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Abstract

We study the geometry of the moduli space M4(P4) of rational normal curves
of degree 4 and its compactifications in the Hilbert scheme Hilb4n+1(P4), in
the moduli space of Kronecker modules of type (4, 2) and in the moduli space
M4n+2(P4) of semi-stable sheaves on P4 with Hilbert polynomial 4n+ 2. This
project is motivated by the work of Ch. Lehn, M. Lehn, Ch. Sorger and D. van
Straten, who constructed a family of holomorphic symplectic manifolds via a
contraction of the moduli space M3(Y ) of rational curves on a smooth cubic
fourfold that does not contain a plane.
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List of Abbreviations

E C-vector space of dimension 4

F C-vector space of dimension 2

V C-vector space of dimension 5 generated by linear
forms x0, . . . , x4

W set of Kronecker modules Hom(F,E ⊗ V )

W ss subset of semi-stable Kronecker modules is W
W s subset of stable Kronecker modules is W
K moduli space of semi-stable Kronecker modules of type

(4, 2)

Ks moduli space of stable Kronecker modules of type
(4, 2)

G group GL2 ×GL4/Γ acting on W

Gx stabilizer of x ∈ K w.r.t. the action of G
X �G good quotient of some variety X by a group G

Si stable stratum consisting of Kronecker modules whose
maximal minors define closed subschemes of dimen-
sion at least 2 in P4

Pi stratum consisting of strictly poly-stable Kronecker
modules

Bj
i resp. Bi stable strata consisting of Kronecker modules, whose

maximal minors define curves in P4

S union of the stable strata S1, S2, S3

P union of the strictly poly-stable strata P1, P2, P3

B union of the stable strata Bj
i resp. Bj

Hilb4n+1(P4) Hilbert scheme parametrising subschemes of P4 with
Hilbert polynomial P (n) = 4n+ 1

H0 component of Hilb4n+1(P4) that contains the rational
normal curve of degree 4 in P4

PF (n) Hilbert polynomial of a coherent sheaf F
pF (n) reduced Hilbert polynomial of a coherent sheaf F
M4n+2(P4) moduli space of semi-stable sheaves on P4 with Hilbert

polynomial 4n+ 2

M2n+1(P4) moduli space of stable sheaves on P4 with Hilbert poly-
nomial 2n+ 1

M4 component in M4n+2(P4) containing the cokernels of
the Kronecker modules whose minors define rational
normal curves of degree 4 in P4

S2(M2n+1(P4)) strictly poly-stable sheaves in M4n+2(P4) which are
direct sums of two sheaves in M2n+1(P4)

S2(M2n+1(P4))0 sheaves in S2(M2n+1(P4)) whose support is connected

exti(F ,G) dim Exti(F ,G)
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Introduction

One of the most interesting classes of complex projective manifolds are the irre-
ducible symplectic varieties. These are connected, simply connected projective
manifolds X carrying an everywhere non-degenerate holomorphic 2-form ω such
that

H0(X,Ω2
X) = C · ω.

In dimension 2, these manifolds are exactly the (projective) K3 surfaces. In
dimension at least 4 only a few examples are known so far, up to deformation:

Hilbert schemes of points on K3 surfaces, generalised Kummer varieties and
furthermore O’Grady constructed two sporadic examples in dimension 6 and
10 from moduli spaces of sheaves on K3 surfaces and abelian surfaces.

This thesis is part of a project aiming to understand the geometry of different
compactifications of the moduli space M4(Y ) of rational curves of degree 4 on
a smooth cubic fourfold Y ⊂ P5. It is expected that there is a birational model
of a compactification of M4(Y ) which admits a fibration onto a 10−dimensional
symplectic manifold X. Moreover X should carry a Lagrangian fibration
f : X → P5.

The space Md(Y ) of smooth rational curves of degree d on a smooth cubic
fourfold Y ⊂ P5 has been intensively studied in small degrees.

In case d = 1, Beauville and Donagi ([2]) showed that the moduli space M1(Y )
of lines is a smooth 4-dimensional holomorphic symplectic variety which is defor-
mation equivalent to the Hilbert scheme of 0-dimensional subschemes of length
2 of a K3 surface.

For d ≥ 2, Md(Y ) is no longer compact. De Jong and Starr studied its com-
pactifications Md(Y ) in the Hilbert schemes Hilbdn+1(Y ) in [4]. They show that
each desingularisation of the moduli spaces Md(Y ) carries a canonical 2-form
ωd with the following properties:
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For d ≥ 5 odd, ωd is generically non-degenerated, for d ≥ 6, the kernel of the
map TpMd(Y ) → T ∗pMd(Y ) which is induced by the 2-form ωd in the point p
for a very general point p, has dimension 1 and for d = 2, 3 and 4 the kernel
has dimension 3, 2 and 3 respectively.

We now consider the case d = 3: Let M3(Y ) be the compactification of the
moduli space M3(Y ) of twisted cubics on smooth cubic fourfolds in the Hilbert
scheme Hilb3n+1(P3). It was studied by Ch. Lehn, M. Lehn, Ch. Sorger and
D. van Straten in [20].
One of the main theorems of [20] is:

Theorem 1.1 (Lehn, Lehn, Sorger, van Straten) Let Y ⊂ P5 be a smooth
cubic hypersurface that does not contain a plane. Then the moduli space M3(Y )
is a smooth and irreducible projective variety of dimension 10.

Furthermore they constructed a contraction to an 8-dimensional symplectic
manifold. Concretely, if we denote by ω3 the holomorphic 2-form defined in [4]
by de Jong and Starr, then their result is

Theorem 1.2 (Lehn, Lehn, Sorger, van Straten) Let Y ⊂ P5 be a smooth
cubic hypersurface that does not contain a plane. Then there is a smooth 8-
dimensional irreducible holomorphic symplectic manifold Z and morphisms
u : M3(Y )→ Z and j : Y → Z such that the following holds

(a) The symplectic structure ω in Z satisfies u∗ω = ω3.

(b) The morphism j is a closed embedding of Y as a Lagrangian submanifold
in Z.

(c) The morphism u factors as follows:

M3(Y )
u //

a

""

Z

Z ′

σ

?? ,

where a : M3(Y )→ Z ′ is a P2-fibre bundle and σ : Z ′ → Z is the blow-up
of Z along Y .

(d) The topological Euler number of Z is e(Z) = 25650.

The Hilbert scheme Hilb4(S) for a K3 surface S also has Euler number 25650
and N. Addington and M. Lehn showed in [1] that the manifold Z is deformation
equivalent to the fourth Hilbert scheme of a K3 surface.

Lehn, Lehn, Sorger and van Straten made use in an essential way of the following
result ([26]):
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Theorem 1.3 (Piene, Schlessinger) (a) The Hilbert scheme Hilb3n+1(P3)
consists of two irreducible components H and H ′ of dimension 12 respec-
tively 15.

(b) H and H ′ are smooth, rational and intersect transversally in a divisor
J ⊂ H.

(c) The intersection J is non-singular, rational and has dimension 11.

There is an important difference between curves in H r J and in J : Curves in
HrJ are arithmetically Cohen-Macaulay and the curves in J are not. For any
curve in H r J there exists a (3× 2)−matrix, whose maximal minors generate
its homogeneous ideal. All curves in H r J are purely one-dimensional, but
might be non-reduced and reducible.

The curves associated to points in J are not even Cohen-Macaulay. The ho-
mogeneous ideal of such a curve is generated by three quadrics and a cubic
polynomial. These curves are plane cubic curves with a singularity and an
embedded point in the singularity.

The (3 × 2)-matrix is a special case of a Kronecker module. In general, a
Kronecker module of type (d, 2) is a linear map in

W := Hom(Cd,C2 ⊗ V ),

where V = 〈x0, . . . , xd〉 is the space of linear forms in Pd. On W there is an
action of the reductive group G := (GLd×GL2)/Γ, where Γ = {tId, tI2 | t ∈ C∗}.
Let W s resp. W ss denote the stable resp. semi-stable points of W with respect
to the action of G.

The case d = 3 was studied by Ellingsrud, Piene and Strømme. They found the
following connection between the moduli space of Kronecker modules of type
(3, 2) and the Hilbert scheme Hilb3n+1(P3).

With the notation above, there is a geometric quotient

K := W s �G = W ss �G,

which is smooth, projective and 12-dimensional. Moreover let

I ⊂ P(W )× P(W ∗)

denote the incidence variety of all pairs (p, V ) consisting of a point

p = {x0 = x1 = x2 = 0}

on a hyperplane V = {x0 = 0}. Ellingsrud, Piene and Strømme showed in
[8] that there is an isomorphism H ∼= BLI(K) from the component H of the
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Hilbert scheme Hilb3n+1(P3) to the blow-up of the geometric quotient of K in
I, which identifies J with the exceptional divisor.

Motivated by the importance of the theorem of Piene and Schlessinger for the
work of Lehn, Lehn, Sorger and van Straten, the study the Hilbert scheme
Hilb4n+1(P4) should be important for the understanding of M4(Y ). However,
not much is known about this Hilbert scheme so far. Martin-Deschamps and
Piene described in [22] the open subset of arithmetically Cohen-Macaulay curves
in the component of Hilb4n+1(P4) that contains the rational normal curves.

The first step of this project is therefore to study M4(P4) ⊂ Hilb4n+1(P4). The
reason is that any rational normal curve of degree 4 spans a hyperplane P4 in
P5.

In order to find a good compactification of the set of rational normal curves
of degree 4 in P4 and to study its properties, we consider the following three
moduli spaces

• the moduli space of semi-stable Kronecker modules of type (4, 2)

• the Hilbert scheme of curves in P4 with Hilbert polynomial 4n+ 1

• the moduli space of semi-stable sheaves on P4 with Hilbert polynomial
4n+ 2

and study the relations between these three moduli spaces.

In Chapter 2 we describe the moduli space K of semi-stable Kronecker modules
of type (4, 2).

In this case, the geometric invariant theory gives a good quotient K := W ss�G
of dimension 21, which is projective, normal and irreducible. But K is not
a geometric quotient since there are strictly semi-stable Kronecker modules
with dimension vector (4, 2) that are not poly-stable forcing the existence of
non-closed orbits. In the closure of any G-orbit that contains a semi-stable
Kronecker module, there exists by construction exactly one orbit of a strictly
poly-stable Kronecker module. In the good quotient K, a strictly semi-stable
Kronecker module is mapped to the same point as the strictly poly-stable Kro-
necker module in the closure of its orbit. So it suffices to consider poly-stable
G-orbits.

Furthermore the group PGL(V ) acts by coordinate transformation on K. In
Section 2.2 we will prove the following

Theorem 1.4 In the good quotient K = W ss �G there are
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(a) exactly the following 15 orbits with respect to the action of PGL(V ), that
consist of stable Kronecker modules:

B0, B1, B2, B
1
3 , B

2
3 , B

1
4 , B

1
5 , B

2
5 , B

3
5 , B6, B7, B10, S1, S2, S3,

and furthermore one stratum B2
4 which is a family of stable PGL(V )-orbits

parametrized by λ ∈ P1 r {0, 1,∞},

(b) exactly 3 orbits with respect to the action of PGL(V ) that consist of strictly
poly-stable Kronecker modules:

P1, P2, P3.

We will work out explicite representatives of any of these orbits.

Using the computer algebra system Singular ([5]) and the Luna slice theorem,
we compute the dimension of the orbits.
The singular locus of K turns out to be the union P of all strictly poly-stable
strata. P consists of the orbits of the block matrices of the form(

x0 x1 0 0
0 0 x3 x4

)t
,

(
x0 x1 0 0
0 0 x0 x3

)t
,

(
x0 x1 0 0
0 0 x0 x1

)t
.

The Kronecker modules of type (4, 2) have an important geometric interpre-
tation. The (2 × 2)-minors of the matrices that represent Kronecker modules
define closed subschemes in P4. For ”most” of the Kronecker modules in K,
these closed subschemes will be curves in P4 with Hilbert polynomial 4n + 1.
In this way we define a rational map

ΦKH : K 99K Hilb4n+1(P4).

More precisely, we obtain the following result:

Theorem 1.5 Let H0 be the irreducibel component of the Hilbert scheme
Hilb4n+1(P4) of curves in P4 with Hilbert polynomial 4n+ 1, that contains the
rational normal curves of degree 4. There is a rational map

ΦKH : K 99K H0 ⊂ Hilb4n+1(P4)

from the moduli space K of Kronecker modules of type (4, 2) into H0. A Kro-
necker module, represented by a matrix A, is mapped by ΦKH to the curve in
H0 which is defined by the vanishing of the (2× 2)-minors of A.
The map ΦKH is defined outside the strictly poly-stable locus P of K and the
union S of the three strata S1, S2, S3 of stable Kronecker modules whose maxi-
mal minors define closed subschemes of dimension 2.
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It is not possible to extend the rational map ΦKH across S and P , but we
can extend ΦKH after blowing-up K along S and ”partially” to the blow-up
of K along P . More specifically, we study the situation locally using Luna’s
slice theorem. For the poly-stable stratum P1, we construct a local model for
the singularities of K in any x ∈ P1 and also a model for a resolution of the
singularity. We extend the family of curves to this blow-up. This will be worked
out in Section 3.4.1.

For P2 we give in Section 3.4.2 a general procedure for the extension of the
family of curves. As P2 lies in the intersection of the closure of the strata P1

and all Si, the combinatorics are much more complicated in this case.

The situation in P3 is technically more complicated, since the stabilizer in
x ∈ P3 is SL2 instead of C∗. Consequently, we restrict ourselves to giving a
model for the singularities of K in P3 and omit the study of their blow-up.

Because of the difficulties to extend ΦKH on the blow-up of K along S ∪ P ,
we study in Chapter 4 a different compactification, namely the moduli space
M4n+2(P4) of semi-stable sheaves on P4 with Hilbert polynomial 4n + 2. The
motivation for choosing the Hilbert polynomial 4n+ 2 is the following:

Let Y ⊂ P5 be a cubic fourfold and D(Y ) the derived category of bounded
complexes of coherent sheaves on Y . Then the sheaves Li := OY (i) for i = 0, 1, 2
form an exceptional sequence, i.e. RHom(Li, Li) = C and RHom(Li, Lj) = 0 for
all 0 ≤ j < i ≤ 2. Moreover, by A we denote the right orthogonal complement

A := 〈L0, L1, L2〉⊥ = {a ∈ D(Y ) | RHom(Li, a) = 0 for all i = 0, 1, 2}

of this exceptional sequence.

Kuznetsov showed in [19] that A is a 2-Calabi-Yau category, i.e. there is a Serre
functor SA which is given by a double shift

RHom(a, b) = RHom(b, a[2])∗

for all a, b ∈ A. Hence the objects in the category A deform in the same way as
coherent sheaves on a K3 surface. Now the moduli spaces of simple sheaves on
a K3 surface are smooth and symplectic for the following reason (worked out
by Mukai in [24]):

Since the kernel Ext2(F ,F)0
∼= Hom(F ,F)∗0 = 0 of the trace map

tr : Ext2(F ,F)→ H2(O)

is zero, the Kuranishi map vanishes identically and TFM ∼= Ext1(F ,F). Thus
the moduli space is smooth in the point [F ]. Moreover, the symplectic form is
defined via the Yoneda product:

Ext1(F ,F)× Ext1(F ,F)→ Ext2(F ,F) ∼= C, (α, β) 7→ σ(tr(α ∪ β)),
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where σ denotes the symplectic 2-form on the K3 surface.

By analogy it is expected that moduli spaces of simple objects of A, i.e. with
Hom(a, a) = C for all a ∈ A, are symplectic. Such a moduli space has the
dimension

dimaM = dimTaM

= ext1(a, a)

= −(ext0(a, a)− ext1(a, a) + ext2(a, a)) + ext0(a, a) + ext2(a, a)

= −χ(a, a) + 2,

where

χ(a, b) =
∑
k

(−1)k extk(a, b) =

∫
Y

ch∨(a) ch(b) td(Y )

is the Euler pairing and ch∨(a)k = (−1)k ch(a).

Now we define a projection functor Π : D(Y )→ A as the composition

Π := L0 ◦ L1 ◦ L2,

where Li is the left mutation with respect to the exceptional object Li, i.e. for
any F ∈ D(Y )

Li(F) := cone(Li ⊗ RHom(Li,F)→ F)

is the mapping cone of the evaluation map Li ⊗ RHom(Li,F)→ F .

So if F ∈ D(Y ) is a locally free sheaf of degree l on a rational curve of degree
d, then the dimension of the moduli space M in a := Π(F) is

dimaM = 2−
∫
Y

ch∨(a) ch(a) td(Y ) = 2− χ(a, a) = 6l2 − 12l + 16.

So, if l = 0, the dimension of the moduli space M is 16 and for l = 1, the
dimension is 10.

Now, in our situation the moduli space M4(Y ) of rational curves of degree 4
on Y has dimension 13 by [4]. As we mentioned before De Jong and Starr
construct in [4] a holomorphic 2-form on this moduli space. Since the kernel
of this 2-form has generically dimension 3, we expect that there is a geometric
contraction M4(Y ) 99K Z(Y ) onto some 10−dimensional space Z(Y ). This
contraction corresponds to the projection Π : D(Y )→ A.

This analogy motivates the choice of locally free sheaves of rank 1 and degree
1 on a rational curve C of degree 4 (i.e. l = 1 and d = 1). Such sheaves have
Hilbert polynomial

PF (n) = rank(F) deg(C) · n+ deg(F) + rank(F)(1− g) = 4n+ 2
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and hence we study in Chapter 4 the moduli space M4n+2(P4) of semi-stable
sheaves on P4 with Hilbert polynomial 4n+ 2.

The sheaves in M4n+2(P4) have one-dimensional support and are pure. The
space M4n+2(P4) contains a smooth Zariski-open subset of sheaves of the form
i∗OP1(1), where i : P1 → P4 is the standard embedding of degree 4, which is
given by a choice of a basis of H0(OP1(4)). We will call the closure in M4n+2(P4)
of this open set M4.
The variety M4 contains strictly poly-stable sheaves. In fact these have the
form OQ1 ⊕ OQ2 , where Q1, Q2 are two quadrics in P4 that intersect in one
point. The subset of these sheaves is denoted by S2(M2n+1(P4))0. Now M4 is
non-singular in any point associated to a generic strictly poly-stable sheaves in
S2(M2n+1(P4))0. Concretely, we will prove

Theorem 1.6 Let (Q1 ⊂ E1, Q2 ⊂ E2) be a pair of smooth plane quadrics
intersecting in exactly one point. Then the variety M4 is non-singular in the
point [F ] := [OQ1 ⊕OQ2 ] ∈ S2(M2n+1(P4))0.

However, it is not clear, whether the component M4 is regular in the other
points of S2(M2n+1(P4))0 i.e. in points associated to sheaves OQ1 ⊕OQ2 whose
support consists of smooth quadrics that intersect in more than one point or
of quadrics that are not smooth. The main difficulty is to decide whether the
deformation of a sheaf [F ] ∈ S2(M2n+1(P4))0 is still contained in the component
M4.
In the Sections 4.3 and 4.6 we will prove

Theorem 1.7 There is a birational map ΦKM : K 99KM4 ⊂M4n+2(P4), that
is defined outside S ∪ P . The inverse map ΦMK is defined on an open subset
X of M4 that consists of sheaves F with the following properties

(a) F is globally generated by 2 sections,

(b) if N is the kernel of the induced map O⊕2
P4 (1)→ F(1), then h0(N ) = 4,

(c) in the resolution

0←− F ←− O2
P4

A←− OP4(−1)4 ←− . . .

of F constructed from the data in (a) and (b) the Kronecker module A is
semi-stable.

The birational map ΦKM : K 99K M4 is obtained as follows: Consider a Kro-
necker module ϕ ∈ K\(S ∪ P ), given by a matrix A. Then ϕ is mapped to the
cokernel of the map

OP4(−1)4 A−→ O2
P4 .
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We will check that these cokernel sheaves are indeed contained in M4, i.e. they
have Hilbert polynomial 4n+ 2 and are stable.
For the construction of an inverse map ΦMK : M4 99K K, an important step is
to prove

Proposition 1.8 Let [F ] ∈M4 be a semi-stable sheaf on P4 with Hilbert poly-
nomial 4n+ 2. Then h0F = 2, h1F = 0. Moreover h0(F(1)) = 6.

Furthermore we show in Lemma 4.63 that the set of cokernel sheaves of Kro-
necker modules in B is contained in X.





2

Moduli Space of Kronecker
Modules of Type (4, 2)

In this Chapter we study the moduli space K of Kronecker modules of type
(4, 2), i.e. of (4× 2)-matrices with entries in the vector space V = 〈x0, . . . , x4〉
generated by the the linear forms x0, . . . , x4.

In Section 2.1 we recall some notions from geometric invariant theory which
will be used later. In particular we discuss the notion of stability for Kronecker
modules. In Section 2.2 we give a list of PGL(V )-orbits of K and in Section
2.3 we compute a stratification of K by PGL(V )-orbits.

1 Stability of Kronecker Modules of type (4, 2)

Definition 2.1 (Kronecker module) A Kronecker module of type (m,n) is
a linear map in Hom(F,E ⊗ V ), where E is a C-vector space of dimension m,
F is a C-vector space of dimension n and V is the 5-dimensional C-vector space
generated by the linear forms x0, . . . , x4.

A homomorphism of Kronecker modules ϕi : Fi → Ei ⊗ V i = 1, 2, is a pair
(f1 : F1 → F2, f2 : E1 → E2) such that the following diagram commutes

F1
ϕ1 //

f1
��

E1 ⊗ V

f2⊗id
��

F2
ϕ2 // E2 ⊗ V

Remark 2.2 (a) Kronecker modules are representations of the Kronecker
quiver which consists of two vertices v1 and v2 and a finite number of
arrows a1, . . . , ar : v1 → v2.

13
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(b) for a fixed vector space V , the Kronecker modules form an abelian cate-
gory.

For fixed bases of E and F a Kronecker module ϕ ∈ W := Hom(F,E ⊗ V ) is
given by a (m× n)-matrix whose entries are linear forms in x0, . . . , x4.
The group G1 := GLm ×GLn acts on W = Hom(F,E ⊗ V ) by

(g, h) ◦A := g ⊗ idV ·A · h−1.

Furthermore Γ := {(α · idE , α · idF )|α ∈ C∗} acts trivially on W , so we have an
action of the group G := G1/Γ on W . In addition we have an action of GL(V )
on W by coordinate transformations.

For the description of a moduli space of Kronecker modules, we need some
geometric invariant theory (see [25]). Hence we shortly repeat some notions.
Recall that an algebraic group G is called reductive if the radical of G (i.e. its
maximal connected solvable normal subgroup) is a torus.

Definition 2.3 (stable, semi-stable point) Let G be a reductive group that
acts linearly on a vector space U . A non-zero point of U is called

(a) unstable, if 0 is in the closure of its orbit,

(b) semi-stable, if 0 is not in the closure of its orbit,

(c) stable, if its orbit is closed and its stabilizer is finite,

(d) strictly semi-stable, if it is semi-stable, but not stable,

(e) poly-stable, if it is strictly semi-stable and the orbit is closed.

Let G be an algebraic group acting on an algebraic variety W . In the follow-
ing way one can define a good categorical quotient of varieties with ”good”
geometric properties:

Definition 2.4 (good quotient) A good quotient is a morphism π : W → X
of varieties with the following properties:

(a) π is G-invariant, affine and surjective

(b) there is an isomorphism OX → (π∗OW )G

(c) if Z ⊂W is closed and G-invariant, then π(Z) ⊂ X is closed

(d) if Z,Z ′ ⊂W are closed, G-invariant and disjoint, then π(Z)∩π(Z ′) = ∅.

In some situation one can define a quotient with the following ”better” proper-
ties:
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Definition 2.5 (geometric quotient) A geometric quotient of W by G is a
good quotient π : W → X such that for all w1, w2 ∈W we have π(w1) = π(w2)
if and only if Gw1 = Gw2.

In the following, we consider Kronecker modules of type (4, 2), i.e. F is a 2-
dimensional C-vector space and E is a 4-dimensional C-vector space. Now we
denote as before by W the vector space

W = Hom(F,E ⊗ V )

for this choice of E and F . Again for fixed bases of E and F an element in W
is given by a (4× 2)-matrix whose entries are linear forms in x0, . . . , x4.
W is canonically isomorphic to W ′ = Hom(E? ⊗ V ?, F ?). For a Kronecker
module A ∈ W we have At ∈ W ′ and A is stable (resp. unstable, semi-stable
or poly-stable) if and only if At is stable (resp. unstable, semi-stable or poly-
stable).
We use the following criterion of Drézet ([6][Prop.15]) and Hulek ([14]) to de-
scribe the shape of unstable resp. strictly semi-stable resp. poly-stable matrices,
which is formulated for Kronecker modules in W ′.

Proposition 2.6 (Drézet, Hulek) Let τ : E ⊗ V → F be a Kronecker mod-
ule, τ 6= 0. Then τ is semi-stable resp. stable if and only if for all subspaces
E′ and F ′ of E and F such that E′ 6= {0}, F ′ 6= F and τ(E′ ⊗ V ) ⊂ F ′, the
following inequality holds

dimF ′

dimE′
≥ dimF

dimE
( resp. >).

Since dimF = 2 and dimE = 4 are not coprime, there exist strictly semi-stable
points, contrary to the case of Kronecker modules of type (3, 2) in P3:

1

2
=

dimF ′

dimE′
=

2

4
.

Lemma 2.7 Let A be a matrix that represents a Kronecker module in W ′.

(a) A is unstable if and only if it is equivalent under row and column opera-
tions to a matrix with two zeros in one column or more than two zeros in
one row: (

∗ ∗ ∗ ∗
0 0 0 ∗

)
or

(
∗ ∗ ∗ 0
∗ ∗ ∗ 0

)
(b) A is semi-stable if and only if it is not equivalent under row and column

operations to a matrix with two zeros in one column or more than two
zeros in one row.
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(c) A is strictly semi-stable if and only if it is equivalent under row and column
operations to a matrix with exactly two zeros in one row:(

∗ ∗ ∗ ∗
0 0 ∗ ∗

)
.

(d) A is strictly poly-stable if it is equivalent under row and column operations
to a matrix of the form (

∗ ∗ 0 0
0 0 ∗ ∗

)
.

Proof: (a) ” ⇐ ”: If A has the form

(
∗ ∗ ∗ ∗
0 0 0 ∗

)
with respect to an

appropriate choice of bases (e1, . . . , e4) of E and (f1, f2) of F , we may
choose the vector subspace F ′ = 〈f1〉 and E′ = 〈e1, e2, e3〉. Then the
images of e1, .., e3 by A are obviously contained in F ′. Furthermore

1

3
=

dimF ′

dimE′
<

dimF

dimE
=

1

2
.

If A has the form

(
∗ ∗ ∗ 0
∗ ∗ ∗ 0

)
with respect to bases (e1, . . . , e4) of E

and (f1, f2) of F , then we may choose F ′ = {0} and E′ = 〈e4〉. The image
of e4 by A is zero and

0

1
=

dimF ′

dimE′
<

dimF

dimE
=

1

2
.

By Proposition 2.6 the matrix A is in both cases unstable.

” ⇒ ”: Assume that A is unstable. Then again by Proposition 2.6 there
exist subspaces F ′ ⊂ F and {0} ( E′ ⊂ E such that

dimF ′

dimE′
<

dimF

dimE
=

1

2

and τ(E′ ⊗ V ) ⊂ F ′. So either dimF ′ = 0 or dimF ′ = 1.

If dimF ′ = 0, then since dimE′1 ≥ 1 we may choose any e1 ∈ E′1 and
complete it to a basis (e1, e2, e3, e4) of E. Since at least e1 is mapped to
0 by A, the matrix A has the form(

0 ∗ ∗ ∗
0 ∗ ∗ ∗

)
w.r.t. the chosen basis of E.
If dimF ′ = 1, i.e. F ′ = 〈f1〉, then dimE′ ≥ 3, i.e. E′ = 〈e1, e2, e3〉.
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Complete them again to bases (f1, f2) of F and (e1, e2, e3, e4) of E. Then
A has the form (

∗ ∗ ∗ ∗
0 0 0 ∗

)
w.r.t. these bases.

(b) Obvious.

(c) A is strictly semi-stable if and only if it is semi-stable and there exist
subspaces E′ ⊂ E and F ′ ⊂ F such that

1

2
=

dimF ′

dimE′
=

dimF

dimE
=

2

4
.

This follows similar to part (a).

(d) This is obvious, since in this case, A is a direct sum of Kronecker modules
of type (2, 1).

In the following we use the notation

Notation 2.8 We denote by

• W s the set of stable,

• W ss the set of semi-stable,

• W sss the set of strictly semi-stable,

• W ps the set of strictly poly-stable and

• W is the set of unstable

Kronecker modules in W = Hom(F,E ⊗ V ).

Remark 2.9 We have the decompositions W = W is∪W ss and W ss = W sss∪
W s. Furthermore W ps ⊂W sss.

Proposition 2.10 There exists a good quotient K := W ss �G. By definition,
K is projective, normal and irreducible. Furthermore dim(K) = 21.

Proof: For the first part, use [25] and [16].
For the second part, we use the fact that W ss is a non-empty open dense subset
of W . So dimW ss = dimW . Furthermore,

dimG = dim GL2 + dim GL4 − dim Γ = 4 + 16− 1 = 19.

Hence

dimK = dimW ss �G = dimW ss − dimG = 40− 19 = 21.
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Remark 2.11 This good quotient gives a moduli space for Kronecker modules
of type (4, 2). For an appropriate linearization L, the stability in the sense of
geometric invariant theory is equivalent to the stability for Kronecker modules
defined in 2.3. For details see [16].

Remark 2.12 Every strictly semi-stable orbit contains in its closure a unique
closed strictly poly-stable orbit. Consider the good quotient

p : W ss →W ss �G.

Any semi-stable orbit is mapped to the same point P in the good quotient
W ss � G as the poly-stable orbit in its closure. In our situation one can see
this as follows: By Lemma 2.7, we may assume that the strictly semi-stable

Kronecker module is represented by a matrix of the form

(
∗ ∗ 0 0
a b ∗ ∗

)t
.

Now for any t 6= 0 we have
t
t

1
1

 ·

∗ a
∗ b
0 ∗
0 ∗

 · (t−1

1

)
=


∗ t · a
∗ t · b
0 ∗
0 ∗

 .

Hence the matrices

(
∗ ∗ 0 0
a b ∗ ∗

)t
and

(
∗ ∗ 0 0
t · a t · b ∗ ∗

)t
are contained in

the same orbit for all t 6= 0. Thus the orbit of poly-stable Kronecker module

given by

(
∗ ∗ 0 0
0 0 ∗ ∗

)t
is in the closure of the orbit of

(
∗ ∗ 0 0
a b ∗ ∗

)t
.
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2 Classification of Kronecker Modules of Type (4, 2)

The goal of this Section is to give a classification of the types of Kronecker
modules occuring in the good quotient K = W ss �G.
There is a geometric interpretation for a Kronecker module ϕ ∈W represented
by a matrix A: the ideal generated by maximal minors of A defines a closed
subscheme in P4. In most cases this will be a curve, possibly reducible or
non-reduced. We will study this geometric interpretation in Section 3.2.

Note that the stability properties of Kronecker modules in W ss with respect to
the action of G are invariant under the action of GL(V ). Hence we will say,
an GL(V )-orbit is stable (resp. poly-stable, semi-stable or unstable), if one and
hence all of its members are.
Clearly the action of GL(V ) on the quotient W ss �G is the same as the action
of PGL(V ) as the C∗-action is already taken into account by the G-action.
We will give a stratification of the action of PGL(V ) on W ss � G. Any stra-
tum except one, which we will call B2

4 , is the orbit of a Kronecker module
representing a point in W ss � G with respect to the action of PGL(V ). In
contrast, B2

4 is the union of orbits of stable Kronecker modules parametrized
by λ ∈ P1 r {0, 1,∞}. Any one of these orbits has codimension 5 in W ss �G.
Concretely, the main result of this Section is:

Theorem 2.13 In the good quotient K = W ss � G there are exactly the fol-
lowing poly-stable orbits resp. strata with respect to the action of PGL(V ):

name representative A stability codimension of the
orbits resp. strata w.r.t.

