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Abstract

This thesis consists of three parts. Part [ is dedicated to what we call the Hammond-Sheffield
urn. This model is built from a collection of coalescing renewal processes with an increment
distribution having power-law tails. Depending on the exponent of the power-law the random
graph, which is induced on Z by the coalescing renewal processes, consists of infinitely many
or one component almost surely. In the first regime rescaled sums over R-valued random
colourings of the connected components of this graph give rise to a discrete approximation
of fractional Brownian motion. This is the main result of | |. The core step is to prove
that the scaling limit is a Gaussian process. This thesis gives a new proof based on Stein’s
method. The analysis that is required for this yields new insights into the genealogical struc-
ture of the random graph. This thesis then continues with a further analysis of the second
regime in which the random graph is a tree.

Part II is dedicated to the analysis of the ancestral lineages of randomly sampled indi-
viduals in Galton-Watson trees according to different sampling schemes. The first sampling
scheme relates to the uniform choice and was discussed by Cheek and Johnston in | .
This sampling scheme induces an ancestral selection bias of which our alternative proof pro-
vides a convenient interpretation. We analyse two other sampling schemes with the same
new method.

The topic of Part I1I is the analysis of a variant of Muller’s ratchet, a well-known model from
population genetics. In the classical variant of Muller’s ratchet individuals acquire deleteri-
ous mutations and have a selective advantage over individuals with less mutations, which is
proportional to the difference in the number of mutations. After some time the type carry-
ing the smallest mutational load gets lost from the population, this is called a click of the
ratchet. In the model variant introduced by Gonzalez Casanova, Smadi and Wakolbinger in
[ | the fitness advantage is just binary. Here we study the near-critical case in which
the mutation-selection ratio is close to one, and we find a close correspondence to the so
called Poisson profile approximation of the classical ratchet that was studied by Etheridge,
Pfaffelhuber and Wakolbinger in | ]. Our focus is then on the asymptotics of the
clicktime of this variant of the ratchet.
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Introduction

This thesis consists of three parts. Part [ is dedicated to what we call the Hammond-Sheffield
urn, a model introduced by Alan Hammond and Scott Sheffield in | |, there called a power
law Pdélya’s urn. This model is built from a collection of coalescing renewal processes with
an increment distribution having power-law tails. Specifically, every individual ¢ € Z selects
its parent ¢ — R; independently with a distance R; > 0 following a power-law. This induces
a random graph on Z. Depending on the exponent of the tails of the distribution of R; this
random graph consists of infinitely many or one component almost surely.

In the first case rescaled sums over random colourings of this graph give rise to a discrete
approximation of fractional Brownian motion (with Hurst parameter H € (%, 1)), that is the
unique centered Gaussian process with stationary increments having covariance function

1
(s,t) — 5 <32H+t2H — |t — s|2H> , s,t>0.

This is the main result of | |. The core step is to prove that the scaling limit is a Gaus-
sian process. In Chapter 1 of this thesis a new proof is given: Based on Stein’s method, a
normal approximation theorem for random colourings of random graphs is established and
then applied to this model. The analysis that is required for the application of this theorem
yields new insights into the genealogical structure of the random graph. In Chapter 2 this
construction is then used to construct discrete approximations of branching fractional Brow-
nian motion, of which the asymptotic speed of the maximum particle is analysed.

Sections 5.1.1-S.1.3 and S.1.6-S.1.8 give a synopsis of Chapters 1 and 2. Section S.1.4, part
of Section S.1.5.1, and Section S.1.5.2 present still unpublished work. In Section S.1.4 we
show that the random graph has no bi-infinite path. In Section S.1.5.1 we analyse the depths
of the most recent common ancestor of a pair of individuals in the HS-urn. In Section S.1.5.2
we study the scale of the depth of the MRCA of many individuals in the regime where the
graph is an infinite tree and the ancestry of a block of individuals can be read as a coales-
cent. Proofs of the unpublished results of Section S.1.4 and S.1.5 can be found in Chapter 3.
This chapter also outlines an alternative approach to the scale of the most recent common
ancestor of a large block of individuals. In the preamble of Section S.1 we give references to
some of the literature related to the HS-model.

Part II is dedicated to the analysis of the ancestral lineages of randomly sampled individ-
uals in Galton-Watson trees (or more general Bellmann-Harris trees) according to different
sampling schemes. The first sampling scheme relates to the uniform choice and was intro-
duced by Cheek and Johnston in | |. This sampling scheme induces an ancestral selection
bias of which our alternative proof provides a convenient interpretation. Another sampling



scheme was introduced by Geiger in | |. Here one embeds the tree into the plane and
traces back the left-most ancestral lineage still alive. The third sampling scheme was in-
troduced by Chauvin, Rouault and Wakolbinger in | | and considers a tree-indexed
continuous (in time and space) Markov process. Here one conditions on one particle being
at a specific location at a specific time and analyses the conditional tree-indexed process.
We show that our general approach can be used to analyse all three sampling schemes in a
unified way. A more comprehensive introduction into Part II is given in Section S.2.

The topic of Part I is the analysis of a variant of Muller’s ratchet, a well-known model
from population genetics introduced by Herbert Muller in | | and | | to describe
the accumulation of mutations in an asexually reproducing population. This model has also
been used to explain the existence of sexual reproduction despite of its high cost. In the
classical variant of Muller’s ratchet individuals acquire deleterious mutations and have a
selective advantage over individuals with less mutations, which is proportional to the differ-
ence in the number of mutations. After some time the type carrying the smallest mutational
load gets lost from the population, this is called a click of the ratchet. In the model variant
introduced by Gonzdlez Casanova, Smadi and Wakolbinger in | | the fitness advantage
is just binary. In this work we study the near-critical case in which the mutation-selection
ratio is close to one, and we find a close correspondence to the so called Poisson profile
approximation of the classical ratchet that was studied in | |. Our focus is then on
the asymptotics of the clicktime of this variant of the ratchet. In Section S.3.4 we give a
short outlook on future work concerning the type frequency profile. A brief sketch of this
future work is then found in Chapter 6. A more detailed introduction into Part III is given
in Section S.3.

So far four chapters of this thesis have been published, and three of those have appeared
in peer-reviewed journals:

e Chapter 1: J. L. Igelbrink and A. Wakolbinger. Asymptotic Gaussianity via coa-
lescence probabilities in the Hammond-Sheffield urn. ALFEA Lat. Am. J. Probab.
Math. Stat., 20(1):53-74, 2023. http://doi.org/10.30757/alea.v20-0. https:
//arxiv.org/abs/2201.06576

e Chapter 2: A. Gonzéalez Casanova and J. L. Igelbrink. Branching fractional Brow-
nian motion: discrete approximations and maximal displacement. arXiv preprint
arXiv:2310.04386, submitted. https://arxiv.org/abs/2310.04386.

e Chapter 4: J. L. Igelbrink and J. Ischebeck. Ancestral reproductive bias in continuous
time branching trees under various sampling schemes. J. Math. Biol., 89(11), 2024.
https://doi.org/10.1007/s00285-024-02105-9. https://arxiv.org/abs/2309.
05998.

e Chapter 5: J. L. Igelbrink, A. Gonzalez Casanova, C. Smadi, and A. Wakolbinger.
Muller’s ratchet in a near-critical regime: tournament versus fitness proportional se-
lection. Theoretical Population Biology, 158:121-138, 2024. https://doi.org/10.
1016/ .tpb.2024.06.001. https://arxiv.org/abs/2306.00471.
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My share in the co-publications included in the thesis is as follows.

Part [: All proofs in the journal publication [ | (Chapter 1 of the thesis, which is sum-
marised in Sections S.1.1-5.1.3 of the synopsis) have been carried out by myself, prepared
by discussions with my co-author Anton Wakolbinger. The conceptual novelties in | ]
are due to both authors in equal parts.

The arXiv preprint | ] (Chapter 2 of the thesis, summarised in Sections S.1.6-S.1.8) was
initiated by the idea of Adridn Gonzalez Casanova to apply the approach from | ] to
tree-indexed processes. He (as well my PhD advisors Professors Birkner and Wakolbinger)
accompanied the genesis of this paper, whose proofs have been achieved in largest parts by
myself.

The results contained in the thesis’ unpublished part Sections S5.1.4, S.1.5 and Chapter 3
have been achieved by myself, under advice of Professors Birkner and Wakolbinger. The idea
of the second proof of Proposition S.1.5, which is presented in the last section of Chapter 3,
is due to Jan Swart.

Part II: The journal publication [[121] (Chapter 4 of the thesis, summarised in Section S.2)
is due to both authors in equal parts. The second author of [[121], Jasper Ischebeck, is a
PhD student at Goethe-University Frankfurt.

Part I11: The conceptual planning and design of the journal publication | | (Chapter 5
of the thesis, summarised in Sections S.3.1-5.3.3) is due to its 4 co-authors in equal share.
The proof of the main result of | | (Section 5.4, 23 pages) has mostly been carried
out by Charline Smadi and myself.

Section S.3.4 and Chapter 6 of the thesis give an outlook on current joint work with Charline
Smadi and Anton Wakolbinger on aspects of random genealogy that complement | ].
This is based on Sections 4 and 5.2 of the arXiv preprint | | and joint discussions
during a research stay in Grenoble in May 2024. Here the share is equal between the three
of us.



Synopsis

S.1 The Hammond-Sheffield urn:
genealogy and scaling

In the paper | | entitled Power law Pdlya’s urn and fractional Brownian motion Alan
Hammond and Scott Sheffield propose a way how to successively colour the elements i € Z
by +1 or —1, given a configuration in {—1, +-1}{*€%k<i} which describes the colouring of the
integers below 1.

The rule is as follows: Looking back from i, let ¢ adopt the colour of : — R;, where the R; are
a family of independent random variables with one and the same distribution p. As proved
in | ], this gives rise to a convex family of probability distributions on {—1, +1}% whose
extremal elements are parametrised by the elements p of the unit interval, and in fact arise
by a colouring (in terms of a +1 p-coin tossing) of the connected components of the graph
that is generated by the parental relation stemming from this urn model. While | | fo-
cuses from the very beginning on the dynamics of the random colourings, we tried to pursue
the principle “first the genealogy, then the colouring”. For probability distributions p with
power-tails, this led to a new proof of the main result of | | (see Theorem S.1.1 below) as
well as to interesting questions related to properties of the genealogical graph associated with
the Hammond-Sheffield urn, whose analysis constitutes a substantial part of Chapters 1-3
of this thesis.

With a different focus Blath, Gonzélez Casanova, Kurt, and Spano, | | consider an
extension of this model: For fixed N € N, the set of vertices is now Z x [N]. Individual (i, k)
is understood as the individual with number ¢ € [N] living at time k € Z. The parent
of the individual (i,k) is (¢ — R;x, H; ), where the random variables R;j are independent
with distribution p and the random variables H; j are independent uniform picks from [N].
In words, each individual chooses its parent uniformly from a previous time with delay (or
dormancy) distribution p. For p with compact support this goes back to Kaj, Krone and
Lascoux | |. Note that this specialises to the Hammond-Sheffield urn for N = 1, see
Section 1.10 for a more elaborate discussion and analysis of this extension.

A similar model has been studied in | ] by Chierichetti, Kumar and Tomkins. The
difference is the following: While a HS-urn always has an infinite history, [ ] consider
a model starting with a finite history of size h, where individual ¢ selects its parent according
to some (power-)law p conditioned on {1,2,...,i+ h —1}. They consider the individuals
—h 4+ 1,...,0 having certain types and ask questions about the loss of types. Anderson,
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Kumar, Tomkins, Andrew and Vassilvitskii [ ] describe this model as useful for
modeling reconsumption likelihoods. | | even highlights the usefulness for the modeling
of the world-wide-web graph.

S.1.1 The Hammond-Sheffield urn as a random graph on 7Z

For 0 < a < 1 and a slowly varying function L : R — R* let pu := u, 1 be a probability
measure on N = {1,2/ ...} having the power law tails

p({n,n+1,...}) ~n"*L(n) as n — oo, (S.1.1)
with the usual convention that for two sequences f(n), g(n) of real numbers
f(n) ~g(n)asn— oo
means that lim, ., f(n)/g(n) = 1. Throughout it will be assumed that
the greatest common divisor of {n € N: z(n) > 0} is one. (S.1.2)

Let R be an N-valued random variable with distribution p and let (R;);., be a family of
independent copies of k. With these ingredients, let G,, be the random directed graph with
vertex set Z and edge set F (g“) given by

E(G,) ={(i,i—R):i€Z}.
This induces the random equivalence relation
i ~ j <=1 and j belong to the same connected component of G,,. (S.1.3)

Note that the symbol ~ is used in (S.1.1) and (S.1.3) in two different meanings; this will cause
no risk of confusion. The Hammond-Sheffield urn induces a natural definition of ancestral

I L

S [ L] T
s [ / NS
—/ / \\ %7 \/// 7 \\\\ é’\'T‘{\ /fl//?\/ /%
DA L AN A \Lm~.«\‘ Vo o \1‘ [ e

-200 -150 -100 -

50 100

Figure S.1: A realisation of the ancestral lineages of the individuals {0, ..., 100} traced back till
—200. Each of the arcs corresponds to an edge of G,,. All the outgoing edges from ¢ = 0,...,100
which map to an individual in {0,...,100} are drawn (in red), whereas for i between —200 and
—1 only those outgoing edges are drawn (in blue) that belong to an ancestral lineage of some
j €{0,...,100}. Here the exponent « in (S.1.1) was chosen as 0.39.

lineages, see also | , Lemma 2.1 and its proof]: For i € Z we call i — R; the parent of i.
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In correspondence to this we call any j € Z with j — R; = ¢ a child of 7 and define the k-th
ancestor of ¢ recursively by

A;(0) =1, Ai(k) == Aj(k — 1) — Ra,k—1)- (S.1.4)
The ancestral lineage of i is defined by

This gives rise to coalescing renewal processes starting from the integers.

For i € Z the connected component containing ¢ is denoted by %;. In this terminology
G, is the graph of ancestral lineages of the individuals ¢ € Z, and the component %; consists
of all j € Z that are relatives of 7, see Figure 5.1 for an illustration.

For n € N the probability that 0 belongs to the ancestral lineage of n is thus given by
the weight assigned to n by the renewal measure,

In ::P<R1+...—I—}~%j:nf0r somejZO) (S.1.6)

with Ry, Ry, ... being independent copies of R. (Note that P(0 ~ n) is in general larger than
¢n because 0 and n may be related to each other even if 0 is not an ancestor of n.)

We have the following dichotomy, see | , Proposition 2]: If o > %, then G, has one
component almost surely, while if o < % it has infinitely many components almost surely.
(The case a = % depends on the slowly varying function L.) In the first regime we refer to G,
as the HS-tree. A synopsis about unpublished results on this can be found in Section S.1.5.
In the second regime the random graph is a forest. In this regime | ] suggests the picture
of an urn in which types get copied. A synopsis about our results published so far can be
found in Sections S.1.2, 5.1.3 and Sections S.1.6-S.1.8. Results about pair coalescences in
both regimes are stated in Section S.1.5.

S.1.2 Discrete approximation of fractional Brownian motion via
the HS-urn

The main result of | ] concerns the asymptotics of the rescaled sum over the types of the
individuals 1, ..., [tn], t > 0, which as n — oo turns out to converge to fractional Brownian
motion (FBM), which is the unique centered Gaussian process with variance function 27,
stationary increments and a.s. continuous paths.

As indicated at the beginning of this section, the individuals’ types arise as follows:
Assume that each component of G, gets coloured by an independent copy of a real-valued
random variable Y. In the situation of | ], Y is a centered Rademacher(p) variable, i.e.

Y= (2p—1)with P((=+1)=p,P((=—-1)=1—p. (S.1.7)

For i € Z the colour of the component %; will be denoted by Y;. Define the “random walk”
(with dependent increments)

Sui=)_Yi, n=01,. ... (S.1.8)
=1

12



By construction,

o7 = Var[S,] = Y _ Cov[Y;,Y;] =E[Y?] Y P(i~j). (S.1.9)

1,j€[n] 1,j€[n]

For % <t< %, i,n € N, let S™(t) be the linear interpolation of S;/a, and Si,i/0,.
Then S™ (t) approximates fractional Brownian motion in the sense of the following Theorem.

Theorem S.1.1 (Theorem 1.1.1, Corollary 1.1.2, Proposition 1.1.3, Corollary 1.1.4). Let u
be a probability measure on N satisfying (S.1.1) and (S.1.2) with 0 < o < % Assume one of
the following conditions (A) or (B):

(A) The colouring Y is given by (S.1.7).
(B) The weights q, of the renewal measure specified in (S.1.6) satisfy the asymptotics

1 na—l

F(a)I'(1 — «) L(n)

as n — oo, (S.1.10)

Gn ~

and the colouring Y obeys

E[Y]=0and 0 <E Y] < . (S.1.11)

Then, S™ converges in distribution (with respect to the topology of locally uniform conver-
gence) to fractional Brownian motion with Hurst parameter H = % + a.

While part (A) corresponds to | , Theorem 1.1], we relax in part (B) the assumption
of (S.1.7) on the colouring to (5.1.11), but need to assume that the asymptotics (5.1.10) hold.
This condition is equivalent to the validity of the Strong Renewal Theorem for the renewal
process with an increment distribution p satisfying (S.1.1) and (S.1.2), see Caravenna and
Doney | ], whose Theorem 1.4 gives necessary and sufficient conditions in terms of
for the validity of (S.1.10). A well-known sufficient condition for (S.1.10) is the criterion of

Doney | ]
nP(R=n)
iglf P(R > n) =00
Let us mention that the loss of ground which comes with assuming the “strong renewal” con-
dition (S.1.10) in addition to (S.1.1) and (S.1.2) seems rather minor. Indeed it becomes clear
from the examples in | , Section 10] that the class of measures p which satisfy (S.1.1)

and (S.1.2) but fail to satisfy (S.1.10) is rather special.

We now give a sketch of proof of Theorem S.1.1. | , Lemma 3.1] show by Fourier
and Tauberian arguments that

. . Coz n2a+1
Z P(i~j)~ (2o +1) L) as n — 00, (S.1.12)

i,j€[n]

13



with
1 (1 - 2a)

Zmzo qun F(@)F(l - Oé)g.

In the proof of Proposition 1.2.1 we will obtain (S.1.12) in an alternative way by analysing
P (i ~ j) under the condition (5.1.10). Because of (S.1.9) and (S.1.12), for all ¢ > 0,

Cy =

Var [S(”)(t)} — 12T asn — .
Since (Sy)nen, has stationary increments by construction, this implies the convergence

Cov (SS(”), St(n)> —x (st ot — |t — st st > 0.

1
2
The right-hand side is the covariance function of fractional Brownian motion with Hurst
parameter H = % + a. The processes S™ are centered as well. Thus, in order to prove that
S converges as n — oo (in the sense of finite dimensional distributions) to fractional Brow-
nian motion with Hurst parameter H, it only remains to show that the finite dimensional
distributions of S are asymptotically Gaussian. Indeed, this is the most intricate part of
the proof. What is then left for obtaining a functional limit theorem is a tightness argument.
For the latter we use the same proof strategy as Sottinen in | , Proof of Theorem 1] and
apply | , Theorem 13.5] by Billingsley. See Section 1.9 for the details.

Under assumption (A) of Theorem S.1.1, for each fixed ¢ > 0 the asymptotic Gaussian-
ity of S| as n — oo is proved in | | via a martingale central limit theorem. The
computations which ensure the applicability of the martingale CLT are quite subtle and
involved; from the very beginning they make substantial use of the specific form (S.1.7) of
the colouring of the random graph G,,. In | ] it is not explicitly discussed whether these
arguments also carry over from S|, to S|yn), ..., S|4.n). However, again thanks to the
specific assumption (S.1.7) on Y one can check that this is indeed the case, thus rendering
the asserted asymptotic Gaussianity of the finite dimensional distributions of S™.

Under assumption (B) we give a new, conceptual proof of the asymptotic Gaussianity of
the finite dimensional distributions of S™. This proof, which is completed in Section 1.8, is
based on insights into the structure of G,,. A key ingredient is a Stein-Theorem for sequences
of coloured partitions (that can be more general than the ones obtained from the HS urn),
see Theorem S.1.2.

S.1.3 Asymptotic Gaussianity in randomly coloured random par-
titions

For m € N let 2™ be a random partition of [m]. The (random) equivalence relation on
[m] induced by 2™ will be denoted by <, i.e.

i % j <= i and j belong to the same partition element of 2™,

Let Y be a real valued random variable obeying (S.1.11). Thinking again of each partition
element being “coloured” by an independent copy of Y, we write Y;(m) for the colour of the

14



partition element in 2™ to which i € [m] belongs. In correspondence to S,, see (S.1.8),
we then define .
zi ="y,
i=1

Now fix a natural number d and real numbers 0 = py < p; < --- < pg = 1. The following
theorem presents a sufficient criterion for the asymptotic normality of the sequence of R9-
valued random variables

Zm (Z“”) AL ) (S.1.13)

Llpym]’
as m —» oQ.

Theorem S.1.2 (Theorem 1.3.1). For allm € N let the random variables &™) g™ ¢ (m)
and L™ be independent and uniformly distributed on [m], and independent of 2™ and

of (Yi(m)> - The sequence of Ré-valued random variables Z'™ defined in (S.1.13) is
ie\m
asymptotically Gaussian as m — oo provided that as m — oo

P (j(m) mogm %/(m)> — 5 ((P (j(m) m /<m>)>3/g) , (S.1.14)

P<y<m>ﬂ/<m>2%<m>ﬁg<m>> - 0<(P (ﬂm)z/(m)))Q), (S.1.15)

and
Cov [[{imj}’[{kmé}} <P <z g ER €> for all m € N and i,7,k,¢ € [m],  (S.1.16)

and for all (ay,...,aq) € RT\ {(0,...,0)} and

a\™ =ay if [p,_ym] <i<|pym], i=1,...m; g=1,....d

there exists a constant C > 0 (not depending on m) such that
3 a™a™ p (M?;) zéZP(W@), m € N, (S.1.17)
i,j=1 6,j=1

The proof of this theorem as well as that of the key Proposition 1.3.3 is based on Stein’s
method | ]. Proposition 1.3.3 bounds the distance of the distribution of

AR
Var [Z,,S%m)}
and the standard normal distribution in terms of a bound that involves Var [YQ]; this
explains the finiteness condition of E [Y*] in (S.1.11).

