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 A B S T R A C T

As offered by the World Health Organisation (WHO), close to half of the population in the 
world’s resides in dengue-risk zones. Dengue viruses are transmitted to individuals by Aedes 
mosquito species infected bite (Ae. Albopictus of Ae. aegypti). These mosquitoes can transmit 
other viruses, including Zika and Chikungunya. In this research, a mathematical model is 
formulated to reflect different time delays considered in both extrinsic and intrinsic incubation 
periods, as well as in the recovery periods of infectious individuals. Preliminary results for the 
non-delayed model including positivity and boundedness of solutions, non-dimensionalization 
and equalibria analysis are presented. The threshold parameter (reproduction number) of the 
model is obtained via next generation matrix schemes. The stability analysis of the model 
revealed that various dynamical behavior can be observed depending on delay parameters, 
where in particular the effect of delay in the recovery time of infectious individuals may lead 
to substantial changes in the dynamics. The ideas presented in this paper can be applied to other 
infectious diseases, providing qualitative evaluations for understanding time delays influencing 
the transmission dynamics.

1. Introduction

Dengue fever has recently been identified as the most rapidly transmitted arboviral disease [1,2]. The disease has been identified 
as a major public health concern in tropical and subtropical countries, with a significant impact on population health, as evidenced 
by several authoritative studies and reports [3–5]. Although, the dengue virus is common in the subtropical and tropical regions, 
it has been identified in approximately 128 countries, including those in North America and Europe, which are predominantly 
non-tropical countries. Reports indicate that approximately 390 million individuals are infected with dengue annually, resulting in 
500,000 hospitalizations and 20,000 deaths from complications of the disease [4,5].
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The economic consequences of the fever epidemic have had a significant impact on several nations. From 2000 to 2007, the 
total annual cost in the United States, including both hospitalizations and ambulatory cases, was estimated at USD 2.1 billion [6]. 
Therefore, it is essential to ensure the implementation of health policy and the establishment of disease control schemes are 
needed [7].

The Aedes albopictus and Aedes aegypti are the two main species vectors [3]. Four serotypes of the virus can cause dengue 
fever: DEN-1, DEN-2, DEN-3, and DEN-4. Dengue fever is primarily transmitted by Aedes aegypti and Aedes albopictus mosquitoes, 
which become infected when they bite a person carrying the dengue virus. Following an incubation period of 8 to 12 days, 
the virus disseminates to the mosquito’s salivary glands. This establishes the potential for transmission to other humans through 
subsequent bites. In humans, the virus incubates for 4 to 10 days before symptoms manifest. The symptoms of the disease include 
back pain, high fever, skin rash, muscular pains, nausea, eyes soreness, vomiting, face redness, red eyes, severe malaise, extreme 
weakness, and death. During this viremic phase, infected individuals can transmit the virus to other mosquitoes. Environmental 
factors, such as temperature and humidity, significantly influence the transmission dynamics, which affect mosquito populations 
and breeding sites [8,9]. In light of the increasing incidence of dengue virus disease in recent years, numerous studies have been 
undertaken to develop an optimally efficacious vaccine. Meanwhile, a satisfactory preventive vaccine remains unavailable; however, 
a partially active vaccine is available [10,11]. Thus, scientists rely on management policies and control mechanisms to eliminate 
viral transmission.

Epidemiological formulations are a fundamental tool in gaining deeper insight into the dynamics of infectious disease and the 
implementation of effective control techniques. The establishment of such mathematical formulations reveals an important area 
concerning the spreading and control [12,13]. Mathematical formulations for the dynamical interactions between the vector and 
the host were first proposed by Lotka [14] and Ross [15]. They were the first to examine the dynamic of host-vector malaria. 
The proposed variations in the framework can be adopted for the study of dengue fever [16–18]. Many scholars have previously 
adopted deterministic compartmental formulations to investigate the dengue disease dynamical propagation in specific areas or 
countries [16,17,19,20]. Recent mathematical models of dengue fever include different aspects of the disease, such as the effects of 
vector control, treatment and mass awareness on the transmission dynamics [21], specifically the birth-pulse mosquito population 
models with sex structures have been established [22], models with linear and nonlinear infection rate have been taken into 
account [23], individual immunological variability has also been considered [24].

While significant progress has been made in SIRS modeling, numerous open problems persist within the field. Recently, several 
authors have performed complex numerical experiments for various infectious disease models to study the sign of the eigenvalues 
obtained from the characteristic equation, evaluated at the endemic equilibrium [25–29]. This has facilitated the analysis of the 
impact of various parameter values on the dynamics of the system and proved that stability of the endemic equilibrium may lead 
to very complicated dynamics. In this paper, we focus on investigating the bifurcations of a dengue virus transmission model 
that considers the extrinsic and intrinsic incubation period, as well as the time delay in the recovery period. We demonstrate 
that the model is susceptible to various kinds of bifurcations, including transcritical bifurcation, period-doubling bifurcation, and 
Hopf bifurcation, as parameters change. In this context, we show that the delay in the recovery, 𝜏𝑟, is particularly important 
for highly complex dynamics. Taking such terms into account in disease modeling may also prove instrumental in understanding 
different epidemic diseases, including the recent COVID-19 pandemic. For example, by studying period-doubling bifurcations, we 
can potentially identify parameter regions where complex dynamics, including deterministic chaos, may arise [28].

In this work, the authors investigate the impact of intrinsic and extrinsic incubation times on dengue fever infection dynamics by 
using a system of delay derivative equations. It is evident that a more comprehensive model of an epidemic should incorporate not 
only present-time information but also relevant data over past. Thus, the organization of the paper is as follows. In Section 2, 
we formulated a dynamical delayed-differential equation for effective dengue virus transmission between humans and vectors. 
In Section 3, we carried out preliminary results for a non-delayed model, such as positivity and boundedness of solution, non-
dimensionalization, and equilibria points of the dimensionless model. Furthermore, in Section 4, we presented stability analysis 
for the non-delayed system using reproduction number as a threshold for the Dengue-free equilibrium point and Dengue-endemic 
equilibrium point, while in Section 5, we demonstrated stability analysis for the delayed system and performed the results for the 
numerical computation analysis (i.e. periodic oscillations). Finally, in Section 6, we presented the conclusion and future directions.

2. Model formulation

We are motivated by the work of [30], which stratified the two-interacting population into the human population (𝑁ℎ(𝑡)) and the 
vector population (𝑁𝑣(𝑡)) to study the dengue infection dynamics in a given locality at any time 𝑡. We shall make a slight modification 
to the model in [30] by incorporating delay terms 𝜏ℎ and 𝜏𝑣, which denote the meantime intrinsic and extrinsic incubations for 
humans and vectors, respectively while also modifying the forces of infection for both humans and vectors to reflect the delay terms. 
The total human population is divided into four categories based on disease status: susceptible 𝑆ℎ(𝑡), recovered 𝑅ℎ(𝑡), infectious 𝐼ℎ(𝑡)
and exposed 𝐸ℎ(𝑡). The total human population at time 𝑡 then defined as:

𝑁ℎ(𝑡) = 𝑆ℎ(𝑡) + 𝐸ℎ(𝑡) + 𝐼ℎ(𝑡) + 𝑅ℎ(𝑡)

Likewise, the vector population is divided into three categories: susceptible vectors 𝑆𝑣(𝑡), infectious vectors 𝐼𝑣(𝑡) and exposed vectors 
𝐸𝑣(𝑡), resulting in a total vector population 𝑁𝑣 given as

𝑁 (𝑡) = 𝑆 (𝑡) + 𝐸 (𝑡) + 𝐼 (𝑡)
𝑣 𝑣 𝑣 𝑣
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Table 1
Description of the variables and parameters of the dengue fever model (1).
 Variable Description  
 𝑆ℎ Susceptible humans population  
 𝐸ℎ Exposed humans population  
 𝐼ℎ Infectious humans population  
 𝑅ℎ Recovered humans population  
 𝑆𝑣 Susceptible vector population  
 𝐸𝑣 Exposed vector population  
 𝐼𝑣 Infectious vector population  
 Parameter Description  
 𝜋ℎ , 𝜋𝑣 Humans and vector recruitment rate respectively  
 𝛽ℎ𝑣 Probability of human-to-vector transmission  
 𝛽𝑣ℎ Probability of vector-to-human transmission  
 𝑏 Vector rate of biting  
 𝜈ℎ Human antibody proportion in reaction to infection incidence  
 induced by vector  
 𝜈𝑣 Vector antibody proportion in reaction to infection incidence  
 induced by human  
 𝜇𝑣, 𝜇ℎ Vector and human natural death rate  
 𝛿ℎ Disease induced death rate for humans  
 𝜎ℎ Exposed to infectious module of disease rate of progression  
 𝜎𝑣 Exposed vector to infectious module of disease rate of progression 
 𝜉ℎ Recovery human infectious rate due to treatment  
 𝜔 Human immunity losing per capita rate  
 𝐶𝑣 Control effect rate of vector  
 𝜃𝑐 Extrinsic incubation rate of vector  

The mathematical formulation employed in the study of dengue fever dynamics is based on a nonlinear derivative deterministic 
system of equations: 

𝑑𝑆ℎ
𝑑𝑡

= 𝜋ℎ + 𝜔𝑅ℎ − 𝜆ℎ𝑆ℎ − 𝜇ℎ𝑆ℎ,

𝑑𝐸ℎ
𝑑𝑡

= 𝜆ℎ𝑆ℎ − (𝜇ℎ + 𝜎ℎ)𝐸ℎ,

𝑑𝐼ℎ
𝑑𝑡

= 𝜎ℎ𝐸ℎ − (𝜉ℎ + 𝜇ℎ + 𝛿ℎ)𝐼ℎ,

𝑑𝑅ℎ
𝑑𝑡

= 𝜉ℎ𝐼ℎ − (𝜇ℎ + 𝜔)𝑅ℎ,

𝑑𝑆𝑣
𝑑𝑡

= 𝜋𝑣 − 𝜆𝑣𝑆𝑣 − (𝜇𝑣 + 𝐶𝑣)𝑆𝑣,

𝑑𝐸𝑣
𝑑𝑡

= 𝜆𝑣𝑆𝑣 − (𝜃𝑐 + 𝜎𝑣 + 𝜇𝑣 + 𝐶𝑣)𝐸𝑣,

𝑑𝐼𝑣
𝑑𝑡

= (𝜃𝑐 + 𝜎𝑣)𝐸𝑣 − (𝜇𝑣 + 𝐶𝑣)𝐼𝑣,

(1)

where

𝜆ℎ =
𝑏𝛽ℎ𝑣𝐼𝑣(𝑡 − 𝜏ℎ)
1 + 𝜈ℎ𝐼𝑣(𝑡 − 𝜏ℎ)

, 𝜆𝑣 =
𝑏𝛽𝑣ℎ𝐼ℎ(𝑡 − 𝜏𝑣)
1 + 𝜈𝑣𝐼ℎ(𝑡 − 𝜏𝑣)

, 𝐼ℎ = 𝐼ℎ(𝑡 − 𝜏𝑟).

