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Abstract

Cyclotron radiation emission spectroscopy (CRES) is a modern technique for high-precision
energy spectroscopy, in which the energy of a charged particle in a magnetic field is measured via
the frequency of the emitted cyclotron radiation. The He6-CRES collaboration aims to use CRES
to probe beyond the standard model physics at the TeV scale by performing high-resolution and
low-background beta-decay spectroscopy of °He and 'Ne. Having demonstrated the first
observation of individual, high-energy (0.1-2.5 MeV) positrons and electrons via their cyclotron
radiation, the experiment provides a novel window into the radiation of relativistic charged
particles in a waveguide via the time-derivative (slope) of the cyclotron radiation frequency, df./dt.
We show that analytic predictions for the total cyclotron radiation power emitted by a charged
particle in circular and rectangular waveguides are approximately consistent with the Larmor
formula, each scaling with the Lorentz factor of the underlying e* as ~*. This hypothesis is
corroborated with experimental CRES slope data.

1. Introduction
Cyclotron radiation emission spectroscopy (CRES) [1], originally developed by the Project 8 collaboration
for measuring the absolute mass scale of the neutrino from beta-decay endpoint spectroscopy of tritium

[2, 3], uses cyclotron radiation as a high-precision probe of the energy of a radiating charged particle via the
cyclotron frequency:

We=—=—+, (1)
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Figure 1. Time-frequency representation of a CRES event computed with the short-time Fourier transform (time bin width
~26.83 us and frequency bin width ~0.3 MHz) for a beta decay of '°Ne. Color corresponds to Fourier bin power (arbitrary units).
For CRES, unbroken and approximately colinear sequences of high-power Fourier bins (tracks) are separated by frequency jumps
correjs:ponding to scatters of the emitting e on residual gas. Track slopes are proportional to the total radiated power emitted by
the e™.

for a particle with charge magnitude g and mass m in a uniform magnetic field with magnitude B. A
measurement of the frequency of the emitted cyclotron radiation within a known magnetic field therefore
determines the Lorentz factor v, and as a result, the total energy E = ymc? of the radiating particle.

Figure 1 shows the time-frequency representation of a CRES event resulting from the radiation signal
from a single positron (e™). Radio-frequency (RF) signals are amplified, digitized, and then converted to
time-frequency space via the short-time Fourier transform, in which the Fourier transform is sequentially
applied to 3.41 us long data segments, resulting in 0.3 MHz wide frequency bins. Due to a network
bottleneck limiting our data transfer rate, we record every other frequency spectra, which are displayed as
6.83 us long for visualization. An event can be composed of any number of tracks, which are consecutive and
approximately colinear sequences of high-power Fourier bins. Observed jump discontinuities in the
instantaneous cyclotron frequency result from scattering between the e* and residual gas. e*s are confined
axially within the experimental apparatus via a magnetic bottle trap and exit the trapping volume either by
scattering or by turning off the magnetic trap, ending the corresponding CRES event.

Tracks are positively-sloped in time-frequency space because the cyclotron radiation decreases the energy
of the emitting charged particle. The time-derivative of (1) implies

1dwe 1df,  1dE

we dt  fodr  Edt @)

Given negligible electric fields, CRES slopes are dominated by energy losses from cyclotron radiation.
While CRES was originally conceived as a technique for high-precision energy spectroscopy via the
measurement of the event start frequency, CRES also provides an additional experimental observable,
namely the track slope, for sensitive studies of the energy-loss processes of charged particles. Slope data are
robust to the total power radiated by the ™, given (2). By contrast, direct observations of Fourier bin powers
provide an underestimate of the total radiated power since CRES signals can be distributed among multiple
different frequency components (sidebands), some of which may evade detection due to limited detector
bandwidth [4, 5].

Here we consider the application of CRES to the measurement of the total cyclotron radiation rate via the
track slopes from high-energy electrons and positrons (0.1-2.5 MeV) using the He6-CRES experimental
apparatus [6, 7]. He6-CRES applies CRES to search for deviations of the °He and '°Ne beta spectra from the
predictions of the standard model of particle physics. The deviations that would be expected from beyond
the standard model (BSM) physics at energies above the TeV scale could show up in beta decay effectively as
chirality-flipping tensor and scalar currents [8].

