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A B S T R A C T

One of the fundamental interactions in the Standard Model of particle physics
is the strong force, which can be formulated as a non-abelian gauge theory
called Quantum Chromodynamics (QCD). In the low-energy regime, where
the QCD coupling becomes strong and quarks and gluons are confined to
hadrons, a perturbative expansion in the coupling constant is not possible.
However, the introduction of a four-dimensional Euclidean space-time lattice
allows for an ab initio treatment of QCD and provides a powerful tool to study
the low-energy dynamics of hadrons. Some hadronic matrix elements of interest
receive contributions from diagrams including quark-disconnected loops, i.e.
disconnected quark lines from one lattice point back to the same point. The
calculation of such quark loops is computationally very demanding, because it
requires knowledge of the all-to-all propagator. In this thesis we use stochastic
sources and a hopping parameter expansion to estimate such propagators.
We apply this technique to study two problems which relay crucially on the
calculation of quark-disconnected diagrams, namely the scalar form factor of
the pion and the hadronic vacuum polarization contribution to the anomalous
magnet moment of the muon.
The scalar form factor of the pion describes the coupling of a charged pion to a
scalar particle. We calculate the connected and the disconnected contribution
to the scalar form factor for three different momentum transfers. The scalar
radius of the pion is extracted from the momentum dependence of the form
factor. The use of several different pion masses and lattice spacings allows for an
extrapolation to the physical point. The chiral extrapolation is done using chiral
perturbation theory (χPT). We find that our pion mass dependence of the scalar
radius is consistent with χPT at next-to-leading order. Additionally, we are able
to extract the low energy constant `4 from the extrapolation, and our result is
in agreement with results from other lattice determinations. Furthermore, our
result for the scalar pion radius at the physical point is consistent with a value
that was extracted from ππ-scattering data.
The hadronic vacuum polarization (HVP) is the leading-order hadronic contri-
bution to the anomalous magnetic moment aµ of the muon. The HVP can be
estimated from the correlation of two vector currents in the time-momentum
representation. We explicitly calculate the corresponding disconnected contri-
bution to the vector correlator. We find that the disconnected contribution is
consistent with zero within its statistical errors. This result can be converted into
an upper limit for the maximum contribution of the disconnected diagram to aµ
by using the expected time-dependence of the correlator and comparing it to the
corresponding connected contribution. We find the disconnected contribution
to be smaller than ≈ 5% of the connected one. This value can be used as an
estimate for a systematic error that arises from neglecting the disconnected
contribution.
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Z U S A M M E N FA S S U N G

Die starke Kraft ist eine der fundamentalen Wechselwirkungen im Standard-
modell der Teilchenphysik. Sie kann als nicht-abelsche Eichtheorie – die Quan-
tenchromodynamik – formuliert werden. Im Niederenergiebereich, in dem die
QCD Kopplung groß wird und Quarks und Gluonen in Hadronen gebunden
sind, ist es nicht möglich die QCD in einer Störungsreihe in der Kopplungskon-
stanten zu entwickeln. Die Formulierung der QCD auf einem vierdimensionalen
Raum-Zeit Gitter erlaubt eine theoretische Beschreibung der starken Wechsel-
wirkung und ermöglicht es, die Dynamik der Hadronen im Niederenergiebere-
ich zu studieren. Einige hadronische Matrixelemente enthalten Beiträge von Dia-
grammen mit quark-unverbundenen Schleifen, d.h. Quarklinien von einem Git-
terpunkt zurück zum selben Gitterpunkt. Die Berechnung solcher Quarkschleifen
ist sehr aufwendig, da man hierfür den Propagator von jedem Gitterpunkt zu
allen Gitterpunkten (all-to-all propagator) benötigt. In der vorliegenden Arbeit
benutzen wir stochastische Quellen und eine Hopping Parameter-Entwicklung
um solche Propagatoren abzuschätzen. Diese Methode wird verwendet, um
zwei Probleme zu erfoschen, die wesentlich von der Berechnung unverbundener
Beiträge abhängen, nämlich der skalare Formfaktor des Pions und der Beitrag
der hadronische Vakuumpolarisation zum anomalen magnetischen Moment des
Myons.
Der skalare Formfaktor des Pions beschreibt die Kopplung eines geladenen Pions
an ein skalares Teilchen. Wir berechnen den verbundenen und den unverbunde-
nen Beitrag zum skalaren Formfaktor für drei verschiedene Impulsüberträge.
Aus der Impulsabhängigkeit des Formfaktors kann der skalare Radius des Pions
bestimmt werden. Da wir verschiedene Pionmassen und Gitterabstände verwen-
den, können wir unsere Ergebnisse zum physikalischen Punkt extrapolieren. Für
die chirale Extrapolation verwenden wir chirale Störungstheorie (χPT). Unsere
Werte sind konsistent mit χPT zur next-to-leading Ordung. Zusätzlich können wir
aus der Extrapolation die Niederenergiekonstante `4 bestimmen. Unser Ergebnis
ist konsistent mit Resultaten anderer Gitterrechnungen. Das entsprechende Re-
sultat für den skalaren Pionradius am physikalischen Punkt stimmt mit einem
Wert überein, der aus ππ-Streuung bestimmt wurde.
Die hadronische Vakuumpolarisation (HVP) ist der führende hadronische
Beitrag zum anomalen magnetischen Moment aµ des Myons. Die HVP kann aus
der Korrelation zweier Vektorströme bestimmt werden. Wir berechnen explizit
den unverbundenen Anteil des Vektorkorrelators. Wir erhalten einen unver-
bundene Beitrag, der innerhalb der statistischen Fehler mit null verträglich ist.
Daraus lässt sich eine obere Schranke für den maximalen Beitrag des unverbun-
denen Diagramms zu aµ ermitteln, indem wir die erwartete Zeitabhängigkeit
des Korrelators verwenden und ihn mit dem entsprechenden verbundenen An-
teil vergleichen. Der unverbundene Beitrag ist kleiner als ≈ 5% des verbundenen
Anteils. Dieser Wert kann als systematischer Fehler verwendet werden, der aus
der Vernachlässigung des unverbundenen Diagramms resultiert.

v





P U B L I C AT I O N S

Parts of the results presented in this thesis have already been published in

[1] V. Gülpers, G. von Hippel and H. Wittig, The scalar Pion form factor with
Wilson Fermions, PoS LAT2012, (2012) 181

[2] V. Gülpers, G. von Hippel and H. Wittig, The scalar radius of the pion in
two-flavor Wilson lattice QCD , PoS LAT2013, (2013) 283

[3] V. Gülpers, G. von Hippel and H. Wittig, The scalar pion form factor in
two-flavor lattice QCD , Phys.Rev. D89, (2014) 094503

[4] A. Francis, V. Gülpers, G. Herdoíza, H. Horch, B. Jäger, H. Meyer and
H. Wittig, The leading hadronic contribution to (g-2) of the muon: The chiral
behavior using the mixed representation method, PoS LAT2014, (2014) 127

[5] A. Francis, V. Gülpers, B. Jäger, H. Meyer, G. von Hippel and H. Wittig,
The leading disconnected contribution to the anomalous magnetic moment of the
muon, PoS LAT2014, (2014) 128

[6] A. Francis, V. Gülpers, G. Herdoíza, G. von Hippel, H. Horch, B. Jäger, H.
Meyer, E. Shintani and H. Wittig, Lattice QCD Studies of the Leading Order
Hadronic Contribution to the Muon g-2, (2014), [arXiv:1411.3031]

vii





C O N T E N T S

introduction 1

i theoretical background 5
1 qcd in the continuum 7

1.1 The QCD Lagrangian . . . . . . . . . . . . . . . . . . . . . . . . . 7
1.2 The Running Coupling . . . . . . . . . . . . . . . . . . . . . . . . 9
1.3 Chiral Symmetry . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

2 qcd on the lattice 13
2.1 Discretization of the Dirac Operator . . . . . . . . . . . . . . . . 13
2.2 The Wilson Gauge Action . . . . . . . . . . . . . . . . . . . . . . 15
2.3 Fermion Doubling and the Wilson-Dirac Operator . . . . . . . . 16
2.4 Chiral Symmetry Breaking and the Nielsen-Ninomiya No-Go

Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
2.5 O(a)-Improvement of the Wilson-Dirac Operator . . . . . . . . . 18

3 correlation functions on the lattice 21
3.1 Fermionic Expectation Value and Wick’s Theorem . . . . . . . . 22
3.2 Gluonic Expectation Value . . . . . . . . . . . . . . . . . . . . . . 24
3.3 Two-Point Functions . . . . . . . . . . . . . . . . . . . . . . . . . 26
3.4 Three-Point Functions . . . . . . . . . . . . . . . . . . . . . . . . . 30

