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ARTICLE INFO ABSTRACT

Keywords: In this paper, we propose a path-conservative finite volume scheme to address the non-
Elastic plastic solid conservative nature of governing equations for hypo-elastic plastic solids. By combining the

Path-conservative scheme
Hooke’s law
Riemann solver

Hooke’s law-preserving path with the Riemann solver, a novel class of piecewise paths is proposed.
Furthermore, we process the model changes during elastic-plastic transitions by incorporating
deviatoric stress iteration, establishing transition formulas, and formulating the elastic-plastic
interface fluxes. Our method has been applied to both one-dimensional and two-dimensional
elastic-plastic solid models. Numerical tests have demonstrated its effectiveness.

1. Introduction

The advancements in weapon physics, particularly in areas such as ship damage assessment, armor penetration, and inertial
confinement nuclear fusion, have driven significant research into elastic-plastic solids, for example [1-13]. Among the various elastic-
plastic solid models, the hypo-elastic plastic model has gained considerable attention due to its numerical results closely matching
experimental data. These physical scenarios often involve strong impacts, and given the non-conservative nature of the stress equations
in the hypo-elastic plastic model, careful attention must be paid to the construction of its discrete method to avoid non-physical
numerical results [14].

Within the framework of the finite volume method, there are two common approaches to handling non-conservative terms: the
quasi-conservative scheme [15-18] and the path-conservative scheme [19-22]. The path-conservative method, derived from the DLM
theory (Dal Maso-LeFloch-Murat) that characterizes weak solutions through a family of paths in phase space, relies on a prescribed set
of paths to obtain the numerical flux. For the system of fluid dynamics, numerous researchers have proposed various path-conservative
discrete methods, e.g., [19,23-27]. However, that method has not received much attention for elastic-plastic solids, leaving a gap in
the research. There are two underlying issues: constructing a physically consistent path (i.e., Hooke’s law) and handling elastic-plastic
transitions.

The first issue arises from the fact that the governing equations for hypo-elastic solids include not only the conservation of mass
and momentum but also non-conservative stress equations derived from Hooke’s law. While multiple path selections are theoretically
admissible, see [28], different choices lead to divergent shock wave solutions. To maintain consistency with Hooke’s law across the
shock wave, the path specification becomes imperative. The second issue concerns the transition between the elastic solid model and
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\begin {equation}\label {yuanshi} \frac {\partial \vW }{\partial t}+\frac {\partial {\vF }^e(\vW )}{\partial x}=\vS (\vW )\end {equation}


\begin {equation}\label {detailyuanshi} \vW =\left (\begin {array}{@{}c@{}} \rho \\ \rho u \\ \rho \sigma \end {array}\right ), \ {\vF }^e(\vW )=\left (\begin {array}{@{}c@{}} \rho u \\ \rho u^2-\sigma \\ \rho u \sigma \end {array}\right ),\ \vS (\vW )=\left (\begin {array}{@{}c@{}} 0 \\ 0 \\ \rho \left (K+\frac {4}{3} \mu \right ) \frac {\partial u}{\partial x} \end {array}\right ).\end {equation}


$\rho $


$u$


$\sigma $


$K$


$\mu $


$\sigma $


$p$


$s$


\begin {equation}\label {sigma_pressure} {\sigma }=-p +s.\end {equation}


$s^2 \leq \left (\frac {2}{3} Y_0\right )^2$


$Y_0$


\begin {equation}\label {quasi} \frac {\partial \vW }{\partial t}+\vA (\vW ) \frac {\partial \vW }{\partial x}=0\end {equation}


\begin {equation}\label {quasilinear} \vA (\vW )=\frac {\partial \vF ^e(\vW )}{\partial \vW }+\left (\begin {array}{@{}ccc@{}} 0 & 0 & 0 \\ 0 & 0 & 0 \\ \left (\frac {4}{3} \mu +K\right ) u & -\left (\frac {4}{3} \mu +K\right ) & 0 \end {array}\right ).\end {equation}


\begin {equation}\label {eigenvalues} \lambda _1^e(\vW )=u-c^e, \quad \lambda _2^e(\vW )=u, \quad \lambda _3^e(\vW )=u+c^e\end {equation}


$c^e=\sqrt {\frac {4 \mu +3 K}{3 \rho }}>0$


\begin {equation}\label {right} \vR _1^e(\vW )=\left (\begin {array}{@{}c@{}} - \rho \\ c^e \\ - (c^e)^2 \rho \\ \end {array}\right ), \quad \vR _2^e(\vW )=\left (\begin {array}{@{}l@{}} 1 \\ 0 \\ 0 \end {array}\right ),\quad \vR _3^e(\vW )=\left (\begin {array}{@{}c@{}} \rho \\ c^e \\ (c^e)^2 \rho \\ \end {array}\right ).\end {equation}


$\lambda _1^{e}$


$\lambda _3^{e}$


$\lambda _2^{e}$


\begin {equation}\label {plastic} \frac {\partial {\vU }}{\partial t}+\frac {\partial \vF ^p({\vU })}{\partial x}=0, \ {\vU }=\left (\begin {array}{@{}c@{}} \rho \\ \rho u \\ E \end {array}\right ), \ \vF ^p({\vU })=\left (\begin {array}{@{}c@{}} \rho u \\ \rho u^2-\sigma \\ (E-\sigma )u \end {array}\right ) .\end {equation}


$p$


$\rho $


$u$


$\sigma $


$E$


$E=\rho e+\frac {1}{2} \rho u^2$


$e$


$s$


$\sigma =-p+s$


$s=\pm { \frac {2}{3}} Y_0$


$p=c_0^2\left (\rho -\rho _0\right )+(\gamma -1) \rho e$


$c_0$


$\rho _o$


$\gamma $


\begin {equation}\label {plastic value} \lambda _1^{p}(\vU )=u-c^{p},\ \lambda _2^{p}(\vU )=u,\ \lambda _3^{p}(\vU )=u+c^{p},\end {equation}


\begin {equation}\label {plastic vector} \vR _1^p(\vU )=\left (\begin {array}{@{}c@{}} - \rho \\ c^p \\ - (c^p)^2 \rho \end {array}\right ), \quad \vR _2^p(\vU )=\left (\begin {array}{@{}l@{}} 1 \\ 0 \\ 0 \end {array}\right ) ,\quad \vR _3^p(\vU )=\left (\begin {array}{@{}c@{}} \rho \\ c^p \\ \mp (c^p)^2 \rho \end {array}\right )\end {equation}


\begin {equation*}c^p=\sqrt {\left ( \gamma p^p+c_0^2 \rho _0-(\gamma -1) s \right ) / \rho }.\end {equation*}


$\lambda _2^{p}$


$\lambda _1^{p}$


$\lambda _3^{p}$


\begin {equation}\label {general} \partial _t \vW +\vA (\vW ) \partial _x \vW =0, \quad x \in \boldsymbol {R},\ t>0,\end {equation}


$\vW (x, t)$


$\vA (\vW )$


$N$


$\lambda _1(\vW )<\ldots <\lambda _N(\vW )$


$R_1(\vW ), \ldots , R_N(\vW )$


$R_1(\vW ), \ldots , R_N(\vW )$


$\Omega $


$\Phi \left (0 ; \vW _L, \vW _R\right )=W_L$


$\Phi \left (1 ; \vW _L, \vW _R\right )=U_R$


$\vW _L, \vW _R \in \Omega $


$O \subset \Omega $


$k$


$\vW _L, \vW _R \in O$


$s \in [0,1]$


$O \in \Omega $


$K$


$\vW _L^1, \vW _R^1, \vW _L^2, \vW _R^2 \in \mathcal {O}$


$s \in [0,1]$


$\Phi $


$\vA (\vW ) \vW _x$


$\left [\vA (\vW ) \vW _x\right ]_{\Phi }$


$\mu _a^{\Phi }+\mu _s^{\Phi }$


$E$


$\vW $


$x_l(t)$


$\vW _l^{-}$


$\vW _l^{+}$


$\delta _{x_l(t)}$


$x_l(t)$


$\Phi $


$\vW \in L^{\infty }\left (\boldsymbol {R} \times \boldsymbol {R}^{+}\right ) \cap B V\left (\boldsymbol {R} \times \boldsymbol {R}^{+}\right )$


$C^1$


\begin {equation}\label {Borel} \left \langle \vW _t, \phi \right \rangle +\left \langle \left [\vA (\vW ) \vW _x\right ]_{\Phi }, \phi \right \rangle =0, \quad \forall \phi \in C_0^{\infty }(\boldsymbol {R}),\end {equation}


$C_0^{\infty }(\boldsymbol {R})$


$\vW ^{-}$


$\vW ^{+}$


$\vsig $


\begin {equation}\label {generalized Rankine-Hugoniot condition} \int _0^1\left (\vsig \mathcal {I}-\vA \left (\Phi \left (s ; \vW ^{-}, \vW ^{+}\right )\right )\right ) \frac {\partial \Phi }{\partial s}\left (s ; \vW ^{-}, \vW ^{+}\right ) d s=0,\end {equation}


$\mathcal {I}$


$\vW _L$


$\vW _R$


$\vW _L$


$\vW _R$


$w_L$


$w_R$


$\rho $


$m$


\begin {equation}\label {nonlinear elastic wave} \left \lbrace \
\begin {aligned} & \rho \left ( s;U_L,U_R\right ) =\rho _L+s(\rho _R-\rho _L), \\ & m\left ( s;U_L,U_R\right ) = m_L+s(m_R-m_L). \end {aligned}\right .\end {equation}


\begin {equation*}\widetilde {\rho }_{L,R}=\begin {cases} \rho _L \rho _R \frac {\jump {\ln \rho }}{\jump {\rho }},\ &\rho _L\ne \rho _R \\ \rho _L,\ &\rho _L = \rho _R \end {cases}\end {equation*}


\begin {equation}\label {integral_shock_general} \begin {aligned} \int _0^1 \vA \left (\vW \left (s ; \vW _{L},\vW _{R}\right )\right ) \frac {\partial \vW }{\partial s}\left (s ; \vW _{L},\vW _{R} \right ) \mathrm {d} s &= \vF ^e(\vW _R)-\vF ^e(\vW _L)+ \begin {pmatrix} 0\\ 0\\ \left (\frac {4}{3} \mu +K\right ) \left ( \jump {\rho } \int _0^1 u(s) \mathrm {d} s -\jump {\rho u} \right ) \end {pmatrix}\\ &=\vF ^e(\vW _R)-\vF ^e(\vW _L)+ \begin {pmatrix} 0 \\0\\ \left (\frac {4\mu }{3}+K \right ) \widetilde {\rho }_{L,R} \left ( u_L-u_R \right ) \end {pmatrix}. \end {aligned}\end {equation}


$\jump {\ln \rho }=\frac {\jump {\rho }}{\widetilde {\rho }}$


$\widetilde {\rho }\in [\min \{\rho _L,\rho _R\},\max \{\rho _L,\rho _R\}]$


$\rho \mathrm {d} u$


$\frac {\rho _L\rho _R}{\widetilde {\rho }}\left (u_R-u_L\right )$


$\vW _L$


$\vW _R$


\begin {equation}\label {jump relation} \vsig \left (\vW _{R}-\vW _{L}\right ) = \int _0^1 \vA \left (\vW \left (s ; \vW _{L},\vW _{R}\right )\right ) \frac {\partial \vW }{\partial s}\left (s ; \vW _{L},\vW _{R}\right ) \mathrm {d} s.\end {equation}


$\vsig $


\begin {equation}\label {Lax} \lambda _1^e(\vW _L)\geq \vsig \geq \lambda _1^e(\vW _R)\ \text { or }\ \lambda _3^e(\vW _L)\geq \vsig \geq \lambda _3^e(\vW _R).\end {equation}


$\varphi $


$\varphi $


$\varphi $


$\varphi $


$\vW _L$


$\vW _R$


$\varphi _L=\varphi _R$


$\jump {\rho }=0$


$\jump {u}=\jump {\sigma }=0$


$\jump {\rho }\ne 0$


\begin {equation*}\begin {aligned} \jump {\rho u}&=\vsig \jump {\rho } ,\\ \jump {\rho u^2 -\sigma } &= \vsig \jump {\rho u}, \\ \jump {\rho u \sigma }-\left ( \frac {4}{3} \mu +K\right ) \widetilde {\rho }_{L,R} \jump {u} &=\vsig \jump { \rho \sigma } . \end {aligned}\end {equation*}


\begin {equation}\label {following R-H} \begin {aligned} \jump {\rho u \varphi } & =\jump {\rho u \sigma }+ \left (K+\frac {4}{3} \mu \right )\jump {\rho u \ln \rho } \\ & =\vsig \jump {\rho \sigma } + \left (K+\frac {4}{3} \mu \right )\left ( \jump {\rho u \ln \rho } -\widetilde {\rho }_{L,R} \jump {u} \right ) \\ & =\vsig \jump {\rho \sigma } + \left (K+\frac {4}{3} \mu \right )\left ( \jump {\rho u \ln \rho }-(\avs {\rho u}-\vsig \avs {\rho })\jump {\ln \rho } \right ) \\ & =\vsig \jump {\rho \sigma } + \left (K+\frac {4}{3} \mu \right ) \vsig \jump {\rho \ln \rho } \\ & =\vsig \jump {\rho \varphi }. \end {aligned}\end {equation}


\begin {equation*}\left ( \avs {\rho u}-\vsig \avs {\rho }\right ) \jump {\varphi }=0,\end {equation*}


\begin {equation*}\jump {\rho }\left ( \avs {\rho u}-\vsig \avs {\rho }\right ) =\jump {\rho }\avs {\rho }\avs {u}-\frac {1}{4}\jump {\rho }^2\jump {u}-\jump {\rho u}\avs {\rho } =-\jump {u}\left ( \frac {1}{4}\jump {\rho }^2+\avs {\rho }^2 \right ) ,\end {equation*}


$\jump {u}\ne 0$


$\jump {u}= 0$


\begin {equation*}\vsig =\jump {\rho u}/\jump {\rho } =\avs {u},\end {equation*}


$\vW _L$


$\vW _R$


\begin {equation}\label {Riemann invariant} \vsig =u_L=u_R.\end {equation}


$\vW _L$


$\vW _R$


$\sigma _L = \sigma _R$


$\vW _L$


$\vW _R$


\begin {equation*}\frac {\partial \vW }{\partial t}+\vA (\vW ) \frac {\partial \vW }{\partial x}=0.\quad \vW (x,0)=\begin {cases} \vW _L, \ &x\leq 0\\ \vW _R,\ &x> 0 \end {cases}\end {equation*}


$\vsig _L$


$\vsig _R$


$\vsig _*$


$\vW _{*L}=\begin {pmatrix} \rho _{*L} & \rho _{*L}u_{*L} & \rho _{*L} \sigma _{x*L} \end {pmatrix}^{\mathrm {T}}$


$\vW _{*R}=\begin {pmatrix} \rho _{*R} & \rho _{*R}u_{*R} & \rho _{*R} \sigma _{x*R} \end {pmatrix}^{\mathrm {T}}$


$\vW _L$


$\vW _R$


$K\geq 1$


\begin {equation*}-\infty <\vsig _1<\vsig _2<\ldots <\vsig _K<+\infty \end {equation*}


$m-1$


\begin {equation*}\vW _0=\vW _L,\vW _1,\ldots ,\vW _{K-1},\vW _K=\vW _R.\end {equation*}


$\mathcal {O}\in \Omega $


$C_1$


$C_2$


\begin {equation*}\begin {aligned} |\vW _k^1-\vW _L^1|&\leq C_1 |\vW _R^1-\vW _L^1|,\\ |\vW _k^1-\vW _k^2|&\leq C_2\left ( |\vW _L^1-\vW _L^2|+|\vW _R^1-\vW _R^2|\right ) ,\ \forall 1\leq k \leq K , \end {aligned}\end {equation*}


$\vW _L^1, \vW _R^1, \vW _L^2, \vW _R^2 \in \mathcal {O}$


$\widetilde {\vV }:\boldsymbol {R}\times \Omega \times \Omega \mapsto \Omega $


\begin {equation*}\widetilde {\vV }(v;\vW _L,\vW _R)=\vW _k, \quad \text {if } \vsig _k<v<\vsig _{k+1}\end {equation*}


$\vW _L,\vW _R$


\begin {equation*}\begin {aligned} \int _0^1 \vA \left (\vW \left (s ; \vW _{L},\vW _{R}\right )\right ) \frac {\partial \vW }{\partial s}\left (s ; \vW _{L},\vW _{R}\right ) \mathrm {d} s =& \sum _{k=1}^K \int _0^1 \vA \left (\vW \left (s ; \vW _{k-1},\vW _{k}\right )\right ) \frac {\partial \vW }{\partial s}\left (s ; \vW _{k-1},\vW _{k}\right ) \mathrm {d} s \\ =& \sum _{k=1}^K \vF ^e(\vW _{k})-\vF ^e(\vW _{k-1})+ \begin {pmatrix} 0 &0 & \left (\frac {4\mu }{3}+K \right ) \widetilde {\rho }_{k} \left ( u_{k-1}-u_{k} \right ) \end {pmatrix}^{\mathrm {T}}, \\ =& \vF ^e(\vW _{R})-\vF ^e(\vW _{L})+ \begin {pmatrix} 0 &0 & \left (\frac {4\mu }{3}+K \right ) \sum _{k=1}^K\widetilde {\rho }_{k} \left ( u_{k-1}-u_{k} \right ) \end {pmatrix}^{\mathrm {T}}, \end {aligned}\end {equation*}


\begin {equation}\label {rho tilde} \widetilde {\rho }_{k}=\begin {cases} \rho _{k-1} \rho _k \frac {\ln \rho _k - \ln \rho _{k-1}}{\rho _k-\rho _{k-1}},\ &\rho _{k-1}\ne \rho _k \\ \rho _k,\ &\rho _{k-1} = \rho _k \end {cases}\end {equation}


\begin {equation}\label {speed priori} \vsig _1=\min \left ( u_L-c_{L}^e,u_R-c_{R}^e\right ), \quad \vsig _3=\max \left ( u_L+c_{L}^e,u_R+c_{R}^e\right ) ,\end {equation}


$c_{L}^e$


$c_{R}^e$


\begin {equation*}\begin {aligned} &\vsig _2=u_1,\\ &\sigma _{1}=\sigma _2=\sigma _{L}-\rho _L\left (\vsig _1-u_L\right )\left (u_{1}-u_L\right ), \\ &u_1=u_2=\frac {\sigma _{L}-\sigma _{R}+\rho _L u_L\left (\vsig _1-u_L\right )-\rho _R u_R\left (\vsig _3-u_R\right )}{\rho _L\left (\vsig _1-u_L\right )-\rho _R\left (\vsig _3-u_R\right )},\\ &{\rho }_1=\frac {\rho _L\left (u_L-\vsig _1\right )}{u_{1}-\vsig _1}, {\rho }_2=\frac {\rho _R\left (u_R-\vsig _3\right )}{u_{2}-\vsig _3} . \end {aligned}\end {equation*}


\begin {equation*}\int _0^1 \vA \left (\vW \left (s ; \vW _{L},\vW _{R}\right )\right ) \frac {\partial \vW }{\partial s}\left (s ; \vW _{L},\vW _{R}\right ) \mathrm {d} s =\sum _{k=1}^{3} \vsig _k(\vW _k-\vW _{k-1}).\end {equation*}


$\rho _L\geq \underline {\rho }, \rho _R\geq \underline {\rho }$


$\underline {\rho }>0$


\begin {equation}\label {Linearized shock wave} u_{1}=u_{L}+\sqrt {\left (\sigma _{L}-\sigma _{1}\right )\left (\frac {1}{\rho _{L}}-\frac {1}{\rho _{1}}\right )} ,\quad u_{2}=u_{R}-\sqrt {\left (\sigma _{R}-\sigma _{2}\right )\left (\frac {1}{\rho _{R}}-\frac {1}{\rho _{2}}\right )}.\end {equation}


\begin {equation}\label {Linearized density star} \rho _{1}=\rho _{L} \exp \left (\frac {3 \sigma _{L}-3 \sigma _{1}}{4 \mu +3 K}\right ),\quad \rho _{2}=\rho _{R} \exp \left (\frac {3 \sigma _{R}-3 \sigma _{2}}{4 \mu +3 K}\right ).\end {equation}


$\sigma _1/\sigma _L$


$\sigma _2/\sigma _R$


$|\sigma _1/\sigma _L - 1| < 1$


$|\sigma _2/\sigma _R - 1| < 1$


\begin {equation}\label {new Linearized density star} \rho _{1}=\rho _{L} \left (1+\frac {3 \sigma _{L}-3 \sigma _{1}}{4 \mu +3 K}+\mathcal {O}{{\left ( \frac {3 \sigma _{L}-3 \sigma _{1}}{4 \mu +3 K} \right )}^{2}} \right ),\quad \rho _{2}=\rho _{R} \left (1+\frac {3 \sigma _{R}-3 \sigma _{2}}{4 \mu +3 K}+\mathcal {O}{{\left ( \frac {3 \sigma _{R}-3 \sigma _{2}}{4 \mu +3 K} \right )}^{2}}\right ),\end {equation}


\begin {equation}\label {Linearized shock wave1} \sqrt {\left (\sigma _{L}-\sigma _{1}\right )\left (\frac {1}{\rho _{L}}-\frac {1}{\rho _{1}}\right )}=-\frac {{{\sigma }_{L}}}{{{c}_{L}^{e}}{{\rho }_{L}}}\left ( \frac {{{\sigma }_{1}}}{{{\sigma }_{L}}}-1 \right )+\mathcal {O}{{\left ( \frac {{{\sigma }_{1}}}{{{\sigma }_{L}}}-1 \right )}^{2}} , c_{L}^e=\sqrt {\frac {4 \mu +3 K}{3 \rho _{L}}},\end {equation}


