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Abstract
In 1996 Seo proved that two appropriate pairs of current and voltage data meas-
ured on the surface of a planar homogeneous object are sufficient to determine
a conductive polygonal inclusion with known deviating conductivity. Here we
show that the corresponding linearized forward map is injective, and from this
we deduce Lipschitz stability of the solution of the original nonlinear inverse
problem. We also treat the case of an insulating polygonal inclusion, in which
case a single pair of Cauchy data is already sufficient for the same purpose.

Keywords: polygonal inclusion, conductivity equation, shape derivative

1. Introduction

We consider the boundary value problem

∇· (σ∇u) = 0 in Ω ,
∂

∂ν
u = f on ∂Ω , (1.1)

for the electric potential u in a planar object Ω, when a (quasi-)static boundary current f with
vanishing mean is applied on its boundary. To be specific we focus on the situation that the
object contains a so-called inclusionD of some other conducting material, such that the spatial
conductivity distribution is given by
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σ =

{
k in D ,

1 in Ω \D ,
(1.2)

with a nonnegative value k 6= 1.
The inverse conductivity problem that we are interested in seeks to recover the inclusion

(i.e. location and shape of D) from measurements of the potential on the boundary of the
object. The question whether this inverse problem is uniquely solvable has a long-standing
history. In the formal (degenerate) case k= 0, i.e. when the inclusion is taken to be insulating
(cf the discussion in section 5) and its complement is a connected set, then it is known that the
Cauchy data of u on ∂Ω do indeed uniquely determine the inclusion; for a proof of this result,
see e.g. Beretta and Vessella [15].

Less is known, however, when the conductivity in the inclusion is a nonzero constant differ-
ent from one. For this case Friedman and Isakov [18] proved that a convex polygonal inclusion
is uniquely determined by this data, provided its conductivity is known and the diameter of D
is smaller than its distance to the boundary of the object. Barceló et al [9], and Alessandrini
and Isakov [5] were able to drop the size constraint on the polygonal inclusion for the prize of
accepting only certain admissible boundary currents f for probing the object. Finally, Seo [22]
proved that the convexity assumption on the polygon can also be omitted when the bound-
ary potentials for two appropriate probing currents f1, f2 are given; see assumption (3.1) in
section 3.

It is known that inverse conductivity problems in general are badly ill-posed in the sense
that the solution lacks continuous dependence on the given data; some conditional stability—
generically of logarithmic type—can be restored by providing further a priori information on
the conductivity, see e.g. [10, 15, 17].

The past twenty years have seen increasing activities in deriving Lipschitz stability estim-
ates for inverse conductivity problems under very restrictive conditions on the set of admiss-
ible conductivities. One of the first results in this direction was obtained by Alessandrini and
Vessella [6] who showed that if all Cauchy pairs for u in (1.1) are known, i.e. if the full (or the
local) Neumann-Dirichlet operator associated with the differential equation in (1.1) is given,
then the values of a piecewise constant conductivity σ with respect to a known partitioning
of Ω into finitely many subdomains depend Lipschitz continuously on these data. Later it was
proved by Harrach [20] that already a finite number of Cauchy pairs is sufficient for this result
to hold; see also the work by Alberti and Santacesaria [2, 3].

Whereas these results assume the spatial structure of σ to be known and the quantitat-
ive details are being searched for, the conductivity Ansatz (1.2) with known k but unknown
form and location of the inclusion, was treated by Beretta and Francini [14]. They established
Lipschitz stability in terms of the Hausdorff distance between the boundaries of two admiss-
ible inclusions, if it is a priori known that they have the shape of a polygon. In contrast to
the aforementioned uniqueness results by Beretta/Vessella and by Seo, however, the stabil-
ity result in [14] again requires the full Neumann-Dirichlet map as data. See also [7, 13] for
extensions of this finding to layered – instead of homogeneous—background media and to
polyhedral inclusions in three space dimensions, respectively.

Recently, Alberti, Árroyo, and Santacesaria [1] showed (for triangular inclusions) that the
Lipschitz result by Beretta and Francini remains valid, if the given data correspond to a suffi-
ciently large, but finite number of probing currents. Here we prove the following statement in
the spirit of Seo’s original uniqueness result: if only two pairs of Cauchy data are given which
fulfill Seo’s uniqueness assumption for a conductive inclusion, then this minimal dataset is
enough to have Lipschitz stability. We also consider the degenerate case of an insulating poly-
gonal inclusion and establish Lipschitz stability for a single (nontrivial) Cauchy data pair. We
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mention in passing that for a somewhat related setting, namely the reconstruction of a linear
crack within a homogeneous planar object, Lipschitz stability with only two pairs of Cauchy
data had been established by Alessandrini et al [4] back in 1996.

In contrast to the analysis in the above works which, in principle, allow for an evaluation
of the corresponding Lipschitz constant, our method is non-quantitative. Rather, we use a gen-
eral methodology worked out by Bourgeois [16], building on earlier work by Bacchelli and
Vessella [8]. As is transparent from their results, the key ingredients for Lipschitz stability in
general nonlinear inverse problems are

1. a specification of the quantity of interest in terms of finitely many parameters,
2. the restriction of these parameters to a compact set,
3. injectivity of the forward operator on this compact set,
4. continuous differentiability of the forward operator, and
5. injectivity of the Jacobian of the forward operator.

Since we can build on the uniqueness results by Seo and Beretta/Vessella, respectively, and
since differentiability results are also available, it remains for us to investigate the injectivity
of the associated Jacobian.

To do so we need a specification of this Jacobian (the so-called shape derivative) in
terms of an inhomogeneous transmission problem for the Laplace equation; see (2.7). This
specification—which was well-known for inclusions with smooth boundaries—has been veri-
fied for polygonal inclusions in a companion paper [19] submitted elsewhere, which is cur-
rently under peer-review. It should be emphasized that all the theorems in the present paper
hinge upon this auxiliary result.