To apply Theorem S.1.2 to the HS-urn conditions, (S.1.14) and (S.1.15) are then checked
by computing pair, triplet and quadruple coalescence probabilities in Proposition 1.2.1,
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Lemma 1.6.1 and Lemma 1.6.2. In essence, this is achieved by computing the expected
number of common ancestors for independent ancestral lineages. Condition (S.1.16) is then
checked in Lemma 1.2.5 by a qualitative analysis of the graph structure of G,. Condition 1.3.6
is checked in Section 1.8 with a general statement about Riesz kernels, see also | ]

Remark S.1.3. In | ] Drogin applies a method similar as the one of | ] to long-
range (power-law) voter models on Z. In a suitable scaling limit he obtains a Gaussian field,
which can be understood as a family of fractional Brownian motions, there called dynamical
fractional Brownian motion. Applying Theorem S.1.2 to d-dimensional voter models is the
topic of ongoing work with Gonzalez Casanova and Hammond.

S.1.4 The HS-trees do not contain a spine

We show that (informally spoken) the random graph G,, does not contain a bi-infinite path.
In view of Lemma S.1.7 and Proposition S.1.23 this can be seen as a qualitative pendant to
the assumption (S.1.43) made in Proposition S.1.27.

Definition S.1.4. A set S C G, is called a spine if sup.S = oo and for all < € S the parent
of i ismax{j € S:j <i}.

Proposition S.1.5. Let o € (0,1). Almost surely the random graph G,, does not contain a
spine.

Remark S.1.6. As the proof below shows in fact Proposition S.1.5 would also hold for more
general p as long as >, ku ({k}) is not finite.

We will prove this in two ways, see below and Section 3.2.1 for a proof via a martingale
suggested by Jan Swart. Broutin, Devroye, Lugosi and Oliveira | | analysed similar
models applying a method that bears similarities to the method in our proof below and also
the one applied in our alternative proof in Section 3.3. In fact, Proposition S.1.5 can also
be obtained as a corollary from | , Theorem 3.ii)]. The proof strategy there is to
show that there is almost surely no more than one spine, and that the existence of one spine
implies the existence of two spines. The latter then gives a contradiction since there exists
no stationary renewal process with increment distribution p, but every ancestral lineage
backwards is a renewal process with increment distribution p. The uniqueness argument
there and here in our proof is in the style of the arguments used by Burton and Keane in
[ ] to prove the uniqueness of an infinite percolation cluster.

Set

t(l) =P (0 Apand Jy > :0 ~y) (S.1.18)

and set

d(z) = 1 > (o). (S.1.19)

T
(=1

The quantity ¢(¢) and similar ones will play an essential role in analysing the most recent
common ancestor of the HS-tree later on, see Section S.1.5. Proposition S.1.5 is then enough
to show the following Lemma.

Lemma S.1.7. For a € (0,1) we have d(x) — 0 for x — oo.
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Essentially this means that in a large interval in —Ny no macroscopic fraction of individ-
uals has a descendant to the right of zero.

Proof. We have
Ha) <P @By >5:0~y),

which by Proposition S.1.5 converges to zero as x — co. This implies

xT

1
E [#{—2<z<1:3y>0such that z ~ y}| = " Zt(ﬁ) — 0. (S.1.20)
=1

d(z) <

E%I»—k

]

The key for proving Proposition S.1.5 via shift invariance of the distribution of the random
graph G, is the following lemma.

Lemma S.1.8. Almost surely the random graph G, does not contain infinitely many spines.

Proof. Let G, be the number of children of {0,...,n} above n, namely

= > lpeponp (S.1.21)

k=n+1

Then

EG) = Y > P(R=

k=n+1 j=k—n
oo n+k

- LS

k=1 j—k

AN
o
o
=]
0]
[
. ’
I M:
()
(.
_|_
—_

< const - (n+ 1)~

So
Gn £L0 for n — oo. (S.1.22)
n

This gives that the number of splitting points of spines (i.e. points from which there exist
two disjoint paths to +00) does not have a positive density. By stationarity there are none.
This gives the assertion. [
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Proof of Proposition S.1.5. Set

X =1 (S.1.23)

m lies in a spine °
The sequence (X,,),, ., is stationary. Let Z be the shift-invariant o-algebra, then by Birkhoff’s
ergodic theorem (see [ , Satz 20.14])

K

, 1
E [Xo|Z] = lim T e:ZK X, (S.1.24)

So if there exists one ore more spines they have a positive density. If there exists more than
one spine, they coalesce. Set

Y, =1 (S.1.25)

m is a splitting point of two spines >
then also (Y),,),,c, is a stationary sequence. And with the same arguments we get that also
the splitting points of spines must have a positive density, if there exists more than one spine.
Since we do not have infinitely many spines by Lemma 5.1.8 we can assume that there exists
either one or no spine. Assume that there exists a spine S, then

(P(BCS))pey (5.1.26)
characterises its distribution. Using the notation
B4r:={y+x:yec B} (S.1.27)

we get for B ={ky,....,k,} CZ, k1 <...<k,

PBcS) = P(ki,...,ky_1 € Slkn € S)P (k, €5)
= P(ki,...,kn1 € A,) P (k, €5)
= P(kiswy  kn142 € Agie) P(kn+ 2 €S5)
= P (kite, . ko142 € Slknie € S) P (kpys € 5)
(
(

So S is stationary. Conditional on {z € S} the set SN[—o0, z] is equal in distribution to the
range of a renewal process with increment distribution p. Since there exists no stationary
renewal process with increment distribution u there exists no spine. O

S.1.5 Depth of most recent common ancestors in the Hammond-
Sheffield urn

As outlined at the end of Section S.1.3, the application of Stein’s method to derive Theo-
rem S.1.1 required an analysis of coalescence probabilities in the regime o € (O, %) We now
continue with an analysis of the genealogical structure of the random graph G,. Let ;1 again

satisfy (S.1.1) and (S.1.2).
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Recall from (S.1.6) that the probability that 0 belongs to the ancestral lineage of n is
given by the weight assigned to n by the renewal measure,

qn::P<R1+...+Rj:nforsomejZ())

with Ry, Ro, ... being independent copies of R.
We are interested in the question how fast the ancestral lineages A, ..., Ay, see (S.1.5),
coalesce. For this purpose we set

MRCA(i, j) = max (A; N A;)

and for any non-empty B C Z

MRCA(B) := max | ] 4;

i€B

We here stick to the convention that the maximum of an empty set is —oco.

S.1.5.1 Most recent common ancestor of a pair

We start with a result on the most recent common ancestor of two individuals in the regime
a € (0, %) This result was an ingredient in the proof of Theorem S.1.1; we include it here
also for comparison with the next theorem in the other regime o € (%, 1), to which it has
striking parallels.

Proposition S.1.9 (Proposition 1.2.4). Let a € (0,3). Conditioned under {0 ~ n} the
sequence of random variables

~ MRCA(0,n)
n

converges as n — oo in distribution to a Beta’-distribution with parameters o and 1 — 2a,
that is a random variable having density

211 4 z)> !
Beta(a, 1 — 2a)

dz, x > 0.

See Section 1.5 for a proof.
Remark S.1.10. Let 8, > 0. The distribution with density

2P (1 + x) P
T
Beta(f,7) ’

is called Beta’-distribution (pronounced Beta-prime) with parameters (3, ). It arises as the
distribution of

x>0 (S.1.28)

X
Y i= —+
1-X
provided X follows a Beta-distribution with parameters (3,7). Naturally this gives, that
1/Y is Beta’-distributed with parameters (v, 3).
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Recall that for a € (%, 1) the random graph G, has only one component almost surely.
In this case G, is a tree, and we call it the Hammond-Sheffield Tree (HS-Tree). For the latter
we can prove a statement very similar to Proposition S.1.9.

Theorem S.1.11. For a € (%, 1) the distribution of

~ MRCA(0,n)

n

converges to a Beta’-distribution with parameters (1 — o, 2cc — 1) as m — 00, that is a random
variable having density
(1 +x)®

d > 0.
Beta (1 — a, 2a — 1) v v

This is proved in Section 3.1.2.

Remark S.1.12. Note that in both regimes a € (%, 1) and a € (0, %) we obtain a Beta’-
distribution, once with parameters (a, 1 — 2«) and once with parameters (1 — «,2a — 1).
The parameters are mirrored around % in the sense that for a = % — ¢ the asymptotic distri-
bution of MRCA(0,n)/n conditioned on {0 ~ n} is asymptotically equal to the asymptotic
distribution of MRCA(0,n)/n for & = 3 4+ €. See also Remark 3.2.14 for an interpretation

of this in a setting of Bessel random walks.

Remark S.1.13. In the case a € (%, 1) the most recent common ancestor of a finite set B C Z
is almost surely finite. Hence for all n € N the tree of the ancestors of [n] coalesces to one
single ancestral lineage. See Figure S.2 for an illustration.

Both Proposition S.1.9 and Theorem S.1.11 analyse the depth of the most recent common
ancestor of two individuals with a large distance. The following gives a similar result for two
individuals with a fixed distance.

Proposition S.1.14. For o € (%, 1) and n € N we have the asymptotics

MRCA ~
P (—RCT(O’TL) > :)3) ~ C(n,a)z' ™ as x — 00

for a constant C(n,a).

This is proved in Section 3.1.3. Note that the tails have the same exponent as in Theo-
rem S.1.11.

Remark S.1.15. We now give a heuristic explanation for Proposition S.1.14 and Theo-
rem S.1.11. Let n be fixed as in Proposition S.1.14. Typically an individual has of order
ancestors in an interval of length x. If now one of the two ancestral lineages behaves typically,
the other one makes at most of order x!~% jumps and one of them is of order z. This happens
with probability of order '~ - =% = z!72*. More jumps would lead to a coalescence event
since the probability to hit one of the ancestors of the other line is roughly z®~! for every
jump. This explains the tail probability obtained in Proposition S.1.14 heuristically.

Now consider the event {MRCA(O,n)/n < —x} as n — oo: In order to arrive at Theo-

rem S.1.11 (and also the following Proposition S.1.16) we think of the tree in a rescaled
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version and appeal to self-similarity: One individual will make the typical amount of (xn)®
many jumps, while the other individual will make of order z'~ - n® many jumps of which
one needs to be of size xn. This happens thus with probability of order x!= . 27 = g!72*,
which corresponds to the tails of the Beta’-distribution in Theorem S.1.11 (and the moderate
deviations result of Proposition S.1.16 below).

In the regime o € (0, %), the proof of Proposition S.1.9 makes use of the fact that for

two independent ancestral lineages Ay and A, starting in 0 respectively n, we have

Y @arin = E[[AoN A, N0 [~an,0]]
k=0

n n—k
= ) | P(MRCA(O,n) = k) Y ¢
k=0 £=0

This will be then enough to suitably bound P (MRCA(O, n) > —k) from below and above.

In the regime a € (%, 1) the proofs of Theorem S.1.11 and Proposition S.1.14 given in

Section 3.1 use a method similar to the one applied by Bertoin in | , Corollary 13] for
the ranges of a-stable subordinators: For

T2 Exp())

and two independent ancestral lineages Ay and A,,, starting in 0 respectively n, we observe
that the Laplace transform of the random variable ]IMRCA (0, n)| obeys

: |

= E|P (T > | max {4y N A,} ”max{AoﬂAn}>

E(\MRCA(O,n)D()\) g [ maxtaonan

- E P(AomAnm[—T,O]#@!maX{AoﬂAn})]

= P(4AoNA,N[-T,0] £0),

and for an independent copy Ay of Ay
E [|A0ﬂAnm T, 0]\] (S.1.29)

= P(ANA,N[-T,0#0)E U|A0 NAyN[-T, 0]” . (S.1.30)

Since the expectation in (5.1.29) and (5.1.30) can be expressed in terms of the renewal
function (gx),~, we are able to obtain precise asymptotics. This is enough to conclude the
main result by essentially inverting the Laplace transform. See Section 3.1.2 for more details.
Analysing the asymptotics of £ (max{4oN A,}) (A) in more detail and using Tauberian
Theorems by Feller | , Chapter XIIL.5] (or equivalently by Bingham, Goldie and Teugels
[ , Chapter 1.7]), reveals then the following result about moderate deviations (whose
proof will be given in Section 3.1.4).
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Proposition S.1.16. Let (0,),.y be a positive sequence converging to zero such that

Ont

1 o0 o
Yo > (@ —qem)e n ~n2! / ! (xo‘_l —(z+1) 1) dr  asn— o0
0

94 ¢>0
(S.1.31)
and 5 9 I(a)
. — 2 «
. , _ 1.32
)= 50— Ta—a) . TEa 1) (5.1.32)
Then for a € (3,1) and all x > 0
M -
P (—M > ﬁ) ~ C(a)zt—22p2e1 as m — 0o.
n 0,
In particular for 0,, = n=° this yields
~ 12«
P <—MRCA(O,n) > nH‘S) ~ C(a) (n‘S) : (S.1.33)

Note that for #,, = 0 the condition (S.1.31) is just the standard Riemann sum approxi-
mation. Essentially (S.1.31) ensures that 6,, converges to zero sufficiently fast.

S.1.5.2 Scale of the most recent common ancestor of [n]

Let a > 3. On which scale does the bulk of individuals [n] = {1,2,...,n} find its common
ancestor as n — o0o? This can be seen as a question on the asymptotics of the depth of
the HS-tree (or HS-coalescent) with leaves 1,2,...n. We know that the number of ancestral
lineages of [n] that arrive in the negative integers (as well as of those that arrive below —n)
is of the order n'=®, and we will give arguments which make it plausible that the number
of ancestral lineages that arrive below —n? is of order n'=%% for 1 < 8 < é Since also the
number of individuals in [n] whose parent is below —n” is of the order n - (n?)=* = n!=Ff,
this (roughly) amounts to the conjecture that for any 5 € (1,1/«) the lion’s share of the
number of ancestral lineages that intersect the interval (—n?,0) coalesce with each other still
on scale n® for 1 < 8 < é

Definition S.1.17. Let (s,), be a positive sequence with s, T co. We say that a sequence of
random variables (X,,), lives on scale (s,)n if (| X,|/Sn)n is tight and stochastically bounded
away from 0.

Conjecture S.1.18. The sequence (MRCA ([n])) lives on the scale (n'/®),,.

n

Remark S.1.19. The sequence (MRCA ([n]) /n/ a) is stochastically bounded away from

zero. Indeed, we know that "

liminf P (MRCA ([n]) < —n'/)

n—00

> liminfP <E| an individual in [n] whose parent is below — n'/ O‘) . (S.1.34)

n—o0
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Figure S.2: This is a simulation of the ancestral lineages of the individuals 0,...,n, with n =

500, = 0.65 in panel (A) and n = 200, = 0.85 in panel (B). Direction of time is vertical on
logarithmic scale, and horizontal lines mark coalescence events. The two panels give an impression
how the genealogy of the individuals i € [n] scales with n.

Every individual i € [n] now has a chance greater than (2n/*)~® to have its parent be-
low n'/®. So (S.1.34) is bounded from below by

—a\ " 9— n
lim inf (1 _ <2n1/°‘> ) — lim inf (1 - —) ,
n—00 n—00 n

which is bounded from below by 1e* “.

Therefore the sequence <MRCA ([n]) /nt/ a) is stochastically bounded away from 0.

Remark S.1.20. A stronger common stochastic bound than the one constructed above in
Remark S.1.19 can be constructed in the following way: The most recent common ancestor

of [n] must be below X = — max 1Ri, which has a distribution i on scale na, where il
i=1,....n—

has the same tail behaviour as p. Now X and n still have to find their most recent common
ancestor, which leads back to a pairwise situation. Indeed Theorem S.1.11 gives that the so
constructed bound on (MRCA([n])/n'/®), is equal in distribution to

—R-B  where R has distribution i and B has distribution Beta’ (1 — a,2a — 1).
(S.1.35)

In view of Remark 5.1.19, Conjecture S.1.18 amounts to claiming the tightness of the
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Figure S.3: Depicted is a sample realisation of a part of the ancestral lineages of [3] = {1, 2, 3}.
In this example Ag(O) = 3, Ag(l) =0= Al(l), A3(2) =—4= A1(2), A3(3) =—6= A1 (3) = A2(2)
and AQ(O) = 2, AQ(l) = —5, Al(O) =1.

So MRCA(1,2) = —6, MRCA(1,3) = 0, MRCA(2,3) = —6 and MRCA([3]) = —6.

For U and N we have U(3,0) = 3,U(3,—1) = 1 and U(3,-5) = 1, U(3,—6) = 0 as well as
N(3,0) =2, N(3,-5) = 2, N(3,—6) = 1.

sequence (MRCA([n])/n'/*),. The results stated and explained in this section are steps
towards a proof of the following statement.
Statement S.1.21. The sequence of random variables
(M> 5.136)
e n
18 tight.
We now make the heuristic rigorous in the following way: For y € —N set
N(n,y):=#{ien]:AnAn{y,...,n}=0forall j=1,...,i—1}, (S.1.37)
the cardinality of the partition of [n] that is generated by the equivalence relation
i~y j = MRCA(Z, j) > vy,

or intuitively spoken, the number of remaining ancestral lines of [n] at y € —N. Moreover,
set

Uln,y) :=#{ien]:i— R <y},

the number of individuals ¢ € [n| with a parent below y. As indicated above, the intuition
will now be that

N (n, —n5> ~U <n, —n5> g>1 (S.1.38)

holds, which means that individuals having a parent on scale —n”, 3 > 1 will typically find
their most recent common ancestor already on this scale. This is made believable by the
above results about pairwise coalescence events. Denote the ancestral lineage of k£ by A and
the ancestry of a set B C N by

Ap = A (S.1.39)

keB
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We then define the pruned ancestry of B C N by
AB = AB\A(). (8140)
See Figure S.4 for an illustration of the pruned ancestry of [3].

Definition S.1.22. Let A be a random subset of Z. Then
r— P(ze A, x €L (S.1.41)

is called the (expected local) density of A.

L e
-5

e
-6 3

-4 -2 -1 0 1 2 3

Figure S.4: An illustration of the pruned ancestry A[g] of [3]: The ancestry of 0 in red, the pruned
ancestry A[g} of [3] in blue.

The following proposition, which is proved in Section 3.2.1, now bounds N(n,y) under
an assumption on the density of the pruned ancestry of [n].

Proposition S.1.23. Let ,&,n > 0. Assume that there exists 3 € (1, é), such that
t™(z) =P (—x € A[n]) =0 <x_%> for z:=x(n) > n’. (S.1.42)
Then for any non-decreasing sequence (ay), with n°~! < a, < ne—!

(i i 1)”‘ - 1] (S.1.43)

—Q

P | N(n,—a, -n)>(1+c¢) (ann)’

1l -«

1-24¢ .3 _ _
< const - [an 2+ 1-Fae + a2t £+n} ‘

an

l-o
Note that as shown below in Remark S.1.26 the term (1+€)(a,n) ™ {(i + 1) — 1]
is just (1 + ¢) times the expectation of U(n, —a, - n).

Conjecture S.1.24. We conjecture that (S.1.42) is valid for f = 1. In fact, we conjecture
that even the following stronger statement is valid:

{() =P (—e c AN) ~0 (e—%) as £ — 0. (S.1.44)
Remark S.1.25. Recall t(x) was defined in (S.1.18). Since
P(—redy) <P (-vedy)=t@) (S.1.45)
it is clear that (S.1.44) implies (S.1.42).
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Figure S.5: We estimate () (z) :== P (0 ¢ Ay and 3n >y > £ : 0 ~ y) via simulations for n = 3000
and various values of a and for z € {1,...,n} with 1000 simulations and compare it to const-|z|~ 2
(dotted line).

Simulations supporting (S.1.42) can be found in Figure S.5 as well as Section 3.2.6.
(S.1.44) is heuristically justified in Section 3.2.5 by the construction and analysis of a critical
branching random walk.

Remark S.1.26. Indeed (S.1.43) implies a statement that corresponds to (S.1.38): Since
@\
i=1

for B;(y) independent Ber (,u ({y +i+1ly+i+2,.. .}))-distributed, the random variable

U(n, —y) has variance

Var([U(n, —y)] < Zp({y—{—i—l—l,y—l—i—i—Q,...}) =E [U(n; —y)} =0(E [U(n, _y)f)’

i=1
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giving that it concentrates around its expectation

R e O RO

i=1 =1

So (5.1.43) implies that for £,&£,7 >0, § € <0,né_1>, y=1+6,and y > n’

P (N(n,—yn") > (1+¢€)-U(n,—yn" +en”)) < const - [n*a*’y(%a*kg) + nm_”“%“’} :
(S.1.47)
Since the right hand side converges to zero for a € (% (1 + \/ﬁ> , 1) as n — oo , and since
N(n,—yn") > U(n, —yn”) by definition, this justifies the non-formal statement (S.1.38).

The central heuristic behind Proposition S.1.23 is as follows: The bound (S.1.42) implies,
that there is not enough space for the ancestral lineages to avoid each other once they are
close. This is illustrated by Figure S.2: The small dots mark an ancestor in an ancestral
lineage. Once we see one of these ancestors, then it usually does not take long for its ancestral
lineage to coalesce with one of the others.

From the estimate (S.1.43) in Proposition S.1.23 we can then (at least for sufficiently large
@), get to Statement S.1.21:

Proposition S.1.27. Let o € (é (1 + v 33> ,1). Assume that there exists f € (1, é),

such that for €,&£,m > 0 and any non-decreasing sequence (a,), with n"~1 < a, < na-l
the estimate (S.1.43) is true. Then Statement S.1.21 is true, namely the family of random

variables
(MRCA (1, 7)) )

1

na

15 tight.
Remark S.1.28. The arbitrary looking value of é (1 + v 33> ~ 0.8431 in Proposition 5.1.27

is obtained by noting that only for a > % (1 + v 33) we can for all a,, :==n’,0 <6 < é —1
choose £ > 0 and 1 > 0, such that the upper bound (S.1.43) is decreasing in n.

Since the assumption of the validity of (S.1.43) is in essence a quantification of (S.1.38) it
suffices for a proof of Proposition S.1.27 to show that (roughly spoken) the ancestral lineages
of those individuals from [n] that have their parent at a scale slightly smaller than nl/®
coalesce on their way to scale n'/®. This is provided by Lemma 3.2.1, which plays a key role
in the proof of Proposition S.1.27 that is given in Section 3.2.2.

Proposition S5.1.27, Proposition S.1.23 and Remark S.1.19 together imply the following
theorem.

Theorem S.1.29. Let o € (% <1 + \/ﬁ) ,1>. Assume that for some [ € (1, é) the condi-
tion (S.1.43) holds true. Then (MRCA([O,n]))n lives on scale n'/*.
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In Section 3.2 we outline a second route and its connections to the above route to a
proof of Statement S.1.21 which is based on an assumption of the behaviour of many disjoint
renewal chains. We will obtain that this assumption also gives evidence in the direction of
(S5.1.42). In Section 3.2.7 we then highlight a connection to discrete Bessel random walks,
which might open another route to a proof of the validity of Statement S.1.21.

