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ARTICLE INFO ABSTRACT
MSC: As offered by the World Health Organisation (WHO), close to half of the population in the
34D20 world’s resides in dengue-risk zones. Dengue viruses are transmitted to individuals by Aedes
37G15

mosquito species infected bite (Ae. Albopictus of Ae. aegypti). These mosquitoes can transmit

23113;5 other viruses, including Zika and Chikungunya. In this research, a mathematical model is

formulated to reflect different time delays considered in both extrinsic and intrinsic incubation
Keywords: periods, as well as in the recovery periods of infectious individuals. Preliminary results for the
Stability analysis

non-delayed model including positivity and boundedness of solutions, non-dimensionalization
and equalibria analysis are presented. The threshold parameter (reproduction number) of the
Dengue fever model ) ) ) A X ot X
Epidemic models model is obtained via next generation matrix schemes. The stability analysis of the model
Delay derivative equations revealed that various dynamical behavior can be observed depending on delay parameters,
where in particular the effect of delay in the recovery time of infectious individuals may lead
to substantial changes in the dynamics. The ideas presented in this paper can be applied to other
infectious diseases, providing qualitative evaluations for understanding time delays influencing
the transmission dynamics.

Dynamical systems

1. Introduction

Dengue fever has recently been identified as the most rapidly transmitted arboviral disease [1,2]. The disease has been identified
as a major public health concern in tropical and subtropical countries, with a significant impact on population health, as evidenced
by several authoritative studies and reports [3-5]. Although, the dengue virus is common in the subtropical and tropical regions,
it has been identified in approximately 128 countries, including those in North America and Europe, which are predominantly
non-tropical countries. Reports indicate that approximately 390 million individuals are infected with dengue annually, resulting in
500,000 hospitalizations and 20,000 deaths from complications of the disease [4,5].
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The economic consequences of the fever epidemic have had a significant impact on several nations. From 2000 to 2007, the
total annual cost in the United States, including both hospitalizations and ambulatory cases, was estimated at USD 2.1 billion [6].
Therefore, it is essential to ensure the implementation of health policy and the establishment of disease control schemes are
needed [7].

The Aedes albopictus and Aedes aegypti are the two main species vectors [3]. Four serotypes of the virus can cause dengue
fever: DEN-1, DEN-2, DEN-3, and DEN-4. Dengue fever is primarily transmitted by Aedes aegypti and Aedes albopictus mosquitoes,
which become infected when they bite a person carrying the dengue virus. Following an incubation period of 8 to 12 days,
the virus disseminates to the mosquito’s salivary glands. This establishes the potential for transmission to other humans through
subsequent bites. In humans, the virus incubates for 4 to 10 days before symptoms manifest. The symptoms of the disease include
back pain, high fever, skin rash, muscular pains, nausea, eyes soreness, vomiting, face redness, red eyes, severe malaise, extreme
weakness, and death. During this viremic phase, infected individuals can transmit the virus to other mosquitoes. Environmental
factors, such as temperature and humidity, significantly influence the transmission dynamics, which affect mosquito populations
and breeding sites [8,9]. In light of the increasing incidence of dengue virus disease in recent years, numerous studies have been
undertaken to develop an optimally efficacious vaccine. Meanwhile, a satisfactory preventive vaccine remains unavailable; however,
a partially active vaccine is available [10,11]. Thus, scientists rely on management policies and control mechanisms to eliminate
viral transmission.

Epidemiological formulations are a fundamental tool in gaining deeper insight into the dynamics of infectious disease and the
implementation of effective control techniques. The establishment of such mathematical formulations reveals an important area
concerning the spreading and control [12,13]. Mathematical formulations for the dynamical interactions between the vector and
the host were first proposed by Lotka [14] and Ross [15]. They were the first to examine the dynamic of host-vector malaria.
The proposed variations in the framework can be adopted for the study of dengue fever [16-18]. Many scholars have previously
adopted deterministic compartmental formulations to investigate the dengue disease dynamical propagation in specific areas or
countries [16,17,19,20]. Recent mathematical models of dengue fever include different aspects of the disease, such as the effects of
vector control, treatment and mass awareness on the transmission dynamics [21], specifically the birth-pulse mosquito population
models with sex structures have been established [22], models with linear and nonlinear infection rate have been taken into
account [23], individual immunological variability has also been considered [24].

While significant progress has been made in SIRS modeling, numerous open problems persist within the field. Recently, several
authors have performed complex numerical experiments for various infectious disease models to study the sign of the eigenvalues
obtained from the characteristic equation, evaluated at the endemic equilibrium [25-29]. This has facilitated the analysis of the
impact of various parameter values on the dynamics of the system and proved that stability of the endemic equilibrium may lead
to very complicated dynamics. In this paper, we focus on investigating the bifurcations of a dengue virus transmission model
that considers the extrinsic and intrinsic incubation period, as well as the time delay in the recovery period. We demonstrate
that the model is susceptible to various kinds of bifurcations, including transcritical bifurcation, period-doubling bifurcation, and
Hopf bifurcation, as parameters change. In this context, we show that the delay in the recovery, 7,, is particularly important
for highly complex dynamics. Taking such terms into account in disease modeling may also prove instrumental in understanding
different epidemic diseases, including the recent COVID-19 pandemic. For example, by studying period-doubling bifurcations, we
can potentially identify parameter regions where complex dynamics, including deterministic chaos, may arise [28].

In this work, the authors investigate the impact of intrinsic and extrinsic incubation times on dengue fever infection dynamics by
using a system of delay derivative equations. It is evident that a more comprehensive model of an epidemic should incorporate not
only present-time information but also relevant data over past. Thus, the organization of the paper is as follows. In Section 2,
we formulated a dynamical delayed-differential equation for effective dengue virus transmission between humans and vectors.
In Section 3, we carried out preliminary results for a non-delayed model, such as positivity and boundedness of solution, non-
dimensionalization, and equilibria points of the dimensionless model. Furthermore, in Section 4, we presented stability analysis
for the non-delayed system using reproduction number as a threshold for the Dengue-free equilibrium point and Dengue-endemic
equilibrium point, while in Section 5, we demonstrated stability analysis for the delayed system and performed the results for the
numerical computation analysis (i.e. periodic oscillations). Finally, in Section 6, we presented the conclusion and future directions.