4 propagator calculation 35
4.1 Point Sources . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35
4.2 Smearing . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36
4.3 The Extended Propagator Method . . . . . . . . . . . . . . . . . 36
4.4 Stochastic Sources . . . . . . . . . . . . . . . . . . . . . . . . . . . 37
4.5 The Hopping Parameter Expansion . . . . . . . . . . . . . . . . . 39

ii scalar pion form factor 45
5 introduction 47

5.1 The Vector Form Factor from Lattice QCD . . . . . . . . . . . . . 48
5.2 The Scalar Form Factor in Chiral Perturbation Theory . . . . . . 50

6 results 55
6.1 Vanishing Momentum Transfer . . . . . . . . . . . . . . . . . . . 56
6.2 Non-Vanishing Momentum Transfer . . . . . . . . . . . . . . . . 63
6.3 Q2-Dependence and Scalar Radius . . . . . . . . . . . . . . . . . 67
6.4 Chiral and Continuum Extrapolation . . . . . . . . . . . . . . . . 70

7 conclusions and outlook 79

iii the disconnected contribution to the hadronic vacuum

polarization 85
8 introduction 87

8.1 The Anomalous Magnetic Moment of the Muon . . . . . . . . . 87
8.2 The Hadronic Vacuum Polarization from Lattice QCD . . . . . . 92
8.3 The Time-Momentum Correlator . . . . . . . . . . . . . . . . . . 94

ix



x contents

8.4 The Vector Correlator and the QCD Spectrum . . . . . . . . . . . 96
9 results 97

9.1 Connected and Disconnected Vector Correlator . . . . . . . . . . 97
9.2 The Vector Correlator at large Euclidean Times . . . . . . . . . . 103
9.3 Hadronic Vacuum Polarization and aµ . . . . . . . . . . . . . . . 107

10 conclusions and outlook 117

conclusions 123

Appendix 125
a notations and conventions 127
b scalar form factor 131
c results aµ 157

list of figures 161

list of tables 165

bibliography 167



I N T R O D U C T I O N

The recent discovery of the Higgs boson [7, 8] at the Large Hadron Collider
(LHC) at CERN was a big success for the Standard Model of particle physics.
Nearly 50 years after the prediction of such a boson by Higgs [9], Brout and
Englert [10], and Guralnik, Hagen and Kibble [11], the existence of the last
missing particle of the Standard Model was experimentally confirmed. In 2013
Higgs and Englert received the Nobel prize in physics for the prediction of the
Higgs boson.
The Standard Model of particle physics contains all the known elementary
particles and the three fundamental forces, the electromagnetic, the weak and
the strong interaction. In 1979 Glashow, Salam and Weinberg received the Nobel
prize for the unification of the electromagnetic and the weak interaction to the
electroweak force [12–14]. The fundamental interactions in the Standard Model
can be described as gauge theories. On the side of the elementary particles the
Standard Model contains the leptons and quarks which are the building blocks
of matter, the gauge bosons that mediate the fundamental interactions, and
the Higgs, which is related to the generation of the masses of the fundamental
particles.

For the search for physics beyond the Standard Model (BSM) there are two
possible approaches. One is the search for new particles, such as supersymmetric
partners for the Standard Model particles, at high energies as done at the
LHC; the other approach is the search for signatures of BSM physics at low
energies. The latter requires high-precision tests to resolve possible deviations
of experimental results from the corresponding Standard Model predictions.

In this thesis we will concentrate on the strong interaction, whose quantum
field theory is called Quantum Chromodynamics (QCD). The QCD Lagrangian
is invariant under local gauge transformations and the corresponding gauge
bosons are the gluons. Gluons couple to particles that carry color, the charge
of the strong interaction. Besides the quarks, gluons also carry color and thus
gluon self-interactions are possible. The strong coupling constant αs depends
on the energy regime where the interaction takes place. For large energies the
coupling is small, and quarks and gluons become asymptotically free. In 2004
Gross and Wilczek received the Nobel prize for the discovery of the asymptotic
freedom [15]. For small energies the strong coupling is large, and quarks and
gluons are bound into hadrons. This is called confinement. So far it has not
been possible to isolate a single quark in an experiment. Clearly, the structure of
hadrons has to be determined in the low-energy regime. However, due to the
large coupling constant a perturbative expansion in αs is not possible in this
regime.

In 1974 Wilson proposed to formulate QCD on a discretized space-time lat-
tice [16], which allows for a non-perturbative treatment of QCD in the low-
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2 introduction

energy regime. Nowadays with growing computer power, lattice QCD (LQCD)
has become a powerful tool for calculating observables concerning the strong
interaction at low energies from first principles. This allows for a determination
of hadron masses or hadron structure quantities such as form factors.
At the level of the quarks, many quantities of interest include diagrams where
not all vertices are connected with each other by quark lines. Such quantities are
called quark-disconnected. These diagrams are not disconnected in the quantum
field theoretical sense, since they are still connected by gluons. However, such
quark-disconnected diagrams are computationally more demanding, since they
require calculating the quark propagator from every lattice point to every other
lattice point – the all-to-all propagator. The Dirac operator on the lattice is a
large matrix with a rank of O(108) to O(109) for a typical lattice calculation.
Obviously, an exact inversion of such a large matrix is not feasible even with
modern supercomputers. Thus, one has to resort to stochastic methods for the
calculation of the required all-to-all propagators.

In this thesis we will concentrate on two observables that include a quark-
disconnected contribution, the scalar form factor of the pion, and the hadronic
vacuum polarization.
The scalar form factor of the pion describes the coupling of a charged pion to
a scalar particle, such as the Higgs boson. However, a Higgs with a mass of
mH ≈ 125 GeV is far too heavy to affect the low-energy regime of QCD. Thus,
there is no experimental data available for the scalar pion form factor. So far
only one lattice calculation of the total form factor including the disconnected
diagram has been performed by the JLQCD/TWQCD collaboration [17–19].
However, the lattices that have been used are rather small and have only 32× 163
lattice points. Thus, an independent calculation of the scalar pion form factor
on bigger lattices is desirable. We will explicitly calculate the quark-connected
and the quark-disconnected contribution to the scalar form factor. The required
disconnected quark loop is estimated using stochastic sources and a generalized
hopping parameter expansion [20]. From the Q2-dependence of the form factor
it is possible to determine the scalar radius of the pion, which is given by the
slope of the form factor at vanishing momentum transfer. In partially quenched
chiral perturbation theory it was estimated that the disconnected contribution
to the scalar radius is of the same order as the connected one [21, 22]. Thus, it
would be interesting to check this in an explicit lattice calculation.
Although the scalar form factor and thus the scalar radius cannot be measured
directly in an experiment, the scalar radius can be related to ππ-scattering
amplitudes [23–26] and the most recent value from [27] can be compared with
our results. Since the lattices that are used for our calculations have unphysically
large pion masses, we have to extrapolate our results to the physical point.
This can be done with the help of chiral perturbation theory. At next-to-leading
order the scalar radius of the pion depends only on one low-energy constant
`4 [23, 28], which can be determined from the extrapolation. Additionally, we
have to perform a continuum limit to reach the physical point, and thus we use
lattices with three different lattice spacings a to be able to extrapolate to a = 0.
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The anomalous magnetic moment of the muon aµ is one of the most precisely
measured quantities in physics and can therefore serve as a precision check
of the Standard Model of particle physics. On the theory side, aµ receives the
largest error from the hadronic contribution, whose leading order is determined
by the hadronic vacuum polarization (HVP). Currently, the best estimate of the
HVP has been obtained by a semi-phenomenological approach from the cross
section of e+ e− → hadrons using the optical theorem. However, a calculation
from first principles without relying on experimental data would be preferable.
The two-point function that determines the HVP receives a quark-disconnected
contribution besides the connected one. However, the disconnected contribution
is generally neglected in lattice calculations of the hadronic vacuum polariza-
tion. In partially quenched chiral perturbation theory it was estimated that the
disconnected contribution could be of order −10% of the connected one [29, 30].
To be compatible with the determination of the HVP from the cross section
approach, one requires a precision of 1% and thus the disconnected contribution
may no longer be negligible. In this thesis the mixed representation method
[31–33] will be used, where the HVP is determined from the vector correlator
in a mixed time-momentum representation. We will explicitly calculate the
disconnected contribution to the vector correlator for light and strange quarks.
Comparing our result with the corresponding connected contribution and using
the expected behavior of the disconnected correlator for infinite times, we will
be able to quote an upper limit for the maximum disconnected contribution to
the anomalous magnetic moment of the muon.





