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Abstract

Clouds are one of the most important and at the same time one of the most uncer-
tain components in the Earth-atmosphere system. In this thesis, we first consider a
deterministic model for warm clouds derived from physical principles. This cloud model
consists of the Navier-Stokes equations describing weakly compressible flows coupled to
evolution equations for liquid water phases. In addition, we investigate two stochastic
models which are derived from the deterministic one. The first stochastic model exhibits
uncertainties in the cloud representations which do not propagate to the flow variables,
whereas the second model is fully stochastic. Since cloud models are associated with very
rich dynamics, especially due to their multi-scale behavior, and since a quantification of
their uncertainties is computationally expensive, their numerical simulation requires so-
phisticated methods. In this work, we develop and study finite volume schemes with
implicit-explicit time discretization combined with a spectral expansion in the stochastic
space. We conduct extensive numerical benchmarking for both the deterministic and the
stochastic models and compare the accuracy of the developed stochastic method for the
fully stochastic model against a standard sampling method. In numerical experiments of
two and three-dimensional Rayleigh-Bénard convection we further demonstrate the appli-
cability of our stochastic methods for uncertainty quantification in complex atmospheric
models.
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Zusammenfassung

Wolken sind nicht nur eine der wichtigsten, sondern auch eine der unsichersten Kom-
ponenten in dem System von Erden und Atmosphäre. In dieser Arbeit betrachten
wir erst ein deterministisches Modell für warme Wolken, das aus den Navier-Stokes-
Gleichungen für schwach-kompressible Strömungen sowie aus Evolutionsgleichungen für
Flüssigwasserphasen besteht. Des Weiteren untersuchen wir zwei stochastische Modelle,
die aus dem deterministischen Modell abgeleitet sind. Das erste stochastische Modell
enthält Unsicherheiten in den Wolkenrepräsentationsgleichungen, die sich nicht auf die
Flussvariablen ausbreiten, wohingegen das zweite Modell vollständig stochastisch ist.
Da Wolkenmodelle mit einer komplexen Dynamik, vorwiegend resultierend aus Mul-
tiskaleneffekten, einhergehen und da eine Quantifizierung ihrer Unsicherheiten rechen-
intensiv ist, bedarf es geeigneter Verfahren für ihre numerische Approximation. Wir
entwickeln und untersuchen hier Finite-Volumen-Verfahren mit implizit-expliziter Zeit-
diskretisierung kombiniert mit einer Spektralmethode im stochastischen Raum. Für das
deterministische sowie die stochastischen Modelle führen wir numerische Benchmark-
Teste durch und vergleichen die Genauigkeit des entwickelten stochastischen Verfahrens
mit der eines üblichen Samplingverfahrens. Durch numerische Experimente von zwei- und
dreidimensionaler Rayleigh-Bénard Konvektion demonstrieren wir zusätzlich die Anwen-
dungsmöglichkeit unseres stochastischen Verfahren zur Unsicherheitenquantifizierung in
komplexen atmosphärischen Modellen.
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1 Introduction

Clouds constitute one of the most important components in the Earth-atmosphere sys-
tem. They influence the hydrological cycle and by interacting with radiation they control
the energy budget of the whole system. However, clouds are one of the most uncertain
components and there exists no generally accepted cloud model derived from first prin-
ciples, as for example for atmospheric flows.

Clouds are composed by myriads of water particles in different phases (liquid and solid),
and thus they need to be described by a large ensemble in a statistical sense. A common
way of obtaining such an ensemble is by using a mass or size distribution, which would
lead to a Boltzmann-type evolution equation. Although there are some approaches avail-
able in the literature formulating cloud models in such a way [12, 61, 62], a complete
and consistent description is missing. Since measurements of size distributions of cloud
particles are difficult, we are often restricted to averaged quantities such as, for example,
the mass of water per dry air (mass concentrations). Therefore, models are often for-
mulated in terms of so-called bulk quantities, that is, mass and number concentrations
of the respective water species. Many processes are necessary to describe the time evo-
lution of the cloud as a statistical ensemble, that is, particle formation or annihilation,
growth/evaporation of particles, collision processes, and sedimentation due to gravity.
For each of the processes, we have to formulate a representative mathematical term in the
sense of a rate equation. Although for some processes the physical mechanisms are quite
understood, the formulation of the process rates usually contain uncertain parameters,
thus cloud models come with inherent uncertainty. On the other hand, the initial condi-
tions for atmospheric flows and the embedded clouds are also not perfectly constrained,
leading to uncertainties in the environmental conditions. It is well-known from former
studies that uncertainties in cloud processes and environmental conditions can lead to
drastic changes in simulations, thus these uncertainties influence the predictability of
moist atmospheric flows, clouds and precipitation crucially. The uncertainties can, for
instance, affect the distribution of latent heat, which in turn can influence atmospheric
dynamics, e.g., frontogenesis [53] or convection [45, 85].

For investigations of the impact of these uncertain cloud model parameters as well as the
impact of variations in environmental conditions on atmospheric flows, sensitivity studies
are usually carried out. Since one or more parameters are (randomly) varied, the Monte
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Carlo approach can be used. This, however, requires a large ensemble of simulations to be
conducted, which makes Monte Carlo methods computationally expensive and requires a
very fine sampling of the parameter space and possible environmental conditions. In most
practical studies, a much smaller set of ensembles (with about 10− 100 samples only) is
used. In order to improve both the efficiency and accuracy of a numerical method, we
choose a different way of representing random variations by using spectral expansions in
the stochastic space. This approach enables us to investigate the impact of variations
in cloud model parameters and initial conditions on the evolution of moist flows with
embedded clouds.

In this thesis, we will consider three mathematical models of cloud physics. The first
model (M1) is deterministic and consists of the Navier-Stokes equations coupled with
the cloud evolution equations for the water vapor, cloud water and rain presented in
[21, 79, 103]. In this model, the Navier-Stokes equations describe weakly compress-
ible flows with viscous and heat conductivity effects, while microscale cloud physics is
modeled by the system of advection-diffusion-reaction equations. Since meteorological
applications typically inherit several sources of uncertainties, such as model parameters,
initial and boundary conditions, purely deterministic models are insufficient in such sit-
uations and stochastic models need to be considered. Thus, the second model (M2)
is a stochastic version of the deterministic model (M1) to account for uncertainties in
input quantities and model parameters. In this model, which was investigated in [21],
we restrict our consideration to the case in which the uncertainties are only in the cloud
physics representation and do not propagate to the flow variables, that is, the Navier-
Stokes equations. A more consistent approach, where the uncertainties affect also the
flow, is realized by the third model (M3) in which the full cloud model is stochastic.

The main goal of this thesis is to develop suitable numerical methods for the three models,
in particular, to design an efficient numerical method for quantifying uncertainties in
solutions of the stochastic models (M2) and (M3).

In recent years, a wide variety of uncertainty quantification methods has been proposed
and investigated in the context of physical and engineering applications. These meth-
ods include stochastic Galerkin methods based on generalized polynomial chaos (gPC)
[25, 102, 125, 135, 146], stochastic collocation methods [82, 143, 145], and multilevel
Monte Carlo methods [94, 95, 117]. Each of these groups of methods has its pros and
cons. While results obtained by the Monte Carlo simulations are generally good, the ap-
proach is not very efficient due to the large number of realizations required. Stochastic
collocation methods are typically more efficient than the Monte Carlo ones since they
only require solving the underlying deterministic system at certain interpolation points
in the stochastic space. These data are then used to reconstruct the gPC expansion using
an appropriate set of orthogonal polynomials. The Monte Carlo as well as the stochastic
collocation method fall into a class of the non-intrusive methods. Stochastic Galerkin
methods offer an alternative approach for computing the gPC expansion. In general,
they are more rigorous and efficient than the Monte Carlo and collocation ones; see, e.g.,
[27]. The stochastic Galerkin method is an intrusive method since it requires changes
in the underlying code. One needs to solve a system of PDEs for the gPC expansion
coefficients.
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As a first step, we derive a second-order semi-discrete finite volume scheme for the purely
deterministic version of the coupled Navier-Stokes-cloud system (M1) which we proposed
in [79]. This method is based on the operator splitting approach, in which the system
is split into the macroscopic Navier-Stokes equations and microscopic cloud equations.
The Navier-Stokes equations are then solved by an implicit-explicit (IMEX) finite-volume
method, while the cloud equations are numerically solved by a finite-volume method com-
bined with an explicit Runge-Kutta method with an enlarged stability region [91]. Based
on this time and space discretization we develop a stochastic Galerkin method for the
stochastic cloud microphysics model (M2) and the fully stochastic Navier-Stokes-cloud
model (M3). In the case of stochastic cloud physics (M2) we need to solve the deter-
ministic Navier-Stokes equations coupled with the PDE system for the gPC expansion
coefficients for the cloud variables which is then solved in time and space by the dis-
cretizations of the deterministic model. In the case of the fully stochastic model (M3)
we extend the approach of the stochastic cloud physics model (M2) to the Navier-Stokes
equations and then also end up with a PDE system for the gPC expansion coefficients of
the Navier-Stokes variables. Finally, we carry out experimental convergence studies for
our developed numerical methods, the deterministic and the stochastic ones, and present
and discuss numerical experiments for two-dimensional (2D) and three-dimensional (3D)
Rayleigh-Bénard convection.

The underlying work is organized as follows: In Chapter 2 we present mathematical
modeling approaches for warm clouds. For the dynamics of fluids we introduce the com-
pressible Navier-Stokes equations and for the cloud dynamics evolution equations for the
liquid water phases. Based on that, we introduce in Chapter 3 the three different models
which will be investigated in this work, that is, the deterministic cloud model (M1), the
model with stochastic cloud dynamics (M2) and the fully stochastic cloud model (M3).
We also state some existence and uniqueness results in the deterministic case for the
ordinary differential equations (ODE) cloud model on which our cloud dynamics system
is based, as well as for the compressible Navier-Stokes equations and a full moist at-
mospheric flow model similar to ours. The fourth chapter is devoted to a presentation
of the numerical scheme for the deterministic cloud model (M1). We begin the chapter
by introducing general finite volume methods for the space discretization and illustrate
how a general Godunov-type scheme can achieve higher order of accuracy. We introduce
Runge-Kutta methods for the time discretization and the Strang operator splitting ap-
proach which allow us to use different time integration methods for the Navier-Stokes
and the cloud equations. This allows to take multiscale effects of cloud dynamics into
account. Then we present implicit-explicit methods as well as an explicit Runge-Kutta
method with an extended stability region which is third-order consistent in time, the
DUMKA3 method. Afterward, in Chapter 5, we present the numerical methods for the
stochastic models. We start by providing a general overview of uncertainty quantifica-
tion and possible uncertainty quantification methods for cloud modeling and then focus
on stochastic spectral methods, especially the stochastic Galerkin method which is the
method of our choice. In Chapter 6 we exhibit experimental convergence studies and
numerical experiments of dry and moist Rayleigh-Bénard convection in 2D and 3D with
the deterministic cloud model (M1). In Chapter 7 we then present numerical result
for the stochastic models (M2) and (M3). We begin by investigating the experimental
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convergence and then state results for the stochastic Rayleigh-Bénard convection in 2D
and 3D, where we compare the results obtained with all three different models in the
case of uncertainty in the initial conditions. At the end of the chapter, we compare the
stochastic Galerkin method with the Monte Carlo as well as the stochastic collocation
method in one experimental scenario. We conclude our work in Chapter 8 and outline
some possible future investigations. In Appendices A and B we state a closure for single
moment schemes and an explicit formulation of the cloud equations which we used in
our implementation.
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In this chapter, we introduce mathematical models for describing dynamics of clouds
and fluids. We derive, in particular, a model for warm clouds that consists of evolution
equations for the liquid water phases. The numerical study, especially the uncertainty
quantification, of the coupled model (the dynamics of clouds combined with the dynamics
of fluids) will be the chief subject of this thesis and will be addressed in the following
chapters. For clarity, we build up the models separately.

To begin with we introduce in Section 2.1 the compressible Navier-Stokes equations
which will be used to model fluid flows. Afterwards, we discuss in Section 2.2 the cloud
equations that will be considered in this thesis and provide an overview of some aspects
of cloud microphysics that play a role in modeling.

The modeling techniques we consider in Section 2.2 are a combination of different ap-
proaches that will be explained during the modeling process. The cloud model itself is
based on [103], where the ODE form of the model was first introduced and where the
involved processes are discussed in more detail. The description presented here is taken
from [21]. The compressible Navier-Stokes equations in Section 2.1 are widely used for
modeling air dynamics and our derivation is based on [78, 141]. For the prerequisites,
we refer to [136] and for more details on continuum mechanics to [47, 112].

For alternative representations of cloud dynamics and their numerical investigations, we
refer the reader to [11, 110] and references therein.

Remark 2.1: The considered cloud processes are as in [21] with the only difference that
we have now considered the constant k2 more precisely and set k2 = 4083.

2.1 Dynamics of fluids
In this section, we will introduce the model that we use for describing dynamics of
moist air, namely the nonhydrostatic compressible Navier-Stokes equations that model
moist air as a compressible and viscous fluid. Additionally, we will make a few other
assumptions on the fluid that will be explained during the modeling and derivation
process.
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Remark 2.2: A common modeling approach in meteorology is to model air as an incom-
pressible fluid since air is weakly compressible. The corresponding equations are called
the incompressible Navier-Stokes equations. Another commonly applied simplification is
to assume that the fluid has zero viscosity because the viscosity of air is very low. The
incompressible Navier-Stokes equations then reduce to the incompressible Euler equa-
tions. We decided against applying these assumptions, because we want to start with a
general model and then investigate structure formation and identify the terms that are
responsible for the formation of structures. For example, as already found out by Turing,
see [126], diffusion plays a crucial role in the process of pattern formation. Consequently,
it is not a priori clear if simulations based on the incompressible Euler equations will
lead to the same patterns as such based on the compressible Navier-Stokes equations.

There exist many different ways to mathematically describe the motion of fluids. We will
choose the way of continuum mechanics, where the evolution of the observed (macro-
scopic) variables is formulated in terms of partial differential equations (balance laws).
These laws obey the fundamental physical principles, namely conservation of mass, mo-
mentum and energy.

There are two reference systems for describing fluid motion, the Lagrangian and the
Eulerian reference system. In the Lagrangian setup, each fluid particle is followed along
their trajectory through time and space, whereas in the Eulerian setup the change of
the fluid flow is described at specific locations. In this thesis, we choose the Eulerian
reference system and describe the state of the flow and its change over time. However,
we will also use the terminology of trajectories (for a hypothetical particle) and control
volumes.

We consider a bounded domain Ω ⊆ Rd with d ∈ N+ (in our applications the space
dimension is d = 2 or d = 3) and a time interval [0, T ], where T > 0 is the final
time. Let x = (x1, . . . , xd)T ∈ Ω denote a point in the domain Ω and t ∈ [0, T ] a
time instant. The change of the observed variables is then determined by the velocity
u(x, t) = (u1(x, t), . . . , ud(x, t))T of the fluid passing through the point x at time t. For
now, the function F : Rd × R → R will stand for a general observed variable. Later, it
will be replaced by mass, momentum and energy.

We start by introducing the terminologies of trajectories and control volumes. Since we
are not in the Lagrangian setup, we can think of hypothetical particles.

Definition 2.1 (Trajectory)
Let X : Rd × R → Rd be a continuously differentiable function with X(x̃, 0) = x̃ ∈ Ω
and ∂

∂t
X(x̃, t) = u(x, t), where x = X(x̃, t). For every fixed x̃ ∈ Ω the function X(x̃, ·)

is called a trajectory of a particle that started at the point x̃.

We note that the functionX is a mapping between Lagrangian and Eulerian coordinates.

If we now set x = X(x̃, t), which describes the path of the fluid particle that at time 0
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x1

x3

x2

σ(0) σ(t)

Figure 2.1: Control volume transported with the flow over time.

was at location x̃ ∈ Ω, and apply the chain rule, we get

d
dtF (x, t) = d

dtF (X(x̃, t), t) = ∂F (X(x̃, t), t)
∂t

+
d∑
i=1

∂F (X(x̃, t), t)
∂xi

∂Xi(x̃, t)
∂t

= ∂F (x, t)
∂t

+ u(x, t) · ∇F (x, t).

(2.1)

Definition 2.2 (Material and convective derivative)
The derivative d

dtF (x, t) in equation (2.1) is called material derivative and the term
u(x, t) · ∇F (x, t) is called convective derivative.

Definition 2.3 (Control volume)
We denote by σ(0) ⊂ Ω an open, connected and bounded subset of our domain Ω at
start time 0 and call it control volume. Then

σ(t) = {X(x, t) : x ∈ σ(0)}

is the control volume transported with the flow at time t.

The idea of a control volume and its time evolution is illustrated in Figure 2.1.

With these tools, we are now able to formulate the transport theorem of Reynolds, which
describes the change of the amount of a quantity given by F in the control volume σ(t)
over time. We note that both the quantity F and the control volume σ(t) depend on
time.

Theorem 2.1 (Reynolds transport theorem, [47, 105])
Let the function F : Rd×R→ R as well as the mappingX(t) : Rd → Rd be continuously
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differentiable. Then the equality
d
dt

∫
σ(t)

F (x, t) dx =
∫
σ(t)

∂F

∂t
(x, t) + u(x, t) · ∇F (x, t) + F (x, t)∇ · u(x, t) dx

=
∫
σ(t)

∂F

∂t
(x, t) +∇ · (F (x, t)u(x, t)) dx

(2.2)

holds for every control volume σ(t).

Proof. For the proof of the first equality we refer to [136, pages 21-23], the second one
is obtained by using the chain rule.

An alternative form of the transport theorem can be obtained by using the divergence
theorem which allows us to rewrite the volume integral of ∇ · (F (x, t)u(x, t)) into a
surface/boundary integral, more precisely,

d
dt

∫
σ(t)

F (x, t) dx =
∫
σ(t)

∂F

∂t
(x, t) dx+

∫
∂σ(t)

(F (x, t)u(x, t)) · n(x, t) dS, (2.3)

where ∂σ(t) is the boundary of σ(t) and n(x, t) is the outward pointing unit normal
vector at the point x ∈ ∂σ(t). Equation (2.3) and consequently the transport theorem
of Reynolds state that the change of the amount of the quantity ( d

dt

∫
σ(t) F (x, t) dx) is

determined by the amount of change inside the volume (
∫
σ(t)

∂F
∂t

(x, t) dx) plus the flux
of the quantity through the boundary of the volume (

∫
∂σ(t) (F (x, t)u(x, t)) ·n(x, t) dS).

If we consider general balance laws, the change of the amount of the quantity will also
be influenced by the change inside the volume due to sources and sinks, which we will
denote by s(x, t). Consequently, we obtain

d
dt

∫
σ(t)

F (x, t) =
∫
σ(t)

s(x, t) dx

and by applying the Reynolds transport theorem (2.2) and bringing all the terms to the
left-hand side (LHS), we get∫

σ(t)

∂F

∂t
(x, t) +∇ · (F (x, t)u(x, t))− s(x, t) dx = 0. (2.4)

Since (2.4) holds for every control volume, it follows from the fundamental lemma of
calculus of variations that the integrand itself has to be zero, leading to the partial
differential equation for general balance laws

∂F

∂t
(x, t) +∇ · (F (x, t)u(x, t))− s(x, t) = 0. (2.5)

With these prerequisites, we are now able to formulate the fundamental physical princi-
ples, the conservation of mass, the balance of momentum and the balance of energy. We
follow the approach of [78, 141].
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2.1 Dynamics of fluids

2.1.1 Conservation of mass
Here, we introduce the basic law of physics, the conservation of mass, which states that
the amount of mass stays constant over time. Mass can neither be created nor destroyed.

The mass of a fluid is given by the integral of its density over the respective volume.
Thus, denoting the density function by ρ : Rd × R→ R (i.e., ρ(x, t) is the fluid density
at point x ∈ Ω at time t ∈ [0, T ]) the mass in a control volume σ(t) is given by∫

σ(t)

ρ(x, t) dx.

Requiring that the mass stays constant over time means that the rate of change over
time is zero. If ρ is sufficiently smooth, this can be expressed as

d
dt

∫
σ(t)

ρ(x, t) dx = 0

and we may apply the transport theorem of Reynolds (2.2) to obtain∫
σ(t)

∂ρ

∂t
(x, t) +∇ · (ρ(x, t)u(x, t)) dx = 0 (2.6)

for every control volume σ(t) ⊂ Ω with t ∈ [0, T ]. Since (2.6) holds for every control
volume, the integrand itself has to be zero, leading to the partial differential equation
for the conservation of mass

∂ρ

∂t
(x, t) +∇ · (ρ(x, t)u(x, t)) = 0 for x ∈ Ω and t ∈ [0, T ]. (2.7)

For simplicity, we will write (2.7) as

ρt +∇ · (ρu) = 0. (2.8)

Remark 2.3: One could also have derived the mass conservation by using equation (2.5)
for the density ρ. Since it should be a conservation law, the sources and sinks would be
equal to zero and we would end up with equation (2.8).

2.1.2 Balance of momentum
In this subsection, we will derive a balance law for the momentum, which is the product
of the mass and the flow velocity, that means the momentum density ρu integrated over
a volume. Substituting the momentum density into the general balance law (2.4) results
in the following system of equations for the momentum∫

σ(t)

∂ρu

∂t
(x, t) +∇ · (ρu(x, t)⊗ u(x, t)) dx =

∫
σ(t)

s(x, t) dx, (2.9)

9



2 Modeling

where ⊗ is the outer vector product.

The forces on the right-hand side (RHS) of (2.9) are still to be determined. In fact, there
are two types of forces acting in a flow, namely the body forces and the surface forces,
also called contact forces. In the following, we will describe these forces.

In our case, only gravity is considered acting as a body force. In general, a body force
is a force acting on material particles and thus obeys Newton’s second law. This means
that the total force acting on a control volume σ(t) is given through∫

σ(t)

ρ(x, t)f(x, t) dx, (2.10)

where f(x, t) denotes the acceleration due to gravity. Denoting by ed the unit vector
in vertical direction (i.e., ed = (0, 1) if d = 2 and ed = (0, 0, 1) if d = 3) we get
f(x, t) = −ged, where g is the gravitational acceleration, and so (2.10) reads∫

σ(t)

ρ(x, t)f(x, t) dx =
∫
σ(t)

ρ(x, t)(−ged) dx. (2.11)

The surface forces can be described by a stress tensor τ through the surface integral∫
∂σ(t)

τ (x, t) · n(x, t) dS. (2.12)

Using the divergence theorem we can rewrite (2.12) into a volume integral, i.e.,∫
∂σ(t)

τ (x, t) · n(x, t) dS =
∫
σ(t)

∇ · τ (x, t) dx. (2.13)

Inserting (2.11) and (2.13) for the force term on the RHS of (2.9) gives∫
σ(t)

∂ρu

∂t
(x, t) +∇ · (ρu(x, t)⊗ u(x, t)) dx =

∫
σ(t)

ρ(x, t)(−ged) dx+
∫
σ(t)

∇ · τ (x, t) dx.

(2.14)
Since equations (2.14) again hold for every control volume σ(t), it follows that

∂ρu

∂t
(x, t) +∇ · (ρu(x, t)⊗ u(x, t)) = ρ(x, t)(−ged) +∇ · τ (x, t). (2.15)

It remains to determine the stress tensor τ which describes the normal and shear forces
that act on the surface of a body. Cauchy’s theorem ensures that there exists a tensor
that fulfills equation (2.15) and it says that the tensor is symmetric, which means that
the angular momentum is balanced. For the proof of the theorem we refer to [47, pages
101ff.]. The so called constitutive relation determines now the stress tensor by relating
it to the motion of the fluid. Looking at inviscid fluids that exhibit no shear stresses,

10



2.1 Dynamics of fluids

it can be shown that the normal forces are given by −p(x, t)Id, where p is the pressure
and Id is the identity matrix, see, e.g., [112]. Thus, we can write the stress tensor as

τ (x, t) = −p(x, t)Id + τV (x, t), (2.16)

where τV denotes the viscous part of the stress tensor. The first assumption that we
will make is that τV depends linearly on the strain rate tensor ∇u+ (∇u)> that models
the deformation of the fluid. This is equivalent to saying that the fluid is a Newtonian
fluid, which is a proper assumption for air and water. Additionally, we assume that the
volume viscosity is negligible, which means that the mechanical pressure is equal to the
thermodynamic pressure (i.e. the relaxation time is so small that it is assumed to be
zero). All in all, this leads to

τV (x, t) = µ(x, t)
(
∇u(x, t) + (∇u(x, t))>

)
, (2.17)

where µ is the dynamic viscosity. The dynamic viscosity can be expressed through the
kinematic viscosity µm through the relation µm(x, t)ρ(x, t) = µ(x, t), which for (2.17)
yields

τV (x, t) = µm(x, t)ρ(x, t)
(
∇u(x, t) + (∇u(x, t))>

)
. (2.18)

Inserting (2.16) and (2.18) in equation (2.15) gives the following balance equation for
the momentum

∂ρu

∂t
(x, t) +∇ · (ρu(x, t)⊗ u(x, t)) = ρ(x, t)(−ged)

+∇ ·
(
−p(x, t)Id + µm(x, t)ρ(x, t)

(
∇u(x, t) + (∇u(x, t))>

))
.

(2.19)

For simplicity, we will write (2.19) as

(ρu)t +∇ ·
(
ρu⊗ u+ p Id− µmρ

(
∇u+ (∇u)>

))
= −ρged. (2.20)

Here, µm depends on space and time. In what follows, we will take a simplified approach
and assume it to be constant.

2.1.3 Balance of energy
The last balance law that we will consider for the fluid motion is the balance of energy.
Let E denote the total energy per unit mass given by

E = e+ 1
2u · u, (2.21)

where e is the internal energy and 1
2u · u the kinetic energy. Here, · denotes the scalar

product. Then the total energy in a volume is given by the integral of the energy density
ρE over this volume. By substituting the energy density into the general balance law
(2.4), we end up with∫

σ(t)

∂ρE

∂t
(x, t) +∇ · (ρE(x, t)u(x, t)) dx =

∫
σ(t)

s(x, t) dx. (2.22)

11



2 Modeling

The first law of thermodynamics states that the change of energy is given by the rate
of work −W of the system on its surroundings, meaning the rate of body and surface
forces, as well as the rate of heat Q added to the system. By adapting the RHS in (2.22)
according to this, we get∫

σ(t)

∂ρE

∂t
(x, t) +∇ · (ρE(x, t)u(x, t)) dx = W (σ(t)) +Q(σ(t)). (2.23)

Following the approach used for the balance laws, see (2.11) and (2.12), the rate of work
is given by

W (σ(t)) =
∫
σ(t)

ρ(x, t)f(x, t) · u(x, t) dx+
∫

∂σ(t)

(τ (x, t) · u(x, t)) · n(x, t) dS

=
∫
σ(t)

ρ(x, t)(−ged) · u(x, t) dx+
∫
σ(t)

∇ · (τ (x, t) · u(x, t)) dx.
(2.24)

We now denote by q the rate of added heat per unit mass and by h the heat flux density,
meaning the heat flux per unit area, through ∂σ(t). Thus we can write the rate of added
heat in the volume σ(t) as

Q(σ(t)) =
∫
σ(t)

ρ(x, t)q dx−
∫

∂σ(t)

h(x, t) · n(x, t) dS

=
∫
σ(t)

ρ(x, t)q dx−
∫
σ(t)

∇ · h(x, t) dx.
(2.25)

Inserting (2.24) and (2.25) into equation (2.23) gives∫
σ(t)

∂ρE

∂t
(x, t) +∇ · (ρE(x, t)u(x, t)) dx =

∫
σ(t)

ρ(x, t)(−ged) · u(x, t)

+∇ · (τ (x, t) · u(x, t)) + ρ(x, t)q −∇ · h(x, t) dx.
(2.26)

Since equation (2.26) holds for every control volume σ(t), it follows that
∂ρE

∂t
(x, t) +∇ · (ρE(x, t)u(x, t)) = ρ(x, t)(−ged) · u(x, t)

+∇ · (τ (x, t) · u(x, t)) + ρ(x, t)q −∇ · h(x, t).
(2.27)

To determine the heat flux density h, we use a constitutive relation that is obtained
from Fourier’s law. It relates the heat flux density to the temperature gradient in the
following way

h(x, t) = −κ∇T (x, t), (2.28)
where κ is the thermal conductivity and T the temperature. Inserting (2.28) into the
energy balance equation (2.27) and bringing the heat term to the LHS results in
∂ρE

∂t
(x, t) +∇ · (ρE(x, t)u(x, t)− κ∇T (x, t))

= ρ(x, t)(−ged) · u(x, t) +∇ · (τ (x, t) · u(x, t)) + ρ(x, t)q.
(2.29)

12



2.1 Dynamics of fluids

For simplicity, we will now omit the dependence on time and space and thus write (2.29)
as

∂ρE

∂t
+∇ · (ρEu− κ∇T ) = −ρged · u+∇ · (τ · u) + ρq. (2.30)

We want to express (2.30) in terms of the internal energy e. Therefore, we substitute
(2.21) into equation (2.30), which leads to

∂ρe

∂t
+ ∂ρ

∂t

1
2u · u+ ∂u

∂t
· ρu+∇ · (ρu)1

2u · u+ (∇u) · ρu · u

+∇ · (ρeu− κ∇T ) = −ρged · u+∇ · (τ · u) + ρq.

Using the conservation of mass gives ∂ρ
∂t

1
2u · u+∇ · (ρu)1

2u · u = 0 and thus

∂ρe

∂t
+ ∂u

∂t
·(ρu)+(∇u) ·(ρu) ·u+∇·(ρeu− κ∇T ) = −ρged ·u+∇·(τ ·u)+ρq. (2.31)

Next, we will rewrite the balance of momentum (2.15) in a suitable way and subtract
the result from (2.31). Using the chain rule, (2.15) can be written as

∂ρ

∂t
u+ ∂u

∂t
ρ+∇ · (ρu)u+ (∇u) · (ρu) = −ρged +∇ · τ

and due to the conservation of mass we have ∂ρ
∂t
u+∇ · (ρu)u = 0 and thus

∂u

∂t
ρ+ (∇u) · (ρu) = −ρged +∇ · τ . (2.32)

Multiplying (2.32) with the vector u from the right leads to

∂u

∂t
· (ρu) + (∇u) · (ρu) · u = −ρged · u+ (∇ · τ ) · u. (2.33)

Subtracting (2.33) from (2.31) gives the following balance law for the internal energy

∂ρe

∂t
+∇ · (ρeu− κ∇T ) = ρq +∇ · (τ · u)− (∇ · τ ) · u. (2.34)

We will now make the assumption that we model an ideal gas, meaning that we assume
that particles are points and that the kinetic energy of the particles stays the same during
collisions and is not transformed. The advantage of this assumption is that an ideal gas
obeys the ideal gas law

p = RρT, (2.35)
a simplified equation of state that relates the pressure p to the temperature T . Here,
R = cp − cv is the ideal gas constant of dry air, cp is the specific heat capacity of dry air
for constant pressure and cv the one for constant volume.

Remark 2.4: For the moment, we just consider the equation of state for dry air. When
we later couple the balance laws for a fluid derived in this section to the balance laws
for liquid water phase concentrations, we will modify (2.35) and (2.43) so that they hold
for moist air, see Section 3.1.
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2 Modeling

It is also known that in an ideal gas the internal energy e only depends on the temperature
T and is given through

e(T ) = cvT. (2.36)

Inserting (2.36) into (2.34) leads to

cv
∂ρT

∂t
+∇ · (cvρTu− κ∇T ) = ρq +∇ · (τ · u)− (∇ · τ ) · u. (2.37)

When considering adiabatic processes, one can express the temperature in terms of a
new conserved quantity, the potential temperature θ. We will briefly demonstrate how
to obtain this relation. The first law of thermodynamics for an infinitesimal process
states

de = δQ+ δW, (2.38)

where de is the change of internal energy, δQ is a small amount of added heat added
and −δW is a small amount of work performed by the system on its surroundings. The
second law of thermodynamics states that δQ is proportional to the change of entropy.
In adiabatic processes, energy is transferred to the surroundings only as work, thus, the
change of entropy is zero. Furthermore, the work is only pressure-volume work, which
means −δW = pdV , where V is the specific volume. Hence, the first law reduces to

de = −pdV. (2.39)

Adding d(pV ) on both sides of equation (2.39) leads to

de+ d(pV ) = −pdV + d(pV )
⇔ d(e+ pV ) = V dp.

(2.40)

By noting that the specific volume is given through 1
ρ
and that the expression on the

LHS of the last equation in (2.40) is the change of enthalpy, which for an ideal gas is
cpdT , we obtain

cpdT = 1
ρ
dp. (2.41)

Multiplying (2.41) by ρ/p, using the ideal gas law (2.35) and rearranging gives

dT

T
= R

cp

dp

p
. (2.42)

Integrating (2.42) from p0, the reference pressure at sea level, to a pressure p1 leads to

T (p1)∫
T (p0)

dT

T
=

p1∫
p0

R

cp

dp

p
⇔ ln(T (p1))− ln(T (p0)) = R

cp
(ln(p1)− ln(p0))

⇔ T (p1)
T (p0) =

(
p1

p0

) R
cp

.
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2.1 Dynamics of fluids

Solving for T (p0) =: θ and substituting p := p1, one obtains the following equation for
the temperature needed to move a parcel adiabatically to the pressure level p0

θ = T

(
p0

p

) R
cp

.

Solving, on the other hand, for the temperature T , gives the following relation

T = θ

(
p

p0

) R
cp

. (2.43)

In atmospheric applications, it is common to use as conservative variable the potential
temperature θ instead of the temperature T . Consequently, our next goal is to rewrite
(2.37) in terms of the potential temperature θ. We start by inserting (2.35) into (2.43)
which gives the following equation for the temperature

T = θ
cp
cv

(
Rρ

p0

) R
cv

(2.44)

which just depends on the density ρ and the potential temperature θ. If we would insert
(2.44) into equation (2.37) we would get a balance for the potential temperature that
would be very complicated. Here, we choose an approach that is partly heuristic, but
will lead to a much simpler equation for the potential temperature. First we discard the
source term ρq in (2.37) as well as the viscous effects that are modeled through −∇(κ∇T )
and the viscous stress tensor τV . That is, we consider an inviscid fluid for which there is
an energy conservation without sources or sinks. Under these assumptions the following
equation for the stress tensor holds

∇ · (τ · u)− (∇ · τ )u = −∇ · (p Id · u) + (∇ · p Id)u = −p∇ · u.

In particular, (2.37) reduces to

cv
∂ρT

∂t
+ cv∇ · (ρTu) + p∇ · u = 0. (2.45)

Dividing by cv and inserting (2.35) in (2.45) gives

∂ρT

∂t
+∇ · (ρTu) + R

cv
ρT∇ · u = 0.

Next, we insert the representation for the temperature (2.44) which –after careful com-
putation of the derivatives using the chain rule– leads to(

Rρθ

p0

) R
cv
(
cp
cv

∂ρθ

∂t
+∇ · (ρθu) + R

cv
u · ∇(ρθ) + R

cv
ρθ∇ · u

)
= 0.

Observing that 1 + R
cv

= cp
cv
, we obtain(
Rρθ

p0

) R
cv
(
cp
cv

∂ρθ

∂t
+ cp
cv
∇ · (ρθu)

)
= 0
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and dividing by cp
cv

(
Rρθ
p0

) R
cv we get

∂ρθ

∂t
+∇ · (ρθu) = 0. (2.46)

This means that the balance of energy (2.37) in terms of temperature is equivalent to
the conservation of potential temperature (2.46). We note that we have assumed that
there is no viscosity and that there are no heat sources or sinks, e.g., phase changes.
Since they are effectively present, we follow the modeling approach in [110] and add a
source term for the potential temperature denoted by Sθ and we choose to model viscous
effects through the term −µh∇ · (ρ∇θ), where µh can be seen as thermal conductivity.
By adding both of these terms to (2.46), we obtain

(ρθ)t +∇ · (ρθu− µhρ∇θ) = Sθ, (2.47)

which will be our equation to model the balance of energy.

