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Abstract

A fundamental task in all fields of science is to learn from observations. However,
undertaking this is usually hindered in two ways: first, the direct observation of the
phenomenon may be challenging or impossible, requiring a model of the phenomenon
and a statistical approach to separate desired from undesired information. Second,
the number of observations may be small, so the resulting uncertainty must be taken
into account.

As a resort, the field of Bayesian modeling provides a canonical framework to
perform statistical inference from data and prior knowledge in a way that allows to
quantify the uncertainty of the results as well. In this approach, probability distribu-
tions are used as carriers of information and transformed accordingly. However, in
most cases the required computations can only be performed numerically.

In this work we contribute to Bayesian modeling in several ways: first, we present
the paraNUTS algorithm for parallelized inference that is formulated in the map-
reduce paradigm and achieves considerable speed-ups without significant loss of
inference quality. Next, we present TuringOnline.jl, a software package for inference
in online settings, that also achieves speed-ups while retaining inference quality
to a high degree. Moreover, we present an application of Bayesian modeling to
surface topography analysis that yielded action-guiding findings for the field to
ensure reproducible results from future studies. Finally, we contribute to nowcasting
of infection numbers with our CorCast system that provides the necessary unified
treatment of data and models that is extremely important for practical application.
Although targeted at the Sars-CoV-2 pandemic, the system is designed to be adopted
to other epidemiological modeling easily.

Additionally, the appendices cover research that was not related to Bayesian
modeling: first, a scalable and flexible approach to signal classification in mass
spectrometry raw data using locality-sensitive hashing and second, a machine learning
approach to a classification task in the field of surface topography analysis.
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German abstract

Eine grundlegende Aufgabe in allen Bereichen der Wissenschaft ist es, aus Beob-
achtungen zu lernen. Diese Aufgabe wird jedoch in der Regel auf zweierlei Weise
erschwert: Erstens kann die direkte Beobachtung des Phänomens schwierig oder
unmöglich sein, so dass ein Modell des Phänomens und ein statistischer Ansatz
erforderlich sind, um erwünschte von unerwünschten Informationen zu trennen. Zwei-
tens kann die Anzahl der Beobachtungen gering sein, sodass die daraus entstehende
Unsicherheit berücksichtigt werden muss.

Als Ausweg bietet die Bayes’sche Modellierung eine kanonische Rahmenordnung,
um statistische Schlussfolgerungen aus Daten und Vorwissen auf eine Weise zu ziehen,
die es erlaubt, auch die Unsicherheit der Ergebnisse zu quantifizieren. Bei diesem
Ansatz werden Wahrscheinlichkeitsverteilungen als Träger von Informationen verwen-
det und entsprechend transformiert. In den meisten Fällen können die erforderlichen
Berechnungen jedoch nur numerisch durchgeführt werden.

In dieser Arbeit leisten wir auf verschiedene Weise einen Beitrag zur Bayes’schen
Modellierung: Zunächst stellen wir den paraNUTS-Algorithmus für parallelisier-
te Inferenz vor, der im Map-Reduce-Paradigma formuliert ist und erhebliche Ge-
schwindigkeitssteigerungen ohne signifikanten Verlust an Inferenzqualität erzielt. Als
Nächstes stellen wir TuringOnline.jl vor, ein Programmpaket für die Inferenz in
Fällen, in denen die Eingabedaten erst im Laufe der Zeit bekannt werden. Hiermit
werden ebenfalls Geschwindigkeitssteigerungen erzielt und gleichzeitig die Inferenz-
qualität in hohem Maße beibehalten. Darüber hinaus stellen wir eine Anwendung
der Bayes’schen Modellierung auf die Analyse der Oberflächentopografie vor, die
zu handlungsleitenden Erkenntnissen für das Feld geführt hat, um reproduzierbare
Ergebnisse zukünftiger Studien zu gewährleisten. Schließlich leisten wir einen Beitrag
zur Vorhersage von Infektionszahlen mit unserem CorCast-System, das die notwendi-
ge einheitliche Behandlung von Daten und Modellen bietet, die für die praktische
Anwendung äußerst wichtig ist. Obwohl das System auf die Sars-CoV-2-Pandemie
ausgerichtet ist, lässt es sich problemlos auf andere epidemiologische Modellierungen
übertragen.

Darüber hinaus decken die Anhänge Forschungsarbeiten ab, die nicht mit der
Bayes’schen Modellierung in Zusammenhang stehen: Erstens ein skalierbarer und
flexibler Ansatz zur Signalklassifizierung von Massenspektrometrie-Rohdaten un-
ter Verwendung von ähnlichkeitserhaltenden Streuwertfunktionen und zweitens
ein maschineller Lernansatz für eine Klassifizierungsaufgabe im Bereich der Ober-
flächentopographieanalyse.
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1. Introduction

Motivation

A fundamental task in all fields of science is to learn from observations. In an Learning
from dataidealization, one would be able to study the phenomenon of interest without any

interference from other phenomena and one would be able to accumulate as many
observations as desired to provide strong evidence for the findings.

However, often one encounters circumstances in which neither of those two Challenges
conditions hold. First, the direct observation of the phenomenon may be challenging
or impossible, forcing us to use a model of the phenomenon and a statistical approach
to separate desired from undesired information. Second, the number of observations
may be small, leaving us uncertain how strongly we belief in our findings. Additionally,
often we do not deal with completely new phenomena, but ones for which we have
some knowledge from previous research. Leveraging this prior knowledge in a
transparent way can be a challenge as well.

Luckily, the field of Bayesian modeling provides a canonical method to perform Bayesian
modelingstatistical inference from data and prior knowledge in a way that allows to quantify

the uncertainty of the results as well. In this approach, probability distributions
are used as carriers of information and transformed accordingly. Similar to the
situation in theoretical physics, where the fundamentals like the equations of motion
in classical mechanics are known, but the analytical computation of the trajectory
can be very complicated, the challenge in Bayesian modeling is that in most cases
the solutions can only be found numerically.

Thus, Bayesian modeling is related to computer science in several ways: first, Relation to
computer
science

Bayesian inference is a concept for processing of information, a core subject of
computer science, well reflected in the German translation Informatik. Furthermore,
the concrete task of numerically solving problems naturally arises in the name
computer science as well. Finally, for applications we need efficient algorithms and
of course data, whose storage and processing is a challenge of its own, concerning
again core concepts in computer science.

Structure

The remainder of this work is structured as follows: we begin with a review of the
Bayesian method in chapter 2, discussing major benefits and challenges. Then, in

1



1. Introduction

chapter 3 we review various algorithms used for Bayesian inference, preparing the
ground for our own algorithm presented in chapter 4. The following chapter 5 reviews
commonly used software libraries for Bayesian modeling, leading over to chapter 6,
in which our own contribution to a software package is presented. Next, in chapter 7
we present an application to illustrate the approach and show our findings that had
great impact for the field of surface topography analysis. Moreover, in chapter 8 we
review epidemiological modeling to prepare the presentation of our contribution to
nowcasting of infection numbers in chapter 9. Finally, chapter 10 concludes the work
with a summary and an outlook.

Appendices A and B cover research that was not related to Bayesian modeling.

Contributions
The contributions in this work are the following: in chapter 2, chapter 3, chapter 5
and chapter 8 we present a review of the respective topic. In chapter 7, chapter 6,
chapter 9 and appendices A and B we present our previously published findings. In
chapter 4 we present previously unpublished research.
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2. Learning from uncertain information
through Bayesian inference

After a general consideration on learning from data by mathematical models, this
chapter introduces the framework of Bayesian inference, starting with its axiomatic
foundations, the main theorem and benefits for users. We conclude the chapter with
a short comparison to other frameworks.

2.1. Models and learning from data

Figure 2.1 shows the different domains and steps in the process of statistical Different
domains and
steps of
statistical
inference and
prediction

inference and prediction. In general, the starting point is that we have questions
q on phenomena in what we will call the ’real world’ and we would like to answer
those questions. Properly designed experiments, denoted by E in Figure 2.1, allow
us to map the question to recorded data X. As the recorded data often has still
too much information in it, we try to compress this information by a mathematical
[1] model M, that usually has free parameters Θ. Inferring suited parameters from
the data is often a core task, requiring the maps denoted by L and I in Figure 2.1,
which allow us to compute the degree of agreement between model and data and how
much belief we have in possible parameter values, given the data, respectively. Next,
models can be used to predict parts of the data domain that were e.g. not measured,
creating new data X̃. In order to achieve this, we need a map for prediction, called
P in Figure 2.1. Finally, based on model predictions we want to make decisions,
represented by the map D in Figure 2.1, that lead to actions a in the ’real world’.

As the previous description shows, a set of maps E,L, I, P,D is required to perform Choosing
mapsstatistical inference and prediction. As there is a vast complexity of circumstances

and problems, the individual choices of the maps E,L, I, P,D may differ wildly and
can be very problem specific.

However, there are certain frameworks which have developed principles on choosing Bayesian
frameworkthe maps E,L, I, P,D. Especially, in this chapter we will see how the Bayesian

framework deals with the inference map I and the prediction map P and, to a lesser
extent, the decision map D.

Finding a good model M and the corresponding map L in Figure 2.1 is often Model finding
and
comparison

[1]That indeed models using abstract mathematics are useful for the description of phenomena in
the real world is well discussed by Wigner [208].
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2. Learning from uncertain information through Bayesian inference

Realityq a

DataX X̃

ModelΘ B

Computation

E : q → X

L : Θ→ X

I : Θ×X → B

P : Θ×B → X̃

D : X̃ → a

Figure 2.1.: Domains and steps in the process of statistical inference and prediction.
In general, statistical inference consists of several steps, that we will consider
here as maps between different domains. In the first domain, which we will
call briefly reality without going into philosophical considerations, questions
q and actions a reside, while in the second domain called data, observations
from the reality are recorded as data X and X̃. In the third domain, called
model, we locate mathematical models described by parameters Θ and
degree of belief B in a parameter. Finally, the domain called computation
deals with the challenges that arise for actual problems.

perceived as a core task in science and successful models have provided famous
scientific breakthroughs, e.g. by Einstein [63] or Schrödinger [180]. Next to
agreement with the observed data, other requirements have been formulated for good
models like testability and others, see [70] for more details. The more concrete task
of model comparison is further discussed in e.g. [54].

As it would otherwise go beyonds the scope of this work, we only refer theExperimental
design reader to the literature about principles on choosing E, i.e. e.g. [69] on the art of

experimentation and e.g. [134] on experimental design.
We conclude this section with a word of caution, namely that inductive learningLimits by

epistemology from data is always prone to error, even if perfect maps E,L, I, P,D were available.
That is due to fundamental, epistemological reasons. As Popper [164] argues, we
can only falsify models, for which a single observation suffices, but even a large
number of observations in agreement does not allow us to assume that a model was
correct. Taleb [192] provides further elaboration on this, both for science and other
fields, while Prado [165] covers problems in learning from possibly non-stationary
time-series in greater details.
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2.2. Probability theory as an extended logic

2.2. Probability theory as an extended logic
From the discussion above we can clearly see that there is an interest in frameworks Extending

Boolean logicthat could provide maps like I and P in a principled way. If we were to deal with
absolutely true or false propositions, the correct framework would be that of Boolean
logic. When, however, reasoning about model parameters Θ, the problem is often that
due to limited information there is no absolute certainty, but only varying degrees of
it. We will now follow the arumentation of Jaynes [101], who has developed a way
to extend the deductive reasoning in Boolean logic to the manipulation of degrees of
plausibility, containing Boolean logic as a limiting case.

In his endeavor, Jaynes [101] starts with a three basic desiderata: the first states Axiomatic
originsthat plausibilities may be represented by real numbers. The second desideratum

describes some requirements on correspondence to Boolean logic. Finally, the third
requirement is that of consistency among deduced expressions.[2] From these ideas he
develops a complete framework for manipulating degrees of plausibility of combined
propositions.

In this framework, Jaynes [101] defines probabilities as a measure for the degree Probability
interpretationof plausibility, thus avoiding the connection to infinite limits of observed event

frequencies, rather interpreting it as a subjective quantity that reflects a state of
knowledge. However, in order to emphasize that his framework does not depend on
particular interpretations, Jaynes [101] shows that it can be considered equivalent
to Kolmogorov’s axioms. The debate on different interpretation of probability has
been going on for long times, see e.g. the work [66] and references therein to Kant
and Laplace.

2.3. Bayesian terminology and eponymous theorem
Being assured that we have a solid underlying theory, we can now come to the core
of the Bayesian framework, it’s inference map I.

The framework is built upon two cornerstones: the first one is the so-called prior Prior
distribution PΘ(θ), which encodes the belief of the modeler on the parameter set Θ,
prior to having seen the data X, as a probability distribution. Note that the term
prior can in some circumstances be meant in a logical sense, not a timely or causal
sense.

The second one is the map L, that describes how well the predicted values of the Likelihood
model M fit the observed data X. In the Bayesian framework it is called likelihood
PX |Θ(x | θ) and is also considered a conditional probability.

The quantity of actual interest is the so-called posterior PΘ |X(θ |x), that is the Posterior
conditional probability for the parameter set Θ after having seen the data X.

The connection between the posterior and both prior and likelihood is given by
[2]See first chapter of [101] for details.
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2. Learning from uncertain information through Bayesian inference

the following theorem, that was eponymous for the whole framework:

Theorem 1 (Bayes’ theorem). Given observed data X, a parameterized model
M =M(Θ) with prior PΘ(θ) and likelihood PX |Θ(x | θ), the posterior is given by

PΘ |X(θ |x) =
PX |Θ(x | θ)
PX(x) PΘ(θ), (2.1)

where PX(x) denotes the probability of the observed data and is called evidence.

While to some, equation (2.1) is a simple fact concerning conditional probabilities,Proof
Jaynes [101] gives a proof that shows the deeper origins of the equation and comments
on the philosophical consequences and interpretations. The first occurrence of the
results, albeit in other form, dates back to the work of Bayes [11].

Among the several interpretations[3], we want to emphasize the following: usingUpdating
belief Bayes’ theorem can be seen as updating ones knowledge on arrival of previously

unseen data, using the likelihood as a kind of filter to rule out propositions with low
plausibility. Sticking to the exact form of Bayes’ theorem ensures that we reason in
accordance to the desiderata of Jaynes [101] or more technically phrased that we
have a closed mapping from the set of states of knowledge to itself.

Before we can use the theorem for inference in general, we have to eliminateNormalization
the evidence PX(x) from (2.1). In order to do so, we can exploit the fact that the
posterior needs to be normalized. Consider for simplicity the case of a continuous
parameter Θ with domain Ω.[4] Then we can compute

1 =
∫

Ω
PΘ |X(θ |x) dθ

=
∫

Ω

PX |Θ(x | θ)PΘ(θ)
PX(x) dθ

=
∫

Ω PX |Θ(x | θ)PΘ(θ) dθ
PX(x) ,

as the evidence PX(x) does not depend on the parameter set Θ. Substituting back
[3]See e.g. [126] for one using differential geometry.
[4] The general case of a full measure-theoretic treatment of Bayes’ theorem, is given by Schervish [178, the-

orem 1.31], where one considers a parameter Θ from a probability space (Ω,F , µΘ), where Ω denotes the
respective sample space, F the σ-algebra and µΘ the probability measure. If some technical conditions
hold, we can identify µΘ with the prior distribution and the posterior with the Radon-Nikodym derivative

dµΘ |X

dµΘ
(θ |x) =

πX |Θ(x | θ)∫
Ω πX |Θ(x | θ) dµΘ(θ)

, (2.2)

where πX |Θ denotes the conditional density of X, which we identify with the likelihood. As the usage
of a Radon-Nikodym derivative indicates technically the change of a measure, using Bayes’ theorem can
be readily interpreted as a change in how we distribute our belief after new information arrived.
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into equation (2.1), we find

PΘ |X(θ |x) =
PX |Θ(x | θ)PΘ(θ)∫

Ω PX |Θ(x | θ)PΘ(θ) dθ . (2.3)

With this result, we are in principle ready to start with inference problems, as Universal
formulationequation (2.3) is a universal formulation that tells us how to combine prior and

likelihood to the posterior. Thus, one could compare equation (2.3) to Newton’s laws
or the Lagrangian or Hamiltonian formulation of classical mechanics that govern
solving problems in their field.

The next chapter will show that in accordance to what the comparison to classical
mechanics suggests, the real difficulty lies in the actual computation of the integral
in equation (2.3), much like when solving equations of motion in classical mechanics.
In both cases, the operations involved are not closed on the set of simple and well-
behaved functions, potentially mapping those to ones which cannot be represented
by analytical expressions.

However, before turning to concrete problems, we want to characterize the frame-
work and its consequences for application on a more abstract level.

2.4. Characteristics of Bayesian inference
Usage of prior distributions PΘ(θ) is one of the distinct aspects of Bayesian inference. Prior

knowledgeIt offers the advantage to leverage expert knowledge in a quantitative and transparent
way, which however sometimes is criticized as being subjective or as a way of
manipulating the outcome of a inference. While for large sample sizes or when the
likelihood is overwhelmingly restrictive, the influence of the prior on the estimates
vanishes, in other cases there are ways to quantify the prior influence as the size of a
hypothetical sample that would have the same effect on the posterior, see [136] [145]
[207] for details. Note that in other frameworks there are common practices that act
like priors, see section 2.5 for details.

A less obvious characteristic of Bayesian inference is that it does not require Corner cases
and implicit
assumptions

implicit assumptions on the problem, such that no ill-defined corner cases can occur.
Jaynes [101] gives many examples.

By using probability distributions as descriptions of a state of knowledge we are Uncertainty
quantifica-
tion and
propagation

able to quantify uncertainty in our estimates, by measures like standard deviations
or as Jaynes [101] suggests by the entropy of a distribution. Furthermore, by using
Bayes’ theorem the uncertainty can be propagated during inference. We will now see
two situations, in which the Bayesian framework manages to take the uncertainty of
inference into account by use of marginalization.

The map P in Figure 2.1 for making predictions on new data X̃ that the Bayesian Prediction by
model
averaging

framework suggests, is the use of posterior predictive distributions

PX̃ |X(x̃ |x) =
∫

Ω
PX̃ |Θ(x̃ | θ)PΘ |X(θ |x) dθ, (2.4)

9



2. Learning from uncertain information through Bayesian inference

that is by marginalization over the parameter set Θ. (2.4) can be interpreted as form
of model averaging, that is each possible generating model PX̃ |Θ(x̃ | θ) is weighted
by its plausibility PΘ |X(θ |x).

In order to assess the modeling choices, it is sometimes useful to consider a related
concept, the prior predictive distribution∫

Ω
PX̃ |Θ(x̃ | θ)PΘ(θ) dθ, (2.5)

where the prior is used instead of the posterior for averaging. When comparing equa-
tion (2.5) to equations (2.1) and (2.3) one finds that the prior predictive distribution
equals the evidence PX(x), but offers a different interpretation of the term.

If the parameter set Θ of our model consists of several random variables, some-Elimination
of nuisance
parameters

times we are not interested in some of them, which are called nuisance parameters
accordingly. Often they are however necessary to make the model complete. Consider
now the case that Θ = (Φ,Λ), where Φ is the set of parameters that we are actually
interested in and Λ the set of nuisance parameters. By marginalization we find

PΦ |X(φ |x) =
∫

ΩΛ

PΦ,Λ |X(φ, λ |x) dλ, (2.6)

where ΩΛ denotes the sample space of Λ. Applying Bayes’ theorem (2.1) and the
definition of conditional probability, we find

PΦ |X(φ |x) =
∫

ΩΛ

PX |Φ,Λ(x |φ, λ)PΦ,Λ(φ, λ)
PX(x) dλ (2.7)

=
∫

ΩΛ

PX |Φ,Λ(x |φ, λ)PΛ |Φ(λ |φ)PΦ(φ)
PX(x) dλ (2.8)

=PΦ(φ)
PX(x)

∫
ΩΛ

PX |Φ,Λ(x |φ, λ)PΛ |Φ(λ |φ) dλ. (2.9)

By this result we see that elimination of nuisance parameters can be handled by
adapting the likelihood to the so-called marginal likelihood, leaving the rest of the
framework unchanged. This straightforward treatment of nuisance parameters is in
large contrast to other frameworks, that have considerable fundamental problems
when dealing with nuisance parameters, see [9] for details.

Also for the map D in Figure 2.1, the Bayesian framework offers a solution: givenDecisions
under

uncertainty
a set of decisions D = {di}ni=1 that depend on a inferred model parameter Θ and a
utility function u : D×ΩΘ → R that expresses the utility of making a decision under
the estimated parameter. Jaynes [101] then gives the following rule:

d̂ = arg max
d∈D

∫
ΩΘ

u(d, θ)PΘ |X(θ |x) dθ, (2.10)

that is to make the decision that maximizes the posterior-averaged utility. Again
we see that it is advantageous to compute full probability distributions, as the
uncertainty from the inference gets taken into account as well.
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2.5. Comparison to optimization based methods

As shown in the previous section, the Bayesian framework is a universal formulation Maximum
likelihoodof reasoning. Thus, it also contains other statistical frameworks as special cases. One

common way of doing parameter inference is the maximum likelihood principle,

θ̂ = arg max
θ∈Ω

PX |Θ(x | θ), (2.11)

where Ω denotes the sample space of Θ. In the field of machine learning, often
instead the function

l = − lnPX |Θ(x | θ), (2.12)

called loss, is minimized.
In the Bayesian framework, this is equivalent to using a prior that is constant Bayesian

equivalentor approximately constant around the maximum of the posterior, such that the
posterior is dominated by the likelihood and using the posterior argument maximum
as the best parameter estimate, such that one could write

PΘ |X(θ |x) = δ(θ − θ̂), (2.13)

where δ denotes the Dirac distribution. Consequently, by using the best estimate
only, the predictive distributions (2.4) of those approaches are given by

PX̃ |X(x̃ |x) =
∫

Ω
PX̃ |Θ(x̃ | θ) δ(θ − θ̂)dθ = PX̃ |Θ(x̃ | θ̂), (2.14)

which could lead to strong underestimation of the uncertainty involved.
Interestingly, sometimes in other frameworks a technique called regularization is Regulariza-

tion as a
prior

used, where a term r(θ) is added to the loss, such that

lr = − ln(PX |Θ(x | θ)) + r(θ), (2.15)

in order to prevent overfitting. When comparing with Bayes’ theorem (2.1), we find
that this is equivalent to a prior PΘ(θ) = exp(−r(θ)). A more subtle use of what in
the Bayesian framework is called prior information in other frameworks is the use
of starting values in numerical optimization, which is often not incorporated in the
model description, but mentioned somewhere else, maybe with a remark that this
helps against numerical instability.