S.1.6 Fractional Brownian motion: Autoregression versus moving
average

This discrete construction of fractional Brownian motion in Section S.1.2 is in the spirit of

an autoregression. In contrast to this, the well-known Mandelbrot-van-Ness representation

of fractional Brownian motion has the flavour of a moving average. Indeed, Mandelbrot

and van Ness | | show that fractional Brownian motion has a kernel representation in
terms of Wiener increments dW(s):

BH(t) = / K(s,t)dW(s), teR (S.1.48)
(_Oovt}
with

K(s.0) = K(s,1) = - [1 ((t=9)"73 = (=9)"7F) + Liznolt — )"~

Using this representation and fractional calculus Gripenberg and Norros | | derived the
following prediction formula for FBM.

Proposition S.1.30 (Proposition 2.3.4). For a fractional Brownian motion B with Hurst
parameter % < H <1 for allt > 0 we have

E [Bi|o (Bs,s < 0)] :/ g(t,s)dB,

—00

with
sin <7T (H —

™

N[

g(t,—s) =

)) S -/tgdf.
0

£+ s

Using the HS approximations one obtains a “microscopic” interpretation of this formula
in Chapter 2. The main idea is that by analysing the asymptotics of

by =P (max ( ancestral lineage of n N {—o0,...,—2,—1}) = —k;> : (S.1.49)

one can compute the conditional expectation of Y,, given the colours Y_1,Y 5, .... See Sec-
tion 2.4 for details.
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S.1.7 Tree-indexed fractional Brownian motion and its discrete
approximation

Chapter 2 constructs and analyses a branching version of fractional Brownian motion, more
specifically fractional Brownian motion indexed by a Yule tree ) whose root branch is aug-
mented by the time interval (—o0,0) (In a Yule tree every individual splits into two after
an Exp(1)-distributed waiting time, where the time origin is in 0 and the waiting times are
independent.). The representation (S.1.48) lends itself to a construction of the y-indexed
FBM. This works in two steps: the first is for a given realisation 1y of ), the second is a
randomisation over . For this purpose we want to describe a binary splitting tree ) in the

Figure S.6: This shows a simulation of the branching fractional Brownian motion with Hurst

1
parameter H = 0.85. The y-axis is measured in units of (Zzzo q%) ? for qe defined by (S.1.6) and

a=H— % The simulation is based on the discrete approximations (5.1.51).

following way: The branching points are indexed by h € V := [J,,cy, 10,1}, the vertices
of the binary Ulam-Harris tree (see [Har(G3, Section 2.1]). For h,h' € V we say that h' is a
child of h if b’ = h0 or b’ = h1. The tree y is represented by

v =J{h} x (tn, 7],

hey

where the lifetime intervals (¢, 7] are requested to satisfy
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a) fp = —oo and ry > 0,
b) for h € V with children h', h” we have r, = €y = lpn,

c) for all sequences (hg, hy,...) € VN with hg = 0 and h,,,; being a child of h,, for all
m > 0, we have that (¢}, )men, has no accumulation points.

Denote by )Y the set of binary splitting trees whose lifetime intervals satisfy the conditions
a)-c). For each v = (h,t) € y, let t(v) := t. In this way, the ancestral lineage a(v) C vy of
each v € y is in isometric correspondence with (—oo,t(v)]. Let dW;(v), v € v, be a standard
Gaussian white noise on 1. Then the y-indexed FBM has the representation

B (1) = /( K (1), 10) AWy, e, (S.1.50)

This construction is implicit in work by Adler and Samorodnitsky, see | |, who introduced
branching fractional Brownian motion as a starting point for their construction of historical
super fractional Brownian motion as a process of measures on the path space that can be
seen as a high density limit of critically branching fractional Brownian motions. For related
approaches to tree-indexed processes with memory see Kouritzin, Lé and Sezer | ], who
studied the long-term behaviour of the cloud of particles with a focus on the bulk. In order
to describe the discrete approximations of n-indexed FBM we introduce a branching version
of the HS-model. Let n € Y (for example a realisation of a Yule tree), see Figure S.7.

For v € {0, 1}N let hg := 0 and h; := (v1,...,v4), i € N. The branch of vy corresponding
to v is defined as

b=|J{hi} x (Cn;,rn,] -
i=1
Let i; < iy < ...be theindices for which v;, =1, k = 1,2, .... The branch of t corresponding

to v is then given the name O€hil ...y, .... This means that the branch named 0s;s;. ..
splitted off from the branch named 0 at time s;, from the branch named 0s; at time s,
and so on, see Figure S.7. In particular, the branch corresponding to the sequence (0,0, ...),
which we call the main branch, is named 0. We then denote by B the collection of branches
of the tree. For two branches b, b we denote by b A b the time when they split, for example
0AOrs =7 and Or AOrs = s, as depicted in Figure S.7. The point on the branch b at time ¢
on the tree is denoted by (b,1),. We say that the branch b is older than the branch b if the
last digit ( € R ) of b is larger than the last digit of b. For example, 0 is the oldest branch
and b is older than bs. In order to construct the n-th discrete approximation of y-indexed
H-fractional Brownian motion we need to define a sequence of branching HS-models. In the
n-th model by (bs, k)(,) = (bs, k/n), we denote individual no. k € Z in the branch bs, which
branched off from branch b at time s in the n-th discrete approximation. If & < |sn| this is
the corresponding individual in branch b, if k > [sn| it is the [k — |sn]]-th individual after
the branch point at which bs branched off b. Especially this means that (b,0) corresponds
to the same individual for all branches b € B, see Figure S.8A. We will mostly omit the
subscripts and just write (bs, k), when it is clear that we a referring to the n-th discrete
approximation.

We are now ready to construct the n-th discrete approximation of y-indexed H-fractional
Brownian motion:
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Or

Ors

Figure S.7: Three branches of the tree y are shown. The ancestral branch is denoted by 0. The
branch splitting off from the ancestral branch at time r is denoted by Or, and the branch splitting
off from the branch Or at time s is denoted by Ors. Time runs from left to right, and distances in
n are measured horizontally. Each branch b is conceived as a copy of R, with common ancestries
being glued together.

1. Sample a realisation y of a Yule tree.

2. Sample a HS genealogy along the discretisation of the branch 0. More specifically,
sample an HS genealogy over Z, and identify the integer ¢ € Z with the point (0,i/n),
in the tree y. This is done as described in Section S.1.2; using the branch 0 instead of
the real numbers.

3. We proceed recursively. Let the RZ@ be independent and have distribution p. Note
that each individual (b,%)(,) has an ancestor at distance RZ@ to the left to which it is
connected regardless of the branch it lies in.

See Section 2.2.2 for a more formal description and Figure S.8 for an illustration.

Note that due to the assumption 0 < a < % the above procedure produces a random
graph with almost surely infinitely many connected components. See Figure S.8B for an
illustration of the random graph. In the same spirit as in Section S.1.2 and Chapter 1
we assign a type 1 to each component independently with probability % (We want to
emphasize that we only choose this colouring Y to ease notation and enhance the readability
of computations. In general colourings obeying (S.1.7) or (S.1.11) work.)

For an individual (b, k) we denote by Y, x) the type of its component, where we often will
omit the b if b = 0. In correspondence to (S.1.8) the random walk for the n-th discrete
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(0,0) = (07“; 0)=... (Owh) = (Or,rn) (0,tn) (0,7n)
o e e e e

(Or,rn) : (Ort, tn)

. L @ (0r,un)
(Or, sn) = (0rt, sn) 3

—@ (Ort,un)

(A) An illustration of a y-indexed HS-urn and the multiple names an individual
can have.
0 ™ sn tn

(B) An illustration of a y-indexed HS-model in which we
follow three ancestral lines. Two of them coalesce. Red
and purple belong to the same component.

Figure S.8
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approximation along the main branch 0 is defined by

[tn]

. 1
St ::(— Zn [tn — [tn]] Yim) + [[tn] —tn] Yiy |,  ¢>0

for the scaling function

[NIE

R PO SR S V(B
o Zezoqeg ala+1) T(a)l(1—«a)?

Now define the random walk along a branch bs inductively by

n n n Ztt:njns }/(bsa[)—’—[tn_\_th]Y s, tn +[|—tn-‘_tn]y s,|tn
SE(1) = 1< Sy (1) + 1ss [Sé (5) 4 ZElen O o]}

(S1.51)
Observe that this means that for two branches b and b the processes Sén) and Sén) are equal

till b A b and share some common memory afterwards.

(A) n=10 (B) n = 300

Figure S.9: This is a simulation of S‘gn) = <(Sb(t))0<t<8>b 5 for o = 0.45. The y-axis is measured
S

_1
in units of (Zezo q%) ? for gy defined by (S.1.6).

See Figure S.9 for a simulation using different values of n.
In the sequel we denote by P,, E, the law of the p-indexed random walks given the tree .
Using the results from Section S.1.2 (see also Chapter 1) and some general theory about 1-
indexed processes (with memory), see Section 2.5, we can then prove the following Theorem.

Theorem S.1.31 (Theorem 2.3.8). Let T'> 0. Lety € Y. Then

(),

converges in distribution to y-indexed fractional Brownian motion.

beB
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The simulation depicted in Figure S.6 is based on the discrete approximation provided
by Theorem 2.3.2.

S.1.8 The right-most particle of branching fractional Brownian
motion

We now turn to the analysis of the speed of the right-most particle of branching fractional

Brownian motion, in the spirit of McKean’s celebrated work [ | (see also the earlier
work | , Example 3.4.A] by Ikeda, Nagasawa and Watanabe) about branching Brown-
ian motion, which was later substantially refined by Bramson [ ] and Lalley and Sellke

[ ]. Specifically we will show that the maximum M (t) of a BEBM with Hurst parameter
H > % behaves asymptotically like

m(t) == m(H,t) = t’+2 V2l 5 (S.1.52)
Fr1-HT (H+21) (H+1)

in the sense of the following Theorem.

Theorem S.1.32 (Theorem 2.3.8). For alle >0

M (t)

m(t)

> =20 ast— 0.

gl

See Figure S.10 for an illustration of m(t)/t+'/? for varying H. Note that for H = 1

the value of m(t) equals v/2t, which is consistent with the results about branching Brownian
motion.

1

Figure S.10: Graph of m(t)/t# "2 as a function of H.
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Remark S.1.33. Here we point to a connection with Theorem S.2.3, which gives a result
about the ancestral lineage of a particle conditioned to be at point s at time ¢. | ,
p. 124, Corollary| highlights that in the light of precisely this theorem Chauvin and Rouault
[ | analyse the maximum particle of a branching Brownian motion conditioned on being
unusually far away. They obtain that the ancestral lineage on any fixed compact time interval
behaves asymptotically as t — oo like a Brownian motion with drift.

Up to the constant factor in (S.1.52), the leading order ¢ 2 of the maximum can be
easily explained. Indeed, for a number |e'| of independent normally distributed random
variables with variance t2¥ the leading order of the maximum would be given by

m(t) == V2 tht2

as suggested by the estimate

o P (N <O,t2H> > m(t)) ~ el exp (—t;g[);) =1

Due to correlations we obtain (S.1.50) which only differs by the constant prefactor depending
on H.

The proof technique of this theorem relies heavily on exploring the connection between
branching random walks and the so-called generalised random energy models (GREM): A
precursor (and a special case) of the GREM is the REM, Random Energy Model, introduced
by Derrida in | ], continued in | ]. This is the Gaussian random field (X,),_; o~
for independent X,. An overview and analysis of this can be found in lecture notes by
Bolthausen and Sznitman, see | ]

In | | Derrida introduced the GREM, a REM with multiple levels, which induces a
hierarchical structure. For example a GREM with two levels is a correlated random field

(Xodoe 1, 2v2) {1, 2972}

Witll
— 1 2

01,02

for independent collections of independent random variables

(Y(1)> and <Y<2> ) .
7 ) ore{1,..2n/2} 707 ) ore{1,..28/2) ope{1,.. 2N/2}

The covariance of the random field then depends on the so called overlap. See the lecture
notes by Kistler | , Section 2.2] for a more formal introduction.

We first give a short outline of our proof and then continue with a variation of this result
for deterministic binary branching trees, which can be obtained as a corollary of results
by Bovier and Kurkova | ]. Afterwards we give a remark concerning the literature
exploring the connection between branching random walks and GREMs.

Our proof strategy consists in a discrete approximation, but in contrast to the HS-
approximation described above only in an approximation of <Bb(t))bez3 for one point in

time t by a GREM.
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Az AZY Az

Figure S.11: A GREM on a discretised Yule tree. For illustration purposes we assumed that 1/K
is so small compared to the time horizon depicted that we only see binary splits.

The core idea of the proof is that the maximum of a BFBM can only be attained by a
trajectory staying very close to the maximum all along the way.
We start with a brief sketch on how to prove the lower bound. Let K € N. For all

1=1,..., K —1 we shift all branching events in [%t, %t} of the tree y to %t, such that we
can only have branching events at 0, %, %, cee (K;(l)t. This approximation to the Yule tree

realisation y will be denoted by yg ., and its collection of branches by Bx ;. In the GREM
we set

z) =" nz,
=0

where the AZIS{) are the increments along the branch b, see Figure 5.11. For two branches b
and b with b A b= s we get

Cov [By(t), By(t)] = t*" [1 -C, <1 — ;) ] =: p(t,t,s),

where 1
o1

“=ra \/;FH Iy

(1-H)T (H + 3)

see (2.3.6). Thus, in order to represent the yg ;-indexed fractional Brownian motion as a

36



GREM, we choose, for each b € Bk, the distribution of the increment AZlgi) as

. -
N(O,p(t,t,%t)—p(t,t,%t)) ifi>1

Az =20 ~ N (0.p(0,1.0) =N (0, (1= C,) £2).

and

Remember that in a GREM the increments AZb(i) and AZB(i) coincide if the branches b and b
did not separate till %, meaning b A b > %

Since we shifted all branching events in the time intervals of length % to the left an
application of Slepian’s Lemma, see Lemma 2.7.1, shows that the order of the maximum of
the approximating GREM gives an upper bound for the order of the maximum of BFBM.
Now denote the rescaled standard variations of AZS”,@' >1 as

t 1 1—1
Af; = /2 L) - L
B ¢ o i 2H i—1 2H | 2
= /25t —0p<1—§) +Cp(1— K)

and the rescaled standard variation of AZO(O)

AfO =V p(t’t>0)'

The naive bound
K H+l l . -1 1
2t 2\/CpH 7 2 H+1l H—L1
;AfiNTZ;(l_K) ~ 2t 2\/CPH/O (1 —y)" " 2dy = m(t)

corresponds to a greedy strategy in the GREM. We show with Markov’s inequality that it is
indeed an upper bound. By using a GREM in which we shifted the branching events to the
right and applying the Payley-Zygmund inequality we show that this is also a lower bound.
See Section 2.8 for more details.

In Remark 2.3.11 we give another proof of Theorem S.1.32; which combines results of Ar-
guin, Bovier and Kistler | | with the Mandelbrot-van-Ness-representation of fractional
Brownian motion in terms of Wiener integrals and the Payley-Wiener partial integration
formula. This proof was suggested by an anonymous referee of a previous version of | ].
The idea is to plug in a path of the maximum order of branching Brownian motion into
the Mandelbrot-van-Ness-representation and to notice that this already gives the maximum
order of branching fractional Brownian motion. However, this can not be used to make
statements about the subleading order since in a BBM the particle of the maximum order
changes through time.

Of a GREM on a deterministic binary branching tree, which is considered the classical
form, Bovier and Kurkova analyse the leading order of the maximum in | |. Their
results lead to the following version of the above Theorem.
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Theorem S.1.34 (Theorem 2.3.6). Let Y, be a deterministic binary branching tree (every
branch branches into two after time 1). The leading order of the maximum of a« BFBM

( (Bb(t))t20>

beB

with Hurst parameter H € (%, 1) s

log(2)y/m22H+1 H
P(1— H)T (H+1) (H+1)?

mPR(t) := mP(H 1) = tH+é\/

in the sense that

e )

Dbin an(t) —1 fort— oo.

Note that in comparison to (S.1.52) only a factor y/log(2) appears. This factor is easily
explained by the fact that the underlying tree has 2¢ instead of €' many leaves.

For subleading orders work by Maillard and Zeitouni | ] allows some conjectures in
our regime, see Remark 2.3.12.

The method above and the connection between GREMs and branching random walks
used above has first been explored by Arguin, Bovier and Kistler in | | for branching
Brownian motion. In contrast to Brownian motion fractional Brownian motion is a process
with memory. As we have seen above the corresponding GREM is then a continuous GREM
with decreasing variance. In the following we give a few remarks concerning the connection
between branching random walks and the GREM, see Remark 2.3.13 for a more detailed
remark about the historical developments. In | ] Arguin, Bovier and Kistler were able
to analyse the full extremal process, including the maximal particle, the second maximal,
and so on. They showed that extremal particles descend from ancestors that split either
shortly after zero or just before the observed time. In | ] the authors analysed the
empirical distribution of the maximal displacement and showed that a Gumbel distribution
with a random shift occurs as a limit thus proving a conjecture of Lalley and Sellke. In
[ | they continued the study and showed that the extremal process converges in law
to a Poisson cluster point process. Maillard and Zeitouni then studied the maximum of
BBM with decaying variance, which is close to our setup and allows some conjectures on
the subleading order behaviour of the maximum particle, recall Remark 2.3.12 for a more
detailed explanation.

S.2 Ancestral reproductive bias in branching processes

Chapter 4 works in the setting of continuous-time branching processes. Consider a continuous-
time branching process with N, individuals alive at time ¢, started with one individual at
time 0. At the end of its lifetime, an individual is replaced by a random number of in-
dependent offspring with distribution (pg),~,. When lifetimes of the individuals are i.i.d.
with an arbitrary distribution g on R, the resulting process is called a Bellman-Harris
process | ]. In the special case of exponentially distributed lifetimes, this process is a
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continuous-time (Bienaymé-)Galton-Watson process, which is also called one-dimensional
continuous-time Markov branching process, see | , Chapter 3]. For those processes,
Cheek and Johnston | | study the process of reproduction times and family sizes along
the ancestral lineage of an individual sampled from all those alive at a given time T" > 0,
conditioned on the event { Ny > 0}. They obtain a bias along this lineage, which they call
ancestral reproductive bias.

In Chapter 4 we give a short and conceptual probabilistic proof of the main results of
[ ] in the more general Bellman-Harris setting. We model the uniform sampling by giving
independent markers distributed uniformly on [0, 1] to all individuals being alive at time T
and selecting the individual with the largest marker. Our proof strategy based on this point
of view then explains that this bias can in some sense be interpreted as competition, see also
the sketch of proof in Section 5.2.1 and the proof in Section 4.4.

Chapter 4 will then make use of the developed technique to give a proof of results by
Chauvin, Rouault and Wakolbinger | ]. They consider a continuous (in time and
space) Markov process indexed by a continuous-time Galton-Watson tree, think of branching
Brownian motion, and condition it on having a particle at point s at time ¢ (see Section S.2.2
and Section 4.5 for more details). By distributing appropriate markers along the individuals
alive at time T, we will obtain a new derivation of the distribution of reproductive events
along the individual’s ancestral lineage.

We then continue with an application to results by Geiger | |, who obtained that
the left most ancestral lineage in a planar embedding of the tree has a different ancestral
reproductive bias. We will model the embedding by giving independent markers distributed
uniformly on [0, 1] to all individuals. The individuals can then be thought of as embedded
into the plane according to their lexicographic order. This point of view again allows an
elegant proof based on properties of families of independent uniformly on [0, 1] distributed
random variables. See Section S.2.3 and Section 4.6.

S.2.1 Sampling an ancestral line at random

Associate a uniform marker in [0, 1], independently to each individual alive at time 7". On
the event {Nr > 0}, let the individual V' be the individual with the largest marker, and
let S be its mark. This corresponds to a uniformly distributed random pick from all the
individuals alive at time 7. We define the total population size process (IV;);>o to be right
continuous with left limits. As a consequence, if T} is the lifetime of the root individual,
then Np, has distribution (p;),,. Let J be the random number of reproduction events
and 0 < Ty < Ty < --- < Ty < T be the random times of reproduction events along the
ancestral lineage of V. Let Ly, ..., L; be the offspring sizes in these reproduction events and
let 0 < 71 < T < --- be the random arrival times in a renewal process with interarrival time
distribution p. See Figure 5.1 for a sample realisation.

Denote by P and E the probability measure and expectation for Ny = 1. We will prove the
following extension of | , Theorems 2.3 and 2.4].
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Theorem S.2.1 (Theorem 4.2.1). For j >0,0<t; <...<t; <TeRandty,...,.{; €N
we have

P(NT>O,J:j, Tledtl,...TjGdtj,leﬁl,...,Lj:€j7Seds)

’ - S.2.1
:P(Tl Edtl,...,Tj GdtijjJrl >T)H <£1p42E |:SNTti:|£ 1) ds, ( )

=1

V with mark 0.967
0.7 0.56

b
Ly =2

T

Figure S.12: An example for a realisation of the random variables S, L1, Lo, 17,715 in the first
sampling scheme.

As we will see, the argument s of the generating functions that appear in the (S.2.1)
corresponds to the realisation of the largest marker. Thus the term Hle E [sNT*ti]eifl in
(S.2.1) can be interpreted as stemming from the competition for the largest marker.

The main ingredient for the proof is then the following observation: For ¢ € N, let S be
the maximum of ¢ independent Unif[0, 1]-distributed random variables Uy, ..., U,. Then the
density of S is

P <§ € ds) =/(s""'ds, 0<s<1. (S5.2.2)

Indeed, because of exchangeability,
P(§eds> — (P (U, eds)P Uy <s,...,Us < s),

which equals the r.h.s. of (5.2.2). )
The following specialises to (S.2.2) when putting N = 1:

Lemma S.2.2 (Lemma 4.3.1.). Let N be an Ny-valued random variable, and Kfl, NQ, ... be
1.1.d. copies of N. Given Ny, N, ... let
Uity Uy 5. Uss- - U

SRREE:

be independent Unif|0, 1]-distributed random variables, and write
Sp = maX{Uk71,...,Uk7ﬁk}, k=1,2,. ..
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SO = max{Sy,...,S}, (€N,

where we put max () := —oco. Then, for all € N, the density of S® is

~ ~ /-1 ~
P<N1+...+NE>O,S“)Eds)zéE[sN} P<N1>O,Sleds), 0<s<1.

Together with an induction argument this lemma is the backbone of our proof.

S.2.2 Conditioning on a marker value

Relating to work of Chauvin, Rouault and Wakolbinger | ] also the following setup
is analysed in Chapter 4: | ] consider a Markov process with an atomless transition
probability indexed by a continuous-time Galton-Watson-tree and they then condition on
an individual at time T to be at a given location. To relate this to the framework described
above, we assume that each individual alive at time 7' in the Bellmann-Harris tree car-
ries a marker in some standard Borel space E' and these random marks have the following
properties:

(M1) Their marginal distributions (denoted by v) are identical and do not depend on the
reproduction events

(M2) A.s. no pair of marks is equal.

