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Abstract

In the automotive industry digital prototyping becomes more and more important.
By digital prototypes many tests can be done virtually, the digital design process
can be adapted dynamically and thus costs can be reduced. The basic algorithms
used in this context are always the same and mainly concern the calculation of dis-
tances and penetrations.
In this work an approach will be presented how distances and penetrations can be
calculated approximately very fast. This approach will be applied to pack arbi-
trarily shaped objects into a trunk, which is one of many problems arising in the
digital design process. Because the geometry describing a trunk is usually a “soup”
of triangles which might even contain large holes, at first a robust heuristic will be
presented how for such input data a voxel representation of the interior of a trunk
can be computed.
Another field where distance calculations play an important role are checks con-
cerning the engine. By data generated during a test drive and consisting of rigid
transformations describing the vibration movement of an engine it can be checked
for the digital model of the engine that a certain safety distance to other parts is
maintained.
A new approach will be presented how the concept of bounding volumes, which
is only applied to 3-dimensional geometry so far, can be transferred to rigid trans-
formations. By this approach the minimum distance between the engine and the
surrounding parts, that occurs throughout a test drive, can be calculated very fast.
Furthermore, by this approach the course of the distance between engine and sur-
rounding parts during the test drive can be calculated approximately very fast as
well.
The motion data of an engine during a test drive is collected by motion tracking
systems and several types of such systems have become available at low costs in
the last years. Therefore, finally an approach will be shown how data collected by
several motion tracking systems fixed to the same object can be combined and put
into geometric relation to each other allowing a comparison of the recorded data.





Zusammenfassung

In der Automobilindustrie erlangt das Digital Prototyping eine immer größere Be-
deutung. Anhand digitaler Modelle können viele Tests virtuell durchgeführt, der
Designprozess dynamisch angepasst und dadurch die Kosten reduziert werden.
In diesem Kontext kommen immer wieder die gleichen grundlegenden Algorith-
men zum Einsatz und betreffen hauptsächlich die Berechnung von Abständen und
Durchdringungen.
In dieser Arbeit wird ein Ansatz vorgestellt, wie Abstände und Durchdringungen
sehr schnell approximativ berechnet werden können. Dieser Ansatz wird für das
Packen beliebig geformter Objekte in einen Kofferraum angewendet, was eine
von vielen Problemstellungen ist, die im digitalen Designprozess auftritt. Da die
Kofferraum-Geometrie für gewöhnlich eine „Dreieckssuppe“ ist, die sogar große
Löcher aufweisen kann, wird zunächst eine robuste Heuristik vorgestellt, mit der
für solche Eingabedaten eine Voxel-Repräsentation des Inneren eines Kofferraums
berechnet werden kann.
Ein anderes Gebiet, in dem Abstandsberechnungen eine große Rolle spielen, sind
Tests, die den Motor betreffen. Anhand von Daten, die während einer Testfahrt
aufgezeichnet werden und aus starren Transformationen bestehen, die die Vibrati-
onsbewegung eines Motors beschreiben, kann für das digitale Modell des Motors
überprüft werden, dass bestimmte Sicherheitsabstände zu anderen Bauteilen ein-
gehalten werden.
Ein neuartiger Ansatz wird vorgestellt, wie das Konzept von Hüllkörpern, das bis-
her nur für 3-dimensionale Geometrie verwendet wurde, auf starre Transformatio-
nen übertragen werden kann. Mit Hilfe dieses Ansatzes kann der minimale Ab-
stand des Motors zu umgebenden Bauteilen, der während einer Testfahrt auftritt,
sehr schnell berechnet werden. Außerdem kann durch diesen Ansatz der Verlauf
des Abstandes zwischen Motor und umgebenden Bauteilen während der Testfahrt
sehr schnell approximativ berechnet werden.
Die Bewegungsdaten eines Motors während einer Testfahrt werden mit Hilfe von
Motion Tracking Systemen aufgezeichnet und in den letzten Jahren sind verschie-
dene Typen solcher Systeme zu niedrigen Preisen verfügbar geworden. Deshalb
wird abschließend eine Vorgehensweise vorgestellt, wie Bewegungsdaten, die von
mehreren verschiedenen am gleichen Objekt befestigten Motion Tracking Syste-
men aufgezeichnet wurden, kombiniert und geometrisch in Beziehung zueinander
gesetzt werden können, um einen Vergleich der aufgezeichneten Daten zu ermög-
lichen.
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Introduction

In the context of computer aided design (CAD) and digital mock-up (DMU) in the
automotive industry several geometrical problems arise. This covers packing prob-
lems, layout problems, checks for safety distance and motion analysis, to name but
a few. Because of the increasing number of components and thus short running
installation space in new car models, it becomes more and more important to solve
these problems during the DMU phase. The algorithms to solve these problems
usually use a basic set of fundamental algorithms as workhorses that do most of
the work. One of these workhorses is the calculation of distances and penetrations.
In this work an industrial strength algorithm to do that and its application to a pack-
ing problem will be presented, though it might be applied to many other problems,
such as the above-mentioned. As might be known, the size of a trunk is usually
not defined by its continuous volume, but there are two standards that define it as
the result of packing problems using boxes as packing objects. Firstly, this is the
German standard DIN 70020, which is common in Europe and uses equally sized
boxes with a volume of one liter, and secondly, the American standard SAE J1100,
which is common in the USA and uses a set of seven different boxes with volumes
in the range from 5.63 to 67.47 liters.
In the scope of a long-time cooperation with a German car manufacturer a software
has been developed which allows the generation of box packings according to DIN
70020 and SAE J1100 by different algorithms, mainly based on Monte-Carlo tech-
niques and contact simulation. However, our industrial partner also expressed the
need to not only generate packings of boxes according to DIN 70020 and SAE
J1100 but to also pack arbitrarily shaped objects like suitcases, golf bags etc. In
fact, the standard SAE J1100 already contains, besides the seven box types, a styl-
ized golf bag which has been left away in the algorithms implemented so far.
In Chapter 2 the above-mentioned algorithm will be presented, together with the
necessary data structures, which calculates distances and penetrations approxi-
mately very fast. The penetration calculation will be used to pack arbitrarily shaped
objects into a trunk by simulated annealing, which is a probabilistic meta-heuristic
and can be considered as a standard technique for solving global optimization prob-
lems. The main input for simulated annealing is an objective function that is min-
imized, and it is an obvious idea to use the sum of penetrations of the packing
objects and the trunk geometry for that. Because simulated annealing is a Monte
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2 Introduction

Carlo approach making a random walk through the configuration space, it works
better, the more configurations are calculated. Thus, it is much more important for
the objective function to be quickly evaluable than to deliver exact values.
The base of the presented data structures and algorithms is a voxelization of the
packing objects and the trunk geometry. However, the data delivered by our in-
dustrial partner consists of “soups” of triangles which are usually no watertight
2-manifold meshes and thus no volume representation that can be easily voxelized.
Therefore in chapter 1 at first a heuristic for generating voxelizations for such in-
put data will be presented. By using flow techniques this heuristic is robust against
even large holes in the input geometry and by using an octree approach it is fast and
memory efficient enough to reach millimeter resolution and below for even large
trunks within a reasonable running time.

Another large field in the automotive industry besides packing problems are geo-
metrical tests related to the engine. Thus, our industrial partner makes test drives
with new car models and measures the movement of the engine in its compartment
during extreme driving maneuvers. By this data it is checked for the digital model
of the engine and the compartment that fixed and moving parts keep a certain safety
distance. For this application a software has already been developed to calculate
the distance between fixed and moving parts for every sampling point of the move-
ment measurement by using the standard technique of bounding volumes.
By transferring the idea of bounding volumes for 3-dimensional objects to rigid
transformations in chapter 3 an approach will be shown how the sampling point
of the movement measurement can be found extremely fast for which the mini-
mum distance throughout all measured sampling points occurs. Furthermore, we
will show how this approach can be used to calculate an approximate course of the
distance with conservative error bounds which is much faster than calculating the
exact distance for every sampling point separately.
To generate the motion data of the engine our industrial partner uses an optical
tracking system. Since different types of tracking systems have become cheaper
and cheaper and more and more precise in the last few years, it is an obvious idea
to combine or to compare the data of several tracking systems. Therefore in chap-
ter 4 an iterative algorithm to combine the values of three or more independent
single point trackers will be presented, that are fixed to one object, in order to ro-
bustly calculate the pose of this object. Furthermore, an approach will be presented
how for poses that are measured by two independent tracking systems and “live”
in different coordinate systems, the transformations between the two coordinate
systems fixed to the tracking sensors and the two coordinate systems fixed to the
tracking markers can be calculated. This approach is mathematically equivalent
to an existing approach but needs less computational effort and gives an amazing
geometric view of the problem beyond the formulas. Additionally, by means of
a RANSAC approach an ambiguity concerning rotation quaternions will be over-
come which seems to have not been treated properly in previous publications using
rotation quaternions to solve this problem.



Chapter 1

Inner Space Detection

The CAD data provided by our industrial cooperation partner consists of triangle
sets which usually neither form a connected surface nor have a consistent orienta-
tion regarding what is inside and what is outside of a car trunk or component part.
Therefore we want to speak about “triangle soups” in the following. Because we
need a volume representation of the interior of a trunk and packing objects like
suitcases for the packing algorithm that will be presented in chapter 2 of this work,
we need a robust heuristic to determine the interior and exterior of a surface geom-
etry described by a triangle soup.
For that a technique already presented in a former work [1] has been refined. Be-
sides this, there seems to be no other work on this problem. Many algorithms for
mesh reconstruction from point clouds exist, like the Poisson surface reconstruc-
tion [2], but such algorithms could be applied in our case only for closing very
small holes and not such big ones as shown in figure 1.1.
The basic idea of the former work [1] is to find enclosed cells in a coarse vox-
elization of the geometry. These cells are defined as inside and then in a finer
voxelization these inner cells are separated from the outside by a minimum cut
resp. maximum flow calculation, hereinafter briefly denoted as min cut and max
flow.
For that the cells are considered as a network and the inner cells from the coarser
voxelization are considered as source and the cells on the outer surface of the vox-
elization as sink. Naturally, in this network every cell is a vertex and every cell is
connected to its six neighbors by an edge with capacity 1. However, this approach
only works for quite coarse target resolutions, which was 50 mm in that work. For
higher resolutions targeted in the scope of this work, this approach would lead to a
too long running time for the min cut calcuation and a too high memory consump-
tion for storing a number of cells which is cubic in the resolution.
Therefore this technique has been enhanced. Since this enhancement involves
some nested max flow min cut calculation, some graph theoretical basics are nec-
essary.
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4 CHAPTER 1. INNER SPACE DETECTION

Figure 1.1: The trunk geometry described by the CAD data provided by our industrial
partner can contain large holes, as in the rear bench (green) of the depicted model, or many
small holes, as in the trunk’s ceiling sheet metal (blue).

1.1 Graph Theoretical Preliminaries

In the following always a network N = (V,E) with a capacity mapping c : E 7→
R≥0 is considered. To meet our requirements we want to take not only single
vertices but whole subsets S and T of the vertex set V as source and sink, which
shall always imply S ∩ T = ∅. This can be reduced to the usual case of one
element source and sink by contracting S and T to single vertices. Contracting a
subset A ⊂ V to a single vertex a is done by considering the network Ñ = (Ṽ , Ẽ)
with

Ṽ := V ′ ∪ {a} , V ′ := V \A

(v1, v2) ∈ Ẽ :⇔


(v1, v2) ∈ E if v1 ̸= a , v2 ̸= a
(A× V ′) ∩ E ̸= ∅ if v1 = a , v2 ̸= a
(V ′ ×A) ∩ E ̸= ∅ if v1 ̸= a , v2 = a

and the capacity mapping c̃ : Ẽ 7→ R≥0 with

c̃(v1, v2) :=


c(v1, v2) if v1 ̸= a , v2 ̸= a∑

a′∈A c(a′, v2) if v1 = a , v2 ̸= a∑
a′∈A c(v1, a

′) if v1 ̸= a , v2 = a

and the usual convention c(v1, v2) = 0 if (v1, v2) /∈ E.
Furthermore we want to use the following notations for a network (V,E) with
capacity mapping c:

A := V \A for all A ⊂ V
c(A,B) :=

∑
a∈A,b∈B c(a, b) for all A,B ⊂ V

c(A) := c(A,A) for all A ⊂ V

At first we want to show the following fundamental lemma:
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Figure 1.2: The boundary between two sets A and B, their intersection and the comple-
ment can be divided in 5 elementary parts if A ∩B ̸= ∅, A ̸⊂ B and B ̸⊂ A.

Lemma 1.1 Let SA, TA ⊂ V be source and sink in a network (V,E) with capacity
mapping c : E 7→ R≥0 and let (A,A) be a corresponding SA-TA min cut. That
means SA ⊂ A, TA ⊂ A and c(A,A) is minimum. Furthermore let SB, TB ⊂ V
be another source and sink and (B,B) a SB-TB min cut with SA ⊂ SB and
A ∩ TB = ∅. Besides, A shall be minimum concerning set inclusion. That means
(A′, A′) is not a SA-TA min cut for any true subset A′ ⊊ A. Then A must be a
subset of B.

Proof:
Let us assume that A ̸⊂ B. In this case B cannot be a subset of A either because
otherwise (B,B) would be obviously also a SA-TA min cut in contradiction to the
minimality of A concerning subsets. Because of SA ⊂ A and SA ⊂ SB ⊂ B the
intersection of A and B cannot be empty. Thus the situation is described by figure
1.2. The boundary between A and B, their intersection and the complement can
be divided in 5 elementary parts. We define the following six sums of capacities of
edges crossing these parts (for part 5/6 in both directions):

c1 := c(A ∩B,A \B) c2 := c(A ∩B,B \A)
c3 := c(A,A ∪B) c4 := c(B,A ∪B)
c5 := c(B \A,A \B) c6 := c(A \B,B \A)

Because (A,A) is a SA-TA min cut and because of SA ⊂ A ∩B it is

c2 + c3 + c6 = c(A) < c(A ∩B) = c1 + c2 ⇒ c3 + c6 < c1 . (1.1)

The inequality must be strict because of the minimality of A concerning subsets
since in the equality case (A ∩B,A ∩B) would also be a SA-TA min cut.
Because of A∩TB = ∅ and TB ⊂ B⇒B∩TB = ∅ it must be (A∪B)∩TB = ∅.
Since (B,B) is a SB-TB min cut and SB ⊂ B ⊂ A ∪ B, it follows in a similar
way as in (1.1):

c1 + c4 + c5 = c(B) ≤ c(A ∪B) = c3 + c4 ⇒ c1 + c5 ≤ c3 (1.2)

Adding inequations (1.1) and (1.2) leads to c5 + c6 < 0 what is obviously a con-
tradiction because of c5, c6 ≥ 0.
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Definition 1.2 In a network (V,E) with capacity mapping c : E 7→ R≥0 we define
as the min cut component MCC(S, T ) for source S ⊂ V and sink T ⊂ V the
smallest superset U of S so that (U ,U ) is a S-T min cut:

MCC(S, T ) := argmin
U⊂V

{
|U |
∣∣ (U,U) is S-T min cut

}
We want to call MCC(S, T ) the min cut component of the source.

Proof:
MCC(S, T ) is well-defined. Suppose that there are two smallest supersets U and
U ′ of S with |U | = |U ′|. Then lemma 1.1 can be applied twice for SA = SB = S
and A = U , B = U ′ resp. A = U ′, B = U and it follows U ⊂ U ′ and U ′ ⊂ U ⇒
U = U ′.

Lemma 1.3 Let (V,E) be a network with capacity mapping c : E 7→ R≥0, source
S ⊂ V and sink T ⊂ V and let f : E 7→ R≥0 be a max flow from S to T . Then
MCC(S, T ) is S extended by the from S reachable vertices in the residual network
for f .

Proof:
According to the max-flow min-cut theorem the set U of from S reachable vertices
in the residual network and its complement are a S-T min cut. According to lemma
1.1 U must be a superset of MCC(S, T ). But according to the max-flow min-cut
theorem MCC(S, T ) cannot have outgoing edges as S-T min cut in the residual
network. Hence MCC(S, T ) cannot be a subset of U and thus MCC(S, T ) = U
must hold.

Annotation 1.4 If (V,E) is an undirected graph with capacity mapping c : E 7→
R≥0, source S ⊂ V , sink T ⊂ V and max flow f : E 7→ R≥0 from S to T ,
then MCC(T, S) is T extended by the from T reachable vertices in the residual
network for f with flipped edges because the max flow problem is symmetric for
undirected graphs. Hence we want to call MCC(T, S) in this case briefly the min
cut component of the sink.

Lemma 1.5 Let (V,E) be a network with capacity mapping c : E 7→ R≥0 and T1,
T2 and T3 three pairwise disjoint subsets of V . Then it is

MCC(T1, T2 ∪ T3) ⊂ MCC(T1 ∪ T2, T3) .
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Proof:
Because it is obviously MCC(T1, T2∪T3)∩T3 = ∅, we can apply lemma 1.1 with
A = MCC(T1, T2 ∪ T3), B = MCC(T1 ∪ T2, T3), SA = T1 and SB = T1 ∪ T2.

1.2 Enhanced Inner Space Detection

For inner space detection it is started at first with the bounding box of the geome-
try as “1-cell-voxelization” of the geometry which is then refined by doubling the
resolution resp. halving the edge length of voxels. After each refinement cells on
the boundary of the bounding box containing no geometry are flagged as outside as
well as all cells connected to these cells, which can be found by a depth first search
(DFS) or a breadth first search (BFS). Cells containing no geometry we want to call
empty cells and cells containing geometry geometry cells in the following. Cells
flagged as outside are not refined in the next refinement step and refined empty
cells, that are connected to outside cells or the boundary, are flagged as outside as
well. This refinement is repeated until empty cells are found which are not con-
nected to outside cells. The connected components of these cells are determined, to
each component an ID is assigned and the assigned IDs are stored in the according
cells.
In the second part of this heuristic geometry cells are again iteratively refined. The
basic idea is now again to separate the outer cells, which we want to refer to as outer
component, from all other components identified in the first part of the heuristic by
a min cut calculation. But it is not clear that all those other components are really
some kind of “inner” component inside the car trunk since there might be some
concave regions on the surface of the trunk with empty cells completely enclosed
by geometry cells on a coarse refinement level, which will be connected to the
outer component on a finer voxelization level. For that reason all components are
treated equally and each component is to be separated from any other component
including the outer component.
That is done by taking one component as source and all others as sink, calculating
a min cut resp. a max flow and assigning all cells that are reachable from the source
component in the residual network to this source component. That is done for all
components. More formally we want to calculate MCC(Si, Ti), Ti :=

∪
j ̸=i Sj ,

0 ≤ i ≤ n, if we denote the outer component as S0 and the inner components
as S1, . . . , Sn, and then extend Si to MCC(Si, Ti) for the next refinement step.
Because our graph is undirected and because of annotation (1.4), MCC(Ti, Si) is
obviously disjoint from MCC(Si, Ti). But because of lemma 1.5 MCC(Ti, Si) is
a superset of MCC(Sj , Tj) for j ̸= i. Hence all MCC(Si, Ti) are pairwise disjoint
showing that the procedure described at the beginning of this paragraph makes
sense at all.
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S T

“gap” vertices

MCC(S, T ) MCC(T, S)

Figure 1.3: Besides MCC(S, T ) and MCC(T, S) in an undirected graph there usually
remain “gap” vertices.

The next question that arises is if Si can be extended to MCC(Si, Ti) right af-
ter each flow calculation or if this can be done only after all flow calculations
are finished. The former would be preferable since memory for storing every
MCC(Si, Ti) could be saved and the following flow calculation would become
faster because extending Si to MCC(Si, Ti) means that a bigger number of cells
is contracted to one vertex for the flow calculation, i.e. the flow network be-
comes simpler. And in fact this can be done since according to annotation (1.4)
MCC(Si, Ti) is a subset of the cells reachable from Tj , j ̸= i, in the residual
network after calculating a max flow from Sj to Tj if all edges are flipped. But
it should be clear that contracting such a subset to a single vertex does not really
affect the max flow min cut calculation.
In general the graph is not completely partitioned into MCC(Si, Ti), 0 ≤ i ≤ n,
but there remain some kind of “gap” cells in between as illustrated in figure 1.3 for
the two component case. Actually such gap cells are welcome because we do not
want neighbored cells to belong to different components until the finest voxeliza-
tion level. Especially at slant boundaries this would be an undesirable behavior
since then these slant boundaries would stay voxelized at a coarse voxelization
level.
However, after calculating MCC(Si, Ti) and assigning them to the i-th component
there might be neighbored cells belonging to different components. For that reason
the current voxelization level is scanned for such cells and they are changed to gap
cells. Furthermore this “gap component” is extended by a 1-voxel layer of cells on
the level of currently finest voxels in order to reduce the already mentioned effect
that slant boundaries might stay voxelized at a coarse voxelization level.
When all the flow calculations to assign new cells on the finest voxelization level to
one of the components or to flag them as gap cells are finished, there might still be
unassigned cells enclosed by geometry cells. The connected components of such
cells are considered to be new inner components and therefore appropriate IDs are
assigned to their cells. When reaching very fine voxelization levels of 1 mm and
below the number of these new components tends to explode to thousands because
there are usually many small enclosed cavities in common geometries. Because
thousands of components would lead to an unacceptable running time for the flow
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S1

S2

S3

Figure 1.4: A max flow from S1 to S2 and S3 in this graph could run completely to S2 or
S3 if all edges have the same capacity. Thus the max flow distribution over several sinks is
not unique in general.

calculation and we are usually not interested in small cavities, below a certain
voxelization level only new components are accepted if their volume exceeds an
adjustable threshold. Otherwise these cells are considered to be geometry cells.
Components of former voxelization levels that are also under this threshold are
switched to geometry cells, too.
After a voxelization level has been processed in this way, besides geometry cells
all gap cells are refined. Hence the flow calculation at the next voxelization level
is done on refined gap subcells as well as refined geometry subcells that do not
contain geometry. Only sources and sinks consist of bigger cells from former vox-
elization levels.
As already mentioned, it is a common scenario that there are concave regions on
the geometry surface with enclosed cells on a coarse voxelization level leading to
separate components. In order to avoid treating these cells as separate components
until the very finest voxelization level a merging step for components after every
max flow min cut calculation is introduced. To decide if the source component is
to be merged with a sink component, the flow to this component is used, which
is recorded during the max flow min cut calculation. A sink component might be
merged with the source component if it fulfills the criterion

flow3 ≥ threshold ·min {source component size, sink component size}2 . (1.3)

The exponents are inspired by the fact that the size can be considered as volume
and the flow can be interpreted as an area the flow runs through. As threshold 1
is used, inspired by the simple situation that a cube shaped component should be
merged if there is a flow corresponding to the area of one of its sides. However, it
should be noticed that it is ambiguous how the total max flow is distributed over
the sink components as illustrated by figure 1.4, even if nearer sinks are preferred.
But as the whole inner space detection is a heuristic, we accept this ambiguity.
Besides, there is another ambiguity anyway when starting to merge components
just after each flow calculation because now the order in which the components
are processed makes a difference. By “process a component” we want to denote
the process of calculating a min cut with this component as source and merging its
min cut component to this component. The components are processed in an order
sorted by their size starting with the smallest one. After processing a component
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it is merged with all smaller and thus already processed components that fulfill the
flow criterion (1.3) and then it is processed again. This might happen later if this
component has become bigger than another unprocessed component by merging.
If there are no smaller components fulfilling the flow criterion, it is searched for
a bigger and thus unprocessed component fulfilling the flow criterion. If there are
several ones, that one with the biggest flow to it is merged with the just processed
component. The new bigger resulting component will be processed later again ac-
cording to its size.
The biggest advantage of processing smaller components at first is that in most
cases smaller components will be merged with bigger ones an thus a reprocessing
is avoided. And if it occurs, it is mostly for smaller components, for which the min
cut calculation is much faster than for bigger components.
When the target voxel resolution is reached, one might deviate from the handling of
former coarser voxelization levels depending on what is to be detected. If all of the
components are of interest, for example in order to detect other inner spaces like
wheel recesses in a trunk, one will process components in the same way as for the
voxelization levels before. But if one is only interesting in the real packing space of
a trunk, then usually only the biggest inner component is of importance. Therefore
one can stop after processing the biggest inner component, merge all other inner
components with the outer component and save the running time for processing the
outer component since the min cut problem is symmetric in an undirected network.
Accordingly if one is only interested in the outer space, for example to generate a
voxelization of a suitcase given as a holey hull geometry, one can skip the biggest
inner component, process the outer component and merge all inner components.
However, processing all components except the outer and the biggest inner com-
ponent is necessary in any case because these components might be merged with
the outer or biggest inner component depending on the calculated flow. Further-
more flagging adjacent cells of different components as gap can be omitted on the
targeted voxelization level since there is no finer voxelization level, on which the
boundary could be better voxelized.
The whole enhanced inner space detection is illustrated in a simplified manner in
figure 1.5 by a flow chart. In figure 1.6 it is shown for a test geometry that the inner
space detection works in the expected way. In figure 1.7 the inner space detection
for a trunk model with a big hole in the rear bench is illustrated by showing differ-
ent voxelization levels. As it can be seen, even such big holes do not disturb the
inner space detection strongly.
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Figure 1.5: Heuristic for detecting inner space illustrated as flow chart in a simplified
manner.
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Figure 1.6: Inner space detection showed for a test geometry that is drawn transparent.
Gap cells are colored gray. The test geometry consists of four cubes with a an edge length
of 10 voxel units and a 4×4 sized hole in the center of each of their faces. The four found
inner components are differently colored. In the last step of the inner space detection, that
is not yet done, these four components would be merged together including the gap cells
in between.
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Figure 1.7: Inner space detection for a trunk with a big hole in the rear bench and many
small holes in the top covering in 3 resolutions (32 mm top, 16 mm middle, 8 mm bottom).
The trunk geometry is drawn transparent and inner component cells red. On the left hand
side gap cells are drawn blue and the boundary of inner cells to the outside is drawn green.
On the right hand side they are omitted, but the boundary faces touching them are drawn
yellow.
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1.3 Implementation Details

The first step for the inner space detection is to voxelize the bounding geome-
try, which is a soup of triangles. The voxelization is represented by an octree [3]
whose root is the axis aligned bounding box of the geometry, which is enlarged
while keeping its center so that its edge length is a power of two of the targeted
voxel resolution. At first only the root is instanced and flagged as empty respec-
tively not filled. Then all triangles are added one after another to the voxelization
by propagating them through the octree hierarchy. On every level a triangle is
checked for collision with the current octree cell. If there is a collision the triangle
is propagated to the eight octree child cells, which have to be instanced in the case
that they have not been touched so far. If the leaf level is reached and there is a
collision, the leaf cell is flagged as filled and this is propagated back to its parent. If
now all eight children of the parent are filled, the parent is flagged as filled as well,
its children are deleted and the filling of the parent is propagated to the grandpar-
ent and so on. If one encounters a filled cell during propagation of another triangle
later, the propagation can be immediately stopped for that cell without checking for
collision because this cell has already been completely filled by former triangles.
Thus the propagation of triangles becomes faster with increasing filling degree.
This voxelization algorithm can easily be parallelized by starting the propagation
of triangles not with the root but with the 8d cells in depth d to get 8d independent
jobs. However, more jobs should be generated than parallel threads to do them
since some subtrees might be processed much faster than others because of differ-
ing filling degrees.
The other interesting and most running time consuming aspect of the implemen-
tation of inner space detection is the max flow resp. min cut calculation. Usual
algorithms for solving max flow min cut problems are the Edmonds-Karp algo-
rithm [4], Dinic’s algorithm [5] and the push-relabel algorithm [6]. The former
algorithm has a O(V E2) running time and the two latter O(V 2E), V denoting the
number of vertices and E the number of edges. The push-relabel algorithm can
even achieve a O(V 3) running time by proper implementation [6]. Though in our
application every vertex has at most 6 or rather 12 edges if we distinct between in-
coming and outgoing edges, that means E ∈ O(V ). Thus the asymptotic running
time of all those algorithms is in fact the same for our application. By introducing
additional data structures, some of those algorithm can be accelerated, as Dinic’s
algorithm to O(EV log V ) [7] by dynamic trees and the push-relabel algorithm
to O(V 2

√
E) by keeping lists of vertices with the same label which is a natural

number that is assigned to each vertex during the algorithm. However, all these
accelerations introduce additional per vertex data and hence are no option for our
implementation since memory consumption is critical for high voxel resolutions.
Yet, E ∈ O(V ) is not the only special property of our graph. Besides, all of its
edges have capacity 1. For such graphs it can be shown that Dinic’s algorithm even
runs in O(E3/2) [8]. Therefore it is first choice for our application.
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Furthermore since max flow calculation is the bottleneck of inner space detection, a
parallelized implementation is desirable. Dinic’s algorithm can be broken apart in
two general operations, that alternate during the algorithm. One is the calculation
of a so called layered network, which is in fact removing all edges in the residual
network not belonging to a shortest path from the source by a BFS, and the other
is the calculation of a so called blocking flow in this layered network, by which
the total flow in the network is subsequently increased. This changes the residual
network and both steps are repeated until there is no path from source to sink in the
layered network anymore.
Since the first operation is in fact only a BFS, the ways to parallelize that are quite
limited. A BFS can be divided in steps, each step consisting of collecting the un-
visited neighbors of a set of recently visited vertices. These collected neighbors
then become the recently visited vertices for the next step and for the first step the
recently visited vertices are the source of the BFS. When the collecting of unvisited
neighbors is done by several threads in parallel, it is clear that all threads must have
finished the collecting before the unvisited neighbors of the just collected vertices
can be collected in the next BFS step. Thus a thread synchronization is necessary
after every BFS step.
Hence the only question when parallelizing a BFS is how the collecting of unvis-
ited neighbors is allotted to the threads. In our implementation every thread has a
queue of recently visited vertices and a queue for the neighbors it collects. At first
thread i processes its own recently visited vertices and after that it supports thread
(i + 1)%p, (i + 2)%p, . . . by processing its vertices (with p the total number of
threads). The queues are implemented by arrays and the vertices are taken from
it for processing in chunks. Where the next chunk to process starts, is saved by
atomic integers. Of course if an array holding the collected neighbors runs out of
capacity, there must be a reallocation, but since every thread has its own queue of
collected neighbors, no synchronization is needed. By this implemenation a data
structure requiring locks for synchronization can be completely avoided.
The parallelization of the other operation of Dinic’s algorithm, the calculation of
a blocking flow in a layered network, is much more complicated to parallelize in
general. Some solutions have been suggested [9, 10, 11]. Usually they combine
preflow techniques, first introduced by Karzanov [12], with some quite sophisti-
cated data structures for managing the parallelization. However, in our special
case of an unit capacity network with a limited number of edges per vertex things
are much simpler.
Let us at first consider the standard implementation for the blocking flow calcula-
tion in a layered network. Usually the paths from source to sink are found recur-
sively by a DFS. If a path is found, the edge with the smallest residual capacity
on this path is determined and the flow is updated by this value. Thus this edge is
saturated and deleted from the network. Furthermore to avoid running into “dead
ends” with no path to the sink several times one also deletes completely processed
vertices during backtracking and all of their incoming edges as long as no path to
the sink has been found. This search for paths from source to sink is repeated until
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all outgoing edges of the source have been deleted, either because they are satu-
rated or there is no path to the sink using them left.
In an unit capacity network things are much simpler. An augmenting path from
source to sink has always capacity one. Although there might be edges with a
residual capacity of 2 because of flow over the backward edge, such edges can
never start at the source or end in the sink since for Dinic’s algorithm flow never
runs back to source or out of sink. Hence there can never be a complete path
of such 2-capacity edges. The idea is now to reduce the residual capacity of every
edge processed during DFS by 1 even if a path from source to sink is not yet found.
The reason why this can be done is that either a path from sink to source using this
edge will be found, and then everything is fine because every path has capacity 1,
or there is no such path, but then the edge is removed during backtracking anyway.
The advantage of this procedure is that the search for paths can be done in parallel
by several threads because the capacity needed for an augmenting path is taken
away at once and cannot be consumed twice by another thread running over the
same edge. But of course, the residual capacity of an edge has to be stored as an
atomic integer so that it can be safely decreased concurrently. Furthermore that is
only possible because a layered network never contains edges in both directions
so that if the capacity of an edge was decreased, the capacity of the corresonding
backward edge would have to be increased.
Actually two threads can only run over the same edge if it has a capacity of 2. Only
in this case and when additionally such edges lead to “dead ends”, then there is a
real overhead of the parallelization in comparison to the sequential version, that
is not technical like the usage of atomic integers. Such edges are processed only
once by the sequential version as they are deleted during backtracking. But since
capacity 2 edges should be quite rare in a layered network, this effect should be
neglectable.
Figure 1.8 shows the speed-ups for inner space detection for 12 different trunks
for 2, 4, 8 and 16 threads compared to the single threaded version. As it can be
seen, for 2 and 4 threads there is quite a reasonable speed-up in the range from 1.4
to 1.7 resp. 2.0 to 3.2. However, for higher thread counts the speed-up becomes
worse compared to the thread count because the overhead for thread synchroniza-
tion becomes a dominating factor. Especially since in our use case about half the
running time is consumed by the BFS for calculating the layered network and the
BFS obviously suffers very strongly from thread synchronization.

