STOCHASTIC FOUNDATIONS
OF DYNAMIC TRADE

AND LABOR MARKET MODELS

DISSERTATION
ZUR ERLANGUNG DES (GRADES EINES DOKTORS DER
WIRTSCHAFTLICHEN STAATSWISSENSCHAFTEN
(DR. RER. POL.)
DES FACHBEREICHS RECHTS- UND WIRTSCHAFTSWISSENSCHAFTEN

DER JOHANNES GUTENBERG-UNIVERSITAT MAINZ

VORGELEGT VON

ALEXEY CHEREPNEV, M.Sc.

IN MAINZ

IM JAHRE 2015



i



To my father



v



Contents

ix

1 Introduction 1
2 kxpenses on Labor Market heformg 3
DT Infroducfionl . . . . . . . . ... 3
L2 Themaodel . . . . . . . . 0oL 6
P21 IndividualTewvel . . . . . . . . . .. .. ... .. .. ..... 7

.22 Aggregatelevel . . . . . . . ... 14

.3 Analyficalresultd . . . . . . . . .. . ..o 15
R.3.T  Fokker-Planck equafions with state dependent arrival rate§ . 16

£.0.2 Unemployment and employment . . . . . . . . . . . .. ... 17

R.3.3  Aggregate dvnamicd . . . . . . .. ... 19

R.3.4  Definifion of equilibrium] . . . . . . . . .. .. ... 21

P4 Calibrafion . . . .. . . . . . ... 22
R.4.T  Value tunctions. optimal efforf, job matching rated . . . . . . 23

R.4.2 Unemployment rate and probability densify funcfiond . . . . 25

P.4.3 Government expensed . . . . . . . . . . ... ... 27

Ph_ Conclusion . . . . . . . .. 28
Appendix 2.A" Bellman equation . . . . . . .. . ... ... ... .... 30
Appendix 2.5 Derivation ot the Fokker-Flanck equationy . . . . . . .. 32
Appendix 2.C Solufion to the system of differenfial equationy . . . . . . 36

B Endogenous Markup Distributions 41
BT TInfroducfion . . . . . . . . . . ... 41
B.Z The closed-economy mode] . . . . . . . . ... .. ... .. ..... 44
B2T Thebasicsfructurd . . . . . . . . . .00 44

B2 Consumerd. . . . . . . . . . . e 47

B2 3 Producfion and market structurd . . . . . ... ... L L. 48

b24 labormarkefl . . . . ... 000000000 49

B25 Market enftry andexif] . . . . . . . .. ... 49




vi CONTENTS
B.2.6 Productivityof a firmg . . . .. . .. ... ... 50

B.3 Equilibrium distribufiony . . . . . . . . .. ..o 51
BT The undamental distribufions . . . . . . o o o oo v 51

B3  Derived distribufiond . . . . . . . . . ... ... 53
B.3.3 Cross-section analysid. . . . . . . . ... ... ... ..... Hh)

B.4 Equilibrium in the closed economy . . . . . . . . . .. .. .. ... 56
B.4.1 Definifion of equilibrium] . . . . . . . . . . . . ... .. ... 56
b.4.2 I'he long-run distributiony . . . . . . . . . . . .. ... .. 57
B43 Thenumberoffirmd . ... ... ... ... ......... 59
B.4.4  "The dynamics of the markup distribution . . . . . . . . . .. 59

b International tradd . . . . .. .00 L L 000 60
bal dhewaodel . . . . . . .0 000 L L 61
B.5.2Z  Dvynamics of infernational fradd . . . . . . . . . . . . .. .. 62

B6 Conclusionl . . . . . . . . . . .. 64
Appendix 3.A Dixit-Stiglitz structurd . . . . . . . .. ... ... 66
Appendix 3.8 The market share ®©,) . . . . .. . ... ... ... ... 67
Appendix 3.C  Market enfry and survival condifion . . . . . . . . . ... 69
[Appendix 3.D The probability to be in a certain markef] . . . . . . . . . 69
Appendix 5.K T'he productivity distribution in a market . . . . . . . . . 73
A Unemployment in the OECD) 79
AT TInfroducfion . . . . . . . . . . . ... 79
B2 Themodel . . . . . . . . . . . 80
B.2.1T  Individual and aggregate shockd . . . . . . . . ... ... .. 81
B.2.2  Individual probabilifie§ . . . . . . . . . . . . . ... .. ... 82
B.2.3  Many individuald . . . . . . . . .. ..o 83
B.2.4  Many counfrie§ . . . . . . . . . .. ..o 86

B3 Quanfifative relevancd . . . . . . . . . ... 0oL 86
B.3.T Long-run covariancd . . . . . . . . .« « v o v v oo 86
B.3.2 Individual probabilifie§ . . . . . . . . . . . . ... ... ... 88
g.3.3 Number of unemployed agenty . . . . . . . . . ... ... .. 88
B.3.4 Unemploymentrated . . . . . . ... ... ... ... ... 89
B.3.5  Aggregate shocks — Comparing to Furopd . . ... ... .. 91
f.3.6 Distributions of unemployment rafes in OECD counfried . . 92
B.3. 7 Quantitative check of Tong-run valued . . . . . . . . . . . .. 92

B4 Conclusionl . . . . . . . . . . . 94
Appendix 4. A Probabilified . . . . . . . . . ... 95
Appendix 4.8 Mean and variance of z(¢) . . . . . . . . . .. ... ... 97

Appendix 4.C Covarianceg . . . . . . . . . . . . .o e 97




CONTENTS

Appendix 4. Unemployvment . . . . . . . . . . . . . . . ... ... ..

Appendix 4.5 Unemployment ratd . . . . . . . . . . . . . . . ... ...

Appendix 4.F  Summary statistics tor OECD unemployment rates

vil






List of Abbreviations

CES
CRRA
FPE
ii.d
LHS
LID
ODE
OECD
PDE
PMF
PDF
R&D
RHS
SDE
UA

Ul

constant elasticity of substitution
constant relative risk aversion
Fokker-Planck equation

independently and identically distributed
left-hand side

London Institutional Database

ordinary differential equation
Organization for Economic Co-operation and Development
partial differential equation

probability mass function

probability density function

research and development

right-hand side

stochastic differential equation
unemployment assistance

unemployment insurance






Chapter 1
Introduction

This dissertation consists of three self-contained papers that are related to two
main topics. In particular, the first and third studies focus on labor market mod-
eling, whereas the second essay presents a dynamic international trade setup. In
Chapter B of this dissertation, we investigate how expenses on labor market re-
forms change over time. In Chapter B, we study how markup distributions adjust
when a closed economy opens up. In Chapter @, we examine effects of aggregate
shocks on the distribution of the unemployment rates in the OECD member coun-
tries. In all three chapters we model systems that behave randomly and operate on
stochastic processes. We therefore exploit stochastic calculus that establishes clear
methodological links between the chapters.

Chapter 2 ("Expenses on Labor Market Reforms during Transitional Dynam-
ics”) develops a dynamic model with heterogeneous employed and unemployed
workers to analyze various effects of unemployment benefits system changes. The
model exploits stochastic calculus to describe the transitional dynamics between
two steady states of the economy that occurs after such changes. In so doing, the
model estimates the duration of the reform, the dynamics of the unemployment
rate and, most importantly, alteration of total unemployment benefit payments in
countries with the two-tier unemployment benefits system.

The model predicts how expensive a potential reform might be and to which
conditions in the labor market it might lead. As an example, the model foretells
that the reduction of the length of unemployment insurance payments from 12
months to 6 months in Germany will cause a drop in the unemployment rate from
6.1% to 5.6% within 3 years. It moreover will lead to a decline in the government’s
expenses per unemployed individual by 10.7%.

Chapter B (” Endogenous Markup Distributions”, co-authored with Klaus Wélde)
studies the effects of international trade on the markup distribution in an eco-
nomy. In order to perform this analysis, we first present a closed-economy general-

equilibrium industry dynamics model, where firms enter and exit markets. Within
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one market firms behave as Cournot competitors. This behavior yields an endogen-
ous markup distribution in each market and across markets. Building on Fokker-
Planck equations, the closed-economy model introduces the evolution of markup
distributions over time from some initial distributions towards corresponding long-
run stationary distributions.

We provide a simple estimation of the closed-economy model parameters to reach
the average steady-state markup within the drugs and medicines market from U.S.
data. We then present an open-economy model where two potentially asymmetric
countries start trading. We thus analyze the evolution of markup distributions over
time after the economies are opened up. As a result, we observe that opening up
the economies leads to a decrease in markups in the mutual markets due to higher
competition.

In Chapter @ (”Unemployment in the OECD — Pure Chance or Institutions?”,
co-authored with Klaus Wilde), we portray the matching process in the labor mar-
ket as a truly stochastic process that includes both idiosyncratic and aggregate
components. The evolution of the distribution of unemployment rates follows on
from this process. When transitions in the labor market are purely idiosyncratic,
the mean and variance of the unemployment rates across OECD member countries
accounted for by the standard textbook model are 5.71% and 1.6-10~? respectively.
The mean value is plausible, whereas variance is insignificant.

Our model provides similar results with respect to the long-run average un-
employment rate in the presence of aggregate shocks which is 5.86%. In contrast
to the standard textbook model, it can also predict 1% of the observed long-run
variation in unemployment rates. We therefore conclude that 99% of the long-run
cross-country variation in the unemployment rates is due to policy. The model
moreover foretells that the effect of aggregate shocks on the distribution of unem-
ployment rates is even more significant in short-term dynamics. This means that
the variation in the unemployment rates across OECD member countries just after

aggregate shocks occur can be predominantly put down to pure chance.



Chapter 2

Expenses on Labor Market
Reforms during Transitional
Dynamics

BY ALEXEY CHEREPNEVY

2.1 Introduction

Modern labor markets are characterized by a considerable number of fluctuations.
Worker-employer matches get paired and destroyed, job seekers constantly look for
new positions with varying intensity. Definitely, their job-search effort depends on
how long they have been unemployed. On the other hand, job-search intensity also
relies on the unemployment benefits system imposed in the economy.