Think for example of branching Brownian motion or fractional branching Brownian motion
as discussed in Section 5.1.7 and Chapter 2. The positions of the different particles clearly
depend on each other via the genealogy, however, at time ¢ the marginal distribution of the
position of each particle (in a branching fractional Brownian motion with Hurst parameter H )
is a centered Gaussian random variable with variance 27| irrespective of its past genealogical
events in the underlying continuous-time Galton-Watson tree. Thus (M1) is fulfilled. Since
two jointly Gaussian random variables whose correlation coefficient is not equal to one are
a.s. not equal, (M2) is also fulfilled. We now condition on { Ny > 0} and, for given s € F, on

v

Figure S.13: An example for a realisation of the random variables L1, Lo, T},T5 in the second
sampling scheme.
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one of the N7 individuals having marker value s. Remember the previous notation: Denote
by V the individual having marker s. Figure 5.13 depicts a sample realisation.

The following Theorem generalises (part of) | , Theorem 2| to general lifetime time
distributions.

Theorem S.2.3 (Theorem 4.5.1). Forj >0,0<t <...<t; <T and lq,...,¢; € N we
have for v-almost all s

P(J:j, Ty €dty,...,T; € dt;, leél,...,Lj:€j|NT>O,EImarker€ds>

1 J
= E[NT] P (7'1 S dtl,...,Tj S dtj77'j+1 > T) il_‘[gipgi.

The proof strategy mainly consists in using the fact that conditioning on at least one
individual having marker s is equivalent to the condition that exactly one individual has
marker s.

S.2.3 Sampling the left-most ancestral lineage

Third, a sampling scheme introduced by Geiger | ] is analysed; the leftmost surviving
ancestral lineage in a planar embedding of the tree: At any reproduction event we assign
independent uniformly on [0, 1] distributed markers to all children. An individual can now
be uniquely determined by the markers along its ancestral lineage. And the markers can be
interpreted as an encoding of the embedding by drawing the trees of children from left to
the right in the lexicographic order of their markers. On the event { Ny > 0}, let V' be the
individual whose markers along the entire ancestral lineage comes first in the lexicographic
ordering among all individuals alive at time T". Denote by K; the number of siblings born at
reproduction event number ¢ along the ancestral lineage of V' which have a lower lexicographic
order than V and whose descendants hence die out before time 7. Figure S.14 shows a
realisation for this sampling rule.

K3=0
Ly=2
- I LI-II 1 T
olﬁ 0.37 T3
027 %
| T
02 1079
Ly =2
Ky =1
01l 03 0.76 T
Li=3
K, =0
[ ]

Figure S.14: An example for a realisation of markers and random variables Lq, Lo, K1, Ko,T1,T5
in the third sampling scheme.
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Theorem S.2.4 (Theorem 4.6.1). For j > 0,0 <t < ... <t; <T,4,...,0; € N and
ki€ {1,...,4; — 1} we have

P(NT>0,J:j, Tlgdtl,...,T}Edtj, L1:éh...,Lj:gj,K1:kl,...,Kj:k’j)
J

=P (7'1 € dtl,. -y Ty - dtj7’7'j+1 > T) H <ngP (NT—ti = O)kz) .

=1

The proof strategy is again to use an elementary fact about families of Unif [0, 1]-distributed
random variables, which itself can again be shown via exchangeability.

Lemma S.2.5 (Lemma 4.6.2). Let N be an Ng-valued random variable, and Ny, No, ...

be i.i.d. copies of N. Given Ny, N, ... let Uy, Us,. .. be independent Unif [0, 1]-distributed
random variables, and write

SO = min{Uk | N > 1,k= 1,...,6},
KO = ‘{Uk | Uk<5<f>,k::1,...,£}‘,
where we put min(()) := +oo. Then, for all k < ¢ € N we have

~ ~ ~ k ~
P<N1+...+Ng>O,K“):k>:P<N:O> P(N>o).
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S.3 A variant of Muller’s ratchet in a near-critical pa-
rameter regime

S.3.1 The classical variant of Muller’s ratchet

Muller’s ratchet is a prototype model in population genetics. Originally it was conceived
to explain the ubiquity of sexual reproduction among eukaryotes despite its many costs,
see the work by Muller and also Felsenstein | , ]. In its bare bones version,
Muller’s ratchet models a haploid, asexual population whose size N is constant over the
generations. The neutral part of the random reproduction is given by Wright-Fisher or
Moran dynamics. Slightly deleterious mutations are acquired along the lineages at a rate m,
and individuals carrying fewer mutations have a selective advantage. The classical variant
of Muller’s ratchet considers fitness proportional selection, where the selective advantage
of an individual carrying s deleterious mutations over a contemporanean that carries a
larger number ' of deleterious mutations is (k" — ). Since the mutation mechanism is
assumed to be unidirectional, every once in a while the type with the currently smallest

number of mutations x will disappear from the population. As Herbert Muller puts it in his

pioneering paper | |, “an irreversible ratchet mechanism exists in the non-recombining
species . . . that prevents selection, even if intensified, from reducing the mutational loads below
the lightest . .., whereas, contrariwise, “drift’, and what might be called ’selective noise’ must

allow occasional slips of the lightest loads in the direction of increased weight.”

It is these “slips of the lightest loads” which are called clicks of the ratchet. The question
“How often does the ratchet click?” was asked by Etheridge, Pfaffelhuber and Wakolbinger
in [ ], and there it was found that

m
= — S.3.1
7 slog(Nm) ( )
is “an important factor in determining the rate of the ratchet’. Specifically, under the as-
sumption 1 < Nm < N, | | states the following Rule of Thumb for the classical
ratchet:

(RTC) The rate of the (classical) ratchet is of the order N*"'m? for v € (3,1), whereas it
is exponentially slow in (Nm)'™ for v < 3.

With the mutation-selection ratio

0:=—,
S

(RTC) predicts the expected interclick time in the case v € (3,1) as
N(Nm)™ = Ne™*.

As observed by John Haigh (| ]), in the deterministic limit (N — oo and m,s not
depending on N) the type frequency profile in equilibrium becomes Poisson with parameter 6.
Consequently, for y € (3, 1) the rule (RTC) goes along with Haigh’s prediction that the rate
of the ratchet should be proportional to the inverse of the size of the best class.
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For a polynomial mutation rate m = N=% 0 < 8 < 1, the condition that 7 remains
constant (or at least bounded away from 0 and oco) as N — 0o amounts to the requirement
that the mutation-selection ratio 6 is of the order log N as N — oo.

For the purpose of illustration we will consider a family of parameter scalings for (m, 0)
which we call the (3, 0)-scaling of the classical ratchet:

m=N"%, 0 =dlog N. (S.3.2)

This amounts to moderate mutation-selection, with the mutation-selection ratio 6 diverging
logarithmically in N. The factor ¢ in front of log /N turns out to be critical for the click rate.
Indeed, in the (3, 6)-scaling, (S.3.1) takes the form

)
Y(B,6) = -5

The condition 0 < v < 1 from (RTC) restricts the pair (3,0) to the triangle
A:={(p0):0<p,0<d<1-p}.
The polynomial and the exponential regime predicted by (RTC) correspond to
Pi={;<7B,0) <1} ={(B0) €A:5(1-p)<d<1-p},
£:={0<1(8,6) <1} = {(B.6) € A:0 <5< L(1- B},

and the predictions for the orders of magnitude of the expected interclick times take the
form

1
N(Nm)™ = N'7° for ~¢€ (5,1) ,(S.3.3)
-\ _ 1-p—6 1
exp (const(Nm) 7) = exp (constN ) for ve€ (0, 5 (S.3.4)

In view of the predicted transition from polynomial to exponential click rates we refer to
P UE as a near-critical regime.

The evidence for (RTC) that is given in | | is based on a diffusion approximation
for the evolution of the relative size Xy of the best class (which consists of the individuals
that carry the least amount of mutations in the current population).

S.3.2 Tournament versus fitness proportional selection

Chapter 5 considers a variant of Muller’s ratchet in which fitness proportional selection is
replaced by (binary) tournament selection. This kind of selection has been studied in the
context of evolutionary computation (| : |) and has found attention also in the
biological literature | |. In the ratchet’s context this means that selective advantage
of an individual carrying x deleterious mutations over a contemporanean that carries a larger
number " of deleterious mutations is constant (say & for some s = sy > 0), irrespective of
the value of the difference " — k. For the Moran version of the tournament ratchet, which
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was introduced in [ | and whose definition we recall now, see also Section 5.2, this
means that “pairwise selective fights” are always won by the fitter individual.

We assume that the mutation rate m is equal for both ratchets, but the selection coef-
ficients s for the classical ratchet and s for the tournament ratchet are different; note the
typographical difference between s and s. The mutation-selection ratio is given by

m
0:= " for the classical ratchet
m
pi=— for the tournament ratchet.
s

The following definition gives the jump rates for the type frequencies of the two ratchets.

Definition S.3.1 (Definition 5.2.1). Writing N, for the current number of individuals of
type k, the jump rates are specified as follows:
- Resampling: for k # K/,
: 1
(Nk, Ni) jumps to (N, + 1, N — 1) at rate 55NNy

- Mutation: for x,
(Nu, Net1) jumps to (N, — 1, Noyq + 1) at rate mN,

- Selection: for k < K/,

%NHNN/(KJ, — k) for the classical ratchet
(N, Ni) jumps to (N, +1, N — 1) at rate
%NHNH/ for the tournament ratchet.

The currently best type is
K*(t) :==min {x € Ny : N,(t) > 0}.

Other than in the classical ratchet, the size of the (m, s)-tournament ratchet’s best class
follows an autonomous dynamics up to its time of extinction; at this time the class which
was so far the second-best becomes the best one. As explained in Section 5.3, this dynamics
is equal to that of the so called Poisson profile approximation (see Section 5.3.2) of the size of
the classical (m,s)-ratchet’s best class, provided that the mutation-selection ratios p and 6
of the tournament and the classical ratchet are related by

m 0

p== 1 —exp(—m/s)=1—e"". (S.3.5)

Chapter 5 focuses on the conjecture that the following
Rule of thumb for the near-critical tournament ratchet (RTT) should hold:
As N — oo, the expected time between clicks is

N
= 1/ = if Nm(1—p)*—0, (S.3.6)

m

=< exp (Nm(1 — p)?) if Nm(1—p)*— oo.
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Here and below, < stands for logarithmic equivalence, i.e. ay =< by means logay ~ logby,

or equivalently izi‘;x — 1. For k =0,1,... let Y,°(t) = N§..,(t) and V' (¢) = Ng. . (¢)
be the sizes of the (k + 1)**-best class of the classical and the tournament ratchet, where
(N)en, and (NT),.cy, follow the dynamics specified in the above Definition. The jump

rates from n to n — 1 are given for both Y© and Y,' by

n (% (1 - %) + m) , (S.3.7)

but the jump rates from n to n + 1 are different: those of Y,' are

. (% (1-1)+m <1_%)), $38)

1 n m C
n 5(1—N)+g;kyk

An inspection of the jump rates in Definition S.3.1 reveals that for each k£ € N the pro-
cess (Yo', ..., Y;l) obeys an autonomous dynamics up to the extinction time of Y'; for k =0
this is evident from (S.3.7) and (S.3.8).

The jump rates reveal that (Yy', V") has, asymptotically as N — oo, the center of
attraction

while those of Y,© are

(a,b) = (N(1 — ), N1 ,0> (S.3.9)

provided Nm — oo and p — 1. To see this, note that the dynamics of (Y ', V") is au-
tonomous up to the first hitting of {0} x {0,..., N}, and that the states of (Y, Y;") for
which the upward jump rates are asymptotically equal to the downward jump rates have the

asymptotic (Npg, Npy), with (po, p1) given by (1 — p, /1 — p).

S.3.3 Asymptotics of the clickrate in a near-critical regime

The above discussion suggests that in order to prove (RTT) we need to analyse the time to
extinction of Y' depending on its initial state. This is provided by the following theorem.
In Remark 5.3.5 we discuss what are the ingredients missing to go from Theorem S.3.2 to
a proof of (RTT), and we also indicate a different route to the proof of (RTT), using the
technique developed in | |. Here and below we write a, < b, for two sequences if
an /b, — 0 as n — oo.

Theorem S.3.2 (Theorem 5.3.4). Let Ty be the extinction time of the birth-and-death pro-
cess Yy with jump rates (S.3.7) and (S.3.8), let 1 > m > <, and let p be a sequence
in [po, 1) for some fized py € (0,1). Here and below we suppress the subscript N in my, pn,
etc.
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1. [Polynomial regime] Assume Nm(1 — p)?> = 0 as N — oo. Let (jn) be a sequence of

natural numbers in [N]. If jy < ,/%, then

‘ N ‘
E;\[To] ~ 2jn (108; Vo 10gJN> ,

whereas if jn > \/g, then
/2 [N
Ejy[To] ~ ==/

The expected number of returns of the process Yy' to [a], when starting
above a = (1 — p)N, is asymptotically equivalent to m as N — 0.

2. [Exponential regime] Assume Nm(1 — p)? — oo and 1 < jy < N as N — oco. Then
1 . ™
E, [To)~ |1 —exp | —2m i 1) jn N

VN = ﬁ exp (2Nm(1 — p)*n(m, p)), (S.3.10)

with

1| 1+ 2m - 1 L—p)"
i) =g |75 (5m5) 3 (O~ )

In particular, with

1 T
N T\ w
one has
eN if v > ﬁ
Ej [To) ~ S en(L —exp(=2C/p))  if jn ~ iy
enx 2jnm(1/p—1) if v < iy

The expected number of returns of the process Yy' to |a], when starting
above a = (1 — p)N, is asymptotically equivalent to (S.3.10) as N — 0.

In view of (S.3.5) we define, in analogy to (S.3.2), the (3, 6)-scaling for the tournament
ratchet as m
m=N", p=—=1—-N79
s
With this scaling, (RTT) takes the following form: As N — oo, the expected time between

clicks is

= N7 it (8,6) e P, (S.3.11)
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= exp (N1*5*25) it (3,0) €& (S.3.12)

Let us give a heuristics for the long-term behaviour of Y', which also points towards (RTT)
as well as part of (RTC). The rates (5.3.7) and (S.3.8) consist of three parts: the fluctuation

2

terms +3 (1 — %), the net linear birth rate n%(l — p) and the quadratic death rate %% As

long as Y, is below a/2, it is stochastically bounded from below by a binary Galton-Watson
process Y* with supercriticality m(1 — p)/2, and stochastically bounded from above by a
binary Galton-Watson process Y* with supercriticality m(1 — p). Haldane’s formula, which
in this case coincides with the formula for the escape probability of a simple random walk
with constant drift, gives that the survival probability of the offspring of one individual in
Y (resp Y*) is ~ m(1 — p) ~ NP9 (resp. ~ 2m(1 — p) ~ 2N~779). Hence the probability
that Y;' when starting in a/4 hits 0 before reaching a/2, is asymptotically between

1-6 1-6
(1—2m(1—p))* ~ (1 —~ 2N—5—5>N " and (1—-2m(1—p))* ~ (1 - N_H>N "

which both converge to 0 if and only if 1 — 5 —2) > 0, i.e. v > % In this case the number
of excursions which Y;' makes from a/4 up to a/2 before going extinct is geometric with
expectation asymptotically between

1 1
exp (ZNI_B_%) and exp (ENl_ﬁ_%) .

This gives an intuitive explanation why v = % is the boundary between the exponential and
the polynomial regime and also for the exponential rate stated above.

The reason why this exponent is different from the one appearing in (S.3.4) is that
[ | work here not with the Poisson profile approximation, but with (a rescaling of
the diffusion approximation of) the so-called relazed Poisson profile approximation, see Re-
mark 5.3.2.

In the case v > %, the center of attraction plays a negligible role. What becomes rele-

vant then is the threshold for n above which the quadratic death rate %%2 becomes large.
148

Obviously, the order of magnitude of this threshold is \/g = N2 . Above this threshold,

Y, is strongly pushed downwards, making the time spent above the threshold negligible.
Below the threshold, Y;" behaves similar to a driftless linear birth-and-death process with
upward and downward jump rates given by (S.3.7). This gives a qualitative explanation of
the orders of magnitude of the expected times to extinction for the polynomial regime.

While both (RTC) and (RTT) state the same boundary (y = 3) between the polynomial
and the exponential regime, the exponents differ between (S.3.3) and (S.3.11) as well as
between (S.3.4) and (S.3.12). Besides that there is also a more structural difference. While
(S.3.11) and (S.3.12) somehow suggest a kind of continuous crossover from the polynomial
regime to the exponential regime, the rule (RTC), see (S.3.3) and (S.3.4), predicts a jump,
since (S.3.4) is still exponentially large for v = %

Also note that in the polynomial regime P the exponent % for the tournament ratchet
is larger than the exponent 1 — 0 for the classical ratchet. This can be explained in the
following way. The centers of attraction of the equilibrium profile weights of the best and
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the second best class differ asymptotically by the factor /1 —p = N 3 for the tournament
ratchet (see (S.3.9)), while they are given by the Poisson weights e~ and fe~ for the classical
ratchet and hence for the latter differ only by the factor § = §log N (and thus have the same
polynomial order N'~%). This latter factor is only logarithmic in N; therefore, when starting
the “new best class” at the time of a click in its “old” center of attraction, the tournament
ratchet has a longer way to go than the classical ratchet. The exponent % in (5.3.6) will
be obtained by a Green function analysis in the proof of Theorem 5.3.4. We give a short
outline of this analysis below. This analysis will also rigorously explain the exponent 1 — ¢
in (S.3.3), which corresponds to Haigh’s prediction, saying that “the interclick times are of
the order of the size of the best class”.

We now give a short outline of the proof of the above Theorem. The proof is based on
an asymptotic analysis of the Green function of Y =: Y|,

G(j,n) =GN (j,n) = E;

To
as N — oo. By assumption the upward and downward jump rates of Y from n are given by

and

The following lemma, see e.g. | , (2.4)] or | , (15)], expresses the Green function
in terms of the oddsratio products

-

L
G(j,n) = — :—Z (S.3.13)

With -
Ry:=> r,  ke{l,...,N},
i=0
we obtain from (S.3.13):
nn if p < N,
GGy =4 """
o ifn=N.
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Consequently,

[Ty =Y G(j Z A”M ‘ (S.3.14)

n'n MNTN 1
Note that
U(j) :==logr;

(sometimes also referred to as potential, cf. | , (16)]) is an additive functional, and
(5.3.13) translates into

et 12 U).

n

In order to obtain asymptotics for (S.3. ) we need to find asymptotics for the terms ry
and R as N — oo.
We can express logr; as

logr; = zj:log (i-’;) — jlog <11++T72:/p) +2j:10g (1 - k{((_llj/;m)m) .

k=1

This expression allows us the following asymptotic description of 7;.

Lemma S.3.4 (Lemma 5.4.2). Let £ = &y be a sequence converging to 0 so slowly that
&> m. Then for N large enough and j < (1 —&)N

, 1+2m - 1 15t m
0<logr; —jlog | ——— ) — 1— < t-—
=T ”g(1+2m/p) Z( <1+2m>f)w+1> NT =M

Our analysis, see Lemmas 5.4.3 and 5.4.7, then shows that, as j increases, r; is essen-
tially constant on a large interval, before it starts to decrease as j approaches the center of
attraction N(1 — p) of the best class. This allows an analysis of the cumulated oddsratio
products R; and of the terms G(j,n), which is then enough to prove the Theorem in both
regimes.

S.3.4 Outlook: The sample genealogy in the regime of exponen-
tially small click rates

In Chapter 6 an outlook on current work with Charline Smadi and Anton Wakolbinger is
presented. The ideas are based on Sections 4 and 5.2 of the preprint | |, which are
not contained in the publication | |. There we consider the tournament ratchet with
the dynamics specified in Definition S.3.1 in the near-critical exponential regime, that is
m(1 — p)?N — oo with p T 1 as N — co. We analyse the type frequency profile of a sample
of individuals at times t > 1/s when all individuals at time zero are of the same type. This
is achieved via a representation of the sample genealogy in terms of an ancestral selection
graph decorated with a Poisson process of mutation events.
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Part 1
The Hammond-Sheffield urn
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Chapter 1

Asymptotic Gaussianity via
coalescence probabilities in the
Hammond-Sheffield urn'

L Appeared as | ]
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Abstract

For the renormalised sums of the random #4-1-colouring of the connected components
of Z generated by the coalescing renewal processes in the “power law Pdélya’s urn” of
Hammond and Sheffield | ] we prove functional convergence towards fractional
Brownian motion, closing a gap in the tightness argument of their paper.

In addition, in the regime of the strong renewal theorem we gain insights into the
coalescing renewal processes in the Hammond-Sheffield urn (such as the asymptotic
depth of most recent common ancestors) and are able to control the coalescence prob-
abilities of two, three and four individuals that are randomly sampled from [n]. This
allows us to obtain a new, conceptual proof of the asymptotic Gaussianity (including
the functional convergence) of the renormalised sums of more general colourings, which
can be seen as an invariance principle beyond the main result of | ].

In this proof, a key ingredient of independent interest is a sufficient criterion for
the asymptotic Gaussianity of the renormalised sums in randomly coloured random
partitions of [n], based on Stein’s method.

Along the way we also prove a statement on the asymptotics of the coalescence
probabilities in the long-range seedbank model of Blath, Gonzalez Casanova, Kurt,
and Spano, see | ].
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1.1 Introduction

We start with a brief description of the model of Hammond and Sheffield | | and then
state our main results together with a short outline of the paper.

For 0 < a < % and a slowly varying function L : R — R™ let p := . 1 be a probability
measure on N = {1,2/ ...} having the power law tails

p({n,n+1,...}) ~n"*L(n) as n — oo, (1.1.1)
with the usual convention that for two sequences f(n), g(n) of real numbers
f(n) ~g(n)asn— oo
means that lim, ,., f(n)/g(n) = 1. Throughout it will be assumed that
the greatest common divisor of {n € N: p(n) > 0} is one. (1.1.2)

Let R be an N-valued random variable with distribution p. A random directed graph G,
with vertex set Z is generated in the following way: Let (R;),., be a family of independent
copies of R. The random set of edges £ (g#) is then given by

E(G,) ={(i,i—R):i€Z}.
This induces the random equivalence relation
i ~ j <=1 and j belong to the same connected component of G,,. (1.1.3)

Note that the symbol ~ is used in (1.1.1) and (1.1.3) in two different meanings; this will
cause no risk of confusion.

