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Chapter 1

Introduction

This dissertation analyses the relationship between mental health and individual
behavior and channels through which the aggregate distribution of mental health
among a population can be influenced for the purpose of increasing welfare. It
consists of three autonomous chapters and a final discussion. The three chapters
are interrelated to one another as regards content as well as analytical structure
and methods used. This introduction should briefly explain the central ideas and
provide an overview of how the three chapters are interrelated. Since Chapter 2 is
linked to 3 and 4 rather methodologically and regarding the analytical structure,
while Chapters 3 and 4 additionally connected contentwise, we should start with
the latter connection.

Chapter 3 presents a general theory of mental health, covering several different
kinds of mental illnesses, while the focus of Chapter 4 in on substance-related
addictions in particular. In psychology addictions are commonly considered as
a specific form of mental illness (American Psychiatric Association, 2013, p.481
ff.). Thus, Chapter 4 can be seen as a chapter that places a stronger focus on
one particular kind of mental illness. Both chapters analyze within a theoretical
economic context the influence of mental health on individual behavior. Through
the dynamic structure of the analytical framework we are also able to understand
what the consequences of individual behavior on the distribution of mental health
across a population are. This allows us to simulate and analyze the effects of
various public policy interventions on the individual level, i.e. on behavior and
on subjective well-being but also on the aggregate level, such that we are able to
understand a policy’s influence on the distributional dynamics of mental health
and to compute the welfare effects using a benevolent planner framework. Both
models in Chapters 3 and 4 are calibrated to real world data, to quantify these
effects. The goal of the frameworks is to make quantitative forecasts, because this
makes it possible to derive policy recommendations and also to assess the effects
of various policy interventions qualitatively and quantitatively. A great advantage



of these formal approaches is that without exception all macroeconomic outcomes
are micro-founded, which allows us to understand processes as well as changes on
the aggregate level in detail by drawing conclusions from the individual level.

Due to the content related proximity of Chapters 3 and 4, it becomes obvious
that also the analytical structures of both chapters resemble each other with regard
to the following aspects. A key element in both model setups is the state-dependent
utility function. The inspiration for this structure comes from a classic paper by
Grossman (1972) in which he considers health as a durable capital stock. Given
this, health not only allows for individual activity, it delivers beyond that an
additional direct instantaneous utility stream. And conversely, bad health leads
to an instantaneous dis-utility, reflecting individuals’ suffering under a bad health
condition. In both setups we model the evolution of mental ill-health as driven
by the stochastic increments of Poisson processes with endogenous arrival rates.
Therefore it makes sense to use a continuous time framework as it provides a
better analytical description of the stochastic dynamic processes in the models.
Yet, there are also differences between the two approaches. In contrast to the
general mental health framework in Chapter 3, we decided to endogenize recovery
in the addiction model in Chapter 4. More precisely, individuals are provided
with the opportunity to participate in therapy to cure their physical and mental
deterioration. The reason for endogenizing recovery in the addiction framework
is that active participation in therapy is particularly important when it comes to
addictions, while the passive control of mental health care in general is able to
capture various ways of curing mental ill-health in the sense of improving mental
health care quality within an economy in a more general framework.

On a methodological level there are similarities as well. We derive numerical
solutions for optimal behavior and the value of optimal behavior by solving systems
of maximized Hamilton-Jacobi Bellman equations. To explain the distributional
dynamics we analytically derive Fokker-Planck equations from the corresponding
stochastic differential equations that describe the transition of mental ill-health.
This also allows us to compute the stationary distributions. We solve the systems of
Fokker-Planck equations numerically. Similar structures can be used to derive the
stationary equilibrium distribution of mental health. The calibration of the models
to real world data allows us to make predictions regarding individual behavior on
the micro level, the distributional dynamics of a populations’ mental condition and
its long-term distribution on the macro level and also demonstrates the explanatory
power of Fokker-Planck equations.

As state-dependent utility turned out to be an appropriate structure for the
utility functions, which, however constitutes a deviation from standard utility
functions, it was necessary to understand the peculiarities this deviation comes
along with. Therefore the first chapter of this dissertation can be seen as an auxil-



3 Chapter 1 Introduction

iary chapter in which we analyze an otherwise standard household saving problem
with a status effect of wealth. The idea was to start with an optimization prob-
lem which is very familiar to economists and introduce a state-dependent utility
function, such that the acquired findings regarding the special characteristics of
analyzing such an optimization problem can be transferred to the analyzation of
the problems in Chapters 3 and 4. Besides the above mentioned contribution of
Chapter 2 to the deeper understanding of the underlying mathematical structures
used in this dissertation it also provides a nice contribution to the research on
economic growth and to the status effect literature.



Chapter 2

State-Dependent Utilities

by Dennis Krieger!

2.1 Introduction

[Motivation| In many different areas of economic research models incorporating
state-dependent utility functions have proven to be suitable (or more suitable
than state-independent utility functions) for explaining certain issues of economic
interest. Generally speaking, a utility function is state-dependent, when it directly
depends on the state of the underlying dynamic system. Thus, depending on what
a theory seeks to explain, very different things can be meant by a state (e.g. classic
economic quantities like the stock of wealth, human capital or resources, the size
of a population, environmental pollution, but also physical states of economic
agents like health or psychological states like mental health, distress, cognitive
load or a subjective belief). The idea that a state not only characterizes a dynamic
system and changes by its in- and outflows, but also yields a direct flow of services
to economic agents has already been implemented in (Bayesian) decision theory
quite a while ago. But the same idea also gave birth to other strands of economic
literature like the literature on (social) status and particularly to some important
parts of the emotional economic literature, e.g. the literature on anticipatory
emotions, visceral factors, disappointment, regret and addiction. Finally, also this
dissertation employs a state-dependent utility structure in Chapters 3 and 4.
[Problem| State-dependent preference structures constitute a deviation from
standard utilities, not only in terms of the mere existence of an additional utility
stream that is received and taken into consideration by economic agents. Usu-
ally, also the assumption of additive separability of the life-time utility function
is implicitly relaxed. That is, state-dependence of the utility function creates an

!Gutenberg School of Management and Economics, Jakob-Welder-Weg 4, 55131 Mainz, Ger-
many, phone + 49.6131.39-24701, fax + 49.6131.39-25588, e-mail kriegerdQuni-mainz.de.



5 Chapter 2 State-Dependent Utilities

additional trade-off. In rational addiction models, for instance, the amount of an
addictive good that is consumed at time ¢ has an impact on the enjoyment an
agent gets from consuming the same good at 7 > ¢ (in addition to the trade-
off between consumption of the addictive good versus the normal good at time
t). Another peculiarity of state-dependent utilities is that they can cause time
inconsistent behavior. This might result in the fact that additional assumptions
regarding the agents and/or the environment they live in are required to describe
an optimization problem adequately and completely.

[Goal] The special aspects state-dependent utility comes along with require de-
veloping a general understanding for this utility structure and what it implies for
the analytical and numerical analysis of optimization problems that employ such
structures.

[Approach] In our opinion, the most convenient way of exploring the peculiarities
of state-dependent utility is to start with something that is familiar for economists
and then to deviate from it in a very straightforward way. Therefore we decided to
start our analysis using a classic household saving model, which we extent further
below to make the utility state-dependent. This leads us to a status effect of wealth
model, which we consider as our main example in this chapter. In the status effect
model, instead of consumption only, also the possession of wealth yields a utility
stream for the individual. In traditional capital accumulation models the lower
boundary condition, r > p, must hold to ensure positive consumption growth. In
presence of a status effect, however, the lower boundary condition is not binding
anymore. A status effect of a certain extent is necessary to ensure the existence of a
balanced growth path. We derive numerical and analytical closed-form solutions.
Moreover and in a more general framework we ask under which circumstances
state-dependent utility functions can cause time inconsistent behavior. The latter
analysis is conducted both in a discrete and in a continuous time framework.

[Results/Findings] The analysis in this chapter helps us to understand which
analytical and numerical techniques are applicable when we work with state-
dependent utility function and under which circumstances models with state-
dependent utility functions evoke time inconsistent behavior. We learn that nu-
merical solutions can be derived by solving initial value problems that result from
the model. To pin down unique optimal solutions sufficiently many initial and
terminal conditions are necessary. A balanced growth path can be determined by
using binary search algorithms. Moreover, we find that time inconsistency can be
caused by a state-dependent utility structure. Therefore the utility function must
include an anticipatory element, which disappears when switching perspectives.

[Related Literature] A substantial part of our paper is based on the status effect
of wealth literature. The general idea that wealth accumulation not only serves the
function of financing future consumption, but that also the possession of wealth
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itself yields an additional flow of services for the owner, such as social status,
goes back to Weber (1958), who also coined the term “capitalist spirit” for this
phenomenon. In economic research this idea was taken up and used in various
ways to gain deeper insights into economic growth, consumption and portfolio
decisions, wealth inequality and the demand for social status. Here we want to

provide a brief overview of some of the most important research projects in this
field.

From a formal perspective the closest and most directly related paper is Zou
(1994). Zou’s paper follows a paper by Kurz (1968), who showed that the pres-
ence of preferences for wealth in a deterministic optimal growth model can cause
a multiplicity of stationary points. Zou, however, demonstrates that in a sim-
ilar framework direct preferences for wealth are able to absorb or compensate
individual’s impatience to a certain extent, such that an additional incentive to
accumulate capital arises, which has positive growth effects. The difference to
the present paper is that the focus of our analysis is centered on an individual’s
modified incentives to accumulate wealth in present of a status effect and on deriv-
ing analytical and numerical solutions of the underlying household problem, while
Zou rather examines economic growth effects on the macro level. One of the main
results of the model in our paper, that the lower boundary condition, r > p, is
in the presence of a status effect not a necessary condition for the existence of a
balanced growth path is perfectly in line with Zou’s result. The great advantage of
this paper is that we can abstain from using a resource constraint which neglects
capital depreciation to create the fiction of endogenous economic growth, as in
Zou’s paper.

In contrast to Kurz (1968), Zou (1994) and this paper, Bakshi and Chen (1996)
write relative social status into the utility function. Relative social status is as-
sumed to increase in wealth holdings and decrease in the wealth holdings of an
individual’s reference group. Within the framework of a consumption-portfolio
problem they consider three different utility specifications to examine the implica-
tions for optimal consumption and savings decision as well as their portfolio com-
position and stock prices. Interestingly, they find that individuals with ”catching
up with the Joneses” utility tend to be more frugal when it comes to the con-
sumption decision and tend to make less risky decisions on the capital markets,
because an individual’s aversion to wealth risk causes the expected wealth to grow
slower on the one hand, but on the other hand they have an incentive to save
more, which in turn causes wealth to grow faster. In contrast to the literature on
relative social status the present paper considers social status as independent of
a relation to a reference group, as the effects of different wealth distributions are
not in the focus of attention. However, the utility function proposed here is open
for extensions, i.e. it can be thought of as the reduced form of a general utility
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function, w(u(c(t)), v(a(t), z(t))), with a constant normalized reference point, x(t).

The works by Carroll (1998), Reiter (2004) and Francis (2009) give particular
attention to explaining and addressing the reasons for the empirically observable
wealth inequality in the US (Diaz-Giménez et al., 1997). They find that the
saving behavior especially of rich people and thus the empirical wealth distribution
can be explained better, in comparison to standard life-cycle models based on
consumption smoothing or infinite horizon models with a bequest motive, when
wealth is included as a direct argument of the utility function.

Cole et al. (1992) investigate in which way the demand for social status shapes
individual’s wealth accumulation behavior. Thus it can be seen as the micro foun-
dation for the underlying preference structures examined by the above mentioned
papers as well as this paper.

On a more general and conceptional level, this paper is also related to the fol-
lowing strands of literature using state-dependent utility functions. Abel (1990)
introduced a generic utility function which includes three different classes of utility
functions (inter alia a “catching up with the Joneses” utility function) and incor-
porated it into an otherwise standard Lucas asset pricing model to investigate the
equity premium puzzle. Also the rational addiction literature, which ranks among
the most influential ones of modern economic research, uses state-dependent util-
ity as a modelling technique. Famous representatives are amongst others Becker
and Murphy (1988); Ferguson (2000); Gruber and Koszegi (2001); Orphanides and
Zervos (1995). They consider current consumption of an addictive good as being
accompanied by a future detrimental health effect. The latter is mapped into a
state variable, the “stock of consumption capital”, which has a direct negative
utility effect. Another strand of theoretical literature has been devoted to ana-
lyzing ex ante, ex post and instantaneous emotions. Worth mentioning here in
particular are Loewenstein (1987) and Caplin and Leahy (2001) for ex ante emo-
tions, the regret theory going back to Loomes and Sugden (1982) and related work
on disappointment undertaken by Bell (1985) as examples for ex post emotions.
Further examples are the literature on guilt which includes Battgalli and Dufwen-
berg (2007) and Charness and Dufwenberg (2011). For instantaneous emotions
Loewenstein (2000); Loewenstein et al. (2003) and Laibson (2001) are examples.
What all these papers have in common is that they consider emotions as states
and that individuals derive a direct utility from this state.

[Structure] In the next section we introduce the standard household saving prob-
lem in continuous time, derive its analytical solution and the lower boundary con-
dition for infinite consumption growth. In Section 2.3 we implement the status
effect of wealth. Under the assumption that » < p, we prove analytically that
the existence of a balanced growth path requires that the status effect of wealth is
sufficiently large. Besides the derivation of an analytical solution we also apply nu-
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merical methods of solving initial value problems to derive the numerical solution
of the optimization problem. We use a binary search algorithm to find a balanced
growth path. In Section 2.4 we focus on the issue of time inconsistency due to
state-dependent utility functions. The analysis in this section is separated accord-
ing to the time structure (discrete and continuous). Finally, in the last section we
conclude.

2.2 The Standard Saving Problem

We first present the individual’s saving problem and its implications for consump-
tion growth in absence of a status effect. This model is well-known in the economic
literature and follows in style of presentation and notation chapter 5.6.1 in Walde
(2012).

An individual’s problem is to maximize life-time utility, U(¢), discounted at rate
p by choosing the optimal time path of consumption, ¢(t), subject to a dynamic
budget constraint, given an initial endowment of capital, a(0) = ag. Formally,

max U(t) = max { /t " ety (e(r) dr}, (2.1a)

fe(m)}ez, {e(r)}2,
subject to the budget constraint,
a(t) =ra(t) +w — c(t), (2.1b)
given the initial endowment of capital
a(0) =ay >0, (2.1c)

where u(c(t)) is the instantaneous utility function, with u’(¢(t)) > 0 and u”(c(t)) <
0. » > 0 is the interest rate and w > 0 is the wage. The price of the consumption
good is normalized to unity.

2.2.1 Optimality Conditions

The current-value Hamiltonian for the optimization problem (2.1) reads
H(c(t),a(t),A(t)) = ulc(t)) + A(t) [ra(t) +w — c(t)] . (2.2)

The optimality conditions read

OH ()
delt)

=/ (c(t)) — Mt) =0 (2.3)
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and
A = (D) - G = [ =1\ (2.4)

From the two optimality conditions we can derive the Keynes-Ramsey rule (KRR)

_we®) iy
=T (25)

Given utility is CRRA, the KRR becomes ¢(t)/c(t) = [r — p] /o and tells us that
consumption optimally grows at rate [r — p| /o (or remains constant or declines)
over time, if the interest rate, r, is greater (or equal or less) the time preference
rate, p.

2.2.2 Candidate Solutions And The Explicit Solution

The optimization problem has a unique optimal solution, (¢°P*, a°P), that must
solve (2.1b) and (2.5), the necessary conditions, given (2.1c). However, a solution
of this two-dimensional dynamic system, (¢, @), not necessarily solves the opti-
mization problem. (¢, @) is merely a candidate solution of the dynamic system.
For convenience, we repeat the two differential equations here. For a CRRA
utility they read
a(t) = ra(t) + w — c(t), (2.1b)

given a(0) = ag and

c(t) = e(t)——L. (2.5)

c(t) = ¢(0)e =" (2.6)
and 1 > -
a(t) = ape” + W [1—e"] - mC’ [eTt - e”] : (2.7)

The important insight we gain from the explicit solution is that it is parametrized
in ¢(0), given ap. In other words, there is an infinite number of solutions to the
system of differential equations. As economists we want to know which of the
infinitely many solutions solves the optimization problem. And the answer to
this question is very simple. It depends on the initial value for consumption, ¢(0).
Once we assume that ¢(0) equals some given value ¢y, we obtain an unique optimal
solution. Although the answer to this question is quite obvious, for economists it

2A formal derivation is provided in Appendix 2.A.
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might seem very unsatisfactory, because one might get the impression that optimal
solutions can be generated arbitrarily by defining ¢y accordingly. In the following
sections we will see that optimal solutions of standard problems (and ideally also
those of non-standard problems) are not generated arbitrarily, but rather are based
on well-considered economic arguments.

2.2.3 Phase Diagram Analysis

From the KRR we know already that both parameters, r and p, play a crucial role
for individual behavior. Therefore we shall examine the following three generic
cases.

a) r<p,
b) r>p,

c) r=np.

A steady state requires that ¢(t) = a(t) = 0. When r # p, i.e. in cases a) and b),
it immediately follows from the KRR that there is a steady state at a consumption
level of ¢* = 0. Plugging this into the budget constraint gives us the steady state
wealth level of a* = —w/r.

In case c¢), however, we find that there is a continuum of steady states on the
zero-motion line of wealth, @ = 0 < ¢ = ra + w.

We illustrate the results in the phase diagram in Figure 2.1.

C
| s
A
. a=0 r=p
T |
/// r>p
L i R
e r~>~““‘“ -
% a, a

Figure 2.1: Solution paths for » = p

The directions of motion, indicated by the small arrows on the dotted lines in each
sector of the phase diagram, result from the partial derivatives of the dynamic
budget constraint.

The two dotted lines represent paths that illustrate graphically the time evo-
lution of consumption and wealth, provided the interest rate is either lower or
greater than the time preference rate, given some initial capital endowment, ag.
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The graphic shows nicely what we have derived analytically in the previous section.
Given the initial endowment, ag, it depends on the level of ¢y how consumption
and wealth develop over time. However, ¢y should not be chosen arbitrarily, be-
cause although this leads mathematically to a solution, such a solution might
be economically not reasonable. For example ¢y could be chosen such that debt
(a(t) < 0) grows unboundedly, meaning the individual would never pay back her
debt. Therefore, in economic theory it is common practice to introduce a no-Ponzi
game condition, which is a constraint that prevents over-accumulation of debt.
Another form of constraint is the transversality condition, which is a condition
that ensures that the individual starts on a saddle path and approaches a steady
state in the long-run. Such a saddle path is drawn in Figure 2.1 for case a). We
see that the individual in this case reaches a steady state debt level of a* = —w/r
in the long run. This debt level is commonly known as the natural borrowing
limit and describes a level of debt that can be paid back by the individual using
her work income w. Thus, in this case the transversality condition as well as the
no-Ponzi game condition lead to the same optimal solution. The important point
is that also an adequate initial condition for consumption is appropriate to ensure
that the individual is on the saddle path and / or does not violate a no-Ponzi
game condition. This is supported by the fact that Wélde (2012) solves a simi-
lar optimal saving problem with a logarithmic utility function in ch. 5.6.1 using
an intertemporal budget constraint, instead of the dynamic one which we employ
here, and shows that it is possible to derive level information for the endogenous
variables. The reason is that the intertemporal budget constraint is derived from
its dynamic counterpart using a no-Ponzi game condition (Walde, 2012, ch. 4.4.2).

2.2.4 Infinite Growth And The Lower Boundary Condition

Having analyzed case a) with r < p in the previous section, we will now take a
closer look at case b) where r > p and we will see that in this optimal saving model,
there is the possibility of infinite consumption and wealth growth, which is maybe
not such a great surprise as one can certainly draw parallels to the well known
A — K—model by Barro (1990) and Rebelo (1991). Technically, the linearity of
the differential equation (2.1b) in wealth mainly generates this result, equivalently
as in the A — K—model, where the linearity of the resource constraint in capital
allows for infinite growth.

Let the instantaneous utility function be standard CRRA,

c(t)=7 -1
1—0

u(c(t)) = , o>0. (2.8)
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Then the KRR becomes

%_T;p (2.9)

and we define the growth rate of consumption as g = (r — p)/o.

Proposition 1. The existence of a balanced growth path, along which both, con-
sumption and wealth, grow with the same positive and constant rate, requires that
the lower boundary condition, r > p, permanently holds.

Proof. Suppose that r > p, then the growth rate of consumption,

(2.10)

is positive. If a balanced growth path exists, then wealth must grow with the
same positive rate as consumption. We denote the growth rate of wealth as h > 0.
Using the budget constraint we can write

a(t) w o ot
h=—== — = —. 2.11
OO0 (2.11)
Then the balanced growth path is given by
c(t) = (r —h)a(t) + w. (2.12)

As consumption and wealth grow at the same rate, ¢(t)/a(t) is a constant, which
we define as y. It follows from (2.11) that

w
h = — = 2.13
T X (2.13)
From g = h follows that
T _ Y
s "Tam X
w r—p

= — = 2.14
S ) 7’+a(t) . (2.14)

Plugging the last equation back into (2.13) finally gives

(2.15)
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In this section we proved the existence of a balanced growth path, along which
both, consumption and wealth, grow with the same positive and constant rate, g,
as long as the lower boundary condition, » > p, permanently holds. The balanced
growth path is also depicted in Figure 2.1. Again we can apply the insights from the
analysis in the previous chapters. If we want the individual to start on the balanced
growth path, we either need to ensure this by the introduction of an adequate
transversality condition, or by specifying the initial value for consumption, co,
accordingly.

2.3 The Status Effect Of Wealth

In this section we now deviate from the standard optimal saving problem by in-
troducing what we call a status effect of wealth. Thus, consider now, apart from
consumption also the possession of capital yields a utility stream to the individual.

The introduction of the status effect of wealth also generates a second dynamic
trade-off. Additional to the usual trade-off between current and future consump-
tion, now there is another trade-off between current consumption and future status.

Formally, instead of u(c(t)), the individual maximizes a utility function consist-
ing of two sub-utility functions, of consumption, u(c(t)), and of wealth, v(a(t)).
We assume that both sub utilities are concave in their arguments, i.e. u/(c(t)) > 0,
u’(c(t)) <0, v'(a(t)) > 0 and v"(a(t)) < 0.

An individual’s optimization problem is to maximize life-time utility, U (%), dis-
counted at rate p by choosing the optimal time path of consumption, ¢(t), subject
to a dynamic budget constraint, given an initial endowment of capital, a(0) = ay.
Formally,

max  U(t) = max { /t " e r=tly(e(r), a()) dT}, (2.16a)

{e(m)}ez {e(m)}2,
subject to the budget constraint,
a(t) = ra(t) + w — c(t), (2.16b)
given the initial endowment of capital
a(0) =ag >0, (2.16¢)

where w(c(t),a(t)) is the instantaneous utility function, » > 0 is the interest rate
and w > 0 is the wage. The price of the consumption good is normalized to unity.

For concreteness sake we specify the functional form of the instantaneous utility
function. We assume that both sub-utility functions are of the CRRA form such
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that

l1—0c l1—0o
wle(t). a(t)) = u(e(t)) + év(a(p) = DL T2 gy
-0 1—0o
The first term is the standard CRRA utility, with the utility elasticity of intertem-
poral substitution, o > 0, or the coefficient of relative risk aversion. Through the
second term wealth enters the utility function also in CRRA form. For ¢ = 0 we
come back to the standard utility function without a status effect. If ¢ > 0 the
individual gains utility from the possession of wealth and ¢ measures the strength

of the status effect.

2.3.1 Optimality Conditions
Proposition 2. In presence of a status effect of wealth, consumption optimally

grows at rate
S T — p a(t)

_ . 2.18
g — (2.18)

Proof. The current-value Hamiltonian for the optimization problem (2.16) reads
H(c(t),a(t),\(t)) = w(c(t),a(t)) + A(2) [ra(t) + w — c(t)] . (2.19)

The optimality conditions are

%Ij(g)) — @ (e(t)) = A(t) = 0 & A(t) = /(1)) (2.20)
A0) = A0 — G = o)~ (alt) = X
) v(a)
30" " (2.21)

Applying the logarithm on (2.20) gives
In A\(t) = Inu'(c(t)). (2.22)

Taking the time derivative yields

= ) é(t). (2.23)
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Inserting this derivative and (2.20) into (2.21) yields the KRR

v'(a(t))
u'(c(t)

By plugging in the partial derivatives of the subutility functions we finally obtain

oty =r—p+ (2.24)

. ct)]?
) _r—p 0[50
g° = O + (2.25)

]

From the “new” KRR we learn that consumption now grows at rate g° = (r —
p)/o+¢[c(t)/a(t)]” /o (or remains constant or declines) over time, if the marginal
rate of substitution plus the interest rate is greater (or equal or less) the time
preference rate p.

It follows immediately from (2.25) that consumption growth can be positive
even if the interest rate is lower than the time preference rate. We will discuss this
phenomenon in detail further below.

2.3.2 Candidate Solutions And The Explicit Solution

Equivalent to the standard problem, the necessary conditions derived from the op-
timization problem constitute a two-dimensional system of differential equations,
repeated here for convenience.

a(t) =ra(t) +w — c(t), (2.16b)
given the initial endowment of capital a(0) = ag > 0 and
c(t) 7
r—p ? [T]

co(t) = c(t) — + —

N>

(2.25)

In contrast to the standard optimal saving problem we now have a non-linear
system which cannot be solved analytically as straightforward as in absence of
a status effect of wealth. However, the argument we made before still holds.
Any explicit solution we derive (analytically or numerically) is merely a candidate
solution and will depend on cy.
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2.3.3 Phase Diagram Analysis

Although there exist several different cases of parameter constellations, we focus
during the following analysis mainly on the most interesting case in our opinion,
which is 7 < p. '

Setting ¢(t) = 0 and a(t) = 0 yields the stationary values, which satisfy

v'(a*) e
and
& =ra*+w. (2.27)

From (2.26) follows first that the marginal rate of substitution is a constant in the
steady state. And second that under the assumption of positive marginal utilities
there exists no steady state for the case r > p.

