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Abstract

We develop a fully asynchronous proximal bundle method for solving non-smooth,
convex optimization problems. The algorithm can be used as a drop-in replacement for
classic bundle methods, i.e., the function must be given by a first-order oracle for com-
puting function values and subgradients. The algorithm allows for an arbitrary number
of master problem processes computing new candidate points and oracle processes
evaluating functions at those candidate points. These processes share information by
communication with a single supervisor process that resembles the main loop of a
classic bundle method. All processes run in parallel and no explicit synchronization
step is required. Instead, the asynchronous and possibly outdated results of the oracle
computations can be seen as an inexact function oracle. Hence, we show the conver-
gence of our method under weak assumptions very similar to inexact and incremental
bundle methods. In particular, we show how the algorithm learns important structural
properties of the functions to control the inaccuracy induced by the asynchronicity
automatically such that overall convergence can be guaranteed.

Keywords Proximal bundle methods - Parallel programming - Convex optimization -
Asynchronous algorithms

Mathematics Subject Classification 90C06 - 90C25 - 90C30 - 65K05 - 65Y05

1 Introduction

We consider an optimization problem of the form
m
i = i P
min - f(x) ;ﬁ(x) (P)

where the f;: R* — R,i = 1, ..., m, are non-smooth convex functions. We assume
that each f; is Lipschitz-continuous with a possibly unknown Lipschitz constant L;,
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ie.,

Va,x' e R": |fi(x) — fitX)| < Li - |x = x| .
Each function f; is given by a first-order oracle, i.e., given a point x € R”" the
oracle returns the function value f;(x) and a subgradient g; € 9 f;(x) at x where
d fi (x) denotes the subdifferential of f; at x. One well-established method to solve
these problems are bundle methods [2, 10]. In a nutshell, bundle methods are iterative
algorithms that collect subgradient information for each function f; from the set

Wi :==conv{(c,]): c = f(x) = (l,x),l € dfi(x),x € R"}.

In iteration k = 0, 1, 2, ... starting from a current center of stability %k, they form a
cutting plane model fik (x) for each f;(-) using finite subsets Bl].‘ C W; via

fik(x) := max [c+ (L, x):(c,]) e Blk} .

Then a (proximal) bundle method computes a new candidate ¥ by solving a master
problem

k
% = arg min {fk(x) + % Hx — 5k

‘2 ix € ]R"},fk(x) = Zf,-k(x)
i=1

where the weight u* > 0 penalizes the distance to £*. Afterwards, the function ora-
cles compute the function values and subgradients at the candidate ¥ and the actual
decrease f(x%) — f(x¥) is compared to the predicted decrease

A = f 0 - fAE0 = o.

If the actual decrease achieves a fraction of atleast o € (0, 1) of the predicted decrease,
the algorithm performs a descent step (or serious step) choosing the candidate as the
new center £¥*1 « x*. Otherwise, the center remains unchanged ! < %* but the
subgradient information at x* is added to the bundles Bl{‘.

In this paper we aim at the development of a fully asynchronous proximal bundle
method. Here fully asynchronous means that the evaluation of each subfunction f;(-)
at some point x as well as the computation of the master problem is done in separate
processes. Each process is started at some time and once the computation is finished the
results are communicated to the other processes. The order in which the computations
are started and when the results are available is not defined. The only assumption is
that each process finishes its computation in finite time. In particular, only a finite
number of other processes may start or finish between the time when a certain process
is started and the time its results become available.

The algorithm to be designed should be usable as drop-in replacement for standard
proximal bundle methods. In particular, oracles that can be used in a standard method
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should be applicable for the asynchronous method as well (given that the implemen-
tation is suitable to be used in a parallel and distributed computational environment).
Specifically, we have the following goals:

1. Each oracle only needs to provide the same information a standard bundle method
requires, i.e., for each point x € R" the oracle computes the function value f;(x)
and a subgradient g; (x) € 9 f; (x). In particular, no additional information like the
Lipschitz constant L; needs to be known.

2. If the results for some oracle call f;(x) are not available, yet (because of the
asynchronous nature), the algorithm needs to use an approximation of that value. A
natural choice is the value computed by the current cutting plane model (although
other models are possible). The algorithm should work when using the cutting
plane model to determine approximate values as needed.

3. In many applications not all subfunctions f;(-), i € {1,...,m}, depend on all
components x;, j € {1, ..., n},of the variables (e.g., f; is constant on the subspace
{x +dej:d € IR} for each x € R"). The algorithm should automatically exploit
these properties.

1.1 Literature overview

Bundle methods are a well-established tool for solving non-smooth convex (and non-
convex) optimization problems, see, e.g., [10, 15]. The main computational burden
in a bundle method is typically the evaluation of the function oracles, which may
itself involve solving some inner optimization problems. Even if the oracle calls are
evaluated in parallel, the whole iterative method has to wait until each (possibly slow)
oracle has finished. Hence, a single expensive oracle may dominate the overall running
time. In order to reduce the overall running times, different variants of bundle methods
have been proposed that try to reduce either the number of oracle calls, replace them
with cheaper approximations or simply do not wait for the slowest oracles to complete.
In this paper we will combine and extend several of these ideas to develop our new
asynchronous bundle method.

The idea of incremental bundle methods [5] is to skip the evaluation of some f;(-)
and replace their function value by an approximation, e.g., the model value. Our
method also uses an approximation of the real function value (the “guess model”, see
Sect.2.2) of those f; (-) that have not been evaluated, yet. In fact, similar to incremental
methods it is also possible to use the cutting plane model to obtain approximate function
values (see Sect.6). One main difference between synchronous incremental methods
and asynchronous methods is that the evaluation results in the former setting are still
obtained in a well-defined order. In an asynchronous setting the evaluations may have
varying running times, hence there is no implicit guarantee that the functions are
evaluated regularly (e.g., every N iterations). Although it is a valid strategy to enforce
such a regular evaluation explicitly in an asynchronous setting, our algorithm does not
use it.

Using the cutting plane model as approximation implies that the approximated
values always underestimate the real function values. This may be disadvantageous
and may lead to ineffective descent steps. In [19] the authors extended the incremental
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approach and used upper models to obtain upper bounds on the real function values.
This approach required the knowledge of the Lipschitz constants for each f;(-). Only
if the upper bounds were not sufficient to decide on a null step or descent step, the
function is evaluated. In our approach it is also possible to use upper models for the
approximate function values, but other models not requiring explicit knowledge of the
Lipschitz constants are possible as well (see Sect. 6.2).

Another idea to reduce the running time required for exact oracle calls is to replace
the oracles with inexact ones, see [3] for a comprehensive overview. Instead of com-
puting the function values and subgradients exactly only approximated values are
computed. The asynchronous setting is somehow similar to the inexact setting. In
fact, we replace the notion of “inexact” values by “outdated” values, i.e., we do not
know the exact function values in the current point but in some older (hopefully close)
point. In order to get exact results from inexact oracles one typically requires control-
ling the inexactness in some way, e.g., to use so called “asymptotically exact” oracles,
which provide increasingly better approximations during the run of the algorithm. In
fact, the authors in [5] already realized that incremental bundle methods can be inter-
preted as inexact oracles and analyzed their algorithm within an inexact framework.
Because the asynchronous setting is so closely related to incremental methods, the
same could be done for our algorithm. However, there are some important differences.
The algorithm developed in this paper learns the amount of inaccuracy introduced by
the asynchronicity during the run and automatically adjusts the inaccuracy of future
evaluations in order to guarantee convergence. We will show that this allows to inter-
pret the guess model in our approach as an asymptotically exact oracle which has
vanishing approximation errors.

In a recent work [4] the authors show how solving multiple master problems in
parallel with different constant proximal parameters can be used to achieve optimal
convergence rates. However, besides solving the master problems in parallel their
method is synchronized.

There are currently only few papers discussing asynchronous bundle methods. A
recent publication is [11], where the authors consider level bundle methods (instead of
proximal bundle methods). The authors discuss two approaches to ensure convergence
in the asynchronous setting. Their first approach requires knowledge of the Lipschitz
constants. We will get an analogous result for our algorithm if the Lipschitz con-
stants are known (see Sect. 6.1). Their second approach gets rid of this assumption but
requires scarce synchronized steps from time to time, where all function oracles are
evaluated at the same point. At the same time, the algorithm computes a guess of the
Lipschitz constant. Our algorithm does not require synchronized steps at all (in fact,
there might not be a single point except for the starting point at which all functions
fi are evaluated) but we also compute a guess of the Lipschitz constant during the
algorithm. The difference is that knowing a reasonably good guess of the Lipschitz
constant allows to judge whether the current approximations are “good enough” which
allows getting rid of forced synchronized steps completely. An older paper considering
asynchronous proximal bundle methods is [6]. That paper focused on the specialized
setting of Lagrangian relaxation (see [7, 13, 14]). There the idea was to select certain
subspaces of variables that influence only few of the functions f;(-) and to optimize
on several such subspaces in parallel. Convergence had been guaranteed by tracking
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which function depends on which variables. An interesting but unusual property of
that work is that the algorithm solves several master problems in parallel (on disjoint
subspaces). The setting of the algorithm in this paper is more general and not restricted
to Lagrangian relaxation. However, we will also present a variant that is able to track
dependencies between variables and functions and to exploit these dependencies in
the algorithm (see Sect. 6.4). Furthermore, our algorithm also allows having parallel
processes that solve (different) master problems to compute new candidate points.