While theoretical considerations are in favor of Bayesian inference, in practice Computation-
al
constraints

sometimes one cannot afford to use the Bayesian framework due to computational
restrictions. chapter 3 will cover that in detail.
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2. Learning from uncertain information through Bayesian inference

2.6. Modeling workflow
Gelman et al. [75] argue that in a real world setting, there is more work needed
than the mere posterior inference, calling it workflow. Figure 2.2 shows a flowchart of
the concept. Examples include checking that priors are sensible e.g. using the prior
predictive distribution (2.5) and checking the fit of the models on data level. Also
the different steps shown in Figure 2.1 require steps on top of the posterior inference,
partially overlapping with those shown in Figure 2.2. During the remainder of this
work, we will come back to points addressed in Figure 2.2 at the corresponding
opportunities.
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Figure 2.2.: Bayesian workflow.
The flowchart shows steps required in a Bayesian workflow. Note that
posterior inference is only a small part of the complete picture. The
numbering of the boxes refers to the sections of the work [75], from which
the image was taken.
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As it was shown in chapter 2, Bayes’ theorem (2.3) provides a universal formulation
for inference. However, when applying it to practical problems, we are forced to
handle integrals of the form

PX(x) =
∫

Ω
PX |Θ(x | θ)PΘ(θ) dθ, (3.1)

for a continuous[1] parameter Θ with domain Ω.
In this chapter we will discuss different approaches, both on an abstract and

concrete level, using two example cases.

3.1. Analytical computations
Under certain circumstances it is possible to tract a Bayesian inference completely
analytically by solving the integral in (3.1). This represents the ideal case, which
does however happen only in rare cases.

One technique to facilitate the derivation of closed-form solutions is the usage of Conjugate
priorsso-called conjugate priors, which are prior distributions that come from the same

family of distributions as the likelihood does. For a list of matching pairs of likelihood
and prior see e.g. [67].

Example case: Beta-binomial model

We will use the beta-binomial model as an typical example for a case that can be
solved in closed form, see textbooks by Gelman et al. [74] and Kruschke [109].
The example case will also be illustrating for some theoretically discussed aspects
from the last chapter.

Following the scheme in Figure 2.1, we consider an experiment E which consists of Experiment
and observed
data

n independent trials with a binary outcome, often called ’failures’ and ’successes’ and
a fixed success probability Θ. Moreover, by X we denote the number of successes.
To keep the discussion general, we do not want to fix a setting, as the model can be
used in a variety of circumstances. A recent case with large public interest was the
efficacy analysis of a newly developed, mRNA-based Covid-19 vaccine by Polack
et al. [163].
[1]There is no loss of generality when assuming a continuous parameter. See footnote around equation

(2.2) for the general case that involves evaluation of a measure over the whole space.
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As a next step, we build a model M by assuming identical probability for successModel
and independence of the trials, such that outcome can be described by a binomial
distribution. In order to allow for a closed form solution, we choose the conjugate
prior to the binomial distribution, a beta distribution. Taken together the model is
given by

Θ ∼B(α, β) (3.2)
X ∼B(n,Θ). (3.3)

In order to compute the posterior analytically, we inspect the densities:
First, equation (3.2) translates toBeta prior

πΘ(θ) = θα−1 (1− θ)β−1

B(α, β) , (3.4)

where B(α, β) denotes the Beta function that is defined as

B(α, β) =
∫ 1

0
τα−1(1− τ)β−1 dτ (3.5)

for complex numbers α, β with strictly positive real part. Alternatively, it can be
written as B(α, β) = Γ(α) Γ(β)

Γ(α+β) in terms of the gamma function Γ(z) =
∫∞

0 xz−1e−x dx

for <(z) > 0.
Second, equation (3.3) translates toBinomial

likelihood

PX |Θ(x | θ) =
(
n

x

)
θx (1− θ)n−x. (3.6)

When closely observing the structure of (3.4) and (3.6), it becomes clear that theInference
product of πΘ(θ) and PX |Θ(x | θ) will have the structure . . . θ...(1− θ)..., thus being
proportional to a beta distribution again. Using equation (3.5) we find that

PX(x) =
(n
x

)
B(α, β)

∫ 1

0
θα−1+x (1−θ)β−1+n−x dθ =

(n
x

)
B(α, β)B(α+x, β+n−x), (3.7)

yielding the posterior density

πΘ |X(θ |x) = θα−1+x (1− θ)β−1+n−x

B(α+ x, β + n− x) (3.8)

and indicating that
Θ|X ∼ B(α+X,β + n−X), (3.9)

such that the posterior is again a Beta distribution.
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Finally, we calculate the posterior predictive distribution for observing X̃ = x̃ in Predictive
distributionñ trails,

PX̃ |X(x̃ |x) =
∫ 1

0

(
ñ

x̃

)
θx̃ (1− θ)ñ−x̃ θ

α−1+x (1− θ)β−1+n−x

B(α+ x, β + n− x) dθ (3.10)

=
(
ñ

x̃

)
B(α+ x+ x̃, β + n− x+ ñ− x̃)

B(α+ x, β + n− x) , (3.11)

using again the structural similarity to the beta distribution.
By comparing (3.8) and (3.4) one finds that the parameter α of πΘ(θ) corresponds Prior

influenceto x in PX |Θ(x | θ) and the parameter β of πΘ(θ) to n−x in PX |Θ(x | θ), by which one
concludes that the effective sample size of the beta distribution prior is neff = α+ β,
see [136] for details. Consequently, we can compare neff = α+ β to n when reasoning
about the prior strength.

For comparison we compute the maximum likelihood estimator by Maximum
likelihood
estimate0 = ∂

∂θ
PX |Θ(x | θ) =

(
n

x

)
θx−1 (1− θ)n−x−1(x− θ n), (3.12)

which yields[2]

θ̂ = x

n
, (3.13)

allowing for an interpretation as a frequency. The resulting predictive distribution is
pX̃ |Θ(x̃ | θ̂), here a binomial distribution.

Figure 3.1 shows plots of the distributions for the example case x = 7 and n = 10. Discussion on
example dataFigure 3.1a shows two choices of prior distributions, a flat one with neff = 2 , shown

by blue linecolor, and a more informative one with neff = 10 centered at θ = 0.5,
shown by orange linecolor.

The resulting posterior distributions are shown in Figure 3.1b in corresponding line
colors as well as the maximum likelihood estimator in black linecolor. As described in
the previous chapter, the mode of the posterior resulting from the flat prior matches
the maximum likelihood estimator. In contrast to that, the posterior resulting from
the more informative prior has its mode at θ = 0.6, being in line with the intuition
that due to prior effective sample size neff and sample size are the same, the mode
equals the mean estimate of those two ’information sources’.

Finally, Figure 3.1c shows the resulting posterior predictive distributions for
ñ = 10. When comparing the posterior predictive distribution based on the flat
prior, shown by blue linecolor, with the predictive distribution by the maximum
likelihood approach, shown by black linecolor, it becomes evident that the posterior
predictive distribution is broader due to taking the uncertainty of the estimate into

[2]Checking by ∂2PX | Θ(x | θ)
∂θ2 |θ=θ̂ = −n

(
n
x

) (x
n

)x−1 (
1− x

n

)n−x−1
< 0 that θ̂ is indeed a maximum.
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3. Algorithms for Bayesian inference

account as well, which is line with the discussion from the previous chapter. The
posterior predictive distribution based on the more informative prior, shown by
orange linecolor, is again centered differently as already the posteriors were.

3.2. Distributional approximation
An alternate method for Bayesian inference is distributional approximation, where one
assumes a certain mathematical form of the posterior distribution that is described
by hyperparameters. Often this is used for models with very many parameters like
large neural networks, where sampling is computationally too expensive and the
interactions of parameters is not of particular interest, giving rise to the so-called
mean-field posterior, i.e. products of normal distributions.

Inference is then usually achieved by solving an optimization problem like finding
the parameter set with minimum Kullback-Leiber divergence to a target function,
see [74] for details.

3.3. Numerical quadrature
When a closed form solution of (3.1) is not available, there is the possibility to solve
(3.1) approximately by numerical quadrature, which in the general case means to use∫

Ω
f(ξ) dµ(ξ) ≈ Qn(f) =

n∑
i=1

wi f(ξi), (3.14)

where wi are called weights and ξi nodes. Choice of wi and ξi has a strong influence
on the approximation error

∆ =
∣∣∣∣∫

Ω
fdµ(ξ)−Qn(f)

∣∣∣∣ , (3.15)

see e.g. for [84] different variants and [167] for aspects of implementation.
While this may be suitable if Ω has only a few dimensions, it does not work wellCurse of di-

mensionality if Ω is high-dimensionsal, as Müller-Gronbach, Novak, and Ritter [137] show:
Given a maximum allowed error ε such that ∆ < ε, the required number n of nodes
ξi grows exponentially with d = dim(Ω),

n = O(εd), (3.16)

for a large class of functions f and deterministic choices of wi and ξi, see section
7.4.2 in [137] for details. This phenomenon is known as the curse of dimensionality.

This, together with a further problem that we will encounter in the next section,
leads to the fact that numerical quadrature is a rather uncommon way of computing
(3.1) for Bayesian inference.

McElreath [127] discusses grid based sampling approximations for which the
same arguments as for numerical quadrature apply.
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Figure 3.1.: Prior, posterior and posterior predictive distribution for a beta-binomial
model on example data x = 7, n = 10 and ñ = 10. Two different priors were
used and contrasted to the results from maximum likelihood estimation
(MLE). See text in section 3.1 for more details.
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3. Algorithms for Bayesian inference

3.4. Random sampling or Monte Carlo techniques
As shown in the previous section, deterministic methods for numerical quadrature
suffer from the curse of dimensionality. In this section we will see that randomized
algorithms can circumvent that problem, of course at the cost of other difficulties,
whose solution we look at in turn.

Many of these methods have Monte Carlo in their name, which is a reference to
the famous casino and goes back to studies of problems in physics, see the article
by Metropolis and Ulam [130] for details. A detailed survey on Monte Carlo
methods with a focus on parameter estimation is given by Luengo et al. [119].

3.4.1. Monte Carlo integration

Interestingly, but maybe counter intuitively, randomized algorithms are better suited
for high-dimensional quadrature problems in the following sense: consider again the
general quadrature scheme (3.14)

Qn(f) =
n∑
i=1

wi f(ξi), (3.17)

but now with the choices
wi = 1

n
(3.18)

and ξi as realizations of the random variable

Ξ ∼ U(Ω) (3.19)

which is following a uniform distribution U(Ω).
Then Qn(f) converges in a stochastic sense to the integral of f and the error ofAsymptotic

behavior approximation is given by
∆ = 1√

n
σ(Ξ), (3.20)

where σ(Ξ) denotes the standard deviation of Ξ, see [137, Section 3.1] for details.
Furthermore, it can be shown [137, Exercise 7.7] that for a large class of functions f

∆ ≤
√

d

12n, (3.21)

where d = dim(Ω). Thus the required number n of nodes ξi such that ∆ < ε grows
only weakly with d compared to the case in equation (3.16). For more details see
Müller-Gronbach, Novak, and Ritter [137, Chapter 7], who give an extended
discussion.

Taken together, Monte Carlo integration allows in principle to compute integrals
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3.4. Random sampling or Monte Carlo techniques

of high-dimensional integrands without suffering from the curse of dimensionality.
There are however other problems that arise:

For practical use, realizations of the random variable Ξ are required, which is a non- Random
number
generation

trivial task when one recalls that computers are complicated, but still deterministic
machines. Typically, either measurements of physical process that are considered
random or so-called pseudo-random generators are used. While the first source
of random variables is more attractive from a theoretical point of view, it cannot
be instantiated arbitrarily often, the second source requires careful analysis of the
results before it can be considered trustworthy, see e.g. the discussion by Neumann
[146] or in [167] and [137][3]. As a result, the Mersenne twister by Matsumoto
and Nishimura [125] with subsequent versions and a generator by Panneton,
L’Ecuyer, and Matsumoto [154] were developed to solve the respective issues.

Although we have seen that asymptotically Monte Carlo integration yields the Improving
practical
performance

correct results, for practical purposes, we are only able to approximate the result
by a finite number of steps. As the error in (3.20) is proportional to σ(Ξ), so-called
variance reduction techniques were developed, see e.g. chapter 5 in [137] for several
examples.

One technique of particular interest is the so-called importance sampling, which Importance
samplingreplaces the uniform distribution U(Ω) in Ω by a distribution D that puts more

emphasis on regions where f has large values and thus drastically improves efficiency.
However, in practice, it can be hard to specify or sample from D, see chapter 6 in
[137] for more details.

3.4.2. The Markov chain Monte Carlo method

While the previous approaches tried to compute or estimate the integral in (3.1), the
Markov chain Monte Carlo approach circumvents this by exploiting the structure
of Bayes’ theorem (2.1). Before we can discuss the approach in detail, we need to
introduce some concepts at first, following chapter 6 in [137].

An indexed set of random variables {Λi}i∈I which are all defined in one probability Markov
chainsspace (Ω,F , µ) and take values in one measurable state space S, is called a stochastic

process [137, p. 96].
Markov chains are stochastic processes with two further defining properties: first,

the index i is considered discrete, i.e. e.g. I ⊆ N and second, the so-called Markov
property:

PΛi|{Λj}i−1
j=1

(λi|(λ1, . . . , λi−1)) = PΛi|Λi−1(λi|λi−1), (3.22)

which is often called ’memorylessness’. Markov chains are often used as models in
different fields like machine learning [167], mathematical finance [97], bioninformatics
[59] or for internet search engines [152].
[3]Even more complicated is the simulation of stochastic processes in continuous time, see e.g. the

discussion by Knuth [106].
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3. Algorithms for Bayesian inference

If we further assume that the state space S has a finite dimension d = dim(S) <∞,Stationary
distribution we can represent the states as vectors λ and the transition probabilities (3.22) as a

matrix P. The state λ for which
λ = Pλ (3.23)

is called stationary state or stationary distribution and will be of particular interest.
Existence and well-definedness of λ depends of course on P. As shown in [137,
Theorem 6.27], for every irreducible and aperiodic transition matrix P there exists a
stationary distribution λ. See also the work of Betancourt [17] for an extended
discussion.

If a Markov chain has an irreducible and aperiodic transition matrix P and thusErgodicity
a stationary distribution λ, the ergodicity theorem states that for a measurable
function f

lim
n→∞

1
n

n∑
i=1

f(λi) =
∫
S
f(λ) dµ(λ), (3.24)

that is the average over an infinite run of the Markov chain in time i equals a weighted
average over the state space S by the stationary distribution λ. The concept of
ergodicity is deeply rooted in statistical physics, but was also extensively studied
in mathematics, see e.g. [135] for a historical overview or the work of Peters and
Gell-Mann [160] for its application to decision theory.

Taking the previous results together, we can sample from a desired distributionSampling by
construction
of transition

matrix

by constructing a Markov Chain with a certain transition matrix, such that the
resulting stationary distribution resembles exactly the desired distribution, giving
rise to the name Markov chain Monte Carlo.

3.4.3. Markov chain Monte Carlo algorithms
Although we are particularly interested in transition matrices for distributions thatDistributional

form have the form of the posterior in a Bayesian analysis for a continuous[4] parameter

PΘ |X(θ |x) =
PX |Θ(x | θ)PΘ(θ)∫

Ω PX |Θ(x | θ)PΘ(θ) dµ(θ) , (3.25)

in this subsection we will see how to construct the transition matrix for the general
case of a random variable Λ that has a distribution of the form

PΛ(λ) = 1
Z

e−βE(λ), (3.26)

with β > 0 constant and Z given by the usually intractable integral

Z =
∫

Ω
e−βE(λ) dµ(λ). (3.27)

[4]Again, there is no loss of generality when assuming a continuous parameter. See footnote around
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3.4. Random sampling or Monte Carlo techniques

In physics, this distribution is called Boltzmann distribution and plays a major role
in statistical mechanics. Consequently, the approaches presented in the following are
heavily influenced by ideas from and applications to physics.

By setting
E(θ) = − ln

(
PX |Θ(x | θ)PΘ(θ)

)
(3.28)

the results given below can be applied to the case of posterior inference as well.

Metropolis-Hastings

Metropolis et al. [131] gave the first publicly known description of a Markov chain
Monte Carlo algorithm, also discussing the advantage over the simple Monte Carlo
method. Their algorithm was later improved by Hastings [88], resulting in the
so-called Metropolis-Hastings algorithm.

The derivation works as follows: we impose the reversibility condition Derivation

PΛ(λi)PΛi|Λj (λi|λj) = PΛ(λj)PΛj |Λi(λj |λi), (3.29)

also known as detailed balance. As a result, the Markov chain has a stationary
distribution [137, Lemma 6.24] and we can apply the ergodic theorem. Then we split
the transition probabilities into two parts,

PΛi|Λj (λi|λj) = GΛi|Λj (λi|λj)AΛi|Λj (λi|λj), (3.30)

the generation and acceptance probability. The proposed choice of Hastings [88] is

AΛi|Λj (λi|λj) = min
(

1, PΛ(λi)
PΛ(λj)

GΛj |Λi(λj |λi)
GΛi|Λj (λi|λj)

)
, (3.31)

which is only based on ratios of PΛ(λ), such that the unknown quantity Z in (3.26)
cancels out. Checking that (3.29) is fulfilled, is straightforward by inspecting all
cases. The resulting algorithm is shown in Algorithm 3.1.

The practical performance of the algorithm largely depends on the choice of Performance
and derived
algorithms

GΛi|Λj (λi|λj), most importantly a low rate of rejections λi+1 = λi is desired. Starting
from the Metropolis-Hastings algorithm, many other algorithms have been derived,
e.g. the family of Gibbs sampling algorithms, see Geman and Geman [76] for
the founding work and [74] for further discussion. In the next subsection we will
however focus on a family of algorithms that borrow concepts from physics for the
construction of generators GΛi|Λj (λi|λj).

equation (2.2) for the general case that involves evaluation of a measure over the whole space.
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3. Algorithms for Bayesian inference

Algorithm 3.1 Metropolis-Hastings algorithm
Require: Number of samples n, initial value λ0, generator GΛi|Λj (λi|λj)

for sample i in {1, . . . , n} do
Draw λ distributed as GΛ|Λi−1(λ|λi−1)

Compute AΛ|Λi−1(λ|λi−1) = min
(

1, PΛ(λ)
PΛ(λi−1)

GΛi−1|Λ(λi−1|λ)
GΛ|Λi−1(λ|λi−1)

)
Draw u uniformly distributed in [0, 1]
if u ≤ AΛ|Λi−1(λ|λi−1) then

Set λi = λ
else

Set λi = λi−1
end if

end for

Hamiltonian Monte Carlo

Hamiltonian Monte Carlo algorithms are named after the field of Hamiltonian
mechanics, by which they were inspired. They promise better performance than
most simple Metropolis-Hastings variants for continuous variables, especially for
hierarchical models, see Betancourt and Girolami [16] for details. We will later
cover a hierarchical model in section 3.4.3.

Hamiltonian Monte Carlo is often abrevaded as HMC, which is sometimes used for
Hybrid Monte Carlo as defined by Duane et al. [58] as well. Both, however, describe
the same overall concept.

The key idea is to use a special mapping for the generator GΛi|Λj (λi|λj) byHamiltonian
dynamics computing λi as the endpoint of a trajectory starting at λj ,

λi = H(λj |p, T ) (3.32)

with random initial conditions. The exact procedure is as follows: we consider again
the case of a vector λ in the state space Ω and introduce vectors p with the same
dimensions, called momentum. In a similar manner as in classical mechanics, we
define the Hamiltonian

H(λ,p) = U(λ) +K(p) ≡ U(λ) + 1
2 pM−1 p, (3.33)

with U from (3.28) and the kinetic energy K. The dynamics of a system of particles
in classical mechanics is described by the following Hamiltonian equations of motion,
which we will adopt as well:

d
dtλ(t) = ∂

∂p
H(λ,p) (3.34)

d
dtp(t) =− ∂

∂λ
H(λ,p) (3.35)
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3.4. Random sampling or Monte Carlo techniques

Algorithm 3.2 Hamiltonian Monte Carlo algorithm
Require: Number of samples n, initial value λ0, number of integration steps L,

integration steps size ε, energy functions U and K
for sample i in {1, . . . , n} do

Set λ = λi−1
Set p0 ∼ N (0, 1)
Set p = p0 − ε

2∇U(λ)
for step j in {1, . . . , L} do

Set λ = λ+ εp
if j 6= L then

Set p = p− ε∇U(λ)
end if

end for
Set p = −

(
p− ε

2∇U(λ)
)

Set AΛ|Λi−1(λ|λi−1) = exp (U(λi−1)− U(λ) +K(p0)−K(p))
Draw u uniformly distributed in [0, 1]
if u ≤ AΛ|Λi−1(λ|λi−1) then

Set λi = λ
else

Set λi = λi−1
end if

end for

Finally, we can specify (3.32) precisely as

H(λj | p, T ) = λ(T ) (3.36)

as the solution to (3.34) and (3.35), provided the initial conditions

λ(0) = λj p(0) ∼ P, (3.37)

that is a random value for the momentum according to some distribution P. The
solution to the differential equations are usually provided by numerical integration,
see Neal [140] for details and an overview. Algorithm 3.2 shows a specific version
with a leapfrog integration scheme and a standard Gaussian distribution P as given
by Neal [140].

A main property of Hamiltonian mechanics is that the Hamiltonian (3.33) is a Rejection rate
conserved quantity for all tuples (λ,p) along the trajectory. Thus, if one was to use
a ratio of probabilities PΛ,P (λ,p) = 1

Z
exp(−β H(λ,p)) for sampling (Λ, P ) by a

Metropolis-Hastings algorithm, that ratio would equal one for a perfect simulation of
the trajectory, resulting in zero rejection rate. As, however, numerical simulation of
the trajectory is imperfect and the marginal distribution of Λ is the one of interest,
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3. Algorithms for Bayesian inference

the practical rejection rate is above zero. An example for the latter is the mapping
(λ,p) 7→ (λ,−p) that leaves the Hamiltonian (3.33) invariant, but produces no new
value of λ. See again Neal [140] for an extended discussion.

As an alternative to the connection to classical mechanics, there are also treatmentsGeometrical
interpretation of the subject from a differential geometric point of view, see Betancourt et al.

[19] and Barp et al. [8].
Intuitively speaking, trajectories of Hamiltonian Monte Carlo samplers are more

self-avoiding in contrast to simple Metropolis-Hastings variants that slowly diffuse
like a random walk.

The right choice of the hyperparameters is essential for practical performance, seeParameter
choice e.g. Betancourt, Byrne, and Girolami [15] for recommendations on step size,

while Neal [140] discusses the choice of the mass matrix M−1, recommending to
approximate the covariance matrix of pΛ(λ).

The no-U-turn sampler

Homan and Gelman [93] developed an HMC algorithm called no-U-turn sampler
(NUTS) that automatically controls the number of steps and the step size of the
numerical integration, thus freeing the user from tuning those parameters.

The main idea for controlling the number of steps is to check whether an additionalControlling
the number

of steps
step would bring the algorithm back to the origin of the path and stopping the
integration, if that is the case. This way of avoiding a U-turn of the sampler is
reflected in the name of the algorithm accordingly.