Remark 2.5: The term Sθ will be specified in Chapter 3, see equation (3.2).

2.1.4 Compressible Navier-Stokes equations
Combining the conservation of mass (2.8), the balance of momentum (2.20) and the
balance of energy (2.47), we end up with the following system of equations

ρt +∇ · (ρu) = 0,
(ρu)t +∇ ·

(
ρu⊗ u+ p Id− µmρ

(
∇u+ (∇u)>

))
= −ρged, (2.48)

(ρθ)t +∇ · (ρθu− µhρ∇θ) = Sθ.

The momentum equations are called the Navier-Stokes equations after Claude Louis
Marie Henri Navier (1785–1836) and George Gabriel Stokes (1819–1903), who derived
the momentum balance in a differential form for Newtonian fluids. Also, Siméon Denis
Poisson and Barré de Saint-Venant derived the balance of momentum, Saint-Venant even
before Stokes, but still the name Navier-Stokes equations became established.

System (2.48) is not yet closed since we have more unknowns than equations. This issue
will be solved in the next chapter in Section 3.1, where we will introduce the equation
of state for moist air that will relate the pressure p to the density ρ and the potential
temperature θ. There, we will also introduce the energy source term Sθ in the energy
equation, which can be determined when system (2.48) is coupled to the cloud equations.

2.2 Dynamics of clouds
In this section, we describe the different microscopic physical cloud processes and intro-
duce evolution equations, more precisely, advection-diffusion-reaction equations, for the
liquid phases of cloud water. We note that in this thesis we restrict our investigations to
clouds in the lower part of the troposphere, that is, to clouds consisting of liquid droplets
exclusively, such as warm clouds occurring at temperatures T > 273 K, where liquid
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2.2 Dynamics of clouds

water is the stable phase. All of the processes involving ice particles are left for future
research and future works. For the representation of liquid clouds, we use the so-called
single moment scheme, that is, equations for the bulk quantities of mass concentrations
of different water phases. For the representation of the relevant cloud processes, we
adapt a recently developed cloud model [103]. Note that for bulk models, the process
rates cannot be derived completely from first principles. Consequently, some uncertain
parameters show up naturally. This underlines the need for a rigorous sensitivity study
which is the goal of the present work.

Generally, we follow the standard approach in cloud physics modeling for separating
hydrometeors of different sizes as first introduced in [60]. This relies on the observation
that small droplets have a negligible falling velocity. In addition, measurements indicate
two different modes of droplets in the size distribution: small cloud droplets and large rain
drops [137]. Thus, we use the cloud variables qc and qr indicating the mass concentrations
of (spatially stationary) cloud droplets and (falling) rain drops, respectively, and the
water vapor concentration qv, that is,

q` = mass of the respective phase
mass of dry air for ` ∈ {v, c, r}. (2.49)

We then consider balance laws in the form of (2.3) derived in Section 2.1 for the mass
densities ρq` and, following [110], we add diffusive terms of the form −µq∇ · (ρ∇q`) for
` ∈ {v, c, r}, where µq is the cloud diffusivity. A priori, it is not clear that all the liquid
water pahses have the same diffusivity µq. We assume it here for simplicity, but in
general, a parameter study would be useful and neccessary to determine the diffusivities.
With this assumption the balance equations for the cloud variables read

(ρqv)t +∇ · (ρqvu− µqρ∇qv) = ρ(−C + E),
(ρqc)t +∇ · (ρqcu− µqρ∇qc) = ρ(C − A1 − A2), (2.50)

(ρqr)t +∇ · (−vqρqred + ρqru− µqρ∇qr) = ρ(A1 + A2 − E).

The rest of this section is devoted to a description of the different terms on the RHS of
(2.50), which represent the following relevant cloud processes, see [103].

2.2.1 Single particle properties
• General properties of a single water particle

As we exclusively investigate warm clouds, we can assume a spherical shape of
water particles. For small cloud droplets, this is a very good approximation. In
contrast to that, the shape of large rain drops is changed by drag effects [119, 120].
However, for our investigations of ensembles of rain drops, the spherical shape
approximation is still appropriate. Thus, mass and radius of droplets are related
by the usual equation

m = 4
3πρ`r

3 ⇐⇒ r =
(

3
4πρ`

) 1
3

m
1
3
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2 Modeling

with the liquid water density ρ` = 103 kg m−3. We make the general assumption
that small cloud droplets are stationary, while large rain drops are accelerated
by gravity. After balancing gravity by frictional forces, spherical rain drops fall
with a terminal velocity, depending only on the drop mass and the density of air.
According to [103], the terminal velocity for a droplet of mass m is given by

vτ (m) = αmβ

(
mτ

mτ +m

)β (
ρ∗
ρ

) 1
2

with
α = 190.3 m s−1 kg−β, β = 4

15 , mτ = 1.21 · 10−5kg,

and the reference density ρ∗ = 1.255 kg m−3 at T∗ = 288 K and p∗ = 101 325 Pa.
For masses m� mτ , we can approximate the terminal velocity by

vτ = αmβ

√
ρ∗
ρ
.

This approximation will be used in the description of the process accretion (collec-
tion of cloud droplets by rain drops).

• Diffusion processes: Growth and evaporation

Diffusion processes (transfer of water molecules to and from the liquid particle) can
be described by the following growth equation

dm

dt
= −4πrDvGρ(q∗ − qv) fv = − 4πDvG

(
3

4πρ`

) 1
3

︸ ︷︷ ︸
=:d

ρ(q∗ − qv)m
1
3fv,

where Dv denotes the diffusion constant, G determines corrections due to the la-
tent heat release for phase changes, and fv is the ventilation correction for large
particles taking into account the effect of flows around the falling spheres. A ther-
modynamics equilibrium is determined by the saturation mixing ratio

q∗ = q∗(p, T ) = εps(T )
p

with the ratio of molar masses of water and dry air ε and the saturation water
vapor pressure over a liquid surface ps(T ) given in [97]. By neglecting curvature
effects, water particles grow for qv > q∗ and evaporate for qv < q∗. According to
[104], the diffusion constant is given by

Dv = Dv0

(
T

T0

)1.94
p0

p

with

Dv0 = 2.11 · 10−5m2 s−1, T0 = 273.15 K, p0 = p∗ = 101 325 Pa.
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The impact of latent heat release is described by

G =
[(

L

RvT
− 1
)
Lps(T )
RvT 2

Dv

KT

+ 1
]−1

,

where the latent heat of vaporization is L = 2.53·106J kg−1 and the heat conduction
of dry air, see [26], is

KT = aKT
3
2

T + bK10
cK
T

with
aK = 0.002646 W m−1 K− 5

2 , bK = 245.4 K, cK = −12 K.
Ventilation of large spherical particles of radius r – that is, additional uptake of
water vapor by (turbulent) airflow around the particles – can be taken into account
using an empirical ventilation coefficient

fv = av + bvN
1
3

ScN
1
2

Re with av = 0.78, bv = 0.308,
where the Schmidt and Reynolds numbers are defined as

NSc = µ

ρDv

and NRe = ρ

µ
vτ (2r), (2.51)

respectively. In (2.51), µ is the dynamic viscosity of air. According to [26], it is
given by

µ = µ0T
3
2

T + Tµ
, where µ0 = 1.458 · 10−6s Pa K− 1

2 , Tµ = 110.4 K.

For cloud droplets, we neglect the ventilation correction. Thus, the mass rate of
diffusion for a cloud droplet of mass mc can be expressed as

dmc

dt
= dρ(qv − q∗)m

1
3
c .

For rain drops, growth due to diffusion is negligible, and thus the mass rate for
rain drops of mass mr satisfies

dmr

dt
= −dρ(q∗ − qv)+

[
aEm

1
3
r + bEvτ (mr)

1
2m

1
2
r

]
with

aE = av, bE = bv

(
µ

ρDv

) 1
3
√

2ρ
µ

(
3

4πρ`

) 1
6

.

Here, (·)+ := max(·, 0) denotes the positive part.

• Collision of rain drops with cloud droplets: Accretion

A spherical rain drop of mass mr (radius r) falls with terminal velocity vτ (mr)
through a volume V = πr2vτ (mr)∆t during a time interval ∆t and collects cloud
droplets of total mass Mc = V ρqc. Thus, the corresponding growth rate of the rain
drop is given by

dmr

dt
= k′2ρπqcvτ (mr)

(
3

4πρ`

) 2
3

m
2
3
r

with an efficiency k′2 > 0.
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2.2.2 Ensemble/collective properties
For the description of clouds as an ensemble of water particles, we would have to introduce
averaged quantities such as mass concentrations (as described above, that is, qc and qr)
as well as number concentrations of cloud droplets nc and rain drops nr. Since we do not
extend the systems of equations for these two quantities, we introduce relations between
mass and number concentrations in order to keep the main effects in a simplified way.

• Formation of cloud droplets: Activation

Cloud droplets can be formed by the activation of so-called cloud condensation
nuclei. Liquid aerosol particles can grow by water vapor uptake to larger sizes.
This effect can be described by the Köhler theory, see, e.g., [64, 101]. As described
in detail in [103], we represent the cloud droplet number concentration nc by a
nonlinear relation

nc = qc
N∞

qc +N∞m0
coth

(
qc

N0m0

)
.

Here, N∞ denotes the maximum number of cloud condensation nuclei that depends
on environmental conditions such as the cleanness of air, m0 can be interpreted
as the activation mass of cloud droplets, and N0 is the approximated number of
activated droplets at qv = q∗. In our investigations, we set these three parameters
to the following values

N∞ = 8 · 108 kg−1, m0 = 5.236 · 10−16kg, N0 = 103 kg−1.

For the initialization of the cloud droplet production, we introduce an additional
factor in case of supersaturation

Cact = N0 dρ(qv − q∗)+m0
1
3 . (2.52)

Remark 2.6: The activation term for the cloud droplet production Cact is necessary
for our model when starting with no cloud drops since we solve it explicitly in time.
In [103] it is not needed, because there an implicit time integration method is used.

• Relation between number and mass concentration for rain drops

In contrast to the formulation in [103], we do not include another equation for the
number concentration of rain drops. In a similar way as for cloud activation, we
use a relation between nr and qr, that is, a closure of the form nr = f(qr, cr). Since
we implicitly assume that the rain drops are distributed according to their size,
this approach should be used for mimicking the shape of the distribution properly.
We propose the (non)linear relation

nr = crq
γ
r , 0 < γ ≤ 1.

Assuming a constant mean mass of rain drops mr, we can determine the constants
as cr = mr

−1 and γ = 1. This approach would be meaningful for the case of
a symmetric size distribution of rain droplets centered around the mean mass.
However, it is well-known that size distributions of rain drops are usually skew to
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2.2 Dynamics of clouds

larger sizes. Thus, a linear relation is not appropriate. For sizes of rain drops,
often an exponential distribution is assumed. This leads to an exponent γ = 1

4
and a coefficient cr = cr0ρ

− 3
4 (cr0 = 23752.6753 kg−

1
4 m 3

4 , [cr] = kg−1) as derived in
Appendix A.

• Rates for diffusion processes

For the mass mixing ratios qc and qr, the rates for the diffusion processes are given
by multiplication of the single particle rates by the number concentration of the
respective particles, namely

dqc
dt

= nc
dmc

dt
, and dqr

dt
= nr

dmr

dt
.

Applying the relations between the mass and number concentrations as stated
above, we obtain

C1 = dqc
dt

= ncdρ(qv − q∗)mc

1
3
mc= qc

nc= dρ(qv − q∗)
(

N∞
qc +N∞m0

coth
(

qc
N0m0

)) 2
3

qc

and

E = −dqr
dt

= nrdρ(q∗ − qv)+

[
aEm

1
3
r + bEvτ (mr)m

1
2
r

]
mr= qr

nr= dρ(q∗ − qv)+

[
aEcr

2
3 q

1
3 +γ 2

3
r + bEcr

1
2vτ (qr)

1
2 q

1
2 +γ 1

2
r

]
using a reformulated terminal velocity

vτ (mr) = vτ (qr) = αqβr

(
mτ

qr +mτcrq
γ
r

)β (
ρ∗
ρ

) 1
2

.

Note that the rates for activation and diffusion growth of cloud droplets are com-
bined in the model formulation, that is, C = C1 + Cact.

• Rate for accretion

For the rate of accretion of rain water, we obtain

A2 = dqr
dt

= nr
dmr

dt
= k2ρπcr

1
3

(
3

4πρ`

) 2
3

qcvτ (qr)q
2+γ

3
r .

Note that for compensating effects of the averaging, the parameter k2 can be ad-
justed (such that k2 = 0.8 kg 6= k′2). The impact of the uncertainty of this pa-
rameter is of high interest since it cannot be measured or derived from the first
principles.

• Collisions of cloud droplets forming a rain drop: Autoconversion

Besides the growth of an existing rain drop by collecting cloud droplets, a rain
drop can be formed by the collision of two cloud droplets. According to [103], we
formulate the growth rate similarly to population models, namely

A1 = dqc
dt

= k1
ρq2

c

ρ`
.
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vapor

rain drops cloud drops

evaporation (E) condensation (C)

sedimentation

autoconversion (A1)

accretion (A2)

Figure 2.2: Processes and interactions between the liquid water phases vapor, cloud drops
and rain drops in the cloud equations.

Note that the coefficient k1 cannot be measured or derived from the first principles.
It is a free parameter that must be fixed using parameter estimations. Thus, the
impact of the uncertainty of this parameter is of high interest. In our deterministic
experiments, we choose k1 = 4083 kg s−1, as indicated in [103].

• Sedimentation of rain mass mixing ratio

We have added the convection term ∇·(−vqρqre3) to the equation for the evolution
of qr in (2.50), where

vq = vq(qr) = αqβr

(
mτ

qr +mτcrq
γ
r

)β (
ρ∗
ρ

) 1
2

. (2.53)

The parameter α can be derived empirically, but the influence of uncertainty in α
is of high interest.

Figure 2.2 summarizes the connections of the different liquid water phases and the in-
teractions between them.

Note that activation and diffusion processes are formulated explicitly, in contrast to the
usual approach of saturation adjustment (see, e.g., [67]). The latter is less accurate,
but commonly used in operational weather forecast models. This explicit formulation
introduces stiffness caused by modeling cloud processes on the RHS of the cloud equations
with fractional exponents between −1 and 1. In order to avoid the root evaluation for an
argument that is close to zero, we introduce a cut-off function and replace ζξ, ξ ∈ (−1, 1),
with {

ζξ, if ζ > 10−16,

0, otherwise.
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3 Cloud models

We introduce the different models that will be investigated in this work. The modeling
assumptions for the dynamics of clouds and fluids were explained in Chapter 2 and
will be combined to a coupled deterministic model in Section 3.1. Since meteorological
applications typically inherit several sources of uncertainties, such as model parameters,
initial and boundary conditions, we want to investigate uncertainty propagation and
therefore present in Section 3.2 random models, first just for the cloud dynamics in
Subsection 3.2.1 and then for the fully coupled model in Subsection 3.2.2.

3.1 Deterministic mathematical model
We study a mathematical model of cloud dynamics, which is based on the compressible
nonhydrostatic Navier-Stokes equations for moist atmosphere (that is, a mixture of the
ideal gases dry air and water vapor). The model is a combination of the balance equations
(2.48), which express basic physical principles, and balance equations for liquid water
phases (2.50) modeling cloud dynamics,

ρt +∇ · (ρu) = 0,
(ρu)t +∇ ·

(
ρu⊗ u+ p Id− µmρ

(
∇u+ (∇u)>

))
= −ρged,

(ρθ)t +∇ · (ρθu− µhρ∇θ) = Sθ,

(M1.a∗)

(ρqv)t +∇ · (ρqvu− µqρ∇qv) = ρ(−C + E),
(ρqc)t +∇ · (ρqcu− µqρ∇qc) = ρ(C − A1 − A2),

(ρqr)t +∇ · (−vqρqred + ρqru− µqρ∇qr) = ρ(A1 + A2 − E).
(M1.b∗)

All the quantities and variables were already introduced in Sections 2.1 and 2.2, but for
convenience we repeat briefly the notations here to obtain a compact model description:
ρ is the density, u = (u1, . . . , ud)> is the velocity vector, where d is the space dimension,
θ is the moist potential temperature, p is the pressure, g is the acceleration due to
gravity, µm is the dynamic viscosity, µh is the thermal conductivity, and µq is the cloud
diffusivity. Furthermore, ed = e3 = (0, 0, 1)> and ed = e2 = (0, 1)> in the 3D and
2D cases, respectively. We set µm = 10−3 and µh = 10−2 = µq for consistency as it is
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3 Cloud models

done in [110]. In general, a parameter study is necessary to determine µh. Note that
the systems (M1.a∗) and (M1.b∗) are coupled through the source term Sθ in the energy
equation. Due to phase changes (activation and growth/evaporation of water particles),
latent heat is released or absorbed. These processes are modeled by

Sθ = ρ
Lθ

cpT
(C − E) , (3.2)

where the terms C = C1 + Cact (condensation) and E (evaporation) are explained in
details in Section 2.2.2, Rates for diffusion processes.

We will follow the approach of [110] and close the system by using the ideal gas law for
moist air instead of using the one for dry air as in Section 2.1. Thus, the temperature T
can be obtained from the moist adiabatic ideal gas equation

T = R

Rm

θ

(
p

p0

)Rm/cp

,

where p0 = 105 Pa is the reference pressure at sea level. In addition to the usual definition
of a potential temperature, we use Rm = (1 − qv − qc − qr)R + qvRv with the ideal gas
constant of dry airR = 287.05 J/(kg·K), the gas constant of water vaporRv = 461.51 J/(kg·K)

and the specific heat capacity of dry air for constant pressure cp = 1005 J/(kg·K), cf. [110].
In order to close the system, we determine the pressure from the equation of state
including moisture

p = p0

(
Rρθ

p0

)γm
with γm = cp

cp −Rm

. (3.3)

We note that in the dry case Rm reduces to R, Sθ = 0 and the moist ideal gas equation
as well as the moist equation of state become their dry analogon, see (2.48) with (2.35)
and (2.43).

Solving the Navier-Stokes equations (M1.b∗) in a weakly compressible regime is known
to cause numerical instabilities due to the multiscale effects. We follow the approach
typically used in meteorological models, in which the dynamics of interest is described
by a perturbation of a background state, which is the hydrostatic equilibrium. The latter
expresses a balance between the gravity and pressure forces. Denoting by p̄, ρ̄, ū = 0, θ̄
and ρθ the respective background state, the hydrostatic equilibrium satisfies

∂p̄

∂xd
= −ρ̄g, Sθ = 0, (3.4)

where p̄ is obtained from the equation of state (3.3)

p̄ = p(ρθ) = p0

(
Rρθ

p0

)γm
. (3.5)

Let p′, ρ′, u′, θ′ and (ρθ)′ stand for the corresponding perturbations of the equilibrium
state, then

p = p̄+p′, ρ = ρ̄+ρ′, θ = θ̄+θ′, u = u′, ρθ = ρ̄θ̄+ ρ̄θ′+ρ′θ̄+ρ′θ′ = ρθ+(ρθ)′. (3.6)
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3.2 Stochastic mathematical model

The pressure perturbation p′ is derived from (3.3) and (3.5) using the following Taylor
expansion

p(ρθ) ≈ p(ρθ) + ∂p

∂(ρθ)
(
ρθ − ρθ

)
= p̄+ γmp0

(
Rρθ

p0

)γm (ρθ)′

ρθ
,

which results in
p′ ≈ γmp0

(
Rρθ

p0

)γm (ρθ)′

ρθ
.

Inserting the expansions (3.6) into the Navier-Stokes equations (M1.b∗) and using the
hydrostatic balance (3.4) directly leads to

ρ′t +∇ · (ρu) = 0,
(ρu)t +∇ ·

(
ρu⊗ u+ p′ Id− µmρ

(
∇u+ (∇u)>

))
= −ρ′ged, (3.7)

(ρθ)′t +∇ · (ρθu− µhρ∇θ) = Sθ.

Consequently, a physical motivation from the hydrostatic balance state leads to a nu-
merically preferable scaling and the perturbation formulation of the deterministic cloud
model (M1∗) then reads as

ρ′t +∇ · (ρu) = 0,
(ρu)t +∇ ·

(
ρu⊗ u+ p′ Id− µmρ

(
∇u+ (∇u)>

))
= −ρ′ged,

(ρθ)′t +∇ · (ρθu− µhρ∇θ) = Sθ,

(M1.a)

(ρqv)t +∇ · (ρqvu− µqρ∇qv) = ρ(−C + E),
(ρqc)t +∇ · (ρqcu− µqρ∇qc) = ρ(C − A1 − A2),

(ρqr)t +∇ · (−vqρqred + ρqru− µqρ∇qr) = ρ(A1 + A2 − E).
(M1.b)

From now on (M1) will always stand for the above deterministic cloud model and (M1.a)
will refer to the Navier-Stokes and (M1.b) to the cloud dynamics part.

3.2 Stochastic mathematical model
Meteorological applications typically inherit several sources of uncertainties, such as
model parameters as pointed out in Section 2.2, initial and boundary conditions. Conse-
quently, purely deterministic models are insufficient in such situations and more sophis-
ticated methods need to be applied to analyze the influence of uncertainties on numerical
solutions.

In general, there are different ways to represent and take into account model uncertainty.
A common way is to model the uncertainty through a Wiener process, for example, a
Brownian motion, and then obtain a stochastic differential equation which has to be
solved with proper numerical methods. In this thesis, we choose another widely used
approach, namely to describe the uncertainty by a random variable. To this end, we first
need to introduce some concepts. We start with the definition of abstract probability
spaces.
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3 Cloud models

Definition 3.1
A probability space is a triple (Γ, Σ, P ), where Γ is a nonempty set which is called sample
space, Σ is a σ-algebra over Γ which is called event space and P : Σ→ [0, 1] is a probability
measure. The sample space Γ is the set of all possible outcomes of an experiment, the
event space Σ contains all events of interest and the probability measure P satisfies the
postulates

1. P (∅) = 0,

2. P (Γ) = 1,

3. if {Ai}i∈N ⊂ Σ and Ai ∩ Aj = ∅ for all i, j ∈ N, then P
(
∞⋃
i=1

Ai

)
=
∞∑
i=1

P (Ai).

One can think of a probability space as a measure space where the measure of the whole
space is equal to 1, because P (Γ) = 1 holds.

Definition 3.2
A random variable is a measurable function X : Γ → R. Here, measurable means that
{ω ∈ Γ |X(ω) ≤ x} ∈ Σ for each x ∈ R. The probability that X takes the value y is
then given by

P (X = y) = P ({ω ∈ Γ |X(ω) = y}).

Definition 3.3
The value X(ω) of a random variable X for an outcome ω ∈ Γ is termed a realization of
X.

In the following, we will denote by ω always an outcome ω ∈ Γ.

Definition 3.4
Associated with every random variable X is a distribution function FX : R→ [0, 1] with

FX(x) := P (ω ∈ Γ|X(ω) ≤ x).

Definition 3.5
If the distribution function is absolutely continuous, it can be expressed as

FX(x) =
x∫

−∞

fX(s) ds,

where the derivative dFX(x)
dx

=: fX(s) : R → [0,∞) is called the probability density
function of X.

With these brief prerequisites, we will now introduce uncertainty first just for the cloud
dynamics in Section 3.2.1 and then for the whole coupled dynamics in Section 3.2.2. In
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3.2 Stochastic mathematical model

this thesis, we consider the cases where the uncertainty arises from the initial data or
some coefficients in the microphysical cloud parametrizations.

3.2.1 Stochastic cloud dynamics
We assume that either the initial data or some well-chosen model parameters, see Sec-
tion 2.2, depend on ω(= X(ω)), that is,

(ρq`)
∣∣
t=0 = (ρq`)(x, t = 0, ω) with ` ∈ {v, c, r} (3.9)

or
k1 = k1(ω), k2 = k2(ω), α = α(ω). (3.10)

Consequently, the solution at later times will also depend on ω, that is, (ρq`)(x, t, ω) for
` ∈ {v, c, r}, and then

((ρqv)(ω))t +∇ · ((ρqv)(ω)u− µqρ∇qv(ω)) = ρ(−C + E)(ω),
((ρqc)(ω))t +∇ · ((ρqc)(ω)u− µqρ∇qc(ω)) = ρ(C − A1 − A2)(ω),

((ρqr)(ω))t +∇ · ((ρqr)(ω)(−vq(ω)ed + u)− µqρ∇qr(ω)) = ρ(A1 + A2 − E)(ω).
(3.11)

From now on, we will stress the dependence on ω, but we will omit the dependence on
x and t to simplify the notation.

We would like to point out that the solution of the Navier-Stokes equations (M1.a) should
also depend on ω because of the source term Sθ which depends on quantities that depend
on ω. This case will be considered in Section 3.2.2. Here, we will consider a simplified
situation by replacing

Sθ(ω) = ρ
Lθ

cpT
[C((ρqv)(ω), (ρqc)(ω))− E((ρqv)(ω), (ρqr)(ω))]

in (M1.a) by S̄θ which only depends on the expected values of the cloud variables

S̄θ := ρ
Lθ

cpT
[C(E[ρqv],E[ρqc])− E(E[ρqv],E[ρqr])] . (3.12)

Thus, (M2.a) is deterministic, but depends on the expected values of the stochastic
system (M2.b). This ensures that all of the fluid variables ρ′, ρu and (ρθ)′ remain
deterministic. Thus, we obtain the following semi-stochastic cloud model

ρ′t +∇ · (ρu) = 0,
(ρu)t +∇ ·

(
ρu⊗ u+ p′ Id− µmρ

(
∇u+ (∇u)>

))
= −ρ′ged,

(ρθ)′t +∇ · (ρθu− µhρ∇θ) = S̄θ,

(M2.a)

((ρqv)(ω))t +∇ · ((ρqv)(ω)u− µqρ∇qv(ω)) = ρ(−C + E)(ω),
((ρqc)(ω))t +∇ · ((ρqc)(ω)u− µqρ∇qc(ω)) = ρ(C − A1 − A2)(ω),

((ρqr)(ω))t +∇ · ((ρqr)(ω)(−vq(ω)ed + u)− µqρ∇qr(ω)) = ρ(A1 + A2 − E)(ω).
(M2.b)
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Remark 3.1: This model uses a simplified approach by only considering the expected
values for the latent heat release and absorption in (3.12). Consequently, the condensate
of a given realization X(ω) does not necessarily correspond to the latent heat. Thus, the
model is not consistent since the energy is not conserved.

Additionally to the time and space dependence, the variables (ρq`)(x, t, ω), ` ∈ {v, c, r},
exhibit randomness. To interpret this concept of solutions, the introduction of random
fields is necessary.

Definition 3.6
A random field is a collection

X = {Xz, z ∈ Z} = {X(z), z ∈ Z}

of random variables defined on the same probability space (Γ, Σ, P ) and indexed by
elements z of a topological space Z. In our case, the elements are z := (x, t) in the space
Z := Ω× [0, T ].

The random solutions (ρq`)(x, t, ω), ` ∈ {v, c, r}, are random fields. They can be inter-
preted in the following ways:

• (ρq`)(x, t, ·) is a random variable for fixed (x, t) ∈ Ω× [0, T ].

• ρq` is a function on the space Ω × [0, T ] × Γ with the realization (ρq`)(x, t, ω) for
(x, t) ∈ Ω× [0, T ] and ω ∈ Γ.

• For an outcome ω ∈ Γ, the realization (ρq`)(x, t, ω) is a function of (x, t).

The concepts of deterministic solutions will be briefly discussed in Subsection 3.3.2 and
for more details on that topic we refer, e.g., to [28, 74]. Here, we want to state a concept of
random weak solutions (ρq`)(x, t, ω), ` ∈ {v, c, r}. Let (ρq`)(x, t, ω) ∈ V⊗S, ` ∈ {v, c, r},
where V is a suitable space for the deterministic solution (ρq`)(·, ·, ω) for fixed ω and S
is a suitable stochastic space for the random variable (ρq`)(x, t, ·) for fixed (x, t). If all
random quantities are of second order, i.e. E[|(ρq`)(x, t, ·)|2] <∞, ` ∈ {v, c, r}, one can
take S = L2(Γ, P ). Here, E denotes the mathematical expectation which is given for a
function f ∈ S through

E[f ] =
∫
Γ

f(ω) dP (ω).

We seek solutions (ρq`)(x, t, ω) ∈ V ⊗ S, ` ∈ {v, c, r}, that satisfy (M2.b) in a weak
and probabilistic sense. Here, in a probabilistic sense means that the stochastic prob-
lem (M2.b) is interpreted in the mean. Thus, a random weak solution is a function
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3.2 Stochastic mathematical model

(ρq`)(x, t, ω) ∈ V ⊗ S, ` ∈ {v, c, r}, such that

E

 T∫
0

∫
Ω

(ρqv)(x, t, ω)ϕt(x, t) +∇ϕ(x, t) · ((ρqv)(x, t, ω)u(x, t)− µqρ(x, t)∇qv(x, t, ω))

− ρ(x, t)(−C + E)(x, t, ω)ϕ(x, t) dx dt

 β(ω)

 = 0,

E

 T∫
0

∫
Ω

(ρqc)(x, t, ω)ϕt(x, t) +∇ϕ(x, t) · ((ρqc)(x, t, ω)u(x, t)− µqρ(x, t)∇qc(x, t, ω))

− ρ(x, t)(C − A1 − A2)(x, t, ω)ϕ(x, t) dx dt

 β(ω)

 = 0,

E

 T∫
0

∫
Ω

(ρqr)(x, t, ω)ϕt(x, t) +∇ϕ(x, t) · ((ρqr)(x, t, ω)u(x, t)− µqρ(x, t)∇qr(x, t, ω))

−∇ϕ(x, t) · (vq(x, t, ω)(ρqr)(x, t, ω)ed)

− ρ(x, t)(A1 + A2 − E)(x, t, ω)ϕ(x, t) dx dt

 β(ω)

 = 0,

for all β ∈ S and ϕ ∈ C2
0 ([0, T )× Ω), where C2

0 denotes the class of functions which are
two time continously differentiable with compact support.

3.2.2 Fully stochastic model
As in the previous section, we assume that either the initial data or some well-chosen
model parameters in the cloud dynamics depend on ω, see (3.9) and (3.10), and conse-
quently we end up again with equations (3.11). Due to the coupling of the source term
Sθ in the energy equation, also the Navier-Stokes variables will depend on ω, that is,

ρ′(x, t, ω), (ρu)(x, t, ω) and (ρθ)′(x, t, ω)
and then the Navier-Stokes system (M1.a) reads as

(ρ′(ω))t +∇ · ((ρu)(ω)) = 0,
((ρu)(ω))t +∇ ·

(
(ρu)(ω)⊗ u(ω) + p′(ω) Id
−µmρ(ω)

(
∇u(ω) + (∇u(ω))>

))
= −ρ′(ω)ged,

((ρθ)′(ω))t +∇ · ((ρθ)(ω)u(ω)− µhρ(ω)∇θ(ω)) = Sθ(ω).

Remark 3.2: We note that it is also (additionally) possible to start with uncertain initial
fluid variables, that is,
ρ′
∣∣
t=0 = ρ′(x, t = 0, ω), (ρu)

∣∣
t=0 = (ρu)(x, t = 0, ω) and (ρθ)′

∣∣
t=0 = (ρθ)′(x, t = 0, ω),
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3 Cloud models

which would lead to the stochastic system (M3) too.

The fully stochastic cloud model is then given through

(ρ′(ω))t +∇ · ((ρu)(ω)) = 0,
((ρu)(ω))t +∇ ·

(
(ρu)(ω)⊗ u(ω) + p′(ω) Id
−µmρ(ω)

(
∇u(ω) + (∇u(ω))>

))
= −ρ′(ω)ged,

((ρθ)′(ω))t +∇ · ((ρθ)(ω)u(ω)− µhρ(ω)∇θ(ω)) = Sθ(ω),

(M3.a)

((ρqv)(ω))t +∇ · ((ρqv)(ω)u(ω)− µqρ(ω)∇qv(ω)) = ρ(ω)
· (−C + E)(ω),

((ρqc)(ω))t +∇ · ((ρqc)(ω)u(ω)− µqρ(ω)∇qc(ω)) = ρ(ω)
· (C − A1 − A2)(ω),

((ρqr)(ω))t +∇ · ((ρqr)(ω)(−vq(ω)ed + u(ω))− µqρ(ω)∇qr(ω)) = ρ(ω)
· (A1 + A2 − E)(ω).

(M3.b)

Here, the random solutions ρ′(x, t, ω), (ρu)(x, t, ω), (ρθ)′(x, t, ω) and (ρq`)(x, t, ω),
` ∈ {v, c, r}, are random fields, cf. Definition 3.6. This fully stochastic approach is
numerically more complex, but it is also consistent and conserves the energy. The con-
cept of stochastic solutions was explained in Subsection 3.2.1.

3.3 Existence and uniqueness results
In this section, we state some existence and uniqueness results of systems similar to our
deterministic model (M1). It is outside the scope of this thesis to look at the existence and
uniqueness of solutions of our coupled model (M1), but for completeness we summarize
some known existing results related to model (M1). In Subsection 3.3.1, we formulate a
recent result for the ODE cloud model on which our cloud dynamics system (M1.b) is
based, see [103]. In Subsection 3.3.2, we refer to some results for compressible Navier-
Stokes equations and in Subsection 3.3.3, we state a recent result from [51], which shows
global solvability of a full moist atmospheric flow model very similar to our model (M1).

3.3.1 ODE cloud model
Here, we will introduce the ODE cloud model our cloud equations (M1.b) are based on
and present some results from [103].

The equations of the ODE model are written in the Lagrangian reference system, where
each fluid particle is followed along its trajectory through time and space in contrast to
a formulation in the Eulerian coordinates, see Definition 2.1 and the short introduction
to the different reference systems therein. Because of that, the ODE model is used as
a box model for a single volume parcel or as a model of a vertical column of air, which
is transported along a given trajectory. The cloud quantities are given through the
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following equations
(qv)t = −C + E,

(qc)t = C − A1 − A2,

(qr)t = A1 + A2 − E − S,
(nr)t = A′1 − E ′ − S ′,

(3.15)

where q`, ` ∈ {v, c, r}, are defined as in (2.49). In contrast to our single moment scheme
which just considers the evolution of the water phase concentrations q`, ` ∈ {v, c, r},
(3.15) is a one-and-a-half moment scheme. This means that its complexity is somewhere
between a single moment scheme and a double moment scheme which in addition also
considers the evolution of the number concentrations of the considered particles. In
practice, the difference is that instead of using the closure for single moment schemes,
see Appendix A, here, the number concentration of rain drops is determined by an ODE
in (3.15). The respective autoconversion and evaporation terms are given through

A′1 = k1
ρncqc
2ρ`

, E ′ = E

mr

,

wheremr = qr
nr

denotes the mean mass of rain drops. Another difference is that due to the
ODE formulation the sedimentation terms are realized by reaction instead of advection
terms, i.e.,

S = 1
ρ

∂J

∂z
, S ′ = 1

ρ

∂J ′

∂z
.

Here, J and J ′ denote fluxes and are determined by

J = vrρqr, J ′ = vnρnr

with vr = crvq and vn = cnvq, where cr = 1.84, cn = 0.58 and vq as in (2.53). In [103],
the cloud equations (3.15) are solved semi-implicitly in time. In our approach, we prefer
a fully explicit time discretization. Consequently, we need to take care of the case where
we start with no cloud droplet concentration, but still want to allow condensation to
take place. To avoid a nonphysical zero solution of an explicit time integration, we add
an activation term for the condensation in our cloud model, see (2.52).

All in all, the two models (M1.b) and (3.15) are still very similar since they are based
on the same microphysical cloud parametrizations.

In general, system (3.15) has no unique solution since the RHS is not Lipschitz con-
tinuous. However, the existence of a solution is guaranteed by Peano’s theory, see, for
example, [134]. In [103], a consistent numerical scheme was proposed which is positivity
preserving and also preserves the air and water mass balance.