It is commonly accepted that a decrease in the amount or duration of unemploy-
ment benefit payments reduces the unemployment rate. It is, however, extremely
difficult to provide precise answers to questions like ”By how much should unem-
ployment benefits be changed in order to reduce the unemployment rate by, e.g.,
0.1 percentage points?” or "How long does it take for a reform to exert an effect
on the economy as a whole after the reform is pushed through?”. Moreover, there
is no clear answer to what the optimal unemployment benefits system is and how
it can motivate job seekers to apply for new positions. However we must keep in
mind that such an optimal system should hold unemployment payments relatively
high in order to avoid poverty.

Thus, the objective of this study is to analyze various effects of a labor mar-
ket reform on the unemployment benefits system. In particular, in this paper we

estimate the duration of the reform, the dynamics of the unemployment rate and,

'Mainz School of Management and Economics, University of Mainz, Jakob-Welder-Weg 4,
55128 Mainz, Germany. Alexey Cherepnev, email: alexey.cherepnev@uni-mainz.de.
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most importantly, the alteration of total payments to job seekers in countries with
the two-tier unemployment benefits system. The article also sheds light on the
link between unemployment payments and the unemployment duration, i.e. on
job-search intensity.

In order to address these topics, we present an elegant model with heterogen-
eous individuals that can be employed or unemployed over varying periods of time.
Unemployed individuals are characterized by job-search intensity which, in turn,
depends on how long individuals have remained unemployed (the unemployment
spell), and on parameters of the unemployment benefits system, such as amount
and duration of the payments. When unemployed, individuals influence the arrival
rate of a new job offer by raising their job-search intensity. The increase in the job-
search intensity, however, brings some disutility because unemployed individuals do
not enjoy the process of looking for a new job.

The transitional dynamics, which occur when agents change their employment
status, characterizes the economy between two steady states. The first steady
state describes the economy before the reform is pushed through. The second
equilibrium refers to a stable point in the economy afterwards. To detail such
dynamics, the model exploits stochastic calculus and describes the status of agents
at the individual level. For each agent we build a stochastic process that details
the duration of employment and unemployment. Despite common characteristics,
each process includes the optimal job-search effort of a corresponding individual
given via an exit rate (a rate with which an individual exits from unemployment
and becomes employed). This effort is a solution to the problem when the agent
maximizes his expected future utility.

Every stochastic process in this model leads to a system of Fokker-Planck equa-
tions that characterizes the evolution of the probability density function of spells
of unemployment and employment. Given this evolution and proper aggregation of
all agents, we obtain the dynamics of the unemployment rate and the government
expenses.

This study extends Lannovand Waldd’s (2013) equilibrium-matching model in
order to analyze the dynamics of unemployment duration outside of the steady
state. We also use the same modeling framework in the part of the endogenous
effort formation. Furthermore, from the empirical prospective, the current paper
utilizes the calibration parameters from that work.

Considering a two-tier unemployment benefits system, we take reduction in the
duration of the unemployment insurance payments from 12 months to 6 months as
an example of the labor market reform. Given this example, the model predicts a fall
in the unemployment rate from 6.1% to 5.6% within 3 years. This fall appears due
to the higher effort of individuals to find a new job caused by the shorter duration
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of unemployment insurance payments. After the calibration is done, the model
provides other quantitative results as well. We, for instance, observe a decrease in

the amount of government payments per job seeker by 10.7%.

This paper relates to various strands of literature. First, it builds on the the-
oretical literature which provides different benchmark models. This literature was
pioneered by Morfensenl (I987), Pissarides (T983), Blanchard and Diamond (1994),
and Burdetf and Morfensen (I998). These papers study how the labor market is
affected by output shocks, R&D, unemployment, and wage changes. Second, the
current work borrows heavily from the literature on the time dependent unemploy-
ment payments. This question was initially analyzed by Mortensen (T977) and then
extended by, e.g., Acemoglu and Shimey (1999) and [ATbrechf and Vroman (2005).

Third, this paper also contributes to the literature on the link between unem-
ployment compensation and unemployment duration (see Meyer, 1990, Roed and
Zhang|, 2003, Lalive, 2008, Farber and Valletfa, 2013). In contrast to these papers
which mainly focus on the steady state analysis, our study concentrates primarily on
the transitional dynamics between steady states of the economy. In the same vein,
this article provides support to numerous studies which have attempted to explain
the link between time-dependent unemployment payments, endogenous job-search
effort formation, and unemployment spells (see Cahuc and Lehmann (2000), Launov
and Waldd (2013)). Indeed, optimal job-search effort of an individual to escape from
unemployment relies not only on employment status, but also on how long the in-
dividual has been unemployed. Collectively, these studies outline a critical role for
the duration of unemployment in explaining the dynamics of the unemployment

rate and government expenses.

From the methodological perspective, we employ the Fokker-Planck equations
(see Rass, 1996) which are solved by the method of characteristics (see for instance
Courant_and Hilberfl, T962, Evand, 998, Johnl, 1991, and Polyanin et all, 2O0T).
In the economic literature, Fokker-Planck equations were also analyzed in various

contexts, for example, by Kleffe and Korfunl (2004) and [mpullitti et all (2013).

In this paper we continue with Section 22 where we provide the theoretical
model that describes the transitional dynamics between states of the economy.
Then, in Section 223, we obtain analytical results by deriving the Fokker-Planck
equations and solving them. Using parameters from the paper by Launov_and
Waldd (P2013) as a basis, we calibrate the model in Section P4. Finally, Section 23

concludes this paper with a summary.
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2.2 The model

In this section we introduce the model. In doing so, we assume that the total
number of agents representing the whole labor force is given by the positive finite
discrete number N. The number of employed individuals varies over time and is
denoted by L(t) € [0, N]. The number of job seekers is U(t) = N — L(t). There is a
two-tier unemployment benefit scheme. The short-term unemployed agents receive
high unemployment insurance (UI) compensation, which is comparable to their
wage, whereas the long-term unemployed agents get low unemployment assistance
(UA) payments. All agents are risk-averse, cannot save, and live for an infinitely

long period of time. Time is continuous, the initial time point is t = 0.

Starting from the individual level, we introduce an endogenous job-search effort
of an unemployed agent. This effort is based on the unemployment compensation
which, in turn, depends on the unemployment spell. As an example of such depend-
ence, we observe an increase in the job-search effort of an unemployed individual
during the Ul compensation period. The increase occurs because at the end of this
period high UI payments are replaced by low UA payments. As a consequence of
such replacement, unemployed agents try to avoid receiving these low payments by

raising their effort to find a new position:

unemployment spell — search effort =

individual level

= exit rate = aggregate unemployment rate (2.1)

~
aggregate level

High individual effort is, in turn, not a guarantee that an unemployed individual
finds a new job. It however increases the probability that the job match happens
earlier. Mathematically speaking, high effort raises the rate to escape from unem-
ployment (the exit rate). We therefore observe a link between the individual level
and the aggregate level, since the aggregate unemployment level strongly depends

on the exit rate.

On the aggregate level we study the out-of-the-steady-state evolution of the
number of unemployment agents U(t) and of the unemployment rate u(t) at any
future point in time ¢t > 0. We furthermore expect that the variables L(t), U(t),
and u(t) will converge to their equilibrium values from any initial quantities at t =
0. Providing a link between the number of short-term and long-term unemployed
agents and the two-tier unemployment compensation scheme, we moreover study

the alteration of government expenses.
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2.2.1 Individual level

We first focus on the employment state of an individual. Basically, individual ¢ can
be found in either of two states x = x;(t) € {0,1} at each point in time ¢, where 1
stands for employment, and unemployment is denoted by 0. We accurately illustrate
the transition dynamics between these two states and write these dynamics formally
with the use of Poisson processes ¢, = ¢, (t) and ¢» = ¢a(t) via the following
stochastic differential equation (SDE):?

dr = [1 — z]dgq, — zdg). (2.2)

In words, an event that an unemployed worker (z = 0) finds a new job appears
with the individual-specific rate g = y;(-),% i.e. the change dg, equals 1 whenever
¢y jumps, i.e. when unemployed 7 finds a new job. This first part of the right-hand

side becomes inactive when an agent becomes employed and x =1, i.e. 1 —x =0.

It is a well-known fact that people adapt to a current situation and optimally
choose their behavior. In this study we analyze individuals’ incentives to find a
new job when they are unemployed: an unemployed individual chooses the optimal
effort to become employed given his current unemployment spell s = s;(¢) and thus
earnings b(s) = b(s;(t)). It makes the use of individual shocks quite intuitive, i.e.
agents are able to influence the arrival rate p of a new job, e.g. increasing p agents
have a higher possibility of finding a new position faster. Individuals therefore find

jobs through their own individual process g,,.

Each worker in state x = 1 loses his job with rate A which is constant for all
individuals and is assumed to be exogenous. It happens when job destruction shock
¢ jumps, i.e. when dg, = 1. This assumption may reflect some policy changes or

a labor market crisis; both are common to all individuals.?

Employed agents earn wage w and thus make no decisions about their future.
The unemployment benefits, b(s), paid to all job seekers, are normally lower than w
and depend significantly on the length of the unemployment spell s. We therefore
model behavior of individual spells s, given g, and g, with the help of SDEs below.

We do not allow for on-the-job searches.

2We discuss in this section an individual i, but we suppress index i for the sake of notation
simplicity.

31t reflects the fact that the exit rate depends on the effort of the individual (see scheme (21)).
We show this connection below.

4The model described above is a continuous-time generalization of the model by Kleffe and
Korfuml (2004) where firms appear on the market with one product with rate A and disappear
from the market when the number of products they produce drops to zero.
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Individual spells

Considering further one individual, we perceive that the unemployment spell s is
positive, increases over time and drops to zero when the agent finds a job. We
model this behavior by the component dt — sdg,, where s is the unemployment
spell of the individual measured in time units. The first component dt denotes an
increment of unemployment duration over time. This means that if nothing else
happens, the spell s increases between ty and t by ¢t — ty, where %, is a point in time
when a worker has just lost the job (see Figure Z11). The second component stands
for an individual shock modeled by g, which matches person ¢ to a new job. Note
that process g, is exactly the same as in the SDE for the employment state x (see
(22)).°

S
1

0 to t time

Figure 2.1: Relationship between t, ty, and s, where % is a point in time when the
individual lost the job, t is some future point in time, and 0 is today.