The step size is optimized during the warm-up phase of the sampling using anOptimizing
the steps size initial guess that gets adapted to match a desired acceptance rate of the proposals.

For the production run of the sampler the value found in the warm-up is used.
Algorithm 3.3 shows the version given by Homan and Gelman [93] in their work,

which also contains more information on the technical details. From the listing, we
can see that the sophistication has largely grown compared to the simple Metropolis-
Hastings algorithm shown in Algorithm 3.1. However, the end user strongly benefits
from the additional effort, as usually no manual tuning of the inference is necessary,
greatly reducing the amount of manual effort and expertise needed.

Potential issues and diagnosis

When applied in practice, Markov-Chain Monte Carlo methods have potential issuesConvergence
as well. The first and foremost is that we can draw only a finite number of samples
and thus we have to check whether the sequence has already converged. This is
typically achieved by starting multiple chains with different starting points and then
checking whether they are mixing well and have reached stationarity. Gelman and
Rubin [73] developed a statistic to diagnose this behavior, see Gelman et al. [74]
for further discussion.
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3.4. Random sampling or Monte Carlo techniques

Another potential problem is that of correlated samples, which reduces the effective Correlation
sample size. In order to avoid strong dependence on the initial values, the first part
of a sampled chain, called warm-up, is often discarded and sometimes the chain is
even thinned afterwards, see again Gelman et al. [74] for further discussion.

For Hamiltonian Monte Carlo (HMC) methods in particular, there are additional HMC
diagnosisdiagnosis methods, namely checking the energy distributions of transitions and

whether the numerical integration diverged, see the work of Betancourt [18] for
more details.

Example case: Hierarchical beta-binomial model

To illustrate the concepts discussed above, we will extend the example from section 3.1
to the case of N distinct sets of observations, consisting of ni trials and xi ’successes’.
Thus, we need to understand Θ as Θ = {Θi}Ni=1.

We start with a modified likelihood by again assuming identical probability for Model
formulationsuccess and independence of the trials, but for each set of observations a separate

binomial distribution

PX |Θ(x | θ) =
N∏
i=1

(
ni
xi

)
θxii (1− θi)n−xi . (3.38)

Next, we keep the same prior, a beta distribution, for each component, such that the
prior density function is

πΘ(θ) =
N∏
i=1

θΦ−1
i (1− θi)Ψ−1

B(a, b) , (3.39)

but with shared nuisance parameters Φ and Ψ, which are random variables as well.
This model choice has two consequences. First, the nuisance parameters Φ and Ψ

require priors, so-called hyperpriors, which are chosen as half-normal distributions
with density functions

πΦ(φ) =
√

2
σ
√
π

exp
(
− φ2

2σ2
Φ

)
, (3.40)

πΨ(ψ) =
√

2
σ
√
π

exp
(
− ψ2

2σ2
Ψ

)
, (3.41)

where φ, ψ, σΦ, σΨ ≥ 0.
Second, the resulting model is a hierarchical model, which allows for information

exchange between parameters for different sets of observations via the common
hyperparameters. Hierarchical models have benefits both from a theoretical and
practical point of view: the unified treatment of several groups of observations is in
accordance to the intuition that knowledge about one set is useful for the others,
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while the smaller number of parameters compared to modelling each set separately
reduces the danger of overfitting and allows for meaningful inference even if some or
all data sets consist of only few observations. See [74, chapter 5] for a more detailed
discussion of hierarchical models in general and the particular example.

Even though we could study the model in its general form, we consider hereExample data
a concrete example case where we assume N = 3 with x = (7, 23, 14) and n =
(10, 100, 50). Additionally, we fix σα = σβ = 7 for an approximately flat prior.

Fixing all values numerically allows us to do Bayesian inference by the NUTS algo-Inference by
NUTS rithm of Homan and Gelman [93]. In our experiments, we use the implementation

of Salvatier, Wiecki, and Fonnesbeck [176].
Figure 3.2 shows the results. The sample from the prior in Figure 3.2a approachesResults

the uniform distribution from Figure 3.1a. The sampling trace after removing the
warm-up is shown in Figure 3.2b for illustrational purposes, diagnostics should not
be done by visual inspection, except for obvious cases of problems. The posterior
samples are shown in Figure 3.2c with the maximum likelihood estimates (3.13) for
each set of observations shown in black line color for reference.

We can clearly see a useful property of hierarchical models here that is known asPartial
pooling partial pooling. Due to the common hyperparameters information from other sets

of observations is taken into account as well. In our case, this e.g. means that the
estimate for the first set of observations is biased away from the maximum likelihood
estimates, as the other data sets carry contradicting information. Moreover, the
different sizes of sets of observations are taken into account as well, yielding different
strengths of the effect for the different parameter estimates. See again [74, chapter
5] for a more detailed discussion.

Often, hierarchical models like the one shown here are used to compare slightlyComparison
of sets of

observations
different sets of observations for which a comparison on a data level is not meaningful,
see e.g. Calandra et al. [32] and Pedergnana et al. [157] for applications in our
own work.

3.4.4. Sequential Monte Carlo

In contrast to the Markov Chain Monte Carlo (MCMC) methods discussed above,
the Sequential Monte Carlo (SMC) methods aim to infer a sequence of distributions
[116]. Usually the distributions are encoded as weighted samples, sometimes called
particles. Del Moral, Doucet, and Jasra [51] give an overview on different
sampling techniques.

When SMC algorithms are applied to the filtering problem, i.e., estimating theParticle filters
hidden state of a system from noisy observations in an online setting, these methods
are often called particle filters. See e.g. [34] as textbook for an introduction. Due
to a similar mathematical structure of the problems, there is a link to the work of
Feynman and Kac on path integrals and stochastic processes [50].

Buchholz, Chopin, and Jacob [31] proposed to use the transition kernels ofCombination
with HMC
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Figure 3.2.: Prior, sampling trace and posterior for a hierarchical beta-binomial model
on example data N = 3, x = (7, 23, 14) and n = (10, 100, 50). See text in
section 3.4.3 for more details.
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HMC in SMC, thus combining the benefits of both approaches.

3.5. Recursive Inference or online updating
When the data X are not completely available, but continue to arrive steadily one
after another, the inference takes places in a so-called online setting. Particle based
methods are ideally suited for that task by construction. With MCMC methods
one usually reruns the inference for each new dataset. As an alternative, Hooten,
Johnson, and Brost [94] propose an algorithm for updating samples with MCMC
methods.

3.6. Parallelization
If the computational load of a task is high, the question whether we can gain some
speed-up by parallalelization arises naturally.

For MCMC methods one usually attempts to compute several chains independentlyMultiple
chains anyhow, to use them as a diagnostics of convergences. Thus the problem is trivially

parallelizable at this level.
If the computation of a single chain is too costly, however, there are problems withFinite Decom-

posability the decomposability. Although a single atomic operation for an MCMC algorithm
consists in computing a proposal and rejecting or accepting it, which would allow
for a large scale parallelization down to a fine level, the serial correlation between
samples would invalidate the results when splitting the chain into too small parts.
Thus, there is an upper limit for the parallelization of chains by splitting them into
smaller ones.

Holbrook et al. [92] present a parallel version of HMC and Zhou [213] a parallelImplementa-
tions version of SMC. For parallelization of particle filters see [46] and [117].
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Algorithm 3.3 No-U-Turn sampler with dual averaging
Require: Initial value λ0, δ, U,K,M,Madapt

Set ε0 = FindReasonableEpsilon(Λ), µ = log(10ε0), ε̄0 = 1, H̄0 = 0, γ = 0.05, t0 = 10, κ = 0.75.
for m = 1 to M do

Sample p0 ∼ N (0, I).
Resample u ∼ U([0, exp{U(λm−1)−K(p0)}])
Initialize λ− = λm−1, λ+ = λm−1, p− = p0,p+ = p0, j = 0,λm = λm−1, n = 1, s = 1.
while s = 1 do

Choose a direction vj ∼ U({−1, 1}).
if vj = −1 then

λ−,p−,−,−,λ′, n′, s′, α, nα ← BuildTree(λ−,p−, u, vj , j, εm−1,λm−1,p0).
else
−,−,λ+,p+,λ

′, n′, s′, α, nα ← BuildTree(λ+,p+, u, vj , j, εm−1,λm−1,p0).
end if
if s′ = 1 then

With probability min{1, n
′

n
}, set λm ← λ′.

end if
n← n+ n′.
s← s′I[(λ+ − λ−) · p− ≥ 0]I[(λ+ − λ−) · p+ ≥ 0].
j ← j + 1.

end while
if m ≤Madapt then

Set H̄m =
(
1− 1

m+t0

)
H̄m−1 + 1

m+t0
(δ − α

nα
).

Set log εm = µ−
√
m
γ
H̄m, log ε̄m = m−κ log εm + (1−m−κ) log ε̄m−1.

else
Set εm = ε̄Madapt .

end if
end for

function BuildTree(λ,p, u, v, j, ε,λ0,λ0)
if j = 0 then

λ′,p′ ← Leapfrog(λ,p, vε).
n′ ← I[u ≤ exp{U(λ′)−K(p′)}].
s′ ← I[u < exp{∆max + U(λ′)−K(p′)}].
return λ′,p′,λ′,p′,λ′, n′, s′,min{1, exp{U(λ′)−K(p′)− U(λ0)−K(p0)}}, 1.

else
λ−,p−,λ+,p+,λ

′, n′, s′, α′, n′α ← BuildTree(λ,p, u, v, j − 1, ε,λ0,p0).
if s′ = 1 then

if v = −1 then
λ−,p−,−,−,λ′′, n′′, s′′, α′′, n′′α ← BuildTree(λ−,p−, u, v, j − 1, ε,λ0,p0).

else
−,−,λ+,p+,λ

′′, n′′, s′′, α′′, n′′α ← BuildTree(λ+,p+, u, v, j − 1, ε,λ0,p0).
end if
With probability n′′

n′+n′′ , set λ′ ← θ′′.
Set α′ ← α′ + α′′, n′α ← n′α + n′′α.
s′ ← s′′I[(λ+ − λ−) · p− ≥ 0]I[(λ+ − λ−) · p+ ≥ 0]
n′ ← n′ + n′′

end if
return λ−,p−,λ+,p+,λ

′, n′, s′, α′, n′α.
end if
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sampler

While in chapter 3 generic inference algorithms were covered, here we will turn our
attention to more specific challenges and present a solution for them.

4.1. Inference runtime on large data sets as a practical
challenge

In some applications, there are data sets with many observations of equal importance,
which is generally considered beneficial, as there is potentially a lot of information
contained in the observations. However, the resulting runtime of preferred inference
algorithms like NUTS can be high, which is a challenge especially in online settings,
see chapter 6 and chapter 9. Thus, the question is how to reduce the runtime of
the inference on large data sets without sacrificing ideally any or at least only mild
amounts of inference quality.

Of course, for all cases it is beneficial to have well designed and tuned imple- Other
approachesmentations of the algorithms used, see chapter 5 for further discussion on general

issues of programming Bayesian inference. For the more specific case of large data
sets, there are, amongst others, the possibilities to speed up the programs on GPU
architectures [92] or through subsampling of data, see [170] for further discussion.

4.2. The paraNUTS algorithm
A typical approach to speeding up algorithms is to use parallel computing, where one
splits the task into (ideally) independent subtasks, –which can be solved in parallel–
and later on combines the results of those to the final result. Following this principle,
we propose to run the inference on subsets by MCMC algorithms in parallel and to
combine the resulting posterior samples accordingly.

A similar approach was also taken by several others: while Scott et al. [181] Related work
suggest a weighted average combine the resulting posterior samples, Wang and
Dunson [205] and Neiswanger, Wang, and Xing [142] use parametric and non-
parametric representations which express the full posterior as a product, Minsker
et al. [132] compute an embedding in order to denoise the samples and Nemeth and
Sherlock [144] approximate the posterior log-density by a Gaussian Process.
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We propose a novel approach of this kind. For the inference on the subsets, thereIdea
are no alterations to the usual case in our approach, such that we can use the NUTS
algorithm straightforwardly, see section 3.4.3. Running the inference on the subsets
results in different sets of parameter samples for each subset. When combining the
samples, we use the computationally cheap Metropolis criterion, see section 3.4.3,
but using all data for computing the likelihood, thus ensuring that in the limit of
many merged samples we sample from the full model evaluated on all data. In the
following we will call this approach the paraNUTS algorithm.

To make the formulation more precise we will stick to the following notation: weMathematical
formulation consider a model M =M(Θ) described by parameters Θ for observations X. Now

we consider a partition P = {Xi} of the observations such that
∅ /∈ P (4.1)⋃

Xi∈P
Xi = X (4.2)

Xi ∩Xj = ∅ ∀Xi, Xj 6= Xi ∈ P, (4.3)
where ∅ denotes the empty set and we have taken the definition of a partition from
[118]. During the parallel steps we sample

θ̂i ∼ PΘ̂i |Xi(θ̂i |xi) (4.4)
on each of the Xi and finally we sample

θ ∼ PΘ |X(θ |x) (4.5)

on the full data X with θ̂i as candidates for the Metropolis criterion.
The approach was inspired from the method of parallel tempering [191] [96] [64]Inspiration

[61] or replica exchange molecular dynamics [190] used in computational physics,
where several instances of a system with slightly different setups (e.g. temperature)
are simulated (potentially in parallel) and particles are swapped between systems to
improve the simulations. See the work by Neal [141] for an application in statistical
computing.

When an algorithm can be formulated in terms of so-called map and reduceUsing the
map-reduce

paradigm
operations, it is usually simple to leverage parallelization in an implementation. Here,
map refers to applying a unary operation f(·) to all elements in a collection or data
structure, which can be done in an embarrassingly parallel fashion. Reduce refers
to applying a certain class of binary operations b(·, ·) repeatedly on elements in a
collection or data structure, until only a single element is returned. More precisely,
the operation b(·, ·) and the set S of elements on which it should act is commonly
required to be a monoid [133], i.e. the map b : S × S → S, (s1, s2) 7→ s1 ◦ s2 has to
fulfill

(s1 ◦ (s2 ◦ s3)) = ((s1 ◦ s2) ◦ s3) ∀ s1, s2, s3 ∈ S (4.6)
∃ e ∈ S : e ◦ s =s ◦ e ∀ s ∈ S. (4.7)
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4.2. The paraNUTS algorithm

Algorithm 4.1 paraNUTS
Require: Number of samples n, initial value λ0, NUTS

Partition data into P = {Xi}pi=1
for sample i in {1, . . . , p} do

Compute n samples θ̂i on Xi by NUTS starting at λ0 . Map
end for
repeat . Reduce

for i in {1, . . . , n} do
Consider λi,j from θ̂j = {λlj}nl=1 and λi,k from θ̂k = {λmk}nm=1 with k 6= j

Compute AΛi,j |Λi,k(λi,j |λi,k) = min
(

1, PΛ(λ)
PΛ(λi−1)

)
Draw u uniformly distributed in [0, 1]
if u ≤ AΛi,j |Λi,k(λi,j |λi,k) then

Set λ = λi,j
else

Set λ = λi,k
end if
Store λ in θ̂ = {λi}ni=1

end for
until all θ̂ are reduced into one

If these conditions are fulfilled, b(·, ·) can be applied in parallel to pairs of elements
in a collection or data structure, until a single value s ∈ S is left. Applications that
are designed after the Map-Reduce paradigm can be scaled to a huge number of
computations in parallel, see e.g [112] or [48] for further discussion or [211] for a
framework to implement those applications.

In terms of the map-reduce paradigm, the sampling from the posterior on subsets
in (4.4) can be considered as the map operation and the sampling from the posterior
on the full data set in (4.5) as the reduce. However, as the ratios and the stochastic
nature of the Metropolis criterion, see Algorithm 3.1, break the associativity in
(4.7), the resulting structure is a unital magma only [198] [120]. Nevertheless, the
operation still allows for parallel execution and yields the desired result in the sense
of stochastic convergence.

Algorithm 4.1 shows a listing of the paraNUTS algorithm in pseudo-code. Description,
implementa-
tion and
availability

We used the Julia programming language [20] for an implementation that is built
upon the Turing.jl [71] package for Bayesian inference and the folds [6] package for
the parallel execution of the map and reduce steps.

Source code and data is available at https://github.com/KonstantinBob/paraNUTS
and a corresponding publication is in preparation.
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4. Parallelization of the no-U-turn sampler

4.3. Use case study

As an examplary use case, we studied a Gaussian process (GP) model, see the work
of Rasmussen and Williams [171] for a detailed coverage of the topic. See also
subsection 6.4.1 for a possible application of a Gaussian process. The process models
pairs of data points {(xi, yi)}ni=1. A key component is that the model requires a
notion of distance between two realizations of the first component, xi and xj . Thus,
for applications, the right choice of a distance function d(·, ·) is important [171].

We assume that a distance matrix D with entries dij = d(xi, xj) is precomputed.Mathematical
formulation The mathematical formulation of the model used is given as follows

σ2 ∼ LN (0, 1) (4.8)
φ ∼ IG(3, 0.5) (4.9)
µ ∼ N (0, 1) (4.10)

Σ = exp
(
−D

2

φ2

)
+ σ2 I (4.11)

y ∼ N (µ,Σ), (4.12)

where LN (µ, σ) denotes the lognormal distribution with location parameter µ and
scale parameter σ, IG(α, β) denotes the inverse-gamma distribution with shape
parameter α and scale parameter β. N (µ, σ) denotes the Gaussian distribution with
mean µ and standard deviation σ and I the identity matrix.

As data {(xi, yi)}ni=1 we used samples from the prior predictive distributions toData used
avoid problems with modeling error. A data set with n = 100 is shown in Figure 4.1
for illustration.

The study was performed on Debian 10 machine with a AMD Ryzen 5 3600 6-CoreSetup
Processor @ 2196MHz, allowing for parallel execution of 12 threads, and 32 GiB (2
× 16 GiB) of DIMM DDR4 Synchronous @ 2400 MHz main memory. We used Julia
in version 1.6.2 and Turing.jl in version 0.17.4.

The kernel-density estimates of the posterior distributions inferred by NUTS andResults
paraNUTS on k = 2 and on k = 4 partitions are shown in Figure 4.2. Concerning the
quality of the results, one finds that for all parameters the samples from both runs
of paraNUTS have very similar central tendencies as those from NUTS, indicating
good agreement. For the parameter φ (Figure 4.2a) they have even a similar
shape, indicating similar results from both methods, independently of the number of
partitions k. A widening of the distributions can be observed for the parameter σ2

(Figure 4.2b), which is even more pronounced for the parameter µ (Figure 4.2c). In
both cases the widening gets stronger with a higher number of partitions k.

Thus, one can conclude that estimates from paraNUTS on different partitions can
have a greater uncertainty than those from a run with NUTS on the full data set.
This, however, can be explained by the fact that the estimates for some parameters

36



4.3. Use case study

0 2 4 6 8 10
xi

1.5

1.0

0.5

0.0

0.5

1.0

1.5

2.0

y i

Figure 4.1.: Data used for inference by a Gaussian process model with n = 100 obser-
vations (blue dots). The straight lines are just used for guiding the eye.

depend more heavily on the partitioning. E.g. in this concrete case, the parameter
φ that measures a typical length scale for distances between the xi, is less influenced
by the partitioning than the parameter µ that measures the location of the yi.

As a side note, it is worth to mention that this propagation of uncertainty is one
of the beneficial characteristics of the Bayesian approach, as shown in section 2.4.

Figure 4.3 shows the scalability of inference by paraNUTS for two data sets with
sizes n = 140 and n = 250. In both cases, up to a certain number of threads used,
the scaling works well. In the best case for n = 140 observations a speed-up s ≈ 6
and for n = 250 a speed-up s ≈ 12 could be achieved. For larger numbers of threads,
the parallelization overhead becomes noticeable and starts to increase runtime again
slightly. Note that due to evaluation of dense matrices with shape n× n in equation
(4.11) the computational effort grows considerably between the examples, which
can also be seen when comparing the measured runtimes between Figure 4.3a and
Figure 4.3b. As this higher computational burden did not lead to a greater number
of threads yielding minimum runtime, one can conclude that model evaluation is
not the limiting factor here. Thus, it is rather the case that the other tasks like
creation of models and chains, model tuning and the reduce step start to dominate
for a higher number of threads used. Those, however, do not benefit strongly from
parallelization, such that they lead to the above mentioned overhead that leads to
increasing runtimes.
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Figure 4.2.: Results from NUTS and paraNUTS. Kernel-density estimates of samples
from standard NUTS (blue color), paraNUTS (orange color) on k = 2
partitions, and paraNUTS (green color) on k = 4 partitions for the three
model parameters φ, σ2, and µ with n = 100. See text in section 4.3 for
further details.

38



4.3. Use case study

(a) Inference on a data set with n = 140 observations

(b) Inference on a data set with n = 250 observations

Figure 4.3.: Scalability of inference on a Gaussian process model by paraNUTS.
The graph show the runtime in seconds as a function of the number of
threads used for the parallel execution, both on a logarithmic scale. Several
runs were averaged, the curve shows mean and standard deviation. For
both n = 140 and n = 250, the linear decrease at the left indicates that the
scaling work wells until the optimal number of threads is hit. Afterwards,
the runtime increases again slightly, indicating that the parallelization
overhead is now larger than the gain in speed. See text in section 4.3 for
further discussion.
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5. Software libraries for probabilistic
programming

In this work, we have so far dealt mainly with abstract concepts, such as mathematical
formulations and algorithms. This chapter now covers software that turns data and
algorithms into concrete results.

5.1. Probabilistic programming

For practical application of the algorithms shown in chapter 3, it is recommended to
use a software library which was tested for reliability and optimized for performance.
Furthermore, those software libraries typically provide utility functions for diagnostics
and plotting, and their usage helps in ensuring reproducability of the results.

When using these packages, the user is often only required to specify the prior Automated
inferenceand likelihood, while posterior inference and predictive distributions are handled by

the software package, coining the term probabilistic programming. The development
of software packages that allow the user to perform his tasks on a high level of
abstraction without being forced to take care of low level details, aims to have a
situation similar to that in the field of deep learning, where certain frameworks have
lowered the entry threshold for non-experts considerably.

Table 5.1 shows a selection of some software packages for probabilistic programming,
which we will refer to in the following discussion of a probabilistic programming
library’s components and their design.

5.2. Library components and their design

In general, a software package for probabilistic programming contains components for
the model specification, the inference and prediction algorithms, and data structures
for results. We will shortly review some design choices among the packages shown in
Table 5.1.