The outline of this paper is as follows. We start in section 2 by reviewing known proper-
ties of the solution u of (1.1), when the inclusion D is a conductive polygon, including the
aforementioned differentiability result with respect to its shape. In section 3 we specify the
associated inverse problem as it has been introduced by Seo, and we prove that the respective
Jacobian is injective. Then, in section 4, we adapt the method from [8, 16] to our needs and
establish the corresponding Lipschitz stability result (theorem 4.2). We conclude the paper by
treating the case of an insulating polygonal inclusion in section 5.

2. The forward problem for a conductive polygonal inclusion

We assume throughout that Ω is a two-dimensional bounded domain with smooth boundary,
and that the inclusion D is a polygonal domain with simply connected closure D ⊂ Ω. We
denote by ν the outer normal vector on the boundaries ofD and ofΩ, respectively. Concerning
the spatial conductivity distribution (1.2) we make the assumption that the constant conduct-
ivity k ∈ R+ \ {1} in D is known and fixed; see section 5 for the case when k= 0. When the
probing boundary current f satisfies

f ∈ L2⋄ (∂Ω) =
{
f ∈ L2 (∂Ω) :

ˆ
∂Ω

fds= 0

}
,

then the corresponding electric potential u is the unique weak solution

u ∈ H1
⋄ (Ω) =

{
u ∈ H1 (Ω) :

ˆ
∂Ω

uds= 0

}
of (1.1).
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Let xi and Γi, i = 1, . . . ,n⩾ 3, denote the vertices and (relatively open) edges ofD , respect-
ively, where we assume that xi connects Γi and Γi+1. Here and throughout we identify Γn+1

with Γ1, and also xi+n with xi for i = 1, . . . ,n, respectively. On Γi we let the unit tangent vector
τ point in the direction of xi. We stipulate the general assumption that the induced orientation
of ∂D is counterclockwise, and that the interior angles αi ∈ (0,2π), i = 1, . . . ,n, are all differ-
ent from π. A polygon which satisfies all the above requirements will subsequently be called
admissible.

The two components u− = u|D and u+ = u|Ω\D of u are harmonic functions. Moreover,
they satisfy the transmission conditions

u− = u+ and k
∂

∂ν
u− =

∂

∂ν
u+

on every edge Γi. Therefore both components can be extended by reflection across each of
the edges of D , and hence, they both are infinitely smooth and all their derivatives extend
continuously onto the edges. Concerning the behavior of u at the vertices we introduce a local
coordinate system for

x ∈ Br0 (xi) =
{
x ∈ R2 : |x− xi|< r0

}
,

with r0 sufficiently small, namely

x = xi + (rcos(θi+ θ) ,rsin(θi+ θ)) , 0< r< r0 , 0⩽ θ < 2π , (2.1)

where θi is such that the values θ= 0, θ ∈ (0,αi), θ = αi, and θ ∈ (αi,2π) correspond to points
onΓi+1, inD , onΓi, and inΩ \D , respectively. It has been shown in [11] that in this coordinate
system the potential u has an asymptotic expansion

u(x) = u(xi) +
∞∑
j=1

βijyij (θ)r
γij , (2.2)

where yij are continuous functions of the polar angle, given by (in general different) nontrivial
linear combinations of cosγijθ and sinγijθ in (0,αi) and in (αi,2π), respectively, and the expo-
nents γij, j = 1,2, . . . , are all the positive solutions γ of∣∣ sinγ (αi−π)

∣∣ = λ
∣∣ sinγπ∣∣ , λ =

∣∣∣k+ 1
k− 1

∣∣∣ , (2.3)

which we assume to be in increasing order. Both, yij and γij are independent of the probing
current; only the expansion coefficients βij = βij[f] ∈ R depend linearly on f. See [11, 22], or
[19] for further details. We refer to figure 1 for a graphical illustration of equation (2.3). Since
the amplitude λ of the sine wave on the right-hand side of (2.3)—the darker graph in figure 1—
is always greater than one, and since 0< |π−αi|< π, it is not difficult to see that

1
2
< γi1 < 1 , 1 < γi2 <

3
2
, and γij >

3
2

for j ⩾ 3 . (2.4)

We denote by

Λf : D 7→ u|∂Ω , (2.5)

the map, which takes an admissible polygon D onto the trace of the solution u of (1.1) on ∂Ω.
Let di ∈ R2, i = 1, . . . ,n, be given. Then we define a vector field h : ∂D → R2 by a piecewise
linear interpolation of the data

h(xi) = di , i = 1, . . . ,n ,
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Figure 1. The graphs of the two functions of γ in (2.3): The lighter curve corresponds
to the function on the left-hand side, the darker one is the graph of the function on the
right-hand side. The marked abscissae of the three intersection points of the two graphs
are the solutions of (2.3) in the interval (0,2].

i.e. both vector components of h belong to the space of linear splines over ∂D with the vertices
xi as its nodes. If h→ 0 in any norm on this (finite-dimensional) linear space denoted by S2

∂D ,
e.g. with respect to the norm

‖h‖ = max
i=1,...,n

|h(xi) | , (2.6)

then it has been shown in [12] that the operator in (2.5) is Fréchet differentiable with a (shape)
derivative ∂Λf(D) ∈ L(S2

∂D ,L2⋄(∂Ω)). An explicit representation of the derivative ∂Λf(D)h
in the direction of h is given by the trace on ∂Ω of the solution u′ of the inhomogeneous
transmission problem

∆u ′ = 0 in Ω \ ∂D ,
∂

∂ν
u ′ = 0 on ∂Ω ,

ˆ
∂Ω

u ′ ds = 0 ,

u ′
+ − u ′

− = (1− k)(h · ν) ∂

∂ν
u− on ∂D ,

∂

∂ν
u ′
+ − k

∂

∂ν
u ′
− = (1− k)

∂

∂τ

(
(h · ν) ∂

∂τ
u

)
on ∂D ,

(2.7)

where u ′
− = u ′|D and u ′

+ = u ′|Ω\D . This connection was first established by Hettlich and
Rundell [21] for smooth inclusions, and it is shown in [19] that it holds true for admissible
polygons D as well. Take note that the inhomogeneous transmission data in (2.7) are infin-
itely smooth on ∂D except for the vertices, where in general h · ν is discontinuous and the
directional derivatives of u tend to infinity; compare (2.2) and (2.4).