\begin {equation}\label {Linearized shock wave2} \sqrt {\left (\sigma _{R}-\sigma _{2}\right )\left (\frac {1}{\rho _{R}}-\frac {1}{\rho _{2}}\right )}=-\frac {{{\sigma }_{R}}}{{{c}_{R}^{e}}{{\rho }_{R}}}\left ( \frac {{{\sigma }_{2}}}{{{\sigma }_{R}}}-1 \right )+\mathcal {O}{{\left ( \frac {{{\sigma }_{2}}}{{{\sigma }_{R}}}-1 \right )}^{2}} , c_{R}^e=\sqrt {\frac {4 \mu +3 K}{3 \rho _{R}}}.\end {equation}


\begin {equation}\label {Linearized linear shock wave1} \sqrt {\left (\sigma _{L}-\sigma _{1}\right )\left (\frac {1}{\rho _{L}}-\frac {1}{\rho _{1}}\right )}\approx -\frac {{{\sigma }_{L}}}{{{c}_{L}^{e}}{{\rho }_{L}}}\left ( \frac {{{\sigma }_{1}}}{{{\sigma }_{L}}}-1 \right ) ,\end {equation}


\begin {equation}\label {Linearized linear shock wave2} \sqrt {\left (\sigma _{R}-\sigma _{2}\right )\left (\frac {1}{\rho _{R}}-\frac {1}{\rho _{2}}\right )}\approx -\frac {{{\sigma }_{R}}}{{{c}_{R}^{e}}{{\rho }_{R}}}\left ( \frac {{{\sigma }_{2}}}{{{\sigma }_{R}}}-1 \right ).\end {equation}


\begin {equation}\label {Linearized sigma star} {{\sigma }_{1}}={{\sigma }_{2}}=\frac {1}{\frac {1}{{{c}_{R}^{e}}{{\rho }_{R}}}+\frac {1}{{{c}_{L}^{e}}{{\rho }_{L}}}}\left ( \frac {{{\sigma }_{R}}}{{{c}_{R}^{e}}{{\rho }_{R}}}+\frac {{{\sigma }_{L}}}{{{c}_{L}^{e}}{{\rho }_{L}}} \right )+{{u}_{R}}-{{u}_{L}}.\end {equation}


\begin {equation}\label {Linearized velocity star} {{u}_{1}}={{u}_{2}}=\frac {1}{2}\left ( {{u}_{L}}+{{u}_{R}} \right )+\frac {1}{2}\left [ \frac {{{\sigma }_{L}}}{{{c}_{L}^{e}}{{\rho }_{L}}}\left ( \frac {{{\sigma }_{1}}}{{{\sigma }_{L}}}-1 \right )-\frac {{{\sigma }_{R}}}{{{c}_{R}^{e}}{{\rho }_{R}}}\left ( \frac {{{\sigma }_{2}}}{{{\sigma }_{R}}}-1 \right ) \right ].\end {equation}


\begin {equation*}\begin {aligned} &\sigma _{1}=\sigma _2=\frac {1}{\frac {1}{{{c}_{R}^{e}}{{\rho }_{R}}}+\frac {1}{{{c}_{L}^{e}}{{\rho }_{L}}}}\left ( \frac {{{\sigma }_{R}}}{{{c}_{R}^{e}}{{\rho }_{R}}}+\frac {{{\sigma }_{L}}}{{{c}_{L}^{e}}{{\rho }_{L}}} \right )+{{u}_{R}}-{{u}_{L}}, \\ &u_1=u_2=\frac {1}{2}\left ( {{u}_{L}}+{{u}_{R}} \right )+\frac {1}{2}\left [ \frac {{{\sigma }_{L}}}{{{c}_{L}^{e}}{{\rho }_{L}}}\left ( \frac {{{\sigma }_{1}}}{{{\sigma }_{L}}}-1 \right )-\frac {{{\sigma }_{R}}}{{{c}_{R}^{e}}{{\rho }_{R}}}\left ( \frac {{{\sigma }_{2}}}{{{\sigma }_{R}}}-1 \right ) \right ],\\ &\rho _{1}=\rho _{L} \exp \left (\frac {3 \sigma _{L}-3 \sigma _{1}}{4 \mu +3 K}\right ),\\ &\rho _{2}=\rho _{R} \exp \left (\frac {3 \sigma _{R}-3 \sigma _{2}}{4 \mu +3 K}\right ) , \end {aligned} \quad \quad \begin {aligned} &\vsig _1=\begin {cases} (\rho _{1}u_1-{\rho }_{L}{u}_{L})/(\rho _{1}-{\rho }_{L}),\ &\rho _L\ne \rho _1 \\ u_L-c^e_L,\ &\rho _L = \rho _1 \end {cases},\\ &\vsig _2=u_1,\\ &\vsig _3=\begin {cases} (\rho _{2}u_2-{\rho }_{R}{u}_{R})/(\rho _{2}-{\rho }_{R}),\ &\rho _R\ne \rho _2 \\ u_R+c^e_R,\ &\rho _R= \rho _2 \end {cases}. \end {aligned}\end {equation*}


\begin {equation*}\left \lbrace \begin {aligned} & \frac {\partial \vW }{\partial t}+\frac {\partial \vF ^e(\vW )}{\partial x}=\vS (\vW ), \\ & \vW (x,0)=\vW _0(x),\ x\in [a,b], \ t\in [0,T]. \end {aligned}\right .\end {equation*}


$[a,b]$


$N$


$|x_{i+1/2}-x_{i-1/2}|\equiv h$


\begin {equation*}t^n=n\Delta t, \ \Delta t \text { is a constant. }\end {equation*}


$\vW _i^n$


$\left [ x_{i-1/2},x_{i+1/2} \right ]$


$t^n$


\begin {equation*}\vW _h(x,t)=\mathrm {1}_{[x_{i-1/2},x_{i+1/2}) \times [t^n,t^{n+1})} \vW _{i}^n.\end {equation*}


\begin {equation*}\Delta t=\frac {CFL\cdot \Delta x}{\max _{1\leq k \leq 3} |\lambda _k^e(\vW _h)|},\ CFL\leq \frac {1}{2}.\end {equation*}


\begin {equation}\label {scheme_definition} \vW _i^{n+1}= \vW _i^n-\frac {\Delta t}{ h}\left (\vD _{i-1 / 2}^{+}+\vD _{i+1 / 2}^{-}\right ) ,\end {equation}


$D_{i-1/2}^\pm $


\begin {equation}\label {D} \vD _{i+1/2}^{-}+\vD _{i+1/2}^{+} = \int _0^1 \vA \left (\Phi \left (s ; \vW _i, \vW _{i+1}\right )\right ) \frac {\partial \Phi }{\partial s}\left (s ; \vW _i, \vW _{i+1}\right ) \mathrm {d} s.\end {equation}


$x_{i+1/2}$


\begin {equation}\label {linear Riemann} \left \lbrace \begin {aligned} & \frac {\partial \vW }{\partial t}+\vA (\vW ) \frac {\partial \vW }{\partial x}=0, \\ &\vW (x, 0)= \begin {cases}\vW _{i}^n , & \ x\leq 0, \\ \vW _{i+1}^n , & \ x>0,\end {cases} \end {aligned}\right .\end {equation}


$\widetilde {\vV }(v;\vW _L,\vW _R)$


\begin {equation*}\begin {aligned} \vD _{i+1/2}^- & =\int _0^1 \vA \left (\Phi \left (s ; \vW _i^n, \widetilde {\vV }(0;\vW _i^n,\vW _{i+1}^n) \right )\right ) \frac {\partial \Phi }{\partial s}\left (s ; \vW _i^n, \widetilde {\vV }(0;\vW _i^n,\vW _{i+1}^n) \right ) \mathrm {d} s, \\ \vD _{i+1/2}^+ & =\int _0^1 \vA \left (\Phi \left (s ; \widetilde {\vV }(0;\vW _i^n,\vW _{i+1}^n),\vW _{i+1}^n\right )\right ) \frac {\partial \Phi }{\partial s}\left (s ; \widetilde {\vV }(0;\vW _i^n,\vW _{i+1}^n),\vW _{i+1}^n \right ) \mathrm {d} s. \end {aligned}\end {equation*}


\begin {equation*}\begin {aligned} \vD _{i+1/2}^-=\sum _{k=1}^K \min (\vsig _k,0) \left ( \vF ^e(\vW _{k+1})-\vF ^e(\vW _k)+\left (\frac {4\mu }{3}+K \right ) \widetilde {\rho }_{k} \begin {pmatrix} 0\\ 0 \\ u_{k-1}-u_{k} \end {pmatrix} \right ), \\ \vD _{i+1/2}^+=\sum _{k=1}^K \max (\vsig _k,0) \left ( \vF ^e(\vW _{k+1})-\vF ^e(\vW _k)+\left (\frac {4\mu }{3}+K \right ) \widetilde {\rho }_{k} \begin {pmatrix} 0\\ 0 \\ u_{k-1}-u_{k} \end {pmatrix} \right ), \end {aligned}\end {equation*}


$W_k(1\leq k\leq K)$


$\vsig _k(1\leq k \leq K)$


$\widetilde {\rho }_{k}$


$s$


$s$


$s$


\begin {equation*}\frac {\partial (\rho s)}{\partial t}+ \frac {\partial (\rho u s)}{\partial x}=\frac {4}{3} \mu \rho \frac {\partial u}{\partial x} .\end {equation*}


\begin {equation*}\frac {\partial \vbW }{\partial t}+ \frac {\partial \vbF ^e(\vbW )}{\partial x}=\vbS (\vbW ) ,\end {equation*}


\begin {equation}\label {detailyuanshi} \vbW =\left (\begin {array}{@{}c@{}} \rho \\ \rho u \\ \rho \sigma \\ s \\ \end {array}\right ), \quad \vbF ^e(\vbW )=\left (\begin {array}{@{}c@{}} \rho u \\ \rho u^2-\sigma \\ \rho u \sigma \\ \rho u s \end {array}\right ),\quad \vbS (\vbW )=\left (\begin {array}{@{}c@{}} 0 \\ 0 \\ \left (K+\frac {4}{3} \mu \right ) \rho \frac {\partial u}{\partial x}\\ \frac {4}{3} \mu \rho \frac {\partial u}{\partial x} \end {array}\right ).\end {equation}


\begin {equation}\label {equ: supplement elastic scheme} \vbW _i^{n+1}= \vbW _i^n-\frac {\Delta t}{ h}\left (\vbD _{i-1 / 2}^{n,+}+\vbD _{i+1 / 2}^{n,-}\right ) ,\end {equation}


\begin {equation*}\begin {aligned} \vbD _{i+1/2}^-=\sum _{k=1}^K \min (\vsig _k,0) \left ( \vbF ^e(\vW _{k+1})-\vbF ^e(\vW _k)+ \widetilde {\rho }_{k} \begin {pmatrix} 0\\ 0 \\ \left (\frac {4\mu }{3}+K \right ) \left ( u_{k-1}-u_{k} \right ) \\ \frac {4\mu }{3} \left ( u_{k-1}-u_{k} \right ) \end {pmatrix} \right ), \\ \vbD _{i+1/2}^+=\sum _{k=1}^K \max (\vsig _k,0) \left ( \vbF ^e(\vW _{k+1})-\vbF ^e(\vW _k)+ \widetilde {\rho }_{k} \begin {pmatrix} 0\\ 0 \\ \left (\frac {4\mu }{3}+K \right ) \left ( u_{k-1}-u_{k} \right ) \\ \frac {4\mu }{3} \left ( u_{k-1}-u_{k} \right ) \end {pmatrix} \right ). \end {aligned}\end {equation*}


\begin {equation}\label {equ: plastic supplement} \frac {\partial (\rho s)}{\partial t}+\frac {\partial (\rho u s)}{\partial x}=0.\end {equation}


$s$


\begin {equation}\label {augmented plastic} \frac {\partial {\vbU }}{\partial t}+\frac {\partial {\vbF }^p({\vbU })}{\partial x}=0, \quad {\vbU }=\left (\begin {array}{@{}c@{}} \rho \\ \rho u \\ E \\ \rho s \end {array}\right ), \ {\vbF }^p({\vbU })=\left (\begin {array}{@{}c@{}} \rho u \\ \rho u^2-\sigma \\ (E-\sigma ) u \\ \rho u s \end {array}\right )\end {equation}


\begin {equation}\label {equ: plastic scheme} \vbU _i^{n+1}= \vbU _i^{n}-\frac {\Delta t}{h}\left (\vbF \left ( \vbU _{i+1/2}^{n+1/2}\right ) -\vbF \left (\vbU _{i-1/2}^{n+1/2} \right ) \right ) ,\end {equation}


$\vbU _{i+1/2}^{n+1/2}$


$t$


$\vbU _i^{n}$


$\vbU _{i+1}^{n}$


\begin {equation*}\begin {aligned} &\vsig _1=\min \left ( u_L-c_{L}^p,u_R-c_{R}^p\right ), \\ &\vsig _2=u_1,\\ &\vsig _3=\max \left ( u_L+c_{L}^p,u_R+c_{R}^p\right ), \\ &\sigma _{1}=\sigma _2=\sigma _{L}-\rho _L\left (\vsig _1-u_L\right )\left (u_{1}-u_L\right ), \\ &u_1=u_2=\frac {\sigma _{L}-\sigma _{R}+\rho _L u_L\left (\vsig _1-u_L\right )-\rho _R u_R\left (\vsig _3-u_R\right )}{\rho _L\left (\vsig _1-u_L\right )-\rho _R\left (\vsig _2-u_R\right )}, \end {aligned} \quad \quad \begin {aligned} &{\rho }_1=\frac {\rho _L\left (u_L-\vsig _1\right )}{u_{1}-\vsig _1},\\ &{\rho }_2=\frac {\rho _R\left (u_R-\vsig _2\right )}{u_{2}-\vsig _2} ,\\ &s_1=s_L, \\ &s_2=s_R,\\ &E_1=E_L+(\vsig _2-u_L)(\vsig _2+\sigma _{1}/(\rho _L(\vsig _1-u_L))),\\ &E_2=E_R+(\vsig _2-u_R)(\vsig _2+\sigma _{2}/(\rho _R(\vsig _3-u_R))). \end {aligned}\end {equation*}


$s$


$s$


$I_i$


$t^n$


$t^{n+1}$


\begin {equation*}\left | s_i^{n}\right | < \frac {2}{3}Y_0, \ \left | s_i^{n+1}\right | \geq \frac {2}{3}Y_0.\end {equation*}


$t^{n+1}$


\begin {equation*}\begin {aligned} &\rho _i^{n+1} s_i^{n+1}=\pm \frac {2}{3}Y_0\rho _i^{n+1},\\ &E_i^{n+1}=\frac {s_i^{n+1}-\sigma _i^{n+1}-c_0^2(\rho _i^{n+1}-\rho _0)}{\gamma -1}+\frac {1}{2}\rho _i^{n+1} (u_i^{n+1})^2. \end {aligned}\end {equation*}


$I_i$


$t^n$


$t^{n+1}$


\begin {equation*}\left | s_i^{n}\right | \geq \frac {2}{3}Y_0, \ \left | s_i^{n+1}\right | < \frac {2}{3}Y_0,\end {equation*}


\begin {equation*}\rho _i^{n+1} \sigma _i^{n+1}=\rho _i^{n+1} \left ( -c_0^2(\rho _i^{n+1}-\rho _0)-(\gamma -1)(E_i^{n+1}-\rho _i^{n+1} (u_i^{n+1})^2/2)+s_i^{n+1}\right ) .\end {equation*}


$t^n$


$I_i$


$I_{i+1}$


$x_{i+1/2}$


$t$


$\vbW _{i+1/2}^{n+1/2}$


$\vbU _{i+1/2}^{n+1/2}$


\begin {equation*}u_{1}=u_{2}, \sigma _{1}=\sigma _{2}.\end {equation*}


\begin {equation*}\begin {aligned} & \vsig _1=\min \left ( u_L-c_{L}^e,u_R-c_{R}^p\right ), \\ &\vsig _2=u_1,\\ & \vsig _3=\max \left ( u_L+c_{L}^e,u_R+c_{R}^p\right ),\\ &\sigma _{1}=\sigma _{L}-\rho _L\left (\vsig _1-u_L\right )\left (u_{1}-u_L\right ), \\ &u_1=u_2=\frac {\sigma _{L}-\sigma _{R}+\rho _L u_L\left (\vsig _1-u_L\right )-\rho _R u_R\left (\vsig _3-u_R\right )}{\rho _L\left (\vsig _1-u_L\right )-\rho _R\left (\vsig _2-u_R\right )}, \end {aligned} \quad \quad \begin {aligned} &{\rho }_1=\frac {\rho _L\left (u_L-\vsig _1\right )}{u_{1}-\vsig _1}, \\ &{\rho }_2=\frac {\rho _R\left (u_R-\vsig _3\right )}{u_{2}-\vsig _3} ,\\ &s_1=\frac {4\mu }{3}\ln {\frac {{\rho }_1}{{\rho }_L}}+s_L,\\ &s_2=s_R,\\ &E_2=E_R+(\vsig _2-u_R)(\vsig _2+\sigma _{2}/(\rho _R(\vsig _3-u_R))). \end {aligned}\end {equation*}


\begin {equation*}\begin {aligned} &\vsig _1=\begin {cases} (\rho _{1}u_1-{\rho }_{L}{u}_{L})/(\rho _{1}-{\rho }_{L}),\ &\rho _L\ne \rho _1 \\ u_L-c^e_L,\ &\rho _L = \rho _1 \end {cases},\\ &\vsig _2=u_1,\\ &\vsig _3=\begin {cases} (\rho _{2}u_2-{\rho }_{R}{u}_{R})/(\rho _{2}-{\rho }_{R}),\ &\rho _R\ne \rho _2 \\ u_R+c^e_R,\ &\rho _R= \rho _2 \end {cases},\\ &\sigma _{1}=\frac {1}{\frac {1}{{{c}_{R}^{e}}{{\rho }_{R}}}+\frac {1}{{{c}_{L}^{e}}{{\rho }_{L}}}}\left ( \frac {{{\sigma }_{R}}}{{{c}_{R}^{e}}{{\rho }_{R}}}+\frac {{{\sigma }_{L}}}{{{c}_{L}^{e}}{{\rho }_{L}}} \right )+{{u}_{R}}-{{u}_{L}}, \\ &u_1=u_2=\frac {1}{2}\left ( {{u}_{L}}+{{u}_{R}} \right )+\frac {1}{2}\left [ \frac {{{\sigma }_{L}}}{{{c}_{L}^{e}}{{\rho }_{L}}}\left ( \frac {{{\sigma }_{1}}}{{{\sigma }_{L}}}-1 \right )-\frac {{{\sigma }_{R}}}{{{c}_{R}^{e}}{{\rho }_{R}}}\left ( \frac {{{\sigma }_{1}}}{{{\sigma }_{R}}}-1 \right ) \right ], \end {aligned} \quad \quad \begin {aligned} &\rho _{1}=\rho _{L} \exp \left (\frac {3 \sigma _{L}-3 \sigma _{1}}{4 \mu +3 K}\right ),\\ & \rho _{2}=\rho _{R} \exp \left (\frac {3 \sigma _{R}-3 \sigma _{1}}{4 \mu +3 K}\right ) ,\\ &s_1=\frac {4\mu }{3}\ln {\frac {{\rho }_1}{{\rho }_L}}+s_L,\\ &s_2=s_R,\\ &E_2=E_R+(\vsig _2-u_R)(\vsig _2+\sigma _{2}/(\rho _R(\vsig _3-u_R))). \end {aligned}\end {equation*}


\begin {equation}\label {energy transition} \begin {aligned} E_L&=\frac {s_L-\sigma _L-c_0^2(\rho _L-\rho _0)}{\gamma -1}+\frac {1}{2}\rho _L (u_L)^2, \\ E_{1}&=\frac {s_{1}-\sigma _{1}-c_0^2(\rho _{1}-\rho _0)}{\gamma -1}+\frac {1}{2}\rho _{1} (u_{1})^2, \\ \sigma _{2}&=-c_0^2(\rho _{2}-\rho _0)-(\gamma -1)\left ( E_{2}-\frac {\rho _{2} (u_{2})^2}{2}\right ) +s_{2},\\ \sigma _R&=-c_0^2(\rho _R-\rho _0)-(\gamma -1)\left ( E_{R}-\frac {\rho _{R} (u_{R})^2}{2}\right ) +s_R. \end {aligned}\end {equation}


$p$


\begin {equation*}\begin {aligned} & \frac {\partial \rho }{\partial t}+\frac {\partial (\rho u)}{\partial x}+\frac {\partial (\rho v)}{\partial y}=0, \\ & \frac {\partial (\rho u)}{\partial t}+\frac {\partial \left (\rho u^2+p-s_{x x}\right )}{\partial x}+\frac {\partial \left (\rho u v-s_{x y}\right )}{\partial y}=0, \\ & \frac {\partial (\rho v)}{\partial t}+\frac {\partial \left (\rho u v-s_{x y}\right )}{\partial x}+\frac {\partial \left (\rho v^2+p-s_{yy}\right )}{\partial y}=0, \\ & \frac {\partial E}{\partial t}+\frac {\partial \left ( u E+\left (p-s_{x x}\right ) u-s_{x y} v\right )}{\partial x}+\frac {\partial \left ( v E+\left (p-s_{yy}\right ) v-s_{x y} u\right )}{\partial y}=0. \end {aligned}\end {equation*}


