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ABSTRACT
We develop structure-preserving numerical methods for the Serre–Green–Naghdi equations, a model for weakly dispersive
free-surface waves. We consider both the classical form, requiring the inversion of a nonlinear elliptic operator, and a hyperbolic
approximation of the equations, allowing fully explicit time stepping. Systems for both flat and variable topography are studied.
Our novel numerical methods conserve both the total water mass and the total energy. In addition, the methods for the original
Serre–Green–Naghdi equations conserve the total momentum for flat bathymetry. For variable topography, all the methods pro-
posed are well-balanced for the lake-at-rest state. We provide a theoretical setting allowing us to construct schemes of any kind
(finite difference, finite element, discontinuous Galerkin, spectral, etc.) as long as summation-by-parts operators are available in
the chosen setting. Energy-stable variants are proposed by adding a consistent high-order artificial viscosity term. The proposed
methods are validated through a large set of benchmarks to verify all the theoretical properties. Whenever possible, comparisons
with exact, reference numerical, or experimental data are carried out. The impressive advantage of structure preservation, and
in particular energy preservation, is to resolve accurately dispersive wave propagation on very coarse meshes is demonstrated by
several of the tests.

1 | Introduction

This paper is devoted to the structure-preserving numeri-
cal approximation of the fully nonlinear, weakly dispersive
Serre–Green–Naghdi (SGN) equations for free-surface hydro-
dynamics. Dispersive free-surface waves occur in a wide variety
of phenomena, going from the propagation of tsunamis [1–3],
to estuarine dynamics and wave propagation in natural as
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well man-made environments [4–8]. Many of these appli-
cations involve multiscale wave physics, with often large
domains and long-time/distance propagation. Depth-averaged
Boussinesq-type equations are used in many existing operational
codes for hazard assessment (see, e.g., [9, 10] and references
therein). These models can be written as a perturbation of the
hyperbolic shallow water equations with a dispersive term,
which accounts for some of the vertical kinematic lost in the
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depth averaging [11]. Among these models, the SGN system
[12–14] accounts for the full nonlinearity of the wave propaga-
tion and transformation, and is endowed with a rigorous estimate
of the energy associated with the wave dynamics (see, e.g., [11,
15–17]), which can be used as a rigorous criterion to estimate
the dissipation during the propagation process. In the literature,
two main writings of the SGN equations have been used for the
purpose of numerical approximation: a classical one involving
the inversion of a nonlinear elliptic operator to evaluate the time
variation of the velocity [11, 16, 17], and a system based on a
hyperbolic relaxation of the dispersion operator [15, 18]. Both
forms are considered here.

Realistic operational applications require being able to run
multiscale simulations on reasonably coarse meshes to obtain
fast predictions. A lot of focus is being put on deploying opera-
tional codes on modern high-performance parallel architectures
[19–21]. In this work, we consider the other end of the process
and propose improved numerical methods. In the literature,
we find many different numerical approaches to approximate
Boussinesq-type, dispersive shallow water equations. Many such
techniques involve some high-order approximation in space and
time, with possibly ad-hoc treatments for the dispersive terms
(hyperbolization or some low-order approximation) to com-
bine efficiency and good numerical dispersion [14, 17, 22–33].
Some authors also propose methods with some strong energy
stability/dissipation property [34, 35], by the imitation of what is
usually done for hyperbolic conservation laws with entropy sta-
bility. Few recent works focus on approximations guaranteeing
exact energy conservation [36–38] at the discrete level.

The theoretical and numerical results discussed in [39–42] show
that there is a very delicate interaction between dissipation, dis-
persion, and nonlinearity. In particular, while in the purely dis-
persive setting, many initial conditions lead to the appearance of
solitary wave fission, in the presence of finite dissipation, one
obtains travelling waves with finite stationary wavelength and
much lower amplitudes. In this respect, while recent work has
shown that discontinuous solutions for Boussinesq models can
be constructed [43–45], such constructions do not rely, as in
the case of hyperbolic balance laws, on the notion of a dissi-
pative solution. Admissibility conditions for these problems are
formulated based on geometrical considerations in phase space
and relate to the celerities of the solution fronts. There is no
notion of the sign of the energy evolution in such conditions.
It is thus unclear whether one should use numerical dissipation
when solving nondissipative dispersive equations as a means of
stabilization. This is a major difference between dispersive mod-
els and hyperbolic ones. In addition, the recent work by Jouy
et al. [7] has shown that numerical dissipation plays in practice
the exact same role of a physical dissipative regularization. In par-
ticular, when using high-order schemes embedding dissipation,
a gross underestimation of the wave amplitudes may be obtained
on coarse meshes. This is not the case for nondissipative meth-
ods. The results of [7] show that this issue occurs not only for
nondissipative models but also in the presence of physical dissi-
pation terms in the model, for example, due to friction terms. Our
objective is thus to investigate the construction and validation
of structure-preserving methods for the SGN equations. Namely,

methods that conserve within-machine accuracy as many phys-
ical properties as possible, including energy, and which is
well-balanced with respect to the well-known lake-at-rest state.

To this end, we use the framework of summation-by-parts (SBP)
operators and split forms [46] as a systematic approach to build
exactly energy-conservative semidiscretizations. The idea is to
follow step-by-step the continuous derivation of the energy bal-
ance and combine the use of SBP differentiation operators, which
allow for mimicking integration by parts, and use appropriate
split forms of the differential equations to mimic the product and
chain rule. To obtain a fully conservative method, the resulting
ordinary differential equations in time can be integrated using
relaxation Runge–Kutta (RRK) schemes, which are a small mod-
ification of classical Runge–Kutta methods allowing to preserve
appropriate invariants [47, 48].

The paper is organized as follows: In the following Section 2, we
briefly review the techniques that we use for spatial and temporal
discretizations. In particular, we describe how split forms of the
equations can be used to derive energy-conserving discretizations
using SBP operators. Next, we review such energy-conserving
split forms of the classical shallow water equations in Section 3.
In Section 4, we review the classical SGN equations in flat
bathymetry as well as their hyperbolic approximation. To pre-
pare the remainder of this article, we also explain how to pass
from the hyperbolic approximation to the original system. Next,
we derive a structure-preserving split form and discretization of
the hyperbolic approximation with flat bathymetry in Section 5.
We begin with the hyperbolic approximation since there are less
complicated higher-derivative terms in this case, making it easier
to derive an energy-conserving split form. Using the previously
established translation rules, we use these results to derive cor-
responding structure-preserving methods for the original SGN
equations in Section 6. We extend the investigations to the case
of variable bathymetry first for the hyperbolic approximation in
Section 7 and to the classical SGN equations in Sections 8 and 9.
We describe how to add stabilizing artificial viscosity/dissipation
in Section 10. Afterward, we validate our implementation and
present numerical experiments in Section 11. Finally, we summa-
rize our results and give an outlook on future work in Section 12.

2 | Brief Review of Split Forms
and Discretization Techniques

In this section, we briefly review the techniques that we use for
spatial and temporal discretizations. In general, we will use the
method of lines, starting with a semidiscretization in space fol-
lowed by a time integration.

2.1 | Split Forms

Consider Burgers’ equation

𝑢𝑡 +
(1

2
𝑢2
)

𝑥
= 0 (1)

with periodic boundary conditions. As is well known, a smooth
solution satisfies the energy equality
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(1
2

𝑢2
)

𝑡
+
(1

3
𝑢3
)

𝑥
= 0 (2)

Thus, the total energy (squared 𝐿2 norm) is conserved. To prove
this, one would typically multiply the PDE by 𝑢 and use the
chain rule. However, discrete derivative operators can in general
not satisfy a discrete version of the chain rule, in particular for
higher-order operators [49]. Thus, we will use the split form [50,
equation (6.40)]

𝑢𝑡 +
1
3
(𝑢2)𝑥 +

1
3

𝑢𝑢𝑥 = 0 (3)

Indeed, multiplying Burgers’ equation by the solution 𝑢 and inte-
grating over the domain yields

1
2

d
d𝑡 ∫ 𝑢2d𝑥 = ∫ 𝑢𝑢𝑡d𝑥 = −1

3 ∫ 𝑢(𝑢2)𝑥d𝑥 − 1
3 ∫ 𝑢2𝑢𝑥d𝑥 = 0

(4)

Hence, energy conservation can be shown using only integration
by parts. To obtain a semidiscretization satisfying the energy con-
servation law at the discrete level, we just need to use the split
form derived at the continuous level and apply discrete derivative
operators satisfying a discrete equivalent of integration by parts.

Although the split form looks like it results in a nonconservative
discretization, one can show that the total mass is still conserved
since

d
d𝑡 ∫ 𝑢d𝑥 = −1

3 ∫ (𝑢2)𝑥d𝑥 − 1
3 ∫ 𝑢𝑥𝑢d𝑥 = 0 (5)

using only integration by parts. Moreover, it can be shown that
the discretization of the split form is even locally conserva-
tive when discretized with SBP operators [46]. This also holds
for more general flux differencing discretizations that can be
entropy-stable but do not need to be related to a split form [51].

2.2 | Summation-By-Parts Operators

SBP operators are discrete derivative operators designed to mimic
integration by parts at the discrete level. Originally, SBP operators
were introduced for finite difference methods [52, 53], but they
can also be used for finite volume [54, 55], continuous finite ele-
ment [56–58], discontinuous Galerkin [59–61], and flux recon-
struction methods [62, 63]. A good overview can be obtained from
the review articles [64, 65] and the application of various methods
from the SBP framework to dispersive wave equations in [38].

We consider periodic boundary conditions in this article. Thus,
we will only briefly recap the corresponding properties of periodic
SBP operators. Further discussions and examples can be found in
[38, 64, 65]. We use a nodal collocation approach and discretize
the spatial domain using point values of the unknowns at given
grid points 𝑥𝑖. The discretized version of a function 𝑢 is denoted by
𝒖 with 𝒖𝑖 = 𝑢(𝑥𝑖). In particular, 𝟏 = (1, . . . , 1)𝑇 . Nonlinear opera-
tions are performed pointwise, for example, (𝒖2)𝑖 = 𝒖2

𝑖
.

Definition 1. A periodic SBP operator on the domain
[𝑥min, 𝑥max] consists of a grid 𝒙, a symmetric and positive defi-
nite mass/norm matrix 𝑀 satisfying 𝟏𝑇 𝑀𝟏 = 𝑥max − 𝑥min, and a
consistent derivative operator 𝐷 such that

𝑀𝐷 + 𝐷𝑇 𝑀 = 0 (6)

It is called diagonal-norm operator if 𝑀 is diagonal.

A consistent derivative operator 𝐷 differentiates constants
exactly, that is, 𝐷𝟏 = 𝟎. A classical example of a periodic SBP
operator is given by the central second-order finite differences,
where the mass matrix is the identity matrix scaled by the grid
spacing Δ𝑥 and the stencil coefficients of the derivative operator
are Δ𝑥−1(−1∕2, 0, 1∕2).

The definition above introduces first-derivative SBP operators.
Since we also need higher derivatives for the dispersive terms,
we will use second-derivative SBP operators [66, 67] as well.
Since the second-derivative terms of the Serre–Green–Naghdi
equations have variable coefficients, we will use upwind opera-
tors to construct them in a general way [68]. See also [38, 69] for
discussions of upwind SBP operators and discontinuous Galerkin
methods for second-derivative terms.

Definition 2. A periodic upwind SBP operator on the
domain [𝑥min, 𝑥max] consists of a grid 𝒙, a symmetric and positive
definite mass/norm matrix 𝑀 satisfying 𝟏𝑇 𝑀𝟏 = 𝑥max − 𝑥min,
and two consistent derivative operators 𝐷± such that

𝑀𝐷+ + 𝐷𝑇
−𝑀 = 0, 𝑀(𝐷+ − 𝐷−) is negative semidefinite

(7)

It is called diagonal-norm operator if 𝑀 is diagonal.

We will frequently use that the average 𝐷 = (𝐷+ + 𝐷−)∕2 of
upwind SBP operators is a central SBP operator [68]. A classi-
cal example of periodic upwind SBP operators is given by the
one-sided first-order finite differences, where the mass matrix
is again the identity matrix scaled by the grid spacing Δ𝑥 and
the stencil coefficients of the upwind derivative operator are
Δ𝑥−1(−1, 1, 0) and Δ𝑥−1(0,−1, 1). Thus, the corresponding cen-
tral SBP operator is given by the coefficients Δ𝑥−1(−1∕2, 0, 1∕2).

To get a second-derivative operator, one can apply a
first-derivative operator twice. For the classical second-order
central SBP operator, this results in the wide-stencil operator
with coefficients Δ𝑥−2(1∕4, 0,−1∕2, 0, 1∕4). A better approxima-
tion is usually given by the combination of upwind operators, for
example, 𝐷+𝐷− with stencil coefficients Δ𝑥−2(1,−2, 1).

In this article, we will only use diagonal-normal SBP operators.
We will use the quadrature rule induced by the mass matrix to
compute discrete versions of integrals or the discrete 𝐿2 error.

2.3 | Time Integration Methods Using
Relaxation

We will use explicit Runge–Kutta methods for time integration.
Since such explicit time integration methods cannot guarantee
conservation (or dissipation) of nonlinear invariants such as the
energy [70–76], we will use relaxation to enforce the conserva-
tion of the energy [47, 48, 77]. This approach has its origins in an
idea of Sanz-Serna [78]. It has been applied successfully to com-
pressible flows [79–81] and various other systems conserving or
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dissipating an energy/entropy functional. It is particularly use-
ful for long-time simulations of dispersive wave equations and
Hamiltonian systems [37, 38, 82–85].

The basic idea is as follows: Consider an ODE 𝑢′ = 𝑓 (𝑢) and
assume that the ODE conserves an energy 𝜂(𝑢), that is, ∀𝑢 ∶
𝜂′(𝑢)𝑓 (𝑢) = 0. Given a one-step method computing 𝑢𝑛+1 ≈ 𝑢(𝑡𝑛+1)
from 𝑢𝑛 ≈ 𝑢(𝑡𝑛), we enforce conservation of the energy 𝜂 by pro-
jecting the numerical solution along the secant line connecting
𝑢𝑛 and 𝑢𝑛+1 onto the level set 𝜂(𝑢) = 𝜂(𝑢𝑛). Thus, we need to solve
the scalar root-finding problem

𝜂(𝑢𝑛+1
𝛾

) = 𝜂(𝑢𝑛), 𝑢𝑛+1
𝛾

= 𝑢𝑛 + 𝛾(𝑢𝑛+1 − 𝑢𝑛) (8)

for the relaxation parameter 𝛾 . The general theory of relaxation
methods shows that there is a unique solution 𝛾 = 1 + (Δ𝑡𝑝−1)
under rather general assumptions [77], where 𝑝 is the order of
accuracy of the time integration method. Continuing the numer-
ical integration with 𝑢𝑛+1

𝛾
instead of 𝑢𝑛+1 guarantees conservation

of the energy 𝜂, of all linear invariants, and at least the same
order of accuracy 𝑝 as the original method if the relaxed solu-
tion is interpreted as 𝑢𝑛+1

𝛾
≈ 𝑢(𝑡𝑛+1

𝛾
), where the relaxed time is

𝑡𝑛+1
𝛾

= 𝑡𝑛 + 𝛾Δ𝑡.

3 | Split Forms of the Classical Shallow Water
Equations

The SGN equations [12–14] (see also [11] and references therein)
and their hyperbolic approximation [15, 22] are extensions of the
classical shallow water equations by additional terms modeling
dispersive effects. To prepare for deriving structure-preserving
discretizations, we first consider some split forms of the classical
shallow water (Saint-Venant) equations.

3.1 | Flat Bathymetry

Consider the classical shallow water equations with constant
bathymetry

ℎ𝑡 + (ℎ𝑢)𝑥 = 0

(ℎ𝑢)𝑡 +
(
ℎ𝑢2 + 1

2
𝑔ℎ2

)
𝑥
= 0 (9)

where ℎ denotes the water height, 𝑢 the velocity, and 𝑔 the gravi-
tational constant. The system admits the energy conservation law
[86, 87] ⎛⎜⎜⎜⎜⎝

1
2

𝑔ℎ2 + 1
2

ℎ𝑢2

⏟⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏟
=𝐸

⎞⎟⎟⎟⎟⎠𝑡

+

⎛⎜⎜⎜⎜⎝
𝑔ℎ2𝑢 + 1

2
ℎ𝑢3

⏟⏞⏞⏞⏞⏟⏞⏞⏞⏞⏟
=𝐹

⎞⎟⎟⎟⎟⎠𝑥

= 0 (10)

A split form of the equations can be used to prove energy
conservation using only integration by parts, for example,
[88, 89]. Indeed, there is even a two-parameter family
of energy-conserving split forms of the classical shallow
water equations [90]. A simplified version discarding some
higher-order terms of [90, Section 4.2] reads1

ℎ𝑡 + 𝛼(ℎ𝑢)𝑥 + (1 − 𝛼)ℎ𝑥𝑢 + (1 − 𝛼)ℎ𝑢𝑥 = 0,

(ℎ𝑢)𝑡 + (1 − 𝛼)𝑔(ℎ2)𝑥 − (1 − 2𝛼)𝑔ℎℎ𝑥

+ 𝛼

2
(ℎ𝑢2)𝑥 +

1 − 𝛼

2
ℎ(𝑢2)𝑥 +

1 − 𝛼

2
ℎ𝑥𝑢2 + 1

2
(ℎ𝑢)𝑥𝑢

+ 1
2

ℎ𝑢𝑢𝑥 = 0 (11)

To simplify the following derivation, we focus on the split form
(11) with 𝛼 = 0, that is,

ℎ𝑡 + ℎ𝑥𝑢 + ℎ𝑢𝑥 = 0,

(ℎ𝑢)𝑡 + 𝑔(ℎ2)𝑥 − 𝑔ℎℎ𝑥 +
1
2

ℎ(𝑢2)𝑥 +
1
2

ℎ𝑥𝑢2 + 1
2
(ℎ𝑢)𝑥𝑢 + 1

2
ℎ𝑢𝑢𝑥 = 0

(12)

Furthermore, to simplify the treatment of the elliptic terms in
the SGN equations, we will use primitive variables (ℎ, 𝑢) instead
of the conservative variables (ℎ, ℎ𝑢) in the following. This is
described in more detail in Section 4.1. Thus, using the product
rule in time

(ℎ𝑢)𝑡 = ℎ𝑢𝑡 + ℎ𝑡𝑢 = ℎ𝑢𝑡 − ℎ𝑥𝑢2 − ℎ𝑢𝑢𝑥 (13)

the split form (12) becomes

ℎ𝑡 + ℎ𝑥𝑢 + ℎ𝑢𝑥 = 0

ℎ𝑢𝑡 + 𝑔(ℎ2)𝑥 − 𝑔ℎℎ𝑥 +
1
2

ℎ(𝑢2)𝑥 −
1
2

ℎ𝑥𝑢2 + 1
2
(ℎ𝑢)𝑥𝑢 − 1

2
ℎ𝑢𝑢𝑥 = 0

(14)

To prepare the following arguments, we will demonstrate how to
obtain conservation of total water mass, momentum, and energy.

3.1.1 | Flat Bathymetry: Conservation of the Total
Water Mass

The spatial terms of the first equation of (14) cancel when inte-
grated over the periodic domain due to integration by parts,
that is,

0 = ∫ ℎ𝑡d𝑥 + ∫ ℎ𝑥𝑢d𝑥 + ∫ ℎ𝑢𝑥d𝑥 = d
d𝑡 ∫ ℎd𝑥 (15)

Note that the two terms vanishing via integration by parts yield
exactly the difference of the flux ℎ𝑢 at the periodic boundaries.

3.1.2 | Flat Bathymetry: Conservation of the Total
Momentum

The time derivative of the momentum is

(ℎ𝑢)𝑡 = ℎ𝑡𝑢 + ℎ𝑢𝑡 (16)

Thus, we multiply the first equation of (14) by 𝑢, add it to the
second equation, integrate over the periodic domain, and obtain

0 = ∫ (ℎ𝑢)𝑡d𝑥 + ∫ ℎ𝑥𝑢2d𝑥 + ∫ ℎ𝑢𝑢𝑥d𝑥 + ∫ 𝑔(ℎ2)𝑥d𝑥 − ∫ 𝑔ℎℎ𝑥d𝑥

+ 1
2 ∫ ℎ(𝑢2)𝑥d𝑥 − 1

2 ∫ ℎ𝑥𝑢2d𝑥 + 1
2 ∫ (ℎ𝑢)𝑥𝑢d𝑥 − 1

2 ∫ ℎ𝑢𝑢𝑥d𝑥
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= ∫ (ℎ𝑢)𝑡d𝑥 + ∫ 𝑔(ℎ2)𝑥d𝑥 − ∫ 𝑔ℎℎ𝑥d𝑥

+ 1
2 ∫ ℎ(𝑢2)𝑥d𝑥 + 1

2 ∫ ℎ𝑥𝑢2d𝑥 + 1
2 ∫ (ℎ𝑢)𝑥𝑢d𝑥 + 1

2 ∫ ℎ𝑢𝑢𝑥d𝑥

(17)

Using integration by parts, the two 𝑔ℎ2 terms yield a boundary
term 𝑔ℎ2∕2. The first two terms of the last line, as well as the
last two terms cancel due to integration by parts, respectively,
resulting in the boundary terms ℎ𝑢2∕2 and ℎ𝑢2∕2. Thus, all terms
canceling via integration by parts sum up to the expected flux
𝑔ℎ2∕2 + ℎ𝑢2. This shows that for exact time integration, momen-
tum is conserved.

3.1.3 | Flat Bathymetry: Conservation of the Total
Energy

The time derivative of the energy 𝐸 (10) is

𝐸𝑡 =
(1

2
𝑔ℎ2 + 1

2
ℎ𝑢2

)
𝑡
= 𝑔ℎℎ𝑡 + ℎ𝑢𝑢𝑡 (18)

Thus, we multiply the first equation of (14) by 𝑔ℎ, the second
equation by 𝑢, add them, and obtain

0 = 𝐸𝑡 + 𝑔ℎℎ𝑥𝑢 + 𝑔ℎ2𝑢𝑥 + 𝑔(ℎ2)𝑥𝑢

− 𝑔ℎℎ𝑥𝑢 + 1
2

ℎ𝑢(𝑢2)𝑥 −
1
2

ℎ𝑥𝑢3 + 1
2
(ℎ𝑢)𝑥𝑢2 − 1

2
ℎ𝑢2𝑢𝑥

= 𝐸𝑡 + 𝑔
(
ℎ2𝑢𝑥 + (ℎ2)𝑥𝑢

)
+ 1

2
(
ℎ𝑢(𝑢2)𝑥 + (ℎ𝑢)𝑥𝑢2) − 1

2
(
ℎ𝑥𝑢3 + ℎ𝑢2𝑢𝑥

)
(19)

We see that all pairs of terms in parentheses cancel when integrat-
ing over the periodic domain due to integration by parts, result-
ing in the expected flux terms 𝐹 = 𝑔ℎ2𝑢 + ℎ𝑢3∕2. Thus, the total
energy is conserved if the time integration is exact.