2. Model formulation

We are motivated by the work of [30], which stratified the two-interacting population into the human population (N,(r)) and the
vector population (N, (1)) to study the dengue infection dynamics in a given locality at any time ¢. We shall make a slight modification
to the model in [30] by incorporating delay terms 7, and r,, which denote the meantime intrinsic and extrinsic incubations for
humans and vectors, respectively while also modifying the forces of infection for both humans and vectors to reflect the delay terms.
The total human population is divided into four categories based on disease status: susceptible .S, (7), recovered R, (1), infectious I, (1)
and exposed E, (7). The total human population at time 7 then defined as:

Nu() = Sp(0) + Ep(t) + I,() + R, (1)

Likewise, the vector population is divided into three categories: susceptible vectors S, (7), infectious vectors I,(r) and exposed vectors
E, (1), resulting in a total vector population N, given as

N, =S, + E, () + I,
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Table 1
Description of the variables and parameters of the dengue fever model (1).
Variable Description
Sy Susceptible humans population
E, Exposed humans population
I, Infectious humans population
R, Recovered humans population
S, Susceptible vector population
E, Exposed vector population

Infectious vector population

Parameter Description

T Ty Humans and vector recruitment rate respectively

Pro Probability of human-to-vector transmission

Bon Probability of vector-to-human transmission

b Vector rate of biting

Vi Human antibody proportion in reaction to infection incidence

induced by vector
Vector antibody proportion in reaction to infection incidence
induced by human

Hys Hp Vector and human natural death rate

8 Disease induced death rate for humans

o), Exposed to infectious module of disease rate of progression

o, Exposed vector to infectious module of disease rate of progression
&, Recovery human infectious rate due to treatment

@ Human immunity losing per capita rate

C Control effect rate of vector

Extrinsic incubation rate of vector

The mathematical formulation employed in the study of dengue fever dynamics is based on a nonlinear derivative deterministic
system of equations:

% =7, + oRy, — Sy — 1pShs
% = 1S, — (up + o) Ey,
T < 0By~ @ i+ 51
% =&l — (U + )Ry, v
O = 4,5, (1, 4 €S,
dftv = 4,8, = (0. +0,+ pu,+C,)E,,
% = (0, + 0,)E, — (i, + C I,
where
y = Dwltmm) o Wbt

T vt -1 Tyt —1,)’

The emerging variables and parameters from the model are presented in Table 1.

The intrinsic (r;,) and extrinsic (z,) delays refer to the periods associated with the virus’s lifecycle in human hosts and mosquito
vectors. These delays are critical for understanding how the disease spreads and predicting an outbreak’s dynamics. The intrinsic
delay refers to the time it takes for an infected person with dengue virus to become infectious to mosquitoes while the extrinsic
delay refers to the time it takes for the dengue virus to become transmissible within a mosquito after the mosquito has bitten an
infected human. Finally, the term I,(r — z,) denotes the number of infectious individuals who commence the recovery process after
a period of time 7, [31].

It should be noted that the mean time extrinsic incubation, denoted by 7, and the mean time intrinsic incubation, denoted by

7),, are to be understood as separate quantities.
The term 4, = % indicates that the infection time ¢ is induced by an infectious class 7, (r), and the earlier infection of 7,
units in time. Accordingly, 7, denotes average incubation time of the produced human antibody in reaction to the vector infection.
Similarly, the term 4, = % denotes the transmission time ¢ prompted in infectious class I,(r), and 7, represents the earlier
infected time unit. Therefore, the term 7, represents the average duration of the incubation period associated with vector-produced
antibodies in response to human infection.
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3. Preliminary results for non-delayed model
3.1. Positivity and boundedness of solutions

Lemma 1. In the absence of delay, let the initial data for the dengue fever model (1) be D(0) > 0, where D(t) = (Sh(t), E, (1), I,(1),
Ry, S,(O, E, (1), I, U(t)). Then the solutions D(t) of the model with non-negative initial data will remain non-negative for all time t > 0.

Proof. Suppose the initial data set of the dengue model D(0) > 0 such that D(r) = (Sh(t), E (1), I,(D), R, (1), S, (1), E, (1), IU(I)) is
non-negative for all + > 0. We begin by showing the positivity of the solutions as follows:

Taking from the first model Eq. (1) that
S _ R, — 1,8 S, > S, S @)
& - Fn T ORy = ApSh = MpSh 2 Ty = ApSh = S

Using the method of integrating factor, Eq. (2) takes the form

% (Sh(t)exp [M,,r+/ot,1,,(g)d§]> > 7,exp [,4,,:+/0t Ah(g)dc],
Hence,

S,(t,)exp [,4,,: + /Ot zh(c)dg] — 8,(0) > /Ot ™ <exp [th + /OX zh(c)dgb dx,
so that,

t
S, > S,(0)exp [—uhz—/o Ah(C)dC]

t t X
+ exp [—yht —/ Ah(ﬁj)dg] x/ T (exp [ﬂhx+/ ih(c)d§]> dx > 0.
0 0 0

Similarly, the remaining state variable {Sh(l), E, (1), I,(1), R, (), S,(1), E, (1), IU(t)} > (0 at time ¢ > 0. Thus, the solutions to the D(¢)
model (1) remain positive for all initial conditions non-negative.

3.2. Invariant region

Now, the dengue fever model (1) is biologically analyzed in the feasible region.
Given the feasible region J = J), x J, € R x R3 with
4 Zh
TIn = {(Sh,Eh,I,,,R,,)e R, Ny < M—}
h
and

T,

={(S,,E,,I)eR? : N, < —2_ }.
Ju {( v Fo u) + U_HU+CU}

Lemma 2. The feasible region J C Rzr is positively invariant for the model (1) with non-negative initial conditions in Rzr.