$\rho $


$x$


$u$


$y$


$v$


$E=\rho e+\frac {1}{2} \rho (u^2+v^2)$


$e$


$s_{xy}$


$s_{xx}$


$s_{yy}$


$x$


$y$


\begin {equation*}\sigma _{xx}=-p+s_{xx},\ \sigma _{yy}=-p+s_{yy},\end {equation*}


$\sigma _{xx}$


$x$


$\sigma _{yy}$


$y$


$p$


\begin {equation*}p=c_0^2 (\rho -\rho _0)+(\gamma -1)\rho e.\end {equation*}


\begin {equation*}s_{xx}^2+s_{yy}^2+2s_{xy}^2+(s_{xx}+s_{yy})^2 \leq \frac {2}{3}(Y_0)^2.\end {equation*}


\begin {equation*}\dot s_{xx} =2 \mu (\dot \epsilon _x+\frac {1}{3}\frac {\dot \rho }{\rho }) , \dot s_{yy} =2 \mu (\dot \epsilon _y+\frac {1}{3}\frac {\dot \rho }{\rho }) ,\ \dot {s}_{xy}=\mu \dot \epsilon _{xy}.\end {equation*}


$\mu $


$.$


$\dot s_{xx}$


$\dot s_{yy}$


$\dot s_{xy}$


$\dot \rho $


\begin {equation*}\dot \epsilon _x=\frac {\partial u}{\partial x},\ \dot \epsilon _y=\frac {\partial v}{\partial y},\ \dot \epsilon _{xy}=\frac {\partial v}{\partial x}+\frac {\partial u}{\partial y}.\end {equation*}


\begin {equation*}\begin {aligned} & \frac {\partial (\rho s_{x x})}{\partial t}+ \frac {\partial (\rho u s_{x x})}{\partial x}+ \frac {\partial (\rho v s_{x x})}{\partial y}-\frac {2}{3} \mu \rho \left (2 \frac {\partial u}{\partial x}- \frac {\partial v}{\partial y}\right )=0, \\ & \frac {\partial (\rho s_{y y})}{\partial t}+ \frac {\partial (\rho u s_{y y})}{\partial x}+ \frac {\partial (\rho v s_{y y})}{\partial y}-\frac {2}{3} \mu \rho \left (2 \frac {\partial v}{\partial y}- \frac {\partial u}{\partial x}\right )=0, \\ & \frac {\partial (\rho s_{x y})}{\partial t}+ \frac {\partial (\rho u s_{x y})}{\partial x}+ \frac {\partial (\rho v s_{x y})}{\partial y}-\mu \rho \left (\frac {\partial v}{\partial x}+\frac {\partial u}{\partial y}\right )=0 . \end {aligned}\end {equation*}


\begin {equation*}\begin {aligned} \vW &=\begin {pmatrix} \rho & \rho u &\rho v & E & \rho s_{xx} & \rho s_{yy} & \rho s_{xy} \end {pmatrix}^{\text {T}}, \\ \vF &=\vF (W)=\begin {pmatrix} \rho u & \rho u^2+p-s_{xx} & \rho u v -s_{xy} & uE+(p-s_{xx})u-s_{xy}v & \rho u s_{xx} & \rho u s_{yy} & \rho u s_{xy} \end {pmatrix}^{\text {T}}, \\ \vG &=\vG (W)=\begin {pmatrix} \rho v & \rho u v -s_{xy} & \rho v^2+p-s_{yy} & vE+(p-s_{yy})v-s_{xy}u & \rho v s_{xx} & \rho v s_{yy} & \rho v s_{xy} \end {pmatrix}^{\text {T}} . \end {aligned}\end {equation*}


\begin {equation}\label {2.4} \frac {\partial \vW }{\partial t}+\vA (\vW )\frac {\partial \vW }{\partial x}+\vB (\vW )\frac {\partial \vW }{\partial y}=0,\end {equation}


\begin {equation*}\vA (\vW )=\frac {\partial \vF (\vW )}{\partial \vW }+ \begin {pmatrix} &&&{0_{4\times 7}} \\ \frac {4 \mu u}{3} & -\frac {4 \mu }{3} & 0 & 0 & 0 & 0 & 0\\ -\frac {2 \mu u}{3} & \frac {2 \mu }{3} & 0 & 0 & 0 & 0 & 0\\ \mu v & 0 & -\mu & 0 & 0 & 0 & 0 \end {pmatrix},\end {equation*}


\begin {equation*}\vB (\vW )=\frac {\partial \vG (\vW )}{\partial \vW }+ \begin {pmatrix} &&&{0_{4\times 7}} \\ -\frac {2 \mu v}{3} & 0 & \frac {2 \mu }{3} & 0 & 0 & 0 & 0 \\ \frac {4 \mu v}{3} & 0 & -\frac {4 \mu }{3} & 0 & 0 & 0 & 0 \\ \mu u & -\mu & 0 & 0 & 0 & 0 & 0 \end {pmatrix}.\end {equation*}


$\mathbf {A}(\mathbf {W})$


\begin {equation}\label {2.5} {{\lambda }_{1}}(\vA )=u-c^e_x,{{\lambda }_{2}}(\vA )=u-c^s, {{\lambda }_{3}}(\vA )={{\lambda }_{4}}(\vA )={{\lambda }_{5}}(\vA )=u,\lambda _{6}(\vA )=u+c^s,\lambda _{7}(\vA )=u+c^e_x.\end {equation}


$\mathbf {B}(\mathbf {W})$


\begin {equation}\label {2.6} {{\lambda }_{1}}(\vB )=v-c^e_y,{{\lambda }_{2}}(\vB )=v-c^s, {{\lambda }_{3}}(\vB )={{\lambda }_{4}}(\vB )={{\lambda }_{5}}(\vB )=v,\lambda _{6}(\vB )=v+c^s,\lambda _{7}(\vB )=v+c^e_y.\end {equation}


\begin {equation*}c^e_x=\sqrt {\frac {\gamma p+c_{0}^{2}{{\rho }_{0}}-(\gamma -1)s_{xx}}{\rho }+\frac {4\mu }{3\rho }},\ c^s=\sqrt {\frac {\mu }{\rho }},\ c^e_y=\sqrt {\frac {\gamma p+c_{0}^{2}{{\rho }_{0}}-(\gamma -1)s_{yy}}{\rho }+\frac {4\mu }{3\rho }}.\end {equation*}


\begin {equation}\label {perfectly plasticity assumption} s_{xx}^2+s_{yy}^2+2s_{xy}^2+(s_{xx}+s_{yy})^2 \equiv \frac {2}{3}(Y_0)^2.\end {equation}


\begin {equation*}\begin {aligned} & \frac {\partial (\rho s_{x x})}{\partial t}+ \frac {\partial (\rho u s_{x x})}{\partial x}+ \frac {\partial (\rho v s_{x x})}{\partial y}=0, \\ & \frac {\partial (\rho s_{y y})}{\partial t}+ \frac {\partial (\rho u s_{y y})}{\partial x}+ \frac {\partial (\rho v s_{y y})}{\partial y}=0, \\ & \frac {\partial (\rho s_{x y})}{\partial t}+ \frac {\partial (\rho u s_{x y})}{\partial x}+ \frac {\partial (\rho v s_{x y})}{\partial y}=0 . \end {aligned}\end {equation*}


\begin {equation*}\frac {\partial \vW }{\partial t}+\frac {\partial \vF (\vW )}{\partial x}+\frac {\partial \vG (\vW )}{\partial y}=0.\end {equation*}


$y$


\begin {equation*}\frac {\partial \vW }{\partial t}+\vB (\vW )\frac {\partial \vW }{\partial y}=0.\end {equation*}


$W_L$


$W_R$


\begin {equation}\label {equ: 2d path} \begin {aligned} \rho (s) &=\rho _L + (\rho _R-\rho _L)s,\\ (\rho u)(s) &= (\rho u)_L + ((\rho u)_R-(\rho u)_L)s,\\ (\rho v)(s) &= (\rho v)_L + ((\rho v)_R-(\rho v)_L)s,\ s\in [0,1]. \end {aligned}\end {equation}


\begin {equation*}\widetilde {\rho }_{L,R}=\begin {cases} \rho _L \rho _R \frac {\jump {\ln \rho }}{\jump {\rho }},\ &\rho _L\ne \rho _R \\ \rho _L,\ &\rho _L = \rho _R \end {cases}\end {equation*}


\begin {equation*}\begin {aligned} \int _0^1 \mathbf {B}\left (\Phi \left (s ; \mathbf {W}_{L},\mathbf {W}_{R}\right )\right ) \frac {\partial \Phi }{\partial s}\left (s ; \mathbf {W}_{L},\mathbf {W}_{R}\right ) \mathrm {d} s&= \vG (\vW _R)-\vG (\vW _L)+ \begin {pmatrix} 0_{4 \times 1}\\ \frac {2\mu }{3} \left ( -\jump {\rho } \int _0^1 v(s) \mathrm {d} s +\jump {\rho v} \right ) \\ \frac {4\mu }{3} \left ( \jump {\rho } \int _0^1 v(s) \mathrm {d} s - \jump {\rho v} \right ) \\ \mu \left ( \jump {\rho } \int _0^1 u(s) \mathrm {d} s -\jump {\rho u} \right ) \end {pmatrix}\\ &=\vG (\vW _R)-\vG (\vW _L)+\widetilde {\rho }_{L,R} \begin {pmatrix} 0_{4 \times 1}\\ \frac {2\mu }{3} \jump {v} \\ -\frac {4\mu }{3} \jump {v}\\ -\mu \jump {u} \end {pmatrix}. \end {aligned}\end {equation*}


$W_L$


$W_R$


$\vsig $


\begin {equation}\label {equ: Lax} \text {there exists } k\in \{1,2,6,7\} \text { s.t. } \lambda _{k}(\vB (\vW _L)) >S> \lambda _{k}(\vB (\vW _R)).\end {equation}


\begin {equation*}\eta =s_{xx}-\frac {2}{3} \mu \ln \rho ,\ \xi =s_{yy}+\frac {4}{3} \mu \ln \rho .\end {equation*}


$\eta =\text {constant}$


$\xi =\text {constant}$


$\vW _L$


$\vW _R$


$\eta _L=\eta _R$


$\xi _L=\xi _R$


\begin {equation*}\vG (\vW _R)-\vG (\vW _L)+\widetilde {\rho }_{L,R} \begin {pmatrix} 0_{4 \times 1}& \frac {2\mu }{3} \jump {v} & -\frac {4\mu }{3} \jump {v}& -\mu \jump {u} \end {pmatrix}^\mathrm {T} = \vsig \jump {\vW }.\end {equation*}


$\jump {\rho }=0$


$\jump {s_{xx}}=0$


$\eta _L=\eta _R$


$\jump {\rho }=0$


$\jump {s_{xx}}\ne 0$


\begin {equation*}\jump {v}=\jump {s_{xy}}=\jump {u}=\jump {s_{yy}}=\jump {p}=0, v_L=v_R= \vsig .\end {equation*}


$k\in \{1,2,6,7\}$


\begin {equation*}\lambda _{k}(\vB (\vW _L)) = \lambda _{k}(\vB (\vW _R)),\end {equation*}


$\jump {\rho }=0$


\begin {equation*}\begin {aligned} \jump {\rho v \eta }&=\jump {\rho v s_{xx}}-\frac {2}{3}\mu \jump {\rho v \ln \rho } = \vsig \jump {\rho s_{xx}}-\frac {2}{3}\mu \widetilde {\rho }_{L,R}\jump {v}-\frac {2}{3}\mu \jump {\rho v \ln \rho }\\ &= \vsig \jump {\rho s_{xx}}-\frac {2}{3}\mu \left ( \widetilde {\rho }_{L,R}\jump {v}+\jump {\rho \ln \rho }\avs {v}+\avs {\rho \ln \rho }\jump {v} \right ) = \vsig \jump {\rho s_{xx}}-\frac {2}{3}\mu \left ( \avs {\rho }\jump {v}\frac {\jump {\rho \ln \rho }}{\jump {\rho }}+\jump {\rho \ln \rho }\avs {v} \right ) \\ &= \vsig \jump {\rho s_{xx}}-\frac {2}{3}\mu \jump {\rho \ln \rho } \left ( \frac {\avs {\rho }\jump {v}+\avs {v}\jump {\rho }}{\jump {\rho }} \right ) = \vsig \left ( \jump {\rho s_{xx}}-\frac {2}{3}\mu \jump {\rho \ln \rho } \right ) = \vsig \jump {\rho \eta }. \end {aligned}\end {equation*}


$\jump {\rho v}= \vsig \jump {\rho }$


\begin {equation*}\jump {\eta }\left ( \avs {\rho v}- \vsig \avs {\rho } \right ) =0.\end {equation*}


$\avs {\rho v}- \vsig \avs {\rho }\ne 0$


$\jump {v}=0$


$\vsig =\avs {v}$


$\xi $


$W_L$


$W_R$


$\vsig $


$\vW _L$


$\vW _R$


$v_L=v_R$


$u_L=u_R$


$(s_{xy})_L=(s_{xy})_R$


$(\sigma _{yy})_L=(\sigma _{yy})_R$


\begin {equation*}\int _0^1 \mathbf {B}\left (\Phi \left (s ; \mathbf {W}_{L},\mathbf {W}_{R}\right )\right ) \frac {\partial \Phi }{\partial s}\left (s ; \mathbf {W}_{L},\mathbf {W}_{R}\right ) \mathrm {d} s =\vG (\vW _R)-\vG (\vW _L).\end {equation*}


$\vW _L$


$\vW _R$


\begin {equation*}\frac {\partial \vW }{\partial t}+\vB (\vW )\frac {\partial \vW }{\partial y}=0, \quad \vW (x, y, t=0)= \begin {cases} \vW _{L}, \ &y<0 \\ \vW _{R}, \ &y\geq 0 \end {cases}\end {equation*}


$\lambda _1$


$\lambda _7$


$\vsig _1$


$\vsig _5$


$\lambda _3$


$\lambda _4$


$\lambda _5$


$\vsig _3$


$\lambda _2$


$\lambda _6$


$\vsig _2$


$\vsig _4$


$\mathbf {W}_K=[\mathbf {U}_K,s_{xx,K},s_{yy,K},s_{xy,K}]^T,K=L/R$


$\mathbf {W}_{2/3}={{\left ( \mathbf {U}_{2/3},{{s}_{xx,2/3}},{{s}_{yy,2/3}},{{s}_{xy,2/3}} \right )}^{T}}$


$\mathbf {W}_{1/4}={{\left ( \mathbf {U}_{1/4},{{s}_{xx,1/4}},{{s}_{yy,1/4}},{{s}_{xy,1/4}} \right )}^{T}}$


$u$


$s_{xy}$


$\rho , s_{xx}$


$s_{yy}$


$v$


$u$


$v$


$s_{xy}$


$\sigma _{yy}$


\begin {equation*}\begin {aligned} &\vsig _1=\min \left ( v_L-c_{y,L}^e,v_R-c_{y,R}^e\right ), \vsig _2=\min \left ( v_L-c_{L}^s,v_R-c_{R}^s\right ), \\ &\vsig _4=\max \left ( v_L+c_{L}^s,v_R+c_{R}^s\right ), \vsig _5=\max \left ( v_L+c_{y,L}^e,v_R+c_{y,R}^e\right ). \end {aligned}\end {equation*}


\begin {equation*}\begin {aligned} &\vW _1: \quad \rho _1= \rho _2, s_{xx,1}= s_{xx,2}, s_{yy,1}= s_{yy,2}, s_{xy,1}= s_{xy,L}, u_1=u_L, v_1= v_2, \sigma _{2}= \sigma _{1}, E_1=E_2. \\ &\begin {aligned} \vW _2:\quad &\rho _2=\rho _L \frac {\vsig _1-v_L}{\vsig _1-v_2},\\ &s_{xx,2}=\frac {2\mu }{3}\ln \frac {{{\rho }_1}}{{{\rho }_L}}+{{s}_{xx,L}}, \\ &s_{yy,2}=-\frac {4\mu }{3}\ln \frac {{{\rho }_1}}{{{\rho }_L}}+{{s}_{yy,L}}, \\ &s_{xy,2}=\frac {(\vsig _5-v_{ 2})s_{xy,R}-(\vsig _1-v_{ 2})s_{xy,L}+\mu (u_{R}-u_{L})}{\vsig _5-\vsig _1},\\ &u_2=\frac {s_{xy,R}-s_{xy,L}-\rho _1 u_L\left ( \vsig _2-u_L \right )+\rho _4u_R\left (\vsig _4-u_R\right )}{-\rho _0\left (\vsig _2-u_L\right )+\rho _4\left (\vsig _4-u_R\right )},\\ &v_2=\frac {-\sigma _{yy,R}+\sigma _{yy,L}+\rho _L v_L\left (\vsig _1-v_L\right )+\rho _Rv_R\left (\vsig _5-v_R\right )}{-\rho _L\left (\vsig _1-v_L\right )+\rho _R\left (\vsig _5-v_R \right )}, \\ &\sigma _{2}=\sigma _{L}-\rho _L\left (\vsig _1-v_L\right )\left (v_{2}-v_L\right ),\\ &E_2=E_L+(v_2-v_L)(v_2-\sigma _{yy,L}/(\rho _L(\vsig _1-v_L))). \end {aligned} \quad \quad \begin {aligned} \vW _3:\quad &\rho _3=\rho _R \frac {\vsig _5-v_R}{\vsig _5-v_3},\\ &s_{xx,3}=\frac {2\mu }{3}\ln \frac {{{\rho }_3}}{{{\rho }_R}}+{{s}_{xx,R}}, \\ &s_{yy,3}=-\frac {4\mu }{3}\ln \frac {{{\rho }_3}}{{{\rho }_R}}+{{s}_{yy,R}}, \\ &s_{xy,3}= s_{xy,2},\\ &u_3=u_2,\\ &v_3=v_2, \\ &\sigma _{3}= \sigma _{2},\\ &E_3=E_R+(v_3-v_R)(v_3-\sigma _{yy,R}/(\rho _R(\vsig _5-v_R))). \end {aligned}\\ &\vW _4: \quad \rho _4= \rho _3, s_{xx,4}= s_{xx,3}, s_{yy,4}= s_{yy,3}, s_{xy,4}= s_{xy,R} u_4=u_R, v_4= v_3, \sigma _{4}= \sigma _{3}, E_4=E_3. \end {aligned}\end {equation*}


\begin {equation*}\begin {aligned} &\begin {cases} \frac {\partial \vW }{\partial t}+\vA (\vW )\frac {\partial \vW }{\partial x}+\vB (\vW )\frac {\partial \vW }{\partial y}=0,\quad & \text { if } s_{xx}^2+s_{yy}^2+2s_{xy}^2+(s_{xx}+s_{yy})^2 < \frac {2}{3}(Y_0)^2 \\ \frac {\partial \vW }{\partial t}+\frac {\partial \vF (\vW )}{\partial x}+\frac {\partial \vG (\vW )}{\partial y}=0, \quad & \text { otherwise } \end {cases} \\ &\vW (x,y,0)=\vW _0(x,y),\quad (x,y)\in [a,b]\times [c,d],\ t\geq 0. \end {aligned}\end {equation*}


\begin {equation*}\begin {aligned} &a=x_{1/2}<\ldots < x_{i-1/2} <x_{i+1/2}<\ldots <x_{M+1/2}=b, \\ &c=y_{1/2}<\ldots < y_{j-1/2} <y_{j+1/2}<\ldots <y_{N+1/2}=d, \\ &x_{i+1/2}-x_{i-1/2} \equiv h_x,\ y_{j+1/2}-y_{j-1/2}\equiv h_y, \ h=\max (h_x,h_y). \end {aligned}\end {equation*}


\begin {equation*}t^n=n\Delta t, \quad \Delta t \text { is a constant}.\end {equation*}


\begin {equation*}\Delta t=\frac {CFL\cdot \Delta x}{\max _{1\leq k \leq 7} \lambda _k(\vW _h)},\ CFL\leq \frac {1}{2}.\end {equation*}


\begin {equation*}\vW _{i,j}^n\approx \int _{y_{j-1/2}}^{y_{j+1/2}}\int _{x_{i-1/2}}^{x_{i+1/2}} \vW (x,y,t^n) \vd x \vd y,\
\vW _{i,j}^0=\int _{y_{j-1/2}}^{y_{j+1/2}}\int _{x_{i-1/2}}^{x_{i+1/2}} \vW _0(x,y) \vd x \vd y,\end {equation*}


\begin {equation*}\vW _h(x,y,t)=\mathrm {1}_{[x_{i-1/2},x_{i+1/2})\times [y_{j-1/2},y_{j+1/2}) \times [t^n,t^{n+1})} \vW _{i,j}^n.\end {equation*}


\begin {equation*}s_{xx,h}^2+s_{yy,h}^2+2s_{xy,h}^2+(s_{xx,h}+s_{yy,h})^2 < \frac {2}{3}(Y_0)^2,\end {equation*}


\begin {equation*}\vW _{i,j}^{n+1}= \vW _{i,j}^n-\frac {\Delta t}{h_x}\left (\vD _{i-1 / 2,j}^{+}+\vD _{i+1 / 2,j}^{-}\right ) -\frac {\Delta t}{h_y}\left (\vD _{i,j-1/2}^{+}+\vD _{i,j+1/2}^{-}\right ) .\end {equation*}