1.4 Running Time Results

Table 1.1 contains the running time results for the inner components detection of
12 different trunks for three voxel resolutions down to 0.5 mm. For each resolution
the running time for the voxelization of the input geometry (soup of triangles),
for the remaining inner components detection and the part of the latter for the flow
calculation is stated. As it can be seen, the flow calculation is the dominating factor
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Figure 1.8: Speedups of flow calculation for 2, 4, 8 and 16 threads in relation to single
threaded version for inner space calculation of 12 different trunks.

2 mm 1 mm 0.5 mm
tgeo tvox pflow tgeo tvox pflow tgeo tvox pflow
[sec] [sec] [%] [sec] [sec] [%] [sec] [sec] [%]

Trunk A 0.38 34.5 87.7 1.22 205 87.6 4.18 850 93.5
Trunk B 0.15 11.8 84.7 0.56 94 89.4 2.15 507 94.2
Trunk C 0.69 29.8 84.7 1.78 255 85.8 5.30 1039 93.4
Trunk D 0.55 29.3 87.4 1.49 186 86.9 4.56 884 93.9
Trunk E 1.36 69.2 84.7 3.30 967 89.0 9.44 3088 95.1
Trunk F 0.28 18.6 76.2 0.94 118 80.6 3.74 456 88.3
Trunk G 0.39 6.4 75.1 1.13 573 96.1 3.44 895 95.6
Trunk H 0.65 80.6 79.0 2.02 647 79.2 7.84 2627 92.5
Trunk I 0.31 36.1 88.7 0.99 263 90.5 3.77 1229 95.9
Trunk J 2.16 50.6 84.3 3.66 370 86.5 9.98 2065 95.4
Trunk K 0.41 100.7 96.4 1.18 346 92.8 3.79 1488 96.3
Trunk L 0.35 35.1 91.2 1.00 252 92.9 3.56 691 93.8

Table 1.1: Running time results for the inner components detection of 12 different trunks
with a voxel size of 2 mm, 1 mm and 0.5 mm done with 8 threads on a Intel® Xeon®

X5550 CPU at 2.66 GHz. The first column of each resolution contains the time for the
voxelization of the geometry (soup of triangles), the second the remaining running time
for the inner components detection and the third the part of this running time used for the
flow calculation.
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and amounts to nearly the whole running time with increasing resolution.
The total running time for 0.5 mm resolution remains under an hour for all trunks.
Thus, we want to finally state that by the presented algorithm for calculating the
voxelization of the interior of a trunk even submillimeter resolution can be reached
within a reasonable running time.



Chapter 2

Packing Arbitrarily Shaped
Objects into a Trunk

As already mentioned in the introduction, the continuous volume of a trunk is
usually not measured by its continuous volume, but there are two standards that
define it as the result of packing problems using boxes as packing objects. Firstly,
this is the German standard DIN 70020 [13], which is common in Europe and
uses equally sized boxes with a volume of one liter, and secondly, the American
standard SAE J1100 [14], which is common in the USA and uses a set of seven
differently sized boxes with volumes in the range from 5.63 to 67.47 liters. A DIN
and a SAE packing of the same trunk can be seen in figure 2.1.
For both packing problems much work exists. For the DIN packing problem that
are combinatorial approaches like integer linear programming [15, 16, 17], Monte-
Carlo techniques [18, 19], evolutionary algorithms [20] and approaches that ar-
range the boxes in layers [1, 21]. For the SAE packing problem less work exists,
but that also includes combinatorial approaches [22], evolutionary algorithms [20]
and Monte-Carlo techniques [23].
Many of this work has flown into a software that has been developed in a long-time
cooperation with a German car manufacturer and allows the generation of DIN
70020 and SAE J1100 packings. However, at a certain point of this cooperation
our industrial partner expressed the need for not only generating box packings ac-
cording to DIN 70020 and SAE J1100, but also packing arbitrarily shaped objects
like suitcases, golf bags etc. The solution developed according to this requirement
will be presented in this chapter.
It quickly became clear that simulated annealing [24] as standard technique should
be applied to solve the problem since it has already been successfully applied to
the box packing problem [19, 23]. Simulated annealing is a well-known probabilis-
tic metaheuristic to find a good approximation for the global optimum of a given
function. In order to use simulated annealing to pack a trunk, we have to encode
packing a trunk with a set of arbitrarily shaped packing objects as optimization of

19
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(a) (b)

Figure 2.1: A DIN 70020 packing (a) with equally sized small one liter boxes and a SAE
J1100 packing with the larger differently sized boxes according to the standard.

a scalar function. But at first we want to give a decently formal description of a
packing problem.
We are given a container described as an usually connected compact volume C ⊂
R3 in 3-dimensional space and a finite set P1, . . . , Pn, Pi ⊂ R3 of packing objects
described as connected compact volumes in 3-dimensional space. To each of this
objects we can apply a rigid transformation T : R3 → R3, x 7→ Rix+ti with a ro-
tation matrix Ri ∈ SO(3) and a translation vector ti ∈ R3 so that the transformed
objects can be described by:

Pi(Ri, ti) = T (Pi) =
{
x ∈ R3

∣∣RT
i (x− ti) ∈ Pi

}
Obviously a valid packing of the container can now be described as a tuple (R1,0,
t1,0), . . ., (Rn,0, tn,0) of rigid transformations so that it is

Pi(Ri,0, ti,0) ∩ Pi(Rj,0, tj,0) = ∅ , 1 ≤ i, j ≤ n

and Pi(Ri,0, ti,0) ⊂ C , 1 ≤ i ≤ n

Given a function p : P(R3) × P(R3) → R≥0 estimating the “penetration” of two
objects in some way with the property

p(A,B) = 0 ⇔ A ∩B = ∅ , A,B ⊂ R3 ,

we can formulate the packing problem as a global minimization problem of the
objective function

f :
(
SO(3)× R3

)n → R , (R1, t1, . . . ,Rn, tn) 7→

n∑
i=1

p(Pi(Ri, ti),R3 \ C) +

n∑
i=1

n∑
j=i+1

p(Pi(Ri, ti), Pj(Rj , tj)) . (2.1)
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Like many probabilistic heuristics, simulated annealing works by searching for
good solutions in the configuration space, in our case

(
SO(3)× R3

)n, by apply-
ing some kind of random changes of the configuration, which are called moves,
and evaluating the objective function on the found configurations. Since there is no
guarantee for a probabilistic heuristic to find a global optimum, the choice of the
objective function is crucial.
But like all other heuristics working in that way simulated annealing works the bet-
ter, the more random moves can be done in a certain time. In most cases evaluating
the objective function is much more expensive than applying a random move. Thus
there is usually a trade-off when choosing this function. On the one hand it should
be fast to evaluate and on the other hand it should describe the problem very well.
That means for “good” configurations it should yield small values and for “bad”
configurations it should yield big values.
Besides the objective function the choice of the random moves is crucial as well.
On the one hand “small” moves in configuration space should be applied so that
the algorithm will end up in a local minimum in any case and not in a configura-
tion which is “close” to better configurations that could not be reached by a few
moves. But on the other hand there should also be “big” moves in configuration
space because otherwise the random walk might never visit far off regions of the
configuration space or it might even be caught up in a local minimum.
However, the focus of this work is mainly on choosing a decent objective function
that is very fast to evaluate. Thus the simple sum of “penetrations” in (2.1) is used
and as objective function

p(A,B) := max

{
max

x∈A∩B
inf

y∈A\B
|x− y|, max

x∈A∩B
inf

y∈B\A
|x− y|

}
(2.2)

with |.| the Euclidean norm. The infimum is necessary because A \B is not closed
in opposite to A, B and thus A ∩B.
In fact, in order to speed up the calculation we are even going a step further and use
an approximation of the penetration according to (2.2) which can be evaluated con-
siderably faster after a proper preprocessing of the input geometry. The approach
used for doing that is an advancement of the Voxmap Pointshell method [25].
The basic idea of that method is to detect a collision of two objects after apply-
ing different rigid transformations by voxelizing the one object and sampling the
surface of the other by points and then check if sampling points lie in the voxeliza-
tion of the former object. The advantage of this is that the voxelization and surface
point sampling can be done as preprocessing and then the rigid transformations can
be applied very easily and fast to the sampling point set. Checking if two objects
A and B transformed by rigid transformations TA and TB collide, i.e. check if
TA(A) ∩ TB(B) is non-empty, is the same as checking if A ∩ T−1

A TB(B) is non-
empty. Therefore it is sufficient to apply a rigid transformation to the sampling
point set, which is much faster than applying a rigid transformation to a voxeliza-
tion.
However, in this simplest version the Voxmap Pointshell approach is not suitable
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for our demands because of two reasons. Firstly, we do not only want to test ob-
jects for collision but give an approximation for the penetration according to (2.2)
and, secondly, a simple voxelization stored in an array is no option because in the
automotive industry precision at least in the magnitude of millimeters is needed
while the geometric objects have sizes in the magnitude of meters. Hence a simple
voxelization stored in an array would lead to unacceptable memory requirements.
The memory problem is solved by using a hierarchical voxelization, i.e. an octree
representation in our case. In fact the packing items are not given by our industrial
partner as a solid volume description but as a triangulation of their boundaries. And
this triangulation is not necessarily a watertight mesh but might even have holes.
Thus the heuristic developed in chapter 1 for detecting the interior of a trunk can
be reused for detecting the outside instead of the inside. Since this heuristic treats
outer and inner components coequally it can be easily adapted for doing so and we
get an octree representation of our packing items by the way.
The other problem to solve is that we do not want to test only for collision but also
get an approximation for the penetration according to (2.2). To achieve this the
voxelization is extended to some kind of a so-called distance field which will be
presented in the following section.
So far there seems to be no comparable approach but only algorithms for calculat-
ing the penetration between convex polyhedra [26, 27] or convex quadric primitives
[28]. However, that is no option for our application case because packing objects
might not be convex and using the triangle representation directly would be too
slow for our speed requirements.

2.1 Generating an Adaptive Distance Field

While a voxelization stores only the information whether a voxel belongs to the
voxelized object or not, a distance field additionally stores the distance of this
voxel to the surface of the voxelized object. In this section we want to show how
this idea can be transferred to an octree, which is in fact an adaptive voxelization,
and how the resulting data structure, that we want to call an adaptive distance field,
can be built up efficiently.
Starting point is an octree which describes a container or a packing object by la-
belling each of its cells as being inside or outside. The octree originally resulted
from triangles describing the object’s surface. However, as a simplification this
original triangle geometry is discarded and the faces between inner and outer oc-
tree cells are considered as the new surface of the object. For every octree cell C
the bounds dmin and dmax for the distance to the surface S are to be calculated so
that for all x ∈ C it is

dmin ≤ d(x, S) ≤ dmax with d(x, S) = inf
y∈S
|x− y| . (2.3)
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Why it is useful to have such bounds for our Voxmap Pointshell approach will
become completely clear later on. (2.3) means that the tightest possible bounds are

dmin,best = min
x∈C

min
y∈S
|x− y| (2.4)

dmax,best = max
x∈C

min
y∈S
|x− y| . (2.5)

We can write min and max here and do not need inf or sup because all octree cells
as well as the surface are compact sets in R3. Because the surface is the boundary
between inner and outer octree cells, it can be represented as the union of a finite
number of square shaped axis aligned faces F1, . . . , Fm:

S =

m∪
i=1

Fi

We suppose that all boundary cells are refined down to the voxel resolution which
can be achieved by a proper preprocessing. Thus the edge length of the boundary
faces Fi is the voxel resolution. Since dmin,best for a cell C can be calculated by
considering the minimum distance to every boundary face Fi, we want to use it as
lower bound dmin:

dmin,best = min
x∈C

min
y∈S
|x− y| = min

i∈{1,...,m}
min
x∈C

min
y∈Fi

|x− y|

= min
i∈{1,...,m}

d(C,Fi) =: dmin with d(A,B) := inf
x∈A

inf
y∈B
|x− y| (2.6)

Unfortunately, dmax,best can not be calculated as easily because for different points
in a cell there might be different points on the surface which are nearest to the par-
ticular point in the cell. Or mathematically spoken, we used in (2.6) the commuta-
tivity of the minimum set operator, which we cannot do for dmax,best, because its
definition according to (2.5) also contains a maximum set operator.
However, obviously we can give an upper bound for dmax,best similar to (2.6):

dmax,best = max
x∈C

min
y∈S
|x− y| ≤ min

i∈{1,...,m}
max
x∈C

min
y∈Fi

|x− y|

= min
i∈{1,...,m}

dmax(C,Fi) =: dmax with dmax(A,B) := sup
x∈A

inf
y∈B
|x− y|

(2.7)
The expressions d(C,Fi) and dmax(C,Fi) can be evaluated very easily for an oc-
tree cell C and a cell facet Fi. Furthermore it can be shown very easily that their
values are in fact distances between points of the grid the deepest octree level cor-
responds to because minimum and maximum distances are reached between the
corners of the cells and faces. Hence d2(C,Fi) and d2max(C,Fi) can be expressed
as multiples of the squared grid distance of the deepest octree level and be calcu-
lated completely by integer arithmetics in units of the squared grid distance.
The basic idea for a fast calculation of an adaptive distance field is now to take
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the input voxelization represented as an octree, store for every octree cell d2min

and d2max (in units of the squared grid distance), initialize them with the maximum
integer, collect all boundary faces and update d2min and d2max of the cells to the cor-
rect values by propagating all faces through the octree hierarchy. This is possible
because dmin and dmax are according to (2.6) and (2.7) minimum values over all
boundary faces Fi, 1 ≤ i ≤ m. Hence they can be initialized with the maximum
value and successively be updated for all boundary faces.
The advantage of the hierarchical propagation is that that an early exit strategy can
be used. Obviously the dmax value of a cell calculated for a subset of all boundary
faces is an upper bound for the dmin and dmax values calculated for all boundary
faces for this cell and all of its subcells. Thus, if a face Fi is propagated through
the octree hierarchy and d(C,Fi) is bigger for a cell C than the cell’s current dmax

value, we do not need to propagate this face to the cell’s subcells because d(C,Fi)
and thereby dmax(C,Fi) cannot be smaller than the current dmin and dmax value
of this cell or its subcells.
However, one element is still missing to complete our algorithm to calculate an
adaptive distance field based on an octree voxelization. As the input octree of the
voxelization will contain big leaf cells in the inside and outside part of the vox-
elization, the dmin and dmax bounds for these cells will be far apart. For cells far
away from the surface this is acceptable because this is the adaptiveness of the dis-
tance field which makes it possible to reach grid resolutions on the deepest level
that would exceed acceptable memory limits when using a simple grid. Further-
more, the goal is to get only an estimation of the penetration, which can be used
for simulated annealing. And for this heuristic it is satisfactory to roughly rate a
configuration as very poor because there is much penetration. An exact quantifica-
tion is not needed.
As already mentioned, boundary cells sharing facets with the surface are to be re-
fined down to the deepest level. But depending on how the surface between inside
and outside is positioned in the octree grid there might be also big leaf octree cells
near the surface with their dmax value being several times larger than their dmin

value, which is not desirable. Hence we need a criterion when an octree cell should
be refined. For that the ratio of the average and half the distance of dmin and dmax

is used:
1
2 (dmax − dmin)
1
2 (dmax + dmin)

=
dmax − dmin

dmax + dmin
> threshold (2.8)

In fact this criterion is needed for the squared values of dmin and dmax since the
squared values are stored for all octree cells during the update process. But because
of dmin, dmax ≥ 0 and 0 < threshold < 1 criterion (2.8) is equivalent to:

(
d2min + d2max

)2
> 4

(
1 + threshold2

1− threshold2

)2

d2max d2min (2.9)

The threshold 0.5 was used throughout our experiments. Criterion (2.8) and (2.9)
are not well-defined for boundary cells with dmin = 0. But boundary cells are
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refined down to the deepest level anyway.
The refinement criterion (2.8) is checked when the boundary faces are propagated
through the octree hierarchy and the dmin and dmax values of the cells are updated.
Because for the function

t : R>0 × R≥0 → R , t(x, y) 7→ x− y

x+ y

it is

∂

∂x
t(x, y) =

2y

(x+ y)2
≥ 0 and

∂

∂y
t(x, y) =

−2x
(x+ y)2

< 0 for x > 0, y ≥ 0

(2.10)
and the dmin and dmax values are only reduced during face propagation, the re-
finement criterion can obviously only be fulfilled for a cell after its dmin value has
been reduced. In this case new children are generated immediately for that cell and
the face which caused the refinement is propagated further to these new children.
The dmax value of a cell is always an upper bound for its dmin value as well as
for its children’s dmax and thus dmin values. Hence the dmax and dmin values of
refined children are initialized by the parent’s dmax value. In doing so the octree
retains at any time the property that the dmax value of a cell is always greater or
equal to the dmax values of all of its subcells.
When a cell is refined due to criterion (2.8), propagation of previously processed
boundary faces to the newly created subcells might be necessary. This is achieved
by a second pass of propagation. An important point is that during this second pass
the refinement criterion cannot get fulfilled for any leaf cell and thus no further
passes are necessary.
This can be easily proven by contradiction. Suppose there is a leaf cell for which
the refinement criterion gets fulfilled in the second pass when propagating a certain
face. Then this cell must be contained by a parent cell higher in the hierarchy for
which the criterion was not fulfilled when the face was propagated during the first
pass. But this is not possible because, since this parent cell has been updated by
that face in the first pass, its dmin value is less or equal to the dmin value of the
subcell updated in the second pass. Furthermore, its dmax value is greater or equal
to the dmax value of the subcell as stated above. But then because of (2.10) it is
clear that the refinement criterion cannot be fulfilled for the subcell while being not
fulfilled for the parent cell with a smaller or equal dmin and a bigger or equal dmax

value.
For boundary cells, including cells with only a corner on the boundary, dmin and
dmax are not stored because, if dv is the length of a voxel’s edge on the deepest
level, it is for boundary cells always dmin = 0 and dmax = dv resp. dmax =

√
3dv

for cells with only a corner on the boundary. Instead for such boundary cells it is
stored in a bit field which of its 33 − 1 = 26 neighbors is on the other side.
Finally we want to query the adaptive distance field for the distance of points to the
surface. And if a query point is in a boundary cell, by this neighbor information
the exact distance to the boundary can be quickly calculated, which is better than
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Figure 2.2: If only corners of a cell are
on the boundary, the nearest point on the
boundary might be a point on the surface of
a next but one neighbor instead of the near-
est corner.

just giving dmin and dmax as bounds for that distance.
However, if only corners of such a cell are on the boundary and the distance of a
query point to the nearest corner on the boundary is larger than the distance to a
next but one neighbor, this distance to the next but one neighbor has to be used
as a lower bound and the distance to the corner as an upper bound because the
next but one neighbor might be on the other side as illustrated in figure 2.2 for the
2-dimensional case. Obviously the distance of a point to the nearest next but one
neighbor can be calculated as dv plus the distance to the cell surface.
When all boundary faces have been propagated through the octree hierarchy for
two times and all non-boundary cells contain the correct squared dmin and dmax

values, in a final postprocessing step the square roots are extracted and for outside
cells the dmin and dmax values are negated and swapped so that they are lower
and upper bounds for a “negative penetration”, which means in fact a distance.
Thus storing in an additional boolean variable whether a cell is inside or outside
is avoided. Furthermore using positive and negative values for penetrations resp.
distances is more suitable when using the adaptive distance field in conjunction
with other data structures, as it will become clear during the following sections.
Of course, to store penetrations as positive and distances as negative values is arbi-
trary. The distances could also be stored as positive and the penetrations as negative
values.

2.2 Generating a Proper Pointshell

For the Voxmap Pointshell approach a heuristic is necessary to sample the surface
of the container and packing objects with points to generate a Pointshell. Because
it is clear that the number of points will be crucial for the performance of the pen-
etration test, the points should be generated only on the object’s surface and not in
the interior. The generated points should be distributed equally over the surface,
but points should be placed preferably on sharp features like edges and spikes.
Because a voxelization of every object is generated anyway, it is obvious to use this
voxelization for generating the surface point sampling. The basic idea is to choose
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Figure 2.3: Illustration of “ideal” points on the boundary of surface cells to which the
nearest point in the cell is chosen for a surface point sampling.

a certain voxelization resolution, which will be usually much lower than for the
adaptive distance field, and place one point per geometry cell on the this resolution
level neighbored to cells on the other side. In doing so it is achieved that really the
surface is sampled and not the interior and that the points are distributed equally
over the surface.
To place points preferentially on sharp features the following heuristic is used to
decide which point among several points in a cell should be chosen for the surface
sampling: For every axis direction of the voxelization it is checked if the cell has
a lower and an upper neighbor belonging to the object’s interior. If only one of
the two neighbors belongs to the interior, the squared distance of the point to the
opposite boundary of the cell in this direction is calculated. If both or none of the
neighbors belongs to the interior, the squared distance of the point to the mid of the
cell in this direction is calculated. These squared distances are added for all of the
three axis directions and the point with the minimum value is chosen.
In fact that means that depending on which neighbors belong to the interior some
kind of “ideal” point on the cell’s boundary is defined, which is either in the mid
of a face, in the mid of an edge or in a corner, and the point nearest to that “ideal”
point is chosen. In figure 2.3 these “ideal” points are illustrated for some cells of
an exemplary voxelization.
To generate a sufficient number of points in a geometry cell, of which one point
can be chosen, the original triangles describing the packing object or the container
are refined by splitting them recursively in the mid of their longest edge. That is
done as long as the length of the longest edge is bigger than a certain threshold,
which is small compared to the voxelization resolution. After the triangles have
been refined in this way, for each cell at the surface one of the in this cell lying cor-
ners of the refined triangles is chosen as surface point according to the previously
described heuristic.
In figure 2.4 the results for the described point sampling heuristic are illustrated
for a sea-urchin-shaped test geometry with a voxelization resolution of 10 %, 20 %
and 40 % of the minimum distance between two neighbored spikes. The total di-
ameter of the test geometry is about 3.7 times this distance. As it can be seen, the
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(a) (b) (c)

Figure 2.4: Results of the point sampling heuristic for a sea-urchin-shaped test geometry
with a voxelization resolution of 10 % (a), 20 % (b) and 40 % of the minimum distance
between two neighbored spikes.

heuristic works quite well in the sense that sampling points are reliably placed on
the tips of the spikes. For the coarse voxelization resolution there are no longer
sampling points in the concave regions between the spikes. However, that should
not be a problem because for the final penetration test the surface point sampling of
one object is always checked against the voxelization volume representation of the
other object and vice versa because the theoretical penetration definition (2.2) is
symmetric, too. Additionally, a penetration according to (2.2) between two points
in concave regions of both objects’ surfaces might not be completely impossible
but quite pathological.
The points of a surface sampling are managed in a tree of bounding spheres calcu-
lated by the Welzl algorithm [29]. For that the bounding sphere for the points is
calculated and then they are partitioned by their median according to their projec-
tion to the biggest eigenvector of their covariance matrix in their centroid system.
The covariance matrix for a set of points p1, . . . ,pn is calculated by

n∑
i=1

(pi − p̄) (pi − p̄)T with p̄ :=
1

n
pi .

Because the covariance is obviously symmetric it can be diagonalized for exam-
ple by the Jacobi eigenvalue algorithm [30] for calculating the eigenvector of the
biggest eigenvalue. Figure 2.5 shows six consecutive levels of bounding spheres
calculated in this way for the surface point sampling of a suitcase. Because the
points contained by a bounding sphere are partitioned into two subset for which
the bounding spheres are calculated on the next level, the number of bounding
spheres doubles in every level. This process is continued until a subset consists
only of a certain number of points at most. Then this subset is not partitioned any
further and their bounding sphere is a leaf in the tree.
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Figure 2.5: Six consecutive bounding sphere levels of the surface point samplings for a
suitcase. Every sphere is the smallest enclosing sphere for a subset of the points, which a
are divided by their median according to their projection to the biggest eigenvector of their
covariance matrix in their centroid system into two subsets for the next deeper level.
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2.3 Combining Data Structures for a Fast Penetration Es-
timation

The data structures described so far – the adaptive distance field (ADF) on the one
hand and the surface point sampling managed in a bounding sphere tree (BST)
on the other hand – can now be combined for a fast penetration estimation. We
want to recall that by an ADF lower and upper bounds for a point’s distance resp.
penetration with the object described by the ADF can be retrieved. Penetration is
defined as distance to the object’s surface for points lying inside the object and by
convention penetrations for points lying inside are positive and distances for point
lying outside are negative.
If we want to check a packing object transformed by a rigid transformation T1 :
x 7→ R1x + b1 for penetration with another packing object transformed by T2 :
x 7→ R2x+ b2, we can also check the first object transformed by

T−1
2 T1 : x 7→ RT

2 (R1x+ b1 − b2) = RT
2 R1︸ ︷︷ ︸
=:R

x+RT
2 (b1 − b2)︸ ︷︷ ︸

=:b

for penetration with the second untransformed object.
Given a BST and an ADF description, this check for penetration can be conducted
by traversing the BST hierarchy by the recursive function described in algorithm
2.1. For the initial invocation of the function on the root of the BST the currently
minimum penetration dmin is initialized by 0. What makes this penetration estima-
tion algorithm fast is the early exit at line 7. However, because of the early exit it
is important that dmin increases as fast as possible to its final value. Thus the order
of the recursive invocations on the children in the lines 18 and 19 is crucial.
The used heuristic to get a reasonable order of both recursive invocations is that
this child is processed first whose transformed center is closer to the center of the
bounding sphere of the other object’s surface point sampling. Because the trans-
formed center of each bounding sphere must be calculated at line 4 anyway, the
additional computing costs for this heuristic concern only the distance calculation.
When actually implementing the function in algorithm 2.1, the transformed center
must be passed as parameter from the preceding recursive function call.
However, the Voxmap Pointshell approach to calculate a penetration by algorithm
2.1 has some quirks that have to be considered. One is that if two equal objects are
placed congruently in the same position, the Voxmap Pointshell approach might
detect no penetration or only a very small penetration because no points on the sur-
face of the one object are deeply penetrating the voxelization of the other object. To
overcome this problem the center of the ADF cell with the biggest penetration, i.e.
distance to the object’s surface, is taken and checked additionally to the object’s
surface points for penetration with the ADF of the other object when checking two
objects for interpenetration.
Another problem is that the penetration retrieved by this approach might not be
in any case a good measure for how hard it is to separate both objects. Figure
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Algorithm 2.1 Recursive BST traversal for calculating the penetration d with and
object described by an ADF. d is initialized by 0.

1: function TRAVERSE(bounding sphere S)
2: c← center of S
3: r ← radius of S
4: ct ← Rc+ b ▷ calculate transformed center
5: u← upper bound for distance of ct to surface retrieved from ADF
6: if u+ r ≤ d then
7: return
8: end if
9: if S is leaf in BST hierarchy then

10: for each surface point p contained by S do
11: pt ← Rp+ b ▷ calculate transformed point
12: l← lower bound for distance of pt to surface retrieved from ADF
13: if l > d then
14: d← l
15: end if
16: end for
17: else ▷ recursive invocation
18: TRAVERSE(child 1)
19: TRAVERSE(child 2)
20: end if
21: end function

(a) (b)

Figure 2.6: Although the suitcases have in both positions the same ADF-BST penetration,
position (b) is worse in the sense that a bigger move has to be applied to one of the two
suitcases in order to separate them.



32 CHAPTER 2. PACKING ARBITRARILY SHAPED OBJECTS

2.6 shows two suitcases in two positions in which they penetrate each other. The
ADF-BST penetration is the biggest possible value in both positions because sur-
face points of the one suitcase are lying in innermost ADF cells of the other suit-
case. However, it is clear that the arrangement of the suitcases in position (b) is
“worse” in the sense that a bigger move of one of the suitcases is necessary in order
to separate them. Obviously this is most problematic for packing objects with an
extent along one principal axis which is much smaller than the extent along the two
other principal axes.
Usually such objects have roughly the shape of thin boxes just like the suitcases
in figure 2.6, and thus it is an obvious idea to additionally “approximate” them by
boxes, calculate some kind of “reasonable” penetration between these boxes and
finally take as penetration for the simulated annealing the maximum of this pene-
tration and the ADF-BST penetration.
A reasonable penetration between two boxes can be calculated by the so called
separating axis theorem (SAT) [31]. This theorem states that two boxes do not
penetrate each other resp. are disjoint iff all their projections onto the 3 + 3 = 6
edge directions of both boxes as well as onto the 3× 3 = 9 cross products of these
edge directions are disjoint. If now two boxes penetrate each other, they overlap
in all theses 15 projections and as a penetration measure we can simply take the
minimum overlap of all these projections since a translation by this length along
the corresponding projection direction would separate both objects. The overlap of
two intervals [a1, b1] and [a2, b2] can be calculated by (if w.l.o.g. a1 ≤ a2)

overlap([a1, b1], [a2, b2]) =


0 if a2 ≥ b1
b1 − a2 if a2 < b1 ≤ b2
min{b1 − a2, b2 − a1} if b1 ≥ b2

.

But how can an arbitrary packing object be approximated by a box? Because we
want to take finally the maximum of the box penetration and the ADF-BST pen-
etration for the simulated annealing, it is clear that the approximating boxes may
only penetrate each other if the packing objects penetrate each other, too. Thus the
approximating boxes must be contained by the packing objects and hence it is clear
that it is best to take some kind of maximum box contained by the packing object.
It is obvious to take the box with maximum volume contained by the voxelization
because only the voxelization is a solid representation of the packing object.
To keep this problem computationally solvable in reasonable time the box should
have the same alignment as the cells of the voxelization. However, the input geom-
etry consisting of a soup of triangles describing the packing object’s surface might
have an arbitrary orientation in space. In order to find a proper alignment at first
the surface point sampling is calculated. Then the alignment for the voxelization
is determined by the principal axes of this point set, which are calculated as the
eigenvectors of the points’ covariance matrix, which must be calculated anyway
for dividing the points into two sets for the first BST level (see section 2.2).
In the following sections an algorithm is presented for finding a box with maximum
volume contained by a 3D voxelization. The basis of this algorithm is another al-
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gorithm for enumerating all rectangles contained by a 2D voxelization which are
maximal with respect to inclusion. This algorithm could also be used to solve the
2-dimensional problem – finding a rectangle with maximum area contained by a
2D voxelization – but in fact it is more general and can even be generalized to
arbitrary orthogonal polygons instead of 2D voxelizations.

2.4 A Simple Sweep Line Algorithm for Enumerating All
Maximal Rectangles in an Orthogonal Polygon

In this section a simple sweep line algorithm for enumerating all rectangles in an
orthogonal polygon which are maximal with respect to inclusion is presented. A
rectangle A contained by an orthogonal polygon P ∈ R2 is maximal with respect
to inclusion if no other rectangle B contained by P exists which itself contains A
without being equal to A. An orthogonal polygon is defined as a polygon whose
edges are parallel to the coordinate axes. More mathematically you can define an
orthogonal Polygon P as the closure of an open set Q ⊂ R2 so that its boundary
∂P = P \Q is the union of a finite number of vertical and horizontal line segments,
the edges of the polygon:

∂P =

nv∪
i=1

{(xi,v, y) | y ∈ [y−i , y
+
i ]} ∪

nh∪
j=1

{(x, yj,h) |x ∈ [x−j , x
+
j ]} (2.11)

Let x1 < . . . < xnx and y1 < . . . < yny be the sorted x and y coordinates oc-
curring in (2.11). Obviously a maximal rectangle contained by P , i. e. a rectangle
which is not contained by an other rectangle contained by P , must be of the form

[xi− , yj− ]× [xi+ , yj+ ] with 1 ≤ i− < i+ ≤ nx and 1 ≤ j− < j+ ≤ ny .

Otherwise the boundary coordinates could be extended to the next smaller resp.
larger value in {x1, . . . , xnx} resp. {y1, . . . , yny} without leaving the area of the
polygon in contradiction to the maximality of the rectangle with respect to inclu-
sion. Hence the number of maximal rectangles is finite and all maximal rectangles
can be enumerated.
For a number of sorted real values r1 < . . . < rn obviously a strictly monotone
continuous and thus bijective function can be found with

fr1,...,rn : [r1, rn]→ [1, n] with fr1,...,rn(ri) = i for i ∈ {1, . . . , n} .

Thus by applying the function

fP : [x1, xnx ]× [y1, yny ] → [1, nx]× [1, ny] ,

(x, y) 7→
(
fx1,...,xnx

(x), fy1,...,yny
(y)
)

to the orthogonal polygon it can be transformed so that all of its corners have natu-
ral coordinates and it can be considered as a 2D voxelization. Figure 2.7 shows an
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(a) (b)

Figure 2.7: When looking for rectangles which are maximal with respect to inclusion in
an orthogonal polygon (a) (that means all of its edges are parallel to the coordinate axes)
this can be done for an equivalent polygon (b) whose corners lie on an equidistant grid.

orthogonal polygon and the corresponding 2D voxelization.
Obviously set inclusion is compatible with such a mapping, that means rectan-
gles maximal with respect to inclusion are mapped to maximal rectangles in both
direction. This means that when we want to enumerate all maximal rectangles con-
tained by an orthogonal polygon it is sufficient to do that for the corresponding 2D
voxelization. In fact we want to apply this algorithm only for 2D voxelizations
anyway but describing this algorithm for 2D voxelization does not mean any re-
striction when considering orthogonal polygons.
The sweep line algorithm works by processing an interval representation of the
polygon as shown in figure 2.8. The intervals span cells with the same x coordi-
nate and describe stripes parallel to the y axis, but of course the algorithm would
also work when choosing the other interval representation perpendicular to that.
The intervals are processed along the x axis with ascending x coordinates but of
course this is again arbitrary and they could also be processed in descending order.
Such an interval representation can obviously be retrieved by sorting the vertices of
the polygon according to their x and y coordinates in lexicographical order which
requires an effort in O(nvert log nvert) if nvert is the polygon’s number of vertices.
For our application case the interval representation can even be retrieved directly,
which will be explained in the next section.
When now the intervals are processed from left to right with increasing x coor-
dinate, they have to be put into relation with the intervals from the previous step.
Seven basic cases can be distinguished when processing an interval in the next step:

1. The interval is not contained by an interval of the previous step.

2. The interval spans the same y range as a previous interval.

3. The interval extends a previous interval.
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1 2 3 4 1|2 5 6 7

Figure 2.8: For the sweep line algorithm
an interval representation consisting of in-
tervals spanning cells with the same x co-
ordinate is processed from left to right.
Seven basic cases can occur when doing
that, which are numbered at the bottom and
explained in the text.

