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1 Introduction

The desire of the human mind to uncover the truth behind our reality and to comprehend the
physical laws that govern it is unparalleled and has long been a driver for technological advancement.
Unfortunately, the “truth . . . is much too complicated to allow anything but approximations.”1 No
statement could more accurately express the challenges faced by any attempt to explain the chemical
phenomena that make up our world than this quote proclaimed by John von Neumann in 1947.
Already during the dawn of quantum mechanics in the 1920s, it was clear to Paul A. M. Dirac and
many of his contemporaries that “the underlying physical laws necessary for the mathematical
theory of a large part of physics and the whole of chemistry are . . . completely known, and the
difficulty is only that the exact application of these laws leads to equations much too complicated
to be soluble.”2 Consequently, the primary goal of theoretical chemistry for the past 100 years has
been to find suitable approximations to the complex equations envisioned in the early 20th century.
The need for these approximations has uncovered that “chemical questions are problems in applied
mathematics”3 and as such, the rise of the computer has undoubtedly revolutionized how we think
about these problems and how they are solved. As correctly recognized by Robert S. Mulliken in
his Nobel Prize acceptance speech in 1966, “the era of computing chemists, when hundreds if not
thousands of chemists will go to the computing machine instead of the laboratory, for increasingly
many facets of chemical information, is . . . at hand. There is only one obstacle, namely, that someone
must pay for the computing time.”4 Mulliken correctly emphasizes how it is not only necessary to
find accurate but also computationally efficient approximations of exact theory and his statement is
as relevant as ever in light of energy conservation efforts during the transition towards renewable
energy sources.5,6

At the very foundation of the majority of quantum chemical methods lies the solution of the elec-
tronic Schrödinger equation which aims to describe the complex movements of the electrons within
the static potential of the nuclei. Solving the electronic Schrödinger equation will not only yield
the electronic energy but will by extension also provide access to ionization potentials, electron
affinities, excitation energies, inter- and intramolecular forces, force constants, dipole moments,
polarizabilities, magnetizabilities, nuclear magnetic shielding tensors, and many other quantities of
chemical interest.7,8 These properties enable the calculation of bond energies, dissociation energies,
thermodynamic quantities such as enthalpies of formation, equilibrium and transition state structures,
potential barriers for internal rotation and for chemical reactions, frequencies and intensities of spec-
troscopic transitions, and many other properties which can be directly compared to experiments.7–9

Unsurprisingly, the motivation of the theoretical chemistry community to find widely applicable
and efficient solutions to the electronic Schrödinger equation is immense.10 The exact solution, full
configuration interaction (FCI), is intractable for all but the smallest of molecular systems.11 For this
reason, quantum chemistry offers a diverse toolbox of approximations to the electronic Schrödinger
equation which cater towards a variety of chemical applications while attempting to strike a balance
between accuracy and computational efficiency.12,13 These traditional quantum chemical methods
can be roughly divided into two categories: the mean-field, effective one-body methods such as
Hartree-Fock (HF) and Kohn-Sham density functional theory and the many-body methods which
encompass the configuration interaction (CI), many-body perturbation theory, coupled-cluster (CC),
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1 Introduction

and complete active space self-consistent field (CASSCF) methods, among others.12,14,15 These ap-
proaches generally excel in their specific domain but do not offer a comprehensive and universal
solution for the broad range of relevant chemical systems.

On the high-accuracy end of the spectrum of quantum chemical methods, a group of approximations
has recently gained popularity by directly targeting the exact solution of the electronic Schrödinger
equation. These approaches can be referred to as approximate FCI methods and generally attempt to
preserve the underlying, desirable features of the FCI solution at a fraction of its cost.16–24 This is often
achieved, with varying degrees of success, by employing numerical techniques that are frequently
unconventional in the context of quantum chemistry, to exploit sparsity in the FCI solution.25 The
appeal of these methods, a property shared with the FCI method, is rooted in the wide variety of
molecular systems that they can generally be applied to. Additionally, these methods can often
be systematically improved such that they can approach the exact solution and thus obtain highly
accurate results.25,26 The theoretical background for relevant traditional quantum chemical methods
and selected approximate FCI methods will be given in Chapter 2 of this thesis.

One group of FCI approximations, the incremental methods, involve the orbital-based many-body
expansion (MBE) of the electron correlation energy. The origins of this method can be traced to the
𝑛th-order Bethe-Goldstone equations by Robert K. Nesbet.27–29 Hermann Stoll applied the orbital-
based MBE to the CC correlation energy of solids in what he called the incremental correlation
scheme.30–32 This method was extended by Michael Dolg and co-workers to the treatment of molecu-
lar systems.33–36 Klaus Ruedenberg and co-workers37,38 first applied the MBE to the FCI correlation
energy in combination with their correlation energy extrapolation by intrinsic scaling approach.39

Two different flavors of approximate FCI theory through the lens of orbital-based MBEs were later
developed: Many-body expanded full configuration interaction (MBE-FCI)23,40–43 by Janus J. Eriksen
and Jürgen Gauss and incremental full configuration interaction (iFCI)24,44,45 by Paul Zimmerman.
Since then, the MBE has also been applied to tensor-product-based wave functions on the basis of
orbital clusters46 and in the context of quantum computing.47 In addition, a plethora of molecular
fragment-based MBE varieties exist which attempt to describe intermolecular interactions in con-
densed phases.48–106 The MBE-FCI method, which will be the focus of this thesis, offers a compelling
combination of features, including the ability to systematically improve its results through longer
expansions and the possibility to perform calculations in an embarrassingly parallel fashion. Ob-
taining an MBE-FCI result involves numerous small, independent calculations which can easily be
distributed among many computational cores while requiring only minimal communication. This
property of a quantum chemical method is particularly relevant considering the predicted plateauing
of Moore’s law, the doubling of the number of transistors in state-of-the-art computer chips every
few years, in the very near future.107–109 The structure and inner workings of PyMBE,110 a massively
parallel implementation of MBE-FCI, will be presented in Chapter 3.

The incremental methods are not limited to the calculation of energies. In principle, the MBE can
be applied to any electronic property. Dipole moments, transition dipole moments, and excitation
energies have been calculated on the basis of MBE-FCI.43,111,112 These methods can also be applied to
wave function properties such as the 1- and 2-electron reduced density matrices (1- and 2-RDMs) or
the generalized Fock matrix that are needed to construct orbital gradients in the CASSCF method.113

As such, incremental methods can be considered as a drop-in replacement for the complete active
space configuration interaction (CASCI) solver in two-step CASSCF algorithms. A first attempt at
exploiting a truncated MBE for this purpose was proposed by Zimmerman and Rask113 and was later
extended to analytic nuclear gradients.114 In Chapter 4 of this thesis, a novel approach for utilizing
MBE-FCI to enable approximate CASSCF calculations with large active spaces is presented. This
method, many-body expanded complete active space self-consistent field (MBE-CASSCF), is first
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compared to conventional CASSCF calculations through applications on several polyacene systems
and is then applied to the triplet-quintet spin gap of the iron(II) porphyrin system employing active
spaces as large as 50 electrons in 50 orbitals.

Successfully applying quantum chemical methods does not only require a certain degree of insight
into the electronic structure of the system at hand but also some experience with the methods
themselves. Without this experience, judging the reliability and assessing the errors of a computed
result becomes a challenging task. This is particularly true for active space methods such as CASCI
or CASSCF which are the de facto standard for multireference systems.115,116 These challenging
systems are ubiquitous in transition metal chemistry and an accurate description is needed for
many applications including catalysis, bioinorganic chemistry, material science, and medicine.117

Additionally, both the description of electronically excited states and bond-breaking processes often
require the use of multireference methods.14 While generalized MBE-FCI can in principle be applied to
arbitrary states of a wide range of chemical systems, efficient convergence of the MBE is often highly
dependent on choosing a so-called reference space.42 In Chapter 5, an automatic identification scheme
for reference spaces in MBE-FCI is presented. The results from this scheme are then applied to and
compared with the active space selection problem which is closely related. Automatic reference space
detection significantly increases the accessibility of MBE-FCI for inexperienced users as the expansion
is automatically restarted with an appropriate reference space whenever difficult convergence is
observed.

The MBE is not limited to the FCI problem but can also be used to approximate traditional quantum
chemistry methods such as CC theory. An orbital-based expansion will generally not be competitive
with conventional CC methods due to their polynomial scaling compared to the prohibitive scaling of
MBE-based methods with respect to the number of expansion objects. This issue can be rectified by
accumulating orbitals into orbital clusters and using these as expansion objects.46 Chapter 6 proposes
an orbital clustering scheme which can then be applied to both FCI and CC expansions to enable
calculations on larger systems and basis sets. This development significantly extends the scale of
systems that can be efficiently treated with MBE-based methods.

Whenever approximations of exact theory are developed, the introduced error must be estimated
and controlled. While some approximate FCI methods do propose error estimation techniques,118–123

the accuracy of MBE-FCI can only be assessed through its convergence profile. This information
is not known before the expansion is started, and it is therefore difficult to predict at what point
the expansion should be terminated. In Chapter 7, a dynamic screening and error estimation
technique based on empirical relationships and importance sampling124,125 is developed. Whenever
this technique is employed, the MBE can be converged up to a given maximum error bound. The
ability to systematically improve the error bounds of an approximate method is highly desirable
because chemical applications have different accuracy requirements and employing additional,
potentially unnecessary work can be avoided. Additionally, controlling the error through a single
input parameter increases accessibility for inexperienced users.

The application of quantum chemical methods to symmetric molecules can often lead to a significant
reduction in computational effort whenever the applied algorithms appropriately exploit point-
group symmetry.126–134 When employing localized orbitals, which are often used in approximate
FCI methods to introduce sparsity, symmetry is generally not exploited and much potential room
for optimization is not explored. Chapter 8 introduces a novel algorithm for the symmetrization of
localized orbitals which is then used to reduce the number of individual calculations and therefore
significantly accelerate MBE-FCI calculations of highly symmetric molecules.
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1 Introduction

A recent blind challenge on the frozen-core ground state electronic energy of benzene in a cc-pVDZ
basis set has showcased results from different categories of approximate FCI methods and has also
exemplified the wide range of results that can be expected from these methods.135 In this benchmark,
the MBE-FCI result agrees with other highly accurate approximate FCI methods and falls in the
middle of the projected energy range. Unfortunately, MBE-FCI is also by far the most computationally
expensive method benchmarked in this study, requiring a staggering 1.7 million core hours for the
benzene calculation. This observation exemplifies the need to improve performance of the MBE-
FCI method to bring costs more in line with other approximate FCI approaches. The combined
improvements to the MBE-FCI method introduced in this thesis enable the calculation of the ground
state electronic energy of benzene in a cc-pVTZ basis set which is presented in Chapter 9 and brings
the original result in the blind challenge much closer to the exact non-relativistic electronic energy.

Reliably reaching chemical accuracy, which is defined as 1 kcal/mol, has been a long-standing goal
in the theoretical chemistry community.136–140 We have now progressed to a point where accuracies
beyond chemical accuracy can be routinely attained for small- to medium-sized systems. The
present thesis presents several improvements to the original MBE-FCI method which increase its
applicability, accessibility, reliability, and overall performance. This progress enables the massively
parallel calculation of electronic energies for a wide range of chemical systems in the sub-millihartree
accuracy range while requiring minimal experience and input from the user. These highly accurate
calculations of small systems are important both for benchmarking purposes136,141–174 and for the
calculation of thermochemical quantities which have applications in atmospheric chemistry and
astrochemistry.9,140,175–179 Complementary to the foregoing, the development of the MBE-CASSCF
method enables the treatment of multireference systems with large active spaces which has numerous
applications in transition metal chemistry and for spectroscopic methods which require the treatment
of electronically excited states. In Chapter 10, these developments and the corresponding results will
be summarized, followed by a discussion of implications and future directions.
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2 Theory

2.1 TheQuantum Many-Body Problem

The greatest challenge in quantum chemistry is the accurate description of numerous interacting
quantum particles such as the electrons and nuclei of a molecular system. The state of a quantum
many-body system is described through a wave function |Ψ(r, 𝑡)⟩ which is a complex mathematical
object that encodes the position of all particles r and describes the state of the system as it propagates in
time 𝑡 . In order to relate results from quantum chemical calculations to experiments, the expectation
values of so-called observables can be directly compared to experimental measurements. Many
chemical phenomena can be described using stationary states for which all observables are constant
in time. In quantum mechanics, observables are represented through Hermitian operators, one
example of which is the Hamilton operator 𝐻̂ with its eigenvalue 𝐸, the energy. Both the wave
function and the energy can be determined by solving the corresponding eigenvalue equation

𝐻̂ |Ψ(r)⟩ = 𝐸 |Ψ(r)⟩ , (2.1)

the time-independent Schrödinger equation.180 Solving the time-independent Schrödinger equation
will not only yield the energy of the system but will also grant access to the eigenvalues of other
observables through their respective expectation value. The Hamilton operator consists of two parts,
the kinetic energy operator 𝑇 and the potential energy operator 𝑉 . In the absence of magnetic fields
and relativistic effects, the potential energy operator of a free molecule solely consists of the Coulomb
interactions between the different particles. The molecular Hamiltonian in atomic units181

𝐻̂ = 𝑇n +𝑇e +𝑉nn +𝑉ne +𝑉ee

= −
𝑁𝐴∑︁
𝐴=1

1
2𝑀𝐴

∇2
𝐴 − 1

2

𝑁𝛼∑︁
𝛼=1

∇2
𝛼 +

𝑁𝐴∑︁
𝐴<𝐵

𝑍𝐴𝑍𝐵
𝑟𝐴𝐵

−
𝑁𝛼∑︁
𝛼=1

𝑁𝐴∑︁
𝐴=1

𝑍𝐴
𝑟𝐴𝛼

+
𝑁𝛼∑︁
𝛼<𝛽

1
𝑟𝛼𝛽

(2.2)

describes the kinetic energies and Coulomb interactions of all 𝑁𝐴 nuclei and 𝑛𝛼 electrons. The
nuclear kinetic energy operator depends on the nuclear masses 𝑀𝐴 and the nuclear Laplace opera-
tors ∇2

𝐴. The electronic kinetic energy operator involves the electronic Laplace operators ∇2
𝛼 . The

Coulomb interactions can be calculated from the atomic numbers 𝑍𝐴 and the distances between
the particles 𝑟𝐴𝐵 , 𝑟𝐴𝛼 , and 𝑟𝛼𝛽 . A very common and effective simplification in the field of quantum
chemistry is the Born-Oppenheimer approximation182 which allows for a separation of the nuclear
and electronic coordinates. The wave function is replaced by a product of the nuclear and electronic
wave functions Ψn(R) and Ψe(r;R) of which only the latter depends on the electronic coordinates r.
This approximation originates from the much larger mass of the nuclei compared to the electrons
such that the nuclear kinetic energy operator can be neglected for the solution of the electronic
Schrödinger equation182

𝐻̂e |Ψe(r;R)⟩ = 𝐸e(R) |Ψe(r;R)⟩ (2.3)
for a given set of nuclear coordinates R. The electronic Hamiltonian

𝐻̂e = 𝑇e +𝑉ne +𝑉ee (2.4)
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only includes the terms from Equation (2.2) that explicitly depend on the electronic coordinates. After
the solution of the electronic Schrödinger equation, the electronic energy can be added to the nuclear
Coulomb interaction 𝑉nn to form the Born-Oppenheimer potential 𝑉BO which is necessary to solve
the Schrödinger equation for the full molecular system and determine the nuclear wave function.182

The remainder of this thesis will address solutions to the electronic Schrödinger equation and hence
the index “e” will be dropped in the upcoming chapters and the Hamiltonian, wave function, and
energy will refer to the respective electronic quantity.

A functional ansatz for the electronic wave function is required to solve the electronic Schrödinger
equation. An important observable that significantly affects the behavior of quantum particles is
their spin which can be described through the spin operator 𝑆2 and the spin projection operator
along the 𝑧-axis 𝑆𝑧 . Because these spin operators commute with the electronic Hamilton operator,
the electronic wave function is also required to be an eigenfunction of these operators:183

𝑆2 |Ψ⟩ = 𝑆 (𝑆 + 1) |Ψ⟩ (2.5)
𝑆𝑧 |Ψ⟩ = 𝑀𝑆 |Ψ⟩ . (2.6)

The respective eigenvalues 𝑆 and 𝑀𝑆 are the spin and spin magnetic quantum numbers which can be
used to classify different eigenfunctions of the Hamilton operator. Single electrons can be described
using spin orbitals

|𝜑 (𝛕)⟩ = |𝜙 (r)⟩ · |𝑠 (𝜎)⟩ (2.7)

which are formed as a product of spatial orbitals𝜙 and spin functions 𝑠 . The variable 𝛕 is a combination
of both the spatial variable r and the spin variable 𝜎 . The spin function can take two possible
values: |𝛼 (𝜎)⟩ and |𝛽 (𝜎)⟩. These are eigenfunctions to the single electron 𝑠2 operator with quantum
number 𝑠 = 1/2 and to the single electron 𝑠𝑧 operator with quantum numbers𝑚𝑆 = 1/2 and𝑚𝑆 = −1/2,
respectively. The set of spin orbitals {𝜑𝑝 } are required to form a basis, meaning that every single-
electron wave function in the function space can be written as a linear combination of these orbitals.
Consequently, when treating many-electron systems, every 𝑁 -electron wave function can be written
as a linear combination of all possible products combining 𝑁 elements from the set of spin orbitals.
Special care must be taken when this product is constructed for electrons since these particles have a
half-integer spin quantum number and are therefore considered fermions. For fermions, the wave
function184,185

• has to be antisymmetric under the interchange of any two electrons, and

• has to vanish whenever two electrons occupy the same one-electron wave function.

Both properties are fulfilled for an antisymmetric product which can also be written as a Slater
determinant186

|Φ⟩ = 1√
𝑁 !

���������

𝜑1(𝛕1) 𝜑2(𝛕1) · · · 𝜑𝑁 (𝛕1)
𝜑1(𝛕2) 𝜑2(𝛕2) · · · 𝜑𝑁 (𝛕2)
...

...
. . .

...
𝜑1(𝛕𝑁 ) 𝜑2(𝛕𝑁 ) · · · 𝜑𝑁 (𝛕𝑁 )

���������
. (2.8)

Any fermionic wave function

|Ψ⟩ =
𝑁det∑︁
𝐼

𝑐𝐼 |Φ𝐼 ⟩ (2.9)

in the function space provided by the set of spatial orbitals can be written as a linear combination of
all possible Slater determinants.187 The index 𝐼 describes all combinations of 𝑁 spin orbitals that can
be used to construct determinants. Slater determinants are by definition eigenfunctions of the spin
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2.1 The Quantum Many-Body Problem

projection operator 𝑆𝑧 but will not necessarily be eigenfunctions of the spin operator 𝑆2. Alternatively,
the wave function can also be constructed as a linear combination of spin eigenfunctions to a desired
spin quantum number constructed from these Slater determinants, so-called configuration state
functions, which ensures that a wave function of the desired spin is obtained.

For a given exact electronic wave function, properties can be determined by calculating the expecta-
tion value ⟨Ψ|Ω̂ |Ψ⟩ of an observable Ω̂. To find an expression for the expectation value, operators
containing only one- and two-electron operators

Ω̂ =
∑︁
𝛼

Ω̂(𝛕𝛼 ) + 1
2
∑︁
𝛼,𝛽

Ω̂(𝛕𝛼 , 𝛕𝛽 )

=
∑︁
𝑝,𝑞

〈
𝜑𝑝 (𝛕1)

�� Ω̂(𝛕1)
��𝜑𝑞 (𝛕1)

〉
𝑎†𝑝𝑎𝑞 +

1
2

∑︁
𝑝,𝑞,𝑟,𝑠

〈
𝜑𝑝 (𝛕1)𝜑𝑞 (𝛕2)

�� Ω̂(𝛕1, 𝛕2)
��𝜑𝑟 (𝛕1)𝜑𝑠 (𝛕2)

〉
𝑎†𝑝𝑎

†
𝑞𝑎𝑠𝑎𝑟

(2.10)
can be written in second quantization as the of sum of products of creation and annihilation operators
𝑎†𝑝 and 𝑎𝑝 and the respective expectation values in the spin-orbital basis. The operators 𝑎†𝑝 and 𝑎𝑝
respectively create and annihilate an electron in orbital 𝜑𝑝 in the wave function on which they act.

In this thesis, the integrals are written in physicist’s notation for which the electronic coordi-
nates are dropped and the electron that is described by an orbital is indicated by the position in
the integral:

〈
𝜑𝑝 (𝛕1)

�� Ω̂(𝛕1)
��𝜑𝑞 (𝛕1)

〉
:= ⟨𝜑𝑝 |Ω̂ |𝜑𝑞⟩ and

〈
𝜑𝑝 (𝛕1)𝜑𝑞 (𝛕2)

�� Ω̂(𝛕1, 𝛕2)
��𝜑𝑟 (𝛕1)𝜑𝑠 (𝛕2)

〉
:=

⟨𝜑𝑝𝜑𝑞 |Ω̂ |𝜑𝑟𝜑𝑠⟩. Whenever spatial orbitals are used because the spin function has been removed
through integration over the spin coordinates, the one-electron integrals will be described as matrix el-
ements of the operator: ⟨𝜙𝑝 |Ω̂ |𝜙𝑞⟩ := Ω𝑝𝑞 . For the two-electron integrals the spatial orbital symbol 𝜙
will be dropped: ⟨𝜙𝑝𝜙𝑞 |Ω̂ |𝜙𝑟𝜙𝑠⟩ := ⟨𝑝𝑞 |Ω̂ |𝑟𝑠⟩. Whenever the operator describes the two-electron
potential, the operator 1

𝑟12
is omitted: ⟨𝑝𝑞 | 1

𝑟12
|𝑟𝑠⟩ := ⟨𝑝𝑞 |𝑟𝑠⟩.

The expectation value

〈
Ψ

�� Ω̂ ��Ψ〉
=

∑︁
𝑝,𝑞

𝐷𝑝𝑞
〈
𝜑𝑝

�� Ω̂ ��𝜑𝑞〉 + 1
2

∑︁
𝑝,𝑞,𝑟,𝑠

𝑑𝑝𝑞𝑟𝑠
〈
𝜑𝑝𝜑𝑞

�� Ω̂ ��𝜑𝑟𝜑𝑠〉 (2.11)

can be calculated solely from the 1-RDM

𝐷𝑝𝑞 =
〈
Ψ

���𝑎†𝑝𝑎𝑞 ���Ψ〉
, (2.12)

the 2-RDM
𝑑𝑝𝑞𝑟𝑠 =

〈
Ψ

���𝑎†𝑝𝑎†𝑞𝑎𝑠𝑎𝑟 ���Ψ〉
, (2.13)

and the one- and two-electron integrals over the respective operator. Consequently, knowledge of
the exact electronic wave function and the respective RDMs can enable the calculation of a plethora
of electronic properties without additional computational effort. Solving the electronic Schrödinger
equation by determining the coefficients in Equation (2.9) variationally yields the exact solution
to the non-relativistic electronic Schrödinger equation in a given MO basis, resulting in the FCI
method.187

2.1.1 Full Configuration Interaction Theory

The FCI equations can be derived by inserting the wave function ansatz (Equation (2.9)) into the
electronic Schrödinger equation (Equation (2.3)) and projecting onto a determinant ⟨Ψ𝐽 |. The orbital
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basis is often chosen to be orthonormal such that the constructed determinants will also form an
orthonormal basis and the resulting equations

Hc = Ec (2.14)

can be written in matrix form as an eigenvalue equation.188 The eigenvector matrix c and the
eigenvalue matrix E describe the CI coefficients from Equation (2.9) and the energy of every state in
the given orbital basis. The elements of the Hamilton matrix H are matrix elements of the electronic
Hamiltonian 𝐻𝐼 𝐽 = ⟨Φ𝐽 |𝐻̂ |Φ𝐼 ⟩ and can be acquired in an orthonormal orbital basis by applying the
Slater-Condon rules.186,189 The determinants in Equation (2.9)

|Ψ⟩ = 𝑐0 |Φ0⟩ +
𝑁occ∑︁
𝑖

𝑁virt∑︁
𝑎

𝑐𝑎𝑖 𝑎
†
𝑎𝑎𝑖 |Φ0⟩ +

𝑁occ∑︁
𝑖< 𝑗

𝑁virt∑︁
𝑎<𝑏

𝑐𝑎𝑏𝑖 𝑗 𝑎
†
𝑎𝑎

†
𝑏
𝑎 𝑗𝑎𝑖 |Φ0⟩ + . . . (2.15)

can be sorted with respect to excitations of some reference determinant |Φ0⟩. Due to the fact that
the electronic Hamiltonian only contains operators that act on one and two electrons, only matrix
elements where the determinants differ by at most two orbitals produce non-vanishing contributions.
The Hamilton matrix

|Φ0⟩ . . .

⟨Φ0 | 0

... 0 . . .

|Φ𝑎𝑖 ⟩ |Φ𝑎𝑏𝑖 𝑗 ⟩ |Φ𝑎𝑏𝑐
𝑖 𝑗𝑘

⟩
⟨Φ0 |𝐻̂ |Φ0⟩ ⟨Φ0 |𝐻̂ |Φ𝑎𝑖 ⟩ ⟨Φ0 |𝐻̂ |Φ𝑎𝑏𝑖 𝑗 ⟩ 0

⟨Φ𝑎𝑖 | ⟨Φ𝑎𝑖 |𝐻̂ |Φ0⟩ ⟨Φ𝑎𝑖 |𝐻̂ |Φ𝑎𝑖 ⟩ ⟨Φ𝑎𝑖 |𝐻̂ |Φ𝑎𝑏𝑖 𝑗 ⟩ ⟨Φ𝑎𝑖 |𝐻̂ |Φ𝑎𝑏𝑐
𝑖 𝑗𝑘

⟩ 0

⟨Φ𝑎𝑏𝑖 𝑗 | ⟨Φ𝑎𝑏𝑖 𝑗 |𝐻̂ |Φ0⟩ ⟨Φ𝑎𝑏𝑖 𝑗 |𝐻̂ |Φ𝑎𝑖 ⟩ ⟨Φ𝑎𝑏𝑖 𝑗 |𝐻̂ |Φ𝑎𝑏𝑖 𝑗 ⟩ ⟨Φ𝑎𝑏𝑖 𝑗 |𝐻̂ |Φ𝑎𝑏𝑐
𝑖 𝑗𝑘

⟩ . . .

⟨Φ𝑎𝑏𝑐
𝑖 𝑗𝑘

| 0 ⟨Φ𝑎𝑏𝑐
𝑖 𝑗𝑘

|𝐻̂ |Φ𝑎𝑖 ⟩ ⟨Φ𝑎𝑏𝑐
𝑖 𝑗𝑘

|𝐻̂ |Φ𝑎𝑏𝑖 𝑗 ⟩ ⟨Φ𝑎𝑏𝑐
𝑖 𝑗𝑘

|𝐻̂ |Φ𝑎𝑏𝑐
𝑖 𝑗𝑘

⟩ . . .

0 ...
...

©­­­­­­­­­­­­­­­­­­­
«

ª®®®®®®®®®®®®®®®®®®®
¬

(2.16)

becomes block-diagonal and diagonally dominant. Nevertheless, the solution of the FCI equations is
prohibitively expensive for all but the smallest of orbital bases because all matrices in Equation (2.14)
are of dimension 𝑁det × 𝑁det and the total number of determinants in a closed-shell system

𝑁det =

(
𝑀

𝑁occ

)2
=

(
𝑀!

𝑁occ!(𝑀 − 𝑁occ)!

)2
(2.17)

scales factorially with the total number of spatial orbitals 𝑀 and the total number of occupied spatial
orbitals 𝑁occ. From a chemical perspective, often only one or a few of the lowest eigenvalues of E are
of interest and there is no reason to diagonalize the entire Hamilton matrix. In addition, matrix-free
algorithms are used which directly compute the Hamilton matrix CI vector product, called the sigma
vector 𝛔 = Hc, without constructing and saving the entire Hamilton matrix while exploiting its
block sparsity.190 The most commonly used method, the Davidson algorithm,11,127,191 has enabled
FCI calculations with over a trillion determinants.192,193 Unfortunately, due to the steep scaling of
the number of determinants with system size, this only corresponds to a system of 24 electrons in
24 spatial orbitals which is rather small from a chemical point of view and significantly limits the
applicability of the FCI method.
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2.2 Standard Approximate Solutions to the Electronic Schrödinger Equation

2.2 Standard Approximate Solutions to the Electronic Schrödinger
Equation

Due to the prohibitive cost of solving the electronic Schrödinger equation exactly, many approximate
solutions have been proposed to tackle larger chemical problems. Above all, the development of the
HF method made quantum chemical calculations applicable to a much wider range of problems and
has spearheaded the development of more accurate methods.

2.2.1 Hartree-Fock Theory

In HF theory, the electronic wave function

|ΨHF⟩ = |Φ0⟩ (2.18)

is reduced to a single Slater determinant.194 When applying the FCI method, the actual choice of
orbitals from which the determinants are constructed is meaningless as long as they are complete
and linearly independent. If the wave function is approximated, the energy is no longer invariant
with respect to the chosen orbital basis. For this reason, the variational principle

𝐸0 ≤ 𝐸 =

〈
Ψ̃

�� 𝐻̂ �� Ψ̃〉
〈
Ψ̃

�� Ψ̃〉 (2.19)

is applied to the ground state energy 𝐸0 to minimize the approximate energy 𝐸 and systematically
improve the approximate wave function |Ψ̃⟩ on the basis of the variational method.195,196 In the HF
context, this approach determines the optimal orbital basis to describe the electronic ground state
using a single determinant. The expectation value of the HF energy197

𝐸HF =
∑︁
𝑖

⟨𝜑𝑖 |ℎ̂ |𝜑𝑖⟩ + 1
2
∑︁
𝑖, 𝑗

(
⟨𝜑𝑖 |𝐽 𝑗 |𝜑𝑖⟩ − ⟨𝜑𝑖 |𝐾̂ 𝑗 |𝜑𝑖⟩

)
(2.20)

can be obtained through application of the Slater-Condon rules186,189 and the definition of the matrix
elements of the one-electron Hamiltonian

ℎ̂ = −
𝑁𝛼∑︁
𝛼=1

(
1
2∇

2
𝛼 +

𝑁𝐴∑︁
𝐴=1

𝑍𝐴
𝑟𝐴𝛼

)
(2.21)

and the matrix elements of the Coulomb and exchange operators197

𝐽 𝑗 (𝛕1)𝜑𝑖 (𝛕1) =
∫

𝑑𝛕2𝜑
∗
𝑗 (𝛕2) 1

𝑟12
𝜑𝑖 (𝛕1)𝜑 𝑗 (𝛕2) (2.22)

𝐾̂ 𝑗 (𝛕1)𝜑𝑖 (𝛕1) =
∫

𝑑𝛕2𝜑
∗
𝑗 (𝛕2) 1

𝑟12
𝜑 𝑗 (𝛕1)𝜑𝑖 (𝛕2) . (2.23)

The expression in Equation (2.20) can alternatively be derived from Equation (2.11), knowing that
the 1-RDM for a wave function consisting of a single determinant equals the identity (𝐷𝑖 𝑗 = 𝛿𝑖 𝑗 ) and
the 2-RDM can be constructed from the 1-RDMs: 𝑑𝑖 𝑗𝑘𝑙 = 𝐷𝑖𝑘𝐷 𝑗𝑙 . The orbitals from which the HF
energy is calculated can be optimized by iteratively solving the canonical HF equations197

𝐹𝜑𝑖 = 𝜀𝑖𝜑𝑖 (2.24)
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using the self-consistent field (SCF) algorithm. The Fock operator197

𝐹 = ℎ̂ +
∑︁
𝑗

(𝐽 𝑗 − 𝐾̂ 𝑗 ) (2.25)

explicitly depends on the spin orbitals through the Coulomb and exchange operators. The application
of the Fock operator to a given spin orbital describes the interaction of a single electron with the
mean-field of all other electrons. The orbital energies 𝜀𝑖 are the eigenvalues of the Fock operator and
enable an energetic ordering of the orbitals. The definition and optimization of the spatial orbitals that
are required to construct the spin orbitals is difficult in their three-dimensional functional form and
instead, the orbitals are constructed as a linear combination of a precomputed basis set {|𝜒𝜇⟩}:197–199

|𝜙𝑖⟩ =
𝑀∑︁
𝜇

𝑐𝜇𝑖
��𝜒𝜇〉 . (2.26)

This basis set is usually chosen to represent approximate solutions of the hydrogen atom which are
called atomic orbitals (AO) and the resulting ansatz is a linear combination of atomic orbitals.199 The
spin and spatial orbitals are labeled molecular orbitals (MO) in this context to differentiate these
from the AO basis set. The optimization problem is shifted from the three-dimensional MOs 𝜙𝑖 (r) to
the scalar MO coefficients 𝑐𝜇𝑖 . Using Equation (2.26), the HF equations can be transformed into a
generalized eigenvalue problem, the so-called Roothaan-Hall equations197,200

Fc = Sc𝛆, (2.27)

which are solved self-consistently by repeatedly diagonalizing and reconstructing the Fock ma-
trix 𝐹𝜇𝜈 = ⟨𝜒𝜇 |𝐹 |𝜒𝜈⟩ until convergence. To begin with, the AO basis has to be orthogonalized to
ensure the AO overlap matrix 𝑆𝜇𝜈 = ⟨𝜒𝜇 |𝜒𝜈⟩ equals the identity and vanishes from Equation (2.27).
The diagonalization of the Fock matrix does not only yield those MO coefficients c that are needed
to calculate the HF energy in the AO basis

𝐸HF =
∑︁
𝜇,𝜈

𝐷AO
𝜇𝜈

〈
𝜒𝜇

��� ℎ̂ ��� 𝜒𝜈〉 + 1
2

∑︁
𝜇,𝜈,𝜎,𝜌

𝐷AO
𝜇𝜎 𝐷

AO
𝜈𝜌

(〈
𝜒𝜇 𝜒𝜈

�� 𝜒𝜎 𝜒𝜌 〉 − 〈
𝜒𝜇 𝜒𝜈

�� 𝜒𝜌 𝜒𝜎 〉) (2.28)

but a surplus of orbitals that do not contribute to the HF determinant. The additional set of virtual
orbitals {𝜙𝑎} complements the set of occupied orbitals {𝜙𝑖} and can be used to construct the addi-
tional determinants required to describe the exact electronic wave function in Equation (2.9). As a
consequence, the HF method builds the foundation for many quantum chemical methods beyond the
mean-field approximation. The 1-RDM in the AO basis

𝐷AO
𝜇𝜈 =

𝑁∑︁
𝑖

𝑐∗𝜇𝑖𝑐𝜈𝑖 (2.29)

can be constructed from the MO coefficients for the occupied orbitals. The HF minimization condition
can alternatively be written in the following form:

〈
𝜑𝑎

�� 𝐹 ��𝜑𝑖〉 = 0. (2.30)

This expression is equivalent to the matrix elements ⟨Φ𝑎𝑖 |𝐻̂ |Φ0⟩ and the resulting expression is
commonly known as the Brillouin theorem201,202 which causes the corresponding block in the
Hamilton matrix in Equation (2.16) to vanish whenever HF orbitals are used.
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2.2 Standard Approximate Solutions to the Electronic Schrödinger Equation

The ground states of chemical systems can have varying spin quantum numbers. In the simplest case,
molecules have an equal number of electrons with alpha- and beta-spin. For these singlet systems,
the ground state can often be described with a determinant where two sets of spatial orbitals that are
occupied by electrons with either spin are equivalent: 𝜙𝛼𝑖 = 𝜙𝛽𝑖 . When these closed-shell systems are
described with HF, the restricted HF formalism (RHF) can constrain the equality of the spatial orbitals
while obtaining the same solution as if the equality had not been enforced. The resulting determinant
is automatically a spin eigenfunction to the correct spin eigenvalue. For open-shell systems, which
can be systems with higher multiplicity or open-shell singlets, a corresponding restricted approach,
restricted open-shell HF (ROHF),203 constrains the variability of the HF wave function and the
resulting minimum will not necessarily coincide with the minimum if the spatial orbitals had been
allowed to differ: 𝜙𝛼𝑖 ≠ 𝜙𝛽𝑖 . The latter method is called unrestricted HF (UHF) and will generally yield
a lower energy for open-shell systems.204,205 Unfortunately, UHF will often produce wave functions
that are not exact eigenfunctions of the 𝑆2 operator and are therefore undesirable as solutions to
the electronic Schrödinger equation because of spin contamination. For the remainder of this thesis,
orbitals will always be assumed to have been calculated in a restricted formalism such that spatial
orbitals are doubly occupied unless otherwise stated and the “𝛼” and “𝛽” are therefore dropped from
the spatial orbital symbol.

