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Abstract

Interacting particle systems in a finite-volume in equilibrium are often described by a grand-
canonical ensemble induced by the corresponding Hamiltonian, i.e. a finite-volume Gibbs
measure. However, in practice, directly measuring this Hamiltonian is not possible, as such,
methods need to be developed to calculate the Hamiltonian potentials from measurable data.
In this work, we give an expansion of the chemical potential in terms of the correlation func-
tions of such a system in the thermodynamic limit. This is a justification of a formal approach
of Nettleton and Green from the 50’s, that can be seen as an inverse cluster expansion.

Keywords Cluster expansion - Pressure - Gibbs point processes - Chemical potential -
Statistical mechanics

1 Introduction

In classical equilibrium statistical physics, interacting particle systems are often described
via so-called Gibbs measures, either in a finite or infinite-volume. A possible arrangement of
particles (also called configuration) has a higher probability when it is energetically favorable.
This energy gets calculated via a Hamiltonian that depends on the chemical potential and the
interaction potentials associated to the particles. However, when working with actual data,
these potentials are impossible to measure. What instead can be measured or extrapolated
from simulation data are the so-called correlation functions of the underlying Gibbs measure.
This gives rise to the inverse problem: Given the correlation functions, determine the chemical
potential and the interaction potentials.

For the chemical potential that induces a given density this problem was first discussed by
Chayes and Chayes [1] and Chayes et al. [2]. The case of higher-order interactions is also
briefly discussed.

For the pair-interaction case the inverse problem was investigated in [3] in the case of the
finite-volume and in [4, 5] these results were extended upon and made rigorous in the ther-
modynamic limit, i.e. in infinite-volume. However, all these results do not give a constructive
way of recovering the interaction. Estimation methods for the pair-interaction were devel-
oped by Takacs [6] and Fiksel [7] and have since been expanded upon for more general
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Hamiltonians in e.g. [8], another approach based on variational methods was developed in
[9], however, it cannot be used to estimate the chemical potential. A first result of an inverse
expansion of the chemical potential is found in [10] where the expansion is given in terms of
the one-point correlation function (the density) and the Mayer function, see also [11] for an
extension of this result to the non-homogeneous case. For this formula however prior knowl-
edge of the pair-interaction is required. The goal of this paper is to find an expansion of the
chemical potential, that solely depends on functions derived from the correlation functions
of the Gibbs measure.

The idea we use goes back to [12], where an expansion of this type is used in finite-volume.
However, the ansatz used in these works constructs multi-body interactions and thus showing
convergence of these inversion formulas cannot be done using the classical tools of cluster
expansions.

In this work, we will use a different approach to prove convergence for the explicit inversion
formula for the chemical potential by using an exponential representation formula. We then
use Bell-polynomials to find bounds on the appearing coefficients, which have been used for
a similar scope independently in [13] to get bounds on the virial coefficients. In fact, we can
show that this formula converges in both finite and infinite-volume. In particular, as we only
make very mild assumptions on the Hamiltonian, which include many classic models, and
some integrability conditions on the correlation functions this expansion holds not only for
pair-interactions, but also in some cases of multi-body interactions of arbitrary order.

The outline is as follows: In Sect.2 we introduce the general setting of Gibbs measures
we work with and introduce the main idea of the expansion. Then, we formulate in Sect.3
our main assumptions as well as the main result and give a few examples in which these
assumptions hold in Sect. 4. The last two Sections are devoted to the proof of the main result,
in Sect. 5 we start by proving a result about the zero-point density, which then gets generalized
in Sect. 6 to the one-point density to obtain the expansion for the chemical potential.