1.2 Outline of this paper

This paper is structured as follows. In Sect. 2 we introduce the notation and present the
basic asynchronous framework and all major building blocks, which will be discussed
in later sections. In Sect. 3 we start with the computation of new candidate points using
the typical master problem of proximal bundle methods, and we discuss the adaptions
made for descent steps in Sect.4. We analyze the convergence of our algorithm in
Sect.5 which resembles the steps of convergence proofs for bundle methods for our
asynchronous method. The basic algorithm and its analysis are presented without
explicit guess models. We give some possible guess models in Sect.6. In order to
adjust the accuracy of these guess models accordingly, the Lipschitz constants must
be known. However, we also show how the algorithm can be extended to the case of
unknown Lipschitz constants in Sect. 6.2. Furthermore, we extend the algorithm to the
case where some functions are constant along some coordinate directions in Sect. 6.4.
The final algorithm with all extensions is shown in Sect. 7. Finally, we present some
preliminary computational tests in Sect. 8 and give some directions for future work in
Sect. 9.

2 Asynchronous framework and notation

In this section we describe the basic asynchronous algorithmic framework. In a classic,
synchronous bundle method each iteration roughly does the following steps:

1. The master problem is solved relative to the current center £ computing a new
candidate *.

2. Each function is evaluated at ¥ obtaining the function value and subgradient
information and the cutting plane model is updated.

3. A descent test decides whether a descent step (£%+!
%K) is performed.

<« i*yoranull step (¥ «

In particular, the order of the computational steps and the available information is
fixed, i.e., in each step the full information of the previous steps is available. In our
asynchronous setting we relax this property. Each iteration of the algorithm now cor-
responds to one of these steps but not necessarily in the same order: a new candidate
becomes available, some (but not necessarily each) function f;(-) has been evaluated
at some former candidate, the center is updated. The most common case is that the
evaluation of some functions f;(-) takes longer. The algorithm does not need to wait
until the results of all functions are available but may decide to do a descent step
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earlier. Similarly, subgradient information for some function f;(-) can be added to
the function model as soon as it is available so that new candidates can be computed
immediately before all oracles have finished their computation at the old candidate.
In order to formalize our setting, we split the computation into three classes of
parallel running processes communicating only by sending messages to each other.

(P1) Supervisor process: The supervisor process maintains the data/state of the algo-
rithm. It receives candidate points from master problem processes and sends them
to oracle processes for evaluation, and function values and subgradients from the
oracle processes and sends them to the master processes. Furthermore, the super-
visor decides when a descent step should be done and sends the center point to all
master processes.

(P2) Master problem process(es): A master problem process computes new candi-
dates by solving a master problem. It sends its solution as new candidate to the
supervisor. It receives subgradient information and possibly a new center point
from the supervisor, see Algorithm 1.

Algorithm 1: Master problem process
b

Parameters: Bundle weight 0 < ul® < uk < u"
Data: Current center ™, cutting plane models f;” () based on bundles B}
Receives:
e Cutting plane information (x, f;(x), g € d fj(x)) forsome i € {1, ..., m}
e New center of stability X

Sends: New candidate x € R”

// Main loop, run until externally terminated

while not terminated do

// Collect new cutting plane information received in the
meantime

foreach New cutting plane (x, f;(x), g € 0 f;j(x)), i € {1,...,m}, do
Addto BT and f7(),i=1,....m

// Possibly move center

if New center x then

| Setx7 <« X.
// Compute new candidate

Solve X := arg min{f”(x)—i-%k Hx—)?””z:x E]R"}

Send X to supervisor process.

(P3) Oracle process(es): An oracle process for some subfunction f;(-) receives candi-
date points x € R” from the supervisor and computes a function value f; (x) and a
subgradient g; € 9 f; (x) and sends them back to the supervisor, see Algorithm 2.

The central process is the supervisor process, which handles the current global state
of the algorithm. Its task corresponds to the main loop of a classic bundle method.
Although the processes run in parallel, each single process does its work sequentially.
In particular, the supervisor process has a well-defined order in which it obtains and
updates information. It will therefore be convenient to equip all global data with a
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Algorithm 2: Oracle process

Receives: Function index i € {1, ..., m}, candidate x
Sends: Evaluation result (x, f;(X), g € 9 fj (X))
// Main loop, run until externally terminated
while not terminated do
Receive (i, x) € {1,...,m} x R"
Compute f; (X), g €  f; (%)
Send (x, fj(x), g) to supervisor process.

unique iteration counter k € K = {0, 1, 2, ...} corresponding to the iterations of the
supervisor process (which we will denote by a superscript k). Indeed, the basic global
data of the supervisor process is the same as in a sequential algorithm:

e The center of stability %, k € K. .
e The next candidate point x¥,k € K, and model value fl.k ()?k) foralli € {1,...,m}
in the candidate.

.....

The difference to a classic bundle method is that, when deciding on a descent step
or not, not all function values ﬁ(ik) and subgradients g{‘ IS f,-()"ck) are available.
Therefore, the algorithm has to use something else. In the literature different ideas have
been proposed [5] for the case that exact information is not available. In incremental
bundle methods the cutting plane model f:.k(-) is used to approximate the function
value. Another related idea is to use an inexact function oracle that only returns an
approximation of the exact function value but may be computed faster [3]. We will
combine and extend ideas from both approaches in the sense that we use a model
(not necessarily the cutting plane model fik (-)) to approximate the function value and
that model should be built from the information obtained in earlier iterations. This
model is called the guess model of f;(-) in iteration k and is denoted by fik (+). Note
that in contrast to inexact function oracles, our function oracles provide exact values
but the guess model fl.k(~) may only use information already available in iteration k.
Therefore, the inexactness in our case comes from the fact that the information used by
f;" (+) is outdated (the values at the current candidate ¥ are not known, yet, but only
the values of earlier candidates). Nevertheless, the similarity between both concepts
(“inexact” and “outdated” information) is apparent and will carry over to the analysis.

The guess model fl.k (+) is only used to approximate the function value in the candi-
date. A classic bundle method also needs the function value in the current center £¥.
For them, we use another idea from inexact methods [3] and do not use the guess model
but the best known lower bound on the function value in £ that can be derived from
the cutting plane model. We will see in Sect.4 why we choose those two approaches.

In addition to the candidate, center and bundles, the supervisor process also keeps
track of the following two objects:

e The best known lower bound fik on f;(%%) in the current center ¥ for all i =
1,....m,keKk. ~
e The current guess model fl.k(~), i=1,....mkek.

Putting all together, there are three possibilities for each iteration step from k to
k+1:
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832 F. Fischer

e New candidate: a new candidate point x with model values f, has been received
from a master process. The global data is changed T**! < % and ff™' « f,
i=1,...,m.

e New cutting plane: a function f;(-) forsomei € {1, ..., m} has been evaluated at
some earlier candidate X', < k, given the function value f; ()EI ) and a subgradient
g € 3 f;(x'). The subgradient is appended to the bundle BT < BF U {(c, b))
with ¢ := f; (') —(g¥, ¥'). Furthermore, the guess model f}(-) as well as the best
lower bound in the center f/*! < max{f¥, c + (g¥, 2*)} are updated using the
new information. The subgradient information is also sent to all master problem
processes (that will add them to their model for their next computation).

e A descent step: the supervisor accepts the candidate as the new center of stability
21 % The new center is sent to all master processes, and the guess models
fik(~) and the best known lower bounds in the center fik ,i=1,...,m, will be
updated for the new center.

Note that in contrast to a classic bundle method, receiving new candidates, new cutting
planes and doing a descent step are separate “iterations” in our setting (i.e., going from
k to k + 1 only one of these steps is done). The supervisor process tests if a descent
step can be done after either a new candidate or a new cutting plane has been received
(see Sect.4). If the supervisor decides for a null step (i.e., to not perform a descent
step) then nothing changes, thus we do not count it as an iteration. A first basic version
of the algorithm can be seen in Algorithm 3 (the descent conditions (D1) and (D2)
will be discussed later in Sect.4). It already contains all main steps, but we will later
extend it to get the final algorithm.