Proof. The rate of change of the human and vector total population are given respectively by

dn,
i CThT upNp (@) = 6,1y (1) < 7p — pp N (1), 3)
and
dn,
o = o~ (e + GIN(), 4

where N, = S, + E, + I, + R, and N, = S, + E, + I,,. The above Eq. (3) and (4) yields N,(t) < N,(0)e #n' + Z—h (1—e ') and
h
N,(t) = N,(0)e~t+Co) 4 ”% (1 — e=to+C)t) Tt follows that N, (1) — ":—" and N,(1) — - ’;LC as t — oo. In particular, N,,(r) < 2
v v h v v
and N, (1) < ” ’i”c if the respective total human and vector population at the initial time N,(0) < Z—’; and N,(0) <

. Lo v, .y . .
feasible region J is positively invariant.

v

. Hen
e ence, the

Hy

Thus, it is appropriate to dynamically examine the dengue infection formulation (1) in the bio-feasible region .J in which the
formulation is epidemiologically and mathematically well-defined [2,32].
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3.3. Non-dimensionalization

Introducing dimensionless variables:

~ ~ U,,0 ~ ~ D,
S§,=trs  E,=2%E, I, =v, R,=-R,
TTp Hp Sh

- - v, (0, + 0, - -
§=trs  E = MEU, I,=v,0,,  T=ut,
Ty, Hn
and new dimensionless parameters:
2] . b 00 o
5 2 by, = ﬂhv’ & = h;zv, =14,
HpTtpUy HpUp My, Hn
By E S, N bp . ¢
E=1+2—2 =1+, b,=—2 &,=1+-2,
Hn Hp UyHp Hp
mvp0. +0,) ~ 0. +0o,+c,
ay = —2, Coypy = 1 _—.
My, Hp

the dimensionless version of the non-delayed model is given in the following

% =1+ wR), — A,S), — Sy, )
% =aApSp—opEy, oy >1 ®
% =E, - &1, &> 1 @
% =1, —n,Ry, > 1 8
% =1-4,8,—c;,S,, ¢, > 1 ©)
dj” = wA,S, =y ey > 1 (10)
% =E, -1, an
where
= % Ay = % 1, = 1,(t —1,). a2

Here (7) is omitted for simplicity.
3.4. Equilibria of the dimensionless model
The system (5)—(11) always has a disease-free equilibrium that is

1
Dy = (Shos Enos Inos Rios Suos Evos 1o) = <1,0,0,0, C—,O,O>

1v

which corresponds to the disappearance of dengue disease. One possible way to understand more about the other roots of the
equations for equilibria points of the system (5)-(11) is to express all the variables in terms of S,. First, we will derive the expressions
for these equations in this section. Using (5) and (6) gives

(o)

L E,=1+wR, - S, (a3

@)
Note that Egs. (7) and (8) lead to E;, = &,1, = &,n, R,. Substituting this in (13) gives the relation

a; (1 -5y
= et b uliied AN 14)
(@hépny — a1 @)
with 6,&,1, > a . It is now straightforward to find the expressions for I, and E, in terms of .S;, as
1-S 1=
I, = 0= Sn) and E, = Sntni = Sy) h). (15)
(©hEpny — @) (©Epny — @)
Similarly substituting E, given in Eq. (15) into (6):

1=
I,= onentn1 ~ Sh) . (16)
binSp(enépty — a1@) = 0EpNp(1 = Sp)
Since E, = ¢,I, in Eq. (11), it is straightforward to obtain E, with respect to .S,. Besides, using Eq. (9) and the first expression of
Eq. (15), susceptible vector population .S, takes the form of susceptible human population as

_ Rty — ay@ + nua (1 —S,) a”n
c10(o&ptty — @ @) + My ey + by )1 = Sp)
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Lastly, substituting the expressions for .S, and E, in Eq. (9), the analytical expression for .S, can be found in terms of system
parameters using

UrUy — U U
5,1:1_(M>, (18)
Upllg — Uslly
where
uy =npayby,,

uy =c¢y,(0pépty — a1 @),

uz =npa;(ciy +byy),

Uy =C1,C20pEpMp»

us =tybyy(04SHMy — 1),

ug = — ay(by (0, Epmy — @) + 64E,1),

One should note that all entrenched terms from the model are positive for their biological meaning, and hence Eq. (18) has a positive
root if uy(uy + uz) < uy(us + ug).

4. Stability analysis for the non-delayed system using reproduction number threshold

The disease threshold R, can be defined as the average number of dengue disease caused by a unitary infected vector or
human when introduced into a population containing only susceptible individuals. The reproduction number can only be valid
for dimensional models and real model parameters obtained from various statistical methods. By applying non-dimensionalization,
we remove the dimensions and focus only on dynamics. Therefore, the reproduction number R, can be called differently.

Using the dimensionless model given by (5)-(11), a relation between 4, and 4, can be obtained with

Ardp Azdy
y=———————, Oor A= —>C—,
As Ay +npopéy Ayh, + As

- - - - e 2 ;
where A; = byyainy, Ay = npopl, + may — way, Az = by, Ay = cpyco, +ay, As = cp,cq, . This leads to

19

(A1 Ay + Ay A A2 + (1,046, As — Aj A3 A, =0,
resulting in

A“worq=é%i%%%ﬁ>0if&>L
Namely, one can conclude

AAz —npopépAs 10,8545 < A A, 1) ’

- N6h¢pAs

(20)
AlAy+ AyAq (A]A4+A2A5)

with
Nonénas (

R2—1)>0, if Ry>1.
(A Ay + Ay As) ) R

0

Thus,
N1,6,EpAs

Ap=0. or i, =——hohshTs
" T AL Ay + ArAs)

(R2-1).

Note that,
AlAy+ AyAs = Aj Ay + As(y, 048, + npaq — oay),
= A1 Ay + As(npopéy + (ny, —@)ay) >0, if n, 2 .