2 Setting
A point process P is a probability measure on the set of configurations
F'={ncRINnNA) < ooforall A C R? bounded}

equipped with the o -algebra F := o ({N(- NA)=m}|meNy, AcCR? bounded). Here
N (n) = #n is the number of elements of n C R?. We denote byllp={y €' | N(y) < oo}
the set of finite configurations. Such a point process is a Gibbs measure for some chemical
potential © € R and a Hamiltonian H: I' — R U {oo}, we write P is a (u, H)-Gibbs
measure, if it is supported on a set of tempered configurations, see e.g. [14] for a discussion,
and satisfies the Ruelle-equation, see [15] (herein called system of equilibrium equations),
namely if, for every non-negative function G: I' — [0, oc] and every bounded set A C R,
there holds

X nu
/ G(n) dP(n) = / Z ¢ / G({x,} U n)e—H({xn})—W({xn}\n) dx, dP(n)
r Tac nl Jan

n=0

where A€ = Rd\A, Cpe ={n el | ncC A} and W({x,} | n) is the interaction between
the part of the particles inside A and those on the outside. If H has finite-range W can be
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defined as
W{x,) [ n):=H{x,}Un) — H({x,}) — H(), x5 € A", n€Tlpe

with the convention that we set W({x,} | n) = +oo if H({x,} U n) = +o0. For general
Hamiltonians it is possible to extend this definition, cf. [14]. However, the specific definition
of W is not important for this work. We also assume that the Hamiltonian H is translation-
invariant, i.e. for every x € R? we have that H(n) = H(ty(n)) where 7, (n) :=={y—x | y €
n}, that H is hereditary, i.e. that H(n U {x}) = +oo0 for all x € R? whenever H () = +00
and that H does not contain any contribution of a self-interaction of particles, i.e. H({x}) =0
forall x € R¥. The last assumption we make on H is, that H is stable, i.e. there is a constant
B > 0 such that

H({x,}) > —Bn.

In this case, under some additional technical assumptions, e.g. finite-range of the interaction
or the Hamiltonian consists of a regular pair-interaction, there is at least one translation-
invariant (i, H)-Gibbs measure PP associated to these parameters, cf. [14]. In the sequel,
we will assume that P is such a translation-invariant Gibbs measure. A family of functions
( j/(\n))nZO, ACR? bounded are called the finite-volume densities of P, or Janossy densities, if for
every bounded set A C R? and every non-negative function G: I' — [0, oc] there holds

[e.¢] 1 "
/ GmNA) dP(m) =) — / G}y (en)dxs.
r =0 n: Jan

The Ruelle-equation characterizes the Janossy densities, they exist for every (u, H)-Gibbs
measure P and for fixed A C R? they are given by

™ ) = /F exp (ne — H(fxa) = Wi} | ) dBG),  neNo. @)
A(‘

Note that by definition the Janossy densities are symmetric functions, i.e. for every per-
mutation o € S,, there holds jl(\")(xl, C X)) = jl(xn)(xg(l), .y Xo(n))- Another family of
symmetric functions we are going to need are the correlation functions (p(”))nzo, where
p© := 1; when a point process has Janossy densities they are known to exist and for
x, € (R?)" the n-point correlation function is given by

o0
1 (n+k
P W) = — | T ey dyy
2kl g

for any A such that x, € A”. Note that we write jj(\"+k)(xn,yk) = jl(\"“Lk)(xl, e X,
Y1, ..., yk) for simplicity and that the Janossy densities contain the averaged contributions

of the whole space by Eq. (2.1) and thus the right-hand side above is independent of A, ifx,, €
A". In particular, if P is translation-invariant, then p(l) = p is constant. Under the additional
assumption that PP satisfies a so-called Ruelle-condition, i.e. there is a £ > 0 such that

0<p™x,) <& forallx, € R)", n>1

there also holds the well-known inverse formula

& k
. (1)
W =3 = [ e @0y xn e A 2.2)
. A
k=0

see e.g. [15].
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Remark 2.1 In experiments, when only having samples of a Gibbs measure, it is straight-
forward to estimate the correlation functions of the process without having to make prior
assumptions on the Hamiltonian. Thus, the correlation functions are the experimentally eas-
ier to obtain starting object in contrast to the Janossy densities.

The idea of this work is to find an explicit expansion of log j‘,(\]), using the identity Eq.
(2.2), in terms that only depend on the correlation functions (P("))nzo~ From this, we can
then obtain an explicit formula for the chemical potential 1. The reason is as follows:

By Eq. (2.1) there holds

tog /1) =+ log [ exp (= Wita) 1)) d .