The situation is similar when agent ¢ is employed: The employment spell of
agent ¢ is given by negative values of variable s and described by the following
equation ds = —dt — sdqy, where dt is again a trend component. The second term,
sdqy, represents an idiosyncratic shock when the agent becomes unemployed again.?

We next combine two components of spell behavior into total dynamics of spell
variable s and use status variable z from (Z2) to distinguish between employment

and unemployment states:
ds = [1 — z][dt — sdq,] — x[dt + sdq,]. (2.3)

The first part is obviously functioning if the person is in the unemployment state,
x = 0, representing the dynamics of unemployment spell. The second part, referring
to the employment spell dynamics, is certainly inactive. The situation is opposite
when the agent is employed, x = 1. Thus, as we emphasized above, positive values
of s illustrate an unemployment spell which increases over time. Negative values of
s, on the other hand, stand for a decreasing in time employment spell. Figure 2Z=2

reveals this dynamics.

®We could introduce the third component, an aggregated shock. Due to this type of shock, a
certain fraction of employed workers gets fired simultaneously. It certainly becomes important in
Chapter @.

SWe primarily analyze the unemployment state and therefore set the unemployment spell to
be positive to simplify further calculations.
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S unemployment

Sot

0 \I time

employment

Figure 2.2: Spell dynamics according to the SDE (E23).

Importantly, the introduced dynamics allows us to fully track an agent in both
states and see how long the duration in these states is. It means that longer the
individual 7 stays in state x = 0, the higher the unemployment spell s is. If the

individual is employed, x = 1, the spell s decreases.

Endogenous effort formation

As we mentioned above, the unemployment spell of an individual defines the search
effort. In this chapter we model this connection. In doing so, we consider the
simplest adjustment dynamics of search effort based on the individual’s intertem-

poral utility function:

U= /0 T (e, o))t (2.4)

and the time preference rate p > 0. The time point when we start the analysis is
wisely normalized to 0 hereafter. The instantaneous utility depends on consumption
¢ = ¢(t) and the job-search effort ¢(s) = ¢;(s;(t)). Individuals dislike ¢(s). We
thus write the instantaneous utility function, which represents a CRRA utility in

terms of consumption, as follows:

u(e; d(s)) = ———— — o(s) (2.5)

Since on-the-job searching is not allowed in the model, employed individuals do not
look for new jobs and their job-search effort therefore equals zero, i.e. ¢(s) = 0
when s < 0.

We assume that agents live infinitely long and have no capital income and no
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savings. They thus spend all earnings z(s) = z(s;(t)) on consumption ¢, i.e.

c=z(s). (2.6)

We determine individual benefits z(s) being in one of three states {w, by;, bua },
i.e. these benefits may be a constant wage w for an employed individual or unem-
ployment payments b(s) = b(s;(t)) € {bui, bua } for a job seeker (b,; as unemployment

insurance or by, as unemployment assistance), or

bu, if0<s<s,
z(s) = bua,  if s> 5,

w, if s <0,

where 0 < by, < by; < w and § > 0 is the unemployment duration after which

unemployment assistance is paid.

There is no technological growth in the economy. Hence, the labor income
process dz(s) can be described by an SDE with job matching and job destruction,
already modeled by ¢, and ¢, respectively:

dz(s) = [1 — z][w — b(s)]dg,, — x[w — by|dg).

The first term plays a role when an agent is unemployed, i.e. = = 0. In this case
the agent searches for a job with effort ¢(s) that leads to the arrival rate of the job-
finding event p1 = 11(¢(s)). When the individual finds a job, i.e. when g, jumps, the
benefits b(s) are replaced by wage w that the agent receives while being employed.
It might also happen that the agent loses the job, i.e. when x = 1 and process g
jumps. At this moment benefits b,; substitute for wage w, and the employed agent

becomes unemployed, x = 0 (see (22)).

Value functions and Bellman equations. We form the maximization problem
using the value function approach. The value function itself depends on state vari-
ables, i.e. on labor income z(s) and (un)employment spell s. From (E4) we thus
write:

400
V(z(s),s) = max U = max Eo/ e "u(c, ¢(s))dt (2.7)
b(s) b(s) 0

Effort ¢(s) is a control variable.

The general form of the Bellman equation from the time point ¢t = 0 perspective

is given by (see Cahuc and Zylberberg, 2004, Sennewald and Waldd, 2006, Send
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newald, 2007, and Walde, 2017):

pV(z2(s),s) = rg(zg( {u(c, o(s)) + %Eng(z(s), s)} (2.8)
with the budget constraint (Z8). Further derivations and additional information
that lead to the Bellman equations in employment and unemployment states are
provided in Appendix PZAl

Employment. In cases when z(s) = w, the endogenous effort to find a new job is
¢(s) = 0 since the agent is employed and on-the-job searching is not allowed. Thus,
Bellman equation (Z-8) can be rewritten for the case z =1 and V(w) = V(w, s) as

following (similar to Canmov_and Waldd, POT3):

pV (w) = u(w, 0) — A [V(w) . V(bm-, 0)] (2.9)

The instantaneous utility flow of being employed, pV (w, s), is given as a combin-
ation of two components: The first part stands for the instantaneous utility when
earning positive wage w and sparing no effort ¢(s) = 0. The second component de-
notes a random event of losing a job. When this event happens (with constant rate
A), an employed worker loses the difference between the value of being employed
with wage w and the value of becoming unemployed with benefits b,;.
Unemployment. For the case of unemployment, when z = b(s), we obtain from
(23):

oV (b(s), s)
s

T u(6()) [Viw) — Vo) s>] } (2.10)

PV (9).9) = mafu(b(s). () +

The interpretation of this equation is similar to one for equation (229). We again
have three components that build the instantaneous utility flow: The first com-
ponent is the instantaneous utility of being unemployed, earning spell-dependent
benefits b(s) and applying some effort ¢(s) to search for a new job. The second
part defines a change in the value function when the unemployment spell changes
over time. The plus sign appears because we assume a positive spell in this state.
The third component describes a random event for an unemployed individual to
find a new job. This event happens with the effort-dependent arrival rate, p(¢(s)).
An unemployed agent gains the difference between the value function of becoming
employed and earning w and the value function of being unemployed with spell s

and benefits b(s).

The value function of being employed, V' (w), is unvarying given constant wage
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w and rate A. Intuitively an employed individual might become only short-term
unemployed. As an effect of it, probabilities to this event at different time points
and for different employment spells are identical (see (272)). Note that in this state
an agent solves no maximization problem.

Similarly, V' (bua) = V(bua, s) does not vary over time and spell given the op-
timal behavior of an individual and constant long-term benefits b,,. It leads to the
constant long-term effort ¢(s) which must be higher than the short-term one ¢(s),
0<s<3sm

Obviously V(by,) < V(bu,s) < V(w) Vs, which is also quite intuitive. If we
focus on one period only, we write u(byq, @(5)) < u(by, ¢(s)) < u(w,0), 0 < s < 5,
because the instantaneous utility u(z(s), ¢(s)) is an increasing function of the first
argument, a decreasing function of the second argument, b,, < b,; < w and ¢(5) >
#(s) >0, 0 < s < 5. The same holds for all periods.

Note that the right-hand side of the Bellman equation (ZI0) of an unem-
ployed individual is a one-dimensional differential equation with a unique fixed
point defined by 0V (b(s),s)/ds = 0. The derivative is negative to the left of the
fixed point indicating that value function V' (b(s), s) decreases when the unemploy-
ment spell increases. Obviously, both V' (b,,) and V' (by;, s) are located in this area,
V(bua) < V(byi,s) and V(by;, s) converges to V(b,,) starting from V(b,;,0) and
following the dynamics of the system. For the demonstration purposes we assume
that V(w) lies in the area to the right from the fixed point, however it is not always
the case.

Optimal effort. Given (Z3) and (Z18), we can solve the maximization prob-
lem in (E10) that defines the optimal effort through the first-order condition (see
derivations in Appendix PZAl):

é(s) = (a [V(w) —V(b(s), S)D e (2.11)

The optimal effort (21) differs for short-term and long-term unemployed indi-

viduals:

(a [V(w) — V(bus, 3)] )llla , s < §and b(s) = by,

ols) = (2.12)

(oz [V(w) - V(bua)D ,  s>5and b(s) = by,.

Given V(byq) < V(byi, s), the optimal effort of a short-term unemployed individual
0 < ¢(s) < ¢(S) and evolves over time (see Figure I23), whereas the optimal effort

"The time discounting rate p is also important here: for high values of p an individual does not
assess future periods which makes the short-run value function V' (by;, s) constant, but V (b, s) <
V(bui, s) also holds.



2.2. THE MODEL 13

of a long-term unemployed individual 0 < ¢(s) = ¢(5) remains constant.

The maximized Bellman equation is derived when we plug the optimal effort
from (Z10) into the Bellman equation (210) (see derivations in Appendix P7Al):

11—«

b =1 VHs)s) | X[V(w) _ V(g)(s),S)} @)

PV (b(s).8) = 21— o

where x = [am]™4 [1 — an]. The value function of being a long-term unemployed
follows from this when we set b(s) = b,, and 9V (b(s), s)/ds = 0:

1
11—«

bu™ -1 [Ww) = V<bua>} (2.14)

pv(bua) = 1—o

in which V' (b,,) is expressed implicitly.
Solving for value function and optimal effort. In order to solve for the
optimal effort (see (2-11)) we have to analyze two crucial points of the value function
V(z(s),s) which are s = 0 and s = §. First, individuals do not know the time point
when they lose their current positions. They moreover cannot influence this process,
and it happens suddenly. Therefore their value function experiences a dramatic drop
in its value when changing status from employed to short-term unemployed (V (w) >
V(byi, 0)). Mathematically speaking, the value function V' (z(s), s) is discontinuous
at s = 0 and therefore not differentiable at this point. Second, the point 5 reveals
the time point when the individual becomes long-term unemployed and his benefits
switch from unemployment insurance to unemployment assistance. An unemployed
individual is able to predict this change in payments and adjust the job-search effort
accordingly. This means that the value function is continuous at spell s, but not
differentiable, i.e. V(by;, 5) = V(bya) and OV (by;, §)/0s # 0.

