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Abstract

The generalized Langevin equation is a common equation for modeling the motion of
particles in molecular dynamics. It describes the velocity of a macromolecule in a medium
consisting of many smaller particles via a convolution over the history of its velocity and
a memory kernel, which encodes the medium’s physical properties and allows to take
into account long-term consequences such as the influence of collisions on the motion
of the medium’s particles, which can indirectly influence the macromolecule in the long
term. The generalized Langevin equation employs the coarse graining approach of only
simulating the macromolecule’s velocity explicitly while collisions with the particles of
the medium are modeled via a random force process. It is known that if the memory is
a Prony series, the generalized Langevin equation can be represented by an Ornstein-
Uhlenbeck process by introducing auxiliary variables, which simplifies both its theoretical
analysis and its numerical simulation.

While the forward problem, generating sample paths to a given generalized Langevin
equation, is interesting in itself, we are more interested in the inverse problem, which
consists in determining a good approximation of the memory kernel given a solution of a
generalized Langevin equation. By a solution we here mean the distribution of the solution
process, which is given by the auto-covariance function of the velocity. This function is
deterministic and can be easily estimated given a sufficient number of sample paths. The
inverse problem is known to be ill-posed, therefore stability is a major issue with methods
which solve this problem. In this thesis we introduce a new method for solving the
inverse problem. Instead of first approximating the memory kernel in order to determine
a suitable Prony series and an Ornstein-Uhlenbeck process approximation, this method
directly yields an Ornstein-Uhlenbeck process which approximates the given velocity
auto-covariance function of a generalized Langevin equation. It is based on a variant of
the Lanczos algorithm which allows interpolating the velocity auto-covariance function
by a Prony series and determines the corresponding Ornstein-Uhlenbeck process, followed
by several post-processing steps. By using the multi-dimensional Lanczos algorithm, it
can also be applied to the multi-dimensional generalized Langevin equation, where the
velocity is a vector.

We test this method using data from several molecular dynamics simulations, including
noisy data to assess the method’s robustness. For the one-dimensional case we introduce
and assess an extension of the algorithm for the setting of a generalized Langevin equation
where the macromolecule is subject to an additional constant external force. In this case
it is essential to obtain an Ornstein-Uhlenbeck process whose mobility is close to the
actual mobility of the generalized Langevin equation.
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1. Introduction

1.1. Overview over this Thesis

The generalized Langevin equation (GLE) is a commonly used equation in molecular
dynamics. It describes the motion of a macromolecule (or several macromolecules) in a
medium. While it simulates only the macromolecule’s velocity directly, the motion of
the medium’s molecules is taken into account, too, albeit indirectly. For this the GLE
contains a memory term, which enables it to depend on the history of the particle’s
velocity, and a stochastic force term. While the stochastic term simulates the immediate
impact of collisions with the mediums particles, the memory term takes into account
long-term consequences such as the influence of collisions on the motion of the medium’s
particles, which can indirectly influence the macromolecule in the long term.

In this thesis we are interested in the inverse problem, which consists in determining the
memory kernel given a solution of a GLE. By a solution we here mean the stochastic
distribution of the velocity. Since the velocity is a continuous, centered Gaussian process,
the distribution is given by the auto-covariance function. We assume that the particle’s
velocity is a stationary process, hence this is a function of one variable. Often the
complete velocity auto-covariance function (VACF) is not available, but its values at
certain times, usually in an equidistant time grid, are. On top of determining the memory
kernel, we are also interested in writing the corresponding GLE as an Ornstein-Uhlenbeck
process. In an Ornstein-Uhlenbeck process the memory term is represented by auxiliary
variables. Since it is a Markov process, this significantly simplifies numerical simulation
of the corresponding GLE and computations of its analytical properties. Our goal is
developing a method which computes an Ornstein-Uhlenbeck representation of a GLE
without first having to determine an approximation of the memory kernel in order to
avoid known stability problems of the latter problem. (Note, however, that the inverse
problem itself is ill-posed, therefore no completely stable algorithm for solving it exists.)

This thesis is organized as follows: In the remaining chapter we will clarify the used
notation and give an introduction into the stochastic foundations required to define
Ornstein-Uhlenbeck processes. In Chapter 2 we give a detailed introduction into the
generalized Langevin equation and the corresponding inverse problem and explain how it
can be represented by an Ornstein-Uhlenbeck process. In Chapter 3 we present a method
for solving the one-dimensional inverse problem and generating an Ornstein-Uhlenbeck
system whose VACF approximates the given VACF in a given equidistant grid. In
Chapter 4 we will investigate an extension of the generalized Langevin equation, obtained
by adding a constant external force which affects the macromolecule, and assess an
adapted version of this method to obtain an extended Ornstein-Uhlenbeck representation
for the corresponding process. In Chapters 5 and 6 we will extend the algorithm from

1



1. Introduction

Chapter 3 to the multidimensional generalized Langevin equation with a matrix-valued
VACF and assess its numerical results.

1.2. Notation and Useful Lemmas

1.2.1. Notation

If A is a matrix, AT denotes its transposed matrix while A∗ = A
T denotes the conjugate

transposed matrix. Ai,j is the matrix entry at position (i, j) while Ai, · is its ith row and
A · ,j its jth column. In denotes the n × n identity matrix. 0m,n is the m × n matrix
containing only zeros and 0n is the zero vector in Rn. We sometimes omit the dimensions
when they are obvious from the context or irrelevant. ek is the kth unit vector where the
dimension is again clear from the context when it is not explicitly mentioned.

We will often write matrices in block notation, i.e. write them as blocks of smaller
matrices. To simplify the specification of the blocks’ dimensions, we introduce the
following notation:

A =
[
A11 A12
A21 A22

]
∈ R(m|n)×(p|q)

means that A is a matrix consisting of the blocks A11, A12, A21, and A22 where
A11 ∈ Rm×p, A12 ∈ Rm×q, A21 ∈ Rn×p, and A22 ∈ Rn×q. So R(m|n)×(p|q) is actu-
ally R(m+n)×(p+q), but used in the above context it also specifies the dimensions of the
blocks of A. Of course this notation depends not only on A itself but also on the used
block notation and is thus not strictly well-defined. However, we will only use it where it
is clear from the block notation what we mean.

σ(A) denotes the set of all eigenvalues of a quadratic matrix A. By Log x, x ∈ C \ {0},
we denote the principal branch of the complex logarithm, i.e. Im Log x ∈ (−π, π]. For
non-singular quadratic matrices A we write LogA for the matrix logarithm which satisfies
Imλ ∈ (−π, π] for each λ ∈ σ(LogA).

For a suitable function f , the notation Ff denotes its Fourier transform, defined by

Ff(ξ) := 1√
2π

∫ ∞

−∞
e−itξf(t) dt,

while Lf denotes its Laplace transform

Lf(ξ) :=
∫ ∞

0
e−ξtf(t) dt.

N (µ,Σ) denotes the normal distribution with expectation µ ∈ Rm and covariance matrix
Σ ∈ Rm×m. For a real random variable X1 ∈ L1(P) on a probability space (Ω,A,P)
with X1(ω) ∈ Rm for every ω ∈ Ω, E[X1] ∈ Rm denotes its expectation. For real random
variables X1, X2 ∈ L2(P) with X1(ω) ∈ Rm, X2(ω) ∈ Rn for every ω ∈ Ω,

Cov[X1, X2] := E
[
(X1 −E[X1])(X2 −E[X2])T

]
∈ Rm×n

2



1.2. Notation and Useful Lemmas

denotes the covariance matrix of X1 and X2 and Var[X1] := Cov[X1, X1] denotes the
covariance matrix of X1 (or variance in the one-dimensional case).

1.2.2. Two Useful Lemmas

In the following we state two well-known identities, which we will use several times
throughout this thesis.

Definition and Lemma 1.1 (Schur Complement). Let

H =
[
H11 H12
H21 H22

]
∈ R(m|n)×(m|n)

with H22 non-singular. Then S := H11 −H12H
−1
22 H21 is the Schur complement of H22

in H. If S and H are non-singular, then

H−1 =
[

S−1 −S−1H12H
−1
22

−H−1
22 H21S

−1 H−1
22 +H−1

22 H21S
−1H12H

−1
22

]
. (1.1)

Proof. One directly verifies H−1H = I.

The following lemma is a special case of the Leibniz integral rule.

Lemma 1.2. Let t > 0 and let D ⊆ R2 be open with {(t1, t2) ∈ R2 : 0 ≤ t2 ≤ t1 ≤ t} ⊆ D.
Let further f : D → Rd×d be continuous and continuously differentiable w.r.t. the first
argument with derivative f1 and define g(t) :=

∫ t

0
f(t, s) ds. Then g is differentiable and

g′(t) =
∫ t

0
f1(t, s) ds+ f(t, t).

Proof. The formal definition of the derivative of f yields

g′(t) = lim
t′→t

g(t)− g(t′)
t− t′

= lim
t′→t

1
t− t′

(∫ t

0
f(t, s) ds−

∫ t′

0
f(t′, s) ds

)

= lim
t′→t

1
t− t′

(∫ t

0

(
f(t, s)− f(t′, s)

)
ds−

∫ t′

t
f(t′, s) ds

)

=
∫ t

0
lim
t′→t

f(t, s)− f(t′, s)
t− t′

ds+ lim
t′→t

1
t− t′

∫ t

t′
f(t′, s) ds

=
∫ t

0
f1(t, s) ds+ f(t, t)

3



1. Introduction

1.3. Recapitulation of Stochastic Foundations

The following introduction is based on [39, Chapters 1–5] and [26, Chapters 21 and 25].

1.3.1. The Brownian Motion

Definition 1.3. Let (Ω,A,P) be a probability space and I ⊆ R a (finite or infinite)
interval.

(i) A d-dimensional (real-valued) stochastic process with time domain I is a map
X : I × Ω→ Rd such that X(t, ·) is measurable w.r.t. A for every t ∈ I.

(ii) A set (At)t∈I of σ-algebras with At ⊆ A for every t is called a filtration if At ⊆ At′
holds for every t < t′.

(iii) A stochastic process is called adapted to the filtration (At)t∈I if X(t, ·) is measurable
w.r.t. At for every t ∈ I.

(iv) Two stochastic processes X and Y with time domain I are called equivalent if for
each t ∈ I they satisfy X(t) = Y (t) almost surely.

The interpretation of a filtration A is that At determines which information is known at
time t. An adapted process can be seen as a stochastic process such that X(t) is known
at time t.

Definition 1.4. Let X = (X(t))t∈I be a stochastic process.

(i) X is called centered if E[X(t)] = 0 for each t ∈ I.

(ii) Let I = [0,∞) or I = R. X is called (strictly) stationary if for every n ∈ N and
t1, t2, . . . , tn ∈ I the distribution of

(
X(t1 + t, ·), X(t2 + t, ·), . . . , X(tn + t, ·)

)
does

not depend on t ∈ I.

Definition 1.5. Let X,Y be stochastic processes with time domains IX and IY , respec-
tively, which satisfy X(t, ·) ∈ L2(P) for each t ∈ IX and Y (t, ·) ∈ L2(P) for each t ∈ IY .
The function

CX,Y (s, t) := Cov
[
X(s, ·), Y (t, ·)

]
is called the covariance function of X and Y . If the joint process

[
XT, Y T

]T is stationary,
CX,Y (s, t) depends only on t− s and we thus write CX,Y (t) := CX,Y (t, 0).

CX(s, t) := CX(s, t)

is the auto-covariance function of X. If X is stationary, we write CX(t) := CX,X(t, 0).

Definition 1.6. A d-dimensional stochastic process X with time domain I is called a
Gaussian process if

[
X(t1, ·)T , . . . , X(tn, ·)T

]T ∈ Rnd is multivariate normally distributed
for every n ∈ N and every t1, . . . , tn ∈ I.

4



1.3. Recapitulation of Stochastic Foundations

Definition 1.7. A one-dimensional stochastic process W = (W (t, ·))t∈[0,∞) is called a
Brownian motion if:

• W (0, ω) = 0 almost surely.

• W (t, ·) ∼ N (0, t) for each t ≥ 0.

• The increments
(
W (tk, ·)−W (tk−1, ·)

)
k=1...,n are independent for every n ∈ N and

all 0 ≤ t0 < t1 < . . . < tn.

• The path t 7→W (t, ω) is almost surely continuous.

A d-dimensional stochastic process W is called a d-dimensional Brownian motion if each
component Wi is a Brownian motion and all components are independent.

Theorem 1.8. There exists a probability space on which a Brownian motion exists.

Theorem 1.9. A stochastic process W is a Brownian motion if and only if it is a
centered Gaussian process with auto-covariance function CW (s, t) = min{s, t} whose
paths t 7→W (t, ω) are almost surely continuous.

Definition 1.10. A Brownian motion on R is a stochastic process (W (t))t∈R such that
(W (t))t∈[0,∞) and (W (−t))t∈[0,∞) are independent Brownian motions.

Obviously every Brownian motion can be extended to a Brownian motion on R by defining
W (t) := W̃ (−t) for t < 0 with an independent Brownian motion W̃.

1.3.2. The Itô Integral with Respect to a Brownian Motion

For this section let (Ω,A,P) be a probability space and W = (W (t, ·))t∈[0,∞) a Brownian
motion in (Ω,A,P). Let further (At)t∈[0,∞) be a filtration w.r.t. which W is a martingale,
i.e. W is adapted to (At)t∈[0,∞) with W (t, ·) ∈ L1(P) and E[W (t′, ·) | At] = W (t, ·) for
every t, t′ ∈ [0,∞) with t < t′, where E[W (t′, ·) | At] denotes the conditional expectation
of W (t′, ·) given the information At.

Since W has almost surely infinite variation in every interval [t, t′], t < t′ (cf. [26,
Theorem 21.55]), the Itô integral w.r.t. W cannot be defined as a Riemann-Stieltjes
integral. Instead we first define the Itô integral for so-called “elementary functions” and
then employ a limit transition in order to generalize the definition to limits of such
functions.

Definition 1.11. Let S, T ∈ [0,∞) with S < T , I = [S, T ], n ∈ N, and let

t
(n)
i :=


S if i · 2−n < S,
i · 2−n if S ≤ i · 2−n ≤ T ,
T if T < i · 2−n.

5



1. Introduction

A function X : I × Ω→ R,

X(t, ω) =
∞∑
i=0

ξi(ω) · 1[t(n)
i , t

(n)
i+1)(t) (1.2)

with A
t
(n)
i

-measurable, bounded random variables ξi, i ∈ N0, is called an elementary
function. Here 1A(t) := 1 if t ∈ A and 1A(t) := 0 otherwise.

Note that the sum in (1.2) is actually a finite sum as 1[t(n)
i , t

(n)
i+1) is non-zero only for

finitely many i.

Definition 1.12. The Itô integral of an elementary function X from (1.2) is the random
variable ∫ T

S
X(t, ω) dW (t, ω) :=

n∑
i=0

ξi(ω)
(
W
(
t
(n)
i+1, ω

)
−W

(
t
(n)
i , ω

))
. (1.3)

Remark 1.13. According to [39, Lemma 3.1.5], the Itô integral satisfies

E

(∫ T

S
X(t, ω) dW (t, ω)

)2
= E

[∫ T

S
X(t, ω)2 dt

]
(1.4)

for bounded elementary functions f . If we consider√√√√E
[∫ T

S
X(t, ω)2 dt

]

as a seminorm on the vector space U(S, T ) of all bounded elementary functions, the Itô
integral is consequently an isometry from U(S, T ) to L2(P).

We now generalize the Itô integral to the following vector space:

Definition 1.14. For A ⊆ R denote by B(A) the Borel σ-algebra of A. Then V(S, T ) is
the vector space of all stochastic processes X such that

(i) X is B
(
[0,∞)

)
⊗A-measurable where B

(
[0,∞)

)
⊗A denotes the product σ-algebra

of B
(
[0,∞)

)
and A.

(ii) X is adapted to the filtration (At)t∈[0,∞) from above.

(iii) E
[∫ T

S
X(t, ω)2 dt

]
<∞.

According to [39, p. 47 ff.], for every X ∈ V(S, T ) there exists a sequence (Xn)n∈N of
bounded elementary functions such that

E
[∫ T

S

(
X(t, ω)−Xn(t, ω)

)2 dt
]
n→∞−−−→ 0.

6



1.3. Recapitulation of Stochastic Foundations

Consequently (Xn)n∈N is a Cauchy sequence in V(S, T ) and thus (due to (1.4))(∫ T

S
Xn(t, ω) dW (t, ω)

)
n∈N

is a Cauchy sequence in L2(P). Since L2(P) is complete, this sequence converges and we
denote the limit ∫ T

S
X(t, ω) dW (t, ω) := lim

n→∞

∫ T

S
Xn(t, ω) dW (t, ω),

as the Itô integral of X ∈ V(S, T ). By this definition the Itô integral is uniquely
determined up to almost sure equality.

The following important properties of the Itô integral can be found in [39, Corollary 3.1.7
and Theorem 3.2.1]:

Theorem 1.15. Let X ∈ V(S, T ) and 0 ≤ S < U < T.

(i)
∫ T

S
X(t, ω) dW (t, ω) is AT -measurable.

(ii)
∫ T

S
X(t, ω) dW (t, ω) is linear in X.

(iii)
∫ T

S
X(t, ω) dW (t, ω) =

∫ U

S
X(t, ω) dW (t, ω) +

∫ T

U
X(t, ω) dW (t, ω).

(iv) E
[∫ T

S
X(t, ω) dW (t, ω)

]
= 0.

(v) E

(∫ T

S
X(t, ω) dW (t, ω)

)2
= E

[∫ T

S
X(t, ω)2 dt

]
.

By replacing X(t, ω) by X(t, ω) + Y (t, ω) and X(t, ω)− Y (t, ω) in Theorem 1.15(v) and
taking the difference of the resulting equations, we obtain the useful identity

E
[(∫ T

S
X(t, ω) dW (t, ω)

)(∫ T

S
Y (t, ω) dW (t, ω)

)]
= E

[∫ T

S
X(t, ·)Y (t, ·) dt

]
(1.5)

for X,Y ∈ V(S, T ).

The stochastic process (I(t, ·))t∈[0,T ] defined by

I(t, ω) :=
∫ t

0
X(s, ω) dW (s, ω)

with X ∈ V(0, T ) does not necessarily have continuous paths. However, there exists an
equivalent continuous process (i.e. a process with continuous paths), cf. [39, Theorem 3.2.5]
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1. Introduction

and [26, Theorem 25.11]. We will denote this continuous process as the Itô integral from
now on, as it is usually done.

As mentioned in [39, p. 35] and [26, Lemma 25.15], it is possible to replace the condition
(iii) in Definition 1.14 by the less strict condition∫ T

S
X(t, ω)2 dt <∞ almost surely

by applying a suitable limit procedure; however, we omit this generalization since we will
not need it.

For the generalization to the multidimensional case, one interprets X(t, ω) dW (t, ω) as a
matrix-vector multiplication: Let X : [0,∞)×Ω→ Rd×m with Xi,j ∈ V(S, T ) for every i
and j and let W = (W1, . . . ,Wm) be an m-dimensional Brownian motion. Then the Itô
integral of X w.r.t. W is defined as(∫ T

S
X(t, ω) dW (t, ω)

)
i

:=
m∑
j=1

∫ T

S
Xi,j(t, ω) dWj(t, ω),

cf. [39, Definition 3.3.1]. Analogously to (1.5) we have in this case

E

(∫ T

S
X(t, ω) dW (t, ω)

)(∫ T

S
Y (t, ω) dW (t, ω)

)T= E
[∫ T

S
X(t, ω)Y (t, ω)T dt

]
.

(1.6)

If the elementary function X is deterministic (i.e. it does not depend on ω), (1.3) is a sum
of independent, centered, normally distributed random variables and is therefore centered
and normally distributed. Since L2-convergence implies convergence in distribution, the
L2-limit of the Itô integrals of such functions is also normally distributed (if it exists).
Consequently the Itô integral of a B

(
[0,∞)

)
-measurable function X : [0,∞)→ R with∫ T

S X(t)2 dt <∞ is centered and normally distributed. For functions X : [0,∞)→ Rd×m,
every linear combination of components of the Itô integral is centered and normally
distributed, hence the Itô integral is a centered, multivariate normally distributed random
variable whose covariance matrix is given by (1.6).

Deterministic integrands also satisfy the following identity from [39, Theorem 4.1.5] (the
generalization to the multidimensional case is straightforward), which corresponds to
integration by parts known from Riemann integrals:

Theorem 1.16. Let X : [S, T ]→ Rm×n be a continuous function with bounded variation
and W an n-dimensional Brownian motion. Then∫ T

S
X(t) dW (t, ω) = X(T )W (T, ω)−X(S)W (S, ω)−

∫ T

S
dX(t)W (t, ω).

(We write dX(t)W (t, ω) in the second integral to retain the correct order of the factors
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1.3. Recapitulation of Stochastic Foundations

in the matrix-vector multiplication.) If X is differentiable, this implies∫ T

S
X(t) dW (t, ω) = X(T )W (T, ω)−X(S)W (S, ω)−

∫ T

S
X ′(s)W (t, ω) dt.

In the remainder of this thesis we will usually omit ω as function argument for better
readability, as is common for random variables. A notation such as X ∈ Rd with a
random variable X thus means X(ω) ∈ Rd for all (or almost all) ω ∈ Ω. On top of that,
when speaking about equality of stochastic processes, we usually mean equivalence as
defined in Definition 1.3(iv), but we will often not mention this explicitly.

1.3.3. Ornstein-Uhlenbeck Processes

Definition 1.17. Let A ∈ Rd×d and K ∈ Rd×m. Let further X0 ∈ Rd be a random
variable, W an m-dimensional Brownian motion, and At the σ-algebra generated by X0
and (W (s))s∈[0,t]. The stochastic differential equation

dX(t) = AX(t) dt+K dW (t), X(0) = X0 (1.7)

is called the Ornstein-Uhlenbeck equation with drift matrix A and diffusion matrix K. A
continuous stochastic process (X(t))t≥0 which is adapted to (At)t∈[0,∞) and which satisfies

X(t) = X0 +
∫ t

0
AX(s) ds+KW (t), (1.8)

for every t ≥ 0 is called a (d-dimensional) Ornstein-Uhlenbeck process. We call the pair
(A,K) an Ornstein-Uhlenbeck system.

(1.7) can be seen as a formal notation of the integral equation (1.8), where the final term
KW (t) can be rewritten as KW (t) =

∫ t
0 K dW (t).

For every A and K, a unique Ornstein-Uhlenbeck process X satisfying (1.8) exists, cf.
[26, Theorem 26.8] or [39, Theorem 5.2.1], where uniqueness means that X is uniquely
determined (up to equivalence of processes) for each X0 and W. The solution can even
be given in an explicit form:

Theorem 1.18. The solution of (1.7) and (1.8) is given by

X(t) = etAX0 +
∫ t

0
e(t−s)AK dW (s). (1.9)

Proof. Let X be defined by (1.9). Integrating (1.9) and employing Theorem 1.16 (where
W (0) = 0) yields∫ t

0
X(s) ds =

∫ t

0
esAX0 ds+

∫ t

0

∫ s

0
e(s−u)AK dW (u) ds

= A−1esA
∣∣∣t
0
X0 +

∫ t

0

(
KW (s) +

∫ s

0
Ae(s−u)AKW (u) du

)
ds

9



1. Introduction

= A−1(etA − I)X0 +
∫ t

0
KW (s) ds+

∫ t

0

∫ t

u
AesA ds e−uAKW (u) du

= A−1(etA − I)X0 +
∫ t

0
KW (s) ds+

∫ t

0
e(t−u)AKW (u) du−

∫ t

0
KW (u) du.

Inserting into (1.8) shows that X indeed solves the equation:

X0 +
∫ t

0
AX(s) ds+KW (t) = X0 +A

(
A−1(etA − I)X0 +

∫ t

0
e(t−s)AKW (s) ds

)
+

KW (t)

= etAX0 +A

∫ t

0
e(t−s)AKW (s) ds+KW (t)

= etAX0 +
∫ t

0
e(t−s)AK dW (s)

= X(t).

An Ornstein-Uhlenbeck process’ distribution is uniquely determined by A, K, and the
distribution of X0. While an Ornstein-Uhlenbeck process exists for every distribution of
X0, we are mainly interested in a particular starting distribution for which the solution
is a stationary process.

Definition 1.19. A quadratic matrix is called stable if all its eigenvalues have negative
real part.

If A in (1.7) and (1.8) is stable, there is a stationary Ornstein-Uhlenbeck process
corresponding to the Ornstein-Uhlenbeck system (A,K), which is a centered Gaussian
process, as we will see in Theorem 1.20. To obtain its covariance matrix, we employ (1.6)
and exploit the fact that X0 and W are independent, resulting in

Var[X(t)] = Var[etAX0] + Cov
[
etAX0,

∫ t

0
e(t−s)AK dW (s)

]
+

Cov
[∫ t

0
e(t−s)AK dW (s), etAX0

]
+ Var

[∫ t

0
e(t−s)AK dW (s)

]
= Var[etAX0] +

∫ t

0
e(t−s)AK

(
e(t−s)AK

)T ds

= etAVar[X0]etAT +
∫ t

0
euAKKT euA

T du.

In the stationary case, Var[X(t)] is constant and we can thus let t→∞. Then the first
summand vanishes while the second converges towards∫ ∞

0
esAKKT esA

T ds =: Σ, (1.10)

which is finite since A is stable.
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1.3. Recapitulation of Stochastic Foundations

Theorem 1.20. Let (A,K) be an Ornstein-Uhlenbeck system with A stable. If X0 ∼
N (0, Σ) with Σ from (1.10), then the Ornstein-Uhlenbeck process X from (1.8) is
stationary.

Proof. For every t > 0, the summands from (1.9) have the distributions

etAX0 ∼ N
(
etAE[X0], etAVar[X0]etAT

)
= N

(
0, etAΣetAT

)
and ∫ t

0
e(t−s)AK dW (s) ∼ N

(
0,
∫ t

0
e(t−s)AKKT e(t−s)AT ds

)
.

Since these two random variables are independent, the sum’s distribution is

X(t) ∼ N
(

0, etAΣetAT +
∫ t

0
e(t−s)AKKT e(t−s)AT ds

)
= N

(
0,
∫ ∞

0
etAesAKKT esA

T
etA

T ds+
∫ t

0
e(t−s)AKKT e(t−s)AT ds

)
= N

(
0,
∫ ∞

t
esAKKT esA

T ds+
∫ t

0
esAKKT esA

T ds
)

= N (0, Σ).

Therefore if X0 ∼ N (0, Σ), then X(t) ∼ N (0, Σ) for each t ≥ 0.

Given t > 0 and 0 < t1 < t2 < . . . < tn, (1.9) yields

X(t+ ti) = e(t+ti)AX0 +
∫ t+ti

0
e(t+ti−s)AK dW (s)

= e(ti−t1)
(
e(t+t1)AX0 +

∫ t+t1

0
e(t+t1−s)AK dW (s)

)
+
∫ t+ti

t+t1
e(t+ti−s)AK dW (s)

= e(ti−t1)X(t+ t1) +
∫ ti

t1
e(ti−s)AK dW (s),

for every i. Consequently the distribution of
(
X(t1 + t), X(t2 + t), . . . , X(tn + t)

)
depends

only on the distribution of X(t1 + t) and the distribution of the increments of W (s) for
s ∈ [t1, tn]. Since X(t+ t1) ∼ N (0, Σ) and W has stationary increments, the distribution
of
(
X(t1 + t), X(t2 + t), . . . , X(tn + t)

)
is independent of t.

Due to

AΣ +ΣAT =
∫ ∞

0

(
AesAKKT esA

T + esAKKT esA
T
AT
)

ds =
∫ ∞

0

d
ds
(
esAKKT esA

T
)

ds

= lim
s→∞

esAKKT esA
T − e0·AKKT e0·AT = −KKT,

Σ is the symmetric, positive semi-definite solution of the Lyapunov equation

AΣ +ΣAT = −KKT. (1.11)
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Theorem 1.21. (i) The equation (1.11) has a unique solution Σ if and only if A has
no eigenvalue λ such that −λ is also an eigenvalue of A. This solution is symmetric.

(ii) If A is stable (in which case (i) holds), the solution Σ is positive semi-definite.

The existence and uniqueness of Σ are proven, e.g., in [24, Theorem 2.4.4.1]. For the
symmetry and positive semi-definiteness see [29, Theorems XI and XII]. ([29] proves that
Σ is positive definite if KKT is positive definite; the positive semi-definite case follows
directly via a limit procedure since Σ in (1.11) depends continuously on K as (1.11) is a
system of linear equations in the entries of Σ.) Given an eigenvalue decomposition of
A, Σ can be computed analytically, as described in [17, Appendix C.2]. (1.6) yields the
auto-covariance function of X (using the fact that X0 and W are independent):

CX(s, t) = Cov[X(s), X(t)]

= Cov
[
esAX0, e

tAX0
]

+ Cov
[∫ s

0
euAK dW (u),

∫ t

0
euAK dW (u)

]
= esAVar[X0]etAT +

∫ min{s,t}

0
euAKKT euA

T du.

In the stationary case Var[X(t)] = Σ implies

CX(t) = CX(t, 0) = etAΣ for t ≥ 0 (1.12)

and CX(t) = CX(−t)T = Σe−tAT for t < 0.

Let X be a stationary Ornstein-Uhlenbeck process and X̃ an Ornstein-Uhlenbeck pro-
cess corresponding to the same Ornstein-Uhlenbeck system (A,K) and using the same
Brownian motion W, but with a different initial value X̃0 with arbitrary distribution.
Then ∥∥X(t)− X̃(t)

∥∥ =
∥∥etA(X0 − X̃0)

∥∥ t→∞−−−→ 0 almost surely;

in particular (cf. [26, Theorem 13.18]), the distribution of X̃(t) converges to N (0, Σ).

Remark 1.22. Since the finite-dimensional distributions of a Gaussian process X are
multivariate normal distributions, they are uniquely determined by its expectation
function and its auto-covariance function. Kolmogorov’s extension theorem (cf. [26,
Theorem 14.36] and [11, p. 33]) implies that for each countable set Q = {ti : i ∈ N}
the distribution of (X(ti))i∈N is uniquely defined by the distributions of all finite tuples
(X(ti))i=1,...,N , N ∈ N, and if X is continuous, its path is given by its values (X(ti))i∈N if
Q is dense in [0,∞). Hence every stationary, centered, and continuous Gaussian process
X ∈ Rd with auto-covariance function CX(t) = etAΣ for t ≥ 0 (with A,Σ ∈ Rd×d) such
that AΣ + ΣAT is negative semi-definite is an Ornstein-Uhlenbeck process. For the
same reason, every stationary, centered, and continuous Gaussian process X ∈ Rm with
auto-covariance function CX(t) = P T etAΣP for t ≥ 0 with arbitrary P ∈ Rm×d has the
form X = PY with a d-dimensional Ornstein-Uhlenbeck process Y.