For the model specification, there are two types of design choices: either the Model
specificationmodel is specified in a domain specific language (DSL) or in a general purpose

programming language. The popular package Stan [37], e.g. uses is own DSL,
whereas the PyMC3 package [176] and the Turing.jl package [71] use general purpose
programming languages, i.e. Python [201] [200] and Julia [20] respectively.
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Table 5.1.: Selection of some software packages for probabilistic programming

Package name API for programming languages Reference

Stan Python, Julia, R, MATLAB,
Mathematica, command line [37]

PyMC3 Python [176]
TensorFlow Probability Python [53]
Turing.jl Julia [71]
Gen Julia [47]
Rainier Scala [30]

The choice of the model specification language influences the type system used asType system
well. The Stan package [37] uses a static type system in its DSL, while the PyMC3
package [176] and the Turing.jl package [71] rely on the type system of the general
purpose programming languages they use accordingly. For a detailed review on type
system and their pros and cons see e.g. the work of Cardelli [35].

An important aid for the use of Hamiltonian Monte Carlo algorithms (see sec-Automatic
differentia-

tion
tion 3.4.3 for details) is the availability of automatic differentiation, that is the
automated calculation of derivatives of mathematical expressions in the source code.
Gebremedhin and Walther [72] give a detailed review on the topic and point out
the design requirements for software systems, which in turn influences the design of
probabilistic programming packages as well. While the Stan package provides its
own implementation of automatic differentiation, Turing.jl can use a variety of Julia
packages for that purpose and both TensorFlow Probability and PyMC3 delegate
the task to the frameworks by which their models are compiled, which are Tensorflow
[1] and Theano [196] respectively.

As already mentioned, software packages for probabilistic programming usuallyCompilation
of model use compiled code for greater computational speed. Again, different design choices

have been made: the Turing.jl package works in this respect like other Julia language
packages and is compiled according to the procedures of the Julia language. The
Stan package translates code to the C++ programming language and uses the
respective compilation methods to generate machine code. As noted before, PyMC3
and TensorFlow Probability use other frameworks, which can produce code for both
CPUs and GPUs.

Of course, a package should provide many different algorithms for inference.Available
algorithms However, many more advanced algorithms have hyperparameters, which are non-

trivial to set correctly or at least sufficiently well for the desired outcome. Thus,
many packages try to provide automatically tuned parameters, see e.g. the discussion

42



5.3. Architectures for parallel processing

in the article on PyMC3 [176]. In particular, the Turing.jl package was designed in a
modular fashion, such that new algorithms can easily be added as engines [71]. The
Gen package [47] aims for similar functionality.

Besides the model representation that may requires to support more complex Data
structuresoperations like automatic differentiation, the input data and resulting parameter

samples are usually modeled as multi-dimensional arrays representing the mathemat-
ical tensors and their realizations as e.g. scalars, vectors, and matrices. A convenient
feature for the user is the availability of broadcasting, that is the ability of the
program to infer meaningful ways to simulataneosly perform operations like addition
on arrays with different shapes. The Python package numpy [85] and Tensorflow [1],
e.g., provide this functionality. For more details on broadcasting see e.g. [85].

5.3. Architectures for parallel processing
As Bayesian inference problems can require large amounts of computation, there is
of course an interest in parallel processing methods to speed up computations and to
be able to make efficient use of modern hardware.

As discussed in section 3.6, in most cases there is the possibility to split up an Multithreaded
CPUinference problem into a few independent tasks. Thus, most software packages like

Stan or Turing.jl provide means to use multiple threads on a CPU for processing.
The underlying frameworks of PyMC3 and TensorFlow Probability technically GPUs

allow to compile code for GPUs, which offer many more threads than a typical CPU.
However, the inference problems are often not structured in way that allows to exploit
the advantage of GPUs easily, such that users of that packages usually use multiple
threads on a CPU as well.

For processing amounts of data that do not fit a single machine in terms of memory Cluster
computingor compute power, computer clusters are used with dedicated frameworks like Spark

[211] that provide an abstract API for running programs on a large-scale cluster. In
the particular case of Spark, the code is executed in Java virtual machines (JVMs)
that are hosted on the nodes of the cluster. The package Rainier [30] addresses
this and provides code optimized for the JVM, thus allowing for efficient use on
a cluster with spark. Note, however, that this way of parallelization only allows
to distribute many similar inference problems on a cluster, not necessarily a single
inference problem over several workers in a cluster.
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6. Extending Turing.jl for online updates

In contrast to chapter 5 we turn our attention to a specific library for probabilistic
programming and how to extend it for a specific application.

The results presented here are described in a manuscript which has been un-
der review by the Journal of Statistical Software and will be slightly revised and
resubmitted shortly after the writing of this thesis:

K. Bob, B. Schmidt, and A. Hildebrandt. “Extending Turing.jl for Online
Updates of Bayesian Inference in Julia”

The manuscript is directly replicated here with minimal changes. K. Bob con-
tributed to the design of the package and writing of the article, implemented the
software package and performed the case studies.

As shown in chapter 3, the HMC algorithms and especially NUTS have many NUTS in
online
settings

desirable properties for one-pass inference on data sets. However, these benefits come
at the price of a high demand on computational resources, as for each proposed
parameter sample NUTS needs to evaluate the product of prior and likelihood and
its derivative several times. Especially in online settings, where small amounts of
new data arrive steadily, simply re-running inference after each new datum can
be prohibitively costly and would ignore previously gained information on model
parameters.

An alternative approach is offered by the class of particle based inference methods SMC in
online
settings

([51], [34]) which were also introduced in chapter 3. Instead of forming Markov
chains, the distribution of interest is represented by a set of particles, i.e. coordinates
in parameters space and their weights. Inference is done by adjusting coordinates
and weights accordingly. Thus, particle based methods are better suited for efficient
updates, as it usually requires only a simpler resampling, compared to a more
costly rerun of NUTS. However, for high-dimensional or complex geometries of the
parameter space, the simpler resampling often does not provide sufficient quality of
exploration.

Taking the benefits and limitations of both the HMC and particle based methods Combination
together, it would be ideal to combine them such that the best from both worlds
is available. This motivates our work to enable interchangeable usage of particle
based methods for updating of parameter estimates that may have been inferred
with another type of algorithm, especially NUTS.
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Model M

Data x Chain {θ}

Sampler

Figure 6.1.: Inference architecture in Turing.jl. While usually a single object holds both
the observed data x and the definition of the model M, the sampler is
an independent object. The inferred parameter sample {θ} is stored in a
separate MCMC chain object.

6.1. The Turing.jl package as a basis
Unfortunately, to the best of our knowledge, popular software packages like Stan
([37]), PyMC3 ([176]) or the Turing.jl package by [71] do not provide the desired
functionality yet.

However, the Turing.jl package by [71] offers a perfect starting point for de-Benefits
velopment of this feature, as it provides both particle based methods and MCMC
algorithms like NUTS. Furthermore, it is designed in a modular fashion which allows
for extensibility. As Turing.jl is written in the Julia programming language ([20]),
we can immediately take advantage of its versatile feature set to create a highly
efficient and scalable implementation. Moreover, Carpenter [36] mentions a great
flexibility in model definition and a more flexible version of automatic differentiation
as advantages of Turing.jl compared to other popular packages.

6.2. Technical description of the online update process
The general architecture of a program for Bayesian inference in the Turing.jl packageInference

architecture is shown in Figure 6.1, and the corresponding source code in the first block of
Listing 6.1. Given observed data x and a model M, a single object for holding both
is used. In the next step, an appropriate sampler is chosen and constructed as an
independent object. The inferred parameter sample {θ} from the run of the sampler
is stored in a separate MCMC chain object.

If new data x′ arrives, there are two steps necessary for updating the inference.Online
update First, a new modelM′ is needed, holding the new data and possibly new parameters

as well. The second step requires to update the parameter samples. Instead of
providing a new class of samplers for that, the new functionality is provided by
converting an existing chain object with information from the new model into a
particle container object, on which sequential samplers can operate, and converting
back the resulting updated particle container into a chain object, see Figure 6.2 for a
diagram of the online update process.

The two main building blocks for the process are Chains objects from theChains and
Varinfo
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(M′, {θ}) {θ′}

{(w, θ)} {(w′, θ′)}

c

u

s

c−1

Figure 6.2.: Online updating of a MCMC chain {θ} given a new modelM′ by conversion
of c to a particle container {(w, θ)}, application of a sequential algorithm s
resulting in an updated particle container {(w′, θ′)} and conversion back
c−1 to an updated MCMC chain {θ′}.

MCMCChains package as the representation of a chain {θ} and VarInfo objects
that store the particle coordinates and weights in a particle container. Now, in the
following, the single steps of the update process will be described in more detail.

In the first step, a particle container is created from a given Chains object with Conversion to
particle
container

the particle coordinates given by the parameters samples from the chain. If there
are new parameters present in M′, such that there are no samples for them in the
chain, prior samples from M′ are drawn and used as particle coordinates.

Using a particle based sampler for the inference is the second step. As Turing.jl Sequential
samplingprovides a certain interface for the sampler, there is the possibility to choose from a

large class of possible samplers.
Finally, the particle coordinates and weights from the VarInfo objects in the Conversion

from particle
container

particle container are extracted and written into the Chains object.
The whole process can be accelerated by using multiple threads in parallel.
We provided this functionality in a package TuringOnline.jl, which is available

under https://github.com/hildebrandtlab/TuringOnline.jl

6.3. Usage example

Listing 6.1 shows a code listing for the update process: we start with importing the Model
definitionpackages that are needed for Bayesian modeling in Turing.jl (lines 1-3) and proceed

by declaring the model from the ’Covid’ use case, see Section 6.4 for details, (lines
5-29) and loading data into it (lines 31-33).

Now were are able to sample from it, e.g. by using NUTS (line 35). If new data Sampling
arrives (lines 38-39), we update the model (line 40) and we can perform the update
by means of two lines of code (lines 42-43).
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Table 6.1.: Overview of case studies. For each use case a short name, the type of
model, the number of free model parameters and the number of data points
is shown.

Name Description # Parameters # Data points
Stocks GARCH 4 4
Sensor Gaussian process 3 40
Covid Poisson regression 29 100

Missing parameters are added automatically. In this example we used theEase of use
SMC algorithm from TuringOnline.jl, but it could be any other algorithm of type
ParticleInference. Multi-threading is automatically available as well.

6.4. Case studies
In order to assess the performance of our software package in practice, we conducted
three case studies in which we compared the computational cost and inference
accuracy of our implementation to the implementation of NUTS in Turing.jl. The
use cases were chosen to demonstrate both the broad applicability of our package
in different fields and to examine different model complexities, see Table 6.1 for an
overview. Concretely, we inspected the three following cases:

6.4.1. Use cases
First, we studied a generalized autoregressive conditional heteroskedasticity (GARCH)’Stocks’ use

case model ([26]) for modelling of stock market returns, which will be referred to as the
’Stocks’ use case. We assume the setting that for each point at time i the stock
return yi was observed. The mathematical formulation of the GARCH (1,1) model
can be described as

ω, α, β ∼ HN (1) (6.1)
σ2
i = ω + α y2

i−1 + β σ2
i−1 (6.2)

yi ∼ N (0, σi), (6.3)

where HN (σ) denotes the Half-Gaussian distribution with scale parameter σ and
again N (µ, σ) the Gaussian distribution with mean µ and standard deviation σ. For
T time points, there are 4 independent parameters for T observations. We chose
T = 4 to generate a use case with a simple model and low computational cost.

Second, we studied a Gaussian process (GP) model [171] for modeling of sensor’Sensor’ use
case data, which will be referred to as ’Sensor’ use case. We assume the setting that for
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Listing 6.1: Complete pass inference and online update in Turing.jl. The first part
shows a complete pass inference in Turing.jl, the second part how to use
the update module. See text in section 6.3 for details.

1 import Random as rnd
2 import Distributions as dist
3 import Turing as tur
4
5 tur.@model matrix_galm_poisson(cases,totals::Matrix{Int64}) = begin
6 nt=size(cases,1)
7 ns=size(cases,2)
8
9 # Hyperpriors

10 sigma ∼ dist.Exponential(1)
11 sigmaT ∼ dist.Exponential(1)
12 sigmaS ∼ dist.Exponential(1)
13
14 # latent space
15 theta0 ∼ dist.Normal(0.0,sigma)
16 bTime ∼ tur.filldist(dist.Normal(0.0,sigmaT), nt,1)
17 bSpace ∼ tur.filldist(dist.Normal(0.0,sigmaS), 1,ns)
18 theta = logistic.(theta0 .+ bTime .+ bSpace)
19
20 # likelihood
21 for i = 1:nt
22 for j = 1:ns
23 cases[i,j] ∼ dist.Poisson(totals[i,j]*theta[i,j])
24 end
25 end
26
27 return (theta=theta,)
28 end;
29
30 cases_t = ...
31 totals_t = ...
32 model_t = matrix_galm_poisson(cases_t,totals_t)
33
34 chain_t = tur.sample(model_t, tur.NUTS(),...);
35
36 # Update with new data
37 cases_t_inc = ...
38 totals_t_inc = ...
39 model_t_inc = matrix_galm_poisson(cases_t_inc,totals_t_inc)
40
41 import online as on
42 chain_t_inc = on.update(chain_t,model_t_inc,tur.SMC(),rng)
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each time point ti the sensor records the signal yi and a distance matrix D with
entries dij = d(ti, tj) is precomputed. The mathematical formulation of the model
can be described as

σ ∼ LN (0, 1) (6.4)
φ ∼ IG(3, 0.5) (6.5)
µ ∼ N (0, 1) (6.6)

Σ = exp
(
−D

2

φ2

)
+ σ2 I (6.7)

yi ∼ N (µ,Σ) (6.8)

where LN (µ, σ) denotes the lognormal distribution with location parameter µ and
scale parameter σ, IG(α, β) the inverse-gamma distribution with shape parameter
α and scale parameter β. N (µ, σ) is the Gaussian distribution with mean µ and
standard deviation σ and I the identity matrix. For T time points, there are 3
independent parameters for T observations. Here we chose T = 40 to generate a case
with a medium model complexity but larger computational cost.

Finally, we studied a hierarchical generalized linear model (GLM) with a poisson’Covid’ use
case distributed response variable for epidemiological modelling, which will be referred to

as ’Covid’ use case. The model is a slight variation of the one by [202]. We assume
the setting that for each time point i in each region j there are cij many infections
observed among the population of size nij . The mathematical formulation of the
model can be given by

σ, σT , σS ∼ E(1) (6.9)
θ0 ∼ N (0, σ) (6.10)
bTi ∼ N (0, σT ) (6.11)
bSj ∼ N (0, σS) (6.12)
θij = logistic(θ0 + bTi + bSj ) (6.13)
cij ∼ P(nij θij) (6.14)

where E(λ) denotes the exponential distribution with mean λ−1, N (µ, σ) the
Gaussian distribution with mean µ and standard deviation σ, logistic(·) = 1

2(1 +
tanh

( ·
2
)
) the logistic function and P(λ) the Poisson distribution with mean λ. For

T points in time and S regions under consideration, there are 4 + T + S independent
parameters for T · S observations. Here we chose T = 20 and S = 5 to generate a
case with a more challenging model and high computational load. In each use case
we studied both updating the model estimate for the last observation, i.e. from
T − 1 to T (single update) and repeated updates for each t ≤ T .
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Memory (GiB) Runtime (s) Score
NUTS Online NUTS Online NUTS Online

Stocks 0.26 0.68 0.268 0.734 3.275 2.144
Sensor 6.65 0.53 4.382 0.766 7.745 7.864
Covid 8.44 3.03 7.061 3.359 -3.596 -5.418

Table 6.2.: Results for single update steps in the case studies. For each use case the
memory estimate (lower is better), the median runtime in seconds (lower is
better) and the score from equation 6.15 (higher is better) is shown.

6.4.2. Setup

We used synthetic data from prior predictive sampling in all use cases. This allows for Data used
assessing software performance without interference from the challenge of modeling
a given data set accordingly. On real data it is often unclear which model to use
and poor model choice is often reflected in poor computational performance (folklore
theorem[1]), spoiling the comparison of different inference methods.

The study was performed on a single Ubuntu 18.04 LTS machine with a Intel® Computation-
al
environment

Cor i5-5300U CPU with 2 physical cores @ 2.30GHz, enabled hyper-threading allows
for the parallel execution of 4 threads. The machine is further equipped with 16 GiB
(2x 8 GiB) of SODIMM DDR3 Synchronous @1600 MHz main memory. We used
Julia in version 1.6.2 and Turing.jl in version 0.17.4.

For assessment of the computational cost of single updates we used Benchmark.jl Benchmark-
ing[172] to measure the memory estimate and the median runtime among several samples.

Gneiting and Raftery [79] give a detailed discussion for the assessment of the Scoring
quality of a prediction P . Following their suggestions, we used the score

S(P, x) = − log(det ΣP )− (x− µP )>Σ−1
P (x− µP ), (6.15)

where x denotes the true value, µP the mean and ΣP the covariance matrix of a
posterior parameter sample P . The resulting values for single updates in each use
case are shown in Table 6.2.

6.4.3. Results

We found that for the lightweight problem in the ’Stocks’ case the NUTS imple- ’Stocks’
mentation both needs less computational resources and provides better inference
quality. This sounds reasonable given the fact that there is an overhead for our
update through the conversion of the chains and due to slightly worse exploration of
the flatter likelihood landscape resulting from few data points.
[1]https://statmodeling.stat.columbia.edu/2008/05/13/the folk theore/
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In contrast, for the ’Sensor’ case the online implementation needs considerably’Sensor’
less computational resources and even provides a slightly better inference quality.
Following the above arguments, the computational load from the actual inference
computations is higher compared to the overhead of converting the chains, such that
the benefit of the simpler sampling comes into play. At the same time the model
structure and amount of data allows for a convincing exploration of the parameter
space by the simpler algorithm as well.

In the ’Covid’ use case, we found a mixed result: as the demand for computational’Covid’
resources is even higher, the savings in computational cost are significant again,
but we see that the inference quality starts to degenerate as well, showing that the
simpler sampling algorithm is challenged by the more complex model.

For the repeated updates setting we compared the inference quality using theRepeated
updates score from (6.15) for a complete pass of all data up to t with NUTS, a complete pass

with the particle based algorithm SMC from Turing.jl, which is used for the online
steps, and once for repeated online updates.

Overall, the findings are similar: in the ’Stocks’ case the usage is of no benefit, asConclusion
the NUTS implementation can deal with a complete inference for each t ≤ T easily.
For the ’Sensor’ case however, even repeated updates provide comparable results,
see Figure 6.3. In the ’Covid’ use case, we observed the problem that the results
started to degenerate after repeated updates, a known behavior for particle based
methods, see [51] for details. As a practical way to deal with it, we recommend a
hybrid approach similar to the concept behind a Kalman filter: the online update
mechanism provides updates for only a few steps while in the background, a more
expensive computation like e.g. by a NUTS implementation is provided, such that
the online implementation can periodically be ’guided back onto the right track’.

Based on our findings, we can conclude that for problems like ’Sensor’ with medium
model complexity but high demand for computational resources, the online package
is best suited while for high-complexity models, it provides a fast update procedure
that should be combined with additional steps to control model quality.
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Figure 6.3.: Repeated updates for the ’Sensor’ use case. For each time point t the score
from (6.15) is computed for a complete pass of all data up to t with NUTS,
a complete pass with the particle based algorithm SMC, which is used for
the online steps, and once for repeated online updates. All approaches yield
comparable inference quality. See section 6.3 for details.
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7. Regression analysis of surface
parameters to quantify effect strength
under uncertainty

While the previous chapter described the benefits of the Bayesian approach theoreti-
cally, this chapter presents a practical application to illustrate the typical steps in a
Bayesian workflow and to give an example for a common type of model. Furthermore,
we present action-guiding findings in the field of surface topography analysis.

The results presented here have been previously published in the following works:

I. Calandra, L. Schunk, K. Bob, W. Gneisinger, A. Pedergnana, E.
Paixao, A. Hildebrandt, and J. Marreiros. “The effect of numerical
aperture on quantitative use-wear studies and its implication on reproducibility”.
In: Scientific Reports 9.1 (2019). issn: 20452322. doi: 10.1038/s41598-019-
42713-w

A. Pedergnana, I. Calandra, K. Bob, W. Gneisinger, E. Paixão, L.
Schunk, A. Hildebrandt, and J. Marreiros. “Evaluating the microscopic
effect of brushing stone tools as a cleaning procedure”. In: Quaternary Inter-
national (July 2020). issn: 10406182. doi: 10.1016/j.quaint.2020.06.031

I. Calandra, K. Bob, G. Merceron, F. Blateyron, A. Hildebrandt,
E. Schulz-Kornas, A. Souron, and D. E. Winkler. “Dental microwear
texture analysis in Toothfrax and MountainsMap SSFA module: Different
software packages, different results? [pre-print]”. In: (Apr. 2021). doi:
10.5281/ZENODO.4671439

For each publication K. Bob designed and implemented the Bayesian modeling
and contributed to the writing of the article.

7.1. Surface topography analysis
The availability of various imaging technologies allows to analyze surface topographies
at different scales [29]. In particluar the field of traceology studies wear marks and
often serves research in archeology or criminology [197]. Examples in archeology are
use-wear analysis of tools used by ancient humans [123] or dental wear [81] analysis
to infer diets of animals of humans.
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7. Regression analysis of surface parameters to quantify effect strength under uncertainty

Figure 7.1.: Scanning electron microscope (SEM) images of a polished areas on quartzite
flakes after contact with different materials (a-e) and LSM-maximum in-
tensity image of an unused surface (f). Image taken from [158, Fig. 6], see
there for further information.

As an example, Figure 7.1 shows the resulting wear marks on quartzite flakes of
different contact materials. On a pure qualitative basis one can already observe the
different characteristics of each contact material and conjecture that it might be even
possible to distinguish them given their wear patterns.

Favourably, in the last two decades the analyses of surfaces have become moreSurface
parameters quantitative, measuring different types of surface parameters, of which many are

standardized [99]. Thus, it is possible to approach questions like the aforementioned
one of distinguishability on a quantitative basis. While Table 7.1 gives an overview on
those standardized parameters, Figure 7.2 illustrates some of those surface parameters.

Ultimately many studies aim to infer traces on a sample with unknown wear,Experiments
e.g. to find out the diet of an animal based on the wear of the teeth or the usage of a
stone tool based on its wear marks. It is therefore necessary to have references with
known wear. Accordingly, we conducted controlled experiments with known wear,
which additionally allow to study the process of wear inference itself [32] [157] [33].

In those experiments, we were interested in the relationship between an independentData
variable X (e.g. raw material, experimental setting, treatment) and a dependent
variable Y , i.e. the surface parameters, for which pairs of observations (x, y) were
recorded.
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7.1. Surface topography analysis

Table 7.1.: Overview on surface parameters after ISO 25178-2 standard [99]. Table
taken from [156], see there for detailed discussion.