While the single-determinant wave function provided by HF theory can provide a qualitatively
correct starting point for many systems of chemical interest, a solution beyond the mean-field
approximation is generally necessary to evaluate electronic properties of molecules with sufficient
accuracy. While Fermi correlation is correctly described in the HF solution through the utilization of
an antisymmetrized wave function, the mean-field approach completely disregards the Coulomb cor-
relation, i.e., the correlated movement of electrons in the molecular quantum system due to Coulomb
repulsion. Additional determinants are required to accurately capture the complex interdependence
of the electronic degrees of freedom. These additional contributions can be quantified through the
correlation energy

𝐸corr = 𝐸 − 𝐸HF (2.31)
which is defined as the difference between the FCI energy and the HF energy.206 Whenever the
HF solution provides a qualitatively correct description of the underlying electronic wave function,
the system is said to be dynamically correlated. In contrast, systems where multiple determinants
are required are called statically correlated systems. The UHF description does introduce some
degree of electron correlation because the UHF wave function can be decomposed into a linear
combination of spin-pure RHF and ROHF wave functions of different spin quantum numbers.205,207

This can be enough to qualitatively describe chemical applications that would otherwise require
multiple restricted determinants such as bond-breaking processes. Nevertheless, a treatment of
additional determinants in the electronic wave function is generally required to provide a quantitative
description of electronic properties.

2.2.2 Coupled-Cluster Theory

The CC method is primarily aimed at treating dynamically correlated systems. In contrast to FCI, an
exponential ansatz

|ΨCC⟩ = 𝑒𝑇 |Φ0⟩ (2.32)
is chosen for the wave function.208,209 The cluster operator

𝑇 = 𝑇1 +𝑇2 +𝑇3 + . . . +𝑇𝑁 =
∑︁
𝑖,𝑎

𝑡𝑎𝑖 𝑎
†
𝑎𝑎𝑖 +

1
4

∑︁
𝑖, 𝑗,𝑎,𝑏

𝑡𝑎𝑏𝑖 𝑗 𝑎
†
𝑎𝑎

†
𝑏
𝑎 𝑗𝑎𝑖 + . . . (2.33)
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can be decomposed into excitation operators𝑇𝑥 .209,210 These excitation operators consist of the cluster
amplitudes 𝑡𝑎...𝑖 ... and quasi-particle creation operators, 𝑎𝑖 and 𝑎†𝑎 , which create holes in the occupied
orbitals and electrons in the virtual orbitals. As such, the application of an excitation operator 𝑇𝑥
transforms the HF determinant into excited determinants of order 𝑥 . The CC energy expression210

𝐸 =
〈
Φ0

��� 𝑒−𝑇 𝐻̂𝑒𝑇 ���Φ0
〉

(2.34)

is obtained by inserting the CC wave function, Equation (2.32), into the electronic Schrödinger
equation, Equation (2.3), multiplying with 𝑒−𝑇 from the left, and projecting onto the HF determinant.
The CC amplitudes that are required to calculate the CC energy are acquired by instead projecting
onto the respective excited determinants and solving the resulting amplitude equations:210

0 =
〈
Φ𝑎𝑖

��� 𝑒−𝑇 𝐻̂𝑒𝑇 ���Φ0
〉

0 =
〈
Φ𝑎𝑏𝑖 𝑗

��� 𝑒−𝑇 𝐻̂𝑒𝑇 ���Φ0
〉

...

(2.35)

These equations can be simplified using the Baker-Campbell-Hausdorff formula211–213 and solved
self-consistently for every excitation order. The CC ansatz alone does not offer any improvement
over the FCI wave function in Equation (2.9). Only when the cluster operator is truncated after a
certain excitation order does the exponential approach offer two major advantages over linearly
truncated CI approaches. Through the expansion of the exponential operator, the CC wave function

|ΨCC⟩ =
(
1 +𝑇1 +𝑇2 + 1

2𝑇
2
1 +𝑇3 + 1

6𝑇
3
1 +𝑇1𝑇2 + . . .

)
|Φ0⟩ (2.36)

includes higher excitations as a product of lower excitations that are explicitly included in the
cluster operator. The contributions from these higher excitations will generally provide a better
approximation to the FCI wave function at no additional computational scaling cost.210 In addition,
the exponential operator leads to a wave function that is multiplicatively separable which results in a
method for which the sum of the energies of non-interacting subsystems equals the total energy of the
full system. This property is called size-consistency and is extremely important for the correct scaling
of the energy of a quantum chemical method with system size.210 Both the systematic improvability
of the CC wave function and its size-consistency are major reasons for the widespread success of CC
theory.

Common truncated approaches are CC with single and double excitations (CCSD),214 CC with single,
double, and triple excitations (CCSDT),215–217 and CC with single, double, triple, and quadruple
excitations (CCSDTQ).218,219 In contrast to FCI, these approaches scale polynomially with system
size: O(𝑀6), O(𝑀8), and O(𝑀10), respectively. Additional CC methods with intermediate scaling
exist where the highest excitation is approximated (non-)iteratively from the lower order excitations
based on perturbation theoretic arguments. A prominent example is CC with single, double, and
perturbative triple excitations (CCSD(T)) which is coined the gold standard of quantum chemistry
due to its ability to consistently reach chemical accuracy for dynamically correlated systems with an
affordable scaling of O(𝑀7).210,220,221 Analogously, a non-iterative approximation for the quadruple
excitations exists, labeled CC with single, double, triple, and perturbative quadruple excitations
(CCSDT(Q)), which scales O(𝑀9).222 Many attempts to adapt CC theory to the treatment of statically
correlated systems have not repeated the scientific revolution caused by its dynamically correlated
counterpart due to methodological ambiguities and the complexity of the resulting equations.223
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2.2 Standard Approximate Solutions to the Electronic Schrödinger Equation

2.2.3 Complete Active Space Configuration Interaction Theory

The treatment of static correlation requires the explicit inclusion of specific determinants into
the electronic wave function. This requirement is generally caused by (near-)degenerate orbitals.
For systems, for which the inclusion of all determinants as in FCI is intractable, the number of
determinants can be reduced by restricting excitations to a small subset of the full orbital basis. The
orbital basis is partitioned into three different sets:

• Inactive orbitals {𝜙𝑖}: these orbitals are always doubly occupied, only determinants including
these orbitals are added to the wave function.

• Active orbitals {𝜙𝑢}: these orbitals are variably occupied, all possible determinants that result
from the distribution of the remaining electrons among this set of orbitals are included in the
wave function.

• Virtual orbitals {𝜙𝑎}: these orbitals are unoccupied, no determinants including these orbitals
are added to the wave function.

This partitioning has two major advantages: Defining the wave function has been shifted from
choosing a set of determinants to choosing a set of orbitals which is more aligned with chemical
intuition. In addition, the method is size-consistent as long as all excitations in the active orbital
space are accounted for. The electronic Schrödinger equation can then be solved for all determinants
in this complete active space (CAS), resulting in the CASCI method.224 When the Hamilton matrix is
diagonalized in this smaller subspace, the inactive orbitals no longer explicitly contribute. To ensure
all contributions are correctly accounted for, the CASCI Hamiltonian is modified by replacing the
one-electron Hamiltonian with an inactive Fock operator

𝐹 𝐼 = ℎ̂ +
∑︁
𝑖

(
2𝐽𝑖 + 𝐾̂𝑖

)
(2.37)

which adds the mean-field interaction with the inactive orbitals.224 In addition, the HF energy of the
inactive orbitals is added to the Hamiltonian. As a result, the CASCI energy

𝐸 =
∑︁
𝑢,𝑣

𝐷𝑢𝑣𝐹
𝐼
𝑢𝑣 +

∑︁
𝑢,𝑣,𝑥,𝑦

𝑑𝑢𝑣𝑥𝑦 ⟨𝑢𝑣 | 𝑥𝑦⟩ +
∑︁
𝑖

(
ℎ𝑖𝑖 + 𝐹 𝐼𝑖𝑖

)
(2.38)

can be constructed from the 1- and 2-RDMs of the active space orbitals, the inactive Fock matrix
elements

𝐹 𝐼𝑝𝑞 = ℎ𝑝𝑞 +
∑︁
𝑖

(2 ⟨𝑝𝑖 | 𝑞𝑖⟩ − ⟨𝑝𝑖 | 𝑖𝑞⟩) , (2.39)

and the familiar one- and two-electron integrals. While the CASCI wave function is in many cases
able to provide a qualitatively correct description of the exact wave function, both the MO choice
itself and the question of what orbitals to include in the active space are rather ambiguous and
difficult to generalize.225 To ensure that the orbitals are optimal for a given CAS wave function, the
CASCI procedure can be combined with orbital optimization which results in the CASSCF method.

2.2.4 Complete Active Space Self-Consistent Field Theory

In CASSCF theory, the wave function

|Ψ⟩ = 𝑒−𝜅̂
CAS∑︁
𝐼

𝑐𝐼Φ𝐼 (2.40)
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depends on the orbital rotation operator 𝑒−𝜅̂ and the CI coefficients 𝑐𝐼 of the CAS determinants.226

The orbital rotation operator

𝜅̂ =
∑︁
𝑝<𝑞

𝜅𝑝𝑞
(
𝑎†𝑝𝑎𝑞 − 𝑎†𝑞𝑎𝑝

)
(2.41)

is antisymmetric which guarantees a unitary transformation of the orbitals in the exponential
form 𝑒−𝜅̂ .227 The CASSCF energy expression for a given set of orbitals is equivalent to the CASCI
energy in Equation (2.38). Both groups of wave function parameters, the CI coefficients and the
orbital rotations, have to be varied simultaneously during the energy minimization. In practice, first-
and second-order algorithms exist for the optimization of the CASSCF wave function. First-order
algorithms224,228–242 only employ information from the electronic gradients with respect to orbital
rotation go and the variation of the CI coefficients gc. The convergence rate of these algorithms
is linear. First-order CASSCF algorithms do not take any coupling between the wave function
parameters into consideration. As a result, the optimization of the CI coefficients can be performed
separately in a two-step procedure. The CI coefficient gradient is minimized through a CASCI
calculation for a given set of orbitals which optimizes the CI coefficients variationally using the
Davidson procedure. Using the obtained CI coefficients, the orbital gradient243

𝑔o
𝑝𝑞 = 2(𝐹𝑝𝑞 − 𝐹𝑞𝑝) (2.42)

can be calculated from the generalized Fock matrix243

𝐹𝑝𝑞 =
∑︁
𝑟

𝐷𝑝𝑟ℎ𝑞𝑟 +
∑︁
𝑟,𝑠,𝑡

𝑑𝑝𝑟𝑠𝑡 ⟨𝑞𝑟 |𝑠𝑡⟩ . (2.43)

The energy can be minimized by following the gradient and these two steps are repeated until
convergence. For CAS wave functions, the generalized Fock matrix elements243

𝐹𝑖𝑝 = 2
(
𝐹 𝐼𝑝𝑖 + 𝐹𝐴𝑝𝑖

)
(2.44)

𝐹𝑢𝑝 =
∑︁
𝑣

𝐷𝑢𝑣𝐹
𝐼
𝑝𝑣 +

∑︁
𝑣,𝑤,𝑥

𝑑𝑢𝑣𝑤𝑥 ⟨𝑝𝑣 |𝑤𝑥⟩ (2.45)

𝐹𝑎𝑝 = 0 (2.46)

can be simplified to only depend on the active space density matrices, two electron integrals including
three active orbitals, inactive Fock matrix elements, and active Fock matrix elements243

𝐹𝐴𝑝𝑞 =
∑︁
𝑢,𝑣

𝐷𝑢𝑣

(
⟨𝑝𝑢 |𝑞𝑣⟩ − 1

2 ⟨𝑝𝑢 | 𝑣𝑞⟩
)
. (2.47)

In conventional CASSCF, all orbital rotations within the orbital subsets are redundant and the
corresponding gradient blocks automatically vanish. Strong couplings between the orbital rotation
and the optimization of the CI coefficients will severely limit the convergence of first-order methods.
The convergence can be accelerated by utilizing a quasi-Newton algorithm such as the limited-
memory Broyden-Fletcher-Goldfarb-Shanno method.244 This method preconditions the gradient
with approximate orbital Hessian information through a Hessian updating procedure. The initial
Hessian calculation can be avoided by using the Hessian diagonal which is trivial to invert.245 To
reduce the computational cost of calculating the Hessian diagonal, all terms containing the integrals
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2.3 Approximate FCI Methods

with two non-active integrals can be modified to yield the following expressions:236

𝐻oo
𝑖𝑎,𝑖𝑎 = 4

(
𝐹 𝐼𝑎𝑎 + 𝐹𝐴𝑎𝑎

)
− 4

(
𝐹 𝐼𝑖𝑖 + 𝐹𝐴𝑖𝑖

)
(2.48)

𝐻oo
𝑢𝑎,𝑢𝑎 = 2𝐷𝑢𝑢𝐹 𝐼𝑎𝑎 − 2

∑︁
𝑣

𝐷𝑢𝑣𝐹
𝐼
𝑢𝑣 − 2

∑︁
𝑣,𝑤,𝑥

𝑑𝑢𝑣𝑤𝑥 ⟨𝑢𝑤 |𝑥𝑦⟩ + 𝐷𝑢𝑢𝐹𝐴𝑎𝑎 (2.49)

𝐻oo
𝑖𝑢,𝑖𝑢 =

(
𝐹 𝐼𝑢𝑢 + 𝐹𝐴𝑢𝑢

)
−

(
𝐹 𝐼𝑖𝑖 + 𝐹𝐴𝑖𝑖

)
+ 2𝐷𝑢𝑢𝐹 𝐼𝑖𝑖 − 2

∑︁
𝑣

𝐷𝑢𝑣𝐹
𝐼
𝑢𝑣 − 2

∑︁
𝑣,𝑤,𝑥

𝑑𝑢𝑣𝑤𝑥 ⟨𝑢𝑤 |𝑥𝑦⟩ + 2𝐷𝑢𝑢𝐹𝐴𝑖𝑖 .

(2.50)

The resulting quasi-Newton algorithm will provide superlinear convergence at only very little addi-
tional cost.236 As an alternative for difficult-to-converge systems, second-order algorithms227,243,246–272

utilize both electronic gradient and Hessian information and therefore also explicitly consider the
coupling between orbital rotation and the optimization of the CI coefficients through the coupling
block of the electronic Hessian Hco. These algorithms minimize a second-order energy functional in
a one-step procedure and converge quadratically near the minimum. The expense of calculating the
orbital Hessian often limits the applicability of second-order CASSCF algorithms.

Even though the CASSCF method is able to treat statically correlated systems efficiently, the result-
ing wave functions will generally only be qualitatively correct. Dynamic correlation beyond the
active space is necessary to obtain results with chemical accuracy. Better results can be obtained
through second-order perturbation theory (complete active space second-order perturbation theory,
CASPT2), multireference CI, or multireference CC on top of an existing CASSCF wave function.
Unfortunately, these approaches are often either not systematically improvable, not size-consistent,
produce equations with very high complexity, or are simply too expensive for all but the smallest
of system sizes and active spaces. In addition, choosing an active space for CASSCF calculations
often requires chemical intuition and intricate knowledge of the system at hand.115,119,273–278 While
automated approaches exist, their application has yet to convert CASSCF theory to a truly black-box
method.116,279–287

2.3 Approximate FCI Methods

While the conventional methods introduced in Section 2.2 significantly extend the range of systems
that can be treated numerically, the usage of the FCI method still offers significant advantages.
The ability of the FCI method to treat arbitrary spin and symmetry states of both statically and
dynamically correlated systems on an equal footing is unrivaled and reinforces its status as a true
black-box benchmark method for many applications. However, the fact that the total number of
basis functions, whether it be Slater determinants, configuration state functions, or configurations,
increases factorially with system and basis set size significantly limits the applicability of FCI. For
this reason, a great amount of research has targeted the development of so-called approximate FCI
methods that preserve these underlying desirable features of the FCI solution while reducing either
the prefactor of the factorial scaling of traditional FCI algorithms or by lowering the computational
scaling to be polynomial with system size.25 These methods generally reformulate the FCI problem
to exploit sparsity by neglecting negligible contributions up to given thresholds. Four different
classes of approximate FCI methods are often cited: selected configuration interaction methods (SCI),
methods based on tensor decomposition techniques (particularly density matrix renormalization
group, DMRG), quantum Monte Carlo methods (QMC), and incremental methods based on the
many-body expansion (MBE).25
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2.3.1 Selected CI Methods

Selected CI methods construct a CI wave function not through excitation level-based truncation or
definition of an active space but by selecting specific determinants based on some predefined criterion.
The earliest of these methods, called perturbatively selected configuration interaction (CIPSI), starts
from an initial guess for the important determinants {𝑆} that is then iteratively improved by adding
more determinants that are deemed important.16,288,289 In this scheme, the important determinants
form the unperturbed Hamiltonian in the Epstein-Nesbet partitioning of the Hamiltonian16,290–292

and the corresponding CI coefficients are obtained from a CASCI calculation. Determinants for
which the weighing coefficient 𝑐 (1)𝐼 to the first-order correction of the wave function16,288,289

���Ψ (1) 〉 = −
∑︁
𝐼∉{𝑆 }

𝑐 (1)𝐼 |Φ𝐼 ⟩ = −
∑︁
𝐼∉{𝑆 }

〈
Φ𝐼

�� 𝐻̂ ��Ψ (0) 〉
𝐸𝐼 − 𝐸0

|Φ𝐼 ⟩ (2.51)

is above a given threshold are added to the unperturbed Hamiltonian and this procedure is re-
peated until convergence. At the end, the CASCI energy is corrected using the second-order energy
correction16,288,289

𝐸 (2) = −
∑︁
𝐼∉{𝑆 }

��〈Φ𝐼 �� 𝐻̂ ��Ψ (0) 〉��2
𝐸𝐼 − 𝐸0

. (2.52)

An alternative approach, adaptive sampling CI (ASCI),21,121,122 only keeps determinants in Ψ (0)

with CI coefficients above a given threshold and only considers this subspace in the criterion in
Equation (2.51). While for CIPSI, the determinant proxy is rooted in perturbation theory, many
alternative approaches to decide on which determinants are to be added to the unperturbed wave
function have been proposed: Heat-bath CI (HCI) only considers those determinants with a large
numerator in Equation (2.51) for at least one determinant in Ψ (0) to be added to the unperturbed
wave function.22 Semi-stochastic heat-bath CI (SHCI) stochastically samples the final perturbation
correction.120,293,294 Iterative CI with selection (iCI) uses a combined criterion from CIPSI and SHCI
for the selection of configuration state functions and uses an additional secondary space to describe
the changes in the unperturbed space caused by the introduction of dynamical correlation through
the primary space in Equation (2.51).20,123,295,296 Coordinate descent FCI reformulates the FCI problem
as an unconstrained optimization problem that is solved using a coordinate-descent algorithm.
Determinants with the largest approximate gradient for this optimization problem are added to the
wave function.297,298 Machine-learned CI uses a neural network to predict important determinants
on-the-fly.299,300 In adaptive CI (ACI), the proxy is derived by diagonalizing a 2×2 Hamiltonian which
is constructed from the unperturbed wave function and the respective determinant. In addition, as in
ASCI, only determinants with large CI coefficients are kept in the unperturbed wave function.301,302

Tensor product SCI groups the orbitals into clusters from which many-particle cluster states can be
defined, and the selection is then performed based on Equation (2.51) in a basis of tensor products of
these cluster states.303

Approximate FCI methods have not only been applied to the calculation of FCI properties but can also
be used as a replacement for the CASCI solver in two-step CASSCF calculations. The ASCI, HCI, and
iCI approaches have been used to extend the applicability of the CASSCF method to the treatment of
larger active spaces, resulting in the ASCI-SCF, HCISCF, and iCISCF methods, respectively.304–306

ASCI-SCF and HCISCF have also been applied to the calculation of CASSCF nuclear gradients.307–309

SCI methods unite a couple of distinct disadvantages: The CASCI space may not increase beyond a
certain point as the diagonalization is not easily parallelized which restricts the method to systems

16



2.3 Approximate FCI Methods

with a limited number of important determinants. Additionally, the perturbative correction is not
systematically improvable. For this reason, more accurate results can only be achieved by adding
more determinants to the active space. This is of special importance for the high-accuracy description
of predominately dynamically correlated systems where numerous determinants produce small
but non-vanishing contributions to the total energy.135 In addition, SCI wave functions are not
size-consistent. Nevertheless, this effect becomes less important as the SCI wave function approaches
the FCI limit.

2.3.2 Tensor Decomposition Methods

The FCI wave function
|Ψ⟩ =

∑︁
𝑛1,𝑛2,...,𝑛𝑀

𝑐𝑛1𝑛2 ...𝑛𝑀 |𝑛1𝑛2 . . . 𝑛𝑀⟩ (2.53)

can be reformulated in second quantization.310 The determinants are described by occupation number
vectors |𝑛1𝑛2 . . . 𝑛𝑀⟩ which define determinants in a given MO basis through their occupation
numbers 𝑛𝑖 for all orbitals 𝑖 . In an unrestricted MO basis, the occupation numbers can take values
of zero and one. The resulting CI coefficient tensor 𝑐𝑛1𝑛2 ...𝑛𝑀 has dimension 2𝑀 . When the electron
number 𝑁 is conserved, the actual dimension is given by Equation (2.17) since only occupation
number vectors with 𝑁 electrons are considered in the wave function. In tensor decomposition
methods, the CI coefficient tensor is decomposed and approximated by a product of lower rank
tensors. In the popular DMRG method, the tensor is decomposed17,119,310–320

𝑐𝑛1𝑛2 ...𝑛𝑀 ≈
𝑚∑︁

𝑖1,𝑖2,...,𝑖𝑀−1

𝐴𝑛1
𝑖1
𝐴𝑛2
𝑖1𝑖2

. . . 𝐴𝑛𝑀−1
𝑖𝑀−2𝑖𝑀−1

𝐴𝑛𝑀𝑖𝑀−1
(2.54)

into a matrix product state (MPS) of 𝑀 tensors A. The inner tensors have dimension 2 ×𝑚 ×𝑚
where 𝑚 is the so-called MPS dimension. Through this approach, DMRG encodes a sequential
structure into the description of electron correlation by describing the correlation between the
orbitals 𝜑1 and 𝜑2 through the contraction over index 𝑖1 while more contractions are necessary to
describe the correlation between two orbitals with a greater distance in the occupation number
vector.310 The energy expectation value for this wave function ansatz can now be variationally
optimized. This is often achieved using an algorithm which sweeps over pairs of adjacent orbitals,
solves a local eigenvalue problem with the Davidson algorithm which yields a combined two-site
tensor. Optimized but approximate one-site tensors A for both involved sites can be determined by
applying a singular value decomposition to the two-site tensor and discarding small singular values
and the corresponding singular vectors up to a given MPS dimension. This procedure is completed
by sweeping back and forth along the orbitals until convergence.314

The DMRG method was the earliest among the approximate FCI methods that was combined with
CASSCF for the description of large active spaces, resulting in the DMRGSCF method.269,321–324

The method has also been applied to CASSCF analytic geometrical gradients325 and combined with
perturbation theory for the treatment of dynamical correlation outside the active space.325–328

Due to its unique structure, the DMRG wave function is able to efficiently treat very strongly
correlated systems by exploiting locality in the FCI wave function. Unfortunately, the DMRG
results strongly depend both on the chosen orbital basis and on the order of the orbitals in the
occupation number vector. DMRG will only be size-consistent and accurate, when an appropriate
local orbital basis is used and if the orbitals are ordered according to their spatial position in the
occupation number vector.310,314 The absolute sum of discarded singular values is correlated to the
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error of a DMRG optimization and can therefore be exploited for extrapolation. The calculation is
repeated with increasing MPS dimension and a linear extrapolation of the DMRG energy against
the discarded singular values is used to approximate the exact DMRG energy if no singular values
were discarded.314,329,330 For dynamically correlated systems, it is often difficult to get results with
very high accuracy as a very large MPS dimension would be required to accurately describe the
FCI wave function. For this reason, DMRG often relies on extrapolation which eliminates the
variational character of the method. Nevertheless, DMRG has asserted itself as the primary tool for
the description of static correlation whenever FCI and CASSCF calculations are infeasible.25

Another important application of the DMRG method, the automated selection of active spaces for
CASSCF calculations, is closely connected to the field of quantum information theory (QIT). In QIT,
the entanglement of a quantum system is quantified through the von Neumann entropy331

𝑆 = −Tr
(
𝝆 ln 𝝆

)
(2.55)

which can be calculated from the density matrix 𝝆. To extract entanglement information of individual
orbitals, the quantum system can be divided into a subsystem and its environment. The density
matrix in Equation (2.55) is replaced by an RDM and the resulting entropy describes the entanglement
of the subsystem with its environment. In the context of quantum chemistry, the subsystem is a set
of orbitals and orbital RDMs332

𝜌
𝑝
𝑛𝑝 ,𝑛′𝑝

=

〈
Ψ

�����
∑︁

𝑛1,...,𝑛𝑝−1,𝑛𝑝+1,...,𝑛𝑀

|𝑛1 . . . 𝑛
′
𝑝 . . . 𝑛𝑀⟩ ⟨𝑛1 . . . 𝑛𝑝 . . . 𝑛𝑀 |

�����Ψ
〉

(2.56)

𝜌
𝑝𝑞
𝑛𝑝𝑛𝑞,𝑛′𝑝𝑛′𝑞

=

〈
Ψ

�����
∑︁

𝑛1,...,𝑛𝑝−1,𝑛𝑝+1,...,𝑛𝑞−1,𝑛𝑞+1,...,𝑛𝑀

|𝑛1 . . . 𝑛
′
𝑝 . . . 𝑛

′
𝑞 . . . 𝑛𝑀⟩ ⟨𝑛1 . . . 𝑛𝑝 . . . 𝑛𝑞 . . . 𝑛𝑀 |

�����Ψ
〉

(2.57)

are used to construct the one- and two-orbital entropies332–335

𝑆𝑝 = −Tr
(
𝝆𝑝 ln 𝝆𝑝

)
= −

∑︁
𝑛𝑝

𝜂
𝑝
𝑛𝑝 ln𝜂𝑝𝑛𝑝 (2.58)

𝑆𝑝𝑞 = −Tr
(
𝝆𝑝𝑞 ln 𝝆𝑝𝑞

)
= −

∑︁
𝑛𝑝 ,𝑛𝑞

𝜂
𝑝𝑞
𝑛𝑝𝑛𝑞 ln𝜂𝑝𝑞𝑛𝑝𝑛𝑞 (2.59)

which can alternatively be constructed from their eigenvalues 𝜂𝑝𝑛 and 𝜂𝑝𝑞𝑛 when the RDMs are
expanded in the basis of their eigenvectors. The 1- and 2-orbital RDMs differ from the 1- and 2-electron
RDMs introduced in Equations (2.12) and (2.13) as they are constructed by calculating the trace over
orbitals instead of electrons. These quantities can be efficiently evaluated through the calculation
of matrix elements of the DMRG wave function. The orbital entropies are an important measure
to quantify the extent to which orbitals are correlated with the remaining quantum system. The
individual correlation between two orbitals can be quantified through the mutual information332–335

𝐼𝑝𝑞 =
1
2

(
𝑆𝑝 + 𝑆𝑞 − 𝑆𝑝𝑞

) (
1 − 𝛿𝑝𝑞

)
(2.60)

which subtracts the two-orbital entropy from the sum of both one-orbital entropies. Because the
single-orbital entropies and orbital mutual information generally do not significantly change beyond
a certain MPS dimension, cost-effective DMRG calculations on the entire system can be used to
quantify the extent to which orbitals are correlated in a multireference system. Active spaces for
CASSCF calculations can then be constructed by choosing the most strongly correlated orbitals
which proves to be a major step towards black-box CASSCF calculations.116,281,283,285–287,335–337
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2.3.3 Quantum Monte Carlo Methods

Sparsity in the FCI wave function cannot only be exploited deterministically through the selection
of specific determinants according to a predefined criterion but also by stochastically sampling
the determinant space on the basis of probability theory. The CASCI problem can be solved for a
random set of determinants and all CI coefficients above a predefined threshold can be retained
and augmented by an additional set of random determinants. This procedure can be repeated until
the CI vector no longer grows in size. The resulting approach is coined Monte-Carlo configuration
interaction338–342 and is a stochastic version of the SCI group of methods.

More sophisticated QMC approaches for the solution of the electronic Schrödinger equation are the
different flavors of projector QMC which are based on the solution of the imaginary time Schrödinger
equation343

− 𝜕 |Ψ(r, 𝜏)⟩
𝜕𝜏

= 𝐻̂ |Ψ(r, 𝜏)⟩ . (2.61)

This equation can be obtained by a variable change from time 𝑡 to imaginary time 𝜏 in the time-
dependent Schrödinger equation. The imaginary time dependence in the solution of the imaginary
time Schrödinger equation343

|Ψ(r, 𝜏)⟩ = 𝑒−𝐻̂𝜏 |Ψ(r, 0)⟩ = 𝑒−𝐻̂𝜏
∑︁
𝐾

𝑐𝐾 (0) |Ψ𝐾 (r)⟩ =
∑︁
𝐾

𝑐𝐾 (0)𝑒−𝐸𝐾𝜏 |Ψ𝐾 (r)⟩ (2.62)

corresponds to an exponential decay. An arbitrary wave function can be written as a linear combina-
tion of the eigenstates |Ψ𝐾 (r)⟩ of the Hamiltonian. Since the ground state energy 𝐸0 is the lowest for
all eigenstates, the contribution of the ground state wave function |Ψ0(r)⟩ will decay slowest as the
wave function is propagated in imaginary time. The ground state wave function343

|Ψ0⟩ = lim
𝜏→∞ 𝑒

−(𝐻̂−𝐸0 )𝜏 |Ψ⟩ = lim
𝑛→∞ 𝑒

−(𝐻̂−𝐸0 )𝑛Δ𝜏 |Ψ⟩ (2.63)

can be extracted from any trial wave function by shifting the Hamiltonian by the ground state
energy when the imaginary time tends to infinity. The ground state energy is generally not known
and replaced by an approximate ground state energy 𝐸𝑆 (𝜏). The ground state wave function is
then determined by discretizing the imaginary time variable, propagating a starting wave function
using the propagator 𝑒−𝐻̂𝜏 in imaginary time, and continuously estimating the ground state energy
from the current wave function. A popular example of these methods for molecular systems is full
configuration interaction quantum Monte Carlo (FCIQMC).19,344,345 In FCIQMC, the wave function is
sampled in the space of Slater determinants by solving the working equation346,347

𝑐𝐼 (𝜏 + Δ𝜏) = (1 − Δ𝜏 (𝐻𝐼 𝐼 − 𝐸𝑆 (𝜏))) 𝑐𝐼 (𝜏) − Δ𝜏
∑︁
𝐼≠𝐽

𝐻𝐼 𝐽 𝑐 𝐽 (𝜏) (2.64)

stochastically through the probabilistic spawning and death of signed walkers.a Alternatively, the FCI
problem can also be solved without walkers using the fast randomized iteration method which is a
generalization of the FCIQMC method that exploits sparsity through matrix and vector compression
techniques.348,349 A deterministic analogue of the FCIQMC method called projector CI also exists.350

aThe spawning and death probabilities of the walkers are proportional to | (𝐻𝐼 𝐼 −𝐸𝑆 (𝜏)) | and |𝐻𝐼 𝐽 | which can be compared
to Equation (2.64). Walkers can either die when 𝐻𝐼 𝐼 − 𝐸𝑆 (𝜏) > 0 or spawn an additional same-signed walker on
determinant |Φ𝐼 ⟩ when 𝐻𝐼 𝐼 − 𝐸𝑆 (𝜏) < 0 with probability | (𝐻𝐼 𝐼 − 𝐸𝑆 (𝜏)) |. Walkers can also spawn another walker on
determinant

��Φ𝐽 〉 with probability |𝐻𝐼 𝐽 |. The sign of the spawned walker is related to the sign of the respective Hamilton
matrix element and the sign of the parent walker. Walkers with opposite sign annihilate which is important to correctly
recover the fermionic wave function.19,344,345
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The FCIQMC method has also been combined with the CASSCF method for the description of large
active spaces of statically correlated systems, referred to as FCIQMC-SCF.351–353

An alternative projector QMC method commonly applied to quantum chemical systems is auxiliary
field QMC (AFQMC).18,354–360 In AFQMC, the electronic ground state wave function is obtained by
solving the master equation360

|Ψ0⟩ =
(∑︁
𝑛,𝑤

𝑊 𝑤
𝑛 𝑒

𝑖𝜃𝑤𝑛

)−1 ∑︁
𝑛,𝑤

𝑊 𝑤
𝑛 𝑒

𝑖𝜃𝑤𝑛

��Φ𝑤𝑛 〉
⟨Ψ | Φ𝑤𝑛 ⟩

(2.65)

which can be derived from Equation (2.63).b The equation is sampled using random walkers𝑤 with
weight𝑊 𝑤

𝑛 , phase 𝜃𝑤𝑛 , and determinant Φ𝑤𝑛 .

