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Abstract

Maintaining learning models in dynamic environments requires transparency for trust and
compliance, particularly under regulatory frameworks like the Artificial Intelligence (AI)
Act by the European Union. Data stream models must balance adaptability with interpret-
ability, and to keep Al models effective in evolving contexts, maintaining transparency
is essential. To address this, we introduce Soft Hoeffding Trees (SoHoT) as transpar-
ent, differentiable decision trees for data streams. SoHoTs use a novel routing function,
leveraging the Hoeffding inequality for tree expansion, while gradient descent updates
tree weights to adapt to drifting data distributions. Transparency is further enhanced with
decision-rule-based feature importance and a sparse activation function, enabling selec-
tive subtree consideration for final predictions. We also provide a visualization of the
model’s decision-making process for user interpretability. Evaluated on 20 data streams,
SoHoT outperforms Hoeffding trees and competes with Hoeffding adaptive trees and soft
trees under AUROC. We also demonstrate how to balance transparency and performance,
by looking at the trade-off and measuring prediction performance per complexity, which
showcases SoHoT’s benefits compared to existing data stream algorithms.

Keywords Data streams - Hoeffding bound - Concept drift - Soft decision tree

1 Introduction

The European Union proposed the AI Act (Parliament and of the European Union, 2024) to
regulate artificial intelligence (AI) by promoting transparency, accountability, and efficiency
in Al-driven systems. Since Al systems increasingly influence critical aspects of society,
from health care to finance, it becomes vital to trust the models driving these decisions.
Transparency allows users to build trust and ensure ethical and responsible behavior in
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machine learning supported decision processes even for high-risk applications (Panigutti et
al., 2023). Furthermore, as Al systems often operate in complex environments, the integra-
tion of data streams enhances the system’s ability to respond efficiently and responsibly,
ensuring that resource limitations are taken into account. This balance of transparency and
resource awareness is key to developing Al models that are both effective and ethically
aligned.

In this work, we propose Soft Hoeffding Trees (SoHoT) as transparent and differentiable
decision trees designed for data streams, providing adaptive data processing as visualized
in Fig. 1. First, we introduce SoHoTs and conduct a detailed complexity analysis to provide
deeper insights into its computational efficiency. Moreover, we enhance the transparency of
the tree algorithm by introducing new methods, such as a customized feature importance,
that improve interpretability and accountability in its decision-making process. Last, we
perform extensive experiments to evaluate the robustness of our approach across a broader
range of state-of-the-art methods for data streams. SoHoTs demonstrate superior efficiency
and adaptability across diverse datasets, especially those with various types of drift. It
consistently outperforms soft trees and Hoeffding adaptive tree in balancing AUROC and
model size while maintaining competitive AUROC performance. Integrating backpropaga-
tion with decision trees introduces challenges due to increased complexity. To mitigate this,
we employ a sparse activation function (Hazimeh et al., 2020) and show in our complexity
analysis that it adds only minor overhead—Iimited to worst-case scenarios—while remain-
ing asymptotically comparable to recently proposed efficient soft trees. The main contribu-
tions of this paper are: (i) We propose a new model for data streams that allows tuning the
trade-off between prediction performance and transparency by a hyperparameter (called a
in the paper), we do this by (ii) a new transparent routing function and (iii) show how to
split nodes in a data stream setting by applying Hoeffding’s inequality in a gradient-based
tree. We (iv) introduce a metric to measure feature importance in a soft tree and soft Hoeffd-
ing tree. Extending our previous conference paper (Kdbschall et al., 2025), we additionally
provide (v) a complexity analysis of SoHoTs, (vi) a comparison with state-of-the-art stream
learning methods, especially with respect to the performance relative to the model complex-
ity, (vii) a statistical analysis of the results, (viii) a runtime analysis, and (ix) a brief qualita-
tive analysis of the results.

This paper is structured as follows: Related work is discussed in Sect. 2. Section 3 pres-
ents the new method, Soft Hoeffding Trees (SoHoT). An explanation of the transparency
property is given in Sect. 4. The results are presented in Sect. 5, and Sect. 6 concludes our
work.

Fig. 1 SoHoT adaptation to an evolving data stream over time, denoted by routing probabilities to the left
child (Pr,) or right child (Pr)
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2 Related work

Hoeffding trees (HT) (Domingos & Hulten, 2000), as introduced by Domingos and Hulten
in 2000, are an algorithm for mining decision trees from continuously changing data
streams, which is still the basis for many state-of-the-art learners for data streams (Gouk
et al., 2019; Gunasekara et al., 2023). We briefly review the principle of HT in order to
apply some individual techniques in Sect. 3. In contrast to standard decision trees, HT uses
the Hoeffding bound to determine whether there is sufficient evidence to select the best
split test or if more samples are needed to extend the tree. More precisely, let G(z;) be the
heuristic measure (e.g., information gain) for an attribute x; to evaluate for a split test and
G/(z;) be the observed value after n samples. A Hoeffding tree guarantees with probability
1 — § that the attribute chosen after seeing n samples is the same as if an infinite number
of samples had been seen. If G(x,) — G(x3,) > ¢, where , is the attribute with the high-
est observed G after n samples, x; the second-best attribute, then x, is the best attribute
to perform a split on a leaf node with probability 1 — d, where ¢ is the significance level,
e=+/(R?In1/6)/(2n) and R = log k and k the number of classes. Hulten et al. proposed
the Concept-adapting Very Fast Decision Tree learner (CVFDT) (Hulten et al., 2001) to
adapt to changing data streams by building an alternative subtree and replacing the old with
the new as soon as the old subtree becomes less accurate. Bifet and Gavalda (2009) pro-
posed the Hoeffding window tree (HWT) and the Hoeffding adaptive tree (HAT) as a sliding
window approach and an adaptive approach, respectively, to deal with distribution and con-
cept drift based on change detectors and estimator modules. The HWT maintains a sliding
window of instances, and the HAT overcomes the issue of having to choose a window size
by storing instances of estimators of frequency statistics at each node. Naive Bayes Hoeftd-
ing trees are a hybrid adaptive method having trees with naive Bayes models in the leaf
nodes (Holmes et al., 2005). For each training sample, a naive Bayes prediction is made and
compared to the majority class voting. Another variant of Hoeffding trees is to replace the
model in the leaf nodes with a perceptron classifier (Bifet et al., 2010). Manapragada et al.
introduced in 2018 in incremental tree denoted as Extremely Fast Decision Tree (EFDT) (or
Hoeffding Anytime Tree) (Manapragada et al., 2018). EFDT reevaluates split decisions and
updates them when a superior split emerges, ensuring faster convergence compared to HT.
Nevertheless, decision trees (esp. Hoeffding trees) are non-differentiable, since hard routing
(i.e., a sample can only be routed as a whole to the left or the right) causes discontinuities in
the loss function (Hazimeh et al., 2020),' making them incompatible with end-to-end learn-
ing and, therefore unsuitable for integration into neural networks. In deep learning pipe-
lines, where a feature representation is learned, it is desirable to use differentiable models to
enable end-to-end learning.