Further if a Gaussian process X with such an auto-covariance function is not continuous,
there exists an equivalent Gaussian process X̃ which is continuous, cf. [11, Section 9.2].
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1.3. Recapitulation of Stochastic Foundations

Remark 1.23. Instead of defining X(t) for t ≥ 0 using an initial value X0, an Ornstein-
Uhlenbeck process with stable A can also be defined on the whole real line similarly to
(1.9): Extend W to a Brownian motion on R (see Definition 1.10) and define

X(t) :=
∫ t

−∞
e(t−s)AK ds.

(The filtration to which X is adapted is (At)t∈R where At is the σ-algebra generated by
(W (s))s∈(−∞,t].) Then according to (1.6) and (1.10),

CX(t) =
∫ 0

−∞
e(t−s)AKKT e−sA ds = etAΣ

for t ≥ 0. Hence, according to Remark 1.22, each sub-process (X(t + t0))t∈[0,∞) is a
stationary Ornstein-Uhlenbeck process with initial value X(t0); thus X can be interpreted
as a stationary Ornstein-Uhlenbeck process on R.
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2. The Generalized Langevin Equation

2.1. Introduction to the Generalized Langevin Equation

2.1.1. Basic Information

The (simple) Langevin equation is a physically motivated stochastic differential equation
which describes the motion of a macromolecule in a medium. The molecule’s velocity
V (t) ∈ Rd is subject to friction, which slows down the molecule, and collisions with
the medium’s particles. Exactly simulating these collisions would require simulating
the motion of each single particle in the medium. Due to the complex systems and the
enormous computational cost this entails, the Langevin equation employs the coarse
graining approach of simulating only the macromolecule’s motion explicitly while the
collisions are modeled by a random term. Here we assume that collisions are independent
of each other and only have an immediate impact on the molecule’s velocity, but no
long-term effects. Collisions are not regarded as a discrete (countable) number of events
but as a stochastic process whose impact is modeled by an Itô integral with a Brownian
motion. This leads to the following equation for the macromolecule’s velocity (cf. [17,
Equation (2.1)], [23, Equation (7)]):

m dV (t) = −AV (t) dt+K dW (t), V (0) = V0 (2.1)

where A ∈ Rd×d is the friction coefficient and K ∈ Rd×n. m denotes the macromolecule’s
mass and d the dimension of V. In many applications A is a diagonal matrix but we
do not require this to be the case. V0 is the (random) initial velocity and W (t) is an
n-dimensional Brownian motion which is independent of V0.

(2.1) is obviously the Ornstein-Uhlenbeck equation (1.7). Consequently if −A is stable,
(2.1) has a unique stationary solution, which is a Markov process, and the distribution
of V (t) converges towards the stationary distribution for every initial distribution V0
according to Theorem 1.20. We denote by the name “Ornstein-Uhlenbeck equation”
the theoretical mathematical equation without any physical meaning while we call this
specific application to molecular dynamics the “Langevin equation”.

(2.1) can also describe the motion of several macromolecules, in which case V contains all
molecules’ coordinates. Therefore d > 3 can make sense physically. However, we restrict
ourselves to the case where all considered macromolecules have the same mass.

The generalized Langevin equation (GLE) expands on this notion. It keeps the idea of
coarse grained variables representing the motion of the medium’s particles, but in contrast
to (2.1), it takes into account that collisions not only influence the macromolecule but
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also the other particles, which has an impact on their dynamics and thus potentially
on their influence on the macromolecule at a later time. Hence collisions not only
have an immediate effect on the velocity but can also influence it on the long term via
their impact on the other particles. The generalized Langevin equation deals with this
through a convolution term with a memory kernel which encodes the long-term effects of
collisions.

This leads to the following equation for the macromolecule’s velocity V (t) ∈ Rd:

mV ′(t) = −
∫ t

0
γ̃(t− s)V (s) ds+ F̃ (t) for t > 0, V (0) = V0 (2.2)

with a memory kernel γ̃ ∈ L1([0,∞),Rd×d) and a centered, stationary Gaussian process
F̃ representing the random collisions which is independent of V0. m again denotes the
macromolecule’s mass and d denotes the dimension of V. As in (2.1), d > 3 can make
sense physically if there are several macromolecules whose velocities are combined in V.
The distribution of F̃ is given by a relation to γ̃ known as the fluctuation-dissipation
theorem, cf. [28], which states that the auto-covariance function of F equals γ̃ up to a
constant:

C
F̃

(t) := Cov
[
F̃ (t), F̃ (0)

]
= Cov

[
F̃ (s+ t), F̃ (s)

]
= 1
β
γ̃(t) for t ≥ 0.

Here β := 1
kBT

> 0 is the “inverse temperature” where T is the temperature and kB the
Boltzmann constant. In this thesis we will always assume m and β to be known scalar
constants. Their exact values are of no importance to us. The notation in (2.2) using
the derivative is valid as the right-hand side is continuous and V is therefore almost
surely differentiable (contrarily to V from (2.1)) as proven in [35, Theorem 5.6] for the
one-dimensional case.

(2.2) can be regarded as a generalization of (2.1) in a distributional sense: By omitting
the condition γ̃ ∈ L1([0,∞),Rd×d) and instead taking as γ̃ the distribution defined by
γ̃(f) := Af(0), the integral in (2.2) is replaced by AV (t) and F̃ in (2.2) can be represented
by a stationary stochastic process F̃ of independent and (identically) normally distributed
random variables. Since this requires using distributions, (2.1) and (2.2) differ in some
analytical properties, such as differentiability and the fact that the solution of (2.2) is no
longer a Markov process.

In the remaining thesis we will always use the following rescaled version of the GLE
obtained by dividing F̃ , γ̃, and both sides of (2.2) by m:

V ′(t) = −
∫ t

0
γ(t− s)V (s) ds+ F (t) for t > 0, V (0) = V0 (2.3)

with γ(t) := 1
m γ̃(t) and F (t) := 1

m F̃ (t). The corresponding fluctuation-dissipation
theorem reads

CF (t) = 1
βm

γ(t) for t ≥ 0. (2.4)

In the course of this thesis we will also consider the following version of the GLE, which
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combines the long-term friction from (2.3) and the instantaneous friction from (2.1):

dV (t) =
(
DV (t)−

∫ t

0
γ(t− s)V (s) ds+ F (t)

)
dt+ 1√

βm
L dW (t) (2.5)

with γ ∈ L1([0,∞),Rd×d) and D,L ∈ Rd×d; cf. also [23, Equation (14)] and [35, Equation
(1)]. Concerning the stochastic dependence of F and W, the following two cases are of
interest: F and W are independent or F has the form

F (t) =
∫ ∞

−∞
φ(t− s) dW (s) (2.6)

with a function φ ∈ L2(R,Rd×d) and the same Brownian motion W extended to the
whole real line (see Definition 1.10). We restrict ourselves to the second case here; see
[21] for a comparison of both cases.

Since the right-hand side of (2.5) equals the sum of the right-hand sides of (2.1) and
(2.3) up to constant factors, (2.5) can be considered as a GLE where the memory kernel
is the sum of a function γ ∈ L1([0,∞),Rd×d) and a distribution. Consequently the
solution V of (2.5) is no longer differentiable but it is still almost surely continuous
under weak conditions on γ (cf. [35, Theorem 5.8] for the case d = 1). The fluctuation-
dissipation theorem (2.4) has to be reformulated in this case: The relation of the terms∫ t

0 γ(t− s)V (s) ds dt and F (t) dt, which describe the long-term behavior of the GLE, now
reads

CF (t) = 1
βm

γ∗(t)− 1√
βm

φ(t)LT − 1√
βm

Lφ(−t)T (2.7)

where

γ∗(t) =


γ(t) if t > 0,
1
2
(
γ(t) + γ(−t)T

)
if t = 0,

γ(−t)T if t < 0.

On top of that, the instantaneous terms DV (t) dt and 1√
βm
LdW (t) are related via

D +DT = −LLT.

The latter relation results from (1.11) when inserting Σ = Var[V (t)] = 1
βmI since the

instantaneous terms describe an Ornstein-Uhlenbeck process. A rigorous proof of these
relations may be found in [21, Theorem 2.3].

2.1.2. The Stationary Solution

Just as the (simple) Langevin equation, the generalized Langevin equation has a stationary
solution, as mentioned in [28, Section 4], which is a centered stationary Gaussian process
as we will see now. We consider the more general equation (2.5) with instantaneous
friction; (2.3) is obviously a special case.
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Definition and Theorem 2.1. Let γ ∈ L1([0,∞),Rd×d). The equation

r′(t) = Dr(t)−
∫ t

0
γ(t− s)r(s) ds for t > 0, r(0) = Id. (2.8)

is called the (first kind) integro-differential Volterra equation (we say briefly Volterra
equation). This equation has a unique solution r, which is called the differential resolvent
of the memory kernel γ and the matrix D.

The existence and uniqueness of the differential resolvent are proven in [19, Theorem 3.3.1].
Note that although (2.8) looks like a deterministic “version” of the generalized Langevin
equation, its dimension is d× d. Using the differential resolvent, the solution of (2.5) can
be written explicitly as follows, cf. [19, Theorem 3.3.3] and [21, Theorem 2.1]:

Theorem 2.2. Let r be the differential resolvent of γ. Then

V (t) = r(t)V0 +
∫ t

0
r(t− s)F (s) ds+

∫ t

0
r(t− s) 1√

βm
L dW (s), (2.9)

is the unique solution of (2.5) (up to equivalence of stochastic processes). If V0 is normally
distributed with E[V0] = 0, V is a centered Gaussian process.

Proof. Let V be defined as in (2.9). To verify that (2.5) holds, we rewrite the first and
second summand as integral of their derivatives and apply Lemma 1.2 to the second
summand; for the third term we employ Theorem 1.16:

V (t) = r(t)V0 +
∫ t

0
r(t− u)F (u) du+

∫ t

0
r(t− u) 1√

βm
L dW (u)

= r(0)V0 +
∫ t

0
r′(s)V0 ds+

∫ t

0

(∫ s

0
r′(s− u)F (u) du+ r(0)F (s)

)
ds+

r(0) 1√
βm

LW (t)−
∫ t

0
−r′(t− u) 1√

βm
LW (u) du.

By inserting (2.8) for each occurrence of r′, substituting w := v+u, and applying Fubini’s
theorem, we obtain

V (t) = V0 +
∫ t

0

(
Dr(s)−

∫ s

0
γ(s− u)r(u) du

)
V0 ds+∫ t

0

(∫ s

0

(
Dr(s− u)−

∫ s−u

0
γ(s− u− v)r(v) dv

)
F (u) du+ F (s)

)
ds+

1√
βm

LW (t) +
∫ t

0

(
Dr(t− u)−

∫ t−u

0
γ(t− u− v)r(v) dv

) 1√
βm

LW (u) du

= V0 +
∫ t

0

(
Dr(s)−

∫ s

0
γ(s− u)r(u) du

)
V0 ds+∫ t

0

(∫ s

0

(
Dr(s− u)−

∫ s

u
γ(s− w)r(w − u) dw

)
F (u) du+ F (s)

)
ds+

1√
βm

LW (t) +
∫ t

0

(
Dr(t− u)−

∫ t

u
γ(t− w)r(w − u) dw

) 1√
βm

LW (u) du
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= V0 +
∫ t

0
Dr(s)V0 ds−

∫ t

0

∫ s

0
γ(s− u)r(u)V0 duds+∫ t

0

(∫ s

0
Dr(s− u)F (u) du−

∫ s

0
γ(s− w)

∫ w

0
r(w − u)F (u) dudw + F (s)

)
ds+

1√
βm

LW (t) +
∫ t

0
Dr(t− u) 1√

βm
LW (u) du−∫ t

0
γ(t− w)

∫ v

0
r(w − u) 1√

βm
LW (u) dudw.

We rewrite the last three summands as follows: For the first of them, Theorem 1.16
implies

1√
βm

LW (t) =
∫ t

0

1√
βm

L dW (s).

Rewriting the next summand as the integral of its derivative via Lemma 1.2 and subse-
quently employing Theorem 1.16 yields∫ t

0
Dr(t− u) 1√

βm
LW (u) du

=
∫ t

0

(∫ s

0
Dr′(s− u) 1√

βm
LW (u) du+Dr(0) 1√

βm
LW (s)

)
ds

=
∫ t

0

∫ s

0
Dr(s− u) 1√

βm
L dW (u) ds.

In the last summand we rewrite the inner integral in the same way:∫ t

0
γ(t− w)

∫ w

0
r(w − u) 1√

βm
LW (u) dudw

=
∫ t

0
γ(t− w)

∫ w

0

(∫ v

0
r′(v − u) 1√

βm
LW (u) du+ r(0) 1√

βm
LW (v)

)
dv dw

=
∫ t

0
γ(t− w)

∫ w

0

∫ v

0
r(v − u) 1√

βm
LdW (u) dv dw.

Employing Fubini’s theorem twice and substituting s := t+ v − w in-between yields∫ t

0
γ(t− w)

∫ w

0

∫ v

0
r(v − u) 1√

βm
L dW (u) dv dw

=
∫ t

0

∫ t

v
γ(t− w)

∫ v

0
r(v − u) 1√

βm
LdW (u) dw dv

=
∫ t

0

∫ t

v
γ(s− v)

∫ v

0
r(v − u) 1√

βm
LdW (u) ds dv

=
∫ t

0

∫ s

0
γ(s− v)

∫ v

0
r(v − u) 1√

βm
L dW (u) dv ds.

18



2.1. Introduction to the Generalized Langevin Equation

By inserting these results yields, we obtain

V (t) = V0 +
∫ t

0
Dr(s)V0 ds−

∫ t

0

∫ s

0
γ(s− u)r(u)V0 duds+∫ t

0

(∫ s

0
Dr(s− u)F (u) du−

∫ s

0
γ(s− w)

∫ w

0
r(w − u)F (u) dudw + F (s)

)
ds+∫ t

0

1√
βm

LdW (s) +
∫ t

0

∫ s

0
Dr(s− u) 1√

βm
L dW (u) ds−∫ t

0

∫ s

0
γ(s− v)

∫ v

0
r(v − u) 1√

βm
L dW (u) dv ds

= V0 +D

∫ t

0

(
r(s)V0 +

∫ s

0
r(s− u)F (u) du+

∫ s

0
r(s− u) 1√

βm
L dW (u)

)
ds−∫ t

0

∫ s

0
γ(s− u)

(
r(u)V0 +

∫ u

0
r(u− v)F (v) dv+∫ u

0
r(u− v) 1√

βm
LdW (v)

)
duds+∫ t

0
F (s) ds+

∫ t

0

1√
βm

LdW (s)

= V0 +D

∫ t

0
V (s) ds−

∫ t

0

∫ s

0
γ(s− u)V (u) duds+

∫ t

0
F (s) ds+∫ t

0

1√
βm

LdW (s),

which is the integral version of (2.5).

If V0 is normally distributed with E[V0] = 0, (2.9) directly implies that V is a centered
Gaussian process.

If there are two solutions of (2.5), their difference Ṽ satisfies

Ṽ ′(t) = Dr(t)−
∫ t

0
γ(t− s)Ṽ (s) ds for t > 0, Ṽ (0) = 0d.

Due to the uniqueness of the differential resolvent, the stochastic process Ṽ is equivalent
to a deterministic process which is a linear combination of the columns of r. Due to
Ṽ (0) = 0d, it is the trivial linear combination, Ṽ (t) = 0d for all t.

If V0 is chosen appropriately, the process auto-covariance function of V satisfies

CV (t, s) = 1
βm

r(t− s) for t ≥ s ≥ 0

and is therefore stationary:

Theorem 2.3. Let r be the differential resolvent of γ and D. If V0 ∼ N
(
0, 1

βmI
)
, the

process V given by (2.5) is stationary with CV (t) = 1
βmr(t) for t ≥ 0.
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2. The Generalized Langevin Equation

We omit the proof hereof and refer to [21, Theorem 2.3] instead.

Remark 2.4. According to [19, Theorem 3.3.17], r ∈ L1([0,∞),Rd×d) if and only if
r(t) t→∞−−−→ 0. In this case, comparing (2.9) for the initial distribution from Theorem 2.3
and for any other initial distribution (using the same paths F and W ) shows that the
difference converges to 0 almost surely; consequently for any initial distribution, the
distribution of V (t) converges towards the stationary distribution.

Theorem 2.3 implies that CV is also the unique solution of a first kind Volterra equation
with an adapted initial condition:

C ′
V (t) = DCV (t)−

∫ t

0
γ(t− s)CV (s) ds for t > 0, CV (0) = 1

βm
Id. (2.10)

While both V and F have a stationary distribution, the joint process X :=
[
V
F

]
does not,

cf. [23, Proposition 2.8]. To remedy this shortcoming, one can extend F to a stationary
stochastic process with domain R via (2.6) and consider the following stationary version
of (2.5), where the integral starts at −∞ instead of 0:

dV (t) =
(
DV (t)−

∫ t

−∞
γ(t− s)V (s) ds+ F (t)

)
dt+ 1√

βm
LdW (t), t ∈ R. (2.11)

The joint process X in (2.11) has a stationary distribution, which is a centered Gaussian
process. In many applications CF,V (t) is assumed to be 0 for t > 0, but this is not the
case for the stationary GLE (2.11) as is proven in [23, Theorem 2.7], i.e. V (s) and F (t)
are not uncorrelated for t > s (in contrast to (2.5)). It can be proven that CV from (2.11)
satisfies (2.10) (with the same integral limits), too, cf. [20]. For t→∞, the difference
between the solutions of (2.5) and (2.11) using the same process F vanishes (regardless
of V0) in the sense of L2-convergence, cf. [21, Theorem 4.1].

While the existence of a stationary solution of (2.11) is a useful and desirable property,
this version of the GLE is unsuited for practical simulation as evaluating the integral
for t > 0 requires an already existing path (X(t))t∈(−∞,0) instead of a single initial
value. Therefore numerical simulation is only possible for (2.5). Since the difference of
the solutions of (2.5) and (2.11) becomes negligible for t→∞, one can obtain a good
approximation to (2.11) by discarding the simulation results up to some “equilibration
time” t0 > 0 and only using (V (t))t≥t0 . For the remaining thesis we will therefore not
pay much attention to the difference between (2.5) and (2.11) and work only with (2.5)
for simplicity.

2.1.3. The Inverse Problem

We are interested in the problem of determining the memory kernel in (2.5) corresponding
to a given velocity auto-covariance function (VACF). To achieve this, several methods
have already been proposed: The classical method consists in determining γ from the
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2.2. The Generalized Langevin Equation as an Ornstein-Uhlenbeck Process

Volterra equation (2.10) numerically by discretizing the integral, resulting in a system of
linear equations which can subsequently be solved, cf. e.g. [47, 30]. The system’s matrix
is a triangular matrix and it can thus be solved efficiently.

However, the corresponding matrix often has a large condition. After rewriting (2.10)
as

C ′
V (t) = DCV (t)−

∫ t

0
γ(s)CV (t− s) ds

for t > 0, differentiating via Lemma 1.2 leads to the second kind Volterra equation

C ′′
V (t) = DC ′

V (t)− 1
βm

γ(t)−
∫ t

0
γ(t− s)C ′

V (s) ds for t ≥ 0 (2.12)

with CV (0) = 1
βmId, C ′

V (0) = D. This equation can also be discretized, resulting
in another system of linear equations (again with a triangular matrix) which allows
determining γ. Solving (2.12) is more stable than (2.10) (cf. [20, p. 485], [47, p. 319]) but
requires numerically computing the second derivative of the data if it is not available,
which can introduce an additional numerical error. [33] presents numerical methods for
solving the first and second kind Volterra equation.

In physical simulations, however, the derivatives of CV are often known since C ′
V (t) =

CV ′,V (t) and C ′′
V (t) = CV ′(t), where V ′ is the total force acting on the particle (up to

scaling by the mass m), which can be directly observed. This fact is also exploited by
[47]. It is also possible to take the Laplace transform of both sides of (2.10) and employ
the convolution theorem in order to obtain an equation for Lγ as described e.g. in [32,
p. 14184] although the numerical Laplace transform and inverse Laplace transform can
introduce additional numerical errors, cf. [47, p. 319]. [25] proposes another method,
which employs an iterative reconstruction of the memory kernel. A second iterative
method, which is also applicable to the non-stationary case, is described in [36].

2.2. The Generalized Langevin Equation as an
Ornstein-Uhlenbeck Process

2.2.1. Prony Series

Simulating a path of (2.3) or (2.5) numerically requires the numerical evaluation of the
convolution integral in each time step. This is expensive, resulting in a simulation time
of O(n2) for n simulation steps. Reducing the computational cost to O(n) is possible by
cutting off the kernel after some time, but this introduces an additional error and can
still entail large computational costs depending on where the kernel is cut off. This is a
problem especially for slowly decaying memory kernels. Therefore the question arises if
the generalized Langevin equation can be approximated by a simpler and less expensive
process.

Indeed this is possible if the memory kernel has the form

γ(t) = BT etA0C with B,C ∈ Rn×d, A0 ∈ Rn×n, n > d (2.13)
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2. The Generalized Langevin Equation

where we require B, C, and A0 to have full rank. In this case we can introduce an
auxiliary process Z and set

X(t) :=
[
V (t)
Z(t)

]
∈ R(d|n)

with the velocity V from (2.5) such that X is an Ornstein-Uhlenbeck process (1.7) with
certain matrices A ∈ R(d+n)×(d+n) and K ∈ R(d+n)×d, as we will see in Section 2.2.2; cf.
also [17] and [34, Theorem 1]. The process Z contains auxiliary variables representing
the memory term as well as the random force F . (Representing both terms by the same
auxiliary variables is possible due to the fluctuation-dissipation relation (2.7).) The
auxiliary variables have no physical meaning for themselves. The Ornstein-Uhlenbeck
process (1.7) is far easier to simulate than (2.5). Numerical simulation is possible using
e.g. the Euler-Maruyama method or even by sampling paths of its exact solution, see
Theorem 1.18.

If γ does not have the form (2.13) but can be approximated by such a function, an
Ornstein-Uhlenbeck process can nonetheless be a good approximation of the solution
of (2.5). In this thesis we are interested in finding an Ornstein-Uhlenbeck process such
that the auto-covariance function of the V component approximates a given velocity
auto-covariance function of a generalized Langevin equation.

If A0 has pairwise different eigenvalues λ1, . . . , λn ∈ C and A0 = UΛU−1 is an eigenvalue
decomposition of A0, Λ = diag(λ1, . . . , λn), (2.13) means that each component of γ has
the form

γi,j(t) =
n∑
k=1

bi,kck,je
λkt (2.14)

with bi,j = (BTU)i,j , ci,j = (U−1C)i,j , which is a special case of a Prony series

γ(t) =
n∑
k=1

wke
λkt, wk ∈ Cd×d, (2.15)

i.e. a linear combination of exponential functions (with λk ∈ C). If the original memory
kernel has this form, the Ornstein-Uhlenbeck representation of V is exact, meaning that
the paths V from (2.5) and from (1.7) (where V denotes the first d components of X) are
equivalent when using the same V0 and W. γ ∈ L1([0,∞),Rd×d) holds if A0 is stable.

If d > 1, the coefficient matrix wk = [bi,kck,j ]i,j=1,...,d of (2.14) can be written as the
product of the vectors [bi,k]i=1,...,d and [ck,j ]j=1,...,d and therefore has rank 1 for each fixed
k. If a coefficient matrix of a Prony series (2.15) has higher rank, it can be written as a
sum of several rank 1 matrices. Consequently every Prony series can be written in the
form BT etA0C where the multiplicity of an eigenvalue λk in A0 equals the rank of its
coefficient matrix.

If the eigenvalues of A0 are not pairwise different, it is also possible (depending on the
Jordan form of A0) that γ has the form

γ(t) =
ν∑
k=1

νk−1∑
l=0

wk,lt
leλkt
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2.2. The Generalized Langevin Equation as an Ornstein-Uhlenbeck Process

with coefficients wk,l ∈ Cd×d depending on B and C where ν denotes the number of
pairwise different eigenvalues of A0 and νk the maximum size of a Jordan block of A0
corresponding to the eigenvalue λk. We will, however, restrict ourselves to the case of a
diagonalizable A0.

If γ has the form (2.13), then CX(t) = etAΣ and CV (t) = P T etAΣP with P = [Id,0]T.
Consequently CV is a Prony series, too, whose exponents λk are the eigenvalues of A.
Conversely, if CV is such Prony series, γ has the form (2.13). Usually we do not know
the exact form of γ but we can still try to approximate the given function CV by a Prony
series.

Approximation of functions via Prony series has already been extensively studied. The
“classical” approach, the so-called Prony method, dates back to 1795 and is described e.g.
in [42, Section 10.1]. To apply this method, one first needs to determine the memory
kernel of the studied generalized Langevin equation, which one then approximates by a
Prony series. Subsequently an Ornstein-Uhlenbeck system is computed from the Prony
series. Algorithms which circumvent the intermediate step of determining the memory
kernel have been proposed in [45, 8, 44, 38, 13]. The application of the ESPRIT method
from [45] to the problem of Prony series approximation is described e.g. in [43]. All of these
methods allow for approximating a function by a Prony series and can therefore by applied
to both the VACF and the memory kernel; when applying them to the VACF, the memory
kernel does not need to be determined. However, these methods still only determine a
Prony series approximation of the velocity auto-covariance function, which then needs
to be used in a second step to obtain a corresponding Ornstein-Uhlenbeck system. [17]
proposed a method which directly generates an Ornstein-Uhlenbeck representation by
employing a maximum likelihood estimator for the matrix entries and a Kalman filter.

In this thesis we introduce another method which directly generates an Ornstein-Uhlenbeck
system whose velocity auto-covariance function (VACF) approximates the given VACF
in a given equidistant grid. It is not necessary to explicitly determine the memory kernel
first. While we already treated the case d = 1 in [10], we will present a slightly improved
version here and extend it to the multidimensional case.

2.2.2. Representing the Generalized Langevin Equation by an
Ornstein-Uhlenbeck Process

If γ from the GLE (2.3) is a Prony series (2.13), V can be represented by an Ornstein-
Uhlenbeck process (1.7). For this we introduce an auxiliary process Z = (Z(t))t∈[0,∞) and

consider the joint process X :=
[
V
Z

]
, cf. [17]. Let P :=

[
I
0

]
∈ R(d|n)×d be the projection

from X onto V, where n is the dimension of Z. It is always possible to choose the basis of
Z such that the covariance matrix Σ of the stationary distribution of X has the form

Σ = 1
βm

[
Id 0
0 S

]
∈ R(d|n)×(d|n) (2.16)
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with S symmetric and positive definite, i.e. V (t) and Z(t) are independent for every
t ≥ 0 with CV (t) = P T etAΣP = 1

βmP
T etAP . (The components of a multidimensional

normally distributed random variable are independent if and only if they are uncorrelated.)
Therefore we will always require Σ to have the form (2.16).

Theorem 2.5. Let V = (V (t))t∈R be the stationary solution of the generalized Langevin
equation (2.3) with a memory kernel γ of the form (2.13), and let

A :=
[

0 BT

−C A0

]
∈ R(d|n)×(d|n) (2.17)

with n ≥ d where B, C, and A0 are such that the Lyapunov equation (1.11) has a solution

K = 1√
βm

[
0
G

]
∈ R(d|n)×d (2.18)

and Σ from (2.16) symmetric and positive definite. Then there exists a stochastic process

Z = (Z(t))t∈R such that the joint process X with X(t) :=
[
V (t)
Z(t)

]
∈ R(d|n) is equivalent to

an Ornstein-Uhlenbeck process (1.7) with drift matrix A and diffusion matrix K from
(2.17) and (2.18).

Proof. We first note that (1.11) is in this case equivalent to the singular Lur’e equations

A0S + SAT0 = −GGT

SB − C = 0
(2.19)

with unknown G and S as one can directly verify by inserting (2.16) and (2.17) into
(1.11). Let F be the Gaussian process from (2.3). (2.4) and SB = C imply

CF (t) = 1
βm

γ(t) = 1
βm

BT etA0SB

for t ≥ 0. According to Remark 1.22, there exists a stationary Ornstein-Uhlenbeck
process F̃ such that F = BT F̃ , i.e.

dF̃ (t) = A0F̃ (t) dt+ 1√
βm

G dW (t),

with C
F̃

(t) = 1
βme

tA0S for t ≥ 0.

Let Z̃(t) :=
∫ t

0 e
(t−s)A0CV (s) ds for t ≥ 0. This implies

V ′(t) = −
∫ t

0
BT e(t−s)A0CV (s) ds+ F (t) = −BT Z̃(t) +BT F̃ (t).
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Lemma 1.2 yields

Z̃ ′(t) =
∫ t

0
A0e

(t−s)A0CV (s) ds+ CV (t) = A0Z̃(t) + CV (t)

and thus the joint process can be written as an Ornstein-Uhlenbeck process

d

V (t)
Z̃(t)
F̃ (t)

 =

0 −BT BT

C A0 0
0 0 A0


V (t)
Z̃(t)
F̃ (t)

dt+ 1√
βm

0
0
G

dW (t)

or equivalently

d
[
V (t)
Z(t)

]
=
[

0 BT

−C A0

][
V (t)
Z(t)

]
dt+ 1√

βm

[
0
G

]
dW (t)

where Z(t) := −Z̃(t) + F̃ (t). Therefore X(t) =
[
V (t)
Z(t)

]
is an Ornstein-Uhlenbeck process

with drift matrix A and diffusion matrix K as in (2.17) and (2.18).

While we need the auxiliary variables Z from Theorem 2.5, they are only used to define
the Ornstein-Uhlenbeck system. They do not have any physical meaning and cannot be
observed in a physical simulation of the generalized Langevin equation.

Theorem 2.5 can be extended to include the extra terms in (2.5):

Theorem 2.6. Let V = (V (t))t∈R be the stationary solution of the generalized Langevin
equation (2.5) with a memory kernel γ of the form (2.13). Let further

A :=
[

D BT

−C A0

]
∈ R(d|n)×(d|n) and K = 1√

βm

[
L
G

]
∈ R(d|n)×d (2.20)

with n ≥ d, where and D and L are the matrices from (2.5) and B, C, A0, and G are
such that the Lyapunov equation (1.11) has a symmetric and positive definite solution Σ
with the form (2.16). Then there exists a stochastic process Z = (Z(t))t∈R such that the

joint process X(t) :=
[
V (t)
Z(t)

]
∈ R(d|n) is equivalent to an Ornstein-Uhlenbeck process (1.7)

with drift matrix A and diffusion matrix K. φ from (2.7) is given by

φ(t) =


1√
βm
BT etA0G if t > 0,

1
2
√
βm
BTG if t = 0,

0 otherwise.