PGL(V ) in W ss �G

B0

(
x0 x1 x2 x3

x1 x2 x3 x4

)t
stable 0

B1

(
x0 x1 x2 x3

0 x2 x3 x4

)t
stable 1

B2

(
x0 0 x2 x3

0 x1 x3 x4

)t
stable 2
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B1
3

(
x0 x1 x2 x3

0 x0 x3 x4

)t
stable 3

B2
3 :

(
x0 0 x2 x3

0 x1 x2 x4

)t
stable 3

B1
4

(
x0 x1 0 x3

0 x0 x2 x4

)t
stable 4

B2
4

family of orbits
represented by(

x0 0 x2 x3

0 x1 x2 λx3

)t
for λ 6= 0, 1,∞

stable 4

B1
5

(
x0 x1 0 x2

0 x1 x2 x3

)t
stable 5

B2
5

(
x0 x1 x2 x3

0 x0 x1 x4

)t
stable 5

B3
5

(
x0 x1 0 x2

0 x0 x2 x3

)t
stable 5

B6

(
x0 x1 x2 0
0 x0 x1 x3

)t
stable 6

B7

(
x0 x1 x2 x3

0 x0 x1 x2

)t
stable 7



2. CLASSIFICATION OF KRONECKER MODULES OF TYPE (4, 2) 21

B10

(
x0 x1 x2 0
0 x0 x1 x2

)t
stable 10

S1

(
x0 0 x1 x3

0 x0 x2 x4

)t
stable 8

S2

(
x0 0 x1 x2

0 x0 x2 x3

)t
stable 9

S3

(
x0 x1 0 x2

0 x0 x1 x3

)t
stable 9

P1

(
x0 x1 0 0
0 0 x2 x3

)t
poly-stable 10

P2

(
x0 x1 0 0
0 0 x0 x2

)t
poly-stable 12

P3

(
x0 x1 0 0
0 0 x0 x1

)t
poly-stable 18

We begin with classifying the PGL(V )-orbits in K:

Proposition 2.14 In the good quotient K = W ss �G there are

(a) exactly the following 15 orbits with respect to the action of PGL(V ), that
consist of stable Kronecker modules:

B0, B1, B2, B
1
3 , B

2
3 , B

1
4 , B

1
5 , B

2
5 , B

3
5 , B6, B7, B10, S1, S2, S3,

and furthermore one stratum B2
4 which is a family of stable PGL(V )-orbits

parametrized by λ ∈ P1 r {0, 1,∞},

(b) exactly 3 orbits with respect to the action of PGL(V ) that consist of strictly
poly-stable Kronecker modules:

P1, P2, P3.
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For the proof of Proposition 2.14 we need the following preparations:

Definition 2.15 (saturation) Let X be an irreducible reduced variety and E
an OX-module. Let E ′ be a subsheaf of E. Then we have an exact sequence

0→ E ′ → E → E/E ′ → 0.

The quotient E/E ′ may contain a torsion subsheaf T (E/E ′). Hence we have the
exact sequence

0→ T (E/E ′)→ E/E ′ → (E/E ′)/T (E/E ′)→ 0.

The saturation of E ′ in E is defined by

E ′ := Ker(E → (E/E ′)/T (E/E ′)).

We have the following diagram:

0

��

T (E/E ′)

��
0 // E ′ //

��

E //

��

E/E ′

��

// 0

0 // E ′

��

// E // (E/E ′)/T (E/E ′)

��

// 0

T (E/E ′) 0

Moreover we need the following Lemma

Lemma 2.16 There is a bijection

HomC(F,E ⊗ V )→ HomO
P1

(V ∗ ⊗OP1 , E ⊗OP1(1)),

where P1 = P(F ∗).

Proof:

Hom(V ∗ ⊗OP1 , E ⊗OP1(1)) ∼= H0((V ⊗OP1)⊗ E ⊗OP1(1))

= V ⊗ E ⊗H0(OP1(1)) ∼= V ⊗ E ⊗ F ∗ ∼= Hom(F,E ⊗ V ).
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Proof of 2.14: By Lemma 2.16 the problem of classifying Kronecker modules
is reduced to classifying maps ϕ : V ∗ ⊗ OP1 → E ⊗ OP1(1). To do so, we
decompose ϕ as follows

V ∗ ⊗OP1

α

��

ϕ // E ⊗OP1(1)

Im(ϕ)
β // Im(ϕ)

γ

OO
,

where Im(ϕ) is the saturation of the image of ϕ in E ⊗OP1(1). By definition,
β is generically bijective, the map α is surjective and γ is injective. Moreover
the dual map of γ, which is given by the transpose of the matrix for γ, is also
surjective.

The sheaves Im(ϕ) and Im(ϕ) are torsion-free since they are submodules of
torsion-free OP1-modules. Since torsion-free OX -modules on smooth curves are
locally free, all occuring sheaves in the diagram are vector bundles on P1. Hence
we can use the classification theorem of Grothendieck for vector bundles on P1

[10]. Thus we have to classify commutative diagrams of the form

O5
P1

α

��

ϕ // OP1(1)4

Om
P1 ⊕OP1(1)r−m

β // On
P1 ⊕OP1(1)r−n

γ

OO

for some m,n ∈ N, where n ≤ m. Here r ≤ 4 is the rank of Im(ϕ) and thus
also the rank of Im(ϕ).

Hence to classify the maps ϕ, it suffices to classify the maps α, β and γ.

Classification of the maps β: First we consider maps

β : Om ⊕O(1)r−m → On ⊕O(1)r−n,

where m ≥ n. Since β is generically bijective, one can choose (local) bases of

Om ⊕O(1)r−m = On ⊕Om−n ⊕O(1)r−m =: V1 ⊕ V2 ⊕ V3

and

On ⊕O(1)r−n = On ⊕O(1)m−n ⊕O(1)r−m =:W1 ⊕W2 ⊕W3,

such that β is represented by a block matrix
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B̃ =



M 0 0

n

0 ? 0

m−n

0 0 N

r−m


︸ ︷︷ ︸

n
︸ ︷︷ ︸

m−n
︸ ︷︷ ︸

r−m

After an appropriate base change of W3 and V1, we may assume that M and
N are the identity matrices, i.e.

B̃ =



1
. . .

1

0 0

0 ? 0

0 0

1
. . .

1


.

So it suffices to classify maps β̃ : V2 = Om−n → O(1)m−n = W2. These maps
are given by matrices of the form H = H1s+H2t for some H1, H2 ∈Mm−n(C)
and a basis s, t ∈ H0(OP1(1)).

Lemma 2.17 For an appropriate choice of coordinates we may assume H1 =
Id. Then we can choose a basis of V2 and W2 such that H2 has Jordan normal
form: J1

. . .

Jk

 ,

where Jj =


λj
1 λj

. . .
. . .

1 λj

. Hence β̃ is given by a block matrix with blocks
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of the form

I · s+

λ1 λ
. . .

. . .

 t =

s+ λt
t s+ λt

. . .
. . .

 .

Proof: We may assume rank(H1) = m − n. In fact, otherwise, we use the
fact that generically the rank of the matrix H1s + H2t is m − n. Hence we
can choose µ ∈ C such that H1 + µH2 has rank m− n, and use the coordinate
transformation s 7→ s+ µt, t 7→ t.
Now we change bases to obtain H1 = Id. Afterwards a conjugation brings H2

in Jordan normal form while leaving H1 = Id invariant.

Classification of the map α: By definition, the map

α : O5 → On ⊕Om−n ⊕O(1)r−m = V1 ⊕ V2 ⊕ V3

is surjective. For the classification of the map β, we already chose a basis of
On ⊕ Om−n ⊕ O(1)r−m = V1 ⊕ V2 ⊕ V3. If we change it in the following, we
have to make an appropriate base change on W1,W2 and W3 such that we do
not change the matrix describing β.
Since α is surjective, we may split off m copies of O from O5, such that the
matrix Ã associtated to α has the shape

Ã =



1
. . .

1

0

m

0 A

r−m


︸ ︷︷ ︸

m
︸ ︷︷ ︸

5−m

Hence for classifying the maps α it suffices to look at surjective maps f : Op →
O(1)q for p ≥ q.

Now let f : Op → O(1)q be such a surjective map. We want to classify the
possible matrices A representing f .
The kernel of f is a subsheaf of Op, so ker(f) =

⊕p−q
i=1 O(−li) for some li ≥ 0.

Hence we have an exact sequence

0→
p−q⊕
i=1

O(−li)→ Op
A→ O(1)q → 0.
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Now we dualize to obtain the exact sequence

0→ O(−1)q
At

→ Op →
p−q⊕
i=1

O(li)→ 0.

Taking the long exact cohomology sequence yields

0→ H0(O(−1)q)→ H0(Op)→ H0(

p−q⊕
i=1

O(li)) → H1(O(−1)q)

→ H1(Op) → H1(

p−q⊕
i=1

O(li))→ . . .

By Serre duality H1(Op) = 0 and H1(O(−1)q) = 0. Since furthermore

H0(O(−1)q) = 0,

we have an isomorphism

Cp ∼= H0(Op) ∼=
p−q⊕
i=1

H0(O(li)) =

p−q⊕
i=1

Cli+1.

After an appropriate change of the bases of O5−m and V3, the isomorphism

H0(Op)→
p−q⊕
i=1

H0(O(li))

is given by a block matrix of the form


tl1 tl1−1 · (−s) . . . (−s)l1

. . .

tlp−q tlp−q−1 · (−s) . . . (−s)lp−q


whose entries are sections (−s)itj . In order to preserve the matrix representing
β, when changing V3 we change the basis of W3 accordingly.

The morphism Ol+1 → O(l) is given by multiplication with the sections

tl, tl−1 · (−s), . . . , (−s)l.

So we can compute the kernel of the map Op →
⊕p−q

i=1 O(li) by computing the
syzygies of the maps (block by block) given by multiplication with the sections
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(tl, tl−1(−s), . . . , (−s)l) and obtain
s
t s

t
. . .
. . . s

t


in case l > 0. For l = 0 one obtains an empty block of size (1× 0).

Therefore, after dualizing, we obtain p− q blocks each one either of the form
s t

s t
. . .

. . .

s t

 ,

and of size li × (li + 1) or empty, if li = 0.

Classification of the maps γ: The map

γ : On ⊕O(1)m−n ⊕O(1)r−m → O(1)4

is injective, so its dual map

γ∗ : O(−1)4 → O(−1)m−n ⊕O(−1)r−m ⊕On

is surjective. Hence we may use the same method of classification as for
α. While constructing a matrix for β, we chose a basis of On ⊕ O(1)m−n ⊕
O(1)r−m = W1 ⊕W2 ⊕W3. If we now change it, we have to modify the ba-
sis of V1,V2 and V3 accordingly, such that we preserve the matrix for β. But
then we also have to modify the basis of O5 to keep the matrix A. Thus γ∗ is
represented by a matrix of the form


C 0

4−r+n

0

1
. . .

1

r−n


︸ ︷︷ ︸

n
︸ ︷︷ ︸

r−n
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As in the classification of the map α the matrix, C consists of blocks


s
t s

t
. . .
. . . s

t

 .

Altogether, with respect to the bases we chose above for

Ã =



1
. . .

1

0

0 A


,

B̃ =



1
. . .

1

0 0

0 J 0

0 0

1
. . .

1


and

C̃ =


C 0

0

1
. . .

1


,
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the matrix Φ associated to ϕ is given by

Φ = C̃ · B̃ · Ã =



C 0 0

0 J 0

0 0 A


.

Lemma 2.18 (a) If J has up to three pairwise distinct eigenvalues λ1, λ2

and λ3, we may choose them to be λ1 = 0, λ2 =∞ and λ3 = 1.

(b) If J has 4 pairwise distinct eigenvalues λ1, . . . , λ4, we may choose the first
three to be λ1 = 0, λ2 =∞ and λ3 = 1.

Proof: To change the values of the λi we can use arbitrary automorphisms
of P1(C). Given any three pairwise distinct numbers λ1, λ2 and λ3 in C, there
exists a ρ ∈ Aut(P1(C)) with ρ(λ1) = 0, ρ(λ2) =∞ and ρ(λ3) = 1.

It remains to go through the list of all possible combinations of choices of α, β
and γ and study its stability properties using Lemma 2.7. For this we refer to
Appendix B.

Notation 2.19 (a) In the following, we denote by P the union of the poly-
stable strata P1, P2 and P3, by S the union of S1, S2 and S3 and by B
the union of all other strata, i.e.

B0, B1, B2, B
1
3 , B

2
3 , B

1
4 , B

2
4 , B

1
5 , B

2
5 , B

3
5 , B6, B7, B10.

(b) If A is a matrix that represents a Kronecker module ϕ in a stratum Bi
resp. Bj

i resp. Si resp. Pi, we will shortly write A ∈ Bi resp. Bj
i resp. Si

resp. Pi.

Now we want to compute the dimension of the orbits in W ss with respect to
the action of G and of the strata in K with respect to the action of PGL(V ).
For this and also to check several other properties of the moduli space K, we
use the Slice theorem of Luna ([18]):
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Proposition 2.20 (Luna Slice Theorem) G is a reductive algebraic group,
which acts on an affine variety X algebraically. Let q : X → X � G be the
associated quotient. Let x ∈ X be a point with closed orbit G.x and hence with
reductive stabilizer Gx. Then there is a locally closed affine subvariety (slice)
Sx ⊂ X such that

(a) x ∈ Sx,

(b) we have a cartesian diagram

X // X �G

Sx //

OO

Sx �Gx

ψ

OO

where ψ is an étale morphism,

(c) Sx is stable under Gx.

Concretely, one can construct the Luna slice as follows ([18]): Assume that X
is a vector space. Since the stabilizer Gx is a reductive group, one can compute
a Gx-stable complement Nx of the tangent space Tx(G.x) in x on the orbit G.x
in TxX. Then the slice is an open Gx-stable neighborhood of x in the affine
space x+Nx.

Using this one obtains the following Proposition:

Proposition 2.21 (a) The stable points in W ss with respect to the action of
G have trivial stabilizer.

(b) The stabilizer Gx of points x ∈ P1, P2 is C∗, and for x ∈ P3 the stabilizer
is PGL2.

(c) The orbits of the stable points in W ss with respect to the action of G have
dimension 19. The orbits of the strictly poly-stable Kronecker modules P1

and P2, have dimension 18 and the orbit P3 has dimension 16.

(d) The orbits of the matrices of Theorem 2.13 in W ss with respect to the
joint action of PGL(V ) and G have the following codimensions in W ss:

(i) codim(Bj
i ) = i for all i, j and codim(Bi) = i for all i,

(ii) codim(S1) = 8, codim(S2) = codim(S3) = 9,

(iii) codim(P1) = 10, codim(P2) = 12, codim(P3) = 18.
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Proof: (a) Let ϕ : F → E ⊗ V be a stable Kronecker module represented
by a matrix A. Assume that g = (G1, G2) ∈ G = (GL2 × GL4)/Γ is
contained in the stabilizer of ϕ. Then we obtain a non-zero morphism of
Kronecker modules

F
A //

G1

��

E ⊗ V
G2

��
F

Ã // E ⊗ V

,

where Ã also represents the Kronecker module ϕ. Since the Kronecker
modules of type (4, 2) with fixed vector space V form an abelian category,
we can use the Lemma of Schur for stable Kronecker modules ([28]): the
homomorphism given by (G1, G2) is an isomorphism that is given by mul-
tiplication with a non-zero constant resp. its inverse. But this is exactly
the action of Γ. Hence the stabilizer Gϕ is trivial.

(b) This is a straightforward computation.

(c) This follows directly from part (a) and (b): for the orbit G.x of a point x
with respect to the action of G, we have dimG.x = dimG− dimGx.

(d) Use the following fact: Let G be a Lie group acting on a manifold M
and g the Lie algebra of G. Then the tangent space at x ∈ M on the
G-orbit of x is x+ Im(ψ), where ψ is the infinitesimal action of g on M .
In particular, the dimension of the orbit of x equals the dimension of the
tangent space at x on the G-orbit of x.

Since the joint action of PGL(V ) and G on W ss is the same as the joint
action of GL(V ) and G on W ss, we will use the Lie algebra of GL(V ) for
our computations. So let g1, g2 and g3 be the Lie algebras associated to
GL2(C), GL4(C) and GL(V ).

The infinitesimal action of

(g1, g2, g3) ∈ Lie(GL2 ×GL4 ×GL(V )) = g1 ⊕ g2 ⊕ g3

on a fixed Kronecker module represented by a matrix A is given by

ψ : g1 ⊕ g2 ⊕ g3 → Hom(C2,C4 ⊗ V )

(g1, g2, g3) 7→ −Ag1 + g2A+
∑
i,j,k

(
∂Ai,j
∂xk

∑
l

(g3)klxl · Ei,j

)
,

where Ei,j is the matrix with entry 1 at position (i, j) and 0 otherwise.
For the concrete computations one can use the computer algebra system
Singular. For the program see Appendix A.1.
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Remark 2.22 The lower index of Bj
i resp. the index of Bi indicates the codi-

mension of the stratum Bj
i resp. Bi in W ss.

Proposition 2.23

Sing(W ss �G) = P = P1 ∪ P2 ∪ P3.

Proof: By Luna Slice Theorem, a point x ∈ W ss � G is singular if and only
if x is a singular point of the quotient Sx � Gx of the Luna slice of x on its
stratum by the stabilizer of x, since Sx �Gx →W ss �G is an étale morphism.
The stabilizers of the stable points are trivial by Proposition 2.21(a). Thus the
quotient Sx � Gx of the slice is a vector space and W ss � G is non-singular in
all stable points.
Moreover, the points in the poly-stable strata P1, P2 and P3 are singular. For
this, we use the Luna slice theorem again. In Section 3.4.1 we will construct
a model for the quotient Sx � Gx of the slice Sx of a point x in P1. For all
x ∈ P1 the quotient Sx �Gx has a singularity in x, and hence K is singular in
the points of P1. Since P2, P3 ⊂ P1, we see that K is also singular in P2 and
P3.
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3 Stratification

Recall that if G is a connected algebraic group acting on a variety X, then each
orbit G.x is irreducible, open in its closure and its boundary G.x − G.x is a
union of orbits of strictly smaller dimension. In particular, orbits of minimal
dimension are closed.
In this Section we will determine for which strata A1 and A2 the intersection
A1∩A2 6= ∅, i.e. A2 is contained in the closure of A1. In this case will say that
A1 degenerates into A2.

Lemma 2.24 (a) B0 degenerates into B1.

(b) B1 degenerates into B2.

(c) B2 degenerates into B1
3 and B2

3 .

(d) B1
3 degenerates into B1

4 .

(e) B2
3 degenerates into B1

4 and B2
4 .

(f) B1
4 degenerates into B1

5 , B
2
5 and B3

5 .

(g) B2
4 degenerates into B1

5 .

(h) B1
5 degenerates into B6, S2 and S3.

(i) B2
5 degenerates into B6, S1.

(j) B3
5 degenerates into S2, S3, P1 and B10.

(k) B6 degenerates into B7.

(l) B7 degenerates into B10 and S3.

(m) B10 degenerates into P2.

(n) S1 degenerates into S2.

(o) S2 degenerates into P2.

(p) S3 degenerates into P2.

(q) P1 degenerates into P2.

(r) P2 degenerates into P3.

Proof: For the proof we refer to Appendix C.
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Figure 2.1: Degenerations of Kronecker modules of type (4, 2)
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Figure 2.1 is a summary of the result of Lemma 2.24. An arrow between two
strata indicates a degeneration.
There might be more degenerations, especially inside B. For the purpose of our
study, the degenerations at hand suffice.
Later we also need to know, that some strata do not degenerate into some
special other strata. Therefore we will prove the following lemma:

Lemma 2.25 (a) The strata S1, S2 and S3 do not degenerate into the stra-
tum P1.

(b) The strata S1, S2, S3 do not degenerate into B10.

(c) The stratum S1 does not degenerate into S3.

(d) B10 does not degenerate into P1.

(e) The strata B1
5 , B6, B7, B

3
5 do not degenerate into S1.

Proof: The strategy to show that a stratum A1 does not degenerate into a
stratum A2 is to construct a Luna slice Sx in an arbitrary point x of A2 and to
check that the intersection of Sx and the stratum A1 is empty. Since all points in
the stratum A2 are projectively equivalent, it suffices to consider one particular
point x in A2. In the proof we always will work with the representative x from
the list in Theorem 2.13.
To show that Sx ∩A1 = ∅ we use rank considerations of the matrices obtained
by choosing fixed parameters in the slice Sx. For that we view matrices of A1

as (4× 5)-matrices over C(s, t) (using the notation from Section 2.2).
We start by computing the rank of the representatives listed in Theorem 2.13
over C(s, t) for some strata (which is the rank of an arbitrary element of the
stratum):

• P1:


s+ λt 0
t s+ λt 0

t s+ λt 0
s+ µt 0

 has rank 4.

• P2:


s 0
t 0

s+ λt 0
s+ µt 0

 has rank 3.

• P3:


s 0 0 0
t 0 0 0

s 0 0 0
t 0 0 0

 has rank 2.
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• B10:


s 0 0
t s 0 0

t s 0 0
t 0 0

 has rank 3.

• S1:


s
t

s t
s t

 has rank 3.

• S2:


s 0
t 0

s t 0
s t 0

 has rank 3.

• S3:


s 0
t s 0

t 0
s t 0

 has rank 3.

Using this we prove the assertions of the Lemma:

(a) The Luna slice at the point x =

(
x0 x1 0 0
0 0 x2 x3

)t
∈ P1 is

Sx(t1, . . . , t10) =


x0 t1x1 + t2x4 − t4x0

x1 t3x0 + t4x1 + t5x4

−t9x2 + t6x3 + t7x4 x2

t9x3 − t8x2 + t10x4 x3


for parameters t1, . . . , t10 ∈ C (computed with the Singular program in Ap-
pendix A 1).

Hence for fixed parameters t1, . . . , t10 the rank as a (4× 5)-matrix with entries
in C(s, t) is

rank(Sx(t1, . . . , t10)) = rank


s− t4t t1t 0 0 t2t
t3t s+ t4t 0 0 t5t
0 0 t− t9s t6s t7s
0 0 −t8s t+ t9s t10s

 .

So we see that for all choices of parameters t1, . . . , t10 the matrix Sx(t1, . . . , t10)
has rank 4. Since the representatives of S1, S2 and S3 have rank 3, they are not
contained in Sx(t1, . . . , t10), and so the strata S1, S2 and S3 do not degenerate
into P1.
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(b) For a fixed choice of t1, . . . , t10, the matrix defined by the slice Sx(t1, . . . , t10)
at the point

x =

(
x0 x1 x2 0
0 x0 x1 x2

)
∈ B10

is

Sx(t1, . . . t10) =


x0 − t3x3 − t4x4 t1x3 + t2x4

x1 − t5x3 − t6x4 x0 + t3x3 + t4x4

x2 − t9x3 − t10x4 x1 + t5x3 + t6x4

t7x3 + t8x4 x2 + t9x3 + t10x4

 .

Now we compute the rank of Sx(t1, . . . t10) in coordinates of C(s, t):

rank


s 0 0 −t3s+ t1t −t4s+ t2t
t s 0 −t5s+ t3t −t6s+ t4t
0 t s −t9s+ t5t −t10s+ t6t
0 0 t t7s+ t9t t8s+ t10t

 =

rank


s 0 0 ∗ ∗
0 s 0 ∗ ∗
0 0 s ∗ ∗
0 0 0 a45 a55


where

a45 = t7s+ 2t9t− 2t5
t2

s
+ 2t3

t3

s2
− t1

t4

s3

and

a55 = t8s+ 2t10t− 2t6
t2

s
+ 2t4

t3

s2
− t2

t4

s3
.

The latter matrix is obtained from the first one by row and column transfor-
mations in C(s, t).
Hence rank(Sx(t1, . . . , t10)) = 3 if and only if a45 = a55 = 0. This is the case if
and only if t1 = . . . = t10 = 0, i.e. for the point x ∈ B10. Since any point of the
slice (except x) is a matrix of rank strictly bigger than 3 and all representatives
of the strata S1, S2 and S3 have rank 3, the intersection of the slice of B10 and
S1, S2 resp. S3 has to be empty. So S1, S2 and S3 do not degenerate into B10.

(c) We compute the slice of the point x =

(
x0 x1 0 x2

0 x0 x1 x3

)
∈ S3 and show

that it does not contain any matrix of rank 3 (again except at x).

The slice in x is

Sx(t1, . . . , t9) =


s 0 −t3s+ t1t −t7s+ t3t −t4s+ t2t
t s −t7s+ t3t −t8s+ t7t −t9s+ t4t
0 t −t8s+ t7t t5s+ t8t t6s+ t9t
0 0 s t 0

 .
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Hence for a fixed choice of the parameters t1, . . . , t10 we compute for the rank
of Sx(t1, . . . , t9):

rank


s 0 −t3s+ t1t −t7s+ t3t −t4s+ t2t
t s −t7s+ t3t −t8s+ t7t −t9s+ t4t
0 t −t8s+ t7t t5s+ t8t t6s+ t9t
0 0 s t 0

 =

rank


s 0 t1t 2t3t t2t
0 t t7t t5s+ 3t8t t6s+ 2t9t
0 0 s t 0
t s t3t 3t7t 2t4t

 .

So rank(Sx(t1, . . . , t9)) ∈ {3, 4}. If rank(Sx(t1 . . . , t9)) = 3, the fourth row l4 is
a linear combination of the first, second and third row l1, l2, l3 i.e.

l4 = c1l1 + c2l2 + c3l3,

where ci ∈ C(s, t). By considering the entries in the first and second column
we have c1 = t

s and c2 = s
t . Considering the fifth column with this coefficients

c1 and c2 yields t2 = t4 = t6 = t9 = 0. Similarly using the third and fourth
column we see that t1 = t3 = t5 = t7 = t8 = 0.
So

rank(Sx(t1, . . . t9)) =

{
3 if t1 = . . . = t9 = 0

4 else.

This concludes assertion (c) with the same arguments as before.

(d) This is clear, since dimB10 = dimP1 and this contradicts the fact that the
boundary of a stratum consists of strata of strictly smaller dimension.

(e) The matrix of a representative of S1 contains all 5 variables x0, . . . , x4, but
the matrices in the orbits of B1

5 , B6, B7, B
3
5 just contain 4 of these variables.

In particular, the following important observation follows from the previous
results:

Corollary 2.26 (a) The intersection of S and P = P is

S ∩ P = S ∩ P = P2 = P2 ∪ P3.

(b) All strata in B degenerate into B10.
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Proof: (a) Since S1 degenerates exactly into the strata S2, P2 and P3 and
S3 degenerated exactly into the strata P2 and P3, we have S = S1 ∪ S2 ∪
S3 ∪ P2 ∪ P3. Hence the assertion is obvious.

(b) This follows directly from Lemma 2.24.
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Relation of K and the Hilbert
Scheme Hilb4n+1(P4)

In this Chapter we study a geometric interpretation of the Kronecker modules
belonging to the moduli space K. Using this interpretation, we construct a
rational map

ΦKH : K 99K Hilb4n+1(P4)

into the Hilbert scheme of curves in P4 with Hilbert polynomial 4n + 1. In
Sections 3.3 and 3.4 we study the strata of Kronecker modules in K inside the
set of indeterminacies of ϕ and discuss extensions of ϕ to appropriate blow-ups
of K.

1 The Hilbert Scheme Hilb4n+1(P4)

A rational normal curve of degree 4 is a smooth curve in P4 that is projectively
equivalent to the image of P1 under the Veronese embedding P1 → P4 of degree
4. The Hilbert polynomial of the generic rational normal curve of degree 4 in
P4 is P (n) = 4n+ 1.

The vanishing of the maximal minors of the representative

(
x0 x1 x2 x3

x1 x2 x3 x4

)t
of a Kronecker module in B0, i.e. the equations

x0x2 − x2
1, x0x3 − x1x2, x0x4 − x1x3, x1x3 − x2

2, x1x4 − x2x3, x2x4 − x2
3

define a rational normal curve of degree 4 in P4.
Hence in the following we consider the Hilbert scheme Hilb4n+1(P4).
There is a component H0 of Hilb4n+1(P4) that contains the rational normal
curves of degree 4. H0 has dimension 21:
any such curve is determined by the choice of an embedding, so

dimH0 = dim GL5/GL2 = dim GL5 − dim GL2 = 52 − 22 = 21.

41
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The rational normal curve C is arithmetically Cohen-Macaulay, i.e. its ho-
mogeneous coordinate ring k[x0, . . . , x4]/IC is Cohen-Macaulay. The subset of
arithmetically Cohen-Macaulay curves in Hilb4n+1(P4) is open. In [22], Martin-
Deschamps and Piene describe the structures of certain curves of this type in
Hilb4n+1(P4):

Theorem 3.1 (Martin-Deschamps, Piene) The open subset of arithmeti-
cally Cohen-Macaulay curves in Hilb4n+1(P4) contains the curves of the follow-
ing four types:

(a) a rational normal curve of degree 4 in P4,

(b) the union of two smooth conics intersecting in one point and not contained
in a hyperplane,

(c) a double structure on a conic, given by an ideal

IC = (x0, x1) · (x2, x3) + (Q,Q′),

where Q and Q′ are quadric forms such that Q ∈ (x2, x3),
Q 6∈ (x0, x1) and Q′ ∈ (x0, x1), Q′ 6∈ (x2, x3),

(d) a curve given by an ideal of the form

IC = (LL1, LL2, LL3, Q1, Q2, Q3),

where L1, L2, L3 resp. Q1, Q2, Q3 are independent linear resp. quadratic
forms with (Q1, Q2, Q3) ⊂ (L1, L2, L3), furthermore L is a linear form
such that (L,Q1, Q2, Q3) defines a curve C ′ of degree 3 and genus 0 in
the hyperplane given by L = 0 and ((Q1, Q2, Q3) : L) ⊂ (L1, L2, L3).

Additionally, Pirio and Russo found in [27] another arithmetically Cohen-Mac-
aulay curve C in Hilb4n+1(P4) defined by the equations

x2
0, x0x1, x0x2, x

2
1 − x0x3, 2x1x2 − x0x4, x

2
2.

But it is not known whether this curve is a degeneration of the rational normal
curve in P4.

The Hilbert scheme Hilb4n+1(P4) has more than two components. For example,
there is a component of dimension 21 containing elliptic curves of degree 3 in
P2 union a disjoint line, and a component of dimension 32 containing plane
smooth curves of degree 4 union 3 points and so on.
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2 Construction of a Rational Map ΦKH : K 99K H0

The aim of this Section is to define a rational map from the moduli space K of
Kronecker modules of type (4, 2) into the component H0 of the Hilbert Scheme
Hilb4n+1(P4).

For any Kronecker module represented by a matrix A, the maximal minors
define a closed subscheme in P4. Clearly any two matrices in the same orbit
with respect to the action of G define the same closed subscheme.
The action of PGL(V ) transfers a curve C into some projectively equivalent
curve C ′ and therefore it suffices to consider one curve in each stratum.

Concretely, ideals generated by the maximal minors of the representatives listed
in Theorem 2.13 define the following ideals resp. curves. For the non-reduced
curves we compute a primary decomposition with SINGULAR.

I(B0) = (x0x2 − x2
1, x0x3 − x1x2, x0x4 − x1x3, x1x3 − x2

2,
x1x4 − x2x3, x2x4 − x2

3) defines a rational normal curve of
degree 4 in P4.

4

I(B1) = (x0x2, x0x3, x0x4, x1x3 − x2
2, x1x4 − x2x3, x2x4 −

x2
3) defines a twisted cubic C1 = {x1x3−x2

2 = x1x4−x2x3 =
x2x4 − x2

3 = 0} in the P3 defined by x0 = 0 and a line
C2 = {x2 = x3 = x4 = 0}. The curves C1 and C2 intersect
in exactly one point.

3

I(B2) = (x0x1, x0x3, x0x4, x1x2, x1x3, x2x4 − x2
3) defines a

plane quadric q = {x0 = x1 = x2x4 − x2
3 = 0} and two lines

l1 = {x0 = x2 = x3 = 0} and l2 = {x1 = x3 = x4 = 0}. q
intersects l1 and l2 each in one point, l1 ∩ l2 = ∅.

2

I(B1
3) = (x2

0, x0x3, x0x4, x1x3−x0x2, x1x4−x0x3, x2x4−x2
3)

defines a quadric Q = {x0 = x1 = x2
3 − x2x4 = 0} and a

double line l, that intersect Q in one point. lred = {x0 =
x3 = x4 = 0} and the double structure of l is given by
x2

0 = x0x2 − x1x3 = x0x3 = x2
3 = x4 = 0.

2
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I(B2
3) = (x0x1, x0x2, x0x4, x1x2, x1x3, x2·(x4−x3)), defines

four lines l1 = {x0 = x2 = x3 = 0}, l2 = {x0 = x1 = x2 =
0}, l3 = {x0 = x1 = x3 − x4 = 0} and l4 = {x1 = x2 = x4 =
0}. The lines l1, l2 and l3 are pairwise disjoint, but l1 and
l4, resp. l2 and l4, resp. l3 and l4 intersect each in one point.

