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Chapter 1

Introduction

Combinatorial optimization problems aim to find an optimal solution within a
finite set of possible solutions (Schrijver} 2003, p.1). Important real-world applica-
tions of combinatorial optimization problems in logistics are packing and routing
problems — besides cutting, scheduling, network design, location, and assignment
problems, among others. When modeling these problems as optimization prob-
lems, the objective is to minimize or maximize a function that represents costs,
delay, profit, etc., subject to side constraints that define the feasible set of candi-
date solutions. Typically, this set of possible solutions is too large for exhaustive
search and often even grows exponentially in the problem size (Schrijver, 2003,
p.1). Moreover, the set is not listed explicitly but implicitly defined by restrictions
(Korte and Vygenl, 2006, p.5). From a theoretical point of view, many combi-
natorial optimization problems are N'P-hard (Schrijver} 2003, p.1) which means
that no algorithm exists that runs in polynomial time unless P = N'P. Therefore,
efficient mathematical methods are necessary for solving such problems exactly.

In the past decades not only computer performance has been improved but also
several exact algorithms have been developed that are capable of solving even
large instances of some problems in acceptable time. Prominent examples are the
traveling salesman problem (Applegate et al., [2011), knapsack problems (Kellerer
et all 2004), as well as the bin packing problem and the cutting stock problem
(Delorme and Iori, 2020). Moreover, developing exact algorithms is reasonable
because heuristics often apply concepts and ideas derived from exact methods.

In this thesis, we focus on exact algorithms for different packing and routing
problems. Section provides an overview of exact solution methods that are
used in this thesis. The packing and routing problems studied in this thesis are in-
troduced in Section Finally, Section summarizes contributions and depicts
the outline.
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1.1 Exact Solution Methods

Combinatorial optimization problems can often be formulated as integer linear pro-
grams (IPs). A prominent method to solve such IPs is the branch-and-bound (BB)
algorithm that systematically enumerates candidate solutions to ensure feasible in-
teger solutions (Dakin, |1965]). Instead of a brute-force enumeration, the essential
concept of the algorithm is to use bounding and pruning strategies to reduce the
search space.

However, for combinatorial optimization problems, there exist not only compact
formulations having a polynomial number of variables and constraints but also ex-
tensive formulations having an exponential number of variables or constraints. For
such extensive formulations, the set of variables or constraints is often too large
for explicitly representing the model. Nevertheless, this large-scale formulations
can be solved by considering only a subset of columns (=variables) or rows (=con-
straints) at the beginning and then adding required columns or rows dynamically
during the solution process. Note that adding a row (column) to the primal is
equivalent to adding a column (row) to the respective dual. Branch-and-cut (BC)
algorithms employ this technique of dynamically adding constraints to solve exten-
sive formulations with a huge number of constraints. Also extensive formulations
with a huge number of variables can be solved by means of a sophisticated branch-
cut-and-price (BCP) algorithm. The different components of these algorithms are
explained and discussed in more detail in the following.

Branch-and-cut. The idea of BC algorithms is to start with a relaxation of the
problem, usually by removing the integrality constraints and constraint families
of exponential size. Combining two techniques then solves the problem: cutting
planes and BB. Cutting planes are valid inequalities, so-called cuts, that either cut
off fractional points to strengthen the linear relaxation or were omitted in the initial
relaxed formulation but are necessary to ensure feasibility. For the former type,
generic cuts exist that are applicable to all IPs, for example Chvétal-Gomory cuts
(Chvatal, [1973; |Gomory, [1963). Moreover, there are specialized cuts for certain
problems, for example capacity cuts (Lysgaard et all 2004)). For the latter type,
constraints initially omitted are added dynamically during the solution procedure
to ensure feasibility. Note that typically not all such constraints are added but it
must be guaranteed that the solution is feasible. Violated cuts are detected by a
so-called separation procedure that may be costly, depending on the cut. When
embedded in a BB algorithm, the main goal is to decide how and when to separate
which type of cut.

The performance of a BC algorithm depends on the one hand on the specific
model formulation that should avoid symmetry between solutions to keep the size
of the BB tree limited. On the other hand, it is crucial to find a fast separation
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procedure that detects strong cuts. However, the advantage of a BC approach is
that it is much simpler to implement compared to sophisticated BCP approaches.

Branch-cut-and-price. Extensive formulations with a huge number of variables
can often be solved efficiently by a BCP approach. Note that such large-scale mod-
els result in many applications from a Dantzig-Wolfe decomposition of a compact
formulation (Dantzig and Wolfe, 1960). BCP algorithms combine three techniques:
cutting planes, BB, and column generation. The basic idea of column genera-
tion (CQG) is to start with a restricted master problem (RMP) only consisting of a
small subset of variables (=columns) and then add dynamically negative-reduced
cost variables by solving a so-called pricing problem (=subproblem). The algo-
rithm alternates between re-optimizing the RMP and solving the pricing problem.
If there are no more variables with negative reduced cost, the linear relaxation of
the master problem is solved. Note that not all columns are generated because
most columns are nonbasic and their corresponding variable values are equal to
zero in the optimal solution. If the master problem contains integrality constraints,
the problem can be solved by a so-called branch-and-price (BP) algorithm that is a
hybrid of BB and column generation (Barnhart et al., [1998). Additionally adding
cutting planes to strengthen the linear relaxation yields a BCP algorithm.

The main advantages of CG solution approaches are as follows: (i) the linear re-
laxation of the reformulated model is typically stronger than the often weak linear
relaxation of compact formulations; (ii) symmetry issues that cause a poor per-
forming BB algorithm occur less often compared to compact formulations; and (iii)
non-linearities or complicated constraints may be hidden in the subproblem. More-
over, highly effective solution procedures for the subproblem often exist (Libbecke
and Desrosiers, 2005), e.g., in routing problems, the subproblem can usually be
formulated as shortest path problem with resource constraints (SPPRC, Irnich and
Desaulniers, 2005)) that can be solved effectively by dynamic-programming based
labeling algorithms (Dijkstra, [1959; |Ahuja et al., [1993)).