3.3.2 Compressible Navier-Stokes equations
The mathematical theory of the Navier-Stokes equations has a long history and is still a
very active research field. In fact, the fundamental problems on well-posedness of these
fundamental and widely-used governing equations describing dynamics of fluids remain
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3 Cloud models

open. In this subsection, we will briefly summarize some existing results for the Navier-
Stokes equations for the 3D case. For a more detailed insight into the numerical analysis
of compressible fluid flows we refer, for example, to [28].

The results which we will present are mostly for the following formulation of the Navier-
Stokes equations

ρt +∇ · (ρu) = 0, (3.16)
(ρu)t +∇ · (ρu⊗ u+ p Id) = ∇ · τV + ρf , (3.17)

cv
∂ρT

∂t
+∇ · (cvρTu− κ∇T ) = ρq +∇ · (τ · u)− (∇ · τ )u, (3.18)

where p = p(ρ, T ). The difference to our formulation (M1.a) is that in (3.17) and (3.18)
also the bulk viscosity is considered in the viscous stress tensor, see (2.17), i.e.,

τV = µ
(
∇u+ (∇u)>

)
+ λ (∇ · u) Id,

where λ ≥ −2
3µ is the bulk viscosity coefficient, and f is a general body force as in

(2.10). The energy equation (3.18) is the one from (2.37) and τ is defined as in (2.16).

We start by a brief explanation of the different concepts of solutions, without noting
their mathematical definitions (for more details see, for example, [28]):

• Classical solution: The solutions are smooth enough to fulfill equations (3.16)–
(3.18) at each space-time point (x, t).

• Weak solution: In this case, the equations (3.16)–(3.18) are written in terms of
integral averages. Consequently, the solutions do not have to be differentiable.

If there exist a classical and a weak solution of the Navier-Stokes equations (3.16)–
(3.18) with the same initial data, then the weak-strong uniqueness principle states
that these solutions coincide, see [29, 31].

• Measure-valued solution: The solutions satisfy (3.16)–(3.18) modulo defect mea-
sures related to possible oscillations and concentrations. They may be seen as
an expected value of the associated Young measure. The latter is a space-time
parametrized probability measure.

If there exist a measure-valued and a classical solution of the Navier-Stokes equa-
tions (3.16)–(3.18) with the same initial data, then the weak-strong uniqueness
principle for measured-valued solutions states that these solutions coincide, see
[30].

When considering classical solutions, the most prominent result for (3.16)–(3.18) is the
one from Matsumura and Nishida which ensures global-in-time existence for initial data
close to an equilibrium state, see [88, 89]. Without this assumption on the initial data
one still can guarantee the existence of solutions, but just up to some time t ∈ (0, T ],
which can be arbitrarily small, see Valli [127, 128] and Tani [121].

Since the world is discontinuous and real-world phenomena which are modeled by the
Navier-Stokes equations may exhibit nonsmooth behaviors (i.e., not all of the required
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derivatives of the solution exist), it is actually reasonable to consider also weak solutions.
For the weak formulation, there exist results for the case when the pressure p is given
through the isentropic state equation

p = p(ρ) = aργ with a > 0, γ > 1, (3.19)

whereas the physically relevant values of γ are γ ∈ (1, 5/3]. Thereby isentropic means
that the entropy does not change for a process that is internally reversible and adiabatic
(no heat or mass transfer with the surroundings).

In 1998, Lions proved the existence of a global-in-time weak solution of (3.16), (3.17)
with (3.19) and γ ≥ 9/5 without the assumption that the initial data is close to an
equilibrium state, see [76]. A few years later, Feireisl, Novotný and Petzeltová improved
the result to the case where γ > 3/2, see [39].

For the measure-valued case, Feireisl, Gwiazda, Świerczewska-Gwiazda, and Wiedemann
showed that there exists a global-in-time measure-valued solution of (3.16), (3.17) for a
class of pressure state equations including (3.19) with γ ≥ 1.

Feireisl and Lukáčová-Medvid’ová proved in [33] the existence of a measure-valued solu-
tion by a convergence analysis of a numerical scheme from [32] which was developed by
Karlsen and Karper, cf. [56, 57, 58, 59], for (3.16), (3.17) with (3.19) and γ ∈ (6/5, 2)
(which is a correction to γ ∈ (1, 2) as stated in their paper). In [36], the existence of dis-
sipative measure-valued solutions for the barotropic Navier-Stokes equations with γ ≥ 1
was obtained by the finite volume method. This result was recently generalized in [37]
to the full Navier-Stokes-Fourier system including the energy equation. Note that the
authors were able to work with the state equation of a perfect gas. In the case of the
Navier-Stokes-Fourier system, the global-in-time existence of weak solutions is available
only for a specific pressure law, see [38].

We also refer to [109], where the existence of a measure-valued solution to (M1.a) with
µh = 0 = Sθ and no gravity force has been proven for γ > 1.

In [83], the global existence of a weak solution of a Navier-Stokes system comparable
to our system (2.48) was proven for γ > 3

2 . Differences to our system are the formula-
tion in terms of pressure instead as in our case in potential temperature and also that
heat conductivity effects (the viscous term in our potential temperature equation) are
neglected.

3.3.3 Full PDE cloud model coupled to primitive equations for
the atmosphere

In [51], the authors show the global well-posedness of strong solutions for the primitive
equations for the atmosphere

(u1,2)t + (u1,2 · ∇x1,x2)u1,2 + u3 (u1,2)p +∇x1,x2Φ + f(e3 × u)1,2 = Du1,2u1,2,

Φp + RT

p
= 0,

∇x1,x2 · u1,2 + (u3)p = 0,

(3.20)
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written in pressure coordinates (x1, x2, p), coupled to a PDE model for warm clouds

(qv)t + u1,2 · ∇x1,x2qv + u3(qv)p = SE − SC +Dqvqv,
(qc)t + u1,2 · ∇x1,x2qc + u3(qc)p = SC − SA1 − SA2 +Dqcqc,

(qr)t + u1,2 · ∇x1,x2qr + u3(qr)p + V

(
p

RT̄
qr

)
p

= SA1 + SA2 − SE +Dqrqr.
(3.21)

Here, the operator

D∗ = µ∗∆x1,x2 + ν∗∂p

((
gp

RT̄

)2

∂p

)
is a close approximation to the full Laplacian in Cartesian coordinates and is used for
the eddy viscosity closure of turbulence and molecular transport, see [122]. Moreover,
the subscript ∗1,2 denotes the two first components of a vector, Φ with Φx3 = g is the
geopotential, f corresponds to the Coriolis force, V is the terminal velocity of falling
rain and is assumed to be constant. The terms SE, SC , SA1 , SA2 are, respectively, the
rates of evaporation, condensation, autoconversion and the accretion from the setting of
Klein and Majda in [63]. The considered equation for changes in temperature takes into
account the effect of latent heat in association with phase changes, cf. [51].

The considered system for warm cloud dynamics (3.21) is very similar to our system
(M1.b) and also the primitive equation (3.20) model compressible dynamics of the at-
mosphere as our considered Navier-Stokes equations (M1.a). A major difference to our
model is the neglect of the difference of the gas constants for dry air and water vapor
as well as the dependence of the internal energy on the moisture components via differ-
ent heat capacities. Our moisture model has a stronger coupling of the thermodynamic
equation to the moisture components and provides a refined thermodynamical setting
which can be essential in some cases, for example, the deep convection of clouds, see [50].
The authors mention this in Remark 1 of [51] and plan to investigate also the resulting
moist model in a forthcoming paper.
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4 Implicit-explicit finite
volume method for the

deterministic model

In this chapter, we will introduce the numerical scheme we chose for the deterministic
model (M1). The complete scheme will be formulated in Section 4.3, where we will begin
by writing the system into an operator form in Subsection 4.3.1, because the operators
will be approximated differently in space as well as in time. For the spatial discretization
we apply finite volume methods for both the Navier-Stokes equations (M1.a) and the
cloud equations (M1.b), see Subsection 4.3.2. For the time discretization an implicit-
explicit Runge-Kutta method is used for the Navier-Stokes equations (M1.a) and an
explicit Runge-Kutta method with enlarged stability domain, the DUMKA3 method,
for the cloud equations (M1.b), see Subsection 4.3.3. The prerequisites for the methods
above are covered in the sections at the beginning of this chapter.

We start with Section 4.1, where we introduce general finite volume methods giving
detailed descriptions of both the upwind, see Subsection 4.1.1, and the central scheme
approach, see Subsection 4.1.2. In Subsection 4.1.3, we present how a general Godunov
type scheme can be summarized by reconstruction-evolution-averaging steps and how
the scheme can achieve a higher order of accuracy. To obtain a high-resolution method
for nonlinear equations, typically a semi-discrete formulation is used which can be writ-
ten as an ODE and is introduced in Subsection 4.1.4. Thus, in Section 4.2 we will
briefly summarize some fundamentals of time discretization for ODEs. We introduce the
Runge-Kutta methods in Subsection 4.2.1 and the Strang operator splitting approach
in Subsection 4.2.2 which will allow us to use different time integration methods for
the Navier-Stokes equations (M1.a) and the cloud equations (M1.b). We then explain
the idea behind implicit-explicit methods in Subsection 4.2.3 which couple a diagonally
implicit Runge-Kutta scheme to an explicit Runge-Kutta scheme. In Subsection 4.2.4,
we introduce an explicit Runge-Kutta method with an extended stability region which
is third-order consistent in time, the DUMKA3 method. Since our choice for the time
integration method requires solving linear systems in each time step, we present in Sub-
section 4.2.5 our choice for the linear solver. In Subsection 4.2.6, we briefly make some
comments on restrictions for choosing the length of the time steps.
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4.1 Finite volume methods
The numerical scheme we propose for (M1) employs a finite volume approach for both
the Navier-Stokes equations (M1.a) and the microphysical cloud equations (M1.b). Here,
we will briefly introduce the finite volume framework for nonlinear hyperbolic equations.
For simplicity, we will restrict ourselves to the scalar case. The content of this section is
based on lecture notes of Mishra, see [93], and Chertock, see [20]. For further details we
refer to some classical books, such as [40, 75, 124].

We consider the following nonlinear conservation law in 1D

wt + F (w)x = 0 (4.1)

subject to prescribed initial data

w(x, 0) = w0(x). (4.2)

Here x is a space variable, t > 0 is time, w = w(x, t) is an unknown quantity in R and
F (w) is a flux function.

Example 4.1
If F (w) = aw for a constant a, then (4.1) becomes the linear transport equation

wt + awx = 0. (4.3)

Example 4.2
For F (w) = 1

2w
2 one ends up with the inviscid Burgers’ equation

wt + 1
2(w2)x = 0.

Solutions of (4.1) with (4.2) may develop nonsmooth structures such as shock waves,
contact discontinuities, rarefaction waves or singular δ-shocks – even when one starts
with infinitely differentiable initial data (4.2). Therefore, the numerical approximation
is somewhat delicate. Nevertheless, the scalar case (4.1) is nowadays analytically and
numerically well understood. For more general situations, for example, systems of hy-
perbolic conservations laws, there are still many open problems in particular concerning
the well-posedness of weak solutions, see [75].

In general, a finite volume method is based on dividing the spatial domain into subin-
tervals and approximating the integral of the exact solution w of (4.1) with (4.2) over
these finite volumes. In each step, these integrals are updated using approximations for
the flux through the interfaces of the intervals.

We first introduce a finite volume mesh for a one-dimensional domain Ω = (a, b) ⊂ R by
dividing it into N ∈ N uniform Cartesian cells

Ci = (xi− 1
2
, xi+ 1

2
), i = 1, . . . , N, (4.4)
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for which
⋃N
i=1Ci = Ω holds. Thereby, the corresponding cell midpoints and interfaces

are defined as

xi = a+
i−1∑
j=1

h+ h

2 , xi± 1
2

= xi ±
h

2 , i = 1, . . . , N,

where h = 2|x1 − a| is the grid size which is constant for uniform cells.

In the finite volume setup, we integrate the conservation law (4.1) over the space-time
control volume Ci × (tn, tn+1), where tn is a discrete time level and tn+1 = tn + ∆tn, for
some time step ∆tn. This leads to

tn+1∫
tn

∫
Ci

wt(x, t) dxdt+
tn+1∫
tn

∫
Ci

F (w(x, t))x dxdt = 0

⇔
∫
Ci

[
w(x, tn+1)− w(x, tn)

]
dx+

tn+1∫
tn

[
F
(
w(xi+ 1

2
, t)
)
− F

(
w(xi− 1

2
, t)
)]

dt = 0.

Rearranging and dividing the above equation by h gives

1
h

∫
Ci

w(x, tn+1) dx = 1
h

∫
Ci

w(x, tn) dx− 1
h

tn+1∫
tn

[
F
(
w(xi+ 1

2
, t)
)
− F

(
w(xi− 1

2
, t)
)]

dt.

The space integrals can now be rewritten by introducing the sliding averages of w which
are given by

wi(tn) := 1
h

∫
Ci

w(x, tn) dx (4.5)

leading to

wi(tn+1) = wi(tn)− 1
h

tn+1∫
tn

[
F
(
w(xi+ 1

2
, t)
)
− F

(
w(xi− 1

2
, t)
)]

dt. (4.6)

Defining the averaged fluxes

Hn(xi+ 1
2
) := 1

∆tn

tn+1∫
tn

F (w(xi+ 1
2
, t)) dt

and inserting them in (4.6) results in the following formulation

wi(tn+1) = wi(tn)− ∆tn
h

[
Hn(xi+ 1

2
)−Hn(xi− 1

2
)
]
. (4.7)

The question that remains is how to compute the averaged fluxes in the above equation.
There are two main possibilities, either one chooses an upwind or a central scheme. In
the following subsections, we will present both of the approaches. To begin with, we
consider first-order approximations and afterward we explain how to obtain higher-order
approximations.
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tn

tn+1

xi−1 xi xi+1xi− 1
2

xi+ 1
2

Figure 4.1: The space-time control volume in an upwind scheme.

4.1.1 First-order upwind schemes
To determine the averaged fluxes in (4.7), the space-time control volume Ci × [tn, tn+1],
cf. Figure 4.1, is used. By denoting

wni ≈ wi(tn) and Hn
i+ 1

2
≈ Hn(xi+ 1

2
) = 1

∆tn

tn+1∫
tn

F (w(xi+ 1
2
, t)) dt,

we obtain for (4.7) the following approximation

wn+1
i = wni −

∆tn
h

[
Hn
i+ 1

2
−Hn

i− 1
2

]
.

The first finite volume upwind scheme was proposed by Godunov in 1959, see [44], and
is called the Godunov method today. The idea is the following: Since the cell averages
wni are constant in each cell Ci at each time level tn, cf. Figure 4.2, they define at each
cell interface xi+1/2 the following Riemann problem

wt + F (w)x = 0,

w(x, tn) = w̃n(x) :=
{
wni , x < xi+ 1

2
,

wni+1, x > xi+ 1
2
,

for i = 1, . . . , N . In our scalar case, this Riemann problem can be solved analytically
in terms of waves (shocks, rarefaction waves and contact discontinuities) by using the
method of characteristics. Characteristics are lines along which the solution remains
constant in the space-time plane. When these characteristic lines intersect, shocks are
formed and when they separate forming a fan, one ends up with a rarefaction wave.
Thus, at each cell interface we approximate the point value w(xi+1/2, t

n) by the self-
similar solution wRP of the respective Riemann problem,

w(xi+ 1
2
, tn) ≈ wRP (xi+ 1

2
),
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xi−1 xi xi+1

wni−1
wni

wni+1

xi− 1
2

xi+ 1
2

Figure 4.2: Constant cell averages of the solution at time tn.

and compute the fluxes through

Hn
i+ 1

2
≈ 1

∆tn

tn+1∫
tn

F
(
wRP (xi+ 1

2
)
)

dt = F
(
wRP (xi+ 1

2
)
)
.

Example 4.3
For the linear transport equation (4.3) with a > 0 we can easily see that the Godunov
flux reduces to the so-called upwind flux given by

Hn
i+ 1

2
= F (wni ).

Remark 4.1: Waves from neighboring Riemann problems might intersect after some time,
see Figure 4.3. To avoid this, one has to choose the time step ∆tn in such a way that
waves from neighboring Riemann problems do not interact before reaching the next time
level. This is done by imposing the following Courant-Friedrichs-Lewy (CFL) condition

max
i
|F ′ (wni )| ∆t

n

h
≤ 1

2 ,

which will be discussed in more detail in Subsection 4.2.6. Here maxi |F ′ (wni )| is the
upper bound for the wave speed of any Riemann problem since each wave has a finite
speed of propagation.

The Godunov scheme has many desirable properties and is a clever idea to approximate
fluxes. However, it has some drawbacks. First of all, it relies on the availability of an
explicit formula for the solution of the Riemann problem at the cell interfaces. For scalar
conservation laws such formulas are known, but for systems of general conservation laws
this is not necessarily the case. Another point is that one only needs the value of the
flux at the cell interfaces to compute the numerical fluxes. It is quite an effort to solve
an entire Riemann problem at each cell interface to achieve this.

4.1.2 First-order central schemes
A first-order central scheme is a Godunov-type scheme that is obtained using (4.7), but
sampled at the points (xi+1/2, t

n) instead of (xi, tn). The difference to the upwind setting
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tn

tn+1

xi−1 xi xi+1xi− 1
2

xi+ 1
2

Figure 4.3: Intersecting characteristics of the Riemann problems in an upwind scheme.

is that here the space-time control volume is shifted by h/2, i.e. [xi, xi+1] × [tn, tn+1]
as can be seen in Figure 4.4. The data at the discrete time tn are still given over the
original grid cells Ci as in (4.4), but the newly computed solution will be realized over
the staggered grid.

We do the same computation as for the upwind scheme just with the shifted control
volume and end up with

wn+1
i+ 1

2
= 1
h

xi+1∫
xi

w̃n(x) dx− 1
h

tn+1∫
tn

[F (w(xi+1, t))− F (w(xi, t))] dt, (4.8)

where

wn+1
i+ 1

2
≈ wi+ 1

2
(tn+1) := 1

h

xi+1∫
xi

w(x, tn+1) dx

and w̃n(x) is a piecewise constant function built from the cell averages through

w̃n(x) =
{
wni , x < xi+ 1

2
,

wni+1, x > xi+ 1
2
.

(4.9)

tn

tn+1

xi− 1
2

xi+ 1
2

xi+ 3
2

xi xi+1

Figure 4.4: The space-time control volume in a central scheme.
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tn

tn+1

xi− 1
2

xi+ 1
2

xi+ 3
2

xi xi+1

Figure 4.5: The characteristics in a central scheme.

The space integral can be exactly evaluated in a straightforward manner and is given
through

1
h

xi+1∫
xi

w̃n(x) dx =
wni+1 + wni

2 .

As long as a proper time step restriction is chosen and no waves generated at the cell
interfaces intersect, see Figure 4.5, the solution remains constant at the space points xi.
From the latter, it follows that

1
h

tn+1∫
tn

[F (w(xi+1, t))− F (w(xi, t))] dt = ∆tn
h

[
F
(
wni+1

)
− F (wni )

]
.

Using (4.8), the above equation can be written as

wn+1
i+ 1

2
=
wni+1 + wni

2 − ∆tn
h

[
F
(
wni+1

)
− F (wni )

]
(4.10)

which is the staggered Lax-Friedrichs scheme. By averaging the solution at the next time
level tn+1 over each cell Ci and using (4.10), we get

wn+1
i =

wn+1
i+ 1

2
+ wn+1

i− 1
2

2
=
wni+1 + wni + wni + wni−1

4 − ∆tn
2h

[
F
(
wni+1

)
− F (wni ) + F (wni )− F

(
wni−1

)]
≈
wni+1 + wni−1

2 − ∆tn
2h

[
F
(
wni+1

)
− F

(
wni−1

)]
,

where in the last step wni is replaced and thus approximated by the average wni+1+wni−1
2 due

to stability reasons. The scheme can be written equivalently in the following conservative
form

wn+1
i = wni −

∆tn
h

[
Hn(xi+ 1

2
)−Hn(xi− 1

2
)
]
,
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where

Hn(xi+ 1
2
) = HLxF(wni+1, w

n
i ) =

F
(
wni+1

)
+ F (wni )

2 − h

2∆tn
(
wni+1 − wni

)
is the well-known Lax-Friedrichs numerical flux, see [75]. For our cloud model we will
use the Rusanov (or local Lax-Friedrichs) numerical flux

Hn(xi+ 1
2
) = HRus(wni+1, w

n
i )

=
F
(
wni+1

)
+ F (wni )

2 −
max(|F ′(wni+1)|, |F ′(wni )|)

2
(
wni+1 − wni

) (4.11)

which considers local wave speeds and thus is less diffusive than the original Lax-
Friedrichs flux, see [16, 93] and references therein.

A big advantage of the central schemes is that they do not depend on the structure of
the eigenvalues of the problem. In particular, one does not have to solve any Riemann
problems. Thus, they can be easily applied to systems of conservation laws which is the
reason why we chose them for the approximation of (M1) in Section 4.3.

4.1.3 REA algorithm and higher order schemes
A general Godunov-type scheme, which includes the ones presented in the previous
Sections 4.1.1 and 4.1.2, can be summarized by the following reconstruction-evolution-
averaging (REA) steps.

We start at time level tn, where on each cell Ci = (xi−1/2, xi+1/2), i = 1, . . . , N , we have
the approximated cell average

wni ≈
1
h

∫
Ci

w(x, tn) dx.

• Reconstruction: The global solution w̃n(x), cf. (4.9), is reconstructed from the
cell averages.

• Evolution: The reconstructed solution is evolved in time using either an exact or
an approximate solution of the conservation law.

– Upwind schemes: Solve the Riemann problems at the cell interfaces

wt + F (w)x = 0, w(x, tn) = w̃n(x).

– Central schemes: Compute the shifted averages

wn+1
i+ 1

2
= 1
h

xi+1∫
xi

w̃n(x) dx− 1
h

tn+1∫
tn

[F (w(xi+1, t))− F (w(xi, t))] dt.

• Averaging: Average the solution at the next time level tn+1 over each cell Ci,
i = 1, . . . , N .
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4.1 Finite volume methods

Most of the finite volume schemes can be obtained from the REA algorithm by a suitable
approximation and adaption of the evolution step.

So far, w̃n(x) was a piecewise constant function, cf. Figure 4.2, which was built from
the cell averages wni . It is a piecewise constant interpolation and thus results in a first-
order scheme in space. To achieve a higher-order accuracy, one can employ higher-
order reconstructions. We will use a second-order accurate scheme which means that we
change the reconstruction step by replacing the piecewise constant function w̃n(x) with
a piecewise linear function, see Figure 4.6. This approach is called Monotonic Upstream-
Centered Scheme for Conservation Laws (MUSCL). It was introduced by van Leer in
[131].

Now, the piecewise linear solution w̃n(x) is given as

w̃n(x) =
N∑
i=1

χCi(wni + sni (x− xi)), (4.12)

where sni is the slope and χCi is the characteristic function on cell Ci. This ensures that
the reconstruction step is conservative, meaning

1
h

∫
Ci

w̃n(x) dx = wni , i = 1, . . . , N.

For the slopes sni in the linear reconstruction (4.12) one has a variety of choices, for
example the following straightforward ones

• central: sni = wni+1−wni−1
2h ,

• backward: sni = wni −wni−1
h

,

• forward: sni = wni+1−wni
h

.

Near extrema and discontinuities of the solution in high resolutions, these choices for the
slopes exhibit oscillations due to over- and undershooting of the interface reconstruction

xi−1 xi xi+1

wni−1
wni

wni+1

w̃ni−1
w̃ni

w̃ni+1

xi− 1
2

xi+ 1
2

Figure 4.6: Piecewise constant wn (in blue) and piecewise linear reconstructions w̃n (in
green) of the solution at time tn.
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and ultimately lead to numerical instabilities. Thus, slope limiters were proposed to
ensure a nonoscillatory scheme. We will consider the following minmod limiter

sni = 1
h

minmod
(
wni+1 − wni , wni − wni−1

)
, (4.13)

where the minmod function is defined as

minmod(a, b) =


a, if |a| < |b| and ab > 0,
b, if |b| < |a| and ab > 0,
0, if ab ≤ 0.

(4.14)

The minmod limiter (4.14) compares the backward and the forward slope and selects the
smallest one if they are of the same sign. If they have different signs, it sets the slope to
zero. Thus, the limiter avoids oscillations and the linear reconstructions are limited by
the local gradients.

4.1.4 Semi-discrete formulation
To obtain a high-resolution method for nonlinear equations, one typically uses a semi-
discrete formulation of the conservation law (4.1). For that, the previously described
reconstructions (4.12) are still used, but the REA algorithm is not fully applied. We
integrate the conservation law (4.1) again, but this time just over space, to obtain

0 = 1
h

∫
Ci

(wt + F (w)x) dx ≈ d
dtwi(t) +

F
(
w−
i+ 1

2
(t)
)
− F

(
w+
i− 1

2
(t)
)

h
, (4.15)

where wi(t) are the sliding averages as defined in (4.5) and w−
i+ 1

2
, w+

i+ 1
2
are the interface

reconstructions of the solution from the left and the right

w−
i+ 1

2
(t) = wi(t) + si

h

2 , w+
i+ 1

2
(t) = wi+1(t)− si+1

h

2 .

The fluxes are then approximated by numerical fluxes H±
i+ 1

2
(t) ≈ F (w±

i+ 1
2
(t)), which in

our case will be the Rusanov flux (4.11). To achieve a higher accuracy of the scheme,
the numerical flux function is evaluated at the interface reconstructions instead of the
cell averages, i.e.

H+
i+ 1

2
(t) = H−

i+ 1
2
(t) = HRus

i+ 1
2

(
w−
i+ 1

2
(t), w+

i+ 1
2
(t)
)
.

The semi-discrete formulation (4.15) then reads

d
dtwi(t) +

Hi+ 1
2
(t)−Hi− 1

2
(t)

h
= 0. (4.16)

Introducing the vector
wh(t) := [w1(t), . . . , wN(t)]>,
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4.1 Finite volume methods

the semi-discrete finite volume scheme (4.16) can be written as the following ODE

d
dtwh(t) = A (wh(t)) , (4.17)

where A acts pointwise on wh(t) and is given through

A (wh(t))i := −
Hi+ 1

2
(t)−Hi− 1

2
(t)

h
.

The spatial accuracy of the scheme (4.17) is then given by the following definition.

Definition 4.1
Let w(x, t) be the solution of PDE (4.1). The method (4.17) is consistent of order p in
space, if

d
dtw(t) = A (w(t)) +O(hp), t ∈ [0, T ].

Here the operator A is evaluated at w(xi, t), i = 1, . . . , N .

Since we mostly have a local truncation error of second-order due to the linear recon-
struction (4.12) (except in regions near extrema and discontinuities where the numerical
fluxes reduce due to the flux limiter, see (4.13), to a first-order approximation), we expect
the above spatial error to be of second order. This will be confirmed in our experimental
convergence study in Section 6.1. Theoretical investigations concerning the error esti-
mates for hyperbolic conservation laws can be found, e.g., in [133] for scalar hyperbolic
conservation laws and in [28] for the Euler equations.

The advantage of the semi-discrete formulation (4.16) is that we can separately increase
the order of spatial and temporal accuracy, cf. Definition 4.22. With our piecewise linear
reconstruction we achieve a second-order spatial accuracy. The temporal evolution of
(4.16) will be discussed in Section 4.2.

Remark 4.2: Up to now, we have not yet discussed the boundary conditions. Since
Ω = (a, b) ⊂ R is bounded, suitable boundary conditions need to be imposed. For that
we define the following ghost cells

C0 = (a− h, a), CN+1 = (b, b+ h)

and denote by wn0 and wnN+1 the cell averages at time level tn, cf. (4.5), of the unknown
quantity over the cells C0 and CN+1, respectively.

In this thesis, we consider the following boundary conditions:

• Periodic: Objects passing through one end of the domain re-appear on the opposite
end with the same velocity. This is implemented through

wn0 = wnN and wnN+1 = wn1 . (4.18)
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• Dirichlet: Here, fixed values of the unknown quantity are prescribed at the bound-
ary which in our case will stay constant in time. This is realized through

wn1 = w(a, 0) and wnN = w(b, 0). (4.19)

In this case, we do not use the ghost cells.

• Zero Neumann: In this case, one prescribes the derivatives in the direction of the
outer normal vector to be zero, i.e., there is no flux exiting the domain. Denoting
the velocity by w = (u1, . . . , ud), we implement this through

wn
0 · n = wn

1 · n and wn
N+1 · n = wn

N · n. (4.20)

• No-slip: In this case, one assumes a solid boundary at which the fluid velocity
is zero. Denoting the velocity by w = (u1, . . . , ud), this condition is realized by
setting

wn
0 · n = −wn

1 · n and wn
N+1 · n = −wn

N · n (4.21)

which means that the mean velocity at the boundary is zero.

For a piecewise linear solution, see (4.12), one needs two ghost cells on each side because
the slopes for the linear reconstructions on the ghost cells adjacent to the boundary need
to be computed. The implementation of the respective boundary condition can easily be
extended from the above implementation with only one ghost cell.

Remark 4.3: The central scheme (4.16) can be extended straightforwardly to higher
dimensions and to advection-diffusion-reaction equations of the form

wt + F (w)x = Dwxx + S(w),

where S is a source term and D a diffusion coefficient. This extension will be presented
in Section 4.3 for the deterministic cloud model (M1). The linear advection is then ap-
proximated as introduced here with the Rusanov numerical flux, the nonlinear advection
by a central difference evaluation of the fluxes, the second derivatives by central finite
differences and the source terms by evaluating at the cell averages.

4.2 Fundamentals of time discretization
In this section, we summarize some basics of numerical methods for ODEs, which we will
use to solve (4.17) in a stable way and with an appropriate order. The content of this
section is based on the lecture notes [93] and [20], as well as on [65].

Before we present some time integration schemes, we define similarly as for the semi-
discrete scheme, cf. Definition 4.1, the order of accuracy. The time axis is discretized by
choosing time instances tn, n = 0, 1, 2, . . . , and introducing the corresponding time step
sizes ∆tn = tn+1− tn. Then the numerical solution at tn will be denoted as wn

h ≈ wh(tn).
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Definition 4.2
Let wh(t) denote the exact solution of the semi-discrete equation (4.17) and w1

h the
numerical solution of (4.17) after one time step of length ∆t = ∆tn. Assuming that both
start with the same arbitrary initial data wh(t0) = w0

h, the method is consistent of order
q in time if the following holds

|wi(∆t)− w1
i | = O((∆t)q+1). (4.22)

Assuming a linear problem with a linear semi-discrete scheme (4.17) which is consistent
of order p in space, see Definition 4.1, and consistent of order q in time, the error in time
and space behaves as

|w(xi, tn)− wni | ≤ C1h
p + C2τ

q, i = 1, . . . , N, n = 0, 1, . . . , (4.23)

where τ = maxn ∆tn, see for example [74]. If the numerical method is stable, it follows
with the Lax equivalence theorem, see [74], that also the global error – and thus the
convergence – is of order p in space and q in time. Here, stability of the numerical
methods means that if the initial data w0

h are bounded, then also wn
h is bounded for

all n ∈ N. For nonlinear systems there exist also some recent results. The convergence
against a measure-valued solution is shown for the full and isentropic Euler system of a
finite volume scheme in [34, 35], for the isentropic Navier-Stokes system of mixed finite
element-finite volume scheme in [33], for the Navier–Stokes–Fourier system of a finite
volume scheme in [37] and for the compressible Navier-Stokes system of a finite volume
scheme in [36]. We also refer to [81], where the convergence against a measure-valued
solution for (M1.a) with µh = 0 = Sθ and no gravity force is shown for γ > 1. In
these works, the consistency and stability is shown yielding the weak convergence to the
dissipative measure-valued solutions. On the other hand, the dissipative measure-valued
solutions are strong solutions, if the latter exists and then the convergence is strong.

The simplest time integration method to solve (4.17) is the forward or explicit Euler
scheme

wn+1
h = wn

h + ∆tnA (wn
h)

for which the time step ∆tn has to be chosen appropriately, see Subsection 4.2.6. How-
ever, the explicit Euler method is first-order accurate in time and thus leads to an
overall first-order accuracy of the fully discrete scheme which negates the advantage of
a piecewise linear reconstruction (4.12) in space, see (4.23). Therefore, we will employ a
higher-order time integration method. Here, the standard schemes are the Runge-Kutta
methods which will be introduced in the next subsection.

4.2.1 Runge-Kutta methods
Runge-Kutta methods are the most commonly used single-step integration methods to
solve an ODE of the form (4.17). In this subsection, we will briefly introduce the scheme
and give some comments on consistency and stability based on [49].

47



4 Implicit-explicit finite volume method for the deterministic model

c A

b>
=

c1 a11 . . . a1s
... ... ...

cs as1 . . . ass

b1 . . . bs

Table 4.1: Butcher tableau of a Runge-Kutta scheme with A := (aij)si,j=1 ∈ Rs×s and
b, c ∈ Rs.

A general s-stage Runge-Kutta scheme is given through
wn+1
h = wn

h + ∆tn
s∑
j=1

bjk
n
j ,

knj = A
(
tn + cj∆tn, wn

h + ∆tn
s∑

ν=1

ajνk
n
ν

)
, j = 1, . . . , s,

for a given coefficient matrix A := (aij)si,j=1 ∈ Rs×s, weights b ∈ Rs and nodes c ∈ Rs.
This method is often noted in a so-called Butcher tableau, see Table 4.1. The scheme is
explicit if A is a strictly lower triangular matrix and it is consistent if certain algebraic
equations hold for the coefficient matrix and the vectors b and c. In particular, we briefly
recall the following:

1) A Runge-Kutta scheme (A, b, c) is consistent of at least order 1 if
s∑
j=1

bj = 1. (4.24)

2) It is consistent of at least order 2 if both (4.24) and
s∑
j=1

bjcj = 1
2 (4.25)

are satisfied.

In terms of stability one has the following terms to classify the schemes:

• A-stability: Let {yi} be approximations obtained with a numerical method for
the test equation yt = λy, y(0) = 1 and λ ∈ C. The method is called A-stable if for
every λ ∈ C− = {λ : Reλ ≤ 0} the approximations with arbitrary but fixed step
size h > 0 fulfill the inequality

|yi+1| ≤ |yi|
for all i.

• L-stability: Let now 11 = [1, . . . , 1]> ∈ Rs and Ĉ = C ∪ {∞}. The function

R : Ĉ→ Ĉ, R(ζ) = 1 + ζb> (Id− ζA)−1 11 (4.26)
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which is associated to a Runge-Kutta method (A, b, c) is called the stability func-
tion.

An A-stable Runge-Kutta method with stability function R is called L-stable, if R
satisfies limζ→∞R(ζ) = 0.

It can be shown that A-stability is equivalent to

|R(ζ)| ≤ 1 for all ζ ∈ C−, (4.27)

see [49]. The region U = {ζ ∈ C : |R(ζ)| ≤ 1} is called stability region of the Runge-
Kutta method.

4.2.2 The Strang splitting method
In this subsection, we will introduce the Strang operator splitting approach which was
introduced by Strang in 1968, see [115]. The description will be based on [65].

In general, an operator splitting allows the use of different time integration methods for
a system of ODEs. Thus, we assume that we have, analogous to (4.17) in the scalar case,
the following semi-discrete scheme

d
dtwh(t) = A1(wh(t)) +A2(wh(t)) (4.28)

derived for a system of PDEs. Let ΞF(∆tn) be an approximation operator of the initial
value problem

d
dtwh(t) = F(wh(t)), wh(0) = y

at time t = ∆tn. Then the following splitting of (4.28)

wn+1
h = ΞA2(∆tn)ΞA1(∆tn)wn

h

is first-order consistent in time if the approximations ΞA1 and ΞA2 are consistent of at
least first order in time, see [75]. The Strang splitting is the following modification of
the above approach:

wn+1
h = ΞA1

(
∆tn

2

)
ΞA2(∆tn)ΞA1

(
∆tn

2

)
wn
h .

It is second-order accurate, provided ΞA1 and ΞA2 are at least second-order consistent in
time.