In order to find the functional form of the optimal effort from (210) we exploit
equations (2Z9), (Z13), and (2Z1d) analyzing them jointly:®

(

V (b, 0) = P52V (w) = 4=
_1
S av((g;:i,s) = pV(byi, s) — Uv(s)lJl_% —x [V(w) — V (bus 5)1 (2.15)
_ 1 bua)t o117
V(w) = V(bu) + { 2V (bua) - L2221

\

Starting from the last equation and assuming some value V'(b,,) we obtain the
value of being employed V' (w). The latter value, in turn, specifies the condition at
s = 0 of the short-term unemployment value V' (b,;,0) in the first equation of the

system. The second equation can be transformed to an ordinary inhomogeneous

8We make straightforward algebra manipulations to obtain this system.
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differential equation since the derivative with respect to only one argument s is
present. This differential equation cannot be solved analytically. We therefore
provide the numerical solution with calibrated parameters in Section ZZ471.

We treat the latter system (E-I3) to be solved when an assumed value of V' (b,,)
fixes the boundary condition at s = 0 of the second differential equation, V (b, 0)
(similarly to Launov and Waldd, 2013, Appendix A.3). Given this value the solution
to the inhomogeneous differential equation must lead to V' (by;, §) = V (by,). If this
is not the case, value V(b,,) was inconsistently specified and should be adjusted

accordingly.

2.2.2 Aggregate level

After obtaining the results for the optimal effort on the individual level, we are now
able to describe the aggregated state, in particular, the job-matching rate and the
aggregate unemployment rate. Note that the job-destruction rate, A, is assumed to

be constant and common to all individuals.

Exit rate

An endogenous effort of a worker of finding a new job, denoted by ¢(s), certainly
influences the probability to find a new position. We model this effect via what is
generally called the job-finding rate, hazard rate or rate to exit from unemployment

of the form:

1(e(s)) = nle(s)]* (2.16)

with 0 < o < 1. We discuss the scale parameter 7, which reflects agent’s search
ability, below.

All agents are characterized by the unemployment or employment duration s.
In addition, there are other kinds of heterogeneity. In particular, we cannot ignore
unobserved heterogeneity of agents’ job-search productivity type, which becomes
important if we build an aggregate exit rate and compare it to the real data.

We therefore introduce two groups of agents with different unobserved ability
to search for a job: N is the number of people with a high search productivity
type. The number of agents with of a low type is Ny = N — Nj. To include search
ability into the individual exit rate p(¢(s)), we let the scale parameter n denote an

individual’s unobserved ability in the following way:

, with probability m = N; /N,
N, with probability 1 — 7 = Ny/N.

All individuals are otherwise identical. This fact is modeled via the common
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optimal effort (27IT), i.e. all individuals within one ability group being in the same

state x and with an identical spell s behave in exactly the same way.

Aggregate unemployment rate

We suggest a trivial aggregation mechanism. However, it includes unknown probab-
ilities of being employed and unemployed, as well as the probability of observing an
individual with certain duration s at each point in time. Mathematically speaking,
the key ingredient of the model, the state of an individual 7, x;(t), is unfortunately
not certain at every time point ¢ > 0: The agents can be observed in any one of
two states, x; € {0,1}, with certain probabilities which strongly depend on the
individual job matching rate p;(¢;(s)) (see SDEs (22) and (23), and (Z18)).
Suppose for each agent ¢ we know these probabilities, or, more precisely, prob-
ability density functions. In this case we are able to compute the expected value of

variable x;(t) as well as the total number of employed agents according to

N
L(t) =) xi(t).
i=1
The number of unemployed agents is then defined by
U(t)=N — L(t).

The unemployment rate is then given by

u(t) - Ujss) N —NL(t)'

We detail the aggregation algorithm in Section =373, where we cover the aggreg-
ate dynamics and obtain a missing evolution of individual probabilities of being
employed and unemployed. The analysis of expenses on labor market reforms is

discussed thereafter.

2.3 Analytical results

It is essential to derive the evolution of the key ingredient of the model, the un-
conditional probability density function p,(¢,z,s).® Its integral over certain spell
and time intervals gives the probability for the random duration s of an agent of
taking on a particular value within this spell interval at a time point inside the time

interval. One important feature of the pdf p,(t,z, s) is that it splits the state prob-

9This problem can be also solved via simulations (see Lewis and Shedler, 1979 and Ross, 2O02).
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abilities for being employed P, (¢, 1) and unemployed P, (¢, 0) into spell components:

0 0o
P,(t,1) = / py(t,1,8)ds and P,(t,0) = / py(t,0,s)ds. (2.18)
0

It shows that the probability of the employment or unemployment state, P, (¢, z),
can be easily derived from the probability density function p,(¢,z,s) where z €
{0,1}.

We also note that the pdf depends on the search productivity type n. However,
the dynamics of pdf for each individual with the common type is identical. There-

fore, in most cases, we write the general n meaning that it holds for both 7; and

Mo-

2.3.1 Fokker-Planck equations with state dependent arrival

rates

The unknown evolution of pdf p,(t, x, s) over both time and spell components makes
our analysis fairly complicated. However, in general, the evolution the pdf can be
fully described by a system of Fokker-Planck equations. To find this system we
first combine the given above stochastic differential equations (22) and (233) into
a system:

dr =1 — z]dg, — xdqg),

ds = [1—2zx]dt —[1 — z|sdq, — xsdq),

(2.19)

where © = u(¢(s)) and A is constant. We derive the system of Fokker-Planck

equations in Appendix and write the result as follows:

(p(£,0,0) = AP (t 1)

py(t,1,0) = fo ))py(t, 0, s)ds

5] ,0,s 0 ,0,8
Puft0:0) 1 2Pl >:—M<¢<s>>pn<t,o,s>

Opn(t,1, Opn(t,1,
\ pngs Y- pnf?t g = Apy(t, 1, s).

(2.20)

This is a partial differential equation system of the probability density function
py(t, z, s) since it contains partial derivatives with respect to two variables, time ¢
and spell s.

The system includes four equations: The first equation describes the evolution
of the probability density function at the point in time ¢ of an individual who
just become unemployed, p,(¢,0,0), i.e. it forms the boundary conditions at s =
0. It means that an employed agent, when losing the job, immediately becomes

unemployed with the spell s = 0, and this process is independent of the spell s of
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an employed worker. The second equation of the system (EZ20) is a generalization of
the first one. It describes the opposite situation, i.e. when an unemployed individual
finds a new job. The unemployment spell becomes then s = 0 and starts falling
from the zero level. However, the exit rate p(¢(s)) depends on the job-search effort
¢(s) and, therefore, on the unemployment spell s. In particular, according to (2-11)
and Figure 223, the high unemployment spell implies the high job-search effort of an
unemployed individual and the high job-matching rate. The latter, in turn, leads
to high probability of finding a new job. If job-matching rate p was independent of
spell s, the second equation would appear to be similar to the first equation of the
system given (ZIR).

The partial derivatives with respect to ¢ in the third and fourth equations label
the density evolution over time for a given spell s. The spell derivatives on the
other hand describes how the probability density function changes when the time
point ¢ is fixed. As we can see, the density at each point in time and for each
spell level depends on the arrival rates u(¢(s)) and A. These rates together with
initial conditions on p,(t,0,s) and p,(t, 1,s), p,(0,0,s) and p,(0, 1, s) respectively

determine a unique solution that we discuss below.

2.3.2 Unemployment and employment. Solution to the sys-

tem of equations

We obtain the solution to the system of Fokker-Planck equations (2220) through
a characteristic system of equations (see Polyanin et all, 2000, Chapter 5). The
evolution of unemployment spell distribution is given as a solution to the first and
third equations of the system (E220) with the positive spell s (see Appendix PZQ):

S

Pu(t,0,8) = py(0,0, 5 — t)e™ Jome MO 9 AP, (t —5,1)e™ Jo HOEE (9 97)

where s > 0, p, (0,0, s) is an initial pdf of an unemployed individual at time point
t =0, P,(t,1) - probability of being employed at ¢.

The solution (2ZZ1) consists of two summands: The first one describes the evol-
ution of the probability density function of an unemployed agent who never finds a
job. This pdf diminishes over time due to the positive probability of finding a new
job which is linked to pu(¢(s)) (see the term e~ Js=¢#(E)% Jepreciating over time).
In the first summand we also observe that the unemployment spell s grows over
time when no movements happen. It is described in detail by the initial condition
Pn(0,0, s — t) that moves over time t. As a representation of such dynamics of the
first summand, we discuss the solution in Section 22472, where Figure PZ7a shows di-

minishing initial distribution that shifts each time point towards the positive values
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of the unemployment duration s.

The second part of (EZ2II) represents a situation when a worker loses his job
and becomes unemployed. Since, when it happens, the unemployment spell s = 0,
the pdf is given by AP,(t,1). This term includes the probability P,(t,1) that an
agent is employed with any employment spell s and the spell-independent job-
separation rate A. After becoming unemployed the spell starts growing with time ¢.
However there is still a positive probability of getting a new job with rate u(¢(s)).
Therefore the diminishing term e~ Jo #(®©)% appears in the second summand as
well. The indicator function 1y<s<; keeps track of the fact that for any individual
who switched from employed to unemployed the unemployment spell, s, cannot
exceed the time interval ¢. Figure 2Z7a qualitatively shows that only this part of

the solution survives in the long run Vs € [0, c0).

The long-run solution consists of only the second part (see proof in Appendix
PQ):
pi(00,0,5) = AP (00, 1)e™ Jo #é(©)de

where s > 0 and 0 < s << t.

To obtain the probability that an agent is unemployed, we integrate over the

positive values of spell s, i.e.