Both FCIQMC and AFQMC are plagued by the Fermion sign problem as much as all QMC methods
applied to fermionic systems.346,360,369,370 This can be solved by introducing a bias. In the case of
FCIQMC, the initiator approximation345,371 (i-FCIQMC) is used, while in AFQMC, the phaseless
approximation is applied.372 For FCIQMC, an adaptive shift method has been suggested to reduce
the bias introduced by the initiator approximation, resulting in the adaptive-shift FCIQMC method
(AS-FCIQMC).373 For QMC methods, the error can easily be estimated from the stochastic error.
In projector QMC methods, due to the autocorrelation of the energy during the imaginary time
propagation, the stochastic error cannot be determined from neighboring time steps as this would
underestimate the variance of the sampling. Instead, a blocking analysis over a certain range of the
most recent time steps is necessary to get an accurate estimate of the stochastic error.118 Unfortunately,
this error does not account for the bias introduced by the initiator and phaseless approximations.

2.3.4 Incremental Methods

The fourth group of approximate FCI methods are the incremental methods which make use of the
many-body expansion to directly approximate energies and properties while circumventing the
actual approximation of the wave function. To illustrate these methods, Section 2.4 presents the
MBE-FCI method.

2.3.5 Other Methods

The variational 2-RDM (v2RDM)374–384 approach also explicitly avoids the construction of the FCI
wave function in Equation (2.9) by directly targeting the 1- and 2-RDMs since these quantities
provide enough information to construct the electronic energy through Equation (2.11). Accordingly,
a solution to the electronic structure problem can be obtained through variational optimization of the
RDMs under certain constraints, the so-called 𝑁 -representability conditions.374,375,377,385–388 Fulfilling
all conditions proves to be as expensive as solving the FCI equations directly but alternatively the FCI
limit can be approached approximately by only explicitly enforcing a certain number of constraints.
The resulting v2RDM method can approximate FCI results at polynomial scaling and has also been
bThe imaginary time propagator is Trotter-decomposed.361,362 The one-electron part of the Hamiltonian can be exactly
applied to a Slater determinant which will yield another Slater determinant due to Thouless theorem.363,364 The two-
electron part is rewritten as a square of one-electron operators through a Cholesky decomposition of the two-electron
integrals.365,366 A Hubbard–Stratonovich transformation367,368 can then be used to transform these operators and to
reformulate the system of interacting electrons to a system of non-interacting electrons coupled with random auxiliary
fields.360
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2.4 Many-Body Expanded Full Configuration Interaction

applied to the CASCI step in CASSCF calculations for the description of large active spaces.389–391

The v2RDM approach can generally be applied to both statically and dynamically correlated systems
but unfortunately has issues with the correct description of bond dissociation processes.392–394

In addition, multiple hybrid methods exist that combine approximate FCI methods with the conven-
tional methods introduced in Section 2.2 or with other approximate FCI methods. One such example
is the cluster-analysis-driven FCIQMC method (CAD-FCIQMC)395–398 which tries to leverage the fact
that the CC energy only depends on the 𝑇1 and 𝑇2 amplitudes. The exact determination of these am-
plitudes from the respective amplitude equations will reproduce the exact FCI energy. Unfortunately,
the solution of the 𝑇1 and 𝑇2 amplitude equations requires knowledge of the 𝑇3 and 𝑇4 amplitudes.
Approximations for these amplitudes can be determined from the cluster analysis of the FCIQMC
wave function.396 A major advantage of this approach stems from the deterministic treatment of
the single and double CC amplitudes and the fact that the stochastic error is only restricted to the
comparatively small triples and quadruples contributions. As a result, the CAD-FCIQMC method
will accelerate convergence of FCIQMC towards the FCI limit.

Another hybrid method, full coupled-cluster reduction (FCCR)399,400 targets the FCI energy through
an iterative expansion of the CC expansion manifold such that higher excitations are only added to
the projection manifold when the respective amplitude equation of the single commutator of the
current set of cluster operators produces an amplitude above a certain threshold. In addition, only
amplitudes and products of amplitudes above a larger threshold are considered during the solution of
the amplitude equations for a given projection manifold.399 The resulting method can be interpreted
as a selected CC method that preserves the underlying desirable properties of the CC expansion such
as size-consistency and fast convergence towards the FCI limit. Accurate results for large systems
unfortunately require perturbative error corrections.400

2.4 Many-Body Expanded Full Configuration Interaction

The theory behind the incremental methods finds its roots in the observation that the energy is
generally not countably additive whenever many particles in a quantum system interact. The
addition of particles to a quantum system will not only add the interactions between these particles
but also influence the interaction between the existing particles and vice versa. The energy of such a
supersystem can be written as follows:

𝐸𝐴𝐵 = 𝐸𝐴 + 𝐸𝐵 + (𝐸𝐴𝐵 − 𝐸𝐴 − 𝐸𝐵) . (2.66)

The expression (𝐸𝐴𝐵 − 𝐸𝐴 − 𝐸𝐵) describes the energy correction Δ𝐸𝐴𝐵 due to the interaction of the
fragments𝐴 and 𝐵 and originates from the nonadditivity of the energy. Generalizing this assumption
and replacing the subsystems by a number of fragments (indexed using 𝑝 , 𝑞, . . . ) in a molecular
system will lead to the general form of the MBE23,24,27,31,48,49

𝐸 = 𝐸 (1) + 𝐸 (2) + 𝐸 (3) + 𝐸 (4) + . . .
=

∑︁
𝑝

𝜖𝑝 +
∑︁
𝑝<𝑞

Δ𝜖𝑝𝑞 +
∑︁
𝑝<𝑞<𝑟

Δ𝜖𝑝𝑞𝑟 +
∑︁

𝑝<𝑞<𝑟<𝑠

Δ𝜖𝑝𝑞𝑟𝑠 + . . . (2.67)

which enables the decomposition of any eigenvalue of the Hamiltonian matrix of a molecular system
into contributions 𝐸 (𝑛) from a varying number of 𝑛 fragments. These fragments are the objects of the
expansion, and they must be chosen to describe a set of distinct particles and a corresponding set of
linearly independent basis functions that span the function space of interest. One popular choice are
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the sets of atomic orbitals located at the atoms of individual molecules and the corresponding electrons
of those atoms.48–51 Another common choice for the objects of the expansion that is prevalent for
the solution of the electronic Schrödinger equation and will be used throughout this thesis are the
molecular orbitals from a preceding Hartree-Fock calculation on the full molecular system.23,24,27,31

This choice defines a set of occupied and virtual orbitals and therefore also automatically divides the
electrons among the fragments. The contributions at different orders of the MBE are constructed
from increments of all possible orbital combinations that involve the same number of orbitals. The
individual increments23,24,27,31,48,49

Δ𝜖𝑝𝑞 = 𝜖𝑝𝑞 − 𝜖𝑝 − 𝜖𝑞
Δ𝜖𝑝𝑞𝑟 = 𝜖𝑝𝑞𝑟 − Δ𝜖𝑝𝑞 − Δ𝜖𝑝𝑟 − Δ𝜖𝑞𝑟 − 𝜖𝑝 − 𝜖𝑞 − 𝜖𝑟

...

(2.68)

are defined recursively on the basis of increments from previous orders and describe the mutually
exclusive interaction of the combined tuple of orbitals. The energies (𝜖𝑝 , 𝜖𝑝𝑞 , . . . ) are calculated
by solving the electronic structure problem involving the corresponding orbitals and electrons. In
general, the MBE is not applied to the electronic energy itself since the HF energy is routinely
available even for larger systems. Instead, the correlation energy is targeted by performing CASCI
calculations involving the increment orbitals in the active space.23,24,27 Increments of fragments
involving no electrons (such as increments of only virtual HF orbitals) will automatically vanish. The
Hartree-Fock energy is then subtracted from the CASCI energies to form the energies

𝜖𝑝 = 𝐸𝑝 − 𝐸HF

𝜖𝑝𝑞 = 𝐸𝑝𝑞 − 𝐸HF
...

(2.69)

that are used to construct the increments in Equation (2.68). Doing so will cause all increments
involving twice as many electrons as orbitals (increments of only occupied HF orbitals) to vanish
due to the fact that the HF determinant already perfectly describes the electronic wave function in
this orbital basis.

2.4.1 Reference and Expansion Spaces

In early applications of orbital-based MBE correlation theory, the expansion objects in Equation (2.67)
were limited to the occupied orbitals in the molecular system.24,27,31 For the individual increments,
the occupied orbitals are treated in a bath of all virtual orbitals. Later work turned this definition
around and performed an expansion of the virtual orbitals instead.23,40,41 This different treatment of
the orbitals in the MBE warrants a distinct classification of the orbital space into a so-called reference
and a corresponding expansion space which generalizes both flavors of MBE-FCI.42 The reference
space orbitals are always included in every individual increment calculation while the expansion
space orbitals form the expansion objects. As a result, the reference space correlation energy 𝐸ref has
to be added to the MBE master equation (Equation (2.67))42

𝐸corr = 𝐸ref + 𝐸 (1) + 𝐸 (2) + 𝐸 (3) + 𝐸 (4) + . . .
= 𝐸ref +

∑︁
𝑝

𝜖𝑝 +
∑︁
𝑝<𝑞

Δ𝜖𝑝𝑞 +
∑︁
𝑝<𝑞<𝑟

Δ𝜖𝑝𝑞𝑟 +
∑︁

𝑝<𝑞<𝑟<𝑠

Δ𝜖𝑝𝑞𝑟𝑠 + . . . (2.70)
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2.4 Many-Body Expanded Full Configuration Interaction

to obtain the desired correlation energy. The reference space correlation energy is subtracted from
the individual CASCI energies

𝜖𝑝 = 𝐸𝑝 − 𝐸ref

𝜖𝑝𝑞 = 𝐸𝑝𝑞 − 𝐸ref
...

(2.71)

to calculate the increments according to Equation (2.68) and to avoid double counting of the reference
space contributions. Four different edge cases for orbital partitioning can be defined as showcased
in Figure 2.1. The full reference space in Figure 2.1a encompasses the entire orbital space and the
reference space alone reproduces the full correlation energy of the entire system. As the expansion
space is empty, the system is not described through an MBE but instead through the initial reference
space calculation which corresponds to a regular FCI calculation. This method is not practical for
all but the smallest of systems before the factorial scaling of the FCI method makes calculations
infeasible. The partitioning in Figure 2.1b corresponds to the early applications of the MBE to the
correlation energy by Nesbet27 and Stoll31 and is for this reason referred to as Type-1 MBE-FCI. The
resulting method is most useful for electron-rich systems in small basis sets where the number of
occupied orbitals is equal to or greater than the number of virtual orbitals. The reverse partitioning
in Figure 2.1c was first used by Eriksen, Lipparini, and Gauss23,40,41 for the treatment of systems
in larger basis sets. Increasing the basis set size for a given system only increases the number of
increment calculations while the size of the individual CASCI calculations is held constant. This
method is referred to as Type-2 MBE-FCI. The last edge case described in Figure 2.1d is the most
unbiased application of the MBE to the treatment of the electron correlation problem. Both occupied
and virtual orbitals are treated on an equal footing, and the MBE is applied to the full orbital space.
As a result, the expansion42

𝐸corr = 𝐸
(2) + 𝐸 (3) + 𝐸 (4) + . . . =

∑︁
𝑖

∑︁
𝑎

𝜖𝑖𝑎 +
∑︁
𝑖< 𝑗

∑︁
𝑎

Δ𝜖𝑖 𝑗𝑎 +
∑︁
𝑖

∑︁
𝑎<𝑏

Δ𝜖𝑖𝑎𝑏 + . . . (2.72)

starts at the second expansion order since active spaces of single occupied or virtual orbitals do not
produce a valid correlation energy. Both empty reference spaces and all partitionings in between
these four edge cases are referred to as Type-3 MBE-FCI.42 Intermediate partitionings usually require
some greater insight into the nature of the electron correlation problem at hand to provide an

(a) Full reference space
Empty expansion space
Regular FCI calculation

(b) Virtual reference space
Occupied expansion
space
Type-1 MBE-FCI

(c) Occupied reference
space
Virtual expansion space
Type-2 MBE-FCI

(d) Empty reference space
Full expansion space
Type-3 MBE-FCI

Figure 2.1: Different reference and expansion space choices in MBE-FCI.
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additional benefit beyond the common partitionings described in Figure 2.1. Nevertheless, such
reference space choices can be of utter importance whenever the HF reference is qualitatively wrong.
Choosing such reference spaces is strongly correlated to the difficult task of choosing active spaces
for the purpose of optimizing CASSCF wave functions.

2.4.2 Scaling

The many-body expansion suffers from the curse of dimensionality as much as any exact formulation
of FCI theory. Rewriting the energy as in Equation (2.67) will only be of use when the mutual
interaction between the different fragments decreases as the number of fragments is increased.
Unless the expansion converges quickly and is properly truncated, a combinatorial explosion will
lead to an overwhelming number of small calculations that are too numerous to compute and will lead
to numerical errors due to finite convergence criteria of the Davidson algorithm used for the individual
CASCI calculations and limited floating point precision. If instead convergence can be reached before
the number of calculations grows too large, the MBE turns out to be a powerful method for the
approximation of FCI energies and properties. Fortunately, electron correlation is a nearly pairwise
additive process which enables the truncation of the MBE after few orders without large losses
in accuracy.91 Nevertheless, reaching an overwhelming number of increment calculations before
convergence is a common bottleneck for empty reference space MBE-FCI calculations because these
often exhibit many expansion objects. For closed-shell systems, the total number of non-vanishing
increments

𝑁 (𝑛)
inc =

min(𝑛−1,𝑁/2)∑︁
𝑛occ=1

(
𝑁/2

𝑛occ

) (
𝑀 − 𝑁/2

𝑛 − 𝑛occ

)
(2.73)

at a given order 𝑛 can be calculated by summing over possible occupations 𝑛occ in the system and
multiplying the binomial coefficients

( 𝑁
𝑛occ

)
and

(𝑀−𝑁/2
𝑛−𝑛occ

)
where 𝑁 describes the number of electrons

while 𝑀 describes the total number of spatial orbitals.

The leading contribution of empty reference space MBE-FCI in Equation (2.73)

O(𝑀𝑛−1𝑁/2) (2.74)

is polynomial with respect to system size and the exponent corresponds to the order of the expansion.
If the expansion can be truncated at early orders and if this truncation order does not increase with
system size, MBE-FCI will yield a method with polynomial scaling and a favorable exponent. In
addition, the cost of the individual CASCI calculationsc rises factorially with the number of increment
orbitals and electrons which gives the full expansion a complicated scaling relationship by affecting
the prefactor through the following expression:

(
𝑛

𝑛occ

)2
𝑛2

occ(𝑛 − 𝑛occ)2. (2.75)

For high expansion orders, the resulting prefactor can become large enough to significantly limit the
applicability of MBE-FCI. While choosing a reference space will lower the number of increments by
reducing the number of expansion space orbitals, the general scaling with respect to the expansion
space orbitals will remain the same. Additionally, adding orbitals to the reference space will make
individual CASCI calculations more expensive and therefore affect the prefactor in Equation (2.75).
Carefully choosing reference and expansion spaces for an efficient computation will therefore require

cGenerally O
( (𝑀
𝑁/2

)2 (𝑁/2)2 (𝑀 − 𝑁/2)2
)

for closed-shell systems
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2.5 Basis Sets

striking a balance between the computational effort of the individual CASCI calculations and the
number of increment calculations that need to be performed. Additionally, these undesirable scaling
properties of the MBE motivate the need to utilize and exploit any available information to reduce
the number of calculations by avoiding redundant calculations or calculations that result in negligible
contributions and to properly estimate the error of any contributions that are not explicitly calculated.

2.4.3 Base Models

Faster MBE convergence can be achieved by utilizing so-called base models of conventional quantum
chemical methods such as CC.40 The correlation energy of the chosen approximate method is
calculated for the full system and for the individual increments. The increment base model energy
is subtracted from the increment energy. In the same way that reference space MBE-FCI targets
the gap between the CASCI energy of the reference space and the full correlation energy, the
base model MBE-FCI targets the gap between the base model energy and the FCI energy which
can be small for dynamically correlated systems and high-level CC base models. As a result, the
magnitude of individual increments will be reduced and MBE convergence is accelerated. This
approach significantly reduces the number of calculations that are necessary to reach a certain
accuracy. The base model energy of the full system can be added back onto the resulting energy to
obtain the full correlation energy of the system.

2.4.4 Recursive Formulation

Constructing the MBE from Equation (2.70) will require saving previous-order increments to recur-
sively construct the increments at the current order through Equation (2.71). An alternative is to use
a recursive version of the MBE50

𝐸 (𝑛)
corr = 𝜖

(𝑛)
Σ −

𝑛−1∑︁
𝑚=1

(
𝑀 − 𝑛
𝑀 −𝑚

)
𝐸 (𝑚)

corr (2.76)

which yields the 𝑛th-order contribution to the correlation energy 𝐸 (𝑛)
corr from the sum of all CASCI

correlation energies 𝜖 (𝑛)Σ at the current order and from the previous-order correlation energy contri-
butions. This comes at the disadvantage that individual, potentially vanishing increments can no
longer be removed during the calculation and the expansion can only be truncated after some given
order.

2.5 Basis Sets

The AOs that are used to construct the MOs in Equation (2.26) constitute another common source
of error in electronic structure calculations. In practice, finite sets of linearly independent basis
functions are used which can be systematically improved by adding additional basis functions in
an attempt to approach the complete basis set limit. The functional form of these basis functions
determines the ability of the basis set to describe the MOs of arbitrary molecules and to produce
accurate results even for small numbers of basis functions. AO basis functions180

𝜒 (r) = 𝑅𝑙 (𝑟 )𝑌𝑙,𝑚𝑙 (𝜃, 𝜙) (2.77)
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are constructed as a product of a spherical harmonic function 𝑌𝑙,𝑚𝑙 (𝜃, 𝜙) and a radial function 𝑅𝑙 (𝑟 ).
The quantities 𝑙 and𝑚𝑙 describe the orbital angular momentum quantum number and orbital magnetic
quantum number with respect to the spherical symmetry of the atom for which these basis functions
are defined. The physically correct parametrization of the radial function results in so-called Slater-
type orbitals.401 For practical reasons, these are often replaced by the computationally more efficient
contracted Gaussian-type orbitals402,403

𝑅𝑙 (𝑟 ) = 𝑟 𝑙
𝑃∑︁
𝑝=1

𝑑𝑝𝑁 (𝑙, 𝛼𝑝) exp(−𝛼𝑝𝑟 2) (2.78)

which attempt to approximate the Slater function through linear combinations of 𝑃 primitive Gaussian
functions with exponent 𝛼𝑝 and coefficient 𝑑𝑝 . The constant 𝑁 (𝑙, 𝛼𝑝) ensures normalization of
the individual Gaussian functions. Standard AO basis sets in quantum chemistry provide a set
of basis functions with optimized exponents and contraction coefficients for a given number of
primitive Gaussian functions for individual elements across the periodic table. The common Dunning
correlation-consistent basis sets of the form cc-pVXZ404–407 will include a single basis function for
every orbital in the core electron shell and X basis functions for every orbital in the valence electron
shell. Additionally, polarization functions of higher quantum number 𝑙 are added such that the
total number of basis functions per quantum number 𝑙 decreases by one as the angular momentum
increases until only a single basis function is included for the maximum angular momentum quantum
number. The resulting basis sets are designed such that the HF and correlation energies can be
extrapolated to the complete basis set limit with empirical relationships.404

2.6 Molecular Orbital Bases

In addition to canonical orbitals that are readily available from a preliminary HF calculation, other MO
bases are often useful in approximate quantum chemical calculations as they can improve sparsity in
the involved tensors which can make approximations significantly more effective. These MO bases can
be constructed as linear combinations of any given orbital basis. If this linear combination is a unitary
transformation of an orthonormal basis such as the canonical orbital basis or the orthogonalized AO
basis, the resulting basis will preserve the orthonormal qualities of the original basis. In addition, if
the linear combination only involves separate unitary transformations of the occupied and virtual
subspaces of the canonical orbital basis, both the HF and the correlation energy will remain invariant
to this transformation. This property is irrelevant in the FCI limit as the FCI energy is invariant
with respect to orbital rotation. Orbitals of this type are generally coined HF orbitals and these
fulfill the Brillouin theorem. A variety of different HF orbitals which can be used to accelerate
convergence of MBE-FCI are introduced in this section. CC correlation energies are also generally
invariant with respect to which HF orbitals are used. The same statement does not hold true for
standard formulations of CC methods with non-iterative perturbative corrections such as CCSD(T) or
CCSDT(Q). For these methods, non-canonical MOs will require an iterative solution.408 While using
non-canonical MOs for MBE-FCI with CC base models and employing the non-iterative formulation
by replacing orbital energies with diagonal Fock matrix elements is theoretically questionable, the
ability of the resulting model to mirror the FCI description is of much greater importance in the
MBE-FCI context.40 To perform calculations of this kind, the base model calculation on the entire
system also needs to be performed by employing the same non-canonical MO basis.
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2.6 Molecular Orbital Bases

2.6.1 Natural Orbitals

The natural orbital (NO) basis can be constructed for arbitrary quantum chemical methods whenever
a 1-RDM is available. The orbital basis is defined through diagonalization of the 1-RDM385

𝛈 = U†DU (2.79)

where U describes the unitary matrix from which the NO coefficients can be constructed. The
diagonal elements of the diagonal matrix 𝛈 describe the fractional occupation numbers of the NOs
for the respective quantum chemical method. If the NOs are occupied according to their occupation
numbers, the resulting determinant provides the best possible single-determinant description of
the original wave function from which the 1-RDM was constructed. For this reason, NOs with
close to integer occupation numbers are not important for the description of electron correlation in
the system. The NO basis will generally provide a compact representation of the underlying wave
function.385,409

For an RHF wave function, the canonical orbitals describe the NOs since the 1-RDM is already
diagonal. To improve upon this orbital basis, the unrestricted natural orbital (UNO) basis can be
constructed by diagonalizing the sum of 𝛼 and 𝛽 1-RDMs from a UHF calculation.279 This will yield
a restricted orbital basis that recovers some electron correlation through the UHF solution. UNOs
generally provide a much better initial guess for CASSCF calculations than canonical orbitals. In
addition, the importance of a UNO for the description of correlation in a system can be gauged
through the deviation of its occupation number from integer values. Hence, UNOs with occupation
numbers between 0.02 and 1.98 are commonly used as active orbitals in CASSCF in an attempt to
automate the active space selection process.116,279,280 The resulting orbital criterion has also been
extended to more accurate correlated wave functions.410–412

2.6.2 Localized Molecular Orbitals

Localized molecular orbitals (LMOs) are optimized to be spatially separated which decreases the
contribution of any quantities related to the orbital overlap whenever a sufficient distance between
the orbitals is reached. This also applies to the increments of well-separated LMOs which qualifies
these as an effective basis for the expansion space of MBE-FCI and MBE-CC calculations.41,42 The
locality of an LMO 𝜙𝑝 can be quantified through the second- and fourth-moment orbital spread413–415

𝜎
𝑝
𝑛 = 𝑛

√︁
⟨𝑝 | (r − ⟨𝑝 | r | 𝑝⟩)𝑛 | 𝑝⟩ (𝑛 = 2, 4) . (2.80)

While localization procedures often only involve separate unitary transformations of the occupied
and virtual subspaces, non-HF, non-orthogonal, and overcomplete orbital bases have been applied to
overcome the computational effort required to treat larger molecular systems.33,408,416–426 The removal
of the orthogonality constraint avoids the appearance of so-called orthogonalization tails which
can limit the locality of the optimized basis.427 This can be important for the virtual orbital space
as virtual orbitals are notoriously difficult to localize. Unfortunately, the usage of non-orthogonal
and overcomplete bases significantly complicates the calculation of matrix elements from the corre-
sponding Slater determinants as the Slater-Condon rules cannot be applied. For this reason, only HF
LMOs will be used in this thesis.
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2 Theory

Foster-Boys Localized Orbitals

The Foster-Boys (FB) localization procedure428 minimizes the square of the second-moment orbital
spread

J =
〈
𝑝
�� (r − ⟨𝑝 | r | 𝑝⟩)2 ��𝑝〉 . (2.81)

The resulting orbitals generally do not preserve the separation of the 𝜎- and 𝜋-orbitals for planar
systems.429 Additional localization procedures which minimize the fourth-moment orbital spread
also exist which penalize the tails of the resulting LMOs to a much greater extent.415,430

Pipek-Mezey Localized Orbitals

Pipek-Mezey (PM) LMOs429,431 are obtained by maximizing the partial charges located at the nuclei

J =
∑︁
𝐴

∑︁
𝑖

��𝑞𝐴𝑖 ��2 (2.82)

where 𝑞𝐴𝑖 describes the contribution of orbital 𝜙𝑖 to the partial charge at atom𝐴. Since partial charges
are a chemical concept that is not related to any observable that can be assigned to an operator, many
partial charge estimates have been suggested in the literature. The original PM method429,431 is based
on Mulliken charges432 which assign electrons according to the AO density matrix of AOs centered
at the atoms. Another alternative are so-called Löwdin charges433,434 which transform the density
matrix into the symmetrically orthogonalized AO basis and trace over the AOs centered at the atoms
in question. In this thesis, PM localization is based on meta-Löwdin charges.d The actual choice of
the partial charge estimate does not significantly affect the visual appearance of the resulting PM
orbitals.437

The main advantage of the PM method is the fact that the 𝜎- and 𝜋-orbitals are not mixed during the
optimization which improves the interpretability of the resulting orbital basis.429

Edmiston-Ruedenberg Localized Orbitals

Another type of localization method, the Edmiston-Ruedenberg (ER) procedure438,439 localizes the
orbitals by minimizing the interorbital repulsion which is equivalent to maximizing the orbital
self-repulsion

J =
∑︁
𝑝

⟨𝑝𝑝 |𝑝𝑝⟩ . (2.83)

In practice, this localization procedure is generally avoided due to its prohibitive scaling (O(𝑀5))
and the fact that the spatial locality of ER LMOs is often inferior to those obtained by the PM and FB
methods when second- and fourth-moment orbital spreads are compared.440–442

dMeta-Löwdin charges435 are equivalent to Löwdin charges except that the core, valence, and Rydberg AO subspaces are
separately symmetrically orthogonalized. The orbitals are classified according to these AO subspaces by transforming the
AO basis into the unique natural AO basis.436 The core orbitals are then symmetrically orthogonalized and projected out
from the valence and the Rydberg natural AO subspace. This procedure is repeated for the remaining subspaces.435
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2.7 Molecular Symmetry

2.6.3 CASSCF Orbitals

CASSCF orbitals minimize the CASCI energy of a quantum chemical system with respect to orbital
rotation by accumulating as much electron correlation as possible inside the active space. For this
reason, CASSCF orbitals are prime candidates for the separation of the reference and expansion
spaces in MBE-FCI. For MBE-CC calculations, this orbital basis is unsuitable due to the fact that
CASSCF orbitals do not constitute HF orbitals which makes both the HF and CC energies ill-defined.

2.7 Molecular Symmetry

Another common enhancement in quantum chemical calculations is the exploitation of molecular
symmetry. Small molecular systems often exhibit symmetry which can be classified through group
theory. The nuclear coordinates of these molecules are related through symmetry operations 𝐺 of
the molecular point group. As a result, these symmetric molecules exhibit a degree of redundancy
which can be exploited in electronic structure calculations.

The MOs produced after convergence of an HF optimization are often automatically symmetry-
adapted unless symmetry-broken solutions yield a lower energy.197,363,443–445 In this case, an HF
solution of appropriate symmetry can be obtained by symmetry-adapting the AOs446 and restricting
the occupation accordingly. If the molecular point group is Abelian, the application of a symmetry
operation 𝐺 to one of these MOs

𝐺𝜙𝑝 = 𝜒𝜙𝑝 (2.84)

will produce the same orbital times a factor. This factor is called a character 𝜒 of an irreducible
representation Γ which describes the symmetry of the MO. Non-Abelian point groups have multi-
dimensional irreducible representations, such that sets of multiple orbitals can be eigenfunctions
of the symmetry operations. For symmetric molecules in Abelian point groups, integrals of totally-
symmetric operators (such as 1

𝑟12
)

〈
𝑝𝑞

�� Ω̂ �� 𝑟𝑠〉 = 0 ⇐ Γ(𝜙𝑝) ⊗ Γ(𝜙𝑞) ⊗ Γ(Ω̂) ⊗ Γ(𝜙𝑟 ) ⊗ Γ(𝜙𝑠) ≠ Γsymm (2.85)

will vanish unless the direct product of the irreducible representations of the MOs is also totally
symmetric.133,446,447 Due to the structure of the equations for iteratively obtaining the CI coefficients
and CC amplitudes from these integrals during quantum chemical calculations, these tensors will
also not contribute unless the direct product of the irreducible representations of all involved
orbitals is totally symmetric. Both the integrals and the coefficients can be sorted by the irreducible
representations of the orbitals such that a block structure will emerge. This block structure can be
exploited to reduce the memory required for the storage of these quantities and the computational
effort necessary to contract them.134,191

In most quantum chemical codes, symmetry is only exploited for subgroups of the 𝐷2ℎ point group
which are Abelian and for which the irreducible representations are real. The exploitation for
Abelian point groups with complex irreducible representations requires either complex orbitals
or two-dimensional irreducible representations both of which are usually avoided in conventional
algorithms. Non-Abelian point groups also introduce multidimensional irreducible representations
and for these often highly symmetrical systems, much room for potential speed-ups is often neglected
due to the complexity of the resulting implementation.

Abelian point-group symmetry with real irreducible representations can also be exploited in the
individual CASCI calculations of MBE-FCI if a suitable CASCI solver is used. Unfortunately, it is only
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2 Theory

applicable to the use of symmetry-adapted orbitals such as canonical or natural MOs. In MBE-FCI,
LMOs are often used to accelerate the convergence of the MBE. These orbitals do not transform as
irreducible representations of the point group and as a result, the vanishing integral theorem does
not hold.
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3 The PyMBE Program

The PyMBE program is a statically typed Python package for the description of electron correlation
through many-body expansions.110 The program was originally written by and has
since been restructured and extended to accommodate the extensions introduced in this thesis. The
code heavily relies on the Numerical Python (NumPy) library448 for storing large, multidimensional
arrays and for the mathematical functions required to handle these. The individual quantum chemical
calculations are performed using the Python-based Simulations of Chemistry Framework (PySCF)
electronic structure modules449,450 and modified versions of the ecc and ncc modules from the Coupled-
Cluster techniques for Computational Chemistry (CFOUR) program package.451,452 The code has been
parallelized using the Message Passing Interface (MPI) standard453 with the MPI for Python (mpi4py)
package.454–457 The general structure of the PyMBE program is described in this chapter.

The PyMBE program is written in an object-oriented manner and can be started from a Python
script. All input data such as system information, integrals, and algorithmic settings are passed to the
initialization function of an MBE class and are stored as attributes of the resulting object. An actual
calculation is started by calling the MBE member function kernel which initially performs a sanity
check of all MBE attributes to catch possible user input errors. Afterwards, the attributes are saved to
a restart folder which can be used to restart a calculation that has been terminated. To ensure all data
is available to every process, the MBE attributes are broadcasted among all processes. Large arrays
such as integrals are stored in shared memory according to the MPI-3 standard and are accessible to
all processes on a shared-memory node. Every process then creates its own expansion object that is
a member of the ExpCls class. The ExpCls class has multiple derived classes which have MBE target
specific implementations of the many abstract methods that are member functions of the ExpCls

class. The class hierarchy tree is showcased in Figure 3.1. The RDMExpCls and GenFockExpCls classes

ExpCls

SingleTargetExpCls

ExcExpCls

EnergyExpCls

DipoleExpCls

TransExpCls

RDMExpCls

GenFockExpCls

ssRDMExpCls

saRDMExpCls

ssGenFockExpCls

saGenFockExpCls

Figure 3.1: Class hierarchy of the ExpCls class in the PyMBE program.
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3 The PyMBE Program

additionally have derived classes for the functions belonging to state-specific and state-averaged
implementations. After the respective ExpCls class is initialized, its driver member function is called
which starts the calculation at the first MBE order.

3.1 Expansion Driver

Specific implementations of the driver function exist for the master and worker processes. The
sequence of tasks in the master driver function are presented in Figure 3.2. At every order 𝑛, the
algorithm starts by calculating the number of orbital tuples at the current order. This is an important
step to ensure that the arrays for the storage of the increments can be allocated accordingly. This step
is followed by the actual calculation of the increments. In PyMBE, the truncation of the expansion
is achieved through orbital-based screening. Therefore, after the calculation of the increments,
orbitals whose contributions are deemed unnecessary for the remaining orders are screened away
and removed from the expansion space. The increments that include these orbitals no longer need to
be stored and are removed from memory in the purging step. The intrinsics of these functions will

Start driver

Determine number of orbital tuples

Calculate increments

Screen away orbitals

Purge increments from screened orbitals

Remaining orbitals produce
no valid increments

or maximum order reached?

Finish calculation

𝑛 = 1

Yes

No

𝑛 = 𝑛 + 1

Figure 3.2: Flowchart of the MBE driver in the ExpCls class.
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3.1 Expansion Driver

be discussed in the upcoming sections. While the master process performs these steps, the worker
driver function waits for the master driver function to broadcast a wake-up message whenever
help is needed on performance-critical tasks such as increment calculation or purging.

3.1.1 Calculation of Number of Orbital Tuples

At the beginning of every MBE order, the theoretical number of tuples for every order of the entire
MBE

𝑁theo =

(
𝑀exp
𝑛

)
(3.1)

can be easily calculated. 𝑀exp is the number of orbitals in the initial expansion space. Whenever
orbitals are screened away at later orders in the MBE, 𝑁theo decreases because 𝑀exp is replaced by a
reduced expansion space. The number of tuples which will produce non-vanishing increments

𝑁non−van =
min(𝑛,𝑁/2)∑︁

𝑛occ=0,𝑛occ∉𝑉occ

(
𝑁/2

𝑛occ

) (
𝑀exp − 𝑁/2

𝑛 − 𝑛occ

)
(3.2)

describes all those orbital combinations in the screened number of tuples that are not vanishing due
to occupation. The set 𝑉occ includes all numbers of occupied orbitals that produce active spaces for
which correlation energies and properties vanish:

• Active spaces in which no excitations are possible

• Active spaces in which only single excitations are possible due to the Brillouin theorem
(Equation (2.30)) when HF orbitals are used

• Active spaces in which only up to double excitations are possible in MBE-FCI calculations with
a CCSD or CCSD(T) base model

• Active spaces in which only up to triple excitations are possible in MBE-FCI calculations with
a CCSDT or CCSDT(Q) base model

• Active spaces in which only up to quadruple excitations are possible in MBE-FCI calculations
with a CCSDTQ base model

Only the non-vanishing increments are stored in PyMBE. Therefore, the number of increments that
need to be stored per MBE order is equal to 𝑁non−van unless LMO symmetry is exploited which will
be described in Chapter 8.