The main drawbacks of CG algorithms resulting from instability issues are: (i) a
slow convergence (tailing-off effect); (ii) the generation of irrelevant columns in the
first iterations because of poor dual information (heading-in effect); (iii) a constant
RMP value for several iterations (plateau effect); (iv) instability in the dual solu-
tions that are jumping from one extreme value to another (bang-bang effect); and
(v) non-monotone convergence of Lagrangian dual bounds (yo-yo effect) (Vander-
beck, [2005)). However, these drawbacks can be reduced by stabilization techniques
(Lubbecke and Desrosiers, [2005). In this thesis, we exploit so-called dual optimal
inequalities (DOIs) to stabilize the CG process (Ben Amor et al., [2006; |Gschwind
and Irnich| 2016).
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1.2 Considered Packing and Routing Problems

The thesis at hand tackles four different routing and packing problems, namely
the classical vector packing problem, a real-world two-dimensional vector packing
problem with additional constraints, the soft-clustered vehicle-routing problem,
and a multi-compartment vehicle-routing problem. The problems are introduced
in the following.

In the classical bin packing and cutting stock problem, a given set of items needs
to be packed into a minimum number of equally sized bins (Delorme et al., [2016)).
The vector packing problem (VPP) is a multidimensional variant of these problems
where the packing is constrained independently in all dimensions. A practical
application is, for example, the transportation of goods in trucks or containers
each of a fixed given volume, weight, and value capacity. Another example is
the static resource allocation problem in which the number of required servers is
minimized given a set of servers with known capacities and a set of services with
known demands (Panigrahy et al., [2011)).

We also consider a real-world VPP with additional constraints that arises in a
direct-shipping system in the food and beverage industry. In this problem, the
packing is constrained by the two dimensions weight and volume. Products of the
different categories standard, cooled, and frozen must be transported in separated
zones in a truck. Moreover, product splitting should be avoided to simplify the
truck (un-)loading. To take into account the cost of a truck that mainly depends
on the loaded product categories, a cost-minimal packing is found by optimizing
five objectives in a strictly lexicographic sense.

The vehicle-routing problem (VRP, Toth and Vigol [2014)) is one of the most im-
portant routing problems. Since |Dantzig and Ramser| (1959)) introduced the prob-
lem 60 years ago, numerous variants have been studied. One of the most studied
versions is the capacitated vehicle-routing problem (CVRP), in which homogeneous
vehicles deliver goods from a single depot to customers and the objective is to min-
imize the total distance of all vehicle routes such that all customer demands are
met and vehicle capacities are respected (Irnich et al, [2014). In recent years,
especially so-called rich VRPs have been studied that take into account various
real-world problem extensions. This thesis considers two such rich VRPs.

In the soft-clustered vehicle-routing problem (SoftCluVRP, |Defryn and Sorensen,
2017)), customers are partitioned into clusters and all customers of the same cluster
must be served by the same vehicle. In contrast to the hard-clustered variant
(Sevaux and Sorensen, 2008)), where a cluster must be served completely before
the next cluster is served, visits to customers of the same cluster can be interrupted
by visits to customers of another cluster. A practical example is parcel delivery in
courier companies, where customers are divided into regional zones. The parcels
are first sorted into containers according to a given districting and then delivered
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to the recipients.

In a multi-compartment vehicle-routing problem (MCVRP, Henkel 2017), sev-
eral product types are considered that must not be mixed during transportation.
For this purpose, the considered vehicles can divide their capacity into a certain
number of separated zones or compartments. In the literature, various different
multi-compartment vehicle configurations are presumed, e.g., the compartment
size can be fixed or flexible and the assignment of product types to compartments
can be preset or arbitrary (Pollaris et al.,[2014). We consider two different MCVRP
variants with flexible compartment sizes. In the multi-compartment vehicle-routing
problem with continuously flexible compartment sizes (MCVRP-CFCS,; |Koch et al.l
2016)), compartment sizes can be set arbitrarily within the limits of the vehicle
capacity. This problem arises, in particular, when food of different levels of refrig-
eration has to be transported (Derigs et al., |2010; [Hiibner and Ostermeier, 2019)).
In the multi-compartment vehicle-routing problem with discretely flexible compart-
ment sizes (MCVRP-DFCS, [Henke et al., 2015), compartment sizes can only be
set according to predefined, equally spaced positions. Practical applications are
the collection of glass waste (Henke et al.,[2015) and the shipment of bulk products
(Fagerholt and Christiansen|, 2000).

1.3 Contribution and Outline

In this thesis, all four papers mainly contribute to exact branch-(cut-)and-price and
branch-and-cut algorithms for packing and routing problems. In the following, the
structure of this thesis and the contributions of all papers that are either published
in or submitted to scientific journals are described.

Chapter [2 introduces a branch-and-price approach that tackles binary and non-
binary formulations of the VPP. In these formulations, the pricing problems are
variants of the multidimensional knapsack problem. We present a unified solution
approach for the pricing problems based on dynamic programming and an SPPRC
that can cope with Ryan and Foster (1981) and Vanderbeck (1999)) branching
schemes. Additionally, dual inequalities are added to stabilize the CG process.
Computational results indicate that our unified approach is very competitive with
the most recent exact VPP approaches presented in the literature.

Chapter [3| deals with the development of an exact BP and heuristic solution ap-
proach for a real-world VPP with five lexicographic objectives. The subproblem of
the BP approach can be solved by one or several modified 2-dimensional knapsack
problems. A non-trivial algorithmic component is the adaption of the branching
scheme of Chapter 2l Moreover, stabilization with DOIs and other acceleration
techniques speed up the CG process. For the heuristic approach, we first present
constructive heuristics for solving a single level of the packing problem. Then,



Chapter 1. Introduction 6

these heuristics are integrated into a meta-scheme that is based on decomposing
and regrouping. Computational results on real-world and difficult self-generated
instances demonstrate the applicability of our approach.

In Chapter 4] a BC algorithm for the Soft CluVRP is presented that is based on a
symmetric formulation with an asymmetric sub-model for the clustering part. The
algorithm exploits valid inequalities for the CVRP that can be adapted, problem-
specific cutting planes, and new heuristic and exact separation procedures. For
square grid instances in the Euclidean plane, lower-bounding techniques and a
reduction scheme are presented. The latter is also applicable to the respective
traveling salesman problem. Computational results show that the algorithm is
effective for instances that are truly clustered and several previously open instances
can be solved to proven optimality.

Chapter [5| proposes exact algorithms for the MCVRP-DFCS and MCVRP-
CFCS. Two BC algorithms and a route-based BPC algorithm are presented that
can tackle both packing restrictions with mild adaptions. Extensive computational
experiments show the effectiveness of the algorithms for instances with up to 50
customers. Moreover, cost savings of using continuously flexible compartment sizes
instead of discretely flexible compartment sizes are analyzed.

Finally, Chapter [0 summarizes and draws final conclusions.