Ensemble methods for data streams (Oza & Russell, 2001) are widely used and include
algorithms like adaptive random forests (ARF) (Gomes et al., 2017), which feature effec-
tive resampling and adaptive operators such as drift detection and recovery strategies. More
recent work on ensemble methods proposed Streaming Random (SRP) (Gomes et al., 2019),
combining random subspaces and online bagging. In this study, we focus on base learners to
analyze their individual capabilities without adding aggregation complexity.

Since hard-routing decision trees lack a good mechanism for representation learning
(Hazimeh et al., 2020), soft trees (ST) were introduced as differentiable decision trees. Ini-

!'Hard routing is based on hard thresholds, creating a piecewise constant function that maps each region in
feature space to a discrete output.
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tially proposed by Jordan and Jacobs (1993), they were further developed in various direc-
tions by other researchers (Kontschieder et al., 2016; Frosst & Hinton, 2017; Hehn et al.,
2020). In the following section, we briefly discuss soft trees to establish a stronger founda-
tion for explaining individual mechanisms. Soft trees perform soft routing, i.e., an internal
node distributes a sample simultaneously to both the left and the right child, allowing for
different proportions in each direction. A common choice for the gating function is the sig-
moid function. Hazimeh et al. (2020) introduced the smooth-step function S as a continu-
ously differentiable gating function, i.e.,

0 ‘ t<—v/2
S(t) :{ —Ft gty /25t <9/2 (1)
1 t>7/2,

where 7 is a non-negative scalar. A property of S is the ability to output exact zeros and ones,
which provides a balance between soft and hard routed samples and enables a conditional
computation. Along with the smooth-step function, the authors proposed the tree ensemble
layer (TEL) for neural networks as an additive model of soft trees utilizing S and concluded
that TEL has a ten-fold speed-up compared to differentiable trees and a twenty-fold reduc-
tion in the number of parameters compared to gradient boosted trees. Irsoy et al. proposed
an incremental architecture with soft decision trees (Irsoy et al., 2012), where the tree grows
incrementally as long as it improves. Hehn et al. (2020) proposed a greedy algorithm to
grow a tree level-by-level by splitting nodes, optimizing it by maximizing the log-likelihood
on subsets of the training data. Stochastic gradient trees (Gouk et al., 2019) are an incremen-
tal learning algorithm using stochastic gradient information to evaluate splits and compute
leaf node predictions. The tree applies #-tests instead of the Hoeffding inequality to decide
whether a node is to be split. Generally, differentiable decision trees commonly lack trans-
parency and the facility to adjust to concept drift. Finally, they do not have the ability to
learn and dynamically build the model’s architecture from a data stream.

Recent work has proposed various approaches to instance-level explanation. Mignone et
al. (2024) introduce an instance-based feature ranking using self-organizing maps, where
the importance of each feature is derived from its contribution to the Euclidean distance
between an input instance and its best-matching neuron. Swamy et al. (2025) propose Inter-
pretCC, a class of interpretable neural networks that leverage sparse gating mechanisms to
activate only a subset of features, making the decision process explainable. Lastly, Zhong
and Mattijs (Li & Leeuwen, 2023) focus on explaining anomaly detection by ranking
features based on their influence on each prediction, particularly in temporal and spatial
contexts. In contrast to these approaches, our method employs a novel transparent routing
mechanism that ranks features by their contribution to each branch and the final prediction,
while filtering out less relevant features from the explanation. The key differences of soft
Hoeffding trees in comparison to Hoeffding trees and soft trees are summarized in Table 1.
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Table 1 Key differences of our Our method HT ST
method, soft Hoeffding trees (SoHoT)
(SoHoT), to Hoeffding trees Data streams 7 Y Must be
(HT) and soft trees (ST) .
adjusted
Differentiable v X v
Routing Soft and hard Hard routing  Soft
mechanism routing routing
Adaptation to Weight optimization Growth Weight op-
drifts (gradient descent) timization
and growth (gradient
descent)
Transparency Feature importance, ~ Split tests, Tree
split tests, tree tree structure structure
structure

3 Soft Hoeffding tree

We propose soft Hoeffding trees as a transparent and differentiable decision tree over data
streams. Fundamentally, a SoHoT is an adaptive, transparent tree that intuitively reveals
the inference process for incoming examples. The tree’s ability to process data streams
eliminates the need for data storage, reducing memory and computational overhead (Gama,
2012). SoHoTs apply a new routing function and enlarge the tree dynamically using the
Hoeffding inequality, which is explained in detail next. Its transparency is detailed in Sect. 4,
while Sect. 5 analyzes its performance against state-of-the-art methods and execution times.

3.1 Problem formulation

We consider a supervised learning setting where & = {(z+, y¢)|t € {0,...}} is an open-
ended sequence of feature vectors x; € X and labels y; € V. Let X C RP be the input space
and Y C R be the output space, where k equals the number of classes. While we focus on
classification, our method trivially extends to regression with k£ = 1. A soft Hoeffding tree
T:X — RFisafull binary tree of maximum depth d .« that iteratively observes data from
G. T has a set of internal nodes Z and leaf nodes £. Each internal node ¢ € Z has a weight
w € RP and holds a split decision, and each leaf node [ € £ has a weight o € R and holds
sufficient statistics to measure impurity of each feature using a function G such as informa-
tion gain. Moreover, let W := {w; | i € Z} and O := {0, | | € L}. For any observed input
(¢, yt), the tree updates its node weights via gradient descent and determines whether to
expand its structure to adapt to potential data drift. A new routing function R (Eq. 2) is used
to guide a sample through 7. We begin by introducing the forward pass to determine a pre-
diction for an input, followed by the backward pass to show how the tree adapts to drifts.
Table 2 lists the notation used throughout the paper.