3. The inverse problem for a conductive polygonal inclusion

In [22] Seo investigated the forward map (2.5) for two linearly independent piecewise con-
tinuous probing currents f1, f2 ∈ L2⋄(∂Ω) under the assumption that the set

{x ∈ ∂Ω : f(x)⩾ 0} (3.1)
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is connected for every linear combination f = µ1f1 +µ2f2 of them; see [22] for examples, how
to choose f 1 and f 2 this way. This somewhat strange assumption arises in the context of an
auxiliary result by Seo, the proof of which can also be found in [22]:

Theorem A. Let f ∈ L2⋄(∂Ω) \ {0} be a piecewise continuous function, and assume that the
weak solution u ∈ H1

⋄(Ω) of (1.1) satisfies∣∣u(x)− u(x0)
∣∣ ⩽ C|x− x0|3/2

for some x0 ∈ Ω, C> 0, and all x ∈ Ω. Then the set {x ∈ ∂Ω : f(x)⩾ 0} is not connected.

Based on theorem A Seo showed that the corresponding operator

Λf1,f2 : D 7→ (Λf1 (D) ,Λf2 (D)) (3.2)

is injective, i.e. the traces on ∂Ω of the two potentials (1.1) corresponding to the boundary data
f = f1,2 uniquely determine an admissible polygonal inclusion. Obviously, the operator Λf1,f2
of (3.2) is also Fréchet differentiable with shape derivative

∂Λf1,f2 (D) = (∂Λf1 (D) ,∂Λf2 (D)) ∈ L
(
S2
∂D ,

(
L2⋄ (∂Ω)

)2)
.

In the sequel we investigate the linearized inverse problem.

Theorem 3.1. Let D be an admissible polygon, and let the two piecewise continuous probing
currents f1, f2 ∈ L2⋄(∂Ω) satisfy assumption (3.1). Then ∂Λf1,f2(D) is injective.

Proof. Assume that ∂Λf1,f2(D)h= 0 for some nontrivial h ∈ S2
∂D . Since the two normal vec-

tors ν i and νi+1 of any two neighboring edges Γi and Γi+1 of D form a basis of R2, and since
h 6= 0, there is at least one vertex xi of D , where h(xi) · νi or h(xi) · νi+1 is different from zero.
Without loss of generality we can assume x1 to be such a vertex, and that

h(x) · ν (x) =

{
1+ b2|x− x1| , x ∈ Γ2 ,

a+ b1|x− x1| , x ∈ Γ1 ,
(3.3)

for certain real parameters a, b1, and b2.
Consider now a fixed boundary current f ∈ span{f1, f2}. Then

∂Λf (D)h = 0 , (3.4)

and by virtue of (3.4) the associated potential u′ of (2.7) has homogeneous Cauchy data on ∂Ω.
According to Holmgren’s theorem this implies that u ′ = 0 in all of Ω \D . It therefore follows
from (2.7) that u ′|D is a harmonic function with Cauchy data

u ′ = (k− 1) (h · ν) ∂

∂ν
u− (3.5a)

and

∂

∂ν
u ′ =

k− 1
k

∂

∂τ

(
(h · ν) ∂

∂τ
u

)
(3.5b)

on every edge Γi.
Since the series (2.2) can be differentiated termwise and infinitely often with respect to r

and θ ∈ [0,αi], compare [11], we conclude from (3.5) that u′ and its Neumann derivative admit
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the following series expansions for x ∈ Γ2 close to x1 in the associated local coordinate system
(for ease of simplicity we omit the index i= 1 in all terms of (2.2)):

u ′ (x) = −(k− 1)(1+ b2r)
1
r
∂

∂θ
u− (x)

∣∣∣∣
θ=0

= (1− k)(1+ b2r)
∞∑
j=1

βjy
′
j (0)r

γj−1

= (1− k)
∞∑
j=1

βjy
′
j (0)r

γj−1 +(1− k)b2

∞∑
j=1

βjy
′
j (0)r

γj (3.6a)

and

∂

∂ν
u ′ (x) =

k− 1
k

∂

∂r

(
(1+ b2r)

∂

∂r
u(x)

)∣∣∣∣
θ=0

=
k− 1
k

∞∑
j=1

βjγj (γj− 1)yj (0)r
γj−2 +

k− 1
k

b2

∞∑
j=1

βjγ
2
j yj (0)r

γj−1 . (3.6b)

Since the right-hand sides of (3.6a) and (3.6b) are analytic functions of 0< r< r0, the
local Cauchy problem (3.5) on this portion of Γ2 has a unique harmonic solution, which can
be written down explicitly in the same coordinates, i.e.

u ′ (x) =
1− k
k

∞∑
j=1

(
kβjy

′
j (0)cos(γj− 1)θ + βjγjyj (0)sin(γj− 1)θ

)
rγj−1

+
1− k
k

b2

∞∑
j=1

(
kβjy

′
j (0)cosγjθ + βjγjyj (0)sinγjθ

)
rγj

(3.7)

for 0⩽ θ ⩽ α1 and 0< r< r0; the validity of (3.7) can be checked by using the fact that

∂

∂ν
u ′ (x)

∣∣∣∣
Γ2

= − 1
r
∂

∂θ
u− (x)

∣∣∣∣
θ=0

.