Chapter 2

Stabilized Branch-and-Price
Algorithms for Vector Packing
Problems

Katrin Hekler, Timo Gschwind, Stefan Irnich

Abstract

This paper considers packing and cutting problems in which a packing/cutting
pattern is constrained independently in two or more dimensions. Examples are re-
strictions with respect to weight, length, and value. We present branch-and-price
algorithms to solve these vector packing problems (VPPs) exactly. The underlying
column-generation procedure uses an extended master program that is stabilized
by (deep) dual-optimal inequalities. While some inequalities are added to the
master program right from the beginning (static version), other violated dual-
optimal inequalities are added dynamically. The column-generation subproblem
is a multidimensional knapsack problem, either binary, bounded, or unbounded
depending on the specific master problem formulation. Its fast resolution is de-
cisive for the overall performance of the branch-and-price algorithm. In order to
provide a generic but still efficient solution approach for the subproblem, we for-
mulate it as a shortest path problem with resource constraints (SPPRC), yielding
the following advantages: (i) Violated dual-optimal inequalities can be identified
as a by-product of the SPPRC labeling approach and thus be added dynamically;
(ii) branching decisions can be implemented into the subproblem without deterio-
rating its resolution process; and (iii) larger instances of higher-dimensional VPPs
can be tackled with branch-and-price for the first time. Extensive computational
results show that our branch-and-price algorithms are capable of solving VPP
benchmark instances effectively.
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2.1 Introduction

In this paper, we analyze different covering formulations and column-generation-
based solution approaches for packing and cutting problems with two or more
dimensions. While the 1-dimensional case includes the classical bin packing prob-
lem (BPP) and cutting stock problem (CSP) that are both well studied and recently
surveyed by [Delorme et al.| (2016)), we focus on the multidimensional case where
packings/cutting patterns are constrained independently in all dimensions. Ex-
amples are restrictions with respect to weight, length, and value. In the following,
we refer to these problems as vector packing problems (VPPs). The literature uses
different names for VPPs such as p-dimensional vector (bin) packing (Buljubasi¢
and Vasquez, [2016; Spieksmay, |1994; Brandao and Pedroso|, 2016, vector bin pack-
ing (Panigrahy et al., 2011), or (for two dimensions) two-constraint bin packing
(Monaci and Toth) [2006)). In contrast to VPPs, there is another family of multi-
dimensional packing problems where dimensions are not independent, e.g., when
packing rectangles (Huang and Korf, |2012) or 3-dimensional items (Martello et al.,
2000). These problems are not addressed here.

VPPs have various practical applications. For example, consider a logistics com-
pany that has to transport items with different lengths and weights. The smallest
amount of vehicles possible should be used for transportation. How can the items
be packed into the vehicles taking into account the length of the vehicles and the
maximum loading weight? Another example is the static resource allocation prob-
lem. Given a set of servers with known capacities and a set of services with known
demands the aim is to minimize the number of required servers (Panigrahy et al.,
2011)).

In the literature, several heuristic and exact methods have been introduced to
solve VPPs. The first exact approach was proposed by Spieksmaj (1994). The
author incorporated lower bounds into a branch-and-bound algorithm and, ad-
ditionally, introduced a heuristic based on the first-fit decreasing heuristic. The
approach was improved by (Caprara and Toth| (2001)) who exploited on the one hand
lower bounds combined with heuristics and on the other hand a branch-and-bound
algorithm to find exact solutions for VPPs. |Alves et al|(2014) further enhanced
the approach by calculating lower bounds based on dual-feasible functions. Re-
cently, Brandao and Pedroso| (2016) adapted the arc-flow formulation with side
constraints (Valério de Carvalho, [1999)) to packing problems including VPPs. The
solution was accelerated by means of graph compression to reduce symmetry and
to combine sub-graphs. In contrast, Hu et al| (2017) used the covering formula-
tion of |Gilmore and Gomory| (1961)) and introduced a branching strategy based on
dominance relations between cutting patterns. Besides exact approaches, heuris-
tics have been applied to solve larger instances. Buljubasi¢ and Vasquez (2016))
and Vasquez and Buljubasi¢ (2018) used consistent neighborhood search to find
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heuristic solutions. Variants of the first-fit decreasing algorithm were presented by
Panigrahy et al|(2011)), yielding good heuristic VPP solutions.

We formally define the VPP as follows: Let D = 1 be an integer specifying the
dimension. A given set Z of items needs to be packed into a minimum number of
equally sized bins. Bins are characterized by capacities given by a D-dimensional
vector W = (W', ..., WP"). Items i € T are characterized by weights /sizes which
are given by D-dimensional vectors w; = (wl1 Yo ,wiD ) < W. Dyckhoff (1990)
classified cutting and packing problems according to the categories dimensionality,
kind of assignment, assortment of large objects (bins), and assortment of (small)
items. Hence, the BPP is classified as 1/V/I/R (1: 1-dimensional /V: a selection of
objects (bins) and all items/I: identical figure/R: many items of relatively few dif-
ferent (non-congruent) figures). In contrast, the CSP is classified as 1/V/I/M (M:
many items of many different figures). Although classified differently in (Dyckhoft,
1990), the BPP and the CSP are essentially the same problem as pointed out in
(Ben Amor and Valério de Carvalho| [2005| p. 132). The relationship between BPP
and CSP is the following: In the BPP, all items are modeled as individual objects.
As a consequence, each and every item 7 € Z has a demand of ¢; = 1 and a model
must include a corresponding covering/packing constraint. In contrast, in the CSP
all items of the same weight are aggregated. We formally introduce the set of aggre-
gated items as follows: Let Z[w] be the equivalence classes of items with identical
weight w. Then, the set I of aggregated items is the coset Z/Z[w] that contains
one representative item for each of the different weights. As a consequence, any
two different aggregated items 7,75 € I have different weights w; # w;,. The
demand of an aggregated item i € I is ¢; = |Z[w;]| = |{j € T : w; = w;}| = 1,
and at least some aggregated items have a demand greater than 1.

The models that we compare are all variations of the famous covering formu-
lation of |Gilmore and Gomory (1961) for CSP that is based on cutting patterns.
For the VPP, a pattern (or packing) describes how a subset of the items is packed
into a bin. Assuming I = {1,2,...,m}, i.e., m is the number of aggregated items,
the set of feasible patterns for the VPP, with different levels of aggregation, can
be defined as

P = {(al,...,am)T €Zy:) au] =W forall 1 sdsD}. (2.1)

=1

In order to uniquely refer to a pattern p € P we write its coefficients as a” =

(ah, ..., apm)T. Using integer decision variables z,, for the number of times pattern
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p € P is used, the VPP can be formulated as

2" = min Z T, (2.2a)
peP

(VPP) st. ) alw, =g, iel (2.2b)
peEP

z, = 0 integer, p € P. (2.2¢)

The objective is the minimization of the patterns/bins that are used. Con-
straints ensure that all items are packed as often as their demand requires.
As already mentioned by (Gilmore and Gomory| (1961), (2.2b)) can be replaced by
covering constraints, i.e., Zpe P a; x, 2 q; for all i € I. The domain of the decision
variables is given by (2.2d).