3.1.2 Calculation of Increments

After the number of increments has been determined for the current MBE order, the arrays for
the storage of the increments can be allocated. These arrays are necessary for the calculation
of increments at later orders due to the recursive nature of Equation (2.68). At every order, the
increments are stored in an associative array for every possible orbital tuple occupation. Each
associative array consists of a hash array and an increment array. The hashes are constructed as
a function of the orbital tuple. These arrays are stored in shared memory such that the memory
requirements and necessary communication between the individual processes of the algorithm are
minimized while all increments remain accessible by every process on a shared-memory node. The
orbital combinations that contribute to the MBE are generated with a so-called generator function.
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Create generator at order 𝑛

Increment vanishes
for given occupation?

For each combination of 𝑛occ occupied orbitals

For each combination of 𝑛 − 𝑛occ virtual orbitals

Concatenate occupied and virtual orbitals

Yield tuple

𝑛occ > 𝑛?

Return

𝑛occ = 0

No

Yes

No

𝑛occ = 𝑛occ + 1

Yes

Figure 3.3: Flowchart of the tuple generator function.

These functions generate a new return value every time they are called which avoids storing all
possible orbital combinations in memory. The basic generator for the generation of orbital tuples is
described in Figure 3.3. The generator function exploits the combinations generator from the itertools
module of the Python standard library which efficiently returns all combinations of a supplied length
that can be constructed from an input sequence. The increment calculations are then divided among
the processes in a round-robin fashion which will generally be sufficient for load balancing since
the active space sizes for all increment calculations at a given MBE order are equal and because
the orbital tuple generator function will produce orbital combinations ordered by occupation. If a
sufficient number of orbital tuples is available at a given order, all processes will receive a roughly
equal number of calculations with an equal number of determinants. The round-robin distribution
will also minimize communication between the processes during the increment calculation. After
distribution, the CASCI calculation will be started using one of the quantum chemistry backends.

Once the CASCI calculation is complete, increments are calculated by subtracting lower-order
subtuple increments according to Equation (2.68). This process is showcased in Figure 3.4. Lower-
order subtuples are again generated using the generator function in Figure 3.3 and the increment
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Calculate CASCI property

For each subtuple

Hash orbital tuple

Binary search in hash array

Add to aggregated increments

𝑛occ > 𝑚?

𝑚 = 1?

Subtract aggregated increments from CASCI property

𝑚 = 𝑛

𝑛occ = 0

No

𝑛occ = 𝑛occ + 1

Yes

No

𝑚 =𝑚 − 1

Yes

Figure 3.4: Flowchart of increment calculation.

energies are extracted from the increment arrays by locating the insertion index of the subtuple hash
in the respective hash array using a binary search algorithm. The calculated increment and the hash
generated for the orbital tuple are then appended to increment and hash lists and added to the total
MBE property.

To ensure that calculations can be restarted, restart files are written during the increment calculations
at a predetermined frequency. Whenever this is done, all processes are synchronized and the
increment and hash lists are gathered among all local master processes and written to disk. In
addition, all other information about the current MBE order that is necessary to restart the calculation
is saved.

After all increments have been calculated, the remaining increments and hashes are gathered and all
associative arrays for the current order are written to shared memory. The hash array is sorted, and
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3 The PyMBE Program

the increment array is rearranged accordingly so that increments can be extracted from the hash
array using binary search in the screening and purging steps and in the upcoming MBE orders.

Additionally, a modified MBE function was implemented which completely avoids saving any
increments to memory. Instead, the MBE energy or property is evaluated through Equation (2.76)
while completely avoiding the construction of increments. This comes at the advantage of significantly
reduced memory costs which can be necessary for the MBE of non-scalar properties such as RDMs
or generalized Fock matrices which scale with system size. Unfortunately, the recursive evaluation
of the MBE also completely disallows screening away increments at later MBE orders.

3.1.3 Screening

Efficient evaluation of the MBE requires non-contributing increments to be screened away. In
PyMBE, an orbital-based screening procedure is utilized which successively removes orbitals from
the expansion space. The main advantage behind orbital-based screening is that the generator in
Figure 3.3 can still be used to efficiently generate all orbital tuples that have not been screened away.
PyMBE screens away orbitals at a predetermined rate that is defined through a screening start order
and a screening percentage. A certain percentage of the current expansion space with the largest
maximum increment magnitude is screened away at every order after the screening start order.
Alternative screening proxies such as the sum of the (absolute) increments which include a specific
orbital can also be used. While this fixed screening procedure enables control over the length of the
expansion and over the computational effort necessary to complete the expansion, this scheme will
not adapt to the convergence rate of the MBE that might very much differ for individual molecules.
For this reason, an adaptive screening procedure was implemented in PyMBE and is described in
Chapter 7.

Orbital-based screening is based on the assumption that some orbitals will require larger active
spaces to accurately describe their correlation with the remaining orbitals than others. Screening
away individual orbitals will be more effective for the NO orbital basis as orbitals with near-integer
occupation numbers such as core and high-lying virtual orbitals can be screened away much earlier
than the orbitals that are variably occupied. Conceptually, this type of screening is similar to frozen
NO approaches47,458–461 as the correlation contributions of low- or high-lying NOs are successively
removed after a certain MBE order. For LMO bases, the truncation will not be as effective as the
LMOs are designed such that individual increments involving orbitals that are sufficiently separated
will vanish. Therefore, it might be possible to avoid individual increment calculations before all
increments produced by an orbital can be screened away. This additional, increment-based screening
is not currently implemented in PyMBE. After orbitals have been removed from the expansion space,
the increments that include these orbitals can be removed from the increment associative arrays in
the purging step.

3.1.4 Purging

A generator function is used to generate all orbital tuples that can be constructed from the remaining
expansion space orbitals and these will be used to construct new hash and increment lists. This
step is parallelized by distributing these orbital tuples among the processes. After all increments
and hashes are added to the lists, these are gathered and stored in shared memory. In general, the
computational effort required for purging is negligible in comparison to the increment calculation.
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3.2 Quantum Chemistry Backends

3.2 Quantum Chemistry Backends

MBE calculations exhibit high accuracy and performance demands towards the quantum chemistry
backends that are used to perform the underlying CASCI and CASCC calculations. While many
implementations of MBE-based methods function as script- or driver-based programs that write input
files for quantum chemistry program packages, start the corresponding executables, and read the
results after completion in order to construct the MBE, there are two major disadvantages of such an
approach. First, this out-of-core approach can lead to significant losses in precision which can become
problematic when many small numbers are added as is frequently done in the increment calculations
and the MBE itself.80 Second, the input/output (I/O) overhead when writing to disk can become
significant since the individual calculations themselves are generally inexpensive. Additionally, the
individual calculations themselves should not require any disk I/O since the necessary tensors are
generally small enough for the active space sizes in question that these can be stored in memory.
For these reasons, MBE programs should invoke efficient in-core algorithms for the increment
calculations that are properly interfaced to the MBE driver. The PyMBE program relies on two
efficient quantum chemistry backends, the PySCF and the MBECC backend.

3.2.1 PySCF Backend

PyMBE is interfaced with the fci and cc modules in the PySCF program package. The fci package
enables efficient determinant-based FCI calculations and can be adapted to the solution of the CASCI
problem through Equations (2.37) and (2.38). While the necessary framework also exists in the casscf
module, the interface in PyMBE is streamlined to the solution of many small CASCI calculations
without any unnecessary overhead. The FCI implementation requires an initial guess for the CI
vectors. The initial guess for the ground state is constructed by choosing the determinant with the
correct symmetry and number of 𝛼 and 𝛽 electrons that produces the lowest energy expectation value.
For degenerate determinants due to spin, an appropriate configuration is constructed as initial guess
to describe the correct spin state. Since the FCI implementation in PySCF is determinant-based and
because determinants are only eigenfunctions of the 𝑆𝑧 operator and not necessarily of the 𝑆2 operator,
the Davidson diagonalization might not stay on the correct spin eigenstate and produce a solution of
a different spin.a While the CI vector will only describe determinants of a given𝑀𝑆 eigenvalue, linear
combinations of these determinants can be eigenfunctions to different 𝑆 (𝑆 + 1) eigenvalues. For this
reason, the 𝑆 (𝑆 + 1) eigenvalue of the produced CI vector is calculated after every CASCI calculation.
Whenever the solver does not produce the correct state, the calculation is restarted while applying a
second-order spin penalty such that all states of unwanted 𝑆 (𝑆 + 1) eigenvalues are shifted to higher
energies in the eigenvalue spectrum.462 The final CI vector is used to calculate the MBE target. The
fci module in the PySCF backend can be used to calculate (excitation) energies, (transition) dipole
moments, 1- and 2-RDMs, and generalized Fock matrices for both open- and closed-shell systems.

The cc module in PySCF can be used to perform MBE-CCSD and MBE-CCSD(T) and the corresponding
MBE-FCI base model calculations in PyMBE. The cc module in the PySCF backend can be used to
calculate ground state energies, dipole moments, 1- and 2-RDMs, and generalized Fock matrices for
open- and closed-shell systems.

aWhile an appropriate initial guess should guarantee convergence to the correct spin eigenstate by decoupling the spin
blocks of the sigma vector, both an inappropriate preconditioner in the Davidson procedure and the accumulation of
errors due to limited floating-point precision can in practice lead to spin contamination and therefore result in other,
energetically lower spin eigenstates.462
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3.2.2 MBECC Backend

PyMBE is also interfaced to modified versions of the ecc and ncc modules from the CFOUR program
package which are written in Fortran and C++, respectively. Initial work on the interface to the ecc
module was done by and was finished and extended to the ncc module by the author
of this thesis. Modified versions of these modules are packaged in the MBECC backend and these
diverge from the common design philosophy of the CFOUR program package which uses disk I/O to
communicate between the different modules which are compiled as separate executables. The MBECC
backend is compiled separately from CFOUR into a dynamic library using the cmake build system.463

The dynamic library can be loaded once in PyMBE and repeatedly called to efficiently perform MBE-
CC calculations and the increment CC calculations for MBE-FCI base model calculations. The MBECC
backend creates all the necessary data structures such as integral lists and common blocks required
by the CFOUR modules and calls all necessary subroutines that are usually executed whenever a
CFOUR executable is started. All routines that facilitate disk I/O were replaced by in-core versions.
In addition, unnecessary steps in both modules that can affect runtimes for small systems have been
removed. After completion, the energy and a convergence boolean is returned through the interface.

The interface to the ecc module is currently limited to closed-shell CCSD, CCSD(T), and CCSDT
ground state energies. The interface to the ncc module is currently limited to closed-shell CCSD,
CCSD(T), CCSDT, CCSDT(Q), and CCSDTQ ground state energies. Both modules are generally faster
than the respective cc module in PySCF. The ecc module is often faster than the ncc module in the
MBECC backend for the small calculations that are required in MBE calculations.
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4 Treating Large Active Spaces with
MBE-CASSCF

The conventional CASSCF method is limited to active space sizes of around 22 electrons in 22
orbitals due to the factorial scaling of the CASCI step.192 This restriction can be alleviated by
replacing the standard CASCI solver with an approximate CASCI solver. As described in Sec-
tion 2.3, many approximate FCI methods have been coupled to standard CASSCF optimization
algorithms to increase the applicability of the CASSCF method to systems that require larger active
spaces.113,114,269,304–306,321–323,325,327,352,353,389–391 A variety of alternative approaches, which directly
modify the CASSCF procedure, exist for the treatment of large active spaces.192,235,464–475 In this
chapter, the MBE-FCI method is adapted such that it can be utilized as a replacement for the CASCI
solver in first-order CASSCF algorithms. The work in this chapter was published in Ref. 476.

4.1 Theory

First-order CASSCF algorithms require orbital gradient information which can be extracted from the
CI vector in the CASCI step through Equation (2.42). When an approximate CASCI solver is used,
this wave function information has to be obtained from the respective approximate CASCI method.
Incremental methods such as MBE-FCI do not yield an approximation of the wave function itself but
instead directly approximate a given property such as the 1- and 2-RDMs of the active space orbitals

𝐷𝑢𝑣 = 𝐷
ref
𝑢𝑣 +

∑︁
𝑢′∈CAS

(D𝑢′)𝑢𝑣 +
∑︁

𝑢′<𝑣′∈CAS
(ΔD𝑢′𝑣′)𝑢𝑣 +

∑︁
𝑢′<𝑣′<𝑤′∈CAS

(ΔD𝑢′𝑣′𝑤′)𝑢𝑣 + . . . (4.1)
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(d𝑢′)𝑢𝑣𝑤𝑥 +
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∑︁

𝑢′<𝑣′<𝑤′∈CAS
(Δd𝑢′𝑣′𝑤′)𝑢𝑣𝑤𝑥 + . . .

(4.2)

which are needed to calculate the generalized Fock matrices in Equation (2.42) to approximate the
orbital gradient. The indices 𝑢′, 𝑣 ′,𝑤 ′, . . . describe the active space orbitals of the increment active
space within the full CASSCF active space. In agreement with Equation (2.69), the MBE is generally
not applied to the full RDMs. Instead, residual density matrices Dres and dres are constructed by
subtracting the energy expectation value of a single determinant which yields a similar description
to Equation (2.69) except that the HF energy is replaced by an energy expectation value of this
designated determinant. As a result, elements of the increment density matrices that are not included
in the increment active space will vanish in the resulting MBE

𝐷res
𝑢𝑣 = 𝐷ref

𝑢𝑣 +
∑︁

𝑢′∈{𝑢𝑣}

(
Dres
𝑢′

)
𝑢𝑣 +

∑︁
𝑢′<𝑣′∈{𝑢𝑣}

(
ΔDres

𝑢′𝑣′
)
𝑢𝑣 +

∑︁
𝑢′<𝑣′<𝑤′∈{𝑢𝑣}

(
ΔDres

𝑢′𝑣′𝑤′
)
𝑢𝑣 + . . . (4.3)
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𝑑res
𝑢𝑣𝑤𝑥 = 𝑑ref

𝑢𝑣𝑤𝑥 +
∑︁

𝑢′∈{𝑢𝑣𝑤𝑥 }

(
dres
𝑢′

)
𝑢𝑣𝑤𝑥 +

∑︁
𝑢′<𝑣′∈{𝑢𝑣𝑤𝑥 }

(
Δdres

𝑢′𝑣′
)
𝑢𝑣𝑤𝑥

+
∑︁

𝑢′<𝑣′<𝑤′∈{𝑢𝑣𝑤𝑥 }

(
Δdres

𝑢′𝑣′𝑤′
)
𝑢𝑣𝑤𝑥 + . . .

(4.4)

which limits the memory required to store these increments during the expansion as their size
is determined by the MBE order and not by the number of orbitals in the full active space. The
increment density matrices ΔDres

𝑢′𝑣′ ... and Δdres
𝑢′𝑣′ ... are defined recursively according to Equations (2.68)

and (2.71). The reference space density matrices describe a reference space as in Equation (2.70).

The MBE of the reduced density matrices in Equations (4.3) and (4.4) can then be used to approximate
any observable through Equation (2.11). Unfortunately, doing so will not yield the same result as if
the MBE had been applied to the energy or property itself. This can be understood by inspecting the
energy MBE at expansion order 2 for a minimal active space of 4 electrons in 3 spatial orbitals:

𝐸 (2) = 𝜖res
𝑖′𝑎′ + 𝜖res

𝑗 ′𝑎′

=
(
Dres
𝑖′𝑎′

)
𝑖′𝑖′

(
F𝐼𝑖′𝑎′

)
𝑖′𝑖′

+ (
Dres
𝑖′𝑎′

)
𝑖′𝑎′

(
F𝐼𝑖′𝑎′

)
𝑖′𝑎′

+ (
Dres
𝑖′𝑎′

)
𝑎′𝑖′

(
F𝐼𝑖′𝑎′

)
𝑎′𝑖′

+ (
Dres
𝑖′𝑎′

)
𝑎′𝑎′

(
F𝐼𝑖′𝑎′

)
𝑎′𝑎′

+
(
Dres
𝑗 ′𝑎′

)
𝑗 ′ 𝑗 ′

(
F𝐼𝑗 ′𝑎′

)
𝑗 ′ 𝑗 ′

+
(
Dres
𝑗 ′𝑎′

)
𝑗 ′𝑎′

(
F𝐼𝑗 ′𝑎′

)
𝑗 ′𝑎′

+
(
Dres
𝑗 ′𝑎′

)
𝑎′ 𝑗 ′

(
F𝐼𝑗 ′𝑎′

)
𝑎′ 𝑗 ′

+
(
Dres
𝑗 ′𝑎′

)
𝑎′𝑎′

(
F𝐼𝑗 ′𝑎′

)
𝑎′𝑎′

+ two electron terms

=
∑︁
𝑘 ′,𝑏′

( (
Dres
𝑖′𝑎

)
𝑘 ′𝑏′ +

(
Dres
𝑗 ′𝑎′

)
𝑘 ′𝑏′

)
ℎ𝑘 ′𝑏′

+
∑︁
𝑘 ′,𝑏′

(
Dres
𝑖′𝑎′

)
𝑘 ′𝑏′ (2 ⟨𝑘 ′ 𝑗 ′ |𝑏′ 𝑗 ′⟩ − ⟨𝑘 ′ 𝑗 ′ | 𝑗 ′𝑏′⟩) +

∑︁
𝑘 ′,𝑏′

(
Dres
𝑗 ′𝑎

)
𝑘 ′𝑏′

(2 ⟨𝑘 ′𝑖′ |𝑏′𝑖′⟩ − ⟨𝑘 ′𝑖′ |𝑖′𝑏′⟩)

+ two electron terms
(4.5)

The indices 𝑖′ and 𝑗 ′ describe the occupied orbital and the index 𝑎′ describes the virtual orbital
inside the active space if this system were described using a single designated determinant. The
truncated MBE energy cannot be partitioned into individual residual density matrix contributions
unless the density matrices are immediately contracted with the respective two-electron integrals.
This is caused by the inactive Fock matrix which explicitly depends on the definition of the active
space due to the sum over inactive orbitals (Equation (2.37)). This will always be the case whenever
the expansion space includes occupied orbitals from which the two-electron part of the inactive
Fock matrix is constructed. Consequently, a truncated energy MBE and an energy calculated using
Equation (2.11) from a truncated MBE of the 1- and 2-RDMs will not yield the same results. The same
is true for the generalized Fock matrix and the orbital gradient when it is calculated from RDMs
which have been approximated by means of a truncated MBE.

If the calculated RDMs are instead immediately contracted with the necessary integrals, the calcula-
tions will yield the residual CASCI generalized Fock matrices

(
Fres
𝑢′ ...

)
𝑖𝑝 = 2

(
𝐹 𝐼𝑝𝑖 +

(
F𝐴𝑢′ ...

)
𝑝𝑖

)
− 2

(
𝐹 𝐼𝑝𝑖 +

∑︁
𝑗 ′′

(2 ⟨𝑝 𝑗 ′′ |𝑖 𝑗 ′′⟩ − ⟨𝑝 𝑗 ′′ | 𝑗 ′′𝑖⟩)
)

= 2
(∑︁
𝑣′,𝑤′

(D𝑢′ ...)𝑣′𝑤′

(
⟨𝑝𝑣 ′ |𝑖𝑤 ′⟩ − 1

2 ⟨𝑝𝑣 ′ |𝑤 ′𝑖⟩
)
−

∑︁
𝑗 ′′

(2 ⟨𝑝 𝑗 ′′ |𝑖 𝑗 ′′⟩ − ⟨𝑝 𝑗 ′′ | 𝑗 ′′𝑖⟩)
) (4.6)

40



4.1 Theory

(
Fres
𝑢′ ...

)
𝑖′𝑝 = 2

(
𝐹 𝐼𝑝𝑖′ +

(
F𝐴𝑢′ ...

)
𝑝𝑖′

)
− 2

(
𝐹 𝐼𝑝𝑖′ +

∑︁
𝑗 ′′

(2 ⟨𝑝 𝑗 ′′ |𝑖′ 𝑗 ′′⟩ − ⟨𝑝 𝑗 ′′ | 𝑗 ′′𝑖′⟩)
)

= 2
(∑︁
𝑣′,𝑤′

(D𝑢′ ...)𝑣′𝑤′

(
⟨𝑝𝑣 ′ |𝑖′𝑤 ′⟩ − 1

2 ⟨𝑝𝑣 ′ |𝑤 ′𝑖′⟩
)
−

∑︁
𝑗 ′′

(2 ⟨𝑝 𝑗 ′′ |𝑖′ 𝑗 ′′⟩ − ⟨𝑝 𝑗 ′′ | 𝑗 ′′𝑖′⟩)
) (4.7)

(
Fres
𝑢′ ...

)
𝑖′′𝑝 =

∑︁
𝑣′

(D𝑢′ ...)𝑖′′𝑣′ 𝐹 𝐼𝑝𝑣′ +
∑︁

𝑣′,𝑤′,𝑥 ′
(d𝑢′ ...)𝑖′′𝑣′𝑤′𝑥 ′ ⟨𝑝𝑣 ′ |𝑤 ′𝑥 ′⟩

−
(
2𝐹 𝐼𝑝𝑖′′ +

∑︁
𝑗 ′′

(4 ⟨𝑝 𝑗 ′′ |𝑖′′ 𝑗 ′′⟩ − 2 ⟨𝑝 𝑗 ′′ | 𝑗 ′′𝑖′′⟩)
) (4.8)

(
Fres
𝑢′ ...

)
𝑎′′𝑝 =

∑︁
𝑣′

(D𝑢′ ...)𝑎′′𝑣′ 𝐹 𝐼𝑝𝑣′ +
∑︁

𝑣′,𝑤′,𝑥 ′
(d𝑢′ ...)𝑎′′𝑣′𝑤′𝑥 ′ ⟨𝑝𝑣 ′ |𝑤 ′𝑥 ′⟩ (4.9)

(
Fres
𝑢′ ...

)
𝑎′𝑝 = 0 (4.10)

according to Equations (2.44) and (2.45). The indices 𝑖′′, 𝑗 ′′, . . . and 𝑎′′, 𝑏′′, . . . respectively describe the
occupied and virtual increment active space orbitals in relation to the occupation of the designated
determinant that is to be subtracted to construct the residual generalized Fock matrices. The residual
CASCI generalized Fock matrix elements exclusively depend on the RDM elements of the increment
active space. The occupied-general block of the residual generalized Fock matrix block does not
require any contractions between the 1-RDM and the inactive Fock matrix. Hence, this block can
be constructed from an MBE of the 1-RDM according to the arguments in Equation (4.5). The
elements

(
Fres
𝑢′

)
𝑖′𝑝 ,

(
Fres
𝑢′

)
𝑎′𝑝 ,

(
Fres
𝑢′

)
𝑖′′𝑝 , and

(
Fres
𝑢′

)
𝑎′′𝑝 all contribute to the active-general block of the

residual generalized Fock matrix of the full system. All of these blocks do require contractions
between the 1-RDM and two-electron integrals that depend on the definition of the increment
orbitals themselves and can therefore not be constructed from an MBE of the 1-RDM. From the
residual CASCI generalized Fock matrix elements, the increments can be calculated recursively as
in Equation (2.71). The increments can then be used to approximate the generalized Fock matrix
elements

𝐹𝑖𝑝 = 𝐹 ref
𝑖𝑝 +

∑︁
𝑢′∈CAS

(
Fres
𝑢′

)
𝑖𝑝 +

∑︁
𝑢′<𝑣′∈CAS

(
ΔFres

𝑢′𝑣′
)
𝑖𝑝 +

∑︁
𝑢′<𝑣′<𝑤′∈CAS

(
ΔFres

𝑢′𝑣′𝑤′
)
𝑖𝑝 + . . . (4.11)

𝐹𝑢𝑝 = 𝐹 ref
𝑢𝑝 +

∑︁
𝑢′∈CAS

(
Fres
𝑢′

)
𝑢𝑝 +

∑︁
𝑢′<𝑣′∈CAS

(
ΔFres

𝑢′𝑣′
)
𝑢𝑝 +

∑︁
𝑢′<𝑣′<𝑤′∈CAS

(
ΔFres

𝑢′𝑣′𝑤′
)
𝑢𝑝 + . . . (4.12)

of the full system. While this equation yields a different description than the one afforded by
Equations (4.3) and (4.4), it also requires significantly more memory. This is a result of the increment
size no longer being dependent on the expansion order but instead on the size of the full system.
For this reason, the recursive formulation of the MBE in Equation (2.76) is necessary to efficiently
describe large systems while limiting memory usage.

Employing an approximate CASCI solver such as MBE-FCI will cause the CASSCF optimization to
no longer be redundant with respect to the rotation of the active orbitals among each other.321 The
gradient 𝑔o

𝑢𝑣 will no longer vanish and most likely should be explicitly accounted for if the CASSCF
wave function is to be optimized with respect to all variational parameters. Active orbital optimization
will often lead to severe convergence issues because it is not redundant with the optimization of
the CI coefficients.269,304,307 One approach to circumvent this dilemma is to perform the CASCI step
without allowing for single excitations.114 Since single excitations constitute the leading term in the
Taylor expansion of the orbital rotation operator in Equation (2.40)

exp(−𝜅̂) = 1 −
∑︁
𝑝<𝑞

𝜅𝑝𝑞
(
𝑎†𝑝𝑎𝑞 − 𝑎†𝑞𝑎𝑝

)
+ . . . , (4.13)
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their exclusion might reduce the redundancy and possibly tame any arising convergence issues. The
contribution of the single excitations to the CASSCF energy can be recovered by reintroducing these
in the final energy calculation. Active orbital optimization will lead to a variational method because
the wave function is optimized with respect to all variational degrees of freedom. As a result, the
Hellmann-Feynman theorem477,478 can be applied for the evaluation of properties. Because the final
energy is still determined from a truncated MBE, the final energy will not be an upper bound to
the exact ground-state energy.114 Alternative approaches to active orbital optimization exploit an
inner-outer loop structure which overcomes some issues but still slows convergence.305 A more
reliable and consistent approach could be to explicitly treat the coupling between the optimization
of orbitals and CI coefficients.271,479

Quasi-Newton algorithms additionally require the orbital Hessian diagonal to precondition the
orbital gradient. While the approximate Hessian diagonals in Equations (2.48) to (2.50) are generally
sufficient for conventional CASSCF calculations,236 the explicit optimization of active-active rotations
will additionally require the Hessian diagonal of the active space orbitals. Since the integrals only
involve active orbitals, the exact Hessian diagonal can be utilized for this block.305 Starting from
Equations (21a) and (21b) in Ref. 243 the active-active block of the Hessian diagonal

𝐻oo
𝑢𝑣,𝑢𝑣 =

𝜕𝐸

𝜕𝜅𝑢𝑣𝜕𝜅𝑢𝑣
=

𝜕𝐸

𝜕𝑈𝑢𝑣𝜕𝑈𝑢𝑣
+ 𝛿𝑣𝑢 (𝐹𝑢𝑣 + 𝐹𝑣𝑢) − 𝜕𝐸

𝜕𝑈𝑣𝑢𝜕𝑈𝑢𝑣
− 𝛿𝑢𝑢 (𝐹𝑣𝑣 + 𝐹𝑣𝑣) − 𝜕𝐸

𝜕𝑈𝑢𝑣𝜕𝑈𝑣𝑢

− 𝛿𝑣𝑣 (𝐹𝑢𝑢 + 𝐹𝑢𝑢) + 𝜕𝐸

𝜕𝑈𝑣𝑢𝜕𝑈𝑣𝑢
+ 𝛿𝑢𝑣 (𝐹𝑣𝑢 + 𝐹𝑢𝑣)

= 2𝐷𝑢𝑢ℎ𝑣𝑣 + 4
∑︁
𝑝,𝑞

(
𝑑𝑢𝑝𝑢𝑞 ⟨𝑣𝑝 |𝑣𝑞⟩ +

(
𝑑𝑢𝑝𝑞𝑢 + 𝑑𝑢𝑢𝑞𝑝

) ⟨𝑣𝑣 |𝑝𝑞⟩)
− 2𝐷𝑣𝑢ℎ𝑢𝑣 − 4

∑︁
𝑝,𝑞

(
𝑑𝑢𝑝𝑣𝑞 ⟨𝑢𝑝 |𝑣𝑞⟩ +

(
𝑑𝑢𝑝𝑞𝑣 + 𝑑𝑢𝑣𝑞𝑝

) ⟨𝑢𝑣 |𝑝𝑞⟩)
− 2𝐷𝑢𝑣ℎ𝑣𝑢 − 4

∑︁
𝑝,𝑞

(
𝑑𝑣𝑝𝑢𝑞 ⟨𝑣𝑝 |𝑢𝑞⟩ +

(
𝑑𝑣𝑝𝑞𝑢 + 𝑑𝑣𝑢𝑞𝑝

) ⟨𝑣𝑢 |𝑝𝑞⟩)
+ 2𝐷𝑣𝑣ℎ𝑢𝑢 + 4

∑︁
𝑝,𝑞

(
𝑑𝑣𝑝𝑣𝑞 ⟨𝑢𝑝 |𝑢𝑞⟩ +

(
𝑑𝑣𝑝𝑞𝑣 + 𝑑𝑣𝑣𝑞𝑝

) ⟨𝑢𝑢 |𝑝𝑞⟩)
+ 2𝛿𝑢𝑣 (𝐹𝑢𝑣 + 𝐹𝑣𝑢) − 2𝐹𝑢𝑢 − 2𝐹𝑣𝑣

= 2𝐷𝑢𝑢𝐹 𝐼𝑣𝑣 + 2𝐷𝑣𝑣𝐹 𝐼𝑢𝑢 − 4𝐷𝑢𝑣𝐹 𝐼𝑣𝑢 + 2𝛿𝑢𝑣 (𝐹𝑢𝑣 + 𝐹𝑣𝑢) − 2𝐹𝑢𝑢 − 2𝐹𝑣𝑣
−

∑︁
𝑖

(2 ⟨𝑣𝑖 |𝑣𝑖⟩ − ⟨𝑣𝑖 |𝑖𝑣⟩) + 4
∑︁
𝑝,𝑞

(
𝑑𝑢𝑝𝑢𝑞 ⟨𝑣𝑝 |𝑣𝑞⟩ +

(
𝑑𝑢𝑝𝑞𝑢 + 𝑑𝑢𝑢𝑞𝑝

) ⟨𝑣𝑣 |𝑝𝑞⟩)
+

∑︁
𝑖

(2 ⟨𝑢𝑖 |𝑣𝑖⟩ − ⟨𝑣𝑖 |𝑖𝑢⟩) − 4
∑︁
𝑝,𝑞

(
𝑑𝑢𝑝𝑣𝑞 ⟨𝑢𝑝 |𝑣𝑞⟩ +

(
𝑑𝑢𝑝𝑞𝑣 + 𝑑𝑢𝑣𝑞𝑝

) ⟨𝑢𝑣 |𝑝𝑞⟩)
+

∑︁
𝑖

(2 ⟨𝑣𝑖 |𝑢𝑖⟩ − ⟨𝑣𝑖 |𝑖𝑢⟩) − 4
∑︁
𝑝,𝑞

(
𝑑𝑣𝑝𝑢𝑞 ⟨𝑣𝑝 |𝑢𝑞⟩ +

(
𝑑𝑣𝑝𝑞𝑢 + 𝑑𝑣𝑢𝑞𝑝

) ⟨𝑣𝑢 |𝑝𝑞⟩)
−

∑︁
𝑖

(2 ⟨𝑢𝑖 |𝑢𝑖⟩ − ⟨𝑢𝑖 |𝑖𝑢⟩) + 4
∑︁
𝑝,𝑞

(
𝑑𝑣𝑝𝑣𝑞 ⟨𝑢𝑝 |𝑢𝑞⟩ +

(
𝑑𝑣𝑝𝑞𝑣 + 𝑑𝑣𝑣𝑞𝑝

) ⟨𝑢𝑢 |𝑝𝑞⟩)
= 2𝐷𝑢𝑢𝐹 𝐼𝑣𝑣 + 2𝐷𝑣𝑣𝐹 𝐼𝑢𝑢 − 4𝐷𝑢𝑣𝐹 𝐼𝑣𝑢 + 2𝛿𝑢𝑣 (𝐹𝑢𝑣 + 𝐹𝑣𝑢) − 2𝐹𝑢𝑢 − 2𝐹𝑣𝑣

+ 4
∑︁
𝑥,𝑦

(
𝑑𝑢𝑥𝑢𝑦 ⟨𝑣𝑥 |𝑣𝑦⟩ +

(
𝑑𝑢𝑥𝑦𝑢 + 𝑑𝑢𝑢𝑦𝑥

) ⟨𝑣𝑣 |𝑥𝑦⟩ − 𝑑𝑢𝑥𝑣𝑦 ⟨𝑢𝑥 |𝑣𝑦⟩
− (
𝑑𝑢𝑥𝑦𝑣 + 𝑑𝑢𝑣𝑦𝑥

) ⟨𝑢𝑣 |𝑥𝑦⟩ − 𝑑𝑣𝑥𝑢𝑦 ⟨𝑣𝑥 |𝑢𝑦⟩ − (
𝑑𝑣𝑥𝑦𝑢 + 𝑑𝑣𝑢𝑦𝑥

) ⟨𝑣𝑢 |𝑥𝑦⟩
+ 𝑑𝑣𝑥𝑣𝑦 ⟨𝑢𝑥 |𝑢𝑦⟩ +

(
𝑑𝑣𝑥𝑦𝑣 + 𝑑𝑣𝑣𝑦𝑥

) ⟨𝑢𝑢 |𝑥𝑦⟩)
(4.14)

42



4.2 Implementation

can be derived. The final expression differs from the one given in Ref. 305 but is equivalent to the
Hessian diagonal in Ref. 306.

4.2 Implementation

The significant changes that are necessary to perform expansions of 1- and 2-RDMs and general-
ized Fock matrices, necessitated the inclusion of the MBE target-specific ExpCls implementations
described in Figure 3.1. These calculations require both the simultaneous expansion of multiple
targets and the treatment of targets for which simple mathematical operations such as addition and
subtraction require indexing due to the dependence of the tensor elements on the tuple orbitals.
For this reason, RDMCls and GenFockCls classes were created that can describe multiple targets and
include so-called dunder methods that define operations such as indexing, addition, subtraction,
multiplication, division, copying, and filling for these targets. With the help of these functions,
these multi-target objects can be handled in the same way as energies or dipole moments in PyMBE.
Additionally, arrays of these objects are described through the packedRDMCls and packedGenFockCls

classes. This is of special importance for the 1- and 2-RDMs as these can be saved memory-efficiently
by exploiting permutational symmetry which is automatically handled in PyMBE when individual
RDMCls objects interact with elements of a packedRDMCls object. These packed objects are for example
used to store the 1- and 2-RDM and generalized Fock matrix increments in associative arrays for
later retrieval. The RDMExpCls and GenFockExpCls classes also include functions to perform parallel
operations on these objects such that these can be parsed among the processes as well as allocated
and opened in shared memory. The additional integrals involving orbitals outside the active space
that are needed to construct the generalized Fock matrix are also saved in shared memory.