$x$


\begin {equation*}\begin {aligned} \vD _{i+1/2,j}^-=\sum _{k=1}^K \min (\vsig _k,0) \left ( \vF (\vW _{k+1})-\vF (\vW _k)+\widetilde {\rho }_{k} \begin {pmatrix} 0_{4 \times 1}\\ -\frac {4\mu }{3} (u_{k+1}-u_k) \\ \frac {2\mu }{3} (u_{k+1}-u_k)\\ -\mu (v_{k+1}-v_k) \end {pmatrix} \right ), \\ \vD _{i+1/2,j}^+=\sum _{k=1}^K \max (\vsig _k,0) \left ( \vF (\vW _{k+1})-\vF (\vW _k)+\widetilde {\rho }_{k} \begin {pmatrix} 0_{4 \times 1}\\ -\frac {4\mu }{3} (u_{k+1}-u_k) \\ \frac {2\mu }{3} (u_{k+1}-u_k)\\ -\mu (v_{k+1}-v_k) \end {pmatrix} \right ), \end {aligned}\end {equation*}


$W_k(0 \leq k\leq K)$


$\vsig _k(1 \leq k \leq K)$


\begin {equation*}\frac {\partial \vW }{\partial t}+\vA (\vW )\frac {\partial \vW }{\partial x}=0, \quad \vW (x, y, t=0)= \begin {cases} \vW _{i,j}^n, \ &x<0 \\ \vW _{i+1,j}^n, \ &x\geq 0 \end {cases}\end {equation*}


\begin {equation}\label {6.3.1} \widetilde {\rho }_{k}=\begin {cases} \rho _k \rho _{k+1} \frac {\ln \rho _{k+1}-\ln \rho _{k}}{\rho _{k+1}-\rho _{k}},\ &\rho _k \ne \rho _{k+1} \\ \rho _k,\ &\rho _k = \rho _{k+1} \end {cases}\end {equation}


$y$


\begin {equation*}\begin {aligned} \vD _{i,j+1/2}^-=\sum _{k=1}^K \min (\vsig _k,0) \left ( \vG (\vW _{k+1})-\vG (\vW _k)+\widetilde {\rho }_{k} \begin {pmatrix} 0_{4 \times 1}\\ \frac {2\mu }{3} (v_{k+1}-v_k) \\ -\frac {4\mu }{3} (v_{k+1}-v_k)\\ -\mu (u_{k+1}-u_k) \end {pmatrix} \right ), \\ \vD _{i,j+1/2}^+=\sum _{k=1}^K \max (\vsig _k,0) \left ( \vG (\vW _{k+1})-\vG (\vW _k)+\widetilde {\rho }_{k} \begin {pmatrix} 0_{4 \times 1}\\ \frac {2\mu }{3} (v_{k+1}-v_k) \\ -\frac {4\mu }{3} (v_{k+1}-v_k)\\ -\mu (u_{k+1}-u_k) \end {pmatrix} \right ), \end {aligned}\end {equation*}


$W_k (0 \leq k\leq K)$


$\vsig _k (1\leq k \leq K)$


\begin {equation*}\frac {\partial \vW }{\partial t}+\vB (\vW )\frac {\partial \vW }{\partial y}=0, \quad \vW (x, y, t=0)= \begin {cases} \vW _{i,j}^n, \ &y<0 \\ \vW _{i,j+1}^n, \ &y\geq 0 \end {cases}\end {equation*}


$\widetilde {\rho }_k$


\begin {equation*}\vW _i^{n+1}= \vW _i^{n}-\frac {\Delta t}{h_x}\left (\vF \left ( \vW _{i+1/2,j}^{n+1/2}\right ) -\vF \left (\vW _{i-1/2,j}^{n+1/2} \right ) \right ) -\frac {\Delta t}{h_y}\left (\vG \left ( \vW _{i,j+1/2}^{n+1/2}\right ) -\vG \left (\vW _{i,j-1/2}^{n+1/2} \right ) \right ) .\end {equation*}


\begin {equation*}(s_{xx,i,j}^n)^2+(s_{yy,i,j}^n)^2+2(s_{xy,i,j}^n)^2+(s_{xx,i,j}^n+s_{yy,i,j}^n)^2 > \frac {2}{3}(Y_0)^2,\end {equation*}


$\begin {pmatrix} s_{xx,i,j}^n& s_{yy,i,j}^n& s_{xy,i,j}^n \end {pmatrix}^\text {T}$


\begin {equation*}\frac {\sqrt {\frac {2}{3}}Y_0}{\sqrt {(s_{xx,i,j}^n)^2+(s_{yy,i,j}^n)^2+2(s_{xy,i,j}^n)^2+(s_{xx,i,j}^n+s_{yy,i,j}^n)}} \begin {pmatrix} s_{xx,i,j}^n\\ s_{yy,i,j}^n\\ s_{xy,i,j}^n \end {pmatrix}.\end {equation*}


\begin {equation}\label {Jaumann correction} \begin {aligned} & \frac {\partial (\rho s_{x x})}{\partial t}+ \frac {\partial (\rho u s_{x x})}{\partial x}+ \frac {\partial (\rho v s_{x x})}{\partial y}-\frac {2}{3} \mu \rho \left (2 \frac {\partial u}{\partial x}- \frac {\partial v}{\partial y}\right )-\rho s_{x y}\left (\frac {\partial u}{\partial y}-\frac {\partial v}{\partial x}\right )=0, \\ & \frac {\partial (\rho s_{y y})}{\partial t}+ \frac {\partial (\rho u s_{y y})}{\partial x}+ \frac {\partial (\rho v s_{y y})}{\partial y}-\frac {2}{3} \mu \rho \left (2 \frac {\partial v}{\partial y}- \frac {\partial u}{\partial x}\right )+\rho s_{x y}\left (\frac {\partial u}{\partial y}-\frac {\partial v}{\partial x}\right )=0, \\ & \frac {\partial (\rho s_{x y})}{\partial t}+ \frac {\partial (\rho u s_{x y})}{\partial x}+ \frac {\partial (\rho v s_{x y})}{\partial y}-\mu \rho \left (\frac {\partial v}{\partial x}+\frac {\partial u}{\partial y}\right )+\frac {1}{2}\rho \left (s_{x x}-s_{y y}\right )\left (\frac {\partial u}{\partial y}-\frac {\partial v}{\partial x}\right )=0 . \end {aligned}\end {equation}


\begin {equation*}\frac {\partial \vW }{\partial t}+\vB (\vW )\frac {\partial \vW }{\partial y}=0,\end {equation*}


\begin {equation*}\vW =\begin {pmatrix} \rho & \rho u &\rho v & E & \rho s_{xx} & \rho s_{yy} & \rho s_{xy} \end {pmatrix}^{\text {T}},\end {equation*}


\begin {equation*}\mathbf {B} (\mathbf {W}) = \frac {\partial \mathbf {G} (\mathbf {W})}{\partial \mathbf {W}} + \begin {pmatrix} &&&{0_{4\times 7}} \\ -\frac {2 \mu v}{3} & 0 & \frac {2 \mu }{3} & 0 & 0 & 0 & 0 \\ \frac {4 \mu v}{3} & 0 & -\frac {4 \mu }{3} & 0 & 0 & 0 & 0 \\ \mu u & -\mu & 0 & 0 & 0 & 0 & 0 \end {pmatrix} + \underbrace { \begin {pmatrix} &&&{0_{4\times 7}} \\ s_{x y}u & -s_{x y} &0 & 0 & 0 & 0 & 0 \\ -s_{x y}u & s_{x y} & 0 & 0 & 0 & 0 & 0 \\ -\frac {1}{2} \left (s_{x x}-s_{y y}\right ) u & \frac {1}{2} \left (s_{x x}-s_{y y}\right ) & 0 & 0 & 0 & 0 & 0 \end {pmatrix} }_{\text {Jaumann correction}}.\end {equation*}


\begin {equation}\label {equ: 2d path Jaumann correction} \begin {aligned} \rho (s;\vW _L,\vW _R) &=\rho _L + (\rho _R-\rho _L)s,\\ (\rho u)(s;\vW _L,\vW _R) &= (\rho u)_L + ((\rho u)_R-(\rho u)_L)s,\\ (\rho v)(s;\vW _L,\vW _R) &= (\rho v)_L + ((\rho v)_R-(\rho v)_L)s, \ s\in [0,1], \end {aligned}\end {equation}


\begin {equation}\label {equ: non-conservative integral} \begin {aligned} &\int _0^1 \begin {pmatrix} &&&{0_{4\times 7}} \\ s_{x y}u & -s_{x y} &0 & 0 & 0 & 0 & 0 \\ -s_{x y}u & s_{x y} & 0 & 0 & 0 & 0 & 0 \\ -\frac {1}{2} \left (s_{x x}-s_{y y}\right ) u & \frac {1}{2} \left (s_{x x}-s_{y y}\right ) & 0 & 0 & 0 & 0 & 0 \end {pmatrix} \frac {\partial \Phi }{\partial s}\left (s ; \mathbf {W}_{L},\mathbf {W}_{R}\right ) \mathrm {d} s\\ =& \begin {pmatrix} 0_{4 \times 1}\\ \jump {\rho } \int _0^1 {s}_{xy}(s)u(s) \mathrm {d} s -\jump {\rho u} \int _0^1 {s}_{xy}(s) \mathrm {d} s \\ -\jump {\rho } \int _0^1 {s}_{xy}(s)u(s) \mathrm {d} s +\jump {\rho u} \int _0^1 {s}_{xy}(s) \mathrm {d} s \\ -\frac {1}{2} \jump {\rho } \int _0^1 \left ({s}_{xx}(s)-{s}_{yy}(s)\right )u(s) \mathrm {d} s +\frac {1}{2}\jump {\rho u} \int _0^1 \left ({s}_{xx}(s)-{s}_{yy}(s)\right ) \mathrm {d} s \end {pmatrix} . \end {aligned}\end {equation}


$u$


$\jump {u} = 0$


\begin {equation}\label {equ: 2D integral elastic wave} \int _0^1 \mathbf {B}\left (\Phi \left (s ; \mathbf {W}_{L},\mathbf {W}_{R}\right )\right ) \frac {\partial \Phi }{\partial s}\left (s ; \mathbf {W}_{L},\mathbf {W}_{R}\right ) \mathrm {d} s =\vG (\vW _R)-\vG (\vW _L)+\widetilde {\rho }_{L,R} \begin {pmatrix} 0_{4 \times 1}\\ \frac {2\mu }{3} \jump {v} \\ -\frac {4\mu }{3} \jump {v}\\ -\mu \jump {u} \end {pmatrix},\end {equation}


$\jump {u} \ne 0$


$s_{xx}$


$s_{yy}$


$s_{xy}$


\begin {equation}\label {equ: 2d path stress} \begin {aligned} s_{xx} (s;\vW _L,\vW _R) &=s_{xx,L} + (s_{xx,R}-s_{xx,L})s,\\ s_{yy} (s;\vW _L,\vW _R) &=s_{yy,L} + (s_{yy,R}-s_{yy,L})s,\\ s_{xy} (s;\vW _L,\vW _R) &=s_{xy,L} + (s_{xy,R}-s_{xy,L})s,\ s\in [0,1]. \end {aligned}\end {equation}


\begin {equation*}\int _0^1 {s}_{xy}(s) \mathrm {d} s=\avs {{s}_{xy}},\
\int _0^1 {s}_{xx}(s) \mathrm {d} s=\avs {{s}_{xx}},\ \int _0^1 {s}_{yy}(s) \mathrm {d} s=\avs {{s}_{yy}}.\end {equation*}


$\jump {\rho } = 0$


\begin {equation*}\int _0^1 \begin {pmatrix} &&&{0_{4\times 7}} \\ s_{x y}u & -s_{x y} &0 & 0 & 0 & 0 & 0 \\ -s_{x y}u & s_{x y} & 0 & 0 & 0 & 0 & 0 \\ -\frac {1}{2} \left (s_{x x}-s_{y y}\right ) u & \frac {1}{2} \left (s_{x x}-s_{y y}\right ) & 0 & 0 & 0 & 0 & 0 \end {pmatrix} \frac {\partial \Phi }{\partial s}\left (s ; \mathbf {W}_{L},\mathbf {W}_{R}\right ) \mathrm {d} s = \jump {\rho u}\begin {pmatrix} 0_{4 \times 1}\\ -\avs {{s}_{xy}} \\ \avs {{s}_{xy}} \\ \frac {1}{2} \left (\avs {{s}_{xx}}-\avs {{s}_{yy}}\right ) \end {pmatrix}\end {equation*}


\begin {equation}\label {equ: 2D integral shear wave} \begin {aligned} \int _0^1 \mathbf {B}\left (\Phi \left (s ; \mathbf {W}_{L},\mathbf {W}_{R}\right )\right ) \frac {\partial \Phi }{\partial s}\left (s ; \mathbf {W}_{L},\mathbf {W}_{R}\right ) \mathrm {d} s &=\vG (\vW _R)-\vG (\vW _L)+\widetilde {\rho }_{L,R} \begin {pmatrix} 0_{4 \times 1}\\ \frac {2\mu }{3} \jump {v} \\ -\frac {4\mu }{3} \jump {v}\\ -\mu \jump {u} \end {pmatrix}+ \underbrace { \jump {\rho u} \begin {pmatrix} 0_{4 \times 1}\\ -\avs {{s}_{xy}} \\ \avs {{s}_{xy}} \\ \frac {1}{2} \left (\avs {{s}_{xx}}-\avs {{s}_{yy}}\right ) \end {pmatrix}. }_{\text {Jaumann correction}} \end {aligned}\end {equation}


\begin {equation*}\begin {aligned} &\int _0^1 {s}_{xx}(s)u(s) \mathrm {d} s \\ =& \frac {\jump {\rho u}}{2\jump {\rho }}+ \frac {\jump {\rho }\big ((\rho u)_{L}\jump {s_{xx}}+\jump {\rho u}s_{xx,L}\big )-\jump {\rho u}\jump {s_{xx} }\rho _L}{{\jump {\rho }}^2}+ \frac {\big (\jump {\rho u}\rho _L-(\rho u)_{L}\jump {\rho }\big )\big (\jump {s_{xx}}\rho _L-s_{xx,L}\jump {\rho }\big )}{{\jump {\rho }}^3}\ln \left | 1+\frac {\jump {\rho }}{\rho _L} \right \| ,\\ &\int _0^1 {s}_{yy}(s)u(s) \mathrm {d} s \\ =& \frac {\jump {\rho u}}{2\jump {\rho }}+ \frac {\jump {\rho }\big ((\rho u)_{L}\jump {s_{yy}}+\jump {\rho u}s_{yy,L}\big )-\jump {\rho u}\jump {s_{yy} }\rho _L}{{\jump {\rho }}^2}+ \frac {\big (\jump {\rho u}\rho _L-(\rho u)_{L}\jump {\rho }\big )\big (\jump {s_{yy}}\rho _L-s_{yy,L}\jump {\rho }\big )}{{\jump {\rho }}^3}\ln \left | 1+\frac {\jump {\rho }}{\rho _L} \right \| ,\\ &\int _0^1 {s}_{xy}(s)u(s) \mathrm {d} s \\ =& \frac {\jump {\rho u}}{2\jump {\rho }}+ \frac {\jump {\rho }\big ((\rho u)_{L}\jump {s_{xy}}+\jump {\rho u}s_{xy,L}\big )-\jump {\rho u}\jump {s_{xy} }\rho _L}{{\jump {\rho }}^2}+ \frac {\big (\jump {\rho u}\rho _L-(\rho u)_{L}\jump {\rho }\big )\big (\jump {s_{xy}}\rho _L-s_{xy,L}\jump {\rho }\big )}{{\jump {\rho }}^3}\ln \left | 1+\frac {\jump {\rho }}{\rho _L} \right | . \end {aligned}\end {equation*}


$s_{xx}$


$s_{yy}$


$s_{xy}$


$\mathbf {W}_{2,3}$


\begin {equation*}\begin {aligned} &\vsig _1=\min \left ( v_L-c_{y,L}^e,v_R-c_{y,R}^e\right ), \
\vsig _2=\min \left ( v_L-c_{L}^s,v_R-c_{R}^s\right ), \\ &\vsig _4=\max \left ( v_L+c_{L}^s,v_R+c_{R}^s\right ), \
\vsig _5=\max \left ( v_L+c_{y,L}^e,v_R+c_{y,R}^e\right ). \end {aligned}\end {equation*}


\begin {equation*}\begin {aligned} &\vW _1: \quad \rho _1= \rho _2,\
s_{xx,1}= \frac {2\mu }{3}\ln \frac {{{\rho }_1}}{{{\rho }_L}}+{{s}_{xx,L}}, \
s_{yy,1}= -\frac {4\mu }{3}\ln \frac {{{\rho }_1}}{{{\rho }_L}}+{{s}_{yy,L}}, \
s_{xy,1}= s_{xy,L},\
u_1=u_L,\
v_1= v_2, \
\sigma _{2}= \sigma _{1},\
E_1=E_2. \\ &\begin {aligned} \vW _2:\quad &\rho _2=\rho _L \frac {\vsig _1-v_L}{\vsig _1-v_2},\\ &u_2=\frac {s_{xy,R}-s_{xy,L}-\rho _1 u_L\left ( \vsig _2-u_L \right )+\rho _4u_R\left (\vsig _4-u_R\right )}{-\rho _0\left (\vsig _2-u_L\right )+\rho _4\left (\vsig _4-u_R\right )},\\ &v_2=\frac {-\sigma _{yy,R}+\sigma _{yy,L}+\rho _L v_L\left (\vsig _1-v_L\right )+\rho _Rv_R\left (\vsig _5-v_R\right )}{-\rho _L\left (\vsig _1-v_L\right )+\rho _R\left (\vsig _5-v_R \right )}, \\ &\sigma _{2}=\sigma _{L}-\rho _L\left (\vsig _1-v_L\right )\left (v_{2}-v_L\right ),\\ &E_2=E_L+(v_2-v_L)(v_2-\sigma _{yy,L}/(\rho _L(\vsig _1-v_L))). \end {aligned} \quad \quad \begin {aligned} \vW _3:\quad &\rho _3=\rho _R \frac {\vsig _5-v_R}{\vsig _5-v_3},\\ &u_3=u_2,\\ &v_3=v_2, \\ &\sigma _{3}= \sigma _{2},\\ &E_3=E_R+(v_3-v_R)(v_3-\sigma _{yy,R}/(\rho _R(\vsig _5-v_R))). \end {aligned}\\ &\vW _4: \quad \rho _4= \rho _3,\
s_{xx,4}= \frac {2\mu }{3}\ln \frac {{{\rho }_3}}{{{\rho }_R}}+{{s}_{xx,R}}, \
s_{yy,4}=-\frac {4\mu }{3}\ln \frac {{{\rho }_3}}{{{\rho }_R}}+{{s}_{yy,R}}, \
s_{xy,4}= s_{xy,R},\
u_4=u_R,\
v_4= v_3, \
\sigma _{4}= \sigma _{3},\
E_4=E_3. \end {aligned}\end {equation*}


\begin {equation*}\begin {aligned} s_{xx,2} &= \frac {1}{(u_2-u_L)^2 + 4(-\vsig _1 + v_2)^2} \left (-2 \mu (u_2-u_L)^2 + 4(-\vsig _1 + v_2)^2 s_{xx,1} + (u_2-u_L)^2 s_{yy,1} - 4 s_{xy,L}(-\vsig _1 + v_2)(u_2-u_L)\right ), \\ s_{yy,2} &= \frac {1}{(u_2-u_L)^2 + 4(-\vsig _1 + v_2)^2} \left (2 \mu (u_2-u_L)^2 + 4(-\vsig _1 + v_2)^2 s_{yy,1} + (u_2-u_L)^2 s_{xx,1} + 4 s_{xy,L}(-\vsig _1 + v_2)(u_2-u_L)\right ), \\ s_{xy,2} &= \frac {1}{(u_2-u_L)^2 + 4(-\vsig _1 + v_2)^2} \left ((4 \mu + 2 s_{xx,1} - 2 s_{yy,1})(-\vsig _1 + v_2)(u_2-u_L) + s_{xy,L}(2v_2 + u_2 - 2\vsig _1 - u_L)(2v_2 - u_2 - 2\vsig _1 + u_L)\right ), \end {aligned}\end {equation*}


\begin {equation*}\begin {aligned} s_{xx,3} &=\frac {1}{(u_3-u_R)^2 + 4(-\vsig _5 + v_3)^2} \left (-2 \mu (u_3-u_R)^2 + 4(-\vsig _5 + v_3)^2 s_{xx,4} + (u_3-u_R)^2 s_{yy,4} - 4 s_{xy,R}(-\vsig _5 + v_3)(u_3-u_R)\right ), \\ s_{yy,3} &= \frac {1}{(u_3-u_R)^2 + 4(-\vsig _5 + v_3)^2} \left (2 \mu (u_3-u_R)^2 + 4(-\vsig _5 + v_3)^2 s_{yy,4} + (u_3-u_R)^2 s_{xx,4} + 4 s_{xy,R}(-\vsig _5 + v_3)(u_3-u_R)\right ), \\ s_{xy,3} &= \frac {1}{(u_3-u_R)^2 + 4(-\vsig _5 + v_3)^2} \left ((4 \mu + 2 s_{xx,4} - 2 s_{yy,4})(-\vsig _5 + v_3)(u_3-u_R) + s_{xy,R}(2v_3 + u_3 - 2\vsig _5 - u_R)(2v_3 - u_3 - 2\vsig _5 + u_R)\right ). \end {aligned}\end {equation*}