The emerging variables and parameters from the model are presented in Table  1.
The intrinsic (𝜏ℎ) and extrinsic (𝜏𝑣) delays refer to the periods associated with the virus’s lifecycle in human hosts and mosquito 

vectors. These delays are critical for understanding how the disease spreads and predicting an outbreak’s dynamics. The intrinsic 
delay refers to the time it takes for an infected person with dengue virus to become infectious to mosquitoes while the extrinsic 
delay refers to the time it takes for the dengue virus to become transmissible within a mosquito after the mosquito has bitten an 
infected human. Finally, the term 𝐼ℎ(𝑡− 𝜏𝑟) denotes the number of infectious individuals who commence the recovery process after 
a period of time 𝜏𝑟 [31].

It should be noted that the mean time extrinsic incubation, denoted by 𝜏𝑣, and the mean time intrinsic incubation, denoted by 
𝜏ℎ, are to be understood as separate quantities.

The term 𝜆ℎ = 𝑏𝛽ℎ𝑣𝐼𝑣(𝑡−𝜏ℎ)
1+𝜈ℎ𝐼𝑣(𝑡−𝜏ℎ)

 indicates that the infection time 𝑡 is induced by an infectious class 𝐼𝑣(𝑡), and the earlier infection of 𝜏ℎ
units in time. Accordingly, 𝜏ℎ denotes average incubation time of the produced human antibody in reaction to the vector infection. 
Similarly, the term 𝜆𝑣 = 𝑏𝛽𝑣ℎ𝐼ℎ(𝑡−𝜏𝑣)

1+𝜈𝑣𝐼ℎ(𝑡−𝜏𝑣)
 denotes the transmission time 𝑡 prompted in infectious class 𝐼ℎ(𝑡), and 𝜏𝑣 represents the earlier 

infected time unit. Therefore, the term 𝜏𝑣 represents the average duration of the incubation period associated with vector-produced 
antibodies in response to human infection.
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3. Preliminary results for non-delayed model

3.1. Positivity and boundedness of solutions

Lemma 1.  In the absence of delay, let the initial data for the dengue fever model (1) be 𝐷(0) ≥ 0, where 𝐷(𝑡) =
(

𝑆ℎ(𝑡), 𝐸ℎ(𝑡), 𝐼ℎ(𝑡),
𝑅ℎ(𝑡), 𝑆𝑣(𝑡), 𝐸𝑣(𝑡), 𝐼𝑣(𝑡)

)

. Then the solutions 𝐷(𝑡) of the model with non-negative initial data will remain non-negative for all time 𝑡 > 0.

Proof.  Suppose the initial data set of the dengue model 𝐷(0) ≥ 0 such that 𝐷(𝑡) =
(

𝑆ℎ(𝑡), 𝐸ℎ(𝑡), 𝐼ℎ(𝑡), 𝑅ℎ(𝑡), 𝑆𝑣(𝑡), 𝐸𝑣(𝑡), 𝐼𝑣(𝑡)
) is 

non-negative for all 𝑡 > 0. We begin by showing the positivity of the solutions as follows:
Taking from the first model Eq. (1) that 

d𝑆ℎ
d𝑡

= 𝜋ℎ + 𝜔𝑅ℎ − 𝜆ℎ𝑆ℎ − 𝜇ℎ𝑆ℎ ≥ 𝜋ℎ − 𝜆ℎ𝑆ℎ − 𝜇ℎ𝑆ℎ, (2)

Using the method of integrating factor, Eq. (2) takes the form

d
d𝑡

(

𝑆ℎ(𝑡)exp
[

𝜇ℎ𝑡 + ∫

𝑡

0
𝜆ℎ(𝜁 )d𝜁

])

≥ 𝜋ℎexp
[

𝜇ℎ𝑡 + ∫

𝑡

0
𝜆ℎ(𝜁 )d𝜁

]

,

Hence,

𝑆ℎ(𝑡𝑠)exp
[

𝜇ℎ𝑡 + ∫

𝑡

0
𝜆ℎ(𝜁 )d𝜁

]

− 𝑆ℎ(0) ≥ ∫

𝑡

0
𝜋ℎ

(

exp
[

𝜇ℎ𝑥 + ∫

𝑥

0
𝜆ℎ(𝜁 )d𝜁

])

d𝑥,

so that,

𝑆ℎ(𝑡) ≥ 𝑆ℎ(0)exp
[

−𝜇ℎ𝑡 − ∫

𝑡

0
𝜆ℎ(𝜁 )d𝜁

]

+ exp
[

−𝜇ℎ𝑡 − ∫

𝑡

0
𝜆ℎ(𝜁 )d𝜁

]

× ∫

𝑡

0
𝜋ℎ

(

exp
[

𝜇ℎ𝑥 + ∫

𝑥

0
𝜆ℎ(𝜁 )d𝜁

])

d𝑥 > 0.

Similarly, the remaining state variable {𝑆ℎ(𝑡), 𝐸ℎ(𝑡), 𝐼ℎ(𝑡), 𝑅ℎ(𝑡), 𝑆𝑣(𝑡), 𝐸𝑣(𝑡), 𝐼𝑣(𝑡)
}

> 0 at time 𝑡 > 0. Thus, the solutions to the 𝐷(𝑡)
model (1) remain positive for all initial conditions non-negative.

3.2. Invariant region

Now, the dengue fever model (1) is biologically analyzed in the feasible region.
Given the feasible region  = ℎ × 𝑣 ∈ 4

+ ×3
+ with

ℎ =
{

(𝑆ℎ, 𝐸ℎ, 𝐼ℎ, 𝑅ℎ) ∈ 4
+ ∶ 𝑁ℎ ≤

𝜋ℎ
𝜇ℎ

}

,

and

𝑣 =
{

(𝑆𝑣, 𝐸𝑣, 𝐼𝑣) ∈ 3
+ ∶ 𝑁𝑣 ≤

𝜋𝑣
𝜇𝑣 + 𝐶𝑣

}

.

Lemma 2.  The feasible region  ⊂ 7
+ is positively invariant for the model (1) with non-negative initial conditions in 7

+.

Proof.  The rate of change of the human and vector total population are given respectively by 
d𝑁ℎ
d𝑡

= 𝜋ℎ − 𝜇ℎ𝑁ℎ(𝑡) − 𝛿ℎ𝐼ℎ(𝑡) ≤ 𝜋ℎ − 𝜇ℎ𝑁ℎ(𝑡), (3)

and 
d𝑁𝑣
d𝑡

= 𝜋𝑣 − (𝜇𝑣 + 𝐶𝑣)𝑁𝑣(𝑡), (4)

where 𝑁ℎ = 𝑆ℎ + 𝐸ℎ + 𝐼ℎ + 𝑅ℎ and 𝑁𝑣 = 𝑆𝑣 + 𝐸𝑣 + 𝐼𝑣. The above Eq. (3) and (4) yields 𝑁ℎ(𝑡) ≤ 𝑁ℎ(0)𝑒−𝜇ℎ𝑡 +
𝜋ℎ
𝜇ℎ

(

1 − 𝑒−𝜇ℎ𝑡
) and 

𝑁𝑣(𝑡) = 𝑁𝑣(0)𝑒−(𝜇𝑣+𝐶𝑣)𝑡 + 𝜋𝑣
𝜇𝑣+𝐶𝑣

(

1 − 𝑒−(𝜇𝑣+𝐶𝑣)𝑡
)

. It follows that 𝑁ℎ(𝑡) →
𝜋ℎ
𝜇ℎ

 and 𝑁𝑣(𝑡) →
𝜋𝑣

𝜇𝑣+𝐶𝑣
 as 𝑡 → ∞. In particular, 𝑁ℎ(𝑡) ≤

𝜋ℎ
𝜇ℎ

and 𝑁𝑣(𝑡) ≤
𝜋𝑣

𝜇𝑣+𝐶𝑣
 if the respective total human and vector population at the initial time 𝑁ℎ(0) ≤

𝜋ℎ
𝜇ℎ

 and 𝑁𝑣(0) ≤
𝜋𝑣

𝜇𝑣+𝐶𝑣
. Hence, the 

feasible region   is positively invariant.

Thus, it is appropriate to dynamically examine the dengue infection formulation (1) in the bio-feasible region   in which the 
formulation is epidemiologically and mathematically well-defined [2,32].
500 
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3.3. Non-dimensionalization

Introducing dimensionless variables:
𝑆̃ℎ =

𝜇ℎ
𝜋ℎ

𝑆ℎ 𝐸̃ℎ =
𝑣𝑣𝜎ℎ
𝜇ℎ

𝐸ℎ, 𝐼ℎ = 𝑣𝑣𝐼ℎ, 𝑅̃ℎ =
𝑣𝑣𝜇ℎ
𝜉ℎ

𝑅ℎ,

𝑆̃𝑣 =
𝜇ℎ
𝜋𝑣

𝑆𝑣, 𝐸̃𝑣 =
𝑣ℎ(𝜃𝑐 + 𝜎𝑣)

𝜇ℎ
𝐸𝑣, 𝐼𝑣 = 𝑣ℎ𝐼𝑣, 𝑡 = 𝜇ℎ𝑡,

and new dimensionless parameters:

𝜔̃ =
𝜔𝜉ℎ

𝜇ℎ𝜋ℎ𝑣𝑣
, 𝑏̃1ℎ =

𝑏𝛽ℎ𝑣
𝜇ℎ𝑣ℎ

, 𝛼̃1 =
𝜋ℎ𝜎ℎ𝑣𝑣
𝜇2
ℎ

, 𝜎̃ℎ = 1 +
𝜎ℎ
𝜇ℎ

,

𝜉𝑛 = 1 +
𝜉ℎ + 𝛿ℎ
𝜇ℎ

, 𝜂̃ℎ = 1 + 𝜔
𝜇ℎ

, 𝑏̃1𝑣 =
𝑏𝛽𝑣ℎ
𝑣𝑣𝜇ℎ

, 𝑐1𝑣 = 1 +
𝑐𝑣
𝜇ℎ

,

𝛼̃2 =
𝜋ℎ𝑣ℎ(𝜃𝑐 + 𝜎𝑣)

𝜇2
ℎ

, 𝑐2𝑣 = 1 +
𝜃𝑐 + 𝜎𝑣 + 𝑐𝑣

𝜇ℎ
.