The apparatus consists of a 1.156-cm-diameter circular copper waveguide inside a superconducting
solenoid with magnetic field uniformity on the order of 10 parts per million per cm. Radioactive isotopes
produced by the FN-tandem accelerator at the University of Washington [9, 10] are transported
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approximately 10 m, cleaned of contaminant gases by cryogenic and getter pumps, and compressed by a
turbo pump into the waveguide interior. A pair of RF-transparent Kapton windows confine the radioactive
isotopes to a 14.6 cm long region within the circular waveguide. Cyclotron radiation originating from this
volume is read out in one direction with a low-noise amplifier and absorbed in the other direction by a
graphite-epoxy conical termination. The energy spectra of °He and '”Ne were observed for kinetic energies
between 0.1-2.2 MeV by varying the magnetic field magnitude in 0.25 T intervals between 0.75-3.25 T in
accordance with (1), given the RF bandwidth of 17.9-19.1 GHz. Measurements of these spectra by
He6-CRES currently set the high-energy frontier for the technique [6], surpassing the 32.1 keV N-line
conversion electrons from #™Kr observed by Project 8 [11].

Measurements of track slopes (2) can be used to assess potential systematic uncertainties in the search for
BSM physics with He6-CRES. The signal-to-noise ratio (SNR), for example, depends directly on the track
slope for a given Fourier window size, which has consequences for the resulting detection efficiency. Track
slopes can also give indirect information regarding the underlying kinematic parameters of the radiating e*
(e.g. energy, axial velocity, and guiding center position) which can be used to improve energy resolution [12].
Characterizing the experimental detection efficiency and energy resolution depends on accurate simulations
of CRES signals, necessitating precise predictions for the total radiated power.

In section 2.1, we begin by summarizing the power radiated by an ™ in a waveguide, which we
analytically evaluate for the circular waveguide in section 2.2. Additional corrections to the calculation in
section 2.2 for realistic CRES detectors are evaluated in section 2.3. Section 2.4 then outlines details regarding
the software implementation of the numerical cyclotron power calculations. In section 3, we then compare
the output of these numerical cyclotron radiation power calculations with experimental CRES slope data,
discussing the observed phenomena.

2. Radiated power from a charged particle in a waveguide in the presence of a magnetic

field

2.1. Mathematical review
A broad literature exists on the power emitted by a charged particle in a waveguide [4, 5, 13-22]. The
high-energy asymptotic behavior of the total radiated power from a relativistic charged particle undergoing
cyclotron radiation in a waveguide has not been addressed in the literature, to our knowledge. It is typical to
invoke a simplifying symmetry, for instance, by considering the radiation emitted by a charged particle with
its guiding center position along the central axis of a circular waveguide [15]. In contrast to previous
calculations [4, 5, 13-16, 18, 21, 22], we restrict our discussion to particles in circular motion, eliminating
complications associated with axial motion (e.g. Doppler shifting) that are independent from the overall
kinematic power scaling. This simplification is well-suited to the main limitation of CRES: a detection
efficiency that decreases rapidly as the axial velocity exceeds ~1% of the total velocity.

Extending the notation from [5, 23, 24], the total field radiated by a charged particle in a
longitudinally-uniform and lossless waveguide in the +z directions is a weighted sum over the complete
propagating orthogonal basis of the waveguide field solutions:

ZAi Ei (r,w) (3)

ZAi Hi (r,w). (4)

Here A is a combined index including eigenvalue indices (n, 1), mode basis , and transverse
electric/magnetic (TE/TM) boundary conditions, required to fully describe all orthogonal solutions. We
define an orthogonal basis for the electromagnetic fields such that

/Ef\[ (r,w)-Eff (r,w)dA =0, forA# ). (5)
A
Equation (5) therefore defines the transmitted power (P, ) over the vector basis:
[ 85 () < B )] (52088 = Pad ©
A

where 6 - is the Kronecker delta symbol.
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The total power emitted in a waveguide is therefore found by computing the Poynting flux using (3)
and (4) over the waveguide cross-section A:

P*(w) = / [B* (r,w) x HE* (r,w)] - (£2)dA = Y " P[4} (w)[? (7)
. )
where by the Lorentz reciprocity theorem
AT (W) = ZPA/]rw )-Ef (r,w)dV, (8)

and where J(r,w) is the Fourier transform of the e current density:

T
J(r,w) = lim ! J(r,t) e “dt. 9)

The field expansions (3) and (4) imply that we can multiply Ef (r,w),Hf (r,w), and l/Af (w) by an
arbitrary factor for each mode without affecting the total fields E* (r,w) and H* (r,w). Equations (6)—(8)
show that the total radiated power calculation is also invariant under this mode-dependent transformation
via the normalization constant P, . For mathematical convenience, we use this mode-wise degree of freedom
to opt for unitless electric fields in intermediary calculations over more standard (and cumbersome) unit
conventions.