Proof. We first prove that F given by (2.6) satisfies (2.7) if φ is chosen this way.
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In this case (2.20) implies that (1.11) is equivalent to the regular Lur’e equations

A0S + SAT0 = −GGT (2.21a)
SB − C = −GLT (2.21b)
D +DT = −LLT (2.21c)

with unknown matrices G, L, and S. Inserting φ into (2.6) yields

F (t) =
∫ ∞

−∞
φ(t− s) dW (s) = 1√

βm

∫ t

−∞
BT e(t−s)A0G dW (s).

Since (2.21a) is another Lyapunov equation, its solution S can be written via (1.10) as
S =

∫∞
0 esA0GGT esA0 ds. Together with (1.6), this implies

CF (t) = 1
βm

∫ 0

−∞
BT e(t−s)A0GGT e−sA0B ds = 1

βm
BT etA0SB

for t ≥ 0. Consequently F can again be written as F = BT F̃ with an Ornstein-Uhlenbeck
process F̃ on R (see Remark 1.23). Inserting (2.21b) shows that F satisfies (2.7):

CF (t) = 1
βm

BT etA0SB = 1
βm

BT etA0C − 1
βm

BT etA0GLT

= 1
βm

γ∗(t)− 1√
βm

φ(t)LT − 1√
βm

Lφ(−t)T

for t > 0. (One easily verifies that (2.7) also holds for t < 0 and t = 0.) (2.21c) is the
fluctuation-dissipation relation of the instantaneous friction terms, which thus holds, too.

We now continue analogously to the proof of Theorem 2.5. Define Z̃ as there; consequently

dV (t) =
(
DV (t)−

∫ t

0
BT e(t−s)A0CV (s) ds+ F (t)

)
dt+ 1√

βm
LdW (t)

=
(
DV (t)−BT Z̃(s) +BT F̃ (t)

)
dt+ 1√

βm
LdW (t)

implies that the joint process is an Ornstein-Uhlenbeck process

d

V (t)
Z̃(t)
F̃ (t)

 =

D −BT BT

C A0 0
0 0 A0


V (t)
Z̃(t)
F̃ (t)

dt+ 1√
βm

L0
G

dW (t).

Setting Z(t) := −Z̃(t)+F̃ (t) yields the desired Ornstein-Uhlenbeck process representation
with the matrices A and K from (2.20).

Remark 2.7. V , Z̃, and F̃ from Theorem 2.5 (or Theorem 2.6) have a joint stationary
distribution according to Theorem 1.20 and hence V and F have a joint stationary
distribution, too, which at first glance seems to contradict our remark in Section 2.1.2
that no joint stationary distribution exists. For the stationary distribution, however,
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Z̃(0) ̸= 0 holds almost surely, which contradicts the definition of Z̃. Hence this distribution
is no valid initial distribution.

Analogously to Theorems 2.5 and 2.6, the solution of the stationary GLE (2.11) can
be represented by an Ornstein-Uhlenbeck process where Z̃(t) :=

∫ t
−∞ e(t−s)A0CV (s) ds.

Since Z̃(0) = 0 is no longer necessary in this case, the joint stationary distribution of V,
Z̃, and F̃ is a valid distribution in this case.

In the remaining thesis, we denote by CV the velocity auto-covariance function of
the solution of the generalized Langevin equation while CAV denotes the velocity auto-
covariance function of an Ornstein-Uhlenbeck process (1.7) with drift matrix A used to
approximate CV (i.e. the auto-covariance function of the velocity components V ).

2.2.3. Functions of Positive Type and the Lur’e Equations

The question whether a solution (G,L, S) of (2.19) or (2.21) (with S symmetric and
positive definite) exists is not trivial. A necessary condition is that all eigenvalues of
A have non-positive real part: Otherwise let x be an eigenvector of AT corresponding
to an eigenvalue with positive real part. Then multiplying both sides of (1.11) by x∗

from the left and x from the right results in a positive left-hand side and non-positive
right-hand side. We will thus require A to be stable in this section. (If A has pure
imaginary eigenvalues, the corresponding Lur’e equations may be solvable, but since
the resulting Ornstein-Uhlenbeck process has no stationary solution, this case is not of
interest to us.) We will now formulate a necessary and sufficient condition under which a
solution of (2.19) or (2.21) exists.

In this thesis we will usually consider the Lyapunov equation where both K ∈ R(d+n)×d

and Σ ∈ R(d+n)×(d+n) are unknown and Σ has the form (2.16). There are also applications
where the Lyapunov equation with known K (which may have more than d columns) is
of interest. While the latter version can be solved as a system of (n+ d)2 linear equations
or using the method from [17, Appendix C.2], this is not possible if K is unknown.

Definition 2.8. A function f : R→ Cd×d is called of positive type if f(−t) = f(t)∗ for
all t ∈ R and

n∑
k,l=1

x∗
kf(tk − tl)xl ≥ 0

for every n ∈ N and all t1, . . . , tn ∈ R and x1, . . . , xn ∈ Cd.

Such functions are also called positive definite but we will not use this name to avoid
confusion with positive definite matrices. By approximating integrals of continuous
functions with compact support by sums and vice versa and taking into account that
such functions are dense in L2(R,Cd), one can prove that a continuous function f ∈
L1

loc
(
R,Cd×d) is of positive type if and only if f(−t) = f(t)∗ for all t ∈ R and∫ ∞

−∞

∫ ∞

−∞
φ(t)∗f(t− s)φ(s) ds dt ≥ 0
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2. The Generalized Langevin Equation

for every φ ∈ L2(R,Cd), as is done in [46, Section 1.4.3] (cf. also [9, Section 8.1]).

Lemma 2.9. The auto-covariance function of a stationary stochastic process X with
X(t) ∈ L2(P) for each t is always a function of positive type.

Proof. Let X be a stochastic process. We assume that E[X] = 0; otherwise we consider
X −E[X] instead of X. For t1, . . . , tn ∈ R, x1, . . . , xn ∈ Cd we have (cf. [40, Lemma 1.2])

n∑
k,l=1

x∗
kCX(tk − tl)xl =

n∑
k,l=1

x∗
kE
[
Xtk

XT
tl

]
xl = E

∣∣∣∣∣
n∑
k=1

XT
tk
xk

∣∣∣∣∣
2
≥ 0.

Another characterization of functions of positive type is given by Bochner’s theorem.

Theorem 2.10 (Bochner). Let f ∈ L1(R,Rd×d) be continuous with Fourier transform
Ff . Then f is of positive type if and only if Ff(ξ) is a hermitian and positive semi-
definite matrix for each ξ ∈ R.

The proof of the necessity of f being of positive type is rather simple, cf. [9, Section 8.2] and
[46, Section 1.4.2(b)]. (The generalization to matrix-valued functions f is straightforward.)
The proof of sufficiency can be found in [19, p. 498]. In the case d = 1, Theorem 2.10 is
often stated in a measure theoretic context, which states that a given function g is the
characteristic function of a finite measure µ, i.e. g(t) =

∫
R e

itxµ(dx), if and only if g is of
positive type. In our formulation above, Ff is the measure’s non-negative (in the case
d = 1) probability density function while f is its characteristic function.

Remark 2.11. If f : R → Cd×d is a function of positive type, setting n = 2, t1 = 0,
t2 = t, and x1 = −x2 = x in Definition 2.8 with t ∈ R and x ∈ Cd×d arbitrary implies

x∗(f(0)− f(t)− f(−t) + f(0)
)
x = x∗(f(0)− f(t)− f(t)∗ + f(0)∗)x ≥ 0,

i.e.
x∗(f(t) + f(t)∗)x ≤ x∗(f(0) + f(0)∗)x

for every t ∈ R and x ∈ Cd. Consequently x∗(f(t) + f(t)∗)x is maximal at t = 0.
If the right-hand derivative of f at 0, denoted by f ′(0+), exists, this implies that
f ′(0+) + f ′(0+)∗ is symmetric and negative semi-definite.

Theorem 2.10 implies the following inverse of Lemma 2.9, whose proof we omit here:

Lemma 2.12. If f ∈ L1(R,Rd×d)∩L2(R,Rd×d) is a continuous function of positive type
with Ff ∈ L1(R,Cd×d), there is a centered, stationary stochastic process X : [0,∞)→ Rd
with CX = f .

Theorem 2.10 motivates the following name:
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2.2. The Generalized Langevin Equation as an Ornstein-Uhlenbeck Process

Definition 2.13. A function f ∈ L1(R,Rd×d) is called of strictly positive type if Ff(ξ)
is hermitian and positive definite for each ξ ∈ R.

If CAV has the form CAV (t) = P T etAΣP for t ≥ 0 with A from (2.20) stable, its Fourier
transform is

FCAV (ξ) = 1√
2π

∫ ∞

−∞
e−itξCAV (t) dt

= 1√
2π

∫ ∞

0
e−itξCAV (t) dt+

∫ ∞

0
eitξCAV (t)T dt

= 1√
2π
P T
(∫ ∞

0
e−itξI+tAΣ dt+

∫ ∞

0
ΣeitξI+tAT dt

)
P

= 1√
2π
P T
(
−(−iξI +A)−1Σ −Σ(iξI +AT )−1)P

= 1√
2π
P T
(
(iξI −A)−1Σ +Σ(iξI −A)−∗)P

(2.22)

where the inverse matrices of −iξI + A and iξI + AT exist since A is stable. Using
ΣP = 1

βmP and the Schur complement identity (1.1), we obtain

P T (iξIn+d −A)−1ΣP = 1
βm

(
iξId −D +BT (iξIn −A0)−1C

)−1

if iξIn −A0 is non-singular (in particular if A0 is stable, which is necessarily the case if
CAV is of positive type, as we will see in Theorem 2.17) and therefore

FCAV (ξ) = 1
βm
√

2π

((
iξId −D +BT (iξIn −A0)−1C

)−1 +(
iξId −D +BT (iξIn −A0)−1C

)−∗)
,

cf. [10], provided that the inverse matrices exist. Consequently if A is stable, CAV is of
positive type if and only if(

iξId −D +BT (iξIn −A0)−1C
)−1 +

(
iξId −D +BT (iξIn −A0)−1C

)−∗ (2.23)

is positive semi-definite for all ξ ∈ R. For a non-singular matrix H, H +H∗ is positive
semi-definite if and only if H−1 +H−∗ is positive semi-definite since setting y := Hx in

x∗(H +H∗)x ≥ 0 for every x ∈ Cd

yields
y∗(H−1 +H−∗)y ≥ 0 for every y ∈ Cd.

Consequently (2.23) is positive semi-definite for all ξ ∈ R if and only if

κ(iξ) + κ(iξ)∗ is positive semi-definite for all ξ ∈ R (2.24)
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2. The Generalized Langevin Equation

with
κ(z) := −D +BT (zIn −A0)−1C. (2.25)

In model reduction theory, κ is called the transfer function, cf. [3, 6]. The Positive Real
Lemma, which we will formulate now, states a necessary and sufficient condition for when
a solution of (2.21) exists.

Definition 2.14. Let H := {z ∈ C : Re z > 0} with closure H = {z ∈ C : Re z ≥ 0} and
let D ⊆ C be a domain with H ⊆ D.

(i) A holomorphic function f : D → Cd×d is called positive real if

• f(z) = f(z) for each z ∈ H,

• f(z) + f(z)∗ is positive semi-definite for each z ∈ H.

(ii) A positive real function f : D → Cd×d is called strictly positive real if f(iξ) + f(iξ)∗

is positive definite for each ξ ∈ R.

In Definition 2.14 we restrict ourselves to functions without singularities on the imag-
inary axis. By suitable adaptations, this definition can be extended to functions with
singularities on the imaginary axis.

Remark 2.15. Let be a domain with H ⊆ D. A holomorphic function f : D → Cd×d

with f(z) = f(z) for each z ∈ H is positive real if f(iξ) + f(iξ)∗ is positive semi-definite
for each ξ ∈ R and f(z) z→∞−−−→M (with z ∈ D) for a matrix M : In this case M +MT is
positive semi-definite, consequently each x ∈ Cd satisfies x∗(f(iξ) + f(iξ)∗)x ≥ 0 for each
ξ ∈ R and x∗(f(z) + f(z)∗)x ≥ −ε and for each ε > 0 and |z| ≥ R with R sufficiently
large (depending on ε). Since x∗(f(z) + f(z)∗)x is harmonic (as a linear combination of
the real and imaginary parts of the components of f), the maximum principle implies
x∗(f(z) + f(z)∗)x ≥ −ε for each x ∈ C and z ∈ H with |z| ≤ R. By letting ε→∞ and
consequently R→ 0, the statement follows.

Moreover, if x∗(f(z) + f(z)∗)x = 0 for a z ∈ H, then x∗(f(z) + f(z)∗)x = 0 for each
z ∈ H. This implies that if f is strictly positive real, f(z) + f(z)∗ is positive definite for
each z ∈ H.

Lemma 2.16 (Positive Real Lemma). Let κ have the form (2.25) where A0 ∈ Rn×n,
B ∈ Rn×d, C ∈ Rn×d, and D ∈ Rd×d are chosen such that n is minimal. Then (2.21)
has a solution S ∈ Rn×n, L ∈ Rd×d, G ∈ Rn×d with S symmetric and positive definite if
and only if κ from (2.25) is positive real.

Proofs of Lemma 2.16 can be found in [3, Theorem 3], [4, Chapter 5], and [6, Theorem 5.31].
From [3] we have also borrowed Definition 2.14(i). We will present an algorithm for
computing the solution of (2.21) in Appendix A.

The following theorem and its proof are partially based on [15, Theorem 13].
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2.2. The Generalized Langevin Equation as an Ornstein-Uhlenbeck Process

Theorem 2.17. Let A from (2.20) be stable where A0, B, C, and D are chosen such
that n is minimal, and let CAV (t) = 1

βmP
T etAP (t ≥ 0) be of strictly positive type. Then

A0 is stable, too, and the Lyapunov equation (1.11) has a unique solution (Σ,K) where
Σ is symmetric and positive definite and has the form (2.16).

Proof. For λ /∈ σ(A) we define

ξ(λ) := P T (λI −A)−1P.

If λ /∈ σ(A0), (1.1) implies

ξ(λ) =
(
λId −D +BT (λIn −A0)−1C

)−1 =
(
λId + κ(λ)

)−1

with κ from (2.25). ξ(λ) and x0(λ) := −(λI −A0)−1Cξ(λ) solve the linear system

(λI −A)
[
ξ(λ)
x0(λ)

]
=
[
λId −D −BT

C λIn −A0

][
ξ(λ)
x0(λ)

]
=
[
Id
0

]
= P. (2.26)

Since CAV is a function of strictly positive type, (2.22) shows that

P T (λI −A)−1P + P T (λI −A)−∗P

is positive definite for all pure imaginary λ. This implies

Re
(
x∗P T (λI −A)−1Px

)
> 0 for all x ∈ Rd

as otherwise
x∗P T (λI −A)−1Px+ x∗P T (λI −A)−∗Px ≤ 0.

Since A is stable, λI − A is non-singular for all λ in the closed right half plane H, i.e.
Re(x∗ξ(it)x) has no singularities in H. Consequently Re(x∗ξ(it)x) is a harmonic function
in H for every x ∈ Rd with Re(x∗ξ(it)x) > 0 for every t ∈ R. ξ(z) z→∞−−−→ 0 (with z ∈ C)
implies that, according to the maximum principle, Re(x∗ξ(t)x) has no zeros in H (for
either x).

We now prove that A0, too, is stable. Assume that A0 has an eigenvalue µ with Reµ ≥ 0.
If κ(λ) and thus λI + κ(λ) is unbounded for λ→ µ, then ξ(λ) converges to a singular
matrix, thus µ is a zero of x∗ξ( ·)x in H for a certain x, which contradicts our conclusion
from above. If κ(λ) = −D +BT (λI −A0)−1C is bounded for λ→ µ, then each column
of B has to be orthogonal to every eigenvector of A0 corresponding to the eigenvalue µ
whose coefficient in the decomposition of any column of C into a linear combination of
eigenvectors of A0 is non-zero. If xr is such an eigenvector, one directly verifies via (2.26)
that [0Td , xTr ]T is an eigenvector of A corresponding to the eigenvalue µ, which contradicts
the stability of A. Therefore no such eigenvector exists, i.e. the decomposition of any
column of C into a linear combination of eigenvectors of A0 contains no eigenvectors
corresponding to the eigenvalue µ. Consequently every column of C is contained in the
image im(A0 − µI) of A0 − µI. Since im(A0 − µI) is the orthogonal complement of the
kernel ker((A0 − µI)∗) = ker(A∗

0 − µI), every column of C is orthogonal to every left
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2. The Generalized Langevin Equation

eigenvector of A0 corresponding to the eigenvalue µ. (Here we denote as left eigenvector
of A a vector x with A∗x = µx.) However, if xl is such a left eigenvector, (2.26) directly
implies that [0Td , xTl ]T is a left eigenvector of A corresponding to the eigenvalue µ, which
again contradicts the stability of A. Therefore A0 must be stable.

Consequently κ has no singularities in H and is therefore holomorphic in H. According
to Remark 2.11, (CAV )′(0+) + (CAV )′(0+)T = 1

βm(D+DT ) is negative semi-definite. Since
A0 is stable, κ has no singularities on the imaginary axis and thus (2.24) holds. Hence κ
is positive real according to Remark 2.15 and Lemma 2.16 states that (2.21) and thus
(1.11) has a unique solution.

In other words, the Lyapunov equation (1.11) has a solution if CAV is a function of
strictly positive type, i.e. if A belongs to a valid velocity auto-covariance function. On
the other hand, if the Lyapunov equation has a solution (Σ,K), then (A,K) is an
Ornstein-Uhlenbeck system with auto-covariance function CAV , i.e. CAV is of positive type
(although not necessarily of strictly positive type) according to Lemma 2.9. We will
present an algorithm for obtaining the solution in Appendix A. Since that algorithm fails
if no solution exists, it is not necessary to explicitly test if CAV is a function of positive
type or if κ is positive real. Note that D +DT has to be positive semi-definite for (2.21)
to be solvable as one immediately sees from the third equation.

As we will see in our numerical experiments, omitting the requirement D = 0 and
allowing the more general equation (2.5) is sometimes necessary to obtain a valid Ornstein-
Uhlenbeck system at all. Whether such a representation makes sense physically depends
on the physical background of the considered application, but there are applications
where D = 0 is not necessary.
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3. The Lanczos Method for the Generalized
Langevin Equation

In this chapter we present our algorithm for the one-dimensional case. We will call
it the Lanczos method although this name is usually given to Lanczos’ algorithm for
computing eigenvalues since both algorithms are based on the same underlying ideas.
Our goal is the construction of an Ornstein-Uhlenbeck system (1.7) whose velocity
auto-covariance function approximates the given velocity auto-covariance function of
a generalized Langevin equation. We achieve this by interpolating the given velocity
auto-covariance function CV in an equidistant grid 0, τ, 2τ, . . . , (n0−1)τ with τ > 0 fixed,
i.e. (rk)k=0,...,n0−1, rk := CV (kτ) ∈ Rd×d is the required input of the algorithm.

In this chapter, as well as in Chapter 4, we will restrict ourselves to the case d = 1. We
assume that r0 = 1

βm = 1 holds; otherwise we first scale the data accordingly by replacing
each rk by rk

r0
.

3.1. The Idea of the Lanczos Method

We use the following variant of the Lanczos method, which we borrow from [2]: For a
given finite sequence (rk)k=0,...,n0−1 we define the linear moments functional

Φ(ϕ) :=
n0−1∑
j=0

ajrj

for polynomials ϕ(x) =
degϕ∑
j=0

ajx
j with degree deg ϕ ≤ n0 − 1 and the symmetric bilinear

form
[ψ, ϕ]r := Φ(ψϕ)

for polynomials ψ, ϕ with degψ + deg ϕ ≤ n0 − 1. Here we identify polynomials mainly
with their coefficient vectors rather than regarding them as functions since we will
neither use any of their analytical properties nor evaluate them at any point. Given
(rk)k=0,...,n0−1, the Lanczos method yields a (finite) sequence (ϕk)k=0,...,N−1 of formally
orthogonal polynomials w.r.t. [ · , · ]r with increasing degrees deg ϕk = k, i.e. [ϕj , ϕk]r = 0
for j ̸= k. The algorithm works similarly to the Gram-Schmidt algorithm. Note that
[ · , · ]r is in general not positive definite and consequently [ϕk, ϕk]r = 0 is possible, in
which case no such sequence of orthogonal polynomials exists. We will ignore this case
here and will always assume that [ϕk, ϕk]r ̸= 0. (In Section 5.2.1 we will give some basic
information about this case without going into details.)
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3. The Lanczos Method for the Generalized Langevin Equation

Let ϕ = (ϕk)k=0,...,N−1 be formally orthogonal polynomials with deg ϕk = k. Then for
k > 0, ϕk can be written as

ϕk(x) = 1
tk−1,k

x · ϕk−1(x)−
k−1∑
j=0

tk−1,jϕj(x)

 (3.1)

with tk−1,j = [x·ϕk−1,ϕj ]r
[ϕj ,ϕj ]r ∈ R for j < k and an arbitrary tk−1,k ≠ 0. (This is analogous

to a step of the Gram-Schmidt algorithm, where the base polynomial x · ϕk−1(x) is
orthogonalized against the polynomials ϕ0, . . . , ϕk−1.) It is known (cf. [18, p. 214]) that
the recursion (3.1) actually is a “short” (three-step) recursion: If j < i− 1, then

ti,j = [x · ϕi, ϕj ]r
[ϕj , ϕj ]r

= [ϕi, x · ϕj ]r
[ϕj , ϕj ]r

= 0

(since ϕi is orthogonal to all polynomials of lower degree) and thus (3.1) is equivalent
to

ϕk(x) = 1
tk−1,k

(
x · ϕk−1(x)− tk−1,k−1ϕk−1(x)− tk−1,k−2ϕk−2(x)

)
(3.2)

(where t0,−1 := 0). We set tk−1,j := 0 for j > k and combine the recursion coefficients ti,j
with i ≥ 0 in the matrix

J := [ti,j ]i,j=0,...,N−1 ∈ RN×N,

which is a tridiagonal matrix due to (3.2). Here N is chosen as the largest possible value
such that all ϕk with k = 0, . . . , N −1 can be computed from the moments (rk)k=0,...,n0−1;
this results in N = ⌈n0

2 ⌉. If n0 is even, the moments required to compute ϕ⌈n0/2⌉ via
(3.1) are known, too, and one could thus think that N = ⌈n0

2 ⌉+ 1 is possible, but this
choice would result in [ϕN−1, x

k]r = 0 for all k < N − 1 or in [ϕN−1, ϕN−1]r = 0. We will
mention both of these special cases in Section 5.2.1 but ignore them here. Since neither
of them would allow to actually execute this extra step, N = ⌈n0

2 ⌉ holds in the case of an
even n0, too.

Starting with the polynomial ϕ0(x) := 1√
r0

= 1, the Lanczos method computes the
sequence ϕ and the matrix J via (3.1). The usefulness of the algorithm results from the
following property:

Let ak be the (infinitely long) coefficient vector of ϕk. Then (3.1) can be rewritten as the
matrix-vector product[

0 0 . . . 0
a0 a1 . . . aN−1

]
=
[
a0 a1 . . . aN−1

]
JT +

[
0 . . . 0 ξ

]
where ξ in the final column represents the coefficients of tN−1,NϕN , which have not yet
been computed. By induction this yields[

0k 0k . . . 0k
a0 a1 . . . aN−1

]
=
[
a0 a1 . . . aN−1

](
JT
)k +

k−1∑
j=0

[
0j . . . 0j 0j
0 . . . 0 ξ

](
JT
)k−j−1

.
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Due to the tridiagonal form of J, only the last k − j columns of[
0j . . . 0j 0j
0 . . . 0 ξ

](
JT
)k−j−1

are non-zero, i.e. for k ≤ N − 1 the first column of the sum is zero. Consequently for
k ≤ N − 1 in polynomial notation the first column of this matrix equation reads

xkϕ0(x) =
k∑
j=0

(Jk)0,jϕj(x).

With δ0 := [ϕ0, ϕ0]r this implies

rk = [xk, 1]r = 1
δ0

[xkϕ0, ϕ0]r = 1
δ0

 k∑
j=0

(Jk)0,jϕj , ϕ0


r

= 1
δ0

k∑
j=0

(Jk)0,j [ϕj , ϕ0]r. (3.3)

Due to the orthogonality of the polynomials, all summands except for the one with j = 0
vanish and we obtain

1
δ0

k∑
j=0

(Jk)0,j [ϕj , ϕ0]r = 1
δ0

(Jk)0,0[ϕ0, ϕ0]r = (Jk)0,0 = eT1 J
ke1. (3.4)

Consequently A := 1
τ log J satisfies

eT1 e
kτAe1 = rk for k = 0, . . . , n0 − 1.

Therefore if X ∈ RN is a stationary Ornstein-Uhlenbeck process (1.7) with drift matrix

A and a covariance matrix of the form Σ = 1
βm

[
1 0
0 S

]
from (2.16), the first compo-

nent’s auto-covariance function interpolates the values r0, . . . , rn0−1 in the time grid
0, τ, . . . , (n0 − 1)τ . In our application, this means that choosing rk := CV (kτ) and

X =
[
V
Z

]
yields an Ornstein-Uhlenbeck process X such that the auto-covariance function

of V interpolates the given VACF in 0, τ, . . . , (n0 − 1)τ .

When applying the algorithm to construct the polynomials, tk−1,k from (3.1) are scaling
factors which can be chosen arbitrarily.

3.2. Further Steps in the Algorithm

3.2.1. Conditions on the Velocity Auto-Covariance Function

As mentioned in Lemma 2.9, CV is a function of positive type. Consequently, according
to Remark 2.11, CV is maximal at 0, which implies C ′

V (0+) ≤ 0 where C ′
V (0+) denotes
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3. The Lanczos Method for the Generalized Langevin Equation

the right-hand derivative. Depending on the underlying physical system it may also be
necessary that CV satisfies

C ′
V (0) = 0. (3.5)

In an Ornstein-Uhlenbeck system, (3.5) is equivalent to

0 = (CAV )′(0) = 1
βm

eT1 A · e0·Ae1 = 1
βm

D

with D from (2.20). D = 0 means that the corresponding GLE has no instantaneous
friction and is actually of the type (2.3). We ensure this by adjusting the second data
point r1 = CV (τ) since modifying this value should have a significant and somehow
predictable impact on the values of CAV in (0, τ) and thus on (CAV )′(0).

To adjust r1 correctly, we use a Newton iteration including algorithmic differentiation
of the Lanczos method: For each variable which is computed we also compute its
derivative w.r.t. r1. (Every single calculation in Section 3.1 can be differentiated in a
straightforward way.) We thus obtain the derivative of J, which we denote as ∂J. To
compute the derivative of A w.r.t. to r1, denoted as ∂A, we employ a formula which we
will present later in Lemma 3.1. In accordance with Newton’s method we then iteratively
adjust r1 and reapply the Lanczos algorithm from Section 3.1, obtaining new matrices A
and ∂A until D = A1,1 ≈ 0.

Note that the physical importance of condition (3.5) depends on the actual physical
system considered. In some use cases there is no physical need for CV to be differentiable
in 0. In these cases a failure of the Newton iteration is acceptable or the iteration may
be skipped completely as long as (CAV )′(0+) ≤ 0. However, our numerical experiments in
Section 3.4 show that applying the Newton iteration may still make sense in order to
obtain a function CAV of positive type.

3.2.2. Spurious Eigenvalues

Eigenvalues of J outside the interior unit disk mean that the corresponding eigenvalues
of A have non-negative real part, hence A is no longer stable and eT1 e

tAe1
t→∞−−−→ 0 no

longer holds, i.e. the corresponding Prony series contains exponentials with non-negative
real part. This does not make sense physically since it means that the system is not
dissipative. We call these eigenvalues “spurious” eigenvalues. However, assuming that our
data are based on a physical model, the “contribution” of these spurious eigenvalues to the
auto-covariance function, i.e. their coefficients in the Prony series, should be very small
and therefore “removing” them from A (i.e. replacing A by a smaller matrix containing
only the non-spurious eigenvalues) should hardly influence CAV (t) for t ≤ (n0 − 1)τ .

In the following we describe this procedure in detail. We require J to be diagonalizable
with pairwise different eigenvalues µj , |µj | ≤ |µj+1| for all j. Then A has the eigenvalues
λj := 1

τ Logµj with the same eigenvectors, i.e.

J = UΛJU
−1, A = UΛAU

−1
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where ΛJ = diag(µ1, . . . , µN ), ΛA = diag(λ1, . . . , λN ), U ∈ CN×N is non-singular, and

CAV (t) = eT1 Ue
tΛAU−1e1 =

N∑
j=1

U1,j(U−1)j,1etλj =
N∑
j=1

wje
tλj (t ≥ 0)

with wj := U1,j(U−1)j,1. Let Reλj0 < 0 ≤ Reλj0+1 for some j0. (The case ReλN < 0
is trivial as nothing needs to be done; the case Reλ1 ≥ 0 does not make sense as this
would mean that all eigenvalues are spurious, so we ignore these cases.) Since the original
auto-covariance function interpolated by CAV belongs to a physical system, we assume
that the coefficients wj with j > j0 are small compared to max

1≤j≤j0
|wj | and thus

∣∣∣∣∣∣CAV (t)−
j0∑
j=1

wje
tλj

∣∣∣∣∣∣ =

∣∣∣∣∣∣
N∑

j=j0+1
wje

tλj

∣∣∣∣∣∣,
too, is small for t ∈ [0, (n0 − 1)τ ]. Hence we replace A by a j0 × j0 matrix Ã = ŨΛ−

AŨ
−1

with

CÃV (t) =
j0∑
j=1

w̃je
tλj ≈

j0∑
j=1

wje
tλj , w̃j := Ũ1,j(Ũ−1)j,1

where Λ−
A = diag(λ1, . . . , λj0) and Ũ ∈ Cj0×j0 contains only the first j0 columns of U (i.e.

the columns belonging to eigenvalues of A with negative real part) and only j0 rows from
U . The first row of Ũ must equal the first row of U except for the removed entries in
order to obtain coefficients w̃j in the Prony series representation of CÃV with

w̃j = Ũ1,j(Ũ−1)j,1 = U1,j(Ũ−1)j,1 ≈ U1,j(U−1)j,1 = wj .

Here the assumption (Ũ−1)j,1 ≈ (U−1)j,1 is motivated as follows: Since U1,j(U−1)j,1 =
wj ≪ 1 for j > j0, we assume that (U−1)j,1 ≪ 1 for j > j0. Using scalars, the matrix
multiplications Ũ Ũ−1 = I and UU−1 = I for the ith entry of the first column can be
rewritten as

j0∑
j=1

Ũi,j(Ũ−1)j,1 = δi,1 =
N∑
j=1

Ui,j(U−1)j,1 =
j0∑
j=1

Ũi,j(U−1)j,1 +
N∑

j=j0+1
Ui,j(U−1)j,1,

where the second sum is small. Consequently ∑j0
j=1 Ũi,j(Ũ−1)j,1 ≈

∑j0
j=1 Ũi,j(U−1)j,1 for

each i and therefore (Ũ−1)j,1 ≈ (U−1)j,1 for each j.