In particular, when θ = α1 it follows from (2.4) that for x ∈ Γ1 we have

u ′ (x) =
1− k
k

(kβ1y
′
1 (0)cos(γ1 − 1)α1 + β1γ1y1 (0)sin(γ1 − 1)α1)r

γ1−1

+
1− k
k

(kβ2y
′
2 (0)cos(γ2 − 1)α1 + β2γ2y2 (0)sin(γ2 − 1)α1)r

γ2−1

+ O
(
r1/2

)
as r= |x− x1| → 0, while at the same time, according to (3.5a), (3.3) and (2.2),

u ′ (x) = (k− 1)(a+ b1r)
1
r
∂

∂θ
u− (x)

∣∣∣∣
θ=α1

= (k− 1)(a+ b1r)
∞∑
j=1

βjy
′
j (α1)r

γj−1

= (k− 1)aβ1y
′
1 (α1)r

γ1−1 + (k− 1)aβ2y
′
2 (α1)r

γ2−1 + O
(
r1/2

)
7
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for the same boundary points x ∈ Γ1. A comparison of the leading order terms thus yields the
two equations

kaβjy
′
j (α1) = −βj

(
ky ′j (0)cos(γj− 1)α1 + γjyj (0)sin(γj− 1)α1

)
, (3.8)

j = 1,2. Now we recall that

yj (θ) = Aj cosγjθ + Bj sinγjθ for θ ∈ [0,α1] (3.9)

and j = 1,2, with certain coefficients Aj,Bj ∈ R with A2
j +B2

j 6= 0. Inserting this into (3.8) we
arrive at

k
(
acj+ c ′j

)
βjBj =

(
kasj− s ′j

)
βjAj , j = 1,2 , (3.10)

where we have introduced the abbreviations

cj = cosγjα1 , sj = sinγjα1 , c ′j = cos(γj− 1)α1 , s ′j = sin(γj− 1)α1

for general j ∈ N.
Likewise we can use (3.7) to evaluate the Neumann derivative of u′ on Γ1 near x1, which

gives

∂

∂ν
u ′ (x) =

1
r
∂

∂θ
u ′ (x)

∣∣∣∣
θ=α1

=
1− k
k

∞∑
j=1

(γj− 1)
(
βjγjyj (0)c

′
j − kβjy

′
j (0)s

′
j

)
rγj−2

+
1− k
k

b2

∞∑
j=1

γj
(
βjγjyj (0)cj − kβjy

′
j (0)sj

)
rγj−1

=
1− k
k

(γ1 − 1)(β1γ1y1 (0)c
′
1 − kβ1y

′
1 (0)s

′
1)r

γ1−2

+
1− k
k

(γ2 − 1)(β2γ2y2 (0)c
′
2 − kβ2y

′
2 (0)s

′
2)r

γ2−2 + O
(
r−1/2

)
for r→ 0, and compare this with (3.5b):

∂

∂ν
u ′ (x) =

k− 1
k

∂

∂r

(
(a+ b1r)

∂

∂r
u(x)

)∣∣∣∣
θ=α1

=
k− 1
k

γ1 (γ1 − 1)aβ1y1 (α1)r
γ1−2 +

k− 1
k

γ2 (γ2 − 1)aβ2y2 (α1)r
γ2−2

+O
(
r−1/2

)
.

Inserting (3.9) we thus obtain a second pair of equations,(
ks ′j − asj

)
βjBj =

(
acj+ c ′j

)
βjAj , j = 1,2 . (3.11)

The four equations in (3.10) and (3.11) can be rearranged in two homogeneous linear sys-
tems

Mj

[
βjAj
βjBj

]
=

[
kasj− s ′j −k

(
acj+ c ′j

)
acj+ c ′j asj− ks ′j

][
βjAj
βjBj

]
=

[
0
0

]
, j = 1,2 . (3.12)

8
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As mentioned before, the entries of the two matrices Mj only depend on the geometry of the
problem and not on the probing current. The probing current f only enters into (3.12) via the
coefficients β1 = β1[f] and β2 = β2[f]. Further, since A2

j +B2
j 6= 0 for j = 1,2, it follows that

βj[f] = 0 for every probing current f ∈ span{f1, f2}, if the matrixMj happens to be nonsingular.
Let us therefore make the assumption that both matricesM1 andM2 are singular. Then we

must have

0 =
(
kasj− s ′j

)(
asj− ks ′j

)
+ k

(
acj+ c ′j

)2
= k

(
1+ 2acjc

′
j + a2

)
−

(
k2 + 1

)
asjs

′
j , j = 1,2 ,

because c2j + s2j = c ′j
2 + s ′j

2 = 1. Since

cjc
′
j = cj cos(γj− 1)α1 = cj (cosγjα1 cosα1 + sinγjα1 sinα1)

= c2j cosα1 + cjsj sinα1 = cosα1 − sj (sj cosα1 − cj sinα1)

= cosα1 − sj sin(γj− 1)α1 = cosα1 − sjs
′
j ,

the previous equations can be rewritten as

0 = k
(
1+ 2acosα1 + a2

)
− (k+ 1)2 asjs

′
j , j = 1,2 . (3.13)

From this we immediately deduce that amust be different from zero in this case. Accordingly,
as (3.13) is bound to hold for j= 1 and j= 2 simultaneously, we can subtract these two
equations, and conclude that

s1s
′
1 = s2s

′
2 . (3.14)

To obtain a contradiction we turn to (2.3) and Figure 1 and distinguish two cases. If 0<
α1 < π, then the appropriate instances of (2.3) take the form

sinγ1 (π−α1) = λsinγ1π , sinγ2 (π−α1) = −λsinγ2π ,

which can be rewritten with the help of the angle sum formula as

(c1 −λ)sinγ1π = s1 cosγ1π , (3.15a)

(c2 +λ)sinγ2π = s2 cosγ2π . (3.15b)

Since λ> 1 and π/2< γ1π < π by virtue of (2.4), the left-hand side of (3.15a) is negative,
and so is cosγ1π. Likewise, since π < γ2π < 3π/2, the left-hand side of (3.15b) is negative,
and again, so is cosγ2π. Therefore, we conclude from (3.15) that

s1 > 0 and s2 > 0 . (3.16)

On the other hand,−1/2< γ1 − 1< 0, and therefore (γ1 − 1)α1 ∈ (−π/2,0) in this first case.
This shows that

s ′1 = sin(γ1 − 1)α1 < 0 ,

whereas

s ′2 = sin(γ2 − 1)α1 > 0 ,

9
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because 0< γ2 − 1< 1/2. Together with (3.16) this contradicts (3.14) in the case, where 0<
α1 < π.