Part I

T H E O R E T I C A L B A C K G R O U N D





1
Q C D I N T H E C O N T I N U U M

Quantum Chromodynamics (QCD) is the established theory describing the
strong interaction, one of the three fundamental forces included in the Standard
Model of particle physics. The strong force is mediated by gluons, which couple
to particles that carry color charge. Three different colors are possible, which
are conventionally called red, green and blue. Every quark carries one of these
colors. The Standard Model includes six different quark flavors, which are listed
in table 1.1. Quarks are bound to “colorless” states, which are called hadrons.
So far it has not been possible to isolate a single quark in an experiment. Two
different kinds of hadrons are known, meson which consist of a quark and an
anti-quark of the corresponding anti-color, and baryons which consist of three
quarks (green, red and blue). Further colorless bound quark states with more
quarks are possible within QCD, such as tetraquarks (qqqq) or pentaquarks
(qqqqq), however, such states have so far not been established experimentally.
Additionally, gluons carry a color and an anti-color, and bound states of gluons,
i.e. glueballs, may exist in nature.

flavor charge [e] mass [MeV]

1st generation
u 2/3 2.3+0.7

−0.5

d −1/3 4.8+0.5
−0.3

2nd generation
s −1/3 95± 5
c 2/3 (1.275± 0.025)× 103

3rd generation
b −1/3 (4.18± 0.03)× 103

t 2/3 (173.21± 0.51± 0.71)× 103

Table 1.1: The six different quark flavors [34]. The masses of up, down and strange are
given in the MS scheme at a scale of µ = 2 GeV. The masses of charm and
bottom are given in the MS scheme at a scale of the masses itself, i.e. µ = mc
and µ = mb, respectively. The top quark mass has been determined by direct
measurements at the Tevatron. For further details see [34].

1.1 the qcd lagrangian

In the following we will derive the QCD Lagrangian, starting from free quarks
and demanding invariance under local gauge transformations.
As fermions, free quarks obey the Dirac Lagrangian, which is given by [35]

Lfree quarks = q
(f)
α,c(x)

(
iγ
µ
αα ′∂µ −mfδαα ′

)
q
(f)
α ′,c(x) (1.1)

7



8 qcd in the continuum

with a quark field q(f)α,c with spin index α = {1, 2, 3, 4} and the quark flavor f. The
standard model includes 6 different quark flavors, which can be ordered in three
generations each consisting of two quarks. A list of the different quark flavors
including their masses and electric charges is given in table 1.1. Additionally,
quarks carry color - the charge of the strong interaction - indicated by the
color-index c = {1, 2, 3}.
To construct QCD as a gauge theory, we demand that the QCD Lagrangian is
invariant under local SU(3)-transformations in color space,

q(f)(x) → q ′(f)(x) = exp
(
−iθa(x)

λa

2

)
q(f)(x) ≡ Ω(x)q(f)(x)

q(f)(x)� → q(f)(x)�Ω(x)� ,
(1.2)

where the eight Gell-Mann matrices λa (cf. equation (A.5)) are the generators of
SU(3). The matrices Ω(x) as defined in (1.2) are elements of the group SU(3)
and act in color space.
Inserting the transformations (1.2) in the Lagrangian for free quarks (1.1), one
obtains

Lfree quarks → L ′free quarks = Lfree quarks + iq(f)γµΩ�(x) (∂µΩ(x))q(f) , (1.3)

i.e. the Lagrangian (1.1) is not invariant under local SU(3)-transformations.
On the other hand, if we replace the derivative ∂µ in the Lagrangian by the
covariant derivative

Dµ = ∂µ − ig
λa

2
Aa,µ(x) (1.4)

with the gauge field

Aµ(x) ≡
λa

2
Aa,µ(x) , (1.5)

which transforms as

Aµ → Ω(x)AµΩ(x)� −
i

g
(∂µΩ(x))Ω(x)� (1.6)

under SU(3) gauge transformations, we find a Lagrangian which is invariant
under the SU(3) gauge transformations (1.2) and (1.6).
The additional term in the Lagrangian that has been introduced via the covariant
derivative to obtain gauge invariance is of the form

Linteraction = gq(f)γµAµq
(f) (1.7)

with the strong coupling constant g and describes the interaction of a quark
field q(f) with a gluon field Aµ, as depicted schematically in figure 1.1.

Figure 1.1: Schematic picture of the quark gluon vertex.
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Additionally we must introduce a kinetic term for the gauge fields. Starting
from the commutator of two covariant derivatives (1.4)

[Dµ,Dν] = −igFa,µν
λa

2
(1.8)

one finds the field strength tensor

Fµνa = ∂µAνa − ∂
νAµa + g fabcA

µ
bA

ν
c , (1.9)

with the SU(3) structure constants fabc (cf. table A.1). The field strength ten-
sor itself is not invariant under gauge transformation (1.6). However, one can
construct a gauge invariant combination of the gluon fields, that contains the
correct kinetic term for a massless gauge boson

Lgluons =
1

4
Fa,µνF

µν
a . (1.10)

In contrast to the corresponding photon term in Quantum Electrodynamics
(QED), the term 1.10 introduces three- and four-gluon vertices as drawn in
figure 1.2, representing the gluon self-interaction.

Figure 1.2: Schematic picture of the three and four gluon vertices

Thus, in total the full QCD Lagrangian is given by

LQCD =
∑
f

q(f)(x)
(
i /D−mf

)
q(f)(x) −

1

4
Fa,µνF

µν
a . (1.11)

1.2 the running coupling

As in any quantum field theory the strong coupling g is not constant but depends
on the energy scale, i.e. g(µ). The running of the coupling is determined by the
renormalization group equation [35, 36]

µ
d

dµ
g(µ) = β(g) , (1.12)

where the β-function for QCD is given by

β(g) = −
g3

(4π)2

[
11−

2

3
Nf

]
(1.13)

with the number of quark flavors Nf = 6. Solving the QCD renormalization
group equation one finds

αs(µ) ≡
g2(µ)

4π
=

αs(Λ)

1+
αs(Λ)
4π (11− 2

3Nf) ln
(
µ2

Λ2

) (1.14)

where we have defined the fine structure constant αs.
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Figure 1.3: Compilation of the the world data for the strong coupling αs(Q2). The plot
is taken from [34].

Figure 1.3 shows a compilation of the world data for the strong coupling
constant plotted against the energy scale Q = µ. For large energies the coupling
αs becomes small and quarks and gluons are asymptotically free. In this regime,
one can use a perturbative expansion in the coupling constant αs. Such a
perturbative treatment of QCD is not possible in the low-energy regime, where
the coupling becomes large. In this regime, quarks and gluons are confined to
hadrons.

1.3 chiral symmetry

For massless quarks m = 0, the QCD Lagrangian (cf. equation (1.11)) is given
by

Lm=0 = q(x) iγµ (∂
µ − igAµ(x))q(x) = q(x)Dq(x) . (1.15)

This Lagrangian can be split into a left-handed and a right-handed part:

Lm=0 = qL(x)DqL(x) + qR(x)DqR(x) . (1.16)

Left- and right-handed fields are defined as

qL(x) =
1− γ5
2

q(x) and qR(x) =
1+ γ5
2

q(x) . (1.17)

The massless Lagrangian (1.15) is invariant under chiral transformations in
flavor space

qL/R → eiαiγ5tiqL/R qL/R → qL/R e
iαiγ5ti (1.18)

with the generators ti, i = 1, ...,N2f − 1 of SU(Nf) and the number of flavors Nf.
Left- and right-handed quark fields can be transformed separately, and thus the
massless Lagrangian obeys a SU(Nf)L× SU(Nf)R symmetry. However, the QCD
vacuum is not invariant under the full symmetry group SU(Nf)L × SU(Nf)R
since the quark condensate

〈0|qq|0〉 = 〈0|qLqR + qRqL|0〉 6= 0 (1.19)



1.3 chiral symmetry 11

mixes left- and right-handed fields, and the SU(nf)L×SU(nf)R is spontaneously
broken to SU(Nf). Therefore, one expectsN2f − 1massless Goldstone bosons [37].
However, since quarks are not massless, chiral symmetry is additionally broken
explicitly by the mass term in the Lagrangian

mqq = m (qLqR + qRqL) (1.20)

and the Goldstone bosons receive a mass (pseudo-Goldstone bosons). ForNf = 2,
i.e. only up and down quarks, these Goldstone bosons are the three pions.
Including also the strange quark, one has additionally the kaons and the η and
thus in total eight Goldstone bosons.