Inserting the partial derivatives of the utility function into the steady state
conditions yields the zero-motion lines of wealth and consumption,

fla)=c" =ra* +w (2.28)

and

. 1/o
gla)=c =a* {p T} . (2.29)
¢

Compared with the standard optimal saving problem, the zero-motion line of
wealth remains unchanged in presence of a status effect. As mentioned above, no
steady state exists, if » > p as the zero-motion line for consumption is not defined.
In the case r < p, the zero-motion line for consumption is a linear and positively
sloped function of wealth. Given, r < p, there can be two cases. If f'(a*) < ¢'(a*)
a stationary point exists, while there is no steady state if f'(a*) > ¢'(a*).? Figure
2.2 illustrates the latter case.

a=0

c=0

_w a a
r

Figure 2.2: Solution paths for f'(a*) > ¢'(a*) and r < p

3Note that we rule out the case that consumption is negative at any point in time.
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The directions of motion, for each sector of the phase diagram are derived from
the budget constraint and the KRR, respectively. The dashed lines starting at ag
with different initial values of consumption ¢y are trajectories and illustrate the
evolution of consumption and wealth over time. In the present case, we assume that
f(a*) > ¢'(a*), such that there are only three different sectors, I, IT and III, in the
phase diagram. Given some initial capital endowment, ay > 0, then, graphically
spoken, the trajectory can start in one of the three sectors. Only in sectors I and
IT there is consumption growth. In sector III consumption never grows. Even if
a path, on which wealth infinitely grows while ¢(t) = 0, exists in sector III, then
at some point in time the marginal utility of wealth will fall below the marginal
utility of consumption such that the individual’s well-being can be improved by
not following this path but increasing consumption by spending the accumulated
wealth. If in sector I exists a path on which consumption increases infinitely, while
wealth keeps decreasing, then this path cannot be sustainable in the sense that
a no-Ponzi game condition will be violated. In sector II, however, there is the
possibility that a balanced growth path exists, on which both, consumption and
wealth grow at the same constant rate. We will analyse the latter case in detail in
the following section.

2.3.4 Infinte Growth And The Lower Boundary Condition

We have seen that infinite growth as in the standard optimal saving problem is
possible, if r > p. This result is not very exciting, we therefore focus here on the
more interesting case r < p.

During the phase diagram analysis we explained that in the case r < p it is
possible that no stationary point exists and that there can be a balanced growth
path. In this section we state the following proposition.

Proposition 3. If there is a status effect of wealth, such that an individual gains
utility through the possession of wealth, then the lower boundary condition r > p
1s not a necessary condition for the existence of a balanced growth path, along
which both, consumption and wealth grow with the same positive constant rate. A
necessary condition for the existence of a balanced growth path is

o> —[r—np (2.30)

Moreover, the balanced growth path exists only in the long run, i.e. for lim;_,. In
the short run, consumption and wealth do not grow with a constant rate.
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Proof. Suppose that r < p and consumption grows at rate

. c)]?
s B

If a balanced growth path exists, then wealth must grow with the same rate as
consumption. We denote the growth rate of wealth as h°. Using the budget
constraint we can write

c(t)

a(t) B w
h® a0 = "VYaw e (2.31)

It follows that the balanced growth path is given by

c(t) = (r — h¥)a(t) + w. (2.32)

If consumption and wealth grow with the same rate, then ¢(t)/a(t) is a constant,
which we define as x. From (2.31) then follows

w

e =r+— —x. 2.33
T X (2.33)
e oS LS :
We require g° = h” and obtain
rep v (2.34)
o o a(t)

Defining the LHS of the equation as L(x) and the RHS as R(x) we see that L(x)
is a monotonously increasing function of y while R(x) is a linear and decreasing
function of x with a positive intercept, while the intercept of R(x) depends on
a(t). Thus, a necessary condition for the existence of an intersection point, Y, is
(r+o¢x° —p)/o >0V x >0. It follows that r — p+ ¢ > 0 and finally

¢ > —(r—np). (2.35)

The latter condition must hold such that a balanced growth path can exist. The
condition requires that the status effect of wealth is sufficiently large.

We define the auxiliary function

2(X)Er;p+¢§a—r—%+x, (2.36)

which is only defined for y > 0. Thus we can always identify a unique positive
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root.

It is immediately clear that the root is a function of a(t). However, ad infinitum
limy o, w/a(t) = 0 and x is constant. Thus, a balanced growth path along which
the endogenous variables grow with the same constant rate, can only exist in the
long-run. [

Note that given the infinite growth of consumption and wealth, the objective
function [ e=?"w(c(7),a(r)) dr is finite only if the boundedness condition (1—
0)g® < p holds.*

2.3.5 The Asymptotic Analytical Solution

In Section 2.3.2 we saw that it might be difficult or even impossible to derive a
general analytical solution for the status effect of wealth problem as the underlying
system of differential equations is non-linear. However, under the balanced growth
assumptions, c(t)/a(t) is a positive constant. Making use of this assumption we
obtain a linear two-dimensional system of differential equations.

To derive an asymptotic solution, we can easily show that and equals ¢(t)/a(t) =
r—g° by applying the condition lim; ., w/a(t) = 0 on (2.31). 5 The linear system

4The integral
U(t) — (1 o o_)—l |:C(t)lo'/ e((l—a’)gs—p){r—t]dT 4 1 4 a(t)lfa/ e((l—g)gs_p)[r—t]dT + l
P

t P t

is bounded only, if (1 — 0)g® < p holds.
5Note that it directly follows that under this assumption the balanced growth path is not affine

linear anymore. It is given by
c(t) = (r — h%)a(t). (2.37)

Requiring that g° < hS has to hold and plugging c(t)/a(t) = (r — g°) into (2.25) gives

_ —¢%1°
g =" P+¢[T 9°]
(o2 (o2

(2.38)

Defining the LHS of the equation as L(g°) and the RHS as R(g°) we see that L(g°) is
positive V ¢° > 0, while R(¢g®°) is a monotonously decreasing function of g°. Thus, a necessary
condition for the existence of an intersection point, g%, is (r + ¢[r — g°]” — p)/o > 0V g > 0.
It follows that r — p + ¢r? > 0 and finally

¢p>—(r—pr°. (2.39)

Rearranging condition (2.39) gives us r > (p—r)/¢, which is a condition that nicely supports
the graphical illustration following Figure 2.2. The condition requires that the slope of the
zero-motion line of wealth is greater than the slope of the zero-motion line of consumption,
such that they do not intersect in the positive range. Parallelism of the zero-motion lines is
not a sufficient condition for the existence of a balanced growth path, as it implies a growth
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reads
a(t) =ra(t) +w — c(t), (2.16b)

given the initial endowment of capital a(0) = ag > 0 and

oft) = c(t) [T A gs}a] , (2.25)

o o

which shows us, in addition to the usual dependence on time preference rate and
interest rate that consumption growth is higher, the higher the strength of an
individual’s status effect is. This reflects an individual’s willingness to forego
consumption in favour of status.

We can solve this dynamic system analytically.® The solution reads

517
%JrL al }t

o

c(t) = e (2.40)

and
a(t) = ape™ + —1w [1 — e”]
0

B T s e

We see that consumption grows exponentially at rate (r—p)/o+¢ [r — g°] 7o If
r > p, the growth rate exceeds the growth rate in absence of a status effect, as long
as 0 < g° < r. However, the more interesting parameter constellation is r < p.
The solution shows that consumption can grow over time, even if r < p, i.e. the
lower boundary condition is not binding anymore. In presence of a status effect
an individual gains an additional instantaneous utility flow from the possession of
wealth which gives her an incentive to optimally accumulate savings even if her
subjective discount rate exceeds the market discount rate.

But is this solution economically sustainable? To answer this, we check, if the
following no-Ponzi game condition holds

lim e ""a(T) = 0. (2.42)

T—o0

rate of g° = 0, which directly follows from (2.38).
6A formal derivation is provided in Appendix 2.B.
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As we know that wealth grows at rate ¢g°, we can write

lim agel?” 1T = 0. (2.43)

T—o00

Since ¢” is required to be lower than 7, the no-Ponzi game condition holds.

2.3.6 The Numerical lllustration

In this section we present our strategy to solve the optimization problem numeri-
cally and we also present the numerical results.

The idea is as follows. From the status effect model resulted a KRR, which is an
optimality condition that has to hold in the optimum. Additionally, the dynamic
budget constraint has to hold. From the analysis above we know that for a given
initial value for wealth, ag, and consumption, cg, there exists a balanced growth
path in the long run in the sector between the two zero-motion lines for wealth
and consumption. Mathematically, the dynamics of the model can be described by
two differential equations. Given their initial conditions the underlying numerical
problem is one of solving an initial value problem that consists of the dynamic
budget constraint and the KRR, repeated here for convenience,

a(t) =ra(t) +w — c(t) (2.16b)

®1°
r—p 0[]

(
o o

, (2.25)

given the two initial values a(0) = ag and ¢(0) = ¢y for wealth and consumption.

Using Matlab’s built-in solver ‘ode/5” we can compute solutions to this ini-
tial value problem, which of course depend on the initial values we specify. To
find a balanced growth path we assume a relatively high initial value ay for
wealth, as the term w/a(t) becomes quite small such that the general numer-
ical solution approaches the analytical asymptotic solution. Although not im-
plemented in the program, one can use the a binary search algorithm to make
the numerical solution candidate approach the analytical solution. The proce-
dure is as follows. As depicted in Figure 2.3, we fix ag, and try a value, ¢y, =

(ao [(p—7) /8] + rao + w) /2 as the initial value for consumption. If the re-
sulting solution path intersects with the zero-motion line of wealth after a given

time span, we try a value cpy = (ao [(p—7) /o] + rao + w) /4 or a value cpy =

3 (ao [(p—7) /o7 +rag+ w) /4 if it intersects with the zero-motion line of con-
sumption. Then we solve the problem again and repeat the process. Once a good
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solution is found, we increase the time span and continue. This entire procedure
can be repeated until the desired precision has been reached. Binary search al-
gorithms are simple, efficient and deliver reliable results. Once the algorithm has
stopped, we have found the trajectory of the balanced growth path.

350

300r

2501

200

1501

100r

501

85 1 1.5 2 2.5 3
a x 10*

Figure 2.3: Numerical determination of the balanced growth path. Parameters:
r=0.01, p=0.02,0 = 0.75, w = 1.00, ¢ = —(r—p)+0.50, ay = 10000,
time span = 300

As a nice side effect also the optimal consumption and wealth paths, ¢*(¢) and a*(¢),
are computed by the solver. By applying logs we can easily see that consumption
and wealth grow with the same constant rate. The latter is illustrated in Figure
2.4. As expected, we observe that there is a small deviation between the general
numerical solution, plotted as a green solid line, and the asymptotic solutions (the
asymptotic analytical solution is plotted as a red dashed line and the asymptotic
numerical solution is plotted as a blue dash-dot line). Note also that, a cross-check
of the asymtotic numerical and the asymptotic analytical solution yields a perfect
match.
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Figure 2.4: Numerical and analytical solution for optimal consumption and wealth
paths. Parameters: » = 0.01, p = 0.02, ¢ = 0.75, w 1.00, ¢ =
—(r — p) + 0.50, ag = 10000, time span = 300

2.4 Time Inconsistency

Time inconsistent behavior can be the result of a state-dependent utility function
(Frederick et al., 2002). As time inconsistency influences the behavior of economic
agents significantly, it should by no means be neglected. Moreover, the existence
of time inconsistency requires additional assumptions about the agent (e.g. recog-
nizing inconsistent behavior or not, existence of commitment devices). Therefore
we devote this section to the issue of time inconsistency resulting from models
with state-dependent utility functions. The goals are, first, to obtain a deeper
understanding of the differences between time inconsistency resulting from state-
dependent utility functions and time inconsistency resulting from time-dependent
discounting functions. And second, to find out whether time-inconsistency plays
a role in our framework or not. Parts of this chaper are based on an earlier work
by Krieger (2011) on the link between time inconsistency and emotions.
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2.4.1 Discrete Time

This section starts with a discrete time representation, before we consider a con-
tinuous time structure further below.

Standard Exponential Discounting

Let the overall utility of an individual at time t = 0 be

Ule(t),c(t +1),...,c(T)) = > D(r)u(c(r)), (2.44)

while consumption in period t is denoted by ¢(t) and the individual discounts
future utility with the following discount function,

D(r) =61 = <L) o : (2.45)

1+p

while ¢ is commonly referred to as the discount factor and p as the time-preference
rate or the subjective discount rate. The discount function can be seen as the
relative weight an individual attaches in period t to her future utility in ¢ + 1,
t+ 2, ..., T. In the standard discounted utility model the time-preference rate
is assumed to be constant over time. That is, D(7) is a function of time, while
time measures the distance between the point in time at which the individual
maximizes her utility and the point in time at which a future utility is experienced,
but discounting between any two consecutive periods, 7 and 7 + 1, is always the
same.

Analytically, the expression for the discount factor between 7 and 7+ 1, denoted
by ¢rr41, reads for 7 =1t

rres = oU(.)/Ou(c(t + 1))
o AU () /u(c(t))

) (2.46)

and is constant as ¢ is a parameter. Does this imply time consistent behavior? In
the standard discounted utility model it implies time consistency (Strotz, 1955).
Behavior is time consistent, if the optimal consumption plan chosen by a decision
maker in period 7, is not rejected by the same decision maker at some later point in
time, 7/ > 7. Strotz (1955) showed that this is the case if discounting is exponential
as in the standard discounted utility model.
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Quasi-Hyperbolic Discounting

Let us now take a look at a quasi-hyperbolic discount function, as proposed by
Laibson (1997). Let the overall utility at ¢ = 0 be

Ule(t) et +1),....e(T)) =ule(t) + 8 Y D(rule(r),  (247)

T=t+1

while 0 < 8 <1 is a measure for the strength of the present bias, i.e. the lower 3,
the less important is the future relative to today.
In this case we can write the discount function as

1 for 7 = ¢t
D(r) = oo . (2.48)
polr—t fort <7 <T

As a result, discounting between “today” and “tomorrow” differs from discounting
between any other two consecutive periods.
The discount factor between 7 and 7 4 1 for 7 =t is

Crras = oU(.)/0u(c(t + 1))
b AU (.)/du(c(t))

= f9, (2.49)

while the discount factor between 7 and 7+ 1 for r =t + 1 is

_0U()/0u(c(t + 1))
AL = T80 () Joule(t))

= 6. (2.50)

Hence, if discounting is quasi-hyperbolic like in Laibson (1997), discounting varies
over time. The relative importance of utility across two periods is time dependent.
Thus, an individual who has the opportunity to revise her decision made in period
t at some later point in time, say at ¢ + 1, would optimally reject her original plan
in favour of the optimal plan from the perspective ¢t + 1.7 Hence, behavior is time
inconsistent.

State-Dependent Utility and Exponential Discounting

Unlike in the previous two sections we assume now that the instantaneous utility
is state-dependent. That means, we replace u(c(7)) by u(e(r),s(7)), while s(t)

"Without the intention of minimizing the importance of a formal proof, we refrain from pro-
viding mathematical evidence that the individuals’ optimal plan in ¢ is different from her
optimal plan in ¢ 4 1, as this is already shown elsewhere (e.g. Laibson (1997)) and therefore
can be considered as scientifically validated knowledge.
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denotes the state (of the world or of the individual) in period ¢. Then the overall
utility at ¢ = 0 reads

T

Ule(t),s(t),c(t+1),s(t+1),...,¢(T),s(T)) = Z o u(e(r),s(r)).  (2.51)

T=t

We prefer this general notation, because it covers several distinct cases known
from the economic literature. For instance, if s(t) increases in past consumption
and u.s > 0 we can interpret the state, s(¢), as a habit (Abel, 1990) or as the
stock of addiction (Becker and Murphy, 1988), if s(¢) increases in future expected
consumption we can interpret it as an anticipatory emotion, like anxiety (Caplin
and Leahy, 2001) when us < 0 or as a joyful anticipation (Loewenstein, 1987)
when us > 0. But s(t) can also be interpreted as a visceral state (Laibson, 2001;
Loewenstein, 2000) or a belief (Compte and Postlewaite, 2004) that results from
past behavior. Of course s(t) can also be wealth or status, as in the current paper,
when s(t) decreases in past consumption and u, > 0.

It is trivial to show that the discount factor between 7 and 7 + 1 equals o
for all periods. However, when utility is state-dependent this does not allow to
draw the conclusion that behavior is time consistent as in the first example. The
reason is that state-dependent utility constitutes another kind of deviation from
the standard discounted utility model. The current deviation consists of a change
of the instantaneous utility function, while discounting remains the same as in the
standard discounted utility model. Thus, to test if a model with state-dependent
utility (and exponential discounting) implies time inconsistency, we must check
whether the fundamental definition of time consistent behavior holds, i.e. whether
an individual would reject an optimal consumption plan chosen in period 7 at
some later point in time 7" > 7. Therefore consider, the individual maximizes her
objective function (2.51) subject to

s(t) = flc(t — 1)) (2.52)
if the individual gains (dis-)utility from past actions or
s(t) = g(c(t +1)) (2.53)

if the individual gains (dis-)utility from future actions and subject to initial or
terminal conditions and maybe further constraints such that there exists a trade-
off and the optimization problem is well-defined.

If the individual gains (dis-)utility from past actions and optimizes at time ¢ the
marginal utility of increasing consumption, and thus the first part of the second



27 Chapter 2 State-Dependent Ultilities

FOC, reads

joulelt +1), fe®)) | s20ulelt +2), f(e(t +1))) df (e(t + 1))
Je(t+ 1) Of(c(t+1)) de(t+1) ~

(2.54)

whereas the second term shows that the individual takes in period ¢ the effect of
her period t + 1 consumption decision on her instantaneous utility in period t + 2
into account.

For simplicity, let us assume, c¢*(t), ¢*(t + 1), ..., ¢*(T) denote the individual’s
optimal consumption decisions from perspective t, i.e. the consumption levels that
satisfy the FOCs of the underlying optimization problem and further constraints.

Imagine now, the same individual has the opportunity to revise her consumption
plan in period ¢+ 1. In period ¢+ 1 the marginal utility of increasing consumption
and thus the first part of the first FOC reads

Ou(c(t+ 1), f(c*(t))) N 58u(c(t +2), flc(t+1)))df(c(t+ 1))
Jde(t +1) Of(c(t+1)) de(t+1) ~

(2.55)

while we tread consumption in period t as given, since it has already been realized.
Let ¢™*(t+ 1), ¢™(t +2), ..., ¢™(T) denote the individual’s optimal consumption
plan from perspective t + 1. Obviously, the only difference between both marginal
utilities is that (2.54) is multiplied with 6=! due to the change of perspective.
Other than that, they are identical. Hence, also the optimal consumption plan
that satisfies the underlying FOCs must be identical to the consumption plan
from period ¢t. Analytically, ¢*(t + 1) = ¢™*(t + 1), ¢*(t +2) = ™t +2), ...,
c(T) = c™(T).

We can sum up the first important result as follows. If the departure from the
standard discounted utility model consists of an individual gaining (dis-)utility
from her past actions, a rational individual’s behavior is time consistent.

Now consider the individual gains (dis-)utility from future actions, such that
her optimization problem consists of maximizing objective function (2.51), given
(2.53), subject to initial or terminal conditions and maybe other constraints.®

From perspective t the marginal utility of increasing consumption reads

ou(c(t), gle(t +1))) dg(c(t + 1)) ou(c(t+1),g(c(t+2)))
dg(c(t+1)) de(t +1) dc(t +1) ’

8Note that we - for simplicity - assume a deterministic framework here and thus follow the spirit
of a paper by Loewenstein (1987) rather than the more recent paper by Caplin and Leahy
(2001), who argue that certain anticipatory emotions like anxiety are caused by uncertainty
about future outcomes. With this in mind, we should be careful interpreting the (dis-)utility
an individual obtains from future actions as anxiety and better imagine it e.g. as a joyful
anticipation of future consumption. Nonetheless, with and without uncertainty, the results
regarding time inconsistency survive in both frameworks.

(2.56)




2.4 Time Inconsistency 28

The first term shows that the individual takes in period ¢ the effect of her period
t + 1 consumption on her instantaneous utility in period ¢ into consideration.
Again, say, ¢*(t), c*(t+1), ..., ¢*(T) constitutes the optimal consumption plan
from perspective t.
From perspective ¢ + 1 the marginal utility of increasing consumption reads

ou(c(t+1),g(c(t+2)))
Je(t+1) '

(2.57)

To understand why the first term of the marginal utility disappeared we should
write down the objective function from perspective t+1, given the period ¢ decision
has already been made. It reads

U(c*(t),g(c"(t+1)),c(t+1),9(c(t +2)),...,c(T)). (2.58)

What becomes clear now is that we not only have to tread period ¢ consumption
as given, but the entire the instantaneous utility in period ¢, even if parts of it
were based on planned future actions which will not be realized.
Let the optimal consumption plan from perspective t 4+ 1 be ¢ (t+1), ¢**(t +2),
.., ¢*(T). As long as the first term in (2.56) is different from zero (what we
can certainly assume) then ¢*(t + 1) # ¢ (t + 1), ¢*(t + 2) # ™ (t + 2), ...,
c*(T) # ¢**(T') and thus, behavior is time inconsistent.

2.4.2 Continuous Time

In the previous section we assumed a discrete time structure. As the reminder of
this paper considers a continuous time structure, the current section transfers the
analysis to continuous time and asks whether the results from above will hold.

Standard Exponential Discounting

In continuous time the overall utility at time ¢t = 0 reads

Ue(t), c(t +1), ... e(T)) = /t D(r)ule(r)) dr, (2.59)

while D(7) = e~?I"~l denotes the discount function for exponential discounting.
Equivalent to the discrete time version, we can show that the discount factor
between 7 and 7 + 1, denoted by ¢, 41, for 7 =t reads

OU()/Oule(t+1)) _ —p 4

P = T () Jul(e(D) —P (2.60)
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and is constant, provided that the time-preference rate, p, is a constant, which
also implies time consistency.

Quasi-Hyperbolic Discounting

The continuous time equivalent of quasi-hyperbolic discounting in discrete time
was formulated by Harris and Laibson (2002).° The life-time utility function reads

Ule(t),c(t+1),...,¢(T)) = /ts D(T)u(e(T)) dr + ﬁ/ D(T)u(e(T)) dr, (2.61)

where D(7) denotes the standard discount function for exponential discounting
and [ is a measure for the strength of the present bias.
We can write the discount function as

e Plr—tl for v <s
bir) = {Bep[fﬂ forT>s (2.62)

Then the discount factor between 7,7 + 1, denoted by ¢, 41, reads for 7 =t
e Px=1-—p, for v <s
Ptt+1 = _ P ) (2'63)
pe P~ p[1—p|, forT>s

which also implies time inconsistent behavior.

State-Dependent Utility and Exponential Discounting

In a continuous time model with instantaneous emotions the overall utility at ¢ = 0
is

Ulce(t),s(t),c(t+1),s(t+1),...,¢(T),s(T)) = /too e P u(c(r), s(1)) dr. (2.64)

Again, we consider (2.52) and (2.53) as two cases for the state variable distinguish-
ing a backward and a forward-looking instantaneous utility function.

If the individual optimizes at a specific point in time 7 = ¢ and s(¢) equals
(2.52), the marginal utility of increasing consumption at time ¢ + 1 reads

oulelt+ 1), f(e(t)) o Oule(t +2), fle(t +1))) df(c(t +1))
de(t+ 1) Of(c(t+1)) de(t+1)

(2.65)

9A more general formulation of non-exponential discounting can be found in Barro (1999).
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and takes the effect of increasing consumption at time ¢ + 1 on the instantaneous
utility in ¢ 4 2 into consideration. Assuming that ¢*(¢), ¢*(t+1), ..., ¢*(T) denote
the individual’s optimal consumption decisions from perspective t, we switch per-
spectives now and imagine the individual has the opportunity to revise her optimal
consumption plan at a later point in time, 7 = t + 1. Then the marginal utility of
increasing consumption at time ¢ 4 1 reads

Ou(c(t+ 1), f(c*(t))) 0ulc(t+2), fle(t +1))) df (c(t +1))

oei+1) ¢ Of(clt + 1)) de(t+1)

(2.66)

treating consumption at time ¢ as given as c¢*(t), because it lies in the past. Let
the optimal consumption plan from perspective ¢t + 1 be ¢**(t + 1), ¢**(t + 2),

.., ¢™(T). Equivalent to the discrete time version, the difference between both
marginal utilities only is the multiplication with the discount factor e™”, which
results from the change of perspectives but does not lead to a change of the optimal
consumption plan. Thus, ¢*(t + 1) = ™ (t + 1), ¢t +2) = *(t + 2), ...,
c¢*(T) = ¢**(T') which shows that behavior is time consistent in continuous time as
well, if an individual gains (dis-)utility from her past actions.

Now suppose that s(t) equals (2.53), while everything else remains unchanged
compared to above. Then the marginal utility of increasing consumption at time
t + 1 if the individual optimizes at a specific point in time 7 = ¢ reads

ou(c(t),glc(t +1))) dg(c(t + 1)) 6_p@u(c(t +1), fle(t+2)))
Jg(c(t+ 1)) de(t + 1) Jc(t+1) ’

(2.67)

showing in the first term that the individual respects the effect of increasing her
consumption level at time ¢ + 1 on her instantaneous utility at time ¢.

Like above, let ¢*(t), ¢*(t +1), ..., ¢*(T') denote the optimal consumption plan
from perspective t.

The marginal utility of increasing consumption at time ¢ 4+ 1 from perspective

t 4+ 1 reads
ou(c(t+1), flc(t+2)))

Je(t+1) ’
taking ¢*(t) as well as g(c*(t + 1)) as given, as both, past consumption and the

(dis-)utility in ¢ which resulted from the planned future actions have been realized
already.

(2.68)

Defining ¢**(t 4+ 1), ¢**(t +2), ..., ¢™*(T) as the optimal consumption plan from
perspective t + 1 we finally obtain the same result as in discrete time. ¢*(t 4+ 1) #
A+ 1), c(t+2) £ (t+2), ..., c(T) # *(T) and thus, also in continuous

time the result of this analysis is that behavior is time inconsistent.
Summing up the results of this section, we can say that time inconsistency can
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have (at least) two different sources. First, a time-dependent discount factor,
and second, a forward-looking state-dependent utility function even if discounting
is exponential. Time inconsistency does not appear if the instantaneous utility is
history-dependent, i.e. backward-looking. Caplin and Leahy provide in the context
of anticipatory emotions a quite intuitive explanation for this phenomenon. They
explain that “as time passes, so do anticipatory emotions, and preferences may
change as a result”, (Caplin and Leahy, 2001, p.55). A more general explanation
for this phenomenon is simply the fact that time moves only in one direction. That
is, if instantaneous utility is history-dependent, past decisions or states must be
taken as given by construction and it does not make a difference whether we look
at past decisions or states from a distance or close up (provided discounting is
exponential), whereas forward-looking elements in a utility function are “caught
up by the advance in time” and may disappear or remain unchangeable when we
shift perspectives. As a result these elements do not play a role in our decision
process any longer which may lead to a rejection of our original decision. Both, a
present bias as well as a forward-looking utility lead to time inconsistent behavior,
provided individuals are “naive”, i.e. they do not recognize their time inconsistency
and / or do not have the opportunity to invest in commitment devices. Not
only the reasons for both kinds of time inconsistency are quite different, they can
also lead to an opposite behavioral effect. If the reason for time inconsistency
lies in the individual’s present-biased time preference structure, individuals tend
to repeatedly postpone unpleasant things to a later point in time (e.g. to quit
smoking). Time inconsistency due to joyful anticipation, however, may result in
a repeated delay of pleasant things (e.g. saving the best clothes “for good”).!
Finally, to answer the introductory question of this section, rational individuals
who are subject to a status effect of wealth will not display time inconsistent
behavior.