In the other case, where π < α1 < 2π, (2.3) implies that

sinγ1 (α1 −π) = λsinγ1π , sinγ2 (α1 −π) = −λsinγ2π ,

and this yields

(c1 +λ)sinγ1π = s1 cosγ1π ,

(c2 −λ)sinγ2π = s2 cosγ2π .

This shows that

s1 < 0 and s2 < 0 ,

while

s ′1 < 0 and s ′2 > 0

in this case, because −π < (γ1 − 1)α1 < 0 and 0< (γ2 − 1)α1 < π, which again contra-
dicts (3.14).

We thus have brought our assumption, that both matrices M1 and M2 are singular, to a
contradiction. But if M1 is nonsingular, then

β1 [µ1 f1 +µ2 f2] = 0 for every µ1,µ2 ∈ R ,

while we can enforce

β2 [µ1 f1 +µ2 f2] = µ1β2 [f1] +µ2β2 [f2] = 0

by an appropriate nontrivial choice of µ1,µ2 ∈ R. Likewise, if M2 is nonsingular, then

β2 [µ1 f1 +µ2 f2] = 0 for every µ1,µ2 ∈ R

and

β1 [µ1 f1 +µ2 f2] = µ1β1 [f1] +µ2β1 [f2] = 0 ,

if the nontrivial coefficients µ1 and µ2 are chosen appropriately. Therefore, in either case we
can find a probing current f ∈ span{f1, f2} \ {0}, such that the two leading expansion coeffi-
cients β1 = β1[f] and β2 = β2[f] of the corresponding electric potential u are both vanishing
near the vertex x1.

But then it follows from (2.4) that Seo’s assumption (3.1) concerning the choice of the two
probing currents f 1 and f 2 is in contradiction to theorem A. Thus we have proved that the null
space of ∂Λf1,f2(D) is trivial, i.e. that ∂Λf1,f2(D) is injective.

10
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4. Lipschitz stability for a conductive polygonal inclusion

The idea of obtaining Lipschitz stability for Seo’s inverse problem originates from the fact that
each admissible polygon D with n vertices can be described by a 2n-dimensional vector

x = [x1, . . . ,xn] ∈
(
R2

)n
(4.1)

with the coordinates of its vertices in counterclockwise ordering. However, since we have the
freedom of choosing any vertex of D for x1, this vector is not uniquely specified.

To account for this problem we introduce the following metric in the set of all admissible
polygons with n vertices (which corresponds to a pseudometric in (R2)n): If D ′ is a second
admissible polygon with n vertices x ′i in counterclockwise order, let

d(D ,D ′) = min
j=0,...,n−1

max
i=1,...,n

|xi+j− x ′i | . (4.2)

Clearly, d is nonnegative and symmetric; it vanishes, if and only if D = D ′. To see that d
also satisfies the triangle inequality, let D ′ ′ be a third admissible polygon with vertices x ′ ′i ,
i = 1, . . . ,n. Without loss of generality we can assume that the enumeration of the vertices of
D and D ′ is chosen in such a way that

d(D ′ ′,D) = max
i=1,...,n

|x ′ ′i − xi| ,

and likewise, that

d(D ′ ′,D ′) = max
i=1,...,n

|x ′ ′i − x ′i | ,

Then we readily conclude that

d(D ,D ′) ⩽ max
i=1,...,n

|xi− x ′i | ⩽ max
i=1,...,n

(|xi− x ′ ′i | + |x ′ ′i − x ′i |)

⩽ max
i=1,...,n

|xi− x ′ ′i | + max
j=1,...,n

|x ′ ′j − x ′j | = d(D ,D ′ ′) + d(D ′ ′,D ′) .

Take note that d(D ,D ′) majorizes the Hausdorff distance dH(∂D ,∂D ′) between ∂D and
∂D ′. For, if x ∈ ∂D then there is some vertex xi of D and c ∈ [0,1), such that

x = cxi + (1− c)xi+1 ;

assuming further without loss of generality that the minimum in (4.2) is attained for j= 0, then
it follows that ∣∣x − (

cx ′i +(1− c)x ′i+1

)∣∣ ⩽ c |xi− x ′i | + (1− c) |xi+1 − x ′i+1| ⩽ d(D ,D ′) .

Since cx ′i +(1− c)x ′i+1 ∈ ∂D ′ this shows that the distance between any x ∈ ∂D and ∂D ′ is
at most d(D ,D ′), and hence,

dH (∂D ,∂D ′) ⩽ d(D ,D ′) . (4.3)

Another useful ingredient to achieve Lipschitz stability is compactness. Therefore, follow-
ing Beretta and Francini [14], we define for a given δ > 0 the union An,δ of all admissible
polygons with n vertices, such that

11
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(i) |xi− x|⩾ δ for every i = 1, . . . ,n and every x ∈ Γj with j /∈ {i, i+ 1} ;
(ii) δ ⩽ αi ⩽ 2π− δ and |α−π|⩾ δ for every i = 1, . . . ,n ;
(iii) |x− y|⩾ δ for every x ∈ ∂D and every y ∈ ∂Ω .