I(B1
4) = (x2

0, x0x2, x0x4, x1x2, x1x4 − x0x3, x2x3) defines
two reduced lines l1 = {x0 = x1 = x2 = 0} and l2 = {x0 =
x1 = x3 = 0} and one non-reduced line l3. The reduced
line is (l3)red = {x0 = x2 = x4 = 0} and the non-reduced
structure is defined by x2

0, x0x3−x1x4, x0x4, x2, x
2
4. The lines

l1 and l2 resp. l1 and l3 intersect in one point and l2∩l3 = ∅.

I(B2
4) = (x0x1, x0x2, λx0x3, x1x2, x1x3, (1−λ)x2x3). This

ideal defines a family of curves for λ 6= 0, 1,∞. But the curve
is independent on the choice of λ. It consists of four lines
intersecting in one point with the equations l1 = {x0 = x1 =
x2 = 0}, l2 = {x0 = x1 = x3 = 0}, l3 = {x0 = x2 = x3 = 0}
and l4 = {x1 = x2 = x3 = 0}.

I(B1
5) = (x0x1, x0x2, x0x3, x1x2, x1x3 − x1x2, x

2
2) defines

two reduced lines l1 = {x0 = x2 = x3 = 0} and l2 = {x1 =
x2 = x3 = 0} and a double line l3, where (l3)red = {x0 =
x1 = x2 = 0} and the double structure is given by x2

2 =
x0 = x1 = 0. The three lines intersect in exactly one point.

I(B2
5) = (x2

0, x0x1, x0x4, x
2
1 − x0x2, x1x4 − x0x3, x2x4 −

x1x3) defines a reduced line l1 = {x0 = x1 = x2 = 0}
and a triple line l2. The reduced line is (l2)red = {x0 =
x1 = x4 = 0} and the triple structure is defined by x2

0 =
x0x1 = x2

1 − x0x2 = x0x3 − x1x4 = x0x4 = x3
1 = x2

1x4 =
x1x3 − x2x4 = x1x

2
4 = x3

4 = 0. The lines intersect in one
point.

I(B3
5) = (x2

0, x0x2, x0x3, x1x2, x1x3−x0x2, x
2
2) defines two

non-reduced lines l1 and l2 intersecting in one point. Con-
cretely, (l1)red = {x0 = x1 = x2 = 0} with a non-reduced
structure given by x0, x1, x

2
2 and (l2)red = {x0 = x2 = x3 =

0} with a non-reduced structure given by x2
0, x2, x3.



2. CONSTRUCTION OF A RATIONAL MAP ΦKH : K 99K H0 45

I(B6) = (x2
0, x0x1, x0x3, x0x2 − x2

1, x1x3, x2x3) defines a
reduced line l1 = {x0 = x1 = x2 = 0} and a triple line l2.
The reduced line is (l2)red = {x0 = x1 = x3 = 0} with the
triple structure defined by x2

0, x0x1, x
2
1 − x0x2, x

3
1, x3. The

two lines intersect in one point.

I(B7) = (x2
0, x0x1, x0x2, x0x2−x2

1, x1x2−x0x3, x1x3−x2
2)

defines a non-reduced line l. The reduced line is lred =
{x0 = x1 = x2 = 0} with a non-reduced structure given by
x2

0 = x0x1 = x0x2 = x1x2−x0x3 = x2
1 = x1x

2
2 = x2

2−x1x3 =
x4

2 = 0.

I(B10) = (x2
0, x0x1, x0x2, x0x2 − x2

1, x1x2, x
2
2) defines a

non-reduced line l. Here lred = {x0 = x1 = x2 = 0} and the
non-reduced structure is the first infinitesimal neighborhood
x2

0, x0x1, x0x2, x
2
1, x1x2, x

2
2.

Lemma 3.2 The family of curves in P4 defined by the maximal minors of the
representatives of the strata B0, B1, B2, B

1
3 , B

2
3 , B

1
4 , B

2
4 , B

1
5 , B

2
5 , B

3
5 , B6, B7, B10

is flat over W s\S = B. In particular, all these curves have Hilbert polynomial
P (n) = 4n+ 1.

Proof: The curves defined by the maximal minors of matrices representing
Kronecker modules in B define a family f : C → B.

Because of the open nature of flatness ([12][III ex. 9.4]) there is an open subset
U ⊂ B, over which this family is flat. All curves over one stratum are pro-
jectively equivalent and therefore they have the same Hilbert polynomial. By
[12][III Thm 9.9] this means that if one curve is contained in the flat locus U ,
then the whole stratum is contained in the flat locus. The open set U is non-
empty, since the family of curves over the Zariski-open dense subset B0 ⊂ B is
flat.

If we have shown that the stratum B10 is contained in the flat locus of f , then
the other strata Bi ⊂ B (resp. Bj

i ⊂ B) are also contained in the flat locus:

By Corollary 2.26 all strata Bi ⊂ B degenerate into the stratum B10, hence
there exists a family of Kronecker modules At in Bi (resp. Bj

i ) such that

lim
t→0

At = A0 ∈ B10.

This means, if B10 ⊂ U , then the matrices At in some neighborhood of A0 are
also contained in U and hence Bi ⊂ U (resp. Bj

i ⊂ U).
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So it remains to show that B10 is contained in U . To do so, one considers the
family of curves defined by the maximal minor of the family

At :=

(
x1 x0 x3 tx2

tx2 x1 tx4 + (1− t)x0 x3

)t
.

After some column operations, one sees that At ∈ B0 for t 6= 0 and A0 ∈ B10.
This family is contained in U , since B0 ⊂ U and the Hilbert polynomial of the
family of curves is constant, as shown below.
With

IC = (x2
1, x0x1, x1x3, x

2
0 − x1x3, x0x3, x

2
3)

we denote the ideal generated by the (2 × 2)-minors of A0. For A0 we have
for large n (where (k[x0, . . . , x4]/IC)(n) denotes the monomials of degree n in
k[x0, . . . , x4]/IC)

P (n) = dimk(k[x0, . . . , x4]/IC)(n)

= dimk(k[x0, . . . , x4]/(x2
0, x0x1, x0x3, x

2
1, x1x3, x

2
3))(n)

= dimk(k[x2, x4])(n) + 3 dimk(k[x2, x4])(n−1)

= (n+ 1) + 3n

= 4n+ 1,

which coincides with the Hilbert polynomial for the rational normal curves
defined by At for t 6= 0.

Since the family of ideal sheaves of curves associated to Kronecker modules in
the strata in W s\S is flat, this defines a morphism

Φ̃KH |W s\S : W s\S →H0 ⊂ Hilb4n+1(P4).

Since the morphism is G-invariant, it descends to a morphism

ΦKH |B�G : B �G = (W s\S) �G→ H0.

Remark 3.3 It is not possible to extend this rational map ΦKH : K 99K H0

to a morphism K → H0. The map ΦKH is not defined on S and P .
The closed subscheme defined by the vanishing of maximal minors of represen-
tatives of the strata S1, S2, S3, P1, P2, P3 are closed subscheme of dimension at
least 2:

(a) I(S1) = (x2
0, x0x2, x0x4, x0x1, x0x3, x1x4−x2x3) is a quadric x1x4−x2x3 =

0 in the P3 given by x0 = 0.

(b) I(S2) = (x2
0, x0x2, x0x3, x0x1, x1x3 − x2

2) is a cone over a plane quadric
x1x3 − x2

2 with an embedded point in the origin x0 = x1 = x2 = x3 = 0.
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(c) I(S3) = (x2
0, x0x1, x0x3, x

2
1, x1x3−x0x2, x1x2) defines a plane x0 = x1 = 0

with an embedded point.

(d) I(P1) = (x0x2, x0x3, x1x2, x1x3) defines two planes x0 = x1 = 0 and
x2 = x3 = 0 in P4 that intersect exactly in the point (0 : 0 : 0 : 0 : 1).

(e) I(P2) = (x2
0, x0x2, x1x0, x1x2) defines two planes x0 = x1 = 0 and x0 =

x2 = 0 in P4 that intersect in a line with a non-reduced structure in this
line.

(f) I(P3) = (x2
0, x0x1, x

2
1) defines a plane x0 = x1 = 0 in P4 that is non-

reduced everywhere.

Now we want to see explicitly, that one can not extend ΦKH to S and P . As
an example we consider the stratum S1. For the others it works analogously.

We consider the situation locally. The slice in x =

(
x0 0 x1 x3

0 x0 x2 x4

)t
at the

stratum S1 is

Sx(t1, . . . , t8) =
x0 − t5x1 − t6x2 − t7x3 − t8x4 t1x1 + t2x3 + t5x2 + t7x4

t3x2 + t4x4 − t6x1 − t8x3 x0 + t5x1 + t6x2 + t7x3 + t8x4

x1 x2

x3 x4


for parameters t1, . . . , t8 ∈ C.

We choose some fixed point P := (p1, . . . , p8) on the slice Sx(t1, . . . , t8). Above
each point on the line L ⊆ Sx(t1, . . . , t8) connecting P with the ”origin” x
(which corresponds to the choice ti = 0 for all i) lies a unique matrix SPx (t)
given by
x0 + t · (−p5x1 − p6x2 − p7x3 − p8x4) t · (p1x1 + p2x3 + p5x2 + p7x4)

t · (p3x2 + p4x4 − p6x1 − p8x3) x0 + t · (p5x1 + p6x2 + p7x3 + p8x4)
x1 x2

x3 x4

 .

Obviously, the family of closed subschemes defined by the vanishing of the
maximal minors of these matrices is not flat, as x ∈ S1 does not define a curve.
But by construction of the slice, this family restricted to L\{0} is flat since it
consists of curves with Hilbert polynomial 4n+ 1 by Lemma 3.2.

The saturation of the ideal I = Λ2(SPx (t)) by the ideal (t) is defined as the union
of the ideal quotients (I : tn), see [30][C1]. This saturation gives the projective
closure of the family of curves over L\{0}. But the choice of different lines (i.e.
different fixed points P on the slice) gives different limits.
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For example for p1 = 1 and pi = 0 otherwise, one obtains by saturation the
additional equations x1x

2
3 = 0, x2

1x3 = 0 and x3
1 = 0 for the closed subscheme

associated to the point x. The reduced structure for the curve consists of two
lines intersecting in one point. But for p2 = 1 and pi = 0 otherwise, one obtains
the additional equations x1x

2
3 = 0, x2

1x3 = 0 and x3
1x4 = 0. The reduced

structure of the associated curve in this case consists of three lines not all
intersecting in one point. For the concrete computation we used Singular (see
Appendix A 2).
Hence it is not possible to extend the rational map ΦKH to the stratum S1.
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3 Extension to the Blow-up of K in S

Let Ks := W s � G be the moduli space of stable Kronecker modules of type
(4, 2) and moreover let C be the family of closed subschemes in P4 defined by
the maximal minors of representatives of Kronecker modules in Ks. We have
seen in Section 3.2, that restricted to W s\S we obtain a flat family C of curves.

Our aim is to prove the following:

Proposition 3.4 One can extend C to a flat family C′ of curves on BLS(Ks)
(such that the families C and C′ coincide outside the exceptional divisor).

For the proof we consider the strata S1, S2 and S3 separately.

3.1 The Stratum S1

We start with the stratum S1.

Proof of Proposition 3.4 for S1: We examine the situation locally.

By construction, it suffices to choose a fixed matrix in the PGL(V )-orbit S1.
For the other matrices in this orbit the construction can be done simultaneously.

The slice in the representative (of the G-action)

x =

(
x0 0 x1 x3

0 x0 x2 x4

)t
∈ S1

on the stratum S1 is

Sx(t1, . . . , t8) =
x0 − t5x1 − t6x2 − t7x3 − t8x4 t1x1 + t2x3 + t5x2 + t7x4

t3x2 + t4x4 − t6x1 − t8x3 x0 + t5x1 + t6x2 + t7x3 + t8x4

x1 x2

x3 x4

 .

Hence the slice is isomorphic to A8 with coordinates t1, . . . , t8. By C(t1, . . . , t8)
we denote the curve defined by the vanishing of the maximal minors of the
matrices Sx(t1, . . . , t8) for fixed parameters t1, . . . , t8.

Let I be the family of ideal sheaves on P4 × A8 whose fiber over a point
(t1, . . . , t8) in the parameter space A8 is given by the ideal sheaf of the curve
C(t1, . . . , t8) in P4. The family is not flat, since the ideal associated to the point
(0, . . . , 0) ∈ A8 defines a 2-dimensional closed subscheme in P4 by Remark 3.3.
Hence we want to extend the family C(t1, . . . , t8) of curves to a flat family of
curves over the blow-up of A8 in the point 0. For that, recall that the blow-
up BL0(A8) of A8 with coordinates t1, . . . , t8 in 0 is defined as the subvariety
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of A8 × P7 given by the equations sitj − sjti = 0 for i, j ∈ {1, . . . , 8}, where
s1, . . . , s8 are the coordinates of P7.

Now we define a new family J of ideal sheaves on BL0(A8) × P4 as follows.
Let π : P4 × BL0(A8)→ A8 be the composition of the projection on the second
component with the map BL0(A8) → A8. Moreover, denote by f1, . . . , f6 the
maximal minors of Sx(t1, . . . , t8) in A8×P4. Then J is by definition generated
by π∗f1, . . . , π

∗f6 and sitj − sjti for all i, j ∈ {1, . . . , 8}.
Clearly, for s1 = · · · = s8 = 0, i.e. outside of the exceptional divisor, the stalks
of the sheaves I and J coincide. One can easily see that the family J is not flat,
since all fibers over the exceptional divisor define closed subschemes given by the
equations x0 = x1x4 − x2x3 = 0 in P4, hence 2-dimensional subschemes. How-
ever by simultaneous saturation ([30][C1]) of J̃ by the ideal T = (t1, . . . , t8)
one obtains a flat family J̃ of curves over BL0(A8). The flatness is shown
in Lemma 3.5. Concretely, one can compute J̃ using SINGULAR (see Ap-
pendix A.3) and obtains the following equations for the curves over points on
the exceptional divisor:

0 = x2
0 = x0x1 = x0x2 = x0x3 = x0x4,

0 = x1x4 − x2x3,

0 = p1 = x1x
2
3s1 + x3

3s2 − x2x
2
4s3 − x3

4s4 + 3x1x3x4s5

+ 3x1x
2
4s6 + 3x2

3x4s7 + 3x3x
2
4s8

0 = p2 = x2
1x3s1 + x1x

2
3s2 − x2

2x4s3 − x2x
2
4s4 + 3x2

1x4s5

+ 3x1x2x4s6 + 3x1x3x4s7 + 3x1x
2
4s8,

0 = p3 = x3
1s1 + x2

1x3s2 − x3
2s3 − x2

2x4s4 + 3x2
1x2s5 + 3x1x

2
2s6

+ 3x2
1x4s7 + 3x1x2x4s8

Note, that x3p2 = x1p1 and x3p3 = x1p2.

Lemma 3.5 Using the notation from the Proof of Proposition 3.4, the saturated
family J̃ is a flat family of curves in P4 with Hilbert polynomial 4n+ 1.

Proof: The main part of the proof is to show, that the family J̃ of closed
subschemes of P4 restricted to a family over the exceptional divisor of the blow-
up BL0(A8), is flat. Furthermore we show that the Hilbert polynomial of one of
the curves is 4n+1. This implies that the Hilbert polynomial is constant in the
whole family parametrised by BL0(A8), since we already know (by construction)
that the Hilbert polynomial of any curve over points outside the exceptional
divisor, is 4n+ 1.
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For the proof we want to use the following Theorem ([23][Corollary of Theorem
23.1]):

Theorem 3.6 Let X and Y be two schemes over C of dimension m resp. n
and f : X → Y a morphism. Suppose

(a) Y is regular

(b) X is Cohen-Macaulay

(c) f is proper

(d) for every closed point y ∈ Y , the fibre f−1(y) is (m − n)-dimensional or
empty.

(e) X and Y are irreducible

Then f is flat.

In our situation, X is the closed subscheme that is defined by the equations

x0 = 0, x1x4 − x2x3 = 0, p1 = p2 = p3 = 0

in P4×P7 with coordinates x0, . . . , x4 resp. s1, . . . , s8. For simplicity, we consider
instead of X the closed subscheme in P3 × P7 defined by the equations

x1x4 − x2x3 = 0, p1 = p2 = p3 = 0

and denote it by X again. Furthermore, Y = P7 and f : X → Y is the projec-
tion on P7. Now we have to check the properties demanded in the Theorem 3.6

(a) Obviously Y = P7 is regular.

(b) We check the assertion locally on the open sets Uxi := A3×P7 each defined
by the equation xi = 1 for i = 1, . . . 4.

The ideal of the closed subscheme X∩Ux1 is generated by the polynomials
x4− x2x3 and p3. On this open set, p2 = x3 · p3 and p1 = x2

3 · p3. Clearly,
x4 − x2x3 defines a smooth hyperplane in A3 × P7. The equation p3 does
not vanish on this hyperplane. Hence it defines again a hyperplane and
Ux1 ∩X is Cohen-Macaulay and dim(Ux1 ∩X) = 8.

On the other open sets, the situation is similar:

• On the open set Ux2 ∩X, the ideal is defined by x3 − x1x4 and p3.
(p1 = x2

4p3 and p2 = x4p3)
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• On the open set Ux3 ∩X, the ideal is defined by x2 − x1x4 and p1.
(p2 = x1p1 and p3 = x2

1p1)

• On the open set Ux4 ∩X, the ideal is defined by x1 − x2x3 and p1.
(p2 = x2p1 and p3 = x2

2p1)

Altogether, X is 8-dimensional and Cohen-Macaulay (and a local com-
plete intersection).

(c) This is clear, since f is the projection.

(d) Any fiber of f is a proper closed subset of the 2-dimensional smooth
quadric defined by x1x4 − x2x3 in P3. Hence all fibers have dimension
at most 1. By [12][ex II 3.22b], every irreducible component of the fiber
f−1(y) of y ∈ f(X) has dimension at least dimX − dimY = 1.

(e) Assume that X is reducible, i.e. X = X1∪X2 for closed subsets X1, X2 ⊂
X. Then both restricted maps f |X1 : X1 → Y and f |X2 : X2 → Y are
surjective. Indeed, assume that f |X1 is not surjective. Then the image
f(X1) of X1 in Y has dimension at most 6. But then the generic fiber
of f |X1 has dimension at least 2 (again by [12][ex II3.22b]), which is a
contradiction to (d). Hence f |X1 and f |X2 are surjective.

Observe that there is a fiber of f that is both irreducible and reduced. For
this one can choose the fiber over the point (0 : 1 : 1 : 1 : 0 : 0 : 0 : 0) ∈ P7.
The curve associated to this point is defined by the equations

x0 = 0

x1x4 − x2x3 = 0

x3
3 − x2x

2
4 − x3

4 = 0

x1x
2
3 − x2

2x4 − x2x
2
4 = 0

x2
1x3 − x3

2 − x2
2x4 = 0.

Whether the curve is irreducible and reduced, can be checked locally. On
Ux1 we have x4 = x2x3 and hence the curve is in A2 with coordinates x2

and x3 defined by the equation p3 = x3 − x3
2 − x3

2x3.

Similarly, on the other open sets Ux2 , Ux3 and Ux4 , the curve is given by
the polynomial in two variables x3

1x4 − 1 − x4 resp. 1 − x3
4 − x1x

3
4 resp.

x3
3 − x2 − 1. Using [21][ex. 4.1], one can check by an easy computation

that the curve is irreducible and reduced on these open sets.
Alternatively, one can easily check that this curve is smooth and hence
obtained as a generic projection of a rational normal curve in P4 to a
hyperplane. Altogether, it follows that X is irreducible.
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It remains to show that the Hilbert polynomial of one of the curves over the
exceptional divisor, has Hilbert polynomial 4n+ 1.

For example, choose the curve defined by x0 = 0, x1x4 − x2x3 = 0, x3x
2
4 =

0, x1x
2
4 = 0, x1x2x4 = 0. An easy computation shows that the Hilbert polyno-

mial of this curve is 4n+ 1.

Remark 3.7 The curves associated to points in the exceptional divisor lie in
the quadric x1x4 − x2x3 in the P3 defined by x0 = 0.

3.2 The Stratum S2

The stratum S2 is contained in the closure of S1. Hence the slice in a point
x ∈ S2 at the stratum S2 contains matrices from the stratum S1. To obtain
families that are flat except in the point x, we need to compute a slice in x at
S1. But first we need the following Lemma as a preparation:

Lemma 3.8 S1 is non-singular in the points of S2.

Proof: By Lemma 2.24 and Lemma 2.25 we have S1\S1 = S2 ∪ P2 ∪ P3. Let
Sx(t1, . . . t9) be the slice in

x =

(
x0 0 x1 x2

0 x0 x2 x3

)t
transversal to the stratum S2, i.e.

Sx(t1, . . . t9) =
x0 − t5x1 − t6x2 − t7x3 − t8x4 t1x1 + t2x4 + t5x2 + t6x3

t3x3 + t4x4 − t6x1 − t7x2 x0 + t5x1 + t6x2 + t7x3 + t8x4

x1 x2 − t9x4

x2 + t9x4 x3

 .

Now it suffices to show that x is a regular point in Sx ∩ (S1 ∪ S2), since Luna’s
slice theorem gives an étale map Sx �Gx → W ss �G and the stabilizer Gx of
x with respect to the action of G is trivial for stable points.

In order to compute the intersection Sx∩(S1∪S2), we need a criterion to decide
whether a point of the slice Sx is contained in S1 resp. S2. For that we consider
as before the rank of the matrices y ∈ Sx as (4 × 5)-matrices with entries in a
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H0(OP1(1)) (where the global sections s and t form a basis): From Appendix B
we know that

rank(y) =


2 if y ∈ P3,

3 if y ∈ S1, S2, S3, P2, B10,

4 otherwise.

So

Sx ∩ (S1 ∪ S2) = {y ∈ Sx | rank(y) = 3}.

A simple computation shows that the rank of

Sx(t1, . . . , t9) =


s −t5s+ t1t −t6s+ t5t −t5s+ t6t −t8s+ t2t
t −t6s+ t5t −t7s+ t6t t3s+ t7t t4s+ t8t
0 s t 0 −t9t
0 0 s t t9s


is 3 if and only if t1, . . . , t8 = 0. Hence x is a regular point of Sx ∩ (S1 ∪S2).

Lemma 3.9 The slice of x =

(
x0 0 x1 x2

0 x0 x2 x4

)t
∈ S2 at the stratum S1 is

x0 − t5x1 − t6x2 − t7x3 − t8x4 t1x1 + t2x3 + t5x2 + t6x4

t3x3 + t4x4 − t6x1 − t8x2 x0 + t5x1 + t6x2 + t7x3 + t8x4

x1 x2

x2 x4



Proof: Recall from the proof of Lemma 3.8 that the slice of x transversal to
the stratum S2 is given by

x0 − t5x1 − t6x2 − t7x3 − t8x4 t1x1 + t2x3 + t5x2 + t6x4

t3x3 + t4x4 − t6x1 − t8x2 x0 + t5x1 + t6x2 + t7x3 + t8x4

x1 x2 − t9x3

x2 + t9x3 x4

 .

To obtain the slice at the stratum S1, we need to remove the degenerations
of x into S1. Cleary, t9 is a parameter of such a degeneration: In the proof of
Lemma 3.8 we showed that the rank of the matrix A associated to a point on the
slice has rank 3 if and only if A ∈ S1 ∪ S2 and rank 4 otherwise. Furthermore,
we saw that the rank of A is 3 if and only if ti = 0 for all i = 1, . . . , 8. If
additionally t9 = 0, then A ∈ S2.



3. EXTENSION TO THE BLOW-UP OF K IN S 55

The same construction as for S1 in Section 3.3.1 provides the following family
of curves over the exceptional divisor:

x2
0 = x0x2 = x0x4 = x0x1 = x1x4 − x2

2 = 0

p := x2
1s1 + x1x3s2 − x2x4s3 − x2

4s4 + 3x1x2s5 + 4x1x4s6

+ 2x2x3s7 + 3x2x4s8 = 0

This is a family C ⊂ P4×P7 of curves contained in the quadric x1x4− x2
2 in P3

with an embedded point in q := (0 : 0 : 0 : 1 : 0).
It suffices to show that the family C′ ⊂ P4 × P7 of curves defined by

x0 = 0, x1x4 − x2
2 = 0, p = 0

is flat. Then the Hilbert polynomial in the family C′ is constant and hence also
in the family C, since we have an exact sequence

0→ Oq → OCs → OC′s → 0

for all s = (s1 : . . . : s8).
To prove flatness in the family C′, one can use the same method as in the Proof
of Lemma 3.5. In this case, X is the closed subscheme in P4×P7 defined by the
equations x0 = 0, x1x4−x2

2 = 0, p = 0 and hence it is clear, that dimX = 8 and
X is a complete intersection in P4 ×P7 and hence Cohen-Macaulay. The other
properties demanded in Theorem 3.6 follow in the same way as in Lemma 3.5.
Again it is easy to compute the Hilbert polynomial of one of the curves in C.

Remark 3.10 The curves associated to points on the exceptional divisor are
singular curves of degree 2 lying in a cone of a plane quadric in the P3 defined
by x0 = 0 together with an embedded point in (0 : 0 : 0 : 1 : 0).

3.3 The Stratum S3

Now we consider the stratum S3. S2 and S3 have the same dimension, and as
we have seen in Lemma 2.25, S3 is not contained in the closure of S1.

In this case, a slice in the point x =

(
x0 x1 0 x2

0 x0 x1 x3

)t
∈ S3 is


x0 − t3x2 − t4x4 − t7x3 t1x2 + t2x4 + t3x3

x1 − t7x2 − t8x3 − t9x4 x0 + t3x2 + t4x4 + t7x3

t5x3 + t6x4 − t8x2 x1 + t7x2 + t8x3 + t9x4

x2 x3

 .

The same construction as for S1 in Section 3.3.1 provides the following family
of curves over the exceptional divisor: a family of quartic curves

q = x4
2s1 + x3

2x4s2 + 3x3
2x3s3 + 2x2

2x3x4s4 − x4
3s5
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− x3
3x4s6 + 4x2

2x
2
3s7 + 3x2x

3
3s8 + 2x2x

2
3x4s9

in the plane x0 = x1 = 0 with an embedded point p := (0 : 0 : 0 : 0 : 1) of
length 3.
To show that this is a flat family of curves in P4 parametrized by P8, we first
show that

x0 = x1 = 0, q = 0

defines a flat family of curves in P4 × P7. For that one uses again the methods
from the Proof of Lemma 3.5. Then also C is a flat family of curves, since for
any s = (s1 : . . . : s9), the kernel of OCs → OC′s → 0 is a sheaf supported on the
point p which has constant Hilbert polynomial 3.
Again it is easy to compute the Hilbert polynomial of one of the curves in the
family C.

Remark 3.11 The curves associated to points on the exceptional divisor are
plane singular curves of degree 4 together with an embedded point in
(0 : 0 : 0 : 0 : 1).
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4 Extension to the Blow-up of K in P

Recall that the singular locus of the moduli space K of semi-stable Kronecker
modules of type (4, 2) is P = P1 = P1 ∪P2 ∪P3 (Prop. 2.23). These are exactly
the strata of poly-stable Kronecker modules in K. There are two different
types of poly-stable Kronecker modules A of type (4, 2): they are direct sums
A = A1 ⊕ A2 of Kronecker modules A1 and A2 of type (2, 1) that are either
non-isomorphic (in the strata P1 and P2) or isomorphic (in the stratum P3).
To study possible singularities of K in the points of P , we use again the Luna
slice theorem. If x is a singularity of the quotient Sx � Gx of a certain type,
then x is a singularity of W ss �G of the same type.
The maximal minors of matrices representing Kronecker modules in P define
closed subschemes in P4 of dimension 2 (Rem. 3.3). Hence it is not possible to
extend the morphism Φ̃KH : W s\S → Hilb4n+1(P4) to these strata.
In the following we will study if one can extend Φ̃KH to the blow-up of K in P .
The main difference to the situation in Section 3.3 is that the stabilizer of points
x ∈ P with respect to the action of G is not trivial. For x ∈ P1 or x ∈ P2, the
stabilizer is Gx = C∗ and for x ∈ P3, the stabilizer is Gx = GL2.

4.1 The Stratum P1

Let p : W ss →W ss �G = K be the good quotient defined in Proposition 2.10.
Our aim is to extend the flat family of curves over K\(S ∪ P ) defined by
the vanishing of the maximal minors of matrices associated to the Kronecker
modules in K\P to a flat family of curves over the blow-up BLP (W ss �G) of
W ss �G along the poly-stable locus P (at least for points in P1).
Let P̃ denote the preimage of P ⊂ K in W ss under the map p. Then by
[17][Lemma 3.11], BLP̃ (W ss) �G is the blow-up of W ss �G along P = P̃ �G.

We consider the situation locally. By Luna’s slice theorem, there exists for any
point x ∈ P1 a slice Sx ⊂ W ss with the following properties: The stabilizer
Gx = C∗ is a reductive group, hence there is a categorical quotient q : Sx →
Sx �Gx and we have an étale morphism Sx �Gx →W ss �G.
All points x ∈ P1 are projectively equivalent and hence the construction below
can be done simultaneously in any x ∈ P1 and we choose one fixed representative
for our computations. Concretely, a Luna slice of the point

x =

(
x0 x1 0 0
0 0 x2 x3

)t
∈ P1

is

Sx(t1, . . . , t10) =


x0 t1x1 + t2x4 − t4x0

x1 t3x0 + t4x1 + t5x4

−t9x2 + t6x3 + t7x4 x2

t9x3 − t8x2 + t10x4 x3


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for some parameters t1, . . . , t10 ∈ C, again computed with the Singular program
in Appendix A 1. On this slice we have an action of the stabilizer C∗ of x. Since
this action is induced by the action of G on W ss, it is given by

(t1, . . . , t10) 7→ (t · t1, . . . , t · t5, t−1 · t6, . . . , t−1 · t10)

for t ∈ C∗.

Remark 3.12 We want to give a more geometric interpretation for the slice
and the blow-up of the good quotient of the slice by C∗ along the point 0.

Therefore, by u we denote the vector (t1, . . . , t5)t ∈ C5 and by v the vector
(t6, . . . , t10)t ∈ C5. The image of the map

f : C5 × C5 →M5×5(C), (u, v) 7→ u · vt

is the set Im(f) = {A ∈M5×5(C) | rank(A) ≤ 1}.
The preimage of the zero matrix in M5×5(C) is the set

Σ := (C5 × {0}) ∪ ({0} × C5) ⊂ C5 × C5.

For fixed values (t1, . . . t5, 0, . . . , 0) or (0, . . . 0, t6, . . . , t10), the matrices
Sx(t1, . . . , t10) represent strictly semi-stable Kronecker modules.
By Lemma 2.7, if one of the ti is non-zero, then the matrix is not poly-stable.
The map f is invariant under the action of C∗, i.e. for any t ∈ C∗, we have

f(t ◦ (u, v)) = f(t · u, t−1 · v) = f(u, v).

Hence f induces a map f̃ : Sx � C∗ → M5×5(C). We obtain a bijective map
between the slice Sx �Gx and

Im(f) = {A ∈M5×5(C) | rank(A) ≤ 1}.

Indeed, assume first that u and v are not zero and uvt = ũṽt. W.l.o.g. u1 6= 0.
Then vj =

ũ1ṽj
u1

for all j. Hence v = ũ1
u1
· ṽ. Similarly, u = ṽ1

v1
· ũ. Hence u and ũ

resp. v and ṽ are in the same orbit with respect to the action of C∗.
If u = 0 or v = 0, then (u, v) ∈ Σ, hence is is mapped to the zero matrix. In
the quotient of the slice Sx by C∗, these points are mapped to the same point
as the orbit of the poly-stable matrix represented by u = v = 0.

The blow-up of Im(f) = {A ∈M5×5(C) | rank(A) ≤ 1} in Σ is given by(A,H,L)
A ∈ Im(f),
H a hyperplane in P5 with H ⊂ Ker(A) and
L a line in P5 with Im(A) ⊂ L.


The exceptional divisor is

{(0, L,H) |L line in P5, H hyperplane in P5} ∼= P4 × P4.
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In order to see that the blow-up of K along P is smooth, we want to describe
the Luna slice via Ext-groups as follows:

Lemma 3.13 Let Ai : Fi → Ei⊗ V , i = 1, 2 be two Kronecker modules of type
(2, 1), i.e. dimEi = 2 and dimFi = 1. Then

Ext1(A2, A1) =
Hom(F2, E1 ⊗ V )

A1 ·Hom(E2, E1)−Hom(F2, F1) ·A2
.