In our case of model (M1), the first operator will be the Navier-Stokes part (M1.a) and the
second operator the microphysical cloud equations (M1.b). Thus, for the computation
of a time step of length ∆tn the Navier-Stokes equations (M1.a) will be solved two times
with time step ∆tn/2 and the cloud dynamics equations (M1.b) once with time step ∆tn.
This particular choice and order of operators were chosen for flexibility in choosing time
integration methods as well as efficiency. Since the cloud dynamics take place on smaller
scales than the dynamics of fluids, it is computationally faster to solve the cloud dynamics
equations (M1.b) just once applying smaller time steps which resolve fast dynamics.

49



4 Implicit-explicit finite volume method for the deterministic model

4.2.3 Implicit-explicit Runge-Kutta methods
To solve the Navier-Stokes equations (M1.a) of the deterministic cloud system (M1),
we apply an implicit-explicit (IMEX) Runge-Kutta method. It is basically a splitting
method for the time discretization of (4.17) which couples a diagonally implicit Runge-
Kutta scheme for the linear stiff advection and reaction terms to an explicit Runge-Kutta
scheme for the remaining terms. The content of this subsection will be based on [65] as
well as [13].

We start by writing (4.17) as

d
dtwh(t) = L (wh(t)) +N (wh(t)) , (4.29)

where L (wh(t)) +N (wh(t)) = A (wh(t)) and the operator L consists of the implicitly
treated terms and the operatorN of the remaining ones. For the Navier-Stokes equations
(M1.a) this splitting will be explained and defined in (4.42).

A general s-stage IMEX Runge-Kutta method is given through

wn+1
h = wn

h + ∆tn
s∑
i=1

b̄iN (tn + c̄i∆tn,Wi) + ∆tn
s∑
i=1

biL (tn + ci∆tn,Wi) ,

Wi = wn
h + ∆tn

i−1∑
j=1

āijN (tn + c̄j∆tn,Wj)

+ ∆tn
i∑

j=1

aijL (tn + cj∆tn,Wj) , i = 1, . . . , s,

where b̄, c̄ ∈ Rs and Ā ∈ Rs×s denote the coefficients of the explicit and b, c ∈ Rs and
A ∈ Rs×s the coefficients of the implicit scheme. The method can also be noted with
two Butcher tableaux as can be seen in Table 4.2

To compute one time step with an s-stage IMEX Runge-Kutta method, one needs to solve
s linear systems which will be discussed in Subsection 4.2.5. To obtain an IMEX Runge-
Kutta scheme of a particular order, the respective order conditions for the individual
schemes have to be fulfilled as well as additional coupling conditions for the two schemes.
For a method of order 2, which we are aiming for, conditions (4.24) and (4.25) have to
be satisfied for (Ā, b̄, c̄) and (A, b, c) and the following coupling conditions have to hold

b · c̄ = b̄ · c = 1
2 . (4.30)

In what follows, we will present the second-order method of our choice.

ARS(2,2,2) scheme: The ARS(2,2,2) scheme was introduced by Asher, Ruuth and
Spiteri, see [6], and is given by the tableaux in Table 4.3. It is an IMEX Runge-Kutta
scheme of second order, meaning that the respective explicit and implicit Runge-Kutta
schemes are of second order and (4.30) is satisfied. Applied to equation (4.29), we get
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c̄ Ā

b̄T

c A

bT

Table 4.2: Butcher tableaux of an IMEX Runge-Kutta scheme, where (Ā, b̄, c̄) represents
the explicit and (A, b, c) the implicit scheme.

0 0 0 0

γ γ 0 0

1 δ 1− δ 0

δ 1− δ 0

0 0 0 0

γ 0 γ 0

1 0 1− γ γ

0 1− γ γ

Table 4.3: Butcher tableaux of the ARS(2,2,2) scheme with γ = 1− 1√
2 and δ = 1− 1

2γ .

the following stages

W1 = wn
h ,

W2 = wn
h + ∆tnγ [N (tn,W1) + L(tn + γ∆tn,W2)] ,

W3 = wn
h + ∆tn [δN (tn,W1) + (1− δ)N (tn + γ∆tn,W2)]

+ ∆tn [(1− γ)L(tn + γ∆tn,W2) + γL(tn + ∆tn,W3)] ,

where one effectively has just two stages since W1 = wn
h . Thus, we first solve the

following linear system

W2 −∆tnγL(tn + γ∆tn,W2) = wn
h + ∆tnγN (tn,wn

h) (4.31)

and then
wn+1
h −∆tnγL(tn + ∆tn,wn+1

h ) = wn
h + ∆tn [δN (tn,wn

h) + (1− δ)N (tn + γ∆tn,W2)]
+ ∆tn(1− γ)L(tn + γ∆tn,W2).

(4.32)
Consequently, the computation of one time step requires the solution of two linear sys-
tems. Our choice of linear solver will be introduced in Subsection 4.2.5.

We followed the approach in [14] and [13] in choosing this particular second-order IMEX
Runge-Kutta scheme for the time integration of the compressible Navier-Stokes equations
(M1.a) because of its asymptotic preserving property. The terminology was introduced
by Jin, see [55], and means that the scheme is stable and approximates the solution in all
regimes accurately. In our case, we are in a low Mach number regime. The method thus
yields a consistent approximation of the limit equations as the Mach number goes to zero,
i.e. the incompressible Navier-Stokes equations, with stability constraints independent
of the small Mach number itself.

4.2.4 DUMKA3 method
In this subsection, we will introduce the DUMKA3 time integration method which will
be used to discretize (M1.b) in time. The content will be based on the lecture notes of
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Massot [87], the original paper of Medovikov [91] and [48, 52, 132].

The DUMKA3 method is an explicit Runge-Kutta method with an extended stability
region which is third-order consistent in time. It belongs to the class of stabilized explicit
Runge-Kutta methods. Typical applications of such kinds of methods are stiff ODEs, i.e.
the Jacobian matrix of A, see (4.17), has (large) eigenvalues close to the real negative
axis, arising from a semi-discretized parabolic PDE. An example for this is the discretized
heat equation, for which the real negative eigenvalues even increase with finer spatial dis-
cretizations, see [87]. Instead of using an A-stable but time-consuming implicit scheme,
one can use stabilized explicit Runge-Kutta methods. Since these methods are explicit,
they avoid the solution of an implicit system which is in particular efficient for problems
in multiple space dimensions. Additionally, they feature a low memory demand and an
enlarged stability domain along the negative real axis which is still a finite real interval
for absolute stability. Thus, stabilized explicit Runge-Kutta methods are advocated to
be used for parabolic PDEs with multiple space dimensions which give rise to moderate
stiffness. This is often the case for problems whose solutions are of a traveling wave front
type, as these normally require small time step sizes for resolving the front. In general,
advection-reaction-diffusion systems, where the reaction term is moderately stiff and the
diffusion constant is much smaller than 1, can be efficiently solved with stabilized meth-
ods. Since our microphysical cloud dynamics equations (M1.b) belong to this class of
equations we chose this kind of method. A more detailed description of stabilized explicit
Runge-Kutta methods can be found in [132] and [52].

Since explicit Runge-Kutta methods are not A-stable, cf. (4.27), the main idea is to
construct s-stage explicit Runge-Kutta methods of order p with a family of stability
polynomials Rs, cf. (4.26), of order s such that Rs remains bounded as much as possible
along the the negative real axis. This means that

|Rs(ζ)| ≤ 1, ζ ∈ [−ls, 0], (4.33)

holds with ls as large as possible. We are looking for stability polynomials of the form

Rs(ζ) = 1 + ζ + · · ·+ ζp

p! +
s∑

i=p+1

αi,sζ
i, (4.34)

where αi,s ∈ C. Riha proved the existence of such polynomials for p ≥ 1 and s ≥ p in
[106]. For p = 1 the optimal polynomials which are of the form (4.34) and satisfy (4.33)
are the shifted Chebyshev polynomials

Rs(ζ) = Ts

(
1 + ζ

s2

)
, (4.35)

where Ts can be defined recursively through

T0(ζ) = 1, T1(ζ) = ζ, Tj(ζ) = 2ζTj−1(ζ)− Tj−2(ζ), 2 ≤ j ≤ s.

They lead to the optimal ls = 2s2. This quadratic dependence is very favorable. Indeed,
taking into account the workload per step, the length of the stability region increases
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linearly with the number of stages. One undesirable property of the polynomials (4.35) is
that the stability region contains interior points ζ ∈ [−ls, 0] with |Rs(ζ)| = 1. This means
that the stability domain has zero width and therefore a small imaginary perturbation on
ζ might lead to instabilities. A more desirable property would be a narrow stripe along
the negative half-line. This can be achieved by modifying (4.35) through a little damping.
The approach of Guillou and Lago, see [46], is to consider the following damped versions
of the shifted Chebyshev polynomials (4.35)

Rs(ζ) = 1
Ts(w0)Ts(w0 − w1ζ), w0 = 1 + ε

s2 , w1 = Ts(w0)
T ′s(w0) .

As a consequence, the stability domain reduces by approximately ε since now |Rs(ζ)| ≤
1− ε, and the length of the stability interval [−ls, 0] is by approximately (4ε/3)2 shorter,
which can be seen by a simple calculation, cf. [52, 132]. Still, the order of the scheme is
preserved, see [48].

For p > 1 no explicit analytical expressions for (4.34) are known. However, various
authors were able to construct approximations to the optimal polynomials. In what fol-
lows, we will briefly explain the idea behind the family of DUMKA methods developed
by Lebedev and Medovikov, see [69, 71, 91] and references therein, which cover nearly
100% of the optimal stability interval. There exist DUMKA methods of order 2, 3 and 4.
We also want to note that there are the families of second-order Runge-Kutta-Chebyshev
(RKC) methods proposed by van der Houwen and Sommeijer, cf. [130], and the family
of second and fourth-order Orthogonal-Runge-Kutta-Chebyshev (ROCK) methods pro-
posed by Abdulle and Medovikov, cf. [3, 4]. The RKC methods cover nearly 80% and
the ROCK methods nearly 100% of the optimal real stability interval.

Lebedev’s realization is based on the idea proposed by Saul’ev, cf. [108], and Guillou
and Lago [46] who write the optimal stability polynomials as

Rs(ζ) =
s∏
i=1

(1 + δiζ), δi = − 1
zi
,

where zi are the roots of Rs(ζ). To realize these stability polynomials, the Runge-Kutta
method is written as a composition of explicit Euler steps

kn0 := wn
h ,

kni := kni−1 + ∆tnδiA(kni−1), i = 1, . . . , s,
wn+1
h := kns .

The absolute value of the first root is much smaller than the one of the others which
leads to a very large Euler step. Lebedev overcame this problem by grouping the roots
together symmetrically two-by-two and representing the corresponding quadratic factor
by a two-stage scheme. To assure stability properties of the scheme, some attention has
to be paid to the order in which the roots are used, i.e., in which sequence the Euler
steps are performed, cf. [72]. For more details see also [48].

Lebedev constructed approximations to the optimal stability polynomials in [70, 73]
and computed them numerically for order 2 (DUMKA). Medovikov has extended this
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approach to the orders 3 and 4 (DUMKA3 and DUMKA4) up to the degree 243 of the
polynomials. He observed that the length of the stability domain behaves approximately
as ls ≈ βps

2, where p is the order of the method and β2 ≈ 0.81, β3 ≈ 0.49 and β4 ≈ 0.35.
This corresponds nicely to the values found in the literature, see, for example, [129].
In comparison to the explicit Euler method, whose stability domain has length 2 per
time step the DUMKA method is βps2

2s = βp
2 s times faster. This becomes very favorable

especially for a large number of stages s. For more details on the derivation of the
DUMKA3 and DUMKA4 methods, we refer the reader to [91]. For the time integration
of (M1.b) we chose the DUMKA3 method for which a free implementation is available
online at [90].

4.2.5 GMRES
In this subsection, we briefly describe the generalized minimal residual (GMRES) method
which iteratively solves a linear system. We use it to solve (4.31) and (4.32) within the
time integration of the Navier-Stokes equations (M1.a). The content of this subsection
is based on [92].

We start with some basic prerequisites that are necessary to understand the method.
Let

Aw = b (4.36)

be a linear system where b ∈ Rn, n ∈ N, and A ∈ Rn×n is quadratic and invertible.
Let w0 be an arbitrary approximation (initial guess) of (4.36) and Lm an m-dimensional
subspace of Rn. Furthermore, let || · ||2 denote the Euclidean norm in Rn.

Definition 4.3
A Krylov subspace method is a method for solving (4.36) by calculating approximate
solutions wm ∈ w0 +Km by taking into account the Petrov-Galerkin condition

(b−Awm) ⊥ Lm, (4.37)

where ⊥ means orthogonal with respect to the Euclidean inner product in Rn. The
subspace Km defined as

Km = Km(A, r0) = span{r0,Ar0, . . . ,A
m−1r0}, r0 = b−Aw0,

is called the order-m Krylov subspace.

The GMRES method was developed by Saad and Schultz in 1986, see [107], and can
be applied to general linear systems with an invertible system matrix A. It is a Krylov
subspace method with Lm = AKm which in step m minimizes the norm of the residuum
||b−Awm||2. One can show that minimizing the norm of the residuum is equivalent to
fulfilling the Petrov-Galerkin condition (4.37), see [92].

The foundation of the GMRES method is calculating an orthonormal basis {v1, . . . ,vm}
of Km with the Arnoldi algorithm for which we refer to [92]. The reason for this is that
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the vectors r0,Ar0, . . . ,A
m−1r0 which would be an obvious choice for the basis might

be close to be linearly dependent. In particular, the first vector v1 is given through

v1 = r0

||r0||2
. (4.38)

With the orthonormal basis {v1, . . . ,vm} we then can write each wm ∈ w0 +Km as

wm = w0 + Vmαm, αm ∈ Rm, (4.39)

where Vm = (v1, . . . ,vm) ∈ Rn×m. The Arnoldi algorithm also produces an upper Hes-
senberg matrix Hm ∈ Rm×m which gives the following relation between the V matrices

AVm = Vm+1Hm, (4.40)

where

Hm =
(

Hm

0 · · · 0 hm+1,m

)
=



h1,1 h1,2 h1,3 · · · h1,m
h2,1 h2,2 h2,3 · · · h2,m
0 h3,2 h3,3 · · · h3,m
... . . . . . . . . . ...
... 0 hm,m−1 hm,m
0 · · · · · · 0 hm+1,m


∈ R(m+1)×m

is formed by adding an extra row to Hm in which only the last entry is nonzero. By
using (4.38), (4.39) and (4.40), the norm of the residuum in step m is then given through

‖b−Awm‖2 = ‖b−A(w0 + Vmαm)‖2 = ‖r0 −AVmαm‖2 = ‖‖r0‖2 v1 −AVmαm‖2

=
∥∥‖r0‖2 v1 − Vm+1Hmαm

∥∥
2 =

∥∥‖r0‖2 Vm+1e1 − Vm+1Hmαm
∥∥

2

=
∥∥Vm+1(‖r0‖2 e1 −Hmαm)

∥∥
2 ,

where e1 = (1, 0, . . . , 0)> ∈ Rm+1. Since Vm+1 is an orthogonal matrix, the Euclidean
norm of the matrix product is preserved and it follows

‖b−Awm‖2 =
∥∥‖r0‖2 e1 −Hmαm

∥∥
2 . (4.41)

Hence wm can be determined by minimizing (4.41). The advantage of minimizing this
norm is that during the iteration one can calculate the residuum without determining the
approximation wm. Only when the norm is smaller than a given tolerance, the solution
wm is calculated by using (4.39).

The GMRES method has two disadvantages. The first one is the computational effort for
determining the orthonormal basis which grows with the dimension of the Krylov space.
The second disadvantage is a large memory requirement for saving the basis vectors. It
can happen that even for a sparse matrix A ∈ Rn×n a dense matrix Vn ∈ Rn×n has to
be saved. Thus, often a restarted version of the method, also called restarted GMRES,
is used. It avoids the disadvantages by limiting the maximal dimension of the Krylov
subspace. In the case that after this given maximal number of iterations the norm of the
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residuum ‖rm‖2 is not smaller than the given tolerance, the approximation wm is still
calculated and then used as the initial guess for another run of the GMRES method.

To speed up the convergence of iterative methods often preconditioning is used. In fact,
the convergence of the GMRES method highly depends on the choice of the precondi-
tioner. With an incomplete LU factorization (ILU) the method performs robustly. In
general, preconditioning reformulates the linear system equivalently in such a way that
the condition number of the problem is reduced which has a positive effect on the con-
vergence speed of the iterative method, see [92]. The condition number cond(A) is a
property of the matrix which can be seen as the rate at which the solution w will change
concerning a change in b and is given through

cond(A) =
∥∥A−1∥∥ ‖A‖ .

It is desirable to have a small condition number since for a large condition number
cond(A) even a small error in b may cause a large error in w. The main idea of the ILU
preconditioning is a decomposition of the form A = LU + F , where L is a lower left
triangular matrix and U is an upper right triangular matrix. Neglecting the matrix F ,
one obtains a matrix Ã = LU that can easily be inverted. The inverse Ã−1 is an approx-
imation of A−1 and can be used as preconditioner for system (4.36) by multiplication
with this matrix. For more details on the ILU preconditioner we refer to [92].

For more details on the GMRES method, we refer the reader to [92], where the derivation
is nicely carried out and even a pseudo code as well as a reference to a MATLAB code
can be found.

Remark 4.4: To solve (4.31) and (4.32) we use the restarted GMRES method with ILU
preconditioning from the scientific toolkit PETSc (portable, extensible toolkit for scien-
tific computation).

4.2.6 Time step restrictions
For the approximation of the fully discrete scheme, we need to take care of stability
conditions for the advection and diffusion terms which are approximated explicitly in
time.

Advection terms: For the nonlinear advection we take the CFL condition into account
which is a necessary condition for a finite volume method to become stable and converge
towards the exact solution as h,∆tn → 0, cf. [23]. It states that the numerical domain
of dependence of the method should include the analytical domain of dependence of the
PDE, at least as h,∆tn → 0. Thereby, the analytical domain of dependence of a point y
is the maximal subset Dy ⊂ Ω such that the PDE solution w(y, t+∆tn) depends only on
w(x, t) for x ∈ Dy in time t. Its numerical analogon considers the stencil around a mesh
point xi at time t on which the value of the approximation in (xi, t+ ∆tn) depends.

In the case of the scalar conservation law (4.1), the condition leads to umax∆tn = O(h)
for a finite volume method which is explicit in time, where umax is the maximal wave
propagation speed. This is due to the fact that the solution stays constant along charac-
teristic lines, cf. Figure 4.5 and Remark 4.1. Since we will treat some nonlinear advection
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terms explicitly in time, we will use a condition of the form

umax
∆tn
h
≤ CFL,

where 0 ≤ CFL ≤ 1 denotes a fixed number depending on the problem and on the
method, see (4.47) and (4.48). For the central method we will use CFL ≤ 1/2, cf. Figure
4.5.

Diffusion terms: For parabolic equations, like the Navier-Stokes equation in (2.48),
the analytical domain of dependence covers the full computational domain. Therefore,
one needs an additional condition to explicitly approximate the second derivatives in a
stable manner.

When choosing explicit central differences to approximate the diffusion equation, the time
step needs to be chosen as ∆tn = O(h2) to be stable, see [54]. This is not the case for an
implicit method since there the numerical domain of dependence in a grid point includes
the whole computational domain. However, due to the nonlinearity of the diffusion terms
in (M1), an implicit method would require costly computational methods. Hence, we
chose a fully explicit treatment which is straightforward but requires the additional time
step restriction ∆tn = O(h2) on top of the CFL condition, cf. (4.47) and (4.48).

4.3 Numerical scheme for the deterministic model
The numerical approximation of the coupled model (M1) is based on the second-order
Strang operator splitting, see Section 4.2.2. Therefore, we split the whole system into
the macroscopic Navier-Stokes flow equations and the microscopic cloud equations. The
Navier-Stokes equations (3.7), i.e. the part describing dynamics of fluids (M1.a), are ap-
proximated by an IMEX finite-volume method, see Section 4.2.3, and the cloud equations
(2.50), i.e. the cloud dynamics part (M1.b), are approximated by a finite-volume method
in space and an explicit Runge-Kutta method with an enlarged stability region in time,
namely the Dumka 3 method that was introduced in Section 4.2.4. The description in
this section is based on [21].

4.3.1 Operator form
Let w := (ρ′, ρu, (ρθ)′)> and wq := (ρqv, ρqc, ρqr)> denote the solution vectors of (M1.a)
and (M1.b), respectively. Then, the coupled system can be written as

wt = −∇ · F (w) + D(w) + R(w),
(wq)t = −∇ · Fq(wq) + Dq(wq) + Rq(wq),

where F and Fq are advection fluxes and D, R and Dq, Rq denote the diffusion and
reaction operators of the respective systems. They are given by

F (w) := (ρu, ρu⊗ u+ p′ Id, ρθu)> ,

D(w) :=
(
0,∇ · (µmρ(∇u+ (∇u)>)),∇ · (µhρ∇θ)

)>
,

R(w) := (0,−ρ′ged, Sθ)> ,
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Fq(wq) := (ρqvu, ρqcu, ρqru− vqρqred)> ,
Dq(wq) := (∇ · (µqρ∇qv),∇ · (µqρ∇qc),∇ · (µqρ∇qr))> ,
Rq(wq) := (−C + E,C − A1 − A2, A1 + A2 − E)> .

In order to derive an asymptotically stable, accurate and computationally efficient scheme
for the Navier-Stokes equations, we first split the equations (except the diffusion terms)
into linear and nonlinear parts, see [14, 79] and references therein. Consequently, we
introduce

• F (w) = FL(w) + FN(w)
with FL(w) :=

(
ρu, p′ Id, θ̄ρu

)> and FN(w) := (0, ρu⊗ u, θ′ρu)>;

• R(w) = RL(w) + RN(w)
with RL(w) := (0,−ρ′ged, 0)> and RN(w) := (0, 0, Sθ)>.

We would like to point out that the choice of the linear and nonlinear operators is crucial.
We choose the linear part to model linear acoustic and gravitational waves as well as
linear viscous fluxes. The nonlinear part describes nonlinear advective effects together
with the remaining nonlinear viscous fluxes and the influence of the latent heat. We will
use the following notation:

L := −∇ · FL(w) + RL(w) and N := −∇ · FN(w) + D(w) + RN(w). (4.42)

4.3.2 Discretization in space
The spatial discretization is realized by a finite volume method, see Section 4.1. We take
a cuboid computational domain Ω ⊂ Rd, which is divided into N uniform Cartesian cells.
The cells are labeled using a single-index notation. For simplicity of notation, we assume
that the cells are cubes with the sides of size h so that |Ci| = hd. We also introduce the
notation S(i) for the set of all neighboring cells of cell Ci, i = 1, . . . , N .

Remark 4.5: If the domain Ω is not cuboid, we approximate it by a cuboid domain. This
then leads to additional approximation errors. When applying the Galerkin method this
domain approximation is called geometric variational crime. If the domain, for instance,
has a smooth curved boundary, it cannot be decomposed exactly by rectangles or even
triangles, which as consequence violates assumptions for the Galerkin formulation. Nev-
ertheless, these approximations are a practical necessity and the numerical computations
converge just fine. These observations were pointed out by Strang who quantified the
additional errors introduced by these approximations in [116]. For more details, we also
refer to [17].

We assume that at a any time t the piecewise constant approximate solution is given by
cell averages

wi(t) ≈
1
hd

∫
Ci

w(x, t) dx and (wq)i(t) ≈
1
hd

∫
Ci

wq(x, t) dx, i = 1, . . . , N.
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In order to simplify the notation, we will now omit the time dependence of wi(t) and
(wq)i(t). Next, we introduce the notation wh := {wi}Ni=1 and (wq)h := {(wq)i}Ni=1 and
consider the following approximation of the advection, diffusion and reaction operators:

Ai(wh) = (AL)i(wh) + (AN)i(wh) ≈
1
hd

∫
Ci

∇ · FL(w(x, t)) dx

+ 1
hd

∫
Ci

∇ · FN(w(x, t)) dx,

Di(wh) ≈
1
hd

∫
Ci

D(w(x, t)) dx,

Ri(wh) = (RL)i(wh) + (RN)i(wh) ≈
1
hd

∫
Ci

RL(w(x, t)) dx+ 1
hd

∫
Ci

RN(w(x, t)) dx.

An analogous notation will be used for the approximations of the cloud operators,
(Aq)i(wh), (Dq)i(wh) and (Rq)i(wh).

Advection

The advection terms are discretized using numerical flux functions as follows:

(AL)i(wh) = 1
h

∑
j∈S(i)

HL
ij(wh)

d∑
k=1

n
(k)
ij ,

(AN)i(wh) = 1
h

∑
j∈S(i)

HN
ij (wh)

d∑
k=1

n
(k)
ij ,

(Aq)i((wq)h) = 1
h

∑
j∈S(i)

(Hq)ij((wq)h)
d∑

k=1

n
(k)
ij ,

where the numerical fluxes HL
ij, HN

ij and (Hq)ij approximate the corresponding fluxes
between the computational cells Ci and Cj, and n(k)

ij denotes the k-th component of the
outer unit normal vector of cell Ci in the direction of cell Cj. We use the Rusanov
numerical flux for HN

ij and (Hq)ij and the central flux for HL
ij. Note that the central

flux already yields a second order of accuracy in space. To increase the accuracy for
(AN)i(wh) and (Aq)i((wq)h) a discretization is obtained via a MUSCL-type approach
using piecewise linear reconstructions with the minmod limiter. It is well-known that this
approach yields an approximation, which is almost second-order accurate as its accuracy
deteriorates only at sudden changes, i.e. jumps, discontinuities or large curvatures. The
numerical fluxes are given by

HL
ij(wh) = 1

2 (FL(wj) + FL(wi)) ,

HN
ij (wh) = 1

2
(
FN(w+

ij) + FN(w−ij)
)
− λij

2
(
w+
ij −w−ij

)
, (4.43)

(Hq)ij((wq)h) = 1
2
(
Fq((wq)+

ij) + Fq((wq)−ij)
)
− (λq)ij

2
(
(wq)+

ij − (wq)−ij
)
.
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Here, w−ij , w+
ij and (wq)−ij, (wq)+

ij denote the corresponding interface values, which are
computed using a piecewise linear reconstruction so that

w−ij = wi + sij
h

2

d∑
k=1

n
(k)
ij , w+

ij = wj − sji
h

2

d∑
k=1

n
(k)
ij ,

where the slopes sij are computed by the minmod limiter,

sij = 1
h

minmod (wj −wi,wi −wj∗)
d∑

k=1

n
(k)
ij ,

applied in a componentwise manner. The minmod limiter is defined as is (4.14) and
(wq)−ij and (wq)+

ij are obtained similarly. By Cj∗ the other neighboring cell of Ci in the
opposite direction from Cj is denoted. Finally, the values λij and (λq)ij are given by

λij = max
{
σ

(
∂FN(w−ij)

∂w

)
, σ

(
∂FN(w+

ij)
∂w

)}
,

(λq)ij = max
{
σ

(
∂Fq((wq)−ij)

∂wq

)
, σ

(
∂Fq((wq)+

ij)
∂wq

)}
,

where σ denotes the spectral radius of the corresponding Jacobians.

Remark 4.6: Note that in the computation of HL
ij in (4.43), we use the cell averages

rather than the point values at the cell interfaces for the following two reasons. As
already mentioned above, the flux is second-order accurate. Further, in Section 4.3.3, we
will treat the linear part of the flux implicitly and this is much easier to do when the
numerical flux is linear as well.

Diffusion

The components of the discrete diffusion operators can be written as:

Di(wh) =:
(
0,D2

i (wh),D3
i (wh)

)>
≈ 1
hd

∫
Ci

(
0,∇ · (µmρ(∇u+ (∇u)>)),∇ · (µhρ∇θ)

)> dx

= 1
hd

∫
Ci

(
0, µm∇ · (ρ(∇u+ (∇u)>)), µh (ρ∆θ +∇ρ · ∇θ)

)> dx

= 1
hd

∫
Ci



0
µm

(∑d
j=1
(
ρxj
(
(u1)xj + (uj)x1

))
+ ρ

∑d
j=1

(
(u1)x2

j
+ (uj)x1xj

))
...

µm

(∑d
j=1
(
ρxj
(
(ud)xj + (uj)xd

))
+ ρ

∑d
j=1

(
(ud)x2

j
+ (uj)xdxj

))
µh

(
ρ
∑d

j=1 θx2
j

+
∑d

j=1 ρxjθxj

)


dx,
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(Dq)i(wh) =: ((Dq)vi ((wq)h), (Dq)ci((wq)h), (Dq)ri ((wq)h))>

≈ 1
hd

∫
Ci

(∇ · (µqρ∇qv),∇ · (µqρ∇qc),∇ · (µqρ∇qr))> dx

= µq
hd

∫
Ci

(ρ∆qv +∇ρ · ∇qv, ρ∆qc +∇ρ · ∇qc, ρ∆qr +∇ρ · ∇qr)> dx

= µq
hd

∫
Ci

ρ
∑d

j=1(qv)x2
j

+
∑d

j=1 ρxj(qv)xj
ρ
∑d

j=1(qc)x2
j

+
∑d

j=1 ρxj(qc)xj
ρ
∑d

j=1(qr)x2
j

+
∑d

j=1 ρxj(qr)xj

 dx.

They are discretized in a straightforward manner using second-order central differences,
which leads to

D2
i (wh)(l) = µm

h2

 d∑
j=1

1
4

∑
k∈S(i)

ρkn
(j)
ik

∑
k∈S(i)

(
(ul)kn(j)

ik + (uj)kn(l)
ik

)
+ρi

d∑
j=1

∑
k∈S(i)

(ul)k
∣∣∣n(j)
ik

∣∣∣− 2(ul)i + 1
4
∑
k∈S(i)

n(l)
ik

∑
s∈S(k)

(uj)sn(j)
ks

 ,

for l = 1, . . . , d,

D3
i (wh) = µh

h2

ρi d∑
j=1

∑
k∈S(i)

θk

∣∣∣n(j)
ik

∣∣∣− 2θi

+ 1
4

d∑
j=1

∑
k∈S(i)

ρkn
(j)
ik

∑
k∈S(i)

θkn
(j)
ik


and

(Dq)`i((wq)h) = µq
h2

ρi d∑
j=1

∑
k∈S(i)

(q`)k
∣∣∣n(j)
ik

∣∣∣− 2(ql)i


+ 1

4

d∑
j=1

∑
k∈S(i)

ρkn
(j)
ik

∑
k∈S(i)

(q`)kn(j)
ik

 , ` ∈ {v, c, r}.

Reaction

The reaction terms are discretized by a direct evaluation of the reaction operators using
the cell-centered averages:

Ri(wh) = RL(wi) + RN(wi), (Rq)i((wq)h) = Rq((wq)i).

After the spatial discretization, we obtain the following system of time-dependent ODEs:
d
dtwi = −Ai(wh) +Di(wh) +Ri(wh), (4.44)

d
dt(wq)i = −(Aq)i((wq)h) + (Dq)i((wq)h) + (Rq)i((wq)h). (4.45)

This system has to be solved using an appropriate ODE solver as discussed in Sec-
tion 4.3.3.
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4.3.3 Discretization in time
Let wn

h and (wq)nh denote the numerical approximation of the solutions wh(t) and
(wq)h(t) at the discrete time level tn. We evolve the solution at the next time level
tn+1 = tn + ∆tn, where ∆tn is the size of the Strang operator splitting time step. In
the operator splitting approach, we first numerically solve the ODE system (4.44) with
∆tnNS = ∆tn/2, we then numerically integrate the ODE system (4.45) with ∆tn and finally
we solve system (4.44) again with ∆tnNS.

Notice that system (4.44) may be very stiff as the Navier-Stokes equations are in the
weakly compressible regime. We therefore follow the approach from [14] (see also [13])
and employ the second-order ARS(2,2,2) IMEX method from [6]:

w
n+ 1

4
h = wn

h + β∆tnNS

(
L
(
w
n+ 1

4
h

)
+N (wn

h)
)
,

w
n+ 1

2
h = wn

h + ∆tnNS

(
δN (wn

h) + (1− δ)N
(
w
n+ 1

4
h

))
+ ∆tnNS

(
βL
(
w
n+ 1

2
h

)
+ (1− β)L

(
w
n+ 1

4
h

))
,

(4.46)

where β = 1− 1/
√

2, δ = 1− 1/2β, tn+ 1
2 = tn + ∆tnNS, tn+ 1

4 = tn + ∆tnNS/2, and ∆tnNS satisfies
the following CFL condition:

max
(

max(µh, µm)
h2 , max

s=1,2,3
max
i=1,...,N

(|(us)i|)
d

h

)
∆tnNS < 0.5. (4.47)

We note that the time step has to be of order h2 since we solve the diffusion terms
explicitly in time, see Subsection 4.2.6.

For solving the linear systems arising in (4.46), we use the generalized minimal residual
(GMRES) method combined with a preconditioner, the incomplete LU factorization
(ILU), see Subsection 4.2.5. As shown in [14] (see also [13]), the resulting method is
both accurate and efficient in the weakly compressible regime.

The ODE system (4.45) is also stiff, but its stiffness only originates from the diffusion
and power-law-type source terms. We therefore efficiently solve it using the large stabil-
ity domain third-order Runge-Kutta method from [91]. We have used the ODE solver
DUMKA3, see Subsection 4.2.4, which is a free software that can be found in [90]. We
note that DUMKA3 selects time steps automatically, but in order to improve its effi-
ciency, one needs to provide the code with a time step stability restriction for the forward
Euler method; see [90, 91]. This bound is obtained by min{∆tn, ∆tncloud}, where ∆tncloud
satisfies the following CFL condition for the cloud system:

max
(
µq
h2 ,max

s=1,2
max
i=1,...,N

(|(us)i|, |(u3)i + vq|)
d

h

)
∆tncloud < 0.5. (4.48)
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the stochastic models

This chapter is devoted to the numerical approximation of the stochastic models (M2)
and (M3) that will be presented in Section 5.3 and is based on [21]. We will start by
providing a general overview of uncertainty quantification and possible uncertainty quan-
tification methods for cloud modeling and related physical models in Section 5.1 and then
focus on stochastic spectral methods in Section 5.2 based on [68, 113, 144]. In Subsec-
tions 5.2.2 and 5.2.1, we introduce two spectral methods, the stochastic collocation and
the stochastic Galerkin method, respectively. In Subsection 5.2.3 we give a comparison
of both methods. We apply the method of our choice, the stochastic Galerkin method,
to the model with stochastic cloud dynamics (M2) in Subsection 5.3.1 and the fully
stochastic model (M3) in Subsection 5.3.2. By making some comments on the combina-
tion of the stochastic approximation with the space-time approximations of the models
in Section 5.4, we conclude the chapter.

5.1 General overview of uncertainty quantification
Uncertainty quantification has become an interdisciplinary field with explosive growth.
Reasons for that are an increasing emphasis on models with quantified uncertainties
for large-scale applications, novel algorithm development and new as well as powerful
computational architectures which enable implementation of these algorithms. In this
section, we will motivate uncertainty quantification for physical models in the context of
cloud/weather modeling, characterize sources of uncertainty and give a general overview
of methods to tackle these uncertainties. The content of this section is based on [113]
and [144].

A broad definition of uncertainty quantification is the science of identifying, quantifying
and reducing uncertainties associated with models, numerical algorithms and predicted
quantities of interest. Some parts of this field are already well understood and addressed
by classical statistics and numerical analysis theory. These include for example the quan-
tification of measurement uncertainties (often taken as the standard deviation of a known
probability distribution over the possible values that could be assigned to a measured
quantity) and numerical errors. However, the analysis of uncertainty propagation in
complex models and its impact on predicted quantities of interest is more recent and

63



5 Numerical methods for the stochastic models

forms an active and innovative area of research. The goal is to systematically quantify
uncertainties and errors in models, simulations and experiments.