2.5 Conclusion

In this paper we demonstrated how maximization problems with state-dependent
utility functions can be analyzed analytically and numerically. Given the wide-
spread use of state-dependent utility functions in state of the art economic research,
our goal was to develop a general understanding for the peculiarities maximization
problems with state-dependent utility functions come along with. As a point of
departure we started with a household saving problem and added a status effect
of wealth to this standard framework, such that utility becomes state-dependent.

10Although not topic-related, another highly interesting question in this context is whether a
present bias can compensate the time inconsistency resulting from a joyful anticipation and
thus can be welfare enhancing.
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Using analytical methods to solve the optimization problem requires setting up the
model carefully as state-dependent utility functions create an additional trade-off
and the additive separability of the utility function is (often) relaxed. Since opti-
mization problems are sometimes difficult or impossible to solve analytically, this
paper offers besides the analytical solution and related proofs a nice numerical
contribution. We derive a numerical solution for the status effect model by solving
an initial value problem using Matlab. Here the importance of setting up the maxi-
mization problem carefully, i.e. especially with sufficiently many initial conditions,
became very clear. We also demonstrated how to use a binary search algorithm
to find an appropriate initial condition which ensures that the individual gets on
a balanced growth path.

Moreover, this papers covers the issue of time inconsistency in models with
state-dependent utility. We consider this as very important, as time inconsis-
tency influences behavior significantly and requires also additional assumptions
regarding individuals, like whether they are “naive” or “sophisticated” or about
the existence of commitment devises. We examined the issue in discrete and in
continuous time. Generally, inconsistent behavior can have two different sources.
Either a time-dependent discount factor, as for instance in hyperbolic discount-
ing models or — for our context the more relevant case — individuals’ instantaneous
utility function is state-dependent. History-dependent utility functions (like in the
status effect model) do not imply time inconsistency, because the key element for
time-inconsistency due to a state-dependent utility function is a forward-looking
instantaneous utility through which the marginal utility of increasing the control
variable changes, if the individual optimizes at different points in time.



Appendix

This appendix contains the derivations of explicit solutions of the two-dimensional
systems of differential equations resulting from the underlying optimization prob-

lems.

2.A Deriving An Explicit Solution For The Standard

Version

The two-dimensional dynamic system, (2.1b) and (2.5), repeated here for conve-

nience, reads for a CRRA utility

a(t) =ra(t) +w — c(t),

given a(0) = ap and

We can rewrite (2.5) as

Through logarithmic integration we obtain

Ine(t) = Tl he

g

Solving for ¢(t) gives

c(t) = e T o c(t) = e

Defining the integration constant C' = e¢ we can write

33

(2.1b)

(2.5)
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Next, we bring the differential equation (2.1b) in a general form, writing it as
a(t) = ra(t) + b(t), (A.5)

while b(t) = w — ¢(t). Now it is easier to see that (2.1b) is an autonomous
inhomogeneous linear differential equation with time varying coefficients. Since
the initial value ag is given, we apply the backward solution method stated in
(Wilde, 2012, p.95). The solution reads

t
a(t) = agelo ™ + / el — (7)) dr. (A.6)
0

Rearranging yields
t
a(t) = ape™ + / et w — (7)) dr
0
t
& a(t) = ape™ + / ertt=l [w - Ce%pT] dr, (A.7)
0
while we plugged in (A.4) to obtain the last equality. Defining f(7) = e’ and

g(1) =w —Ce = 7 we can apply the integration by parts rule'! to solve the integral
in the equation above. Following this rule we can write the integral as

/0f(T)g(T)dTZ[f(T)g(T)]E—/O f(r)g(r)dr (A-8)

Hgee e.g. (Wiilde, 2012, p.94).
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r—
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o
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And thus, the solution for a(t) reads
1 .
Cl(t) = aoe” — ;w [1 - ert] + Py [10_ 0'] 7"0 [6 opt — ert] . (A 9)

2.B Deriving An Explicit Solution For The Status
Effect Model

The two-dimensional system of differential equations reads

a(t) =ra(t) +w — c(t), (2.16Db)
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given the initial endowment of capital a(0) = ay > 0 and

c(t) = e(t) [T = v ol ;QS}U] , (2.25)
We rewrite (2.25) as
: T,
B[t a0

Via logarithmic integration we obtain

Inc(t) = [T—p ¢ [r—g°]"

t4eé. (A.11)

Solving this for ¢(t) gives

T;p+¢[r_:s] e TUP+¢[r_ags]a:|t
c(t)y=e & ct) =ee (A.12)
Defining the integration constant C' = e® we can write
{T—ﬂ "’[""gs]g}t
c(t) =Ce . (A.13)

As (2.16b) equals (2.1b), the solution approach for a(t) remains the same such
that we can start directly with the pendant to equation (A.7). In presence of a
status effect it reads

T—p+

o } dr, (A.14)

t
& a(t) = ape" +/ elt=l i — Ce
0

where we used (A.13) to obtain this equality. Again, we define f(7) = e’l"" and

N el
[eg

g(1) =w — Ce[ and apply the integration by parts rule to solve the
integral in the equation above. We can write the integral as

/O F(rg(r)dr = (gl — / F(r)g(r)dr (A.15)
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o o

g
. For a

With f(r) = ~1/re" and g(r) = ~C |22 + 2L

o]

g

better readability we replace the expression [T—;Q + 1 by W. We obtain
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And thus, the solution for a(t) reads
a(t) = ape” — 1w [1—¢"]
0 r
o l:r6p+¢[rjs] :|t (A16)
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Chapter 3
A Theory Of Mental Health

by Dennis Krieger!

3.1 Introduction

[Motivation] Mental ill-health constitutes a serious burden not only on concerned
individuals and their social environment, but also on the entire economy. The
latest OECD reports on mental health (OECD, 2012, 2014, 2015a) show that a
substantial share of the economic costs do not occur within the health sector (like
hospitalization or medication), but result from side-effects of mental ill-health,
which include in particular unemployment, limited labor market participation and
a reduced productivity at work. Bloom et al. (2011, p.27) estimate these so called
“indirect costs” of mental illness to be 1,671 trillion US$ worldwide. This large
number is a direct consequence of the high prevalence of mental illness, docu-
mented in detail in numerous epidemiological surveys (e.g. Kessler et al. (2008);
Wittchen and Jacobi (2005); Wittchen et al. (2011); Special Eurobarometer 345
(2010, p.4,p.12f.) and Special Eurobarometer 248 (2006, p.2,p.8f.)). The OECD
states that the "overall prevalence [across different OECD countries| found is very
robust” and that on average "in every country 5% of the working-age popula-
tion have a severe mental disorder and another 15% a moderate mental disorder”,
OECD (2012, p.20)

[Problem| However, from a theoretical standpoint, far too little is known about
the relationship between mental illness and individual behavior on the one hand,
and about the channels through which mental health can be improved on the other
hand. ”The available [empirical] evidence on mental illness and its connection
with employment is partial or incomplete, and many important elements are still
unknown.”, OECD (2012, p.12).

!Gutenberg School of Management and Economics, Jakob-Welder-Weg 4, 55131 Mainz, Ger-
many, phone + 49.6131.39-24701, fax + 49.6131.39-25588, e-mail kriegerdQuni-mainz.de.
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[Goal] Thus, the aim of the current paper is to investigate the causal relationship
between mental illness and its effects on individual behavior. These insights should
next be used to figure out how a targeted use of resources to improve mental health
and subjective well-being of an economy can be achieved.

[Approach] Rational individuals maximize their life-time utility, taking the fu-
ture consequences of their current actions into account. At first glance, it may
seem absurd to apply the rationality paradigm to explain the behavior of individ-
uals who suffer from mental ill-health, since the common believe is that mental
ill-health is incompatible with forward-looking utility maximizing behavior. We
claim that individuals affected by mental disorders indeed can act rationally, as
long as they recognize their own disorder and as long as they are in full possession
of their mental capabilities, i.e. their judgement is clear and unimpaired. This
might seem like a very strong assumption, however, for most of the common men-
tal disorders (CMDs) like substance use disorders (e.g. alcohol or cocaine taking to
cope with stressful situations), burnout (as a consequence of excessive stress and
problems to manage it), anxieties (like public speaking phobia), mood disorders,
depression (e.g. missing fulfilment and success in business) agoraphobia or obses-
sive compulsive disorder individuals are in fact aware of their own mental illness.?
Thus, we consider the individuals’ knowledge of one’s own mental state as given.?
This implies that individuals in our model weight the benefits of their actions
against the potential consequences of it, which makes it an economic problem of
choice under uncertainty. An economic framework to analyze individuals’ behavior
helps to obtain a deeper understanding of the causal relationship between mental
health and individual behavior and the evolution of mental health on the indi-
vidual level as well as on the aggregate level. Therefore we consider a stochastic
optimal control problem in continuous time, where individuals are faced with the
trade-off between engaging in a beneficial but risky activity and mental ill-health.
Given the optimal behavior of individuals we then examine the distributional dy-
namics of mental ill-health of an entire population using Fokker-Planck equations.
We solve a system of Fokker-Planck equations numerically and derive a station-
ary distribution of mental ill-health which is calibrated to fit the robust empirical
distribution found in numerous epidemiological studies. In different simulations
we analyze the impact of a change in mental health care quality and of additional
educational work on the distribution of mental health states of an entire economy
and on their welfare.

[Results/Findings] We find, first that risk-averse individuals display optimal

2Also the Diagnostic and Statistical Manual of Mental Disorders explicitly mentions that indi-
viduals often recognize their own mental disorder, for instance specific phobia and obsessive-
compulsive disorder (American Psychiatric Association (2013, p.199 and p.680)).

3In the “Related Literaure” section further below we refer to other works which also support
this view.
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avoidance behavior, i.e. individuals optimally limit their engagement in a bene-
ficial but risky activity the worse their mental condition is. Consequently their
subjective well-being also decreases with increasing mental ill-health. Risk-seeking
individuals, however, compensate the pain of mental ill-health by additional en-
gagement in the beneficial but risky activity at relatively low degrees of mental
ill-health, before they start limiting their engagement at higher degrees of mental
ill-health. In presence of a general life risk also risk-averse individuals compensate
the pain due to their mental condition. Hence, an implication of our model is
that behavioral reactions depend on individual and environmental characteristics.
The results of the calibration show that a representative individual is risk averse
in both, her mental health condition and also in engaging in an activity which is
beneficial on the one hand - in the sense that it yields an instantaneous utility -
but bears the risk to deteriorating the individual’s mental health condition on the
other hand. These preferences lead to an optimal avoidance behavior. At relatively
high degrees of mental ill-health individuals compensate their suffering from the
bad mental health condition by additional engagement in the risky activity and
thus partially offset the decline in subjective well-being. Second, an improvement
of mental health care (goods and services) creates an incentive for individuals to
take higher risks and reduces the above mentioned compensation effect. Thus, sub-
jective well-being increases since individuals can enjoy more instantaneous utility
from the engagement in the risky activity. On the aggregate level there are two
opposing forces at work. The improvement of mental health care enhances an
economy’s mental health since individuals recover faster, but, it also deteriorates
their mental health via the reduction of the optimal avoidance behavior. In total,
however, the positive effect dominates such that the mean subjective well-being
increases over time due to the intervention. Third, improving educational work
and raising awareness reduces the willingness to engage in a risky activity. This
is accompanied by an instantaneous decline in subjective well-being. However, on
the aggregate level there is just one positive effect which enhances an economy’s
mental health condition and thus increases the mean subjective well-being over
time.

[Related Literature] Our paper is most closely related to the rational addic-
tion (RA) literature. Famous representatives of this strand of literature are inter
alia Becker and Murphy (1988), Orphanides and Zervos (1995), Ferguson (2000),
Gruber and Készegi (2001) and Adda and Cornaglia (2006). From a formal per-
spective, the basic idea of the mechanism behind these models is - just like in our
paper - to relax the additive separability assumption of the utility function. Then
today’s decisions have a direct impact on future utility. More precise, in the RA
literatur today’s consumption of an addictive good increases today’s instantaneous
utility, however, it also reduces future utility, because consumption of an addictive
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good builds up a stock of addiction which has a negative marginal utility. The
counterpart to the consumption of an addictive good in the RA literature is the
engagement in the risky activity in our paper, while the stock of addiction can
be seen as the analogue to mental ill-health in this paper. As is customary in
the mental health literature, we also regard addictions, such as substance abuse
disorders, as mental health disorders. Insofar can addiction be considered as a spe-
cial case in our general framework. One of the main differences between the RA
literature and this paper is that we perform our analysis in a stochastic instead of
a deterministic framework. Doing this enables us to abstract from the particular
problem of addiction and addictive behavior.

This paper is also related to the paper on “Confidence Enhanced Performance”
by Compte and Postlewaite (2004). In their model individuals observe their own
history of success and failure at a particular task. Over time, they develop a self-
image which can either be positive, negative or due to a distorted self-perception,
negatively or positively biased. A positive self-image makes an individual feel more
self-confident, while a negative one leads her to doubt. Self-perception, which can
also create and form emotions, then has an impact on the individual’s performance
at a particular task. Thus, an individual, when faced with the choice whether to
perform a risky activity or not, will optimally avoid it (partially), when the activity
is connected with negative associations (fears, shame, failure, bad experiences),
which perfectly supports our point of view. The crucial difference between Compte
and Postlewaite (2004) and our approach is that in their model individuals act in
the light of subjective beliefs, which are shaped through experience and can also
be distorted due to misperception, whereas in our model personal experiences
translate directly into future mental states without any individual assessment.
Thus, our approach maybe constitutes a special case of Compte and Postlewaite
(2004) with subjective probabilities equal to objective probabilities.

Moreover, this paper is related to the theoretical research on stress and cop-
ing behavior in the following way. Excessive stress caused by the daily routine
or else by radical events disturbs an individual’s well-being significantly. In its
most extreme form, stress can lead to a clinical mental disorder, as e.g. post-
traumatic stress disorder. In Walde (2015) reduces stress the instantaneous utility
on two ways. First, directly by lowering the instantaneous utility and indirectly
via a cognitive load argument, which results in a reduced performance. Stress is
modelled as a stochastic state variable, similar to mental ill-heath in our model.
Our model is rather designed to investigate the distributional dynamics of mental
ill-health while recovery is considered as an exogenous rate. Wélde, however, has
endogenized the recovery process. Thus, both papers complement each other very
well.

Other than that, our paper is related in a technical sense to the following liter-
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ature. We follow the basic modelling principles of the literature on instantaneous
emotions. Worth mentioning here in particular are Loewenstein (2000); Loewen-
stein et al. (2003) and Laibson (2001). What all these papers have in common
is that they consider instantaneous emotions as a state and that this state in-
fluences an individual’s instantaneous utility. Another field which makes use of
state-dependent utility is the RA literature mentioned above.

Last but not least, we contribute to a rather small but growing strand of eco-
nomic literature that analyzes mental health disorders and other dysfunctional
behaviors within an analytical framework. In addition to the RA literature, the
most important representatives of this strand of literature are Yaniv (1998) who
analyzes agoraphobia, Dragone (2009); Levy (2002, 2009) anorexia, Levy and Faria
(2006) depression, Yaniv (2004) insomnia and Yaniv (2008) obsessive-compulsive
disorder. We appear to be the first who provide a general theory of mental ill-
health.

Finally, we consider our paper and also most of the above mentioned papers, too,
as one that additionally offers an added value for psychological research insofar
as it provides a precise formal-analytic foundation of a psychological principle
(e.g. avoidance behavior) on the one hand and, on the other hand, opens up the
possibility of gaining deeper insights in this field and derive new implications.

[Structure] The paper is structured as follows. In the next section we present a
stochastic optimal control problem in continuous time, where individuals are faced
with the trade-off between engaging in a beneficial but risky activity and mental
ill-health. After setting up the optimization problem, we derive the necessary
conditions and solve the model numerically. We present the general results of the
model in Section 3.3. The subsequent Section 3.4 uses the results at the individual
level to analyze the distributional dynamics of mental health on an aggregate level.
Following this, we compute the stationary distribution in Section 3.5. Then we
calibrate our model and simulate the effects of two different policy interventions
on individual behavior, the distribution of mental health and aggregate welfare
within Section 3.6. Finally, we conclude in the last section.

3.2 The Model

In this section we present an individual’s optimization problem. Individuals in
our model face a trade-off between engaging in a beneficial but risky activity and
mental ill-health. Throughout this paper we assume that mental ill-health is a
condition that results from the individual’s current level of psychological distress.
The bandwidth of psychological distress that we have in mind ranges from low
levels caused by phenomena that can concern everyone of us from time to time
like sorrow or exhaustion to high levels caused by a disorder in the clinical sense.
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That is, we explicitly include sub-clinical mental conditions, as is customary in the
mental health literature. The more an individual engages in the activity, the higher
is her risk to become psychologically distressed. But the activity is not the only
source of psychological distress. An individual’s condition may also deteriorate
by the challenges life throws at her. Difficult or dramatic experiences like an
accident, an unforeseen physical illness or the death of a relative are unrelated to
the engagement in the risky activity and thus out of the individual’s control. Over
time the individual accumulates a stock of psychological distress, can be thought
of as a durable capital stock, while there is a natural load limit. This stock is
reduced exogenously in the course of time through a recovery process, reflecting
personal coping strategies as well as medical treatment. The model explains with
which intensity an individual optimally engages in a beneficial but risky activity,
taking her general life risk as well as the particular risk due to the activity into
consideration.

Our model is applicable for explaining the behavior of individuals who suffer
under the most common forms of mental ill-health, to which mild and moder-
ate mental disorders (CMDs) belong, but also sub-clinical forms of psychological
distress are explicitly included. Very severe forms of mental disorders, which are
accompanied by an impairment of the human judgement have to be excluded due
to their incompatibility with the rationality principle.

3.2.1 Model Setup

We consider an individual who decides at any moment in time about the intensity,
k(t), with which she engages in a risky but beneficial activity. When k(t) > 0
the individual gains an instantaneous benefit, however, the downside of engaging
in the activity is that it entails certain risks for the individual’s mental health.
The reader might imagine this activity as e.g. working overtime, abusing a per-
formance increasing substance, or placing oneself, for monetary or non-monetary
purposes, intentionally in a stressful or risky situation (like a soldier deploying on
operations abroad). When the individual decides to engage in the activity, she
will sometimes feel very exhausted, stressed or depressed. Whenever that hap-
pens, her stock of psychological distress, ¢(t), increases. The occurrence of these
burdensome experiences follows a Poisson process, ¢(t), with endogenous arrival
rate, p(k(t),q(t)), while dp(k(t), q(t))/dk(t) > 0, d*p(k(2), q(t))/dk(t)* = 0.
That is, the higher the engagement in the activity, the higher is the instantaneous
probability of accumulating additional psychological distress. A second Poisson
process, ¢?(t), with an exogenous arrival rate, u? > 0 Vq(t) > ¢(0) and p® = 0
otherwise, reflects recovery. The recovery process is stochastic as well as it depends
on various random factors as for instance on the individual’s form of the day, her
willingness to recover or whether a conducted coping strategy or a therapy is ad-
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equate or not. Moreover, individuals are subject to an idiosyncratic risk that can
be though of as a general life risk of e.g. having an accident or loosing of a loved
one. Incidents like the latter also have a negative psychological effect and increase
the individual’s level of psychological distress. Consequently, the transition law of
psychological distress follows the stochastic differential equation (SDE),

dq(t) = dq™(t) — dg" (). (3.1)

The individual’s instantaneous utility,

u(k(t), q(t)) = v(k(t)) — v (q(t)) (3.2)

is additively defined as the sum of the ”sub-utilities” of the benefit derived from
working overtime, v(.), and the suffering due to psychological distress, 1(.). v >
0 is a preference parameter, measuring how much an individual suffers from a
given level of psychological distress. The benefit derived from the engagement
in the activity is assumed to be concave in its intensity, k(¢), while the pain
due to psychological distress is convex in the mental state (Qu(k(t))/0k(t) > 0,
DPu(k(t))/ok(t)? < 0, 0Y(q(t))/oq(t) > 0, 0*p(q(t))/Iq(t)*> > 0). Note that
concavity in k(t) and convexity in ¢(¢) both reflect risk-aversion in k(t) and ¢(¢),
respectively.

3.2.2 The Maximization Problem

The individual maximizes the expected life-time utility £,U(t), discounted at rate
p + APR by choosing the optimal time path of k(t), taking into account the
evolution of psychological distress, defined in equation (3.1), given an initial value
q(0) = go > 0 and an additional terminal condition, to be defined further below.
Formally,

e BU() = max {E / eIty k(7). g(7)) df}, (3.3)
T T=t1 T T=t1 t

subject to (3.1), given ¢(0) = go > 0 and a terminal condition. The latter is nec-
essary to pin down a unique optimal solution* and will be specified further below.
Following the idea of Yaari (1965), Blanchard (1985) and D’Albis (2007), APirth
is the constant instantaneous probability of “death”, such that the individual’s
planning horizon is 1/A\P" which is the expected remaining length of life.?

4See also Sections 2.2.2 and 2.3.2 for a more extensive discussion.

5Later on, in Section 3.4, we will look at cross-sections of an entire population of individuals
at different point in times. Therefore we must take births and deaths into account. The
simplifying assumption we introduce is, we assume that births and deaths happen simulta-
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3.2.3 Optimality Conditions
The Hamilton-Jacobi Bellman equation (HJB) reads®

pV(q) = max {u(k, q) + p (k,q) V(g + 1) = V(@) + p” V(g = 1) = V(9)]} -

(3.4)
We have three components which build the instantaneous utility flow, pV'(q). The
first component is the instantaneous utility of the benefit derived from engaging in
the activity and of the pain due to the individual’s mental condition. The second
component describes the first random event for the individual. The random event,
making a burdensome experience, occurs with arrival rate u(k,¢). In this case,
the individual suffers the difference between the value of mental state ¢ + 1 and
the value of mental state g. The third component describes the second random
event, recovery. Recovery happens exogenously with arrival rate u®. Whenever
the individual recovers, she enjoys the difference between the value of mental state
g — 1 and the value of mental state q.

The first-order condition (FOC) is

du(k,q)  dut(k,q)

o = o Vet -Vl (3.5)

The FOC shows us that additional engagement in the activity has advantages as
well as disadvantages. On the one hand it leads to a higher instantaneous utility,
represented here by the marginal utility du(k,q)/0k, which is an advantage for
the individual. On the other hand additional engagement makes a stochastic
decrease of overall well-being, V(¢ + 1) — V(q), more likely. Thus, it is weighted
by the increase in the arrival rate due to an increase in the intensity of additional
engagement, du’(k, q)/0k. Optimal behavior implies that the individual chooses
the intensity such that its advantages equal its potential disadvantages.

3.2.4 Defining A Terminal Condition

From a mathematical perspective it is possible to pin down a unique optimal
solution for an optimization problem if sufficiently many boundary conditions exist
(initial or terminal conditions, or a no Ponzi game condition).” Although the mere
existence of these conditions is mathematically enough for deriving solutions, is

neously. Thus, the size of the population remains constant. As we consider representative
agents anyway, it makes no difference, whether one individual in fact dies while another one
is born or the same individual enters a “fountain of youth”, which sets her current state back
to the initial state. However, the latter option is formally much easier to implement.

6See Appendix 3.A for the detailed derivation.

"Also see Sections 2.2.2, 2.2.3 and 2.3.2 for a more extensive discussion of this issue.
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not enough to obtain reasonable results. The conditions must be meaningful and
the derived results must be interpreted against the background of the conditions.

Finding a first adequate initial condition for psychological distress is straight-
forward. We assume that an individual is initially endowed with ¢(0) = g, while
qo > 0 captures that an individual might be born either without any cognitive
preload (g = 0) or with cognitive preload (go > 0) that ancestors have inherited
to their offspring.

However, finding and justifying a second adequate initial or terminal condition
for the underlying stochastic optimal control problem is a bit more challenging.
Therefore, we devote this section to explaining what the idea behind the terminal
condition we will use is.

In a finite horizon optimal saving problem economists usually introduce a bor-
rowing constraint to avoid over-accumulation of debt. Now, suppose for the current
optimal control problem there exists - similarly as the borrowing constraint in op-
timal saving problems - a maximum amount of psychological distress, ¢™**, an
individual can endure. Then, in a finite deterministic world we would define a
psychological distress constraint like ¢(7') = gr < ¢™** This constraint would be
sufficient to pin down an unique and optimal solution. However, in a world with
uncertainty the value g7 can only be reached in expectation, as ¢(t) is driven by the
stochastic increments of two Poisson processes. Moreover, the individual’s plan-
ning horizon is infinite, although she knows that her expected remaining length of
life is 1/APth . For any ¢™#*, we can compute the probability that ¢(7) < g™ at
7. The idea of the terminal condition we use is simply that it requires that the
individual at her expected end of life is in a mental condition below the threshold
value ¢™**. Thus, the probability of ¢(T') > ¢™* must equal zero at T, reversely,
the probability of ¢(T") < ¢™* must equal 100%, formally

P(q(T) > ¢™*,T) = 0% < P(q(T) < ¢"™,T) = 100%. (3.6)

We require that the individual in no case exceeds the limit degree of ¢™**, because,
if she would do so at some point in time, there would be a probability greater than
zero (even if most highly improbable) to remain in this state above the threshold
until her expected end of life and thus she would violate the terminal condition.
This endogenously implies that k(¢™*) = 0 at any point in time.®

max

8 Against the backdrop of the empirical application in Section 3.6 we shall understand ¢
as a threshold level of psychological distress, which is exogenously given by the nature of
human mind rather than a chosen aim in an individual’s life. Thus, k(¢™**) = 0 reflects the
consequence of an inevitable result, such as a mental collapse or a compulsory hospitalization,
which is initiated as soon as the threshold value is hit.
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3.2.5 Definition Of Optimal Behavior

Optimal behavior is defined as follows.

Definition 1 (Optimal behavior). According to the mazimum principle k*(t) is
an optimal time path of the intensity of engaging in a risky but beneficial activity,
if the following holds at each instant in time t € [0, 0o]:?