The quality of the linear relaxation bound is crucial to solve mixed-integer prob-
lems. As in the BPP (i.e., D = 1 and ¢; = 1 for all i € I), patterns can be
restricted to only have binary coefficients a” € {0,1}" when modeling individual
items. While such a constraint does not impact the validity of integer VPP so-
lutions to (also for D = 2), the linear relaxation is generally tighter than
without the binary requirement. It means that a proper subset of patterns is used:

mo1

_ T mo1 . d d
POI —{(al,...,amm) (S Z+ . Zaiwi <W

=1

foralllSdSDandaislforalliEI} (2.3)

We denote formulation using only binary patterns Py, as binary VPP (01-
VPP). In this case, optimal solutions to the 01-VPP have binary z,-variables.

Also for VPP with non-unit demand, the patterns’ coefficients can be further
constrained. Whenever the demand ¢; of some item 7 € [ is smaller than I_Wd / wf ]
for all d € D, the pattern set

mp
PB ={(a17'--7amB)T S ZTB . Zalw;i < Wd
i=1
forall 1 <d < D and a; < g; for alliel} (2.4)

is a proper subset of P. We denote formulation ({2.2) using only bounded pat-
terns Pp as bounded VPP (B-VPP). For completeness, formulation with no
additional bounds on pattern coefficients is referred to as unbounded VPP (U-VPP)
and the pattern set is explicitly denoted by P = P in the following.
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Table 2.1: Comparison of covering formulations of the VPP

01-VPP B-VPP U-VPP
Aggregation none partial or full full
(Aggregated) Items I 1=7 I 1 =T|7[w]
Weights w; can be identical can be identical all different
Demand g¢; q =1 q =1 q =1
Bound on Pattern Coefficients u; af <1= u?l af < u{j <gq af < uf] e IIliIldl_%J
Pattern Set Py, Pp Py =P
Domain of Variables z, € {0,1} Zp € L, T, € Ly
Number of Constraints m mo; = |Z| > mp > my = |Z/Z[w]|
01-VPP B-VPP U-VPP
LP Bound zzp ZLp = ZLp > ZLp
Subproblem 01-MKP B-MKP U-MKP
Branching (Ryan and Foster||1981) (Vanderbeck| [1999) (Vanderbeck||1999)
Dual Inequalities
Pls 7, =z m; DDOIs DDOIs DOIs
Pls with wj, + w; £ W DOIs DOIs DOIs
Sls T, 2 Y 1eg ™ can be invalid can be invalid DOIs
SIs with wy, + w; ¢ W for alli € S DOIs DOIs DOIs
WSIs 1, 2 ), tim; invalid can be invalid DOIs

Note: Pls=Pair Inequalities, SIs=Subset Inequalities, and WSIs=Weighted
Subset Inequalities

Table 2.1 summarizes differences between the pure binary formulation 01-VPP,
the bounded formulation B-VPP, and the unbounded formulation U-VPP. Note
that for a given set of individual items Z, the formulations 01-VPP and U-VPP
are unique. They represent the two extremes of aggregation (completely disag-
gregated vs. fully aggregated), while B-VPP is a family of formulations resulting
from different types of aggregation and exploitation/disregarding of the coefficient
bounds a} < ¢; in (2.4).

Due to the huge number of variables, formulation is typically solved with
the help of a column-generation algorithm (Desaulniers et al., 2005). One starts
with a (small) subset of patterns P' ¢ P and the linear relaxation of using
only variables z,, with p € P'. This so-called restricted master program (RMP)

is then optimized. Let 7 = (7q,... ,7Tm)T be the dual solution w.r.t. the covering
constraints ([2.2b). The task of the pricing subproblem is then to provide (at least)
one new pattern p with negative reduced cost ¢, = 1 — 7 'a’ or to prove that no
such pattern exists. In the former case, the resulting RMP (with the generated
pattern/s) is re-optimized and the column-generation process is repeated. In the
latter case, the linear relaxation of is solved providing a lower bound z,‘;/g F
on 2" Y. An optimal integer solution to (2.2)) requires the integration of column
generation into a branch-and-bound scheme a.k.a. branch-and-price (Liibbecke and
Desrosiers, [2005)).

The pricing problems of the different formulations 01-VPP, B-VPP, and U-VPP
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seek to find a pattern with negative reduced cost ¢, that is feasible for the pattern
set considered in the respective formulation. They are equivalent to solving one of
the following integer programs:

maxz i Yi (2.5a)
i=1
s.t. Z wfyl- < Wd, de D (2.5b)
=1
(01-MKP) 4 €{0,1}, (B-MKP) y €{0,1,...,u4; },
(U-MKP) y; € Z,, iel  (2.5¢)

d
where u = min{qi,mindL%J}. The pricing subproblems are thus variants of

multidimensional knapsack pzroblems (MKPs, Kellerer et all, [2004)), either binary
(01-MKP) for 01-VPP, bounded (B-MKP) for B-VPP, or unbounded (U-MKP) for
U-VPP. For U-MKP, it is valid to bound the variables y; in (2.5¢|) from above by

U . d . . 01
u; = mmdL%J. For convenience, we define a corresponding upper bound u; =1

for all i € I for 01-MKP.

We now briefly discuss the main advantages and disadvantages of the different
covering formulations. The master program of 01-VPP is the largest of the three in
terms of number of constraints, while the master of U-VPP is the smallest. Regard-
ing the number of variables, i.e., the number of different feasible patterns, there is
no general order between the three formulations, since it depends on the demands
¢; and the share of items with identical weights in Z. To be precise, the number of
feasible patterns for 01-VPP is O (Zf:ln{u’m} ('f')), with v = max; mindLVZ—;J. For
U-VPP, it is O (qu:l ('I/z[“;“”_l)). In the special case of complete aggregation,
i.e., I = Z|/Z[w], the number of B-VPP patterns is by definition not greater than
that of U-VPP, i.e., |Pg| < |Py|.

