ(α,γ,η)([0, 1] × [−K,K] × (0, 1))

=
∫ 1

0
λ(ds)

∫ K

−K
ν(α)(dx)

∫ 1

( 1
2 ν(α)((−∞,−x]∪[x,∞)))

1
η
duu−γ

= 1
γ − 1

∫ K

−K
ν(α)(dx)

((1
2ν

(α)((−∞,−x] ∪ [x,∞))
)− γ−1

η

− 1
)

≤ ν(α)([−K,K])
γ − 1

((1
2ν

(α)((−∞,−K] ∪ [K,∞))
)− γ−1

η

− 1
)
< ∞.

Now let
Eη,∞

T :=
{
t ∈ [0, 1] : Ñ (η) ({(s, u) : s < t, u > t− s}) = ∞

}
be the set of time points (of N (η)) that are contained in infinitely many intervals (note
that this set does not depend on the spatial position of the intervals, this is why we
consider Ñ (η) instead of N (η) in the definition of Eη,∞

T ). As a corollary to the previous
lemma we can compare Eη,∞

T with the set ET of exceptional time points of the original
point process N .
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Corollary 6.4. For each η ∈ (0, γ − 1), we have almost surely

Eη,∞
T ⊂ ET ⊂ E0,∞

T .

Proof. First note that ET ⊂ E0,∞
T is clear: If a time point is an exceptional time point,

then it is contained in infinitely many time intervals. For the other inclusion we use
Lemma 6.3: Let

B :=
{
N (η)([0, 1] × [−n, n] × (0, 1)) < ∞ for all n ∈ N

}
.

Due to Lemma 6.3 (v) we have P[B] = 1. Further let

Eη
T :=

{
t ∈ [0, 1] : N (η) ({(s, x, u) : s < t, |x| ≥ n, u > t− s}) ≥ 1 for each n ∈ N

}
be the set of exceptional time points of N (η). On the one hand we have Eη

T ⊂ ET since
the point process N (η) is constructed via throwing away points of N . On the other hand
on B the time points (of N (η)) that are contained in infinitely many intervals coincide
with the exceptional time points (of N (η)). Thus

B ⊂ {Eη,∞
T = Eη

T ⊂ ET }

and we get
P [Eη,∞

T ⊂ ET ] = 1.

The inclusions in Corollary 6.4 motivate to compute dimH(Eη,∞
T ) for η ∈ [0, γ− 1). Since

Eη,∞
T does not depend on the spatial positions of the intervals we can think of placing

random intervals in [0, 1]. Covering problems like that have been studied first in [FW04].
They proved a formula for the Hausdorff dimension of the points on the torus that are
covered by infinitely many random arcs. [FJJS18] considered this problem for more
general sets than the torus. The results of [FW04] and [FJJS18] depend on the decay of
the lengths of the intervals. We therefore order the points of Ñ (η) in descending order
with respect to the second coordinate (the interval lengths). Denote the lengths by
ℓη1 ≥ ℓη2 ≥ ℓη3 ≥ . . . .

Lemma 6.5. For each η ∈ [0, γ − 1), we have

ℓηn

n
− 1

γ−η−1

n→∞−−−→ (γ − η − 1)− 1
γ−η−1 a.s.

Proof. In this proof we consider Ñ (η) to be a point process on [0, 1] × (0,∞) instead of
[0, 1] × (0, 1). Note that this does not change the order of decay of lengths of the intervals
since there are only finitely many intervals with a length that is larger than 1. Let

g : [0, 1] × (0,∞) → (0,∞), g((s, u)) = (γ − η − 1)−1u−(γ−η−1)
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and define N̂ (η) := Ñ (η) ◦ g−1. Due to the mapping theorem for Poisson point processes
(see [Kl13, Theorem 24.16]) N̂ (η) is a Poisson point process on (0,∞) with intensity
measure µ̂(α,γ,η) = µ̃(α,γ,η) ◦ g−1. This is the Lebesgue measure on (0,∞) since for
u1, u2 ∈ (0,∞) with u1 < u2, we compute

µ̂(α,γ,η)([u1, u2])

=
∫ ∞

0
duu−(γ−η)1[u1,u2]((γ − η − 1)−1u−(γ−η−1))

=
∫ ((γ−η−1)u1)

1
(γ−η−1)

((γ−η−1)u2)
1

(γ−η−1)
u−(γ−η) du

= u2 − u1.

Let kn := g(0, ℓηn) for n ∈ N. Since ℓηn is the n-th largest point of Ñ (η), kn is the n-th
smallest point of N̂ (η), which we have identified as a Poisson process on (0,∞) with rate
1. Therefore kn is a sum of n independent exponentially distributed random variables
with rate 1. Thus the strong law of large numbers (see [Kl13, Theorem 5.17]) yields

kn

n
n→∞−−−→ 1 a.s.

Since kn = (γ − η − 1)−1 (ℓηn)−(γ−η−1), the result follows.

Corollary 6.6. For each η ∈ [0, γ − 1) we have almost surely

dimH(Eη,∞
T ) = γ − η − 1.

Proof. Let η ∈ [0, γ − 1). Due to Lemma 6.5 there is a constant C6.6 = C6.6(η, γ) > 0
such that

ℓηn ∼ C6.6n
− 1

γ−η−1 as n −→ ∞.

Note that 1
γ−η−1 > 1 since γ−η−1 ≤ γ−1 < 1 (due to the assumption γ < 2). Therefore

almost surely
∞∑

n=1
ℓηn < ∞

Using [FJJS18, Theorem 1.1] (which is the general version of the result of [FW04]), we
get

dimH(Eη,∞
T ) = γ − η − 1 a.s.

Proof of Theorem 6.1. Let η ∈ (0, γ − 1). Apply Corollary 6.4 and Corollary 6.6 to infer

γ − η − 1 ≤ dimH(ET ) ≤ γ − 1 a.s.

This implies the desired result as η ↘ 0.
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7. The finite rate model - Existence, duality,
convergence

7.1. Overview
Consider the following stochastic partial differential equation (SPDE)

∂tu
[γ]
t (x) =

(
Lαu

[γ]
t

)
(x) +

√
γu

[γ]
t (x)(1 − u

[γ]
t (x))Ẇt,x, t ≥ 0, x ∈ R (7.1)

where Lα := −(−∆)α/2 is the fractional Laplacian operator with α ∈ (1, 2], γ > 0 and
Ẇ is a space-time white noise. The aim is to show that (7.1) has a unique weak solution
and that the long-range voter model on the real line arises as a limit of that SPDE as
γ → ∞. For γ < ∞, we call the solution of (7.1) the finite rate model with rate γ or the
continuous-space stepping stone model with α-stable motion.

In the case α = 2, the existence of solutions of (7.1), taking values in the space of
continuous functions from R to [0, 1], was investigated in [Re89] and [Sh94]. Uniqueness
in distribution follows from a moment duality with delayed coalescing Brownian motions
(see [Sh88]). [EVY20] shows for the general situation α ∈ (1, 2] that the finite rate model
appears as a scaling limit of a spatial Lambda-Fleming-Viot process.

[Tr95] examined the convergence in distribution of the interface of a space-time-rescaling
of the finite rate model in the Brownian case α = 2. For suitable initial conditions, sending
the scaling parameter to ∞ is equivalent to sending γ → ∞ (see [BHO16, Section 1.1]
and [EF04, Lemma 8]). In [HOV18, Theorem 2.8, Remark 2.9] and [BO21, Proposition
5.4] it was shown that solutions of (7.1) converge to the nearest-neighbour voter model
on the real line as γ → ∞. The approximating process and the limiting process were
considered as continuous processes taking values in the Radon measures. Convergence
was shown with respect to the uniform convergence on compact sets, endowing the space
of Radon measures with the topology of vague convergence.

In this chapter several function and measure spaces appear, therefore we introduce some
notations. Let E be a metric space and I an interval. Define

• B(E) = σ({A ⊂ E : A is open})

• C(E) = {f : E → R : f is continuous}

• C∞(R) = {f ∈ C(R) : f is infinitely often continuously differentiable}
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• Cb(R) = {f ∈ C(R) : f is bounded}

• C0(R) =
{
f ∈ C(R) : lim|x|→∞ f(x) = 0

}
• Cc(R) = {f ∈ C(R) : f has compact support}

• C∞
c (R) = C∞(R) ∩ Cc(R)

• C(I, E) = {f : I → E : f is continuous}

• D([0,∞), E) = {f : [0,∞) → E : f is càdlàg}

• M(E) = {µ : B(E) → [0,∞] : µ is a Radon measure}

• M1(E) = {µ : B(E) → [0, 1] : µ is a probability measure}

• M≤1(R) = {u(x) dx : u : R → [0, 1] measurable} ⊂ M(R)
If X,X1, X2, . . . are random variables with values in E, we write Xn

n→∞====⇒ X if (Xn)n∈N
converges in distribution to X. Let E be a Polish space. Recall from the beginning of
Section 3.1 that we topologize M(E) and M≤1(R) with the topology of vague convergence.
M(E) is again a Polish space (see [Ka86, Section 15.7]). We equip C(I, E) with the
topology of uniform convergence on compact subsets of I and D([0,∞), E) with the
Skorokhod topology (see [EK86, Section 3.5] or [JS03, Chapter VI]). If E ⊂ Rd for some
d ∈ N and p ≥ 1 let

Lp(E) =
{
f : E → R : f is measurable with

∫
E

|f(x)|p dx < ∞
}

and for f ∈ Lp(E) write

∥f∥Lp(E) :=
(∫

E
|f(x)|p dx

) 1
p

.

For f, g ∈ L2(R) define
⟨f, g⟩ :=

∫ ∞

−∞
f(x)g(x) dx.

If µ is a measure and f : R → R measurable define

µ(f) :=
∫
R
f(x)µ(dx)

if the integral exists. Further write

∥f∥∞ := sup
x∈R

|f(x)|

if the latter is finite. Finally, we define

(S0f) (x) := f(x), (Stf) (x) :=
∫ ∞

−∞
p

(α)
t (y − x)f(y) dy,
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if the integral exists. On C0(R) the family of operators (St)t≥0 is the corresponding
semigroup of a standard stable process.

Before stating the main results we recap some facts that we need to give the above SPDE
a precise formal meaning (see [IW89], [Wa86] and [DKM+09] for further details): We say
a filtered probability space (Ω,A, (Ft)t≥0,P) satisfied the usual conditions, if F0 contains
each P-zero set and if the filtration is right-continuous, i.e.

Ft =
⋂
ε>0

Ft+ε

for each t ≥ 0.

Let λ(2) be the Lebesgue measure on R2 and define

Bf ([0,∞) × R) :=
{
A ∈ B([0,∞) × R) : λ(2)(A) < ∞

}
.

A space-time white noise is an (Ft)t≥0-adapted centered Gaussian process
(W (A))A∈Bf ([0,∞)×R) with

E [W (A1)W (A2)] = λ(2)(A1 ∩A2)

for all sets A1, A2 ∈ Bf ([0,∞) × R). (Ft)t≥0-adapted means that (W ([0, t] × A))t≥0 is
adapted to (Ft)t≥0 for each A ∈ Bf ([0,∞)×R). We call a function ψ : [0,∞)×R×Ω → R
elementary with respect to (Ft)t≥0 if

ψ(s, y, ω) = X(ω)1(s1,s2](s)1A(y)

for some bounded and Fs1-measurable X, 0 ≤ s1 ≤ s2 and A ∈ B(R). We call a function
ψ : [0,∞)×R×Ω → R (Ft)t≥0-predictable if it is measurable with respect to the σ-algebra
generated by finite sums of elementary functions. In the sequel we ignore the dependence
of ω in our notation. For every (Ft)t≥0-predictable function ψ with

E
[∫ t

0

∫ ∞

−∞
ψ(s, y)2 dy ds

]
< ∞

one can define a stochastic integral (ψ ·W )t of ψ with respect to W at time t ≥ 0 in the
sense of John Walsh (see [Wa86, Theorem 2.5]) which is a continuous ((Ft)t≥0)-martingale
with quadratic variation process

⟨ψ ·W ⟩t =
∫ t

0

∫ ∞

−∞
ψ(s, y)2 dy ds.

We will use the notation

(ψ ·W )t =
∫ t

0

∫ ∞

−∞
ψ(s, y)W (ds, dy).
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Let a ∈ Cb(R). In the sequel we will show existence of so called mild solutions of SPDEs
of type

∂tvt(x) = (Lαvt) (x) + a(vt(x))Ẇt,x, t ≥ 0, x ∈ R

for suitable functions a. By this we mean an (Ft)t≥0-predictable process (vt)t≥0 that
fulfills P-almost surely for each t > 0 and x ∈ R

vt(x) =
∫ ∞

−∞
p

(α)
t (y − x)v0(y) dy +

∫ t

0

∫ ∞

−∞
p

(α)
t−s(y − x)a(vs(y))W (ds, dy).

If there exists such a process (vt)t≥0 for each filtered probability space (Ω,A, (Ft)t≥0,P)
satisfying the usual conditions and each (Ft)t≥0-adapted space-time white noise W , we
say the solution is strong (in the sense of probability theory). If there exists a filtered
probability space (Ω,A, (Ft)t≥0,P) satisfying the usual conditions, an (Ft)t≥0-adapted
space-time white noise W and an (Ft)t≥0-predictable process (vt)t≥0 satisfying the latter
equation, we say it is a weak solution (in the sense of probability theory).

Now we present the two main results. Theorem 7.1 is partially included in [EVY20,
Theorem 1.14], but we give a completely different proof.

Theorem 7.1. Let u0 : R → [0, 1] be a continuous function and fix γ > 0. Then there
exists a mild solution to (7.1), which is weak in the sense of probability theory, i.e.:
There exists a filtered probability space (Ω,A, (Ft)t≥0,P) satisfying the usual conditions,
a space-time white noise W and an (Ft)t≥0-predictable process (u[γ]

t )t≥0 such that we have
P-almost surely for each t > 0 and x ∈ R

u
[γ]
t (x) =

∫ ∞

−∞
p

(α)
t (y−x)u[γ]

0 (y) dy+
∫ t

0

∫ ∞

−∞
p

(α)
t−s(y−x)

√
γu

[γ]
s (y)(1 − u

[γ]
s (y))W (ds, dy)

(7.2)
and u

[γ]
0 = u0. (u[γ]

t )t≥0 is jointly continuous in both variables t ∈ [0,∞) and x ∈ R.
Furthermore the distribution of (u[γ]

t )t≥0 is uniquely determined and it is a strong Markov
process that takes values in C([0,∞) × R).

