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Abstract

We study the geometry of the moduli space My(P?%) of rational normal curves
of degree 4 and its compactifications in the Hilbert scheme Hilb**1(P%), in
the moduli space of Kronecker modules of type (4,2) and in the moduli space
M4+ 2(P*) of semi-stable sheaves on P* with Hilbert polynomial 4n + 2. This
project is motivated by the work of Ch. Lehn, M. Lehn, Ch. Sorger and D. van
Straten, who constructed a family of holomorphic symplectic manifolds via a
contraction of the moduli space M3(Y') of rational curves on a smooth cubic
fourfold that does not contain a plane.






Contents

3

2 Moduli Space of Kronecker Modules of Type (4, 2)| 13
1 Stability of Kronecker Modules of type (4,2)] . .. ... ..... 13

2 Classification of Kronecker Modules of Type (4,2)] . . . ... .. 19

13 Stratificationl . . . . . . ... 33

I3 Relation of K and the Hilbert Scheme Hilb™ " (P%)| 41
[l The Hilbert Scheme Hilb™ ™ (PH)|. . . . ... ... .. ... ... 41

[2 Construction of a Rational Map ®rpr : K --» Hyl . . . . . . .. 43

13 Extension to the Blow-upof K'in S| ... ... ... .. ..... 49
[B.1 The Stratum S| . . . . . . . . ... 49

13.2 The Stratum So| . . . . . . ... . o o 53

3.3 The Stratum Ss| . . . . .. .. ... L. 55

|4 Extension to the Blow-upot K'in Pl ... ... ... ....... 57
4.1 The Stratum Py . . . . . . . .. ... ... 57

4.2 The Stratum Po| . . . . . . . . ... . 64

4.3 The Stratum P3| . . . . . . . ... ... ... ... 68

15 Open Problems| . . . . . .. .. ... ... . o 0 71

4 The Moduli Space M*""(P*) of Semi-stable Sheaves| 73
1 (Semi-)stable Sheaves| . . . . ... ... ... ... . ... 73

2 The Moduli Space M*"TH(PH)|. . . . .. ... ... ... ... .. 78

13 Construction of a Rational Map |

| Prpyr : K-> M 2PH ..o 85
4 The Moduli Space M*"™4(P*)| . . . . . . ... ... ... ..... 97

5  Regularity of M, at Generic Points of S*(M>""1(P%))of. . . . . . 104

|6 Construction of a Rational Map ®pppe 0 My --» K| . . . . . . .. 114

{7 Open Problems| . . . . . . .. ... ... ... 0. 133

[A" Source Code of the Singular Programs| 135
(I Dimensions of the Orbits and the Luna Sheel . . . . ... .. .. 135

2 Saturation|. . . ... L. L 138

13 Extension to the Blow-up of K along S| . .. ... ... ... .. 139

|4 Extension to the Blow-up of K'along P| . . . ... ... ... .. 141
IB_List of Kronecker Modules| 143
[C Degenerations of Stratal 151
(Bibliography| 155







List of Abbreviations

E
F
v

w
WSS
WS
K

KS

Hilb*"+1(P*)
Hy

Pr(n)

pr(n)
M4n+2 <|]34)
M2n—|—1 ([P4)

My

SQ(M2n+1 ([P4))

52(M2n+1 (|]D4))0

ext'(F, Q)

C-vector space of dimension 4

C-vector space of dimension 2

C-vector space of dimension 5 generated by linear
forms xzg,..., x4

set of Kronecker modules Hom(F, E ® V)

subset of semi-stable Kronecker modules is W

subset of stable Kronecker modules is W

moduli space of semi-stable Kronecker modules of type
(4,2)

moduli space of stable Kronecker modules of type
(4,2)

group GLg x GL4/T acting on W

stabilizer of x € K w.r.t. the action of G

good quotient of some variety X by a group G

stable stratum consisting of Kronecker modules whose
maximal minors define closed subschemes of dimen-
sion at least 2 in P4

stratum consisting of strictly poly-stable Kronecker
modules

stable strata consisting of Kronecker modules, whose
maximal minors define curves in P*

union of the stable strata S7, S2, S3

union of the strictly poly-stable strata Py, Pa, Ps
union of the stable strata Bg resp. Bj

Hilbert scheme parametrising subschemes of P* with
Hilbert polynomial P(n) = 4n + 1

component of Hilb¥ ™! (P4) that contains the rational
normal curve of degree 4 in P4

Hilbert polynomial of a coherent sheaf F

reduced Hilbert polynomial of a coherent sheaf F
moduli space of semi-stable sheaves on P* with Hilbert
polynomial 4n + 2

moduli space of stable sheaves on P with Hilbert poly-
nomial 2n + 1

component in M*"2(P*) containing the cokernels of
the Kronecker modules whose minors define rational
normal curves of degree 4 in P*

strictly poly-stable sheaves in M*"*2(P*) which are
direct sums of two sheaves in M2"+1(P*4)

sheaves in S2(M?"+1(P4)) whose support is connected
dim Ext*(F, G)






1

Introduction

One of the most interesting classes of complex projective manifolds are the irre-
ducible symplectic varieties. These are connected, simply connected projective
manifolds X carrying an everywhere non-degenerate holomorphic 2-form w such
that

HY(X,0%) =C-w.

In dimension 2, these manifolds are exactly the (projective) K3 surfaces. In
dimension at least 4 only a few examples are known so far, up to deformation:
Hilbert schemes of points on K3 surfaces, generalised Kummer varieties and
furthermore O’Grady constructed two sporadic examples in dimension 6 and
10 from moduli spaces of sheaves on K3 surfaces and abelian surfaces.

This thesis is part of a project aiming to understand the geometry of different
compactifications of the moduli space My(Y') of rational curves of degree 4 on
a smooth cubic fourfold Y C P5. It is expected that there is a birational model
of a compactification of My(Y) which admits a fibration onto a 10—dimensional
symplectic manifold X. Moreover X should carry a Lagrangian fibration

f: X — P>

The space My(Y) of smooth rational curves of degree d on a smooth cubic
fourfold Y C P® has been intensively studied in small degrees.

In case d = 1, Beauville and Donagi ([2]) showed that the moduli space M;(Y")
of lines is a smooth 4-dimensional holomorphic symplectic variety which is defor-
mation equivalent to the Hilbert scheme of 0-dimensional subschemes of length
2 of a K3 surface.

For d > 2, My(Y) is no longer compact. De Jong and Starr studied its com-
pactifications My (Y") in the Hilbert schemes Hilb¥"*!(Y) in [4]. They show that
each desingularisation of the moduli spaces My(Y') carries a canonical 2-form
wq with the following properties:
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For d > 5 odd, wy is generically non-degenerated, for d > 6, the kernel of the
map T, My(Y) — Ty My(Y) which is induced by the 2-form wy in the point p
for a very general point p, has dimension 1 and for d = 2,3 and 4 the kernel
has dimension 3, 2 and 3 respectively.

We now consider the case d = 3: Let M3(Y') be the compactification of the
moduli space M3(Y") of twisted cubics on smooth cubic fourfolds in the Hilbert
scheme Hilb?" ™! (P3). Tt was studied by Ch. Lehn, M. Lehn, Ch. Sorger and
D. van Straten in [20].

One of the main theorems of [20] is:

Theorem 1.1 (Lehn, Lehn, Sorger, van Straten) LetY C P® be a smooth

cubic hypersurface that does not contain a plane. Then the moduli space M3(Y)
is a smooth and irreducible projective variety of dimension 10.

Furthermore they constructed a contraction to an 8-dimensional symplectic
manifold. Concretely, if we denote by w3 the holomorphic 2-form defined in [4]
by de Jong and Starr, then their result is

Theorem 1.2 (Lehn, Lehn, Sorger, van Straten) LetY C P® be a smooth
cubic hypersurface that does not contain a plane. Then there is a smooth 8-

dimensional irreducible holomorphic symplectic manifold Z and morphisms
u:Ms(Y)—= Z and j:Y — Z such that the following holds

(a) The symplectic structure w in Z satisfies u*w = ws.

(b) The morphism j is a closed embedding of Y as a Lagrangian submanifold
m Z.

(¢) The morphism u factors as follows:

M3(Y) — Z,
N,

where a : M3(Y) — Z' is a P?-fibre bundle and o : Z' — Z is the blow-up
of Z along Y.

(d) The topological Euler number of Z is e(Z) = 25650.

The Hilbert scheme Hilb*(S) for a K3 surface S also has Euler number 25650
and N. Addington and M. Lehn showed in [I] that the manifold Z is deformation
equivalent to the fourth Hilbert scheme of a K3 surface.

Lehn, Lehn, Sorger and van Straten made use in an essential way of the following
result ([26]):



Theorem 1.3 (Piene, Schlessinger) (a) The Hilbert scheme Hilb>" 1 (P3)
consists of two irreducible components H and H' of dimension 12 respec-
tively 15.

(b) H and H' are smooth, rational and intersect transversally in a divisor

JCH.

(¢) The intersection J is non-singular, rational and has dimension 11.

There is an important difference between curves in H \ J and in J: Curves in
H ~ J are arithmetically Cohen-Macaulay and the curves in J are not. For any
curve in H \ J there exists a (3 x 2)—matrix, whose maximal minors generate
its homogeneous ideal. All curves in H \ J are purely one-dimensional, but
might be non-reduced and reducible.

The curves associated to points in J are not even Cohen-Macaulay. The ho-
mogeneous ideal of such a curve is generated by three quadrics and a cubic
polynomial. These curves are plane cubic curves with a singularity and an
embedded point in the singularity.

The (3 x 2)-matrix is a special case of a Kronecker module. In general, a
Kronecker module of type (d,2) is a linear map in

W :=Hom(C¢,C2 @ V),

where V = (zq,...,24) is the space of linear forms in P%. On W there is an
action of the reductive group G := (GLgx GL2)/I', where I' = {tl4,tl2 |t € C*}.
Let W¥ resp. W#° denote the stable resp. semi-stable points of W with respect
to the action of G.

The case d = 3 was studied by Ellingsrud, Piene and Strgmme. They found the

following connection between the moduli space of Kronecker modules of type
(3,2) and the Hilbert scheme Hilb3" 1 (P3).
With the notation above, there is a geometric quotient

K:=W?*)G=W* )G,
which is smooth, projective and 12-dimensional. Moreover let
ICP(W)xP(W™)
denote the incidence variety of all pairs (p, V') consisting of a point
p={xg =z =22 =0}

on a hyperplane V.= {xy = 0}. Ellingsrud, Piene and Strgmme showed in
[8] that there is an isomorphism H = BL;(K) from the component H of the
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Hilbert scheme Hilb3”+1(ﬂ>3) to the blow-up of the geometric quotient of K in
I, which identifies J with the exceptional divisor.

Motivated by the importance of the theorem of Piene and Schlessinger for the
work of Lehn, Lehn, Sorger and van Straten, the study the Hilbert scheme
Hilb™ ™1 (P*) should be important for the understanding of My (Y). However,
not much is known about this Hilbert scheme so far. Martin-Deschamps and
Piene described in [22] the open subset of arithmetically Cohen-Macaulay curves
in the component of Hilb¥ ™ (P*) that contains the rational normal curves.

The first step of this project is therefore to study My(P*) C Hilb**(P4). The
reason is that any rational normal curve of degree 4 spans a hyperplane P* in
P°.

In order to find a good compactification of the set of rational normal curves
of degree 4 in P* and to study its properties, we consider the following three
moduli spaces

e the moduli space of semi-stable Kronecker modules of type (4, 2)
e the Hilbert scheme of curves in P4 with Hilbert polynomial 4n + 1

e the moduli space of semi-stable sheaves on P* with Hilbert polynomial
dn 42

and study the relations between these three moduli spaces.

In Chapter 2] we describe the moduli space K of semi-stable Kronecker modules
of type (4,2).

In this case, the geometric invariant theory gives a good quotient K := W** J G
of dimension 21, which is projective, normal and irreducible. But K is not
a geometric quotient since there are strictly semi-stable Kronecker modules
with dimension vector (4,2) that are not poly-stable forcing the existence of
non-closed orbits. In the closure of any G-orbit that contains a semi-stable
Kronecker module, there exists by construction exactly one orbit of a strictly
poly-stable Kronecker module. In the good quotient K, a strictly semi-stable
Kronecker module is mapped to the same point as the strictly poly-stable Kro-
necker module in the closure of its orbit. So it suffices to consider poly-stable
G-orbits.

Furthermore the group PGL(V) acts by coordinate transformation on K. In
Section 22| we will prove the following

Theorem 1.4 In the good quotient K = W** | G there are



(a) exactly the following 15 orbits with respect to the action of PGL(V), that
consist of stable Kronecker modules:

BOa B17 B27 B?ln Bga Biv Bé7 B§7B§7 B67 B77 BlO: Sl7 527 537

and furthermore one stratum B3 which is a family of stable PGL(V)-orbits
parametrized by A € P! < {0,1, 00},

(b) exactly 3 orbits with respect to the action of PGL(V') that consist of strictly
poly-stable Kronecker modules:

P, P, P3.

We will work out explicite representatives of any of these orbits.

Using the computer algebra system Singular ([5]) and the Luna slice theorem,
we compute the dimension of the orbits.

The singular locus of K turns out to be the union P of all strictly poly-stable
strata. P consists of the orbits of the block matrices of the form

rog I1 0 Ot rog I1 0 Ot Trog I1 0 Ot

0 0 x3 x4) ’\0 O z9 23/ ’'\0 0 =z 21/
The Kronecker modules of type (4,2) have an important geometric interpre-
tation. The (2 x 2)-minors of the matrices that represent Kronecker modules
define closed subschemes in P%. For "most” of the Kronecker modules in K,

these closed subschemes will be curves in P* with Hilbert polynomial 4n + 1.
In this way we define a rational map

Dy : K --» Hilb™TL(PY).
More precisely, we obtain the following result:

Theorem 1.5 Let Hy be the irreducibel component of the Hilbert scheme
Hilb* 1 (PY) of curves in P* with Hilbert polynomial 4n + 1, that contains the
rational normal curves of degree 4. There is a rational map

Py K --» Ho C Hilb™" (P4

from the moduli space K of Kronecker modules of type (4,2) into Hy. A Kro-
necker module, represented by a matrixz A, is mapped by @y to the curve in
Hy which is defined by the vanishing of the (2 x 2)-minors of A.

The map @i is defined outside the strictly poly-stable locus P of K and the
union S of the three strata S1,S2, 53 of stable Kronecker modules whose maxi-
mal minors define closed subschemes of dimension 2.
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It is not possible to extend the rational map ®xy across S and P, but we
can extend ®xp after blowing-up K along S and ”partially” to the blow-up
of K along P. More specifically, we study the situation locally using Luna’s
slice theorem. For the poly-stable stratum P;, we construct a local model for
the singularities of K in any x € P} and also a model for a resolution of the
singularity. We extend the family of curves to this blow-up. This will be worked
out in Section BIE.Tl

For P, we give in Section [B[4.2] a general procedure for the extension of the
family of curves. As P, lies in the intersection of the closure of the strata P
and all S;, the combinatorics are much more complicated in this case.

The situation in Pj is technically more complicated, since the stabilizer in

x € Pj is SLy instead of C*. Consequently, we restrict ourselves to giving a
model for the singularities of K in P3; and omit the study of their blow-up.

Because of the difficulties to extend ® g on the blow-up of K along S U P,
we study in Chapter [ a different compactification, namely the moduli space
M4 +2(P4) of semi-stable sheaves on P* with Hilbert polynomial 4n + 2. The
motivation for choosing the Hilbert polynomial 4n + 2 is the following:

Let Y C P° be a cubic fourfold and D(Y) the derived category of bounded
complexes of coherent sheaves on Y. Then the sheaves L; := Oy (i) fori =0, 1,2
form an exceptional sequence, i.e. RHom(L;, L;) = C and RHom(L;, L;) = 0 for
all 0 < j < i < 2. Moreover, by A we denote the right orthogonal complement

A= (Lo, L1, Ls)* = {a € D(Y)| RHom(L;,a) = 0 for all i = 0, 1,2}

of this exceptional sequence.
Kuznetsov showed in [19] that A is a 2-Calabi-Yau category, i.e. there is a Serre
functor S4 which is given by a double shift

RHom(a, b) = RHom(b, a[2])*

for all a,b € A. Hence the objects in the category A deform in the same way as
coherent sheaves on a K3 surface. Now the moduli spaces of simple sheaves on
a K3 surface are smooth and symplectic for the following reason (worked out
by Mukai in [24]):

Since the kernel Ext?(F, F)o = Hom(F, F)§ = 0 of the trace map

tr: Ext?(F, F) — H*(O)

is zero, the Kuranishi map vanishes identically and T=M = Ext!(F, F). Thus
the moduli space is smooth in the point [F]. Moreover, the symplectic form is
defined via the Yoneda product:

Extl(]:,]:) X Extl(]:,]:) — ExtQ(]:,]:) =C, (a,8) — o(tr(aUfp)),



where ¢ denotes the symplectic 2-form on the K3 surface.

By analogy it is expected that moduli spaces of simple objects of A, i.e. with
Hom(a,a) = C for all a € A, are symplectic. Such a moduli space has the
dimension

dim, M = dim7T,M

ext!(a, a)

= —(ext(a,a) — ext!(a,a) + ext?(a, a)) + ext®(a, a) + ext?(a, a)
= —x(a,a) +2,

where

x(a,) = S (=1)* ext¥(a, b) = / ch () ch(b) td(Y)
3 Y

is the Euler pairing and ch"(a), = (—1)¥ ch(a).

Now we define a projection functor I : D(Y') — A as the composition

IT:=Lgo Ly0Ls,

where L£; is the left mutation with respect to the exceptional object L;, i.e. for
any F € D(Y)
L;(F) := cone(L; ® RHom(L;, F) — F)

is the mapping cone of the evaluation map L; ® RHom(L;, F) — F.
So if F € D(Y) is a locally free sheaf of degree [ on a rational curve of degree
d, then the dimension of the moduli space M in a := II(F) is

dim, M = 2 — / ch” (a) ch(a) td(Y) = 2 — x(a,a) = 62 — 121 + 16.
Y

So, if [ = 0, the dimension of the moduli space M is 16 and for [ = 1, the
dimension is 10.

Now, in our situation the moduli space My(Y") of rational curves of degree 4
on Y has dimension 13 by [4]. As we mentioned before De Jong and Starr
construct in [4] a holomorphic 2-form on this moduli space. Since the kernel
of this 2-form has generically dimension 3, we expect that there is a geometric
contraction My(Y) --» Z(Y) onto some 10—dimensional space Z(Y). This
contraction corresponds to the projection I : D(Y) — A.

This analogy motivates the choice of locally free sheaves of rank 1 and degree
1 on a rational curve C of degree 4 (i.e. I =1 and d = 1). Such sheaves have
Hilbert polynomial

Pr(n) = rank(F) deg(C) - n + deg(F) + rank(F)(1 — g) = 4n + 2
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and hence we study in Chapter 4] the moduli space M*"*2(P*) of semi-stable
sheaves on P4 with Hilbert polynomial 4n + 2.

The sheaves in M 4"“(I]:“l) have one-dimensional support and are pure. The
space M*4"*+2(P4) contains a smooth Zariski-open subset of sheaves of the form
i+Op1(1), where i : P — P* is the standard embedding of degree 4, which is
given by a choice of a basis of H(Op1(4)). We will call the closure in M47+2(P*)
of this open set My.

The variety M, contains strictly poly-stable sheaves. In fact these have the
form Og, @ Og,, where @1, Q2 are two quadrics in P* that intersect in one
point. The subset of these sheaves is denoted by S2(M?"*1(P%))o. Now M, is
non-singular in any point associated to a generic strictly poly-stable sheaves in
S2(M*FH(P4))o. Concretely, we will prove

Theorem 1.6 Let (1 C E1,Q2 C Es3) be a pair of smooth plane quadrics
intersecting in exactly one point. Then the variety My is non-singular in the

point [F] = [Og, & Oq,] € S2(M*F1(P1)),.

However, it is not clear, whether the component M, is regular in the other
points of S2(M?"F1(P4)) i.e. in points associated to sheaves Og, ® Og, whose
support consists of smooth quadrics that intersect in more than one point or
of quadrics that are not smooth. The main difficulty is to decide whether the
deformation of a sheaf [F] € S2(M?"T1(P%)) is still contained in the component
My.

In the Sections []3] and [4][6] we will prove

Theorem 1.7 There is a birational map ® gy : K --+ My C M*"F2(PY), that
1s defined outside S U P. The inverse map @i is defined on an open subset
X of My that consists of sheaves F with the following properties

(a) F is globally generated by 2 sections,
(b) if N is the kernel of the induced map (’)Deff(l) — F(1), then hO(N) = 4,

(c¢) in the resolution
04— F +— O <2 Opa(—1)* — ...

of F constructed from the data in (a) and (b) the Kronecker module A is
semi-stable.

The birational map ®xps : K --» My is obtained as follows: Consider a Kro-
necker module ¢ € K\(S U P), given by a matrix A. Then ¢ is mapped to the
cokernel of the map

Opa(—1)* = 02,
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We will check that these cokernel sheaves are indeed contained in My, i.e. they
have Hilbert polynomial 4n + 2 and are stable.

For the construction of an inverse map ®,;x : My --+ K, an important step is
to prove

Proposition 1.8 Let [F] € My be a semi-stable sheaf on P* with Hilbert poly-
nomial 4n + 2. Then h°F = 2, k' F = 0. Moreover h°(F(1)) = 6.

Furthermore we show in Lemma [£.63] that the set of cokernel sheaves of Kro-
necker modules in B is contained in X.






2

Moduli Space of Kronecker
Modules of Type (4, 2)

In this Chapter we study the moduli space K of Kronecker modules of type
(4,2), i.e. of (4 x 2)-matrices with entries in the vector space V' = (xq, ..., z4)
generated by the the linear forms xo, ..., z4.

In Section 2.1 we recall some notions from geometric invariant theory which
will be used later. In particular we discuss the notion of stability for Kronecker
modules. In Section 2.2 we give a list of PGL(V)-orbits of K and in Section
2.3 we compute a stratification of K by PGL(V')-orbits.

1 Stability of Kronecker Modules of type (4,2)

Definition 2.1 (Kronecker module) A Kronecker module of type (m,n) is
a linear map in Hom(F, E ® V'), where E is a C-vector space of dimension m,
F is a C-vector space of dimension n and V is the 5-dimensional C-vector space
generated by the linear forms xq,...,x4.

A homomorphism of Kronecker modules p; : F; — E; ® V i = 1,2, is a pair
(f1: Fy — Fy, fo: E1 — E3) such that the following diagram commutes

FL—2EQV

ifl lfz@id

F—2 BV

Remark 2.2 (a) Kronecker modules are representations of the Kronecker
quiver which consists of two vertices v; and vy and a finite number of
arrows ai,...,Qap : U1 — Ug.

13
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(b) for a fixed vector space V, the Kronecker modules form an abelian cate-
gory.

For fixed bases of F and F' a Kronecker module ¢ € W := Hom(F,E® V) is
given by a (m x n)-matrix whose entries are linear forms in o, ..., z4.
The group G; := GL;, x GL,, acts on W = Hom(F, E ® V') by

(g,h) 0 A:=g®idy-A-hL.

Furthermore I' := {(« - idg, a - idp)|a € C*} acts trivially on W, so we have an
action of the group G := G1/I" on W. In addition we have an action of GL(V')
on W by coordinate transformations.

For the description of a moduli space of Kronecker modules, we need some
geometric invariant theory (see [25]). Hence we shortly repeat some notions.
Recall that an algebraic group G is called reductive if the radical of G (i.e. its
maximal connected solvable normal subgroup) is a torus.

Definition 2.3 (stable, semi-stable point) Let G be a reductive group that
acts linearly on a vector space U. A non-zero point of U is called

(a) unstable, if 0 is in the closure of its orbit,

(b) semi-stable, if O is not in the closure of its orbit,

(c) stable, if its orbit is closed and its stabilizer is finite,

(d) strictly semi-stable, if it is semi-stable, but not stable,

(e) poly-stable, if it is strictly semi-stable and the orbit is closed.

Let G be an algebraic group acting on an algebraic variety W. In the follow-
ing way one can define a good categorical quotient of varieties with ”good”
geometric properties:

Definition 2.4 (good quotient) A good quotient is a morphism m: W — X
of varieties with the following properties:

(a) 7 is G-invariant, affine and surjective
(b) there is an isomorphism Ox — (T.Ow )%

(c) if Z C W is closed and G-invariant, then 7(Z) C X is closed

(d) if Z,Z' C W are closed, G-invariant and disjoint, then ©(Z)Nw(Z") = &.

In some situation one can define a quotient with the following ”better” proper-
ties:
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Definition 2.5 (geometric quotient) A geometric quotient of W by G is a
good quotient m: W — X such that for all wi,ws € W we have (wi) = 7(w2)
if and only if Guwi, = Gws.

In the following, we consider Kronecker modules of type (4,2), i.e. F is a 2-
dimensional C-vector space and E is a 4-dimensional C-vector space. Now we
denote as before by W the vector space

W =Hom(F,E® V)

for this choice of F and F. Again for fixed bases of ¥ and F' an element in W
is given by a (4 x 2)-matrix whose entries are linear forms in zy, ..., z4.

W is canonically isomorphic to W' = Hom(E* @ V*, F*). For a Kronecker
module A € W we have A € W’ and A is stable (resp. unstable, semi-stable
or poly-stable) if and only if A! is stable (resp. unstable, semi-stable or poly-
stable).

We use the following criterion of Drézet ([6][Prop.15]) and Hulek ([14]) to de-
scribe the shape of unstable resp. strictly semi-stable resp. poly-stable matrices,
which is formulated for Kronecker modules in W'.

Proposition 2.6 (Drézet, Hulek) Let 7: E®V — F be a Kronecker mod-
ule, 7 # 0. Then T is semi-stable resp. stable if and only if for all subspaces
E' and F' of E and F such that E" # {0}, F' # F and 7(E' ® V') C F', the
following inequality holds

dim F”’ - dim F ( ~)
dmE = dmp P 7

Since dim ' = 2 and dim F = 4 are not coprime, there exist strictly semi-stable
points, contrary to the case of Kronecker modules of type (3,2) in P3:
1 dimF 2

2 dimE 4
Lemma 2.7 Let A be a matriz that represents a Kronecker module in W'.

(a) A is unstable if and only if it is equivalent under row and column opera-
tions to a matrixz with two zeros in one column or more than two zeros in

* ok %k %k * % % 0
000 ) 7\« % %0
(b) A is semi-stable if and only if it is not equivalent under row and column

operations to a matriz with two zeros in one column or more than two
Zeros in one row.

one row:
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(c) A is strictly semi-stable if and only if it is equivalent under row and column
operations to a matriz with exactly two zeros in one row:

¥ % % %
600
(d) A is strictly poly-stable if it is equivalent under row and column operations
to a matriz of the form
x x 0 0
6ot

ko ok ok
Q 0 0
appropriate choice of bases (e1,...,eq) of E and (f1, f2) of F, we may
choose the vector subspace F' = (f1) and E' = (e1,ez,e3). Then the
images of ey, ..,e3 by A are obviously contained in F’. Furthermore

PrROOF: (a) 7 < ”: If A has the form :) with respect to an

1 dimF dimF 1

3 dmE - dmE 2

* x % 0

If A has the form(
* % *x 0

and (f1, f2) of F, then we may choose F' = {0} and E’ = (e4). The image
of e4 by A is zero and

> with respect to bases (e1,...,e4) of E

O_dimF’ dimF 1

1" dmE “dmE 2

By Proposition [2.6] the matrix A is in both cases unstable.

7 = 7: Assume that A is unstable. Then again by Proposition there
exist subspaces F' C F and {0} C E’ C E such that

dim F’ - dimF 1

dmE' ~ dimE 2
and 7(E' ® V) C F'. So either dim F' =0 or dim F' = 1.

If dim F" = 0, then since dim Ef > 1 we may choose any e; € E] and
complete it to a basis (e1, e, e3,e4) of E. Since at least e; is mapped to
0 by A, the matrix A has the form

0 * * x
0 * * *
w.r.t. the chosen basis of E.
If dimF’" = 1, i.e. F' = (f1), then dimE" > 3, i.e. E' = (e1,e2,e3).
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Complete them again to bases (f1, f2) of F and (eq, e2, e3,e4) of E. Then
A has the form

w.r.t. these bases.
(b) Obvious.

(c) A is strictly semi-stable if and only if it is semi-stable and there exist
subspaces £/ C E and F’ C F such that

1 dimF  dimF 2

2 dimE  dimE 4
This follows similar to part (a).
(d) This is obvious, since in this case, A is a direct sum of Kronecker modules
of type (2,1). n
In the following we use the notation
Notation 2.8 We denote by
e W? the set of stable,
e W55 the set of semi-stable,
o W45 the set of strictly semi-stable,
e WP3 the set of strictly poly-stable and
e W the set of unstable
Kronecker modules in W = Hom(F, E® V).