For a point particle with charge g with position ry(#) and velocity v(¢), the current density is given by
J(r,t) = qv(t)8°(r — ro(t)). Substituting (9) into (8) and evaluating the volume integral after swapping the
order of integration implies

+ _
AV (@) = lim S

/ av (1) B (ro (1), w) e “rdtr (10)

Furthermore, for a charged particle with zero axial velocity and with cyclotron period T. = 27 /w., the
periodic integrand v(#) - E(#) of (10) has non-zero Fourier components only at integer multiples (harmonics)
of the cyclotron frequency. In this case, (10) reduces to

A )=

T, A
2P, T. /0 qv (1) -ET (1o (1) ,w) e “dt. an

The total radiated power emitted by a charged particle in a waveguide is given by

PtOt_ZZ nm£+ nml’ (12)

{=1 n,m
where
PED =Y PalAx (wo)l, (13)
2,40,

in which we define PTE/ ™ to be the total power in the TE/TM (1, m) mode summed over direction of
propagation, mode bas1s X, and positive and negative harmonics w = +/fw,. Variables n,m, and ¢ are
exclusively used to denote non-negative integers. Zero-frequency (¢ = 0) fields do not propagate power.

We note that (13) is independent of the signs of q and v(¢), implying that the power radiated by a particle
is identical to its antiparticle for all modes and harmonics, given identical guiding center positions.

Equations (11)—(13) are relativistically valid, following from the Lorentz reciprocity theorem which itself
is a consequence of Maxwell’s equations [24]. These results are expected to break down as the waveguide
becomes effectively transparent in the limit of high photon energies due to finite values for the plasma
frequency [25] and the mass attenuation coefficient of the waveguide material [26]. Quantum corrections to
the radiation become significant when the median radiated photon has energy comparable to the particle
rest mass [27, 28]. These effects occur well beyond the energy scales occurring in the He6-CRES experiment,
so we do not consider them in the following derivation.

4
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Figure 2. Notation used for cyclotron radiation power calculations of off-axis charged particles in a waveguide. While the mode
fields E, are given in the coordinate system of the waveguide (circular: (p, ¢), rectangular: (x, y)), it is convenient to integrate
over ¢g, the angle of the e with respect to its guiding center position.

2.2. Circular waveguide

The specific case of cyclotron radiation in a circular waveguide is of particular experimental interest, given its
simplicity. Integration of (11) for a radiating charged particle in a circular waveguide requires the evaluation
of the product v - E over the particle trajectory. We consider a particle with fixed z position, undergoing
circular motion. Using the notation illustrated in figure 2, v and E are converted to a Cartesian coordinate

basis as follows:
AN — sin g
v (ge) = (Vy) = v( o ¢gc> (14)

_ (Ex\ _ (E,cos¢ —Eg4sing
B (Ey> B (EZSincb +Eg cosgb) (15)

where ¢, the azimuthal angle of the e with respect to the central axis of the waveguide, is implicitly a

function of ¢y, the azimuthal angle of the e* with respect to its guiding center position.
Changing variables from time to ¢, (11) then implies

27
Af (bw,) = —% /0 e o [—E’f sin (¢gc — @) + qu cos (Pge — ¢)} depgc. (16)

From [24], the expressions for the transverse electric fields for TE and TM modes are:

. . n . ~

E]):E (1‘70«’) = e~ Pnmz—inx ¢ [_ X p]n (knﬁmp) p+ 1XL; (kn,mp) ¢:| (17)
4 ‘ ) . n -

E;M (r,w) = e Bnmz—inx ¢ [IX];Q (kn,mp) p+ m]n (kn,mp) ¢:| (18)

where J,(x) is the nth-order Bessel function of the first kind, p,g'z,, is the mth root of ]f,/) (x), and where
kpm = p,(/,)n /ais the TM (TE) cutoff wave number. 3, ,,(w) = y/(w/c)? — k2 , is the propagation constant
characterizing the z-dependence of the mode field solutions. x = =1 corresponds to the ¢-basis of
waveguide mode solutions within the circular waveguide.

The analytic integral is made tractable via Graf’s addition theorem [29], represented in the coordinates of
figure 2:

eiin¢]n (kﬂ) = Z Jn—u (kxO)]u (ch) e:l:iud)gc. (19)

We recast (16) in terms of complex exponentials with Euler’s formula and (17) in terms of [, 41 (kn,mp)
with the Bessel recurrence relations. Applying Graf’s addition theorem, the resulting integrals are of the form

5
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Figure 3. SNR (upper) and slope (lower) versus frequency for data (black) and simulations with (red) and without (dashed blue)
accounting for termination reflections and finite waveguide conductivity. SNRs observed in data (upper, left axis) are compared
to simulated TE;; powers (upper, right axis). SNR and slope data from the event from figure 1, observed at 1 T, are smoothed
with a 70-Fourier bin-wide (=20 MHz) rectangular window, for clarity. The x-axis is given by the central frequency of the sliding
rectangular window. In the ideal termination model, simulated slopes diverge at TE cutoff frequencies, several of which are
labelled with their respective n, m, and ¢.