We denote by Xn,δ ⊂ (R2)n the set of coordinate vectors (4.1), which describe some
D ∈ An,δ , and we emphasize that Xn,δ is compact. Further, Xn,δ ⊂Xn,δ/2, and when (R2)n

is equipped with the norm

‖d‖ = max
i=1,...,n

|di| for every d= [d1, . . . ,dn] , (4.4)

then there is an open set Un,δ ⊂ (R2)n, such that

Xn,δ ⊂ Un,δ ⊂ Xn,δ/2 .

In Un,δ we define

F :

{
Un,δ →

(
L2⋄ (∂Ω)

)2
,

x 7→ Λf1,f2 (D) ,
(4.5)

where D ∈ An,δ/2 is the polygon associated with x. Further, for the same pair of x and D we
introduce

Sx :

{ (
R2

)n → S2
∂D ,

d 7→ h ,

where for d= [d1, . . . ,dn] the vector field h ∈ S2
∂D is defined by piecewise linear interpolation:

h(xi) = di , i = 1, . . . ,n . (4.6)

With the norms introduced in (2.6) and (4.4) Sx is an isometry.

Proposition 4.1. The operator F of (4.5) belongs to C1
(
Un,δ,(L2⋄(Ω))2

)
, and for x ∈ Xn,δ and

the associated D ∈ An,δ its derivative is given by

F ′ (x)d = ∂Λf1,f2 (D)Sxd , d ∈
(
R2

)n
. (4.7)

Proof. Let x ∈ Un,δ and d ∈ (R2)n be so small that x+d also belongs to Un,δ . Let D and D ′

be the polygons associated with x and x+d, respectively. Then, for F′ defined as in (4.7) there
holds

‖F(x+d) − F(x) − F ′ (x)d‖(L2(∂Ω))2

= ‖Λf1,f2 (D
′) − Λf1,f2 (D)− ∂Λf1,f2 (D)h‖(L2(∂Ω))2 ,

(4.8)

where h ∈ S2
∂D is defined as in (4.6). As shown in [19] the right-hand side of (4.8) can be

bounded byC‖h‖2 for h sufficiently small, i.e. for d sufficiently small. The constantC depends
on the conductivity k and on the probing currents f1,2, and also onΩ and onD , but this constant
can be chosen in such a way that

‖F(x ′ +d) − F(x ′) − F ′ (x ′)d‖(L2(∂Ω))2 ⩽ C‖d‖2 (4.9)

holds true for d sufficiently small and all x ′ within a certain neighborhood of x. This proves
that F is differentiable in Un,δ .

12
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To show that F is C1 we let x and D be defined as before, and we quote from [19] that

‖F ′ (x ′)‖L((R2)n,(L2(∂Ω))2) = ‖∂Λf1,f2 (D
′)‖L(S2

∂D ′ ,(L2(∂Ω))2)

is uniformly bounded for all x ′ sufficiently close to x and the associated polygons D ′. From
this it follows immediately that

‖F ′ (x+d)‖L((R2)n,(L2(∂Ω))2) ⩽ L

for some L> 0, provided d is sufficiently small. Accordingly, if x ′ ∈ Un,δ is sufficiently close
to x then we can estimate

‖F(x ′)−F(x)‖(L2(∂Ω))2 ⩽
ˆ 1

0
‖F ′ (x+ t(x ′ − x))(x ′ − x)‖(L2(∂Ω))2 dt

⩽
ˆ 1

0
L‖x ′ − x‖dt = L‖x ′ − x‖ .

(4.10)

Now let d be an arbitrary unit vector in (R2)n. Then (4.9) and (4.10) imply that

‖F ′ (x ′)d−F ′ (x)d‖(L2(∂Ω))2 ⩽
∥∥∥F ′ (x ′)d − 1

t
(F(x ′ + td)−F(x ′))

∥∥∥
(L2(∂Ω))2

+
∥∥∥1
t
(F(x+ td)−F(x)) − F ′ (x)d

∥∥∥
(L2(∂Ω))2

+
1
t

∥∥F(x ′ + td)−F(x+ td)
∥∥
(L2(∂Ω))2

+
1
t

∥∥F(x ′)−F(x)
∥∥
(L2(∂Ω))2

⩽ 2Ct‖d‖2 + 2L
t

∥∥x ′ − x
∥∥ ,

provided that t> 0 is sufficiently small. In particular, for t= ‖x ′ − x‖1/2 we obtain

‖F ′ (x ′)d−F ′ (x)d‖(L2(∂Ω))2 ⩽ (2C+ 2L)‖x ′ − x‖1/2 ,

independent of the particular choice of d. This shows that F ∈ C1(Un,δ,(L2⋄(Ω))2).

Now we can formulate our inverse Lipschitz stability result.

Theorem 4.2. Let δ > 0 and An,δ be defined as above. Further, let the two piecewise con-
stant probing currents f1, f2 ∈ L2⋄(∂Ω) fulfill Seo’s assumption (3.1). Then there is a Lipschitz
constant ℓn,δ , depending only on n, δ, k, Ω, and f1,2, such that

d(D ,D ′) ⩽ ℓn,δ ‖Λf1,f2 (D)−Λf1,f2 (D
′)‖(L2(∂Ω))2 (4.11)

for every pair of polygons D ,D ′ ∈ An,δ , where the metric d is defined in (4.2).

Proof. We assume (4.11) to be wrong, i.e. we assume that there exist two sequences
(Dm)m,(D ′

m)m ⊂An,δ with vertex coordinates xm and x ′
m in (R2)n, such that

d(Dm,D
′
m) > ηm ‖F(xm)−F(x ′

m)‖(L2(∂Ω))2 , (4.12)
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where ηm →∞ for m→∞. Since Xn,δ is compact we can find a subsequence (ml)l∈N of
indices, such that the associated subsequences (xml)l and (x

′
ml
)l converge, i.e. there exist x,x ′ ∈

Xn,δ with

xml → x and x ′
ml
→ x ′ for l→∞ .