P,(t,0) = /+00 py(t,0,s)ds (2.22)

Employment is denoted by negative values of the spell s. Similar to the case
of unemployment, we can obtain the evolution of the pdf in the employment state,
pn(t,1,s), and interpret it (see Appendix 2200). However we are not interested in
the employment state in such detail. We obtain a sufficient description of it using

the property of complement events:

Py(t,1) =1 — P,(t,0). (2.23)

We refer to (22201), (2222), and (2223) below. Thus we combine them into the

system

pTi(ta 07 S) = pﬂ(()? 07 s — t)e_ Jo—em@(©)de + 10§5§t)‘PT](t - S, 1)6_ Jo m(#(€)de

Py(t,0) = ["p,(t,0,5)ds
P,(t,1)  =1—P,(t,0).
(2.24)
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2.3.3 Aggregate dynamics

We build the aggregate dynamics in a simple manner. Starting from the case
of one individual (see Section EZZ), we extrapolate our analysis to the example
with two agents. Finally, we take all N individuals into detailed consideration and
replace them by two representative agents who denote each search productivity type
n € {no,m}.

Constructing the aggregate dynamics, we inspect the probability of selecting
an agent with a certain spell. More precisely, considering the economy between
time points ¢ and ¢t + At, it is important to define the probability of choosing one
individual out of N with an unemployment spell within a certain duration interval
[s, s+ As|. Obviously, this probability in general identifies the state of the economy
overall: if the great part of the distribution locates, e.g., on the unemployment spell
values s > 0, it describes a bad state of the economy with a considerable fraction
of unemployed agents. In addition, this probability is defined by a corresponding
probability density function. We name this pdf the aggregate probability density

function and discuss it in detail below.

Two representative agents

An individual can be observed in either of two states, unemployment or employment,
of a certain duration. To understand the overall dynamics, let us now study an
economy that consists of two agents with the same search productivity type n as an
example. Suppose agent 1 is employed with spell s; < 0 and agent 2 is unemployed
with spell sy > 0 at time point £. Then the probability of picking one agent out of
those two with spell s; or with spell s, is simply % at t and 0 otherwise. Moreover,
as we show above, the individual pdfs follow (224) with their own initial conditions.

The identical situation might be then described by a degenerate probability
density function, s; with probability % and sy with probability %, which we name
as a joint probability density function of the simplistic economy with two agents.
Importantly, the joint pdf is given as a sum of the individual pdfs with weights
%. Thus, the evolution of the joint pdf is also defined by (224), similarly to the
individual pdfs. However, the initial pdf must be combined with weights % from
initial individual pdfs. Note that such a replacement is valid only because all agents
of the same type being in the same state with the identical duration s would behave
equally (see Section Z27T).

We simplify the aggregation in the case of N heterogeneous agents with differ-
ent job-search productivity type n € {no, 1} as a next step. The straight-forward,
but fairly complicated approach would be to compute the evolutions of all N indi-

vidual pdfs and aggregate them afterwards. However, we obtain the same results
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by considering an economy with only two representative agents, the first — of type
no and the second — of type 7y, whose initial joint pdfs, p,, (0,z,1) and p,, (0, z, 1),
are combinations of initial distributions of agents with the corresponding type.™
The joint pdfs simplify our analysis for three reasons. First, the dynamics of
the joint pdfs over time ¢ fully describes the economy as it would be done by
the combination of individual probability density functions. Second, the joint pdfs
follow the same rules of motion already studied in Section 22371 (see (2224)), i.e.

the qualitative analysis in Section 2231 and 232 is valid.™ Finally, within any

future time interval [t,t + At], the probability of picking one individual with an
unemployment spell within a certain interval [s, s + As] is fully determined by a
combination of pdfs of two representative agents, p,, (t,z,s) and p,,(¢,z,s), in the

following manner:
p<t7 z, 5) = TPm (ta Z, S) + (1 - 7T)pﬁo (ta Z, S)’ (225)

We call this mixture the aggregate probability density function.

Evaluation of labor market reforms

To evaluate a potential labor market reform, it is sufficient to study the aggregate
pdf p(t,z,s) as defined by (ZZ5). Bearing this in mind, we are able to address

many more questions than just finding the unemployment rate, which is:

u(t) = /+Oop(t, 0,s)ds (2.26)
0
For instance, the predicted number of employed agents is
L(t) = NP(t,1),
whereas the number of unemployed individuals is described by:
U(t)=N — L(t) = N[1 — P(t,1)] = NP(t,0).

Interestingly, we now can obtain, e.g., the average unemployment duration at each
time point t¢:

f0+°° sp(t,0,s)ds
P(t,0)

EQ [8] =

10 A mixture of initial distributions becomes a smooth function when the number of agents is
large (see e.g. Figure 270).

"To obtain the initial values p, (0,0, s) and p,(0, 1, s), the observed initial distribution might
be required to be decomposed on two distributions, for each search productivity type.



2.3. ANALYTICAL RESULTS 21

For further analysis however it is important to define the conditional pdf:

p(t7078) _ p<t7078)

Pl 510) = f0+°°p(t,0,s)ds ~ P(t,0)°

The total government expenses per unemployed individual paid at each time point

are then given by
f0+°° b(s)p(t,0,s)ds
P(t,0)

bmfo tOst—l—buaf p(t,0,5)ds
P(t,0)

5 —+o0
= bm-/ p(t,s|0)ds + bua/ p(t,s|0)ds
0 5

where the first summand represents the amount paid to one short-term unemployed

O(t) =

(2.27)

agent, i.e. unemployment insurance per unemployed individual. The long-term
unemployed agents receive unemployment assistance given by the second summand.
The integral fog p(t, s|0)ds gives the fraction of the short-term unemployed, whereas

f;oo p(t, s|0)ds represents the fraction of the long-term unemployed.

2.3.4 Definition of equilibrium

Each steady state is characterized by the set of parameters of the model. If one
or more parameters is changed, the economy transits from the old equilibrium to a
new one. Our setup explains in this case how fast this transition is completed and
what is a new steady state with a new set of parameters.

Equilibrium in this model follows the simple procedure:
1. For each search productivity type n = {n1, 70}, we do the next steps:

(a) Given the set of parameters in the model {p, o, N, a, W, by, bya, 5}, the
system (Z13) is solved and value functions V' (by;, s), V(bya), and V(w)

are obtained.

(b) The value function computed in the previous step defines the optimal
effort via (2Z1).

(c) The optimal effort defines the exit rate u(s) according to (ZI8).
(d) The exit rate in turn enters the evolution of the probability density func-
tions (2224). Assuming an initial distribution and solving these equa-

tions, we obtain the evolution of the probability density function in the

unemployment state.
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2. We next combine pdfs for each search productivity type with weights 7 and
1—m7 to get the evolution of the aggregate probability density function p(¢, z, s)
(see (2223)).

3. From the dynamics of the aggregate probability density function we obtain
all necessary values to evaluate the potential reform, i.e. the evolution of the
unemployment rate and of government expenses, given by (2228) and (2-22)

respectively.

To solve the model the total set of parameters of the model therefore includes

{pa g, >\7Oévw7bui7bua7§a7r)n17n0}' (228)

The sufficient set of equations is {(2.11), (2.15),(2.16), (2.24), (2.25), (2.26), (2.27)}.

2.4 Calibration

We further perform a predictive analysis of changes during a labor market reform,
which, e.g., is to reduce the unemployment rate. In doing so, the government might
change any subset of parameter set (Z28). As an example of such a reform, we
study how the reduction of the length of unemployment insurance payments from
Soid = 12 t0 Sy = 6 months influences the unemployment rate and the government
expenses. For our analysis we choose Germany as a typical OECD country with a
two-tier unemployment benefits system.

In particular we calibrate the model using parameters obtained by Lannov and
Waldd (2013) (see Table 21). Following the sequence provided in Section 2234, we
first estimate the value functions, optimal effort, exit rates. Second, we compute
the evolution of the probability density function. The last step is to obtain the

dynamics of the unemployment rate and alteration of government expenses.

P g A Q w bm bua 7T Ui o
0.024 | 0.7639 | 0.01 | 0.406 | 1166.26 | 727.46 | 350 | 0.91 | 0.0911 | 0.0167

Table 2.1: Parameters of the model from Launov_and Walde (2013).

We perform our analysis twice: We complete the first round with 5,4 with any
initial pdf to obtain the long-run pdf. Second, we set this long-run pdf to be an
initial pdf for the case with §,., and run the same procedure again. After doing
so, we obtain the transitional dynamics of the system from the old steady state

characterized by 5,4 to the new equilibrium with §,,.,,.
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2.4.1 Value functions, optimal effort, job matching rates

The optimal behavior of an unemployed individuals suggests that the search effort
¢(s) must increase when the unemployment duration s rises towards 5 (see Figure
23)."2 Tt happens because the individual observes the end of unemployment in-
surance payments. The unemployed agent therefore wants to avoid the situation
when low unemployment assistance are received and tries more intensively to find
a job and earn wage w instead. If it is not successful, the agent gets unemployment
assistance and the effort becomes constant because from the UA state only a new

job can be found, i.e. no further uncertainty.

35

251 N N . 4

20 q

151~ b

0 2 4 6 8 10 12 14 16 18
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Figure 2.3: Optimal effort ¢(s).

The low search productivity type unemployed obviously must look for a job
more intensively. Figure 223 illustrates this fact: The effort of the ny-type agent is
higher than of the n;-type agent for each value of unemployment duration s, i.e.
O (5) < By (5) Vs > 0.

In order to find the alteration to the optimal effort and value function, we solve
the system (Z1H) numerically. The key ingredient of this system is the constant
value function of an unemployed agent, V,,, which is given in Table 224 for each

agent’s type n and duration of Ul payments, 5.

m = 0.0911 | no = 0.0167
S = 12 | Vo = 745.42 | V,, = 733.87
Spew = 6 | Vi = 745.39 | Vi = 733.50

Table 2.2: The value function of the long-term job seeker, V,,, in the old and new
steady states for two search productivity types.

12We draw all figures in this section with 5,4 = 12. The same analysis with value 5,c, = 6
would produce similar results.
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The value function of a short-term unemployed individual, V' (b,;, s), obviously
lies between constant levels of the value functions of being employed, V(w), and of
being long-term unemployed, V' (b,,). Moreover, since the job destruction happens
unexpectedly, the agent is not able to gradually adjust his preferences right after
this time point. This fact explains the drop in the value function from V(w) to
V(bui, 0) at s = 0 (see Figures 24d, P-AH). We further observe that the individual
with lower search productivity type 7y loses more in terms of the value function
when the job destruction occurs. It happens because the new conditions demand

higher search effort for this type.