Theorem 7.2. Let u0 ∈ M≤1(R) with continuous density. Let (u[γ]
t )t≥0 be the weak

solution of (7.1) from Theorem 7.1 with initial condition u0. Write u[γ]
t (dx) = u

[γ]
t (x) dx.

Further let (ut)t≥0 be the long-range voter model on the real line from Theorem 3.1 with
initial condition u0. Then the convergence

u[γ] γ→∞====⇒ u in C((0,∞),M≤1(R)).

holds.

The proof strategy of the theorems is as follows: We show in Section 7.2 existence of a
jointly continuous strong solution to (7.1) in the case of Lipschitz-coefficients instead of
the square root term. In Section 7.3 we obtain a weak solution to (7.1) via approximation
by solutions with Lipschitz-coefficients. This proves the existence-part in Theorem 7.1.
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The uniqueness we obtain in Section 7.4 via showing a moment duality of the finite rate
model with a coalescing system of stable processes where the processes coalesce with
some delay. In order to prove Theorem 7.2 we show tightness in Section 7.5 and finally we
identify sub-sequential limits as γ → ∞ in Section 7.6 with the long-range voter model
on the real line.

7.2. SPDE with Lipschitz-coefficients

Let us consider the SPDE (7.1) with bounded Lipschitz-coefficients instead of the square-
root-term, that is

∂tut(x) = (Lαut) (x) + a(ut(x))Ẇt,x, t ≥ 0, x ∈ R (7.3)

with a : R → R being bounded and Lipschitz-continuous. With abuse of notation we
also denote solutions to that SPDE in this section with (ut)t≥0 (outside of this section
(ut)t≥0 denotes the long-range voter model on the real line). We want to show that
there is a strong solution to (7.3) and that there is a continuous modification of the
solution. We start with a technical lemma and show afterwards in Proposition 7.4 that a
certain stochastic integral has a continuous modification. The main step in the proof of
Proposition 7.4 is to show the requirements of Kolmogorov’s continuity theorem (see for
example [Ka97, Theorem 2.23]). In Lemma 7.5 we quote a Gronwall-type lemma from
[Wa86, Lemma 3.3]. Then, in Proposition 7.6, we obtain a strong solution via Picard’s
iteration. Finally in Corollary 7.7, we get the existence of a continuous modification as a
corollary of Proposition 7.4. In this section we follow [DKM+09, Part I, Theorems 6.7]
and [Wa86, Theorem 3.2] where similar results for the case α = 2 have been proved.

Lemma 7.3. There is a constant C7.3 = C7.3(α) > 0 such that for 0 ≤ t ≤ t′ < ∞ and
x ∈ R one has ∫ t′

t

∫ ∞

−∞
p

(α)
t′−s(y − x)2 dy ds = C7.3(t′ − t)1−1/α.

Proof. Using the semigroup property and the scaling property of the stable density we
can calculate∫ t′

t

∫ ∞

−∞
p

(α)
t′−s(y − x)2 dy ds =

∫ t′

t

∫ ∞

−∞
p

(α)
t′−s(y − x)p(α)

t′−s(x− y) dy ds

=
∫ t′

t
p

(α)
2(t′−s)(0) ds

=
∫ t′−t

0
p

(α)
2s (0) ds

= p
(α)
1 (0)

∫ t′−t

0
(2s)−1/α ds

= C7.3(t′ − t)1−1/α.
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for some constant C7.3 = C7.3(α) > 0. Note: Since α ∈ (1, 2] we have 1
α ∈

[
1
2 , 1
)

and
1 − 1

α ∈
(
0, 1

2

]
.

The proof of the next result follows [DKM+09, Part I, Theorem 6.7].

Proposition 7.4. Let (Ω,A, (Ft)t≥0,P) be a filtered probability space satisfying the usual
conditions and let W be a space-time white noise that is adapted with respect to (Ft)t≥0.
Further let a ∈ Cb(R) and let (vt)t≥0 be (Ft)t≥0-predictable. Then,

Vt(x) :=
{∫ t

0
∫∞

−∞ p
(α)
t−s(y − x)a(vs(y))W (ds, dy), if (t, x) ∈ (0,∞) × R,

0, if (t, x) ∈ {0} × R,

is well defined, and there is a constant C7.4.1 = C7.4.1(a, α) ∈ (0,∞), such that for each
T > 0

sup
t∈[0,T ]

sup
x∈R

E
[
(Vt(x))2

]
≤ C7.4.1T

1−1/α < ∞.

Furthermore, for each p > 4
1−1/α > 8 and T > 0, there exist constants β = β(α, p) > 0

and C7.4.2 = C7.4.2(α, p, T ) > 0 such that for every t, t′ ∈ [0, T ] and every x, x̃ ∈ R with
|x̃− x| ≤ 1 we have

E [|Vt′(x̃) − Vt(x)|p] ≤ C7.4.2 ∥a∥p
∞

(∣∣t′ − t
∣∣2+β + |x̃− x|2+β

)
. (7.4)

Thus, there exists a modification of (Vt)t≥0 which is jointly continuous in both variables
t ∈ [0,∞) and x ∈ R, and (Vt)t≥0 is (Ft)t≥0-predictable.

Proof. Due to Lemma 7.3, for t > 0 and x ∈ R, we have

E
[∫ t

0

∫ ∞

−∞
p

(α)
t−s(y − x)2a(vs(y))2 dy ds

]
≤ ∥a∥2

∞

∫ t

0

∫ ∞

−∞
p

(α)
t−s(y − x)2 dy ds

= ∥a∥2
∞C7.3t

1−1/α.

Then V is well defined and for each T > 0, we have with C7.4.1 := ∥a∥2
∞C7.3

sup
t∈[0,T ]

sup
x∈R

E
[
(Vt(x))2

]
≤ C7.4.1T

1−1/α < ∞.

In the following the aim is to use Kolmogorov’s continuity criterion to show the existence
of a continuous modification. Let us first prove that for p ≥ 2 and T > 0 there exists a
constant C7.4.3 = C7.4.3(α, p, T ) > 0 such that for every t, t′ ∈ [0, T ] and x ∈ R, we have

E [|Vt′(x) − Vt(x)|p] ≤ C7.4.3 ∥a∥p
∞
∣∣t′ − t

∣∣(1− 1
α

) p
2 . (7.5)

To this end let p ≥ 2, T > 0, t, t′ ∈ [0, T ] and x ∈ R be arbitrarily chosen und let
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us assume 0 < t < t′. Using the inequality |a+ b|p ≤ 2p (|a|p + |b|p) for a, b ∈ R and
Burkholder’s inequality (see [IW89, Chapter 3, Theorem 3.1]) we obtain for some constant
C7.4.4 = C7.4.4(p) > 0

E [|Vt′(x) − Vt(x)|p]

≤ 2p

(
E
[∣∣∣∣∫ t

0

∫ ∞

−∞

(
p

(α)
t′−s(y − x) − p

(α)
t−s(y − x)

)
a(vs(y))W (ds, dy)

∣∣∣∣p]

+ E
[∣∣∣∣∣
∫ t′

t

∫ ∞

−∞
p

(α)
t′−s(y − x)a(vs(y))W (ds, dy)

∣∣∣∣∣
p])

≤ C7.4.42p

(
E
[∣∣∣∣∫ t

0

∫ ∞

−∞

∣∣∣p(α)
t′−s(y − x) − p

(α)
t−s(y − x)

∣∣∣2 a(vs(y))2 dy ds

∣∣∣∣p/2]

+ E

∣∣∣∣∣
∫ t′

t

∫ ∞

−∞
p

(α)
t′−s(y − x)2a(vs(y))2 dy ds

∣∣∣∣∣
p/2
)

Since a is bounded, we have

E [|Vt′(x) − Vt(x)|p]

≤ C7.4.4 (2 ∥a∥∞)p

((∫ t

0

∫ ∞

−∞

(
p

(α)
t′−s(y − x) − p

(α)
t−s(y − x)

)2
dy ds

)p/2

+
(∫ t′

t

∫ ∞

−∞
p

(α)
t′−s(y − x)2 dy ds

)p/2)

=: C7.4.4 (2 ∥a∥∞)p
(
I

p/2
1 + I

p/2
2

)
.

(7.6)

According to Lemma 7.3 there is a constant C7.3 = C7.3(α) > 0 such that I2 =
C7.3 |t′ − t|1−1/α, thus

I
p/2
2 = C

p/2
7.3

∣∣t′ − t
∣∣(1− 1

α
) p

2 . (7.7)

Now we derive an appropriate estimate for I1. For g ∈ L1(R) ∩ L2(R), we denote the
Fourier transform of g by Fg, i.e.

(Fg)(ξ) =
∫ ∞

−∞
g(x)eiξx dx, ξ ∈ R.

By Plancherel’s theorem, we have∫ ∞

−∞
|g(x)|2 dx = 1

2π

∫ ∞

−∞
|(Fg)(ξ)|2 dξ

and we know (Fpt)(ξ) = e−t|ξ|α as well as (F(x 7→ g(x+a)))(ξ) = e−iξa(Fg)(ξ) for a ∈ R,
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i.e.∫ ∞

−∞

(
p

(α)
t′−s(y − x) − p

(α)
t−s(y − x)

)2
dy = 1

2π

∫ ∞

−∞

(
e−(t′−s)|ξ|α − e−(t−s)|ξ|α

)2
dξ. (7.8)

for s ∈ [0, t], since F is linear. One can compute(
e−(t′−s)|ξ|α − e−(t−s)|ξ|α

)2
= e−2(t−s)|ξ|α

(
1 − e−(t′−t)|ξ|α

)2
(7.9)

and ∫ t

0
e−2(t−s)|ξ|α ds =

∫ t

0
e−2|ξ|αs ds = (1 − e−2t|ξ|α)

2 |ξ|α
. (7.10)

Using (7.8), (7.9), Fubini’s theorem and (7.10) we get

I1 =
∫ t

0

∫ ∞

−∞

(
p

(α)
t′−s(y − x) − p

(α)
t−s(y − x)

)2
dy ds

= 1
2π

∫ ∞

−∞

(∫ t

0
e−2(t−s)|ξ|α ds

)(
1 − e−(t′−t)|ξ|α

)2
dξ

= 1
4π

∫ ∞

−∞

1 − e−2t|ξ|α

|ξ|α
(
1 − e−(t′−t)|ξ|α

)2
dξ

= 1
2π

∫ ∞

0

1 − e−2t|ξ|α

|ξ|α
(
1 − e−(t′−t)|ξ|α

)2
dξ,

where the last equality holds since the integrand on the right-hand side is a even function
in the integration variable ξ. Note that(

1 − e−(t′−t)|ξ|α
)2

≤ 2 min
{
(t′ − t) |ξ|α , 1

}
.

Moreover, there exists a constant C7.4.5 = C7.4.5(T ) > 0 such that we have uniformly in
t ∈ [0, T ]

(1 − e−2t|ξ|α)
|ξ|α

≤ C7.4.5
1 + |ξ|α

.

This implies

I1 ≤ C7.4.5
π

∫ ∞

0

min {(t′ − t) |ξ|α , 1}
1 + |ξ|α

dξ

= C7.4.5
π

(∫ |t′−t|−1/α

0

(t′ − t) |ξ|α

1 + |ξ|α
dξ +

∫ ∞

|t′−t|−1/α

1
1 + |ξ|α

dξ

)
.

(7.11)

Since |ξ|α
1+|ξ|α ≤ 1 we have

∫ |t′−t|−1/α

0

(t′ − t) |ξ|α

1 + |ξ|α
dξ ≤

∣∣t′ − t
∣∣1−1/α

. (7.12)
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Moreover we compute (note that 1 − α ∈ [−1, 0) because of α ∈ (1, 2])∫ ∞

|t′−t|−1/α

1
1 + |ξ|α

dξ ≤
∫ ∞

|t′−t|−1/α
ξ−α dξ = 1

α− 1
∣∣t′ − t

∣∣1−1/α
. (7.13)

Using equations (7.11), (7.12), (7.13) and α− 1 ≤ 1, we get

I1 ≤ C7.4.5
π

(∣∣t′ − t
∣∣1−1/α + 1

α− 1
∣∣t′ − t

∣∣1−1/α
)

≤ C7.4.6
∣∣t′ − t

∣∣1−1/α
,

for some constant C7.4.6 = C7.4.6(α, T ) > 0, hence

I
p/2
1 ≤ (C7.4.6)p/2 ∣∣t′ − t

∣∣(1− 1
α

) p
2 . (7.14)

Finally, (7.6), (7.7) and (7.14) show that there is a constant C7.4.3 = C7.4.3(α, p, T ) > 0
such that

E [|Vt′(x) − Vt(x)|p] ≤ C7.4.3 ∥a∥p
∞
∣∣t′ − t

∣∣(1− 1
α

) p
2 .

This is (7.5). Note that (7.5) is also true for t = 0, since the calculation can be done
analogously to the derivation of (7.7). I1 vanishes in this case. Next, we show that for
p ≥ 2 there exists a constant C7.4.7 = C7.4.7(α, p) > 0 such that for every t ≥ 0 and
x, x̃ ∈ R we have

E [|Vt(x̃) − Vt(x)|p] ≤ C7.4.7 ∥a∥p
∞ |x̃− x|(α−1) p

2 . (7.15)

For this purpose let p ≥ 2, t > 0 and x, x̃ ∈ R be arbitrarily chosen and let us assume
x < x̃. Using Burkholder’s inequality and the boundedness of a we obtain

E [|Vt(x̃) − Vt(x)|p] = E
[∣∣∣∣∫ t

0

∫ ∞

−∞

(
p

(α)
t−s(y − x̃) − p

(α)
t−s(y − x)

)
a(vs(y))W (ds, dy)

∣∣∣∣p]
≤ C7.4.4E

[(∫ t

0

∫ ∞

−∞

(
p

(α)
t−s(y − x̃) − p

(α)
t−s(y − x)

)2
a(vs(y))2 dy ds

)p/2]

≤ C7.4.4 ∥a∥p
∞

(∫ t

0

∫ ∞

−∞

(
p

(α)
t−s(y − x̃) − p

(α)
t−s(y − x)

)2
dy ds

)p/2

=: C7.4.4 ∥a∥p
∞ I

p/2
3 .