Type of Parameters Examples Functional Importance
Amplitude Sa, Sq, Sz, Sp, Sv Surface contact, lubrica-

tion, friction, wear, fatigue,
technical control of manu-
facturing

Characterising the
shape of the height
distribution

Ssk, Sku, Sp/Sz,
Sq/Sa

Surface contact, friction,
wear

Spatial Sal, Str Lubrication, friction

Hybrid Sdq, Sdr Surface contact, friction,
wear, ability to adhesive
junctions, sealing, and cos-
metic appearance

Related to material ratio
curve

Sk, Spk, Svk, Sr1,
Sr2, Spq, Svk, Smq,
Vvv, Vmp, Vmc, Vvc,
Smc, Smr, Sxp

Wear, friction, oil capacity,
low wear assessment, tech-
nical control of manufactur-
ing
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7. Regression analysis of surface parameters to quantify effect strength under uncertainty

Figure 7.2.: Illustrations of some surface parameters. In each row there is a short
description of a surface parameter and a sketch of a surface profile that
would result in a low and high value of this parameter. Image taken from
[124, Fig. 4].

7.2. Analysis by regression models

For each of the aforementioned studies statistical regression analysis was performed.
As the analyses followed the same principles, but differed slightly each time, we will
discuss the approach in general before turning to concrete results.

Regression models are often classified as linear or nonlinear in the independentModel types
variable. While the former are easier to treat, but sometimes too simplistic, the
latter easily pose the danger of choosing an overly complicated model, hindering
interpretation and treatment. Here, the family of generalized linear models [143]
and derived versions strike a balance between the two extremes. Consequently,
applications of these models spans various fields from finance [65] over epidemiology,
see chapter 8 and chapter 9, to surface topography analysis here.

7.2.1. Model structure

In our analysis the relationship between the variables Y = f(X) is modeled aroundMain
components two building blocks. The first one is

µ(X) = β0 +
n∑
i=1

βiXi +
n∑

i,j=1
XiMi,j Xj , (7.1)
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7.2. Analysis by regression models

where Xi denotes different components of X, and β0, βi and the matrix M with
entries Mi,j are model parameters, such that θ contains at least (β0, βi,Mi,j).

The second building block relates µ(X) and Y by

Y ∼ D(µ(X),ΘY ), (7.2)

where D denotes a general probability distribution with (potential) other parameters
ΘY . A common choice is D = N , the Gaussian distribution.

Of course for Bayesian modeling priors for all model parameters are needed, such Complete
modelthat a complete model specification would be

β0 ∼Dβ0 (7.3)
βi ∼Dβi (7.4)

Mi,j ∼DMi,j (7.5)

µ(X) = β0 +
n∑
i=1

βiXi +
n∑

i,j=1
XiMi,j Xj (7.6)

ΘY ∼DΘY (7.7)
Y ∼D(µ(X),ΘY ) (7.8)

Coming back to the distinction between linear and nonlinear regression models Interpretation
and the position of the generalized models within that spectrum, the structure in
Equation 7.1 can be interpreted accordingly. Similar to approximating a complicated,
but sufficiently well behaved function f by series expansion in contributions of certain
order, Equation 7.1 tries to decompose the relationship Y = f(X) into an overall level
β0, then effects that depend on the single components of the independent variable
X, measured by the βi and finally effects that depend on interactions between
components of the independent variable, measured by the Mi,j .

If one is now interested in the difference in effect strength between different settings Contrasts
of X, the posterior distribution of the difference βi − βj , called contrasts, provides
valuable information. Consequently, reported results are often contrasts. Figure 7.3
shows a typical result of one analysis: after the effect strength was attributed to
the single factors (and interaction terms potentially), the contrasts between factor
components can be computed and used to answer the questions at hand. If zero
effect strength is not contained in the interval containing 95% of the estimated effect
strength distribution, the effect is considered as significant.

As shown in Figure 2.1, the discussion of a statistical analysis can take place Delivery to
audienceboth at the model stage, that is in the space where the parameters Θ reside, and at

the data stage, where given data X and predicted data X̃ reside. When the target
audience is not very familiar with the statistical modeling, it helps to report the
findings on the data stage, see Figure 7.4, such that the output can be understood
straightforwardly.
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7. Regression analysis of surface parameters to quantify effect strength under uncertainty

Figure 7.3.: Experimental data and estimated effect strength.
The left side shows experimental data for the surface parameter Ra in units
of 1 µm, for different locations on the surface (factor 1, indicated by symbol
shape) and different numerical apertures (factor 2, indicated by symbol
color). The dashed line indicates the nominal value of the parameter on
the roughness standard on which the measurements were taken.
The right side shows the effect strength attributed to change in numerical
aperture (factor 2) by model A in Table 7.2 in units of 0.01 µm. The
labels in the plot show, from top to bottom, the mean effect strength, the
cumulative probability of all values smaller and bigger than zero effect
strength and the bounds of the interval containing 95% of the probability
distribution. The vertical green bar marks zero effect strength. Image
taken from [32, Fig. 3].
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7.2.2. Choice of model components

The selection of the prior distributions Dβ0 ,Dβi ,DMi,j and the likelihood DΘY requires
almost always two choices: the respective distribution itself and the parameters of
this distribution.

In the basic case, the parameters of the distributions are fixed, e.g. N (0, 1). From simple
to
hierarchical
models

However, due to the numerical treatment of the models it is also possible to use
distributions whose parameters are themselves random variables, which allows to
express uncertainty in a more nuanced manner. In that contexts the distributions
describing the parameters of the priors are called hyperpriors [74, Section 5.2]. On
top of that, by letting different parameters share a common prior or hyperprior, one
is using the advantageous hierarchical models. These allow to propagate information
between parameters, see e.g. section 3.4.3 for an example and further discussion.

One possible guide for the selection of distributions is the maximum entropy Maximum
entropy
principle

principle [102] [103] [101, chapter 11] [127, Section 10.3]. It states that one should
chose the prior distribution that maximizes the Shannon entropy [184] under the
constraints given by the prior knowledge. Park and Bera [155, Table 1] give, amongst
others, the following examples: while a parameter with no moment constraints and
finite support should be modeled by the uniform distribution, a parameter with
infinite support and constraints on the first and second moment should be modeled
by a Gaussian distribution.

Gelman et al. [74, Sections 2.4 and 2.6] and Gelman et al. [75, Section 7.3] follow
a different approach especially for prior choice and distinguish classes of priors based
on the amount of information contained.

For a different perspective, see the work of Snoussi [187] who gives a guidance on
prior selection from a information geometry point of view.

When choosing likelihoods, information on the measurement process should Heavy tails
be taken into account, potentially using the maximum entropy principle again.
However, as Taleb [193] points out, it is especially important to consider whether
the distributions need to model heavy tails.

As discussed in section 2.6, comparing data with the prior predictive distribution Validation
(2.5) is a meaningful way to access the validity of the model component choice.
Figure 7.4 shows an example, where both prior and posterior predictive distributions
and the experimental data are shown together.

7.3. Studies conducted and resulting findings
While in the previous sections a class of models was more abstractly discussed, this
sections puts the focus back onto the surface topography analysis.

The main goal of the modeling was to attribute the strength in effects to the Goals of
modelingdifferent components separately and thus being able to compare different settings

within a component. Moreover, the model enables to predict the outcome in settings
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7. Regression analysis of surface parameters to quantify effect strength under uncertainty

Figure 7.4.: Prior and posterior predictive distribution.
Prior and posterior predictive distribution and experimental data for a
surface parameter studied in [157] are shown. As desired, the prior pre-
dictive distribution is wide and unbiased, whereas the posterior predictive
distribution is centered around the data and considerably smaller. Thus we
can conclude that the prior chosen is not too strong and the information
from the data is well absorbed into the posterior distribution.

that were not measured. A strong benefit of the Bayesian approach to the model
parameter inference is that we can quantify the uncertainty of our findings as well.

In total, 3 different studies were conducted: first, in [32] we investigated the effectStudies
conducted of the numerical aperture on the surface parameter measurements in laser-scanning

confocal microscopy with two objectives having the same magnification but different
numerical apertures.

Second, in [157] we performed controlled experiments to evaluate the microscopic
effect in terms of change of surface parameters of brushing as a cleaning procedure.

Finally, in [33] we investigated the effect of using the same workflow in different
software packages for processing the surface topography data on the computed values
of the surface parameters.

Although their overall structure is similar, the models used in the previouslyIndividual
models mentioned studies differ in details. Table 7.2 shows the specification of the individual

models. Figure 7.5 shows the structure of a single model as an example. It is a
hierarchical model with 334 parameters but could due to that be inferred on 230
data points only, while still providing credible results.
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7.3. Studies conducted and resulting findings

Table 7.3.: Significant changes in surface parameters due to cleaning. Table taken from
[157], see there for detailed discussion.

Treatment
Surface parameter Rubbed,

dirt applied
Brushed,
no dirt applied

Brushed,
dirt applied

epLsar False True True
HAsfc9 False True False
Sku.SL False True False
Smr.SL True False False
Sxp.SF False True False
Str.SF False True False
Vvv.SF True True False
Isotropy.SF False True False
Isotropy.SF.1 False True False

Using the approaches described we could find the following results:
First, in the study [32] flint and quartzite tools were imaged using laser-scanning Effect of

numerical
aperture

confocal microscopy. By the regression model we could isolate the effect of changing
the numerical aperture of the objective that is used for imaging, see Figure 7.6 for
the results on selected surface parameters. We showed this has significant effects
on almost all surface parameters under study, having strong implications for the
reproducibility of a study. Consequently we recommended to report all settings of
acquisition and analysis.

In [157] we investigated common cleaning procedures of artifacts. By the regression Effect of
cleaning
procedures

model we could isolate the effect from the cleaning procedures after measuring surfaces
of different materials before and after the treatments. We found that the cleaning
significantly changed nine surface parameters, see Table 7.3. Thus caution for future
cleaning attempts is required not to possibly alter the functional interpretation of an
artifact unintentionally.

Finally, in [33] we showed that two different software packages for processing Differences
due to
software

the surface topography data yielded significantly different outputs for all surface
parameters, which were testable, making the values not directly comparable and
preventing a merge of values from different software packages.
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7. Regression analysis of surface parameters to quantify effect strength under uncertainty

Figure 7.6.: Significant effect strength of change in numerical aperture.
Effect strength attributed to change in numerical aperture (factor 2) by
model A in Table 7.2 for selected surface parameters. See caption of
Figure 7.3 for a detailed description of the annotations in the subplots.
Image taken from [32, Fig. 2].
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8. Epidemiological modeling of infectious
diseases

For the last part of this work we turn our attention to the application of Bayesian
modeling in modeling the epidemiology of infectious diseases. We will start with a
review of the field in this chapter.

8.1. Epidemiology of infectious diseases

While the field of epidemiology deals with the distribution health and all kinds of
diseases in a population [182], we will focus here on the spread of infectious diseases,
i.e. diseases that are caused by pathogenic organisms like bacteria and viruses.

As for an infectious disease, the number of cases may increase multiplicatively, Epi- and
pandemicsit is possible that a large percentage of the population may be affected. Following

[62], an epidemic occurs if an infectious disease spreads rapidly in short time in a
population, and if the epidemic affects several continents, it is called a pandemic.
Historic examples are, among others, the influenza-A-H1N1 pandemic lasting from
1918 to 1919 or the spread of HIV since the late 20th century, each having caused
large number of deaths and severe conditions.

To prevent damage from infectious diseases and others, countermeasures and Public health
preventive actions are taken and studied in the field of public health. Cohen [42]
describes that by means of better hygiene, availability of antibiotics and vaccinations,
better quality of water, food and housing, in the 20th century infectious diseases
decreased substantially and were even considered beaten. However, he continues, the
factors of rising international travel and commerce, changes in demographics and
behavior, environmental change and land use and microbial adaption and change
could lead to increases in susceptibility and or transmission, the emergence of new
disease, or the evolution of new or drug-resistant microorganisms.

8.2. Modeling infectious diseases in a population

Mathematical models are used for both scientific understanding and to aid develop-
ment of interventions [80]. We will shortly describe three classes of models and end
with a short discussion on parameter estimation.
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8. Epidemiological modeling of infectious diseases

8.2.1. Compartmental models

Compartmental models are class of models where the population is split into compart-
ments indicating different statuses like being susceptible, infected or recovered etc.
Typically, a homogeneous mixing of the population is assumed and the interactions
are often deterministic.

A simple compartmental model is the so-called SIR model, where three compart-SIR model
ments model the susceptible S, infected I or removed R, i.e. immune or deceased
parts of the population. The mathematical formulation of the model is the following
system of coupled ordinary differential equations

dS
dt = −βIS

N
, (8.1)

dI
dt = βIS

N
− γI, (8.2)

dR
dt = γI, (8.3)

where N = S + I +R. Depending on initial conditions and time dependence of the
parameters β and γ solutions of varying kinds of complexity exist, see [108] and [179]
for an extended discussion.

The behavior of the model is often discussed in terms of the basic reproductionReproduction
number number R0 given by

R0 = β

γ
. (8.4)

An important observation is that R0 > 1 leads to phases of approximately exponential
growth in I in a largely susceptible population, as an approximation of equation
(8.2) shows:

dI
dt = βIS

N
− γI ≈ (β − γ)I, (8.5)

when S ≈ N � I and thus
I(t) ≈ I0 e(β−γ)t (8.6)

with (β − γ) > 0. Consequently, the reproduction number of infectious diseases is of
great importance to the course of their spread.

Derived models with different choices of compartments exists, depending on theExtensions
modeled disease. Either further compartments are added for e.g. vaccinated parts
of the population or the compartment R for removed is not considered, when parts
of the population becomes susceptible again. Moreover, additional stochastic terms
and time-dependence of the coupling parameters like β and γ are also considered,
see e.g. [52] for further discussion.

Dehning et al. [49] used a SIR model with time-dependent coupling parameterCOVID-19
related

modeling
β to infer change points in the spread of COVID-19 and to quantifiy the effect of
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8.2. Modeling infectious diseases in a population

interventions taken. Albani, Velho, and Zubelli [3] used an extended model with
several compartments added.

The assumptions on which compartmental model are build are lacking two aspects Problems
[95]: first, the mean approximation breaks when only a small number of cases
happend at the beginning of an outbreak and second, the mixing of population is
often incomplete, sucht that a contact network or a transmission tree [80] gives a
better description.

8.2.2. Network based models

Networks are recognized as a universal structure behind a large number of phenomena,
see e.g. the work of Albert and Barabási [4]. Consequently, network based models
are used in epidemiological modeling as well, see e.g. the works [95] [12] [28] that
stress the importance of the network topology for the spreading behavior.

The network topology used can be either from observations or from synthetic data Network
topologyusing models for network topologies, see [104] for an extended discussion. Albert

and Barabási [4] give an overview on different models for network typologies.
Social networks, i.e. networks that describe phenomena that are governed by human
interaction, typically have similar properties like a power law degree distribution and
a small effective diameter, see [114] for further discussion.

Typically, network based models are not tractable in closed form and thus analyzed Stochastic
interactionsnumerically. Considering stochastic interactions instead of deterministic ones is then

usually no further restriction, see e.g. [95].
Network models were used in modeling the COVID-19 spread, see e.g. the work COVID-19

related
modeling

[39] that used mobile phone data to construct mobility networks in connection with
a SEIR model, the work [68] that simulated control strategies in a network based on
real-world data and the work [121] that used a SIR on synthetics networks.

8.2.3. Models for disease surveillance

Both classes of models discussed so far model the spread of infectious diseases over
time and can be used for parameter inference and prediction of future events when
applied to observational data. However, the necessary information may not be
available at all or only with a significant delay.

This is of great consequence to the field of disease surveillance, that deals with Disease
surveillancethe following tasks [148]: early detection of an emerging pandemic, early assessment

of characteristics of the disease, monitoring and investigation of the effectiveness and
impact of interventions. Consequently, additional models are needed to provide real
time information, especially for decision making. We will now discuss the obstacles in
more detail with an emphasis on the COVID-19 pandemic, although the requirements
are to a large degree of a general nature.

Best, Richardson, and Thomson [14] give an overview on spatial Bayesian mod- Disease
mapping
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8. Epidemiological modeling of infectious diseases

els for disease mapping, that allows, e.g., to investigate correlations of rare diseases
to other factors. A recent example is the work [177] that deals with the COVID-19
pandemic using a SEIR model with additional spatio-temporal information.

Imputation

When dealing with case report data, often the date of infection TI is unknown andUnknown
infection

dates
only the date of registration TR is known. Thus the date of infection needs to be
imputed, see e.g. [83] for imputation during the COVID-19 pandemic. This work
used a generalized additive model for location, scale and shape (GAMLSS) [188]

TR − TI ∼ D(µ, σ, τ, . . . ), (8.7)

where the distribution parameters µ, σ, τ, . . . are related to explanatory variables xi
by

ηj = β0,j +
n∑
i=1

βi,j xi ηj ∈ {µ, σ, τ, . . . }. (8.8)

By sampling from an inferred distribution D dates of infection TI are then imputed.

Nowcast

The time delay between infection and registration or hospitalization of cases [57]Reporting
delay creates the need for nowcasting, i.e. for computing the state of the spread now

from past observations. Höhle and Heiden [91] developed an approach that was
extended by Günther et al. [83] for the COVID-19 pandemic. Following Höhle and
Heiden [91], the precise definition of the task is given as follows: let the difference
D ≡ TR − TI be defined as the delay D and NTI ,D denote the number of cases that
occur on TI and are registered at TR = TI +D. The task of nowcasting is now to
estimate

NTI =
T−TI∑
D=0

NTI ,D +
∞∑

D=T−TI+1
NTI ,D (8.9)

on day T > TI , given observations {nTI ,D}
T−TI
D=0 . In equation (8.9), the first sum

describes all cases that are already known at day T , such that the value of the sum is
known from data. The second term, however, describes all cases that will be reported
later than T and are thus unknown at T . Consequently, the key challenge is to model
the contribution of the second term.

Often, one assumes a maximum delay Dmax, such that the second term in (8.9)Maximum
delay becomes a finite sum.

One approach to nowcasting is modeling the delay distributionDelay
distribution

PD|TI (d |tI) = pd|tI . (8.10)
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8.2. Modeling infectious diseases in a population

See Höhle and Heiden [91] and Günther et al. [83] for various possibilities.
Another approach uses hidden Markov models, where the undelayed infections Hidden

Markov
Models

are considered in the latent state space and the delayed reports are considered as
emissions, see the work of Nunes, Natário, and Lućılia Carvalho [150] and Zou,
Zhang, and Yan [215] for a complex spatio-temporal hidden Markov model.

Vidal Rodeiro and Lawson [202] discuss a model formulation and sampling Online
updatestechnique that allows for efficient online updates of data and model estimates.

Birrell et al. [22] discuss online updates by SMC for modeling influenza outbreaks.

Forecast

Next to correcting the imperfections of the reporting system, a short-term forecast
may required to aid planning. See Stojanović et al. [189] for a general approach to
prediction of the spread of infectious diseases and Albani, Velho, and Zubelli [3]
for a work related to the COVID-19 pandemic.

8.2.4. Evaluation of probabilistic assessments
When evaluating probabilistic assessments, there are several challenges [78], which
require a set of proper scoring rules [79]. The work [27] has a special focus on
epidemic forecasts.

8.2.5. Parameter estimation
Estimation of the parameters of epidemiological models from observational data is a
key task. Many works that we have referred to so far [91][189][49][83][92] have used Bayesian

modelinga Bayesian approach. Furthermore, Lawson [113] published a text book on Bayesian
methods for health modeling, Nguyen et al. [147] discusses parameter estimation for
ODEs with some comment on Bayesian methods and Holbrook et al. [92] provide
a framework for Bayesian inference in the context of Big Data.
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9. Nowcasting infection numbers

Having provided the necessary background in chapter 8, we are now ready to cover
our contributions in this chapter.

The results presented here have been previously presented in the following work,
which will be submitted shortly after the writing of this thesis:

A.-K. Hildebrandt, K. Bob, D. Teschner, T. Kemmer, J. Leclaire, B.
Schmidt, and A. Hildebrandt. “CorCast: A Distributed Architecture for
Bayesian Epidemic Nowcasting and its Application to District-Level SARS-
CoV-2 Infection Numbers in Germany”. In: medRxiv (June 2021). doi:
10.1101/2021.06.02.21258209

and which will be directly replicated here with minimal changes. K. Bob contributed
to the design of the system, the Bayesian modeling and writing of the article.

Due to the intended publication as a standalone manuscript, the concepts of
imputation and nowcasting will be shortly explained again, although they were
already discussed in subsection 8.2.3.

Furthermore, the methods for faster inference covered in chapter 4 and chapter 6
could be used here with potentially great benefit and were in fact developed due
to the high computational effort required for this project. However, combining all
approaches together is not straightforward and will be covered in future work.

9.1. Introduction
The SARS-CoV-2 pandemic that emerged in late 2019 has clearly shown the need
for accurate, timely, and fine-grained infection statistics. To assess infection risks
for different parts of the population, e.g., different age groups, the current number
of daily infections for that sub-population in the geographic region of interest is
obviously crucial. Corresponding datasets also allow for the estimation of the current
replication number R, and thus enable a judgement about the efficiency of current
anti-epidemic measures, such as social distancing or mandatory wearing of private
protective equipment such as face masks.

Unfortunately, the data required for these applications is typically not directly
available due to a number of problems of both fundamental and practical nature,
some of which are exacerbated by the particular properties of SARS-CoV-2. To
illustrate these problems, let us assume that a person pi is infected at date xi. After

75

https://doi.org/10.1101/2021.06.02.21258209


9. Nowcasting infection numbers

Figure 9.1.: Timeline of dates during infection and reporting. A person gets infected
at date xi, the disease begins at date si, is diagnosed at date di and gets
registered at dates rl

i at the local health authority and ri at the RKI,
Germany’s public health institute. δi := ri− si is called the reporting delay.
After registration at RKI, the case is reported in a database and can be
fetched by CorCast.

an incubation period, the disease begins at date si, is diagnosed at date di, and
finally registered in a database at date ri, together with relevant information about
pi (such as gender, age, and geographical region). The whole process is summarized
in Figure 9.1.

Obviously, not all infections are identified. In fact, it is generally unknown, at least
until detailed antibody studies can be performed, what the true infection rate is. This
is particularly true for diseases such as SARS-CoV-2, which lead to a large percentage
of asymptomatic or only mildly symptomatic cases. A further complication arises
from the fact that, even for identified cases, the date of disease onset si is often
unknown, for instance in asymptomatic cases that were identified through contact
tracing or routine mass testing. In particular, it is not generally possible to assume
that si = di, and in particular that si = ri. Instead, each case has an individual
reporting delay that is composed of the delay between disease onset and diagnosis as
well as the delay between diagnosis and reporting, and this delay is unknown for a
large percentage of the reported cases.