3.2 | Variable Bathymetry

The classical shallow water equations with variable
bathymetry are

ℎ𝑡 + (ℎ𝑢)𝑥 = 0

(ℎ𝑢)𝑡 +
(
ℎ𝑢2 + 1

2
𝑔ℎ2

)
𝑥
+ 𝑔ℎ𝑏𝑥 = 0 (20)

where 𝑏 denotes the bathymetry (bottom topography). The system
admits the energy conservation law [86–88]

⎛⎜⎜⎜⎜⎝
1
2

𝑔ℎ2 + 𝑔ℎ𝑏 + 1
2

ℎ𝑢2

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
=𝐸

⎞⎟⎟⎟⎟⎠𝑡

+

⎛⎜⎜⎜⎜⎝
𝑔ℎ2𝑢 + 𝑔ℎ𝑏𝑢 + 1

2
ℎ𝑢3

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
=𝐹

⎞⎟⎟⎟⎟⎠𝑥

= 0 (21)

The generalization to variable bathymetry of the split form (14)
of [90, Section 5.3] is

ℎ𝑡 + ℎ𝑥𝑢 + ℎ𝑢𝑥 = 0

ℎ𝑢𝑡 + 𝑔 (ℎ(ℎ + 𝑏))𝑥 − 𝑔(ℎ + 𝑏)ℎ𝑥 +
1
2

ℎ(𝑢2)𝑥

− 1
2

ℎ𝑥𝑢2 + 1
2
(ℎ𝑢)𝑥𝑢 − 1

2
ℎ𝑢𝑢𝑥 = 0 (22)

Conservation of the total water mass follows as in the case of flat
bathymetry. Since (22) is the same as the previous split form (14)
for flat bathymetry 𝑏 = 0, conservation of the total momentum
follows for constant bottom topography as well. In the energy rate
of change 𝐸𝑡, we get the new term 𝑔𝑏ℎ𝑡, leading to the additional
terms

𝑔ℎ𝑥𝑏𝑢 + 𝑔ℎ𝑏𝑢𝑥 + 𝑔(ℎ𝑏)𝑥𝑢 − 𝑔ℎ𝑥𝑏𝑢 = 𝑔
(
ℎ𝑏𝑢𝑥 + (ℎ𝑏)𝑥𝑢

)
(23)

which vanish due to integration by parts when integrating over
the periodic domain. Thus, the total energy is conserved for vari-
able bathymetry as well.

Moreover, the split form (22) is well-balanced, that is, it preserves
the lake-at-rest steady state ℎ + 𝑏 = const, 𝑢 = 0. Indeed, the time
derivative of ℎ vanishes for 𝑢 = 0, and the time derivative of the
velocity is given by

0 = ℎ𝑢𝑡 + 𝑔 (ℎ(ℎ + 𝑏))𝑥 − 𝑔(ℎ + 𝑏)ℎ𝑥

= ℎ𝑢𝑡𝑔(ℎ + 𝑏)ℎ𝑥 − 𝑔(ℎ + 𝑏)ℎ𝑥 = ℎ𝑢𝑡 (24)

if ℎ + 𝑏 = const additionally. All of these properties still hold for
semidiscretizations using periodic SBP operators.

4 | Review of the SGN Equations for Flat
Bathymetry

In this section, we review the classical form of the SGN equations
for flat bathymetry as well as their hyperbolic approximation.
We present the associated energy conservation laws and describe
how to pass from one set of equations to the other to prepare the
derivations later in this paper.

4.1 | Equations in Classical Form and Elliptic
Operator

On a flat bathymetry, the SGN equations can be written as

ℎ𝑡 + (ℎ𝑢)𝑥 = 0

(ℎ𝑢)𝑡 +
(
ℎ𝑢2 + 1

2
𝑔ℎ2 + 𝑝̃

)
𝑥
= 0

𝑝̃ = −1
3
(
ℎ3(𝑢̇)𝑥 − 2ℎ3𝑢2

𝑥

)
(25)

with the classical notation for the material derivative

𝑎̇ = 𝑎𝑡 + 𝑢𝑎𝑥 (26)

As in Section 3, ℎ is the water height, 𝑢 the velocity, and 𝑔 the
gravitational constant. Compared to the shallow water equations
(9), the SGN Equation (25) contain an additional nonhydrostatic
pressure 𝑝̃. This system is known to admit an energy conservation
law reading

⎛⎜⎜⎜⎜⎝
1
2

𝑔ℎ2 + 1
2

ℎ𝑢2 + 1
6

ℎ(ℎ̇)2

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
=𝐸

⎞⎟⎟⎟⎟⎠𝑡

+

⎛⎜⎜⎜⎜⎝
𝑔ℎ2𝑢 + 1

2
ℎ𝑢3 + 1

6
ℎ(ℎ̇)2𝑢 + 𝑝̃𝑢

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
=𝐹

⎞⎟⎟⎟⎟⎠𝑥

= 0

(27)
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Note that both the energy 𝐸 and the energy flux 𝐹 are extensions
of the corresponding quantities for the shallow water Equation
(10). Our objective is to construct discrete approximations of the
SGN system preserving exactly the energy conservation law (27).

Note that to advance in time system (25) requires the inversion of
the operator  (𝑢𝑡), where

 (𝑣) = ℎ𝑣 − 1
3
(ℎ3𝑣𝑥)𝑥 (28)

Indeed, writing system (25) in primitive variables we have

ℎ𝑡 + (ℎ𝑢)𝑥 = 0

ℎ𝑢𝑡 −
1
3
(ℎ3𝑢𝑡𝑥)𝑥 +

1
2

𝑔(ℎ2)𝑥 + ℎ𝑢𝑢𝑥 + 𝑝𝑥 = 0

𝑝 = 1
3

ℎ3𝑢2
𝑥
− 1

3
ℎ3𝑢𝑢𝑥𝑥 (29)

where we have rewritten the nonhydrostatic pressure as

𝑝̃ = −1
3
(ℎ3𝑢𝑡𝑥)𝑥 + 𝑝 (30)

and calculated

𝑝̃ = −1
3
(
ℎ3(𝑢̇)𝑥 − 2ℎ3𝑢2

𝑥

)
= −1

3
(
ℎ3(𝑢𝑡 + 𝑢𝑢𝑥)𝑥 − 2ℎ3𝑢2

𝑥

)
= −1

3
ℎ3𝑢𝑡𝑥 −

1
3

ℎ3𝑢𝑢𝑥𝑥 +
1
3

ℎ3𝑢2
𝑥

(31)

This shows the appearance of the elliptic operator  (𝑢𝑡) (28)
whose inversion is required to obtain 𝑢𝑡.

4.2 | 1-D Augmented Lagrangian Hyperbolic
System

In this work, we will also study the structure-preserving approx-
imation of the hyperbolic augmented Lagrangian formulation of
the fully nonlinear SGN equations reading [15, 91]

ℎ𝑡 + (ℎ𝑢)𝑥 = 0

(ℎ𝑢)𝑡 +
(
ℎ𝑢2 + 1

2
𝑔ℎ2 + 𝜆

3
𝜂(1 − 𝜂∕ℎ)

)
𝑥
= 0

(ℎ𝑤)𝑡 + (ℎ𝑤𝑢)𝑥 = 𝜆(1 − 𝜂∕ℎ)

(ℎ𝜂)𝑡 + (ℎ𝜂𝑢)𝑥 = ℎ𝑤 (32)

For 𝜆 = 0, we recover the usual hyperbolic shallow water system
(9) from the first two equations. The augmented system with 𝜆 >

0 can be shown to be an approximation of order (1∕𝜆) of the
original one. The rigorous justification of this fact can be found
in [92]. This justifies the fact that the value of 𝜆 should be large.
In compact form, we can write the above system as (with obvious
definitions)

U𝑡 + F𝑥 = S

This system is hyperbolic, with characteristic speeds 𝜆1∕4 = 𝑢 ∓ 𝑐

and 𝜆2∕3 = 𝑢, where the celerity is given by

𝑐2 = 𝑔ℎ + 𝜆
𝜂2

ℎ2

The model can be shown to admit the mathematical entropy
(energy) conservation law

⎛⎜⎜⎜⎜⎝
1
2

𝑔ℎ2 + 1
2

ℎ𝑢2 + 1
6

ℎ𝑤2 + 𝜆

6
ℎ(1 − 𝜂∕ℎ)2

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
=𝐸

⎞⎟⎟⎟⎟⎠𝑡

+

⎛⎜⎜⎜⎜⎝
𝑔ℎ2𝑢 + 1

2
ℎ𝑢3 + 1

6
ℎ𝑤2𝑢 + 𝜆

6
ℎ(1 − 𝜂2∕ℎ2)𝑢

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
=𝐹

⎞⎟⎟⎟⎟⎠𝑥

= 0 (33)

Please note again that the energy 𝐸 and the energy flux 𝐹 are
extensions of the corresponding quantities for the shallow water
Equation (10). In primitive variables, the system (32) reads

ℎ𝑡 + (ℎ𝑢)𝑥 = 0

ℎ𝑢𝑡 +
1
2

𝑔(ℎ2)𝑥 + ℎ𝑢𝑢𝑥 +
(

𝜆

3
𝜂(1 − 𝜂∕ℎ)

)
𝑥
= 0

ℎ𝑤𝑡 + ℎ𝑢𝑤𝑥 = 𝜆(1 − 𝜂∕ℎ)

𝜂𝑡 + 𝜂𝑥𝑢 = 𝑤 (34)

4.3 | Passing From the Hyperbolic to the
Classical Form

It will be very useful later in the paper to use the existing relations
between the hyperbolic and classical systems since it is easier for
us to derive an appropriate structure-preserving methods for the
hyperbolic system (34) and then deduce the corresponding meth-
ods for the classical system (29). In particular, we can easily pass
from the hyperbolic approximation (34) to the classical system
(29) as follows: First, we note that{

𝜂𝑡 + 𝑢𝜂𝑥 = 𝜂̇ = 𝑤

ℎ𝑤𝑡 + ℎ𝑢𝑤𝑥 = ℎ𝑤̇ = 𝜆(1 − 𝜂∕ℎ)
⟹ 𝜆(1 − 𝜂∕ℎ) = ℎ𝜂̈

We then set

𝜋 = 𝜆(1 − 𝜂∕ℎ)∕3 = ℎ

3
𝜂̈ (35)

and note that the hyperbolic system (34) can also be written as

ℎ𝑡 + (ℎ𝑢)𝑥 = 0

ℎ𝑢𝑡 + 𝑔ℎℎ𝑥 + ℎ𝑢𝑢𝑥 + (𝜂𝜋)𝑥 = 0

ℎ𝑤𝑡 + ℎ𝑢𝑤𝑥 = 3𝜋

ℎ𝜂𝑡 + ℎ𝜂𝑥𝑢 = ℎ𝑤 (36)

Considering the relaxed limit 𝜆 → ∞ in which 𝜂 → ℎ [15, 91],
we set

𝑝̃ = lim
𝜂→ℎ

𝜂𝜋 = ℎ2

3
ℎ̈

which can be readily shown to be equivalent to the last equation
in (25). In this limit, the first two equations reduce to the classi-
cal SGN system. Note that we also have 𝑤 = ℎ̇ in the limit 𝜂 → ℎ.
Using this, we can write the classical system (29) in the alterna-
tive first-order form (see also [34])
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ℎ𝑡 + (ℎ𝑢)𝑥 = 0

ℎ𝑢𝑡 + 𝑔ℎℎ𝑥 + ℎ𝑢𝑢𝑥 + (ℎ𝜋)𝑥 = 0

ℎ𝑤𝑡 + ℎ𝑢𝑤𝑥 = 3𝜋

𝑤 + ℎ𝑢𝑥 = 0 (37)

in which the last two equations define 𝑤 and 𝜋. System (37) can be
directly obtained from (34) in the limit 𝜂 → ℎ (or simply replacing
𝜂 by ℎ), and using the mass equation to express ℎ̇. Note that to
march the system in time, we still need to combine the last two
equations and replace 𝜋 in the momentum equation, which at
the continuous level still leads to the need to invert operator (28).
However, given a discretization for the hyperbolic system, with
this correspondence we can deduce one for the classical system
in first-order form (37). Moreover, the SGN energy from (27) can
be written as

𝐸 = 1
2

𝑔ℎ2 + 1
2

ℎ𝑢2 + 1
6

ℎ𝑤2 (38)

and we have that

d𝐸 =
(
𝑔ℎ + 1

2
𝑢2 + 1

2
𝑤2

)
dℎ + 𝑢 (ℎ d𝑢) + 𝑤 (ℎ d𝑤)

and

𝐹𝑥 =
(
𝑔ℎ + 1

2
𝑢2 + 1

2
𝑤2

)
(ℎ𝑢)𝑥 + 𝑢

(
ℎ𝑢𝑥 + 𝑔ℎℎ𝑥 + (ℎ𝜋)𝑥

)
+ 𝑤

(
ℎ𝑢𝑤𝑥 − 3𝜋

)
+ 𝜋

(
𝑤 + ℎ𝑢𝑥

)
(39)

So, from (37), one obtains energy conservation using only inte-
gration by parts by multiplying by the transpose of the dual
variables W∗

(W∗)𝑇 ∶=
(
𝑔ℎ + 1

2
𝑢2 + 1

2
𝑤2, 𝑢, 𝑤, 𝜋

)
(40)

5 | Hyperbolic Approximation With Flat
Bathymetry

In this section, we will derive an energy-conservative split form
and corresponding structure-preserving numerical methods for
the hyperbolic approximation (34) of the SGN equations with flat
bathymetry. We will first derive the split form and then present
the numerical methods.

5.1 | Energy Equation

The energy conservation law (33) can be obtained as usual by
multiplying the Equation (32) by the entropy variables

U∗ = 𝜕𝐸

𝜕U
=

⎛⎜⎜⎜⎜⎜⎜⎝

𝑔ℎ − 1
2
ℎ𝑢2 − 1

6
ℎ𝑤2 + 𝜆

2

(
1 − 𝜂

ℎ

)(1
3
+ 𝜂

ℎ

)
𝑢

1
3

𝑤

− 𝜆

3ℎ

(
1 − 𝜂

ℎ

)
⎞⎟⎟⎟⎟⎟⎟⎠

(41)

and summing them up since

d𝐸 = (U∗)𝑇 dU (42)

A similar expression can be obtained for the physical/primitive
variables V ∶= (ℎ, 𝑢, 𝑤, 𝜂)𝑇 :

d𝐸 = (V∗)𝑇 diag(1, ℎ, ℎ, 1)dV

V∗ =

⎛⎜⎜⎜⎜⎜⎜⎝

𝑔ℎ + 1
2
𝑢2 + 1

6
𝑤2 + 𝜆

6
(1 − 𝜂2∕ℎ2)

𝑢
1
3

𝑤

− 𝜆

3
(1 − 𝜂∕ℎ)

⎞⎟⎟⎟⎟⎟⎟⎠
(43)

Setting 𝑃ℎ = diag(1, ℎ, ℎ, 1), we have that

(V∗)𝑇 𝑃ℎV𝑡 = (U∗)𝑇 U𝑡 = 𝐸𝑡 = −𝐹𝑥 (44)

Indeed, multiplying (34) by V∗ and summing up, we get

−𝐸𝑡 = −(V∗)𝑇 𝑃ℎV𝑡

=
(
𝑔ℎ + 1

2
𝑢2 + 1

6
𝑤2 + 𝜆

6
(1 − 𝜂2∕ℎ2)

)
(ℎ𝑢)𝑥

+ 𝑢
(1

2
𝑔(ℎ2)𝑥 + ℎ𝑢𝑢𝑥 +

𝜆

3
(𝜂(1 − 𝜂∕ℎ))𝑥

)
+ 𝑤

3
(
ℎ𝑢𝑤𝑥 − 𝜆(1 − 𝜂∕ℎ)

)
− 𝜆

3
(1 − 𝜂∕ℎ)

(
𝜂𝑥𝑢 − 𝑤

)
=
(
𝑔ℎ(ℎ𝑢)𝑥 +

1
2

𝑔(ℎ2)𝑥𝑢
)
+
(1

2
(ℎ𝑢)𝑥𝑢2 + ℎ𝑢2𝑢𝑥

)
+
(1

6
(ℎ𝑢)𝑥𝑤2 + 1

3
ℎ𝑢𝑤𝑤𝑥

)
+ 𝜆

6
(
(1 − 𝜂2∕ℎ2)(ℎ𝑢)𝑥 + 2(𝜂(1 − 𝜂∕ℎ))𝑥𝑢 − 2(1 − 𝜂∕ℎ)𝜂𝑥𝑢

)
=
(
𝑔ℎ2𝑢 + 1

2
ℎ𝑢3 + 1

6
ℎ𝑢𝑤2 + 𝜆

6
ℎ(1 − 𝜂2∕ℎ2)𝑢

)
𝑥
= 𝐹𝑥 (45)

5.2 | Split Form

To develop an energy-conservative split form of the hyperbolic
system (34), we rewrite each nonlinear term as a linear combina-
tion of terms equivalent when using the product/chain rule. To
reduce the number of parameters we have to deal with simulta-
neously, we start by looking at a split form of the mass terms and
nonhydrostatic pressure terms allowing for obtaining boundary
terms upon integration by parts. Thus, we start from the hyper-
bolic system (34) and introduce parameters 𝛼, 𝛽, 𝛾 ∈ ℝ to obtain
the split form

ℎ𝑡 + 𝛼(ℎ𝑢)𝑥 + (1 − 𝛼)ℎ𝑥𝑢 + (1 − 𝛼)ℎ𝑢𝑥 = 0

ℎ𝑢𝑡 +
1
2

𝑔(ℎ2)𝑥 + ℎ𝑢𝑢𝑥 +
𝜆

3
𝛽(𝜂(1 − 𝜂∕ℎ))𝑥

+ 𝜆

3
(1 − 𝛽) 𝜂2

ℎ2 ℎ𝑥 +
𝜆

3
(1 − 𝛽)(1 − 2𝜂∕ℎ)𝜂𝑥 = 0

ℎ𝑤𝑡 + ℎ𝑢𝑤𝑥 = 𝜆(1 − 𝜂∕ℎ)

𝜂𝑡 + 𝛾𝜂𝑥𝑢 + (1 − 𝛾)(𝜂𝑢)𝑥 − (1 − 𝛾)𝜂𝑢𝑥 = 𝑤 (46)

Multiplying the equations by the corresponding entropy variables
V∗ in primitive variables and summing up the terms contribut-
ing to the nonhydrostatic pressure part of the energy flux 𝐹 , we
obtain
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𝜆

6
(1 − 𝜂2∕ℎ2)

(
𝛼(ℎ𝑢)𝑥 + (1 − 𝛼)ℎ𝑥𝑢 + (1 − 𝛼)ℎ𝑢𝑥

)
+ 𝜆

3
𝛽(𝜂(1 − 𝜂∕ℎ))𝑥𝑢 + 𝜆

3
(1 − 𝛽) 𝜂2

ℎ2 ℎ𝑥𝑢

+ 𝜆

3
(1 − 𝛽)(1 − 2𝜂∕ℎ)𝜂𝑥𝑢

− 𝜆

3
(1 − 𝜂∕ℎ)𝛾𝜂𝑥𝑢 − 𝜆

3
(1 − 𝜂∕ℎ)(1 − 𝛾)(𝜂𝑢)𝑥

+ 𝜆

3
(1 − 𝜂∕ℎ)(1 − 𝛾)𝜂𝑢𝑥

= 𝛼
𝜆

6
(ℎ𝑢)𝑥 − 𝛼

𝜆

6
𝜂2

ℎ2 (ℎ𝑢)𝑥 + (1 − 𝛼)𝜆
6
(
ℎ𝑥𝑢 + ℎ𝑢𝑥

)
+ (1 + 𝛼 − 2𝛽)𝜆

6
𝜂2

ℎ2 ℎ𝑥𝑢

+ (2(1 − 𝛾) − (1 − 𝛼))𝜆
6

𝜂2

ℎ
𝑢𝑥 − 𝛽

𝜆

3

(
𝜂2

ℎ

)
𝑥

𝑢

+ (𝛽 + (1 − 𝛽) − 𝛾 − (1 − 𝛾))𝜆
3

𝜂𝑥𝑢

+ (𝛾 − 2(1 − 𝛽))𝜆
3

𝜂

ℎ
𝜂𝑥𝑢 + (1 − 𝛾)𝜆

3
𝜂

ℎ
(𝜂𝑢)𝑥 (47)

We can compare terms involving the same monomials, which
gives the conditions to be verified to obtain only boundary terms
upon integration by parts of one of them:

(ℎ𝑢)𝑥 ∶ ok

𝜂2

ℎ2 (ℎ𝑢)𝑥 ∶ 𝛼 = 0

𝑢ℎ𝑥 ∶ ok

𝜂2

ℎ2 ℎ𝑥𝑢 ∶ 1 + 𝛼 − 2𝛽 = 0

𝜂2

ℎ
𝑢𝑥 ∶ − (1 − 𝛼) + 2𝛽 − 2(1 − 𝛾) = 0

𝜂𝑥𝑢 ∶ 𝛽 + (1 − 𝛽) − 𝛾 − (1 − 𝛾) = 0
𝜂

ℎ
𝜂𝑥𝑢 ∶ − 2(1 − 𝛽) + 𝛾 = 0

(𝜂𝑢)𝑥 ∶ 1 − 𝛾 = 0

Luckily enough, the above system admits the unique solution

𝛼 = 0, 𝛽 = 1∕2, 𝛾 = 1

giving the split forms

(ℎ𝑢)𝑥 → ℎ𝑥𝑢 + ℎ𝑢𝑥

𝜆

3
𝜂2

ℎ2 ℎ𝑥 +
𝜆

3
(1 − 2 𝜂

ℎ
)𝜂𝑥 →

𝜆

6
𝜂2

ℎ2 ℎ𝑥 +
𝜆

6
(1 − 2𝜂∕ℎ)𝜂𝑥 +

𝜆

6
(𝜂(1 − 𝜂∕ℎ))𝑥

𝜂𝑥𝑢 → 𝜂𝑥𝑢

We are thus left now with the shallow water terms plus the ver-
tical mass equation on 𝑤. We can choose the split form of the
shallow water Equation (22) of [90] for the remaining shallow
water terms. Finally, we need to consider the terms leading to the
ℎ𝑢𝑤2∕6 term of the energy flux (10). We use the ansatz