the dimensionless version of the non-delayed model is given in the following
𝑑𝑆ℎ
𝑑𝑡

= 1 + 𝜔𝑅ℎ − 𝜆ℎ𝑆ℎ − 𝑆ℎ, (5)
𝑑𝐸ℎ
𝑑𝑡

= 𝛼1𝜆ℎ𝑆ℎ − 𝜎ℎ𝐸ℎ, 𝜎ℎ > 1 (6)
𝑑𝐼ℎ
𝑑𝑡

= 𝐸ℎ − 𝜉ℎ𝐼ℎ, 𝜉ℎ > 1 (7)
𝑑𝑅ℎ
𝑑𝑡

= 𝐼ℎ − 𝜂ℎ𝑅ℎ, 𝜂ℎ > 1 (8)
𝑑𝑆𝑣
𝑑𝑡

= 1 − 𝜆𝑣𝑆𝑣 − 𝑐1𝑣𝑆𝑣, 𝑐1𝑣 > 1 (9)
𝑑𝐸𝑣
𝑑𝑡

= 𝛼2𝜆𝑣𝑆𝑣 − 𝑐2𝑣𝐸𝑣, 𝑐2𝑣 > 1 (10)
𝑑𝐼𝑣
𝑑𝑡

= 𝐸𝑣 − 𝑐1𝑣𝐼𝑣, (11)

where 
𝜆ℎ =

𝑏1ℎ𝐼𝑣(𝑡 − 𝜏ℎ)
1 + 𝐼𝑣(𝑡 − 𝜏ℎ)

, 𝜆𝑣 =
𝑏1𝑣𝐼ℎ(𝑡 − 𝜏𝑣)
1 + 𝐼ℎ(𝑡 − 𝜏𝑣)

, 𝐼ℎ = 𝐼ℎ(𝑡 − 𝜏𝑟). (12)

Here (⋅̃) is omitted for simplicity.

3.4. Equilibria of the dimensionless model

The system (5)–(11) always has a disease-free equilibrium that is

𝐷0 =
(

𝑆ℎ𝑜, 𝐸ℎ0, 𝐼ℎ0, 𝑅ℎ0, 𝑆𝑣0, 𝐸𝑣0, 𝐼𝑣0
)

=
(

1, 0, 0, 0, 1
𝑐1𝑣

, 0, 0
)

which corresponds to the disappearance of dengue disease. One possible way to understand more about the other roots of the 
equations for equilibria points of the system (5)–(11) is to express all the variables in terms of 𝑆ℎ. First, we will derive the expressions 
for these equations in this section. Using (5) and (6) gives 

𝜎ℎ
𝛼1

𝐸ℎ = 1 + 𝜔𝑅ℎ − 𝑆ℎ, (13)

Note that Eqs. (7) and (8) lead to 𝐸ℎ = 𝜉ℎ𝐼ℎ = 𝜉ℎ𝜂ℎ𝑅ℎ. Substituting this in (13) gives the relation 

𝑅ℎ =
𝛼1(1 − 𝑆ℎ)

(𝜎ℎ𝜉ℎ𝜂ℎ − 𝛼1𝜔)
. (14)

with 𝜎ℎ𝜉ℎ𝜂ℎ > 𝛼1𝜔. It is now straightforward to find the expressions for 𝐼ℎ and 𝐸ℎ in terms of 𝑆ℎ as 

𝐼ℎ =
𝜂ℎ𝛼1(1 − 𝑆ℎ)
(𝜎ℎ𝜉ℎ𝜂ℎ − 𝛼1𝜔)

and 𝐸ℎ =
𝜉ℎ𝜂ℎ𝛼1(1 − 𝑆ℎ)
(𝜎ℎ𝜉ℎ𝜂ℎ − 𝛼1𝜔)

. (15)

Similarly substituting 𝐸ℎ given in Eq. (15) into (6): 

𝐼𝑣 =
𝜎ℎ𝜉ℎ𝜂ℎ(1 − 𝑆ℎ)

𝑏1ℎ𝑆ℎ(𝜎ℎ𝜉ℎ𝜂ℎ − 𝛼1𝜔) − 𝜎ℎ𝜉ℎ𝜂ℎ(1 − 𝑆ℎ)
. (16)

Since 𝐸𝑣 = 𝑐1𝑣𝐼𝑣 in Eq. (11), it is straightforward to obtain 𝐸𝑣 with respect to 𝑆ℎ. Besides, using Eq. (9) and the first expression of 
Eq. (15), susceptible vector population 𝑆𝑣 takes the form of susceptible human population as 

𝑆𝑣 =
𝜎ℎ𝜉ℎ𝜂ℎ − 𝛼1𝜔 + 𝜂ℎ𝛼1(1 − 𝑆ℎ) . (17)
𝑐1𝑣(𝜎ℎ𝜉ℎ𝜂ℎ − 𝛼1𝜔) + 𝜂ℎ𝛼1(𝑐1𝑣 + 𝑏1𝑣)(1 − 𝑆ℎ)
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Lastly, substituting the expressions for 𝑆𝑣 and 𝐸𝑣 in Eq. (9), the analytical expression for 𝑆ℎ can be found in terms of system 
parameters using 

𝑆ℎ = 1 −
(

𝑢2𝑢4 − 𝑢1𝑢5
𝑢1𝑢6 − 𝑢3𝑢4

)

, (18)

where

𝑢1 =𝜂ℎ𝛼1𝑏1𝑣,

𝑢2 =𝑐1𝑣(𝜎ℎ𝜉ℎ𝜂ℎ − 𝛼1𝜔),

𝑢3 =𝜂ℎ𝛼1(𝑐1𝑣 + 𝑏1𝑣),

𝑢4 =𝑐1𝑣𝑐2𝑣𝜎ℎ𝜉ℎ𝜂ℎ,

𝑢5 =𝛼2𝑏1ℎ(𝜎ℎ𝜉ℎ𝜂ℎ − 𝛼1𝜔),

𝑢6 = − 𝛼2(𝑏1ℎ(𝜎ℎ𝜉ℎ𝜂ℎ − 𝛼1𝜔) + 𝜎ℎ𝜉ℎ𝜂ℎ),

One should note that all entrenched terms from the model are positive for their biological meaning, and hence Eq. (18) has a positive 
root if 𝑢4(𝑢2 + 𝑢3) < 𝑢1(𝑢5 + 𝑢6).

4. Stability analysis for the non-delayed system using reproduction number threshold

The disease threshold 𝑅0 can be defined as the average number of dengue disease caused by a unitary infected vector or 
human when introduced into a population containing only susceptible individuals. The reproduction number can only be valid 
for dimensional models and real model parameters obtained from various statistical methods. By applying non-dimensionalization, 
we remove the dimensions and focus only on dynamics. Therefore, the reproduction number 𝑅0 can be called differently.

Using the dimensionless model given by (5)–(11), a relation between 𝜆ℎ and 𝜆𝑣 can be obtained with 

𝜆𝑣 =
𝐴1𝜆ℎ

𝐴2𝜆ℎ + 𝜂ℎ𝜎ℎ𝜉ℎ
, or 𝜆ℎ =

𝐴3𝜆𝑣
𝐴4𝜆𝑣 + 𝐴5

, (19)

where 𝐴1 = 𝑏1𝑣𝛼1𝜂ℎ, 𝐴2 = 𝜂ℎ𝜎ℎ𝜉ℎ + 𝜂ℎ𝛼1 − 𝜔𝛼1, 𝐴3 = 𝑏1ℎ𝛼2, 𝐴4 = 𝑐1𝑣𝑐2𝑣 + 𝛼2, 𝐴5 = 𝑐2𝑣𝑐21𝑣. This leads to
(𝐴1𝐴4 + 𝐴2𝐴5)𝜆2ℎ + (𝜂ℎ𝜎ℎ𝜉ℎ𝐴5 − 𝐴1𝐴3)𝜆ℎ = 0,

resulting in

𝜆ℎ = 0 𝑜𝑟 𝜆ℎ =
𝐴1𝐴3 − 𝜂ℎ𝜎ℎ𝜉ℎ𝐴5
𝐴1𝐴4 + 𝐴2𝐴5

> 0 𝑖𝑓 𝑅0 > 1.

Namely, one can conclude 
𝐴1𝐴3 − 𝜂ℎ𝜎ℎ𝜉ℎ𝐴5
𝐴1𝐴4 + 𝐴2𝐴5

=
𝜂ℎ𝜎ℎ𝜉ℎ𝐴5

(

𝐴1𝐴4 + 𝐴2𝐴5
)

(

𝐴1𝐴3
𝜂ℎ𝜎ℎ𝜉ℎ𝐴5

− 1
)

, (20)

with
𝜂ℎ𝜎ℎ𝜉ℎ𝐴5

(

𝐴1𝐴4 + 𝐴2𝐴5
)

(

𝑅2
0 − 1

)

> 0, 𝑖𝑓 𝑅0 > 1.

Thus,

𝜆ℎ = 0, 𝑜𝑟 𝜆ℎ =
𝜂ℎ𝜎ℎ𝜉ℎ𝐴5

(

𝐴1𝐴4 + 𝐴2𝐴5
) (𝑅2

0 − 1).

Note that,
𝐴1𝐴4 + 𝐴2𝐴5 = 𝐴1𝐴4 + 𝐴5(𝜂ℎ𝜎ℎ𝜉ℎ + 𝜂ℎ𝛼1 − 𝜔𝛼1),

= 𝐴1𝐴4 + 𝐴5(𝜂ℎ𝜎ℎ𝜉ℎ + (𝜂ℎ − 𝜔)𝛼1) > 0, 𝑖𝑓 𝜂ℎ ≥ 𝜔.

The matrix  associated with new infections and the matrix  containing the remaining expressions are given by

 =

⎡

⎢

⎢

⎢

⎢

⎣

𝛼1𝜆ℎ𝑆ℎ
0

𝛼2𝜆𝑣𝑆𝑣
0

⎤

⎥

⎥

⎥

⎥

⎦

and −  =

⎡

⎢

⎢

⎢

⎢

⎣

𝜎ℎ𝐸ℎ
−𝐸ℎ + 𝜉ℎ𝐼ℎ

𝑐2𝑣𝐸𝑣
−𝐸𝑣 + 𝑐1𝑣𝐼𝑣

⎤

⎥

⎥

⎥

⎥

⎦

.