The size of the increment RDMs required to construct the 1- and 2-RDMs for the entire active
space using Equations (4.3) and (4.4) scales with the size of the orbital tuples. For these, real orbital
permutational symmetry

𝐷𝑝𝑞 = 𝐷∗
𝑞𝑝 (4.15)

𝑑𝑝𝑞𝑟𝑠 = 𝑑𝑟𝑝𝑠𝑞 = 𝑑∗𝑞𝑠𝑝𝑟 = 𝑑
∗
𝑠𝑞𝑟𝑝 (4.16)

is exploited such that the actual memory requirements of the individual increments

(𝑁 ref + 𝑛)2 + (𝑁 ref + 𝑛)
2 (4.17)

7(𝑁 ref + 𝑛)4 + 8(𝑁 ref + 𝑛)3 − (𝑁 ref + 𝑛)2 − (𝑁 ref + 𝑛)
12 (4.18)

are minimized. 𝑁 ref is the number of orbitals in the reference space. 1- and 2-RDM expansions are
always performed simultaneously through the RDMCls and packedRDMCls classes. The increment
1- and 2-RDMs are constructed by subtracting the RDMs from a single designated determinant
which can be constructed from the occupation vectors and then subtracting the appropriate smaller
subtuple increments from the respective elements of the residual RDMs. A crude approximation for
the electronic energy can be obtained from the expanded 1- and 2-RDMs and this quantity can be
used to monitor convergence in CASSCF.

For generalized Fock matrices, only the elements described in Equations (4.7) to (4.9) are calculated.
The residual generalized Fock matrix is determined by constructing the respective generalized Fock
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matrix for the designated determinant and subtracting it from the calculated generalized Fock matrix.
The total number of elements that need to be saved for a single increment

(𝑁 act
occ + 𝑁 ref

virt + 𝑁 tup
virt) ∗𝑀 (4.19)

scale with system size, with active space size through the number of occupied orbitals in the active
space 𝑁 act

occ, and with orbital tuple size through the number of virtual orbitals in the orbital tuple 𝑁 tup
virt .

𝑁 ref
virt is the number of virtual orbitals in the reference space. The increments need to be constructed

from subtuple increments which can have fewer elements since the increment shape depends on the
number of virtual orbitals in the orbital tuple. For this reason, increments of different occupation are
stored in different associative arrays and a generator function for tuples of a certain occupation exists
in PyMBE so that recursive increment construction can be performed efficiently without significant
overhead. The electronic energy is needed to monitor convergence during the CASSCF orbital
optimization. Since the electronic energy cannot be calculated from the generalized Fock matrix, an
energy expansion is performed simultaneously. The occupied-general block of the generalized Fock
matrix (Equation (4.6)) is calculated at the very end of the MBE calculation since this block can be
constructed from a 1-RDM expansion. This procedure is more memory-efficient than storing the
entire occupied-general block for every increment. The active-general block of the generalized Fock
matrix, 1-RDM, and the energy are all described through the GenFockCls and packedGenFockCls

classes. For large systems, the problematic scaling of the generalized Fock matrix increments can
generally be avoided by utilizing Equation (2.76).

The designated determinant and the corresponding residual property in MBE-CASSCF theory replaces
the HF determinant and correlated property in standard MBE-FCI theory in the absence of HF orbitals.
This designated determinant should be designed so that it dominates the correlated wave function.
In MBE-CASSCF, this is achieved by constructing UNOs as initial orbitals for the orbital optimization
and occupying these according to their occupation numbers. While the resulting determinant will
generally not yield a qualitatively correct description for statically correlated systems, a correlated
description can be obtained by additionally introducing a reference space.

Since approximate CASSCF calculations are not invariant to the choice of active orbitals, a proper
initial guess can accelerate convergence of the MBE and therefore yield a better approximation
to the orbital gradient. As an alternative to UNOs, PM LMOs can be used in PyMBE to accelerate
convergence. The lo module in PySCF is used to localize the orbitals such that the occupied, singly
occupied, and virtual subspaces in the designated determinant are rotated separately. This will ensure
that the designated determinant will still yield a good description of the underlying wave function.

To enable CASCI calculations without single excitations, an additional variable called hop was added
to the PySCF fci solvers. The callable that is passed to this variable can replace the standard operation
for sigma vector formation. PyMBE defines an alternative function which zeroes the elements
corresponding to singly excited determinants and thus ensures that these will not contribute during
the Davidson iterations.

The RDMExpCls and GenFockExpCls classes additionally possess state-specific (ssRDMExpCls and
ssGenFockExpCls) and state-averaged (saRDMExpCls and saGenFockExpCls) subclasses which intro-
duce interfaces to the PySCF fci module that yield state-specific or state-averaged target properties.
State-averaged MBE-CASSCF calculations are only relevant for the averaging of states of equal
symmetry and spin because the same increment CASCI solver can be used for these states. For states
of different symmetry or different spin it will be as efficient to perform two MBE-CASCI calculations
and average the resulting properties.
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4.2.1 Interface between PyMBE and CASSCF Module in CFOUR

Performing MBE-CASSCF calculations requires embedding of the PyMBE program into a CASSCF
driver. To achieve this, an interface between PyMBE and the sa_casscf module in CFOUR was mainly
written by with help from and the author of this thesis. Since PyMBE
can be started from a script, it can be compiled into a dynamic library using the C Foreign Function
Interface for Python480 and embedded into Fortran. The sa_casscf module can then repeatedly pass all
necessary variables to an MBE object and call its kernel function to start an MBE-CASCI calculation.
The MBE-CASSCF method was implemented for two first-order solvers: super-CI224,233,235,237,241

and quasi-Newton.236,245 While the former provides linear convergence, the latter is able to achieve
robust superlinear convergence near the minimum. The favorable convergence properties of both
optimization strategies can be combined by initially performing super-CI optimization until the
quadratic region is reached and then switching to the quasi-Newton solver.235,238

Approximate CASSCF calculations for systems which require large active spaces often also possess a
significant number of inactive and virtual orbitals which can hinder inactive and active Fock matrix
construction in Equation (2.47) and the contraction of the 2-RDM with two-electron integrals in
Equation (2.44). This can be accelerated through optimized Cholesky decomposition of the two-
electron integrals.272,365,366 The reconstruction of the additional integrals that are passed to PyMBE
and required to construct the generalized Fock matrix can represent both a computational and a
memory bottleneck. For this reason, the reconstruction was parallelized by the author of this thesis
by utilizing the MPI shared memory paradigm.

4.3 Results

The MBE-CASSCF algorithm is first tested on naphthalene,a anthracene,b and tetraceneb and then
applied to the triplet-quintet spin gap of a model system for the iron(II) tetraphenylporphyrin
complex.

For the linear polyacenes, the cc-pVDZ basis set404 is used and the CASSCF optimization is started
from UNOs as initial orbitals. All orbitals with an occupation number between 0.01 and 1.99 were
correlated which results in (10,10), (14,14), and (18,18) 𝜋-orbital active spaces, respectively. The
results for naphthalene and anthracene can be compared to conventional CASSCF results while
tetracene already requires a large-scale implementation to generate these.

4.3.1 Orbital Optimization with Truncated MBEs

CASSCF orbital optimization employing an MBE-CASCI solver requires truncation of the constructed
MBEs. Ideally, the MBEs are truncated at a given MBE order such that Equation (2.76) can be employed
and the unfavorable memory-scaling of the RDM and the generalized Fock matrix increments can
be circumvented. To test whether truncation during orbital optimization will produce orbitals that
can recover the exact CASSCF energies, the orbitals were optimized using different MBE truncation
orders while the final energy was determined using a conventional CASCI calculation. The energy
error in comparison to conventional CASSCF orbital optimization and the CASSCF orbital gradient
are plotted in Figure 4.1. The MBE-CASSCF orbital optimization significantly improves the UNOs
aCCSD/cc-pVDZ geometry
bGeometry from Ref. 307
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Figure 4.1: Error of an exact CASCI calculation and CASSCF orbital gradient of anthracene with a
(14,14) active space for different orbitals in comparison to the exact CASSCF quantities.
The orbitals are either UNOs or orbitals from an MBE-CASSCF quasi-Newton orbital opti-
mization where the MBE is truncated at different fixed orders. Adapted with permission
from Ref. 476. Copyright 2024 American Chemical Society.

such that truncation at later orders will yield energies within chemical accuracy of the conventional
CASSCF result. The energy convergence is exponential with respect to the truncation order and the
gradient vanishes in the asymptotic limit. The MBE-CASSCF orbitals can be considered sufficiently
converged when the MBE is truncated at orders 4 or 5. While the final, exact CASCI calculation
is computationally impractical for large active spaces, it can be replaced by an accurate, screened
MBE-CASCI energy calculation which does not suffer from the same shortcomings as the RDM and
generalized Fock matrix expansions. A similar approach has been successfully applied to an HCISCF
implementation.304

Consequently, all MBE-CASSCF calculations considered in this thesis make use of orbital optimiza-
tions truncated at MBE order 5 with a subsequent energy expansion screened according to the
screening protocol described in Section 3.1.3. The screening parameters used for these calculations
are described in Table 4.1. While the loose screening parameters match the truncated expansion used
during orbital optimization, the other parameters start to screen away 30 % of the orbitals per order
at successively higher orders.

Table 4.1: Different screening parameters used in MBE-CASSCF calculations. Adapted with permis-
sion from Ref. 476. Copyright 2024 American Chemical Society.

Screening Start Order Percentage

loose 5 100 %
medium 5 30 %

tight 6 30 %
very tight 7 30 %
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4.3.2 Reduced Density Matrix and Generalized Fock Matrix Expansions

The MBE of RDMs and generalized Fock matrices will yield different approximations to the orbital
gradient according to Equation (4.5). The CASSCF energy convergence from the orbital optimization
with both MBE targets and the final energies for different screening criteria for all three linear
polyacenes are described in Figure 4.2. The orbital optimizations in the left plots of Figure 4.2
employing both MBE targets exhibit practically identical convergence profiles except for a shift in
the final energies. The energy at iteration 0 is equivalent because the initial gradients and Hessian
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Figure 4.2: CASSCF energy convergence and final energy of naphthalene, anthracene, and tetracene
for expansions based on 1- and 2-RDMs and generalized Fock matrices. PM LMOs are
used as the initial guess for the active orbitals. The reference space involves those LMOs
that have the greatest overlap with the UNOs with occupation numbers greater than 0.2
and smaller than 1.8. Adapted with permission from Ref. 476. Copyright 2024 American
Chemical Society.
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diagonals are calculated from the 1- and 2-RDM expansion for both targets. While there is a large shift
between the final converged correlation energies calculated from the MBE of RDMs and the direct
energy expansion involved in the MBE of generalized Fock matrices, the final energy expansions
in the plots on the right side in Figure 4.2 almost entirely correct for this difference. Although the
differences in the final energies are small, the generalized Fock matrix expansion generally yields
results closer to the conventional CASSCF result. For this reason, all quasi-Newton MBE-CASSCF
optimizations will be based on generalized Fock matrix expansions. Regardless, the quality of the
optimized orbitals justifies using the 1- and 2-RDM expansions for the initial super-CI optimization
and the initial gradient and Hessian diagonal evaluation. The final energies from both expansion
targets can be systematically improved by tightening the screening criteria.

4.3.3 Active Orbital and Reference Space Choice

Besides screening and MBE target choice, the nature of the active space orbitals and the reference
space can also significantly affect the accuracy of MBE-CASSCF. While the UNOs used as initial guess
for the orbital optimization already provide a compact basis for the subsequent expansion, MBE-based
methods often benefit from an LMO basis that minimizes specific orbital interactions through spatial
separation of the involved orbitals. The reference space choice on the other hand introduces a certain
ambiguity as the orbitals to be included are difficult to anticipate. An empty reference space often
makes the expansion intractable in practice due to the sheer number of increments dictated by
combinatorics. An obvious alternative in the context of CASSCF theory is to use equivalent but
tighter criteria to how the original active space was chosen. Therefore, active orbitals with occupation
numbers between 0.2 and 1.8 are used to define the UNO reference space. In the localized basis, those
orbitals with the highest overlaps with the chosen UNOs can be used as reference space orbitals.

The convergence profiles and final energies for both active orbital and reference space choices are
plotted in Figure 4.3. The LMO basis is able to significantly accelerate MBE convergence such that
the final CASSCF energies in the left plots in Figure 4.3 can already quantitatively reproduce the
conventional CASSCF results and the final energies in the right plots. When employing the UNO
basis, it is generally necessary to tighten the screening criteria of the final energy evaluation as was
done in the plots on the right side of Figure 4.3 to generate results of higher quality. Tightening
the screening criteria can lead to oscillations of the final energy since truncated MBEs are not
variational. For the LMOs, systematic rapid convergence to the conventional result can be observed
for naphthalene and anthracene. Adding orbitals to the reference space also accelerates convergence
to the CASSCF result in both orbital bases and will provide more accurate results. It should be noted,
however, that a larger reference space will also increase the computational effort necessary to solve
the individual CASCI problems of the MBE, and it is therefore necessary to steer clear of the tipping
point where the combinatorial scaling of the CASCI methods overshadows the effect of the reduction
in the total number of increments and the convergence benefits of adding orbitals to the reference
space. Alternative and more theoretically sound methods for choosing upon a reference space will
be discussed in Chapter 5.

4.3.4 Active Orbital Optimization

The MBE-CASSCF method is not invariant with respect to the optimization of the active orbitals. As
discussed in Section 4.1, the explicit optimization of these orbitals will lead to redundancies in the
wave function parametrization that can be partially avoided by excluding singly excited determinants
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Figure 4.3: CASSCF energy convergence and final energy of naphthalene, anthracene, and tetracene
for PM localized active MOs, UNOs, empty reference spaces, and references spaces based
on UNO occupation numbers. Generalized Fock matrices are chosen as the MBE target
of these expansions. Adapted with permission from Ref. 476. Copyright 2024 American
Chemical Society.

from the CASCI optimization.114 The effects of introducing such a procedure into the MBE-CASSCF
method are investigated in Figure 4.4 for naphthalene and anthracene employing an LMO active
space initial guess. For tetracene with LMOs as starting orbitals and for the calculations utilizing
UNOs as starting orbitals for all three systems, the orbital optimizations including active-active
rotations did not converge. The optimization profiles on the right side of Figure 4.4 demonstrate
that the orbital optimization is able to converge to a lower energy minimum when active-active
rotations are included. Unfortunately, the energy improves only very little and the optimization
takes significantly longer to converge. The effect of tighter screening criteria on the final energies
after reintroducing the contribution of singly-excited determinants on the left side of Figure 4.4
compensates and overshadows the possible gains from active orbital optimization. The minimization
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Figure 4.4: CASSCF energy convergence and final energy of naphthalene and anthracene with and
without active-active rotations. Generalized Fock matrices are chosen as the target of these
expansions. PM LMOs are used as the initial guess for the active orbitals. The reference
space contains those LMOs that have the greatest overlap with the set of UNOs that have
occupation numbers greater than 0.2 and smaller than 1.8. Adapted with permission from
Ref. 476. Copyright 2024 American Chemical Society.

of the energy with respect to active orbital rotations appears to draw its benefits from the MBE orders
immediately following the truncation order. These effects immediately vanish when the higher-order
contributions are explicitly calculated by tightening the screening criteria. In agreement with other
work on active-active rotations in the context of approximate CASSCF methods,305–309 the explicit
consideration of these does not seem worthwhile for the MBE-CASSCF method. Both an appropriate
initial active orbital basis such as PM LMOs and the utilization of tighter screening criteria during
the final energy evaluation will be more beneficial for improving the accuracy of the final results.

4.3.5 Triplet-Quintet Spin Gap of Iron(II) Porphyrin

The MBE-CASSCF implementation is applied to the triplet-quintet spin gap of the challenging iron(II)
porphyrin system which is depicted in Figure 4.5. This is a model system for iron(II) tetraphenyl-
porphyrin which is of high importance in bioinorganic chemistry due to its presence in the heme
group.481 It also is a highly selective and efficient candidate for a pre-catalyst for the electrochemical
conversion of carbon dioxide to carbon monoxide.482 These applications warrant high interest in the
spin-state energetics of Fe(II) porphyrin.

This system has been extensively investigated experimentally, and all experimental studies agree that

50



4.3 Results

Figure 4.5: Molecular structure of the Fe(II) porphyrin system. Iron is depicted in orange, nitrogen
in blue, carbon in dark gray, and hydrogen in light gray. Adapted with permission from
Ref. 476. Copyright 2024 American Chemical Society.

the electronic ground state exhibits triplet character.483–488 Recent work has described the ground
state as “genuinely multiconfigurational” and suggests that it can be described as a mixture of a
3𝐴2𝑔 and a 3𝐸𝑔 configuration.482 In contrast, CASSCF and CASPT2 studies on the model system
in Figure 4.5 have generally predicted a quintet ground state instead.489,490 Possible reasons for
this inconsistency in comparison to the experimental result could be the approximate treatment of
electron correlation, the missing phenyl groups in the model system, the finite basis sets used in these
studies, the neglect of relativistic contributions, and missing environment and finite-temperature
effects. The aim of describing the triplet-quintet spin gap of this system with MBE-CASSCF is
to investigate the former effect by systematically increasing the active space size. Other work by
Olivares-Amaya et al.119 applying DMRGSCF and by Smith et al.304 applying HCISCF to a large
(44,44) active space have correctly predicted a triplet ground state while work by Levine et al.305

which applied ASCI-SCF was unable to corroborate these results with a similar active space choice,
suggesting that the result obtained by the earlier two works strongly depends on the chosen active
space. Guo et al.306 were correctly able to predict a triplet ground state with iCISCF for larger,
chemically motivated active spaces. The fact that larger active spaces and methods predominately
targeting dynamical correlation such as CCSD(T) have correctly predicted a triplet ground state,481

suggests that dynamical correlation can play an important role in recovering the correct ordering of
both spin states.

The MBE-CASSCF calculations on the model systemc in Figure 4.5 employ an ANO-VDZP basis
set.493,494 These calculations are performed by utilizing increasingly large active spaces systematically
chosen according to their UNO occupation numbers. The initial active space is defined by the orbitals
with occupation numbers between 0.01 and 1.99 which results in an active space of 22 electrons in
22 orbitals. The active space is then extended by adding the most correlated 8, 18, and 28 orbitals and
an equal number of electrons which results in (30,30), (40,40), and (50,50) active spaces, respectively.
The systematic definition of active spaces distinguishes this treatment from previous work.119,304–306

All orbitals with UNO occupation numbers between 0.2 and 1.8 are included in the reference space
which results in (6,6) and (8,8) active spaces. UNOs are used as initial guess for the inactive/virtual
orbitals while PM LMOs are used within the active space.

cGeometry based on symmetrized parameters from x-ray diffraction in Ref. 491, consistent with Refs. 352 and 492
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For systems with multiple singly occupied orbitals such as the states targeted for this system, the
individual CASCI calculations can become expensive at later orders in the expansion since the
reference space grows large. This will become problematic for large-scale calculations as these are
usually done on many low-memory nodes which means that the CI and sigma vectors can no longer
be held in memory for all processes. For this reason, the larger active space calculations on the
quintet state are limited to MBE order 6, resulting in increment CASCI calculations involving 14
orbitals at maximum. In Table 4.2, the results of terminating the final energy calculations at MBE
order 6 for the (22,22) active space are compared to the screening criteria introduced in Table 4.1.
The total energy when the MBE is truncated at order 6 is within chemical accuracy of the results
from all screening criteria while the spin gaps are on par with the tight and very tight criteria. For
the remaining calculations on this system, the MBE will therefore be truncated at order 6.

Table 4.2: MBE-CASSCF energy for the lowest triplet and quintet states and corresponding spin gap
of the Fe(II) porphyrin system for different screening parameters in a (22,22) active space
with (6,6) and (8,8) reference spaces for the triplet and quintet states, respectively. Adapted
with permission from Ref. 476. Copyright 2024 American Chemical Society.

Screening Triplet Energy Quintet Energy Spin Gap
(in au) (in au) (in kcal/mol)

medium −2245.156 547 −2245.201 957 28.50
tight −2245.156 991 −2245.202 046 28.27

very tight −2245.157 095 −2245.202 014 28.19
6 / 100 % −2245.156 933 −2245.201 829 28.17

The calculation of energy gaps requires a balanced description of both states. It could be argued
that the choice of different reference space sizes for both systems does not fulfill this criterion. A
comparison of the triplet energies with (6,6) and (8,8) reference spaces is given in Table 4.3. Both
reference space choices produce final energies within chemical accuracy of each other and therefore
the (6,6) reference space will be used for the description of the triplet state.

Table 4.3: MBE-CASSCF energy for the lowest triplet state of the Fe(II) porphyrin system for different
reference space sizes in a (30,30) active space. The MBE was terminated after order 6.
Adapted with permission from Ref. 476. Copyright 2024 American Chemical Society.

Reference Space (6,6) (8,8)

Triplet Energy (in au) −2245.265 808 −2245.265 273

The results from ROHF calculations and MBE-CASSCF calculations employing the discussed pa-
rameters and employing increasingly larger active spaces are presented in Table 4.4. For the most
part, the spin gap decreases as the active space size is increased and more correlation is recovered.
For the calculation employing the largest active space, the energy gap increases by 5.46 kcal/mol
in comparison to the smaller active space. These energy gaps are comparable to results from the
literature304,305 and are generally far from converged with respect to active space size. It is therefore
not difficult to imagine the spin gap to drastically change or switch signs as the active space is
further enlarged. The quintet calculation in the largest active space required around 138 000 core
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Table 4.4: MBE-CASSCF energy for the lowest triplet and quintet states and corresponding spin gap
of the Fe(II) porphyrin system for different active spaces and screening parameters. The
triplet and quintet states used (6,6) and (8,8) reference spaces, respectively. Adapted with
permission from Ref. 476. Copyright 2024 American Chemical Society.

CAS Triplet Energy Quintet Energy Spin Gap
(in au) (in au) (in kcal/mol)

ROHF −2244.986 964 −2245.043 905 35.73
(22,22) −2245.156 933 −2245.201 829 28.17
(30,30) −2245.265 808 −2245.292 189 16.55
(40,40) −2245.398 154 −2245.411 361 8.29
(50,50) −2245.558 638 −2245.580 548 13.75

hours for 18 CASSCF iterations involving 36 individual CASCI calculations.d For comparison, the
triplet calculation required only around 36 000 core hours for 43 CASSCF iterations involving 87
individual CASCI calculations, showcasing a drastic decrease of the required computational effort
when employing a smaller reference space. Systems which can be treated with smaller reference
spaces could therefore be described by even larger active spaces in large-scale parallel calculations.
The quintet and triplet calculations describing the smaller (40,40) active space respectively only
require around 31 000 and 3700 core hours for 17 and 13 CASSCF iterations (35 and 26 individual
CASCI calculations).e Calculations of this size can be routinely performed on parallel computers.

The correlation energies of both spin states are plotted in Figure 4.6. As the active space is enlarged,
the magnitude of the correlation energy increases as a larger amount of correlation is recovered
due to the variationality of the CASSCF method. While this is true for both systems, the triplet
correlation energy decreases faster which shrinks the size of the spin gap. The fact that all remaining
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Figure 4.6: Correlation energies of the triplet and quintet states of the Fe(II) porphyrin system for
different active spaces. The corresponding quintet-triplet spin gaps are annotated as text.
Adapted with permission from Ref. 476. Copyright 2024 American Chemical Society.

dComputer architecture: 150 Intel Xeon CPUs 2630v4 on 75 nodes (1500 cores @ 2.2 GHz, 2.85 GB/core)
eComputer architecture: 50 Intel Xeon CPUs 2630v4 on 25 nodes (500 cores @ 2.2 GHz, 2.85 GB/core)
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correlation outside the active space is left untreated both in the CASSCF method and its approximate
versions appears highly problematic for the treatment of this system since the spin gap itself appears
to be on the scale of the correlation energy contribution of individual orbitals. This conclusion
was also drawn in other work on this system.304,305,352 While the CASSCF method is often known
to produce qualitatively correct results for difficult systems, this system qualifies for a treatment
beyond conventional and even approximate CASSCF theory. Since the active space size is intrinsically
limited by scaling, methods designed for the combined treatment of static and dynamic correlation
should be considered instead. Since the CASPT2 method also predicts a quintet ground state for
this system,490 it might be necessary to devise more advanced methods that combine approximate
CASSCF approaches with dynamical correlation treatments beyond perturbation theory. In the
context of MBE-CASSCF theory, the final energy MBE-CASCI calculation could be to replaced by an
MBE-FCI calculation where the orbitals outside the active space are screened away earlier than the
active space orbitals. The resulting approach would recover some residual correlation energy of the
orbitals outside the active space.

Nevertheless, the showcased calculations on this system convincingly demonstrate the ability of the
MBE-CASSCF method to treat large active spaces in an embarrassingly parallel manner. Additionally,
the outlined method can aid in the interpretation of results from conventional CASSCF calculations.
While the missing dynamical correlation is the likely culprit for the incorrect ordering of the states,
other effects such as basis set size and the missing phenyl groups could also be contributing factors
whenever miniscule energy gaps are to be resolved.
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MBE-FCI

Generalized MBE-FCI theory introduces the concept of reference and expansion spaces to categorize
the different expansions that can be constructed from a given orbital space.42 For statically correlated
systems, it is generally necessary to venture beyond an empty reference space to ensure optimal
convergence towards the MBE target. In this chapter, an automatic reference space detection
algorithm for arbitrary systems is presented and compared to measures based on the orbital entropy
and mutual information obtained from DMRG wave functions. Correlation between incremental
correlation energies and these entanglement measures was previously investigated by Stemmle and
Paulus.495 Additionally, the presented algorithm also ensures that the optimal state is chosen from
the eigenvalue spectrum of every increment active space. The work in this chapter was published in
Ref. 496.

5.1 Theory

The eigenvalue spectrum of the increment active space can significantly change as additional ex-
pansion space orbitals are incorporated at increasingly high orders of an MBE. For multireference
systems, the states with similar character will often not stay in the same position in the eigenvalue
spectrum and the CASCI root used to construct the increment should not be chosen by position
alone. When the ground state is targeted, a higher root could potentially produce a more coherent
description of the full system ground state for certain increment active spaces. As a result, the
increment magnitude can become large whenever the wave function character of the used root is
significantly different from the wave functions that were used to construct the subtuple increments.
Choosing the wrong state can lead to significant issues in MBE convergence due to large increment
magnitudes and should be avoided. A possible remedy would be to explicitly compare the wave
functions of a tuple and its subtuples and use the state which is closest in wave function character.
A simpler solution is to compare every tuple’s wave function to the reference space wave function
under the assumption that the states chosen for tuples at previous orders also resemble the reference
space wave function. A measure of state similarity is given by the quantum fidelity497–500

𝐹𝐼 𝐽 =
��⟨Ψ𝐼 |Ψ𝐽 ⟩��2 (5.1)

for pure quantum states 𝐼 and 𝐽 . The quantum fidelity is a quantity from QIT that has also been used
in the context of DMRG theory.501 Optimal MBE convergence for a given state and reference space
can hence be achieved by choosing a state from the reference space spectrum, either by position
or similarity to a desired state from a low-level approximation, and then utilizing the states that
maximize the fidelity with this reference space state from the increment active spaces.

The assumption that all increment roots used at previous orders are similar to the reference space
wave function can be fulfilled by the requirement that the increment orbitals are added to the
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5 Automatic Reference Space Detection in MBE-FCI

reference space and the calculation is restarted whenever this assumption does not hold true. When
the fidelity of a chosen state drops sharply, this generally indicates a significant change to the desired
wave function. As a result, all increment orbitals for which the current reference space does not
provide an adequate approximation are successively added to the reference space. Employing this
procedure, the reference space is constructed as needed by iteratively restarting the calculation until
the MBE can be converged reliably. This procedure can be started from an empty reference space
and thus provides an unbiased, tailored treatment for arbitrary systems.

5.2 Implementation

For all increment calculations in PyMBE, the Davidson solver starts by solving for the lowest root of
the given spin and symmetry while leveraging the reference space wave function as initial guess. If
the quantum fidelity of the lowest state and the reference space wave function is already maximal,
the energy or property for this state is used to calculate the increment. Otherwise, additional states
are successively calculated until the maximum fidelity of all calculated states is larger than the sum
of the fidelities of the remaining states. This quantity can be calculated from the accumulated fidelity
of all calculated states. The root-finding algorithm is illustrated in Figure 5.1. Whenever two CASCI
states for active spaces with differing numbers of orbitals are compared, the correct sign for the
individual CI coefficients must be factored into the calculation of the quantum fidelity if the number

Start CASCI calculation

Calculate 𝑛th root Ψ𝑛

Get overlap with reference space wave function ⟨Ψ𝑛 |Ψref⟩

Determine if fidelity is maximal
1 −

𝑛∑
𝐼=1

|⟨Ψ𝐼 |Ψref⟩|2 ≤ 𝑛max
𝐼=1

|⟨Ψ𝐼 |Ψref⟩|2

Use 𝐸𝑛 for increment calculation

𝑛 = 0

No

𝑛 = 𝑛 + 1

Yes

Figure 5.1: Flowchart of the root-finding algorithm for individual CASCI calculations. Adapted with
permission from Ref. 496. Copyright 2024 American Chemical Society.
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5.2 Implementation

of electrons in both states differs. For tame systems, the maximal state will generally be found
without calculating more than a single root for a given increment active space. The root-finding
approach only functions reliably if the other spin states in a given 𝑆𝑧 manifold significantly differ
from the reference space wave function as the maximum number of roots for the targeted spin state
can otherwise be reached before the decision step in Figure 5.1 triggers. Alternatively, the desired
state which produces the maximum overlap with the reference space wave function can be targeted
directly through a root-homing procedure.502 This will often lead to convergence issues for difficult
systems which is why the outlined iterative method is preferred.

Orbitals are added to the reference space whenever the quantum fidelity between the FCI wave
function and the reference space wave function drops below a user-defined threshold as displayed in
Figure 5.2. When multiple tuples produce a quantum fidelity below the threshold at a certain order,
the orbitals of the tuple with the lowest quantum fidelity are added to a list of potential orbitals to
be added to the reference space as the differences in wave function character between these tuples
and the current reference space wave function might coincide. Additionally, all orbitals of tuples
which produce fidelities within 1 % of the minimum quantum fidelity are added to this list. From
all orbitals in this list, the most frequently occurring orbitals are added to the reference space. If all
orbitals only occur once, they are added to the reference space in their entirety. This could either
be because no additional orbitals produce fidelities within 1 % of the minimum quantum fidelity or
because there is no intersection between the tuples considered to be included in the reference space.
By only adding the most frequently occurring orbitals, the algorithm ensures only those orbitals
most likely to be responsible for any changes in the wave function are included in the reference
space. A dynamic quantum fidelity threshold is implemented in PyMBE to prevent the reference
space from growing beyond manageable sizes. This threshold is obtained through a sigmoid function

Start driver

Calculate MBE order

MBE converged?

Quantum fidelity of any
orbital tuple below threshold?

Finish calculation

𝑛 = 1

No

Yes

No

𝑛 = 𝑛 + 1

Yes

Restart MBE

Figure 5.2: Flowchart of reference space detection. Adapted with permission from Ref. 496. Copyright
2024 American Chemical Society.
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Figure 5.3: Sigmoid function used as quantum fidelity threshold for a starting threshold of 0.95.
Adapted with permission from Ref. 496. Copyright 2024 American Chemical Society.

which depends on the potential reference space size if a certain tuple were added and is plotted in
Figure 5.3. The starting value of the sigmoid function can be controlled through an input argument. A
starting threshold of 0.90 to 0.95 generally captures all orbitals that might potentially cause problems
with MBE convergence. The addition of orbitals to the reference space generally takes place during
the first few MBE orders. The computational cost of the reference detection process is therefore
negligible in comparison to the subsequent MBE-FCI calculation.

5.3 Results

The outlined reference space identification method can be compared to the orbital entropy and mutual
information which are commonly exploited in the autoCAS procedure281,285 to automatically choose
active spaces for CASSCF calculations. In this thesis, these quantities are obtained from cost-effective
DMRG calculations performed with the block2 code503 involving an MPS dimension of 500. While
the optimal reference space definition in generalized MBE-FCI is highly correlated to the definition
of active spaces in conventional complete active space methods, the MBE is generally able to capture
some degree of static correlation outside the reference space. The required reference spaces are
therefore often smaller than CASSCF active spaces for a given system. The order in which orbitals
are added to the reference spaces for different quantum fidelity thresholds are directly compared to
the orbital entropy and mutual information for three different systems: ozone, nickel acetylene, and
the phenoxy radical.a These systems have been used to investigate the adequacy of UNO occupation
numbers for the definition of active spaces for CASSCF calculations.116 In Figure 5.4, both the orbital
entropy and the mutual information for the canonical MOs in the full valence space employing the
cc-pVTZ basis set404 are compared to quantum-fidelity- and MBE-based reference space detection.
Orbitals with significant orbital entropy are added to the active space at lower quantum fidelity
thresholds, indicating a strong relationship between these quantities. For nickel acetylene, which
exhibits only modest orbital entropies, orbitals are only added at quantum fidelities around 0.98. For
all systems, clear patterns for strongly correlated orbitals can be observed which generally agree
aGeometries from Ref. 116
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Figure 5.4: Comparison of quantum entanglement diagrams from DMRG calculations to iterative
quantum fidelity MBE-based addition of orbitals to the active space for ozone, nickel
acetylene, and the phenoxy radical in the canonical MO basis. Top: Diagonal elements de-
scribe single-orbital entropy, off-diagonal elements describe mutual information. Bottom:
Green circles describe orbitals in the active space at the end of an iteration. Adapted with
permission from Ref. 496. Copyright 2024 American Chemical Society.
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5 Automatic Reference Space Detection in MBE-FCI

and would lead to similar active spaces depending on the chosen thresholds. Pairs of orbitals which
possess significant contributions to the mutual information are generally added simultaneously as
the electrons occupying these orbitals will often already strongly interact for small active space
sizes. In some cases, the quantum-fidelity-based reference space identification will add relatively
unimportant orbitals in conjunction with orbitals that exhibit significant orbital entropies. Whenever
this happens, the latter orbitals are unable to overcome the static quantum fidelity threshold unless
the former orbitals are also included in the reference space. When a higher threshold is used instead,
the important orbitals are added at earlier orders of the MBE, resulting in a smaller chosen active
space. In actual MBE-FCI calculations, this potential issue is diminished by utilizing the dynamic
quantum fidelity threshold described in Figure 5.3 which decreases when a larger number of orbitals
are considered to be added to the reference space.