𝛿ℎ𝑢𝑤𝑥 + (1 − 𝛿)
(
(ℎ𝑢𝑤)𝑥 − 𝜀(ℎ𝑢)𝑥𝑤 − (1 − 𝜀)ℎ𝑥𝑢𝑤

−(1 − 𝜀)ℎ𝑢𝑥𝑤
)

(48)

for the term ℎ𝑢𝑤𝑥 in the third equation of (34). Assembling the
terms resulting in the energy equation we get

1
6

ℎ𝑥𝑢𝑤2 + 1
6

ℎ𝑢𝑥𝑤2 + 𝛿
1
3

ℎ𝑢𝑤𝑤𝑥 + (1 − 𝛿) 1
3
(ℎ𝑢𝑤)𝑥𝑤

− (1 − 𝛿)𝜀 1
3
(ℎ𝑢)𝑥𝑤2 − (1 − 𝛿)(1 − 𝜀) 1

3
ℎ𝑥𝑢𝑤2 − (1 − 𝛿)(1 − 𝜀) 1

3
ℎ𝑢𝑥𝑤2

= 1
6
(1 − 2(1 − 𝛿)(1 − 𝜀))ℎ𝑥𝑢𝑤2 + 1

6
(1 − 2(1 − 𝛿)(1 − 𝜀))ℎ𝑢𝑥𝑤2

+ 𝛿
1
3

ℎ𝑢𝑤𝑤𝑥 + (1 − 𝛿) 1
3
(ℎ𝑢𝑤)𝑥𝑤 − (1 − 𝛿)𝜀 1

3
(ℎ𝑢)𝑥𝑤2 (49)

To get only boundary terms from integration by parts, we need to
solve the system

ℎ𝑥𝑢𝑤2 ∶ 1 − 2(1 − 𝛿)(1 − 𝜀) = 0

ℎ𝑢𝑥𝑤2 ∶ 1 − 2(1 − 𝛿)(1 − 𝜀) = 0

ℎ𝑢𝑤𝑤𝑥 ∶ 𝛿 − (1 − 𝛿) = 0

(ℎ𝑢)𝑥𝑤2 ∶ (1 − 𝛿)𝜀 = 0 (50)

with unique solution (𝛿, 𝜀) = (1∕2, 0). Assembling all the results,
we obtain the following split form for (34):

ℎ𝑡 + ℎ𝑥𝑢 + ℎ𝑢𝑥 = 0

ℎ𝑢𝑡 + 𝑔(ℎ2)𝑥 − 𝑔ℎℎ𝑥 +
1
2

ℎ(𝑢2)𝑥 −
1
2

ℎ𝑥𝑢2 + 1
2
(ℎ𝑢)𝑥𝑢 − 1

2
ℎ𝑢𝑢𝑥

+ 𝜆

6
𝜂2

ℎ2 ℎ𝑥 +
𝜆

6
(1 − 2𝜂∕ℎ)𝜂𝑥 +

𝜆

6
(𝜂(1 − 𝜂∕ℎ))𝑥 = 0

ℎ𝑤𝑡 +
1
2
(ℎ𝑢𝑤)𝑥 +

1
2

ℎ𝑢𝑤𝑥 −
1
2

ℎ𝑥𝑢𝑤 − 1
2

ℎ𝑢𝑥𝑤 = 𝜆(1 − 𝜂∕ℎ)

𝜂𝑡 + 𝜂𝑥𝑢 = 𝑤 (51)

By grouping terms that appear multiple times, we obtain

ℎ𝑡 + ℎ𝑥𝑢 + ℎ𝑢𝑥 = 0

ℎ𝑢𝑡 + 𝑔(ℎ2)𝑥 − 𝑔ℎℎ𝑥 +
1
2

ℎ(𝑢2)𝑥 −
1
2

ℎ𝑥𝑢2 + 1
2
(ℎ𝑢)𝑥𝑢 − 1

2
ℎ𝑢𝑢𝑥

+ 𝜆

6
𝜂2

ℎ2 ℎ𝑥 +
𝜆

3
𝜂𝑥 −

𝜆

3
𝜂

ℎ
𝜂𝑥 −

𝜆

6

(
𝜂2

ℎ

)
𝑥

= 0

ℎ𝑤𝑡 +
1
2
(ℎ𝑢𝑤)𝑥 +

1
2

ℎ𝑢𝑤𝑥 −
1
2

ℎ𝑥𝑢𝑤 − 1
2

ℎ𝑢𝑥𝑤 = 𝜆 − 𝜆
𝜂

ℎ

𝜂𝑡 + 𝜂𝑥𝑢 = 𝑤 (52)

5.3 | Semidiscretization

We now consider the semidiscrete form of the nonconservative
system (52), which reads

𝜕𝑡𝒉 + 𝒖𝐷𝒉 + 𝒉𝐷𝒖 = 𝟎

𝒉𝜕𝑡𝒖 + 𝑔𝐷𝒉2 − 𝑔𝒉𝐷𝒉 + 1
2
𝒉𝐷𝒖2 − 1

2
𝒖2𝐷𝒉 + 1

2
𝒖𝐷𝒉𝒖 − 1

2
𝒉𝒖𝐷𝒖

+ 𝜆

6
𝜼2

𝒉2 𝐷𝒉 + 𝜆

3
𝐷𝜼 − 𝜆

3
𝜼

𝒉
𝐷𝜼 − 𝜆

6
𝐷
𝜼2

𝒉
= 𝟎

𝒉𝜕𝑡𝒘 + 1
2

𝐷𝒉𝒖𝒘 + 1
2
𝒉𝒖𝐷𝒘 − 1

2
𝒖𝒘𝐷𝒉 − 1

2
𝒉𝒘𝐷𝒖 = 𝜆 − 𝜆

𝜼

𝒉

𝜕𝑡𝜼 + 𝒖𝐷𝜼 = 𝒘 (53)
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Here, the discretized functions are again denoted in boldface. The
operator 𝐷 is the discrete differentiation operator. Multiplication
and division of vectors are defined pointwise. The discrete total
energy for (53) is 𝟏𝑇 𝑀𝑬, where 𝟏𝑇 = (1, . . . , 1) is the vector of
ones, 𝑀 is the mass matrix, and

𝑬 = 1
2

𝑔𝒉2 + 1
2
𝒉𝒖2 + 1

6
𝒉𝒘2 + 𝜆

6
𝒉 − 𝜆

3
𝜼 + 𝜆

6
𝜼2

𝒉
(54)

is the discrete equivalent of the energy 𝐸 in (33).

Theorem 1. Consider the semidiscretization (53) of the hyper-
bolic approximation of the Serre–Green–Naghdi Equation (32)
with a periodic first-derivative SBP operator 𝐷 with diagonal
mass/norm matrix.

1. The total water mass 𝟏𝑇 𝑀𝒉 is conserved.

2. The total energy 𝟏𝑇 𝑀𝑬 is conserved.

Proof. The discrete total water mass is 𝟏𝑇 𝑀𝒉, and its rate of
change is

𝜕𝑡(𝟏𝑇 𝑀𝒉) = 𝟏𝑇 𝑀𝜕𝑡𝒉 = −𝟏𝑇 𝑀𝒖𝐷𝒉 − 𝟏𝑇 𝑀𝒉𝐷𝒖

= −𝒖𝑇 𝑀𝐷𝒉 − 𝒉𝑇 𝑀𝐷𝒖 = 0 (55)

hence the result. Here, we have used again that 𝑀 is diagonal and
applied the periodic SBP property (6).

We now evaluate the rate of change of energy. First we note that

𝜕𝒉𝑬 = 𝑔𝒉 + 1
2
𝒖2 + 1

6
𝒘2 + 𝜆

6
𝟏 − 𝜆

6
𝜼2

𝒉2

𝜕𝒖𝑬 = 𝒉𝒖

𝜕𝒘𝑬 = 1
3
𝒉𝒘

𝜕𝜼𝑬 = −𝜆

3
𝟏 + 𝜆

3
𝜼

𝒉
(56)

So the semidiscrete rate of change of the energy satisfies

− 𝜕𝑡(𝟏𝑇 𝑀𝑬) = −
(
𝟏𝑇 𝑀𝜕𝒉𝑬 ⋅ 𝜕𝑡𝒉 + 𝟏𝑇 𝑀𝜕𝒖𝑬 ⋅ 𝜕𝑡𝒖

+𝟏𝑇 𝑀𝜕𝒘𝑬 ⋅ 𝜕𝑡𝒘 + 𝟏𝑇 𝑀𝜕𝜼𝑬 ⋅ 𝜕𝑡𝜼
)

= 𝑔(𝒉𝒖)𝑇 𝑀𝐷𝒉 + 𝑔(𝒉2)𝑇 𝑀𝐷𝒖

+ 1
2
(𝒖3)𝑇 𝑀𝐷𝒉 + 1

2
(𝒉𝒖2)𝑇 𝑀𝐷𝒖

+ 1
6
(𝒖𝒘2)𝑇 𝑀𝐷𝒉 + 1

6
(𝒉𝒘2)𝑇 𝑀𝐷𝒖

+ 𝜆

6
(𝒖)𝑇 𝑀𝐷𝒉 + 𝜆

6
(𝒉)𝑇 𝑀𝐷𝒖

− 𝜆

6

(
𝜼2

𝒉2 𝒖

)𝑇

𝑀𝐷𝒉 − 𝜆

6

(
𝜼2

𝒉

)𝑇

𝑀𝐷𝒖

+ 𝑔𝒖𝑇 𝑀𝐷𝒉2 − 𝑔(𝒉𝒖)𝑇 𝑀𝐷𝒉 + 1
2
(𝒉𝒖)𝑇 𝑀𝐷𝒖2

− 1
2
(𝒖3)𝑇 𝑀𝐷𝒉 + 1

2
(𝒖2)𝑇 𝑀𝐷𝒉𝒖

− 1
2
(𝒉𝒖2)𝑇 𝑀𝐷𝒖 + 𝜆

6
𝜼2

𝒉2 𝒖𝐷𝒉 +
𝜆

3
𝒖𝐷𝜼

− 𝜆

3
𝜼

𝒉
𝒖𝐷𝜼 − 𝜆

6
𝒖𝐷

𝜼2

𝒉

+ 1
6
𝒘𝑇 𝑀𝐷𝒉𝒖𝒘 + 1

6
(𝒉𝒖𝒘)𝑇 𝑀𝐷𝒘

− 1
6
(𝒖𝒘2)𝑇 𝑀𝐷𝒉 − 1

6
(𝒉𝒘2)𝑇 𝑀𝐷𝒖

− 𝜆

3
𝒘𝑇 𝑀𝟏 + 𝜆

3

( 𝜼
𝒉

)𝑇

𝑀𝒘 − 𝜆

3
𝒖𝑇 𝑀𝐷𝜼

+ 𝜆

3
𝟏𝑇 𝑀𝒘 + 𝜆

3

( 𝜼
𝒉
𝒖
)𝑇

𝑀𝐷𝜼 − 𝜆

3

( 𝜼
𝒉

)𝑇

𝑀𝒘

(57)

Here, we have used that the mass matrix 𝑀 is diagonal to simplify
terms such as

𝑔𝟏𝑇 𝑀𝒉𝒖𝐷𝒉 = 𝑔(𝒉𝒖)𝑇 𝑀𝐷𝒉 (58)

Canceling and grouping terms, we obtain

− 𝜕𝑡𝐸 =
(
𝑔𝒖𝑇 𝑀𝐷𝒉2 + 𝑔(𝒉2)𝑇 𝑀𝐷𝒖

)
+ 1

2
(
(𝒖2)𝑇 𝑀𝐷𝒉𝒖 + (𝒉𝒖)𝑇 𝑀𝐷𝒖2)

+ 𝜆

6
(
𝒖𝑇 𝑀𝐷𝒉 + 𝒉𝑇 𝑀𝐷𝒖

)
− 𝜆

6

((
𝜼2

𝒉

)𝑇

𝑀𝐷𝒖 + 𝒖𝑇 𝑀𝐷
𝜼2

𝒉

)
+ 1

6
(
𝒘𝑇 𝑀𝐷𝒉𝒖𝒘 + (𝒉𝒖𝒘)𝑇 𝑀𝐷𝒘

)
(59)

All terms on the right-hand side are of the general form

𝒂𝑇 𝑀𝐷𝒃 + 𝒃𝑇 𝑀𝐷𝒂 (60)

and cancel for periodic first-derivative SBP operators 𝐷, due to
(6). Hence, the conservation of total energy. ◽

Remark 1. The total momentum is not conserved in general
by the semidiscretization (53) of the hyperbolic approximation
of the SGN equations. This is due to the split form of the non-
hydrostatic pressure term—the other terms conserve the total
momentum since they are the same as for the classical shallow
water equations, see Section 3 and [90]. We have so far not been
able to derive a split form of the nonhydrostatic pressure term that
conserves the total momentum (using only integration by parts).
For the same reason, there is no advantage in considering a split
form using conservative variables.

6 | Original Serre–Green–Naghdi Equation
With Flat Bathymetry

In this section, we use the results from the previous Section 5
to derive an energy-conserving split form of the original SGN
equations with flat bathymetry. Afterward, we will present cor-
responding structure-preserving semidiscretizations.

6.1 | Deriving a Split Form From
the Hyperbolic Approximation

As discussed in Section 5, we are going to apply the results for the
split form (52) and the connections between the hyperbolic and
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classical model to devise a split form for the latter. In practice, we
can start from the first three in (51), we replace the 1 − 𝜂∕ℎ terms
using the definition of 𝜋 (35), and replace 𝜂 by ℎ in the remaining
ones. The resulting split form reads (29):

ℎ𝑡 + ℎ𝑥𝑢 + ℎ𝑢𝑥 = 0

ℎ𝑢𝑡 + 𝑔(ℎ2)𝑥 − 𝑔ℎℎ𝑥 +
1
2

ℎ(𝑢2)𝑥 −
1
2

ℎ𝑥𝑢2

+ 1
2
(ℎ𝑢)𝑥𝑢 − 1

2
ℎ𝑢𝑢𝑥 + (ℎ𝜋)𝑥 = 0

ℎ𝑤𝑡 +
1
2
(ℎ𝑢𝑤)𝑥 +

1
2

ℎ𝑢𝑤𝑥 −
1
2

ℎ𝑥𝑢𝑤 − 1
2

ℎ𝑢𝑥𝑤 = 3𝜋

𝑤 + ℎ𝑢𝑥 = 0 (61)

One can easily check that the conservation of energy (27) can be
obtained only using summation by parts, upon integration with
the dual variables (40), as discussed in Section 4.3.

To clarify the structure of the elliptic operator, we compute the
part of the nonhydrostatic pressure ℎ𝜋 containing a time deriva-
tive of 𝑢 and obtain

ℎ2𝑤𝑡 = −ℎ3𝑢𝑡𝑥 − ℎ2ℎ𝑡𝑢𝑥 = −ℎ3𝑢𝑡𝑥 + ℎ2ℎ𝑥𝑢𝑢𝑥 + ℎ3𝑢2
𝑥

(62)

Moreover, we have

ℎ(ℎ𝑢𝑤)𝑥 + ℎ2𝑢𝑤𝑥 − ℎ2
𝑥
𝑢𝑤 − ℎ2𝑢𝑥𝑤

= −ℎ(ℎ2𝑢𝑢𝑥)𝑥 − ℎ2𝑢(ℎ𝑢𝑥)𝑥 + ℎ2ℎ𝑥𝑢𝑢𝑥 + ℎ3𝑢2
𝑥

(63)

using which we can recast the split form of the original SGN
equations as

ℎ𝑡 + ℎ𝑥𝑢 + ℎ𝑢𝑥 = 0

ℎ𝑢𝑡 −
1
3
(ℎ3𝑢𝑡𝑥)𝑥 + 𝑔(ℎ2)𝑥 − 𝑔ℎℎ𝑥 +

1
2

ℎ(𝑢2)𝑥

− 1
2

ℎ𝑥𝑢2 + 1
2
(ℎ𝑢)𝑥𝑢 − 1

2
ℎ𝑢𝑢𝑥 + 𝑝𝑥 = 0

𝑝 = 1
2

ℎ3(𝑢𝑥)2 + 1
2

ℎ2ℎ𝑥𝑢𝑢𝑥 −
1
6

ℎ(ℎ2𝑢𝑢𝑥)𝑥 −
1
6

ℎ2𝑢(ℎ𝑢𝑥)𝑥 (64)

Remark 2. The split form (64) of the original SGN equations
conserve not only the total water mass and the energy but also the
total momentum, since the nonhydrostatic pressure is written in
a conservative form, and the remaining terms are the same as in
the split form (14) of the classical shallow water equations.

6.2 | More General Split Forms of the
Nonhydrostatic Pressure

As described in the previous subsection, the split form (52) of
the hyperbolic approximation induces an energy-conservative
split form of the original SGN Equation (29). However, such
energy-conserving split form is not unique. Indeed, we can derive
other splittings of the nonhydrostatic pressure. We can start with

ℎ𝑡 + ℎ𝑥𝑢 + ℎ𝑢𝑥 = 0

ℎ𝑢𝑡 −
1
3
(ℎ3𝑢𝑡𝑥)𝑥 + 𝑔(ℎ2)𝑥 − 𝑔ℎℎ𝑥 +

1
2

ℎ(𝑢2)𝑥

− 1
2

ℎ𝑥𝑢2 + 1
2
(ℎ𝑢)𝑥𝑢 − 1

2
ℎ𝑢𝑢𝑥 + 𝑝𝑥 = 0 (65)

where 𝑝 is a general nonhydrostatic pressure term consistent with

𝑝 = 1
2

ℎ3(𝑢𝑥)2 + 1
2

ℎ2ℎ𝑥𝑢𝑢𝑥 −
1
6

ℎ(ℎ2𝑢𝑢𝑥)𝑥

− 1
6

ℎ2𝑢(ℎ𝑢𝑥)𝑥 = 1
3

ℎ3(𝑢𝑥)2 − 1
3

ℎ3𝑢𝑢𝑥𝑥 (66)

Note again that the energy (27) is the shallow water energy plus
the term ℎ(ℎ𝑢𝑥)2∕6. Its rate of change is

𝐸𝑡 =
(
𝑔ℎ + 1

2
𝑢2ℎ𝑡 +

1
2

ℎ2𝑢2
𝑥

)
ℎ𝑡 + 𝑢 ℎ𝑢𝑡 +

1
3

ℎ3𝑢𝑥𝑢𝑡𝑥 (67)

Thus, we multiply the first equation of the split form by (𝑔ℎ +
𝑢2∕2 + ℎ2𝑢2

𝑥
∕2), the second equation by 𝑢, add them and integrate

over the periodic domain to obtain

0 = ∫ 𝐸𝑡d𝑥 +
[
𝑔ℎ2𝑢 + 1

2
ℎ𝑢3 − 1

3
ℎ3𝑢𝑢𝑡𝑥 + 𝑝𝑢

]
+ ∫

(1
2

ℎ3𝑢3
𝑥
+ 1

2
ℎ2ℎ𝑥𝑢𝑢2

𝑥
− 𝑝𝑢𝑥

)
d𝑥 (68)

where the term [⋅] is a boundary flux term vanishing for periodic
domains. Thus, we want to choose 𝑝 such we can use integration
by parts on the last volume term to obtain the missing boundary
flux term, that is,

∫
(1

2
ℎ3𝑢3

𝑥
+ 1

2
ℎ2ℎ𝑥𝑢𝑢2

𝑥
− 𝑝𝑢𝑥

)
d𝑥 =

[1
6

ℎ3𝑢𝑢2
𝑥

]
=
[1

6
ℎ(ℎ̇)2𝑢

]
(69)

where the material derivative of the water height is ℎ̇ = ℎ𝑡 +
𝑢ℎ𝑥 = −(𝑢ℎ𝑥 + ℎ𝑢𝑥) + 𝑢ℎ𝑥 = −ℎ𝑢𝑥. This is satisfied by the general
pressure term

𝑝 = 1
2

ℎ3𝑢2
𝑥
+ 1

2
ℎ2ℎ𝑥𝑢𝑢𝑥 −

1
6
𝔞(𝔟𝑢𝑥)𝑥 −

1
6
𝔟(𝔞𝑢𝑥)𝑥 (70)

where
𝔞𝔟 = ℎ3𝑢 (71)

All of these choices yield a consistent pressure term since

𝑝 = 1
2

ℎ3𝑢2
𝑥
+ 1

2
ℎ2ℎ𝑥𝑢𝑢𝑥 −

1
6
𝔞(𝔟𝑢𝑥)𝑥 −

1
6
𝔟(𝔞𝑢𝑥)𝑥

= 1
2

ℎ3𝑢2
𝑥
+ 1

2
ℎ2ℎ𝑥𝑢𝑢𝑥 −

1
3
𝔞𝔟𝑢𝑥𝑥 −

1
6
𝔞𝔟𝑥𝑢𝑥 −

1
6
𝔞𝑥𝔟𝑢𝑥

= 1
2

ℎ3𝑢2
𝑥
+ 1

2
ℎ2ℎ𝑥𝑢𝑢𝑥 −

1
3

ℎ3𝑢𝑢𝑥𝑥 −
1
6
(ℎ3𝑢)𝑥𝑢𝑥

= 1
2

ℎ3𝑢2
𝑥
+ 1

2
ℎ2ℎ𝑥𝑢𝑢𝑥 −

1
3

ℎ3𝑢𝑢𝑥𝑥 −
1
2

ℎ2ℎ𝑥𝑢𝑢𝑥 −
1
6

ℎ3𝑢2
𝑥

= 1
3

ℎ3𝑢2
𝑥
− 1

3
ℎ3𝑢𝑢𝑥𝑥 (72)

Remark 3. Many choices are possible, here. We take any in
(𝔞, 𝔟) = (ℎ𝑚𝑢𝑛, ℎ3−𝑚𝑢1−𝑛), with non-negative integers 𝑚 ≤ 3, 𝑛 ≤
1. The split form (64) uses (𝔞, 𝔟) = (ℎ, ℎ2𝑢). Preliminary tests do
not show any significant differences when making other choices.
Investigating this further is left for future work.
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6.3 | Spatial Semidiscretizations

Replacing continuous derivatives in the split form (64) by peri-
odic SBP operators results in the semidiscretization

𝜕𝑡𝒉 + 𝒖𝐷𝒉 + 𝒉𝐷𝒖 = 𝟎

𝒉𝜕𝑡𝒖 −
1
3

𝐷𝒉3𝐷𝜕𝑡𝒖 + 𝑔𝐷𝒉2 − 𝑔𝒉𝐷𝒉 + 1
2
𝒉𝐷𝒖2

− 1
2
𝒖2𝐷𝒉 + 1

2
𝒖𝐷𝒉𝒖 − 1

2
𝒉𝒖𝐷𝒖 + 𝐷𝒑 = 𝟎

𝒑 = 1
2
𝒉3(𝐷𝒖)2 + 1

2
𝒉2(𝐷𝒉)𝒖𝐷𝒖 − 1

6
𝒉𝐷𝒉2𝒖𝐷𝒖 − 1

6
𝒉2𝒖𝐷𝒉𝐷𝒖

(73)

The discrete total energy for (73) is 𝟏𝑇 𝑀𝑬 with

𝑬 = 1
2

𝑔𝒉2 + 1
2
𝒉𝒖2 + 1

6
𝒉3(𝐷𝒖)2 (74)

Theorem 2. Consider the semidiscretization (73) of the
original Serre-Green-Naghdi equations (25) with a periodic
first-derivative SBP operator 𝐷 with diagonal mass/norm matrix.