Owing to the reporting delay, information about infection numbers at the most
recent days is necessarily inaccurate, or rather, incomplete. The goal of nowcasting
of infection numbers is thus to infer an estimate of the true infection numbers based
on the current, incomplete counts and the reported infection history [91]. This
task is often decomposed into two phases [83]: the imputation of disease onsets for
cases that have already been reported, but for which the true onset is unknown,
and the nowcasting based on this data. These phases consist of a number of steps,
including data ingestion, data cleanup and preprocessing, imputation of disease onset,
nowcasting, postprocessing, validation, and reporting.
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9.2. Methods

9.1.1. Our contribution

When developing a Bayesian model for imputation and nowcasting of the SARS-
CoV-2 infection numbers in Germany at a district level, we encountered a number of
challenges. For instance, each step or module should be individually exchangeable,
which greatly simplifies development and debugging and allows for testing and
validation of combinations of module variants. To ensure reproducibility, it is
imperative that data, modules, and workflows can all be versioned in a manner that
allows exact recreation of the conditions at a specific point in time. Due to the large
amounts of data generated in the exponential phase of a pandemic, pipelines further
need to scale out sufficiently. Finally, deployment and maintenance of the system
needs to be addressed.

Despite their crucial importance, these practical steps of implementation, deploy-
ment, operation, and maintenance are often ignored in the literature.

Here, we report on a stable and scalable distributed system, called CorCast, for
the reproducible estimation of nowcasts suitable for pandemic scenarios. CorCast’s
implementation is highly modular – indeed, retargeting CorCast to other geographical
regions or other diseases can be achieved by adapting only the data ingest and
dashboarding modules. Similarly, the influence of different preprocessing methods,
different imputation models, or different nowcast models on the final nowcast can
be systematically studied. By basing CorCast on the Pachyderm framework [149],
we guarantee reproducibility. Scaling out is achieved through the use of big data
concepts and a scalable Kubernetes deployment.

To validate our architecture, we build a full pipeline for the nowcasting of Covid-19
infections in Germany on a district, state, and country-wide level (cf. Figure 9.2).

9.1.2. Related work

Related work, such as Höhle and Heiden [91] followed, e.g., by Stojanović et al.
[189] and Günther et al. [83], mainly focused on statistical modeling for nowcasting,
while Dehning et al. [49] and Albani, Velho, and Zubelli [3] dealt also with
forecasting. Software packages for disease monitoring are covered, e.g., by Salmon,
Schumacher, and Höhle [174], Salmon et al. [175], and Höhle [90], but to the
best of our knowledge, no general framework for the development of such prediction
techniques has been proposed prior to this work.

9.2. Methods

9.2.1. Preprocessing

The RKI provides so-called “publications” that contain sufficient information to
query the number of infections, recoveries, and deaths as a function of rli, i.e., the
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9. Nowcasting infection numbers

Figure 9.2.: Graphical representation of the nowcast workflow. Data is fetched from
the Robert Koch Institute, Germany’s public health institute, once per day
(0). All versions are saved and checked in for tracking with Pachyderm
(1). Data needs to be cleaned and standardized by a set of custom scripts
written in the Julia programming language (2). Afterwards, imputation
and nowcast can be performed (3). Lastly, processed data and nowcast
results are visualized via a custom designed dashboard (4). All CorCast
components are orchestrated through Kubernetes.
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date at which they were recorded locally at the health department of the district.
Unfortunately, the files do not contain the date at which they were recorded centrally
by the RKI, ri. Since much of the information provided by the RKI, such as imputed
disease onsets and nowcasts, seems to be predicted based on ri rather than on rli,
the lack of this information is rather unfortunate. To recreate ri, it is necessary to
keep an archive of all previous daily data publications of the RKI (a task for which
Pachyderm is ideally suited), and iterate backwards to identify at what date a case
first appeared in the RKI publications. Since the data publications also contain
corrections, which are modelled as deletions of cases in previous publications and new
insertions of these cases, recreating ri is non-trivial and error-prone. In addition, the
publications contain numerous inconsistencies and errors that have to be identified
and corrected for as accurately as possible. Finally, the process is made considerably
more cumbersome by the fact that the data format varies over time. Dates, in
particular, are stored in at least four different formats, depending on the date of the
publication and the data column. Hence, parsing and preprocessing the input data is
relatively complex. At the same time, the preprocessing needs to be highly efficient:
individual cases have to be tracked through hundreds of files, each of which needs
several steps of data conversion, processing, and quality control. Coupled with the
large case numbers of the pandemic, preprocessing becomes quite resource intensive.

The ingestion pipelines at the start of our Pachyderm workflows start with a module
that downloads the current RKI data publication and archives it in a Pachyderm
repository. In the next step, the newest publication is processed and converted into a
dataframe, which is then serialized to another Pachyderm repository. Simultaneously,
we attempt to reconstruct the missing ri values through iteration over all previous
data publications[1]. The results are again stored in a Pachyderm repository. This
approach allows us to base further processing steps on either the RKI-provided rli or
on the missing ri values.

9.2.2. Imputation models

Our baseline model is defined as

µ ∼RN [0.1,10](1, 2) (9.1)
σ ∼RN [0.1,10](1, 2) (9.2)
δ ∼LN (µ, σ), (9.3)

where RN [l,u] denotes a truncated normal distribution and the priors for µ and σ
are only weakly informative and positive. The fully hierarchical model shown in
Figure 9.4 turned out to be infeasibly costly to compute on the large amounts of data
generated during the pandemic. As a less sophisticated variant, we use a manual
[1]The details of the implementation are rather complex to handle a variety of special cases.
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approximation to the hierarchical model by first fitting a global model for the delay
distribution to all cases in Germany, then a model with means and variances per
state of the form

µs ∼RN [0.1,10](µg, 0.5), 1 ≤ s ≤ 16 (9.4)
σs ∼RN [0.1,10](σg, 0.5), 1 ≤ s ≤ 16 (9.5)
δi ∼LN (µs, σs), s = state(case(i)), 1 ≤ i ≤ #cases (9.6)

and, finally, fitting a more complex model with additional covariates (here: age group,
gender, district, weekday, and number of weeks since the start of the pandemic):

µd ∼RN [0.1,10](µs, 0.5), s = state(district(d)), d ∈ districts (9.7)
σd ∼RN [0.1,10](σs, 0.5), s = state(district(d)), d ∈ districts (9.8)

βµ,a ∼N (0, 0.5), a ∈ age groups (9.9)
βσ,a ∼NN(0, 0.5), a ∈ age groups (9.10)
βµ,g ∼NN(0, 0.5), g ∈ [male, female,unknown] (9.11)
βσ,g ∼NN(0, 0.5), g ∈ [male, female,unknown] (9.12)
βµ,wd ∼NN(0, 0.5), wd ∈ weekdays (9.13)
βσ,wd ∼NN(0, 0.5), wd ∈ weekdays (9.14)
τµ ∼C(0, 1) (9.15)
τσ ∼C(0, 1) (9.16)

γµ,w ∼N (0, 1), w ∈ week nodes (9.17)
γσ,w ∼N (0, 1), w ∈ week nodes (9.18)
Sµ =pi(week nodes, τµ ∗ γµ,w) (9.19)
Sσ =pi(week nodes, τσ ∗ γσ,w) (9.20)
µi =µdi + βµ,ai + βµ,gi + βµ,wdi + Sµ(wi) (9.21)
σi =σdi + βσ,ai + βσ,gi + βσ,wdi + Sσ(wi) (9.22)
δi ∼LN (µi, σi) (9.23)

In practice, training this model with respect to the huge amount of case data is
challenging. One obvious approach is sub-sampling of cases, but due to the complex
and time varying distribution of cases in the different districts, we prefer to retain
the full data set. Instead, we use several computational techniques to accelerate the
MCMC sampling. Due to the large number of parameters, we use a reverse-mode
auto differentiation in Julia. To achieve good performance, this requires careful
implementation of the statistical model that avoids unnecessary conditionals. Most
importantly, we provide a hand-tuned implementation of the log-likelihood of the
LN distribution.
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9.2.3. Nowcasting model

In this work, we use a nowcasting model based on Günther et al. [83], which in turn
extends earlier work by Höhle and Heiden [91]. These approaches use a hierarchical
Bayesian model composed of two parts: a model for the delay distribution δ as a
function of time (P (δi = d|xi = t) := pt,d) and a model for the expected number of
infections per day (E[N(t,∞)] =: λt).

For the first part, we can either plug in the delay distribution obtained during
imputation (cf. Section 9.3.2) or fit a new model, such as the one proposed in
Günther et al. [83], which starts from a discrete time hazard model with ht,d =
P (δ = d|δ ≥ d,Wt,d) with time- and delay-dependent covariates Wt,d and with
logit(ht,d) = γd + W ′t,dη for d = 0, . . . , D − 1, with bias γd and with ht,D = 1. In
this approach, the covariates Wt,d can represent different features of interest. Like
Günther et al. [83], we use a first-order spline to include a general time dependence
and factor variables to represent weekdays and holidays. The probabilities pt,d can be
obtained from the hazard model through pt,0 = ht,0 and pt,d =

(
1−∑D−1

d=0 pt,d
)
×ht,d.

For the second part of the hierarchical nowcasting model, we again follow Günther
et al. [83] and use the Gaussian random walk

λ0 ∼LN (0, 1) (9.24)
λt ∼LN (log(λt−1), σ2), t = 1, . . . , T (9.25)

nt,d|λt, pt,d ∼NB(λt × pt,d, φ), t = 1, . . . , T (9.26)

where φ is the overdispersion parameter of the negative binomial distribution. Ap-
propriate priors for the model are again taken from Günther et al. [83] and the
implementation referenced therein. We finally obtain N(t,∞) = ∑D

d=0 nt,d.
The number of parameters of this model grows with T ×D, where T is the day

at which the nowcast is to be evaluated. Hence, the number of variables grows
linearly with each day of the pandemic, rendering sampling increasingly time- and
memory-consuming. To prevent this growth from turning nowcasting infeasible, we
limit the amount of history we track in the Gaussian random walk, i.e., instead
of setting t = 0 to the first day of the Covid-19 pandemic, we choose a fixed time
interval of size ∆ > D (set to the last ∆ = 50 days in our implementation). Since
λ0 = E [N(0,∞)] equals the number of infections happening at day t = 0, we need
to adapt Eq. (9.24) accordingly.

9.2.4. Evaluating nowcasts

Evaluating probabilistic predictions requires different scoring functions than point
estimates do. For a comprehensive discussion of the topic, we refer the interested
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reader to Bracher et al. [27]. Here, we briefly summarize the main evaluation
measures used in this work.

Evaluation of now- and forecasts is relatively straightforward if the computational
model yields the full predictive probability distribution. Given a test datum y,
common measures are the logarithmic score [79]

logS(y) = log(p(y)), (9.27)

where p(·) denotes the probability density function used for prediction, or the
continuous ranked probability score [78]

CRPS(F, y) =
∫ ∞
−∞

dx {F(x)− 1x≥y}2, (9.28)

where F (·) denotes the cumulative distribution function used for prediction. In
Günther et al. [83] the coverage frequency of the 95% prediction interval is used as
well.

In many practical situations, the full predictive distribution is not available. In
those cases, we typically have access to the predictive mean or median and, optionally,
several quantiles of the cumulative distribution function. Assuming that we are given
the predictive median m and a collection of K central prediction intervals (PIs) at
levels (1−α1) < (1−α2) < · · · < (1−αK), and weights wk, k = 1 . . .K, the weighted
interval score (WIS) is defined as

WISα{0:K} := 1
K + 1

2
×
(
w0 × |y −m|+

K∑
k=1
{wk × ISαk(F, y)}

)
(9.29)

where the interval score ISα for the central (1− α)× 100% PI is defined as

ISα(F, y) := (uF − lF ) + 2
α
× (lF − y)× 1y≤lF + 2

α
× (y − uF )× 1y≥uF

and where lF and uF denote the α
2 -quantile and (1− α

2 )-quantile of F, respectively.
Following Bracher et al. [27], we use w0 = 1

2 and wk = αk
2 for k = 1 . . .K, as this

choice approximates the CRPS score for large values of K and equidistant αk.

9.3. Results
The main result of this work is the CorCast system as a computational pipeline.
In the following, we will describe its essential components and the application to
Germany as a proof of concept.

Our proposed architecture is sketched schematically in Figure A.3. Inference is
based on probabilistic programming using Stan [37] and Turing [71]. All system
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services are deployed on a Kubernetes cluster [195] for standardized deployment
and operations, including simple horizontal scaling on demand. On the cluster, a
Pachyderm installation [149] orchestrates compute pipelines and datasets. Pachyderm
also keeps track of revisions of individual compute modules and pipelines as well as of
input, intermediate, and result datasets. Finally, a Flask- [153] and Dash-based [162]
web service, deployed on the Pachyderm cluster as a service, provides a graphical
interface to the ingested and processed data as well as to the imputation and nowcast
results.

Owing to the high case numbers of the pandemic, each individual module needs to
be highly efficient. At the same time, to facilitate extensions and improvements of
the pipelines, the module implementations should be intuitively readable and high-
level to hide many implementation details required for scaling to modern compute
hardware. We achieve this goal through the use of the Julia language [20].

In the following, we will discuss the individual components of this system in more
detail.

9.3.1. Data ingest and preprocessing

The first step in our pipeline is the collection of relevant infection data. In Germany,
for instance, infection data is collected locally at the health departments at the
district level (a political organizational unit below the state). Those departments
collect the relevant information and further transmit it to the Robert Koch Institute
(RKI), Germany’s public health institute. At the RKI, collected information is
processed to ensure compliance with privacy regulations, and then published daily.
The format of this publication is rather unusual and cumbersome. In addition, the
reported dates of interest (infection date, reporting date, and dates of recovery or
death) cannot, in general, be uniquely assigned to individual cases[2].

Expanding on our notation from Section 9.1, let us assume that an individual pi
contracts the disease at date xi and is diagnosed at date di. This diagnosis is reported
locally, i.e., at district level, at date rli and transmitted to the RKI, which receives
the case information at date[3] ri. Each day, the RKI then publishes a spreadsheet
containing information on all previously received cases.

Extracting the required information from these data publications is a challenging
task in itself. For more details, c.f. Sec. 9.2.1.

9.3.2. Imputation of disease onset

The goal of this stage is to impute missing disease onset information. Let C denote
the set of all cases, C ⊇ K := {i ∈ C|si is known} the set of cases with known disease
onset, and C ⊃ U := C \K the set of cases with unknown onset. Our task is now
[2]This is probably due to conform with privacy regulations.
[3]Owing to Germany’s slightly archaic setup of monitoring of infectious diseases, ri often differs
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Figure 9.3.: The delay histogram (delays shifted by 1 day to prevent values of zero)
against a LogNormal distribution with parameters generated from the
mean of 4 MCMC chains with 2,000 samples each, generated by the NUTS
Homan and Gelman [93] sampler fed with a subset of 1,918,308 known
delays.

to infer si ∀i ∈ U based on the information contained in K. To this end, we build
Bayesian (hierarchical) models for the reporting delay δi := ri − si. Inference is then
achieved by sampling δi from the posterior for each case in U and using δi to finally
predict[4] si = ri − δi.

In our framework, we implement several different statistical models for the delay
distribution in two probabilistic programming frameworks (Stan [37] and Turing [71]).
The baseline is a trivial model that does not take any covariates of interest into
account, see Section 9.2.2 for details. However, even the baseline model fits the data
remarkably well. Figure 9.3 shows an example.

In a more complex model we included additional covariates, such as age group,
gender, or district of the cases. Since it is reasonable to assume that reporting delays
might change over time (e.g., owing to varying test rates or overloads of institutions
during high-incidence intervals), the more sophisticated model also includes a slowly
varying time-dependent term, e.g., modelled by a spline.

Additionally, the data has an obvious hierarchical component – in Germany,

from rli, with a gap that can vary quite significantly from district to district, weekday to weekday,
or week to week.

[4]In practice, we replace δi by δi + 1 during inference and correct accordingly in the imputation
stage. This facilitates inference, as our target distributions typically predict a probability of 0
for delays of 0. These do, however, occur in the data.
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districts are located within states. A multi-stage hierarchical model thus seems
appropriate to represent dependencies by partial pooling: the means and variances of
the delay distribution in each district should ideally be able to learn from the means
and variances of each state, and those of the states from those of the country as a
whole.

Figure 9.4 shows a graphical representation of the model. See Section 9.2.2 for a
detailed description of the model.

We implemented our models in both Stan [37] (using CmdStan.jl [41]) and Tur-
ing.jl [71] and draw samples from the posterior using the NUTS [93] sampler to
determine probability distributions for the model parameters. From these distribu-
tions, we can finally impute infection dates by drawing – for each case with unknown
disease onset – delay values from the resulting posterior predictive distribution,
conditioned on the appropriate covariates (e.g., the age group, gender, or district
associated with the case).

Here it is worth noting that the delay distributions (cf. Figure 9.3) tend to have a
rather pronounced peak, typically close to 7 days. If we would sample delay values
multiple times for each case with unknown disease onset to average over the posterior
predictive distribution, we would thus almost always assign delays of approx. 7 days.
Instead, delay values are drawn once per case and used to compute disease onsets.
We then group by disease onset and aggregate cases. Repeating this process multiple
times allows to compute confidence intervals for the number of new infections per
day.

9.3.3. Nowcasting infection numbers

During an epidemic, infection numbers cannot be observed in real time. Due to the
reporting delay between the date xi of disease onset and ri of receiving the case
information at the central case registry (the RKI in Germany), information about
current case numbers will necessarily be incomplete. If we assume that the reporting
delay δ is bounded by a reasonable maximum D, we can expect, at each day during
the epidemic, to be notified about additional cases with disease onset in the last D
days (we assume that reporting delays are generally > 1).

We adopted a model from Günther et al. [83], which in turn extends earlier work
by Höhle and Heiden [91]. The details are given in section 9.2.3.

To provide nowcasts at the different levels of the hierarchy (district, state, and
country), we group the data by district and run NUTS-sampling on each of the
resulting 412 datasets (one for each district), followed by one run for each of the 16
states and one for the whole of the country. This process is quite time consuming
and takes roughly 5 hours on three AMD EPYC™ 2nd Gen. worker nodes with 8
cores and 32 GiB RAM each.
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Figure 9.4.: Imputation model with covariates age group, gender, district, weekday,
and number of weeks since the start of the pandemic. Ellipses denote
random variables, ellipses inside boxes indicate multidimensional variables,
the terms in boxes indicate dependent random variables and lines indicate
dependencies. The prior distributions used are encoded by color. Note
the hierarchical structure of the spatial covariate. Due to computational
constraints the model was evaluated in several steps. Details are given in
Section 9.2.2.
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Figure 9.5.: The CorCast dashboard.

9.3.4. Evaluation of nowcast

The evaluation of nowcast results is not a trivial task. In Section 9.2.4, we summarize
the relevant literature. CorCast contains an evaluation module that implements the
WIS-score described in that section.

9.3.5. Dashboard functionality

CorCast provides a dashboard feature through Pachyderm’s service pipeline mech-
anism. The dashboard is implemented in Flask [153] and Plotly’s dash frame-
work [162], and can be easily extended and adapted. The dashboard for the CorCast
model of district-level imputation and nowcasting in Germany can be found at
https://dashboard.covid19.hildebrandtlab.org/ (cf. Figure 9.5).

9.4. Discussion

Several advantages distinguish the CorCast system described in this work. Here,
we want to summarize the most important of these, namely (i) reproducibility (ii)
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modularity and extensibility (iii) scalability and (iv) standardized deployment and
operations.

9.4.1. Reproducibility

Reproducibility is a cornerstone of science that can be very challenging to achieve.
In complex computational systems, it is typically insufficient to merely guarantee
accessibility to input data sets and informal descriptions of the employed programs
and workflows. Modern scientific computer programs often rely on a large number
of third-party dependencies, such as support libraries. Even small variations in
the computational infrastructure can lead to differing outcomes, either through the
introduction of bugs [21] or through numerical effects that lead, e.g., to conver-
gence to different minima. True reproducibility hence requires reliable versioning of
data, programs, and workflows. CorCast achieves this goal by relying on three key
technologies: Git, for versioning source code, Docker containers [129] for versioning
applications, and Pachyderm [149] for versioning data and workflows.

A side effect of incorporating reproducibility tightly into the system design is a
greatly simplified evaluation and comparison of different steps in the nowcasting
pipeline. Imagine, for instance, that we want to compare a novel Bayesian model
for imputation of disease onset with respect to its influence on the final nowcast.
Through the versioning of data and workflows, we can recreate the exact information
used to perform the nowcasts at any former date since the initial data commit of the
CorCast system, exchange the imputation module through our new candidate, run
the full nowcasting pipeline, and finally evaluate the performance and compare it to
the historic performance of our former model, which we can again query from the
corresponding data repository.

9.4.2. Modularity and Extensibility

CorCast has been designed as a highly modular pipeline, with components respon-
sible for ingesting data, processing and cleaning of the raw inputs, imputation of
disease onsets, nowcasting, evaluation, and interactive visualization. Each of these
components can be easily replaced, but it is also a simple task to add steps to the
pipeline, or to provide alternative implementations for each step in the pipeline
(such as competing nowcasting models) and to run them in parallel. To give an
example of the implications of this extensibility, we want to stress that the current
implementation of CorCast is focused on nowcasting SARS-CoV-2 infection numbers
in Germany, but that it would be a simple matter of extending or replacing the
ingest nodes of the pipeline to extend it to other countries, or to adapt it for different
infectious diseases.
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9.4.3. Scalability

While it might not be obvious at first glance, the data generated during a pandemic
grows very rapidly. Merely reporting summary statistics, i.e., the number of new
infections per day, is typically insufficient, as the progression of the epidemic can
vary significantly in different sub-populations (differentiated, e.g., by age, gender,
or location). To account for these differences, all differentiating features (including
the date of disease onset) will have to be reported. In practice, much of the
reporting hence happens at the level of individual cases, which grows rapidly during
the pandemic phases of exponential growth. Further complications arise through
inconsistencies and retrospective modifications that have to be treated carefully in
the data preparation stage. In the case of German infection numbers as provided
by the Robert Koch Institute, this requires iterating over all previous case reports,
where each case report contains information about every single case since the start of
the pandemic, leading to quadratic effort. At the time of writing, the uncompressed
data size for this correction step is approximately 43.4 GiB. The large case numbers
also render Bayesian inference rather expensive. At the time of writing, imputation
of disease onset takes roughly 5 hours, nowcasting roughly 4 hours, on a Kubernetes
cluster with one dedicated master and three AMD EPYC™ 2nd Gen. worker nodes
with 8 cores and 32GiB RAM each. To handle the large amounts of data and the
computational effort, we have taken care to expose opportunities for parallelism,
e.g., by separating inference models by geographic region, by running multiple
shorter MCMC chains in parallel, or by vectorization- and parallelization primitives
inside the computational nodes. Scheduling of parallel computation is achieved
through Pachyderm’s parallelization primitives. Without these measures, it would
be essentially infeasible to produce daily nowcast results at our level of granularity.