Figure 2.9: As long as the interval spanning
the polygon’s height only increases when
processing from left to right, the coordi-
nates of outer vertices (red dots) of ver-
tical edges are stored in a deque (double
ended queue) that actually resembles the
polygon’s contour.

4. The interval shortens a previous interval.

5. The interval merges two or more previous intervals.

6. There are two or more intervals overlapping with a previous interval and thus
splitting it.

7. For a previous interval there is no interval in the next step overlapping with
it.

The seven cases are illustrated in figure 2.8. The cases are not mutual exclusive
but several cases can occur at once, just like cases 1 and 2 occur simultaneously
between cases 4 and 5 in figure 2.8.
In the first step for the smallest x value a new interval is created (case 1). As long
as this interval is not changed (case 2) or only extended (case 3), the algorithm
simply stores the coordinates of the vertices which are outer endpoints of vertical
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Algorithm 2.2 Deque unwinding when processing an edge spanning the interval
[ỹmin, ỹmax] at the x coordinate xsweep

1: xmin ← xsweep

2: while true do
3: ymin ← y coordinate of first vertex in deque
4: ymax ← y coordinate of last vertex in deque
5: if ỹmin ≤ ymin and ymax ≤ ỹmax then
6: if ỹmin < ymin then
7: add vertex (xmin, ỹmin) to the front of deque
8: end if
9: if ymax < ỹmax then

10: add vertex (xmin, ỹmax) to the back of deque
11: end if
12: break
13: end if
14: xmin ← maximum of x coordinates of first and last vertex in deque
15: enumerate rectangle [xmin, xsweep]× [ymin, ymax]
16: if xmin = x coordinate of first vertex in deque then
17: remove first vertex from deque
18: end if
19: if xmin = x coordinate of last vertex in deque then
20: remove last vertex from deque
21: end if
22: end while

edges in a deque (double ended queue) as shown in figure 2.9 so that this deque
actually resembles the contour of the polygon. The y coordinates of these edges
correspond to the boundary y values of the processed intervals.
If now the interval is shortened (case 4) we can unwind this deque from both ends
and enumerate a number of rectangles which will no longer be contained by the
contour described by the unwound deque. If xsweep is the x coordinate of the
sweep line and [ỹmin, ỹmax] is the y range of the processed interval on the sweep
line, this can be done by the loop shown in algorithm 2.2.
If the interval bounds ỹmin and ỹmax do not match existing y coordinates in the
deque, new vertices must be added to its front resp. back after unwinding (see
lines 6 to 11). What rectangles are enumerated and how the contour described by
the deque looks like after unwinding the deque is shown in figure 2.10 for an ex-
emplary case.
Obviously the same code can be used when there is no interval on the sweep line
overlapping with a previous interval (case 7), and the polygon is closed at the pre-
vious interval by an edge spanning it. In this case only the break condition from
line 5 to 13 is left away, and the loop runs as long as the deque is not empty.
If an interval is split by two separate intervals on the sweep line overlapping with
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Figure 2.10: Rectangles that are enumer-
ated when the next interval is smaller than
the opening range of the deque. The rect-
angles are enumerated by unwinding the
deque of vertices (red). The four rectangles
are drawn slightly smaller so that their con-
tours do not overlap.

Figure 2.11: When there are two intervals
overlapping with a previous interval and
thus splitting it, the deque is unwound and
rectangles are enumerated in the same way,
but the unwound vertices are not thrown
away but added two a second deque form-
ing another contour.

Figure 2.12: When several con-
tours are merged because they are
spanned by the next interval, artifi-
cial nodes are additionally added at
the front and back of the deque as
well as between every pair of neigh-
bored contours. In these artificial
nodes references to their neighbors
are stored so that they form a dou-
ble linked list in the deque. Behind
the artificial nodes at the front and
back of the deque normal nodes are
added even if the outmost contours
are not extended in y direction.
In the artificial nodes no coordinates
are stored. Thus the position be-
tween their neighbors at which they
are drawn in the figure is not crucial.
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Figure 2.13: When a con-
tour with several bays is
split, only the bay(s) in
the “split region” are pro-
cessed. Thus in the de-
picted case only rectangles
in the dark gray region are
enumerated.

it (case 6), the procedure is quite similar. The deque is unwound in the same way
until the spanned interval is contained by one of the two intervals on the sweep
line. But the unwound vertices are not thrown away but added to a second deque
forming another contour if their y coordinates are contained by the next interval on
the sweep line. This situation is shown in figure 2.11.
If two or more contours are merged (case 5), artificial nodes are added at the front
and back of the deque as well as in between of every pair of neighbored contours
as shown in figure 2.12. In these artificial nodes references to the two neighbored
artificial nodes are saved so that they form a double linked list within the deque.
The old contours form some kind of “bays” in the new contour. Behind the artifi-
cial nodes at the front and back of the deque normal nodes are added even if the
outmost contours are not extended in y direction. These nodes ensure that when
unwinding the deque a rectangle spanning the whole extent in y direction is enu-
merated before processing the bays.
The bays obviously require some special treatment when the new contour is modi-
fied. If it is shortened beyond complete bays, the deque unwinding code has to fork
for each of these bays and all rectangles in these bays have to be enumerated. But
if it is split, only bays lying in the “split region” have to be processed while bays
that are spanned completely by one of the new parts have not to be processed. This
is illustrated in figure 2.13.
As already mentioned, the seven basic cases are not mutual exclusive, but several
cases can occur at once, and this is taken into account by the algorithm’s actual
implementation. Just like the sweep line moves from left to right, the polygon’s
intervals at the current sweep line position are processed from bottom to top, and
the contours are stored in ascending order according to their y coordinates. If a
contour of the last step is shortened at its top, it has to be checked for the cut off
part of the contour if it overlaps with the next interval on the sweep line so that
there is a split. But this next interval might even span the next contours so that they
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are merged with this remaining cut off part and so on.

2.4.1 Running Time Considerations

It is clear that the algorithm 2.2 for unwinding the deque has a running time linear
in the number of rectangles it enumerates and that it is also linear in the size of the
unwound deque because every normal node or at most pair of nodes at both ends
leads to a rectangle that is enumerated when unwinding. There might be additional
effort because of artificial nodes but it is obvious that there cannot be more artificial
nodes than normal nodes.
Except the unwinding of deques the described algorithm only comprises the pro-
cessing of intervals on the sweep line. If the 2D voxelization resulted from an
orthogonal polygon, it is clear that, when processing the intervals for a certain
sweep line position, at least one deque is changed by adding nodes or unwinding
the deque. If we assume that the number of intervals on the sweep line is limited
by a constant, the additional effort for processing the intervals is also linear in the
number of nodes of the contours and thus linear in the number of maximal rectan-
gles. Hence in this case the whole algorithm has a running time only linear in the
number of maximal rectangles and thus it can be considered to be optimum.
If the 2D voxelization did not result from an orthogonal polygon, there might be
sweep line positions at which none of the existing contours is changed and thus the
running time of the algorithm is linear in the horizontal extent of the voxelization
if that is bigger than the number of maximal rectangles.
Now the question is if the running time and thus the number of maximal rectangles
can also be put in relation to other measures. It can be easily shown that the run-
ning time is linearly limited by the number of inner cells of the voxelization. The
effort to process the intervals on the sweep line is obviously limited by the number
of inner cells these intervals span. When unwinding a deque there will be at least
one row of inner cells just in the depth the deque has to be unwound which are no
longer contained by any contour after unwinding and which have not to be taken
into account any more.
At first glance this upper bound might not to be very good, but in fact one can
easily construct examples in which it is tight. Figure 2.14 shows such an example.
The shown polygon has n vertices (in the figure for n = 6) at its right bottom side
and every vertex is the lower right corner of n maximal rectangles. Hence on the
whole it contains n2 maximal rectangles and it has

2n− 1 + 2

2n−2∑
i=n

i = 3n2 − 3n+ 1

inner cells. Thus the number of maximal rectangles is in fact linear in the number
of inner cells.
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n cells n− 1 cells

Figure 2.14: A polygon as depicted has n vertices at its right bottom side and every vertex
is the lower right corner of n maximal rectangles. In the picture these rectangles are drawn
for one vertex, but a little bit smaller at their right and bottom side so that their contours do
not overlap. Thus this polygon contains n2 maximal rectangles.

2.5 Finding a Largest Box in a 3D Voxelization

With the help of the algorithm for enumerating all maximal rectangles in a 2D vox-
elization described in the preceding section we can now give a quite easy algorithm
for finding a largest box (concerning volume) in a 3D voxelization. The basic idea
is that every box in a 3D voxelization can be described as the offset of a smaller
“inner box” in the voxelization or more formally as the Minkowski sum of an inner
box in the voxelization and a cube whose edge length is an integral multiple of the
cell length. If the offset is made as large as possible and the inner box as small
as possible and the box extends over l grid cells at its shortest edge, the inner box
extends only one grid cells in this direction if l is odd and two if l is even. Then for
the offset d it is

d = l−1
2 if l is odd and

d = l
2 − 1 if l is even.

The two cases are visualized in figure 2.15(a) and (b).
The idea is to start with the voxelization’s surface cells and successively calculate
the surface cells of the voxelization’s negative offset by 1, 2, 3, . . . cells until no
cell is left. This is done by a simple BFS which collects in every step the surface
cells of the d+ 1 offset as those among the 26 neighbors of every d offset surface
cells which do not belong to the surface of the d or d− 1 offset.
Usually for a BFS a visited flag is stored for every cell. However, the voxelization
is stored by an octree representation to save memory and to keep the memory
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(a) (b)

Figure 2.15: A box in a 3D voxelization (blue, front face not drawn) can be described as
offset of an inner box (red). To make the position of the inner box clear the projections
of the inner box’s left, right, bottom and top faces onto the surface of the outer box is
visualized. If the offset is made as large as possible and the inner box as small as possible
and the outer box extends over an odd number of cells in its shortest edge direction, the
inner box extends only over one cell in this direction (a). If the outer box extends over an
even number of cells in its shortest edge direction, the inner box extends over two cells in
this direction (b).

d = 0

d = 1

d = 2

d = 3

Figure 2.16: The surface cells of all negative offsets of the voxelization are calculated by
a BFS until no cells are left. For every cell it is stored in a bit field which of its neighbors
belong to the previous layer or are outside in case of the outmost layer. These bit fields are
visualized by small arrows.
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Algorithm 2.3 BFS for calculating negative voxelization offsets
1: S ← hash map with indices of voxelization’s surface cells as keys and bit field

storing neighbors outside as mapped value
2: while S is not empty do
3: nextS ← empty hash map
4: for all cells in S do
5: for all neighbors not stored in bit field as belonging to previous layer

do
6: if S does NOT contain neighbor then
7: retrieve neighbor’s bit field from nextS or insert it zero-

initialized if nextS does not yet contain neighbor
8: set current cell in neighbor’s bit field as belonging to

previous layer
9: end if

10: end for
11: end for
12: swap S and nextS
13: end while

consumption proportional to the voxelization’s surface and not its volume. Storing
flags for every cell would be contrary to that. Thus the surface cells of the offsets
are stored by their 3-dimensional indices in a hash set. When the neighbors of the d
offset’s surface cells are iterated for collecting the surface cells of the d+ 1 offset,
we can find out by querying this hash set which neighbors are surface cells of the
d offset and do not belong to the next surface layer. Additionally these neighbors
must be excluded which belong to the surface of the d − 1 offset. This is done
by storing in a bit field for the cells when they are collected which of their 26
neighbors belong to the previous surface layer. For the original surface cells of the
voxelization, which can be considered as the d = 0 offset surface cells, this bit
field stores which neighbors in the grid do not belong to the voxelization. Actually,
the hash set is extended to a hash map and the cell index is stored as key and the
bit field as value. The different surface layers and these bit fields are visualized in
figure 2.16 for the 2D case. The pseudo code for the BFS is shown in algorithm
2.3.
A similar idea for the 2-dimensional case can be found in [32] where it is applied
in order to find a rectangle with maximum area contained by a 2D voxelization.
However, the algorithm presented in [32] has a running time which is linear in
the number of the cells of the 2D voxelization in any case. With the algorithm
presented in section 2.4 such a maximum rectangle in a 2D voxelization can be
found usually much faster and only with a running time linear in the number of
cells in worst case scenarios.
To extend this approach to the 3-dimensional case the idea is to look in every
pass of the BFS loop at line 2 in algorithm 2.3 for all 2-dimensional cuts of the
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voxelization’s d offset for a rectangle with width w and height h which is maximum
with respect to its “extended area” (w+2d) · (h+2d). Of course this is to be done
for cuts perpendicular to x, y as well as z direction. For example if we find such
a maximum rectangle in the x = x0 cut of the voxelization’s d offset with (y0, z0)
as its lower left corner, that means that the corresponding box

[x0 − d, y0 − d, z0 − d]× [x0 + d, y0 + w + d− 1, z0 + h+ d− 1]

is contained by the original voxelization and there is no other box whose shortest
edge extends over 2d + 1 cells and which has a larger volume than this box. The
interval bracket notation is to be understood that cells with the contained integral
indices are spanned by the box. Thus an interval [a, b] spans b− a+ 1 cells.
If we determine such maximum rectangles for all d = 0, 1, . . . offsets and take the
corresponding box with the largest volume, we know that this is a box contained
by the voxelization which is maximum concerning volume among the boxes that
extend over an odd number of cells in their shortest edge direction.
However, we want to find a maximum box among all boxes contained by the vox-
elization. Thus not only the 2-dimensional cuts which extend over one cell in their
normal direction have to be taken into account, but also the intersection of every
pair of neighbored cuts which extend over two cells in normal direction. If we
find a rectangle with width w and height h in the intersection of the x = x0 and
x = x0 + 1 cut of the voxelization’s d offset with (y0, z0) as its lower left corner,
that means that there is a corresponding box

[x0 − d, y0 − d, z0 − d]× [x0 + d+ 1, y0 + w + d− 1, z0 + h+ d− 1]

contained by the original voxelization.
The search for a maximum rectangle in the 2-dimensional cuts of the voxelization’s
offsets is done by the algorithm for enumerating all rectangles in a 2D voxeliza-
tion which are maximal with respect to inclusion described in section 2.4. The big
advantage is that the necessary interval representation can be easily retrieved from
the offset’s surface cell indices and the stored bit fields for neighbors belonging to
the previous layer. For that at first the indices have to be sorted in lexicographical
order, for the x-cuts sorted according to xyz, for the y-cuts according to yzx and
for the z-cuts according to zxy.
Let us say we have sorted according to zxy and want to find a maximum rectangle
in the z-cuts. By iterating over all indices with the same z-coordinate z0 we can
now enumerate all y-intervals with the corresponding x-coordinate describing the
z = z0 cut in the correct order as input for the rectangle enumeration algorithm
(the sweep line proceeds in x direction) as shown in algorithm 2.4
If we want to apply the rectangle enumeration algorithm to the intersection of two
neighbored cuts, we do not have to explicitly calculate and store the interval repre-
sentation of this intersection. We can simply apply again algorithm 2.4 to both cuts,
calculate the intersection of the returned intervals on the fly as shown in algorithm
2.5 (exemplary for z-cuts) and use the result as input for the rectangle enumeration
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Algorithm 2.4 z-cut interval enumeration
1: declare ymin ▷ variable for lower interval bound
2: for all cells with sorted indices (x, y, z0) do
3: if lower and upper y neighbor belongs to previous layer then
4: return (x, [y, y]) as next “single cell” interval
5: else if only lower y neighbor belongs to previous layer then
6: ymin ← y
7: else if only upper neighbor belongs to previous layer then
8: return (x, [ymin, y]) as next interval
9: end if

10: end for

algorithm. “Valid interval” at line 3 means that there was really an interval left
when retrieving it.
However, not for all intersections of neighbored pairs of cuts a maximal rectangle
has to be searched. If Vmax is the volume of the largest box found so far, such a
rectangle must have an extended area (w+2d) ·(h+2d) larger than Vmax/(2d+2)
so that the corresponding box has a larger volume. But if such a rectangle exists in
the intersection, rectangles with at least this extended area must also exist in both
cuts. Thus the intersection of two neighbored cuts has only to be checked for a
maximal rectangle if both cuts contain maximal rectangles with an extended area
larger than Vmax/(2d+ 2).

2.5.1 Running Time Considerations

To estimate the running time of the described algorithm let us assume that the
voxelization is embedded in a n × n × n sized cubic grid so that the number of
inner cells is in O(n3). The algorithm consists of two parts. Firstly, there is the
BFS of the inner cells and the sorting of the surface cells according to their indices.
Because every inner cell is a surface cell in exactly one offset, actually all inner
cells are sorted yielding a running time in

O(n3 log n3) = O(n3 log n) .

Secondly, there is the searching for maximal rectangles in all cuts of all offsets
of the voxelization. Obviously the number of offsets is in O(n) and every offset
has a number of cuts in O(n) as well. As established in the previous section the
algorithm for finding maximal rectangles has a running time that can be linear
in the number of inner cells and the number of inner cells of a cut is obviously
in O(n2). On the whole that means the running time for finding the maximal
rectangles is in

O(n4)
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Algorithm 2.5 z-cut interval intersection enumeration

1: (x1, [ymin,1, ymax,1])← first interval of z-cut 1
2: (x2, [ymin,2, ymax,2])← first interval of z-cut 2
3: while (x1, [ymin,1, ymax,1]) and (x2, [ymin,2, ymax,2]) are valid intervals do
4: if x1 < x2 then
5: (x1, [ymin,1, ymax,1])← next interval of z-cut 1
6: else if x2 < x1 or ymax,2 < ymin,1 then
7: (x2, [ymin,2, ymax,2])← next interval of z-cut 2
8: else if ymax,1 < ymin,2 then
9: (x1, [ymin,1, ymax,1])← next interval of z-cut 1

10: else ▷ it is x1 = x2 and both y intervals overlap
11: ymin ← max{ymin,1, ymin,2}
12: if ymax,1 < ymax,2 then
13: ymax ← ymax,1

14: (x1, [ymin,1, ymax,1])← next interval of z-cut 1
15: return (x1, [ymin, ymax]) as next interval
16: else
17: ymax ← ymax,2

18: (x2, [ymin,2, ymax,2])← next interval of z-cut 2
19: return (x1, [ymin, ymax]) as next interval
20: end if
21: end if
22: end while

and thus seems to be the dominating part. However, as experimental results showed
that will be presented later, actually the BFS seems to be dominating. Probably this
is due to the fact that the running time of the algorithm for finding maximal rectan-
gles is usually much shorter than the worst case scenario of linearity in the number
of inner cells. Obviously the running time of this algorithm is correlated to the
boundary complexity of the cuts and it can be in O(n) instead of O(n2) for “good”
cases. Furthermore it is clear that the surface complexity of the offsets becomes
smaller and smaller until no cells are left and thus the boundary complexity of the
cuts becomes smaller, too.
Probably there are also algorithms which could find a rectangle with a maximal
extended area in a cut asymptotically faster than enumerating all rectangles maxi-
mal with respect to inclusion. For the problem of finding an axis-parallel rectangle
with maximal common area an O(m log5m) algorithm exists [33] where m is the
the number of vertices. The running time of this algorithm can even be improved
to O(m log2m) [34]. But since the search for maximal rectangles was experimen-
tally faster than the BFS, there seemed to be no necessity for spending much effort
on trying to improve this part of the algorithm.
To get a comparison for the asymptotic running time of O(n4) we want to con-
sider the running time of a naive implementation. A naive implementation could
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for example check every inner cell as lower left front corner of a maximum box
and every other cell with coordinates bigger or equal in every component as upper
right back corner. This would already result in a running time of O(n5 log n) if a
binary search for the last coordinate is used. Additionally it has to be checked for
every box if it is contained by the voxelization. When using an octree structure de-
scribing the voxelization this can be done in O(log3 n) leading to a running time of
O(n5 log4 n) on the whole. Compared to that a running time in O(n4) is a distinct
improvement.

2.5.2 Technical Details of Parallelization

Of course when implementing the described algorithm for finding a box in a 3D
voxelization with maximum volume an interesting question is how it can be paral-
lelized efficiently. The parallelization of finding maximal rectangles in the cuts is
straight forward because it can be simply done for different cuts in parallel just like
the sorting of the cells’ indices according to xyz, yzx and zxy if they are copied
or references on the actual indices are sorted.
However, as already mentioned in experimental results, the BFS seemed to be dom-
inating. BFSes are usually problematic to parallelize because that imposes a quite
big effort on synchronization. In a common implementation every thread collects
the cells for the next BFS step in its own data structure and after every BFS step
these data structures have to be reasonably distributed on the threads again. Espe-
cially in our case this would be problematic because not only neighbored cells are
to be collected but also bit fields stored in a hash map are to be updated.
But there is an elegant alternative using the fact that the number of surface cells of
the offsets usually decreases. There are rare cases in which it can increase but it is
clear that in most cases it will decrease. After all it finally reaches 0. The idea is to
use a thread-safe lock-free hash map in which the next surface cells can be inserted
simultaneously and for which the stored bit fields can be updated simultaneously.
The hash table storing buckets of cell indices with the same hash value can be pre-
allocated with a size equal to the number of surface cells of the last offset. Because
the number of surface cells usually decreases or only increases slightly in rare cases
we know in advance that the hash table will be big enough to hold all surface cells
of the next offset so that the number of hash conflicts is limited. That is important
because a reallocation of the hash table would not be possible in a thread-safe way.
Hence only a thread-safe lock-free data structure is necessary for the buckets of
cell indices and the corresponding bit fields which can be searched in linear time
for existing elements and to which elements can be added. This can be realized
in C++11 as a singly-linked list using so-called atomics. C++11 supports atomic
integers which can be used to store the bit fields (for 26 neighbors 32 bit integers
are sufficient) as well as atomic pointers which can be used as the elements of the
hash table storing the address of each singly-linked list’s head node resp. a null
pointer if the list is empty.
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Algorithm 2.6 Thread-safe lock-free singly-linked list manipulation / insertion

1 struct Node {
2 Node *next;
3 Index index;
4 std::atomic<int> bitField;
5 };
6 void setBit(std::atomic<Node*> &listHead,
7 const Index &index, int bit)
8 {
9 Node *oldHead = listHead.load();

10 Node *node = oldHead;
11 while (node) {
12 if (node->index == index) {
13 node->bitField.fetch_and(bit);
14 return;
15 }
16 node = node->next;
17 }
18 // index not found => create new node for inserting
19 Node *newHead = new Node{oldHead, index, bit};
20 // must check if head has changed in meantime
21 while (!listHead.compare_exchange_weak(newHead->next,
22 newHead)
23 {
24 node = newHead->next;
25 while (node != oldHead) {
26 if (node->index == index) {
27 // index has been inserted in meantime
28 node->bitField.fetch_and(bit);
29 delete newHead;
30 return;
31 }
32 node = node->next;
33 }
34 oldHead = newHead->next;
35 }
36 }
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The code for a function setting a bit for an existing cell index in a list resp. adding
this cell index with this bit set to the list is shown in algorithm 2.6. The load func-
tion simply loads and returns the value hold by an atomic and the fetch_and
function atomically replaces the hold integer by the result of bitwise AND of this
integer and the integer given as parameter. The third used atomic function is
compare_exchange_weak. It takes as first parameter an expected value by
reference and as second parameter a new value and only replaces the value hold by
the atomic and returns true if its previous value is equal to the expected value. If
that is not the case, it copies the atomic’s value to the expected value (because of
that it must be passed by reference) and returns false. The weak means that the
function might spuriously fail to exchange the atomic value although it is equal to
the expected value. There is also a strong version of this function for that this
cannot occur but the C++11 standard [35] suggests using the weak version if there
is a loop calling this function anyway. Because if the function fails, it must be
searched in the indices inserted in the meantime and then the function called again,
that is true for our case.
That a thread-safe lock-free data structure can be used in such an easy way at this
point is really remarkable and due to the fact that only a very limited number of
access operations is necessary. Already removing the head node of a list as used
in algorithm 2.6 is not easily possible in a thread-safe way. At first glance one
might think that this could be done by replacing the pointer to the head node by
the pointer to its successor with a compare_exchange call in a loop. But when
a thread loads the pointer to the head node, a second thread might also load it in
the meantime, replace it by the pointer to the successor and free the head node’s
memory. When then the first thread tries to read the value of the pointer to the
successor from the head node’s memory, it will access freed memory. There are
even several other problems in this scenario like the ABA problem [36] and they
can only be solved by big efforts like implementing an own memory management.

2.5.3 Experimental Running Time Results

In figure 2.17 the calculated boxes for the voxelizations (1 mm resolution) of six
different objects can be seen – 4 suitcases, a golf bag and the well-known bunny
scaled so it spans 500 mm in its longest direction. Figure 2.18 shows the average
running time for calculating them on an Intel® Core™ i7-970 CPU at 3.20 GHz
with 6 cores when using 1, 2, 4 and 6 threads. Every run was repeated ten times.
As it can be seen the parallelization works quite well for up to 4 threads while
when using 6 threads the speed-up compared to using 4 threads is quite low. That
could mean that the synchronization overhead becomes dominating or it might be
related to the property of modern processors that they can automatically overclock
slightly when not using all cores.



2.5. FINDING A LARGEST BOX IN A 3D VOXELIZATION 49

suitcase A bunny

suitcase B golf bag

suitcase C suitcase D

Figure 2.17: Voxelizations of different objects drawn transparently (and smooth-shaded
for better visibility) with calculated contained axis aligned boxes with maximum volume
for a voxel resolution of 1 mm.
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Running time for maximum box calculation for 6 different objects
with 1, 2, 4 and 6 threads and 1 mm voxel resolution

on a processor with 6 cores
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Figure 2.18: Running time for the maximum box calculation for 6 different objects done
with 1, 2, 4 and 6 threads. The running time is broken down into the running time for ini-
tially collecting the surface cells, the running time for the BFS for calculating the negative
offsets (exclusive searching for maximal rectangles in the 2D cuts) and the running time
for searching for maximal rectangles in the 2D cuts. Below the name of the objects their
bounding box in cell units and their number of inner cells is printed.
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2.6 Combined Penetration Estimator

On the whole the penetration of two packing objects A and B is estimated accord-
ing to the following formula

pfinal(A,B) := max{pBoxBox(A,B), pVMPS(A,B), pVMPS(B,A)} (2.12)

with pVMPS the penetration according to the Voxmap Pointshell approach and
pBoxBox the box-box-penetration of the enclosed boxes as described in section 2.3.
In figure 2.19 the different penetration (positive values) and distance (negative val-
ues) measures for two suitcases are depicted. The red suitcase is moved along one
of its principal axes through the other suitcase. For the Voxmap Pointshell pene-
tration resp. distance upper as well as lower bounds are drawn in the graph (same
color). Additionally the minimum of the distances between all pairs of triangles is
drawn blue in the graph. The final penetration measure according to (2.12) is the
maximum of all curves and zero. Figure 2.20 shows the same for two golf bags.
Originally for the Voxmap Pointshell approach only an upper bound for the pene-
tration resp. a lower bound for the distance – which is also an upper bound when
considering distances to be negative – is calculated when traversing the bounding
sphere hierarchy of the point sampled object (see algorithm 2.1). This is done by
taking the maximum upper bound from the adaptive distance field for all sampling
points. Additionally a lower bound can obviously be calculated by taking the maxi-
mum lower bound from the adaptive distance field for all sampling points and these
bounds are additionally printed in figures 2.19 and 2.20 in the same color as the
upper bounds.
For larger distances the steps induced by the increasing cells of the voxelization
resp. adaptive distance field can be clearly seen. Because the red suitcase resp.
golf bag is moved along a principal axis these steps are clearer and bigger when
the red suitcase resp. golf bag is voxelized and the green one’s surface is sampled
by points. When looking at the graph for the suitcases one might think that the box
box penetration could be a sufficient penetration measure on its own. But that is
only due to the fact that the suitcases have nearly the shape of boxes. For the golf
bags the gap between the positions when the golf bags touch each other and the
position when the contained boxes touch each other is much bigger.
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Figure 2.19: Different penetration (positive) and distance (negative) measures of the two
depicted suitcases when the red one is moved along the principal axis as shown by the
arrows.
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Figure 2.20: Different penetration (positive) and distance (negative) measures of the two
depicted golf bags when the red one is moved along the principal axis as shown by the
arrows.
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2.7 Error Bounds for the Voxmap Pointshell Approach
for False Positive and False Negative Collision Tests

When a collision is detected for the Voxmap Pointshell approach, a point of the sur-
face sampling of the one object lies inside the voxelization of the other object. If
we assume that the input geometry is described by a closed surface so that its inte-
rior is clearly defined, every cell of the voxelization must contain a point belonging
to the original input geometry. Thus a point that is contained by the voxelization
but not by the original input geometry has a distance of at most

√
3d to the original

input geometry with d the edge length of a voxelization cell on the deepest level.
Thus the distance of two objects is bounded by this value for a false positive colli-
sion case detected by the Voxmap Pointshell approach.
For the false negative case it has to be considered that in order to keep the running
time of a collision check sufficient short for simulated annealing it is not possible
to make the surface point sampling so dense that the typical distance of two neigh-
bored surface sampling points has the same magnitude as the cell length of the
voxelization. For the false negative case a penetration measure has to be defined
that can be bounded. At the beginning of this chapter the following penetration
measure has been introduced:

p(A,B) := max

{
sup

x∈A∩B
inf

y∈A\B
|x− y|, sup

x∈A∩B
inf

y∈B\A
|x− y|

}
(2.13)

Furthermore we want to define as the r-value of a set of surface sampling points
p1, . . .pn ∈ R3 of an object C the minimum radius so that the surface ∂B of B is
completely covered by n balls with the centers p1, . . . ,pn and the radius r:

r := min {x ∈ R | ∀q ∈ ∂B : min {|q− pi| | i ∈ {1, . . . , n}} ≤ r} . (2.14)

With this definition it is clear that a surface point x of an object A cannot penetrate
another object B deeper than r according to the measure

p(x, B) := inf
y∈A\B

|x− y|

without a collision being detected by the Voxmap Pointshell approach.
However, if two objects have sharp features which are thinner than the r-value
of the other object, both features can penetrate each other so that no collision is
detected by the Voxmap Pointshell approach, the penetration measure according to
(2.13) is smaller than r but a translation larger than r is necessary to separate both
objects as illustrated in figure 2.21. Besides, the maximum penetration in the false
negative case does not have to be achieved for a surface point. For example two
icosahedrons with the same center can be rotated so that none of them contains
vertices of the other one as shown in figure 2.22. Such cases are excluded by at
first checking the center of an innermost voxelization cell of the one object against
the voxelization of the other object. But a structure like such an icosahedron might
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Figure 2.21: Objects with sharp features
which are thinner than the maximum dis-
tance r between the surface sampling points
might have a penetration measure accord-
ing to (2.13) smaller than r but might re-
quire a translation larger than r to get sep-
arated. (Consider that the wedges might be
extended infinitely to their sides.)

Figure 2.22: Two icosahedron with the
same center can be rotated so that none
of them contains vertices of the other one.
Thus a collision between them might not
be detected by the Voxmap Pointshell ap-
proach with the vertices as surface sam-
pling points and a voxelization edge length
small compared to the icosahedron edge
length.

be only a smaller part of the whole object connected by a thin bar which does not
contain surface sampling points of the other icosahedron.
Thus it must be stated that for arbitrarily shaped objects which are any kind of
compact connected set in R3 no bounds can be given for the false negative case. To
be able to do that at least one of the objects must have a property which means that
it does not have any sharp features or necking regions to a certain degree which
is related to the density of the surface point sampling of the other object. Let us
consider two packing objects A and B which are closed connected sets in R3. Then
we can prevent A from having sharp features or necking regions by demanding that
it is the r-offset of an closed connected set A′ with r according to (2.14):

A = Or(A
′) with Or(X) := {p ∈ R3 | ∃ p′ ∈ X : |p− p′| ≤ r} (2.15)

To fulfill such a criterion the sharp features of an arbitrary object can be ground off
by applying a negative r-offset and then a positive r-offset again:

Or(O
−
r (A)) with O−

r (X) := {p ∈ X | |p− p′| > r ∀ p′ ∈ R3 \X}

Obviously Or(O
−
r (A)) is a subset of A. However, A must not have necking regions

because then its negative offset might not longer be connected.
If A fulfills (2.15), the penetration of both objects is limited in the following way

max
x∈A∩B

inf
y∈A\B

|x− y| ≤ r (2.16)
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for the false negative case if we assume that A′ is not contained completely by
B. In this case the collision should be detected by the reverse Voxmap Pointshell
collision check.
This can be proven in the following way: Assume that (2.16) is not fulfilled. This
means that there is a point p in A∩B so that |p−y| > r for all y ∈ A\B. Because
of property (2.15) there is a point p′ ∈ A′ with |p−p′| ≤ r and hence p′ /∈ A\B.
Thus p′ is in A∩B, too, which means that A′ collides with B as well. Because A′

is not contained completely by B, there must also be a point q on the surface of B
which is contained by A′. And because of property (2.14) there must be a point pi,
1 ≤ i ≤ n, of the surface sampling of B with |pi − q| ≤ r. But then pi must be
contained by A because of (2.15). Thereby the Voxmap Pointshell approach would
detect a collision which is a contradiction to that we are in the false negative case.
Thus the assumption is wrong and (2.16) must be valid.
However, in the real world application of packing different objects into a trunk such
a formal property like (2.15) cannot be assumed to be fulfilled. But objects that are
to be packed into a trunk do not have very sharp features because then they were
quite likely to damage other objects or get damaged themselves. The same holds
for necking regions which were likely to get broken. And thereby the penetration
bound (2.16) can be considered not as a proof but as an indication that there will be
no severe undetected collision cases when using the Voxmap Pointshell approach
for packing common objects into a trunk.
Furthermore the covering of a trunk usually consists of a soft material which can
be pushed in by a few millimeters. The same holds for many common packing
objects like suitcases made of plastic. Thus for our industrial partner penetrations
of a few millimeters are acceptable and in practice it has emerged to be sufficient
to use a voxelization resolution of 1 mm on the deepest level for the Voxmap and
a voxelization resolution of 8 mm to generate one sampling point per cell for the
Pointshell as described in section 2.2.