Proof: The extension of a Kronecker module A1 by A2 is a commutative
diagram

F1
A1 //

��

E1 ⊗ V

��
F1 ⊕ F2

ϕ //

��

(E1 ⊕ E2)⊗ V

��
F2

A2 // E2 ⊗ V

where ϕ is given by a block matrix

(
A1 ∗
0 A2

)
.

Hence giving an extension of A1 by A2 is the same as giving a homomorphism
F2 → E1 ⊗ V .
Two extensions

F1
A1 //

��

E1 ⊗ V

��
F1 ⊕ F2

ϕ //

��

(E1 ⊕ E2)⊗ V

��
F2

A2 // E2 ⊗ V

and

F ′1
A1 //

��

E′1 ⊗ V

��
F ′1 ⊕ F ′2

ϕ′ //

��

(E′1 ⊕ E′2)⊗ V

��
F ′2

A2 // E′2 ⊗ V

of A1 by A2 are isomorphic if and only if there are isomorphisms

F1 ⊕ F2 → F ′1 ⊕ F ′2 and E1 ⊕ E2 → E′1 ⊕ E′2



60 3. RELATION OF K AND THE HILBERT SCHEME Hilb4N+1(P4)

given by the matrices

(
1 V

0 1

)
and

(
1 U

0 1

)
with U ∈ Hom(F2, F1) and

V ∈ Hom(E2, E1) that are compatible with ϕ and ϕ′. Hence if ϕ′ is represented

by the matrix

(
A1 B

0 A2

)
and ϕ by the matrix

(
A1 C

0 A2

)
, then

(
1 V

0 1

)
·
(
A1 C

0 A2

)
=

(
A1 B

0 A2

)
·
(

1 U

0 1

)
and thus the two extensions are isomorphic if and only if C = B+A1U −V A2.

Lemma 3.14 For any two Kronecker modules Ai : Fi → Ei ⊗ V , i = 1, 2 of
type (2, 1), the dimension of Ext1(A1, A2) is

dim Ext1(A1, A2) =

{
5 if A1 6∼= A2

6 if A1
∼= A2

.

Proof: By Lemma 3.13 there is an exact sequence

0→ Hom(A1, A2)→ Hom(E1, E2)⊕Hom(F1, F2)
ψ−→ Hom(F1, E2 ⊗ V )

→ Ext1(A1, A2)→ 0,

where the map ψ is defined by sending a pair

(f, g) ∈ Hom(E1, E2)⊕Hom(F1, F2)

to A2f − gA1.

Then by the Lemma of Schur for the stable Kronecker modules A1 and A2 it
holds

Hom(A1, A2) =

{
C if A1

∼= A2

0 otherwise.
.

Since dimEi = 2 and dimFi = 1 and hence

dim(Hom(E1, E2)⊕Hom(F1, F2)) = 4+1 = 5 and dim(Hom(E1, F2⊗V )) = 10,

the assertion follows.
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Let [A = A1 ⊕ A2] ∈ P1 for two Kronecker modules A1 and A2 of type (2, 1)
which are non-isomorphic. The slice at A can locally be described by

Ext1(A,A) = Ext1(A1 ⊕A2, A1 ⊕A2)

= Ext1(A1, A1) + Ext1(A1, A2) + Ext1(A2, A1) + Ext1(A2, A2).

Since Ext1(A1, A1) and Ext1(A2, A2) belong to deformations tangent to the
stratum, we just consider the following part of the slice

S0 = Ext1(A1, A2) + Ext1(A2, A1).

Since A1 and A2 are non-isomorphic, we have

dim Ext1(A1, A2) = dim Ext1(A2, A1) = 5.

So we have the following inclusion

(C5 ⊕ C5)/C∗ ↪→ End(C5), (v, w) 7→ v ⊗ w.

Denote Ext(Ai, Aj) by Aij . Let ξ12 → P(A∗12) be the tautological negative line
bundle, i.e.

ξ12 = {(v, L) ∈ A12 × P(A∗12) |L line in A12, v ∈ L}.

ξ21 is defined analogously.

Proposition 3.15

ξ12⊗̂ξ21
g→ (A12 ⊕A21) � C∗

defines a resolution of the singularity of the slice (A12 ⊕A21) � C∗ in the point
0. In fact, this is the blow-up of Sx � C∗ in 0.

Proof: By definition

ξ12⊗̂ξ21 =

{
(L,M, v ⊗ w)

L line in A12,M line in A21,
v ∈ A12, w ∈ A21, v ⊗ w ∈ L⊗M

}
.

Since

ξ12⊗̂ξ21 → P(A∗12)× P(A∗21)

is a line bundle and P(A∗12) × P(A∗21) is smooth, ξ12⊗̂ξ21 is also smooth. Fur-
thermore dimP(A∗12) = dimP(A∗21) = 4 and hence we have

dim ξ12⊗̂ξ21 = 9.
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Outside

g−1(0) =
{

(L,M, v ⊗ w) ∈ ξ12⊗̂ξ21 | v = 0 or w = 0
}

∼= P(A∗12)× P(A∗21)

the map g associates to (L,M, v ⊗ w) the point of Sx � C∗ given by the C∗-
orbit of (v, w). Obviously g is an isomorphism outside g−1(0), since given the
C∗-orbit of (v, w), the lines L and M are uniquely defined as Cv and Cw.
The exceptional divisor is g−1(0) = P(A∗12) × P(A∗21). Hence by the universal
property of the blow-up, g is the blow-up of (A12 ⊕A21) � C∗ in the point 0.

Now we consider again the family of closed subschemes in P4 defined by the
vanishing of the maximal minors of the Kronecker modules in K. As before, by
[17][Lemma 3.11], BLΣ(Sx) �Gx is the blow-up of Sx �Gx along q(Σ) = 0.

Lemma 3.16 By U we denote the set (C5 × C5)\Σ. Let CU ⊂ U × P4 be the
family of curves defined by the maximal minors of the matrices in the slice
Sx(t1, . . . t10) (obtained by choosing fixed values for t1, . . . , t10). The family CU
is flat and consists of curves with Hilbert polynomial 4n+ 1.

Proof: For the proof, it is important to know that S1, S2 and S3 do not
degenerate into P1. This we proved in Lemma 2.25. Using this, the assertion
is clear by construction. Except the point x, any point in the slice belongs to a
stratum of higher dimension in B. For these strata we know that the Hilbert
polynomial of any curve defined by the maximal minors of these matrices, is
4n+ 1.

Proposition 3.17 One can extend the family CU ⊂ U × P4 to a flat family
C′ ⊂ BLΣ C

10 × P4.

Proof: We check the assertion in local coordinates. First one extends the flat
family CU of curves in P4 to a flat family on (BLΣ C

10 × P4)\E, where E is the
exceptional divisor of the blow-up of C10 in Σ. Then simultaneous saturation
gives a projective closure of this variety and hence gives an extension of CU to
a family C′ ⊂ BLΣ C

10 × P4.
For the concrete computations, we use a SINGULAR program (for the listing
we refer to Appendix A.4). We obtain the following family of curves associated
to the points in the exceptional divisor:

1. component: x0 = x1 = 0, x2
3s6 + x3x4s7 + x2

2s8 − 2x2x3s9 − x2x4s10,
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2. component x2 = x3 = 0, x2
1s1 − x1x4s2 + x2

0s3 + 2x0x1s4 + x0x4s5.

These equations define a pair of plane quadrics that intersect in exactly one
point for any choice of the parameters s1, . . . , s10.

This family of curves is invariant under the action of C∗, as one can easily verify
using the Singular program in Appendix A 4. Hence it descends to a family on
BLΣ(C10) � C∗.
It remains to show that the family C′ we constructed is flat. But this is clear,
since closed subscheme associated to points on the exceptional divisor are pairs
of two plane quadrics that intersect in exactly one point. All such curves are
projectively equivalent and have Hilbert polynomial 4n+ 1, as we will show in
Lemma 4.36.
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4.2 The Stratum P2

In this section we describe the structure of P2 and explain a possible procedure
for extending the family of curves parametrized by the blow up of W ss along
P1 resp. Si for i = 1, . . . , 3 to P2.

Recall that the maximal minors of representatives of Kronecker modules in P2

define two planes intersecting in a line with a non-reduced structure.

For the stratum P2, the situation is more complicated as before, since it is
contained in the closure of the strata S1, S3 and P1 whose maximal minors do
not define curves.

As a preparation we need the following

Lemma 3.18 (a) The closure P1 of the stratum P1 is non-singular along P2,
furthermore S1 is non-singular in points of P2.

(b) S3 is singular in the points of P2.

(c) The closures of S1 and P1 intersect transversally. Futhermore, P1 inter-
sects each component of S3 exactly in the point 0 and S1 intersects each
component of S3 exactly in an A2.

Proof: As P2 is a PGL(V )-orbit, the computations can be done simultaneously
in any point in P2. Again we examine the situation locally on the Luna slice

Sx(t1, . . . , t12) =


x0 − t11x2 − t12x4 t1x1 + t2x2 + t3x4

x1 t4x2 + t5x4

t6x2 + t7x3 + t8x4 x0 + t11x2 + t12x4

t9x2 + t10x4 x3


of the Kronecker module

x =

(
x0 x1 0 0
0 0 x0 x3

)t
∈ P2.

In coordinates of C(s, t) the slice is

Sx(t1, . . . , t12) =


s t1t −t11s+ t2t 0 −t12s+ t3t
0 s t4t 0 t5t
t 0 t6s+ t11t t7s t8s+ t12t
0 0 t9s t t10s

 .

Using rank considerations as before, one finds the following
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• Sx ∩ S1
∼= A4 defined by the equations

t1 = t2 = t3 = t6 = t7 = t8 = t11 = t12 = 0.

If furthermore t9 = t10 = 0 or t4 = t5 = 0 (where not all ti = 0),
the matrix belongs to a strictly semi-stable Kronecker modules which is
identified with P2 by the C∗-action on the slice.

• the intersection Sx ∩ S3 consists of two components that are isomorphic
to A3 that intersect exactly in the point x: the components are given by
the equations

t1 = t2 = t3 = t6 = t8 = t9 = t10 = t11 = t12 = 0

resp.
t2 = t3 = t4 = t5 = t6 = t7 = t8 = t11 = t12 = 0.

As before, this components contain strictly semi-stable matrices.

• Sx ∩ P1
∼= A2 defined by t1 = . . . = t10 = 0.

Using this, we can show the assertions of the Lemma:

(a) As in the Proof of Lemma 3.8, it suffices to show that x is a regular point
in P1 ∩ Sx resp. S1 ∩ Sx. This assertions are obvious, as P1 ∩ Sx ∼= A2

resp. S1 ∩ Sx ∼= A4.

(b) This is obvious, as the two components of S3 ∩ Sx intersect in 0.

(c) Obvious.

Discussion 3.19 The aim is to explain a procedure to extend the family of
curves parametrized by the blow-ups of W ss along P1, S1 ∪ S2 and S3 across
P2. Due to runtime-problems in executing this process, we postpone its explicit
realization to further research.
We consider the situation locally on the Luna slice Sx ∼= A12 =: X in the point

x =

(
x0 x1 0 0
0 0 x0 x3

)t
.

By [17], it suffices to compute the blow-up of the slice along the preimage
of P1 under the quotient map Sx → Sx � C∗ and take the quotient after all
computations.
For simplicity we introduce the following notation:

W := {t1 = . . . = t5 = 0} ⊂ A12 and W ′ := {t6 = . . . = t10 = 0} ⊂ A12.
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As explained in Section 3.4.1, the sets W\{0} and W ′\{0} parametrize strictly
semi-stable Kronecker modules, that are mapped to the poly-stable Kronecker
module in P1 associated to (0, . . . , 0, t11, t12) under the C∗-action on the slice
(for any choice of fixed parameters t11 and t12 not both zero).

We further denote by V the subvariety

V = {t1 = t2 = t3 = t6 = t7 = t8 = t11 = t12 = 0},

which parametrizes the points of S1 ∩ Sx, and by

U = {t1 = t2 = t3 = t6 = t8 = t9 = t10 = t11 = t12 = 0}

and
U ′ = {t2 = t3 = t4 = t5 = t6 = t7 = t8 = t11 = t12 = 0}

the subvarieties, which define the intersection of S3 with the slice Sx.

Step 1: Let π1 : X1 → X be the blow-up of X along W , i.e.

X1 = BLW (X) ⊂ A12 × P4

given by the equations sitj−sjti, 1 ≤ i, j ≤ 5, where s1, . . . , s5 are homogeneous
coordinates of P4. Let W ′1 be the strict transform of W ′ under π1. Then W ′1
is defined by the equations tj = 0 for 6 ≤ j ≤ 10 and sitj − sjti = 0 for
1 ≤ i, j ≤ 5.

Step 2: Let π2 : X2 → X1 be the blow-up of X1 along the strict transform W ′1.
Then X2 ⊂ A12×P4×P4 is defined by the equations sitj − sjti for 1 ≤ i, j ≤ 5
and 6 ≤ i, j ≤ 10.

Step 3: Next one has to compute the strict transform V1 of V in X1:

V1 = BLV ∩W (V ) ⊂ A4 × P1,

where A4 ⊂ A12 is cut out by the equations of V and P1 ⊂ P4 by the equations
s1 = . . . = s3 = 0.

Step 4: We continue by computing the strict transform V2 of V1 in X2. The
variety V2 ⊂ V1 × P1 ⊂ A12 × P4 × P4 is defined by s6 = s7 = s8 = 0 and the
equations of V1. Hence V2 is the subvariety of X2 given by the equations fi :=
ti = 0 for i = 1, 2, 3, fj−2 := tj = 0 for j = 6, 7, 8 and f7 := s9t10 − s10t9 = 0
and f8 := s4t5 − s5t4 = 0.

Step 5: The blow-up X3 := BLV2(X2) of X2 along V2 is then the subvariety of
A12 × P4 × P4 × P7 defined by rifj − rjfi = 0 for 1 ≤ i, j ≤ 8 and where ri are
homogeneous coordinates of P7.
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Step 6: We compute the strict transform U3 of U in X3 in 3 substeps as before.

Step 7: Next we compute the blow-up X4 ⊂ A12 × P4 × P4 × P7 × P8 of X3

along U3.

Step 8: Then we compute the strict transform U ′4 of U ′ in X4 in 4 substeps as
before.

Step 9: Now we compute the blow-up X5 ⊂ A12 × P4 × P4 × P7 × P8 × P8 of
X4 along U ′4. In total, X5 is given by 120 equations.

Step 10: The maximal minors of the matrices in the slice Sx define a family of
ideals I parametrized by A12. After extending I to the blow-up X5, saturation
in the parameters t1, . . . , t12 gives a new family Ĩ.
As before, this must be done with a Computer Algebra System e.g. Singular.
Then it remains to show that the associated family of closed subschemes in P4 is
flat, i.e. any of these closed subschemes is a curve in P4 with Hilbert polynomial
4n+ 1. Hopefully this can be done as in the cases treated above.
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4.3 The Stratum P3

Recall that a Kronecker module in P3 has the form A = A⊕2
1 for a Kronecker

module A1 of type (2, 1). In order to determine the type of singularities of K in
this points we again use the Luna slice theorem. As in this case the stabilizer
is GL2(C), the situation here is more complicated than in 3.4.1 and 3.3. Hence
we restricted ourselves to giving a model of the singularity.

The Luna slice at A can locally be described using Ext1(A,A). Note that
dim Ext1(A1, A1) = 6.

Now

Ext1(A,A) = Ext1(A⊕2
1 , A⊕2

1 )

= Ext1(A1, A1)⊗ End(C2)

= Ext1(A1, A1)⊗ End(gl2)

= (Ext1(A1, A1)⊗ C · id)⊕ (Ext1(A1, A1)⊗ sl2).

The deformations in Ext1(A1, A1)⊗C · id are tangential to the stratum and the
ones in Ext1(A1, A1)⊗ sl2 are transversal to the stratum. Hence the Luna slice
is given by Ext1(A1, A1)⊗sl2 and dimension dim Ext1(A1, A1)⊗sl2 = 6 ·3 = 18
by Lemma 3.14.

There is an action of the stabilizer of A on the slice, i.e. of

SL2/{±1} = PGL2 = PSL2
∼= SO3.

Then C18 � SO3 is a local model of the slice in A, i.e. there is a map

C18 � SO3 →W ss �G

that maps a neighborhood of 0 étale onto a neighborhood of [A] in W ss �G.

Lemma 3.20 There is a (2 : 1)-covering

C18 � SO3 → C18 � O3.

The following Proposition gives an explicit description of the slice at a point in
P3:

Proposition 3.21 We have two types of invariants for the action of

SO3
∼= PSL2

on the slice sl2 × . . . × sl2: Let X = (w1, . . . , w6) ∈ sl2 × . . . × sl2, i.e. X ∈
M3×6(C6).
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(a) Let S := XtX ∈ Sym6(C). Then the entries sij = wtiwj of the matrix S
are invariants.

(b) Let T := Λ3X ∈ C(33)×(63) = C20. Then tijk := det(wiwjwk) are invari-
ants.

There are
(

7
2

)
= 21 invariants of the first type and

(
6
3

)
= 20 invariants of the

second type.
For these invariants we have the following relations:

(a) Since rank(S) ≤ 3, Λ4S = 0. So the (4×4)-minors of S give 120 relations.

(b) Consider the (9× 6)-matrix
(
X
S

)
=
(

X
XtX

)
. Let Y be a matrix consisting

of the rows 1 to 3 of
(
X
S

)
(i.e. of X) and another arbitrary row. By

construction rang(Y ) < 4. That implies that Λ4Y = 0. Each entry of
Λ4Y is for some i, j, k, l,m of the form

det


w1
i w1

j w1
k w1

l

w2
i w2

j w2
k w2

l

w3
i w3

j w3
k w3

l

wtmwi wtmwj wtmwk wtmwl


= −wtmwitjkl + wtmwjtikl − wtmwktijl + wtmwltijk

= −smitjkl + smjtikl − smktijl + smltijk.

There are 90 relations of this type.

(c) Let Si,j,kl,m,n be the submatrix of S consisting of the rows i, j, k and the
columns l,m, n and let Xi,j,k and Xl,m,n be the submatrices of X consisting
of the columns i, j, k resp l,m, n. Then

Si,j,kl,m,n = Xt
i,j,kXl,m,n.

So

det(Si,j,kl,m,n) = det(Xt
i,j,kXl,m,n)

= ti,j,ktk,l,m.

That means we obtain the following relations:

tijktlmn = det(Si,j,kl,m,n)

for all i, j, k, l,m, n. There are 210 Relations of this type.

Proof: It is clear, that all the listed elements are invariants and that the listed
relations hold. The main theorems of classical invariant theory for SO3 imply
that there are no more invariants and relations, see [31][Theorem 2.9A].
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If we take a relation of the third kind with i = l, j = m and k = n, we obtain

t2ijk = det(Sijkijk ),

that means up to a sign we can reconstruct the matrix T from the entries of the
matrix S. (the signs of the minors of S are linked). The additional information
in the (2 : 1)-covering

C18 � SO3 → C18 � O3

is exactly this sign. The invariants si,j are O3-invariants, but the ti,j,k are just
SO3 invariants.
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5 Open Problems

In order to extend the rational map ΦKH : K 99K H0 ⊂ Hilb4n+1(P4) to the
blow-up ofK in P (and especially to points over the exceptional divisor over P3),
one needs to know a model for the blow-up of K in P3. But the combinatorics
are quite complicated, since the model of the singularity in a point in P3 has 41
invariants with 420 relations, as we have seen in Proposition 3.21. Furthermore
one needs to carry out the computations from Discussion 3.19.

Furthermore it would be useful to know more about the component H0 in the
Hilbert scheme Hilb4n+1(P4), especially about the curves that are not arith-
metically Cohen-Macaulay.





4

The Moduli Space M4n+2(P4)
of Semi-stable Sheaves

In this Chapter we first recall some facts about moduli spaces of semi-stable
sheaves. In particular, we are interested in the moduli space M4n+2(P4) of semi-
stable sheaves on P4 with Hilbert polynomial 4n+ 2. We construct a birational
map from K to some component M4 of M4n+2(P4) with domain of definition
as large as possible. Furthermore we study the stratum S2(M2n+1(P4)0) of
strictly poly-stable sheaves in M4 and show that M4 is non-singular in general
points of S2(M2n+1(P4)0).

1 (Semi-)stable Sheaves

In this Section we want to recall some basics about moduli spaces of semi-stable
sheaves that we will use in this Chapter.

Let F be a coherent sheaf on a projective variety X of dimension d.

Definition 4.1 (pure) F is pure of dimension d if dim(E) = d for all non-
trivial coherent subsheaves E ⊂ F .

If X is integral and F a coherent sheaf on X of dimension d, then F is pure if
and only if it is torsion free.

Definition 4.2 (reduced Hilbert polynomial) We fix an ample line bun-
dle O(1) on X. Then the Hilbert polynomial PF (m) := χ(F ⊗ O(m)) can be
written as

PF (m) =

dim(F)∑
i=0

αi(F)
mi

i!

with rational coefficients αi(F).

73
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The reduced Hilbert polynomial pF of a coherent sheaf F of dimension d is
defined by

pF (m) :=
PF (m)

αd(F)
.

Definition 4.3 (semi-stable, stable, poly-stable sheaf) (a) A coherent
sheaf F of dimension d is semi-stable if F is pure and for any non-trivial
proper subsheaf E ⊂ F one has pE ≤ pF .

(b) A coherent sheaf F of dimension d is stable if F is semi-stable and for
any non-trivial proper subsheaf E ⊂ F one has pE < pF .

(c) A semi-stable sheaf F is called poly-stable if F is the direct sum of stable
sheaves.

Definition 4.4 For any integer m, a coherent sheaf F is called m-regular, if

H i(X,F(m− i)) = 0 for all i > 0.

If F is m-regular, then F is m′-regular for all m′ > m. Furthermore F(m) is
globally generated.

Definition 4.5 A family of isomorphism classes of coherent sheaves on X is
bounded if there is a k-scheme S of finite type and a coherent OS×X-sheaf F
such that the given family is contained in the set

{F|Spec(k(s))×X | s a closed point in S}.

Theorem 4.6 The family of semi-stable sheaves with Hilbert polynomial P is
bounded.

Proof: [15][Theorem 3.3.7]

In the following we want to recall shortly how to construct a moduli space for
semi-stable sheaves with a fixed Hilbert polynomial on some projective variety
X.

Definition 4.7 Let C be a category, C◦ the opposite category and C′ the category
of functors C◦ → (Sets), whose morphisms are natural transformations between
functors.
A functor F ∈ Ob(C′) is corepresented by F ∈ Ob(C), if there is a C′-morphism
α : F → F such that any morphism α′ : F → F ′ factors through a unique
morphism β : F → F ′. If α is a C′-isomorphism, we say that F is represented
by F .
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Now we shortly recall the definition of the Quot-scheme constructed by Grothen-
dieck. For that, we consider the category C of schemes over some k-scheme S
of finite type. Moreover, let f : X → S be a projective morphism and OX(1)
an f -ample line bundle on X. Let H be a coherent OX -module and P ∈ Q[z] a
fixed polynomial.

We define a functor Q : (Sch/S)0 → (Sets) as follows: for any scheme T → S,
Q(T ) is the set of all T -flat coherent quotient sheaves HT = OT ⊗H → F , such
that the Hilbert polynomial of HT is P . For any S-morphism g : T ′ → T we
define the map Q(g) : Q(T )→ Q(T ′) by sending HT → F to HT ′ → g∗F .

Theorem 4.8 The functor Q is represented by a projective S-scheme

π : Quot(H, P )→ S.

Proof: See [15][Theorem 2.2.4].

Definition 4.9 (Jordan-Hölder Filtration) Let F be a semi-stable sheaf of
dimension d. A Jordan-Hölder filtration of F is a filtration

0 = F0 ⊂ F1 ⊂ · · · ⊂ Fl = F ,

such that for all i the factors gri(F) := Fi/Fi−1 are stable with reduced Hilbert
polynomial pF .

Remark 4.10 (a) In the above definition all the Fi for i 6= 0 are semi-stable
with reduced Hilbert polynomial pF .

(b) A Jordan-Hölder filtration need not be unique.

(c) A Jordan-Hölder filtration always exists: [15][Prop 1.5.2]

(d) The sheaf gr(F) :=
⊕

gri(F) does not depend on the choice of the Jordan-
Hölder sequence: [15][Prop 1.5.2]

Definition 4.11 (S-equivalence) Two semi-stable sheaves F1 and F2 with
the same reduced Hilbert polynomial are called S-equivalent if gr(F1) ∼= gr(F2).

Remark 4.12 Every S-equivalence class of semi-stable sheaves contains ex-
actly one poly-stable sheaf up to isomorphism.
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Let X be a projective scheme over C, OX(1) a fixed ample line bundle. Fur-
thermore fix a polynomial P ∈ Q[z]. Then a moduli functor is defined by

M : (Sch/C)0 → Sets

S 7→
{

isomorphism classes of S-flat families of semi-
stable sheaves on X with Hilbert polynomial P

}/
∼

where F1 ∼ F2 if and only of there exists a line bundle L on S such that
F1
∼= F2⊗p∗L, where p : S×CX → S is the projection on the first component.

Similarly, we define a moduli functor Ms for stable sheaves on X with Hilbert
polynomial P .

Definition 4.13 A scheme M is called a moduli space of semi-stable sheaves,
if it corepresents the functor M.

Lemma 4.14 (a) If M is corepresented by some scheme M , then S-equiva-
lent sheaves correspond to identical points in M .

(b) If there is a strictly semi-stable sheaf F , then M cannot be represented.

We shortly repeat the idea of the construction of a moduli space for semi-stable
sheaves:

The family of semi-stable sheaves on X with the fixed Hilbert polynomial P is
bounded. This means that there is an m ∈ N, such that F is m-regular and
hence F(m) globally generated and h0(F(m)) = P (m).

We define a vector space V as V := k⊕P (m) and a sheaf H as H := V ⊗k
OX(−m).

The composition of the evaluation map H0(F(m)) ⊗ O(−m) → F and the
isomorphism V → H0(F(m)) gives a surjective map ρ : H → F .

This defines a closed point [ρ : H → F ] ∈ Quot(H, P ) in the open set R in the
Quot scheme Quot(H, P ), where

R :=

{
[H → E ] ∈ Quot(H, P )

E semi-stable
V = H0(H(m)) ∼= H0(E(m))

}
Then R parametrizes semi-stable sheaves with Hilbert polynomial P , where we
have an ambiguity given by the arbitrary choice of a basis of the vector space
H0(F(m)).

The group GL(V ) acts on Quot(H, P ) by composition:

[ρ] ◦ g := [ρ ◦ g]

for ρ an S-valued point in Quot(H, P ) and g an S-valued point is GL(V ).
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Let p : Quot(H, P )×X → Quot(H, P ) and q : Quot(H, P )×X → X be the
projections and ρ : q∗H → F̃ the universal quotient on Quot(H, P )×X. Then
by [15][Prop. 2.2.5], the line bundle

Ll := det(p∗(F̃ ⊗ q∗OX(l)))

on Quot(H, P ) is very ample if l is big enough and it admits an SL(V )-lineariza-
tion.
One can show, that for l � 0, a point [q] in the Quot scheme Quot(H, P ) is
(semi-)stable with respect to the line bundle Ll and the action of SL(V ) in
the sense of Mumford’s geometric invariant theory if and only if the associated
sheaf F is (semi-)stable in the sheaf-theoretic sense.
A moduli space of semi-stable sheaves can now be constructed as the categorical
quotient of the open subset R = R

ss
(Ll) of semi-stable points in R with respect

to Ll by the action of SL(V ). (see [15][Theorem 4.2.10])

Concretely, one obtains the following result:

Theorem 4.15 There is a projective scheme MOX(1)(P ) that corepresents the
functorMOX(1)(P ). Closed points in MOX(1)(P ) are in bijection with S-equiva-
lence classes of semi-stable sheaves with Hilbert polynomial P . Moreover, there
is an open subset M s

OX(1)(P ) that corepresents the functor Ms
OX(1)(P ).

Proof: [15][Theorem 4.3.4]

Proposition 4.16 Let F be a stable point of the moduli space M of stable
sheaves. Then the Zariski tangent space of M at [F ] is canonically given by
T[F ]M ∼= Ext1(F ,F). If Ext2(F ,F) = 0, then M is smooth at [F ]. In general
there are bounds ext1(F ,F) ≥ dim[F ]M ≥ ext1(F ,F)− ext2(F ,F).

Proof: [15][Corollary 4.5.2]
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2 The Moduli Space M 2n+1(P4)

For the rest of this thesis we will consider the moduli space M4n+2(P4) of
semi-stable sheaves on P4 with Hilbert polynomial 4n + 2. This moduli space
contains both strictly semi-stable and stable objects. The S-equivalence class
of any strictly semi-stable object contains a unique strictly poly-stable sheaf
(up to isomorphism) which is the direct sum of two stable sheaves on P4 with
Hilbert polynomial 2n+1. Hence in order to understand the strictly semi-stable
locus of the moduli space M4n+2(P4), we first want to study the moduli space
M2n+1(P4) of stable sheaves on P4 with Hilbert polynomial 2n+ 1.

The Grassmannian Grass(C5, 3) parametrizes planes in P4. The tautological
sequence of Grass(C5, 3) is

0 // B // OGrass(C5,3) ⊗ C5 // A // 0 ,

where A is a bundle of rank 3. Then P(S2A∗) is a P5-bundle over Grass(C5, 3),
which parametrizes quadrics in a given plane E ∈ Grass(C5, 3).

Since dim(Grass(C5, 3)) = 6, this means that P(S2A∗) is smooth and of dimen-
sion 11:

M2n+1(P4) P(S2A∗)

��

ϕ
oo

Grass(C5, 3),

where ϕ associates to any conic C the structure sheaf OC of C. The main
Theorem of this Section is:

Theorem 4.17 The map

ϕ : P(S2A∗)→M2n+1(P4) , C 7→ OC ,

which associates to a conic C the structure sheaf OC , is bijective.

So the sheaves in the moduli space M2n+1(P4) are structure sheaves of smooth
plane conics, plane double lines and two lines intersecting in one point.

In the proof, the following two results will be used:

Theorem 4.18 ([11][Prop 18.9]) Let C ⊂ Pn be a reduced irreducible curve
of degree d and 〈C〉 the smallest linear subspace in Pn that contains C. Then
dim(〈C〉) ≤ deg(C) and dim(〈C〉) = deg(C) if and only if C is a rational
normal curve in 〈C〉.
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Proposition 4.19 ([29][III.6 Prop 6]) If F is a coherent algebraic sheaf on
Pm, then

deg(PF (n)) = dim(Supp(F)).

Proof of 4.17: We need to show that for any sheaf F ∈M2n+1(P4) there ex-
ists a curve C of one of the types mentioned above, such that F is the structure
sheaf OC of C. So consider a sheaf F ∈ M2n+1(P4). By Proposition 4.19 we
have dim(Supp(F)) = 1. Hence

(Supp(F))red = C1 ∪ . . . ∪ Cs

is the union of irreducible reduced curves Ci. If ηi are the generic points of the
components Ci and αi(F) the i-th coefficient of the Hilbert polynomial

PF (n) =

dim(F)∑
i=0

αi(F)
ni

i!
,

then we have

2 =

s∑
i=1

length(Fηi) · deg(Ci) ≥
s∑
i=1

rank(F|Ci) deg(Ci). (1)

If C̃i is an irreducible component of Supp(F) and C̃i is reduced, then the rank
of the sheaf F|

C̃i
is computed by length(Fηi) = rank(F|

C̃i
) and hence we have

equality in equation (1), if Supp(F) is reduced.

So if C := Ci is an irreducible reduced curve contained in (Supp(F))red, then for
the rank of F|C and the degree of C there are the following three possibilities:

1) r = rank(F|C) = 1, deg(C) = 2,

2) r = 2, deg(C) = 1,

3) r = 1, deg(C) = 1.

Before considering these cases separately, we need some preparations. For this
we assume that Supp(F)red consists of exactly one component C.

By ν we denote the ideal sheaf IC/ Supp(F) of C in Supp(F). Then the pure
sheaf F has a filtration

F ⊃ νF ⊃ ν2F ⊃ · · · ,

where the quotient sheaves νiF/νi+1F are not necessarily pure. Hence we
consider the saturations

Fi := νiF
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of νiF in F . We thus obtain a filtration

F = F0 ⊃ F1 ⊃ F2 ⊃ · · · ,

such that the quotients Fi/Fi+1 are pure OC-modules. In fact, by definition
νiF is the minimal subsheaf of F containing νiF such that F/νiF is pure.