1. The total water mass 𝟏𝑇 𝑀𝒉 is conserved.

2. The total momentum 𝟏𝑇 𝑀𝒉𝒖 is conserved.

3. The total energy 𝟏𝑇 𝑀𝑬 is conserved.

Proof. This is a specialization of the more general result
Theorem 3 below with 𝐷 = 𝐷− = 𝐷+. ◽

If the semidiscretization (73) is discretized in time with an explicit
method (like an explicit Runge–Kutta method), it requires the
solution of discretized elliptic problems of the form(

𝒉 − 1
3

𝐷𝒉3𝐷
)

𝜕𝑡𝒖 = 𝒚 (75)

where

𝒚 = −𝑔𝐷𝒉2 + 𝑔𝒉𝐷𝒉 − 1
2
𝒉𝐷𝒖2 + 1

2
𝒖2𝐷𝒉 − 1

2
𝒖𝐷𝒉𝒖 + 1

2
𝒉𝒖𝐷𝒖 − 𝐷𝒑

(76)

Lemma 1. If the water height is positive, the discrete operator

𝒉 − 1
3

𝐷𝒉3𝐷 (77)

of (73) is symmetric and positive definite with respect to the diago-
nal mass matrix 𝑀 .

Proof. We have

𝑀
(
𝒉 − 1

3
𝐷𝒉3𝐷

)
= 𝒉𝑀 + 1

3
𝐷𝑇 𝑀𝒉3𝐷 (78)

due to the SBP property (6) for diagonal 𝑀 . ◽

Thus, the discrete elliptic problem can be solved uniquely. How-
ever, the second derivative is discretized using a wide-stencil
operator (with variable coefficients). This can lead to stability
issues (for under-resolved) grids and a loss of efficiency. Thus, it
would be better to use narrow-stencil second-derivative operators

[66] or upwind SBP operators [68]. Here, we choose the second
option with upwind SBP operators 𝐷± and their corresponding
central operator 𝐷 = (𝐷+ + 𝐷−)∕2, leading to the semidiscretiza-
tion

𝜕𝑡𝒉 + 𝒖𝐷𝒉 + 𝒉𝐷𝒖 = 𝟎

𝒉𝜕𝑡𝒖 −
1
3

𝐷+𝒉
3𝐷−𝜕𝑡𝒖 + 𝑔𝐷𝒉2 − 𝑔𝒉𝐷𝒉 + 1

2
𝒉𝐷𝒖2

− 1
2
𝒖2𝐷𝒉 + 1

2
𝒖𝐷𝒉𝒖 − 1

2
𝒉𝒖𝐷𝒖 + 𝐷+𝒑+ + 𝐷𝒑0 = 𝟎

𝒑+ = 1
2
𝒉3(𝐷𝒖)𝐷−𝒖 +

1
2
𝒉2(𝐷𝒉)𝒖𝐷−𝒖

𝒑0 = −1
6
𝒉𝐷𝒉2𝒖𝐷𝒖 − 1

6
𝒉2𝒖𝐷𝒉𝐷𝒖 (79)

Lemma 2. If the water height is positive, the discrete operator

𝒉 − 1
3

𝐷+𝒉
3𝐷− (80)

of (79) is symmetric and positive definite with respect to the diago-
nal mass matrix 𝑀 .

Proof. We have

𝑀
(
𝒉 − 1

3
𝐷+𝒉

3𝐷−

)
= 𝒉𝑀 + 1

3
𝐷𝑇

−𝑀𝒉3𝐷− (81)

due to the upwind SBP property (7) for diagonal 𝑀 . ◽

The corresponding discrete total energy for (79) is

1
2

𝑔𝟏𝑇 𝑀𝒉2 + 1
2
𝟏𝑇 𝑀𝒉𝒖2 + 1

6
𝒖𝑇 𝐷𝑇

−𝑀𝒉3𝐷−𝒖

= 𝟏𝑇 𝑀
(1

2
𝑔𝒉2 + 1

2
𝒉𝒖2 + 1

6
𝒉3(𝐷−𝒖)2

)
= 𝟏𝑇 𝑀𝑬 (82)

There could be more options to use upwind SBP operators in
(79). Here, we have chosen the simplest version, avoiding the
wide-stencil second-derivative operator for the elliptic problem.

Theorem 3. Consider the semidiscretization (79) of the
original Serre–Green–Naghdi Equations (25) with periodic
first-derivative upwind SBP operators 𝐷± inducing the central
operator 𝐷 = (𝐷+ + 𝐷−)∕2 with diagonal mass/norm matrix.

1. The total water mass 𝟏𝑇 𝑀𝒉 is conserved.

2. The total momentum 𝟏𝑇 𝑀𝒉𝒖 is conserved.

3. The total energy 𝟏𝑇 𝑀𝑬 is conserved.

Proof. Conservation of the total water mass follows from the
first equation of (79) as in the proof of Theorem 1. Conservation
of the total momentum follows since the split form of the shal-
low water part is the same as in Section 3 and the nonhydrostatic
pressure term is discretized in a conservative way, that is,

𝟏𝑇 𝑀𝐷+𝒑+ + 𝟏𝑇 𝑀𝐷𝒑0 = −𝟏𝑇 𝐷𝑇
−𝑀𝒑+ − 𝟏𝑇 𝐷𝑇 𝑀𝒑0 = 0 (83)

for consistent derivative operators 𝐷± and 𝐷. Concerning energy,
its rate of change is
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𝜕𝑡

(1
2

𝑔𝟏𝑇 𝑀𝒉2 + 1
2
𝟏𝑇 𝑀𝒉𝒖2 + 1

6
𝒖𝑇 𝐷𝑇

−𝑀𝒉3𝐷−𝒖
)

= 𝑔𝒉𝑇 𝑀𝜕𝑡𝒉 +
1
2
(𝒖2)𝑇 𝑀𝜕𝑡𝒉 + 𝒖𝑇 𝑀𝒉𝜕𝑡𝒖

+ 1
2
(
𝒉2(𝐷−𝒖)2)𝑇

𝑀𝜕𝑡𝒉 +
1
3
𝒖𝑇 𝐷𝑇

−𝑀𝒉3𝐷−𝜕𝑡𝒖 (84)

To evaluate it we thus multiply the first of (79) by 𝑔𝒉𝑇 𝑀 +
(1∕2)(𝒖2)𝑇 𝑀 + (1∕2)

(
𝒉2(𝐷−𝒖)2)𝑇

𝑀 , the second by 𝒖𝑇 𝑀 , and
add the two equations to get

𝑔𝒉𝑇 𝑀𝜕𝑡𝒉 +
1
2
(𝒖2)𝑇 𝑀𝜕𝑡𝒉 +

1
2
(
𝒉2(𝐷−𝒖)2)𝑇

𝑀𝜕𝑡𝒉

+ 𝒖𝑇 𝑀𝒉𝜕𝑡𝒖 +
1
3
𝒖𝑇 𝐷𝑇

−𝑀𝒉3𝐷−𝜕𝑡𝒖

= −𝑔𝒉𝑇 𝑀𝒖𝐷𝒉 − 𝑔𝒉𝑇 𝑀𝒉𝐷𝒖

− 1
2
(𝒖2)𝑇 𝑀𝒖𝐷𝒉 − 1

2
(𝒖2)𝑇 𝑀𝒉𝐷𝒖

− 1
2
(
𝒉2(𝐷−𝒖)2)𝑇

𝑀𝒖𝐷𝒉 − 1
2
(
𝒉2(𝐷−𝒖)2)𝑇

𝑀𝒉𝐷𝒖

− 𝒖𝑇 𝑀𝑔𝐷𝒉2 + 𝒖𝑇 𝑀𝑔𝒉𝐷𝒉

− 1
2
(𝒉𝒖)𝑇 𝑀𝐷𝒖2 + 1

2
(𝒖3)𝑇 𝑀𝐷𝒉 − 1

2
(𝒖2)𝑇 𝑀𝐷𝒉𝒖

+ 1
2
(𝒉𝒖2)𝑇 𝑀𝐷𝒖 − 𝒖𝑇 𝑀𝐷+𝒑+ − 𝒖𝑇 𝑀𝐷𝒑0

= −𝑔(𝒉𝒖)𝑇 𝑀𝐷𝒉 − 𝑔(𝒉2)𝑇 𝑀𝐷𝒖

− 1
2
(𝒖3)𝑇 𝑀𝐷𝒉 − 1

2
(𝒉𝒖2)𝑇 𝑀𝐷𝒖

− 1
2
(
𝒉2𝒖(𝐷−𝒖)2)𝑇

𝑀𝐷𝒉 − 1
2
(
𝒉3(𝐷−𝒖)2)𝑇

𝑀𝐷𝒖

− 𝑔𝒖𝑇 𝑀𝐷𝒉2 + 𝑔(𝒉𝒖)𝑇 𝑀𝐷𝒉

− 1
2
(𝒉𝒖)𝑇 𝑀𝐷𝒖2 + 1

2
(𝒖3)𝑇 𝑀𝐷𝒉 − 1

2
(𝒖2)𝑇 𝑀𝐷𝒉𝒖

+ 1
2
(𝒉𝒖2)𝑇 𝑀𝐷𝒖 − 𝒖𝑇 𝑀𝐷+𝒑+ − 𝒖𝑇 𝑀𝐷𝒑0

= −1
2
(
𝒉2𝒖(𝐷−𝒖)2)𝑇

𝑀𝐷𝒉 − 1
2
(
𝒉3(𝐷−𝒖)2)𝑇

𝑀𝐷𝒖

+ 𝒑𝑇
+𝑀𝐷−𝒖 + 𝒑𝑇

0 𝑀𝐷𝒖 (85)

Inserting the pressure terms 𝒑+ and 𝒑0 yields

𝜕𝑡(𝟏𝑇 𝑀𝑬) = −1
2
(
𝒉2𝒖(𝐷−𝒖)2)𝑇

𝑀𝐷𝒉

− 1
2
(
𝒉3(𝐷−𝒖)2)𝑇

𝑀𝐷𝒖 + 1
2
(
𝒉3(𝐷𝒖)𝐷−𝒖

)𝑇
𝑀𝐷−𝒖

+ 1
2
(
𝒉2(𝐷𝒉)𝒖𝐷−𝒖

)𝑇
𝑀𝐷−𝒖

− 1
6
(
𝒉𝐷𝒉2𝒖𝐷𝒖

)𝑇
𝑀𝐷𝒖 − 1

6
(
𝒉2𝒖𝐷𝒉𝐷𝒖

)𝑇
𝑀𝐷𝒖

= −1
6
(
𝒉2𝒖𝐷𝒖

)𝑇
𝐷𝑇 𝑀(𝒉𝐷𝒖)

− 1
6
(𝒉𝐷𝒖)𝑇 𝐷𝑇 𝑀

(
𝒉2𝒖𝐷𝒖

)
= 0

since after using the SBP property (6), the first and the fourth as
well as the second and the third terms in the first right-hand side

cancel for a diagonal mass matrix 𝑀 , and similarly the last two
terms in the last step. ◽

There are even more possibilities to discretize the nonhydrostatic
pressure terms with upwind operators. Consider, for example, the
central pressure term

𝐷𝒑0 = −1
6

𝐷𝒉𝐷𝒉2𝒖𝐷𝒖 − 1
6

𝐷𝒉2𝒖𝐷𝒉𝐷𝒖 (86)

of (79). The energy contribution of this terms vanishes since

− 6𝒖𝑇 𝑀𝐷𝒑0 = 𝒖𝑇 𝑀𝐷𝒉𝐷𝒉2𝒖𝐷𝒖 + 𝒖𝑇 𝑀𝐷𝒉2𝒖𝐷𝒉𝐷𝒖

= (𝒉𝐷𝒖)𝑇 𝑀𝐷(𝒉2𝒖𝐷𝒖) + (𝒉2𝒖𝐷𝒖)𝑇 𝑀𝐷(𝒉𝐷𝒖) = 0

Let us now consider a more general form

𝐷𝛼𝒉𝐷𝛽𝒉
2𝒖𝐷𝛾𝒖 + 𝐷𝛿𝒉

2𝒖𝐷𝜀𝒉𝐷𝜁𝒖 (87)

where 𝛼, 𝛽, 𝛾, 𝛿, 𝜀, 𝜁 ∈ {+,−, 0}, and 𝐷0 = 𝐷 is the central opera-
tor. The energy contribution of this term is

𝒖𝑇 𝑀𝐷𝛼𝒉𝐷𝛽𝒉
2𝒖𝐷𝛾𝒖 + 𝒖𝑇 𝑀𝐷𝛿𝒉

2𝒖𝐷𝜀𝒉𝐷𝜁𝒖

= (𝒉𝐷𝛼∗𝒖)𝑇 𝑀𝐷𝛽 (𝒉2𝒖𝐷𝛾𝒖) + (𝒉2𝒖𝐷𝛿∗𝒖)𝑇 𝑀𝐷𝜀(𝒉𝐷𝜁𝒖) (88)

where ±∗ = ∓ and 0∗ = 0. This term vanishes if

𝜁 = 𝛼∗, 𝜀 = 𝛽∗, 𝛾 = 𝛿∗ (89)

Even if we do not want to introduce a clear directional bias by
choosing the same number of + and − signs in (𝛼, 𝛽, 𝛾), there
are many possibilities different from 𝛼 = 𝛽 = 𝛾 = 0 as in (79), for
example, 𝛼 = +, 𝛽 = 0, and 𝛾 = −.

Preliminary tests do not show any significant differences between
the different choices of applying (upwind) derivative operators to
the nonhydrostatic pressure term. Investigating this further is left
for future work.

7 | Hyperbolic Approximation With Variable
Bathymetry

Following the notation of [22], we introduce the bottom topogra-
phy 𝑏 = 𝑏(𝑥) and write the generalization of the hyperbolic sys-
tem (34) as

ℎ𝑡 + (ℎ𝑢)𝑥 = 0

ℎ𝑢𝑡 + 𝑔ℎℎ𝑥 + ℎ𝑢𝑢𝑥 + (ℎΠ)𝑥 +
(

𝑔ℎ + 3
2

ℎ

𝜂
Π
)

𝑏𝑥 = 0

ℎ𝑤𝑡 + ℎ𝑢𝑤𝑥 = 𝜆(1 − 𝜂∕ℎ)

𝜂𝑡 + 𝜂𝑥𝑢 + 3
2

𝑏𝑥𝑢 = 𝑤

Π = 𝜆

3
𝜂

ℎ

(
1 − 𝜂

ℎ

)
(90)
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This system satisfies the energy conservation law

⎛⎜⎜⎜⎜⎝
=𝐸

⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞
1
2

𝑔(ℎ + 𝑏)2 + 1
2

ℎ𝑢2 + 1
6

ℎ𝑤2 + 𝜆

6
ℎ(1 − 𝜂∕ℎ)2

⎞⎟⎟⎟⎟⎠𝑡

+

⎛⎜⎜⎜⎜⎝
𝑔ℎ(ℎ + 𝑏)𝑢 + 1

2
ℎ𝑢3 + 1

6
ℎ𝑢𝑤2 + 𝜆

6
ℎ(1 − 𝜂∕ℎ)2𝑢 + ℎΠ𝑢

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
=𝐹

⎞⎟⎟⎟⎟⎠𝑥

= 0 (91)

We will derive an energy-conservative split form of this general-
ization of (34) in the following:

7.1 | Energy Equation

The energy conservation law (91) can be derived by multiplying
the time derivatives of the primitive variables V = (ℎ, 𝑢, 𝑤, 𝜂)𝑇 by

V∗ = 𝜕𝐸

𝜕V
=

⎛⎜⎜⎜⎜⎜⎝

𝑔(ℎ + 𝑏) + 1
2
𝑢2 + 1

6
𝑤2 + 𝜆

6
(1 − 𝜂2∕ℎ2)

ℎ𝑢

ℎ𝑤

− 𝜆

3
(1 − 𝜂∕ℎ)

⎞⎟⎟⎟⎟⎟⎠
(92)

Indeed, the computation is very similar to the one from
Section 5.1; the additional terms are

𝑔(ℎ𝑢)𝑥𝑏 +
(

𝑔ℎ + 3
2

ℎ

𝜂
Π
)

𝑏𝑥𝑢 − 𝜆

3
(1 − 𝜂∕ℎ)3

2
𝑏𝑥𝑢

= (𝑔ℎ𝑏𝑢)𝑥 +
𝜆

2
(1 − 𝜂∕ℎ)𝑏𝑥𝑢 − 𝜆

2
(1 − 𝜂∕ℎ)𝑏𝑥𝑢 = (𝑔ℎ𝑏𝑢)𝑥 (93)

7.2 | Split Form

The analysis shows that the bathymetry terms cancel identically
when evaluating the energy balance. Hence, the split form (52)
generalizes readily to this case if the bathymetry is included
appropriately in the hydrostatic pressure term. In particular, the
nonconservative split form becomes

ℎ𝑡 + ℎ𝑥𝑢 + ℎ𝑢𝑥 = 0

ℎ𝑢𝑡 + 𝑔 (ℎ(ℎ + 𝑏))𝑥 − 𝑔(ℎ + 𝑏)ℎ𝑥 +
1
2

ℎ(𝑢2)𝑥

− 1
2

ℎ𝑥𝑢2 + 1
2
(ℎ𝑢)𝑥𝑢 − 1

2
ℎ𝑢𝑢𝑥

+ 𝜆

6
𝜂2

ℎ2 ℎ𝑥 +
𝜆

3
𝜂𝑥 −

𝜆

3
𝜂

ℎ
𝜂𝑥 −

𝜆

6

(
𝜂2

ℎ

)
𝑥

+ 𝜆

2

(
1 − 𝜂

ℎ

)
𝑏𝑥 = 0

ℎ𝑤𝑡 +
1
2
(ℎ𝑢𝑤)𝑥 +

1
2

ℎ𝑢𝑤𝑥 −
1
2

ℎ𝑥𝑢𝑤 − 1
2

ℎ𝑢𝑥𝑤 = 𝜆 − 𝜆
𝜂

ℎ

𝜂𝑡 + 𝜂𝑥𝑢 + 3
2

𝑏𝑥𝑢 = 𝑤 (94)

7.3 | Semidiscretization

The split form (94) induces the semidiscretization

𝜕𝑡𝒉 + 𝒖𝐷𝒉 + 𝒉𝐷𝒖 = 0

𝒉𝜕𝑡𝒖 + 𝑔𝐷𝒉(𝒉 + 𝒃) − 𝑔(𝒉 + 𝒃)𝐷𝒉 − 1
2
𝒉𝐷𝒖2

+ 1
2
𝒖2𝐷𝒉 − 1

2
𝒖𝐷𝒉𝒖 + 1

2
𝒉𝒖𝐷𝒖

+ 𝜆

6
𝜼2

𝒉2 𝐷𝒉 + 𝜆

3
𝐷𝜼 − 𝜆

3
𝜼

𝒉
𝐷𝜼 − 𝜆

6
𝐷
𝜼2

𝒉
+ 𝜆

2
𝐷𝒃 − 𝜆

2
𝜼

𝒉
𝐷𝒃 = 0

𝒉𝜕𝑡𝒘 + 1
2

𝐷𝒉𝒖𝒘 + 1
2
𝒉𝒖𝐷𝒘 − 1

2
𝒖𝒘𝐷𝒉 − 1

2
𝒉𝒘𝐷𝒖 = 𝜆 − 𝜆

𝜼

𝒉

𝜕𝑡𝜼 + 𝒖𝐷𝜼 +
3
2
𝒖𝐷𝒃 = 𝒘 (95)

The corresponding discrete total energy is 𝟏𝑇 𝑀𝑬, where

𝑬 = 1
2

𝑔(𝒉 + 𝒃)2 + 1
2
𝒉𝒖2 + 1

6
𝒉𝒘2 + 𝜆

6
𝒉 − 𝜆

3
𝜼 + 𝜆

6
𝜼2

𝒉
(96)

Theorem 4. Consider the semidiscretization (95) of the hyper-
bolic approximation of the SGN equations with varying bathymetry
(90) using a periodic first-derivative SBP operator 𝐷 with diagonal
mass/norm matrix. The following properties are true:

1. The total water mass 𝟏𝑇 𝑀𝒉 is conserved.

2. The total energy 𝟏𝑇 𝑀𝑬 is conserved.

3. The semidiscretization is well-balanced w.r.t. the steady state
ℎ + 𝑏 ≡ const, 𝑢 ≡ 0, 𝑤 ≡ 0, 𝜂 ≡ ℎ.

Proof. Conservation of the total water mass follows as in the
proof of Theorem 1. Concerning energy, we compute

𝜕𝒉𝑬 = 𝑔(𝒉 + 𝒃) + 1
2
𝒖2 + 1

6
𝒘2 + 𝜆

6
− 𝜆

6
𝜼2

𝒉2 (97)

The other derivatives are the same as in the proof of Theorem 1.
Thus, the differences in the semidiscrete rate of change of the
total energy compared to the case of constant bathymetry in
Theorem 1 are as follows:

• additional term 𝑔𝒃𝑇 𝑀 multiplied to 𝜕𝑡𝒉

• additional term 𝑔𝐷𝒉𝒃 − 𝑔𝒃𝐷𝒉 + 𝜆

2
𝐷𝒃 − 𝜆

2
𝜼

𝒉
𝐷𝒃 added to

𝒉𝜕𝑡𝒖

• additional term 3
2
𝒖𝐷𝒃 added to 𝜕𝑡𝜼

These additional terms assembled give

𝑔𝒃𝑇 𝑀𝒖𝐷𝒉 + 𝑔𝒃𝑇 𝑀𝒉𝐷𝒖 + 𝑔𝒖𝑇 𝑀𝐷𝒉𝒃 − 𝑔𝒖𝑇 𝑀𝒃𝐷𝒉

+ 𝜆

2
𝒖𝑇 𝑀𝐷𝒃 − 𝜆

2
𝒖𝑇 𝑀

𝜼

𝒉
𝐷𝒃 − 𝜆

2
𝟏𝑇 𝑀𝒖𝐷𝒃 + 𝜆

2

( 𝜼
𝒉

)𝑇
𝑀𝒖𝐷𝒃

= 𝑔(𝒃𝒖)𝑇 𝑀𝐷𝒉 + 𝑔(𝒉𝒃)𝑇 𝑀𝐷𝒖 + 𝑔𝒖𝑇 𝑀𝐷𝒉𝒃 − 𝑔(𝒃𝒖)𝑇 𝑀𝐷𝒉

+ 𝜆

2
𝒖𝑇 𝑀𝐷𝒃 − 𝜆

2

( 𝜼
𝒉
𝒖
)𝑇

𝑀𝐷𝒃 − 𝜆

2
𝒖𝑇 𝑀𝐷𝒃 + 𝜆

2

( 𝜼
𝒉
𝒖
)𝑇

𝑀𝐷𝒃 = 0

where we have used that the mass matrix 𝑀 is diagonal in the first
step and applied the SBP property (6) in the second step. This plus
the elements in the proof of Theorem 1 show that total energy is
conserved.
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Finally, we observe that the method is well-balanced since for 𝒖 =
𝟎 = 𝒘, we have both 𝜕𝑡𝒉 = 𝟎 and 𝜕𝑡𝜼 = 𝟎. Moreover since also 𝜼 =
𝒉, we have 𝜕𝑡𝒘 = 𝟎. Finally,