For ¢ € Z the connected component containing ¢ is denoted by %;. The random variables
(R;)icz give rise to coalescing renewal processes starting from the integers; see Section 1.10
for an interpretation (and extension) in terms of the long-range seedbank model of Blath et
al. | ]. In this terminology G, is the graph of ancestral lineages of the individuals
1 € Z, and the component %; consists of all j € Z that are related to i, see Figure 1.1 for an
illustration. The probability that 0 belongs to the ancestral lineage of n is thus given by the
weight assigned to n by the renewal measure,

In ::P<R1+...+}?j:nfor somej20> (1.1.4)

with Ry, Rs, ... being independent copies of R. (Note that P(0 ~ n) is in general larger than
¢n because 0 and n may be related to each other even if 0 is not an ancestor of n.)
Hammond and Sheffield suggest the picture of an urn in which the types of the individuals
i are determined recursively: each individual i € Z inherits the type (or “colour”) of its parent
i — R;. With {+1,—1} as the set of colours, they show that the set of random colourings
of Z that are consistent with G, has a Gibbs structure, with the extremal elements being
given by i.i.d. assignments of colours to the connected components of G,,. The main result
of | ] concerns the asymptotics of the rescaled sum over the types of the individuals
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Figure 1.1: A realisation of the ancestral lineages of the individuals {0, ...,100} traced back till
—200. Each of the arcs corresponds to an edge of G,. All the outgoing edges from 7 = 0,...,100
which map to an individual in {0,...,100} are drawn (in red), whereas for i between —200 and
—1 only those outgoing edges are drawn (in blue) that belong to an ancestral lineage of some
j€40,...,100}. Here the exponent « in (1.1.1) was chosen as 0.39.

1,...,[tn], t > 0, which as n — oo turns out to converge to fractional Brownian motion.
The individuals’ types arise as follows:

Assume that each component of G, gets coloured by an independent copy of a real-valued
random variable Y. In the situation of | |, Y is a centered Rademacher(p) variable, i.e.

Y =¢—(2p—1) with P(=+1)=p,P(¢ = -1)=1—p. (1.1.5)

For i € Z the colour of the component %; will be denoted by Y;. Define the “random walk”
(with dependent increments)

Sui=)_Yi, n=01,. ... (1.1.6)
i=1
By construction,
o} = Var[S,] = Y _ Cov[Y;,Y;] =E[Y?] Y P(i~j). (1.1.7)
1,j€[n] 1,j€[n]
[ , Lemma 3.1] show by Fourier and Tauberian arguments that
C n2otl

P(i~j)~ = — 1.1.8

1,5€[n]

with

1 ['(1 - 2a)
2 im0 G D(@)T(1 = a)®
We will obtain (1.1.8) as a corollary of Proposition 1.2.1 below, which requires the additional
condition

C, = (1.1.9)

1 no!
Gn ~ (@)1 —a) L) as n — 0o. (1.1.10)
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This condition, which also appears in our Theorem 1.1.1, is equivalent to the validity of the
Strong Renewal Theorem for the renewal process with an increment distribution u satistying
(1.1.1) and (1.1.2), see Caravenna and Doney | |, whose Theorem 1.4 gives necessary
and sufficient conditions in terms of y for the validity of (1.1.10). A well-known sufficient
condition for (1.1.10) is the criterion of Doney | ]

nP(R =n)

—_— . 1.1.11
W Ry (1.1.11)

For % <t< - ineN, let S™)(t) be the linear interpolation of S;/c, and S;,i/c,.
Because of (1.1.7) and (1.1.8), for all t > 0,
Var [S(")(t)} — 12T asn — .

Since (Sy)nen, has stationary increments by construction, this implies the convergence

Cov <S§”), St(")> N (st 2t — = s, st >0.
n—oo 2

The right-hand side is the covariance function of fractional Brownian motion with Hurst
parameter H = % + «, which is the unique centered Gaussian process with variance function
t2H ¢ > 0, stationary increments and a.s. continuous paths. The processes S are centered
as well. Thus, in order to prove that S™ converges as n — oo (in the sense of finite
dimensional distributions) to fractional Brownian motion with Hurst parameter H, it only
remains to show that the finite dimensional distributions of S™ are asymptotically Gaussian.
This is provided by

Theorem 1.1.1. Let p be a probability measure on N satisfying (1.1.1) and (1.1.2). Assume
one of the following conditions (A) or (B):

(A) The colouring Y is given by (1.1.5).

(B) The weights q, of the renewal measure specified in (1.1.4) satisfy the asymptotics
(1.1.10), and the colouring Y obeys

E[Y]=0and 0 <E [Y"] < cc. (1.1.12)

Then, for any firedd € N and fizred 0 <t < --- <t,; < 0o, the sequence (SLth» ceey SLtdnJ)neN
1s asymptotically Gaussian as n — oo.

Under assumption (A) of Theorem 1.1.1, for each fixed ¢t > 0 asymptotic Gaussianity of
S|tn] @s n — 00 is proved in | | via a martingale central limit theorem. The computations
which ensure the applicability of the martingale CLT are quite subtle and involved; from the
very beginning they make substantial use of the specific form (1.1.5) of the colouring of the
random graph G,,. In | | it is not explicitly discussed whether these arguments also carry
over to S|¢n), - - - S|t,n)- However, again thanks to the specific assumption (1.1.5) on Y one
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can check that this is indeed the case, thus rendering the asserted asymptotic Gaussianity
of the finite dimensional distributions of S™.

Under assumption (B) we give a new, conceptual proof of the asymptotic Gaussianity of
the finite dimensional distributions of S. This proof, which is completed in Section 1.8,
is based on insights into the structure of G, which are stated in Section 1.2 and proved
in Sections 1.4-1.7. A key ingredient in the new proof is Theorem 1.3.1, which provides a
criterion for the asymptotic Gaussianity in randomly coloured random partitions also in a
more general setting. Proposition 1.3.3, which is instrumental in the proof of Theorem 1.3.1,
is based on Stein’s method and yields the closeness of the distribution of S, /o, to the
standard normal distribution in terms of a bound that involves Var [YQ]; this explains the
finiteness condition of E [Y*] in (1.1.12).

Let us also mention that the loss of ground which comes with assuming the “strong
renewal” condition (1.1.10) in addition to (1.1.1) and (1.1.2) seems rather minor. Indeed it
becomes clear from the examples in | , Section 10] that the class of measures p which
satisfy (1.1.1) and (1.1.2) but fail to satisfy (1.1.10) is rather special.

On the other hand, the benefit of assuming (1.1.10) is twofold. Firstly, it allows a direct
analysis of asymptotic properties of the genealogy of the coalescing renewal processes in the
Hammond-Sheffield urn, see Propositions 1.2.1, 1.2.3 and 1.2.4. Secondly, this opens the
way to a two-step analysis (first of the random partition of Z, then of its random colouring)
which allows to derive the “invariance principle” stated in Theorem 1.1.1(B).

The following implication of Theorem 1.1.1 is immediate from its introductory discussion.

Corollary 1.1.2. Under assumptions (A) or (B), S™ converges as n — oo in the sense of
finite dimensional distributions to fractional Brownian motion with Hurst parameter H =
1
5 T o

The next result, which will be proved in Section 1.9, amends the proof of | , Lemma

4.1], see Remark 1.9.2. Here, for each n € N and T" > 0, (S(”)(t)) is viewed as a
0<t<T

random variable taking its values in C' ([O,T l; R), the space of continuous functions from
[0,7] to R, equipped with the sup-norm.

Proposition 1.1.3. Under the assumptions of Theorem 1.1.1, for all T > 0 the sequence of
random variables (S(”) (t)) is tight.
0<t<T
A direct consequence of Corollary 1.1.2 and Proposition 1.1.3 is

Corollary 1.1.4. Under the assumptions of Theorem 1.1.1, S™ converges in distribution
(with respect to the topology of locally uniform convergence) to fractional Brownian motion
with Hurst parameter H = % + a.

1.2 Coalescence probabilities in the Hammond-Sheffield
urn

In this section we will assume that the weights g, of the renewal measure defined in (1.1.4)
obey the asymptotics (1.1.10), see the discussion of this condition in Section 1.1.
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Proposition 1.2.1. The coalescence probabilities for the ancestral lineages obey the asymp-

totics
Z'2a—1

L(i)?

P(0~i)~C, as i — 00, (1.2.1)

with Cy as in (1.1.9).

Remark 1.2.2. (a) The asymptotics (1.1.8) is a direct consequence of (1.2.1). Indeed, the
latter implies

S (n— i) P(i ~ 0) ~ nQO‘H%% i (1 _ %) (%)m_l asn— 0o, (1.2.2)

i€[n]
with the limit of the Riemann sums being

1
1

/ (1—z)2** tdr = ———.

0 20(2a+ 1)

Since the left-hand sides of (1.2.2) and (1.1.8) are equal, this shows the asserted im-
plication.

(b) In the light of the proof of Proposition 1.2.1 (carried out in Section 1.4) we conjecture
that increment distributions p that satisfy (1.1.1) and violate (1.1.10), generically also
do not admit the asymptotics (1.2.1).

The next result, Proposition 1.2.3, will be instrumental in the proof of Theorem 1.1.1
under Assumption (B). This proposition will consider the probability that three (respectively
four) individuals that are randomly chosen from [n] belong to the same component of G,,, and
will bound these probabilities asymptotically as n — oo by powers of the “pair coalescence
probability”. Note that for sufficiently small § the powers guaranteed by Proposition 1.2.3
are strictly larger than those required in Theorem 1.3.2.

Proposition 1.2.3. Let f("),/(”),%(”) and L™ be independent and uniformly dis-
tributed on [n], and independent of the random graph G,. Then for all 6 > 0, as n — oo,

P (s g0 ™) =0 (n) =0 (P (50 j(n)Dzl‘za |

(1.2.3)

12«

P (s~ g 20) =0 (n5) =0 <P (0~ /(n))>3‘
(1.2.4)

Proposition 1.2.3 will be proved in Section 1.6. Although the next result, Proposition
1.2.4, will not be used explicitly in the proof of Theorem 1.1.1, it seems interesting in
its own right and also gives an intuition why the estimates in Proposition 1.2.3 should
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hold. Qualitatively, Proposition 1.2.4 says that for large n the ancestral lineages of 0 and
n with high probability either coalesce quickly (i.e. on the scale n) or never. This makes it
believable that, as asserted in Proposition 1.2.3, the triplet coalescence probability should
asymptotically be comparable to the square of the pair coalescence probability, and that
the quartet coalescence probability should roughly be equal to the third power of the pair
coalescence probability.

Proposition 1.2.4. Let #(0,n) := max{j <0:5~0 and j ~n} (with max() := —o00) be
the most recent common ancestor of 0 and n, and put D, := —.#(0,n). Then, as n — o,

the sequence of random variables %, conditioned under {0 ~ n}, converges in distribution

to the random variable D with density B(a,1 — 2a) 'z (1 + z)* ' dz, = > 0.

Proposition 1.2.4 will be proved in Section 1.5. The distribution of the random variable
D appearing in Proposition 1.2.4 is known as Beta prime distribution with parameters «
and 1 — 2q; it arises as the distribution of B/(1 — B) where B is Beta(a, 1 — 2a/) distributed.
See Figure 1.2 for simulations of the ancestral lineages, which also illustrate the depths of
the most recent common ancestors.

The following lemma will also be important in the proof of Theorem 1.1.1 under Assump-
tion (B).

Lemma 1.2.5. Let ~ be the random equivalence relation defined in (1.1.3). Fori,j, k,l € Z,
Cov [I{iNj}, I{k,\,g}} <Pli~vj~kn~l). (1.2.5)

Here and below, I denotes the indicator variable of an event E.

Remark 1.2.6. The proof of Lemma 1.2.5 (given in Section 1.7) shows that (1.2.5) holds for
general increment distributions p, without the assumptions (1.1.1) and (1.1.2).

1.3 Asymptotic Gaussianity in randomly coloured ran-
dom partitions

In this section we consider a situation that is more general than the one described in Sec-
tion 1.1. For m € N let 2(™ be a random partition of [m]. The (random) equivalence
relation on [m] induced by 2™ will be denoted by ~, i.e.

i = j <= i and j belong to the same partition element of 2™, (1.3.1)

The situation described in Section 1.1 fits into this framework, by choosing ~ as the restric-
tion to the set [m] of the equivalence relation ~ defined in (1.1.3). Note, however, that this
kind of consistency of the relations ~ is not required in the present section.

Let Y be a real valued random variable with E[Y] = 0 and 0 < E[Y*] < co. Thinking
of each partition element being “coloured” by an independent copy of Y, we write Yi(m) for
the colour of the partition element in (™ to which i € [m] belongs. We then define

k
zi™ ="y,
i=1
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Figure 1.2: This is a simulation of the ancestral lineages of the individuals 0,...,n, with n =

100 in panel (A) and n = 1000 in panel (B). Direction of time is vertical, and horizontal lines
mark coalescence events. The two panels give an impression of how the genealogical forest of the
individuals i € [n] scales with n, see e.g. Proposition 1.2.4. Like in Figure 1.1, the parameter «
was chosen as 0.39.
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In the sequel we fix a natural number d and real numbers 0 = py < p; < --- < pg = 1. The
following theorem presents a sufficient criterion for the asymptotic normality of the sequence
of R%valued random variables

Zm <Z<’") A ) (1.3.2)

LplmJ ’ ’ Lpdmj

as m — oo. To prepare for this, let for all m € N the random variables .# (™), 7 (m) ¢ (m)
and 2™ be independent and uniformly distributed on [m], and independent of #2(™ and

of (Y;.(m)) :
i€[m]

Theorem 1.3.1. The sequence of R*-valued random variables Z™) defined in (1.3.2) is
asymptotically Gaussian as m — oo provided the following conditions are satisfied:

P (j(m) mogm %/(m)> - % <(P (ﬂm) m /(m))>3/2) sy

2
3 (ﬂm) Bogm) T ym .,zﬂ(m)) = o <(P (ﬂm) 23 /W)) ) . (1.3.4)
as m — 0o, and
Cov [I{iﬁj}v[{kﬁe}] <P <z R ER ﬁ) for all m € N and i, 7, k, £ € [m], (1.3.5)

and for all (ay,...,aq) € RT\ {(0,...,0)} and

al™ =ay if [p,_ym] <i<|pym], i=1,...m; g=1,....d

7

there exists a constant C > 0 (not depending on m) such that

o™ o™ p (z 0 j) >0y P <z 0 j> . meN. (1.3.6)
1 ij=1

i7j:

Remark 1.3.2. (a) Asymptotic Gaussianity of the univariate sequence (Zr(nm))meN is implied
by the first three of the four conditions in Theorem 1.3.1. Indeed, for d = 1, condi-
tion (1.3.6) is automatically satisfied with C' := a3, since in that case agm) = oy for
1=1,...,m.

(b) If the partitions 2™ are induced by a Hammond-Sheffield urn as described in Section
1.1, then all conditions of Theorem 1.3.1 (including condition (1.3.6) for all d € N) are
implied by the assumption (1.1.10), see Section 1.8.

Theorem 1.3.1 will be proved using the following proposition which, in turn, will be
deduced from a theorem of Charles Stein, see | , Lecture X, Theorem 1]. Since m will
be fixed in this proposition, we will write ~ instead of ~ for notational convenience and
without any risk of confusion.
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Proposition 1.3.3. For fited m € N and aq,...,a,, € R let

:Z%Yi, o2 = Var[S,,], (1.3.7)

with Y; = Y;(m) as defined at the beginning of this section. Let N be a standard normal
random variable. Then for all continuously differentiable functions h : R — R with compact

support

Eh(gﬁ —E[h(N)]

Om
(1.3.8)
Cl<h) - CQ(h) -
S 5_2 Var Z Y;Qaiajf{iwj} + 5_3 E Z |YH3|CL1'|CL]'CL]€I{Z'NJ‘N]€}
m i,j=1 m i, k=1
where the finite numbers c1(h) and cy(h) are defined as
c1(h) :==2sup|h — E[h(N)]|, ca(h) :==2sup |I].
Proof. For i € [m] we put
iY , .
&:%, M= {j€m]:j~i}, (1.3.9)

i.e., M; is that element of the partition Z2(™ which contains i. With .# being a uniform
pick from [m] that is independent of 2™ we write

M= (M., My), W= X;, W:=W-=> X, G:=mXy,
i=1 JeEM #
B:=0c(M,Xy,...,Xn), Ci=0(M,5,(X))jnr)
and note that W = E[G|B] a.s. Now | , Lecture X, Theorem 1] asserts that

E [h(W)] — ’

< e(h ( (G — W*)|B]>1+CEUE[G|C}” (1.3.10)
Lea(h) B [|GI(W — W]

with NV, ¢;(h) and ¢z(h) as in (1.3.8) and a constant ¢ > 0. Let us first turn to the term
under the square root on the right-hand side of (1.3.10) and observe that

E[GW -W")|B]=E |mX, Y X;|B :iXiZXj ZaZYZaj

JEM & =1 JEM; JEM;
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The expectation of this random variable is 1, since

m m

1
E|E aZaleZanj

i=1 j=1

P || = — VarlS,,| = 1.
o

Hence the term under the square root in (1.3.10) equals

Var ZX > X
JEM;
The term E UE G|C] ” in the right-hand side of (1.3.10) vanishes, since the assumed

independence of the colouring and the partitions together with the assumption E[X;] = 0
implies

E UE G |c]” ~E UE [mX | M, 7] ” = 0.
Finally, the rightmost term in (1.3.10) equals

E |Gl -w)| =E |l | 3 X,

JEM 5

2 2

= —ZE I—pImXi| | Y X; ZE X DX

JEM; JEM;

In summary we have shown that the right-hand side of (1.3.10) equals

2

¢ (h) | Var ZX > Xi| +elh Z|X| x| |, (1311

JEM; JEM;

which in turn is equal to the right-hand side of (1.3.8). This concludes the proof of Propo-
sition 1.3.3. N

Proof of Theorem 1.5.1. 1t suffices to show that for all d € N and (a4, ..., aq) # (0,...,0),
the linear combination

T = 0y 207+ @ <Z< A

Llpym Lpym] Lpym

) e (200 =200 L) (1.3.12)

\_pd_1mJ

is asymptotically Gaussian as m — oo. For m € N we put

o™ = ag if [p_im| <i < |pym], i=1,...m; g=1,...,d. (1.3.13)

(]
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It is then readily checked that Z,, defined in (1.3.12) satisfies

Zm =Y a™Y"™, meN, (1.3.14)

=1

and thus fits into the frame of Proposition 1.3.3, with S,, :== Z,,. To use this proposition we
will show that under the assumptions (1.3.3), (1.3.4), (1.3.5) and (1.3.6) and with a; = agm)
from (1.3.13), both summands in the right-hand side of (1.3.8) converge to 0 as m — co.
For notational convenience we will for the rest of this proof suppress the superscript m in
the equivalence relation ~, in the coefficients al(m) and in the random variables Y;(m), L)
/(m)’ (;g/(m)7 p(m)

For a constant C' not depending on m we have

Var | > YPaalgy| <CVar | > Y|, (1.3.15)
i,j=1 hj=1

E| > [ViPlaiajaplijay | < CE[Y]]

i,5,k=1 i

P(i~ j ~ k). (1.3.16)

1

Nk

In order to bound Var

m
> YiQI{iNj}] from above, we decompose the variance with respect
ij=1

to 2™ and first note that
E| Y Y| 2™ =E[Y] Y Livy.
i,j=1 j=1
The variance of the latter is

E[Y?)* Y Cov [Iimy [pmsy]

2'7j7k7£€ [m}

which by assumption (1.3.5) is not larger than

EYY]" Y Pli~j~kn~0). (1.3.17)
1,j,k,L€[m)]
Next we note that
Var | S V2| 2| = Y Cov [V, Vil 2]
,j=1 i,5,k,0=1

= Var [Y?] > I

i7j7k7£:1
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Taking expectation of the latter and adding this to (1.3.17) we obtain

Var iyff{iwj} <E[YY Y P(@'ervk:wf):O<m4P(ﬂ~/~%/~,§f)>,

7/7]:1 Z,],k’,ﬁe[m]
2
which in view of (1.3.4) is o <m2 P (5 ~ /)) .

3/2
Likewise the right-hand side of (1.3.16) is o (m2 (P (F ~ /)) > From (1.3.7) and
(1.3.14) we get

an= > a"a" Cov [V, V)] = Varly] 3 o[ P(i ~ j). (1.3.18)

i,7€[m] i,j€[m]
which due to assumption (1.3.6) is bounded from below by Cm?P(.# ~ ). Thus under

the assumptions of Theorem 1.3.1 the right-hand side of (1.3.8) converges to 0 as m — oo,
which shows that Theorem 1.3.1 is a consequence of Proposition 1.3.3. O

1.4 Pair coalescence probabilities: Proof of Proposi-
tion 1.2.1
Let R,(j), i € Z, k € N be independent copies of R, and define
A; = {nEZ:i—Rgi)—---—Ry) = n for some j 20}. (1.4.1)
Note that the A; are independent and thus can be seen as decoupled versions of the ancestral
lineages of the individuals ¢ € Z. In particular they do not coalesce if they meet. Decom-

posing with respect to the most recent collision time one obtains immediately (cf. | , P
711]) that for i > 0

P(ANA#0)Y @& =E[AnAl] =Y dutnri (1.4.2)
m>0 m>0
hence 5
. qmm+i .
PO ~i)==2200 >0 (1.4.3)
Zm20 q72n

We will now assume (in accordance with the assumptions in Proposition 1.2.1) that the
weights ¢, of the renewal measure defined in (1.1.4) have the property (1.1.10). Under this
condition we will prove

Proposition 1.4.1. As m — oo,
1 m20¢71

D ity T(@)2T(1 — a)2 L(m)?

Jj=1

/ (14 z)* 'z Mda. (1.4.4)
0
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The asymptotics (1.2.1) claimed in Proposition 1.2.1 is immediate from (1.4.3) combined
with (1.4.4).

The remainder of this section is devoted to the proof of Proposition 1.4.1. We will prove
(1.4.4) first under a special assumption on the Karamata representation of the slowly varying
function L.

Lemma 1.4.2. Let a € (0, %), and consider

rn i=n"""K(n) (1.4.5)
where K(n) is of the form -
Kmy:prL-%lw> (1.4.6)

with B a positive constant and ((t), t > B, a bounded measurable function converging to 0
ast — oo. Then (ry,) is ultimately decreasing, and

Zrﬂ’zﬂ ~ K(i)%%* 1/ (1+z)*'2° e asi— oo, (1.4.7)
0

Jj=1

with
[(o)(1 - 2a)

I'l—a)
Proof. a) The equality (1.4.8) is readily checked by substituting y =

b) The fact that (r,) is ultimately decreasing follows from (1.4.5) together with the
Karamata representation (1.4.6) of K (n). To see this, we argue as follows, putting 5 := 1—a.
Since £(t) tends to zero for t — oo we know that there exists ng € N such that for all ¢ > ng
one has ((t) < . This implies

Tn n=~ K(n)
Tnt1 (n+1)8 K(n+1)

n’ "+1 (
: ﬁ( Tdt)
= exp <6 (In(n+1 /n+1 )
- [7(5- @) dt) |

Since by assumption the integrand on the right-hand side is strictly positive for n > ng, we
obtain that (r,), is decreasing for n > ny.