We want to emphasize that there is no limit on the number of master processes
or evaluation processes running in parallel as long as there is at least one of each. A
standard setup would be to have exactly one master problem process and exactly one
evaluation process for each fi(-),i = 1, ..., m. However, if, e.g., the evaluation of
some function f; takes significantly longer than the others, then there might be several
processes evaluating f;(-) at different candidate points at the same time. Furthermore,
not all functions f;,i = 1, ..., m, may be evaluated at all candidates. If the computa-
tion of some oracle f;(-),7 € {1, ..., m}, takes too long, the supervisor may perform
some descent steps before the oracle process can be evaluated at a new candidate, so
effectively skipping the evaluation of f;(-) for some candidates. However, we make
the general assumption, that each oracle call finishes in finite time.

Assumption 1 (called “finite response assumption” in [11]) Suppose there is an infinite
number of global iterations. Then for each i € {1, ..., m} there is an infinite number
of indices corresponding to a new cutting plane for function f;(-).

This assumption alone is not sufficient to prove convergence of our algorithm. The
reason is that it allows that the time between two successive evaluations of the same
function f;(-) could grow arbitrarily. Therefore, we will later make a few additional
technical assumptions (that are not difficult to fulfill in practice).
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Algorithm 3: Basic supervisor process

Parameters:
e Descent parameter ¢ € (0, 1)

e Error acceptance « € (0, 1) for descent conditions (D1) and (D2)

e Upper bounds for the descent tests 5, R > 0
Data:

e Current global iteration counter k € IN(
e Current center )?k, next candidate ¥
e Best known lower bound fik incenter,i =1,...,m
e Current guess model fik(-),i =1,....,m
Receives:
e Cutting plane (x, f;(x), g € df;(x)) forsome i € {1, ..., m} from an oracle process
e New candidate x from a master problem process
Sends:
e Candidate ¥ and i € {1, ..., m} to some oracle process
e New center £ to all master problem processes
e Cutting plane info (x, f;(x), g € 9 fj (x)) to all master problem processes
Input: Initial point x".

// Initialization
k<0
fori =1,...,mdo
Compute f; (£°) and glo €3£ (x%)
Set 8? «~34
Start master problem processes with ()EO, fi ()?0), g?), i =1,...,m, as initial cutting plane model.
// Main loop
repeat
if Receive cutting plane p = (in, fi (in), g€ Bfi()?ki)) then
foreach master problem process = do
Send p to

Update guess model flk to fik+1

Update lower bound fik"'l <« max {fik, i@k + (g, sk — x’ﬁ‘)]
if ¥k £ %X then

‘ Send ¥ to an oracle process.
else if Receive new candidate x from a master problem process then
Set Tkt &
foreach idle oracle process 7 do

‘ Send %11 to oracle process 7

k<—k+1

if Descent conditions (D1) and (D2) satisfied then
PYES Ry
Set Al K@ i=10.m

foreach master problem process = do
| Send new center £+ to
k< k+1

until Termination criterion satisfied
k

return x
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2.1 Notation

In order to simplify the notation a bit, we will use the following convention throughout
the rest of the paper:

e Items associated with iteration k € K of the supervisor process get a superscript
k.

e Items associated with a function f; get a subscript i.

e Items associated with a function f but with no subscript i denote the sum over all
ieg, f() =01, fito, fF =YL, fE.

o If the algorithm needs the value of some function at some specific point (the center
or some candidate), we shorten the notation by dropping the point if it is clear from
the context. In detail:

- fl.k = fl.k ()Ek ), the function value at the candidate,
- fl.k = fl.k (x%), the model value at the candidate,
- fl.k = fl.k (x%), the guess model value at the candidate,

If we refer to the model itself we write fik(~) or fik ).

e The set K C K denotes the global indices corresponding to a descent step, i.e.
£+l = %K. Each candidate ¥ is computed relative to an earlier center (not nec-
essarily £¥~! because of the asynchronicity), respectively candidate x* . In other
words, k~ € K is the preceding descent step.

e Let k € K be an arbitrary iteration and i € {1,...,m} a function index. The
candidate X* has been generated by some master problem process. We will often
use the notation k; to refer to the last index k; < k whose information (function
value f; (x%) and subgradient gfi €af; (x%)) has been received by the supervisor
process and is contained in the guess model fik (+). Note that for fixed k the index
k; may be different for eachi € {1, ..., m}.

2.2 The guess model

The guess model is used to approximate the function value in the current candidate.
In order to give a useful approximation, the guess model must be a reasonably good
approximation of the real value. Formally we make the following assumption:

Assumption2 Leti € {1,...,m}, k € K be an iteration and k; < k, k; € K, the last
preceding candidate at which f;(-) has been evaluated. Then

FE@ = fiw| = wiLs

x— ki H forall x € R, (1

from some constant yi > 1.

Note that a valid guess model can easily be built without actually knowing L; or
whether f;(-) is bounded from below. For instance fl.k (x) = fi(xki)is already a valid
model with y; := 1. In Sect. 6 we will present and discuss a few possible choices for
the guess model including this one.
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The guess model can be seen as an inexact oracle for the functions f;(:), i =
1,...,m. Indeed, we will exploit Assumption 2 such that 7¥(-) gets approximately
exact when the algorithm approaches an optimal solution. Therefore, the concept and
also its analysis is closely related to the notion “asymptotically exact oracles” of [3].
The main difference here is that the inexactness is not a property of the function oracle
itself (we assume that all oracles are exact) but due to the way the algorithm uses the
evaluation results to estimate the function values at some other point.

3 The master problem

In this section we shortly describe some important properties of the master problem.
These results are well-known (see, e.g., [10], Chapter XV). The master problems
solved in our algorithm are exactly the same as in classic bundle methods and need
not be modified.

The master problem in a proximal bundle method has the form

min{fk(x)+ % Hx —)?k_Hz 1X € R”}

where u* € [u®, u"™], 0 < u'® < 4", is a bounded parameter penalizing the dis-
tance to the center X* . Note that choosing an appropriate sequence of parameters
u* is quite crucial for practical performance in synchronized bundle methods and our
asynchronous method as well (see, e. g. [12, 16, 18]).

Each master problem process manages its own cutting plane model f k(). With a
slight abuse of notation we do not indicate that this model may be different for each
master problem process (it would be correct to write f ™k where 7 denotes a specific
process). This includes the parameter u* (as a shorthand for u”™¥), which may be
different for each master problem process. In particular, each master problem process
may choose a different strategy for managing u* depending on its cutting plane model
or even different parameters may be used for the same model (in [4] authors show
how running multiple parallel master problems with different prox parameters u; can
be used to achieve optimal convergence rates in a synchronized setting). Furthermore
we denote by K™ C K the subset of indices associated with process 7. The master
problem is a strictly convex optimization problem with a unique optimal solution
x¥ € R”. The optimal solution gives rise to an aggregated subgradient g€ € 3 f k(xky
such that (see, e.g., [10], Lemma 3.1.1)

= - Lt )

If the master problem process receives new cutting plane information x; € R", f;(x;)
and g; € 0 fi(x;) for some i € {l,...,m}, this information is added to the local
bundle and the cutting plane model. In contrast to a standard synchronized method
there may not be even a single cutting plane that has been received since the previous
computation of the master problem has started (in particular, no cutting plane at the
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previous candidate point). In fact, any number of cutting planes for any fi(-), i €
{1, ..., m}, belonging to different evaluation points may have been received.

Remark 1 The above setting implies that each master process should manage sepa-
rate cutting plane models fik (-) for each f;(-),i € {l,...,m}. This indicates that
disaggregated cutting plane models should be used, i.e.,

Fre) = Zfik(x) = Zmax {c +(g.x):(c,8) € Blk} .
i=1

i=1

However, this is not enforced. A master problem process may also use an aggregated
model of the form

fk(x) = max {Z(Ci 4+ (gi,x)):(Cly-eesCmyr &1y ---r8&n) € Bk} .
i=1

Note thatin an asynchronous setting it is not clear which cutting planes should be aggre-
gated: only few functions f; (-) may have been evaluated at some candidate (yet), hence
only few g; are available. Therefore, a practical implementation requires a strategy to
fill the missing g; in order to form an aggregated cutting plane. Possible strategies are,
e.g., reusing the result of an earlier evaluation gll. or the aggregated subgradient gf. for
some [ < k. Furthermore, fully aggregated and fully disaggregated models are only
two extreme examples of cutting plane models. More general approaches have been
proposed as well (see, e.g., [9]).