At the beginning, T consists of a single leaf node.

3.2 Prediction

The input x,? starting at the root node i, is routed to the left child (if it exists), which is
denoted by {x i}, with probability P({z , i}) and to the right child (if it exists) with

2For simplicity, we omit the subindex ¢ when the time frame is irrelevant.
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Table2 Summary of notation Notation Space or type Explanation
used X RP Input feature space
Yy RF Output label space
T(x) Function The output of SoHoT. Formally
T:X — RF
z Set Set of internal nodes
L Set Set of leaf nodes
w; RP Weight vector of internal node i
[} RF Weight vector of leaf node /
t N Time point
w Set Set of internal node weights
@ Set Set of leaf node weights
R Function The routing function of SoHoT.
Formally R: X Xx T — R
dmax N Maximum tree depth

probability P({z \,i}) =1 — P({z ,/ i}). To achieve both a transparent model and a
transparent prediction, a new routing mechanism is proposed as follows.

Definition 1 Let R : X x Z — R be a function, « € [0, 1] be a parameter, x, the split fea-
ture, 6 the split value and “(z, < 6)?” the split test computed for the internal node i. Further,
1(-) is the indicator function, which is 1 if the condition in (-) is true and 0 otherwise. Then,
our new routing function R is defined as

R(z,i) = P({x v i}) = a-S((w,x)) + (1 — ) - 1(z, < 0), )

where w; € RP is the weight vector of i.
However, R is a convex combination of the split test on i and the routing probability by
applying the continuously differentiable smooth-step function S (Eq. 1). In other words,
the probability of routing x to the left child is determined by the combined and weighted
impact of the multivariate split by S({w;, x)) and the univariate split test by 1(z, < 6). The
parameter « regulates the transparency of the model. Specifically, when o becomes smaller,
the model’s transparency increases, as the split tests provide users with explicit information
about the criterion used for decision-making. However, performing more multivariate splits
may also lead to higher performance, as we evaluate in Sect. 5.4. Note that with « =0, a
SoHoT acts similarly to a Hoeffding tree, and with o = 1, a forward pass similar to soft
trees is performed, and the performance should resemble the performance of ST once the
tree is fully grown.

We denote P({z — [}) as the probability that x reaches the leaf | € £ determined by
the product of the probabilities on the path from root towards /. The final prediction for x is
then defined as

T(z) = 3 P({x = [})oy, 3)

lel

where o; € R* is the weight vector of a leaf [ € £. For classification tasks, the softmax
function can be applied to 7(x) to obtain class probabilities. Figure 2 shows an example
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Input =

’ Split test: (za, < 61)?

aS({(w;,,z)) + (1 — a)l(zq, < 61) 1-— (aS((wi“I)) +(1—a)l(z, < 91))

’ Split test: (za, < 02)7

aS((wiy, ) + (1 — @)1 (24, < 62) 1— (aS({wiy, z)) + (1 — a)1(za, < 62))

Fig.2 Soft Hoeffding tree T at time ¢ > 0 with routing probabilities at the edges

z = (1.2,0.4)

Split test: (za, < 0.5)7
ZTqqy: 0.6 - % = 0.51

0.6-0.88 + 0.4-1(0.4 < 0.5) 1-0.93
=0.93

Dist: (0.6,0.4) Dist: (0.3,0.7)
P(z — 1;) = 0.93 P(z — ly) = 0.07

Fig.3 ExampleroutingtoaSoHoT witha=0.6,p=2 input features, weightsw;=(0.2,0.1),0;, = (0.5,0.1),
01, = (0.1,0.9). The output T'(z) = P(x — l1) - 0, +P(x — l2) - 01, = (0.47,0.16), and the class
probabilities after softmax function are (0.58, 0.42) and the tree predicts class 1 with probability 0.58. To
compute the feature importance (introduced later in Sect. 4) as explanation, we determine o = 0.2 - 1.2]
+10.1-0.4] = 0.24 + 0.04 = 0.28 and show the feature a1 next to node i as the feature importance of
Tq, 18 0.51 > L The second feature Tao 1S not important according to Definition 3, but is used inside
the split test. A user interprets the output as follows: The input reaches leaf node [1 with probability 0.93,
where class 1 is predicted with probability 0.6. This decision primarily relies on feature x4, , with a split
on x4, at 0.5. With probability 0.07, x is routed to the right subtree, where class 2 is predicted with prob-
ability 0.7

of a SoHoT T at a time step ¢ > 0, including the routing probabilities on each edge. We
exploit the properties of S and compute each root-to-leaf probability only for reachable
leaves, which means P({z — i}) > 0 for any node i on the path from the root to a leaf.
The conditional computation implies that eventually subtrees might not be visited during
the forward and backward pass. This makes the online framework particularly resource-
efficient, as discussed for S (Hazimeh et al., 2020). An example of transparent routing in a
SoHoT is given in Fig. 3.

3.2.1 Time complexity

A single forward pass for x ensures that x encounters each node at most once. Computing the
routing probability (Eq. 2) requires O (k) operations, while computing each output variable
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in the leaves (Eq. 3) requires O(p) operations, leading to a worst-case time complexity of
O(IZ[k + [£]p))-

3.2.2 Space complexity

The space required for the forward pass varies based on whether it is used for inference or
training. In general, traversing a full binary tree in a depth-first manner has a complexity
of O(dmax), as the recursion stack stores at most one node per level. If the forward pass is
used for subsequent training, routing probabilities for an internal node ¢« € Z and a leaf node
le L, ie., (w;,z) and P({x — [}) respectively, need to be stored. This requires a worst-
case space complexity of O(dmax + |Z] + |£]).