2.8 Comparison with the PQP Library

To assess the running time potential of our Voxmap Pointshell (VMPS) approach
its ability to estimate distances has been compared to the PQP (proximity query
package) library [37] which calculates exact distances of the form

distance(A,B) = min
a∈A,b∈B

|a− b| (2.17)

for two triangle soups A,B ⊂ R3. This is done by PQP by managing the triangles
in hierarchies of so-called RSS (rectangle swept sphere) bounding volumes.
Of course, that is in some way comparing apples and oranges because PQP calcu-
lates exact distances while the Voxmap Pointshell approach only gives intervals the
distance lies within which become larger with increasing distance. Furthermore,
the voxelization is a superset of the triangles so that for both triangle soups being
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PQP number of VMPS PQP speed-up
distance configu- running config. running config. VMPS /

range [mm] rations time [s] per sec. time [s] per sec. PQP
0< . . . ≤ 10 4,767,360 340 14,001 4,345 1,097 12.8

10< . . . ≤ 20 4,926,271 351 14,052 4,479 1,100 12.8
20< . . . ≤ 30 5,091,176 441 11,542 4,817 1,057 10.9
30< . . . ≤ 40 5,250,850 538 9,755 5,325 986 9.9
40< . . . ≤ 50 5,425,688 636 8,529 5,273 1,029 8.3
50< . . . ≤ 60 5,591,434 736 7,596 5,381 1,039 7.3
60< . . . ≤ 70 5,767,866 878 6,571 5,519 1,045 6.3
70< . . . ≤ 80 5,943,668 961 6,186 5,876 1,012 6.1
80< . . . ≤ 90 6,117,026 1,135 5,389 6,267 976 5.5
90< . . . ≤100 6,306,170 1,216 5,186 6,308 1,000 5.2

Table 2.1: Average running time results (10 repetitions) for calculating about 55 million
configurations of two suitcases with a distance in the range of 0< . . . ≤100 mm by PQP
and the VMPS approach.

very close to each other not the same distance results can be expected and for larger
distances the distance according to (2.17) might be slightly larger than the VMPS
range. However, a short running time is much more important than exact results
when using them for a heuristic like simulated annealing and there seemed to be
no better alternatives for comparing existing algorithms to the Voxmap Pointshell
approach.
How both measures compare to each other could already be seen in figures 2.19 and
2.20 with the blue line describing the distance according to (2.17) and the red and
the green line describing the distance ranges of the Voxmap Pointshell approach
with the one object voxelized and the other object’s surface point sampled and vice
versa.
The comparison with PQP was done for 100 random rotations for the two suitcases
in figure 2.19, each of which consists of about 15,000 triangles. The translational
configuration space was sampled by a grid with a width of 10 mm. For every ro-
tation this grid was scanned for all configurations with a distance between the two
suitcases according to (2.17) calculated by PQP in the range 0< . . . ≤100 mm. In
overall there were about 55 million configurations.
The configurations were sorted according to the distance calculated by PQP and
divided into ten regions. Then the running time for calculating the distance of all
configurations by PQP and the VMPS approach for every region was measured ten
times on a on an Intel® Core™ i7-970 CPU at 3.20 GHz. The mean value results
can be found in table 2.1. The VMPS range was calculated symmetrically just as it
is done for the penetration in formula (2.12). That means two ranges were calcu-
lated by taking the voxelization of the one suitcase and the surface point sampling
of the other and vice versa. The bounds of the final range then are the minima of
the bounds of the two separate ranges.
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The speed-up for the VMPS approach over the PQP library is shown in the last col-
umn. Again it must be said that this is no fair comparison as PQP calculates exact
distances while the VMPS approach only gives a range the distance lies in and the
only purpose of this comparison is to assess the speed of the VMPS approach in
some way. As it can be seen for small distances, the speed-up lies in the region of
10 and drops to 5 when the distance increases to 100 mm. The number of configu-
rations calculated per second by the VMPS approach drops in the same way while
the number of configurations calculated per second by PQP stays almost constant.
The reason for that is probably the decreasing resolution of the adaptive distance
field with increasing distance to its surface so that the distance bound given by the
adaptive distance field is less sharp and there are fewer early exits when traversing
the bounding sphere hierarchy according to algorithm 2.1.
However, for our application actually penetrations are to be calculated which are
bounded by the “thickness” of the packing object in some ways. Thereby calcu-
lating penetrations by the VMPS approach of objects which are some centimeters
“thick” should have a running time behavior similar to calculating small distances
in the range of a few centimeters because the resolution of the adaptive distance
field depends only on the distance to the voxelization surface and not if it is inside
or outside.
Furthermore it has to be considered that the running time of approaches like PQP
which use bounding volume hierarchies of the actual triangles also depend on the
number of triangles, of course. Thus the running time of PQP would increase for
models with more than the 15,000 triangles of the suitcase in this comparison.
In opposite to that the VMPS approach does not depend on the input geometry
complexity, only the running time for the preprocessing will become longer with
increasing input geometry complexity. On the whole by this comparison it should
be clear that by the VMPS approach, which accepts a certain degree of inaccuracy,
a speed level can be reached which is not attainable by exact approaches using the
original triangle geometry.
To get an impression of the degree of inaccuracy figure 2.23 shows the minimum,
maximum and average values for the width of the distance ranges calculated by the
VMPS approach. To determine these values all configurations were divided into
0.1 mm wide intervals concerning their exact distance. As it can be seen the aver-
age width of the VMPS range depends quite linearly on the exact distance which
should be a consequence of the refinement criterion (2.8) which is in fact a linear
relation between the width of the distance interval and its center.
As already mentioned, because the triangle geometry is replaced by an enclosing
voxelization, it cannot be expected that the exact distance calculated by PQP al-
ways lies in the VMPS range. Since the voxelization is a superset of the triangle
geometry, we have to expect that the VMPS approach detects collisions although
there are no original triangles colliding and that the VMPS approach underesti-
mates the distance compared to the exact distance of the original triangles to a
certain degree. Furthermore due to the inaccuracy of the VMPS approach depend-
ing on the surface point sampling, as explained in section 2.7, the distance might
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Figure 2.23: Minimum, maximum and average values for the width of the VMPS distance
ranges depending on the exact PQP distance. To determine these values all configurations
were divided into 0.1 mm wide intervals concerning their exact distance.

also be overestimated in some cases by the VMPS approach.
Just this behavior can be found in figure 2.24(a), which illustrates the number of
configurations for the different possible cases up to an exact distance of 20 mm
corresponding to about 9.7 million configurations. There are many VMPS colli-
sions (yellow) although no original triangles collide until to an exact distance of
1.52 mm. Up to this distance that accounts for about 44 % of all configurations
and 1.52 mm is obviously below the theoretical limit of

√
3 ≈ 1.73mm for 1 mm

resolution.
As expected, the most frequent deviation is an underestimation of the distance
(red). And it is clear that this deviation can occur for any exact distance though it
becomes less and less frequent for increasing distance. Below 20 mm it accounts
for 27 % of the configurations while above it are only 3.1 ‰ . The distribution how
much the exact distance lies above the VMPS range can be seen in figure 2.24(b).
It falls quite linearly and reaches 1.70 mm at maximum.
As predicted because of the inaccuracy introduced by the surface point sampling,
there are also some cases in which the exact distance lies below the VMPS range
(blue). This occurs up to a distance of 2.77 mm, but accounts for only 4.5 ‰ of
all configurations up to this distance. The distribution how much the exact dis-
tance lies below the VMPS range can be seen in figure 2.24(c). It seems to fall
exponentially and reaches 1.04 mm at maximum.
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Figure 2.24: Because the original triangle geometry is replaced by an enclosing voxeliza-
tion, it cannot be expected that the exact distance calculated by PQP always lies in the
VMPS range. Figure (a) shows the distribution for the different cases depending on the ex-
act distance and figure (b) and (c) the distribution how much the exact distance lies above
and below the VMPS range in these cases.
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2.9 Basics About Simulated Annealing and Final Packing
Results

Having a fast function for estimating the penetration, simulated annealing can be
applied as a standard probabilistic metaheuristic to generate packings as the so-
lution of a combinatorial optimization problem. As already mentioned at the be-
ginning of this chapter, the objective function to minimize is the sum over the
penetrations of all pairs of packing objects as well as every packing object and the
complement of the trunk resp. container:

f :
(
SO(3)× R3

)n → R , (R1, t1, . . . ,Rn, tn) 7→

n∑
i=1

p(Pi(Ri, ti),R3 \ C) +

n∑
i=1

n∑
j=i+1

p(Pi(Ri, ti), Pj(Rj , tj)) (2.18)

with Pi(Ri, ti) =
{
x ∈ R3

∣∣RT
i (x− ti) ∈ Pi

}
The basic idea of simulated annealing is to make a random walk through the con-
figuration space by making random moves, accept all moves which reduce the
objective function f and reject resp. undo all moves which increase the function
f with a certain probability. The probability P to accept a f increasing move is
calculated by the so-called Metropolis criterion [38]:

P = min

{
1, exp

(
−∆f

T

)}
with ∆f = fafter move − fbefore move

The Metropolis criterion is physically motivated and T is the absolute temperature
that starts at a certain value and is successively reduced towards 0 so that P goes
to 0, too, and at the end of the simulation only f decreasing moves are accepted.
In the physical model ∆f is the energy difference between the state after and be-
fore the move divided by the Boltzmann constant. The basic idea is that at first,
when the temperature is high, f increasing moves are accepted quite often so that
the random walk is not caught up in a local minimum and a configuration is found
which might still have a high f value but has already a good structure at a coarse
level. Later when the temperature becomes lower the f value can be heavily re-
duced based on this good coarse structure by optimizing the configuration in its
details. In this way simulated annealing can also be considered as some kind of
divide and conquer approach. Further details can be found in [24].
The temperature is usually decreased during the simulation in an exponential man-
ner and for a certain temperature a certain number of moves is done. Since the pen-
etration sum is divided by the temperature, the initial temperature must be related
in some way to penetrations typically occurring. Thus, as basic initial temperature
half the radius of the biggest smallest enclosing spheres of all packing objects was
used. On a CPU with several cores one simulation per core is started with an initial
temperature of 100 %, 50 %, 200 %, 25 %, 200 % and so on of this basic value. The
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temperature is decreased by a fixed factor of 0.9 when a certain number of moves
have been applied at this temperature. The number of moves per temperature is
continuously adapted to the remaining running time as an overall running time can
be given by the user which is roughly tried to be met.
At the end the configuration with the smallest penetration sum of all configuration
that occurred throughout all simulations is presented as the final packing result.
Ideally this smallest penetration sum should be zero if the packing object could re-
ally be packed into the container. When a valid configuration is found with a zero
penetration sum all simulations are stopped, of course.
An important ingredient of simulated annealing is the move set. That is the set of
moves one of which is randomly chosen and applied to modify the current config-
uration on the random walk through configuration space. The move set used for
packing a container with different packing objects was:

• a big translation of one randomly chosen packing object by a translation
vector with components uniformly distributed in (−0.5d, 0.5d) with d the
length of the bounding box’s diagonal, that encloses the container – for small
random values this might be in fact a small translation,

• a small translation that is randomly chosen just like a big translation, but by
a translation vector with components uniformly distributed in (−0.1d,0.1d),

• a full rotation of one randomly chosen packing object by taking a rotation
quaternion uniformly distributed over S3 = {q ∈ Q∗ | |q| = 1} with Q∗ the
set of unit quaternions and converting it to a rotation matrix.

• a small rotation of one randomly chosen packing object by an angle (nearly)
uniformly distributed in (0, 10°) around a random axis uniformly distributed
over S2 = {v ∈ R3 | |v| = 1},

• a swap of two randomly chosen packing objects by swapping the centers of
their enclosing spheres as well as their orientation in relation to their princi-
pal axes.

In every step of the random walk during simulated annealing one of these moves is
chosen randomly uniformly distributed and the packing object or objects to which
the move is applied are also chosen randomly uniformly distributed.
For generating a rotation by a random angle uniformly distributed in (0, 10°) the
cosine of half the angle would have to be calculated in order to generate a rota-
tion matrix from a proper rotation quaternion. To avoid this expensive trigono-
metric function instead the function 1 − x2 with x uniformly distributed in (0,√

1− cos(5°)) is used which is nearly the same because of cosx = 1 − x2/2 +
O(x4) but does not result in a perfect equal distribution.
For the final packing a resolution of 1 mm for the voxelization was used and the
surface point sampling was generated by an 8 mm voxelization with one sampling
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initial “tempera- final “tempera- number of temper-
ture” range [mm] ture” range [mm] ature steps range

scenario A 97.4− 779.0 0.08−1.02 50−88
scenario B 80.4− 643.1 0.46−5.61 35−66
scenario C1 158.5−1268.4 0.23−1.85 49−80
scenario C2 158.5−1268.4 0.08−0.10 71−92
scenario D1 158.5−1268.4 0.82−6.54 40−65
scenario D2 158.5−1268.4 0.08−0.09 72−92

Table 2.2: Ranges for the initial and final temperatures and number of temperature steps
for the simulated annealing runs of the different scenarios. Because the penetration sum as
objective function is a length, the temperatures must be lengths, too.

actual number of moves move ac- range of final
running per tem- per ceptance penetration
time [h] perature second rate [%] sum [mm]

scenario A 7.58 403571 1088 35.2 0.0− 3.9
scenario B 5.05 468206 1226 41.7 0.0− 0.0
scenario C1 6.11 360070 1013 40.8 0.0− 0.0
scenario C2 8.00 223673 634 34.4 9.1−34.9
scenario D1 4.77 253609 760 40.9 0.0− 0.0
scenario D2 8.00 201588 574 27.5 8.9−89.1

Table 2.3: Average values for the actual running time, the number of moves per tempera-
ture and per second, the percentage of accepted moves and the range of the final penetration
sum for all runs.

point per voxelization cell (see section 2.2) since a precision around 1 mm is usu-
ally sufficient for our industrial partner. For the container resp. the trunk no vox-
elization resp. adaptive distance field is calculated but only a surface point sam-
pling because the container is usually too big for calculating a voxelization. That is
no problem because usually the container geometry resp. the trunk does not have
sharp features in its interior, and it has a soft coating so that for our industrial part-
ner usually penetrations with the container geometry of even some millimeters are
acceptable.
In figure 2.25 the packings for 6 scenarios generated on an Intel® Core™2 Extreme
QX9650 CPU at 3.00 GHz with 4 cores by simulated annealing runs scheduled for
8 hours are shown. The runs were repeated 5 times. For scenario A, B, C1 and D1
valid packings could be generated. For scenario B, C1 and D1 all runs yielded valid
packings while for scenario A that was only for one run the case, but the other runs
finished with only small penetration sums up to 3.9 mm, which is usually tolerable
by our industrial partner.
Scenario C2 is the same trunk as scenario C1 but with another set of suitcases and
one golf bag. For this set no valid packing could be generated. The best run yielded
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scenario A scenario B

golf bag collides
with trunk

scenario C1 scenario C2

two child
seats collide

scenario D1 scenario D2

Figure 2.25: Packing results for different packing scenarios. Scenario C1 and C2 show the
same trunk with a golf bag and different types of suitcases. With the larger suitcases in
scenario C2 the golf bag seems to no longer fit into the trunk. The packing in scenario D1
is legal while that one in scenario D2 is not because it contains two child seats which are
stacked on each other with penetration (see figure 2.26(a)).
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(a) (b) (c)

Figure 2.26: Objects that are thin and for which no large enclosed box can be calculated by
the algorithm of section 2.5 might end up in positions with small penetration where they
do actually not fit. Thus, two child seats were stacked on each other (a) (look at the double
contours) with small penetration or interweaved so that they collided with the carry handle
of the other seat (b), and two baby carriages were packed with their wheels overlapping
(c).

a final penetration sum of 9.1 mm. Thus it can be concluded that the set of suitcases
in scenario C1 fits into the trunk while that one in scenario C2 does not.
The set of packing objects in scenario D1 includes, besides suitcases and a golf
bag, a child seat and a baby carriage. Scenario D2 is again the same trunk, but the
packing objects include two child seats and two baby carriages. For this scenario
no valid packing could be generated. The final penetration sums were in the range
from 8.9 mm to 89.1 mm. A main reason that no valid packing could be generated
for this scenario seems to be that, if there are two packing objects of the same shape
which is not similar to a box, like child seats or baby carriages, these objects are
likely to get finally into a position which has only a small penetration sum but can
not become legal by a small move. Such positions, which occurred after runs for
scenario D2, are illustrated in figure 2.26.
Table 2.2 contains some statistics about the temperatures of the simulated anneal-
ing runs. The ranges result from the fact that on the four cores four simulated
annealings are computed in parallel with different initial temperatures. Table 2.3
contains the average values for the actual running time, the number of moves per
temperature and per second, the move acceptance rate and the range of the final
penetration sum. For the scenarios for which valid packings could be generated
the actual running time is smaller than 8 hours because a run is aborted as soon
as a valid packing has been found. The number of moves per temperature are in
the range of several hundred thousands and per second in the range from 500 up
to 1000. To achieve such move numbers is crucial for simulated annealing to work
and the consequence of the fast approximative penetration calculation, which is the
basic workhorse doing most of the work under the hood of this packing algorithm.
In figure 2.27(a) the move acceptance rate for every temperature step is illustrated
for one of the best runs for every scenario and in figure 2.27(b) the current pene-
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Figure 2.27: Move acceptance rate for every temperature step (a) and penetration sum after
every temperature step (b) for one of the best runs for every scenario.
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tration sum after every temperature step. Because the temperature is exponentially
reduced by multiplying by 0.9, the temperature axis is scaled logarithmically. As
it can be seen, the decrease of the acceptance rate is quite similar for all scenarios
and the volatility of the penetration sum is large for high temperatures.
On the whole we can conclude that the presented packing algorithm works quite
well for packing objects which are similar to boxes, like suitcases and golf bags,
but probably needs further improvement for more complex packing objects because
of the problems illustrated in figure 2.26. One approach could be to calculate not
only one largest enclosed box of the voxelization, but iterate this process by calcu-
lating a largest enclosed box for the remaining voxelization and so on. On this way
an approximation of the packing objects by boxes could be calculated, for which
easily penetrations could be calculated as described in section 2.6.
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Chapter 3

Rigid Transformation
Hierarchies

3.1 Minimum Distance Calculation for Two Objects on a
Rigid Transformation Track

Another field concerning computer aided design (CAD) and modelling (CAM) ap-
plications in the automotive industry, besides packing tests for the trunk of a car,
are geometrical tests concerning the engine. Thus our industrial partner makes test
drives with new car models and measures the movements of the engine during these
test drives with different measurement systems. In figure 3.1 a measurement setup,
as it is used by our industrial partner, can be seen. By the gained data he checks
if the engine is mounted in its flexible bearings in such a way that it cannot touch
parts of the casing of the engine compartment and keeps a certain safety distance
even during extreme driving maneuvers.
The measurement outputs the exact position of the engine within the engine com-
partment in its rest position as well as a sequence of rigid transformations describ-
ing the movement of the engine during the test drive, which we want to denote as
transformation track. Because the movement of the engine is measured with quite
a high sampling rate of up to 200 Hz, the sequence of rigid transformations can
become quite large and consist of several hundred thousand transformations. The
check if a certain safety distance between engine and casing of the compartment is
kept was done with this data by standard CAD software so far with an unsatisfac-
tory performance.
Therefore a software has been developed for our industrial partner which calculates
the minimum distance between a set of fixed parts belonging to the casing and a
set of moving parts belonging to the engine, to which the rigid transformations are
applied. By applying the standard technique of calculating bounding volume hier-
archies (BVHs) [39, 40] for the fixed parts and the moving parts, both described by
triangles, and then calculating the distance between both BVHs for all transforma-

69
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Figure 3.1: Setup for measuring the motion of an engine during a test drive as it is used by
our industrial partner.

tions an already sufficient performance could be reached. While the calculation of
the solution using standard CAD software took several days on a common work-
station for typical cases, this could be reduced to some hours for the same cases by
the usage of BVHs.
An acceleration like this can be achieved by BVHs because during the distance
calculation of two BVHs an upper bound for the distance is calculated and contin-
uously updated and, if two bounding volumes have a distance larger than this upper
bound, the triangles contained by these bounding volumes have not to be checked
for their distance. Thus there are many early exits when traversing both hierarchies
and only quite few triangles have finally to be checked for their distance. This is
done only when the leaf level is reached in both hierarchies and then the upper
bound is updated by the distance between all triangle pairs of these leaves. After
traversing both hierarchies completely the upper bound becomes sharp and is just
the distance between both BVHs resp. the minimum distance between both set of
triangles the BVHs contain.
There are several different types of bounding volumes which can be used for BVHs.
The most common ones are:

• spheres

• axis aligned bounding boxes (AABB)

• orientated bounding boxes (OBB)

• rectangles swept spheres (RSS), which are the Minkowski sum of a rectangle
and a sphere

For AABBs and spheres a smallest enclosing bounding volume can be calculated
exactly pretty fast. For AABBs this is trivial and for spheres this is done by the
Welzl algorithm [29]. But for OBBs and RSS this cannot be done so easily. Es-
pecially it is not clear what smallest should mean for OBBs and RSSs although
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Figure 3.2: A typical scenario with some parts belonging to the engine (tube shaped) and
some parts of the engine compartment casing (sheets) for which it must be checked if they
keep a safety distance when the engine moves during a test drive.
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Figure 3.3: Distance profile for the above geometry for an about 11 seconds long drive-off
maneuver consisting of 2202 transformations.
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volume might be the most obvious scalar property to minimize. Thus for BVHs
only “small” OBBs or RSSs for a set of points or triangles are usually calculated
by some kind of heuristic, and the most common heuristic is to calculate the ori-
entation of an OBB or RSS for a set of points or triangles by the principal axes of
their covariance matrix in their centroid system.
In figure 3.2 a typical scenario with some parts belonging to the engine and some
parts belonging to the casing of the engine compartment of a car can be seen for
which it must be checked if they keep a certain safety distance. In figure 3.3 the
distance profile of these parts can be seen for an about 11 seconds long drive-off
maneuver during a test drive consisting of 2202 transformations. To generate the
distance profile for every transformation the distance is calculated by using BVHs
for the fixed and the moving geometry, which are calculated in a preprocessing
step.
Our industrial partner is not only interested in the closest approach during the test
drive, which would be sufficient to check a certain safety distance, but all constric-
tions are to be examined by an expert so that he can draw conclusions during the
car’s design process if the engine or the casing design has to be revised. Because of
this it is also calculated which points on which triangles get closest to each other.
And because so far no criteria have been specified when a constriction is relevant
and when not, a complete exact distance profile is calculated as shown in figure 3.3
and presented by the software.
However, it is clear that in the future there will be additional requirements on the
software which will make a speed-up of the distance calculation at least desirable
if not inevitable. So far there seems to be no previous work about rigid transforma-
tion tracks how this could be done. So far only numerous publications about swept
volumes exist which are a representation of the volume that a geometry sweeps if a
track of rigid transformation is applied to it. A survey of publications about swept
volumes can be found in [41].
Yet those approaches do not suite well for our application. Firstly, for just calculat-
ing the minimum distance between fixed and moving geometry during a track the
effort for calculating a swept volume is much too high and it would be like crack-
ing a nut with a sledgehammer. Secondly, our industrial partner is also interested
in when the closest point is reached during a track, but just this information gets
lost when calculating a swept volume.
An acceptable compromise in order to achieve an acceleration of the calculation
could be dropping the requirement for calculating a complete exact distance pro-
file. And an obvious question is whether the approach of calculating some kind of
BVH, as it is done for the geometry, can be transferred to the transformations as
well, especially because the engine makes only quite small moves during the test
drive, which can be called a vibration movement.
If the engine was only shifted during the test drive and the sequence of transforma-
tions T1, . . . , Tn consisted of only translations by translations vectors b1, . . . ,bn

Ti : R3 → R3 , x 7→ x+ bi , 1 ≤ i ≤ n ,
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the solution would be clear. A BVH of bounding spheres could be build up over
the translation vectors. For example, if b1, . . . ,bn are contained by a sphere with
center b and radius r, which can be calculated with minimum radius by the Welzl
algorithm [29], instead of T1, . . . , Tn the translation T : R3 → R3,x 7→ x+b can
be applied to any x ∈ R3 leading to an error of at most r concerning the Euclidean
norm:

|Ti(x)− T (x)| = |x+ bi − (x+ b)| = |bi − b| ≤ r , 1 ≤ i ≤ n . (3.1)

However, the engine is not only shifted during the test drive but also makes tilt
movements which can be described by rotations R1, . . . ,Rn ∈ SO(3) additionally
to the translation vectors b1, . . . ,bn. Thus we have not only translations but a
sequence of rigid transformations T1, . . . , Tn:

Ti : R3 → R3 , x 7→ Rix+ bi , 1 ≤ i ≤ n

However, similar to the “mean” translation according to (3.1) by taking the center
of the enclosing sphere of the translation vectors we can try to find some kind of
mean rigid transformation T : R3 → R3, x 7→ R + b so that we can bound the
error when applying T to any x ∈ R3:

|Ti(x)− T (x)| = |Rix+ bi − (Rx+ b)| = |(Ri −R)x+ (bi − b)|
≤ ∥Ri −R∥2|x|+ |bi − b| (3.2)

In the last step the triangle inequation was applied and the consistency of the spec-
tral norm and the Euclidean norm was used. Again we can minimize the latter
term in (3.2) over all 1 ≤ i ≤ n by calculating the smallest enclosing sphere of the
translation vectors bi, 1 ≤ i ≤ n, and take its center for b. Minimizing the first
term over all 1 ≤ i ≤ n leads to the minimization problem

argmin
R∈SO(3)

max
i∈{1,...,n}

∥Ri −R∥2 (3.3)

for the “mean” rotation R. To find a way how this minimization problem can be
solved, it is helpful to understand what the expression ∥R1−R2∥ for two rotation
matrices R1,R2 ∈ SO(3) means geometrically. This is clarified by the following
proposition:

Proposition 3.1 Let R1,R2 ∈ SO(3) be two rotation matrices and φ the function
that maps a rotation matrix to its rotation angle:

φ : SO(3)→ [0, π] , R 7→ arccos

(
trace(R)− 1

2

)
(3.4)

As the angle δ(R1,R2) ∈ [0, π] between R1 and R2 we define the rotation angle
of the rotation RT

1 R2:

δ(R1,R2) := φ(RT
1 R2) = arccos

(
trace(RT

1 R2)− 1

2

)
(3.5)
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Then it is

∥R1 −R2∥2 =
√

2(1− cos (δ(R1,R2)) =
√

3− trace(RT
1 R2) (3.6)

with ∥.∥2 the spectral norm.

Proof:
Because the trace is invariant under basis transitions and every rotation matrix R ∈
SO(3) with a rotation angle φ ∈ [0, π] can be transformed to a rotation around the
z axis by a proper basis transition, it is

trace(R) = trace

cosφ − sinφ 0
sinφ cosφ 0
0 0 1

 = 2 cosφ+ 1 , (3.7)

which explains (3.4). Since the Euclidean norm and thus the spectral norm are
invariant under rotations, it is

∥R1 −R2∥2 = ∥1−RT
1 R2∥2 .

By applying the basis transition trick in (3.7) to RT
1 R2 ∈ SO(3) we get denoting

δ(R1,R2) briefly by δ:

∥R1 −R2∥2 =

∥∥∥∥∥
1− cos δ sin δ 0
− sin δ 1− cos δ 0

0 0 0


︸ ︷︷ ︸

=:M

∥∥∥∥∥
2

The spectral norm of matrix M can be calculated as the square root of the largest
eigenvalue of MTM, and because of

MTM =

2(1− cos δ) 0 0
0 2(1− cos δ) 0
0 0 0


we have shown (3.6)

Because the function f(x) =
√

2(1− cos(x)) is strictly monotonically increasing
in [0, π], we get for (3.3):

argmin
R∈SO(3)

max
i∈{1,...,n}

∥Ri −R∥2 = argmin
R∈SO(3)

max
i∈{1,...,n}

δ(Ri,R)

The next step to get a geometric view of the angle between two rotations is to switch
to rotation quaternions. It is well-known that the SO(3) can be uniquely mapped
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to the set of unit quaternions Q∗, which can be expressed by 4-dimensional unit
vectors Q∗ = {q ∈ R4 | |q| = 1}, if we identify antipodal quaternions q ∼ −q,
i.e. divide Q∗ by this equivalence relation. The inverse of this mapping has the
form

ρ : Q∗ → SO(3) , (3.8)
q0
q1
q2
q3

 7→
q20 + q21 − q22 − q23 2q1q2 − 2q0q3 2q1q3 + 2q0q2

2q1q2 + 2q0q3 q20 − q21 + q22 − q23 2q2q3 − 2q0q1
2q1q3 − 2q0q2 2q2q3 + 2q0q1 q20 − q21 − q22 + q23

 .

The quaternion multiplication, which corresponds to the matrix multiplication on
the SO(3) side, can be briefly expressed by the cross product in the following way
if we split a quaternion q = (q0, q1, q2, q3)

T into a scalar part q0 ∈ R and a vector
part q = (q1, q2, q3)

T ∈ R3:

q ·w =


q0
q1
q2
q3

 ·

w0

w1

w2

w3

 =

(
q0
q

)
·
(
w0

w

)
=

(
q0w0 − q Tw

q0w + w0q+ q×w

)

Furthermore there is a close relation between the axis angle representation φ =
φφ̂ of a rotation around the axis φ̂ ∈ R3, |φ̂| = 1 by the angle φ ∈ [0, 2π)
and the corresponding rotation quaternion q(φ). The relation between the axis
angle representation and the corresponding rotation matrix is given by Rodrigues’
rotation formula [42]:

R(φ) = exp(φ×) = cosφ 1+ (1− cosφ) φ̂φ̂T + sinφ φ̂× (3.9)

with 1 :=

1 0 0
0 1 0
0 0 1

 and

v1
v2
v3

×

:=

 0 −v3 v2
v3 0 −v1
−v2 v1 0


Since the epimorphism (3.8) from Q∗ to SO(3) gives the relation between a rota-
tion quaternion and the corresponding rotation matrix, it can be easily verified that
the rotation quaternion

q(φ) =

(
cos φ

2
φ̂ sin φ

2

)
(3.10)

corresponds to the rotation with the axis angle representation φ = φφ̂.
Transposing on the SO(3) side means negating the vector part of the correspond-
ing rotation quaternion, which is called quaternion conjugation and usually in-
dicated by a star just like for complex numbers. If we denote by q(R) the ro-
tation quaternion in Q∗/ ∼ that corresponds to a rotation matrix R ∈ SO(3)
and given two rotation matrices R1 and R2 with q(R1) = q = (q0,q)

T and
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Figure 3.4: Solving the minimization prob-
lem

argmin
R∈SO(3)

max
i∈{1,...,n}

∥Ri −R∥2

for a set of rotations matrices R1, . . . ,Rn

∈ SO(3) means geometrically finding a
smallest enclosing circle for properly cho-
sen corresponding rotation quaternions on
the quaternion sphere and taking its center.
The quaternion sphere can be embedded in
4-dimensional space, but to get a geomet-
ric idea the projection to the sphere in 3-
dimensional space as illustrated can be con-
sidered.

q(R2) = w = (w0,w)T and δ the angle between them according to proposition
3.1, the following holds because of (3.10):(

cos δ
2

. . .

)
= q(RT

1 R2) = q(R1)
∗q(R2) =

(
q0
−q

)
·
(
w0

w

)
=

(
q0w0 + qTw

. . .

)
Because we are in Q∗/∼, this equation only holds except a sign. However, the
angle between two rotations is in the range [0, π] per definition, cos(δ/2) on the left
hand side is positive, and it is clear that we can choose proper representatives for q
and w in Q∗/∼ so that their scalar product as 4-dimensional vectors q0w0 + qTw
on the right hand side is positive as well. This means geometrically that the angle
between properly chosen rotation quaternions is just half the angle between the
corresponding rotation matrices.
By comparing to (3.5) and since it is cos(α) = 2 cos2(α/2)− 1, we can conclude(

trace(R(w)R(q)T )− 1

2

)2

= 2(qTw)2 − 1 .