Remark 2.9 We have the decompositions W = W* UW?** and W** = W5 U
W#. Furthermore WP* C W*9,

Proposition 2.10 There ezists a good quotient K := W** | G. By definition,
K is projective, normal and irreducible. Furthermore dim(K) = 21.

PRrROOF: For the first part, use [25] and [16].
For the second part, we use the fact that W*¢ is a non-empty open dense subset
of W. So dim W*% = dim W. Furthermore,

dimG =dimGLy +dimGLs —dimI’' =4+ 16 — 1 = 19.
Hence

dmK =dimW?* ) G=dimW?* —dimG =40 —-19=21. n
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Remark 2.11 This good quotient gives a moduli space for Kronecker modules
of type (4,2). For an appropriate linearization L, the stability in the sense of
geometric invariant theory is equivalent to the stability for Kronecker modules
defined in For details see [16].

Remark 2.12 Every strictly semi-stable orbit contains in its closure a unique
closed strictly poly-stable orbit. Consider the good quotient

P WS S W™ ) G.

Any semi-stable orbit is mapped to the same point P in the good quotient
W#s | G as the poly-stable orbit in its closure. In our situation one can see
this as follows: By Lemma we may assume that the strictly semi-stable
t
. . 00
Kronecker module is represented by a matrix of the form (Z z . *> .
Now for any t # 0 we have

t * a * t-a
t * b t1 RER
1 0 *| < 1) o o«
1 0 = 0 =
¢ t
Hence the matrices * 00 and * * 0 0) are contained in
b x t-a t-b * x
the same orbit for all ¢ £ 0. Thus the orbit of poly-stable Kronecker module

« % 0 0\ « % 0 0\
given by (0 0 *> is in the closure of the orbit of <a > .

b *
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2 Classification of Kronecker Modules of Type (4,2)

The goal of this Section is to give a classification of the types of Kronecker
modules occuring in the good quotient K = W** J/ G.

There is a geometric interpretation for a Kronecker module ¢ € W represented
by a matrix A: the ideal generated by maximal minors of A defines a closed
subscheme in P*. In most cases this will be a curve, possibly reducible or
non-reduced. We will study this geometric interpretation in Section

Note that the stability properties of Kronecker modules in W*® with respect to
the action of G are invariant under the action of GL(V'). Hence we will say,
an GL(V)-orbit is stable (resp. poly-stable, semi-stable or unstable), if one and
hence all of its members are.

Clearly the action of GL(V') on the quotient W** J/ G is the same as the action
of PGL(V) as the C*-action is already taken into account by the G-action.
We will give a stratification of the action of PGL(V) on W** J G. Any stra-
tum except one, which we will call BZ, is the orbit of a Kronecker module
representing a point in W* J G with respect to the action of PGL(V). In
contrast, B? is the union of orbits of stable Kronecker modules parametrized
by A € P~ {0,1,00}. Any one of these orbits has codimension 5 in W** J G.
Concretely, the main result of this Section is:

Theorem 2.13 In the good quotient K = W*° || G there are exactly the fol-
lowing poly-stable orbits resp. strata with respect to the action of PGL(V):

name representative A stability codimension of the

orbits resp. strata w.r.t.
PGL(V) in W* | G

t
X x i X
By 0 20 stable 0
r1 T2 I3 X4

t
By <$0 1 T2 x3> stable 1
0 xo2 x3 x4

t
By (xo 0z x3> stable 2
0 Tr1 I3 T4
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t
B3 <$0 T $3> stable 3
0 Trog I3 X4

t
B§ : <x0 0 = x?’) stable 3
0 r1 T2 X4

t
Bi <x0 zr 0 x3> stable 4
0 Trog T2 X4

family of orbits
represented by

t
Bi o 0 a3 w3 stable 4
0 Ir1 T2 /\1’3

for A#£0,1,00

rog I1 0 )

stable 5
0 r1 X9

8
o

Trog I1 X2
0 o 1

8
w

stable 5

8
N

stable
0 Trog T2 X3

Trog I1 X2 0

Bg
0 rg I1 X3

stable 6

rog I1 XI2
0 Trog I1 X2

8
w

stable 7

o)
S
7 N\ RN /—H\ VRS 7 N
()
8
—
o
3
~_ ~__ ~_ ~~ ~_
o~
>
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r9o x1 x9 0

Bio
0 Trog I1 X2

stable 10

S stable 8

0 Trg T2 X4

stable 9

S3
0 rg I1 X3

rog I1 0 0

P poly-stable 10

P poly-stable 12

(
(
s | (ann
(
(
(

poly-stable 18

)
)
)
T a1 0 932)t stable g
)
)
)

P3 <370 I 0 0

We begin with classifying the PGL(V)-orbits in K:

Proposition 2.14 In the good quotient K = W*° || G there are

(a) exactly the following 15 orbits with respect to the action of PGL(V), that
consist of stable Kronecker modules:

BO; B17 B27 B31>7 B?2,7 Biv Bé7 B?)? Bgv B67 B77 B107 517 527 537

and furthermore one stratum B3 which is a family of stable PGL(V)-orbits
parametrized by X € P! ~ {0,1, 00},

(b) exactly 3 orbits with respect to the action of PGL(V') that consist of strictly
poly-stable Kronecker modules:

P, P, Ps.
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For the proof of Proposition we need the following preparations:

Definition 2.15 (saturation) Let X be an irreducible reduced variety and &
an Ox-module. Let ' be a subsheaf of £. Then we have an exact sequence

0=& —=E—=E/E —0.

The quotient £/E" may contain a torsion subsheaf T(E/E"). Hence we have the
exact sequence

0—-T(E/E)—=EE — (E/EN)T(E/E") — 0.
The saturation of £ in £ is defined by
& =Ker(& — (£/E)/T(E/E).

We have the following diagram:

0 T(E/E")

0 g £ £/E 0

0 & £— (£/€)/T(E/E) —0
T(E/E) 0

Moreover we need the following Lemma
Lemma 2.16 There is a bijection
Home (F, E® V) — Home, (V* ® Op1, E ® Op1(1)),

where P = P(F*).

PROOF:
Hom(V* ® Op1, E® Op1(1)) = H(V ® Op1) @ E @ Op1(1))

= VRE®H(Op(1)2VR®E®F* 2Hom(F,EQV). n
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PrROOF OF 2.14k By Lemma the problem of classifying Kronecker modules
is reduced to classifying maps ¢ : V* ®@ Opr — E ® Opi1(1). To do so, we
decompose ¢ as follows

V*® Opt —o= E® Op1(1) |

| i

Tm(ip) ——— Tm ()

where Im(¢p) is the saturation of the image of ¢ in £ ® Op1(1). By definition,
B is generically bijective, the map « is surjective and + is injective. Moreover
the dual map of v, which is given by the transpose of the matrix for =, is also
surjective.

The sheaves Im(y) and Im(yp) are torsion-free since they are submodules of
torsion-free Op1-modules. Since torsion-free Ox-modules on smooth curves are
locally free, all occuring sheaves in the diagram are vector bundles on P'. Hence
we can use the classification theorem of Grothendieck for vector bundles on P!

[10]. Thus we have to classify commutative diagrams of the form

03, L Op1 (1)

| |
™ Opr (1)~ O, @ Opa (177

for some m,n € N, where n < m. Here r < 4 is the rank of Im(y) and thus
also the rank of Im(yp).

Hence to classify the maps ¢, it suffices to classify the maps «, 8 and ~.
Classification of the maps (: First we consider maps
g: 0" O1)™™—-0"a0(1)" ",
where m > n. Since 3 is generically bijective, one can choose (local) bases of
O"aO0)" ™™=0"a0""a01)" "=V1& V2B Vs
and
O"aO0(1)™=0"a01)" "a0(1)" " =W, & Wy d W,

such that f is represented by a block matrix
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M 0 0 n
B = 0 * 0 m—n
0 0 N r—m

After an appropriate base change of W5 and V;, we may assume that M and
N are the identity matrices, i.e.

ﬁdz
o
*

)

1

So it suffices to classify maps (3 : Vo = O™ — O(1)™ " = W,. These maps
are given by matrices of the form H = Hys+ Hat for some Hy, Hy € M™™"(C)
and a basis s,t € H(Op1(1)).

Lemma 2.17 For an appropriate choice of coordinates we may assume Hy =
Id. Then we can choose a basis of Vo and Ws such that Hs has Jordan normal
form:

J1

Jk

where J; = ] ] . Hence f3 is given by a block matriz with blocks
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of the form

A s+ At
I-s+ |1 A t = t s+ At

PROOF: We may assume rank(H;) = m — n. In fact, otherwise, we use the
fact that generically the rank of the matrix His + Hot is m — n. Hence we
can choose p € C such that H; + uHs has rank m — n, and use the coordinate
transformation s — s+ ut,t +— t.

Now we change bases to obtain H; = Id. Afterwards a conjugation brings Ho
in Jordan normal form while leaving H; = Id invariant. n

Classification of the map «: By definition, the map
a:0 500" " BO01) T =V eV, B Vs

is surjective. For the classification of the map 3, we already chose a basis of
O"e O™ " O)™™ =V, @& Ve @ V3. If we change it in the following, we
have to make an appropriate base change on Wy, W, and Wj such that we do
not change the matrix describing .

Since « is surjective, we may split off m copies of O from O°, such that the
matrix A associtated to « has the shape

1

m 5—m

Hence for classifying the maps « it suffices to look at surjective maps f : OP —
O(1)? for p > q.

Now let f : OP — O(1)? be such a surjective map. We want to classify the

possible matrices A representing f.
The kernel of f is a subsheaf of O, so ker(f) = @L_{ O(—1;) for some I; > 0.
Hence we have an exact sequence

p—q
0 @Po(-1) — 0" % o) - o.
=1
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Now we dualize to obtain the exact sequence
A P—q
0= 0(-1)15 0" - P o) — 0.

=1

Taking the long exact cohomology sequence yields

=

0— H°(O(-1)7) — H°(OP) — H( ™ o)) — HYO(-1)9)
1

-
Il

— H'(OP) — Hl(g(’)(li)) ...

=1

By Serre duality H!(OP) =0 and H*(O(—1)?) = 0. Since furthermore

we have an isomorphism

pP—q pP—q

cr = HO(0r) = @ HO(0(L) = i

i=1 i=1

After an appropriate change of the bases of @°>~™ and Vs, the isomorphism
p—q
H(0") — D HO(O(1))
i=1
is given by a block matrix of the form

th th=l.(—s) ... (=s)h

th-a a1, (—g) ... (—s)ba

whose entries are sections (—s)#/. In order to preserve the matrix representing
B, when changing V5 we change the basis of W5 accordingly.
The morphism O+ — O(l) is given by multiplication with the sections

it (—s), ..., (—s)h

So we can compute the kernel of the map OP — @F_7 O(l;) by computing the
syzygies of the maps (block by block) given by multiplication with the sections
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(t', =1 (=s),...,(—s)") and obtain

in case [ > 0. For [ = 0 one obtains an empty block of size (1 x 0).
Therefore, after dualizing, we obtain p — ¢ blocks each one either of the form

and of size [; x (I; + 1) or empty, if [; = 0.

Classification of the maps ~: The map
7: 0" 01" e O(1) ™ = O(1)*
is injective, so its dual map
YO = O O(-1)T" e O

is surjective. Hence we may use the same method of classification as for
a. While constructing a matrix for 3, we chose a basis of O™ & O(1)™ " @
o)™ = W1 & Wy @ Ws. If we now change it, we have to modify the ba-
sis of V1, Vs and V3 accordingly, such that we preserve the matrix for 5. But
then we also have to modify the basis of ©° to keep the matrix A. Thus 7* is
represented by a matrix of the form

C 0 4—r+n
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As in the classification of the map « the matrix, C consists of blocks

Altogether, with respect to the bases we chose above for

ool
I
o
<
o

and

(@Y
I
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the matrix ¢ associated to ¢ is given by

C 0 0
d=C -B-A= 0 J 0
0 0 A

Lemma 2.18 (a) If J has up to three pairwise distinct eigenvalues A1, Ao
and A3, we may choose them to be A\ = 0, Ao = 00 and A3 = 1.

(b) If J has 4 pairwise distinct eigenvalues A1, ..., Ay, we may choose the first
three to be A\ = 0, Ay = o0 and A3 = 1.

PRrROOF: To change the values of the \; we can use arbitrary automorphisms
of PY(C). Given any three pairwise distinct numbers Aj, A2 and A3 in C, there
exists a p € Aut(P!(C)) with p(A1) = 0,p(N2) =0 and p(N3) = 1. =

It remains to go through the list of all possible combinations of choices of «, 8
and v and study its stability properties using Lemma For this we refer to

Appendix [B] n

Notation 2.19 (a) In the following, we denote by P the union of the poly-
stable strata P, P, and P3, by S the union of S, S and S3 and by B
the union of all other strata, i.e.

BO7BlaB2aB?}vBZ’%)BiaBZvBé>Bngng67B7aBIO~

(b) If A is a matrix that represents a Kronecker module ¢ in a stratum B;
resp. B} resp. S; resp. P;, we will shortly write A € B; resp. B resp. S;
resp. F;.

Now we want to compute the dimension of the orbits in W% with respect to
the action of G and of the strata in K with respect to the action of PGL(V).
For this and also to check several other properties of the moduli space K, we
use the Slice theorem of Luna ([18]):
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Proposition 2.20 (Luna Slice Theorem) G is a reductive algebraic group,
which acts on an affine variety X algebraically. Let q : X — X [/ G be the
associated quotient. Let x € X be a point with closed orbit G.x and hence with
reductive stabilizer G5. Then there is a locally closed affine subvariety (slice)
S, C X such that

(a) x €S,

(b) we have a cartesian diagram

X—X/)G

d

Sy —= S )| Gy
where ¥ is an €étale morphism,
(c) Sy is stable under G.

Concretely, one can construct the Luna slice as follows ([18]): Assume that X
is a vector space. Since the stabilizer G, is a reductive group, one can compute
a Gg-stable complement N, of the tangent space T,(G.z) in x on the orbit G.x
in T, X. Then the slice is an open G,-stable neighborhood of x in the affine
space = + Ng.

Using this one obtains the following Proposition:

Proposition 2.21  (a) The stable points in W5* with respect to the action of
G have trivial stabilizer.

(b) The stabilizer Gy of points x € Py, Py is C*, and for x € Ps the stabilizer
18 PGLQ.

(¢) The orbits of the stable points in W*° with respect to the action of G have
dimension 19. The orbits of the strictly poly-stable Kronecker modules Py
and Ps, have dimension 18 and the orbit P3 has dimension 16.

(d) The orbits of the matrices of Theorem in W* with respect to the
joint action of PGL(V') and G have the following codimensions in W*5:
(i) codim(Bg) =1 for all i,5 and codim(B;) =i for all i,
(7i) codim(S7) = 8, codim(S2) = codim(S3) =9,
(7i) codim(P;) = 10, codim(P) = 12, codim(P3) = 18.
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PrOOF: (a) Let ¢ : F — E ® V be a stable Kronecker module represented
by a matrix A. Assume that ¢ = (G1,G2) € G = (GL2 x GLy4)/T is
contained in the stabilizer of ¢. Then we obtain a non-zero morphism of
Kronecker modules

F—AEaV,
-
F—AFpoVv

where A also represents the Kronecker module ¢. Since the Kronecker
modules of type (4,2) with fixed vector space V form an abelian category,
we can use the Lemma of Schur for stable Kronecker modules ([28]): the
homomorphism given by (G, G2) is an isomorphism that is given by mul-
tiplication with a non-zero constant resp. its inverse. But this is exactly
the action of I'. Hence the stabilizer G, is trivial.

(b) This is a straightforward computation.

(c) This follows directly from part (a) and (b): for the orbit G.z of a point x
with respect to the action of G, we have dim G.xz = dim G — dim G,.

(d) Use the following fact: Let G be a Lie group acting on a manifold M
and g the Lie algebra of G. Then the tangent space at x € M on the
G-orbit of z is x + Im(v)), where 1) is the infinitesimal action of g on M.
In particular, the dimension of the orbit of x equals the dimension of the
tangent space at  on the G-orbit of z.

Since the joint action of PGL(V) and G on W% is the same as the joint
action of GL(V') and G on W**, we will use the Lie algebra of GL(V) for

our computations. So let g1, go and g3 be the Lie algebras associated to
GL2(C), GL4(C) and GL(V).

The infinitesimal action of
(91,92,93) € Lie(GLg x GLy x GL(V)) = g1 ® g2 ® g3

on a fixed Kronecker module represented by a matrix A is given by

¥ :g1 @ ga ® g3 — Hom(C* C' @ V)

OAZ j
’ . Ez i ]
S ot s

where E;; is the matrix with entry 1 at position (7,7) and 0 otherwise.
For the concrete computations one can use the computer algebra system
Singular. For the program see Appendix [A] ]

(91,92, 93) = —Ag1 + g2 A+ > <

,L'7j7k:
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Remark 2.22 The lower index of Bg resp. the index of B; indicates the codi-
mension of the stratum B resp. B; in W**.

Proposition 2.23

Sing(W“ // G) =P=PUP,U Ps.

PROOF: By Luna Slice Theorem, a point € W** J/ G is singular if and only
if x is a singular point of the quotient S, / G, of the Luna slice of x on its
stratum by the stabilizer of x, since Sy J Gz — W** J/ G is an étale morphism.
The stabilizers of the stable points are trivial by Proposition (a). Thus the
quotient S, / G, of the slice is a vector space and W** / G is non-singular in
all stable points.

Moreover, the points in the poly-stable strata Py, P» and Pj are singular. For
this, we use the Luna slice theorem again. In Section [3|l4.1] we will construct
a model for the quotient S, / G5 of the slice S, of a point = in P;. For all
x € P; the quotient S, / G, has a singularity in x, and hence K is singular in
the points of P;. Since P, P3 C Pj, we see that K is also singular in P, and
Pg. [ ]
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3 Stratification

Recall that if GG is a connected algebraic group acting on a variety X, then each
orbit G.z is irreducible, open in its closure and its boundary G.z — G.x is a
union of orbits of strictly smaller dimension. In particular, orbits of minimal
dimension are closed.

In this Section we will determine for which strata A; and As the intersection
A1NAs # @, i.e. Ay is contained in the closure of A;. In this case will say that
A degenerates into As.

Lemma 2.24 (a) By degenerates into Bj.
(b) Bi degenerates into Bs.
(¢c) Bs degenerates into By and B3.
(d) Bi degenerates into Bj.
(e) B2 degenerates into B} and B3.
(f) B} degenerates into B, B2 and B3.
(9) B} degenerates into Bi.
(h) Bé degenerates into Bg, So and S3.
(i) B2 degenerates into Bg, Sy .
() BE degenerates into Sz, Ss, P1 and Big.
(k) Bg degenerates into Br.
(1) By degenerates into Byy and Ss.
(m) Bio degenerates into Ps.
(n) Si degenerates into Sa.
(o) S degenerates into Ps.
(p) Ss degenerates into Ps.
(q) P1 degenerates into P;.

(r) P» degenerates into Pis.

PROOF: For the proof we refer to Appendix[C} m
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Figure 2.1: Degenerations of Kronecker modules of type (4, 2)
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Figure is a summary of the result of Lemma An arrow between two
strata indicates a degeneration.

There might be more degenerations, especially inside B. For the purpose of our
study, the degenerations at hand suffice.

Later we also need to know, that some strata do not degenerate into some
special other strata. Therefore we will prove the following lemma:

Lemma 2.25 (a) The strata S1, So and S3 do not degenerate into the stra-
tum P;.

(b) The strata S1,S2,S3 do not degenerate into Big.
(¢c) The stratum S does not degenerate into Ss.
(d) Big does not degenerate into P;.

(e) The strata BE, Bg, Br, B3 do not degenerate into Sy.

PROOF: The strategy to show that a stratum A; does not degenerate into a
stratum As is to construct a Luna slice S, in an arbitrary point = of Ay and to
check that the intersection of S, and the stratum A; is empty. Since all points in
the stratum As are projectively equivalent, it suffices to consider one particular
point z in As. In the proof we always will work with the representative x from
the list in Theorem 2,131

To show that S, N A1 = @ we use rank considerations of the matrices obtained
by choosing fixed parameters in the slice S,. For that we view matrices of A;
as (4 x 5)-matrices over C(s,t) (using the notation from Section [22)).

We start by computing the rank of the representatives listed in Theorem
over C(s,t) for some strata (which is the rank of an arbitrary element of the
stratum):

s+ At 0
t s+ At 0
0
0

o Prp: has rank 4.

t 5+ At
S+ pt

0

0 has rank 3
s+ At 0 ’
0

s+ pt

has rank 2.

[ ]

o
o O O O
O O O O
O O O O
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S 0 0
e Bjg: t i 5 8 8 has rank 3.
t 00
S
e Si: t s has rank 3.
s t
S 0
e So: ¢ s ¢ 8 has rank 3.
s t 0
s 0
e Ss: t . 8 has rank 3.
s t 0

Using this we prove the assertions of the Lemma:

t
. . (w0 1 O O .
(a) The Luna slice at the point z = < 0 0 a:3> € P is

o t1x1 + towy — taxg
x t3xo + tar1 + t524
Sz(t1,...,t10) =
2t o) —tgxg + tex3 + tray T2
loxs — tygwa + ti024 x3
for parameters ti,...,t10p € C (computed with the Singular program in Ap-
pendix .
Hence for fixed parameters t1,...,t1o9 the rank as a (4 x 5)-matrix with entries
in C(s,t) is
s—tyt it 0 0 tot
tst S+ tat 0 0 tst
k t1,...,t = rank
rank( (1, -, 10)) = ran 0 0  t—tes tgs  trs
0 0 —tgs t+1tg9s tigs
So we see that for all choices of parameters t1, ..., t19 the matrix S, (t1,...,t10)
has rank 4. Since the representatives of S1, So and S3 have rank 3, they are not
contained in Sy (t1,...,t10), and so the strata Si,S2 and S3 do not degenerate

into Pl .
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(b) For a fixed choice of t1, ..., t19, the matrix defined by the slice S;(t1,. .., t10)

at the point
To T1 X 0
= ( 0o T1 T2 ) € By
0 rog X1 X2

is

To — t3r3 — taxy ti1x3 + taxy

r1 —tsws —texs To + t3x3 + taxy

To — toxs — t10T4 X1 + 523 + 6Ty
trxs + tgxa T2 + tox3 + 1024

Sx(tl, Ce th) =

Now we compute the rank of S;(¢1,...%10) in coordinates of C(s,?):

s 0 0 —tss+tit —tgs+tat
t s 0 —tss+tst —tes+tat |
rank o e testat —tygs gt |
0 0 ¢t trs 4+ tot tgs + t1ot
s 0 0 =« *
0 s 0 = *
k
ran 0 0 s =« *
0 0O 45 As5
where
2 43 4
aq5 = t7s + 2tgt — 2t5— + 2153*2 — t1f3
s s s
and

2 3 4
ass = tgs + 2t10t — 2t6— + 2754*2 — tgfs.
s s S
The latter matrix is obtained from the first one by row and column transfor-
mations in C(s,t).
Hence rank(S;(t1,...,t10)) = 3 if and only if ay5 = as5 = 0. This is the case if
and only if t; = ... = t19 = 0, i.e. for the point z € Byy. Since any point of the
slice (except ) is a matrix of rank strictly bigger than 3 and all representatives
of the strata S1,.59 and Ss have rank 3, the intersection of the slice of Big and
S1, So resp. S3 has to be empty. So S, 59 and S3 do not degenerate into Big.

Trog I1 0 i)
0 Tro I1 I3
that it does not contain any matrix of rank 3 (again except at z).

(c) We compute the slice of the point x = < > € S3 and show

The slice in x is

—t38 + 11t —t7s+t3t —tgs 4 ot

—t75 + tgt —t88 + t7t —th + t4t

—igs + t7t tss + tgt tes + tot
S t 0

Sx(tl, ce ,tg) =

OO+ »
S+ »w O
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Hence for a fixed choice of the parameters t1,...,%19 we compute for the rank
of S$(t1, ce ,tg):

s 0 —t3s+tit —trs—+tgt —tgs+ tot
k| T8 Ttrsttst —tsstrt —tos+tat | _

0 t —1gs + t7t tss 4 tgt tes + tot

0 0 s t 0

s 0 tlt 2t3t tQt
ke | Ot it tss3tst fos+ 2tot

0 0 s 13 0

t s tgt 3t7t 2t4t

So rank(Sg(t1,...,t9)) € {3,4}. If rank(S(t1...,t9)) = 3, the fourth row l4 is
a linear combination of the first, second and third row 1,19, 3 i.e.

Iy = c1ly + calo + c3l3,

where ¢; € C(s,t). By considering the entries in the first and second column
we have ¢; = g and ¢ = % Considering the fifth column with this coefficients
c1 and co yields to = t4 = tg = tg = 0. Similarly using the third and fourth
column we see that t; = t3 =1t5 =ty =tg = 0.

So

3 iftp=...=ty=0
rank(S, (t1, ... ty)) = nH 0
4 else.

This concludes assertion (c¢) with the same arguments as before.

(d) This is clear, since dim Bjy = dim P; and this contradicts the fact that the
boundary of a stratum consists of strata of strictly smaller dimension.

(e) The matrix of a representative of S; contains all 5 variables x, ..., x4, but
the matrices in the orbits of BL%, Bg, By, Bg just contain 4 of these variables. m

In particular, the following important observation follows from the previous
results:

Corollary 2.26 (a) The intersection of S and P = P is

gm?:§mP:E:P2UP3.

(b) All strata in B degenerate into Big.
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PROOF: (a) Since S; degenerates exactly into the strata Ss, P» and P3 and
S35 degenerated exactly into the strata P, and Ps, we have S = S U S U
S3 U Py U P3. Hence the assertion is obvious.

(b) This follows directly from Lemma n






3

Relation of K and the Hilbert
Scheme Hilb***+1(P4)

In this Chapter we study a geometric interpretation of the Kronecker modules
belonging to the moduli space K. Using this interpretation, we construct a

rational map
Dy o K --» Hilb™ (P4

into the Hilbert scheme of curves in P4 with Hilbert polynomial 4n + 1. In
Sections 3.3 and 3.4 we study the strata of Kronecker modules in K inside the
set of indeterminacies of ¢ and discuss extensions of ¢ to appropriate blow-ups
of K.

1 The Hilbert Scheme Hilb**!(P*)

A rational normal curve of degree 4 is a smooth curve in P* that is projectively
equivalent to the image of P! under the Veronese embedding P' — P* of degree
4. The Hilbert polynomial of the generic rational normal curve of degree 4 in
Pis P(n) = 4n + 1.

t
o T1 X2 I3
r1 X2 T3 T4

The vanishing of the maximal minors of the representative (

of a Kronecker module in By, i.e. the equations
2 2 2
ToT2 — L1, TOT3 — T1X2, TOT4 — T1X3, T1T3 — T, T1T4 — T2T3, T2T4 — T3

define a rational normal curve of degree 4 in P%.

Hence in the following we consider the Hilbert scheme Hilb™ ™1 (P%).

There is a component Hy of Hilb? ™! (P4) that contains the rational normal
curves of degree 4. Hy has dimension 21:

any such curve is determined by the choice of an embedding, so

dim Hy = dim GL5/GLy = dim GL5 — dim GLy = 5% — 2% = 21.

41
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The rational normal curve C' is arithmetically Cohen-Macaulay, i.e. its ho-
mogeneous coordinate ring k[xo, ..., x4]/Ic is Cohen-Macaulay. The subset of
arithmetically Cohen-Macaulay curves in Hilb? ™1 (P*) is open. In [22], Martin-

Deschamps and Piene describe the structures of certain curves of this type in
Hilb*" L (P4):

Theorem 3.1 (Martin-Deschamps, Piene) The open subset of arithmeti-
cally Cohen-Macaulay curves in Hilb4n+1([P4) contains the curves of the follow-
ing four types:

(a) a rational normal curve of degree 4 in P4,

(b) the union of two smooth conics intersecting in one point and not contained
i a hyperplane,

(c) a double structure on a conic, given by an ideal

Ic = (zg,21) - (z2,23) + (Q,Q"),

where Q and Q' are quadric forms such that Q € (x2,x3),

Q & (zo, 1) and Q" € (x0,21), Q" & (22, 23),

(d) a curve given by an ideal of the form

IC - (LL17 LL27 LL37 Ql? Q27 Q3)7

where L1, Ly, Ly resp. Q1,Q2, Q3 are independent linear resp. quadratic
forms with (Q1,Q2,Q3) C (L1, Lo, L3), furthermore L is a linear form
such that (L,Q1,Q2,Q3) defines a curve C' of degree 3 and genus 0 in
the hyperplane given by L =0 and ((Q1,Q2,Q3) : L) C (L1, Lo, L3).