$\jump {u}=0$


$\jump {\rho }=0$


\begin {equation*}\vW _{i,j}^{n+1}= \vW _{i,j}^n-\frac {\Delta t}{h_x}\left (\vD _{i-1 / 2,j}^{+}+\vD _{i+1 / 2,j}^{-}\right ) -\frac {\Delta t}{h_y}\left (\vD _{i,j-1/2}^{+}+\vD _{i,j+1/2}^{-}\right ) .\end {equation*}


$x$


\begin {equation*}\begin {aligned} \vD _{i+1/2,j}^- &= \sum _{k=1}^K \min (\vsig _k, 0) \left ( \vF (\vW _{k+1}) - \vF (\vW _k) + \widetilde {\rho }_{k} \begin {pmatrix} 0_{4 \times 1} \\ -\dfrac {4\mu }{3} (u_{k+1} - u_k) \\ \dfrac {2\mu }{3} (u_{k+1} - u_k) \\ -\mu (v_{k+1} - v_k) \end {pmatrix} \right ) \\ &\quad + \sum _{\substack {k=2,4}} \min (\vsig _k, 0) \left ( \frac {\rho _{k+1} v_{k+1} - \rho _k v_k}{2} \begin {pmatrix} 0_{4 \times 1} \\ s_{xy,k+1} + s_{xy,k} \\ -(s_{xy,k+1} + s_{xy,k}) \\ -\dfrac {1}{2} \left ( s_{xx,k+1} - s_{yy,k+1} + s_{xx,k} - s_{yy,k} \right ) \end {pmatrix} \right ), \\[3ex] \vD _{i+1/2,j}^+ &= \sum _{k=1}^K \max (\vsig _k, 0) \left ( \vF (\vW _{k+1}) - \vF (\vW _k) + \widetilde {\rho }_{k} \begin {pmatrix} 0_{4 \times 1} \\ -\dfrac {4\mu }{3} (u_{k+1} - u_k) \\ \dfrac {2\mu }{3} (u_{k+1} - u_k) \\ -\mu (v_{k+1} - v_k) \end {pmatrix} \right ) \\ &\quad + \sum _{\substack {k=2,4}} \max (\vsig _k, 0) \left ( \frac {\rho _{k+1} v_{k+1} - \rho _k v_k}{2} \begin {pmatrix} 0_{4 \times 1} \\ s_{xy,k+1} + s_{xy,k} \\ -(s_{xy,k+1} + s_{xy,k}) \\ -\dfrac {1}{2} \left ( s_{xx,k+1} - s_{yy,k+1} + s_{xx,k} - s_{yy,k} \right ) \end {pmatrix} \right ), \end {aligned}\end {equation*}


$W_k(0 \leq k\leq K)$


$\vsig _k(1 \leq k \leq K)$


\begin {equation*}\frac {\partial \vW }{\partial t}+\vA (\vW )\frac {\partial \vW }{\partial x}=0, \quad \vW (x, y, t=0)= \begin {cases} \vW _{i,j}^n, \ &x<0 \\ \vW _{i+1,j}^n, \ &x\geq 0 \end {cases}\end {equation*}


$\widetilde {\rho }_{k}$


$y$


\begin {equation*}\begin {aligned} \vD _{i,j+1/2}^- &= \sum _{k=1}^K \min (\vsig _k, 0) \left ( \vG (\vW _{k+1}) - \vG (\vW _k) + \widetilde {\rho }_{k} \begin {pmatrix} 0_{4 \times 1} \\ \dfrac {2\mu }{3} (v_{k+1} - v_k) \\ -\dfrac {4\mu }{3} (v_{k+1} - v_k) \\ -\mu (u_{k+1} - u_k) \end {pmatrix} \right ) \\ &\quad + \sum _{\substack {k=2,4}} \min (\vsig _k, 0) \left ( \frac {\rho _{k+1} u_{k+1} - \rho _k u_k}{2} \begin {pmatrix} 0_{4 \times 1} \\ -(s_{xy,k+1} + s_{xy,k}) \\ s_{xy,k+1} + s_{xy,k} \\ \dfrac {1}{2} \left ( s_{xx,k+1} - s_{yy,k+1} + s_{xx,k} - s_{yy,k} \right ) \end {pmatrix} \right ), \\[3ex] \vD _{i,j+1/2}^+ &= \sum _{k=1}^K \max (\vsig _k, 0) \left ( \vG (\vW _{k+1}) - \vG (\vW _k) + \widetilde {\rho }_{k} \begin {pmatrix} 0_{4 \times 1} \\ \dfrac {2\mu }{3} (v_{k+1} - v_k) \\ -\dfrac {4\mu }{3} (v_{k+1} - v_k) \\ -\mu (u_{k+1} - u_k) \end {pmatrix} \right ) \\ &\quad + \sum _{\substack {k=2,4}} \max (\vsig _k, 0) \left ( \frac {\rho _{k+1} u_{k+1} - \rho _k u_k}{2} \begin {pmatrix} 0_{4 \times 1} \\ -(s_{xy,k+1} + s_{xy,k}) \\ s_{xy,k+1} + s_{xy,k} \\ \dfrac {1}{2} \left ( s_{xx,k+1} - s_{yy,k+1} + s_{xx,k} - s_{yy,k} \right ) \end {pmatrix} \right ), \end {aligned}\end {equation*}


$W_k (0 \leq k\leq K)$


$\vsig _k (1\leq k \leq K)$


\begin {equation*}\frac {\partial \vW }{\partial t}+\vB (\vW )\frac {\partial \vW }{\partial y}=0, \quad \vW (x, y, t=0)= \begin {cases} \vW _{i,j}^n, \ &y<0 \\ \vW _{i,j+1}^n, \ &y\geq 0 \end {cases}\end {equation*}


$\widetilde {\rho }_k$


\begin {equation*}(s_{xx,i,j}^{n+1})^2+(s_{yy,i,j}^{n+1})^2+2(s_{xy,i,j}^{n+1})^2+(s_{xx,i,j}^{n+1}+s_{yy,i,j}^{n+1})^2 > \frac {2}{3}(Y_0)^2,\end {equation*}


$\begin {pmatrix} s_{xx,i,j}^{n+1}& s_{yy,i,j}^{n+1}& s_{xy,i,j}^{n+1} \end {pmatrix}^\text {T}$


\begin {equation*}\frac {\sqrt {\frac {2}{3}}Y_0}{\sqrt {(s_{xx,i,j}^{n+1})^2+(s_{yy,i,j}^{n+1})^2+2(s_{xy,i,j}^{n+1})^2+(s_{xx,i,j}^{n+1}+s_{yy,i,j}^{n+1})}} \begin {pmatrix} s_{xx,i,j}^{n+1}\\ s_{yy,i,j}^{n+1}\\ s_{xy,i,j}^{n+1} \end {pmatrix}.\end {equation*}


$\gamma =2.67, {{c}_{0}}=5380.0 m/s,$


${{\rho }_{0}}=2710.0kg/m^3,\text { K=7400}\text {.0MPa, }$


$\mu \text {=2650.0}MPa,{{\text {Y}}_{\text {0}}}=300.0MPa$


$\gamma \text {=2}\text {.67}$


${{c}_{\text {0}}}=538.0,{{\rho }_{\text {0}}}=2.71,\text { K=740000}\text {.0, }$


$\mu \text {=265000},{{\text {Y}}_{\text {0}}}=3000.0$


$[0.0,4.0]$


$1000$


$0.3$


$50000$


$0.002$


\begin {equation*}\left \{\begin {array}{@{}l@{}} u_{L}=1.0,\quad \mathrm {p}_{L}=1.0 , \quad \mathrm {s}_{L}=-200.0 ,\quad \rho _{L}=2.7 \\ u_{mid}=1.0,\quad \mathrm {p}_{mid}=1.0 , \quad \mathrm {s}_{mid}=400.0 ,\quad \rho _{mid}=2.7 \\ u_{R}=-1.0 , \quad \mathrm {p}_{R}=1.0 , \quad \mathrm {s}_{R}=-800.0 ,\quad \rho _{R}=2.7 \end {array}\right .\end {equation*}


$x_0=1.6$


$x_0=2.0$


$x_0=2.4$


$0.0015$


\begin {equation*}\left \{\begin {array}{@{}l@{}} u_{L}=-1.0,\quad \mathrm {p}_{L}=-100.0 , \quad \mathrm {s}_{L}=1400.0 ,\quad \rho _{L}=2.7 \\ u_{midleft}=-1.0,\quad \mathrm {p}_{midleft}=2000.0 , \quad \mathrm {s}_{midleft}=-1400.0 ,\quad \rho _{midleft}=2.7 \\ u_{midright}=1.0,\quad \mathrm {p}_{midright}=2000.0 , \quad \mathrm {s}_{midright}=1400.0 ,\quad \rho _{midright}=2.7 \\ u_{R}=-1.0 , \quad \mathrm {p}_{R}=-100.0 , \quad \mathrm {s}_{R}=-1400.0 ,\quad \rho _{R}=2.7 \end {array}\right .\end {equation*}


$\vbW _h$


\begin {equation*}E_h=\frac {s_h-\sigma _h-c_0^2(\rho _h-\rho _0)}{\gamma -1}+\frac {1}{2} \rho _h u_h^2\end {equation*}


\begin {equation*}\left | \frac { \int _a^b E_h(x,t) \mathrm {d}x-\int _a^b E_h(x,0) \mathrm {d}x }{\int _a^b E_h(x,0) \mathrm {d}x}\right |.\end {equation*}


$\varphi $


$1/1000$


$x=2.0$


$1$


\begin {equation*}\left \{\begin {array}{@{}l@{}} u_{L}=-1.0,\quad \mathrm {p}_{L}=1.0 , \quad \mathrm {s}_{L}=-1.0 ,\quad \rho _{L}=2.5 \\ u_{R}=-1.0 , \quad \mathrm {p}_{R}=1.0 , \quad \mathrm {s}_{R}=-2000.0 ,\quad \rho _{R}=2.7 \end {array}\right .\end {equation*}


$x=2.0$


$1$


\begin {equation}\label {test3} \left \{\begin {array}{@{}l@{}} u_{L}=1.0,\quad \mathrm {p}_{L}=1.0 , \quad \mathrm {s}_{L}=-2000.0 ,\quad \rho _{L}=2.9 \\ u_{R}=1.0 , \quad \mathrm {p}_{R}=1.0 , \quad \mathrm {s}_{R}=-1.0 ,\quad \rho _{R}=2.7 \end {array}\right .\end {equation}


$L_1$


$L_1$


$x_0=2.0$


$0.002$


\begin {equation*}\left \{\begin {array}{@{}l@{}} u_{L}=5.0,\quad \mathrm {p}_{L}=1.0 , \quad \mathrm {s}_{L}=0.0 ,\quad \rho _{L}=2.7 \\ u_{R}=-5.0 , \quad \mathrm {p}_{R}=1.0 , \quad \mathrm {s}_{R}=0.0 ,\quad \rho _{R}=2.7 \end {array}\right .\end {equation*}


\begin {equation*}\left \{\begin {array}{@{}l@{}} u_{L}=-1.0,\quad \mathrm {p}_{L}=-100.0 , \quad \mathrm {s}_{L}=-2000.0 ,\quad \rho _{L}=2.7, \quad x\in [0.0,1.6] \\ u_{midleft}=-1.0,\quad \mathrm {p}_{midleft}=1400.0 , \quad \mathrm {s}_{midleft}=-2000.0 ,\quad \rho _{midleft}=2.7, \quad x\in (1.6,2.0] \\ u_{midright}=1.0,\quad \mathrm {p}_{midright}=2400.0 , \quad \mathrm {s}_{midright}=-1800.0 ,\quad \rho _{midright}=2.7, \quad x\in (2.0,2.4] \\ u_{R}=-1.0 , \quad \mathrm {p}_{R}=-100.0 , \quad \mathrm {s}_{R}=-1800.0 ,\quad \rho _{R}=2.7, \quad x\in (2.4,4.0] \end {array}\right .\end {equation*}


\begin {equation*}u=15.0, \mathrm {v}=0.0, \mathrm {p}=10^{-11}, \mathrm {s}_{xx }=\mathrm {s}_{yy }=\mathrm {s}_{x y L}=0.0 , \rho =2.7 .\end {equation*}


$\gamma =2.17$


${c}_{0}=4600.0$


${{\rho }_{0}}=7.9$


$\mu =853000$


${{Y}_{0}}=9790.0$


$x\times y\in \left [ -4.0,4.0 \right ]\times \left [ -4.0,4.0 \right ]$


$x\times y\in \left [ -2.5,0.0 \right ]\times \left [ -0.1,0.1 \right ]$


$x\times y\in \left [ 0.0,2.9 \right ]\times \left [ -2.0,2.0 \right ]$


$t=0$


$300\times 300$


$0.1$


$0.01$


\begin {equation}\left \{\begin {array}{l} u_{L}=125.0, \mathrm {v}_{L}=0.0, \mathrm {p}_{L}=1.0, \mathrm {s}_{xx L}=\mathrm {s}_{yy L}=\mathrm {s}_{x y L}=0.0 , \rho _{L}=7.86 \\ u_{R}=0.0 , \mathrm {v}_{R}=0.0 , \mathrm {p}_{R}=1.0 , \mathrm {s}_{xx R}=\mathrm {s}_{yy R}=\mathrm {s}_{x y R}=0.0 , \rho _{R}=7.86 \end {array}\right . \label {Xeqn54-7.2}\end {equation}


$x$


$s_{xx}$


$y$


$s_{yy}$


$s_{xy}$


$x\times y\in \left [ -6,0 \right ]\times \left [ -6,6 \right ]$


$x\times y\in \left [ -5,0 \right ]\times \left [ -0.5,0.5 \right ]$


$t=0$


$120\times 240$


$0.1$


$0.05$


$4.573$


$4.555$


$4.6002$


$4.605$


$x$


$s_{xx}$


$y$


$s_{yy}$


$s_{xy}$


$4.574$
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the plastic solid model, which is governed by the von Mises yield condition, see [29]. The two models differ fundamentally: the elastic
model incorporates stress equations, while the plastic model replaces them with energy equations. Moreover, the von Mises stress
condition depends on the deviatoric stress, yet the deviatoric stress constitutes only part of the total stress and does not explicitly
appear in the governing equations, see [30]. All these factors significantly complicate the numerical treatment of elastic-plastic
transitions.

Based on the preceding discussion, this paper first proposes a specific path and proves that the resulting shock waves still satisfy
Hooke’s law. Subsequently, through Riemann solvers—including a novel linearized shock wave Riemann solver—we derive generalized
piecewise paths and obtain the corresponding numerical fluxes. We complete the numerical treatment of elastic-plastic transitions by
introducing deviatoric stress iteration into the numerical scheme, providing transition formulas for model switching, and formulating
numerical fluxes at elastic-plastic interfaces. The proposed method has been applied to both one-dimensional and two-dimensional
elastic-plastic models, yielding corresponding path-conservative numerical schemes whose effectiveness is demonstrated through
numerical tests.

This paper is arranged as follows. In Section 2, the governing equations for one-dimensional elastic-plastic solids are introduced,
along with the weak solution in the sense of DLM theory. In Section 3, the paths and Riemann solvers for hypo-elastic solid model
are introduced. In Section 4, we present the path-conservative finite volume scheme for non-conservative hyperbolic system of hypo-
elastic plastic solid. Section 5 extends the one-dimensional method to two dimensions. Section 6 extends the two-dimensional work
to include the Jaumann correction. Section 7 presents several numerical examples to validate the proposed method. Finally, Section
8 provides a breif conclusion.

2. One-dimensional elastic-plastic solid model
2.1. Hypo-elastic solid

The governing equation for the hypo-elastic solid is

oW  OFe(W
o e =W @b
with
p pu 0
W =|pul, FFoW) =|pu?2 = |, SOW) = 0 . (2.2)
po puc ol K+ §M>Z—Z

Here p is the density, u is the velocity, o is the total stress, K is the bulk modulus and u is the shear modulus. In the rest of this paper,
we tacitly assume that the density is always positive, both in the analysis and the numerical scheme. This assumption is reasonable
for solids. The total stress ¢ can be decomposed into the hydrostatic pressure p and the deviatoric stress s:

oc=—-p+s. 2.3)

Here and after, the uppercase superscript “e” is a mnemonic symbol to help indicate the elastic state. The elastic solid should satisfy

2
the Mises yield condition s < ( %Y0> , and Y, is the yield strength of the material in simple tension. Eq. (2.1) can be written in the

following quasi-linear form

oW IW
— +AW)— =0 2.4
ot +AW) o (2.4)
with
SFCW 0 0 0
aw= L0 4|0 0 ol 25)
(§M+K)u —<§y+K) 0
The eigenvalues of the Eq. (2.4) are
AT(W) =u-c°, A;(W) =u, Ag(W) =u+c’ (2.6)
. e 4u+3K . . .
with ¢¢ = ‘/3—1) > 0. The corresponding right eigenvectors are
-p 1 p
R?(W) = ¢ |, RE(W) =10}, Rg(W) =| ¢ | 2.7)
—(c)?p 0 (c)*p

It is easy to show that both the 4{-field and A5-field are genuinely nonlinear, and the 1}-field is linearly degenerate:

VA Ry #0, VA Ry =0, Vi$-Ry#0.
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2.2. Perfectly plastic solid

The governing equation for the perfectly plastic solid is

p pu
R
‘2—? + a(U) =0, U=|pul PO =| pu2 =0 | (2.8)
* E (E - o)

The uppercase superscript "p" is a mnemonic symbol to help indicate the plastic state. p is the density, « is the velocity, ¢ is the total
stress, and E is the total energy. The total energy per unit volume is given by E = pe + %puz, where e represents the specific internal
energy. In addition, the deviatoric stress s for the plastic solid is treated as a constant owing to the perfectly plastic assumption. An
appropriate constitutive model must be incorporated to ensure the closure of systems (2.8). In this paper, the following constitutive
model is used:

(i) total stress decomposition: ¢ = —p + s;
(ii) perfectly plastic assumption: stresses are rescaled by multiplying: s = i%YO;
(iii) stiffened-gas equation of state: p = ¢ (p — po) + (y — 1pe.

Here ¢, and p, are the reference sound speed and the reference density, respectively. y is the Griineisen parameter. The eigenvalues
of the system (2.8) and their corresponding right eigenvectors are

A =u—c?, BU) =u, EU)=u+c?, (2.9)
and
-p 1 p
RIU)=| ¢ | RWO=|0[ RIWU)=| ¢~ (2.10)
—(cP)p 0 F(cP)p
with

f = \/(pr +c3po— @ = 1Ds)/p.
The A}-field is linearly degenerate, and both 7-field and Ag—ﬁeld are genuinely nonlinear:

VAT -R; #0, VA -R,=0, VA -Ry#0.
2.3. Weak solution

Let us consider a non-conservative hyperbolic equation
O ,W+AW)O,W=0, x€R,t>0, (2.11)

where W(x, 1) belongs to an open convex set. It is assumed that the system (2.11) is strictly hyperbolic, meaning that the matrix
A(W) possesses N distinct real eigenvalues 4;(W) < ... < A5 (W). The corresponding eigenvectors, denoted as R;(W), ..., Ry (W),
are associated with these eigenvalues. Furthermore, the characteristic fields R;(W), ..., Ry (W) are presumed to be either genuinely
nonlinear or linearly degenerate.

The DLM theory developed by Dal Maso, LeFloch, and Murat in [31] can define the weak solutions for non-conservative systems
(2.11) with a family of paths.

Definition 2.1. A family of paths in Q is a local Lipschitz map
D :[0,1]xQXQ - Q
such that

(1) ©(0; W, Wg) =W, and ®(1; W, Wg) = Uy for any W, Wy € Q;
(2) for every arbitrary bounded set O C Q, there exists a constant k such that

0D
|E (s;Wp, We)| < k|Wg—W,|,
for any W;, Wy € O and almost every s € [0, 1];
(3) for every bounded set O € Q, there exists a constant K such that

0D oD
9 (5 W Wh) - 22 (5: W2, WA

<K([Wp-wi|+|wh-w3)

for any W' ,W}Q,Wi, Wi € O and almost every s € [0,1].
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For a given family of paths @, the non-conservative product A(W)W, can be interpreted as a Borel measure [A(W)WX] @ whose
Lebesgue decomposition is 4& + ;¥ and

u® = / AW(x, )W, (x, )p(x)dx
E

for every Borel set E, and
@ ! 00
W=y /0 A(@(ss Wi W) == (s W, W )ds )3y,
1
where W is discontinuous at the location x,(r) with left-hand state W, and right-hand state W}, and é, (,, is the Dirac measure placed
at x;(¢). For a given family of paths ®, the weak solution W € L* (R X R*) n BV (R x R") is a piecewise C! function and defined by

(W, )+ ([AWIW,]|,.0) =0, Ve CP(R), (2.12)

where C°(R) is the set of continuous functions with compact support. The discontinuity in the weak solution between left-hand state
W~ and right-hand state W* moving at speed ¢ must satisfy the generalized Rankine-Hugoniot condition

1

/ (gl—A(<I>(s;w—,w+)))‘;3(s;w—,w+)ds=0, (2.13)
0 N

where 7 is the identity matrix.