(7.16)
Using a substitution we obtain

I3 =
∫ t

0

∫ ∞

−∞

(
p

(α)
t−s(y − x̃) − p

(α)
t−s(y − x)

)2
dy ds

=
∫ t

0

∫ ∞

−∞

(
p

(α)
t−s(y − x̃) − p

(α)
t−s(y − x̃+ x̃− x)

)2
dy ds

=
∫ t

0

∫ ∞

−∞

(
p

(α)
t−s(y) − p

(α)
t−s(y + x̃− x)

)2
dy ds.
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With the help of the properties of the Fourier transform, with which (7.8) was derived,
we can calculate∫ ∞

−∞

(
p

(α)
t−s(y) − p

(α)
t−s(y + x̃− x)

)2
dy = 1

2π

∫ ∞

−∞

∣∣∣e−(t−s)|ξ|α − e−iξ(x̃−x)e−(t−s)|ξ|α
∣∣∣2 dξ

= 1
2π

∫ ∞

−∞

∣∣∣e−(t−s)|ξ|α
(
1 − e−iξ(x̃−x)

)∣∣∣2 dξ
= 1

2π

∫ ∞

−∞
e−2(t−s)|ξ|α

∣∣∣1 − e−iξ(x̃−x)
∣∣∣2 dξ.

It follows
I3 =

∫ t

0

∫ ∞

−∞

(
p

(α)
t−s(y) − p

(α)
t−s(y + x̃− x)

)2
dy ds

= 1
2π

∫ ∞

−∞

(∫ t

0
e−2(t−s)|ξ|α ds

) ∣∣∣1 − e−iξ(x̃−x)
∣∣∣2 dξ

= 1
4π

∫ ∞

−∞

1 − e−2t|ξ|α

|ξ|α
∣∣∣1 − e−iξ(x̃−x)

∣∣∣2 dξ.
where we used Fubini’s theorem in the second step and equation (7.10) in the last step.
Noticing that

∣∣∣1 − e−2t|ξ|α
∣∣∣ ≤ 1 and that for θ ∈ R

∣∣∣1 − e−iθ
∣∣∣2 = (1 − e−iθ)(1 − eiθ) = 2 − eiθ − e−iθ = 2(1 − cos(θ)) ≤ 2 min

{
1, θ2

}
,

we get

|I3| = 1
4π

∫ ∞

−∞

(1 − e−2t|ξ|α)
|ξ|α

∣∣∣1 − e−iξ(x̃−x)
∣∣∣2 dξ

≤ 1
2π

∫ ∞

−∞

min
{
1, ξ2(x̃− x)2}

|ξ|α
dξ

= 1
π

∫ ∞

0

min
{
1, ξ2(x̃− x)2}

|ξ|α
dξ

= 1
π

∫ |x̃−x|−1

0

ξ2 |x̃− x|2

|ξ|α
dξ +

∫ ∞

|x̃−x|−1

1
|ξ|α

dξ

 .

(7.17)

We have ∫ |x̃−x|−1

0

ξ2 |x̃− x|2

|ξ|α
dξ = |x̃− x|2

∫ |x̃−x|−1

0
ξ2−α dξ

= |x̃− x|2 1
3 − α

ξ3−α
∣∣ξ=|x̃−x|−1

ξ=0

= 1
3 − α

|x̃− x|α−1

(7.18)
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and ∫ ∞

|x̃−x|−1

1
|ξ|α

dξ =
∫ ∞

|x̃−x|−1 ξ
−α dξ

= 1
1 − α

ξ1−α
∣∣ξ=∞
ξ=|x̃−x|−1

= 1
α− 1 |x̃− x|α−1 .

(7.19)

Using equations (7.17), (7.18), (7.19) and α− 1 ≤ 3 − α (since α ≤ 2), we conclude

|I3| ≤ 1
π

( 1
3 − α

|x̃− x|α−1 + 1
α− 1 |x̃− x|α−1

)
≤ C7.4.8 |x̃− x|α−1 ,

for some constant C7.4.8 = C7.4.8(α) > 0, hence

|I3|p/2 ≤ C
p/2
7.4.8 |x̃− x|(α−1) p

2 . (7.20)

Finally (7.16) and (7.20) show that there is a constant C7.4.7 = C7.4.7(α, p) > 0 such that

E [|Vt(x̃) − Vt(x)|p] ≤ C7.4.7 ∥a∥p
∞ |x̃− x|(α−1) p

2 .

This is (7.15). Note that (7.15) is also true for t = 0. Summing up, (7.5), (7.15) and the
inequality |a+ b|p ≤ 2p (|a|p + |b|p) for a, b ∈ R show, for each p ≥ 2 and T > 0, there
exists a constant C7.4.2 = C7.4.2(α, p, T ) > 0 such that for every t, t′ ∈ [0, T ] and every
x, x̃ ∈ R we have

E [|Vt′(x̃) − Vt(x)|p] ≤ C7.4.2 ∥a∥p
∞

(∣∣t′ − t
∣∣(1− 1

α
) p

2 + |x̃− x|(α−1) p
2

)
. (7.21)

Now let x, x̃ ∈ R with |x̃− x| ≤ 1. Since 1 − 1
α ≤ α− 1 from (7.21) it follows that

E [|Vt′(x̃) − Vt(x)|p] ≤ C7.4.2 ∥a∥p
∞

(∣∣t′ − t
∣∣(1− 1

α
) p

2 + |x̃− x|(1− 1
α

) p
2

)
.

If p > 4
1−1/α , then (1 − 1

α)p
2 > 2 and we can define β := (1 − 1

α)p
2 − 2 > 0. This implies

that: For p > 4
1−1/α > 8, there exists a constant β = β(α, p) > 0, such that

E [|Vt′(x̃) − Vt(x)|p] ≤ C7.4.2 ∥a∥p
∞

(∣∣t′ − t
∣∣2+β + |x̃− x|2+β

)
for each t, t′ ∈ [0, T ] and every x, x̃ ∈ R with |x̃− x| ≤ 1. This is (7.4). Thus, the process
(Vt)t≥0 fulfills the prerequisites of Kolmogorov’s continuity theorem (see for example
[Ka97, Theorem 2.23]) which shows that there exists a jointly continuous modification of
(Vt)t≥0. The latter implies (Ft)t≥0-predictability of (Vt)t≥0.
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Lemma 7.5 ([Wa86]). Let T > 0 and let h0, h1, h2, . . . : [0, T ] → [0,∞) be a sequence
of functions. Suppose that h0 is bounded and, for some a > −1 there exists a constant
C7.5.1 ∈ (0,∞) such that for all m,n ∈ N and t ∈ [0, T ],

hn(t) ≤ C7.5.1

∫ t

0
hn−1(s)(t− s)a ds.

Then there is a constant C7.5.2 ∈ (0,∞) and an integer k ∈ N such that for each m,n ∈ N
and t ∈ [0, T ],

hn+mk(t) ≤ Cm
7.5.2

(m− 1)!

∫ t

0
hn(s)(t− s) ds.

Proof. This is [Wa86, Lemma 3.3]. Note that [Wa86, Lemma 3.3] states the result for
each a > 1, but proves it for each a > −1.

Now we formulate the existence result of a strong solution to (7.3). The proof follows
[Wa86, Theorem 3.2] and [Zä04, Theorem 6.8].

Proposition 7.6. Let a : R → R be bounded and Lipschitz-continuous and let u0 : R →
[0, 1] be a continuous function. Then there exists a mild solution to (7.3), which is strong
in the sense of probability theory, i.e.: Let (Ω,A, (Ft)t≥0,P) be a filtered probability space
satisfying the usual conditions and let W be a space-time white noise that is adapted with
respect to (Ft)t≥0. There exists an (Ft)t≥0-predictable process (ut)t≥0 such that we have
P-almost surely for each t > 0 and x ∈ R

ut(x) =
∫ ∞

−∞
p

(α)
t (y − x)u0(y) dy +

∫ t

0

∫ ∞

−∞
p

(α)
t−s(y − x)a(us(y))W (ds, dy). (7.22)

Further we have for T > 0

sup
t∈[0,T ]

sup
x∈R

E
[
(ut(x))2

]
< ∞. (7.23)

Proof. We use Picard’s iteration scheme. Define for (t, x) ∈ [0,∞) × R

u
(0)
t (x) :=

{∫∞
−∞ p

(α)
t (y − x)u0(y) dy, if (t, x) ∈ (0,∞) × R,

u0(x), if (t, x) ∈ {0} × R,

and for n ∈ N0

u
(n+1)
t (x) :=

∫ ∞

−∞
p

(α)
t (y − x)u0(y) dy +

∫ t

0

∫ ∞

−∞
p

(α)
t−s(y − x)a(u(n)

s (y))W (ds, dy)

for (t, x) ∈ (0,∞) × R, and u
(n+1)
0 (x) := u0(x) for x ∈ R. Denote by P2 the space of all
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(Ft)t≥0-predictable (ψt)t≥0 that satisfy

∥ψ∥T :=
(

sup
t∈[0,T ]

sup
x∈R

E
[
ψ(t, x)2

])1/2

< ∞

for each T > 0. Identify ψ, ψ̃ ∈ P2 if ψ(t, x) = ψ̃(t, x) holds P-almost surely for each
fixed (t, x) ∈ [0,∞) × R. Define a metric on P2 via

dP2(ψ, ψ̃) :=
∞∑

T =1
2−T min

{∥∥∥ψ̃ − ψ
∥∥∥

T
, 1
}
, ψ, ψ̃ ∈ P2.

Then, P2 is a complete metric space with respect to dP2 . Proposition 7.4 ensures for
each n ∈ N, that u(n) is well defined with u(n) ∈ P2. Because of the continuity of u0 and
Proposition 7.4, we can assume that u(n) takes values in C([0,∞) × R). We would now
like to show that (u(n))n∈N converges in P2 to some limit. For n ∈ N0 and t ≥ 0, let

hn(t) := sup
x∈R

E
[(∣∣∣u(n+1)

t (x) − u
(n)
t (x)

∣∣∣)2
]
.

Note that Lemma 7.3 ensures that for each T > 0

sup
n∈N0

sup
t∈[0,T ]

hn(t) < ∞.

The Lipschitz-continuity of a and an analogous calculation as in the proof of Lemma 7.3
show for n ∈ N, t > 0 and x ∈ R

E
[(∫ t

0

∫ ∞

−∞
p

(α)
t−s(y − x)

(
a(u(n)

s (y)) − a(u(n−1)
s (y))

)
W (ds, dy)

)2]

=
∫ t

0

∫ ∞

−∞
p

(α)
t−s(y − x)2E

[(
a(u(n)

s (y)) − a(u(n−1)
s (y))

)2
]
dy ds

≤ C7.6.1

∫ t

0
hn−1(s)

∫ ∞

−∞
p

(α)
t−s(y − x)2 dy ds

= C7.6.1

∫ t

0
hn−1(s)p(α)

2(t−s)(0) ds

= C7.6.2

∫ t

0

hn−1(s)
(t− s)1/α

ds

(7.24)

for some constants C7.6.1 = C7.6.1(a) > 0, C7.6.2 = C7.6.2(a, α) > 0. Thus, for n ∈ N and
t ≥ 0, we get

hn(t) ≤ C7.6.2

∫ t

0

hn−1(s)
(t− s)1/α

ds.

Let T > 0. Due to Lemma 7.5 there exists a constant C7.6.3 = C7.6.3(a, α) > 0 and an
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integer k ∈ N such that for all m,n ∈ N and t ∈ [0, T ]

hn+mk(t) ≤ Cm
7.5.3

(m− 1)!

∫ t

0
hn(s)(t− s) ds.

Thus for each n ∈ N,
∞∑

m=0

(
sup

t∈[0,T ]
hn+mk(t)

)1/2

< ∞,

which implies for each T > 0

∞∑
n=0

∥∥∥u(n+1) − u(n)
∥∥∥

T
=

∞∑
n=0

(
sup

t∈[0,T ]
hn(t)

)1/2

< ∞.

Therefore (u(n))n∈N is a Cauchy sequence in P2 and converges to some u ∈ P2 as n −→ ∞.
Following the calculation in (7.24), for n ∈ N, t ∈ [0, T ] and x ∈ R, we get

E
[(∫ t

0

∫ ∞

−∞
p

(α)
t−s(y − x)

(
a(u(n)

s (y)) − a(us(y))
)
W (ds, dy)

)2]
≤ C7.6.4

∥∥∥u(n) − u
∥∥∥

T

for some constant C7.6.4 = C7.6.4(a, α, T ) ∈ (0,∞). Finally, (7.22) and Equation (7.23)
hold as claimed.

Corollary 7.7. Under the assumptions of Proposition 7.6 let (ut)t≥0 be a mild solution
of (7.3). There exists a modification of (ut)t≥0 in C([0,∞) × R).

Proof. Using the representation (7.22), we have P-almost surely for each t ≥ 0 and x ∈ R

ut(x) = U
(1)
t (x) + U

(2)
t (x)

with

U
(1)
t (x) :=

{∫∞
−∞ p

(α)
t (y − x)u0(y) dy, if (t, x) ∈ (0,∞) × R,

u0(x), if (t, x) ∈ {0} × R,

and

U
(2)
t (x) :=

{∫ t
0
∫∞

−∞ p
(α)
t−s(y − x)a(us(y))W (ds, dy), if (t, x) ∈ (0,∞) × R,

0, if (t, x) ∈ {0} × R.

(U (1)
t )t≥0 is jointly continuous in t ∈ [0,∞) and x ∈ R, since u0 is continuous. According

to Proposition 7.4 there exists a jointly continuous modification of (U (2)
t )t≥0.
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7.3. Solution for finite γ

In this section we prove the existence of the finite rate model with rate γ > 0, i.e., we
obtain a weak solution to (7.1) via approximation by solutions with Lipschitz-coefficients
(this is the proof of the existence-result of Theorem 7.1). Then we show in Proposition 7.8
that the constructed solution solves a martingale problem.

Proof of Theorem 7.1 (Existence). Let u0 : R → [0, 1] be a continuous function. Define
a : R → R via

a(x) :=
{√

γx(1 − x), if x ∈ [0, 1],
0, otherwise,

Let us approximate a ∈ Cc(R) by a sequence (an)n∈N of Lipschitz-continuous functions
using smoothing and convolution (see [Ev10, Appendix C.4]): For n ∈ N define functions
η, ηn ∈ C∞

c (R) by

η(x) :=

b exp
(

1
|x|2−1

)
, if x ∈ (−1, 1),

0, otherwise
and ηn(x) := nη(nx),

where the constant b > 0 is chosen so that
∫∞

−∞ η(x) dx = 1. Let

an(x) :=
∫ ∞

−∞
ηn(y − x)a(y) dy, x ∈ R.