The disaggregated model is usually a much better approximation of f(-) and thus
leads to fewer null steps, but the latter is generally easier to solve. If the number of
subfunctions m is large, solving a fully disaggregated master problem may be too
expensive. However, our parallel setting would even allow having multiple parallel
processes solving master problems with different models simultaneously, so using
more expensive master problems may be feasible. For the remainder of this paper we
will assume that a fully disaggregated model is used, which makes the analysis a little
easier.

As in the classic bundle method we assume that at least the cutting plane received
last for each function f;(-) is contained in the master process’ cutting plane model.
In particular, the model of the master problem is exact at the last candidate at which
each function has been evaluated.

Assumption 3 Leti € {1,...,m},k € K™ and k; denote the index of the last candidate
xki at which f;(-) has been evaluated and whose cutting plane information has been
received by the master process. Then fik (xkiy = fi (x5,

The master problem in our algorithm is the same as for synchronous methods. In fact,
any master problem satisfying the following assumption can be used. We formulate
this as an assumption in order to emphasize that different variants of master problems
can be used.
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Assumption 4 Assume X = % for all k > ko, k € K”. Then there is an ¥ € R”
such that lim>g, % = x and, under assumptions 1 and 3, x € arg min,g» f(x) +
1b

ub].

% ||x — )?”2 for some weight i € [u'®, u

A simple way to satisfy Assumptions 4 is to ensure the following conditions:

(M1) uk > u*k=1 as long as the center does not change (i.e., during any sequence of
nullsteps),
M2) fE @) = R R + (g5 x — &),

The first condition can obviously be satisfied by choosing an appropriate update rule
for the ¥, the latter by ensuring (fik(ik) — (gf, ), g5 e Bf“ foralli =1,...,m.
Because the sequence u* is non-decreasing and bounded, it has an accumulation point
u. Classic arguments ( [10], Theorem XV.3.2.4 and its proof) show that then sequence
x* has an accumulation point X (and actually converges to x). Assumption 1 and 3
establish that f k(x) ~ f(x) for k large enough.

Remark2 1. The condition u* < u"? can sometimes be relaxed in synchronized
methods, for instance to Zkz] % = 00 (see, e.g., [10], Theorem XV.3.2.4),
which means the u* should not grow “too fast”. This relies on the property of
synchronized methods of adding the cutting plane of f(-) at x¥ immediately to the
bundle. However, this is difficult to establish in our asynchronous setting because
the cutting plane information at X* is not available right away, but there might be
several iterations until the relevant information is available. In fact, Assumption 1
only guarantees that all functions f;(-) will be evaluated sufficiently close to x
eventually, and Assumption 3 gives f k(x) ~ f(x) for k large enough.

2. Condition (M2) allows that the bundles Bf‘ can be compressed, i.e., the sizes of the
bundle can be reduced to contain only two cutting planes, which is important to
limit the size of the bundles in practice. In fact, it is well-known that the aggregated
linear function (the right-hand side in (M2)) and a cutting plane in xk (.e., (fi ()Ek )—
gl{‘ , [i(3) € Bl’? for some gf € 3 f;(x%)) are enough to establish convergence
(see, e.g., [2], Algorithmic Pattern 4.2). The cutting plane in x¥ is replaced in the
asynchronous setting by Assumption 3, i.e., each bundle Bf‘ must contain the latest

available cutting plane at x*i.
4 The descent step
A classic proximal bundle method performs a descent step if the actual decrease of
the function value from the current center to the candidate is large compared to the

expected decrease predicted by the cutting plane model. In detail, given a parameter
o € (0, 1), the algorithm does a descent step if

FEHY = fEH =0 (fG) = .

The problem in the asynchronous setting is that we do not know the function values
f(*7) and f(x*) exactly. Therefore, we use the best known lower bound f* <

@ Springer



838 F. Fischer

£ (&) to approximate the function value in the center and the guess model value f*
to approximate the function value in the candidate. Denoting the predicted decrease
by

T 3)
the descent test condition for the asynchronous setting is
ff=7 =0 Ak

The problem of this descent test is that the step might not give sufficient decrease even
if the test is satisfied. Whereas using f¥ instead of f(x*") is not a problem (because
using a too small center value would only underestimate the decrease), using the
approximated value f kis a problem: if f k « f(x%) the algorithm would overestimate
the decrease and do a “bad” descent step. In order to overcome this problem we use
Assumption 2 for the guess model: if each f; (-) has been evaluated at some point i,
ki < k, sufficiently close to (although not exactly at) the candidate x*, we know that

fl.k — fi ()Ek)‘ is arbitrarily small for each i € {1, ..., m}. Therefore, we augment the

descent test with the following precondition: let § > 0 and R > 0 be two arbitrarily
large constants (say ~ 1010), 8£‘ € (0, 5), i =1,...,m,benon-negative values (to be
determined later) and denote by k; < k the last index before k at which f; has been
evaluated. A descent step is only performed if

H)zk _zki H < min{sfA%, R} foralli € {1,....m}.

In other words, a candidate x* can only be accepted as new center if all functions f; (-)
have been evaluated sufficiently close to x* relative to the predicted decrease (5 can
be thought of an initial estimate for (Sf , but can indeed be really huge so that it has no
impact in practice).

Let i* be a candidate computed by a master problem process relative to the pre-
ceding center x¥ and let g* denote the aggregated subgradient. Then the predicted
decrease can be expressed as

N A NGO EE - L T N )

An important consequence of this expression is that the predicted decrease is also
non-negative (because f k(x*") < f* by definition of f¥). Putting all together, the
supervisor process performs a descent step if and only if the following two conditions
are satisfied:

(1) |#* — x| < min {8¥A*, R} foralli =1,...,m,
D2) f*—f¥=zo- Ak

The predicted decrease A is also a measure for the progress of the algorithm. A bundle
method drives the expected progress to zero, eventually proving that the model value
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converges to the function value in the center and the aggregated subgradient goes to
zero as well, proving optimality. We will show the same in our asynchronous setting.
Furthermore, we will see that A* is also a measure for the accuracy of the guess model
(and for the best known lower bound in the center as well), hence the closer we get to
an optimal solution, the more precise the guess model will become.

The following is a simple but important observation that follows directly from the
R bound in (D1). In fact, the validity of this result is the reason for the R bound (other
assumptions could be made as well, e.g., if all f;(-) have bounded level sets).

Observation 3 Assume the sequence (f ()?k))k6 k 1s bounded from below. Then

liminf f* > —oc0.
keK

In other words, if the sequence of exact function values at all evaluation points x*,
k € K, is bounded, then the values obtained from the guess model are also bounded.
Proof By Assumption 2

FE= Y @ =Y (GREH = AE) +4GEH)
i=1

i=1

e

o)) = - imhﬁ
i=1

> 3 (A~

i=

and the claim follows because the last term is bounded from below. O

Another consequence of the R-bound in (D 1) is that, together with Assumption 2, the
guess model can be interpreted as an inexact oracle with bounded error for all descent
steps (i.e., E$ =0, E < Emax in the setting of [5]). Hence, the convergence results
from there can be applied. A simple way to obtain an asymptotically exact oracle

(with vanishing errors) would be to simply let 3{‘ ko 0. However, it might not
be clear in general how fast these 8,’.‘ should go to zero, which certainly depends on
the functions to be optimized. Hence, our goal is to manage the accuracy of the guess
model automatically. In our analysis we will prove that with our accuracy management
the guess model becomes asymptotically exact and the sequence of centers converges
to an optimal solution.

5 Convergence analysis

The convergence analysis for bundle methods usually distinguishes two cases: whether
the algorithm does only a finite number of descent steps, proving that the final center
is an optimal solution, or it does an infinite number of descent steps. We will do the
same and adapt the classic analysis to our asynchronous setting.
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5.1 Finite number of descent steps

In this section we deal with the first case that the algorithm does only a finite number
of descent steps. The following is a classic result for proximal bundle methods but
extended to the asynchronous setting.

Theorem 4 Assume there isak € K such that the algorithm performs only null-steps,
i.e., X = % for some € R" and all k > k. Then

X € Arg min f.