I " elPuedpy. = 27 8,0, for arbitrary integer u. After summing over both ¢-polarizations, directions of
propagation, and 4w,

5 ”
] (kn ch) TE
PTETM _ (@) Ky 2 (kym e 20
n,m, 0 273)\ [LH»Z ( R xO) +]n7€ ( s XO)] ]&IZW]% (kn,ch) ™ ( )
where
/BYI.YIX, CZ
Py T €Q ‘é“*fc (P;fm - nz)ﬁz (prlt,m) TE (21)

= —_— ],
2k5m %Pi,mﬂz (Pn,m) TM.

Among the constants which set the scale of the radiated power, the propagation constant within the
waveguide, B, m.¢ = Bnm(lw.), is particularly significant. Since 3, ,, ¢ must be real for a given mode to
propagate longitudinally along the waveguide, this constrains which modes and harmonics (1, m, ¢)
contribute to the overall power emitted by the particle.

We claim that the cyclotron radiation power in a waveguide has a similar form regardless of the specific
waveguide geometry. This is supported by appendices A and B, which provide the corresponding derivations
for the cyclotron radiation in a rectangular waveguide and in an arbitrary finite-area, longitudinally-uniform
waveguide with a field basis derived from the Helmholtz equation.

2.3. Corrections for waveguide resistivity and termination reflectivity

Real waveguide systems can have a variety of additional corrections, especially prominent at low energies [20,
22, 30], resulting in frequency-dependent modifications of the idealized model described in section 2.2.
Figure 3 shows how these discrepancies can significantly affect CRES event structure as a function of
cyclotron frequency. Data (black) shows the reconstructed high-power Fourier bins of the 1*Ne event
illustrated in figure 1, observed at 1 T. To reduce the effect of fluctuations, Fourier bins reconstructed as
belonging to the event are assembled into a time-ordered list and smoothed with a 70-Fourier-bin-wide
rectangular window (/=20 MHz). Data in figure 3 is plotted with respect to the frequency of the window
center. Slope data directly indicate the total power emitted by the radiating e, while SNR data indicate only
the portion which is collected and amplified by the receiver chain. Given the cutoff frequencies for the
circular waveguide used for He6-CRES, TE, ; (¢ = 1) is the only non-evanescent (transmitting) mode within
the detector bandwidth (17.9-19.1 GHz) and is the sole contribution to the observed signal power. The ideal
termination model shows calculations corresponding to (20) and (21) for an on-axis efina perfectly
terminated circular waveguide. This minimal model (dashed blue) of the radiation evidently does not fully
predict either SNR or slope data observed experimentally in He6-CRES. The situation is remedied somewhat
by extending this model to allow for reflections within the He6-CRES apparatus. In particular, in figure 1,
SNR variations can be observed with a period of approximately 90 MHz. These variations are attributed to
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reflections off the He6-CRES termination, which did not perfectly absorb all incident radiation. If the
termination, at z= D with respect to the e*, has reflection coefficient r with converse t encompassing
termination transmission and absorption such that energy conservation implies 7> + #* = 1, then the power
radiated in the £Z directions are no longer equal:

/ £
Pner,@ = IP>‘ Z ‘tAIm (fu)c)lz = Pn,m,f ’ E (22)
+4,x
/— - i® + 2 1+7
P ="Pxr Z A, () + et AL (bwe) | = Pomye - 5 +rcos®y e (23)
+£4,x

where the mode-dependent round-trip phase distance is @, ¢ = 2, ,,¢D [5]. The total power is then

’

Pyme=Puome- (I1+7rcos®y, me). (24)

Observed SNRs depend on the TE; ; (¢ = 1) power radiated in the direction of the receiver chain (23),
while observed CRES slopes depend on the total power radiated in both directions (24). In (22)—(24) we
neglect the losses from an imperfectly conducting waveguide which would preferentially attenuate the
reflected radiation over its longer path length. Only the TE; ; mode is assumed reflecting, given the observed
SNR data, as a simplistic, lowest-order model for the He6-CRES apparatus. For the reflective termination
model, the SNR data was fit to (24), yielding D = 97.064(2) cm and r = 0.141(1). The fit also provides an
approximate calibration, mapping observed SNRs to radiated TE; ; (¢ = 1) powers. The fit termination
reflectivity is similar to frequency-dependent measurements taken at room temperature via vector network
analyzer (r < 0.14) over the 17.9-19.1 GHz bandwidth. However, the fit length is longer than the measured
distance between the magnetic bottle trap center and the termination (90.4 cm). A more complete model
with all reflections and better fits to physical measurements is in active development.