Apart from the first row, Ũ can omit arbitrary rows from U as long as it is non-singular.
In order to ensure that Ũ is non-singular, we build Ũ row by row: We first take the
first row of U as first row of Ũ (except for the entries of columns which were removed).
After that, we successively append the row of U to Ũ whose difference to its orthogonal
projection onto the linear hull of the present rows of Ũ has the largest norm (after
scaling all rows to have norm 1). I.e., as ith row Ũi, · of Ũ we take the row x of U which
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3. The Lanczos Method for the Generalized Langevin Equation

minimizes
1
∥x∥

x− i−1∑
j=1

⟨x, Ũj, · ⟩
∥Ũj, ·∥2

Ũj, ·

.
We continue appending rows to Ũ in this way until Ũ is a square matrix. If the assumption
that (U−1)j,1 is small for j > j0 holds, then

CÃV (t) =
j0∑
j=1

Ũ1,j(Ũ−1)j,1etλj ≈
j0∑
j=1

wje
tλj = CAV (t).

We continue the algorithm with J̃ , Ã and Ũ but omit the tilde in the following sections;
we also write N instead of j0 for the size of these new matrices.

Sometimes it is necessary to remove some additional eigenvalues with negative real part:
According to (2.22) the poles of the Fourier transform of CAV are exactly the values ±iλ
for all λ ∈ σ(A). While a pure imaginary eigenvalue λ ̸= 0 thus means that FCAV has
two poles on the real axis, an eigenvalue with real part close to 0 can manifest itself in
(positive or negative) “peaks” in FCAV (ξ) for ξ ≈ ± Imλ. A negative peak can result in
FCAV (ξ) being negative for ξ ≈ ± Imλ, which implies that CV is no longer of positive
type. If the corresponding Prony series coefficient is small, removing this eigenvalue can
yield a new matrix A such that CAV is of positive type while hardly having any impact
on the approximation. This is done similarly to removing spurious eigenvalues above,
except that λ1, . . . , λN are arranged in such a way that exactly all λj with j > j0 need
to be removed for a certain j0.

While this procedure usually hardly modifies CAV (t) for t ∈ [0, (n0 − 1)τ ], we cannot
guarantee this. If the removal of eigenvalues results in significant changes in CAV (t) for
t < (n0− 1)τ , one should not continue the algorithm but rather restart it with a different
interpolation grid.

3.2.3. Negative Real Eigenvalues

On top of spurious eigenvalues, J can have negative real eigenvalues. Let µj be such
an eigenvalue. Simply setting A = 1

τ log J would result in a matrix A with a complex
eigenvalue λj = 1

τ Logµj = 1
τ (log|µj |+ πi) whose complex conjugate is not an eigenvalue

of A, and thus in A being non-real (regardless of which matrix logarithm is used). We
therefore “duplicate” the eigenvalue µj of J in such a way that both 1

τ (log|µj |+ πi) and
1
τ (log|µj | − πi) are eigenvalues of A. We do this by inserting an additional row and
column into ΛA and U (where A = UΛAU

−1 denotes again the eigenvalue decomposition
of A) for each such eigenvalue in J, obtaining two new matrices Λ̃A and Ũ .

Define ΛJ = diag(µ1, . . . , µN ), ΛA = diag(λ1, . . . , λN ), and U as in Section 3.2.2 (as-
suming that spurious eigenvalues have already been removed). Let µj be a negative
real eigenvalue of J. Then we set Λ̃A = diag(λ1, . . . , λj−1, λ

+
j , λ

−
j , λj+1, . . . λN ) with

λ±
j := 1

τ (log|µj | ± πi). Ũ is obtained as follows: If x = U · ,j is the eigenvector correspond-
ing to µj in the jth column of U , we replace this column in Ũ by two consecutive columns
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3.2. Further Steps in the Algorithm

containing the new eigenvectors [
x
i

]
and

[
x
−i

]

for λ+ and λ− (at column index j and j + 1), respectively, where the entries i and −i
belong to the new row, and extend the other columns of Ũ by one zero entry in this row,
i.e. we replace U =

[
U · ,1 . . . U · ,j . . . U · ,N

]
∈ RN×N by

Ũ =
[
U · ,1 . . . U · ,j−1 x x U · ,j+1 . . . U · ,N

0 . . . 0 i −i 0 . . . 0

]
∈ R(N+1)×(N+1).

Recall that

CAV (t) = eT1 UΛJU
−1e1 =

N∑
j=1

wje
tλj with wj = U1,jU

−1
j,1

for t ≥ 0. It is easy to verify that Ũ is non-singular and that

eT1 Ũ =
[
U1,1 . . . U1,j−1 U1,j U1,j U1,j+1 . . . U1,N

]
,

Ũ−1e1 =
[
U−1

1,1 . . . U−1
j−1,1

1
2U

−1
j,1

1
2U

−1
j,1 U−1

j+1,1 . . . U−1
N,1

]T
,

which implies

eT1 Ũe
tΛ̃AŨ−1e1 = eT1 Ũe

tΛ̃AŨ−1e1 =
N∑
j=1

wje
tλj .

Therefore duplicating any µ ∈ σ(J) in this way has no impact on the auto-covariance
function of the Ornstein-Uhlenbeck system but allows us to compute a real matrix
logarithm of J in the case where µ is negative real. We continue the algorithm using
Ã = Ũ Λ̃AŨ

−1 instead of A = UΛAU
−1.

We apply these modifications to U and ΛA for each negative real eigenvalue of J. We
again call the resulting matrix A and omit the tilde in the following. This matrix A is
real in exact arithmetic. Imaginary parts in entries of A are due to numerical errors and
can be set to 0.

Note that the adjustments in Sections 3.2.2 and 3.2.3 modify the size of A. While the
matrix J generated by the Lanczos method has size

⌈n0
2
⌉
×
⌈n0

2
⌉
, the final matrix will

usually be smaller due to removed spurious eigenvalues (as we will see in Section 3.4)
although it can be larger due to duplicated negative real eigenvalues. Therefore we cannot
specify the final size of A exactly but only a “desired” size.

3.2.4. The Lur’e Equations

In order to determine K ∈ RN×d from (1.7), we finally have to solve the Lyapunov
equation (1.11) or the equivalent Lur’e equations. Through this we also obtain the
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3. The Lanczos Method for the Generalized Langevin Equation

covariance matrix Σ of the stationary distribution of this Ornstein-Uhlenbeck system and
verify that A generates a velocity auto-covariance function of positive type. If Newton’s
method succeeded and the removal of spurious eigenvalues did not modify the first matrix
entry too much, we have D ≈ 0, resulting in the singular equations (2.19). Otherwise we
have to solve the regular equations (2.21). We present algorithms for solving both cases
in Appendix A.

3.3. Summary of the Complete Algorithm

The algorithm starts with the polynomial ϕ0(x) := 1√
r0

= 1. In each step, a new
polynomial ϕk with deg ϕk = k is computed via (3.2) where we choose tk−1,k in (3.1)
in such a way that |[ϕk, ϕk]r| = |Φ(ϕ2

k)| = 1. Instead of computing the coefficients
tk−1,k−1 and tk−1,k−2 via directly evaluating [ · , · ]r, we employ the recursive formula
presented in [18, Theorem 2] to compute them. We form the tridiagonal matrix J from
the coefficients ti,k, appending a new column and a new row in each step. The Lanczos
algorithm stops when the polynomials’ degrees get too large, i.e. when [ϕk, ϕk]r is no
longer defined by r. For each variable we also compute its derivative w.r.t. r1 along with
it. Differentiating the Lanczos algorithm is straightforward as it only includes easily
differentiable calculations.

If n0 is odd, we obtain an n0+1
2 × n0+1

2 matrix J ; however, we cannot compute its last
(bottom right) entry with index

(n0−1
2 , n0−1

2
)
. Due to the tridiagonal form of J, no value

eT1 J
ke1 for k < n0 depends on this entry. Consequently J satisfies eT1 Jke1 = rk for

k < n0, regardless of its value. Nonetheless A and thus CV depend on this entry. We
simply set it to 0.

Next we compute A = 1
τ log J . At this time, we do not yet have to care about negative

real eigenvalues of J since we are only interested in the real part of A and can thus take
any matrix logarithm. In order to apply the Newton iteration described in Section 3.2.1,
we compute the derivative of the matrix logarithm via the following identity, which we
borrow from [22, p. 58]:

Lemma 3.1. Let A ⊆ R, B ⊆ C be open sets and t0 ∈ A. Let H : A → Rn×n be
differentiable in t0 with a spectrum that lies in B for all t in a neighborhood of t0. Let
further f : B → C be holomorphic. Then

f

([
H(t0) H ′(t0)

0 H(t0)

])
=
[
f(H(t0)) d

dtf(H(t))|t=t0
0 f(H(t0))

]
.

Here f also denotes the matrix function induced by the scalar function f .

Defining H(t) as the matrix J from above, regarded as a function of t = r1 (where
all other entries in r are fixed to their given values), and taking f(M) := log(M) as a
branch of the complex logarithm (and the corresponding matrix logarithm) such that f
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3.3. Summary of the Complete Algorithm

is holomorphic in the spectrum of H(t) for all t in a sufficiently small neighborhood of 0
allows us to differentiate the matrix logarithm, obtaining

A′
1,1 := eT1

( d
dt

1
τ

logH(t)|t=r1

)
e1,

and to apply Newton’s method. Depending on the chosen logarithm function, the
eigenvalues of A may not be symmetric w.r.t. the real axis (at least if H(t0) has a
negative real eigenvalue and the principal logarithm branch cannot be chosen), which
leads to A1,1 being non-real. However, since the imaginary part exists only due to this,
we can ignore it and simply take the real part of A1,1 and its derivative. Therefore we
replace r1 by r1 − ReA1,1

ReA′
1,1

in each Newton step and reapply the Lanczos algorithm until
A1,1 ≈ 0. Of course other methods instead of the Newton iteration are conceivable,
especially when the latter does not converge. For simplicity we tried no alternative
methods to the Newton iteration in our numerical experiments. When the iteration did
not converge, we assumed the algorithm to have failed for this grid and reduced n0 by 1
in order to obtain a new grid.

After applying the Newton iteration, we treat spurious eigenvalues (i.e. eigenvalues
outside the interior unit disk) and negative real eigenvalues of J : For this we compute an
eigenvalue decomposition J = UΛJU

−1 of J. We subsequently modify ΛJ as described in
Section 3.2: First we remove all µ ∈ σ(J) with |µ| ≥ 1 where the corresponding eigenvalue
λ = 1

τ Logµ would have positive real part, replacing ΛJ by a smaller diagonal matrix
which contains only the remaining diagonal entries of ΛJ . For each such eigenvalue we also
remove the corresponding column of U (which contains the corresponding eigenvector)
and one row of U .

We may also have to remove other eigenvalues with negative real part close to 0 and
small coefficient in the Prony series if they prevent the resulting VACF from being of
positive type. To determine these eigenvalues, we first compute the Fourier transform

FCAV (Imλ) = 1
βm
√

2π
P T
(
(i ImλI −A)−1 + (i ImλI −A)−∗)P

for all λ ∈ σ(A). Then from all λ with FCAV (Imλ) < 0 we choose the one with largest
(i.e. closest to 0) real part and remove it (and its complex conjugate if it is not real) from
A, similarly to removing spurious eigenvalues. We iterate this procedure until FCAV (Imλ)
is non-negative for all remaining λ or until an eigenvalue with significant coefficient in
the Prony series is encountered, in which case the algorithm is assumed to have failed.
Before removing another eigenvalue (or pair of eigenvalues), the values FCAV (Imλ) are
re-calculated using the new matrix A as our numerical experiments demonstrate that it is
often not necessary to remove all λ for which FCAV (Imλ) is initially negative. (Variations
of this procedure are conceivable, e.g. always removing the eigenvalue with the smallest
coefficient in the Prony series instead of the largest real part.) On top of this, we also
remove all eigenvalues with coefficient smaller than 10−6 in the Prony series.

After removing eigenvalues we construct ΛA and thereby duplicate negative real eigenval-
ues of J as described in Section 3.2.3. After computing ΛA and modifying U accordingly,
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3. The Lanczos Method for the Generalized Langevin Equation

A := UΛAU
−1 is the desired matrix.

Ideally, spurious eigenvalues having a significant impact on CAV (t) only for large t, their
removal should hardly influence A1,1, so (3.5) should still hold approximately after
removing them. Still, it is possible that A1,1 > 0, which implies that the corresponding
auto-covariance function is no longer of positive type. A second Newton iteration including
all steps performed so far is impossible as it would require computing the derivative of
the eigenvalue decomposition of A. Instead we simply set A1,1 to 0. Visually, modifying
A1,1 results in “shifting” the complete function CAV up (if increasing A1,1) or down (if
decreasing A1,1) as we will see in Section 3.4. If A1,1 ≈ 0 held before, the impact on CAV
is minor. Otherwise this can significantly change CAV and it might be better to retry
the complete algorithm with another grid. (3.5) also implies that we have to solve the
singular Lur’e equations. Since C ′

V (0) > 0 implies that CV is not of positive type, the
resulting function CV is on the “boundary” of the set of all functions of positive type
and due to rounding errors it is possible that the corresponding system does no longer
have a VACF of positive type. Thus we instead set A1,1 = −ε with a small ε > 0. For
our experiments in Section 3.4 we chose ε = 10−10. As with Newton’s method, this step
can be skipped if A1,1 ≤ 0 already holds and if (3.5) is not physically necessary. (Note
that A1,1 ≤ 0 is not sufficient for CAV being of positive type but only necessary.)

Additionally we can replace A by an equivalent tridiagonal matrix by again using the
Lanczos algorithm. In theory one could apply the algorithm from Section 3.3 again, this
time using eT1 Ake1 (k = 0, . . . , N −1) as moments, thereby obtaining a tridiagonal matrix
Ã such that eT1 Ãke1 = eT1 A

ke1 for k = 0, . . . , N − 1 by virtue of (3.3) and (3.4). The
obtained tridiagonal matrix Ã is equivalent to A (as we will explain in Section 6.1.2) and
satisfies CAV = CÃV . In practice, however, due to the large condition of Ak this can lead
to huge numerical errors rendering this method unusable. Hence in our experiments in
Section 3.4 we used a different implementation described in [27, Algorithm 2.3.1], which
employs the more typical approach via Lanczos vectors instead of formally orthogonal
polynomials but yields the same results in exact arithmetic. Another implementation
can be found in [16].

The advantage of a tridiagonal A lies in significantly reduced computational costs for
simulating sample paths of the Ornstein-Uhlenbeck process, e.g. when using the Euler-
Maruyama method: Multiplying A by a vector only takes time O(N) instead of O(N2).
In theory, the distribution of V (t) of the Ornstein-Uhlenbeck process is not changed by
this final step. It can, however, be another source of numerical problems due to the
Lanczos algorithm’s numerical instability.

Finally we solve the Lur’e equations – regular or singular – to verify that the obtained
velocity auto-covariance function is a function of positive type and to calculate K. If no
solution of (2.21) exists, CAV is not of positive type and it only remains to use another
time grid, i.e. another τ or n0, in order to retry the algorithm with another input. The
nonexistence of a solution can manifest itself in several ways when applying the algorithm
from Appendix A: First, A0 can be unstable, which implies that CAV is not of positive
type, see Theorem 2.17. Second, if D ≈ 0, the algorithm for solving the Lur’e equations
reduces the system of equations to a (regular) system of smaller dimension; however,
the value D of the reduced system may be positive. Third, if D ̸≈ 0, Theorem A.5
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states conditions for when the Lur’e equations have a solution, which may or may not be
fulfilled.

We see that it is in no way guaranteed that this algorithm will always succeed, even
with reasonable input, and it may be necessary to try several interpolation grids. In
Section 3.4, however, we will see that it is usually possible to find a reasonable grid where
the algorithm generates a valid velocity auto-covariance function.

3.3.1. A Note on Numerical Stability

The Lanczos algorithm, just as the Gram-Schmidt algorithm, suffers from stability
issues, cf. [27, Chapter 3]. However, they typically emerge only for matrices larger than
those which appear here and they posed no problem in our numerical experiments. For
matrices of the size that we consider it is also very unlikely that the assumption that J
is diagonalizable does not to hold.

To detect possible stability problems, one could compute the Gram matrix of the
polynomials ϕ0, . . . , ϕN−1 to test whether they are actually orthogonal. If they are
not, a typical remedy proposed e.g. in [27, Section 3.3] is explicitly orthogonalizing the
polynomials. In order to reduce the computational cost of a full application of the Gram-
Schmidt algorithm, several “partial” orthogonalization methods are mentioned there.
Just as stability issues in general, however, the computational cost of orthogonalization
is an issue only with matrices which are much larger than ours.

3.4. Numerical Results

While we have already presented some of the following results in [10], the improved
algorithm here also accepts odd numbers n0 (whereas we formerly required n0 to be even).
On top of that, the removal of eigenvalues of A with negligible coefficient which cause
CAV not to be of positive type results in fewer cases where the algorithm fails. These are
reasons for the partially different results obtained here.

3.4.1. Molecular Dynamics Data

We use the molecular dynamics data from [25], from where we borrow the following
description. They describe a single colloid in a Lennard-Jones potential. The system
was created by placing Lennard-Jones particles with diameter σ on a face-centered cubic
lattice with lattice constant 1.71σ. To calculate the interactions, the Lennard-Jones
potential was cut off at 2.5σ. The colloid was carved out off the lattice with a radius 3σ
and was then defined as rigid body (i.e. the interparticle distances were fixed), which
resulted in a colloid mass of 80m0, where m0 is the mass of a Langevin particle. The cubic
simulation box has a size of L = 41.04σ with periodic boundary conditions in all three
dimensions. To sample at the correct temperature, the system was equilibrated using
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Figure 3.1.: VACF approximations for molecular dynamics data

a Langevin thermostat. The simulations were performed with the simulation package
LAMMPS [41] using a time step size of ∆t = 0.001.

For the Lanczos method we use n0 = 20 data points with a grid size of τ = 0.06. No
spurious or negative real eigenvalues were encountered, therefore the obtained matrix A
has N = 10 rows and columns, i.e. 9 auxiliary variables. Figure 3.1 compares the input
VACF and the obtained approximation. The two inset plots display enlarged parts of the
large plot: one for small t and one for the long-time tail. Figure 3.2 shows the difference
between the input VACF and the VACF of the obtained Ornstein-Uhlenbeck system. We
clearly see a comparably large difference for t ≈ τ (which is nonetheless small) since r1
was adjusted during the Newton iteration. We also see that the approximation is very
good up to the final grid point (n0− 1)τ = 1.14 but gets significantly worse after the final
grid point. Figure 3.3 displays the memory kernel of the obtained Ornstein-Uhlenbeck
process compared to kernels obtained via solving the second order Volterra equation and
via the iterative method presented in [25] (called IMRV).

We see that the VACF approximation is very good in the whole time interval. On top of
that, the corresponding memory kernel is very close to the approximations obtained by
other methods.

3.4.2. Noisy Data

We now test if the method is also applicable to noisy data. We use data generated by
simulating a colloid in a fluid of 31627 Lennard-Jones particles with a diameter σ and
mass m0. The Lennard-Jones potentials are truncated at 21/6σ. The cubic simulation box
has periodic boundary conditions in all three dimensions (we use only one dimension for
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Noise
setting Grid n0

Newton
steps Nsp Npt N

Relative
error

Low
∆1 50 3 12 0 14 0.0639
∆2 30 4 9 0 6 0.0428
∆3 14 6 3 0 5 0.0582

Medium
∆1 49 3 9 0 17 0.0609
∆2 30 4 5 0 11 0.0688
∆3 – – – – – –

High
∆1 50 3 8 0 17 0.1339
∆2 29 4 7 0 9 0.1152
∆3 14 4 2 0 5 0.2005

Table 3.1.: Results using the data from Section 4.3.2: Number of interpolation points
n0, number of Newton steps, number Nsp of spurious eigenvalues, number
Npt of other removed eigenvalues, size N of the final matrix A, and relative
approximation error

applying our algorithm) and a side length of 35.76σ. The colloid has a mass of 80m0 and
is defined as a rigid body with a radius 3σ. In order to sample at the desired temperature,
the system was equilibrated with a Langevin thermostat. Again the simulations were
performed using LAMMPS [41] with a time step of ∆t = 0.001.

We compare three different noise levels, which differ by the length of the simulation run
used to generate the data and by the equilibration time, i.e. the number of simulation
steps performed before the actual simulation in order to ensure that the system is close
to its equilibrium:

• Low noise: 5 000 000 simulation steps, 400 000 equilibration steps
• Medium noise: 1 000 000 simulation steps, 60 000 equilibration steps
• High noise: 100 000 simulation steps, 6 000 equilibration steps

Simulations for different noise levels were performed independently of each other. We
used the following three grids for each noise level:

• ∆1: τ = 0.06, n0 = 50
• ∆2: τ = 0.1, n0 = 30
• ∆3: τ = 0.2, n0 = 15

As mentioned before, it is not guaranteed that the algorithm succeeds. In case of failure,
we reduced n0 by 1 and reapplied the algorithm to the shortened grid. Table 3.1 shows
for each noise level and each grid size the largest value of n0 for which the algorithm
succeeded. It also displays the necessary number of Newton steps, the number Nsp of
spurious eigenvalues (λ ∈ σ(A) with Reλ ≥ 0), the number Npt of additional eigenvalues
removed in order to obtain a VACF of positive type (i.e. eigenvalues λ ∈ σ(A) which
were removed although Reλ < 0), the size N of the final matrix A (which depends on
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Figure 3.4.: VACF approximations for noisy data with three noise levels
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Figure 3.5.: VACF approximations for small t for all noise settings

the number of removed eigenvalues and the number of negative real eigenvalues), and
the relative error ∫ 10

0 |CAV (t)− CV (t)|dt∫ 10
0 |CV (t)|dt

,

where the integrals are approximated by sums on the grid {0, 0.01, . . . , 10}, on which the
input VACF was given. We see that the algorithm immediately succeeded in four out
of nine cases. In another four cases the second attempt was successful. In the medium
noise setting with ∆3 none of the values n0 = 15, . . . , 8 succeeded, thus we consider the
algorithm to have failed in this case. In all successful cases only eigenvalues of A with
positive real part had to be removed. Note that the approximation error is partially due
to the noise in the input which does not exist in CAV , which is a desired effect.

Figure 3.4 compares the VACF approximations obtained for each grid in the three noise
settings, where every plot shows one noise setting. Overall we obtain good approximations.
Figures 3.5 and 3.6 show enlarged versions of Figure 3.4. Figure 3.5 only shows the time
interval t ∈ [0, 0.6], where CV decays rapidly, while Figure 3.6 shows the tail of the VACF
for t ∈ [2, 10]. ∆3 in the high noise setting leads to a rather significant error for small t,
which indicates that the chosen grid is too coarse to capture the rapid decrease of the
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Figure 3.6.: VACF approximations for large t for all noise settings
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Figure 3.7.: Difference between VACF approximations and input VACF for noisy data

VACF for small t and the inflection point at t ≈ 0.1. This is also true in the low noise
setting although the error is smaller here. Figure 3.6 shows that despite the noise the
algorithm manages to overall yield good approximations of the long-time tail of CV for
all three grids.

Figure 3.7 displays the difference between the obtained VACF approximations and the
original VACF. It clearly shows the rather large error of ∆3 for small t, too.

Figure 3.8 compares the obtained memory kernels of all three grids to those obtained by
solving the (first kind) Volterra equation. Figure 3.9 shows an enlarged version for t ≥ 0.5.
The kernel corresponding to ∆1 in the low noise settings exhibits a very strong oscillation,
which, albeit weaker, is also visible in the VACF in Figure 3.7. This is due to a pair
of complex conjugated eigenvalues −0.5337 ± 48.58i of A0 with significant coefficients
−0.7787 ∓ 0.2443i in the corresponding Prony series. Here the sum of the absolute
values of all coefficients is 111.5, but the largest coefficients belong to the eigenvalues
−18.29± 13.90i with smallest (i.e. largest absolute) real part, which decay very rapidly in
the Prony series. The sum of the absolute values of the remaining coefficients is 10.26.

A actually has two eigenvalues which are very close to those of A0, −0.5388 ± 48.59i,
and the corresponding oscillations can be seen in Figure 3.7; however, the Prony series
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Figure 3.8.: Memory kernels obtained via the Lanczos method and via solving the Volterra
equation for all three noise settings
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Figure 3.9.: Memory kernels obtained via the Lanczos method and via solving the Volterra
equation for all three noise settings

coefficients 3.59 · 10−4 ± 1.07 · 10−4i in the VACF are much smaller than those in the
memory kernel. Removing these two eigenvalues from A eliminates the oscillations from
the VACF as shown in Figure 3.10. The remaining oscillations in the memory kernel (the
red line on the right-hand side of Figure 3.10) are much smaller (comparable to the other
obtained memory kernels) and have a smaller frequency, which indicates that they are
caused by other eigenvalues.

Comparing the three grids in Figure 3.8, we see that the negative “peak” of the memory
kernel is not well approximated by ∆3, again indicating that this grid is too coarse. ∆1
performs best in this regard. ∆3, however, leads to the smallest oscillations for larger
t. The difference is particularly well visible in the high noise setting. In general a good
approximation of the memory kernel is not strictly necessary; a good approximation of
the given VACF is more important to us.

In the low noise setting, Figure 3.7 shows that for t ≥ 0.5 the three VACFs obtained by
the different grids seem to differ mostly by a constant. Indeed this constant difference
is due to the value of A1,1 as modifying A1,1 visually “shifts” the VACF up or down.
Table 3.2 displays A1,1 for each obtained Ornstein-Uhlenbeck system after applying the
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Figure 3.10.: VACF and memory kernel obtained using ∆1 in the small noise setting before
and after removing the pair of eigenvalues responsible for the oscillations

Grid Low noise Medium noise High noise
∆1 −0.1157 −0.0004 −0.0576
∆2 −0.0284 −0.0115 0.0609
∆3 0.0163 – 0.0881

Table 3.2.: Value of A1,1 after applying the Newton iteration and removing spurious
eigenvalues

Newton iteration and removing spurious eigenvalues but before setting A1,1 to −ε. For
∆1 and ∆2, this value is negative and setting it to −ε “shifts” CAV up while for ∆3 it
is positive and CAV is “shifted” down by setting A1,1 to −ε. A similar behavior can be
observed in the medium noise case for t ∈ [0.3, 3]. If the condition C ′

V (0) = 0 is not
physically required, one can thus improve the approximation by not setting A1,1 to −ε
provided it is already non-positive. Applying the Newton iteration still makes sense in
this case as we will see immediately.

When C ′
V (0) = 0 is not strictly required, one might ask if omitting the Newton iteration

altogether leads to a better approximation. However, when we tested the algorithm
without the iteration, it failed more often and for two settings (∆2 in the low and medium
noise setting) it did not succeed for any n0, where we tested all n0 down to half the
original n0. In most cases where the algorithm failed due to A1,1 being positive, A1,1 was
not close to 0, hence setting it to −ε would have produced a VACF completely unsuited
as approximation for the input VACF. Consequently it seems that although the removal
of spurious eigenvalues can modify the value of A1,1, the Newton iteration still helps
in keeping its (absolute) value closer to 0. Table 3.3 displays the corresponding results,
similarly to Table 3.1. We see that the approximation error does not improve either. We
might of course be more lucky with other data, especially data where C ′

V (0) < 0.

Figure 3.11 displays the differences between the VACF approximations and the input
VACF for the cases in which the algorithm without Newton iteration succeeded. We see
that although the error without Newton iteration is smaller for τ < t < 2τ (compared
to Figure 3.7) because τ is also interpolated, it is even larger for t < τ when using ∆3.
This holds for ∆2 in the high noise setting (the only noise setting where both methods
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3.4. Numerical Results

Without Newton iteration With Newton iteration
Noise

setting Grid n0 Nsp Npt N
Relative

error n0
Newton

steps Nsp Npt N
Relative

error

Low
∆1 39 6 0 14 0.0420 50 3 12 0 14 0.0405
∆2 – – – – – 29 4 10 0 5 0.0460
∆3 15 2 0 7 0.2380 15 8 2 2 3 0.1269

Medium
∆1 35 8 0 10 0.1061 49 3 9 0 17 0.0610
∆2 – – – – – 30 4 5 0 11 0.0698
∆3 15 2 0 7 0.1830 11 5 3 4 4 0.2137

High
∆1 46 9 0 14 0.0971 50 3 10 0 17 0.1429
∆2 30 4 0 11 0.1467 23 4 2 0 11 0.1002
∆3 15 2 0 7 0.1821 13 4 4 0 5 0.1485

Table 3.3.: Results when omitting setting A1,1 to −ε (without and with the Newton itera-
tion): Number n0 of interpolation points, number Nsp of spurious eigenvalues,
number Npt of other removed eigenvalues, size N of the final matrix, and
relative approximation error
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Figure 3.11.: Difference between VACF approximations and input VACF for noisy data
without applying a Newton iteration and without setting A1,1 = −ε

succeed with this grid), too, although the difference between the errors of both methods
in [0, τ ] (with and without the Newton iteration) is smaller here. For ∆1 the error in
[0, τ ] is not larger than the general approximation error introduced by removing spurious
eigenvalues. Therefore the Newton iteration makes sense even if one does not require
A1,1 = 0. Note that in our example the input VACF satisfies C ′

V (0) = 0; the results may
differ for data where this does not hold.

No stability problems were encountered with either data while applying the Lanczos
method: The maximum error of an entry in a (normalized, i.e. with diagonal entries ±1)
Gram matrix was 3.79 · 10−8. Therefore we did not apply any explicit orthogonalization
techniques.
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4. The Impact of a Constant Force

4.1. Description of the Modified Model

We now consider the situation of a macromolecule which is subject to a constant, known
external force FV ∈ R. As in Chapter 3, we restrict ourselves to the case d = 1. The
external force leads to the equation

V ′(t) = FV −
∫ t

0
γ(t− s)V (s) ds+ F (t)

with γ and F as in the generalized Langevin equation (2.3) or, with an additional
distributional term in the kernel, to

dV (t) =
(
FV +DV (t)−

∫ t

0
γ(t− s)V (s) ds+ F (t)

)
dt+ 1√

βm
LdW (t) (4.1)

with D < 0, L > 0 as in (2.5). Just as F in (2.3) and (2.5), the external force has been
scaled by m for simplicity. In the following we will consider the more general equation
(4.1). Analogously to Section 2.1 there exists a version of (4.1) with the integral starting
at −∞, where the joint process of V and F has a stationary distribution, but we will not
discuss this version here.