Then we have an ∈ C∞
c (R), in particular an is Lipschitz-continuous, and

∥a− an∥∞
n→∞−−−→ 0.

Let (Ω,A, (Ft)t≥0,P) be a filtered probability space satisfying the usual conditions and
let W be a space-time white noise. According to Proposition 7.6, for each n ∈ N, there
exists an adapted process (u(n)

t )t≥0 which is a mild solution of

∂tu
(n)
t (x) =

(
−(−∆)α/2u

(n)
t

)
(x) + an(u(n)

t (x))Ẇt,x, t ≥ 0, x ∈ R

with continuous and bounded initial condition u
(n)
0 := u0. That is, P-almost surely for

each t > 0 and x ∈ R we have

u
(n)
t (x) =

∫ ∞

−∞
p

(α)
t (y − x)u0(y) dy +

∫ t

0

∫ ∞

−∞
p

(α)
t−s(y − x)an(u(n)

s (y))W (ds, dy). (7.25)

Using Corollary 7.7 we can further assume that (u(n)
t )t≥0 takes values in C([0,∞) × R).

Define

U
(n)
t (x) :=

{∫ t
0
∫∞

−∞ p
(α)
t−s(y − x)an(u(n)

s (y))W (ds, dy), if (t, x) ∈ (0,∞) × R,
0, if (t, x) ∈ {0} × R.
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For p > 4
1−1/α > 8 and T > 0, according to (7.4) in Proposition 7.4, there exist constants

β = β(α, p) > 0 and C7.4.2 = C7.4.2(α, p, T ) > 0, such that

E
[∣∣∣U (n)

t′ (x̃) − U
(n)
t (x)

∣∣∣p] ≤ C7.4.2 ∥an∥p
∞

(∣∣t′ − t
∣∣2+β + |x̃− x|2+β

)
for each n ∈ N, t, t′ ∈ [0, T ] and every x, x̃ ∈ R with |x̃− x| ≤ 1. Since an converges
uniformly to a, we have

sup
n∈N

∥an∥∞ < ∞.

Thus [Ka97, Corollary 14.9] yields tightness of {L(u(n)) : n ∈ N} in M1(C([0,∞) × R)).
The white noise W can be reconstructed from

W̃ := (W ([t1, t2] × [a, b]))t1,t2,a,b∈Q,t1≤t2,a≤b,

which we can interpret as a random variable taking values in the Polish space RN. Using
[Kl13, Remark 13.27] we obtain tightness of the only one element containing set {L(W̃ )}
in M1(RN). The two tightness results imply that given ε > 0 there exist a compact set
K1,ε in C([0,∞) × R) and a compact set K2,ε in RN such that

sup
n∈N

P[u(n) /∈ K1,ε] ≤ ε

2 and P[W̃ /∈ K2,ε] ≤ ε

2 .

This implies
sup
n∈N

P
[(
u(n), W̃

)
/∈ K1,ε ×K2,ε

]
≤ ε,

i.e. the set {
L
((
u(n), W̃

))
: n ∈ N

}
is tight in M1((C([0,∞) × R)) × RN). Thus by Prohorov’s theorem relative compact
(see [Kl13, Theorem 13.29]). Therefore there is a subsequence of (u(n))n∈N which we will
denote also by (u(n))n∈N and a random variable u[γ] with values in C([0,∞) × R) such
that (

u(n), W̃
)

n→∞====⇒
(
u[γ], W̃

)
.

Using Skorokhod’s theorem (see [Ka97, Theorem 3.30]) there is a probability space which
we will denote again by (Ω,A,P) such that the convergence holds P-almost surely. As
already mentioned, we can reconstruct the space-time white noise W from W̃ on that
probability space. For t ≥ 0 define

Ht := σ

(∫ t

0

∫ ∞

−∞
ψ(s, y)W (ds, dy) : ψ ∈ L2([0,∞) × R)

)
and

Gt :=
⋂

n∈N
σ
(
Ht+ 1

n
∪ Ã

)
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where Ã is the σ-algebra generated by the P-zero sets of A. Then (Ω,A, (Gt)t≥0,P) is a
filtered probability space satisfying the usual conditions.
For s ≥ 0 and y ∈ R, we have P-almost surely∣∣∣a(u[γ]

s (y)) − an(u(n)
s (y))

∣∣∣ ≤
∣∣∣a(u[γ]

s (y)) − a(u(n)
s (y))

∣∣∣+ ∣∣∣a(u(n)
s (y)) − an(u(n)

s (y))
∣∣∣ n→∞−−−→ 0,

where we used the P-a.s.-convergence of (u(n))n∈N and continuity of the function a for
the first term on the right-hand side and the uniform convergence of (an)n∈N for the
second term. Burkholder’s inequality and dominated convergence (for the bound use
Lemma 7.3) give for t > 0 and x ∈ R

E
[(∫ t

0

∫ ∞

−∞
p

(α)
t−s(y − x)(a(u[γ]

s (y)) − a(u(n)
s (y)))W (ds, dy)

)2]

≤ C7.1E
[∫ t

0

∫ ∞

−∞
p

(α)
t−s(y − x)2

∣∣∣a(u[γ]
s (y)) − an(u(n)

s (y))
∣∣∣2 dy ds] n→∞−−−→ 0.

for some constant C7.1 > 0. This implies that, for a suitable sub-sequence, we have
P-almost surely∫ t

0

∫ ∞

−∞
p

(α)
t−s(y − x)a(u(n)

s (y))W (ds, dy) n→∞−−−→
∫ t

0

∫ ∞

−∞
p

(α)
t−s(y − x)a(u[γ]

s (y))W (ds, dy).

Since u(n)
t (x) converges P-almost surely to u[γ]

t (x) and u
(n)
t (x) satisfies (7.25), we have

that u[γ] satisfies (7.2) and thus we are done.

Next we show that the solution of the SPDE (7.1) solves a martingale problem. Recall
that Lα := −(−∆)α/2 denotes the fractional Laplacian. The following proposition and
its proof are an adaption of [Zä04, Propositions 6.4, 6.7] where in the case α = 2 more
general SPDEs were considered.

Proposition 7.8. Consider the mild solution (u[γ]
t )t≥0 of (7.1) from Theorem 7.1. Then

(u[γ]
t )t≥0 solves P-almost surely for each t ≥ 0 and ϕ ∈ C∞

c (R)
〈
u

[γ]
t , ϕ

〉
=
〈
u

[γ]
0 , ϕ

〉
+
∫ t

0

〈
u[γ]

s ,Lαϕ
〉
ds+

∫ t

0

∫ ∞

−∞

√
γu

[γ]
s (y)(1 − u

[γ]
s (y))ϕ(y)W (ds, dy).

(7.26)
Let further

Mt(ϕ) :=
〈
u

[γ]
t , ϕ

〉
−
〈
u

[γ]
0 , ϕ

〉
−
∫ t

0

〈
u[γ]

s ,Lαϕ
〉
ds.

Then (Mt(ϕ))t≥0 is a continuous (Ft)t≥0-martingale with quadratic variation process

⟨M(ϕ)⟩t =
∫ t

0

∫ ∞

−∞
γu[γ]

s (y)(1 − u[γ]
s (y))(ϕ(y))2 dy ds.

Proof. First note that the martingale property follows immediately from (7.26). Now
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define again
a(x) :=

√
γx(1 − x)

and let ϕ ∈ C∞
c (R) be arbitrary. Due to Lemma A.3 we have Lαϕ ∈ L1(R). We can write

the mild formulation (7.2) as

u
[γ]
t (x) = (Stu

[γ]
0 )(x) +

∫ t

0

∫ ∞

−∞
p

(α)
t−s(y − x)a(u[γ]

s (y))W (ds, dy).

This yields to∫ t

0

〈
u[γ]

s ,Lαϕ
〉
ds =

∫ t

0

〈
Ssu

[γ]
0 ,Lαϕ

〉
ds

+
∫ t

0

∫ s

0

∫ ∞

−∞
(Ss−r(Lαϕ))(y) a(u[γ]

r (y))W (dr, dy) ds.
(7.27)

Using
(Stϕ)(x) − ϕ(x) =

∫ t

0
(Ss(Lαϕ))(x) ds, x ∈ R (7.28)

from [EK86, Proposition 1.1.5] we can calculate for the first term on the right-hand side
of (7.27) ∫ t

0

〈
Ssu

[γ]
0 ,Lαϕ

〉
ds =

∫ t

0

〈
u

[γ]
0 , Ss(Lαϕ)

〉
ds

=
〈
u

[γ]
0 ,

∫ t

0
Ss(Lαϕ) ds

〉
=
〈
u

[γ]
0 , Stϕ

〉
−
〈
u

[γ]
0 , ϕ

〉
.

(7.29)

With Fubini’s theorem for stochastic integrals (see [Wa86, Theorem 2.6]) we have for the
second term ∫ t

0

∫ s

0

∫ ∞

−∞
(Ss−r(Lαϕ))(y) a(u[γ]

r (y))W (dr, dy) ds

=
∫ t

0

∫ ∞

−∞

∫ t

r
(Ss−r(Lαϕ))(y) ds a(u[γ]

r (y))W (dr, dy)

=
∫ t

0

∫ ∞

−∞

∫ t−r

0
(Ss(Lαϕ))(y) ds a(u[γ]

r (y))W (dr, dy)

=
∫ t

0

∫ ∞

−∞
[(St−rϕ)(y) − ϕ(y)] a(u[γ]

r (y))W (dr, dy),

(7.30)

where we used (7.28) in the last equality. Putting (7.29) and (7.30) into (7.27) we get∫ t

0

〈
u[γ]

s ,Lαϕ
〉
ds =

〈
u

[γ]
0 , Stϕ

〉
−
〈
u

[γ]
0 , ϕ

〉
+
∫ t

0

∫ ∞

−∞
[(St−rϕ)(y) − ϕ(y)] a(u[γ]

r (y))W (dr, dy).
(7.31)
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In addition the mild formulation yields〈
u

[γ]
t , ϕ

〉
=
〈
Stu

[γ]
0 , ϕ

〉
+
〈∫ t

0

∫ ∞

−∞
p

(α)
t−r(y − ·)a(u[γ]

r (y))W (dr, dy), ϕ
〉

= ⟨u0, Stϕ⟩ +
∫ t

0

∫ ∞

−∞
(St−rϕ)(y)a(u[γ]

r (y))W (dr, dy).
(7.32)

Subtracting (7.31) from (7.32) shows finally
〈
u

[γ]
t , ϕ

〉
−
∫ t

0

〈
u[γ]

s ,Lαϕ
〉
ds =

〈
u

[γ]
0 , ϕ

〉
+
∫ t

0

∫ ∞

−∞
a(u[γ]

r (y))ϕ(y)W (dr, dy)

as claimed.

7.4. Duality with a coalescing system with delay

The aim of this section is to show the uniqueness-part of Theorem 7.1. Therefore we
show a moment duality relation with a system of coalescing stable processes where two
processes do not coalesce immediately when they hit each other, but they coalesce when
the local time of their difference in 0 exceeds the value of an exponentially distributed
random variable with parameter γ. Thus we have a coalescing system with delay. Such
systems have been studied for example by [EF96, Section 3.1] where coalescing Lévy
processes on a hierarchical group were considered. Further the Brownian case α = 2 has
been analyzed in [Sh88], [Tr95], [AT00] and [DF16, Section 8.1]. After introducing the
coalescing system we prove in Proposition 7.9 the moment duality and afterwards get
the uniqueness-part of Theorem 7.1.

Let N ∈ N and let ξ(1), ξ(2), . . . , ξ(N) be independent standard α-stable processes of index
α ∈ (1, 2). Let (e(i,j))1≤i<j≤N be independent exponentially distributed random variables
with parameter 1. Denote by L(i,j) the local time of the rate-2-stable process ξ(j) − ξ(i)

in 0. We give a construction of a vector-valued system ζ [γ] = (ζ [γ,1], ζ [γ,2], . . . , ζ [γ,N ])
together with the lifetimes τ [γ,1], τ [γ,2], . . . , τ [γ,N ] for γ ∈ (0,∞]. Let τ [γ,1] = ∞ and
ζ [γ,1] = ξ(1). Assume that ζ [γ,1], ζ [γ,2], . . . , ζ [γ,i−1] and τ [γ,1], τ [γ,2], . . . , τ [γ,i−1] are already
constructed for some i ∈ {1, 2, . . . , N − 1}. For j ∈ {1, . . . , i− 1} define (in the case
γ = ∞ we read 1

∞ = 0)

τ [γ,j,i] = inf
{
t ≥ 0 : L(j,i)

t∧τ [γ,j] >
1
γ
e(j,i)

}
as well as

τ [γ,i] = min
{
τ [γ,j,i] : j ∈ {1, 2, . . . , i− 1}

}
and

J [γ,i] := min
{
j ∈ {1, 2, . . . , i− 1} : τ [γ,i] = τ [γ,j,i]

}
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Thus particle number J [γ,i] is the coalescence partner of particle i and they coalesce at
time τ [γ,i] = τ [γ,J [γ,i],i]. For t ≥ 0 let

ζ
[γ,i]
t :=

ξ
(i)
t , if t < τ [γ,i],

ζ
[γ,J [γ,i]]
t , if t ≥ τ [γ,i].

Note that in the case γ = ∞ the introduced coalescing system coincides with the
instantaneous coalescing system from Section 2.2. In the following notation we suppress
for the sake of clarity the dependence of γ (since we need it only for fixed γ ∈ (0,∞) in
this section). Define for t ≥ 0

Nt :=
∣∣∣{i ∈ {1, 2, . . . , N} : τ [γ,i] > t

}∣∣∣
the number of particles that are still alive at time t and let

ηt :=
(
ζ

[γ,i]
t

)
1≤i≤N,τ [γ,i]>t

=
(
ξ

(i)
t

)
1≤i≤N,τ [γ,i]>t

,

such that ηt = (η(1)
t , η

(2)
t , . . . , η

(Nt)
t ) is a Nt-dimensional vector (recall that ζ [γ] =

(ζ [γ,1]
t , ζ

[γ,2]
t , . . . , ζ

[γ,N ]
t ) is a N -dimensional vector).

Now we state the moment duality result in terms of (ηt)t≥0. The proof follows [DF16,
Section 8.1].