Here, using the next-generation matrix technique, the transmission (𝐹 ) and transition (𝑉 ) matrices of the system (5)–(11) at 
dengue-free equilibrium are:

𝐹 |𝐷0 =

⎡

⎢

⎢

⎢

⎢

0 0 0 𝛼1𝑏1ℎ
0 0 0 0
0 𝛼2𝑏1𝑣

𝑐1𝑣
0 0

⎤

⎥

⎥

⎥

⎥

and 𝑉 |𝐷0 =

⎡

⎢

⎢

⎢

⎢

𝜎ℎ 0 0 0
−1 𝜉ℎ 0 0
0 0 𝑐2𝑣 0

⎤

⎥

⎥

⎥

⎥

.

⎣
0 0 0 0

⎦ ⎣

0 0 −1 𝑐1𝑣⎦
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The basic reproduction number 𝑅0 is described to be the spectral radius of the matrix 𝐹𝑉 −1. Here the dominant eigenvalue is 
associated with the basic reproduction ratio that is

𝑅0 =

√

𝐴1𝐴3
𝜂ℎ𝜎ℎ𝜉ℎ𝐴5

. (21)

The Eq. (21) is described as the number of secondary infections caused by an infectious host and vector in the infection stage. It is 
important to note that infected vectors are produced by infected hosts, and vice-versa as a result of cross-infections between humans 
and vectors. The square root in Eq. (21) rises because it describes the number of expected geometric mean in human and vector 
secondary cases.

Case 1: 𝜆ℎ = 0 (Dengue-free equilibrium point that is no infection transmission in the population)
By substituting 𝜆ℎ = 0 in Eq. (19) gives 𝜆𝑣 = 0. Thus,

(𝜆ℎ0, 𝜆𝑣0) = (0, 0), corresponding to the DFE.
Hence, the components of the DFE denoted by 𝐷0 is

𝐷0 =
(

𝑆ℎ𝑜, 𝐸ℎ0, 𝐼ℎ0, 𝑅ℎ0, 𝑆𝑣0, 𝐸𝑣0, 𝐼𝑣0
)

,

where

𝑆ℎ𝑜 = 1, 𝐸ℎ0 = 0, 𝐼ℎ0 = 0, 𝑅ℎ0 = 0, 𝑆𝑣0 =
1
𝑐1𝑣

, 𝐸𝑣0 = 0, 𝐼𝑣0 = 0.

Case 2: 𝜆ℎ =
𝜂ℎ𝜎ℎ𝜉ℎ𝐴5

(

𝐴1𝐴4 + 𝐴2𝐴5
)

(

𝑅2
0 − 1

) (Dengue-endemic equilibrium point that is a state where there is dengue transmission in 
both population)

By substituting 𝜆ℎ =
𝜂ℎ𝜎ℎ𝜉ℎ𝐴5

(

𝐴1𝐴4 + 𝐴2𝐴5
)

(

𝑅2
0 − 1

) in (19), we have

𝜆𝑣 =
𝐴1

𝜂ℎ𝜎ℎ𝜉ℎ𝐴5
𝐴1𝐴4 + 𝐴2𝐴5

(

𝑅2
0 − 1

)

𝐴2
𝜂ℎ𝜎ℎ𝜉ℎ𝐴5

𝐴1𝐴4 + 𝐴2𝐴5

(

𝑅2
0 − 1

)

+ 𝜂ℎ𝜎ℎ𝜉ℎ

> 0, 𝑖𝑓 𝑅0 > 1.

Thus,

(𝜆∗ℎ, 𝜆
∗
𝑣) =

⎛

⎜

⎜

⎜

⎜

⎝

𝜂ℎ𝜎ℎ𝜉ℎ𝐴5
𝐴1𝐴4 + 𝐴2𝐴5

(

𝑅2
0 − 1

)

,
𝐴1

𝜂ℎ𝜎ℎ𝜉ℎ𝐴5
𝐴1𝐴4 + 𝐴2𝐴5

(

𝑅2
0 − 1

)

𝐴2
𝜂ℎ𝜎ℎ𝜉ℎ𝐴5

𝐴1𝐴4 + 𝐴2𝐴5

(

𝑅2
0 − 1

)

+ 𝜂ℎ𝜎ℎ𝜉ℎ

⎞

⎟

⎟

⎟

⎟

⎠

,

corresponds to the Dengue-endemic equilibrium, 𝐷∗ with the following components:
𝐷∗ =

(

𝑆∗
ℎ , 𝐸

∗
ℎ , 𝐼

∗
ℎ , 𝑅

∗
ℎ, 𝑆

∗
𝑣 , 𝐸

∗
𝑣 , 𝐼

∗
𝑣
)

,

where

𝑆∗
ℎ =

𝜂ℎ𝜉ℎ𝜎ℎ
(

𝜂ℎ𝜎ℎ𝜉ℎ − 𝜔𝛼1
)

𝜆⋆ + 𝜂ℎ𝜎ℎ𝜉ℎ
, 𝐸∗

ℎ =
𝜂ℎ𝜉ℎ𝛼1𝜆⋆ℎ

(

𝜂ℎ𝜎ℎ𝜉ℎ − 𝜔𝛼1
)

𝜆⋆ + 𝜂ℎ𝜎ℎ𝜉ℎ
,

𝐼∗ℎ =
𝜂ℎ𝛼1𝜆⋆ℎ

(

𝜂ℎ𝜎ℎ𝜉ℎ − 𝜔𝛼1
)

𝜆⋆ + 𝜂ℎ𝜎ℎ𝜉ℎ
, 𝑅∗

ℎ =
𝛼1𝜆⋆ℎ

(

𝜂ℎ𝜎ℎ𝜉ℎ − 𝜔𝛼1
)

𝜆⋆ + 𝜂ℎ𝜎ℎ𝜉ℎ
,

𝑆∗
𝑣 = 1

𝜆∗𝑣 + 𝑐1𝑣
, 𝐸∗

𝑣 =
𝛼2𝜆∗𝑣

𝑐2𝑣(𝜆∗𝑣 + 𝑐1𝑣)
, 𝐼∗𝑣 =

𝛼2𝜆∗𝑣
𝑐2𝑣𝑐1𝑣(𝜆∗𝑣 + 𝑐1𝑣)

.

Theorem 1.  Consider the nondimensional system (5)–(11), there exists a unique positive endemic equilibrium if and only if 𝑅0 > 1, 
otherwise. The result follows that the DFE, 𝐷0 is locally stable if 𝑅0 < 1 otherwise unstable.

Suppose that the stability of 𝐷0 is independent of the initial size of the infected population, thus there is need to consider the 
global stability of 𝐷0. Consider the following Lyapunov function with carefully chosen scalar quantities 

𝐿(𝐸ℎ, 𝐼ℎ, 𝐸𝑣, 𝐼𝑣) = 𝛼2𝑏1𝑣𝐸ℎ + 𝜎ℎ𝛼2𝑏1𝑣𝐼ℎ + 𝜎ℎ𝜉ℎ𝑐1𝑣𝐸𝑣 + 𝜎ℎ𝜉ℎ𝑐1𝑣𝑐2𝑣𝐼𝑣. (22)

The differentiation of (22) with respect to 𝑡 along the system solutions (12), yields
𝐿′ = 𝛼2𝑏1𝑣𝐸

′
ℎ + 𝜎ℎ𝛼2𝑏1𝑣𝐼

′
ℎ + 𝜎ℎ𝜉ℎ𝑐1𝑣𝐸

′
𝑣 + 𝜎ℎ𝜉ℎ𝑐1𝑣𝑐2𝑣𝐼

′
𝑣

𝐿′ = 𝛼2𝑏1𝑣
(

𝛼1𝜆ℎ𝑆ℎ − 𝜎ℎ𝐸ℎ
)

+ 𝜎ℎ𝛼2𝑏1𝑣
(

𝐸ℎ − 𝜉ℎ𝐼ℎ
)

( ) ( )
+ 𝜎ℎ𝜉ℎ𝑐1𝑣 𝛼2𝜆𝑣𝑆𝑣 − 𝑐2𝑣𝐸𝑣 + 𝜎ℎ𝜉ℎ𝑐1𝑣𝑐2𝑣 𝐸𝑣 − 𝑐1𝑣𝐼𝑣 ,
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leading to

𝐿′ =
𝛼2𝑏1𝑣𝛼1𝑏1ℎ𝐼𝑣

1 + 𝐼𝑣
𝑆ℎ +

𝛼2𝑏1𝑣𝜉ℎ𝜎ℎ𝑐1𝑣𝐼ℎ
1 + 𝐼ℎ

𝑆𝑣 − 𝜎ℎ𝛼2𝜉ℎ𝑏1𝑣𝐼ℎ − 𝜉ℎ𝜎ℎ𝑐2𝑣𝑐
2
1𝑣𝐼𝑣.

Further simplification yields,

𝐿′ =
(

𝛼2𝑏1𝑣𝛼1𝑏1ℎ𝑆ℎ − 𝜉ℎ𝜎ℎ𝑐2𝑣𝑐
2
1𝑣
)

𝐼𝑣 −
𝛼2𝑏1𝑣𝛼1𝑏1ℎ𝐼2𝑣

(1 + 𝐼𝑣)
𝑆ℎ −

𝜉ℎ𝜎ℎ𝛼2𝑏1𝑣𝑐1𝑣𝐼2ℎ
(1 + 𝐼ℎ)

𝑆𝑣.

At the disease free equilibrium, we have

𝑆ℎ = 1, 𝑆𝑣 = 1
𝑐1𝑣

.

Then 𝐿′ reduced to

𝐿′ = 𝜉ℎ𝜎ℎ𝑐2𝑣𝑐
2
1𝑣

(

𝛼1𝛼2𝑏1𝑣𝑏1ℎ
𝜉ℎ𝜎ℎ𝑐2𝑣𝑐21𝑣

− 1

)

𝐼𝑣 −
𝛼1𝛼2𝑏1𝑣𝑏1ℎ𝐼2𝑣

(1 + 𝐼𝑣)
−

𝜉ℎ𝜎ℎ𝛼2𝑏1𝑣𝐼2ℎ
(1 + 𝐼ℎ)

.

Therefore,

𝐿′ = 𝜉ℎ𝜎ℎ𝑐2𝑣𝑐
2
1𝑣
(

𝑅2
0 − 1

)

𝐼𝑣 −
𝛼1𝛼2𝑏1𝑣𝑏1ℎ𝐼2𝑣

(1 + 𝐼𝑣)
−

𝜉ℎ𝜎ℎ𝛼2𝑏1𝑣𝐼2ℎ
(1 + 𝐼ℎ)

< 0,

when 𝑅0 ≤ 1.
Thus, the DFE is globally asymptotically stable. In the case where conditions that favor. Dengue disease to thrive, then the DFE 

is no longer globally stable, leading to an endemic state. It is desirable to study the stability analysis of the endemic equilibrium. 
The eigenvalues using the upper triangular matrix of the Jacobian matrix of the system (5)–(11) at the endemic equilibrium 𝐷∗ are 
given by

𝜆1 = −
(

1 +
𝑏1ℎ𝐼∗𝑣
1 + 𝐼∗𝑣

)

, 𝜆2 = −𝜎ℎ, 𝜆3 = −𝜉ℎ, 𝜆4 = −𝜂ℎ,

𝜆5 = −𝐴 = −
(

𝑐1𝑣 +
𝑏1𝑣𝐼∗ℎ
1 + 𝐼∗ℎ

)

, 𝜆6 = −𝑐1𝑣, 𝜆7 = −𝑐1𝑣.