3. Path for hypo-elastic solid model

3.1. Path for elastic waves

The path chosen affects the travel speed of the shock wave and is therefore critical. In this section, we consider the path of a shock
wave in the elastic model. Suppose a discontinuity with the left-hand state W; and the right-hand state Wy in the weak solution. We
will sepecify a path and derive the jump relation between W; and Wj. We use the standard average and jump operators for any two
quantities w; and wpy as follows.

wy + Wpr

{w}} = - [w]=wg —w;.

We observe that the nonconserved products in the hypo-elastic model involve only the derivatives of velocity, therefore we only need
to give the paths of p and m. We use linear paths for both density and momentum, as follows.

{ p(s;UL,Ug) = pp +s(pg — pr),

3.1
m(s;UL,UR) =my +s(mg —myp).

In general, a suitable path should be derived from a viscous process. In the following sections, we will demonstrate that this linear
path ensures the validity of Hooke’s law within the elastic solid model.
Let us use the notation

[n pIl
~ PLPR T PLFEP
Frg = { LPR™,) L7 PR
PLs PL = PR
We can compute the integral of the non-conservative product under the above path:
| 0
AL e e 0
A(W(s;WL,WR))x(s,wL,wR)ds=F (Wge)—F(W,) + ) 1
0 (%04 K) (101 ;' us)ds = pu)
(3.2)
0
=F(Wp) - FS(W,)+ 0

(47” + K)FL,R(“L —ug)

Remark 3.1. Noting that [[In p]] = @ with a p € [min{p;, pgr}. max{p;.pr}], we approximate the non-conservative product term pdu by
"L/;’R (ug —ug) in (3.2).

3.1.1. Elastic shock wave

We assume that W; and Wy constitute an elastic shock wave, thereby satisfying the generalized Rankine-Hugoniot condition
(2.13)
(s;WL,WR)ds. (3.3)

v = [ AWl 2
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Here, ¢ is the speed of the shock wave. The Lax’s entropy condition in [32] requires that

KW 262 (W) or A5(Wp) 2 ¢ 2 5(Wp). (3.4)
We denote

¢=0+(K+;1ﬂ)lnp.

Hooke’s law states that ¢ is constant in the elastic solid [30,33,34]. For elastic rarefaction waves, Reference [33] proves that ¢ is
precisely one of its Riemann invariants, which means that ¢ remains constant across the rarefaction wave. However, the reference
does not rigorously prove that ¢ has the same property across elastic shock waves.

Theorem 3.1. Let the two states W; and W, satisfy the generalized Rankine-Hugoniot condition (3.3) under the path (3.1) and the entropy
condition (3.4), then ¢; = @g.

Proof. If [p]] = 0, then [[u]] = [c] = 0 and the conclusion holds clearly. We assume that [p]] # 0. The R-H relations are

[pull = ¢llpll,
[[pe? = o] = clipul,
4 ~
Lpuol = (Su+ K )5y xllull = <llpol.

Then we have

[puepll = [pucl + (K + gy)[puln ol
=¢llpoll + (K + %y) (Lpuln pll — 5y glul)
= clipol + (K + S4) Aputn o1l = ({{pu)} = (oD p1) (3.5)
=cllpol + (K + %u)gﬂplnp]]

= ¢llpel.
Combining the above equation with the first R-H relation, it holds that

({{pul} = c{lpMlel =0,
Since
[ol({{pul} = cl{p}h) = [Pl P H{ul} = iﬂﬂ]]z[[u]] = Lpull{{p}} = —IIM]](A-IL[[/J]]2 + {{P}}z),
it is enough to show that [[u]] # 0. Otherwise, if [u]] = 0, then it follows that
¢ =lpul/lpll = {{u}},
which contradicts the entropy condition. [
3.1.2. Elastic contact discontinuity
We then consider the contact discontinuity with the left-hand state W; and right-hand state Wy. A Riemann invariant is
¢ =up =ug. (3.6)
Theorem 3.2. Let the two states W; and Wy, satisfy the generalized Rankine-Hugoniot condition (2.13) under the path (3.1) and the

condition (3.6), then o, = op.

3.2. Riemann solver

Motivated by the Godunov method in [26], we construct the path for arbitrary two states W; and Wy based on the solution of
the Riemann problem:
W,;, x<0
Wg, x>0

W

5 A(W)— =0. W(x,0)= {

The general structure of the Riemann solution is shown in Fig. 1. It has two nonlinear elastic waves, whose speeds are denoted
by ¢; and ¢y respectively, and a contact discontinuity with the speed ¢,. The three elastic waves correspond to the three char-
acteristic fields respectively, and divide the half-space into four constant regions. The two intermediate states are denoted by

T T
W =(pr  purter PirOner) adW.p=(pg  Puplur  PirOxsr) -

5
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Fig. 1. Solution structure of Riemann problem for one-dimensional hypo-elastic solid.

Definition 3.1. For every pair of elastic states W; and W , we suppose that a finite number K > 1 of speeds

—00 <G <Gy < ... <Gk < +00

and m — 1 intermediate states

Wo=W. Wi ..., Wg_|,Wg =Wg.
in a continuous manner. For every arbitrary bounded set © € Q, there exists constant C; and C, such that

W, —W} | <C WL -W!|,
W, - W2| < G, (IW] - W2 |+ |WL -W2|), VI <k <K,

for any Wi, Wi, W2 W2 € 0. The function V : R x Q x Q — Q given by
V(UQWLaWR) =Wy, ifg <v <y

is called an approximate Riemann solver.
In contrast to the Riemann solvers in [35], our approach does not explicitly impose the Rankine-Hugoniot conditions for the discon-
tinuities. Instead, we use the path (3.1) to compute the non-conservative products across each discontinuity in the Riemann solver.

Given two states W;, W, and a Riemann solver, the path connecting these two states are the union of the paths of all discontinuities
in the approximate Riemann solution. The linear path (3.1) is used for all discontinuities in the Riemann solution. Then the integral

of non-conservative product is

1 K 1
oW d
/0A(W(s;WL,WR))E(S;WL,WR)ds:2/0 AW(s Wit W) O (W, W, )ds
k=1
T
Fe(Wk)—F“(W,H)+(O 0 (4?”+K)Ek(uk,l—uk)) .

k=1
=F(Wg) — FE(W,) + (0 0 (‘% + K) oK (e, - uk))T,

M=

where
Inpy—In py_,
- Pr—1Pk————,  Pr_1 F P
ﬂk={ 1Pk =, o, k-1 k 3.7)
Pr—-1 = Pk

P>
The path based on an Riemann solver is a piecewise smooth and continuous mapping. The definition of the Riemann solver ensures
that it satisfies the requirements of the path definition. Some existing approximate Riemann solvers can be applied in this framework.

We give two alternative Riemann solvers below.

3.2.1. HLLC solver
(3.8)

The HLLC (Harten-Lax-van Leer Contact) method prespecifies the wave speeds in the Riemann solution based on the eigenvalues.
We assume that the speeds of the left-going and right-going waves are

p— 1 e e —_ e e
¢ =min (up —c§,ug—c%), ¢ =max (ug +c5,ug +c),
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where ¢} and ¢}, are specific sound speeds. By the R-H relation, one can obtain the intermediate states:
G = Uy,
0p=0=0p —/’L(€1 —”L)(ul _ML)’

6 —OR+ PL”L(Q - VL) - PR”R(€3 - VR)

Uy =u, = s
! : PL(§1 —“L)—PR(€3—“R)
I’L(”L—Gl) pR(“R_g3)
P = »P2 = .
Uy —¢1 Uy —¢3

Note that in the HLLC solver, every discontinuity satisfies the R-H conditions, and therefore

3

1
oW
/0 A(W(s;WL,WR))X(S;WL,WR)ds =) (W, = W,_)).
k=1

Clearly, the HLLC solver satisfies the definition of a Riemann solver if we assume that p; > p, pg > p for some bound p > 0.

3.2.2. Linearized shock Riemann solver (LSRS)

In this section, we present another approximate Riemann solver, whose underlying idea is to approximate each nonlinear wave in
the Riemann solution with a linearized shock wave. Such an idea has been used in [29,36]. By the R-H relations, the exact intermediate
states satisfy

uy :uL+\/(¢7L—61)<i—p—ll>, u2:uR—\/(aR—62)<i—p—12>. 3.9

According to Theorem 3.1, we have

30; — 30, 3o — 30,
= —_— ], = —_— ). 3.10
h ”Le"p<4,4+31<> & ”Re"p<4u+31< G40
Expanding the exponential function in (3.10) as a Taylor series around ¢, /6, or o, /og near 1 (i.e., |6, /o, — 1| < 1l or|o,/og — 1| < 1),
we have
30, — 30, 30; — 30 2 30 — 30, 30g — 30, 2
= 1+ +0 , = 1+ +0 , 3.11
1 ”L< 4u+3K <4M+3K b2 = PR 4u+3K 4u+3K (31D

Substitute (3.11) into (3.10) to obtain

2
(aL-al)<i-i> =L <ﬂ-1>+0<ﬂ-1> oo = [ 3K (3.12)
L P CPL\OoL oL 3oL
2
4 K
(aR—02)<L—i> S <2—1>+0<2—1> o = 4| 3K (3.13)
PR P2 CRPR \OR ORr 3pr

Taking the leading term of (3.12) and (3.13), we have

\/(JL—O'I)(L—i)z— oL <ﬂ-1>, (3.14)
L P €rPL \OL
1 1 OR <0'2 >
Or—0C e — —1}. (3.15)
\/( K 2)</7R P2> CRPR \OR

Substituting (3.14) and (3.15) into (3.9), one can get

1 c c
(7]20'2:—( R 4L >+uR—uL. (3.16)
1 1 e e

+ CRPR  C1PL

CRPR  C1PL

Substituting (3.14)-(3.16) into (3.9) , we can obtain

”1:”2:%(”L+”R)+%[ oL <ﬂ—l>— jR <2—1>]. (3.17)

e
CrPL\OoL CRPR \OR

7
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In summary, we can obtain the intermediate states:

1 OR oL
01 =0,= —/T——— 1 \&, +cep tug =g,
R L
@or o o R L g_{(ﬂlul_PLuL)/(ﬂl_pL)s pL# P
1= . ’
c c c o u; —ct, =
u1=u2=1(uL+uR)+l[ o <_1_1>_ or <_2_1>], L=< pL="pi
2 2| cipr \oL CRPR \OR G =uy,
30; — 30
p1 = pr eXp m , ¢ _{(quz—/’R”R)/(/)z—PR), PRF P2
.= .
3og — 30y R e PR=P
=prexp | ————= |,
P2 = PR P< 4/4+3K>

Similarly, if we assume the uniform bound
pL2p>0, pg2p>0,
it is straightforward to demonstrate that this solver satisfies the definition of a Riemann solver.
4. Path-conservative scheme
4.1. Path-conservative scheme for hypo-elastic solid

In this section, we present the path-conservative scheme for the Cauchy problem of the hypo-elastic solid model

oW + JF¢(W)
ot ox
W(x,0) = Wy(x), x €[a,b], t €[0,T].

=S(W),

The finite computational domain [a, b] is divided into N non-overlapping cells:
a=xypy <. <Xy <Xpypp <o <Xppyp =0

We assume that the mesh is regular, i.e. [x;;1/, — X;_1 2| = h. In the time direction, we also use the regular division:
" = nAt, At is a constant.

We denote by W” the average value of the numerical solution on the cell [x;_, /25 Xit1 /2] and at the time step ". The initial data for
the finite volume scheme is obtained by a projection operator
0 1 Xit+1/2
W)=~ / Wy (x)dx.
h Xi-1/2
The numerical solution is
Wix, 1) = l[xi—l/2~Xi+]/2)><[f"»7"+l)w?'

The constraint for the time step size is

CFL - Ax 1
=———— —  _ CFL<-.
max ¢ <3 |/IZ(W,,)| 2

The path-conservative finite volume scheme is

1 _ At _
Wit =Wy - W(D;r—l/z"'])m/z)’ (4.1)
where D;{l Jp are the numerical fluxes that satisfy
! oD
- + . .
D, +Df, _/0 A(d)(s,Wi,WH_l))E(S,W,-,W,-H)ds. (4.2)

In this paper, a Godunov-type method is used to compute the numerical fluxes. In the cell interface x;,,/,, we consider the Riemann
problem

oW oW
— +AW)— =0,
Jat +AW) ox
W, x<0, (4.3)
Wx,00=4d
wr o x>0,
i+1



Z. Zeng, H. Wang, T. Liu et al. Journal of Computational Physics 546 (2026) 114511

and denote the approximate Riemann solution by V(v; W, W). The numerical fluxes are
! < oD S
= /0 A(@ (s W2 VW2 Wy ) ) ) 52 (5 W V0 W2 W) )ds,

1
Di++l/2:/0 A(CD(S;V(O;W;’,W;’H),W:’H))$<S;V(O;WF,W:’+1),W1’7H)ds.

Substituting the paths into the numerical fluxes, we have

K 0
_ . 4 ~
D= me(‘?k’o) F{Wi ) —F(Wp) + <?ﬂ + K>pk 0 ,
k=1 U1 — Uy
K 4y 0
D}, ,= Y max(gy, 0)| F(Wyp) — FS(Wp) + <? + K>Ek 0 A
k=1 Ug—1 — Uy

where the intermediate states W, (1 < k < K) and wave speeds ¢, (1 < k < K) are given by a Riemann solver, and g, are given by (3.7).

4.2. Path-conservative scheme for hypo-elastic plastic solid

4.2.1. Supplement to the scheme for hypo-elastic solid

The elastic and plastic states of a solid are determined based on the deviatoric stress s. However, there is no governing equation
for s in the perfect hypo-elastic model, we add an evolution equation of s in the path-conservative finite volume scheme. According
to Hooke’s law, we have

a(ps) 4 d(pus) _ 4 Ou

ot ox 3MP9x°
Thus, the governing equations for an elastic-plastic solid in the elastic state can be rewritten as
J— —e —
oW  JF (W) = —
—+ =S(W),
ot ox W)
P pu 0
wo|™ Fw=|" | sw = ) (4.4)
e | puc | - (K+§ﬂ)ﬂg—z ' ’
4 du
s pus Lupst

The discretization of the non-conservative terms in the augmented equation is identical to that in the hypo-elastic equation. The
path-conservative scheme for the equation above is
—n+1 —n At [=n+ —n,—
W =w - 2 ):

(4.5)

i T Ty Di—1/2+Di+1/2
0
- K . . e N 0
Diip= ;mm(gk’o) F (W) —F (Wo) +5; (47" +K)(uk71 —u)
a T4
?”(“k—l —”k)
0
D, = 3 OfF W) -FWo +5, ’
,.H/z-;max(gk, | F W) =F WO+ P (80 ) (4, -

4Ty(“k—l —"k)

4.2.2. Supplement to the scheme for plastic solid
The governing equations for the solid in plastic state take the form of a hyperbolic conservation law (2.8), allowing us to employ

classical conservative schemes. Within the Eulerian formulation, convection can induce a transition from a plastic state to an elastic
state in a fixed computational cell [37]. To account for this, we add the transport equation for the deviatoric stress:

d(ps) | d(pus)

7 + T =0. (4.6)
For cells that remain in the plastic state throughout, s is constant, and thus the above equation is always satisfied. We discretize the
equation

o P pu
oU oF (U) — |pu| = = o> — o
s =0, U=|"¥FW-= 4.7
ot * ox E U (E -o)u 4.7)
ps pus
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by a conservative finite volume scheme

—n+l  —n At n+1/2 —/(=n+1/2

U =0 - 2(F(T ) -F(UL)- (4.8)
2

Here U, +1//2 is the state at the t-axis in the Riemann solution with the left initial data U and right initial data U’ ,. We use the HLLC

solver for the Eqgs. (4.7):

i+l

_ pr(up = ¢1)
¢ =min (uy — ) ,ug —ck), 1= —q
G2 = Uy p =PR("R—G2)
¢y =max (ug +cf ,ug +ck), : =6
oy=0y=0p —p(c —up)(u —ur). S1=5L
o —°R+PL“L(G1 up) = prig(S3 = ug) 2= 5R
up =1y = pr(c—ur) - prlsr —ug) ’ Ey = Ep + (5 —up)g +o1/(pr(s) —up))),

E, = Eg +(5, —ug)(6y + 02/ (prls3 — ug)))-

Remark 4.1. It is noteworthy to highlight the differences in the evolution equations for s between the two models. In practice, when an
elastic shock wave enters a plastic cell, the Eq. (4.6) should be modified. However, to maintain algorithmic simplicity, we neglect this error,
as that cell will be identified as being in the elastic state at the next time step, and s will subsequently evolve according to Hooke’s law.

4.2.3. The transition between elastic and plastic states

If the solid is in an elastic state, then we use a path-conservative finite volume scheme (4.5) for the evolution of variables. If the
solid changes from an elastic state to a plastic state, then we use the conservative finite volume scheme (4.8). The transition between
elastic and plastic states is mediated by pressure. Assume that the cell 7; is in an elastic state at the time step ", and it changes to a
plastic state at the next time step #"*!, which means

Isl <5 2y, "+1(>§YO.

We then get the plastic variables at the time step t"*! by

n+l n+l _ 2 n+1
pi S _if;Y()pi ,

n+l _ _n+l _ 2/ n+l
s o! Co(/’i

En+1 — i ! _ﬂ())
i

1
T + EP:H—I(M‘M—I)Z'

On the other hand, if the cell I, is in a plastic state at the time step ¢* and changes to an elastic state at the time step ¢"*!, i.e.

511 2 2%,
3

then we assign the values

+1] _ 2
S;’ ‘ < EYO,

p‘(n+16in+l — p:.”'l (—Cé(pf“ _ /’0) _ (7 _ 1)(Ein+1 _ p:'+1(uf+1)2/2) + S;H'] )

4.2.4. Numerical flux for elastic-plastic interface

In this section, we present the numerical flux at the interface between elastic and plastic cells. Without loss of generality, we
assume that at time 7", the cell I; is in an elastic state and the cell I, is in a plastic state. To determine the flux at the interface
Xi11/2» it is sufficient to specify the states at the r-axis’s Wf:ll//zz and _::1//22 ,

Firstly, we solve the elastic-plastic Riemann problem. The structure of the Riemann solution is illustrated in the Fig. 2, where four
constant regions are separated by an elastic nonlinear wave, a plastic nonlinear wave, and a contact discontinuity.

Remark 4.2. Different studies handle the elastic-plastic transition in Riemann solvers differently. Some consider introducing an elastic limit
state to connect elastic and plastic states, thereby making the wave structure more complex [38,39]. Others do not introduce this limit; achieving
numerical fluxes more simply [40,41]. In this paper, we choose not to introduce the limit state to maintain a simpler wave structure.

Across the contact discontinuity, both the velocity and the deviatoric stress remain continuous:
Uy =uy,0, =0,.

Similar to the previous discussion, we can employ an approximate Riemann solver. The approximate solutions for the two methods
introduced above are as follows:

10
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Fig. 2. Solution structure of one-dimensional elastic-plastic Riemann problem

e HLLC solver:
. . » _ pr(uL=61)
¢ =min (uy —c§,ug —ch), Pl—ﬁ’
Gy = Uy, B PR("R—€3)
63 = max (uy + ¢, ug +ck), P2 = Uy —¢3
oy =op —pr(6 —up)(uy —ug), slz%lnp—l+sb
v = _GL—GR+PLML(€1—”L)-PR“R(€3—MR) L
1 = %42 = 5 Sy = SR,
PL(€1 - “L) —PR(€2 - ”R)
E, = Eg + (6, —ug)(6y + 02/ (pr(s3 — ug)))-
¢ LSRS method:
¢ = (ﬂ1u1 —PLUL)/(Pl _pL)v PrL * P1
1 up =< pL=rp1 P = pLexp Sop 239
o =u P 4u+3K )
2 =Up,
_ 3og — 30
o= {(ﬂzuz —prUR)/(P2 = PR)s PR F P2 P2 = PREXP Tu13K )’
Ug + €5, PR=p2 4
N s = RSP +57,
_ 1 OR oL 3 pL
o1 1 1 o€ + o€ tug—ug,
cjsz c‘LpL RPR LPL S2 = Sp»
1 1[ op [0 or {0} E, = Eg + (g, — ug)(6y + 02/ (pr{S3 —up))).
up =y = (up +ug) + 5| = —=1)-=(—-1]],
2 2eppL\or CRPR \OR

Secondly, we need to account for the elastic-plastic state transition in the approximate Riemann solution. The elastic-plastic transition

in the numerical flux should align with the elastic-plastic transition in the numerical solution, so we use

2
sp—op—cyler—po) 1
E, = o +§pL(uL)2,
2
sy — o1 = ¢y(py — po)
E = 1 =01 =61 =po +lp,(u1)2,
y—1 2
(4.9)

2
0y = —Cg(Pz —po)—(r— 1)<E2 - pZ(;Z) > + 57,

2
ORp = —cg(pR —py)—(r — 1)<ER - %) + Sg-

5. Two-dimensional extension

5.1. Governing equations
Reference [42] indicates that Hooke’s law, pertaining to the hydrostatic pressure p in the governing equation, can alternatively
be substituted with the energy conservation equation and the equation of state. This approach still results in a hypo-elastic model. In
extreme environments, such as inertial confinement fusion, solids are subjected to high temperatures and pressures, exhibiting charac-
teristics of compressible fluids, where Hooke’s law no longer applies [43-45]. Therefore, we consider extending the one-dimensional
method presented in this paper to these situations, broadening the proposed method’s application scenarios. Consequently, we adopt

the governing equations of two-dimensional hypo-elastic plastic solids in [10,37,45].
11
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dp  d(pu)  d(pv) _
a T ox T oy

d(pu) N ()(pu2 +p— sxx) N 0(puU — sxy)

0,

or ox oy =0,
apu) | Apuv—s5y) 0o +p—sy)

ot ox ay o
JE N z)(uE + (p - sxx)u - sxyu) N 6(UE + (p - syy)u - sxyu) “0
ot ox ay -

Here, the variables are the density p, the x-directional velocity u,the y-directional velocity v, the total energy per unit volume E =
pe + %p(uz + v?) with e representing the specific internal energy. sy, is the shear stress. s,, and s,, are the x- and y-directional
deviatoric stresses, respectively. The total stress decomposition is

Oxx = —P+ Sxx» Oyy =P + Syys
where o, is the x-directional total stress, and o, is the y-directional total stress. The hydrostatic pressure p satisfies the stiffened-gas
equation of state

p=ci(p—po)+(r = Dpe.
The constitutive model is divided into an elastic phase and a plastic phase. Elastic solids satisfy the von Mises yield condition:

2 2 2 22,42
N +syy+2sxy+(sxx+syy) 5§(Y0)~

XX
In the hypo-elastic solid model, the deviatoric stresses satisfy the differential stress-strain relationships
. A N A N )
S, =2u(é, + ==),8,, =2u(€, + ==), ., = UE,,.
xx = 2p(éx 3p) vy = 2u(€, 3p) xy = Héxy
u is the shear modulus. The superscript "." denotes the material derivative. 3, and $,, are the deviator stress rates, $,, is the shear

stress rate, and / is the density rate. The strain rates are
ou Jv . _ dv  du

€, = —, €,= —, €, = — + —.
*oooxT Y oy’ Y ox  dy

So the equations of deviator stress and shear stress can be rewritten as

Upsx)  Opusiy)  pvsy) 2 [ ou _ ov
+ + —Shp| 25— - =) =0,
ot ox dy 3 dx  dy
a(psyy) . d(pus,,) N o(pvsyy) _ ZW) Q0U _0u) _ 0,
ot 0x dy 3 oy 0x
A(ps,,) . A(pus.,) . 0(pvsyy) _ v " du) _ 0
Y ox dy ox dy .