2
Q C D O N T H E L AT T I C E

In the previous chapter we have discussed that the strong coupling αs becomes
large in the low-energy regime, such that a perturbative expansion in αs is no
longer applicable. In 1974, Kenneth Wilson proposed to formulate QCD on a
Euclidean space-time lattice [16]

Λ =
{
n ∈N4 |n1,n2,n3 = 0, 1, ...,L− 1 ; n0 = 0, 1, ..., T − 1

}
, (2.1)

with L lattice points in the spatial and T lattice points in the time direction. The
lattice points are separated by the lattice spacing a, i.e. the lattice has a size
of L · a in spatial and T · a in time direction. Lattice QCD provides a tool for a
non-perturbative treatment of QCD and thus it allows to study the low-energy
regime from first principles.
The introduction of a discretized space-time leads also to discrete momenta

Λ∗ =

{
p ∈ R4

∣∣∣p0 =
2π

Ta

(
n0 −

T

2
+ 1

)
; pi =

2π

La

(
ni −

L

2
+ 1

)}
, (2.2)

which are in the range of

−
π

a
< pµ 6

π

a
, (2.3)

and thus the lattice provides a momentum cutoff.

2.1 discretization of the dirac operator

In this section we will discuss how the Dirac operator D can be discretized on a
space-time lattice and how gauge invariance can be realized for the discretized
version of D. For this derivation we will follow [38]1.
Our starting point is the Lagrangian for a free quark with mass m0 in Euclidean
metric2,

L = Ψ(x) (γµ∂µ +m0) Ψ(x) . (2.4)

To discretize the Lagrangian (2.4), one replaces the space-time variable x by a
discrete variable n, where n is a point of the Euclidean lattice Λ and x = a ·n.
Furthermore, the derivative ∂µ is replaced by a finite difference,

∂µΨ(x) −→
1

2a
(Ψ(n+ µ̂) −Ψ(n− µ̂)) , (2.5)

where n+ µ̂ denotes the neighboring lattice point of n in µ-direction and a is
the lattice spacing. Thus, the discretized Lagrangian for free quarks is given by

L = Ψ(n)




3∑
µ=0

γµ
Ψ(n+ µ̂) −Ψ(n− µ̂)

2a
+m0Ψ(n)


 . (2.6)

1 Similar derivations can be found e.g. in [39–41]
2 Note, that in Euclidean metric there is no difference between covariant and contravariant variables,

i.e. aµ = aµ

13
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In the (naive) continuum limit a→ 0, the continuum expression (2.4) is recov-
ered.

As in the continuum, we require the Lagrangian to be invariant under the local
gauge transformation

Ψ(n)→ Ψ ′(n) = Ω(n)Ψ(n) , Ψ(n)→ Ψ
′
(n) = Ψ(n)Ω(n)� (2.7)

with a SU(3) matrix Ω(n). Clearly, only the mass term in the discretized La-
grangian (2.6) is invariant under such a transformation. For the derivative term
one finds

Ψ(n)Ψ(n+ µ̂)→ Ψ
′
(n)Ψ ′(n+ µ̂) = Ψ(n)Ω(n)�Ω(n+ µ̂)Ψ(n+ µ̂). (2.8)

However, if one introduces a gauge field Uµ(n), which transforms according to

Uµ(n)→ U ′µ(n) = Ω(n)Uµ(n)Ω(n+ µ̂)� (2.9)

one can construct gauge invariant terms of the form

Ψ(n)Uµ(n)Ψ(n+ µ̂)→ Ψ
′
(n)U ′µ(n)Ψ

′(n+ µ̂) = Ψ(n)Uµ(n)Ψ(n+ µ̂) . (2.10)

Such gauge fields Uµ(n) are elements of the gauge group SU(3) and connect
two neighboring lattice points n and n+ µ̂. Note that one can also define a
gauge field pointing in a negative direction as U−µ(n) ≡ Uµ(n− µ̂)�. Figure 2.1
shows a schematic picture of the gauge fields Uµ(n) and U−µ(n). Since the
gauge fields are attached to the links between the lattice points, one often refers
to them as link variables.

n n+ µ̂

Uµ(n)

n− µ̂ n

U−µ(n) ≡ Uµ(n− µ̂)�

Figure 2.1: Schematic picture of link variables.

The link variable Uµ(n) can be interpreted as the parallel transporter from
one lattice point to a neighboring point. In the continuum, a general parallel
transporter from x to y is given by

G(x,y) = P.O. exp


i

y∫
x

dzAµ(z)


 , (2.11)

where P.O. stands for “path ordering” and Aµ(z) is a gluon field. The link vari-
ables Uµ(n) are parallel transporters from one lattice site n to the neighboring
site n+ µ̂,

Uµ(n) = exp(iaAµ(n)) . (2.12)
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Using the link variables Uµ(n) we can construct a gauge invariant version of
the discretized Lagrangian,

L = Ψ(n)




3∑
µ=0

γµ
Uµ(n)Ψ(n+ µ̂) −U−µ(n)Ψ(n− µ̂)

2a
+m0Ψ(n)




(2.13)

=
∑
m∈Λ

Ψ(n)D(n,m)Ψ(m) . (2.14)

The corresponding Dirac operator D(n,m) is given by

D(n,m) =

3∑
µ=0

γµ
Uµ(n)δn+µ̂,m −U−µ(n)δn−µ̂,m

2a
+m0δn,m (2.15)

and can be written as a matrix that has entries for the interaction of a lattice
point n with a lattice point m (as well as every color and every Dirac index).
Thus it is a matrix of rank 3× 4× V (# color × # spin × # lattice points).

The lattice version of the fermionic part of the action is therefore given by

SF[Ψ,Ψ,U] = a4
∑

n,m∈Λ
Ψ(n)D(n,m)Ψ(m) . (2.16)

2.2 the wilson gauge action

In addition to the fermionic action we need an action for the gauge fields. In
the previous section we have introduced the gauge fields Uµ(n) that link neigh-
boring lattice points. The shortest possible closed path that can be constructed
using the link variables is a plaquette Uµν(n) and consists of four gauge fields

Uµν(n) ≡ Uµ(n)Uν(n+ µ̂)Uµ(n+ ν̂)�Uν(n)
� . (2.17)

A schematic picture of a plaquette is given in figure 2.2.

Uµ(n)

Uν(n+ µ̂)

Uµ(n+ ν̂)�

Uν(n)
�

n n+ µ̂

n+ µ̂+ ν̂n+ ν̂

Figure 2.2: Schematic picture of a plaquette.

Under a gauge transformation (2.9) such a plaquette transforms as

Uµν(n)→ U ′µν(n) = Ω(n)Uµν(n)Ω(n)� , (2.18)
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and thus, the trace of a plaquette is gauge invariant. Using such plaquettes the
Wilson gauge action can be constructed:

SG[U] =
2

g20

∑
n∈Λ

∑
µ<ν

Re Tr [1−Uµν(n)] , (2.19)

where g0 is the bare strong coupling constant. One can show [38] that the Wilson
gauge action (2.19) approaches its continuum counterpart for a→ 0:

SG[U]
a→0−→ a4

2g20

∑
n∈Λ

∑
µ<ν

Tr [Fµν(n) Fµν(n)] . (2.20)

2.3 fermion doubling and the wilson-dirac operator

The Dirac operator in momentum space can be obtained by inserting a Fourier
transformation for the spatial indices of the lattice Dirac operator,

D̃(p,q) =
1

V

∑
n,m∈Λ

e−ip·anD(n,m) eiq·am (2.21)

with V = T × L3 the total number of lattice points. Inserting the lattice Dirac
operator (2.15), one finds for trivial gauge fields Uµ(n) = 1, i.e. free quarks,

D̃(p,q) =
1

V

∑
n∈Λ

e−i(p−q)·an




3∑
µ=0

γµ
eiqµa − e−iqµa

2a
+m0


 (2.22)

= δ(p− q)


 i
a

3∑
µ=0

γµ sin(pµa) +m0




︸ ︷︷ ︸
D̃(p)

. (2.23)

One can easily write down the inverse of D̃(p), which is given by

D̃(p)−1 =

− i
a

3∑
µ=0

γµ sin(pµa) +m0

1
a2

3∑
µ=0

sin2(pµa) +m20

. (2.24)

Since the lattice contains discrete momenta in the range

−
π

a
< pµ 6

π

a
, (2.25)

the inverse D̃(p)−1 of the Dirac operator in momentum space has in total 16
poles for massless quarks m0 = 0 at

p = (0, 0, 0, 0) , (0, 0, 0,π/a) , . . . , (π/a,π/a,π/a,π/a) (2.26)

instead of only one pole (0, 0, 0, 0) in the continuum,

D̃(p)−1
∣∣
m0=0

a→0−→
− i
a

3∑
µ=0

γµpµ

1
a2

3∑
µ=0

p2
. (2.27)
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The 15 additional poles in the lattice Dirac operator correspond to 15 unphysical
fermion species on the lattice and are called doublers.