[ac

Now it is well-known that both sides of the above equation diverge to —oo for A~ R?.
In the sequel we will make the following technical assumption, that can be interpreted as
an implicit decay condition on the Hamiltonian and in particular is obvious for finite-range
potentials,

tog [ exp (= Wetx) ) dPo) =tog [ B + e,
e e
where e(A) — 0as A 7 R?. The first part of the right-hand side is equal to log j/(\O) and
thus log jl(\l)(x) — log jj(\o) — pas A S RY.
Our main tool is a result about exponential representation that has been used by Ruelle in

[16, Sect. 4.4] for the correlation functions, see also [17] for a more general version, which
we will state here for ease of reading.

Theorem A (Exponential representation [17]) Let (F,),>0 be a family of symmetric functions
with F,: (RO)" - R, Fy = 1 and there exist 0 < ¢ < 1/2 and D > 0 such that for every
bounded A C R? there holds

[ E ol s, < amDe 3
An
for every n € N, here |A| denotes the Lebesgue measure of the set A. Then the function

® : I'g — R defined by

N(n) k

om =Y > []FaCm, (2.4)

k=1 el (p) i=1

where Tl (n) denotes the set of partitions of n into k non-empty sets w; i = 1, ..., k where
7; consists of k; elements, satisfies

00 1 o 1
’;E /An ®(x,)dx, =exp (; J/A" Fn(xn)dxn) . (2.5)

The last tool we will need are the so-called truncated correlation functions.

Definition 2.2 For a point process with correlation functions (P("))nzo, the truncated corre-

lation functions (p(T") )n>1 are defined recursively. For n = 1 we define p(TD =pP = pand
forn >2

n k
pgfl)(xn) = IO(”) (xn) - Z Z l_[/);’(i)(ﬂi). (26)

k=2 el (fx,}) i=1
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3 Main Result

We will now state our main result, which will be proved in Sect. 6. To formulate our result
we introduce the following two assumptions:

Assumption A Let W be the interaction associated to the Hamiltonian H. We assume for any
bounded set A C R? and every (i, H)-Gibbs measure PP there holds

tog [ exp (= Wit 1) ar G — tog [
Tpc r

Assumption B There are constants D > 0 and ¢ > 0 such that for the truncated correlation
functions of [P there holds

L q
sup / - ’,0; +n)(x’.)’lz)
A P

xeRd

lim sup
AR xeA

dIP’(n)‘ = 0.

A€

dy, <n!Dq", 3.1)

for every bounded set A C R? and every n € N.

Theorem 3.1 Let P be a (u, H)-Gibbs measure that satisfies a Ruelle-condition and Assump-
tions A and B. If ¢ < qo, where

1 1
= — th = -, 3.2
©=505p) MM ST 2log2 o1 (3:2)
then there holds
=logp + Z - Uk / 0,y dy (3.3)
g RO Pr » Vi) Ay .

where the family (pT1+k))k>1 is recursively defined by p(z) (x,y) = p(z) (x,y)/p and for
k> 2by

(1+k)
~(1+k p (x i) ~ (14K
Py = L—8 Z > H PO m). (3.4)
1=2 well;({y, ) i=1
Remark 3.2 The functions (p. (1+k))k> 1 take a similar role as the so-called Ursell functions in
classical cluster expansions and thus the expansion above can be seen as a type of multi-body
cluster expansion.

4 Examples

We will now take a look at three cases in which the assumptions of Theorem 3.1 are satisfied.
First, we will look at a classic superstable pair-interaction, then at a Hamiltonian consisting
of multi-body potentials of arbitrary order, which are non-negative and of finite-range, in
both settings there always exists at least one translation-invariant (u, H)-Gibbs measure,
cf. [14]. Finally, we will look at the Kirkwood-closure process from [18] which can also be
shown to be a Gibbs point process for a Hamiltonian consisting of multi-body potentials of
every order.
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4.1 Superstable Pair-Interaction

Let us consider the case that H consists only of a pair-interaction, i.e. a measurable even
function u: RY — R U {400} such that H ({x,,}) = ij u(x; — xj). If we further assume
that u is superstable, i.e. that there exists ro > 0 and decreasing positive functions ¢ :
(0,79) = R and ¥ : [0, 00) — R with

ro oo
f r*o(r)dr = 400 and / r () dr < 00,
0 0

and
ux) > @(lx))  for 0 < x| <ro,
u(x)| < ¥(x])  for |x] >ro.
It is well-known, cf. [16, Chap. 4 ] that IP satisifies Assumption B if

no— 4
eZBJrlC(u)

for some g < 1/2, where C(u) := fRd le™*®) — 1|dx and B = B(u) > 0 is the stability
constant of H, with