For ease of notation we consider these subsequences to be the original sequences that we have
started with. For the two polygons D and D ′ in An,δ associated with x and x ′, respectively,
we then have

d(Dm,D) → 0 and d(D ′
m,D

′) → 0 for m→∞ ,

and hence,

d(Dm,D
′
m) → d(D ,D ′) < ∞ . (4.13)

We further conclude that

F(xm) → F(x) and F(x ′
m) → F(x ′) for m→∞ ,

because F is differentiable. Together with (4.12) and (4.13) this implies that F(x) = F(x ′).
In other words, Λf1,f2(D) = Λf1,f2(D

′), and by Seo’s uniqueness result we necessarily have
D = D ′. Without loss of generality we can assume in the sequel that x= x ′; otherwise, we
reenumerate the vertices of D ′

m for every m ∈ N in such a way that the enumeration of the
vertices of D and D ′ is the same.

For m sufficiently large we now rewrite

F(xm)−F(x ′
m) =

ˆ 1

0
F ′ (x ′

m+ t(xm− x ′
m))(xm− x ′

m) dt

= F ′ (x)(xm− x ′
m) +

ˆ 1

0
(F ′ (x ′

m+ t(xm− x ′
m))−F ′ (x))(xm− x ′

m) dt ,

and hence, introducing

dm =
xm− x ′

m

‖xm− x ′
m‖

and

εm =

ˆ 1

0

∥∥F ′ (x ′
m+ t(xm− x ′

m))−F ′ (x)
∥∥dt ,

we arrive at

‖F(xm)−F(x ′
m)‖(L2(∂Ω))2 ⩾

(
‖F ′ (x)dm‖(L2(∂Ω))2 − εm

)
‖xm− x ′

m‖ . (4.14)

Take note that xm 6= x ′
m because d(Dm,D ′

m)> 0 according to (4.12), and that εm → 0 asm→∞
by the continuity of F′ and the fact that∥∥x ′

m+ t(xm− x ′
m)− x

∥∥ ⩽ t‖xm− x‖+(1− t)‖x ′
m− x‖ → 0

14
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as m→∞, uniformly for t ∈ [0,1]. Inserting (4.14) into (4.12) we thus conclude that

‖F ′ (x)dm‖(L2(∂Ω))2 < εm +
1
ηm

d(Dm,D ′
m)

‖xm− x ′
m‖

(4.15)

for m sufficiently large. Since xm− x ′
m → 0 and the vertices of Dm (and of D ′

m, respectively)
are at least δ apart by requirement (i) in the definition of An,δ , we conclude from (4.2) that

d(Dm,D
′
m) = ‖xm− x ′

m‖, if ‖xm− x ′
m‖< δ/2,

and hence, the right-hand side of (4.15) goes to zero as m→∞.
Since (dm)m consists of unit vectors from (R2)n we can find a convergent subsequence—

again denoted by (dm)m—with

dm → d , m→∞ ,

where the limit d= [d1, . . . ,dn] ∈ (R2)n also has norm one. It thus follows from (4.15) that

0 = F ′ (x)d = ∂Λf1,f2 (D)h ,

where 0 6= h ∈ S2
∂D is given by (4.6). But this violates our injectivity result in theorem 3.1,

and hence, we have the desired contradiction to (4.12).

As we havementioned in the introduction the idea of this proof is borrowed from [8, 16].We
rearranged the argumentation, though, to deal with the difficulties that the operator F of (4.5)
fails to be injective and its domain Xn,δ is not convex.

For ease of completeness we also state the following Lipschitz stability result for admissible
polygons with at most N vertices.

Corollary 4.3. Let δ > 0 and BN,δ =
⋃N
n=3An,δ for some N⩾ 3. Further, let the two piece-

wise constant probing currents f1, f2 ∈ L2⋄(∂Ω) fulfill Seo’s assumption (3.1). Then there is a
Lipschitz constant LN,δ , depending only on N, δ, k, Ω, and f1,2, such that

dH (∂D ,∂D ′) ⩽ LN,δ ‖Λf1,f2 (D)−Λf1,f2 (D
′)‖L2(∂Ω)2

for every pair of polygons D ,D ′ ∈ BN,δ , where dH denotes the Hausdorff metric.

Proof. As in the previous proof we assume to the contrary that there are sequences
(Dm)m,(D ′

m)m ⊂ BN,δ with

dH (∂Dm,∂D ′
m) > ηm ‖Λf1,f2 (Dm)−Λf1,f2 (D

′
m)‖L2(∂Ω)2 , (4.16)

where ηm →∞ as m→∞. Then there are infinitely many indices ml, l ∈ N, and two nat-
ural numbers n,n ′ ∈ {3, . . . ,N} such that all Dml are n-gons and all D ′

ml
are n′-gons. Again

we assume that these two subsequences have been the original ones, and as in the proof of
theorem 4.2 we can further assume without loss of generality that the corresponding vectors
xm ∈ Xn,δ and x ′

m ∈ Xn′,δ with the coordinates of the vertices of Dm and D ′
m, respectively,

converge. If we denote the polygons corresponding to the two limit vectors by D ∈ An,δ and
D ′ ∈ An′,δ this implies that

‖Λf1,f2 (D)−Λf1,f2 (D
′)‖L2(∂Ω)2 = lim

m→∞
‖Λf1,f2 (Dm)−Λf1,f2 (D

′
m)‖L2(∂Ω)2

⩽ lim
m→∞

1
ηm

dH (∂Dm,∂D ′
m) = 0 ,
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because dH(∂Dm,∂D ′
m)→ dH(∂D ,∂D ′). From Seo’s uniqueness result therefore follows that

D = D ′, and in particular, that n= n ′. We can thus apply theorem 4.2 to conclude that

d(Dm,D
′
m) ⩽ ℓn,δ ‖Λf1,f2 (Dm)−Λf1,f2 (D

′
m)‖L2(∂Ω)2 (4.17)

for allm ∈ N. Combined with (4.16) and (4.3) this implies that the sequence (ηm)m is bounded,
which is the desired contradiction.

