
Numerical Methods for Partial Differential Equations

RESEARCH ARTICLE OPEN ACCESS

Structure-Preserving Approximation of the
Cahn-Hilliard-Biot System
Aaron Brunk1 | Marvin Fritz2

1Institute of Mathematics, Johannes Gutenberg University, Mainz, Germany | 2Computational Methods for PDEs, Johann Radon Institute for Computational
and Applied Mathematics, Linz, Austria

Correspondence: Aaron Brunk (abrunk@uni-mainz.de)

Received: 16 July 2024 | Revised: 4 October 2024 | Accepted: 23 October 2024

Funding: This study was supported by the German Science Foundation (DFG) via TRR 146 (project C3) and SPP2256 Project Number 441153493.

Keywords: Cahn-Hilliard-Biot system | continuous finite elements | convex-concave splitting | structure-preserving approximation | time average

ABSTRACT
In this work, we propose a structure-preserving discretization for the recently studied Cahn-Hilliard-Biot system using conforming
finite elements in space and problem-adapted explicit-implicit Euler time integration. We prove that the scheme is thermodynam-
ically consistent, that is, the balance of global phase and global volumetric fluid content and the energy dissipation balance. The
existence of discrete solutions is established under suitable growth conditions. Furthermore, it is shown that the algorithm can be
realized as a splitting method, that is, decoupling the Cahn-Hilliard subsystem from the poro-elasticity subsystem, while the first
one is nonlinear and the second subsystem is linear. The schemes are illustrated by numerical examples and a convergence test.

1 | Introduction

In this paper, we focus on the development and analy-
sis of a structure-preserving discretization scheme for the
Cahn-Hilliard-Biot system. This model, originally derived in [1],
combines the Cahn-Hilliard equation, which describes phase
separation and interfacial dynamics, with mechanical deforma-
tion and the Biot equations, which govern fluid flow. The system
reads as follows:

𝜕𝑡𝜙 − div(𝑚(𝜙)∇𝜇) = 𝑟(𝜙, (u), 𝜃) (1.1)

𝜇 = −𝛾Δ𝜙 + Ψ′(𝜙) +𝑊𝜙(𝜙, (u)) −𝑀(𝜙)(𝜃 − 𝛼(𝜙)div(u))𝛼′(𝜙)div(u)

+ 𝑀 ′(𝜙)
2

(𝜃 − 𝛼(𝜙)div(u))2 (1.2)

div(𝝈) = f (1.3)

𝝈 = 𝑊 (𝜙, (u)) + C𝜈(𝜙)(𝜕𝑡u) − 𝛼(𝜙)𝑀(𝜙)(𝜃 − 𝛼(𝜙)div(u))I
(1.4)
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𝜕𝑡𝜃 − div(𝜅(𝜙)∇𝑝) = 𝑠(𝜙, (u), 𝜃) (1.5)

𝑝 =𝑀(𝜙)(𝜃 − 𝛼(𝜙)div(u)) (1.6)

The phase-field 𝜙 represents the two phases −1 and 1, 𝜇 the vari-
ational derivative of the energy with respect to 𝜙, u the displace-
ment of the elastic body, 𝜃 volumetric fluid content, and 𝑝 the
associated pressure. As usual (u), (𝜕𝑡u) denote the symmetric
part of the gradient of u, 𝜕𝑡u, respectively. The appearing func-
tions will be specified later on. The above system has been derived
in [1] as a generalized gradient flow of the energy functional

 (𝜙, (u), 𝜃) = ∫Ω

𝛾

2
|∇𝜙|2 + Ψ(𝜙) dx + ∫Ω

𝑊 (𝜙, (u)) dx

+ ∫Ω

𝑀(𝜙)
2

(𝜃 − 𝛼(𝜙)div(u))2 dx (1.7)

where Ω is assumed to be a bounded domain in ℝ𝑑 , 𝑑 ∈ {2, 3},
with sufficiently smooth boundary. We explicitly account for
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viscous effects via C𝜈(𝜙)(𝜕𝑡u) as proposed in [2]. The model’s
ability to account for changes in material properties due to phase
transitions makes it particularly relevant for biomedical applica-
tions, such as modeling the growth of malignant tumors, which
exhibit altered interstitial fluid pressures and changes in the elas-
tic properties of their surrounding matrix [3]. These biophysical
changes can significantly impact tumour evolution and response
to treatments [4–8]. As done in tumor evolution equations of
phase-field type [9–11], we consider 𝜙 ∈ [−1, 1] as the difference
in volume fractions, that is, {𝜙 = 1} represents unmixed tumour
tissue, while {𝜙 = −1} represents surrounding healthy tissue.

Previous studies have established the well-posedness of the
Cahn-Hilliard-Biot model, proving the existence and unique-
ness of weak solutions under various assumptions [2, 12, 13].
The next critical step is to develop numerical methods that pre-
serve the inherent structures and properties of the model, ensur-
ing stability and accuracy in simulations. Structure-preserving
discretizations are numerical schemes designed to maintain
key properties of the continuous model, such as energy dis-
sipation, phase conservation, and thermodynamic consistency.
These properties are crucial for obtaining physically realistic
and stable numerical solutions, especially in long-term sim-
ulations of complex systems. Several studies have made sig-
nificant contributions to structure-preserving discretizations
with applications to general dissipative problems [14], cou-
pled Cahn-Hilliard equations [15–19], Allen-Cahn equations
[20–22], and poro-elasticity [23]. We note that in [24] a fully
implicit scheme for the Cahn-Hilliard-Biot system is proposed.
However, the focus was on efficient decoupling and not a
structure-preserving approximation.

In this work, we propose and analyze a discrete scheme that
preserves the gradient flow structure of the Cahn-Hilliard-Biot
system. Our approach builds on recent advances in numerical
analysis and aims to address the challenges posed by the cou-
pled nonlinearities. We employ a combination of conforming
finite element methods and implicit-explicit (IMEX) Euler time
integration, tailored to respect the model’s thermodynamic
framework. By preserving the discrete energy laws and ensuring
consistent approximations of the coupled variables, our methods
achieve robust performance and accurate representations of the
underlying physical processes.

Numerical methods for the related Cahn-Hilliard-Larché
equations, which couple the Cahn-Hilliard equation with elas-
ticity, have seen significant advances in recent years. We mention
the fully practical finite element approximation showing stability
and convergence in [25], the experimental observations in super-
alloys in [26], the finite difference schemes for the 1D system
proving error estimates in [19, 27], the adaptive mesh refinement
and multigrid methods for efficient and reliable simulation in
[28], the inclusion of stress-driven interface motion in [29], the
convergence of a finite element and implicit Euler scheme in [30],
the isogeometric analysis in topology optimisation problems in
[31], and the posteriori error analysis in [32]. Discretisation based
on convex-concave decomposition with alternative minimization
can be found in [33]. Also related method for Cahn-Hilliard with
finite strain using a staggered approach is given in [34].

The structure of this article is as follows: In Section 2, we
introduce the variational formulation and the relevant assump-
tions of the model. In Section 3, we detail the proposed
structure-preserving discretization method and state the main
theorem of this work, that is, there is a discrete solution
that conserves the global phase, volumetric fluid content and
energy-dissipation balances. Section 4 provides a rigorous proof
of the proposed theorem. Finally, Section 5 showcases numerical
experiments that validate our theoretical findings and demon-
strate the practical effectiveness of our methods in simulating
tumor growth.

2 | Notation and Variational Formulation

Throughout the text, we use standard notation for function spaces
and norms; see, for instance [35]. For ease of notion, we write ⟨⋅, ⋅⟩
for the𝐿2(Ω)-inner product, || ⋅ ||𝑠,𝑝, 𝑠 ∈ ℝ, 𝑝 ≥ 1, for the norm of
the Sobolev space 𝑊 𝑠,𝑝(Ω), and shortly || ⋅ ||𝑠 ∶= || ⋅ ||𝑠,2.

Using the energy functional  , see (1.7), we can reveal the gradi-
ent structure of the system. Indeed, by recognizing 𝜇, 𝑝 and partly
𝜎 as variational derivatives of 𝐹 , we find:

𝜕𝑡𝜙 − div(𝑚(𝜙)∇𝜇) = 𝑟(𝜙, (u), 𝜃), 𝜇 = 𝛿
𝛿𝜙

(2.1)

div(𝝈) = 𝛿
𝛿(u) + div(C𝜈(𝜙)(𝜕𝑡u)) = f (2.2)

𝜕𝑡𝜃 − div(𝜅(𝜙)∇𝑝) = 𝑠(𝜙, (u), 𝜃), 𝑝 = 𝛿
𝛿𝜃

(2.3)

We make the following assumptions and choices:

(A0) Ω ⊂ ℝ𝑑 , 𝑑 ∈ {2, 3}, is Lipschitz continuous, and we con-
sider the boundary conditions

u|𝜕Ω = 0, 𝜅(𝜙)∇𝑝 ⋅ n|𝜕Ω = ∇𝜙 ⋅ n|𝜕Ω = 𝑚(𝜙)∇𝜇 ⋅ n|𝜕Ω = 0

(A1) the interface parameter 𝛾 is a positive constant;

(A2) the Cahn-Hilliard potential Ψ ∈ 𝐶2(ℝ) is bounded from
below and admits a decomposition into a convex and con-
cave part Ψvex,Ψcav; furthermore, we assume that |Ψ(𝑥)| ≤
𝑐1|𝑥|𝑝 + 𝑐2 for 𝑝 ≤ 6 and non-negative constants 𝑐1, 𝑐2;

(A3) the elastic energy 𝑊 is given by 𝑊 (𝑥,) = ( −  (𝑥)) ∶
C(𝑥) ∶ ( −  (𝑥)) for 𝑥 ∈ ℝ,  ∈ ℝ𝑑×𝑑 with symmetric
eigenstrain  ∈ 𝐶2(ℝ) and symmetric elastic tensor C ∈
𝐶2(ℝ) such that

 ∶ C(𝑥) ∶  ≥ 𝑐|𝐺|2
 ∶ C(𝑥) ∶  =  ∶ C(𝑥) = C(𝑥) ∶ 

for any 𝑥 ∈ ℝ, , ∈ ℝ𝑑×𝑑
sym ; for simplicity, let us assume

that  (𝑥) = 𝜉(𝑥 − 𝛼)I for suitable constants 𝜉, 𝛼; further-
more, we assume that all derivatives of C are uniformly
bounded from above and below.