− 𝒉𝜕𝑡𝒖 = 𝑔𝐷𝒉(𝒉 + 𝒃) − 𝑔(𝒉 + 𝒃)𝐷𝒉
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

+ 𝜆

6
𝜼2

𝒉2 𝐷𝒉 − 𝜆

6
𝐷
𝜼2

𝒉
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

+ 𝜆

3
𝐷𝜼 − 𝜆

3
𝜼

𝒉
𝐷𝜼

⏟⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏟

+ 𝜆

2
𝐷𝒃 − 𝜆

2
𝜼

𝒉
𝐷𝒃

⏟⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏟

(98)

The last three terms grouped in braces cancel due to 𝜼 = 𝒉. The
first due to the fact that 𝒉 + 𝒃 is constant. ◽

8 | Original Serre–Green–Naghdi Equations
With Variable Bathymetry: Mild-Slope
Approximation

We proceed as before and note that we can pass from the hyper-
bolic formulation (90) to the standard one using 𝑤 = 𝜂̇ + 3

2
𝑏̇ and

Π = 𝜂

ℎ

1
3

ℎ𝑤̇, where 𝑎̇ = 𝑎𝑡 + 𝑢𝑎𝑥 is again the material derivative.
Then, we can easily recast the momentum in (90) as

ℎ𝑢𝑡 + 𝑔ℎℎ𝑥 + ℎ𝑢𝑢𝑥 +
(

ℎ𝜂

3
𝑤̇

)
𝑥

+
(
𝑔ℎ + 1

2
ℎ𝑤̇

)
𝑏𝑥 = 0 (99)

Taking now the relaxed limit 𝜂 = ℎ, and simplifying the last in
(90) using the mass equation, we obtain

ℎ𝑡 + (ℎ𝑢)𝑥 = 0

ℎ𝑢𝑡 + 𝑔ℎℎ𝑥 + ℎ𝑢𝑢𝑥 + (ℎ𝜋)𝑥 +
(
𝑔ℎ + 3

2
𝜋
)

𝑏𝑥 = 0

ℎ𝑤𝑡 + ℎ𝑢𝑤𝑥 = 3𝜋

𝑤 + ℎ𝑢𝑥 −
3
2

𝑏𝑥𝑢 = 0 (100)

whereas before the last two equations are merely the definitions
of 𝜋 and 𝑤. Note that the above system does not match exactly
the SGN equations reported in, for example, [16, 93]. The form
obtained is essentially a mild-slope version of the SGN model
in which a quadratic term 𝑏2

𝑥
has been removed, following the

classical mild-slope approximation [94]. This approximation has
been made in [22] to simplify the Lagrangian used to derive the
hyperbolic formulation. We can nevertheless show that the sys-
tem obtained admits an energy conservation law

⎛⎜⎜⎜⎜⎝
1
2

𝑔(ℎ + 𝑏)2 + 1
2

ℎ𝑢2 + 1
6

ℎ𝑤2

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
=𝐸

⎞⎟⎟⎟⎟⎠𝑡

+

⎛⎜⎜⎜⎜⎝
𝑔ℎ(ℎ + 𝑏)𝑢 + 1

2
ℎ𝑢3 + 1

6
ℎ𝑢𝑤2 + ℎ𝜋𝑢

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
=𝐹

⎞⎟⎟⎟⎟⎠𝑥

= 0

(101)

Expanding the energy terms, we get

𝐸 = 1
2

𝑔(ℎ + 𝑏)2 + 1
2

ℎ𝑢2 + 1
6

ℎ
(
−ℎ𝑢𝑥 +

3
2

𝑏𝑥𝑢
)2

= 1
2

𝑔(ℎ + 𝑏)2 + 1
2

ℎ𝑢2 + 1
6

ℎ3𝑢2
𝑥
− 1

2
ℎ2𝑏𝑥𝑢𝑢𝑥 +

3
8

ℎ𝑏2
𝑥
𝑢2 (102)

We can check easily that a ℎ𝑏̇
2∕8 = ℎ(𝑢𝑏𝑥)2∕8 term is missing

compared, for example, to [16, 93]. This is precisely the quadratic
term neglected in [22]. We can check that the following relations
hold for the differentials:

d𝐸 =
(
𝑔(ℎ + 𝑏) + 1

2
𝑢2 + 1

6
𝑤2

)
dℎ + ℎ𝑢 d𝑢 + ℎ

𝑤

3
d𝑤

d𝐹 =
(
𝑔(ℎ + 𝑏) + 1

2
𝑢2 + 1

6
𝑤2

)
d (ℎ𝑢)

+ 𝑢
(
ℎ𝑢 d𝑢 + 𝑔ℎ dℎ + d(ℎ𝜋) +

(
𝑔ℎ + 3

2
𝜋
)

d𝑏
)

+ 𝑤

3
(ℎ𝑢d𝑤 − 3𝜋) + 𝜋

(
𝑤 + ℎ d𝑢 − 3

2
𝑢 d𝑏

)
(103)

8.1 | Deriving a Split Form From
the Hyperbolic Approximation

With the same approach as in Section 6, we find that a split form
induced by (94) allowing to recover the energy balance using only
integration by parts is

ℎ𝑡 + ℎ𝑥𝑢 + ℎ𝑢𝑥 = 0

ℎ𝑢𝑡 + 𝑔(ℎ(ℎ + 𝑏))𝑥 − 𝑔(ℎ + 𝑏)ℎ𝑥 +
1
2

ℎ(𝑢2)𝑥

− 1
2

ℎ𝑥𝑢2 + 1
2
(ℎ𝑢)𝑥𝑢 − 1

2
ℎ𝑢𝑢𝑥 + (ℎ𝜋)𝑥 +

3
2

𝜋𝑏𝑥 = 0

ℎ𝑤𝑡 +
1
2
(ℎ𝑢𝑤)𝑥 +

1
2

ℎ𝑢𝑤𝑥 −
1
2

ℎ𝑥𝑢𝑤 − 1
2

ℎ𝑢𝑥𝑤 = 3𝜋

𝑤 + ℎ𝑢𝑥 −
3
2

𝑏𝑥𝑢 = 0 (104)

One can easily check (details omitted for brevity) that the SBP
property holds now by multiplying the above system by the trans-
pose of the dual variable (W∗)𝑇 where from (103) we have

(W∗)𝑇 ∶=
(
𝑔(ℎ + 𝑏) + 1

2
𝑢2 + 1

6
𝑤2, 𝑢, 𝑤∕3, 𝜋

)
To clarify the structure of the elliptic operator that we need to
invert to obtain 𝑢𝑡, we compute the part of the nonhydrostatic
pressure ℎ𝜋 containing a time derivative of 𝑢 and obtain

ℎ2𝑤𝑡 = ℎ2
(
−ℎ𝑢𝑥 +

3
2

𝑏𝑥𝑢
)

𝑡
= −ℎ3𝑢𝑡𝑥 +

3
2

ℎ2𝑏𝑥𝑢𝑡 + ℎ2ℎ𝑥𝑢𝑢𝑥 + ℎ3𝑢2
𝑥

(105)

Moreover, as in the flat bathymetry case we exploit the relation

ℎ(ℎ𝑢𝑤)𝑥 + ℎ2𝑢𝑤𝑥 − ℎℎ𝑥𝑢𝑤 − ℎ2𝑢𝑥𝑤

= −ℎ(ℎ2𝑢𝑢𝑥)𝑥 − ℎ2𝑢(ℎ𝑢𝑥)𝑥 + ℎ2ℎ𝑥𝑢𝑢𝑥 + ℎ3𝑢2
𝑥

+ 3
2

ℎ(ℎ𝑏𝑥𝑢2)𝑥 +
3
2

ℎ2𝑢(𝑏𝑥𝑢)𝑥 −
3
2

ℎℎ𝑥𝑏𝑥𝑢2 − 3
2

ℎ2𝑏𝑥𝑢𝑢𝑥

(106)

obtained with some manipulations of the definition of 𝑤. This
leads to the split form

ℎ𝑡 + ℎ𝑥𝑢 + ℎ𝑢𝑥 = 0

ℎ𝑢𝑡 −
1
3
(ℎ3𝑢𝑡𝑥)𝑥 +

1
2
(ℎ2𝑏𝑥𝑢𝑡)𝑥 −

1
2

ℎ2𝑏𝑥𝑢𝑡𝑥

+ 3
4

ℎ𝑏2
𝑥
𝑢𝑡 + 𝑔(ℎ(ℎ + 𝑏))𝑥 − 𝑔(ℎ + 𝑏)ℎ𝑥
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+ 1
2

ℎ(𝑢2)𝑥 −
1
2

ℎ𝑥𝑢2 + 1
2
(ℎ𝑢)𝑥𝑢

− 1
2

ℎ𝑢𝑢𝑥 + 𝑝𝑥 +
3
2

𝑝

ℎ
𝑏𝑥 = 0

𝑝 = 1
2

ℎ3𝑢2
𝑥
+ 1

2
ℎ2ℎ𝑥𝑢𝑢𝑥 −

1
6

ℎ(ℎ2𝑢𝑢𝑥)𝑥 −
1
6

ℎ2𝑢(ℎ𝑢𝑥)𝑥

+ 1
4

ℎ(ℎ𝑏𝑥𝑢2)𝑥 +
1
4

ℎ2𝑢(𝑏𝑥𝑢)𝑥 −
1
4

ℎℎ𝑥𝑏𝑥𝑢2 − 1
4

ℎ2𝑏𝑥𝑢𝑢𝑥

(107)

As described in Remark 3, there are still other options of split
forms of the nonhydrostatic pressure terms that could be consid-
ered. We will not pursue this further here.

8.2 | Semidiscretization

The split form (107) leads to the semidiscretization

𝜕𝑡𝒉 + 𝒖𝐷𝒉 + 𝒉𝐷𝒖 = 𝟎,(
𝒉 − 1

3
𝐷𝒉3𝐷 + 1

2
𝐷𝒉2(𝐷𝒃) − 1

2
𝒉2(𝐷𝒃)𝐷 + 3

4
𝒉(𝐷𝒃)2

)
𝜕𝑡𝒖

+ 𝑔𝐷𝒉(𝒉 + 𝒃) − 𝑔(𝒉 + 𝒃)𝐷𝒉

+ 1
2
𝒉𝐷𝒖2 − 1

2
𝒖2𝐷𝒉 + 1

2
𝒖𝐷𝒉𝒖

− 1
2
𝒉𝒖𝐷𝒖 + 𝐷𝒑 + 3

2
𝒑

𝒉
𝐷𝒃 = 𝟎

𝒑 = 1
2
𝒉3(𝐷𝒖)2 + 1

2
𝒉2(𝐷𝒉)𝒖𝐷𝒖

− 1
6
𝒉𝐷(𝒉2𝒖𝐷𝒖) − 1

6
𝒉2𝒖𝐷𝒉𝐷𝒖

+ 1
4
𝒉𝐷

(
𝒉(𝐷𝒃)𝒖2) + 1

4
𝒉2𝒖𝐷 ((𝐷𝒃)𝒖)

− 1
4
𝒉(𝐷𝒉)(𝐷𝒃)𝒖2 − 1

4
𝒉2(𝐷𝒃)𝒖𝐷𝒖 (108)

The discrete total energy for (108) is 𝟏𝑇 𝑀𝑬, where

𝑬 = 1
2

𝑔(𝒉 + 𝒃)2 + 1
2
𝒉𝒖2 + 1

6
𝒉
(
−𝒉𝐷𝒖 + 3

2
𝒖𝐷𝒃

)2

= 1
2

𝑔(𝒉 + 𝒃)2 + 1
2
𝒉𝒖2 + 1

6
𝒉3(𝐷𝒖)2 − 1

2
𝒉2(𝐷𝒃)(𝐷𝒖)𝒖 + 3

8
𝒉(𝐷𝒃)2𝒖2

(109)

Theorem 5. Consider the semidiscretization (108) of the orig-
inal Serre–Green–Naghdi equations with mild-slope approxima-
tion (100) using a periodic SBP operator 𝐷 with diagonal mass
matrix. The following holds.

1. The total water mass 𝟏𝑇 𝑀𝒉 is conserved.

2. The total momentum 𝟏𝑇 𝑀𝒉𝒖 is conserved if the bathymetry
is constant.

3. The total energy 𝟏𝑇 𝑀𝑬 is conserved.

4. The semidiscretization is well-balanced, that is, it preserves
the steady state ℎ + 𝑏 ≡ const, 𝑢 ≡ 0.

Proof. This is a special case of the more general Theorem 6
below with 𝐷 = 𝐷− = 𝐷+. ◽

Lemma 3. If the water height is positive, then the discrete oper-
ator

𝒉 − 1
3

𝐷𝒉3𝐷 + 1
2

𝐷𝒉2(𝐷𝒃) − 1
2
𝒉2(𝐷𝒃)𝐷 + 3

4
𝒉(𝐷𝒃)2 (110)

of (108) is symmetric and positive definite with respect to the diag-
onal mass matrix 𝑀 .

Proof. This is a special case of the more general Lemma 4 below
with 𝐷 = 𝐷− = 𝐷+. ◽

As before, the discrete operator (110) of (108) includes a
wide-stencil approximation of the second derivative. Thus, we
also use an upwind version.

Lemma 4. If the water height is positive, then the discrete oper-
ator

𝒉 − 1
3

𝐷+𝒉
3𝐷− + 1

2
𝐷+𝒉

2(𝐷𝒃) − 1
2
𝒉2(𝐷𝒃)𝐷− + 3

4
𝒉(𝐷𝒃)2 (111)

is symmetric and positive definite with respect to the diagonal mass
matrix 𝑀 .

Proof. We have

𝑀
(
𝒉 − 1

3
𝐷+𝒉

3𝐷− + 1
2

𝐷+𝒉
2(𝐷𝒃) − 1

2
𝒉2(𝐷𝒃)𝐷− + 3

4
𝒉(𝐷𝒃)2

)
= 𝒉𝑀 + 1

3
𝐷𝑇

−𝑀𝒉3𝐷− + 1
2

𝑀𝐷+𝒉
2(𝐷𝒃)

− 1
2
𝒉2(𝐷𝒃)𝑀𝐷− + 3

4
𝒉(𝐷𝒃)2𝑀 (112)

and (
𝑀𝐷+

(
𝒉2(𝐷𝒃)

)
− 𝒉2(𝐷𝒃)𝑀𝐷−

)𝑇

=
(
𝒉2(𝐷𝒃)

)
𝐷𝑇

+𝑀 − 𝐷𝑇
−𝑀

(
𝒉2(𝐷𝒃)

)
= −𝒉2(𝐷𝒃)𝑀𝐷− + 𝑀𝐷+

(
𝒉2(𝐷𝒃)

)
Thus, the operator is symmetric with respect to 𝑀 . Now for any
given vector 𝒗, we have

𝒗𝑇 𝑀
(
𝒉 − 1

3
𝐷+𝒉

3𝐷− + 1
2

𝐷+𝒉
2(𝐷𝒃) − 1

2
𝒉2(𝐷𝒃)𝐷− + 3

4
𝒉(𝐷𝒃)2

)
𝒗

= ||𝒗||2
𝒉𝑀

+ 1
3
||𝒉𝐷−𝒗||2𝒉𝑀

− ⟨𝒉𝐷−𝒗, (𝐷𝒃)𝒗⟩𝒉𝑀 + 3
4
||(𝐷𝒃)𝒗||2

𝒉𝑀

(113)

By the Cauchy–Schwarz and Young inequalities, we have

||𝒗||2
𝒉𝑀

+ 1
3
||𝒉𝐷−𝒗||2𝒉𝑀

+ 3
4
||(𝐷𝒃)𝒗||2

𝒉𝑀
− ⟨𝒉𝐷−𝒗, (𝐷𝒃)𝒗⟩𝒉𝑀

≥ ||𝒗||2
𝒉𝑀

+ 1
3
||𝒉𝐷−𝒗||2𝒉𝑀

+ 3
4
||(𝐷𝒃)𝒗||2

𝒉𝑀
− ||𝒉𝐷−𝒗||𝒉𝑀 ||(𝐷𝒃)𝒗||𝒉𝑀

≥ ||𝒗||2
𝒉𝑀

+ 1
3
||𝒉𝐷−𝒗||2𝒉𝑀

+ 3
4
||(𝐷𝒃)𝒗||2

𝒉𝑀

− 1
2𝜀

||𝒉𝐷−𝒗||2𝒉𝑀
− 𝜀

2
||(𝐷𝒃)𝒗||2

𝒉𝑀
= ||𝒗||2

𝒉𝑀
(114)

for 𝜀 = 3∕2. ◽
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The use of the above operators leads to the semidiscretization

𝜕𝑡𝒉 + 𝒖𝐷𝒉 + 𝒉𝐷𝒖 = 𝟎(
𝒉 − 1

3
𝐷+𝒉

3𝐷− + 1
2

𝐷+𝒉
2(𝐷𝒃) − 1

2
𝒉2(𝐷𝒃)𝐷− + 3

4
𝒉(𝐷𝒃)2

)
𝜕𝑡𝒖

+ 𝑔𝐷𝒉(𝒉 + 𝒃) − 𝑔(𝒉 + 𝒃)𝐷𝒉

+ 1
2
𝒉𝐷𝒖2 − 1

2
𝒖2𝐷𝒉 + 1

2
𝒖𝐷𝒉𝒖 − 1

2
𝒉𝒖𝐷𝒖 + 𝐷+𝒑+

+ 𝐷𝒑0 +
3
2
𝒑+ + 𝒑0

𝒉
𝐷𝒃 = 𝟎

𝒑+ = 1
2
𝒉3(𝐷𝒖)𝐷−𝒖 +

1
2
𝒉2(𝐷𝒉)𝒖𝐷−𝒖

− 1
4
𝒉2(𝐷𝒃)𝒖𝐷𝒖 − 1

4
𝒉(𝐷𝒉)(𝐷𝒃)𝒖2

𝒑0 = −1
6
𝒉𝐷(𝒉2𝒖𝐷𝒖) − 1

6
𝒉2𝒖𝐷(𝒉𝐷𝒖)

+ 1
4
𝒉𝐷(𝒉(𝐷𝒃)𝒖2) + 1

4
𝒉2𝒖𝐷 ((𝐷𝒃)𝒖) (115)

The discrete total energy for (115) is 𝟏𝑇 𝑀𝑬, where

𝑬 = 1
2

𝑔(𝒉 + 𝒃)2 + 1
2
𝒉𝒖2 + 1

6
𝒉
(
−𝒉𝐷−𝒖 +

3
2
𝒖𝐷𝒃

)2

= 1
2

𝑔(𝒉 + 𝒃)2 + 1
2
𝒉𝒖2 + 1

6
𝒉3(𝐷−𝒖)2

− 1
2
𝒉2(𝐷𝒃)(𝐷−𝒖)𝒖 +

3
8
𝒉(𝐷𝒃)2𝒖2 (116)

Theorem 6. Consider the semidiscretization (115) of the orig-
inal Serre–Green–Naghdi equations with mild-slope approxima-
tion for varying bathymetry (100) with periodic first-derivative
upwind SBP operators 𝐷± inducing the central operator 𝐷 =
(𝐷+ + 𝐷−)∕2 with diagonal mass/norm matrix.