However, it is possible to remove those doublers [16] by adding an additional
term to the Dirac operator that vanishes in the continuum limit:

D̃
W
(p) =

i

a

3∑
µ=0

γµ sin(pµa) +
1

a

3∑
µ=0

(1− cos(pµa)) +m0 . (2.28)

Using the inverse Fourier transformation, D̃
W
(p) can be transformed back to

position space, where one obtains an additional term for the Dirac operator, the
Wilson term. This term can be written down in a gauge invariant way and it is
given by

−a

3∑
µ=0

Uµ(n)δn+µ̂,m − 2δn,m +U−µ(n)δn−µ̂,m

2a2
. (2.29)

Including the Wilson term in the discretized version of the Dirac operator (2.13),
one obtains the Wilson-Dirac operator

D
W
(n,m) =

(
m0 +

4

a

)
δm,n (2.30)

−
1

2a

3∑
µ=0

(1− γµ)Uµ(n)δn+µ̂,m −
1

2a

3∑
µ=0

(1+ γµ)U−µ(n)δn−µ̂,m .

As one can see, the Wilson-Dirac operator (2.30) has two types of terms, one
which is proportional to a unit matrix (first line of equation (2.30)), and one
which connects neighboring lattice points (second line of equation (2.30)). Thus
it can be written as

aD
W

=
1

2κ
1−

1

2
H . (2.31)

The matrix H contains all the terms that couple neighboring points and is called
hopping matrix. The hopping parameter κ is related to the bare quark mass m0:

κ =
1

2(am0 + 4)
. (2.32)

2.4 chiral symmetry breaking and the nielsen-ninomiya no-go

theorem

In the previous section we have introduced the Wilson term to remove the
fermion doublers. However, this additional term explicitly breaks the chiral
symmetry (cf. section 1.3) even for massless quarks, i.e.

γ5 DW
|m0=0

+ D
W
|m0=0

γ5 6= 0 (2.33)

with the Wilson-Dirac operator D
W

from equation (2.30).

Ideally, a lattice discretization of the Dirac operatorD should fulfill the following
conditions:
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• D is local,

• in the continuum limit a → 0 the discretized operator D recovers its
continuum counterpart,

• the theory is free of doublers, and

• the Lagrangian obeys chiral symmetry, γ5D +Dγ5 = 0, for massless
quarks.

However, Nielsen and Ninomiya showed in their No-Go Theorem [42] that it is
not possible to construct a lattice version of the Dirac operator that fulfills all of
these four conditions simultaneously.
Thus one has to resort to a Dirac operator on the lattice which violates at least
one of these conditions. Some commonly used discretizations are

wilson action (2.30): The theory is free of doublers, but chiral symmetry is
explicitly broken even for massless quarks.

staggered fermion action [43]: The number of doublers is reduced to
four. Simultaneously, a subgroup of chiral symmetry is retained.

ginsparg-wilson action [44]: The theory is free of doublers. Additionally
the Dirac operator for massless quarks fulfills a modified formulation of
chiral symmetry γ5D+Dγ5 = aDγ5D.

In this thesis we will use the Wilson action, i.e. chiral symmetry is explicitly
broken.

2.5 O(a)-improvement of the wilson-dirac operator

The aim of the Symanzik improvement program [45] is to reduce discretization
errors from O(a) to higher orders. The main idea is to add additional terms to
the action that vanish in the continuum limit a→ 0:

S = a4
∑
n∈Λ

(
L(0)(n) + aL(1)(n) + a2L(2)(n) + . . .

)
, (2.34)

where L(0) is the unimproved Lagrangian (i.e. the Wilson Lagrangian in our
case). The additional terms L(k) can be build from products of quark and
gluon fields (and in general the quark mass m0). Since the action has to be
dimensionless, these terms have to have the dimension length l−(4+k).
Sheikholeslami and Wohlert have shown that for O(a)-improvement of the
Wilson Lagrangian it is sufficient to add a single term [46],

L(1)(n) = c
SW

i

4

∑
µ<ν

Ψ(n)︸ ︷︷ ︸
l−3/2

σµν F̂µν(n)︸ ︷︷ ︸
l−2

Ψ(n)︸ ︷︷ ︸
l−3/2

(2.35)

with σµν = i/2 [γµ,γν]. The Sheikholeslami-Wohlert coefficient c
SW

is a real number
and has to be tuned for every lattice spacing a to achieve O(a)-improvement [47].
This can be done non-perturbatively [48] and we will use the values determined
by [49].
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The lattice version of the field strength tensor F̂µν(n) can be written as

F̂µν(n) =
1

8a2
(Qµν(n) −Qνµ(n)) , (2.36)

where Qµν(n) is a sum over four plaquettes:

Qµν(n) ≡ Uµν(n) +Uν(−µ)(n) +U(−µ)(−ν)(n) +U(−ν)µ(n) . (2.37)

Figure 2.3 shows a schematic picture of Qµν(n). Due to the form of this term,
which resembles a clover leaf, one often refers to the Sheikholeslami-Wohlert
term as the clover term.

n

µ

ν

Figure 2.3: Schematic picture of the clover term Qµν(n).

In total, the O(a)-improved Wilson-Dirac action is given by

S
SW

[Ψ,Ψ,U] = a4
∑

n,m∈Λ
Ψ(n)D

W
(n,m)Ψ(m)

+ a5
∑

n,m∈Λ
c
SW

i

4

∑
µ<ν

Ψ(n)σµν F̂µν(n)Ψ(n) (2.38)

with the unimproved Wilson-Dirac operator D
W
(n,m) (2.30). The corresponding

O(a)-improved operator is

D
SW

(n,m) = D
W
(n,m) + a c

SW

i

4

∑
µ<ν

σµν F̂µν(n) δn,m . (2.39)

In this thesis, the O(a)-improved Wilson-Dirac operator (2.39) will be used for
the quark fields.





3
C O R R E L AT I O N F U N C T I O N S O N T H E L AT T I C E

In the following, we will discuss how correlation functions can be calculated in
lattice QCD using path integrals. In the Euclidean path integral formalism the
expectation value of an operator O is given as

〈O〉 = 1

Z

∫
D[Φ]O[Φ] e−SE[Φ] (3.1)

with the Euclidean action SE[Φ] and the partition function

Z =

∫
D[Φ] e−SE[Φ] . (3.2)

The integration measure D[Φ] = D[U]D[Ψ,Ψ] contains the integration measure

D[Ψ,Ψ] =
∏
n∈Λ

dΨ(n)dΨ(n) (3.3)

for the quark fields on every lattice point n and the Haar measure

D[U] =
∏
n∈Λ

3∏
µ=0

dUµ(n) (3.4)

for the link variables. Since the Euclidean action is a sum of a fermionic and
a gluonic part, i.e. SE[Ψ,Ψ,U] = SG[U] + SF[Ψ,Ψ,U], equation (3.1) can be split
into a fermionic and a gluonic expectation value as follows

〈O〉 = 〈〈O〉F〉G =

〈
1

ZF[U]

∫
D[Ψ,Ψ]O[Ψ,Ψ,U] e−SF[Ψ,Ψ,U]

〉

G

(3.5)

with the fermionic partition function

ZF[U] =

∫
D[Ψ,Ψ] e−SF[Ψ,Ψ,U] . (3.6)

To obtain the full expectation value (3.1) the gluonic expectation value then is
defined as

〈A〉G =
1

Z

∫
D[U]ZF[U]A[U] e

−SG[U] . (3.7)

To calculate the fermionic expectation value, one can make use of Wick’s Theo-
rem, which will be derived in the next section 3.1. In section 3.2, we will discuss
how the gluonic expectation value can be obtained using Monte Carlo methods.

21
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3.1 fermionic expectation value and wick’s theorem

In the following, we will derive Wick’s Theorem for the calculation of fermionic
correlation functions. As a starting point, we will consider the fermionic partition
function (3.6)

ZF[U] =

∫
D[Ψ,Ψ] e−SF[Ψ,Ψ,U] . (3.8)

The fermionic lattice action can be written in the form

SF[Ψ,Ψ,U] =
∑

n,m∈Λ
Ψ(n)D(n,m)Ψ(m) (3.9)

where n and m are summed over all points of the lattice Λ. Hence the fermionic
partition function is given by

ZF[U] =

∫ ∏
x∈Λ

dΨ(x)dΨ(x) exp


−

∑
n,m∈Λ

Ψ(n)D(n,m)Ψ(m)


 . (3.10)

Since the quark fields are fermionic degrees of freedom, one has to take into
account that the Ψ anticommute with each other when evaluating the integral
(3.10). Such anticommuting numbers are called Grassmann variables and have
the properties1

ηiηj = −ηjηi ⇒ η2i = 0 (3.11)∫
dηi1 = 0

∫
dηi ηi = 1 . (3.12)

Now one can use the transformation

Ψ ′(n) = −
∑
m∈Λ

D(n,m)Ψ(m) (3.13)

for the variables in the integral (3.10). The measure of the integral transforms
accordingly:∏

x∈Λ
dΨ(x)dΨ(x) = det(D)