Similar to autoCAS and other active space selection approaches, the outlined approach can be applied
to arbitrary orbital bases as it is not based on orbital energies or occupation numbers which are only
defined for orbitals which diagonalize the Fock matrix or 1-RDM. Both introduced techniques for
active space identification are compared for the PM LMO basis in Figure 5.5. In the LMO basis, the
quantum-fidelity- and MBE-based active space identification again displays very strong correlation
to the patterns in the orbital entropy and mutual information heatmaps. Automatic schemes based
on both methods will produce identical active spaces for corresponding thresholds. The quantum-
fidelity-based method is able to compete with results from full valence DMRG calculations while
only exploiting information from numerous small active space calculations. Nevertheless, in its
current form, the outlined algorithm is hindered from predicting active spaces larger than the limits
of conventional FCI since this procedure requires CASCI calculations involving the full predicted
active space. Identifying such large active spaces is necessary for approximate CASSCF methods.
An alternative, non-iterative procedure could be formulated by adding all orbitals which produce
active spaces below a quantum fidelity threshold up until some low MBE order. Such a procedure
is expected to be sufficient for the identification of large active spaces since this application will
commonly not require the mutual correlation between all active space orbitals but only among small
subsets of these.

Applications of the reference space detection in the context of MBE-FCI for a variety of molecular
systems are presented in Chapter 7 in conjunction with the orbital clustering, screening, and error
estimation developments presented in the next chapters.
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Figure 5.5: Comparison of quantum entanglement diagrams from DMRG calculations to iterative
quantum fidelity MBE-based addition of orbitals to the active space for ozone, nickel
acetylene, and the phenoxy radical in the PM LMO basis. Top: Diagonal elements describe
single-orbital entropy, off-diagonal elements describe mutual information. Bottom: Green
circles describe orbitals in the active space at the end of an iteration. Adapted with
permission from Ref. 496. Copyright 2024 American Chemical Society.
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6 Orbital Clustering in MBE-FCI

For dynamically correlated systems, the reference space will generally remain empty during the
outlined automatic detection procedure because the addition of orbitals will only cause small per-
turbations to the underlying HF wave function. Whenever many orbitals need to be treated by
employing MBE-based methods, either due to system or basis set size, empty reference space cal-
culations will often be infeasible due to a combinatorial explosion of the number of increments at
higher orders of the expansion. This constraint severely limits the accuracy up to which the MBE
can be converged. This issue can be delayed by forming orbital clusters and using these as objects
of the expansion. Work by Abraham and Mayhall46 has impressively showcased that the MBE in a
tensor product state basis is able to efficiently treat larger systems when orbital clusters based on a
cluster mean-field reference470 are employed. The orbital clusters are chosen on the basis of exchange
matrix element magnitudes or as bonding/antibonding orbital pairs. Before these developments,
Dolg and co-workers have constructed occupied LMO clusters and corresponding projected AO
excitation spaces from distance criteria involving the LMO centers of charge and utilized these in
incremental CCSD expansions.34,35 This chapter introduces cluster-based expansions for the MBE-CC
and MBE-FCI methods involving optimal orbital clusters constructed by exploiting low-order MBE
information. The work in this chapter was published in Ref. 496.

6.1 Theory and Implementation

Assigning orbitals to orbital clusters and using these as expansion objects can significantly reduce
the total number of increments that need to be calculated at a given MBE order. When considering
cluster-based expansions, there are different approaches for defining the MBE order. Traditionally,
the MBE order groups increments by the number of expansion objects which would correspond to
the number of orbital clusters.46 One disadvantage of this definition is the varying computational
effort required to solve the CASCI problem for different cluster sizes which makes load balancing a
lot more complex when running calculations in parallel. In addition, individual CASCI calculations
might get too expensive to solve for combinations of large orbital clusters for a given MBE order
while increment calculations on other tuples at this order formed from smaller orbital clusters are still
feasible. This definition of the MBE will perform well, when the chosen clusters are very homogenous
both in size and occupation which will rarely be possible for chemical systems in arbitrary basis sets.
Alternatively, the MBE order can also be defined as the number of expansion space orbitals that are
included in a tuple. As a result, all orbital tuples for a given MBE order will have the same active
space size and will therefore require similar computational effort for a given occupation. Additionally,
this definition can be seen as a generalization of 𝜋-pruning for linear molecules and will produce
exactly the same results when degenerate 𝜋𝑥 - and 𝜋𝑦-orbitals are put into clusters. 𝜋-pruning is used
in the context of MBE-FCI to guarantee convergence to the correct ground state for linear systems
while employing Abelian subgroups which is achieved by grouping degenerate 𝜋𝑥 - and 𝜋𝑦-orbitals
in the same orbital cluster.41,42,112 𝜋-pruning also significantly accelerates calculations on linear
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6 Orbital Clustering in MBE-FCI

systems due to the aforementioned reduction in increment calculations. Due to these advantages,
this definition of the cluster MBE order was adopted in PyMBE.

Unfortunately, defining the MBE such that the MBE order corresponds to the number of expansion
space orbitals in a tuple makes both tuple generation itself and the calculation of the total number
of tuples at a given MBE order more complicated. An alternative generator for tuple generation
was added to PyMBE and is described in Figure 6.1. This recursive generator is used whenever the

Create generator with tuple size 𝑀tup at order 𝑛

Current tuple size: 𝑀curr = 𝑀tup + 𝑛cluster𝑀cluster

𝑀curr < 𝑛?
Create new generator
with tuple size 𝑀curr

for remaining cluster sizes

For each tuple in generator

For each combination

of 𝑛 clusters of
current cluster size

Add combination
to aggregated tuple

Yield tuple

More clusters
available?

𝑀curr = 𝑛?

For each combination

of 𝑛 clusters of
current cluster size

Yield tuple

𝑛cluster = 1?

Return to previous generator

Start with smallest cluster size 𝑀cluster

𝑛cluster = 1

No

Yes

Yes

𝑛cluster = 𝑛cluster + 1

No

Next cluster size 𝑀cluster

No

Yes

No

Next cluster size 𝑀cluster

Yes

Figure 6.1: Flowchart of recursive cluster tuple generation. The generator function requires the
orbital clusters to be sorted by size.
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6.1 Theory and Implementation

expansion space is formed from orbital clusters. The recursion depth of this generator corresponds
to the number of differently sized clusters that are included in the tuple. A new generator is created
recursively for every cluster size that is considered to be included in the tuples generated for this
order until the sum of these reach the desired tuple size. The last generator then yields orbital tuples
for all combinations of clusters that correspond to its cluster size. The previous generators add their
clusters to the aggregated tuple until the entire tuple is filled. As a result, all combinations of clusters
that yield tuples contributing to the current MBE order can be obtained. The recursive generator
used in PyMBE does not only produce tuples of a given number of expansion space orbitals (the
MBE order) but additionally only produces tuples of a given occupation which is not described in
Figure 6.1 for conciseness and clarity. The actual implementation therefore includes another loop
over the number of virtual orbitals. Orbital tuples that will not contribute due to occupation are
automatically avoided and are not produced by the recursive generator. The orbital clusters are
required to be sorted by size and occupation which is done once at the very beginning of the MBE
calculation.

The construction of increments requires the generation of all of a tuples’ subtuples as described in
Equation (2.68). Since it is necessary to generate the subtuples for all tuples at a given order, this
recursive generator has to be called repeatedly which can become expensive. For orbital tuples that
equal both in the size and occupation of their clusters, the size and occupation of the orbital clusters
that produce valid subtuples will also equal. For this reason, an alternative non-generator implemen-
tation exists that generates the possible subtuple types and then just loops over all combinations that
can be generated by assigning the tuple clusters to these subtuple types. The function that generates
the subtuple types can be accelerated through memoization, the caching of function results such that
repeated function calls with equivalent inputs can be avoided. On the basis of these developments,
the PyMBE code is able to efficiently perform MBE calculations for arbitrary cluster choices.

While the MBEs of all cluster choices will yield an approximation to the correlation energy, some
choices might accelerate convergence more than others. The consequence of orbital clustering will
be that some correlation energy contributions of 𝑛 orbitals will not contribute at the 𝑛th order but
will instead be pushed to later orders in the expansion. The goal should be to choose the orbital
clusters in a way such that these 𝑛-orbital contributions are less important than those explicitly
considered at the 𝑛th order. For this reason, the MBE member function cluster_orbs chooses orbital
clusters with the intent of maximizing the intracluster correlation while minimizing the intercluster
correlation. This is achieved by attempting to form a set of clusters that is as homogenous as possible
up to a given user-defined cluster size 𝑛max and assigning orbitals to these clusters while maximizing
the pair correlation up until a designated MBE order. The algorithm devised to assign orbitals to
clusters is described in Figure 6.2 and starts by generating cluster types with homogenous size and
occupation. Since the total number of expansion space orbitals and electrons is rarely divisible by the
supplied maximum cluster size, the predetermined cluster types are often not perfectly homogenous.
This step is followed by a single-orbital MBE calculation until a given maximum MBE order. The sum
of the increment magnitudes is accumulated for all possible orbital pairs that can be constructed from
a tuple’s orbitals. Contributions from individual orbitals from calculations involving a non-empty
reference space are not considered as these contributions do not benefit from clustering. The outlined
procedure will form a symmetric matrix of pair contributions with a vanishing diagonal.

The sum of the intracluster contributions of the predetermined clusters (hereinafter referred to
as the score function) can be maximized through permutations of the orbitals in this matrix. This
combinatorial optimization problem exhibits numerous local maxima and must therefore be solved
by employing algorithms suitable for global optimization. A frequently applied method for the
global optimization within large, discrete search spaces is simulated annealing.504 While simulated
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Start orbital clustering

Generate homogenous cluster types and number of clusters per type 𝑛max

For each MBE order

For each tuple at MBE order

Add correlation energy for each pair in tuple

Determine starting temperature 𝑇start from samples

Generate random starting expansion space and determine score 𝐸score

Generate random neighboring expansion space
and determine score difference Δ𝐸score

Δ𝐸score > 0?

𝑅 < exp( Δ𝐸score
𝛼𝑛𝑇start

)
for 𝑅 ∼ 𝑈 [0, 1]?

Set new expansion space

𝑛 − 𝑛last > 𝑛max?

Return clustered expansion space

𝑛 = 1
𝑛last = 0
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𝑛last = 𝑛No

Yes

No

No

𝑛 = 𝑛 + 1

Yes

Figure 6.2: Flowchart of orbital clustering.
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annealing often requires many function evaluations to reach the global maximum, the computational
cost of evaluating the score function is comparatively low. A slow, exponential cooling schedule is
employed. An important hyperparameter of simulated annealing is the starting temperature 𝑇start
which affects both performance and the ability of the method to reach a global optimum. When
𝑇start is too high, the algorithm spends many iterations randomly walking through the search space
without improving the score function. Conversely, a value set too low will get stuck in the well of
a local optimum. Instead, 𝑇start can be determined automatically through an iterative method by
maintaining an acceptance rate of the Metropolis condition described in Figure 6.2 for a number
of random samples.505 In this thesis, a target acceptance rate of 0.99 and 1000 random samples
were used to determine 𝑇start. Annealing is continued until the score function has not increased
for 𝑛max = 100000 iterations and the temperature scheduling parameter 𝛼 is chosen such that the
temperature decreases to 10−5 over 𝑛max iterations. After the simulated annealing procedure has
converged, the resulting clusters will automatically replace the expansion space in PyMBE and a
clustered MBE calculation can be started by invoking the kernel function.

6.2 Results

The orbital clusters produced by the clustering algorithm can be investigated through heatmaps of
the accumulated increment magnitudes for all possible orbital pairs. These heatmaps and the clusters
constructed using the outlined algorithm from MBE information until order 4 are presented for
canonical MOs and PM LMOs of benzenea (C6H6) in a cc-pVDZ basis set404 for different cluster sizes
in Figure 6.3. In the canonical MO basis, the pair correlation matrix does not exhibit a significant
level of sparsity. Nevertheless, the non-linear scale of the heatmaps in Figure 6.3 exaggerates the
absence of sparsity but is crucial to reveal structure and draw insights from these heatmaps. The
accumulated increment magnitude between occupied orbital pairs will generally be larger for standard
calculations because the total correlation energy of the system is distributed among a larger number
of virtual orbitals such that these will have fewer increment contributions. The orbitals within the
clusters in Figure 6.3 are sorted by orbital index. The occupied orbitals can clearly be distinguished
from the virtual orbitals in the clusters. The largest pair contributions to the correlation energy
are concentrated in the cluster blocks highlighted in cyan. Larger cluster sizes are clearly able to
accommodate a greater proportion of significant pair contributions. Substantial contributions outside
these clusters cannot be recovered unless the cluster occupation and size constraints are relaxed.
These occupation constraints are necessary to treat the occupied and virtual orbitals on an equal
footing during the clustering procedure and to ensure uniform cluster properties. In the LMO basis,
clustering is generally more efficient due to increased sparsity in the pair correlation contributions.
LMO pairs will generally have much larger correlation energy contributions whenever both orbitals
are spatially local. The resulting cyclical structure is clearly visible on the right side of Figure 6.3.

While the utilization of larger orbital clusters will generally recover a greater fraction of the correlation
energy at early orders of the expansion, this comes at the price of more expensive individual CASCI
calculations. Choosing an appropriate cluster size is therefore highly dependent on the computational
scaling of the targeted quantum chemical method. To investigate how the cluster size affects the time-
to-solution for different targeted quantum chemical methods, wall timesb are presented in Figure 6.4
for methanec (CH4) in different Dunning correlation-consistent basis sets.404 All expansions are
aGeometry from Ref. 135
bComputer architecture: Four Intel Xeon CPUs E5-4620 on a single node (64 threads, 32 cores @ 2.4 GHz, 7.80 GB/thread),
only 4 threads / 2 cores are employed for the MBE-CCSD calculations (124.75 GB/thread)

c𝑅(C−H) = 1.1015 Å
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Figure 6.3: Accumulated increment magnitudes for canonical and PM LMO orbital pairs of C6H6
in a cc-pVDZ basis set from an MBE truncated at order 4. The orbitals are rearranged
according to the outlined clustering algorithm for different cluster sizes. The cyan outlines
describe the respective optimized orbital clusters.
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Figure 6.4: Timings for MBE-FCI and a variety of MBE-CC methods for CH4 in different basis sets
and for different cluster sizes. All expansions are terminated at the order corresponding
to six times the cluster size.

terminated such that all six-orbital contributions are recovered. Therefore, the calculations will
in all cases be more accurate than the calculations involving smaller cluster sizes as additional
contributions involving multiple orbitals from the same clusters are taken into account. For MBE-FCI,
a cluster size of two orbitals appears to offer an optimal compromise between the computational effort
required to perform individual increment calculations and the total necessary number of increment
calculations. For clusters involving three orbitals, the last-order increments involve 18 orbitals and
therefore become too expensive, negatively affecting the timings. The optimal cluster size for the
MBE of a given quantum chemical method also depends on the termination order of the expansion.
When the termination order increases, the cost of the increment calculations at the last orders might
overshadow any possible gains from a reduced number of calculations. Therefore, the optimal cluster
size will decrease as the termination order is increased. Additionally, a larger number of reference
space orbitals will also favor smaller cluster sizes.

As a general trend, the MBE-CC expansions in Figure 6.4 will benefit from larger cluster sizes as the
computational scaling with respect to increment size decreases. For MBE-CCSDTQ, cluster sizes of
two or three orbitals appear optimal. When comparing MBE-FCI and MBE-CCSDTQ, the former
appears to outperform the latter. This is caused by the large prefactor of the highly nonlinear CC
equations for small calculations and the fact that the ncc backend is not optimized for repeatedly
performing many calculations involving only few orbitals. Nevertheless, CCSDTQ will demonstrate
superior performance for the larger increment calculations stemming from increased cluster sizes
as FCI succumbs to its exponential scaling. MBE-CCSDT(Q) and MBE-CCSDT appear to perform
optimally employing cluster sizes of four orbitals while small increases in computational cost are
observed for clusters involving more orbitals. From these results, MBEs of high-level CC methods
such as CCSDT, CCSDT(Q), or CCSDTQ will be able to compete with conventional CC methods for
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6 Orbital Clustering in MBE-FCI

the treatment of large systems when employing orbital clustering.

Moving on towards approximations of the gold standard of quantum chemistry, CCSD(T), clusters
of about 20 orbitals are required to perform MBE-CCSD(T) calculations in an optimal manner.
Employing these large cluster sizes will generally cause the MBE to become memory-bound as the
required two-electron integrals and intermediates increase the memory footprint of the individual
increment calculations. As a result, the MBE-CCSD calculations in Figure 6.4 are only performed
on two computational cores. For MBE-CCSD, the computational cost continues to decrease as
the cluster size is increased. If the MBE is terminated after six orbital clusters are included in the
increment calculations, MBE-CCSD is not expected to be able to compete with the conventional
CCSD computation due to similar scaling. A memory-optimized MBE code employing a resolution-
of-identity506–509 or Cholesky decomposition365,366 approach to reduce the memory requirements of
the two-electron integrals could be applied to larger systems which are out of reach for conventional
CCSD calculations.

Further investigations and applications of orbital clusters in the context of MBE-based methods
are presented in Chapters 7 and 9 in combination with controlled truncation of the MBE through
screening and error estimation and with symmetry exploitation.
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The errors of approximate FCI methods that are introduced through thresholding are often difficult
to gauge for systems for which FCI reference calculations are not feasible. For this reason, many
approximate FCI methods offer strategies to approximate and control errors. ASCI,121,122 iCI,123

and SHCI120 use a subset of important determinants on the basis of which the CI problem is solved.
The remaining contribution of a larger subset of important determinants (ASCI) or all remaining
determinants (iCI and SHCI) is then approximated perturbatively. The error of this perturbative
contribution is often estimated by performing these calculations for differing numbers of determinants
and extrapolating the variational energy against the perturbative correction using a linear or higher
polynomial fit.120–123 The variational energy of this fit at vanishing perturbative correction is taken as
the final result. A similar procedure is commonly used in DMRG as described Section 2.3.2.119,314,329,330

For both SCI and DMRG, the error of this approximate energy can be determined from the accuracy
of the involved fit,121,122 from the differences between extrapolated values from different fits,120 or by
taking a fraction of the extrapolation distance.119 In general, both the quality of the fit itself and the
extrapolation distance should affect the accuracy of the obtained result. The resulting errors will
only provide a rigorous estimate if the fit function correctly describes the underlying correlation
between the respective variable and the error. For QMC methods, the sampling error is commonly
estimated through a blocking analysis.118 This chapter proposes an algorithm for screening and the
estimation of errors for the MBE-FCI method. The work in this chapter was published in Ref. 496.

7.1 Theory and Implementation

MBE-based methods are only practically feasible when the expansion is terminated after a certain
accuracy threshold has been reached. Since the MBE method is not variational and often exhibits
oscillatory convergence, the state of convergence and the potential error of MBE calculations is
difficult to assess by only considering the total increment at a given order. With the fixed screening
procedure outlined in Section 3.1.3, the same number of orbitals is screened away regardless of the
convergence behavior of the MBE towards the target property. This shortcoming motivates the
need for a systematic screening procedure that dynamically adjusts for the state of convergence and
associates error bars with the final results.

The convergence of the MBE is rooted in two assumptions:

1. The mean of the increment magnitudes for a distinct number of orbitals decreases as the
number of orbitals increases. For this to lead to convergence, the mean absolute magnitude of
the increments has to drop faster than the total number of increments increases throughout
the MBE.

2. The majority of the increments will cancel out due to differing signs and similar magnitudes at
late orders of the expansion.
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7 Screening and Error Estimation in MBE-FCI

The latter of these assumptions accelerates the convergence dictated by the former. A possible
approach to estimate contributions at later orders is through random sampling. Unfortunately,
the recursively constructed increments require all subtuple increments such that only the 𝑛 + 1-
order increments can be readily sampled at order 𝑛. Instead, the screening and error estimation
algorithm introduced in this chapter will exploit an empirical relationship of the mean increment
magnitude in conjunction with Monte-Carlo importance sampling current-order increments to make
predictions at future orders. The absolute increments |Δ𝜖 | generally decrease exponentially with
the expansion order, as showcased in Figure 7.1 for watera (H2O), ammoniab (NH3), and methanec

(CH4) in a cc-pVTZ basis set.404 For all three systems, the increments at every order follow a log-
normal distribution and the geometric mean (GM) decreases exponentially as the expansion order
increases. The number of increments grows at a lower rate, indicating convergence of the MBE. At
later orders, the increment distributions will start to deteriorate because many increments approach
the convergence criterion of the increment calculations (set to 10−10 Eh by default) and the numerical
threshold for double-precision floating point operations.

When orbital clusters are used as expansion objects as described in Chapter 6, combinations of
differently sized clusters can contribute at a given MBE order. To illustrate, combinations of four
single orbitals, one pair cluster and two single orbitals, two pair clusters, and one triple cluster and
one single orbital can contribute at MBE order 4. As a result, the increment magnitude will no longer
be strictly correlated to the MBE order. Instead, contributions from orbital combinations that would
otherwise show up at earlier orders in a single-orbital MBE are now only recovered at the current
order. In the above example, the increment formed from one pair cluster and two single orbitals
will not only add the four-orbital contribution but also those three-orbital contributions that require
orbitals from all three clusters. The increments formed from two pair clusters and from one triple
cluster and a single orbital will also include the two- and three-orbital contributions requiring orbitals
from both clusters. In a single-orbital expansion, all of these lower-order contributions would instead
appear at the respective MBE order. The corresponding increments directly describe these individual
contributions. As the magnitudes of these increments decrease exponentially with the MBE order (or
the number of tuple orbitals), a clustered MBE increment magnitude will mostly be correlated to
the number of orbitals in the orbital contribution involving the smallest number of orbitals that is
not considered in the subtuple increments. This number is equal to the number of clusters 𝑁cluster in
the tuple because all contributions formed by a single orbital from every cluster in this tuple cannot
be included in any subtuple calculation involving only a subset of these clusters. Additionally, the
increment magnitude will be larger when a greater number of these contributions 𝑁contrib occur for
a given cluster tuple. The quantity 𝑁contrib can be calculated from the product of the cluster sizes
of said orbital tuple. Returning to the illustrative example, 𝑁cluster = 3 and 𝑁contrib = 2 for the tuple
of one pair cluster because two three-orbital contributions involving either one of the pair orbitals
and both single orbitals have not been considered. Correspondingly, the tuple of two pair clusters
will correspond to 𝑁cluster = 2 and 𝑁contrib = 4 while the tuple of one triple cluster and one single
orbital will produce 𝑁cluster = 2 and 𝑁contrib = 3. The tuple of four single orbitals is equivalent to
the single-orbital case and will therefore produce 𝑁cluster = 4 and 𝑁contrib = 1, in correspondence
with the increment magnitude correlation being correlated to the MBE order in Figure 7.1. From
this discussion, the empirical relationship of the increment magnitude for a clustered MBE can be
defined as follows:

|Δ𝜖 | = 𝑎𝑁contrib · exp (𝑏𝑁cluster) + 𝜀. (7.1)

a𝑅(O−H) = 0.9668 Å, ∡(H − O − H) = 101.9◦
b𝑅(N−H) = 1.0277 Å, ∡(H − N − H) = 103.5◦, ∡(H − N − H − H) = 107.7◦
c𝑅(C−H) = 1.1015 Å

72



7.1 Theory and Implementation

−15

−10

−5

lo
g
|Δ
n
|

104

107

1010

1013

N
um

be
ro

fI
nc

re
m

en
ts

H2O

−15

−10

−5

lo
g
|Δ
n
|

104

107

1010

1013

N
um

be
ro

fI
nc

re
m

en
ts

NH3

2 3 4 5 6
MBE Order

−15

−10

−5

lo
g
|Δ
n
|

104

107

1010

1013

N
um

be
ro

fI
nc

re
m

en
ts

CH4

Figure 7.1: Distribution of log-transformed absolute increments log |Δ𝜖 | at different expansion orders
(𝑘 ≤ 6) for a single-orbital MBE-FCI calculation of H2O, NH3, and CH4 based on an
empty reference space in a cc-pVTZ basis. The symmetric kernel density estimate of the
distributions is displayed in green, orange, and blue, while the white lines describe the
median, the boxes describe upper and lower quartiles, and the whiskers indicate data
points within 150 % of the interquartile range. The orange bar plot describes the number
of increments. Both y-axes operate on the same scale. Adapted with permission from
Ref. 496. Copyright 2024 American Chemical Society.

𝑎 and 𝑏 are the fitting parameters. 𝜀 is the error that leads to the log-normal distribution and is
caused by other effects, such as increment occupation and varying interaction between the involved
orbitals, that are not considered in this rather simple model.

The increment magnitudes |Δ𝜖 | can be normalized by dividing by 𝑁contrib. The resulting distribution
of these normalized increment magnitudes are showcased in Figure 7.2. The normalized increment
magnitudes are again distributed log-normally and the GM decreases exponentially with the number
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Figure 7.2: Distribution of log-transformed normalized absolute increments log |Δ𝜖/𝑁contrib | at differ-
ent MBE orders (𝑘 ≤ 8) for a clustered MBE-FCI calculation of H2O, NH3, and CH4 based
on an empty reference space in a cc-pVTZ basis. Orbital clusters comprising between
one and four MOs have been selected at random. Adapted with permission from Ref. 496.
Copyright 2024 American Chemical Society.

of clusters. For increments involving a larger number of clusters, the distributions are censored due to
finite convergence criteria and the limits of floating-point precision and as a result the empirical linear
relationship deteriorates as shown in Figure 7.3. When tighter convergence criteria are employed,
these deviations from linearity are mostly caused by the limits of double-precision floating point
operations. The resulting distributions in Equation (7.1) will be skewed towards larger increment
energies. This behavior is generally not problematic unless extremely high accuracy is targeted since
the increments at late orders are small in magnitude and exhibit completely random signs such that
the majority will cancel out.

The ability to predict the magnitude of individual increments by employing Equation (7.1) is severely
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Figure 7.3: Log-transformed GM of the normalized increment magnitude log (GM( |Δ𝜖/𝑁contrib |))
plotted against number of clusters for different CASCI convergence criteria for the H2O/cc-
pVTZ example in Figure 7.2. Adapted with permission from Ref. 496. Copyright 2024
American Chemical Society.

limited by the high variance of the data in Figure 7.2. Instead, the proposed algorithm targets the
sum of the contributions at future orders which is of much greater interest for screening and error
estimation purposes. The GM of the normalized increment magnitude |Δ𝜖/𝑁contrib | can be subjected
to a weighted linear regression in the log-transformed scale. The weights can be obtained from
the reciprocal of the variance of the geometric sample mean in the logarithmic scale. The resulting
predictions at different MBE orders for H2O are presented in Figure 7.4. The predictions at early
orders in the expansion will often underestimate the GM of the observed increment magnitudes as a
result of the departure from the linear relationship that is caused by the finite convergence criteria
and the limits of floating-point precision. When the resulting model is used for screening and error
estimation purposes, prediction intervals are estimated and added to the predicted GMs in an attempt
to mitigate any deviations from linearity of the underlying data.

Since the increments follow a log-normal distribution, the arithmetic mean (AM) and the variance
of the normal distributions in the log-transformed scale can be used to construct the AM in the
original scale. The AM in the log-transformed scale and the logarithm of the GM are equivalent. The
variance can be used from previous data points as the variance first increases and then stays fairly
constant after a certain sample size has been reached. The sum of the predicted AMs for all possible
combinations of 𝑁contrib and 𝑁cluster that can be produced by an orbital cluster at order 𝑘 will yield a
prediction of the potential contribution

|E (𝑘 ) | =
∑︁
Δ𝜖

𝑁contrib(Δ𝜖) · AM
(���� Δ𝜖

𝑁contrib

����
)
𝑁cluster (Δ𝜖 )

(7.2)

of this orbital cluster at order 𝑘 . This potential cluster contribution will equal the actual absolute
cluster contribution

|𝐸 (𝑘 ) | = 𝐹𝑘 · |E (𝑘 ) | (7.3)

whenever sign cancellation occurs among the increments. In practice, this will only happen at
the start of a calculation when all increments are negative (𝐹𝑘 = 1). At later orders, it becomes
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Figure 7.4: Predicted vs. observed logs of the GM of normalized increment magnitudes at different
prediction orders for the H2O/cc-pVTZ example in Figure 7.2. Adapted with permission
from Ref. 496. Copyright 2024 American Chemical Society.
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7.1 Theory and Implementation

increasingly likely for an 𝑛-orbital contribution to also lead to an increase of the correlation energy
and the distribution of the increments will slowly become symmetric and center around zero (𝐹𝑘 →
0). The exact value of 𝐹𝑘 at different orders of the MBE is inherently difficult to predict, so a
conservative estimate is attempted by sampling the predicted distributions at later orders obtained
using Equation (7.1) from the current-order increments by employing importance sampling.

The resulting screening protocol requires a single input, the maximum target error Δ𝐸thres, and then
screens away orbitals by estimating their contributions at future orders and removing orbitals with
the smallest contribution such that the accumulated error estimate stays within the targeted error
bounds. A schematic overview is given in Figure 7.5. For each orbital cluster and future MBE order,
the errors are estimated in two steps: fitting and sampling. The samples for the sampling step are

Start screening

For each orbital cluster

Fit GM( | Δ𝜖
𝑁contrib

|) against 𝑁cluster

For each remaining MBE order

Predict GM( | Δ𝜖
𝑁contrib

|) to get distribution

Sample from predicted distribution

Generate upper bound for cluster contribution

Minimum cluster contribution
below share of remaining error?

Screen away cluster and remove all increments

Go to next order

Yes

No

Figure 7.5: Flowchart for the screening and error estimation procedure.
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randomly chosen with replacement from all increments of the last max𝑖 (𝑛(𝑆𝑖)) orders. A sample
of 10000 increments is generally enough to reproduce the increment distribution at these orders.
The value max𝑖 (𝑛(𝑆𝑖)) defines the maximum cardinality of the set of all expansion space clusters 𝑆𝑖 .
Drawing samples from the last max𝑖 (𝑛(𝑆𝑖)) orders ensures that increments of all clusters are included
in the sample even when heterogeneous cluster types are employed. These samples can then be
used to predict a probability density function by employing kernel density estimation (KDE).510,511

The KDE implementation from SciPy512 is used in combination with Scott’s rule for bandwidth
estimation.513 After sample preparation, the iteration over the orbital clusters and remaining MBE
orders in Figure 7.5 commences.

The fitting step of error estimation is only started if a minimum of three data points in Figure 7.2 is
present. Additionally, all 𝑥 + 1-orbital contributions, where 𝑥 is the negative exponent of Δ𝐸thres in
scientific notation, need to have been calculated. These two restrictions ensure a sufficient amount
of data is present to permit confident error predictions within the supplied error bounds. If this is the
case, a weighted linear least squares fit of Equation (7.1) in the logarithmic scale is carried out. The
upper prediction interval for a designated confidence level 𝛾 is calculated and added to the predicted
GM( |Δ𝜖/𝑁contrib |). The employed 𝛾 is chosen based on the current progress towards convergence
according to Table 7.1. By employing a dynamic confidence level, the reality that less confidence in
the error estimation is required when the last few orders already contribute less than the remaining
target error is encoded into the screening procedure. Incidentally, this approach also prevents the
errors from being excessively overestimated for large prediction intervals and ensures appropriate
termination of the calculation once convergence is reached. From the predicted GM( |Δ𝜖/𝑁contrib |)
and the variance of the last data point, normal distributions in the log-transformed scale can be
constructed for the importance sampling step.

Table 7.1: Confidence levels used for error estimation.
Number of Orders where

∑
𝑘 𝐸

(𝑘 ) < Δ𝐸thres Confidence Level 𝛾

>= 0 95 %
>= max𝑖 (𝑛(𝑆𝑖)) 80 %

>= 2 · max𝑖 (𝑛(𝑆𝑖)) 50 %
>= 3 · max𝑖 (𝑛(𝑆𝑖)) 15 %

In the sampling step, the prepared current- and previous-order increments are sampled according to
the predicted distributions by employing importance sampling. The probabilities are determined
from the predicted probability density function and from the KDE obtained from the sample of
current- and previous-order increments. The increments are sampled according to the logarithm of
their magnitude while |𝐸 (𝑘 ) | is estimated by summing these sampled increments including their signs.
Sampling is done for all possible distributions (described by the different values of 𝑁cluster and 𝑁contrib)
that contribute at the current error estimation order to Equation (7.2). Additional samples are drawn
until the 𝛾th quantile of |𝐸 (𝑘 ) | has converged which is used as a conservative upper bound for the
contribution of the current cluster at this order. Estimation of 𝐸 (𝑘 ) is repeated over increasingly high
orders while possible cancellation at different orders 𝑘 due to differing signs are not factored into the
error estimation. Once the last max𝑖 (𝑛(𝑆𝑖)) orders do not contribute to more than 1 % of the total
accumulated error for this cluster, the error estimation for this cluster is terminated.

After error estimation is completed, the orbital cluster with the smallest potential contribution is
considered to be screened away. If the potential contribution accounts for less than the share of
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the remaining error threshold allocated to this cluster, the orbital is removed from the expansion
space. The share allocated to a given cluster is defined through the ratio of the number of increments
produced by this cluster and the total number of increments resulting from the next max𝑖 (𝑛(𝑆𝑖)) or-
ders. After a cluster is screened away, the current- and previous-order increments produced by this
cluster are removed from AM( |Δ𝜖/𝑁contrib |) and new samples are drawn. The outlined procedure is
repeated until either the smallest potential contribution exceeds the share allocated to this cluster or
until the remaining expansion space is unable to produce any increments at future orders.

7.2 Results

The proposed screening and error estimation algorithm requires extensive testing and numerical
verification to ensure that the errors introduced through screening are appropriately assessed.
Underestimated errors could cause the results to exceed targeted error bounds while overestimated
errors can result in unnecessary work due to delayed termination of the MBE. In combination with the
reference space detection introduced in Chapter 5 and the orbital clustering presented in Chapter 6,
the screening and error estimation algorithms are tested on the FCI21 benchmark set,514 a set of
21 small molecules, and compared to conventional FCI results for these systems.

7.2.1 Investigations of the FCI21 Benchmark Set

The FCI21 benchmark set includes 21 systems in cc-pVDZ and SV basis sets.404,515 The utilized
parameters for all investigated systems are summarized in Table 7.2. Four systems are removed from

Table 7.2: Systems from the FCI21 benchmark set and corresponding parameters.514 Adapted with
permission from Ref. 496. Copyright 2024 American Chemical Society.