Additionally, Pirio and Russo found in [27] another arithmetically Cohen-Mac-
aulay curve C' in Hilb¥1(P*) defined by the equations

2 2 2
x5, TOT1, TOLT2, T] — T3, 2012 — ToT4, T3-

But it is not known whether this curve is a degeneration of the rational normal
curve in P%.

The Hilbert scheme Hilb***!(P4) has more than two components. For example,
there is a component of dimension 21 containing elliptic curves of degree 3 in
P? union a disjoint line, and a component of dimension 32 containing plane
smooth curves of degree 4 union 3 points and so on.
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2 Construction of a Rational Map ¢xy : K --» H

The aim of this Section is to define a rational map from the moduli space K of
Kronecker modules of type (4, 2) into the component Hy of the Hilbert Scheme
Hilb 1 (P4).

For any Kronecker module represented by a matrix A, the maximal minors
define a closed subscheme in P*. Clearly any two matrices in the same orbit
with respect to the action of G define the same closed subscheme.

The action of PGL(V) transfers a curve C' into some projectively equivalent
curve C’ and therefore it suffices to consider one curve in each stratum.

Concretely, ideals generated by the maximal minors of the representatives listed
in Theorem define the following ideals resp. curves. For the non-reduced
curves we compute a primary decomposition with SINGULAR.

2 2
I(By) = (xowa — xf, ToT3 — T1T2, ToTg — T1X3, T1T3 — T,
T1T4 — ToT3, ToTy — :17%) defines a rational normal curve of 4
degree 4 in P4

I(B1) = (zox2, ToT3, ToT4, T1T3 — T3, T1T4 — ToT3, ToTg —
73) defines a twisted cubic Oy = {z1705— 23 = v124 — 2273 = 3
Toly — x% = 0} in the P? defined by 2o = 0 and a line
Cy = {x2 = 3 = x4 = 0}. The curves C; and Cy intersect
in exactly one point.

I(B3) = (xoz1, xoT3, ToTa, T1T2, T1T3, T2T4 — x%) defines a
plane quadric ¢ = {zg = 71 = 2224 — 3 = 0} and two lines 2
li ={xg =292 =23 =0} and Iy = {z1 = z3 = 24 = 0}. ¢
intersects l; and [y each in one point, {1 Ny = @.

I(B%) = (xg, TOT3, TOT4, T1T3—ToL2, T1T4—T0T3, x2x4—x§)
defines a quadric Q = {x¢g = 71 = 23 — 2224 = 0} and a 2
double line [, that intersect @ in one point. leq = {zo =
x3 = x4 = 0} and the double structure of [ is given by

x% = XoTo — T1T3 = ToLy = a:% =x4 = 0.




44 3. RELATION OF K AND THE HILBERT SCHEME Hilb*V*1(P4)

I(Bg) = (zox1, Tox2, Tox4, T1X2, T1X3, To-(T4—x3)), defines
four lines l; = {xg = 22 = 23 =0}, lo = {xop = 21 = 2 =
0hls={zo=x1=23—24=0}and |y = {x1 =29 =24 =
0}. The lines [1,ls and I3 are pairwise disjoint, but [; and
l4, Tesp. lo and Iy, resp. I3 and [ intersect each in one point.

I(B}) = (23, wowa, ToT4, T172, T174 — ToT3, Tox3) defines
two reduced lines I} = {z¢p = x1 = 22 = 0} and ly = {29 =
x1 = x3 = 0} and one non-reduced line [3. The reduced
line is (I3)reqa = {xo = x2 = x4 = 0} and the non-reduced
structure is defined by CL‘(Q), TOT3—T1T4, TOT4, T2, :L“Z. The lines
l1 and Il resp. [ and [3 intersect in one point and lsNil3 = &.

I(B?) = (wox1, T0T2, A\ToT3, 172, 1123, (1 — N)z2x3). This
ideal defines a family of curves for A # 0, 1, co. But the curve
is independent on the choice of A. It consists of four lines
intersecting in one point with the equations [y = {zo = z1 =
1‘2:0}, l2:{$0:1}1:$3:0}, l3:{1’0:$2:$3:0}
and Iy = {z1 = 22 = 23 = 0}.

I(B%) = (wox1, ToT2, TOT3, T1T2, T1T3 — T1T2, T3) defines
two reduced lines I} = {zp = x2 = 23 = 0} and ly = {21 =
x9 = x3 = 0} and a double line I3, where (I3)reqa = {0 =
71 = x9 = 0} and the double structure is given by 23 =
xg = x1 = 0. The three lines intersect in exactly one point.

I(B2) = (22, zoz1, T4, ¥3 — TOW2, T174 — TOT3, ToTy —
x1x3) defines a reduced line I3 = {xg = 1 = 2o = 0}
and a triple line l3. The reduced line is (I2)yed = {20 =
z1 = x4 = 0} and the triple structure is defined by z3 =
Tox1 — .CI?% — XX = QX3 — T1T4 — T4 = .CI:‘:% = $%1‘4 =
T1x3 — Toky = xlxi = xi = 0. The lines intersect in one
point.

I(B3) = (23, xoxa, ToT3, T172, T173 — ToT2, 3) defines two
non-reduced lines /1 and Iy intersecting in one point. Con-
cretely, (I1)red = {xo = 1 = x2 = 0} with a non-reduced
structure given by g, x1, 23 and (lg)eq = {10 = T2 = 23 =
0} with a non-reduced structure given by :c%, To, T3.

T TIX| K| F| F
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I(Bg) = (l‘%, ToT1, ToT3, ToT2 — T2, T173, Tox3) defines a
reduced line I} = {z9p = x; = z2 = 0} and a triple line 5.
The reduced line is (I2)req = {20 = 1 = 23 = 0} with the
triple structure defined by x%, ToT1, T3 — ToT9, T3, 3. The
two lines intersect in one point.

2 2 2
I(B7) = (x5, vow1, ToT2, ToT2 — T{, T1T2 — ToT3, T1T3 — T3)
defines a non-reduced line [. The reduced line is l..q =
{zp = x1 = 2 = 0} with a non-reduced structure given by

.T% = X011 — XOT2 — X1 — XT3 — QZ% = xla:% = CC%—SL‘ll‘g =
x5 = 0.

2 2 2
I(Byo) = (xf, xox1, xox2, Toxz — x7, T1x2, x5) defines a

non-reduced line [. Here l,oq = {zo = 1 = 29 = 0} and the

non-reduced structure is the first infinitesimal neighborhood
2 2 2

.'170, $0x17 SCOI'Q, xla xl:’UQv CC2.

Lemma 3.2 The family of curves in P* defined by the mazimal minors of the
representatives of the strata By, B1, Ba, B3, B3, B}, B}, B, B2, B3, Bg, Br, Bio
is flat over W3\S = B. In particular, all these curves have Hilbert polynomial
P(n)=4n+ 1.

PRroOF: The curves defined by the maximal minors of matrices representing
Kronecker modules in B define a family f:C — B.

Because of the open nature of flatness ([I2][III ex. 9.4]) there is an open subset
U C B, over which this family is flat. All curves over one stratum are pro-
jectively equivalent and therefore they have the same Hilbert polynomial. By
[12][III Thm 9.9] this means that if one curve is contained in the flat locus U,
then the whole stratum is contained in the flat locus. The open set U is non-
empty, since the family of curves over the Zariski-open dense subset By C B is
flat.

If we have shown that the stratum Bjg is contained in the flat locus of f, then
the other strata B; C B (resp. Bg C B) are also contained in the flat locus:
By Corollary all strata B; C B degenerate into the stratum Bjg, hence
there exists a family of Kronecker modules A; in B; (resp. Bg ) such that

lim A; = Ag € Byp.
t—0

This means, if Bigp C U, then the matrices A; in some neighborhood of Ag are
also contained in U and hence B; C U (resp. B} C U).
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So it remains to show that Bjg is contained in U. To do so, one considers the
family of curves defined by the maximal minor of the family

A, — r1 X9 T3 txo !
Em Nty @ tay+ (A —tzg 3 )

After some column operations, one sees that A; € By for ¢t # 0 and Ay € Byp.
This family is contained in U, since By C U and the Hilbert polynomial of the
family of curves is constant, as shown below.
With

Ic = (m%, 1:0:1:1,3:11:3,37% — T173, a:oxg,xg)

we denote the ideal generated by the (2 x 2)-minors of Ay. For Ay we have

for large n (where (k[xo,...,z4]/Ic)™ denotes the monomials of degree n in
k‘[iEo, ceey x4]/Ic)
P(n) = dimy(klzo,...,z4]/Ic)™
= dimg(k[zo, . .., x4)/ (23, xoz1, 023, 22, 123, 22)) )
= dimg(k[z2, £4])™ + 3 dimy,(k[za, 24]) Y
= (n+1)+3n
= 4dn+1,

which coincides with the Hilbert polynomial for the rational normal curves
defined by A; for ¢t £ 0. n

Since the family of ideal sheaves of curves associated to Kronecker modules in
the strata in W#\ S is flat, this defines a morphism

Srcrrlwors : WS — Ho C Hilb™ 1 (P4).
Since the morphism is G-invariant, it descends to a morphism
q)KH|B//G : B//G = (WS\S) //G — Hp.

Remark 3.3 It is not possible to extend this rational map ®xry : K --» Hy
to a morphism K — Hy. The map @k g is not defined on S and P.

The closed subscheme defined by the vanishing of maximal minors of represen-
tatives of the strata S4,55,53, P, Po, P3 are closed subscheme of dimension at
least 2:

_ (2 . . _
(a) I(S1) = (x§, vow2, ToT4, ToT1, ToT3, T1X4—T2x3) is a quadric x x4 —x2x3 =
0 in the P? given by zy = 0.

(b) 1(S2) = (23, zow2, 03, T0T1, T173 — T3) is a cone over a plane quadric
123 — x% with an embedded point in the origin g = z1 = x93 = z3 = 0.
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(c) I(S3) = (23, w071, T0T3, T3, 7173 — ToT2, T172) defines a plane xg = 21 = 0
with an embedded point.

(d) I(P1) = (xox2,xox3, T122, x123) defines two planes g = x; = 0 and
79 = 23 = 0 in P* that intersect exactly in the point (0:0:0:0: 1).

(e) I(Py) = (2, wowa, z170, x122) defines two planes zo = z1 = 0 and o =
x9 = 0 in P* that intersect in a line with a non-reduced structure in this
line.

(f) 1(P3) = (23, 7071,2?) defines a plane zp = 1 = 0 in P* that is non-
reduced everywhere.

Now we want to see explicitly, that one can not extend ®x gy to S and P. As
an example we consider the stratum S;. For the others it works analogously.
t
. . . .. 0
We consider the situation locally. The slice in z = (xo 1 x3> at the
0 29 x2 x4
stratum S is

Sp(ti, ..., tg) =
xro — t5:L‘1 — tﬁl’Q — t7x3 — t8x4 tlxl + tgajg + t5l‘2 + t7$4
tsxo + taxg — tgx1 — tyx3 To + tsx1 + texo + trx3 + tyxy
T X2
T3 T4
for parameters t1,...,ts € C.

We choose some fixed point P := (p1,...,ps) on the slice Sy(t1,...,ts). Above
each point on the line L C S, (t1,...,tg) connecting P with the ”origin” =
(which corresponds to the choice ¢; = 0 for all i) lies a unique matrix SZ(t)
given by

xo +t- (—psx1 — peTa — PrT3 — PyT4) t- (p121 + pax3 + psx2 + Prvs)
t- (p3r2 + paxs — pex1 — Pax3) xo+ 1t - (p5x1 + per2 + Pr3 + Psxa)
x1 2
z3 T4

Obviously, the family of closed subschemes defined by the vanishing of the
maximal minors of these matrices is not flat, as x € S7 does not define a curve.
But by construction of the slice, this family restricted to L\{0} is flat since it
consists of curves with Hilbert polynomial 4n + 1 by Lemma [3.2}

The saturation of the ideal I = A?(SEF(t)) by the ideal (t) is defined as the union
of the ideal quotients (I : t"), see [30][C1]. This saturation gives the projective
closure of the family of curves over L\{0}. But the choice of different lines (i.e.
different fixed points P on the slice) gives different limits.
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For example for p;y = 1 and p; = 0 otherwise, one obtains by saturation the
additional equations 123 = 0, 2323 = 0 and 23 = 0 for the closed subscheme
associated to the point x. The reduced structure for the curve consists of two
lines intersecting in one point. But for po = 1 and p; = 0 otherwise, one obtains
the additional equations azla:% = 0, x%xg = 0 and 931{%4 = 0. The reduced
structure of the associated curve in this case consists of three lines not all
intersecting in one point. For the concrete computation we used Singular (see
Appendix .

Hence it is not possible to extend the rational map ® gy to the stratum Sj.
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3 Extension to the Blow-up of K in S

Let K¢ := W* J/ G be the moduli space of stable Kronecker modules of type
(4,2) and moreover let C be the family of closed subschemes in P* defined by
the maximal minors of representatives of Kronecker modules in K*°. We have
seen in Section that restricted to W*\,S we obtain a flat family C of curves.
Our aim is to prove the following:

Proposition 3.4 One can extend C to a flat family C' of curves on BLg(K?)
(such that the families C and C' coincide outside the exceptional divisor).

For the proof we consider the strata S7, S and S3 separately.

3.1 The Stratum S,

We start with the stratum .Sj.

PROOF OF Proposition [3.4] for S1: We examine the situation locally.

By construction, it suffices to choose a fixed matrix in the PGL(V)-orbit Sj.

For the other matrices in this orbit the construction can be done simultaneously.
The slice in the representative (of the G-action)

T Oa:act
x:<0 1 3>651

0 20 x2 24

on the stratum 57 is

Sp(ti, ..., tg) =
xo — 5wy — tegxy — trxs — gy t1x1 + toxs + t5w2 + tray
tgl’g + t4x4 — tGIL’l — t8x3 ro + t5a:1 + t6:132 + t7x3 + t8x4
T Z2
x3 T4
Hence the slice is isomorphic to A® with coordinates t1,...,ts. By C(t1,...,ts)
we denote the curve defined by the vanishing of the maximal minors of the
matrices Sy(t1,...,ts) for fixed parameters t1,...,tg.
Let Z be the family of ideal sheaves on P* x A% whose fiber over a point
(t1,...,ts) in the parameter space A® is given by the ideal sheaf of the curve

C(t1,...,tg) in P*. The family is not flat, since the ideal associated to the point
(0,...,0) € A® defines a 2-dimensional closed subscheme in P* by Remark
Hence we want to extend the family C(¢1,...,t3) of curves to a flat family of
curves over the blow-up of A® in the point 0. For that, recall that the blow-
up BLg(A®) of A® with coordinates t1,...,ts in 0 is defined as the subvariety
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of A3 x P7 given by the equations sit; — sit; = 0 for 4,5 € {1,...,8}, where
s1,...,sg are the coordinates of P”.

Now we define a new family J of ideal sheaves on BLg(A%) x P* as follows.
Let 7 : P* x BLo(A%) — A8 be the composition of the projection on the second
component with the map BLg(A%) — A8. Moreover, denote by fi,..., fs the

maximal minors of Sy (t1,...,tg) in A% x P4, Then J is by definition generated
by 7 fi1,...,7" fe and s;t; — s;t; for all 4,5 € {1,...,8}.
Clearly, for s; = --- = sg = 0, i.e. outside of the exceptional divisor, the stalks

of the sheaves 7 and J coincide. One can easily see that the family 7 is not flat,
since all fibers over the exceptional divisor define closed subschemes given by the
equations xg = 124 — 223 = 0 in |P4, hence 2-dimensional subschemes. How-
ever by simultaneous saturation ([30][C1]) of J by the ideal T = (t1,...,tg)
one obtains a flat family J of curves over BLo(A®). The flatness is shown
in Lemma Concretely, one can compute J using SINGULAR (see Ap-
pendix and obtains the following equations for the curves over points on
the exceptional divisor:

0= CL‘(Q) = XoT1 = Tex2 = TOT3 = T4,
0= x4 — 2273,

0 2 3 2 3
0 =p1 = 212351 + T352 — T2T[S3 — TyS4 + 3T1T3T4S5

+ 31‘1.%'42186 + 390%:):437 + 3$3$?188

2 2 2 2 2

0 = p2 = 212381 + T17382 — THT483 — T2T1S4 + 3T{T455

+ 3x1Tax486 + 3x1T32487 + 3x1x238,
0=p3= a::fsl + x%xgsg — x%s;; — x§x434 + 330%35235 + 3.%‘1:(}%86

+ 333%@37 + 3x122748

Note, that x3ps = x1p1 and x3p3 = x1p2. N

Lemma 3.5 Using the notation from the Proof of Proposition[3.4, the saturated
family J is a flat family of curves in P* with Hilbert polynomial 4n + 1.

PROOF: The main part of the proof is to show, that the family J of closed
subschemes of P4 restricted to a family over the exceptional divisor of the blow-
up BLo(A®), is flat. Furthermore we show that the Hilbert polynomial of one of
the curves is 4n+ 1. This implies that the Hilbert polynomial is constant in the
whole family parametrised by BLo(A%), since we already know (by construction)
that the Hilbert polynomial of any curve over points outside the exceptional
divisor, is 4n + 1.
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For the proof we want to use the following Theorem ([23][Corollary of Theorem
23.1)):

Theorem 3.6 Let X and Y be two schemes over C of dimension m resp. n
and f: X =Y a morphism. Suppose

(a) Y is regqular
(b) X is Cohen-Macaulay
(c) f is proper

(d) for every closed point y € Y, the fibre f~1(y) is (m — n)-dimensional or
empty.

(e) X andY are irreducible
Then f is flat.

In our situation, X is the closed subscheme that is defined by the equations
zo =0, z124 — 2223 =0, p1 =p2 =p3 =0

in P*xP7 with coordinates g, . . . , x4 resp. s1, . .., sg. For simplicity, we consider
instead of X the closed subscheme in P? x P” defined by the equations

174 — 22w3 =0,p1 = p2 =p3 =0

and denote it by X again. Furthermore, Y = P” and f : X — Y is the projec-
tion on P7. Now we have to check the properties demanded in the Theorem

(a) Obviously Y = P7 is regular.
(b) We check the assertion locally on the open sets Uy, := A3 xP” each defined
by the equation z; =1 fori =1,...4.

The ideal of the closed subscheme X NU,, is generated by the polynomials
x4 — xoxg and p3. On this open set, po = x3-p3 and p; = x?,) - p3. Clearly,
x4 — xox3 defines a smooth hyperplane in A% x P7. The equation ps does
not vanish on this hyperplane. Hence it defines again a hyperplane and
Uz, N X is Cohen-Macaulay and dim(U,, N X) = 8.

On the other open sets, the situation is similar:

e On the open set U,, N X, the ideal is defined by z3 — 124 and ps.
(p1 = x3ps and py = 24p3)
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e On the open set U,, N X, the ideal is defined by z2 — z124 and p;.
(p2 = z1p1 and p3 = x7p1)

e On the open set U, N X, the ideal is defined by z; — z223 and p;.
(p2 = op1 and p3 = 23p1)

Altogether, X is 8-dimensional and Cohen-Macaulay (and a local com-
plete intersection).

This is clear, since f is the projection.

Any fiber of f is a proper closed subset of the 2-dimensional smooth
quadric defined by 124 — zoz3 in P3. Hence all fibers have dimension
at most 1. By [12][ex II 3.22b], every irreducible component of the fiber
f~Y(y) of y € f(X) has dimension at least dim X —dimY = 1.

Assume that X is reducible, i.e. X = X7 U X5 for closed subsets X1, Xy C
X. Then both restricted maps f|x, : X1 — Y and f|x, : Xo — Y are
surjective. Indeed, assume that f|x, is not surjective. Then the image
f(X1) of X7 in Y has dimension at most 6. But then the generic fiber
of flx, has dimension at least 2 (again by [12][ex 113.22b]), which is a
contradiction to (d). Hence f|x, and f|x, are surjective.

Observe that there is a fiber of f that is both irreducible and reduced. For
this one can choose the fiber over the point (0:1:1:1:0:0:0:0) € P.
The curve associated to this point is defined by the equations

ro =

T1Ty — X2T3 =
3 2 3 _
:z:la;g — .CU%.T4 — CUQ.'EZ =

1‘%1‘3 - 1‘% — a:%m =

o o o o o

Whether the curve is irreducible and reduced, can be checked locally. On
U,, we have r4 = x2x3 and hence the curve is in A? with coordinates xo

and x3 defined by the equation ps = 3 — m% — IE%JL’g.

Similarly, on the other open sets U,,, U,, and U,,, the curve is given by

the polynomial in two variables z3x4 — 1 — x4 resp. 1 — x3 — 123 resp.

x3 — 29 — 1. Using [2I][ex. 4.1], one can check by an easy computation
that the curve is irreducible and reduced on these open sets.

Alternatively, one can easily check that this curve is smooth and hence
obtained as a generic projection of a rational normal curve in P* to a

hyperplane. Altogether, it follows that X is irreducible.
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It remains to show that the Hilbert polynomial of one of the curves over the
exceptional divisor, has Hilbert polynomial 4n + 1.

For example, choose the curve defined by zg = 0,7124 — T223 = 0,2327 =
0,z123 = 0, 717924 = 0. An easy computation shows that the Hilbert polyno-
mial of this curveis 4n+1. n

Remark 3.7 The curves associated to points in the exceptional divisor lie in
the quadric z124 — zox3 in the P? defined by z¢ = 0.

3.2 The Stratum S,

The stratum So is contained in the closure of S;. Hence the slice in a point
x € Sy at the stratum S contains matrices from the stratum S;. To obtain
families that are flat except in the point x, we need to compute a slice in x at
S1. But first we need the following Lemma, as a preparation:

Lemma 3.8 S; is non-singular in the points of Ss.

PrOOF: By Lemma and Lemma we have S1\S1 = So U P, U Ps. Let
Sy(t1,...t9) be the slice in

t
i) 0 r1 I2
xr=
0 rog T2 I3

transversal to the stratum 5o, i.e.

Sx(tl, cotg) =
To —t5w1 — tgxy — trr3 — 3Ty t171 + toxy + 512 + o3
tsxg + taxy — tgxr1 — tr o xo + tsx1 + tgxo + trxs + tgxy
T To —tgry
T2 + o2y T3

Now it suffices to show that z is a regular point in S, N (S; U S2), since Luna’s
slice theorem gives an étale map S, J G, — W** J/ G and the stabilizer G, of
x with respect to the action of G is trivial for stable points.

In order to compute the intersection S, N(S1US2), we need a criterion to decide
whether a point of the slice S, is contained in S7 resp. Ss. For that we consider
as before the rank of the matrices y € S, as (4 x 5)-matrices with entries in a
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HO(Op1(1)) (where the global sections s and ¢ form a basis): From Appendix
we know that

2 ifye Ps,
rank(y) = 3 lfy € 517527537P2>B107
4  otherwise.

So
SN (S1US2) ={y €S, | rank(y) = 3}.

A simple computation shows that the rank of

s —tsgs+t1t —tgs+itst —is5s +1gt —igs+ tat
t —tes+tst —trs+tgt tgs+tot  tys + tst
0 0 s t tos

is 3 if and only if ¢1,...,tg = 0. Hence z is a regular point of S, N (S1US2). n

ZTo 0 Tr1 I2

t
> € Sy at the stratum Sy is
0 Trog T2 T4

Lemma 3.9 The slice of x = <

xg — 5wy — texy — trxg — gy t1x1 + toxs + lswe + texs
tsxrg + tgxy — tgxr1 — tgxo xo + tsx1 + tgxo + trxs + tyxy
Tl €2
€2 X4

PROOF: Recall from the proof of Lemma that the slice of z transversal to
the stratum Sy is given by

xo — tsr] — tgxg — trxy — tyxy t1x1 + toxg + tsx2 + texa

tsxg + taxy — tgxr1 — g2 xo + tsx1 + tgxo + trxs + tsxy
1 To — tygrs
T9 + tgx3 T4

To obtain the slice at the stratum Sj, we need to remove the degenerations
of x into S;. Cleary, tg is a parameter of such a degeneration: In the proof of
Lemma 3.8 we showed that the rank of the matrix A associated to a point on the
slice has rank 3 if and only if A € S; U Sy and rank 4 otherwise. Furthermore,
we saw that the rank of A is 3 if and only if ¢; = 0 for all ¢ = 1,...,8. If
additionally tg = 0, then A € S5. n
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The same construction as for S7 in Section [3}f3.1] provides the following family
of curves over the exceptional divisor:

x% = XoTo = TOT4 = QX1 = T1T4 — l‘% =0
2 2
P = T1S1 + T1T382 — T2T453 — TyS4 + 312285 + 4x124S6

+ 2291357 + 3x9x458 = 0

This is a family C C P* x P7 of curves contained in the quadric xj24 — x% in P3
with an embedded point in ¢ := (0:0:0:1:0).
It suffices to show that the family C’ € P* x P7 of curves defined by

x0:0,m1x4—x%:0,p:0

is flat. Then the Hilbert polynomial in the family C’ is constant and hence also
in the family C, since we have an exact sequence

0—= 04— Oc, =+ Oc, =0

forall s = (s1:...:8g).

To prove flatness in the family C’, one can use the same method as in the Proof
of Lemma, In this case, X is the closed subscheme in P* x P7 defined by the
equations xy = 0, $1$4—:L’% = 0, p = 0 and hence it is clear, that dim X = 8 and
X is a complete intersection in P* x P” and hence Cohen-Macaulay. The other
properties demanded in Theorem follow in the same way as in Lemma [3.5
Again it is easy to compute the Hilbert polynomial of one of the curves in C.

Remark 3.10 The curves associated to points on the exceptional divisor are
singular curves of degree 2 lying in a cone of a plane quadric in the P? defined
by zp = 0 together with an embedded point in (0:0:0:1:0).

3.3 The Stratum S3

Now we consider the stratum S3. S and S3 have the same dimension, and as
we have seen in Lemma S3 is not contained in the closure of 5.

t
. . . o 1 0 = .
In this case, a slice in the point z = ( 0 1 2) € S3 is
0 rog X1 X3

xo — tyxre — tyxy — trxs t1xo + toxy + t33
xp —trxg —lgx3 —loxa X0 + 322 + laxq + L3
tsxs + texrg — 32 T1 + tyxe + 183 + toxs
Z2 €3

The same construction as for Sy in Section [B[3.1] provides the following family
of curves over the exceptional divisor: a family of quartic curves

q= x%sl + x%x482 + 356%33353 + 2x§x3x454 — :E§55
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— 237456 + 4030587 + 3waTiss + 22057459

in the plane o9 = 21 = 0 with an embedded point p := (0: 0:0:0: 1) of
length 3.
To show that this is a flat family of curves in P? parametrized by P8, we first
show that

rg=21=0,g=0

defines a flat family of curves in P* x P7. For that one uses again the methods
from the Proof of Lemma [3.5] Then also C is a flat family of curves, since for
any s = (s1:...: s9), the kernel of Oc, — O¢; — 0 is a sheaf supported on the
point p which has constant Hilbert polynomial 3.

Again it is easy to compute the Hilbert polynomial of one of the curves in the
family C.

Remark 3.11 The curves associated to points on the exceptional divisor are
plane singular curves of degree 4 together with an embedded point in
(0:0:0:0:1).
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4 Extension to the Blow-up of K in P

Recall that the singular locus of the moduli space K of semi-stable Kronecker
modules of type (4,2) is P = P, = PLU P, U P; (Prop. . These are exactly
the strata of poly-stable Kronecker modules in K. There are two different
types of poly-stable Kronecker modules A of type (4,2): they are direct sums
A = A; @& Ay of Kronecker modules A; and Ay of type (2,1) that are either
non-isomorphic (in the strata P; and P») or isomorphic (in the stratum Pj).
To study possible singularities of K in the points of P, we use again the Luna
slice theorem. If x is a singularity of the quotient S, / G, of a certain type,
then x is a singularity of W5* J G of the same type.

The maximal minors of matrices representing Kronecker modules in P define
closed subschemes in P* of dimension 2 (Rem. . Hence it is not possible to
extend the morphism @z : W*\S — Hilb¥ 1 (P?) to these strata.

In the following we will study if one can extend ® 7 to the blow-up of K in P.
The main difference to the situation in Section 3|3]is that the stabilizer of points
x € P with respect to the action of G is not trivial. For x € P, or x € Ps, the
stabilizer is G, = C* and for x € Ps, the stabilizer is G, = GLo.