We start by introducing different natures and sources of arising uncertainties. In our
application of cloud modeling, as well as in related physical models, uncertainties and
errors arise in the modeling, simulation and experimental components. The following
distinction of uncertainties depending on their different sources can be made:

• Experimental uncertainties: Two main sources of uncertainty and errors in
experiments are incomplete data and limited accuracy or the resolution of sensors.

• Model and input uncertainties: Model uncertainties arise from model errors
and input uncertainties due to, for example, uncertain parameters and initial and
boundary conditions. The modeling errors are due to an approximate or imprecise
representation of underlying physical processes and the input uncertainties are due
to the fact that all models contain parameters that must be specified before the
model can be used, e.g., initial or boundary conditions for differential equation
models. These are uncertainties that must be quantified and propagated through
the models. Estimating input uncertainties for a model using measured data is
often referred to as inverse uncertainty quantification. In this work, we will focus
on the forward uncertainty quantification, where various sources of uncertainty are
propagated through the model. Especially in coupled models or models with a
coupling of multiscale or multiphysics phenomena, as in cloud modeling, this is a
challenging task and an active area of research.

• Numerical uncertainties: Numerical uncertainties are, for example, roundoff
errors as well as coding errors and hardware failures. They belong to the least
uncertain component of predictive sciences.

The scope of this chapter will be to quantify model and input uncertainties in cloud
modeling. We consider sampling methods and spectral representations to propagate un-
certainties through models. For different techniques such as direct evaluation for linearly
parameterized models or perturbation methods, we refer to [113]. In the sequel, we will
focus on the stochastic Galerkin method to establish numerical methods for the stochas-
tic models (M2) and (M3). Since we want to further compare the stochastic Galerkin
method to the Monte Carlo and the stochastic collocation approach in Section 7.3, we
will also briefly address these approaches.

Sampling methods

These methods are widely used to propagate uncertainties in nonlinear problems. They
include the well-known Monte Carlo method. The sampling technique has the advan-
tage of being independent of the number of parameters and being nonintrusive in the
sense that existing codes do not need to be modified. This approach is very intuitive
and is implemented by randomly sampling from the measurement error and joint input
distributions to construct an ensemble of responses from which response statistics can
be computed. Additionally, the efficiency is independent of the number of parameters
since one can simultaneously sample from each parameter distribution. A drawback of
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5.2 Stochastic spectral methods

sampling methods is that they typically exhibit relatively slow convergence rates such as
1/
√
M for the Monte Carlo method, whereM is the number of simulations, which is due to

the solely statistical nature of the method and the fact that it does not exploit regularity
associated with the parameter space. Thus, a large number of response realizations are
required to construct a reasonable statistical ensemble. The Latin hypercube, see, e.g.,
[77, 114], and quasi-Monte Carlo sampling methods, see, e.g., [96, 99], exhibit higher
convergence rates, but they are often infeasible for computationally complex problems
such as applications involving coupled physics. Still, for problems with large parameter
dimensions and with correlated parameters, sampling methods may be the best choice.

Spectral representations

Spectral methods, like the stochastic Galerkin and stochastic collocation method, have
better convergence rates. In addition, they represent uncertain inputs in a way that
facilitates the evaluation of moments and distributions of the quantities of interest. This
is achieved by employing spectral expansions in the stochastic space. Due to the breadth
of spectral representation methods, we devote Section 5.2 to this topic. Our main focus
will be on the method of our choice, the stochastic Galerkin method.

5.2 Stochastic spectral methods
The objective of spectral methods is to significantly reduce the number of determinis-
tic model simulations required to construct moments of quantities of interest. This is
achieved by employing a spectral expansion in the stochastic space which exploits the
smoothness and leads to convergence rates faster than the Monte Carlo rates 1/

√
M, where

M is the number of simulations, for moderate parameter dimensions. The content of this
section is based on [113], [144] and [68].

Remark 5.1: In this thesis, we will just consider the case of a single random input and
thus only present the respective methods for this case. In general, stochastic spectral
methods can also be applied to the case with multiple random input parameters. We
note that the spectral techniques then require either mutually independent parameters or
a representation of the joint posterior density for the implementation. For more details
on the case with multiple input parameters, we refer to [113].

Remark 5.2: A widely used spectral expansion is the Karhunen-Loève expansion which
represents a random field according to a spectral decomposition of its correlation function.
The Karhunen-Loève expansion is also known as proper orthogonal decomposition or
principal component analysis in finite-dimensional settings. The decomposition is bi-
orthogonal since the random field is decomposed in terms of components that are both
orthogonal over the spatio-temporal domain as well as the underlying probability space.
A favorable property is the optimality of the expansion: There is no approximation with
the same number of terms which results in a smaller mean-square error. However, the
expansion is only applicable to problems where the covariance function of the solution
field is known a priori. Since this is not the case for our problem, we will not further
discuss this method and refer for more details to [68, 113, 118, 144].
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As already mentioned in Chapter 3, the solutions to the stochastic systems (M2) and
(M3) are random fields, see Definition 3.6. We construct now a spectral expansion to
represent these random fields which facilitates the construction of their moments. Dat-
ing back to Wiener, these expansions are often termed polynomial chaos or generalized
polynomial chaos (gPC) expansions, since he first introduced them for constructing a
physical theory of chaos, see [142]. Although most of the systems investigated by un-
certainty quantification are not chaotic, including ours, the terminology has become
established (nonetheless) and also in this work we will utilize it. Thus, in what follows
the gPC expansion will refer to the spectral expansion in the stochastic space. To begin
with, we will introduce the gPC expansion for the random nonlinear conservation law
from (4.1). In Subsections 5.3.1 and 5.3.2, we then extend the approach to the stochas-
tic models (M2) and (M3) and the respective random fields (ρq`)(x, t, ω), ` ∈ {v, c, r},
ρ′(x, t, ω), (ρu)(x, t, ω) and (ρθ)′(x, t, ω).

Thus, we consider again the nonlinear conservation law from (4.1)

wt + F (w)x = 0.

In the stochastic setting its solution w(x, t, ω) (= w(x, t,X(ω))) will be a random field.
We separate spatio-temporal and random dependencies to obtain in our case of a single
random variable the following finite-dimensional representation

wM(x, t, ω) :=
M∑
k=0

ŵk(x, t)Φk(ω) ≈ w(x, t, ω) with M ≥ 0, (5.1)

where ŵk(x, t) are deterministic coefficients and Φk(ω)(= Φk(X(ω))), k = 0, . . . ,M , are
polynomials of k-th degree that are orthogonal. This means that they fulfill the following
property ∫

Γ

Φk(ω)Φk′(ω) dP (ω) = ckδkk′ for 0 ≤ k, k′ ≤M, (5.2)

where δkk′ is the Kronecker symbol, Γ is the sample space and ck a constant depending
on the probability density function µ.

Remark 5.3: Applying the following property of the pushforward measure to (5.2) gives∫
Γ

Φk(ω)Φk′(ω) dP (ω) =
∫
R

Φk(y)Φk′(y) d(P ◦X−1)(y)

=
∫
R

Φk(z)Φk′(z)µ(z) dz = ckδkk′ for 0 ≤ k, k′ ≤M.

Thus, the polynomials are orthogonal with respect to the probability density function.
In general, the pushforward can be used to calculate explicitly integrals over Γ, when the
distribution of the random variable X is chosen. In what follows, we will, for simplicity,
often omit this pushforward when explicitly calculating the integrals over Γ.

Consequently, the choice of the orthogonal polynomials {Φk(ω)}Mk=0 depends on the dis-
tribution of the random variable X. As a matter of fact, for many distributions (of X)
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5.2 Stochastic spectral methods

Distribution of X gPC basis polynomials Support
Continuous Gaussian Hermite (−∞,+∞)

Gamma Laguerre [0,∞)
Beta Jacobi [a, b]

Uniform Legendre [a, b]
Discrete Poisson Charlier {0, 1, 2, . . . }

Binomial Krawtchouck {0, 1, . . . , N}
Negative binomial Meixner {0, 1, 2, . . . }
Hypergeometric Hahn {0, 1, . . . , N}

Table 5.1: Correspondence of the distribution of a random variable X and the gPC basis
polynomials, see [144] and [146], where a, b ∈ R and N ∈ N.

corresponding sets of orthogonal polynomials are known. Table 5.1 states the correspon-
dence of the distribution and the gPC basis polynomials for some common distributions.

The orthogonality (5.2) ensures that the polynomials {Φk(ω)}Mk=0 can be used as basis
functions to approximate functions in terms of the random variable X. The nature of
the approximations was investigated in detail in [144]. Here, we will summarize the most
important concepts.

Definition 5.1
Let w(ω) be a function of a random variable X(ω) whose probability distribution is given
through FX(x) = P (X ≤ x) and whose support is denoted by IX . Then wM is a strong
gPC approximation if ‖w(ω)−wM(ω)‖ → 0 as M →∞ in a proper norm defined on IX .

An example of a strong approximation is the orthogonal projection. We denote the space
of all mean-square integrable functions by

L2
dFX (IX) = {w : IX → R |E

[
w2] <∞}

and then the corresponding norm is given through ‖w‖L2
dFX

:=
√
E [w2]. We define the

Mth-degree gPC orthogonal projection of w ∈ L2
dFX (IX) as

PMw :=
M∑
k=0

ŵkΦk(ω) with ŵk = 1
ck
E [w(ω)Φk(ω)] ,

cf. the discrete transforms (5.16) and (5.18). This leads to a mean-square convergence

‖w − PMw‖L2
dFX
→ 0 as M →∞.

Hence the requirement for convergence is L2-integrability. The rate of convergence will
depend on the smoothness of w in terms of the random variable X. More precisely, the
smoother w is, the faster is the convergence. For more details on these results, we refer
to [144].

A strong gPC approximation also converges in probability.
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Definition 5.2
A sequence of random variables {XM} converges in probability to the random variable
X if for all ε > 0 the following holds

lim
M→∞

P (|XM −X| > ε) = 0.

An in probability converging sequence of random variables also converges in distribution.

Definition 5.3
A sequence of random variables {XM} converges in distribution or weakly to the random
variable X if for all points of continuity x of the distribution function FX it holds
FXM (x)→ FX(x) as M →∞.

In practice, the explicit form of w(ω) in terms of X(ω) is unknown in most cases. This
means that a gPC expansion that converges strongly cannot be constructed. In some
cases, however, the distribution of w is known and the approximation can be made to
converge in a weak sense, meaning in probability.

Definition 5.4
An approximation wM is a weak gPC approximation of w if wM converges to w in
probability.

A strong gPC approximation is also a weak gPC approximation but not vice versa. We
also note that the weak gPC approximation is not unique. If the gPC polynomials can be
constructed, as in the case for the distributions listed in Table 5.1, then it is best to use
these basis polynomials, since a proper first-order expansion, i.e. M = 1, can produce
the given distribution exactly. Using a different polynomial basis can still lead to the
convergence of the expansion series, but one gets additional approximation errors and a
more complex gPC representation. For more details and examples we refer to [144].

In this thesis, we will focus on two distributions of X that are important for meteoro-
logical applications:

1. A uniformly distributed X ∼ U(−1, 1). In this case, we work with the Legendre
polynomials

Φk(z) =
b k2 c∑
j=0

(−1)j (2k − 2j)!
(k − j)!(k − 2j)!j!2k z

k−2j, (5.3)

where b·c is the floor function which is given through⌊
k

2

⌋
=
{
n
2 for evenn,
n−1

2 for oddn.

For the Legendre polynomials (5.3) the following equality holds
1∫

−1

Φk(z)Φk′(z) dz = 2
2k + 1δkk

′ for 0 ≤ k, k′ ≤M.
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Since the property of the pushforward measure gives∫
Γ

Φk(X(ω))Φk′(X(ω)) dP (ω) =
∫
R

Φk(y)Φk′(y) d(P ◦X−1)(y)

=
1∫

−1

Φk(y)Φk′(y) dU(−1, 1)(y)

=
1∫

−1

Φk(z)Φk′(z)µ(z) dz

= 1
2

1∫
−1

Φk(z)Φk′(z) dz,

the coefficient in the orthogonality property (5.2) is given through

ck = 1
2k + 1 . (5.4)

2. A normally distributed X ∼ N (µH , σ2
H). In this case, we use the following Hermite

polynomials

Φk(z) = 2− 1
2kHk

(
z − µH√

2σH

)
with Hk(z) = (−1)kez2 dk

dzk
e−z

2
, (5.5)

where µH and σH are the mean value and the standard deviation of the normal
distribution. For the polynomials Hk, 0 ≤ k ≤M , it holds that

∞∫
−∞

Hk(z)Hk′(z)e−z2 dz = 2k
√
πk!δkk′ for 0 ≤ k, k′ ≤M. (5.6)

Using (5.6) and the substitution z̄ =
√

2σHz + µH , we get
∞∫

−∞

Hk(z)Hk′(z)e−z2 dz =
∞∫

−∞

Hk

(
z̄ − µH√

2σH

)
Hk′

(
z̄ − µH√

2σH

)
e
− (z̄−µH )2

2σ2
H

1√
2σH

dz̄

= 2k
√
πk!δkk′ for 0 ≤ k, k′ ≤M.

Dividing the above equation by 2k
√
π leads to

∞∫
−∞

2−kHk

(
z̄ − µH√

2σH

)
Hk′

(
z̄ − µH√

2σH

)
e
− (z̄−µH )2

2σ2
H

1√
2πσ2

H

dz̄

=
∞∫

−∞

Φk (z̄) Φk′ (z̄)µ(z̄) dz̄

= k!δkk′ for 0 ≤ k, k′ ≤M.
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From that it follows with∫
Γ

Φk(X(ω))Φk′(X(ω)) dP (ω) =
∫
R

Φk(y)Φk′(y) d(P ◦X−1)(y)

=
∞∫

−∞

Φk(y)Φk′(y) dN (µH , σ2
H)(y)

=
∞∫

−∞

Φk(z)Φk′(z)µ(z) dz

that the coefficient in the orthogonality property (5.2) is given through

ck = k!. (5.7)

Remark 5.4: It is possible to consider other distributions. One just needs to adjust the
choice of the polynomials and re-compute the constants ck, k = 0, . . . ,M .

The gPC expansion (5.1) has the advantage that statistical and sensitivity analysis can be
performed with minimal computational effort once the coefficients have been determined.
We state the characterization of the mean and the variance. Higher-order moments and
correlation functions can then be computed in a similar manner.

• Mean:

E[wM(x, t, ω)] =
∫
Γ

wM(x, t, ω) dP (ω) =
∫
Γ

M∑
k=0

ŵk(x, t)Φk(ω) dP (ω)

=
M∑
k=0

ŵk(x, t)
∫
Γ

Φk(ω) dP (ω)

=
M∑
k=0

ŵk(x, t)
∫
R

Φk(y) d(P ◦X−1)(y)

=
M∑
k=0

ŵk(x, t)
∫
R

Φk(z)µ(z) dz

=
M∑
k=0

ŵk(x, t)
∫
R

Φk(z)1µ(z) dz

=
M∑
k=0

ŵk(x, t)
∫
R

Φk(z)Φ0(z)µ(z) dz

=
M∑
k=0

ŵk(x, t)ckδk0

= ŵ0(x, t).

(5.8)
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• Variance:

Var(wM(x, t, ω)) = σ2(wM(x, t, ω)) = E
[(
wM(x, t, ω)− E[wM(x, t, ω)]

)2
]

= E
[(
wM(x, t, ω)− ŵ0(x, t)

)2
]

= E

( M∑
k=0

ŵk(x, t)Φk(ω)− ŵ0(x, t)1
)2


= E

( M∑
k=0

ŵk(x, t)Φk(ω)− ŵ0(x, t)Φ0(ω)
)2


= E

( M∑
k=1

ŵk(x, t)Φk(ω)
)2


=
∫
Γ

(
M∑
k=1

ŵk(x, t)Φk(ω)
)(

M∑
j=1

ŵj(x, t)Φj(ω)
)

dP (ω)

=
∫
R

(
M∑
k=1

ŵk(x, t)Φk(z)
)(

M∑
j=1

ŵj(x, t)Φj(z)
)
µ(z) dz

=
M∑
k=1

M∑
j=1

ŵk(x, t)ŵj(x, t)
∫
R

Φk(z)Φj(z)µ(z) dz

=
M∑
k=1

M∑
j=1

ŵk(x, t)ŵj(x, t)ckδkj

=
M∑
k=1

(ŵk(x, t))2 ck.

(5.9)

To determine the coefficients {ŵk(x, t)}Mk=0 in (5.1), we present the stochastic Galerkin
method in Subsection 5.2.1 and the stochastic collocation method in Subsection 5.2.2.
They work analogously as their deterministic counterparts. In the Galerkin framework,
one projects the governing equations onto a finite-dimensional subspace spanned by the
polynomial basis functions and ends up with deterministic equations for the spectral
expansion coefficients. It is an intrusive method in the sense that existing codes must
be modified since the projection step requires discrete transformations for the inner
products. In the collocation framework, one approximates the solution of the governing
equations at a discrete set of points termed collocation points. These points are typical
values in the random variable space used to represent inputs or parameters in the model.
Collocation methods are nonintrusive because existing codes can be used to determine
the approximate solutions at the collocation points.
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5.2.1 Stochastic Galerkin method

The strategy for stochastic Galerkin methods is to project the governing equations onto
a finite-dimensional space spanned by appropriate basis functions. Here, we employ
polynomials that are orthogonal with respect to the density µ(ω) as stated in (5.2).
Thus, we are looking for functions wM(x, t, ω) which satisfy

〈
wMt (x, t, ω) + F

(
wM(x, t, ω)

)
x
,Φk(ω)

〉
= 0 for 0 ≤ k ≤M, (5.10)

where 〈·, ·〉 is the inner product in our probability space which is given through

〈u, v〉 =
∫
Γ

u(ω)v(ω) dP (ω) =
∫
R

u(z)v(z)µ(z) dz. (5.11)

Using (5.1) and (5.2), we can rewrite (5.10) as

0 =
〈
wMt (x, t, ω) + F

(
wM(x, t, ω)

)
x
,Φk(ω)

〉
=
∫
Γ

(
wMt (x, t, ω) + F

(
wM(x, t, ω)

)
x

Φk(ω)
)

dP (ω)

=
∫
R

M∑
j=0

(ŵj)t(x, t)Φj(z)Φk(z)µ(z) dz +
∫
Γ

F
(
wM(x, t, ω)

)
x

Φk(ω) dP (ω)

= ck(ŵk)t(x, t) +
∫
Γ

F
(
wM(x, t, ω)

)
x

Φk(ω) dP (ω) for 0 ≤ k ≤M.

(5.12)

To compute the inner product of the nonlinear advection flux F , we will use the discrete
transform (DT) and inverse discrete transform (IDT) described below. Their precise
definitions depend on the particular choice of polynomials (in our case Legendre or
Hermite), but their basic mode of operation is always the same.

• Discrete transform (DT)

The discrete transform starts with the expansion of a function f in the stochastic
space

f(x, t, ω) =
M∑
i=0

f̂i(x, t)Φi(ω) (5.13)

and at the end gives the expansion coefficients f̂i(x, t), i = 0, . . . ,M .
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The idea is to use the orthogonality property (5.2) as follows∫
Γ

f(x, t, ω)Φk(ω) dP (ω) =
∫
Γ

M∑
i=0

f̂i(x, t)Φi(ω)Φk(ω) dP (ω)

=
M∑
i=0

f̂i(x, t)
∫
R

Φi(z)Φk(z)µ(z) dz

=
M∑
i=0

f̂i(x, t)ckδki

= ckf̂k(x, t).

(5.14)

Dividing (5.14) by ck gives then

f̂k(x, t) = 1
ck

∫
Γ

f(x, t, ω)Φk(ω) dP (ω)

= 1
ck

∫
R

f(x, t, z)Φk(z)µ(z) dz for 0 ≤ k ≤M.

(5.15)

We approximate the above integral now by using the respective Gauss quadrature
rules depending on the choice of polynomials. For that we will now distinguish
between the two cases considered in this thesis, Legendre and Hermite polynomials.

1. Legendre polynomials: In this case the distribution is uniform with the prob-
ability density 1/2. Then (5.15) reduces with (5.4) to

f̂k(x, t) = 2k + 1
2

1∫
−1

f(x, t, z)Φk(z) dz for 0 ≤ k ≤M.

Approximating the integral using the Gauss-Legendre quadrature leads to

DT
[
{f(x, t, z`)}L`=0

]
=
{
f̂k(x, t)

}M
k=0

=
{

2k + 1
2

L∑
l=0

β`f(x, t, z`)Φk(z`)
}M

k=0

,

(5.16)

where L + 1 is the number of quadrature points, z` is the `-th root of ΦL+1
and β` are the Gauss-Legendre quadrature weights, that is

β` = 2
(1− z2

` )
[
∂
∂z

ΦL+1(z`)
]2 .

2. Hermite polynomials: Here, we use a general normal distribution with

µ(z) = 1√
2πσ2

H

e
− (z−µH )2

2σ2
H . (5.17)
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Applying (5.17) and (5.7) to (5.15) leads to

f̂k(x, t) = 1
k!
√

2πσ2
H

∞∫
−∞

f(x, t, z)Φk(z)e
− (z−µH )2

2σ2
H dz for 0 ≤ k ≤M.

Approximating the integral using the Gauss-Hermite quadrature leads to

DT
[
{f(x, t, z`)}L`=0

]
=
{
f̂k(x, t)

}M
k=0

=
{

1
k!
√

2πσ2
H

L∑
l=0

β`f(x, t, z`)Φk(z`)e
− (z`−µH )2

2σ2
H

+z2
`

}M

k=0

,

(5.18)

where L + 1 is the number of quadrature points, z` is the `-th root of ΦL+1
and β` are the Gauss-Hermite quadrature weights, that is

β` = 2L(L+ 1)!
√
π

(L+ 1)2 [ΦL(z`)]2
.

• Inverse discrete transform (IDT)

The inverse discrete transform starts with the expansion coefficients {f̂k(x, t)}Mk=0
and gives as a result the expansion function (5.13). For this direction we just
compute the function f straightforwardly through the gPC expansion

IDT
[{
f̂k(x, t)

}M
k=0

]
= {f(x, t, ω`)}Ll=0 =

{
M∑
k=0

f̂k(x, t)Φk(z`)
}L

`=0

. (5.19)

Remark 5.5: The number L can be chosen equal toM , or even higher for a more accurate
approximation.

Remark 5.6: We stress that the values Φk(z`), 0 ≤ k ≤M , 0 ≤ ` ≤ L, which are needed
every time either DT or IDT is applied, can be pre-computed for the code efficiency.

Expanding now also F as

F (wM(x, t, ω)) =: F̃ (x, t, ω) =
M∑
j=0

̂̃F j(x, t)Φj(ω)

and using IDT and DT for the inner product as well as the orthogonality property (5.2)
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leads to∫
Γ

F
(
wM(x, t, ω)

)
x

Φk(ω) dP (ω) =
∫
Γ

F
(
IDT

[
{ŵj}Mj=0

])
x

Φk(ω) dP (ω)

=
∫
Γ

(
M∑
j=0

̂̃F j(x, t)Φj(ω)
)
x

Φk(ω) dP (ω)

=
M∑
j=0

(̂̃F j(x, t)
)
x

∫
R

Φj(z)Φk(z)µ(z) dz

= ck

(̂̃F k(x, t)
)
x
.

Then (5.12) simplifies to

0 = (ŵk)t(x, t) +
(̂̃F k(x, t)

)
x

for 0 ≤ k ≤M. (5.20)

This means that we end up with M + 1 deterministic equations for the expansion coef-
ficients {ŵk(x, t)}Mk=0.

Remark 5.7: The initial conditions for (5.20) are constructed by similarly applying the
Galerkin projection as above, see, for example, the projected Dirichlet boundary condi-
tions (7.4) in the case of 2D Rayleigh-Bénard convection.

Remark 5.8: There are not many results on the convergence rate of stochastic Galerkin
methods, since the numerical analysis of these methods began only recently. For now,
the results are restricted to stochastic elliptic partial differential equations. Nevertheless,
we briefly want to summarize some achievements. Babuška, Tempone and Zouraris have
shown in [7] that the error between w and wM decreases exponentially with respect to
M . In [123], Todor and Schwab have proven exponential convergence rates which are
independent of M under the assumption that the expansion coefficients decay exponen-
tially to 0 in the L∞-norm. Cohen, DeVore and Schwab show in [22] an algebraic decay
rate of the gPC expansion under the weaker assumption that the expansion coefficients
only have an algebraic decay. Their decay rate only depends on the decay rate of the
expansion coefficients and not on M .

Applications of stochastic Galerkin methods to flows in porous media and incompressible
and compressible flows can be found in [98, 147] and applications to other problems in
physics and engineering can be found in [25, 102, 125, 135, 146].

5.2.2 Stochastic collocation method
The idea of the collocation method is to generate K + 1 samples {zi}Ki=0, the collocation
points, from the parameter space with the deterministic code/methods and then enforce
the following condition

w(x, t, zi) = wM(x, t, zi) for 0 ≤ i ≤ K. (5.21)
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This provides the necessary constraints to solve for {ŵk(x, t)}Mk=0, since

wM(x, t, zi) =
M∑
k=0

ŵk(x, t)Φk(zi) for 0 ≤ i ≤ K

which can equivalently be written asΦ0(z0) · · · ΦM(z0)
... ...

Φ0(zK) · · · ΦM(zK)


 ŵ0(x, t)

...
ŵM(x, t)

 =

wM(x, t, z0)
...

wM(x, t, zK)

 .

To not obtain an underdetermined system one requires K ≥ M . If K > M the system
is overdetermined and the solution can be found by, e.g., a least squares approximation.
We choose K = M and use the quadrature points from the DT as collocation points.

Stochastic collocation methods in the context of physical and engineering applications
have been proposed in [82, 143, 145].

5.2.3 Stochastic Galerkin versus collocation method
The stochastic collocation method is an interpolation technique, cf. (5.21), and not a
projection method as the stochastic Galerkin method. This is manifested by the fact
that the approximation space of the collocation method changes as the number of col-
location points changes. The stochastic Galerkin method ensures that the residual of
the stochastic governing equations is orthogonal to the linear space spanned by the gPC
polynomials. In this sense, its accuracy is optimal in an L2-sense which can reduce the
number of computations required. The accuracy of the stochastic collocation method
is dictated by the accuracy of the approximating polynomials. The interpolation error
for one parameter and K collocation points decreases with a rate of K−a, where a de-
pends on the regularity of the solution, see [113]. For a fixed accuracy, which is usually
measured in terms of the polynomial exactness of the approximation, the collocation
methods require the solution of a larger number of equations than the gPC Galerkin
method. This suggests that the gPC Galerkin method offers the most accurate solutions
involving the least number of equations (especially in multidimensional random spaces).

Disadvantages of the stochastic Galerkin method are that it can only be used for proba-
bility densities with associated orthogonal polynomials and that a new system associated
with the projection must be developed and implemented. Moreover, it is an intrusive
method, since existing codes typically need to be extended to construct the coefficients.
In contrast, the collocation method can be applied to general probability densities and
it is nonintrusive in the sense that one solves for the K specified collocation points K
deterministic problems using the existing code, which can also be easily parallelized.

In general, it is very problem-dependent which method should be preferred. Since the
exact cost comparison between the Galerkin and the collocation methods depends on
many factors, including error analysis (which is largely unknown) and even coding efforts
for the stochastic Galerkin code, it is not always clear which should be the method of
choice. In this work, we apply the stochastic Galerkin method and present mostly results
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for this method. In Subsection 7.3, we briefly compare the stochastic Galerkin with the
stochastic collocation method in the case of a rising warm air bubble. A more extensive
comparison is left for future research since this investigation goes beyond the scope of
this work.

5.3 Numerical scheme for the stochastic models
In this section, we present our numerical scheme for the stochastic models (M2), see
Section 5.3.1, and (M3), see Section 5.3.2. The numerical approximation in the stochastic
space is based on a polynomial chaos stochastic Galerkin method which was introduced
in Section 5.2.1.

5.3.1 Stochastic cloud microphysics
Here, we describe a generalized polynomial chaos stochastic Galerkin (gPC-SG) method
for the model with stochastic cloud dynamics (M2) based on [21]. Such a method belongs
to the class of intrusive methods and the use of the Galerkin expansion leads to a system
of deterministic equations for the expansion coefficients, see Section 5.2. In the gPC-SG
method, the solution is sought in the form of a polynomial expansion

ρq`(x, t, ω) =
M∑
k=0

(ρ̂q`)k(x, t)Φk(ω) with ` ∈ {v, c, r}, M ≥ 0, (5.22)

where Φk(ω), k = 0, . . . ,M , fulfill the orthogonality property (5.2).

We use the same expansion for the uncertain coefficients,

k1(ω) =
M∑
k=0

(k̂1)kΦk(ω), k2(ω) =
M∑
k=0

(k̂2)kΦk(ω), α(ω) =
M∑
k=0

α̂kΦk(ω), (5.23)

for the source terms on the RHS of (3.11),

ρ (−C(x, t, ω) + E(x, t, ω)) =: R1(x, t, ω) =
M∑
k=0

(r̂1)k(x, t)Φk(ω),

ρ (C(x, t, ω)− A1(x, t, ω)− A2(x, t, ω)) =: R2(x, t, ω) =
M∑
k=0

(r̂2)k(x, t)Φk(ω), (5.24)

ρ (A1(x, t, ω) + A2(x, t, ω)− E(x, t, ω)) =: R3(x, t, ω) =
M∑
k=0

(r̂3)k(x, t)Φk(ω),

as well as for the raindrop fall velocity,

vq(x, t, ω) =
M∑
k=0

(v̂q)k(x, t)Φk(ω). (5.25)
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Since the Navier-Stokes equations stay deterministic, ρ(x, t) = ρ̂0(x, t) and thus we also
obtain

q`(x, t, ω) =
M∑
k=0

(q̂`)k(x, t)Φk(ω)

with (q̂`)k(x, t) = (ρ̂q`)k(x, t)
ρ(x, t) for ` ∈ {v, c, r}, k = 0, . . . ,M.

(5.26)

We note that in the case in which ρ(x, t) is very small, the computation of the coefficients
(q̂`)k(x, t) should be desingularized, e.g., by

(q̂`)k(x, t) =
{

(ρ̂q`)k(x,t)
ρ(x,t) if ρ(x, t) ≥ ε,

0 otherwise,
for ` ∈ {v, c, r}, k = 0, . . . ,M,

where ε is a small a priori chosen positive number. The choice of ε depends on which
values of ρ(x, t) may be considered negligible for the problem at hand. In our case,
ε = 10−16 is a possible choice. For further details we refer to [66, formulae (5.16)–(5.18)]
and references therein.

Applying the Galerkin projection to (3.11) yields

〈(ρqv)t +∇ · (ρqvu− µqρ∇qv) ,Φk〉 = 〈ρ(−C + E),Φk〉 ,
〈(ρqc)t +∇ · (ρqcu− µqρ∇qc) ,Φk〉 = 〈ρ(C − A1 − A2),Φk〉 , (5.27)

〈(ρqr)t +∇ · (ρqr(−vqed + u)− µqρ∇qr) ,Φk〉 = 〈ρ(A1 + A2 − E),Φk〉 ,

for k = 0, . . . ,M . We now substitute (5.22), (5.24)–(5.26) into (5.27) and use the or-
thogonality property (5.2) to obtain the following 3(M + 1) deterministic equations for
the gPC coefficients of the cloud variables:

∂

∂t
(ρ̂qv)k +

d∑
s=1

[
∂

∂xs
((ρ̂qv)kus)− µq

(
∂ρ

∂xs

∂

∂xs
(q̂v)k + ρ

∂2

∂x2
s

(q̂v)k
)]

= (r̂1)k,

∂

∂t
(ρ̂qc)k +

d∑
s=1

[
∂

∂xs
((ρ̂qc)kus)− µq

(
∂ρ

∂xs

∂

∂xs
(q̂c)k + ρ

∂2

∂x2
s

(q̂c)k
)]

= (r̂2)k,

∂

∂t
(ρ̂qr)k +

d∑
s=1

[
∂

∂xs
((ρ̂qr)kus − δsdâk)− µq

(
∂ρ

∂xs

∂(q̂r)k
∂xs

+ ρ
∂2(q̂r)k
∂x2

s

)]
= (r̂3)k,

(5.28)

for k = 0, . . . ,M . Here, the coefficients {âk}Mk=0 are obtained using the following expan-
sion:

vq(x, t, ω)(ρqr)(x, t, ω) =
M∑
j=0

(v̂q)j(x, t)Φj(ω)
M∑
m=0

(ρ̂qr)m(x, t)Φm(ω)

=:
M∑
k=0

âk(x, t)Φk(ω).
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The coefficients {(r̂1)k, (r̂2)k, (r̂3)k, âk}Mk=0 are calculated via discrete transform (DT), see
(5.16), (5.18), and inverse discrete transform (IDT), see (5.19), which were introduced
in Subsection 5.2.1. To be precise,

{(r̂1)k}Mk=0 = DT
[
R1

(
IDT

[
{(ρ̂qv)k}Mk=0

]
, IDT

[
{(ρ̂qc)k}Mk=0

]
,

IDT
[
{(ρ̂qr)k}Mk=0

])]
,

(5.29)

and the coefficients {(r̂2)k, (r̂3)k, âk}Mk=0 are computed analogously. Thus, the system for
the expansion coefficients of the cloud variables (5.28) is fully determined.

What is left to discuss is the coupling to the Navier-Stokes equations. As already stated
in (3.12), this is realized by using the expected values of the cloud variables in the energy
source term. We compute the expected values as in (5.8).

5.3.2 Fully stochastic model
In this subsection, we apply the gPC-SG method to the fully stochastic cloud model
(M3). We follow the approach of the previous Subsection 5.3.1 for the stochastic cloud
microphysics and add the approach for the Navier-Stokes equations. Due to this, some
of the steps and notations of Subsection 5.3.1 will be repeated and for others, we will
refer to the respective equations and explanations in Subsection 5.3.1.

We start again by representing the solution in the form of a polynomial expansion, that
is,

ρ′(x, t, ω) =
M∑
k=0

(ρ̂′)k(x, t)Φk(ω), ρu(x, t, ω) =
M∑
k=0

(ρ̂u)k(x, t)Φk(ω),

(ρθ)′(x, t, ω) =
M∑
k=0

((̂ρθ)′)k(x, t)Φk(ω)
(5.30)

and

ρq`(x, t, ω) =
M∑
k=0

(ρ̂q`)k(x, t)Φk(ω) with ` ∈ {v, c, r}, M ≥ 0, (5.31)

where Φk(ω), k = 0, . . . ,M , are polynomials of k-th degree that are orthogonal with re-
spect to the probability density function µ. This implies that the orthogonality property
(5.2) holds.

We use the same expansion for the source term Sθ of the energy equation in the Navier-
Stokes system (5.35), see (3.2) for its definition,

Sθ(x, t, ω) =
M∑
k=0

(Ŝθ)k(x, t)Φk(ω), (5.32)

for the uncertain coefficients,

k1(ω) =
M∑
k=0

(k̂1)kΦk(ω), k2(ω) =
M∑
k=0

(k̂2)kΦk(ω), α(ω) =
M∑
k=0

α̂kΦk(ω),
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for the source terms on the RHS of the cloud microphysics equations

ρ (−C(x, t, ω) + E(x, t, ω)) =: R1(x, t, ω) =
M∑
k=0

(r̂1)k(x, t)Φk(ω),

ρ (C(x, t, ω)− A1(x, t, ω)− A2(x, t, ω)) =: R2(x, t, ω) =
M∑
k=0

(r̂2)k(x, t)Φk(ω), (5.33)

ρ (A1(x, t, ω) + A2(x, t, ω)− E(x, t, ω)) =: R3(x, t, ω) =
M∑
k=0

(r̂3)k(x, t)Φk(ω),

as well as for the raindrop fall velocity,

vq(x, t, ω) =
M∑
k=0

(v̂q)k(x, t)Φk(ω). (5.34)

Applying the Galerkin projection to (M3) yields

〈(ρ′)t +∇ · (ρu) ,Φk〉 = 0,〈
(ρu)t +∇ ·

(
ρu⊗ u+ p′Id− µmρ

(
∇u+ (∇u)T

))
,Φk

〉
= 〈−ρ′ged,Φk〉 , (5.35)

〈((ρθ)′)t +∇ · (ρθu− µhρ∇θ) ,Φk〉 = 〈Sθ,Φk〉

and

〈(ρqv)t +∇ · (ρqvu− µqρ∇qv) ,Φk〉 = 〈ρ(−C + E),Φk〉 ,
〈(ρqc)t +∇ · (ρqcu− µqρ∇qc) ,Φk〉 = 〈ρ(C − A1 − A2),Φk〉 , (5.36)

〈(ρqr)t +∇ · (ρqr(−vqed + u)− µqρ∇qr) ,Φk〉 = 〈ρ(A1 + A2 − E),Φk〉 ,

for k = 0, . . . ,M , where 〈·, ·〉 is the scalar product in our probability space which is given
through (5.11).