Clearly, both 𝜆1 and 𝜆5 are negative if 𝑅0 > 1. Therefore, the Dengue-endemic equilibrium is locally asymptotically stable.

5. Stability analysis for the delayed system

The model (5)–(11) can be rewritten in a closed form: 
d
d𝑡
(𝑡) = 𝐻((𝑡),(𝑡 − 𝜏ℎ),(𝑡 − 𝜏𝑣),(𝑡 − 𝜏𝑟), 𝑃 ), (23)

where  = (𝑆ℎ, 𝐸ℎ, 𝐼ℎ, 𝑅ℎ, 𝑆𝑣, 𝐸𝑣, 𝐼𝑣)𝑇  and 𝐻 ∶ R7×7 × R𝑝 → R7 is a nonlinear function with a number of parameters 𝑃 ∈ R𝑝

and constant time delays 𝜏ℎ, 𝜏𝑣 and 𝜏𝑟. Using the linearization argument, the corresponding system at an equilibrium 𝛴∗ =
(

𝑆∗
ℎ , 𝐸

∗
ℎ , 𝐼

∗
ℎ , 𝑅

∗
ℎ, 𝑆

∗
𝑣 , 𝐸

∗
𝑣 , 𝐼

∗
𝑣
) can be given as 

d
d𝑡
(𝑡) = 𝐽 0

1(𝑡) +
∑

𝑖
𝐽𝐷
𝜏𝑖
(𝑡 − 𝜏𝑖), 𝑖 = {ℎ, 𝑣, 𝑟}. (24)

Here,  = (𝑆′
ℎ, 𝐸

′
ℎ, 𝐼

′
ℎ, 𝑅

′
ℎ, 𝑆

′
𝑣, 𝐸

′
𝑣, 𝐼

′
𝑣)

𝑇  where the variables with primes represent perturbed variables for the linearization, e.g. for 
the susceptible human population we consider 𝑆ℎ = 𝑆∗

ℎ + 𝑆′
ℎ. The matrices are given as

𝐽𝐷
0 =

( 𝜕𝐻
𝜕

)

|

|

|

|

∗

𝛴
, 𝐽𝐷

𝜏ℎ
=

(

𝜕𝐻
𝜕(𝑡 − 𝜏ℎ)

)

|

|

|

|

|

∗

𝛴
,

𝐽𝐷
𝜏𝑣

=
(

𝜕𝐻
𝜕(𝑡 − 𝜏𝑣)

)

|

|

|

|

|

∗

𝛴
, 𝐽𝐷

𝜏𝑟
=

(

𝜕𝐻
𝜕(𝑡 − 𝜏𝑟)

)

|

|

|

|

|

∗

𝛴
.

Defining a 7 × 7 characteristic matrix 
𝐽𝜏 = 𝐽𝐷

0 +
∑

𝑖
𝐽𝐷
𝜏𝑖
e−𝜆𝜏𝑖 , 𝑖 = {ℎ, 𝑣, 𝑟}. (25)

Then, the corresponding characteristic equation is found by using 
𝛹 (𝜆) = Det

(

𝜆𝐼7 − 𝐽𝜏
)

= 0. (26)

Solution of Eq. (26) gives an infinite number of eigenvalues which determine the stability of the equilibrium. Since eigenvalues 
sufficiently close to the imaginary axis are enough to analyze stability, a finite number of solutions, where Real(𝜆) > 𝑟, 𝑟 ∈ R+ can 
be taken into consideration.
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5.1. Endemic equilibrium

We now focus on the endemic equilibrium given by 𝛴∗
1 =

(

𝑆∗
ℎ , 𝐸

∗
ℎ , 𝐼

∗
ℎ , 𝑅

∗
ℎ, 𝑆

∗
𝑣 , 𝐸

∗
𝑣 , 𝐼

∗
𝑣
)

. Using the linearization argument the explicit 
form of the matrix given in Eq. (25) is given as follows

𝐽𝜏 =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

−𝑚 − 1 0 0 𝜔 0 0 −𝑓e−𝜆𝜏ℎ
𝛼1 𝑚 −𝜎ℎ 0 0 0 0 𝛼1𝑓e−𝜆𝜏ℎ
0 1 −𝜉ℎe−𝜆𝜏𝑟 0 0 0 0
0 0 e−𝜆𝜏𝑟 −𝜂ℎ 0 0 0
0 0 −ℎe−𝜆𝜏𝑣 0 −𝑔 − 𝑐1𝑣 0 0
0 0 𝛼2ℎe−𝜆𝜏𝑣 0 𝛼2𝑔 −𝑐2𝑣 0
0 0 0 0 0 1 −𝑐1𝑣

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

.

Therefore, Eq. (26) becomes 
𝛹𝛴∗

1
(𝜆) = (𝜆 + 𝑐1𝑣)𝛺𝛴∗

1
(𝜆, 𝜏ℎ, 𝜏𝑣, 𝜏𝑟), (27)

where 
𝛺𝛴∗

1
(𝜆, 𝜏ℎ, 𝜏𝑣, 𝜏𝑟) =𝜆(𝜆 + 𝑚 + 1)(𝜆 + 𝑐1𝑣 + 𝑔)(𝜆 + 𝑐2𝑣)(𝜆 + 𝜎ℎ)(𝜆 + 𝜂ℎ)

e−𝜆𝜏𝑟 (𝜆 + 𝑐2𝑣)(𝜆 + 𝑐1𝑣 + 𝑔)
[

𝜉ℎ(𝜆 + 𝜂ℎ)(𝜆 + 𝑚 + 1)(𝜆 + 𝜎ℎ)

−𝑚𝛼1𝜔
]

− 𝛼1𝛼2𝑓ℎe−𝜆(𝜏ℎ+𝜏𝑣)(𝜆 + 1)(𝜆 + 𝜂ℎ),

(28)

by which Eq. (27) leads to a seventh order equation of 
𝜆
[

𝜆6 + 𝑎1𝜆
5 + 𝑎2𝜆

4 + 𝑎3𝜆
3 + 𝑎4𝜆

2 + 𝑎5𝜆 + 𝑎6
]

+ e−𝜆𝜏𝑟
[

𝜉ℎ
(

𝜆6 + 𝑎1𝜆
5

+𝑎2𝜆4 + 𝑎3𝜆
3 + 𝑎4𝜆

2 + 𝑎5𝜆 + 𝑎6
)

− 𝑚𝛼1𝜔
(

𝜆3 + 𝑏1𝜆
2 + 𝑏2𝜆 + 𝑏3

)]

+ e−𝜆(𝜏ℎ+𝜏𝑣)
[

−𝛼1𝛼2𝑓ℎ
(

𝜆3 + 𝑐1𝜆
2 + 𝑐2𝜆 + 𝑐3

)]

= 0,

(29)

where

𝑎1 =2𝑐1𝑣 + 𝑐2𝑣 + 𝜂ℎ + 𝑔 + 𝑚 + 𝜎ℎ + 1,

𝑎2 =𝑐1𝑣𝑐2𝑣 + (𝑚 + 1)(𝑐1𝑣 + 𝑐2𝑣 + 𝜂ℎ + 𝜎ℎ) + 𝜎ℎ(𝑐1𝑣 + 𝑐2𝑣 + 𝜂ℎ)

+ 𝜂ℎ(𝑐1𝑣 + 𝑐2𝑣) + (𝑐1𝑣 + 𝑔)(𝑐1𝑣 + 𝑐2𝑣 + 𝜂ℎ + 𝑚 + 𝜎ℎ + 1),

𝑎3 =𝜎ℎ(𝑐1𝑣𝑐2𝑣 + 𝜂ℎ(𝑐1𝑣 + 𝑐2𝑣)) + (𝑐1𝑣 + 𝑔)(𝑐1𝑣𝑐2𝑣 + (𝑚 + 1)(𝑐1𝑣
+ 𝑐2𝑣 + 𝜂ℎ + 𝜎ℎ) + 𝜎ℎ(𝑐1𝑣 + 𝑐2𝑣 + 𝜂ℎ) + 𝜂ℎ(𝑐1𝑣 + 𝑐2𝑣))

+ (𝑚 + 1)(𝑐1𝑣𝑐2𝑣 + 𝜎ℎ(𝑐1𝑣 + 𝑐2𝑣 + 𝜂ℎ) + 𝜂ℎ(𝑐1𝑣 + 𝑐2𝑣)) + 𝑐1𝑣𝑐2𝑣𝜂ℎ,

𝑎4 =(𝜎ℎ(𝑐1𝑣𝑐2𝑣 + 𝜂ℎ(𝑐1𝑣 + 𝑐2𝑣)) + 𝑐1𝑣𝑐2𝑣𝜂ℎ)(𝑚 + 1) + (𝑐1𝑣 + 𝑔)(𝜎ℎ(𝑐1𝑣𝑐2𝑣

+ 𝜂ℎ(𝑐1𝑣 + 𝑐2𝑣)) + (𝑚 + 1)(𝑐1𝑣𝑐2𝑣 + 𝜎ℎ(𝑐1𝑣 + 𝑐2𝑣 + 𝜂ℎ) (30)
+ 𝜂ℎ(𝑐1𝑣 + 𝑐2𝑣)) + 𝑐1𝑣𝑐2𝑣𝜂ℎ) + 𝑐1𝑣𝑐2𝑣𝜂ℎ𝜎ℎ,

𝑎5 =(𝑐1𝑣 + 𝑔)((𝜎ℎ(𝑐1𝑣𝑐2𝑣 + 𝜂ℎ(𝑐1𝑣 + 𝑐2𝑣)) + 𝑐1𝑣𝑐2𝑣𝜂ℎ)(𝑚 + 1)

+ 𝑐1𝑣𝑐2𝑣𝜂ℎ𝜎ℎ) + 𝑐1𝑣𝑐2𝑣𝜂ℎ𝜎ℎ(𝑚 + 1),

𝑎6 =𝑐1𝑣𝑐2𝑣𝜂ℎ𝜎ℎ(𝑐1𝑣 + 𝑔)(𝑚 + 1),

𝑏1 =2𝑐1𝑣 + 𝑐2𝑣 + 𝑔, 𝑏2 = 𝑐1𝑣𝑐2𝑣 + (𝑐1𝑣 + 𝑐2𝑣)(𝑐1𝑣 + 𝑔), 𝑏3 = 𝑐1𝑣𝑐2𝑣(𝑐1𝑣 + 𝑔),

𝑐1 =𝑐1𝑣 + 𝜂ℎ + 1, 𝑐2 = 𝑐1𝑣 + 𝜂ℎ + 𝑐1𝑣𝜂ℎ, 𝑐3 = 𝑐1𝑣𝜂ℎ,

with 

𝑚 =
𝑏1ℎ𝐼∗𝑣
1 + 𝐼∗𝑣

, 𝑓 =
𝑏1ℎ𝑆∗

ℎ

(1 + 𝐼∗𝑣 )2
, ℎ =

𝑏1𝑣𝑆∗
𝑣

(1 + 𝐼∗ℎ )
2
, 𝑔 =

𝑏1𝑣𝐼∗ℎ
1 + 𝐼∗ℎ

. (31)

It can be easily observed from Eq. (27) that there is one negative eigenvalue, that is 𝜆1 = −𝑐1𝑣. Note that the values of 𝜏ℎ and 𝜏𝑣
given in Eq. (29) do not independently affect the model. In fact, the sum of the delay parameters has a role in the system dynamics. 
For simplicity we consider 𝜏ℎ = 𝜏𝑣 = 𝜏.