Let
T
W=(p pu pv E ps, ps, psg) >
T
F=FW)= (pu pu* +p— Six pUV =Sy, UE+(p—soJu—s U pusy  pusy, pusxy) s
T
G=GW)= (pu puL = Sy, pv> +p— Sy VE+(p—s,)v—su  pusy  pusy, pusxy) .

The two-dimensional governing equations for the hypo-elastic solid are

W +A(W)M +B(W)M =0, (5.1)
at ox dy
4 4 04><7
dF(W) B I | 0 0 0 0
A(W) = 3 )
W==w * —@ 2{ 0 0 0 0 0
uv 0 —u 0 0O 0 O
N N 04><7
IGW) -2 0 B 0 0 0 0
B(W) = 3 3 .
W==w " oo -2 0 0 0 0
Hu —u 0 0 0O 0 O

The eigenvalues of the matrix A(W) are

AA) =u—cl, AHA) =u—c*, 13(A) = 44(A) = A5(A) = u, A4g(A) = u+ ¢’ 1;(A) =u+ci. (5.2)

12
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The eigenvalues of the matrix B(W) are

Journal of Computational Physics 546 (2026) 114511
Here

AB)=v- c;,iz(B) =v-c, A3B)=4B)=isB)=0v,4B)=v+c*, 4;B)=v+ c;

. \/yp+ 20— (= Dsy 4y
X

(5.3)
L \/z o \/7p+c§po—(y—1)syy Rl
p 3p’ p 7 P 3p
The plastic solid satisfies the perfect plasticity assumption:
$2

2 2 2_2, 2
+syy+23xy+(sxx +5,,)" = §(YO) .

In the plastic solid model, we add the following equations for the deviatoric stresses and shear stress based on Reference [37].
0(p;txx) + o(pus,) + o(pus ) _

(5.4)
0,
ox ady
d(psy,)  O(pusy,)  d(pusy,)
wl o wo w _

ot

0x dy ’
9(psyy) N d(pus.,) . 9(pvsyy) _
Jat ox

dy
The governing equations for the plastic solid are therefore

oW  JOF(W) 0oG(W)
-+ + =
ot dy

ox

5.2. Split two-dimensional equations

in the y-direction:

oW

We employ the dimensional splitting method for the two-dimensional problem. Without loss of generality, consider the equations
oW

2wt =0

ot +BW) 7}

5.2.1. Paths for discontinuities

We use a linear path for an elastic shock wave or contact discontinuity with the left-hand state W; and right-hand state Wy
p(s)=pr +(pr — P15,

(pu)(s) = (pu) + ((pu) g — (pu)1)s,

(pv)(s) = (pv) + ((pv)g — (pV))s, s € [0,1].
Again, we use the symbol

(5.5)
[n p])
~ PLPR T T+ PLFPR
pL,R = (2}
PL» PL = PR

Based on the aforementioned path, we can compute the integral of non-conservative product directly, as follows.

1
/0 B(<I>(s;WL,WR))%(s;WL,WR)ds =G(Wg) - G(Wp)+

04><1
2 (=11 ;' e(s)ds + Lpel)
4u
3

(11 ' es)ds = ool )
u(Lo1 ;' w)ds = Lpud

04><l
~ | 20l
=GWr) —GWp)+pr | 3, .
-3 [l
—ulu
Let us consider the left-hand state W, and right-hand state Wy constituting an admissible shock wave with the speed ¢. From the
Lax’s entropy condition [32], we have

there exists k € {1,2,6,7} s.t. 1,(B(W,)) > S > 4, (B(Wpg)).
Write

2 4
= Syx = §ulnp, =5y, + §ulnﬂ~

(5.6)
n = constant and & = constant.

For the split 2-D equations, we can also show that an admissible shock wave satisfy the Hooke’s law in [38] under the path (5.5), i.e.
13
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Fig. 3. Solution structure of Riemann problem for split two-dimensional equations for hypo-elastic solid in the y-axis.

Theorem 5.1. Let the two states W; and Wy satisfy the generalized Rankine-Hugoniot condition under the path (5.5) and the entropy

condition (5.6), then n; = ng and &; = &g.
Proof. The generalized Rankine-Hugoniot condition is

T
GWR) = GW) +7r(0pa 2001 2001 —ulul) =cIWI.
If [p] = 0 and [[s,,]] =0, then it is obvious that 1, = #g. If [p] = 0 and [[s,,]] # 0, then it follows from the R-H condition that

M0l = [[s5]] = lul = [s,,]] = 1] = 0,0, = vg =¢.
Consequently, for any k € {1,2,6,7}, we have

ABW ) = 4 (B(Wp)),
which contracts the condition (5.6). We assume that [[p]] = 0, then
lponll = [[posy]] - %H[[/’Ulnﬂ]] =¢[lpsy]l = %/"EL,RHU]] - %u[[pvln ol
~ 1
= cllp5.al) = 2H(Frrle + Tohnpl((0)) + ({10 P} I0D) = & s, ]] - %u({{p}}m% N [[plnp]]{{v}})

=¢[lps| - %ﬂl[pln pﬂ(W) = g([[psxx]] - %Ilﬂﬂ In p]]) = ¢llpnl.

Substituting the first formula [[pv]] = ¢[[p] into the above equation, we have

[71{{po}} = clip}) = 0.
We asserts that {{pv}} — ¢{{p}} # 0. Otherwise, by the silmiliar method in the proof of Theorem 3.1, we can obtain that [v] = 0 and

¢ = {{v}}, which contracts the condition (5.6). The proof for ¢ is similar. O

Finally, we consider the left-hand state W; and the right-hand state W} constituting an contact discontinuity with the speed ¢.

Based on the generalized R-H relation, we have the following conclusion.
Theorem 5.2. Let the two states W; and Wy, satisfy the generalized Rankine-Hugoniot condition under the path (5.5) and v; = vy, then

up =ug, (sy,)p = (syy)g and (6,,) = (6,,)p -

As a result, the non-conservative product is zero, and

1
/0 B((D(S;WL,WR))%(S;WL,WR)ds = G(Wg) — G(W)).

5.2.2. Riemann solver
The path for arbitrary two states W; and Wy, is a piecewise mapping that is based on the solution of Riemann problem

W;, »y<0

MWWV =0, Wexy.i=0)=
ot dy Wge, y20
Fig. 3 illustrates the solution structure of this Riemann problem. The eigenvalues 4, and A, correspond to the left and right nonlinear

elastic waves, respectively, with the wave speeds represented by ¢, and ¢s. The eigenvalues A5, 4, and A5 are linearly degenerate, and
correspond to a contact discontinuity with its wave speed ¢;. The eigenvalues 4, and A4 correspond to the left and right shear waves
with the wave speeds represented by ¢, and ¢, respectively. Furthermore, the variables Wy = [Ug, s, . 5,, k- Sxyk17- K = L/R,
constitute the vector of initial states. The constant intermediate states on the left and right sides of the contact discontinuity are
denoted by Wy 3 = (Uy/3, 5502/3> S1y2/3 Sxy2/3 )T. Wi/a = (Ul /as S0 Syt a0 sxy’l/4)T represents the shear wave front state. According
to [38], u and s, are constant through the nonlinear elastic waves. In addition, p, s,,, s,, and v are all constant passing through the
shear waves. In the vicinity of the contact discontinuity, u, v, s,,, and o, also remain unchanged.
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To avoid the complexity of solving the exact Riemann solution, we consider an approximate Riemann solver again, which is
characterized by Definition 3.1. Various existing elastic-plastic solid approximate solvers [38,39,46] are logically interpreted within
this framework. When the generalized Rankine-Hugoniot condition of stress are not considered, ignoring shear waves results in the
approximate solver proposed by Cheng et al. [38], whereas considering shear waves yields the solver proposed by Li et al. [39]. When
the generalized Rankine-Hugoniot condition of stress are accounted for, ignoring both shear waves and contact discontinuities leads to
a three-wave HLLEPJ Riemann solver. Ignoring only shear waves results in a three-wave HLLCEPJ Riemann solver, while considering
both factors gives a five-wave HLLCEPJ Riemann solver. Numerical results in [46] show that, without accounting for strong shear,
both the three-wave HLLCEPJ and five-wave HLLCEPJ solvers effectively capture elastic-plastic waves, with the three-wave HLLCEPJ
solver offering a significantly simpler expression than the five-wave variant. The three-wave HLLCEPJ Riemann solver proposed in
[46] is used in this paper:

— mi _ e N _ s _ s
gl—mm(vL cyL, cy,R>,g2—m1n(vL cp,UR cR),

—_ s s —_ e e
¢4 = max (UL +c;,UR +cR),g5 = max(vL +cy,L,vR +Cy,R)'

Wit P = P20 Sxx 1 = Sxx2s Sypl = Syp2s Sxpl = Sxy LU = UL, U1 = Vg,0p =01, Ep = E,.
(S5
Wy pp=pp—,
1= U2
2u P1 W, : = _€5 "R
Syx2 = 3 In — PL + Syx 3 P3 = PR -0y
4u s = 2—” In L3 +s
Syya = -3 In Z +5y,1» xx,3 3 P xx,R>
4
(65 = U2k = (1 = 02)Sy,p + Hlug = 1) Spa= 2w By
Sxy2 = N 3 .
S5 — 61
s =S.,1,
. SepR = Suyr — P1up (6o —up) + pyug(Sy — ug) x93 7 a2
2= > Us = Uy,
—Po(gz—”L)+ﬂ4(€4—“R) 3T
U3 = Uy,
—OyyRr T Oyt /’LUL(Gl - UL) + PRUR(€5 - UR)
1_)2 = ) 0'3 =0,
—/’L(Gl - UL) + PR(gs - UR)
Ey = Eg + (v3 — vg)(v3 — 0y, /(pR(S5 — UR)))-
oy =0 —pr(c1—vr)(va—vp)
Ey=E; + (v, — v )y =0y, 1 /(61 —vp))-
Wyt Py =03:5x04 = Sxx3:Sypa = Syp3sSxya = Sxy RUG = UR, Uy = V3,04 = 03, By = E5.

5.3. Path-conservative finite volume method

We study the finite volume method for the two-dimensional hypo-elastic plastic problem on a bounded domain:

IW oW W _ ) 2 2 22 2
s A(W)_Bx + B(W)—ay =0, ifs7 + st 2sxy + (Syx +5y,)° < 3(YO)
IW + IE(W) + IGW) =0, otherwise

ot ox dy

W(x,y,0) = Wy(x,y), (x,y)€lab]lX]c,d], t>0.

For simplicity, we restrict our consideration to a structured grid
a=x1y <. <Xy <Xy <...<Xpypp=b
c=Yip <. <Vi12 <Yjp12 <-- <Yny12 =4d,

Xip1/2 = Xim1/2 = My Yja1y2 = Vjm1j2 = hy, h=max(hy, hy).

In the time direction, we use a uniform discretization:

" = nAt, At is a constant.

The time step size satisfies
At = &’ CFL < 1
max ;<7 4 (Wp) 2

In the finite volume framework, we approximate the cell average of variables

Yj+1/2 Xit1/2 Yj+1/2 Xit1/2
/ / W(x, y,t")dxdy, W; / / Wy (x, y)dxdy,
-1/2 Xi-1/2 —1/2 Xi-1/2
and the numerical solution is
W, (x,y,1) = x, 12X /)XYy jXIE ,m)W
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For any cell, if
2 2 2 2_2v02
Sexn T Sovh + 2Sxy.h + (Syxn t Syy,h) < §(YO) R

then we use the finite volume scheme for hypo-elastic solid, otherwise we use the scheme for plastic solid. The details are given as
follows.

5.3.1. Scheme for hypo-elastic solid model
The path-conservative finite volume scheme for 2-D hypo-elastic solid model is

) A’(D+ +D

1 Af (o4 -
Wl(l,j _W?J (D +D; h ij—1/2 1]+1/2>

h i-1/2,j i+1/2,j
X
The numerical fluxes in the x-direction are
Oy

4u
=5 WUy =)

24
_T(uk+1 — )
—H(y1 = )

D, = Z min(gy., 0)f F(W,,) = F(W) + 5;
k=1

0451
—47”(“/&1 —u)
2_7#(”/(+1 =)
—u(Opq1 — k)

where the intermediate states W, (0 < k < K) and wave speeds ¢, (1 < k < K) are given by an Riemann solver of the Riemann problem

D}, = Y max(gy, )| F(Wyp) — F(W,) + 5y
k=1

w~ x<0
M+ (W)—=O, W(x,y,t=0)= i
ot W7+1 oo >0
and
Inpyii=Inpg
7= {PkPk+1 Trirr Pk # Prt (5.7)
P> Pk = Pi+1

The numerical fluxes in the y-direction, where we use the same notation for simplicity, are

04><1
%ﬂ(vkﬂ -0
-7(Uk+1 =)
—u(pqy — uy)

K
D= Y min(gy, 0)| G(W,,1) — GW,) + i
k=1

04><1
?#(Ukﬂ )
-47”(”/(4-1 =)
—u(pgy — uy)

where the intermediate states W, (0 < k < K) and wave speeds ¢, (1 < k < K) are given by an Riemann solver of the Riemann problem

K
D/, ,= Y max(gy. 0)f G(Wyy 1) = GOW,) + 5,
k=1

Wf’. y<0

n
WI/+1’ yZO

My (W>— =0, w<x,y,z=0>={

and p; follows the formula (5.7).

5.3.2. Scheme for plastic solid model
We use a standard conservative finite volume scheme for the plastic solid model:
1 _ At n+1/2 n+1/2 At n+1/2 n+1/2
Wit =W - h_x (F(WH—I/Z,]) - F(wi—l/Z,j)> - h_y (G(Wi,j+l/2> - G<Wi,j—1/2)>'
The construction formula for the plastic numerical flux is identical to that of the elastic case and is therefore omitted [38]. To preserve
the perfectly plasticity assumption (5.4), we modify the deviator stress and shear stress at each time step. If

42" (" s P> 2 (Y0)2

n 2
(Syxi))” + (s, eoii T Shya)

yyiisj XY,i.j
n n T =
then we reassign the values of ( ij  Swyii Swyi j) using

2 n

2 st
3 YO ZX,L,]

st
> 212" PG Iyidoj
\/( xxu) +(syyu) Sxyii SXXlJ Syy,i,j Sxyinj
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Due to the unified nature of the adopted two-dimensional elastic-plastic model, we do not need to account for the transition between
elastic and plastic states in the numerical solution, nor do we require special treatment for the numerical flux at the elastic-plastic
interface.

6. Two-dimensional extension of the Jaumann correction

In this section, we consider a more refined two-dimensional elastic-plastic model as presented in [38,39,46,47]. This new model
includes a Jaumann correction term in the deviatoric stress equation. Our method from the previous section can be extended directly
to this model. The system, which maintains identical mass, momentum, and energy equations, is coupled with the deviatoric stress

equation
O(psyy) | O(pusy,)  0(pusy) 2 du Jv du dv
—Zpp(2Z -0 - u_9v) _,
o T ax T oy 3P\ “5x T oy ) TP\ Gy T ox
dpsyy)  Opusyy)  dpusy,) 2 ov  du ou ov
— Zpp(228 . _9v) _, 6.1
a T T T oy 3””( oy ax>+"s”<ay ax> (6.1)
9(psy,)  O(pusy,)  O(pvsy,)
o — 2 (24 2y Lo - ) (2 - 22) =0
ot 0x dy ox dy 2 dy 0x

We also utilize the dimensional splitting method for the two-dimensional problem. For simplicity, we employ the same symbols, and
the governing equations for the elastic-plastic solid in the y-direction are stated as follows:

‘)a—vtv + B(W)% =0,
W=(p pu pv E psy ps,y  psy) s
WGW) |- o = Ot)ﬂ 0 0 0 S0 —s 0 Oi)ﬂ 0 0 0
BW =T *lut o g o o oftf| - S o 0o o 0 of
;4314 —u 03 0 0O 0 O —%(sxx - vyy)u %(Sxx —syy) 0 0 0 0 0

Jaumann correction

6.1. Paths for discontinuity

We continue to use the straight-line path for both density and momentum
p(ss W, Wg)=pp +(pr — P15,
(pu)(s; W, Wg) = (pu) + ((pu)g — () )s, (6.2)
(p0)(s; W, Wg) = (pv), + (p0)g — (pv))s, s €10, 1],

As a result, the integral of the Jaumann correction part is

) O4><7
Syt —Syy 0 0 0 0 O 9P
/0 — Syl Sey 0 0 0 o ofsEWeWeds
1
=55 = sy S(sw=sy) 00 0 0 0 ©3)
04><1 .

Lol fy sup(u(s)ds = [pull fy' s,y(s)ds
1 1
—lpll /0 Sxy(Shu(s)ds + [[pu]]f0 Syy(s)ds
1 1
=3001 fy (5:2(9) = 5,,(9))us)ds + 3Tpull f (s5:(5) = 5,,(5))ds
We observe that in the Riemann solution, the nonlinear elastic waves and contact discontinuities exhibit a continuous velocity u,
i.e., [u]l = 0. Consequently, that integral does not depend on the path for deviatoric stress and is equal to zero. The integral of the
non-conservative part is therefore
O4><l
o]
3, i
-5 (vl
—pllu]l
and the Hooke’s law presented in Theorem 5.1 will still be valid. For the discontinuity with [[u]] # 0, the integral of the non-conservative
product depends on the path for deviatoric stress. We use the straight-line path for s,,, s,,, and s, in [46]:

1
/ B(®(5: W, We)) 22 (5, W, Wi )ds = G(W,) ~ G(W,) + 7 6.4)
0

Sxx(S;WL’WR) = Sxx,L + (sxx,R - Sxx,L)S’
Syp(ss W, We) =5y, 1 + (S, r = Sy, 1), (6.5)

Sy (S Wr, We) =541+ (Syyr = Sxy,0)8, s €10, 1].
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Under this path, we have

[ s = sl [ st = (o) [ 5= (i)

It is commonly assumed that [[p]] = O for shear waves in the Riemann solution. Therefore, we have

| 04><7 {({)4Xl}}
Syl —Sy 0 0 0 0 Ofod _ — 11 5%
/0 o 1 . 0 0 0 0 0fg WeWe)ds=lpul 1 ol
_E(Sxx - syy)“ E(Sxx - Syy) 0 0 0 0 0 5({{Sxx}} - {{Syy}})
and
204x1 Oyt
1 M
oD ~ | FIel s}

B(®D(s; W,;, W —(5;W;,Wyr)ds = G(Wg) — G(W i

/0 (s W Wa) G5 (5:Wo. Wa)ds = GOV = GOVL) + gl |+ L S ©6)

] . 3 ({{sn) - {{Syy}})

Jaumann correction

For more general discontinuities, the integral can become complicated. By substituting the following formula into the integral for the
Jaumann correction part, we can complete the integral for the non-conservative part.