(A4) the modulus of viscoelasticity C𝜈(𝜙) fulfills the same
assumptions as C(𝜙);
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(A5) the diffusion coefficients 𝑚 and 𝜅 are positively bounded
from above and below, that is, there exist positive constants
𝑚0, 𝑚1, 𝜅0, 𝜅1 such that𝑚0 ≤ 𝑚(𝑥) ≤ 𝑚1 and 𝜅0 ≤ 𝜅(𝑥) ≤ 𝜅1
for any 𝑥 ∈ ℝ;

(A6) the functions 𝑀 and 𝛼 are positively bounded from
above and below, that is, there exist positive con-
stants𝑀0,𝑀1, 𝛼0, 𝛼1 such that𝑀0 ≤𝑀(𝑥) ≤𝑀1 and 𝛼0 ≤
𝛼(𝑥) ≤ 𝛼1 for any 𝑥 ∈ ℝ; further, the functions are suffi-
ciently regular with bounded derivatives, that is, |𝛼(𝑘)(𝑥)| ≤
𝛼𝑘+1 and |𝑀 (𝑘)(𝑥)| ≤𝑀𝑘+1, 𝑘 ∈ {1, 2}, for any 𝑥 ∈ ℝ;

(A7) f ∈ 𝐿2(0, 𝑇 ;𝐻−1(Ω)) and the source terms 𝑟, 𝑠 ∈ 𝐶1(ℝ ×
ℝ𝑑×𝑑 ×ℝ) are uniformly bounded.

In the following, we will denote by𝐹 (𝜙, (u), 𝜃) the density of the
energy functional  . We introduce the reduced energy density,
that is, the energy density for the poro-elastic subsystem, via

𝑊 (𝜙, (u), 𝜃) ∶= 𝑊 (𝜙, (u)) + 𝑀(𝜙)
2

(𝜃 − 𝛼(𝜙)tr((u)))2 (2.4)

Note that in view of the above assumptions, we observe that 𝑊
is convex in ((u), 𝜃) for every fixed 𝜙 ∈ ℝ. Furthermore, we
will denote the partial derivatives of the energy density 𝐹 by
𝐹𝜙, 𝐹∇𝜙, 𝐹(u), 𝐹𝜃 and similarly for the reduced energy density𝑊 .

We remark that one can also use Dirichlet boundary condi-
tions for 𝑝 or mixing both sets of conditions by introducing a
Dirichlet and a Neumann boundary part, as done in [2]. Fur-
thermore, for the analysis, the term div(C𝜈(u)) can also be
replaced by div(𝑐𝜈div(u)), see [13] for existence results of such a
regularization.

Variational Formulation: The above system can be directly
converted into a variational formulation, which reads as follows:

⟨𝜕𝑡𝜙, 𝜓⟩ + ⟨𝑚(𝜙)∇𝜇,∇𝜓⟩ = ⟨𝑟(𝜙, (u), 𝜃), 𝜓⟩ (2.5)

⟨𝜇, 𝜉⟩ = ⟨𝐹∇𝜙(∇𝜙),∇𝜉⟩ + ⟨𝐹𝜙(𝜙, (u), 𝜃), 𝜉⟩ (2.6)

⟨𝐹(u)(𝜙, (u), 𝜃) + C𝜈(𝜙)(𝜕𝑡u), (v)⟩ = ⟨f, v⟩ (2.7)

⟨𝜕𝑡𝜃, 𝜒⟩ + ⟨𝜅(𝜙)∇𝑝,∇𝜒⟩ = ⟨𝑠(𝜙, (u), 𝜃), 𝜒⟩ (2.8)

⟨𝑝, 𝑞⟩ = ⟨𝐹𝜃(𝜙, (u), 𝜃), 𝑞⟩ (2.9)

where 𝜓 , 𝜉, v, 𝜒 , and 𝑞 are suitable test functions. The energy
dissipation law of the system can then be obtained by choosing
specific test functions.

Lemma 2.1. Sufficiently regular solutions of the system
(2.1–2.3) satisfy the variational formulations (2.5–2.9). Further-
more, the balance of global phase and volumetric fluid content as
well as the energy-dissipation balance hold, which are given by

d
d𝑡
⟨𝜙, 1⟩ = ⟨𝑟(𝜙, (u), 𝜃), 1⟩

d
d𝑡
⟨𝜃, 1⟩ = ⟨𝑠(𝜙, (u), 𝜃), 1⟩

d
d𝑡
 (𝜙, (u), 𝜃) = −𝜙(𝜇, 𝜕𝑡u, 𝑝) + 𝜙,(u),𝜃(𝜇, 𝜕𝑡u, 𝑝)

with dissipation rate

𝐷𝜙(𝜇, 𝜕𝑡u, 𝑝) ∶= ⟨𝑚(𝜙)∇𝜇,∇𝜇⟩
+ ⟨C𝜈(𝜙)(𝜕𝑡u), (𝜕𝑡u)⟩ + ⟨𝜅(𝜙)∇𝑝,∇𝑝⟩

and source rate

𝜙,(u),𝜃(𝜇, 𝜕𝑡u, 𝑝) ∶= ⟨𝑟(𝜙, (u), 𝜃), 𝜇⟩
+ ⟨f, 𝜕𝑡u⟩ + ⟨𝑠(𝜙, (u), 𝜃), 𝑝⟩

Proof. First, we note that the variational form can be deduced
by multiplying the system (2.1–2.3) with sufficiently regular test
functions and applying the usual integration by parts. Regarding
the balance of the phase and volumetric fluid content, we insert
the test functions𝜓 = 1 and 𝜒 = 1 into the variational forms (2.5)
and (2.8), respectively. In fact, this procedure immediately yields
the desired results. For the energy-dissipation balance, we com-
pute the total derivative of the energy functional  , see (1.7),

d
d𝑡
 (𝜙, (u), 𝜃) =

⟨
𝜕𝐹

𝜕∇𝜙
,∇𝜕𝑡𝜙

⟩
+
⟨
𝜕𝐹

𝜕𝜙
, 𝜕𝑡𝜙

⟩

+
⟨

𝜕𝐹

𝜕(u) , (𝜕𝑡u)
⟩
+
⟨
𝜕𝐹

𝜕𝜃
, 𝜕𝑡𝜃

⟩
Taking the test functions 𝜉 = 𝜕𝑡𝜙 and 𝑞 = 𝜕𝑡𝜃 in the variational
forms (2.6) and (2.9), respectively, further yields

= ⟨𝜇, 𝜕𝑡𝜙⟩ + ⟨𝐹(u), (𝜕𝑡u)⟩ + ⟨𝑝, 𝜕𝑡𝜃⟩
Using the variational formulations (2.5), (2.7) and (2.8) with the
test functions 𝜓 = 𝜇, v = 𝜕𝑡u, and 𝜒 = 𝑝 finally yields

= −⟨𝑚(𝜙)∇𝜇,∇𝜇⟩ − ⟨C𝜈(𝜙)(𝜕𝑡u), (𝜕𝑡u)⟩ − ⟨𝜅(𝜙)∇𝑝,∇𝑝⟩
+ ⟨𝑟(𝜙, (u), 𝜃), 𝜇⟩ + ⟨f, 𝜕𝑡u⟩ + ⟨𝑠(𝜙, (u), 𝜃), 𝑝⟩

which proves the desired energy-dissipation balance. ◽

3 | Structure-Preserving Discretisation

As a preparatory step, we introduce the relevant notation
and assumptions regarding the discretization strategy for the
Cahn-Hilliard-Biot system.

For spatial discretization, we require that ℎ is a geometrically
conforming partition of Ω into simplices. We denote the space of
continuous, piecewise linear functions over ℎ and the space with
zero Dirichlet data by

ℎ ∶= {𝑣 ∈ 𝐻1(Ω) ∩ 𝐶0(Ω) ∶ 𝑣|𝐾 ∈ 𝑃1(𝐾) ∀𝐾 ∈ ℎ}
ℎ ∶= {𝑣 ∈ ℎ ∶ 𝑣|𝜕Ω = 0}

respectively. We divide the time interval [0, 𝑇 ] into uniform steps
with step size 𝜏 > 0 and introduce

𝜏 ∶= {0 = 𝑡0, 𝑡1 = 𝜏, . . . , 𝑡𝑛𝑇 = 𝑇 }

where 𝑛𝑇 = 𝑇

𝜏
is the absolute number of time steps. We denote

by Π1
𝑐
(𝜏 ;𝑋) and Π0(𝜏 ;𝑋) the spaces of continuous piecewise

3 of 14

 10982426, 2025, 1, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/num

.23159 by U
niversitätsbibliothek M

ainz, W
iley O

nline L
ibrary on [01/07/2025]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



linear and piecewise constant functions on 𝜏 with values in
the space 𝑋, respectively. By 𝑔𝑛+1 and 𝑔𝑛 we denote the evalu-
ation/approximation of a function 𝑔 in Π1

𝑐
(𝜏 ) or Π0(𝜏 ) at 𝑡 =

{𝑡𝑛+1, 𝑡𝑛}, respectively, and write 𝐼𝑛 = (𝑡𝑛, 𝑡𝑛+1). We introduce the
following operators and abbreviations:

• The time difference and the discrete time derivative, respec-
tively, are denoted by

𝑑𝑛+1𝑔 ∶= 𝑔𝑛+1 − 𝑔𝑛, 𝑑𝑛+1
𝜏
𝑔 ∶= 𝑔𝑛+1 − 𝑔𝑛

𝜏

• The time average of a function 𝑔(𝜌) for 𝜌 ∈ Π1
𝑐
(𝜏 ) is given by

𝑔𝑎𝑣(𝜌) ∶= 1
𝜏 ∫𝐼𝑛 𝑔(𝜌(𝑠)) d𝑠

• The convex-concave splitting of the Cahn-Hilliard potential
Ψ is denoted by

Ψ′(𝜙𝑛+1
ℎ
, 𝜙𝑛

ℎ
) ∶= Ψ′

vex(𝜙
𝑛+1
ℎ

) + Ψ′
cav(𝜙

𝑛
ℎ
)

Next, we state the fully discrete scheme of the Cahn-Hilliard-Biot
system that we analyze in this work.