Further consideration is needed to address the slope discontinuities that appear in the ideal termination
model but not in data. Slope discontinuities occur at frequencies corresponding to TE mode cutoffs, since
the power emitted into a TE mode of a waveguide by a charged particle is inversely proportional to the
propagation constant. If an e* has a cyclotron frequency satisfying w, = k,, ,c/¢ for integers (1, m, £), then
the power radiated into this mode will diverge. Physically, this does not happen in the He6-CRES apparatus
as the copper waveguide has non-zero resistivity, resulting in an imaginary attenuative term ic for the
propagation constant that removes this divergence. An approximation for the attenuation due to Ohmic
losses in a circular waveguide can be derived for TE,, ,, and TM,, ,, modes for fw. > k;, ;¢ via the ratio of lost
to incident power per unit length [31]:

Lw,

kn,mc 2 2
Rséwc ( n,m ) + 17/2”7_712 TE

Qe = (25)

B anﬁn,m,fc 1 TM.

Here, n = +/ 110/ €0 is the impedance of free space and Ry = /4w, 19/ 20 is the surface resistance of the
waveguide walls, where o is the electrical conductivity of the copper waveguide (x~7.7 x 10° Sm~" at
35 K [32, 33]). This value for the conductivity of copper within the He6-CRES apparatus is validated by field
dissipation predictions from [34], given experimental values of the waveguide wall thickness (0.3 mm) and
the event end times, which persist for approximately 3.1 ms after turning off the magnetic bottle trap.

The addition of a physically motivated imaginary term to the propagation constant modifies the cutoff
peaks of the model slopes in figure 3 to be more consistent with data. Equation (25) is computed with respect
to the infinite conductivity waveguide mode basis (17) and (18). A finite conductivity waveguide modifies
the boundary conditions and therefore the field basis Ey, Hy. More realistic models of finite conductivity
waveguides near TE mode cutoffs are available [35], though constructing the modified vector field basis puts
this beyond the scope of the current work. These models are expected to result in smooth transitions
between attenuated and propagating modes as a function of frequency, as observed in data (figure 3, lower)
but not simulations.

Including both TE, ; termination reflections and resistive waveguide losses results in closer agreement
between data and simulations (figure 3). The detailed frequency-dependent structure of CRES events is
evidently significantly affected by the RF environment of the experimental apparatus. A comprehensive
characterization of the He6-CRES apparatus including other reflective surfaces, reflections of higher-order
modes, and other physical deformations of the waveguides is currently incomplete, resulting in imperfect
agreement between data and simulations. Ongoing termination upgrades aim to minimize RF reflections
within the He6-CRES apparatus, limiting both the SNR and slope variations that adversely affect the event
reconstruction efficiency.
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2.4. Computational costs and software implementation

Computational cost is the most significant barrier to evaluating the total radiated power from a relativistic
e in a waveguide, given the large number of contributing modes. It is convenient to form a lookup table for
the Bessel roots and sum £ from [k, ,¢/w.] to some maximum index L, where f(x) = [x] is the ceiling
function, guaranteeing that the mode propagates within the waveguide.

For a given harmonic, there are O(¢?) propagating modes in (1, m)-space [36], implying that (12) has a
total computational time cost of O(L*) when evaluating up to a maximum harmonic L. Including many
modes is critical for reducing truncation errors associated with the three-dimensional infinite sum, which
results in underestimating the true value, given that all terms are positive.

We note that when the charged particle guiding center position is along the central axis of the circular
waveguide (xo =0), since J,,(0) = 8,0 and n and ¢ are both non-negative integers, |A,  ¢|* is only non-zero
when ¢ = n, reproducing the result in [15]. Notably, the computational cost for on-axis e*s reduces to O(L?)
though these savings are largely inconsequential given that vanishingly few e*s are produced on-axis due to
the uniform source gas density within the decay cell of a CRES experiment.

Numerical evaluation of (20) is non-trivial, given the large number of propagating modes that contribute
to the total radiated power emitted by an e in a waveguide. For these purposes, we developed c-urchin'?, a
lightweight implementation of the above calculations in C++-. Time-costs for both circular and rectangular
waveguides remain dominated by Bessel function evaluations. At L = 100, this corresponds to about 108
Bessel function evaluations per e*. The analytical solutions have reduced the number of required Bessel
function evaluations by approximately a factor of 10° in comparison to direct numerical integration of (11),
which otherwise provides a useful cross-check for the derived analytic expressions. Caching and asymptotic
approximations may be other potential avenues for reducing the computational resources needed per e™.

Without analytic eigensolutions for the mode fields, such as for general waveguide geometries, or general
charged particle trajectories arising from axial motion in a magnetic bottle trap, direct numerical integration
of (11) and (12) becomes prohibitively expensive.