The surjective maps

νiF ⊗ ν −→→ νi+1F

obviously induce maps for the saturated sheaves Fi

Fi ⊗ ν −→ Fi+1

which still are generically surjective.

Taking quotients, these maps then give rise to morphisms

Fi/Fi+1 ⊗N ?
C/ Supp(F) −→ Fi+1/Fi+2

that are also generically surjective.

Hence if rank(Fi/Fi+1) = 0 it follows that rank(Fj/Fj+1) = 0 for all j ≥ i.
We obtain the following formula for the Hilbert polynomials:

2n+ 1 = PF (n) = PF0/F1
(n) + PF1/F2

(n) + · · · .

Hence
2

deg(C)
=

2

α1(OC)
= rank(F0/F1) + rank(F1/F2) (2)

and in particular Fi = 0 for all i ≥ 2.

We now consider the three cases 1, 2 and 3 separately:

Case 1: r = 1 and deg(C) = 2

If r = 1 and deg(C) = 2, then dim〈C〉 = 2 and hence C is a rational normal
curve of degree 2 by Theorem 4.18.

As length(Fη) ·deg(C) = 2, the support (SuppF)red does not contain any other
1-dimensional component and Supp(F) is generically reduced.

Since α1(OC) = deg(C) = 2, we have rank(F0/F1) = 1 and rank(F1/F2) = 0
in equation (2), hence F1 = 0. Thus F = F0 is a locally free OC-module, i.e.
F = OC(a) for some a ∈ Z. Since PF (n) = 2n+ 1, we have a = 0. So F = OC
with C a rational normal curve of degree 2 in P2.
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Case 2: r = 2 and deg(C) = 1

Second, if r = 2 and deg(C) = 1, then C = L is a line and as in a) Supp(F)
does not contain another 1-dimensional component and Supp(F) is generically
reduced. Hence in the equation

2 = rank(F0/F1) + rank(F1/F2),

we have rank(F0/F1) = 2 and rank(F1/F2) = 0 and so F1 = 0. Then F = F0

is a locally free OL-module of rank 2, i.e. F = OL(a)⊕OL(b) for some a, b ∈ Z.
As F is semi-stable, we have a = b. The Hilbert polynomial of F is however

PF (n) = POC(a)⊕2(n) = 2(n+ a+ 1) 6= 2n+ 1

for all a ∈ Z. Hence this case does not occur.

Case 3: r = 1 and deg(C) = 1

This is the most complicated case. If r = 1 and deg(C) = 1, then C is
again a line. In this case, length(η) · deg(C) < 2, but since α1(F) = 2, ei-
ther (Supp(F))red contains another 1-dimensional component or Supp(F) is
everywhere non-reduced. We consider these two cases separately:

Case 3.1: Suppose Supp(F) contains another component C ′ of dimension 1.
Then C ′ is a line, too. Furthermore rank(F|C′) = 1 and then

rank(F|C) · deg(C) + rank(F|C′) · deg(C ′) = 2

and so Supp(F) is generically reduced.
The lines C and C ′ have to meet in one point q, because if they were disjoint,
then

2n+ 1 = PF (n) = PF|C (n) + PF|C′ (n) = (n+ c1) + (n+ c2),

where c1 + c2 = 1. But this is a contradiction since F is stable.

The sheaf F being pure, we have the decompositions F|C = OC(a) ⊕ T and
F|C′ = OC′(b)⊕ T ′ for sheaves T and T ′ supported on q.
The map

f : F → F|C ⊕F|C′ → (F|C)/T ⊕ (F|C′)/T ′ = OC(a)⊕OC′(b)

is generically injective. But since F is pure, the kernel cannot be a subsheaf of
F with 0-dimensional support. Hence f is injective.
Now assume that f is also surjective. Then F ∼= OC(a) ⊕ OC′(b). As 1 =
χ(F) = h0(F)− h1(F), we have h0(F) > 0.
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The stability of F gives a, b < 0, in particular OC(a) ⊕ OC′(b) does not have
global sections. This is a contradiction and hence f is not surjective.

Since the cokernel of f is a sheaf supported on q with 1-dimensional stalk, there
is an exact sequence

0→ F → OC(a)⊕OC′(b)→ Oq → 0

and therefore

2n+ 2 + a+ b = POC(a)⊕OC′ (b)
(n) = PF (n) + POq(n) = (2n+ 1) + 1.

So a = −b and we can assume that a ≥ 0 and b ≤ 0. If we assume that a > 0,
then OC(a − 1) would be a destabilizing subsheaf of F . Hence a = b = 0 and
F = OC∪C′ .

Case 3.2: Supp(F) is everywhere non-reduced.
By S we denote the (scheme-theoretic) support of F . In this case Cred is a
reduced line L and Supp(F) has no other component of dimension 1. Now
rank(F0/F1) = rank(F1/F2) = 1. Hence there is an exact sequence

0→ OL(l1) = F1 → F → F0/F1 = OL(l2)→ 0

for some l1, l2 ∈ Z.

Then

2n+ 1 = PF (n)

= PF1(n) + PF1/F2
(n)

= n+ l1 + 1 + n+ l2 + 1

= 2n+ l1 + l2 + 2

and therefore l1 + l2 = −1. Since F is stable, we have l1 < l2, otherwise
F1 = O(l1) would be a destabilizing subsheaf of F .

Moreover, S = Supp(F) is contained in the first infinitesimal neighborhood 4L
of L in P4. Indeed, we know that F2 = ν2F = 0. Since ν2F is a subsheaf of
the pure sheaf F and ν2F coincides with ν2F generically, we have ν2F = 0.
Obviously this implies that

I4L/P4 ⊂ Ann(F) = {f ∈ OP4 | f · s = 0 for all s ∈ F} = IS/P4

and therefore S is a subscheme of 4L. In particular we have a surjective map
O4L → OS and using that the conormal sheaf of L in 4L is OL(−1)3, we obtain
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the commutative diagram

0 // OL(−1)3 //

ψ̃
��

O4L
//

��

OL //

��

0

0 // ν = IL/S //

��

OS //

��

OL //

��

0

0 0 0

(3)

So there is a non-zero map f : OL(l2−1)3 → OL(l1) defined as the composition

OL(l2 − 1)3 = F0/F1 ⊗OL(−1)3

ψ

��

f

**
F0/F1 ⊗N ?

L/S

ϕ // F1 = OL(l1)

where the surjective map ψ is defined by ψ̃ from diagram (3) and using that
ν2 = 0. Hence l1 ≥ l2 − 1 and then altogether, l1 = −1 and l2 = 0 so that
F1 = OL(−1) and F0/F1 = OL. Putting this in, the surjective map ψ reads

ψ : OL(−1)3 → ν/ν2.

The sheaf ν = OL(m) is locally free. In fact, ν = ν/ν2 is an OL-module that is
a subsheaf of OS . As OS is pure, ν is torsion free and hence locally free on the
reduced line L.
Since f factorizes via ν, we have ν = OL(−1). Hence after an appropriate
coordinate change

ψ : OL(−1)3 → ν = N ∗L/S = OL(−1)

is the projection of OL(−1)3 on one component and the sheaf F is supported
on a double line in the plane.

To summarize, we have an exact sequence

0→ OL(−1)→ F → OL → 0

and the support of F lies in a plane. To conclude that F = O2L for a plane
double line 2L, we need to compute ext1

P2(OL,OL(−1)). To do this, we use the
exact sequence

0→ OP2(−1)→ OP2 → OL → 0.

The Ext-sequence yields

0→ Hom(OL,OL(−1)→ Hom(OP2 ,OL(−1))→ Hom(OP2(−1),OL(−1))→
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→ Ext1(OL,OL(−1))→ Ext1(OP2 ,OL(−1))→ . . . .

Since
hom(OP2(−1),OL(−1)) = h0(OL(−1)⊗OP2(1)) = 1,

hom(OP2 ,OL(−1)) = h0(OL(−1)) = 0

and
ext1

P2(OP2 ,OL(−1)) = h1(OL(−1)) = 0,

we obtain ext1
P2(OL,OL(−1)) = 1. Since F is not the trivial extension, we

conclude F = O2L.

Remark 4.20 Theorem 4.17 implies that dim(M2n+1(P4) = 11. Obviously
M2n+1(P4) does not contain any strictly semi-stable sheaf.
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3 Construction of a Rational Map
ΦKM : K 99K M 4n+2(P4)

In this Section we want to construct a rational map ΦKM : K 99K M4n+2(P4)
whose domain of definition contains all Kronecker modules in B.

Since in the moduli space K = W ss � G of Kronecker modules of type (4, 2)
there exist strictly semi-stable objects, there is no universal family. Hence we
first define a rational map Φ̃KM : W ss 99K M4n+2(P4). On W ss there is a
tautological family

p∗2OP4(−1)⊕4 Ã−→ p∗2O⊕2
P4 ,

where p2 is the projection p2 : P4 ×W ss → P4 on the second component. This
gives a tautological sequence

p∗2OP4(−1)⊕4 Ã−→ p∗2O⊕2
P4 → Coker(Ã)→ 0.

Coker(Ã) is a family of sheaves on P4 parametrized by W ss. By [15][Thm 2.1.5]
there exists a Zariski-open subset U ⊂W ss, on which the family is flat. Hence
we can define a morphism Φ̃KM |U : U →M4n+2(P4) by A 7→ [Coker(At)].

We want to prove that B is contained in the domain of definition of Φ̃KM .

Remark 4.21 Let A be a representative of a Kronecker module in one of the
strata in B and denote by C the curve defined by the 2× 2-minors of A. Then
as a set, Supp(Coker(At)) = C. Indeed, we have

x ∈ Supp(Coker(At)) ⇔ (Coker(At))x = (O2
P4/(ImAt))x 6= 0

⇔ rank((ImAt)x) 6= 2.

Now rank(ImAt)x = rank(A(x)) ≤ 1 if and only if x ∈ C, as the maximal
minors of A(x) vanish for x ∈ C.

As a preparation, we study the situation for the sheaves F = Coker(At), where
A is a Kronecker module in the stratum B0, i.e. the maximal minors of A define
a rational normal curve of degree 4 in P4.

Lemma 4.22 B0 ∈ U and the map Φ̃KM |U is well-defined on B0. In par-
ticular, for any Kronecker module ϕA ∈ B0 represented by the matrix A the
following holds:

(a) The cokernel of the map

OP4(−1)⊕4 At

−→ O⊕2
P4
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is
Coker(At) = OC(p) ∼= OP1(1)

where C is the rational normal curve defined by the maximal minors of A
and p is a point on C.

(b) The Hilbert polynomial of Coker(At) is PCoker(At)(n) = 4n+ 2.

(c) Coker(At) is stable.

Proof: (a) We restrict the exact sequence

· · · → OP4(−1)⊕4 ϕt
A−→ O⊕2

P4 → L := Coker(ϕtA)→ 0

to C:

· · · → OC(−1)⊕4 ϕt
A|C−→ O⊕2

C → L|C → 0.

Since C is a rational normal curve of degree 4, this sequence reads

· · · → OP1(−4)⊕4 ϕt
A|C−→ O⊕2

P1 → L|C → 0.

In coordinates of P1, the map ϕtA|C is given by the matrix

At|C =

(
s4 s3t s2t2 st3

s3t s2t2 s1t3 t4

)
.

By dualizing we obtain a map ϕ : O⊕2
P1

A|C−→ OP1(4)⊕4 and compute the kernel.
Now

Ker(ϕ) =

{(
f
g

)
∈ O⊕2

P1 |A|C
(
f
g

)
= 0

}
=

{(
f
g

)
∈ O⊕2

P1 | s4(fs+ gt) = s3t(fs+ gt) = s2t2(fs+ gt) =

st3(fs+ gt) = t4(fs+ gt) = 0

}
=

{(
f
g

)
∈ O⊕2

P1 | (fs+ gt) = 0

}
= ker(ψ),

where ψ is the map

ψ : O⊕2
P1 → OP1(1),

(
f
g

)
7→
(
s t

)(f
g

)
.
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The map ψ is surjective, since OP1(1) is generated by the sections s and t. So
Kerψ = OP1(−1) and L|C = Coker(ϕA)|C = OP1(1).

(b) Since for large n we have

χ(OC(p)(n)) = h0(P1,OP1(1 + 4n)) = 4n+ 2,

the Hilbert polynomial of Coker(At) is 4n+ 2.

(c) Since for any point x ∈ C, we have rank(Coker(At)x)) = 1, the sheaf
Coker(At)) is locally free on C. Especially, restricted to C, it is torsion free.
Since dim(Supp(Coker(At))) = 1, this is the same as being pure. As Coker(At)
is a pure sheaf of rank 1, it is stable.

Proposition 4.23 All Kronecker modules in B, i.e. whose maximal minors
define a curve with Hilbert polynomial 4n + 1, are contained in U . On B the
morphism Φ̃KM |U is well-defined, this means that Coker(At) is semi-stable and
its Hilbert polynomial is 4n+ 2 for any A ∈ B.

Actually, we will show that the cokernel sheaves of Kronecker modules in B are
stable.

Proof: For the proof it suffices to check the required properties for an arbi-
trary element in W ss that is mapped to some representative of B10 under the
quotient map W ss → W ss �G = K. So let us assume that we have shown the
assertions for B10, which will be done in Lemma 4.24. Now we want to deduce
the assertions for the other Kronecker modules in B.

If A1 and A2 are Kronecker modules in the same stratum Bi, there is a coordi-
nate transformation that maps A1 to A2.

Hence for the Hilbert polynomials of Coker(At1) and Coker(At2) we have

PCoker(At
1)(n) = PCoker(At

2)(n)

and if one of the cokernel sheaves is semi-stable, then it is also true for the
other.

First we show that the family of cokernel sheaves associated to Kronecker mod-
ules in B is flat.

For any family of coherent sheaves F on a smooth scheme P4 ×W ss → W ss,
there exists an open subscheme V of W ss over which F is flat. This subscheme
is non-empty, since the cokernel sheaves associated to B0 form a flat family on
the Zariski-open (dense) subset B0 ⊂ B.
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In the family

(As)
t :=

(
x1 x0 x3 sx2

sx2 x1 sx4 + (1− s)x0 x3

)
,

one can see after some column operations that As ∈ B0 for s 6= 0 and A0 ∈ B10.

We will show that the induced family of cokernels Coker((As)
t) is flat by showing

that the Hilbert polynomial is constant in this family:

By Lemma 4.22 the cokernel of As, s 6= 0 is of the form OC(p), where C is a
rational normal curve of degree 4 and the Hilbert polynomial is POC(p)(n) =
4n+ 2. And furthermore, by assumption, PCoker((A0)t)(n) = 4n+ 2.

By Corollary 2.26, all stable Kronecker modules A ∈ B degenerate into the
stratum B10, i.e. there is a family As, such that As ∈ Bi for s 6= 0 and
lims→0As = A0 ∈ B10. Hence also the associated family of cokernels of the

maps OP4(−1)⊕4 At

→ O⊕2
P4 degenerates into a cokernel of Kronecker modules in

B10.

Since Coker((A0)t) ∈ V and V is open, there exist matrices As ∈ Bi in a
neighborhood of A0, that are also contained in V and hence also the whole
stratum.

But then by [15][Prop 2.1.2], the Hilbert polynomial is constant in the family
of cokernel sheaves over B.

By [15][Prop 2.3.1], semi-stability is an open condition for a flat family of co-
herent sheaves. If we show that the cokernels of Kronecker modules in B10 are
semi-stable, the same is true for any other cokernel of Kronecker modules in B
by an argument similar to that one for the flatness.

Hence Lemma 4.24 completes the proof.

Lemma 4.24 We take the matrix

A =

(
x0 x1 x2 0
0 x0 x1 x2

)t
∈W s

that is mapped to a representative of the stratum B10 in K under the quotient
map W ss →W ss�G. Furthermore we denote by F the cokernel F = Coker(At).
Then F is a stable sheaf on P4 with Hilbert polynomial 4n+ 2.

Proof: I) Let L be the reduced line given by x0 = x1 = x2 = 0 in P4. Recall
that the maximal minors of A define the non-reduced line 4L which is the first
infinitesimal neighborhood in P4.
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Let i : L→ 4L be the inclusion. First, we construct an exact sequence

0→ i∗OL(−1)⊕2 α→ F β→ i∗O⊕2
L → 0. (4)

To do so, let ψ : O⊕2
P4 → O⊕2

L be the restriction to L and G1 = Ker(ψ) = I⊕2
L .

The map ϕ : OP4(−1)⊕4 → O⊕2
P4 , given by the matrix A, factors through G1

and we have the following diagram

0

��

0

��
G1

µ
��

// G2

α

��

// 0

OP4(−1)⊕4 ϕt
//

λ

88

0

%%

O⊕2
P4

//

ψ
��

F

β}}

// 0

i∗O⊕2
L

��
0

(5)

where G2 = Coker(λ). The maps α and β are defined such that the diagram
commutes. Then by construction, the sequence

0→ G2
α→ F β→ i∗O⊕2

L → 0

is exact.
Restricting to L gives G1|L = I⊕2

L |L = (IL/I2
L)⊕2 = OL(−1)⊕3·2, and λ|L is

given by the matrix 

1 0 0 0
0 1 0 0
0 0 1 0
0 1 0 0
0 0 1 0
0 0 0 1

 .

We have G2|L = OL(−1)⊕2, since in the sequence

OL(−1)⊕4 λ|L−→ OL(−1)⊕6 → G2|L → 0

the map λ|L is injective.

We want to show, that G2
∼= i∗OL(−1)⊕2. For that it remains to show that the

scheme-theoretic support of G2 is contained in L.
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To do so, we take an arbitrary local holomorphic function f that vanishes on
L. If f ·s = 0 for all (local) sections s of G2, then the support of G2 is contained
in L.
That means, for a preimage s̃ of s in G1 under the map G1 → G2, we want to
show (f · s̃)x ∈ Im(λ)x for all x. But since all diagrams in (5) commute, this is
the same as

µ((f · s̃)x) ∈ Im(ϕt)µ(x).

The image of ϕt is

Im(ϕt) =

{(
u1x0 + u2x1 + u3x2

u2x0 + u3x1 + u4x2

)
|ui ∈ H0(OP4(−1))

}
.

A holomorphic function that vanishes on L has locally the form

f = f0x0 + f1x1 + f2x2

for holomorphic functions fi. Then

µ(f · s̃) = f · µ(s̃) =

(
s̃1f0x0 + s̃1f1x1 + s̃1f2x2

s̃2f0x0 + s̃2f1x1 + s̃2f1x2

)
.

But this is a section in Im(ϕ) by setting

u1 = −(s̃2f1 − s̃1f2)
x2

x0
+ s̃1f0,

u2 = s̃1f1,

u3 = s̃2f1,

u4 = (s̃2f0 − s̃1f1)
x0

x2
+ s̃2f1.

Hence the claim follows.

II) Using the exact sequence (4) in part I) we can easily compute the Hilbert
polynomial of F :

PF (n) = Pi∗OL(−1)⊕2(n) + Pi∗O⊕2
L

(n)

= POL(−1)⊕2(n) + PO⊕2
L

(n)

= 2n+ (2n+ 2)

= 4n+ 2.

III) Finally we need to check that F = Coker(At) is stable, where

A =

(
x0 x1 x2 0
0 x0 x1 x2

)
.
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In order to prove stability, consider any proper subsheaf F ′ of F . Then there
exists a map

f : F ′ → i∗O⊕2
L

defined as the composition of the inclusion F ′ ↪→ F and β : F → i∗O⊕2
L . Let

F ′′ := Im(f) and G := Ker(f).

Then G is a subsheaf of i∗OL(−1)⊕2 and F ′′ a subsheaf of i∗O⊕2
L ; both sheaves

are pure (of dimension 1). So we obtain the commutative diagram

0 // i∗OL(−1)⊕2 // F // i∗O⊕2
L

// 0

⊆ ⊆ ⊆

0 // G // F ′ // F ′′ // 0.

(6)

First we prove that F is pure, i.e. there is no subsheaf of F whose support
consists of finitely many points. So we take F ′ to be a subsheaf of F with
0-dimensional support. Then clearly the support of Ker(f) and the support of
Im(f) have dimension 0. But i∗OL(−1)⊕2 and i∗O⊕2

L are pure, thus Ker(f) =
Im(f) = 0 and hence F ′ = 0.

Now in order to prove stability, we consider a destabilizing subsheaf F ′ of F ,
i.e. a subsheaf F ′ of F such that pF ′ ≥ pF . Recall that the reduced Hilbert
polynomial of F is

pF (n) =
4n+ 2

4
= n+

1

2
.

From diagram (6) we deduce that F ′′ is either

• F ′′ = 0 or

• F ′′ = i∗OL(a) for some a ≤ 0 or

• F ′′ = i∗OL(a)⊕ i∗OL(b) for some b ≤ a ≤ 0.

In all cases either G = 0 or the reduced Hilbert polynomial of G satisfies the
inequality

pG(n) ≤ pi∗OL(−1)⊕2(n) = n,

since i∗OL(−1)⊕2 is semi-stable.

Now if F ′′ = 0, then F ′ ∼= G and hence pF ′(n) ≤ n < n + 1
2 = pF (n), which is

a contradiction to the assumption that F ′ is a destabilizing subsheaf of F .
If F ′′ 6= 0 and a ≤ −1, then we have pF ′′(n) ≤ pi∗OL(−1)(n) = n and hence
pF ′(n) ≤ n < pF (n) which is again a contradiction.
So from now on we may assume that F ′′ = i∗OL or F ′′ = i∗OL ⊕ i∗OL(b) for
some b ≤ 0.
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Claim 4.25 h0(F ′) > 0 and G is one of the following

• G = 0

• G = i∗OL(−1)

• G = i∗OL(−1)2.

Proof: In case G = 0, the assertion h0(F ′) > 0 is clear. So suppose that
G 6= 0. For any G = i∗OL(m) or G = i∗OL(m) ⊕ i∗OL(n), with m < −1 and
n ≤ −1, then pF ′ < pF which is a contradiction.

So we conclude that G = i∗OL(−1)2 or G = i∗OL(−1), in particular h0(G) =
h1(G) = 0. Furthermore we know that h0(F ′′) ∈ {1, 2} and hence it follows
from the long exact cohomology sequence

0→ H0(G)→ H0(F ′)→ H0(F ′′)→ H1(G)→ . . .

that h0(F ′) > 0.

Note that h0(F ′) = 2 if and only if F ′′ = i∗O2
L and that h0(F ′) = 1 otherwise.

Claim 4.26 There are exactly the following two cases:

(a) F ′′ = i∗OL and G = i∗OL(−1)2

(b) F ′′ = i∗OL ⊕ i∗OL(−1) and G = i∗OL(−1).

Proof: Since h0(F ′) > 0, the section (resp. one of the sections) of F ′ defines
a map OP4

s−→ F ′.

There exists a unique map OP4

(αβ )
−→ O⊕2

P4 , such that the composition

OP4 → O2
P4 → F → i∗O2

L

coincides with the given map F ′′ → i∗O2
L, i.e. the following diagram commutes:

OP4

(α,β)

||

s //

��

F ′

��
O⊕2
P4

""

i∗OL

��

// F ′′

��
i∗O2

L i∗O2
L
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Then we obtain the following commutative diagram:

0 0

OP4(−1)4 B // OP4

OO

// F/F ′ //

OO

0

OP4(−1)4 A // O2
P4

//

(β −α )

OO

F

OO

// 0

OP4

(α
β

) OO
// F ′

OO

0

OO

0

OO

where A =

(
x0 x1 x2 0
0 x0 x1 x2

)
and

B :=
(
β −α

)
·
(
x0 x1 x2 0
0 x0 x1 x2

)
=
(
βx0 βx1 − αx0 βx2 − αx1 −αx2

)
.

Hence F/F ′ = Coker(B) = i∗OL, since the image of B is generated by x0, x1

and x2, as not both α and β are zero. Therefore diagram (6) can be extended
as follows:

0 0 0

0 // H //

OO

F/F ′ = i∗OL //

OO

E //

OO

0

0 // i∗OL(−1)2

OO

// F //

OO

i∗O2
L

//

OO

0

0 // G //

OO

F ′ //

OO

F ′′ //

OO

0

0

OO

0

OO

0.

OO

If F ′′ = i∗OL, then E = i∗OL and so the cokernel H = 0 and hence
G ∼= i∗OL(−1)2. This is case a).

If F ′′ = i∗OL ⊕ i∗OL(b), we consider the three possible choices of G:
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• If G = 0, then H = i∗OL(−1)2 which is a contradiction, since H is a
subsheaf of F/F ′ = i∗OL.

• If G = i∗OL(−1)2, then H = 0 and E = i∗OL. That imples F ′′ = i∗OL
which is a contradiction.

• If G = i∗OL(−1), then H = i∗OL(−1) and hence E is a skyscraper sheaf
supported on one point. Hence b = −1. So we obtain case b).

Finally, we rule out both possibilities obtained in Claim 4.26. First, in case a)
if F ′′ = i∗OL, then

PF ′(n) = PG(n) + PF ′′(n) = Pi∗OL(−1)2(n) + Pi∗OL
(n) = 2n+ n+ 1

and hence

pF ′(n) = n+
1

3
< n+

1

2
= pF (n),

which is a contradiction.
Second, in case b) if F ′′ = i∗OL ⊕ i∗OL(−1), then PF ′(n) = 2n + n + 1 and
hence as before pF ′ < pF which is a contradiciton.

In summary, there does not exist any proper subsheaf F ′ of F , such that
pF ′ ≥ pF and hence F is stable.

In Proposition 4.23 we have constructed a well-defined morphism

Φ̃KM |U : U →M4n+2(P4)

for some open subset U ⊂W ss that contains B. As for all pairs (g, h) ∈ G, the
cokernel sheaves Coker((gAh−1)t) and Coker(At) are isomorphic, the morphism
Φ̃KM |U is G-invariant. Hence Φ̃KM |U descends to a morphism

ΦKM |K′ : K ′ := U �G→M4n+2(P4).

Remark 4.27 The rational map Φ̃KM is not defined on the strata S and P .
This is clear, as the support of the cokernel F sheaves has dimension at least
2. Since by [29][III.6 Prop. 6] for the Hilbert polynomial PF (n) of F holds
deg(PF (n)) = dim(Supp(F)), it cannot be 4n + 2. By saturation of the cok-
ernel sheaves of the families of Kronecker modules chosen in Remark 3.3 along
different directions, we see that it is not possible to extend Φ̃KM to S or P .

For some strata of K one can compute the cokernel sheaves concretely.
To do so, we need the following preparation:
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Lemma 4.28 Let ϕ be a Kronecker module of type (4, 2) represented by a ma-
trix A and C the curve defined by its maximal minors. Write C =

⋃
iCi, where

Ci are the irreducible components of C.

(a) If after an appropriate coordinate change

At|Ci =

(
x0 x1 . . . xd−1 0 . . . 0
x1 x2 . . . xd 0 . . . 0

)
,

i.e. Ci is a rational normal curve of degree d in some Pd for 1 ≤ d ≤ 4,
then the cokernel of the restricted map

ϕt|Ci : OP4(−1)⊕4|Ci

At|Ci−→ O⊕2
P4 |Ci

is the sheaf OCi(p).

(b) If after a coordinate transformation Ci is the line in P4 given by the
equations x0 = x1 = x2 = 0 and

At|Ci =

(
x3 x4 0 0
0 0 0 0

)
,

then Coker(At|Ci) = OCi.

(c) If after a coordinate transformation Ci is the line in P4 given by the
equations x0 = x1 = x2 = 0 and

At|Ci =

(
x3 0 0 0
0 0 0 0

)
and P denotes the point x0 = x1 = x2 = x3 = 0, then

Coker(At|Ci) = OCi ⊕ CP .

Proof: (a) This can be proven analogeously to the proof of Lemma 4.22(a).

(b) Obviously Im(At|Ci) = OCi ⊕ {0}. The cokernel of At|Ci is

Coker(At|Ci) = O2
Ci
/ Im(At) = OCi .

(c) We restrict the map

OCi(−1)⊕4

(
x3 0 0 0
0 0 0 0

)
−−−−−−−−−→ O⊕2

Ci

to a map

OCi(−1)
(x3 0)

−−−−→ O⊕2
Ci
.

This map is injective and hence Coker(At|Ci) = OCi ⊕ CP .
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Example 4.29 From Lemma 4.28 one can deduce immediately:

(a) For the stratum B0, the cokernel is OC(p) for the rational normal curve
C of degree 4 (as we have already seen in Lemma 4.22).

(b) B1: Recall that the support of L, i.e. a curve in B1 consists of a twisted cu-
bic C and a line L that intersect in one point. The rank of L is constantly
1 on the support and L|C = OC(p) and L|L = OL.

(c) B2: A curve in B2 consists of a quadric Q and two lines L1 and L2 that
each intersect Q in one point. Then L|Q = OQ(p) and L|L1 = OL1 resp.
L|L2 = OL2 .

(d) B2
3 : the support of L consists of four lines that do not intersect in one

point. L|L4 = OL4(p), and for i = 1, 2, 3 we have L|Li = OLi .
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4 The Moduli Space M 4n+2(P4)

In this Section we want to study the moduli space M4n+2(P4) of semi-stable
sheaves on P4 with Hilbert polynomial 4n+ 2.

We saw in Section 4.3 that this moduli space contains the cokernel sheaves of
the Kronecker modules

OP4(−1)⊕4 ϕ→ O⊕2
P4

of type (4, 2), if the maximal minors of the matrices A representing ϕ define a
curve.

Concretely, there is a ”good” component

M4 := {i∗OP1(1)|i : P1 ↪→ P4 embedding } ⊂M4n+2(P4)

which contains (as an open set) the cokernels of the Kronecker modules men-
tioned above.

Lemma 4.30 The dimension of M4 is dimM4 = 21.

Proof: Since the family of rational normal curves of degree 4 in P4 has dimen-
sion 21, we have dimFM4 ≥ 21 where F = Coker(A) = OC(p) for a Kronecker
module A ∈ B0.

Since all smooth rational normal curves C of degree 4 in P4 are projectively
equivalent, ext1(OC(1),OC(1)) is constant in the family of cokernels of smooth
rational normal curves of degree 4 in P4. Using the computer algebra Macaulay
2 ([9]), we compute ext1(OC(1),OC(1)) = ext1(OC ,OC) = 21. So we have
dimFM

4n+2(P4) = 21. Hence the open set

{i∗OP1(1) | i : P1 ↪→ P4 embedding}

is smooth and has dimension 21. So its closure M4 is an irreducible component
of M4n+2(P4) of dimension 21.

In M4n+2(P4) there exist strictly semi-stable sheaves F . Every S-equivalence
class of semi-stable sheaves in M4n+2(P4) contains a unique strictly poly-stable
sheaf up to isomorphism.

The strictly poly-stable sheaves are direct sums F = F1 ⊕F2 of stable sheaves
F1,F2 ∈ M2n+1(P4) with Hilbert polynomial 2n + 1. Recall that we showed
in Section 4.2 that F1 and F2 are structure sheaves of smooth plane conics,
double lines in P2 or two lines intersecting in one point. Some of the strictly
poly-stable sheaves are contained in the good component M4. More concretely:
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Lemma 4.31 The intersection of S2(M2n+1(P4)) with the good component M4

is the set of sheaves in S2(M2n+1(P4)) whose support is connected. We denote
this subset by S2(M2n+1(P4))0.

Proof: First, the component M4 contains a sheaf in S2(M2n+1(P4))0 : there-
fore consider the family of cokernel sheaves

p∗OP4(−1)⊕6 ϕt→ p∗O⊕2
P4 → Coker(ϕt)→ 0,

where p : P4 × C → P4 is the projection on the first component and the maps
ϕt are represented by the matrices

At :=

(
x0 x1 tx2 tx3 x2x4 − x2

3 0
tx1 tx2 x3 x4 0 x0x2 − x2

1

)
.

For t 6= 0, the matrix At can be transformed via row and column operations to
a matrix of the form (

x0 x1 tx2 tx3 0 0
tx1 tx2 x3 x4 0 0

)
.

Hence for any t 6= 0, the cokernel Coker(ϕt) defines the cokernel of a Kronecker
module in B0 and for t = 0, the cokernel sheaf is in S2(M2n+1(P4))0.

Now, the generic sheaf in S2(M2n+1(P4))0 is the direct sum of two structure
sheaves of two plane quadrics Q1 and Q2 that intersect in exactly one point.
By Lemma 4.36, all such pairs of quadrics are projectively equivalent. Hence all
sheaves OQ1⊕OQ2 ∈ S2(M2n+1(P4))0, where Q1 and Q2 are two plane quadrics
that intersect in exactly one point, are contained in M4. But then the closure
of this set, i.e. S2(M2n+1(P4))0 is contained in M4, as M4 is closed.