Proposition 7.9. Let γ ∈ (0,∞). Consider the solution (u[γ]
t )t≥0 of (7.1) from Theo-

rem 7.1 and a system of coalescing stable processes with delay (ηt)t≥0 with initial condition
η0 = (x1, . . . , xn) ∈ Rn for some n ∈ N. For each t ≥ 0, we have

E
[

n∏
i=1

u
[γ]
t (xi)

]
= E

[
Nt∏
i=1

u
[γ]
0

(
η

(i)
t

)]
. (7.33)

Proof. In this proof we drop the index γ and write u instead of u[γ]. For ε > 0 and x ∈ R,
define

ϕ(ε,x)(y) := 1√
2πε

e−(y−x)2/(2ε)

and for every bounded measurable function f : R → R let

f (ε)(x) :=
∫ ∞

−∞
f(y)ϕ(ε,x)(y) dy.

Using the weak formulation (7.26) from Proposition 7.8 with ϕ = ϕ(ε,x) we get

u
(ε)
t (x) = u

(ε)
0 (x) +

∫ t

0
(Lαu

(ε)
s )(x) ds+

∫ t

0

∫ ∞

−∞

√
γus(y)(1 − us(y))ϕ(ε,x)(y)W (ds, dy).
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Ito’s formula (see [IW89, Chapter 2, Theorem 5.1]) yields for m ∈ N and z1, . . . , zm ∈ R

m∏
i=1

u
(ε)
t (zi) =

m∏
i=1

u
(ε)
0 (zi) +

m∑
i=1

∫ t

0

m∏
j=1
j ̸=i

u(ε)
s (zj) du(ε)

s (zi)

+ 1
2

m∑
i=1

m∑
j=1
j ̸=i

∫ t

0

m∏
k=1

k ̸=i,j

u(ε)
s (zk) d⟨u(ε)(zi), u(ε)(zj)⟩s

=
m∏

i=1
u

(ε)
0 (zi) +

m∑
i=1

∫ t

0

m∏
j=1
j ̸=i

u(ε)
s (zj)(Lαu

(ε)
s )(zi) ds

+
m∑

i=1

∫ t

0

∫ ∞

−∞

m∏
j=1
j ̸=i

u(ε)
s (zj)

√
γus(y)(1 − us(y))ϕ(ε,zi)(y)W (ds, dy)

+
m−1∑
i=1

m∑
j=i+1

∫ t

0

m∏
k=1

k ̸=i,j

u(ε)
s (zk)

∫ ∞

−∞
γus(y)(1 − us(y))ϕ(ε,zi)(y)ϕ(ε,zj)(y) dy ds.

(7.34)
Denote by Aα the generator of (ηt)t≥0 and by L(z,i,j) the local time process of the
difference of η(j) − η(i) in z ∈ R. Further let L(i,j) := L(0,i,j). Let f : [0,∞) × R → R be
a measurable function such that ft := f(t, ·) is an element of Cb(R) and contained in the
domain of the fractional Laplacian for each i ∈ N and t ≥ 0. For x ∈

⋃
m∈NRm with

x = (x1, . . . , xm) for some m ∈ N write ft(x) := ∏m
i=1 ft(xi). Then the coalescing system

satisfies∫ t

0
(Aαfs)(η(1)

s , . . . , η(Ns)
s ) ds

=
∫ t

0

Ns∑
i=1

(Lαfs)(η(i)
s )

Ns∏
j=1
j ̸=i

fs(η(j)
s ) ds

+
∫ t

0

Ns−1∑
i=1

Ns∑
j=i+1

γ

fs(η(i)
s )

Ns∏
k=1

k ̸=i,j

fs(η(k)
s ) − fs(η(i)

s )fs(η(j)
s )

Ns∏
k=1

k ̸=i,j

fs(η(k)
s )

 dL(i,j)
s

=
∫ t

0

Ns∑
i=1

(Lαfs)(η(i)
s )

Ns∏
j=1
j ̸=i

fs(η(j)
s ) ds

+
∫ t

0

Ns−1∑
i=1

Ns∑
j=i+1

γ

fs(η(i)
s )(1 − fs(η(j)

s ))
Ns∏

k=1
k ̸=i,j

fs(η(k)
s )

 dL(i,j)
s .

(7.35)
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If we define for ε > 0, v, ṽ ∈ Cb(R) and z ∈
⋃

m∈NRm with z = (z1, . . . , zm) for some
m ∈ N

F (z, ṽ) :=
m∏

i=1
ṽ(zi)

and
G(z, ṽ) := (AαF (·, ṽ)) (z)

and if we let

H(ε)(z, v, ṽ) :=
m∑

i=1

m∏
j=1
j ̸=i

ṽ(zj)(Lαṽ)(zi)

+
m−1∑
i=1

m∑
j=i+1

m∏
k=1

k ̸=i,j

ṽ(zk)
∫ ∞

−∞
γv(y)(1 − v(y))ϕ(ε,zi)(y)ϕ(ε,zj)(y) dy

it follows on the one hand from general theory on Markov processes (see [EK86, Proposi-
tion 4.1.7]) and on the other hand from equation (7.34) that

F (ηt, ṽ) − F (η0, ṽ) −
∫ t

0
G(η, ṽ) ds

and
F (z, u(ε)

t ) − F (z, u(ε)
0 ) −

∫ t

0
H(ε)(z, us, u

(ε)
s ) ds

are martingales seen as process in t ≥ 0. [EK86, Theorem 4.4.11] thus yields

E
[
F (ηt, u

(ε)
0 )
]

− E
[
F (η0, u

(ε)
t )
]

= E
[∫ t

0
G(ηs, u

(ε)
t−s) −H(ε)(ηs, ut−s, u

(ε)
t−s) ds

]
.

(7.36)

Note that H(ε) depands on u and u(ε) in contrast to the formulation in [EK86, Theorem
4.4.11], but that does not change the result. Since x 7→ ut(x) is continuous we have using
dominated convergence (since ut(x) ∈ [0, 1] for each x ∈ R)

E
[
F (ηt, u

(ε)
0 )
]

− E
[
F (η0, u

(ε)
t )
]

ε↘0−−−→ E [F (ηt, u0)] − E [F (η0, ut)]

= E
[

Nt∏
i=1

u0
(
η

(i)
t

)]
− E

[
n∏

i=1
ut (xi)

]
.

Hence to finish the proof we have to show that the right-hand side of (7.36) goes to zero
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as ε goes to zero. Using (7.35) and the definition of H(ε) we have

E
[∫ t

0
G(ηs, u

(ε)
t−s) −H(ε)(ηs, ut−s, u

(ε)
t−s) ds

]

= E

∫ t

0

Ns−1∑
i=1

Ns∑
j=i+1

γ

u(ε)
t−s(η(i)

s )(1 − u
(ε)
t−s(η(j)

s ))
Ns∏

k=1
k ̸=i,j

u
(ε)
t−s(η(k)

s )

 dL(0,i,j)
s


− E

[ ∫ t

0

Ns−1∑
i=1

Ns∑
j=i+1

Ns∏
k=1

k ̸=i,j

u
(ε)
t−s(η(k)

s )

∫ ∞

−∞
γut−s(y)(1 − ut−s(y))ϕ(ε,η

(i)
s )(y)ϕ(ε,η

(j)
s )(y) dy ds

]
.

(7.37)

Note that for each t ≥ 0

Nt ≤ n, sup
x∈R

ut(x) ≤ 1, sup
x∈R

u
(ε)
t (x) ≤ 1. (7.38)

Further from the occupation time formula (2.6) it follows that

L
(z,i,j)
t = lim

δ↘0

1
2δ

∫ t

0
1[z−δ,z+δ](η(i)

s − η(j)
s ) ds.

Using Fatou’s lemma, p(α)
t (x) ≤ c2(α)t− 1

α for x ∈ R from (2.2) and
∫ t

0 s
− 1

α ds < ∞ (due
to α ∈ (1, 2]) this implies

sup
z∈R

E[L(z,i,j)
t ] < ∞. (7.39)

Let us define for y ∈ R and ε ≥ 0

Y
(ε,i,j)

s,t (y) := γ

 Ns∏
k=1

k ̸=i,j

u
(ε)
t−s(η(k)

s )

ut−s(y + η(i)
s )

(
1 − ut−s(y + η(i)

s )
)

1
A

(i,j)
s

where A(i,j)
s is the event that particle i and j are still alive at time s and where we read

u
(0)
t := ut in the case ε = 0. The first term on the right-hand side of (7.37) converges to

E

∫ t

0

Ns−1∑
i=1

Ns∑
j=i+1

Y
(0,i,j)

s,t (0) dL(0,i,j)
s

 (7.40)

as ε goes to zero where we used dominated convergence (using (7.38) and (7.39) for the
domination). Thus we have to show that the second term on the right-hand side of (7.37)
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converges also to (7.40). Using the substitution y 7→ y + η
(i)
s this second term is equal to

E

∫ t

0

Ns−1∑
i=1

Ns∑
j=i+1

∫ ∞

−∞
ϕ(ε,0)(y)ϕ(ε,0)(y + η(i)

s − η(j)
s )Y (ε,i,j)

s,t (y) dy ds


= E

∫ ∞

−∞

∫ t

0
ϕ(ε,0)(y)ϕ(ε,0)(y + η(i)

s − η(j)
s )

n−1∑
i=1

n∑
j=i+1

Y
(ε,i,j)

s,t (y) ds dy


= E

∫ ∞

−∞

∫ ∞

−∞
ϕ(ε,0)(y)ϕ(ε,0)(y + z)

n−1∑
i=1

n∑
j=i+1

∫ t

0
Y

(ε,i,j)
s,t (y) dL(z,i,j)

s dz dy


where we used Fubini’s theorem and the indicator on A(i,j)

s in the definition of Y (ε,i,j)
s,t (y)

in the first equality and the occupation time formula (Lemma 2.7) in the last equality.
Using the fact that ϕ(ε,0) is a probability density and the continuity of y 7→ Y

(ε,i,j)
s,t (y)

and z 7→ L
(z,i,j)
t we get that the latter converges to (7.40) as ε goes to zero using again

dominated convergence (with (7.38) and (7.39) for the domination).

Now we can complete the proof of Theorem 7.1.

Proof of Theorem 7.1 (Uniqueness & Strong Markov property). Weak solutions of (7.1)
from Theorem 7.1 solve a martingale problem due to Proposition 7.8. The moment
duality from Proposition 7.9 determines the one-dimensional distributions of such solutions.
Thus the uniqueness follows from [EK86, Theorem 4.4.2 (a)] and the strong Markov
property from [EK86, Theorem 4.4.2 (c)]. Note that [EK86, Theorem 4.4.2 (c)] requires
measurability in the initial value of the distribution of the solution. This is true because
the Picard iteration in the proof of Proposition 7.6 is measurable in the initial value
by construction. Thus, the limits in the proof of Proposition 7.6 and in the proof of
existence of Theorem 7.1 are also measurable.

7.5. Tightness

Consider the mild solution (u[γ]
t )t≥0 of (7.1) from Theorem 7.1. For t ≥ 0 write

u
[γ]
t (dx) = u

[γ]
t (x) dx.

That is, we interpret u[γ]
t as a random variable with values in M≤1(R) ⊂ M(R). The

aim of this and the next section is to prove Theorem 7.2. To this end, in this section we
will show the tightness of (u[γ])γ>0 in C((0,∞),M≤1(R)), i.e., we will show tightness in
C([ε,∞),M(R)) for each ε > 0 (note that M≤1(R) is a compact subset of M(R) due to
[HOV21, Lemma A.1]). Since (u[γ]

t )t≥0 has continuous sample paths it is enough to show
tightness in the space of càdlàg-paths with the Skorokhod topology (see Remark 7.16 for
details).
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The main step is to show tightness of (u[γ](ϕ))γ>0 where ϕ ∈ C∞
c (R). Let t > 0. Due to

(7.2) one has
u

[γ]
t (ϕ) =

〈
u

[γ]
0 , Stϕ

〉
+ U

[γ]
t (ϕ) = ⟨u0, Stϕ⟩ + U

[γ]
t (ϕ) (7.41)

with
U

[γ]
t (ϕ) :=

∫ t

0

∫ ∞

−∞
(St−sϕ)(y)

√
γu

[γ]
s (y)(1 − u

[γ]
s (y))W (ds, dy).

Further, for x ∈ R, let

U
[γ]
t (x) :=

∫ t

0

∫ ∞

−∞
p

(α)
t−s(x− y)

√
γu

[γ]
s (y)(1 − u

[γ]
s (y))W (ds, dy).

The crucial point is a second moment bound of

U
[γ]
t′ (ϕ) − U

[γ]
t (ϕ) =

∫ t

0

∫ ∞

−∞
(St′−sϕ− St−sϕ)(y)

√
γu

[γ]
s (y)(1 − u

[γ]
s (y))W (ds, dy)

+
∫ t′

t

∫ ∞

−∞
(St′−sϕ)(y)

√
γu

[γ]
s (y)(1 − u

[γ]
s (y))W (ds, dy)

(7.42)

where ε ≤ t < t′.

Here is the outline for this section: We start in Lemma 7.10 and Corollary 7.11 with
bounds on the first summand of the decomposition of the right-hand side of (7.42). Then
we will prove some intermediate results to obtain with the duality from the last section
a second moment bound of the second summand in Corollary 7.14 which leads to a
bound on U

[γ]
t′ (ϕ) − U

[γ]
t (ϕ) in Corollary 7.15. In Proposition 7.17 we will get tightness

of (u[γ](ϕ))γ>0 by Aldous’ criterion (see [Da93, Theorem 3.6.5]) and in Proposition 7.18
and Corollary 7.19 tightness of the measure-valued process (u[γ])γ>0 with Jakubowski’s
criterion (see [Da93, Theorem 3.6.4]).

Lemma 7.10. For each ϕ ∈ C∞
c (R) and for measurable and bounded f : R → R we have

|⟨f, (St′ − St)ϕ⟩| ≤ ∥f∥∞ ∥Lαϕ∥L1(R)
∣∣t′ − t

∣∣ , t, t′ ≥ 0.

Proof. Since Lαϕ ∈ L1(R) (see Lemma A.3), we compute using [EK86, Proposition 1.1.5]
in the first equality

|⟨f, (St′ − St)ϕ⟩| =
∣∣∣∣∣
〈
f,

∫ t′

t
Ss(Lαϕ) ds

〉∣∣∣∣∣
≤ ∥f∥∞

∫ t′

t

∫ ∞

−∞
|(Ss(Lαϕ)) (x)| dx ds.