4.1 The Stratum P,

Let p: W9 — W?*s /| G = K be the good quotient defined in Proposition m
Our aim is to extend the flat family of curves over K\(S U P) defined by
the vanishing of the maximal minors of matrices associated to the Kronecker
modules in K\ P to a flat family of curves over the blow-up BLp(W?** J G) of
W5 | G along the poly-stable locus P (at least for points in Py).

Let P denote the preimage of P C K in W* under the map p. Then by
[17][Lemma 3.11], BL5(W**) / G is the blow-up of W** / G along P = P J/ G.

We consider the situation locally. By Luna’s slice theorem, there exists for any
point x € P; a slice S, C W*% with the following properties: The stabilizer
Gy = C* is a reductive group, hence there is a categorical quotient g : S, —
Sz /| G and we have an étale morphism S, |/ G, — W** J G.

All points x € P; are projectively equivalent and hence the construction below
can be done simultaneously in any x € P; and we choose one fixed representative
for our computations. Concretely, a Luna slice of the point

t
m:(:L'O T 0 0> €P1
3

0 0 =z
is
z0 t1x1 + toxy — taxo
) tsxg + t4x1 + t524
Sy(t1,...,t10) =

toxz — tgxa + t1024 xs3
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for some parameters t1,...,t19 € C, again computed with the Singular program
in Appendix[A][l] On this slice we have an action of the stabilizer C* of . Since
this action is induced by the action of G on W*%, it is given by

(t1,... t1g) — (t-t1, .. t-ts,t L tg, ..., t71 - t1)
for t € C*.

Remark 3.12 We want to give a more geometric interpretation for the slice
and the blow-up of the good quotient of the slice by C* along the point 0.

Therefore, by u we denote the vector (t1,...,t5)! € C° and by v the vector
(t, ..., t10)" € C°. The image of the map

f:C°>xC°>— M>(C), (u,v) — u-v'

is the set Im(f) = {A € M>**(C) | rank(A) < 1}.
The preimage of the zero matrix in M5*5(C) is the set

¥ = (C° x {0}) U ({0} x C°) c C° x C°.

For fixed values (t1,...t5,0,...,0) or (0,...0,%s,...,t10), the matrices
Sy(t1,...,t10) represent strictly semi-stable Kronecker modules.

By Lemma if one of the ¢; is non-zero, then the matrix is not poly-stable.
The map f is invariant under the action of C*, i.e. for any ¢ € C*, we have

f(to(uav)) :f<t'u7t_1 -'U) :f(u,v).

Hence f induces a map f : S, / C* — M°*5(C). We obtain a bijective map
between the slice S, / G, and

Im(f) = {A € M>*5(C) | rank(A) < 1}.

Indeed, assume first that « and v are not zero and wv® = 4o'. W.lo.g. ug # 0.
Then v; = u;fj for all j. Hence v = Z% - 0. Similarly, u = % - . Hence v and @
resp. v and ¥ are in the same orbit with respect to the action of C*.

If u=0orv=0, then (u,v) € X, hence is is mapped to the zero matrix. In
the quotient of the slice S, by C*, these points are mapped to the same point
as the orbit of the poly-stable matrix represented by u = v = 0.

The blow-up of Im(f) = {A € M5*3(C) | rank(A) < 1} in ¥ is given by

AeTm(f),
(A,H,L)| H a hyperplane in P° with H C Ker(A) and
L aline in P® with Im(A) C L.

The exceptional divisor is

{(0,L, H) | L line in P?, H hyperplane in P°} = P* x P%.
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In order to see that the blow-up of K along P is smooth, we want to describe
the Luna slice via Ext-groups as follows:

Lemma 3.13 Let A; : F; — E; @V, i = 1,2 be two Kronecker modules of type
(2,1), i.ce. dim E; =2 and dim F; = 1. Then

Hom(F3, By ® V)
Ext!(A2, A1) = ’ '
xt” (Ag, Ar) Ay -Hom(FEs, E1) — Hom(Fy, Fy) - Ay

PRrOOF: The extension of a Kronecker module A; by As is a commutative
diagram

i) 4 LBV

| |

Fl@F2J>(E1@E2)®V

| |

P L L BeV

A
where ¢ is given by a block matrix L .
0 | A

Hence giving an extension of Ay by As is the same as giving a homomorphism
F2 — E1 V.
Two extensions

F A EieV

| |

FloFR—5S(BoB)eV

| |

Fy EeV

Ao

and

P L L EeV

L

FloF,—% (BioE)QV

l |

F L BevV

of A1 by As are isomorphic if and only if there are isomorphisms

FLoF, — F®Fyand B, ® By — E| & E)
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1 1
given by the matrices <T‘%> and < 0 ? > with U € Hom(F», F1) and

V € Hom(Es, E7) that are compatible with ¢ and ¢’. Hence if ¢’ is represented

. A | B . A | C
by the matrix <T‘Tg> and ¢ by the matrix < 0 4, >, then
LV (A|C\_(A|B)\ [1|U
0]1 0 A2 )\ 0]A4 01

and thus the two extensions are isomorphic if and only if C = B+ A1U — V As.
|

Lemma 3.14 For any two Kronecker modules A; : F; — E; @V, i =1,2 of
type (2,1), the dimension of Ext'(Ay, As) is

5if Ay ¥ Ao

dim Ext!(4;, Ay) =
im Ext"(Aj, Ag) {GifAl%Ag

PRrOOF: By Lemma there is an exact sequence
0 — Hom(A;, Ay) — Hom(Ey, Es) ® Hom(Fy, Fb) —% Hom(Fy, B> @ V)
— Eth(Al, Ag) — 0,
where the map ¢ is defined by sending a pair
(f, g) € Hom(El, EQ) S%) HOH](Fl, Fg)
to Asf — gA;.
Then by the Lemma of Schur for the stable Kronecker modules A; and A it

holds
Cif A; = A,

Hom(A;, As) =
(A1, 42) {O otherwise.

Since dim F; = 2 and dim F; = 1 and hence
dim(Hom(E1, Es)®Hom(F1, Fy)) = 441 =5 and dim(Hom(E,, Fo®V)) = 10,

the assertion follows. n
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Let [A = A; & Ag] € Py for two Kronecker modules A; and As of type (2,1)
which are non-isomorphic. The slice at A can locally be described by

Ext!(A4, A) = Ext'(4; @ Ag, A} @ Ap)
= Eth(Al, Al) + Eth(Al, AQ) + Eth(AQ, Al) + Eth(AQ, Ag)

Since Ext!(A;, A1) and Ext!(As, A2) belong to deformations tangent to the
stratum, we just consider the following part of the slice

So = Extl(Al, Ag) + Extl(Ag, Ay).
Since A7 and Ay are non-isomorphic, we have
dim Ext!(A;, Ay) = dim Ext!(A, A;) = 5.
So we have the following inclusion
(C° @ C%)/C* — End(C%), (v, w) — v @ w.

Denote Ext(A;, Aj) by A;ij. Let {12 — P(A7y) be the tautological negative line
bundle, i.e.

612 = {(U7L) S A12 X HD(A’{2) ‘ L line in A12,’U (= L}
921 is defined analogously.

Proposition 3.15
£12061 5 (A2 ® Agy) J/ CF

defines a resolution of the singularity of the slice (A12 @ As1) JJ C* in the point
0. In fact, this is the blow-up of Sy J/ C* in 0.

PrROOF: By definition

£12®En = {(L, M, v ® w)

L line in A3, M line in Aoy,
vE€ Ap,w e A, vQweLRM |-

Since
£120821 — P(Al,) x P(43)

is a line bundle and P(A%,) x P(A%,) is smooth, &2®&y; is also smooth. Fur-
thermore dim P(A},) = dim P(A%;) = 4 and hence we have

dim €10®&1 = 9.
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Outside

:{ L MU@U) Efu@fgl | U—OOI"IU—O}
= P(Afg) x P(A43)

the map g associates to (L, M,v ® w) the point of S, / C* given by the C*-
orbit of (v,w). Obviously g is an isomorphism outside g~!'(0), since given the
C*-orbit of (v, w), the lines L and M are uniquely defined as Cv and Cw.

The exceptional divisor is g~1(0) = P(A},) x P(A%;). Hence by the universal
property of the blow-up, g is the blow-up of (412 @ Aa1) / C* in the point 0.

|

Now we consider again the family of closed subschemes in P* defined by the
vanishing of the maximal minors of the Kronecker modules in K. As before, by
[I7][Lemma 3.11], BLx(S;) / G4 is the blow-up of S, / G, along ¢(X) = 0.

Lemma 3.16 By U we denote the set (C° x C°)\X. Let Cy C U x P* be the
family of curves defined by the maximal minors of the matrices in the slice
Sy(t1,...t1p) (obtained by choosing fized values for ty, ..., ti0). The family Cy
18 flat and consists of curves with Hilbert polynomial 4n + 1.

PRrROOF: For the proof, it is important to know that S;, So and S3 do not
degenerate into P;. This we proved in Lemma Using this, the assertion
is clear by construction. Except the point x, any point in the slice belongs to a
stratum of higher dimension in B. For these strata we know that the Hilbert
polynomial of any curve defined by the maximal minors of these matrices, is
dn+1. n

Proposition 3.17 One can extend the family Cyy C U x P* to a flat family
C' C BLy C1% x P4

PrOOF: We check the assertion in local coordinates. First one extends the flat
family Cyr of curves in P4 to a flat family on (BLyg C'° x P*)\ E, where E is the
exceptional divisor of the blow-up of C!* in ¥. Then simultaneous saturation
gives a projective closure of this variety and hence gives an extension of Cy to
a family ¢’ € BLy C'° x P4

For the concrete computations, we use a SINGULAR program (for the listing
we refer to Appendix. We obtain the following family of curves associated
to the points in the exceptional divisor:

1. component: xg = x; =0, SL‘%S()‘ + x3x487 + 1:%58 — 2292359 — T9X4510,
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2. component x5 = 3 = 0, x%sl — X12489 + 1%53 + 2202184 + X0x4S5.

These equations define a pair of plane quadrics that intersect in exactly one
point for any choice of the parameters si, ..., s1g.

This family of curves is invariant under the action of C*, as one can easily verify
using the Singular program in Appendix [A]dl Hence it descends to a family on
BLyx(C!%) j C*.

It remains to show that the family C’ we constructed is flat. But this is clear,
since closed subscheme associated to points on the exceptional divisor are pairs
of two plane quadrics that intersect in exactly one point. All such curves are
projectively equivalent and have Hilbert polynomial 4n + 1, as we will show in

Lemma [£.36] =



64 3. RELATION OF K AND THE HILBERT SCHEME Hilb*V*1(P4)

4.2 The Stratum P,

In this section we describe the structure of P, and explain a possible procedure
for extending the family of curves parametrized by the blow up of W?#® along
Py resp. S; fori=1,...,3 to Ps.

Recall that the maximal minors of representatives of Kronecker modules in P,
define two planes intersecting in a line with a non-reduced structure.

For the stratum P, the situation is more complicated as before, since it is
contained in the closure of the strata S1, S3 and P; whose maximal minors do
not define curves.

As a preparation we need the following

Lemma 3.18 (a) The closure Py of the stratum Py is non-singular along P,
furthermore S is non-singular in points of Ps.

(b) Ss is singular in the points of Ps.

(¢) The closures of S and Py intersect transversally. Futhermore, Py inter-
sects each component of S3 exactly in the point 0 and Sy intersects each
component of Sz exactly in an A>.

PROOF: As Py is a PGL(V)-orbit, the computations can be done simultaneously
in any point in P,. Again we examine the situation locally on the Luna slice

To — L1102 — t1oxs  t1T1 + toxo + L3724

Sulty, .- tr) = " AR
z\l1y.. -, 112 tgxro + tyxs +tsxs To + L1172 + L1274
toxe + 1024 3

of the Kronecker module

t
_ [(ZTo *1 0 0
r= <0 0 i) x3> €P2.

In coordinates of C(s,t) the slice is

s tit —tyus+tat 0 —tios+t3t
0 s tat 0 tst
Sy(ty, ..., t19) =
w(t1,-- 5 t2) t 0  tes+tut trs  tgs+ tiat
0 O tgs t t108

Using rank considerations as before, one finds the following
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e S, NS; = A* defined by the equations

If furthermore tg = t19p = 0 or t4 = t5 = 0 (where not all t; = 0),
the matrix belongs to a strictly semi-stable Kronecker modules which is
identified with P, by the C*-action on the slice.

e the intersection S, N S3 consists of two components that are isomorphic
to A3 that intersect exactly in the point z: the components are given by
the equations

t1 =1t =t3 =1t =tg =tg =t1o =t11 =t12 =0
resp.
to=ty =ty =t5 =tg =ty =tg = t11 = t13 = 0.
As before, this components contain strictly semi-stable matrices.
o S, NP, = A defined by t; = ... =1t19=0.
Using this, we can show the assertions of the Lemma:

(a) Asin the Proof of Lemma it suffices to show that x is a regular point
in P, NS, resp. S; N S,. This assertions are obvious, as P; NS, = A?
resp. S1 NSy = AL

(b) This is obvious, as the two components of S3 N S, intersect in 0.

(c) Obvious. m

Discussion 3.19 The aim is to explain a procedure to extend the family of
curves parametrized by the blow-ups of W*% along P;, S1 U .Sy and S5 across
P,. Due to runtime-problems in executing this process, we postpone its explicit
realization to further research.

We consider the situation locally on the Luna slice S, = A2 =: X in the point

x_.%'oxloot
N0 0 =x9 z3)

By [17], it suffices to compute the blow-up of the slice along the preimage
of P under the quotient map S, — S, / C* and take the quotient after all
computations.

For simplicity we introduce the following notation:

Wi={ti=...=ts=0}C A2 and W := {tg =... = t;o = 0} C A2
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As explained in Section the sets W\{0} and W’'\{0} parametrize strictly
semi-stable Kronecker modules, that are mapped to the poly-stable Kronecker
module in P; associated to (0,...,0,t11,t12) under the C*-action on the slice
(for any choice of fixed parameters ¢;; and ¢;2 not both zero).

We further denote by V' the subvariety
V={ti=ta=t3=ts =1t =t = tn1 = t12 = 0},
which parametrizes the points of S; N S,, and by
U={t1 =ty =13 =1t =tg =tg = t10 = t11 = t12 = 0}

and
U ={ty=t3 =1ty =t5 =te =ty = tg = t11 = t12 = 0}

the subvarieties, which define the intersection of S; with the slice S,.

Step 1: Let 71 : X1 — X be the blow-up of X along W, i.e.
X; = BLy(X) Cc A2 x P*

given by the equations s;t; —s;t;, 1 <¢,j < 5, where s1,. .., s5 are homogeneous
coordinates of P1. Let W] be the strict transform of W’ under 7. Then W]
is defined by the equations ¢; = 0 for 6 < j < 10 and s;t; — s;t; = 0 for
1<i,j<5.

Step 2: Let 73 : Xo — X3 be the blow-up of X along the strict transform W7.
Then Xo C A2 x P* x P* is defined by the equations sitj —s;t; for 1 <4,5 <5
and 6 <1,75 < 10.

Step 3: Next one has to compute the strict transform V4 of V in Xj:
Vi = BLyaw (V) C A* x P,

where A* C A2 is cut out by the equations of V and P! C P* by the equations
81:...253:0.

Step 4: We continue by computing the strict transform Vs of V1 in Xs. The
variety Vo C Vi x P! € A2 x P4 x P?* is defined by sg = s7 = sg = 0 and the
equations of Vj. Hence V5 is the subvariety of Xs given by the equations f; :=
t; = 0 for i = 1,2,3, fj_g = tj =0 fOI‘j = 6,7,8 and f7 := S9t10 — S10l9 = 0
and fg := syt5 — sstq4 = 0.

Step 5: The blow-up X3 := BLy,(X2) of X5 along V4 is then the subvariety of
A2 x P* x P* x P7 defined by rifj —rjfi =0 for 1 <4,57 <8 and where 7; are
homogeneous coordinates of P7.
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Step 6: We compute the strict transform Us of U in X3 in 3 substeps as before.

Step 7: Next we compute the blow-up X; C A2 x P* x P4 x P7 x P® of X3
along Us.

Step 8: Then we compute the strict transform Uj of U’ in X in 4 substeps as
before.

Step 9: Now we compute the blow-up X5 C A2 x P4 x P* x P7 x P® x P8 of
X4 along Uj. In total, Xj is given by 120 equations.

Step 10: The maximal minors of the matrices in the slice S, define a family of
ideals Z parametrized by A2, After extending Z to the blow-up X35, saturation
in the parameters ti,...,t1o gives a new family 7.

As before, this must be done with a Computer Algebra System e.g. Singular.
Then it remains to show that the associated family of closed subschemes in P* is
flat, i.e. any of these closed subschemes is a curve in P* with Hilbert polynomial
4n + 1. Hopefully this can be done as in the cases treated above.
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4.3 The Stratum P;

Recall that a Kronecker module in P3 has the form A = A?Q for a Kronecker
module A; of type (2,1). In order to determine the type of singularities of K in
this points we again use the Luna slice theorem. As in this case the stabilizer
is GLa(C), the situation here is more complicated than in and Hence
we restricted ourselves to giving a model of the singularity.

The Luna slice at A can locally be described using Ext!(A, A). Note that
dim Eth(Al, A1> = 6.

Now

Ext'(4,4) = Ext!'(AP? AD?)
= Ext!(A4;,4;) ® End(C?)
= Ext'(A;, A1) ® End(gly)
= (Eth(Al,Al) ®C'id) D (Eth(Al,Al) ®5[2).

The deformations in Ext'(A1, A;) ® C-id are tangential to the stratum and the
ones in Extl(Al, A1) ®sly are transversal to the stratum. Hence the Luna slice
is given by Ext!(A1, A1) ®sly and dimension dim Ext!(A;, A;) ®sly = 6-3 = 18
by Lemma
There is an action of the stabilizer of A on the slice, i.e. of

SLo/{£1} = PGLy = PSLy = SOs.
Then C!® / SOj3 is a local model of the slice in A, i.e. there is a map

C8 ) SO;3 = W* | G

that maps a neighborhood of 0 étale onto a neighborhood of [A] in W** J G.

Lemma 3.20 There is a (2 : 1)-covering
C!8 ) S0z — C'8 ) 03.

The following Proposition gives an explicit description of the slice at a point in
P3:

Proposition 3.21 We have two types of invariants for the action of
SO3 = PSLo

on the slice sly x ... X sly: Let X = (wq,...,wg) € sly X ... X slp, i.e. X €
M3><6(@6)'
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(a) Let S := X'X € Symg(C). Then the entries s;j = wiw; of the matriz S
are invariants.

(b) Let T := A3X ¢ cGE)x(E) = €20, Then tijr = det(wsw;jwy) are invari-
ants.

There are (;) = 21 invariants of the first type and (g) = 20 invariants of the
second type.
For these invariants we have the following relations:

(a) Sincerank(S) < 3, A*S = 0. So the (4x4)-minors of S give 120 relations.

(b) Consider the (9 x 6)-matriz (¥) = (y ). Let Y be a matriz consisting
of the rows 1 to 3 of ()S() (i.e. of X) and another arbitrary row. By
construction rang(Y') < 4. That implies that A*Y = 0. FEach entry of
AYY s for some i, 7, k,l,m of the form

1 1 1 1
w; w; k wy
’LU2 w2 U)2 ’(U2
det [ % ] 5 5

whw;, whw; whw, whw
= —wfnwitjkl + wfnwjtikl - wfnwktiﬂ + wfnwltijk
= —Smitjkl + Smjtikt — Smkliji + Smitijk-
There are 90 relations of this type.

(c) Let S ’]k be the submatriz of S consisting of the rows i,j,k and the
columnsl m,n and let X; ;. and X ,, », be the submatrices of X consisting
of the columns i, 7,k resp I,m,n. Then

SiPE = Xt Ximon-

Im,n

So
det (]2 ) = det(X} ;1 X1 mn)
= i 5 kbl m-
That means we obtain the following relations:
tijhtimn = det(S78)

for alli,j, k,l,m,n. There are 210 Relations of this type.

PROOF: It is clear, that all the listed elements are invariants and that the listed
relations hold. The main theorems of classical invariant theory for SO3 imply
that there are no more invariants and relations, see [31][Theorem 2.9A]. n
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If we take a relation of the third kind with ¢ =[,j = m and k& = n, we obtain

2 ijk
that means up to a sign we can reconstruct the matrix 7" from the entries of the
matrix S. (the signs of the minors of S are linked). The additional information
in the (2 : 1)-covering

C!® SOz — C!8 J O3

is exactly this sign. The invariants s; ; are Oz-invariants, but the ¢; ;; are just
SOg3 invariants.
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5 Open Problems

In order to extend the rational map ®xg : K --» Hy C Hilb4”+1(|]°4) to the
blow-up of K in P (and especially to points over the exceptional divisor over Ps),
one needs to know a model for the blow-up of K in P3. But the combinatorics
are quite complicated, since the model of the singularity in a point in P3 has 41
invariants with 420 relations, as we have seen in Proposition Furthermore
one needs to carry out the computations from Discussion [3.19

Furthermore it would be useful to know more about the component Hy in the
Hilbert scheme Hilb*"*1(P%), especially about the curves that are not arith-
metically Cohen-Macaulay.






4

The Moduli Space M4 2(P4)
of Semi-stable Sheaves

In this Chapter we first recall some facts about moduli spaces of semi-stable
sheaves. In particular, we are interested in the moduli space M*"+2(P*) of semi-
stable sheaves on P4 with Hilbert polynomial 4n +2. We construct a birational
map from K to some component My of M*"+2(P4) with domain of definition
as large as possible. Furthermore we study the stratum S2?(M2"+1(P%)y) of
strictly poly-stable sheaves in M, and show that M, is non-singular in general
points of S2(M?"FT1(P4)).

1 (Semi-)stable Sheaves

In this Section we want to recall some basics about moduli spaces of semi-stable
sheaves that we will use in this Chapter.
Let F be a coherent sheaf on a projective variety X of dimension d.

Definition 4.1 (pure) F is pure of dimension d if dim(€) = d for all non-
trivial coherent subsheaves € C F.

If X is integral and F a coherent sheaf on X of dimension d, then F is pure if
and only if it is torsion free.

Definition 4.2 (reduced Hilbert polynomial) We fix an ample line bun-

dle O(1) on X. Then the Hilbert polynomial Pr(m) := x(F & O(m)) can be
written as

with rational coefficients o;(F).

73
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The reduced Hilbert polynomial pr of a coherent sheaf F of dimension d is

defined by Pr(m)
Flm

Ozd(}—) '

pr(m) :=

Definition 4.3 (semi-stable, stable, poly-stable sheaf) (a) A coherent
sheaf F of dimension d is semi-stable if F is pure and for any non-trivial
proper subsheaf £ C F one has ps < pr.

(b) A coherent sheaf F of dimension d is stable if F is semi-stable and for
any non-trivial proper subsheaf € C F one has pe < pr.

(c) A semi-stable sheaf F is called poly-stable if F is the direct sum of stable
sheaves.

Definition 4.4 For any integer m, a coherent sheaf F is called m-reqular, if
HY(X,F(m —1i)) =0 for all i > 0.

If F is m-regular, then F is m/-regular for all m’ > m. Furthermore F(m) is
globally generated.

Definition 4.5 A family of isomorphism classes of coherent sheaves on X 1is
bounded if there is a k-scheme S of finite type and a coherent Ogx x-sheaf F
such that the given family is contained in the set

{F |spec(k(s))xx | 8 a closed point in S}.

Theorem 4.6 The family of semi-stable sheaves with Hilbert polynomial P is
bounded.

PrOOF: [15][Theorem 3.3.7] n

In the following we want to recall shortly how to construct a moduli space for
semi-stable sheaves with a fixed Hilbert polynomial on some projective variety

X.

Definition 4.7 LetC be a category, C° the opposite category and C' the category
of functors C° — (Sets), whose morphisms are natural transformations between
functors.

A functor F € Ob(C') is corepresented by F € Ob(C), if there is a C'-morphism
a : F — F such that any morphism o : F — F’ factors through a unique
morphism 8 : F — F'. If a is a C'-isomorphism, we say that F is represented
by F.
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Now we shortly recall the definition of the Quot-scheme constructed by Grothen-
dieck. For that, we consider the category C of schemes over some k-scheme S
of finite type. Moreover, let f : X — S be a projective morphism and Ox (1)
an f-ample line bundle on X. Let H be a coherent Ox-module and P € Q[z] a
fixed polynomial.

We define a functor Q : (Sch/S)? — (Sets) as follows: for any scheme T' — S,
Q(T) is the set of all T-flat coherent quotient sheaves Hp = Or @ H — F, such
that the Hilbert polynomial of Hy is P. For any S-morphism g : T/ — T we
define the map Q(g) : Q(T) — Q(T") by sending Hp — F to Hy — g*F.

Theorem 4.8 The functor Q is represented by a projective S-scheme

7 Quot(H,P) — S.

PrROOF: See [I5][Theorem 2.2.4]. m

Definition 4.9 (Jordan-Hoélder Filtration) Let F be a semi-stable sheaf of
dimension d. A Jordan-Hélder filtration of F is a filtration

O=FpCFH C--CFH=F,

such that for all i the factors gr;(F) := F;/Fi—1 are stable with reduced Hilbert
polynomial pr.

Remark 4.10 (a) In the above definition all the F; for ¢ # 0 are semi-stable
with reduced Hilbert polynomial pr.

(b) A Jordan-Holder filtration need not be unique.
(c) A Jordan-Holder filtration always exists: [L5][Prop 1.5.2]

(d) The sheaf gr(F) := € gr;(F) does not depend on the choice of the Jordan-
Holder sequence: [I5][Prop 1.5.2]

Definition 4.11 (S-equivalence) Two semi-stable sheaves Fi and Fa with
the same reduced Hilbert polynomial are called S-equivalent if gr(F1) = gr(Fa).

Remark 4.12 Every S-equivalence class of semi-stable sheaves contains ex-
actly one poly-stable sheaf up to isomorphism.
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Let X be a projective scheme over C, Ox(1) a fixed ample line bundle. Fur-
thermore fix a polynomial P € Q[z]. Then a moduli functor is defined by

M : (Sch/C)" — Sets

g isomorphism classes of S-flat families of semi-
stable sheaves on X with Hilbert polynomial P / -

where F; ~ JF3 if and only of there exists a line bundle L on S such that
F1 =2 Fo®p*L, where p: S x¢ X — S is the projection on the first component.
Similarly, we define a moduli functor M? for stable sheaves on X with Hilbert
polynomial P.

Definition 4.13 A scheme M is called a moduli space of semi-stable sheaves,
if it corepresents the functor M.

Lemma 4.14 (a) If M is corepresented by some scheme M, then S-equiva-
lent sheaves correspond to identical points in M.

(b) If there is a strictly semi-stable sheaf F, then M cannot be represented.

We shortly repeat the idea of the construction of a moduli space for semi-stable
sheaves:
The family of semi-stable sheaves on X with the fixed Hilbert polynomial P is
bounded. This means that there is an m € N, such that F is m-regular and
hence F(m) globally generated and h°(F(m)) = P(m).
We define a vector space V as V := k®P(M) and a sheaf H as H = V @
Ox (—m).
The composition of the evaluation map H°(F(m)) ® O(-m) — F and the
isomorphism V — HY(F(m)) gives a surjective map p : H — F.
This defines a closed point [p : H — F] € Quot(H, P) in the open set R in the
Quot scheme Quot(H, P), where
& semi-stable
R:= {[H—)S] € Quot(H. P) | 5o i) }

Then R parametrizes semi-stable sheaves with Hilbert polynomial P, where we
have an ambiguity given by the arbitrary choice of a basis of the vector space
HO(F(m)).

The group GL(V') acts on Quot(H, P) by composition:

[plog:=I[poyg]

for p an S-valued point in Quot(#, P) and ¢ an S-valued point is GL(V).
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Let p : Quot(H, P) x X — Quot(H, P) and g : Quot(H, P) x X — X be the
projections and p : ¢*H — F the universal quotient on Quot(#, P) x X. Then
by [15][Prop. 2.2.5], the line bundle

Ly := det(p.(F @ ¢*Ox(1)))

on Quot(H, P) is very ample if [ is big enough and it admits an SL(V')-lineariza-
tion.

One can show, that for [ > 0, a point [g] in the Quot scheme Quot(#, P) is
(semi-)stable with respect to the line bundle L; and the action of SL(V) in
the sense of Mumford’s geometric invariant theory if and only if the associated
sheaf F is (semi-)stable in the sheaf-theoretic sense.