(1.4.8)

/ (1+2)* '2* 'dr = Bla,1 - 2a) =
0

¢) In view of (1.4.5), the claimed asymptotics (1.4.7) is equivalent to

1 e 00
lim ~ )~ Lo / (1+2)* 2> 'da. (1.4.9)

1—00 T, T
=10t 0
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We now set out to prove (1.4.9). To this purpose we show first that for all ¢ > 0 there exists
an N € N such that for all sufficiently large 7

- Z i ”“ . (1.4.10)

j>N T
Since (r,,) is ultimately decreasing, (1.4.10) will follow if we can show that exists an N € N
such that for all sufficiently large 7
1 A\’
= (T—”) <e. (1.4.11)
i r

Again because of the ultimate monotonicity of (r,), the left-hand side of (1.4.11) is for
sufficiently large 7 bounded from above by

f: (T:‘)Q - f: m2e? (K;(?Z)Z))Q (1.4.12)

m=N m=N

Using (1.4.6) one obtains that for any § > 0 and ¢ so large that ¢(t) < § for all £ > 1,

K (mi) (L) ‘ ,
20 = exp </® dt) < exp <(5 (In(mi) — ln(z))) <m?, (1.4.13)

which implies by dominated convergence that for sufficiently large N the right-hand side of
(1.4.12) is smaller than e for all sufficiently large 7. We have thus proved (1.4.10).
Next we show that for all ¢ > 0 there exists an 7 € (0,00) such that for all sufficiently

large ¢
- Z ik} ”*J . (1.4.14)

i<m T

Again by ultimate monotonicity of (r,) which gives us “ < 1 for 7 large enough, for this
it suffices to show that for all £ > 0 there exists an n > 0 € N such that for all sufficiently
large ¢

—Z— <e. (1.4.15)

’L

J<ni
From | , Theorem 5 on p. 447] we obtain that
1, . . .
er ~—(mi)*K(|ni]) asi— oo, (1.4.16)
j<m ¢
and hence N
= Z N —77 Klml) 1% i oo, (1.4.17)
CK()  a
]<m

which proves (1.4.15), and hence also (1.4.14). (The last asymptotic is by the fact that K is
slowly varying.)
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In view of (1.4.5), (1.4.10) and (1.4.14), for proving (1.4.7) it remains to show that

ili%% Z i(é)) K;(;j) (1 + %) o (%) o = /nN(l + )t . (1.4.18)

ni<j<Ni

From (1.4.6) one derives that

lim  sup
PO i< (N+1)i

K
LLC) | )
K (i)

Hence (1.4.18) boils down to a convergence of Riemann sums to its integral limit, and the
proof of Lemma 1.4.2 is done. O]

Let us now complete the proof of Proposition 1.4.1.

Proof. The asymptotics (1.1.10) can be rewritten as
Gn = Cn® 'L(n)

where L(n) is a slowly varying function and C, — C' > 0.
As in the proof of Lemma 1.4.2 it suffices to show that

1 Qi o0
SN Ll —>/ (1 + 2)° "1z Lda. (1.4.19)
L G 0

Because of the Karamata representation theorem (see e.g. Theorem 1.3.1 in | ]) there

exists a K (n) satisfying (1.4.6) and a sequence D,, converging to a positive constant D such
that

L(n)=D,K(n), n=12,... (1.4.20)
Defining 7, as in (1.4.5) we have
gn =D, Cpr,, n=12 ...

Since the asymptotics of neither the left-hand side of (1.4.9) nor that of the left-hand side
of (1.4.19) reacts to the omission of a fixed finite number of summands, we see that (1.4.9)
carries over to (1.4.19). O

1.5 Depth of most recent common ancestor: Proof of
Proposition 1.2.4

In this section we will assume that the weights ¢, of the renewal measure defined in (1.1.4)
obey the asymptotics (1.1.10), see the discussion after equation (1.1.10). For i,m € N we
set

film) =P (#(0,i) = —m), Fi(m)="P (#(0,i) > —m).
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For the independent couplings A;, i € Z, of the ancestral lines of 0 and ¢ as defined in (1.4.1)
we have for all r > 0 and 7 € Z

ZQka+i = E [|A0 N Az N {0, ey —T’Z}H
k=0
74 ri—k T
= D\ wdd] < [Dod | Eri),
k=0 /=0 =0

and consequently

P(D; <ri) = Fi(ri) > Zk+q’€q§+ﬁ
Ze:o 4y

As in the proof of Proposition 1.4.1 we obtain

T 1 T
2a—1 a—1 a—1 .
quqkﬂ- ~ T = a2l () /0 " (1+2)* de  asi— oo. (1.5.1)
k=0
Together with the asymptotics (1.2.1) this gives
liminf P (D; <7ri|0~i) > B(a,1 - 2a)1/ 271+ 2)* 'da. (1.5.2)
1—00 0
For the upper estimate we choose some arbitrary £ > 0 and observe
(r+e)i
> @i = EJAnAin{0,... —(r+e)i}]
k=0
(r+e)i (r+e)i—k i (r+e)i—k
= > sk D G| = fik) > 4
k=0 =0 k=0 =0
€1 i €1
> (DY@ | D fitky = g | Firi).
=0 k=0 =0

Using (1.5.1), now with r 4 ¢ instead of 7, we get

r+e
lim sup P (Di <ri|0~ @) < B(a,1— QQ)—I/ 22711 + 2)° da.
0

1—00

Since £ was arbitrary, this together with (1.5.2) gives the assertion of Proposition 1.2.4.

1.6 Triplet and quartet coalescence probabilities: Proof
of Proposition 1.2.3

In this section we will assume that the weights ¢, of the renewal measure defined in (1.1.4)
obey the asymptotics (1.1.10). We now turn to the asymptotic analysis of triplet and quartet
coalescence probabilities.
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1.6.1 Triplet coalescence probabilities

Lemma 1.6.1. For all r > 0 and i € N we have for a slowly varying function L not
depending on r .
PO~inr [(1+7)i]) < (ot 270 Li) a2 (1.6.1)

Proof. Let (Ay) be the independent (non-merging) ancestral lineages defined in (1.4.1). We
set

A, — Amax(agnay) i Ay A #0,
kil -— .

Bie= |J A, (1.6.2)

In words, By is the union of the (non-merging) ancestral lineages starting at all the points of
intersection of Ay and A,. Distinguishing the 3 shapes of the ancestral tree of the individuals
0, ¢ and (14 r)i on the event £ := {0 ~ i ~ (14 r)i} (and omitting the Gauss brackets in
| (1 +7)i] ete. for the sake of readability) we have by subadditivity

P (0~in~ (1+7)i)

P (E;.#(0,i) > #(0,(14r)i) + P (E; (0, (14 r)i) > #(0,i))

+P (E; (i, (1 + 1)) > 4#(0,7))

P (AU,i N Aqyry # (Z)) +P (Ao,(1+r)z‘ NA; # @) +P (Az',(l—i-r)i N Ay # (Z))

E [|4o; N Aqsnil] + E [[Ao a1 N Ail] + E [|As (140 N Aol] (1.6.3)
E [|Bo,z‘ N A(1+7~)i|] +E [|BO,(1+7")i N Az” +E [|Bi,(1+r)z‘ N AOH .

Z AmYri+m Z nGn+i—m + Z AmAm+(1+r)i Z Anln+i+m

IN

VAN VARRVAN

m2>0 n>0 m>0 n>0
+ E dmQri+m E Indn+i—m
m=>0 n>0

An inspection of the third summand on the right-hand side leads to

Z qmYri+m Z dndn+i—m

m>0 n>0

= qiQri+i Z GnGn + Z AmQri+m Z qndn+i—m

n>0 m£i n>0

mafl (m + Tl')afl |’L _ m|2a71
< C % )1 - :
> 2iq(1+ryi + mzﬁ L(m) Lim+ri) L(|i — m])?

C (- + (i /00 r* Ha 4+ 7)1 — 2 e
L) L(i)* Jo

71



where L is a slowly varying function that dominates C (# + %), and where the asymptotics
is justified in the same way as (1.4.18) was derived first for slowly varying functions satisfying
(1.4.6) and then, using the Karamata representation, for general slowly varying functions
obeying (1.4.20). The first and the second summand on the r.h.s of (1.6.3) can be analysed in

an analogous manner, leading to the bounds L(i)i**~22%~" and L(i)i**2r*~!, respectively.
[

Proof of Proposition 1.2.3 Part 1. We set out to show (1.2.3), and first observe that

n n—i

ZZP 0~ inj) <ZP O~i)+2> Y PO~init)) (1.6.4)

i=0 7=0 i=1 j=1

By Lemma 1.6.1 we get, noting that r@~! 2= < 2pa=t 11,
n n—i n n—i a—1
P(O~3G~7 L 4a 1 J 1
>S5 pomivien sy S ((2) )

i=1 j=1 i=1 j=1
n n
Z 7;304—1(” _ 7;)04 + Z =1l — 0 <n4a+6)
i=1 =1

for each § > 0. From (1.6.4) combined with (1.2.1) and (1.6.5) we obtain for each ¢ > 0 the
estimate

(1.6.5)

iiP(o ~in~j) < Cn'eto (1.6.6)

i=0 j=0
where the constant C' depends on ¢ but not on n. An analogous calculation for k in place of
0 shows that also

YD Pk~inj)<Cn*™ keln), (1.6.7)
i=0 j=0

where C' can be chosen uniformly in n and in k£ € [n]. (An intuitive reason for this uniformity
comes from the fact that for each k£ € [n] and small € > 0, the big majority of the pairs
(i,7) € [n]* leads to pairwise distances |i — j|, |i — k| and |j — k| that are all between en and

The first equality in (1.2.3) now follows directly from (1.6.7), and the second equality in
(1.2.3) is immediate from (1.1.8). O

1.6.2 Quartet coalescence probabilities

Lemma 1.6.2. For all v, > r; > 0 and i € N we have for a slowly varying function L not
depending on r

P(0~in~ [(1+7)i] ~[(1+7)i])
< (T T ) Lyt (168)
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Proof. Again let (A;) be the independent (non-merging) ancestral lineages defined in (1.4.1).
Let By, be as in (1.6.2) and set

Broii= J U 4,

meBMgeAmﬂA
We fix i € N and set with 71 := (1 +71)i, Jo:= (14 ro)i,

Q = {(07i7j17j2>7 (07i7j27j1)7 (07j17i7j2)7 (07j17j27i)7
(07j27i7j1)7 (07j27j17i)7 (iajlaoan)a <i7j17j270)7
(i7j2707j1)7 (i7j27j170)7 (.j17j2a07i)7 (jl)j??iv())}

We now argue in a similar way as in the proof of Proposition 1.6.1. By subadditivity we get

PO~in(l+m)ind(1+72)) < Y E[|Bpyws UAwl] -
(k1,k2,k3,k1)€Q

By the very same arguments as in the proof of Lemma 1.6.1 one checks that each of the
twelve summands is bounded by the right-hand side of (1.6.8). O

Proof of Proposition 1.2.3 Part 2. We are now going to prove (1.2.4), and first set out to
show that for all 6 > 0

n n—in—i—j

ZZZP(ON@'N@'HNHJ'M)ZO(n&’*“). (1.6.9)

i=1 j=1 f=1

By Lemma 1.6.2, and since ¢! + 7221 47t 492071 < 4(r0! 4 1), the left-hand side. of
(1.6.9) is bounded from above by

o;";L ZZ[() 1

7j=1 /=1

By arguments analogous to those leading to (1.6.4) in the proof of Part 1, this implies (1.6.9).
As in the proof of Part 1 we can argue that, as n — oo the terms

SIDN Plhi~inj~o
i=0 j=0 (=0

are of the same order uniformly in for all £ € {0,1,...,n}, so it is enough to look at the
case k = 0. Also, from (1.2.1) and (1.2.3) it is clear that we may then restrict to pairwise
distinct 7, 7, ¢. The first equality in (1.2.4) thus follows from (1.6.9), and (like in Part 1) the
second equality in (1.2.4) is clear from (1.1.8). O
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1.7 A covariance estimate: Proof of Lemma 1.2.5

For ¢ = j or k = /¢ the assertion of Lemma 1.2.5 is clearly true because then the left-hand
side of (1.2.5) vanishes. For i = k we have

COV[I{iNj},I{iNg}] = P(i ~ J o~ 6) — P(i ~ j) P(i ~ f) < P(i ~J o~ 5)

Hence we may assume without loss of generality that 4, j, k, ¢ are pairwise distinct. We then

have
Cov [Lip, Lje] =P (i~ kNj~l) =P (i~ k)P (j~ ) (1.7.1)

and
PlinkNj~nl)=Pli~nkitjnl)+P(i~nkn~j~T{). (1.7.2)
By (1.7.1) and (1.7.2), the inequality (1.2.5) is immediate from the following

Lemma 1.7.1. For pairwise distinct 1, j, k,{ we have
Plinkotjml) <Pi~k)P(~0)

Proof. Let A,, g € Z, be defined as in (1.4.1). For m € N and i; < ... < i, € Z we define
an (A;, ..., A, )-measurable random graph G{»m} which is equal in distribution to the
subgraph of G, that is formed by the (possibly coalescing) ancestral lineages of 71, 2, . . ., in,.
The construction of G-} is done inductively in the following “lookdown” manner: the
ancestral lineage of 4, is taken as A;,, correspondingly, we put Gt} := A; . The ancestral
lineage of i1 is given by A;, ., as long as the latter did not meet Gliin} At the time
of the first (seen in backward time direction) collision of A;,,, with G-} the ancestral
lineage of iy, is continued by the lineage in G{#ir} that starts in the meeting point (and
the continuation of A;,,, from there on is erased). An inspection of G{""*4} reveals that

P ({i~kotj~1})
= P ({Ai NAL#0}N{A;NA #0} N {G{’V’“} NnGUH = @})

< P<{AlﬂAk#®}m{A]ﬂAZ7&®}>a

which because of mutual independence of the A, gives the assertion of the lemma. n

1.8 Asymptotic Gaussianity in the Hammond-Sheffield

urn: Proof of Theorem 1.1.1(B)
We are going to apply Theorem 1.3.1, with 22(™) being the partition on [m] that is generated
by the Hammond-Sheffield urn, i.e. by the equivalence class ~ defined in (1.1.3). For d € N

and t; < --- < tg as prescribed in Theorem 1.1.1 we apply Theorem 1.3.1 with m =
m(n) = |tqn| and p, = [t,n]/|tan], g = 1,...,d. Under condition (B) of Theorem 1.1.1,
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Proposition 1.2.3 ensures the validity of assumptions (1.3.3) and (1.3.4), and Lemma 1.2.5
guarantees that (1.3.5) is fulfilled. It remains to check the assumption (1.3.6). Indeed, with

a(z) =, it p,y <x<p,, z€(0,1, g=1,....d,

because of P(i ~ j) = P(0 ~ |i — j|) and in view of Proposition 1.2.1 the left-hand side. of
(1.3.6) has the asymptotics

Cm2a71 1 1
m? Z agm)agm) P(i~j)~ —2/ / a(x)a(y)|r —y[** 'dedy asm — oo
ijem] L(m)* Jo Jo
(1.8.1)
The Riesz kernel |z — y|?>*~! is positive definite (see e.g. | ]), hence the integral term
in (1.8.1) is strictly positive, and consequently the left-hand side of (1.8.1) is of the order
m2*T! as m — oco. Because of (1.1.8), this is also the order of the right-hand side of (1.3.6).

1.9 Tightness: Proof of Proposition 1.1.3

Inspired by the proof of Theorem 1 in | |, which shows tightness of a different approxi-
mation scheme for fractional Brownian motion, we will make use of the following

Lemma 1.9.1 (] , Theorem 13.5]). Let T > 0 and (™ (t))o<i<r be continuous processes
that converge to a continuous process (((t))o<t<r in the sense of finite dimensional distribu-

tions. Assume that for a nondecreasing continuous function F on [0,T], for some v > 1, for
all0 < s<t<u<T, for some N €N and alln > N

B{[c¢0) - (V)] [ - 0] < [Fo - Fe] o

Then (" (t))o<t<r converges in distribution in (C’ ([0,77), 1] - HLoo([O’T])) to (C(t))o<t<r-

Proof of Proposition 1.1.5. We first note the following immediate consequence of (1.1.7) and
(1.1.8): There exist constants ¢, > 0 such that

en®* M L(n) 2 <o <dn*tL(n)"?, VYneN. (1.9.2)

Next we fix 0 < s <t <u<T and j,k, ¢ € N satisfying

+1 K k+1 (+1
l§3<‘i’ _§t< +7 L
n n n n

n

l
—<u<
n

The definition of S as a linear interpolation gives

o (ST (1) = S™M(s) = Y Y+ [1=(sn— )] Vi1 + [tn — k] Vi

m=j+1
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We note that 0 < [1—(sn—j)] < 1,0 < [tn—k] < 1 and get that for some constants
C1,C2,C3,Cq

Var [S(”) (t) — S(”)(s)] < [2 Var [S(k’j)} + 2¢; Var [V + Ykﬂ]} o
< [2d(k—)* P Lk — )2+ o] 032
< [es(k =)Lk —5)7%] 0,
< o (k - ‘7) (%) . (1.9.3)

Here the first inequality holds because for any two square-integrable random variables Gy,
G5 one has Var [G; + G2 < 2 Var[G,] + 2 Var|[G3], the second and the last inequality hold
because of (1.9.2), and the third one holds for some ¢35 > 0, some N; € N and all n > N
because L is a slowly varying function. (Remember that k, j, ¢ depend on n for fixed time
points s,t,u.) Analogously,

Vm{ymwy_ym@]§%<?—kYMH<a%@E>% (1.9.4)

n

To use Lemma 1.9.1 we have to bound the expectation
Eﬂswuy—yw@wWSWuo—sW@ﬂ.
For ¢ < j+1 we get that |u—¢| < 2 and |t —s| < 2, so that by basic calculus (u—¢)(t—s) <

(u — s)t®. By the definition of 4 "and the fact that L is slowly varying one has L(n) < n®
for n large enough. So linear interpolation gives:

E [|S)(t) = 50)(s)] - 1S () — S ()]

< (@derm) (€9 (w-9)
< <6n‘§>2 (u — s)'T? = @%(u _ )l
< E(u— ) = [cou — cos]

for some ¢y > 0. Now assume ¢ > j + 1. Cauchy-Schwarz and the estimates (1.9.3),(1.9.4)
yield

E“SW@»—ymwwwSWuo_SW@w

JVar [S() — S01(3)]/Var [0 a) — 501
T G
v <£%> L(k —Lj()?(é — k)
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{—7 2ot 2a+1
< 2c3 (—) < (203 2(u—5s)) .

n

(The third inequality holds because of 4|k — j| - [¢ — k| < |¢ — j|?, and the fourth one holds
for n > Ny for some Ny € N because L is a slowly varying function.)

Thus, ¢ := S™ fulfills condition (1.9.1) with N := max{Ny, No}, v := o + 1/2 and
F(z) = 4max{co,cs}z. In view of Corollary 1.1.2 we can thus apply Lemma 1.9.1 and
conclude the assertion of Proposition 1.1.3. O]

Remark 1.9.2. In | ] the functional convergence of S was deduced from a tail estimate
(uniform in n) on maxejo 1 St(n), stated in [ , Lemma 4.1]. The proof of this lemma
given there relies on the statement that for a certain sequence (r,) the inequalities (4.11) in
[ | imply boundedness of (r,). There are, however, examples of unbounded sequences
which fulfill these inequalities. Still, things clear up nicely because the assertion of | ,
Lemma 4.1] is a quick consequence of Corollary 1.1.4 and the Borell-TIS inequality.

1.10 Coalescence probabilities in long-range seedbanks

In this section we will assume that the weights ¢, of the renewal measure defined in (1.1.4)
obey the asymptotics (1.1.10), see the discussion after equation (1.1.10). Following | ]
we extend the model described in Section 1.1 as follows. For fixed N € N, the set of vertices
of G, is now Z x [N]. The set of those vertices whose first component is i constitutes the
population of individuals living at time i. The parent of the individual (i, k) is (i — Rk, Hi k),
where the random variables R;, are independent copies of R and the random variables H, j,
are i.i.d. picks from [N]. In words, each individual chooses its parent uniformly from a
previous time with delay (or dormancy) distribution p. The corresponding urn model, which
goes back to Kaj, Krone and Lascoux (| ]), thus specialises to the Hammond-Sheffield
urn for N = 1.

Again we write (i,k) ~ (j,¢) if the two individuals (i,k) and (4, ¢) belong to the same
connected component of G,. Thanks to Proposition 1.4.1, which also provides a proof of

[ , Lemma 3.1 (c)], we arrive at the following analogue of Proposition 1.2.1 (see also
[ , Theorem 3(c))]:

Proposition 1.10.1. For all k, ¢ € [N]

Z'2a71
P ~ (1 ~ - ; 1.10.1
((0, k) (2,6)) C’Q,NL(Z,)2 as i — oo, (1.10.1)
where now
1 (1 - 2a)

Con = .
NN T @ @I —ap

Proof. Denote by flak and flw the decoupled ancestral lineages of the individuals (0, k) and
(7,¢) constructed in analogy to (1.4.1). Like in (1.4.2) we observe

o 1
E [‘Ao,k N Ai,f’] =  Imm+i-

m>0

7



Decomposing at the most recent collision time of floyk and /L‘Vg we get

E [Aoyk N AM} —P (onk N A, # (D) Y %qfn

m>1

The last two equalities combine to

Z >0 dmYm+i
P (|[Aox N Al #0) =-"2 )
The claimed asymptotics (1.10.1) is now immediate from Proposition 1.4.1. O

Remark 1.10.2. For given natural numbers n and N let ., #, % and £ be independent
and uniformly distributed on [n] x [N]. In complete analogy to Proposition 1.2.3 one can
derive that for all § > 0 and for a constant C' not depending on n and N

C o
P(S~ F~X) < mnm 248,

C e
P(jN/N%ND%) S WTLG 3+6.

Consequently, along the lines of the proof of Theorem 1.1.1 one obtains the convergence of
an analogue of (S™) towards fractional Brownian motion also in the long-range seedbank
model of | ].

Acknowledgment. We thank Matthias Birkner, Florin Boenkost, Adrian Gonzalez Casanova,
Alan Hammond and Nicola Kistler for stimulating discussions and valuable hints. We also
thank the Allianz fir Hochleistungsrechnen Rheinland-Pfalz for granting us access to the
High Performance Computing ELWETRITSCH, on which simulations have been performed
which inspired results in this work. We are also grateful to two anonymous referees whose
careful reading and thoughtful comments led to a substantial improvement of the presenta-
tion.