3.3 Adaptation to drifting data

The training of 7 to adapt to the data stream can be captured in two steps: the gradient
computation and the growth of the tree structure; and is summarized in Algorithm 1. Let L
be a loss function. Given 7, the input € R? and %, which should be available from the
backpropagation algorithm as an input to the backward algorithm. T is traversed in post-
order to compute the gradients and to update the statistics in the leaf nodes. The gradients of
each weight in W and O and the input x are calculated as proposed for TEL (Hazimeh et al.,
2020). To compute gradients, the forward operations must be differentiable. For drift adapta-
tion, we leverage the continuously differentiable component of S in Eq. 2 to enable gradient
calculation. Note that the split tests are non-differentiable and are therefore excluded from
this process. Beyond the gradient computation of the weights, we also focus on the selec-
tion of split tests within the tree. In order to determine univariate splits on a data stream,
we use the Hoeffding tree methodology here. First, we collect the statistics of the incoming
instances in the leaf node / to compute potential split tests later, but only if the maximum
depth dy,ax on this path has not yet been reached and P({z — 1}) > ¢,, where 0 < e, < 1°.
A cutoff € is chosen since certain examples have a limited likelihood of reaching leaf nodes,
resulting in their inclusion in predictions with a relatively small proportion; therefore, these
statistics are not relevant for any new univariate split in /. As soon as the tree traversal is
finished, the algorithm iterates over all leaves and attempts to split (see Algorithm 2).* Split-
ting follows the Hoeffding tree approach using the Hoeffding inequality (Sect. 2), where
a leaf node becomes an internal node based on an impurity measure G (e.g., information
gain) to select the split attribute z, and apply the test “(z, < 6)?”. When extended, a leaf
node / becomes an internal node i with two child nodes I and ls, i.e., Z=Z U {i}, and
L=(LU{l, ) \{l},and W=WU{w;}, and O = (O U {oy,,01,}) \{o:}. An exam-
ple of node splitting is given in Fig. 11 in the appendix. However, a sample may reach mul-
tiple leaf nodes due to the soft-routing mechanism, and thus, the splits may differ from those
of Hoeffding trees. After the tree has been traversed, gradient descent can be performed
based on the computed gradients.

3 A reasonable choice is, e.g., €s = 0.25.

4Since all features are numerical, split candidates are determined by discretizing feature values using, e.g.,
a binning approach.
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1: Input: T,'x GFRP, ;%" €s

2: Output: %, %%

3. Initialize 9% =0

4: Traverse T in post-order:

5: ¢ is the current node

6: if i is a leaf then

7: Compute %

8 if i.depth < dax and P({z — i}) > €, then
9 Update leaf node statistics

10: end if
11:  else

oL oL
12: Co.mpute oo and F-
13:  end if

14: Iterate over all leaves and attempt to split

5 . 0L OL 0L
15 Return: 357, 517, 55

Algorithm 1 Backward pass
3.3.1 Time complexity

Computing the gradient of o; € O during the backward pass in Algorithm 1 in Line 7
requires O(k) operations per leaf (see Hazimeh et al., 2020). Line 9 requires O(p) opera-
tions, as it maintains frequency counts for each of the p attributes, each with v possible
values. Since attributes are numerical, their values are grouped into fixed discrete intervals
(bins) for efficient frequency counting, keeping the number of possible values v constant.
Line 12 requires O(p) operations for vector-scalar multiplication (see Hazimeh et al., 2020)
per internal node and input sample. The attempt to split (Algorithm 2) finds a possible split
candidate for each attribute, which takes O(pv) = O(p). Therefore, the worst-case time
complexity is

O(I£|(k + pv + pv) + |Z]p) = O(IL[(k + p) + |Z|p)
= O(£|(k +p));

as |Z| = |£| — 1. The best-case time complexity is O(k + dmaxp) with |£] = 1 when only
one leaf node is visited.

1: Input: Leaf [, dpy.x, tie breaking threshold 7, impurity measure G

2: if samples seen so far are not from the same class and dp,,x not reached then
3 Find split candidates*by computing G(x;) for each attribute x;

4 Select the top two x4, xp

5:  Compute Hoeffding bound e

6: if ((G(zq) — G(zp) = AG) > € and z, # xy) or € < T then

7 Split [
8 end if
9: end if

Algorithm 2 Attempt to split
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3.3.2 Space complexity

During the backward pass, the tree is traversed in post-order, requiring at most one node
per level to be tracked, resulting in a space complexity of O(dmax ). Additionally, each leaf
stores a frequency counter for every attribute-value pair (line 9), requiring O(pv) = O(p)
space. Since this statistic is no longer needed once the maximum depth limit is reached, it
improves space efficiency, especially for large datasets. However, computing the gradients
in line 12 requires storing one scalar per internal node (Hazimeh et al., 2020). Thus, the
space complexity is O(dmax + |£|p). If the maximum depth is reached and -y is chosen very
small, leading to many zero gradients, Algorithm 1 requires constant space.

4 Transparency

Post-hoc interpretations often fail to explain clearly how a model works. Therefore, we
focus on transparency, aiming to elucidate the model’s functioning rather than merely
describing what else the model can tell the user (Lipton, 2016). We examine the transpar-
ency of a SoHoT and how to measure it compared to soft trees at the level of the entire
model (simulatability). To make the model and the prediction transparent and explainable,
we follow two principles: growth and inclusion of split tests. To enhance tree transparency,
we introduce a feature importance measure for internal nodes to quantify each attribute’s
relevance to the prediction, which we also evaluate in Sect. 5.4.

4.1 Measure transparency

We aim to compare the interpretability of the decision rules by the number of important
features. The fewer important features, the easier and shorter the explanation and, therefore,
the more transparent the model. First, we define an important feature for soft trees and then
adapt it to SoHoTs.

Definition 2 Let 7 : X — ) be a full binary tree with internal nodes Z and leaf nodes
L, associated weights W and O as previously defined, and a soft routing decision
P({x v i}) = S((w;, x)), where i € Z, w; € W and z; € X. We define a feature a as
important if its weighted proportion of z; exceeds a uniform distribution relative to the
number of features p, i.e., if the following holds

|wi,a$t,a| 1
ey @

where w;, (x¢,) denotes the ath entry of w; (x, respectively) and
o = wi1z1] + |w 22| + - - + Wi pzpl-
However, to assess an attribute’s importance, we measure the extent to which each sum-
mand in w; 121 + w; 222 + - -+ + w; pT, is weighted more strongly (positively or nega-
tively) by w; at decision node i.