5. The case of an insulating polygonal inclusion

So far we have assumed that the conductivity k of the inclusion is positive. The limiting case
k= 0 corresponds to an insulating inclusion, which is more adequately modeled by the bound-
ary value problem

∆u= 0 in Ω \D ,
∂

∂ν
u= 0 on ∂D ,

∂

∂ν
u= f on ∂Ω . (5.1)

If D is an admissible polygon, then (5.1) has a unique weak solution in

u ∈ H1
⋄
(
Ω \D

)
=

{
u ∈ H1

(
Ω \D

)
:

ˆ
∂Ω

uds= 0

}
,

and we now use

Λf : D 7→ u|∂Ω ∈ L2⋄ (∂Ω)

as the associated forward operator. Recall from the introduction that D is uniquely determined
by Λf(D), provided that f 6= 0, see [15].

Again,Λf turns out to be shape differentiable for polygonal inclusions, see [19]: for h ∈ S2
∂D

the shape derivative ∂Λf(D)h is given by the trace on ∂Ω of the solution u′ of the Neumann
boundary value problem

∆u ′ = 0 in Ω \D ,

ˆ
∂Ω

u ′ ds = 0 ,

∂

∂ν
u ′ =

∂

∂τ

(
(h · ν) ∂

∂τ
u

)
on ∂D ,

∂

∂ν
u ′ = 0 on ∂Ω .

(5.2)

Note that u is defined only in the exterior of D , but using the reflection principle it can be
extended as a harmonic function across any edge of D into the interior of D . Therefore u is
smooth on ∂D , except for the vertices of D .

We now establish injectivity of ∂Λf(D).

Theorem 5.1. LetD be an admissible polygon and f ∈ L2⋄(∂Ω) be a nontrivial probing current.
Then ∂Λf(D) is injective.

Proof. Again we assume to the contrary that there exists some nontrivial h ∈ S2
∂D , for which

∂Λf(D)h= 0. Further, as in the proof of theorem 3.1, we stipulate without loss of generality
that

h(x) · ν (x) = 1+ b |x− x1| , x ∈ Γ2 , (5.3)

for some b ∈ R. Throughout we use the same notation for the vertices, edges, and interior
angles of D as in section 2, and introduce the same local coordinates (2.1) near the vertices.
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Let u′ be the solution of (5.2) for this particular h. Since u ′|∂Ω = ∂Λf(D)h= 0 it follows
from Holmgren’s theorem that u′ is vanishing in all of Ω \D . Therefore, the Neumann bound-
ary condition for u′ on ∂D in (5.2) must be zero, i.e. there is some constant c ∈ R, such that

(h · ν) ∂

∂τ
u = c on Γ2 .

It thus follows from (5.3) that

u(x) =

u(x1) + c |x− x1| , b= 0 ,

u(x1) +
c
b
log

∣∣1+ b |x− x1|
∣∣ , b 6= 0 ,

x ∈ Γ2 . (5.4)

Together with the insulating boundary condition ∂u/∂ν = 0 on Γ2 this yields a Cauchy prob-
lem for u with real analytic data on Γ2, which has a unique solution in Ω \D . Consider first
the case b= 0. In this case the solution of the Cauchy problem is obviously given by

u(x) = u(x1)+ crcosθ , 0< r< r0 , α1 ⩽ θ ⩽ 2π ,

in the local coordinate system (2.1), and hence,

∂

∂ν
u(x)

∣∣∣∣
Γ1

=
1
r
∂

∂θ
u(x)

∣∣∣∣
θ=α1

= −csinα1 , 0< r< r0 .

But this must be zero in the insulating case, proving that c= 0, because α1 /∈ {0,π,2π}.
In the case when b 6= 0 in (5.3) we have

u(x) = u(x1) +
c
b

∞∑
j=1

(−1)j+1

j
bj|x− x1|j

according to (5.4) for x near x1 on Γ2, and the solution of the Cauchy problem is given by

u(x) = u(x1) + c
∞∑
j=1

(−1)j+1

j
bj−1r j cos jθ

in the local coordinate system (2.1) with 0< r= |x− x1|< r0 and α1 ⩽ θ ⩽ 2π, and hence,

0=
∂

∂ν
u(x)

∣∣∣∣
Γ1

= c
∞∑
j=0

(−1)j+1 b jrj sin( j+ 1)α1

for 0< |x− x0|< r0. Again this is only possible if c= 0.
In either case we have shown that c= 0 in (5.4), which implies that u is constant in Ω \D .

But this is a contradiction to the assumption that f is a nontrivial boundary current, i.e. that

f =
∂

∂ν
u

∣∣∣∣
∂Ω

6= 0 .

We have thus established the injectivity of ∂Λf(D).
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We can now proceed as in section 4, define for δ > 0 and n⩾ 3 the operator

F :

{
Un,δ → L2⋄ (∂Ω) ,

x 7→ Λf (D) ,

and use results from [19] to show that F belongs to C1(Un,δ,L2⋄(∂Ω)). Without any change of
proof we thus get the following result.

Theorem 5.2. Let δ > 0 and n,N⩾ 3. Furthermore, let An,δ and BN,δ be defined as in
section 4, and let f ∈ L2⋄(∂Ω) be a nontrivial probing current. Then there are positive Lipschitz
constants ℓ ′n,δ and L

′
N,δ , depending only on n (resp. N), δ, Ω, and f, such that

d(D ,D ′) ⩽ ℓ ′n,δ ‖Λf (D)−Λf (D
′)‖L2(∂Ω)

for every pair of polygons D ,D ′ ∈ An,δ , and

dH (∂D ,∂D ′) ⩽ L ′
N,δ ‖Λf (D)−Λf (D

′)‖L2(∂Ω)

for every pair of polygons D ,D ′ ∈ BN,δ . Here, d is the metric defined in (4.2) and dH is the
Hausdorff metric.
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