The maximum condition,

max {Et /t el =ty (), (7)) dr} , (3.72)

{k(1)}22,

the transition equation of psychological distress with its initial condition

dg(t) = dg”(t) — dq”(t),  given q(0) = go. (3.7b)
Additionally, the terminal condition

P(q(T) < q™,T) =100% = k(¢g™™) =0 (3.7¢)
must hold.

In words, the maximum condition (3.7a) requires that at each instant in time
the intensity, k(t), is chosen such that it maximizes the objective function. The
transition equation, dq(t), characterizes the evolution of psychological distress,
given its initial value. And finally, the terminal condition must hold.

The conditions specified above are necessary and sufficient as long as the objec-
tive function is twice differentiable and concave in the control variable, which is
fulfilled by assumption.

3.2.6 The Solution

This section presents our approach to solve the individual’s optimal control prob-
lem numerically. An analytical solution in closed-form can be derived under strong
and economically untenable parameter restrictions only. The numerical solution,
however, is not subject to any special parameter restrictions besides the usual and
economically meaningful ones.

For an explicit solution we specify the following functional forms. Both, the
benefit derived from engaging in the activity, v(.), and the suffering due to psy-
chological distress, 9(.), are assumed to be power-utility functions of k(¢) and ¢(¢),

9For details see e.g. Feichtinger and Hartl (1986, p.18f.).
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respectively. We specify the instantaneous utility function as

u(k(t), q(t)) = k(t)* —vq(t)”, (3.8)

where 0 < a < 1, § > 1 denote utility elasticities.

The endogenous arrival rate of burdensome experiences is assumed to be

ph(k(), q(8)) = X(a(1)) + Mk(t), (3.9)

while M is a positive parameter of the arrival rate,

N(q(t) =

N> 0 Vg <qt) < g™

0 otherwise

and the parameter \° captures the general life risk of making dramatic experiences
(e.g. accidents) independently from engaging in the risky activity. Thus, the
arrival rate of burdensome experiences is positive even if k(t) = 0, i.e. u(0,q(t)) >
0 Vqo < q(t) < ¢™*, it increases linearly in k(t), and it equals zero if ¢ = ¢™**. The
latter results from our understanding of this condition as a level of psychological
distress, which is exogenously given by the nature of human mind. It has the
inevitably consequence that all activities are immediately stopped, which implies
k(g™>) = 0 but also that the individual is in a condition that is safe in terms of
her mental state and allows her to recover.

Given this specification, the HJB and the FOC read!®

pV(q) = max {k* — 7" + " (k, ¢) V(g +1) = V(q)]

(3.11)
+uP V(g —1) = V(g)]}

and
ak(q)* ' = =M [V(g+1) = V(g)]. (3.12)

The maximized HJBs for each state ¢ € [qo, ¢™*] constitute a non-linear system
of n equations in n unknowns, V(qo), V(g + 1), ..., V(¢™)), where n equals
g™ — qo if qo is a positive integer or ¢™* — gy + 1 if go = 0. The entire system
reads as follows.

For ¢ = 0 we have

pV (0) — k(0)* — (A°(0) + k(0)A™) [V(1) — V(0)] = 0, (3.13)

10For a detailed derivation see Appendix 3.B.
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with

for 0 < g < @™

N [V(g—1) = V(g)] =0

with
MVig+1) = V(g™
k() = | —
(0%
and for ¢ = ¢™**
pV(qmaX) + ,Yqﬁ o )\B [V(qmax 1) . V(qmax)] —0

with

k(qmax> — O
and

)\O(qmax) =0.

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

We use Matlab’s built-in function fsolve to solve the system of equations numeri-

cally.!* The results will be discussed in the following section.

3.3 Results Of The Model

In this section we present and interpret the results of the model and their implica-
tions on the individual level. To illustrate the results we use numerical examples
in what follows. That is, we start with several different economically meaningful
parameter constellations and ask, how and if so, why optimal behavior and sub-
jective well-being change across the different specifications. During our numerical
computations, it turned out that an individual’s risk attitude towards psycholog-
ical distress as well as the existence of an idiosyncratic risk crucially shapes an

individual’s behavior. This gives us four generic cases we should analyze,

a) risk-averse under absence of idiosyncratic risks,
b) risk-averse under presence of idiosyncratic risks,

¢) risk-seeking under absence of idiosyncratic risks,

1See Appendix 3.C for a detailed description of the numerical approach.
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d) risk-seeking under presence of idiosyncratic risks.

Figure 3.1 illustrates optimal behavior in the four different cases.
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Figure 3.1: Optimal behavior in different situations and for different risk-attitudes
as a function of mental state. Parameters: p = 0.020, a = 0.200, 5 =
1.100 (risk-averse) / B = 0.100 (risk-seeking), v = 0.200, A* = 0.750,
AB = 0.750, \° = 0 (no idiosyncratic risk), A\° = 0.750 (idiosyncratic
risk), APrth = 1 /78

The behavior of a risk-averse individual living in a world without idiosyncratic
risks is shown in the upper left picture of Figure 3.1. In this environment the
risky activity is the only source of mental ill-health. The individual optimally
chooses a relatively high intensity of engaging in the risky activity at a perfect
mental health level. In consequence, the arrival rate of burdensome experiences
will also be relatively high. With increasing mental ill-health the optimal intensity
decreases monotonically and therefore also the arrival rate of burdensome situa-
tions. Limiting the intensity of engaging in the risky activity is an option for the
individual to prevent further harm, even entirely if desired. And the individual
makes use of this option in a way, one would intuitively expect.

Suppose now, the same risk-averse individual lives in a world where she is subject
to an idiosyncratic risk, i.e. she is exposed to the risk of having an accident,
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becoming ill and similar. The first thing to be noticed is that the individual in
presence of a general life risk chooses a considerably lower engagement in the risky
activity for almost all mental states. This reaction is not really surprising. It
makes perfect sense to behave more cautious when the environment becomes more
dangerous. But, we should keep in mind that less engagement in the risky activity
also means less instantaneous utility as the individual can enjoy less benefits from
the engagement in the activity. However, not only limiting the engagement in the
activity, but also increasing the engagement is plausible, because the individual
can also use a higher engagement in the activity to compensate the suffering from
her mental ill-health. The latter is what we can observe in the upper right picture
in Figure 3.1 at very high degrees of mental ill-health. The crucial difference to
the situation in absence of an idiosyncratic risk is that the individual now can only
limit but not actively stop her mental deterioration. Hence, if the individual would
choose k(t) = 0, we know from (3.11) that she will suffer under her current mental
ill-health, additionally she is subject to the general life risk and also has a chance
to recover. Obviously, from a certain level of mental ill-health she is better off,
when she engages more in the activity and uses this to compensate the dis-utility.

Now we consider an individual with risk-seeking preferences, living in a world
without idiosyncratic risks. In our numerical example the lower left picture in
Figure 3.1 shows that the intensity of engaging in the risky activity decreases non-
monotonically in mental ill-health. With risk-seeking preferences the marginal
dis-utility of mental ill-health is relatively higher for low degrees of psychological
distress and diminishes with increasing psychological distress. Due to that, we can
observe an interesting phenomenon in the individual’s optimal behavior. Starting
at perfect mental health, compensation sets in directly with increasing mental ill-
health, before the individual changes course at higher levels of mental ill-health
and limits the engagement in the activity, before she ultimately stops at ¢ = ¢™**.

In presence of an idiosyncratic risk, optimal behavior of a risk-seeking individual
is qualitatively quite similar to the previous case. Quantitatively, we can observe a
lower engagement in the risky activity for all mental states. Yet, the compensation
effect remains the same.

In summary, across the four different specifications there are two opposing forces
or mechanisms at work. First, avoidance behavior and second a compensation
mechanism. In the following we briefly discuss these two issues to emphasize that
these are not only technical results of the model, but also phenomena which are
observable in the real world.

The first insight we gain from the results is that individuals in our model across
all specifications display avoidance reaction, i.e. with an increasing mental de-
terioration all individuals become avoiders of the beneficial action, however, it
depends on the individual’s and the environmental characteristics, in which state
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and to what extent they they avoid. Before we continue, we should briefly explain
what avoidance behavior is and how we understand it in the context of our model.
Avoidance behavior is essential to the survival of human beings'? as it aims to
protect our physical and mental health. Basically we can distinguish two kinds
of avoidance behavior, automatic and controlled avoidance behavior.'® Automatic
avoidance reactions have developed in the course of evolution. Well-known ex-
amples are shutting of the eyelids when frightened, pulling back the hand when
touching something hot or escaping from (potentially) dangerous animals. Some-
times, these automatic avoidance reactions are combined with a fear reaction.
However, instead of a immediate fast and automatic reaction, avoidance behav-
ior can also be the outcome of a well-considered decision. Some of us avoid e.g.
walking alone through a dark street at night time as they fear getting assaulted.
And often avoidance behavior is only partial, especially when a risky activity is
beneficial as well. Then individuals face a trade-off and usually try to reduce the
potential risk of a negative outcome by limiting the activity. Imagine, we could
take a shortcut through a dark street to be in time for the bus. Maybe some of us
would rush through the dark street in the hope that nothing will happen in such a
short time, others only take half of the shortcut trying to limit the potential dan-
ger this way. Independently from the actual decision, avoidance behavior in the
latter examples is the outcome of a well-considered decision.'* Optimal avoidance
behavior in our model implies limiting the risky activity until the marginal benefit
and the potential risk is balanced. It results from optimal choice, has a functional
value and is welfare maximizing.

Additional engagement in an activity that potentially deteriorates one’s mental
condition, at first glance appears somewhat surprising. But, it is not uncommon
that we can observe such compensation phenomena in reality as well. After the
terrorist attacks of November 13th, 2015 in Paris ordinary activities like visiting
a concert, a soccer game or going out to a nightclub were assessed as highly risky
activities by many. People from all over the world were shocked and traumatized
and changed their behavior in consequence of the attacks. While some people
began to avoid (partially) certain apparently risky activities like travelling by plane

2For completeness sake we should mention that avoidance behavior also appears in animals and
other organisms, but here we restrict ourselves to human behavior.

13For economic implementations of automatic and controlled individual behavior see e.g. Kah-
neman (2003); Kahneman and Frederick (2002); Loewenstein and O’Donoghue (2004), for a
good over article on dual-process theory in psychology see Evans (2008).

14Usually, avoidance behavior results from previous learning, active or passive, as we rely on
our experiences when making decisions. In the case of automatic avoidance reactions, which
are innate, is a result of evolutionary development. As long as avoidance behavior is partial,
learning takes place and ensures an organism’s adaptability to its environment. Once, avoid-
ance behavior is consistent it blocks learning and an organism looses the ability to adapt to
her environment.
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or subway or visiting big events attended by many people, others, however, started
“now more than ever” to visit e.g. the soccer matches of their favorite teams
and thereby compensated their emotional pain with additional engagement in the
activities they enjoy. Of course we cannot exclude at this point that, aside from or
in addition to a compensation effect, other factors influenced these decisions, too.
Anyway, there is a rational explanation for both of these behavioral patterns that
can be observed in reality. The crucial difference between those who make use of
a compensation mechanism and those who do not is their attitude towards risk.
Thus, an implication we can derive from our model is that different behavioral
reactions are a direct consequence of individual and environmental characteristics.

To complete the picture we should also take a look at the corresponding values
of optimal behavior, which are drawn for all four cases in Figure 3.2.
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Figure 3.2: Value of optimal behavior in different situations and for different risk-
attitudes as a function of mental state. Parameters: p = 0.020, a =
0.200, = 1.100 (risk-averse) / f = 0.100 (risk-seeking), v = 0.200,
M = 0.750, A\ = 0.750, \° = 0 (no idiosyncratic risk), \° = 0.750
(idiosyncratic risk), APrth = 1/78

What all value functions have in common is that they decrease monotonically in
mental ill-health. That is, independently of their risk-attitude and of the presence
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of idiosyncratic risks, individuals in a poorer mental health condition have a lower
subjective well-being than individuals in a better mental health condition. The
reason for this is twofold. First, the worse their mental condition is, the more suffer
individuals from their instantaneous pain due to mental ill-health and second,
reducing the engagement in the beneficial but risky activity (what all individuals
do at some point), lowers the instantaneous benefit derived from it.

In the case of the risk-averse individual in absence of idiosyncratic risks, the
value of optimal behavior decreases with an increasing rate in mental ill-health.
It starts at a positive value and becomes negative for poorer mental health condi-
tions. The comparison with the case of a risk-averse individual living in a world
with idiosyncratic risks shows that subjective well-being is significantly lower in
this more dangerous environment, which is also a result of a lower optimal engage-
ment in the activity. Interestingly, the value of optimal behavior decreases with an
decreasing rate as soon as the individual starts compensating. Risk-seeking indi-
viduals, however, are better off altogether. Their subjective well-being is positive
for all mental states. Here we also can observe that the compensation behavior is
visible in the value function. The compensation behavior changes the sign of the
second derivative of the value function. If an individual displays compensation be-
havior, subjective well-being decreases with a decreasing rate in the mental state,
if an individual displays avoidance behavior, then subjective well-being decreases
with an increasing rate in the mental state.

3.4 Distributional Dynamics Of Mental Health

Consider now, instead of looking at one individual we look at an entire population
of N individuals and ask how the mental health states of individuals develop over
time.

To answer this question, we first derive a system of Fokker-Planck equations
(FPEs) which explains how an initial probability distribution of mental states
evolves over time. To obtain a frequency distribution we apply the law of large
numbers. By taking births and deaths into consideration we are able to adopt a
cross-sectional perspective. Following the idea of Yaari (1965), Blanchard (1985)
and D’Albis (2007), an elegant way to do this requires the assumption that births
and deaths happen simultaneously. Thus, the size of the population remains con-
stant. As we consider representative agents anyway, it makes no difference, whether
one individual in fact dies while another one is born or the same individual enters
a “fountain of youth”, which sets her current state back to the initial state. How-
ever, the latter option is formally much easier to implement as we can describe
the occurrence of such an event with a Poisson process, ¢"™(¢). The idea is as
follows. At some random point in time one individual with some ¢(7) passes away,
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while simultaneously another individual is born with ¢(7) = ¢°. Since individuals
in our model differ only in their mental state, we can simply let the individuals in
our population enter an imaginary “fountain of youth”, which sets their current
mental state back to the initial state. Thus, deaths and births can be thought of as
resetting individuals to their “factory defaults”. Consequently, we have to define
the jump size of the Poisson process for this event as —¢(t) + g, while its arrival
rate is denoted by p ™t = AP Then the evolution of the mental condition of
individuals follows

dq(t) = dg”(t) — dg"(t) — (a(t) + o) dg"""(2). (3.20)

Given the transition law in (3.20), the arrival rates p(k), u?, uP™ the initial
condition gy = 0 and optimal behavior, we can derive a system of Fokker-Planck
equations,'® which reads for i = gy,

op(0, 1 Cthoo -
% = ,qu(l, T) — /LA(O)p(O,T) + P chizlp(z,T), (3.21)

max

for a general 1 <1 < ¢q

op(i, 7)
or

= uPp(i+1,7) — [ (@) + 1 + (i, 7) + pt i = Dp(i — 1,7) (3.22)

max

and for i = ¢

ap(qmax, 7_)

o = _[MB + Mbirth]p(qmax’,]_) + “A(qmax . 1)p(qmax . 1,7_)’ (323)

while p(i,7) reflects the absolute number of individuals who are in mental state
q =i at time t = 7. Note that in equation (3.23) p?(¢™*) = 0 and p(¢™>+1,7) =
0, as k(¢™>) = 0.

Each equation in the system explains how the frequency of individuals being in
state q(t) = i changes over time. Equation (3.21) demonstrates that the number of
individuals being in state ¢ = 0 changes for three different reasons. The first term
in (3.21) shows that the frequency of being in ¢ = 0 increases by the number of
individuals who previously where in state ¢ = 1 and recovered with instantaneous
probability ”. The second term in this equation explains that the frequency of
being in ¢ = 0 decreases by the number of individuals who make a burdensome
experience with instantaneous probability p#(0) and in consequence their mental
state changes to ¢ = 1. The last term of the equation reflects that the frequency
of being in ¢ = 0 also increases by the number of individuals who previously were
in any state 1 < ¢ < ¢™** but die and the same number of individuals are born

15See Appendix 3.D for details on the derivation.
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being initially in state ¢ = 0 with instantaneous probability " ®.

From the general equation (3.22) we learn that the frequency of individuals being
in state ¢(t) = i increases by the number of individuals who recover from the next
higher state of mental ill-health with instantaneous probability u? (first term) or
make an additional burdensome experience with instantaneous probability pu“(i—1)
and previously were in the next lower state i — 1 (last term). The frequency of
individuals being in state ¢(t) = i decreases, however, by the number of individuals
who are in state i but either recover with instantaneous probability ;”, make an
additional burdensome experience with instantaneous probability p4(i) or die with
instantaneous probability xP™" (middle term).

The number of individuals in state ¢ = ¢™** decreases by the number of indi-
viduals who are in state ¢™# but recover with instantaneous probability x? or die
with instantaneous probability uP™ (first term) and it increases by the number
of individuals who previously were in state ¢™** — 1 and made an additional bur-
densome experience with instantaneous probability p? (g™ — 1) (second term).
The possibility of a change due to recovery from state ¢™** + 1 as well as the
possibility of making an additional burdensome experience does not appear here,
as p(¢™™* +1,7) = 0 and k(¢™>) = 0.

In summary, each FPE explains the change of the number of individuals in a
certain state, ¢, by its “net flow”, i.e. by the difference between the “inflow” (pos-
itive terms) into this state and the “outflow” (negative terms) out of this state. A
very nice feature of FPEs is that they are ordinary differential equations, although
they were derived from a stochastic process. Taken together, the system of FPEs
(3.21), (3.22) and (3.23) describes the time-evolution of the frequency distribu-
tion of mental health. Mathematically, it constitutes a system of n differential
equations in n unknowns, which we solve for all p(q, 7), given an initial distribu-
tion. Therefore we use Matlab’s built-in solver for ordinary differential equations,
0de23.16

3.5 The Stationary Distribution Of Mental lll-Health

In the long-run all frequencies are time-invariant. By setting the LHS of the system
of FPEs equal to zero, we obtain a system of equations describing the stationary
distribution of mental health.”

For i = 0 we have

B birth

1 1
p(0) = 1A0) + Mbirthp(l) + LA(0) + pbirth? (3.24)

16 A detailed description of the numerical approach is provided in Appendix 3.E.
17See Appendix 3.F for details.
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max

for a general 1 <7 < ¢™** we obtain

n p(i+1) + Pl 1)
NA(Z) +MB + Iubirth ,UA(Z) +:uB _{_pdbirth

p(i) = p(i—1), (3.25)

and for i = ¢™** we have

A/  max
max\ __ I (q B 1) max
p(¢"™) = WP(Q - 1), (3.26)
since pA(¢™*) = 0 and p(¢™®* + 1) = 0, as k(¢™**) = 0.
We solve this system of equations using Matlab’s built-in function fsolve.'®

3.6 Quantitative Predictions

Now we look at the average distribution of mental health in OECD countries and
calibrate our model in order to meet this distribution as an initial equilibrium dis-
tribution. Then we use our calibrated model to assess the consequences and effec-
tiveness of two different policy interventions, first an improvement of mental health
care and second an improvement of educational work. We ask, how individual be-
havior and subjective well-being changes as a consequence of the interventions.
Moreover we are interested in how the distribution of mental health will change in
the course of time and how mental health will be distributed among the population
in the new stationary equilibrium. Finally, we measure the overall welfare effect
of the policy interventions by quantifying the effect on the probability-weighted
aggregated subjective well-being.

3.6.1 Calibration

We want to understand how policy interventions affect an economy’s mental health
distribution. Therefore we need an initial equilibrium which reflects the real world
sufficiently well. We require that the equilibrium distribution of mental ill-health
fits the empirical distribution, reported in ch.1.2 in (OECD, 2012). The empirical
distribution is illustrated as light blue bars in Figure 3.3.

The distribution is the result of a large-scale meta analysis on the prevalence
of mental ill-health conducted by the OECD, covering 21 OECD countries. The
results are based on clinical interviews as well as household surveys. Applied was
a classical 5-point scale “from fully correct” to “not correct at all” with 9 items.
Thus, the scoring ranges from 9 points at the lowest to 45 points at the highest.

18For a description of the applied numerical method, see Appendix 3.G.
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Defining appropriate cut-off values, 5% of a population suffers a severe mental
ill-health and another 15% a moderate mental ill-health. These numbers are very
robust across different OECD countries.

The original data show a small bump roughly at the median value. Its occur-
rence can probably be attributed to the fact that survey participants, if they are
uninterested or do not know what to answer, commonly tend to put their cross in
the centre of the scale. Therefore our preparation involves the following step. We
determined a normal distribution to fit the data, such that we obtain a smooth
function as a target. Our target function, the fitted probability distribution func-
tion (pdf), p*(q), is drawn in red in Figure 3.3. We also normalized the state
space from 9 to 45 to 0 to 36.
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Figure 3.3: Empirical data and fitted probability distribution function. Parame-
ters of the normal distribution: p = 11.45 and o = 5.45.

The parameters to be calibrated are the utility elasticities, 0 < o < 1 and 0 < £,
the preference parameter, v > 0, as well as the three arrival rate parameters,
A >0, A2 > 0 and A\’ > 0. The following parameters are fixed at meaningful
values. The expected length of remaining life at point ¢ is 1/APT™ which is set to
78 reflects the average total life expectancy at birth in OECD countries sufficiently
well (OECD, 2010). The time preference rate, p, is 0.02, such that the planning
horizon can be understood as measured in years as the time discount rate is 5 =
1/[1+ p] =~ 0.98.

To find values for the six parameters to be calibrated, we define six targets to
be met. Therefore we divided the target pdf into six parts or six sums of equal
length.'® Next, we require that the so defined targets are as equal as possible to the

19Since we have 37 states (0 to 36), we had to neglect the probability mass on the last state
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respective sums of the stationary distribution of the model. Then we used Matlab’s
routine Isqnonlin to solve this problem numerically. The latter is a non-linear least-
squares method and its idea is as follows. If we define x as a vector of n parameters
to be calibrated and f;(z) as the i-th of n residual functions depending on the
parameter values, then the routine solves the following minimization problem

min {i(x)* + fole) + -+ ful@)’} (3:27)

In other words, the routine minimizes the sum of the squared function values,
i.e. the sum of the squared residuals, by choosing the parameter values for
a, B,7, A, AB. X% while the residual functions are defined as

Ai@) =3 pli) = > p) (3.28)
Fal@) =3 pli) = > ) (329)

folw) =D p(i) = Y p™et(i) (330)

=30 =30

After the calibration all parameters have meaningful values and are in the range
one would expect. The parameters are summarized in Table 3.1. Figure 3.4 il-

Name of parameter \ Notation \ Value
Utility elasticity of engaging in the risky activity « 0.720
Utility elasticity of mental ill-health B 1.700
Preference y 0.001
Parameter of the arrival rate of burdensome situations | A4 1.510
Parameter of the arrival rate of recovery B 3.011
Instantaneous probability of life risk events N 1.080

Table 3.1: Calibrated parameter values

lustrates the quality of the calibration results. Note that the residuals also not
normalized, i.e. they are not in relation to the size of the area the corresponding
integral reflects. The largest deviation from zero is approximately le~2, which
is appropriate, considering that each iteration step of the calibration procedure

q = 36. However, this is not dramatic, as the size is close to zero anyway.
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contains solving the optimal control problem and computing the stationary distri-
bution numerically, as explained further above.
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Figure 3.4: Original data and equilibrium distribution as well as residuals

This stationary distribution serves as initial equilibrium distribution and is there-
fore the starting point for the following policy simulations. In the next two sections
we consider, first an improvement of mental health care and second, an improve-
ment of educational work. We ask, what the effects of such policy interventions on
individual behavior and on subjective well-being are. Moreover we are interested
in how the distribution of mental health will change in the course of time and
how mental health will be distributed among the population in the new stationary
equilibrium.

3.6.2 Improving Mental Health Care Quality

Imagine, there is a policy intervention which increases mental health care quality
by 2%. To simulate such an increase within the framework of our model we increase
the arrival rate of recovery by the same percentage. Thereby we implicitly assume
that an increase in mental health care quality is transferable into an increase of
recovery from mental ill-health one to one.?’ For concreteness sake we assume an
increase of 20%.

The results of the of the policy intervention on optimal behavior are depicted in
Figure 3.5. It shows that individuals optimally increase their engagement in the

20Clearly, it is debatable whether the assumption of the one to one transferability of a mental
health care quality improvement on recovery is realistic or not, however, for our framework,
it is irrelevant where exactly a change of recovery results from.
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risky activity in all mental states except of the state ¢ = ¢™** — 1 and ¢™**, while

the latter directly follows from the terminal condition. As the environment became
safer through the policy intervention, individuals have an incentive to engage more
in the risky activity now. For a broad range of mental states individuals increase
their engagement by 20 — 30%.

As a result subjective well-being increases for all mental states, which is shown
in Figure 3.6. The relative size of the increase also amounts to 20 — 30%, while the
size increases monotonically in the degree of mental ill-health. In other words, in
terms of subjective well-being, individuals in the worst mental conditions benefit
the most from the policy intervention.
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Figure 3.5: Absolute and relative change in optimal behavior after an improvement
of mental health care quality by 20%
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Figure 3.6: Absolute and relative change in subjective well-being after an improve-
ment of mental health care quality by 20%
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Figure 3.7 illustrates the long-run distributional effects of an improvement of men-
tal health care quality. It shows that the equilibrium distribution moves slightly to
the left over time, such that more individuals with a better mental health condition
live in the economy in the new stationary equilibrium.
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Figure 3.7: Old and new stationary equilibrium distribution after an improvement
of mental health care by 20%

Interestingly, the policy intervention gives raise to two opposing effects on the
equilibrium distribution. On the one hand, individuals behave riskier and thus
increase the instantaneous probability of deteriorating their mental condition. This
effect pushes the distribution towards higher levels of mental ill-health. On the
other hand, individuals recover faster as the environment became safer (what gave
them the incentive to take more risk). The latter pulls the distribution back to
the opposite direction. So, what we see in Figure 3.7 is the net effect of these two
opposing forces.

3.6.3 Improving Educational Work

Now we consider another policy intervention. We assume that improving educa-
tional work regarding the negative consequences of the risky activity on mental
health influences an individual’s view of life in the sense that she changes her risk
attitude towards mental ill-health. We simulate the second policy intervention by
an increase of the utility elasticity of mental ill-health, 3, by 10%. We illustrate
the results on optimal behavior in Figure 3.8. After the intervention individuals
optimally reduce their engagement in the risky activity. While individuals in a
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good mental condition reduce the optimal intensity by 5 — 10%, individuals in a
bad mental condition reduce it by up to 70%.