The matrix F associated with new infections and the matrix ¥ containing the remaining expressions are given by

ay A S onEy

F= 0 and -V= ~Entenl
aZAuSu CZUEU

0 -E,+c,1,

Here, using the next-generation matrix technique, the transmission (F) and transition (V) matrices of the system (5)—(11) at
dengue-free equilibrium are:

0 0 0 ayby, o, O 0 0

0 0 -1 & 0 0

FlDO = 0 by, 0 0 and VlDO = 0 (;, o 0
€1 v

0 0 0 0 0 0 -1 ¢
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The basic reproduction number R, is described to be the spectral radius of the matrix FV'~!. Here the dominant eigenvalue is
associated with the basic reproduction ratio that is

AA;
Ry=4/———. 21
NhopénAs

The Eq. (21) is described as the number of secondary infections caused by an infectious host and vector in the infection stage. It is
important to note that infected vectors are produced by infected hosts, and vice-versa as a result of cross-infections between humans
and vectors. The square root in Eq. (21) rises because it describes the number of expected geometric mean in human and vector
secondary cases.

Case 1: 4, = 0 (Dengue-free equilibrium point that is no infection transmission in the population)

By substituting 4, = 0 in Eq. (19) gives 4, = 0. Thus,

(Ano» Ano) = (0,0), corresponding to the DFE.
Hence, the components of the DFE denoted by D, is
Dy = (Shm Epo, Ino» Rpo» Seo» Evos Ivo)’
where

1
Spo =1, Epg =0, Ijg=0, Ryg=0, Syp = —, Eg=0, I,p=0.
Clo
HhOnénAs

Case 2: }) = ———
"7 (A Ay + AyA5)

(R(z) — 1) (Dengue-endemic equilibrium point that is a state where there is dengue transmission in
both population)
NnOnénAs

By substituting 4, = ——————
(A1 Ay + Ay As)

(Rg —1) in (19), we have

A
s ()
AL Ag + AyAg 0 .

Ay = >0, if Ry> 1.

NpopépAs (R2=1) + nyose

A Ay + AyAs O o
Thus,
N110ERAs ( 2 )
54y = HhOnénAs (R 1) VA A+ AyAs O
TV A AL+ Ay A 0 T o As |

RZ-1)+
2A1A4 + Ay As ( 0 ) TN

corresponds to the Dengue-endemic equilibrium, D* with the following components:

D" = (S} B} I, Ry, ST EL )

where
st = Nhénohn B = M€ Ay ,
(Mhonén — oay) 2% +myoéy” " (nondy — wa)) A% + 1048,
= Ny Ay R = a A ’
(nhonén — way) A* +n,0,E, h (nhonén — way) A* + 1,048,
e wh L ak

VRt U A tey) U e (At

Theorem 1. Consider the nondimensional system (5)—(11), there exists a unique positive endemic equilibrium if and only if R, > 1,
otherwise. The result follows that the DFE, Dy, is locally stable if R, < 1 otherwise unstable.

Suppose that the stability of D, is independent of the initial size of the infected population, thus there is need to consider the
global stability of D,. Consider the following Lyapunov function with carefully chosen scalar quantities

L(Ey, Iy, Ey, 1) = ayby By + 04001, 0, + 0pépc1, By + 0pépey el (22)
The differentiation of (22) with respect to ¢ along the system solutions (12), yields
L' = ayby E} + 003b1, 1, + 0484¢1,E) + 6,8501,00, 1)
L' = ayby, (a1 4,S), — 6, Ep) + opazby, (Ey — &4 1)
+ Ghézhclv(azlvsu - CZUEU) + O'héhcluch;(Ev - CluIv)’
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leading to
, _ ombyabyl, b1,En0RC1, 11 >
L' = 141, Sy + T+1, Sy = 0pay b1 Iy — Epopcrpei Iy
Further simplification yields,
2
@by, by, 12 Enoparbyer, Iy
L' = (ayby,a,b1, S, — 2V, — LS, — .
(a2b1,@1b14S) = Enopcruet,) 1, (a+1,) a+1,) B

At the disease free equilibrium, we have

Clo

Then L' reduced to

2 2
L' = £,0p00,c2 <0’10’2b1ub1h B 1>I _ mabybily Eponabi L
U v .

1o fht"hczz;c]zu (1+1,) a+1,)

Therefore,

@y ayby,byyl? B Enoparby, I,
a+1,) 141,

L' =¢&op0c], (RS —1)1, - <0,

when R, < 1.

Thus, the DFE is globally asymptotically stable. In the case where conditions that favor. Dengue disease to thrive, then the DFE
is no longer globally stable, leading to an endemic state. It is desirable to study the stability analysis of the endemic equilibrium.
The eigenvalues using the upper triangular matrix of the Jacobian matrix of the system (5)—(11) at the endemic equilibrium D* are
given by

PR UL/ ST Ay ==&, dg=-—
1= 1+1: > 2= TO0ps 3= ~%h 4 = —Np>

byl
L+ 1

/15=—A=—<51u+ ) g =—c1p A7 =—cype

Clearly, both 4, and 15 are negative if R, > 1. Therefore, the Dengue-endemic equilibrium is locally asymptotically stable.
5. Stability analysis for the delayed system

The model (5)—(11) can be rewritten in a closed form:
%V(f) = H®),V( —1p,), V(I — 7,), V(t — 7,), P), (23)

where V = (S, E;. I, Ry, S,, E,, I,)T and H : R x R? —» R’ is a nonlinear function with a number of parameters P € R?
and constant time delays 7;,, 7, and r,. Using the linearization argument, the corresponding system at an equilibrium >* =
(S;, E;, I7 R}, S, EY, I*) can be given as

%z(z) =J0Z() + Z JPZi-1),  i={(hur). (24)

Here, Z = (57, E;l, ];l, R;I,S’ EI )T where the variables with primes represent perturbed variables for the linearization, e.g. for

v’

the susceptible human population we consider S, = S} + ). The matrices are given as
*
oH\|" oH
2= () a2 (s
0 oV /s h V(t — 1)

z
go_(_oH N\ yo_(_oH
7 oV —t,) 5 T oV(t —,)