Let V̄ (t) := E[V (t)]. Integrating (4.1) and taking the expectation yields

V̄ (t)− V̄ (0) = E
[∫ t

0
dV (s)

]
= tFV +DE

[∫ t

0
V (s) ds

]
−E

[∫ t

0

∫ s

0
γ(s− u)V (u) duds

]
+

E
[∫ t

0
F (s) ds

]
+ E

[∫ t

0

1√
βm

LdW (s)
]

= tFV +D

∫ t

0
V̄ (s) ds−

∫ t

0

∫ s

0
γ(s− u)V̄ (u) duds.

All remaining terms are differentiable and differentiating shows that V̄ satisfies

V̄ ′(t) = FV +DV̄ (t)−
∫ t

0
γ(t− s)V̄ (s) ds for t > 0, V̄ (0) = V̄0. (4.2)
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By subtracting V̄ (t) from (4.1), we see that Ṽ (t) := V (t)− V̄ (t) solves the GLE (2.5):

dṼ (t) =
(
DṼ (t)−

∫ t

0
γ(t− s)Ṽ (s) ds+ F (t)

)
dt+ 1√

βm
L dW (t).

In the following we will assume that Ṽ is a stationary process. Consequently C
Ṽ

solves
the Volterra equation (2.10) and since V differs from Ṽ only by a deterministic term,
CV = C

Ṽ
. In contrast to (2.5), however, (4.1) has no stationary solution since then

V̄ (t) = V̄0 would be constant and consequently V̄ ′(t) = 0, in which case (4.2) would
imply

FV =
(∫ t

0
γ(s) ds−D

)
V̄0

for every t ≥ 0, where the left-hand side is independent of t while the right-hand side is
not.

Since (4.2) is a Volterra equation similar to (2.8), its solution can be written explicitly
using the differential resolvent, analogously to (2.9), cf. [19, Theorem 3.3.3]:

V̄ (t) = r(t)V̄0 +
∫ t

0
r(t− s)FV ds

where r is the solution of (2.8). If r(t) t→∞−−−→ 0, this implies

V̄ (t) t→∞−−−→
∫ ∞

0
r(s) ds · FV =: V̄∞.

Taking the limit in (4.2) now shows that the right-hand side converges and since V̄ ′(t)
cannot converge to another value than 0 if V̄ (t) converges, (4.2) implies V̄ ′(t) t→∞−−−→ 0
and therefore

FV =
(∫ ∞

0
γ(s) ds−D

)
V̄∞

i.e.
V̄∞ = µFV with µ :=

(∫ ∞

0
γ(t) dt−D

)−1
= βm

∫ ∞

0
CV (t) dt (4.3)

(recall that CV (t) = 1
βmr(t) for t ≥ 0.) µ is denoted as the system’s mobility, cf. [28,

Equation (4.9)]. Consequently we will later assume that t is large enough and V̄ (t) ≈ V̄∞.
(When using the stationary equation with the integral in (4.1) starting at −∞, setting
V̄ (0) = V̄∞ implies V̄ (t) = V̄∞ for all t. In this case if Ṽ is stationary, so is V.)

In the case of an Ornstein-Uhlenbeck system

γ(t) = BT etA0C, CV (t) = 1
βm

eT1 e
tAe1 with A =

[
D BT

−C A0

]

µ satisfies

µ = βm

∫ ∞

0
CV (t) dt =

∫ ∞

0
eT1 e

tAe1 dt = −eT1 A−1e0·Ae1 = −(A−1)1,1 (4.4)
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and
µ−1 = BT

(∫ ∞

0
etA0 dt

)
C −D = −BTA−1

0 C −D. (4.5)

((4.5) also follows from (4.4) and Definition and Lemma 1.1.)

Since Ṽ solves the generalized Langevin equation without external force, the algorithm
from Chapter 3 allows for the computation of an Ornstein-Uhlenbeck system (A,K) for
Ṽ. Provided this Ornstein-Uhlenbeck system has the same mobility as (4.1), V + V̄∞
can be represented by a generalized Ornstein-Uhlenbeck process, as the following lemma
shows. For t → ∞ this allows an asymptotic representation of V by a generalized
Ornstein-Uhlenbeck process.

Lemma 4.1. Let V be a solution of (4.1) where γ(t) = BT etA0C and let (A,K) be an

Ornstein-Uhlenbeck system such that X̃ =
[
Ṽ
Z

]
solves

dX̃(t) = AX̃(t) dt+K dW (t), X̃(0) = X̃0 ∼ N (0, Σ)

with Z from Theorem 2.6 and Ṽ (t) := V (t) − V̄ (t) and such that A, K, and Σ solve

the Lyapunov equation (1.11). Let µ be given by (4.5). Then X :=
[
Ṽ + V̄∞

Z

]
solves the

inhomogeneous Ornstein-Uhlenbeck equation

dX(t) = FX dt+AX(t) dt+K dW (t), X(0) = X̃0 + X̄∞. (4.6)

with
FX =

[
FV
0

]
, X̄∞ =

[
V̄∞

A−1
0 CV̄∞

]
, and V̄∞ = µFV .

Proof. A Gaussian process Y is a solution of (4.6) if

Y (t) = Y (0) +
∫ t

0
FX ds+

∫ t

0
AY (s) ds+

∫ t

0
K dW (s)

= Y (0) + tFX +
∫ t

0
AY (s) ds+KW (t)

(4.7)

with Y (0) = X̃0 + X̄∞. X̃ is an Ornstein-Uhlenbeck process and therefore (see (1.9))

X(t) = X̃(t) + X̄∞ = etAX̃0 + X̄∞ +
∫ t

0
e(t−s)AK dW (s).

Analogously to the calculation of the solution of an Ornstein-Uhlenbeck process (see
Theorem 1.18), integration leads to∫ t

0
X(s) ds =

∫ t

0
esAX̃0 ds+ tX̄∞ +

∫ t

0

∫ s

0
e(s−u)AK dW (u) ds

= A−1esA
∣∣∣t
0
X̃0 + tX̄∞ +

∫ t

0
KW (s) ds+

∫ t

0

∫ s

0
Ae(s−u)AKW (u) duds
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= A−1(etA − I)X̃0 + tX̄∞ +
∫ t

0
KW (s) ds+

∫ t

0

∫ t

u
AesA ds e−uAKW (u) du

= A−1(etA − I)X̃0 + tX̄∞ +
∫ t

0
KW (s) ds+

∫ t

0
e(t−u)AKW (u) du−∫ t

0
KW (u) du.

By inserting into the right-hand side of (4.7) with Y := X, we obtain

X(0) + tFX +
∫ t

0
AX(s) ds+KW (t)

= X̃0 + X̄∞ + tFX +A

(
A−1(etA − I)X̃0 + tX̄∞ +

∫ t

0
e(t−u)AKW (u) du

)
+

KW (t)

= etAX̃0 + X̄∞ + tFX + tAX̄∞ +
∫ t

0
Ae(t−u)AKW (u) du+KW (t)

= etAX̃0 + X̄∞ + tFX + tAX̄∞ +
∫ t

0
e(t−u)AK dW (u)

= X(t) + tFX + tAX̄∞

= X(t) + t

[
FV + (D +BTA−1

0 C)V̄∞
0 − CV̄∞ +A0A

−1
0 CV̄∞

]

= X(t) + t

[
FV − µ−1V̄∞

0

]
= X(t)

where we have used (4.5) in the penultimate step. Consequently Y := X solves (4.7), i.e.,
X is a solution of (4.6).

On the other hand if X =
[
V
Z

]
is a solution of (4.6), then V (t)− V̄∞ + V̄ (t) solves (4.1).

In order to find an inhomogeneous Ornstein-Uhlenbeck process which approximates the
solution of (4.1), we have to ensure that the Ornstein-Uhlenbeck process solving the
generalized Langevin equation for Ṽ has the correct mobility. Thus we obtain from (4.4)
another condition

−(A−1)1,1 =
∫ ∞

0
(etA)1,1 dt != µ (4.8)

to A apart from (3.5). Our goal is to modify the method from Chapter 3 in a way that it
yields an Ornstein-Uhlenbeck system which fulfills both conditions. As in Section 3.2.1 we
will do so by slightly modifying the input data r. However, (4.8) leads to the assumption
that modifying only individual data points rj does not make sense here as these influence
the integral only marginally. Instead we will scale all data points except r0 (which is
given by CV (0) = 1

βm) and r1 (which we already modify individually in order to satisfy
(3.5)) by a common factor cµ.
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4.2. Adaptations to the Algorithm

In this chapter we will present two adaptations of the algorithm from Section 3.3 which
compute an Ornstein-Uhlenbeck system whose mobility is close to the mobility of the
input VACF. For simplicity we assume r0 = 1

βm = 1 again.

We first estimate V̄∞ and µ and thus obtain FV (or we determine µ from V̄∞ and FV ,
depending on what is more feasible). Subsequently we only consider the centered velocity
Ṽ (t) := V (t)− V̄∞, which has the same auto-covariance function C

Ṽ
(t) = CV (t). To Ṽ

we apply the algorithm from Chapter 3 to determine an Ornstein-Uhlenbeck system. We
now want this system to satisfy (4.8) on top of (3.5).

One possibility is to extend the Newton iteration from Section 3.2.1 to a two-dimensional
Newton iteration which satisfies the constraints (3.5) and (4.8): In each Newton step,
(r0, r1, r2, . . . , rn0−1) is replaced by (r0, r̃1, cµr2, . . . , cµrn0−1) with suitable r̃1 and cµ,
using the derivative with respect to r1 as well as the directional derivative with respect
to the directional vector (0, 0, r2, . . . , rn0−1). If the actual mobility of the corresponding
physical system is known, it can be directly compared with the mobility of the generated
Ornstein-Uhlenbeck system. The derivative of −A−1 is A−1(∂A)A−1 where ∂A denotes
the derivative of A, cf. [37]. Instead of Newton’s method, one can also think at other
methods to solve both equations, such as the Levenberg-Marquardt method or gradient
descent methods.

In the case that µ is unknown, we have to approximate it via approximating the right-
hand integral in (4.3). In this case, we should approximate the mobility of the obtained
Ornstein-Uhlenbeck system in the same way to ensure that the impact of approximation
errors, e.g. due to a significant long-time tail in the VACF, is similar for both values.
When we apply Newton’s method, however, A can still contain spurious eigenvalues
(with non-negative real part), in which case the integral in (4.8) does not exist. Since
removing spurious eigenvalues requires an eigenvalue decomposition of J, it cannot be
done inside the two-dimensional Newton iteration as that would require differentiation of
the eigenvalue decomposition. Therefore we have to compare the mobility approximated
from the input data with the exact mobility of the Ornstein-Uhlenbeck system. This,
however, can entail a large error if the contribution of the tail, which is not accounted
for by the quadrature formula (and is, possibly, not known at all), to the integral is large.
In the following we will present two ways to solve this problem.

4.2.1. A Nested Iterative Algorithm

In the first adaptation to our algorithm we extend the Newton iteration by a second
iteration procedure, obtaining two nested iterations which each satisfy one of the two
conditions (3.5) and (4.8). The inner iteration is the Newton iteration from Section 3.2.1
while each step of the the outer iteration determines a factor cµ by which r2, . . . , rn−1
are multiplied. The combination of both iterations hopefully satisfies both conditions,
which we will assess in Section 3.4.
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4.2. Adaptations to the Algorithm

More precisely, we adapt the algorithm as follows: After applying the Lanczos method,
we adjust r1 just as in Section 3.2.1, using a one-dimensional Newton iteration, until
A1,1 ≈ 0. Next we remove spurious eigenvalues and duplicate negative real eigenvalues
as described in Sections 3.2.2 and 3.2.3. We use the resulting matrix A to calculate the
VACF of the corresponding Ornstein-Uhlenbeck system and we approximate its mobility
µA as well as the mobility µ of the true system. Next we estimate the “contribution” of
r2, . . . , rn0−1 to µA (described below in detail) in order to determine the scaling factor
cµ for r2, . . . , rn0−1. We subsequently replace r2, . . . , rn0−1 by cµr2, . . . , cµrn0−1.

Since (3.5) does no longer need to hold after this modification, we iterate this procedure,
i.e. we continue by again carrying out several Newton steps until A1,1 ≈ 0, removing
spurious eigenvalues of the new matrix A and scaling r2, . . . , rn0−1 with a new constant
cµ. In this way we obtain the nested iteration scheme illustrated in Algorithm 1.

For the approximation of µ and µA from (4.3) and (4.8), respectively, we employ the
trapezoidal rule on a finer time grid ∆̃ = {0, τ̃ , 2τ̃ , . . . , ñτ̃} with τ̃ = τ

k , k ∈ N (if VACF
data on such a grid is available; otherwise we have to use the coarse grid τ̃ = τ):

µ ≈ τ̃

2CV (0) +
ñ∑
j=1

τ̃CV (jτ̃), µA ≈
τ̃

2C
A
V (0) +

ñ∑
j=1

τ̃CAV (jτ̃). (4.9)

(We use the final grid point ñτ̃ with full weight 1 instead of weight 1
2 , as one would

do when approximating a finite interval.) We also estimate the “contribution” µ∗
A of

r2, . . . , rn−1 to the mobility with the trapezoidal rule on the same grid. To obtain an
estimate of this contribution, only grid points jτ̃ ≥ 2τ are considered with full weight 1
while grid points jτ̃ ≤ τ are omitted. For grid points jτ̃ ∈ (τ, 2τ) we interpolate their
weight in the sum linearly from 0 to 1. This results in the estimate

µ∗
A :=

2k−1∑
j=k+1

(
j

k
− 1

)
τ̃CV (jτ̃) +

ñ∑
j=2k

τ̃CV (jτ̃). (4.10)

The scaling factor cµ is then chosen in such a way that µ = µA + (cµ − 1)µ∗
A holds, i.e.

cµ = 1 + µ− µA
µ∗
A

. (4.11)

During the iteration process we will denote by c(k)
µ the scaling factor in the kth iteration

step, by which the values r2, . . . , rn−1 obtained in the (k − 1)th step are multiplied, i.e.
cµ is the product of all c(k)

µ .

Remark 4.2. One can also think of scaling r1 together with r2, . . . , rn0−1 (and adjusting
the calculation of µ∗

A and cµ accordingly). This means that r1 is modified both by
the Newton iteration and by the multiplication of all values with cµ. In our numerical
experiments presented in Section 4.3, this modification did not result in any noticeable
qualitative differences in the results, which is why we will not consider it there.
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4. The Impact of a Constant Force

Algorithm 1 Nested iteration scheme for satisfying (3.5) and (4.8)
Input: r = (r0, . . . , rn0−1) with r0 = 1

Approximate µ←
∫ ∞

0
CV (t) dt ≈ τ̃

2CV (0) + τ̃
ñ∑
j=1

CV (jτ̃).

while |µ−µA|
µ ≥ δµ do

Compute A and its derivative ∂A w.r.t. r1 using the Lanczos algorithm.
while |A1,1| ≥ δA do

Replace r1 by r1 − ReA1,1
Re ∂A1,1

.
Recompute A and ∂A using the Lanczos algorithm.

end while
Remove spurious eigenvalues and duplicate negative real eigenvalues.

Approximate µA ←
∫ ∞

0
CAV (t) dt ≈ τ̃

2C
A
V (0) + τ̃

ñ∑
j=1

CAV (jτ̃).

Set µ∗
A ←

2k−1∑
j=k+1

(
j
k − 1

)
τ̃CAV (jτ̃) + τ̃

ñ∑
j=2k

CAV (jτ̃).

Set c(k)
µ ← 1 + µ−µA

µ∗
A

and replace r2, . . . , rn−1 by cµr2, . . . , cµrn0−1.
end while
Remove spurious eigenvalues and duplicate negative real eigenvalues.
if (3.5) is required then

Set A1,1 ← −ε.
end if

δµ > 0 and δA > 0 in Algorithm 1 are tolerances for testing whether a certain value is
close to 0. In both loops we also specify a maximum number of steps after which the
loop is canceled. (These are omitted in Algorithm 1 for simplicity.) If the outer iteration
is canceled for this reason, the algorithm fails as we assume that it does not converge.
When the inner loop (the Newton iteration) reaches the maximum number of steps, the
algorithm continues normally after the loop (and will start another Newton iteration in
the next outer iteration step).

As in Chapter 3 we cannot guarantee that after applying Algorithm 1 and removing
spurious eigenvalues (3.5) still holds. Hence at the end we set A1,1 to −ε with a small
ε > 0.

4.2.2. A Modified Newton Iteration

Computing µA in (4.9) requires removing spurious eigenvalues from A first. Therefore
Algorithm 1 can only depend on µA but not on its derivative since the latter cannot
be computed. Consequently it is not possible to employ a Newton iteration to adjust r
accordingly.

Alternatively we can restrict ourselves to the interpolation grid 0, τ, . . . , (n0 − 1)τ for
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4.3. Numerical results

estimating µ and µA, i.e.

µ ≈ µ̃ := τ

2r0 +
n0−1∑
j=1

τrj , µA ≈ µ̃A := τ

2C
A
V (0) +

n0−1∑
j=1

τCAV (jτ).

As described above, we modify r by replacing r1 by a value r̃1 and multiplying r2, . . . , rn0−1
by a factor cµ in order to satisfy the two conditions A1,1 = 0 and µ = µ̃A. Consequently
A1,1 and µ̃A can be regarded as functions of r̃1 and cµ, where

µ̃A(r̃1, cµ) = τ

2r0 + τ r̃1 + cµ

n0−1∑
j=2

τrj

and A1,1 is given by the result of the Lanczos method. The value of cµ for which
µ̃A(r̃1, cµ) = µ̃ holds can be easily computed from r̃1 (assuming that the above approxi-
mations of µ and µA are exact):

cµ = 1 + (r1 − r̃1)

n0−1∑
j=2

rj

−1

. (4.12)

Hence we can write cµ as a function of r̃1; then A1,1 depends on r̃1 only. Our second
algorithm employs a Newton iteration in order to find an r̃1 such that A1,1(r̃1, cµ(r̃1)) != 0.
When applying the Lanczos algorithm, we compute the derivatives of A1,1(r̃1, cµ) w.r.t.
r̃1 and to cµ. The derivative c′

µ(r̃1) is given via (4.12) as

c′
µ(r̃1) = −

n0−1∑
j=2

rj

−1

and the chain rule yields the derivative of A1,1(r̃1, cµ(r̃1)) w.r.t. r̃1. Compared to
Section 4.2.1, this should lead to a better rate of convergence (quadratic rather than
linear) at the cost of lower accuracy due to the coarser grid. (Depending on the available
data, however, choosing τ̃ < τ might be impossible anyway.)

Spurious eigenvalues have no impact on the Newton iteration due to the chosen grid.
Therefore they are dealt with only after the iteration converged, see Section 3.2. Al-
gorithm 2 describes the complete procedure. Again δA > 0 is a tolerance for testing if
|A1,1| ≈ δA.

4.3. Numerical results

In the following we study how well the mobility of the data from Section 3.4 can be
approximated by Algorithms 1 and 2. We use the same data as in Section 3.4. Note that
these data were generated without external force, so we will assume that they already
represent the centered data Ṽ := V − V̄∞ from Section 4.2 and will only try to find an
Ornstein-Uhlenbeck system approximating the given velocity auto-covariance function
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4. The Impact of a Constant Force

Algorithm 2 Newton iteration scheme for satisfying (3.5) and (4.8)
Input: r = (r0, . . . , rn0−1)

Set µ← τ
n∑
j=0

rj .

Set r̃1 ← r1 and cµ ← 1.
while |A1,1| > δA do

Set cµ ← 1 + (r1 − r̃1)
(
n0−1∑
j=2

rj

)−1

and c′
µ ← −

(
n0−1∑
j=2

rj

)−1

.

Compute A(r̃1, cµ) and its derivatives ∂r̃1A(r̃1, cµ) and ∂cµA(r̃1, cµ) w.r.t. r̃1 and cµ
using the Lanczos algorithm.

Set ∂A← ∂r1A+ ∂cµA · c′
µ.

Replace r1 by r1 − ReA1,1
Re ∂A1,1

.
end while
Remove spurious eigenvalues and duplicate negative real eigenvalues.
if (3.5) is required then

Set A1,1 ← −ε.
end if

which produces the “correct” mobility. Since we do not know the actual mobility, we will
estimate it in a rather simple way using the trapezoidal rule as in (4.9). Again we restrict
our attention to the normalized data (r0 = 1

βm = 1) for approximating the mobility.

4.3.1. Molecular Dynamics Data

First we study the data from Section 3.4.1. Approximating the mobility of the input
VACF yields an estimate µ = 0.32772017, where we use the grid ∆̃ = {0, τ̃ , 2τ̃ , . . . , ñτ̃}
with τ̃ = 0.001 and ñ = 2499 for the approximation. Note that this velocity auto-
covariance function has a long, significant tail (see Figure 3.1) beyond the observed time
interval, which seriously impedes approximating the mobility this way. This estimate
is therefore very inaccurate; for serious attempts of estimating µ one should employ
other methods. Since we are not interested in determining the exact value of µ, we
will ignore this inaccuracy and proceed as if this value was the correct mobility. As
long as we estimate µ and µA via the same method, we should still obtain good VACF
approximations.

In Algorithm 1 we choose δA = δµ = 10−8 and perform at most five Newton steps in
each outer iteration step. In Algorithm 2 we choose δA = 10−8 and perform at most
ten Newton steps. Besides the interpolation grid from Section 3.4.1, we try three other
interpolation grids, which leads to the following four grids:

• ∆1: τ = 0.03, n0 = 40
• ∆2: τ = 0.04, n0 = 30
• ∆3: τ = 0.06, n0 = 20
• ∆4: τ = 0.12, n0 = 10
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4.3. Numerical results

Grid n0 N
Outer
steps

Newton
steps A1,1 cµ r̃1

r̃1
r1

∆1 39 14 6 27 1.33 · 10−2 0.9889 0.9545 0.9909
∆2 28 10 8 25 2.04 · 10−3 0.9978 0.9351 0.9985
∆2 23 10 6 28 −8.89 · 10−3 1.0031 0.9326 0.9958
∆3 20 10 6 10 1.14 · 10−7 1.0005 0.8658 0.9983
∆4 10 6 6 7 −4.45 · 10−8 0.9999 0.6145 0.9997

Table 4.1.: Summarized results of Algorithm 1

without setting A1,1 = −ε after setting A1,1 = −ε

Grid n0 µA
∣∣∣µ−µA

µ

∣∣∣ µA
∣∣∣µ−µA

µ

∣∣∣
∆1 39 (0.327 718) 7.00 · 10−6 0.326 469 3.82 · 10−3

∆2 28 (0.327 720) 4.80 · 10−7 0.327 527 5.91 · 10−4

∆2 23 0.327 720 2.31 · 10−10 0.328 568 2.59 · 10−3

∆3 20 (0.327 720) 1.56 · 10−10 0.327 720 3.28 · 10−8

∆4 10 0.327 720 1.45 · 10−10 0.327 720 1.27 · 10−8

Table 4.2.: Mobility µA obtained via Algorithm 1

As in Section 3.4, we successively reduce n0 by 1 until the algorithm succeeds. We note
that one of the algorithms being successful or not for a certain n0 does not imply that
the other one will be successful or not.

Tables 4.1 and 4.2 summarize the results of Algorithm 1 for all four grids. Table 4.1
displays the largest n0 for which the algorithm succeeded, the (final) size N of A for this
n0, the number of iteration steps (outer iteration steps and the total number of Newton
steps), the value of A1,1 before it is set to −ε = −10−10, the final scaling factor cµ (i.e.
the product of all individual scaling factors c(k)

µ ), the final value r̃1, and the quotient
r̃1
r1

. For ∆2 the tables display two results for different values n0: For n0 > 23 we never

without setting A1,1 = −ε after setting A1,1 = −ε

Grid n0 µA
∣∣∣µ−µA

µ

∣∣∣ µA
∣∣∣µ−µA

µ

∣∣∣
∆1 39 0.335 993 2.52 · 10−2 0.336 275 2.61 · 10−2

∆2 28 (0.328 055) 1.02 · 10−3 (0.328 069) 1.07 · 10−3

∆2 23 0.315 226 3.81 · 10−2 0.315 257 3.80 · 10−2

∆3 20 0.327 594 3.84 · 10−4 0.327 636 2.57 · 10−4

∆4 10 (0.327 732) 3.65 · 10−5 0.327 774 1.65 · 10−4

Table 4.3.: Mobility µA of the Ornstein-Uhlenbeck systems obtained using the algorithm
from Chapter 3
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Figure 4.1.: Scaling factors c(k)
µ in each step k of Algorithms 1 and 2 for each grid for

which the iteration converged as in Tables 4.1 and 4.4

achieved
∣∣∣µ−µA

µ

∣∣∣ ≤ δµ = 10−8 but for n0 = 28 we achieved
∣∣∣µ−µA

µ

∣∣∣ < 10−6, which seems
to be small enough. Table 4.2 displays the (approximated) mobility of the obtained
Ornstein-Uhlenbeck system before and after setting A1,1 to −ε as well as the relative
error

∣∣∣µ−µA
µ

∣∣∣ for both cases. For comparison, Table 4.3 displays the same values for the
systems obtained by applying the simple Lanczos method from Chapter 3 (without any
modifications for obtaining the right mobility). For all values µA we used the same n0
in all three tables, which is the largest n0 for which the resulting VACF after setting
A1,1 in Algorithm 1 (i.e. the case in the right-most columns of Table 4.2) to −ε was of
positive type. As a result the VACFs obtained in the other cases were sometimes not of
positive type, which is indicated by parentheses around the corresponding value µA in
the tables.

We see that the algorithm yields an Ornstein-Uhlenbeck system whose mobility is very
close to the desired one. However, the results of ∆1 and ∆2 in Table 4.1 show that
enforcing A1,1 ≈ 0 by setting A1,1 to −ε can have a significant impact on the mobility of
the obtained Ornstein-Uhlenbeck system. This makes sense if we recall that modifying
A1,1 visually “shifts” the complete velocity auto-covariance function up or down, as we
observed in Section 3.4.2 (Figures 3.4 to 3.7 especially). Note that the Newton iteration
converged in these cases but the removal of spurious eigenvalues significantly modified
A1,1 afterwards. Using ∆3 and ∆4, no spurious eigenvalues occurred, consequently setting
A1,1 = −ε hardly changed A1,1. However, we already know that spurious eigenvalues
usually cannot be avoided.

For both algorithms Figure 4.1 displays the scaling factors c(k)
µ for each grid and each

iteration step k. c
(k)
µ seems to converge linearly towards 1 for Algorithm 1. Clearly

Algorithm 2 clearly requires fewer iteration steps. For ∆2 and n0 = 28 we stopped
Algorithm 1 after eight iterations since

∣∣∣µ−µA
µ

∣∣∣ did not get much smaller for larger k than
those displayed.

Tables 4.4 to 4.6 summarize the results of Algorithm 2, similarly to Tables 4.1 to 4.3.
Again values µ̃A in parentheses indicate that the corresponding matrix A does not
generate a VACF of positive type for this n0. With ∆2 this algorithm yielded no
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4.3. Numerical results

Grid n0 N
Newton

steps A1,1 cµ − 1 r̃1
r̃1
r1
− 1

∆1 39 14 5 −1.63 · 10−3 1.75 · 10−6 0.9633 −2.89 · 10−12

∆3 20 10 4 4.93 · 10−2 5.01 · 10−4 0.8659 −1.02 · 10−13

∆4 10 6 3 3.54 · 10−3 1.31 · 10−4 0.6145 −3.33 · 10−16

Table 4.4.: Summarized results of Algorithm 2

without setting A1,1 = −ε after setting A1,1 = −ε

Grid µ̃ µ̃A
∣∣∣ µ̃−µ̃A

µ̃

∣∣∣ µ̃A
∣∣∣ µ̃−µ̃A

µ̃

∣∣∣
∆1 0.254 578 0.254 970 1.54 · 10−3 0.255 073 1.94 · 10−3

∆3 0.255 628 (0.255 541) 3.40 · 10−4 0.252 743 1.13 · 10−2

∆4 0.253 703 (0.253 688) 6.19 · 10−5 0.253 492 8.32 · 10−4

Table 4.5.: Mobility µ̃A obtained via Algorithm 2

VACF of positive type for n = 30, . . . , 20. For the other grids Table 4.4 displays the
largest n0 for which the algorithm succeeded, the size N of the final matrix A, the
number of Newton steps performed, the value of A1,1 before it is set to −ε, cµ, and r̃1.
Table 4.5 displays the approximation µ̃A for each grid along with the relative error of the
obtained approximation without and with setting A1,1 to −ε while Table 4.6 displays the
same values corresponding to the Ornstein-Uhlenbeck systems obtained via the Lanczos
algorithm from Chapter 3. Note that µ̃ differs significantly from the estimated µ from
above. While the algorithm indeed requires fewer steps than Algorithm 1, the relative
error is not smaller than the one from Section 4.3.1 even without setting A1,1 to ε.
Therefore the algorithm does not offer any advantages in this case.

4.3.2. Noisy Data

In order to study the impact of noise, we use the data from Section 3.4.2. Note that here
it is advisable to approximate the integral

µ = βm

∫ ∞

0
CV (t) dt

only up to some time T (instead of ∞) in Algorithm 1 since for t > T the impact of
noise on CV is too large. We choose T = 5 and use the time grid size τ̃ = 0.001 for
the quadrature. We will estimate the mobility for each noise level independently as we
consider them individually.