9.4.4. Standardized Deployment and Operations

CorCast uses DevOps principles to facilitate deployment and operations. Following an
infrastructure-as-code (IaC) approach, all components are provisioned and managed
using Terraform [86] and Helm [194] files. All compute nodes are realized as Docker
containers and all workflows encoded as Pachyderm pipelines in JSON format.
Orchestration and managing of system resources (monitoring, up- and down-scaling,
upgrade handling, etc.) are realized through Kubernetes and Prometheus. As a
result of the IaC approach, all information required to set up a CorCast cluster is
under version control in the CorCast Git repositories. Scaling the existing instance
or setting up a new instance on a variety of cloud providers or on premise is trivial.
Hence, CorCast can be easily adapted and deployed by researchers interested in
epidemics now- or forecasting.
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9.4.5. Summary
CorCast is a highly flexible and scalable framework for the implementation of
computational statistics and machine learning approaches to epidemiology that
provides automatic reproducibility. In addition, the CorCast instance described in
this work is, to the best of our knowledge, the only currently available implementation
for nowcasting of German Sars-CoV-2 infection numbers that can provide daily
updates for disease onset imputation and nowcasts on a district level. In future
work, we intend to add additional models to the CorCast system, such as the stable
inference of replication numbers, and want to develop pipelines for other geographic
regions.
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Summary

In this work, we covered the Bayesian modeling approach from various perspectives.
In chapter 2 we have reviewed the foundations and theoretical advantages of the

approach.
Then, in chapter 3 we have reviewed common algorithms for inference, highlighting

the different strengths and weaknesses.
Building upon that, in chapter 4, we presented an algorithm for parallel inference

and tested it in a case study.
In chapter 5 we reviewed common software packages for probabilistic programming

and presented an extension to one of them in chapter 6 that allows for computationally
inexpensive online updates.

Next, in chapter 7 we showed an application in surface topography analysis and
presented our findings that are action-guiding for future research.

Finally, in chapter 8 we reviewed epidemiological modeling and presented our
nowcasting system in chapter 9.

Appendices A and B cover further research that is not related to Bayesian modeling.

Discussion

Our paraNUTS algorithm achieved considerable speed-ups without too much loss of paraNUTS
inference quality. Due to its formulation in terms of the map-reduce paradigm, it is
also possible to translate it to other parallel architectures easily.

Similarly with our TuringOnline package, speed-ups without too much quality TuringOnline
loss were achieved, allowing users to update their inference quickly in online setting
or to use a hybrid approach.

The work in chapter 7 used advanced Bayesian modeling to leverage prior knowl- Surface
topography
analysis

edge for the computation of the magnitude of important, but not directly observable,
effects, providing respective uncertainties as well. Thereby, we revealed action-guiding
findings for the field of surface topography analysis to ensure reproducible results
from future studies.

The Corcast system provides the necessary unified treatment of data and models Corcast
that is extremely important for practical application using a modern cloud-based
architecture. Although targeted at the Sars-CoV-2 pandemic, the system is designed
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to be adopted to other epidemiological modeling easily.
While the work in appendix A offers a scalable and flexible approach to signalAppendices

classification in mass spectrometry raw data, the work in appendix B solves a
classification task as well, but here in the field of surface topography analysis using
machine learning techniques. It is thus related to the work in chapter 7.

Outlook

In comparison to our paraNUTS algorithm in chapter 4, there are more sophisticatedparaNUTS
methods described in the literature, see the references in section 4.2. To better assess
the different properties it would be beneficial to run a benchmark test against
them, which is currently hindered by the fact that not for all algorithms a suitable
implementation is available. Nevertheless, we expect paraNUTS to be a relevant
contribution in any case since unlike the other approaches it does not require the
complex tuning of (potentially) many parameters. Consequently, it should be of
greater practical value due to the greater robustness, following the line of the NUTS
algorithm which it is based on.

Furthermore, it would be interesting to use several models of different types for the
benchmark. For our implementation it would be helpful to allow for an automated
split for each function argument.

Our contribution in chapter 6 would benefit from adding a feature that allows forTuringOnline
a Kalman filter like approach that runs a certain number of steps online and a full
pass run in the background in parallel. Especially interesting would be a combination
with the paraNUTS algorithm for a parallelized run on the full pass data.

The work in chapter 7 revealed action-guiding findings for the field of surfaceSurface
topography

analysis
topography analysis. However, many practitioners in the field are not familiar with
Bayesian analysis and thus are sometimes reluctant when confronted with the method.
Here communicating the results visually helped, but still there is more work needed
to promote the method to a wider audience and to find ways in which one can
communicate not in too technical terms but still precise.

For the Corcast system in chapter 9 it would be highly beneficial to use theCorcast
developed methods for online updates and parallel processing as over the course of
the pandemic the number of cases has risen dramatically such that the standard
approaches have become computationally tremendously expensive.

For the work in appendix A annotated real data is needed to further clarify theAppendices
abilities of the approach. Similarly, the work in appendix B needs more data to
check if more powerful algorithms could be used as well. Another possibility was to
reevaluate the data with Bayesian approaches, see e.g. [151] and references therein.

As shown in section 2.6, Bayesian analysis follows a typical workflow. CombinedBayesian
analysis

workflows
with the software tools used to build the Corcast system, see section 9.4, it would be
promising to build a pipeline for generic Bayesian analysis workflows. An according
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grant proposal has already been submitted.
The Julia programming language offers the possibility to easily run computations GPU

accelerationon GPUs. Thus it would be interesting to research if additional speed-ups for the
paraNUTS and TuringOnline approaches are possible there.
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A. Signal classification in
high-throughput mass spectrometry

The results presented here have been previously presented in the following work

K. Bob, D. Teschner, T. Kemmer, D. Gomez-Zepeda, S. Tenzer, B.
Schmidt, and A. Hildebrandt. “Locality-sensitive hashing enables efficient
and scalable signal classification in high-throughput mass spectrometry raw
data”. In: Submitted to BMC Bioinformatics (2021)

and will be directly replicated here with minimal changes. K.Bob contributed to
the design, implementation, case study and writing of the article.

A.1. Background
A.1.1. Mass spectrometry in proteomics
Valuable information for medicine and design of new drugs for several severe diseases
[206] are expected to be gained by new discoveries in proteomics [5][23][161], the field
that studies proteins experimentally on a large scale. An experimental technique
commonly used in proteomics is mass spectrometry (MS) [2], which allows to separate
ionized molecules by their mass-to-charge ratio (m/z) and which can be combined
with measurement of other physical and chemical properties.

The overall goal in an untargeted MS-based proteomics experiment is to identify
and quantify as many proteins as possible in a given sample with a high quantitative
performance in terms of precision and reproducibility. In particular, in bottom-up
proteomics proteins are digested into peptides first and then those peptides are
measured

If only the mass-to-charge ratio of a large, complex sample of peptides was
measured, the resulting signal would be highly convoluted as many peptides have
the same or a very similar m/z. In order to minimize overlapping signals and to get
further information on the molecules measured, mass spectrometers are coupled with
a previous separation device based on orthogonal (ideally) physical and chemical
properties. Typically, the peptides are first separated using liquid chromatography
(LC), where molecules are separated and gradually eluted at a certain retention
time range, e.g., based on their polarity in the commonly used reversed phase (RP)
chromatography. More recently, ion mobility (IMS) has become widely accessible in
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commercial mass spectrometers as an extra dimension of separation, where ionized
molecules are continually separated based on their shape and size before being
analyzed in the MS. For instance, in LC-IMS-MS [7][55][128] the retention time
and mobility dimensions are recorded in addition to m/z. Figure A.1 shows the
experimental workflow in the left column.

Finally, in many experimental setups two types of mass spectra are recorded:
so-called MS1 spectra of all the ions, typically for localization of signals of interest
denominated precursors and MS2 spectra, where selected (or unselected) precursors
are fragmented and the obtained ion patterns (fragmentation spectra) are typically
used for identification.

The first step in the analysis of MS1 spectra is to identify regions of interest.
These signals form characteristic patterns in the raw data. More precisely, molecules
produce so-called isotopic patterns [199] that are caused by the occurrence of different
isotopes in the chemical elements. Thus, one expects a pattern of evenly spaced
peaks, where the distance between consecutive peaks varies inversely according to
the charge state of the molecule (i.e., a spacing of ≈ 1m/z for z = 1, ≈ 0.5m/z for
z = 2, etc.).

The distribution of peak intensity within an isotopic pattern depends on the
chemical elements present in a molecule and their respective distribution of isotopes.
Although it is possible to deal with the resulting combinatorial complexity [110], often
simpler approaches that assume a typical chemical composition are used to model
the intensity distribution of the underlying isotope pattern. A common example is
the so-called averagine model [183].

Due to the coupling with the separation devices, the signals of interest are expected
to occur repeatedly over time with the same pattern along the mass axis. Figure A.1
shows an example of a resulting signal in the center and right column.

A.1.2. Problem statement and challenges

The problem to be solved can now be formulated as follows: given MS1 spectra of a
high-throughput setup with additional dimensions of separation, classify whether the
signals belong to a region of interest or not. This formulation is deliberately more
general than a concrete task like deisotoping or charge state detection and should be
considered as a preceding step to the other tasks.

On top of the signal processing challenge, another technical problems arises: by
introducing additional dimensions of separation (such as LC and IMS), the sizes
of single data sets increase. Combined with a growth in the number of data sets
measured, the storage used for mass spectrometry data has thus grown tremendously
over the past years (cf. Figure A.2) and is expected to grow further. Consequently,
dealing with mass spectrometry raw data could strongly benefit from the usage of Big
Data technologies, see e.g. [82]. In this approach, data will be stored and processed
in a distributed manner, which in turn restricts the algorithms applicable.
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Figure A.1.: Experimental workflow in an LC-IMS-MS setup and resulting signal of
interest. a) Chemical separation by high-performance liquid chromatogra-
phy (HPLC) and resulting intensity distribution along retention time. b)
Subsequent ion-mobility separation (IMS) and resulting intensity distribu-
tion along the mobility dimension. c) Time-of-flight mass spectrometry
(TOF-MS) and resulting isotopic pattern, i.e., evenly spaced peaks with a
certain distribution of the peaks envelope. The column on the right shows
the signal as a function of two variables, drift time and retention time on
the top and mass-over-charge ratio and drift time on the bottom. Note
the repeated occurrence of these isotopic patterns in the 3D plot on the
bottom right.
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Figure A.2.: Size of recorded data at the European Bioinformatics Institute (EMBL-
EBI) over time for different platforms in life sciences. Note the logarithmic
scale on the y-axis. Mass spectrometry data has shown an exponential
growth. Plot recreated after [43].
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A.1.3. Locality-sensitive hashing

An often used Big Data method for the comparison of high-dimensional data is
locality-sensitive hashing (LSH) [98][77]. In particular, it is a generic algorithm for
finding similar pairs of data points (by some measure) in linear runtime. However,
this reduction of runtime comes at the prices that the algorithm is probabilistic in
nature.

Owing to its wide applicability, the technique is widely used in different fields,
including image retrieval [210], pattern recognition [212], and genome analysis
[13][138].

A.1.4. Related work

In the particular context of mass spectrometry, LSH has been used for looking up
peptide sequences in databases [60][115], to cluster different spectra for MS1 spectra
on LC-MS data [203], and for fast database lookup on MS2 spectra [204].

Previous approaches to signal detection in mass spectrometry raw data either
rely on assumptions concerning the isotopic distribution [185] or are based on deep
learning [214] and thus lack interpretability.

Concerning the processing of larger data sets, established tools like MaxQuant [45]
partially bypass large data sizes by using only parts of the data, i.e., by only looking
at every 4th spectrum by default [168].

To the best of our knowledge, signal classification by means of LSH for mass
spectrometry raw data has not been treated publicly.

A.2. Results

A.2.1. Approach

Our approach exploits the fact that all signals from a given region of interest are
expected to be similar to each other [168], while noise is assumed to be much more
random. Thus, classification of the signal is achieved by deciding whether there
are similar signals present. Finding similar objects is achieved by locality-sensitive
hashing, as it allows to leverage parallel computation.

The overall scheme of the approach, see Figure A.3 for illustration, is the following:
a mass spectrometry raw data set is considered to be a set of mass axes for each
possible replicated measurement, that is, each retention time for LC-MS data or
each retention time and mobility measurement for LC-IMS-MS data, respectively.
These mass axes are then cut into small intervals, called windows. For each window
several hash values are computed. If two windows have at least one equal hash value
resulting from the same hash function they are said to collide. The classification into
“true” signal and noise used the following criterion: if a peak lies within a window
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Figure A.3.: Schematic overview of the approach: short intervals (windows) of the
several mass axes are considered as smallest building blocks of the data set
and generated from a raw dataframe. Then for each window the (several)
hash functions h map into the N hash buckets (colored boxes at the bottom
right). These are indexed from i = 0 to i = N − 1 and the number of
windows n within a bucket is counted. Finally, if more than one window is
mapped in a given hash bucket, all windows inside the box are considered
“true” signal.

that collided with any other window it is considered “true” signal, otherwise noise.
To facilitate the lookup of collisions, a second map structure is used that maps hash
values to their respective number of occurrences.

A detailed explanation of window generation and hashing functions is given in
section A.5.

A.2.2. Advantages of the approach

As the hash function of each window can be computed and checked independently
of the other windows, the algorithm is embarrassingly parallel in nature. By using
an augmented LSH with n AND connectives and m OR connectives, the algorithm
allows for tuning of false-positive and false-negative rates.

In particular, our approach assumes no model or distributions for the signal shapes,
only similarity. Thus, we are able to distinguish different isotopic patterns as true
signal, regardless of the composition, size and charge of the ionized molecule.

[1]Note that the number of windows in the data set influences the collision probabilities as well.
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Figure A.4.: Receiver operating characteristic. Single points mark the results of our
approach and the tuples denote the number of AND and OR amplifications
used. The solid line shows the performance of the intensity-threshold
approach and the dashed line the results of random guessing.

A.2.3. Signal classification capability on synthetic data

Figure A.4 shows the receiver operating characteristic (ROC) of a classification task
on synthetic data. By varying the amplification parameters m and n of the LSH,
different types of discrimination can be achieved, depending on the goal of the user[1].

The achieved performance is in accordance with expected behavior when comparing
the implied similarity thresholds in Figure A.5. When setting a low threshold, e.g.,
(m,n) = (32, 16) (corresponding to the blue line in Figure A.5), a large fraction of
windows are considered signal, resulting in very high true-positive and false-positive
rates.

A stricter discrimination with (m,n) = (64, 32) improves the performance signifi-
cantly. This in turn indicates that the typical similarity measure of the data is in
the area where the green line in Figure A.5 has a high slope.

Using a very high threshold, e.g., (m,n) = (32, 32) (corresponding to the orange
line in Figure A.5), some windows are lost, resulting in a lower true-positive rate. As
the false-positive rate shrinks as well, this setting may be employed as a strong filter
to reduce large data sets.
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Figure A.5.: Controlling typical similarity of pairs. Probability Pm,n([xi, xj ]) to retrieve
a pair for several combined hashes as a function of similarity s(xi, xj). By
appropriate choice of m and n, found pairs have a high probability of having
at least a certain similarity. Note that the x-axis starts at s(xi, xj) = 0.55,
for values smaller than that all curves are almost zero.
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A.2. Results

The performance of our approach was compared to the common approach of
filtering signal by an intensity threshold. While the overall behavior of its ROC curve
is similar to the one of our approach, the performance is considerably better.

Several synthetic data sets with different noise characteristics were created and all
main findings persisted.

A.2.4. Filtering capability on real data

Next, we conducted a study to determine the capability of our approach on real
data. An option would have been to use a file with peptides identified by any protein
identification software, such as MaxQuant. Nevertheless, this would introduce a bias
towards high quality ions and only those present in the protein database would be
considered. Therefore, we decided to employ the precursors fragmented during the
DDA-PASEF analysis, which are selected based on the ion charge, intensity, and
ion mobility profile. We computed the rate of windows with selected precursor ions
kept by our filtering and the reduction in data set size after the filtering, as shown in
Figure A.6. As can be observed, reduction rate has to be balanced with not loosing
too much relevant signal by choosing suitable values of m and n. That way it is
possible to reduce the amount of data points in a frame by at least a half, without
loss of almost any vendor selected peaks. We found both the reduction rate and the
rate of selected precursor ions kept to be between approximately 70% and almost
100%, where the two are inversely related, i.e. higher reduction rate implies lower
keeping rate and vice versa.

For details on the evaluation see section A.5.

A.2.5. Using averagine modeled reference patterns for deisotoping

Translating slices of mass spectra into a set of representative keys is not limited to
self-similarity detection. Other approaches used LSH for fast candidate identification
of fragment-spectra, see for example [203] [204]. There, first a look-up database is
built by mapping all reference spectra into LSH-key representations. By using LSH,
unidentified candidate spectra only need to be matched with a subset of candidates
in the database, greatly reducing the total number of comparisons. For a more
detailed explanation of algorithmic solutions to spectral identification in general, the
interested reader is referred to [122].

We built on this idea of a pre-computed reference, but used typical isotope patterns
to find peptide ions of a specific charge state in precursor spectra in contrast to
fragment spectra. These synthetic isotope patterns are hashed to form a reference
database, which then can be used to detect isotope patterns by collision of hashes in
sets of spectrum windows. By design, the approach is more restrictive then our first
presented strategy of self-collision. This is due to the fact that it requires a window
to be similar to one of the modeled peak distributions.
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Figure A.6.: Evalutation on real data: fraction of precursors kept (left panel) and data
reduction rate (right panel) as functions of m and n. For certain choices
of m and n only few windows containing selected precursors are lost, while
the data reduction rate is very high, emphasizing the intended usage of our
approach as a prefilter. However, m and n can also be varied to balance
the trade off between recovery rate and reduction.

106



A.3. Discussion

We used a subset of the real data set mentioned before. The vendor software
selected N = 6902 peptides for fragmentation during DDA-PASEF in that subset.
We were able to compare those with isotopic patterns found by our approach. When
m and n are set accordingly, k1 = 6200 of those N = 6902 peptides were considered
matched by our initial metric (≈ 91% of N). k2 = 5125 of the matches k1 had the
correct charge state (≈ 74% of N). k3 = 3419 of the matches k2 perfectly matched
the monoisotopic m/z and charge state (≈ 50% of N).

For details on the evaluation see section A.5.

A.2.6. Scalability and acceleration

Figure A.7 shows the scalability of the approach for different choices of m and n on
parts of a measured data set. In this double-logarithmic plot, the wall-clock time of
the implementation is at first a decreasing function of the number of threads used
and then saturates. This shows that the implementation scales out well up to a
certain point, at which the parallelization overhead cancels the gain in speed. For
details regarding the setup, see section A.5.

Furthermore, our implementation supports acceleration by graphics processing
units (GPUs) by building on the tensorflow 2 software library [1].

A.2.7. Software design and availability

We built on top of the low-level C++ API of OpenTIMS [111] for data access.
Furthermore, we used pybind11 [100] to interface C++ with the Python programming
language and provide both the C++ and the Python code as a Python package. This
should make it easy to integrate our tool into the well established, Python-centric
data science stack.

A.3. Discussion
While the evaluation on both synthetic and real data showed that locality-sensitive
hashing could be used in a promising way to detect signals in mass spectrometry
raw data, two challenges are expected when applying the method to real world data.

First, in some mass spectrometry setups so-called chemical noise is present. These
are signals that originate in chemical impurities in the measurement workflow and
are characterized by repeated occurrences. Thus, the chemical noise is self-similar
and would be classified as a “true” signal accordingly by this approach. Since the
removal of contaminants can also be performed in subsequent step in a processing
pipeline, this is of lesser concern, but should be kept in mind. Second, signals with a
low relative intensity to noise peaks could be lost, as the similarity measure on which
the LSH is based drops.

While enabling the evaluation of the proposed approach in a controlled environment,
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Figure A.7.: Scalability for different m and n: wall-clock time of the implementation
in seconds as a function of the number of threads used. More precisely,
the cumulative runtime for processing of 100 randomly selected precursor
frames is shown. Note the logarithmic scales on both axes. First the
wall-clock time is a decreasing function of the number of threads used and
then saturates. This shows that the implementation scales out well up to
a certain point, at which the parallelization overhead cancels the gain in
speed. See the text for the setup used.
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synthetic data cannot fully reflect the behavior of real data. However, as we could
not find a gold-standard ground-truth peak-level annotation of data, the evaluation
on real data has it’s own challenges as well. Thus we used the precursor ions selected
by the vendor software as a reference to measure the performance of our approach.

Using vendor selected peaks from a DDA experiment comes with its own challenges.
First, the annotated masses correspond only to peptides selected for fragmentation
and second, those peptides likely stem from high intensity signals. Nonetheless,
being able to retrieve those signal with our approach that is not explicitly based on
absolute intensity values, increases confidence in its general applicability.

Additionally, we indicate a potential application for desiotoping and charge state
detection. This was demonstrated by our prototypic implementation of a reference
based pattern matching using isotopic patterns following the averagine model. The
reference search is not yet perfect, for instance we observed that for some cases the
the monoisotopic m/z value identified is shifted by multiples of mn/z. Furthermore,
charge state identification sometimes fails as well.

Lastly, our implementation is generic enough to be used not only for signal filtering
but could also be further extended for additional tasks.

A.4. Conclusions

Due to the rapidly growing amount of mass spectrometry data, the analysis of mass
spectrometry raw data could greatly benefit from Big Data methods, most notably
implying distributed data storage and highly scalable algorithms.

In this study we showed that locality-sensitive hashing is a desirable approach
for signal classification in mass spectrometry raw data. It allows for scalability and
provides an approach to signal classification that has a strong focus on self-similarity
rather than model assumptions as an intrinsic property of the data.

We propose an implementation using a Big Data framework, such as Apache
Spark [211], to facilitate testing on many large data sets from different types of mass
spectrometry measurements.

A.5. Methods

A.5.1. Mass axis windows

For the types of mass spectrometry data considered here, the setup of the mass
spectrometer gives rise to a hierarchical structure of the data. In the case of LC-IMS-
MS, data is continuously acquired as individual scans across the three dimensions. For
each retention time several mobility bins are recorded and in turn for each mobility
bin the full spectrum along the mass axis is acquired. In order to allow detection of
smaller regions of interest, the algorithm works on short compact subsets (intervals)
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of the mass axis, henceforth referred to as windows. One such window, represented by
a list of tuples ( m/z, i), is the single datum considered by the algorithm for similarity
search.

Window generation

The set of windows is created by dividing all recorded mass axes into windows. In
order to avoid missing an isotopic pattern by distributing it into two windows, a
second set of windows that is offset by half a window length is created, such that the
mass axes are covered in an overlapping fashion.

The length of the windows should be wide enough to capture a whole isotopic
pattern, if the windows are applied in an overlapping fashion and small enough such
that the chance of having several isotopic patterns in a window is small. For an
assumed pattern length of up to 5Da a window length of 10Da is considered useful.

Binning

The calculation of a window’s hash value requires the mass axis in a binned form
with equally spaced bins. Finding an optimal binning scheme is by no means trivial:
a very fine binning resolution makes the algorithm less robust and increases the
computational cost, while a very coarse binning resolution yields an increased loss of
information. A binning resolution of 0.1m/z was considered suitable as, on the one
hand, it still resolves isotopic pattern with up to charge state five (corresponding to
a spacing of 0.2m/z) and, on the other hand, keeps the computational load feasible.