Defining a 7 x 7 characteristic matrix

%

z
Jo=JP+ Y P, i={hur). (25)
7
Then, the corresponding characteristic equation is found by using

¥(4) =Det (il = J,) =0. (26)

Solution of Eq. (26) gives an infinite number of eigenvalues which determine the stability of the equilibrium. Since eigenvalues
sufficiently close to the imaginary axis are enough to analyze stability, a finite number of solutions, where Real(1) > r, r € Rt can
be taken into consideration.
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5.1. Endemic equilibrium

We now focus on the endemic equilibrium given by ¥ ;" = (S;: E;: 1 ; RZ, Sy EN I :). Using the linearization argument the explicit
form of the matrix given in Eq. (25) is given as follows

-m—-1 0 0 ® 0 0 —fe 4t
am  —o, 0 0 0 0 a fe
0 1 =ge 0 0 0 0
J,=| 0 0 et i 0 0 0
0 0 —he 4w 0 -g-c¢, O 0
0 0  aghe™™ 0 g —ca, 0
0 0 0 0 0 1 —C1p
Therefore, Eq. (26) becomes
Ps: () =(A+ clvmzr(z, Ths Tys Tp)s 27)

where
QZT(L Ths Ty Tp) =AA+m+ DA+ cp, + 8)(A+ ¢ ) A+ 0,)(A+ 1)
e (A + )4+ €1y + ) [En(A+ mp)(A + m + DA+ 6) (28)
—malw] - alathe”l(fh””)(i + D(A+np),
by which Eq. (27) leads to a seventh order equation of
A2+ a1 2% + ay 2 + a3 + 0y 4% + asd+ ag) + e [g, (A5 + a4
+ay2* + a3 + ay A% + asd+ ag) — mayo (22 + b 22+ byA + by)] (29)
+ e M) (g, fh (23 + ¢ A% + e d +¢3)] =0,

where

ay =2ci,+ e+ +g+m+o,+1,

ay =cy,¢, + (m+ 1)(cy, + o + 11y, + 03) + 04(cp, + 2 + 1)
+ ey, +co) +(cpy +8) ey, +cpp +1 +m+o, + 1),

a3 =0,(c1,Cy + Mp(cyy +3.)) + (cp, + 8)(eyCpp + (m + ey,
+ ¢y, + 1y, +0p) + 04(cyy + o + 1) +1p(cq, +2,)
+ (m+ 1)(cyycpp + op(clo + ey, + 1) + np(cyy, + €2,)) + €1 uCoptps

ay =(op(c1yCay + Mp(Cry + €2p)) + crpeonip)m + 1) + (cq,, + 8)(o4 (160
+ ny(cry + ¢2)) + (m+ 1)(cp 00, + op(cyy + oy +11) (30)
+ 1p(C1y + €20)) + C1pC20Mn) + C1uC2 MO

as =(cy, + 8)(oh(c1yCop + Mp(Cry + 2p)) + €1y Coptip)(m + 1)
+ C1uC2Mh0n) + €1pCopMpOR(M + 1),

ag =C1,CoMpop(C1y + 8)(m + 1),

bl ZZCIU +e + 8 b2 = Cpplyy t (Clv + CZU)(CIU + g)’ b3 = CIUCZU(CIU + g)7

cp=c,+m+ 1l = tapteip, €= chp,

with
byl bipS, by,S; by, 1
Wl:1 I*’ = et = ey g:l [*' (31)
+ 1 (I+1F) a+1) +1,
It can be easily observed from Eq. (27) that there is one negative eigenvalue, that is 4; = —c,,. Note that the values of 7, and ,

given in Eq. (29) do not independently affect the model. In fact, the sum of the delay parameters has a role in the system dynamics.
For simplicity we consider 7, =7, = 7.

We now show some numerical results complementing the theoretical formulas. In the rest of the paper, unless stated otherwise,
parameters are fixed to w =2,by, = 4,0 = L0, = 1.1,&, = 12,1, =2,by, = 1.2,¢;, = 1.2,y = 1.2,¢,, = 1. 4.

In Fig. 1, the temporal dynamics of all seven populations is presented for two different delay cases. In the first case, the effect of
the change in the extrinsic and intrinsic incubation delay is shown in Fig. 1(a) and (b), where it is assumed that infectious individuals
begin to recover without delay, e.g. 7, = 0. Fig. 1(a) represents the stable dynamics of the system (5)—(11) in the absence of delay.
Increasing incubation delays from = 0 to = = 5 (¢, = 7, = 7) in Fig. 1(b), all variables stabilize after some initial oscillatory
dynamics ended at around ¢ = 100. For mathematical convenience, in Fig. 1(c) and (d), intrinsic and extrinsic incubation time is
chosen to be half of the recovery delay, e.g. (r, = 7, = 7) and 7, = 27. Considering = = 0.55 (z, = 1.1) in Fig. 1(c) damping oscillations
are observed leading to stability and high frequency periodic oscillations with a Hopf bifurcation is observed with = = 0.6 (r, = 1.2).
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Fig. 1. Time evolution of each variable in the model (5)-(11) in the absence of delay terms, e.g. 7, = 7, = 7, = 0 (a) in the presence of average extrinsic and
intrinsic incubation time with 7, = 0 and 7, = 7, =5 (b), in the presence of delay terms with 7z, = 1.1, 7, = 7, =0.55 (¢) and 7, = 1.2, 7, = 7, = 0.6 (d). In the
presence of all three delay terms it is assumed that 7, = 27, = 27,.

Fig. 2 shows the system dynamics in the absence of intrinsic and extrinsic incubation time (z, = 7, = 0) and it is assumed that
the infectious individuals start to recover after some delay 7, # 0. If the recovery delay is lower than some threshold, all variables
saturates to their steady states with damping oscillations. Then a Hopf bifurcation at a critical value of delay, e.g. 77 ~ 1.4472,
is encountered leading to a limit cycle surrounding the positive coexistence state. In Fig. 2(b) dynamics with small amplitude
oscillations is shown with 7, = 1.7. Further away from the Hopf point, e.g. 7, = 2.2, dynamics for all variables exhibits sustainable
periodic oscillations and the size of the limit cycle is substantially increased. If there is an excessive increase in the recovery delay
with 7z, = 2.4, periodic oscillations with a stable limit cycle translate into chaos after some time, see Fig. 2(d).