We use the same data and the same time grids as in Section 3.4:

• ∆1: τ = 0.06, n0 = 50
• ∆2: τ = 0.1, n0 = 30
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without setting A1,1 = −ε after setting A1,1 = −ε

Grid µ̃ µ̃A
∣∣∣ µ̃−µ̃A

µ̃

∣∣∣ µ̃A
∣∣∣ µ̃−µ̃A

µ̃

∣∣∣
∆1 0.254 578 0.255 091 2.01 · 10−3 0.255 091 2.01 · 10−3

∆3 0.255 628 0.255 524 4.09 · 10−4 0.255 524 4.09 · 10−4

∆4 0.253 703 (0.253 682) 8.30 · 10−5 (0.253 682) 8.30 · 10−5

Table 4.6.: Mobility µ̃A of the Ornstein-Uhlenbeck systems obtained using the algorithm
from Chapter 3

Noise
setting Grid n0 N

Outer
steps

Newton
steps A1,1 cµ r̃1

r̃1
r1

Low
∆1 47 15 5 18 −1.60 · 10−2 1.0207 0.8478 0.9527
∆2 30 6 7 35 −2.76 · 10−2 0.9897 0.7356 0.9796
∆3 14 5 5 13 1.68 · 10−2 0.9848 0.4924 1.0694

Medium ∆1 49 17 13 22 2.81 · 10−2 1.0128 0.8928 1.0042
∆2 28 9 7 15 −9.75 · 10−3 1.0181 0.7424 0.9912

High
∆1 43 13 8 15 −3.49 · 10−2 1.0080 0.8867 0.9970
∆2 29 9 8 15 6.19 · 10−2 0.9976 0.7338 0.9795
∆3 15 7 10 29 1.17 · 10−1 1.0215 0.5307 1.1677

Table 4.7.: Results of Algorithm 1 for the different noise levels

• ∆3: τ = 0.2, n0 = 15

We now compute Ornstein-Uhlenbeck systems using Algorithm 1. Table 4.7 summarizes
the main results, displaying the same information as Table 4.1 for these data. It displays
the largest number n0 of grid points for which the algorithm succeeded. (Again we
successively reduced n0 by 1 until the algorithm succeeded.) For this n0 it shows the size
N of the final matrix A, the number of outer iteration steps and total number of Newton
steps, the value of A1,1 before it is set to −ε, the final scaling factor, the final value
r̃1, and the quotient r̃1

r1
. Table 4.8 displays the mobility of the obtained approximating

Ornstein-Uhlenbeck system if we set A1,1 to −ε = −10−10 and if we omit doing so along
with the relative errors, similarly to Table 4.2. Values in parentheses again indicate that
the corresponding matrix A does not produce a valid velocity auto-covariance function
before setting A1,1 to −ε. Table 4.9 displays the mobility of the Ornstein-Uhlenbeck
systems obtained using the original algorithm from Chapter 3, analogously to Table 4.3.

The results in Tables 4.7 and 4.8 confirm our observations from Section 4.3.1: Algorithm 1
often allows to approximate the mobility very well even with noisy data although trying
several values n0 may be necessary. Setting A1,1 = −ε, however, has a significant impact
on the mobility if A1,1 ̸≈ 0. Compared to Section 4.3.1, the increased number of spurious
eigenvalues especially with higher noise now leads to far worse results, which are no
longer useful at all for approximating µ; indeed comparing Tables 4.8 and 4.9 shows that
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without setting A1,1 = −ε after setting A1,1 = −ε
Noise

setting µ Grid µA
∣∣∣µ−µA

µ

∣∣∣ µA
∣∣∣µ−µA

µ

∣∣∣
Low 0.606 699

∆1 0.606 699 1.74 · 10−9 0.611 801 8.41 · 10−3

∆2 0.606 699 1.20 · 10−8 0.615 376 1.43 · 10−2

∆3 (0.606 699) 7.76 · 10−10 0.601 460 8.64 · 10−3

Medium 0.563 293 ∆1 (0.563 293) 1.01 · 10−9 0.555 536 1.38 · 10−2

∆2 0.563 241 9.33 · 10−5 0.565 975 4.76 · 10−3

High 0.595 552
∆1 0.595 552 3.47 · 10−10 0.606 247 1.80 · 10−2

∆2 (0.595 552) 2.91 · 10−10 0.577 450 3.04 · 10−2

∆3 (0.595 552) 7.77 · 10−10 0.560 856 5.83 · 10−2

Table 4.8.: Mobility obtained via Algorithm 1

without setting A1,1 = −ε after setting A1,1 = −ε
Noise

setting µ Grid µA
∣∣∣µ−µA

µ

∣∣∣ µA
∣∣∣µ−µA

µ

∣∣∣
Low 0.606 699

∆1 0.608 374 2.76 · 10−3 0.646 555 6.57 · 10−2

∆2 0.612 075 8.86 · 10−3 0.621 151 2.38 · 10−2

∆3 (0.614 495) 1.28 · 10−2 0.609 288 4.27 · 10−3

Medium 0.563 293 ∆1 0.555 783 1.33 · 10−2 0.555 891 1.31 · 10−2

∆2 0.553 907 1.67 · 10−2 0.557 022 1.11 · 10−2

High 0.595 552
∆1 0.572 775 3.82 · 10−2 0.589 725 9.78 · 10−3

∆2 (0.596 660) 1.86 · 10−3 0.578 754 2.82 · 10−2

∆3 (0.608 044) 2.10 · 10−2 0.580 530 2.52 · 10−2

Table 4.9.: Mobility of the Ornstein-Uhlenbeck systems obtained in Section 3.4.2

the obtained mobility is not closer to the “real” mobility than the one of the systems
obtained in Section 3.4.2. Table 4.8 shows that the algorithm yields good results only
when one omits setting A1,1 to −ε and is thus only applicable when C ′

V (0) = 0 is not
required. Even in this case, one sometimes needs more retries than in Section 3.4 in order
for the algorithm to succeed, but it is possible to obtain Ornstein-Uhlenbeck systems
which approximate the “real” mobility very well.

In all cases cµ in Table 4.7 differs from 1 by less than 0.03, so the obtained VACF is still
close to the original VACF.

Note that detecting a failure of Algorithm 1 is more complicated than in Chapter 3,
where it was sufficient to check if the Newton iteration converged and if the obtained
auto-covariance function was of positive type, i.e. if the Lur’e equations were solvable.
Now we also have to check if the outer iteration converges. Even if the iteration converges
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Figure 4.2.: Example of a setting where the Algorithm 1 converges and yields a VACF of
positive type which is nevertheless a bad approximation
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Low noise, ∆1

Low noise, ∆2

Low noise, ∆3

Medium noise, ∆1

Medium noise, ∆2

High noise, ∆1

High noise, ∆2

High noise, ∆3

Figure 4.3.: Scaling factors c(k)
µ in each step k of Algorithms 1 and 2 for each grid and

noise setting (showing the settings for which the iteration converged as in
Tables 4.7 and 4.10)

and yields a auto-covariance function of positive type, the final approximation may be
bad if the final values of r̃1 and cµ modify r too much. This happens quite rarely but
Figure 4.2 displays the VACF of a different example obtained using the medium noise
setting and the grid τ = 0.2, n0 = 22 where the resulting VACF, although of positive
type, obviously does not approximate the given input well.

Figure 4.3 displays the factors c(k)
µ for each iteration step for every grid, similarly to

Figure 4.1. Again they seem to converge linearly in the case of convergence for Algorithm 1,
where higher noise seems to result in slower convergence in most cases. For Algorithm 2
the convergence seems to be quadratic as one would expect from the Newton iteration.

Tables 4.10 to 4.12 display the results of Algorithm 2, similarly to Tables 4.4 to 4.6. We
performed at most 10 Newton iterations; this maximum was only reached in the low noise
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4.3. Numerical results

Noise
setting Grid n0 N

Newton
steps A1,1 cµ r̃1

r̃1
r1

Low
∆1 50 14 4 −0.0922 1.0005 0.8866 0.9963
∆2 30 6 10 0.1703 1.0023 0.7423 0.9886
∆3 – – – – – – –

Medium ∆1 49 17 4 0.0695 1.0006 0.8853 0.9957
∆2 30 11 5 0.3238 1.0038 0.7357 0.9821

High
∆1 50 17 4 −0.0277 1.0004 0.8865 0.9968
∆2 29 9 5 0.2595 1.0036 0.7365 0.9831
∆3 12 7 5 0.1826 1.0043 0.4490 0.9879

Table 4.10.: Summarized results of Algorithm 2

without setting A1,1 = −ε after setting A1,1 = −ε
Noise

setting Grid µ̃ µ̃A
∣∣∣ µ̃−µ̃A

µ̃

∣∣∣ µ̃A
∣∣∣ µ̃−µ̃A

µ̃

∣∣∣
Low ∆1 0.498 058 0.497 945 2.28 · 10−4 0.517 317 3.87 · 10−2

∆2 0.496 771 (0.498 572) 3.63 · 10−3 0.466 055 6.18 · 10−2

Medium ∆1 0.470 270 (0.469 199) 2.28 · 10−3 0.456 697 2.89 · 10−2

∆2 0.472 696 (0.471 580) 2.36 · 10−3 0.417 702 1.16 · 10−1

High
∆1 0.488 238 0.484 970 6.69 · 10−3 0.490 416 4.46 · 10−3

∆2 0.480 130 (0.482 414) 4.76 · 10−3 0.437 333 8.91 · 10−2

∆3 0.444 407 (0.443 308) 2.47 · 10−3 0.416 752 6.22 · 10−2

Table 4.11.: Mobility µ̃A obtained via Algorithm 2

setting with ∆2. When using the low noise data with ∆3, no value n0 = 15, . . . , 8 yielded
satisfying results, i.e. when the iteration did not fail, |A1,1| was so large that setting
A1,1 to −ε had a significant impact on the VACF. Compared to Table 4.7 the scaling
coefficients in Table 4.10 are often much closer to 1 and again the algorithm requires
fewer iteration steps. However, we see that just as with Algorithm 1, the mobility of
the obtained Ornstein-Uhlenbeck system is no longer close to the “true” mobility if we
enforce A1,1 ≈ 0. Comparing Table 4.11 to Table 4.12, which displays the results when
using the algorithm from Chapter 3 (using the n0 from Table 4.10), we see that at least
for these data Algorithm 2 offers no advantage over the base algorithm from Chapter 3.

The results from Section 4.3 show that while Algorithm 1 can yield good results, it is far
from being a reliable method for obtaining a good Ornstein-Uhlenbeck representation of
a generalized Langevin equation with external force. On top of that, it is only applicable
if the obtained system does not need to satisfy C ′

V (t) = 0, which depends on the physical
background of the considered problem. Otherwise the mobility of the obtained Ornstein-
Uhlenbeck systems is not closer to the real mobility than the one of the systems from
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4. The Impact of a Constant Force

without setting A1,1 = −ε after setting A1,1 = −ε
Noise

setting Grid µ̃ µ̃A
∣∣∣ µ̃−µ̃A

µ̃

∣∣∣ µ̃A
∣∣∣ µ̃−µ̃A

µ̃

∣∣∣
Low

∆1 0.498 058 0.497 839 4.40 · 10−4 0.497 839 4.40 · 10−4

∆2 0.496 771 0.498 381 3.24 · 10−3 0.498 381 3.24 · 10−3

∆3 0.482 056 (0.489 737) 1.59 · 10−2 0.489 737 1.59 · 10−2

Medium ∆1 0.470 270 0.469 198 2.28 · 10−3 0.469 198 2.28 · 10−3

∆2 0.472 696 0.471 397 2.75 · 10−3 0.471 397 2.75 · 10−3

High
∆1 0.488 238 0.485 282 6.05 · 10−3 0.485 282 6.05 · 10−3

∆2 0.480 130 (0.482 070) 4.04 · 10−3 0.482 070 4.04 · 10−3

∆3 0.444 407 (0.443 048) 3.06 · 10−3 0.443 048 3.06 · 10−3

Table 4.12.: Mobility µ̃A corresponding to the Ornstein-Uhlenbeck systems obtained in
Section 3.4.2

Chapter 3. The mobility of the Ornstein-Uhlenbeck systems obtained by Algorithm 2 was
not closer to the “real” mobility (i.e. the estimate we used) than the one from Section 3.4
and we thus see no advantage in this algorithm.
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5. The Multidimensional Lanczos Algorithm

We now want to extend the algorithm from Chapter 3 to the multidimensional generalized
Langevin equation with a matrix-valued velocity auto-covariance function. The key part
of our approach will again be the interpolation of the given auto-covariance function in a
given time grid 0, τ, . . . , (n0 − 1)τ by a function

CAV (t) := P T etAΣP = 1
βm

P T etAP (t ≥ 0), P =
[
Id
0

]
∈ R(d|N−d)×d,

where
A ∈ RN×N and Σ = 1

βm

[
Id 0
0 S

]
∈ R(d|N−d)×(d|N−d)

have to be determined. If A is diagonalizable with eigenvalues λ1, . . . , λN and eigenvectors
u1, . . . , uN , then

CAV (t) = 1
βm

P TUetΛAU−1P with ΛA = diag(λ1, . . . , λN ), U = [u1, . . . , uN ]

and thus

CAV (t) = 1
βm

N∑
k=1

akb
∗
ke
λkt ∈ Rd×d

where ak = P ∗uk, bk = P ∗(U−∗) · ,k. (The eigenvalues do not need to be pairwise different;
for multiple eigenvalues the corresponding rank 1 coefficient matrices akb∗

k sum up to
matrices of higher rank as described in Section 2.2.1 for the memory kernel.)

In order to interpolate a multidimensional (matrix-valued) auto-covariance function by
such a Prony series, we first have to generalize the Lanczos algorithm from Section 3.1
to the matrix-valued problem. The most notable change is that the bilinear form [ · , · ]r
introduced in Section 3.1 is (in general) non-symmetric in the multidimensional case.
Therefore we will obtain two sequences of biorthogonal polynomials instead of a single
sequence.

To extend the algorithm, we will first ignore our original goal and our application to
the generalized Langevin equation for this chapter and introduce the Lanczos algorithm
for solving the realization problem. Most of the presentation of Sections 5.1 and 5.2
follows [14]. In Chapter 6 we will show how to apply this method to extend the algorithm
from Chapter 3 to the multidimensional generalized Langevin equation, including the
generalization of the additional steps from Section 3.2.
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5. The Multidimensional Lanczos Algorithm

5.1. Introduction

The algorithm from [14] constructs from a given sequence H0, . . . ,Hn0−1 of so-called
moments Hk ∈ Rd×d two sequences ψ = (ψk)k=0,...,N−1, ϕ = (ϕk)k=0,...,N−1 (N ∈ N∪{∞}

will be specified later) of polynomials ψk(x) :=
k∑
i=0

ak,ix
i and ϕk(x) :=

k∑
i=0

bk,ix
i. Here

ak,i and bk,i are the (scalar) coefficients of the polynomials ψk and ϕk with ak,i = bk,i := 0
for i > k. We denote by

ak :=

ak,0ak,1
...

 and bk :=

bk,0bk,1
...


the infinitely large coefficient vectors of ψk and ϕk (which both contain only a finite
number of non-zero entries). The polynomial sequences ψ and ϕ are constructed with
increasing degrees degψk = deg ϕk = k.

A central property of the polynomials (ψk)k∈N0 and (ϕk)k∈N0 is their biorthogonality,

[ψk, ϕl]H ̸= 0 if and only if k = l,

w.r.t. the (not necessarily symmetric or positive definite) bilinear form

[ψk, ϕl]H := bTkHal (5.1)

with the infinitely large (see below) block Hankel matrix

H :=


H0 H1 H2 . . .
H1 H2 H3 . . .
H2 H3 H4 . . .
...

...
... . . .

. (5.2)

In the following, we will always assume [ψk, ϕk]H ̸= 0 for all k < N. Otherwise there are
no polynomials ψk′ and ϕk′ strictly satisfying the biorthogonality conditions for k′ ≥ k.
Instead, one can only achieve “blockwise” biorthogonality by combining successive
polynomials into blocks. We will mention this case briefly in Section 5.2.1 but will not
treat it here in detail.

The moments sequence H = (Hk)k=0,...,n0−1 can be finitely or infinitely large, i.e. n0 =∞
is allowed. We will focus on the finite case as only this case is relevant in applications with
experimentally determined or simulated data. In this case, only some entries of H are
defined by H. We still consider H as a matrix with infinitely many rows and columns but
consider all entries not given by H as “undefined”: While in principle we could set them
arbitrarily by extending the moments sequence H accordingly, we do not want to rely on
their values and will thus stop our algorithm as soon as it requires any of these values.
The result of the vector-matrix-vector product (5.1) is only defined if all undefined entries
in H are multiplied by a zero entry in a or in b. Consequently [ψ, ϕ]H is only defined for
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5.2. Summary of the Algorithm

polynomials with sufficiently small degree such that all undefined entries are multiplied
with polynomial coefficients which are zero, more precisely if

⌊degψ
d

⌋
+
⌊degϕ

d

⌋
< n0.

In general, the algorithm as presented in [14] does not require the matrices Hk to be
square. However, we restrict ourselves to the case of square matrices as we are only
interested in this case.

5.2. Summary of the Algorithm

As mentioned in Section 5.1, the algorithm from [14] requires as input the moments
sequence H and constructs two sequences ψ and ϕ of biorthogonal polynomials with
increasing degrees. These sequences are maximal in the sense that they contain a
polynomial of each degree up to degree ⌈n0

2 ⌉ · d− 1, see below.

The algorithm works similarly to the Gram-Schmidt algorithm. However, [ · , · ]H not
being symmetric, it generates two sequences of polynomials instead of a single one. The
algorithm starts with two empty sequences ψ and ϕ, which it then expands successively
as follows: Assume that we have already performed k steps (k ≥ 0) of the algorithm.
In these steps the k first polynomials ψ0, . . . , ψk−1 as well as the k first polynomials
ϕ0, . . . , ϕk−1 with degrees 0, 1, . . . , k− 1 have already been determined. (For convenience,
we start numbering the steps with 0.) In step k we add a new polynomial to ψ via
orthogonalizing a base polynomial ψ̂k against ϕ0, . . . , ϕk−1. As base polynomial we choose
ψ̂k(x) := xk for k < d and ψ̂k(x) := xdψk−d(x) otherwise. We can also scale the new
polynomial by an arbitrary scalar tk−d,k ̸= 0. Therefore the next polynomial ψk is given
by

ψk := 1
tk−d,k

ψ̂k − k−1∑
j=0

[ψ̂k, ϕj ]H
[ψj , ϕj ]H

ψj

. (5.3)

Analogously a new polynomial ϕk is computed via

ϕk := 1
uk−d,k

ϕ̂k − k−1∑
j=0

[ψj , ϕ̂k]H
[ψj , ϕj ]H

ϕj

 (5.4)

with ϕ̂k(x) := xk for k < d and ϕ̂k(x) := xdϕk−d(x) otherwise and an arbitrary scaling
factor uk−d,k ̸= 0. Recall that we assume [ψj , ϕj ]H ̸= 0; we briefly describe what happens
otherwise in Section 5.2.1. After ψk and ϕk have been computed and appended to ψ and
ϕ, the algorithm continues with the next step.

In the case of a finite moments sequence, the iteration stops when a required value of
the bilinear form [ · , · ]H is not defined due to the polynomials’ degrees being too large.
(5.3) and (5.4) show that only entries Hi,j with i ≤ k and j ≤ k − 1 are required for
computing ψk and only entries Hi,j with i ≤ k − 1 and j ≤ k are required for computing
ϕk. These are defined for k = 0, . . . , ⌈n0

2 ⌉ · d− 1. If n0 is even, they are also defined for
k = ⌈n0

2 ⌉ · d but this step in the algorithm would lead to one of the two special cases
mentioned in Section 5.2.1 if neither of them has occurred yet, and is thus not performed.
In the case of an infinite moments matrix, the algorithm could continue infinitely (except
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5. The Multidimensional Lanczos Algorithm

in a special case, see Section 5.2.1). For the remaining chapter let N := ⌈n0
2 ⌉ · d be the

number of steps which are performed.

Let
ti,j := [ψ̂i+d, ϕj ]H

[ψj , ϕj ]H
for − d ≤ i < N − d, 0 ≤ j < N, i ̸= j − d. (5.5)

We use the coefficients ti,j with i ≥ 0 as entries of a matrix J. J contains in each row
the coefficients ti,j corresponding to the polynomial ψi (where the rows of the first d
polynomials are discarded). After N steps we have computed all ti,j with −d ≤ i < N −d
and 0 ≤ j < N. For our application in Section 5.4 we require J to be a quadratic
matrix. Hence we also compute ti,j for N − d ≤ i < N and 0 ≤ j < N via (5.5). (Note
that determining the corresponding polynomials ψN , . . . , ψN+d−1 is not possible since
this would require the values ti,j with N − d ≤ i < N and j ≥ N , which we cannot
compute with the defined entries of H. However, the required values ti,j can be computed
without determining these polynomials.) After doing so we have an N × N matrix
J = [ti,j ]0≤i<N,0≤j<N .

Analogously to Section 3.1, reformulating (5.3) with the coefficients ti,j from (5.5) and
the arbitrarily chosen tj−d,j from (5.3) yields

ψ̂k =
k∑
j=0

tk−d,jψj , k = 0, . . . , N − 1.

(This implies that ti,j = [ψ̂i+d,ϕj ]H
[ψj ,ϕj ]H also holds for i = j − d.) Collecting this identity for

all k = d, . . . , d+N − 1 and rewriting as a matrix-vector product using the coefficient
vectors ai of ψi yields[

0d 0d . . . 0d
a0 a1 . . . aN−1

]
=
[
a0 a1 . . . aN−1

]
JT +

[
0 . . . 0 ξ1 . . . ξd

]
. (5.6)

Here the left-hand side contains the coefficients of xdψ0, . . . , x
dψN−1. Similarly to

Section 3.1, ξ1, . . . , ξd represent the contributions of all polynomials ψj with j > N − 1,
which are not represented by the matrix product. (In other words, they represent
the summands which would be added in the right-hand matrix product if the matrix
[a0, a1, . . . , aN−1] were extended by further columns and JT by further rows.)

For j ≥ 0, (5.5) and the block Hankel structure of H imply

[ψj , ϕj ]Hti,j = [xdψi, ϕj ]H = [ψi, xdϕj ]H . (5.7)

If deg(xdϕj) < degψi, i.e. j < i − d, then [ψi, xdϕj ]H = 0 as ψi is orthogonal to all
polynomials whose degree is smaller than i, and thus ti,j = 0. In addition ti,j = 0 for all
j > i+ d since then deg ϕj > ψ̂i+d and thus ϕj is orthogonal to ψ̂i+d. Consequently J is
a banded matrix with bandwidth d. When implementing the algorithm, this knowledge
can of course be used to not explicitly compute matrix entries which are known to be
0.
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5.2. Summary of the Algorithm

Algorithm 3 Lanczos method for computing formally orthogonal polynomials
Input: Moments H = (H0, . . . ,Hn0−1)

Set N ← ⌈n0
2 ⌉d.

for k = 0, 1, . . . , N − 1 do
if k < d then

Set ψ̂k(x)← xk, ϕ̂k(x)← xk.
else

Set ψ̂k(x)← xdψk−d(x), ϕ̂k(x)← xdϕk−d(x).
end if
for j = max{0, k − d}, . . . , k − 1 do

Set tk−d,i ←
[ψ̂k,ϕj ]H
[ψj ,ϕj ]H .

Set uk−d,i ←
[ψj ,ϕ̂k]H
[ψj ,ϕj ]H .

end for

Choose tk−d,k ̸= 0 and set ψk ←
1

tk−d,k

ψ̂k − k−1∑
j=max{0,k−2d}

tk−d,jψj

.

Choose uk−d,k ̸= 0 and set ϕk ←
1

uk−d,k

ϕ̂k − k−1∑
j=max{0,k−2d}

uk−d,jϕj

.

end for
for k = N, . . . , N + d− 1 do

for j = max{0, k − d}, . . . ,min{k − 1, N − 1} do
Set tk−d,j ←

[xdψk−d,ϕj ]H
[ψj ,ϕj ]H .

end for
end for
Set J ← [ti,j ]i,j=0,...,N−1 (with ti,j = 0 if it has not been explicitly computed).
return J

Analogously we can define

ui,j := [ψj , ϕ̂i+d]H
[ψj , ϕj ]H

for − d ≤ i < N − d, 0 ≤ j < N, i ̸= j − d.

and combine the coefficients ui,j with i ≥ d in a banded matrix, which, however, is of no
importance to us.

In our application, to be discussed in Chapter 6, H0 is always symmetric and positive
definite. We will therefore assume throughout this chapter and the following one that H0
is non-singular. (Indeed H0 is always non-singular if none of the special cases mentioned
in Section 5.2.1 occurs.)

Algorithm 3 summarizes the complete algorithm. In our application in Chapter 6, we
choose

tk−d,k = uk−d,k :=

∣∣∣∣∣∣
ψ̂k − k−1∑

j=max{0,k−d}
uk−d,jψj , ϕ̂k −

k−1∑
j=max{0,k−d}

tk−d,jϕj


H

∣∣∣∣∣∣
1/2

(5.8)
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5. The Multidimensional Lanczos Algorithm

to obtain normalized polynomials ψk and ϕk in the sense that
∣∣[ψk, ϕk]H ∣∣ = 1.

5.2.1. A Note on Special Cases

We can encounter two special situations when applying the algorithm from Section 5.2 to
an arbitrary moments sequence. Since all moments sequences where either of these cases
occurs form a zero set (when using exact arithmetic) for every fixed dimension d and
sequence length n0, it is extremely unlikely to encounter these cases with experimental
data. Since we never encountered them in our numerical experiments, we will not treat
them here but refer to [14] instead, which discusses both cases in detail.

The first special case occurs whenever a polynomial ψk is orthogonal to all polynomials
ϕ̂ for which [ψk, ϕ̂]H is defined. This is equivalent to the kth row of H being linearly
dependent on all previous rows of H. In the case of a finite moments sequence and a
partially defined matrix, this means that the defined part of the kth row depends linearly
on the corresponding parts of the previous rows. (Note that one considers only the
part of the row defined by H as extending the row by zeros or otherwise can lead to
the extended row no longer being linearly dependent on the previous rows. This would
implicitly extend the moments sequence, which we want to avoid.)

In this case the polynomial in question is discarded instead of being added to ψ and the
next polynomial (whose degree is greater by 1 than the discarded one’s) is taken instead.
This implies that ψ will not contain a polynomial of degree k. This process is called
deflation. A discarded polynomial ψ̃ will not be used in the later steps of the algorithm.
Therefore, since xdψ̃(x) will never be used as base polynomial in (5.3), ψ will contain no
polynomials of degree k +md, m ∈ N, as the block Hankel form of H implies that these
polynomials would also be discarded due to deflation.

Analogously, deflation in ϕ occurs whenever a polynomial ϕk is orthogonal to all polyno-
mials ψ̂ for which [ψ̂, ϕk]H is defined. This is equivalent to the defined part of the kth
column of H being linearly dependent on the corresponding parts of all previous columns.
Deflation can occur independently in ψ and in ϕ. This implies that after deflation has
occurred, ψk and ϕk no longer have to have the same degrees. When d deflations in ψ
or d deflations in ϕ have occurred, the algorithm stops (even with an infinite moments
sequence) since all following polynomials would be deflated due to having the form xmdψ̃,
m ∈ N, with a deflated polynomial ψ̃ or xmdϕ̃ with a deflated polynomial ϕ̃, respectively.
This happens if and only if the infinite matrix H has only finite rank. Deflation does
not occur in the one-dimensional case or, more precisely, in the case of deflation the
one-dimensional algorithm immediately stops. (Stopping due to deflation does not mean
that the algorithm failed. Instead for Theorem 5.5 below it means that a matrix J which
is smaller than N ×N is sufficient to have the realization property mentioned there.)

The second special case, called look-ahead, can also occur in the one-dimensional case.
Look-ahead is necessary when in step k neither ψk nor ϕk is discarded due to deflation
but [ψk, ϕk]H = 0 still holds. It is consequently impossible to orthogonalize the following
polynomials against ψk and ϕk. Instead one continues the algorithm as normal but skips
orthogonalizing the new polynomials against ψk and ϕk. After the next step (when one
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5.3. The Realization Problem

has obtained ψk+1 and ϕk+1) it is possible to orthogonalize all following polynomials
against ψk and ψk+1 (or ϕk and ϕk+1, respectively) simultaneously provided that

det
[

[ψk, ϕk]H [ψk+1, ϕk]H
[ψk, ϕk+1]H [ψk+1, ϕk+1]H

]
̸= 0.

(If the determinant is 0, one has to continue the algorithm by computing further poly-
nomials ψi and ϕi until det [[ψi, ϕj ]H ]i,j=k,...,l ̸= 0 after a certain step l.) However,
[ψk+1, ϕk]H = 0 and [ψk, ϕk+1]H = 0 will in general not hold in this case. Therefore,
when look-ahead is necessary, the algorithm will not yield two sequences of biorthogonal
polynomials but will instead yield two “block-biorthogonal” sequences: Both ψ and ϕ
will be partitioned into blocks such that polynomials ψi and ϕj are orthogonal if they
are not in corresponding blocks. The partition into blocks is the same for ψ and ϕ, i.e.
ψi and ψj are in the same block of ψ if and only if ϕi and ϕj are in the same block of ϕ.
New blocks are started whenever no look-ahead occurs in a step of the algorithm.

Both special cases can be handled by the Lanczos algorithm, but this requires non-trivial
modifications to the algorithm. T is no longer banded in these cases, but can have
(single) entries outside its banded area. A more detailed description of the algorithm
with deflation and look-ahead can be found in [14]. We will stick to the simple case and
assume in this thesis that neither deflation nor look-ahead occurs although we tested for
them in our numerical experiments. As mentioned above, this assumption is reasonable
in exact arithmetic.

To detect deflation or a necessary look-ahead step, one checks if a certain value is zero.
Due to numerical errors, one should not test for exact equality in this case but rather
test whether the corresponding value is sufficiently small in absolute value. Handling this
“inexact” deflation and look-ahead requires some further modifications to the algorithm,
cf. [14]. It also implies that the set of moments sequences where deflation or look-ahead
occurs is no longer a zero set. Still we never encountered one of these special cases in our
numerical experiments.

5.3. The Realization Problem

Our goal is to find a matrix J ∈ RN×N for a given moments sequence H = (Hk)k=0,...,n0−1,
Hk ∈ Rd×d, such that

Hk = LTJkR for all k = 0, . . . , n0 − 1 (5.9)

where
L = LN :=

[
L0

0N−d,d

]
∈ RN×d and R = RN :=

[
R0

0N−d,d

]
∈ RN×d (5.10)

with given L0 and R0 such that LT0 R0 = H0. Here we first treat the more general case
with arbitrary matrices L,R ∈ RN×d, N > d, as it is treated in [48, Section 6.5].
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5. The Multidimensional Lanczos Algorithm

Definition 5.1. Let n0 ∈ N ∪ {∞} and let H = (Hk)k=0,...,n0−1 be a matrix sequence.
A triple (J, L,R) with J ∈ RN×N and L,R ∈ RN×d, N ∈ N, satisfying (5.9) is called a
realization of H. N is the realization’s dimension. A realization with minimal dimension
is called minimal. A triple (J, L,R) is called minimal if it is a minimal realization of the
sequence (LTJkR)k∈N0.

Remark 5.2. The one-dimensional algorithm from Section 3.1 computes a realization of
the given auto-covariance data, see (3.3) and (3.4). This is essential for the interpolation
property of that algorithm which we employ in Chapter 3 in order to interpolate the
given VACF. In the following we will prove that the extended algorithm from Section 5.2
retains this realization property.

A proof of the following statement about the existence of a realization can be found [48,
Theorem 28].

Theorem 5.3. An infinite sequence H = (Hk)k∈N0 ⊆ Rd×d has a realization if and only
if the infinite matrix H from (5.2) has finite rank. Then rankH is the minimum possible
dimension of a realization of H.