Problem 1. Let the initial data (𝜙ℎ,0,uℎ,0, 𝜃ℎ,0) ∈ ℎ × 𝑑
ℎ
×

ℎ be given. Find (𝜙ℎ,uℎ, 𝜃ℎ) ∈ Π1
𝑐
(𝜏 ;ℎ × 𝑑

ℎ
× ℎ) and

(𝜇ℎ, 𝑝ℎ) ∈ Π0(𝜏 ;ℎ × ℎ) that satisfy the variational system

⟨𝑑𝑛+1
𝜏
𝜙ℎ, 𝜓ℎ⟩ + ⟨𝑚(𝜙𝑛

ℎ
)∇𝜇𝑛+1

ℎ
,∇𝜓ℎ⟩ = ⟨𝑟(𝜙𝑛

ℎ
, (u𝑛+1

ℎ
), 𝜃𝑛+1

ℎ
), 𝜓ℎ⟩

(3.1)

⟨𝜇𝑛+1
ℎ
, 𝜉ℎ⟩ − 𝛾⟨∇𝜙𝑛+1

ℎ
,∇𝜉ℎ⟩ − ⟨Ψ′(𝜙𝑛+1

ℎ
, 𝜙𝑛

ℎ
)

+𝑊 𝑎𝑣
𝜙
(𝜙ℎ, (u𝑛+1

ℎ
), 𝜃𝑛+1

ℎ
), 𝜉ℎ⟩ = 0 (3.2)

⟨C𝜈(𝜙𝑛ℎ)(𝑑𝑛+1
𝜏

uℎ), (vℎ)⟩
+ ⟨𝑊(u)(𝜙𝑛ℎ, (u𝑛+1

ℎ
), 𝜃𝑛+1

ℎ
), (vℎ)⟩ = ⟨f𝑛+1, vℎ⟩ (3.3)

⟨𝑑𝑛+1
𝜏
𝜃ℎ, 𝜒ℎ⟩ + ⟨𝜅(𝜙𝑛

ℎ
)∇𝑝𝑛+1

ℎ
,∇𝜒ℎ⟩ = ⟨𝑠(𝜙𝑛

ℎ
, (u𝑛

ℎ
), 𝜃𝑛

ℎ
), 𝜒ℎ⟩ (3.4)

⟨𝑝𝑛+1
ℎ
, 𝑞ℎ⟩ − ⟨𝑊𝜃(𝜙𝑛ℎ, (u𝑛+1

ℎ
), 𝜃𝑛+1

ℎ
), 𝑞ℎ⟩ = 0 (3.5)

for every (𝜓ℎ, 𝜉ℎ, vℎ, 𝜒ℎ, 𝑞ℎ) ∈ ℎ × ℎ × 𝑑
ℎ
× ℎ × ℎ and every

0 ≤ 𝑛 ≤ 𝑛𝑇 − 1.

From a naive point of view, one would try to use convex-concave
decomposition for all terms in the energy related to 𝜙. In princi-
ple, this might be possible, but since several terms change, this
is inconvenient. To resolve this problem, we use the time average
technique, which basically amounts to integrating the 𝜙 depen-
dent coefficients exactly in time. From a computational point
of view, we employ a high-order quadrature rule; hence, it is
exact for polynomial nonlinearities. This introduces no signifi-
cant overhead since the evaluation at the quadrature nodes is
given by a linear combination of the two available time-steps of
𝜙. The properties of this scheme are condensed into the following
theorem.

Theorem 1. Let (A0)–(A7) hold. Furthermore, let 𝜏 ≤ 𝐶0 for
𝐶0 > 0 depend solely on the parameters and external forces. Then,

for any (𝜙ℎ,0,uℎ,0, 𝜃ℎ,0) ∈ ℎ × 𝑑
ℎ
× ℎ, Problem 1 admits at least

one solution (𝜙ℎ, 𝜇ℎ,uℎ, 𝜃ℎ, 𝑝ℎ). Moreover, any such solution con-
serves the global phase and volumetric fluid content balances and
the energy-dissipation balance, that is, it holds

⟨𝜙𝑛
ℎ
, 1⟩ = ⟨𝜙𝑚

ℎ
, 1⟩ + 𝜏 𝑛−1∑

𝑘=𝑚
⟨𝑟(𝜙𝑘

ℎ
, (u𝑘+1

ℎ
), 𝜃𝑘+1

ℎ
), 1⟩ (3.6)

⟨𝜃𝑛
ℎ
, 1⟩ = ⟨𝜃𝑚

ℎ
, 1⟩ + 𝜏 𝑛−1∑

𝑘=𝑚
⟨𝑠(𝜙𝑘

ℎ
, (u𝑘

ℎ
), 𝜃𝑘

ℎ
), 1⟩ (3.7)

 (𝜙ℎ, (uℎ), 𝜃ℎ)||𝑡𝑛𝑡𝑚 + ∫
𝑡𝑛

𝑡𝑚
∗(𝜇ℎ, 𝜕𝑡uℎ, 𝑝ℎ) d𝑠

≤ ∫
𝑡𝑛

𝑡𝑚
∗(𝜇ℎ, 𝜕𝑡uℎ, 𝑝ℎ) d𝑠 (3.8)

The discrete dissipation and source rate in the above equation are
given by

∫
𝑡𝑛

𝑡𝑚
∗(𝜇ℎ, 𝜕𝑡uℎ, 𝑝ℎ) d𝑠 ∶= 𝜏

𝑛−1∑
𝑘=𝑚

𝜙𝑘
ℎ
(𝜇𝑘+1
ℎ
, 𝑑𝑘+1

𝜏
uℎ, 𝑝𝑘+1

ℎ
)

∫
𝑡𝑛

𝑡𝑚
∗(𝜇ℎ, 𝜕𝑡uℎ, 𝑝ℎ) d𝑠 ∶= 𝜏

𝑛−1∑
𝑘=𝑚

⟨𝑟(𝜙𝑘
ℎ
, (u𝑘+1

ℎ
), 𝜃𝑘+1

ℎ
), 𝜇𝑘+1

ℎ
⟩

+ ⟨f𝑘+1, 𝑑𝑘+1
𝜏

uℎ⟩ + ⟨𝑠(𝜙𝑘
ℎ
, (u𝑘

ℎ
), 𝜃𝑘

ℎ
), 𝑝𝑘+1

ℎ
⟩

For quasi-uniform meshes and under a CFL-type condition 2𝐶1𝜏 ≤
ℎ2𝑑 , the solution is unique. Here, 𝐶1 > 0 depends on the parame-
ters, the initial data, and the external forces.

We emphasize that the preservation of global phase, global vol-
umetric fluid content, and energy-dissipation balance holds for
any ℎ, 𝜏 > 0 given that a solution exists. Furthermore, in the
absence of sources, that is, 𝑟 = 𝑠 = 0, f = 0, conservation of global
phase and volumetric fluid content as well as energy dissipation
holds.

The proof of this result will be considered in the next section.
We note that the time-average strategy could also be applied
to the whole system. The resulting scheme would preserve
the energy-dissipation balance without numerical dissipation,
cf. [36] where this strategy was applied to the Cahn-Hilliard
equation.

Lemma 3.1. The numerical discretization of the
Cahn-Hilliard-Biot system as stated in Problem 1 can be real-
ized as a decoupled scheme where the first step is linear, while the
second step is, in general, nonlinear. The decoupled scheme reads
as follows:

Problem 2. Let (𝜙𝑛
ℎ
,u𝑛

ℎ
, 𝜃𝑛
ℎ
) ∈ ℎ × 𝑑

ℎ
× ℎ be given.

1. Find (u𝑛+1
ℎ
, 𝜃𝑛+1
ℎ
, 𝑝𝑛+1
ℎ

) ∈ 𝑑
ℎ
× ℎ × ℎ such that

⟨C𝜈(𝜙𝑛ℎ)(𝑑𝑛+1
𝜏

uℎ), (vℎ)⟩
+ ⟨𝑊(u)(𝜙𝑛ℎ, (u𝑛+1

ℎ
), 𝜃𝑛+1

ℎ
), (vℎ)⟩ = ⟨f𝑛+1, v⟩ (3.9)

⟨𝑑𝑛+1
𝜏
𝜃ℎ, 𝜒ℎ⟩ + ⟨𝜅(𝜙𝑛

ℎ
)∇𝑝𝑛+1

ℎ
,∇𝜒ℎ⟩ = ⟨𝑠(𝜙𝑛

ℎ
, (u𝑛

ℎ
), 𝜃𝑛

ℎ
), 𝜒ℎ⟩
(3.10)
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⟨𝑝𝑛+1
ℎ
, 𝑞ℎ⟩ − ⟨𝑊𝜃(𝜙𝑛ℎ, (u𝑛+1

ℎ
), 𝜃𝑛+1

ℎ
), 𝑞ℎ⟩ = 0 (3.11)

holds for (vℎ, 𝜒ℎ, 𝑞ℎ) ∈ 𝑑
ℎ
× ℎ × ℎ.

2. Find (𝜙𝑛+1
ℎ
, 𝜇𝑛+1

ℎ
) ∈ ℎ × ℎ such that

⟨𝑑𝑛+1
𝜏
𝜙ℎ, 𝜓ℎ⟩ + ⟨𝑚(𝜙𝑛

ℎ
)∇𝜇𝑛+1

ℎ
,∇𝜓ℎ⟩

= ⟨𝑟(𝜙𝑛
ℎ
, (u𝑛+1

ℎ
), 𝜃𝑛+1

ℎ
), 𝜓ℎ⟩ (3.12)

⟨𝜇𝑛+1
ℎ
, 𝜉ℎ⟩ − 𝛾⟨∇𝜙𝑛+1

ℎ
,∇𝜉ℎ⟩ − ⟨Ψ′(𝜙𝑛+1

ℎ
, 𝜙𝑛

ℎ
), 𝜉ℎ⟩

− ⟨𝑊 𝑎𝑣
𝜙
(𝜙ℎ, (u𝑛+1

ℎ
), 𝜃𝑛+1

ℎ
), 𝜉ℎ⟩ = 0 (3.13)

holds for (𝜓ℎ, 𝜉ℎ) ∈ ℎ × ℎ.

We note that the above scheme can be used similarly to approx-
imate the Cahn-Hilliard-Larché system, that is, in the case
𝑀 ≡ 0. Hence, we also provide a decoupling scheme for the
Cahn-Hilliard-Larché system.