In the previous simulation we found that an improvement of mental health care
quality has a positive effect on subjective well-being. So, what is the effect of an
improvement of educational work on subjective well-being? We find the answer
in Figure 3.9. The current policy intervention has a negative effect on subjective
well-being. However, the effect is rather small. Subjective well-being is reduced
by 2,5% for low degrees of psychological distress and by up to 10% for the highest
degrees.
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Figure 3.8: Absolute and relative change in optimal behavior after an improvement
of educational work 10%
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Figure 3.9: Absolute and relative change in subjective well-being after an improve-
ment of educational work 10%
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Finally, we are interested in the long-run effects of the intervention. The results,
depicted in Figure 3.10 show a significant shift of the stationary distribution to-
wards better mental health states.
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Figure 3.10: Old and new stationary distribution after an improvement of educa-
tional work by 10%

The interesting difference between both interventions is that the current interven-
tion does not create an incentive for individuals to behave riskier as in the first
simulation. Yet, the opposite is the case now. Individuals optimally engage less in
the risky activity. At the same time, the environment remains unchanged. Thus,
the shift of the distribution of mental health towards better mental conditions is
directly attributable to the change in individuals’ behavior.

In summary, we have found that both interventions have opposite effects on
the optimal intensity of engaging in the risky activity and on subjective well-
being. While an improvement of mental health care quality increases both of them,
an improvement of educational work reduces both of them. Interestingly, either
intervention affects the stationary distribution qualitatively identically. However,
there are substantial differences between the quantitative impact on the long-run
distribution.

3.6.4 Welfare Effects Of Policy Interventions

Once we have simulated the two different policy interventions and analyzed their
effect on optimal individual behavior, subjective well-being and on the equilib-
rium distribution of mental health, there still remain two open questions. First,
and most important, how and to what extent affect the policy interventions an
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economy’s welfare? Or, in other words, which policy should a benevolent planner
adopt? And second, how long does it take to arrive at the new equilibrium? This
section is devoted to provide first answers to these questions and pave the way for
future research on the welfare economics of mental health.

Making a quantitative statement about the extent of the welfare effects, requires
several assumptions, on the one hand on the considered population and on the
other hand on the applied welfare standard. We define the size of the population,
N, we look at as follows. Since we calibrated the model to fit data on mental health
of an average OECD country’s working age population, N should be equal to the
population size of an average OECD country’s working age population. Another
reason why we consider the working age population only is that the individuals
in our model are rational and forward-looking decision makers, who are free and
capable to decide to what extent they want to expose themselves to the risk of
getting mentally ill. In our opinion, it is questionable whether children and senior
citizens are in the position to do that. The size of an average OECD country’s
working age population in 2012 was N = 23.7 million people OECD (2016, p.14).

Next, we need an adequate welfare standard. Individuals in our model act
fully rational, they do not have distorted beliefs and are entirely aware of all
consequences of their actions. Thus, subjective well-being is an appropriate basis.
And as mental health is distributed unequally among the population, we should
take the distribution of mental health into consideration as well. Thus, we capture
the economy’s welfare at 7 as the probability-weighted sum of subjective well-
being, formally defined as

max

W(r) = NZ p(i, TV (i, 7). (3.31)

Note that both, the probabilities, p(.), and the value function, V(.), react on
changes of the policy parameters, \? and 3, respectively. Therefore the dynamic
of the probabilities, described by the system of FPEs is taken into account as well.

Given, the size of the population, N, the calibrated initial equilibrium distribu-
tion, the definition of the welfare standard, W (7), and the distributional dynamics
from (3.21) - (3.23), we ask how the two considered policy interventions affect the
economy’s welfare.

The effect of an improvement of mental health care quality on the economy’s
welfare is depicted in Figure 3.11.



3.6 Quantitative Predictions 66

9 -4

91.65"10 10%10
5
T 1.6
g 8
-_6'.1.55
2 Jo) 6
o 1.5 ©
s £
21.45 g 4
8 ()]
_-5, 1.4 2
g
1.1.35
-g 0
o 13 i i L H H

0 20 40 60 0 20 40 60

time time

Figure 3.11: Absolute effect of an improvement of mental health care quality by
20% on the economy’s welfare and growth rate of the economy’s wel-
fare over time.

At time ¢t = 0 welfare measured in utility units amounts to W (¢) = 1.31¢”. Time
t = 0 is a point in time directly prior to the intervention. The intervention takes
place at time ¢ = 1. As a consequence, welfare increases by 23.3% and reaches
a value of 1.62¢. This immediate “jump” can be explained as follows. First of
all, we assumed that the policy intervention can be implemented straight away
without any adjustment duration. It follows that individuals react in the moment
of the implementation of the intervention by adjusting their optimal behavior to
the changed environment as it is explained in Section 3.6.2. The increased optimal
engagement in the beneficial but risky activity in conjunction with the increased
instantaneous probability to recover enhances subjective well-being immediately.
Due to the intervention the economy is out of its steady state. The changes in
optimal behavior affect via the arrival rates the in- and outflows into and out
of the mental states. The FPEs explain how the probability distribution evolves
over time and moves towards the new stationary equilibrium distribution. This
adjustment process is also visible in Figure 3.11. The adjustment process starts
immediately when the jump occurs. The growth rate of the economy’s welfare falls
to 0.03% and converges to zero over time. After 30 years the growth rate is at
approximately 0.0007% and can be considered negligible. Thus, we can consider
the adjustment process as “completed” after 30 years (of course depending on what
is meant by a negligible small growth rate).

Now consider an improvement of educational work. The welfare effects of this
intervention are illustrated in Figure 3.12.
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Figure 3.12: Absolute effect of an improvement of educational work by 10% on
the economy’s welfare and growth rate of the economy’s welfare over
time.

Contrary to the previous intervention an improvement of educational work has
a negative effect on welfare at its moment of implementation. Welfare decreases
by 2.65%, because individuals limit their engagement in the activity, as explained
further above in Section 3.6.3, which has a negative effect on subjective well-being.
The limited engagement, however, leads to lower arrival rates of burdensome ex-
periences which reduces the inflows into higher states of mental ill-health. This in
turn reduces the mean value and the variance of the population’s mental health dis-
tribution. The adjustment process leads to positive growth rates of the economy’s
welfare after the immediate jump. Although the growth rate is at the beginning
of the adjustment process quite small (0.4%), it is still more than 10 times as high
as at the previous intervention. In the course of time it also converges to zero,
while the convergence process is slower. A negligible growth rate of approximately
0.0007% is reached after 40 years.

So far we looked at the revenue side of a benevolent planner’s problem only, but
also the costs of mental illness and the costs of implementing a public policy play
an important role and should be taken into consideration.

Cost-Of-Illness (COI) analyses, which have a long tradition in the health eco-
nomics, usually distinguish between direct, indirect and intangible costs. Direct
costs include costs of medical resources, like health care goods and services, and
costs of non-medical resources such as transportation, training or research. Indi-
rect costs, mainly comprise productivity losses e.g. due to a reduced labor supply,
the inability to work, early retirement and premature death. Intangible costs con-
tain non-monetary costs like the emotional pain and the reduced well-being of
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the persons concerned as well as of their relatives (see e.g. OECD (2013) for more
details and Tarricone (2006) or Hodgson and Meiners (1982) for overview articles).

While the empirical methods for estimating the direct cost of (mental) illnesses
are meanwhile quite sophisticated, different approaches to measure indirect costs
exist and are controversially discussed (see e.g. Shiell et al. (1987)). Several recent
national and international studies, highlight the great importance of the indirect
costs of mental ill-health (e.g. OECD (2015a), OECD (2014), OECD (2013), the
literature cited therein and Bloom et al. (2011)). Although most of these studies
are difficult to compare with each other due to the different methodology applied,
they arrive at the common result that indirect costs are substantial and exceed
the direct costs many times over.

For the quantification of intangible costs only a few standards exist. The most
common measures are quality-of-life measures such as DALY = Disability-Adjusted
Life Year and QALY = Quality-Adjusted Life Year (see e.g. Sassi (2006) for more
detailed informations and Loomes and McKenzie (1989) for an economic discussion
on the use of QALYSs in health care decision making). Many COI studies do not
include intangible costs due to the difficulties to quantify them in monetary terms.
Intangible costs of mental ill-health are probably far from insignificant, maybe even
dominating, either in human or economic terms. Especially the stigma attached to
mental diseases, leading to reject people concerned and exclude them from society
pushes the loss in well-being. Due to their obvious importance, intangible costs
should also not be neglected.

Against this background, what is the contribution of our framework to this
strand of literature? First, the optimal avoidance behavior due to mental ill-health
resulting from our model can explain the origin of and serve as a micro-foundation
for (at least the majority of) indirect costs. Our value function contains the in-
stantaneous benefits from engaging in the risky but beneficial activity as well as
the welfare losses due to mental deterioration. Thus, it can (maybe jointly with
existing measures) serve as a basis for the creation of a sophisticated and econom-
ically well-founded measure of intangible costs. Moreover, our model allows to
explain and quantify its time evolution and its adjustment towards a new station-
ary equilibrium in the case of a policy intervention.

An extension of the objective function (3.31) to include first, a function for
adjustment costs and second, expressions for the aggregated probability-weighted
direct and indirect costs, would be a very useful next step for future research.

3.7 Conclusion

Psychological distress is a phenomenon that can concern everyone of us from time
to time. It can originate from several different sources. Some of these sources
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are activities which we can control, like working overtime, consuming performance
increasing addictive substances, engaging in a stressful activity for which one sac-
rifices her private life, endangers friendships and relationships. Other sources of
mental illness are beyond our control, as for example getting involved in an ac-
cident or loosing a relative. Psychological distress is not a static, but a dynamic
phenomenon. It increases when an individual makes burdensome experiences and
declines as a result of coping strategies or medical therapy. We have found that
the avoidance of a risky activity can be an outcome of optimal behavior. However,
the engagement in the risky activity does not necessarily decrease monotonically
in mental ill-health. If an individual is aware that there is a general life risk from
which no one can escape and / or if she has a risk-seeking attitude, she optimally
compensates the pain due to mental ill-health by additional engagement in the
risky activity from a particular severity on.

On the aggregate level we employed FPEs for analyzing the distributional dy-
namics of mental health within a population. The time evolution of the frequency
of individuals being in a certain mental state can be explained by the difference
between the number of individuals who enter a particular state and the number
of individuals who leave this state (both, due to recovery or making additional
burdensome experiences). Both, in- and outflows depend on the respective arrival
rates of the according events. The ratio of in- and outflows of all states character-
izes the long-run distribution of mental health.

Given these insights, we calibrated the equilibrium distribution of our model to
fit the empirical distribution of mental ill-health reported in OECD (2012, ch.1.2).
For the calibration we divided the target distribution into six sums of equal length,
such that we obtained six separate targets to be met and used non-linear least-
squares methods to minimize the sum of the squared residuals by choosing six
parameter values. The largest deviation of the residuals from zero is approxi-
mately le~2. Taking this stationary distribution as an initial equilibrium, we then
simulated policy interventions of different kinds. We considered an improvement
of mental health care quality on the one hand and an improvement of educational
work on the other hand and asked, how both interventions influence optimal be-
havior, subjective well-being and the equilibrium distribution of mental health.

Both policy interventions increased the economy’s mental health. The impor-
tant difference is that improving the mental health care quality creates an addi-
tional incentive to engage in the risky activity, as individuals are provided with
additional security with respect to their mental health. Thereby also subjective
well-being increases. Improving educational work, however sensitises individuals
for the possible negative consequences of the activity on their mental health. And
thus, individuals optimally decrease their engagement in the activity. But this also
decreases their subjective well-being. Both policy interventions improve the equi-
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librium distribution of mental health within a population, because in the long-run
more individuals with a better mental health condition live in the economy. Our
framework can also be seen as a first step towards a micro-founded welfare analysis
of public policy interventions concerning mental health. From the perspective of
a benevolent planner, the probability-weighted sum of subjective well-being can
serve as a target quantity to be maximized. Such an optimization problem takes
not only the distributional dynamics of mental health into consideration, it also
accounts for the intangible costs of mental ill-health. An extension of the objective
function comprising adjustment costs as well as direct and indirect costs of mental
ill-health would be a useful step in future research.

Beyond the mere economic aspects of such an analysis we should not neglect,
what is desirable from a societal or a moral perspective. If we assume the risky but
beneficial activity as substance abuse and improve the mental health care quality,
then rational individuals will have an additional incentive to abuse drugs as more
security is provided. Such an incentive effect is surely undesired from a societal or
moral perspective. However, if we consider the risky activity as volunteer work for
civil victims in a conflict area (where one maybe risks to develop a post-traumatic
stress disorder), additional engagement might be desirable. Thus, it crucially
depends on which objective is pursued by the planner.

Our model is adequate for most of the mild and moderate mental disorders,
frequently referred to as ”common mental disorders” (CMDs). This comprises
amongst others substance use disorders (e.g. alcohol or cocaine taking to cope
with stressful situations), burnout (as a consequence of excessive stress and prob-
lems to manage it), anxieties (like public speaking phobia), mood disorders or
depression (e.g. missing fulfilment and success in business). CMDs represent the
largest category of mental disorders (OECD, 2012, p.11f.). Moreover our model
is appropriate for sub-threshold conditions of mental health problems (i.e. prob-
lems which are below the clinical threshold of a diagnosis) and severe forms of
the above mentioned mental disorders. Note that, our model is not applicable to
explain the behavior of individuals suffering under severe mental disorders, such
as schizophrenia or psychotic disorders, which include delusions, hallucinations
and a disturbed perception of reality. Such severe forms of mental illness imply
an impairment of human judgement and thus it would not be adequate to apply
rational optimization techniques to explain the behavior of these individuals.

Apart from the above-mentioned our paper contributes to economic research by
providing a formal foundation for an important psychological concept. Avoidance
behavior, which can be the outcome of optimal behavior appears in our model.
In clinical psychology it is an important diagnostic criterion of many mental dis-
orders (American Psychiatric Association, 2013). Individuals who entirely avoid
performing a risky activity fulfil this criterion. Also permanent avoidance behavior
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can be the outcome of optimal behavior, if individuals who reach a threshold level
of mental ill-health and decide to avoid the risky activity entirely. Without exoge-
nous recovery individuals’ mental state would remain constant from then on. As
a consequence individuals loose their ability to adapt to their environment. But
this ability is essential as it ensures survival. Intelligent organisms are capable
of learning. Incorporating a learning mechanism in our model would be useful
extension. For instance, arrival rates could be subjective, such that there exists a
subjective belief of an activity’s riskiness. A Bayesian learning mechanism could
serve to update the individual’s subjective believe. This would allow for a highly
selective distinction between avoidance behavior which is due to a distorted belief
and avoidance behavior which develops gradually by learning the objective arrival
rate. When individuals learn by sampling, consistent avoidance behavior blocks
learning, i.e. the ability to adapt to a changing environment. Such an analysis
would be very enriching, for economic as well as psychological research.



Appendix

This appendix contains all derivations of the optimization problem and the Fokker-
Planck equations.

3.A The Optimal Control Problem In General Form

The general form of the Hamilton-Jacobi-Bellman (HJB henceforth) equation
reads?!

pV(q) = max {u(k, q) + éEth(q)} : (A1)

The differential of V(g) can be derived given the evolution of psychological distress
in (3.1) and the change of variable formula??

dVi(g)=[V(g+1) = V(g)] d¢* = [V(g—1) = V(q)] d¢”, (A.2)

Applying expectations to the differential basically consists of applying expectations
to the dg-terms. Generally speaking, F;dq = udt where p?(k,q) and p®? are the
arrival rates of the Poisson processes ¢4 and ¢?, respectively. Plugging this into
the general HJB equation (A.1) finally gives

pV(g) = max {u(k, q) + p" (k,q) V(g +1) = V(@] + 47 [V(g = 1) = V(g)]} -
(A.3)
The first order condition defines the optimal intensity of engaging in the risky

2ITime indices are suppressed from now on.
2gee e.g. Wiilde (2012), ch. 10.2.2: If there is a function F(z,t), where variable z is driven by
a stochastic process, then the differential of F' is given by

dF (t,z) = %F(t, )dt + %F(t, 2)a()dt + {F(t, + b(.)) — F(t,z)}dg.
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activity, k,%
Ou(k,q) _ Ou’(k,q)

o~ an Vet -Vig]. (A.4)

3.B The Specific Optimal Control Problem

Instantaneous utility is specified as
u(k(t), q(t)) = k(t)* —q(t)", (B.1)
Given this specification, the HJB reads

pV(q) = max {k” —y¢" + (\’(q) + k2*) V(g +1) = V()]

(B.2)
+AP [V(g—1)=V(g)]},
while the FOC is
ak®™ = =M[V(g+1) - V(g)],
o k() = (_ M V(g +al) - V(Q)]) o (B.3)

The maximized HJB equation reads

pV () = k(@)* —v¢" + (\°(q) + k(@A) V(g+ 1) = V(@] + A V(g — 1) — ‘(/(Q);
B.4

3.C The Numerical Approach Of Solving The
Optimization Problem

Let v = [vg,v1,...v,] be a vector, its elements vy, vy, ...v, describe the values
of optimal behavior in state ¢ = [0, 1,...n], while n corresponds to the highest
possible addictive state g™**.

23For convenience, time indices are suppressed.
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The general structure of the equation system we are aiming to solve reads

0= f(U(J?Ul)

O :g(UOaUhUZ)

0 = g(v1,v2,3) (C.1)
0= h(vn_1,vn),

while f(.), ¢g(.) and h(.) are non-linear equations in their arguments. Each of
these n equations is a maximized Hamilton-Jacobi Bellman equation fixed at a
given state ¢ = [0, 1,...n]. The left-hand side of each equation is the residual and
thus set equal to zero. As a whole it is a system of n equations in n unknowns.
Note that we reduced the number of equations and unknowns by using maximized
HJBs instead of HBJs to be maximized. The latter would double the number of
unknowns and equations and makes the problem numerically less tractable and
more difficult to solve.

Given an initial guess, v™ = [vi", o}, v], we solve the system (C.1) with
Matlab’s built-in solver fsolve.

3.D The Evolution Of A Populations’ Mental
lll-Health

In the following we explain the derivation of FPEs from the transition equation
of mental ill-health. The procedure described here closely follows the five-step
method described in Bayer and Wiélde (2013) and in Nagel (2013, p.9ff.). At this
point we shall also refer to Birkner and Wéalde (2016, ch.8) where the peculiarities
of the derivation of FPEs resulting from stochastic differential equations which
are driven by Poisson processes with discrete realizations are explained in greater
detail.

3.D.1 Step 1 (An Auxiliary Function And Its Time-Evolution)

The transition equation for the number of bad experiences reads

dq(t) = dg*(t) — dq" (t) — (a(t) — qo)dg"™" (), (D.1)

where the first term on the RHS describes an increase in mental ill-health in
consequence of the occurrence of a burdensome situation, the second term is the
natural recovery process which decreases mental ill-health exogenously and the
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third term is the death and birth process which we take into consideration on the
aggregate level.
The corresponding arrival rates are

pA(k(q(t), a(t) = X(a(1)) + k(@()A?,  p" =A% and @ = AP (D.2)

Let there be an auxiliary function f(g(t)) with bounded support S C R=° ie. f
is equal to zero outside a fixed bounded set S. Then we compute the function’s
expected change given the process for ¢(t). The differentiation of f using Ito’s
lemma yields

df (q(t)) = {f(a(t) + 1) = fa(®))} g™ (t) + {F(a(t) = 1) = f(q(t))} dg” ()
+{f(a0) — fla(t)} dg"™"(2).
We are interested in the expected change of this function over time. Therefore

we apply the expectation operator and divide by dr (for clarity, time indices have
been omitted),

(D.3)

L Bdf(a) = w @) (Fla+ 1)~ F@) + 1 - 1)~ (@)
FE S a0) ~ F(@)

where the last line was computed using Edg” = p?(q)dr with p?(q) = \(q) +
k(q)AA, Equ — ,U,BdT with MB — )\B’ and Edqbirth — Iubirtth with ubirth — )\birth7
which are the arrival rates of the Poisson processes.

df (q)

In what follows, we denote this expression by Af(q) = E=;%.

(D.4)

3.D.2 Step 2 (Using Dynkin’s Formula)

The Dynkin formula says that Ef(q(7)) = Ef(q(t))+ [ EAf(q(s))ds.** In words,
the expected value of a function f(g(7)) at some future point in time 7 > ¢ can be
written as the expected value of this function at ¢ plus the integral of all expected
future changes between 7 and t¢.

As we are interested in expected changes, we differentiate this formula with
respect to time and get

SEESG) = 5 [ BASa(s))ds = EAS(4(s) 05

t

since £ f(q(t)) can be treated as a constant, which drops when differentiating, and
the differential operator can be pulled into the integral.

24For more detailed explanations see e.g. B.2 in Bayer and Wiilde (2013)
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Applying this on (D.4) yields

a%Ef((J) =E [ @) {fla+1)— fl@Q}+p"{fla—1) = f(q)}

‘ (D.6)
+uP { fg0) — f(@)}] -
Under the assumption that qo is a positive integer or zero, ¢(7) as well as ¢™** are
positive integers, too, and we can write the latter equation as
0 max A . . Bt .
5, EF(@) = ZLg0p(7) [ @ [F 4+ 1) = FO) + 1" [0 = 1) = f()] (D7)

+u N [£(0) = f ()]

where p(7,7) is the probability that g equals i in 7, i.e. p(i,7) = Pr(q(t) = 1).

3.D.3 Step 3 (Factorizing)

Now we want to get rid of the f(i + 1) and the f(i — 1) terms in equation (D.7).
By factorizing the equation we obtain

0 max
5. 2f(a) = i, 00, (i) fG+ 1) + S p(i,7) f(i = 1)
+ub1rthf(0)2qn‘ax (’L 7_) (DS)

Z‘IO

= B w0 1) [ (@) f () + 1P f (@) + 1P (0]

As
S op(i, Tpt @) fi+ 1) = S Hp( - 1L,n)pt i = D) f(E), (DY)
and
BB p(i, T (i — 1) = P i+ 1,7) f(0), (D.10)
we can write (D.8) as
S Bf(a) = Stipli — 11— D) + pP S tpli +1,7)f0)

+Mblrthf( ) Zmz;‘ (2-77_) (Dll)

= B, 00, 7) [ (@) f (@) + P f(0) + P ()]

3.D.4 Step 4 (Derivation Of The Expected Value)

We now derive an expression for the change of the expected value for the LHS
of the equation. Instead of Dynkin’s rule we use therefore the definition of the
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expectation operator in order to get

8 @ max

2 Bia) = sl il r) = ) 2D (pa)

where the last equality exploits the fact that the auxiliary function f(q) is not a
function of time. (Note that ¢(7) is a function of time but not f itself.)

3.D.5 Step 5 (Collecting All Results)
Equating (D.11) and (D.12) yields

q

max . 8 7;77— max . ma.
s 1) T sty - 1 1)) + S+ 1, 7))

+ P F0)SL, p(i, 7)

— S op(i, ) [ (0) £ () + P f (i) 4 P f ()]

(D.13)

For concreteness sake we set ¢ = 0 and then rearranged the equation above as
follows

S £ )% = p(0, 7)) F(1) + p(1, 7)) (1) £(2) + p(2, ") (2) £ (3) + . ..

)

( (

(1) + pP F(1) + pP R f (1 >]
(2) + 1P f(2) + 1" f(2)] —

+ f£(0) [—p(0, T),LLA(O) — p(0, T),uB — (0, T),ubirth

[
+p(L, ) + S (i, 7)}
[ )MA(O) —p(l, T),uA(l) — p(lﬂ')MB _ p(lﬂ_)pjbirth

_I_
~
=
g
=)
B

+ £2) [p(, D) (1) = p(2, 1) (2) — p(2, 1) — p(2, )b
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As this must hold for any f(i) we obtain for i = —1

n.a. = f(_]')p(ov T):uBu (D14)
for i = qq,
9 0,7 ir ir max -
BOT) _ yp(1,7) — [u(0) + pp(0,7) + W OSE 7)., (D5)

Note that we can set —uPp(0,7) = 0 here as the underlying auxiliary function has
bounded support, i.e. it is defined for the positive numerical range only. Moreover,
the sum at the end of (D.15) must equal one, as all probabilities must add up to
one. For i =1,

8]7(017—, 7) _ MBP(27T> B [NA<1) +MB + Mbirth]p<1,7) + MA(O)p(O,T>, <D16)

for i = 2,

op(2, 7 .

% = 1Pp(3,7) = [ (2) + 1 + " p(2,7) + p (Dp(L,7), (D7)
for ¢ = 3,

8]7(3,7_) B

= = 1) = @)+ p 4 e (3, 7) + i (2)p(2, ), (DAS)

max

and so on. Thus, for a general 1 <1 < ¢

Op(i,T)

5 = 1p(i+ 1L, 7) = [ @)+ 4 (i, 7) (i = Dpli = 1,7). (DA19)

And for i = ¢™** we have

8p<qmax , 7.)
or

since ,UA(qmaX) =0 and p(qmax + 1’7_) _ O, as k(qmax) =0.

— _[/JJB + lubirth]p(qmax’ 7_) + MA<qmaX o l)p(qmax o 1’ 7_>7 (DQO)

3.E Numerical Approach Distributional Dynamics

Let p = [po, p1,- - - pn] be a vector, its elements pg, p1, ... pn describe the probabil-
ities or population shares in state ¢ = [0, 1,...n], at time 7, while n corresponds
to the highest possible addictive state ¢™®*.
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The general structure of the equation system we are aiming to solve reads

Po(T) = f(po(7), p1(7))
pi(T) = g(po(7), p1(7), p2(7))
P2(7) = g(p1(7), p2(7), p3(7)) (E.1)

pn(T) = h<pn—1 (T)>pn (7—))7

while f(.), ¢g(.) and h(.) are linear equations in their arguments. Each of these
n equations is a Fokker Planck equation taking optimal individual behavior into
account and describes the time evolution of the probability or the population shares
in state ¢ = [0,1,...n]. As a whole it is a linear system of n differential equations
in n unknowns.

Given an initial condition, p™(t) = [pi(t), pPi(¢), ... p(t)], we solve the sys-
tem (E.1) with Matlab’s built-in solver ode23 for a given time interval (¢, 7.