Remark 5.4. According to [48, Theorem 27] and [4, Theorem 3.4.2], the minimal
realization is uniquely determined up to changes of basis: If (J, L,R) is a minimal
realization, every other minimal realization (J̃ , L̃, R̃) has the form

J̃ = Q−1JQ, L̃ = QTL, R̃ = Q−1R

with a non-singular matrix Q ∈ RN×N .

We can always extend a finite sequence H = (Hk)k=0,...,n0−1 arbitrarily to an infinite
sequence (Hk)k∈N0 by choosing Hk arbitrarily for k ≥ n0. Then a realization of H exists
if and only if any infinite extension of H has a realization, and the minimum dimension
of the finite sequence is the minimum possible rank of any matrix H corresponding to an
infinite extension. Thus we define the rank of a partially defined block Hankel matrix H
as the minimum possible rank of any block Hankel matrix H corresponding to an infinite
continuation of H.

By extending a finite sequence H by zero matrices to an infinite sequence, one can always
obtain a block Hankel matrix with rank at most n0 · d. Hence every finite sequence
has a realization. Since the extension by zeros does not necessarily have the minimum
possible rank, the dimension of the realization yielded by Algorithm 3 can be smaller:
For example, for d = 1 and H0 = 1, H1 = 1

2 the continuation by zeros yields a rank 2
Hankel matrix while the continuation Hk = 2−k results in a rank 1 Hankel matrix.

Since we require H0 = LTR ∈ Rd×d to be non-singular, the N × d matrices L and R need
to have rank d for every realization (J, L,R); in particular, N ≥ d. We now split L and
R into two blocks each:

L =
[
L1
L2

]
∈ R(d|N−d)×d and R =

[
R1
R2

]
∈ R(d|N−d)×d.
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5.4. The Realization Property of the Matrix J

Then, by replacing L by ΠL with a suitable permutation matrix Π, we can achieve that
the upper part L1 of L is non-singular. In view of Remark 5.4, we will omit Π in the
next lines and assume instead that L1 is already non-singular. Another change of basis,
using the change-of-basis matrix

K :=
[
L−T

1 LT0 − L−T
1 LT2 R2R

−1
0 −L−T

1 LT2
R2R

−1
0 IN−d

]
∈ R(d|N−d)×(d|N−d),

K−1 =
[

L−T
0 LT1 L−T

0 LT2
−R2H

−1
0 LT1 −R2H

−1
0 LT2 + IN−d

]
∈ R(d|N−d)×(d|N−d)

yields (exploiting H0 = LTR = LT1 R1 + LT2 R2) another realization (J̃ , L̃, R̃) with

L̃ = KTL =
[

L0
0N−d,d

]
, R̃ = K−1R =

[
R0

0N−d,d

]
, J̃ = K−1JK.

Consequently the restriction of L and R to the form (5.10) does not restrict the existence
of a realization if H0 is non-singular.

5.4. The Realization Property of the Matrix J

The algorithm from Section 5.2 enables us to compute a realization of a sequence H.
Since H0 will always be positive definite in our application, we choose L0 = R0 := L̂ in
(5.10), where H0 = L̂L̂T is the Cholesky decomposition of H0. For simplicity we restrict
ourselves to the situation H0 = Id in the following. Otherwise one can first apply the
algorithm to the modified moments sequence H̃ i := L̂−1HiL̂

−T , obtaining a realization
(J, L,R). Then (J, LL̂T, RL̂T ) is a realization of the original moments sequence. (If H0 is
not positive definite, one can apply the algorithm to the moments sequence H̃ i := HiH

−1
0

instead. Then (J, L,RH0) is a realization of the original moments sequence.)

Theorem 5.5. Let H = (Hk)k=0,...,n0−1 be a finite moments sequence with H0 = Id
such that the first N := ⌈n0

2 ⌉ · d columns of H from (5.2) are linearly independent.
Let J ∈ RN×N be given by the coefficients ti,j from (5.5) and L and R by (5.10) with
L0 = R0 = Id, where ti−d,i and ui−d,i, 0 ≤ i < d are normalized via (5.8). Then (J, L,R)
is a minimal realization of H.

Proof. H0 = Id implies that the base polynomials ψ̂k(x) = xk and ϕ̂k(x) = xk are already
biorthogonal and consequently ψk(x) = xk and ϕk(x) = xk for 0 ≤ k < d. This implies
[ψk, ϕk]H = eTkH0ek = 1 for 0 ≤ k < d.

Applying (5.6) k times inductively yields[
0kd 0kd . . . 0kd
a0 a1 . . . aN−1

]
=
[
a0 a1 . . . aN−1

](
JT
)k +

k−1∑
i=0

[
0id . . . 0id 0id . . . 0id
0 . . . 0 ξ1 . . . ξd

](
JT
)k−i−1

.

(5.11)
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5. The Multidimensional Lanczos Algorithm

Since J is banded with bandwidth d, the non-zero entries ξ1, . . . , ξd are propagated by
only d columns per multiplication with JT, therefore only the last (k − i)d columns of[

0id . . . 0id 0id . . . 0id
0 . . . 0 ξ1 . . . ξd

](
JT
)k−i−1

are non-zero. Consequently, with N = ⌈n0
2 ⌉d, the first d columns of the sum in (5.11) are

zero if k ≤ ⌈n0
2 ⌉ − 1. For 0 ≤ i < d, 0 ≤ j < d, 0 ≤ k < ⌈n0

2 ⌉ we have

(Hk)i,j =
[
xi+kd, xj

]
H

=
[
xkdψi, ϕj

]
H
.

We apply the jth column of (5.11) to obtain

[
xkdψi, ϕj

]
H

=
[
kd+i−1∑
l=0

(Jk)i,lψl, ϕj
]
H

=
kd+i−1∑
l=0

(Jk)i,l[ψl, ϕj ]H .

Since ϕj is orthogonal to all ψl with l ̸= j, out of all summands in the sum only the one
with l = j remains, resulting in

(Hk)i,j =
kd+i−1∑
l=0

(Jk)i,l[ψl, ϕj ]H = (Jk)i,j [ψj , ϕj ]H = (Jk)i,j ,

where [ψj , ϕj ]H = 1 follows from the chosen normalization (5.8). Consequently Hk =
LTJkR.

J ∈ RN×N has as many rows and columns as there are polynomials in ψ and in ϕ.
As explained in Section 5.2, the algorithm performs ⌈n0

2 ⌉d steps. Since the first ⌈n0
2 ⌉d

columns of H are linearly independent, rankH ≥ ⌈n0
2 ⌉d holds. Therefore the realization

is minimal according to Theorem 5.3.

The Lanczos algorithm is often formulated for other problems such as solving systems
of linear equations or determining the eigenvalues of a matrix, cf. [27]. The method
described here is connected to these applications of the Lanczos algorithm. [14, Section 8]
briefly describes this connection.

Remark 5.6. As described in Section 5.2, J is a banded matrix with bandwidth
d. Consequently the entries (J2)i,j depend only on entries Ji′,j′ satisfying i = i′ and
|j − j′| ≤ d or satisfying j = j′ and |i− i′| ≤ d. Inductively, entries (Jk)i,j only depend
on the entries ti′,j′ for which |j − j′| ≤ l1d and |i− i′| ≤ l2d hold for certain l1, l2 ∈ N0
with l1 + l2 ≤ k − 1.

Therefore the entries of LTJkR depend only on entries Ji,j with i < d · k and j < d · k
and an extension of the moments sequence (H0, . . . ,Hn0−1) by extra elements and the
corresponding extension of J by extra rows and columns would have no effect on the
values LTJkR for k < N.
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6. Application of the Multidimensional
Lanczos Algorithm to the Generalized
Langevin Equation

6.1. The Multidimensional Algorithm

As in Chapter 3, we can use the Lanczos method to compute an Ornstein-Uhlenbeck system
such that the velocity auto-covariance function of the corresponding Ornstein-Uhlenbeck

process
[
V (t)
Z(t)

]
with auxiliary variables Z interpolates a given velocity auto-covariance

function CV : R → Rd×d in an equidistant grid ∆ = {0, τ, . . . , (n0 − 1)τ}. Analogously
to Chapter 3, we first compute a minimal realization (J, L,R) of the moments sequence
(rj)j=0,...,n0−1, rj := CV (jτ) with L, R from (5.10), using the multidimensional Lanczos
algorithm from Chapter 5.

By taking A := 1
τ Log J (if J has no negative real eigenvalues) we subsequently obtain a

matrix such that LT ejτAR = rj , which yields the desired Ornstein-Uhlenbeck system. In
the following, we explain the remaining steps in the algorithm.

6.1.1. Restrictions on the Velocity Auto-Covariance Function

In the case that the system from which the input data originates satisfies

C ′
V (0) = 0, (6.1)

the obtained Ornstein-Uhlenbeck system should satisfy this condition, too. In order to
achieve this, one could again think at adapting r1 via a Newton iteration, modifying the
d2 entries of r1 in order to satisfy the d2 scalar conditions given by C ′

V (0) = 0. The
corresponding derivatives of A can again be obtained via Lemma 3.1. We then replace r1
by r1 + ∆r1 with a matrix ∆r1 according to Newton’s method.

The Newton iteration, however, did not converge in our numerical experiments for
d > 1. Alternative optimization methods (gradient descent and the Levenberg-Marquardt
algorithm) did not find a zero of the mapping r1 7→ C ′

V (0) either. On top of that, if
one succeeds in fulfilling (6.1), another problem arises when considering the Laurent
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6. Application of the Multidimensional Lanczos Algorithm to the GLE

expansion of FCAV near ∞. To see this we compute the Laurent expansion of FCAV via a
Neumann series:

√
2πFCAV (ξ) =

∫ ∞

−∞
e−itξCAV (t) dt

=
∫ ∞

0
e−itξCAV (t) dt+

∫ 0

−∞
e−itξ(CAV (−t)

)T dt

=
∫ ∞

0
e−itξ 1

βm
PetAP T dt+

∫ ∞

0
eitξ 1

βm
PetA

T
P T dt

= 1
βm

P

(∫ ∞

0
et(A−iξI) dt+

∫ ∞

0
et(A

T −iξI) dt
)
P T

= 1
βm

P
(
−(A− iξI)−1 − (AT + iξI)−1)P T

= 1
βm

P
(
−iξ−1(iξ−1A+ I)−1 + iξ−1(−iξ−1AT + I)−1)P T

= 1
βm

P

(
−iξ−1

∞∑
k=0

(
−iξ−1A

)k + iξ−1
∞∑
k=0

(
iξ−1AT

)k)
P T

= 1
βm

∞∑
k=1

P
(
(−i)kAk−1 + ik(AT )k−1)P T ξ−k

if ξ is sufficiently large such that ∥ξ−1A∥ < 1 and ∥ξ−1AT ∥ < 1 for any operator norm.

The first summand in the Laurent expansion always vanishes. If PAP T = 0 (i.e. if (6.1)
holds), the second summand vanishes, too, leaving

FCAV (ξ) = 1
βm
√

2π

(
iP
(
A2 − (A2)T

)
P T ξ−3 + P

(
A3 + (A3)T

)
P T ξ−4 +O(ξ−5)

)
.

For ξ →∞, this sum is dominated by the first summand. P
(
A2− (A2)T

)
P T being a real

matrix, its eigenvalues are complex conjugated, i.e. the eigenvalues of iP
(
A2 − (A2)T

)
P T

are symmetric w.r.t. the imaginary axis. iP
(
A2 − (A2)T

)
P T, however, is hermitian

and thus only has real eigenvalues. Consequently iP
(
A2 − (A2)T

)
P T has no negative

eigenvalues if and only if all eigenvalues are 0, i.e. if PA2P T = P (A2)TP T. To obtain an
auto-covariance function of positive type we would therefore have to ensure that P TA2P
is symmetric on top of satisfying (6.1). (This is consistent with the Volterra equation of
second type, (2.12), which implies PA2P T = (CAV )′′(0+) = − 1

βmγ(0) in the case D = 0,
where 1

βmγ(0) = CF (0) must be symmetric.)

As mentioned in Chapter 3, the condition (6.1) only matters for certain physical systems.
Due to the problems described above, we will restrict ourselves to systems which do not
require (6.1) to hold (and where the given data do not satisfy this condition, either) in
Section 6.2. We also note that if Newton’s method succeeded, it would be feasible only
for small values of d due to a runtime of O(d6) per iteration step. Dropping the condition
(6.1) again leads to an Ornstein-Uhlenbeck system which solves the generalized Langevin
equation (2.5) with instantaneous friction.
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6.1. The Multidimensional Algorithm

6.1.2. Further Steps in the Algorithm

Similarly to Sections 3.2.2 to 3.2.4 we have to perform some additional steps. First
we replace J by a smaller matrix whose eigenvalues are a subset of the eigenvalues of
J ; notably we remove all eigenvalues which are not contained in the open unit disk as
well as some additional eigenvalues which prevent CAV from being of positive type and
whose coefficients in the corresponding Prony series are (hopefully) negligible. We also
“duplicate” negative real eigenvalues of J so that when computing A := 1

τ log J it is
possible to obtain a real A by taking two different (complex conjugated) logarithms of
these eigenvalues. Here we can proceed exactly as in Sections 3.2.2 and 3.2.3 except that
when removing spurious eigenvalues, the first d rows of the matrix Ũ from Section 3.2.2
must equal the first d rows of U except for the entries of removed columns (instead of
only the first row as in Section 3.2.2). In Section 3.2.2 we required all eigenvalues to
be pairwise different. As mentioned at the beginning of Chapter 5, this is no longer
the case since writing a rank k coefficient matrix in the Prony series as a sum of rank 1
matrices requires the corresponding eigenvalue to have multiplicity k. A still has to be
diagonalizable, though.

Next we can replace A by a similar banded matrix Ã, similarly to Section 3.3. In exact
arithmetic, it would be possible to reapply the block Lanczos method (Algorithm 3) from
Chapter 5 using 1

βmP
TAkP , k = 0, . . . , N − 1, as moments. This method yields a matrix

Ã with
1
βm

P T ÃkP = 1
βm

P TAkP

and since (A,P, P ) and (Ã, P, P ) are both minimal realizations of the moments sequence
P TAkP , A and Ã are equivalent according to Remark 5.4, i.e. they represent the same
Ornstein-Uhlenbeck system except for a change of basis which transforms only the
auxiliary variables. As in Section 3.2, however, this method is not feasible in practice
due to the large numerical errors caused by the large condition of Ak. Consequently we
apply another version of the Lanczos algorithm described in [1]. The connection between
the two methods is described in [14, Section 8.1].

Here Ã is a banded matrix with bandwidth d instead of a tridiagonal matrix as in Chap-
ter 3. Replacing A by Ã reduces the computational cost for simulating the corresponding
Ornstein-Uhlenbeck process (using the Euler-Maruyama method) from O(N2) to O(d ·N)
per simulation step.

As in the one-dimensional case we obtain K ∈ RN×d and Σ ∈ RN×N by solving the Lur’e
equations

A0S + SAT0 = −GGT

SB − C = −GLT

D +DT = −LLT
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6. Application of the Multidimensional Lanczos Algorithm to the GLE

(with unknown G, L, and S) where

A =
[

D BT

−C A0

]
∈ R(d|N−d)×(d|N−d), K = 1√

βm

[
L
G

]
∈ R(d|N−d)×d,

Σ = 1
βm

[
Id 0
0 S

]
∈ R(d|N−d)×(d|N−d).

(6.2)

We present an algorithm for solving the Lur’e equations in Appendix A.

6.2. Numerical Results

As mentioned above, the Newton iteration did not succeed in our multidimensional
numerical experiments. Hence we here only present results using data which do not
satisfy C ′

V (0) = I; consequently we did not apply the Newton iteration or any other
method to adapt the entries of D (6.2) and we did not set them to any particular value
after removing spurious eigenvalues.

In the plots of this section we write Ci,j(t) := CVi,Vj (t) and CAi,j(t) := CAVi,Vj
(t) for better

readability.

6.2.1. A Three-Dimensional Active Particle

We consider a three-dimensional system of an active particle immersed in a passive
Lennard-Jones fluid. The active particle propels itself with a constant force subject
to rotational diffusion. The rotational inertia of the active particle is set to zero for
simplicity. In addition to being immersed in the Lennard-Jones fluid, the active particle
is coupled to a thermal bath via a Markovian Langevin thermostat. The time evolution
of the orientation of the active particle is governed by rotational diffusion.

All simulations were performed using LAMMPS [41], where a time step of ∆t = 0.001
was used. In order to sample at the desired temperature, the system was equilibrated
with a Langevin thermostat.

The individual components of the velocity are actually uncorrelated, therefore the off-
diagonal VACF entries are pure noise. We consider the following time grids:

• ∆1: τ = 0.15, n0 = 40
• ∆2: τ = 0.3, n0 = 20
• ∆3: τ = 0.5, n0 = 12
• ∆4: τ = 0.2, n0 = 10

The first three grids cover roughly the same time interval [0, 6]; more precisely 6 would
be the next point added to each grid if we increased n0 by 1. The fourth grid covers
a shorter time interval; the next point added to ∆4 would be 2. Such a grid may be
advantageous in cases where the long simulation runs required to accurately determine
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Figure 6.1.: Comparison of the given VACF (black) and the VACFs of the Ornstein-
Uhlenbeck systems generated via the Lanczos method (colored)

the velocity auto-covariance function in a longer time interval are too expensive, and
it yields smaller Ornstein-Uhlenbeck systems than longer grid with the same step size
τ . We consider this grid to assess how the shorter time interval covered impacts the
approximation.

Figure 6.1 compares the velocity auto-covariance functions of the three obtained Ornstein-
Uhlenbeck systems to the input data. Each of the nine subplots displays one component
of the (3× 3)-dimensional VACF CV , which is normalized to obtain CV (0) = I3. One can
see significant differences between the given VACF data and the VACF of the obtained
Ornstein-Uhlenbeck process in several off-diagonal components. However, comparing
the scales of the diagonal and off-diagonal components shows that the error is still
small compared to the scale of the diagonal entries. The diagonal components are well
approximated.

Figure 6.2 displays the difference between the VACF of the Ornstein-Uhlenbeck systems
and the original VACF. We see that the scale of the error is comparable for diagonal
and off-diagonal entries. Overall, the coarsest grid ∆3 performs worse than the finer and
larger grids ∆1 and ∆2. The results of these two grids are comparable. Unsurprisingly,
the difference gets much larger after the last interpolation point for ∆1 and ∆2, which
indicates that the error introduced by the removal of spurious eigenvalues inside the
interpolation grid is far smaller than the general approximation error. Conversely the
larger error of ∆3 is mainly not due to a larger error between the interpolation points
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Figure 6.2.: Difference between the input VACF and the VACF of the Ornstein-Uhlenbeck
systems generated via the Lanczos method

as one could assume since this is the coarsest grid, but due to fact that the error gets
large before the last interpolation point. This indicates a spurious eigenvalue (or several
eigenvalues) with a comparably large coefficient in the Prony series representation of
CAV . Indeed the largest coefficient of a removed eigenvalue is 1.18 · 10−4 for ∆3 while it is
1.52 · 10−5 for ∆1 and 2.21 · 10−6 for ∆2. Figure 6.3 displays the Frobenius norm of the
difference between the VACF of the Ornstein-Uhlenbeck systems and the original VACF.
∆4 performs comparably to ∆3 with a slightly larger error, as Figure 6.3 shows.

Table 6.1 summarizes the most relevant results: It displays the largest n0 for which the
algorithm succeeded, the number Nsp of spurious eigenvalues (λ ∈ σ(A) with Reλ ≥ 0),
the number Npt of additional eigenvalues which were removed in order to obtain a VACF
of positive type, and the size N of the final matrix A after removing spurious eigenvalues
and duplicating negative real eigenvalues. (The size of the initial matrix A before treating
these eigenvalues is d · ⌈n0

2 ⌉ with d = 3.) We see that the initial n0 was successful for all
three grids. The table also displays the relative approximation error,∑

t∈∆

∥∥CV (t)− CAV (t)
∥∥
F
/
∑
t∈∆

∥∥CV (t)
∥∥
F

(6.3)

where ∆ = {0, 0.001, . . . , 10} is the grid on which the input VACF was sampled, and the
relative error when only considering the diagonal entries (called “diagonal error” in the

84



6.2. Numerical Results

0 2 4 6 8 10

0.000

0.005

0.010

0.015

0.020

t

∥C
A V
(t
)
−

C
V
(t
)∥

F

∆1

∆2

∆3

∆4

Figure 6.3.: Frobenius norm of the difference between the input VACF and the VACF of
the Ornstein-Uhlenbeck systems generated via the Lanczos method

table), ∑
t∈∆

∥∥diag
(
CV (t)

)
− diag

(
CAV (t)

)∥∥
2 /
∑
t∈∆

∥∥diag
(
CV (t)

)∥∥
2. (6.4)

Since the off-diagonal VACF entries are pure noise, one can apply the one-dimensional
method from Chapter 3 to each diagonal entry separately instead, obtaining three
individual Ornstein-Uhlenbeck systems which can subsequently be combined into a single
Ornstein-Uhlenbeck system (where all off-diagonal entries of the VACF are 0). For
comparison Table 6.1 also shows the same data for the resulting Ornstein-Uhlenbeck
system. (For all three diagonals and all grids the one-dimensional method was successful
for the displayed values n0.) Here the values of Nsp, Npt, and N are the added values
for all three diagonals. As the one-dimensional algorithm does not approximate the

Multidimensional algorithm One-dimensional algorithm

Grid n0 Nsp Npt N Error Diagonal
Error Nsp Npt N Error Diagonal

Error
∆1 40 30 4 27 0.0080 0.0052 28 8 26 0.0340 0.0180
∆2 20 11 0 19 0.0081 0.0049 7 0 24 0.0348 0.0190
∆3 12 7 0 11 0.0208 0.0155 4 0 16 0.0362 0.0214
∆4 10 3 0 13 0.0249 0.0142 4 0 11 0.0328 0.0150

Table 6.1.: Comparison of the multidimensional and one-dimensional algorithm: Number
of interpolation points n0, number Nsp of spurious eigenvalues, number Npt of
other removed eigenvalues, size N of the final matrix A, relative approximation
error (6.3), and approximation error of the diagonal components (6.4)
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Figure 6.4.: Comparison of the diagonal VACF components using the multidimensional
(dashed) and one-dimensional (solid) Lanczos method with the grids ∆1, ∆2,
and ∆3. The dashed black line is the input VACF.

off-diagonal entries, the total error is far worse than the error of the multidimensional
algorithm. Comparing the diagonal error, however, we see that the multidimensional
algorithm still performs comparably to the one-dimensional algorithm and is even much
better for ∆1 and ∆2.

To investigate why the one-dimensional algorithm performs worse, we compare the
resulting VACF approximations in Figures 6.4 and 6.5. Figure 6.4 compares the diagonal
entries of the VACF obtained via the multidimensional method using the grids ∆1, ∆2,
and ∆3 to the VACFs obtained by applying the one-dimensional method to each diagonal
component of the input VACF individually. (It only displays the VACF for t ≥ 6, where
the different lines are better distinguishable.) We used the one-dimensional method
without Newton iteration and without setting A1,1 to any fixed value. We see that the
three-dimensional method yields a better approximation of the first diagonal VACF
component for ∆1, ∆2, and ∆3. The reason for this is that for each of these three grids,
the one-dimensional algorithm leads to an exponential term in the Prony series with
a rather large coefficient whose exponent is just outside the unit disk: The exponent
(i.e. the eigenvalue of J = eτA) in the Prony series is 1.0173 for ∆1, 1.0323 for ∆2, and
1.0459 for ∆3. The corresponding Prony coefficients are −0.0069, −0.0074, and −0.0084,
respectively. For the other diagonal components the differences between the two methods
are smaller at least until the last grid point with the exception of the third component
using ∆3. Concerning the computational cost, the one-dimensional method is of course
preferable although this is no real issue with our examples.

Figure 6.5 displays the approximation errors of the one-dimensional and the multidi-
mensional method for all three grids. They confirm the results from Table 6.1: The
multidimensional method seems to yield better results for these input data for ∆1 and
∆2 while for ∆3 the results of both methods are comparable. We see no particular reason
why the multidimensional method should actually result in a smaller error than the
one-dimensional method, so we assume that the observed behavior is caused by these
specific data and that other data will not confirm these results.

Figure 6.6 displays the memory kernels of the obtained Ornstein-Uhlenbeck systems.
Again the diagonal components are much larger than the off-diagonal components as
expected. The three kernels differ mainly for small t while the tail for large t is similar
for all three grids; consequently the obtained memory kernel approximation seems to be
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Figure 6.5.: Difference between the diagonal components of the input VACF and the
VACF of the Ornstein-Uhlenbeck systems generated via the multidimensional
(dashed line) and one-dimensional (solid line) Lanczos method. The top
figure shows the results for ∆1 and ∆2 while the bottom figure shows the
results for ∆3 and ∆4.
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Figure 6.6.: Memory kernels belonging to the generated Ornstein-Uhlenbeck systems
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Figure 6.7.: Comparison of the diagonal memory components using the multidimensional
(blue) and one-dimensional (red) Lanczos method with the grid ∆2

reliable for t ≥ 0.3. Figure 6.7 compares the diagonal components of the memory kernel
obtained via the multidimensional method using the grid ∆2 to the VACFs obtained via
applying the one-dimensional method to each diagonal component of the input VACF
individually.

Due to the increased number of polynomials compared to Section 3.4, stability concerns are
more relevant here when using many grid points. When using 64-bit floating point numbers
for the grid ∆1, while most off-diagonal entries in the “Gram matrix” [[ψi, ϕj ]H ]i,j=0,...,N−1
were close to zero (even during the later steps of the algorithm), a few were not; very
few even had values larger than 10 (recall that ψi and ϕi are normalized such that
|[ψi, ϕi]H | = 1), the largest value being 43.6. Consequently extra orthogonalization
steps in the algorithm might make sense. Since we do not focus on orthogonalization
techniques, we instead performed the Lanczos method from Chapter 5 for this grid using
higher precision (256 bit) floating point numbers while using a precision of 64 bit for the
remaining steps of the algorithm. While the difference between the VACF approximations
using 64 bit and 256 bit precision was visible in the off-diagonal VACF entries of the
plots, 64 bit precision still yielded results of comparable quality for this example. The
other grids posed no problem concerning computational errors.

6.2.2. A Two-Dimensional S-Shaped Particle

We now use two-dimensional data where the individual components of the velocity are
correlated, i.e. the off-diagonal entries are not pure noise.

The data were simulated using a bath of 5000 passive Langevin particles immersed in an
implicit solvent. A Markovian Langevin thermostat models the implicit solvent which
couples the Langevin particles to a thermal bath. The macromolecule is a rigid S-shaped
particle consisting of 100 particles aligned to the two-dimensional plane. The positions
of the constituent particles, to receive the S shape, are calculated via 10 ·

(
sin(t), sin(2t)

)
with t evenly spaced in the interval [−π+1.5, π−1.5]. These particles are decoupled from
the thermostat and interact with the Langevin particles via a Weeks-Chandler-Anderson
potential

U(ri,j) =

4ϵ
((

σ
ri,j

)12
−
(
σ
ri,j

)6)
+ ϵ, ri,j ≤ 6√2σ,

0, ri,j >
6√2σ,
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6.2. Numerical Results

Grid n0 Nsp Npt N Error
∆1 19 9 0 13 0.0909
∆2 10 1 0 11 0.0450
∆3 5 0 0 6 0.1848
∆4 40 19 0 22 0.0693

Table 6.2.: Results of the multidimensional algorithm using different grids and the data
from Section 6.2.2: Number of interpolation points n0, number Nsp of spurious
eigenvalues, number Npt of other removed eigenvalues, size N of the final
matrix, and relative approximation error (6.3)

where ϵ is set to unity for simplicity, ri,j is the distance and σ the diameter of the particles.
The Langevin particles also interact among themselves via the same potential. The
particles are considered to be solid, spherical particles. The macromolecule maintains a
fixed orientation throughout the simulation.

The trajectories of the molecular dynamics simulations are generated via modeling a
canonical ensemble, as implemented in the HOOMD-blue package [5]. Each simulation
run is split into an equilibration period of 105 time steps and a production run of 5 · 107

time steps with a step size of ∆t = 0.001.

We consider the following time grids for applying Algorithm 3:

• ∆1: τ = 0.5, n0 = 20
• ∆2: τ = 1.0, n0 = 10
• ∆3: τ = 2.0, n0 = 5
• ∆4: τ = 0.5, n0 = 40

The first three grids cover roughly the same time interval [0, 10] while ∆4 covers the
longer interval [0, 20].

Table 6.2 summarizes the results of the algorithm for each grid, analogously to Table 6.1.
Here the relative error is computed on the grid ∆ = {0, 0.01, . . . , 50}. We see that the first
tested n0 was successful for all grids except for ∆1, where two attempts were necessary.

Figure 6.8 compares the velocity auto-covariance functions of all four Ornstein-Uhlenbeck
systems to the input VACF. We see that, as indicated in Table 6.2, ∆3 produces the
largest error while ∆2 performs best.

Figure 6.9 displays the difference between the input VACF and the VACF of the Ornstein-
Uhlenbeck systems generated via the Lanczos method. It shows that the oscillations
of ∆4 exist in all four VACF components. While the longer interpolation interval used
by ∆4 slightly reduces the approximation error compared to ∆1, it contains spurious
oscillations. These are caused by the fact that the extra grid points and larger size
of A entail many more spurious eigenvalues in A, as Table 6.2 shows. The removal of
these eigenvalues introduces these oscillations and increases the approximation error even

89



6. Application of the Multidimensional Lanczos Algorithm to the GLE

0 10 20 30 40 50

0.00

0.25

0.50

0.75

1.00

t

C
1
,1
(t
)

5 10 15 20

−0.12
−0.10
−0.08
−0.06
−0.04
−0.02
0.00

0 10 20 30 40 50

−0.03

0.00

0.03

0.06

0.09

t

C
2
,1
(t
)

10 15 20
−0.05

−0.04

−0.03

−0.02

−0.01

0.00

0 10 20 30 40 50

−0.03

0.00

0.03

0.06

0.09

t

C
1
,2
(t
)

∆1 ∆2

∆3 ∆4

10 15 20
−0.04

−0.03

−0.02

−0.01

0.00

0 10 20 30 40 50

0.00

0.25

0.50

0.75

1.00

t

C
2
,2
(t
)

10 15 20
−0.20

−0.15

−0.10

−0.05

0.00

Figure 6.8.: Comparison of the given VACF (black) and the VACFs of the Ornstein-
Uhlenbeck systems generated via the Lanczos method (colored)
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Figure 6.9.: Difference between the input VACF and the VACF of the Ornstein-Uhlenbeck
systems generated via the Lanczos method for ∆1, ∆2, and ∆3
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Figure 6.10.: Memory kernels belonging to the Ornstein-Uhlenbeck systems

before the last grid point, which can clearly be seen in Figures 6.8 and 6.9, where it leads
to oscillations in the VACF approximation obtained via ∆4.