This can be verified by (3.8) directly with a huge computational effort. Thereby the
angle between two orientations can be calculated much easier by rotation quater-
nions than by rotation matrices:

δ(q,w) := δ (R(q),R(w)) = 2 arccos
(
|qTw|

)
(3.11)

Especially by the knowledge of this relation it can be shown quite easily that δ
according to (3.5) is actually a metric on SO(3). While non-negativity, identity of
indiscernibles and symmetry can be easily shown by the trace formula, the triangle
inequality is much harder to prove. However, by formula (3.11) it can be reduced
to the triangle inequality for triangles on the sphere in 4-dimensional space. A
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K(a)
α
α a

Figure 3.5: Definition of a circle K(a) on the sphere by a point a outside of (or on) the
sphere (here in its two-dimensional projection).

proof for arbitrary dimension can be found as lemma A.2 in the appendix.
Now we have shown that solving the minimization problem

argmin
R∈SO(3)

max
i∈{1,...,n}

∥Ri −R∥2 = argmin
R∈SO(3)

max
i∈{1,...,n}

δ(Ri,R)

means geometrically finding for properly chosen corresponding rotation quater-
nions a smallest enclosing circle on the quaternion sphere as illustrated in figure
3.4.

3.2 The Welzl Algorithm on the Sphere

In the following section we want to show that the Welzl algorithm [29] for calcu-
lating the smallest enclosing sphere of a set of points in Rd can be transferred to
the d-sphere, the surface of a d-dimensional ball with radius 1. At first we want to
state how to define circles on the d-sphere mathematically:

Definition 3.2 Let Sd−1 =
{
x ∈ Rd | |x| = 1

}
, d ≥ 2, be the d-dimensional

sphere with radius 1 and a ∈ Rd, |a| ≥ 1, a point outside of or on the sphere.
As circle on the sphere for the point a we define the set:

K(a) :=
{
x ∈ Sd−1|aTx ≥ 1

}
.

As a measure for its size we define its half “opening angle” α ∈ [0, π/2) as

α := arccos

(
1

|a|

)
Because the arc cosine is strictly monotonically decreasing on [0, π], the opening
angle of a circle rises with increasing norm of a, this means the circle becomes
larger.

The geometric relation between a, K(a) and α is illustrated by figure 3.5 as 2-
dimensional projection. Lines through a and boundary points of the circle K(a)
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are just tangents of the sphere, what becomes clear by the cathetus theorem. The
circle K(a) spans a cone over the center of the sphere with half an opening angle
of α.
Consider that for |x| → ∞ K(x) approaches a hemisphere and the boundary of
K(x) approaches a great circle with opening angle π, but never reaches it. Thus
two antipodal points can obviously not be contained by a circle according to defi-
nition 3.2, but need a hemisphere to be contained by. A hemisphere containing two
antipodal points x and −x ∈ Sd−1 is not unique because all hemispheres whose
dividing plane contains the line through x and −x contain both points. Thus, a
smallest circle containing two antipodal points cannot be defined uniquely any-
way.
Actually the smallest enclosing circle of a set of points on the d-dimensional sphere
could also be calculated as the intersection of this sphere and the smallest enclos-
ing sphere of the points in Rd calculated according to the standard Welzl algorithm.
However, transferring the Welzl algorithm to the sphere is more elegant and faster
since some things can be better conceived mathematically and the dimension is
smaller by one:

Lemma 3.3 Let p1, . . . ,pn n be linearly independent points on the d-dimensional
sphere Sd−1 := {x ∈ Rd | |x| = 1

}
with n ≤ d. Then an unique smallest circle

K(x) on the d-dimensional sphere exists with the points p1, . . . ,pn on its bound-
ary, i.e. xTpi = 1 for all 1 ≤ i ≤ n. We denote this circle by Kb(p1, . . . ,pn). x
is determined as the solution of the system of equations pT

1
...
pT
n


︸ ︷︷ ︸

=:AT

x =

1
...
1

 (3.12)

with minimum norm. If A = QR is the QR decomposition of the matrix A, then x
can be calculated as x = Qz with z the solution of

RT z =

1
...
1


calculated by forward substitution.

Proof:
In principle clear. The matrix equation (3.12) just combines the equations xTpi =
1, 1 ≤ i ≤ n, which mean that the points pi are on the circle boundary, and it might
be under-determined because of n ≤ d. According to definition 3.2 we can take
the norm of x as measure for the size of K(x), the norm of x must be minimum
because we are searching for a smallest circle with the points p1, . . . ,pn on its
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boundary. But it is a well-known result that the matrix equation ATx = b has
an unique solution under the condition that x has minimum norm and A has full
column rank. The latter is the case, because p1, . . . ,pn are linearly independent.
Furthermore it is well known, that this unique solution can be calculated by the QR
decomposition of A, as described above and can be read in [30], for example.

At this point we want to briefly recall how for a set of points p1, . . . ,pn ∈ Rd,
n ≤ d + 1, the center c ∈ Rd for a sphere S = {x ∈ Rd | |x − c| ≤ r} with
minimum radius r and the points p1, . . . ,pn on its surface can be calculated, which
is necessary for the “classical” Welzl algorithm. For that we can put p1 to the origin
by subtracting it from all points p̃i := pi−p1, 2 ≤ i, j ≤ n, so that the Euclidean
norm of c̃ := c − p1 is just the radius r, and use the fact that the foot of the
perpendicular from c̃ to any secant from p1 to pi, 2 ≤ i ≤ n, is just its mid 1

2 p̃i:

p̃T
i (c̃−

1

2
p̃i) = 0 ⇔ p̃T

i c̃ =
1

2
|p̃i|2 , 2 ≤ i ≤ n

Thus c̃ can be found as solution of the system of equationsp̃T
2
...
p̃T
n

 c̃ =
1

2

|p̃2|2
...
|p̃n|2


with minimum norm again by a QR decomposition. However, taking p1 as origin
is arbitrary and of course every other point from p2, . . . ,pn could be taken, too.
Hence the corresponding problem from lemma 3.3 on the sphere is nicer from a
mathematical point of view because it can be solved in a way which is completely
symmetrical for all points.

A fundamental element for the proof of the correctness of the Welzl algorithm,
as it can be found in [29], is that enclosing spheres with a non-empty intersection
can be transformed continuously into each other so that every sphere in between
contains the intersection of both original spheres. In order to transfer this proof to
our case we have to prove something equal for circles on a sphere:

Lemma 3.4 Let a0,a1 ∈ Rd be vectors with |a0| ≥ 1 and |a1| ≥ 1 and K(a0) ∩
K(a1) ̸= ∅. Then K(a0) can be transformed continuously into K(a1) by a convex
combination of a0 and a1 and it is:

K(a0) ∩K(a1) ⊂ K ((1− t)a0 + ta1) =: K(t) and (3.13)

∂K(a0) ∩ ∂K(a1) ⊂ ∂K((1− t)a0 + ta1︸ ︷︷ ︸
=:a(t)

) =: ∂K(t) ∀ t ∈ [0, 1] , (3.14)
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with ∂K(a) = {x ∈ Sd−1|aTx = 1} the boundary of K(a) and

p ∈ K(t0) ∧ p ∈ K(t1) ⇒ p ∈ K(t) ∀ t ∈ [t0, t1] , 0 ≤ t0 ≤ t1 ≤ 1 (3.15)

Besides, the opening angle of all “intermediate circles” K(t), t ∈ (0, 1), is smaller
than the opening angle of the largest “edge circle” K(a0) or K(a1) provided that
a0 ̸= a1.

Proof:
At first we have to show |(1− t)a0 + ta1| ≥ 1 for t ∈ [0, 1] so that K(t) is well-
defined. Because of K(a0) ∩K(a1) ̸= ∅ a p ∈ Sd−1 exists with p ∈ K(a0) and
p ∈ K(a1) and hence:

1 ≤ aT0 p∧1 ≤ aT1 p ⇒ 1 ≤ ((1− t)a0 + ta1)
T p

Cauchy-Schwarz
≤

|p|=1
|(1− t)a0 + ta1|

Analogous to the first conclusion we can deduce (3.13) resp. (3.14), if we consider
the equality case, as well as (3.15), if we replace a0 by (1 − t0)a0 + t0a1 and a1
by (1− t1)a0 + t1a1.
That the opening angle of the “intermediate circles” is smaller than the opening
angle of the largest “edge circle” follows again by the Cauchy-Schwarz inequality:

|(1− t)a0 + ta1| ≤ (1− t)|a0|+ t|a1| ≤ max{|a0|, |a1|}

If a0 ̸= a1, one of the two inequality relations must be strict. Because if it was
|a0| = |a1| as well as a0 and a1 linearly dependent, it would be a1 = −a0. But
that is impossible because of pTa0 ≥ 1 ∧ pTa1 ≥ 1⇒ pT (a0 + a1) ≥ 2.

Lemma 3.5 Let P,R ⊂ Sd−1 be finite sets of points on the sphere, P non-empty
and p ∈ P a point in P .

(i) If a circle K(a), a ∈ Rd, |a| ≥ 1, exists with P ⊂ K(a) and R ⊂ ∂K(a),
then there is also a unique mimimum circle K(amin) with P ⊂ K(amin)
and R ⊂ ∂K(amin). We denote this circle as Kmb(P,R).

(ii) If Kmb(P,R) exists and p /∈ Kmb(P\{p}, R), then p is on the boundary of
Kmb(P,R), i.e. Kmb(P,R) = Kmb (P\{p}, R ∪ {p}).

(iii) If Kmb(P,R) exists and the points in R are linearly independent, then it ex-
ists a set S of at most max{0, d− |R|} points from P so that Kmb(P,R) =
Kmb(S,R) and the points in R ∪ S are linearly independent, too. Particu-
larly the points in S are on the boundary of Kmb(P,R), i.e. Kmb(P,R) =
Kb(R ∪ S) with Kb defined according to lemma 3.3.
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Proof:
(i): amin is obviously the point with minimum norm fulfilling the condition aTminpi

≥ 1 ∀ pi ∈ P and aTminri = 1 ∀ ri ∈ R. Therefore we have a quadratic program
at hand. If we claim aditionally that the norm is limited by the norm of a, the
admissible region described by this condition is compact, convex and non-empty
as it contains a. Because of the continuity of the norm there must be a point
with mimimum norm in the admissible region. If it were several points, there
would be even points with smaller norm on the connecting line according to lemma
3.4 in contradiction to the minimality. Thus amin and Kmb(P,R) are determined
uniquely.
(ii): If Kmb(P,R) exists, then it is also unique. In the case P = {p} and R = ∅
it is obviously Kmb(P,R) = K(p) and p is on the boundary of Kmb(P,R). In
all other cases Kmb(P\{p}, R) and Kmb(P,R) contain a common point from
P ∪ R and hence they can be transformed continuously into each other according
to lemma 3.4 by a family of circles K(t), t ∈ [0, 1]. If p was not on the boundary
of Kmb(P,R), then there would be a t0 ∈ (0, 1), so that p was on the boundary of
K(t0). But since the opening angle of Kmb(P\{p}, R) is truely smaller than the
opening angle of Kmb(P,R) because of p /∈ Kmb(P\{p}, R), K(t) would have
a smaller opening angle as Kmb(P,R) according to lemma 3.4 in contradiction to
its minimality.
(iii): Let S be a maximal subset of the points in P on the boundary of Kmb(P,R)
so that R ∪ S is linearly independent. From linear algebra theory we know that
such a set must exist and it can contain at most max{0, d − |R|} points. Let
us suppose that it is Kmb(P,R) ̸= Kb(R ∪ S). Because of the uniqueness and
minimality of Kb(R ∪ S) the opening angle of Kmb(P,R) must be larger than the
opening angle of Kb(R ∪ S). According to lemma 3.4 there is now a continuous
transformation K(t), t ∈ [0, 1] from K(0) = Kb(R ∪ S) to K(1) = Kmb(R,S).
For every p ∈ P an unique t(p) ∈ [0, 1] exists so that p ∈ K(t) ∀ t ∈ [t(p), 1]
and p /∈ K(t) ∀ [0, t(p)). If tmax := max{t(p)|p ∈ P} was smaller than 1,
K(tmax) would be a circle with the points in R on its boundary which contains all
points in P but has a smaller opening angle than Kmb(P,R) – in contradiction to
its minimality. Hence it is tmax = 1 and there must be a point pmax ∈ P so that
pmax ∈ K(1) = Kmb(R,S) and pmax /∈ K(t) ∀ t ∈ [0, 1). Thus because of the
continuity of this transformation pmax must be on the boundary of Kmb(P,R) but
not in S. But that is only possible if pmax is linearly dependent from R ∪ S. Thus
let be R∪S = {s1, . . . , sm} and pmax =

∑m
i=1 λisi. As pmax and s1, . . . , sm are

on the boundary of Kmb(P,R) =: K(a), it is:

1 = aTpmax = aT
m∑
i=1

λisi =

m∑
i=1

λia
T si =

m∑
i=1

λi

Thereby it follows because s1, . . . , sm are on the boundary of Kb(R∪S) =: K(b):

bTpmax = bT
m∑
i=1

λisi =

m∑
i=1

λib
T si =

m∑
i=1

λi = 1
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Hence pmax is on the boundary of Kb(R∪S) in contradiction to pmax /∈ K(t) ∀ t ∈
[0, 1). Thus it is Kmb(P,R) = Kb(R ∪ S) = Kmb(S,R). However, we have not
yet considered the case R ∪ S = ∅. That means it must be shown that there is
at least one point in P which is on the boundary of Kmb(P, ∅). But that can be
done by using a continuous transformation from K(p) to Kmb(P, ∅) for any point
p ∈ P in the same way as it has been shown above that pmax is on the bound-
ary of Kmb(P,R). If the last remaining point (it could also be several points at
once) entered the transformed circle before the transformation had finished, the
transformed circle at that moment would contain all points in P , but the circle’s
opening angle would be smaller than the opening angle of Kmb(P, ∅) – in contra-
diction to its minimality. Hence there is a point in P which is not contained by any
of the “intermediate circles” but only by Kmb(P, ∅). Therefore this point must be
on the boundary of Kmb(P, ∅) and thus S cannot be empty.

Lemma 3.5 always assumes in its statements the existence of an enclosing circle.
But so far we have not yet elaborated on a criterion when for a given set of points
an enclosing circle actually exists.

Proposition 3.6 Let {p1,p2, . . . ,pn} ⊂ Sd−1, n ∈ N, be a set of points on the
sphere Sd−1 =

{
x ∈ Rd | |x| = 1

}
, d ≥ 2, lying within a hemisphere (without

boundary plane), i.e. ∃ h ∈ Sd−1 with hTpi > 0 for all 1 ≤ i ≤ n. Under this
condition there is an unique smallest circle K(amin) := {x ∈ Sd−1|aTminx ≥ 1}
on the sphere with hTamin > 0 that contains all points p1,p2, . . . ,pn. We denote
this circle as Km(p1, . . . ,pn).

Proof:
It is clear that

K

(
h

min{hTpi | 1 ≤ i ≤ n}

)
is a well-defined circle containing all points p1, . . . ,pn. Thereby it follows by
lemma 3.5(i) with P = {p1, . . . ,pn} and R = ∅ that Km(p1, . . . ,pn) = K(amin)
exists and is unique. We have still to show that hTamin > 0. If hTamin < 0 also
the circle K(amin − hhTamin) would contain p1, . . . ,pn:

pT
i

(
amin − hhTamin

)
= pT

i amin︸ ︷︷ ︸
≥1 because pi∈K(amin)

−pT
i h︸︷︷︸
>0

hTamin︸ ︷︷ ︸
<0

≥ 1

But it would be smaller than K(amin) in contradiction to its minimality:∣∣amin − hhTamin

∣∣2 = |amin|2 − 2 aTminhh
Tamin + aTminhhTh︸︷︷︸

=1

hTamin

= |amin|2 −
(
hTamin

)2
< |amin|2
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Suppose that hTamin = 0. Let a := |amin|2 and m be a positive number smaller
than min{hTpi|1 ≤ i ≤ n} and 1/

√
a. Then the circle K(b) with

b :=
1−m2a

1 +m2a
amin +

2ma

1 +m2a
h

contains p1, . . . ,pn, too, because

bTpi =
1−m2a

1 +m2a
aTminpi︸ ︷︷ ︸

≥1

+
2ma

1 +m2a
hTpi︸ ︷︷ ︸
>m

>
1−m2a

1 +m2a
+

2m2a

1 +m2a
= 1 ,

and K(b) has the same opening angle as K(amin) in contradiction to its unique-
ness:

|b|2 = (1−m2a)2

(1 +m2a)2
a+

(2ma)2

(1 +m2a)2
=

1 + 2m2a+m4a2

(1 +m2a)2
a = a = |amin|2

Thus it must be hTamin > 0.

Theorem 3.7 Let P and R be finite sets of points on the sphere Sd−1 :=
{
x ∈ Rd |

|x| = 1}. If a smallest enclosing circle Kmb(P,R) of the points in P with the
points in R on its boundary exists, then this circle can be calculated by the follow-
ing recursive function:

Algorithm 3.1 Recursive calculation of Kmb(P,R)

1: function Kmb(P,R)
2: if P = ∅ or |R| = d then
3: return Kb(R)
4: else
5: choose p ∈ P
6: K ← Kmb(P \ {p}, R)
7: if p /∈ K then
8: return Kmb(P \ {p}, R ∪ {p})
9: else

10: return K
11: end if
12: end if
13: end function

The function Kb(R) returns the smallest circle according to lemma 3.3 with the
points in R on its boundary.
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Especially by Kmb(P, ∅) the smallest enclosing circle Km(P ) of the points in P
can be calculated, which exists and is unique according to theorem 3.6 if there is
a h ∈ Sd−1 with hTp > 0 ∀p ∈ P . The average running time for calculating
Kmb(P, ∅) = Km(P ) is in O(dd!|P |) if a random point from P is chosen at line
5.

Proof:
Correctness of the algorithm / function: In the case P = ∅ all is clear. For |R| = d
it is clear from the proof of lemma 3.3 that there is exactly one circle with the points
in R on its boundary if these points are linearly independent since the system of
linear equations of this proof has an unique solution in this case. If the points in
R are not linearly independent, we even get an over-determined system of linear
equations in the subspace spanned by those points, which must have a solution be-
cause of the existence of Kmb(P,R).
If we choose p ∈ P , the existence of Kmb(P\{p}, R) is ensured by the as-
sumed existence of Kmb(P,R) according to lemma 3.5(i). If it is furthermore
p /∈ Kmb(P\{p}, R), it can be concluded by lemma 3.5(ii), that Kmb(P\{p}, R∪
{p}) is just Kmb(P,R).
Running time for calculating Kmb(P, ∅) = Km(P ): If we suppose that the points
in R are linearly independent, we can conclude by applying lemma 3.5(iii) to
Kmb({p}, R) that the at line 5 from P chosen point p must be linearly indepen-
dent from R if it is p /∈ K at line 7. By induction it is clear that when calculating
Km(P ) the sets R occurring during recursion consist of linear independent points.
By applying lemma 3.5(iii) once again we can conclude that among the points in
R there are at most d − |R| points which are necessary for determining the circle
K by lying on its boundary. The case p /∈ K at line 7 can obviously only occur
if p is one of these d − |R| points determining K and the probability of that is
just (d − |R|)/|P |. The further calculation for the running time can be done in
just the same way as for the Welzl algorithm which has according to [29] a run-
ning time in O(δδ!|P |) with δ := d + 1 since d + 1 points determine a sphere in
d-dimensional space. Because according to lemma 3.3 a circle on the sphere Sd−1

in d-dimensional space is already determined by d points, we get a running time in
O(dd!|P |) for the Welzl algorithm transferred to the sphere.

An obvious application of the Welzl algorithm on the sphere is, when considering
a set of directions in R3 as points on the S2, to determine the “average” direction
which deviates from the original directions at most by a certain angle by calculat-
ing the minimum enclosing circle.
However, as it has already been suggested at the end of the previous section we
want to apply this algorithm to a set of rotation quaternions on the S3. But as al-
ready mentioned, the unit quaternions Q∗ are only isomorph to the SO(3) if we
divide them by the equivalence relation q ∼ w :⇔ q = w ∨ q = −w. So when
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transferring rotation matrices to rotation quaternions there is an ambiguity con-
cerning the sign. But we can use this ambiguity so that the hemisphere condition
of lemma 3.6 is always fulfilled for Q∗/∼ because of the following lemma.

Lemma 3.8 On the set Sd−1 = {x ∈ Rd | |x| = 1} given the following equiva-
lence relation:

a ∼ b :⇔ a = b ∨ a = −b

Then for every finite subset P = {p̃1, . . . ,p̃n} of Sd−1/∼ there exists a set {p1, . . . ,
pn}⊂ Sd−1 of representatives with pi ∼ p̃i, 1 ≤ i ≤ n, and a h ∈ Sd−1 so that
hTp > 0 for all 1 ≤ i ≤ n.

Proof:
We prove by induction for d. For d = 1 the statement is trivial since it is S0 =
{−1, 1} and |S0/∼ | = 1. Thus we can take {1} as set of representatives and as
“vector” h we can take 1, too, unless P is empty. For the induction step we can
choose an arbitrary hd ∈ Sd and a set of representatives {p1, . . . ,pn} by properly
flipping the sign so that it is hT

d pi ≥ 0. If there is no representative with hT
d pi = 0,

that means J := {j ∈ {1, . . . , n} | hT
d pj = 0} is empty, we can choose h = hd

and we are done. Otherwise since Sd ∩ ⟨hd⟩⊥ = {x ∈ Sd | hT
d x = 0} can be

considered as Sd−1, because of the induction hypothesis there exist representatives
pj with j ∈ J a hd−1 ∈ Sd ∩ ⟨hd⟩⊥ so that it is hT

d−1pj > 0 for all j ∈ J . If I :=
{1, . . . , n}\J is empty, we can choose h = hd−1 and are done. Otherwise define
u := max{|hT

d−1pi| | i ∈ I} and let v be a number between 0 and min{hT
d pi | i ∈

I}. We define:
h :=

u√
u2 + v2︸ ︷︷ ︸
=:λ

hd +
v√

u2 + v2︸ ︷︷ ︸
=:µ

hd−1

Because of λ2+µ2 = 1 and hT
d hd−1 = 0 it is obviously |h| = 1 and thus h ∈ Sd.

Besides, for j ∈ J it is obviously hTpj = µhT
d−1pj > 0. For i ∈ I we have:

hTpi =
u√

u2 + v2
hT
d pi︸ ︷︷ ︸
>v

+
v√

u2 + v2
hT
d−1pi︸ ︷︷ ︸
≥−u

> 0

In order to solve for a finite set of rotation matrices {R1, . . . ,Rn} ⊂ SO(3) the
problem

argmin
R∈SO(3)

max
i∈{1,...,n}

δ(R,Ri) (3.16)

by the Welzl algorithm on the sphere in 4-dimensional space, we need to know
which signs of the corresponding quaternions ±q(R1), . . . ,±q(Rn) to choose.
According to lemma 3.8 we can do this in a way so that the hemisphere condition
in lemma 3.6 is fulfilled. Unfortunately this is not sufficient because only if the
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angles between all pairs of quaternions are smaller than π/2, they correspond to half
the angle between the corresponding rotation matrices due to the absolute value in
(3.11).

Theorem 3.9 Let {R1, . . . ,Rn} ⊂ SO(3) be a finite set of rotation matrices.
Furthermore corresponding rotation quaternions q1, . . . ,qn exist so that Ri =
R(qi) and qT

1 qi > 0, 2 ≤ i ≤ n. Let K(q) = Kb(q1, . . . ,qn) have an opening
angle smaller than π/2, that means |q|2 < 1/ cos2(π/4) = 2. In the following we
want to talk of “R1, . . . ,Rn fulfilling the cone condition” if these conditions are
met.
Thus if R1, . . . ,Rn fulfill the cone condition, then Rm(R1, . . . ,Rn):=R(q/|q|)
is the unique solution of the minimization problem

argmin
R∈SO(3)

max
i∈{1,...,n}

δ(R,Ri)

and it is

αm (R1, . . . ,Rn) := min
R∈SO(3)

max
i∈{1,...,n}

δ(R,Ri) = 2 arccos

(
1

|q|

)
∈
[
0,

π

2

)
.

Proof:
If the opening angle of K(q) = Km(q1, . . . ,qn) is smaller than π/2, the angles of
all pairs of quaternions are smaller than π/2 because of the triangle inequation for
triangles on the sphere in 4-dimensional space (see lemma A.2):

∀ 1 ≤ i, j ≤ n : ∡(qi,qj) ≤ ∡(qi,q) +∡(q,qj) <
π

4
+

π

4
=

π

2
⇒ qT

i qj > 0

If the circle K(q) has an opening angle smaller or equal to π/2, it is not possible
that such a circle with an opening angle smaller than π/2 exists for any other choice
of signs for q2, . . . ,qn. If that would be the case, there had to be a k ∈ {2, . . . , n}
so that qT

1 qk < 0 in contradiction to the above inequation.
If the opening angle of K(q) is smaller than π/2, the angle between two rotation
quaternions is in fact equal to half the angle between the corresponding rotation
matrices according to (3.11) and the original minimization problem is equivalent
to the minimization problem

argmin
q∈Q∗

max
i∈{1,...,n}

arccos(qTqi) .

This minimization problem is actually solved by the smallest enclosing circle of
q1, . . . ,qn on the sphere in 4-dimensional space. Because this smallest enclosing
circle has an opening angle smaller than π/2, that means arccos(1/|q|) ∈ [0, π/4),
it follows αm(R1, . . . ,Rn) ∈ [0, π/2).
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[q]

[q]

[w]

[w]

[r][r]

[q]

[q]

[w]

[w]

100°

80°

80°
50°

50°

Figure 3.6: For two quaternions q and w
resp. their cosets [q] and [w] which are
perpendicular to each other there are two
smallest enclosing double cones (contrary
hatched) with an opening angle of π/2 on
whose boundary they lie.

Figure 3.7: Although [r] is not within the
smallest enclosing double cone of [q] and
[w] (cross hatched), it does not lie on the
boundary of the smallest enclosing dou-
ble cone of [q], [w] and [r] (horizontally
hatched).

The cone condition in theorem 3.9 is formulated constructively. To check it and,
if it is fulfilled, to solve the minimization problem of theorem 3.9, appropriate
rotation quaternions q1, . . . ,qn are calculated at first so that Ri = R(qi) for 1 ≤
i ≤ n and then the signs of q2, . . . ,qn are possibly flipped so that it is qT

1 qi > 0
for 2 ≤ i ≤ n. If a j ∈ {2, . . . , n} exists so that qT

1 qj = 0, the cone condition
is not fulfilled and we can abort. If that is not the case, we can calculate K(q) =
Km(q1, . . . ,qn) by the Welzl algorithm on the sphere in 4-dimensional space.
The opening angles of the “intermediate circles” Ki := Km(qπ−1(1), . . . ,qπ−1(i)),
which are calculated during the Welzl algorithm (with π a random permutation
applied at the beginning of the algorithm), increase strictly monotonically until
finally the circle Kn = K(q) is reached. Hence we can check during the Welzl
algorithm for each of these intermediate circles if its opening angle is greater or
equal to π/2 and, if this is the case, we can abort immediately because the cone
condition is not fulfilled.

The question rises if and how the optimization problem (3.16) can be solved if
the rotation quaternions corresponding to the given rotation matrices can only be
enclosed by a cone with an opening angle greater or equal to π/2.
In fact, in this case the solution is no longer unique as it is shown by figure 3.6 for
a two-dimensional projection of the quaternion sphere: For two quaternions which
are perpendicular to each other there are two double cones with an opening angle
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of π/2 on whose boundary the two quaternions lie.
Furthermore, it is not possible in this case to calculate any optimum solution by
the Welzl algorithm since a for the Welzl algorithm necessary property is no longer
fulfilled: If the smallest enclosing circle for a subset of the points does not contain
another point, this point must lie on the boundary of the smallest enclosing circle
of the union of the subset and the other point. But this is not true in the case
of an opening angle larger than π/2 as illustrated by figure 3.7 again for the two-
dimensional projection of the quaternion sphere. Thus the Welzl algorithm cannot
be applied any longer.

Now the question arises what is the best “approximation” for R1, . . . ,Rn in terms
of the spectral norm if we accept as approximation not only rotations but also any
other linear transformation. This we want to investigate in the following lemma:

Lemma 3.10 Let R ∈ SO(3) be a rotation by the angle α ∈ [0, π] and let
Symdef(3) be the set of real symmetric semidefinite 3×3 matrices, i.e. the union of
negative and positive definite real matrices. Then the minimization problem

argmin
S∈Symdef(3)

∥R− S∥2

is solved by

cosα1 with ∥R− cosα1∥2 = sinα for α ∈ [0, π/2) and
the zero matrix 0 with ∥R− 0∥2 = ∥R∥2 = 1 for α ∈ [π/2, π] .

Proof:
Let R̃ ∈ SO(3) be a rotation mapping the rotation axis of R to the z-axis. For
arbitrary S ∈ Symdef(3) it is:

∥R− S∥2 =
∥∥∥R̃ (R− S) R̃T

∥∥∥
2
=

∥∥∥∥∥∥
cosα − sinα 0
sinα cosα 0
0 0 1

− R̃SR̃T︸ ︷︷ ︸
=:S′

∥∥∥∥∥∥
2

Obviously it is S′ ∈ Symdef(3). We divide S′ into blocks:

S′ =

S′
2×2

a′

b′

a′ b′ c

 with S′
2×2 ∈ Symdef(2) and a′, b′, c ∈ R

According to the principal axis [43] theorem there is a R2×2 ∈ SO(2) and s1, s2 ∈
R so that

S′
2×2 = RT

2×2

(
s1 0
0 s2

)
R2×2
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and thus (consider the commutativity of SO(2)):

∥R− S∥2

=

∥∥∥∥∥∥
R2×2

0
0

0 0 1

cosα − sinα 0
sinα cosα 0
0 0 1

−
S′

2×2
a′

b′

a′ b′ c

RT
2×2

0
0

0 0 1

∥∥∥∥∥∥
2

=

∥∥∥∥∥∥
cosα − sinα 0
sinα cosα 0
0 0 1

−
s1 0 a

0 s2 b
a b c

∥∥∥∥∥∥
2

(3.17)

=

∥∥∥∥∥
cosα− s1 − sinα −a

sinα cosα− s2 −b
−a −b 1− c


︸ ︷︷ ︸

=:M

∥∥∥∥∥
2

with
(
a
b

)
:= R2×2

(
a′

b′

)

∥M∥2 can be bounded in the following way (consider sinα ≥ 0 because α ∈
[0, π]):

∥M∥2 ≥

∣∣∣∣∣∣M
1
0
0

∣∣∣∣∣∣
2

=

√
(cosα− s1)

2 + sin2 α+ a2 ≥ sinα resp.

∥M∥2 ≥

∣∣∣∣∣∣M
0
1
0

∣∣∣∣∣∣
2

=

√
(cosα− s2)

2 + sin2 α+ b2 ≥ sinα

The two last inequalities are sharp iff s1 = s2 = cosα and a = b = 0. In this case
it is:

MTM =

sin2 α 0 0
0 sin2 α 0
0 0 (1− c)2

 ⇒ ∥M∥2 = max{sinα, |1− c|}

In fact ∥M∥2 reaches the lower bound sinα if |1−c| ≤ sinα⇔ c ∈ [1−sinα, 1+
sinα]. Especially this is true for c = cosα in the case of α ∈ [0, π/2] due to

α ∈ [0, π/2] ⇒ 0 ≤ cosα ≤ 1 ∧ 0 ≤ sinα ≤ 1

⇒ cosα+ sinα ≥ cos2 α+ sin2 α = 1 ⇒ cosα ≥ 1− sinα .

In order to get the primary matrix S the orthogonal basis transitions applied to
R−S have to be applied to (3.17) in transposed form in reverse order. Because of
s1 = s2 = cosα and a = b = 0 the latter matrix is just cosα1. Because it is a
scaled unit matrix and hence commutes with any other matrix, it is not affected by
basis transitions and thus we have proven the first statement of this lemma.
In the case of α ∈ [π/2, π] it is cosα ≤ 0. Because S is semidefinite and this
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property is not affected by orthogonal basis transitions, s1, s2, c ≥ 0 or s1, s2, c ≤
0 must be valid. If s1, s2, c ≥ 0 holds, we get:

∥M∥2 ≥

∣∣∣∣∣∣M
1
0
0

∣∣∣∣∣∣
2

=

√
(cosα− s1)

2 + sin2 α+ a2 ≥
√

cos2 α+ sin2 α = 1

If s1, s2, c ≤ 0 holds, we get:

∥M∥2 ≥

∣∣∣∣∣∣M
0
0
1

∣∣∣∣∣∣
2

= a2 + b2 + (1− c)2 ≥ 1

But ∥R−S∥2 obviously reaches the lower bound of 1 for S = 0 and thus we have
proven the second statement of this lemma.

Theorem 3.11 Let {R1, . . . ,Rn} ⊂ SO(3) be a set of rotation matrices and
Mat3×3 the set of 3×3 matrices. Then the minimization problem

argmin
M∈Mat3×3

max
i∈{1,...,n}

∥Ri −M∥2

is solved by

Mopt := cos
(
αm(R1, . . . ,Rn)

)
Rm(R1, . . . ,Rn) with

max
i∈{1,...,n}

∥Ri −Mopt∥2 = sin
(
αm(R1, . . . ,Rn)

)
with αm defined according to theorem 3.9 if R1, . . . ,Rn fulfill the cone condition.
Otherwise it is solved by the zero matrix with

max
i∈{1,...,n}

∥Ri − 0∥2 = 1 .