∏
x∈Λ

dΨ ′(x)dΨ(x) . (3.14)

With this transformation, the fermionic partition functions is given by

ZF[U] = det(D)

∫ ∏
x∈Λ

dΨ ′(x)dΨ(x) exp

(∑
n∈Λ

Ψ(n)Ψ ′(n)

)

= det(D)
∏
x∈Λ

∫
dΨ ′(x)dΨ(x) exp

(
Ψ(x)Ψ ′(x)

)
. (3.15)

The exponential function can now be expanded into a Taylor series. Due to the
fermionic nature of the Ψ and Ψ ′ and the property (3.11) of Grassman variables,
only the first two terms in the series are non-vanishing,

exp
(
Ψ(x)Ψ ′(x)

)
= 1+Ψ(x)Ψ ′(x) . (3.16)

1 A more detailed introduction to Grassmann numbers can be found for example in [35] or [38].
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Thus, the integral we have to solve is given by

ZF[U] = det(D)
∏
x∈Λ

∫
dΨ ′(x)dΨ(x)

(
1+Ψ(x)Ψ ′(x)

)
. (3.17)

Using the properties (3.12) one finds that the fermionic partition function can be
written as

ZF[U] = det(D)
∏
x∈Λ

∫
dΨ ′(x)dΨ(x)

(
1+Ψ(x)Ψ ′(x)

)
= det(D) , (3.18)

where det(D) is called the fermion determinant.

As the next step, we want to evaluate the fermionic expectation value of two
quark fields

〈
Ψ(z)Ψ(y)

〉
F

, i.e.
〈
Ψ(z)Ψ(y)

〉
F

(3.19)

=
1

ZF[U]

∫ ∏
x∈Λ

dΨ(x)dΨ(x) Ψ(z)Ψ(y) exp


−

∑
n,m∈Λ

Ψ(n)D(n,m)Ψ(m)




Using the same variable transformation (3.13) and (3.14) as before and ZF[U] =
det(D), one finds:

〈
Ψ(z)Ψ(y)

〉
F

(3.20)

=
∑
b∈Λ

(−D−1(y,b))
∫ ∏
x∈Λ

dΨ ′(x)dΨ(x) Ψ(z)Ψ ′(b) exp

(∑
n∈Λ

Ψ(n)Ψ ′(n)

)

=
∑
b∈Λ

(−D−1(y,b))
∫ ∏
x∈Λ

dΨ ′(x)dΨ(x) Ψ(z)Ψ ′(b)
∏
n∈Λ

(
1+Ψ(n)Ψ ′(n)

)
,

where we have used the Taylor series expansion (3.16) in the last step. Due to
the properties (3.11) and (3.12) of the Grassman variables, only integrals of the
form ∫ ∏

x∈Λ
dΨ ′(x)dΨ(x)

∏
y∈Λ

Ψ ′(y)Ψ(y) =
∏
x∈Λ

∫
dΨ ′(x)dΨ(x) Ψ ′(x)Ψ(x) = 1

are non-vanishing. In equation (3.20) such an integral can only occur if b = z

and for the one summand of
∏ (

1+Ψ(n)Ψ ′(n)
)

where Ψ(z)Ψ ′(z) is missing.
Thus, one obtains

〈
Ψ(z)Ψ(y)

〉
F
=
∑
b∈Λ

(−D−1(y,b)) δzb = −D−1(y, z) , (3.21)

i.e. the fermionic expectation value of two quark fields
〈
Ψ(z)Ψ(y)

〉
F

is given by
the propagator D−1(y, z) from y to z.

For N-point functions
〈
Ψ(y1) . . . Ψ(yN)Ψ(x1) . . . Ψ(xN)

〉
equation (3.21) can be

generalised to Wick’s Theorem
〈
Ψ(y1) . . . Ψ(yN)Ψ(x1) . . . Ψ(xN)

〉

= (−1)N
∑

P(1,...,N)

sign (P) D−1(x1,yP1) · · · D−1(xN,yPN) . (3.22)
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Thus, the N-point function can be calculated as the sum over all possible
permutations P of pair-wise contrations (Wick contractions) of quark and anti-
quark fields.

3.2 gluonic expectation value

3.2.1 Gauge Average

In the previous section we have developed Wick’s Theorem for the calculation
of the fermionic expectation value. To obtain the complete expectation value
(3.5), the gauge expectation value

〈A〉G =
1

Z

∫
D[U]ZF[U]A[U] e

−SG[U] =
1

Z

∫
D[U] det(D[U])A[U] e−SG[U] (3.23)

is needed as well. Equation (3.23) indicates, that the calculation of the gauge
expectation value requires the determination of a high-dimensional integral.
Such integrations can be done using Monte Carlo techniques.

One generates gauge configurations U (a gauge configuration contains gauge
fields Uµ(x) for every link of the lattice) in a Markov chain [50]

U0 → U1 → U2 → . . . . (3.24)

One has to make sure, that the gauge configurations are distributed according
to their statistical weight

P(U) =
1

Z
det(D[U])e−SG[U] . (3.25)

The gauge expectation value of an observable A can be estimated by determining
A on every configuration U of quark fields and averaging over the gauge
configurations,

〈A〉G ≈
1

Ncfg

Ncfg∑
n=1

A[Un] . (3.26)

A set of such Ncfg gauge configurations is called a gauge ensemble. The gauge
noise, i.e. the statistical error from the averaging over the gauge configurations,
is expected to scale like 1/√Ncfg . The statistical errors in this thesis are calculated
using the jackknife procedure (cf. section A.4 in the appendix).

Since the calculation of the fermion determinant det(D), which is required
for the generation of gauge configurations, is expensive in computer time,
early simulations used det(D) = 1. This approximation is called quenchend
approximation and corresponds to having only gluons and no quark - antiquark
pairs in the sea sector. Nowadays simulations with Nf = 2 up to Nf = 2+ 1+ 1
flavors of dynamical quarks have become state of the art.
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3.2.2 CLS Ensembles

The gauge ensembles that have been used in this thesis have been generated
within the Coordinated Lattice Simulation (CLS) effort. These ensembles have
been generated using the DD-HMC [51, 52] code2. This code uses a Hybrid
Monte Carlo (HMC) [53] algorithm together with domain decomposition (DD)
[52]. The CLS gauge configurations include Nf = 2 dynamical quark flavors,
i.e. only the light (up and down with mu = md) quarks are contained in
the sea. For the generation of the ensembles, the O(a)-improved Wilson-Dirac
action (cf. equation (2.39)) and the Wilson gauge action (cf. equation (2.19)) have
been used for quark and gauge fields, respectively. The lattices are constructed
with (anti-)periodic boundary conditions to mimic an infinite geometry. For the
gauge fields (bosons) periodic boundary conditions are used in spatial and time
directions:

Uµ(n+ Lk̂) = Uµ(n) Uµ(n+ T0̂) = Uµ(n) . (3.27)

For the quark fields (fermions) periodic boundary conditions in spatial direction
and anti-periodic boundary conditions in time direction are used:

Ψ(n+ Lk̂) = Ψ(n) Ψ(n+ T0̂) = −Ψ(n) . (3.28)

An overview over the CLS ensembles used in this thesis is given in table 3.1.

β a[fm] c
SW

lattice mπ[MeV] mπL κ label

5.2 0.079 2.01715 64× 323 473 6.0 0.13580 A3

5.2 0.079 2.01715 64× 323 363 4.7 0.13590 A4

5.2 0.079 2.01715 64× 323 312 4.0 0.13594 A5

5.2 0.079 2.01715 96× 483 267 5.1 0.13597 B6

5.3 0.063 1.90952 64× 323 650 6.6 0.13605 E3

5.3 0.063 1.90952 64× 323 605 6.2 0.13610 E4

5.3 0.063 1.90952 64× 323 456 4.7 0.13625 E5

5.3 0.063 1.90952 96× 483 325 5.0 0.13635 F6

5.3 0.063 1.90952 96× 483 277 4.3 0.13638 F7

5.3 0.063 1.90952 128× 643 193 4.0 0.13642 G8

5.5 0.050 1.75150 96× 483 430 5.2 0.13660 N5

5.5 0.050 1.75150 96× 483 332 4.1 0.13667 N6

5.5 0.050 1.75150 128× 643 261 4.2 0.13671 O7

Table 3.1: Overview of the CLS ensembles used in this thesis. The table quotes the
inverse gauge coupling β = 6/g20, the lattice spacing a, the coefficient c

SW
for

the O(a)-improvement, the number of lattice points, the pion mass, mπ · L
with the box size L, the hopping parameter κ and the label of the lattice.

2 The code can be downloaded from http://luscher.web.cern.ch/luscher/DD-HMC/index.html.

http://luscher.web.cern.ch/luscher/DD-HMC/index.html
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As one can see, there are three sets of ensembles each with a different gauge
coupling β:

• β = 5.2: labels A, B,

• β = 5.3: labels E, F, G,

• β = 5.5: labels N, O.