756 —= T T T T T T T T 755

750 -

7521

= = —Vlbua)
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(b) 10 = 0.0167

Figure 2.4: Evolution of the value function V' (z(s), s) with 5,4 = 12.

With rising effort the value function V' (by;, s) gradually falls until V' (b,,) when
spell s increases towards s (see Figures P4d, PZ4H). At the unemployment sell
5 the value function of a short-term unemployed reaches its boundary condition,

V (bui, 8) = V(bya), and remains constant afterwards together with invariable effort.
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Figure 2.5: The job matching rate p(¢4(s)).
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After estimating the optimal effort and the value functions, we calibrate the
job matching rate p(¢(s)) with scale parameters 7; = 0.0911 and n, = 0.0167
according to (Z18) (see Figure ZH). Importantly, according to (ZZ18) the high
search productivity type is characterized by high ability to convert the effort into
the job matching rate. We model this fact choosing appropriate scale parameters
m > no. Figure 23 illustrates that the exit rate of the high-type unemployed always
lies above the exit rate of a low-type agent, 1(¢y, (s)) > (¢, (s)) Vs > 0. The job-
matching rates moreover rise with the unemployment spell s, when s increases from
0 to 5. It happens due to an increase in the effort ¢,(s). In addition, for any s > §

the exit rates becomes flat together with the effort (compare Figure P23 and P3).

2.4.2 Unemployment rate and probability density functions

We obtain the numerical representation of the evolution the pdfs for each search
productivity type n; and 9. This evolution relies on the system of equations (2224).
In order to aggregate the results of two types, we use (2223) to derive the dynamics
of aggregate pdf, p(t,x,s). These results are already sufficient to compute the

evolution of the unemployment rate.

Unemployment rate

The labor market reform (the drop in the UI payments duration from Sy4 t0 Spey)
leads to a decrease in the unemployment rate from 6.1% to 5.6% within approxim-
ately 3 years (30-40 months) (see Figure Z88). We obtain this result using (2-28).
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Figure 2.6: Evolution of the unemployment rate u(t) over time after the labor
market reform.

A fraction of job seekers find jobs due to the higher effort for both search pro-

ductivity types imposed by new labor market conditions. The unemployment rate,
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observed initially at 6.1%, therefore falls sharply within the first year after the

reform and then decreases gradually later on.

Evolution of probability density functions

We are mainly interested in the part of the aggregate unconditional pdf that reflects
the unemployment state, p(¢,0,s). We further convert this part of the aggregate
pdf into the conditional pdf to provide an intuitive explanation of the government
expenses dynamics. Given the textbook definition, we write the pdf of an agent

conditional on being unemployed as follows:

Cp(t,0,5)  p(t,0,s)
Plts10) = "5 0y = Jo~ p(t,0,5)ds

(2.29)

with -
/ p(t, s|0)ds = 1.
0
Figure 277 presents the entire behavior of the conditional pdf from (2229) where

part 273 describes the overall picture, whereas the initial and terminal distributions

are given in part PZ7H.
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Figure 2.7: Evolution of conditional probability density function p(t,s|0) (a) and
its initial and limiting cases (b).

To sum up, there are two sources of the redistribution of the unemployment dura-
tion which we observe in Figure E7H. First, unemployed agents become employed
due to the higher effort for both search productivity types. Second, a number of
long-term unemployed individuals become short-term unemployed. After the labor
market reform is applied, the fraction of short-term unemployed, defined in (2227),
obviously drops. It happens because all short-term unemployed individuals with the
unemployment spell between §,,., and 5,4 suddenly become the long-term unem-

ployed. After this drop the fraction of short-term unemployed increases due to the
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redistribution of job seekers from the long-term unemployment via the employment

state.
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Figure 2.8: Evolution of the fraction of the short-term (a) and the long-term (b)
unemployed agents.

Figure 228 shows that the fraction of short-term unemployed initially falls from
87% to 60% but then gradually increases to the 65% level. The exact opposite
happens with the fraction of long-term job seekers. The latter fraction sharply rises
from 13% to 40% and then slowly decreases back down to 35% level.

2.4.3 Government expenses

The model predicts future government spendings to support the unemployment
system under new circumstances. Together with the evolution of the fraction of
the short- and long-term unemployed workers (see Figures Z8), we compute the
government expenditure on both short- and long-term unemployed agents using
(2Z22). The model therefore predicts decrease in the total government expenses per
unemployed individual by 10.7%. Figure 229 reveals the same trends in government

expenses as in the fraction of unemployed agents (see Figure ZR).
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Figure 2.9: Short-term (a), long-term (b) and total government expenses per un-
employed individual (c).

2.5 Conclusion

In this paper we analyze various effects of unemployment benefits system changes.
In doing so, we estimate the duration of the reform, the dynamics of the unem-
ployment rate, and alteration of total payments to job seekers in countries with
the two-tier unemployment benefits system. We also show that job-search intensity
links the unemployment payments and the unemployment duration.

To perform such analysis, we develop the dynamic model with heterogeneous
employed and unemployed workers. Exploiting stochastic calculus the model de-
scribes the transitional dynamics between two steady states of the economy that
occurs after the reduction of the length of unemployment insurance compensation
duration. Taking into account these dynamics, the model predicts the decrease in
the value function and the increase in the optimal effort of an unemployed worker.

This alteration raises, in turn, the job-matching rate. Since the probability of es-
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caping from the state of unemployment becomes higher, the unemployment rate
falls.

The dynamics of the probability density function of the unemployment duration
reveals the change in the fraction of the short-term and the long-term job seekers.
The fraction of the short-term unemployed individuals initially drops because a
considerable number of them automatically become long-term unemployed after the
reform. This fraction then rises due to the redistribution of the long-run job seekers
until its new steady state. The fraction of the long-term unemployed individuals
reveals the opposite dynamics. The total government expenses on both groups
changes in the same way as the fraction of the short-term job seekers.

For the quantitative analysis we take the reduction of the unemployment insur-
ance benefits payments from 12 months to 6 months as an example. The model
predicts that this reduction causes a decrease in the unemployment rate from 6.1%
to 5.6% within 3 years. The fraction of the short-term unemployed workers falls
from .84 to .65, whereas the fraction of the long-term ones rises from .16 to .35.
The reform moreover leads to a decline in the government expenses per unemployed
individual by 10.7%.

The approach presented in this study seems to be a highly promising benchmark
for future empirical work. Analyzing labor market reforms outside Germany would,
however, require another careful calibration of the model parameters. In addition,
the model works well with multiple-tier unemployment benefits system. It can
also perform similar analysis of the employment duration with employment spell

dependent wage.
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Appendix

2.A Bellman equation

We formally write the differential of the value function following Waldd (2012) for
two states z € {0, 1}.

Employment

An employed worker is in state = 1 and receives wage z(s) = w and therefore the

differential of value function reads:

oV (w, s)

dV(w,s) = — 5
s

dt + {V(w,s) _ V(w,s)] dq,
+ {v(%o) - V(w,s)] dgy (2.30)

In the employment state the value function does not depend on the employment

spell. Thus, 27422 = 0 and

%ﬁwvg) — A{v(bm,o) — V(w,S)}

The Bellman equation is then given by:
pV(w, s) = u(w,0) + A {V (bm, O) — V(w, 5)1

Note that an employed spares no effort in this state. The maximization problem

therefore vanishes.

Unemployment

An unemployed finds himself in state x = 0 with positive spell s > 0 and benefits
b(s) € {bui,bua}- Thus,
IV (z(s),s)
av = ———"dt
(a(s),5) = =
+{V(b(s —s)+w—0b(s—s),s —s)—V(b(s),s)} dg,

+{V(b(s),s) — V(b(s),s)}dqy (2.31)
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It leads to

dV(z(s),s) = %ﬁj)’s)dt +{V(w,0) = V(b(s), s)} dq, (2.32)

The positive sign of the first term reflects the positive sign of unemployment spell

S.

The job-matching rate, p(¢p(s)), depends on time component ¢ since s =t — t,
where % is a time point of the previous jump. It makes g, to be an inhomogeneous
Poisson process. Forming expectations of dg,, we exploit the definition of this type
of processes (see Ross, 1996, Chapter 2.4), write the number of jumps at ¢t as N(¢)

and write:
P{dg, =1} = P{N(t+dt) — N(t) = 1} = pu(é(s))dt + o(dt)

P{dg, > 1} = P{N(t+dt) — N(t) > 1} = o(dt)
P{dg, =0} = P{N(t+dt) — N(t) =0} =1 — pu(é(s))dt — 20(dt)
=1 — pu(¢(s))dt — o(dt)
Thus,

Eoldg,) = 0+ [ — p(é(s))dt — o(dt)] + 1 - [u(¢(s))dt + o(dt)] + o(dt) Y

= u((s))dt + o(dt)

If we neglect o(dt), we obtain a similar to homogeneous process formula:

Ey[dg,] = p(o(s))dt
Thus, taking expectations from both sides of (E=32), we write:

BudV (bs)5) _ V) 5) ) [V (w.0) V(o). S)}

The Bellman equation is then given by:

oV (b(s), s)
s

(o) [V (w.0) - v | 239

PV 09).9) = mafu(b(s). 9) +

Given (Z3H) and (EZI8), we can solve the latter maximization problem also given by
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(210) that defines the optimal effort through the first-order condition

(09, 6(6)) = 646D |V (,0) = V(0(s). )]

Unemployed individuals choose search effort optimally such that after any increase
in effort the utility loss is equal to the expected utility gain from it. Given (218),

we write

1+ ané(s)]o! [v (w, o) —V(b(s), 5)} ~0
from where we derive the optimal effort:
o(5) = (on[V(w) ~ Vo(s). )] )

The maximized Bellman equation is derived when we plug the optimal effort from
above or (ZI) into the Bellman equation (210):

1

v o(s).s) = "t Vw0 - v} 24
+dan|V(w,0) = V(b(s), s) o v(w,o) —V(b(s),s)| (2.34)
o] [} |
PV (b(s), 5) = b(sil:—g_l - {om [V(w,O) —V((s), s)] } + %
%«MI{WMm—VW@@y; (2.35)
ey = ML OV

1—0 0s

1

[l = @] Vw0 - vo.9)| T @3

2.B Derivation of the Fokker-Planck equations.