1. The total water mass 𝟏𝑇 𝑀𝒉 is conserved

2. The total momentum 𝟏𝑇 𝑀𝒉𝒖 is conserved for constant
bathymetry.

3. The total energy 𝟏𝑇 𝑀𝑬 is conserved.

4. The semidiscretization is well-balanced, that is, it preserves
the steady state ℎ + 𝑏 ≡ const, 𝑢 ≡ 0.

Proof. Conservation of the total water mass follows as in the
proof of Theorem 1 since the equation for 𝒉 is the same. Conser-
vation of the total momentum for constant bathymetry follows
from Theorem 3 since (115) reduces to (79) in this case. We now
evaluate the time derivative of the total energy:

𝜕𝑡(𝟏𝑇 𝑀𝑬) = 𝑔(𝒉 + 𝒃)𝑇 𝑀𝜕𝑡𝒉 +
1
2
(𝒖2)𝑇 𝑀𝜕𝑡𝒉

+ 1
2
(𝒉2(𝐷−𝒖)2)𝑇 𝑀𝜕𝑡𝒉 −

(
𝒉(𝐷𝒃)(𝐷−𝒖)𝒖

)𝑇
𝑀𝜕𝑡𝒉

+ 3
8
(
(𝐷𝒃)2𝒖2)𝑇

𝑀𝜕𝑡𝒉 + 𝒖𝑇 𝑀𝒉𝜕𝑡𝒖

+ 1
3
(
𝒉3(𝐷−𝒖)

)𝑇
𝑀𝐷−𝜕𝑡𝒖

− 1
2
(
𝒉2(𝐷𝒃)(𝐷−𝒖)

)𝑇
𝑀𝜕𝑡𝒖

− 1
2
(
𝒉2(𝐷𝒃)𝒖

)𝑇
𝑀𝐷−𝜕𝑡𝒖 +

3
4
(
𝒉(𝐷𝒃)2𝒖

)𝑇
𝑀𝜕𝑡𝒖

(117)

Thus, we multiply the first equation of (115) by

𝑔(𝒉 + 𝒃)𝑇 𝑀 + 1
2
(𝒖2)𝑇 𝑀 + 1

2
(𝒉2(𝐷−𝒖)2)𝑇 𝑀

−
(
𝒉(𝐷𝒃)(𝐷−𝒖)𝒖

)𝑇
𝑀 + 3

8
(
(𝐷𝒃)2𝒖2)𝑇

𝑀 (118)

the second equation by 𝒖𝑇 𝑀 , and add them. Compared to the
case of flat bathymetry in Theorem 3, the additional spatial
derivative terms are

𝑔𝒃𝑇 𝑀(𝒖𝐷𝒉 + 𝒉𝐷𝒖)

−
(
𝒉(𝐷𝒃)(𝐷−𝒖)𝒖

)𝑇
𝑀(𝒖𝐷𝒉 + 𝒉𝐷𝒖)

+ 3
8
(
(𝐷𝒃)2𝒖2)𝑇

𝑀(𝒖𝐷𝒉 + 𝒉𝐷𝒖)

+ 𝑔𝒖𝑇 𝑀𝐷𝒉𝒃 − 𝑔(𝒃𝒖)𝑇 𝑀𝐷𝒉

+ 1
4
𝒖𝑇 𝑀𝐷𝒉𝐷

(
𝒉(𝐷𝒃)𝒖2) + 1

4
𝒖𝑇 𝑀𝐷𝒉2𝒖𝐷 ((𝐷𝒃)𝒖)

− 1
4
𝒖𝑇 𝑀𝐷+𝒉(𝐷𝒉)(𝐷𝒃)𝒖2 − 1

4
𝒖𝑇 𝑀𝐷+𝒉

2(𝐷𝒃)𝒖(𝐷𝒖)

+ 3
4
𝟏𝑇 𝑀𝒉2(𝐷𝒃)𝒖(𝐷−𝒖)(𝐷𝒖)

+ 3
4
𝟏𝑇 𝑀𝒉(𝐷𝒉)(𝐷𝒃)𝒖2(𝐷−𝒖)

− 1
4
((𝐷𝒃)𝒖)𝑇 𝑀𝐷(𝒉2𝒖𝐷𝒖) − 1

4
(𝒉(𝐷𝒃)𝒖2)𝑇 𝑀𝐷(𝒉𝐷𝒖)

+ 3
8
((𝐷𝒃)𝒖)𝑇 𝑀𝐷

(
𝒉(𝐷𝒃)𝒖2) + 3

8
(
𝒉(𝐷𝒃)𝒖2)𝑇

𝑀𝐷 ((𝐷𝒃)𝒖)

− 3
8
𝟏𝑇 𝑀(𝐷𝒉)(𝐷𝒃)2𝒖3

− 3
8
𝟏𝑇 𝑀𝒉(𝐷𝒃)2𝒖2(𝐷𝒖) = 0 (119)

proving energy conservation. For well-balanced, if ℎ + 𝑏 ≡ const
and 𝑢 ≡ 0 we have 𝜕𝑡𝒉 = 𝟎, and 𝒑 = 𝟎 so

(
𝒉 − 1

3
𝐷𝒉3𝐷 + 1

2
𝐷𝒉2(𝐷𝒃) − 1

2
𝒉2(𝐷𝒃)𝐷 + 3

4
𝒉(𝐷𝒃)2

)
𝜕𝑡𝒖

+ 𝑔𝐷𝒉(𝒉 + 𝒃) − 𝑔(𝒉 + 𝒃)𝐷𝒉
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

=𝟎

= 𝟎 (120)

◽

Remark 4. One could also choose other non-hydrostatic pres-
sure terms. In addition to the split form versions mentioned in
Remark 3, one could distribute the upwind terms differently. For
example, one could use

𝐷
(
−1

4
𝒉2(𝐷𝒃)𝒖𝐷−𝒖

)
(121)

in 𝐷𝒑0 instead of

𝐷+

(
−1

4
𝒉2(𝐷𝒃)𝒖𝐷𝒖

)
(122)

in 𝐷+𝒑+ since the contribution to the energy rate of both choices
is the same (when multiplied by 𝒖𝑇 𝑀). Investigating this further
is left for future work.
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9 | Original Serre–Green–Naghdi Equations
With Variable Bathymetry: Full System Without
Mild-Slope Approximation

As an extension of the previous section, we propose here a split
form of the classical SGN system with full bathymetric variations,
which we write for the moment as

ℎ𝑡 + (ℎ𝑢)𝑥 = 0

ℎ𝑢𝑡 + 𝑔ℎℎ𝑥 + ℎ𝑢𝑢𝑥 + (ℎ𝜋)𝑥 +
(
𝑔ℎ + 3

2
𝜋
)

𝑏𝑥 + 𝜙𝑏𝑥 = 0

ℎ𝑤𝑡 + ℎ𝑢𝑤𝑥 = 3𝜋

𝑤 + ℎ𝑢𝑥 −
3
2

𝜔 = 0

ℎ𝜔𝑡 + ℎ𝑢𝜔𝑥 = 4𝜙

𝜔 − 𝑢𝑏𝑥 = 0 (123)

with the last four relations defining 𝜋, 𝑤, 𝜙, and 𝜔. We can now
check that the energy conservation law

⎛⎜⎜⎜⎜⎝
1
2

𝑔(ℎ + 𝑏)2 + 1
2

ℎ𝑢2 + 1
6

ℎ𝑤2 + 1
8

ℎ𝜔2

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
=𝐸

⎞⎟⎟⎟⎟⎠𝑡

+

⎛⎜⎜⎜⎜⎝
𝑔ℎ(ℎ + 𝑏)𝑢 + 1

2
ℎ𝑢3 + 1

6
ℎ𝑢𝑤2 + 1

8
ℎ𝑢𝜔2 + ℎ𝜋𝑢

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
=𝐹

⎞⎟⎟⎟⎟⎠𝑥

= 0 (124)

holds. We can show that the last two definitions allow to write

𝐸𝑡 =
(
𝑔(ℎ + 𝑏) + 1

2
𝑢2 + 1

6
𝑤2 + 1

8
𝜔2

)
ℎ𝑡 + ℎ𝑢𝑢𝑡

+ 1
3

ℎ𝑤𝑤𝑡 +
1
4

ℎ𝜔𝜔𝑡 (125)

As before, the flux variation requires exploiting all the auxiliary
variables

𝐹𝑥 =
(
𝑔(ℎ + 𝑏) + 1

2
𝑢2 + 1

6
𝑤2 + 1

8
𝜔2

)
(ℎ𝑢)𝑥

+ 𝑢
(
𝑔ℎℎ𝑥 + ℎ𝑢𝑢𝑥 + (ℎ𝜋)𝑥 + (𝑔ℎ + 3𝜋∕2)𝑏𝑥 + 𝜙𝑏𝑥

)
+ 𝑤

3
(ℎ𝑢𝑤𝑥 − 3𝜋) + 𝜋(𝑤 + ℎ𝑢𝑥 − 3𝜔∕2)

+ 𝜔

4
(ℎ𝑢𝜔𝑥 − 4𝜙) + 𝜙(𝜔 − 𝑏𝑥𝑢) (126)

To mimic these relations, using the results obtained so far, we
consider the following split form:

ℎ𝑡 + ℎ𝑥𝑢 + ℎ𝑢𝑥 = 0

ℎ𝑢𝑡 + 𝑔(ℎ(ℎ + 𝑏))𝑥 − 𝑔(ℎ + 𝑏)ℎ𝑥

+ 1
2

ℎ(𝑢2)𝑥 −
1
2

ℎ𝑥𝑢2 + 1
2
(ℎ𝑢)𝑥𝑢

− 1
2

ℎ𝑢𝑢𝑥 + (ℎ𝜋)𝑥 +
3
2

𝜋𝑏𝑥 + 𝜙𝑏𝑥 = 0

ℎ𝑤𝑡 +
1
2
(ℎ𝑢𝑤)𝑥 +

1
2

ℎ𝑢𝑤𝑥 −
1
2

ℎ𝑥𝑢𝑤 − 1
2

ℎ𝑢𝑥𝑤 = 3𝜋

𝑤 + ℎ𝑢𝑥 −
3
2

𝜔 = 0

ℎ𝜔𝑡 +
1
2
(ℎ𝑢𝜔)𝑥 +

1
2

ℎ𝑢𝜔𝑥 −
1
2

ℎ𝑥𝑢𝜔 − 1
2

ℎ𝑢𝑥𝜔 = 4𝜙

𝜔 − 𝑏𝑥𝑢 = 0 (127)

One can easily check that this formulation is compatible, up to
integration by parts, with mass and energy conservation, as well
as well-balanced w.r.t. states at rest and constant ℎ + 𝑏. Compared
to the mild-slope approximation (100), we only have the addi-
tional term +𝜙𝑏𝑥 in the momentum equation, where

𝜙 = 1
4

ℎ𝑏𝑥𝑢𝑡 +
1
8
(ℎ𝑏𝑥𝑢2)𝑥 +

1
8

ℎ𝑢(𝑏𝑥𝑢)𝑥 −
1
8

ℎ𝑥𝑏𝑥𝑢2 − 1
8

ℎ𝑏𝑥𝑢𝑢𝑥

(128)

Following a similar procedure as done in the flat and mild-slope
cases, we can write

ℎ𝑡 + ℎ𝑥𝑢 + ℎ𝑢𝑥 = 0

ℎ𝑢𝑡 −
1
3
(ℎ3𝑢𝑡𝑥)𝑥 +

1
2
(ℎ2𝑏𝑥𝑢𝑡)𝑥 −

1
2

ℎ2𝑏𝑥𝑢𝑡𝑥

+ ℎ𝑏2
𝑥
𝑢𝑡 + 𝑔(ℎ(ℎ + 𝑏))𝑥 − 𝑔(ℎ + 𝑏)ℎ𝑥

+ 1
2

ℎ(𝑢2)𝑥 −
1
2

ℎ𝑥𝑢2 + 1
2
(ℎ𝑢)𝑥𝑢

− 1
2

ℎ𝑢𝑢𝑥 + 𝑝𝑥 +
3
2

𝑝

ℎ
𝑏𝑥 + 𝜓𝑏𝑥 = 0

𝑝 = 1
2

ℎ3𝑢2
𝑥
+ 1

2
ℎ2ℎ𝑥𝑢𝑢𝑥 −

1
6

ℎ(ℎ2𝑢𝑢𝑥)𝑥 −
1
6

ℎ2𝑢(ℎ𝑢𝑥)𝑥

+ 1
4

ℎ(ℎ𝑏𝑥𝑢2)𝑥 +
1
4

ℎ2𝑢(𝑏𝑥𝑢)𝑥 −
1
4

ℎℎ𝑥𝑏𝑥𝑢2 − 1
4

ℎ2𝑏𝑥𝑢𝑢𝑥

𝜓 = 1
8
(ℎ𝑏𝑥𝑢2)𝑥 +

1
8

ℎ𝑢(𝑏𝑥𝑢)𝑥 −
1
8

ℎ𝑥𝑏𝑥𝑢2 − 1
8

ℎ𝑏𝑥𝑢𝑢𝑥 (129)

Compared to the split form (107) of the mild-slope approxima-
tion, we have the following differences:

• the term ℎ𝑏2
𝑥
𝑢𝑡 has a factor of unity instead of 3∕4

• the terms (ℎ𝑏𝑥𝑢2)𝑥 + ℎ𝑢(𝑏𝑥𝑢)𝑥 − ℎ𝑥𝑏𝑥𝑢2 − ℎ𝑏𝑥𝑢𝑢𝑥 appearing
in 3𝑝𝑏𝑥∕(2ℎ) have the factor 1∕2 instead of 3∕8 due to the
additional term 𝜓𝑏𝑥

9.1 | Semidiscretization

The split form (129) leads to the semidiscretization

𝜕𝑡𝒉 + 𝒖𝐷𝒉 + 𝒉𝐷𝒖 = 𝟎(
𝒉 − 1

3
𝐷𝒉3𝐷 + 1

2
𝐷𝒉2(𝐷𝒃) − 1

2
𝒉2(𝐷𝒃)𝐷 + 𝒉(𝐷𝒃)2

)
𝜕𝑡𝒖

+ 𝑔𝐷𝒉(𝒉 + 𝒃) − 𝑔(𝒉 + 𝒃)𝐷𝒉

+ 1
2
𝒉𝐷𝒖2 − 1

2
𝒖2𝐷𝒉 + 1

2
𝒖𝐷𝒉𝒖 − 1

2
𝒉𝒖𝐷𝒖

+ 𝐷𝒑 + 3
2
𝒑

𝒉
𝐷𝒃 + 𝝍𝐷𝒃 = 𝟎

𝒑 = 1
2
𝒉3(𝐷𝒖)2 + 1

2
𝒉2(𝐷𝒉)𝒖𝐷𝒖

− 1
6
𝒉𝐷(𝒉2𝒖𝐷𝒖) − 1

6
𝒉2𝒖𝐷𝒉𝐷𝒖

+ 1
4
𝒉𝐷

(
𝒉(𝐷𝒃)𝒖2) + 1

4
𝒉2𝒖𝐷 ((𝐷𝒃)𝒖)

− 1
4
𝒉(𝐷𝒉)(𝐷𝒃)𝒖2 − 1

4
𝒉2(𝐷𝒃)𝒖𝐷𝒖
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𝝍 = 1
8

𝐷
(
𝒉(𝐷𝒃)𝒖2) + 1

8
𝒉𝒖𝐷 ((𝐷𝒃)𝒖)

− 1
8
(𝐷𝒉)(𝐷𝒃)𝒖2 − 1

8
𝒉(𝐷𝒃)𝒖𝐷𝒖 (130)

Lemma 5. If the water height is positive, then the discrete oper-
ator

𝒉 − 1
3

𝐷𝒉3𝐷 + 1
2

𝐷𝒉2(𝐷𝒃) − 1
2
𝒉2(𝐷𝒃)𝐷 + 𝒉(𝐷𝒃)2 (131)

is symmetric and positive definite with respect to the diagonal mass
matrix 𝑀 .

Proof. Compared to Lemma 3, we have an additional term
𝒉(𝐷𝒃)2∕4. ◽

The discrete total energy for (130) is 𝟏𝑇 𝑀𝑬, where

𝑬 = 1
2

𝑔(𝒉 + 𝒃)2 + 1
2
𝒉𝒖2 + 1

6
𝒉
(
−𝒉𝐷𝒖 + 3

2
𝒖𝐷𝒃

)2
+ 1

8
𝒉(𝒖𝐷𝒃)2

= 1
2

𝑔(𝒉 + 𝒃)2 + 1
2
𝒉𝒖2 + 1

6
𝒉3(𝐷𝒖)2 − 1

2
𝒉2(𝐷𝒃)(𝐷𝒖)𝒖 + 1

2
𝒉(𝐷𝒃)2𝒖2

(132)

Theorem 7. Consider the semidiscretization (130) of the orig-
inal SGN equations without mild-slope approximation for varying
bathymetry (123) using a periodic first-derivative SBP operator 𝐷

with diagonal mass/norm matrix.

1. The total water mass 𝟏𝑇 𝑀𝒉 is conserved.

2. The total momentum 𝟏𝑇 𝑀𝒉𝒖 is conserved if the bathymetry
is constant.

3. The total energy 𝟏𝑇 𝑀𝑬 is conserved.

4. The semidiscretization is well-balanced, that is, it preserves
the steady state ℎ + 𝑏 ≡ const, 𝑢 ≡ 0.

Proof. This is a special case of the more general result
Theorem 8 below. ◽

Analogously, we can derive the upwind version of the split
form as

𝜕𝑡𝒉 + 𝒖𝐷𝒉 + 𝒉𝐷𝒖 = 𝟎(
𝒉 − 1

3
𝐷+𝒉

3𝐷− + 1
2

𝐷+𝒉
2(𝐷𝒃) − 1

2
𝒉2(𝐷𝒃)𝐷− + 𝒉(𝐷𝒃)2

)
𝜕𝑡𝒖

+ 𝑔𝐷𝒉(𝒉 + 𝒃) − 𝑔(𝒉 + 𝒃)𝐷𝒉 + 1
2
𝒉𝐷𝒖2 − 1

2
𝒖2𝐷𝒉 + 1

2
𝒖𝐷𝒉𝒖

− 1
2
𝒉𝒖𝐷𝒖 + 𝐷+𝒑+ + 𝐷𝒑0 +

3
2
𝒑+ + 𝒑0

𝒉
𝐷𝒃 + 𝝍𝐷𝒃 = 𝟎

𝒑+ = 1
2
𝒉3(𝐷𝒖)𝐷−𝒖 +

1
2
𝒉2(𝐷𝒉)𝒖𝐷−𝒖

− 1
4
𝒉2(𝐷𝒃)𝒖𝐷𝒖 − 1

4
𝒉(𝐷𝒉)(𝐷𝒃)𝒖2

𝒑0 = −1
6
𝒉𝐷(𝒉2𝒖𝐷𝒖) − 1

6
𝒉2𝒖𝐷(𝒉𝐷𝒖)

+ 1
4
𝒉𝐷(𝒉(𝐷𝒃)𝒖2) + 1

4
𝒉2𝒖𝐷 ((𝐷𝒃)𝒖)

𝝍 = 1
8

𝐷
(
𝒉(𝐷𝒃)𝒖2) + 1

8
𝒉𝒖𝐷 ((𝐷𝒃)𝒖) − 1

8
𝒉(𝐷𝒃)𝒖𝐷𝒖 − 1

8
(𝐷𝒉)(𝐷𝒃)𝒖2

(133)

Lemma 6. If the water height is positive, then the discrete oper-
ator

𝒉 − 1
3

𝐷+𝒉
3𝐷− + 1

2
𝐷+𝒉

2(𝐷𝒃) − 1
2
𝒉2(𝐷𝒃)𝐷− + 𝒉(𝐷𝒃)2 (134)

is symmetric and positive definite with respect to the diagonal mass
matrix 𝑀 .

Proof. Compared to Lemma 4, we have an additional term
+𝒉(𝐷𝒃)2∕4 in the operator, leading to an additional term
+||(𝐷𝒃)𝒗||2

𝒉𝑀
∕4 ≥ 0 in (114). ◽

The discrete total energy of the semidiscretization is 𝟏𝑇 𝑀𝑬,
where

𝑬 = 1
2

𝑔(𝒉 + 𝒃)2 + 1
2
𝒉𝒖2 + 1

6
𝒉
(
−𝒉𝐷−𝒖 +

3
2
𝒖𝐷𝒃

)2
+ 1

8
𝒉(𝒖𝐷𝒃)2

= 1
2

𝑔(𝒉 + 𝒃)2 + 1
2
𝒉𝒖2 + 1

6
𝒉3(𝐷−𝒖)2

− 1
2
𝒉2(𝐷𝒃)(𝐷−𝒖)𝒖 +

1
2
𝒉(𝐷𝒃)2𝒖2 (135)

Theorem 8. Consider the semidiscretization (133) of the orig-
inal SGN equations without mild-slope approximation for varying
bathymetry (123) with periodic first-derivative upwind SBP opera-
tors 𝐷± inducing the central operator 𝐷 = (𝐷+ + 𝐷−)∕2 with diag-
onal mass/norm matrix.

1. The total water mass 𝟏𝑇 𝑀𝒉 is conserved.

2. The total momentum 𝟏𝑇 𝑀𝒉𝒖 is conserved if the bathymetry
is constant.

3. The total energy 𝟏𝑇 𝑀𝑬 is conserved.

4. The semidiscretization is well-balanced, that is, it preserves
the steady state ℎ + 𝑏 ≡ const, 𝑢 ≡ 0.

Proof. Conservation of the total water mass and momentum as
well as preservation of the steady state follow as in Theorem 6.
Thus, we just check the rate of change of the total energy. Com-
pared to the mild-slope case in Theorem 6, we get the following
additional terms

• +(1∕8)
(
(𝐷𝒃)2𝒖2)𝑇

𝑀𝜕𝑡𝒉 from the additional energy term
and the rate of change of 𝒉

• +(1∕4)𝒖𝑇 𝑀𝒉(𝐷𝒃)𝜕𝑡𝒖 from the additional energy term and
the rate of change of 𝒖

• +𝒖𝑇 𝑀𝝍𝐷𝒃 = ((𝐷𝒃)𝒖)𝑇 𝑀𝝍 from the additional term
involving the bottom topography

The additional term involving the time derivative of 𝒖 is included
in the linear operator that we need to invert. Adding the remain-
ing terms yields(

(𝐷𝒃)2𝒖2)𝑇
𝑀𝜕𝑡𝒉 + 8𝒖𝑇 𝑀𝝍𝐷𝒃

=
(
(𝐷𝒃)2𝒖2)𝑇

𝑀𝒉𝐷𝒖 +
(
(𝐷𝒃)2𝒖2)𝑇

𝑀𝒖𝐷𝒉

+ ((𝐷𝒃)𝒖)𝑇 𝑀𝐷
(
𝒉(𝐷𝒃)𝒖2)

+ ((𝐷𝒃)𝒖)𝑇 𝑀𝒉𝒖𝐷 (𝒖(𝐷𝒃)) − ((𝐷𝒃)𝒖)𝑇 𝑀𝒉(𝐷𝒃)𝒖𝐷𝒖
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− ((𝐷𝒃)𝒖)𝑇 𝑀(𝐷𝒉)(𝐷𝒃)𝒖2

= 𝟏𝑇 𝑀𝒉(𝐷𝒃)2𝒖2(𝐷𝒖) + 𝟏𝑇 𝑀(𝐷𝒉)(𝐷𝒃)2𝒖3

+ ((𝐷𝒃)𝒖)𝑇 𝑀𝐷
(
𝒉(𝐷𝒃)𝒖2)

+
(
𝒉(𝐷𝒃)𝒖2)𝑇

𝑀𝐷 (𝒖(𝐷𝒃)) − 𝟏𝑇 𝑀𝒉(𝐷𝒃)2𝒖2(𝐷𝒖)

− 𝟏𝑇 𝑀(𝐷𝒉)(𝐷𝒃)2𝒖3 = 0

Thus, the total energy is conserved. ◽

10 | Artificial Viscosity Stabilization

When considering structure-preserving methods, and in partic-
ular entropy/energy-conservative methods, it is quite natural to
compare them to methods embedding some form of numerical
dissipation. As discussed in the introduction, it is unclear that
the notion of a dissipative weak solution should also apply to
dispersive equations such as those considered here. However,
when working on coarse meshes, as often in operational prac-
tice, one must be careful in controlling spurious modes related
to under-resolution, and some degree of dissipation may be jus-
tified. This is also the motivation to introduce the upwind SBP
operators of Section 2. So inspired by classical and more recent
works on spectral and high-order approximations with vanishing
viscosity [95–98] we consider the use of artificial viscosity (AV)
as a stabilization method. In particular, for all models studied, we
consider adding to the momentum equation a viscous term using
a classical formulation reading [99, 100]

ℎ𝑢𝑡 + · · · = (𝜇ℎ𝑢𝑥)𝑥 (136)

The viscosity definition is set having in mind the preservation of
the consistency of the underlying operators, and in particular for
a method of accuracy order 𝑝 we set

𝜇 = 𝐶
Δ𝑥𝑝

𝑝
(137)

where for simplicity the (dimensional) constant 𝐶 , has been set
to 1 in all experiments.