4.1)

ete 2B 1 — q

D= - —

(1-g)1-2q

Let P be such a (i, u)-Gibbs measure. From [15, Theorem 5.5 ], it follows immediately that

P satisfies Assumption A. Therein, it is also shown that P satisfies a Ruelle-condition. We
thus get the easy result:

_a

and q

Corollary 4.1 Let P be a (i, u)-Gibbs measure with a superstable pair-interaction u, if

1 1 -1
et <min{,2] (ezB'HC(u)) ,
3 1+ 575

then the expansion Eq. (3.3) holds for the true chemical potential of P.

4.2 Non-negative Multi-body Interaction of Finite-Range

We say a Hamiltonian has finite-range, if there exists an R > 0 such that, whenever |xo—y| >
R there holds

W({xo} | {2} U{yhH = W({xo} | {xn}) (4.2)

for every set of points {x,} C R¥. In particular, this means that W ({xo} | ) = 0, for any
n € I' with dist({xo}, n) > R. As mentioned, in this case there always exists at least one
(., H)-Gibbs measure, see e.g. [14].

Corollary 4.2 Let P be a (u, H)-Gibbs measure where H satisfies Eq. (4.2) as above, then
P satisfies Assumption A.

Proof Fix some A C R? compact and let A C R be such that dist(A, 0A) > R, then Egs.
(4.2) and (2.1) for n = 1 imply

i) = et f dP().
Tpe
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This proves the claim. O

It was shown by Moraal in [19] that if H is additionally non-negative, then the multi-
body version of the Kirkwood-Salsburg operator is bounded and there exists a solution to
the multi-body version of the Kirkwood-Salsburg equations. Using the same techniques as
in the pair-interaction case, see [16, Sect. 4.4.6], it then follows that [P satisfies Assumption
B. Furthermore, [P satisfies a Ruelle-condition with & = e*.

Corollary 4.3 Let H be a non-negative Hamiltonian of finite range, it € R and P be a
(., H)-Gibbs measure. If 1 is sufficiently small, then the expansion Eq. (3.3) holds.

Remark 4.4 1n [20] Skrypnik extended the results of Moraal to the case that H consists of the
sum of a very particular non-negative multi-body interaction of finite-range and a superstable
pair-interaction. In this case, it can also be shown that Assumption A is fulfilled.

4.3 The Kirkwood-Closure Process

A point process P is called the Kirkwood-closure process for a given density p > 0 and a
non-negative even function g on R if the correlation functions of IP satisfy

PPy =p" ] &ti—xp. (4.3)

I<i<j<n

It was shown in [18] by Kuna et al. that, if C(g) := fRd |g(x) — 1]dx < oo and there is a
b > 1suchthat [/_, g(x; —xo) < bforany xo, x1, ..., x, € R? with [li-jetxi—x)) >0,
then the Kirkwood-closure process exists for p < (ebC(g))~". This was an extension of the
results in [21], where only the case g < 1 was discussed. The Kirkwood-closure, which in
computational physics is often called Kirkwood-superposition was first suggested in [22] and
has been widely used to approximate higher-order correlation functions and thus just having
to calculate p and p® from simulation data. In this case, it also known that P satisfies a
Ruelle condition with & = pb'/? and for every bounded A C R4

sup f
xeRd J A"

i.e. the Kirkwood-closure process satisfies Assumption B, cf. [18, Sect. 3.1]. In [23] Gl6tzl
gave sufficient conditions to guarantee the existence of a chemical potential x and a Hamilto-
nian H for which the point process is Gibbs. These conditions are for the Campbell-measure
Cp of a point process P, i.e. the measure on (R? x T, B(RY) ® F) (here B(RY) are the
Borel-sets of RY) defined by

P57 (x,y,) | dy, < D (pebC(g)"™*!