In Fig. 3, stability of the susceptible human population along the equilibrium branches is shown with respect to «; and b, for a
non-delayed case. The number of unstable eigenvalues, denoted as n,, is associated with blue (n, = 0) and red colors (n, = 1). Here
only transcritical bifurcation where endemic equilibrium and disease free equilibrium intersect is detected. Bifurcation of the other
components with respect to other parameters can be similarly performed, yet similar dynamics is obtained.

5.2. Casel: 7, =27
Let A(r) = iu be a root of Eq. (29). Substituting this into (29), and considering the relation e~ix = cos(x) — i sin(x) gives the

imaginary part as

M () cos 2t — My(u) sin2ut = M(u) (32)
and real part as

M, (p) cos2ut + M () sin2ut = My(u) (33)
where

My () =Epayi® + ki + kop, My(u) = =Euu® + Epayu® + kspi® + kg,

3
Ms(u) =p — ayi® + agi® —agu,  My(p) = ayu® — azu® + asp®.
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Fig. 2. Time evolution of the system given by (5)-(11) in the presence of the delay in recovery of the individuals with 7, =7, =0 and 7, = 1.4 (a), 7, = 1.7 (b),
7, =22 (c) and 7, = 2.4 (d). The initial conditions are set to (1,0.1,0.1,0.1,1,0.1,0.1) and other parameters are given in the text.
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Fig. 3. Bifurcation diagram of the variable for susceptible human population with respect to two parameters: a; (a) and f,, (b) in the absence of delay
constants, e.g. 7, = 7, = 7, = 0. The green square represents a transcritical bifurcation where endemic equilibrium and disease free equilibrium intersect. The
initial conditions are set to (1,0.1,0.1,0.1,1,0.1,0.1) and other parameters are given in the text. (For interpretation of the references to color in this figure legend,
the reader is referred to the web version of this article.)

with k; = —xija3 +dy, ky = &ya5 — d3, k3 = a4 + d, and a5 — dy where

ma; @ bi_; .
d; = e =1,2,3,4,
! [“10‘2”‘] [Cj—l] ’ } G

for which b, = ¢, = 1. With a simple calculation, it can be shown from Egs. (32)-(33) that M 12 + M22 = M32 + Mf, leading to a
fourteenth order equation:

w4+ By + Byp'® + Byu® + Byyu® + Bsy* + Bgu® + B; =0, (35)
where
2 2
By =a] —2a, - &,
By =- a?:’,‘z —2aza, + a% + 2a2§£ + 2ay,

B; =2a,as5 — 2aq — 2aya, + 2k;&, + ag - a§§i —2a,k &,

507



B. Giirbiiz et al. Mathematics and Computers in Simulation 234 (2025) 497-513

B, =a? — k2 + 2ayaq — 2305 + 2k, &), — 20, ky&), — 2a,k38,,
Bs =az — k3 — 2a,a5 — 2k, ky — 2a3k,&).

Bg =ai — k3 — 2k3ky.

By =—k.

Taking v = 2, Eq. (35) equation can be rewritten as
v’ + B;v® + Byv’ + Byv* + Byv® + Bsv? + Bv+ B; = 0. (36)

The default parameter space given in Section 3.3 guarantee at least one positive root for Eq. (36). Assuming . is the square root
of positive root of (36) and using Egs. (32)-(33) we find the critical threshold for time delay

M{M;+ M, M, j
e b B + 4, i=12,.., ©”
I 2p, M12+M22 He

where 4, is a positive root. Differentiating both sides of Eq. (27) with respect to z yields
()

Re [d}»] _ )
T=T, M12+M22

I v = 42 (38)

-1
Thus if ?’E(yf) # 0 holds, then Re (%) # 0 for the existence of Hopf bifurcation theorem for a system with time delay [33].

In Fig. 4, the effect of time delays is investigated using a numerical continuation and the stability analyses of both endemic and
disease free states are determined under parameter variation. For example, we study the case where the dynamics is determined
parameters a;, b,,, b, and ¢, are varied with 7, = 7, = ¢ = 0.62 and 7, = 1.24. In this case, the system may exhibits Hopf
bifurcation (purple square) in addition to transcritical bifurcation (green square). The blue line corresponds to stable state, the red
dashed line corresponds to unstable periodic orbits emanating from Hopf bifurcations with (n, = 1), yellow and gray lines stand
for the unstable branches, for which the number of eigenvalues with positive real parts is respectively n, = 2 and n, = 3. In all
cases, instability occurs through Hopf points where unstable equilibrium is surrounded by unstable periodic orbits. Note that there
many be countably infinitely many roots of the characteristic equation Eq. (25) of the system (5)—(11) at the endemic equilibrium
X} = (0.8906,0.4102,0.3418,0.1709, 0.6642, 0.1740, 0.1450). However, it may be enough to consider the eigenvalues sufficiently close
to imaginary axis. Therefore, the minimal real parts of the eigenvalues are set to real(4) = —3 for stability.

53 Casell: 7,#0and t =0

Now it is assumed that there is no average extrinsic and intrinsic incubation time, e.g. 7, = 7, = 7 = 0 and the infectious people
start recovering after a period of time z,. Hence the characteristic equation given by (29) becomes

A4+ a1 2% + ay 2t + as A + ag 4% + asd+ ag) — £ (A5 + 0y A
+ a2t + a3 + ag A% + asd + ag) — maywe™ (23 + by A% + by A + by)
—a ty fR(AP + ¢ A%+ cyh+¢3) = 0.