A moduli space of semi-stable sheaves can now be constructed as the categorical
quotient of the open subset R = ESS(LZ) of semi-stable points in R with respect
to L; by the action of SL(V). (see [15][Theorem 4.2.10])

Concretely, one obtains the following result:

Theorem 4.15 There is a projective scheme Mo, (1)(P) that corepresents the
functor Mo, 1y(P). Closed points in Mo, 1y(P) are in bijection with S-equiva-
lence classes of semi-stable sheaves with Hilbert polynomial P. Moreover, there
is an open subset M(‘;X(l)(P) that corepresents the functor M%X(l)(P).

Proor: [15][Theorem 4.3.4] u

Proposition 4.16 Let F be a stable point of the moduli space M of stable
sheaves. Then the Zariski tangent space of M at [F| is canonically given by
T M = Ext!'(F, F). If Ext?(F,F) =0, then M is smooth at [F]. In general
there are bounds ext!(F,F) > dimyzs M > ext! (F, F) — ext?(F, F).

Proor: [15][Corollary 4.5.2] n
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2 The Moduli Space M*""1(P*)

For the rest of this thesis we will consider the moduli space M*"+2(P4) of
semi-stable sheaves on P* with Hilbert polynomial 4n + 2. This moduli space
contains both strictly semi-stable and stable objects. The S-equivalence class
of any strictly semi-stable object contains a unique strictly poly-stable sheaf
(up to isomorphism) which is the direct sum of two stable sheaves on P* with
Hilbert polynomial 2n+1. Hence in order to understand the strictly semi-stable
locus of the moduli space M*"*2(P*), we first want to study the moduli space
M?+1(P4) of stable sheaves on P* with Hilbert polynomial 2n + 1.

The Grassmannian Grass(C®,3) parametrizes planes in P%. The tautological
sequence of Grass(C?, 3) is

0——B—— OGrass((C5,3) @C—=A—0 )

where A is a bundle of rank 3. Then P(S2A*) is a P5-bundle over Grass(C?, 3),
which parametrizes quadrics in a given plane E € Grass(C?, 3).

Since dim(Grass(C®, 3)) = 6, this means that P(S2A*) is smooth and of dimen-
sion 11:

M2n+1(|]34) TP(SQ.A*)
Grass(C5, 3),

where ¢ associates to any conic C the structure sheaf Oc of C. The main
Theorem of this Section is:

Theorem 4.17 The map
@ : P(S2A%) = M*"TY(PY), C — Og,
which associates to a conic C the structure sheaf Oc¢, is bijective.

So the sheaves in the moduli space M?"T1(P%) are structure sheaves of smooth
plane conics, plane double lines and two lines intersecting in one point.
In the proof, the following two results will be used:

Theorem 4.18 ([I1/[Prop 18.9]) Let C C P™ be a reduced irreducible curve
of degree d and (C) the smallest linear subspace in P™ that contains C. Then
dim((C)) < deg(C) and dim((C)) = deg(C) if and only if C is a rational

normal curve in (C).
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Proposition 4.19 ([29][1I1.6 Prop 6]) If F is a coherent algebraic sheaf on
P™, then

deg(Pr(n)) = dim(Supp(F)).

PROOF OF We need to show that for any sheaf 7 € M?"T1(P4) there ex-
ists a curve C' of one of the types mentioned above, such that F is the structure
sheaf O¢ of C. So consider a sheaf F € M?**1(P4). By Proposition we
have dim(Supp(F)) = 1. Hence

(Supp(F))red == Cl J...uU CS

is the union of irreducible reduced curves Cj;. If n; are the generic points of the
components C; and «;(F) the i-th coefficient of the Hilbert polynomial

dim(F) i
P]:(TL) = ; az(‘F)T!v
then we have
2= Zlength Fy,) - deg(C Z rank(F|c,) deg(C;). (1)

=1

If C; is an irreducible component of Supp(F) and C; is reduced, then the rank
of the sheaf F|5 is computed by length(Fy,) = rank(F|s ) and hence we have
equality in equatlon , if Supp(F) is reduced.

So if C' := C} is an irreducible reduced curve contained in (Supp(F))req, then for
the rank of F|c and the degree of C there are the following three possibilities:

1) r =rank(F|c) = 1, deg(C) =2,
2) r =2, deg(C) =1,
3) r=1, deg(C) = 1.

Before considering these cases separately, we need some preparations. For this
we assume that Supp(F)yeq consists of exactly one component C.
By v we denote the ideal sheaf Z¢/ sypp(r) of C in Supp(F). Then the pure
sheaf F has a filtration

FOUvFOUVEF> -,

where the quotient sheaves v'F/v*t1F are not necessarily pure. Hence we
consider the saturations

J—"i 2=ﬁ
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of V*F in F. We thus obtain a filtration
F=FoDF1DF2D:++,

such that the quotients JF;/F;y1 are pure Oc-modules. In fact, by definition
ViF is the minimal subsheaf of F containing v*F such that F/viF is pure.

The surjective maps

VF@v—» VL
obviously induce maps for the saturated sheaves F;
Fi®v — Fina

which still are generically surjective.
Taking quotients, these maps then give rise to morphisms

E/Fi-i—l ®N5/Supp(]-') — »Fi—f—l/]:i—&-Q
that are also generically surjective.

Hence if rank(F;/Fi+1) = 0 it follows that rank(F;/Fj;1) = 0 for all j > 4.
We obtain the following formula for the Hilbert polynomials:

2n+1= Pr(n) = Pry 7 (n) + Prr,(n) + -

Hence
2 2

deg(C) ~ a1(Oc)

= rank(Fg/Fl) + rank(]:l/fg) (2)

and in particular F; = 0 for all ¢ > 2.
We now consider the three cases 1,2 and 3 separately:

Case 1: 7 =1 and deg(C) =2

If r =1 and deg(C) = 2, then dim(C) = 2 and hence C is a rational normal
curve of degree 2 by Theorem

As length(F;) - deg(C') = 2, the support (Supp F)req does not contain any other
1-dimensional component and Supp(F) is generically reduced.

Since a1(O¢) = deg(C) = 2, we have rank(Fy/F1) = 1 and rank(F;/F2) =0
in equation , hence F; = 0. Thus F = Fy is a locally free Oc-module, i.e.
F = Oc¢(a) for some a € Z. Since Pr(n) = 2n + 1, we have a = 0. So F = O¢
with C a rational normal curve of degree 2 in P2.
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Case 2: 7 =2 and deg(C) =1

Second, if r = 2 and deg(C) = 1, then C' = L is a line and as in a) Supp(F)
does not contain another 1-dimensional component and Supp(F) is generically
reduced. Hence in the equation

2 = rank(Fo/F1) + rank(F; /F2),

we have rank(Fyp/F1) = 2 and rank(F;/Fz2) = 0 and so F; = 0. Then F = Fy
is a locally free Op-module of rank 2, i.e. F = Or(a) @ OL(b) for some a,b € Z.
As F is semi-stable, we have a = b. The Hilbert polynomial of F is however

Pr(n) = Po,(gz2(n) =2(n+a+1) #2n+1

for all @ € Z. Hence this case does not occur.

Case 3: =1 and deg(C) =1

This is the most complicated case. If r = 1 and deg(C) = 1, then C is
again a line. In this case, length(n) - deg(C) < 2, but since oy (F) = 2, ei-
ther (Supp(F))req contains another 1-dimensional component or Supp(F) is
everywhere non-reduced. We consider these two cases separately:

Case 3.1: Suppose Supp(F) contains another component C” of dimension 1.
Then C’ is a line, too. Furthermore rank(F|¢cs) = 1 and then

rank(F|¢) - deg(C) + rank(F|c) - deg(C') = 2

and so Supp(F) is generically reduced.
The lines C' and C’ have to meet in one point g, because if they were disjoint,
then

2n+1= P]:(n) = P]:|C(n) + P]:|C, (n) = (n + Cl) + (n + 62),

where ¢1 + co = 1. But this is a contradiction since F is stable.

The sheaf F being pure, we have the decompositions F|c = O¢(a) & T and
Fler = Ocr(b) @ T for sheaves T and T” supported on gq.
The map

f:F = Fle® Fler — (Flo)/T @ (Fler)/T" = Oc(a) ® Oc (b)

is generically injective. But since F is pure, the kernel cannot be a subsheaf of
F with O-dimensional support. Hence f is injective.

Now assume that f is also surjective. Then F = O¢(a) ® Oc(b). As 1 =
X(F) = h%(F) — h'(F), we have h°(F) > 0.
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The stability of F gives a,b < 0, in particular O¢(a) ® O¢(b) does not have
global sections. This is a contradiction and hence f is not surjective.

Since the cokernel of f is a sheaf supported on ¢ with 1-dimensional stalk, there
is an exact sequence

0—=F = Oc(a)®Oci(b) - Oy =0
and therefore
2n+2+a+b= Po,(ao.r)(n) = Pr(n) + Po,(n) = (2n+1) + 1.

So a = —b and we can assume that ¢ > 0 and b < 0. If we assume that a > 0,
then Oc(a — 1) would be a destabilizing subsheaf of F. Hence a = b = 0 and
F =0cucr-

Case 3.2: Supp(F) is everywhere non-reduced.

By S we denote the (scheme-theoretic) support of F. In this case Cieq is a
reduced line L and Supp(F) has no other component of dimension 1. Now
rank(Fy/F1) = rank(F;/Fa) = 1. Hence there is an exact sequence

0— OL(ll) = .7:1 - F = .7:0/.7:1 = OL(ZQ) —0

for some [,y € Z.

Then
2n+1= P]:(n)
= P]:l (TL) + P]:1/~7:2 (n)
=n+h+1+n+la+1
=2n+1l;1+1o+2
and therefore I + ls = —1. Since F is stable, we have [; < s, otherwise

F1 = O(ly) would be a destabilizing subsheaf of F.

Moreover, S = Supp(F) is contained in the first infinitesimal neighborhood 4L
of L in P%. Indeed, we know that F» = v2F = 0. Since v2F is a subsheaf of
the pure sheaf F and v2F coincides with v2F generically, we have 12F = 0.
Obviously this implies that

Iipps CAN(F) = {f € Opa| f-s=0forall s € F} = Ig/ps

and therefore S is a subscheme of 4L. In particular we have a surjective map
041, — Og and using that the conormal sheaf of L in 4L is O (—1)3, we obtain
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the commutative diagram

0—=Op(—1)3 Our, Or 0 3)
Pl

0—>v=1I5 Og o)) 0
Lo
0 0 0

So there is a non-zero map f : O (la—1)% — O (l1) defined as the composition

OL(ZQ — 1)3 = fo/fi ® OL(—1)3

Fo/FL@a N} g 4 Fi=05(l)

where the surjective map 1 is defined by 15 from diagram and using that
v2 = 0. Hence l; > Iy — 1 and then altogether, [y = —1 and l» = 0 so that
F1 = 0r(—1) and Fy/F; = Op. Putting this in, the surjective map 1 reads

Y Op(—1)3 = v/v2

The sheaf v = O (m) is locally free. In fact, v = v/v? is an Op-module that is
a subsheaf of Og. As Og is pure, v is torsion free and hence locally free on the
reduced line L.

Since f factorizes via v, we have v = Op(—1). Hence after an appropriate
coordinate change

¢ :O0p(=1)° = v =N} 5= Or(-1)

is the projection of O (—1)3

on a double line in the plane.

on one component and the sheaf F is supported

To summarize, we have an exact sequence
0—-0r(-1)—>F—->0,—0

and the support of F lies in a plane. To conclude that F = Oy, for a plane
double line 2L, we need to compute extp, (Or, Or(—1)). To do this, we use the
exact sequence

0 — Op2(—1) = Op2 — O, — 0.

The Ext-sequence yields

0— HOIIl(C)L7 OL(—l) — HOm(O[pz, OL(—l)) — HOm(O[PQ(—l), OL(—l)) —
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— Ext'(Op,01(-1)) = Ext!(Op2,0p(-1)) — ...
Since
hom(Op2(—1),0r(—1)) = h*(Or(—1) ® Op2(1)) = 1,
hom(Op2, Or(—1)) = h%(Or(~1)) = 0

and
extps (Op2, Op(—1)) = h(O(-1)) = 0,
1.

we obtain extulpg(OL,(’)L(—l)) =
conclude F = Oy, 1

Since F is not the trivial extension, we

Remark 4.20 Theorem implies that dim(M?"*}(P%) = 11. Obviously
M?"+1(P4) does not contain any strictly semi-stable sheaf.
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3 Construction of a Rational Map
(I)KM K --» M4n+2(|]34)

In this Section we want to construct a rational map ®xps : K --» MAH2(P4)
whose domain of definition contains all Kronecker modules in B.

Since in the moduli space K = W* / G of Kronecker modules of type (4, 2)
there exist strictly semi-stable objects, there is no universal family. Hence we
first define a rational map ®xp : W --» M*+2(P4). On W** there is a
tautological family

i
p30ps (1) = p3OF7,

where ps is the projection po : P4 x W** — P* on the second component. This
gives a tautological sequence

p3Opa(—1)®* s p30%2 5 Coker(A) — 0.

Coker(A) is a family of sheaves on P* parametrized by W**. By [15][Thm 2.1.5]
there exists a Zariski-open subset U C W**, on which the family is flat. Hence
we can define a morphism ® |y : U — M*H2(P*4) by A+ [Coker(AY)].

We want to prove that B is contained in the domain of definition of P KM-

Remark 4.21 Let A be a representative of a Kronecker module in one of the
strata in B and denote by C the curve defined by the 2 x 2-minors of A. Then
as a set, Supp(Coker(A')) = C. Indeed, we have

z € Supp(Coker(A")) <« (Coker(A")), = (Op./(Im A")), # 0
& rank((Im AY),) # 2.

Now rank(Im A?), = rank(A(x)) < 1 if and only if z € C, as the maximal
minors of A(x) vanish for x € C.

As a preparation, we study the situation for the sheaves F = Coker(A"), where
A is a Kronecker module in the stratum By, i.e. the maximal minors of A define
a rational normal curve of degree 4 in P*.

Lemma 4.22 By € U and the map ‘i)KM’U 1s well-defined on By. In par-
ticular, for any Kronecker module p4 € By represented by the matrix A the
following holds:

(a) The cokernel of the map

Opa(—1)8* 25 022
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18
Coker(A") = Oc(p) = Op1 (1)

where C' is the rational normal curve defined by the mazimal minors of A
and p is a point on C.

(b) The Hilbert polynomial of Coker(A") is Pooker(aty(n) = 4n + 2.
(c¢) Coker(A') is stable.

PROOF: (a) We restrict the exact sequence

t
o Opa(—1)%* A O — L := Coker(pYy) — 0

to C: .
e Oc(—1)™ #alg 0% — L|c — 0.

Since C' is a rational normal curve of degree 4, this sequence reads

o= Opr (—4)®1 2alg OFF = L|c — 0.

In coordinates of P!, the map g0f4\c is given by the matrix

4 3 2,2 3
S st s“t* st
At|C:( 1t3 >

3t 22 s t
A
By dualizing we obtain a map ¢ : (’)?12 £> Op1(4)®* and compute the kernel.
Now
Ker(p) = ) € (9[}6)912 | Al (g) = O}

—
7 N N
Q — Q

) € (’)D?f | s1(fs + gt) = sPt(fs + gt) = >3 (fs + gt) =
st3(fs+gt) = t'(fs + gt) = O}

= {(g) € 0% (fs—l—gt):O}

= ker (),

where 9 is the map

022 Opi (1), (g) o (s ¢) <f>

g
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The map v is surjective, since Op1(1) is generated by the sections s and ¢. So
Kervy = Op1(—1) and L|c = Coker(pa)|c = Op1(1).

(b) Since for large n we have
A(Oc(p)(n)) = K(PL, Opa (1 +4n)) = 4n +2,
the Hilbert polynomial of Coker(A?) is 4n + 2.

(c) Since for any point z € C, we have rank(Coker(A'),)) = 1, the sheaf
Coker(A?)) is locally free on C. Especially, restricted to C, it is torsion free.
Since dim(Supp(Coker(A?))) = 1, this is the same as being pure. As Coker(A?)
is a pure sheaf of rank 1, it is stable. n

Proposition 4.23 All Kronecker modules in B, i.e. whose maximal minors
define a curve with Hilbert polynomial 4n + 1, are contained in U. On B the
morphism ® g | is well-defined, this means that Coker(A?) is semi-stable and
its Hilbert polynomial is 4n + 2 for any A € B.

Actually, we will show that the cokernel sheaves of Kronecker modules in B are
stable.

PROOF: For the proof it suffices to check the required properties for an arbi-
trary element in W*° that is mapped to some representative of By under the
quotient map W* — W* J/ G = K. So let us assume that we have shown the
assertions for Bjg, which will be done in Lemma Now we want to deduce
the assertions for the other Kronecker modules in B.

If A; and As are Kronecker modules in the same stratum B;, there is a coordi-
nate transformation that maps A; to As.

Hence for the Hilbert polynomials of Coker(A!) and Coker(A%) we have

PCoker(Aﬁ)(n) = PCoker(Ag)(n)

and if one of the cokernel sheaves is semi-stable, then it is also true for the
other.

First we show that the family of cokernel sheaves associated to Kronecker mod-
ules in B is flat.

For any family of coherent sheaves F on a smooth scheme P* x W55 — W,
there exists an open subscheme V' of W*® over which F is flat. This subscheme
is non-empty, since the cokernel sheaves associated to By form a flat family on
the Zariski-open (dense) subset By C B.



88 4. THE MODULI SPACE M*N*2(P%) OF SEMI-STABLE SHEAVES

In the family

(As)t — <:L'1 Zo z3 31’2) :

srg 1 sxa+ (1—s)zg w3

one can see after some column operations that A; € By for s # 0 and Ay € Bip.
We will show that the induced family of cokernels Coker((A4;)?) is flat by showing
that the Hilbert polynomial is constant in this family:

By Lemma the cokernel of A, s # 0 is of the form O¢(p), where C' is a
rational normal curve of degree 4 and the Hilbert polynomial is Po, ) (n) =
4n + 2. And furthermore, by assumption, Pooker((4,)t) (1) = 4n + 2.

By Corollary all stable Kronecker modules A € B degenerate into the
stratum By, i.e. there is a family Ag, such that A; € B; for s # 0 and
lims ,g As = Ag € Byg. Hence also the associated family of cokernels of the

maps Opa(—1)% A (’)[?42 degenerates into a cokernel of Kronecker modules in
Bip.

Since Coker((Ap)!) € V and V is open, there exist matrices A; € B; in a
neighborhood of Ay, that are also contained in V' and hence also the whole
stratum.

But then by [15][Prop 2.1.2], the Hilbert polynomial is constant in the family
of cokernel sheaves over B.

By [15][Prop 2.3.1], semi-stability is an open condition for a flat family of co-
herent sheaves. If we show that the cokernels of Kronecker modules in Big are
semi-stable, the same is true for any other cokernel of Kronecker modules in B
by an argument similar to that one for the flatness.

Hence Lemma, completes the proof. m

Lemma 4.24 We take the matriz

t
A:(xo T 0> ews
0 rog I1 X2

that is mapped to a representative of the stratum Big in K under the quotient
map W5 — WS |G. Furthermore we denote by F the cokernel F = Coker(A?).
Then F is a stable sheaf on P* with Hilbert polynomial 4n + 2.

PROOF: I) Let L be the reduced line given by zg = 71 = 22 = 0 in P%. Recall
that the maximal minors of A define the non-reduced line 4L which is the first
infinitesimal neighborhood in P%.
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Let ¢ : L — 4L be the inclusion. First, we construct an exact sequence
0= i,0L(—1)%2 % F 5,092 0. (4)

To do so, let 9 : (9?42 — OF? be the restriction to L and G; = Ker(y)) = 72

The map ¢ : Opa(—1)%* — (’)[f?f,

and we have the following diagram

given by the matrix A, factors through G;

0 0
g1 G 0
A i N
_1\®4 ¢! ®2 V
Opa(—1) Ori - F 0 (5)
0
\ w} ;
i, OP?

0

where Go = Coker(\). The maps a and ( are defined such that the diagram
commutes. Then by construction, the sequence

0562 F5i,082 50

is exact.
Restricting to L gives G1|r, = Z92%| = (Z1/Z2)%? = Op(=1)%32, and \|y, is
given by the matrix

1 0 00
0100
0 010
0100
0 010
0 001

We have Ga|;, = O (—1)%2, since in the sequence
A
OL(~1)% 2 0, (—1)%6 - G|, — 0
the map M|z is injective.

We want to show, that Go = i,Op(—1)%2. For that it remains to show that the
scheme-theoretic support of Go is contained in L.
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To do so, we take an arbitrary local holomorphic function f that vanishes on
L. If f-s =0 for all (local) sections s of Ga, then the support of Go is contained
in L.

That means, for a preimage § of s in G; under the map G; — G2, we want to
show (f - 5), € Im(X), for all x. But since all diagrams in commute, this is
the same as

p((f - 8)a) € Im(e") y(a)-
The image of ¢! is

ty _ ) (u1To + u2x1 + u3T2 , 0 _
i) = { (4100 12201 1072 o € (O (-1).

A holomorphic function that vanishes on L has locally the form
[ = foxo + frz1 + foxe

for holomorphic functions f;. Then

N ]

S2foxo + s2fix1 + S2f122

But this is a section in Im(y) by setting

- ~ T2 -

up = —(82f1 — 81f2)— + 51/,
Zo

uz = 51f1,

uz = 3af1,

- ~ ) ~

uy = (S2f0—51f1);+52f1~

2

Hence the claim follows.

IT) Using the exact sequence in part I) we can easily compute the Hilbert
polynomial of F:

Pr(n) = PBo,-n22(n) + P go2(n)
= Po,(ne2(n) + Fyez(n)
= 2n+ (2n+2)
= 4n+ 2.

IIT) Finally we need to check that F = Coker(A?) is stable, where

A:<5L‘0 r1 T2 0>'
0 x0 x1 x2
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In order to prove stability, consider any proper subsheaf F’ of F. Then there
exists a map
[ F —i,08

defined as the composition of the inclusion ' < F and 8 : F — 2‘*(9%2. Let
F":=1Im(f) and G := Ker(f).

Then G is a subsheaf of i,Or(—1)®% and F” a subsheaf of é*O%Q; both sheaves
are pure (of dimension 1). So we obtain the commutative diagram

0—i0p(-1)® —=F ——=4,00? ——=0
] ] ] (6)
0 G F! F 0.

First we prove that F is pure, i.e. there is no subsheaf of F whose support
consists of finitely many points. So we take F' to be a subsheaf of F with
O-dimensional support. Then clearly the support of Ker(f) and the support of
Im(f) have dimension 0. But 4,0, (—1)®2 and i,OF? are pure, thus Ker(f) =
Im(f) = 0 and hence F' = 0.

Now in order to prove stability, we consider a destabilizing subsheaf F' of F,
i.e. a subsheaf F’' of F such that pr > pr. Recall that the reduced Hilbert

polynomial of F is
dn + 2 n 1
= =n+—.
4 2
From diagram (6)) we deduce that F” is either

pr(n)

e F" =0 or
o ' =14,0p(a) for some a < 0 or
o 7' =1i,0r(a) ®i,.O(b) for some b < a < 0.

In all cases either G = 0 or the reduced Hilbert polynomial of G satisfies the
inequality
pg(n) < pio,(—1)=2(n) =n,

since i,Op(—1)%? is semi-stable.

Now if F” = 0, then 7/ 2 G and hence pr/(n) < n < n+ 3 = pr(n), which is
a contradiction to the assumption that F’ is a destabilizing subsheaf of F.

If 7 # 0 and a < —1, then we have prv(n) < p;.0,(-1)(n) = n and hence
pr(n) <n < pr(n) which is again a contradiction.

So from now on we may assume that 7"’ = .0 or F' = i,Op & i, Op(b) for
some b < 0.
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Claim 4.25 h°(F’) > 0 and G is one of the following
«G=0
e G=14,0r(-1)
e G=1i.0r(-1)%

PROOF: In case G = 0, the assertion h°(F’) > 0 is clear. So suppose that
G # 0. For any G = 1,.0p(m) or G = i, Op(m) ® .0 (n), with m < —1 and
n < —1, then pr < pr which is a contradiction.

So we conclude that G = i,Or(—1)? or G = i,Op(—1), in particular h%(G) =
hY(G) = 0. Furthermore we know that h°(F”) € {1,2} and hence it follows
from the long exact cohomology sequence

0— HYG) — HY(F') — HF") - H'(G) — ...

that hO(F') > 0. m

Note that h(F’) = 2 if and only if F” = i,O% and that h°(F’) = 1 otherwise.

Claim 4.26 There are exactly the following two cases:
(a) F" =i,0r and G = 4,0 (—1)?
(b) F' = 1,01 ® i*OL(—l) and G = i*OL(—1>.

PROOF: Since h®(F’) > 0, the section (resp. one of the sections) of F’ defines
a map Ops — F'.

a
@2

There exists a unique map Opa @ (’)[P4 ,

such that the composition
Ops — O — F — 1,07

coincides with the given map F" — i*(’)%, i.e. the following diagram commutes:

O[P4 2 ]:,
il
Opt 00O —F"

N

.02 —— 4,02
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Then we obtain the following commutative diagram:

0 0
Opi(—1)4 2 Op. F/F 0
(6 -a)
Opa(—1)* 2 02, F 0
(5)
Opt —— F'

[an)
[an)

WhereA:<x0 R O> and
0 Trog I1 X2

L . ) Trog I1 X2 0 o _ . _
B .= (6 a) (0 2o o1 :1:2) = (,3230 Br1 —axg Bro — ax axg) .
Hence F/F' = Coker(B) = i,Qp, since the image of B is generated by x¢, 21
and x2, as not both a and g8 are zero. Therefore diagram @ can be extended
as follows:

0 0 0
0 H F|F =i0p £ 0
0—1i,0p(—1)? F i1,OF ——0
0 g F! F 0
0 0 0.

If 7/ = 1,0y, then £ = i,0y, and so the cokernel H = 0 and hence
G = i,0r(—1)%. This is case a).

If 7/ = 4,0 & i,0r(b), we consider the three possible choices of G:
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e If G = 0, then # = i,Or(—1)? which is a contradiction, since H is a
subsheaf of F/F = i,0p.

o If G =i,0Op(—1)?, then H = 0 and £ = i,Or. That imples 7’ = i.Oy,
which is a contradiction.

o If G =1i.0p(—1), then H = i,Or(—1) and hence £ is a skyscraper sheaf
supported on one point. Hence b = —1. So we obtain case b).

Finally, we rule out both possibilities obtained in Claim m First, in case a)
if 7/ =4,0p, then

Pri(n) = Pg(n) + Prr(n) = P oy (-12(n) + Pro,(n) = 2n+n+1

and hence
1 1
pr(n)=n+ 3 < n+ B =pr(n),
which is a contradiction.
Second, in case b) if 7" = 0,0 @ i,Or(—1), then Pr(n) = 2n +n + 1 and

hence as before pr < pr which is a contradiciton.

In summary, there does not exist any proper subsheaf 7’ of F, such that
prr > pr and hence F is stable. n

In Proposition [4.23| we have constructed a well-defined morphism
&)KM‘U U — M4n+2(|P4)

for some open subset U C W** that contains B. As for all pairs (g, h) € G, the
cokernel sheaves Coker((gAh*{)t) and Coker(A!) are isomorphic, the morphism

P xM|u is G-invariant. Hence ® /|y descends to a morphism
Srnrlgr : K :=U ) G — M T2(PY).

Remark 4.27 The rational map P kM 1s not defined on the strata S and P.
This is clear, as the support of the cokernel F sheaves has dimension at least
2. Since by [29][II1.6 Prop. 6] for the Hilbert polynomial Pr(n) of F holds
deg(Pr(n)) = dim(Supp(F)), it cannot be 4n + 2. By saturation of the cok-
ernel sheaves of the families of Kronecker modules chosen in Remark along
different directions, we see that it is not possible to extend P KM to S or P.

For some strata of K one can compute the cokernel sheaves concretely.
To do so, we need the following preparation:
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Lemma 4.28 Let ¢ be a Kronecker module of type (4,2) represented by a ma-
triz A and C the curve defined by its mazimal minors. Write C' = |, C;, where
C; are the irreducible components of C.

(a) If after an appropriate coordinate change
At| _ ro 1 ... Xg—1 0O ... 0
Ci r1 T2 ... Tq 0 ... 0/’

i.e. C; is a rational normal curve of degree d in some P4 for 1 < d < 4,
then the cokernel of the restricted map

t o4 Al @2
P |Ci : OD’4(_1) ’Ci — O[P4 |Ci

is the sheaf Oc,(p).

(b) If after a coordinate transformation C; is the line in P* given by the
equations xrog = x1 = 9 = 0 and

¢ (w3 x4y 0 O

then Coker(At|c,) = O, .