3.F Deriving A System Of Equations For The
Stationary Distribution

In the long-run % =0 Vi. It follows for =0

B birth

1 1
0) = — p(1 _ F.1
p( ) uA(O) + Mbuthp( ) + /’LA(()) + Mblrth’ ( )

For ¢ = 1 we obtain

MA(l) +/1'B _‘_lubirth MA(l) +MB _|_Iubirth

p(1) = p(0), (F.2)

for i = 2 we obtain

B A
1 (1)
2) = —p(3) + .
p( ) :uA(2) + MB + Iublrthp( ) :U’A<2) + :uB + ublrthp

(1), (F.3)
and so on. Thus, for any general 1 < i < ¢™m**

B Aflz
L : p(i—1)
; - 14+ 1)+ - -
MA(Z> + MB + Mblrthp( ) MA(Z) + MB + Mblrthp

(i—1).  (F4)

p(i) =
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And for i = ¢™** we have

A(, max __
max) _ (g 1)p(qmax —1), (F.5)

p(q IuB + Nbirth

since MA(qmax) =0 and p<qmax + 1) — 0’ as k(qmax> = 0.

3.G Numerical Approach Stationary Distribution

Let p = [po, p1, - - - pa] be a vector, its elements pg, p1, . .. p, describe the probabil-
ities or population shares in state ¢ = [0, 1,...n], at time T, while n corresponds
to the highest possible addictive state ¢™®*.

The general structure of the equation system we are aiming to solve reads

0= f(p(])pl>

0 :g(p07p17p2)

0= g(p1,p2,ps) (G.1)
0= h(pnflapn%

while f(.), g(.) and h(.) are linear equations in their arguments. Each of these
n equations is a Fokker Planck equation taking optimal individual behavior into
account and under the assumption that the convergence process of the distribu-
tional dynamics is completed. Thus the time evolution of the probability or the
population shares in state ¢ = [0, 1,...n], i.e. the left-hand side of the equations,
is zero. As a whole it is a linear system of n equations in n unknowns.

Given an initial guess, p™ = [pg‘i, pinio pi#i], we solve the system (G.1) with
Matlab’s built-in solver fsolve.



Chapter 4

The Distributional Dynamics Of
Addiction

by Dennis Krieger!

4.1 Introduction

[Motivation] Substance related addiction is a phenomenon that concerns many
people worldwide. The Word Health Organization projected that in 2010 per-
sons aged 15 and older consumed 13.5 grams of pure alcohol per day on average
worldwide? and that 7.5% of the 15+ population (16% of the drinkers) practised
“binge-drinking”?® at least monthly (World Health Organization, 2014a, pp. 29-
35). According to the results of a survey in the Special Eurobarometer on the
“Attitudes of Europeans towards Tobacco”, 26% of the Europeans were addicted
to nicotine in the year 2014 and stated that they smoke (Special Eurobarometer
429, 2015, p.10). The United Nations Office on Drug and Crime estimated that
in 2013 about 5% of the adult world population have used illicit drugs at least
once within the previous year. More than ten percent of the illicit drug users are
regular users and thus addicted (United Nations Office on Drugs and Crime, 2015,
p. ix). These numbers clearly give cause for concern. Addictions are accompanied
by substantial negative consequences on concerned person’s health (OECD, 2015b,
p.23ff.), on their social life as well as on the society and the economy as a whole,
because addictive and drug-induced behaviors often cause negative externalities
(like road fatalities, vandalism, violence, drug-related crime) and involve huge eco-

!Gutenberg School of Management and Economics, Jakob-Welder-Weg 4, 55131 Mainz, Ger-
many, phone + 49.6131.39-24701, fax + 49.6131.39-25588, e-mail kriegerd @Quni-mainz.de.

2This corresponds to approximately one 330 ml bottle of beer with 4.8 vol-% alcohol.

3Binge-drinking is defined as the consumption of at least 60 grams of pure alcohol at one single
occasion.
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nomic tangible and intangible costs. In 2010 smoking and alcohol consumption

were two of the “three leading risk factors for global disease burden” (Lim et al.,
2013).

[Problem] The protection and improvement of public health is the primary con-
cern of public health policy. Thus, also inventing strategies to tackle harmful
consumption of addictive substances and thereby reducing the extent of economic,
health and social problems is at the center of interest. This requires to understand
addictive behavior on the individual level and to apply these insights on the macro
level. Due to the well developed existing microeconomic theories of addiction, the
former can be taken as given. But there is still a lack of contemporary theories
of addiction being applied to understand the developments on the aggregate level.
The current paper tackles exactly this issue.

[Goal] The goal of this paper is to provide more insights into the distributional
dynamics of addiction. We want to answer the question of how and why addictive
states are distributed among a population as it can be observed empirically and
what determines the dynamics of addiction. Our goal is to build a bridge between
state of the art theoretic research on addiction, empirical findings and public policy
questions.

[Approach] Therefore, we formulate as a starting point a slightly modified ver-
sion of the addiction model by Bernheim and Rangel (2004) (BR henceforth).
Individuals in our model decide how much they wish to engage in two different ac-
tivities, a risky activity (going out and expose oneself to environmental substance-
related cues) and a safe activity (therapy participation). While going out yields
an instantaneous pleasure it can also trigger uncontrolled drug consumption. The
latter leads to physical and mental deterioration under which the individuals suf-
fer. Therapy participation is an option to recover from the deterioration, but it is
assumed to be instantaneously costly. We differ from the original model mainly
and most importantly with regards to the following aspects. First of all, time in
our framework is a continuum. This is a great advantage especially for analyzing
the dynamics of addiction, as a continuous time framework provides a much bet-
ter analytical description of the implemented stochastic dynamic processes than
it is the case in discrete time. To keep things as simple as possible we sacrificed
“cold-mode” consumption (i.e. non-triggered consumption of an addictive good).
Moreover, unlike in BR’s model, the choice set in our model is not discrete, but
continuous, which allows us to derive quantitative information which has much
more explanatory power compared to qualitative information only. We solve our
model numerically. Fokker-Planck equations, which we derive analytically from
the transition equation of addiction, allow us to understand and analyze the dis-
tributional dynamics of a population’s addictive states, given the optimal behavior
from the individual level. Then we apply our framework on empirical data on binge
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drinking behavior in Austria and simulate a public policy intervention to derive
quantitative statements regarding its effects on the individual as well as the ag-
gregate level.

BR’s addiction model is to the best of our knowledge the most recent and with-
out a doubt one of the most important contributions to state of the art economic
research on addiction. Their paper represents an advance in understanding addic-
tive behavior when substance-related cues can trigger uncontrolled drug consump-
tion. The model is built on three key assumptions. First, addicts often consider
their own drug consumption as a mistake, second drug consumption causes a sen-
sitization to substance-related cues and third, addicts normally understand their
own vulnerability to failures. From an economic perspective these assumptions are
highly interesting. Therefore we shall briefly provide some background information
on the findings which build the basis for these assumptions. The following insights
emerged from psychological and neurological research and from clinical practice.
Similar to the Pavlovian dog that starts salivating in expectation of food as soon as
a bell rings, humans also can become cue-conditioned and will display the accord-
ing response reactions when they are exposed to a conditioned cue. The human
brain reward systems react with the release of dopamine whenever an individual is
exposed to environmental cues that are associated with hedonic responses. Addic-
tive substances however, can distort the normal functioning of these brain reward
systems. Usually, addictive substances sensitize the brain reward systems, with
the result that this substance-induced sensitization of the brain reward systems
causes a compulsive drug pursuit in addictive individuals (Robinson and Berridge,
2003). Berridge and Aldridge (2008) consider this compulsive drug pursuit as the
result of a temporary distortion of an individual’s decision utility (the basis on
which decisions are made). In terms of the model we understand this distortion as
a temporary present bias leading to an overestimation of the hedonic reward of an
addictive substance. That is, once an individual got triggered her decision utility
is temporary distorted and it differs from her decision utility while not triggered
and also from her experienced utility, i.e. from the actual hedonic impact which is
experienced during the consumption of the substance. Sophisticated individuals
are aware of the temporary distortion and can even anticipate making mistakes in
the future. Thus, substance consumption is often considered as a mistake. The
substance-induced sensitization of the brain reward systems maintains as long as
the drug is consumed. During this time self-control is costly but sophisticated
individuals understand their need for commitment devices.

[Results/Findings] On the individual level we find that rational agents behave
more careful the stronger their addiction is, i.e. they engage less in risky activities
that potentially increase their addictive state and instead invest more in the chance
of future recovery. This, however, comes a long with a lower instantaneous benefit,
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whereby subjective well-being decreases with an increasing addictive state. On the
aggregate level we find that the distribution of addictive states among a population
crucially depends on the ratio of risk-taking to care-taking behaviors as this ratio
determines the in- and out-flows into and out of each addictive state. Public policy
interventions, such as printing warning labels on cigarette packs, have an welfare-
enhancing effect, as they allow to engage more in less risky beneficial activities.
However, due to this incentive effect they also contribute to a deterioration of a
populations’ health condition. To counteract this development additional steps,
like improving health education, are necessary.

[Contribution] We contribute to the economic research on addiction in various
ways. First, we provide a continuous time version of Bernheim Rangel’s addic-
tion model, which is far from trivial. This opens up new enriching possibilities
for economic research on addiction, especially for dynamic systems, because the
analytical description of stochastic dynamic processes is much better in a contin-
uous than in a discrete time framework. Moreover individuals in our framework
not only make binary choices. In our framework individuals choose frequencies.
That is, individual’s optimal choices provide us with level information rather than
qualitative information only, which maybe serve as a mathematical foundation of
behavioral patterns known through the insights from psychological research and
clinical practice. Finally, we also contribute to the contemporary debate in behav-
ioral economic welfare analysis by providing a theoretical framework that allows
us to study and simulate the welfare effects of different policy interventions.

[Related Literature| The rational addiction (RA) model by Becker and Murphy
(1988) is the most popular classic economic addiction model. Their idea consists
of allocating resources between an addictive and a non-addictive good, while past
consumption of the addictive good has an impact on the individual’s addictive
state and thus on her instantaneous utility. Moreover the marginal utility of con-
sumption of the addictive good increases in the addictive state. Although we
refrain from modelling non-triggered substance consumption as in the RA model,
substance consumption in our model nevertheless has an impact on future utility
and also makes future substance consumption more possible.

To keep the model as simple and tractable as possible, our main approach fo-
cusses on cue-triggered consumption of the addictive good in the spirit of BR and

thus refrains from explicitly modelling non-triggered substance consumption as in
the RA model.

Orphanides and Zervos (1995) is an extension of the RA model, in which indi-
viduals do not know whether they have an “addictive tendency” or not, i.e. they
are unsure about their own type. Thus, they have a subjective belief of being
the one or the other type. As long as uncertainty persists are the individuals
Bayesian learners and act in light of their belief, i.e. subjectively rational. The
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crucial difference to BR’s idea is that neither from an individual’s view, nor from
a third-party’s view an individuals’ consumption of the addictive good can be seen
as a mistake, as subjective beliefs represent an individual’s best knowledge. As
soon as individuals’ true type is revealed to them the model becomes a more or
less standard RA approach.

Gruber and Koszegi (2001) is the merger of the RA model and quasi-hyperbolic
discounting according to Laibson (1997). Although not quite obvious at first
glance, this paper is the most closely related work to BR and thus also our ap-
proach. In their model the behavior of an individual who does not suffer a present
bias, is the analogue of BR’s cold-mode behavior. Naive individuals with a strong
present bias, however, act like individuals in hot mode. From the perspective
of a sophisticated individual, present-biased behavior is a mistake. However, in
Gruber and Koszegi’s framework there are no cues which might trigger addictive
consumption.

Cues, modelled as random shocks, appear in Laibson (2001). His “Cue Theory of
Consumption” basically describes a model of stochastic preferences, as “cues raise
the marginal utility of consumption”, i.e. whenever a cue appears the individual’s
changes her preferences represented by one of two instantaneous utility functions.
Although the individual makes decisions that are perfectly in line with her current
preferences, consumption can be considered as a mistake ex post, i.e. as soon as
preferences change.

Loewenstein et al. (2003) provide another interesting way to think about mis-
takes. In their paper on the “projection bias” they describe this bias simply as the
divergence between decision utility and experienced utility. The projection bias is
for example responsible for the phenomenon that some people buy too much food
for their consumption within the next days when they go shopping while being
hungry. Provided that decisions are made on the basis of decision utility and ex-
perienced utility reflects the hedonic reward which individuals actually experience,
then individuals are ex post able to identify a decision made as a mistake. This
view is among others also supported by Kahneman et al. (1997). Individuals will
be aware of their own mistakes and as long as they are not naive, they will also
understand their need for commitment devices.

[Structure] The paper is structured as follows. In Section 4.2 we present our
model, a slightly modified continuous time version of BR’s addiction model with a
continuous choice set. The model is solved numerically and we illustrate optimal
behavior and well-being on the individual level. Within the third section we ex-
plain the transition from the individual to the aggregate level before we describe
the distributional dynamics of addictive states within a population with Fokker
Planck-equations. Following that, we analyze in Section 4.4 the effects of risk in
the environment in which individuals live on their welfare. In Section 4.5 follows
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an application of our theoretical framework on binge drinking behavior in Austria.
In this context we first calibrate our model to fit the empirical distribution of ad-
dictive states and then analyze the effects of possible policy interventions. Finally,
in Section 4.6 we conclude.

4.2 The Model

In the following subsections we present the setup of our model, the underlying op-
timization problem and derive optimal behavior as well as subjective well-being on
the individual level. Individuals in our model are free to choose the intensities with
which they wish to engage in one of two activities, going out and participating in
therapy. Whenever the individuals choose to go out they enjoy the instantaneous
pleasure of it, but they are also exposed to environmental substance-related cues
which may trigger uncontrolled behavior in terms of drug consumption. Consump-
tion of an addictive good leads to physical and mental deterioration from which
individuals suffer. The decision to participate in therapy, however, is entirely risk
free, instantaneously costly but also entails the possibility to recovery from the
deterioration.

4.2.1 Model Setup

We consider an individual who is endowed with a maximum of [ > 0 units of time,
which she can freely allocate between two activities, going out at night, k(¢), and
participating in a therapy, b(t). While going out, the individual will be exposed
to various substance-related stimuli (e.g. bottles of alcohol, cigarette smoke, drug
paraphernalia), which is not the case if the individual chooses k(t) = 0 or while
she is in treatment. On the one hand, going out yields an instantaneous hedonic
reward, v(k(t)), on the other hand, it bears the risk that the exposure to the stimuli
triggers the uncontrolled consumption of an addictive substance. Consumption is
always a loss of control. The underlying idea is that the individual once she became
triggered enters a state in which she suffers an infinitely large present bias so that
immediate consumption is always optimal as all future consequences are blinded
out. As soon as the consumption has taken place, the individual is restored to her
original state. Note that, for the sake of convenience, this process is not explicitly
modelled. Consumption increases the individual’s addictive state, denoted by ¢(t),
by one unit. The higher this state is, the higher is her instantaneous pain, ¥ (q(t)),
which reflects the physical and mental deterioration due to addiction. Whenever
the individual decides to participate in a therapy she can either choose an in-
patient treatment, then b(¢) = [ and k(¢t) = 0, which guarantees abstention, or
an out-patient treatment, then b(¢) < [ and k(¢) > 0 which does not guarantee
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abstention. Whenever she participates in a therapy, the individual experiences
therapeutic successes from time to time, which are accompanied by a reduction of
her addictive state by one unit.

The evolution of the addictive state is described by the following stochastic
differential equation,

dg(t) = dq'(t) — dq' (1), (4.1)

given an initial state q(0) = ¢™ > 0. The addictive state increases whenever

the individual experiences a loss of control and consumes an addictive substance,

then dq'(t) = 1 (I like loss of control) and the addictive state decreases due to

rehabilitation, then dqg"(t) = 1 (r like rehabilitation).

The occurrence of losses of control is driven by a Poisson process, ¢!(t), with
an endogenous arrival rate, u'(k(t), q(t)), which is assumed to increase in both its
arguments, while p!(0,¢(t)) = 0 for ¢(t) > 0 and p'(k(t),0) = 0 for k(t) > 0. This
reflects first that the instantaneous probability of a loss of control is higher, the
more the individual goes out, because the more she goes out the more she is exposed
to substance-related cues. Second, the instantaneous probability of a loss of control
is higher, the higher the individual’s addictive state is, which reflects the increasing
sensitivity to substance-related cues. Third, losses of control cannot occur if the
individual does not go out, since she is not exposed to substance-related cues then.
And fourth, if the individual is a “blanc sheet” in terms of drug consumption, i.e.
if ¢(t) = 0, then substance-related cues cannot trigger uncontrolled consumption
since the neuronal links of an association between stimulus, response and outcome
have not been established yet.

Rehabilitation, is explained by another Poisson process, ¢"(f), with endoge-
nous arrival rate u”"(b(t), q(t)), which is an increasing function of the intensity of
therapy, b(t). The idea is that the participation in therapy increases the instan-
taneous probability that the individual experiences a therapeutic success. Note
that rehabilitation not only lowers the instantaneous pain but also the sensitivity
to substance-related cues via a reduction of the addictive state. That is, for a
given intensity, k(t), it lowers the instantaneous probability that the individual
looses control when she is exposed to substance-related cues. Moreover, we as-
sume 1" (0,q(t)) = 0 for q(t) > 0 and u"(b(t),¢™) = 0 for b(t) > 0. That is, if
the individual does not participate in therapy she cannot recover and addiction
cannot be entirely cured.

The participation in therapy comes along with certain instantaneous costs,
¢(b(t)). Note that we rather have non-monetary than monetary costs in mind
here. These costs include the cognitive efforts of tackling the issue of addiction
and the emotional pain of admitting that oneself has addiction problems.
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Thus the individual’s instantaneous utility function reads

u(k(t), b(t), ¢(t)) = v(k(t)) — 6¢(q(t)) — e¢(b(t)) (4.2)

and is additively defined as the sum of the three “sub-utilities”. §,e > 0 are
preference parameters measuring the relative weights assigned to mental suffering
and therapy costs, respectively. The instantaneous hedonic reward of going out
is assumed to be concave in k(t), the mental suffering is convex in the individ-
ual’s addictive state and the therapy costs are linear in the intensity of therapy
(Ov(k(t))/0k(t) > 0, 0%v(k(t))/0k(t)* <0, 0v(q(t))/dq(t) > 0, 0*¥(q(t))/0q(t)* >
0, 09(b(t))/0b(t) > 0, O*P(b(t))/0b(t)* = 0). Note that concavity in k(t) and con-
vexity in ¢(t) both reflect risk-aversion.

4.2.2 Optimization Problem And Optimality Conditions

The individual maximizes the expected life-time utility £,U(t), discounted at rate
p+ AP by choosing the optimal time paths of k(t) and b(t), taking into account
the instantaneous time restriction, the evolution of the addictive state, defined
by dq(t) with arrival rates p'(k(t),q(t)) and u"(b(t),q(t)), given an initial value
q(0) = ¢™ and an additional terminal condition, to be defined further below.
Formally,

max EU(t) = max E / e—[p+,\birth][7__t]u L(r 7b . alr dT}’
{k(1),b(1)}22, t () {k(7),b(7) ‘?—O—t{ t . ( ( ) ( ) q( ))
(4.3)

subject to [ > k(t) + b(t), dq(t) in (4.1) with p'(k(t),q(t)) and u"(b(t),q(t)) given
q(0) = ¢™ and a terminal condition. Following the idea of Yaari (1965), Blanchard
(1985) and D’Albis (2007), AP**h denotes the constant instantaneous probability
of “death”. Thus, the individual’s expected length of life at point in time ¢ is
T = 1/)\birth_4

As a terminal condition we require that the probability of being in addictive
state q(t) > ™ > ¢ at time T is zero,

P(q(T) > ¢™*,T) = 0% < P(q(T) < ¢"*,T) = 100%. (4.4)

This implies endogenously that k(¢™**,T) = 0, because then losses of control will
no longer appear and the addictive state will not exceed the threshold level ¢™®*.
Beside its mathematical necessary, the basic idea underlying this terminal condi-

4Similar to the apporach in Section 3.4 the background of this assumption is that we want to
look at cross-sections of an entire population of individuals at different point in times further
below.
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tion is that an individual reaches her physical and mental limits at the threshold
level ¢™** and is no longer able to go out. An alternative to this interpretation is to
assume the individual strives to achieve the long-run goal of the greatest possible
extent of self-control which then determines ¢™*.

The Hamilton-Jacobi Bellman equation (HJB) reads®

PV (q) = max {u(k,b,q) + p'(k,q) [V(g+ 1) = V(q)]
+u"(b,q) [V(g—1) = V(g)]}.

There are three components which build the instantaneous utility flow, pV'(¢). The
first component is the instantaneous utility of the pleasure derived from going out,
the costs of therapy and pain of deterioration. The second component describes the
first of two possible random events, a loss of control, which occurs with rate u'(k, q).
Whenever the individual looses control she consumes an addictive substance and
consequently her addictive state increases. Thus, she suffers the difference between
the value of state ¢ + 1 and the value of state q. The second random event
is rehabilitation and it occurs with rate p”"(b,¢). In this case, the individual’s
addictive state decreases by one unit and she enjoys the difference between the
value of state ¢ — 1 and the value of state q.

The first-order conditions (FOCs) are

(4.5)

Qu(k,b,q) _ Iu'(k,q)

ok ok

[V(g+1)-V(q)] (4.6)

and
duk,ba) O (b,q)

ab oy Vig—1) V(g (4.7)

The individual chooses the optimal intensity, k&, such that the marginal utility of
going out (LHS of the first FOC) equals the potential value loss due to a stochastic
increase of the addictive state, weighted by the increase in the arrival rate of a
loss of control (RHS of the first FOC). And she chooses the optimal intensity,
b, such that the marginal costs of therapy (LHS of the second FOC) equal the
potential value gain due to a stochastic decrease of the addictive state, weighted
by the increase in the arrival rate of rehabilitation (RHS of the second FOC). Put
simply, she chooses both intensities such that the benefits (or costs) of additional
engagement in the activity equal the potential loss (gain) of additional engagement
in this activity.

5See Appendix 4.A for a detailed derivation of the HIB.
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4.2.3 Optimal Behavior And Subjective Well-Being

To derive an explicit solution, we specify the instantaneous utility function as

u(k(t), b(t), q(t) = k()" — 5q(t)° — <b(t)", (48)

where 0 < a < 1, 5,7 > 1 denote utility elasticities.
The occurrence of losses of control is assumed to be driven by the arrival rate

H k() a(t)) = k(A [a(0)°, (4.9)

while M\ is a positive exogenous parameter and ( is a parameter that controls
whether the sensitivity to environmental cues increases over- or under-proportionally
in the addictive state.

The arrival rate of rehabilitation is

pr(b(t), (1)) = A"(q()b(t) = A"(q(t))b(t) (4.10)

with N
AT for g™ < q(t) < g™

) (4.11)
0  otherwise,

A(q(t) = {
while \" is a positive exogenous parameter.
Note that the latter three specifications imply that the problem simplifies to a
deterministic one for a “blanc sheet” individual, i.e. for a person with addictive
state ¢ = 0, because then®

pV(0) = k(0)* — eb(0)7. (4.12)
Clearly, this yields a corner solution, as we obtain from the FOCs
k(0) = kMo (4.13)

and
b(0) =0, (4.14)

while the intensity & is bounded from above by the instantaneous time restriction
[l > k+0b, such that k™** = [. If the individual is a blanc sheet, she can choose the
maximum intensity of going out without running the risk of loosing control and
becoming addicted.

Although our model can account for non-addictive individual’s behavior, it is
designed for explaining the behavior of addicted rather than non-addicted individ-

6See Appendix 4.B for the derivation of the HJB for the specific problem.
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uals as the latter is not in the focus of our attention. Therefore the transition from
being a non-addicted to being an addicted individual is not modelled explicitly.

ini

Using the above specification the maximized HJB and the FOCs read for ¢ = ¢

pV(q™) = [k(¢™)]" = 6[¢™)" — e [b(¢™)]

LT e e N (4.15)
+ k(@™ [¢™] V(@™ +1) = V(¢™)],
I ~1/(1-a)
k(qini) _ (_)‘ qC [V<q —;1) — V(Q)]) (416)
and
b(g™) = 0. (4.17)
For ¢ < ¢(t) < ¢™® we obtain
pV(q) = k(q)* — 8¢" — eb(q)” + k(g)XN¢° [V(g+ 1) — V(q)] (4.18)
+A"b(q) V(g — 1) = V(q)], '
l -1/(1—a)
k(g) = (—A ¢ [Via Zl) - V(qﬂ) (4.19)
and
, oy ~1/(1—)
b(g) = (A V(g 71; V(q)]) . (4.20)

For an individual with addictive state ¢ = ¢™ < k(¢™*) = 0 the problem
becomes

PV (™) = =317 — eb(g™)7 + N V(g™ = 1) = V(™)) (4.21)

k(q™™) =0 (4.22)
and
T max __ _ max =1/(1—7)
b(qmax) — (/\ [V(q fy]; V(q )]) ] (423>

From a mathematical perspective is the system described in equations (4.15) until
(4.23) a non-linear system of n = ¢™** equations in n = ¢™** unknowns (the values
V(.)), which can be solved numerically.” For the numerical computation we use
the parameter specification summarized in Table 4.1.

"For detailed information regarding the numerical approach see Appendix 4.C



4.2 The Model 92

Name of parameter

Notation \ Value

Utility elasticity of going out (risky activity) a 0.900
Utility elasticity of addictive state g 1.100
Utility elasticity of therapy ¥ 1.100
Preference parameter for addictive state 0 0.100
Preference parameter for therapy € 0.900
Sensitivity parameter ¢ 0.100
Parameter of the arrival rate of losses of control | A’ 0.130
Parameter of the arrival rate of rehabilitation A" 0.100

Table 4.1: Parameter values for the numerical solution

Moreover we fixed the time preference rate, p, at 0.020, the instantaneous endow-
ment with time, [, at 10.000, the instantaneous death probability, AP¥*® at 1/78,
the initial condition, ¢™, at 1.000 and the highest possible addictive state, g™,
at 48.000.