Proof. Careful inspection of Equations (3.1–3.5) reveal that the
poro-elastic subsystem (3.3–3.5) does not depend on 𝜙𝑛+1

ℎ
but

only on 𝜙𝑛
ℎ
. Hence, one can solve this subsystem and use the

obtained solutions u𝑛+1
ℎ

and 𝜃𝑛+1
ℎ

to solve the Cahn-Hilliard sub-
system (3.1) and (3.2). Note that, due to the special structure of
the energy,𝑊(u)(𝜙𝑛ℎ, (u𝑛+1

ℎ
), 𝜃𝑛+1

ℎ
) and𝑊𝜃(𝜙𝑛ℎ, (u𝑛+1

ℎ
), 𝜃𝑛+1

ℎ
) are

linear in (u𝑛+1
ℎ

) and 𝜃𝑛+1
ℎ

. ◽

We note that the discretization of the source terms 𝑟 and 𝑠 is cho-
sen as above for specific reasons. First, the explicit choice in 𝑠

leads to a linear discretization for the poro-elastic system. Second,
the explicit evaluation of 𝜙 in 𝑟 is chosen to prove the unique-
ness of discrete solutions. Indeed, for an implicit evaluation the
uniqueness proof does not work, and one has to resort to other
approaches, as done in [37] for a Cahn-Hilliard equation that is
coupled to a reaction-diffusion equation.

4 | Proof of Theorem 1

In this section, we prove Theorem 1 which states the exis-
tence of a solution to Problem 1 (and equivalently Problem 2 by
Lemma 3.1), the conservation of phase and volumetric fluid con-
tent, the energy-dissipation balance, and the uniqueness of the
solution for a CFL-type condition. We begin by proving the bal-
ance laws (3.6–3.8).

4.1 | Balance Laws

Regarding the balance of phase for 𝜙ℎ, see (3.6), we insert the test
function 𝜓ℎ = 1 in the equation that governs 𝜙ℎ in the decoupled
scheme; see (3.13). Thus, we obtain

⟨𝜙ℎ, 1⟩||𝑡𝑛+1

𝑡𝑛 = ∫𝐼𝑛 ⟨𝜕𝑡𝜙ℎ, 1⟩ = ∫𝐼𝑛 ⟨𝑑𝑛+1
𝜏 𝜙ℎ, 1⟩

= −∫𝐼𝑛
⟨
𝑚(𝜙𝑛

ℎ
)∇𝜇𝑛+1

ℎ
,∇1

⟩
+ ∫𝐼𝑛

⟨
𝑟(𝜙𝑛

ℎ
, (u𝑛+1

ℎ
), 𝜃𝑛+1

ℎ
), 1

⟩
= 𝜏

⟨
𝑟(𝜙𝑛

ℎ
, (u𝑛+1

ℎ
), 𝜃𝑛+1

ℎ
), 1

⟩

Summation over the relevant time steps yields the result (3.6).
With the same computations using 𝜒ℎ = 1 in (3.10), we obtain
the balance of volumetric fluid content (3.7), that is,

⟨𝜃ℎ, 1⟩||𝑡𝑛+1

𝑡𝑛
= ∫𝐼𝑛⟨𝑑𝑛+1

𝜏
𝜃ℎ, 1⟩ = 𝜏⟨𝑠(𝜙𝑛

ℎ
, (u𝑛

ℎ
), 𝜃𝑛

ℎ
), 1⟩

Let us now prove the energy-dissipation balance as stated in (3.8).
We have

1
𝜏
 (𝜙ℎ, (uℎ), 𝜃ℎ)||𝑡𝑛+1

𝑡𝑛 = 𝛾⟨∇𝜙𝑛+1, 𝑑𝑛+1
𝜏 ∇𝜙ℎ⟩ + ⟨Ψ′(𝜙𝑛+1

ℎ
, 𝜙𝑛

ℎ
), 𝑑𝑛+1

𝜏 𝜙ℎ⟩
+ 1
𝜏
⟨𝑊 (𝜙𝑛+1

ℎ
, (u𝑛+1

ℎ
), 𝜃𝑛+1

ℎ
) −𝑊 (𝜙𝑛

ℎ
, (u𝑛

ℎ
), 𝜃𝑛

ℎ
), 1⟩

+ 𝜏𝛾

2
||∇𝑑𝑛+1

𝜏 𝜙ℎ||20
+ 1
𝜏
⟨Ψ(𝜙𝑛+1

ℎ
) − Ψ(𝜙𝑛

ℎ
) − Ψ′(𝜙𝑛+1

ℎ
, 𝜙𝑛

ℎ
)𝑑𝑛+1𝜙ℎ, 1⟩

= (𝑎) + (𝑏) + (𝑐) + (𝑑) + (𝑒),

where we introduced the short notation (𝑎)–(𝑒) for the five terms
on the right-hand side. We consider each term and try to sim-
plify them. We start with the third inner product called (𝑐) by
adding ±⟨𝑊 (𝜙𝑛

ℎ
, (u𝑛+1

ℎ
), 𝜃𝑛+1

ℎ
), 1⟩, we find

(𝑐) = 1
𝜏
⟨𝑊 (𝜙𝑛+1

ℎ
, (u𝑛+1

ℎ
), 𝜃𝑛+1

ℎ
) −𝑊 (𝜙𝑛

ℎ
, (u𝑛+1

ℎ
), 𝜃𝑛+1

ℎ
), 1⟩

+ 1
𝜏
⟨𝑊 (𝜙𝑛

ℎ
, (u𝑛+1

ℎ
), 𝜃𝑛+1

ℎ
) −𝑊 (𝜙𝑛

ℎ
, (u𝑛

ℎ
), 𝜃𝑛

ℎ
), 1⟩

= 1
𝜏 ∫𝐼𝑛 𝜕𝑡𝑊 (𝜙ℎ, (u𝑛+1

ℎ
), 𝜃𝑛+1

ℎ
) d𝑠

+ 1
𝜏
⟨𝑊 (𝜙𝑛

ℎ
, (u𝑛+1

ℎ
), 𝜃𝑛+1

ℎ
) −𝑊 (𝜙𝑛

ℎ
, (u𝑛

ℎ
), 𝜃𝑛

ℎ
), 1⟩

Computing the time derivative and adding ±⟨𝑊(u)(𝜙𝑛ℎ,(u𝑛+1
ℎ

), 𝜃𝑛+1
ℎ

), (𝑑𝑛+1
𝜏

uℎ)⟩ and ±⟨𝑊𝜃(𝜙𝑛ℎ, (u𝑛+1
ℎ

), 𝜃𝑛+1
ℎ

), 𝑑𝑛+1
𝜏
𝜃ℎ⟩

yields

(𝑐) = 1
𝜏 ∫𝐼𝑛⟨𝑊𝜙(𝜙ℎ, (u𝑛+1

ℎ
), 𝜃𝑛+1

ℎ
), 𝜕𝑡𝜙ℎ⟩ d𝑠

+ ⟨𝑊(u)(𝜙𝑛ℎ, (u𝑛+1
ℎ

), 𝜃𝑛+1
ℎ

), (𝑑𝑛+1
𝜏

uℎ)⟩
+ ⟨𝑊𝜃(𝜙𝑛ℎ, (u𝑛+1

ℎ
), 𝜃𝑛+1

ℎ
), 𝑑𝑛+1

𝜏
𝜃ℎ⟩

+ 1
𝜏
⟨𝑊 (𝜙𝑛

ℎ
, (u𝑛+1

ℎ
), 𝜃𝑛+1

ℎ
) −𝑊 (𝜙𝑛

ℎ
, (u𝑛

ℎ
), 𝜃𝑛

ℎ
)

−𝑊(u)(𝜙𝑛ℎ, (u𝑛+1
ℎ

), 𝜃𝑛+1
ℎ

)(𝑑𝑛+1uℎ)

−𝑊𝜃(𝜙𝑛ℎ, (u𝑛+1
ℎ

), 𝜃𝑛+1
ℎ

), 𝑑𝑛+1𝜃ℎ, 1⟩
= (𝑖) + (𝑖𝑖) + (𝑖𝑖𝑖) + (𝑖𝑣)

where we introduced the short notation (𝑖)–(𝑖𝑣) for the terms on
the right-hand side.

We note that since the time derivative is piecewise constant on 𝐼𝑛
and coincides with the discrete time derivative 𝜕𝑡𝜙ℎ||𝐼𝑛 = 𝑑𝑛+1

𝜏
𝜙ℎ,

we can expand (𝑖) as

(𝑖) =
⟨

1
𝜏 ∫𝐼𝑛 𝑊𝜙(𝜙ℎ, (u𝑛+1

ℎ
), 𝜃𝑛+1

ℎ
) d𝑠, 𝑑𝑛+1

𝜏
𝜙ℎ

⟩
= ⟨𝑊 𝑎𝑣

𝜙
(𝜙ℎ, (u𝑛+1

ℎ
), 𝜃𝑛+1

ℎ
), 𝑑𝑛+1

𝜏
𝜙ℎ⟩
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The addition of (𝑎), (𝑏), (𝑖), (𝑖𝑖), (𝑖𝑖𝑖) yields

(𝐴) = 𝛾⟨∇𝜙𝑛+1, 𝑑𝑛+1
𝜏

∇𝜙ℎ⟩ + ⟨Ψ′(𝜙𝑛+1
ℎ
, 𝜙𝑛

ℎ
), 𝑑𝑛+1

𝜏
𝜙ℎ⟩

+ ⟨𝑊 𝑎𝑣
𝜙
(𝜙ℎ, (u𝑛+1

ℎ
), 𝜃𝑛+1

ℎ
), 𝑑𝑛+1

𝜏
𝜙ℎ⟩

+ ⟨𝑊(u)(𝜙𝑛ℎ, (u𝑛+1
ℎ

), 𝜃𝑛+1
ℎ

), (𝑑𝑛+1
𝜏

uℎ)⟩
+ ⟨𝑊𝜃(𝜙𝑛ℎ, (u𝑛+1

ℎ
), 𝜃𝑛+1

ℎ
), 𝑑𝑛+1

𝜏
𝜃ℎ⟩

The addition of the remaining terms, that is, (𝑑), (𝑒) and (𝑖𝑣),
yields

(𝐵) = 𝜏𝛾

2
||∇𝑑𝑛+1

𝜏
𝜙ℎ||20

+ 1
𝜏
⟨Ψ(𝜙𝑛+1

ℎ
) − Ψ(𝜙𝑛

ℎ
) − Ψ′(𝜙𝑛+1

ℎ
, 𝜙𝑛

ℎ
)𝑑𝑛+1𝜙ℎ, 1⟩

+ 1
𝜏
⟨𝑊 (𝜙𝑛

ℎ
, (u𝑛+1

ℎ
), 𝜃𝑛+1

ℎ
) −𝑊 (𝜙𝑛

ℎ
, (u𝑛

ℎ
), 𝜃𝑛

ℎ
)