Co x F) 1= [ 3" 10\ x) (o) P

xen

Namely, if the Campbell-measure Cp is absolutely continuous with respectto dx x dPPand the
density k satisfies some additional assumptions, such a Hamiltonian exists, see Satz 2 in [23].
Due to the easy structure Eq. (4.3) of the correlation functions, a straightforward computation,
using Eq. (2.2), shows that IP satisfies these assumptions and the Radon-Nikodym derivative
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of the Campbell-measure is given by

kx,m) =p [ ] gt —wyexp (Z cuf fnw (]_[ gx = ym) — )

wen k=1
k
_ (k) d
]_[ Hg(w )’m)PT o dyg |
wen m=1

for x € RY and 5 € T. Note that, due to the conditions on g the function k is well-defined
on R? x I' under mild decay conditions on g. Since k(x, n) = exp(u — W({x} | n)), i.e.
k(x, #) = e*, it thus follows that u is given by

k

1k
logp+Z( )f(Rd)k(Hg(x—ym—l)p;")(vk)dyk.

m=1

Furthermore, it is easily checked, that for the Kirkwood-closure process, there holds

Py = (]‘[ g(x — ym) — ) o1 00, 4.4)

m=1

thus Assumption A is not needed in this case to identify the limit in Eq. (6.17), although one
could also show that it holds here.

Corollary 4.5 Let g satisfy the assumptions above and P be the Kirkwood-closure process if
1

(24 ¢D)ebC(g)

then the chemical potential | of the Kirkwood-closure process is given by Eq. (3.3).

p <

Remark 4.6 In the case of the Kirkwood-closure it is quite easy to see the connection of the
expansion Eq. (3.3) to classic cluster expansions. It follows from Eq. (4.4) and [18, Sect. 3.1]

that
e =o" 30 T1 (G5 -1)

CeCry1 (i, jIeE(C)

where ;.| = (x,y;). Thus, in this case we have

(p)

(8Gi —¥)) — 1) dy,

CECH_] i,j GE(C)

n=logp+

where Cy4 1 is the set of connected graphs on k + 1 vertices and E(C) is the set of edges of
the graph C. This has the same structure as the classic cluster expansion for the density in
the case of pair-interactions with —p taking the role of the activity (the exponential of the
chemical potential) and g — 1 taking the role of the Mayer function.

Remark 4.7 Using the easier structure of the family (ﬁT(Hk))kZ] in this case, i.e. Eq. (4.4),
one can easily improve the bound Eq. (6.7) to

sup /
xeRd J A"

and obtain a better radius of convergence.

5T(1+k)(va’k) dy, < k!M (pebC(g))*
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5 A First Step: The Case of the Zero-Point Density

Let A C R be a bounded set, then in the case of n = 0 we get from Eq. (2.1)

iQ = / dP(n).
I

Now furthermore we know that by Eq. (2.2)
jO = =D" 1) ®
=1 dyy.
+ E N Oi) dy

Our goal now is to write the above equation as an exponential, for that we use the truncated
correlation functions defined in Eq. (2.6). Note that in Eq. (2.6) we can easily multiply the
left-hand side by (—1)" and split this factor into ]_[f.‘=l (=1)% on the right-hand side so that

we get the representation Eq. (2.4) for ® = (—1)"p™ with F, = (—1)”,0(T").
Assume that [P satisfies Assumption B for some ¢ < 1/2, then in particular

1
/ / ‘pr} 1 (x, y)
A All

This means the assumptions of Theorem A are satisfied, and we can write

= (=¥
-(0) - (k)
Ja~ =exp (Z AN or k) dJ’k>

k=1

dy, dx < |A|n!Dpq". (5.1)

and thus

(=D
g =3~ Mo (5:2)

k!
k=1

Remark 5.1 Let us consider the same setting as in Example 4.1. If in this case in Eq. (4.1)
we have ¢ < 1/3,then g = ¢/(1 — g) < 1/2 and thus taking the thermodynamic limit of
Eq. (5.2), i.e. dividing by the volume |A| and increasing A to the whole space R?, gives

oo

—1 k+1
lim —log](o)——,o-i- b
AR Al £kt )

k+1
/(Rd)k p(T+ )0,y dye = —p(p, ),

where p is the infinite-volume grand-canonical pressure, cf. [24]. The above expression
follows immediately from the cluster expansions of the pressure and the truncated correlation
functions therein and [25].