Lemma 4.32 (a) The dimension of S2(M2n+1(P4))0 is

dimS2(M2n+1(P4))0 = 20.

(b) Let ∆(M2n+1(P4)) ⊂ S2(M2n+1(P4)) be the closed subscheme of
S2(M2n+1(P4)) consisting of sheaves of the form O⊕2

Q ∈ S2(M2n+1(P4))0

for some conic Q. Then

dim ∆(M2n+1(P4)) = 11.
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Proof: (a) First we compute the dimension of the family of smooth plane
quadrics in P4 containing a fixed point P ∈ P4.

Let Q be a smooth quadric in P4 lying in some plane E. Then there is an
exact sequence

0→ NQ/E → NQ/P4 → NE/P4 |Q → 0. (7)

Obviously
NQ/E = OQ(2) = OP1(4)

and furthermore

NE/P4 |Q = (OP2(1)⊕OP2(1))|Q = OQ(1)⊕OQ(1) = OP1(2)⊕OP1(2).

Since the quadric should contain a fixed point P ∈ P4, we take the tensor
product of sequence (7) with the ideal sheaf IP = OP1(−1) of P in Q.

Hence

H0(NQ/P4 ⊗ IP ) = H0(OP1(3)⊕OP1(1)⊕OP1(1)) = 8.

Altogether, the dimension of the family of two smooth plane quadrics
intersecting in one point, is 4 + 8 + 8 = 20, since the choice a point in P4

increases the dimension by 4.

(b) The quadric Q lies in a unique plane E and

h0(NE/P4) = h0(OP2(1)⊕OP2(1)) = 3 + 3 = 6.

Furthermore

h0(NQ/E) = h0(OQ(2)) = h0(OP1(4)) = 5.

Hence the space of quadrics in P4 has dimension 11 and therefore

dim ∆(M2n+1(P4)) = 11.

The following diagram summarizes the strata of the moduli space we are going
to study:

M4 ⊇ S2(M2n+1(P4))0 ⊇ ∆(M2n+1(P4))

⊆ ⊆ =

M4n+2(P4) ⊇ S2(M2n+1(P4)) ⊇ ∆(M2n+1(P4))

Again ∆(M2n+1(P4)) contains the sheaves of the form O⊕2
Q .
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Lemma 4.33 Let Q be a plane quadric in P4. Then

Ext1
P4(OQ,OQ) = C11 and Ext2

P4(OQ,OQ) = C19.

Proof: Consider the Koszul resolution of OQ

0 −→ Λ3V
ϕ4−→ Λ2V

ϕ3−→ V
ϕ2−→ OP4

ϕ1−→ OQ −→ 0,

where V = OP4(−1)⊕2⊕OP4(−2) and hence Λ2V = OP4(−2)⊕OP4(−3)⊕2 and
Λ3V = OP4(−4).
Let K1 := Ker(ϕ2) and K0 := Ker(ϕ1). The OP4-modules K0 and K1 need not
to be locally free. We have the following exact sequences

0→ K0 → OP4
ϕ1−→ OQ → 0 (8)

0→ K1 → OP4(−1)⊕2 ⊕OP4(−2)→ K0 → 0 (9)

0→ OP4(−4)
ϕ4−→ OP4(−2)⊕OP4(−3)⊕2 → K1 → 0. (10)

I) First consider the sequence (8). We construct the associated Ext-sequence
for the OP4-module OQ:

0→ HomO
P4

(OQ,OQ)→ HomO
P4

(OP4 ,OQ)→ HomO
P4

(K0,OQ)→

Ext1
P4(OQ,OQ)→ Ext1

P4(OP4 ,OQ)→ · · ·

As HomP4(OP4 ,OQ) = H0(OQ) = C, furthermore Hom(OQ,OQ) = C and
Ext1(OP4 ,OQ) = H1(OQ) = 0, this exact sequence induces an isomorphism

Ext1(OQ,OQ) ∼= Hom(K0,OQ).

Since Exti(OP4 ,OQ) = H i(OQ) = 0 for i ≥ 2, we also have isomorphisms

Exti(K0,OQ) ∼= Exti+1(OQ,OQ)

for all i ≥ 1.

II) Then consider the sequence (9). We take again the associated Ext-sequence
for the OP4-module OQ:

0→ Hom(K0,OQ)→ Hom(OP4(−1)⊕2 ⊕OP4(−2),OQ)→ Hom(K1,OQ)→

→ Ext1(K0,OQ)→ Ext1(OP4(−1)⊕2 ⊕OP4(−2),OQ)→ · · ·
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Using

HomP4(OP4(−1)⊕2⊕OP4(−2),OQ) = HomP4(OP4 ,OQ ⊗ (OP4(1)⊕2 ⊕OP4(2)))

= H0(OQ ⊗ (OP4(1)⊕2 ⊕OP4(2))

= H0(OQ(1)⊕2 ⊕OQ(2))

= H0(OP1(2)⊕2 ⊕OP1(4))

= C11

and

Exti(OP4(−1)⊕2 ⊕OP4(−2),OQ) = H i(OQ(1)⊕2 ⊕OQ(2)) = 0 for all i ≥ 1

the exact sequence gives isomorphisms

Exti(K1,OQ) ∼= Exti+1(K0,OQ)

for all i ≥ 1.

III) Then we consider the sequence (10). We construct the associated Ext-
sequence for the OP4-module OQ:

0→ Hom(K1,OQ)→ Hom(OP4(−2)⊕OP4(−3)⊕2,OQ)→

→ Hom(OP4(−4),OQ)→ Ext1(K1,OQ)→

→ Ext1(OP4(−2)⊕OP4(−3)⊕2,OQ)→ · · ·

We compute as before

Hom(OP4(−2)⊕OP4(−3)⊕2,OQ) = H0(OQ(2)⊕OQ(3)⊕2)

= H0(OP1(4)⊕OP1(6)⊕2)

= C19

and

Exti(OP4(−2)⊕OP4(−3)⊕2,OQ) = H i(OQ(2)⊕OQ(3)⊕2) = 0

for all i ≥ 1 and
Hom(OP4(−4),OQ) = C9.

Now we prove that

Hom(K1,OQ) ∼= Hom(OP4(−2)⊕OP4(−3)⊕2,OQ).

This is the same as proving that Hom(Λ2V,OQ) → Hom(Λ3V,OQ) is the zero
map.
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The map OP4(−4)
ϕ4−→ OP4(−2)⊕OP4(−3)⊕2 is given by a matrix

( q
l1
l2

)
, where

l1 and l2 define a plane and q defines a quadric q, such that q ∩ l1 ∩ l2 = Q.

Since

Hom(OP4(−2)⊕OP4(−3)⊕2,OQ) = Hom(OP4 , (OP4(2)⊕OP4(3)⊕2)|Q)

= H0((OP4(2)⊕OP4(3)⊕2)|Q)

and analogously
Hom(OP4(−4),OQ) = H0(OP4(4)|Q),

the map H0((OP4(2) ⊕ OP4(3)⊕2)|Q) → H0(OP4(4)|Q) is given by the matrix(
q|Q
l1|Q
l2|Q

)
. But by definition q|Q = l1|Q = l2|Q = 0.

Hence
Hom(K1,OQ) ∼= Hom(OP4(−2)⊕OP4(−3)⊕2,OQ) = C19

and so
Ext1(K1,OQ) ∼= Hom(O(−4),OQ) ∼= C9.

Now we go back to exact sequence

0→ K1 → V → K0 → 0.

By definition K0|Q = IQ|Q = IQ/I
2
Q = N∗Q/P4 . To compute the cohomology of

N∗Q/P4 , we use the exact sequence

0→ NQ/P2 → NQ/P4 → NP2/P4 |Q → 0 :

Then

HomP4(K0|Q,OQ) = HomQ(N∗Q/P4 ,OQ)

= H0(NQ/P4)

= H0(NQ/P2) +H0(NP2/P4 |Q)

= H0(OQ(2)) +H0(OQ(1)⊕2)

= C5 ⊕ C6 = C11,

as H1(OQ(2)) = 0.

Altogether it follows from the sequence (8) and the considerations in part I)
that

Ext1(OQ,OQ) ∼= Hom(K0,OQ) = C11

and furthermore using part II)

Ext2(OQ,OQ) ∼= Ext1(K0,OQ) ∼= Hom(K1,OQ) = C19.
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Lemma 4.34 Let Q1 and Q2 be two plane quadrics lying in the planes E1 and
E2 all intersecting in exactly one point P . Then ext1(OQ1 ,OQ2) = 1.

Proof: We consider the Grothendieck spectral sequence defined by

Ep,q2 = Hp(P4, Extq(OQ1 ,OQ2))⇒ Extp+q(OQ1 ,OQ2).

So we need to compute E1,0
2 and E0,1

2 .

• E1,0
2 = H1(P4,Hom(OQ1 ,OQ2)) = H1(P4, 0) = 0.

• So it remains to compute E0,1
2 = H0(P4, Ext1(OQ1 ,OQ2)). We claim that

E0,1
2
∼= C. To see that, we consider the ideal sheaf sequence

0→ IQ1 → OP4 → OQ1 → 0.

This gives (using [12][III Prop 6.3b]) the exact sequence

0 = Hom(OQ1 ,OQ2)→ Hom(OP4 ,OQ2)
Φ→ Hom(IQ1 ,OQ2)

→ Ext1(OQ1 ,OQ2)→ Ext1(OP4 ,OQ2) = 0.

By [12][III Prop 6.3a] Hom(OP4 ,OQ2) ∼= OQ2 . Furthermore Coker Φ is a

sheaf that lives on x = Q1 ∩Q2. Hence Coker Φ ∼= Cx and E0,1
2
∼= C.

For r ≥ 2,

E1,0
r+1 =

Ker(E1,0
r → Er+1,1−r

r )

Im(E1−r,r−1
r → E1,0

r )
= E1,0

r ,

and it follows that E1,0
∞ = 0. Hence Ext1(OQ1 ,OQ2) = E0,1

∞ . But

E0,1
r+1 =

Ker(E0,1
r → Er,2−rr )

Im(E−r,rr → E0,1
r

= Ker(E0,1
r → Er,2−rr ).

As E2,0
2 = H2(P4, Ext0(OQ1 ,OQ2)) = H2(P4,Hom(OQ1 ,OQ2)) = 0 and obvi-

ously Er,2−r2 = 0 for all r ≥ 3, it follows that Ext1(OQ1 ,OQ2) = E0,1
∞ = C.

Proposition 4.35 Let F = OQ1⊕OQ2 ∈ S2(M4n+2(P4))0. Then ext1(F ,F) =
24 and ext2(F ,F) 6= 0.

Proof: By Lemma 4.33 and 4.34,

ext1(F ,F) = ext1(OQ1 ⊕OQ2 ,OQ1 ⊕OQ2)

= 2 ext1(OQ1 ,OQ2) + ext1(OQ1 ,OQ1) + ext1(OQ2 ,OQ2)

= 2 · 11 + 1 + 1 = 24.
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5 Regularity of M4 at Generic Points of S2(M 2n+1(P4))0

In this Section, let us denote by (Q1 ⊂ E1, Q2 ⊂ E2) a pair of planes in P4

intersecting in exactly one point P together with two smooth 1-dimensional
quadrics Q1 ⊂ E1 and Q2 ⊂ E2 such that Q1 and Q2 also intersect in P .

Lemma 4.36 Any two pairs of non-singular quadrics (Q1 ⊂ E1, Q2 ⊂ E2)
and (Q′1 ⊂ E′1, Q

′
2 ⊂ E′2), that intersect in exactly one point P1 resp P2, are

projectively equivalent.

Proof: The conics Qi are non-singular, hence they are neither a double line
nor a pair of two intersecting lines.
I) There is an automorphism ϕ of P4 such that ϕ(E′1) = E1 and ϕ(E′2) = E2.
Hence the pairs (Q′1 ⊂ E′1, Q

′
2 ⊂ E′2) and (ϕ(Q′1) ⊂ E1, ϕ(Q′2) ⊂ E2) are

projectively equivalent. So we can assume that E1 = E′1 and E2 = E′2.

II) Next we show that for a plane Ei, a point Pi ∈ Ei and two quadrics Qi, Q
′
i ⊂

Ei with Pi ∈ Qi and Pi ∈ Q′i there is an automorphism ψi of P2 leaving Pi fixed
with ψi(Qi) = Q′i. It suffices to consider the situation in affine coordinates and
we may assume Ei = A2 and Pi = (0, 0)t. Then any such quadric Qi is given
by the equation (

x y
)
Ai

(
x
y

)
with a symmetric matrix Ai. Since there is a matrix Si ∈ GL2(C) with StiA

′
iSi =

Ai, the automorphism ψi is defined by multiplication with an invertible matrix
Si from the right resp. the transpose of Si from the left.

III) Together, ψ1 and ψ2 define a morphism ψ : E1 ∪ E2 → E1 ∪ E2, since
E1 ∩ E2 = P . It remains to show that we can extend this map to P4. But
this follows from the standard linear algebra fact that if V1, V2 ⊂ C5 are two
subspaces intersecting in a line L, and ψi : Vi → Vi are linear maps such that
ψ1|L = ψ2|L, then one has a unique extension of the ψi to a linear map on C5.

The aim of this Section is to prove the following Theorem:

Theorem 4.37 Let (Q1 ⊂ E1, Q2 ⊂ E2) be a pair of smooth plane quadrics
interseting in exactly one point. Then the variety M4 is non-singular in the
point [F ] := [OQ1 ⊕OQ2 ] ∈ S2(M2n+1(P4))0.

In the proof we denote by Coker(At) the cokernel sheaf of the map

OP4(−1)⊕4 ⊕OP4(−2)
A→ O⊕2

P4
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for a (2× 6)−matrix A. The idea of the proof is to construct a 21-dimensional
family of deformations Coker(A(ai, bi, ci, di, t, α, β, γ, δ)) of F inside M4. Since
dimM4 = 21, it thus suffices to show that the map

τ : A21 →M4

obtained by sending the deformation parameters ai, bi, ci, di, α, β, γ, δ and t to
Coker(A(ai, bi, ci, di, t, α, β, γ, δ)), maps a neighborhood of 0 biholomorphic to a
neighborhood of [F ] in M4. Since A21 is smooth, this implies that M4 is smooth
in [F ].
By Lemma 4.36 we can assume that the planes E1 and E2 are given by

E1 = {(x0 : . . . : x4) ∈ P4 |x0 = x1 = 0}

and
E2 = {(x0 : . . . : x4) ∈ P4 |x2 = x3 = 0}

and that they intersect in the point P := (0 : 0 : 0 : 0 : 1). Furthermore we can
assume that Q1 is the quadric defined by the additional equation

x2
2 − x3x4 = 0

in the plane E1 and Q2 the quadric defined by the additional equation

x2
1 − x0x4 = 0

in the plane E2. Obviously these quadrics also intersect in P . Then [F ] is given
by [OQ1 ⊕OQ2 ] for this particular choice of Q1 and Q2.

We start by constructing a 20-dimensional family of deformations of F inside
S2(M2n+1(P4))0.
Since by Proposition 4.17 any sheaf in M2n+1(P4) is a structure sheaf supported
on a curve of degree two, deformations of sheaves in M2n+1(P4) are given by de-
formations of its support. Since we want to deform F inside of S2(M2n+1(P4))0,
we need to require that the deformed quadrics and planes in the support still
intersect in one point.
We obtain this by first deforming the intersection point P = (0 : 0 : 0 : 0 : 1)
into some point P ′ = (α : β : γ : δ : 1). A deformation of E1 through the point
P ′ is given by the equations

f1 := x0 + a1x2 + a2x3 + (−α− a1γ − a2δ)x4 = 0

f2 := x1 + a3x2 + a4x3 + (−β − a3γ − a4δ)x4 = 0

and a deformation of the quadric Q1 through the point P ′ by

f3 := (x2
2 − x3x4) + b1x

2
3 + b2x2x3 + b3x

2
2 + b4x2x4
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+ (−γ2 + δ − b1δ2 − b2γδ − b3γ2 − b4γ)x2
4 = 0.

Similarly we obtain for the second deformed plane and quadric the equations

g1 := x2 + c1x0 + c2x1 + (−γ − c1α− c2β)x4 = 0

g2 := x3 + c3x0 + c4x1 + (−δ − c3α− c4β)x4 = 0

g3 := (x2
1 − x0x4) + d1x

2
0 + d2x0x1 + d3x

2
1 + d4x1x4

+ (−β2 + α− d1α
2 − d2αβ − d3β

2 − d4β)x2
4 = 0.

Hence we have a 20-dimensional parameter space, given by

{ai, bj , ck, dl, α, β, γ, δ | i, j, k, l = 1, . . . , 4}.

In short, we omit the indices and just write (a, b, c, d, α, β, γ, δ).
For a given choice of parameters (a, b, c, d, α, β, γ, δ), the equations

f1 = f2 = f3 = g1 = g2 = g3 = 0

define again a pair of quadrics and planes (Q′1 ⊂ E′1, Q
′
2 ⊂ E′2) where the

Q′i and E′i intersect in the point P ′. Again by Lemma 4.36 any such pair is
projectively equivalent to (Q1 ⊂ E1, Q2 ⊂ E2). This means there is a coordinate
transformation p := pa,b,c,d,α,β,γ,δ, i.e. a projective automorphism of P4, with

p(f1) = x0

p(f2) = x1

p(f3) = x2
2 − x3x4

p(g1) = x2

p(g2) = x3

p(g3) = x2
1 − x0x4.

The transformation pa,b,c,d,α,β,γ,δ depends analytically on the parameters ai,bj ,
ck,dl,α,β, γ and δ, since the family of pairs of quadrics (Q′1 ⊂ E′1, Q

′
2 ⊂ E′2)

defined by f1,f2,f3,g1,g2 and g3 is flat over the parameter space A20.

Next we will introduce an additional deformation parameter t. This parameter
will give a deformation of [F ] in M4 transversal to S2(M2n+1(P4))0. By

A(a, b, c, d,t, α, β, γ, δ)

:=

(
f1 f2 t · p−1(x4) t · p−1(x2) f3 0

t · p−1(x1) t · p−1(x4) g1 g2 0 g3

)
we define a family of matrices. For t = 0, the maximal minors of
A(a, b, c, d, t, α, β, γ, δ) give the 20-dimensional family of deformations of
(Q1 ⊂ E1, Q2 ⊂ E2) defined above.
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Lemma 4.38 For t 6= 0 the maximal minors of A(a, b, c, d, t, α, β, γ, δ) defines
a rational normal curve for any choice of parameters a, b, c, d, α, β, γ, δ.

Proof: A(a, b, c, d, t, α, β, γ, δ) defines a rational normal curve if and only if
it does after some coordinate transformation of the entries. We apply the
coordinate transformation p on the entries of A(a, b, c, d, t, α, β, γ, δ) and obtain
a matrix

A(a, b, c, d, t, α, β, γ, δ)′ =

(
x0 x1 t · x4 t · x2 x2

2 − x3x4 0
t · x1 t · x4 x2 x3 0 x2

1 − x0x4

)
.

It is obvious, that the last two columns of A(a, b, c, d, t, α, β, γ, δ)′ are linearly
dependent of the first four columns:

t ·
(
x2

2 − x3x4

0

)
= x2 ·

(
t · x2

x3

)
− x3 ·

(
t · x4

x2

)
and

t ·
(

0
x2

1 − x0x4

)
= x1 ·

(
x1

t · x4

)
− x4 ·

(
x0

t · x1

)
.

Multiplying the second and third column by t gives(
x0 t · x1 t2 · x4 t · x2

t · x1 t2 · x4 t · x2 x3

)
.

Hence we obtain a matrix whose maximal minors define a rational normal curve.

The family of matrices A(a, b, c, d, t, α, β, γ, δ) induces a family of sheaves

Coker(A(a, b, c, d, t, α, β, γ, δ)).

It follows from Lemma 4.38 and Lemma 4.22 that for t 6= 0, the sheaf
Coker(A(a, b, c, d, t, α, β, γ, δ)) has the form OC(1) for some rational normal
curve C of degree 4, and thus it has Hilbert polynomial 4n+ 2. For t = 0, the
deformations of OQ1 ⊕ OQ2 in S2(M2n+1(P4))0 also have Hilbert polynomial
4n+ 2.
Therefore the sheaves Coker(A(a, b, c, d, t, α, β, γ, δ)) form a flat family on the
parameter space A21 by [15][Prop 2.1.2].
But this implies that we have a holomorphic map τ : A21 →M4 given by

(α, β, γ, δ, a, b, c, d, t) 7→ [Coker(A(a, b, c, d, t, α, β, γ, δ))].

All that remains to show is that the induced map

dτ : T0A
21 → T[F ]M

4n+2(P4)

is injective.
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Lemma 4.39 The induced map dτ : T0A
21 → Tτ(0)M4 is injective, in particular

τ is locally injective.

Proof: Note that dτ maps an element v := (v1, . . . , v21) ∈ T0A
21 ∼= A21 to the

infinitesimal deformation

Fε := Coker(A(εv))

of F = Coker(A(0)). We have to show that if Fε is the trivial deformation,
then vi = 0 for all i.
To understand the infinitesimal deformations Fε better, we use the natural
one-to-one correspondence between equivalence classes of deformations of F
over D := Spec(C[ε]/ε2) and self extensions of F (see [13][Theorem 2.7]). The
trivial deformation corresponds to the trivial self extension of F . We recall the
construction of the extensions (see [13]).
We denote by

f1 : Fε → Fε ⊗D C = F|P4×SpecC
∼= F

the restriction of Fε to P4 × SpecC. Since Fε is flat over D, there is a short
exact sequence

0 −→ F g1−→ Fε
f1−→ F −→ 0. (11)

Hence we have to show that if the sequence (11) is the trivial extension, then v =
0. We construct projective resolutions for F and Fε and obtain the following
commutative diagram:

0

��

0

��

0

��
. . . // OP4(−1)⊕4 ⊕OP4(−2)⊕2 ϕ //

g3

��

O⊕2
P4

ψ //

g2

��

F //

g1

��

0

. . . // OP4×D(−1)⊕4 ⊕OP4×D(−2)⊕2 ϕεv //

f3
��

O⊕2
P4×D

ψεv //

f2
��

Fε //

f1

��

0

. . . // OP4(−1)⊕4 ⊕OP4(−2)⊕2 ϕ //

��

O⊕2
P4

ψ //

��

F //

��

0

0 0 0

The map ϕεv is given by the matrix A(εv) and ϕ by the matrix A(0).
For the left and middle vertical sequences, there exist splittings

s3 : OP4(−1)⊕4 ⊕OP4(−2)⊕2 → OP4×D(−1)⊕4 ⊕OP4×D(−2)⊕2
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and
s2 : O⊕2

P4 → O⊕2
P4×D.

Via the splittings, the map

ϕεv :
(
OP4(−1)⊕4 ⊕OP4(−2)⊕2

)
⊕ε
(
OP4(−1)⊕4 ⊕OP4(−2)⊕2

)
→ O⊕2

P4 ⊕εO⊕2
P4

is given by a block matrix (
A 0

Θ A

)
.

Now we assume that Fε is the trivial extention, i.e. there is a splitting s1 of f1.
So

Fε ∼= s1(F)⊕ εg1(F) ∼= F ⊕ εF .

Then ψεv is given by a matrix

ψ̃ :=

(
ψ 0

u ψ

)
for some map

u : O2
P4 → εF .

Since the middle horizontal sequence in the diagram above is exact,(
ψ 0

u ψ

)
·
(
A 0

Θ A

)
=

(
ψA 0

uA+ ψΘ ψA

)
= 0.

Hence in particular uA+ ψΘ = 0.
We have to show that Θ = 0. To do this we first make a base change of O⊕2

P4×D
as follows: The map ψ : O2

P4 → F induces an isomorphism

H0(O2
P4)

H0(ψ)

−−−−−−→ H0(F)

and hence a unique map γ : O2
P4 → O2

P4 such that u = ψ ◦ γ.

We substitute ψ̃ by

ψ̃ ·
(

1 0

−γ 1

)
=

(
ψ 0

u ψ

)
·
(

1 0

−γ 1

)
=

(
ψ 0

u− ψγ ψ

)
=

(
ψ 0

0 ψ

)
and consequently (

A 0

Θ A

)
by (

1 0

γ 1

)
·
(
A 0

Θ A

)
=

(
A 0

γA+ Θ A

)
.
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Hence we obtain the following diagram:

0 ��

0 ��

0 ��
O
P
4
(−

1)
⊕

4
⊕
O
P
4
(−

2)
⊕

2
A

//

( 0 1

)
��

O
⊕

2
P
4

ψ
//

( 0 1

)
��

F
//

( 0 1

)
��

0

( O P4
(−

1)
⊕

4
⊕
O
P
4
(−

2
)⊕

2
) ⊕ε

( O P4
(−

1)
⊕

4
⊕
O
P
4
(−

2)
⊕

2
)(

A
0

γ
A

+
Θ

A

) //

( 1 0

)
��

O
⊕

2
P
4
⊕
εO
⊕

2
P
4

( ψ
0

0
ψ

) //

( 1 0

)
��

F
⊕
εF

//

( 1 0

)
��

0

O
P
4
(−

1)
⊕

4
⊕
O
P
4
(−

2)
⊕

2
A

//

��

O
⊕

2
P
4

ψ
//

��

F
//

��

0

0
0

0
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Since horizontal sequences this diagram are exact, we have

0 =

(
ψ 0

0 ψ

)
·
(

A 0

γA+ Θ A

)
=

(
ψA 0

ψ(γA+ Θ) ψA

)
and so ψ(γA+ Θ) = 0. This means, that

Im(γA+ Θ) ⊆ Ker(ψ) = Im(A).

To shorten notation, let β := Θ + γA.

In order to show Θ = 0, we show the existence of a map λ that makes the
following diagram commutative:

OP4(−1)⊕4 ⊕OP4(−2)⊕2 A // // Im(A) = Ker(ψ) = IQ1 ⊕ IQ2

OP4(−1)⊕4 ⊕OP4(−2)⊕2

β

33

λ

OO
(12)

Having such a map λ, it would follow that Θ + γA = A · λ and hence Θ =
Aλ − γA. But then Θ = 0. Indeed, it suffices to consider deformations of the
form Fε = Coker(A(εv)) where

A(εv) =

(
x0 x1 tp−1(x4) tp−1(x2) x2

2 − x3x4 0
tp−1(x1) tp−1(x4) x2 x3 0 x2

1 − x0x4

)
,

i.e. we can assume that α = β = γ = δ = ai = bi = ci = di = 0 for all
i = 1, . . . , 4. Otherwise, if t = 0 and if the other deformation parameters
are chosen arbitrary, then Coker(A(εv)) is a deformation inside the stratum
S2(M2n+1(P4))0. In this case the assertion is clear for geometric reasons.

Obviously Θ = Aλ − γA if and only if p(Θ) = p(Aλ − γA) for the coordinate
transformation p.

Under this transformation the matrix Θ becomes

Θ =

(
0 0 tx4 tx2 0 0
tx1 tx4 0 0 0 0

)
and

A =

(
x0 x1 0 0 x2

2 − x3x4 0
0 0 x2 x3 0 x2

1 − x0x4

)
.

Now γ is a (2 × 2)-matrix with constant entries and λ a (6 × 6)-matrix of the
form

λ =

(
C1 L

0 C2

)
,
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where C1 is a (4 × 4)-matrix with constant entries, C2 a (2 × 2)−matrix with
constant entries and L a (4 × 2)-matrix whose entries are linear forms. But
then, looking at the concrete matrices A and Θ, a simple computation shows
that it is not possible to find any γ and λ, such that Θ = Aλ− γA.

Hence it remains to show the existence of a map λ with the demanded proper-
ties.

Claim 4.40 (a) The map

H0(O⊕4
P4 ⊕OP4(−1)⊕2) = H0(O⊕4

P4 )→ H0(IQ1(1)⊕ IQ2(1))

induced by A is an isomorphism.

(b) The map

g : H0(OP4(1)⊕4 ⊕O⊕2
P4 )→ H0(IQ1(2)⊕ IQ2(2))

induced by A is surjective.

Proof: From the Koszul resolution

0→ OP4(−4)→ OP4(−2)⊕OP4(−3)⊕2 → OP4(−1)⊕2 ⊕OP4(−2)→ IQ → 0

we obtain the following two short exact sequences

0→ K → OP4(−1)⊕2 ⊕OP4(−2)→ IQ → 0 (13)

and
0→ OP4(−4)→ OP4(−2)⊕OP4(−3)⊕2 → K → 0. (14)

a) Using the long exact cohomology sequence of (14) we see that H i(K(1)) = 0
for all i and so by sequence (13) we have H0(IQ(1)) ∼= H0(O2

P4) = C2.

b) For simplicity we just consider one direct summand IQ. Using the long exact
cohomology sequence of sequence (14), we see that

H0(K(2)) = C and H i(K(2)) = 0 for all i > 0.

This implies that the twist by O(2) of the long exact cohomology sequence of
(13) gives the exact sequence

0→ H0(K(2))→ H0(O(1)⊕2)⊕H0(O)→ H0(IQ(2))→ 0

and so g is surjective.
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After a twist by O(1), passing to global sections in sequence 13 gives

H0(O⊕4
P4 ⊕OP4(−1)⊕2)=H0(O⊕4

P4 )
∼= //H0(Ker(ψ)(1))=H0(IQ1(1)⊕IQ2(1))

H0(O⊕4
P4 )

∃!λ1

OO

H0(β|O(−1)4 )

33

and the existence of a unique map

λ1 : C4 ∼= H0(O⊕4
P4 )→ H0(O⊕4

P4 ) ∼= C4

is obvious with Claim 4.40.
Furthermore, a twist by O(2) gives the following diagram:

H0(OP4(1)⊕4 ⊕O⊕2
P4 )

g // // H0(Ker(ψ)(2)) = H0(IQ1(2))⊕H0(IQ2(2))

H0(OP4(1)⊕4)⊕H0(O⊕2
P4 )

∃λ2

OO

H0(β)

33

where the map g is surjective by Claim 4.40.

Then obviously λ1 and λ2 induce maps

λ̃1 : O(−1)⊕4 → O(−1)⊕4

and furthermore

λ̃2 : O(−2)⊕2 → O(−2)⊕2 ⊕O(−1)⊕4.

So altogether it follows that there exists a map λ such that the diagram (12)
commutes. This finishes the proof.
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6 Construction of a Rational Map ΦMK : M4 99K K

In this Section we explicitly construct a rational map ΦMK : M4 99K K such
that its domain of definition contains all cokernel sheaves of the Kronecker
modules in B. For that we need some cohomological information about the
sheaves [F ] ∈M4.

In this Section we adapt ideas of a manuscript of M. Lehn, Y. Nagai and D.
van Straten from the context of degree 5 curves to the present situation.

First, we consider an exact sequence

0→ A→W → B → 0

of vector spaces, where dim(W ) = 5, dim(A) = 2 and dim(B) = 3. The surjec-
tive map W → B induces a closed immersion P(B) ⊂ P(W ) of codimension 2.
The central projection

π : U := P(W )\P(B)→ P(A)

with center P(B) is defined as follows: For any x ∈ P(W )\P(B) there is a
unique subspace of P(W ) of dimension 3 that contains x and P(B). Then x is
mapped by π to the intersection point of this 3-dimensional space with the line
L := P(A).

This gives the open complement U = P(W )\P(B) the structure of an affine
bundle π : U → L over the line L. Any fiber is isomorphic to A3.

This implies that π is an affine morphism and hence by [12][Ex II 5.17]
U = Spec(B) for the OL-algebra B := π∗OU .

The choice of a splitting s : B →W gives π the structure of a vector bundle.

The natural algebra structure of the vector bundle induces an isomorphism

ϕ : B ∼= S∗(B ⊗OL(−1)).

Any other splitting has the form s′ := s+ t for some t : B → A = H0(OL(1)).
The isomorphism ϕ′ induced by s′ differs from ϕ by an automorphism ϕ′ ◦ϕ−1

of the sheaf of algebras S∗(B ⊗OL(−1)) defined by(
t
id

)
: B ⊗OL(−1)→ OL ⊕ (B ⊗OL(−1)) ⊂ S∗(B ⊗OL(−1)).

Let N ∗ := B ⊗OL(−1) be the conormal bundle of P(A) in P(W ).



6. CONSTRUCTION OF A RATIONAL MAP ΦMK : M4 99K K 115

Lemma 4.41 • Let W be a 5-dimensional vector space and F ∈Coh(P(W ))
a coherent sheaf on P(W ) such that dim(Supp(F)) = 1.