Proof Fix an arbitrary master process 7 and denote by K™ C K the subsequence of
candidates generated by 7 for the final center. For every k € K7 let f k(.) denote
the cutting plane model of 7 used to generate x*. By Assumption 4 this sequence of
candidates converges to some limit point lim; . g» ¥ = x and

lim f*&5) = £@@). Q)
keK™

Because each f;(-) is guaranteed to be evaluated infinitely often (Assumption 1), this
implies that eventually conditions (D1) will be satisfied for all k > kg for some ko > k.
However, no descent step occurs, so (D2) must not be satisfied, and we know

od = o(f* = f(&) > f* = FEGEH ©6)
for all k > ko. The sequence of lower bounds in the center f* is non-decreasing and

bounded, hence converging to some value fX 4 f < f(%). Furthermore, the guess
models must become arbitrarily exact at x, too:

FEEH = fi®| = |FHE = LG + £GH - 1)

< |FFGH = G|+ [AGEH = D) = vk [ - 7| + 1| # - 5]
<yiLi|¥k—xki | <Li||¥ x|
and the right-hand side converges to zero. Because this holds foralli =1, ..., m, we
may conclude
lim &) = £ @
keK™

Using (5)-(7) as well as o € (0, 1) and AR >0 we get

lim oA* = o(f — f(X) = f — f(®),

keK™
which can only be true if lim; g~ A¥ = 0. By (2) and (4) £ = ¥ = lim g~ %*.
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By Assumption 3 the model is exact at the last candidate, i.e., f:.k (xkiy = fi(xki)
foralli =1, ..., m, therefore

R = FE [ = @D+ [ - fEh] S o

—0 =0 —0

fE= 5G| =

Because g€ € 3 f*(x¥) and |g¥| — 0 by (4) this proves 0 € 3 (%) and thus
X € Arg min f. O

Note that the proof actually shows that the sequence of candidates generated by each
single master problem process converges to the center and the model of each master
process shows the optimality of the center. Therefore, the sequences of all (indepen-
dent) master problem processes converge to the same point.

5.2 Infinite number of descent steps

In this section we deal with the case that the algorithm performs an infinite number
of descent steps. For this, let K < K denote the global iterates corresponding to the
update of the center, i.e., Vk € K: #1 = 3% In particular, for these iterates the
descent condition must be satisfied

0<o-Af < fr-f*

for some ¢ € (0, 1). Foragivenk € K we denote byk™ € K the index of the descent
step that led to the center relative to which ¥ has been computed (i.e. £* ! = x¢7),

Let Ié,lm = Hkl, oo kp € K: ko <ky <...<k,= l} be a consecutive sequence of
descent steps such that k; =kj forj=1,..., p,ie.,eachcandidate %/ has been

computed relative to x*i~1. If we sum up the predicted decrease of all steps in such a
consecutive sequence we get

o Y A< (F-H=d -+ Y-
keKkO keKko keKkO kele,lfo

==+ )7

keI?,’(o

®)

This inequality has a nice interpretation the sum of the expected decreases is bounded
by the total decrease ( f ko _ f ) and the sum of “errors” made for the center values:
let £ = %X be the center at a descent step k € K that was the candidate at iteration k~
The error made in this center is the difference between the best known lower bound f 2
at iteration k (when X is the current center) and the guessed value f k™ at iteration k~
(when x was the candidate to be made the new center). If we can show that the above
sum is bounded, we can conclude that A¥ — 0 and, similar to the previous section, that
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f* gets asymptotically exact, i.e., & — f(&¥). The problematic part is the sum of the
errors made for the center values. In a classic bundle method with exact evaluations
this term is zero. However, because we use inexact or outdated information we have
to take measures to ensure that the sum of errors remains bounded. The following
Lemma makes this more precise. In fact, it suffices to ensure that the errors are small
compared to the expected progress (such that the errors cannot obliterate the progress
completely).

Lemma5 Let o € (0, 1) and assume that there is a ko € K such that for the guess
value f*° of f(x*7) at the preceding descent step k= (when X became the new
center) and the best known lower bound f* of f(x*") at the current descent step
(when ¥*° is left and x* becomes the center)

ff=f <a-0-a% 9)

Sforall k with k™ > ko and limycg fk is bounded from below. Then there is a constant
Cky € R such that for any consecutive sequence of center points K' C K the sum of
predicted decreases is bounded kek’ AF < C ko < OO.

Proof Let K’ C K be a consecutive sequence of points and K llo C K’ afinite consec-

utive subsequence of K’ such that Iy > ko is as small as possible. Note that [y only
depends on ko because there is only a finite number of master processes and for each
master process there is a unique smallest index > k¢ at which it is started. From (8)
and (9) we get

o > A< oy S oAl = flo - {14 3 wpak +agal —anl.
keIEl’0 keIEl’0 kel%,lo

Rearranging terms gives

I—ae Y A< flo— fl 4 apAl —agA!.
kel%io

Using A% > Oforall k € K and the assumption that ¥ is bounded from below shows
lim;_, Zk k! Ak < Cy, < oo because the right-hand side only depends on k. O
0

Although condition (9) looks quite simple, it cannot be tested directly: at the moment
the algorithm has to decide whether a descent step is made, only A¥ and £* are known

but the future f' with [~ = k will not be known definitely before the succeeding
descent step / € K. In Sect. 6.1 we will see how to overcome this problem.

Lemma 6 Suppose there is an infinite number of descent steps and f (%) > f (%) for

some X € R" and allk € K and f* — f* <a-0-A¥ forall k > k. Then the x*
converge to a minimizer of f. In particular, Arg min f # .
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Proof (This proof is along the lines of [8, Lemma 5.§.5]) First, note that the 1oweAr
bound in the center gets asymptotically exact. Letk € K be adescentstepandk™ € K

the preceding descent step. Then by (D1) and because f;]f is exact at the point ¥% of
the last evaluation of f; before iteration k™~ (i.e. fi]( ()Ekf_ ) = fi(iki_ )) we get

LG = fF= G - G+ FE GO = EH+ R EE) -

<L ¥ ki ) =0
- —| O o o
<21, Hx" _ ik H < 2185 AF <2L,5A% (10)
foralli =1, ..., m. By the subgradient inequality

FED 2 @ = 1@ + (g 5 - )

k

and by (2) (and because x* is the center relative to which x* has been computed)

gh=uk. & =3, (1)

}-)EkH2= i_xk*_'_ik*_ik”Z
=[5 -z 2+2<x—xk7’ik7 xk>+Hiki_ka2
N F 2+2<f—fk’ulkg_k>
leost 2+%(f(xk’>—f"(xk)
e e 2 (- )+ S (rEH - )
u u
(3)and(10)§ ok 2+%Ak+%i2Li‘§Ak

_2 _
< |x =7 | +cak +a%)

for some constant C > 0.Let K 1]; be a consecutive sequence of descent steps eventually
generating center X% with Iy > ko as small as possible. Iterating the argument above
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for all descent steps [ € K l’;

2
+2C Z A+ A < . (12)
lel?;;

2
o= <[z -

The sum in (12) is finite because f(£¥) > f(%) implies by Observation 3 that the
f* are bounded from below as well, so we can apply Lemma 5. This shows that the
sequence of centers is bounded and therefore has an accumulation point x.

Next we show that each limit point is a minimizer of f. By (D1) and fik (xkiy =

fi ()Eki ) we know for the model value foreachi =1,...,m
G = @] = | 7R = FEEO| | £ = AGE|+ A£G = G
<L; \|xk—xki H =0 SLif| € -7 |
<2L; |75 = 3k || < 2L, 5A%. (13)

Let x € R” be an arbitrary point. The subgradient inequality states
FO) 2 R + (75 x - 7)

and (4) and (13) imply that the right-hand side of this inequality converges to f(x)
for a proper subsequence of center points converging to x, hence X € Arg min f.
Finally, we may replace x with X in inequality (12) and choose kg so that the right-
hand side is smaller than some arbitrary ¢ > 0. This shows X¥ — & completing the
proof. O

Putting all together we can prove now that in case of an infinite number of descent
steps the sequence of centers minimizes the function and converges to an optimal
solution if one exists.

Theorem 7 Suppose there is an infinite number of descent steps and fk <
o-0- A forallk > ko. Then lim, _ Kf = llmker = lim, Kf(x ) = inf f
andlim, _p X iK€ Arg min f if Arg min f # ¢.

Proof 1If there is an x € R”" with f(¥¥) > f(x) forall k € K , then by Lemma 6
the sequence of centers converges to a minimizer of f. In particular this is the case if
Arg min f # . Otherwise Arg min f = # and f(x*) < f(x) for each x € R” and
infinitely many k € K. Hence lim, _p F(&x*) =inf f. O

6 The guess model

The guess model is a central feature of our algorithm. It determines approximate
function values at candidate points x* if a function f;(-) has not been evaluated at
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x¥, yet. We have already discussed basic properties of the guess model in Sect.2.2
but we did not present actual possible implementations of the guess model. In this
section we will first prove a central claim that states that the requirements for the
convergence results of the previous section (namely condition (9) are indeed satisfied
if we use a valid guess model). In particular, we will specify the missing piece of
descent condition (D1), namely the precise values of the 811.‘ ,i=1,...,mk € K.
We start with the assumption that the Lipschitz constants are known and then extend
to the case where the Lipschitz constants are not known. Finally, we present different
possibilities for choosing the guess model.