We now substitute (5.30), (5.32) into (5.35) and (5.31), (5.33), (5.34) into (5.36) and
use the orthogonality property (5.2) to obtain the following (d+ 2)(M + 1) deterministic
equations for the gPC coefficients of the fluid variables

∂

∂t
(ρ̂′)k +∇ · (ρ̂u)k = 0,

∂

∂t
(ρ̂u)k +∇ ·

(
(η̂1)k + (p̂′)kId

)
− µm(d̂1)k = −(ρ̂′)kged,

∂

∂t
((̂ρθ)′)k +∇ ·

(
θ̄(ρ̂u)k + (η̂2)k

)
− µh(d̂2)k = (Ŝθ)k,

(5.37)

and 3(M + 1) deterministic equations for the gPC coefficients of the cloud variables
∂

∂t
(ρ̂qv)k +∇ · ((η̂q1)k)− µq(d̂q1)k = (r̂1)k,

∂

∂t
(ρ̂qc)k +∇ · ((η̂q2)k)− µq(d̂q2)k = (r̂2)k,

∂

∂t
(ρ̂qr)k +∇ · ((η̂q3)k)− µq(d̂q3)k = (r̂3)k,

(5.38)

80



5.3 Numerical scheme for the stochastic models

for k = 0, . . . ,M . Here, we linearize the pressure by using the expected values for qv, qc
and qr when computing Rm, that is,

p′ = µmp0

ρθ

(
Rρθ

p0

)γm
(ρθ)′ = µmp0

ρθ

(
Rρθ

p0

)γm M∑
k=0

((̂ρθ)′)kΦk

with γm = cp
cp−Rm and Rm = (1 − (q̂v)0 − (q̂c)0 − (q̂r)0)R + (q̂v)0Rv. In this way the

pressure term can still be computed implicitly in time.

Remark 5.9: Since the density ρ is stochastic, too, we compute the coefficients {(q̂`)k(x, t)}Mk=0,
` ∈ {v, c, r}, in the following way

{(q̂`)k(x, t)}Mk=0 = DT

 IDT
[
{(ρ̂q`)k(x, t)}Mk=0

]
IDT

[
{ρ̂′k(x, t)}Mk=0

]
+ ρ̄(x)

 , (5.39)

where DT and IDT are the discrete and inverse discrete transforms described in Subsec-
tion 5.2.1.

The coefficients {(r̂1)k, (r̂2)k, (r̂3)k}Mk=0 are calculated as in (5.29) and analogously also
the source term {(Ŝθ)k}Mk=0 in the energy equation is determined.

Additionally, we have the coefficients {(η̂1)k}Mk=0 = {{(η̂1)sk}ds=1}Mk=0, {(η̂2)k}Mk=0 and
{(d̂1)k}Mk=0, {(d̂2)k}Mk=0 resulting from the nonlinear terms of the Navier-Stokes sys-
tem. They are obtained through DT and IDT in a similar manner as in (5.39). Here,
{(η̂1)k}Mk=0 and {(η̂2)k}Mk=0 denote the nonlinear advection coefficients which are given
by

∇ · (ρu⊗ u) =
(

d∑
s=1

∂(ρulus)
∂xs

)d

l=1

IDT, DT
=:

d∑
s=1

M∑
k=0

∂(η̂1)sk
∂xs

Φk

=
M∑
k=0

∇ · (η̂1)kΦk,

∇ · (θ′ρu) =
d∑
s=1

∂(θ′ρus)
∂xs

=
d∑
s=1

∂

∂xs

(
M∑
j=0

(θ̂′)jΦj

M∑
m=0

(ρ̂us)mΦm

)
IDT, DT

=:
d∑
s=1

∂

∂xs

M∑
k=0

((η̂2)k)s Φk =
M∑
k=0

∇ · (η̂2)kΦk

(5.40)

and {(d̂1)k}Mk=0 and {(d̂2)k}Mk=0 denote the nonlinear diffusion coefficients which are ob-
tained through

∇ ·
(
ρ
(
∇u+ (∇u)T

)) IDT, DT
=:

M∑
k=0

(d̂1)kΦk,

∇ · (ρ∇θ)
IDT, DT

=:
M∑
k=0

(d̂2)kΦk.

(5.41)
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The coefficients {(η̂q1)k, (η̂q2)k, (η̂q3)k}Mk=0 and {(d̂q1)k, (d̂q2)k, (d̂q3)k}Mk=0 are the coefficients
of the nonlinear terms of the cloud equations which are also obtained through DT and
IDT analogously to (5.39). The nonlinear advection coefficients {(η̂q1)k, (η̂q2)k, (η̂q3)k}Mk=0
are given by

∇ · (ρqvu) =
d∑
s=1

∂(ρqvus)
∂xs

=
d∑
s=1

∂

∂xs

(
M∑
j=0

(ρ̂qv)jΦj

M∑
m=0

(ûs)mΦm

)

=:
M∑
k=0

∇ · (η̂q1)kΦk,

∇ · (ρqcu) =:
M∑
k=0

∇ · (η̂q2)kΦk,

∇ · (ρqru− ρqrvqed) =:
M∑
k=0

∇ · (η̂q3)kΦk

(5.42)

and the nonlinear diffusion coefficients {(d̂q1)k, (d̂q2)k, (d̂q3)k}Mk=0 through

∇ · (ρ∇qv) =:
M∑
k=0

(d̂q1)kΦk,

∇ · (ρ∇qc) =:
M∑
k=0

(d̂q2)kΦk,

∇ · (ρ∇qr) =:
M∑
k=0

(d̂q3)kΦk.

(5.43)

Remark 5.10: The expansions (5.40) and (5.42) mean that we first compute the coef-
ficients {(η̂1)k}Mk=0, {(η̂2)k}Mk=0 and {(η̂q1)k, (η̂q2)k, (η̂q3)k}Mk=0 through the transforms and
then we are able to apply the appropriate approximation of the fluxes as in the deter-
ministic case. In the case of the diffusion (5.41) and (5.43), we apply the discretization
for the respective evaluated functions obtained by IDT and then perform DT to get the
diffusion coefficients {(d̂1)k}Mk=0, {(d̂2)k}Mk=0 and {(d̂q1)k, (d̂q2)k, (d̂q3)k}Mk=0.

Remark 5.11: In [25] it has been shown that the systems for the expansion coefficients
of stochastic hyperbolic conservation laws are not always hyperbolic. The nonlinear-
ity of the hyberbolic system can generate ill-posedness even for some reasonable data.
This loss of hyperbolicity could be fixed by the authors through an entropy closure
method. The idea is to reformulate the system in terms of entropy variables and then
perform an entropy-based spectral discretization. In [25] it was shown that this entropy
method always preserves the hyperbolicity of the original stochastic system. Another
recent contribution to the loss of hyperbolicity when applying the stochastic Galerkin
method to hyperbolic conservation laws was done by the authors in [41]. There the
same approach as in [25] was considered, i.e. the entropy closure method or also called
intrusive polynomial moment method, to ensure hyperbolicity. Additionally, the authors
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5.4 Combination with the space-time approximation

proposed a realizability-preserving spatial discretization to handle the case in which the
moment vector leaves the so-called realizable set and in which the closure method was
not applicable before. In [41] also two techniques to accelerate the method have been
presented. The first one uses adaptivity in the number of moments so that only a few
moments are used in parts of the domain, where the solutions are well-approximated
by low-order moments. This avoids high-order moment representations and costly cor-
responding high-order quadrature rules. The other technique is applicable for steady
state problems and its key idea is to rewrite the intrusive polynomial moment method
in a way that some computations can be performed in parallel. In our work we did not
observe any stability issues when simulation the benchmark test of a moist smooth air
bubble, see Section 7.1, neither with the stochastic cloud dynamics model (M2) nor with
the fully stochastic model (M3). But we noticed some loss of stability when simulating
Rayleigh-Bénard convection in Section 7.2 with the fully stochastic model (M3). The
issue could be resolved by setting modes of the vertical velocity (despite the expected
value) to zero when the values are smaller than 10−16. We did not further investigate if
this was due to a loss of hyperbolicity or due to some errors close to machine precision.

5.4 Combination with the space-time approximation
We emphasize again that the systems (5.28) and (5.37), (5.38) resulting from (M2) and
(M3), respectively, are deterministic, since they are written for the expansion coefficients.
This allows us to apply the same finite volume method as in Section 4.3.2 and the same
large stability domain explicit time integration method mentioned in Section 4.3.3 for
the spatial and temporal discretizations. As mentioned in Remark 5.10, one just has to
take care of the transforms DT and IDT for the nonlinear terms.

The time step stability restrictions (4.47) and (4.48) are updated in the following way:

• In the case of the semi-stochastic model (M2), we impose the same stability condi-
tion on the time steps as in the deterministic case for the Navier-Stokes equations,
see (4.47), and the following one for the cloud equations

max
(
µq
h2 , max

s=1,..,d−1
max
i=1,...,N

(|(us)i|, |(ud)i + vq(ωl)|)
d

h

)
∆tncloud < 0.5,

which should be satisfied for all of the roots (Legendre or Hermite) ω`, ` = 0, . . . , L.

• In the case of the fully stochastic model (M3), we use two stability conditions,
namely,

max
(

max(µh, µm)
h2 , max

s=1,..,d
max
i=1,...,N

(|(us)i(ωl)|)
d

h

)
∆tnNS < 0.5

for the Navier-Stokes equations and

max
(
µq
h2 , max

s=1,..,d−1
max
i=1,...,N

(|(us)i(ωl)|, |(ud)i(ωl) + vq(ωl)|)
d

h

)
∆tncloud < 0.5

for the cloud microphysics. Both conditions should be satisfied for all of the roots
(Legendre or Hermite) ω`, ` = 0, . . . , L.
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6 Deterministic numerical
experiments

In this chapter, we test the numerical method described in Section 4.3 for the deter-
ministic cloud model (M1). We start by investigating the experimental convergence in
Section 6.1 for the benchmark test of the so-called free convection of a moist warm air
bubble in 2D in Example 6.1 and 3D in Example 6.2. In Section 6.2, we investigate
the structure formation in cloud dynamics through the Rayleigh-Bénard convection. We
compare dry and moist Rayleigh-Bénard convection in 2D and 3D by comparing solu-
tions of the Navier-Stokes equations (M1.a) against solutions of the full cloud model
(M1). Some of the experiments and results are based on [21].

6.1 Experimental convergence of the numerical scheme
We investigate the convergence of our numerical scheme experimentally with the well-
known meteorological benchmark describing the free convection of a smooth warm air
bubble, see, e.g., [19, 24]. In Example 6.1, we consider the 2D case and in Example 6.2
the 3D case.

Example 6.1 (Convergence in time and space in 2D)

In this experiment, we simulate free convection of a smooth warm air bubble in 2D. Due
to the shear friction with the surrounding air at the warm/cold air interface, the warm air
bubble rises and deforms axisymmetrically and gradually forms a mushroom-like shape.
The bubble is placed at (2500 m, 2000 m) in a domain Ω = [0, 5000] × [0, 5000]m2 with
the initial perturbation:

ρ′(x, 0) = −ρ̄(x) θ′(x, 0)
θ̄(x) + θ′(x, 0)

, ρ̄(x) = p0

Rθ̄(x)
πe(x)

1
γ−1 , πe(x) = 1− gx2

cpθ̄
,

u(x, 0) = 0,

θ′(x, 0) =
{

2 cos2 (πr
2

)
, r :=

√
(x1 − 2500)2 + (x2 − 2000)2 ≤ 2000,

0, otherwise,

where θ̄ = 285 K and p0 = p̄ = 105 Pa. The experiment was simulated in a domain
Ω = [0, 5000] × [0, 5000] m2. For the cloud variables we choose the following initial
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6.1 Experimental convergence of the numerical scheme

conditions:

qv(x, 0) = 5 · 10−3 θ′(x, 0), qc = 10−4 θ′(x, 0), qr = 10−6 θ′(x, 0).

We start here with nonzero values for the cloud drops concentration qc and the rain
concentration qr to avoid values close to machine precision since the main purpose of the
test is the convergence study. Furthermore, we apply the no-slip boundary conditions,
see (4.21), for the velocities and zero Neumann boundary conditions, see (4.20), for the
remaining variables, i.e. ∇ρ′ · n = 0, ∇(ρθ)′ · n = 0, ∇(ρq`) · n = 0, ` ∈ {v, c, r}.

In Figure 6.3, we show the potential temperature θ and cloud variables qv, qc and qr,
computed on a 320 × 320 mesh at t = 0 and 100s and in Figure 6.4 the same variables
at t = 150 and 200s. One can clearly observe condensation taking place on the interface
between cold and warm air, leading to cloud formation in this region. In consequence,
rain forms in the clouds and falls towards the surface. The experimental convergence
study for the cloud and flow variables is presented in Tables 6.1 and 6.2, respectively.
The experimental order of convergence (EOC) has been computed in the following way:

EOC = log2

(
‖vN,∆t − v2N,∆t/2‖L1(Ω)

‖v2N,∆t/2 − v4N,∆t/4‖L1(Ω)

)
,

where vN,∆t is the numerical solution computed with a fixed time step ∆t on a grid with
N ×N grid cells. As one can clearly see, the expected second order of accuracy has been
achieved. For comparison, we present in Figures 6.1 and 6.2 the errors measured in the
L1-norm, L2-norm and L∞-norm. They all give similar results.

Remark 6.1: In the following studies, we will thus just present the error plots of the
L1-norms.

N ρqv EOC ρqc EOC ρqr EOC
10 2.89e-01 – 2.49e-01 – 3.22e-02 –
20 8.90e-02 1.80 8.33e-02 1.77 7.98e-03 1.97
40 2.60e-02 1.83 2.16e-02 2.22 2.09e-03 1.93
80 1.07e-02 1.53 7.55e-03 1.79 5.50e-04 1.93
160 4.39e-03 1.74 2.37e-03 1.83 1.41e-04 1.99
320 1.75e-03 1.84 7.38e-04 1.85 3.56e-05 2.00

Table 6.1: Example 6.1: L1-errors and EOC for the cloud variables computed at time
t = 10s using ∆t = 256/100N.
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6 Deterministic numerical experiments

N ρ′ EOC ρu1 EOC ρu2 EOC (ρθ)′ EOC
10 1.52e+01 – 3.97e+03 – 3.38e+03 – 4.36e+03 –
20 6.72e+00 1.27 1.29e+03 1.75 1.39e+03 1.33 1.90e+03 1.31
40 2.39e+00 1.44 5.09e+02 1.41 5.57e+02 1.41 6.77e+02 1.46
80 7.49e-01 1.73 1.57e+02 1.74 1.53e+02 1.87 2.08e+02 1.76
160 2.00e-01 1.92 4.16e+01 1.91 4.44e+01 1.75 5.54e+01 1.92
320 5.90e-02 1.77 1.14e+01 1.87 1.37e+01 1.69 1.61e+01 1.78

Table 6.2: Example 6.1: L1-errors and EOC for the Navier-Stokes variables computed at
time t = 10s using ∆t = 256/100N.
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Figure 6.1: Example 6.1: Comparison of different error norms for the cloud variables qv,
qc and qr computed at time t = 10s using ∆t = 256/100N.
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Figure 6.2: Example 6.1: Comparison of different error norms for the flow variables ρ′,
ρu1, ρu2 and (ρθ)′ at time t = 10s using ∆t = 256/100N.
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6.1 Experimental convergence of the numerical scheme

Figure 6.3: Example 6.1: Potential temperature θ, water vapor concentration qv, cloud
drops concentration qc and rain concentration qr at times t = 0 (left column)
and 100s (right column) simulated on a 320× 320 mesh.
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6 Deterministic numerical experiments

Figure 6.4: Example 6.1: Potential temperature θ, water vapor concentration qv, cloud
drops concentration qc and rain concentration qr at times t = 150 (left col-
umn) and 200s (right column) simulated on a 320× 320 mesh.
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6.2 Rayleigh-Bénard convection

Example 6.2 (Convergence in time and space in 3D)

We investigate the convergence of our deterministic numerical scheme in 3D. The test
case is the same as in Example 6.1, that is, the free convection of a smooth warm air
bubble. The initial and boundary conditions are chosen as in Example 6.1, just extended
in an analogous way to 3D, meaning that the bubble is placed at (2500 m, 2500 m, 2000 m)
in a domain Ω = [0, 5000]× [0, 5000]× [0, 5000]m3.

In Figure 6.5, the errors in time and space are presented. The experimental study shows
that the solutions of both systems, the Navier-Stokes (M1.a) and the cloud equations
(M1.b), converge with second order accuracy.
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Figure 6.5: Example 6.2: Convergence study for the cloud variables (ρq`), ` ∈ {v, c, r},
and the flow variables ρ′, ρu1, ρu2, ρu3 and (ρθ)′ in 3D computed at time
t = 10s using ∆t = 256/100N.

6.2 Rayleigh-Bénard convection
In the numerical experiments of this section, we study a natural convection that is used
to model structure formation. It occurs in a planar flow between two horizontal plates,
where the lower one is heated from below and the upper one is cooled from above. Due to
the presence of buoyancy the fluid develops a regular pattern of convection rolls, known
as the Bénard cells. In 3D, these convection rolls form additionally hexagonal structures,
see, e.g., [5, 43, 100]. In Figure 6.6, the two categories of patterns, rolls and hexagons,
are shown. For more details on the Rayleigh-Bénard convection, we refer to the overview
paper of Manneville, see [84].

While for the dry case phase diagrams for resulting patterns, as e.g. rolls and hexagons,
are available, see, e.g., [15], only little is known about patterns in moist Rayleigh-Bénard
convection. Few studies with reduced order models indicate the possibility of roll-like
structures or the formation of hexagons, see, e.g., [139], but no results for compressible
Navier-Stokes equations coupled with full cloud microphysics are available, at least to our
knowledge. Thus, we would expect patterns similar to those evolving in the case of dry
convection, although the latent heat release might change these patterns partially. This
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6 Deterministic numerical experiments

Figure 6.6: Illustration of roll and hexagonal patterns in the Rayleigh-Bénard convection.

effect of moisture is investigated in the experiments of this section. The initial conditions
were set up with the help of F. Otto, see [1], and are inspired by the experiments in the
works [138, 148]. We start with an initial perturbation of the potential temperature
and the velocity in the vertical direction. This perturbation is given by a sine or cosine
function which ensures that it is independent of the mesh resolution.

In Example 6.3, we consider dry Rayleigh-Bénard convection in 2D using the Navier-
Stokes equations (M1.a) with Sθ = 0. The numerical results show characteristic rolls
forming over time. To illustrate the effect of moisture, we repeat the experiment for the
full cloud model (M1) including the liquid water phases in Example 6.4. In Example 6.5,
we then depict numerical results for two setups of dry Rayleigh-Bénard convection in 3D
in which one can clearly observe the formation of cell and roll structures, respectively.
In this experiment, we also investigate the effect of different grid resolutions on the
structures. The effect on patterns and the influence of moisture in 3D is investigated in
Example 6.6.

Remark 6.2: Let us note that the Rayleigh-Bénard convection can be understood as a
very simplified model for atmospheric convection in the turbulent planetary boundary
layer. In [100, 140], numerical simulations for moist Rayleigh-Bénard convection have
been realized using the Boussinesq approximation, a simplified equation of state, and the
rigid-lid boundary conditions at the top and bottom of the domain. Our mathematical
model is more general and takes weakly compressible effects into account.

Example 6.3 (Dry Rayleigh-Bénard convection in 2D)

In this experiment, we simulate dry Rayleigh-Bénard convection in 2D by using the
Navier-Stokes equations (M1.a). The numerical solutions are computed on a domain
Ω = [0, 5000] × [0, 1000]m2 that has been discretized using 160 × 160 mesh cells. As
initial conditions we used

ρ′(x, 0) = −ρ̄(x)θ′(x, 0)
θ̄(x) + θ′(x, 0)

, ρ̄(x) = p0

Rθ̄(x)
πe(x)

1
γ−1 , πe(x) = 1− gx2

cpθ̄(x)
,

u1(x, 0) = 0.001, u2(x, 0) = sin
(

2π x2

1000

)
,

θ′(x, 0) = 0.6 sin
(

2π x2

1000

)
, θ̄(x) = 284− x2

1000

(6.1)
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6.2 Rayleigh-Bénard convection

and applied Dirichlet boundary conditions, see (4.19), for the potential temperature

θ(x2 = 0) = 284 K and θ(x2 = 1000) = 283 K, (6.2)

as well as periodic boundary conditions for all variables in horizontal direction, see (4.18),
no-slip boundary conditions, see (4.21), for the velocities at the vertical boundaries and
zero Neumann conditions, see (4.20), for the remaining variables in vertical direction, i.e.
∇ρ′ · n = 0. Since we have an equation for (ρθ)′ and not for θ, we implement the above
Dirichlet boundary conditions (6.2) using ρθ(x, t) = (ρθ)′(x, t) + ρθ(x) in the following
way

(ρθ)′(x2 = 0, t)− ρ′(x2 = 0, t)θ(x2 = 0, t) = ρ̄(x2 = 0)θ(x2 = 0, t)− ρθ(x2 = 0)
⇔ (ρθ)′(x2 = 0, t)− ρ′(x2 = 0, t)284 = ρ̄(x2 = 0)284− ρθ(x2 = 0)

and

(ρθ)′(x2 = 1000, t)− ρ′(x2 = 1000, t)θ(x2 = 1000, t) = ρ̄(x2 = 1000)θ(x2 = 1000, t)
− ρθ(x2 = 1000)

⇔ (ρθ)′(x2 = 1000, t)− ρ′(x2 = 1000, t)283 = ρ̄(x2 = 1000)283− ρθ(x2 = 1000).

In Figure 6.7, we present time snapshots of the numerical solution for the potential
temperatures at times t = 3000, 4000, 5000 and 6000s. We can clearly see the formation
and evolution of a roll pattern. At an early time t = 3000s, one can observe the formation
of small finger-like structures reaching towards the top of the domain. At later times,
more roll dynamics can be seen which then ends in two stable rolls at t = 6000s.
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6 Deterministic numerical experiments

Figure 6.7: Example 6.3: Potential temperature θ at times t = 3000, 4000, 5000 and
6000s simulated on a 160× 160 mesh.
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6.2 Rayleigh-Bénard convection

Example 6.4 (Moist Rayleigh-Bénard convection in 2D)

In this example, we investigate the effect of moisture for two-dimensional Rayleigh-
Bénard convection with the full cloud model (M1). For this purpose, we apply the same
initial and boundary conditions for the Navier-Stokes equations (M1.a) as in the previous
Example 6.3, see (6.1). For the cloud variables we add the following initial conditions

qv(x, 0) = 0.025(θ′(x, 0))+, qc(x, 0) = 10−4(θ′(x, 0))+, qr(x, 0) = 10−6(θ′(x, 0))+, (6.3)

as well as periodic boundary conditions in horizontal direction and zero Neumann con-
ditions, see (4.20), vertically, i.e. ∇(ρq`) · n = 0, ` ∈ {v, c, r}. The numerical solution is
again computed on a domain Ω = [0, 5000]× [0, 1000]m2 that has been discretized using
160× 160 mesh cells.

Remark 6.3: The chosen initial data for the cloud variables (6.3) is physically not very
realistic. To investigate more realistic atmospheric scenarios one would start with no
cloud drops and rain concentrations and also the choice of qv would depend on the
saturation mixing ratio q∗. Here, we still chose the above data because we wanted to
choose the same initial conditions for all the Rayleigh-Bénard test cases to demonstrate
the applicability and effects of the stochasticity. Starting with no cloud drops and rain
concentrations was not applicable because the initialization of convection takes too long
and thus is computationally too expensive (especially in 3D).

In Figures 6.8 and 6.10–6.12, we present time snapshots of the potential temperature,
water vapor mixing ratio, cloud mass and rain mass concentration at times t = 1000,
2000, 3000 and 6000s. In Figure 6.9, we additionally depict snapshots of the difference
of the water vapor concentration to the saturation mixing ratio qv − q∗ to highlight the
oversaturated and undersaturated regions. One can observe a clear effect of the moisture
on the structure formation when comparing the results to those obtained in Example
6.3. The potential temperature is overall much higher due to the latent heating and
the formation of convection cells happens much faster, already at time t = 1000s, due
to a strong buoyancy term. Inside these cells, the potential temperature is enhanced,
partly due to the upward transport of higher values from below and partly due to phase
changes and thus latent heat release. Also the mass concentrations of water vapor and
cloud water follow the structure and show enhanced values inside the finger-like structures
reaching to the top of the domain. Clouds form inside the finger-like structures because
of oversaturation which can be seen in Figure 6.9. This leads to a high enough cloud
water concentration for autoconversion and accretion to take place. Thus, even at this
early stage, rain can form. At a later time t = 2000s, much larger roll structures, which
are similar to the structures in the dry case, see Example 6.3, have formed. In the
variables θ, qv and qc the spatial convection cells clearly can be seen at time t = 3000s
and they stay stable until t = 6000s. When comparing Figures 6.9 and 6.11, it can be
nicely observed that clouds form and stay in oversaturated regions. In contrast, rain
water is not following the convective structure although some larger features can be
seen. This is because the rain drops mostly fall down and do not follow so much the
vertical motion. In general, smearing due to sedimentation is a major feature of the rain
mass concentration. Another feature that can be observed when comparing the potential
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temperature at times t = 2000 and t = 6000s in Figure 6.8 is the cooling of lower levels
due to sedimenting rain water.

All in all, the formation of structure is comparable to the dry case seen in Example 6.3.
We can clearly see convection rolls forming. Due to the latent heating, we now observe
higher potential temperatures on the top of the domain and the roll structures are more
smeared and not as clear as in the dry case. One can also observe more convection cells
being formed than just the two stable ones obtained in Example 6.3.
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6.2 Rayleigh-Bénard convection

Figure 6.8: Example 6.4: Potential temperature θ at times t = 1000, 2000, 3000 and
6000s simulated on a 160× 160 mesh.
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Figure 6.9: Example 6.4: Difference of water vapor to the saturation mixing ratio qv− q∗
at times t = 1000, 2000, 3000 and 6000s simulated on a 160× 160 mesh.
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Figure 6.10: Example 6.4: Water vapor concentration qv at times t = 1000, 2000, 3000
and 6000s simulated on a 160× 160 mesh.
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Figure 6.11: Example 6.4: Cloud drops concentration qc at times t = 1000, 2000, 3000
and 6000s simulated on a 160× 160 mesh.
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Figure 6.12: Example 6.4: Rain concentration qr at times t = 1000, 2000, 3000 and 6000s
simulated on a 160× 160 mesh.
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Example 6.5 (Dry Rayleigh-Bénard convection in 3D)

In this example, we investigate the formation of cells, the influence of the grid resolution
of the numerical spatial discretization on the cells and the formation of rolls in dry
Rayleigh-Bénard convection in 3D simulated with the Navier-Stokes equations (M1.a).
The influence of the grid resolution on the cell structure and size was suggested by R.
Klein and was an outcome of a personal discussion, [2].

1. Formation of cells: To obtain cells, we realized Example 6.3 in 3D with the
following initial conditions

ρ′(x, 0) = −ρ̄(x)θ′(x, 0)
θ̄(x) + θ′(x, 0)

, ρ̄(x) = p0

Rθ̄(x)
πe(x)

1
γ−1 , πe(x) = 1− gx3

cpθ̄(x)
,

u1(x, 0) = 0.001, u2(x, 0) = 0.001, u3(x, 0) = sin
(

2π x3

1000

)
,

θ′(x, 0) = 0.6 sin
(

2π x3

1000

)
, θ̄(x) = 284− x3

1000

(6.4)

and the same boundary conditions as in Example 6.3. The numerical solution
is computed in a domain Ω = [0, 5000] × [0, 5000] × [0, 1000]m3 that has been
discretized using 50 × 50 × 50 mesh cells. In Figure 6.13 we depict the potential
temperature at times t = 3000, 4000, 5000 and 6000s. As in the 2D case, we can
observe small finger-like structures developing at t = 3000s, which then reach to
the top of the domain at t = 4000s. The dynamics stabilized in cell/hexagonal
structures at t = 5000 and 6000s.

Figure 6.13: Example 6.5: Potential temperature θ at times t = 3000, 4000, 5000 and
6000s simulated on a 50× 50× 50 mesh.
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2. Influence of the grid resolution on the cell pattern: In this experiment, we
investigate the effect of the grid resolution of the numerical spatial discretization
on the cell structure and size. Thus, we compare the numerical solutions of the
previous experiment (6.4) on different grids. In Figure 6.14, the potential temper-
ature is shown at t = 6000s simulated with 40× 40× 40, 50× 50× 50, 60× 60× 60
and 70×70×70 mesh cells. One can observe some changes of the solution, but the
size and type of the structure stay the same with all the different meshes. Thus,
the formation and the size of the cells is not mesh-dependent. In what follows, we
will always use 50× 50× 50 mesh cells for 3D simulations.

Figure 6.14: Example 6.5: Potential temperature θ at time t = 6000s simulated on a
40× 40× 40 (top left), 50× 50× 50 (top right), 60× 60× 60 (bottom left)
and 70× 70× 70 (bottom right) mesh.

3. Formation of rolls: In this example, we look at the roll pattern which is achieved
by considering the same initial and boundary conditions as for the cells, see (6.4),
but replacing the potential temperature perturbation by

θ′(x, 0) = 0.6 sin
(

2π x3

1000

)
sin
(

4π x2

5000

)
. (6.5)

The numerical solution is computed on a domain Ω = [0, 5000] × [0, 5000] ×
[0, 1000]m3 that has been discretized using 50 × 50 × 50 mesh cells. In Figure
6.15, the potential temperature is depicted at times t = 2000, 3000, 4000 and
6000s. We can clearly observe roll structures forming at time t = 2000s which then
end up in three rolls at time t = 3000s. At t = 6000s it is already noticeable that
the rolls start deforming with some finer structures. Thus, we suspect that the
rolls are not stable over time and probably change into cell like structures.
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Figure 6.15: Example 6.5: Potential temperature θ at times t = 2000, 3000, 4000 and
6000s simulated on a 50× 50× 50 mesh.

Example 6.6 (Moist Rayleigh-Bénard convection in 3D)

Here, we investigate the influence of moisture on the dynamics and pattern formation
in 3D Rayleigh-Bénard convection. We do that by simulating the full cloud model (M1)
for the initial conditions in the cases of cell and roll formation of the previous Example
6.5 and adding the conditions for the liquid water phases. Both experiments where
simulated on a domain Ω = [0, 5000]× [0, 5000]× [0, 1000]m3 that has been discretized
using 50× 50× 50 mesh cells.

1. Formation of cells: We consider the same initial conditions for the Navier-Stokes
variables as in the dry case for the formation of cells, see (6.4), and add as initial
conditions for the cloud variables the ones from the moist two-dimensional case,
see (6.3). As in the 2D case, different structures form in the different variables.
Figures 6.16–6.20 show the potential temperature, the difference of water vapor to
the saturation mixing ratio and the water vapor, cloud drops and rain concentration
computed at times t = 1000, 2000, 3000 and 6000s. In Figures 6.21–6.25, we
additionally depict 2D slices of these solutions at x3 = 700 and x1 = 3000 at times
t = 1000 and 6000s. The moisture leads, as in the 2D case in Example 6.4, to higher
values of the potential temperature due to the latent heating and to an overall much
faster convection taking place due to stronger buoyancy. At an earlier time t =
1000s, smaller convection cells can be seen at the top layer of the domain, especially
in the potential temperature, see Figures 6.16 and 6.21, and cloud water, see Figures
6.19 and 6.24. As time progresses, these structures aggregate and reorganize into
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6.2 Rayleigh-Bénard convection

larger cells. These structures in potential temperature seem to be quite robust as
the overall scales and pattern do not change from time t = 2000s to time t = 6000s.
As one can see in Figure 6.19, the structures in the cloud water are very similar
since the variables θ and qc are closely connected; the structures are mainly visible
in horizontal planes as shown in Figures 6.21 and 6.24. These structures naturally
can also be observed in the oversaturated regions in Figures 6.17 and 6.22 in which,
due to the high water vapor content and the higher temperature, clouds are formed.
For the rain distribution, the evolved structures are quite different since rain forms
in regions with high cloud water (that is, at the top layers) and is then transported
by sedimentation. This leads to a more pronounced pattern in the vertical direction
since sedimentation is the dominant process after the rain has formed which can
nicely be observed in Figure 6.25. Overall, we can see a clear effect of the moisture
on the structure formation, though in this case the cell-like structures from the dry
case can still be recognized.

Figure 6.16: Example 6.6: Potential temperature θ at times t = 1000, 2000, 3000 and
6000s simulated on a 50× 50× 50 mesh.
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6 Deterministic numerical experiments

Figure 6.17: Example 6.6: Difference of water vapor to the saturation mixing ratio qv−q∗
at times t = 1000, 2000, 3000 and 6000s simulated on a 50× 50× 50 mesh.

Figure 6.18: Example 6.6: Water vapor concentration qv at times t = 1000, 2000, 3000
and 6000s simulated on a 50× 50× 50 mesh.
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6.2 Rayleigh-Bénard convection

Figure 6.19: Example 6.6: Cloud drops concentration qc at times t = 1000, 2000, 3000
and 6000s simulated on a 50× 50× 50 mesh.

Figure 6.20: Example 6.6: Rain concentration qr at times t = 1000, 2000, 3000 and 6000s
simulated on a 50× 50× 50 mesh.
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6 Deterministic numerical experiments

Figure 6.21: Example 6.6: Slices of the potential temperature θ at x3 = 700 and x1 =
3000 at times t = 1000 and 6000s simulated on a 50× 50× 50 mesh.
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6.2 Rayleigh-Bénard convection

Figure 6.22: Example 6.6: Slices of the difference of water vapor to the saturation mixing
ratio qv − q∗ at x3 = 700 and x1 = 3000 at times t = 1000 and 6000s
simulated on a 50× 50× 50 mesh.
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6 Deterministic numerical experiments

Figure 6.23: Example 6.6: Slices of the water vapor concentration qv at x3 = 700 and
x1 = 3000 at times t = 1000 and 6000s simulated on a 50× 50× 50 mesh.
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6.2 Rayleigh-Bénard convection

Figure 6.24: Example 6.6: Slices of the cloud drops concentration qc at x3 = 700 and
x1 = 3000 at times t = 1000 and 6000s simulated on a 50× 50× 50 mesh.
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6 Deterministic numerical experiments

Figure 6.25: Example 6.6: Slices of the rain concentration qr at x3 = 700 and x1 = 3000
at times t = 1000 and 6000s simulated on a 50× 50× 50 mesh.
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6.2 Rayleigh-Bénard convection

2. Formation of rolls: For this experiment, we choose as initial conditions for the
Navier-Stokes variables the ones from the dry roll formation case, see (6.5), and add
as initial conditions for the cloud variables the ones from the moist two-dimensional
case, see (6.3). In Figures 6.26 and 6.27, the numerical solutions of the potential
temperature and the water vapor, cloud drops and rain concentration and the
difference of the water vapor to the saturation mixing ratio qv − q∗ are depicted
at times t = 1000 and 6000s. In Figures 6.28–6.32, we additionally present 2D
slices of these solutions at x3 = 700 and x1 = 3000 at the same times. At the
early time t = 1000s, one can observe that also in the moist case three rolls have
formed –however, much faster than in the dry case, cf. Figure 6.15. One can
nicely observe that also the liquid water concentrations follow this roll structure.
Clouds formed on the top of the rolls as stripes, see Figure 6.31, because of the
oversaturation, see Figure 6.29. At one roll the cloud water content was so high
that it rained out leading to a roll/stripe rain pattern which can be seen in Figure
6.32. At a later time t = 6000s, one can observe that the roll pattern vanished and
by examining the potential temperature one can rather identify a cell-like structure
starting from the bottom. This is also the case for the cloud variables in which one
can see convection cells and rain fields. This change of pattern can also be nicely
observed in the 2D slices of the solutions. Thus, the rolls are not stable over time,
as already expected in the dry case in Example 6.5. Here, the vertical velocity
is higher because of the moisture and leads to a much faster change from rolls to
patterns than in the dry case.