Ss is a L1(R)-contraction, i.e. ∥Ss(Lαϕ)∥L1(R) ≤ ∥Lαϕ∥L1(R). This implies the result.
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Corollary 7.11. For each γ > 0 and ϕ ∈ C∞
c (R) one has P-almost surely for 0 ≤ t < t′∣∣∣∣∫ t

0

∫ ∞

−∞
(St′−sϕ− St−sϕ)(y)

√
γu

[γ]
s (y)(1 − u

[γ]
s (y))W (ds, dy)

∣∣∣∣ ≤ 2 ∥Lαϕ∥L1(R)
∣∣t′ − t

∣∣ .
Proof. Use the following computation and Lemma 7.10 (note that ∥U [γ]

t ∥∞ ≤ 2 P-almost
surely (due to the definition of U [γ]

t and (7.2)).∫ t

0

∫ ∞

−∞
(St′−sϕ− St−sϕ)(y)

√
γu

[γ]
s (y)(1 − u

[γ]
s (y))W (ds, dy)

=
∫ t

0

∫ ∞

−∞
(St−s(St′−t − S0)ϕ)(y)

√
γu

[γ]
s (y)(1 − u

[γ]
s (y))W (ds, dy)

= U
[γ]
t ((St′−t − S0)ϕ)

=
〈
U

[γ]
t , (St′−t − S0)ϕ

〉
.

Lemma 7.12. For ϕ ∈ C∞
c (R), there is a constant C7.12 = C7.12(α, ϕ) > 0 such that one

has for 0 < t < t′ ∫ t′

t

∫ ∞

−∞
(St′−sϕ)(y)2 dy ds ≤ C7.12

∣∣t′ − t
∣∣1−1/α

.

Proof. Using Plancherel’s theorem and the convolution-theorem for the Fourier transform,
we get ∫ t′

t

∫ ∞

−∞
(St′−sϕ)(y)2 dy ds ≤ C7.12.1

∫ t′

t

∫ ∞

−∞
p

(α)
t′−s(y)2 dy ds

for some constant C7.12.1 = C7.12.1(ϕ) > 0. Then use Lemma 7.3.

Lemma 7.13. There is a constant C7.13 = C7.13(α) > 0 such that for s > 0, y ∈ R and
γ > 0 one has

γE
[
u[γ]

s (y)(1 − u[γ]
s (y))

]
≤ C7.13s

−(1− 1
α

).

Proof. The idea is to apply the moment duality from Proposition 7.9 in the case of n = 2
particles. Let us recall the notation of the dual process from the beginning of Section 7.4:
Let ξ(1) and ξ(2) be two independent standard stable processes with ξ

(1)
0 = ξ

(2)
0 = y,

denote by L(1,2) the local time process of ξ(2) − ξ(1) in 0. Note that ξ(2)
t − ξ

(1)
t

d= X2t

where X is a standard stable process with X0 = 0. If we denote its local time process in
0 by L we have the identity L(1,2)

t
d= 1

2L2t. This follows from the occupation time formula
(2.6). So according to Lemma 2.8 there exists a constant C7.13 = C7.13(α) > 0 (namely
C7.13 = 2 · 2−(1− 1

α ) · C2.8) such that

E
[
e−γL

(1,2)
s

]
≤ C7.13

γ
s−(1− 1

α ).
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Now let e(1,2) be an exponential distributed random variable with parameter 1 and define

τ [γ,1,2] = inf
{
t ≥ 0 : L(1,2)

t ≥ 1
γ
e(1,2)

}
.

Let τ [γ,1] = ∞ and τ [γ,2] = τ [γ,1,2]. We compute

P[τ [γ,2] > s] = P[e(1,2) > γL(1,2)
s ] = E

[
P[ e(1,2) > γL(1,2)

s |L(1,2)
s ]

]
= E

[
e−γL

(1,2)
s

]
≤ C7.13

γ
s−(1− 1

α ).

The moment duality (see Proposition 7.9) yields

γE
[
u[γ]

s (y)(1 − u[γ]
s (y))

]
= γ

(
E
[
u[γ]

s (y)
]

− E
[
u[γ]

s (y)2
])

= γ

E
[
u0(ξ(1)

s )
]

− E

 2∏
i=1

τ [γ,i]>s

u0(ξ(i)
s )




= γE
[
u0(ξ(1)

s )(1 − u0(ξ(2)
s ))1{τ [γ,2]>s}

]
≤ γP[τ [γ,2] > s]

≤ C7.13s
−(1− 1

α ).

Corollary 7.14. Let ε > 0 and ϕ ∈ C∞
c (R). There is a constant C7.14 = C7.14(α, ε, ϕ) > 0

such that for each γ > 0 and ε ≤ t < t′ one has

E

(∫ t′

t

∫ ∞

−∞
(St′−sϕ)(y)

√
γu

[γ]
s (y)(1 − u

[γ]
s (y))W (ds, dy)

)2


≤ C7.14
∣∣t′ − t

∣∣1−1/α
.

Proof. We compute

E

(∫ t′

t

∫ ∞

−∞
(St′−sϕ)(y)

√
γu

[γ]
s (y)(1 − u

[γ]
s (y))W (ds, dy)

)2


=
∫ t′

t

∫ ∞

−∞
(St′−sϕ)(y)2γE

[
u[γ]

s (y)(1 − u[γ]
s (y))

]
dy ds

≤ C7.13ε
−(1− 1

α
)
∫ t′

t

∫ ∞

−∞
(St′−sϕ)(y)2 dy ds

≤ C7.13ε
−(1− 1

α
)C7.12

∣∣t′ − t
∣∣1−1/α

.

85



In the second inequality we used Lemma 7.13 (with C7.13 = C7.13(α) > 0) and in
the third inequality Lemma 7.12 (with C7.12 = C7.12(α, ϕ) > 0). Now we can define
C7.14 := C7.14(α, ε, ϕ) := C7.13ε

−(1− 1
α

)C7.12 and we are done.

Corollary 7.15. Let ε > 0 and ϕ ∈ C∞
c (R). There is a constant C7.15 = C7.15(α, ε, ϕ) > 0

such that for each γ > 0 and ε ≤ t < t′ with |t′ − t| ≤ 1 one has

E
[(
U

[γ]
t′ (ϕ) − U

[γ]
t (ϕ)

)2
]

≤ C7.15
∣∣t′ − t

∣∣1−1/α
.

Proof. From Corollary 7.11 we know that

E
[(∫ t

0

∫ ∞

−∞
(St′−sϕ− St−sϕ)(y)

√
γu

[γ]
s (y)(1 − u

[γ]
s (y))W (ds, dy)

)2]
≤ 4 ∥Lαϕ∥2

L1(R)
∣∣t′ − t

∣∣2 .
Using the decomposition (7.42) and the previous result (Corollary 7.14) we conclude

E
[(
U

[γ]
t′ (ϕ) − U

[γ]
t (ϕ)

)2
]

≤ 2E
[(∫ t

0

∫ ∞

−∞
(St′−sϕ− St−sϕ)(y)

√
γu

[γ]
s (y)(1 − u

[γ]
s (y))W (ds, dy)

)2]

+ 2E

(∫ t′

t

∫ ∞

−∞
(St′−sϕ)(y)

√
γu

[γ]
s (y)(1 − u

[γ]
s (y))W (ds, dy)

)2


≤ 8
(
∥Lαϕ∥2

L1(R)
∣∣t′ − t

∣∣2)+ 2C7.14
∣∣t′ − t

∣∣1−1/α

≤ C7.15
∣∣t′ − t

∣∣1−1/α

for some constant C7.15 = C7.15(α, ε, ϕ) > 0 (recall C7.14 = C7.14(α, ε, ϕ) > 0). In the last
inequality we used |t′ − t| ≤ 1.

Remark 7.16. Let E be a metric space. Recall from Section 7.1 that we equip
C([0,∞),M(R)) with the topology of uniform convergence on compact subsets of [0,∞)
and D([0,∞), E) with the Skorokhod topology. Let X1, X2, . . . be random variables with
values in C([0,∞), E) ⊂ D([0,∞), E). Further let X be a random variable with values in
D([0,∞), E).

• If X takes values in C([0,∞), E) and Xn
n→∞====⇒ X in C([0,∞), E), [EK86, Proposi-

tion 3.5.3] implies that Xn
n→∞====⇒ X in D([0,∞), E).

• If Xn
n→∞====⇒ X in D([0,∞), E), [EK86, Theorem 3.10.2] implies that X ∈

C([0,∞), E) almost surely due to the assumption that X1, X2, . . . take values
in C([0,∞), E). The latter and [EK86, Lemma 3.10.1] show that Xn

n→∞====⇒ X in
C([0,∞), E).
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Recall again from Section 7.1 that we topologize M(R) with the topology of vague conver-
gence and that this is a Polish space. Therefore C([0,∞),M(R)) and D([0,∞),M(R)) are
Polish spaces (see [EK86, Theorem 3.5.6]). We deduce from the latter facts and Prohorov’s
theorem (see [Kl13, Theorem 13.29]) that for processes with values in C([0,∞),M(R)) it
is equivalent to show tightness in C([0,∞),M(R)) or D([0,∞),M(R)).

Proposition 7.17. Let ε > 0 and ϕ ∈ C∞
c (R). The family (u[γ](ϕ))γ>0 is tight in

C([ε,∞),R).

Proof. Pick a sequence (γk)k∈N ⊂ (0,∞) with limk→∞ γk = ∞ and define

v
[ε,k]
t (ϕ) := u

[γk]
t+ε(ϕ), t ≥ 0.

According to Remark 7.16 it is enough to show tightness of (v[ε,k](ϕ))k∈N in D([0,∞),R)
and therefore we will use Aldous’ criterion [Da93, Theorem 3.6.5]. We have to check two
conditions. The first is that for fixed t ∈ [0,∞) ∩ Q, the family of real valued random
variables (v[ε,k]

t (ϕ))k∈N is tight, but this is obvious since
∣∣∣u[γ]

t (x)
∣∣∣ ≤ 1 almost surely for

each γ > 0, t ≥ 0 and x ∈ R and therefore

v
[ε,k]
t (ϕ) ∈ [− ∥ϕ∥∞ , ∥ϕ∥∞]

almost surely for each γ > 0 and t ≥ 0. The second condition we have to check is that
for each sequence (τ (k))k∈N of finite stopping times and each η > 0, we have

lim
δ↘0

lim sup
k→∞

P
[ ∣∣∣v[ε,k]

τ (k)+δ
(ϕ) − v

[ε,k]
τ (k) (ϕ)

∣∣∣ ≥ η
]

= 0. (7.43)

For each γ > 0, let ũ[γ] be an independent copy of u[γ]. Using the Markov inequality, the
strong Markov property (see Theorem 7.1) and the decomposition (7.41) we can compute

P
[ ∣∣∣v[ε,k]

τ (k)+δ
(ϕ) − v

[ε,k]
τ (k) (ϕ)

∣∣∣ ≥ η

]
≤ 1
η2 E

[(
u

[γk]
τ (k)+ε+δ

(ϕ) − u
[γk]
τ (k)+ε

(ϕ)
)2
]

= 1
η2 E

[
E
[(
ũ

[γk]
ε+δ(ϕ) − ũ[γk]

ε (ϕ)
)2
∣∣∣∣∣ ũ[γk]

0 = u
[γk]
τ (k)

]]

≤ 2
η2

(
E
[
E
[〈
ũ

[γk]
0 , (Sε+δ − Sε)ϕ

〉2
∣∣∣∣∣ ũ[γk]

0 = u
[γk]
τ (k)

]]

+ E
[
E
[(
Ũ

[γk]
ε+δ(ϕ) − Ũ [γk]

ε (ϕ)
)2
∣∣∣∣∣ ũ[γk]

0 = u
[γk]
τ (k)

]])

According to Lemma 7.10 and Corollary 7.15 (with the constant C7.15 = C7.15(α, ε, ϕ) > 0)
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we have for each k ∈ N and δ ∈ (0, 1] the bound

P
[ ∣∣∣v[ε,k]

τ (k)+δ
(ϕ) − v

[ε,k]
τ (k) (ϕ)

∣∣∣ ≥ η

]
≤ 2
η2

(
∥Lαϕ∥2

L1(R) δ
2 + C7.15δ

1−1/α
)

which shows (7.43).

Proposition 7.18. Let ε > 0. (u[γ])γ>0 is tight in C([ε,∞),M(R)).

Proof. Again pick a sequence (γk)k∈N ⊂ (0,∞) with limk→∞ γk = ∞ and define

v
[ε,k]
t := u

[γk]
t+ε, t ≥ 0.

According to Remark 7.16 it is enough to show tightness of (v[ε,k])k∈N in D([0,∞),M(R))
and therefore we will use the criterion of Jakubowski [Da93, Theorem 3.6.4]. We have to
check two conditions. The first is the following compact containment condition: For each
T > 0 and η > 0 we have to show the existence of a compact set KT,η ⊂ M(R) such that

inf
k∈N

P
[
v

[ε,k]
t ∈ KT,η for all t ∈ [0, T ]

]
≥ 1 − η. (7.44)

As mentioned in the beginning of this section, u[γ]
t is a random variable with values in

the compact set M≤1(R) for each γ > 0 and t ≥ 0 (see [HOV21, Lemma A.1] for the
compactness of that space). Therefore we can choose KT,η = M≤1(R) for each T > 0
and η > 0 and with this choice (7.44) is fulfilled. The second condition of Jakubowski’s
criterion is tightness of (v[ε,k](ϕ))k∈N in D([0,∞),R) for each ϕ ∈ C∞

c (R) which we proved
in Proposition 7.17 (see also Remark 7.16).

For the next corollary, recall from Section 7.1 that we equip C((0,∞),M(R)) with the
topology of uniform convergence on compact subsets of (0,∞). It should be emphasized
that the convergence only holds on compact sets that do not contain 0.

Corollary 7.19. (u[γ])γ>0 is tight in C((0,∞),M≤1(R)).

Proof. From Proposition 7.18 and a diagonal sequence argument we get tightness of
(u[γ])γ>0 in C((0,∞),M(R)) and since M≤1(R) is a compact subset of M(R) the claim
follows.

7.6. Characterization of limit points
In the last section we showed tightness of (u[γ])γ>0 in C((0,∞),M≤1(R)), therefore
Prohorov’s theorem (see [Kl13, Theorem 13.29]) implies existence of weak limit points.
Now we want to conclude the proof of Theorem 7.2 via showing that limit points satisfy
the moment duality with the coalescing stable process from Theorem 3.1 to identify them
with the long-range voter model on a real line. At the end of the section in Corollary 7.21
we deduce from the results in this chapter that (ut(R))t≥0 has almost surely continuous
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sample paths. We start with a lemma concerning a convergence result on the hitting
times of the dual process (recall the notations from the beginning of Section 7.4). In the
following we write A∆B = (A \B) ∪ (B \A) for sets A and B.