(3

(c) If after a coordinate transformation C; is the line in P* given by the
equations rog = xr1 = x2 = 0 and

¢4 _(x3 0 0 0
Ale: = (0 0 0 o)
and P denotes the point xg = x1 = 290 = x3 = 0, then

COkeI‘(At’Ci) = Oci S CP.

PRrROOF: (a) This can be proven analogeously to the proof of Lemma [4.22|a).
(b) Obviously Im(A!|¢,) = O¢, ® {0}. The cokernel of A!|¢; is
Coker(4'|¢,) = O¢. /Im(A") = Oc,.

(c) We restrict the map
(5860)
O¢,(—1)% —— OF?
to a map
(z3 0) @2
Oc; (1) —— 05"

This map is injective and hence Coker(A|¢,) = O¢, ® Cp. n
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Example 4.29 From Lemma one can deduce immediately:

(a)

(b)

For the stratum By, the cokernel is O¢(p) for the rational normal curve
C of degree 4 (as we have already seen in Lemma [4.22)).

Bj: Recall that the support of L, i.e. a curve in By consists of a twisted cu-
bic C' and a line L that intersect in one point. The rank of £ is constantly
1 on the support and L|c = O¢(p) and L|p = Of.

By: A curve in By consists of a quadric () and two lines L and Lo that
each intersect @ in one point. Then L|g = Og(p) and L|1, = Oy, resp.
Llp, =OL,.

Bg: the support of £ consists of four lines that do not intersect in one
point. L|r, = Or,(p), and for i = 1,2,3 we have L|1, = O..
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4 The Moduli Space M*"2(P*)

In this Section we want to study the moduli space M4 2(P4) of semi-stable
sheaves on P* with Hilbert polynomial 4n + 2.
We saw in Section that this moduli space contains the cokernel sheaves of
the Kronecker modules

Opa(—1)® 5 02

of type (4,2), if the maximal minors of the matrices A representing ¢ define a
curve.
Concretely, there is a ”good” component

M, = {i»Op1 (1)]i : PL = P¥ embedding } € M4 +2(P4)

which contains (as an open set) the cokernels of the Kronecker modules men-
tioned above.

Lemma 4.30 The dimension of My is dim My = 21.

PROOF: Since the family of rational normal curves of degree 4 in P4 has dimen-
sion 21, we have dimz My > 21 where F = Coker(A) = O¢(p) for a Kronecker
module A € By.

Since all smooth rational normal curves C of degree 4 in P* are projectively
equivalent, ext!(O¢(1), Oc(1)) is constant in the family of cokernels of smooth
rational normal curves of degree 4 in P%. Using the computer algebra Macaulay
2 ([9]), we compute ext!(Oc(1),0c(1)) = ext!(Oc,Oc) = 21. So we have
dimz M*+2(P4) = 21. Hence the open set

{i+Op1(1) i : P! < P* embedding}

is smooth and has dimension 21. So its closure My is an irreducible component
of M*"*2(P*) of dimension 21.

In M*+2(P4) there exist strictly semi-stable sheaves F. Every S-equivalence
class of semi-stable sheaves in M*"*+2(P%) contains a unique strictly poly-stable
sheaf up to isomorphism.

The strictly poly-stable sheaves are direct sums F = F; & F» of stable sheaves
Fi1,Fe € M?"1(P4) with Hilbert polynomial 2n + 1. Recall that we showed
in Section that F; and F> are structure sheaves of smooth plane conics,
double lines in P? or two lines intersecting in one point. Some of the strictly
poly-stable sheaves are contained in the good component M4. More concretely:



98 4. THE MODULI SPACE M*N*2(P%) OF SEMI-STABLE SHEAVES

Lemma 4.31 The intersection of S>(M?***T1(P*)) with the good component My
is the set of sheaves in S*(M?*"T1(P*)) whose support is connected. We denote
this subset by S%(M>*"+1(P*)).

PROOF: First, the component My contains a sheaf in S?(M?"+1(P4))q : there-
fore consider the family of cokernel sheaves

p*(’)n:4(—1)€96 Lt p*(’)[?f — Coker(gp;) — 0,

where p : P* x C — P* is the projection on the first component and the maps
¢ are represented by the matrices

A = To 1 txo txs x2x4—$§ 0
b try txog T3 X4 0 ror2 —77)

For t # 0, the matrix A; can be transformed via row and column operations to
a matrix of the form

ro X1 txs txzg 0 O
tey txg x3 w4 0 0)°

Hence for any t # 0, the cokernel Coker(yp;) defines the cokernel of a Kronecker
module in By and for ¢ = 0, the cokernel sheaf is in S2(M2"+1(P4)).

Now, the generic sheaf in S?(M?"T1(P4))y is the direct sum of two structure
sheaves of two plane quadrics (1 and ()2 that intersect in exactly one point.
By Lemmal[4.36] all such pairs of quadrics are projectively equivalent. Hence all
sheaves Og, ®Og, € S?(M?*"+1(P*))y, where Q1 and Q2 are two plane quadrics
that intersect in exactly one point, are contained in M,. But then the closure
of this set, i.e. S2(M?"T1(P4))g is contained in My, as My is closed. m

Lemma 4.32 (a) The dimension of S>(M?*1(P4))y is
dim S%(M?" T (PY))y = 20.
(b) Let A(M?"F1(P4)) € S2(M?"1(P4)) be the closed subscheme of

S2(M?F1(P1)) consisting of sheaves of the form (’)82 € S2(M*HL(PY))
for some conic Q. Then

dim A(M?"FH(PY)) = 11.
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PrOOF: (a) First we compute the dimension of the family of smooth plane
quadrics in P* containing a fixed point P € P*.

Let @ be a smooth quadric in P* lying in some plane E. Then there is an
exact sequence

0—>NQ/E —>NQ/[|>4 —>NE/[P4’Q—>O. (7)

Obviously
Na/e = 0q(2) = Op1(4)

and furthermore
Nepilg = (Op2(1) ® Op2(1)) | = Og(1) & Og(1) = Op1(2) & Op1(2).

Since the quadric should contain a fixed point P € P*, we take the tensor
product of sequence @ with the ideal sheaf Zp = Opi1(—1) of P in Q.

Hence
H(Ngp1 @ Ip) = H*(Op:1(3) ® Op1(1) @ Opa (1)) = 8.

Altogether, the dimension of the family of two smooth plane quadrics
intersecting in one point, is 4 + 8 + 8 = 20, since the choice a point in P*
increases the dimension by 4.

(b) The quadric @ lies in a unique plane E and
hO(Ngpi) = h0(Op2(1) ® Op2(1)) =3 + 3 =6.
Furthermore
KO (Ngy) = h2(0g(2)) = KO(Ops (4)) = 5.
Hence the space of quadrics in P* has dimension 11 and therefore
dim A(M*FHPY) = 11. u

The following diagram summarizes the strata of the moduli space we are going
to study:

M4n+2(|]34) D 52(M2n+1(|]:4)) D A(M2n+1(|]34))
Ul Ul Il
My 2> SH(MPHEY) 2 AMPHHPY)

Again A(M?"*1(P4)) contains the sheaves of the form (982.
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Lemma 4.33 Let Q be a plane quadric in P*. Then

Extpi(Og, Og) = C'! and Extl,(0g,0g) = C¥.

Proor: Consider the Koszul resolution of Og
0— A3V 2L AV 27 2 0p 25 0 — 0,

where V = Opa(—1)%? @ Ops(—2) and hence A2V = Ops(—2) ® Opa(—3)®2 and
A3V = Opa(—4).

Let K := Ker(y2) and K := Ker(p1). The Opa-modules K and K; need not
to be locally free. We have the following exact sequences

0— Ko — Ops 25 Og — 0 (8)
0= K1 — Opa(—1)%2 @ Opa(—2) - Ky — 0 (9)
0 — Ops(—4) 25 Opa(—2) & Opa(—3)%? = K1 — 0. (10)

I) First consider the sequence . We construct the associated Ext-sequence
for the Ops-module Og:

0— HomOP4 (OQ, OQ) — HornoIP4 (O[P47 OQ) — H0m0p4 (Ko, OQ) —

Extpa(0g, 0g) — Extpa(Ops,0g) — -+

As Homps (Ops, Og) = HY(Og) = C, furthermore Hom(Og, Og) = C and
Ext!(Ops, 0g) = H(Og) = 0, this exact sequence induces an isomorphism

Ext!(0g, 0g) = Hom(Ky, Og).

Since Ext’(Ops, Og) = H(Og) = 0 for i > 2, we also have isomorphisms
Ext' (Ko, Og) = Ext"(0g, 0g)

for all 4 > 1.

IT) Then consider the sequence @ We take again the associated Ext-sequence
for the Ops-module Og:

0 — Hom(Ky, Og) — Hom(Opa(—1)%? @ Ops(—2), Og) — Hom(K1, Og) —

— Eth(Ko, Og) — Eth(Ou:z;(—l)@z ® Ops(—-2),0q) — -
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Using

Homgpa (Op4(—1)?®Op(-2), Oq) = Homps(Ops, Og @ (Ops(1)*? ® Op4(2)))
= H%(0q @ (Ops(1)"? ® Op4(2))
= H%(0g(1)* & 0q(2))
= H°(Op1(2)** @ Op1 (4))
_ ¢l

and
Ext!(Opa(—1)%2 @ Opa(—2), 0g) = H (Og(1)®? & 0g(2)) = 0 for all i > 1
the exact sequence gives isomorphisms
Ext'(K1,0q) = Ext™™ (Ko, Og)
for all ¢ > 1.

III) Then we consider the sequence . We construct the associated Ext-
sequence for the Ops-module Og:

0 — Hom(K1,0g) — Hom(Ops(—2) © Ops(—3)%%,0g) —
— Hom(Ops(—4),0q) — Ext!(K1,0g) —
— Eth(O[sz(—Q) D O[p4(—3)@2, Og) — -+
We compute as before

Hom(OP4(—2) (o) O[P4(—3)@2, OQ) = HO(OQ(Q) & OQ(3)@2)

and
Ext'(Ops(—2) @ Ops(—3)%%,0¢) = H' (0g(2) @ 0g(3)%%) =0

for all 7 > 1 and
Hom(Ops(—4), 0g) = C°.

Now we prove that
Hom (K1, Og) = Hom(Ops(—2) © Opa(—3)%%, Og).

This is the same as proving that Hom(A?V, Og) — Hom(A3V, Og) is the zero
map.
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q
The map Opa(—4) 22 Opa(—2) © Opa(—3)92 is given by a matrix <§1 ), where
2
[1 and Iy define a plane and ¢ defines a quadric ¢, such that ¢ N1 Ny = Q.

Since
Hom(Op:(=2) & Opa(~3)2, 0g) = Hom(Ops, (O (2) & Opa (3)%))
= H((Opa(2) & Opa(3)%%) )

and analogously
Hom(Op1(—4), 0q) = H*(Op1(4) q),

the map HO((Opa(2) ® Opa(3)%2)|q) — H°(Opa(4)|q) is given by the matrix

dlQ
<11|Q>. But by definition ¢|g = li|g = l2|g = 0.
l2|q

Hence
Hom (K7, Og) = Hom(Ops(—2) © Opa(—3)%2,0g) = C*

and so

Ext!(K1,0g) = Hom(O(—4), 0g) = C°.
Now we go back to exact sequence
0—>Ki -V —=>Ky—0.
By definition Kolg = Iglg = IQ/Ig2 = Né/nﬂ. To compute the cohomology of
N 5 Jpar We use the exact sequence
0 — Ngp2 = Ngpt — Np2jpalg — 0
Then
Homps(Ko|g, Oq) = Homq(Ng /ps, Oq)
= H°(Ngp1)
= HO(NQ/[P?) =+ HO(NW/M\Q)
= H"(0q(2)) + H*(0q(1)%?)
— 5@ Ct=Cl,
as H1(Og(2)) = 0.
Altogether it follows from the sequence and the considerations in part I)

that
Extl(OQ, Og) = Hom(Ky,Og) = cHt

and furthermore using part II)

Ext?(Oq, 0g) = Ext' (Ko, Og) = Hom(K1,0g) = C'. u
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Lemma 4.34 Let Q1 and Q2 be two plane quadrics lying in the planes E1 and
Es all intersecting in exactly one point P. Then ext!(Og,, Ogq,) = 1.

PRrOOF: We consider the Grothendieck spectral sequence defined by
EDT = HP(P*, £219(Oq,, 0g,)) = ExtPT1(0q,,0q,).
So we need to compute EQL0 and Eg’l.
o B,° = H'(P*, Hom(Og,,0q,)) = H'(P*,0) = 0.

e So it remains to compute Eg’l = HY(P4, Ext1(Og,, Og,)). We claim that
Eg’l = C. To see that, we consider the ideal sheaf sequence

0—Zg, = Ops — Og, — 0.
This gives (using [12][III Prop 6.3b]) the exact sequence
0 = Hom(Og,,00,) = Hom(Ops,0g,) = Hom(Io,, O0,)
— Ext'(Og,,00,) — Ext' (Ops, 0g,) = 0.

By [12][III Prop 6.3a] Hom(Op1, Og,) = Og,. Furthermore Coker ® is a
sheaf that lives on x = Q1 N Q2. Hence Coker ® = C, and Eg’l = C.

For r > 2, o »
Ker(E, " — E;70TT) 1.0

T o

E170 —
1= — =
r+ Im(Eyla r,r—1 N E’,l,,[))

and it follows that EX° = 0. Hence Extl(OQl, 0q,) = E%'. But

01 Ker(BY' — B

U Im(ET — B
As B30 = H2(P*, £xt°(0g,, 0g,)) = H2(P*, Hom(Og,,0g,)) = 0 and obvi-
ously E;’2_T = 0 for all » > 3, it follows that Extl(OQl,OQQ) - E% = C.
N

= Ker(E>! — EI*).

Proposition 4.35 Let F = Og,®0q, € S*(M*"+2(P1)). Thenext!(F,F) =
24 and ext?(F,F) # 0.

Proor: By Lemma and
extl(]:, F) = eX‘cl(OQ1 ® 0q,,0q, ® Oq,)
=2 extl((’)Ql , OQ2) + extl((’)Ql, OQ1) + eth<OQ2, OQQ)
=2-1141+1=24.
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5 Regularity of M, at Generic Points of S*(M>""1(P1)),

In this Section, let us denote by (Q1 C E1,Q2 C FEs) a pair of planes in P4
intersecting in exactly one point P together with two smooth 1-dimensional
quadrics Q1 C E1 and Q2 C E5 such that ()1 and ()2 also intersect in P.

Lemma 4.36 Any two pairs of non-singular quadrics (Q1 C E1,Q2 C E)
and (Q) C E{,Q4 C EY), that intersect in exactly one point Py resp Py, are
projectively equivalent.

PRrROOF: The conics @); are non-singular, hence they are neither a double line
nor a pair of two intersecting lines.

I) There is an automorphism ¢ of P4 such that p(E}) = E; and ¢(E}) = Es.
Hence the pairs (Q) C E{,Q5 C Eb) and (p(Q)) C E1,p(Q)) C E) are
projectively equivalent. So we can assume that E; = E{ and Ey = E).

IT) Next we show that for a plane FE;, a point P; € E; and two quadrics Q;, @} C
E; with P; € Q; and P; € Q) there is an automorphism ; of P2 leaving P; fixed
with ¢;(Q;) = Q}. It suffices to consider the situation in affine coordinates and
we may assume F; = A% and P; = (0,0)!. Then any such quadric Q; is given

by the equation
x
@ wa)

with a symmetric matrix A;. Since there is a matrix S; € GLa(C) with St ALS; =
A;, the automorphism 1; is defined by multiplication with an invertible matrix
S; from the right resp. the transpose of S; from the left.

IIT) Together, ¥, and 19 define a morphism ¢ : Ey U Ey — E; U Es, since
E1 N Ey = P. It remains to show that we can extend this map to P*. But
this follows from the standard linear algebra fact that if V;,V5 C C® are two
subspaces intersecting in a line L, and v; : V; — V; are linear maps such that
Y1|r = 2|1, then one has a unique extension of the v; to a linear map on C®.
[ |

The aim of this Section is to prove the following Theorem:

Theorem 4.37 Let (Q1 C E1,Q2 C Ey) be a pair of smooth plane quadrics
interseting in exactly one point. Then the variety My is non-singular in the

point [F| = [Og, ® Og,| € S2 (M FLH(PY)),.

In the proof we denote by Coker(A') the cokernel sheaf of the map

Ops (—1)%* @ Opa(—2) & OF?
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for a (2 x 6)—matrix A. The idea of the proof is to construct a 21-dimensional
family of deformations Coker(A(a;, bi,c;, d;, t, a, B,7,9)) of F inside Mjy. Since
dim My = 21, it thus suffices to show that the map

T:A21—>M4

obtained by sending the deformation parameters a;, b;, ¢;, d;, a, 3,7v,6 and t to
Coker(A(ag, b, ¢iydi, t, o, 3,77,9)), maps a neighborhood of 0 biholomorphic to a
neighborhood of [F] in My. Since A% is smooth, this implies that My is smooth
in [F].

By Lemma |4.36| we can assume that the planes F; and E, are given by

Ey={(zg:...:24) € P zg =21 =0}
and
Ey={(zg:...:24) € P zo =23 =0}

and that they intersect in the point P:= (0:0:0:0: 1). Furthermore we can
assume that @1 is the quadric defined by the additional equation

T3 — 2334 =0
in the plane Fq and ()9 the quadric defined by the additional equation
2 — 2024 =0

in the plane E5. Obviously these quadrics also intersect in P. Then [F] is given
by [Og, @ Og,] for this particular choice of Q1 and Q».

We start by constructing a 20-dimensional family of deformations of F inside
SQ (M2n+1 (”34))0-

Since by Proposition any sheaf in M?"+1(P*) is a structure sheaf supported
on a curve of degree two, deformations of sheaves in M?"*+1(P*4) are given by de-
formations of its support. Since we want to deform F inside of S%(M?"F1(P%)),,
we need to require that the deformed quadrics and planes in the support still
intersect in one point.

We obtain this by first deforming the intersection point P =(0:0:0:0:1)
into some point P’ = (a: :v:6:1). A deformation of E; through the point
P’ is given by the equations

fi1 = @0 4+ a122 + agxs + (—a — a1y — agd)zs =0

foi=x1 +aszy + asxz + (—F — a3y — aq0)zrg =0

and a deformation of the quadric Q7 through the point P’ by

f3:= (93% — $3$4) + blﬂfg + boxoxs + ng% + byrory
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+ (=7* 46 = 010 — byyd — b3y — byy)xi = 0.
Similarly we obtain for the second deformed plane and quadric the equations
g1 =32 + 1m0 + c2m1 + (=7 — a1 — c2f8)xg = 0
g2 = T3 + c3x0 + c4x1 + (—5 — C3¢x — C4B)x4 =0
g3 = (x% — x0x4) + dlx% + doxgxy + d3$% + dyxi74
+ (—,82 + o — d1042 —dyaff — d352 - d4ﬁ)l‘i =0.

Hence we have a 20-dimensional parameter space, given by
{ai)bj7ck)dl)a7/85’y’5 | iajak)l = 1) cee 74}

In short, we omit the indices and just write (a,b, ¢, d, a, 3,7, 0).
For a given choice of parameters (a, b, ¢, d, «, 3,7, 0), the equations

fi=fe=fs=g1=g2=9g3=0

define again a pair of quadrics and planes (@) C E},Q, C E}) where the
Q) and E! intersect in the point P’. Again by Lemma any such pair is
projectively equivalent to (Q; C E1, Q2 C E3). This means there is a coordinate
transformation p := p®0¢®®6:70 § e a projective automorphism of P4, with

p(f1) = o

p(f2) = =

p(fs) = o3 —w3ma

p(g1) = 2

plg2) = w3

p(g3) = % — x4
ab,e,dya,B,7,8

The transformation p depends analytically on the parameters a;,b;,
ck.di,a,8, v and 4§, since the family of pairs of quadrics (Q} C E}, Q) C EY)
defined by fi,f2,/f3.91,92 and g3 is flat over the parameter space A?.

Next we will introduce an additional deformation parameter t. This parameter
will give a deformation of [F] in M, transversal to S?(M2"+1(P4))o. By

A(a7 b7 C, duta a, 57 v, 6)
- ( h fo t-p~Haza) t-pH(a2) f3 0)
T\tp M) tepTH(ma) g1 92 0 g3

we define a family of matrices. For ¢ = 0, the maximal minors of
A(a,b,c,d,t,a, 3,7,d) give the 20-dimensional family of deformations of
(Q1 C E1,Q2 C E3) defined above.
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Lemma 4.38 Fort # 0 the mazimal minors of A(a,b,c,d,t,a, 3,7,0) defines
a rational normal curve for any choice of parameters a,b,c,d, a, 5,7,9.

PrOOF: A(a,b,c,d,t,a, (,7,6) defines a rational normal curve if and only if
it does after some coordinate transformation of the entries. We apply the
coordinate transformation p on the entries of A(a, b, c,d,t,a, 3,7,0) and obtain
a matrix

. . 2 _
A(a,b,c,d,t,a,ﬁ,m)'z(””0 nota b a0 >

t-x1 t-xy a9 T3 0 a:%—:nou

It is obvious, that the last two columns of A(a,b,c,d,t, «, 3,7,0)" are linearly
dependent of the first four columns:

<x% — x3x4> (t . x2> (t . :1:4>
0 T3 T
0 . 1 Zo

g ) 7 () 7o ()

Multiplying the second and third column by ¢ gives
i) t'l'l t2'l'4 t':L‘Q
t-xl t2-x4 t'l'g T3 )
Hence we obtain a matrix whose maximal minors define a rational normal curve.
| |

and

The family of matrices A(a,b,c,d,t, «, 3,7,0) induces a family of sheaves
Coker(A(a, b, c,d, t, o, B,7,0)).

It follows from Lemma .38 and Lemma [£.22] that for ¢ # 0, the sheaf
Coker(A(a,b,c,d,t,a, B,7,9)) has the form Oc(1) for some rational normal
curve C of degree 4, and thus it has Hilbert polynomial 4n + 2. For ¢t = 0, the
deformations of Og, ® Og, in S?(M?"T1(P1)), also have Hilbert polynomial
4dn + 2.

Therefore the sheaves Coker(A(a, b, c,d,t,a, 3,7,9)) form a flat family on the
parameter space A%l by [15][Prop 2.1.2].

But this implies that we have a holomorphic map 7 : A?! — M, given by

(o, B,7,0,a,b,c,d,t) — [Coker(A(a,b,c,d,t,a, B,7,9))].
All that remains to show is that the induced map
dr : Toa*! — Ty M2 (PY)

is injective.
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Lemma 4.39 The induced map dr : ToA*' — T’ 0y My is injective, in particular
7 15 locally injective.

PROOF: Note that dr maps an element v := (v1,...,v9) € ToA?! =2 A%! to the
infinitesimal deformation

F. := Coker(A(ev))

of F = Coker(A(0)). We have to show that if F. is the trivial deformation,
then v; = 0 for all 7.
To understand the infinitesimal deformations . better, we use the natural
one-to-one correspondence between equivalence classes of deformations of F
over D := Spec(C[e]/e?) and self extensions of F (see [L3][Theorem 2.7]). The
trivial deformation corresponds to the trivial self extension of F. We recall the
construction of the extensions (see [13]).
We denote by

fi:Fe—=>F-pC= ]:|[p4><speC@ = F

the restriction of F. to P* x SpecC. Since F, is flat over D, there is a short
exact sequence
0o—rFr S EINFE o (11)

Hence we have to show that if the sequence is the trivial extension, then v =
0. We construct projective resolutions for F and JF; and obtain the following
commutative diagram:

0 0 0
Ops(—1)# @ Opa(-2)2 — 2~ 022V . F 0
g3 g2 g1
. — Opay p(=1)% @ Opay p(—2)#? T ODEDBEXD wL)'FE —0
f3 f2 fi
Ops(~1)®1 @ Ops(-2)2 —F 022 Y . F 0
0 0 0

The map ¢, is given by the matrix A(ev) and ¢ by the matrix A(0).
For the left and middle vertical sequences, there exist splittings

s3: Opa(—1)®' @ Opa(—2)%? = Opay p(—1)%* @ Opay p(—2)?
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and
2 2
S9 ¢ OEB — Oﬂ?‘lxD

Via the splittings, the map

Gev + (Opi(—1)® @ Opa(—2)%2) @e (Ops (1) @ Opa (~2)P?) — OFZ@OF?

(615)

Now we assume that F; is the trivial extention, i.e. there is a splitting s; of fi.
So

is given by a block matrix

Fe2s51(F)@egi(F) =2 FdeF.

- (342

U C’)D%4—>€.7:.

Then 1, is given by a matrix

for some map

Since the middle horizontal sequence in the diagram above is exact,

¢loY (A]O _ YA |0 0
u |y oA uA+ 90 | YA '
Hence in particular uA + 9O = 0.

We have to show that © = 0. To do this we first make a base change of (’)D?fx D

as follows: The map 1 : O"%4 — F induces an isomorphism

oy HOW)
H(Ops) ———— H'(F)

and hence a unique map = : (9[%4 — (’)D%4 such that u =1 o~.
We substitute 1 by

() - () () - () - (1)

and consequently

by
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Hence we obtain the following diagram:

pd

V] et+tvt
0 14
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Since horizontal sequences this diagram are exact, we have

0:<lgi)'(vﬁ@g>:<mﬁ@>wOA>

and so ¢¥(yA + ©) = 0. This means, that

Im(yA + ©) C Ker(¢) = Im(A).

To shorten notation, let 8 := © + vA.
In order to show ©® = 0, we show the existence of a map A that makes the
following diagram commutative:

Opa(—1)* @ Opa (—2)%2 — A Tm(A) = Ker(¢p)) = T, ®Io,  (12)

A
LA
| /

Opa (—1)694 @ Opa (—2)@2

Having such a map A, it would follow that ® + yA = A - A and hence © =
AN — yA. But then © = 0. Indeed, it suffices to consider deformations of the
form F. = Coker(A(ev)) where

A(ev) = < Lo Z1 tp~ (zs) tpH(z2) m% — T3T4 0 )
tp*l(xl) tp*1($4) To x3 0 x%_xom ,

i.e. we can assume that « = f§ =~v =0 =a; = b; = ¢ = d; = 0 for all
i = 1,...,4. Otherwise, if ¢ = 0 and if the other deformation parameters
are chosen arbitrary, then Coker(A(ev)) is a deformation inside the stratum
S2(M?"+1(P4))g. In this case the assertion is clear for geometric reasons.

Obviously ©® = AX — A if and only if p(©) = p(AX — vA) for the coordinate
transformation p.
Under this transformation the matrix © becomes

o — 0 0 txy tzo 0 O
o tiL’l tl’4 0 0 0 0

A_ (T T 0 O x%—x3x4 0
N0 0 2o x3 0 22— woxys)

and

Now 7 is a (2 x 2)-matrix with constant entries and A a (6 x 6)-matrix of the
form
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where C] is a (4 x 4)-matrix with constant entries, Co a (2 x 2)—matrix with
constant entries and L a (4 x 2)-matrix whose entries are linear forms. But
then, looking at the concrete matrices A and O, a simple computation shows
that it is not possible to find any v and A, such that © = A\ — vA.

Hence it remains to show the existence of a map A with the demanded proper-
ties.

Claim 4.40 (a) The map
HO(OF! @ Opa(~1)%2) = HY(OFY) — H"(Zq, (1) ® Iq, (1))
induced by A is an isomorphism.
(b) The map
g: H'(Ops(1)™ & O2F) — H(Zg, (2) @ Zg,(2))

induced by A is surjective.

PrROOF: From the Koszul resolution
0 = Opa(—4) = Opa(—2) ® Opa(—3)%2 = Opa(=1)%2 @ Opa(—2) = Tg — 0
we obtain the following two short exact sequences
0= K — Ops(—1)®2 @ Opa(—2) = Zg — 0 (13)

and

0 — Opia(—4) = Opa(—2) ® Opa(—3)¥* = K — 0. (14)
a) Using the long exact cohomology sequence of we see that H (K (1)) =0
for all 7 and so by sequence we have H(Zg(1)) = HY(0Z,) = C2.

b) For simplicity we just consider one direct summand Zg. Using the long exact
cohomology sequence of sequence , we see that

H°(K(2)) = C and H'(K(2)) =0 for all i > 0.