Definition 2 holds for soft trees and SoHoTs with routing function R and o = 1. For
a # 1, the splitting attribute in the splitting test may also emerge as one of the important
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attributes. Hence, we apply the convex weighting on the impact rule to define important
features under the routing function R. More precisely, we weight the percentage impact of a
feature on the soft decision rule (left side of Eq. 4) and its weighted impact when used as a
splitting attribute in the split test.

Definition 3 Let 7' : X — ) be a full binary tree with internal nodes Z and leaf nodes L,
associated weights YW and O as previously defined, and a soft routing decision R. We define
a feature a as important if its weighted proportion of z; exceeds a uniform distribution
relative to the number of features p, or if @ is chosen as the split attribute in i and 1 — o
surpasses this threshold, i.e., if the following holds

1 . . .
> —or (1 — ) - 1(split attribute oniisa) >
p

. |wi,amt,a

: ®)

SER

a

We use these definitions to assess both the length and content of the explanation in the fol-
lowing section.

5 Experiments

We study the performance of SoHoTs in terms of prediction, drift adaptation, and transpar-
ency. We evaluate SoHoTs in comparison to Hoeffding tree (HT), Hoeffding adaptive tree
(HAT), extremely fast decision tree (EFDT), streaming stochastic gradient descent classifier
(SGDClassifier) from library CapyMOA (Gomes et al., 2025), and soft trees (ST) (Hazimeh
et al., 2020). SGDClassifier is a linear classifier that utilizes stochastic gradient descent for
learning, specifically wrapped to facilitate use in streaming contexts.

5.1 Experimental setting
5.1.1 Model implementation

SoHoT is implemented in PyTorch 2.1 (Paszke et al., 2019), and we provide an open-source
Python implementation.’> SoOHoT and ST perform online one-hot encoding and normaliza-
tion while using the Adam optimizer (Kingma & Ba, 2015) and cross-entropy loss. We
assume a test-then-train setting, with all measurements averaged over five random repeti-
tions. To obtain the benefits of the models, we employ an efficient per-instance training of a
pool of models to enable hyperparameter tuning on streams (Gunasekara et al., 2022). The
model with the lowest estimated predictive performance is chosen for every prediction, and
half of the models in the pool are selected for training. The pool consists of models with all
different hyperparameter combinations. Additional details are in the appendix. To ensure a
fair evaluation, we performed hyperparameter tuning for data streams, aiming to showcase
the best possible results. However, the improvements were generally modest, as all methods
produced outcomes that remained close to those obtained with default parameters.

3 https://github.com/kramerlab/SoHoT.
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5.1.2 Datasets

We employ 20 classification data streams (binary and multiclass; Table 5), 8 are purely
synthetic, 4 are large real-world data streams [both are used in various literature (Bifet et
al., 2013; Gunasekara et al., 2022)], and the remaining 8 are synthetic streams derived from
real-world data streams [from the PMLB repository (Olson et al., 2017)] and generated
as follows. We employ a Conditional Tabular Generative Adversarial Network (CTGAN)
(Xu et al., 2019) to emulate a realistic distribution within a substantial data stream of 10°
samples and injected abrupt drifts by oversampling a randomly selected class. Ten drifts are
induced, and each context contains samples in which around 75% belong to the randomly
selected class.

5.2 Drift adaptation

Soft Hoeffding trees adapt to drifting data streams by updating the weights in the tree by
gradient descent and growing the tree structure by splitting leaf nodes. Figure 4 illustrates
the extent to which a SoHoT adapts to a drifting data stream by visualizing || g—% H and the
number of added nodes over time. In the beginning, the tree grows to establish a foundation
to accommodate the data stream. Following the abrupt drift in Fig. 4, the gradient rises,
prompting updates to the node weights JV and O as the model adapts to the new classifica-
tion function. A similar pattern occurs with gradual drift, where adaptation happens later.

5.3 Comparison with state-of-the-art algorithms

Since this paper primarily investigates the trade-off between transparency and predictive
performance, several relevant metrics are considered. We assess predictive performance
using AUROC; however, it does not capture the reasoning behind the prediction. Compari-
son models tend to have more nodes, making their explanation larger and more complex. To
account for this, we introduce a fair comparison metric to better illustrate the trade-off. The
transparency property from Sect. 4 does not apply to HT, HAT, or EFDT decision rules and
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(a) Agrawal with abrupt drift. (b) Agrawal with gradual drift.

Fig. 4 Drift adaptation for a single SoHoT on Agrawal stream with a abrupt and b gradual drift (indicated
by red lines). The difference in number of nodes in a SoHoT and H % H , where T is the output of the

tree and L the loss function, shows how a SoHoT adapts to different types of drifts over time (Color figure
online)
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will be examined in Subsection 5.4. To standardize comparisons, we measure explanation
length by the average number of nodes, aligning with the transparency motivation in Sect. 4.
AUROC per logarithm of complexity (APLC) is then defined as

AUROC
APLC = (6)

log, (average number of nodes)

The AUROC in the numerator is a measure of the sorting or ranking capacity of a classifier,
being the probability that an instance of the positive class is sorted before an instance of
the negative class according to the class probability estimates. The logarithm of the number
of nodes in the denominator is a measure of the complexity of a tree, being the depth of a
tree with the same number of nodes if that tree was balanced. Thus, APLC is a measure of
the sorting capacity of the tree per depth, if the tree was balanced with the same number of
nodes.