1
/ S (Su(s)ds
0
_lpat Tod((0 [sxall + Mpulis ) = Hpul{[ssullor (Houllpr, — (o) 1p1) ([[s2all oz = Sxx. D) ln'l Lol
201 o1 o1’ oL
1
/0 Syy(Su(s)ds
_pad | DoD(Gow [lsy] + Upulsyy ) = Uped[syyllon  (Loulor = o oD) ([syyllor = 5000 101) ln'l Lo
2[lpll [o1? [ol? o I
1
/ Sxy($)u(s)ds
0
Toull . Uol(Cow) [[s)]] + Wpullsy, ) = Doul[[sJlor (Loullor = (w100 ([[sy ]l o1 = 54y 101) | ol
= + + In{l + —|.
2[l o1 PR PL

6.2. Riemann solver

The numerical flux is based on an approximate Riemann solver of the extended model (6.1). Compared to the previous model, the
values of s, s,,, and s, are needed in the intermediate regions W, 5 for the new model. We utilize the HLLCEPJ Riemann solver
introduced by Serezhkin [46]:

¢ = min (UL —C;L,UR _C;R>’ ¢, =min (v — ] UR —c;),

p— N N —_ (4 e
¢y =max (v + ¢}, vg + k). ¢5 =max (vL +ep R +cny).

Wi pr=pp, Se1 = 2; IHZ + Sex,Ls Syp1 = —4?”1“5—; Sy Sxyl = SxyLs U =Up, U =0y, 6y =0, E; = E,.
Wy : p= /’Lgl_—UL’
aT W; @ P3=PRGS_—UR’
iy = SupR = Sxyr = Prug (G —up) + paug(cy = ”R)’ ‘ S5 — U3
—Po(€2 - ”L) + P4(€4 - ”R) Uz = Uy,
. =6,k + 0, +pLvL(61 —vL) + Prvr(ss — UR), vy = 0y,
—pr(61 —vr) +pr(ss —vg) 03 =0y,
oy =0p—pr(c1—vp)(v2—vL) E3 = Eg + (v3 — 0p)(v3 — 0y, g/ (PR(S5 — UR)))-
Ey=E| + vy — v )0y =0y, [(pr(c) —vp))
Wyt py=p3, Syxa= 3 In i + SR> Syyd = —4% In pp_z + 8y Rs Sxpa = Sxy R Ug = UR, Uy = U3, 04 =03, B4y = Ej.

with
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1
uy —up)? +4(=¢ + vy)?
1

Sxx2 = ( (—214(”2 - “L)2 +4(=¢ + UZ)zsxx,l + @, - uL)zsyy,l —dsy, (=61 + ), — uL))v

s (2p(uy —up)* +4(=g) + 09) sy 1 + (g — 1y )5y q + 454, (=6 + U)Wy —up)),

2=
” (uy —up)? +4(=g| + vp)?

1

Sxy2 = PR wTa——" (Bp+ 25501 =25, (=61 +v2)uty —up) + 5., 1 Ry + 1y — 26 — 1y )20y — 1y — 261 +up)),
1

Rl P Ta——— (=243 = ug)® +4(=¢5 + 03) 504 + (U3 = UR)* 5,4 = 45,y R(=65 + V3)(u3 — up)).

37 ¥R =65 3

1

f3 = (u3 — ug)® + 4(—¢5 + v3)? (2uu3 = up)? +4(=¢5 + U3)25W’4 (3 — uR) g + 455y r(=Gs + 03)(u3 = ug)),
1

Syp3 = s uR)2 T v;)z ((4/4 + ZSXXA - ZSyyA)(—gS +v3)(u3 —ug) + sxy’R(21)3 +u3 —2¢5 —up)(2vz —uz — 2¢5 + uR)).

In this Riemann solver, it holds that [u]] = 0 for the two nonlinear elastic waves, and [p]] = 0 for the two shear waves. Consequently,
we can use the simple formulas (6.4) and (6.6) to compute the non-conservative part.

6.3. Path-conservative finite volume method
Taking into account the Jaumann correction, the appropriate path-conservative finite volume scheme is outlined as follows:

+1 _ At + _ At + _
W?.j - WF./ - h_x(Di—l/Z,j +Di+1/2.j) - h_y (Di,j—l/Z + Di,j+1/2>’

The numerical fluxes in the x-direction are

O4><]

U

_ s . - _?(ukﬂ — )
D), = 2, min(c O FW, ) —FW) + 5] 3

k=1 T(uk-pl - uk)

—H (U1 = Uy)

O4><1
. Pi+1Vk+1 — PrVk Sxyk+1 t Sxyk
+ Z min(gy, 0) B S— Syt F Sipc) R

k=24 1

2 (sxx,k-H = Syyk+l + Sxxk — Syy,k)

4 04xl
U
+ S |77 e — w0
D}, ;= D, max(g., O FWy,p) — F(W,) + 7, 2

k=l 3 Wit — )

—H(Vgy1 = Vg)
04><l
Pi+1Vk+1 ~ PrVk Sxyk+1 F Sxyk
+ Z max(gy, 0) T —(Sxpkt1 T Sxpk) K

k=24
3 (Sxx,k+l = Sypk+l T Sxxk syy,k)

where the intermediate states W, (0 < k < K) and wave speeds ¢, (1 < k < K) are given by a Riemann solver of the Riemann problem

w~ x<0
w + A(W)M =0, W(x,yt=0) = i
ot ox W:?Hj, x>0

and p, are given by (5.7).
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The numerical fluxes in the y-direction are

2 O4><1

U

= Wig1 = 0g)
du

_?(Uk+l =)

—uUpeqy — uy)

K
D= Z min(¢,, 0| G(W,, 1) — G(W,) + 5,
k=1

04x 1

U, | — prlt —(Sxyha1 F Sxy)
4 Z min(g,. 0) Pl 1 Uiyl — PrUi xy. xy

Sypk+l T Sxyk
Py 2 xy,k+ Xy,

1
3 (Sxx,k+l = Syyktl T Sxxk — Syy,k)

04><I

4+ < - 2?#(”k+1 = Ug)
D/, ,= Y max(cy, O G(Wy) —GW) + 75 3 "
k=1 _?(Uk+l = Up)

—uuyyy — uy)
04><1
Pr+1Uk+1 ~ Prlk ~(Sxyht1 T Sxyk)
+ Z max(gy, 0) - 5 ekl F Sy ,

k=24 1

3 (Sxx,k+l = Sypdett T Sxxk — Syy,k)

where the intermediate states W, (0 < k < K) and wave speeds ¢, (1 < k < K) are given by a Riemann solver of the Riemann problem

Wwr., <0
MWW o, Wepr=0=4 w7
ot dy w320
i,j+1
and p; follows the formula (5.7).

We employ the methods detailed in [38,39,46] to address the elastic-plastic transition. Since both the elastic and plastic media are
governed by equations of the same form, we do not need to modify the governing equations for this two-dimensional model. When
the medium transitions from an elastic state to a plastic state, we will apply a radial return method for the stress tensor to ensure
that the stress remains on the yield surface. More precisely, if

ntl 2 L ontl 2 ntl N2 ol ntl N2 o 2y 2
(sxx’l.,j) +(syy,l.,j) +2(sxy’i’j) + (85 Sy > §(YO)’

T
3 n+1 n+1 n+1 .
then we reassign the values of (s wij  Swpij Sw y,,:,j) using

2 n+1

=Y, xXx,i,j
370 n+1J
Sypij |
n+l \2 n+l \2 n+l \2 n+1 n+1 ntl
s s 2(s"T s g
\/( xx,u) +( yy,u) +2 xy,u) +( xxij T YY-'-J) Sxy.ij

7. Numerical tests

In the following numerical tests, the solid material is aluminum with physical constant parameters y = 2.67, ¢, = 5380.0m/s,py =
2710.0kg/m?, K=7400.0MPa, u=2650.0M Pa, Y, = 300.0M Pa. After the nondimensionalization, these parameters are transformed
into y =2.67, ¢q = 538.0, py = 2.71, K=740000.0, u=265000,Y, = 3000.0. The computational domain is set to be [0.0,4.0] with 1000
uniform grid points. Besides, the CFL number is 0.3. Below, in the figures, the legends of PC-HLLC, PC-LSRS, and Ref represent the
numerical results simulated with path-conservative scheme with HLLC solver, LSRS method, and reference solution (Lax-Friedrichs
scheme with 50000 uniform grid points) respectively.

7.1. One dimensional elastic problem

In this subsection, we introduce numerical examples of complex stress interactions to verify whether the proposed method can
effectively capture the corresponding shock waves. Similar examples are also computed in Reference [14].

Test 1. The first test is the interaction of shock waves and is shown in Fig. 4. The nondimensional terminal time is 0.002, and the
nondimensional initial conditions are

up =10, p, =10, s; =-2000, p;, =27
Upig = 1.0, ppig =10, s,,,=4000, p,, =27
up =-10, pr=10, sgp=-800.0, ppr=27
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incident shock

t=0 u=1.0 u=1.0 u=-1.0
s=—200.0 s =400.0 s =—2800.0
x=1.6 x=2.0

Fig. 4. The initial profile of Test 1.

c . r2p
o
2rosf-
Ref E 0.02
o PC-HLLC Ref Ref
E Po-LSRS T PoHic osf © PoHUC =
600 PC-LSRS E PC-LSRS o
Soo1sf | -
z P z F ) /
F703 g 8 of 5
g &1200 s E &5 oot |
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1800 osf o gos - PoLSRS
2r 3 3
L L L I . L L L I 1 L L I I 0 L L
t 3 g g t 5 g g t 3 g g s ot 500z
X X X Time
(a) Density (b) Stress (c) Velocity (d) Energy error(Test 1)
Fig. 5. The numerical solutions of path-conservative scheme for Test 1.
outgoing shock incident shock
«— nonlinear waves interaction «—
u=-1.0 u=-1.0 u=1.0 u=-1.0
t=0 s =—1400.0
s =1400.0 s =—1400.0 s =1400.0 = :
p=—100.0 p=2000.0 p=2000.0 p=-100.0
x=1.6 x=2.0 x=2.4
Fig. 6. The initial profile of Test 2.
2ros T pomue 1800
1 Poisns o008
900 §
8 @ 00004
900 B
2694 500002
1800
1 3 g d 2100 O s g oo o0

(a) Density (b) Stress

Fig. 7. The numerical solutions of path-conservative scheme for Test 2.

(c) Velocity

(d) Energy error(Test 2)

Test 2. In this example, more complex nonlinear elastic wave interactions are considered. The initial interfaces are located at
xg = 1.6, xq = 2.0, and x(, = 2.4, as illustrated in Fig. 6. The nondimensional terminal time is 0.0015, and the nondimensional initial

conditions are

u; =-1.0, p; =-100.0, s; =1400.0, p; =2.7

Unidgtert = =10, Ppigress = 2000.0,  Spigrep = —1400.0,  ppigrepe = 2.7
umidright = 1'0’ pmidrighl = 20000’ Smidright = 14000’ pmidright =27
ugp =—1.0, pr=-100.0, sp=-1400.0, ppr=27
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Fig. 9. The numerical solutions of path-conservative scheme for Test 4.
Table 1
The errors of numerical solutions in L, norm for Test 3 and Test 4.
Case Method Density Velocity Stress Deviatoric Stress
Test 3 PC-HLLC
L, Norm 6.07921e-08 8.52078e-08 1.40949e-04 50.2307
PC-LSRS
L, Norm 6.85471e-15 4.95881e-13 7.66968e-10 50.2307
Test 4 PC-HLLC
L, Norm 1.70914e-06 0.0004026 0.691791 50.2981
PC-LSRS
L, Norm 5.88524e-13 4.53226e-12 6.37021e-09 50.1908
C Ret r r -{— 5
T PoHUc r
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Fig. 10. The numerical solutions of path-conservative scheme for Test 5 with 1000 cells.

Figs. 5 and 7 show the density, stress, velocity, and temporal variation of the energy errors. With the numerical solutions of the
elastic state W, the energy is computed as
2
sp—=op—Clpp—r0) 1
E,=— " @ 4 -

h y - 1 zphuh
which follows the equations of state for the plastic medium. The relative energy error is defined by

[P Epx,0dx = [ Ej(x, 0)dx

17 Ep(x, 0)dx
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Fig. 13. The numerical solutions of path-conservative scheme for Test 6..

The numerical results indicate that the proposed scheme can effectively capture the corresponding shock waves without producing
non-physical results, whether using the HLLC solver or LSRS method as the numerical flux. Additionally, the results suggest that
there is no apparent difference between these two fluxes, likely because both solvers are constructed based on the constant ¢. We
also present the energy errors of the numerical solutions obtained with the Lax-Friedrichs scheme, denoted as Ref in the figure. For
all three methods, the grid size is set to 1/1000 in the computation of energy errors. The results indicate that, although the energy
errors of the path-conservative schemes accumulate over time, they remain within an acceptable range and are consistently equal to
or smaller than those of the Lax-Friedrichs scheme.

7.2. One-dimensional moving elastic-plastic interface problem

This subsection includes two examples involving leftward and rightward steady-state elastic-plastic solid interfaces. These exam-
ples aim to verify the feasibility of the proposed elastic-plastic transition approach.

Test 3. The initial interface of the steady-state contact discontinuity is located at x = 2.0. The wave propagates to the left with a
speed of 1. The nondimensional computation ends at time 1. The nondimensional initial conditions are

up=-10, p. =10, s, =-10, p, =25
up=-10, pr=10, szp=-20000, pp=27
Test 4. The initial interface of the steady-state plastic wave is located at x = 2.0. The wave propagates to the right with a speed

of 1. The nondimensional computation ends at time 1. The nondimensional initial conditions are

{ML =10, p, =10, s, =-20000, p, =29

1
ug =10, pr=10, sp=-10, pr=27 7-1)
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Fig. 15. Two-dimensional Taylor bar impact (test 8).
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Fig. 16. The numerical solutions of path-conservative scheme for Test 8.

Figs. 8 and 9 present the density, stress, deviatoric stress, and velocity profiles. We can easily derive the exact solutions for these
two problems. The numerical results demonstrate that the methods proposed in this paper effectively capture both leftward and
rightward propagating elastic-plastic contact discontinuities, highlighting the effectiveness of the proposed methods for the elastic-
plastic transitions. Additionally, we computed the L,-errors for the PC-HLLC method and the PC-LSRS method, as shown in Table 1.
The results indicate that the PC-LSRS method exhibits lower errors compared to the PC-HLLC method.

7.3. One dimensional elastic-plastic problem

This subsection introduces more intense collisions, causing the solid to undergo elastic-plastic transitions. Through this example,
we aim to test whether the numerical methods presented in this paper can accurately capture both elastic and plastic waves.

Test 5. An initial strong collision occurs at the interface x, = 2.0, causing the elastic and plastic waves to propagate successively
to both sides of the interface. The calculation end time is set to 0.002. The nondimensional initial conditions are

up =50, p.=10, s, =00, p, =27
ug=—=50, pr=10, sp=00, pgp=27

Figs. 10 and 11 display the density, stress, deviatoric stress, and velocity profiles. In Fig. 10, we use 1000 cells, whereas Fig. 11
utilizes 3000 cells. Fig. 11 demonstrates that, with mesh refinement, our method can more accurately capture elastic and plastic
waves. The numerical results illustrate that the proposed scheme effectively captures both elastic and plastic waves.
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Test 6. We further investigate the variation of total energy during elastic-plastic loading and unloading. The initial conditions are

u, =—-10, p,=-1000, s, =-20000, p, =27, x€[0.0,1.6]
Unigrers = =10, Puigrere = 14000,  Spigresr = =2000.0,  prigress =27, x € (1.6,2.0]
umidright = 1'0’ pmidright = 240007 Smidright = _180007 pmidright = 2'77 X € (207 24]
up =—10, pg=-1000, sp=—18000, pgr=27, x€ (24,40]

u=150,v=00,p=10""s =5, =5, =00,p=27

yy

Fig. 12 illustrates the elastic and plastic regions at different time instants for Test 6. On the left part of the domain, the solid
unloads from a plastic state to an elastic state, while on the right part it loads from an elastic state to a plastic state. It can be observed
that both types of transitions—elastic to plastic and plastic to elastic—occur in certain cells. The corresponding numerical solutions are
shown in Fig. 13, which demonstrate good agreement with the reference solutions. We focus on the energy errors under multiple
elastic-plastic transitions, displayed in Fig. 13(d). The results indicate that the relative energy error remains small, around 1 %.

7.4. Single medium penetration

Test 7. This test involves the penetration of a single medium, where an iron bar impacts an iron block. The nondimensionalization
parameters for iron are y = 2.17, ¢, = 4600.0, p, = 7.9, u = 853000, Y, = 9790.0 (the yield strength of the material in simple tension)
[34]. The entire non-dimensional computational domain is a square region x x y € [-4.0,4.0] x [—-4.0,4.0], comprising a rectangular
region x X y € [-2.5,0.0] X [-0.1,0.1] for the left iron bar and a rectangular region x x y € [0.0,2.9] X [-2.0,2.0] for the right iron
block at the time 7 = 0. A total of 300 x 300 uniform grid points are distributed in the whole computational domain. The CFL is set
to be 0.1, and the non-dimensional terminal time is 0.01. The boundaries are determined by the three level set functions and the
constant-pressure one-sided Riemann problem. The non-dimensional initial conditions for the penetration are

{ up =125.0,v; =0.0,p; =1.0,8,,; =5, =84, =0.0,p;, =7.86 7.2)

ug =0.0,vg =0.0,pg = 1.0,84xg = S)yr = Sxyr = 0.0, pg =7.86

Fig. 14(a) displays the zero equipotential surface of the level set function at the end of the computation. It can be observed that the
iron bar has clearly penetrated the iron block. In Fig. 14, the distribution of the x-direction deviatoric stress s, y-direction deviatoric
stress s, and shear stress s,, with the calculation termination time of 0.01 is shown. Although this numerical result does not have
an exact solution for comparison, by comparing it with the results given in Reference [14], we can find that the present results, by
considering the non-conservative nature of the stress equation, will show more symmetrical numerical results with more contour
lines, which shows the advantages of the scheme proposed in this paper. Additionally, the numerical results validate the stability and
robustness of the proposed method.

7.5. Taylor bar impacting on a wall

Test 8. This test involves a two-dimensional aluminum Taylor bar impacting a rigid wall, with material parameters for the
aluminum consistent with those used in the previous example. The entire non-dimensional computational domain is a square region
x X y € [-6,0] X [-6, 6], and a rectangular region x X y € [-5,0] x [—0.5,0.5] for the aluminum Taylor bar at the time ¢ = 0. A total of
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Fig. 18. The numerical solutions of path-conservative scheme for Test 9.

120 x 240 uniform grid points are distributed in the whole computational domain. The CFL is set to be 0.1, and the non-dimensional
terminal time is 0.05. A wall boundary condition is prescribed for the right boundary while others are determined by the level set
function and the constant-pressure one-sided Riemann problem. The non-dimensional initial conditions for the Taylor bar are

Fig. 15(a) illustrates the conversion of the kinetic energy of the Taylor bar into internal energy, thereby maintaining energy
conservation and verifying the convergence of the proposed method. Fig. 15(b) displays the zero equipotential surface of the level set
function at the end of the calculation, with the final length of the Taylor bar being 4.573 (differs from the value of 4.555 reported in
[14]). The results in [39,48-50] indicate that varying constitutive models and computational methods can influence the final length
of the Taylor bar. The Stiffened-gas equation of state used in this paper may be “softer” than the Mie-Griineisen equation of state,
resulting in a shorter final length (4.6002 in [50] and 4.605 in [39].). Fig. 16 illustrates the x-direction deviator stress s,.,., y-direction
deviator stress s, shear stress s, distribution, and the elastic-plastic transition within the Taylor bar, with a value of 1 signifying a
plastic state, and a value less than 1 indicating an elastic state. The numerical results in 16 indicate that this paper’s method, which
accounts for non-conservative properties, provides a more detailed representation of the stress-dependent elastic-plastic transition
within the Taylor bar. In addition, numerical results prove that the two-dimensional expansion method is trustworthy.

7.6. Taylor bar impacting on a wall with the Jaumann correction

To evaluate the path-conservative scheme incorporating the Jaumann correction, we recompute the Taylor bar impact on a wall
test case, maintaining the same initial conditions as previously set.
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The numerical results in Fig. 17(a) show that by the end time, all kinetic energy has been converted into internal energy. Fig. 17(b)
illustrates the final shape of the Taylor bar, with a length of 4.574. Fig. 18(a—d) display the corresponding stress components in the x-
direction, y-direction, shear stress, and elastic-plastic transition results. We observe that after incorporating the Jaumann correction,
the stress contour details indeed change compared to the results in Fig. 16. Additionally, the numerical results indicate that the
path-conservative method proposed in this paper can be extended to more complex non-conservative terms.

8. Conclusions

In this work, a path-conservative finite volume scheme for hypo-elastic plastic solids was proposed. This scheme can account
for the elastic-plastic transition and effectively couple the non-conservative characteristics of the stress equation by using the path-
conservative method. This method constructs a suitable path for the shock wave and demonstrates its compatibility with the physical
property of Hooke’s law. Moreover, by utilizing the dimension splitting method, we extend the one-dimensional theory to two dimen-
sions, allowing various existing elastic-plastic solid approximate solvers to be logically interpreted within this unified framework.
We further extend the two-dimensional work to incorporate the Jaumann correction, demonstrating the robust extensibility of the
path-conservative method developed in this paper. Numerical results confirm that the proposed method yields accurate numerical
results and provids a more detailed representation of the stress-dependent elastic-plastic transition.

In the future, to enhance the resolution of elastic-plastic transition, the path-conservative discontinuous Galerkin method for one-
and high- dimensional elastic-plastic solids will be developed. Furthermore, integrating the non-conservative approach proposed in
this paper with a genuinely high-dimensional approximate Riemann solver may better capture the dimensional effects on shear stress.
Additionally, we also hope to extend this work to a broader range of elastic-plastic constitutive models, including hyperelastic models,
in the future.
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