Similarly, substituting A = iu leads to coefficients for real and imaginary parts given in (32) and (33) as

My (1) = Epay 1 + by + ki,
My(p) = =&, ® + Eparp®* + ky® + Ky,
My(u) = 17 = ay® + ks pi® + ke,
My(p) = ay 8 — azp® + kg pi® + kg,
with k| = —¢&,a3 + majw, ky = &,a5 — majwb,, ky = —&,a4 + maywb; and ky = &,aq — majwbs, ks = ay — ayoy fh, kg = —ag + aja, fhey,
k; = as — aja, fhey, kg = aja, fhes. Besides, Mlz + M22 = M32 + Mf leads to a fourteenth order equation
4+ B 4+ Byu'® + Byp® + Byu® + Bspt + Bou? + B, =0, (39)
where
B, =4,
B, =- a%éi —2aza, + a% + 20252 +2 % ks,
By =2 % kg — 2asks + 2a,kq + 23, + a5 — a3&; — 2a,k, &
By =— I3 + k2 = 2ayke + 2a,kg — 2a3ky + 2k, — 2a, k&) — 2ayk3&,,
Bs = — k3 + k3 — 2askg — 2k ky + 2ksk — 2arky&y.
Bg == Kk + ki — 2kzky + 2kykg,
By =k} — k3.

508



B. Giirbiiz et al. Mathematics and Computers in Simulation 234 (2025) 497-513

— - - 1.3 - - - -
" ] 8
I —_— =0 —_ =0
145 R 1 12ph N
. ne = ; y N me=2
b e =: K 14k . n, =
\ N
1.2 || \ /// 1 ’ \ Ics
' L
= (I it = J HB -
%) \ 1 ’ / 2l . 7
' 1 ’ F v’
<. HB L , R
. 0.8t .
_- '
HB ~= oo -
0.8 B 0.71
0.6
0 0.5 1 1.5 0 1 2 3 4
% bip
(a) (b)
137~ - - - - - 1.2 - - - -
\ [ P
1.2 “ - n=1 B oo
ne = 11r o
| ne=3 | 3
1.1 . ’
_; JB o] 1 TCB /
3 ! 1 HB o7 - = N\
@0 h , @ \
0.9 | 1 |
! By 0'9/.'1**
08} 1 ;
' Sl 0.8 /
07 1 Seao - 4 ’
e /
/
0.6 . . . . . 0.7 . . . .
0 0.5 1 15 2 2.5 3 1 15 2 25 3 3.5
by Cly
(c) ()

Fig. 4. Single parameter numerical continuation of susceptible human population with respect to parameters «; (a), b,, (b), b, (¢) and ¢, (d) with
7, =1, =7 = 062 and 7, = 1.24. The colored lines represent the number of eigenvalues with positive real parts. The dashed lines stand for the branches
emanating from Hopf bifurcation and represent the maximum of the periodic orbits. Purple and green squares respectively represent Hopf and transcritical
bifurcations. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

Following the ideas presented for Case I, we find the critical threshold for time delay as
e 1 1<M1M3+M2M4>+ﬂ

T, = — COS — —
Mf + Mf He

s =12, (40)
i e

where 4, is a positive root.

In Fig. 5, stability of the susceptible human population is shown with respect to the variations of parameters «, (a), b;;, (b), by,
(c) and ¢, (d) in the absence of intrinsic and extrinsic incubation times (z, = 7, = 0) and in the presence of delay in the recovery
period (z, = 2.4). As seen, period doubling bifurcations (cyan square), where stability of the dynamics is switched from stable to

unstable, arise in the periodic orbits emanating from Hopf bifurcations. Besides, interestingly the unstable branches emanating from
Hopf point for disease free equilibrium exhibits spiral like trajectories.

5.4. Disease free equilibrium (DFE)

Disease free equilibrium is found as Z;‘ = (1,0, 0,0, CL 0,0). Using the linearization argument the explicit form of the matrix
lv
given in Eq. (25) is given as follows

-1 0 0 o 0 0 —fe i
0 -0, 0 0 0 0 a fe?m
0 I —ge 0 0 0 0
J.=10 0 e~ —1p 0 0 0
0 0 —he*™ 0 —, O 0
0 0 aghe™ 0 0 —c 0
0 0 0 0 0 1 —c1y

The calculations performed in Section 5.1 are valid here with the exception of Eq. (31). Since only susceptible human and susceptible
vector population exist for disease free state, the coefficients in Eq. (31) becomes

b
d=0, f=b, h=-L g=0. (41)

Clo

As an example let us concentrate on the case where 7, # 0 and 7, = 7, = 0, leading to

Tz; D =A+DA+n)A+ clu).QZ; (4,0,0,7,) =0, 42)
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Fig. 5. Single parameter numerical continuation of susceptible human population with respect to parameters «, (a), b;, (b), b;, (c) and ¢, (d) with 7, =7, =7=0
and 7, = 2.4. The colored lines represent the number of eigenvalues with positive real parts. The dashed lines stand for the branches emanating from Hopf
bifurcation and represent the maximum of the periodic orbits. Purple, cyan and green squares respectively represent Hopf, Period doubling and transcritical
bifurcations. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

where

_QZ; (4,0,0,7,) = (A+c1 ) A+ ) A+ 0,)(4+ f:he_’“’) — fhayoy fh. (43)
It is straightforward to see from Eq. (42) that three negative real eigenvalues arising from the disease-free system are A; = —cy,,,
Ay = —n, and 43 = —1, and the other four eigenvalues can be determined depending on the delay parameter z,, for which Eq. (43)

can be rewritten as

Q25:(2,0,0.7,) = B +d A2 +dyr+d3)(A+ Ee™¥) — fhaja, =0, (44
where

dy =c|,+ ¢y + 0y,

dy = 1€y + €10 + 20

d3 = ¢1,62,0p-
Let iy is a solution of Eq. (44). Thus an eight order equation can be written as