In each of these sets, an ascending letter in alphabet corresponds to a larger
lattice volume. Ascending numbers in the labels denote larger values of the
hopping parameter κ, i.e. smaller quark masses. The lattice spacing for every
value of the gauge coupling has been determined by matching the mass of the
Ω-baryon with its physical value [54]. Similar results for the lattice spacings
have been found by the ALPHA collaboration using the kaon decay constant
fK [55].

All CLS ensembles used in this thesis fulfill mπL > 4, which is a rule of
thumb [38] that the volume of the lattice is large enough such that one can
expect finite-volume effects to be negligible. Thus, we do not perform a finite-
volume extrapolation V →∞ of our lattice results.
Furthermore, the use of ensembles with different pion masses and lattice spac-
ings allows for extrapolating to the physical point, i.e. a chiral extrapolation
mπ → m

phys
π , and a continuum extrapolation a→ 0.

3.3 two-point functions

3.3.1 Mesonic Two-Point Functions

For an arbitrary hadron creation operator O�, the two-point function is given as
the correlation function

C2pt =
〈
O(y)O�(x)

〉
, (3.29)

i.e. a hadron with quantum numbers specified by the operator O is created at x
and annihilated at y.

In the following, we will concentrate on mesonic two-point functions. In gen-
eral, one can also determine n-point functions of baryons by introducing the
corresponding three-quark creation operators.

Mesons consist of a quark and an anti-quark. Therefore, a meson creation
operator φ(x) is constructed as a Dirac bilinear

φ(x) = q(x) Γ q ′(x) = q(x)cα Γαβ q
′(x)cβ . (3.30)

with quarks of the flavors q and q ′. Greek and Latin indices denote the
spin and the color, respectively. Γ is one of the 16 Dirac matrices, i.e. Γ =

{1, γµ, γ5, γµγ5, γiγj}, and is used to make sure that the operator creates a
meson with the desired quantum numbers JPC. An overview over the Dirac
matrices and the corresponding quantum numbers is given in table 3.2.
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State JPC Γ Particles

Scalar 0++ 1,γ0 f0,a0,K∗0, . . .

Pseudoscalar 0−+ γ5,γ0γ5 π±,π0,η,K±,K0, . . .

Vector 1−− γi,γ0γi ρ±, ρ0,ω,K∗,φ, . . .

Axial vector 1++ γiγ5 a1, f1, . . .

Tensor 1+− γiγj h1,b1, . . .

Table 3.2: Quantum numbers JPC of the meson interpolating operators q Γ q ′ [38].

For example, the pion, which is the lightest pseudoscalar meson, can be created
using

φ�(x)ps = u(x)γ5 d(x) , φ(x)ps = d(x)γ5 u(x) (3.31)

for a π− or π+, respectively. Note, that the operator (3.31) does not only create a
pion, but also excited states with the same quantum numbers.
Since the meson creation operator (3.30) is given in position space, it contains
contributions from mesons with all possible momenta. For many applications,
such as hadron spectroscopy or form factor calculations, one is interested in a
meson with a certain momentum. To obtain the meson creation operator (3.30)
in momentum space, one uses a spatial Fourier transformation, which on the
lattice requires a sum over all spatial lattice points x,

φ�(t,p) =
∑
x

eip·x q(x) Γ q ′(x) . (3.32)

The Fourier-transformed operator φ�(t,p) creates a meson at time t with mo-
mentum p. The corresponding annihilation operator φ(t,p) is given by

φ(t,p) =
∑
x

e−ip·x q ′(x) Γ � q(x) . (3.33)

In the corresponding two-point function, a meson with momentum p is created
at time t0 and annihilated at the sink time ts,

C2pt(ts, t0,p) = 〈φ(ts,p)φ�(t0,p)〉
=
∑
y,x

e−ip·(y−x)〈φ(ts,y)φ�(t0, x)〉 . (3.34)

Usually, in lattice calculations one sets the source position (t0, x) to a fixed
value and neglects the sum over x for simplicity. In this approach one relies on
the gauge average to project on the correct momentum at the source, since all
unphysical momentum channels are not gauge invariant and therefore vanish
in the gauge average. Equation (3.34) then is simplified to

C2pt(ts, t0,p) =
∑
y

e−ip·(y−x)〈φ(ts,y)φ�(t0, x)〉 . (3.35)
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Following Wick’s Theorem, the expectation value 〈φ(ts,y)φ�(t0, x)〉 can be
written as

〈φ(ts,y)φ�(t0, x)〉 = 〈q ′(y) Γ � q(y) q(x) Γ q ′(x)〉
= 〈q ′(y)cα Γ �αβ q(y)cβ q(x)dγ Γγδ q

′(x)dδ 〉

= 〈q ′(y)cα Γ �αβ q(y)cβ q(x)dγ Γγδ q
′(x)dδ 〉

= −
〈
S ′(y, x)dcδα Γ

�
αβ S(x,y)cdβγ Γγδ

〉
G

= −
〈
Tr

CD

[
S ′(y, x) Γ � S(x,y) Γ

]〉
G

, (3.36)

where Tr
CD

denotes the trace in Dirac- and color space. Due to an odd number
of exchanges of quark fields, one obtains a minus sign when performing the
required Wick contraction. The propagator S(x,y) ≡ D−1(x,y) in (3.36) refers
to a quark with flavor q, which propagates from y to x, and the propagator
S ′(y, x) belongs to a quark q ′ propagating from x to y (or, equally, an anti-quark
q ′ propagating from y to x).
If the quark flavors q and q ′ are the same, a second Wick contraction is possible,
and the two-point function is

〈φ(ts,y)φ�(t0, x)〉 =〈q(y)cα Γ �αβ q(y)cβ q(x)dγ Γγδ q(x)
d
δ 〉

+ 〈q(y)cα Γ �αβ q(y)cβ q(x)dγ Γγδ q(x)
d
δ 〉

=−
〈
Tr

CD

[
S(y, x) Γ � S(x,y) Γ

]〉
G

+
〈
Tr

CD

[
S(y,y) Γ �

]
· Tr

CD
[S(x, x) Γ ]

〉
G

, (3.37)

where propagators like S(x, x) refer to quarks that propagate from one point
back to same same point. The two contributions (3.37) to the two-point function
are shown in figure 3.1. Wick contractions like the second line in (3.37) are
called quark-disconnected, since they include vertices which are not connected
by each other via quark lines. However, since we have calculated only the
fermionic expectation value in (3.37) the quark lines are still connected via
gluons as schematically shown in figure 3.2. For simplicity, we will denote such
quark-disconnected contributions simply as “disconnected” contributions in the
following.

yx yx

Figure 3.1: Sketch of a meson two-point function: The corresponding meson is created
at x and annihilated at y. The left and the right diagram show the connected
and the disconnected contribution, respectively.
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Figure 3.2: Example for a disconnected meson two-point function: Curled blue lines
show gluons, green lines show virtual quark anti-quark pairs.

3.3.2 The Time-Dependence of the Two-Point Function

In addition, one can examine the dependence of the two-point function

C2pt(ts, t0,p) = 〈φ(ts,p)φ�(t0,p)〉 = 〈0|φ(ts,p)φ�(t0,p)|0〉 (3.38)

on the source and sink time t0 and ts. Using the Euclidean time evolution for
operators, i.e. O(t) = exp(tĤ)O(0) exp(−tĤ) with the Hamilton operator Ĥ,
equation (3.38) can be written as

C2pt(ts, t0,p) = 〈0|etsĤφ(0,p)e−tsĤ et0Ĥφ�(0,p)e−t0Ĥ|0〉

=
∑
j

1

2Ej(p)
〈0|etsĤφ(0,p)e−(ts−t0)Ĥ|j〉〈j|φ�(0,p)e−t0Ĥ|0〉 , (3.39)

where in the second line of equation (3.39) a complete set |j〉 of eigenstates of
the Hamiltonian Ĥ was inserted

1 =
∑
j

1

2Ej(p)
|j〉〈j| . (3.40)

Additionally, we want the states |j〉 to be ordered according to their energies, i.e.
E1 < E2 < E3 · · · . We obtain

C2pt(ts, t0,p)

=
∑
j

1

2Ej(p)
e−(ts−t0)Ej(p)e−(t0−ts)E0〈0|φ�(0,p)|j〉〈j|φ(0,p)|0〉

=
∑
j

Z2j (p)

2Ej(p)
e−(ts−t0)Ej , (3.41)

where the energy of the vacuum E0 = 0, and the prefactor

Z2j (p) = 〈0|φ(0,p)|j〉〈j|φ�(0,p)|0〉 =
∣∣〈j|φ�(0,p)|0〉

∣∣2 (3.42)

is the probability for the operator φ� to create the meson state |j〉 from the vac-
uum. As already mentioned above, the operator φ� also contains contributions
from excited states, as one can see in (3.41). Since E1 < E2 < E3 · · · , one can
rely on the excited states having died out exponentially for sufficiently large
source-sink separations ts − t0, such that only the ground state |1〉 survives,

C2pt(ts, t0,p) =
ts�t0

Z21(p)

2E1(p)
e−(ts−t0)E1(p), (3.43)

e.g. the pion in the case of a pseudoscalar meson creation operator φ�(x)ps =

u(x)γ5 d(x).
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Since we use periodic boundary conditions in the time-direction in our lattice
calculations, we allow the meson to propagate in negative time-direction as well
and reach the sink from the back. This modifies equation (3.43) to

C2pt(ts, t0,p) =
ts�t0

Z21(p)

2E1(p)

(
e−(ts−t0)E1(p) + e−(T−(ts−t0))E1(p)

)
, (3.44)

with the length T of the lattice in time-direction.