We now show some numerical results complementing the theoretical formulas. In the rest of the paper, unless stated otherwise, 
parameters are fixed to 𝜔 = 2, 𝑏1ℎ = 4, 𝛼1 = 1, 𝜎ℎ = 1.1, 𝜉ℎ = 1.2, 𝜂ℎ = 2, 𝑏1𝑣 = 1.2, 𝑐1𝑣 = 1.2, 𝛼2 = 1.2, 𝑐2𝑣 = 1.4.

In Fig.  1, the temporal dynamics of all seven populations is presented for two different delay cases. In the first case, the effect of 
the change in the extrinsic and intrinsic incubation delay is shown in Fig.  1(a) and (b), where it is assumed that infectious individuals 
begin to recover without delay, e.g. 𝜏𝑟 = 0. Fig.  1(a) represents the stable dynamics of the system (5)–(11) in the absence of delay. 
Increasing incubation delays from 𝜏 = 0 to 𝜏 = 5 (𝜏ℎ = 𝜏𝑣 = 𝜏) in Fig.  1(b), all variables stabilize after some initial oscillatory 
dynamics ended at around 𝑡 = 100. For mathematical convenience, in Fig.  1(c) and (d), intrinsic and extrinsic incubation time is 
chosen to be half of the recovery delay, e.g. (𝜏ℎ = 𝜏𝑣 = 𝜏) and 𝜏𝑟 = 2𝜏. Considering 𝜏 = 0.55 (𝜏𝑟 = 1.1) in Fig.  1(c) damping oscillations 
are observed leading to stability and high frequency periodic oscillations with a Hopf bifurcation is observed with 𝜏 = 0.6 (𝜏 = 1.2).
𝑟
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Fig. 1. Time evolution of each variable in the model (5)–(11) in the absence of delay terms, e.g. 𝜏𝑟 = 𝜏ℎ = 𝜏𝑣 = 0 (a) in the presence of average extrinsic and 
intrinsic incubation time with 𝜏𝑟 = 0 and 𝜏ℎ = 𝜏𝑣 = 5 (b), in the presence of delay terms with 𝜏𝑟 = 1.1, 𝜏ℎ = 𝜏𝑣 = 0.55 (c) and 𝜏𝑟 = 1.2, 𝜏ℎ = 𝜏𝑣 = 0.6 (d). In the 
presence of all three delay terms it is assumed that 𝜏𝑟 = 2𝜏ℎ = 2𝜏𝑣.

Fig.  2 shows the system dynamics in the absence of intrinsic and extrinsic incubation time (𝜏ℎ = 𝜏𝑣 = 0) and it is assumed that 
the infectious individuals start to recover after some delay 𝜏𝑟 ≠ 0. If the recovery delay is lower than some threshold, all variables 
saturates to their steady states with damping oscillations. Then a Hopf bifurcation at a critical value of delay, e.g. 𝜏𝑐𝑟 ≈ 1.4472, 
is encountered leading to a limit cycle surrounding the positive coexistence state. In Fig.  2(b) dynamics with small amplitude 
oscillations is shown with 𝜏𝑟 = 1.7. Further away from the Hopf point, e.g. 𝜏𝑟 = 2.2, dynamics for all variables exhibits sustainable 
periodic oscillations and the size of the limit cycle is substantially increased. If there is an excessive increase in the recovery delay 
with 𝜏𝑟 = 2.4, periodic oscillations with a stable limit cycle translate into chaos after some time, see Fig.  2(d).

In Fig.  3, stability of the susceptible human population along the equilibrium branches is shown with respect to 𝛼1 and 𝑏1ℎ for a 
non-delayed case. The number of unstable eigenvalues, denoted as 𝑛𝑒, is associated with blue (𝑛𝑒 = 0) and red colors (𝑛𝑒 = 1). Here 
only transcritical bifurcation where endemic equilibrium and disease free equilibrium intersect is detected. Bifurcation of the other 
components with respect to other parameters can be similarly performed, yet similar dynamics is obtained.

5.2. Case I : 𝜏𝑟 = 2𝜏

Let 𝜆(𝜏) = 𝑖𝜇 be a root of Eq. (29). Substituting this into (29), and considering the relation 𝑒−𝑖𝑥 = cos(𝑥) − 𝑖 sin(𝑥) gives the 
imaginary part as 

𝑀1(𝜇) cos 2𝜇𝜏 −𝑀2(𝜇) sin 2𝜇𝜏 = 𝑀3(𝜇) (32)

and real part as 

𝑀2(𝜇) cos 2𝜇𝜏 +𝑀1(𝜇) sin 2𝜇𝜏 = 𝑀4(𝜇) (33)

where

𝑀1(𝜇) =𝜉ℎ𝑎1𝜇5 + 𝑘1𝜇
3 + 𝑘2𝜇, 𝑀2(𝜇) = −𝜉ℎ𝜇6 + 𝜉ℎ𝑎2𝜇

4 + 𝑘3𝜇
2 + 𝑘4,

𝑀3(𝜇) =𝜇7 − 𝑎2𝜇
5 + 𝑎4𝜇

3 − 𝑎6𝜇, 𝑀4(𝜇) = 𝑎1𝜇
6 − 𝑎3𝜇

4 + 𝑎5𝜇
2.
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Fig. 2. Time evolution of the system given by (5)–(11) in the presence of the delay in recovery of the individuals with 𝜏ℎ = 𝜏𝑣 = 0 and 𝜏𝑟 = 1.4 (a), 𝜏𝑟 = 1.7 (b), 
𝜏𝑟 = 2.2 (c) and 𝜏𝑟 = 2.4 (d). The initial conditions are set to (1, 0.1, 0.1, 0.1, 1, 0.1, 0.1) and other parameters are given in the text.

Fig. 3. Bifurcation diagram of the variable for susceptible human population with respect to two parameters: 𝛼1 (a) and 𝛽1ℎ (b) in the absence of delay 
constants, e.g. 𝜏ℎ = 𝜏𝑣 = 𝜏𝑟 = 0. The green square represents a transcritical bifurcation where endemic equilibrium and disease free equilibrium intersect. The 
initial conditions are set to (1, 0.1, 0.1, 0.1, 1, 0.1, 0.1) and other parameters are given in the text.  (For interpretation of the references to color in this figure legend, 
the reader is referred to the web version of this article.)

with 𝑘1 = −𝑥𝑖ℎ𝑎3 + 𝑑1, 𝑘2 = 𝜉ℎ𝑎5 − 𝑑3, 𝑘3 = −𝜉ℎ𝑎4 + 𝑑2 and 𝜉ℎ𝑎6 − 𝑑4 where 

𝑑𝑗 =
[

𝑚𝛼1𝜔
𝛼1𝛼2𝑓ℎ

]

⋅
[

𝑏𝑗−1
𝑐𝑗−1

]

, 𝑗 = 1, 2, 3, 4, (34)

for which 𝑏0 = 𝑐0 = 1. With a simple calculation, it can be shown from Eqs. (32)–(33) that 𝑀2
1 + 𝑀2

2 = 𝑀2
3 + 𝑀2

4 , leading to a 
fourteenth order equation: 

𝜇14 + 𝐵1𝜇
12 + 𝐵2𝜇

10 + 𝐵3𝜇
8 + 𝐵4𝜇

6 + 𝐵5𝜇
4 + 𝐵6𝜇

2 + 𝐵7 = 0, (35)

where

𝐵1 =𝑎21 − 2𝑎2 − 𝜉2ℎ,

𝐵2 = − 𝑎21𝜉
2
ℎ − 2𝑎3𝑎1 + 𝑎22 + 2𝑎2𝜉2ℎ + 2𝑎4,

𝐵 =2𝑎 𝑎 − 2𝑎 − 2𝑎 𝑎 + 2𝑘 𝜉 + 𝑎2 − 𝑎2𝜉2 − 2𝑎 𝑘 𝜉 ,
3 1 5 6 2 4 3 ℎ 3 2 ℎ 1 1 ℎ
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𝐵4 =𝑎24 − 𝑘21 + 2𝑎2𝑎6 − 2𝑎3𝑎5 + 2𝑘4𝜉ℎ − 2𝑎1𝑘2𝜉ℎ − 2𝑎2𝑘3𝜉ℎ,

𝐵5 =𝑎25 − 𝑘23 − 2𝑎4𝑎6 − 2𝑘1𝑘2 − 2𝑎2𝑘4𝜉ℎ,

𝐵6 =𝑎26 − 𝑘22 − 2𝑘3𝑘4,

𝐵7 = − 𝑘24.