Optimal behavior is depicted in Figure 4.1. Note that we present here for the
moment a numerical example using meaningful parameter values in order to gain
a first impression of optimal behavior resulting from the model. Further below
we calibrate the model using real world data. The solution shows us that if an
individual is in addictive state ¢ = 1 she optimally chooses an intensity, k(q), of
going out, at which the marginal utility of going out equals its expected marginal
costs. At the same time she entirely renounces therapy, since she cannot improve
her current state. The higher an individual’s addictive state is, the less she de-
cides to go out and expose herself to substance-related cues. Such behavior can
be called optimal avoidance behavior (c.f. Section 3.3). The sharp bend in the
right picture of Figure 4.1 results from the corner solution for therapy at ¢ = ¢™.
The optimal participation equals zero in this state, as therapy is, by assumption,
not beneficial for an individual in this state. For ¢™ < ¢ < ¢™® therapy in-
tensity increases non-monotonically in the addictive state. The reason for this
non-monotony is mathematically the difference V(¢ —1) — V/(q) in equation (4.7),
which also increases non-monotonically in ¢. Intuitively spoken, is the difference
V(g — 1) — V(q) the potential utility gain that the individual obtains, if she has
therapeutic success, i.e. if the process ¢" jumps. This utility gain is the incentive
to participate in therapy and it varies depending on the addictive state. In our
numerical example the utility gain decreases for very low addictive states before it
then increases for higher addictive states. Hence, it makes sense for the individual
to limit the therapy intensity for very low addictive states and increase her therapy
participation for higher addictive states. Interestingly, this non-monotony seem-
ingly does not appear in the optimal intensity of going out, although the difference
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V(g+1)—V(q) appears in equation (4.6). The reason for this is the multiplication
of the difference V(g + 1) — V(q) with —¢* in FOC of going out. The term —q¢
decreases with an increasing rate in ¢ and “overlays” the non-monotony. In other
words, the development of optimal behavior as a function of the addictive state
depends significantly on whether the sensitivity to environmental cues increases
over- or under-proportionally in the addictive state on the one hand, and how the
utility loss varies in the addictive state on the other hand.
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Figure 4.1: Optimal intensity of engaging in the risky activity and in therapy as
functions of the addictive state

An individual’s subjective well-being is illustrated in Figure 4.2. It shows subjec-
tive well-being as a function of the addictive state. Subjective well-being here is
always negative (which is not a problem at all and only a matter of the choice of
parameters) and decreases nearly linearly in the addictive state, reflecting the fact
that an individual’s well-being is lower the higher her addictive state is. There
are several reasons for this. First, the individual optimally limits her engagement
in the beneficial but risky activity and thus forgoes the benefits from its pleasure,
second she participates more in therapy what comes a long with therapy costs,
and finally the individual is very sensitive to environmental cues due to her high
addictive state, what increases the risk of getting triggered. With her high partic-
ipation in therapy the individual tries to increase the chance to recover from such
a high deterioration.
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Figure 4.2: Subjective well-being as a function of the addictive state

4.3 Distributional Dynamics

Consider now, instead of looking at one individual we look at an entire population
of N > 1 individuals. Addictive states are distributed initially among the individ-
uals of the population according to a given initial distribution. For each individual
the evolution the addictive state is driven by two stochastic processes. We want
to understand, first, how addictive states are distributed across a population at
any future point in time 7 > ¢t and second, what determines the evolution of the
distribution of addictive states over time.

Before we tackle the first question, we have to make an important assumption.
We assume that the size of the population remains constant over time. This as-
sumption can have two different implication. Either we can consider individuals as
dynastic households, where parents inherit their addictive state to their offspring.
Or, we have to take deaths and births into consideration. As we imagine a popula-
tion of representative agents anyway, not their age, but only their addictive state
is the essential distinctive feature. Hence, instead of explicitly modelling deaths
and births, it is sufficient to imagine that individuals at some random point in
time step into an imaginary “fountain of youth”, which resets their current ad-
dictive state to the initial state. The occurrence of this event is described by a
Poisson process, ¢"*(t). We define the amplitude of the Poisson process for the
“fountain of youth”-event as —q(7) + ¢™. Then we can formulate the evolution of
the addictive state as follows.

dq(t) = dg'(t) — dq" (t) + (¢ — q(t)) dg"""(t), (4.24)
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Given this transition equation we can derive a system of Fokker-Planck equations
(FPEs).® For each addictive state, ¢™ < ¢ < ¢™®*, there exists a FPE. For ¢ = ¢™
we obtain

W) .
— T 1mi 1 mi 1 _ 1mni 11 mi
5 p (g™ + Dp(g™ +1,7) — [ (g™) + ™ p(g™, 7) (4.25)
+ ublrthzg;ﬂqixnip(i? 7—)7
for a general ¢™ < ¢ < ¢™* the FPE reads
OGT) _ (g + 1plg +1,7) = (1) + () + £ ¥]p(q, )
or ) ’ (426)
+ 1 (q—1)plg—1,7)
and for ¢ = ¢™** we have
8p(qmax,7_) o r( _max birth max

4 Ml(qmax . 1)p(qmax _ 177_>7

while p(q, 7) stands for the probability of being in state ¢ at time 7. Via the law
of large numbers we can interpret these probabilities as the share of individuals
within a population who is in addictive state ¢ at time 7, i.e. as an absolute
number. Taken together the FPEs for all n = ¢™** states constitute a system of
n = ¢ equations in as much unknowns.

This system explains how and why the number of individuals who are in ad-
dictive state ¢(t) changes over time. The LHS of equation (4.26) is the change
of the number of individuals who are in state ¢ at time 7. It is explained by the
three terms on the RHS. The first term shows that the number of individuals who
are in state ¢ at time 7 increases over time by the number of individuals who
previously were in state ¢ + 1, but recovered with rate u"(¢ + 1) at time 7. The
second term explains why the number of individuals who are in state ¢ at time
7 decreases over time. It decreases due to three reasons. First, individuals who
are in state g experience another loss of control with arrival rate u'(q) and thus
enter addictive state ¢ + 1. Second, they recover with rate p"(¢) and thus enter
addictive state ¢ — 1. And third, they die (or step into the fountain of youth) and
enter state ¢™. Finally, the third therm on the RHS of the FPE represents the last
reason why the number of individuals in state ¢ increases over time. Individuals
who previously were in state ¢ — 1 experience another loss of control with arrival
rate u'(q — 1) and consequently enter addictive state g. Calling the positive terms

8See Appendix 4.D.1 for the detailed derivation.
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on the RHS of (4.26) inflows and the negative terms outflows we can state that
change of the number of individuals who are in state ¢ at time 7 is explained by
the difference between the “inflows” into a state ¢ and the “outflows” out of a
state ¢. Consequently, dp(q,T)/OT describes the “net flow”. Note that in state
q = ¢™ individuals cannot recover anymore as pu"(b(t),¢™) = 0. This is why the
expression describing the outflow is different in (4.25). Additionally there appears
a sum on the RHS of this equation, which constitutes the part of the inflow into
state ¢™ due to the “fountain of youth”-event. Also in state ¢ = ¢™® the outflow
is different than for a general ¢'™ < ¢ < ¢™®, because individuals cannot reach or
recover from a higher addictive state, otherwise the terminal condition would be
violated.

The FPEs constitute a system of ordinary differential equations in p(.), which
can be solved, given a distribution p(1,0), p(2,0), p(3,0), ..., p(¢™) which serves
as the initial condition for the system. This allows us then to predict the addictive
states of all N individuals at each point in time 7.°

Once we are informed about the short-run distributional dynamics we should ask
what in the long-run happens. Will the distribution converge to some stationary
distribution or will it be degenerate? We obtain the long-run distribution by setting
the change in the frequencies equal to zero, such that they are time-invariant.

Thus, for ¢ = ¢™ we obtain,
ini lur(2)p(2a 7_) + Iubirth
p(q ) - l birth Y (428)
pH (1) + p
for qini <qg< qmax7
o(q) = p(a+Dplg+1,7)+p'(g — Dp(g — 1,7) (4.29)
pHq) + p(q) + pbied ’
and for ¢ = ¢™** we obtain
l( max max
max ™ = Dp(@™™ - 1,7
plgm) = 4 ol ) (4.30)

#r(qmax) + Iubirth

We learn that in the long-run the number of individuals who are in state q converges
to the ratio of inflows into state ¢ relative to outflows away from state q.

max

Again, the system (4.28) - (4.30) constitutes a system of n = ¢
n = ¢™* unknowns, which we solve numerically.!°

equations in

Figure 4.3 depicts a numerical example of the distributional dynamics of the

9For detailed information on the numerical solution see Appendix 4.D.2.
10A detailed description of the numerical approach is provided in Appendix 4.D.4.
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addictive states. We considered that the individuals of our fictive population of
size N are initially normally distributed across all possible addictive states, ¢™ <
g < ¢™*, with mean value ¢ = 25 and a standard deviation of 6 at t = 0. This is
represented by the green line in the figure. The black lines illustrate the evolution of
the distribution in the course of time. Over time the distribution shifts continually
towards lower addictive states. The evolution stops, as soon as the stationary
distribution, drawn in blue, is reached. In the picture the adjustment process
has not yet been fully completed after 100 years. In the stationary equilibrium
the distribution is slimmer than the initial normal distribution and the new mean
addictive state is at ¢ = 3. So this example demonstrates a positive development,
as the population is healthier than in the initial state. Note that the distributional
dynamics are driven by the optimal behavior displayed by the individuals.

e-initial
-e-stationary
0.2
0.15
S 0.1
a
0.05
0
100

Figure 4.3: Time evolution of probability distribution

4.4 Welfare Analysis

In many countries around the world policies and legislations regarding addictive
substances have been adopted. They involve e.g. prohibitions on consumption,
ownership, trade, production (in most countries for heroin, cocaine, amphetamine,
cannabis), age restrictions, (partial) advertising bans, non-user protection laws
(smoking at the workplace and in public buildings), increased taxes on addictive
substances (alcohol and tobacco), regulation on product contents and packaging
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(tobacco, “alcopops”), awareness-raising campaigns and prescription requirements
(pharmaceuticals).!!

So far we understand the short- and long-run dynamics of addiction. Now we
can ask how and to what extent these interventions affect mental health and well-
being of a population. This is why we devote this section to analyze welfare-related
questions within the framework of our formal model.

The above-mentioned policy interventions can be attached to (at least) one of
the following three objectives that might be pursued by a benevolent planner.

(a) protecting individuals against externalities,

(b) protecting boundedly rational or distorted individuals against suboptimal
decisions,

(c) protecting individuals against mistakes.

It is a well-known fact that public policy interventions can be justified economi-
cally if objective (a) is pursued, provided that externalities exist. We do not doubt
that externalities of addictive behaviors in fact exist and we also think that im-
plementing externalities into an addiction framework would be highly interesting.
However, we rather focus on the “externalities” of addictive behaviors on individ-
uals’ own mental health. Thus, we should not analyze a policy intervention with
objective (a).

We should also not analyze an intervention with objective (b) since individuals
in the current model are not boundedly but fully rational as they are not distorted
in their perception (unlike for instance in Gruber and Koszegi (2001)) and also
are fully informed about all consequences of their behavior. Thus, an economic
rationale based on bounded rationality which would justify an intervention is not
given. Moreover there exists a well-structured branch of literature which addresses
this issue already.!?

The novelty in BR’s approach is that they consider the consumption of an ad-
dictive substance as a mistake, although the individual is unboundedly rational.
So, we should focus on policy interventions with objective (c). What kind of in-
terventions into individual behavior with the objective to prevent individuals from

HThis list does not claim to be complete.

12T the most influential works of this category count, inter alia, Camerer et al. (2003) (asymmet-
ric paternalism), Choi et al. (2003) (optimal defaults), Carroll et al. (2009) (optimal defaults
and active decisions), Thaler and Sunstein (2003) (libertarian paternalism) Thaler and Sun-
stein (2009) (nudge) and O’Donoghue and Rabin (2006) (sin taxes). Beshears et al. (2008)
explain that “human behavior is jointly determined by both normative preferences and other
factors such as analytic errors, myopic impulses, inattention, passivity, and misinformation.”
Of course, if the distorting component is known, normative preferences can be identified and
used to infer an adequate welfare norm.
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failing do we know from the real world? Two quite famous examples can be found
in London’s traffic system. First, to prevent that tourist pedestrians accidentally
get involved in accidents, bold letters were painted on the curbs telling them in
which direction to look before stepping out in the street'®. Second, the announce-
ment “mind the gap” in the London Underground reminding passengers to mind
the gap between the platform and the train, has the purpose to urge travellers to
stay mindful when leaving the train to prevent serious accidents. In our model
the most straightforward way to avoid mistakes is to eliminate their cause. If
substance-related cues would not at all be part of an individual’s environment,
mistakes would not happen. But a full elimination of all environmental stimuli is
practically utopian. However, beyond doubt, the introduction of advertising bans
regarding certain addictive goods at least reduces the likelihood of occurrence of
these cues. And not only the reduction of cues can help to make an environment
“safer”. Also the creation of counteracting cues (like in the examples above) can
have a similar effect, given it lowers the probability of an individual to loose control.
Nowadays many European countries adopted a law that requires cigarette compa-
nies to print deterrent pictures on cigarette packs. The idea is that the pictures
of smoke-filled lungs and rotting teeth make the harmful effects of smoking more
salient to potential consumers and thus mitigate the instantaneous probability of
being triggered by seeing a cigarette packet. Further examples are awareness-
raising campaigns like the German campaign “Alkohol? Kenn Dein Limit”!* of
the Federal Centre for Health Education'® supported by the Private Health In-
surance Association'® (Bundeszentrale fiir gesundheitliche Aufklarung, 2016). To
the actions undertaken pursuant to that campaign count inter alia the use of bill-
boards and posters to provide warnings regarding excessive alcohol consumption
and information about its harmful consequences. Moreover, there are examples of
corporate social responsibility. Since May 2013 the international brewery group
“Anheuser-Busch Inbev” decided voluntarily to print pictograms on their beer bot-
tle labels signalizing the dangers of alcohol during pregnancy and of drink-driving
(Anheuser-Busch InBev, 2016). Other than that, the legal prohibition of a certain
addictive substance might have a similar inhibiting effect. Following BR also price
increases may hinder cues of triggering individuals. Thus taxation can also be
interpreted as a step to create counteracting cues.

In this context we want to ask the following questions. First, results an in-
creased protection of individuals against mistakes from the implementation of the
strategies mentioned in the previous paragraph? Second, can such an intervention
be justified economically and is it welfare-enhancing? And if yes, third, what is

BFollowing BR’s pedestrian example.

in English: Alcohol? Know your limit.

15 «“Bundeszentrale fiir gesundheitliche Aufklirung” (BZgA)
16«“Verband der Privaten Krankenversicherung e.V.”
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the optimal policy?

Following the argumentation above, we model exemplary the promulgation of
an awareness-raising campaign as a decrease in the parameter of the arrival rate
of losses of control, A!. As individuals in the model are entirely rational and fully
aware of the consequences of their behavior including their mistakes, subjective
well-being is an adequate welfare standard.

4.4.1 Comparative Statics

To obtain a first impression of the effects of an adjustment of ' on individual
behavior and on subjective well-being, we analyze the comparative statics.

Within the framework of our numerical example we consider a decrease of the
parameter of the arrival rate of losses of control, Al = 0.120, as well as an
increase A, = 0.140, relative to the status quo, A' = 0.130 and ask, how the
optimal intensity of going out, the optimal therapy intensity, subjective well-being

and the stationary distribution of addictive states change, ceteris paribus.

Figures 4.4 and 4.5 illustrate the effects of the interventions on optimal behavior.
The solid lines show the status quo for comparison. The dashed lines represent the
effects of a reduction of the parameter of the arrival rate of losses of control (safer
environment) on optimal behavior. Finally, the dotted lines illustrate the effects
of the opposite scenario, an increase of the arrival rate of losses of control (riskier
environment). The results show that individuals decide to go out more frequently,
i.e. to take more risk, when they live in a safer environment. To understand the
reason for this change in behavior we should remind ourselves that individuals are
confronted with the trade-off between going out and enjoy the related pleasure and
risking to loose control and increase their addictive state due to their exposure to
substance-related cues. In consequence of a decrease in ' a utility loss due to a
stochastic increase of the addictive state becomes, ceteris paribus, less likely (the
RHS of the FOC (4.6) decreases). Through the endogeneity of the arrival rate, p',
individuals can actively influence the likelihood of a potential loss. They optimally
increase the engagement in the risky activity until the FOC (4.6) holds. In the
new optimum the arrival rate (4.9) is now higher for all ¢ than it was in the status
quo. Individuals compensate the additional risk through a higher participation in
therapy. Participation in therapy serves as a means for preventing that individuals’
addictive state climbs too high.
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Figure 4.4: Optimal intensity of engaging in the risky activity depending on

environment
0.2
)
©0.15
()
<
=2
;«:’3 0.1
£
©
£
5 0.05¢ .
° NS ---safer environment
'''' —baseline
0 ‘ e riskier environment
0 10 20 30 40 50

addictive state

Figure 4.5: Optimal therapy intensity depending on environment

By contrast, a promotional campaign which propagates substance consumption
has the opposite effect on individuals’ optimal behavior, i.e. it leads to a lower
intensity of both, going out and participation in therapy. The explanations above
conversely.

Providing a safer environment obviously creates an incentive to stay more fre-
quently in a potentially triggering environment and simultaneously to invest more
time in safety behaviors and vice versa. The increasingly pressing question is what
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effects such public policy interventions have on subjective well-being. The effects
of both public policy interventions on subjective well-being are depicted in Fig-
ure 4.6, which shows the differences in subjective well-being relative to the status
quo (baseline). Living in a safer environment leads to an increase in subjective
well-being for ¢™ < ¢ < ¢™® while living in a riskier environment leads to a
decrease in subjective well-being for ¢™ < ¢ < ¢™®. The increase in subjective
well-being results from the possibility to enjoy more pleasure of going out in a safer
environment and relatively less additional need for spending time in the disliked
therapy sessions. Vice versa, a riskier environment decreases subjective well-being
as individuals are forced to decrease the intensity of going out and to enjoy its
related pleasures. This loss overweights the positive utility effect of a decrease in
the participation in therapy. Hence, policy interventions that manage to reduce
the capability of substance-related cues to trigger individuals enhance subjective
well-being and are therefore economically justifiable, given subjective well-being
is used as welfare standard. Note that the differences in subjective well-being are
greater in lower addictive states than in higher ones. This follows directly from
the fact that the differences in optimal behavior are also greater in lower than in
higher states.
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Figure 4.6: Subjective well-being depending on environment

The next question to be answered is what distributional effects the considered
policy interventions have. We tackle this question by means of the methods de-
scribed in Section 4.3. Given the optimal behavior in the different environments,
we can derive the stationary distributions which result from the interventions. The
results are depicted in Figure 4.7. The solid line in this figure represents the sta-
tionary distribution of addictive states across a population in the status quo, i.e.
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prior to a policy intervention. Although a policy intervention that creates a safer
environment increases subjective well-being for all addictive states, it leads to a
deterioration of a population’s distribution of addictive states on the aggregate
level and vice versa for a policy intervention that creates a riskier environment. In
the new stationary equilibrium of the safer environment, depicted by the dashed
line, the share of individuals in lower addictive states decreased, while the share of
individuals in higher addictive states increased. At first glance, this development
seems counter-intuitive. But the direction of these distributional effects becomes
obvious, when one considers the change of optimal behavior in reaction to the
policy intervention. In response to the intervention, individuals go out more of-
ten such that the absolute frequency of losses of control increases (although the
relative frequency decreased). The latter effect overweights the opposite effect of
additional participation in therapy after the intervention. This explains the shift
of the distribution towards higher addictive states. The distributional effects are
reversed in case of a riskier environment. The resulting stationary distribution
in a riskier environment, depicted by the dotted line in Figure 4.7, shifts towards
lower addictive states.
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Figure 4.7: Impact of environment on stationary distribution

So far, we have found that a safer environment, ceteris paribus, increases subjective
well-being for all addictive states ¢™ < g < ¢™®, however, on the aggregate level
it leads to a situation in which the share of individuals with a higher addictive
state is greater and the share of individuals with a lower addictive state is lower.



4.4 Welfare Analysis 104

4.4.2 A Benevolent Planner’s Problem

This subsection’s purpose is to present an approach to deriving an optimal public
policy decision regarding the environment in which individuals live. Although we
do not explicitly derive the optimal public policy here, we believe that a description
of a benevolent planner’s decision problem is a good starting point for future
research.

We consider a benevolent planner who maximizes, by choosing \!, the probability
weighted!” sum of aggregate subjective well-being (which takes individuals optimal
behavior as given) minus the aggregate adjustment costs, ®(A!) = |\] — \!|, while
A, reflects the status quo and & is a weighting factor reflecting the cost intensity of
interventions. Note that we would obtain a corner solution ()\épt = 0) in absence
of adjustment costs. It is hard to imagine that substance-related cues can be
entirely and at no costs suppressed, therefore adjustment costs reflect the costs of
the implementation of the planner’s decision which increase in the extent of the

implemented adjustment. Formally,

max W (t) = max {NqX:p(i, V(AL i t) — m@(AZ)} : (4.31)

l
A A i1

The FOC reads

max

N Z [p(i,) [K'(N' q) + 1" (N q) [V(NL i+ 1,8) — V(N 4, 8)]

+ 1N [V i+ 1,t) = VXL, 1)]]] = k®/(N) =0

(4.32)

The benevolent planner optimally chooses A! such that the marginal gain in sub-
jective well-being equals the marginal costs of adjustment. Note that this opti-
mization problem is formulated in a static fashion. The solution crucially depends
on the current probability distribution of addictive states. As we have found out
that the probability distribution reacts to changes in the arrival rates of losses of
control )\fjpt would need to be adjusted at each instant in time.

Thus, we formulate a more general version of an optimization problem which
does not neglect the time evolution of the probability distribution of addictive

1"Note that we do not apply the law of large numbers here and thus interpret p(i,7) as the
probability for an individual to be in state ¢ at time 7.
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states. It reads as follows

max Et/ e P W (p(7))dr =
¢

{AH ()3,
00 qmex
max < F et N MN(7),4,7), VIN(7), 4,7
o :ot{ t/t [ ;f(p( (7),8,7), V(N (7),4,7)) (4.33)
— K(AN(7)) dT},
subject to

Op(N'(7),q,7)

57 = u(q+ L)p(N(7),q+1,7)

— [N (), @) + 1 (q) + 1" p(N(7), ¢, 7)
+ 1t (T), g — Dp(\(7), q — 1,7),

(4.34)

and given an the initial conditions A(#) = Al and for the initial probability distri-
bution p(Al(t),q,t) = pii.

Function f(.) denotes the objective function and the change in the arrival rate
of losses of control at time t is AXN(¢). The second problem is a highly complex
optimization problem and its solution is the optimal policy function, i.e. the
optimal time path of the arrival rate of losses of control as a function of the
probability distribution of addictive states, A'(p(7)). As mentioned above is the
intention of this section not to solve such optimization problems explicitly but
rather to make interesting suggestions for future research. Therefore we leave it
at that for now.

4.5 An Application: Binge Drinking In Austria

In order to assess the quantitative usefulness of our framework, we apply it on
empirical data on “binge drinking” behavior in Austria. Binge drinking is a form
of hazardous alcohol consumption explicitly aiming at the drunkenness of the con-
sumer. We decided to use data on binge drinking behavior rather than data on
alcohol consumption in general, because binge drinking has nothing to do with
thoughtful and cautious alcohol consumption but unambiguously constitutes a
misuse of alcoholic beverages and thus matches the interpretation of substance
consumption as a loss of control in our theoretical framework very well. The rea-
son why we picked Austria is twofold. First, according to the individual country
profiles of the “Global status report on alcohol and health” (World Health Orga-
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nization, 2014b, p.198) Austria counts worldwide to the nations with the highest
amounts of alcohol consumption per capita of the 15+ population (10.3 litres of
pure alcohol in total, 13.8 litres of pure alcohol for drinkers only, both in 2010),
a relatively low share of abstainers (22.6% of the overall 15+ population within
the last 12 month) and an alarmingly high share of binge drinkers (40.5% of the
overall 15+ population, 52.4% drinkers only, both in 2010). At the same time in
Austria exists no legally required health warning labels on alcohol, which makes
the simulations of public policy interventions further below even more interesting.
The second reason for picking Austria is rather trivial as it simply concerns the
availability of good data, which we will briefly describe in the following subsection.

4.5.1 The Data

The data we use were mainly collected through “Computer Assisted Telephone In-
terviewing” between October 2013 until June 2015 by STATISTIK Austria (2015,
p.186 f.) on behalf of the Austrian Federal Ministry of Health and are part of the
main results of the Austrian Health Interview Survey (ATHIS). In total 15,771
randomly selected persons aged 15 and over of the resident population in Austria
were interviewed. In the course of the survey the frequency of the respondents’
binge drinking behavior during the last twelve months was recorded. In doing
so, binge drinking was measured (as usual) as the consumption of 60 grams of
alcohol or more (or six or more alcoholic beverages) on a single occasion. Table
4.2 summarizes the results. We truncated the original data to the left for persons
who never did binge drinking in their lives and normalized the data afterwards
such that the resulting proportions refer to the total number of all persons, N,
who have indicated that they consumed alcohol within the last 12 months and did
binge drinking at least once in their lives. The reference quantity projected to the
entire Austrian population is then N = 5,095, 300 persons.

Frequency of binge drinking ‘ Proportion
Not within the last 12 months | 42.34%
Less than once a month 31.35%
Once a month 14.97%

On two to three days a month | 7.95%

On one to two days a week 2.69%

On three to four days a week | 0.35%

On five to six days a week 0.12%
Almost every day or every day | 0.23%

Table 4.2: Binge drinking frequency in Austria
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4.5.2 Calibration

The first step of the empirical application is the calibration. Once the parameters
are calibrated we can then predict the effects of a policy intervention in a second
step. The empirical distribution of binge drinking frequencies gives us eight targets
to be met. In our opinion it is very likely that the reported frequencies are pos-
itively correlated to the individual’s addictive states. Moreover we set ¢™** = 48
and assume that each of the eight drinking bahaviors can be assigned to a range of
six addictive states, i.e. Zgzqimp(q) corresponds to the proportion of persons who
did not do binge drinking within the last 12 months, 2312:6p(q) corresponds to the
proportion of persons who did binge drinking less than once a month, etc.