−𝑊(u)(𝜙𝑛ℎ, (u𝑛+1
ℎ

), 𝜃𝑛+1
ℎ

)(𝑑𝑛+1uℎ)

−𝑊𝜃(𝜙𝑛ℎ, (u𝑛+1
ℎ

), 𝜃𝑛+1
ℎ

)𝑑𝑛+1𝜃ℎ, 1⟩
It remains to expand (𝐴) and (𝐵), and we will show that (𝐴) gives
rise to the dissipation and source rate, while (𝐵) is the numerical
dissipation, which is non-negative. We start with (𝐴) and using as
test functions 𝜉ℎ = 𝑑𝑛+1

𝜏
𝜙ℎ ∈ ℎ in (3.13) and 𝑞ℎ = 𝑑𝑛+1

𝜏
𝜃ℎ ∈ ℎ in

(3.11) yields

(𝐴) = ⟨𝜇𝑛+1
ℎ
, 𝑑𝑛+1

𝜏
𝜙ℎ⟩

+ ⟨𝑊(u)(𝜙𝑛ℎ, (u𝑛+1
ℎ

), 𝜃𝑛+1
ℎ

), (𝑑𝑛+1
𝜏

uℎ)⟩ + ⟨𝑝𝑛+1
ℎ
, 𝑑𝑛+1

𝜏
𝜃ℎ⟩

Insertion of 𝜓ℎ = 𝜇𝑛+1
ℎ

∈ ℎ in (3.12), vℎ = 𝑑𝑛+1
𝜏

uℎ ∈ 𝑑
ℎ

in (3.9),
and 𝜒ℎ = 𝑝𝑛+1

ℎ
∈ ℎ in (3.10) yields

= −⟨𝑚(𝜙ℎ)∇𝜇𝑛+1
ℎ
,∇𝜇𝑛+1

ℎ
⟩ − ⟨C(𝜙𝑛

ℎ
)(𝑑𝑛+1

𝜏
uℎ), (𝑑𝑛+1

𝜏
uℎ)⟩

− ⟨𝜅(𝜙𝑛
ℎ
)∇𝑝𝑛+1

ℎ
,∇𝑝𝑛+1

ℎ
⟩

+ ⟨𝑟𝑛,𝑛+1, 𝜇𝑛+1
ℎ

⟩ + ⟨f, 𝑑𝑛+1
𝜏

uℎ⟩ + ⟨𝑠𝑛, 𝑝𝑛+1
ℎ

⟩
= 𝜙𝑛

ℎ
(𝜇𝑛+1
ℎ
, 𝑑𝑛+1

𝜏
uℎ, 𝑝𝑛+1

ℎ
) + ∫

𝑡𝑛+1

𝑡𝑛
∗(𝜇𝑛+1

ℎ
, 𝑑𝑛+1

𝜏
uℎ, 𝑝𝑛+1

ℎ
) (4.1)

where we defined the abbreviations 𝑟𝑛,𝑛+1 ∶= 𝑟(𝜙𝑛
ℎ
, (u𝑛+1

ℎ
), 𝜃𝑛+1

ℎ
)

and 𝑠𝑛 ∶= 𝑠(𝜙𝑛
ℎ
, (u𝑛

ℎ
), 𝜃𝑛

ℎ
). Furthermore, we used the definitions

of the dissipation and source rates as introduced in Lemma 2.1
and Theorem 1.

Hence, (𝐴) corresponds to the usual variational structure of the
problem and produces the dissipation and source rates. Next, we
turn to (𝐵) and by utilizing Taylor’s expansion, we find

(𝐵) = − 𝜏𝛾
2
||∇𝑑𝑛+1

𝜏
𝜙ℎ||20 − 𝜏

2
⟨(Ψ′′

𝑣𝑒𝑥
(𝑧1) − Ψ′′

𝑐𝑎𝑣
(𝑧2))𝑑𝑛+1

𝜏
𝜙ℎ, 𝑑

𝑛+1
𝜏
𝜙ℎ⟩

− 𝜏

2
⟨H𝑊 ,(u),𝜃(𝜙𝑛ℎ, z3)((𝑑𝑛+1

𝜏
uℎ), 𝑑𝑛+1

𝜏
𝜃ℎ)⊤

((𝑑𝑛+1
𝜏

uℎ), 𝑑𝑛+1
𝜏
𝜃ℎ)⊤⟩ (4.2)

where 𝑧1, 𝑧2 are convex combinations of 𝜙𝑛
ℎ
, 𝜙𝑛+1

ℎ
, while z3 is

a convex combination of ((u𝑛+1
ℎ

), 𝜃𝑛+1
ℎ

)⊤ and ((u𝑛
ℎ
), 𝜃𝑛

ℎ
)⊤. Fur-

thermore, H𝑊 ,(u),𝜃 denotes the Hessian of 𝑊 with respect to
(u) and 𝜃. We recall that 𝑊 , cf. (2.4), is convex and thus yields
(𝐵) ≤ 0. This finishes the energy-dissipation balance; see (3.8).

4.2 | A Priori Bounds

To prove the existence of a solution to Problem 1, we derive a pri-
ori bounds from the energy-dissipation balance.

Recalling the energy-dissipation balance (3.8) and using the
assumptions (A3)–(A6) on the lower bounds of the system’s func-
tions, we find

 (𝜙𝑛+1
ℎ
, (u𝑛+1

ℎ
), 𝜃𝑛+1

ℎ
)

+ 𝜏
(
𝑚0||∇𝜇𝑛+1

ℎ
||20 + 𝑐||(𝑑𝑛+1

𝜏
uℎ)||20 + 𝜅0||∇𝑝𝑛+1

ℎ
||20)

≤  (𝜙𝑛
ℎ
, (u𝑛

ℎ
), 𝜃𝑛

ℎ
)

+ 𝜏(⟨𝑟𝑛,𝑛+1, 𝜇𝑛+1
ℎ

⟩ + ⟨f𝑛+1, (𝑑𝑛+1
𝜏

uℎ)⟩ + ⟨𝑠𝑛, 𝑝𝑛+1
ℎ

⟩)
Next, we estimate a lower bound for (𝜙𝑛+1

ℎ
, (u𝑛+1

ℎ
), 𝜃𝑛+1

ℎ
) and an

upper bound for  (𝜙𝑛
ℎ
,u𝑛

ℎ
, 𝜃𝑛
ℎ
). First, using positivity of Ψ and the

assumptions (A3) and (A6) we find

 (𝜙𝑛+1
ℎ
, (u𝑛+1

ℎ
), 𝜃𝑛+1

ℎ
)

≥ 𝛾

2
||∇𝜙𝑛+1

ℎ
||20 + 𝐶u||u𝑛+1

ℎ
||21 − 𝐶(||𝜙𝑛+1

ℎ
||20 + 1)

+
𝑀0

2
||𝜃𝑛+1

ℎ
− 𝛼(𝜙𝑛+1

ℎ
)div(u𝑛+1

ℎ
)||20

Following the computations in [2], we can estimate the
right-hand side further to obtain

 (𝜙𝑛+1
ℎ
, (u𝑛+1

ℎ
), 𝜃𝑛+1

ℎ
) ≥ 𝛾

2
||∇𝜙𝑛+1

ℎ
||20

+
(
𝐶u −

𝑀0

2
𝛼2

0

(
1
𝛿𝜃

− 1
)) ||u𝑛+1

ℎ
||21 − 𝐶(||𝜙𝑛+1

ℎ
||20 + 1)

+
𝑀0

2
(1 − 𝛿𝜃)||𝜃𝑛+1

ℎ
− 𝛼(𝜙𝑛+1

ℎ
)div(u𝑛+1

ℎ
)||20 (4.3)

Regarding the upper bound of (𝜙𝑛
ℎ
, (u𝑛

ℎ
), 𝜃𝑛

ℎ
), we estimate using

the assumptions (A3)–(A6)

 (𝜙𝑛
ℎ
, (u𝑛

ℎ
), 𝜃𝑛

ℎ
) ≤ 𝛾

2
||∇𝜙𝑛

ℎ
||20 + ||Ψ(𝜙𝑛

ℎ
)||20,1

+ 𝐶||u𝑛
ℎ
||21 + 𝐶(||𝜙𝑛ℎ||20 + 1) + 𝐶||𝜃𝑛

ℎ
||20 (4.4)

Next, we insert 𝜓ℎ = 𝛽𝜙𝑛+1
ℎ

in (3.12), which gives

𝛽

2
||𝜙𝑛+1

ℎ
||20 + 𝛽

2
||𝑑𝑛+1

𝜏
𝜙ℎ||20

≤ 𝛽

2
||𝜙𝑛

ℎ
||20 + 𝜏𝑚0||∇𝜇𝑛+1

ℎ
||0||∇𝜙𝑛+1

ℎ
||0 + 𝜏||𝑟𝑛,𝑛+1||0||𝜙𝑛+1

ℎ
||0
(4.5)

Combining the estimates (4.3–4.5) and choosing 𝛿𝜃 ≤ 1 − 𝜀 and
𝛽 ≥ 2𝐶 , we find

𝐶𝑎
(||𝜙𝑛+1

ℎ
||21 + ||u𝑛+1

ℎ
||21 + ||𝜃𝑛+1

ℎ
||20)

+ 𝜏
(
𝑚0||∇𝜇𝑛+1

ℎ
||20 + 𝑐0||𝑑𝑛+1

𝜏
uℎ||21 + 𝜅0||∇𝑝𝑛+1

ℎ
||20)

≤ 𝐶𝑏
(||𝜙𝑛

ℎ
||21 + ||u𝑛

ℎ
||21 + ||𝜃𝑛

ℎ
||20)

+ 𝜏
(⟨𝑟𝑛,𝑛+1, 𝜇𝑛+1

ℎ
⟩ + ⟨f𝑛+1, 𝑑𝑛+1

𝜏
uℎ⟩ + ⟨𝑠𝑛, 𝑝𝑛+1

ℎ
⟩) (4.6)
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It remains to treat the production terms and the external forces
on the right-hand side of the inequality (4.6). First, we estimate
the forces as follows:

⟨f𝑛+1, 𝑑𝑛+1
𝜏

uℎ⟩ ≤ ||f𝑛+1||−1||𝑑𝑛+1
𝜏

uℎ||1
≤ 𝑐0

2
||𝑑𝑛+1

𝜏
uℎ||21 + 𝐶||f𝑛+1||2−1 (4.7)