6 Generalization to the One-Point Density

We now want to generalize this approach for the one-particle density jl(\l) of an infinite-
volume Gibbs measure. Again we will use Eq. (2.2) to find an expansion and Eq. (2.1) to
identify the terms. By Eq. (2.2) we have

(W, e (D P+ _ (— 1)"/ p&D (x, yp)
i <x>—]§)—k! Py =p 1+Z )
(6.1)
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We introduce the family (Fy)x>1 that is recursively defined by F1(x, y) = PP (x, y)/p and
fork > 2 by

(1+
Fi(x.y) = 222 (x AR R Z > HFK,(x ). (6.2)

1=2 well;({y,}) i=1

The ansatz Eq. (6.1) with Eq. (6.2) was first used by Nettleton and Green in [12] and the
division by p lets us use Theorem A to obtain the exponential representation in Eq. (6.1) as

the series then starts at one. As previously noted, we have ](1) — 0as A /' R?, thus we

need to identify the divergent part of log j, i,

Proposition 6.1 For every k € N there holds
Fe(e,y0) = o o) + 57 70w, (6.3)
where the family (/7;1+k))/(21 is the one defined in Eq. (3.4).

Proof The claim holds for k = 1. By definition Eq. (6.2) of the F there holds

k+1

(k+2) !
Fk+1(x,yk+1)—% YooY []Fatm. (6.4)

=2 wellj({yg ) i=1
For the second part of the right-hand side above we can use the induction hypothesis to find

k+1 k+1

>y HFKl(x W= H(‘“”(m)+~““”<x,m))

1=2 wellj({yg ) i=1 =2 wellj({yg ) i=1
and thus we get

k+1

(k+2)
Fk+1 (x’}’kﬂ) — % Z Z 1_[ ( (KI)(TT ) + ~(1+KI)(X, ﬂi)) .

=2 wellj({yg41 ) i=1
(6.5)

For the first term of the right-hand side of Eq. (6.4), there holds by Eq. (2.6)

k+2

P(k+ )(x yk+1) Z Z l_[p(K,)(n_ ).

P l I well;({x.yg41}) i=1

For any partition = € IT;({x, y;,{}) we denote by v the index such 7, = (x, 7)), i.e. 7, is
the part of the partition 7 containing x. We can thus write

k+2

(k+2) (Kc) L
P, Yirn) pr " (x, 1)) .
— =) Y e (6.6)
I=1 mel;({x Y1 ) p i=1
i#v
We distinguish three cases:
1. Ifk, = k+2,then r is the partition into one element and contributes the term %
which only appears in the case / = 1 above;
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2. If k, = 1, then ,o(TK”)/p = 1 and we can understand 7 := 7\, as a partition of the
elements y;_ | into/ — 1 elements, i.e. an element of 7 € IT;_; (y;,;). Summing over all
of the partitions where k,, = 1 then gives

k+2 k+2
S Y M-y ¥ e
1= ZnEHl({x{kH})t#l [=2 Tellj_1 (yy4) i=1

Ky=

where &; is the number of elements in 7;. Shifting the index we get

k+2 k+1
> o> HP(K’)(m)—Z > Hp“”(n)—p“*“(vk )
1=2 Fell_1 (g ) i=1 I=1 el (ypp1) i=1

where we have used Eq. (2.6) for the last equality.
3. If ky = m + 1 for some 1 < m < k, we can use the induction assumption to write

m
T ) Z Z l—[~(1+:<s)( =
i SN S X, TTy).
j=1zmel({x}}) s=1
Plugging the three cases above into Eq. (6.6) we find
k42 k42 (Kv)

P( + )(x yk+1) Z Z Z pr W&, 1T,) (x,m ) l_[ (TK,-)(m)

I=1 well;({x.yp 41} kv=1 P i=1

i#v
(k+2)
p (*, Yig1)
= Pl ok )
0
k+2 k+1 m

NP D 9 3D o s AN |

1=2 wellj({x,y; D) k=2 j=1 Tell;({n]}) s=1 7&
i#v

Finally, we plug the above into Eq. (6.5) to get

k
( * )(x Yis1)

Fiv1(x, yp41) = + o V)

k+2 k+1 m

DI IND 5 b ol AN g e

[=2 wellj({x,y; 1 D) kv=2 j=1 Tell;({n)}) s=1 #
i#v

k+1

-y ]"[(p(”'>(m)+"“*”')(x,m)).