Lemma 7.20. For each N ∈ N, i ∈ {1, . . . , N} and t ≥ 0 we have

lim
γ→∞

P
[{
τ [γ,i] > t

}
∆
{
τ [∞,i] > t

}]
= 0.

Proof. Let

Γt := inf
{
γ > 0 : 1{τ [γ,i]>t} = 1{τ [∞,i]>t} for all i ∈ {1, 2, . . . , N}

}
.

Due to the proof of [EF96, Proposition 20] (where coalescing systems of where coalescing
Lévy processes on a hierarchical group were considered) one has

P
[
Γt < ∞, 1{τ [γ,i]>t} = 1{τ [∞,i]>t} for all i ∈ {1, 2, . . . , N} and γ ≥ Γt

]
= 1.

Thus we get

lim
γ→∞

P
[{
τ [γ,i] > t

}
∆
{
τ [∞,i] > t

}]
= lim

γ→∞
P
[{
τ [γ,i] > t

}
∆
{
τ [∞,i] > t

}
, γ ≥ Γt

]
= 0.

Now we can conclude the proof of Theorem 7.2.

Proof of Theorem 7.2. Let (γk)k∈N ⊂ (0,∞) with limk→∞ γk = ∞. According to Corol-
lary 7.19 and Prohorov’s theorem (see [Kl13, Theorem 13.29]) there is a subsequence
which we will denote again by (γk)k∈N and a random variable ũ taking values in
C((0,∞),M≤1(R)) such that we have the convergence

u[γk] k→∞====⇒ ũ in C((0,∞),M≤1(R)). (7.45)

Define ũ0 := u0 and write ũt for the density of ũt. The main aspect we have to do is
showing that ũ satisfies the moment duality of the voter model, that is we want to show
that we have for each n ∈ N and Lebesgue-almost all x = (x1, . . . , xn) ∈ Rn

E
[

n∏
i=1

ũt(xi)
]

= E(x1,...,xn)

 n∏
i=1

τ [∞,i]>t

ũ0(ξ(i)
t )

 , t ≥ 0. (7.46)

where ξ(1), ξ(2), . . . , ξ(n) are independent standard stable processes with ξ
(i)
0 = xi for

i ∈ {1, 2, . . . , n} and P(x1,...,xn) denotes the law of (ξ(1), ξ(2), . . . , ξ(n)) (again recall the
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notations regarding the dual process and the hitting times τ [γ,i] for i ∈ {1, 2, . . . , n} and
γ ∈ (0,∞] from the beginning of Section 7.4).

For t = 0 it is clear that (7.46) holds. Let t > 0. First note that there is a constant
C7.2 = C7.2(n) > 0 such that we have for each k ∈ N∣∣∣∣∣∣∣∣E(x1,...,xn)

 n∏
i=1

τ [∞,i]>t

ũ0(ξ(i)
t )

− E(x1,...,xn)

 n∏
i=1

τ [γk,i]>t

ũ0(ξ(i)
t )


∣∣∣∣∣∣∣∣

≤ C7.2

n∑
i=1

P
[{
τ [γk,i] > t

}
∆
{
τ [∞,i] > t

}]
which implies using Lemma 7.20

lim
k→∞

E(x1,...,xn)

 n∏
i=1

τ [γk,i]>t

ũ0(ξ(i)
t )

 = E(x1,...,xn)

 n∏
i=1

τ [∞,i]>t

ũ0(ξ(i)
t )

 . (7.47)

Let ϕ ∈ C∞
c (Rn). Using the duality relation from Proposition 7.9 we have for each k ∈ N

∫
Rn
ϕ(x) E

[
n∏

i=1
u

[γk]
t (xi)

]
dx =

∫
Rn
ϕ(x) E(x1,...,xn)

 n∏
i=1

τ [γk,i]>t

ũ0(ξ(i)
t )

 dx.
The convergence (7.45) for the left-hand side and (7.47) for the right-hand side of the
last equality imply

∫
Rn
ϕ(x) E

[
n∏

i=1
ũt(xi)

]
dx =

∫
Rn
ϕ(x) E(x1,...,xn)

 n∏
i=1

τ [∞,i]>t

ũ0(ξ(i)
t )

 dx.
Since this holds for all ϕ ∈ C∞

c (Rn) and since

Rn ∋ (x1, . . . , xn) 7→ E(x1,...,xn)

 n∏
i=1

τ [∞,i]>t

ũ0(ξ(i)
t )

− E
[

n∏
i=1

ũt(xi)
]

∈ [−1, 1]

is a locally integrable function the fundamental lemma of calculus of variations yields that
(7.46) holds for Lebesgue-almost all (x1, . . . , xn) ∈ Rn. As proven in [Ev97, Theorem 4.1]
the duality relation (7.46) determines a unique Feller semigroup and we can identify the
law of ũ with that of the long-range voter model on the real line from Theorem 3.1, that
is ũ d= u.
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Corollary 7.21. Let u0 ∈ M≤1(R) with continuous density and u0(R) < ∞. Then
(ut(R))t≥0 has almost surely continuous sample paths.

Proof. First note that using Lemma 5.6 we have Eu0 [ut(R)] = u0(R) < ∞ for t ≥ 0. For
each t ≥ 0 and n ∈ N we can decompose

ut(R) = ut([−n, n]) + ut([−n, n]c).

Due to Theorem 3.1, (ut)t≥0 has almost surely continuous sample paths with respect to
the topology of vague convergence. Thus, (ut([−n, n]))t≥0 has almost surely continuous
sample paths for each n ∈ N and it remains to show that, for each T > 0 and ε > 0

lim
n→∞

Pu0

[
sup

t∈[0,T ]
ut([−n, n]c) > ε

]
= 0.

We will show in the following

lim
n→∞

Pu0

[
sup

t∈[0,T ]
ut((n,∞)) > ε

]
= 0. (7.48)

The proof with ut((−∞,−n)) instead of ut((n,∞)) works analogously. Define η ∈ C∞
c (R)

by

η(x) :=

b exp
(

1
|x|2−1

)
, if x ∈ (−1, 1),

0, otherwise,

where the constant b > 0 is chosen so that
∫∞

−∞ η(x) dx = 1. For n,N ∈ N0 with N > n
and x ∈ R let

ϕn,N (x) :=
∫ N

n
2 η(y − x) dy, ϕn(x) :=

∫ ∞

n
2 η(y − x) dy.

We have ϕn,N ∈ C∞
c (R) with 1(n,N) ≤ ϕn,N and ϕn ∈ C∞(R) with 1(n,∞) ≤ ϕn. Therefore,

to show (7.48) it is enough to show that, for each T > 0 and ε > 0

lim
n→∞

Pu0

[
sup

t∈[0,T ]
ut(ϕn) > ε

]
= 0. (7.49)

We use a martingale argument: We can decompose for n ∈ N0

ut(ϕn) = u0(ϕn) +Mt(ϕn) + Ct(ϕn) (7.50)

with
Mt(ϕn) := ut(ϕn) − u0(ϕn) −

∫ t

0
⟨us,Lαϕn⟩ ds (7.51)

and
Ct(ϕn) =

∫ t

0
⟨us,Lαϕn⟩ ds. (7.52)
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We briefly discuss the well-definedness of the last integral and show that all summands in
(7.50), (7.51) and (7.52) have first moments. Let ϕ : R → R be twice differentiable with∫
R

|ϕ(x)|
(1+|x|)α+1 dx < ∞. Then, Lαϕ is well defined with

|(Lαϕ)(x)| ≤ C7.21.1

∫ x+r

x−r

|ϕ′′(y)|
|y − x|α−1 dy + C7.21.1

∫
R\(x−r,x+r)

|ϕ(y) − ϕ(x)|
|y − x|α+1 dy (7.53)

for each r > 0 and x ∈ R with some constant C7.21.1 = C7.21.1(α) ∈ (0,∞) (see [Kw19,
Section 1, equation (4)]). Since ∥ϕn∥∞ ≤ 2 < ∞, Lαϕn is well defined and for each r > 0
we have

sup
n∈N0

∥Lαϕn∥∞

≤ sup
n∈N0

sup
x∈R

(
C7.21.1

∫ r

−r

|ϕ′′
n(z + x)|
|z|α−1 dz + C7.21.1

∫
R\(−r,r)

|ϕn(z + x) − ϕn(x)|
|z|α+1 dz

)

≤ 2C7.21.1
∥∥η′′∥∥

L1(R)

∫ r

−r

1
|z|α−1 dz + 4C7.21.1 ∥η∥L1(R)

∫
R\(−r,r)

1
|z|α+1 dz

=: C7.21.2 < ∞

with C7.21.2 = C7.21.2(α, r, η) ∈ (0,∞). Thus,

sup
n∈N0

E
[∣∣∣∣∫ t

0
⟨us,Lαϕn⟩ ds

∣∣∣∣] ≤ C7.21.2 u0(R) t < ∞.

for each t ≥ 0. Furthermore,

sup
n∈N0

E [|ut(ϕn)|] ≤ 2u0(R) < ∞

for each t ≥ 0. If we replace ϕn by ϕn,N with N > n in (7.50), (7.51) and (7.52),
the last estimates work in exactly the same way. Let (u[γ]

t )t≥0 be as in Theorem 7.2
for γ > 0. We can also replace (ut)t≥0 with (u[γ]

t )t≥0 in the last estimates, since
Eu0 [u[γ]

t (R)] = u0(R) < ∞ for t ≥ 0 which follows from the duality (see Proposition 7.9)
with the same proof as the proof of Lemma 5.6.

Due to Proposition 7.8, for each γ > 0, (M [γ]
t (ϕn,N ))t≥0 with

M
[γ]
t (ϕn,N ) := u

[γ]
t (ϕn,N ) − u0(ϕn,N ) −

∫ t

0

〈
u[γ]

s ,Lαϕn,N

〉
ds

is a martingale. Theorem 7.2 implies that on some probability space we have almost
surely for each t > 0 and ϕ ∈ Cc(R)

u
[γ]
t (ϕ) γ→∞−−−→ ut(ϕ). (7.54)

92



The latter convergence is also true for t = 0 since u[γ]
0 = u0 for each γ > 0. Due to

Lemma A.4 (7.54) holds for all ϕ ∈ L1(R). Since ϕn,N ∈ C∞
c (R), we have Lαϕn,N ∈ L1(R)

(see Lemma A.3). Thus, with dominated convergence, (Mt(ϕn,N ))t≥0 with

Mt(ϕn,N ) := ut(ϕn,N ) − u0(ϕn,N ) −
∫ t

0
⟨us,Lαϕn,N ⟩ ds

is a martingale. With (7.53), for x ∈ R, we get

|Lαϕn(x) − Lαϕn,N (x)|
= |LαϕN (x)|

≤ C7.21.1

∫ r

−r

|ϕ′′
N (z + x)|
|z|α−1 dz + C7.21.1

∫
R\(−r,r)

|ϕN (z + x) − ϕN (x)|
|z|α+1 dz

≤ C7.21.1

∫ r

−r

|ϕ′′
N (z + x)|
|z|α−1 dz + C7.21.1

∫
R\(−r,r)

|ϕN (z + x)| + |ϕN (x)|
|z|α+1 dz.

Since ϕN (x) and ϕ′′
N (x) converge to zero as N −→ ∞ for each x ∈ R, dominated

convergence implies

lim
N→∞

Eu0

[∣∣∣∣∫ t

0
⟨us,Lαϕn⟩ ds−

∫ t

0
⟨us,Lαϕn,N ⟩ ds

∣∣∣∣] = 0

and we can follow, that (Mt(ϕn))t≥0 is a martingale. Let ε > 0 and T > 0. The
decomposition (7.50), Doob’s inequality (see [KS91, Theorem 1.3.8]) and the Markov
inequality (see [Kl13, Theorem 5.11]) yield

Pu0

[
sup

t∈[0,T ]
ut(ϕn) > ε

]
≤ 3
ε

(
u0(ϕn) + Eu0 [|MT (ϕn)|] + Eu0

[
sup

t∈[0,T ]
|Ct(ϕn)|

])

≤ 3
ε

(
u0(ϕn) + Eu0 [|MT (ϕn)|] + Eu0

[∫ T

0
|⟨us,Lαϕn⟩| ds

])
.

Using dominated convergence, the right hand side of the last inequality converges to zero
as n −→ ∞. This is (7.49).
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8. Conjectures and outlook

8.1. Lower bound on the Hausdorff dimension of the interface

In Theorem 4.1 we proved that the Hausdorff dimension of the interface I(ut) at a fixed
time t > 0 is almost surely bounded above by 1 − (α− 1)2. In this section we give some
heuristics on a lower dimension bound.

Lemma 8.1. There is a constant C8.1 = C8.1(α) > 0, and for each t > 0, there is an
ℓ0 = ℓ0(α, t) > 0 such that for all ℓ ∈ (0, ℓ0), we have

inf
n∈N\{1},A⊂R

diam(A)=ℓ,|A|=n

P
[∣∣∣ΞA

t

∣∣∣ > 1
]

≥ C8.1t
−(1− 1

α )ℓα−1.

Proof. For each A ⊂ R with |A| = n ∈ N \ {1} we have

P
[
T (1,n) > t

]
≤ P

[∣∣∣ΞA
t

∣∣∣ > 1
]

where T (1,n) is the hitting time of the two processes started in the smallest and largest
point of A. If diam(A) = ℓ, we have

∣∣∣ξ(n)
0 − ξ

(1)
0

∣∣∣ = ℓ and the assertion follows directly
from the lower bound of the hitting time (see Lemma 4.4).

Corollary 8.2. Let ϑ ∈ (0, 1) and u0(x) = ϑ for all x ∈ R. There is a constant
C8.2 = C8.2(α, ϑ) > 0, and for each t > 0, there is an ℓ0 = ℓ0(α, t) > 0 such that for all
ℓ ∈ (0, ℓ0), we have

inf
x∈R

Pu0

[
I(ut) ∩

(
x− ℓ

2 , x+ ℓ

2

)
̸= ∅

]
≥ C8.2t

−(1− 1
α )ℓα−1.