This implies that the twist by O(2) of the long exact cohomology sequence of
gives the exact sequence

0— HY(K(2)) = H(0(1)®%) @ H°(0) — H°(Zg(2)) = 0

and so g is surjective. m
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After a twist by O(1), passing to global sections in sequence [13| gives

HO (O ®0ps(~1)%2) = HY(OZ!) —H(Ker(¢)(1) = H'(Zq, (1) o, (1))

A
=15V 5
H (/B|o(_1)4)

!
H(Og1)
and the existence of a unique map
A = HO(OE - HY(0Z)) = ¢!

is obvious with Claim
Furthermore, a twist by O(2) gives the following diagram:

HO(Ops (1) @ OFF) ——= H(Ker(¢)(2)) = H(Zq,(2)) ® H(Zq,(2))
A
=DV

| HO(B)
HO(Op4 (1)) & HY(OZ7)

where the map g is surjective by Claim [£.40

Then obviously A; and Ae induce maps

At O(-1)% = O(-1)#

and furthermore

Aot O(=2)%2 5 0(=2)%2 @ O(—1)%4.

So altogether it follows that there exists a map A such that the diagram
commutes. This finishes the proof. n



114 4. THE MODULI SPACE M*N+2(P4) OF SEMI-STABLE SHEAVES

6 Construction of a Rational Map ¢, : My --» K

In this Section we explicitly construct a rational map ®p;x : My --+ K such
that its domain of definition contains all cokernel sheaves of the Kronecker
modules in B. For that we need some cohomological information about the
sheaves [F]| € My.

In this Section we adapt ideas of a manuscript of M. Lehn, Y. Nagai and D.
van Straten from the context of degree 5 curves to the present situation.

First, we consider an exact sequence
0-A—->W-—->B—=0

of vector spaces, where dim(W) =5, dim(A) = 2 and dim(B) = 3. The surjec-
tive map W — B induces a closed immersion P(B) C P(W) of codimension 2.
The central projection

71U = P(W)\P(B) — P(A)

with center P(B) is defined as follows: For any z € P(W)\P(B) there is a
unique subspace of P(W) of dimension 3 that contains x and P(B). Then z is
mapped by 7 to the intersection point of this 3-dimensional space with the line
L:=P(A).

This gives the open complement U = P(W)\P(B) the structure of an affine
bundle 7 : U — L over the line L. Any fiber is isomorphic to A3.

This implies that 7 is an affine morphism and hence by [12][Ex II 5.17]

U = Spec(B) for the Op-algebra B := m.Oy.

The choice of a splitting s : B — W gives 7 the structure of a vector bundle.
The natural algebra structure of the vector bundle induces an isomorphism

p:B=S*(B®Or(-1)).
Any other splitting has the form s := s + ¢ for some t : B — A = H°(Op(1)).

The isomorphism ¢’ induced by s differs from ¢ by an automorphism ¢’ o ¢!
of the sheaf of algebras S*(B ® Or(—1)) defined by

(L) :BR0OL(-1) > O0r®(B®0OL(-1)) C S*(B® Or(-1)).

Let N* := B® Op(—1) be the conormal bundle of P(A) in P(W).
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Lemma 4.41 o Let W be a 5-dimensional vector space and F € Coh(P(W))

a coherent sheaf on P(W) such that dim(Supp(F)) = 1.

We choose for a given sheaf F an exact sequence 0 > A —- W — B — 0
such that dim B = 3,dim A = 2 and Supp(F) N P(B) = @ and choose a
splitting s : B — W. Then one can associate to F a sheaf E € Coh(P(A))
with the structure of a B-module given by some map 8 : EQN* — E
with the commutativity constraint that the induced map

EQNN* S EQN*QN* - E
vanishes.

Conversely: Let 0 - A — W — B — 0 be an exact sequence of vector
spaces of dimensions dimW =5,dimA =2 and dimB =3 and s : B —
W a splitting.

If E is a coherent Or-module with a B-module structure as above, then
E defines a coherent Opy)-module F with 1-dimensional support in U =

P(W)\P(B).
e The correspondence has the following properties:
HY(E(n)) = H(F(n)) Vj >0,n € Z
and so
Pr(n) = Pr(n).
PROOF: Let F € Coh(P(W)) be an arbitrary sheaf such that
dim(Supp(F)) = 1.
Obviously a subspace P(B) can be chosen such that
Supp(F) NP(B) = 2,
i.e. Supp(F) C U. We define a map p by

P = Tlsupp(F) : Supp(F) — L.

For all z € L, the set p~!(x) C 7~ 1(z) = A3 is compact and so it consists of
finitely many points. Hence p is a finite map. It follows that R'm,F = 0 for all
i > 0. Since p is finite, by [I2][II 5.8.1] the direct image 7. F =: E' is a coherent

sheaf on L. By [12][III ex 8.1] and the fact that Rim.F = 0 for all i > 0,

HI(E(n)) = H (F(n))Vj>0,neZ
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and so

Since F is a Op(y)-module with support in U, the sheaf E has the structure of
a m.Op = B-module.
The B-module structure of F is via the isomorphism

p:B—=S*N*= 5" (B Or(-1))
completely determined by a homomorphism
B:EQN* = E,
that satisfies the commutativity constraint that the induced map
EQNN* 5 EQN*QN* > E
vanishes.

Replacing ¢ by ¢ changes 3 to 8’ := B+idg ®t, where t : B® Or(—1) — O,
is the adjoint to t : B — A.

Conversely: by [I2][IT ex 5.17e] there exists a sheaf F such that m,.F = E. It
remains to show that dim Supp(F) = 1. For that, assume that Supp(F) C
P(W) has dimension dim Supp(F) > 2. Then its intersection with P(B) which
has dimension 2 cannot be empty. m

A subsheaf E' C E is a B-submodule, if and only if the image of the map /3
restricted to E’ is contained in E’, i.e.

B:E @QN* - E— E/E

vanishes. Then for £’ the commutativity contraint mentioned above is clearly

fulfilled.

Lemma 4.42 (a) There is a bijection between subsheaves of F and B-sub-
modules of F.

(b) F is (semi-)stable if and only if E is a (semi-)stable B-module.

PRrROOF: (a) The bijection follows from the equivalence of category of quasi-
coherent Op-modules and quasi-coherent B-modules. (see [12][ex II 5.17¢])
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(b) Assume that F is pure. Let T be the torsion subsheaf of E. Since T @ N'*
is a torsion sheaf and E/T is torsion free, the map (3 vanishes on T @ N*.
Hence T is a B-submodule. By part (a), there is a unique subsheaf F’
of F such that m,F' = T. Since 7 is finite and dim Supp(7T’) = 0, also
dim Supp(F’) = 0. But as F is pure, 7/ = 0 and hence T = 0. This
implies that F is a vector bundle on L.

Conversely, if E is locally free and T a subsheaf of F of dimension 0, then
w1 is a subsheaf of F with 0-dimensional support and hence T" = 0.

Furthermore, since subsheaves F’ of F and their direct images 7, have
the same Hilbert polynomial, F is semi-stable if and only if F is a semi-
stable sheaf with respect to the B-submodules. n

Now we want to apply this to stable sheaves in the moduli space M4"2(P*) and
compute all possible sheaves £ = 7. F. So let F be a stable sheaf in M4"+2(P4).
Then E = @?:1 O(l;) for a sequence of integers 1 > ... > l4. We say that the
integer sequence [ := (l1,...,l4) has a gap if there is an ¢ with 1 <4 < 4, such
that I; > ;41 + 2.

Lemma 4.43 If F is stable, then there are no gaps in the integer sequence of
E.

PROOF: Assume there is an integer 7 such that {; > l;11 + 2. Then define E’ as
the subsheaf E' := Op(l1)®...®0L(l;). Hence E/E" = Op(lit1)®...®Or(l4).
The degrees of the summands of

EoN* = (Op(l)&...00L(1)) ® (B®0L(—1))
(OL(ll — 1) D...D OL(ZZ — 1)) ® B

12

are by definition strictly larger than the degrees of the summands of E/E’ =
Or(lix1) ® ... ® Or(ls). Hence the canonical map

E'oN*=FE @(B®0OL(-1)) - E/E

must vanish. So E’ is a B-submodule of E which is destabilizing. This is a
contradiction since F is stable by Lemma M(b) So the integer sequence does
not have any gaps. m

Proposition 4.44 For a stable sheaf F € M*"+2(P*), the possible integer se-
quences | are:
l=(1,0,-1,-2) and l = (0,0,—1,—1).
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PROOF: We assume that I > Iy > I3 > 4. Let 0 := Z?:l l;, then ¢ = —2, as
the Hilbert polynomial of O(ly) + ...+ O(l4) should be 4n + 2.

Obviously 0 < [ < 2. In fact, if [; < —1. Then ly,l3,l4 < —1, and so ¢ < —4.
Furthermore, if [ > 2, then lo > 1,13 > 0,14 > —1, as the integer sequence does
not have a gap and so o > 2.

If Iy = 0, then Iy € {0,—1} and if I = 0, then I3 € {0,—1} and so Iy =
—2—11 —lp —l3 = —2—13. Hence we get the integer sequence | = (0,0, —1, —1).
Iflo = —1,thenls € {—1,—2}and ly = —2—1; —ly—1l3 = —1—I3,s0 14 € {0,1},
which is a contradiction.

If [ = 1, then Iy € {1,0}. For Il =1 we have I3 >0 and Iy > —1 and so 0 > 1
which is a contradiction. So lo = 0 and hence I3 € {0,—1}. If 3 = 0, then
ly > —1 and so ¢ > 0 which is again a contradiction. So I3 = —1 and we get
another integer sequence [ = (1,0, —1,—-2). n

To obtain cohomological information about the sheaves F € My, we want to
prove that sheaves F € M4"T2(P%) with integer sequence (1,0,—1,—2) are
not contained in the component My of M4"*2(P4). For the proof we need the
following preparation:

Lemma 4.45 Let F be a stable sheaf on P* with Hilbert polynomial 4n+2 and
integer sequence | = (1,0,—1,—2). Then F is scheme-theoretically supported
on a plane.

PROOF: By assumption, E is a semi-stable B-module on L of the form F =
@?:1 Or(l;), where I = (1,0,—1,—2). Now consider the structure map S :
E®N* — E. Since N* = Op(—1) ® B, the map 3 looks like

I (OL(ll — 1) D OL(ZQ — 1) D OL(lg — 1) D OL(Z4 — 1)) ® B
— OL(ll) D OL(lg) D OL(Z;),) D OL(l4).

If we choose a basis by, ...,b3 for the vector space B, the map 3 is given by
three (4 x 4)-matrices f; = ( ,(,?n)m’n, where the entries are homogeneous forms
in §*A of degree Iy — Iy + 1. So if Iy < I, — 1, then 8%, = 0. Hence for
i1 =1,2,3, the matrices 5; are of the form

=
Il
O O ¥* ¥

O ¥ ¥ ¥
B S S
* X X X
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Since 3 is defined using the isomorphism B = S*A/*, the matrices 3; commute.
The entry BS% is a constant for i = 1,2, 3. If it were 0 for all 4, then O, (1) would
be a destabilizing B-submodule of E, which is a contradiction. So by changing
the basis of B appropriately, we may assume that Béll) =1 and ﬁfl) = Bé‘gl) =0.
So

pr = and §; = for ¢ > 2.

* K K ¥
B S S
R S
L R

S O = ¥
S ¥ ¥ ¥
O O O ¥
S ¥ ¥ ¥

The entries Bﬁ are linear forms in A. If we substitute the splitting s by s + ¢,

where t is the map t: B — A, b; — —Bf%, we can write the §; in the form

0 * * x 0 * * =«
1 * * % 0 * *x =x .

b1 = 0 % % % and 3; = 0 % % for ¢ > 2.
0 0 *x =x 0 0 x =%

As the matrices 8; commute, the second column of 32 and (33 vanishes:

0 0 % =x
0 0 * =«
Bi = 0 0 * =x
0 0 % =x

for i = 2, 3.
The entry 5:92) is a linear form. If ﬁéf% vanishes for all i, then O (1) ® O, would
be a destabilizing B-submodule of E. Since we already know that ﬁ:(,)QQ) = §32) =

0, we can assume that 63512) =: k # 0. But since for i = 2,3

0= 161,08 = b1Bi — Bib1 = ; ;
(81, Bi] = B1Bi — Bibh 0 kﬁg% .
0 kﬁy% x ok

it follows that 81"} = B34 = fy% = A% = 0 for i = 2,3.

Using the same arguments, we can deduce that 54(1713) # 0 and 6@1 = 552 =
By = B = 0for i =2,3. So 2 = 3 = 0.

This means that the scheme theoretical support of F is contained in the pro-
jective plane cut out by the linear forms s(bs) and s(b3) from P(W/).
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The structure of F is completely determined by the matrix

fr =

o O~ O

O I Xk ¥

* X K K

* X X X
|

Let F be a coherent sheaf on a smooth projective variety X. By the Hilbert
Syzygy Theorem one has a resolution of F by locally free sheaves &;:

0—-& —&-1—- =& —>E—F—=0.

Definition 4.46 (Chern class for a coherent sheaf) We define the Chern
class of F to be

and the Chern character of F by

n

Ch(F) => (~1)' Ch(&)).

1=0

Let F be a stable sheaf with Hilbert polynomial 4n + 2 and integer sequence
(1,0, —1,—2). The plane P? C P® containing its support, is unique. Otherwise
Supp(F) is contained in the intersection of two planes, at best a line. Then F
is of the form F = @ Or(a;) and hence it is not stable.

Lemma 4.47 Any stable sheaf G on P? with Hilbert polynomial 4n + 2 has
Chern classes ¢; = 4H and ¢y = 12H?.

PROOF: It it clear that ¢; = aH € H?(P?,Z) = Z and ¢ = bH? € H*(P?,7)
for some a,b € Z. We use the Riemann-Roch theorem for smooth projective
surfaces ([7, Thm. 14.2]):

Theorem 4.48 If G is a coherent sheaf on a smooth projective surface, then

_a(9)? = 2¢2(G) + c1(G)ea(Ts) c1(Ts)? + c2(Ts)
X(G) = 1 2 . 1 1 + rank(G) 1 a 2 .

Since by [29][II1.6 Prop. 6], deg(x(G(n)) = dim(Supp(G)), we have
dim(Supp(G)) = 1 and hence rank(G) = 0. So we have
3

2= X(6) = 501(6) + 3((0) ~ 22(0))
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and hence 2b = 3a + a2 — 4.

Since for any line bundle £ we have ¢1(GR L) = ¢1(G) +rc1 (L) and c2(GR L) =
c2(G)—c1(G)e1(L), we get another condition for a and b by choosing £ = Op2(1):
6 =x(G®0p2(1)) = %a+%a2 —b+a, and so 6 = %a+%a2 —b.

Altogether: a =4 and b =12. n

By the Lemma of Schur for stable sheaves, hom(G,G) = 1 and Serre duality
gives

ext?(G,G) = hom(G,G(—3)) = 0.

Definition 4.49 Let £ and F be coherent sheaves. Then the Euler character-
istic of the pair (€,F) is defined by

X(&E,F) := Z(—l)iexti(c‘:,}").

In the following we will use a version of the Theorem of Hirzebruch-Riemann-
Roch (see [15][Lemma 6.1.3]):

Lemma 4.50 If X is smooth and projective, then for coherent sheaves £ and
F,

X(E,]:):/Xchv(é').ch((‘:).td(X),
where chy (F) = (—1) chy(F).

Lemma 4.51 For any sheaf G € M*""2(P?), we have ext'(G,G) = 17.

PROOF:

3

1 1
t(Tp) = 1+ 5e1(Tpa) + (e1(Tpa)? + ea(Tpa)) = 1= S+ 12,

h(G) =1+ 1(G) + (EX(G) — 23(G)) = 4h — 16h2

2
and
h((G)) =7~ e1(G) + 1 (A(G) ~ 2e2(0)) = —4h — 1617,
hence

ext’(G,G) —ext!(G,G) +ext?(G,G) = 1 —ext!(G,G) = / chV(E). ch(E). td(X)

X

= (4h — 16h?).(—4h — 16R%).(1 — gh +h%)=—-16. n
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By M*"*2(P?) we denote the moduli space of stable sheaves on P? with Hilbert
polynomial 4n + 2. Since for all stable sheaves G € M*""2(P?), we have
ext’(G,G) = 17 and ext?(G,G) = 0, the variety M*"+2(P?) is a smooth projec-
tive variety of dimension 17.

Remark 4.52 There is an open subset of M4 *2(P2) consisting of line bundles
L of degree 4 on smooth plane curves of degree 4 and genus 3. Indeed, such a
line bundle has Hilbert polynomial 4n + 2, since

X(L)=deg(L)+(1—g)=4+(1-3)=2.

Any smooth plane curve of degree 4 has genus 3. We consider the ideal sheaf
sequence of C

0 = Zg/pe — Op2 — Opz2|c — 0. (15)

Since Zg/p2 = Op2(—4), we compute after a twist of sequence |15 by Op2(4)

#(Op()le) = 19(0p (1) ~ 190p) = (15 7) <1 =14

and hence h?(Ng/p2) = h%(Op2(4)|c) = 14.

Thus the plane curves of degree 4 and genus 3 are parametrized by an open
subset in a projective space of dimension 14. The choice of £ € Pic(C) adds
another 3 dimensions: using the exponential sequence

0— HY(C,7) - H(O¢) — Pic(C) — H*(C,Z) — ...,
and the fact that H'(C,Z) and H?(C,Z) are discrete, we deduce that
dim Pic(C) = dim h' (O¢) = g(C) = 3.
Hence the dimension of this open set is 14 + 3 = 17.

We define M’ to be the closed subset of M4"+2(P*4) of stable sheaves [F] that
are supported on a plane.

Lemma 4.53 M’ is a smooth projective variety of dimension 23.

PRrOOF: No stable sheaf can live on a line, hence the plane that contains the
support of [F] is uniquely determined. This gives a map

M’ — Grass(2, P%),

which has smooth fibers of dimension 17. Thus M’ is a smooth projective
scheme of dimension 17 + dim(Grass(2,P*)) =17+3-(5-3) =23. n
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Proposition 4.54 Let [F] € M*2(P*) be a stable sheaf with integer sequence
(1,0,—1,—2). Then [F] is not contained in My.

PROOF: The strategy of the proof is to show that extg,(F,F) = 23 = dim M".
Then a neighborhood of F is contained in M’. Since

TrM*" 2 (PY) = Extpa (F, F),

the sheaf F corresponds to a non-singular point of M’ and no other component
of M4"*2(P4) intersects M’ in F. As M’ ¢ My and My ¢ M’, the assertion
follows.

So we compute the dimension of the Ext-group ExtD1)4 (F,F) now.
Let i : P2 — P* denote the closed immersion of the plane supporting F. We
have for any coherent sheaf on P* an isomorphism

Hompa (G, i, F) = Homp2(i*G, F)

that is functorial in G € Coh(P*). Now consider the change-of-rings-spectral
sequence (see [3][XV,5])

ERY .= Ext?, (Tory ' (F, Op2), F) = ExtZ{4(F, F)
and use the exact sequence of terms of low degree
0— By’ —» B' - Bt — B3 — E?

where

E' = Extp(F, F) and
Eé’o = EXtﬁ;g (7—07“89'})4 (]:, Oﬂ:2), f) = EXtﬁ:g (f & O[P2,f) = Extﬁ;g (./_", f),
which we have already computed. Furthermore

Eg’l = Extu0>2<7'07"?u34 (F,0p2), F) = HomW(TOT?M (F, Op2), F).

Hence we need to compute Tor?"’4 (F,Op2). The ideal sheaf sequence of Op2
in Opa gives rise to the exact sequence

0—>Tor?“’4(]-“,(9pz) - FRL—F — Flp2 — 0,

where T is the ideal sheaf of P2 in P%. So using that F is supported on a plane,
we have

Tors ™ (F,0p2) = F@ Ilpz = FQL/I2 = FQN*.
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So we obtain an exact sequence
0— Ethlpz(]:,]:) — ExtD1>4(.7'-7f) — Hompe (F @ N*| F) — Extp2(F,F) = 0.

We want to compute extp, (F,F) and know that extp,(F,F) = 17. So it
remains to compute the dimension of

homp: (F @ N*, F) = hompz (F ® Op2(—1), F) = 3homp(F, F(1)).

The multiplication by any of the coordinate functions of P? gives three homo-
morphisms in homp2(F, F(1)). We show that there are no other homomor-
phisms.

F has the integer sequence (1,0, —1,—2). Since F and
T F = O[Pl(l) D O[Pl D O[Pl(—l) D O[Pl(—2)

have the same number of sections, the twisted sheaf F(—1) has a unique section.
Since F is pure, the image F' of the map a : Op2(1) — F defined by the section
of F(—1), is pure. Assume that the kernel K := ker(«) is not locally free.
Denote by K the saturation of K in Op2(1). Then the cokernel of K — Opa2(1)
is a quotient @ of ' (which coincides with F” in all but finitely many points).
But that means that the kernel of the map 7 — @ has a support of dimension
0. That contradicts the fact that F’ is pure. Thus K = Op2(—m) for some
m > 0.

The Hilbert polynomial of F’ is
Pri(n) = Po_,1)(n) — Po_y(—m) (1)
_(n+3\ (n+2-m
S\ 2 2
1
=(m+1n+ i(m +1)(4 —m).

So the reduced Hilbert polynomial of 7’ is n + (4 — m).
We assume that F’ is a proper subsheaf of F. Since F is stable and F' is a
proper subsheaf of F, we get the condition

1 1
n—|—§(4—m) <n—|—§
for the reduced Hilbert polynomials of 7' and F. Then m > 4. But that means
that the Hilbert polynomial of F’ has at least the leading coefficient 5, which is
a contradiction, as F’ is a subsheaf of a sheaf with Hilbert polynomial 4n + 2.
Hence 7' = F.
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So we have an exact sequence
0 — Op2(—3) = Op2(1) = F — 0.

Therefore Ker(a) = Zo ® O(—1) for some plane curve C of degree 4 and F =
Oc(1). Hence

Home,, (F,F(1)) = HomoPQ((’)C(l),}"(l)) C Homo[PQ((’)[PQ(l),}"(l))
= H(F) = C>.

Hence extg,(F,F) =17+6=23. n

Proposition 4.55 Let [F] € My be a semi-stable sheaf on P* with Hilbert
polynomial 4n + 2. Then h°F = 2,h'F = 0. Moreover h°(F(1)) = 6. In
particular, F is 1-reqular.

PROOF: I) First assume that F is a stable sheaf. Using the notation of Lemma
set £ := mF. Then h/(E(n)) = hi(F(n)) for all j > 0 and n € Z.
By Proposition and Proposition we obtain for F € M, the sheaf
m.F = E =02 ®Or(-1)? and hence

RO(F)=h(E) =2, h'(F)=h"(E)=0

and furthermore
RO(E(1)) = h°(0L(1)%% @ 0F?) = 6.

IT) Now assume that F is a strictly semi-stable sheaf. In this case, there exists
an exact sequence

0—F - F—=F"=0,

where 7' and F” have Hilbert polynomials Pz (n) = Pru(n) = 2n + 1. By
Proposition F' and F" are structure sheaves O¢ resp Ogr of curves @ and
Q' of degree 2. Hence h'(F') = h}(F”) = 0. Since Pr(n) = Pr/(n) + Pz (n),
this implies that

ho(]:) = hO(OQ/) + hO(OQ//) = 2.

Moreover, since h!(F'(1)) = h!(F"(1)) = 0, we have h%(Og (1)) = h°(Ogr (1))
= Po,, (1) = 3 and hence RO(F(1)=3+3=6. u
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Lemma 4.56 Any semi-stable sheaf F on P* with Hilbert polynomial 4n+ 2 is
2-regular.

PROOF: Since dim(Supp(F)) = 1, it suffices to check that H'(F(1)) = 0 for
any such sheaf F.

First, assume that F is stable. Then by Proposition [£.44] the sheaf F has either
the integer sequence (0,0, —1,—1) or (1,0, —1,—2). In the first case,

RHOL(1)P2 @ 0%%) = 0O (—4)P2 0 O (-3)P2) =0

and in the second case

RHOL(2) ® OL(1) @ Op @ Op(—1))
> 9(OL(—4) @ On(=3) @ OL(-2) ® O(-1))
=0.

Hence H!(F(1)) = 0. Observe also that H'(F) # 0 in the second case and

hence a sheaf with integer sequence (1,0, —1, —2) is not 1-regular.

For a strictly semi-stable sheaf F we have an exact sequence
0—>F - F—=>F"—0,

where 7' and F” have Hilbert polynomial 2n + 1. As seen in the proof of
Proposition F' and F” are structure sheaves of curves of degree at most
2. So it is clear that H'(F'(1)) = H'(F"(1)) = 0 and hence also H'(F(1)) = 0.
[ |

Using this cohomological data of semi-stable sheaves F with Hilbert polynomial
4n + 2, we want to construct a rational map ®prr : My --» K.

Since all semi-stable sheaves F on P* with Hilbert polynomial Pr(n) = 4n +
2 are 2-regular, the moduli space M*"*2(P*) is constructed as a categorical
quotient of some open subset X of the moduli space Q = Quot(Opa(—2)®19, P)
by an action of the group GL(V'), where V is a C-vector space of dimension 10.
Let 7: X — X // GL(V) be the good quotient of X by the action of GL(V).

Since we are just interested in the component My of M 4nt2(P1) we consider
the closed subset 771(My) C X. By definition, 771(My) is GL(V)-invariant.
Thus one can construct a good quotient My = 771(My) J GL(V).

Now the first step of the construction of a rational map ®prx : My --+ K is to
define a rational map .
Py T_I(M4) --» K.
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Afterwards we show that ® s is invariant under the action of GL(V) to obtain
a rational map

i s My =771 (My) ) GL(V) --» K.
We start with a flat family in 771(My), i.e. a flat family

Opaxp(—2)%10 - F =0

@10

of quotients of Opa(—2)P10 parametrized by an open set X C 7-!(M,). Hence

for any restriction } )
F(@) := Fliayxpa,
z € X we obtain h%(F(z)) = 2 and h'(F(z)) = 0 by Proposition m
Let p: X x P* 5 X and ¢ : X x P* — P* denote the projections on the first
resp. second component.
By ¢' we denote the natural map

¢'(x) : R'p(F) @ C(z) — H'({z} x P4, F(x)).
Since h'({z} x P*, F(z)) = 0 for all by Proposition , the map o'(x) is

surjective and hence an isomorphism by [I2][IIl. Thm 12.11a]. So R'p,F =0
and Rip,F = 0 for all i > 1. Hence by [I2][Thm 12.11b], the map ¢° is
surjective. Now we apply again [12][Thm 12.11b] to conclude that

ROp,F = p.F =1 Ag

is a locally free O x-module of rank ho(.7:'|{r}X[P4) = 2.
Consider the evaluation map

ev:p Ay = p(pF) = F.
We set ~
Xo :={z € X | F(x) generated by global sections };

hence N
evx, : p*(Aolx,) — f|p‘1(X0)

is surjective.

Lemma 4.57 X is an open subset of X.

PrOOF: We consider the exact sequence
p* Ay S F — F/Im(ev) — 0.

The support of the coherent sheaf F/Im(ev) is closed in X x P%. Hence the
image of Supp(F/ Im(ev)) under the projection map p is also closed in X, since
the projection p is proper. The set p(Supp(F/Im(ev))) contains exactly those
points 2 € X, for which F(z) is not globally generated. m
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Remark 4.58 We will see in Lemma that X # @.

We define N to be the kernel of the evaluation map twisted by ¢*Opa(1). So
N sits in the exact sequence

0—>N—>p*(A0|XO)®q*O[p4( )—>]'—|p 1(Xo) X q (9[p4( )—)0. (16)

Since the sheaves p*(Ag|x,) and F [p—1(x) are flat over Xo, the family NV is also
flat over Xy, see e.g. [12][III Prop.9.1A(e)].

Lemma 4.59 The subset
X1 = {& € Xo| W () = BN zypt) = 4} C Xo
18 open.

Remark 4.60 Again we will see in Lemma that X, # @.

PROOF: First, observe that h®(N(x)) > 4 for all # € Xp. Indeed, restricting
the sequence (16)) to {z} x P* gives by [2I][Prop 1.2.6] an exact sequence

0= N(z) = (p"(Aolxo) ® ¢ Opa (1))l xps
- (-F’pfl(Xo) ® q*O[P‘*(1)>‘{$}»><[P‘1 — 0.
This exact sequence gives rise to a long exact sequence of cohomology:
0 — HO(N(x)) —>H0(( "(Aolxo) ® ¢ Opa(1))] ) xp4)

HO(Flp-1(x5) © 4" Opa (1)) xpt) = H (N (2)) = 0,
using H1<<p*<Ao|XO>@q*@w(l)ﬂ{mo = [1(Ops(1))%2 = 0. Since by Propo-
sition

((]:‘p 1(Xo) ®q O[P4( ))|{m}><[P4) =h (ﬁ(m) ®q O[P4( )|{x}><[P4)
= 1(F(2) ® Ofayxpa(1))
= h(F(x)(1)) =6,
and similarly h°((p*(Aolx,) ® 7" Opa(1))|{z)1xp4)) = 10, we have RO(N (x)) > 4.
Since the family N is flat, it follows with semi-continuity of cohomology (see
[12][Rem 12.7.1]), that the set {z € Xo|h°(N(x)) < 5} is open. In total, we

obtain
{w € Xo| AW (@) < 5} = {x € Xo | KON (w)) = 4},

hence X is open. m



6. CONSTRUCTION OF A RATIONAL MAP @i : My --+» K 129

Remark 4.61 The proof shows that for z € Xj, the space H(N(z)) = 0.