Molecule Bond Length Angle Dihedral Angle Ground Correlated Basis
(in Å) (in degree) (in degree) State Orbitals

LiH 1.6136 — — 1Σ+ all-electron cc-pVDZ
BeH 1.3570 — — 2Σ+ all-electron cc-pVDZ
BH 1.2551 — — 1Σ+ all-electron cc-pVDZ
CH 1.1424 — — 2Π all-electron cc-pVDZ
NH 1.0557 — — 3Σ− all-electron cc-pVDZ
OH 0.9796 — — 2Π all-electron cc-pVDZ
HF 0.9200 — — 1Σ+ all-electron cc-pVDZ
Li2 2.7139 — — 1Σ+

g frozen-core cc-pVDZ
Be2 4.4269 — — 1Σ+

g frozen-core cc-pVDZ
B2 1.6240 — — 3Σ−

g frozen-core cc-pVDZ
C2 1.2728 — — 1Σ+

g frozen-core cc-pVDZ
N2 1.1368 — — 1Σ+

g frozen-core SV
O2 1.2786 — — 3Σ−

g frozen-core SV
F2 1.4186 — — 1Σ+

g frozen-core SV
CH4 1.1015 109.5 120.0, 240.0 1𝐴1 frozen-core SV
NH3 1.0277 103.5 107.7 1𝐴1 frozen-core cc-pVDZ
H2O 0.9668 101.9 — 1𝐴1 frozen-core cc-pVDZ
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the set to adapt it to the purposes of this investigation: H2 is removed because it converges very
quickly, Li2 and Be2 (all-electron) are already represented by the frozen-core calculations on these
systems which correspond with the other homonuclear diatomic molecules in the set, and HF (frozen-
core) is already represented by the all-electron calculation in accordance with the other diatomic
hydrides in the set. In contrast to Ref. 514, the triplet states and the corresponding equilibrium bond
lengths are used for NH and B2 as these describe the ground state. RHF and ROHF states exhibiting
the multiplicity and symmetry in Table 7.2 were used for all systems except for OH, in which case
the broken-symmetry 𝐵2 solution in the 𝐶2𝑣 subgroup was employed. The converged MBE energies
of these systems are compared to reference FCI calculations performed with PySCF.

MBE-FCI calculations of these systems were compared in the canonical MO basis, the CCSD NO
basis, the PM LMO basis, and the FB LMO basis. Optimal reference spaces in these different MO bases
were identified through a single-orbital MBE-FCI calculation truncated at MBE order 5 according
to the procedure outlined in Chapter 5. The reference space sizes chosen for these systems in all
four MO bases using a starting quantum fidelity threshold of 0.95 from a single-orbital MBE-FCI
calculation truncated at order 5 are provided in Figure 7.6. While the minimum reference space for
closed-shell systems is empty, the minimum reference space for open-shell systems involves all singly
occupied orbitals to guarantee the correct spin state can be targeted for all increment active spaces.
For the diatomic hydrides in Figure 7.6, the majority does not require the addition of orbitals beyond
the minimum reference space. An atypical exception is the OH system in the FB LMO basis which
requires a total of eight MOs in the reference space to ensure MBE-FCI convergence. The diatomics in
the FCI21 set will generally require some orbitals to be added to the reference space since the ground
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Figure 7.6: Sizes of reference active spaces expressed in different orbital bases across the FCI21 set.
The bars indicate sizes of individual reference spaces for the various systems, while the
horizontal lines depict the corresponding cumulative average size of the reference spaces.
Adapted with permission from Ref. 496. Copyright 2024 American Chemical Society.
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states of many of these systems (e.g., Be2, B2, and C2) exhibit some degree of multireference character
by requiring contributions from more than a single determinant. Systems such as CH4, NH3, and
H2O are dominated by dynamic correlation and can therefore be described using empty reference
spaces. The remaining expansion spaces are split into clusters of at most two MOs following the
clustering algorithm described in Chapter 6.

The errors of these MBE-FCI calculations for the FCI21 set and different targeted error bounds
are displayed in Figure 7.7 for all four MO bases. As is to be expected, observed errors decrease
as the screening threshold is tightened. The outlined screening and error estimation algorithm is
consistently able to truncate the expansion such that results stay within the targeted error bounds.
Observed errors will only rarely exceed targeted error bounds which is usually caused by the low
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Figure 7.7: Absolute errors across the FCI21 set for different screening thresholds and MO bases.
Black lines indicate perfect correspondence between actual and predefined errors. Adapted
with permission from Ref. 496. Copyright 2024 American Chemical Society.
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7 Screening and Error Estimation in MBE-FCI

amount of statistical information present in the expansion for these small systems and basis sets and
the resulting limited sample sizes.

Utilizing different MO bases will affect the time-to-solution of MBEs converged up to a given error
threshold. While localized and therefore mutually exclusive MOs will often accelerate convergence,
the individual increment calculations will become more expensive whenever a larger reference space
is required to obtain a converging expansion when LMO bases are employed. It is reasonable to
assume that compact, delocalized orbital bases, such as CCSD NOs or CASSCF MOs describing a
small active space, might produce smaller reference spaces by folding a large amount of electron
correlation into very few orbitals, either the partially occupied orbitals or the orbitals of the active
space. Therefore, a combination of a delocalized reference space and a localized expansion space could
synergize well and minimize the resulting time-to-solution. Nevertheless, the results in Figure 7.6
do not appear to support this assumption as the LMO bases will not necessarily result in larger
reference spaces. Additionally, a delocalized reference space could limit the localizability of the
remaining expansion space by removing degrees of freedom. In addition to the four MO bases
investigated in Figures 7.6 and 7.7, timings for MBE-FCI calculations were also compared for the
following combinations of delocalized (canonical MOs, CCSD NOs, and CASSCF MOs) and localized
orbital bases (PM LMOs) for the reference and expansion spaces: CASSCF MOs optimizing a reference
space determined from canonical MOs, CASSCF MOs optimizing a reference space determined from
CCSD NOs, a canonical MO reference space combined with a PM LMO expansion space, a CCSD NO
reference space combined with a PM LMO expansion space, a CASSCF optimized reference space
starting from canonical MOs combined with a PM LMO expansion space, and a CASSCF optimized
reference space starting from CCSD NOs combined with a PM LMO expansion space. The CCSD
solutions for the calculation of NOs and the CASSCF solutions targeted the correct state except for
CH and OH which targeted the broken-symmetry 𝐵2 solution in the𝐶2𝑣 subgroup. The CASCI solver
in PySCF is limited to Abelian and linear symmetries and hence the 𝐴′ state is targeted during the
CASSCF optimization for CH4 and NH3. The effects of employing a variety of orbital bases and the
resulting reference spaces on the wall timesd of MBE-FCI calculations converged to an error bound
of 1 mEh are investigated in Figure 7.8.

The small systems included in the FCI21 benchmark set will generally not substantially benefit from
LMO bases. Nevertheless, significant improvements are evident for some larger systems in the set,
e.g., N2, F2, CH4, and NH3. For F2, convergence is accelerated by almost three orders of magnitude
when an LMO basis is employed. Whenever the results from LMOs are compared, the PM LMO basis
appears to generally outperform the FB LMO basis. Therefore, PM LMOs were used for all combined
delocalized and localized MO bases in Figure 7.8. The superiority of the PM LMO basis could be
rooted in the ability of the PM method to maintain 𝜎-𝜋 separation which might be relevant for many
of the linear systems in this set. This effect is particularly detrimental for B2, C2, and OH. For the
former two systems, the smaller reference spaces result in slower convergence which is remedied in
all other investigated orbital bases. Conversely, the very large reference space chosen for the OH
system in the FB LMO basis does not positively affect time-to-solution. While it appears necessary
to choose this enormous reference space in this MO basis, the cost of performing the individual
increment calculations grows substantially, making the calculation unnecessarily expensive.

For a few systems (e.g., LiH, BeH, NH, O2, H2O), the necessary computational effort to converge
the MBE below the targeted error bound appears to be largely unaffected by the chosen MO basis.
These calculations also exhibit equally sized reference spaces in all orbital bases. Treatment of
the BH system only requires a reference space in the CCSD NO basis. The resulting expansion is

dComputer architecture: Four Intel Xeon CPUs E5-4620 on a single node (64 threads, 32 cores @ 2.4 GHz, 7.80 GB/thread)
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Figure 7.8: MBE-FCI timings for the FCI21 set for different choices of MO basis. Adapted with
permission from Ref. 496. Copyright 2024 American Chemical Society.
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able to outperform the canonical orbital basis while being on par with the PM LMO basis which
requires no reference space. For CH, calculations employing the symmetry-broken 𝐵2 solution in
the 𝐶2𝑣 subgroup appear to accelerate convergence in comparison to the canonical MO basis that
describes the correct symmetry state. The PM LMOs rival the performance of the orbital bases
involving the CCSD NO reference space for this system. Calculations involving Li2, Be2, B2, and C2
do not appear to benefit from optimized reference spaces or localized expansion spaces. Nevertheless,
the orbital bases involving delocalized reference spaces and localized expansion spaces appear to
generally outperform the purely localized MO bases while producing very similar timings compared
to the canonical and CCSD NOs. Contrastingly, the calculations on N2 benefit from a purely localized
MO basis instead.

For all systems considered in Figure 7.8, both the explicit optimization of the reference space orbitals
through CASSCF and the combination of delocalized reference and localized expansion spaces
appears to offer little benefit over the PM LMO basis. The CASSCF optimization could instead be
repeated every time orbitals are added to the reference space, as this can potentially discourage more
orbitals from being added to the reference space by folding the remaining static correlation into the
present reference space. Additionally, these experiments could be repeated on a set of more statically
correlated systems to determine whether additional benefits from these mixed orbital bases exist for
the purpose of accelerating MBE-FCI calculations.

The systems in the FCI21 benchmark set are generally quite small which enables comparisons with
conventional FCI. It might be premature to draw definitive conclusions on the convergence behavior
of different orbital bases on such compact systems. Nevertheless, the observed superiority of the
PM LMOs will generalize when moving towards larger systems as increased distance between the
LMOs will allow an increased number of orbital combinations to produce vanishing increments due
to negligible overlap between the involved orbitals. For this reason, the PM LMO basis is employed
to apply the outlined screening and error estimation algorithm to a group of larger systems.

7.2.2 Screening and Error Estimation for Larger Systems

The applicability of the screening and error estimation algorithm to MBE calculations involving orbital
clusters is demonstrated on larger systems: ethene (C2H4), methanol (CH3OH), formaldehyde (H2CO),
hydrogen peroxide (H2O2), hydrogen cyanide (HCN), and hydrazine (N2H4).e MBE-CCSD calculations
are performed in the cc-pVTZ basis set404 and compared to conventional CCSD calculations since
FCI is intractable for systems of this size. Empty reference spaces and eight-orbital clusters are
used to treat these predominately dynamically correlated systems. Errors of these calculations for
different screening thresholds are displayed in Figure 7.9. The energy errors of these larger systems
substantiate the findings on the smaller systems in Section 7.2.1. The outlined algorithm consistently
produces errors close to or below the predefined error bound. The projected errors can in rare
cases fall below the actual errors if the increments depart from the observed empirical relationship
in Equation (7.1). For larger error bounds, errors will often fall significantly below these bounds
since the algorithm will only start to screen away orbitals once enough statistical information is
available. Additionally, the sign cancellation factor 𝐹𝑘 will still be close to one and the upper error
bound can be accurately estimated from the predicted mean absolute increments alone. Smaller error
bounds will require the algorithm to venture further into the MBE where the actual errors caused
by screening will be closer to the predicted increment magnitudes. Furthermore, the increment
magnitudes can sometimes not be perfectly described through a log-normal distribution and heavy
eCCSD/cc-pVTZ geometries
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Figure 7.9: Absolute errors of MBE-CCSD/cc-pVTZ calculations on C2H4, CH3OH, H2CO, H2O2,
HCN, and N2H4 for different screening thresholds using bases of PM LMOs. Adapted
with permission from Ref. 496. Copyright 2024 American Chemical Society.

tails can be observed which significantly affect the arithmetic mean and lead to the underestimation
of potential errors.

For narrow error bounds, the majority of the increments far into the expansion are expected to
fall close to or below the convergence criterion of the individual increment calculations. The
noise introduced through these increments will result in an overestimation of the mean absolute
increment and can delay or in the worst case prevent MBE termination. One possible remedy could
be the treatment of these increments through a censored log-normal distribution for which the real
distribution is recovered through maximum likelihood estimation.516 This would only be necessary
for practical thermochemical applications if an accuracy below 0.1 mEh is desired.
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8 Exploiting Point-Group Symmetry in
MBE-FCI

The exploitation of symmetry has extended the applicability of many quantum chemical methods
beyond their usual domain. While the majority of molecules that can be constructed and synthesized
in the realm of chemistry do not exhibit molecular symmetry, those accessible by highly accurate
approximate FCI methods often are symmetric due to the limited number of atoms that they are
constructed from. Therefore, the efficient exploitation of point-group symmetry has been a corner-
stone of approximate FCI method development41,119,294,318,517 and possible directions in the context
of the MBE-FCI framework are investigated in this chapter. A similar approach which involves the
construction of symmetry-equivalent occupied orbital domains of FB LMOs has been successfully
applied in the context of the incremental method.36 The work in this chapter was published in
Refs. 518 and 519.

8.1 Theory

In symmetry-adapted orbital bases, taking advantage of molecular symmetry involves exploiting the
inherent symmetry properties of any tensors by lowering memory footprint and reducing the number
of operations of any tensor contractions as described in Section 2.7. This method can easily be applied
to MBE-FCI theory by utilizing a CASCI solver that is able to exploit symmetry. In MBE-FCI, both
the interfaces to PySCF and MBECC backends can be used with symmetry by passing irreducible
representation assignment information for the orbitals. Unfortunately, the speed-ups afforded by
this implementation in the context of MBE calculations often leave something to be desired as the
overhead from the symmetry treatment in very small CASCI or CASCC calculations and the limited
number of irreducible representations present in the active spaces often thwart any possible gains.
On top of that, as was demonstrated in Refs. 41 and 42 and in Chapter 7, MBE-FCI calculations
often benefit from an LMO basis. For LMOs, individual orbitals are rarely invariant with respect to
the transformation induced by a symmetry operation as is the case for symmetry-adapted orbital
bases. Instead, the LMOs produced by PM or FB localization procedures are generally symmetry-
equivalent to the majority of symmetry operations such that the orbitals transform among each
other whenever a symmetry operation is applied as exemplified in Figure 8.1b.36,520 LMOs will only
be symmetry-invariant to a given symmetry operation (Figure 8.1a) when the orbital is localized at
the respective symmetry element whether it be an inversion point, rotation axis, rotation-reflection
axis, or mirror plane. While this type of symmetry will not produce vanishing integrals, it will cause
integrals of symmetry-equivalent orbitals to be equal. It should be noted that the same is true for
symmetry-adapted orbital integrals whenever orbitals transform as multidimensional irreducible
representations when non-Abelian point groups are considered. Unfortunately, symmetry properties
of the orbitals produced from localization procedures have to be classified after the orbitals were
optimized because the symmetry properties of these orbitals are not explicitly constrained during
localization but are rather a consequence of the symmetric orbital space and the symmetry properties
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𝜙𝑝

𝐶2

(a) Symmetry-invariant orbital

𝜙𝑝 𝜙𝑞

𝐶2

(b) Symmetry-equivalent orbitals

Figure 8.1: Localized orbitals of benzene that are symmetric with respect to a two-fold rotation axis.
Adapted with permission from Ref. 518. Copyright 2023 American Chemical Society.

of the localization cost function. For FB LMOs, which maximize the distance between orbital centroids,
this identification can be achieved by only considering the symmetry properties of these centroids.36

As an additional complication, localization cost functions often produce numerous densely clustered
minima440,521 such that the optimized LMOs will not necessarily respect the molecular symmetry
of the system. Especially for virtual orbitals in large basis sets which are notoriously difficult to
localize, the LMOs will often only exhibit approximate symmetry properties. If symmetry is to be
exploited by assuming integrals and coefficients of these symmetry-equivalent orbitals are identical,
the symmetry properties of these orbitals need to be enforced in a numerically exact manner without
sacrificing their spatial locality.

8.1.1 Symmetrization of Localized Orbitals

The LMOs can be symmetrized by minimizing an objective cost function J . This cost function is
constructed by identifying and enforcing the approximate symmetry properties inherently present
in the set of LMOs. For a given symmetry operation 𝐺 , the matrix element ⟨𝜙𝑝 |𝐺 |𝜙𝑞⟩ describes
the overlap between orbital 𝜙𝑝 and the transformed orbital 𝐺𝜙𝑞 . Certain elements of the matrix
representation𝐺𝑝𝑞 will vanish whenever orbitals are exactly symmetry-equivalent with respect to𝐺
because the transformation will produce a different set of orbitals 𝑆2 that are orthonormal to the
original set 𝑆1. Only those matrix elements𝐺𝑝𝑞 describing symmetry-equivalent orbitals will con-
tribute. All other elements must be included in the objective cost function such that the approximate
symmetry properties can be enforced through minimization. Unitary orbital transformations that
will lead to this symmetrization can be expressed by the exponential of an anti-Hermitian operator
as in Equation (2.40). When expressed in the AO basis, the objective function

J =
ℎ∑︁
𝐺

∑︁
(𝑆1,𝑆2 ) ∈S𝐺

∑︁
𝑝∈𝑆1

∑︁
𝑞∉𝑆2

(∑︁
𝑡,𝑢

∑︁
𝜇,𝜈

exp(𝜿†)𝑡𝑝 exp(𝜿)𝑢𝑞𝑐∗𝜇𝑝𝑐𝜈𝑞 ⟨𝜒𝜇 |𝐺 |𝜒𝜈⟩
)2

(8.1)

is described by adding the symmetry constraints for all ℎ symmetry operations of the molecular
point group. The set S𝐺 describes all pairs of symmetry-equivalent orbital sets 𝑆1 and 𝑆2. The cost
function is designed to be quadratic to guarantee that there is no cancellation between different
symmetry-equivalent orbital pairs or symmetry operations and to ensure that all of these symmetry
constraints can be enforced simultaneously. Alternatively, an absolute cost function could be used,
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8.1 Theory

but this can lead to issues during optimization due to inflated step sizes near the minimum. Equa-
tion (8.1) is minimized by employing unitary optimization which guarantees orthonormality.522 The
symmetrization of the LMOs is of special importance in MBE calculations because the increment
properties at lower orders are contributing to the final property with a large prefactor due to the
recursive nature of the MBE.

The symmetrization procedure modifies the orbitals a posteriori. For this reason, it is of utter
importance that the degree of spatial localization is not affected by this procedure. This restriction
can be justified by the assumption that only small orbital rotations will be necessary to symmetrize the
orbitals since the LMOs already exhibit approximate symmetry properties. The spatial locality of an
MO can be quantified through the second- and fourth-moment orbital spreads in Equation (2.80).413–415

8.1.2 Petite List Method

Symmetry-equivalent orbitals can be exploited in MBE-FCI by utilizing the property that active
spaces from orbitals that can be transformed into another tuple of different orbitals using a symmetry
operation will produce the same correlation energy. Illustrative orbital tuples which will produce
equivalent correlation energies are presented in Figure 8.2. For symmetrized LMOs, the MBE will
produce many redundant increment calculations that can be avoided to increase computational
efficiency. A method that can be used for this purpose is the petite list method by Dupuis and King.128

This method loops over all orbital combinations (the grande list) and applies all symmetry operations
of the molecular point group to establish whether the current orbital tuple is lexicographically larger
than any other symmetry-equivalent orbital tuple. Only the lexicographically largest orbital tuple for
a set of symmetry-equivalent orbital tuples will be explicitly calculated. These orbital combinations
form the petite list. Even though this technique was originally devised for AO integrals, it can easily
be generalized to arbitrary orbital tensors such as the increments of the MBE. The only requirement
is that the objects of the expansion must have numerically exact symmetry properties which is
enforced through symmetrization. Earlier developments in the context of the incremental method
did not enforce these symmetry properties and were therefore restricted to occupied orbitals in the
expansion space as these are often approximately symmetry-equivalent.36 Nevertheless, even for
occupied orbitals these deviations from exact symmetry properties will cause issues when moving to
higher orders in the MBE.

𝜙𝑖

𝜙𝑎

𝜙 𝑗

𝜙𝑏

𝜖𝑖𝑎 𝜖 𝑗𝑏

𝐶6, 𝐶2, 𝜎d

Figure 8.2: Localized orbitals of benzene for two symmetry-equivalent active spaces that can be
transformed into each other and have equal correlation energy contributions.
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8 Exploiting Point-Group Symmetry in MBE-FCI

8.2 Implementation

MBE-FCI calculations exploiting LMO point-group symmetry need to be prepared by detecting the
approximate symmetries present in the orbitals after the localization procedure is complete. The
LMOs then need to be optimized such that these symmetries hold up to the numerical precision of
the used floating-point representation. Both of these steps are implemented in the SymLo program523

from which the symmetrize_mos function can be called after localization is complete and before the
PyMBE kernel is invoked.

8.2.1 The SymLo Program

The symmetrize_mos function starts by generating the necessary transformation matrices in the
orthogonalized AO basis. This step requires the system to be shifted to the symmetry center and
rotated to a predetermined set of symmetry axes such that symmetry operations can be applied
along these. The necessary transformations are generated for arbitrary point groups on the basis
of functionality from the PySCF symm module. After the AOs have been rotated to the symmetry
axes, the symmetry operation of interest can be applied to individual AOs. The SymLo program
includes functionality to generate the necessary transformation matrices for arbitrary point groups.
While identity and inversion matrices can be trivially generated for spherical harmonics, the rotation
matrices are generated by utilizing Wigner D-matrices524 which can be constructed from Euler angles
in PySCF. Reflection matrices can be constructed by combining two-fold rotation and inversion
while rotation-reflection matrices are constructed from rotation and reflection matrices. After the
AOs have been transformed, AOs at atoms that permute under a given symmetry operation are
swapped. The resulting AO transformation matrices are then transformed to the orthogonalized
AO basis and can then be used to transform any MO coefficients under the action of a symmetry
operation. The procedure for the subsequent symmetry detection and symmetrization is outlined in
Figure 8.3. To start with, blocks of G are identified which are symmetry-invariant with respect to
all symmetry operations. This is done by constructing the sum of all absolute contributions for all
symmetry operations, GΣ =

∑
𝐺 |G|. All elements below a certain threshold

𝜆𝑝 = 𝛾 max
𝑞
𝐺Σ
𝑝𝑞 (8.2)

can be set to zero in order to deduce any block structure from this matrix. These blocks can be
identified using the reverse Cuthill-McKee algorithm525,526 which orders the orbitals such that
the bandwidth of the resulting matrix is minimized. The SciPy implementation of the reverse
Cuthill-McKee algorithm is used in SymLo.512 The orbitals can be optimized with respect to these
symmetry-invariant blocks by minimizing Equation (8.1) for all elements that were previously set to
zero.

Since the desired root of the objective cost function has a multiplicity of two, it cannot be determined
solely on the basis of gradient information due to instabilities. Instead, a Newton algorithm can be used
to optimize the orbitals with respect to Equation (8.1). In SymLo, the co-iterative augmented Hessian
method527 and its implementation in PySCF is used for this purpose. The orbital gradient 𝑑J

𝑑𝜅𝑟𝑠
, Hessian

diagonal 𝑑2J
𝑑𝜅𝑟𝑠

2 , and Hessian matrix contracted with a trial function
∑
𝑡
𝑑2J
𝑑𝜅𝑟𝑡

2𝑥𝑡𝑠 can be constructed
by adding expressions to specific elements depending on whether the indices 𝑟 and 𝑠 are included
in the orbital sets 𝑆1 and 𝑆2. The Hessian diagonal is Hermitian while the orbital gradient and
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Start symmetrize_mos

Detect symmetry-invariant blocks

Symmetrize with respect to symmetry-invariant blocks

For each symmetry-invariant block

Identify symmetry-equivalent orbitals

Symmetrize with respect to symmetry-equivalent orbitals

Reidentify symmetry-equivalent orbitals

Return symmetry information and symmetrized orbitals

Figure 8.3: Flowchart of LMO symmetry detection and symmetrization.

Hessian matrix contracted with a trial function are anti-Hermitian due to the unitarity constraint.
The expression

−2
ℎ∑︁
𝐺

∑︁
(𝑆1,𝑆2 ) ∈S𝐺

∑︁
𝑞∉𝑆2

∑︁
𝜇,𝜈,𝜎,𝜌

𝑐′∗𝜇𝑟𝑐
∗
𝜎𝑠𝑐

′
𝜈𝑞𝑐

′
𝜌𝑞𝐺𝜇𝜈𝐺𝜎𝜌 (8.3)

is added to all elements of the orbital gradient where 𝑟 ∈ 𝑆1. The starting MO coefficients are
described by c and the current transformed MO coefficients

c′ = c exp(𝜿)𝑇 (8.4)

are constructed by a unitary transformation of these. Whenever 𝑠 ∈ 𝑆1, the negative Hermitian
transpose of this expression is added to the orbital gradient. If 𝑟 ∉ 𝑆2, the expression

−2
ℎ∑︁
𝐺

∑︁
(𝑆1,𝑆2 ) ∈S𝐺

∑︁
𝑝∈𝑆1

∑︁
𝜇,𝜈,𝜎,𝜌

𝑐′𝜈𝑟𝑐𝜌𝑠𝑐
′∗
𝜇𝑝𝑐

′∗
𝜎𝑝𝐺𝜇𝜈𝐺𝜎𝜌 (8.5)

is added to the orbital gradient while its negative Hermitian transpose is added whenever 𝑠 ∉ 𝑆2.

For the Hessian diagonal, the expression

2
ℎ∑︁
𝐺

∑︁
(𝑆1,𝑆2 ) ∈S𝐺

∑︁
𝑝∉𝑆2

∑︁
𝜇,𝜈,𝜎,𝜌

𝑐∗𝜇𝑠𝑐
∗
𝜎𝑠𝑐

′
𝜈𝑝𝑐

′
𝜌𝑝𝐺𝜇𝜈𝐺𝜎𝜌 (8.6)
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is added to every element where 𝑟 ∈ 𝑆1 while its Hermitian transpose is added for 𝑠 ∈ 𝑆1. If 𝑟 ∉ 𝑆2,
the expression

2
ℎ∑︁
𝐺

∑︁
(𝑆1,𝑆2 ) ∈S𝐺

∑︁
𝑝∈𝑆1

∑︁
𝜇,𝜈,𝜎,𝜌

𝑐𝜈𝑠𝑐𝜌𝑠𝑐
′∗
𝜇𝑝𝑐

′∗
𝜎𝑝𝐺𝜇𝜈𝐺𝜎𝜌 (8.7)

is added to the Hessian diagonal and its Hermitian transpose is added whenever 𝑠 ∉ 𝑆2. Additionally,
the expression

−2
ℎ∑︁
𝐺

∑︁
(𝑆1,𝑆2 ) ∈S𝐺

∑︁
𝜇,𝜈,𝜎,𝜌

(
𝑐′∗𝜇𝑟𝑐𝜈𝑟𝑐

∗
𝜎𝑠𝑐

′
𝜌𝑠 + 2𝑐′∗𝜇𝑟𝑐′𝜈𝑠𝑐∗𝜎𝑠𝑐𝜌𝑟 + 𝑐∗𝜇𝑠𝑐′𝜈𝑠𝑐′∗𝜎𝑟𝑐𝜌𝑟

)
𝐺𝜇𝜈𝐺𝜎𝜌 (8.8)

is added to every element of 𝑑2J
𝑑𝜅𝑟𝑠

2 for which 𝑟 ∈ 𝑆1 and 𝑠 ∉ 𝑆2. Its Hermitian transpose is added when
𝑟 ∉ 𝑆2 and 𝑠 ∈ 𝑆1.

The Hessian matrix multiplied by a trial function can be constructed by adding the expression

4
ℎ∑︁
𝐺

∑︁
𝜇,𝜈,𝜎,𝜌

∑︁
𝑢

©­
«
∑︁
𝑡 ∈𝑆1

∑︁
(𝑆1,𝑆2 ) ∈S𝐺

∑︁
𝑝∉𝑆2

𝛿𝑟𝑡𝑐
∗
𝜇𝑢𝑐

′
𝜈𝑝𝑐

∗
𝜎𝑠𝑐

′
𝜌𝑝 +

∑︁
𝑡∉𝑆2

𝑐∗𝜎𝑠𝑐
′∗
𝜇𝑟

(
𝑐′𝜌𝑡𝑐𝜈𝑢 + 𝑐𝜌𝑢𝑐′𝜈𝑡

)ª®
¬
𝐺𝜇𝜈𝐺𝜎𝜌𝑥𝑡𝑢 (8.9)

to every element where 𝑟 ∈ 𝑆1 and its negative Hermitian transpose to every element where 𝑠 ∈ 𝑆1.
The expression
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is added to every element where 𝑟 ∉ 𝑆2. Its negative Hermitian transpose is added to every element
where 𝑠 ∉ 𝑆2. The expressions for the gradient, Hessian diagonal, and Hessian matrix multiplied by a
trial function are scaled by a factor of

√
1014 which ensures that the orbitals can be symmetrized up

to the numerical limit of double-precision floating point representation (≈ 10−14). The matrix GΣ

for the PM occupied orbitals of benzene is showcased in Figure 8.4 before and after sorting and
after symmetrization with respect to the symmetry-invariant orbital blocks. Applying the reverse
Cuthill-McKee algorithm correctly orders the orbitals into approximately symmetry-invariant blocks.
The symmetrization procedure further ensures that the elements outside these blocks will numerically
vanish such that the application of any symmetry operation will only produce contributions within
the same block. The symmetrization is assumed to be converged, when the maximum absolute
element of GΣ falls below a convergence criterion 𝑢block = 10−13.

After the orbitals are symmetrized with respect to the symmetry-invariant blocks, the approximately
symmetry-equivalent orbitals within these blocks can be detected by applying symmetry operations
to the MOs and identifying which elements contribute above a second threshold 𝜆𝑝 in G. This is done
for every individual orbital and whenever there are intersections with the orbitals that other orbitals
transform into, these can be consolidated. Using this procedure both single orbitals and orbital
sets that are symmetry-invariant or symmetry-equivalent can be identified. The orbitals are then
symmetrized by minimizing Equation (8.1) according to the outlined procedure until the maximum
absolute element of G falls below a convergence criterion 𝑢orb = 10−12. Due to the finite threshold 𝜆𝑝 ,
there can be cases where not all symmetry relationships between the orbitals are correctly identified
before symmetrization. In this case, the symmetrization procedure will generally passively enforce
these relationships as a consequence of the symmetry relations with other symmetry operations
or sets of symmetry-equivalent orbitals. For this reason, the identification of symmetry-equivalent
orbitals is repeated with a threshold 𝜆𝑝 that is twice the symmetrization convergence criterion 𝑢orb
to ensure all symmetry relationships are correctly assigned and can be exploited.
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Before sorting A�er sorting A�er symmetrization

Figure 8.4: Heatmaps of 𝑮Σ for PM localized occupied orbitals of benzene before symmetrization,
after sorting according to the reverse Cuthill-McKee algorithm, and after symmetrization.
Orbital indices are plotted along both the x-/y-axes and the employed color map is
logarithmic, ranging in values of 𝑮Σ from 10−13 (black) to 1 (bright beige tone). Adapted
with permission from Ref. 518. Copyright 2023 American Chemical Society.

8.2.2 Exploiting Localized Orbital Symmetry in PyMBE

When LMO symmetry is exploited in MBE-based calculations, the total number of increments
and CASCI calculations is effectively reduced. In PyMBE, the number of increments at a given
MBE order has to be known before any increments are calculated to allocate the associative arrays
required for increment storage in shared-memory. For calculations exploiting point-group symmetry,
determining the number of non-redundant increments through a closed-form expression as described
in Section 3.1.1 is significantly more complicated due to its dependence on the symmetry properties
of the LMO basis. Instead, a dry run of the increment calculation is employed which generates all
orbital tuples, applies all symmetry operations, and only counts those that are lexicographically
greatest in each set of symmetry-equivalent orbitals. This dry run is parallelized by distributing the
orbital tuples among all processes which results in negligible cost in comparison to the calculation of
the actual increments.

During the calculation of increments in Section 3.1.2, only symmetry-unique increments are calculated
and stored in the allocated associative arrays. It is important to note that while symmetry-equivalent
active spaces will produce equal correlation energies, the increments calculated through Equa-
tion (2.68) will only be equal if all subtuple active spaces are also symmetry-equivalent. Illustrative
examples where symmetry-equivalent active spaces do not result in symmetry-equivalent increments
are provided in Figure 8.5. In the upper section of Figure 8.5, two increments formed from an occupied
𝜋-orbital and two different virtual orbitals belonging to a symmetry-equivalent set of size 12. This set
of 12 symmetry-equivalent orbitals can be completely constructed from a symmetry-unique member
through 𝐶6, 𝐶3, 𝐶2, 𝐶2

3 , and 𝐶5
6 rotations and the three 𝜎𝑣 mirror planes, among others. For instance,

the two orbitals in the upper section of Figure 8.5 can be related through a 𝜎𝑣 mirror plane. The
occupied 𝜋-orbital cannot be transformed into the two other 𝜋-orbitals in the symmetry-equivalent
set by transformation employing the 𝜎𝑣 mirror plane. As a result, these two orbitals will not produce
the same correlation energies. In the lower section of Figure 8.5, the occupied space spanned by all
three occupied 𝜋-orbitals is symmetry-invariant with respect to all symmetry operations. For this
reason, the active spaces on the left and the right side can be transformed into each other through a
𝜎𝑣 mirror plane and the correlation energies are equal. However, the subtuple increments required
to construct both increments for these orbital tuples, such as those described in the upper section of
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Figure 8.5: Illustrative example for orbital tuples which produce equivalent correlation energies but
different increment energies. Adapted with permission from Ref. 519. Copyright 2024
American Chemical Society.

Figure 8.5, are not equal as the corresponding active spaces cannot be transformed into each other.

The increments of symmetry-equivalent active spaces will always be equal if all individual orbitals
in the active space transform into another single orbital in the active space. When orbitals transform
into a linear combination of orbitals, the resulting increments will often not be symmetry-equivalent.
This condition is used in PyMBE to differentiate between symmetry-equivalent active spaces and
symmetry-equivalent increments. For every generated orbital tuple, every symmetry-equivalent
active space is generated and the CASCI calculation is only carried out for the symmetry-unique
active space. All active spaces which produce different increment energies are then generated by
only applying those symmetry operations which transform single orbitals among each other. Only
these unique increments are calculated by subtracting the appropriate subtuple increments from
the correlation energy of the symmetry-unique active space and are then added to the allocated
associative arrays. The total number of CASCI calculations is monitored during the calculation
of the increments as this number can be less than the number of increments for the previously
mentioned reason. Every unique increment is multiplied by the total number of symmetry-equivalent
increments and added to the total MBE property. Whether an active space or increment is chosen
as symmetry-unique within the set of symmetry-equivalent quantities is determined by employing
the petite list method schematically described in Figure 8.6. After an orbital tuple is generated,
the involved orbitals are transformed by all symmetry operations of the molecular point group.
The orbital tuple will only be considered when it is the lexicographically greatest in the generated
symmetry-equivalent set. The contributions of all symmetry-equivalent increments to the correlation
energy can be determined through multiplication with the number of unique orbital tuples in the
symmetry-equivalent set. This number can be calculated by dividing the total number of symmetry
operations of the point group by the order of the stabilizer. The stabilizer is the group of all symmetry
operations that leave the tuple invariant.
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Start with tuple {𝑝, 𝑞, . . .}

Transform tuple 𝐺 (𝑛) {𝑝, 𝑞, . . .} = {𝑝′, 𝑞′, . . .}

Lexicographically greater?
{𝑝′, 𝑞′, . . .} > {𝑝, 𝑞, . . .}? Go to next tuple

Element of stabilizer?
{𝑝′, 𝑞′, . . .} = {𝑝, 𝑞, . . .}? 𝑛 = 𝑛symm?