1=2 el (fygs)) i=1
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Looking closer at the difference of the last two lines above, we see that all terms containing

(ki) (1+«)

at least one p; '’ and one ﬁT cancel and we get

k+2 k+1 m

S X > f[““*”(x m)]‘[p“”@

[=2 wellj({x,yp 1 D) v=2 j=1 Tell;({n}}) s=1 ;é
i#v

k+1

-> > H(p“”(n)+~“+“l><x,m>)

=2 wellj({ygy)) i=1
k+1

e DD D A

1=2 wel(lye ) i=1

We thus have that
k+1

+2) I
+1 (X, Yes1) ~(14k;
Fip1 (6 yes) = o5 0 i) + 7+ oo > JIA e m.

1=2 wel (e ) i=1
Finally, using Eq. (3.4) proves Eq. (6.3). O
We now want to apply Theorem A to Eq. (6.1), in view of Egs. (6.3) and (3.1) we thus need

a bound on the integrals over (p. (Hk)) k>1-

Theorem 6.2 Let P be a (i, H)-Gibbs measure that satisfies Assumption B, then for any
bounded A C R?

sup /
xeRd J A"

for some M > 0 and ¢ > 1 independent of A.

Gyl dye < (k= DIM( 4+ ¢ D)*g* (6.7)

Proof By Eq. (3.4) there holds

(14k)
~(14h) _ (. i) / ~(1+K,)
/Ak Py (x,y,adyk—/Aki Z > H (x, ;) dr;.

1=2 mwell;({y,}) i=1

Note that because we integrate over all y;, when looking at a particular partition 7 € IT; ({y;})
it does not matter which particular elements of y, are contained in which part 7; of 7 only
the sizes of the different parts 7r; matter. This is the definition of the kth Bell polynomial, cf.
[26], and allows us to write

(1+k)
~(14k 1Y (X, y1)
/ PO,y dyy = — By 11,...,1k_1,—/ br I g,
Ak Ak P

where I; = [, P (1+K‘) (x,¥y,) dy,, - Taking the absolute value above and using the bound

from Assumption B we thus get

[ o o] v < (6:8)
A
where the wy are recursively defined by w; = Dg and for k > 2

wi = By (wl,...,wk,l,k!Dqk). 6.9)
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We use the ansatz
k
k
Wi :qua[( Dl
1=0

and want to calculate the coefficients a[(k) for0 <[ < kin wy using the well-known recursion,
cf. [26],

k
k
Byt (1, .., X)) = ) (l.>Bk—i(xla cees Xk—i)Xit 1 (6.10)

i=0

where Bp := 1. This recursion along with the fact that w; = Dgq already implies that a(()k) =0
for every k. Lastly, we note that Eq. (6.10) implies that

Bi(x1, ...y Xk—1, Xk + Y&) = Br(x1, ..., Xk—1, X)) + k.
Puttingx; =w; 1 <i <k—1,x = qkk!D and yy = wy — qkk!D then gives

k
Be(wi, ..., wx) =g~ <2Za,<")1)’ - k!D) )

=1

Plugging the above into Eq. (6.10) we find

Biit <w1, g (e 1)!Dqk+1> — (k + 1)!Dgk+!

k—1 k—i i+1
k w ki ) . i1
+ (i)qk l<2§ ay ”D’—(k—z)!D) g ! (§ a'" )D1>.
i=0 =1 1=1

This already shows that a§k+l) = (k + 1)! as in all the terms resulting from the second sum