Figure 6.26: Example 6.6: Potential temperature θ at times t = 1000 and 6000s simulated
on a 50× 50× 50 mesh.
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6 Deterministic numerical experiments

Figure 6.27: Example 6.6: Difference of water vapor to the saturation mixing ratio qv−q∗
and cloud variables qv, qc and qr at times t = 1000 and 6000s simulated on
a 50× 50× 50 mesh.
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6.2 Rayleigh-Bénard convection

Figure 6.28: Example 6.6: Slices of the potential temperature θ at x3 = 700 and x1 =
3000 at times t = 1000 and 6000s simulated on a 50× 50× 50 mesh.
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Figure 6.29: Example 6.6: Slices of the difference of water vapor to the saturation mixing
ratio qv − q∗ at x3 = 700 and x1 = 3000 at times t = 1000 and 6000s
simulated on a 50× 50× 50 mesh.
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6.2 Rayleigh-Bénard convection

Figure 6.30: Example 6.6: Slices of the water vapor concentration qv at x3 = 700 and
x1 = 3000 at times t = 1000 and 6000s simulated on a 50× 50× 50 mesh.
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6 Deterministic numerical experiments

Figure 6.31: Example 6.6: Slices of the cloud drops concentration qc at x3 = 700 and
x1 = 3000 at times t = 1000 and 6000s simulated on a 50× 50× 50 mesh.
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6.2 Rayleigh-Bénard convection

Figure 6.32: Example 6.6: Slices of the rain concentration qr at x3 = 700 and x1 = 3000
at times t = 1000 and 6000s simulated on a 50× 50× 50 mesh.
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7 Stochastic numerical
experiments

In this chapter, we present numerical results for the methods introduced in Subsec-
tions 5.3.1 and 5.3.2 for the respective stochastic models, i.e., the stochastic microphysics
model (M2) and the fully stochastic model (M3). We begin by investigating the experi-
mental convergence in Section 7.1 for the benchmark test of the free convection of a moist
warm air bubble as introduced in Example 6.1 for the deterministic convergence tests. In
Subsection 7.1.1, we study the experimental convergence for the stochastic microphysics
scheme as introduced in 5.3.1 and in Subsection 7.1.2 we study the experimental con-
vergence for the fully stochastic scheme as introduced in 5.3.2. Then we present results
on the stochastic Rayleigh-Bénard convection in Section 7.2, where we depict the results
obtained by the different stochastic models (M2) and (M3) in 2D and 3D. In Section 7.3,
we compare the results of the stochastic Galerkin method, see Section 5.2.1, on which
our numerical schemes for the stochastic models are based, with the Monte Carlo and
the stochastic collocation method, see Section 5.2.2.

7.1 Experimental convergence of the numerical scheme
Here, we investigate the experimental convergence of our numerical schemes for dif-
ferent uncertainties. In Subsection 7.1.1, we state different examples for studying the
experimental convergence of the numerical scheme introduced in Subsection 5.3.1 for the
stochastic cloud microphysics model (M2). In Subsection 7.1.2, we depict some exper-
imental convergence results for the scheme introduced in Subsection 5.3.2 for the fully
stochastic cloud model (M3).

7.1.1 Stochastic cloud microphysics
In this subsection, we modify Example 6.1 by randomly perturbing either the initial data
or selected model parameters of (M2) with a uniformly or normally distributed X(ω) and
present the experimental convergence results. The experiments and results are based on
[21].

In Example 7.1, we perturb the initial water vapor concentration qv by 10% which is
realized with a uniformly distributed X(ω). For that experiment, we present the con-
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7.1 Experimental convergence of the numerical scheme

vergence in the stochastic space as well as the convergence in time and space. For the
remaining experiments in this subsection, we will just compute the experimental order
of convergence in the stochastic space since the method in time and space does not
change. In Example 7.2, we use the same setup as in 7.1 but this time with a normally
distributed X(ω) and demonstrate that the convergence of the method does not change
with a different choice of distribution. In Example 7.3, we perturb some well-chosen un-
certain coefficients in the source terms on the RHS of the cloud microphysics equations,
see (5.23), and show that also in this case the method converges.

Example 7.1 (Stochastic initial data with uniformly distributed X(ω))

Here, we consider the following modification of Example 6.1 with a 10% perturbation of
the initial water vapor concentration which is realized in the following way in the case
of a uniformly distributed X(ω):

(q̂v)0(x, 0) = 0.005 θ′(x, 0), (q̂v)1(x, 0) = 0.1 (q̂v)0(x, 0), (q̂v)k(x, 0) = 0 for 2 ≤ k ≤M,

(q̂c)0(x, 0) = 10−4 θ′(x, 0), (q̂c)k(x, 0) = 0 for 1 ≤ k ≤M,

(q̂r)0(x, 0) = 10−6 θ′(x, 0), (q̂r)k(x, 0) = 0 for 1 ≤ k ≤M.

The initial data for the Navier-Stokes variables as well as the boundary conditions are
the same as in Example 6.1. In Figure 7.6, we show the potential temperature θ and
the expected values of the cloud variables (ρq`), ` ∈ {v, c, r}, computed on a 160 × 160
mesh at t = 0 and 100s and in Figure 7.7 the same variables at t = 150 and 200s. The
solutions were computed with M = L = 3. In Figure 7.8, we depict the difference of the
obtained result to the deterministic ones of Example 6.1. For a better comparison, we
have used the same range of values for the different simulations. We can observe that
in the stochastic case vortices have developed beneath the bubble. This is probably a
feature of the higher moments and is caused because there is no feedback to the dynamics,
see (3.12), since this feature is not present in the fully stochastic Examples 7.4 and 7.5.

The experimental convergence study in time and space for the cloud and flow variables
is presented in Figure 7.1 at the time t = 10s. We computed the solutions on different
meshes with M = L = 3. Similarly to the deterministic case, one can observe a second-
order convergence in space and time.

To test the convergence in the stochastic space, we obtain a reference solution computed
by the stochastic Galerkin method with 20 stochastic modes. The convergence study in
the stochastic space is presented in Figures 7.2, 7.3 and 7.4, where we plot the difference
in the L1-norm, the L2-norm and the L∞-norm between the reference solution and ap-
proximate solutions computed with different numbers of modes M and L = M . All the
solutions are computed using a mesh with 160×160 cells and ∆t = 0.01 at time t = 10s.
One can see a spectral convergence with an approximate rate of e−0.3M . Since the results
with different norms are qualitatively the same, we will from now on just show the errors
in the L1-norm.

In Figure 7.5, the convergence in the stochastic space is computed by taking L = 19
for all the computed solutions with different numbers of modes M , i.e., the accuracy for
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7 Stochastic numerical experiments

the quadrature increases, see (5.16). Again, all the solutions are computed using a mesh
with 160 × 160 cells and ∆t = 0.01 at time t = 10s. As expected, one can see that the
errors are smaller in general and that the errors are already quite small even with a low
number of modes M . In the following convergence studies, we will always use M = L,
since the computational time is much higher for L = 19 and already with M = L one
obtains very similar results and an exponential decay of the same rate.
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Figure 7.1: Example 7.1: Convergence study in time and space for the cloud variables
(ρq`), ` ∈ {v, c, r}, and the flow variables ρ′, ρu1, ρu2 and (ρθ)′ computed at
time t = 10s using ∆t = 256/100N and M = L = 3.
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Figure 7.2: Example 7.1: Convergence study for the cloud variables (ρq`), ` ∈ {v, c, r},
in the stochastic space computed with the L1-norm at time t = 10s using
∆t = 0.01 and M = L.
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Figure 7.3: Example 7.1: Convergence study for the cloud variables (ρq`), ` ∈ {v, c, r},
in the stochastic space computed with the L2-norm at time t = 10s using
∆t = 0.01 and M = L.
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Figure 7.4: Example 7.1: Convergence study for the cloud variables (ρq`), ` ∈ {v, c, r},
in the stochastic space computed with the L∞-norm at time t = 10s using
∆t = 0.01 and M = L.
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Figure 7.5: Example 7.1: Convergence study for the cloud variables (ρq`), ` ∈ {v, c, r},
in the stochastic space computed with the L1-norm at time t = 10s using
∆t = 0.01 and L = 19.
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7 Stochastic numerical experiments

Figure 7.6: Example 7.1: Potential temperature θ, expected values of the water vapor
concentration qv, cloud drops concentration qc and rain concentration qr at
times t = 0 (left column) and 100s (right column) simulated on a 160× 160
mesh with M = L = 3.
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7.1 Experimental convergence of the numerical scheme

Figure 7.7: Example 7.1: Potential temperature θ, expected values of the water vapor
concentration qv, cloud drops concentration qc and rain concentration qr at
times t = 150 (left column) and 200s (right column) simulated on a 160×160
mesh with M = L = 3.
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7 Stochastic numerical experiments

Figure 7.8: Example 7.1: Comparison of the potential temperature θ, expected values of
the water vapor concentration qv, cloud drops concentration qc and rain con-
centration qr (right column) with the respective solutions of the deterministic
experiment of Example 6.1 (left column) at time t = 200s.
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7.1 Experimental convergence of the numerical scheme

Example 7.2 (Stochastic initial data with normally distributed X(ω))

In this experiment, we demonstrate that the convergence does not depend on the choice
of the distribution of X(ω). For this purpose, we choose the same initial data as in
Example 7.1 just with a normally distributed X(ω). We use X ∼ N (0, 1). Thus, the
difference to Example 7.1 is that instead of a basis with Legendre polynomials, we have
a basis with Hermite polynomials of the stochastic space, see (5.3) and (5.5).

In Figure 7.10, we depict the potential temperature θ and the expected values of the
cloud variables (ρq`), ` ∈ {v, c, r}, computed on a 160 × 160 mesh at t = 150 and 200s
with M = L = 3. In Figure 7.11, we depict the difference of the obtained result to the
deterministic ones of Example 6.1. For a better comparison, we have used the same range
of values for the different simulations. As in the previous example, the development of
vortices beneath the bubble can be observed which is probably a feature of the higher
moments and is caused because there is no feedback to the dynamics, see (3.12) since
this feature is not present in the fully stochastic Examples 7.4 and 7.5.

To examine the convergence, we compute a reference solution by means of the stochastic
Galerkin method with 12 stochastic modes and then analyze its difference to approximate
solutions with different numbers of modes M and L = M . For all computations we used
a mesh with 160×160 cells and ∆t = 0.01. The convergence study in the stochastic space
is presented in Figure 7.9 at time t = 10s. As in the case with a uniformly distributed
X(ω) in Example 7.1, one can see a spectral convergence.
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Figure 7.9: Example 7.2: Convergence study for the cloud variables (ρq`), ` ∈ {v, c, r},
in the stochastic space computed with the L1-norm at time t = 10s using
∆t = 0.01 and M = L.
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Figure 7.10: Example 7.2: Potential temperature θ, expected values of the water vapor
concentration qv, cloud drops concentration qc and rain concentration qr at
times t = 150 (left column) and 200s (right column) simulated on a 160×160
mesh with M = L = 3.
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Figure 7.11: Example 7.2: Comparison of the potential temperature θ, expected values
of the water vapor concentration qv, cloud drops concentration qc and rain
concentration qr (right column) with the respective solutions of the deter-
ministic experiment of Example 6.1 (left column) at time t = 200s
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Example 7.3 (Stochastic parameters with uniformly distributed X(ω))

In this experiment, we demonstrate that the stochastic Galerkin method also conver-
gences experimentally when one considers perturbed parameter, see (5.23). Thus, we
modify Example 6.1 with a 10% perturbation of the parameters k1, k2, α which is real-
ized in the following way in the case of a uniformly distributed X(ω):

(k̂1)0(x, 0) = 4083, (k̂1)1(x, 0) = 0.1(k̂1)0(x, 0), (k̂1)k(x, 0) = 0 for 2 ≤ k ≤M,

(k̂2)0(x, 0) = 0.8, (k̂2)1(x, 0) = 0.1(k̂2)0(x, 0), (k̂2)k(x, 0) = 0 for 2 ≤ k ≤M,

α̂0(x, 0) = 190.3, α̂1(x, 0) = 0.1α̂0(x, 0), α̂k(x, 0) = 0 for 2 ≤ k ≤M,

(q̂v)0(x, 0) = 0.005 θ′(x, 0), (q̂v)k(x, 0) = 0 for 1 ≤ k ≤M,

(q̂c)0(x, 0) = 10−4 θ′(x, 0), (q̂c)k(x, 0) = 0 for 1 ≤ k ≤M,

(q̂r)0(x, 0) = 10−6 θ′(x, 0), (q̂r)k(x, 0) = 0 for 1 ≤ k ≤M, .

The chosen perturbations of the parameters serve to demonstrate the convergence for
this test case. A complete and meaningful parameter study is left for future works. The
initial data for the Navier-Stokes variables as well as the boundary conditions are the
same as in Example 6.1.

In Figure 7.13, we show the potential temperature θ and the expected values of the cloud
variables (ρq`), ` ∈ {v, c, r}, computed on a 160 × 160 mesh at t = 150 and 200s. The
solutions were computed withM = L = 3. In Figure 7.14, we depict the difference of the
obtained result to the deterministic ones of Example 6.1. For a better comparison, we
have used the same range of values for the different simulations. The solutions obtained
with the stochastic parameters look almost the same as the deterministic ones. Thus, the
model is not sensitive to a small perturbation of the chosen parameters. In addition, we
do not see vortices forming beneath the bubble which could be observed in the previous
examples. This is probably due to the fact, that the change of parameters was too small
to cause a significantly different behavior compared to the deterministic case.

To test the convergence in the stochastic space, we compute a reference solution by
means of the stochastic Galerkin method with 20 stochastic modes. The convergence
study in the stochastic space is presented in Figure 7.12, where we plot the difference in
the L1-norm between the reference solution and approximate solutions computed with
different numbers of modes M and L = M . All the solutions are computed using a mesh
with 160 × 160 cells and ∆t = 0.01 at time t = 10s. As in the case with a uniformly
distributed perturbation X(ω) of the initial data in Example 7.1, one can see a spectral
convergence with an exponential rate.
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Figure 7.12: Example 7.3: Convergence study for the cloud variables (ρq`), ` ∈ {v, c, r},
in the stochastic space computed with the L1-norm at time t = 10s using
∆t = 0.01 and M = L.
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Figure 7.13: Example 7.3: Potential temperature θ, expected values of the water vapor
concentration qv, cloud drops concentration qc and rain concentration qr at
times t = 150 (left column) and 200s (right column) simulated on a 160×160
mesh with M = L = 3.
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Figure 7.14: Example 7.3: Comparison of the potential temperature θ, expected values
of the water vapor concentration qv, cloud drops concentration qc and rain
concentration qr (right column) with the respective solutions of the deter-
ministic experiment of Example 6.1 (left column) at time t = 200s.
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7.1.2 Fully stochastic model
In this subsection, we present experimental convergence results for the fully stochastic
model (M3). We modify Example 6.1 by randomly perturbing the initial data of the
model (M3) with a uniformly or normally distributed X(ω).

In Example 7.4, we present the spatio-temporal convergence as well as the convergence in
the stochastic space for the case in which the initial vapor concentration qv is perturbed
by 10% which is realized with a uniformly distributed X(ω). The setup is the same as in
Example 7.1 with the addition that now also the Navier-Stokes variables are random. In
Example 7.5, we then investigate the convergence for the same setup as in Example 7.4
but this time with a normally distributed X(ω) and demonstrate that the convergence
of the method does not change with a different choice of distribution. Since we use the
same numerical method for the space and time discretization as in Example 7.4, we just
investigate the convergence in the stochastic space in Example 7.5.

Example 7.4 (Stochastic initial data with uniformly distributed X(ω))

In this example, we consider a 10% perturbation of the initial water vapor concentration
in the fully stochastic model (M3). This is realized through the following modification
of Example 6.1 in the case of a uniformly distributed X(ω) for the cloud variables

(q̂v)0(x, 0) = 0.005 θ′(x, 0), (q̂v)1(x, 0) = 0.1 (q̂v)0(x, 0), (q̂v)k(x, 0) = 0 for 2 ≤ k ≤M,

(q̂c)0(x, 0) = 10−4 θ′(x, 0), (q̂c)k(x, 0) = 0 for 1 ≤ k ≤M,

(q̂r)0(x, 0) = 10−6 θ′(x, 0), (q̂r)k(x, 0) = 0 for 1 ≤ k ≤M

and for the Navier-Stokes variables

(ρ̂′)0(x, 0) = −ρ̄(x) (θ̂′)0(x, 0)
θ̄(x) + (θ̂′)0(x, 0)

, (ρ̂′)k(x, 0) = 0 for 1 ≤ k ≤M,

(ρ̂u)k(x, 0) = 0 for 0 ≤ k ≤M,

((̂ρθ)′)0(x, 0) = ρ̄(x)(θ̂′)0(x, 0) + θ̄(ρ̂′)0(x, 0) + (θ̂′)0(x, 0)(ρ̂′)0(x, 0),
((̂ρθ)′)k(x, 0) = 0 for 1 ≤ k ≤M,

where

(θ̂′)0(x, 0) =
{

2 cos2 (πr
2

)
, r :=

√
(x1 − 2500)2 + (x2 − 2000)2 ≤ 2000,

0, otherwise

(θ̂′)k(x, 0) = 0 for 1 ≤ k ≤M.

As in Example 6.1, it is θ̄ = 285 K and p0 = p̄ = 105 Pa and

ρ̄(x) = p0

Rθ̄(x)
πe(x)

1
γ−1 , πe(x) = 1− gx2

cpθ̄
.

In Figure 7.18, we depict the expected values of the potential temperature θ and the
cloud variables (ρq`), ` ∈ {v, c, r}, computed on a 160 × 160 mesh at times t = 150

132



7.1 Experimental convergence of the numerical scheme

and 200s with M = L = 3. A comparison with the solutions of the experiment with
stochastic cloud dynamics of Example 7.1 and the deterministic ones of Example 6.1
is shown in Figures 7.19 and 7.20. For a better comparison, we have used the same
range of values for the different simulations. We can observe that in the fully stochastic
experiment no additional vortices beneath the bubble have developed and the results are
slight variations of the deterministic results, which is to be expected. Thus, the vortex
features of the solutions obtained with the stochastic cloud dynamic scheme seem to
result from the missing feedback to the dynamics of the fluid. Additionally, it can be
observed that the fully stochastic results are more smeared compared to the deterministic
ones, which can be seen especially well for the potential temperature θ and the cloud
drops concentration qc.

The spatio-temporal convergence study for the expected values of the cloud and flow
variables is presented in Figure 7.15 at the time t = 10s, where we computed the solutions
on different meshes with M = L = 3. As in the deterministic case, one can clearly see a
second-order convergence in space and time.

The stochastic convergence studies are presented in Figures 7.16 and 7.17 for the cloud
and Navier-Stokes variables, respectively, at time t = 10s using a mesh with 160 × 160
cells and ∆t = 0.01. We computed the difference of approximate solutions with different
numbers of modes M and L = M to a reference solution with 20 stochastic modes. One
can see a spectral convergence with an approximate rate of e−0.3M as in the convergence
experiments for model (M2). The error of the rain drops in Figure 7.16 stays basically
constant at some point because in this case we already approach machine precision.
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Figure 7.15: Example 7.4: Convergence study in time and space for the cloud variables
(ρq`), ` ∈ {v, c, r}, and the flow variables ρ′, ρu1, ρu2 and (ρθ)′ computed at
time t = 10s using ∆t = 256/100N and M = L = 3.
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Figure 7.16: Example 7.4: Convergence study for the cloud variables (ρq`), ` ∈ {v, c, r},
in the stochastic space computed with the L1-norm at time t = 10s using
∆t = 0.01 and M = L.
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Figure 7.17: Example 7.4: Convergence study for the Navier-Stokes variables ρ′, ρu1,
ρu2 and (ρθ)′ in the stochastic space computed with the L1-norm at time
t = 10s using ∆t = 0.01 and M = L.
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7.1 Experimental convergence of the numerical scheme

Figure 7.18: Example 7.4: Expected values of the potential temperature θ, the water
vapor concentration qv, cloud drops concentration qc and rain concentration
qr at times t = 150 (left column) and 200s (right column) simulated on a
160× 160 mesh with M = L = 3.

135
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Figure 7.19: Example 7.4: Comparison of the expected values of the potential tempera-
ture θ and the water vapor concentration qv (third row) with the respective
solutions of the experiment with stochastic cloud dynamics of Example 7.1
(second row) and the respective solutions of the deterministic experiment of
Example 6.1 (first row) at time t = 200s.
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7.1 Experimental convergence of the numerical scheme

Figure 7.20: Example 7.4: Comparison of the expected values of the cloud drops concen-
tration qc and rain concentration qr (third row) with the respective solutions
of the experiment with stochastic cloud dynamics of Example 7.1 (second
row) and the respective solutions of the deterministic experiment of Example
6.1 (first row) at time t = 200s.
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Example 7.5 (Stochastic initial data with normally distributed X(ω))

In this experiment, we demonstrate that the convergence of the stochastic Galerkin
method for the fully stochastic model (M3) does not depend on the choice of the distri-
bution of X(ω). For this purpose, we choose the same initial conditions as in the previous
Example 7.4, but this time with a normally distributed X(ω). We use X ∼ N (0, 1).

In Figure 7.23, the mean values of the potential temperature θ and the cloud variables
(ρq`), ` ∈ {v, c, r}, computed on a 160 × 160 mesh at times t = 150 and 200s with
M = L = 3 are depicted. A comparison with the solutions of the experiment with
stochastic cloud dynamics of Example 7.1 and the deterministic ones of Example 6.1 is
shown in Figures 7.24 and 7.25. For a better comparison, we have used the same range of
values for the different simulations. As in the previous example, we can observe that in
the fully stochastic experiment no additional vortices beneath the bubble have developed
and the results are slight variations of the deterministic results, which is to be expected.
Thus, the vortex features of the solutions obtained with the stochastic cloud dynamic
scheme are independent of the distributions of the initial perturbation and result from
the missing feedback to the dynamics of the fluid.

In Figure 7.26, we investigated the influence of the choice of distribution for the initial
perturbation. We depict the results obtained with the initial normally distributed per-
turbation of this experiment with the one obtained with the uniformly distributed ones
of Example 7.4. For a better comparison, we have used again the same range of values for
both of the simulations. Since the initial perturbation was rather small, the results look
very similar. In general, both simulations smear the boundaries of the bubble. However,
the smearing with the normal distribution is not as strong as with the uniform distribu-
tion, which can be seen for the cloud drops concentration qc. This effect is due to the
concentrated shape of the normal distribution around the expected value.

The convergence studies in the stochastic space are presented in Figures 7.21 and 7.22 for
the cloud and Navier-Stokes variables, respectively, at time t = 10s. We computed the
difference of approximate solutions with different numbers of modes M and L = M to a
reference solution with 12 stochastic modes. As in the case with a uniformly distributed
X(ω) in Example 7.4, one can see a spectral convergence with an exponential decay rate.
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Figure 7.21: Example 7.5: Convergence study for the cloud variables (ρq`), ` ∈ {v, c, r},
in the stochastic space computed with the L1-norm at time t = 10s using
∆t = 0.01 and M = L.
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Figure 7.22: Example 7.5: Convergence study for the Navier-Stokes variables ρ′, ρu1,
ρu2 and (ρθ)′ in the stochastic space computed with the L1-norm at time
t = 10s using ∆t = 0.01 and M = L.
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Figure 7.23: Example 7.5: Expected values of the temperature θ, the water vapor concen-
tration qv, cloud drops concentration qc and rain concentration qr at times
t = 150 (left column) and 200s (right column) simulated on a 160 × 160
mesh with M = L = 3.
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7.1 Experimental convergence of the numerical scheme

Figure 7.24: Example 7.5: Comparison of the expected values of the potential tempera-
ture θ and the water vapor concentration qv (third row) with the respective
solutions of the experiment with stochastic cloud dynamics of Example 7.1
(second row) and the respective solutions of the deterministic experiment of
Example 6.1 (first row) at time t = 200s.
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Figure 7.25: Example 7.5: Comparison of the expected values of the cloud drops concen-
tration qc and rain concentration qr (third row) with the respective solutions
of the experiment with stochastic cloud dynamics of Example 7.1 (second
row) and the respective solutions of the deterministic experiment of Example
6.1 (first row) at time t = 200s.
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7.1 Experimental convergence of the numerical scheme

Figure 7.26: Example 7.5: Comparison of the expected values of the potential tempera-
ture θ, water vapor concentration qv, cloud drops concentration qc and rain
concentration qr with initial normally distributed perturbation (left column)
with the respective solutions with initial uniformly distributed perturbation
of Example 7.4 (right column) at time t = 200s.
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7.2 Rayleigh-Bénard convection
In this section, we present the results of the uncertainty study for the Rayleigh-Bénard
convection in both 2D and 3D. The experiments and results with stochastic cloud dy-
namics (M2) are based on [21], though the results differ due to the slightly modified cloud
equations, see Remark 2.1. We investigate uncertainty propagation, which is triggered
by the initial data of the water vapor concentration qv. For the Rayleigh-Bénard exper-
iments in this section, we always consider a uniform perturbation. A comparison with
a normally distributed initial perturbation or even perturbations of certain parameters
goes beyond the scope of this work and is left for future research.

It should be observed that uniform perturbations in the initial conditions for qv may lead
to either reduced or enhanced water vapor concentrations as compared to the determin-
istic simulations. Since the temperature gradient is quite small, a change in qv translates
to an (almost) linear change in saturation ratio, which directly controls cloud formation.
Thus, in the case of positive perturbations, a higher water vapor concentration leads to
earlier cloud formation and, in addition, a higher potential temperature change since
more water is available in the system. The higher potential temperature change then
results in stronger convection. On the other hand, lower values of qv lead to a time delay
in the formation of clouds, even if small convective cells are driven by the dry unstable
situation. In a feedback cycle, a reduced or even delayed formation of cloud water prop-
agates further to a weaker rain formation. Finally, the evaporation of rain water leads
to a strong cooling effect of the lower layers of the domain, which also crucially depends
on the amount of sedimenting rain water. These effects have to be taken into account
for the evaluation of the different perturbation scenarios.

In Examples 7.6 and 7.7, we consider Rayleigh-Bénard convection in 2D with stochastic
cloud dynamics using (M2) and fully stochastic dynamics using (M3), respectively. With
these two experiments, we demonstrate that the two different stochastic models (M2)
and (M3) lead to qualitatively different results, although starting with the same initial
conditions and initial perturbation of qv. In Examples 7.8 and 7.9, we then consider
stochastic Rayleigh-Bénard convection in 3D using again the two stochastic models (M2)
and (M3), respectively. We investigate the effect of the initial perturbation of qv in both
cases by considering a 0%, 10%, 20% and 50% perturbation of the initial water vapor
concentration qv. In terms of oversaturation, one reaches initial values of qv − q∗ of
8.9 · 10−3 for 10%, 1.1 · 10−2 for 20% and 1.3 · 10−2 for 50% of perturbation. Comparing
the solutions in Example 7.8 with the ones in Example 7.9 one can again notice that the
two stochastic models produce quite different solutions. Additionally, one can observe
that the perturbation of the initial water vapor concentration has a clear effect on the
formation of the pattern. The bigger the perturbations are, the more changes in patterns
and solutions can be seen.

Example 7.6 (Stochastic cloud dynamics Rayleigh-Bénard convection in 2D)

In this experiment, we simulate Rayleigh-Bénard convection in 2D with stochastic cloud
dynamics by using model (M2). The numerical solutions are computed on a domain
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7.2 Rayleigh-Bénard convection

Ω = [0, 5000] × [0, 1000]m2 that has been discretized using 160 × 160 mesh cells. As
initial conditions we choose the ones from the deterministic case in Example 6.4 and
perturb the initial water vapor concentration by 10%. This means that we use (6.1) for
the Navier-Stokes variables and

(q̂v)0(x, 0) = 0.025 (θ′(x, 0))+, (q̂v)1(x, 0) = 0.1 (q̂v)0(x, 0),
(q̂v)k(x, 0) = 0 for 2 ≤ k ≤M,

(q̂c)0(x, 0) = 10−4 (θ′(x, 0))+, (q̂c)k(x, 0) = 0 for 1 ≤ k ≤M,

(q̂r)0(x, 0) = 10−6 (θ′(x, 0))+, (q̂r)k(x, 0) = 0 for 1 ≤ k ≤M

(7.1)

for the cloud variables. As boundary conditions we also use the same ones as in the de-
terministic case, that is Dirichlet boundary conditions for the potential temperature, see
(6.2), as well as periodic boundary conditions for all variables in horizontal direction and
no-slip boundary conditions, see (4.21), for the velocities at the vertical boundaries and
zero Neumann conditions, see (4.20), for the remaining variables in vertical direction, i.e.
∇ρ′ ·n = 0, ∇(ρq`) ·n = 0, ` ∈ {v, c, r}. Since the cloud variables are stochastic, we need
to project the periodic and zero Neumann conditions. The projection is straightforward
since the term is linear in the cloud variables and one ends up with periodic and zero
Neumann boundary conditions for all the expansion coefficients.

In Figure 7.27, we present time snapshots of the numerical solution for the potential
temperature at times t = 1000, 2000, 3000 and 6000s. The expected values and standard
deviations of the cloud variables, see (5.8) and (5.9), are depicted in Figures 7.28–7.31
at times t = 1000 and 6000s. In Figures 7.28 and 7.29, also the differences of the
expected value of the water vapor concentration to the saturation mixing ratio E[qv]−q∗
are shown. From the results presented in Figure 7.27 for the potential temperature θ,
one can observe two major features. First, the perturbation leads to an earlier start
in convection and rolls forming already at time t = 1000s. This feature can also be
recognized for the water vapor concentration in Figure 7.28 and ends up in much more
rain at time t = 1000s than in the deterministic experiment at the same time. This is
probably due to the fact that even small variations in water vapor have a strong impact
on cloud formation since the activation of cloud droplets is a threshold process. For
values closer to saturation, even small variations in vertical upward motions can trigger
cloud formation and thus rain formation which is then sedimenting. The second feature
is that the perturbation in the initial water vapor distribution leads to a stronger vertical
gradient in potential temperature at the beginning of convection at times t = 1000 and
2000s, that is, at low levels the temperature is much smaller than in the deterministic
case. This feature is due to the cooling of sedimenting rain water. For simulations
with a high water vapor loading, more clouds form and thus more rain falls into lower
levels and cools the environment by evaporation. Since this process is very effective,
the temperature can be reduced drastically. Note that this feature is well-known for
the real atmosphere: Falling rain can cool lower levels efficiently so that a transition
from melting rain droplets to snow can be possible for the winter seasons. The efficient
formation of rain also leads to a strong reduction in cloud water since accretion can eat
up cloud droplets in the lower levels, see Figure 7.30. For reduced values of initial water
vapor, processes of cloud and precipitation formation are strongly reduced. However, on
average the positive perturbations seem to dominate the statistical picture. The results
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at time t = 6000s are then very similar to the ones obtained in the deterministic case,
see Example 6.4, both structure-wise and value-wise. One can even observe that the
standard deviation of all cloud variables decreases by one order of magnitude compared
to time t = 1000s. Thus, the main effect of the uncertainty in this example obtained
with model (M2) seems to be at the starting point of convection.

Remark 7.1: For simplicity, the saturation mixing ratio q∗ was calculated with the ex-
pected values of the cloud variables, that is q∗(E[qv], E[qc], E[qr]). In the following
stochastic experiments, we will always mean the saturation mixing ratio of the expected
values when referring to q∗.
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7.2 Rayleigh-Bénard convection

Figure 7.27: Example 7.6: Potential temperature θ at times t = 1000, 2000, 3000 and
6000s simulated on a 160× 160 mesh.
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Figure 7.28: Example 7.6: Difference of the expected value of the water vapor concen-
tration to the saturation mixing ratio E[qv]− q∗ and the expected value and
standard deviation of the water vapor concentration qv at time t = 1000s
simulated on a 160× 160 mesh.
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Figure 7.29: Example 7.6: Difference of the expected value of the water vapor concen-
tration to the saturation mixing ratio E[qv]− q∗ and the expected value and
standard deviation of the water vapor concentration qv at time t = 6000s
simulated on a 160× 160 mesh.
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Figure 7.30: Example 7.6: Expected value and standard deviation of the cloud drops
concentration qc at times t = 1000 and 6000s simulated on a 160 × 160
mesh.
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7.2 Rayleigh-Bénard convection

Figure 7.31: Example 7.6: Expected value and standard deviation of the rain concentra-
tion qr at at times t = 1000 and 6000s simulated on a 160× 160 mesh.
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Example 7.7 (Fully stochastic Rayleigh-Bénard convection in 2D)

Here, we consider fully stochastic Rayleigh-Bénard convection in 2D simulated with (M3)
on a domain Ω = [0, 5000]× [0, 1000]m2 that has been discretized using 160× 160 mesh
cells. The initial conditions are the same as in the previous Example 7.6 with the only
difference that now also the Navier-Stokes variables are stochastic. Thus, we use (7.1)
as initial data for the cloud variables and the following conditions for the Navier-Stokes
variables

(ρ̂′)0(x, 0) = −ρ̄(x) (θ̂′)0(x, 0)
θ̄(x) + (θ̂′)0(x, 0)

, (ρ̂′)k(x, 0) = 0 for 1 ≤ k ≤M,

(ρ̂u1)0(x, 0) = 0.001
(

(ρ̂′)0(x, 0) + ρ̄(x)
)
, (ρ̂u1)k(x, 0) = 0 for 1 ≤ k ≤M,

(ρ̂u2)0(x, 0) = sin
(

2π x2

1000

)(
(ρ̂′)0(x, 0) + ρ̄(x)

)
, (ρ̂u2)k(x, 0) = 0 for 1 ≤ k ≤M,

((̂ρθ)′)0(x, 0) = ρ̄(x)(θ̂′)0(x, 0) + θ̄(ρ̂′)0(x, 0) + (θ̂′)0(x, 0)(ρ̂′)0(x, 0),

((̂ρθ)′)k(x, 0) = 0 for 1 ≤ k ≤M,
(7.2)

where
(θ̂′)0(x, 0) = 0.6 sin

(
2π x2

1000

)
, (θ̂′)k(x, 0) = 0 for 1 ≤ k ≤M (7.3)

and θ̄(x) and ρ̄(x) are chosen as in (6.1). Additionally, we have to project the Dirichlet
boundary conditions onto the stochastic space. As already mentioned in Example 7.6
the projection of the periodic, the no-slip and the Neumann conditions is straightfor-
ward and one ends up with the same conditions as in the deterministic case for all
the expansion coefficients of the respective variable. As in Example 6.3, we imple-
ment the Dirichlet boundary conditions for the potential temperature, see (6.2), using
ρθ(x, t, ω) = (ρθ)′(x, t, ω)+ρθ(x). Rearranging and inserting the expansion for ρ′(x, t, ω)
and (ρθ)′(x, t, ω) gives

(ρθ)′(x, t, ω)− ρ′(x, t, ω)θ(x, t, ω) = ρ̄(x)θ(x, t, ω)− ρθ(x)

⇔
M∑
k=0

((̂ρθ)′)k(x, t)Φk(ω)−
(

M∑
k=0

(ρ̂′)k(x, t)Φk(ω)
)
θ(x, t, ω) = ρ̄(x)θ(x, t, ω)− ρθ(x).