Concerning the linear relaxation bounds, z%lévpp = zLB}DVPP > ZE}VPP holds. The
equality z%&vpp = ZLB}:VPP results from the constraint aggregation approach dis-
cussed in (Ben Amor et al., 2006). The following Example [I| shows a small in-
stance with strict inequality between zLB}aVPP and ZE}VPP. Moreover, Rietz (2003])
has shown that the 01-VPP with D > 2 does not possess the modified integer round
up property (MIRUP) (see also |Scheithauer and Terno, |1995} |Caprara et al., 2014).
The property is also unclear for CSP, i.e., U-VPP with D = 1, and herewith also
for U-VPP in higher dimension. Still, linear relaxation bounds seem to be rather

tight for most instances and all three formulations (see Section [2.2.4.4]).

Example 1. The following VPP example has the same LP bound for the covering
formulations 01-VPP and B-VPP but different LP bounds for 01-VPP/B-VPP and
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U-VPP. Consider a two-dimensional VPP with W = (6,6) " and items Z = {1, 2, 3}
with weights w; = (3,3)7 and wq = wg = (2,2)". For 01-VPP, 205" = 1.5. An
optimal solution is 0.5 times (1,1,0)", 0.5 times (1,0,1)", and 0.5 times (0,1,1) .
For B-VPP, consider I = {1,[2]} with ¢; = 1 and ¢, = 2. Then, 2 ¥ =1.5. An
optimal solution is 1 time (1,1)" and 0.5 times (0,2)". For U-VPP, I = {[1],[2]}
and zyp " = 7/6. An optimal solution is 0.5 times (2,0)" and 2/3 times (0,3)".0

Recall that the subproblems of formulations 01-VPP, B-VPP, and U-VPP are 01-
MKPs, B-MKPs, and U-MKPs with my; = mp = my items, respectively. Recall
also that in the 1-dimensional case, all three versions can be solved in O (mW)
time, where W is the 1-dimensional capacity. Moreover, the space requirement
is (applying storage reduction techniques) O (m + W) for binary and bounded
knapsack problems, while it is O (W) in the unbounded case (Kellerer et al.
2004). In higher dimensions, the solution of the MKPs with a straightforward
dynamic-programming algorithm requires O (mW) time, where W = [, we.

To obtain integer solutions, the well known branching rule of Ryan and Foster
(1981), which has proven to be quite effective for set-partitioning in general, can
be applied to 01-VPP. For B-VPP and U-VPP, however, Ryan-Foster branching
is not applicable and one has to resort to alternative branching rules such as
the branching scheme presented by Vanderbeck (1999). Note that Ryan-Foster
branching is a special case of the Vanderbeck branching. All branching decisions
taken in any of the three formulations have a non-trivial impact on the subproblem
and have to be accounted for in its solution. Overall, branching is much more
complex in the B-VPP and U-VPP cases compared to 01-VPP. On the other
hand, formulation 01-VPP suffers from severe symmetry issues with respect to
items with identical weights.

Another difference of the three formulations originates from efforts to stabilize
the column-generation process using (deep) dual-optimal inequalities ((D)DOIs, see
Section . This technique has already been successfully applied to BPP and
CSP by Ben Amor et al.| (2006 and |Valério de Carvalho (2005). Additional classes
of valid DOIs and DDOIs as well as the dynamic separation of violated (D)DOIs
have been proposed and applied to different coloring and packing problems by
Gschwind and Trnichl (2016)). It is shown in Section that the dual inequalities
used in (Gschwind and Irnich| [2016), namely weighted subset inequalities (WSIs)
and pair inequalities (PIs), are DOIs for U-VPP. For B-VPP and 01-VPP, however,
the Pls are DDOIs whereas the WSIs are generally neither DOIs nor DDOIs.

The contribution of the paper at hand is the following: We present a unified
modeling and solution approach for the three MKP subproblems (binary, bounded,
and unbounded) based on dynamic programming and the shortest path problem
with resource constraints (SPPRC, [Irnich and Desaulniers, 2005). From a worst-
case complexity point of view, its temporal effort of @ (mW) is equivalent to the



Chapter 2. Stabilized BaP Algorithms for VPPs 14

above-mentioned dynamic-programming approaches. It exploits that many of the
dynamic-programming states are not reached in practice, giving it an attractive
time and space consumption in the average case. Even more, the SPPRC-based
solution approach can cope with the Ryan-Foster and the Vanderbeck branching
schemes. In addition, the approach allows to identify violated (D)DOIs as a by-
product of the pricing. Computational results indicate that our unified approach
for solving 01-VPP, B-VPP, and U-VPP is very competitive with the most recent
exact VPP approaches presented in the literature.

This paper is organized as follows. Section presents the unified solution
approach with subsections on the SPPRC formulation of the MKP subproblems,
their resolution via dynamic-programming labeling, the discussion of stabilization
using (D)DOIs, and branching. Section presents the computational results.
Final conclusions are drawn in Section 2.4

2.2 Unified Branch-and-Price

We now describe the components of the branch-and-price algorithm. In Sec-
tion the column-generation pricing problem, the MKP, is modeled as an
SPPRC. Two alternative labeling algorithms for its solution are presented in Sec-
tion The stabilization of the column-generation process via (D)DOIs is
described in Section [2.2.3] Branching rules including the resulting modified MKP
subproblem, its representation as an SPPRC, and the impact of branching deci-
sions on (D)DOIs are discussed in Section [2.2.4]

2.2.1 SPPRC Formulation for MKP Subproblems

All three variants of the MKP (U-MKP, B-MKP, and 01-MKP) can be formulated
as SPPRCs with D + 1 resources as follows: The underlying digraph G = (V| E)
consists of m + 1 vertices V = {0,...,m} and m + ) ,_,; u; arcs E. For each item
¢ € I, there exist u; + 1 parallel arcs denoted by FE(7) connecting vertex 7 — 1
with vertex ¢. Recall that, depending on the MKP variant, the number u; is
defined differently, see above. We assume that the arcs e € E(i) are indexed by
a;(e) € {0,1,...,u;}. Moreover, we define the weight of the a;(e)th arc e of E(7)
as w(e) := q;(e)w and its profit as 7(e) := a,;(e)m;.

An example of the digraph G is shown in Figure In general, every 0-m-path
(0,e1,1,e5,2,...,m—1,¢,,,m) in G defines a pattern (a;(e;), as(es), . .. ,am(em))T.
This pattern is feasible if and only if ) ", w(e;) = W holds. Hence, the MKP
pricing problem is the problem of finding a maximum profit 0-m-path in G with
a D-dimensional weight not exceeding W. If the profit 7 = ) ", w(e;) exceeds 1,
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then the pattern (a;(e;), as(es), . .., am(em))T has negative reduced cost ¢ = 1—.
This is an SPPRC with m independent capacity constraints.