⟨𝑠𝑛, 𝑝𝑛+1
ℎ

⟩ ≤ ||𝑠𝑛||0||𝑝𝑛+1
ℎ

||0
≤ 𝐶||𝜃𝑛+1

ℎ
||20 + 𝐶||u𝑛+1

ℎ
||21 + 𝐶||𝑠𝑛||20 (4.8)

Furthermore, the production term in the Cahn-Hilliard equation
gives

⟨𝑟𝑛,𝑛+1, 𝜇𝑛+1
ℎ

⟩ = ⟨𝑟𝑛,𝑛+1, 𝜇𝑛+1
ℎ

− ⟨𝜇𝑛+1
ℎ
, 1⟩⟩ + ⟨𝑟𝑛,𝑛+1, ⟨𝜇𝑛+1

ℎ
, 1⟩⟩

≤ 𝐶(𝛿)||𝑟𝑛,𝑛+1||20 + 𝛿𝑚0||∇𝜇𝑛+1
ℎ

||2 + 𝛿⟨𝜇𝑛+1
ℎ
, 1⟩2

(4.9)

Since we assumed that 𝑟 is bounded, see (A7), it remains to esti-
mate the squared mean value of 𝜇𝑛+1

ℎ
in the last term of the

inequality. This is done as follows using (A2):

⟨𝜇𝑛+1
ℎ
, 1⟩2 ≤ ||Ψ′

𝑣𝑒𝑥
(𝜙𝑛+1

ℎ
)||20,1 + ||Ψ′

𝑐𝑎𝑣
(𝜙𝑛

ℎ
)||20,1

+ ||𝑊 𝑎𝑣
𝜙
(𝜙ℎ, (u𝑛+1

ℎ
), 𝜃𝑛+1

ℎ
)||20,1

≤ 𝐶
(||𝜙𝑛+1

ℎ
||21 + ||𝜙𝑛

ℎ
||21) + 𝐶(||𝑊𝜙(𝜙𝑛ℎ, (u𝑛+1

ℎ
), 𝜃𝑛+1

ℎ
)||20,1

+ ||𝑊𝜙(𝜙𝑛+1
ℎ
, (u𝑛+1

ℎ
), 𝜃𝑛+1

ℎ
)||20,1)

Next, we estimate the two norms on the right-hand side that
involve the derivative of the functional𝑊 with respect to𝜙. Using
its structure, see (2.4), we find for 𝜙∗

ℎ
∈ {𝜙𝑛+1

ℎ
, 𝜙𝑛

ℎ
} that

||𝑊𝜙(𝜙∗
ℎ
, (u𝑛+1

ℎ
), 𝜃𝑛+1

ℎ
)||20,1

≤ ||(u𝑛+1
ℎ

) −  (𝜙∗
ℎ
)||20 + || ′(𝜙∗

ℎ
)||20 + 𝐶||𝜃𝑛+1

ℎ
||20 + ||u𝑛+1

ℎ
||21

≤ 𝐶||(u𝑛+1
ℎ

)||20 + 𝐶||𝜙∗
ℎ
||20 + 𝐶||𝜃𝑛+1

ℎ
||20 + ||u𝑛+1

ℎ
||21 (4.10)

Combining all estimates, i.e. (4.7–4.10) and inserting them back
into (4.6), we find that

(𝐶𝑎 − 𝐶𝜏)
(||𝜙𝑛+1

ℎ
||21 + ||u𝑛+1

ℎ
||21 + ||𝜃𝑛+1

ℎ
||20)

+ 𝜏
(
𝑚0||∇𝜇𝑛+1

ℎ
||20 + 𝑐0||𝑑𝑛+1

𝜏
uℎ||21 + 𝜅0||∇𝑝𝑛+1

ℎ
||20)

≤ (𝐶𝑏 + 𝐶𝜏)
(||𝜙𝑛

ℎ
||21 + ||u𝑛

ℎ
||21 + ||𝜃𝑛

ℎ
||20)

+ 𝐶𝜏
(||𝑟𝑛,𝑛+1||20 + ||𝑠𝑛||20 + ||f𝑛+1||2−1

)
At this point, we choose the step size 𝜏 ≤ 𝐶𝑎

2𝐶
, so that we can write

the above problem as

𝑦𝑛+1 + 𝜏𝐷𝑛+1 ≤ 𝐶𝑦𝑛 + 𝜏𝑔𝑛

where we have defined

𝑦𝑘 ∶= ||𝜙𝑘
ℎ
||21 + ||u𝑘

ℎ
||21 + ||𝜃𝑘

ℎ
||20

𝐷𝑛+1 ∶= 𝑚0||∇𝜇𝑛+1
ℎ

||20 + 𝑐0||𝑑𝑛+1
𝜏

uℎ||21 + 𝜅0||∇𝑝𝑛+1
ℎ

||20,
𝑔𝑛 ∶= 𝐶

(||𝑟𝑛,𝑛+1||20 + ||𝑠𝑛||20 + ||f𝑛+1||2−1
)

We sum over the first 𝑛 time-steps and apply an immediate con-
sequence of the discrete Gronwall lemma, see [38, Lemma 2.2],
which yields

𝐶𝑎
2

(||𝜙𝑛+1
ℎ

||21 + ||u𝑛+1
ℎ

||21 + ||𝜃𝑛+1
ℎ

||20)
+

𝑛−1∑
𝑘=0
𝜏
(
𝑚0||∇𝜇𝑘+1

ℎ
||20 + 𝑐0||𝑑𝑘+1

𝜏
uℎ||21 + 𝜅0||∇𝑝𝑘+1

ℎ
||20)

≤ 𝐶∗(||𝜙0
ℎ
||21 + ||u0

ℎ
||21 + ||𝜃0

ℎ
||20)

+
𝑛−1∑
𝑘=0
𝜏𝐶(||𝑟𝑘,𝑘+1||20 + ||𝑠𝑘||20 + ||f𝑘+1||2−1) (4.11)

Due to assumption (A7), the terms involving 𝑟, 𝑠, and f are uni-
formly bounded in the respective norms. Thus, we obtain the
desired a priori bound.

4.3 | Existence

We consider the 𝑛-th time step and assume that 𝜙𝑛−1
ℎ
,u𝑛−1

ℎ
and

𝜃𝑛−1
ℎ

are already known. After choosing a basis forℎ × ℎ × 𝑑
ℎ
×

ℎ × ℎ, we rewrite the variational system (3.1–3.5) as a nonlin-
ear system in the form of

𝐽 (𝑥) = 0 in ℝ𝑍

with 𝑍 = dim(h)4 × dim (ℎ)𝑑 . In fact, writing ⟨𝐽 (𝑥), 𝑥⟩ is
equivalent to testing the corresponding variational identities with

𝑥 = (𝜇𝑛+1
ℎ

+ 𝛽𝜙𝑛+1
ℎ
, 𝑑𝑛+1

𝜏
𝜙ℎ, 𝑑

𝑛+1
𝜏

uℎ, 𝑝𝑛+1
ℎ
, 𝑑𝑛+1

𝜏
𝜃ℎ)

As a consequence of the latter, we thus obtain

⟨𝐽 (𝑥), 𝑥⟩ ≥ 𝑦𝑛+1 − 𝐶𝑦𝑛 + 𝜏𝐷𝑛+1 − 𝜏𝐶

Using the same arguments as we have used to derive the a priori
bound (4.11), we directly obtain

⟨𝐽 (𝑥), 𝑥⟩ → ∞ for |𝑥| → ∞

Thus, the existence of a solution follows from a corollary to
Brouwer’s fixed-point theorem; see [39, Proposition 2.8].

4.4 | Uniqueness

We consider one time step and recall Lemma 3.1, that is, the
scheme can be formulated as a splitting scheme. For the sake of
presentation, we will neglect the space discretization index ℎ in
the remaining part of the proof.

Since we already know that solutions exist see Section 4.3, the
poro-elastic subsystem has a unique solution as it is linear. Hence,
the triple (u𝑛+1, 𝜃𝑛+1, 𝑝𝑛+1) is uniquely determined for a given
triple (𝜙𝑛,u𝑛, 𝜃𝑛). Regarding the Cahn-Hilliard subsystem, we
assume that two different solutions (𝜙𝑛+1

1 , 𝜇𝑛+1
1 ) and (𝜙𝑛+1

2 , 𝜇𝑛+1
2 )

exist. We denote their differences by 𝜙𝑛+1 and 𝜇𝑛+1. Taking the
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difference in the variational forms yields the following discrete
formulations:

⟨𝜙𝑛+1, 𝜓⟩ + 𝜏⟨𝑚(𝜙𝑛1)∇𝜇𝑛+1,∇𝜓⟩ = 0 (4.12)

⟨𝜇𝑛+1, 𝜉⟩ − 𝛾⟨∇𝜙𝑛+1,∇𝜉⟩ − ⟨Ψ′′
𝑣𝑒𝑥

(𝜁 )𝜙𝑛+1, 𝜉⟩
− ⟨𝑊 𝑎𝑣

𝜙𝜙
(𝜁, (u𝑛+1), 𝜃𝑛+1)𝜙𝑛+1, 𝜉⟩ = 0 (4.13)

which holds for all (𝜓, 𝜉) ∈ ℎ × ℎ. Above,𝑊 𝑎𝑣
𝜙𝜙

is defined as the
difference of 𝑊 𝑎𝑣

𝜙
evaluated at the two solution sets. In addition,

we note that 𝜁 is a convex combination of 𝜙𝑛+1
1 and 𝜙𝑛+1

2 .