At the boundary θ is constant because of the Dirichlet conditions. Thus, applying the
projections leads to

((̂ρθ)′)0(x2 = 0, t)− (ρ̂′)0(x2 = 0, t)θ(x2 = 0) = ρ̄(x2 = 0)θ(x2 = 0)− ρθ(x2 = 0),

((̂ρθ)′)k(x2 = 0, t)− (ρ̂′)k(x2 = 0, t)θ(x2 = 0) = 0 for 1 ≤ k ≤M
(7.4)

and analogously for x2 = 1000.

In Figures 7.32–7.36, we present the expected values and standard deviations of the
potential temperature and the cloud variables at times t = 1000 and 6000s. In Figures
7.33 and 7.34, also the differences of the expected value of the water vapor concentration
to the saturation mixing ratio E[qv] − q∗ are depicted. A comparison of the solutions
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7.2 Rayleigh-Bénard convection

in this experiment obtained with the fully stochastic model (M3) at time t = 6000s
to the ones obtained with the stochastic cloud dynamics (M2) in Example 7.6 and the
ones obtained with the deterministic model (M1) in Example 6.4 is shown in Figures
7.37–7.41. In this 2D experiment, the overall behavior of the three models (M1) – (M3)
is very similar. As can be seen in Figure 7.32, the potential temperature also exhibits a
strong vertical gradient at time t = 1000s, but with higher values than in the case with
just stochastic cloud dynamics, cf. Figure 7.27 in Example 7.6. The convection cells are
formed similarly and the solution at a later time t = 6000s is comparable to the one in
the deterministic case as well as to the stochastic cloud dynamics case, see Figure 7.37.
The same behavior can be observed for the water vapor concentration in Figures 7.33 and
7.34. A difference to Example 7.6 with stochastic cloud dynamics can be seen in Figures
7.35 and 7.40 for the cloud drop concentration which is now one order of magnitude
larger and exhibits a smaller standard deviation as in the case with just stochastic cloud
dynamics. The cloud structure is basically the same as in the deterministic case and
the one with stochastic cloud dynamics: we can observe that the clouds follow the roll-
like flow structure. As shown in Figure 7.38 this is because the oversaturated regions
are formed in the rolls where the convection takes place. The rain formation in this
experiment is very similar to the one in Example 7.6 with stochastic cloud dynamics as
can be seen in Figure 7.41, though more rain is formed due to more cloud formation and
thus also the standard deviation at time t = 6000s is much larger as for the case with
stochastic cloud dynamics, cf. Figures 7.36 and 7.31 in Example 7.6.

In Figures 7.42 and 7.43 the time evolution of the mean expected value per m2 as well as
the mean standard deviation perm2 for the cloud variables and the potential temperature
are presented. In d space dimensions these quantities can be computed for uniformly
distributed perturbations in the following way

E

[
hd

|Ω|

N∑
i=1

(q`)i

]
= hd

|Ω|

N∑
i=1

E [(q`)i] = hd

|Ω|

N∑
i=1

(̂(q`)i)0,

σ

(
hd

|Ω|

N∑
i=1

(q`)i

)
= hd

|Ω|

√√√√ M∑
k=1

(
N∑
i=1

̂((q`)i)k

)2
1

2k + 1 ,

(7.5)

where N is the number of mesh cells and ` ∈ {v, c, r}. We compared the solutions using
0% and 10% of perturbation of the initial data in qv, where for 10% of perturbation
we compared the solutions obtained with the two different stochastic models (M2) and
(M3). Also here, it can be seen that the standard deviation of all variables as well as the
rain concentration increases with the perturbations. Another difference can be observed
for the solutions simulated with the stochastic cloud dynamics model (M2). In that case,
the potential temperature decreases faster than in the deterministic and fully stochastic
cases. One reason for that is that at time t = 1000s the water vapor concentration
increases which leads to more clouds and also rain formation. This probably causes
cooling of lower levels due to sedimenting rain water and results in a decrease of potential
temperature. This suggests that the different behavior of the solutions obtained with the
stochastic cloud dynamics model (M2) compared to the solutions obtained with the other
two models (M1) and (M3) is due to the missing feedback to the potential temperature.
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Figure 7.32: Example 7.7: Expected value and standard deviation of the potential tem-
perature θ at times t = 1000 and 6000s simulated on a 160× 160 mesh.
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Figure 7.33: Example 7.7: Difference of the expected value of the water vapor concen-
tration to the saturation mixing ratio E[qv] − q∗ and expected value and
standard deviation of the water vapor concentration qv at time t = 1000s
simulated on a 160× 160 mesh.
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Figure 7.34: Example 7.7: Difference of the expected value of the water vapor concen-
tration to the saturation mixing ratio E[qv] − q∗ and expected value and
standard deviation of the water vapor concentration qv at time t = 6000s
simulated on a 160× 160 mesh.
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Figure 7.35: Example 7.7: Expected value and standard deviation of the cloud drops
concentration qc at times t = 1000 and 6000s simulated on a 160 × 160
mesh.
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Figure 7.36: Example 7.7: Expected value and standard deviation of the rain concentra-
tion qr at at times t = 1000 and 6000s simulated on a 160× 160 mesh.
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7.2 Rayleigh-Bénard convection

Figure 7.37: Example 7.7: Potential temperature θ at time t = 6000s with 0% and 10%
perturbation of the initial water vapor concentration, where the latter was
simulated with stochastic cloud dynamics and the fully stochastic dynamics.
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Figure 7.38: Example 7.7: Difference of the water vapor concentration to the saturation
mixing ratio qv − q∗ at time t = 6000s with 0% and 10% perturbation of
the initial water vapor concentration, where the latter was simulated with
stochastic cloud dynamics and the fully stochastic dynamics.
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Figure 7.39: Example 7.7: Water vapor concentration qv at time t = 6000s with 0%
and 10% perturbation of the initial water vapor concentration, where the
latter was simulated with stochastic cloud dynamics and the fully stochastic
dynamics.
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Figure 7.40: Example 7.7: Cloud drops concentration qc at time t = 6000s with 0%
and 10% perturbation of the initial water vapor concentration, where the
latter was simulated with stochastic cloud dynamics and the fully stochastic
dynamics.
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Figure 7.41: Example 7.7: Rain concentration qr at time t = 6000s with 0% and 10%
perturbation of the initial water vapor concentration, where the latter was
simulated with stochastic cloud dynamics and the fully stochastic dynamics.
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Figure 7.42: Example 7.7: Time evolution of the expected values with their standard
deviations for the cloud variables per m2 (shaded region, left column) and
standard deviation (right column) using 0% and 10% perturbation of the
initial data in qv, where the latter was simulated with stochastic cloud dy-
namics and the fully stochastic dynamics.
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Figure 7.43: Example 7.7: Time evolution of the expected values with their standard
deviations (shaded region) for the potential temperature θ per m2 using 0%
and 10% perturbation of the initial data in qv, where the latter was simulated
with stochastic cloud dynamics and the fully stochastic dynamics.

Example 7.8 (Stochastic cloud dynamics Rayleigh-Bénard convection in 3D)

In this example, we investigate the uncertainty quantification in 3D Rayleigh-Bénard
convection in the case of stochastic cloud dynamics simulated with (M2). We consider a
0%, 10%, 20% and 50% perturbation of the initial water vapor concentration and realize
the initial conditions of the two-dimensional experiment in Example 7.6 in 3D. Thus, we
take (6.4) for the initial Navier-Stokes variables and the following initial values for the
cloud variables

(q̂v)0(x, 0) = 0.025 (θ′(x, 0))+, (q̂v)1(x, 0) = ν (q̂v)0(x, 0),
(q̂v)k(x, 0) = 0 for 2 ≤ k ≤M,

(q̂c)0(x, 0) = 10−4 (θ′(x, 0))+, (q̂c)k(x, 0) = 0 for 1 ≤ k ≤M,

(q̂r)0(x, 0) = 10−6 (θ′(x, 0))+, (q̂r)k(x, 0) = 0 for 1 ≤ k ≤M,

(7.6)

for ν = 0, 0.1, 0.2, 0.5. The solution is computed on a domain Ω = [0, 5000]× [0, 5000]×
[0, 1000]m3 which is discretized using 50× 50× 50 mesh cells.

In Figure 7.44, we show the influence of 0%, 10%, 20% and 50% perturbation on the
potential temperature θ and in Figures 7.46–7.48 the influence on the expected value of
the cloud variables at times t = 1000 and 6000s. The influence on the oversaturated
and undersaturated regions is highlighted in Figure 7.45 and as 2D slice at x3 = 700 and
x1 = 3000 in Figures 7.49 and 7.50, where we depict the difference of the expected water
vapor concentration to the saturation mixing ratio. For a better comparison, we have
used the same range of values for different perturbations in all of the plots. As in the 2D
case, the potential temperature distribution changes considerably at lower levels of the
3D domain since evaporative cooling of precipitation is a dominant process. The results
for 0%, 10% and 20% of perturbation are comparable, while the ones for 50% are rather
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different from the others. This is because for positive perturbations, clouds can form even
at low vertical upward motions. The latent heat release increases the vertical motions in
the convective cells, which leads to additional feedback, such as stronger cloud formation
at time t = 1000s, which in turn leads to the formation of a larger amount of rain water.
For 50% of perturbation, this means formed clouds rain out until time t = 6000s so that
there are no clouds and consequently no rain anymore. Figures 7.45, 7.49 and 7.50 also
show that for 50% of perturbation there are no oversaturated regions at time t = 6000s
anymore. Concerning cloud structures, we can observe that the convective cells have a
more roll-like shape in the deterministic case, while they have a quasi hexagonal one in
the cases with 10% and 20% of perturbation.

The above observations can be confirmed in Figure 7.51, where, in order to be able to
investigate the influence of perturbations over time more properly, the time evolution of
the mean expected value per m3 as well as the mean standard deviation per m3 for the
cloud variables are presented for the cases with 0%, 10%, 20% and 50% perturbation of
the initial water vapor concentration. It can be observed that the solutions with 10%
and 20% of perturbation behave similarly in the expected values, but that the standard
deviation increase with more perturbation. In contrast to that, the standard deviation
for the cloud drops and rain concentration is around zero at later times, because there
are no clouds and rain anymore.
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7.2 Rayleigh-Bénard convection

Figure 7.44: Example 7.8: Potential temperature θ at times t = 1000 and 6000s with 0%,
10%, 20% and 50% perturbation of the initial water vapor concentration
simulated on a 50× 50× 50 mesh.
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Figure 7.45: Example 7.8: Difference of the expected value of the water vapor concen-
tration to the saturation mixing ratio E[qv] − q∗ at times t = 1000 and
6000s with 0%, 10%, 20% and 50% perturbation of the initial water vapor
concentration simulated on a 50× 50× 50 mesh.
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7.2 Rayleigh-Bénard convection

Figure 7.46: Example 7.8: Expected value of the water vapor concentration qv at times
t = 1000 and 6000s with 0%, 10%, 20% and 50% perturbation of the initial
water vapor concentration simulated on a 50× 50× 50 mesh.
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Figure 7.47: Example 7.8: Expected value of the cloud drops concentration qc at times
t = 1000 and 6000s with 0%, 10%, 20% and 50% perturbation of the initial
water vapor concentration simulated on a 50× 50× 50 mesh.
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7.2 Rayleigh-Bénard convection

Figure 7.48: Example 7.8: Expected value of the rain concentration qr at times t = 1000
and 6000s with 0%, 10%, 20% and 50% perturbation of the initial water
vapor concentration simulated on a 50× 50× 50 mesh.
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Figure 7.49: Example 7.8: Slices of the difference of water vapor to the saturation mixing
ratio qv − q∗ at x3 = 700 at time t = 6000s with 0%, 10%, 20% and 50%
perturbation of the initial water vapor concentration simulated on a 50 ×
50× 50 mesh.
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7.2 Rayleigh-Bénard convection

Figure 7.50: Example 7.8: Slices of the difference of water vapor to the saturation mixing
ratio qv − q∗ at x1 = 3000 at time t = 6000s with 0%, 10%, 20% and
50% perturbation of the initial water vapor concentration simulated on a
50× 50× 50 mesh.
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Figure 7.51: Example 7.8: Time evolution of the expected values with their standard
deviations for the cloud variables per m3 (shaded region, left column) and
standard deviation (right column) using 0%, 10%, 20% and 50% perturba-
tion of the initial data in qv.
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7.2 Rayleigh-Bénard convection

Example 7.9 (Fully stochastic Rayleigh-Bénard convection in 3D)

Here, we investigate the uncertainty quantification in 3D Rayleigh-Bénard convection
in the case of the fully stochastic cloud model (M3). To compare it with the previous
Exmaple 7.8, where just stochastic cloud dynamics were considered, we use the same
initial conditions as in that case. Thus, we consider a 0%, 10%, 20% and 50% perturba-
tion of the initial water vapor concentration and take (7.6) for the initial cloud variables
and transfer the deterministic initial Navier-Stokes variables from Example 7.8 to their
expansion coefficients

(ρ̂′)0(x, 0) = −ρ̄(x) (θ̂′)0(x, 0)
θ̄(x) + (θ̂′)0(x, 0)

, (ρ̂′)k(x, 0) = 0 for 1 ≤ k ≤M,

(ρ̂u1)0(x, 0) = 0.001
(

(ρ̂′)0(x, 0) + ρ̄(x)
)
, (ρ̂u1)k(x, 0) = 0 for 1 ≤ k ≤M,

(ρ̂u2)0(x, 0) = 0.001
(

(ρ̂′)0(x, 0) + ρ̄(x)
)
, (ρ̂u2)k(x, 0) = 0 for 1 ≤ k ≤M,

(ρ̂u3)0(x, 0) = sin
(

2π x3

1000

)(
(ρ̂′)0(x, 0) + ρ̄(x)

)
, (ρ̂u3)k(x, 0) = 0 for 1 ≤ k ≤M,

((̂ρθ)′)0(x, 0) = ρ̄(x)(θ̂′)0(x, 0) + θ̄(ρ̂′)0(x, 0) + (θ̂′)0(x, 0)(ρ̂′)0(x, 0),

((̂ρθ)′)k(x, 0) = 0 for 1 ≤ k ≤M,

where
(θ̂′)0(x, 0) = 0.6 sin

(
2π x3

1000

)
, (θ̂′)k(x, 0) = 0 for 1 ≤ k ≤M

and θ̄(x) and ρ̄(x) are chosen as in (6.1). The solution is again computed on a domain
Ω = [0, 5000]× [0, 5000]× [0, 1000]m3 which is discretized using 50× 50× 50 mesh cells.

In Figures 7.52 and 7.54–7.56, we present the influence of the 0%, 10%, 20% and 50%
initial water vapor perturbation on the expected value of potential temperature and the
cloud variables at times t = 1000 and 6000s. The influence on the oversaturated and
undersaturated regions is highlighted in Figure 7.53 and as 2D slice at x3 = 700 and
x1 = 3000 in Figures 7.57 and 7.58, where we depict the difference of the expected
water vapor concentration to the saturation mixing ratio. For a better comparison, we
have used the same range of values for different perturbations in all of the plots. Here,
we can clearly observe a different behavior than that in the case of stochastic cloud
dynamics in Example 7.8. The vertical gradient of the potential temperature increases
for perturbations, see Figure 7.52, and the pattern of the developed convection cells
is similar for different perturbations. This can also be observed for the water vapor
content in Figure 7.54. Again, the latent heat release increases the vertical motions in
the convective cells, which leads to additional feedback, such as stronger and more cloud
formation, see Figure 7.55, which in turn leads to the formation of a much larger amount
of rain water, especially at a later time t = 6000s, see Figure 7.56. At the time t = 1000s
we can see that the roll-like structure of the clouds in the deterministic case (i.e., 0%
perturbation) again end up in a more cell-like structure in the cases of perturbed initial
water vapor concentration.

In Figures 7.59 and 7.60, we show the time evolution of the mean expected value per m3

as well as the mean standard deviation per m3 for the cloud variables and the potential
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7 Stochastic numerical experiments

temperature for the cases with 0%, 10%, 20% and 50% perturbation of the initial water
vapor concentration. For increasing perturbations, the spread is increased, mostly for the
water vapor concentration qv and the rain concentration qr. The averaged quantities are
dominated by the positive perturbations, leading to (i) earlier cloud formation, (ii) thicker
clouds due to more available water vapor, and (iii) enhanced rain formation. These
three features can be seen very nicely in the pictures resulting from the largest initial
perturbation (ν = 0.5), where a large spread in water vapor concentration is accompanied
by a strong increase in cloud water and an earlier onset of strong precipitation. Due to
the strong rain formation the cloud concentration decreases with larger perturbations
and also the amount of oversaturated regions is much less as can be observed in Figures
7.53, 7.57 and 7.58 which leads to less new formation of clouds. We would also like to note
that the spread is only given by the standard deviation, whereas the actual minima (for
instance, almost no cloud formation) cannot be seen directly, although these scenarios
are possible.

In Figures 7.61 and 7.62, we additionally compare the time evolution of the mean ex-
pected value and the mean standard deviation of the potential temperature and the cloud
variables obtained with the three different models (M1)–(M3). Thereby, we used 10%
of perturbation for the initial water vapor concentration in the cases of the stochastic
cloud dynamics model (M2) and the fully stochastic model (M3). As in the 2D case,
one can notice a clear difference between the two stochastic models already with 10% of
initial perturbation. The spread is much higher for all the variables in the fully stochas-
tic case compared to the case with stochastic cloud dynamics and also the mean cloud
and rain concentration exhibit a different behavior over time. Additionally, the potential
temperature decreases much more for the stochastic cloud dynamics case which was also
observed in the 2D case. Thus, we can conclude that these differences are caused by the
missing feedback of the stochastic cloud variables to the potential temperature in the
stochastic cloud dynamics model (M2).
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7.2 Rayleigh-Bénard convection

Figure 7.52: Example 7.9: Expected value of the potential temperature θ at times t =
1000 and 6000s with 0%, 10%, 20% and 50% perturbation of the initial
water vapor concentration simulated on a 50× 50× 50 mesh.
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Figure 7.53: Example 7.9: Difference of the expected value of the water vapor concen-
tration to the saturation mixing ratio E[qv] − q∗ at times t = 1000 and
6000s with 0%, 10%, 20% and 50% perturbation of the initial water vapor
concentration simulated on a 50× 50× 50 mesh.
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7.2 Rayleigh-Bénard convection

Figure 7.54: Example 7.9: Expected value of the water vapor concentration qv at times
t = 1000 and 6000s with 0%, 10%, 20% and 50% perturbation of the initial
water vapor concentration simulated on a 50× 50× 50 mesh.
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7 Stochastic numerical experiments

Figure 7.55: Example 7.9: Expected value of the cloud drops concentration qc at times
t = 1000 and 6000s with 0%, 10%, 20% and 50% perturbation of the initial
water vapor concentration simulated on a 50× 50× 50 mesh.
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7.2 Rayleigh-Bénard convection

Figure 7.56: Example 7.9: Expected value of the rain concentration qr at times t = 1000
and 6000s with 0%, 10%, 20% and 50% perturbation of the initial water
vapor concentration simulated on a 50× 50× 50 mesh.
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7 Stochastic numerical experiments

Figure 7.57: Example 7.9: Slices of the difference of water vapor to the saturation mixing
ratio qv − q∗ at x3 = 700 at time t = 6000s with 0%, 10%, 20% and 50%
perturbation of the initial water vapor concentration simulated on a 50 ×
50× 50 mesh.
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7.2 Rayleigh-Bénard convection

Figure 7.58: Example 7.9: Slices of the difference of water vapor to the saturation mixing
ratio qv − q∗ at x1 = 3000 at time t = 6000s with 0%, 10%, 20% and
50% perturbation of the initial water vapor concentration simulated on a
50× 50× 50 mesh.
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Figure 7.59: Example 7.9: Time evolution of the expected values with their standard
deviations for the cloud variables per m3 (shaded region, left column) and
standard deviation (right column) using 0%, 10%, 20% and 50% perturba-
tion of the initial data in qv.
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7.2 Rayleigh-Bénard convection
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Figure 7.60: Example 7.9: Time evolution of the expected values with their standard
deviations for the potential temperature θ per m3 (shaded region, left col-
umn) and standard deviation (right column) using 0%, 10%, 20% and 50%
perturbation of the initial data in qv.

Figure 7.61: Example 7.9: Time evolution of the expected values with their standard
deviations (shaded region) for the potential temperature θ per m3 using 0%
and 10% perturbation of the initial data in qv, where the latter was simulated
with stochastic cloud dynamics and the fully stochastic dynamics.
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Figure 7.62: Example 7.9: Time evolution of the expected values with their standard
deviations for the cloud variables per m3 (shaded region, left column) and
standard deviation (right column) using 0% and 10% perturbation of the
initial data in qv, where the latter was simulated with stochastic cloud dy-
namics and the fully stochastic dynamics.
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7.3 Comparison of the stochastic Galerkin, stochastic
collocation and Monte Carlo method

In this section, we compare the results of the stochastic Galerkin method, see Sec-
tion 5.2.1, on which our numerical schemes for the stochastic models are based, with
the Monte Carlo and the stochastic collocation method, see Section 5.2.2, in 2D. To
do so, we simulate the stochastic warm air bubble test with the fully stochastic model
(M3) and uniform initial perturbation, see Example 7.4, with all of the three methods.
In Figures 7.63–7.66 the errors are computed to a reference solution obtained with the
stochastic Galerkin method with 20 modes and in Figures 7.67 and 7.68 a self convergence
study is presented.

In Figures 7.63 and 7.64, the errors of the stochastic Galerkin and the stochastic col-
location method are presented for the cloud and Navier-Stokes variables with a semi-
logarithmic scale in the plots. One can observe that for this test case and for a time
t = 10s the stochastic Galerkin method outperforms the stochastic collocation method.
Experimentally, the errors of the stochastic Galerkin method exhibit an exponential
decay, whereas the errors of the stochastic collocation method, which is just a pseudo-
spectral method, behave as those for an interpolation method. In Figures 7.65 and 7.66,
the errors of all the three methods, the stochastic Galerkin, the Monte Carlo and the
stochastic collocation method, at time t = 10s are depicted. Here, we computed the er-
rors of the expected values and used a semi-logarithmic scale for the stochastic Galerkin
and the stochastic collocation method and a double-logarithmic scale for the Monte Carlo
method. Also in this case, the errors of the stochastic Galerkin method are much smaller
than the ones of the other two methods and one can observe again the exponential decay,
whereas the other two methods exhibit a polynomial decay rate. In Figures 7.67 and 7.68,
we show the self convergence study of the methods. One can observe that the stochastic
Galerkin solution with 20 modes as reference solution achieves comparable and in most
cases smaller errors than the Monte Carlo solution with 10000 samples and much smaller
ones than the stochastic collocation method with 20 points. We did not fully investigate
the computational times, but we noticed that the runtimes of the stochastic Galerkin
method scale faster than just linearly as in the case of the stochastic collocation and the
Monte Carlo method. In [21], we investigated the runtimes of the stochastic Galerkin
and stochastic collocation method in the case of stochastic cloud dynamics, i.e. model
(M2), which already indicated that the stochastic Galerkin method is computationally
more expensive. An appropriate test would be to compare the runtimes of the methods
for the same achieved error. This is left for future work.

Remark 7.2: Figures 7.65–7.68 emerged from a joint project with Tijana Janjic Pfander
and Yvonne Ruckstuhl from LMU in Munich.

Remark 7.3: The here presented results give a first insight into how the different methods
behave but do not represent a thorough comparison. For that, one should consider
the behavior of the errors at later times. Moreover, further experiments, for example,
the stochastic Rayleigh-Bénard convection should be considered and, in particular, an
appropriate test to compare the computational costs of the methods has to be found.
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Figure 7.63: Comparison of the errors of the stochastic Galerkin and the stochastic col-
location method for the cloud variables (ρq`), ` ∈ {v, c, r}, at time t = 10s
using ∆t = 0.01 and M = L.
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Figure 7.64: Comparison of the errors of the stochastic Galerkin and the stochastic collo-
cation method for the Navier-Stokes variables ρ′, ρu1, ρu2 and (ρθ)′ at time
t = 10s using ∆t = 0.01 and M = L.
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Figure 7.65: Comparison of the errors of the stochastic Galerkin, stochastic collocation
and the Monte Carlo method for the expected values of the cloud variables
(ρq`), ` ∈ {v, c, r}, at time t = 10s using ∆t = 0.01 and M = L.
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Figure 7.66: Comparison of the errors of the stochastic Galerkin, stochastic collocation
and the Monte Carlo method for the expected values of the Navier-Stokes
variables ρ′, ρu1, ρu2 and (ρθ)′ at time t = 10s using ∆t = 0.01 andM = L.
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Figure 7.67: Comparison of the self convergences of the stochastic Galerkin, stochastic
collocation and the Monte Carlo method for the expected values of the cloud
variables (ρq`), ` ∈ {v, c, r}, at time t = 10s using ∆t = 0.01 and M = L.
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Figure 7.68: Comparison of the self convergences of the stochastic Galerkin, stochastic
collocation and the Monte Carlo method for the expected values of the
Navier-Stokes variables at time t = 10s using ∆t = 0.01 and M = L.
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8 Conclusion

In this thesis, we have studied uncertainty propagation in an atmospheric model for warm
clouds governed by the Navier-Stokes equations for weakly compressible fluids which are
combined with the equations for cloud dynamics. The latter has been proposed as an
ODE system in [103] and is based on the single moment approach considering evolution
equations for the mass concentrations of the liquid water phases, which are water vapor,
cloud drops and rain drops. To investigate the effect of the uncertainty we considered
the model without any uncertainty (M1), the model with uncertainty just in the cloud
representations (M2) and the fully stochastic model (M3). For these models, we have
developed and tested numerical schemes which resolve the rich dynamics and multi-scale
effects of the systems properly and quantify efficiently and accurately uncertainties in
solutions of the stochastic models.

Concerning the numerical methods, we have started with the discretization of the de-
terministic model (M1) and then adapted this scheme also for the stochastic models by
combining it with the approximation in the stochastic space. We point out that atmo-
spheric flows are weakly compressible which leads to the low Mach number problem.
One, therefore, needs to use a finite volume method, which is accurate and efficient in
the low Mach number regime, see [13, 14]. Thus, as discretization for model (M1), we
have chosen a suitable linear-nonlinear splitting between the fast and slow flow vari-
ables and a second-order IMEX discretization in time (the ARS (2,2,2) scheme). The
coupling between the cloud equations (M1.b) and the Navier-Stokes system (M1.a) is
realized numerically by the second-order Strang splitting. The cloud equations are ap-
proximated in space by a finite volume method and in time using an explicit third-order
Runge-Kutta method with an enlarged stability region. Due to the multi-scale behavior
of the cloud system, the microscopic cloud dynamics requires a smaller time step than
the flow dynamics and thus several microscopic cloud subiterations are realized within
one macroscopic splitting time step, whose size is dictated by the flow dynamics. For
the stochastic models (M2) and (M3), we combine this discretization with a spectral
method in the stochastic space, the stochastic Galerkin method, which leads to a deter-
ministic system of PDEs for the expansion coefficients. To the best of our knowledge,
this is the first contribution that combines an accurate and efficient method for the
weakly compressible Navier-Stokes equations with the stochastic Galerkin method for
the uncertainty quantification in atmospheric models.
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Having developed these new cloud models and suitable numerical methods, we have
conducted different numerical experiments. We performed extensive numerical bench-
marking for the deterministic and stochastic models. For the deterministic model (M1),
we clearly exhibited a spatial experimental order of convergence of two in 2D and 3D
when the time increments were chosen according to the time step restriction. We also
demonstrated that this spatial experimental order of convergence is preserved in the
stochastic schemes. For the stochastic models (M2) and (M3) we additionally exhibited
an experimentally determined exponential convergence rate of the errors in the stochas-
tic space. This experimental convergence rate was observed for both stochastic models
in various perturbation scenarios: uniform and normal distribution of the initial uncer-
tainty, perturbation of initial conditions and perturbation of cloud model parameter.
We also compared the errors obtained by the stochastic Galerkin method to the ones
of another spectral method, the stochastic collocation method, as well as to a stan-
dard sampling method, the Monte Carlo method, and in our test case, the stochastic
Galerkin method exhibited lower errors and a faster experimental convergence rate. Ad-
ditionally, we studied the numerical solutions of the three cloud models in 2D and 3D
Rayleigh-Bénard convection and obtained interesting results. First, we have observed
a clear effect of the moisture to structure formation of cloud in the deterministic case
of model (M1). By illustrating the behavior of clouds in different perturbed scenarios
with the two stochastic models (M2) and (M3), we then demonstrated that perturba-
tions in the cloud initial conditions can crucially change the time evolution in the moist
Rayleigh-Bénard convection. The results also exhibited a clear difference of the solutions
of the two stochastic models in 3D Rayleigh-Bénard convection, which indicates that ini-
tial perturbations in the cloud equations propagate to the Navier-Stokes equations and
have a non-negligible effect on the solution. Our numerical study clearly demonstrates
the applicability of the stochastic Galerkin method for the uncertainty quantification in
complex atmospheric models and paves the path for more extensive numerical studies.

With the derived method, it is also possible to perform parameter studies. A first choice
would be to determine the diffusivities for the liquid water phases and the thermal
conductivity µh. In this thesis, we assumed for simplicity that all the liquid water
phases have the same diffusivity µq and that it is equal to µh. Now, one could apply
the stochastic Galerkin method successively for the different diffusivities and conduct
sensitivity and uncertainty studies to determine them.

A future investigation directly rising from the obtained results is to compare the perfor-
mance of the stochastic Galerkin method more extensively with the stochastic colloca-
tion and the Monte Carlo method. Considerable aspects are the computational cost, the
accuracy for long-time simulations, as well as the results obtained in some realistic mete-
orological scenarios. We already made the first step in this direction by implementing the
stochastic Galerkin method in the cloud physics scheme of the numerical weather model
ICON, which is currently used by the German Weather Service. The next step is to
compare the performance of the stochastic Galerkin method with the ensemble approach
(a sampling method) of ICON.

Other possible future investigations might involve considering different mutually inde-
pendent random effects, such as initial data, boundary data and model parameters simul-
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taneously. This will allow one to quantify more precisely the propagation of small-scale
stochastic errors initiated at cloud scales to macroscopic scales of flow dynamics. The
investigation requires an extension to a multivariate stochastic Galerkin method, where
the multivariate orthogonal basis polynomials can be obtained as tensor products of uni-
variate orthogonal polynomials. We note that in such a complex atmospheric system
this leads to a big increase in the computational cost due to the high dimensionality of
the system. To handle this problem one can, for example, use sparse tensor product
representations, see [8, 10, 111], as well as low-rank tensor decompositions, see [9].

Another important extension of the numerical method would be to preserve the non-
negativity of the solution. Especially for the cloud representation, this is a crucial point,
because the solutions do not only get nonphysical but also unstable. In our method as
well as in other atmospheric models and numerical weather prediction models this is
usually achieved by truncation at zero.

Apart from that, one can analyze in a future work a simplified model, for example, lin-
earized Navier-Stokes equations, from a theoretical point of view, deriving a rigorous
error analysis concerning the space and times discretization as well as the spectral ap-
proximation in the stochastic space. The corresponding error analysis has already been
applied to a simplified incompressible flow model in [42]. Concerning the error analy-
sis of the fully nonlinear Navier-Stokes equations combined with the cloud equations, a
promising technique is to apply the relative energy, see, e.g., [18, 28, 80].
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A Closure for single
moment schemes

Here, we state a closure for single moment schemes which was presented in [21].

The number concentration of rain drops can be approximated by a function of the respec-
tive mass concentration nr = f(qr, cr). Since we implicitly assume that rain drops are
distributed according to a size distribution, this approach should be used for mimicking
the shape of the distribution properly. If we use a constant mean mass of rain drops,
the function will be a simple linear relation nr = 1

mr
qr. We extend this approach and

propose the following nonlinear relation:

nr = cr · qγr , 0 < γ ≤ 1.

Using this approach, one can replace the quantity nr in the processes related to rain
drop number concentration. For the simple case of a constant mean mass mr, we can
determine the constants as cr = mr

−1 and γ = 1. This approach would be meaningful
for the case of a symmetric size distribution of rain droplets centered around the mean
mass. However, it is well-known that size distributions of rain are usually skew to larger
sizes and thus a linear relation is inappropriate. For sizes of rain drops, an exponential
distribution is often assumed (see [86]), namely:

f(r) = Bre
−λr

with a constant parameter Br = 2 · 107 m−4 and the drop radius r. Using the general
moments of the distribution,

µk[r] = Γ(k + 1)
λk+1 Br

with the gamma function Γ(x) :=
∫∞

0 tx−1 exp(−t) dt, we obtain

ρnr = µ0[r] = Br

λ
and ρqr = 4

3πρ`
Γ(4)
λ4 Br.

Using these relations, one can derive the following function for the number concentration
nr, i.e.

nr = B
3
4
r ρ
− 3

4 (8πρ`)−
1
4︸ ︷︷ ︸

=cr

q
1
4
r = crq

γ
r with γ = 1

4 .

We stress that cr is, in fact, a function of the air density ρ, that is, cr = cr0 · ρ−
3
4 .
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B Explicit formulation of
the cloud equations

We present the equations of microphysical processes explicitly as they are used in our
numerical experiments. In Tables B.1 and B.2, we present physical constants and model
parameters with their values used in our numerical simulations. The content is taken
from [21].

nc = qc
8 · 108

qc + 4.1888 · 10−7 coth
( qc

5.236 · 10−13

)
,

Cact = 6.2832 · 10−3DvGρ (qv − q∗)+ ,

C1 = 0.7796DvG (qv − q∗)
(

8 · 108

qc + 4.1888 · 10−7 coth
( qc

5.236 · 10−13

)) 2
3

ρqc,

ps(T ) = exp
{

54.842763− 6763.22/T − 4.21 lnT + 0.000367T + tanh(0.0415(T − 218.8))

· (53.878− 1331.22/T − 9.44523 lnT + 0.014025T )
}
,

nr = 23752.6753ρ− 3
4 q

1
4
r ,

r =
(

1.21 · 10−5

qr + 0.2874ρ− 3
4 q

1
4
r

) 4
15

,

E = −0.7796DvG (q∗ − qv)+

(
644.5198√ρqr + 17.5904µ− 1

6D
− 1

3
v

√
αrρ

13
24 q

91
120
r

)
,

A1 = 10−3k1ρq
2
c ,

A2 = 0.3846αk2ρ
1
4 qcrq

61
60
r ,

vq = 1.1068αq
4
15
r rρ

− 1
2 .
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B Explicit formulation of the cloud equations

Constant Description
p∗ = 101 325 Pa reference pressure
T∗ = 288 K reference temperature
T0 = 273.15 K melting temperature
ρ∗ = 1.225 kg m−3 reference air density
ρ` = 1000 kg m−3 density of liquid water
Rv = 461.52 J kg−1 K−1 specific gas constant, water vapor
cp = 1005 J kg−1 K−1 specific heat capacity, dry air
g = 9.81 m s−2 acceleration due to gravity
L = 2.53× 106 J kg−1 latent heat of vaporization
ε = Mmol,v

Mmol,a
= 0.622 ratio of molar masses of water and dry air

D0 = 2.11× 10−5 m2 s−1 diffusivity constant
Table B.1: Physical constants and reference quantities, [103].

Parameter Description
α = 190.3± 0.5 · 190.3 m s−1 kg−β parameter for terminal velocity
k1 = 4083± 0.5 · 4083 kg s−1 parameter for autoconversion
k2 = 0.8± 0.5 · 0.8 kg parameter for accretion
β = 4

15 parameter for terminal velocity
mt = 1.21× 10−5 kg parameter for terminal velocity
N0 = 1000 m−3 parameter for activation
N∞ = 8× 108 kg−1 parameter for activation
m0 = 5.236× 10−16 kg parameter for activation
aE = 0.78 parameter for evaporation
av = 0.78 parameter for ventilation
bv = 0.308 parameter for ventilation

Table B.2: Model parameters, [103].
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