3. Results and discussion

3.1. Larmor power limit

In figure 4, data points show the average (start-to-end) slopes of 2765 events observed from decays of '°Ne as
a function of magnetic field. Data point color indicates the mean SNR of Fourier bins composing
reconstructed events. Slope and SNR variations are caused by differences in the underlying kinematic
parameters (e.g. kinetic energy, guiding center position, axial velocity) of the radiating e*. Average event
slopes are shown instead of more granular frequency-dependent data as they are less susceptible to priors in
the event reconstruction algorithm [6, 37], which have been tuned to initially search for events within a
range of slopes, which includes the Larmor expectation. The standard deviation of reconstructed event slopes
are at least an order of magnitude smaller than the search window, indicating that the contribution of the
prior to the reconstructed slope distribution is negligible.

Colored bands show the minimum/maximum slopes calculated over a coarse grid of e* energies and
guiding center positions, found by mapping simulated power calculations (20) and (21) into equivalent track
slopes via (2) for either all transmitting modes (blue) or for just TE; ; (¢ = 1) (green).

The total radiated power within the circular waveguide is found to approach the Larmor power in the
relativistic limit, given by [23]:

2, 2.4
Prormor = M (26)
67 €C

Relative residuals (R) are defined by the field-dependent slope transformation

dﬁ . df":LannOr
df. 9 —mmn ( dt )
R(Z) =2 1, (27)
dt dftarmor . dffarmor
max (?) — min ( @ )

such that max(), min() are evaluated at each field, resulting in residuals that equal &1 for the maximum and
minimum Larmor slopes, respectively (figure 4, lower). Agreement between the Larmor power and CRES
slope data is strongest for high-SNR events from e*s with negligible axial velocities, as assumed in section 2.
The free-space correspondence is surprising given that the Liénard-Wiechert field solutions for a point
particle in free-space are markedly different from the radiated field solutions in the waveguide, given the

14 https://github.com/Helium6CRES/c-urchin.
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Figure 4. Observed track slopes, df. /dt, in comparison to the expectation from free-space (red) and from waveguide simulations
in a circular waveguide (blue, green) as a function of experimental magnetic field. Data points show the average slopes of 2765
events from decays of '°Ne, colored by SNR (right). The colored bands correspond to the minimum/maximum slopes calculated
over a grid of 12 guiding center positions and 23 cyclotron frequencies between 18-19.1 GHz for a 35 K copper waveguide.
Residuals are defined by a linear transformation (27) such that the maximum and minimum Larmor slopes equal £1, respectively.

different electromagnetic boundary conditions between the two systems. Qualitatively, free space
corresponds to the cyclotron radiation propagating radially outwards (with infinite range), while in the
waveguide, radiation propagates outwards axially.

CRES results are naturally contrasted to the crossed-dipole antenna, which consists of two perpendicular
dipole antennas driven with signals 90° out of phase. The crossed-dipole antenna closely mimics the power,
phase, and polarization distributions expected from CRES signals [38] if the dipole arms are electrically
small with respect to the wavelength of the emitted radiation. In the limit of zero-length arms, the antenna
becomes equivalent to the rotation of a single point-like electric dipole, and the radiation is emitted only at
the fundamental frequency (¢ = 1). The strong parallels in the £ = 1 radiation for a CRES e* and a
crossed-dipole antenna might lead one to incorrectly imagine that higher-order harmonics would likewise be
similarly negligible. However, as shown in figure 4, these higher-order harmonics dominate as the fractional
contribution of TE; ; (¢ = 1) to the total radiated power approaches 0 for large e* energies. While the power
radiated in TE, ; (£ = 1) approaches a constant value for high e+ energies, its contribution to the slope
(P 1fe/E) approaches 0, resulting in the downward trend for the green band observed at high magnetic
fields. The downward trend in the blue band observed at high magnetic fields is attributed to computational
limitations (truncation error, finite grid spacing), though the waveguide resistivity model could also be a
contributing factor.

Figure 5 shows the predicted frequency distribution of emitted cyclotron radiation power from an e
with cyclotron frequency f. = 18 GHz, when in a circular waveguide (top), in a WR-42 rectangular waveguide
(center), and in free-space [39] (bottom). ¢+s are 2 mm off-axis in the waveguides, and the magnetic field is
varied in 0.25 T steps from 0.75-3.25 T, as a representation of typical He6-CRES events. The resulting power
spectra are approximately exponential at large harmonic numbers, with a decay constant dependent on the
kinetic energy of the underlying charged particle. High energy e*s require significantly more harmonics and
modes in the numerical calculations for a given numerical error tolerance. For a given kinetic energy,
differences between the power spectra of e*'s are largely attributable to the specific TE resonances relatively
close to the cyclotron frequency, which results in sharp peaks. Despite these cutoffs, which result in O(1)
fractional deviations at particular harmonics from the free-space expectation, the numerical power spectra in
the circular and rectangular waveguides are otherwise nearly identical to the free-space expectation. Different
guiding center positions or different waveguide sizes are found to change the location and magnitudes of
these individual TE resonances, and not the asymptotic dependence on harmonic and e* energy.
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Figure 5. Power spectrum over the first 400 harmonic frequencies £f;, as a function of magnetic field, for the circular waveguide
(top), rectangular waveguide (center), and free-space (bottom), given f. = 18 GHz.