In the following, we introduce the discrete inverse Laplacian with
a mobility function in the spirit of [40]. We define the mean free
space  ∶= {𝑣 ∈ (𝐻1(Ω))′ ∶ ⟨𝑣, 1⟩ = 0} and the weighted inverse
Laplacian Δ−1

ℎ,𝑚
∶  → ℎ, which is given by

⟨𝑚(𝜙𝑛1)∇(−Δ−1
ℎ,𝑚
𝑣),∇𝑤⟩ = ⟨𝑣,𝑤⟩

This operator defines a discrete 𝐻−1(Ω)-norm via

||𝑣||2−1,𝑚 ∶= ⟨∇Δ−1
ℎ,𝑚
𝑣,∇Δ−1

ℎ
𝑣⟩ = ⟨𝑚(𝜙𝑛1)∇(−Δ−1

ℎ,𝑚
𝑣),∇(−Δ−1

ℎ,𝑚
𝑣)⟩

and an associated interpolation inequality is given by

||𝑣||20 = ⟨𝑣, 𝑣⟩ = ⟨𝑚(𝜙𝑛1)∇(−Δ−1
ℎ,𝑚
𝑣),∇𝑣⟩

≤ ||√𝑚(𝜙𝑛1)||0,∞||𝑣||−1,ℎ,𝑚||∇𝑣||0
Although 𝜙𝑛+1

1 and 𝜙𝑛+1
2 are not mean free, the difference 𝜙𝑛+1 is

mean free by construction; see (4.12) with 𝜓 = 1. Hence, we are
allowed to apply the weighted inverse Laplacian on 𝜙𝑛+1. Using
𝜓 = −Δ−1

ℎ,𝑚
𝜙𝑛+1 ∈ ℎ and 𝜉 = 𝜙𝑛+1 ∈ ℎ as test functions in (4.12)

and (4.13), respectively, which yields

||𝜙𝑛+1||2−1,𝑚 + 𝜏
(||∇𝜙𝑛+1||20 + ⟨Ψ′′

𝑣𝑒𝑥
(𝜁 )𝜙𝑛+1, 𝜙𝑛+1⟩)

= −𝜏⟨𝑊 𝑎𝑣
𝜙𝜙
(𝜁, (u𝑛+1), 𝜃𝑛+1)𝜙𝑛+1, 𝜙𝑛+1⟩ (4.14)

It remains to estimate the right-hand side in a suitable manner.
First, we observe that we can split 𝑊 𝑎𝑣

𝜙𝜙
on the right-hand side

into two terms using the convex nature of 𝜁 as follows:

|||𝑊 𝑎𝑣
𝜙𝜙
(𝜁, (u𝑛+1), 𝜃𝑛+1)|||
≤ 𝐶

|||𝑊𝜙𝜙(𝜁𝑛+1, (u𝑛+1), 𝜃𝑛+1)||| + 𝐶|||𝑊𝜙𝜙(𝜁𝑛, (u𝑛+1), 𝜃𝑛+1)|||
=∶ (𝑖) + (𝑖𝑖)

Before proceeding with the estimates of the second term (ii) on
the right-hand side of the above inequality, we note that we have
assumed in Theorem 1 that ℎ is quasi-uniform, that is, we can
further resort to inverse inequalities, see [41, Theorem 4.5.11], of
the following form

||𝑣ℎ||𝐻1 ≤ 𝑐invℎ
−1||𝑣ℎ||𝐿2 (4.15)

||𝑣ℎ||𝐿𝑝 ≤ 𝑐invℎ
𝑑∕𝑝−𝑑∕𝑞||𝑣ℎ||𝐿𝑞 (4.16)

which hold for all discrete functions 𝑣ℎ ∈ ℎ and all 1 ≤ 𝑞 ≤ 𝑝 ≤
∞. We note that the same estimates hold as well for functions in
ℎ and hence in 𝑑

ℎ
.

With the above preparations, we estimate using assumption
A3–A6

(𝑖) ≤ 𝜏⟨|𝑊𝜙𝜙|, (𝜙𝑛+1)2⟩
≤ 𝜏𝐶⟨|(u𝑛+1)|2 + |𝜁𝑛+1|2 + |𝜃𝑛+1|2 + 1, (𝜙𝑛+1)2⟩
≤ 𝜏𝐶(||u𝑛+1||21,∞ + ||𝜙𝑛+1||20,∞ + ||𝜃𝑛+1||20,∞)||𝜙𝑛+1||20
≤ 𝜏𝐶(||u𝑛+1||41,∞ + ||𝜙𝑛+1||40,∞ + ||𝜃𝑛+1||40,∞)||𝜙𝑛+1||2−1,𝑚

+ 𝛾𝜏

4
||∇𝜙𝑛+1||20

≤ 𝜏ℎ−2𝑑𝐶(||u𝑛+1||41 + ||𝜙𝑛+1||40 + ||𝜃𝑛+1||40)||𝜙𝑛+1||2−1,𝑚

+ 𝛾𝜏

4
||∇𝜙𝑛+1||20

≤ 𝜏ℎ−2𝑑𝐶1||𝜙𝑛+1||2−1,𝑚 + 𝛾𝜏

4
||𝜙𝑛+1||20

where we used the inverse inequality (4.15) and the a priori esti-
mate (4.11) in the last step to bound the term

||u𝑛+1||41 + ||𝜙𝑛+1||40 + ||𝜃𝑛+1||40
uniformly in ℎ and 𝜏. Using the assumed CFL-like condition 𝜏 ≤
ℎ2𝑑

2𝐶1
, we find that

(𝑖) ≤ 1
2
||𝜙𝑛+1||2−1,𝑚 + 𝜏 𝛾

2
||𝜙𝑛+1||20

The term (𝑖𝑖) can be estimated in the same manner. Finally, insert-
ing this estimate back into the inequality (4.14), we obtain

1
2
||𝜙𝑛+1||2−1,𝑚 + 𝜏

( 𝛾
2
||∇𝜙𝑛+1||20 + ⟨Ψ′′

𝑣𝑒𝑥
(𝜁 )𝜙𝑛+1, 𝜙𝑛+1⟩) ≤ 0

Hence, it holds 𝜙𝑛+1 = 0 everywhere. It is straightforward to see
that this also implies 𝜇𝑛+1 = 0 everywhere, which yields a contra-
diction and implies the uniqueness result, as stated in Theorem 1.
This finishes the proof.

5 | Numerical Illustrations

In this section, we illustrate the behavior of the scheme,
see Problem 2, by numerical experiments similar to those
shown in [1, 12]. First, we consider a convergence test show-
ing the first-order convergence in space. Afterwards, we
compare the Cahn-Hilliard-Biot model to the established
Cahn-Hilliard-Larché equations when considering typical
examples in tumor growth models; see [9]. The scheme is imple-
mented in the high-performance multiphysics finite element
software NGSolve [42].

The nonlinear system is treated with a Newton method with tol-
erance 10−10. We note that it is generally not possible to compute
the time averages exactly. Hence, we employ a sufficiently high
quadrature rule, that is,

𝑔𝑎𝑣(𝜌) ∶= 1
𝜏 ∫

𝑡𝑛+1

𝑡𝑛
𝑔(𝜌(𝑠)) d𝑠 ≈ 1

𝜏

𝑀∑
𝑖=1
𝜔𝑖𝑔(𝜌(𝑡𝑖))

8 of 14 Numerical Methods for Partial Differential Equations, 2025
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We point out that piecewise linear functions can be parameter-
ized via the new and old time steps as 𝜙ℎ is piecewise linear in
time. In the case where 𝑔 is a polynomial in 𝜙ℎ, these can be done
exactly, which is the case here. As already assumed in (A2) for
the analysis, we use the convex-concave splitting of the nonlinear
potential Ψ = Ψcav + Ψvex into its expansive Ψ𝑐𝑎𝑣 and contractive
part Ψvex, see the initial work [43] where this splitting was used
to prove the unconditional gradient stability of the Cahn-Hilliard
equation. In the case of Ψ(𝜙) = 1

4
(1 − 𝜙2)2, we set Ψ′

vex(𝜙) = 𝜙3

and Ψ′
cav(𝜙) = 𝜙. We treat the expansive part explicitly and the

contractive part implicitly.

The material parameters can be found in Table 1. We note that the
tensors are written in Voigt notation in two spatial dimensions.
The parameter set is taken from [1]. Further, the permeability 𝜅,
compressibility 𝑀 , Biot-Willis coefficient 𝛼, elasticity tensor ℂ,
and consolidation tensor ℂ𝜈 depend on the phase field through
the interpolation function 𝜋 as follows:

𝜅(𝜙) = 𝜅−1 + 𝜋(𝜙)(𝜅1 − 𝜅−1)

𝑀(𝜙) =𝑀−1 + 𝜋(𝜙)(𝑀1 −𝑀−1)

𝛼(𝜙) = 𝛼−1 + 𝜋(𝜙)(𝛼1 − 𝛼−1)

ℂ(𝜙) = ℂ−1 + 𝜋(𝜙)(ℂ1 − ℂ−1)

ℂ𝜈(𝜙) = ℂ𝜈,−1 + 𝜋(𝜙)(ℂ𝜈,1 − ℂ𝜈,−1)

Specifically, we choose the interpolation function

𝜋(𝜙) =
⎧⎪⎨⎪⎩

0, 𝜙 < −1
1
4
(2 + 3𝜙 − 𝜙3), 𝜙 ∈ [−1, 1]

1, 𝜙 > 1

TABLE 1 | Table of simulation parameters.

Symbol Value Symbol Value

𝑚 1 𝛼−1, 𝛼1 1, 0.5
𝛾 10−4 𝜅−1, 𝜅1 1, 0.1
𝜉 0.3 𝑀−1,𝑀1 1, 0.1

C−1

⎛⎜⎜⎜⎝
4 2 0
2 4 0
0 0 8

⎞⎟⎟⎟⎠
C1

⎛⎜⎜⎜⎝
1 0.5 0

0.5 1 0
0 0 2

⎞⎟⎟⎟⎠
C𝜈,−1

⎛⎜⎜⎜⎝
1 0.5 0

0.5 1 0
0 0 2

⎞⎟⎟⎟⎠
C𝜈,1

⎛⎜⎜⎜⎝
1 0.5 0

0.5 1 0
0 0 2

⎞⎟⎟⎟⎠

as originally chosen in [30] for the simulation of the
Cahn-Hilliard-Larché equation. In addition, we choose the
eigenstrain as  (𝜙) = 𝜁𝜙I with 𝜁 given in Table 1.

5.1 | Convergence Test

We consider the error in space at the final time 𝑇 = 0.01 with a
respective time-step size of 𝜏 = 10−5 by comparing the numerical
solutions (𝜙ℎ, 𝜇ℎ,uℎ, 𝜃ℎ, 𝑝ℎ) with those computed on uniformly
refined grids, (𝜙ℎ∕2, 𝜇ℎ∕2,uℎ∕2, 𝜃ℎ∕2, 𝑝ℎ∕2) as no analytical solution
to the Cahn-Hilliard-Biot system is available. The error quantities
for the fully discrete scheme are defined by

𝑒ℎ = ||𝜙ℎ − 𝜙ℎ∕2||2𝐻1 + ||(uℎ) − (uℎ∕2)||2𝐿2 + ||𝜃ℎ − 𝜃ℎ∕2||2𝐿2

+ ||𝜇ℎ − 𝜇ℎ∕2||2𝐻1 + ||𝑝ℎ − 𝑝ℎ∕2||2𝐻1

as well as the separated errors 𝑒𝜙
ℎ
, 𝑒
𝜇

ℎ
, 𝑒u
ℎ

and 𝑒𝑝
ℎ
, which denote the

related single quantities from the second error norm, e.g., 𝑒𝜙
ℎ
=||𝜙ℎ − 𝜙ℎ∕2||2𝐻1 .