Figure 2.1: SPPRC digraph for a MKP with u; = 3,uy, = 1, and u,, = 1. The
arcs e € E are shown with their D-dimensional weight and profit
component (w(e),7(e))).

2.2.2 Subproblem Solution via Dynamic-Programming
Labeling

Dynamic-programming labeling for solving SPPRCs offers several algorithmic
choices such as mono-directional (pure forward or pure backward) or bidirectional
labeling, and the dominance rules used to discard partial paths that provably lead
to only non-optimal 0-m-paths. Forward dynamic programming starts at the triv-
ial forward path F' = (0) with the initial label (0,0) and labels are extended
iteratively to 1,2,...,m to ﬁnally form feasible 0-m-paths. Accordingly, every for-
ward partial path F = (O e, 1 o ],j) from 0 to some j € V is represented by
the label L(F) = ( w(e;), Y m(e;)) = (w,m). Forward extension along an
arce;y; € E(j+1) produces the label L(F, ej4q,j+1) = (WH+w(ejr1), m+7m(ejr1)).

Conversely, backward dynamic programming starts with the trivial backward
path B = (m) with the initial label (0,0) and labels are extended iteratively to
m—1,m—2,...,1,0 to finally form feasible 0-m-paths. Here, every backward
partial path B = (j,€ej41,j + 1,..., €5, m) from some j € V to m is represented
by the label L(B) = (3., w(e;), szH ﬂ(ei)) (w, 7). Backward extension
along an arc e; € £(j) produces the label L(j—1,¢;, B) = (w+w(e;), m+7(e;)).

Forward and backward labels are feasible if their weight component does not
exceed W. Every forward label at vertex m and every backward label at vertex 0
implies a negative reduced-cost pattern if and only if 1 — 7 is strictly negative.

A forward label L(F) = (w, ) and a backward label L(B) = (w', ') that end
and start at the same vertex can be merged to form a complete feasible 0-m-path
if w+w < W. The reduced-cost of the imposed pattern is 1 — (7 + 7).
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Labeling with Weak Dominance. Our first dynamic-programming algorithm is a
pure forward labeling algorithm and the one with the better worst-case time com-
plexity. It uses the following simple dominance rule.

Rule 1. (Weak Dominance) A forward label L(F') = (w, ) of a forward partial
path F dominates another forward label L(F') = (w', ') of a forward partial path
F' ending at the same vertex if w = w' and m = 7.

Dominated labels can be discarded except for cases of mutual dominance, i.e.,
identical costs, in which case one of the labels can be discarded while the other
one must be kept.

The time complexity of a forward labeling algorithm that uses Rule [1| depends
on the way how labels are stored. In our implementation, we use a hash table for
the labels referring to the same vertex. For a label (w, 1), w is the hash key and 7
the value to be stored in the hash table. Note that the number of possible keys is
exactly K := ]—[dDzl(Wd + 1). If the hash table is designed appropriately, arbitrary
insertions and lookups of key-value pairs can be guaranteed to take amortized
constant time per operation (Cormen et al., 2009, Chapter 11). In cases where
the dimension D and the capacities Wl, ey w” are very large, K may become so
huge that a hash table of appropriate size does not fit into the main memory of the
computer. Then, with a smaller hash table, its load factor becomes critical and
constant-time operations can no longer be ensured. Hence, the overall worst-case
complexity is bounded by O (mK') when computer memory of O (K') is available.

Labeling with Strong Dominance. Our second dynamic-programming algorithm
is a bidirectional algorithm. The idea of bidirectional labeling is to alleviate the
combinatorial explosion that typically occurs when partial paths grow longer. As
a consequence, bidirectional labeling algorithms often, though not always, have
a better average-case time effort than their monodirectional counterparts. For
(E)SPPRC, the idea was first presented and successfully used by Righini and
Salani| (2006)). They merge labels “in the middle”, which in our context is at vertex
m/2] € V (or [m/2] € V if m is odd). Recent studies of [Tilk et al.| (2017)
have shown that one can often benefit from choosing the merge point dynamically,
comparing the (expected) workload in forward and backward direction.

In the bidirectional algorithm, we use the following stronger dominance rule
whose application, however, produces additional effort in the worst case.

Rule 2. (Strong Dominance) A forward (backward) label L(P) = (w,w) of a
partial path P dominates another forward (backward) label L(P') = (w',7') of a
partial path P’ ending at the same vertex if w < w and T = 7.

Note that there exist better dominance algorithms than straightforward pairwise
comparison of labels. For dominance between A-dimensional vectors, Bentley
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(1980) invented a multi-dimensional divide-and-conquer algorithm that requires
O (nlog(n)*™) time to determine all Pareto-optimal out of n vectors. In our
application, we have A = D + 1 (labels have weights and profit). We use the
algorithm of |[Bentley| only for 2-dimensional VPPs but not for the 20-dimensional
VPPs (see Section even if log(n)” is in the worst case better than linear.
Figure 2.2 visualizes the differences between the weak and the strong dominance.

2.2.3 Dual Inequalities

For the VPP, any linear inequality in the dual variables 7,7 € I, is a dual inequal-
ity. We denote by D™ the set of optimal solutions of the dual model to the linear
relaxation of (2.2), i.e., the dual-optimal space.

Dual Inequalities for U-VPP. Following Ben Amor et al.|(2006]), a dual inequality
t' <t (witht € Z' and t € Z is a DOILif D* ¢ {x : t' 7w <t} In (Gschwind and
Irnich, 2016, Theorem 1(ii)) it is proven that for any t € Z} and an item h € I
with

wy, = Z t;w; it follows that T, = Z tm; (2.6)

1€l i€l

is a DOI for U-VPP. These DOIs are called weighted subset inequalities (WSIs).
The interpretation of the precondition is that whenever item A is used (in a solu-
tion) this item can always be replaced by one or several occurrences of the items
S =5(t) :={i €I:t; >0}, where the coefficient ¢; specifies the number of occur-
rences. The DOI then says that covering one unit of demand of item A cannot be
cheaper than covering t; units of demand for all i € S.

WSIs were first introduced in (Gschwind and Irnich, 2016) and generalize the
subset inequalities (SI) of Ben Amor et al|(2006), in which it is required that all
coefficients t; are binary. Hence, dual inequalities 7, = ZieS m; with h € I and
S ¢ I are DOIs for U-VPP if wy, 2 ) .o w; holds.