Larger values for APLC are preferable as they lead to a higher AUROC and a more
compact model. We compare AUROC and APLC (Eq. 6) of SoHoT and several state-of-
the-art online algorithms on 20 datasets in Table 3. SoHoTs outperform the comparison
methods in APLC and demonstrates superior performance on datasets with different types
of drift, achieving higher AUROC than HAT in cases of abrupt (SEA ¢, SEA,,,) and gradual
(HYPy, HYP,,). More details on the average number of nodes for each method and dataset
are in the appendix (Fig. 12). While ST achieves the best AUROC overall, its fixed tree
size results in lower APLC and longer explanations despite good predictive performance.
HAT, on the other hand, adapts to concept drift by replacing subtrees, leading to smaller
model sizes but a lower mean rank in terms of AUROC. Overall, SoHoTs strikes the best
balance, excelling in both APLC and adaptability. We evaluated four regression datasets in
Sect. B.2, and we observe that SoHoTs perform competitively with state-of-the-art stream-
ing regression methods. However, we emphasize that SoHoTs were primarily developed
for classification tasks. The win-count matrix in Fig. 5 summarizes the number of datasets
in which each method (row) statistically outperformed another (column) based on a paired
t-test with a significance level of 0.05. The results highlight the competitive advantage of
SoHoTs. SoHoTs achieve significantly better APLC scores than HT, EFDT, and ST. A paired
t-test confirms that SoHoTs statistically outperforms ST across all datasets. While SoHoTs
also outperforms HAT on 10 datasets, HAT surpasses SoHoT in only two. Critical differ-
ence diagrams using Wilcoxon signed rank test in Fig. 6 show that SoHoT outperforms
HAT in terms of APLC, with no critical difference between the two. As shown in Table 3,
the diagram for AUROC indicates that ST outperforms the other methods. For additional
details, refer to the Appendix (Fig. 13). Overall, SoHoT is competitive with state-of-the-art
online algorithms and especially with HAT, but when transparency and, therefore tree size
are prioritized, SoHoTs deliver better results. To confirm SoHoTs’ generality, we performed
experiments on larger stationary data in Table 4. We generated data streams containing 107
instances using the procedure described in Sect. 5.1.2 with CTGAN, without introducing
any drifts. We observe similar trends as proved in Table 3. The APLC score improved for
SoHoTs, as they adapt to the data distribution by learning the weights, not just by increas-
ing the tree depth. In the next section, we explore the advantage SoHoTs provide in terms
of transparency.
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Table 3 Results in terms of AUROC and APLC (see Eq. 6) on 20 datasets

Data Metric SoHoT HT HAT EFDT SGDClass ST
SEA AUROC 0.878 0.876 0.877 0.876 0.871 0.881
APLC 0.146 0.108 0.108 0.120 - 0.122
SEA,, AUROC 0.879 0.876 0.877 0.876 0.870 0.881
APLC 0.146 0.108 0.108 0.120 - 0.122
HYPy AUROC 0.942 0.892 0911 0.908 0.943 0.948
APLC 0.157 0.108 0.108 0.115 - 0.131
HYP,, AUROC 0.947 0.926 0.920 0.922 0.946 0.950
APLC 0.158 0.115 0.108 0.114 - 0.131
RBFy AUROC 0.537 0.584 0.698 0.591 0.673 0.653
APLC 0.115 0.099 0.154 0.095 - 0.090
RBF,, AUROC 0.603 0.748 0.860 0.781 0.780 0.878
APLC 0.127 0.118 0.219 0.093 - 0.122
AGR, AUROC 0.932 0.891 0.949 0.903 0.669 0.980
APLC 0.164 0.104 0.114 0.110 - 0.136
AGRy AUROC 0.918 0.849 0.925 0.876 0.659 0.970
APLC 0.162 0.099 0.105 0.106 - 0.134
Sleep AUROC 0.837 0.842 0.859 0.854 0.893 0.914
APLC 0.177 0.134 0.303 0.116 - 0.126
Nursery AUROC 0.844 0.837 0.883 0.849 0.873 0.894
APLC 0.161 0.135 0.156 0.133 - 0.124
Twonorm AUROC 0.992 0.987 0.984 0.986 0.996 0.996
APLC 0.165 0.122 0.117 0.119 - 0.138
Ann-Thyroid ~ AUROC 0.802 0.746 0.864 0.837 0.876 0.867
APLC 0.163 0.105 0.161 0.119 - 0.120
Satimage AUROC 0.786 0.743 0.793 0.757 0.652 0.842
APLC 0.178 0.133 0.285 0.118 - 0.117
Optdigits AUROC 0.695 0.674 0.722 0.660 0.657 0.720
APLC 0.173 0.132 0.184 0.117 - 0.100
Texture AUROC 0.741 0.750 0.748 0.770 0.853 0.859
APLC 0.199 0.161 0.331 0.128 - 0.119
Churn AUROC 0.791 0.661 0.783 0.703 0.679 0.814
APLC 0.153 0.079 0.096 0.087 - 0.113
Poker AUROC 0.484 0.617 0.622 0.626 0.460 0.667
APLC 0.120 0.122 0.113 0.125 - 0.092
Kdd9o9 AUROC 0.794 0.810 0.789 0.796 0.736 0.949
APLC 0.151 0.121 0.103 0.110 - 0.131
Covtype AUROC 0.784 0.950 0.963 0.963 0.878 0.946
APLC 0.149 0.146 0.143 0.130 - 0.131
Epsilon AUROC 0.654 0.643 0.651 0.633 0.888 0.784
APLC 0.170 0.128 0.121 0.177 - 0.109
Mean Rank Mean rank AUROC 3.900 4.700 3.050 3.950 3.950 1.450
Mean rank APLC 1.450 3.600 2.950 3.650 - 3.350

All methods are hyperparameter-tuned with ranges described in Appendix B.l. Best results regarding
APLC are in bold. SGDClassifier has no depth since it is based on SVM
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Fig. 5 Number of datasets on which a 20.0
model (row) has statistically outper- SoHoT- O 19 0 18 20
formed another (column) based on a 17.5
paired t-test with significance level 0.05 15.0
under metric APLC HT- 0 0 4 ( 9 '
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Fig. 6 Critical difference diagram in terms 5 % 2 1

of APLC determined using the Wilcoxon
signed-rank test with 95% confidence
level and adjusted with Holm’s method EFDT SoHoT

S

HT
qT HAT
Table 4 State-of-the-art comparison with stationary data without injected drifts
Data Metric SoHoT HT HAT  EFDT SGDClass ST
Sleepstationary AUROC 0.761 0.815 0.824 0.830  0.698 0.825
APLC 0.162 0.129 0.123  0.111 - 0.114
Twonormgtationary AUROC 0.725 0.682 0.682 0.708  0.622 0.708
APLC 0.120 0.085 0.080 0.089 — 0.098
Mean Rank Mean Rank AUROC  3.000 4.500 3.500 2.000  6.000 2.000
Mean Rank APLC 1.000 3.000 4.000 4.000 - 3.000

Best results regarding AUROC and APLC in bold

5.4 Transparency

First, we examine the length of the explanation of SoHoTs compared to ST, followed by the
trade-off between transparency and predictive performance for a SoHoT, and then analyze a
visualization of a SoHoT, including drift reaction.