Proof. Let x ∈ R, t > 0 and ℓ > 0. We compute

Pu0

[
I(ut) ∩

(
x− ℓ

2 , x+ ℓ

2

)
̸= ∅

]
= Pu0

[
0 <

∫ x+ ℓ
2

x− ℓ
2

ut(y) dy < ℓ

]

= Pu0

[
0 < ut

([
x− ℓ

2 , x+ ℓ

2

])
< ℓ

]
≥
(
1 − ((1 − ϑ)2 + ϑ2)

)
P
[∣∣∣∣Ξ[x− ℓ

2 ,x+ ℓ
2 ]

t

∣∣∣∣ > 1
]
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where we used Lemma 4.3 in the first equality and Corollary 3.5 (ii) in the last inequality.
Now use Lemma 8.1 which concludes the proof.

Remark 8.3. Let A ⊂ R be measurable and s ≥ 0. If µ ∈ M(R) is a probability measure
supported on A we call

Is(µ) =
∫

A

∫
A

|x− y|−s µ(dy)µ(dx)

the s-energy of µ and we define the Riesz-s-capacity, or simply the s-capacity, of A via

Caps(A) := sup
{
Is(µ)−1 : µ ∈ M(R) is a probability measure supported on A

}
.

In the appendix (Appendix A.1) we provide a brief overview of the connection between
the Riesz-capacity and Hausdorff dimension. Note that if A is bounded we have Is(µ) ≥
diam(A)−s for each probability measure µ ∈ M(R) supported on A, hence Caps(A) ≤
diam(A)s. Therefore we get from Corollary 8.2 for u0 = ϑ ∈ (0, 1), each t > 0 and each
bounded open interval A ⊂ R with sufficiently small diameter

P[I(ut) ∩A ̸= ∅] ≥ C8.3 Capα−1(A) (8.1)

for some constant C8.3 = C8.3(α, ϑ, t) > 0. The latter inequality also holds if A is
closed. (8.1) an indication that the Hausdorff dimension of the interface could be at least
1 − (α− 1) = 2 −α, but it is not clear how to prove it. It would be sufficient to have (8.1)
for arbitrary analytic sets A ⊂ [−K,K] with C8.2 may depend on K and arbitrary K > 0.
This would be sufficient to get with positive probability a lower bound on the Hausdorff
dimension (see [MMP17, Section 5.1] using methods of [Ha75]). The difficulty is that
if A is not an interval it is not clear how to get a lower bound on the probability that
there is an interface point in A since Lemma 4.3 only works for intervals. For example
think of A as a union of two closed disjoint intervals. Using inclusion-exclusion and the
moment duality one has to deal with the non-hitting probability of paths of two pairs
of particles of the coalescing system, one pair starting in the first interval, the other
pair starting in the second. This problem occurs also if one asks the question whether
Lemma 8.1 is sharp or not: It seams to be a very rough bound because only the two outer
particles are considered. Since α-stable processes make jumps it is doubtful that the
distribution of the last coalescence is determined by the two outer particles. If one uses
inclusion-exclusion for a bound one has to deal again with the non-hitting probability of
paths of two pairs of particles.

We conclude this section with the following Lemma 8.4 in which we give a bound on the
non-hitting probability of two pairs for the special case that there is a gap between the pairs.
This is not enough for our purposes, but it is a non-trivial upper bound on the probability,
at least in this special case. Let ξ(1), ξ(2), ξ(3), ξ(4) be independent standard stable
processes starting in some points ξ(1)

0 , ξ
(2)
0 , ξ

(3)
0 , ξ

(4)
0 ∈ R with ξ(1)

0 < ξ
(2)
0 < ξ

(3)
0 < ξ

(4)
0 and

consider the corresponding vector-valued coalescing system (ζ id,1, ζ id,2, ζ id,3, ζ id,4) (recall
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the beginning of Section 2.2 for the construction). For i, j ∈ {1, 2, 3, 4} with i ̸= j let

T (i,j) := inf
{
t ≥ 0 : ζ id,i

t = ζ id,j
t

}
, τ (i,j) := inf

{
t ≥ 0 : ξ(i)

t = ξ
(j)
t

}
.

Thus T (i,j) is the first time when the coalescing particles number i and j meet and τ (i,j)

is the first time when the independent particles number i and j meet. The idea of proof
of the following result is based partly on of the proof of [Tr95, Lemma 2.1 (c)].

Lemma 8.4. Let δ > 1
2(α − 1). For each t > 0, there is an ℓ0 = ℓ0(α, δ) ∈ (0, 1) and

a constant C8.4 = C8.4(α, t) > 0 such that for each ℓ ∈ (0, ℓ0) and ξ(1)
0 , ξ

(2)
0 , ξ

(3)
0 , ξ

(4)
0 ∈ R

with ξ(2)
0 − ξ

(1)
0 = ξ

(4)
0 − ξ

(3)
0 = ℓ1+δ and ξ(3)

0 − ξ
(2)
0 = ℓ,

P
[
T (1,2) > t, T (3,4) > t

]
≤ C8.4ℓ

(1+δ)(α−1)(1+ε)

with ε = 1
α − α+1

2α(1+δ) > 0.

Proof. From Proposition 2.5 and (2.2), we know for i ̸= j and t > 0,

P
[
τ (i,j) ≤ t

]
≤ C8.4.1

(
ξ

(j)
0 − ξ

(i)
0

)−α−1
t1+ 1

α

and
P
[
τ (i,j) > t

]
≤ C8.4.2

(
ξ

(j)
0 − ξ

(i)
0

)α−1
t−(1− 1

α )

for constants C8.4.1 = C8.4.1(α) > 0 and C8.4.2 = C8.4.2(α) > 0. Now we decompose
the event of non-coalescence of the two pairs in the case where particles from the first
pair hit particles of the second pair in a short time and the situation where this does
not happen. In the latter case we can regard the two pairs as independent up to this
short time. Let δ, β > 0 and let ℓ ∈ (0, 1) be such that ℓ(1+δ)β ≤ t. Assume that
ξ

(2)
0 − ξ

(1)
0 = ξ

(4)
0 − ξ

(3)
0 = ℓ1+δ and ξ

(3)
0 − ξ

(2)
0 = ℓ. We compute

P
[
T (1,2) > t, T (3,4) > t

]
≤ P

[
min

{
τ (1,3), τ (1,4), τ (2,3), τ (2,4)

}
≤ ℓ(1+δ)β

]
+ P

[
τ (1,2) > t

]
· P

[
τ (3,4) > ℓ(1+δ)β

]
≤ 4P

[
τ (2,3) ≤ ℓ(1+δ)β

]
+ P

[
τ (1,2) > t] · P[τ (3,4) > ℓ(1+δ)β

]
≤ C8.4.3

(
ℓ−α−1ℓ(1+δ)β(1+ 1

α
) + ℓ(1+δ)(α−1)ℓ(1+δ)(α−1)ℓ−(1+δ)β(1− 1

α
)
)

for some constant C8.4.3 = C8.4.3(α, t) > 0. Solving the system of linear equations{
−α− 1 + (1 + δ)β(1 + 1

α) = (1 + δ)(α− 1)(1 + ε)
2(1 + δ)(α− 1) − (1 + δ)β(1 − 1

α) = (1 + δ)(α− 1)(1 + ε)
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in the variables β > 0 and ε ∈ (0, 1) leads to

β = α− 1 + α+ 1
2(1 + δ) , ε = 1

α
− α+ 1

2α(1 + δ) .

Note that ε > 0 if and only if δ > 1
2(α− 1).

8.2. Hausdorff dimension of the exceptional time points
In Chapter 6 we computed the Hausdorff dimension of the set of time points of unbounded
support (which we call exceptional time points) of a Poisson point process-toy model for
the voter model. A natural goal is to show existence of such points for the actual voter
model and compute its Hausdorff dimension. According to Theorem 6.1 and Remark 6.2,
one could guess it should be almost surely 1

α .

The approach from Chapter 6 was to assume, as a simplification, that colonies of opinion
1 would rain down onto the space-time plane and that is how the toy model came about.
In order to be able to make corresponding dimension calculations for the actual voter
model, on the one hand, one needs a colony description of the voter model and on the
other hand one would have to compare this colony process with another process with
more independence structure in space and time (since we have a lot of independence in
the toy model). In addition, we would need a coupling between the colony model and
the voter model, which we introduced (only implicitly) via a moment duality. However,
even for the discrete voter model it is not clear whether such a colony description exists.

If such a description of colonies (and a coupling) existed, one could compare the voter
model with a model in which colonies independently rain onto the space-time plane for
an upper dimensional bound. Then one could get an upper bound with the help of an
analogous argument as in Chapter 6 since we know from Chapter 5 the lifetime of the
colonies. For a lower bound one could try to throw away sufficiently few colonies, so
that one gets more independence structure, but without changing the dimension of the
exceptional time points.
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A. Appendix

A.1. Hausdorff dimension

We remark some facts about the Hausdorff dimension (see for example [Ma95, Chapter
4], [Fa90, Chapter 2] or [MP10, Section 4.1.2]). For E ⊂ R we denote by

diam(E) := sup
x,y∈E

|y − x|

the diameter of E. For s ≥ 0, δ > 0 and E ⊂ R, let

Hs
δ(E) := inf

{ ∞∑
i=1

(diam(Ei))s :
∞⋃

i=1
Ei ⊃ E, diam(Ei) ≤ δ for all i ∈ N

}
.

Then
Hs(E) = sup

δ>0
Hs

δ(E) = lim
δ↘0

Hs
δ(E)

is the s-dimensional Hausdorff measure of the set E. The Hausdorff dimension of E is

dimH(E) = inf {s ≥ 0 : Hs(E) = 0} = inf {s ≥ 0 : Hs(E) < ∞}
= sup {s ≥ 0 : Hs(E) > 0} = sup {s ≥ 0 : Hs(E) = ∞} .

Hence Hs(E) < ∞ for some s ≥ 0 implies dimH(E) ≤ s. Further, the Hausdorff
dimension has the countable stability-property: For E1, E2, . . . ⊂ R we have

dimH

⋃
i∈N

Ei

 = sup
i∈N

dimH(Ei).

We end this section with some classic results on the relationship between the Hausdorff
dimension and the Riesz capacity (see [Ma95, Chapter 8] or [MP10, Section 4.3, 4.4]):
Let E ⊂ R be measurable and s ≥ 0. If µ ∈ M(R) is a probability measure supported
on E we call

Is(µ) =
∫

E

∫
E

|x− y|−s µ(dy)µ(dx)

the s-energy of µ and we define the Riesz-s-capacity, or simply the s-capacity, of E via

Caps(E) := sup
{
Is(µ)−1 : µ ∈ M(R) is a probability measure supported on E

}
.
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We first cite the so-called energy method, with which one can obtain lower bounds on
the Hausdorff dimension.

Proposition A.1 ([MP10]). Let E ⊂ R be measurable, let s ≥ 0 and let µ ∈ M(R) be a
probability measure supported on E. If Is(µ) < ∞ then Hs(E) = ∞ and, in particular,
dimH(E) ≥ s.

Proof. This is proved in [MP10, Theorem 4.27].

The latter result shows that a set of positive s-capacity has at least Hausdorff dimension
s. Frostman’s lemma (see [MP10, Theorem 4.30]) can be used to prove an upper bound
for closed sets. Both statements can be summarized as follows.

Proposition A.2 ([MP10]). Let E ⊂ R be a closed set. We have

dimH(E) = sup {s > 0 : Caps(E) > 0} .

Proof. This is proved in [MP10, Theorem 4.32].

A.2. Some technical lemmas
Lemma A.3. Let α ∈ (1, 2) and ϕ ∈ C∞

c (R). Then, Lαϕ ∈ L1(R).

Proof. Due to [Kw19, Section 1, equation (4)], we have

|(Lαϕ)(x)| ≤ CA.3

∫ x+r

x−r

|ϕ′′(y)|
|y − x|α−1 dy + CA.3

∫
R\(x−r,x+r)

|ϕ(y) − ϕ(x)|
|y − x|α+1 dy

for each r > 0 and x ∈ R with some constant CA.3 = CA.3(α) ∈ (0,∞) (see [Kw19,
Section 1, equation (4)]). Let K > 0 such that supp ϕ ⊂ [−K,K]. Further let x ∈ R and
r > 0. We can bound

|(Lαϕ)(x)| ≤ CA.3

∫ r

−r

|ϕ′′(z + x)|
|z|α−1 dz + CA.3

∫
R\(−r,r)

|ϕ(z + x) − ϕ(x)|
|z|α+1 dz

≤ CA.3
∥∥ϕ′′∥∥

∞

∫ r

−r

1[−K−z,K−z](x)
|z|α−1 dz

+ CA.3 ∥ϕ∥∞

∫
R\(−r,r)

1[−K−z,K−z](x) + 1[−K,K](x)
|z|α+1 dz.

Thus, with Fubini’s theorem, we get∫
R

|(Lαϕ)(x)| dx ≤ CA.3
∥∥ϕ′′∥∥

∞ 2K
∫ r

−r

1
|z|α−1 dz + 2CA.3 ∥ϕ∥∞ 2K

∫
R\(−r,r)

1
|z|α+1 dz

= 4CA.3K
∥∥ϕ′′∥∥

∞

∫ r

0
z−α+1 dz + 8CA.3K ∥ϕ∥∞

∫ ∞

r
z−α−1 dz

= 4CA.3K ∥ϕ′′∥∞
2 − α

r2−α + 8CA.3K ∥ϕ∥∞
α

r−α < ∞.
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Lemma A.4. Let u, u1, u2, . . . ∈ M≤1(R) with

lim
n→∞

un(ϕ) = u(ϕ) (A.1)

for each ϕ ∈ Cc(R). Then (A.1) holds for each ϕ ∈ L1(R).

Proof. Let ϕ ∈ L1(R) and ε > 0. Since Cc(R) is a dense subset of L1(R) with respect to
∥·∥L1(R), there is ψ ∈ Cc(R) such that

∥ϕ− ψ∥L1(R) ≤ ε

2 .

Let n ∈ N. Using u, un ∈ M≤1(R), we get

|u(ϕ) − un(ϕ)| ≤ |u(ϕ) − u(ψ)| + |u(ψ) − un(ψ)| + |un(ψ) − un(ϕ)|
≤ 2 ∥ϕ− ψ∥L1(R) + |u(ψ) − un(ψ)|
≤ ε+ |u(ψ) − un(ψ)| .

This implies
lim sup

n→∞
|u(ϕ) − un(ϕ)| ≤ ε.

Since ε > 0 was chosen arbitrarily, the result follows.
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