5-steps procedure

In order to derive the Fokker-Planck equations we follow the 5-step procedure de-
veloped by Bayer and Walde (2013). We also simplify notation denoting the job-
matching rate by u(s) = p(o(s)). In addition, we do not write the subscript 7 of
the probability density function p, (¢, x,s) and use this place to denote the partial
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derivatives of the pdf.

Step I. The expected change of an auxiliary function

We consider an auxiliary function f(x, s) of two random variables, state z and spell
s, with two-dimensional bounded support S. We then write its differential:
df (z,s) =fs(z,s)[1 = 2z|dt + {f(x +1 — 2,5 — (1 — x)s) — f(z,s)} dg,
Ff =5 —5) — (7, 5)} da

Eldf (x,s)] =fs(x,s)[1 = 2z]dt + {f(x +1—2x,5s — (1 —x)s) — f(x,s)} E[dg,]
+{f(x =25 —as) = fz,5)} Eldg)]

Note that by the definition of inhomogeneous Poisson processes E[dgq,] = p(s)dt (see
Rosd (T996), Chapter 2.4). Process g, is homogeneous and therefore E[dg,] = A\dt.
Thus

Eldf (x, s)]

o =l )L = 2]+ {f(Ls = (L= )s) = f(x.9)} s)

{05 —ws) = f(z,8)} A,

where the subscript s denotes the partial derivative with respect to s.

Step II. Dynkin’s formula and its right-hand side

Given the differential version of Dynkin’s formula,

OE[f(x.9) _ [E[df(x,s)]] 7

BT 0 (2.37)

we write its right-hand side as follows:

B | P —peoy [T 20,04 000 = 0.9} ute)
FLF(0.9) = 70,5 A|pte.510) b
#p6.1) [ {09+ 509 = e

—0o0

{F0,0)— f(1.5)} A]pu, s|1>}ds,

where P(t,z) is the probability of the state = € {0,1}, p(t, s|x) is the conditional
probability density function to observe spell s at time point ¢ given the state {0, 1}.

Remember that state x = 0 stands for unemployment, + = 1 — for employment.
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Note also that one of the terms under both integrals disappears, to the extend that

we simplify the latter equation and write:

. [E[dfga s)J] _P(t.0) / T1£00,5) + {£(1,0) = £(0, )} u(s)]p(t, s[0)ds

4P [ [FA(19) + (£(0,0) = F(1,5)} Ap(t, s

—0o0

In terms of unconditional probabilities p(t, z,s) = P(t,x) - p(t, s|x) we rewrite the

expression above as follows:

B | P (710,94 400,0) = 0.9} u(s)pte.0, )

+/ [ f(1,5) + {£(0,0) = F(1, )} Np(t, 1, 5)ds

Step III. Integration by parts

Exploiting integration by parts, we simplify spell derivatives of the auxiliary func-
tion f(z, s):

/ 15(0,8)p(t,0,s)ds = f(0, s)p(t,0,s)

/ £(0,8)ps(t,0,s)ds
:—f(O,O)p(t,O,O)—/O F(0,8)ps(t,0,5)ds

and

_/0 £.(1,8)p(t. 1, 8)ds = —f(1, s)p t,l,s

/ f(1,8)ps(t, 1, s)ds
= F(L0)p(t,1,0) + / S, 8)palt, 1, 5)ds

where f(0,00)p(t,0,00) = 0 and f(1, —oc0)p(t,1,—00) = 0 because f(x,s) has
bounded support S outside of which f(z,s) = 0, i.e. f(0,00) = 0 and f(1,-
infty) = 0. Moreover it is reasonable to assume that there are no agents in the

economy with the infinitely high spell s — +o00, i.e. p(t,0,4+00) = 0. Therefore the
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right-hand side of Dynkin’s formula (E237) reads:

[P

dt = f(07 O)p(t, 0, 0)

b 00,900,940, - 50,9 pi0.0.9 s
- f(17 O)p(t, 1’ O)

+f Oo{f(l,S)ps(t, L) + {£(0.0) — £(L, )} (s 1,3)}ds
(2.38)

Step IV. Derivative of the expected value

On the other hand,

0

E[f(z,s)] :/Ooop(t,O,s)f(O,s)ds+/ p(t, 1,s)f(1,s)ds

Thus, the left-hand side of Dynkin’s formula is given by:

GE[];(;,S)] — /Ooopt(t,(),s)f(o,s)ds—l—/Oopt(t,l,s)f(l,s)dg (2.39)

Step V. Collecting all terms

Given the differential version of Dynkin’s formula (2237), we further combine all
terms of (238) and (2239) with:

0
£(0,0) : —p(t,0,0) —i—/ Ap(t,1,s)ds =0

f(1,0) : —p(¢,1,0) + /000 w(s)p(t,0,s)ds =0 (2.40)

f(O’ S) : _pS(t>07$) - #(S)p(t>07 S) = pt(ta 07'9)
f(1,8): ps(t,1,8) = Ap(t, 1,s) = pe(t, 1, )

We note that the first equation includes the integral of the unconditional pdf
p(t,1,s) = P(t,1)p(t, s|1) and, given constant job separation rate A, can be simpli-
fied using f?oop(t, s|1) = 1. Thus,

0

/0 )\p(t,l,s)ds:A/O P(t,l)p(t,s|1)ds:)\P(t,l)/ p(t, s]1)ds = AP(t, 1).

o0 —00 — 00



36 CHAPTER 2. EXPENSES ON LABOR MARKET REFORMS

We next group all four equations from (Z20) into the system:

()(£,0,0) = AP(t, 1)

p(t,1,0) = fo p(t,0,s)ds
ps(t,0,8) —l—pt(t 0 s) —u(s)p(t,0,s)
\ps(t,l,s) pe(t, 1,8) = Ap(t, 1, s)

2.C Solution to the system of differential equa-

tions

In this section we derive the solution to the system of the first and third FPEs
from (2220). These two equations describe the evolution of the probability density
function of being unemployed p(t, 0, s). Note that the probability density function
in the employment case p(t, 1, s) from the second and fourth equations of the system
(2220) can be derived in the similar way and, thus, is not presented here. We also
simplify notation denoting the job-matching rate by u(s) = u(é(s)). In addition,
we do not write the subscript n of the probability density function p,(t,z,s) and
use this place to denote the partial derivatives of the pdf.

Solution to the unemployment part

Unemployment is denoted by positive spell s. We therefore look at equation:
Pu(t,0,5) + p(t, 0,5) = —p(s)p(t, 0, ) (2.41)
with s > 0 and two boundary conditions: the initial condition for ¢ = 0
(0,0, 5) (2.42)
and the zero-spell condition which comes from the first equation of (2220)
p(t,0,0) = AP(t, 1). (2.43)

We next look at equations (241) and (222). The method of solution is based on
solving the characteristic system of equations (see Polyanin et al] (2001), Chapter

5):
ds dt dp(t,0, s)

L1 p(s)p(t,0,s)
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and it has two independent integrals:
s—t= Cl

and
p(t,0, 5)€f5 w(&)de _ Cs,

such that the general solution of equation (Z241) is given by Cy = ®(C}), where

®(-) is an arbitrary function. We thus obtain the following results:

p(t,0,8) = (s — t)e Jo #E)d (2.44)

Step I. Initial condition

When t = 0, given the initial condition (Z22), from (Z24) we find:
p(0,0, 5) = ®(s)e™ Jo &

from where
D (s) = pl0, 0, 5)eli 1O

or, changing the variable s — s — ¢,
O(s—1t) =p(0,0,s — 75)€f08775 He)de,
Plugging the latter expression in the solution (224) gives:
p(t,0,8) =p(0,0,s —t)e” Jo meyde J5 ™" nierde p(0,0,s —t)e” S m©)de (2.45)

which is obviously valid only on s > ¢ because the initial condition p(0,0,s—t) =0
Vs < t. That is why we do not need to add an indicator function 14>, into the

solution.

Proposition 1 The solution (248) fades away in the long run.

Proof. Due to s >t s — oo in the long run. It in turn makes lim; ., p(s) to be
constant because of constant long-run effort (see (Z12) and Fig.2Z3). From that it
follows that the integral limy_,o [, u(£)d€ = pt and lim,_,oc e #* — 0. Given that
p(0,0,s —t) is finite Vs, ¢, the solution (Z24H) equals to zero in the long run. m

13Tn general the solution is given by Q(Cy,C3) = 0 or Cy = ®(C) since every constant can be
expressed as a function of another constant.



38 CHAPTER 2. EXPENSES ON LABOR MARKET REFORMS

Step II. Boundary condition

The second part describes solution of (ZZ1) on 0 < s < t. We therefore look at
equation (2Z724) with the independent from spell s boundary condition (243). For
s = 0 (Z44) reads:

p(t,0,0) = AP(t, 1) = ®(—t)

from where

or, changing the variable t — s — ¢,
O(s—t)=AP(t—s,1)
Then (£44) reads
P(t,0,5) = Locy AP(t — 5, 1) Jo HOE,

In this solution we have to explicitly add the indicator function, 1p<s<;, because
P(t —s,1)e"Jo & oL 0 for s ¢ [0, ].

Step I1I. Combination

Combining two solutions into one, we obtain:
p(t,0,5) = p(0,0,s — t)e™ Lot HOL L1 APt —s,1)e Jo 1O (2.46)

where s > 0.
In the long-run only the second part persists, such that for relatively small

nonnegative spell values 0 < s <<t we write:
p*(00,0, 5) = AP*(c0, 1)e~ Jo 1O,

where P*(00, 1) is the long run probability to observe an individual in the employ-

ment state x = 1.

Solution to the employment part

The solution in case of employment, where spell s < 0, can be derived similarly and

is given by:

+oo
p(t,1,8) = p(0,1,t + s)e ™ + 1{|s|<t}€“/ pu(s)p(t + 5,0, s)ds (2.47)
0
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Combination of employment and unemployment parts

The difficulty we observe when solving (248) and (22474) (or (E2211), (E222), and
(2223)) jointly is that p(t,0,0) and p(¢, 1,0) are unknown and depend on each other.
All other values p(t,0,s) and p(t,1,s) for s # 0 can be found from the previous
periods.