5.4.1 Explanation length

We start by analyzing the average number of important features per decision rule for a soft
Hoeffding tree and a soft tree in Fig. 7 as proposed in Sect. 4. It can be observed that, on
average, the number of important features for a decision rule is higher for soft trees than for
SoHoTs. This suggests that the coding length of an explanation for SoHoT is shorter and,
therefore, easier than for ST. To regulate transparency, o can be employed by assigning a
higher weight to a single feature from the split test. However, this adjustment may lead to a
potential loss of performance, as examined next.
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Fig. 7 The average proportion of impor-
tant features per decision rule in a single
SoHoT with o = 0.3 and a soft tree (ST)
for n = 10° samples of each data stream
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Fig. 8 Trade-off between transparency and performance for a single SoOHoT with test-then-train of a tree
of depth 7. The results for the other data streams have very similar trends and are omitted due to space
constraints

5.4.2 Trade-off analysis

As «a regulates the impact of the univariate split criterion, varying « results in a trade-off
between transparency and predictive performance. Small values for « yield more univari-
ate splits, while values close to 1 yield more multivariate splits. We performed an ablation
study varying only «, while keeping all other components fixed, to illustrate its effect on the
transparency-performance trade-off in Fig. 8. It shows the average proportion of important
features to the total number of features for each respective data stream, and the AUROC for
varying « on each data stream. The transparency ratio peak for the SEA data stream occurs
when the univariate split criterion weighting is deemed unimportant (Eq. 2) due to the small
number of features (3). The drop is also observed in other streams at different o values.

5.4.3 Qualitative analysis

We examine and analyze the output presented to a user in Fig. 9 on the example of the syn-
thetic stream generator by Agrawal et al. (1993). A stream of 10,000 instances with three
abrupt drifts, i.e., changing the classification function, after each 2,500 samples is used for
evaluation. The explanation for the split and routing is labeled to the left of each internal
node. The representation is based on an input instance x and includes the split test deter-
mined using Hoeffding’s inequality, along with the feature importance calculated according
to Definition 3. At each branch, the routing probability is noted on the edges of the tree. If
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Fig. 9 Transparent tree evolving over time on the Agrawal data stream, which includes a nominal feature
elevel with values level( to level4. In (a), the tree is trained on classification function [Function 2 in
Agrawal et al. (1993)] that utilizes age and salary, and after an abrupt concept drift, it adapted to a new
classification function [Function 3 in Agrawal et al. (1993)] based on age and elevel. The split tests and
feature importances align with the relevant features in the active classification function. After a second
abrupt drift, shown in (b), the tree adapts to Function 5, which incorporates age, salary, and loan. A shift
in feature importance—most notably the emergence of loan—reflects this change. For long-term adapta-
tion, the tree expands by growing new subtrees and introducing additional split tests, as illustrated in (c)

an attribute a is nominal, it is internally one-hot encoded. When a specific feature value v
of a is labeled, we denote it as a(v). Since each instance undergoes internal normalization,
it is necessary to revert the transformed values to their original scale. As the mean and stan-
dard deviation of each feature are updated with the inclusion of new samples of the stream,
this inverse transformation undergoes slight variations. At a leaf node /, the probability of
an input reaching the node P({z — [}) is displayed, and the class distribution is obtained
by applying a softmax function to o; € O. We train a SoHoT on the synthetic data stream
Agrawal (Fig. 9) and observe drift adaptation shortly after the abrupt concept change. The
adaptation is reflected in the shifting feature importances, which align with the relevant fea-
tures in the new classification function. Long-term adaptation is achieved by growing new
subtrees and incorporating new split tests.
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5.5 Runtime analysis

Efficient resource utilization is crucial in online learning, making training costs a key con-
sideration. However, comparing execution times across models with different implementa-
tions poses challenges, as they may be built using different programming languages. In this
study, SoHoTs are implemented in PyTorch, while ST are in TensorFlow with a C++ back-
end. Despite these differences, to gain practical insights into runtime performance—beyond
the theoretical analysis in Sect. 3—we examine empirical results for 105 instances. In the
asymptotic analysis, ST and SoHoTs differ in tree depth and the additional computational
effort required to search for split attributes.® Over time, the training time per instance in the
backward pass increases as the tree depth grows (see Fig. 10). Although the average number
of nodes for data stream RBF; is lower than for SEA (see also Fig. 12), both have shal-
lower tree structures compared to ST. While SoHoTs exhibits asymptotically longer training
times at the same depth, it takes time to reach that depth, and in some cases—depending on
the dataset—SoHoT can be faster. A similar trend is observed in the forward pass, as shown
also in Fig. 14 in the Appendix. Overall, similar trends for both forward and backward
passes were observed across all other datasets.

6 Conclusion

In this work, we tackle transparency concerns in infinite data streams by effectively convey-
ing decision-making rules in a concise manner, thereby enhancing user confidence. Soft
Hoeffding trees are a novel, transparent and differentiable model on data streams applying
a new routing function. This tree-based model dynamically adapts to drifting data streams
by growing new subtrees using the Hoeffding inequality and adapting node weights using
gradient descent. The way this is done allows tuning the trade-off between prediction per-
formance and transparency in a data stream setting explicitly by a hyperparameter (called
« in the paper). We extended our previous work (Kobschall et al., 2025) with a detailed
complexity analysis showing that the overall time complexity increases over time due to
growing tree depth, with SoHoTs having an asymptotically longer runtime compared to soft

®They also differ in the set of reachable leaves—i.e., leaves I for which P({z — I}) > 0 holds—due to
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Y L — Al A 2 0.006 oHo
€ € — ST
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ﬂJ )
£ £ 0.002
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Fig. 10 Runtime (in seconds) per instance for the backward pass, averaged over a window of 500 instances

variations in their routing functions.
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Input 2 Input z

: Split test on oy
1 Initialize w;, € RP

(a) Before split. (b) After split.