6.1 The descent step radius with known Lipschitz constants

Knowing the Lipschitz constants, L;, i = 1, ..., m, easily allows adjusting the 8{‘ SO
that the error made by the guess model is small compared to the predicted decrease
AK,

Observation 8 Let o € (0, 1), set 85‘ ‘= min {(HZ% S} forallk € K andi =

1,....,m.Then f¥ — f¥" <a-0-A* forall k € K whenever (D1) holds at k~.
Proof Each fl.k is a lower bound on fi(ikf), hence
m _ o m B _ B o
YFHE-FO=X( G-+ @D -G )
- N —— S

i=1
<fiG -G <L,

m
EZ(I—i—yg

k— k—
(by (D1)) <;(1+%)L —(1+y,)mL A < apAF .

5k ” <yiLi|®

K gk ” by Ass. 2

xk7 _ ik’

m}

If the Lipschitz constants L; are known, the convergence of the algorithm follows.
However, we will show in the next section that if these constants are not known, the
algorithm can compute a suitable approximation during the run.

6.2 The descent step radius with unknown Lipschitz constants

If the Lipschitz constants L;, i = 1,...,m, are not known, the algorithm can
determine a suitable approximation during its run. Intuitively it is sufficient to
compare function values computed by the oracle calls and to derive the Lipschitz
constants from them. For this, observe that in the proof of Observation 8§ the Lips-

chitz constant L; is used to bound two terms: fik — fi ()Eki_) <L; ”)Ek_ — ik H and
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LG — fF <y H)Eki_ — x5 H In particular, all values taking part in these

estimations ( fl-k, fi ki, fikf) are known at some point in the algorithm. Hence, the
main idea is to keep a lower bound Lf? <Lj,i=1,...,m,k € K, of each Lipschitz
constant L; and increase this lower bound as soon as condition (9) is observed as not
satisfied. Formally, let k € K be a descent step (i.e., the descent conditions have been
satisfied) with old center ¥ and candidate ¥¥. We will first check if an update of the
Lipschitz constants is necessary ((L1) and (L2)) and if this is the case, then enlarge

the Lf.‘ in two steps to an intermediate value Lfﬂ/ 2 and the new value Lf“ ((L3) and
(L4)).

(L1) If k € K is not a descent step, set Lf“ <~ L{F, i=1,...,m.

(L2) If f* — % <aoAF  set LK LK i=1,...,m.

L

L3) I H;zk’ _zki H =0, then

k+1/2 k— -k -k~ -k
Li+/ <—max{L§‘, (fF = fi&5))y/ ka — xki

otherwise L;‘Jr]/z <« L{?.
(L4) If Hik_ —xk H -0, then

L e max [ L2 (i ERO— 7/

it

L{.c+1 k+1/2’

otherwise <~ L;
Only descent steps are important for this estimation (step (L1)). When we leave center
£ we know the final value of f*, and we can verify if (9) was satisfied in the previous
descent step (step (L2)). If not, then at least one of the inequalities

Fom i@y < LK ka’ _ ik H and  fi(7 ) — 7K < yLk Hik’ — ik

for some i = 1, ..., m must be violated. We then enlarge L;‘J’l so that those inequal-
ities would be satisfied with these larger constants (steps (L3)and (L.4)). Note that test
(L2) ensures that the Li.‘ are only updated if the error made over all functions has been
too large. It might be the case that some functions had a too large error (i.e., Li.‘ has
been too small) but the overall error was small enough.

Although the constants Lf.‘ are only increased in the next descent step, which may
seem to be too late, they will become increasingly better approximations of the real
Lipschitz constant L; and this will be sufficient for convergence. In order to show this,
note first that the sequence (Li.‘ )kek 1s non-decreasing and bounded (by L;), so it has

alimit L; < L; ande?gL_i foralli =1,...,mandallk € K.

k . . @Q N P
Theorem9 Ler @ € (0, 1), set 87 := min {—(l+y,-)mLf-"8} forallk € K andi =

1,...,m. Then there is a ko € K such that f* — f** <32 . 0. AK" forall k € K,
k > ko, whenever (D1) holds.
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Proof Because L; = limg ek Lff foreache > Othereisak, € K suchthat L; —¢ < Li.‘
foralli e {1,...,m}and all k € K with k > k.

S G- =Y (G- AE D+ GED) - ) = a4 wl [# -3 |
= - <L;|ehm -z <yiLi|[F =2 -
" - oo k— - = Qo k—
by (D1)) < I+ y)Li—————=A" <) (I+y)li———=——A
(by (O1) lgl:( v (1+y)mLk E( 7 (I +y)m(L; —¢)

m

(1 L;
k i
<apA (m E Zi—s)'

i=1

By choosing ¢ = }I_—z -min{Ly, ..., L,,} the right-hand term can be bounded by

(1 & L; l4+a -
Ak S — — ! = = Ak .
0 (mzb L) LR

6.3 Possible guess models

In this section we describe possible choices for valid guess models. The simplest
choice for fl.k(-) is to use the function value at another (possibly close) point, i.e.,

M) == fi(3%) forall x € R™.

Obviously, this model satisfies Assumption 2 with y; = 1 foralli =1, ..., m:

x—ik"H.

fi0 = iG] =114 |

fio) = fH )| =
Another natural choice for the guess model fik (+) is the cutting model fik itself, i.e.,

R0 = froo.

This is basically theAidea of the incremental bundle method presented in [5]. Then
(because f; (i) = fF (k)

ek — fR oo

fite) = fi@)| +

fi0 = fro| =

fio) = fE )| =

<o <ifo-]

3

<2L; Hx _ ki
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hence the cutting plane model is a valid guess model with y; = 2foralli =1, ..., m.
Interestingly, the simple model provides the smaller constant y;. The reason is that
the cutting plane model underestimates the true function value more easily than the
simple model. A third possible model is therefore a combination of both

ff’k(x) = max{fil’k(x), ];i2’k(X)},

which is also valid with y; = 1 foralli =1, ..., m.

Remark 10 An important motivation for using the cutting plane guess model f2¥(.)
are Lagrangian relaxation approaches of combinatorial optimization problems [7, 13,
14]. Here the functions f; (x) are defined as

fi(x) := max [(c — AiTx)Tz: zZ€ ZI-]

where Z; is a combinatorial, often finite set. A subgradient g € 9 f;(x) is given by
an optimal solution z} € Arg max {(c — A]x)7z;: z; € Z;} via g = (—A;z;). The
optimal value of this problem typically changes for each evaluation of f;(-) because
the candidate x changes. However, because the Z; are finite, the optimal solution
z; does not change very frequently. In fact, the set of optimal solutions generated
throughout the algorithm is often quite small (in particular in the later iterations when
the candidates x* do not change that much between evaluations). Hence, as soon as
these solutions and the corresponding subgradients are contained in the cutting plane
model, the model is in fact exact (i.e., fl.k ()Ek )= fi ()Ek )) in many cases. In this situation
evaluating the function f; does not lead to new cutting plane information (the guess
model is equally good) in most iteration but merely verifies that the guess model is
indeed exact or catches the few cases where it is not.

Remark 11 Note that the guess model does not give a valid upper bound on the function
value in general. In particular, the cutting plane model fiz’k (-)isalower model and does
not provide upper bounds at all. The problem is that guess models are guaranteed to be
exact only at the evaluation points (at the last preceding candidate point at which f;(+)
has been evaluated to be precise) and this may be different foreachi = 1, ..., m. This
is a problem when the algorithm terminates as, e.g., the final result is not guaranteed
to be a valid upper bound for the Lagrangian relaxation problem. However, there is
a simple work-around: when the algorithm is about to stop at a certain point £¥, all
oracles must be evaluated once at this point, also see Remark 13 below.

6.4 Restriction to active subspaces

The main motivation of [6] was that in Lagrangian relaxation approaches many func-
tions f;(-) only depend on few variables. The algorithm presented in [6] basically
detected these dependencies by observing which components of the subgradients
gi € 8f;(¥X) are non-zero: as long as all observed subgradients have a zero entry
in some component, the function f;(-) is assumed to be constant along the subspace
corresponding to this component. Furthermore, because the cutting plane model is
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built from the observed subgradients, the cutting plane model is constant along these
subspaces, too.

A similar observation led to the development of Dynamic Bundle Methods [1]. The
idea here is to maintain a set of active constraints in a Lagrangian relaxation approach
in order to keep the number of (non-zero) dual variables small. If some formerly
inactive constraints become violated during the algorithm, they are added to the set of
active constraints.