3.2. Discussion

The analytic solution for the total radiated cyclotron power in a circular waveguide (12), (20) and (21) lacks
the explicit v*-dependence present in the Larmor formula (26), despite the scaling being present in
experimental CRES slope data and numerical sums of (12), (20) and (21) (figure 4). We note that in the
relativistic limit (v — ¢), the cyclotron radius (R, = v/w,) approaches c¢/w,. Despite minute differences in the
e™ trajectory, the total radiated power in a waveguide diverges in this limit, scaling with * as the summation
of Bessel functions become approximately coherent [18, 40, 41].

We posit that the waveguide power calculations of (20) and appendix A, summed over the eigensolutions
in (n, m)-space, are approximately the Riemann sums for the corresponding Poynting vector integration in
free space over (6,¢).

Specifically, the angular power distribution radiated at harmonic ¢ by a cyclotron particle in free-space is
given by [39]

2
dp, _ (q&‘}cv)z n(tv. Je (ETV sin9)
dQ ~ 8med Je ?sme + Y tan ' (28)
If we consider the variable substitution
K = %sme, (29)
then (28) implies that in free space
dpf q2v2£C /&JC/C 2712 (1.1 512 2 (1.1 k' /
Pp= [ —=dQ = kK'R)+ ——J; (k'R | —dk’, 30
4 ETe) 4w J, ,LL()WC]Z ( )+ €o (k/RC)ZIZ( ) ﬁ/ (30)

where we used the identity R, = v/w,, and defined 8’ = /(fw./c)* — k’?. Equation (30) evidently closely
conforms to the general waveguide solutions from appendix B, which was evaluated explicitly for circular
(20) and (21) and rectangular (appendix A) geometries, barring the O(1) guiding-center position dependent
factors. Correspondence between the radiated cyclotron power emitted by an e* in a waveguide and in free
space is therefore seen as resulting from the continuum limit of the sums over k,, ,,-space. A similar
relationship between a square waveguide and free space has been shown for monopole antenna

excitations [42]. This strongly suggests that this is a general relationship between radiation in a waveguide
and free space.

4, Conclusion

Cyclotron radiation offers a uniquely sensitive probe for high-resolution and low-background spectroscopy
of individual charged particles. In addition to its core scientific motivation as a BSM physics discovery

10
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machine, He6-CRES naturally provides a novel experimental window into the radiation of relativistic
charged particles in a waveguide via the track slope, df. /dt. We observe a close correspondence between the
total radiated power emitted by individual e*s in a circular waveguide and the free-space expectation given
by the Larmor formula. Simulations using the c-urchin software package, derived from first-principle
analytic solutions for the power radiated by a relativistic particle in circular and rectangular waveguide
geometries, provide further support to the claimed correspondence. The analytic and computational
advances described in this work greatly expands the ability of the He6-CRES collaboration to better simulate
and optimize future experimental upgrades.
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Appendix A. Cyclotron power radiated by a charged particle in a rectangular waveguide

For a rectangular waveguide with dimensions (a X b) in the x and y directions, respectively, we evaluate (11)
directly in Cartesian coordinates. The loop integral is computed with respect to ¢ as in figure 2. The
position of the e* is notated:

(%0 + Rccos pyc
Ty (¢gc) - <),0 + R, sin d)ggc) (Al)

where the most general guiding center position of the et is (xo, o).
Utilizing the TE/TM electric fields:

E" (rw)= k:m [% cos m;rx sin ?jfi - % sin m;rx cos %’fr] (A.2)
EP\;[1 (r,w)=— k:m [% cos % gin ﬂbyi—i— g sin % cos ?fr] (A.3)
we then define:

R (A4)
65 = gyt gh= £ (A.5)
(bi _mr R oS ¢hge %RC sin Pg,. (A.6)

The harmonic addition theorem then implies:
(;Si = ky, mRc cos (qﬁgc + gonym) (A.7)
tan, , = :nn//ab. (A.8)
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The trigonometric angle addition identities are then applied to separate out the constant ¢= terms. This
results in 8 terms with integrals of the form:

2T 2t —ing n
/ e cos(zcos(u+¢))du= mi'e "y (2) neven (A9)
0 0 n odd
2
i 0 n even
e sin(zcos (u+¢))du = 4 A.10
/0 ( (u+¢)) {ZW i"~lem"°] (z) nodd ( )
which are derived from the integral definition of the Bessel function J,(z) = 3~ OZW einfe—izsinb qg,
Substituting in (A.9) and (A.10) for the ¢, integration and proceeding with the algebra yields:
2y
P};ij = Z? 7 (knmRe) [l + cos 2¢y cos 20pp 1 + (— l)e cos2¢g (coqu% + c032£¢n7m)} (A.11)
A
™ v e ¢ x
o = ﬁﬁh (kn,mRc) [1 — €08 2¢y €08 200y 1 + (—1)" cos2¢y (coquﬂ0 - cos2€<p,,7m)} (A.12)
ab [ SPmt (14 6,00+ 6,0) TE
P}\ = EOZ lecc (A.13)
ﬂn,m,é TM)

where for TM both 7, m are positive integers, while for TE one of #, m may equal 0. Disagreeing with [4], the
guiding-center position dependence of (A.11)—(A.13) is validated by direct numerical integration of (11) for
electric fields (A.2) and (A.3).

Appendix B. Cyclotron power radiated by a charged particle in an arbitrary waveguide
geometry

For a longitudinally-uniform waveguide, separation of variables applied to the wave equation implies that
the H,(x,y), E,(x, y) fields satisfy the Helmholtz equation

82’(/))\ (x7y) + 82wA (xay>
0%x 0%y

‘*‘k%\i/)/\ (x,)’) :Ov (Bl)

for TE and TM modes. Perfectly conductive waveguide walls result in Neumann (Dirichlet) boundary
conditions. Equation (B.1) always has a countably infinite number of solutions ¥ (x, y), which can be
ordered by their (discrete) eigenvalue, ky [43]. The transverse electric fields for mode A are derived from the
solution to the Helmholtz equation:

1L [0UA(x,y) . OYa(x,y).
EX (rw) = kx [ w?)(; )’)X_ 77[}/\8(;; y)y} (8.2)
™ _ 1 [0a(xy) . OUn(xy) .
E\" (r,w) = = [ o X+ dy y} . (B.3)

Additionally, given that any function can be represented via its Fourier transform:
Ui (xy) = / / Ux (ke ky) €57 dkdk,, (B.4)

general solutions to (B.1) have non-zero Fourier components 1Z A(ky, ky) only if k2 + kﬁ = ki, which is
represented in polar coordinates of k-space as [44]

21

N (x7y) _ ,‘Z)\ (5) eikA (xcosé-ﬁ-ysiné)dé7 (B.5)
0

where the waveguide is assumed to have a closed transverse cross-section. Solutions to (B.1) in
arbitrarily-shaped waveguides are represented as a sum of plane waves, with wave number k., over all
directions. 1) (9) encapsulates the phases and amplitudes of each plane wave contribution to the eigenmode
A

The transverse fields (B.2) and (B.3) are readily evaluated for the general solution (B.5) to the Helmholtz
equation. We rely on the smoothness of ¢ (x, y), which is true for the Dirichlet boundary condition (TM)
[43], in order to swap the orders of integration and differentiation. The Neumann boundary condition (TE)
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requires smoothness of the boundary such that the normal derivative is defined almost everywhere. Exotic
waveguide geometries (e.g. Koch snowflake [45]), which are continuous, but nowhere-differentiable, are
beyond the scope of this document as unphysical, with undefined TE modes.

Having expressions for the electric fields of the mode, the power radiated into mode A (13) can be
evaluated analogously to section 2.2, using (6) and (11). Equation (11) is a double integral over
0 X ¢pgc-space, the latter of which can be integrated analytically by choosing the origin of our coordinate
system to align with the guiding center position of the e, such that x = R.cos ¢y and y = R.sin dyc:

2,2 ]2 (kxR)  TE
q 2 Y4 A
Py (bw,) = 7|‘I’)\’( 2 (B.6)
2Py szRg J2 (kxR) TM
where
27 - )
Uy = ¥y (8) e 1ds, (B.7)
0
B (fwe) TE
Palto) =a [ JuamPaa-{ (8.8)
A By M

If Uy , were completely arbitrary, the radiated power per mode A (B.6) would be likewise arbitrary. In
fact, since 1y (6) represents the plane-wave expansion of the scalar solution to the Helmholtz equation in the
waveguide, centered with respect to the guiding center position of the e*, ) , is independent of the
kinematic parameters of the e* (v,R.). ¥ , implicitly depends on the waveguide geometry, via the
imposition of boundary conditions on U (8), and the e* guiding center position, via the coordinate system.
The power radiated into mode A by an eT in circular motion in circular (20) and (21) and rectangular
(appendix A) waveguide geometries are consistent with the general expressions (B.6)—(B.8), exhibiting the
same factorization between geometric and kinematic terms.
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