D has an exponent of at least two. We can thus use the above equality to find

k—1
k
ay =3 (_)(k — DG+ D,
i—o \!
k—1 k ) ) m—2 ) )
et = 3" () ((k —Dlal ) + 26+ Dl P +2) a5’+1>a;f_;>) . m=3.
i=0 ! v=2
Straightforward computation gives
k=1 k
(k+1) Ny
= k—1i)! D!'=(k+1!-.
a, Z<i>( DG+ 1) (+)2
i=0
We claim that for every k, v € N there holds
k! k! (k—1
- k=1 (k- -
a,’ = v!(v—l)!(k D-...-(k—v+ Db, = \)!(U—])bv 6.11)
where (b,),>0 is the sequence defined by by = 0, b; = by = 1 and for v > 2
v—1
v
bypi =W +2)b, +2> (},)bjbv_,“. (6.12)
j=2
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Note that a(k) 0if k < m. We have already established that Eq. (6.11) holds for all k > m
form =0, 1, 2. We will prove the claim by induction. Let Eq. (6.11) hold for all k and every
v < m for some m > 2, then

k—1

a;(vﬁ—rll) = Z( )(k l)‘a(l‘H) +ZZ< ) Za(l+l) r(’i:_{) ;
i=0
_Z( )(k— ),(z+1) (mi_1>b’” (6.13)
(’+1)' i k—i) (k—i—1
+22( ) Z ! (v—l)bvm< b )bm+l—v- (6.14)

v=1

We start by simplifying the term in Eq. (6.13) and get
k—1 k—1

k (1+1) i Kby (i1 Kby (k1
(Yo (e e () (50

i=0

by the Vandermonde identity, cf. [27]. For the term in Eq. (6.14), we first swap the inner and
outer sums and rearrange the binomial coefficients to get

k—1

DG+ i k—i) [k—i—1
Z () Z ( )b” < )bm—H—v
o \i v! v—1 m+1=v)I\ m—v

v=1

Ko i\ k—i—1
- = Bobs1_ .
m!uzl<v—l>vm+lv§< v )(m—v)

We note that
k—1

> (=6

which is a version of the Chu-Vandermonde identity, see e.g. [27], and thus

K om Ml k—i—1\ K (kI om
m! X} <v — 1>bubm+lﬂ) Z( v )( m—v ) - ﬁ(m + 1) 2; <v — 1>bvbm+17v'
V= V=

i=0
(6.16)
Plugging Egs. (6.15) and (6.16) back into Egs. (6.13) and (6.14) we get

K (k41 nlm K (k41

(k+1)

Apiy = !(m n 1) (mbm +2by, +2 Ez <v>bvbm+l—v> = %(m n 1)bm—H
-

where we used that

m—1 m m—1 m
Z < >bvbm+1—v = b + Z ( )bvbm+l—v-
v=1 v—1 v=2 v

The claim is thus proved, and we arrive at the bound
(1+k) k (k= D!
/ ‘;0 (x, .)’k)‘d.)’k<q Z( )(m—l)!me .
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The sequence (by,)m>0 is the number of total partitions of m elements, see [28, 29]. Therein
we also find the asymptotic behavior of (b,,),,, namely, there is an M > 0 such that

mmn— 1 é-m 1
— where Is

bmSM = -,
e 2log2 —1

giving
d (k)(k—l)! . L
> ——=b, D" < M(k — D\(1 + ¢ D).

[m}

Proof of Theorem 3.1. Assume that P is a (u, H)-Gibbs measure satisfying a Ruelle-
condition as well as Assumptions A and B. By Eq. (6.3), the triangle inequality, Eq. (5.1)
and Theorem 6.2 we get for F, of Eq. (6.2), that
/ |Fu(0,y,)] dy, < |Al(n — D!Dpg"~" + M(n — DI(1 + ¢ D)"q"
A'I
Dp n
=< |A|7 +M)(n—-D!(g2+D))".

If now g < go from Eq. (3.2), then by Theorem A there holds

(=D* k ~(1+k
7 [ P00+ 5 00) ane

[e.¢]
log j3(0) =logp + Y
k=1

Which, in view of Eq. (5.2), is equivalent to

(=Dt
k!

o0
log j{"(0) — log j =logp + > ) 00, yp) dyg. (6.17)
A
k=1

By Assumption A and Eq. (2.1) the left-hand side of Eq. (6.17) converges to  as A 7 R¢
and since the bound in Eq. (6.7) is independent of A the right-hand side above converges by
dominated convergence, and we arrive at Eq. (3.3). ]
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