S+ (d] = 2dy — EVO + (<2d,d5 + d +287dy — E2d} - 2fhayay)p*

(45)
+ (d3 — Ed] +28%d,dy + 2d, fhey ) + (fhayay)* — d3E* = 0.
Setting v, = ;43, a fourth order polynomial is found as in the following
f(v) = vy + Dyvi + Dyv3 + D3y + Dy =0, (46)

with D, = d? —2d, - &%, D, = —2dd; +d2 +28%d, - E2d? =2 f hayay, Dy = d2 — £2d2 +28%d,d5 +2d, f hayay and Dy = (fhajay)? —d2€2,
and therefore

f'() =4v; +3D,v; + 2D,y + D3 = 0. (47)
Denoting y, = v, + %, Eq. (47) becomes

y(3)+e1y0+ez =0, (48)
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where

8D, - 3D? ond D} —4D,D; +32D;
—_— by = —m™m@m@,
16 2 32

The solutions of Eq. (46) can be obtained based on the argument given in [34]:
3/ € ~ 3 € 2
={/-2 4+ Vi+{/-2 VA4,
Yo \/ 5+ Vi+ > Vi
y02=4{/—%2+ £+§2§/—%2 - Vi,
e ~ e ~
YO3=C2i/—72+ A+Ci/—72—\/1

where

S e\ (a2 14030 B 3D,
A—(?) +(7> 5 C—T, and vOj_ij_T’ j—1,2,3.

e =

Lemma 3. One has the following results for Eq. (46):

Cy : If fhaja, < d3é (D4 < 0) Eq. (46) has at least one positive root,

C, : If fhaja, > d3é and 4 > 0 then Eq. (46) has positive roots if and only if vy, > 0 and f(vy,) <0,

Cy : If fhajay > dy¢ and A < 0 then Eq. (46) has positive roots if and only if there exists at least one vy* > 0 for which f(vy*) < 0. Here
Vo™ € {W1> Vo2 Vo3 )+

If the condition C; holds, Eq. (46) has positive root v, such that Eq. (44) has a pair of imaginary roots: +iy, = ii\/v_c. Besides

using the similar argument given in Eq. (40) where the components in Eq. (30) are computed for d =0, g =0, f =b;, and h = Liry

v

-1
Furthermore, differentiating both side of Eq. (42) with respect to 4, it can be similarly shown that Re [%] # 0.

Lemma 4. When d? = 2d, + & and d3&* = d2 + 2d,d;&* + 2d, f ha, ;. Eq. (46) becomes
pS + Dypg + Dy = 0. (49)

Taking xp, = v and Ay, = D3 — 4D, then we have the following conclusions:

g‘z) = Daxvap then Eq. (46) has eight unequal real roots which are

* When Dg > 4D,, then Eq. (49) has two unequal real roots: x >

YA 3 @
Masa=H\xp and dsgqs = £\/xp -

* When 4, = 0, Eq. (49) has two equal real roots and when A, < 0, Eq. (49) has two unequal and conjugate imaginary roots

A % then Eq. (46) has eight unequal and conjugate imaginary roots.

6. Conclusion

In this research, a theoretical dengue fever propagation analysis for the extrinsic and intrinsic incubation period is modeled via
a system of delay differential equations. As our focus is on the dynamics, we perform non-dimensionalization for model Eq. (1).
Here, the dengue fever non-dimensionalized model exhibits existence of dual equilibrium points: the Dengue-free equilibrium and
the Dengue-endemic equilibrium. The Dengue-free equilibrium in the absence of delay is locally and globally stable at R, < 1.
Otherwise, the Dengue-endemic equilibrium exists for R, > 1. In this context, R, represents a threshold that determines whether
the dengue disease is eradicated or persists in the population of interest.

Since time delays appear in infectious groups I, and I, the dengue disease model presented in system (1) relies on the system
of solutions at earlier periods. In fact, like in many real-life applications, time lags occur in many disease models and thus give
much more reasonable insights into population dynamics. As illustrated in the time simulations given in Section 5, compared to
the cases where there is no delay, a substantial change in the dynamics is observed, particularly with the increase in delay term r,,
representing the time after that infectious individuals begin to recover. Then the results are extended to include single-parameter
bifurcation diagrams of the system and the effect of delay parameters on the system dynamics is explicitly presented. In this context,
only transcritical bifurcation (TCB) has been detected for the case without delays. However, more complicated dynamics with
period-doubling bifurcation and Hopf bifurcation have been observed in the occurrence of time lags. In fact, several authors have
performed complex numerical experiments for bifurcation analysis for various infectious disease models [25,28,29]. This may also
play an important role in understanding different epidemic diseases. For instance, by studying period-doubling bifurcations, we can
potentially identify parameter regions where complex dynamics, such as chaos, arise [28].

The numerical simulations in this paper have been carried out via MATLAB’s dde23 solver. The results for numerical continuation
have been obtained through DDE-BIFTOOL software, which is a collection of MATLAB programs. In this regard, the number of
unstable eigenvalues is associated with specific line types, as illustrated in Fig. 3. Here, one should note that the countable indefinite
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eigenvalues number can be gotten via the characteristic equation exponential terms. Meanwhile, only the eigenvalues which are
close sufficient to the imaginary axis matter for stability. Therefore, we only consider the eigenvalues which satisfy Re(y) > —3.

The ideas presented in this paper support the existence of more complex dynamics, e.g. periodic and non-periodic oscillations.
Our analytical and numerical experiments have shown that delay term r, has an especially great impact on the model dynamics.
Therefore, further analysis in terms of the biological and analytical meaning of 7, should be performed. Besides, the backward
bifurcation phenomenon in infectious dispersion formulations is often studied for the purpose of epidemic control. However, as
seen in this paper, some of these models also support other types of bifurcations, including transcritical, period doubling, and
Hopf bifurcations, under certain conditions. Therefore, it is essential to have insight into the role of these bifurcations from an
epidemiological point of view. Further analysis on this topic is reserved for future papers. Dengue infection is an endemic health
disease, commonly in the sub-tropical and tropical areas of the globe. Thus, it is significant to consider the possible re-occurrence
of the outbreak by examining various strategies of optimal control and effective cost analysis.
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