We choose for a given sheaf F an exact sequence 0→ A→ W → B → 0
such that dimB = 3, dimA = 2 and Supp(F) ∩ P(B) = ∅ and choose a
splitting s : B →W . Then one can associate to F a sheaf E ∈ Coh(P(A))
with the structure of a B-module given by some map β : E ⊗ N ∗ → E
with the commutativity constraint that the induced map

E ⊗ Λ2N ∗ → E ⊗N ∗ ⊗N ∗ → E

vanishes.

• Conversely: Let 0 → A → W → B → 0 be an exact sequence of vector
spaces of dimensions dimW = 5, dimA = 2 and dimB = 3 and s : B →
W a splitting.

If E is a coherent OL-module with a B-module structure as above, then
E defines a coherent OP(W )-module F with 1-dimensional support in U =
P(W )\P(B).

• The correspondence has the following properties:

Hj(E(n)) = Hj(F(n)) ∀j ≥ 0, n ∈ Z

and so

PE(n) = PF (n).

Proof: Let F ∈ Coh(P(W )) be an arbitrary sheaf such that

dim(Supp(F)) = 1.

Obviously a subspace P(B) can be chosen such that

Supp(F) ∩ P(B) = ∅,

i.e. Supp(F) ⊂ U . We define a map p by

p := π|Supp(F) : Supp(F)→ L.

For all x ∈ L, the set p−1(x) ⊂ π−1(x) ∼= A3 is compact and so it consists of
finitely many points. Hence p is a finite map. It follows that Riπ∗F = 0 for all
i > 0. Since p is finite, by [12][II 5.8.1] the direct image π∗F =: E is a coherent
sheaf on L. By [12][III ex 8.1] and the fact that Riπ∗F = 0 for all i > 0,

Hj(E(n)) = Hj(F(n)) ∀j ≥ 0, n ∈ Z
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and so

PE(n) = PF (n).

Since F is a OP(W )-module with support in U , the sheaf E has the structure of
a π∗OU = B-module.

The B-module structure of E is via the isomorphism

ϕ : B → S∗N ∗ ∼= S∗(B ⊗OL(−1))

completely determined by a homomorphism

β : E ⊗N ∗ → E,

that satisfies the commutativity constraint that the induced map

E ⊗ Λ2N ∗ → E ⊗N ∗ ⊗N ∗ → E

vanishes.

Replacing ϕ by ϕ′ changes β to β′ := β + idE ⊗ t̃, where t̃ : B ⊗OL(−1)→ OL
is the adjoint to t : B → A.

Conversely: by [12][II ex 5.17e] there exists a sheaf F such that π∗F = E. It
remains to show that dim Supp(F) = 1. For that, assume that Supp(F) ⊂
P(W ) has dimension dim Supp(F) ≥ 2. Then its intersection with P(B) which
has dimension 2 cannot be empty.

A subsheaf E′ ⊂ E is a B-submodule, if and only if the image of the map β
restricted to E′ is contained in E′, i.e.

β : E′ ⊗N ∗ → E → E/E′

vanishes. Then for E′ the commutativity contraint mentioned above is clearly
fulfilled.

Lemma 4.42 (a) There is a bijection between subsheaves of F and B-sub-
modules of E.

(b) F is (semi-)stable if and only if E is a (semi-)stable B-module.

Proof: (a) The bijection follows from the equivalence of category of quasi-
coherentOU -modules and quasi-coherent B-modules. (see [12][ex II 5.17e])
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(b) Assume that F is pure. Let T be the torsion subsheaf of E. Since T ⊗N ∗
is a torsion sheaf and E/T is torsion free, the map β vanishes on T ⊗N ∗.
Hence T is a B-submodule. By part (a), there is a unique subsheaf F ′
of F such that π∗F ′ = T . Since π is finite and dim Supp(T ) = 0, also
dim Supp(F ′) = 0. But as F is pure, F ′ = 0 and hence T = 0. This
implies that E is a vector bundle on L.

Conversely, if E is locally free and T a subsheaf of F of dimension 0, then
π∗T is a subsheaf of E with 0-dimensional support and hence T = 0.

Furthermore, since subsheaves F ′ of F and their direct images π∗F ′ have
the same Hilbert polynomial, F is semi-stable if and only if E is a semi-
stable sheaf with respect to the B-submodules.

Now we want to apply this to stable sheaves in the moduli space M4n+2(P4) and
compute all possible sheaves E = π∗F . So let F be a stable sheaf in M4n+2(P4).
Then E =

⊕4
i=1O(li) for a sequence of integers l1 ≥ . . . ≥ l4. We say that the

integer sequence l := (l1, . . . , l4) has a gap if there is an i with 1 ≤ i ≤ 4, such
that li ≥ li+1 + 2.

Lemma 4.43 If F is stable, then there are no gaps in the integer sequence of
E.

Proof: Assume there is an integer i such that li ≥ li+1 + 2. Then define E′ as
the subsheaf E′ := OL(l1)⊕ . . .⊕OL(li). Hence E/E′ = OL(li+1)⊕ . . .⊕OL(l4).
The degrees of the summands of

E′ ⊗N ∗ ∼= (OL(l1)⊕ . . .⊕OL(li))⊗ (B ⊗OL(−1))
∼= (OL(l1 − 1)⊕ . . .⊕OL(li − 1))⊗B

are by definition strictly larger than the degrees of the summands of E/E′ =
OL(li+1)⊕ . . .⊕OL(l4). Hence the canonical map

E′ ⊗N ∗ = E′ ⊗ (B ⊗OL(−1))→ E/E′

must vanish. So E′ is a B-submodule of E which is destabilizing. This is a
contradiction since E is stable by Lemma 4.42(b). So the integer sequence does
not have any gaps.

Proposition 4.44 For a stable sheaf F ∈ M4n+2(P4), the possible integer se-
quences l are:

l = (1, 0,−1,−2) and l = (0, 0,−1,−1).
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Proof: We assume that l1 ≥ l2 ≥ l3 ≥ l4. Let σ :=
∑4

i=1 li, then σ = −2, as
the Hilbert polynomial of O(l1) + . . .+O(l4) should be 4n+ 2.

Obviously 0 ≤ l1 < 2. In fact, if l1 ≤ −1. Then l2, l3, l4 ≤ −1, and so σ ≤ −4.
Furthermore, if l1 ≥ 2, then l2 ≥ 1, l3 ≥ 0, l4 ≥ −1, as the integer sequence does
not have a gap and so σ ≥ 2.

If l1 = 0, then l2 ∈ {0,−1} and if l2 = 0, then l3 ∈ {0,−1} and so l4 =
−2− l1− l2− l3 = −2− l3. Hence we get the integer sequence l = (0, 0,−1,−1).
If l2 = −1, then l3 ∈ {−1,−2} and l4 = −2− l1− l2− l3 = −1− l3, so l4 ∈ {0, 1},
which is a contradiction.

If l1 = 1, then l2 ∈ {1, 0}. For l2 = 1 we have l3 ≥ 0 and l4 ≥ −1 and so σ ≥ 1
which is a contradiction. So l2 = 0 and hence l3 ∈ {0,−1}. If l3 = 0, then
l4 ≥ −1 and so σ ≥ 0 which is again a contradiction. So l3 = −1 and we get
another integer sequence l = (1, 0,−1,−2).

To obtain cohomological information about the sheaves F ∈ M4, we want to
prove that sheaves F ∈ M4n+2(P4) with integer sequence (1, 0,−1,−2) are
not contained in the component M4 of M4n+2(P4). For the proof we need the
following preparation:

Lemma 4.45 Let F be a stable sheaf on P4 with Hilbert polynomial 4n+2 and
integer sequence l = (1, 0,−1,−2). Then F is scheme-theoretically supported
on a plane.

Proof: By assumption, E is a semi-stable B-module on L of the form E =⊕4
i=1OL(li), where l = (1, 0,−1,−2). Now consider the structure map β :

E ⊗N ∗ → E. Since N ∗ = OL(−1)⊗B, the map β looks like

β : (OL(l1 − 1)⊕OL(l2 − 1)⊕OL(l3 − 1)⊕OL(l4 − 1))⊗B
→ OL(l1)⊕OL(l2)⊕OL(l3)⊕OL(l4).

If we choose a basis b1, . . . , b3 for the vector space B, the map β is given by

three (4× 4)-matrices βi = (β
(i)
mn)m,n, where the entries are homogeneous forms

in S∗A of degree lm − ln + 1. So if lm < ln − 1, then β
(i)
mn = 0. Hence for

i = 1, 2, 3, the matrices βi are of the form

βi =


∗ ∗ ∗ ∗
∗ ∗ ∗ ∗
0 ∗ ∗ ∗
0 0 ∗ ∗

 .
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Since β is defined using the isomorphism B ∼= S∗N ∗, the matrices βi commute.

The entry β
(i)
2,1 is a constant for i = 1, 2, 3. If it were 0 for all i, then OL(1) would

be a destabilizing B-submodule of E, which is a contradiction. So by changing

the basis of B appropriately, we may assume that β
(1)
2,1 = 1 and β

(2)
2,1 = β

(3)
2,1 = 0.

So

β1 =


∗ ∗ ∗ ∗
1 ∗ ∗ ∗
0 ∗ ∗ ∗
0 0 ∗ ∗

 and βi =


∗ ∗ ∗ ∗
0 ∗ ∗ ∗
0 ∗ ∗ ∗
0 0 ∗ ∗

 for i ≥ 2.

The entries β
(i)
1,1 are linear forms in A. If we substitute the splitting s by s+ t,

where t is the map t : B → A, bi 7→ −β(i)
1,1, we can write the βi in the form

β1 =


0 ∗ ∗ ∗
1 ∗ ∗ ∗
0 ∗ ∗ ∗
0 0 ∗ ∗

 and βi =


0 ∗ ∗ ∗
0 ∗ ∗ ∗
0 ∗ ∗ ∗
0 0 ∗ ∗

 for i ≥ 2.

As the matrices βi commute, the second column of β2 and β3 vanishes:

βi =


0 0 ∗ ∗
0 0 ∗ ∗
0 0 ∗ ∗
0 0 ∗ ∗


for i = 2, 3.

The entry β
(1)
3,2 is a linear form. If β

(i)
3,2 vanishes for all i, then OL(1)⊕OL would

be a destabilizing B-submodule of E. Since we already know that β
(2)
3,2 = β

(3)
3,2 =

0, we can assume that β
(1)
3,2 =: k 6= 0. But since for i = 2, 3

0 = [β1, βi] = β1βi − βiβ1 =


0 k · β(i)

1,3 ∗ ∗
0 k · β(i)

2,3 ∗ ∗
0 k · β(i)

3,3 ∗ ∗
0 k · β(i)

4,3 ∗ ∗

 ,

it follows that β
(i)
1,3 = β

(i)
2,3 = β

(i)
3,3 = β

(i)
4,3 = 0 for i = 2, 3.

Using the same arguments, we can deduce that β
(1)
4,3 6= 0 and β

(i)
1,4 = β

(i)
2,4 =

β
(i)
3,4 = β

(i)
4,4 = 0 for i = 2, 3. So β2 = β3 = 0.

This means that the scheme theoretical support of F is contained in the pro-
jective plane cut out by the linear forms s(b2) and s(b3) from P(W ).
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The structure of F is completely determined by the matrix

β1 =


0 ∗ ∗ ∗
1 ∗ ∗ ∗
0 k ∗ ∗
0 0 ∗ ∗

 .

Let F be a coherent sheaf on a smooth projective variety X. By the Hilbert
Syzygy Theorem one has a resolution of F by locally free sheaves Ei:

0→ En → En−1 → · · · → E1 → E0 → F → 0.

Definition 4.46 (Chern class for a coherent sheaf) We define the Chern
class of F to be

c(F) =
n∏
i=0

(−1)ic(Ei).

and the Chern character of F by

Ch(F) =
n∑
i=0

(−1)i Ch(Ei).

Let F be a stable sheaf with Hilbert polynomial 4n + 2 and integer sequence
(1, 0,−1,−2). The plane P2 ⊂ P5 containing its support, is unique. Otherwise
Supp(F) is contained in the intersection of two planes, at best a line. Then F
is of the form F =

⊕
OL(ai) and hence it is not stable.

Lemma 4.47 Any stable sheaf G on P2 with Hilbert polynomial 4n + 2 has
Chern classes c1 = 4H and c2 = 12H2.

Proof: It it clear that c1 = aH ∈ H2(P2,Z) ∼= Z and c2 = bH2 ∈ H4(P2,Z)
for some a, b ∈ Z. We use the Riemann-Roch theorem for smooth projective
surfaces ([7, Thm. 14.2]):

Theorem 4.48 If G is a coherent sheaf on a smooth projective surface, then

χ(G) =
c1(G)2 − 2c2(G) + c1(G)c1(TS)

2
+ rank(G)

c1(TS)2 + c2(TS)

12
.

Since by [29][III.6 Prop. 6], deg(χ(G(n)) = dim(Supp(G)), we have
dim(Supp(G)) = 1 and hence rank(G) = 0. So we have

2 = χ(G) =
3

2
c1(G) +

1

2
(c1(G)2 − 2c2(G))
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and hence 2b = 3a+ a2 − 4.

Since for any line bundle L we have c1(G⊗L) = c1(G)+rc1(L) and c2(G⊗L) =
c2(G)−c1(G)c1(L), we get another condition for a and b by choosing L = OP2(1):
6 = χ(G ⊗ OP2(1)) = 3

2a+ 1
2a

2 − b+ a, and so 6 = 5
2a+ 1

2a
2 − b.

Altogether: a = 4 and b = 12.

By the Lemma of Schur for stable sheaves, hom(G,G) = 1 and Serre duality
gives

ext2(G,G) = hom(G,G(−3)) = 0.

Definition 4.49 Let E and F be coherent sheaves. Then the Euler character-
istic of the pair (E ,F) is defined by

χ(E ,F) :=
∑

(−1)i exti(E ,F).

In the following we will use a version of the Theorem of Hirzebruch-Riemann-
Roch (see [15][Lemma 6.1.3]):

Lemma 4.50 If X is smooth and projective, then for coherent sheaves E and
F ,

χ(E ,F) =

∫
X

ch∨(E). ch(E). td(X),

where ch∨k (F) = (−1)k chk(F).

Lemma 4.51 For any sheaf G ∈M4n+2(P2), we have ext1(G,G) = 17.

Proof:

td(TP2) = 1 +
1

2
c1(TP2) +

1

12
(c1(TP2)2 + c2(TP2)) = 1− 3

2
h+ h2,

ch(G) = r + c1(G) +
1

2
(c2

1(G)− 2c2(G)) = 4h− 16h2

and

ch((G)∨) = r − c1(G) +
1

2
(c2

1(G)− 2c2(G)) = −4h− 16h2,

hence

ext0(G,G)− ext1(G,G) + ext2(G,G) = 1− ext1(G,G) =

∫
X

ch∨(E). ch(E). td(X)

= (4h− 16h2).(−4h− 16h2).(1− 3

2
h+ h2) = −16.
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By M4n+2(P2) we denote the moduli space of stable sheaves on P2 with Hilbert
polynomial 4n + 2. Since for all stable sheaves G ∈ M4n+2(P2), we have
ext1(G,G) = 17 and ext2(G,G) = 0, the variety M4n+2(P2) is a smooth projec-
tive variety of dimension 17.

Remark 4.52 There is an open subset of M4n+2(P2) consisting of line bundles
L of degree 4 on smooth plane curves of degree 4 and genus 3. Indeed, such a
line bundle has Hilbert polynomial 4n+ 2, since

χ(L) = deg(L) + (1− g) = 4 + (1− 3) = 2.

Any smooth plane curve of degree 4 has genus 3. We consider the ideal sheaf
sequence of C

0→ IC/P2 → OP2 → OP2 |C → 0. (15)

Since IC/P2 = OP2(−4), we compute after a twist of sequence 15 by OP2(4)

h0(OP2(4)|C) = h0(OP2(4))− h0(OP2) =

(
4 + 2

2

)
− 1 = 14

and hence h0(NC/P2) = h0(OP2(4)|C) = 14.
Thus the plane curves of degree 4 and genus 3 are parametrized by an open
subset in a projective space of dimension 14. The choice of L ∈ Pic(C) adds
another 3 dimensions: using the exponential sequence

0→ H1(C,Z)→ H1(OC)→ Pic(C)→ H2(C,Z)→ . . . ,

and the fact that H1(C,Z) and H2(C,Z) are discrete, we deduce that

dim Pic(C) = dimh1(OC) = g(C) = 3.

Hence the dimension of this open set is 14 + 3 = 17.

We define M ′ to be the closed subset of M4n+2(P4) of stable sheaves [F ] that
are supported on a plane.

Lemma 4.53 M ′ is a smooth projective variety of dimension 23.

Proof: No stable sheaf can live on a line, hence the plane that contains the
support of [F ] is uniquely determined. This gives a map

M ′ → Grass(2,P4),

which has smooth fibers of dimension 17. Thus M ′ is a smooth projective
scheme of dimension 17 + dim(Grass(2,P4)) = 17 + 3 · (5− 3) = 23.
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Proposition 4.54 Let [F ] ∈M4n+2(P4) be a stable sheaf with integer sequence
(1, 0,−1,−2). Then [F ] is not contained in M4.

Proof: The strategy of the proof is to show that ext1
P4(F ,F) = 23 = dimM ′.

Then a neighborhood of F is contained in M ′. Since

TFM
4n+2(P4) ∼= Ext1

P4(F ,F),

the sheaf F corresponds to a non-singular point of M ′ and no other component
of M4n+2(P4) intersects M ′ in F . As M ′ 6⊂ M4 and M4 6⊂ M ′, the assertion
follows.

So we compute the dimension of the Ext-group Ext1
P4(F ,F) now.

Let i : P2 → P4 denote the closed immersion of the plane supporting F . We
have for any coherent sheaf on P4 an isomorphism

HomP4(G, i∗F) ∼= HomP2(i∗G,F)

that is functorial in G ∈ Coh(P4). Now consider the change-of-rings-spectral
sequence (see [3][XV,5])

Ep,q2 := Extp
P2(TorOP4q (F ,OP2),F)⇒ Extp+q

P4 (F ,F)

and use the exact sequence of terms of low degree

0→ E1,0
2 → E1 → E0,1

2 → E2,0
2 → E2,

where

Ei = Exti
P4(F ,F) and

Ei,02 = Exti
P2(TorOP40 (F ,OP2),F) = Exti

P2(F ⊗OP2 ,F) = Exti
P2(F ,F),

which we have already computed. Furthermore

E0,1
2 = Ext0

P2(TorOP41 (F ,OP2),F) = HomP2(TorOP41 (F ,OP2),F).

Hence we need to compute TorOP41 (F ,OP2). The ideal sheaf sequence of OP2

in OP4 gives rise to the exact sequence

0→ TorOP41 (F ,OP2)→ F ⊗ I → F → F|P2 → 0,

where I is the ideal sheaf of P2 in P4. So using that F is supported on a plane,
we have

TorOP41 (F ,OP2) = F ⊗ I|P2 = F ⊗ I/I2 = F ⊗N ∗.
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So we obtain an exact sequence

0→ Ext1
P2(F ,F)→ Ext1

P4(F ,F)→ HomP2(F ⊗N ∗,F)→ ExtP2(F ,F) = 0.

We want to compute ext1
P4(F ,F) and know that ext1

P2(F ,F) = 17. So it
remains to compute the dimension of

homP2(F ⊗N ∗,F) = homP2(F ⊗OP2(−1)3,F) = 3 homP2(F ,F(1)).

The multiplication by any of the coordinate functions of P2 gives three homo-
morphisms in homP2(F ,F(1)). We show that there are no other homomor-
phisms.

F has the integer sequence (1, 0,−1,−2). Since F and

π∗F = OP1(1)⊕OP1 ⊕OP1(−1)⊕OP1(−2)

have the same number of sections, the twisted sheaf F(−1) has a unique section.
Since F is pure, the image F ′ of the map α : OP2(1)→ F defined by the section
of F(−1), is pure. Assume that the kernel K := ker(α) is not locally free.
Denote by K the saturation of K in OP2(1). Then the cokernel of K → OP2(1)
is a quotient Q of F ′ (which coincides with F ′ in all but finitely many points).
But that means that the kernel of the map F ′ → Q has a support of dimension
0. That contradicts the fact that F ′ is pure. Thus K = OP2(−m) for some
m ≥ 0.

The Hilbert polynomial of F ′ is

PF ′(n) = PO
P2 (1)(n)− PO

P2 (−m)(n)

=

(
n+ 3

2

)
−
(
n+ 2−m

2

)
= (m+ 1)n+

1

2
(m+ 1)(4−m).

So the reduced Hilbert polynomial of F ′ is n+ 1
2(4−m).

We assume that F ′ is a proper subsheaf of F . Since F is stable and F ′ is a
proper subsheaf of F , we get the condition

n+
1

2
(4−m) < n+

1

2

for the reduced Hilbert polynomials of F ′ and F . Then m ≥ 4. But that means
that the Hilbert polynomial of F ′ has at least the leading coefficient 5, which is
a contradiction, as F ′ is a subsheaf of a sheaf with Hilbert polynomial 4n+ 2.
Hence F ′ = F .
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So we have an exact sequence

0→ OP2(−3)→ OP2(1)→ F → 0.

Therefore Ker(α) = IC ⊗ O(−1) for some plane curve C of degree 4 and F =
OC(1). Hence

HomO
P2

(F ,F(1)) = HomO
P2

(OC(1),F(1)) ⊂ HomO
P2

(OP2(1),F(1))

= H0(F) ∼= C3.

Hence ext1
P4(F ,F) = 17 + 6 = 23.

Proposition 4.55 Let [F ] ∈ M4 be a semi-stable sheaf on P4 with Hilbert
polynomial 4n + 2. Then h0F = 2, h1F = 0. Moreover h0(F(1)) = 6. In
particular, F is 1-regular.

Proof: I) First assume that F is a stable sheaf. Using the notation of Lemma
4.41, set E := π∗F . Then hj(E(n)) = hj(F(n)) for all j ≥ 0 and n ∈ Z.
By Proposition 4.54 and Proposition 4.44 we obtain for F ∈ M4 the sheaf
π∗F = E = O2

L ⊕OL(−1)2 and hence

h0(F) = h0(E) = 2, h1(F) = h1(E) = 0

and furthermore

h0(E(1)) = h0(OL(1)⊕2 ⊕O⊕2
L ) = 6.

II) Now assume that F is a strictly semi-stable sheaf. In this case, there exists
an exact sequence

0→ F ′ → F → F ′′ → 0,

where F ′ and F ′′ have Hilbert polynomials PF ′(n) = PF ′′(n) = 2n + 1. By
Proposition 4.17, F ′ and F ′′ are structure sheaves OQ′ resp OQ′′ of curves Q and
Q′ of degree 2. Hence h1(F ′) = h1(F ′′) = 0. Since PF (n) = PF ′(n) + PF ′′(n),
this implies that

h0(F) = h0(OQ′) + h0(OQ′′) = 2.

Moreover, since h1(F ′(1)) = h1(F ′′(1)) = 0, we have h0(OQ′(1)) = h0(OQ′′(1))
= POQ′ (1) = 3 and hence h0(F(1)) = 3 + 3 = 6.
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Lemma 4.56 Any semi-stable sheaf F on P4 with Hilbert polynomial 4n+ 2 is
2-regular.

Proof: Since dim(Supp(F)) = 1, it suffices to check that H1(F(1)) = 0 for
any such sheaf F .
First, assume that F is stable. Then by Proposition 4.44, the sheaf F has either
the integer sequence (0, 0,−1,−1) or (1, 0,−1,−2). In the first case,

h1(OL(1)⊕2 ⊕O⊕2) ∼= h0(OL(−4)⊕2 ⊕OL(−3)⊕2) = 0

and in the second case

h1(OL(2)⊕OL(1)⊕OL ⊕OL(−1))

∼= h0(OL(−4)⊕OL(−3)⊕OL(−2)⊕OL(−1))

= 0.

Hence H1(F(1)) = 0. Observe also that H1(F) 6= 0 in the second case and
hence a sheaf with integer sequence (1, 0,−1,−2) is not 1-regular.

For a strictly semi-stable sheaf F we have an exact sequence

0→ F ′ → F → F ′′ → 0,

where F ′ and F ′′ have Hilbert polynomial 2n + 1. As seen in the proof of
Proposition 4.17, F ′ and F ′′ are structure sheaves of curves of degree at most
2. So it is clear that H1(F ′(1)) = H1(F ′′(1)) = 0 and hence also H1(F(1)) = 0.

Using this cohomological data of semi-stable sheaves F with Hilbert polynomial
4n+ 2, we want to construct a rational map ΦMK : M4 99K K.
Since all semi-stable sheaves F on P4 with Hilbert polynomial PF (n) = 4n +
2 are 2-regular, the moduli space M4n+2(P4) is constructed as a categorical
quotient of some open subset X̃ of the moduli space Q = Quot(OP4(−2)⊕10, P )
by an action of the group GL(V ), where V is a C-vector space of dimension 10.
Let τ : X̃ → X̃ � GL(V ) be the good quotient of X̃ by the action of GL(V ).

Since we are just interested in the component M4 of M4n+2(P4), we consider
the closed subset τ−1(M4) ⊂ X̃. By definition, τ−1(M4) is GL(V )-invariant.
Thus one can construct a good quotient M4 = τ−1(M4) � GL(V ).

Now the first step of the construction of a rational map ΦMK : M4 99K K is to
define a rational map

Φ̃MK : τ−1(M4) 99K K.
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Afterwards we show that Φ̃MK is invariant under the action of GL(V ) to obtain
a rational map

ΦMK : M4 = τ−1(M4) � GL(V ) 99K K.

We start with a flat family in τ−1(M4), i.e. a flat family

OP4×R(−2)⊕10 → F̃ → 0

of quotients of OP4(−2)⊕10, parametrized by an open set X ⊂ τ−1(M4). Hence
for any restriction

F̃(x) := F̃ |{x}×P4 ,

x ∈ X we obtain h0(F̃(x)) = 2 and h1(F̃(x)) = 0 by Proposition 4.55.
Let p : X × P4 → X and q : X × P4 → P4 denote the projections on the first
resp. second component.
By ϕi we denote the natural map

ϕi(x) : Rip∗(F̃)⊗ C(x)→ H i({x} × P4, F̃(x)).

Since h1({x} × P4, F̃(x)) = 0 for all x by Proposition 4.55 , the map ϕ1(x) is
surjective and hence an isomorphism by [12][III. Thm 12.11a]. So R1p∗F̃ = 0
and Rip∗F̃ = 0 for all i > 1. Hence by [12][Thm 12.11b], the map ϕ0 is
surjective. Now we apply again [12][Thm 12.11b] to conclude that

R0p∗F̃ = p∗F̃ =: A0

is a locally free OX -module of rank h0(F̃ |{x}×P4) = 2.
Consider the evaluation map

ev : p∗A0 = p∗(p∗F̃)→ F̃ .

We set
X0 := {x ∈ X | F̃(x) generated by global sections };

hence
ev |X0 : p∗(A0|X0)→ F̃|p−1(X0)

is surjective.

Lemma 4.57 X0 is an open subset of X.

Proof: We consider the exact sequence

p∗A0
ev→ F̃ → F̃/ Im(ev)→ 0.

The support of the coherent sheaf F̃/ Im(ev) is closed in X × P4. Hence the
image of Supp(F̃/ Im(ev)) under the projection map p is also closed in X, since
the projection p is proper. The set p(Supp(F̃/ Im(ev))) contains exactly those
points x ∈ X, for which F̃(x) is not globally generated.
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Remark 4.58 We will see in Lemma 4.63 that X0 6= ∅.

We define N to be the kernel of the evaluation map twisted by q∗OP4(1). So
N sits in the exact sequence

0→ N → p∗(A0|X0)⊗ q∗OP4(1)→ F̃|p−1(X0) ⊗ q∗OP4(1)→ 0. (16)

Since the sheaves p∗(A0|X0) and F̃ |p−1(X0) are flat over X0, the family N is also
flat over X0, see e.g. [12][III Prop.9.1A(e)].

Lemma 4.59 The subset

X1 := {x ∈ X0 |h0(N (x)) := h0(N|{x}×P4) = 4} ⊂ X0

is open.

Remark 4.60 Again we will see in Lemma 4.63 that X1 6= ∅.

Proof: First, observe that h0(N (x)) ≥ 4 for all x ∈ X0. Indeed, restricting
the sequence (16) to {x} × P4 gives by [21][Prop 1.2.6] an exact sequence

0→ N (x)→ (p∗(A0|X0)⊗ q∗OP4(1))|{x}×P4

→ (F̃ |p−1(X0) ⊗ q∗OP4(1))|{x}×P4 → 0.

This exact sequence gives rise to a long exact sequence of cohomology:

0→ H0(N (x))→H0((p∗(A0|X0)⊗ q∗OP4(1))|{x}×P4)

→H0((F̃ |p−1(X0) ⊗ q∗OP4(1))|{x}×P4)→ H1(N (x))→ 0,

using H1((p∗(A0|X0)⊗q∗OP4(1))|{x}×P4) ∼= H1(OP4(1))⊕2 = 0. Since by Propo-
sition 4.55

h0((F̃ |p−1(X0) ⊗ q∗OP4(1))|{x}×P4) = h0(F̃(x)⊗ q∗OP4(1)|{x}×P4)

= h0(F̃(x)⊗O{x}×P4(1))

= h0(F̃(x)(1)) = 6,

and similarly h0((p∗(A0|X1)⊗ q∗OP4(1))|{x}×P4)) = 10, we have h0(N (x)) ≥ 4.

Since the family N is flat, it follows with semi-continuity of cohomology (see
[12][Rem 12.7.1]), that the set {x ∈ X0 |h0(N (x)) < 5} is open. In total, we
obtain

{x ∈ X0 |h0(N (x)) < 5} = {x ∈ X0 |h0(N (x)) = 4},

hence X1 is open.
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Remark 4.61 The proof shows that for x ∈ X1, the space H1(N (x)) = 0.

Now we construct a morphism X1 →W . Using Remark 4.61 and [12][III. Thm.
12.11] we may argue as before for A0 and conclude that A1 := p∗(N|X1) is a
locally free OX -module of rank 4. By sequence (16) we have an OX -linear map

p∗(N|X1)→ p∗(p
∗A0 ⊗ q∗O(1)).

Via the projection formula we obtain

p∗(p
∗A0 ⊗ q∗OP4(1)) ∼= A0 ⊗ p∗q∗OP4(1)

∼= A0 ⊗O5
X

Composing these two morphisms gives a family of Kronecker modules

A1 → A0 ⊗ C5.

This defines a morphism

Φ := Φ̃MK |X1 : X1 →W = Hom(A1,A0 ⊗ C5)

in the following way: First we define the map set-theoretically. Take a point
x ∈ X1 given by the sheaf F . Then F is globally generated by two section and
we have an epimorphism OP4(1)⊕2 → F(1) → 0, whose kernel N has exactly
4 sections. The composed map O⊕4

P4 → N → OP4(1)⊕2 defines a Kronecker
module. By the previous considerations this map is a morphism of schemes.

Since the Kronecker modules obtained in this way might be unstable, we have
to shrink X1 once more to some open subset X2 ⊂ X1 to obtain a morphism

Φ̃MK |X2 : X2 →W ss �G = K.

Lemma 4.62 The subset X2 ⊂ X1 of sheaves F ∈ X1 with Φ(F) a semi-stable
Kronecker module, is open in X1.

Proof: Being semi-stable is an open property in flat families. Hence inside
Im(Φ) ⊂W there exists an open subset W ss∩Im(Φ) of Kronecker modules that
are semi-stable. Now we define X2 to be the preimage Φ−1(W ss∩Im(Φ)) ⊂ X1.
Obviously, X2 is an open subset of X1.
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Lemma 4.63 The cokernel sheaves

OP4(−1)⊕4 ϕ→ O⊕2
P4 → Coker(ϕ)→ 0

of Kronecker modules ϕ ∈ B are contained in X2. In particular, the set X2 is
non-empty.

Proof: Step 1: First, it is clear that the cokernel sheaves of Kronecker mod-
ules in B are globally generated. Hence they are contained in the set X0.

Step 2: By N we denote the kernel of the induced map

OP4(1)⊕2 → Coker(ϕ)(1).

To show that the sheaves Coker(ϕ) are contained in X1, it suffices to show the
assertion

h0(N ) = 4

for some Kronecker module in the stratum B10 because of the semi-continuity
theorem of cohomology. To do this, we choose the representative

A =

(
x0 x1 x2 0
0 x0 x1 x2

)t
∈ B10.