Given that P(t,0)+P(t,1) = 1 and p(t,0,0) = AP(t, 1) we see that the unknown
value p(t,0,0) can be found through

o0

p(£,0,0) = A(1—P(,0)) = (1 - /0 " (0, s)ds) =\ (1 ~lim [ p(t,0, s)ds)

z—0t /.

where p(t,0, s) is known for all s > 0.

Constant arrival rates

If we assumed constant arrival rate p, equations (E48) and (244) would become:
p(t,0,5) = p(0,0,8 — t)e " + Locsei \P(t — 5, 1)

and
p(t,1,8) = p(0,1,t + s)e ™ + 1yg<nuP(t + 5,0)e™

respectively.
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Chapter 3

Endogenous Markup Distributions

BY ALEXEY CHEREPNEV?! AND KLAUS WALDE?

3.1 Introduction

In recent years many studies have emphasized the importance of international trade
effects on economic stability. At the country level, the stationarity of markups and
prices has been thought of as a key factor of such stability. In contrast, various firm-
level fluctuations have considerably influenced prices of goods. Significant changes
in prices have subsequently lowered living standards, affecting overall stability. Such
price fluctuations have been primarily caused by changes in firms’ productivity,
market competition (i.e. by changes in the number of firms in a market) and,
consequently, by changes in firms’ markups.

While focusing on the demand-supply relationship, a considerable amount of
macroeconomic literature disregards the impact of firm-level fluctuations on the
markup and price distributions. Moreover, relatively little has been done on study-
ing international trade effects on the price formation just after trade barriers fall.
Thus, we formulate the aim of this study by posting the following questions: ”What
are the main drivers of markup fluctuations?”, ”"In which cases does the price in a
market grow or fall?”, ”What are the transitional dynamics of markup and price
distributions when a closed economy opens up?”.

We observe that static economic models are limited. They are able to only
partially explain the real world dynamics. In this respect, the modern tendency
towards analysis performed outside of the steady state shows untapped potential.
Recent studies show a little progress towards modeling various dynamics between

two steady states (see, e.g., Gustafsson and Segerstrom, 2010, and Bursfein _and
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55128 Mainz, Germany. Alexey Cherepnev, email: alexey.cherepnev@uni-mainz.de!
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MelitZ, 201T). We would also like to perform such analysis to shed more light on
the evolution of the markup and price distributions.

In this paper we argue that movements at the firm level are fairly complic-
ated, but also crucial for understanding both markup and price fluctuations. These
movements become especially important for an open-economy analysis due to major
difficulty in firm aggregation. This work thus attempts to fill the gaps in the liter-
ature by presenting the dynamics of the markup distribution between two steady
states in both closed and open economies.

This study relates to various strands of literature. First, this paper relies on a
large group of closed-economy models that includes entries and exits of firms. Such
models are examined by ovanovid ([982), Hopenhayn (1997), Kleffe and Korfum
(2004), Cotfmer (2007) and Lenfz and Morfensen (2008) among others. Many of
them incorporate stochastic elements into the models in order to explain various
firm dynamics.

Second, we borrow the productivity dynamics from the international trade model
presented by Melit7 (2003). In doing so, we assume that after market entrance each
firm draws its productivity level from a common distribution. This level then re-
mains constant. In addition, we structure our paper in a similar way first presenting
the closed-economy model and then extending it to the open-economy case when
trade barriers fall. In contrast to the Melitz model, we employ a continuous-time
generalization of the Dixit-Stiglitz model with a discrete finite number of goods (see
Dixit and Stiglitz, i977).

Third, this paper also contributes to the literature on international trade. There

are many international trade papers where authors use various trade liberalization

Melit7, 2001, [mpullitti et all, 2013). In these papers the international trade lib-
eralization is considered to be partial (e.g. reduction of the entrance and iceberg
costs) or complete (e.g. the fall of the trade barriers). We focus on the latter case
only.

Fourth, our methodology is related to models which are built on the stochastic
foundation and study transitional dynamics. For instance, one of the first attempts
to describe a complete picture of transition dynamics of firms’ productivity and
output is performed by Bursfein and Melif7z (2011). Their paper also refers to
the work by Afkeson and Bursfein (2010), where a two-side iteration procedure is
suggested to compute the transition between two states of the modeled economy.
The general overview of the stochastic calculus is given by, e.g.Rosd (I[996) and
Walde (2012).

Finally, to describe dynamics of probability distributions we employ the Kolmo-

gorov (Fokker-Planck) equations which are widely used in mathematics and physics,
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but rarely presented in economic literature. The limited number of examples in eco-
nomic literature includes Merfonl (T975), Ld (T98R), Kletfe and Korfum (2004), Mo-

scarini (2005), Koeniger and Prafl (2007), Prafl (2007), Bayer and Walde (2010a,5,

In this paper we therefore present an alternative continuous-time model to study
firm reallocations across available markets. Our model includes discrete and finite
quantities of firms, goods and markets. We basically concentrate on dynamics at the
firm level, i.e. we decompose all movements of a firm into entries and exits. When a
firm is an outsider, it might start supplying each market with a certain probability
related to the market attractiveness. The latter depends on the number of firms
already producing in this market. If this number is large, it is less rewarding for a
potential producer to enter this market due to strong competition and low markup.
Within one market firms behave as Cournot competitors.

Such dynamics give us a distinguishing feature that we can describe the whole
market at any future point in time knowing only the initial conditions of the mar-
ket, the market attractiveness and the total number of entrepreneurs in the whole
economy. These dynamics are fully determined by the Kolmogorov equations that
clarify how distribution of prices, markups and the number of firms in a market
change over time and converge to their new steady states. Importantly, this relat-
ively simple setup allows us to discuss firm dynamics out of steady states in both
closed-economy and open-economy models.

Although the dynamics of the probability distributions are interesting in them-
selves, this study also produces results which corroborate the findings of the previous
works in all fields mentioned above. First, our paper adds to the literature on mar-
ket entry and exit in a closed-economy model. For example, we observe that if a
market is occupied by productive firms with low marginal costs, it will lower the
price in this market. Moreover, a high number of firms producing in a market, also
set lower prices. In the latter case, the price approaches average marginal costs as
in the market with intense competition. Another important finding of our paper is
that the markup distribution within a market is a result of the distribution of the
number of firms only. We also provide a simple estimation of the closed-economy
model parameters to reach the average steady-state markup within the drugs and
medicines market equal to 1.04 (the U.S. data).

The results observed in this study also mirror those of the previous studies that
have examined the effect of trade liberalization. As an example, we model the fall
of the trade barriers in a two-country world and observe that, when two closed
economies open up, the number of manufacturers in a mutual market increases as
a result of the summation of a number of manufacturers in the first and the second

countries. This leads to a decline in the market attractiveness in the mutual market
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due to stronger competition, which, in turn, forces some firms to exit this market.

The remainder of this paper is organized as follows. In Section B2, we describe
the closed-economy model with stochastic entries and exits. In the same section
we look at consumption of the representative agent and at production of a firm.
We then study the equilibrium distributions and look at the cross-section analysis
in Section BZ3. Section B4 defines the equilibrium in the closed-economy world
together with the long-run distributions and their properties. This section also
includes some qualitative analysis of the evolution of the distribution of the number
of firms and the markups distribution. In Section BZ3 we assess a simplified trade
scenario when impassable trade barriers between two asymmetric closed-economy

countries fall. Section B provides both summary and concluding remarks.

3.2 The closed-economy model

3.2.1 The basic structure

There is a fixed discrete number I of markets ¢. Each market is characterized by a
single good denoted also by 7. There is the Dixit-Stiglitz structure of demand for
goods i = 1,2,...,I (see Dixit and Stiglit4 (1977)). Each good i is produced by
an endogenous discrete finite number n;(t) of firms z that operate in market ¢ and
behave like Cournot oligopolists. The total number of incumbents in all I markets

is therefore endogenously given by

N(t) = Z ni(t).

The number of firms out of the market and the number of incumbents sum up to a
fixed discrete finite number Z. One can think of Z as the number of entrepreneurs in
the whole economy with entrepreneurs being in or out of the market. We therefore
count all producing firms and outsiders from 1 to Z.

We build our model such that few firms operate in few markets.® To become
a producer, outsiders simultaneously search for technologies to enter each market
1. A technology for market ¢ arrives at an endogenous rate ;. This rate forms an
aggregate rate of 5;[Z — N(t)] with which outsiders find technologies and therefore
enter into market 7.

The technology level of a firm z in a market ¢ at ¢ is denoted by its productivity
©,i(t) which remains constant throughout the whole period of time when the firm

is present in this market, i.e. we consider no R&D process performed by a firm.™

30ne could think of I = 100 markets and Z = 1000 potential entrepreneurs as an example.
4The productivity changes when a firm leaves a market and enters another market afterwards.
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Once a technology to enter a market ¢ is found, firms first check if this technology
level is high enough to overcome production costs. If yes, firms start producing in
a market ¢ competing with other producers. Due to competition or other effects,
incumbents leave a market ¢ at an endogenous death rate &;. This implies that the
aggregate rate of inflow from all markets into the pool of outsiders is Zi]:l gn;(t).
The I markets, the pool of outsiders Z, arrival rates and the overall dynamics are
illustrated in Figure B.

§iny(t) Eanalt) Emi(t)

A1z = N(t)] BilZ = N(t)]

Z — N(t) outsiders

Figure 3.1: Markets and flows of firms.

We are fundamentally interested in firm dynamics (the rest, like markups, follows
from this). A firm z is uniquely described at each point in time ¢ by the market
7 in which firm z produces and by a productivity ,; firm z possesses within this

market 7. It forms two state variables of a firm:
S2(t) = [S2158225 -+ 5 Saiy - -5 S21), and @,4(1), (3.1)

where s,;(t) € {0,1} and ¢.;(t) € Gi(¢). The state variable s,;(t) equals 1 and
©.i(t) is some positive value from the market specific distribution G;(y) if firm z
produces in market ¢ at time point ¢. Variables s,;(t) = 0 Vi and ¢.;(t) = 0 when
the firm z is an outsider.

When the realization of the two state variables in given, all other endogenous
variables in this economy are derived from them. If firm z produces in market ¢,
only s.;