Calculate increment
𝑛symm

𝑛stab
· Δ𝜀𝑝𝑞...

𝑛 = 0
𝑛stab = 0

Yes

No

No

Yes

𝑛stab = 𝑛stab + 1

No

𝑛 = 𝑛 + 1

Yes

Figure 8.6: Flowchart of the petite list method. Adapted with permission from Ref. 519. Copyright
2024 American Chemical Society.

When the reference space is not invariant with respect to all symmetry operations, the application of
symmetry operations to the reference space can produce contributions in the expansion space. For
this reason, only symmetry transformations for orbital tuples which reproduce the entire reference
space are considered in PyMBE. However, from a theoretical point-of-view, there is no reason to
perform calculations with a non-symmetric reference space and these calculations are discouraged
for performance reasons.

For calculations involving orbital clusters, only symmetry operations for orbital tuples which produce
tuples of complete clusters are valid transformations considered in Figure 8.6. In general, orbital
clustering in combination with symmetry-equivalent orbital sets can be challenging as the choice of
the orbital clusters can significantly affect the ability to exploit LMO point-group symmetry. To limit
this effect, orbital clustering is only performed among orbital sets which exhibit the same symmetry
properties with respect to all symmetry operations. Additionally, the formation of clusters from
orbitals that are part of the same symmetry-equivalent set will also render symmetry exploitation
less effective. Using the outlined clustering procedure, these clusters are generally rare as the
corresponding orbitals are not located at the same bonds or atoms and are therefore not explicitly
prohibited in the clustering algorithm. Nevertheless, orbital clustering can lead to less effective
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8 Exploiting Point-Group Symmetry in MBE-FCI

symmetry exploitation. However, this effect is always overshadowed by the computational gains
resulting from a reduced number of expansion objects. When large orbital spaces are treated, the
simulated annealing procedure in Section 6.1 will often converge to a local maximum. This local
maximum will sometimes not be consistent with respect to the symmetry-equivalent orbital sets that
form clusters with each other. This can be avoided by repeatedly restarting the annealing procedure
for all remaining inconsistent symmetry-equivalent orbital sets which effectively reduces the orbital
space to be clustered and guides the procedure towards the correct global maximum. The resulting
clusters will enable optimal symmetry exploitation while allowing for sufficient freedom for the
orbitals to form efficient clusters.

8.3 Results

Identifying and enforcing numerically exact symmetry properties while leaving the spatial locality
of the LMOs unaffected is necessary for the applicability of LMO symmetry in local correlation
methods. The symmetrization procedure is therefore tested extensively before exploiting point-group
symmetry in MBE-FCI calculations with LMOs.

8.3.1 Symmetrization of Localized Orbitals

The symmetrization procedure is tested on a multitude of molecular systems for a variety of point
groups: ammoniaa (NH3, 𝐶3𝑣), methaneb (CH4, 𝑇𝑑 ), boron trifluoridec (BF3, 𝐶3ℎ), bromine pentaflu-
orided (BrF5, 𝐶4𝑣), sulfur hexafluoridee (SF6, 𝑂ℎ), benzenef (C6H6, 𝐷6ℎ), glucoseg (C6H12, 𝐷3𝑑 ), pen-
taerythrityl tetrachlorideh (C5H8Cl4, 𝑆4), sulfuri (S8, 𝐷4𝑑 ), and buckminsterfullerenej (C60, 𝐼ℎ). The
cc-pVDZ basis set404 is used to construct closed-shell HF orbitals which are then optimized using
the PM, FB, and ER localization procedures as described in Section 2.6.2. The HF orbitals that are
closest to the orthogonalized AO basis in a least-squares sense form the initial guess for orbital
localization.527,528 The symmetry detection is controlled by two different parameters, 𝛾block and 𝛾orb,
for which a default value of 0.3 was chosen for all systems except for BF3 and SF6 with FB orbitals
which required parameters of 𝛾block = 0.4 / 𝛾orb = 0.1 and 𝛾block = 0.3 / 𝛾orb = 0.2 to converge the
symmetrization, respectively.

The degree to which symmetry properties are present in a set of LMOs differs depending on the
localization procedure used. The elements of GΣ for different sets of LMOs of benzene are showcased
in Figure 8.7. Symmetry detection and the subsequent symmetrization is generally more difficult for
virtual orbitals. This is particularly the case for FB and ER localization procedures which produce
orbitals that deviate significantly from symmetry. Since the symmetrization algorithm depends on
symmetry properties already present in the initial orbitals and due to the absence of symmetry in the
ER virtual orbitals, the symmetrization procedure could not be converged for any of the considered
a𝑅(N−H) = 1.0043 Å, ∡(H−N−H) = 110.9◦, ∡(H − N − H − H) = 123.8◦
b𝑅(C−H) = 1.1030 Å
c𝑅(B−F) = 1.1130 Å
d𝑅(Br−Fax) = 1.6890 Å, 𝑅(Br−Fpla) = 1.7740 Å, ∡(Fax − Br − Fpla) = 84.8◦
e𝑅(S−F) = 1.5640 Å
f𝑅(C−C) = 1.3968 Å, 𝑅(C−H) = 1.0874 Å
g𝑅(C−C) = 1.5260 Å, 𝑅(C−Hax) = 1.0930 Å, 𝑅(C−Heq) = 1.0980 Å
h𝑅(C−C) = 1.5400 Å, 𝑅(C−Cl) = 1.7400 Å, 𝑅(C−H) = 1.0900 Å
i𝑅(S−S) = 2.0711 Å, ∡(S − S − S) = 108.2◦
j𝑅(C−C, 6 : 6) = 1.4010 Å, 𝑅(C−C, 6 : 5) = 1.4590 Å
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Figure 8.7: Heatmaps of GΣ for different LMOs of benzene prior to symmetrization. Orbital indices
are plotted along both the x-/y-axes and the color map is that of Figure 8.4. Adapted with
permission from Ref. 518. Copyright 2023 American Chemical Society.

systems whenever ER LMOs were employed. For FB virtual orbitals, this effect is not as pronounced
and the proposed algorithm is consistently able to symmetrize these orbitals. In general, ER orbitals
are considered inferior, and their usefulness is limited in local correlation methods due to their spatial
locality and the scaling of the localization procedure itself.442

The orbitals obtained after symmetrization generally do not represent a stationary point with respect
to the used localization cost function unless the initial orbitals were already symmetric. For this
reason, it is crucial that the spatial locality of the orbitals is not degraded when the orbitals are
symmetrized. To confirm this property, the second and fourth-moment orbital spreads for PM and
FB orbitals before and after symmetrization are compared in Figures 8.8 and 8.9 for all systems. The
second-moment orbital spread is a measure for the general locality of the orbitals while the fourth-
moment orbital spread penalizes the tails (which are usually a consequence of the orthogonality
constraint) to a greater degree. Both of these properties are essential for the efficient implementation
of local correlation methods.415 The virtual orbitals will generally be less localized which is confirmed
by the higher orbital spreads. Both quantities are entirely unaffected by the symmetrization which
can be explained by the small orbital rotations that are necessary to symmetrize the orbitals. The
orbitals after symmetrization are only described by a subset of markers in Figures 8.8 and 8.9 since
only the symmetry-unique orbitals are plotted.

The initial orbitals provided by the two localization procedures do not only exhibit different spatial
locality but also reveal different approximate symmetry properties. In all cases, the FB localization
generates fewer symmetry-unique orbitals and the symmetrized orbitals will therefore offer a greater
opportunity for exploitation and should be considered as an alternative to PM orbitals when applying
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Figure 8.8: Second-moment orbital spreads (𝜎𝑝2 ) of PM and FB LMOs. Results for orbitals before and
after the symmetrization are displayed in green and orange, respectively. The percentage of
symmetry-unique orbitals for every molecule is displayed in red. Adapted with permission
from Ref. 518. Copyright 2023 American Chemical Society.

MBE-FCI to highly symmetric systems. Both methods produce orbitals with a similar degree of
spatial locality while a smaller number of symmetrized FB LMOs is needed to construct the whole
orbital space through the application of symmetry operations. The fact that the FB localization
does not preserve 𝜎-𝜋 separation but instead produces symmetry-equivalent 𝜏 orbitals could offer a
plausible theory why a smaller number of symmetry-unique orbitals are required to span the orbital
space.429 Unfortunately, the results from Section 7.2.1 discourage the use of FB LMOs in the context
of MBE-FCI.
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Figure 8.9: Fourth-moment orbital spreads (𝜎𝑝4 ) of PM and FB LMOs. Results for orbitals before and
after the symmetrization are displayed in green and orange, respectively. The percentage of
symmetry-unique orbitals for every molecule is displayed in red. Adapted with permission
from Ref. 518. Copyright 2023 American Chemical Society.

In addition to the effects of different localizations schemes, the number of symmetry-unique orbitals
that are generated for a given set of orbitals is also influenced by the position of the atoms in the
system and the order of the point group. These effects are investigated in Figure 8.10. As one
would reasonably expect, the use of higher-order point groups generally leads to a smaller number
of symmetry-unique orbitals. The limit for the minimum number of non-redundant orbitals will
be inversely proportional to the order of the considered point group.128 As already alluded to in
Section 8.1, orbital centroids which coincide with symmetry elements will be symmetry-invariant
and will not favorably contribute to the number of symmetry-unique orbitals. As LMOs are often
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Figure 8.10: Ratio of symmetry-unique PM orbitals in the highest point group and selected subgroups
for a range of molecules. Theoretical limits are superimposed using dashed lines. Adapted
with permission from Ref. 518. Copyright 2023 American Chemical Society.
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located at atoms and bonds, the number of non-redundant orbitals will increase whenever atoms are
located on top of inversion points, rotation(-reflection) axes, or mirror planes. This result is apparent
when comparing the symmetry-unique orbital ratios of NH3 and C6H12 in 𝐶3𝑣 or BrF5 and S8 in 𝐶4𝑣 .

An extreme case for which exploiting non-Abelian point-group symmetries in local correlation
methods could yield unprecedented speed-ups is the buckminsterfullerene in the highly symmetric
𝐼ℎ point group. The high order of the point group (ℎ = 120) and the fact that no atoms are located at the
center of symmetry both promise an extreme compression of the orbital space to only a few symmetry-
unique orbitals. In a cc-pVDZ basis set,404 this system requires a total of 840 orbitals. Orbital examples
from the symmetry-adapted canonical orbital basis and from both the symmetrized PM and FB LMO
bases are presented in Figure 8.11. The symmetrization procedure is able to significantly condense

840
(a) Symmetry-adapted canonical

MO

18 (2.1 %)
(b) Symmetry-unique PM LMO

14 (1.7 %)
(c) Symmetry-unique FB LMO

Figure 8.11: Molecular orbitals of buckminsterfullerene. The total number of symmetry-unique
orbitals is displayed below each example illustration alongside relative ratios. Adapted
with permission from Ref. 518. Copyright 2023 American Chemical Society.

the orbital space by almost two orders of magnitude to 18 and 14 symmetry-unique orbitals starting
from PM and FB LMOs, respectively. For both localization schemes, the total ratio comes close to
the theoretical limit of 0.8 % while the mean differences of the second- and fourth-moment orbital
spreads amount to less than 10−3 au. While the C60 system might currently still be out of reach
for MBE-FCI theory, the potential of exploiting non-Abelian point-group symmetries by utilizing
symmetry-equivalent LMOs is nevertheless tremendous.

8.3.2 Exploiting Arbitrary Point Group Localized Orbital Symmetry

The symmetry properties of the symmetrized LMOs can be exploited in MBE-FCI calculations,
making numerous increment calculations redundant and therefore reducing the computational effort
necessary to perform MBE-FCI calculations on symmetric molecules. The degree to which symmetry
can be exploited depends on the order of the molecular point group and the nature of the LMOs
themselves. The total number of redundant calculations for different molecular point groups are
investigated in Figure 8.12 for waterk (H2O), ammonial (NH3), and methanem (CH4) in a cc-pVDZ
k𝑅(O−H) = 0.9580 Å, ∡(H − O − H) = 104.5◦
l𝑅(N−H) = 1.0043 Å, ∡(H − N − H) = 110.9◦, ∡(H − N − H − H) = 123.8◦

m𝑅(C−H) = 1.1030 Å
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8 Exploiting Point-Group Symmetry in MBE-FCI

basis set.404 These all-electron calculations are performed using symmetrized FB LMOs employing an
empty reference space and single orbitals in the expansion space. Both the total number of increments
and the number of redundant calculations increase exponentially with the MBE order. Consequently,
the percentage of redundant calculations of the total number of increments remains relatively stable
throughout the expansion. For all systems, the percentage of redundant calculations is generally
correlated to the order of the exploited molecular point group. The theoretical upper bound for this
percentage is inversely related to the order of the molecular point group and will only be reached
if the cardinality of all symmetry-equivalent orbital sets is equal to the order of the point group
which will rarely be the case for systems with atoms or bonds located on top of symmetry elements.
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Figure 8.12: Total number of redundant calculations for specific point groups plotted against the
MBE order for H2O, NH3, and CH4. These all-electron calculations utilize symmetrized
FB LMOs and an empty reference space. The percentage of redundant increments is
displayed above the respective bar. The y-axis is logarithmic. Adapted with permission
from Ref. 519. Copyright 2024 American Chemical Society.
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Nevertheless, all calculations in Figure 8.12 approach this upper bound and a significant number of
increment calculations can be skipped.

To investigate the effects of larger basis sets on the ability to exploit LMO point-group symmetry,
the above calculations were repeated in the full molecular point group in Figure 8.13 employing
the cc-pVTZ and cc-pVQZ basis sets.404 Both the total number of increments and the number of
redundant calculations increase with the cardinality of the basis set. For the virtual MOs of larger
basis sets, the localization cost function will often exhibit numerous densely clustered minima and
the symmetry properties of the identified minimum can affect the ability to exploit point-group
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symmetry. This effect can both increase and decrease the ratio of redundant calculations as can
be seen for NH3 in the cc-pVTZ and cc-pVQZ basis sets. In general, the percentage of redundant
calculations exhibits no basis set dependence and symmetry can be exploited to a similar degree,
regardless of basis set size. The additional LMOs introduced through larger basis sets appear to
inherit similar symmetry properties to the LMOs of smaller basis sets. Hence, the exploitation of
arbitrary point group LMO symmetries presented in this chapter is able to significantly reduce the
computational effort of MBE-FCI calculations for highly symmetric systems. In combination with the
developments in Chapter 6, a wider range of molecular systems in larger basis sets are now amenable
to affordable and highly accurate MBE-FCI calculations.
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9 The Ground-State Electronic Energy of
Benzene

The benzene molecule is widely known as the prototypical aromatic base structure from which
numerous chemically relevant derivatives can be formed. Due to its prevalence in organic chemistry
and its large molecular size this system has been benchmarked in the cc-pVDZ basis set by a variety of
state-of-the-art approximate FCI approaches through a blind study.135 ASCI, SHCI, iCI, AS-FCIQMC,
CAD-FCIQMC, DMRG, MBE-FCI, and FCCR were employed to target the frozen-core ground-state
electronic energy of this system. Results from the i-FCIQMC approach are also available from
previous work.347 Additional post-blind results from ASCI employing localized orbitals and from
SHCI utilizing further optimized orbitals and an alternative extrapolation function have also been
generated for this system.135 Since Ref. 135 was published, results from AFQMC,529 CIPSI,530 and
iFCI531 have emerged, corroborating the projected energy range. While the MBE-FCI method is
able to converge to an energy right in the center of the range projected by the other methods, the
calculation also required an overwhelming 1.7 million core hours parallelized over 4608 cores.135 Its
high symmetry, which has not been used in the MBE-FCI calculation in Ref. 135, makes the benzene
system a perfect candidate for the exploitation of non-Abelian localized orbital symmetry in the
context of the MBE-FCI method. In combination with the orbital clustering introduced in Chapter 6,
this approach can significantly reduce computational costs and therefore enable more accurate
calculations while also moving on to larger basis sets. The work in this chapter was published in
Ref. 519.

The MBE-FCI calculation in Ref. 135 utilized a reference space including all six PM localized 𝜋-orbitals.
When applied to an empty reference space MBE-FCI calculation employing PM orbitals, the automatic
reference space identification introduced in Chapter 5 also suggests that these 𝜋-orbitals should be
added to the reference space while leaving it empty could significantly slow convergence of the
MBE. The development of the MBECC backend offers an alternative to the 𝜋-orbital reference space
through high-level CC base models. Since these base models are able to capture the correlation of the
𝜋-orbitals to a large extent, convergence of the MBE will be accelerated even when an empty reference
space is utilized. Empty reference spaces can be advantageous since the MBE can be converged to
significantly higher orders before the CI and sigma vectors for individual increment calculations can
no longer be stored in memory. For a 𝜋-orbital reference space, parallel calculations beyond MBE
order 8 become difficult as a result of this memory boundary. Correspondingly, calculations involving
an empty reference space can be reliably converged to MBE order 14. While MBE calculations
involving single-orbital expansion spaces will never reach such high orders for systems of this size
due to the prohibitive polynomial scaling of the number of increments with the size of the expansion
space, calculations involving clusters of orbitals in the expansion space can easily be performed
to higher orders. Hence, while including the highly correlated 𝜋-orbitals in the expansion space
can be beneficial, empty reference space calculations can likely compete for base model MBE-FCI
calculations involving a clustered expansion space.

Alternatively, the reference space can also be selected in the canonical orbital basis. Instead of
including six localized 𝜋-orbitals in the reference space, the two degenerate sets of occupied and
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9 The Ground-State Electronic Energy of Benzene

virtual canonical 𝜋-orbitals might suffice to improve MBE convergence. These are significantly more
correlated than the remaining 𝜋-orbitals. While this approach limits the localizability of the remaining
orbitals, the reference space is also compressed such that higher MBE orders are easily accessible in
calculations involving a clustered expansion space. This partitioning applies the combination of a
delocalized reference space and a localized expansion space investigated in Section 7.2.1 to the larger
benzene system.

It should be noted that the screening and error estimation techniques introduced in Chapter 7 are
not utilized for the treatment of the benzene system. Since these calculations are mostly limited by
memory, screening is not necessary before higher MBE orders become impractical. Additionally,
the empirical relationship identified in Chapter 7 is not calibrated for the use with CC base models
which represents a potential direction for future extension. For these reasons, all calculations in this
chapter are truncated after a given MBE order.

The benzene calculationsa employ a symmetrized, PM localized expansion space involving two-orbital
clusters. These clusters are constructed from early-order MBE-FCI information (up to MBE order
4) using the clustering procedure outlined in Section 6.1. The results up to a maximum number
of 14 orbitals in the increment active space for different reference spaces and CC base models are
presented in Figure 9.1. Additionally, the results utilizing non-empty reference spaces and a CCSDT
base model are augmented by additional MBE-CCSDTQ results for MBE orders which are intractable
with MBE-FCI due to memory. The different reference space choices are easily compared when
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Figure 9.1: Correlation energies of the frozen-core electronic ground state energy of benzene obtained
in MBE-FCI calculations using the cc-pVDZ basis set employing different reference spaces
and CC base models. Adapted with permission from Ref. 519. Copyright 2024 American
Chemical Society.

aSymmetrized geometry from Ref. 532 which was also used in Refs. 135 and 347
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inspecting the calculations with the CCSDT base model. The calculation employing six PM 𝜋-orbitals
in the reference space is unable to converge to the same energy as the other calculations before
additional MBE orders become infeasible. When both sets of degenerate canonical 𝜋-orbitals are
included in the reference space, a cost-effective balance between early MBE termination order and
accelerated convergence caused by folding additional correlation into the reference space can be
achieved, and the calculation is able to converge to a similar energy as the remaining expansions in
Figure 9.1.

The CCSDTQ base model already recovers a great majority of the correlation effects present in this
system. Therefore, all expansions utilizing this base model only yield a minor correction to the
CCSDTQ energy of the full system. In any case, these calculations all converge to the same energy
range which supports the assumption that the reference space choice is irrelevant for dynamically
correlated systems when high-level base models are employed. All MBE convergence profiles follow
a similar pattern as early-order contributions are often small since the CC base model can sufficiently
describe small increment active spaces. Higher orders will then contribute to a greater degree until
the MBE converges and the contributions vanish. When the MBE is truncated before full convergence
is achieved, the resulting energy will nevertheless recover all contributions up to the base model
level of theory.

The best estimate for the frozen-core MBE-FCI correlation energy of benzene in the cc-pVDZ basis
set presented in this chapter is given by the MBE-FCI/CCSDTQ calculation employing an empty
reference space which converges to an energy of −862.6 mEh. This calculation recovers all 7-orbital
contributions at the FCI level of theory while the remaining orders are treated using the highly
accurate CCSDTQ method. The FCI correction at the remaining orders will likely be minor. From
these arguments, the MBE-FCI result presented in Ref. 135 only recovers up to 6-orbital contributions
in their entirety and should therefore be less accurate. In comparison to this blind-study result, the
calculations presented in this chapter are not only more accurate but also significantly cheaper. The
empty reference space MBE-FCI/CCSDTQ calculation required a total of 40 300 core hoursb which is
significantly more affordable than the calculation in Ref. 135. The time-to-solution is reduced by a
factor of 40. On the other hand, the MBE-FCI/CCSDT calculation employing four canonical 𝜋-orbitals
required 1700 core hours while the corresponding MBE-FCI/CCSDTQ calculation required 2600 core
hours.b In comparison to Ref. 135, the computational effort was reduced by a factor of 1000 and 650,
respectively. About one order of magnitude can be traced to the symmetry exploitation since 89 % of
the CASCI calculations were omitted due to symmetry equivalences, avoiding a total of 2.6 million
redundant calculations. The remainder should be attributed to orbital clustering and other algorithmic
improvements in the PyMBE program. It should be noted that these timings do not include the initial
base model calculation which can become a bottleneck for larger calculations. For example, the
CCSDTQ calculation in Ref. 135 required a total of 5500 core hours. When the MBE-FCI/CCSDT
result is augmented by MBE-CCSDTQ/CCSDT results at the final order, the computational effort
increases by around 15 600 core hours.b This increase is caused by numerous additional CCSDTQ
increments that need to be calculated. The MBE-FCI/CCSDTQ calculation employing four canonical
𝜋-orbitals in the reference space yields the best compromise between accuracy and computational
efficiency of all results presented in this chapter.

The results of a variety of other state-of-the-art approximate FCI approaches, all of which are
described in Section 2.3, are compared to both types of base model calculations employing the four
canonical 𝜋-orbitals in the expansion space in Figure 9.2. These predictions are divided into the
CC reference calculations, the blind calculations that were performed without knowledge of the

bComputer architecture: Two Intel Gold 6130 per node (32 cores @ 2.1 GHz, 5.53 GB/core)
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Figure 9.2: Correlation energies of the frozen-core electronic ground state energy of benzene in a
cc-pVDZ basis set. All energies except those of the CCSDT(Q), MBE-FCI/CCSDT, and
MBE-FCI/CCSDTQ methods were taken from Refs. 42, 347, 529, 530, and 531. Adapted
with permission from Ref. 519. Copyright 2024 American Chemical Society.

results from other methods, and the post-blind calculations that were published after the results
from Ref. 135 were available. The majority of the post-blind calculations predict energies below the
average correlation energy in Ref. 135. The predicted correlation energies in this work are slightly
higher and much closer to the CCSDT(Q) and CCSDTQ results.

Some developments presented in this thesis can enable calculations of unprecedented size. While
MBE-FCI calculations on the benzene system in a cc-pVTZ basis involving a total of 254 orbitals would
have been inconceivable when Ref. 135 was published in 2020, this system can now be efficiently
treated in an attempt to reduce the remaining basis set error. Full CCSDTQ calculations are infeasible
for systems of this size and MBE-FCI calculations hence need to rely on the CCSDT base model instead.
While empty reference spaces yield the most accurate calculations in the cc-pVDZ basis set, these
calculations become impractical when employing a cc-pVTZ basis as around 800 million and 20 billion
increments would be required at MBE orders 12 and 14, respectively. Hence, an MBE-FCI/CCSDT
calculation involving a reference space of four 𝜋-orbitals is performed, and the correlation energy can
be compared to CC and AFQMC results in Figure 9.3.530 The AFQMC calculation is computationally
less expensive and less accurate than the corresponding result in Figure 9.2 because it is only based
on a single-determinantal HF trial wave function. The correlation energy magnitude of the benzene
system appears to be systematically overestimated by the AFQMC method.529 The MBE-FCI/CCSDT
result of −1028.7 mEh is slightly above CCSDT(Q) which is plausible since the CCSDT(Q) result tends
to overshoot the CCSDTQ energy.222,533 The comparison to the results in Figure 9.1 indicates that the
correlation energy will likely further decrease over the next few MBE orders. The resulting difference
to the FCI result will presumably stay within a conservative estimate of 1 kcal/mol. Calculations
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Figure 9.3: Correlation energies of the frozen-core electronic ground state energy of benzene in a
cc-pVTZ basis set. The AFQMC energy is taken from Ref. 530. Adapted with permission
from Ref. 519. Copyright 2024 American Chemical Society.

of this size can be routinely performed on large-scale parallel computer systems as the calculation
required a mere 39 700 core hours.b An overwhelming number of around 238M CASCI calculations
(90%) were skipped, underlining the importance of exploiting full 𝐷6ℎ symmetry for this system.

The investigation of the electronic ground state of the benzene molecule presented in this chapter
has coupled many of the developments presented in this thesis and has exemplified how these
advancements enable accurate calculations of unprecedented size on commodity computer hardware.
Consequently, these developments can be applied to a variety of interesting molecular systems to
provide reliable benchmark results needed both for quantum chemical method development and in
thermochemical applications. The calculated correlation energies of the electronic ground state of
benzene provide a reference point for other accurate approximations of FCI theory.
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10 Conclusion and Outlook

Within the scope of this thesis, the capabilities of the MBE-FCI method have been extended to enable
the efficient and highly accurate treatment of a variety of molecular systems. These developments
have required a major overhaul of the PyMBE program and have resulted in greater accessibility,
applicability, and performance of MBE-based methods. These advancements unlock the ability
to perform massively parallel calculations of electronic energies beyond chemical accuracy for a
wide range of systems which will become highly relevant for benchmarking and thermochemical
applications. The key findings are summarized and future perspectives are explored in the present
chapter.

The newly developed MBE-CASSCF method enables the treatment of statically correlated systems
which require large active spaces. To achieve this, the CASCI step in conventional two-step CASSCF
algorithms is replaced by a dedicated MBE-CASCI solver (e.g., PyMBE). The existing MBE targets in
PyMBE were extended to facilitate the expansion of 1- and 2-RDMs and of generalized Fock matrices,
both in a state-specific and state-averaged fashion, which allow for the approximation of the CASSCF
orbital gradient. An interface to the CFOUR program package has enabled the efficient application of
the MBE-CASSCF method. The description of the electronic structure of several polyacenes through
the lens of MBE-CASSCF has revealed that rather crude approximations of the orbital gradient for
the orbital optimization will nevertheless permit an accurate treatment of these systems. From a
computational standpoint, the final energy evaluation employing the fully optimized orbitals turns
out to be substantially more important. This finding enables the memory-efficient implementation of
MBE-CASSCF orbital optimization through a recursive formulation of the MBE. Additionally, the
orbital optimization benefits from the inclusion of important orbitals in a reference space and from
a compact initial active orbital basis, such as LMOs. However, explicitly allowing for active-active
orbital optimization will lead to convergence issues while offering little value. These problems
caused by the redundancy of the active orbitals and the CI coefficients could be mitigated through
an explicit coupling of the optimization of both sets of parameters.271,479 Additionally, CASSCF
calculations involving large active spaces often exhibit multiple local minima305 which can cause
issues and possibly needs to be remedied in the future. Nevertheless, given appropriate screening
parameters, the MBE-CASSCF method is able to consistently reproduce conventional CASSCF results
for smaller systems. The MBE-CASSCF method was then applied to the challenging description of
the triplet-quintet spin gap of the iron(II) porphyrin system employing a variety of active spaces, up
to a size of 50 electrons in 50 orbitals. While these calculations fail to reproduce the experimentally
found ordering of the spin states, a decrease of the spin gap with increasing active space size signifies
a possible interchange of the states if even more orbitals are included in the active space. The small
magnitude of the spin gap and its high fluctuation for different active spaces indicate possible flaws
in the CASSCF method for the qualitatively correct description of systems of this nature. These
challenges could possibly be solved by incorporating the dynamic correlation outside the active
space. In the context of MBE-FCI, this could be achieved by replacing the final energy MBE-CASCI
evaluation by an MBE-FCI calculation where the orbitals outside the active space are screened away
rather quickly. Nonetheless, the ability to treat large active spaces accurately and efficiently in
the context of orbital-based MBEs is one of the key breakthroughs that have emerged from the
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developments in this thesis. Possible applications involve not only extended statically correlated
systems which might require these large active spaces to converge but also systems for which the
choice of an optimal active space is ambiguous. The MBE-CASSCF method could additionally be
extended to the calculation of molecular gradients which would facilitate geometry optimizations
for systems requiring large active spaces.

An automatic procedure for the identification of statically correlated orbitals that are to be included in
the reference space for MBE-FCI or MBE-CASCI calculations was proposed. This procedure exploits
early-order MBE information through the quantum fidelity and streamlines the reference space
identification process by only requiring a single input parameter. The resulting reference spaces of
three statically correlated systems were compared to the active spaces obtained from DMRG-based
autoCAS,281,285 a common approach for solving the active space selection problem in the context of
CASCI and CASSCF calculations. This comparison reveals high correlation between the results of
both methods, indicating possible applications of the quantum-fidelity-based selection criterion in
the context of both conventional and approximate CASSCF calculations. Additionally, the developed
algorithm also ensures that the optimal eigenvalue is chosen from the spectrum of the individual
increment calculations which prevents MBE convergence issues due to state switching along different
orders of the MBE. This approach could be extended to the description of electronically excited
states112 which could be achieved by starting from a reference space which describes the dominant
determinant in the configuration interaction with single excitations wave function of the targeted
state and then following this state instead of the HF ground state determinant.

The cost of MBE-based methods can be reduced by merging single orbitals into orbital clusters and
using these as objects of the expansion. Orbital clustering in MBE-FCI requires a careful balance
between the total number of clusters and the size of the clusters themselves. In this thesis, an orbital
clustering algorithm was developed which attempts to maximize intracluster correlations from
early-order MBE information. The contributions at early orders of the MBE that can be constructed
from these clusters are therefore maximized. An improved clustering method could involve explicit
orbital optimization within the expansion space to maximize intracluster contributions, similar to
the cluster mean-field method.470 When approximating CC theory, orbital clustering becomes a
necessity for MBE-based methods to become competitive with their conventional counterpart. The
developments in the framework of this thesis have laid the groundwork for the practical application
of MBE-CC approximations that will undoubtedly extend the range of systems that can be treated
on the basis of high-level CC methods. MBE-based calculations employing orbital clusters could
further be improved by removing the restriction that the clusters must be mutually exclusive. Instead,
overlapping clusters would allow the expansion to recover additional intracluster contributions at
early MBE orders if necessary. Similar efforts have been proposed in the context of fragment MBEs
and been successfully applied to the description of condensed-matter systems.71

The orbital-based screening method proposed in this thesis enables the truncation of the MBE while
controlling the accumulated errors. The proposed model uses empirical relationships and importance
sampling to predict projected error bounds and removes orbitals from the expansion space to produce
results within provided error bounds. The reference space detection, orbital clustering, and screening
developments are applied to the FCI21 benchmark set and compared to conventional FCI results.
The outlined improvements to the MBE-FCI method enable the treatment of both statically and
dynamically correlated systems in the benchmark set up to a range of different error bounds. Different
localized and delocalized MO bases as well as various combinations of delocalized reference spaces
and localized expansion spaces were tested on the systems in this benchmark set. For the small
systems considered herein, PM LMOs seem to provide the lowest timings across the entire benchmark
set while combinations of delocalized reference spaces and localized expansion spaces do not appear
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to offer significant advantages over the localization of the entire orbital space. In the future, benefits
of alternative localization methods which are able to improve locality of the virtual orbitals, such
as fourth-moment localization, should be investigated.415,430 These developments were also tested
on a small group of larger molecules which showcase appropriate scaling of the error bounds with
system size. Going forward, the screening and error estimation algorithm should be extended to
MBE-FCI calculations employing CC base models. The algorithm could be further improved by
factoring in information about those increments which fall below the convergence criterion of the
individual CASCI calculations or below the numerical precision of the floating-point representation.
Perhaps more sophisticated machine-learning models could be designed by accounting for additional
information about the extent to which specific orbitals are correlated. This could possibly be achieved
from distance- and orbital-spread-based measures for LMOs and could be applied to the additional
pruning of individual increments. Furthermore, any insight on the cause behind why an increment
exhibits a specific sign would be highly desirable for screening and error estimation purposes.

A novel algorithm for the symmetrization of LMOs was developed in the context of this thesis which
enforces approximate symmetry properties present in both PM and FB LMOs. This algorithm was
then applied to an extensive selection of molecular systems exhibiting a wide variety of (non-)Abelian
point groups. It was found that the FB localization procedure will generally produce a smaller number
of symmetry-unique MOs and will therefore exhibit a higher potential for symmetry exploitation
than PM localization. Possible applications of the resulting symmetrized LMOs are not restricted to
MBE-based methods but also show significant potential to speed up other local correlation methods
employing orthogonal and linearly independent LMOs. The implementation of the petite list method
in MBE-FCI has enabled the ability to exploit these (non-)Abelian LMO symmetries, culminating in a
large reduction in the total number of necessary calculations for highly symmetric molecules.

The exploitation of LMO point-group symmetry and the use of orbital clustering have significantly
extended the applicability of the MBE-FCI method and have enabled the calculation of a highly
accurate approximation of the frozen-core electronic ground state energy of benzene in a cc-pVTZ
basis set. This result closes the gap toward the non-relativistic ground state energy of benzene by
removing a large proportion of the basis set error present in previously published results135 and
yields unparalleled accuracy for a system of this size at affordable computational costs.

Future applications will require MBE-FCI theory to venture beyond energies. Therefore, many of the
developments presented in this thesis will need to be extended to other electronic properties to be
broadly applicable across the wide spectrum of chemically interesting quantities. While all wave
function properties can theoretically be expanded through an MBE and approximated through its
truncation, the devil is often in the details, as this thesis has convincingly demonstrated. Nevertheless,
when implemented effectively and applied appropriately MBE-based methods can offer affordable
access to highly accurate approximations of the electronic Schrödinger equation.
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