A special case of the Sls is two items i, h € I that fulfill w; < w,,. In this case,
the so-called pair inequality m; < 7, is a DOI for U-VPP. It means that covering
one unit of demand of item h is not cheaper than one unit of demand of item .

Dual Inequalities for 01-VPP. The situation of 01-VPP and B-VPP requires a
more differentiated analysis. We start by analyzing dual inequalities for the 01-
VPP. The formulation for the 01-VPP is a pure binary formulation with
binary constraint matrix A, right-hand side 1 € RI, and cost coefficients 1 €
R, Moreover, the coefficient matrix A has the (h,i)-row replacement property
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SPPRC with Weak Dominance (Rule , dominance indicated by y:

.—xmc,oppwcngw
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SPPRC with Strong Dominance (Rule , dominance indicated by A:
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6 6
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3 3
9 2 2
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0 1234564 0 1234564 0 1234564

Figure 2.2: Comparison of two variants for solving 01-MKP with w; = (3,3),
wy = (2,1), wg = (1,2), m; = 0.2, 1y = 0.3 and 73 = 0.1. For the
SPPRC with Weak Dominance, the label consisting of item set {1}
with profit 0.2 and weight (3,3) is discarded by Rule [I| at the final
step. In the end, the undominated labels are ((0,0),0), ((1,2),0.1),
((2,1),0.3), ((3,3),0.4),((4,5),0.3),((5,4),0.5), ((6,6),0.6) with
corresponding item sets @, {3}, {2}, {2, 3}, {1, 3}, {1,2}, and {1, 2, 3},
respectively. For the SPPRC with Strong Dominance, the label
with profit 0.2 and weight (3,3) is dominated by the label with
profit 0.3 and weight (2,1) and is therefore discarded at the second
step. In the end, the undominated labels are ((0,0),0), ((1,2),0.1),
((2,1),0.3),((3,3),0.4),((5,4),0.5),((6,6),0.6) with corresponding
item sets @, {3}, {2},{2, 3}, {1,2}, and {1, 2, 3}, respectively.

(Gschwind and Irnich} 2016) for every two items h,i € I with w;, = w;. The (h,i)-
row replacement property means that any pattern a € P with a;, = 1 and a; = 0
can be modified into one with a;, = 0 and a; = 1 (keeping all other coefficients
unchanged) so that again a feasible pattern results. Hence, all preconditions of
Proposition 5 of (Gschwind and Irnichl 2016) are fulfilled. Thus, the set of all PIs
{my, = m; + w), = w;} forms a set of deep dual-optimal inequalities (DDOIs) for
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01-VPP. By definition (Ben Amor et al., [2006)) for a set of dual inequalities to be
DDOIs, there must exist at least one dual-optimal solution 7w* € D* that fulfills
all inequalities of the set. In particular, all DOIs are DDOIs but the reverse is
not necessarily true, because DDOIs may cut off some but not all dual-optimal
solutions from D*.

However, for the 01-VPP, specific pair inequalities that fulfill some additional
requirements can be proven DOIs. For example, if in addition to w, = w; the
condition wz + W? > W* holds for at least one dimension 1 < d < D, then this PI
is a DOI for 01-VPP. Generalizing, for a SI defined by a subset S C I and item
h € I, the additional conditions that WZ + wf > W for at least one dimension
1 <d =< D for all i € S guarantee that this SI is a DOI for 01-VPP. These are
restricted Sls; general SIs may neither be DOIs nor DDOIs for 01-VPP if only
wy, = ) . oW, holds.

Dual Inequalities for B-VPP. Now we derive (D)DOIs for B-VPP by discussing
their relationship to (D)DOIs of 01-VPP. Recall first that B-VPP is a family
of formulations; every B-VPP can be derived from formulation 01-VPP via a
(partial) constraint aggregation as already discussed in Section . Indeed, let
h and ¢ be two items of 01-VPP with identical weights w;, = w;, i.e., items
from the same equivalence class Z[w;] = Z[w;]. For these two items, the two
pair inequalities m; < 7, and m, < m; imply the dual equality 7, = m;. Hence,
Uiner Umn = 7t Wy = wi} U {m, 2 7, : wy, 2 w;}) are DDOIs for 01-VPP. Now,
any aggregation over some or all Z[w,] with h € Z leads to a specific choice of
aggregated items I and herewith to one specific B-VPP. In any case, Proposi-
tions 6 in (Gschwind and Irnich, 2016|) ensures that all pair inequalities remain

valid DDOIs for the B-VPP.

All theoretical results about the discussed dual inequalities for the three VPP
formulations are summarized in the bottom part of Table

Use of Dual Inequalities for Stabilization. Dual inequalities can be added as ad-
ditional columns of in order to stabilize the column-generation process for
solving the linear relaxation. If the set of dual inequalities is DDOIs, this addition
does not change the lower bound of the linear relaxation (this is shown in Propo-
sition 1 in (Ben Amor et al., [2006)) and in Proposition 1 in (Gschwind and Irnich,
2016))). For a WSI that replaces item h € I by multiple (aggregated) items
i € S = 5(t) each t; times, the associated column in has a cost of zero and
the coefficients t — u, where uy, is the Ath unit vector in R’ Assuming that the
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set of DIs is given as (h,t) € D, the expanded master becomes:

min Z T, (2.7a)

peP

s.t. Z afxp + Z (t —up)yne = 4, 1€ 1 (2.7b)
peP (h,t)eD
z, = 0 integer, pEP (2.7¢)
Ynt = 0 integer, (h,t) €D (2.7d)

Note first that in general there is an exponential number of WSIs and Sls, while
there can be at most m” Pls. In high dimensional VPPs, i.e., D > 2, it can happen
that there are only very few Pls, if any. The question is therefore which dual
inequalities one should add to the RMP at which point of the column-generation
process. Different strategies have been described in the literature:

1. Static Approach: Valério de Carvalho| (2005) and Ben Amor et al.| (2006]) pre-
select a subset of Pls and Sls (with S restricted to |S| = 2) for the BPP and
CSP, respectively. These dual inequalities were then added to the initial RMP.

2. Dynamic Approach: Gschwind and Irnichl (2016)) were the first to suggest the
addition of (the most) violated dual inequalities in every (or only some) column-
generation iterations. This actually requires a separation algorithm. For PlIs,
separation can be done by inspection, while for SIs in the BPP and WSIs in the
CSP they showed that separation is a by-product of solving the pricing problem.
In the next paragraph, we describe how separation can also be accomplished
efficiently for VPPs using the results of the SPPRC labeling algorithm.