Now we construct a morphism X; — W. Using Remark and [12][III. Thm.
12.11] we may argue as before for Ay and conclude that A; := p.(N]x,) is a
locally free Ox-module of rank 4. By sequence we have an Ox-linear map

pxNx;) = px(p" Ao ® ¢*O(1)).

Via the projection formula we obtain

1

p*(p*.Ao (= q*(’)[P4(1)) AO ®p*q*(’)u>4(1)

Ao®0§(

1%

Composing these two morphisms gives a family of Kronecker modules
A — Ay @ CP.
This defines a morphism
® = Pyx|x, : X1 — W = Hom(A;, Ay ® C%)

in the following way: First we define the map set-theoretically. Take a point
x € X7 given by the sheaf F. Then F is globally generated by two section and
we have an epimorphism Ops(1)®? — F(1) — 0, whose kernel A/ has exactly
4 sections. The composed map (’)ueff — N — Opa(1)®? defines a Kronecker
module. By the previous considerations this map is a morphism of schemes.

Since the Kronecker modules obtained in this way might be unstable, we have
to shrink X7 once more to some open subset Xo C X7 to obtain a morphism

(i)MK’Xg 1 Xo —>WSS//G:K.

Lemma 4.62 The subset Xo C X7 of sheaves F € X with ®(F) a semi-stable
Kronecker module, is open in X;.

PROOF: Being semi-stable is an open property in flat families. Hence inside
Im(®) C W there exists an open subset W**NIm(®) of Kronecker modules that
are semi-stable. Now we define X5 to be the preimage ®~1(W**NIm(®)) C X;.
Obviously, X5 is an open subset of X;.
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Lemma 4.63 The cokernel sheaves
Ops(-1)%* 5 (’)D?f — Coker(p) — 0
of Kronecker modules ¢ € B are contained in Xao. In particular, the set Xs is

non-empty.

PROOF: Step 1: First, it is clear that the cokernel sheaves of Kronecker mod-
ules in B are globally generated. Hence they are contained in the set Xj.

Step 2: By N we denote the kernel of the induced map
Opa(1)®2 = Coker(¢)(1).

To show that the sheaves Coker(y) are contained in X1, it suffices to show the
assertion

RO(N) =4

for some Kronecker module in the stratum Bjg because of the semi-continuity
theorem of cohomology. To do this, we choose the representative

t
A= <x0 Tr1 I2 0) c Blo.
0 xo x1 =2

Recall (Lemma [4.24]) that for F := Coker(A!) we have the exact sequence
0— i 0L(-1)% = F —4,09% - 0,

where L is the lines in P* defined by zg = x1 = x2 = 0. In this situation we
constructed the following commutative diagram (see diagram ):

0 0
Gi i Ga2 0
3
o a
Y
Opa(—1)8* 2> 022 F 0
0 v
L
Z*OELDQ
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Then by definition N (—1) = Im(¢) = Im(p). Hence there is an exact sequence

0— N — (T ® Ops(1))®2 = G (1) 1,092 = Go(1) — =0

-

(Zr ® Opa()P?)|1

The map f factorizes over Zj, @ Ops(1)®2|, since Supp(i.OF?) = L.
Now

(Zr ® Opa(1)*?) | = I1,/T} © O(1)%?
= N1 ® OL(1)% = OL(-1)*? @ 0., (1)%* = OF°.

The map ~ : (’)EL% — (9?2 is given by a (2 x 6)-matrix with constant entries and
is surjective. Hence H(3) is surjective, too.

In order to show, that h%(N) = 4, we need to show that H°(Z; ®Opa(1)%?) = 6.
Thus it suffices to show that

(T © Opa(1)) = h((Zp ® Opa(1))|1) = 3.

There is an exact sequence
0—7Z%(1) = ITp @ Opa(1) = I, ® Opa(1)|g — 0. (17)

We want to use the long exact cohomology sequence of this sequence to show
the assertion. To do this, we need to compute H°(Z%(1)) and H'(Z?(1)). So
we consider the exact sequence

0—7Z2(1) = Ip(1) = Ip,/Z%(1) — 0. (18)

Since there are exactly 3 hyperplanes in P containing L, we have h°(Zp (1)) = 3.
Then the ideal sheaf sequence of L in P* gives rise to a long exact sequence

0 — HYZp (1)) = HY(Opa(1)) = H*(O1(1)) = HY(Z (1)) — HY (Ops(1)) = 0.
This implies that H'(Z;(1)) = 0.

Furthermore, HY(Z2(1)) = 0, since the scheme 2L defined by Z?, does not lie in
any hyperplane of P%. Hence the long exact cohomology sequence of the short

exact sequence
0 — HY(Z7(1)) = H(Z(1) — HY(OF?) — HY(ZE(1)) — H'(Zp(1)) = 0,

implies that H!(Z%(1)) = 0.
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So the assertion that h°(N = 4) follows directly from the long exact cohomology
sequence of the short exact sequence ((17]).

Step 3: It remains to show, that given a Kronecker module ¢ in B, then the
cokernel Coker () belong to Xa, not only to X;. By definition, this means that
® s (Coker(¢)) is a semi-stable Kronecker module.

By construction, @, (Coker(p)) gives back the Kronecker module ¢, which is
stable by definition of B.

In summary, we have established a morphism ) MK|x, : X2 — K and hence a
rational map ®prx : 7 (My) -+ K.

I~n order to obtain a rational map Py : My --+ K, we need to observe that

@)/ descends to a rational map on the good quotient 771(My) J/ GL(V). But

this is clear since the construction is invariant under the action of GL(V) on
~1

T (My).

Summing up, we obtain the following result:

Theorem 4.64 There is a birational map ®rpr : K —-—» My C MA"H2(P4)
defined outside S U P. The inverse map @y is defined on an open subset of
My consisting of sheaves F subject to the following properties

(a) F is globally generated by 2 sections,
(b) if N is the kernel of the induced map Ou?f(l) — F(1), then hO(N) = 4,

(c) in the resolution
2 A 4
0 .F O[P4 OD:A (—].) P

of F constructed from the data in (a) and (b), the Kronecker module A
18 semi-stable.

Remark 4.65 Observe that S?(M?"+1(P4)y) is contained in the domain of
definition of the rational map ®)/x. In fact, sheaves of the form Og, ® Og,
are obviously globally generated by 2 sections and furthermore

hO'N) =28 (Zg, pa(1)) =4

as there are two hyperplanes in P? containing the quadric Q. It is easy to see
that the Kronecker module ®y/x(Og, ® Oq,) is poly-stable and its maximal
minors define the unique planes spanned by ()1 and Qs.
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7 Open Problems

I. Question: Is M, non-singular in every point, in particular in any point
x € S2(M*H (P4)o?

(a)

The regularity in generic points of S%(M?*F1)(P4), i.e. if the support of
Oq, ® Og, € S?(M?"1)(P*), consists of two smooth plane quadrics Q4
and Qo that intersect in exactly one point, is proven in Theorem [4.37]
Now one has to consider for example the special cases:

(i) The quadrics @1 and @2 can degenerate into singular quadrics i.e.
pairs of lines intersecting in one point or double lines.

(ii) The planes F; and Fs can degenerate into planes that intersect in
one line or into the same plane.

(iii) The pair of quadrics (or degenerated quadrics) can intersect in 2 or
4 points or have a common line (in case that the planes F; and FE,
intersect in a line or are the same).

If x corresponds to a sheaf of the type F = (’)82 for some plane quadric @,
the choice of a family of deformations of F inside M, is much more difficult
than in the proof of Theorem .37 A crucial point in the construction
of Theorem [4.37] p was to descrlbe deformatlons of G = Og, ® Og, inside
S22t i.e. those deformations inside S?(M?"+1)(P4) that leave
Supp(g ) connected. Our method was to first deform the intersection point
of 1 and ()2 into some point p and afterwards the quadrics @1 and Q2
through p in order to find a 20—dimensional family of deformations of
G. For F = (’)82 it is not clear how to describe the deformations leaving
the support connected. Furthermore the group action of the stabilizer
Aut(F) = GL2(C) is more complicated.

II. Question: In Section [4[6] we constructed a rational map ®psx : My --» K.
Its domain of definition is an open subset of My consisting of sheaves F with
the following properties:

(a)
(b)
()

F is globally generated by 2 sections,
if NV is the kernel of the induced map Ou?f(l) — F(1), then h%(N) = 4,

in the resolution
2 A 4
O<—]:<—O[P4<—O[P4(_1) — ...

of F constructed from the data in (a) and (b) the Kronecker module A is
semi-stable.
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It is not clear so far, whether one can extend this rational map to a morphism
on My, i.e. whether the set 7(X3) is a proper open subset of M. So the question
is whether there are sheaves F in My that are not globally generated or sheaves
F that are globally generated and h°(N') > 4. The difficulty is again to decide
whether sheaves with these properties are contained in the component M, of
the moduli space M4"T2(P4).



Appendix A

Source Code of the Singular
Programs

The following programs used in various parts of this Thesis were developed
using the computer algebra system Singular ([5]).

1 Dimensions of the Orbits and the Luna Slice

This Singular program computes the Luna Slice of a given matrix on its stratum
with respect to the group action of G resp. the joint action of G and PGL(V).
The dimension of the strata with respect to the action of G resp. G and PGL(V')
can be read of from the length of the list WQ resp. V Q.

Listing A.1: Slice

LIB "matrix.lib”;

int p=0;

ring P4= 0, (x(0..4)), dp;
matrix MX[5][1]=x(0..4);
int i,j;

//Input: 4x2 matrix A
//Output: 20x40 matrix, whose rows are given by the

// action of a basis of Lie(G) on A and a

// 45x40 matrix, whose rows are given by the
// action of a basis of Lie(G) and Lie(GL(V))
// on A.

// Every column of the output corresponds to
// a Kronecker module, viewed as a 40xl

// matrix with entries in C.
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proc stabilisator (A)

{

i

matrix AA[8][1];

for (i=1;i<=2;i=i+1){ for (j=1;j<=2;j=j+1) {
matrix EE[2][2]; EE[i,]j]=1;
matrix B[8][1]=ideal(—A+EE);
AA=concat (AA,B); kill EE,B;

b

for (i=li<=4;i=i+1){ for (j=1;j<=4;j=j+1) {
matrix EE[4][4]; EE[i,j]=1;
matrix B[8][1]z1deal(EE*A),
AA=concat (AA,B); kill EE,B;

b

matrix BB=submat (AA,1..8,2..21);

matrix C[8][5]=transpose(lift (maxideal(1l),ideal(A)))>
for (i=1;i<=5;i=i+1){ for (j=1;j<=5;j=j+1) {
matrix EE[5][5]; EE[i,]j]=1;
matrix B[8][1]:1deal(C*EE*MX);
AA=concat (AA,B); kill EE,B;
Fits
AA=submat (AA,1..8 ,2..46) ;

matrix NB[20][40]=1ideal(transpose(lift (maxideal (1), >
ideal (transpose (BB)))));

matrix NA[45][40]=1ideal (transpose(lift (maxideal (1), >
ideal (transpose (AA)))));

ns

)
return (transpose (NB) ,transpose (NA));

//Input: 40xm matrix W
//Output: List of the columns of W as 4x2 matrices with )

entries in V=<x0,...,x4>

proc umschreiben (W)

{

int m=ncols (W) ;

matrix W2[m=8][5]=1ideal (transpose (W));
ideal J=W2«MX; // hat 8+m Eintraege
list L;

int j;

for (j=1;j<=m;j=j+1){
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matrix Z[4][2]=J[(j—1)*8+1..j*8];
L[j]=Z; kill Z;
b

return (L) ;

matrix UQ,TQ=stabilisator (Q); // TQ is a 40x45 matrix
matrix WQesyz (transpose (TQ)) // WQ is a 40x10 matrix
matrix VQ=syz (transpose (UQ))

I
?
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// computes the slice with regard to the group action >

of G at A as list of Kronecker modules
list L=umschreiben (WQ) ;
for (i=1lji<=size(L);i=i+1){ print(L[i]);print(” 7);};

// computes the slice with regard to the group action »

of G and PGL(V) at A
list L=umschreiben (VQ) ;
for (i=lji<=size(L);i=i+1){ print(L[i]);print (" 7);};
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2 Saturation

The following program computes the saturation of the family of ideals associated
to points of a line in the Luna slice of 5.

Listing A.2: Saturation

LIB ”elim.lib”;
ring R=(0),(x(0..4), t),dp;
//51

poly t(1) = 0;
poly (2) = 1;
poly t(3) = 0;
poly t(4) = 0;
poly t(5) = 0;
poly t(6) = 0;
poly t(7) = 0;
poly t(8) = 0;

x(0)4 t*(—
tx(t(1)x*x(
tx(t(3)*x(
x(0)+t*(t(
x(1), x(2)
x(3) )

ideal I = wedge(M,2) ;
ideal T = t;
ideal J = sat(I, T)[1];

ideal JT = J,T;
print (std (JT));
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3 Extension to the Blow-up of K along S

The following program computes the saturation of the family of curves associ-
ated to points of the Luna slice of € S7 blown up in the point x.

Listing A.3: S

//Extension of the curve family over K's\S to a blow—up)
of S

LIB ”elim.lib”;
ring R=(0) ,(x(0..4) ,t(1..8) ,t,s(1..8)) ,dp;

//slice of some representative of S1 (the slice is )
isomorphic to A"8)

7lmatrix M[4][2]=

x(0)=t (5)*x(1)—t(6)*x(2)—t (7)*x(3)—t(8)*x(4),
t(1)*x(1)+t(2)*x(3)+t(5)*x(2)+t (7)*x(4),

t(3)*x(2)+t (4)*x(4)—t(6)*x(1)—t(8)*x(3),

X(0)4+t (5)*x(1)+t(6)*x(2)+t (7)*x(3)+t (8)*x(4),

x(1), x(2),
x(3), x(4);

//homogeneous ideal generated by the maximal minors of >
the slice M
ideal I=wedge(M,2) ;

//sl,...,s8 parameter of the blow—up of the A"8 along 0
matrix ST[2][8] = t(1..8), s(1..8);

//blow—up of A"8 in 0

ideal st = wedge(ST,2) ;

//family of curves over the blow—up
ideal IST =1, st;

ideal T = t(1..8);

//extension of the curve family by saturation in T
ideal J = sat (IST, T)[1];

//prints the extended curve family
print (std(J));
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//prints the family of curves parametrised by the >
exceptional divisor

ideal JT = J, T;

JT = std (JT);

print (JT);
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4 Extension to the Blow-up of K along P

The following program computes the saturation of the family of curves associ-
ated to points of the Luna slice of € P; blown up in the point x (respecting
the C*-action on the slice).

Listing A.4: P

//Extension of the curve family over K\P to a blow—up >
of P

LIB "elim.lib”7;

ring R=(0) ,(x(0..4) ,t(1..10) ,s(1..10)) ,dp;

//slice of a representative in P1

matrix M[4][2]=x(0), t(1)*x(1)+t(2)*x(4)—t(4)*x(0) ,x(1)>
, 6(3)xx(0)+t(4)*xx(1)+t(5)*x(4),

—t(9)*x(2)+t (6)*x(3)+t (7)*x(4), x(2),

t(9)*x(3)—t (8)*x(2)+t(10)xx(4), x(3);

//

homogeneous ideal generated by the maximal minors of >
the slice M

ideal I=wedge(M,2) ;

//blow—up of the A"{10} along some A"5 and then again )
along an A"5 (intersecting in the point 0)

matrix ST1[2][5] = t(1..5), s(1..5);

matrix ST2[2][5] = t(6..10) ,s(6..10);

ideal stl = wedge(ST1,2);
ideal st2 = wedge(ST2,2);
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//extension of the curve family via saturation
ideal IST = I, stl,st2;

ideal T1 = t(1..5);

ideal J = sat (IST, T1)[1];

ideal T2 = t(6..10);
ideal K = sat(J,T2)[1];

//prints the extended family
print (K) ;

ideal JT = K, T1,T2;
JT = std (JT);
//prints the extended family restricted to fibers

parametrised by the exceptional divisor
print (JT);

P




Appendix B

List of Kronecker Modules

In this Appendix we systematically go through all possible matrices with entries
in K (s,t) occurring as Kronecker modules of type (4, 2).

If the matrix with entries in K (s,t) has a zero row, then the associated matrix
with entries in

V:<.’I}0,...,.’E4>

also has a zero row and so it is unstable.

In the following, we will go through the remaining possible combinations. We
will list the matrices M; with entries in K(s,t), together with the resulting
representatives IV; of Kronecker modules as matrices with entries in V. If there
are eigenvalues occurring in N; we will apply Lemma |2.18

By the size of the block C'; we mean the number of columns of C', by the size of
the block A the number of rows of A and by the size of B the number of rows
of B (which is the same as the number of columns of B).

I. The size of block C is zero:
(a) The size of block B is zero:

s t Ty T
s t r1 T2
M, = , N1 =
s t Tr9 I3
s t T3 X4

This is a representative of the stratum By.

(b) The size of block B is one:

s+ At ‘ o )\xo
s t T1 X2
M - N =
2 s t 12 Ty T3
s t T3 X4
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i) 0
1 I2
Tro9 I3
Tr3 T4

and for A = 0, this is . This is a representative of the stratum

B;.

(c¢) The size of block B is two:

54 Mt
Aot
M; = A2
s
s t
and
s+ M
t t
M, = s+ A
s t
s t
o )\13?0 i) 0
Then Ns = | “1 2271 | ie. for A = o, Nl =™ O | i strictly
Z2 €3 T2 T3
r3 T4 T3 T4
i) 0
. 0 .. .
semi-stable and for A\; # Ay N2 = - il . This is a representative of
2 3
T3 T4
Bs.
i) 0
o r1 X0 .. . 1
Furthermore N4 = vz | This is a representative of Bs.
2 T3
r3 T4

(d) The size of block B is three:

s+ At
s+ Aot
S—|—>\3t




and
M7 =
Ty A1To
T1 A9
Then N5 = | =1 271
X9 )\31‘2
I3 T4
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s+ At
t s+ At
t s+ At
‘s t
i.e.

(i) if the \; are pairwise distict: we set \; = 0, Ay = 0o and A3 = 1 and

zg O
obtain the matrix N} = a?g i; , this is a representative of the
T3 T4
stratum Bg
zg O
(ii) if A1 = Ao # Ag: N2 = :1(:)1 :32 , which defines a strictly semi-
T3 T4

stable Kronecker module. Since the situation is symmetric in A1, Ao
and A3 we do not have to go trough other combinations, where two
of the eigenvalues coincide and the third one is different.

zg O
(iil) if Ay = Ao = Ag: N3 = i; 8 , which defines an unstable Kro-
T3 T4
necker module
To A1Z0
Futhermore Ng = 2 o ;—2;\211:1
x3 T4
xg O
(i) if Ay # Ao N = %1 ig is a representative of Bj.
r3 T4
zg O
(ii) if \y = Aot N2 = i; :%0 is strictly semi-stable

r3 T4
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i) )\xo i) 0
1 To+ Ar1 | . T, T ) .
and Ny = 0 i.e. Ol isa representative of B?)
T2 T1+ A1 T2 @1
z3 T4 T3 T4

(e) The size of block B is four: then the last column is zero.

s+ At 0
_ s+ Aot 0
Mg = s+ Ast 0|’
s+t O
S + )\1t 0
s+ Aot 0
Mo —
9 s+ Ast 0|’
t s+ A3t 0
s+ Ait 0
_ t s+ A\t 0
Mo = S + )\Qt 0 ’
t s+ At 0
s+ A\t 0
s+ Aot 0
My —
H t s+ Aot o[
t s+ Xt 0
s+ At 0
t s+ At 0
M= t s+ M 0
t s+ At 0
Zo )\1%0
I /\2.%1 . . . . .. .
Then Ng = . Again, the situation is symmetric in the eigen-
xT9 >\3ZE2
I3 /\41’3
values and we just have to go through the following choices for the eigen-
values:
i) 0
(i) if the \; are pairwise distinct: NI = a? il defines a family
2 2
T3 AT3

of stable matrices in the stratum B2
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Zo 0
(i) if Ay = Ay and A3, As, A\ pairwise distinct: N2 = “3 f is
2
r3 I3
strictly semi-stable
i) 0
(iti) if Ay = Ag and A3 = Ay # A\i: N = 5%1 g? is the poly-stable
2
0 I3
stratum Pj
i) 0
W) A = Ao = Az £ A NE= |70 0 | i unstable
( ) 8 T 0
2
0 =x3
zg O
(V) i A= Ao = s = A N2 = [ “1 O is unstable
zo 0
T3 0
Zo )\1560
Then Ng = 1 Aoy i.e.
T2 A3
xr3 T2+ )\31‘3
To 0
i) if the \; are pairwise distinct: N& = LT e representative
9 0 =z
2
T2 I3
of Bg.
i) 0
(ii) if Ay = Ao # A\g: NG = "%1 a? is strictly semi-stable
2
T2 T3
ZTo 0
veey e I 0 .
(iii) if Ay = Xg = Ag: N§ = e 0| unstable
r3 I2
i) 0
(iv) if Ay = A3 # Aa: Nj = ; 5161 is strictly semi-stable
2

r3 2



148 APPENDIX B. LIST OF KRONECKER MODULES
) A1
Furthermore Ny = TLTo+
T2 oo
T3 T2+ A2x3
zg O
(i) if \p = Aoz Ny = 21 :%0 is strictly semi-stable
2
r3 I2
i) 0
(i) if Ap # Aot N2 = | “1 0 | this is the stratum B3
T2 T2
r3 T2+ x3
o A1Z0
Furthermore Ni; = 1 Aoty i.e.
To9 X1+ /\2%2
T3 T2+ Aox3
i) 0
(i) if Ay # Xg: N = 0 @ is a representative of Bg
Tr1 T2
T2 T3
i) 0
(ii) if Ay = Xo: N = 7 0 is strictly semi-stable
To I
T3 X2
i) )\.1‘0 i) 0
1 X0 + /\1’1 I . .
And Nqg = .e. is a representative of Bz
To T1+ Axo T9 X1
T3 T+ Ars T3 T2

II. The size of block C is one:

(a) The size of block B is zero:

Mz =

O OO O
=
W~
|
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xg O zg O
This means N3 = 0 @ and Niy = 0 2o . Ni3 is a represen-
1 T2 1 T2
To X3 T3 T4
tative of So and Ny4 a representative of S7.
(b) The size of block B is one:
S 0
t 0
Mg = s+ At 0|’
s t 0
i) 0 i) 0
and so Ni5 = 0 2o res 0 2o is strictly semi-stable
15= X1 Al’l p- X1 0 Y
T2 X3 T2 3
(c) The size of block B is two:
s 00
t 0 0
Mo s+ At 0 0
t s+A]0 0
and
5 00
t 00
M —
17 S+ At 00|’
s+ Xt |0 O
ZTo 0 i) 0
and so Nig = 0 o res 0 o is strictly semi-stable
6= 12 AT p- z1 0 Y ‘
To X1+ Ao T2 T
ZTo 0
Ni7z = 0 o , hence
I )\1:E1
i) /\2.%2
i) 0
o . 1 0 ZTo . .
(i) if A1 # Aot Njy = o |52 representative of P
0 a9
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i) 0

cn 0 20 .

(ii) if Ay = Aot N& = o 0|8 unstable.
T2 0

II1. The size of block C is two:
(a) The size of block B is zero:

s 000 s 0
t 0 0O t s 0
Mg = sTo 00 |Me= t 0
t|0 0 O s t 0
i) 0
and so Nig = 1? %0 is a representative of the poly-stable stratum Ps
1
0 I
i) 0
and Nig = %1 i(l) is a representative of the stratum Sj.
o I3

(b) The size of block B is one:

] 0 0
t s 0 0
Mo = t 0 0
s+At 0 0
i) 0 i) 0
hence Nyy = %1 0 , resp %1 Y0l i strictly semi-stable.
To AT x9 0

IV. The size of block C is three:

s 0 0 9 0

_ t s 0 0 N A
Mo = t s 00 »Na1 = Ty @1
t 00 0 xo

represents the stable stratum Big.



Appendix C

Degenerations of Strata

In this Appendix we figure out which strata Y degenerate into a stratum Z.
This means that Z is in the closure of Y. The method will always be to write
down a family of Kronecker modules A; parametrized by ¢t € C such that A; € Y
for t #0 and Ay € Z.

We use the enumeration of Lemma [2.24]

(a)

(d)

(e)

By — Bip: The family <$0 oty T

t.%'l T2 I3 X4
(multiply the first column of the representative listed in Theorem m
with ¢ and make a coordinate transformation zg %mo.) For ¢t = 0 one
obtains a representative of Bj.

t
) for t # 0 is contained in By

0 x4 x2 x3
t # 0 (after a column permutation, multiplication of the second column by
t and a coordinate transformation of x4). For ¢ = 0 this is a representative
of BQ.

¢
. . t
By — Bsy: The stratum Bj contains the family To 3 21 x2> for

i) I o I3
0 teo+(1—t)xy x3 w4
for t # 0 and for t = 0 in Bi.

t
By — B% : the family < ) is contained in By

2. . Zo 0 €T
By — B3 : the family (0 21 tws+ (1—t)z

for t # 0 and for t = 0 in B3.

3
4

is contained in By
T

Ty T1 x9 x3
0 x9 tws+ (1—1t)xe
for t # 0 and for t = 0 in Bj}.

B} — Bl: the family < is contained in Bj

8

4

8

ZTo T 0 3

i tained in B2
0 tri+(1—bz0 o a4 is contained in Bj

>t

t

t

B2 — B} : the family < )
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for t # 0 and for t = 0 in Bj}.
B% — BZ: Ty — )\xg.

Bi — B%: T4 — T3.

1 2. . o 1 1) xs3
B; — Bg: the family <0 20 trs+(1— )11 24
for t # 0 and for t = 0 in B2.

Bi — B?: xr3 — T9.

t
) is contained in B}

B? — B}: in coordinates in C(s,t), we consider the family

s+ Ait
s+ Aot
s+ )\3t
s+ ((1=c)A3+ M)t

which is contained in B? for ¢ # 0. For ¢ = 0, it is contained in B}.
1 . . Trog I1 )
Bs — Bg : the family <0 0 twst(1—t

for t # 0 and for t = 0 in Bg.

xo t(r1+x2) X1 @2
0 o T I3
t # 0 and for £ = 0 in 5.

B} — S5: the family (

t
0 . . .
is contained in B})
)r1 T3

t
B: — Sy the family > is contained in B3 for

Trog I1 0 T3
0 x9 tzo+(1—t)xy 2+ x3
in B} for t # 0 and for t = 0 in S3.

t
) is contained

B2 — Bg: z3 — 0.
i) tr1 o T3

t
0 20 904) is contained in B2 for t # 0

B? — S;: the family (

and for t =0 in S7.
Bg — Sg: xo — 0.

i) t.%’l T

B3 — S5 : the family
rog X2

t
iZ) is contained in B2 for t # 0
3
and for t = 0 in Ss.
3 . . Trog I1 0 xT9
Bg — S3: the family (0 0 tws+ (1— B o

for t # 0 and for t = 0 in Ss.
Bg — Bl(): r3 — I1.

t
> is contained in Bg’

zo x1 0 txo

3 . :
Bg — Pi: the family <0 tro 19 3

and for t =0 in P;.

t
> is contained in B3 for ¢t # 0



Bg — Br7: the family 0

rg T1 T2 I3
To X1 tl‘g—l—(l—t
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t
) > is contained in Bg
T2

for t # 0 and for t =0 in By.

By — Big: z3 — 0.

o

B7; — Ss: the family <O

and for ¢ =0 in S3.

Lo

Big — P»: the family ( 0

and for t =0 in Ps.
S1 — Sa: r3 — I9.
SQ — PQ: z9 — 0.

o

S3 — P»: the family (0

and for t =0 in Ps.
P1 — Pg: T2 — X9.

P2 — Pg: To — I1.

Wil tm'g I3

t
) is contained in By for t # 0
To T1 T2

r1 txo

t
0Y) . : .
tro x2) is contained in Bjg for t # 0

X1 0 t.%’g

t
P a:3> is contained in S3 for ¢ # 0
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