We want to show how this idea can be incorporated into our algorithm. The main
motivation for this is that condition (D1) is a global condition, restricting the distance
of the last evaluation point x% for some i = 1, ..., m from the candidate ¥ in all
components x;, j = 1, ..., n. However, if some function f;(-) does not depend on
some variable x;, such a global condition seems too strong. Indeed, if f;(-) does
not depend on x; at all, a non-zero difference (xk — xkiy j # 0 should not impede
the acceptance of the candidate. Although the information whether a certain f;(-),
i =1,...,m, depends on some variable x;, j = 1, ..., n, might be known from the
problem structure, it can be detected automatically using an active set strategy like in
[1] or [6]. We show how (D1) can be relaxed to obtain a weaker condition that exploits
the detected active sets.

For this, let Jl.k C{l,...,n},i =1,...,m, k € K, denote the subset of indices
for which some subgradient of function f;(-) with a non-zero entry in that component
has been observed until iteration k € K, i.e.,

7E =] supp(gh
1<k
lEK,’

where K; C K denotes the global indices corresponding to a new evaluation result of
fi(x%)and gl{‘ € 3 f;(x%). Obviously, these sets can easily be tracked by the supervisor

process.
The main ideanow is that for function f; (-) we only need to consider the components
on the subspace Jl.k . For each vector x € R" and J C {1, ..., n} denote by x; the

subvector consisting only of the components of J. We replace (D1) by

D) |, —ii"k < 8FAFand |¥% — 5| < Rforalli =1,...,m,

and the update conditions (L.3) and (L4) for the Lf? by

&
_
‘Ii

(L3) If > 0, then

-k~ —
X].k, — X

i

L% max {L{.‘, (FE = @)y

!

R
x* - =X
J! J!

k172 Lf.

otherwise L;
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ki
— X -
‘]i

(L4 If | x5

i

> 0, then

Lf*l <« max{ L2 (fiky = f /(i || x ka Jk—

At

This way a function f;(-) only restricts the movement of the candidate along the
subspace of variables it depends on.

In order to see that all convergence results still hold, denote the largest subspace
fi () depends on (according to all observations of the algorithm) by J; := |,k Jl.k for
i =1, ..., m. Note that there is some ky € K such that J; = J,.k foralli =1,...,m,
k > ko, because the number of variables 7 is finite. Define

12
otherwise L”‘Jrl <~ LkJr /

Fito) = sup (&) + (gh,x — 7)),

kekK;

i.e., F;(-) is the function defined by all subgradients ever obtained for f;(-) by the
algorithm. Note that F;(-) is constant along the components J; := {1,...,n}\J; by
definition and F;(-) is consistent with all function values and subgradients computed
by the algorithm. In particular, we may assume that the algorithm optimized F(x) =
2?1:1 F;(x) instead of f(x). Using the notation

) xXj, JeJ,
x|1j)i =1 "
17 0, otherwise,

(x| denotes the projection of x onto the subspace {y eR": y; = 0})we have F; (x) =
F;(x)y,) for all x € R". Hence, we may replace all xk by )E‘kji in all proofs, e.g.,

|Fi(x) = F;)| = |Fi(x5) — Fi(o)| < Li |xg, =y | = Li | x5, = ys |

(Lemma 6, Observation 8 and Theorem 9). With this observation all arguments remain
valid for all indices k > ko. Consequently, the algorithm computes (an approximation
of) an optimal solution x* € Arg min F and by F(x) < f(x) (by definition) and
F(x™) = f(x*) this is also a minimizer of f ().

7 The final algorithm

We are now almost ready to present the final algorithm or, more precisely, the final
supervisor process. It remains to specify the termination criterion. A typical choice is
a bound on the predicted decrease: the algorithm terminates as soon as A¥ < ¢ for
some ¢ > 0 (see, e.g., [12]). Indeed, Theorem 7 implies that this condition will be met
after a finite number of iterations if f(-) is bounded from below.
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Corollary 12 Let ¢ > 0 and assume inf ,crn f(x) > —00, then there isa k € K such
that AF < e.

We will use this as termination criterion. The final algorithm of the supervisor process
is shown in Algorithm 4.

Remark 13 1t is well-known that the above termination criterion is quite weak: the
distance from a true optimal solution may be arbitrarily large, e.g., if f(-) is a function
that decreases very slowly. The criterion is even weaker in our asynchronous setting:
because AF = fk — f 7k and the value f* is only a lower bound on the true function
value in the center f (%), the value A% may be much smaller than the “real” predicted
decrease of a classic bundle method f & = f Kk Furthermore, without knowing the
real value of the Lipschitz constants the difference between f* and f(x* ) is hard to
estimate. Hence, the algorithm may stop too early.

A simple way around this in practice is to enforce an exact evaluation of all oracles
at the final center (ensuring f_ k= f ()Ekf)) and only terminate if the (then correct)
predicted decrease is small enough. This could lead to numerous exact evaluations
during the final iterations of the algorithm. An implementable strategy could therefore
be as follows: First test if AF < % Only if this is the case, evaluate f ()Ek_) exactly and

then terminate if f ()Ek ) - f k < ¢. Furthermore, the synchronized evaluations can be
done by additional processes independent of the main algorithm, so the main algorithm
can continue independently. When the synchronized evaluation is done and verified
to meet the stopping condition, the algorithm terminates with that point as solution,
otherwise the main algorithm adds the cutting planes obtained by the synchronized
processes to the bundles and continues.

Other stopping conditions based on the aggregated subgradient or linearization
errors can be used in the same way. In order to keep the presentation simple we do not
use this strategy in Algorithm 4.

8 Preliminary computational experiments

In this section we present a few first computational experiments. The experiments are
focused on one property of the asynchronous method, namely that few slow oracles
might not slow down the overall computation because the algorithm may proceed with
the results of the other, faster oracles. This is indeed one of our main motivations for
the development of the algorithm.

The experiments solve the Lagrangian relaxation of multi-commodity-flow test
instances [17]. Eachinstance consists of 11 commodities, hence has 11 subproblems. In
order to simulate slow oracles, we randomly picked N = 1, ..., 5 of these oracles and
artificially slowed down the evaluation of these subproblems by 0.1 s. For each instance
and N we computed 10 runs each with a different subset of slowed subproblems.

Our test implementation runs on a single compute node with an Intel Xeon CPU
2.20GHz and 40 cores. The algorithm uses only a single master problem in disaggre-
gated form. We implemented a synchronous and an asynchronous bundle method in
Rust 1.66 sharing large parts of the code (i.e., the master problem and oracle imple-
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Algorithm 4: Supervisor process with unknown Lipschitz constants

Parameters:
e Descent parameter o € (0, 1),
e error acceptance « € (0, 1),
o upper bounds for the descent tests 5, R > 0,
e termination precision ¢ > 0
Data:
e Current global iteration counter k € IN
o Current center £¥, next candidate ¥
e Best known lower bound f_,.k incenter,i =1,...,m
e Current guess model f:-k(-), i=1,...,m
e Current guess of Lipschitz constants Lff, i=1,...,m
e Active subspaces Jl.k, i=1,...,m
Receives:
e Cutting plane (x, fij(x), g € 3 fi(x)) for some i € {1, ..., m} from an oracle process
e New candidate x from a master problem process
Sends:
e Candidate ¥* andi € {1, ..., m} to some oracle process
e New center X to all master problem processes
e Cutting plane info (x, fj(x), g € 3 f;(x)) to all master problem processes
Input: Initial point x°.

// Initialization
k<0
fori =1,...,mdo
Compute f; (%) and g? e dfi(x%)
Set 8 «§
Set Jio <« supp(g?)
Start master problem processes with (%0, fi ()?0), g?), i =1,...,m,asinitial cutting plane model.
// Main loop
repeat
if Receive cutting plane p = (X%, f;(x%), g € 8 fi (%)) then
Set JIH! « Jk U supp(g)
foreach master problem process & do
| Sendpton
Update guess model fi/‘ to fikH
Update lower bound £« max{f¥, f; (&%) + (g, &% — ki)
if ¥4 # x* then
| Send %* to an oracle process.
else if Receive new candidate x from a master problem process then
Set iK1« ¥
foreach idle oracle process = do
| Send ¥¥*! to oracle process 7

k< k+1

if Descent conditions (D1°), (D2) satisfied then
R+ gk
Set i« fKG@0,i=1,...,m

foreach master problem process = do
| Send new center £ ! to &
Update Lf.‘, i =1,...,m,according to (L2) and (L3”) and (L4")
k<—k+1
until A¥ < ¢
k

return X
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Table 1 Running times in
seconds for the synchronous and
asynchronous algorithms pdsd 6.64 9.44
without slow down

Instance Sync Async

pds3 19.10 28.01
pds6 2244 54.30
pds7 2741 58.85
pds8 37.57 28.54
pds9 24.59 82.01
pds10 47.02 56.64
pds11 51.72 90.21
pds12 88.66 94.57
pds13 80.24 142.05
pds14 86.84 149.50
pds15 156.73 41.75
pds18 126.59 246.60
pds20 246.90 318.76
pds21 197.29 713.90
pds24 318.37 1017.06
pds27 485.00 1049.32
pds30 413.74 1452.24
pds33 552.46 1421.17
pds36 734.19 2074.38
pds40 725.26 1702.87

mentations are identical). The difference between both implementations is basically
the supervisor process. In the synchronous method the supervisor process waits for
all oracles to finish their computation. The asynchronous method uses the mechanism
described in this paper (see Algorithm 4). The reason why we choose such relatively
small problems is that our implementation only runs on a single compute node and
not on a distributed computer cluster, yet.