Recall (Lemma 4.24) that for F := Coker(At) we have the exact sequence

0→ i∗OL(−1)⊕2 → F → i∗O⊕2
L → 0,

where L is the lines in P4 defined by x0 = x1 = x2 = 0. In this situation we
constructed the following commutative diagram (see diagram (5)):

0

��

0

��
G1

µ
��

β // G2

α

��

// 0

OP4(−1)⊕4 ϕ //

ϕ̃

88

0

%%

O⊕2
P4

//

ψ
��

F

}}

// 0

i∗O⊕2
L

��
0
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Then by definition N (−1) = Im(ϕ) = Im(ϕ̃). Hence there is an exact sequence

0 // N // (IL ⊗OP4(1))⊕2 = G1(1)

��

β // i∗O⊕2
L = G2(1) // 0

(IL ⊗OP4(1)⊕2)|L

γ
55

The map β factorizes over IL ⊗OP4(1)⊕2|L, since Supp(i∗O⊕2
L ) = L.

Now

(IL ⊗OP4(1)⊕2)|L = IL/I2
L ⊗OL(1)⊕2

= N ∗L/P4 ⊗OL(1)⊕2 = OL(−1)⊕3 ⊗OL(1)⊕2 = O⊕6
L .

The map γ : O⊕6
L → O

⊕2
L is given by a (2× 6)-matrix with constant entries and

is surjective. Hence H0(β) is surjective, too.
In order to show, that h0(N ) = 4, we need to show that H0(IL⊗OP4(1)⊕2) = 6.
Thus it suffices to show that

h0(IL ⊗OP4(1)) ∼= h0((IL ⊗OP4(1))|L) = 3.

There is an exact sequence

0→ I2
L(1)→ IL ⊗OP4(1)→ IL ⊗OP4(1)|L → 0. (17)

We want to use the long exact cohomology sequence of this sequence to show
the assertion. To do this, we need to compute H0(I2

L(1)) and H1(I2
L(1)). So

we consider the exact sequence

0→ I2
L(1)→ IL(1)→ IL/I2

L(1)→ 0. (18)

Since there are exactly 3 hyperplanes in P4 containing L, we have h0(IL(1)) = 3.
Then the ideal sheaf sequence of L in P4 gives rise to a long exact sequence

0→ H0(IL(1))→ H0(OP4(1))→ H0(OL(1))→ H1(IL(1))→ H1(OP4(1)) = 0.

This implies that H1(IL(1)) = 0.

Furthermore, H0(I2
L(1)) = 0, since the scheme 2L defined by I2

L, does not lie in
any hyperplane of P4. Hence the long exact cohomology sequence of the short
exact sequence (18)

0→ H0(I2
L(1))→ H0(IL(1))→ H0(O⊕3

L )→ H1(I2
L(1))→ H1(IL(1)) = 0,

implies that H1(I2
L(1)) = 0.
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So the assertion that h0(N = 4) follows directly from the long exact cohomology
sequence of the short exact sequence (17).

Step 3: It remains to show, that given a Kronecker module ϕ in B, then the
cokernel Coker(ϕ) belong to X2, not only to X1. By definition, this means that
Φ̃MK(Coker(ϕ)) is a semi-stable Kronecker module.
By construction, Φ̃MK(Coker(ϕ)) gives back the Kronecker module ϕ, which is
stable by definition of B.

In summary, we have established a morphism Φ̃MK |X2 : X2 → K and hence a
rational map Φ̃MK : τ−1(M4) 99K K.

In order to obtain a rational map ΦMK : M4 99K K, we need to observe that
Φ̃MK descends to a rational map on the good quotient τ−1(M4) � GL(V ). But
this is clear since the construction is invariant under the action of GL(V ) on
τ−1(M4).

Summing up, we obtain the following result:

Theorem 4.64 There is a birational map ΦKM : K 99K M4 ⊂ M4n+2(P4)
defined outside S ∪ P . The inverse map ΦMK is defined on an open subset of
M4 consisting of sheaves F subject to the following properties

(a) F is globally generated by 2 sections,

(b) if N is the kernel of the induced map O⊕2
P4 (1)→ F(1), then h0(N ) = 4,

(c) in the resolution

0←− F ←− O2
P4

A←− OP4(−1)4 ←− . . .

of F constructed from the data in (a) and (b), the Kronecker module A
is semi-stable.

Remark 4.65 Observe that S2(M2n+1(P4)0) is contained in the domain of
definition of the rational map ΦMK . In fact, sheaves of the form OQ1 ⊕ OQ2

are obviously globally generated by 2 sections and furthermore

h0(N ) = 2 · h0(IQ1/P4(1)) = 4

as there are two hyperplanes in P4 containing the quadric Q1. It is easy to see
that the Kronecker module ΦMK(OQ1 ⊕ OQ2) is poly-stable and its maximal
minors define the unique planes spanned by Q1 and Q2.
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7 Open Problems

I. Question: Is M4 non-singular in every point, in particular in any point
x ∈ S2(M2n+1)(P4)0?

(a) The regularity in generic points of S2(M2n+1)(P4)0, i.e. if the support of
OQ1 ⊕OQ2 ∈ S2(M2n+1)(P4)0 consists of two smooth plane quadrics Q1

and Q2 that intersect in exactly one point, is proven in Theorem 4.37.
Now one has to consider for example the special cases:

(i) The quadrics Q1 and Q2 can degenerate into singular quadrics i.e.
pairs of lines intersecting in one point or double lines.

(ii) The planes E1 and E2 can degenerate into planes that intersect in
one line or into the same plane.

(iii) The pair of quadrics (or degenerated quadrics) can intersect in 2 or
4 points or have a common line (in case that the planes E1 and E2

intersect in a line or are the same).

(b) If x corresponds to a sheaf of the type F = O⊕2
Q for some plane quadric Q,

the choice of a family of deformations of F inside M4 is much more difficult
than in the proof of Theorem 4.37. A crucial point in the construction
of Theorem 4.37 was to describe deformations of G = OQ1 ⊕ OQ2 inside
S2(M2n+1)(P4)0, i.e. those deformations inside S2(M2n+1)(P4) that leave
Supp(G) connected. Our method was to first deform the intersection point
of Q1 and Q2 into some point p and afterwards the quadrics Q1 and Q2

through p in order to find a 20−dimensional family of deformations of
G. For F = O⊕2

Q it is not clear how to describe the deformations leaving
the support connected. Furthermore the group action of the stabilizer
Aut(F) = GL2(C) is more complicated.

II. Question: In Section 4.6 we constructed a rational map ΦMK : M4 99K K.
Its domain of definition is an open subset of M4 consisting of sheaves F with
the following properties:

(a) F is globally generated by 2 sections,

(b) if N is the kernel of the induced map O⊕2
P4 (1)→ F(1), then h0(N ) = 4,

(c) in the resolution

0←− F ←− O2
P4

A←− OP4(−1)4 ←− . . .

of F constructed from the data in (a) and (b) the Kronecker module A is
semi-stable.
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It is not clear so far, whether one can extend this rational map to a morphism
on M4, i.e. whether the set τ(X2) is a proper open subset of M4. So the question
is whether there are sheaves F in M4 that are not globally generated or sheaves
F that are globally generated and h0(N ) > 4. The difficulty is again to decide
whether sheaves with these properties are contained in the component M4 of
the moduli space M4n+2(P4).



Appendix A

Source Code of the Singular
Programs

The following programs used in various parts of this Thesis were developed
using the computer algebra system Singular ([5]).

1 Dimensions of the Orbits and the Luna Slice

This Singular program computes the Luna Slice of a given matrix on its stratum
with respect to the group action of G resp. the joint action of G and PGL(V ).
The dimension of the strata with respect to the action of G resp. G and PGL(V )
can be read of from the length of the list WQ resp. V Q.

Listing A.1: Slice

1 LIB ” matrix . l i b ” ;
2 i n t p=0;
3 r i ng P4= 0 , ( x ( 0 . . 4 ) ) , dp ;
4 matrix MX[ 5 ] [ 1 ] = x ( 0 . . 4 ) ;
5 i n t i , j ;
6

7

8 // Input : 4x2 matrix A
9 //Output : 20x40 matrix , whose rows are g iven by the

10 // ac t i on o f a b a s i s o f Lie (G) on A and a
11 // 45x40 matrix , whose rows are g iven by the
12 // ac t i on o f a b a s i s o f Lie (G) and Lie (GL(V) )
13 // on A.
14 // Every column o f the output corresponds to
15 // a Kronecker module , viewed as a 40x1
16 // matrix with e n t r i e s in C.

135
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17 proc s t a b i l i s a t o r (A)
18 {
19 matrix AA[ 8 ] [ 1 ] ;
20 f o r ( i =1; i<=2; i=i +1){ f o r ( j =1; j<=2; j=j +1) {
21 matrix EE [ 2 ] [ 2 ] ; EE[ i , j ]=1;
22 matrix B[ 8 ] [ 1 ] = i d e a l (−A∗EE) ;
23 AA=concat (AA,B) ; k i l l EE,B;
24 } ; } ;
25 f o r ( i =1; i<=4; i=i +1){ f o r ( j =1; j<=4; j=j +1) {
26 matrix EE [ 4 ] [ 4 ] ; EE[ i , j ]=1;
27 matrix B[ 8 ] [ 1 ] = i d e a l (EE∗A) ;
28 AA=concat (AA,B) ; k i l l EE,B;
29 } ; } ;
30 matrix BB=submat (AA, 1 . . 8 , 2 . . 2 1 ) ;
31

32 matrix C[ 8 ] [ 5 ] = transpose ( l i f t ( maxideal (1 ) , i d e a l (A) ) )C
;

33 f o r ( i =1; i<=5; i=i +1){ f o r ( j =1; j<=5; j=j +1) {
34 matrix EE [ 5 ] [ 5 ] ; EE[ i , j ]=1;
35 matrix B[ 8 ] [ 1 ] = i d e a l (C∗EE∗MX) ;
36 AA=concat (AA,B) ; k i l l EE,B;
37 } ; } ;
38 AA=submat (AA, 1 . . 8 , 2 . . 4 6 ) ;
39

40 matrix NB[ 2 0 ] [ 4 0 ] = i d e a l ( t ranspose ( l i f t ( maxideal (1 ) ,C
i d e a l ( t ranspose (BB) ) ) ) ) ;

41 matrix NA[ 4 5 ] [ 4 0 ] = i d e a l ( t ranspose ( l i f t ( maxideal (1 ) ,C
i d e a l ( t ranspose (AA) ) ) ) ) ;

42 re turn ( t ranspose (NB) , t ranspose (NA) ) ;
43 } ;
44

45 // Input : 40xm matrix W
46 //Output : L i s t o f the columns o f W as 4x2 matr i ce s withC

e n t r i e s in V = <x0 , . . . , x4>
47 proc umschreiben (W)
48 {
49 i n t m=nco l s (W) ;
50 matrix W2[m∗8 ] [ 5 ]= i d e a l ( t ranspose (W) ) ;
51 i d e a l J=W2∗MX; // hat 8∗m Eintraege
52 l i s t L ;
53 i n t j ;
54 f o r ( j =1; j<=m; j=j +1){
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55 matrix Z [ 4 ] [ 2 ] = J [ ( j−1)∗8+1. . j ∗ 8 ] ;
56 L [ j ]=Z ; k i l l Z ;
57 } ;
58 re turn (L) ;
59 } ;
60

61

62

63 matrix UQ,TQ=s t a b i l i s a t o r (Q) ; // TQ i s a 40x45 matrix
64 matrix WQ=syz ( t ranspose (TQ) ) ; // WQ i s a 40x10 matrix
65 matrix VQ=syz ( t ranspose (UQ) ) ;
66

67

68 // computes the s l i c e with regard to the group ac t i on C

o f G at A as l i s t o f Kronecker modules
69 l i s t L=umschreiben (WQ) ;
70 f o r ( i =1; i<=s i z e (L) ; i=i +1){ pr in t (L [ i ] ) ; p r i n t (” ”) ; } ;
71

72 // computes the s l i c e with regard to the group ac t i on C

o f G and PGL(V) at A
73 l i s t L=umschreiben (VQ) ;
74 f o r ( i =1; i<=s i z e (L) ; i=i +1){ pr in t (L [ i ] ) ; p r i n t (” ”) ; } ;
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2 Saturation

The following program computes the saturation of the family of ideals associated
to points of a line in the Luna slice of S1.

Listing A.2: Saturation

1 LIB ” el im . l i b ” ;
2 r i ng R=(0) , ( x ( 0 . . 4 ) , t ) , dp ;
3

4 //S1
5

6 poly t (1 ) = 0 ;
7 poly t (2 ) = 1 ;
8 poly t (3 ) = 0 ;
9 poly t (4 ) = 0 ;

10 poly t (5 ) = 0 ;
11 poly t (6 ) = 0 ;
12 poly t (7 ) = 0 ;
13 poly t (8 ) = 0 ;
14

15

16 matrix M[ 4 ] [ 2 ] =
17 x (0 )+ t∗(− t (5 ) ∗x (1 )−t (6 ) ∗x (2 )−t (7 ) ∗x (3 )−t (8 ) ∗x (4 ) ) ,
18 t ∗( t (1 ) ∗x (1 )+t (2 ) ∗x (3 )+t (5 ) ∗x (2 )+t (7 ) ∗x (4 ) ) ,
19 t ∗( t (3 ) ∗x (2 )+t (4 ) ∗x (4 )−t (6 ) ∗x (1 )−t (8 ) ∗x (3 ) ) ,
20 x (0 )+t ∗( t (5 ) ∗x (1 )+t (6 ) ∗x (2 )+t (7 ) ∗x (3 )+t (8 ) ∗x (4 ) ) ,
21 x (1 ) , x (2 ) ,
22 x (3 ) , x (4 ) ;
23

24 i d e a l I = wedge (M, 2 ) ;
25

26 i d e a l T = t ;
27

28 i d e a l J = sat ( I , T) [ 1 ] ;
29 i d e a l JT = J ,T;
30 pr in t ( std (JT) ) ;
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3 Extension to the Blow-up of K along S

The following program computes the saturation of the family of curves associ-
ated to points of the Luna slice of x ∈ S1 blown up in the point x.

Listing A.3: S

1 // Extension o f the curve fami ly over Kˆ s \S to a blow−upC
o f S

2

3 LIB ” el im . l i b ” ;
4 r i ng R=(0) , ( x ( 0 . . 4 ) , t ( 1 . . 8 ) , t , s ( 1 . . 8 ) ) , dp ;
5

6 // s l i c e o f some r e p r e s e n t a t i v e o f S1 ( the s l i c e i s C
i somorphic to Aˆ8)

7 matrix M[ 4 ] [ 2 ] =
8 x (0 )−t (5 ) ∗x (1 )−t (6 ) ∗x (2 )−t (7 ) ∗x (3 )−t (8 ) ∗x (4 ) ,
9 t (1 ) ∗x (1 )+t (2 ) ∗x (3 )+t (5 ) ∗x (2 )+t (7 ) ∗x (4 ) ,

10 t (3 ) ∗x (2 )+t (4 ) ∗x (4 )−t (6 ) ∗x (1 )−t (8 ) ∗x (3 ) ,
11 x (0 )+t (5 ) ∗x (1 )+t (6 ) ∗x (2 )+t (7 ) ∗x (3 )+t (8 ) ∗x (4 ) ,
12 x (1 ) , x (2 ) ,
13 x (3 ) , x (4 ) ;
14

15 //homogeneous i d e a l generated by the maximal minors o f C
the s l i c e M

16 i d e a l I=wedge (M, 2 ) ;
17

18 // s1 , . . . , s8 parameter o f the blow−up o f the Aˆ8 along 0
19 matrix ST [ 2 ] [ 8 ] = t ( 1 . . 8 ) , s ( 1 . . 8 ) ;
20

21 //blow−up o f Aˆ8 in 0
22 i d e a l s t = wedge (ST, 2 ) ;
23

24

25 // fami ly o f curves over the blow−up
26 i d e a l IST = I , s t ;
27

28 i d e a l T = t ( 1 . . 8 ) ;
29

30 // extens i on o f the curve fami ly by s a t u r a t i o n in T
31 i d e a l J = sat ( IST , T) [ 1 ] ;
32

33 // p r i n t s the extended curve fami ly
34 pr in t ( std ( J ) ) ;
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35

36

37 // p r i n t s the fami ly o f curves parametr i sed by the C
e x c e p t i o n a l d i v i s o r

38 i d e a l JT = J , T;
39 JT = std (JT) ;
40

41 pr in t (JT) ;
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4 Extension to the Blow-up of K along P

The following program computes the saturation of the family of curves associ-
ated to points of the Luna slice of x ∈ P1 blown up in the point x (respecting
the C∗-action on the slice).

Listing A.4: P

1 // Extension o f the curve fami ly over K\P to a blow−up C
o f P

2

3 LIB ” el im . l i b ” ;
4

5 r i ng R=(0) , ( x ( 0 . . 4 ) , t ( 1 . . 1 0 ) , s ( 1 . . 1 0 ) ) , dp ;
6

7

8

9 // s l i c e o f a r e p r e s e n t a t i v e in P1
10 matrix M[ 4 ] [ 2 ] = x (0 ) , t (1 ) ∗x (1 )+t (2 ) ∗x (4 )−t (4 ) ∗x (0 ) , x (1 )C

, t ( 3 ) ∗x (0 )+t (4 ) ∗x (1 )+t (5 ) ∗x (4 ) ,
11 −t (9 ) ∗x (2 )+t (6 ) ∗x (3 )+t (7 ) ∗x (4 ) , x (2 ) ,
12

13 t (9 ) ∗x (3 )−t (8 ) ∗x (2 )+t (10) ∗x (4 ) , x (3 ) ;
14

15 //
16

17 homogeneous i d e a l generated by the maximal minors o f C
the s l i c e M

18

19 i d e a l I=wedge (M, 2 ) ;
20

21

22 //blow−up o f the Aˆ{10} along some Aˆ5 and then again C

along an Aˆ5 ( i n t e r s e c t i n g in the po int 0)
23 matrix ST1 [ 2 ] [ 5 ] = t ( 1 . . 5 ) , s ( 1 . . 5 ) ;
24

25

26 matrix ST2 [ 2 ] [ 5 ] = t ( 6 . . 1 0 ) , s ( 6 . . 1 0 ) ;
27

28 i d e a l s t1 = wedge (ST1 , 2 ) ;
29 i d e a l s t2 = wedge (ST2 , 2 ) ;
30

31

32
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33

34 // extens i on o f the curve fami ly v ia s a t u r a t i o n
35

36 i d e a l IST = I , st1 , s t2 ;
37

38 i d e a l T1 = t ( 1 . . 5 ) ;
39

40

41 i d e a l J = sat ( IST , T1) [ 1 ] ;
42

43

44

45 i d e a l T2 = t ( 6 . . 1 0 ) ;
46 i d e a l K = sat (J , T2) [ 1 ] ;
47

48 // p r i n t s the extended fami ly
49 pr in t (K) ;
50

51 i d e a l JT = K, T1 , T2 ;
52

53 JT = std (JT) ;
54

55 // p r i n t s the extended fami ly r e s t r i c t e d to f i b e r s C
parametr i sed by the e x c e p t i o n a l d i v i s o r

56 pr in t (JT) ;
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List of Kronecker Modules

In this Appendix we systematically go through all possible matrices with entries
in K(s, t) occurring as Kronecker modules of type (4, 2).
If the matrix with entries in K(s, t) has a zero row, then the associated matrix
with entries in

V = 〈x0, . . . , x4〉

also has a zero row and so it is unstable.
In the following, we will go through the remaining possible combinations. We
will list the matrices Mi with entries in K(s, t), together with the resulting
representatives Ni of Kronecker modules as matrices with entries in V . If there
are eigenvalues occurring in Ni we will apply Lemma 2.18.
By the size of the block C, we mean the number of columns of C, by the size of
the block A the number of rows of A and by the size of B the number of rows
of B (which is the same as the number of columns of B).

I. The size of block C is zero:

(a) The size of block B is zero:

M1 =


s t

s t
s t

s t

 , N1 =


x0 x1

x1 x2

x2 x3

x3 x4

 .

This is a representative of the stratum B0.

(b) The size of block B is one:

M2 =


s+ λt

s t
s t

s t

 , N2 =


x0 λx0

x1 x2

x2 x3

x3 x4


143
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and for λ = 0, this is


x0 0
x1 x2

x2 x3

x3 x4

 . This is a representative of the stratum

B1.

(c) The size of block B is two:

M3 =


s+ λ1t

s+ λ2t

s t
s t


and

M4 =


s+ λt
t s+ λt

s t
s t



Then N3 =


x0 λ1x0

x1 λ2x1

x2 x3

x3 x4

 i.e. for λ1 = λ2, N1
3 =


x0 0
x1 0
x2 x3

x3 x4

 is strictly

semi-stable and for λ1 6= λ2 N
2
3 =


x0 0
0 x1

x2 x3

x3 x4

. This is a representative of

B2.

Furthermore N4 =


x0 0
x1 x0

x2 x3

x3 x4

. This is a representative of B1
3 .

(d) The size of block B is three:

M5 =


s+ λ1t

s+ λ2t
s+ λ3t

s t

 ,

M6 =


s+ λ1t

t s+ λ1t
s+ λ2t

s t


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and

M7 =


s+ λt
t s+ λt

t s+ λt

s t

 .

Then N5 =


x0 λ1x0

x1 λ2x1

x2 λ3x2

x3 x4

 i.e.

(i) if the λi are pairwise distict: we set λ1 = 0, λ2 =∞ and λ3 = 1 and

obtain the matrix N1
5 =


x0 0
0 x1

x2 x2

x3 x4

, this is a representative of the

stratum B2
3

(ii) if λ1 = λ2 6= λ3: N2
5 =


x0 0
x1 0
0 x2

x3 x4

, which defines a strictly semi-

stable Kronecker module. Since the situation is symmetric in λ1, λ2

and λ3 we do not have to go trough other combinations, where two
of the eigenvalues coincide and the third one is different.

(iii) if λ1 = λ2 = λ3: N3
5 =


x0 0
x1 0
x2 0
x3 x4

, which defines an unstable Kro-

necker module

Futhermore N6 =


x0 λ1x0

x1 x0 + λ1x1

x2 λ2x2

x3 x4

 i.e.

(i) if λ1 6= λ2: N1
6 =


x0 0
x1 x0

0 x2

x3 x4

 is a representative of B1
4 .

(ii) if λ1 = λ2: N2
6 =


x0 0
x1 x0

x2 0
x3 x4

 is strictly semi-stable
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and N7 =


x0 λx0

x1 x0 + λx1

x2 x1 + λx2

x3 x4

 i.e.


x0 0
x1 x0

x2 x1

x3 x4

 is a representative of B2
5

(e) The size of block B is four: then the last column is zero.

M8 =


s+ λ1t 0

s+ λ2t 0
s+ λ3t 0

s+ λ4t 0

 ,

M9 =


s+ λ1t 0

s+ λ2t 0

s+ λ3t 0
t s+ λ3t 0

 ,

M10 =


s+ λ1t 0

t s+ λ1t 0

s+ λ2t 0
t s+ λ2t 0

 ,

M11 =


s+ λ1t 0

s+ λ2t 0
t s+ λ2t 0

t s+ λ2t 0

 ,

M12 =


s+ λt 0
t s+ λt 0

t s+ λt 0
t s+ λt 0



Then N8 =


x0 λ1x0

x1 λ2x1

x2 λ3x2

x3 λ4x3

. Again, the situation is symmetric in the eigen-

values and we just have to go through the following choices for the eigen-
values:

(i) if the λi are pairwise distinct: N1
8 =


x0 0
0 x1

x2 x2

x3 λ4x3

 defines a family

of stable matrices in the stratum B2
4



147

(ii) if λ1 = λ2 and λ3, λ4, λ1 pairwise distinct: N2
8 =


x0 0
x1 0
0 x2

x3 x3

 is

strictly semi-stable

(iii) if λ1 = λ2 and λ3 = λ4 6= λ1: N3
8 =


x0 0
x1 0
0 x2

0 x3

 is the poly-stable

stratum P1

(iv) if λ1 = λ2 = λ3 6= λ4: N4
8 =


x0 0
x1 0
x2 0
0 x3

 is unstable

(v) if λ1 = λ2 = λ3 = λ4: N5
8 =


x0 0
x1 0
x2 0
x3 0

 is unstable

Then N9 =


x0 λ1x0

x1 λ2x1

x2 λ3x2

x3 x2 + λ3x3

 i.e.

(i) if the λi are pairwise distinct: N1
9 =


x0 0
x1 x1

0 x2

x2 x3

 is a representative

of B1
5 .

(ii) if λ1 = λ2 6= λ3: N2
9 =


x0 0
x1 0
0 x2

x2 x3

 is strictly semi-stable

(iii) if λ1 = λ2 = λ3: N3
9 =


x0 0
x1 0
x2 0
x3 x2

 is unstable

(iv) if λ1 = λ3 6= λ2: N4
9 =


x0 0
0 x1

x2 0
x3 x2

 is strictly semi-stable
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Furthermore N10 =


x0 λ1x0

x1 x0 + λ1x1

x2 λ2x2

x3 x2 + λ2x3

 i.e.

(i) if λ1 = λ2: N1
10 =


x0 0
x1 x0

x2 0
x3 x2

 is strictly semi-stable

(ii) if λ1 6= λ2: N2
10 =


x0 0
x1 x0

x2 x2

x3 x2 + x3

, this is the stratum B3
5

Furthermore N11 =


x0 λ1x0

x1 λ2x1

x2 x1 + λ2x2

x3 x2 + λ2x3

 i.e.

(i) if λ1 6= λ2: N1
11 =


x0 0
0 x1

x1 x2

x2 x3

 is a representative of B6

(ii) if λ1 = λ2: N2
11 =


x0 0
x1 0
x2 x1

x3 x2

 is strictly semi-stable

And N12 =


x0 λx0

x1 x0 + λx1

x2 x1 + λx2

x3 x2 + λx3

 i.e.


x0 0
x1 x0

x2 x1

x3 x2

 is a representative of B7

II. The size of block C is one:

(a) The size of block B is zero:

M13 =


s 0
t 0

s t 0
s t 0

 ,M14 =


s
t

s t
s t


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This means N13 =


x0 0
0 x0

x1 x2

x2 x3

 and N14 =


x0 0
0 x0

x1 x2

x3 x4

. N13 is a represen-

tative of S2 and N14 a representative of S1.

(b) The size of block B is one:

M15 =


s 0
t 0

s+ λt 0

s t 0

 ,

and so N15 =


x0 0
0 x0

x1 λx1

x2 x3

 resp.


x0 0
0 x0

x1 0
x2 x3

 is strictly semi-stable

(c) The size of block B is two:

M16 =


s 0 0
t 0 0

s+ λt 0 0
t s+ λ 0 0


and

M17 =


s 0 0
t 0 0

s+ λ1t 0 0
s+ λ2t 0 0

 ,

and so N16 =


x0 0
0 x0

x1 λx1

x2 x1 + λx2

 resp.


x0 0
0 x0

x1 0
x2 x1

 is strictly semi-stable.

N17 =


x0 0
0 x0

x1 λ1x1

x2 λ2x2

, hence

(i) if λ1 6= λ2: N1
17 =


x0 0
0 x0

x1 0
0 x2

 is a representative of P2
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(ii) if λ1 = λ2: N2
17 =


x0 0
0 x0

x1 0
x2 0

 is unstable.

III. The size of block C is two:

(a) The size of block B is zero:

M18 =


s 0 0 0
t 0 0 0

s 0 0 0
t 0 0 0

 ,M19 =


s 0
t s 0

t 0

s t 0



and so N18 =


x0 0
0 x0

x1 0
0 x1

 is a representative of the poly-stable stratum P3

and N19 =


x0 0
x1 x0

0 x1

x2 x3

 is a representative of the stratum S3.

(b) The size of block B is one:

M20 =


s 0 0
t s 0 0

t 0 0

s+ λt 0 0



hence N20 =


x0 0
x1 x0

0 x1

x2 λx2

, resp


x0 0
x1 x0

0 x1

x2 0

 is strictly semi-stable.

IV. The size of block C is three:

M21 =


s 0 0
t s 0 0

t s 0 0
t 0 0

 , N21 =


x0 0
x1 x0

x2 x1

0 x2


represents the stable stratum B10.



Appendix C

Degenerations of Strata

In this Appendix we figure out which strata Y degenerate into a stratum Z.
This means that Z is in the closure of Y . The method will always be to write
down a family of Kronecker modules At parametrized by t ∈ C such that At ∈ Y
for t 6= 0 and A0 ∈ Z.
We use the enumeration of Lemma 2.24.

(a) B0 → B1: The family

(
x0 x1 x2 x3

tx1 x2 x3 x4

)t
for t 6= 0 is contained in B0

(multiply the first column of the representative listed in Theorem 2.13
with t and make a coordinate transformation x0 7→ 1

tx0.) For t = 0 one
obtains a representative of B1.

(b) B1 → B2: The stratum B1 contains the family

(
x0 tx3 x1 x2

0 x4 x2 x3

)t
for

t 6= 0 (after a column permutation, multiplication of the second column by
t and a coordinate transformation of x4). For t = 0 this is a representative
of B2.

(c) B2 → B1
3 : the family

(
x0 x1 x2 x3

0 tx0 + (1− t)x1 x3 x4

)t
is contained in B2

for t 6= 0 and for t = 0 in B1
3 .

B2 → B2
3 : the family

(
x0 0 x2 x3

0 x1 tx3 + (1− t)x2 x4

)t
is contained in B2

for t 6= 0 and for t = 0 in B2
3 .

(d) B1
3 → B1

4 : the family

(
x0 x1 x2 x3

0 x0 tx3 + (1− t)x2 x4

)t
is contained in B1

3

for t 6= 0 and for t = 0 in B1
4 .

(e) B2
3 → B1

4 : the family

(
x0 x1 0 x3

0 tx1 + (1− t)x0 x2 x4

)t
is contained in B2

3
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for t 6= 0 and for t = 0 in B1
4 .

B2
3 → B2

4 : x4 → λx3.

(f) B1
4 → B1

5 : x4 → x3.

B1
4 → B2

5 : the family

(
x0 x1 x2 x3

0 x0 tx2 + (1− t)x1 x4

)t
is contained in B1

4

for t 6= 0 and for t = 0 in B2
5 .

B1
4 → B3

5 : x3 → x2.

(g) B2
4 → B1

5 : in coordinates in C(s, t), we consider the family
s+ λ1t

s+ λ2t
s+ λ3t

s+ ((1− c)λ3 + cλ4)t


which is contained in B2

4 for c 6= 0. For c = 0, it is contained in B1
5 .

(h) B1
5 → B6 : the family

(
x0 x1 x2 0
0 x0 tx2 + (1− t)x1 x3

)t
is contained in B1

5

for t 6= 0 and for t = 0 in B6.

B1
5 → S2: the family

(
x0 t(x1 + x2) x1 x2

0 x0 x2 x3

)t
is contained in B1

5 for

t 6= 0 and for t = 0 in S2.

B1
5 → S3: the family

(
x0 x1 0 x3

0 x0 tx2 + (1− t)x1 x2 + x3

)t
is contained

in B1
5 for t 6= 0 and for t = 0 in S3.

(i) B2
5 → B6: x3 → 0.

B2
5 → S1: the family

(
x0 tx1 x2 x3

0 x0 x1 x4

)t
is contained in B2

5 for t 6= 0

and for t = 0 in S1.
B2

5 → S3: x2 → 0.

(j) B3
5 → S2 : the family

(
x0 tx1 x1 x2

0 x0 x2 x3

)t
is contained in B3

5 for t 6= 0

and for t = 0 in S2.

B3
5 → S3: the family

(
x0 x1 0 x2

0 x0 tx2 + (1− t)x1 x3

)t
is contained in B3

5

for t 6= 0 and for t = 0 in S3.
B3

5 → B10: x3 → x1.

B3
5 → P1: the family

(
x0 x1 0 tx2

0 tx0 x2 x3

)t
is contained in B3

5 for t 6= 0

and for t = 0 in P1.
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(k) B6 → B7: the family

(
x0 x1 x2 x3

0 x0 x1 tx3 + (1− t)x2

)t
is contained in B6

for t 6= 0 and for t = 0 in B7.

(l) B7 → B10: x3 → 0.

B7 → S3: the family

(
x0 x1 tx2 x3

0 x0 x1 x2

)t
is contained in B7 for t 6= 0

and for t = 0 in S3.

(m) B10 → P2: the family

(
x0 x1 tx2 0
0 tx0 x1 x2

)t
is contained in B10 for t 6= 0

and for t = 0 in P2.

(n) S1 → S2: x3 → x2.

(o) S2 → P2: x2 → 0.

(p) S3 → P2: the family

(
x0 x1 0 tx2

0 tx0 x1 x3

)t
is contained in S3 for t 6= 0

and for t = 0 in P2.

(q) P1 → P2: x2 → x0.

(r) P2 → P3: x2 → x1.
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