Taking 𝑣 = 𝜇2, Eq. (35) equation can be rewritten as 
𝑣7 + 𝐵1𝑣

6 + 𝐵2𝑣
5 + 𝐵3𝑣

4 + 𝐵4𝑣
3 + 𝐵5𝑣

2 + 𝐵6𝑣 + 𝐵7 = 0. (36)

The default parameter space given in Section 3.3 guarantee at least one positive root for Eq. (36). Assuming 𝜇𝑐 is the square root 
of positive root of (36) and using Eqs. (32)–(33) we find the critical threshold for time delay 

𝜏𝑐𝑗 = 1
2𝜇𝑐

cos−1
(

𝑀1𝑀3 +𝑀2𝑀4

𝑀2
1 +𝑀2

2

)

+
𝜋𝑗
𝜇𝑐

, 𝑗 = 1, 2,… , (37)

where 𝜇𝑐 is a positive root. Differentiating both sides of Eq. (27) with respect to 𝜏 yields 

Re
[ d𝜆
d𝜏

]

|

|

|

|𝜏=𝜏𝑐
=

𝛹 ′
𝐸 (𝜈𝑐 )

𝑀2
1 +𝑀2

2

, 𝜈𝑐 = 𝜇2
𝑐 . (38)

Thus if 𝛹𝐸 (𝜇2
𝑐 ) ≠ 0 holds, then Re

[

(

d𝜆
d𝜏

)−1
]

≠ 0 for the existence of Hopf bifurcation theorem for a system with time delay [33].
In Fig.  4, the effect of time delays is investigated using a numerical continuation and the stability analyses of both endemic and 

disease free states are determined under parameter variation. For example, we study the case where the dynamics is determined 
parameters 𝛼1, 𝑏1ℎ, 𝑏1𝑣 and 𝑐1𝑣 are varied with 𝜏ℎ = 𝜏𝑣 = 𝜏 = 0.62 and 𝜏𝑟 = 1.24. In this case, the system may exhibits Hopf 
bifurcation (purple square) in addition to transcritical bifurcation (green square). The blue line corresponds to stable state, the red 
dashed line corresponds to unstable periodic orbits emanating from Hopf bifurcations with (𝑛𝑒 = 1), yellow and gray lines stand 
for the unstable branches, for which the number of eigenvalues with positive real parts is respectively 𝑛𝑒 = 2 and 𝑛𝑒 = 3. In all 
cases, instability occurs through Hopf points where unstable equilibrium is surrounded by unstable periodic orbits. Note that there 
many be countably infinitely many roots of the characteristic equation Eq. (25) of the system (5)–(11) at the endemic equilibrium 
𝛴∗
1 = (0.8906, 0.4102, 0.3418, 0.1709, 0.6642, 0.1740, 0.1450). However, it may be enough to consider the eigenvalues sufficiently close 

to imaginary axis. Therefore, the minimal real parts of the eigenvalues are set to real(𝜆) = −3 for stability.

5.3. Case II : 𝜏𝑟 ≠ 0 and 𝜏 = 0

Now it is assumed that there is no average extrinsic and intrinsic incubation time, e.g. 𝜏ℎ = 𝜏𝑣 = 𝜏 = 0 and the infectious people 
start recovering after a period of time 𝜏𝑟. Hence the characteristic equation given by (29) becomes

𝜆
[

𝜆6 + 𝑎1𝜆
5 + 𝑎2𝜆

4 + 𝑎3𝜆
3 + 𝑎4𝜆

2 + 𝑎5𝜆 + 𝑎6
]

− 𝜉ℎe−𝜆𝜏𝑟
[

𝜆6 + 𝑎1𝜆
5

+ 𝑎2𝜆
4 + 𝑎3𝜆

3 + 𝑎4𝜆
2 + 𝑎5𝜆 + 𝑎6

]

− 𝑚𝛼1𝜔e−𝜆𝜏𝑟 (𝜆3 + 𝑏1𝜆
2 + 𝑏2𝜆 + 𝑏3)

− 𝛼1𝛼2𝑓ℎ(𝜆3 + 𝑐1𝜆
2 + 𝑐2𝜆 + 𝑐3) = 0.

Similarly, substituting 𝜆 = 𝑖𝜇 leads to coefficients for real and imaginary parts given in (32) and (33) as
𝑀̂1(𝜇) = 𝜉ℎ𝑎1𝜇

5 + 𝑘1𝜇
3 + 𝑘2𝜇,

𝑀̂2(𝜇) = −𝜉ℎ𝜇6 + 𝜉ℎ𝑎2𝜇
4 + 𝑘3𝜇

2 + 𝑘4,

𝑀̂3(𝜇) = 𝜇7 − 𝑎2𝜇
5 + 𝑘5𝜇

3 + 𝑘6𝜇,

𝑀̂4(𝜇) = 𝑎1𝜇
6 − 𝑎3𝜇

4 + 𝑘7𝜇
2 + 𝑘8,

with 𝑘1 = −𝜉ℎ𝑎3 + 𝑚𝛼1𝜔, 𝑘2 = 𝜉ℎ𝑎5 − 𝑚𝛼1𝜔𝑏2, 𝑘3 = −𝜉ℎ𝑎4 + 𝑚𝛼1𝜔𝑏1 and 𝑘4 = 𝜉ℎ𝑎6 − 𝑚𝛼1𝜔𝑏3, 𝑘5 = 𝑎4 − 𝛼1𝛼2𝑓ℎ, 𝑘6 = −𝑎6 + 𝛼1𝛼2𝑓ℎ𝑐2, 
𝑘7 = 𝑎5 − 𝛼1𝛼2𝑓ℎ𝑐1, 𝑘8 = 𝛼1𝛼2𝑓ℎ𝑐3. Besides, 𝑀̂2

1 + 𝑀̂2
2 = 𝑀̂2

3 + 𝑀̂2
4  leads to a fourteenth order equation 

𝜇14 + 𝐵̂1𝜇
12 + 𝐵̂2𝜇

10 + 𝐵̂3𝜇
8 + 𝐵̂4𝜇

6 + 𝐵̂5𝜇
4 + 𝐵̂6𝜇

2 + 𝐵̂7 = 0, (39)

where

𝐵̂1 =𝐴1,

𝐵̂2 = − 𝑎21𝜉
2
ℎ − 2𝑎3𝑎1 + 𝑎22 + 2𝑎2𝜉2ℎ + 2 ∗ 𝑘5,

𝐵̂3 =2 ∗ 𝑘6 − 2𝑎2𝑘5 + 2𝑎1𝑘7 + 2𝑘3𝜉ℎ + 𝑎23 − 𝑎22𝜉
2
ℎ − 2𝑎1𝑘1𝜉ℎ,

𝐵̂4 = − 𝑘21 + 𝑘25 − 2𝑎2𝑘6 + 2𝑎1𝑘8 − 2𝑎3𝑘7 + 2𝑘4𝜉ℎ − 2𝑎1𝑘2𝜉ℎ − 2𝑎2𝑘3𝜉ℎ,

𝐵̂5 = − 𝑘23 + 𝑘27 − 2𝑎3𝑘8 − 2𝑘1𝑘2 + 2𝑘5𝑘6 − 2𝑎2𝑘4𝜉ℎ,

𝐵̂6 = − 𝑘22 + 𝑘26 − 2𝑘3𝑘4 + 2𝑘7𝑘8,

𝐵̂7 =𝑘28 − 𝑘24.
508 



B. Gürbüz et al. Mathematics and Computers in Simulation 234 (2025) 497–513 
Fig. 4. Single parameter numerical continuation of susceptible human population with respect to parameters 𝛼1 (a), 𝑏1ℎ (b), 𝑏1𝑣 (c) and 𝑐1𝑣 (d) with 
𝜏ℎ = 𝜏𝑣 = 𝜏 = 0.62 and 𝜏𝑟 = 1.24. The colored lines represent the number of eigenvalues with positive real parts. The dashed lines stand for the branches 
emanating from Hopf bifurcation and represent the maximum of the periodic orbits. Purple and green squares respectively represent Hopf and transcritical 
bifurcations.  (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

Following the ideas presented for Case I, we find the critical threshold for time delay as 

𝜏𝑐𝑟𝑗 =
1
𝜇𝑐

cos−1
(

𝑀̂1𝑀̂3 + 𝑀̂2𝑀̂4

𝑀̂2
1 + 𝑀̂2

1

)

+
2𝜋𝑗
𝜇𝑐

, 𝑗 = 1, 2,… , (40)

where 𝜇𝑐 is a positive root.
In Fig.  5, stability of the susceptible human population is shown with respect to the variations of parameters 𝛼1 (a), 𝑏1ℎ (b), 𝑏1𝑣

(c) and 𝑐1𝑣 (d) in the absence of intrinsic and extrinsic incubation times (𝜏ℎ = 𝜏𝑣 = 0) and in the presence of delay in the recovery 
period (𝜏𝑟 = 2.4). As seen, period doubling bifurcations (cyan square), where stability of the dynamics is switched from stable to 
unstable, arise in the periodic orbits emanating from Hopf bifurcations. Besides, interestingly the unstable branches emanating from 
Hopf point for disease free equilibrium exhibits spiral like trajectories.

5.4. Disease free equilibrium (DFE)

Disease free equilibrium is found as 𝛴∗
2 =

(

1, 0, 0, 0, 1
𝑐1𝑣

, 0, 0
)

. Using the linearization argument the explicit form of the matrix 
given in Eq. (25) is given as follows

𝐽𝜏 =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

−1 0 0 𝜔 0 0 −𝑓e−𝜆𝜏ℎ
0 −𝜎ℎ 0 0 0 0 𝛼1𝑓e−𝜆𝜏ℎ
0 1 −𝜉ℎe−𝜆𝜏𝑟 0 0 0 0
0 0 e−𝜆𝜏𝑟 −𝜂ℎ 0 0 0
0 0 −ℎe−𝜆𝜏𝑣 0 −𝑐1𝑣 0 0
0 0 𝛼2ℎe−𝜆𝜏𝑣 0 0 −𝑐2𝑣 0
0 0 0 0 0 1 −𝑐1𝑣

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

.