10.1 | Discretization With SBP Operators

In general, we will add to the right hand side of our discretization
a term 𝑭 𝜇:

𝒉𝜕𝑡𝒖 + · · · = 𝑭 𝜇 (138)

When using periodic central SBP operators, the artificial diffusion
term is approximated as

𝑭 𝜇 = 𝐷(𝜇𝒉𝐷𝒖) (139)

When using periodic upwind SBP operators, the artificial diffu-
sion term is approximated as

𝑭 𝜇 = 𝐷+(𝜇𝒉𝐷−𝒖) (140)

For these additional terms, we can prove the following simple
result:

Theorem 9. The discrete artificial viscosity terms (139) and
(140) verify the following two properties:

1. They do not alter momentum conservation: total energy
𝟏𝑇 𝑀𝑭 𝜇 = 0.

2. They provide a dissipative contribution to the energy balance:
𝒖𝑇 𝑀𝑭 𝜇 ≥ 0.

Proof. Result obtained combining (139) with (6), and (140)
with (7) respectively. ◽

The above proves that energy-preserving schemes become energy
stable when including the AV term.

11 | Numerical Experiments

The methods proposed in this work have been implemented in
Julia [101], using the packages SummationByPartsOperators.jl
[102] for the spatial discretizations and OrdinaryDiffEq.jl [103]
for time integration. The Fourier pseudospectral methods use
FFTW wrapped in FFTW.jl [104] in Julia. The sparse linear sys-
tems are solved using a direct solver of SuiteSparse [105–107]
available in Julia. We use the ITP method [108] implemented in
SimpleNonlinearSolve.jl [109] to compute the relaxation param-
eter 𝛾 for energy-conservative time integration methods. We use
Plots.jl [110] to visualize the results. All source code to reproduce
our numerical results is available online [111].

Time integration is performed using explicit Runge–Kutta meth-
ods with error-based step size control [112–115]. If not described
otherwise, we choose relative and absolute tolerances 10−5.
For the original Serre–Green–Naghdi equations, we use the
fifth-order Runge–Kutta method of [116]. For the hyperbolic
approximation, we use the third-order Runge–Kutta method of
[114] that was optimized for discretizations of hyperbolic con-
servation laws when the time step size is constrained by stability
instead of accuracy.

Throughout this article, we use SI units for all quantities. The
gravitational constant is set to 𝑔 = 9.81 m/s2. We apply periodic
boundary conditions for all experiments since we have not ana-
lyzed the energy for other boundary conditions. When necessary
larger domain sizes are used avoid the effects of inconsistent val-
ues on the left/right domain boundaries. We initialize the hyper-
bolic approximation with the water height and velocity of the
SGN equations, and the auxiliary variables

𝜼 = 𝒉, 𝒘 = −𝒉𝐷𝒖 (141)

The main steps of the simulations are summarized in the
flowcharts in Figure 1. The main difference in the computa-
tional complexity comes from the necessity to solve an elliptic
system for the original SGN equations versus having to deal with
more variables and stiffer systems (if 𝜆 ≫ 1) for the hyperbolic
approximation.

11.1 | Convergence Studies

Since we are interested in the spatial error of the methods, we
use the fifth-order Runge–Kutta method of [116] with stricter
tolerances 10−9 for the convergence experiments reported in
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FIGURE 1 | Flowcharts summarizing the main algorithmic steps of the simulations based on the original SGN equations (left) and the hyperbolic
approximation (right).

this section. To compute the experimental order of convergence
(EOC), we use the formula

EOC = −
log(𝑒2∕𝑒1)

log(𝑁2∕𝑁1)
(142)

where 𝑒𝑖 and 𝑁𝑖 are measures of the error and the discretization
size for two consecutive grid refinements. For finite difference
methods, we use the number of nodes as discretization size 𝑁 .

11.1.1 | Solitary Waves of the SGN Equations

The exact solitary wave for the SGN equations has depth and
depth-averaged velocities given by

ℎ𝑒 = ℎ∞
(
1 + 𝜀sech2 (𝜅(𝑥 − 𝐶𝑡))

)
, 𝑢𝑒 = 𝐶

(
1 −

ℎ∞

ℎ

)
(143)

where 𝜀 = 𝐴∕ℎ∞ with 𝐴 the soliton amplitude, and where

𝜅2 = 3𝜀

4ℎ2
∞(1 + 𝜀)

, 𝐶2 = 𝑔ℎ∞(1 + 𝜀) (144)

This is a solution of the classical SGN equations. When using it for
the hyperbolic system, a possible choice to initialize the auxiliary
variables, at least for 𝜆 large enough, is

𝜂(𝑡 = 0, 𝑥) = ℎ𝑒(0) , 𝑤(𝑡 = 0, 𝑥) = −ℎ𝑒(0)𝑢′𝑒(0) (145)

If not stated otherwise, we use the following parameters for the
solitary wave:

ℎ∞ = 1, 𝐴 = 0.2ℎ∞ (146)

For the convergence experiments in this section, we choose the
domain [−50, 50] with periodic boundary conditions and a time
interval such that the wave travels through the domain once.

Figure 2 shows the errors of the numerical solutions measured
with respect to the soliton solution of the Serre–Green–Naghdi
equations for finite difference methods with different orders of
accuracy, including methods with (high order) artificial viscosity.
The EOC matches the expected order of accuracy. For this case
artificial viscosity leads to an increase in the absolute value of the
error by a factor in between ≈ 2–5.

For the hyperbolic approximation, the EOC matches the expected
order of accuracy for the second-order method when using 𝜆 =
104. For the fourth-order method 𝜆 = 106, it is necessary to obtain
the proper rates for the water height, but even with this value, the
convergence rates are a bit smaller for the velocity. A larger value
of 𝜆 may allow to correct this. For completeness, we also study the
convergence when increasing the value of the parameter 𝜆. The
results are summarized in Table 1. The EOC of the water height
is unity. The velocity converges as well, but with a reduced EOC,
especially for large 𝜆. The differences due to the artificial diffu-
sion are very small here.

11.1.2 | Manufactured Solution for the Hyperbolic
System

We use the method of manufactured solutions to check the imple-
mentation. We choose the solution

ℎ(𝑡, 𝑥) = 7 + 2 cos(2𝜋𝑥) + cos(2𝜋𝑥 − 4𝜋𝑡)

𝑢(𝑡, 𝑥) = sin(2𝜋𝑥 − 𝜋𝑡)

𝜂(𝑡, 𝑥) = ℎ(𝑡, 𝑥)

𝑤(𝑡, 𝑥) = −ℎ(𝑡, 𝑥)𝜕𝑥𝑢(𝑡, 𝑥)

𝑏 = −5 − 2 cos(2𝜋𝑥) (147)

and add source terms to the equations so that the equations are
satisfied for the manufactured solutions. We consider the grid
convergence of the error at the final time 𝑡 = 1 on a domain of
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FIGURE 2 | Convergence results using finite difference semidiscretizations with 𝑁 nodes applied to the solitary wave of the Serre–Green–Naghdi
equations. (a) Depth convergence, SBP operators of order 2. (b) Velocity convergence, SBP operators of order 2. (c) Depth convergence, SBP operators
of order 4. (d) Velocity convergence, SBP operators of order 4.

TABLE 1 | Convergence results when increasing the parameter 𝜆

of the hyperbolic approximation using eighth-order finite difference
semidiscretizations with 𝑁 = 500 nodes applied to the solitary wave of
the Serre–Green–Naghdi equations.

𝝀 𝑳2 err. 𝒉 EOC 𝒉 𝑳2 err. 𝒗 EOC 𝒗

(a) Central operators
102 2.85e−02 8.86e−02
103 2.89e−03 0.99 8.60e−03 1.01
104 2.91e−04 1.00 1.02e−03 0.92
105 2.93e−05 1.00 2.45e−04 0.62
106 2.92e−06 1.00 1.33e−04 0.26

(b) Central operators and artificial dissipation
102 2.85e−02 8.86e−02
103 2.89e−03 0.99 8.60e−03 1.01
104 2.91e−04 1.00 1.02e−03 0.92
105 2.94e−05 1.00 2.45e−04 0.62
106 3.10e−06 0.98 1.41e−04 0.24

width 1. The results shown in Figure 3 confirm the expected
order of accuracy for the finite difference semidiscretizations. For
this test, the difference brought by adding artificial dissipation is
orders of magnitude smaller than the errors itself, and the con-
vergence curves are essentially superposed.

11.2 | Qualitative Comparison of Upwind
and Central Methods

To point out the different behavior of upwind and central finite
difference methods for solving the elliptic equations, we compare
numerical results for a Gaussian initial condition.

11.2.1 | Qualitative Comparison: Flat Bathymetry

First, we consider the initial condition

ℎ(𝑥, 0) = 1 + exp(−𝑥2), 𝑢(𝑥, 𝑢) = 10−2, 𝑏(𝑥) = 0 (148)

and discretize the domain [−150, 150] with second-order finite
differences. We use the fifth-order Runge–Kutta method of [116]
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FIGURE 3 | Grid convergence to the manufactured solution for the hyperbolic system results using finite difference semidiscretizations of different
orders and 𝜆 = 500. (a) Depth error convergence, (b) Velocity error convergence.

FIGURE 4 | Numerical solutions for the initial condition (148). These reference solutions are all visually converged on the same grid with 𝑁 = 3000
nodes using second-order central finite difference methods. (a) Hyperbolic approximation with 𝜆 = 500. (b) Original Serre–Green–Naghdi equations.
(c) Serre–Green–Naghdi with artificial diffusion.

FIGURE 5 | Numerical solutions obtained with second-order finite difference methods with 𝑁 = 500 nodes for the original Serre–Green–Naghdi
equations for the same setup as in Figure 4. (a) Central operators. (b) Upwind operators. (c) Central operators plus AV.

with tolerances 10−5 for the time interval [0, 35]. Reference solu-
tions are shown in Figure 4. All the methods considered in this
section are visually fully converged with the same number of
nodes 𝑁 = 3000.

Next, we compare three approaches for the original Serre–
Green–Naghdi equations with only 𝑁 = 500 nodes: central
SBP operators, upwind SBP operators, and central SBP plus
artificial viscosity. The results are shown in Figure 5. The central

discretization of the Laplacian leads to spurious oscillations
due to under-resolution. These oscillations, absent in the mesh-
resolved solutions, are completely removed by the upwind
structure-preserving discretization. Artificial viscosity allows for
removal of some of the oscillations, but also damps the solution
everywhere, as visible from the lower water heights obtained.
This qualitative difference is in accordance with the behavior of
central (wide-stencil) and upwind (narrow-stencil) discretiza-
tions of several time-dependent problems [66, 68] including
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other systems of dispersive wave equations [36]. For the effects
of numerical dissipation one can instead refer to [7].

11.2.2 | Qualitative Comparison: Variable
Bathymetry

Next, we use a variable bathymetry and

ℎ(𝑥, 0) = 1 + exp(−𝑥2) − 𝑏(𝑥), 𝑢(𝑥, 𝑢) = 10−2

𝑏(𝑥) =
cos(𝜋𝑥∕75)

4
(149)

Reference solutions are shown in Figure 6. All methods are visu-
ally converged at the same level 𝑁 = 3000 nodes.

Numerical solutions obtained with second-order finite differ-
ence methods with 𝑁 = 500 nodes for the original Serre–
Green–Naghdi equations are shown in Figure 7. As before, the
central discretization of the Laplacian leads to spurious oscil-
lations. The oscillations are, in this case, removed in both the
upwind SBP method, which is structure-preserving, and using
artificial viscosity. However, as expected, on coarse meshes the
latter has a dramatic impact on the wave heights obtained, and
on the resolution of secondary waves.

11.3 | Conservation of Invariants

In this section, we check the conservation of the invariants, That
is, the total water mass and the total energy. We use again the
initial conditions and setups from Section 11.2 for constant and
variable bathymetry.

11.3.1 | Conservation of Invariants: Flat Bathymetry

The conservation of mass, momentum, and energy is measured
on the test of Section 11.2. We use second-order finite differences
with 𝑁 = 1000 nodes, in the spatial domain [−150, 150], on the
time interval 𝑡 ∈ [0, 35]. The results are shown in Table 2. For all
systems, the linear invariant (total water mass) is conserved up
to machine accuracy. For the structure-preserving semidiscretiza-
tions, the total energy error decreases with the time step size, and
the EOC matches the order of accuracy of the time integration
method. This is expected since, being a nonlinear invariant, total
energy is not conserved exactly by the time integration method.
For the original systems we obtain the same result for the momen-
tum, which is a nonlinear invariant due to the formulation using
ℎ𝑢𝑡. As already said, this could be avoided working with (ℎ𝑢)𝑡
but with considerable overheads in the solution of the elliptic
problem. In any case, the momentum EOC matches the order

FIGURE 6 | Numerical solutions for the initial condition (149). These reference solutions are all visually converged on the same grid with 𝑁 = 3000
nodes using second-order central finite difference methods. (a) Hyperbolic approximation with 𝜆 = 500, (b) Serre–Green–Naghdi equations (mild
slope), (c) Full Serre–Green–Naghdi equations, (d) Full Serre–Green–Naghdi plus artificial dissipation.
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(a) (b)

(c) (d) (e)

FIGURE 7 | Numerical solutions obtained with second-order finite difference methods with 𝑁 = 500 nodes for the original Serre–Green–Naghdi
equations for the same setup as in Figure 6. (a) Central operators, mild slope. (b) Central operators, full system. (c) Upwind operators, mild slope. (d)
Upwind operators, full system. (e) Central + AV, full system.

of accuracy of the time discretization. Conversely, the momen-
tum error for the hyperbolic approximation is the same for all Δ𝑡s
since in this case the semidiscretization in space is nonmomen-
tum conserving. The results including AV show a finite defect
in the energy integral, independent of the time step. This error
is given by ∫ 𝜇(Δ𝑥, 𝑝)ℎ(𝑢𝑥)2 at the final time, and reduces when
passing from order 2 to order 4 as shown in the tables.

11.3.2 | Conservation of Invariants: Variable
Bathymetry

Next, we use a variable bathymetry as in (149). The other param-
eters are still the same as before. The results shown in Table 3
show similar behavior to the constant bathymetry case. To save
space we do note report here the errors when including artifi-
cial dissipation, which also behave very similarly as in the pre-
vious sub-section. We do report a table with the energy errors at
final time 𝑡 = 35 for second- and fourth-order schemes showing
some small dependence of the error on the formulation, but again
mostly on the order (and mesh).

11.4 | Well-Balancedness

We also check the well-balancedness of the methods. For this, we
use the initial condition

ℎ(𝑥, 0) = 1 − 𝑏(𝑥), 𝑢(𝑥, 𝑢) = 0, 𝑏(𝑥) =
cos(𝜋𝑥∕75)

4
(150)

in the interval [−150, 150] with 𝑁 = 1000 nodes. We report in
Table 4 the results obtained without artificial viscosity. The ones
obtained with this term added are identical down to machine
accuracy and are omitted to save space. The results shown con-
firm the well-balancedness of the semidiscretizations.

11.5 | Error Growth of Solitons of the
Serre–Green–Naghdi Equations

We study the error growth in long-time simulations of solitary
waves. We use the setup of Section 11.1.1, and apply Fourier pseu-
dospectral methods in space with 𝑁 = 27 nodes. We choose the
final time such that the soliton has traveled through the domain
20 times. We solve the nonlinear scalar equation for relaxation
to conserve the energy using the ITP method [108]. The results
are shown in Figure 8. Energy is only conserved exactly with
relaxation, and in this case, it is conserved up to the accuracy
of the nonlinear scalar solver. In this case, we also see a lin-
ear growth in time of the error, while the error of the baseline
structure-preserving method grows quadratically. This behavior
has also been observed for other nonlinear dispersive systems
[38, 117, 118]. It can be explained using the theory of relative
equilibrium solutions [119]: the SGN equations can be expressed
as a Hamiltonian system [120] with the total energy as Hamil-
tonian . However, there is another invariant  of the SGN
equations and solitary wave solutions are critical points of the
functional  − 𝑐 [120]. Thus, the basic structure of relative
equilibrium solutions of [119] is satisfied, and we can expect
a quadratic error growth for general time integration meth-
ods and a linear error growth for methods conserving the total
energy.

11.6 | Riemann Problem

We consider a Riemann problem following the setup by [91]. We
use a smoothed initial profile

ℎ(𝑥, 0) = ℎ𝑅 +
ℎ𝐿 − ℎ𝑅

2
(1 − tanh(𝑥∕𝛼)) , 𝑢(𝑥, 0) = 0 (151)
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TABLE 2 | Conservation of invariants (error “Er” of water mass ∫ ℎ,
momentum ∫ ℎ𝑢, and energy ∫ 𝐸) for constant bathymetry.

(a) Hyperbolic approximation 𝝀 = 500.

𝚫𝒕 Er ∫ 𝒉 Er ∫ 𝒉𝒖 Er ∫ 𝑬 EOC

0.0100 2.3e−13 1.7e−07 6.4e−06

0.0050 2.3e−13 1.7e−07 3.3e−07 4.28

0.0020 2.8e−13 1.7e−07 3.8e−09 4.88

0.0010 2.8e−13 1.7e−07 1.2e−10 4.96

0.0005 4.5e−13 1.7e−07 7.3e−12 4.05

(b) Hyperbolic approximation with 𝝀 = 500 and

AV (error of energy with orders 2 and 4).

𝚫𝒕 Er ∫ ℎ Er ∫ ℎ𝑢

Er ∫ 𝑬

O2 O4

0.0100 2.3e−13 1.5e−07 1.4 8.9e−02

0.0050 2.3e−13 1.5e−07 1.4 8.9e−02

0.0020 2.8e−13 1.5e−07 1.4 8.9e−02

0.0010 2.8e−13 1.5e−07 1.4 8.9e−02

0.0005 4.0e−13 1.5e−07 1.4 8.9e−02

(c) Original Serre–Green–Naghdi equations with

central operators.

𝚫𝒕 Er ∫ 𝒉 Er ∫ 𝒉𝒖 EOC Er ∫ 𝑬 EOC

0.150 1.1e−13 1.5e−06 2.8e−04

0.050 2.3e−13 4.1e−09 5.35 1.1e−06 5.06

0.020 2.8e−13 5.4e−11 4.73 1.4e−08 4.76

0.010 4.5e−13 1.8e−12 4.95 4.4e−10 4.94

0.005 7.4e−13 3.5e−14 5.65 2.0e−11 4.43

(d) Original Serre–Green–Naghdi equations with

central operators and AV (error of energy with orders 2 and 4).

𝚫𝒕 Er ∫ ℎ Er ∫ ℎ𝑢 EOC

Er ∫ 𝑬

O2 O4

0.150 1.1e−13 8.2e−07 1.4 8.7e−02

0.050 1.7e−13 2.7e−09 5.19 1.4 8.8e−02

0.020 2.8e−13 3.4e−11 4.77 1.4 8.8e−02

0.010 4.5e−13 1.1e−12 4.96 1.4 8.8e−02

0.005 7.4e−13 4.1e−14 4.76 1.4 8.8e−02

(e) Original Serre–Green–Naghdi equations with upwind operators.

𝚫𝒕 Er ∫ 𝒉 Er ∫ 𝒉𝒖 EOC Er ∫ 𝑬 EOC

0.150 1.1e−13 1.7e−05 2.1e−04

0.050 2.3e−13 1.2e−08 6.57 9.7e−07 4.88

0.020 2.8e−13 9.8e−11 5.27 1.2e−08 4.78

0.010 4.0e−13 4.4e−12 4.46 4.0e−10 4.95

0.005 7.4e−13 1.7e−13 4.69 1.9e−11 4.39

(f) Original Serre–Green–Naghdi equations with

upwind operators and AV (error of energy with orders 2 and 4).

𝚫𝒕 Er ∫ ℎ Er ∫ ℎ𝑢 EOC

Er ∫ 𝑬

O2 O4

0.150 2.3e−13 1.4e−05 1.3 8.1e−02

0.050 2.3e−13 1.1e−08 6.50 1.3 8.1e−02

0.020 3.4e−13 4.4e−11 6.03 1.3 8.1e−02

0.010 4.0e−13 2.5e−12 4.12 1.3 8.1e−02

0.005 6.8e−13 9.5e−14 4.73 1.3 8.1e−02

TABLE 3 | Conservation of invariants (errors “Er” of water mass
∫ ℎ and energy ∫ 𝐸) for variable bathymetry. The spatial discretizations
use second-order finite differences with 𝑁 = 1000 nodes in the interval
[−150, 150].

Formulation Er ∫ 𝑬

O2 O4

(a) Conservation of energy for second- and fourth-order
finite difference schemes with AV.
Hyp. 𝜆 = 500 1.20 7.49e−02
Orig. mild slope central 1.20 7.27e−02
Orig. mild slope upwind 1.19 7.27e−02
Orig. full central 1.20 7.27e−02
Orig. full upwind 1.19 7.27e−02

𝚫𝒕 Er ∫ 𝒉 Er ∫ 𝑬 EOC

(b) Hyperbolic approximation with 𝛌 = 𝟓𝟎𝟎.
0.0100 2.3e−13 6.5e−06
0.0050 2.3e−13 3.8e−07 4.12
0.0020 2.3e−13 4.4e−09 4.87
0.0010 3.4e−13 1.4e−10 4.97
0.0005 2.8e−13 5.5e−12 4.68

(c) Serre–Green–Naghdi equations (mild slope) with
central operators.
0.150 2.3e−13 8.9e−04
0.050 2.3e−13 1.4e−06 5.84
0.020 2.3e−13 2.1e−08 4.62
0.010 2.3e−13 6.9e−10 4.93
0.005 2.8e−13 2.2e−11 4.97

(d) Serre–Green–Naghdi equations (mild slope) with
upwind operators.
0.150 1.7e−13 6.5e−04
0.050 2.3e−13 1.2e−06 5.70
0.020 2.3e−13 1.7e−08 4.65
0.010 2.3e−13 5.7e−10 4.94
0.005 2.3e−13 1.9e−11 4.94

(e) Full Serre–Green–Naghdi equations with central
operators.
0.150 2.3e−13 8.9e−04
0.050 2.3e−13 1.4e−06 5.84
0.020 2.3e−13 2.1e−08 4.62
0.010 2.3e−13 6.9e−10 4.94
0.005 3.4e−13 2.2e−11 4.94

(f) Full Serre–Green–Naghdi equations with upwind
operators.
0.150 1.7e−13 6.5e−04
0.050 2.3e−13 1.2e−06 5.70
0.020 2.3e−13 1.7e−08 4.65
0.010 2.3e−13 5.7e−10 4.93
0.005 2.8e−13 1.9e−11 4.89
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TABLE 4 | Discrete 𝐿2 norm of the ODE RHS for the
well-balancedness test case discretized with central finite difference
methods of different orders of accuracy 𝑝.