We measured the running time in seconds for our implementation to reach the final
solution and compared the running times of the synchronous and the asynchronous
methods. Table 1 shows the running times of both algorithms if no oracle is slowed
down. As expected, the synchronous method in this case is usually much faster than
the asynchronous method. This is expected because the oracles are very fast and
the solution time of the master problem is significant. The asynchronous method, in
contrast, starts the solution of new master problem processes as soon as a few oracles
finish their computation, potentially solving several unnecessary master problems
(because all oracles have almost the same very short computation time, waiting for the
remaining oracles would be the better choice, which is what the synchronous method
basically does).

However, if we slow down some oracles, the computation time of the oracles
becomes much larger and dominates the computation time for the master problem.
Table 2 shows for each instance and number N of slowed oracles the ratio of the run-
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Table 2 Ratio of synchronous

and asynchronous running Instance IlV 5 3 7 3
times, fasync /fsync
pds4 0.27 0.30 0.28 0.23 0.22
pds5 0.25 0.23 0.25 0.22 0.29
pds6 0.30 0.30 0.33 0.27 0.27
pds7 0.33 0.34 0.42 0.29 0.26
pds8 0.08 0.09 0.09 0.09 0.10
pds9 0.54 0.60 0.61 0.44 0.42
pds10 0.26 0.31 0.28 0.21 0.21
pdsl11 0.29 0.31 0.36 0.29 0.28
pds12 0.22 0.23 0.19 0.18 0.18
pds13 0.25 0.28 0.34 0.26 0.24
pds14 0.30 0.33 0.33 0.26 0.28
pds15 0.06 0.06 0.07 0.06 0.06
pds18 0.45 0.47 0.47 0.38 0.38
pds20 0.28 0.29 0.31 0.26 0.26
pds21 0.69 0.76 0.87 0.68 0.64
pds24 0.62 0.69 0.68 0.61 0.62
pds27 0.53 0.61 0.57 0.56 0.53
pds30 0.74 0.86 0.82 0.78 0.78
pds33 0.62 0.69 0.72 0.68 0.66
pds36 0.63 0.75 0.74 0.71 0.70
pds40 0.84 0.93 0.99 0.90 0.92

ning time of the asynchronous method divided by the running time of the synchronous
method (i.e., a value < 1 means the asynchronous method is faster, otherwise the
synchronous method is faster). Our asynchronous method is now faster than the syn-
chronized method on average. In particular, Table 3 shows the factor by which the
running time of the synchronous and the asynchronous method has changed compared
with the running time without slow down. For the synchronous method the running
time is increased significantly (independent of the number of oracles being slowed
down because all oracles are evaluated in parallel). However, for the asynchronous
one there is almost no change in the running time.

These experiments are, of course, very preliminary, yet quite promising. They show
that the asynchronous method may have a significant advantage over the synchronous
method if some oracles require a much higher computation time than others. Unfortu-
nately, if the computation times of all oracles are close to each other, the synchronous
method clearly wins. However, it should be noted that the current preliminary imple-
mentation of the supervisor process is the simplest possible, e.g., new master problem
computations are started as soon as the result of the oracle is available. Therefore, a
possible improvement would be that the supervisor actually measures the computation
time of each oracle and performs an asynchronous update only if the computations of
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Table 3 Factor by which the running time increases compared with no slow down of the same algorithm

Instance N Instance N
1 2 3 4 5 1 2 3 4 5

pds4 6.75 674 674 675 6775 pds4 1.30 141 1.31 1.08 1.03
pds5 720 719 7.9 7.19  7.19  pdsS 120 112 1.21 1.07 140
pds6 6.63 6.61 6.62 6.6l 6.61  pds6 083 081 089 075 073
pds7 688 692 692 695 692 pds7 1.07 109 136 093 083
pds8 6.52 650 650 654 650 pds8 0.69 077 079 075 0.82
pds9 599 603 6.02 601 597 pds9 096 1.09 111 079 0.75

pds10 566 564 6.04 604 583 pdslO 1.21 1.39 138 1.05 1.01
pdsll 596 6.00 597 6.17 6.10 pdsll 099 108 123 101 098
pds12 646 648 623 636 640 pdsl2 1.31 139 114 1.06 1.10
pds13 6.01 6.09 608 6.06 587 pdsl3 08 09 116 090 0.82
pds14 6.04 599 592 6.1 6.19 pdsl4 1.07 114 110 0091 1.02
pds15 590 584 585 584 584 pdslS 137 137 153 131 1.28
pds18 522 516 517 514 514  pdsl8 120 124 124 1.00 1.01
pds20 506 500 501 497 497  pds20 1.09 114 1.19 1.00 1.01
pds21 425 436 408 493 4.04 pds2l 081 094 099 093 0.71
pds24 466 459 461 458 458  pds24 091 099 098 0.88 0.89
pds27 429 409 423 407 420  pds27 1.05 114 113 1.04 1.04
pds30 420 412 414 409 4.08  pds30 0.88 1.01 097 091 090
pds33 395 385 388 382 382 pds33 096 1.03 1.09 101 098
pds36 368 358 361 353 353 pds36 082 09 095 0.88 0.88
pds40 331 338 323 316 3.16 pds40 .19 132 136 121 1.24

some oracles take significantly longer than others (effectively turning the algorithm
into a synchronous method if all oracles require roughly the same computation time).

9 Summary and future research

In this paper we presented a fully asynchronous proximal bundle method for solving
non-smooth, convex optimization problems given by first order oracles. The presented
algorithm can be used as a drop-in replacement for a classic method without requiring
additional information like Lipschitz constants. The algorithm may use an arbitrary
number of processes evaluating the functions at certain candidate points and may
also use an arbitrary number of master problem processes producing new candidate
points. All processes communicate with a single supervisor process that manages the
global iterations. Instead of using the exact function values the algorithm uses a guess
model to obtain approximate function values. Convergence is guaranteed by learning
the Lipschitz constants during the algorithm and by ensuring that all functions are
evaluated sufficiently close to the current candidate point depending on the expected
decrease. In particular, the algorithm does not have (scarce) coordination steps. We
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proved that the sequence of center points generated by the algorithm converges to
an optimal solution of the problem (if one exists) under quite weak assumptions.
This convergence theory is similar to inexact bundle methods and incremental bundle
methods.

Starting from this basic algorithm, there are several interesting next steps. First,
the algorithm allows using multiple master problems, which is very untypical for
bundle methods. However, the asynchronous method presented in [6] can also be
interpreted as a bundle method with multiple master problems, one for each selected
subspace. These master problems were partially disaggregated models where only
the functions active on the subspace get their own cutting plane model whereas all
other functions are collected in a single aggregated model. It would be interesting to
investigate whether a number of similar master problems can indeed produce better
candidates. The simplest idea would be to have m master problems where master
problem i uses two cutting plane models, one for f; (-) and one for Z’]ﬂ:l fj (). Another

1
would be to select appropriate subsets of functions similar to the sutis?;ace selection in
[6]. The advantage is that each of these master problems is a partially disaggregated
model and much faster to solve than a fully disaggregated model, but also a possibly
better approximation than a fully aggregated model, thus potentially producing good
candidate points rather quickly.

Another research direction would be the incorporation of inexact oracles. This has
been done for the asynchronous level bundle method in [11] and the results should
carry over. We deliberately did not investigate this setting in order to keep the already
complicated presentation of our approach reasonably simple.

Finally, this paper focuses only on the theoretic aspects of the algorithm. We only
present very preliminary numerical results. The reason is that a full implementation
of the algorithm requires a lot of additional details to be specified, e.g., the number
and kind of master problems processes (as discussed above), the number of oracle
processes for each function f; (-), the scheduling strategy (in a practical implementation
the supervisor might track the computation times for each function oracle and either
collect the results of oracles with short computation times or might decide to spawn
additional processes for the slower oracles), etc.. A full investigation and numerical
analysis of this algorithm would lengthen this paper significantly and will therefore
be the topic of a future paper.
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