78



Chapter 2

Branching fractional Brownian
motion:

discrete approximations and maximal
displacement’

10n arXiv as | ]
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Abstract

We construct and study branching fractional Brownian motion with Hurst param-
eter H € (1/2,1). The construction relies on a generalization of the discrete approxi-
mation of fractional Brownian motion (Hammond and Sheffield [ ]) to power law
Pélya urns indexed by trees. We show that the first order of the speed of branching
fractional Brownian motion with Hurst parameter H is ¢t T1/2 where ¢ is explicit and
only depends on the Hurst parameter. A notion of “branching property” for processes
with memory emerges naturally from our construction.
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2.1 Introduction

Fractional Brownian Motion with Hurst parameter H, also known as H-fractional Brownian
motion, is the unique centered Gaussian process B with stationary increments and variance
Var [Bf] = t*. We will restrict to the case H € (1,1), for which fractional Brownian
Motion has positively correlated increments (and lacks the Markov property). By a well-
known result of Mandelbrot and van Ness [\VNGS], fractional Brownian motion (FBM) has

a kernel representation in terms of Wiener increments diW (s):
BY(t) = / K(s,t)dW(s), teR. (2.1.1)
(_Oovt]

The definition of the kernel K = K will be recalled in Section 2.3.1. In the following we will
construct and analyse a branching version of fractional Brownian motion, more specifically
fractional Brownian motion indezed by a Yule tree ). This construction works in two steps:
the first is for a given realisation t) of ), the second is a randomisation over 1).

Figure 2.1: This shows a simulation of the branching fractional Brownian motion with Hurst

_1
parameter H = 0.85. The y-axis is measured in units of (Zzzo q?) ? for qp defined by (2.2.10)

and a = H — % The simulation is based on the discrete approximation described in Section 2.2.2

The representation (2.1.1) lends itself for a construction of the y-indexed FBM. To this
purpose, think of y as the disjoint union of countably many edges {h} x (¢, 7], where
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h € U,en, 10, 1}" is the Ulam-Harris name (see | , Section 2.1] and Section 2.2.2) of the
edge and (¢, 13] is the life time interval of the edge. For each v = (h,t) € v, let t(v) = t.
In this way, the ancestral lineage a(v) C vy of each v € py is in isometric correspondence with
(—o00,t(v)]. Let dWy(v), v € p, be a standard Gaussian white noise on ). Then the y-indezed
FBM has the representation

B (1) = / | K 0) W), ey (2.1.2)

This construction is implicit in work by Adler and Samorodnitsky, see | |, who introduced
branching fractional Brownian as a starting point for their construction of super fractional
Brownian motion as a process of measures on the path space that can be seen as a high den-
sity limit of branching fractional Brownian motion. For related approaches to tree-indexed
processes with memory see | |, who studied the long-term behaviour of their cloud of
particles with a focus on the bulk.

Our paper has two main contributions. Firstly, in Theorem 2.3.2 we will construct discrete
approximations of y-indexed FBM Bf (and thus also the branching fractional Brownian
motion) for H > % via a discrete approximation. This approach is based on the power law

Pélya’s urn of Hammond and Sheffield | | and a recent analysis of the random genealogy
that underlies this urn, see | ].
In a nutshell, the approximation of B¥ works as follows. For o := H — %, consider a
family (R;),.,, of independent N-valued random variables with distribution
p({n,n+1,..})=n"", n € N. (2.1.3)

The types (say —1 or +1) of the individuals ¢ € Z are determined recursively: Each individual
1 selects i — R; as its parent and inherits the parent’s type. As it turns out, this leads to a
forest of countably many trees, see Section 2.2.1. If each of these trees is assigned the type
—1 or +1 by a fair coin tossing, it further turns out that the rescaled sums over the types
of the individuals 1,...,[tn], ¢ > 0, converge to fractional Brownian motion with Hurst
parameter H as n — oo.

The proof of Theorem 2.3.2, which will be carried out in Section 2.6, reveals interesting
analytic identities. While the representation (2.1.1) ( as well as (2.1.2) ) has the flavour
of a moving average, the Hammond-Sheffield approximations of FBM is more in the spirit
of an autoregression. Indeed, as an aside of our proof of Theorem 2.3.2, we will obtain a
“microscopic” interpretation of the prediction formula of Gripenberg and Norros | .

The simulation depicted in Figure 2.1 is based on the discrete approximation provided
by Theorem 2.3.2.

Our second main contribution in this paper is the analysis of the speed of the right-
most particle of branching fractional Brownian motion, in the spirit of McKean’s celebrated
work | | about branching Brownian motion, which was later substantially refined by
Bramson | | and Lalley and Sellke | |. Specifically we will show that the maximum
M*H(t) of a BFBM with Hurst parameter H > 3 behaves asymptotically like

m(t) == tHJfé\/ T2 H 2
D(L— H)E (H +3) (H + )

(2.1.4)
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in the sense that for all e > 0

M™(T)

m(t)

P ‘ >e ]| =0 fort— oo. (2.1.5)

See Figure 2.2 for an illustration of m(t) for ¢ fixed and varying H. Note that for H = %
m(t) equals v/2t, which is consistent with the results about branching Brownian motion.

0
0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95 1

Figure 2.2: This is an illustration of the behaviour of m(t)/t T3 as a function of H.

Up to the constant factor in (2.1.4), the leading order t#72 of the maximum can be easily
explained. Indeed, for a number |e'| of independent normally distributed random variables
with variance t?# the leading order of the maximum would be given by

m(t) == V2 113

as suggested by the estimate

' P <N(0,t2H) > m(t)> ~ e’ exp (_m(t)Q) -

2t2H

Due to correlations we obtain (2.1.2) which only differs by the constant prefactor depend-
ing on H. The statement on M*(t) is proved in Theorem 2.3.8, which in turn is strongly
connected to Theorem 2.3.6, see Remark 2.3.9. The proof techniques of these theorems rely
heavily on exploring the connection between branching random walks and the so-called gen-
eralised random energy models (GREM). Those models were introduced and discussed by
Derrida in the 1980’s in | 1,1 ] and | |. An introduction to those can be found
in Lecture Notes by Kistler | .
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The connection between GREMs and branching random walks has first been explored
by Arguin, Bovier and Kistler in | ] for branching Brownian motion. In contrast to
Brownian motion fractional Brownian motion is a process with memory. The corresponding
GREM is then a continuous GREM with decreasing variance. Of such a GREM, Bovier and
Kurkova analyse the leading order of the maximum in | |. Their results lead to Theo-
rem 2.3.6, where the underlying tree is a deterministic binary branching tree, see Section 2.7.
For subleading orders work by Maillard and Zeitouni | | allows some conjectures in our
regime, see Remark 2.3.12. For the proof of Theorem 2.3.8, where the underlying tree is a
Yule tree, we rely on methods developed first in | | and later in | | by Kistler and
Schmidt. In Remark 2.3.13 we give a more detailed account of (some of) the literature on
the GREM, with an emphasis on work that is relevant for the ideas that are used in the
present paper.

Our proof of Theorem 2.3.8 is conceptual in the sense that it makes use of the connection
between GREMs and branching random walks, Section 2.8. As pointed out to us by an
anonymous reviewer of a previous version of this paper, Theorem 2.3.8 can also be deduced
in an expedited manner from known results on branching Brownian motion by using the
representation (2.1.2) and the Payley-Wiener partial integration formula, see Remark 2.3.11.

2.2 Preliminaries

2.2.1 The Hammond-Sheffield random walk

We start by briefly recalling the urn model of | | along the lines of | ].
For a € (O, %) and a slowly varying function L : R — R¥ let p := p,, 1 be a probability
measure on N having regularly varying tails

pu{n,n+1,...}) ~n"*L(n), (2.2.1)

and let R be an N-valued random variable with distribution .

Let G, be a random directed graph with vertex set Z and edge set E (gu) generated in
the following way: Let (R;),., be a family of independent copies of R. The random set of
edges F (Qu) is then given by

E(G,) ={(i,i— R;):i € Z}. (2.2.2)
This induces the (random) equivalence relation
i ~ j <=1 and j belong to the same connected component of G,,. (2.2.3)

If @ > 1/2 there is only one connected component and this relation is trivial.
The individuals’ types arise as follows: Assume that each component of G, gets its type
by an independent copy of a real-valued random variable Y with

E[Y]=0and 0 < E[Y"] < 00. (2.2.4)
In the situation of | ], Y is a centered Rademacher(p) variable, i.e.
Y =¢—(2p—1) with P(6=+1)=p, P((=—1)=1—p. (2.2.5)

84



Denote by %; the component which contains i (note that €; = ; if i ~ j). For i € Z the
type of the component %; will be denoted by Y;. Define the “random walk” (with dependent
increments)

Sui=)_Yi, n=01,. ... (2.2.6)
=1

Let us analyze the covariance structure of this random walk to motivate its relation to
fractional Brownian motion: By construction,

= Var|[S Z Covl]Y;,Y;] = E[Y?] Z P(i~ j). (2.2.7)

i,j€[n] i,j€[n]

[ , Lemma 3.1] shows by Fourier and Tauberian arguments that

o 2o+l
Z P(i~j) c@a+ 1) L) as n — 0o; (2.2.8)
1,j€[n]

with Cj as in (2.C.2), see | , (1.8)].

For2n1<t<— i,n €N, 1et

S (t) be the linear interpolation of S;/c,, and Sii1/0y. (2.2.9)
Because (.5,,) has stationary increments by construction, it follows from (2.2.7) and (2.2.8)

that S™ has, asymptotically as n — oo, the covariance structure of fractional Brownian
motion with Hurst parameter H := %+a. In order to prove that S™ converges (in the sense

of finite dimensional distributions) to fractional Brownian motion, it is shown in | | that
the finite dimensional distributions of S are asymptotically Gaussian. This is provided by
[ , Theorem 1.1], see also | , Theorem 1.1].

The renewal function,
:P<}?1+...+R]~:nfor somej20> (2.2.10)

with Ry, Ro, . .. being independent copies of R, an N-valued random variable with distribution
p as in (2.2.1), is the main ingredient to describe the random graph G,. As in | | we
will work under the condition

! e = (2.2.11)
n as n — 0o, 2.
"™ T (1 - a) L(n)
see | , Theorem 1.1(B)]. This is equivalent to the validity of the Strong Renewal Theorem

for the renewal process with increment distribution (2.2.1), see Caravenna and Doney [ ],
whose Theorem 1.4 gives necessary and sufficient conditions in terms of u for the validity of
(2.2.11). A well-known sufficient criterion for (2.2.11) is Doney’s | ] criterion

nP(R =n)

—= < 0. 2.2.12
ili%) P(R > n) o ( )
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We will work under the more restrictive assumption of L = 1 and (2.2.5) with p = % to sim-
plify notation. This means that we assign a type to each component of the random graph
G, either +1 or —1 with probability 3.

Another key ingredient to analyse this model is the pair coalescence probability P (0 ~ n).
Under the above assumption we get

1 T(1-20) .,
Zzzoqz? D(a)l(1 — )3

for n — oo, see | , Proposition 2.1].

P(O~n)~ (2.2.13)

2.2.2 Tree-indexed Hammond-Sheffield-urns

Now we introduce a branching version of the HS-model. Denote by ) the set of binary
branching R-trees with countably many branches. Let y € ) (for example a realisation
of Yule tree, in which every individual splits into two after an Exp(1)-distributed time),
see Figure 2.4. We now recall some notation introduced in Section 2.1 and add some more
needed: We denote by B the collection of branches of the tree, such that ) := | J,.5b. Assume
that at a branch b € B there is a branching event at time s, then we name this new branch
(b, s). For the sake of notational ease we shorten this to bs. The main branch is named 0, see
Figure 2.4. For two branches b,l; we denote by b A b the time when they split, for example
0AOrs =r and Or AOrs = s, as depicted in Figure 2.4. The point on the branch b at time ¢
on the tree is denoted by (b, t),. If bs and b are two branches, we say that bs\s = b. We say
that the branch b is older than the branch b if the last digit (eR) of b is bigger than the
last digit of b. For example, 0 is the oldest branch and b is older than bs.

Remark 2.2.1. Let us connect our notation (introduced in the paragraph above) with the
classic Ulam Harris notation, which we discussed before Equation (2.1.2): The branch 0s; in
Figure 2.3 consists of the edges with Ulam-Harris names f = 0,9 = 1,h = (hy, h2) = (1,0)
(which we write as 10). It branches of from the main branch at time s; = £, = ¢;.
Generally speaking: A branch containing the edge with Ulam-Harris name h = (hy, ho, ... ,)
splits-off at times

{€h17h27---7hk . hk = 1} .

Our notation consists of the branch times at which a 1 is added to the Ulam-Harris names
of an edge. A branch b consists then of the edges between branching events. See Figure 2.3
for a translation between those notations in a concrete example.
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s =19 =1Ly =1 t =19 =Ly = lo

sy =11 ="l = {1

Figure 2.3: This figure contains a translation between the notations introduced in Section 2.2.2
and in the Introduction. The Ulam-Harris names of the edges are written in black. The birth and
death times are s1,sy and ¢. The names of the branches in our notation and the corresponding
ancestral lines are displayed in multiple colours. See Remark 2.2.1 for a detailed explanation of the
translation between the two notations.

We are now ready to construct the n-th discrete approximation of branching H-fractional
Brownian motion:

1. Sample a Yule tree ).

2. Sample a HS-model over the discretisation of the branch 0. More specifically, sample
an HS-model over Z, and identify the integer ¢ € Z with the point in the tree (0,i/n),.
This is done as described in Section 2.2.1, using the branch 0 instead of the real
numbers.

3. We proceed recursively. Let the Rgb) be independent and have distribution p. Note

that each individual (b,7)(,) has an ancestor at distance RZ@ to the left to which it is
connected regardless of the branch it lies in.

Formally, assume that the HS model has been sampled on the oldest m branches.
Furthermore, assume that b = s ... ;11 is the (m + 1) oldest branch and that its last
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Or

Ors

Figure 2.4: Three branches of the tree § are shown. The ancestral branch is denoted by 0. The
branch splitting off from the ancestral branch at time r is denoted by Or, and the branch splitting
off from the branch Or at time s is denoted by Ors. Time runs from left to right, and distances in
n are measured horizontally. Each branch b is conceived as a copy of R, with common ancestries
being glued together.

digit is S;,41 > 0. For i € nZ,1 > |syy1n] set
r = max {T <m+1:(i— RZ@ — Spp1n) /N + [n(Sm — sp) |/ > 0} V0.

The point (b, —i—i/n)lj is connected to <51 Sy, (1 — R ® )/n> . See Figure 2.5.

Note that the above procedure produces a random graph with almost surely infinitely many
connected components, see Figure 2.58. We assign a type 41 to each component indepen-
dently with probability . By (bs,k)wn) = (bs,k/n), we denote individual number k € Z
in the branch bs, which branched off from branch b at time s, in the n-th discrete approx-
imation. We will mostly omit the subscripts and just write (bs, k). If & < |sn| this is the
corresponding individual in branch b, if k > [sn] it is the [k — |sn]]-th individual after the
branch point at which bs branched off b. Especially this means that (b,0) corresponds to the
same individual for all branches b € B, see Figure 2.5A. For an individual (b, k) we denote
by Y1) the type of its component, where we often will omit the b if b = 0.

The random walk for the n-th discrete approximation along the main branch 0 is defined
by

[tn]
1
St ;:(_ Zn [tn — [tn]] Yim) + [[tn] —tn] Y|, t>0  (2:2.14)
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(0,0) = (07“; 0)=... (Owh) = (Or,rn) (0,tn) (0,7n)
o e e e e

(Or,rn) : (Ort, tn)

. L @ (0r,un)
(Or, sn) = (0rt, sn) 3

—@ (Ort,un)

(A) An illustration of a branching HS-model and the multiple names an individual
can have.
0 ™ sn tn

(B) An illustration of a branching HS-model in which we
follow three ancestral lines. Two of them coalesce. Red
and purple belong to the same component.

Figure 2.5
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for the scaling function

e L1 T(-20) :
c(n) ._< S 7 aBa ) F(&)F(l_&)3> . (2.2.15)

Now define the random walk along a branch bs inductively by

n n n Ztt:ans Yv(b57£)+|:tn_\-th]Y s, |[tn +[[tn—‘_tn]y s,|tn
S (1) 1= Li<aSy (1) + Lo [sg (s) 4 Zitnal ) e

(2.2.16)
Observe that this means that for two branches b and b the processes Sé”) and Sé") are equal

till b A b and share some common memory afterwards. See Figure 2.6 for a simulation using
different values of n.

From now on always denote by P, E, the law of the y-indexed random walks given the
tree . Thus we immediately get the following:

Proposition 2.2.2. Let y € Y. Then the sequence of processes (Sé"))n>l converges for all

branches b € B in distribution to fractional Brownian motion with Hurst-parameter H = %—i—a
as n — 0.

This follows directly by | , Theorem 1.1] since each branch itself is a HS-model. A
first step in showing the validity of our discrete construction is the following proposition.

Proposition 2.2.3. Let yw € V. For not necessarily different branches by, ... b, € B and
t1,...,t,m € R the vector

(sg??)(ti)) (2.2.17)
¢ i=1,....m
18 asymptotically jointly Gaussian as n — oo.

Proposition 2.2.3 will be shown by the results of Section 2.5 and 2.6, which contain a
notion of ”branching property” for processes with memory.

90



(B) n =300

Figure 2.6: This is a simulation of S,gn) = <(Sb(t))0<t<8)b 5 for o = 0.45. The y-axis is measured
S8/ be

N

_1
in units of (Zzzo qf) * for gy defined by (2.2.10) and o = H — 1.
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2.3 Main results

In this section we will describe the main contributions of this paper, which include a discrete
approximation of branching fractional Brownian motion and the derivation of the speed of
its maximum.

2.3.1 Tree-indexed fractional Brownian motion

Remember the classical construction of fractional Brownian motion already stated in the
Introduction, see (2.1.1): Given a Brownian motion W, Gaussian white noise on R, we
construct a fractional Brownian Motion with Hurst parameter H by setting

B(t) :—/RK(s,t) dW(s) (2.3.1)

with

N|=

K(s,t) := K"(s,t) := CLH {13<0 <(t —s)f72 (—S)H’%> + Lissso(t — S)H’% . (2.3.2)

and

Cy = <—22HF(_}\[/>W_F (H + %)>2, (2.3.3)

see [ , Definition 2.1, Corollary 3.4], where this process is called reduced fractional
Brownian motion. Note, that the normalization corresponds to the one used by Samorodnit-
sky and Taqqu in | , Chapter 7.2] and differs from the one used in | ]. In the same

way we can proceed and construct on top of branching Brownian motion ((Wb(t))[o 1] ,
A1) ven
Gaussian white noise on an R-tree y € T, fractional branching Brownian motion:

Definition 2.3.1. Let <(Wb(t))[0 T]> be Gaussian white noise on an R-tree ) € ). The
’ beB

process <(Bb(t))[07T]>beB defined by

By(t) ::/RK(S,t) dWy(s) (2.3.4)

is called n-indexed branching fractional Brownian motion (BFBM).

Note that the above definition corresponds to the process defined in (2.1.2) and the
construction of [ , Section 6]. If one now computes the covariance

Covy [By, (t1) , B; (t2)] (2.3.5)
one obtains for branches b and b with bA b = s

pK (tlv t2> 8)
= EU [Bb(tl)Bl;(tgﬂ
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2
Cy oo 0

- L, ( / (th — &)1 — (=) 3dBy(€) + / 1<t1—5>H—%de<s>>

- ( / (b — €)1 — (&) aBy(e) + / "ty — )1 de,<§>)

—00

= é( / " (- - () ((tz—@H-%—(—g)H—l)dg)

—00

+CL§ </08(t1 — Oty — )2 df) . (2.3.6)

[N}

For t; =ty =t > s this gives

pr(tt,s)
- = ( [ (e-emt- <—£>H—%)2d£) b ([ e-gma)
= (1t —5)* VT2t =" —C,(t — 5)*" (2.3.7)

I(1—H)T (H+1)

Observe that the prefactor one of #* in (2.3.7) is due to the normalization used in (2.3.2).

2.3.2 A discrete approximation via tree-indexed Hammond-Sheffield
random walks

Let us now discuss the discrete approximation (2.2.16) to branching fractional Brownian
motion:

Theorem 2.3.2. Let T > 0. Letywe Y. Then
S = ((S(n) t ) ) 2.3.8
n b (1) 071/ 4o ( )

converges in distribution to BFBM.

Note that S,g”) is a random function from the R-tree vy into the real numbers R. The
above convergence in distribution occurs with respect to the topology induced by uniform
convergence.

The proof can be found in Section 2.6.

Since again pair coalescence probabilities are a main ingredient to understand the struc-

ture of the model and its limit we state a simple proposition similar to [ , Proposi-
tion 2.1]:
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Proposition 2.3.3. For branches b and b with b Ab = s the probability that (b,i) and (b, j)
(which for i,j > sn lie in the two different branches) lie in the same component of the
branching HS-model is given by

1
PU <(b7 Z) (b ])) Z@>0 Qg Z QTQT—H]'—H Zg>0 Qg Z(h sn4rqj—sn+r (239)

>(inj)—s r>0
fori,5 > sn.

The proof can be found in Appendix 2.D. This can now be used to compute the covariance
structure of the discrete approximations in Theorem 2.3.2: For branches b,b with bA b = s
we have

1
- [t%a—f—l . (tl . S)2a+1 + t%a—H . (t2 . S)Qa—f—l}

Covy [S (1), S (12)] ~ 3

t1—sta—s oo

f f fy3+y1 Yys + y2)* ' dys dya dys

r(1 — 2a)F( T(1— o) (a(2a + 1)1
= p(t,ta,5) (2.3.10)

+

This formula and its proof, which can be found in Appendix 2.C; help to identify the sources
of positive correlation. We will show that the covariance structure obtained with the discrete
approximations and the kernel construction are indeed the same, see Corollary 2.5.8. This
implies that the two constructions of BFBM lead to the same object.

In particular it turns out that for H = a + %

pK (tl,tg, S) = pHS (tl,tg, S) = p(tl,tg, S) (2311)

for p¥ (t1,t,s) defined by (2.3.6) and p™S (¢,,t,, s) defined by (2.3.10). This equality is elu-
sive to us without the stochastic interpretation presented here. Interesting analytic identities
emerge of this and are the content of Appendix 2.E.

2.3.3 A prediction formula for fractional Brownian motion

To better understand the connection between the representations (2.2.16) and (2.3.21) let
us go back to fractional Brownian motion and provide additional insight on the following
result by Gripenberg and Norros:

Proposition 2.3.4 (] , Theorem 3.1]). For a fractional Brownian motion B with Hurst
parameter % <H<1forallt>0
0
E [Bi|o (Bs,s < 0)] :/ g(t,s)dB, (2.3.12)

—00

with

© de. (2.3.13)




Remark 2.3.5. Note, that the integral in (2.3.13) has no singularity at 0 since since H > %
For the same reason we have that for all ¢ > 0 the integrals fi)oo lg(t, s)| ds and ffoo lg(t, 5)?| ds
are finite. By | , p. 404] this is enough for the integral in (2.3.12) to exist.