A.5.2. Locality-sensitive hashing
Used similarity measure

Two windows Wi and Wj shall be considered similar when their mass spectra have
the same shape but not necessarily the same overall scale. Therefore, the similarity
function s(Wi,Wj) used is the cosine similarity

s(Wi,Wj) = 〈Ii, Ij〉
‖Ii‖‖Ij‖

, (A.1)

where I denotes the intensity array of a binned window, 〈·, ·〉 the standard scalar
product and ‖ · ‖ the Euclidean norm. As a direct consequence from the linearity of
the scalar product and norm, the cosine similarity is scale invariant:

s(αWi, βWj) = 〈αIi, βIj〉
‖αIi‖‖βIj‖

= 〈Ii, Ij〉
‖Ii‖‖Ij‖

= s(Wi,Wj), (A.2)

for α, β > 0. Thus, the findings of the algorithm are independent of the absolute
intensity values.
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Hash function and amplification

The appropriate family of hash functions for the cosine similarity is the random
projection hashing [40]. The hash function is given by h(·) = sign(〈·, r〉) with
the components of the vector r being random samples from a standard normal
distribution.

To control for false positives or false negatives, an augmented LSH with n AND
connectives and m OR connectives is used. This means that instead of computing a
single hash function m× n hash functions are calculated and divided into m arrays
of length n. Two objects xi and xj are now considered collided if all n hash functions
of a block yield the same value. By choosing m and n appropriately, a sharp sigmoid
shape of the collision probability Pm,n([xi, xj ]) can be achieved, which effectively
translates into a similarity threshold. Figure A.5 shows Pm,n([xi, xj ]) for different
values of m and n.

A.5.3. Intensity thresholding

A very simple and general approach to signal classification is by means of thresholding
with respect to a signal-to-noise ratio [10]. If one assumes a global noise estimate,
this reduces to a thresholding with respect to the intensity of each peak.

A.5.4. Data generation

The synthetic data sets consist of windows of length of 10m/z, with a binning
resolution of 0.1m/z.

In each set, two types of data were created: firstly, windows containing no isotopic
patterns and noise only. Secondly, windows containing both isotopic patterns and
noise. The label of each peak (“signal”, if it is part of an isotopic pattern, “noise 2”,
if it is a noise peak in a window that contains an isotopic pattern, and “noise 1”, if
it is a noise peak inside a window without an isotopic pattern being present) was
stored for later evaluation. In total 18445 windows per data set were created, of
which 14107 contained noise only and 4338 contained both signal and noise.

In the different data sets the intensities of the “true” signals were scaled differently,
such that the maximum signal peak has an intensity of 1000, 500, 250, 125, 64, or
32, respectively.

Modeling noise

The noise signal is assumed to consist of independently sampled peaks that share
the following properties: the number of peaks per window, k, is given as

k ∼ Pois(λp) + 1,
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where Pois denotes a Poisson distribution with mean λp. Our data was generated
using λp = 4.

The location of each peak was sampled uniformly within the window and the
intensity value i of each peak was sampled from

i ∼ Exp(λe),

where Exp denotes a exponential distribution with mean λ−1
e . Our data was generated

using λe = 15.

Modeling isotopic patterns

For the “true” signal the averagine model [183] was used. The monoisotopic peak was
placed in the middle of the window and the contribution of the next five peaks was
considered. In order to model the repeated occurrences of patterns, two copies with
all peaks scaled to half intensities were added. Finally, a noise signal, individually
sampled according to description above, was added to every true pattern window.

The monoisotopic masses were ranged from 150u to 5000u in steps of 10u. Charge
states from 1e up to 5e were included if the resulting m/z was in the interval
[150m/z, 2000m/z].

A.5.5. Classification by collision
In order to classify windows into “noise” or “signal”, for each window in the data set
(several) hash values are computed. Then the number of occurrences of each hash
value is counted and all hash values that occurred more then one time are stored in
a table, the so-called collision table. A window in question is called “signal” if at
least one of its hash values can be found in the collision table, otherwise it is called
“noise”.

A single peak in the data set is classified by whether there was a collided window
that contains the peak. This is especially important as peaks can be part of several
windows due to the overlapping window approach.

A.5.6. Evaluation on synthetic data
Although the synthetic data provides ground truth labels, a meaningful computation
of true-positive and false-negative rates is not straightforward.

Since in our approach all peaks in a window will be assigned the same label, the
following problem is caused: when signal and noise is present in a window, peaks
with label “noise 2” will be considered “true” as well, which would result in a high
false classification rate. For work on real world data however, the inability to remove
noise peaks among isotope patterns is typically cured by the fact that subsequent
processing steps like feature finding can take the multidimensional signal shape into
account, which facilitates the removal of remaining noise peaks.
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Thus, in order to learn about the false classification rate of actual interest, peaks
with label “noise 2” were not considered for the computation of classification rates
both for the intensity thresholding and our approach.

The presence of peaks with label “noise 2” is nevertheless important to test whether
whole patterns are missed due to noise in the same window.

A.5.7. Real data set used

As test data a single MS1 frame of a nanoLC-TIMS-MS/MS (DDA-PASEF [128])
analysis of HeLa whole proteome digest was used and raw data access was enabled by
OpenTIMS [111]. HeLa cells were lysed in a urea-based lysis buffer (7 M urea, 2 M
thiourea, 5 mM dithiothreitol (DTT), 2% (w/v) CHAPS) assisted by sonication for
15 min at 4 ◦C in high potency using a Bioruptor instrument (Diagenode). Proteins
were digested with Trypsin using a filter-aided sample preparation (FASP) [209] as
previously detailed [56]. 200 ng of peptide digest were analyzed using a nanoElute
UPLC coupled to a TimsTOF PRO MS (Bruker). Peptides injected directly in an
Aurora 25 cm x 75 µm ID,1.6 µm C18 column (Ionopticks) and separated using a
120 min. gradient method at 400 nL/min. Phase A consisted on water with 0.1%
formic acid and phase B on acetonitrile with 0.1% formic acid. Sample was injected
at 2% B, lineally increasing to 20% B at 90 min., 35% B at 105 min., 95% at 115
min. and hold at 95% until 120 min. before re-equilibrating the column at 2%B.
The MS was operated in DDA-PASEF mode [128], scanning from 100 to 1700 m/z
at the MS dimension and 0.60 to 1.60 1/k0 at the IMS dimension with a 100 ms
TIMS ramp. Each 1.17 sec MS cycle comprised one MS1 and 10 MS2 PASEF ramps
(frames). The source was operated at 1600 V, with dry gas at 3 L/min and 200 ◦C,
without nanoBooster gas. The instrument was operated using Compass Hystar
version 5.1 and timsControl version 1.1.15 (Bruker). All reagents and solvents used
were MS-grade.

A.5.8. Evaluation on real data

The vendor software returns a list of peptides selected for fragmentation. For these
peptides the m/z coordinate of the monoisotopic peak and apex of ion mobility
distribution are given on a frame basis. In the following, we consider the peptides as
2d data points with the corresponding coordinates.

For our approach we built the mass axis windows as described above with a
window length of 10m/z, but only kept windows, for which there was at least one
peak exceeding an intensity of 24 and more than 2 peaks in total. Our signal
classification returns the mass axis bin and scan of the windows considered signal.
We used the center of the window and the scan number as coordinates to represent
the found windows as 2d data points as well.

A peptide is considered matched, if it’s nearest neighboring window is closer than
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5 units in Manhattan distance. Finally, we calculated the reduction rate, i.e. one
minus the fraction of windows considered signal of all windows in a frame. Also we
computed the fraction of peptides considered matched.

We averaged the results on 50 randomly selected frames, excluding the first 1500
frames from the data set. The whole procedure was repeated for varying m and n.

A.5.9. Isotope pattern reference construction and evaluation of
reference search

The averagine model as proposed by [183] was used to create all reference patterns.
It was sampled with a step size of 10−5 in a range from −1 to +9 Da around the
monoisotopic peak and afterwards binned to a resolution of 10−2 Da. This was done
for all masses from 150 to 1800 Da and for all charge states from 1 to 5.

We then applied our hashing strategy to those synthetically generated mass spectra
the same way it was applied to self-similarity detection. When an unidentified window
is now hashed, its key-set can be used to select a set of candidate isotope-patterns,
for which cosine similarity is calculated explicitly. Should a certain threshold of
similarity be surpassed (here, we used 0.6), the highest scoring reference pattern is
returned together with its charge state and monoisotopic mass.

Again we used the list of peptides selected for fragmentation by the vendor software,
with the m/z coordinate of the monoisotopic peak, the apex coordinate of the ion
mobility distribution and now additionally the charge state. In the following, we
considered the peptides as 3d data points with the corresponding coordinates. A
peptide selected by the vendor software is considered matched, if the Manhatten
distance to the nearest neighbor in that particular space is less then a threshold,
here 10 units.

A.5.10. Scalability study
The scalability study was performed on a single Ubuntu 20.04 LTS machine with
AMD Ryzen Threadripper 3990X processor featuring 64 physical cores @2.9 GHz.
Overall, enabled hyper-threading allows for the parallel execution of 128 threads.
The machine is further equipped with 256 GiB (8x 32 GiB) of DIMM DDR4 @2667
MHz main memory.

As test data 100 randomly chosen MS1 frames of the real data set was used.
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B. Classification of contact material from
surface parameters

This chapter deals with research that is closely related to that in chapter 7 with
respect to the subject of the study, but differs in the analysis approaches.

The results presented here have been previously published in the following work:

A. Pedergnana, I. Calandra, A. A. Evans, K. Bob, A. Hildebrandt, and
A. Ollé. “Polish is quantitatively different on quartzite flakes used on different
worked materials”. In: PLOS ONE 15.12 (Dec. 2020). Ed. by M. Peresani,
e0243295. issn: 1932-6203. doi: 10.1371/journal.pone.0243295

K.Bob designed and implemented the machine learning analysis and contributed
to the writing of the article.

B.1. Machine learning approach
As mentioned in section 7.1, one goal of surface topography analysis is to infer contact
materials by their traces on the object of interest. With the availability of surface
parameters like those in Table 7.1 as a quantitative description of a given surface,
classification of contact material through machine learning suggests itself. Following
the common naming convention, from now on we will refer to the type of contact
material as labels and the values of the surface parameters recorded as features. By
performing experiments with known contact labels, data with both known features
and labels was generated, resulting in a supervised learning setting for classification.

B.2. Data generation
In those experiments, five different materials (wood, bone, antler, fresh and dry skin Experiments

and cane) were worked for an hour with several quartzite flakes from two varieties
(VSH4 and A35). One control sample per variety were left unused. Afterwards, all
samples were cleaned according to a protocol, see the corresponding section in [158]
for details.

In order to obtain the required surface parameters, the surfaces were scanned with Preprocessing
a laser scanning confocal microscope and some sub-areas were extracted. Next, the
software ConfoMap (version 7.4.8633) was used to calculate surface parameters. As
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there were some potentially problematic sub-areas, the data set was split into a “full
dataset” with nf = 78 data points and “restricted dataset” with nr = 70 data points.
Unfortunately not all surface parameters could be measured reliably on all sub-areas.
The missing points could be meaningfully filled for some surface parameters (Asfc and
Smfc on the full dataset and HAsfc9 on both datasets), other parameters (HAsfc81,
Periodicity, Period and Direction.of.period for both datasets) had to be removed
from downstream analysis. See again the corresponding sections in [158] for details.
Finally, k = 33 surface parameters and the quartzite type could be used as features
on both datasets.

B.3. Analysis
Due to to the costly experimentation and preprocessing, only a small number of dataChallenge

points – both in general and per class – but with large number of parameters were
available. This resulted in a unfavorable ratio of data points to model parameters.

B.3.1. Feature selection

Consequently, we approached the problem by selecting only some parameters, both
to prevent overfitting and for practical applications where one does not want to
measure all parameters. Thus, the amount of information on the labels that can be
gained by each feature was measured and features were selected by their predictive
power.

In order to achieve this, we used the mutual information[1], which is definedMutual
information as follows: given two continuous random variables X and Y with joint probability

density π(X,Y ) and marginal densities πX(x) and πY (y) the quantity

I(X,Y ) =
∫

ΩY

∫
ΩX

π(X,Y )(x, y) loga

(
π(X,Y )(x, y)
πX(x)πY (y)

)
dµX(x) dµY (y) (B.1)

is called the mutual information [107]. Using the base a = 2 results in the unit
”bits”, a commonly used unit for information. For independent variables, the mutual
information is zero, while for dependent variables higher values indicate a larger
amount of shared information. Due to the structural similarity to the Shannon
entropy

H(X) = −
∫

ΩX
πX(x) loga (πX(x)) dµX(x) (B.2)

the mutual information can be expressed in terms of entropies [107] as

I(X,Y ) = H(X) + H(Y )−H(X,Y ), (B.3)
[1]For other approaches to feature selection see e.g. the work by Prado [166, Ch. 6]
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Figure B.1.: Mutual information between features and labels on the training set without
the quartzite type as a feature. Image taken from [158, Fig. 2]. See text
in subsection B.3.1 fur further information.

where

H(X,Y ) =
∫

ΩY

∫
ΩX

π(X,Y )(x, y) loga
(
π(X,Y )(x, y)

)
dµX(x) dµY (y). (B.4)

Shannon [184] shows in sections 12 and 24 of his landmark publication that the
same expression as in equation (B.1) describes the rate of actual transmission of
information when a source emits realizations of X over a noisy communication
channel such that realizations of Y are received instead. This image provides a nice
interpretation of the mutual information.

For computing the mutual information on the data, we used the implementation in Compute
the scikit-learn package [159] that is based on the works [107] and [173]. The full source
code related to our publication is available at https://doi.org/10.5281/zenodo.4249219.
The resulting estimates are shown in Figure B.1.

Those surface parameters that showed a considerably higher value in Figure B.1 Selection
were chosen as features.

In order to evaluate the selection approach, the training was performed with all
features as well for comparison.
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B.3.2. Classification task
Having selected the most promising features, two common classification algorithms
were used: decision tree and support vector machine, which will be briefly introduced
now. For the following explanations, we will use the notation x = {xi}ni=1 for the n
features and y for the label of a single given datum.

Decision tree

The decision tree algorithm [169] [87, chapter 9] is a simple yet powerful method
that can be used both for regression and classification tasks. For the latter, we used
a version that works as follows:

The data set gets repeatedly split into two disjoint sets. Calling the data set underConcept
current consideration Si, it is split into the sets Li and Ri by choosing thresholds
ti on a single feature xk in x = {xj}nj=1 and assigning all data points in Si to Li if
xk ≤ ti and to Ri otherwise. The splitting is repeated until only a single data point
is left in Si, or alternatively for a predefined number of steps.

When interpreting the sets as nodes and linking the Si with the respective Li andRepresenta-
tion Ri, the resulting graph is a tree with the full data set as the root, giving rise to the

name of the method. The learned labels are assigned to the leaf nodes and a given
input is traced through the tree until it reaches a leaf node. Figure B.2 shows an
example.

Selecting the right thresholds is achieved by optimizing a scoring function. In thisComputation
case the entropy H(PY (y)) from equation (B.2) was minimized in each node with
estimated probabilities

PY (y) = 1
n

n∑
i=1

χ{y}(ξi), (B.5)

where ξi denote the labels of data points in a node.
For the detailed algorithm see again [169] and [87, chapter 9], for the actual

computation we used the implementation in the scikit-learn package [159].
An advantage of the decision tree is that due to the graphical representation, seeDiscussion

again Figure B.2, the approach is easier to communicate to a broader audience. In
contrast, other more advanced classifiers are often less accepted as they are considered
black-boxes and thus less trusted. For a general review on the topic of interpretable
machine learning see e.g. the work of Murdoch et al. [139] and references therein.
Furthermore, its simple structure leads to only one hyperparameter, namely the
depth of the tree, making the tuning easier.

A disadvantage of the concept is that more complicated decision boundaries in
the feature space can only be approximated by deep trees which are more prone to
overfitting. Although this can be cured by using a an ensemble of trees, called random
forest, the resulting classifier is in turn too complicated to be easily understandable
by the general audience.
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B. Classification of contact material from surface parameters

Support vector machine

As another more advanced approach, support vector machines (SVM) [87, chapter
12] [44] [186] were used, especially to check whether the results from the decision
tree are bounded by model complexity.

The basic idea of the SVM is to separate points of the two classes in a binaryConcept
classification problem by hyperplanes in the feature space, which are chosen to have
maximum distance (margin) to the data points of each class. Thus, the location of
those hyperplanes is determined by some features only, called support vectors and
giving the name to the method, see Figure B.3 for an illustration. By choosing the
hyperplanes in this way one attempts to minimize the generalization error.

Following the presentation [87, chapter 12], the mathematical formulation of the
SVM for two classes can be given as follows: the hyperplane of interest can described
as the set of all vectors x that satisfy the condition

〈w,x〉 − b = 0, (B.6)

where w is a vector normal to that plane and b a scalar. When considering the
support vectors x± as those residing on the hyperplanes

〈w,x±〉 − b = ±1 (B.7)

the size of the margin s can be computed as the projection of the difference between
the support vectors onto a unit length normal vector of the hyperplane, i.e.

s =
〈

(x+ − x−), w
‖w‖

〉
= 〈w,x+〉 − 〈w,x−〉

‖w‖
= 1 + b− (−1 + b)

‖w‖
= 2
‖w‖

. (B.8)

Generalizing from equation (B.7), for a data point in question that is described by
a feature vector xf , the function

c(xf ) = sgn (〈w,xf 〉 − b) (B.9)

gives the estimated class label as -1 or 1.
For two non-overlapping classes the parameters w and b can be computed by

maximizing s in equation (B.8) under the constraints that c(·) from equation (B.9)
gives the correct label for all training examples. However, it can be shown that this
is equivalent to minimizing the labeling errors counted by the loss function

l(w, λ) = 1
n

n∑
i=1

max (0, 1− yi(〈w,xi〉 − b)) , (B.10)

where xi denotes the feature vector and yi ∈ {−1, 1} the label of data point i. For
the details of the minimization see the discussion in [87, chapter 12].
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B.3. Analysis

x1

x 2

Figure B.3.: Concept of a support vector machine.
For ease of illustration the feature space has only two dimensions, x1 and
x2. The color of the dots encodes the true class labels, the support vectors
x+ and x− are marked with additional black circles. The solid line marks
the hyperplane in equation (B.6), the dashed lines the margins in equation
(B.7).
Recreated after [87, Fig. 12.1].
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B. Classification of contact material from surface parameters

If there are classes that cannot be linearly separated, there are two ways to cope
with this problem: first, the loss function in equation (B.10) can be extended by
another term

l(w, λ) = 1
n

n∑
i=1

max (0, 1− yi(〈w,xi〉 − b)) + λ‖w‖2, (B.11)

such that one still tries to minimize the labeling error while also having a large
margin. The regularization parameter λ controls the trade-off between the two goals.

The second approach is known as the so-called kernel trick: consider a map
φ : F → S,x 7→ φ(x) from the feature space F into a space S with more dimensions,
i.e. dim(S) > dim(F ). When using a suitable map φ, the classes are linearly
separable in S. As for the loss functions (B.10) and (B.11) only the inner products
〈w,xi〉 need to be computed, it is beneficial to choose maps φ such that the inner
products 〈φ(w), φ(xi)〉 in S can be computed as a function of the untransformed
vectors

〈φ(w), φ(xi)〉 = K(w,xi), (B.12)

where K(·, ·) is called the kernel function. In practice, instead of specifying φ(·)
usually the kernel function is chosen. Popular kernel functions are

KPoly(w,xi) =(γ 〈w,xi〉+ r)d

KRB(w,xi) = exp(−γ‖w − xi‖2)
KNN(w,xi) = tanh(γ 〈w,xi〉+ r),

which are often called the polynomial, radial basis and neural network kernels [87,
section 12.3.1]. The resulting classification functions

cφ(xf ) = sgn (〈φ(w), φ(xi)〉 − b) = sgn (K(w,xi)− b) (B.13)

now allow for nonlinear hypersurfaces in the feature space F .
For the actual computation the implementation in the scikit-learn package [159]Computation

was used, which in turn uses the libary of Chang and Lin [38]. As the task at hand
involved more than two classes, the so-called one-versus-one approach is used, where
for each pair of classes a SVM is trained and the most dominant class label is chosen
[87, section 12.3.8].

As described above, the SVM is able to use non-linear separation functions,Discussion
which is a clear improvement over the decision tree. While the considerably greater
computational effort is not a problem on the small dataset, the greater number of
hyperparameters (kernel functions with coefficients and regularization parameter λ)
might be too high for the usage with small data sets like those used here. Moreover,
the working principle is already largely nontransparent for the general audience.
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B.4. Results

Training

First, the data was split into a test (33% of data, n = 26 for the full dataset and Data split
n = 24 for the restricted dataset) and a training set (remaining data, n = 52 for
the full dataset and n = 46 for the restricted dataset) in a stratified fashion, such
that quartzite types and labels were approximately equally present in both test and
training data.

Then 3-fold cross-validation using balanced accuracy [105] for measurement of Hyperpara-
meter
tuning

the performance was used to tune the respective hyperparameters. Finally, the
algorithms with the estimated optimal hyperparameter setting were run once on the
on full training data to produce the versions for evaluation.

This whole procedure was performed once using the k = 33 parameters and
the quartzite type as features, and once using the k = 33 parameters without the
quartzite type as a feature.

B.4. Results
On the test data the following results were achieved:

Concerning the overall picture, the results on the full and restricted data sets Difference
between
datasets

are quite similar, but do differ in details like the selected features and classification
rates. The detailed results are available at https://doi.org/10.5281/zenodo.4249219,
such that in the following the presentation is restricted to the full dataset, where
generally the classification rates are higher, thus being more promising to study.

It turned out that using only the selected or all surface parameters and using or Feature
selection and
quartzite
variety

not using the quartzite variety resulted in comparable classification rates. Thus for a
better practicability and to avoid overfitting, the selected surface parameters can be
used as features only. Those selected are namely core material volume (Vmc), mean
depth of furrows and mean density of furrows.

The difference in performance between the decision tree and the SVM was not Decision tree
and SVMsignificant enough such that it is favorable to use the decision tree due to its easier

interpretability and less complexity that in turn prevents overfitting.
The results of the classification task using the decision tree on the full data set Confusion

matrixare shown in Figure B.4.
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B. Classification of contact material from surface parameters

(a) Using the quartzite variety as a feature.

(b) Without using the quartzite variety as a feature.

Figure B.4.: Confusion matrix for the decision tree on the test with and without using
the quartzite variety as a feature. Each cell shows the fraction of cases in
which the pair of corresponding predicated and true label occured, normed
for the true labels. Recreated after [158, Fig. 3].
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