Proof:
Let M ∈ Mat3×3 be arbitrary, but fixed. It is a well-known result of linear algebra
that M can be written by the so-called polar decomposition as M = RS with an
orthogonal matrix R and a real symmetric positive semidefinite matrix S [44]. By
possibly transferring a factor (−1) from R to S we achieve that it is R ∈ SO(3).
Then S might be negative semidefinite. By the polar decomposition of M and by
lemma 3.10 we can conclude for all 1 ≤ i ≤ n:

∥Ri −M∥2 = ∥Ri −RS∥2 =
∥∥RTRi − S

∥∥
2
≥ f

(
δ(R,Ri)

)
with f(α) :=

{
sinα if α ∈ [0, π/2)
1 if α ∈ [π/2, π]
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Because f is monotonically increasing it is:

min
M∈Mat3×3

max
i∈{1,...,n}

∥Ri −M∥2 ≥ f

(
min

R∈SO(3)
max

i∈{1,...,n}
δ(R,Ri)

)
(3.18)

If R1, . . . ,Rn fulfill the cone condition, we get according to theorem 3.9:

min
M∈Mat3×3

max
i∈{1,...,n}

∥Ri −M∥2 ≥ sin
(
αm(R1, . . . ,Rn)

)
(3.19)

Let us denote αm(R1, . . . ,Rn) by only αm hereafter. Because of the above in-
equation it is sufficient to show that the lower bound sin(αm) for Mopt is reached.
For all 1 ≤ i ≤ n it is:

di := ∥Ri − cosαmRm(R1, . . . ,Rn)∥2

=
∥∥Rm(R1, . . . ,Rn)

TRi︸ ︷︷ ︸
=:R′

− cosαm1
∥∥
2

By transforming by an appropriate orthogonal basis transition the rotation axis of
R′ to the z-axis we get by δi := δ(Rm(R1, . . . ,Rn),Ri):

di =

∥∥∥∥∥∥
cos δi − sin δi 0
sin δi cos δi 0
0 0 1

− cosαm

1 0 0
0 1 0
0 0 1

∥∥∥∥∥∥
2

=

∥∥∥∥∥∥
cos δi − cosαm − sin δi 0

sin δi cos δi − cosαm 0
0 0 1− cosαm

∥∥∥∥∥∥
2

= max

{√
(cos δi − cosαm)2 + sin2 δi , 1− cosαm

}
with 0 ≤ δi ≤ αm <

π

2

The following inequations are valid:

(cos δi − cosαm)2 + sin2 δi = 1 + cosα2
m − 2 cos δi cosαm

cos δi≥cosαm≥0

≤ 1 + cos2 αm − 2 cosαm cosαm = 1− cos2 αm = sin2 αm

and (1− cosαm)2 = 1 + cos2 αm − 2 cosαm

0≤cosαm≤1

≤ 1 + cos2 αm − 2 cosαm cosαm = 1− cos2 αm = sin2 αm

Thus it is:
max

i∈{1,...,n}
∥Ri −Mopt∥2 = max

i∈{1,...,n}
di ≤ sinαm

And thus because of (3.19)

max
i∈{1,...,n}

∥Ri −Mopt∥2 = sinαm
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must be valid.
If R1, . . . ,Rn do not fulfill the cone condition, it is:

∀R ∈ SO(3) : max
i∈{1,...,n}

δ(R,Ri) ≥
π

2

Because otherwise rotation quaternions q and q1, . . . ,qn corresponding to R and
R1, . . . ,Rn with qTqi ≥ 0, 1 ≤ i ≤ n, would exist which lie within a circle with
an opening angle less than π/2 because of (3.5). Thus in conjunction with (3.18)
we get:

min
M∈Mat3×3

max
i∈{1,...,n}

∥Ri −M∥2 ≥ f
(π
2

)
= 1

Obviously this lower bounding value is reached for M = 0.

3.3 Rigid Transformation Hierarchies Buildup and Usage

Now as we have shown how for a finite set Θ = {T1, . . . , Tn} of rigid transforma-
tions Ti : R3 → R3,x 7→ Ric + bi, Ri ∈ SO(3), bi ∈ R3, 1 ≤ i ≤ n, we can
find a transformation T (Θ) : R3 → R3,x 7→ c(Θ)R(Θ)x+ b(Θ), M ∈ Mat3×3,
b ∈ R3 so that we have an upper bound

|Ti(x)− T (x)| ≤ rR(Θ) |x|+ rb(Θ) , 1 ≤ i ≤ n , (3.20)

we can build up some kind of bounding volume hierarchy (BVH) over these trans-
formations that we want to call a rigid transformation hierarchy (RTH). Because
the upper bound on the right side in (3.20) contains |x|, the geometry these trans-
formations are applied to has to be taken into account. In order to replace |x| by
an as small as possible constant so that (3.20) is really a global bound, the smallest
enclosing sphere of the whole geometry to which the transformations are applied
has to be calculated. This can be done again by the Welzl algorithm, the center
of this sphere has to be moved to the origin and then |x| can be bounded by the
radius of this sphere. When moving the center c ∈ R3 of the enclosing sphere to
the origin by the coordinate transformation V : R3 → R3,x 7→ x̃ = x − c the
transformations Ti have to be replaced by V TiV

−1:

V TiV
−1 : R3 → R3 , x 7→ [Ri(x+ c)] + bi − c = Rix+ bi +Ric− c

Thus the translation vectors bi have to be replaced by bi + Ric − c before the
RTH is built up. Then |x| in (3.20) can be bounded by the radius r of the enclosing
sphere of the geometry to which the transformations are applied, and we get the
global bound

|Ti(x)− T (x)| ≤ rR(Θ) r + rb(Θ) , 1 ≤ i ≤ n . (3.21)
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Algorithm 3.2 Recursive build up of an RTH node for a set Θ of rigid transforma-
tions

1: function BUILDUP_NODE(Θ)
2: calculate and store c(Θ), R(Θ) and rR(Θ) according to lemma 3.3 and

theorems 3.7, 3.9 and 3.11
3: calculate and store b(Θ) and rb(Θ) as center and radius of the smallest

enclosing sphere of the translation vectors of the transformations in Θ by
the standard Welzl algorithm

4: if abort criterion is not fulfilled then
5: divide Θ in two subsets Θ1 and Θ2

6: build up children recursively by calling BUILDUP_NODE(Θ1) and
BUILDUP_NODE(Θ2)

7: end if
8: end function

The RTH can now be built up in just the same way like a conventional BVH by
the recursive function for building up a node for a set Θ of rigid transformations
shown in algorithm 3.2.
Typical choices for the abort criterion at line 4 for any kind of BVH are an upper
bound for the recursion resp. tree depth or a lower bound for the number of el-
ements – in this case transformations – per leaf. Another obvious abort criterion
specifically for RTHs is to abort if the error rR(Θ) r+rb(Θ) for the transformation
approximation according to (3.21) drops below a certain threshold. And of course
combinations of all these criteria can be used.
Another important point is how the transformations are divided into two subsets
at line 5 in algorithm 3.2 in order to recursively build up the child nodes in the
hierarchy. The transformations consist of rotations and translations. Because it
seems not to be justified to assume that two transformations with similar rotations
must have similar translations without making requirements for the input data, the
transformations are divided according to either the rotations or the translations de-
pending on if rR(Θ) r or rb(Θ) is bigger for the current node. Such an alternating
division criterion is also known from k-d trees [45] in which points are organized
and at every node the points in the left and right subtree are divided according to
either their x, y or z coordinate.
An usual strategy to divide a set of points during the buildup of a BVH is to calcu-
late their covariance matrix in their centroid system and divide them according to
their projection to the principal axis which corresponds to the biggest eigenvalue
of the covariance matrix. We proceed in the same way when dividing based on the
translations by considering the translation vectors as points in R3 and when divid-
ing based on the rotations by considering the rotation quaternions as 4-dimensional
points. That is done, of course, after the quaternions have been possibly flipped
yielding qT

1 qi ≥ 0, 2 ≤ i ≤ n, for a set of rotation quaternions q1, . . . ,qn ∈ Q∗.
If the cone condition is not fulfilled, this simple flipping criterion might not be ideal
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q1

q2

−q2 q3q4

q5

Figure 3.8: If the cone condition is not ful-
filled so that a set a of unit quaternions can-
not be embraced by a circle with an opening
angle smaller than π/2, flipping the quater-
nions so that

qT
1 qi ≥ 0 , 2 ≤ i ≤ n

might not be ideal since the horizontally
hatched cone is bigger than the vertically
hatched cone.

as shown in figure 3.8. However, after some subdivisions of the transformations
in the RTH, the cone condition should be fulfilled in any case for any input data
for the deeper hierarchy levels. Because the data provided by our industrial partner
describes only a vibration movement of an engine, the cone condition is fulfilled
for that data even for all transformations on the whole.
Finally if A ⊂ R3 is the fixed geometry and B ⊂ R3 the moving geometry and by
a function dist(A,B, T ) their distance according to

dist(A,B, T ) := min
a∈A,b∈B

|a− T (b)|

can be calculated, the minimum distance for A and B over a set Θ of rigid trans-
formations

min
T∈Θ

dist(A,B, T ) (3.22)

can be calculated by traversing an RTH which has been built up over the transfor-
mations. For that an upper bound d for the distance according to (3.22) is initialized
by infinity which will become exact after traversing the tree by the recursive func-
tion shown in algorithm 3.3.
Some things have to be considered when traversing an RTH: At first the func-
tion dist(A,B, T ), which calculates the distance between A and transformed B by
traversing a classical BVH, is usually designed only for rigid transformations, but
at line 4 in algorithm 3.3 it is applied to T according to

T : R3 → R3 , x 7→ c(Θn)R(Θn) + b(Θn) . (3.23)

This is not a rigid transformation because of the scaling factor c(Θn) ∈ [0, 1].
But internally this function calculates its result as minimum of distances between
triangles of A and transformed triangles of B and there are early exits based on
calculated distances between bounding volumes of triangles of A and transformed
bounding volumes of triangles of B. The transformation of triangles is done vertex-
wise, which remains correct for an affine transformation according to (3.23) be-
cause affine transformations map straight lines on straight lines. The transforma-
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Algorithm 3.3 Minimum distance calculation by traversing an RTH
d is passed by reference and initialized by∞

1: function TRAVERSE_NODE(RTH node n, minimum distance d so far)
2: Θn ← set of transformations contained by node n
3: Retrieve c(Θn), R(Θn), b(Θn), rR(Θn) and rb(Θn) stored for node n
4: dn ← dist(A,B, T ) with T : R3 → R3,x 7→ c(Θn)R(Θn)x+ b(Θn)
5: e← rR(Θn)r + rb(Θn)
6: if dn − e ≥ d then
7: return
8: end if
9: if n is leaf then

10: for all T ∈ Θn do
11: d = min{d, dist(A,B, T )} ▷ update distance bound
12: end for
13: else
14: TRAVERSE_NODE(left child of n, d)
15: TRAVERSE_NODE(right child of n, d)
16: end if
17: end function

tion of a bounding volume by a rigid transformation is usually done by transform-
ing the in some way defined center and possibly rotating an orientation, e.g. for
OBBs. When applying a transformation according to (3.23) the bounding volume
has to be additionally scaled by c(Θn). However, since the bounding volumes are
usually convex and c(Θn) ∈ [0, 1], the correctly transformed bounding volume
is a subset of the transformed bounding volume with omitted scaling factor resp.
scaling factor set to 1. Thus and because the distance of the bounding volumes is
only used as bound to decide if an early exit is possible, the dist(A,B, T ) function
does not need necessarily to be adapted for non-rigid transformations according
to (3.23), especially because the scaling factor for deeper levels in the RTH will
usually be nearly 1.
Secondly, a BVH is usually not traversed by a simple DFS as it would be done by
the recursive function above, but the traversal order is optimized by a heuristic so
that the upper bound drops as fast as possible and there are more early exits at line
7 in algorithm 3.3. This is usually done by managing the nodes to traverse next in
a priority queue, and in our case it is an obvious idea to sort this priority queue by
the dn values according to line 4 of algorithm 3.3 and assign nodes with smaller dn
values a higher priority.
Now we have shown how the calculation of the minimum distance between a fixed
and moving geometry resp. set of triangles for a set of rigid transformations can
be done with the help of an RTH. Of course, just as it can be discovered for which
triangles the minimum distance is reached when traversing classical BVHs, it can
be discovered when traversing the RTH for which rigid transformation the mini-
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Figure 3.9: Exactly calculated distances (black) for a track consisting of 2202 transfor-
mations compared to distances approximately calculated by an RTH (red, error margin
yellow) with (a) dn − e ≥ d and (b) dn − 2e ≥ d as early exit criterion.

mum distance is reached. This is done by extending line 11 in algorithm 3.3 so that
when the upper bound d is reduced by a distance value for a certain transformation
this transformation is stored and thus the time point on the track can be found for
which the fixed and the moving geometry get closest.
However, as mentioned at the beginning of this chapter our industrial partner is
not only interested in this single time point but also other time points when both
geometries get quite close, too. But the RTH approach can be adapted in order to
calculate the distance approximately. The error e calculated at line 5 in algorithm
3.3 means that the distance for the transformations contained by this node is in
the range [dn − e, dn + e]. Thus, by adapting the criterion at line 6 we can make
the early exits dependent on certain accuracy requirements for the approximation
error of dn. An obvious adaption is to tighten up this criterion by adding a factor f
bigger than 1:

dn − fe ≥ d , f ≥ 1 (3.24)

In figure 3.9 a distance profile of an about 11 second long section of a test drive with
2202 transformations is shown. It is exactly calculated as well as approximately
by an RTH with f = 1 for the upper and f = 2 for the lower graph according to
(3.24) as early exit criterion at line 4 in algorithm 3.3. By the RTH the calculation
could be sped up by a factor of about 5 for f = 1 and about 2.5 for f = 2. (Further
and more detailed results will be presented in the next section.)
As it can be seen especially for the transformations 1000 to 1500, the approxima-
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Figure 3.10: A test scenario for evaluating the RTH approach consisting of some upper
parts of the engine and the hood.

tive calculation resembles the exact course of the distance for f = 2 much better
than for f = 1. The error is strongly overestimated in both cases. For this overesti-
mation there are two reasons. Firstly, the triangle inequation is used in (3.2) when
combining the rotational and translational error while both errors might even can-
cel out each other to a certain degree in many cases. And secondly, the rotational
error for the moving geometry is bounded by rR(Θn)r with r the radius of a sphere
enclosing the moving geometry. But the point on the moving geometry which gets
closest to the fixed geometry might be nearer to the center of this enclosing sphere
than to its surface and then the “real” radius for this point is actually much smaller.
However, finally this overestimation has to be accepted to keep conservativeness
of the bound. But of course it is clear, that the radius r in the bound of the ro-
tational error limits the application of the RTH approach to transformation tracks
with many quite similar rotations resp. orientations. But usually that is the case
for vibration movements. In the outlook some ideas will be sketched how the RTH
approach can be extended in order to reduce the radius in the rotational error bound
and thus to overcome this limitation.

3.4 Experimental Results

The RTH approach was evaluated for a track from a test drive consisting of over
180.000 rigid transformations delivered by our industrial partner. The test drive has
been split into 28 driving maneuvers by our industrial partner. The RTH approach
was applied to calculate an approximate course of the minimum distance between
fixed parts of the engine compartment and moving parts of the engine during all
these maneuvers as well as the track on the whole. This approximate calculation is
done with a factor of f = 1 according to (3.24), as it is necessary for calculating
the minimum distance throughout the track, as well as a factor of f = 2 in order to
tighten up the approximation.
Usually our industrial partner does not test a complete engine and the complete
engine compartment at once, but picks out some critical parts only. Thus he pro-
vided two scenarios for testing. The less complex scenario A consists of parts of
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moving parts fixed parts
stored in stored in

input BVH leaves input BVH leaves
scenario A 109.094 180.826 89.187 188.986
scenario B 427.450 936.147 84.236 253.697

Table 3.1: Number of triangles for the moving parts belonging to the engine and for the
fixed parts belonging to the engine compartment.

the exhaust system as parts of the engine and some shielding metal plates as parts
of the compartment as they could already be seen in figure 3.2 at the beginning of
this chapter. The other more complex scenario B consists of some upper parts of
the engine and the hood and can be seen in figure 3.10.
RSSs are used as bounding volumes for the BVH managing the triangles of the
geometry. The RSS BVH is built up in a top-down manner by iteratively splitting
the set of triangles and calculating a left and a right bounding volume for the two
subsets of triangles. That one of the three middle planes of every RSS is used for
the splitting whose normal points into the direction of the biggest extension of the
RSS. Then a tolerance region is defined by extending this plane by 2 mm to every
side. Triangles spanning this tolerance region, i.e. there is a triangle vertex left and
a triangle vertex right of this plane, are cut at the plane. If the third triangle vertex
lies within the tolerance region, the triangle is split into two triangles, otherwise
into three triangles. By the tolerance region it is avoided that very small triangles
are generated which could lead to numerical stability issues.
The buildup recursion is aborted and a RSS bounding volume not further split if it
has an extent smaller than 10 mm in all of its principal directions or if the contained
triangle fragments come all from the same input triangle. Then in the BVH leaf
node not the split triangles are stored but the input triangles because a leaf bound-
ing volume can contain several fragments from the same input triangle. Thus after
the BVH build up an input triangle is possibly stored in several BVH leaves whose
bounding volumes, as a whole, cover the input triangle.
In table 3.1 the number of input triangles for the fixed and moving parts are listed
as well as the number of triangles that are finally stored in the BVH leaf nodes.
Scenario B is more complex than scenario A because the number of triangles for
the moving parts is four times higher and because in scenario B the upper parts
of the engine are quite “parallel” to the hood and so the region where fixed and
moving parts can get closest is quite large.
Just like the BVH, the RTH data structure for the rigid transformations is also built
up in a top down manner as described in the previous section and the transfor-
mations are divided until there is only one transformation on the leaf level, too.
For comparison with the better, but slower f = 2 approximation the running time
for calculating the exact minimum distances for all transformation was measured.
The running time for the faster f = 1 approximation was compared with a naive
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number RTH exact RTH speed- naive min. RTH speed-
transfor- buildup calc. f = 2 up dist. calc. f = 1 up
mations time [ms] [sec] [sec] [sec] [sec]

1 2202 8.4 3.33 0.41 8.2 1.105 0.207 5.3
2 2220 8.0 1.67 0.30 5.6 0.960 0.196 4.9
3 2531 10.2 5.98 1.00 6.0 1.403 0.471 3.0
4 2802 11.0 2.17 0.22 9.8 1.289 0.140 9.2
5 3824 15.0 2.97 0.19 15.5 1.511 0.136 11.1
6 3864 14.6 4.38 0.12 35.5 1.226 0.089 13.8
7 3894 14.0 30.15 6.89 4.4 17.179 3.315 5.2
8 4109 15.2 5.90 0.41 14.5 1.884 0.187 10.1
9 4208 17.0 4.68 0.26 18.0 1.907 0.149 12.8

10 4292 17.0 5.53 0.80 6.9 2.331 0.347 6.7
11 4605 17.0 6.53 0.94 7.0 2.202 0.458 4.8
12 4764 19.5 3.83 0.17 22.3 2.116 0.110 19.2
13 4899 20.0 8.40 0.96 8.7 2.626 0.433 6.1
14 5240 20.0 38.65 7.82 4.9 22.257 3.791 5.9
15 5898 21.8 22.25 0.86 26.0 2.936 0.437 6.7
16 6160 22.0 25.47 0.93 27.4 2.624 0.516 5.1
17 6227 22.9 27.42 1.11 24.7 2.731 0.500 5.5
18 6612 26.2 8.00 0.53 15.0 2.882 0.197 14.7
19 6686 25.9 9.40 0.25 37.6 2.839 0.214 13.3
20 7404 28.4 40.62 1.02 40.0 3.272 0.521 6.3
21 7659 28.0 33.17 1.06 31.4 3.522 0.488 7.2
22 7889 30.4 12.43 0.77 16.1 4.005 0.378 10.6
23 8400 31.6 44.48 1.32 33.7 3.710 0.570 6.5
24 11974 54.1 14.11 1.17 12.1 5.137 0.366 14.0
25 12978 60.5 12.41 0.98 12.7 12.930 0.370 34.9
26 13757 63.3 24.67 1.08 22.9 5.099 0.336 15.2
27 13976 63.0 27.07 1.84 14.7 7.837 0.705 11.1
28 14128 63.2 143.48 16.17 8.9 30.363 4.345 7.0

183472 1012.6 586.24 2.88 203.9 99.788 0.797 125.2

Table 3.2: Running time results for a minimum distance computation by the RTH approach
for scenario A with f = 1 and f = 2 according to (3.24) in comparison to an exact com-
putation of all minimum distances for all transformations and a naive minimum distance
calculation (see text).
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number RTH exact RTH speed- naive min. RTH speed-
transfor- buildup calc. f = 2 up dist. calc. f = 1 up
mations time [ms] [sec] [sec] [sec] [sec]

1 2202 8.0 63.8 9.7 6.6 9.7 7.2 1.3
2 2220 8.0 70.1 8.6 8.2 31.4 6.1 5.1
3 2531 10.0 73.6 13.8 5.3 10.7 8.0 1.3
4 2802 10.7 72.2 5.3 13.6 23.6 4.2 5.6
5 3824 15.0 117.0 14.5 8.1 38.6 6.8 5.7
6 3864 14.0 120.9 1.9 63.9 23.4 1.9 12.6
7 3894 14.0 143.0 8.5 16.8 16.1 5.9 2.7
8 4109 15.0 158.4 7.0 22.6 42.3 4.8 8.8
9 4208 17.0 117.5 8.9 13.2 23.1 6.5 3.5

10 4292 17.0 127.1 9.1 14.0 20.9 5.5 3.8
11 4605 17.0 253.4 11.6 21.8 29.2 9.2 3.2
12 4764 20.0 135.0 3.5 38.2 44.7 2.6 17.2
13 4899 20.0 175.7 11.1 15.9 19.7 6.9 2.8
14 5240 20.0 191.2 6.2 30.8 22.1 4.7 4.7
15 5898 22.0 189.0 8.8 21.4 34.2 7.2 4.8
16 6160 22.9 204.3 9.9 20.5 80.2 4.4 18.1
17 6227 22.7 211.8 15.5 13.7 73.9 9.2 8.0
18 6612 25.7 200.6 7.3 27.4 63.9 5.2 12.3
19 6686 26.0 305.6 20.0 15.2 43.7 13.1 3.3
20 7404 28.0 216.4 10.7 20.2 100.2 4.9 20.3
21 7659 27.9 268.3 13.8 19.5 58.2 8.6 6.7
22 7889 30.0 267.0 5.9 44.9 57.8 3.7 15.6
23 8400 32.0 243.2 12.0 20.2 128.8 6.0 21.4
24 11974 52.6 380.9 21.1 18.0 148.9 7.3 20.5
25 12978 58.9 370.0 12.8 28.8 138.0 4.9 28.2
26 13757 64.5 607.9 18.8 32.4 205.2 9.8 20.8
27 13976 62.0 484.9 6.5 74.1 101.0 4.5 22.5
28 14128 62.3 324.8 4.1 79.3 102.0 3.3 30.5

183472 1013.0 6784.6 13.0 522.4 1417.3 6.4 221.5

Table 3.3: Running time results for a minimum distance computation by the RTH approach
for scenario B with f = 1 and f = 2 according to (3.24) in comparison to an exact com-
putation of all minimum distances for all transformations and a naive minimum distance
calculation (see text).
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Figure 3.11: Exact and by RTH approach for f = 2 approximatively calculated distances
for driving maneuver 7 for scenario A (a), maneuver 3 for scenario B (b) and maneuver 6
for scenario A (c) and scenario B (d). In the two former cases the approximative calculation
is quite slow and in the two latter cases it is quite fast.
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approach for calculating the minimum distance throughout a track, which was al-
ready much faster than calculating the minimum distances for all transformations.
For this naive approach the BVHs for the fixed and moving geometry are traversed
just like for a distance check for a single transformation. But a pair of bounding
volumes is only skipped if the bounding volume containing triangles of the fixed
geometry has a distance larger than the currently smallest distance to the bounding
volume containing the triangles of the moving geometry transformed by all trans-
formations of the track. On the leaf level the distance for every pair of triangles
of both geometries is calculated for every transformation. By this naive approach
a speed-up of up to 12.4 could be achieved compared to calculating the minimum
distance for all transformations except one case in which it was equally fast.
The results for scenario A are shown in table 3.2 and for scenario B in table 3.3
with the driving maneuvers sorted in ascending order of the transformation count
(2nd column) and with the total track at the bottom. The measurement was done on
an Intel® Core™ i7-970 CPU at 3.20 GHz with 6 cores, parallelized by 6 threads
and repeated 10 times. The tables contain the average of the measured values.
Additionally the tables contain the build up times for generating the RTH data
structure (3rd column), which are quite small and thus listed in milliseconds al-
though the buildup is done by only one thread. The build up of the RTH for all
over 180.000 transformations takes only about a second.
Obviously it can be expected that the longer the track, the higher the achievable
speed-up should be because the criterion for early exits when traversing the RTH
depends on the minimum distance throughout the whole track found so far. And
the more transformation there are, the more transformations are likely to lead to a
larger minimum distance than the minimum distance throughout the whole track
and and thus might be skipped by an early exit. This expectation is confirmed by
the measurement at least in this point that the speed-ups for the whole track are an
order of magnitude greater than for the single driving maneuvers. The speed-ups
for the single driving maneuvers lie between 4.4 and 40.0 for scenario A and 5.3
and 79.3 for scenario B for the comparison between exact computation and ap-
proximative calculation with an RTH with f = 2. For the comparison between
the naive calculation of the minimum distance throughout the whole track and the
approximative calculation with an RTH with f = 1 they lie between 3.0 and 34.9
for scenario A and between 1.3 and 30.5 for scenario B.
However, there are some driving maneuvers for which the RTH based minimum
distance calculation is quite slow compared to the others. For example, this is the
case for maneuver 7 for scenario A, for which the exact and approximatively cal-
culated distance is illustrated in figure 3.11(a), and it is the case for maneuver 3
for scenario B (figure 3.11(b)). Furthermore there are some maneuvers for which
the RTH based minimum distance calculation is quite fast compared to the others.
For example, for maneuver 6 that is the case for both scenarios (scenario A figure
3.11(c), scenario B figure 3.11(d)). As it can be seen in the figures for the two slow
cases, there are many transformations for which nearly the total minimum distance
is reached. Therefore these transformations cannot be skipped at high levels in the
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RTH because the lower bound of the error margin would be smaller than the total
minimum. Instead the RTH has to be traversed down to the leaf level, which makes
the RTH approach not so efficient for these cases.
In contrast, for the two latter cases the total minimum value is reached in a sharp
minimum. Thus for all other transformations outside of this minimum the distance
is much larger than the total minimum and thus the RTH traversal can be skipped
for these transformations at high levels making the RTH approach very efficient.

3.5 Future Work

So far the RTH approach has not yet been integrated into the software for our in-
dustrial partner. An integration would be possible in several ways. For example
it would be conceivable to present the user quickly the result for the total mini-
mum distance throughout the track by the RTH approach as well as an approximate
course of the distance as shown in figure 3.11 with big error margins. But then the
computation could continue in background and the nodes of the RTH which were
skipped so far could be further processed by keeping them in a priority queue and
making the error margins smaller and smaller and the course of the distance more
and more precise. The user could proceed with his work at the car model and per-
haps already take the decision that the minimum distance throughout the track is
too small and the model has to be revised.
Another feature request by our industrial partner is that not only the two points on
fixed and moving parts should be calculated which get closest in the course of a
track, but he also wants to know if there are other points on the parts with a certain
spatial distance to the totally closest points which reach a similar proximity.
A naive approach to realize this feature could be to divide the parts into cells by a
cubic grid and to do a separate distance calculation for every cell. Then for every
cell the total minimum distance could be quickly calculated by the RTH approach
and based on these total minimum distances for every cell it could be decided due
to certain criteria for which cells the calculation must be continued for more pre-
cise values throughout the track. For example, such a criterion could be that only
distances are of interest which are at most twice as big as the total minimum dis-
tance.
Another advantage of dividing the parts into cells would be that for every cell an
own RTH data structure could be built up with the cell’s center as origin of the
coordinate system. Then the radius of the moving geometry’s enclosing sphere in
the transformation bounding inequation (3.21), which is used in algorithm 3.3 at
line 5, could be replaced by half the cell diameter and thus be reduced by using
smaller cells.
A similar effect could be reached by building up several RTH data structures with
the centers of the moving geometry’s bounding volumes at a certain level of the
BVH as origin. Then the radius of the enclosing spheres of these bounding vol-
umes could be used as radius at line 5 in algorithm 3.3. The deeper the level at
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Algorithm 3.4 Swept volume containment test by traversing an RTH

1: function TRAVERSE_NODE(rigid transformation hierarchy node n)
2: Θn ← set of transformations contained by node n
3: Retrieve c(Θn), R(Θn), b(Θn), rR(Θn) and rb(Θn) stored for node n
4: if f (c(Θn)R(Θn)x+ b(Θn)) > rR(Θn)|x|+ rb(Θn) then
5: return false
6: end if
7: if n is leaf then
8: for all T ∈ Θn do
9: if T (x) ∈ A then

10: return true
11: end if
12: end for
13: return false
14: else
15: return TRAVERSE_NODE(left child of n) or
16: TRAVERSE_NODE(right child of n)
17: end if
18: end function

which that was done, the smaller would be the radius and thus the lower the upper
bound for the error, but the more RTHs would have been to be built up.
Besides there are also completely different applications of the RTH data structure
which are of highly interest in the automotive industry in the context of computer
aided design as well.
For example, when an RTH for a track of rigid transformations T1, . . . , Tn, Ti :
R3 → R3, 1 ≤ i ≤ n, is combined with an adaptive distance field for an object
A ⊂ R3 as described in section 2.1, the swept volume of that object along the track
can be described implicitly. If we define a “discrete” swept volume S as the union
of A transformed by all rigid transformations

S :=

n∪
i=1

Ti(A) with Ti(A) := {T (x) |x ∈ A} , (3.25)

a point x is contained by S iff

x ∈ S ⇔ ∃ i ∈ {1, . . . , n} : x ∈ Ti(A) ⇔ ∃ i ∈ {1, . . . , n} : T−1
i (x) ∈ A .

If we generate an adaptive distance field for A delivering a fast function f : R3 →
R≥0 that returns a lower bound for the distance of x to A for any point x ∈ R3

f(x) ≤ d(x, A) = sup
a∈A

d(x,a) ,

we can build up an RTH over the inverse transformations and then the recursive
function traversing the RTH shown in algorithm 3.4 returns if a point x ∈ R3 is
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contained by the swept volume S.
In order to keep |x| small and to increase the likelihood of an early exit at line
5 in algorithm 3.4 it is important to choose the origin of the coordinate system
properly. For example, this can be done by calculating the smallest enclosing
sphere of A with center cA and radius rA and then the smallest enclosing sphere
of T1(cA), . . . , Tn(cA) with center cT and radius rT by the Welzl algorithm. The
swept volume is then contained by the sphere with center cT and radius rA + rT .
Thus, if cT is taken as origin and T−1

1 , . . . , T−1
n transformed accordingly before

building up the RTH, only points x ∈ R3 with |x| ≤ rA + rT in this coordinate
system can be contained by the swept volume.
This approach for implicitly representing a “discrete” swept volume according to
(3.25) can also be extended in order to represent some kind of continuous swept
volume. This can be done by building up the RTH without reordering of the trans-
formations and keeping an overlap of one transformation when splitting the set of
transformations for an RTH node for the child nodes. Additionally the containment
test for a point x at line 9 in algorithm 3.4 has to be adapted. For example, this
can be done by testing all lines between Ti(x) and Ti+1(x) for any consecutive
transformations Ti and Ti+1 in Θn for intersection with the ADF by a sampling
strategy.
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Chapter 4

Comparing Two Independent
Tracking Systems

In the last years several types of motion tracking systems have been developed in-
dependently. A big group among these system, which usually achieves the highest
precision, works by placing so-called markers on the object to be tracked. Most of
these systems works optically by using cameras and image processing to retrieve
the marker positions, but also non-optical systems, for example using ultrasound,
have been developed.
Many of these systems are offered at quite low costs on the market but cannot be
easily compared because one has to rely completely on the manufacturer infor-
mation about their accuracy. Thus it is an obvious approach to use two or even
more system simultaneously to compare or combine their tracking data. In this
context several mathematical problems arise, two of which will be dealt with in the
following two sections.