Figure 6.10 shows the memory kernels of the obtained Ornstein-Uhlenbeck systems. For
t close to 0 they differ significantly. Similarly to the VACF, the memory kernel obtained
via ∆4 contains oscillations which do not exist in the other kernels and which are caused
by the large number of spurious eigenvalues in this grid. Due to these oscillations it
decays far slower to 0 than the other kernels. As in Section 6.2.1, the approximation of
the memory kernel does not seem to be very reliable for small t while the long-term rate
of decay seems to be very similar for ∆1, ∆2, and ∆3, except for the γ1,2 component,
where the kernel of ∆3 decays faster than the other two kernels. A good approximation
of the memory kernel is, however, not of great importance as long as the memory kernel
leads to a good VACF approximation.

In contrast to Section 6.2.1, the matrices obtained here were small enough that computa-
tional errors posed no problem.
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A. Solving the Lur’e Equations

Let A0 ∈ Rn×n, B,C ∈ Rn×d, and D ∈ Rd×d with n ≥ d. The algorithm for solving the
Lur’e equations

A0S + SAT0 = −GGT (A.1a)
SB − C = −GLT (A.1b)
D +DT = −LLT (A.1c)

differs depending on whether the matrix D +DT is singular or not. (Note that for d > 1
this distinction is different from the distinction between (2.19) and (2.21), which depends
on whether D = 0 or not.) We will treat these two cases separately.

A.1. The Regular Lur’e Equations

The regular case (A.1) with D +DT negative definite can be solved by determining a
symmetric, positive semi-definite solution X of the (algebraic) Riccati equation

QX +XQT −XRX + T = 0 (A.2)

where
Q := A0 + C∆−1BT, R := B∆−1BT, T := −C∆−1CT (A.3)

with ∆ := D + DT, as the following lemma shows (cf. also [12, p. 584] and [6, Corol-
lary 5.27]).

Lemma A.1. Let ∆ = D + DT be negative definite and LLT = −∆ a Cholesky
decomposition of −∆. Let further X be a symmetric solution of (A.2) with Q, R, and T
from (A.3). Then S := X, G := (C −XB)L−T , and L solve (A.1).

Proof. (A.1c) obviously follows from the definition of L. We can easily verify the other
two equations:

−GLT = −(C −XB)L−TLT = SB − C
−GGT = −(C −XB)L−TL−1(C −XB)T

= −C∆−1BTX −XB∆−1CT + C∆−1CT +XB∆−1BTX

= A0X −QX +XAT0 −XQT − T +XRX

= A0X +XAT0 ,
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A.1. The Regular Lur’e Equations

where the last step is a direct application of (A.2).

Conversely, given a symmetric solution of (A.1), X = S solves (A.2) as one can directly
verify by insertion. If no solution of (A.2) exists, (A.1) is not solvable either.

[31, Section 2] presents an algorithm for solving (A.2) using the Schur decomposition.
Note, however, that in our situation R and T are not both positive semi-definite as
required there, hence it is not guaranteed that the algorithm succeeds. Since this condition
is only sufficient, the algorithm may still succeed. We first present the algorithm and
subsequently state less strict conditions. Let

Z :=
[
QT −R
−T −Q

]
∈ R(n|n)×(n|n). (A.4)

Z is a Hamiltonian matrix, i.e. JZ is symmetric where

J :=
[
0 −I
I 0

]
, (A.5)

therefore λ ∈ σ(Z) if and only if −λ ∈ σ(Z) and the (algebraic and geometric) multi-
plicities of λ and −λ are equal, i.e. the characteristic polynomial is even. (This known
property can be proven as follows: For each left eigenvalue

[
xT1 , x

T
2
]T, x1, x2 ∈ Rn, of

Z corresponding to λ, one can easily verify that
[
xT2 ,−xT1

]T is a right eigenvalue of Z
corresponding to −λ.)

We consider the real Schur decomposition of Z (cf. [31, Theorem 4] and [24, Theo-
rem 2.3.4]),

UTZU =: S =
[
S1,1 S1,2
S2,1 S2,2

]
∈ R(n|n)×(n|n) (A.6)

where U ∈ R2n×2n is an orthogonal matrix and S is an upper triangular matrix with
the exception of single non-zero entries in the first diagonal below the main diagonal
such that no two consecutive entries are non-zero and that for each such non-zero entry
the 2× 2 diagonal matrix block to which it belongs has two complex conjugated (non-
real) eigenvalues of S. There exist standard algorithms for computing the real Schur
decomposition where it is possible to arrange the diagonal entries and 2× 2 blocks of S
in any order. (To be precise, the exact form of the 2× 2 blocks depends on the chosen
order but if one identifies them with their eigenvalues, the order of the pairs of complex
conjugated eigenvalues belonging to the 2× 2 blocks and single real eigenvalues can be
chosen arbitrarily, cf. [24, Theorem 2.3.4].)

Hence if Z has no pure imaginary eigenvalues, it is possible to arrange that S1,1 contains
only eigenvalues with negative real part and S2,2 only eigenvalues with positive real part.
We require this to be the case (which implies S2,1 = 0 since there is no 2× 2 diagonal
block consisting of the four central matrix entries). Let

U =
[
U1,1 U1,2
U2,1 U2,2

]
∈ R(n|n)×(n|n). (A.7)
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A. Solving the Lur’e Equations

Then U1,1 is non-singular and X := U2,1U
−1
1,1 is a symmetric and positive semi-definite

solution of (A.2), as proven in [31, Theorem 5] for the case that R and T are positive
semi-definite. In the following we adapt the proof given there to our situation.

Definition A.2. For A ∈ Rn×n, B ∈ Rn×d, the Krylov subspace Kk(A,B) is defined
as Kk(A,B) := span{B,AB, . . . , Ak−1B} ⊆ Rn. The pair (A,B) is called controllable if
Kn(A,B) = Rn.

Remark A.3. If (A,B) is controllable, so is (A+BM,B) for every matrix M ∈ Rd×n.
To verify this, one can easily prove by induction that

Kk(A,B) = Kk(A+BM,B)

for every k ∈ N0.

The following lemma is proven e.g. in [48, Theorem 27]:

Lemma A.4. A triple (A,B,C) is minimal (see Definition 5.1) if and only if (AT, B)
and (A,C) are controllable.

Theorem A.5. Let R and T be symmetric and (QT, R) controllable. Let Z and U be
defined as in (A.4) and (A.6), respectively, where U has blocks as in (A.7). If Z has no
pure imaginary eigenvalues, then U1,1 is non-singular and X := U2,1U

−1
1,1 is symmetric

and solves the Riccati equation (A.2). If Q, R, and T are given by (A.3) with a stable
A0, then X is positive semi-definite.

Proof. We follow the proof from [31, Theorem 5] and adapt it to our situation. Since Z
has no pure imaginary eigenvalues and σ(S1,1) ∪ σ(S2,2) = σ(S) = σ(Z), we can choose
S in (A.6) in such a way that S1,1 has the eigenvalues of Z with negative real part while
S2,2 has the eigenvalues with positive real part, i.e. S1,1 is stable.

We first prove that U1,1 is non-singular: For simplicity we first consider the complex Schur
decomposition (cf. [24, Theorem 2.3.1]), i.e. Z = Ũ S̃Ũ−1 with S̃, Ũ ∈ C2n×2n where S̃
is upper triangular and Ũ unitary. Assume that Ũ1,1 is singular. Then we can assume
without loss of generality that the first column of Ũ1,1 is a zero column. Let λ be the
first diagonal element of S̃ and u ∈ Rn the first column of Ũ2,1, u ̸= 0. Then[

−Ru
−Qu

]
=
[
QT −R
−T −Q

][
0
u

]
= Z

[
0
u

]
= Ũ S̃Ũ−1

[
0
u

]
= Ũ S̃

[
e1
0

]
= λŨ

[
e1
0

]
= λ

[
0
u

]
,

i.e. Ru = 0 and Qu = −λu, which implies uT (QT )kR = (−λ)kuTR = 0 for every k, i.e. u
is orthogonal to Kk(QT, R). This contradicts the requirement that (QT, R) be controllable.
Hence Ũ1,1 must be non-singular.

Now let Z = USU−1 be the real Schur decomposition of Z and Z = Ũ S̃Ũ−1 the complex
Schur decomposition using the same order of eigenvalues. In this case U = ŨD and
S̃ = DSD−1 where the change-of-basis matrix D ∈ R2n×2n is a block-diagonal matrix
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A.1. The Regular Lur’e Equations

which consists of single ones and unitary 2 × 2 blocks on the diagonal; a 2 × 2 block
appears whenever the corresponding diagonal entries of S form a 2 × 2 block. Since
S1,1 and S̃1,1 correspond to the eigenvalues with negative real part while S2,2 and S̃2,2
correspond to those with positive real part, the four central entries of D do not form a
2× 2 diagonal block, i.e. D has the form

D =
[
D1,1 0

0 D2,2

]
∈ R(n|n)×(n|n).

Since Ũ1,1 and D1,1 are non-singular, so is U1,1 = Ũ1,1D1,1.

Inserting X = U2,1U
−1
1,1 into (A.2) and using (A.6) and the fact that S2,1 = 0 yields

QX +XQT −XRX + T =
[
X −I

]
Z

[
I
X

]

=
[
U2,1U

−1
1,1 −I

]
Z

[
U1,1
U2,1

]
U−1

1,1

=
[
U2,1U

−1
1,1 −I

]([U1,1
U2,1

]
S1,1 +

[
U1,2
U2,2

]
S2,1

)
U−1

1,1

=
[
U2,1U

−1
1,1 −I

][U1,1
U2,1

]
S1,1U

−1
1,1 .

The right-hand side is 0 since

[
U2,1U

−1
1,1 −I

][U1,1
U2,1

]
= 0;

consequently X solves the Riccati equation (A.2). It remains to prove that X is symmetric
and positive semi-definite. For the symmetry let J be defined as in (A.5) and let

Y :=
[
I 0

]
UTJU

[
I
0

]
=
[
UT1,1 UT2,1

]
J

[
U1,1
U2,1

]
= UT2,1U1,1 − UT1,1U2,1.

S2,1 = 0 implies

[
I 0

]
UTJUS

[
I
0

]
= Y S1,1 +

[
I 0

]
UTJU

[
0
I

]
S2,1 = Y S1,1,

and analogously

[
I 0

]
STUTJU

[
I
0

]
= ST1,1Y + ST2,1

[
I 0

]
UTJU

[
0
I

]
= ST1,1Y.

Comparing both left-hand sides, we see that

UTJUS = UTJZU = UTZTJTU = STUTJTU = −STUTJU,
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A. Solving the Lur’e Equations

therefore Y is a solution of the Lyapunov equation (with known right-hand side)

ST1,1Y + Y S1,1 = 0.

Since S1,1 is stable, Y = 0 is the unique solution according to Theorem 1.21. Hence
Y = 0 and thus UT1,1U2,1 = UT2,1U1,1. Multiplying by U−1

1,1 and U−T
1,1 , respectively, from

both sides shows that

X = U2,1U
−1
1,1 = U−T

1,1 U
T
1,1U2,1U

−1
1,1 = U−T

1,1 U
T
2,1U1,1U

−1
1,1 = U−T

1,1 U
T
2,1 = XT.

If Q, R, and T are given by (A.3), S = X is a solution of the Lyapunov equation (A.1a)
with G given by Lemma A.1. If A0 is stable, S is positive semi-definite according to
Theorem 1.21.

Another proof of Theorem A.5 can be found in [4, Theorem 5.4.1].

Lemma A.6. Let Q, R, and T be given by (A.3). If the transfer function of (A0, B,C,D),
given by κ(z) := −D+BT (zIn−A0)−1C, is strictly positive real (see Definition 2.14(ii)),
Z from (A.4) has no pure imaginary eigenvalues.

Proof. Assume that Z has a pure imaginary eigenvalue λ with corresponding eigenvector
x: [

QT −R
−T −Q

][
x1
x2

]
= λ

[
x1
x2

]
, x =

[
x1
x2

]
∈ R(n|n),

which after inserting (A.3) is equivalent to

B∆−1(BTx2 − CTx1) = (−λI +AT0 )x1

C∆−1(CTx1 −BTx2) = (λI +A0)x2
(A.8)

with ∆ := D +DT. Let y := ∆−1(BTx2 − CTx1). Then(
κ(−λ) + κ(−λ)∗)y =

(
−D +BT (−λI −A0)−1C −
DT + CT (−λI −A0)−∗B

)
∆−1(BTx2 − CTx1)

= (−D −DT )∆−1(BTx2 − CTx1) +(
BT (−λI −A0)−1C + CT (−λI −A0)−∗B

)
∆−1(BTx2 − CTx1)

= −BTx2 + CTx1 +BT (−λI −A0)−1C∆−1(BTx2 − CTx1) +
CT (−λI −A0)−∗B∆−1(BTx2 − CTx1).

Inserting (A.8) and (−λI −A0)−∗ = (λI −AT0 )−1 yields(
κ(−λ) + κ(−λ)∗)y = −BTx2 + CTx1 −BT (−λI −A0)−1(λI +A0)x2 +

CT (λI −AT0 )−1(−λI +AT0 )x1

= 0.
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A.1. The Regular Lur’e Equations

Consequently κ(−λ)+κ(−λ)∗ is not positive definite and κ is not strictly positive real.

If (A0, B,C) is minimal, (AT0 , B) is controllable and so is (AT0 +B∆−1CT, B) = (QT, B),
see Remark A.3 and Lemma A.4. This in turn implies that that (QT, R) = (QT, B∆−1BT )
is controllable since spanB = spanR. Since Algorithm 3 from Section 5.2 yields a minimal
realization (A,P, P ) (where P denotes the projection onto the first d coordinates), the
following lemma asserts that the controllability conditions in Theorem A.5 are fulfilled.

Lemma A.7. Let

A :=
[

D BT

−C A0

]
∈ R(d|n)×(d|n) and P :=

[
Id

0n×d

]
.

If (A,P ) is controllable, then (A0, C) is controllable, too. If (AT, P ) is controllable, then
(AT0 , B) is controllable, too.

Proof. First we note that Kk(A0, C) ⊆ Kk+1(A0, C) for all k. If equality holds for any k,
then

Kk+2(A0, C) ⊆ Kk+1(A0, A0C) = Kk(A0, A0C) ⊆ Kk+1(A0, C)

and thus Kk+2(A0, C) = Kk+1(A0, C). Therefore if Kk(A0, C) = Kk+1(A0, C) for a k < n,
we have Km(A0, C) = Kk(A0, C) for all m ≥ k.

Otherwise dimKk(A0, C) < dimKk+1(A0, C) for all k < n, i.e. dimKk(A0, C) ≥ k for all
k ≤ n, hence Kn(A0, C) = Rn. In both cases it follows that

Km(A0, C) = Kn(A0, C) for all m ≥ n.

Now let AkP =:
[
Dk

Ck

]
∈ R(d|n)×d. For Ck this yields the recursive formula

[
Dk+1
Ck+1

]
= A

[
Dk

Ck

]
=
[

DDk +BTCk
−CDk +A0Ck

]
,

[
D0
C0

]
=
[

I
0

]
.

By induction one easily proves that spanCk ⊆ Kk(A0, C) for every k and therefore
spanCk ⊆ Kn(A0, C).

Let us assume that (A,P ) is controllable while (A0, C) is not, i.e. y ⊥ Kn(A0, C) for a
y ∈ Rn \ {0} and thus yTAk0C = 0 for every k. This implies[

0d
y

]T
AkP = yTCk = 0

for every k ∈ N0, which contradicts the assumption that (A,P ) is controllable.

Analogously one proves the controllability of (AT0 , B).

We summarize the results of this section in the following corollary:
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A. Solving the Lur’e Equations

Corollary A.8. Let A :=
[

D BT

−C A0

]
∈ R(d|n)×(d|n) such that D+DT is negative definite,

(A,P, P ) is minimal and κ(z) := −D +BT (zIn −A0)−1C is strictly positive real. Then
the Riccati equation (A.2) with Q, R, and T given by (A.3) has a symmetric and positive
semi-definite solution X given by X = U2,1U

−1
1,1 with U1,1, U2,1 from (A.6) and (A.7).

The solution of the corresponding Lur’e equations (A.1) is given by by Lemma A.1.

Remark A.9. When implementing the above algorithm for solving (A.2), we test if
Z has an imaginary eigenvalue instead of testing if κ is strictly positive real. However,
eigenvalue algorithms for general matrices can introduce significant numerical errors in
the obtained eigenvalues. In particular, eigenvalues which should be imaginary can have
real parts several orders of magnitude larger than machine precision. There are, however,
special eigenvalue algorithms for Hamiltonian matrices which respect the symmetry of
their eigenvalues w.r.t. the imaginary axis and thus do not introduce a spurious real part
to pure imaginary eigenvalues, cf. e.g. [7, Algorithm 4.2]. (The periodic QR algorithm,
which is mentioned there, can be replaced by any other eigenvalue algorithm as long as it
is guaranteed that the computed eigenvalues of a real matrix are exactly symmetric w.r.t
to the real axis.) The algorithm described there applies Householder transformations
and Givens rotations to transform Z into an equivalent matrix

U∗ZU =
[
Z1,1 Z1,2
0 Z2,2

]
∈ R(n|n)×(n|n)

where U is orthogonal, Z1,1 is an upper triangular matrix, and ZT2,2 an upper Hessenberg
matrix, e.g. via [7, Algorithm 4.4]. Then the eigenvalues of Z are all complex square
roots of the eigenvalues of −ZT2,2Z1,1, cf. [7, Section 3]. Alternatively one can test if an
eigenvalue close to the imaginary axis, whose real part might be 0 in exact arithmetic, is
part of a quadruple ±a± bi of eigenvalues of Z or not.

A.2. The Singular Lur’e Equations

In this section we describe the algorithm presented in [49] for solving the singular Lur’e
equations (A.1) with D +DT singular. While we retain most of the notation introduced
in [49], we slightly adapt it to our needs. We require B and C to have full rank. Let
r := rank(D + DT ) < d and k := d − r. Then the reduction process described below
will reduce the dimension of the Lur’e equations by k. The resulting equations can be
regular, allowing for a solution via the Riccati equation (A.2), or singular, which means
that another reduction step is necessary.
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A.2. The Singular Lur’e Equations

A.2.1. Normalizing the Equation

The first step is transforming the system (A0, B,C,D) into the following normalized
form:

A0 =
[
A11 A12
A21 A22

]
∈ R(k|n−k)×(k|n−k), B =

[
Bs Br

]
∈ Rn×(k|r),

C =
[
Cs Cr

]
∈ Rn×(k|r), ∆ := D +DT =

[
0 0
0 ∆r

]
∈ R(k|r)×(k|r),

Cs =
[
Cs1
0

]
∈ R(k|n−k)×k, Cr =

[
Cr1
Cr2

]
∈ R(k|n−k)×r,

Bs =
[
Bs1
Bs2

]
∈ R(k|n−k)×k, Br =

[
Br1
Br2

]
∈ R(k|n−k)×r

(A.9)

where r = rank ∆. This form of ∆ and the corresponding representation of C and B can
be obtained as follows: We introduce the change-of-basis matrix Γ = [Γ1, Γ2] ∈ Rd×(k|r)

which contains the eigenvectors of ∆ in its columns where the columns of Γ1 contain
eigenvectors of ∆ corresponding to the eigenvalue 0 and the columns of Γ2 contain
eigenvectors of ∆ corresponding to non-zero eigenvalues. (To take numerical errors into
account, one of course has to regard eigenvalues as zero if they are close to zero.) The
eigenvectors are chosen in such a way that Γ is an orthogonal matrix. This change of
basis will lead to ∆ having the desired form. (In the case d = 1 we can always choose
Γ = Id.)

To obtain the desired form of Cs, we choose a second orthogonal change-of-basis matrix
Q = [Q1, Q2] ∈ Rn×n such that the columns of Q2 span the orthogonal complement of
the image of CΓ1 (which may be trivial) and Q1 is arbitrary as long as Q is an orthogonal
matrix. This is the case if CΓ1 = QCs is a QR decomposition of CΓ1 for some matrix
Cs ∈ Rn×k whose upper part Cs1 is an upper triangular matrix and whose lower part
consists of zeros. Then applying both changes of basis, i.e. replacing A0, B, C, and D by
QTA0Q, QTBΓ , QTCΓ , and Γ TDΓ , respectively, yields a system where C and ∆ have
the desired form, as one easily verifies. Given a solution (S̃, G̃, L̃) of these transformed
Lur’e equations,

QTA0QS̃ + S̃QTAT0 Q = G̃G̃T

S̃QTBΓ −QTCΓ = G̃L̃T

Γ TDΓ + Γ TDTΓ = L̃L̃T,

we can multiply all three equations by appropriate matrices from the left and right to
transform them into

A0QS̃Q
T +QS̃QTAT0 = QG̃G̃TQT

QS̃QTB − C = QG̃L̃TΓ T

D +DT = ΓL̃L̃TΓ T
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A. Solving the Lur’e Equations

and obtain the following solution of the original equations:

S = QS̃QT, L = ΓL̃, G = QG̃.

A.2.2. Separating the Singular Dimensions

In the following we will assume that C and ∆ have the form (A.9). This allows us to
rewrite these “partially singular” (since D +DT has both zero and non-zero eigenvalues)
into “completely singular” Lur’e equations: The Lyapunov equation corresponding to the
equations is

−KKT =

 0 0 BT
s S − CTs

0 ∆r BT
r S − CTr

SBs − Cs SBr − Cr A0S + SAT0

∈ R(k|r|n)×(k|r|n),

or (equivalently)

SBs − Cs = 0,
[

∆r BT
r S − CTr

SBr − Cr A0S + SAT0

]
= −KrK

T
r (A.10)

with K =
[

0k
Kr

]
. Note that SBs = Cs implies

CTs Bs = BT
s SBs = (CTs Bs)T and thus CTs1Bs1 = (CTs1Bs1)T,

(since CTs Bs = CTs1Bs1 + 0 ·Bs2), i.e. CTs Bs = CTs1Bs1 is symmetric and positive definite,
which implies that Bs1 is non-singular.

Concerning the condition SBs = Cs, [49, Lemma 3.1] proves the following lemma:

Lemma A.10. Let Bs and Cs have the form (A.9). Then SBs = Cs with a symmetric
and positive definite S if and only if CTs Bs is symmetric and positive definite and

S =
[
S11 S12
ST12 S1

]
∈ R(k|n−k)×(k|n−k) (A.11)

with
S11 = Cs1B

−1
s1 +B−T

s1 BT
s2S1Bs2B

−1
s1

S12 = −B−T
s1 BT

s2S1
(A.12)

and some symmetric, positive definite S1 ∈ R(n−k)×(n−k).

Proof. To prove sufficiency, we assume that CTs Bs = CTs1Bs1 is symmetric and positive
definite and that (A.11) and (A.12) hold for some symmetric, positive definite S1. With

F :=
[

I −S12S
−1
1

0 I

]
=
[

I B−T
s1 BT

s2
0 I

]
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A.2. The Singular Lur’e Equations

we obtain

FSF T =
[

I −S12S
−1
1

0 I

][
S11 S12
ST12 S1

][
I 0

−S−1
1 ST12 I

]

=
[
S11 − S12S

−1
1 ST12 0

0 S1

]
=
[
Cs1B

−1
s1 0

0 S1

]

where Cs1B−1
s1 is symmetric and positive definite since

Cs1B
−1
s1 = B−T

s1 BT
s1Cs1B

−1
s1 = B−T

s1 CTs1Bs1B
−1
s1 = (Cs1B−1

s1 )T

and
xTCs1B

−1
s1 x = xTB−T

s1 BT
s1Cs1B

−1
s1 x = (B−1

s1 x)TBT
s1Cs1(B−1

s1 x) > 0

for every x ̸= 0 as BT
s1Cs1 is positive definite. This implies that S is positive definite and

one directly verifies

SBs − Cs =
[
S11Bs1 + S12Bs2
ST12Bs1 + S1Bs2

]
−
[
Cs1
0

]
= 0 (A.13)

which proves the sufficiency. Necessity follows directly from the fact that S being positive
definite implies S1 being positive definite and that solving (A.13) yields (A.12).

A.2.3. The Dimension Reduction

To obtain S1, we apply another change of basis, using the matrix

Tr :=

Ir 0 0
0 Bs1 0
0 Bs2 In−k

∈ R(r|k|n−k)×(r|k|n−k)

with

T−1
r =

Ir 0 0
0 B−1

s1 0
0 −Bs2B−1

s1 In−k

∈ R(r|k|n−k)×(r|k|n−k).

Setting

Z :=
[

∆r BT
r S − CTr

SBr − Cr A0S + SAT0

]
∈ R(r|n)×(r|n)

yields

T Tr ZTr =: M =

M11 M12 M13
MT

12 M22 M23
MT

13 MT
23 M33


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where (using (A.12))

M11 =
[
Ir 0r×k 0r×(n−k)

]
Z

 Ir
0k×r

0(n−k)×r

= ∆r ∈ Rr×r

M12 =
[
Ir 0r×k 0r×(n−k)

]
Z

0r×k
Bs1
Bs2

= (BT
r S − CTr )

[
Bs1
Bs2

]

=
(
BT
r1(Cs1B−1

s1 +B−T
s1 BT

s2S1Bs2B
−1
s1 )−BT

r2S1Bs2B
−1
s1 − C

T
r1
)
Bs1 +(

−BT
r1B

−T
s1 BT

s2S1 +BT
r2S1 − CTr2

)
Bs2

= BT
r1Cs1 − CTr1Bs1 − CTr2Bs2

= BT
r Cs − CTr Bs ∈ Rr×k

M13 =
[
Ir 0r×k 0r×(n−k)

]
Z

0r×(n−k)
0k×(n−k)

In−k

=
[
BT
r1 BT

r2

][−B−T
s1 BT

s2S1
S1

]
+ CTr2

=
(
−BT

r1B
−T
s1 BT

s2 +BT
r2
)
S1 + CTr2 ∈ Rr×(n−k)

M22 =
[
0k×r BT

s1 BT
s2

]
Z

0r×k
Bs1
Bs2

= BT
s (A0S + SAT0 )Bs

= BT
s1
(
A11(Cs1B−1

s1 +B−T
s1 BT

s2S1Bs2B
−1
s1 )−A12S1Bs2B

−1
s1 +

(Cs1B−1
s1 +B−T

s1 BT
s2S1Bs2B

−1
s1 )AT11 −B−T

s1 BT
s2S1A

T
12
)
Bs1 +

BT
s2
(
A21(Cs1B−1

s1 +B−T
s1 BT

s2S1Bs2B
−1
s1 )−A22S1Bs2B

−1
s1 −

S1Bs2B
−1
s1 A

T
11 + S1A

T
12
)
Bs1 +

BT
s1
(
−A11B

−T
s1 BT

s2S1 +A12S1 +
(Cs1B−1

s1 +B−T
s1 BT

s2S1Bs2B
−1
s1 )AT21 −B−T

s1 BT
s2S1A

T
22
)
Bs2 +

BT
s2
(
(A22 −A21B

−T
s1 BT

s2)S1 + S1(AT22 −Bs2B−1
s1 A

T
21)
)
Bs2

= BT
s1(A11Cs1B

−1
s1 + Cs1B

−1
s1 A

T
11)Bs1 +

BT
s2A21Cs1B

−1
s1 Bs1 +BT

s1Cs1B
−1
s1 A

T
21Bs2

= CTs1A
T
11Bs1 + CTs1A

T
21Bs2 +BT

s1A11Cs1 +BT
s2A21Cs1

= CTs A
T
0 Bs +BT

s A0Cs ∈ Rk×k

M23 =
[
0k×r BT

s1 BT
s2

]
Z

0r×(n−k)
0k×(n−k)

In−k


= BT

s1
(
−A11B

−T
s1 BT

s2S1 +A12S1 +
(Cs1B−1

s1 +B−T
s1 BT

s2S1Bs2B
−1
s1 )AT21 −B−T

s1 BT
s2S1A

T
22
)

+
BT
s2
(
(−A21B

−T
s1 BT

s2S1 +A22S1 − S1Bs2B
−1
s1 )AT21 + S1A

T
22
)

=
(
BT
s1A12 +BT

s2A22 − (BT
s1A11 +BT

s2A21)B−T
s1 BT

s2
)
S1 +BT

s1Cs1B
−1
s1 A

T
21

=
(
BT
s1A12 +BT

s2A22 − (BT
s1A11 +BT

s2A21)B−T
s1 BT

s2
)
S1 + CTs1A

T
21 ∈ Rk×(n−k)
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M33 =
[
0(n−k)×r 0(n−k)×k In−k

]
Z

0r×(n−k)
0k×(n−k)

In−k


=
(
A22 −A21B

−T
s1 BT

s2
)
S1 + S1

(
A22 −A21B

−T
s1 BT

s2
)T ∈ R(n−k)×(n−k).

Comparing these results with (A.1), considering that M = −T Tr ZTr = −T Tr KrK
T
r Tr

(see (A.10)), and writing K1 := T−T
r Kr with K1 =

[
L1
G1

]
∈ R(d|n−k)×d shows that they

are equivalent to another system of Lur’e equations:

A1S1 + S1A
T
1 = −G1G

T
1

S1B1 − C1 = −G1L
T
1

∆1 = −L1L
T
1

with

A1 = A22 −A21B
−T
s1 BT

s2

B1 =
[
−Bs2B−1

s1 Br1 +Br2 AT12Bs1 +AT22Bs2 −Bs2B−1
s1 (AT11Bs1 +AT21Bs2)

]
C1 =

[
−Cr2 −A21Cs1

]
∆1 =

[
∆r BT

r Cs − CTr Bs
CTs Br −BT

s Cr CTs A
T
0 Bs +BT

s A0Cs

]
.

This system can be solved recursively, either via the Riccati equation (A.2) or via another
“reduction” step, depending on whether these equations are singular or not. Solving the

reduced system of equations yields matrices S1 and K1, L1 =
[
Lr
Ls

]
∈ R(r|k)×d. Then one

easily verifies that the solution of the original system (A.1) is given by

Σ = T−T
r

Ir 0 0
0 CTs1Bs1 0
0 0 S1

T−1
r =

Ir 0 0
0 S11 S12
0 ST12 S1

,

K =
[
0k×d
Kr

]
=
[

0k×d
T−T
r K1

]
=


0k×d
Lr

B−T
s1 (Ls −BT

s2G1)
G1

.
Since every solution of the reduced system corresponds to a solution of the original system
(A.1) and vice versa, if the former’s symmetric and positive definite solution is unique,
this it true for the latter’s solution, too.
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Abbreviations

GLE generalized Langevin equation

VACF velocity auto-covariance function
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