3. Mixed Approach: 1t is obvious that the static and dynamic approaches can be
combined in the sense that some dual inequalities are initially added to the
RMP and others are separated in the column-generation iterations as done in
(Gschwind and Irnich| 2016).

If additional columns for Pls, Sls, or WSIs are added to the RMP, the solution to

the master program may consist not only of columns of patterns but of a mixture

of these and columns of dual inequalities. Such a solution can however be trans-
formed into a pure pattern-columns solution if the dual inequalities are DDOIs

(both statements are in fact equivalent as proven in |Gschwind and Irnich) 2016,

Proposition 1). An iterative transformation procedure in the case that all added

dual inequalities are WSIs is described in detail in (Gschwind and Irnich, 2016,

Algorithm 1). The basic idea is as follows. In each iteration, it chooses from the

current (partly transformed) solution a pattern column with coefficients a and a

WSI column with coefficients t — u;, that are compatible, meaning that a+t —u,,

represents a feasible pattern. Let z* and y” be the solution value of the chosen

pattern and WSI column, respectively. Then, a new solution is constructed from
the current one by decreasing the solution values of the chosen pattern and WSI
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columns by min{z*,y"} and increasing the solution value of the column corre-
sponding to pattern a+t —u;, by the same amount. The procedure continues until
no more compatible pattern and WSI column-pair exists. If all WSIs that have
been added are DDOIs, it is guaranteed that none of them has positive value in
the current transformed solution so that a pure pattern-columns solution is found.

As described and done in (Gschwind and Irnich|, 2016) where, e.g., SIs are used
for BPP, it is also possible to add to the RMP dual inequalities that are (generally)
not DDOIs. The intention of this overstabilization when using appropriate families
of dual inequalities is twofold: First, although they are generally not, these inequal-
ities may in fact be DDOIs for most instances. Second, whether they are actually
DDOIs or not, their addition has a stabilizing effect on the column-generation
process. Moreover, if the added inequalities are no DDOIs for the given instance,
i.e., all dual-optimal solutions are cut-off, this defect can be remedied typically
without significant additional computational effort. The recovery procedure of
Gschwind and Irnich| (2016) can be used to detect and handle overstabilization if
all added dual inequalities are WSIs. It proceeds by first trying to build from the
RMP solution a pure pattern-columns solution. If this is not possible the RMP
has been overstabilized. In this case, there exists a WSI column replacing item
h € I with positive value, but no compatible pattern column exists in the solution.
The recovery procedure then eliminates all WSIs replacing item h from the RMP,
forbids their re-separation/generation, and restarts the column-generation process
to optimize the RMP. The process iterates until a pure pattern-columns solution
is found.

Separation of Violated Dual Inequalities. Since the number of valid Pls 7, = ;
is at most quadratic, violated PIs can be found by simple inspection. For this
purpose, the list of pairs (h,i) € I X I with w;, = w; can be determined in a
preprocessing step prior to the column-generation process and stored requiring
O (m?) time and space only. Then, in every separation step, this list needs to be
parsed and 7, < m; is tested.

Direct inspection is clearly not possible for SIs and WSIs due to their exponential
number. When solving the pricing problem with the SPPRC labeling algorithm,
however, violated SIs and WSIs can be effectively identified. If Rule[2]is applied for
dominance, the identification even is a direct by-product of the labeling procedure:
Consider for each single item h € I its associated label L, = (wy, 7;,) which results
from the extension of (0, 0) along the second arc (with multiplicity 1) between h—1
and h. If L; is dominated using the strong dominance Rule [2, with strict > in the
profit component, then a violated SI or WSI in which h is replaced is found. The
item set S of the SI or WSI and, in case of the U-VPP the multiplicities t = (;),
can be read from the dominating label (w, 7). Indeed, the item set S is the item
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set of the dominating label and (if needed) the multiplicities t = (¢;) are those
counting the number of aggregated items in the dominating label. In Figure [2.2]
item h = 1 with label L; = ((3,3),0.2) is dominated by the label ((2,1),0.3).
This latter label has item set S = {2} (with multiplicity 1). Hence, the PT m; =
is violated.

If in the example of Figure a fourth item h = 4 with weight w, = (5,5) and
profit m, = 0.5 existed, then its label L, = ((5,5),0.5) would be dominated by the
label ((5,4),0.5), which has item set S = {1, 2}, so that the violated SI would be
Ty 2 T + To.

When using the weak dominance Rule[l], however, this procedure is not applica-
ble. Furthermore, the procedure does not produce most violated SIs/WSIs. Still,
with some additional effort both cases can be effectively handled using informa-
tion from the SPPRC as follows: Consider the set P of all Pareto-optimal labels
of the final stage m and add the label L, = (wy,, m,) for each item h € I to P.
Then, invoke the dominance algorithm using the strong Rule [2| on the set P and
track for each L;,h € I the labels that dominate it with strict > in the profit
component. Finally, for each h € I this list needs to be scanned for (the most)
violated SIs/WSIs. When using the algorithm of Bentley| (1980) for the dominance
algorithm, this separation procedure requires O (nlog(n)”) and O (n) time and
space, respectively.

2.2.4 Branching Schemes

Vanderbeck (1999)) suggested a branching scheme for bin packing and cutting stock
problems that we adapt to the multidimensional case. We first summarize the
branching scheme and explain how the branching constraints are considered in the
subproblem. Afterwards, we focus on how to treat DOIs along the branch-and-
bound tree.

2.2.4.1 Subproblem Transformation and Branching Rule

The idea of the branching scheme of Vanderbeck| (1999) is to formulate the knap-
sack subproblem as a pure binary problem. For the 01-VPP, the subproblem is
already binary. For B-VPP and U-VPP, the subproblem is transformed into a bi-
nary multi-class knapsack problem. For a better understanding, we introduce an
example of the transformation and present the general transformation afterwards.

Consider an instance of the B-VPP or U-VPP with u; = 3 and uy = ug = uy = 1.
The coefficients af € {0,1,...,u;} of patterns for i € I = {1,2,3,4} are now
written in binary code using m; = [logy(u; + 1)] binary digits per item. Some
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examples are:

g 3
P1 =14 =} P2 =1 =(1),
1w \1), 1w o/,
{3} (&)
Ps=1q1| = 1 Pa=1q T 11 (2.8)
0/10 1/, 0/10 \ 0/,

In these examples, th