The proof technique in | ] consists in using the representation formulae (2.3.21), see
[ , Proof of Theorem 3.1]. The HS-model allows to understand the kernel g in (2.3.13)
as the probability that a certain increment from the past will get copied into the present. See
Section 2.4 for a proof of Proposition 2.3.4 which makes use of this.

2.3.4 The maximal displacement of branching fractional Brownian
motion

In the following we identify the leading order of max By(t).
(S

Theorem 2.3.6. Let hy, be a deterministic binary branching tree (every branch branches
into two after time 1, see Figure 2.7), and recall the definition of Cy from (2.3.3). The
leading order of the maximum of a BFBM

((Bb(t))tz()) (2.3.14)

beB

with Hurst parameter H € (%, 1) 18

log(2)y/m22H+1H /2 log(2 1
T(1—H)(H+ 1) (H+1) Ch (H +3)
in the sense that
max By(t)
€
Dbin W —1 fOT’ t — o0. (2316)
See Section 2.7 for a proof.

Remark 2.3.7. Arguments in the flavour of Arguin, Bovier and Kistler | |, which were
continued in work by Kistler and Schmidt | ], see Section 2.8, give us a similar state-

ment for branching fractional Brownian motion on Yule trees, see the next theorem. The
idea of the proof is to first show that the maximum of a BFBM can only be attained by a
trajectory staying very close to the maximum all along the way. For this purpose we will
show exactly this for a series of Generalized random energy models (GREMs) approximating
BFBM. Finally we observe that trajectories staying close to the maximum are indeed of the
desired order.

In Remark 2.3.11 we give another proof of Theorem 2.3.8 which combines results of | ]
with the Mandelbrot-van-Ness-representation of fractional Brownian motion in terms of
Wiener integrals and the Payley-Wiener partial integration formula.
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Theorem 2.3.8. Let Q) be a (binary branching) Yule tree with branching rate 1 and let n
denote its distribution. Then the leading order of the maximum of a BFBM

((Bo(1),s,) (2.3.17)

beB

with Hurst parameter H € (%, 1) 18

92H+1 ] 5 1
m(t) = tHts VT = f+s. V2 — (2.3.18)
I(1—H)(H+ 1) (H+3) Cn (H+3)
for Cy defined by (2.3.3) in the sense that
max By (1)
P, %—1 >e|n(dy) =0 fort— oo (2.3.19)
and all € > 0.
Note that this result means
max By(t)
€
— =1 2.3.2
P e S ) (2.3.20)

where P averages over the Yule tree and the fBM increments along the branches.

Remark 2.3.9. Observe that the only difference between the formulas (2.3.18) and (2.3.18)
for the leading order of the maximum m(t) is the factor y/log2. This comes from the fact
that the Yule tree has of order e’ many leaves at time ¢, while the corresponding quantity for
the deterministic binary branching tree is 2¢. While this explanation can be made rigorous
using the ideas by Kistler and Schmidt | |, a proof of Theorem 2.3.8 can be given
along the following lines: In the situation of the Theorem, the distribution of max By(t) can

be approximated by a generalized random energy model (GREM, see | |) in which the
variance along all branches is decaying. The latter fact together with the Gaussian increments
along all branches gives that the optimal strategy is to always follow the maximum path.
This allows to compute the order of the maximal displacement directly. For details we refer
to Section 2.8

Remark 2.3.10. We conjecture that the above results hold almost surely.

Remark 2.3.11. The proof of Theorem 2.3.8, which we will give in Section 2.8, is conceptual
in the sense that it relates the fractional branching Brownian motion rather directly with
a generalised random energy model, see Remark 2.3.7. Here we give an alternative proof,
which makes use of the Mandelbrot-van-Ness-representation of fractional Brownian motion
in terms of Wiener integrals and transforms these via the Payley-Wiener partial integration
formula into weighted Riemann-Integrals of the paths of branching Brownian motion and
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controls their asymptotics using results from [ |: Remember that we can represent
branching fractional Brownian motion by the Wiener integral

e Cn

By(t) == / ! [15@ ((t—s)H_é—(—S)H_;>+1t25>0(t—s)H_5} AWy(s).  (2.3.21)

Now note that all branches have the integral over R<( in common. Writing

1 1 1
7y = / — ((t —s)H2 — (—S)H—§> dWy(s) (2.3.22)
k. Ch
we thus obtain -
By(t) = Z; + / —(t — s)H’% dWy(s). (2.3.23)
o Cn
By integration by parts the latter integral is equal to
tg_—1 ,
/ 2(t — 5)13 W, (s) ds, (2.3.24)
o Cu
and similarly
H-1 f .
Z, = / 2 ((t Y (—s)H*%) Wo(s) ds. (2.3.25)
g Cn

Since Wy(s) is just an ordinary Brownian motion Z; is almost surely at most of order #¥.
Let € > 0, then by | , Corollary 2.6] (see also | , Theorem 3.8] and |
Proposition 2.5]) the integral in (2.3.23) fulfills

’

1
P | lmax (; HCH2 (t - S)H_%Wb(s) ds

1
VB IRt s) 525 ds

—1>¢e| - 0ast— oc. (2.3.26)

Substituting u = 7 gives

(t — S)H’%\/Es ds

S8
DS

N

o\w

I
~
i
VY]
N
Q
T
N |
N
£
—
|
£
T
&
©
(o
I

I
~

T
o
=

H — 1 1 1
- $H+5 \/5 2 / T332 qQu _/ wH12 qu
Cu |Jo 0
— 4H+3 ﬁ . 1
Cu (H+3)

which gives the desired result.
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[ , Corollary 2.6] can also be used for a weak result in the second order term since
it also gives that the maximum path of branching Brownian motion at time ¢ is of order
V8 A v/t — s smaller than the maximum path at time s. So since

/Ot(t — 53 <\/§ A m) ds (2.3.27)

is of order t this entails that

_4HAy L V21
max By(t) — 772 - & Gy

7 >—-K | —>1las K — oo. (2.3.28)

lim sup P

t—o00

The next remark suggests that this bound is presumably not sharp.

Remark 2.3.12. In | ] Maillard and Zeitouni continue the study on the distribution
of the maximum of branching Brownian motion with time-inhomogeneous variance, which
corresponds to the study of the time-inhomogeneous F-KPP equation. (See also | | and
[ | by Fang and Zeitouni as discussed in Remark 2.3.13.) They prove that the maximum
particle of a branching Brownian motion W on [0, 7] with time inhomogeneous strictly
decreasing variance o2 (%) satisfying o € C?,inf; [0/(t)| > 0,0(1) > 0, which can be written
as

t
Wcr?,T(t) = / o (%) dW; for standard Wiener noise W and 0 <t < T, (2.3.29)
0

behaves like
1 1 1 ! 1 2
T- / o(s)ds—1Ts - 2_3a1/ o(s)3 |o'(s)|® ds —log(T) - o(1), (2.3.30)
0 0

where « is the largest zero of the Airy function of the first kind.

We can naively fit branching fractional Brownian motion into their setting to obtain a
candidate for the order of the second order term of the maximum of fractional branching
Brownian motion: Using Equation (2.3.7) we can write

-a(-3)]

p(s, t,t) = t*H

s 2H
= *fc, 1—<1—¥> +[1-c,] "
s/t
= 1, [/ o*(x)da| + [1—C,] "
0
for
o?(z) = 2H(1 — z)*H 71, (2.3.31)



Let now W7 T be a Brownian motion on [0, 7] with time inhomogeneous variance o2 (%)
and let Z be an independent normally distributed random variable. Then the above repre-

sentation of p gives the equality in distribution

W T(T) + /1— Gtz L B (1) (2.3.32)

for ¢ fixed and T = ¢*C,. This also holds for the branching systems, in the sense that

for branching Brownian motion <W;27T> s

with time inhomogeneous variance o2 (—) we

beB r
obtain W
o2,T — H 7 (@) H
max W, " (T)++/1-Cit"Z max B (t)p. (2.3.33)
This is due to the fact that two branches in | | which have split at time 27",z € (0,1)

have covariance T’ fox o?(u) du. We conjecture that the results by Maillard and Zeitouni, see
[ , Theorem 1.1}, give the second order term of the speed of the maximum of a BFBM
even if the function o is not fulfilling the conditions inf; |o’(t)] > 0, o(1) > 0 and o € C? .
By (2.3.33) This suggests that the second order term is of order 3. We do not believe that
the third order term will be the same as in | , Theorem 1.1}, where it is of logarithmic
type.

In the following we give a few remarks concerning the connection between branching
random walks and the GREM; for more background see the Lecture Notes by Kistler | ].

Remark 2.3.13. A precursor (and a special case) of the GREM is the REM, Random Energy
Model, introduced by Derrida in | |, continued in | ]. This is the Gaussian random
field (X,),_; o~ for independent X,. An overview and analysis of this can be found in
lecture notes by Bolthausen and Sznitman, see | .

In | | Derrida then introduced the GREM, a REM with multiple levels, which introduced
a hierarchical structure. For example a GREM with two levels is a correlated random field

<Xff)ae{1 ..... 2N/2}x{1,..,2N/2}

Wlth
1 2

01,02

for independent collections of independent random variables

...............

Y<1>) d <Y<2> ) .
(al ale{l 2N/2} an 01,02 016{1 2N/2}702€{1 2N/2}

The covariance of the random field then depends on the so called overlap. See | , Sec-
tion 2.2] fore a more formal introduction. An analysis of the leading order of the maximum
and a general overview can be found in | ].

In | | Bovier and Kurkova give a detailed analysis of GREMs with finitely many hier-
archies, which is then extended to continuous hierarchies by [ |. The latter is used by
us to prove Theorem 2.3.6. The analysis of | ] and [ | gives much finer results on
the leading order than what one gets by just applying Slepian’s Lemma | , Section 2.10],
see Lemma 2.7.1.
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In | ] Bolthausen and Kistler studied a non-hierarchical version of the GREM and
showed that the GREM is in some sense able to overcome correlations in certain regimes
since this behaves as a suitable constructed hierarchical GREM. In | | they studied the
corresponding Gibbs measures. This analysis has been extended in recent work of Kistler
and Sebastiani | ].

The connection of the GREM to branching random walks, especially branching Brownian
motion, got first explored by Arguin, Bovier and Kistler in | |. They were able to
analyse the full extremal process, including the maximal particle, the second maximal, and
so on. They showed that extremal particles descend from ancestors that split either shortly
after zero or just before the observed time. In | | they continued the study and
showed that the extremal process converges in law to a Poisson cluster point process. In
[ ] the authors analysed the empirical distribution of the maximal displacement and
showed that a Gumbel distribution with a random shift occurs as a limit thus proving a
conjecture of Lalley and Sellke.

After this ground breaking work variations of BBM have been studied, for example by
Bovier and Hartung in | | and | |. Fang and Zeitouni | | studied the lower
orders of the maximum of a branching random walk with time-inhomogeneous variance on
a deterministic binary branching tree, which is extended to the study of branching Brow-
nian motion with time-inhomogenous variance in | ] by Fang and Zeitouni. In more
recent work | | Maillard and Zeitouni then studied the maximum of BBM with decaying
variance which is close to our setup. See Remark 2.3.12 for a more detailed explanation.

In Theorem 2.3.8 we consider an object that is closely related to a GREM, with the
difference being that underlying tree in this object is not a deterministic binary tree but a
Yule tree like in the BBM case.

The GREM and its refinements have also found applications in topics beyond branching

random walks, see [ , Section 2| for an outline of applications which include branching
diffusions | ]. A recent application is one to TAP equations by Kistler, Schmidt and
Sebastiani | ].

2.4 Proof of Proposition 2.3.4: Conditioning fractional
Brownian motion on its past

We now give a conceptually new proof of Proposition 2.3.4 making use of the discrete ap-
proximation of fractional Brownian motion introduced by | ]

Proof. We set « = H — % Let S be the discrete approximation to fractional Brownian
motion defined by (2.2.9). By F<, we denote the o-algebra containing any information about
G, NZ<p and the colours of the individuals ¢ € Z<,. First observe that the family (5™ (1),

for ¢ fixed is uniformly integrable since (S () (t))n is bounded in L,.
Write

E, = ﬁ {S(")(sm) e %m} (2.4.1)

m=1
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for By, B, ..., Br € B(R),0 > 51 > 59 >...> s, then for ¢t >0

lim B [S™(0)15,] = B [B)1s, cn,,..5, 00, (2.4.2)
by [ , Corollary 1.2] and uniform integrability. Now set
by =P <max (A, N {=00,...,—2,—1}) = —k:) . (2.4.3)
The event
{max (A4, N {=o00,...,—2,—1}) = —k} (2.4.4)

can be decomposed with respect to the last individual right of zero which still belongs to
A, so

n—1
bnk =Y Pn—LeA)uk+n—1) ZP (0e A p(k+10). (2.4.5)
=0
Using
n—00 1 a—
P0eA,)"~ M@ T o) " ! (2.4.6)
and choosing a p satisfying
H_(n)l ~« for n — oo (2.4.7)
n-e-
we obtain for n — oo
Q . a—1 —a—1
by, = PleA)puk+10)~ n—~{ k+10) : 24.8
—k Z ) F(&)F(l—@)zzl( ) ( ( )
For k = én, & > 0 we further get
n—00 a - a-1 —a-1
boie |~ (n =0 (k+1)
[(a)T'(1—a) =

n—o0o « ! a—1 —a—1
~ T (1 )”/o (1—2)" " (+x) dz.

Applying the substitution v = Grge We get the identity

o
! 1 1 £
1—2)* M (E+a) de = , 2.4.9
J R R (249
such that in total .
by " a 3 (2.4.10)




Using (2.2.14) we have
Lt
c(n)S™(t) = ZY}Z + [tn — [tn]] Yiwm) + [[tn] — tn] Yie. (2.4.11)

(=1

If we now define
ag =Y ag+ [tn— [tn]] ajm) + [[tn] — tn] ap (2.4.12)

for a sequence (a), we can write

nt
=1
Observing
E[Yi|Feo] =) Yoz (2.4.14)
s>0
gives us
nt
c(n)E [5@)@)1&} —E [1,5" ZZYSbM.g] . (2.4.15)
5>0 (=1

If we now plug in (2.4.10), we obtain

E [SW (t)lEn} s E

s>0

1z, Zy_sZz— ey 1@@)] . (2.4.16)

Setting AS™ (—%) = S (—%) -5 (—%) = %H)Y,s the right hand side can be rewritten
as

¢(n) =

- F llEma) r1<1 Sp> () (=23 () (628)1] |

1 (6%
—E E”F 1_@ >y v, ZE (€ +s) 1]
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then

1
2~3 and

—« 1 t —1
< const - (£> S / Yy (y + f) dy (2.4.18)
n n Jo n

Since [AS®) (~2)

f(n) (i,t) —f <£,t>
n n

< const - n—

we obtain
s 5 s 3 t s\
ZAS(”) (——) ) (—,t) — f (—,t) < const - Zn_%’_a/ y (y+ —) dy| .
= n n n = 0 n
(2.4.19)
We now split the sum: For € > 0 small enough we have
n1+s ¢ 1
const - Z ngsa/ Y (y + £> dy < const - n"2 (nHe)l_a —0 (2.4.20)
s=0 0 n

as n — 00, as well as

t -1
const - Z ngso‘/ y* (y + i) dy < const - Z sl g (2.4.21)
0 n

SZTLH'E 52n1+5

nt « —1
! <£) (g i 3) (2.4.22)
n — n n

»

as n — 00. So

T3 2 (ﬁ) AS™ (‘5)

converges in distribution to

T (a) F1(1 —a) /Ooo S_a/o y* (y+s) dy dB_.. (2.4.23)

This gives the desired result since by Euler’s reflection formula

1 sin <7r (H - %))
NONEDE - : (2.4.24)
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2.5 p-indexed processes (with memory)

In this section we want to put the branching HS-model in a wider context. Using this
general theory we will then be able to conclude the validity of Proposition 2.2.3 directly by
Theorem 2.2.2. To this purpose we start with the following definition which generalizes the
class of branching processes beyond the Markov property.

Definition 2.5.1. Let y be a binary branching tree as before and X = (X<t>)teIR a real-

valued stochastic process with distribution v and cadlag-paths. Given the tree 1, assume
that attached to each branch b of the random tree 1y there is a process (X,(t)) 1er Such that

for all branches b,b € B with bA b = s
Xp(§) = X3(§)  VE<s (2.5.1)
and for all b € B
X, 2 x. (2.5.2)

The process

X, = ((Xb(t))t€R>b€B (2.5.3)

will be called a vy-indexed process (with memory) with basic law v.

Such processes can be constructed inductively for all basic laws as long as the tree 1 has
not uncountably many branches.

Definition 2.5.2. X, has the pairwise conditional independence property (PCI) iff for all
branches b,b € B

£ (000 1 (%)) (PO

(Xé(t))teR> =L <(Xb(t))tzzm6
holds.

Note that (PCI) is equivalent to (X(t)) ., ., being conditionally independent of (X;(1))

given (Xb(t))t<b/\13 for all pairs of branches b, b.

See also | 19, Section 2] for a similar approach.

Assume that the process (X;),.p has second moments. Now indeed for two branches the
covariance Covy [Xy(t1), Xj(t2)] of a y-indezed processes with basic law £ ((X¢),cp) having
the pairwise conditional independence property (PCI) is uniquely determined:

Proposition 2.5.3. Let

t>bAb

((X0) ), (2.5.4)

be a v-indexed process with basic law £ ((X,),cz) and let (PCI) be fulfilled. Assume that
(Xt)teR has finite second moments. For branches b,B €y with b A b=s and t1,to >0

c <(Xb(t1), Xl;(tg))) (2.5.5)

15 uniquely determined by the distribution of the process X along one branch, i.e. by L <(Xb(t))teR>
for any branch b € B.
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Corollary 2.5.4. Let the basic law L ((Xt)teR) have finite variance for all t. Then in the
setting of the above proposition

Cov, [Xy(t1), X;(t2)] (2.5.6)

1s uniquely determined by the distribution of the process X along one branch, i.e.
by L ((Xb(t))t€R> for any branch b € B.

Keeping in mind Definition 2.5.1 for branches b, b, ...,b,, € y and

S:=|Jb (2.5.7)
i=1
we introduce the notations
Xb = (Xb(t))te]R’ XS = <<sz (t))te]R>b_eS’ Xb\S = (Xb(t))tz_imax bAb; (258)

=1,...,

as well as

Xs\p 1= <(Xbi(t))t2b/\bi> Xsrw = ((X,,i (t))tgb/\bi) (2.5.9)

Having defined this we can specify a property stronger than (PCI):

beS beS

Definition 2.5.5. Let X be a y-indezed process with basic law £ ((X;),.z). We say that X
has the conditional independence property (CI) iff

c (Xb\s\ XS) _y (Xb\s} me) (CI)

for all pairwise distinct branches b, by, ..., b,, € y with
S:=|Jb (2.5.10)

Let us now give a definition of Gaussian y-indexed processes:

Definition 2.5.6. Let v be the law of a Gaussian process (X(t))teR. We call the corre-
sponding p-indexed process X, a Gaussian y-indexed process if and only if for all branches
bi,...,by S and ty,...,t,

(Xp, (1), - X (tn) (2.5.11)

is multivariate Gaussian distributed.
The following Lemma is proved in Appendix 2.B.

Lemma 2.5.7. Every Gaussian v-indexed process fulfilling (PCI) has the conditional
independence property (CI).

Proposition 2.5.3 implies another nice property of Gaussian v-indezed processes hav-
ing the pairwise conditional independence property (PCI) namely that their distribution is
uniquely determined by the distribution along one branch:
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Corollary 2.5.8. The distribution of a Gaussian v-indexed process having the pairwise
conditional independence property (PCI) is uniquely determined by its basic law.

Remark 2.5.9. Let 1y be as before and let B be a fractional Brownian motion with Hurst
parameter H. By Corollary 2.5.8 y-indexed fractional Brownian motion is the (unique in
distribution) Gaussian y-indexed process with basic law £(B) having the pairwise condi-
tional independence property (PCI).

Furthermore, (CI) implies the following two corollaries for Gaussian processes:

Corollary 2.5.10. Let X, be a vp-indexed processes. Assume that the basic law of X, is
Gaussian and that X, has the property (CI). Then X, is a Gaussian y-indexed process .

More generally:

Corollary 2.5.11. Let Xén) be a sequence of v-indexed processes. Assume that the basic
law of Xé”) is asymptotically Gaussian for n — oo and that the conditional independence

property (CI) holds for each n € N. Then X,S”) is asymptotically a Gaussian y-indexed
process .

The following can be seen as a standard example for the fact, that bivariate Gaussianity
is not sufficient for multivariate Gaussianity.

Ezample 2.5.12. We give an example why in Corollary 2.5.10 the property (CI) instead of
(PCI) is needed. This example also shows why we need the multivariate Gaussianity in
Lemma 2.5.7. Let y have the branches 0, 0r,Ors and let Z; be independent standard normal
random variables. Set

Xo(t) = LiwZo+ li<i<sZi + Lo<i 25,
Xor(t) = Ly Zo+ lr<i<sZs + 1o<i Zy,
XOrs(t) = 1t§r20 -+ 1r§t§sZS -+ lsgtsign (ZQZ4) |Z5|

Observe that (Xo(t), Xor(t), Xors(t)) ,t > s is not jointly Gaussian, but the (PCI) holds
while (CI) does not hold since the sign of Xo,4(t),t > s is determined by Xo,(t), Xo(t). So
in general (PCI) does not imply (CI) and the joint Gaussianity of X, is not implied by X
being a Gaussian process.

The following example is particularly relevant in the context of this paper.
Ezxample 2.5.13. One easily verifies that the process
S = ((sg’” (t)) > (2.5.12)
’ teR /) ben

defined through (2.2.16) is a n-indexed process with basic law

Vs ((Sé”) (t))teR) , (2.5.13)

see (2.2.14) for the definition of S(()"). Note that S,g") has the conditional independence

property (CI). By construction the HS-random walk S,gn) has the property (CI). So we
obtain that the branching HS-random walk is also asymptotically jointly Gaussian.
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2.6 Proof of Theorem 2.3.2 and Proposition 2.2.3

We will now make use of the general theory in the above section to prove Theorem 2.3.2 and
Proposition 2.2.3.

Proof of Proposition 2.2.5. Since ((Sé") (t)) ) is a sequence of Gaussian processes and
t) neN
Sy obeys the conditional independence property (CI) we can apply Corollary 2.5.11 and get

the assertion of Proposition 2.2.3. n
Now Theorem 2.3.2 is a direct consequence of Proposition 2.2.3:

Proof of Theorem 2.5.2. Combining Corollary 2.5.8 and Proposition 2.2.3 gives the desired
result since the property (CI) holds. O

2.7 Proof of Theorem 2.3.6

We start with a slightly weaker result than Theorem 2.3.6: Let n denote the