Fig. 11 Example node splitting in a SoHoT with p = 2 features and confidence § = 10~5. a The heuris-
tic measure (e.g., information gain) G is computed for each attribute (here: a1, a2) inside the leaf nodes.
Assume [ has seen n = 200 samples. b After a split, two new leaves with new weights were initialized
randomly. Empirically, we found that the newly initialized weight vector exhibits rapid adaptation when
w is uniformly sampled from [—0.01, 0.01]

trees but sometimes achieving faster execution depending on the dataset. Moreover, a trans-
parent visualization based on feature importance during stream processing is presented.
We performed extensive experiments to evaluate SoHoTs in comparison to state-of-the-art
streaming methods. Our model statistically outperforms state-of-the-art online algorithms
in terms of AUROC. Compared to soft trees, they offer greater transparency due to their
shorter explanation length and achieve the best efficiency by effectively balancing predic-
tive performance and model size.

It should be noted that Rutkowski et al. criticized the application of Hoeffding’s inequal-
ity in mining data streams and suggested the use of McDiarmid’s bound instead (Rut-
kowski et al., 2013). In this work, the bound was applied heuristically, as in many other
machine learning papers using stochastic bounds, and McDiarmid’s bound could similarly
be employed as an alternative.
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Table 5 Characteristics of the data streams, with e.g., abrupt (a) or gradual (g) drift, or injected perturbation

(p)

Data stream Instances Features Classes Drift Source
Before one-hot After one-hot

SEA 106 3 3 2 a S
SEA 106 3 3 2 a S
HYP,, 106 10 10 2 g s
HYPy 106 10 10 2 g s
RBF,, 106 10 10 5 g s
RBF; 106 10 10 5 g s
AGR, 106 9 24 2 a S
AGRy 106 9 24 2 p s
Sleep 108 13 22 5 a 1,8
Nursery 106 8 8 4 a s
Twonorm 106 20 20 2 a I,s
Ann-Thyroid 106 21 21 3 a s
Satimage 106 36 36 6 a I,s
Optdigits 106 64 64 10 a s
Texture 106 40 40 11 a 1S
Churn 108 20 72 2 a LS
Poker 1,025,010 10 10 10 - r
KDD99 4,898,430 41 122 23 - r
Covtype 581,010 54 54 7 - r
Epsilon 105 2,000 2,000 2 - r
Fried 40,768 10 10 1 - s
HYPreg 108 10 10 1 g s
House8L 22,784 8 8 1 - r
Bikes 182,470 8 15 1 - r

The streams are synthetic (s) generated or from real-world (r) sources. Subindices denote moderate (m)
change, fast (f) change. The regression datasets are characterized by a class number of 1
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Fig. 13 Critical difference ? ? ‘ “1 ‘3 ‘2 L ‘1
diagram in terms of AUROC

determined using the Wilcoxon L
signed-rank test with 95% con- HT — | ST
fidence level and adjusted with SGDClassifier ————— HAT
Holm’s method EFDT SoHoT
Table 6 Regression under SoHoOT HT HAT KNN SGDReg

metric rooted mean squared error

(RMSE) Fried 2.535 2.053 2.323 2.323 15.026

HYReg 23.420 12.779 13.199 22.821 297.159
Hou- 39316.742 40544.527 39833.276 37,611.863 72800.309

se8L
Bikes 4.155 9.098 7.312 3.133 13.329
Best results regarding RMSE Mean 3.000 2.500 2.750 1.750 5.000
are inbold Rank
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Fig. 14 Runtime (in seconds) per instance for the forward pass, averaged over a window of 500 instances

Appendix: Methodology

A SoHoT splits a leaf node by selecting the best attribute for splitting based on sufficient
statistical evidence using the Hoeffding bound that the chosen attribute is significantly bet-
ter than the second-best. In Sect. 3.3, we described how new weights are added, and Fig. 11

illustrates an example of a depth-2 tree where a leaf node is split, extending the tree along
a single path to depth 3.

Evaluation

Experimental Details
All datasets and their properties are listed in Table 5.

In Sect. 5 is explained how hyperparameter tuning is applied in the data stream setting. A
list of all the tuning parameters and their value ranges is given below.
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e Soft Hoeffding tree:

- dmax: {57 67 7}
- ~:{1,0.1}
— a:{0.3,0.4}

e Hoeffding tree (limited), Hoeffding adaptive tree:

— Leaf prediction: {majority class, naive Bayes adaptive}
— §:{1073,107%}
—  Grace period: {200,400, 600}

e Extremely fast decision tree:

— Leaf prediction: {majority class, naive Bayes adaptive}
— Minimum samples to reevaluate: {200, 600}
—  Grace period: {200,400, 600}

e Streaming stochastic gradient descent classifier:

— Loss: {log loss, modified Huber}
— Penalty: {L1,L2}
— Learning rate: {102,103, optimal}

o Soft tree:

—  dmax: {5,6,7}

~ 4:{1,0.1,0.01}

—  Learning rate: {1072, 1073} The metric efficiency introduced in Sect. 5 in formular
6 balances predictive performance and tree size. We observed that the number of
nodes in a tree of comparable state-of-the-art methods is higher than for SoHoTs as
shown in Fig. 12. These values were used for efficiency in Table 3.

In Sect. 5.3, we analyzed statistical differences in the mean rank, and Fig. 13 shows these
additionally under the metric AUROC.

Regression

SoHoTs can also be applied to regression tasks by setting & = 1. In this case, split decisions
are based on heuristic measures appropriate for continuous targets, such as variance reduc-
tion, rather than information gain or Gini index. Since class probabilities are not computed
in regression settings, there is no need to apply a softmax function to the output. Addition-
ally, because target values are not constrained to the interval [0, 1], target standardization
is recommended. Our implementation incorporates all of these adaptations and includes
automatic detection of whether the task is classification or regression. We performed experi-
ments on four datasets used a related paper (Verma et al., 2025). Our experiments against
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state-of-the-art regressors on data streams are summarized in Table 6. Note we omitted
ST from the regression experiments, as they were neither implemented nor evaluated for
regression tasks in the original publication (Hazimeh et al., 2020).

Runtime analysis

Figure 14 shows the runtime measurements for the forward pass on two datasets, namely
RBF; and SEAf.
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