Experiment 1. We assume a smooth set of initial data
given by

𝜙0 = −0.1 + 0.01 sin(2𝜋𝑥) sin(2𝜋𝑦), u0 = 0, 𝜃0 = 0,

and the source function 𝑟 = 𝑠 = 0, f = 0.

For the spatial step sizes ℎ𝑘 = 2−𝑘 with 𝑘 ∈ {2, . . . , 6} of the
domain Ω = (0, 1)2 we obtain the error rates as illustrated in
Table 2. We observe second-order convergence in the squared
norms, which implies the expected first-order convergence in
space.

5.2 | Validation Experiments

Experiment 2. We consider an initial condition with three
bubbles of phase 𝜙 = 1 while the rest of the domain Ω = (0, 1)2 is
given by 𝜙 = −1 together with zero initial displacement and zero
volumetric fluid content. Thus, we assume

𝜙0 = 2 − tanh
((0.3, 0.3, 0.15)

0.005

)
− tanh

((0.3, 0.7, 0.15)
0.005

)

− tanh
((0.7, 0.3, 0.15)

0.005

)
,

u0 = 0, 𝜃0 = 0, (𝑥0, 𝑦0, 𝑟) ∶= (𝑥 − 𝑥0)2 + (𝑦 − 𝑦0)2 − 𝑟2

with the source functions 𝑟 = 𝑠 = 0, f = 0.

TABLE 2 | Errors and experimental orders of convergence (eoc).

𝒌 𝒆𝒉 eoc 𝒆
𝝓

𝒉
eoc 𝒆

𝝁

𝒉
eoc 𝒆u

𝒉
eoc 𝒆

𝒑

𝒉
eoc

2 1.23 ⋅ 10−3 — 1.20 ⋅ 10−3 — 3.72 × 10−5 — 6.80 × 10−8 — 1.01 × 10−6 —
3 6.27 × 10−4 0.98 6.02 × 10−4 0.99 2.19 × 10−5 0.77 3.05 × 10−8 1.16 5.23 × 10−7 0.95
4 2.67 × 10−4 1.23 2.57 × 10−4 1.23 7.13 × 10−6 1.62 7.86 × 10−9 1.96 1.50 × 10−7 1.80
5 6.64 × 10−5 2.00 6.36 × 10−5 2.02 1.79 × 10−6 1.99 2.01 × 10−9 1.97 3.75 × 10−8 2.00
6 1.60 × 10−5 2.05 1.51 × 10−5 2.07 4.39 × 10−7 2.03 5.07 × 10−10 1.99 9.26 × 10−9 2.02
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We depict the result in Figure 1. One can clearly see that after a
short time period at 𝑡 ≈ 0.02, the three bubbles merge and begin
to agglomerate. This agglomeration process contrasts with the
usual Cahn-Hilliard dynamics subjected to elastic contribution
and results in the L shape, which expands over time, that is, at
𝑡 ≈ 0.06 and finally at 𝑡 ≈ 2. Note that this specific L shape is due
to the special choice of the eigenstrain  = 𝜁𝜙I, which implies
that the stress-free state is located at 𝜙 = 0, that is, at the inter-
face. Hence, the system tries to expose as much interface as pos-
sible given the contrary Cahn-Hilliard dynamics. The evolution
of the energy as well as the conservation errors are depicted in
Figure 2. Since 𝑟, 𝑓 , 𝑠 are zero, we expect and indeed observe

FIGURE 1 | Experiment 2: Snapshots of the phase field𝜙 at the times
𝑡 ∈ {0, 0.02, 0.06, 2} with mesh size ℎmax ≈ 10−2 and time-step 𝜏 = 10−3

(from top left to bottom right).

energy dissipation, global phase, and volumetric fluid content
conservation.

The next experiment is related to tumor growth. In this
case, we compare the Cahn-Hilliard-Biot system (CHB) with
the Cahn-Hilliard-Larché system (CHL), which is achieved by
assuming compressibility 𝑀 = 0. We recall that 𝜙 describes
the difference in volume fractions, that is, {𝜙 = 1} represents
unmixed tumor tissue, while {𝜙 = −1} represents surrounding
healthy tissue.

Experiment 3. We consider a single bubble (here the tumor)
parametrized by

𝜙0 = − tanh
((0.5, 0.5, 0.15)

0.005

)
, u0 = 0, 𝜃0 = 0

Furthermore, we choose the logistic growth function 𝑟(𝜙) =
5
2
(1 − 𝜙2), 𝑠 = f = 0 and mobility 𝑚(𝜙) = 10−14 + 1

16
(𝜙2 − 1)2.

Additionally, the following parameters are changed in compar-
ison to Table 1

ℂ𝜈 = 0,  (𝜙) = 1
2
𝜁 (𝜙 + 1)I, C−1 =

⎛⎜⎜⎜⎝
6 4 0
4 6 0
0 0 1

⎞⎟⎟⎟⎠
C1 =

⎛⎜⎜⎜⎝
1.55 0.38 0
0.38 1.55 0

0 0 0.58

⎞⎟⎟⎟⎠
Snapshots of these experiments are given in Figures 3–5. In
Figure 3 we show the evolution of the CHB system, which
appears to be very similar to the evolution of the CHL system in
Figure 4. To highlight the difference, we also compute the differ-
ence between both solutions, that is, |𝜙CHB − 𝜙CHL| and plot it in
Figure 5. From this, we see that both models agree very well apart
from the interface, while on the interface we observe errors up to
the order 10−3. Since both systems start from the same data and
the elastic/poro-elastic system is initialized with zero and 𝑠 = 0,
this suggests that the CHB system exhibits a distinct feature at the

FIGURE 2 | Experiment 2: Temporal evolution of the energy (left) and the conservation errors (right).

10 of 14 Numerical Methods for Partial Differential Equations, 2025
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FIGURE 3 | Experiment 3 for the CHB system: Snapshots of the
phase field 𝜙 at the times 𝑡 ∈ {0, 0.5, 0.75, 1} with mesh size ℎmax ≈ 10−2

and time-step 𝜏 = 10−3 (from top left to bottom right).

interface. This new interface behavior warrants further detailed
investigation. The evolution of the energy as well as the conser-
vation error are depicted in Figure 6. In this case we have only
conservation of volumetric fluid content; energy as well as global
phase is increasing.

The final example combines both experiments; that is, we con-
sider tumor growth using three initial tumors in three space
dimensions by choosing the domain Ω = (0, 1)3.

Experiment 4. We consider the following set of initial data:

𝜙0 = 2 − tanh
((0.3, 0.3, 0.3, 0.15)

0.01

)

− tanh
((0.3, 0.7, 0.3, 0.15)

0.01

)

− tanh
((0.7, 0.3, 0.3, 0.15)

0.01

)
, u0 = 0, 𝜃0 = 0

(𝑥0, 𝑦0, 𝑧0, 𝑟) ∶= (𝑥 − 𝑥0)2 + (𝑦 − 𝑦0)2 + (𝑧 − 𝑧0)2 − 𝑟2.

Furthermore, we choose 𝑟(𝜙) = 5
2
(1 − 𝜙2), 𝑠 = f = 0 and 𝑚(𝜙) =

10−14 + 1
16
(𝜙2 − 1)2. Additionally, the following parameters are

changed in comparison to Table 1

C−1 =
⎛⎜⎜⎜⎝
6 4 0
4 6 0
0 0 1

⎞⎟⎟⎟⎠
, C1 =

⎛⎜⎜⎜⎝
1.55 0.38 0
0.38 1.55 0

0 0 0.58

⎞⎟⎟⎟⎠
ℂ𝜈 = 10−2C1,  = 1

2
𝜁 (𝜙 + 1)I

FIGURE 4 | Experiment 3 for the CHL system: Snapshots of the
phase field 𝜙 at times 𝑡 ∈ {0, 0.5, 0.75, 1} with mesh size ℎmax ≈ 10−2 and
time-step 𝜏 = 10−3 (from top left to bottom right).

FIGURE 5 | Experiment 3: Difference between the phase-fields of the
CHB and CHL solutions in the times 𝑡 ∈ {0.01, 0.5, 0.75, 1} (from top left
to bottom right).

The simulation results are shown in Figure 7. The three ini-
tial bubbles start to grow over time and start to connect around
𝑡 ≈ 0.8. Afterwards, the agglomeration process starts, which can
be seen at 𝑡 ≈ 1. Note that, as discussed in Experiment 2, due to
the different choice of the eigenstrain  , we do not observe the
L shape in this simulation. Instead, the tumor keeps its circular

11 of 14
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FIGURE 6 | Experiment 3: Temporal evolution of the energy (upper left) and global phase (upper right) and the conservation error of the global
volumetric fluid content (bottom).

FIGURE 7 | Snapshots of the phase field 𝜙 at the times 𝑡 ∈ {0.2, 0.5, 0.8, 1} with mesh size ℎmax ≈ 2 ⋅ 10−2 and time-step 𝜏 = 5 ⋅ 10−4. Visualisation
of the tumor core (𝜙 ≥ 0.9) in red and the isosurfaces 𝜙 = −0.25 (green) and 𝜙 = 0.15 (yellow) (from top left to bottom right).

shape. The evolution of the energy as well as the conservation
error are depicted in Figure 8. In this case we have only con-
servation of volumetric fluid content, as well as global phase is
increasing. Surprisingly, in this case we observe energy decay.

6 | Conclusion and Outlook

In this article, we proposed a structure-preserving splitting
scheme for the Cahn-Hilliard-Biot system using standard finite

elements in space and a problem-adapted implicit-explicit Euler
time-integration method. We have shown that the method under
typical assumptions has discrete solutions, which preserve the
thermodynamic structure, that is, the balance of global phase,
volumetric fluid content, and energy. Furthermore, under more
restrictive assumptions, the uniqueness of a discrete solution is
guaranteed. The theoretical results are accompanied by numeri-
cal tests, i.e., a convergence test. In addition, several test scenarios
with application to tumor growth are considered and illustrated.

12 of 14 Numerical Methods for Partial Differential Equations, 2025
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FIGURE 8 | Experiment 4: Temporal evolution of the energy dissipation (upper left) and global phase (upper right) and the global volumetric fluid
content conservation error (bottom).
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