4.1 Calculating Orientations Relative to “Average” Marker
Coordinates

The available systems using markers can be divided into two groups. For the one
group it is assumed that all tracked markers are fixed to a single object and thereby
have a fixed relative position to each other. This is taken into account in the math-
ematical model for retrieving the marker coordinates from the raw data for noise
reduction and thus these systems output only coordinates which have fixed relative
positions to each other. The other group of systems do not make this assumption
and track each marker independently from the others. If the markers are fixed to a
single object, these systems will output marker coordinates which will not have a
fixed relative position to each other because of noise.
Calculating the rigid transformation that transforms the marker coordinates at one

107
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time point into the coordinates at the next or any other time point can be done for
the first group by solving a simple system of linear equations. To do that for the
second group is much harder because some kind of optimization has to be done.
For example this optimization can be the minimization of the sum of the squared
Euclidean distances of the transformed marker coordinates at one time point and
the marker coordinates at the other time point. If we denote the coordinates at one
time point by p1, . . . ,pn and at the other by p′

1, . . .p
′
n and look for the rigid trans-

formation (R,b) ∈ SO(3) × R3, (R,b) : R3 → R3, x 7→ Rx + b, this can be
written as

argmin
(R,b)∈SO(3)×R3

n∑
i=1

∣∣Rpi + b− p′
i

∣∣2 . (4.1)

We want to assume that the markers are properly fixed to the object to be tracked so
that P and P′ have full row rank and the solution of (4.1) is unique. The minimiza-
tion problem (4.1) has already been solved in 1986 for the 3-dimensional case [46]
by finding the optimal rotation’s unit quaternion as the eigenvector of a 4×4 matrix
for the largest eigenvalue. In 1987 another solution was presented that also applies
to the n-dimensional case and finds the solution by the singular value decompo-
sition (SVD) of an n×n matrix [47]. Later the problem has been extended to the
case that the assignment pi ↔ p′

j , which point has to be transformed into which
other point, is unknown and solved by an iterative algorithm, which is known as
the ICP (iterative closest point) algorithm [48].
However, in our case the assignment of points is known due to our ability to distin-
guish between the markers, and thus the original solution [46, 47] is sufficient. The
first statement of these solutions is that the translation vector of the rigid transfor-
mation can be retrieved as the translation vector between both point sets’ centroids
and the rotational problem

argmin
R∈SO(3)

n∑
i=1

∣∣Rp̄i − p̄′
i

∣∣2 (4.2)

with p̄i := pi − p̄, p̄ := 1/n
∑n

i=1 p
′
i, p̄

′
i := p′

i − p̄′, p̄′ := 1/n
∑n

i=1 p
′
i, denoting

the points in their centroid system, has to be solved separately. By writing the
points p̄i and p̄′

i as columns of matrices P,P′ and using the Frobenius norm ∥.∥F
(4.2) can be written as

argmin
R∈SO(3)

∥∥RP−P′∥∥
F

. (4.3)

Because the solution of this problem can be extended easily to the argmax-case
with a plus in (4.3) and its solution is the essential ingredient of the algorithms
presented in this chapter, we want to recapitulate it including its proof briefly in
the following lemma.

Lemma 4.1 Let P,P′ ∈ Rd×n be two d×n matrices with d ≤ n and full row
rank. Then it is

argmin
R∈SO(d)

∥∥RP−P′∥∥
F
= argmax

R∈SO(d)

∥∥RP+P′∥∥
F

(4.4)
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= V


1

. . .

1
det(UV)

UT

with PP′T = UΣVT = U

σ1
. . .

σd

VT

the SVD of PP′T so that U and V are orthogonal matrices and σ1 ≥ . . . ≥ σd ≥ 0
its singular values in descending order.

Proof:
Because it is ∥A∥2F = trace(ATA) for any matrix A, trace(AB) = trace(BA)
for any matrices A,B with matching dimensions and trace(A+B) = trace(A)+
trace(B), trace(A) = trace(AT ) for any square matrices A, B, we can conclude:

∥RP±P′∥2F = trace(PTRTRP) + trace(P′TP′)± 2 trace(P′TRP)

= ∥P∥2F + ∥P′∥2F ± 2 trace(RPP′T )

Now the equivalence of the optimization problems in (4.4) is clear because in both
cases trace(RPP′) has to be maximized. With PP′T = UΣVT the singular
value decomposition of PP′T and Σ = diag(σ1, . . . , σd) its singular values sorted
in descending order we get for that term:

trace(RPP′T ) = trace(RUΣVT ) = trace(VTRUΣ)

= trace(R′Σ) =

d∑
i=1

r′iiσi ≤
d∑

i=1

σi (4.5)

with R′ := VTRU =:

r11 . . . r1d
...

. . .
...

rd1 . . . rdd

 an orthogonal matrix

and hence |rij | ≤ 1 ∀ 1 ≤ i, j ≤ d

If det(UV) = 1, it is clear that the maximum for trace(RPP′) is reached for
r′ii = 1, 1 ≤ i ≤ d, i.e. R′ = 1 and hence R = VUT . In this case the inequation
in (4.5) becomes an equation.
However, for det(UV) = −1 this is not possible because of det(R′) = −1. As
orthogonal matrices are isometries, all their eigenvalues over C have an absolute
value of 1. For a real orthogonal matrix like R′ non-real eigenvalues can only
appear together with their conjugate because the characteristic polynomial has real
coefficients. So the trace, which is the sum of all eigenvalues, has the form

λ1 + λ̄1 + . . .+ λk + λ̄k + 1 + . . .+ 1 + (−1) + . . .+ (−1)
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= 2Re(λ1) + ...+ 2Re(λk) + 1 + . . .+ 1 + (−1) + . . .+ (−1)

with some complex eigenvalues λ1, λ̄1, . . . , λk, λ̄k. For a determinant of -1, which
is the product of all eigenvalues, there must be at least one eigenvalue of -1 be-
cause the product of the complex eigenvalues with their conjugates is always +1.
By that one can easily conclude that d− 2 is an upper bound for the trace of a d×d
orthogonal matrix with determinant -1.
Thereby we can consider the maximization of the term

∑d
i=1 r

′
iiσi in (4.5) as a lin-

ear optimization with the constraints−1 ≤ r′ii ≤ 1 and
∑d

i=1 r
′
ii ≤ d−2. Because

the boundary hyperplane defined by
∑d

i=1 r
′
ii ≤ d − 2 intersects the hypercube

[−1,+1]d defined by −1 ≤ r′ii ≤ 1 in its corners (−1, 1, . . . , 1), . . . , (1, . . . , 1,
−1), the corners of the feasible region are just {−1,+1}d except (1, . . . , 1). Be-
cause there must be corners in which the optimal value is reached we can simply
compare the values achieved in the corners and it is easy to see that because of σ1 ≥
. . . ≥ σd ≥ 0 the best value is achieved in any case at (1, . . . , 1,−1). Thus the term∑d

i=1 r
′
iiσi is maximized by (r′11, . . . , r

′
dd) = (1, . . . , 1,−1), which can be obvi-

ously realized by R′ = diag(1, . . . , 1,−1) and thus R = Vdiag(1, . . . , 1,−1)UT .

For a series of coordinates p1
1, . . . ,p

1
n, . . ., pk

1, . . . ,p
k
n of n markers for k time

points one usually wants to translate these marker coordinates into poses of the
tracked object consisting of translations ∈ R3 and orientations ∈ SO(3), which
can be considered as rigid transformations that move the object from a reference
pose in a reference coordinate system into its position in the reference coordinate
system at any time point.
The most obvious procedure to get such a series of poses resp. rigid transforma-
tion is to take as translation the centroid of every set of n marker points, take as
orientation for one reference point set, e.g. the first, 1 ∈ SO(3) and calculate the
orientations for the other point sets p2

1, . . . ,p
2
n, . . ., pk

1, . . . ,p
k
n according to the

preceding lemma by the SVD of P1P
T
2 , . . ., P1P

T
k with P1, . . . ,Pk ∈ Rd×n the

matrices with the coordinates of the points of every set in their centroid system as
columns.
However, this approach has one big disadvantage. If one takes a point set as refer-
ence which is strongly afflicted by noise or is even some kind of outlier, this will
influence all calculated orientations negatively. Hence it is a natural idea to calcu-
late the orientations relative to some kind of “average” marker coordinates in the
centroid system. It is a natural idea as well to define these “average” coordinates, if
considered as the columns of a matrix P ∈ Rd×n, as a solution of the minimization
problem

argmin
P∈Rd×n,(R1,...,Rk)∈SO(d)k

k∑
i=1

∥RiP−Pi∥2F . (4.6)

Then the matrices R1, . . . ,Rk are the orientations of the k poses. It is clear that
the solution of (4.6) is not unique because if P̃, R̃1, . . . , R̃k is a solution, RT P̃,
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R̃1R, . . . , R̃kR is a solution for any R ∈ SO(d) as well. But that is only a
question of how the reference coordinate system is orientated.
The minimization problem (4.6) can be simplified, which we want to show in the
following lemma.

Lemma 4.2 Given k matrices P1, . . . ,Pk ∈ Rd×n. The minimization problem

argmin
P∈Rd×n,(R1,...,Rk)∈SO(d)k

k∑
i=1

∥RiP−Pi∥2F (4.7)

is solved by the solution of the maximization problem

argmax
(R1,...,Rk)∈SO(d)k

∥∥∥∥∥
k∑

i=1

RT
i Pi

∥∥∥∥∥
F

and P =
1

k

k∑
i=1

RT
i Pi .

Proof:
We start in quite a similar way as in the proof of lemma 4.1:

k∑
i=1

∥RiP−Pi∥2F =

k∑
i=1

[
∥Pi∥2F + ∥P∥2F − 2 trace(PTRT

i Pi)
]

=
k∑

i=1

∥Pi∥2F + k

[
∥P∥2F − 2 trace

(
PT 1

k

k∑
i=1

RT
i Pi

)]
(4.8)

We now would like to apply the so-called von Neumann’s trace inequality

|trace(AB)| ≤
m∑
i=1

αiβi (4.9)

for m×m matrices A,B with singular values α1 ≥ . . . ≥ αm and β1 ≥ . . . ≥ βm
with

A = PT and B = P′ :=
1

k

k∑
i=1

RT
i Pi

in our case. It was first published by John von Neumann in 1937 [49] and a com-
pact proof can be found in [50].
However, the matrices P and P′ in our case are not necessarily square matrices.
But von Neumann’s trace inequality can be easily generalized to non-square matri-
ces with matching dimensions by simply filling up the matrices by zeros to square
matrices. One easily verifies that this does not change the trace of the product and
thus the left hand side of (4.9) is not affected. Furthermore a SVD of a non-square
matrix can be extended to a SVD of the square matrix filled up by zeros by also fill-
ing up the diagonal matrix containing the singular values with zeros and extending
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the smaller orthogonal matrix with a properly sized diag(1, . . . , 1) block. Hence
filling up a non-square matrix with zeros simply yields additional 0 singular values
and thus the right hand side in (4.9) is not affected either.
If σ1 ≥ . . . ≥ σm are the singular values of P (which are also the singular values
of PT ) and σ′

1 ≥ . . . σ′
m are the singular values of P′ with m := min{d, n}, von

Neumann’s trace inequality yields:

trace

(
PT 1

k

k∑
i=1

RT
i Pi

)
≤

∣∣∣∣∣trace
(
PT 1

k

k∑
i=1

RT
i Pi

)∣∣∣∣∣ ≤
m∑
i=1

σiσ
′
i (4.10)

Because the Frobenius norm is unitary and orthogonally invariant, it is clear that

∥P∥2F =

m∑
i=1

σ2
i .

Thus we get by (4.10) as lower bound for the term in square brackets in (4.8):

∥P∥2F − 2 trace

(
PT 1

k

k∑
i=1

RT
i Pi

)
≥

m∑
i=1

σ2
i − 2

m∑
i=1

σiσ
′
i (4.11)

If we consider the right hand side of (4.11) as a function f of the σi with fixed σ′
i,

it is clear because of

∂f

∂σi
= 2(σi − σ′

i) and
∂2f

∂σi∂σj
= 2 δij

that this function has a global minimum at σi = σ′
i of

−
k∑

i=1

σ′
i
2
= −∥P′∥2F = − 1

k2

∥∥∥∥∥
k∑

i=1

RT
i Pi

∥∥∥∥∥
2

F

.

Obviously this is the case if we choose P = P′ and the inequation (4.10) becomes
an equation. Hence this must be a global minimum for

∑k
i=1 ∥RiP−Pi∥2F in

dependence of P for fixed R1, . . . ,Ri and P′. In this global minimum it is

k∑
i=1

∥RiP−Pi∥2F =

k∑
i=1

∥Pi∥2F −
1

k

∥∥∥∥∥
k∑

i=1

RT
i Pi

∥∥∥∥∥
2

F

.

This is minimal if ∥∥∥∥∥
k∑

i=1

RT
i Pi

∥∥∥∥∥
F

is maximal.
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But how should we calculate R1, . . . ,Rk so that

F :=

∥∥∥∥∥
k∑

i=1

RT
i Pi

∥∥∥∥∥
F

becomes maximal? If we have reasonable starting values for R1, . . . ,Rk, lemma
4.1 gives us an instruction how we can iteratively “improve” the Ri by increasing
F . According to lemma 4.1 F increases if we set

RT
i → Rimp

i RT
i with Rimp

i = Vdiag (1, . . . , 1, det(UV))UT

with UΣVT the SVD of RT
i Pi

 k∑
j=1
j ̸=i

RT
j Pj


T

We can do that successively for all Ri and iterate it several times. Because F
increases in doing so, but is bound by

F =

∥∥∥∥∥
k∑

i=1

RT
i Pi

∥∥∥∥∥
F

≤
k∑

i=1

∥∥RT
i Pi

∥∥
F
=

k∑
i=1

∥Pi∥F ,

this process must converge.
Unfortunately, it could not be shown that this convergence leads to a global maxi-
mum. But by choosing proper initial values for the Ri it should be clear that this
convergence will lead in any case to reasonable values for the Ri. In the case n = d
the Pi are square matrices and we can take

Ri = Ui


1

. . .

1
det(UiVi)

VT
i with UiΣiV

T
i the SVD of Pi. (4.12)

This is a good choice because of two reasons.
At first if we have no noise and the columns of the Pi have fixed relative positions
to each other, Rji ∈ SO(3) with Pj = RjiPi exist. But then, if UiΣiV

T
i is the

SVD of Pi, RjiUiΣjV
T
j is obviously a SVD of Pj . Because of det(Rji) = 1

and hence det(RjiUiVi) = det(UiVi) according to (4.12) we get Rj = RjiRi,
which is obviously an ideal choice. The only thing we still have to prove is that for
a Ri delivered by (4.12) the product RT

i Pi is the same for different SVDs of Pi.
The orthogonal matrices of a SVD are not unique concerning a factor of (−1) as
well as orthogonal transformations in subspaces corresponding to a multiple singu-
lar value. We will show in lemma 4.3 that the products RT

i Pi are uniquely defined
despite this ambiguity.
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The second reason why (4.12) is a good choice is that then the summands of∑k
i=1R

T
i Pi, whose Frobenius we have to maximize, are

Vi


1
. . .

1
det(UiVi)

ΣiV
T
i = Vi


σi
1
. . .

σi
d−1

σi
d det(UiVi)

VT
i

with σi
1 ≥ . . . ≥ σi

k the singular values of Pi. Because the columns of the Pi are
the marker coordinates in their centroid system, it is Pi(1, . . . , 1)

T = 0 and thus
the smallest singular values σi

d must be 0. Thereby the summands of
∑k

i=1R
T
i Pi

are positive semidefinite symmetric matrices, and hence that is also true for their
sum. For positive semidefinite matrices the trace norm ∥.∥tr, which is defined as
the sum of the singular values, can obviously be calculated as the trace actually,
and thus we get:∥∥∥∥∥

k∑
i=1

RT
i Pi

∥∥∥∥∥
tr

= trace

(
k∑

i=1

RT
i Pi

)
=

k∑
i=1

trace
(
RT

i Pi

)

=

k∑
i=1

trace

Vi


σi
1

. . .

σi
d−1

0

VT
i


=

k∑
i=1

d−1∑
j=1

σi
j =

k∑
i=1

∥Pi∥tr =
k∑

i=1

∥RT
i Pi∥tr

Because of the triangle inequation for the trace norm that means that with the Ri

according to (4.12) the trace norm of
∑k

i=1R
T
i Pi is maximized. However, actually

we want to maximize the sum’s Frobenius norm, but it can be easily proven that
the trace norm is strongly related to the Frobenius norm by the inequation

∥A∥F ≤ ∥A∥tr ≤
√
rank(A) ∥A∥F

for any matrix A ∈ Rm×n. Because in our case it is only rank(A) = 2, it should
be a good idea to start searching for a maximum Frobenius norm at a point where
the trace norm is maximum.

Lemma 4.3 Let A ∈ Rd×d be an arbitrary square matrix and UΣVT a SVD of
A, i.e. U,V orthogonal and Σ = diag(σ1, . . . , σd) with σ1 ≥ . . . ≥ σd ≥ 0 the
singular values of A. Then the matrix

V


1

. . .

1
det(UiVi)

UTA
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is independent of the choice of the SVD.

Proof:
Let A = U1Σ1V

T
1 = U2Σ2V

T
2 be two SVDs of A. Because the singular values

σ1 ≥ . . . σd ≥ 0 of A are uniquely determined and sorted on the diagonal of
the central matrix in the SVD, it is Σ1 = Σ2 = diag(σ1, . . . , σd) =: Σ. If
we consider U1 = (u1

1 . . .u
1
d)

T , U2 = (u2
1 . . .u

2
d)

T , V1 = (v1
1 . . .v

1
d)

T and
V2 = (v2

1 . . .v
2
d)

T by their rows ∈ Rd, we can write

U1ΣVT
1 = U2ΣVT

2 (4.13)

componentwise as
σiδij u

1
i
T
v1
j = σiδij u

2
i
T
v2
j . (4.14)

Let be σ1 ≥ . . . ≥ σt > 0 and σt+1 = . . . = σd = 0 for a proper t ∈ {1, . . . , d}.
For i, j ≤ t we can divide equation (4.14) by σi and get

δij u
1
i
T
v1
j = δij u

2
i
T
v2
j for i, j ≤ t. (4.15)

If t = d, it is det(Σ) ̸= 0 and by applying det to (4.13) and dividing by det(Σ)
we get det(U1V1) = det(U2V2). Thus (4.15) yields

det(U1V1)u
1
d
T
v1
d = det(U2V2)u

2
d
T
v2
d . (4.16)

(4.15) and (4.16) deliver componentwise the matrix equation U1DVT
1 = U2DVT

2

and transposed
V1DUT

1 = V2DUT
2 (4.17)

with the diagonal matrix D defined as:

D :=





1
. . .

1︸ ︷︷ ︸
t columns

0
. . .

0


for t < d


1

. . .

1
det(U1V1)

 for t = d

Obviously it is DΣ = D′Σ with

D′ :=


1

. . .

1
det(U1V1)


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k∑
i=1

Ai

...

. .
.

· · ·

· · ·

· · ·

A1 +A2

A1 A2

Ak−2 +Ak−1

Ak−2 Ak−1

. . .

· · ·

· · ·Ak

Ak 0

0

· · · 0

Figure 4.1: Partial sums over the Ai in algorithm 4.1 organized in a heap. The Ai in the
leaves are filled up by 0s up to the next power of 2. A node is the sum of its both children.

for t < d as well as t = d. Thus we get by multiplying (4.17) from right by A as
U1ΣVT

1 and U2ΣVT
2 :

V1DUT
1 U1ΣVT

1 = V2DUT
2 U2ΣVT

2

⇒ V1DΣVT
1 = V2DΣVT

2

⇒ V1D
′ΣVT

1 = V2D
′ΣVT

2

⇒ V1D
′UT

1 U1ΣVT
1 = V2D

′UT
2 U2ΣVT

2

⇒ V1D
′UT

1 A = V2D
′UT

2 A

Now we know how to choose the initial values for the Ri if n = d, but what about
n ̸= d. It is clear that n < d does not make sense. For example an object in
3-dimensional space cannot be tracked by only 2 markers because then rotations
around the axis defined by those two marker points could not be recognized. But
if n > d we can consider only the d first marker points, i.e. take only a square
submatrix of Pi, shift their columns into their centroid system and calculate the
initial Ris according to the d = n case.
The presented algorithm for retrieving k poses from k sets of n marker points in the
3-dimensional case is shown in pseudo code in algorithm 4.1. As abort criterion at
line 13 it is used that the rotation angle of the k last correction rotations Rcor must
be below a certain small threshold. This is equivalent to demanding that its cosine,
which can be calculated easily by the trace, is above a certain threshold slightly
below 1.
When analyzing the running time of algorithm 4.1, it is clear that the running time
bottleneck is at line 9 if we assume that n can be considered as constant because it
is usually k ≫ n. The running time for calculating this sum is in O(k) while being
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Algorithm 4.1 Retrieving k poses (Ri,bi), 1 ≤ i ≤ k, and “average marker
coordinates” from k sets (pi

1, . . . ,p
i
n), 1 ≤ i ≤ k, of n marker coordinates

[t]
1: for i ∈ {1, . . . , k} do
2: set as translation bi of the i-th pose the centroid of pi

1, . . . ,p
i
n

3: define a 3×n matrix by Pi ← (pi
1 − bk . . . pi

n − bn)
4: calculate the centroid ci of the first three marker points pi

1,p
i
2,p

i
3 and the

SVD UΣVT of the 3×3 matrix (pi
1 − ci p

i
2 − ci p

i
3 − ci) (if n = 3, this

matrix has already been calculated as Pi) and set

Ri ← U

1
1

det(UV)

VT

as initial orientation of the i-th pose
5: Ai ← RT

i Pi

6: end for
7: while true do
8: for i ∈ {1, . . . , k} do
9: B←

∑k
j=1,j ̸=iAj

10: calculate the SVD UΣVT of the 3×3 matrix AiB
T and set

Rcor ← V

1
1

det(UV)

UT

11: Ai ← RcorAi

12: Ri ← RiR
T
cor

13: if some abort criterion is fulfilled then
14: break loop at line 7
15: end if
16: end for
17: end while
18: calculate the “average” marker coordinates in their centroid system as the

columns of 1
k

∑k
i=1Ai
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Algorithm 4.2 Sum calculation by a heap
1: sum← 0
2: Node n← leaf node containing Ai

3: while n has a parent do
4: sum← sum+ entry of n’s sibling
5: n← parent of n
6: end while

executed k times in one round of the loop at line 7. However, the asymptotic run-
ning time for calculating this sum can be reduced to O(log k) by not only storing
the Ai, but a whole heap of partial sums over the Ai according to figure 4.1. With
such a heap the sum

k∑
j=1
j ̸=i

Aj

can be calculated in obviously logarithmic running time as shown in algorithm 4.2.
The running time for building up the heap, what is done at line 5 in algorithm 4.1,
is obviously in O(k) with a memory consumption in O(k) as well. Instead of up-
dating only Ai at line 11 the whole branch from Ai up to the root has to be updated
consuming a running time in O(log k). Thus an iteration of the loop at line 8 is in
O(log k) and hence an iteration of the main loop at line 7 is in O(k log k) while
being in O(k2) without using a heap.
The method for calculating average marker coordinates presented in this section
was tested for a dataset of 3823 positions of three markers tracked by an ultra-
sound system. For the necessary singular value decompositions the Eigen library
was used [51]. The running time of algorithm 4.1 for this dataset is about 150 ms
on a single core of a Intel® Core™ i7-720QM CPU at 1.60 GHz. Thus for such a
small dataset the running time is negligible.
Figure 4.2 illustrates some statistics for algorithm 4.1 run for this test dataset. Fig-
ure 4.2(a) shows the angles of the correction rotations calculated in the inner loop
at line 4. The rounds on the x-axis correspond to the inner loop at line 8. The range
above 0.2° is scaled by a factor of 1/20 to get the huger values – up to 3.3° at maxi-
mum – into the plot. As can be seen, just after the first round the correction angles
become extremely small and after the second round they cannot be distinguished
any longer from zero at the plot’s angle resolution.
Figure 4.2(b) shows some kind of error value according to the formula√√√√ 1

3k

∥∥∥∥∥
k∑

i=1

RiPi −P

∥∥∥∥∥
2

F

with P =
1

k

k∑
i=1

RT
i Pi (4.18)

which can be considered as the mean marker deviation from the average marker
coordinates when the algorithm is stopped at this point. As can be seen, this devi-
ation drops when there are bigger correction angles in the plot above. Because the
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Figure 4.2: Some statistics of algorithm 4.1 run for a test dataset of 3823 noise afflicted
positions of 3 markers tracked by an ultrasound system. For explanation see the text.
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values for initial rotations seems to be very good for the test dataset this deviation
is already quite low at the beginning of the algorithm and decreases only slightly
during the execution of the algorithm.
As mentioned at the beginning of this section, a very simple approach to retrieve
rotations from marker positions is to take one of the sets of marker coordinates in
their centroid system as reference and calculate the orientation of the other marker
coordinates in their centroid system by lemma 4.1. Figures 4.2(c) and (d) show the
ratio of the deviation according to (4.18) for this simple approach compared to the
average marker coordinates approach when using algorithm 4.1.
Figure 4.2(c) shows these rations for taking each of the 3823 coordinate sets as
reference with its index on the x-axis. The most ratios are slightly below 2 except
five outliers with a maximum ratio of 52.4 which again correspond to the drops in
figure 4.2(b) above. The distribution of the ratios except these five outliers, which
are out of the plot’s range, is shown in the histogram in figure 4.2(d).
That the average marker coordinates approach yields an error that is at least about
1.7 and at most about 52 times smaller than when calculating the poses by that
simple approach relative to one of the 3823 sets of marker coordinates shows that
it is worth its additional computational effort for the sake of robustness.

4.2 Calculating the Position of Two Tracking Systems to
Each Other

The poses of a tracked object, that a tracking system delivers and that might be
calculated from marker coordinates as described in the previous section, can be
considered as rigid transformations which transform coordinates from the markers’
coordinate system to the sensor’s coordinate system. When the poses are calculated
as in the previous section, the origin of the markers’ coordinate system is their
centroid. Thus when two independent tracking systems are used, we have two
pairs of coordinate systems and get pairs Ai, Bi of rigid transformations by the
measurement of the tracking system when the tracked object moves. We make
the assumption that the sensors as well as the markers, which are usually fixed
to the tracked object, do not change their relative position to each other during a
measurement. Then there are two rigid transformation S and T which transform
coordinates between the sensors’ and markers’ coordinate systems as illustrated in
figure 4.3 so that it is

SAi = BiT . (4.19)

In order to compare the poses of the two tracking systems or to combine them for
a lower error, we must know S and T . Because there is usually noise on the values
measured for the Ai and Bi, equation 4.19 will not hold exactly and the question is
how we can calculate S and T from a series Ai, Bi, 1 ≤ i ≤ n, of n measurements
in “a least mean square sense”.
This problem already occurred in robotics. An overview over the existing pub-
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T

Ai

Bi

S

sensor A
sensor B

markers A

markers B

Figure 4.3: When using two independent tracking systems delivering poses that can be
interpreted as rigid transformations Ai and Bi this transformations are related to each
other by two other rigid transformations S and T .

lications can be found in [52]. We want to show a closed form solution using
quaternions which is mathematically equivalent to the solution shown in [53, 54],
but can be calculated with less computational effort and additionally gives a geo-
metric view of the problem. Furthermore by this geometric view it becomes clear
that there is a critical ambiguity concerning rotation quaternions which can be over-
come by a RANSAC-like approach. This ambiguity seems to have been neglected
in existing publications [53, 54, 55] so far.
At first we want to motivate the way how to solve this problem. For its solution it
is natural to minimize an expression of the form

n∑
i=1

d(SAi, BiT )
2 (4.20)

with d a proper metric on the group of rigid transformation SE(3) (special Eu-
clidean group). In [56] it is shown that there is unfortunately no metric on SE(3)
which is bi-invariant. Bi-invariant means that it is left-invariant, i.e. d(A,B) =
d(TA, TB) for any T ∈ SE(3), as well as right-invariant, i.e. d(A,B) = d(AT,
BT ) for any T ∈ SE(3). However, in [56] the following parametrized left-
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invariant metric is suggested:

dl(A,B) = l (δ(RA,RB))
2 + |bA − bB|2

with l a positive length scale factor, RA,RB ∈ SO(3) and bA,bB ∈ R3 so that is

A : R3 → R3 , x 7→ RAx+ bA and B : R3 → R3 , x 7→ RBx+ bB .

By δ(RA,RB) we want denote the angle “between” the rotations A and B which
is defined as the angle of the rotation ATB and can be calculated by the trace of
this matrix (see section 3.1).
Because it is

SAix = RS (RAix+ bAi) + bS = RSRAix+RSbAi + bS

BiTx = RBi (RTx+ bT ) + bBi = RBiRTx+RBibT + bBi (4.21)

for any x ∈ R3, that means we have to minimize

l
n∑

i=1

(δ (RsRAi ,RBiRT ))
2 +

n∑
i=1

|RSbAi + bS −RBibT − bBi |
2

Now we want to make a simplification. We minimize the first sum representing
the rotational problem separately and, when we have found optimal RS and RT ,
we minimize the second sum. Because the second sum contains RS , which will be
replaced by the optimal value RS,opt from optimizing the first sum, this is not com-
pletely correct, but it should be a good approximation. Besides, the scale length
factor l does obviously not matter when minimizing the first sum separately.
When we have found RS,opt, minimizing the second sum is easy because it can be
written as ∣∣∣∣∣∣∣∣∣


1 −RB1

1 −RB2

...
...

1 −RBn


(
bS

bT

)
−


bB1 −RS,optbA1

bB2 −RS,optbA2

...
bBn −RS,optbAn


∣∣∣∣∣∣∣∣∣
2

.

Minimizing such an expression for bS ,bT ∈ R3 resp. (bS ,bT )
T ∈ R6 is a well-

known problem from numerics and is solved by a QR decomposition of the matrix
containing the RBi [30].
Thus we still have to solve the rotational problem, that means finding RS and RT

so that it is
RSRAi ≈ RBiRT ⇔ RBi ≈ RSRAiR

T
T

for 1 ≤ i ≤ n. When translating the latter expression to unit quaternions instead
of rotation matrices, we get an expression of the form

bi ≈ sait
∗ .
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The expression sait
∗ is known from representation theory because it describes

how Q∗ ×Q∗ with Q∗ denoting the group of unit quaternions, which is isomorph
to SU(2), operates on SO(4). To understand that we calculate this expression
componentwise and factor out the components of ai in the result:

sait
∗ =


s0
s1
s2
s3



ai0
ai1
ai2
ai3




t0
−t1
−t2
−t3

 =


s0a

i
0 − s1a

i
1 − s2a

i
2 − s3a

i
3

s1a
i
0 + s0a

i
1 + s2a

i
3 − s3a

i
2

s2a
i
0 + s0a

i
2 + s3a

i
1 − s1a

i
3

s3a
i
0 + s0a

i
3 + s1a

i
2 − s2a

i
1




t0
−t1
−t2
−t3



=


ai0(+s0t0 + s1t1 + s2t2 + s3t3) + ai1(+s0t1 − s1t0 − s2t3 + s3t2)
ai0(−s0t1 + s1t0 − s2t3 + s3t2) + ai1(+s0t0 + s1t1 − s2t2 − s3t3)
ai0(−s0t2 + s1t3 + s2t0 − s3t1) + ai1(+s0t3 + s1t2 + s2t1 + s3t0)
ai0(−s0t3 − s1t2 + s2t1 + s3t0) + ai1(−s0t2 + s1t3 − s2t0 + s3t1)

+ai2(+s0t2 + s1t3 − s2t0 − s3t1) + ai3(+s0t3 − s1t2 + s2t1 − s3t0)
+ai2(−s0t3 + s1t2 + s2t1 − s3t0) + ai3(+s0t2 + s1t3 + s2t0 + s3t1)
+ai2(+s0t0 − s1t1 + s2t2 − s3t3) + ai3(−s0t1 − s1t0 + s2t3 + s3t2)
+ai2(+s0t1 + s1t0 + s2t3 + s3t2) + ai3(+s0t0 − s1t1 − s2t2 + s3t3


This quaternion treated as a 4-dimensional vector can be written as the result of
the product of a 4×4 matrix M, which depends on s and t, and ai considered as
4-dimensional vector:

=


+s0t0 + s1t1 + s2t2 + s3t3 +s0t1 − s1t0 − s2t3 + s3t2
−s0t1 + s1t0 − s2t3 + s3t2 +s0t0 + s1t1 − s2t2 − s3t3
−s0t2 + s1t3 + s2t0 − s3t1 +s0t3 + s1t2 + s2t1 + s3t0
−s0t3 − s1t2 + s2t1 + s3t0 −s0t2 + s1t3 − s2t0 + s3t1

+s0t2 + s1t3 − s2t0 − s3t1 +s0t3 − s1t2 + s2t1 − s3t0
−s0t3 + s1t2 + s2t1 − s3t0 +s0t2 + s1t3 + s2t0 + s3t1
+s0t0 − s1t1 + s2t2 − s3t3 −s0t1 − s1t0 + s2t3 + s3t2
+s0t1 + s1t0 + s2t3 + s3t2 +s0t0 − s1t1 − s2t2 + s3t3



ai0
ai1
ai2
ai3


= Mai

One easily verifies by a computer algebra program that it is MTM = 1 and
det(M) = 1 and thus M ∈ SO(4). Hence we have a mapping

ζ : Q∗ ×Q∗ → SO(4) ,

s0
s1
s2
s3

 ,


t0
t1
t2
t3


 7→


+s0t0 + s1t1 + s2t2 + s3t3 . . .
−s0t1 + s1t0 − s2t3 + s3t2 . . .
−s0t2 + s1t3 + s2t0 − s3t1 . . .
−s0t3 − s1t2 + s2t1 + s3t0 . . .

 (see above) .

Furthermore, one can easily verify by a computer algebra program that it is

ζ(su, tv) = ζ(s, t)ζ(u,v) for s, t,u,v ∈ Q∗.
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Thus ζ is even a group homomorphism if we provide Q∗ × Q∗ with the compo-
nentwise multiplication.
But what does that mean for our original problem? Originally we wanted to find
rotations RS and RT so that

RBi ≈ RSRAiR
T
Bi

holds. By switching to unit quaternions and applying ζ that means we are looking
for a rotation M ∈ SO(4) so that it is

bi ≈Mai .