We have eight parameters to be calibrated and as many targets. The calibration
method is as follows. We require that each of the eight above mentioned sums over
six addictive states equals the value of its corresponding proportion of persons
displaying a particular binge drinking frequency. Defining x as a vector of n
parameters to be calibrated and f;(z) as the i-th of n residual functions depending
on the parameter values, this gives us the following minimization problem to be
solved

min {f1(2)* + fa(2)* + - + ful(2)}. (4.35)

As in Section 3.6.1 we use Matlab’s routine [sqnonlin to solve this problem nu-
merically. The latter is a non-linear least-squares method. In other words, the
routine minimizes the sum of the squared function values, i.e. the sum of the
squared residuals, by choosing the parameter values for o, 3,7, d, €, (, A\, \", while
the residual functions are defined as

Ai@) =3 pli) = > p) (4.30)
Fal@) =3 pli) = P ) (4.37)

folw) =Y p(i) = > p==t(i) (4.38)

1=43 1=43

After the calibration all parameters have meaningful values and are in the range
one would expect. The parameters are summarized in Table 4.3.
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Name of parameter

Notation \ Value

Utility elasticity of going out (risky activity) « 0.780
Utility elasticity of addictive state I5; 1.089
Utility elasticity of therapy vy 1.085
Preference parameter for addictive state ) 0.086
Preference parameter for therapy € 0.914
Sensitivity parameter of the arrival rate of losses of control | ¢ 0.082
Parameter of the arrival rate of losses of control N 0.116
Parameter of the arrival rate of rehabilitation A" 0.085

Table 4.3: Calibrated parameter values

Figure 4.8 illustrates the calibration results and their quality of fit. Note that the
residuals are expressed in absolute values and are not normalized, i.e. they are not
in relation to the size of the area the corresponding integral reflects. The largest
deviations from zero are smaller than 1.4e~2, which is appropriate for testing the
quantitative usefulness of the model.
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Figure 4.8: Target and equilibrium distribution as well as residuals

4.5.3 Policy Intervention

As a policy intervention we consider an awareness-raising campaign on the risks
associated with binge-drinking. In accordance to Section 4.4, the campaign’s ob-
jective is to protect individuals against mistakes. We assume that the campaign
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eliminates 20% of all substance-related cues and thus makes individual’s environ-
ment safer. Formally, we assume a decrease in the arrival rate of losses of control
by 20%. The questions we ask are as follows. First, to what extent will individuals
engage more in going out and in therapy participation? Second, to what extent
increases subjective well-being? Third, how affects the intervention the stationary
distribution of addictive states? And finally, how long does it take to arrive at the
new stationary distribution?

Figure 4.9 illustrates the absolute and relative changes in the optimal intensities
of going out and therapy participation in consequence of an awareness-raising
campaign. The graphic shows that relative change in the intensity of going out
is hump shaped and varies between approximately 77% and 156%. That is, for a
wide range of addictive states, the individual optimally goes out more than twice
as frequently than before. At ¢ = 48, the optimal intensity equals zero before and
after the intervention due to the terminal condition. The relative change in the
optimal therapy intensity is inversely hump shaped and the size of the relative
change varies between an increase of 20% and 216%. At ¢ = 0 both therapy
intensities, before and after the campaign, are zero, as the campaign has no effect
on these intensities.
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Figure 4.9: Changes in optimal intensities of engaging in the risky activity and
therapy in consequence of an awareness-raising campaign

What effect have these behavioral changes on subjective well-being? The absolute
and relative changes in subjective well-being are depicted in Figure 4.10. Interest-
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ingly, from a relative perspective the gain in subjective well-being is distributed
quite unequally across the addictive states. While individuals with addictive states
greater and equal 6 gain less than 50% in subjective well-being, individuals in state
q = 3 benefit the most from the campaign. They gain enormous 373% in their
subjective well-being. The reason for that is that individuals in state ¢ = 3 are
borderline cases whose subjective well-being is near zero before the intervention
and significant different from zero afterwards. In general, we can state that indi-
viduals in lower addictive states tend to benefit more than individuals in higher
addictive states.
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Figure 4.10: Absolute and relative change in subjective well-being as a result of an
awareness-raising campaign

Figure 4.11 represents the new equilibrium distribution of addictive states (blue)
compared to the old one (green). The comparison clearly shows that the share of
individuals with addictive states below 14 diminishes, while the share of individuals
in higher addictive states, ¢ > 14, increases. Note that also the share of individuals
in very high addictive states increases. In the long run the share of individuals in
addictive states 1 until 13 shrinks from initially 77% to 56% and accordingly the
share of individuals in addictive states 14 until 48 grows from 23% to 44%.
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Figure 4.11: New and old stationary equilibrium distribution

Figure 4.12 yields information about the duration of the adjustment process from
the old to the new stationary equilibrium. The new equilibrium distribution is
reached not earlier than after 300 years.!® At first glance this seems to be extremely
long. However, when assessing this we should take the relative difference of the
distribution of addictive states at time ¢ to the new stationary distribution into
consideration. This is drawn in Figure 4.12. The graphic shows that at time ¢ = 0
the difference is quite high at high addictive states (up to —100%) and about half
as large at medium and low addictive states. The reason for that is that in the
status quo the share of individuals in high addictive states is extremely small such
that the relative difference to the new stationary distribution becomes very large.
Vice versa, this holds for medium and low addictive states. Thus, the development
from the status quo to the new stationary equilibrium distribution is characterized
by building up a certain mass at the very high addictive states. The latter can be
explained by the FPE (4.26). Applied on a high addictive state, say ¢ = 45, we see
that the inflow into this state is very small, for two reasons, first individuals keep
the arrival rate of losses of control very low by choosing to go out rather seldom
at ¢ = 44 and second, since there is nearly no mass at ¢ > 46, there are only few
individuals who can recover and enter ¢ = 45. At lower addictive states, however,
exists more mass, which underlies the dynamics and the arrival rates of losses of
control and recovery have higher values due to individual’s optimal choice of the
control variables.

18In an analytical context, the stationary equilibrium will be reached ad infinitum. At this point,
however, we argue in a numerical context. Thus “reaching” means that the deviation of the
distribution at time ¢ from the stationary distribution is adequately small.
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Figure 4.12: Adjustment process from the old to the new stationary equilibrium
distribution

4.6 Conclusion

In many societies substance-related addictions are a problem which cannot be
ignored. Some addictive substances like alcohol and tobacco are more popular
(alone because they are not illegal in many countries), whereas others, mainly
illicit substances, e.g. heroin or cocaine, are consumed by a rather small share of
the society but often unfold their destructive or fatal effects even quicker. Those
who are concerned suffer sooner or later under severe physical and mental health
problems, which is associated with tangible and intangible costs for the individuals
and the society as a whole.

Theoretical economic research on addiction can look back on a history of almost
30 years (considering Becker and Murphy (1988) as its starting point). While the
most recent model of addiction developed by Bernheim and Rangel (2004) ex-
plains addictive behavior on the micro level very well, it has not yet been applied
to understanding the developments on the macro level. The latter is the main
concern of the present paper. Our primary goal was to understand how addiction
is distributed among a population and what the main drivers behind the distribu-
tional dynamics of addiction are. Beyond that we applied our findings to analyze
the effects of current public policy strategies with the aim of tackling addiction
and reducing individual and societal pain. In order to achieve our goal, we for-
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mulated a continuous time version of BR’s model, in which individuals not only
make binary choices when deciding how to allocate their time. In our framework
individuals choose frequencies. That is, individual’s optimal choices provide us
with level information rather than qualitative information only. On the individ-
ual level we have found that individuals become more carefully the higher their
addictive state is, i.e. they limit their engagement in risky activities that might
increase their addictive state and invest instead in the chance of future recovery.
Subjective well-being decreases with an increasing addictive state as individuals
enjoy less instantaneous pleasure from engaging in the risky activities and suffer
more instantaneous pain from physical and mental deterioration.

On the aggregate level we learn that the distribution of addictive states as
well as their dynamics crucially depend on how much risks individuals take and
how much they engage in health care behaviors. The ratio of risk taking to care
taking behavior influences the in- and outflows of individuals into and out of
each addictive state. In the long-run the ratio of in- and outflows determines the
stationary distribution.

Possible approaches to intervene and to improve the current situation are much
debated in research, policy and media. Public policy interventions normally change
the environment individuals live in. Many of them which are currently debated or
have already been put into practice make environments safer, like advertising bans
for addictive substances, health warnings on cigarette packages, awareness rais-
ing campaigns. A safer environment allows individuals to adjust the ratio of risk
taking to care taking behavior, such that they can enjoy more instantaneous plea-
sure. Thus, public policy interventions which create safer environments enhance
subjective well-being.

However, such interventions contribute to a deterioration of a populations’
health condition. This result is quite counter-intuitive and at first glance it sounds
even impossible. But we should understand that the absolute number of individu-
als who are in higher addictive state increases, but also the frequency with which
individuals engage in the risky activity. At this point, it is important to mention
that it would be wrong to conclude that all advertising bans etc. are inappropriate
policies. On the contrary, in fact they bring the desired result as they decrease the
chance that an individual exposed to a substance-related cue yields to temptation.
From the adjustment of individuals’ behavior results then a change in the distri-
bution of addictive states on the aggregate level. The latter might be undesired.
This reveals, however, the necessity of additional steps to be undertaken to steer
this development into a desired direction.

Moreover our results are particularly interesting in the light of the debate about
printing warning labels on tobacco and alcohol products. While some of the pro-
ducers vehemently resist against the introduction of regulations, others, like the
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brewery group Anheuser-Busch Inbev deliberately and voluntarily decide in favour
of labelling their own products and potentially benefit from this decision beyond
the pure image improvement through the individuals’ additional willingness to
take risks.

To receive an impression of the quantitative usefulness of the model we applied it
to binge drinking behavior in Austria. Austria belongs worldwide to the countries
with one of the highest amounts of alcohol consumption per capita and has not yet
implemented any legal requirements for health warning labels on alcohol. We cali-
brated our model such that the stationary distribution of addictive states matches
the empirical distribution measured by STATISTIK Austria (2015, p.186f.). The
stationary distribution was then taken as an initial equilibrium distribution and
thus as a starting point to simulate an awareness-raising campaign (or a similar
policy intervention with the aim of protecting individuals against mistakes). The
results show that on the individual level the intensity of engaging in risky activ-
ities increases by 77 — 156%, while optimal participation in therapy increases by
20 — 216% (depending on the addictive state). The gain in subjective well-being
strongly depends on the individuals’ addictive state. Individuals in low addictive
states tend to gain more (up to 373%) subjective well-being than individuals in
higher addictive states (only up to 50%). Due to the intervention in the long term
the share of individuals in lower addictive states shrinks from initially 77% to 56%
and accordingly the share of individuals in higher addictive states grows from 23%
to 44%. The adjustment process after an intervention takes as a whole about 300
years, which is in deed extremely long. However and against a widely-held view,
this computation shows that public policy interventions do not necessarily develop
their full effect immediately or within a very short horizon of a few years but, in
fact, only within a very long time horizon.

To provide an outlook on possible future research, we outlined a benevolent
planner’s problem and demonstrated how the continuation the welfare analysis
may look like. The idea is that the benevolent planner maximizes the probabil-
ity weighted expected aggregate subjective well-being of a population minus the
aggregate adjustment costs, which result from an intervention, taking the distri-
butional dynamics of the addictive states into consideration. The solution of the
planner’s problem yields the time-path of the optimal policy. Future approaches
could also consider other forms of policy interventions, e.g. a reduction of the
amplitude of a Poisson jump, which corresponds to a reduction of the extent of
losses of control. According regulations in the real word are the introduction of
a blood alcohol limit, a prohibition of consumption in public, the provision of su-
pervised consumption rooms for heroin addicts or the establishment of methadone
programimes.

Our approach is limited to explain cue-elicited substance consumption and does
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not explain non-triggered substance consumption. Certainly, our approach looses
some explanatory power due to this limitation, but since we focus on behaviors
that constitute a serious societal issue we consider this limitation as appropriate.
Other than that there are existing well-developed approaches in the economic lit-
erature, discussed in greater detail in the related literature section, which focus on
non-triggered substance consumption. However, in this context we should address
another important issue. Due to our focus on cue-elicited substance consumption
our model does not explain the genesis of addictions. Although we think that this
would be highly interesting, it goes far beyond the scope of this paper. The gen-
esis of addictions often has deeper psychological reasons which are not taken into
account in the current framework. But we think this would be a very interesting
and enriching extension, which we leave for future research.



Appendix

This appendix contains all analytical derivations and descriptions of the numerical
approaches.

4.A The Optimal Control Problem In General Form

The general form of the Hamilton-Jacobi-Bellman (HJB henceforth) equation
reads'®

pV(q) = max {u(k, b,q) + %Etd\/(q)} . (A.1)

The differential of V'(¢) can be derived given the transition equation of addiction
in (4.1) and the change of variable formula®®

dVi(g)=[V(g+1)=V(g)] dd' = [V(¢—1) = V(q)] dq", (A.2)

Applying expectations to the differential basically consists of applying expectations
to the dg-terms. Generally speaking, E;dq = pdt where u!(k,q) and u"(b,q) are
the arrival rates of the Poisson processes ¢! and ¢", respectively. Plugging this into
the general HJB equation (A.1) finally gives

PV (g) = max {u(k,b,q) + p'(k,q) V(g + 1) = V(] + 1" (b,q) V(g — 1) = V(g)]} .
(A.3)

The first order conditions define the optimal intensities of engaging in going out,

Time indices are suppressed from now on.
Wgee e.g. Wiilde (2012), ch. 10.2.2: If there is a function F(z,t), where variable z is driven by
a stochastic process, then the differential of F' is given by

dF (t,z) = %F(t, )dt + %F(t, 2)a()dt + {F(t, + b(.)) — F(t,z)}dg.
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k, and participating in therapy, b,
Qu(k,b,q) _ Iu'(k,q)

ok ok

V(g +1) = V(g)] (A.4)

and

Ou(k,b,q) _ Ou(b,q)

0b 0b

Vig—=1) = V(g)]. (A.5)

4.B The Specific Optimal Control Problem
Instantaneous utility is specified as

u(k(t),b(t), a(t) = k()" — dq(t)” — eb(t)” (B.1)
Given this specification, the HJB reads?!

PV (q) = max {k* — 5¢” — eb(t)" + kNq V(g +1) = V(q)]

(B.2)
+0X\"(q) [V(g — 1) = V(q)]},
while the FOC are
l - ~1/(1-a)
Ha) = (_/\ q[V(q +a1) V(q)]) (B.3)
and X'(q) [V(g = 1) = V(g)] )"
N e o

The maximized HJB equation reads

pV (q) = k(q)*=6¢°—eb(q)"+k(q)Xq [V (g + 1) = V()]+b(q) N (q) [V(¢ — 1) —(V(q>)]
B.5

4.C The Numerical Approach Of Solving The
Optimization Problem

Let v = [v1,09,...0,] be a vector, its elements vy, v, ... v, describe the values
of optimal behavior in state ¢ = [1,2,...n], while n corresponds to the highest
possible addictive state ¢™®*.

21 Again, time indices are suppressed from now on.
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The general structure of the equation system we are aiming to solve reads

0= f(vb UQ)

O = g(vla U27U3)

0 = g(v2, v3,v4) (B.6)
0 = h(vn-1,vn),

while f(.), ¢g(.) and h(.) are non-linear equations in their arguments. Each of
these n equations is a maximized Hamilton-Jacobi Bellman equation fixed at a
given state ¢ = [1,2,...n]. The left-hand side of each equation is the residual and
thus set equal to zero. As a whole it is a system of n equations in n unknowns.
Note that we reduced the number of equations and unknowns by using maximized
HJBs instead of HBJs to be maximized. The latter would double the number of
unknowns and equations and makes the problem numerically less tractable and
more difficult to solve.

Given an initial guess, v'™ = [Uilni, vl .Uiﬂ, we solve the system (B.6) with
Matlab’s built-in solver fsolve.

4.D The Evolution Of A Populations’ Addictive
States

In general the method applied here closely follows the five-step procedure described
in Bayer and Wilde (2013) and in Nagel (2013, p.9ff.).

4.D.1 Derivation Of The FPE
Step 1 (An Auxiliary Function And Its Time-Evolution)

The time-evolution of addictive states is described by

dq(t) = dg'(t) — dq"(t) + (¢™ — q(t)) dg"™™(t), (B.1)

where the first term on the RHS describes an increase in the addictive state in
consequence of the occurrence of a loss of control, the second term is the rehabil-
itation process that decreases the addictive state endogenously through therapy
and the third term is the “fountain of youth”-process which we take into consid-
eration to keep the size of the population constant on the aggregate level. The
evolution of the state variable is driven by stochastic processes with discrete real-
izations, which leads to a special class of FPEs, which describe the time-evolution
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of probability distributions (instead of the dynamics of densities in case of con-
tinuous realizations). More detailed explanations regarding the different classes
of FPEs and particular examples of FPEs resulting from Poisson processes with
discrete realizations are provided in Birkner and Wélde (2016, ch.8). Therefore
this derivation also follows the approach outlined there.

Given optimal behavior, i.e. k(t) = k(q(t)) and b(t) = b(q(t)), the corresponding
arrival rates are as follows.

w'(a(t) = k(a(t)Nq(t), (B.2)
with A > 0,
1 (q(t)) = A(q(t)b(g(t)) = A"(a(t))b(q(t)) (B.3)
with
; AT for g™ < q(t) < g™
Alalt) = {0 otherwise, (B4)
while A" > 0 and
birth — \birth, (B.5)

Let there be an auxiliary function f(q(t)) with bounded support S C R=% ie. f
is equal to zero outside a fixed bounded set S. Then we compute the function’s
expected change given the process for ¢(t). The differentiation of f using Ito’s
lemma yields

df(q(t)) = {f(a(t) + 1) — fa(®))} dg'(t) + {f(a(t) = 1) — fla(t))} dq"(t)
+{f(g™) = fa(t)) } dg"™ ().
We are interested in the expected change of this function over time. Therefore

we apply the expectation operator and divide by dr (for clarity, time indices have
been omitted),

(B.6)

L Bdf() = p(a) {Fla+ 1)~ F@)} + i (0) {Fla— 1) — F(a)}

+ Iubirth {f(qini) . f(q)} ’

where the last line was computed using Fdq' = p'(q)dr with u'(q) = k(q)N\q,
Edq~ = u"(q)dr with p"(q) = X for ¢™ < ¢(t) < ¢™ and 0 otherwise, and
Edg®™™ = Prhdr with pPrth = APt which are the arrival rates of the Poisson
processes.

(B.7)

df(q)
dr °

In what follows, we denote this expression by Af(q) = E
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Step 2 (Using Dynkin’s Formula)

The Dynkin formula says that Ef(q(1)) = Ef(q(t))+ [ EAf(q(s))ds.** In words,
the expected value of a function f(g(7)) at some future point in time 7 > ¢ can be
written as the expected value of this function at ¢ plus the integral of all expected
future changes between 7 and t.

As we are interested in expected changes, we differentiate this formula with
respect to time and get

LB () = 5 [ EATa(9)ds = EAT(), (B3)

t

since E f(q(t)) can be treated as a constant, which drops when differentiating, and
the differential operator can be pulled into the integral.
Applying this on (B.7) yields

SEPH@ = B @ fa+ D= f@} =@ =D =@} g
P (™) = f(a)}] -
Under the assumption that ¢™ = 1 we can write the latter equation as
SEEHa) = Splis ) O 6+ 1) = FOL+ 10 O =) = F0]

P [F(1) = (3]

where p(i,7) is the probability that g equals i in 7, i.e. p(i,7) = Pr(q(t) = i).

Step 3 (Factorizing)

Now we want to get rid of the f(i + 1) and the f(i — 1) terms in equation (B.10).
By factorizing the equation we obtain

9 B f(q) = S5l () £+ 1) + S0l T () (- 1)

or .
+ /Lblrthf(O) (Bll)
2L (i, T)
= S (i) [ (D) F () + (D) f () + p" 0 £ (0)]

As

max max+1

Eg:qinip(i7 T)/Ll@)f(i + 1) = Eg:qini+1p(i - 17 T)Ml(i - 1)f(2)7 (B'12)

22For more detailed explanations see e.g. B.2 in Bayer and Wiilde (2013)
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and

max
q

S (i) (@) (0= 1) = ST (i + L)l (i 4 1) £(0), (B.13)

we can write (B.11) as

@) = St~ Lol = DG + S+ 17+ D)

+ /‘Lblrthf< ) ma:(nlp( 77—)

= S (i, 7) [ (@) f () + p" (D) f (i) + ™ ()]
(B.14)

Step 4 (Derivation Of The Expected Value)

We now derive an expression for the change of the expected value for the LHS
of the equation. Instead of Dynkin’s rule we use therefore the definition of the
expectation operator in order to get

a 3 max max 8])(@, 7—)

5 B10) = 5B f@ptir) = SO, (B5)

where the last equality exploits the fact that the auxiliary function f(q) is not a
function of time. (Note that ¢(7) is a function of time but not f itself.)

Step 5 (Collecting All Results)

Equating (B.14) and (B.15) yields

e N
+ S0 (A L) (4 1) () + ™ F0)SL Lpli, T)
—~ Eqump(z ) [ (@) () + p" (0) f (i) + puP P f(5)]

(B.16)
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Then the equation above can be rearranged as follows

max . ap(l, T)
Eg:qinif<z) 87_

_p(37 T)Mbirth}
As this must hold for any f(i) we obtain for ¢ = 0,

op(0,7)
or

= p (p(1,7) =0, (B.17)

where the last equality results from the fact that p"(1) = 0.

Further we obtain for i = 1

op(1,7)

5, @2, 7) = [ (1) + " (1) + pP P p(L,7) + P (i 7)

max

T ,
p(2)p(2,7) = [W(1) + pP™Mp(1,7) + pPSE T p(i, 7)), (B.18)

Note that the sum at the end of (B.18) must equal one, as all probabilities must
add up to one. For ¢« = 2 we obtain

op(2,7)

5 = W @pGT) = [1(2) + 1(2) + (2, 7) + i (p(L, ), (B.19)




123 4.D The Evolution Of A Populations’ Addictive States

for ¢ = 3,

op(3,7)

5 = 1 (@p,7) = [ 3) + @7 (3) + 1”3, 7) + 1 (2)p(2, ), (B.20)

for i =4,

Op(4,7)
or

= u (5)p(5,7) — [ (4) + 1 (4) + p" " p(d, ) + 4 (3)p(3,7),  (B.21)

and so on. Thus, for a general 1 <1 < ¢™**

0 i,T - . . ro. ir . . .
péf b i+ Dpli + 1,7) = [1(6) + 7 0) + 1 ¥p(i, ) + 46 — pli = 1,7).
(B.22)
And for 1 = ¢™** we have
ap(qmax’ 7—) _ T ( _max birth max I/ max max
— 5 = =1 (@) + " p(@™ ™, ) + (¢ = Dp(¢™™ —1,7), (B.23)

since Ml(qmax) — O and p<qmax + 1’7_) — O, as k(qmax) — 0

4.D.2 Numerical Approach Distributional Dynamics

Let p = [p1,p2, - - - pn] be a vector, its elements py, pa, ... p, describe the probabil-
ities or population shares in state ¢ = [1,2,...n], at time 7, while n corresponds
to the highest possible addictive state ¢™*.

The general structure of the equation system we are aiming to solve reads

p1(7) = f(pi(7), p2(7))
p2(7) = g(p1(7), p2(7), p3(7))
p3(7) = g(p2(7), p3(7), pa(7)) (B.24)

pn(T) = h<pn71 (T),pn(T)),

while f(.), g(.) and h(.) are linear equations in their arguments. Each of these
n equations is a Fokker Planck equation taking optimal individual behavior into
account and describes the time evolution of the probability or the population shares
in state ¢ = [1,2,...n]. As a whole it is a linear system of n differential equations
in n unknowns.

Given an initial condition, p™(t) = [p(t), pyi(¢), ... p(t)], we solve the sys-
tem (B.24) with Matlab’s built-in solver ode23 for a given time interval (¢, 7.
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4.D.3 Deriving The Stationary Distribution

Since in the long-run the frequencies with which individuals are in state ¢ are
time-invariant, we set dp(q,7)/01 = 0 for all ¢™ < ¢ < ¢™**. Then we obtain for
q=q™, .

p(2)p(2,7) + pPrh

p(g™) = ) T (B.25)
for ¢™ < ¢ < g™,
ACE: 1)p(ql +1,7) +plg — Dplg - 1, 7). (B.26)
pHq) + pr(q) + pPret
and for ¢ = ¢™** we have
p(g™™) = g™ — Dp(g™ — 1,7) (B.27)

Mr(qmax) + ubirth

4.D.4 Numerical Approach Stationary Distribution

Let p = [p1, pa, - - - pn] be a vector, its elements pq, pa, . .. p, describe the probabil-
ities or population shares in state ¢ = [1,2,...n], at time 7', while n corresponds
to the highest possible addictive state ¢™®*.

The general structure of the equation system we are aiming to solve reads

0= f(p1>p2)

0= g(pl,pmp:a)

0 = g(p2, 3, pa) (B.28)
0= h(pn-1,Pn),

while f(.), g(.) and h(.) are linear equations in their arguments. Each of these
n equations is a Fokker Planck equation taking optimal individual behavior into
account and under the assumption that the convergence process of the distribu-
tional dynamics is completed. Thus the time evolution of the probability or the
population shares in state ¢ = [1,2,...n], i.e. the left-hand side of the equations,
is zero. As a whole it is a linear system of n equations in n unknowns.

Given an initial guess, p™ = [pi, pi', ... pi™], we solve the system (B.28) with
Matlab’s built-in solver fsolve.



Chapter 5

Final Discussion

Psychological distress is a phenomenon that can concern everyone of us from time
to time, as we are all subject to uncontrollable idiosyncratic risks (like accidents,
physical illness etc.) as well as controllable risks (e.g. working overtime, substance
abuse). In every OECD country suffer on average 15% of the overall population
from a mild mental disorder and another 5% from a severe one. Addiction is
a special form of mental disorder. Both, mental ill-health in general and also
addiction in particular cause a huge economic burden. A substantial proportion of
the economic burden arises from the fact that mental states influence individual
behavior. There is a general agreement, based on empirical facts that mental ill-
health leads to a limited labor market participation, a reduced productivity at
work and unemployment. But also subjective well-being is negatively affected by
mental ill-health as it implies negative physical and social consequences to the
people concerned and to their social environment.

The improvement of mental health and subjective well-being is a goal in many
societies. This is also reflected in the strong public interest in this topic (OECD,
2012, 2014, 2015a). This, however, requires a solid understanding of how mental
states influence individual behavior. So far the literature has identified relation-
ships between mental states and individual behavior empirically, but, there is still
a lack of a formal framework that explains this relationship with analytical strin-
gency.

The contribution of this dissertation can be separated into the following aspects.
First, we provide an economic explanation for the relationship between mental
health and individual behavior. This can be seen as a micro-foundation for the
dynamics on the aggregate level, because it helps us to understand through which
channels, why and how a distribution of mental health and also subjective well-
being can be influenced on the aggregate level. Interestingly, it turned out that
improving the distribution of mental health and subjective well-being are two goals
which are which are not necessarily compatible, because making the environment
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safer, creates incentives to behave riskier in terms of mental health and thereby
increases subjective well-being on the one hand, but also deteriorates the mental
health distribution on the other hand.

Furthermore, the second chapter of this dissertation provides a nice contribution
regarding optimization problems with state-dependent utility functions, a struc-
ture that is used in the other two chapters. In this chapter we demonstrate how
to apply numerical methods adequately to analyze optimization problems with
state-dependent utility functions. Moreover, we also address the issue of time
inconsistency due to state-dependent utility functions.
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