Order 𝒑 𝒉 𝒗 𝒘 𝜼

(a) Hyperbolic approximation with 𝛌 = 𝟓𝟎𝟎.
2 0.0e+00 1.9e−14 0.0e+00 0.0e+00
4 0.0e+00 2.6e−14 0.0e+00 0.0e+00
6 0.0e+00 3.0e−14 0.0e+00 0.0e+00

(b) Hyperbolic approximation with 𝛌 = 𝟓𝟎𝟎𝟎.
2 0.0e+00 1.9e−14 0.0e+00 0.0e+00
4 0.0e+00 2.6e−14 0.0e+00 0.0e+00
6 0.0e+00 3.0e−14 0.0e+00 0.0e+00

𝒑 𝒉 𝒗

(c) Mild slope Serre–Green–Naghdi, central operators
2 0.0e+00 5.2e−15
4 0.0e+00 5.5e−15
6 0.0e+00 5.9e−15

(d) Mild slope Serre–Green–Naghdi, upwind operators
2 0.0e+00 4.2e−15
4 0.0e+00 5.0e−15
6 0.0e+00 5.2e−15

(e) Full Serre–Green–Naghdi, central operators
2 0.0e+00 5.2e−15
4 0.0e+00 5.5e−15
6 0.0e+00 5.9e−15

(f) Full Serre–Green–Naghdi, upwind operators
2 0.0e+00 4.2e−15
4 0.0e+00 5.0e−15
6 0.0e+00 5.2e−15

with 𝛼 = 2. The analysis of Riemann invariants of the
shallow-water system, coupled with the analysis of the Whitham
system for the SGN equations [41, 42, 44, 91] allow to recover
the approximate values (ℎ∗, 𝑢∗) of the mean flow dividing the
rarefaction wave and the dispersive shock zones as

ℎ∗ =
(
√

ℎ𝐿 +
√

ℎ𝑅)2

4
, 𝑢∗ = 2

(√
𝑔ℎ∗ −

√
𝑔ℎ𝑅

)
𝑎+ = 𝛿0 −

1
12

𝛿2
0 + 𝑂(𝛿3

0) (152)

where 𝑎+ is the second-order asymptotic approximation of the
amplitude of the leading soliton and 𝛿0 = |ℎ𝑅 − ℎ𝐿|. We take
ℎ𝐿 = 1.8 and ℎ𝑅 = 1.0, and solve the problem until time 𝑡 =
47.434 on a large domain [−600, 600]. Only the results in the
interval [−300, 300] are retained. Figure 9 shows solutions for
the hyperbolic approximation and the original SGN equations
obtained with structure-preserving central finite difference oper-
ators. The results from the two systems agree very well with
each other, the analytical predictions, and the numerical results
of [44, 121].

11.7 | Soliton Fission

Next, we study the long-time behavior of a dispersive shock wave.
We use the initial condition

ℎ(𝑥, 0) =

{
1.8, |𝑥| < 1
1.0, otherwise

𝑢(𝑥, 0) = 0 (153)

and discretize the spatial domain [−500, 500] with 103 nodes
using central second-order finite differences. We integrate the
numerical solutions until 𝑡 = 118, and analyze the leading waves
in the interval [390, 500]. We take the values where the water
height ℎ is greater than a threshold of 1.001 and fit the ana-
lytical Serre–Green–Naghdi solitons to them. For this, we
take the median of the remaining values of ℎ as a baseline
and use a Nelder–Mead method [122, 123] implemented in
Optim.jl/Optimization.jl [124, 125] to compute a least-squares
solution.

The results are shown in Figure 10. For both the hyper-
bolic approximation and the discretization of the original SGN
equations, the numerical solutions agree very well with the fit-
ted analytical soliton waves. The differences between the numer-
ical solutions and the fits are roughly two orders of magnitude
smaller than the amplitude of the waves. To show the impact of
numerical viscosity on such long-time computations, we also plot
the results of the original SGN equations plus artificial diffusion.
The corresponding results with the hyperbolic model are visually
identical. We can see that not only is the height of the first wave
is much underestimated, but also its position, certainly due to the
dependence of the celerity of the leading wave on its amplitude.
The optimization method does recognize a half soliton shape in
the leading front. This behavior is further investigated and com-
mented on in the following section.

11.8 | Favre Waves

The propagation of undular bores, also known as Favre waves,
is a classical problem, see, for example, [5, 14], and references
therein, for which well-known experiments exist [8, 126]. The
initial setup considered here follows, for example, [5, 7]. The ini-
tial solution is obtained by a smoothed discontinuity (cf. also
Figure 11)

ℎ(𝑥, 𝑡 = 0) ∶= ℎ0 +
[[ℎ]]

2

{
1 − tanh

(𝑥 − 𝑥0

𝛼

)}
𝑢(𝑥, 𝑡 = 0) ∶= 𝑢0 +

[[𝑢]]
2

{
1 − tanh

(𝑥 − 𝑥0

𝛼

)}
where

[[ℎ]] ∶= 𝜀ℎ0

with 𝜀 the nonlinearity, and with [ [𝑢] ] satisfying the
shallow-water Rankine-Hugoniot relations, and in particular

[[𝑢]] =

√
𝑔

ℎ1 + ℎ0

2ℎ0ℎ1
[[ℎ]]

We refer the reader to [5, 7] for further details on the setup.
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FIGURE 8 | Long-time soliton propagation for the Serre–Green–Naghdi equations. Energy-conserving Fourier pseudospectral methods, and
fifth-order Runge–Kutta method of [116] with and without relaxation to conserve the energy. Top: discrete 𝐿2 errors of the numerical solutions. Bottom:
energy error after 20 periods. (a) Error without relaxation. (b) Error with relaxation. (c) Energy without relaxation. (d) Energy with relaxation.

FIGURE 9 | Riemann problem using structure-preserving second-order finite differences with Δ𝑥 = 0.3. The intermediate water height ℎ∗ = 1.37
and amplitude ℎ𝑚 = 1.74 of the leading dispersive wave are in accordance with analytical predictions and numerical results [44, 121]. (a) Hyperbolic
approximation with 𝜆 = 500. (b) Serre–Green–Naghdi equations.
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FIGURE 10 | Leading soliton waves obtained from the rectangular initial condition discretized with second-order finite differences with Δ𝑥 = 1.
Left: hyperbolic approximation with 𝜆 = 500. Center: original Serre–Green–Naghdi model. Right: original Serre–Green–Naghdi model with numerical
dissipation. Top: water height and soliton fits. Bottom: soliton fit error.

FIGURE 11 | Favre waves: Undular bore sketch, and definition of
amplitudes 𝑎min ∕max and wavelength 𝜆.

As in [5, 7] we consider at first the short-time bore evolution
for three values of the non-linearity 𝜀 ∈ {0.1, 0.2, 0.3}. The
free-surface elevation for different values of the dimension-
less time 𝑡 ∶= 𝑡

√
𝑔∕ℎ0 is compared to fully nonlinear potential

solutions from [14]. The results obtained with fourth-order
structure-preserving finite differences on a relatively coarse
mesh with Δ𝑥 = 0.125 are shown in Figures 12 and 13. Our
results compare well with the fully nonlinear potential solutions,
and to those of [5]. For larger values like 𝜀 = 0.3 some limita-
tions, related to the weakly dispersive character of the model
itself, can be seen. The value 𝜆 = 500 seems again large enough
for the hyperbolic approximation and the original formulations
to give visually indistinguishable results. For completeness, we

also report in each picture the results obtained with artificial
viscosity. For these short-time simulations we cannot see any
impact of numerical dissipation.

11.8.1 | Long-Time Propagation

As shown in [7, 39, 40] this problem is extremely sensitive to the
presence of dissipative processes such as friction or viscous reg-
ularization. In absence of dissipation, soliton fission occurs. Dis-
sipation generates undular bores of lower amplitudes and finite
wavelength. This fact is also known, for simpler models such as
KdV and BBM, from the modulation theory [127]. As it turns out,
numerical dissipation plays exactly the same role, which may lead
to gross underestimations of the wave heights on coarse meshes
as the results in [7] demonstrate.

To investigate this aspect, we consider the propagation for a large
dimensionless time 𝑡 = 1500. To save space, we only consider the
solution of the system in its original formulation, but similar con-
clusions are obtained when solving the hyperbolic approxima-
tion. The spatial domain considered is now [−3000, 3000] and
the initial discontinuity is set at 𝑥0 = −1000. We plot two sets of
results using second- and fourth-order schemes. The bore front is
visualized in Figure 14 for second-order schemes, and Figure 15
for fourth-order ones. From these figures we can see that the first
solitary wave is already resolved on the coarsest mesh for the
structure-preserving schemes. In the second-order case, a phase
error is observed for the secondary waves, as one might expect due
to the impact of discrete dispersion. However, the amplitudes are
close to the finer mesh solution.

The fourth-order structure-preserving schemes have already
resolved the solution on the coarsest mesh. The schemes with
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FIGURE 12 | Favre wave: Hyperbolic formulation with 𝜆 = 500, and grid spacing Δ𝑥 = 0.125. Numerical solutions (solid lines) with nonlinearity
𝜀 = 0.1 (left), 𝜀 = 0.2 (center), and 𝜀 = 0.3 (right). Top: energy-conservative fourth-order finite differences with central operators. Bottom: fourth-order
finite differences with central operators and artificial viscosity. The dashed lines show the fully nonlinear potential solutions from [14].

FIGURE 13 | Favre wave: Original SGN system, and grid spacing Δ𝑥 = 0.125. Numerical solutions (solid lines) with nonlinearity 𝜀 = 0.1 (left), 𝜀 =
0.2 (center), and 𝜀 = 0.3 (right). Top: energy-conservative fourth-order finite differences with central operators. Bottom: fourth-order finite differences
with central operators and artificial viscosity. The dashed lines show the fully nonlinear potential solutions from [14].

artificial viscosity behave much like in presence of a viscous regu-
larization [39, 40], with much lower amplitudes and no fission of
solitons. In the fourth-order case, doubling the number of nodes
allows to obtain a reasonable prediction of wave height and posi-
tion. In the second-order case even with two refinements the dis-
sipative method still provides large amplitude underestimations.

These observations are confirmed by the plots of the maxi-
mum amplitude in Figures 16 and 17. The structure-preserving
schemes already provide on the coarsest mesh an excellent
approximation of the converged height. We can see that two

more refinements would be required with a second-order scheme
to match this value, while one refinement is required when
using a fourth-order method. These results are qualitatively in
line with those of [7]. They generalize such results to genuinely
structure-preserving discretizations of the Serre–Green–Naghdi
equations. We refer to the last reference for similar results when
physical dissipation (friction) is included.

We do not show the wave lengths 𝜆 of the Favre waves, since they
increase over time (in the absence of friction/dissipation). This is
in accordance with the results we have observed for the soliton
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FIGURE 14 | Favre waves. Solutions of the original SGN system at dimensionless time 𝑡 = 1500 for nonlinearities 𝜀 = 0.1 (left), 𝜀 = 0.2 (center),
and 𝜀 = 0.3 (right). Top: structure-preserving second-order finite difference scheme. Bottom: second-order finite difference with artificial viscosity.

FIGURE 15 | Favre waves. Solutions of the original SGN system at dimensionless time 𝑡 = 1500 for nonlinearities 𝜀 = 0.1 (left), 𝜀 = 0.2 (center),
and 𝜀 = 0.3 (right). Top: structure-preserving fourth-order finite difference scheme. Bottom: fourth-order finite difference with artificial viscosity.

fission problem in Section 11.7. However, we compare for com-
pleteness the numerical maximal amplitudes 𝑎max with the data
by [8, 126]. To this end, we compute 𝑎max for different Froude
numbers

Fr = 𝜎√
𝑔ℎ0

=
√
(1 + 𝜀)(1 + 𝜀∕2)

by choosing 𝜀 ∈ {0.02, 0.06, 0.10, . . . , 0.30} for Δ𝑥 = 0.02, where
𝜎 is the nondispersive/average bore speed. We stop the simu-
lations when the first wave (with amplitude 𝑎max) has travelled
roughly the same distance as in the experiments, that is, 63.5 m.
The results are shown in Figure 18. The numerical and experi-
mental data agree very well for Froude numbers Fr < 1.25. For

larger Froude numbers, wave-breaking modeling is required to
capture the correct amplitudes.

11.9 | Dingemans Experiment

In this section, we compare numerical results obtained with our
new energy-conserving methods with experimental data from
[128, 129]. This setup is similar to classical test cases such as [130]
that have been used to validate numerical models for water waves,
for example, [9, 131].

The initial setup as well as a numerical solution of the mild-slope
approximation are shown in Figure 19. The original experiment
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FIGURE 16 | Favre waves. Evolution of the maximum amplitude obtained from the original SGN system with nonlinearities 𝜀 = 0.1 (left), 𝜀 =
0.2 (center), and 𝜀 = 0.3 (right). Top: structure-preserving second-order finite difference scheme. Bottom: second-order finite difference with artificial
viscosity.

FIGURE 17 | Favre waves. Evolution of the maximum amplitude obtained from the original SGN system with nonlinearities 𝜀 = 0.1 (left), 𝜀 =
0.2 (center), and 𝜀 = 0.3 (right). Top: structure-preserving fourth-order finite difference scheme. Bottom: fourth-order finite difference with artificial
viscosity.

of Dingemans [128, 129] used a wave maker at 𝑥 = 0 to pro-
duce water waves with an initial amplitude of 𝐴 = 0.02 moving
to the right. For the numerical simulations, choose the spatial
domain [−140, 100] and initialize the numerical solution with
a sinusoidal perturbation of the still water height ℎ = 0.8 with
amplitude 𝐴 = 0.02. The phase of the perturbations and the cor-
responding velocity perturbation are chosen based on the disper-
sion relation of the Euler equations as in [35, 36]. The offset of the

perturbation is chosen manually such that the phase at the first
wave gauge matches the experimental data reasonably well.

The bottom is flat except a trapezoidal bar starting at 𝑥 = 11.01.
Between 𝑥 = 11.01 and 𝑥 = 23.04, the bottom increases linearly
from 𝑏 = 0 to 𝑏 = 0.6. The bottom has a small plateau between
𝑥 = 23.04 and 𝑥 = 27.04 with 𝑏 = 0.6 and decreases linearly from
𝑏 = 0.6 to 𝑏 = 0 between 𝑥 = 27.04 and 𝑥 = 33.07.
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(a) (b)

FIGURE 18 | Favre waves: Maximal amplitude 𝑎max against Froude number Fr = 𝜎∕
√

𝑔ℎ0. Comparison with experimental data of Favre [126] and
Treske [8]. Numerical results with fourth-order structure-preserving finite differences with central operators for the hyperbolic approximation and
upwind operators for the original Serre–Green–Naghdi equations. (a) Hyperbolic approximation with 𝜆 = 500. (b) Serre–Green–Naghdi equations.

FIGURE 19 | Initial setup and numerical solution at time 𝑡 = 40
obtained with fourth-order accurate upwind finite difference meth-
ods with Δ𝑥 = 0.24 applied to the mild-slope approximation of the
Serre–Green–Naghdi equations for the Dingemans experiment.

The values of the numerical solutions are compared to the experi-
mental data at six wave gauges in Figure 20. First, we observe that
the numerical solutions agree very well with each other—the
results obtained using the hyperbolic approximation and the orig-
inal SGN equations with/without mild-slope approximation are
nearly indistinguishable. Moreover, the numerical results agree
very well with the experimental data at the first three wave
gauges. The agreement is less good but still qualitatively correct
at the remaining wave gauges above and to the right of the plateau
of the trapezoidal bar. This is within the limitations of the model
used in terms of dispersion relation [32, 132]. However, the ampli-
tudes of the numerical solutions are still in agreement with the
experiments.

11.10 | Preliminary Comparison of Runtime
Efficiency

The relative computational costs of discretizations of the hyper-
bolic approximation and the original SGN equations depend
strongly on the parameter 𝜆. For most numerical results pre-
sented above, we have chosen 𝜆 = 500 as a compromise between
accuracy and computational costs since the numerical solutions
obtained with the hyperbolic approximation and this value of
the parameter 𝜆 are visually (nearly) indistinguishable from the
results obtained with the original SGN equations. The only excep-
tion is the Riemann problem in Section 11.6, where a value of
𝜆 = 1000 is required to obtain visually indistinguishable results.

To give a first impression of the computational costs of the meth-
ods, we benchmark the total runtime (wallclock time) required
to compute the numerical solutions from Sections 11.2 and 11.8
on a single core of a MacBook (M2 chip) using the Julia pack-
age BenchmarkTools.jl [133]. The results are reported in Table 5.
While we do not aim to present a detailed performance study
including the effects of various constraints and effects, the results
show that there is no significant difference between the two ver-
sions of the original SGN equations with variable bathymetry.
Moreover, the computational costs of the hyperbolic approxima-
tion appear to increase faster with the number of grid nodes
than the costs of the original system. In particular, the hyper-
bolic approximation with 𝜆 = 500 is faster than the original sys-
tem (by a factor of roughly three) for 𝑁 = 1000 nodes. For 𝑁 ∈
{2000, 3000}, the runtimes of the hyperbolic approximation with
𝜆 = 500 are still smaller than the runtimes of the original systems.
This changes around 𝑁 = 4000 nodes; for 𝑁 = 5000 nodes, the
original systems are faster than the hyperbolic approximation.

However, these performance benchmarks are done with the
research code we have implemented for this article. This code
is not optimized for performance. While we expect that the
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FIGURE 20 | Experimental data of [128, 129] and total water height ℎ + 𝑏 of the numerical solutions at the wave gauges over time obtained with
fourth-order accurate finite difference methods with Δ𝑥 = 0.24. The hyperbolic approximation uses 𝜆 = 500.

TABLE 5 | Benchmarks of the total runtime of the numerical solutions obtained with the hyperbolic approximation and the
original Serre-Green-Naghdi equations using finite differences with 𝑁 nodes.

(a) Setup of the conservation tests with variable bathymetry and second-order central operators (Sections 11.2 and 11.3).

𝑵 Hyperbolic Hyperbolic Original Original
(𝝀 = 500) (𝝀 = 1000) (mild slope) (full system)

1000 73.0 ± 21.0 ms 94.0 ± 3.3 ms 178.3 ± 2.3 ms 189.7 ± 4.2 ms
2000 234.0 ± 38.0 ms 301.1 ± 7.2 ms 359.1 ± 8.5 ms 378.0 ± 11.0 ms
3000 441.4 ± 4.9 ms 611.0 ± 18.0 ms 536.2 ± 7.4 ms 581.0 ± 29.0 ms
4000 776.8 ± 5.1 ms 1.089 ± 0.048 s 724.4 ± 3.0 ms 781.0 ± 32.0 ms
5000 1.345 ± 0.031 s 1.869 ± 0.051 s 967.0 ± 27.0 ms 941.0 ± 20.0 ms

(b) Setup of the Favre waves with 𝜺 = 0.2 and fourth-order central/upwind operators for the hyperbolic/original
equations (Section 11.8).

𝑵 Hyperbolic Hyperbolic Original Original Original
(𝝀 = 500) (𝝀 = 1000) (flat bottom) (mild slope) (full system)

1000 68.3 ± 2.5 ms 96.6 ± 5.2 ms 132.8 ± 4.1 ms 163.5 ± 6.1 ms 162.3 ± 1.9 ms
2000 236.0 ± 11.0 ms 339.0 ± 23.0 ms 300.1 ± 4.3 ms 358.5 ± 6.6 ms 382.0 ± 12.0 ms
3000 517.0 ± 40.0 ms 741.3 ± 3.9 ms 517.6 ± 5.8 ms 667.5 ± 4.8 ms 664.0 ± 13.0 ms
4000 1.1796 ± 0.0073 s 1.895 ± 0.014 s 753.0 ± 10.0 ms 964.0 ± 12.0 ms 971.4 ± 8.3 ms
5000 2.0021 ± 0.006 s 3.128 ± 0.025 s 1.109 ± 0.003 s 1.338 ± 0.009 s 1.368 ± 0.012 s
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efficiency of the hyperbolic version should be reasonably good,
the elliptic solves required for the original system is likely to
be suboptimal. In particular, most of the total runtime is spent
assembling (multiplying sparse/diagonal matrices) and solving
(Cholesky factorization of SuiteSparse) the elliptic problems.

12 | Summary and Conclusions

We have developed structure-preserving numerical methods
for the SGN equations in their original formulation and the
first-order hyperbolic approximation of [15, 22]. Starting with the
hyperbolic approximation for flat bathymetry in Section 5, we
have derived the methods for models with increasing complex-
ity, including variable bathymetry for the hyperbolic approxima-
tion (Section 7) and the original Serre–Green–Naghdi equations
(Sections 8 and 9). All methods conserve the total water mass, the
total energy, and are well-balanced with respect to the lake-at-rest
steady state. Moreover, the numerical methods discretizing the
original SGN equations conserve the total momentum for flat
bathymetry.

We have demonstrated the suitability of the novel structure-
preserving numerical methods in a range of numerical
experiments, including academic test cases, such as conver-
gence tests. We have also demonstrated the importance of
energy-conserving methods for long-time simulations of solitary
waves in Section 11.5, where energy conservation reduces the
error growth in time from quadratic to linear. Even without exact
preservation in time, we have also shown the impact of energy
conservation in providing correct predictions of wave heights
in long-time propagation. Moreover, we have shown that our
numerical methods reproduce experimental data, for example,
for Favre waves (Section 11.8) and the flow over a trapezoidal bar
(Section 11.9).

Preliminary performance benchmarks show that the hyperbolic
approximation can be very efficient on coarse meshes. On finer
meshes, the original formulations of the SGN equations are more
efficient (cf. Section 11.10).

Similar to Jouy et al. [7], we have found that structure-preserving
numerical methods for the SGN equations can efficiently cap-
ture the qualitatively correct behavior of water waves in a range
of scenarios. Compared to methods including artificial dissipa-
tion/viscosity, the energy-preserving methods show the correct
long-time behavior of the amplitude and shape of waves even
on coarse meshes with low-order discretizations. This poses the
question of the appropriateness of using entropy/energy dis-
sipation as a stability criterion. Certainly, structure-preserving
methods are a promising approach for the numerical simula-
tion of water waves on coarse meshes (required in practice) and
long-time simulations, typical of the operational context.

Our investigations can be extended in several directions. For
example, we could check whether there are more energy-
conservative split forms starting from the two-parameter family
of energy-conservative split forms of the classical shallow water
equations of [90]. Moreover, we could investigate the influence
of possible other split forms of the nonhydrostatic pressure term
of the Serre–Green–Naghdi equations, other upwind versions

of the nonhydrostatic pressure term, and more general narrow-
stencil second-derivative SBP operators instead of upwind opera-
tors, for example, in Lemma 4. Further extensions include other
boundary conditions, for example, a reflective/wall boundary
condition [134].
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