The calculations performed in Section 5.1 are valid here with the exception of Eq. (31). Since only susceptible human and susceptible 
vector population exist for disease free state, the coefficients in Eq. (31) becomes 

𝑑 = 0, 𝑓 = 𝑏1ℎ, ℎ =
𝑏1𝑣
𝑐1𝑣

, 𝑔 = 0. (41)

As an example let us concentrate on the case where 𝜏𝑟 ≠ 0 and 𝜏ℎ = 𝜏𝑣 = 0, leading to 
𝛹 ∗ (𝜆) = (𝜆 + 1)(𝜆 + 𝜂 )(𝜆 + 𝑐 )𝛺 ∗ (𝜆, 0, 0, 𝜏 ) = 0, (42)
𝛴2 ℎ 1𝑣 𝛴2 𝑟
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Fig. 5. Single parameter numerical continuation of susceptible human population with respect to parameters 𝛼1 (a), 𝑏1ℎ (b), 𝑏1𝑣 (c) and 𝑐1𝑣 (d) with 𝜏ℎ = 𝜏𝑣 = 𝜏 = 0
and 𝜏𝑟 = 2.4. The colored lines represent the number of eigenvalues with positive real parts. The dashed lines stand for the branches emanating from Hopf 
bifurcation and represent the maximum of the periodic orbits. Purple, cyan and green squares respectively represent Hopf, Period doubling and transcritical 
bifurcations.  (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

where 

𝛺𝛴∗
2
(𝜆, 0, 0, 𝜏𝑟) = (𝜆 + 𝑐1𝑣)(𝜆 + 𝑐2𝑣)(𝜆 + 𝜎ℎ)(𝜆 + 𝜉ℎe−𝜆𝜏𝑟 ) − 𝑓ℎ𝛼1𝛼2𝑓ℎ. (43)

It is straightforward to see from Eq. (42) that three negative real eigenvalues arising from the disease-free system are 𝜆1 = −𝑐1𝑣, 
𝜆2 = −𝜂ℎ and 𝜆3 = −1, and the other four eigenvalues can be determined depending on the delay parameter 𝜏𝑟, for which Eq. (43) 
can be rewritten as 

𝛺𝛴∗
2
(𝜆, 0, 0, 𝜏𝑟) = (𝜆3 + 𝑑1𝜆

2 + 𝑑2𝜆 + 𝑑3)(𝜆 + 𝜉e−𝜆𝜏𝑟 ) − 𝑓ℎ𝛼1𝛼2 = 0, (44)

where

𝑑1 = 𝑐1𝑣 + 𝑐2𝑣 + 𝜎ℎ,

𝑑2 = 𝑐1𝑣𝑐2𝑣 + 𝑐1𝑣𝜎ℎ + 𝑐2𝑣𝜎ℎ,

𝑑3 = 𝑐1𝑣𝑐2𝑣𝜎ℎ.

Let 𝑖𝜇0 is a solution of Eq. (44). Thus an eight order equation can be written as 
𝜇8
0 + (𝑑21 − 2𝑑2 − 𝜉2)𝜇6 + (−2𝑑1𝑑3 + 𝑑22 + 2𝜉2𝑑2 − 𝜉2𝑑21 − 2𝑓ℎ𝛼1𝛼2)𝜇4

+ (𝑑23 − 𝜉2𝑑22 + 2𝜉2𝑑1𝑑3 + 2𝑑2𝑓ℎ𝛼1𝛼2)𝜇2 + (𝑓ℎ𝛼1𝛼2)2 − 𝑑23𝜉
2 = 0.

(45)

Setting 𝜈0 = 𝜇2
0 , a fourth order polynomial is found as in the following 

𝑓 (𝜈0) = 𝜈40 +𝐷1𝜈
3
0 +𝐷2𝜈

2
0 +𝐷3𝜈0 +𝐷4 = 0, (46)

with 𝐷1 = 𝑑21 −2𝑑2 − 𝜉2, 𝐷2 = −2𝑑1𝑑3 +𝑑22 +2𝜉2𝑑2 − 𝜉2𝑑21 −2𝑓ℎ𝛼1𝛼2, 𝐷3 = 𝑑23 − 𝜉2𝑑22 +2𝜉2𝑑1𝑑3 +2𝑑2𝑓ℎ𝛼1𝛼2 and 𝐷4 = (𝑓ℎ𝛼1𝛼2)2 −𝑑23𝜉
2, 

and therefore 

𝑓 ′(𝜈0) = 4𝜈30 + 3𝐷1𝜈
2
0 + 2𝐷2𝜈0 +𝐷3 = 0. (47)

Denoting 𝑦𝐷 = 𝜈0 +
3𝐷1
4 , Eq. (47) becomes 

𝑦3 + 𝑒 𝑦 + 𝑒 = 0, (48)
0 1 0 2
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where

𝑒1 =
8𝐷2 − 3𝐷2

1
16

and 𝑒2 =
𝐷3

1 − 4𝐷2𝐷1 + 32𝐷3

32
.

The solutions of Eq. (46) can be obtained based on the argument given in [34]:

𝑦01 =
3

√

−
𝑒2
2

+
√

𝛥 + 3

√

−
𝑒2
2

−
√

𝛥,

𝑦02 = 𝜁 3

√

−
𝑒2
2

+
√

𝛥 + 𝜁2 3

√

−
𝑒2
2

−
√

𝛥,

𝑦03 = 𝜁2 3

√

−
𝑒2
2

+
√

𝛥 + 𝜁 3

√

−
𝑒2
2

−
√

𝛥,

where

𝛥 =
( 𝑒1
3

)3
+
( 𝑒2
2

)2
, 𝜁 =

−1 +
√

3𝑖
2

, and 𝜈0𝑗 = 𝑦0𝑗 −
3𝐷1
4

, 𝑗 = 1, 2, 3.

Lemma 3.  One has the following results for Eq. (46):
𝑪𝟏 ∶ If 𝑓ℎ𝛼1𝛼2 < 𝑑3𝜉 (𝐷4 < 0) Eq. (46) has at least one positive root,
𝑪𝟐 ∶ If 𝑓ℎ𝛼1𝛼2 ≥ 𝑑3𝜉 and 𝛥 ≥ 0 then Eq. (46) has positive roots if and only if 𝜈01 > 0 and 𝑓 (𝜈01) < 0,
𝑪𝟑 ∶ If 𝑓ℎ𝛼1𝛼2 ≥ 𝑑3𝜉 and 𝛥 < 0 then Eq. (46) has positive roots if and only if there exists at least one 𝜈0∗ > 0 for which 𝑓 (𝜈0∗) < 0. Here 
𝜈0∗ ∈ {𝜈01, 𝜈02, 𝜈03}.

If the condition 𝑪𝟏 holds, Eq. (46) has positive root 𝜈𝑐 such that Eq. (44) has a pair of imaginary roots: ±𝑖𝜇𝑐 = ±𝑖
√

𝜈𝑐 . Besides 
using the similar argument given in Eq. (40) where the components in Eq. (30) are computed for 𝑑 = 0, 𝑔 = 0, 𝑓 = 𝑏1ℎ and ℎ = 𝑏1𝑣

𝑐1𝑣
. 

Furthermore, differentiating both side of Eq. (42) with respect to 𝜆, it can be similarly shown that Re
[

𝑑𝜆
𝑑𝜏

]−1
≠ 0.

Lemma 4.  When 𝑑21 = 2𝑑2 + 𝜉2 and 𝑑22𝜉2 = 𝑑23 + 2𝑑1𝑑3𝜉2 + 2𝑑2𝑓ℎ𝛼1𝛼2. Eq. (46) becomes 

𝜇8
0 +𝐷2𝜇

4
0 +𝐷4 = 0. (49)

Taking 𝑥𝐷 = 𝑣20 and 𝛥𝐷 = 𝐷2
2 − 4𝐷4 then we have the following conclusions:

• When 𝐷2
2 > 4𝐷4, then Eq. (49) has two unequal real roots: 𝑥(1,2)𝐷 = 𝐷2±

√

𝛥𝐷
2  then Eq. (46) has eight unequal real roots which are 

𝜆1,2,3,4 = ±
√

𝑥(1)𝐷  and 𝜆5,6,7,8 = ±
√

𝑥(2)𝐷 .
• When 𝛥𝐷 = 0, Eq. (49) has two equal real roots and when 𝛥𝐷 < 0, Eq. (49) has two unequal and conjugate imaginary roots 
𝑥(1,2)𝐷 = 𝐷2±𝑖

√

𝛥𝐷
2  then Eq. (46) has eight unequal and conjugate imaginary roots.

6. Conclusion

In this research, a theoretical dengue fever propagation analysis for the extrinsic and intrinsic incubation period is modeled via 
a system of delay differential equations. As our focus is on the dynamics, we perform non-dimensionalization for model Eq. (1). 
Here, the dengue fever non-dimensionalized model exhibits existence of dual equilibrium points: the Dengue-free equilibrium and 
the Dengue-endemic equilibrium. The Dengue-free equilibrium in the absence of delay is locally and globally stable at 𝑅0 ≤ 1. 
Otherwise, the Dengue-endemic equilibrium exists for 𝑅0 > 1. In this context, 𝑅0 represents a threshold that determines whether 
the dengue disease is eradicated or persists in the population of interest.

Since time delays appear in infectious groups 𝐼𝑣 and 𝐼ℎ, the dengue disease model presented in system (1) relies on the system 
of solutions at earlier periods. In fact, like in many real-life applications, time lags occur in many disease models and thus give 
much more reasonable insights into population dynamics. As illustrated in the time simulations given in Section 5, compared to 
the cases where there is no delay, a substantial change in the dynamics is observed, particularly with the increase in delay term 𝜏𝑟, 
representing the time after that infectious individuals begin to recover. Then the results are extended to include single-parameter 
bifurcation diagrams of the system and the effect of delay parameters on the system dynamics is explicitly presented. In this context, 
only transcritical bifurcation (TCB) has been detected for the case without delays. However, more complicated dynamics with 
period-doubling bifurcation and Hopf bifurcation have been observed in the occurrence of time lags. In fact, several authors have 
performed complex numerical experiments for bifurcation analysis for various infectious disease models [25,28,29]. This may also 
play an important role in understanding different epidemic diseases. For instance, by studying period-doubling bifurcations, we can 
potentially identify parameter regions where complex dynamics, such as chaos, arise [28].

The numerical simulations in this paper have been carried out via MATLAB’s dde23 solver. The results for numerical continuation 
have been obtained through DDE-BIFTOOL software, which is a collection of MATLAB programs. In this regard, the number of 
unstable eigenvalues is associated with specific line types, as illustrated in Fig.  3. Here, one should note that the countable indefinite 
511 



B. Gürbüz et al. Mathematics and Computers in Simulation 234 (2025) 497–513 
eigenvalues number can be gotten via the characteristic equation exponential terms. Meanwhile, only the eigenvalues which are 
close sufficient to the imaginary axis matter for stability. Therefore, we only consider the eigenvalues which satisfy Re(𝜇) > −3.

The ideas presented in this paper support the existence of more complex dynamics, e.g. periodic and non-periodic oscillations. 
Our analytical and numerical experiments have shown that delay term 𝜏𝑟 has an especially great impact on the model dynamics. 
Therefore, further analysis in terms of the biological and analytical meaning of 𝜏𝑟 should be performed. Besides, the backward 
bifurcation phenomenon in infectious dispersion formulations is often studied for the purpose of epidemic control. However, as 
seen in this paper, some of these models also support other types of bifurcations, including transcritical, period doubling, and 
Hopf bifurcations, under certain conditions. Therefore, it is essential to have insight into the role of these bifurcations from an 
epidemiological point of view. Further analysis on this topic is reserved for future papers. Dengue infection is an endemic health 
disease, commonly in the sub-tropical and tropical areas of the globe. Thus, it is significant to consider the possible re-occurrence 
of the outbreak by examining various strategies of optimal control and effective cost analysis.
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