But for just this problem lemma 4.1 offers a solution if the ai and the bi are written
as the columns of two 4×n matrices. Of course not exactly in the way as we wanted
to solve this problem. Originally we wanted to minimize the sum over the squared
angles δi := δ(RBi ,RSRBiR

T
T ) between the rotations RBi and RSRBiR

T
T while

when applying lemma 4.1 we minimize the sum over the squared distances of the
corresponding unit quaternions bi and sait

∗ considered as 4-dimensional vectors.
However, as already shown in section 3.1, the angle between unit quaternions is
just half the angle between the corresponding rotations, and the angle between
vectors is related to the length of their distance vector by the cosine rule. Thus we
have the relation

|bi − sait
∗| =

√
2

(
1− cos

(
δi
2

))
=

δi
2
+O(δ3i ) for δi ∈ [0, π] .

The factor of 1/2 does not affect the minimization and because the next term in the
Taylor series has order 3 there should be no big difference as long as the δi are
small for the found solution.
But when we now have found a matrix M ∈ SO(4) by lemma 4.1, how do we get
back to the unit quaternions s and t and thus the corresponding rotations RS and
RT ? Or mathematically spoken, how can we invert the homomorphism ζ. The
solution can be seen when considering

M−MT =
0 +2s0t1 − 2s1t0 +2s0t2 − 2s2t0 +2s0t3 − 2s3t0

−2s0t1 + 2s1t0 0 −2s0t3 − 2s3t0 +2s0t2 + 2s2t0
−2s0t2 + 2s2t0 +2s0t3 + 2s3t0 0 −2s0t1 − 2s1t0
−2s0t3 + 2s3t0 −2s0t2 − 2s2t0 +2s0t1 + 2s1t0 0


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and trace(M) = 4 s0t0. Thus it is
M00 +M11 +M22 +M33

(M32 −M23)− (M01 −M10)
(M13 −M31)− (M02 −M20)
(M21 −M12)− (M03 −M30)

 =


4s0t0
4s1t0
4s2t0
4s3t0

 = 4t0s (4.22)


M00 +M11 +M22 +M33

(M32 −M23) + (M01 −M10)
(M13 −M31) + (M02 −M20)
(M21 −M12) + (M03 −M30)

 =


4s0t0
4s0t1
4s0t2
4s0t3

 = 4s0t (4.23)

if we denote the entries of M by M00, . . . ,M33. By normalizing the 4-dimensional
vectors in (4.22) and (4.23) we can obviously retrieve s and t. However, this only
works for s0 ̸= 0 and t0 ̸= 0 and thus trace(M) ̸= 0.
To avoid this case we can take advantage of ζ being a group homomorphism. Ob-
viously every component of a quaternion can be swapped into the scalar compo-
nent (i.e. the first component, see section 3.1) – plus possibly two sign flips –
by multiplying by e0 = (1, 0, 0, 0)T , . . . , e3 = (0, 0, 0, 1)T . Hence we can find
k, l ∈ {0, 1, 2, 3} so that eks and elt have a scalar component ̸= 0 and thus it is

trace(ζ(eks, elt)) = trace(ζ(ek, el)ζ(s, t)) ̸= 0 .

Hence we have 16 matrices ζ(ek, el) ∈ SO(4), k, l ∈ {0, 1, 2, 3}, and there must
be one matrix P = ζ(ek0 , el0) among them so that trace(PM) ̸= 0. When we
have found this matrix, we can retrieve ek0s and el0t by applying (4.22) and (4.23)
and thus by multiplying by e∗k0 resp e∗l0 we get s and t.
Because the matrices ζ(ek, el) can be divided into 4 groups of 4 matrices of the
form
±1
±1
±1
±1

 ,


±1

±1
±1

±1

 ,


±1
±1

±1
±1

 ,


±1

±1
±1

±1

 ,

multiplying from left by them means only swapping some rows and/or flipping
some signs. Thus the computational costs for finding P are lower as they might
appear at first glance. For maximum numerical stability when normalizing the vec-
tors in (4.22) and (4.23) we can simply apply all 16 matrices and take the one with
the largest absolute value of trace(PM). For doing this only 15 · 3 = 45 extra
additions are necessary for calculating the 15 additional traces.
Because of ζ(s, t) = ζ(−s,−t) ζ is obviously no isomorphism, but when reflect-
ing on (4.22) and (4.23) it becomes clear that this is the only ambiguity. This
ambiguity is no problem because, when translating the unit quaternions back into
SO(3) rotations, a sign flip does not matter anyway.



126 CHAPTER 4. COMPARING TWO TRACKING SYSTEMS

The algorithm we have sketched so far is mathematically equivalent to the algo-
rithm presented in [54] because both algorithms minimize the expression

n∑
i=1

|bi − sait
∗|2 .

However, while our algorithm finds the optimal solution by a SVD of the 4×4
matrix

n∑
i=1

aib
T
i , (4.24)

the algorithm presented in [54] finds the solution as an eigenvector of the 4×4
matrix

CTC with C =
n∑

i=1


ai0 ai1 ai2 ai3
−ai1 ai0 ai3 −ai2
−ai2 −ai3 ai0 ai1
−ai3 ai2 −ai1 ai0



bi0 −bi1 −bi2 −bi3
bi1 bi0 bi3 −bi2
bi2 −bi3 bi0 bi1
bi3 bi2 −bi1 bi0

 .

(4.25)
Thus it can also be found as a right singular vector of C which is numerically better
since CTC has a squared condition compared to C.
Obviously for calculating a summand in (4.24) only 42 = 16 multiplications are
necessary while calculating a summand in (4.25) requires 43 = 64 multiplications.
Hence our approach is much faster as long as the input data set is large so that the
effort for calculating (4.24) resp. (4.25) exceeds the effort for calculating the SVD
of (4.24) resp. the eigenvectors of (4.25), which is independent of n.
However, there is still a big problem concerning the ambiguity that an unit quater-
nion and its negated union quaternion represent the same rotation when transform-
ing the rotations to quaternions at the beginning of the algorithm. As we showed,
the solution of the problem means geometrically that a set of unit quaternions con-
sidered as 4-dimensional vectors has to be rotated onto another set of unit quater-
nions. Hence it becomes clear at once that it makes a big difference if some of the
quaternions are arbitrarily negated or , to use a more geometric term, flipped.
In [54] an ambiguity is only mentioned in the case that a quaternion’s scalar com-
ponent is zero because rotation quaternions are apparently assumed to have a non-
negative scalar component. However, this assumption is arbitrary and not backed
mathematically.
E.g. consider the two unit quaternion pairs

u1 = [cos(−30°), sin(−30°), 0, 0]T =

[√
3

2
,−1

2
, 0, 0

]T
,

v1 = [cos( 30°), sin( 30°), 0, 0]T =

[√
3

2
,

1

2
, 0, 0

]T
and
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u2 = [cos( 60°), sin( 60°), 0, 0]T =

[
1

2
,

√
3

2
, 0, 0

]T
,

v2 = [cos(120°), sin(120°), 0, 0]T =

[
−1

2
,

√
3

2
, 0, 0

]T
.

Obviously
argmin
R∈SO(4)

(
|Ru1 − v1|2 + |Ru2 − v2|2

)
is perfectly solved by the rotation matrix

cos(90°) − sin(90°) 0 0
sin(90°) cos(90°) 0 0

0 0 1 0
0 0 0 1

 =


0 −1 0 0
1 0 0 0
0 0 1 0
0 0 0 1


with a minimum of 0. However, if we assume that rotation quaternions have non-
negative scalar components, we have to flip v2. But as solution for

argmin
R∈SO(4)

(
|Ru1 − v1|2 + |Ru2 + v2|2

)
lemma 4.1 gives the SO(4) matrix

1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 −1


with a minimum of 4(1 − cos(30°)) ≈ 0.5359, which is no longer a perfect solu-
tion.
Thus when rotating a set of rotations quaternions a1, . . . ,an onto another set of
rotation quaternions b1, . . . ,bn all possible “flipping configurations” have to be
considered. However, flipping ai and bi for a certain i does not make a difference
as well as flipping all ai or bi since this can be compensated by the rotation be-
cause of (−1) ∈ SO(4). Thus, for n pairs (ai,bi) there are 2n−1 relevant flipping
configurations.
Because of this exponential relation it is not possible to check every flipping con-
figuration. But the problem can be solved by a RANSAC-like approach [57]. We
randomly choose four quaternion pairs, calculate the matrix M according to lemma
4.1 for all 23 = 8 flipping configurations for these four pairs and check if for a cer-
tain threshold c ∈ (0, 1)

|bT
i Mai| > c for all 1 ≤ i ≤ n (4.26)

is fulfilled for a flipping configuration. If yes, we take this flipping configuration
resp. the corresponding M with the smallest sum

n∑
i=1

|bi −Mai|2
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if there are several configurations fulfilling (4.26). Then for all pairs with bT
i Mai <

−c we flip ai and calculate M again for all pairs in this flipping configuration. If
no flipping configuration fulfills (4.26), we iterate this process for four new random
pairs.
Criterion (4.26) means that after a possible flip the angle between bi and Mai is
below the threshold arccos(c). For the dataset the algorithm was tested with this
procedure terminated quite quickly for c = 0.5 ⇒ arccos(c) = 60°. However,
for noisier data this might not be the case and one has to abort the iteration after
a certain time and take the largest subset of all ai and bi fulfilling (4.26). In the
RANSAC terminology this is called taking the largest consensus set.
The dataset the algorithm was tested with consisted of 3823 poses retrieved by an
infrared tracking system and 3823 corresponding poses simultaneously retrieved
by an ultrasound tracking system. The raw data consisted of 4 marker positions for
the infrared system and 3 marker positions for the ultrasound system, which were
transformed to poses by the algorithm described in the previous section.
But in fact this algorithm was only necessary for the ultrasound marker positions
because the ultrasound markers were arbitrarily placed on the tracked object and
tracked independently. Thus the relative positions of the delivered marker positions
to each other were not completely consistent because of noise.
The infrared tracking system used a cross-shaped carrier with the markers in well-
defined positions on it, which was fixed to the tracked object. Because this is taken
into account in the mathematical model of the infrared tracking system, it delivered
completely consistent marker positions.
To evaluate the presented approach, that we want to call quaternion rotation ap-
proach because quaternions considered as 4-dimensional vectors are rotated, it has
been compared to another approach presented in [55] that uses the Kronecker prod-
uct defined by

⊗ : Rk×l×Rm×n → Rkm×ln ,

a11 . . . a1l
...

. . .
...

ak1 . . . akl

⊗B 7→
a11B . . . a1lB

...
. . .

...
ak1B . . . aklB

 .

By that the equations

RSRAi ≈ RBiRT

RSbAi + bS ≈ RBibT + bBi ,

which follows from (4.21), can be written as

(
RT

Ai
⊗ 13×3 −13×3 ⊗RBi 0 0

bT
Ai
⊗ 13×3 0 13×3 −RBi

)
vS

vT

bS

bT

 ≈ ( 0
bBi

)

with vS and vT defined as 9-dimensional vectors stacking the columns of RS

and RT . Thus it is obvious to find vS , vT , bS and bT as the solution of the
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minimization problem

argmin

∣∣∣∣∣∣∣∣∣∣∣


RT

A1
⊗ 13×3 −13×3 ⊗RB1 0 0

bT
A1
⊗ 13×3 0 13×3 −RB1

...
...

...
...

RT
An
⊗ 13×3 −13×3 ⊗RBn 0 0

bT
An
⊗ 13×3 0 13×3 −RBn



vS

vT

bS

bT

−


0
bB1

...
0

bBn



∣∣∣∣∣∣∣∣∣∣∣
,

which can be found by a QR decomposition of the big 12n×24 matrix.
However, the resulting vS and vT resp. R′

S and R′
T when written as matrix are not

necessarily orthogonal. Thus the final orthogonal RS and RT are found according
to lemma 4.1 as the solution of

argmin
RS∈SO(3)

∥RS −R′
S∥F and argmin

RT∈SO(3)
∥RT −R′

T ∥F

by a singular value decomposition of R′
S and R′

T .
The comparison between both approaches yielded the following results for the test
dataset:

average rotation error average translation error
[°] [mm]

quat. rot. approach 3.06425 6.46702
Kronecker approach 3.06571 9.25119

with

average rotation error =

√√√√ 1

n

n∑
i=1

(δ(RSRA,RBB))2 (4.27)

average translation error=

√√√√ 1

n

n∑
i=1

|RSbAi + bS − (RBibT + bBi)|2 (4.28)

The SVD and QR decompositions were calculated again with the help of the Eigen
library [51]. Obviously the quaternion rotation approach yielded a slightly better
result.
In [55] the Kronecker approach has been compared to the original quaternion ap-
proach according to [53] for synthetic random data and outperformed it clearly.
This could be explained by the assumption that the quaternion flipping problem
is not treated properly in [53] because apart from that the quaternion rotation ap-
proach is mathematically equivalent to our approach.
To confirm this thesis the quaternion rotation and the Kronecker approach were
additionally compared for synthetic random data. For that a number of rigid ran-
dom transformations Ai as well as S and T with uniformly distributed rotations
and translations uniformly distributed in the range of [-1000m,1000mm] for every
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number mean value of average mean value of average
of trans- rotation error of translation error of
forma- quat. rot. Kronecker quat. rot. Kronecker
tions approach approach approach approach

[°] [°] [mm] [mm]
4 5.481 ± 0.054 8.421 ± 0.206 71.8 ± 1.0 113.1 ± 4.3
5 6.133 ± 0.049 23.389 ± 0.788 74.6 ± 0.9 450.8 ± 25.0
6 6.498 ± 0.042 9.336 ± 0.119 76.6 ± 0.8 104.6 ± 2.4
7 6.748 ± 0.038 8.410 ± 0.068 77.1 ± 0.8 80.8 ± 1.3
8 6.971 ± 0.039 8.230 ± 0.055 78.3 ± 0.8 75.1 ± 1.0

10 7.233 ± 0.034 8.110 ± 0.042 79.6 ± 0.8 72.5 ± 0.8
12 7.406 ± 0.031 8.055 ± 0.035 79.7 ± 0.7 72.1 ± 0.8
14 7.481 ± 0.029 8.043 ± 0.031 80.5 ± 0.7 73.4 ± 0.7
16 7.560 ± 0.026 8.023 ± 0.028 79.1 ± 0.7 72.5 ± 0.7
32 7.887 ± 0.020 8.089 ± 0.020 79.4 ± 0.7 75.5 ± 0.7
64 8.005 ± 0.014 8.104 ± 0.014 81.3 ± 0.7 79.3 ± 0.7
128 8.095 ± 0.010 8.144 ± 0.010 80.3 ± 0.7 79.3 ± 0.7
256 8.130 ± 0.007 8.154 ± 0.007 79.3 ± 0.7 78.8 ± 0.7
512 8.140 ± 0.005 8.152 ± 0.005 81.7 ± 0.7 81.4 ± 0.7

1024 8.153 ± 0.003 8.159 ± 0.003 79.8 ± 0.7 79.6 ± 0.7
2048 8.161 ± 0.002 8.164 ± 0.002 79.3 ± 0.7 79.2 ± 0.7
4096 8.161 ± 0.002 8.163 ± 0.002 80.6 ± 0.7 80.6 ± 0.7

Table 4.1: Results for the mean values for 1000 runs with random transformations for the
average rotation and translation error according to (4.27) and (4.28).

component were generated. Uniformly distributed rotations are generated by tak-
ing a rotation quaternion uniformly distributed over S3 = {q ∈ R4 | |q| = 1}
and converting it to a rotation matrix. After that proper transformations Bi as
Bi = SAiT

−1 were calculated and the Ai and Bi were disturbed by applying
random rotations to the transformations’ rotational part and random shifts to the
transformations’ translational part. The disturbance rotations had uniformly dis-
tributed rotation axes and uniformly distributed rotation angles in [0,10°] and the
random shifts were uniformly distributed in [-10mm,10mm] in every component.
Table 4.1 shows the mean values for 1000 runs with a different number of transfor-
mations and figure 4.4 the corresponding plots. The errors ∆µ of the mean values
µ = 1/n

∑n
i=1 αi of n values α1, . . . , αn were calculated according to the formula

∆µ =

√√√√ 1

n(n− 1)

n∑
i=1

(αi − µ)2 .

As can be seen, the Kronecker approach yields only poor results for below 7 trans-
formation with a catastrophic outlier for 5 transformations. This is due to the fact
that for such few transformations the calculated R′

S and R′
T are far away from
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Figure 4.4: Plots of the mean values for 1000 runs with random transformations for the
average rotation (a) and translation (b) error according to (4.27) and (4.28). The y-axes are
broken so that the plots cover the outlier for 5 transformations for the Kronecker approach.
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being orthogonal, which is revealed by singular values far away from 1 when or-
thogonalizing R′

S and R′
T by their SVD.

For a sufficient number of transformations both approaches yield comparable re-
sults with the tendency that the quaternion approach yields a slightly better ro-
tational result while the Kronecker approach yields a slightly better translational
result. However, this is to be expected because the quaternion approach solves
at first only the rotational problem and calculates then the translations, which are
hence afflicted by error propagation. The Kronecker approach calculates rotations
as well as translations simultaneously, but does not account for the rotation matri-
ces to be orthogonal and requires an orthogonalization as post processing.
For sure, it can be said that the quaternion rotation approach is not outperformed
by the Kronecker approach as in [55] confirming the thesis that in [54, 55] the
quaternion flipping problem was not treated properly.
Besides, it was verified for the synthetically generated and disturbed rotations that
the RANSAC approach always found the correct flipping configuration which were
determined by the undisturbed rotations. However, since the angle of the distur-
bance rotation was limited to 10° at maximum, this was probably to be expected.



Conclusion and Outlook

In this work several algorithms have been shown to solve fundamental problems in
the scope of CAD and DMU. In chapter 1 we developed a heuristic to retrieve a
voxelization of inner space for surface geometries consisting of triangles “soups”,
which is robust even against large holes. By this heuristic even millimeter resolu-
tion and below can be reached within a reasonable running time.
Besides our usage many fields of application are conceivable for this heuristic. For
example, by such a fine voxelization of the interior and the outside also the trian-
gles of the input geometry could be determined which actually enclose the interior
or form the outer surface of the object. This could be done by checking which
triangles intersect the first voxel layers not belonging to the interior or the outside.
Many other algorithms based on the triangle geometry, like packing algorithms
using contact simulation, only need these triangles and their running time scales
with the number of input triangles. Thus, such algorithms could be significantly
accelerated by thinning out the set of input triangles by the presented heuristic.
In chapter 2 data structures and algorithms for calculating approximate distances
and penetrations very fast were presented and applied to pack arbitrarily shaped
objects into a trunk. It was shown that this approach works quite well for packing
objects which have a shape similar to boxes like suitcases and golf bags though
there might be room for improvement for packing more complexly shaped objects.
In the scope of this packing algorithm a very fast and easy to implement algorithm
to calculate a largest box in a 3D voxelization has been presented. An algorithm
to solve such a basic geometric problem should be a very interesting result on its
own and it could be a very promising approach to further improve the presented
packing algorithm. Instead of calculating only one largest enclosed box this algo-
rithm could be iterated in order to calculate an approximation of arbitrarily shaped
objects by boxes for a better penetration calculation.
Distance and penetration calculation, as it is used for the presented packing al-
gorithm, is an absolutely fundamental workhorse for high level algorithms in the
scope of CAD and DMU. For most of these high level algorithms running time
is crucial. Therefore they could largely benefit from the presented distance and
penetration algorithm. Although it might not be applicable in all cases because
distances and penetrations are only calculated approximately, this plays a minor
role for many applications since in CAD and DMU there are always certain toler-
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ance bounds.
Furthermore, this restriction might also be overcome algorithmically. For example,
algorithms with a very large search space, as in motion planning, could use our fast
approximative algorithm to find a solution and then validate or optimize this solu-
tion by exact algorithms in a post-processing step.
In chapter 3 an approach was presented how the concept of bounding volumes can
be extended to rigid transformations, and it has been applied for an accelerated
motion analysis of a car’s engine. Rigid transformations play an important role in
many fields of CAD and DMU, for instance whenever trajectories come into play.
By our approach we have built a bridge between the algorithmic concepts for tri-
angle based geometry, like meshes, on the one hand and trajectories on the other
hand, which were quite separate so far.
An obvious application of the presented rigid transformation hierarchies is the im-
plicit representation of swept volumes, as already sketched at the end of chapter 3.
Besides digital mock-up, swept volumes also play an important role in numerically
controlled machining and robot analysis. However, calculating explicit mesh rep-
resentations of swept volumes might be too time-consuming for many application
cases. Thus, the proposed implicit representation by rigid transformation hierar-
chies might be a very promising approach in such cases and should be the subject
of further research.



Appendix A

Used Mathematical Theorems

Lemma A.1 Let a,b ∈ Rd, d ≥ 2, be vectors with |a| = 1 and |b| = 1. Then the
spectral norm of the matrix abT − baT can be calculated by:∥∥abT − baT

∥∥
2
=
√

1− (aTb)2

Proof:
Let be A := abT −baT . It is well-known that that the spectral norm of the matrix
A can be calculated as the square root of the biggest eigenvalue of ATA [30].
Because the orthogonal complement of ⟨a,b⟩ is obviously contained by the kernel
of A and ATA, we have only to consider how ⟨a,b⟩ is transformed by ATA.
Considering the skew-symmetry of A as well as aTb = bTa we get:

ATAa = −
(
abT − baT

)2
a = −

(
abT − baT

) (
abTa− b

)
= −a

(
bTa

)2
+ a+ bbTa− baTb =

(
1−

(
aTb

)2)
a

Because of the symmetry of ATA in a and b it follows in the same way:

ATAb =
(
1−

(
aTb

)2)
b

Hence we can conclude for ATA restricted to the subspace ⟨a,b⟩:

ATA
∣∣
⟨a,b⟩ =

(
1−

(
aTb

)2)
1

Thus ATA has besides 0 the (double) eigenvalue 1−
(
aTb

)2 and we are done.

Proposition A.2 (Triangle inequation for spherical triangles) Given three dis-
tinct points on the surface Sd−1 of the d-dimensional sphere: a,b, c ∈ Sd−1 :=
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{
x ∈ Rd| |x| = 1} , d ≥ 3. By connecting these points by shortest paths on great

circles on the sphere’s surface we get a spherical triangle. For this triangle the
triangle inequation is valid:

∡(a,b) ≤ ∡(a, c) + ∡(c,b) (A.1)

The arc length resp. the angle between two points on the surface Sd−1 of d-dimen-
sional sphere can be calculated as:

∡(xy) = arccos
(
xTy

)
∈ [0, π] , x,y ∈ Sd−1

The equality case can only occur if a, b and c are linearly dependent and the
spherical triangle is degenerated.

Proof:
According to lemma A.1 it is:∣∣a (bT c

)
− b

(
aT c

)∣∣2 = ∣∣(abT − baT
)
c
∣∣2 ≤ 1−

(
aTb

)2
From the proof of lemma A.1 it is clear that the equality case only occurs iff a, b
and c are linearly dependent. Expanding yields:

⇔
(
bTc

)2
+
(
aTc

)2 − 2
(
aTb

) (
bTc

) (
aTc

)
≤ 1−

(
aTb

)2
Rearranging the terms, adding

(
bT c

)2 (
aT c

)2 on both sides and factorizing yields:((
bT c

) (
aTc

)
− aTb

)2 ≤
(
1−

(
aTc

)2)(
1−

(
bTc

)2)
⇒

(
bT c

) (
aTc

)
− aTb ≤

∣∣(bT c
) (

aTc
)
− aTb

∣∣
≤

√∣∣∣(1− (aTc)2
)(

1− (bTc)2
)∣∣∣

Obviously the bracketed terms below the square root are both nonnegative and
thus the absolute value can be left away and the square root can be split. How-
ever, bounding the first term in the latter inequation by its absolute value restricts
equality to the case that c is on the shorter of the two arcs that form the great circle
containing a and b.
With cos(∡(x,y)) = xTy and sin(∡(x,y)) =

√
1− (xTy)2 for x,y ∈ Sd−1 we

get:
cos (∡ (a, c)) cos (∡ (c,b))− sin (∡ (a, c)) sin (∡ (c,b))

= cos (∡ (a, c) + ∡ (c,b)) ≤ cos (∡ (a,b))

By applying the arc cosine and flipping the inequality sign because the arc cosine
is strictly monotonically decreasing on [−1, 1] we get the triangle equation for
spherical triangles.



Appendix B

Another Minimization Problem
on the SO(3)

In chapter 3 the minimization problem

argmin
R∈SO(3)

max
i∈{1,...,n}

∥Ri −R∥2

for a set of rotation matrices R1, . . . ,Rn ∈ SO(3) and in chapter 4 a minimization
problem similar to

argmin
RS ,RT∈SO(3)

n∑
i=1

(δ (RSRAi ,RBiRT ))
2

for two sets RA1 , . . . ,RAn ∈ SO(3) and RB1 , . . . ,RBn ∈ SO(3) of correspond-
ing rotation matrices has been solved (with δ the angle between two rotations,
definition see section 3.1). In both cases this was done by translating the rotation
matrices to rotation quaternions and in both cases much effort had to be taken to
solve the problem that the corresponding rotation quaternions are ambiguous con-
cerning a sign. Here we want to solve another minimization problem on the SO(3)
again with the help of quaternions, but in this case the ambiguity concerning the
sign does not matter. This minimization problem has been solved in the course of
this thesis but was finally not applied in its scope.

Theorem B.1 Given a set of rotations R1, . . . ,Rn ∈ SO(3) and the minimization
problem

argmin
R∈SO(3)

max
p∈S2

n∑
i=1

|Rip−Rp|2 . (B.1)

with S(n−1) := {v ∈ Rn| |v| = 1} and |.| the Euclidean norm.
Furthermore let Q∗ be the group of unit quaternions represented by 4-dimensional
vectors with ρ

ρ : Q∗ → SO(3) ,
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
q0
q1
q2
q3

 7→
 q20 + q21 − q22 − q23 2q1q2 − 2q0q3 2q1q3 + 2q0q2

2q1q2 + 2q0q3 q20 − q21 + q22 − q23 2q2q3 − 2q0q1
2q1q3 − 2q0q2 2q2q3 + 2q0q1 q20 − q21 − q22 + q23


(B.2)

the mapping of unit quaternions to rotation matrices as already presented at the
end of section 3.1. Then the minimization Problem (B.1) is solved by R = ρ(q)
with the union quaternion q which is - considered as a 4-dimensional vector - an
eigenvector for the largest eigenvalue of the symmetric matrix

Σ :=
n∑

i=1

qiq
T
i (B.3)

with Ri = ρ(qi), 1 ≤ i ≤ n, and qi considered as 4-dimensional vector in
(B.3). The solution is unique iff the eigenspace for the largest eigenvalue of Σ has
dimension 1 and it is

min
R∈SO(3)

max
p∈S2

n∑
i=1

|Rip−Rp|2 = 4(n− σ0 − σ3)

with σ0 and σ3 the smallest and largest eigenvalue of Σ.

Proof:
ρ is only an epimorphism because of ρ(q) = ρ(−q). However, obviously this
ambiguity concerning a sign does not matter in the definition of Σ.
For the expression in (B.1) to minimize we can conclude because rotations are
isometries:

Si := |Rip−Rp|2 =
∣∣p−RT

i Rp
∣∣2

Let φ̂i ∈ S2 be the axis and φi ∈ [0, π] the angle of the rotation RT
i R for R ∈

SO(3) arbitrary, but fixed.Furthermore let αi = ∡(φ̂i,p) be the angle between φ̂i

and p and φ̂i,⊥ the proper unit vector from the orthogonal complement of φ̂i so
that p can be written as cosαiφ̂i+sinαiφ̂i,⊥. Since the to φ̂i parallel component
of p is not affected by the rotation RiR, we get for Si

Si = sin2αi

∣∣φ̂⊥ −RT
i Rφ̂⊥

∣∣2
= sin2αi

∣∣∣∣( 1
0

)
−
(

cosφi − sinφi

sinφi cosφi

)(
1
0

)∣∣∣∣2
= sin2αi (2− 2 cosφi) = 4 sin2αi sin

2 φi

2

= 4
(
sin2

φi

2
− cos2αi sin

2 φi

2

)
= 4

(
1− cos2

φi

2
− cos2αi sin

2 φi

2

)
(B.4)
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At the end of section 3.1 the relation between the rotation angle and rotation axis
of a rotation and the corresponding rotation quaternion has already been treated
thoroughly. Furthermore it has been shown how the quaternion multiplication can
be written by splitting a quaternion q = (q0,q)

T in a “scalar part” q0 ∈ R and a
“vector part” q ∈ R3.
Due to this knowledge it is clear that the rotation quaternion corresponding to the
rotation matrix RT

i R has the form (± cos(φi/2),± sin(φi/2)φ̂)T . As it can be
checked by (B.2), transposing on the SO(3) side means flipping the vector part on
the quaternion side, which is called quaternion conjugation and usually denoted by
a star, just like the conjugation of complex numbers. Thus, if qR ∈ Q∗ is a proper
rotation quaternion with ρ(qR) = R, (± cos(φi/2),± sin(φi/2)φ̂)T can also be
written as q∗

iqR. The middle term in (B.4) is just the squared scalar component of
this quaternion product and the right term the squared scalar component of

q∗
iqR

(
0
p

)
=

(
± cos φi

2
± sin φi

2 φ̂i

)(
0
p

)

=

(
∓ sin φi

2 φ̂T
i p

± cos φi

2 p± sin φi

2 φ̂i × p

)
=

(
∓ sin φi

2 cosαi

± cos φi

2 p± sin φi

2 φ̂i × p

)
.

It can be easily verified that unit quaternions can be embedded into 4-dimensional
rotation matrices by the monomorphism

τ : Q∗ → SO(4) ,

(
q0
q

)
7→
(

q0 −qT

q q01+ q×

)

with q× =

 q1
q2
q3

×

=

 0 −q3 q2
q3 0 −q1
−q2 q1 0

 .

The scalar quaternion component just appears as upper left matrix entry and con-
jugating on the quaternion side means transposing on the SO(4) side. With e0 :=
(1, 0, 0, 0)T , Qi = τ(qi), QR = τ(qR), P = τ(0,p) we can write Si by using
the associativity of matrix multiplication as

Si = 4
[
1−

(
eT0 Q

T
i QRe0

)2 − (eT0 QT
i QRPe0

)2]
= 4

[
1−

(
qT
i qR

)2 − (qT
i QR

(
0
p

))2
]

= 4

[
1− qT

Rqiq
T
i qR −

(
0
p

)T

QT
Rqiq

T
i QR

(
0
p

)]
with the quaternions considered now as 4-dimensional vectors.
Thus we get for the original minimization problem:

argmin
R∈SO(3)

max
p∈S2

n∑
i=1

|Rip−Rp|2
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= argmin
R∈SO(3)

max
p∈S2

n∑
i=1

4

[
1− qT

Rqiq
T
i qR

−
(

0
p

)T

QT
Rqiq

T
i QR

(
0
p

)]

= argmin
R∈SO(3)

max
p∈S2

4

[
n− qT

RΣqR −
(

0
p

)T

QT
RΣQR

(
0
p

)]

= 4n− 4 argmax
R∈SO(3)

qT
RΣqR︸ ︷︷ ︸
=:A(R)

+ min
p∈S2

(
0
p

)T

QT
RΣQR

(
0
p

)
︸ ︷︷ ︸

=:B(R,p)


(B.5)

Because Σ is symmetric and positive semi-definite, it can be diagonalized with
four eigenvalues 0 ≤ σ0 ≤ σ1 ≤ σ2 ≤ σ3 and four corresponding orthonormal
eigenvectors u0, u1, u2, u3. A and B in (B.5) are of the form vTΣv, v ∈ S3,
which can be bounded by σ0 ≤ vTΣv ≤ σ3.
One can easily verify that qR, QR(0, 1, 0, 0)

T , QR(0, 0, 1, 0)
T , QR(0, 0, 0, 1)

T

is an orthonormal basis of R4. Thus by properly choosing p ∈ R3 QR(0,p)
T can

be any unit vector in the orthogonal complement of qR. Obviously we can write
qR as a linear combination sinβ u0 + cosβ u0,⊥, β ∈ [0, 2π), of u0 and a proper
unit vector u0,⊥ from the orthogonal complement of u0. By choosing p so that
Q(0,p)T = cosβ u0− sinβ u0,⊥, which is obviously orthogonal to qR, we get the
following bound:

A(R) + min
p∈S2

B(R,p) ≤ (sinβ u0 + cosβ u0,⊥)
T Σ (sinβ u0 + cosβ u0,⊥)

+ (cosβ u0 − sinβ u0,⊥)
T Σ (cosβ u0 − sinβ u0,⊥)

= σ0 + uT
0,⊥Σu0,⊥ ≤ σ0 + σ3 (B.6)

However, this bound is reached for qR = u3, which means β = 0 and u0,⊥ = u3

in (B.6). Then minp∈S2 B(R = ρ(u3),p) is obviously minimized by p so that
Q(0,p)T is u0. If the dimension of the eigenspace for σ3 is 1, i.e. σ2 < σ3,
the unit eigenvector u3 for σ3 is unique except a sign and therefore R = ρ(u3)
is unique. If qR was not u3 in this case, it would be u0,⊥ ̸= u3 and thus the
inequation in (B.6) would be strict so that the optimal bound would not be reached.
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