The two-point functions with vanishing momentum p = 0 can be used to
determine the masses of the hadrons. For large source-sink separations, the
effective mass

ameff(ts) = ln
(

C2pt(ts, t0, 0)
C2pt(ts + 1, t0, 0)

)
−→
ts�t0

amlat (3.45)

determines the mass of the ground state in lattice units amlat. In reverse this
can also be used to determine the lattice spacing a of a given lattice by requiring
a certain hadron to recieve its phyical value. Then the lattice spacing is given by

a =
amlat

mphys
. (3.46)

For the CLS ensembles we will use the lattice spacings that have been obtained
using the Ω-baryon3 mass [54].

3.4 three-point functions

3.4.1 Mesonic Three-Point Functions

To determine quantities like form factors, one needs three-point functions. Again,
a hadron is created at the source (t0, x) and annihilated at the sink (ts,y). At a
time t with t0 < t < ts an operator

O(t,q) =
∑
z

O(t, z)eiq·z (3.47)

can be inserted. The corresponding three-point function is given by

C3pt(ts, t, t0,pi,pf) =
∑
x,y,z

eiq·ze−ipf·yeipi·x〈φ(ts,y)O(t, z)φ�(t0, x)〉 , (3.48)

where momentum conservation has to be considered, i.e. q = pf −pi. However,
as in the two-point function one usually drops the sum over the source position
x and relies on the gauge average to project on the physical kinematics, i.e
where the momentum is conserved. In the following we will focus on operators
of the form O(z) = q(z)ΓOq(z), where ΓO is one of the 16 Dirac matrices. If
the operator O is chosen to transform as a vector, i.e. ΓO = γµ, the three-point
function (3.48) contains information on the corresponding vector form factor. If
one is interested in the scalar form factor, e.g. of the pion, the scalar operator
with ΓO = 1 has to be inserted.

3 The Ω-baryon consists of three strange quarks and its mass is mΩ = 1672.43± 0.32 MeV [34].
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Using Wick’s Theorem to calculate the correlation function in (3.48) one obtains

〈φ(ts,y) O(t, z) φ�(t0, x)〉
= 〈q ′(y)cα Γ �αβ q(y)cβ q(z)dγ Γ

O
γδ q(z)

d
δ q(x)eε Γεζ q

′(x)eζ〉

= 〈q ′(y)cα Γ �αβ q(y)cβ q(z)dγ Γ
O
γδ q(z)

d
δ q(x)eε Γεζ q

′(x)eζ〉
+ 〈q ′(y)cα Γ �αβ q(y)cβ q(z)dγ Γ

O
γδ q(z)

d
δ q(x)eε Γεζ q

′(x)eζ〉

=+
〈
Tr

CD

[
S ′(y, x) Γ � S(z,y) ΓO S(x, z) Γ

]〉
G

−
〈
Tr

CD

[
S ′(y, x) Γ � S(x,y) Γ

]
· Tr

CD

[
S(z, z) ΓO

]〉
G

(3.49)

with the assumption that q ′ and q are different quark flavors as it is for a
charged pion. Both contributions to the mesonic three-point function, the con-
nected and the disconnected one, are shown in figure 3.3. The disconnected
contribution contains a meson two-point function and a disconnected loop,
which are connected only via gluon lines as depicted in figure 3.4.

yx

z

yx

z

Figure 3.3: Sketch of a meson three-point function: The corresponding meson is cre-
ated at x, an operator is inserted at z and the meson is annihilated at y.
The connected contribution is shown on the left, the quark-disconnected
contribution on the right.

Figure 3.4: Example for a disconnected meson three-point function: Curled blue lines
show gluons, green lines show virtual quark-antiquark pairs.

Note that in the case of the scalar form factor, i.e. OS(z) = q(z)q(z), the vacuum
contribution to the three-point function,

Cvac(ts, t, t0,pi,pf) = C2pt(ts, t0,pf)
∑
y

eiq·z 〈OS(t, z)〉 , (3.50)
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is non-zero for vanishing momentum transfer and has to be subtracted from
the scalar three-point function. In terms of expectation values, the vacuum
contribution can be written as

−
〈
Tr

CD

[
S ′(y, x) Γ � S(x,y) Γ

] 〉
G
·
〈
Tr

CD
[S(z, z) 1]

〉
G

, (3.51)

i.e. one has two separate gauge averages, one for the two-point function and one
for the quark loop. Thus, the vacuum contribution is also disconnected in the
quantum field-theoretical sense since no gluons are connecting the quark lines.
The scalar pion form factor is obtained from a three-point function

Csubtr
3pt (ts, t, t0,pi,pf) = C3pt(ts, t, t0,pi,pf) −Cvac(ts, t, t0,pi,pf) (3.52)

with subtracted vacuum contribution.

3.4.2 The Time-Dependence of the Three-Point Function

As for the two-point function, we can study the time-dependence of the three-
point function

C3pt(ts, t, t0,pi,pf) = 〈φ(ts,pf)O(t,pf −pi)φ
�(t0,pi)〉

= 〈0|φ(ts,pf)O(t,pf −pi)φ
�(t0,pi)|0〉 .

(3.53)

Applying the time evolution operator and inserting complete sets of eigenstates
of the Hamiltonian Ĥ, one obtains

C3pt(ts, t, t0,pi,pf)

=
∑
i,j

1

4Ei(pf)Ej(pi)
〈0|eĤts φ(0,pf) e−Ĥts |i〉〈i|eĤt O(0,pf −pi) e

−Ĥt|j〉

× 〈j|eĤt0 φ�(0,pi) e
Ĥt0 |0〉

=
∑
i,j

Z
�
i(pf)Zj(pi)

4Ei(pf)Ej(pi)
e−(ts−t)Ei(pf) e−(t−t0)Ej(pi)〈i|O(0,pf −pi)|j〉 (3.54)

If we consider only the ground state i = j = 1, the time-dependence of the
three-point function is

C3pt(ts, t, t0,pi,pf)

=
Z
�
1(pf)Z1(pi)

4E1(pf)E1(pi)
e−(ts−t)E1(pf) e−(t−t0)E1(pi)〈1|O(0,pf −pi)|1〉 . (3.55)

Note that for the scalar operator OS = qq with zero momentum transfer Q2 = 0,
i.e. pi = pf, equation (3.55) is only true after subtracting the vacuum contribu-
tion (3.50). Otherwise, one also obtains a term with i = j = 0,

Z
�
0(p)Z0(p)

4E0(p)E0(p)
e−(ts−t)E0(p) e−(t−t0)E0(p)〈0|O(0, 0)|0〉 , (3.56)

which is exactly canceled by the vacuum contribution, and (3.55) is the remaining
leading term in the three-point function.
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For the pseudoscalar meson creation operator φ�(x)ps = u(x)γ5 d(x) and the
operator O(t, z) = 2/3uγµu− 1/3dγµd, the matrix element 〈π|O(0,pf − pi)|π〉
in (3.55) determines the electromagnetic vector form factor of the pion, i.e.

Fπ
V

(
Q2
)
≡
〈
π+ (pf)

∣∣ 2
3
uγµu−

1

3
dγµd

∣∣π+ (pi)
〉

. (3.57)

Using the scalar operator O(t, z) = mddd+muuu one obtains information on
the scalar pion form factor

Fπ
S

(
Q2
)
≡
〈
π+ (pf)

∣∣ mddd+muuu
∣∣π+ (pi)

〉
. (3.58)

To extract the matrix element in (3.55) from three-point functions calculated in
a lattice simulation, one builds ratios from appropriate three- and two-point
functions. This will be explained in chapter 6.

3.4.3 The Disconnected Contribution to the Pion Vector Form Factor

From the Wick contractions (3.49) we obtained a connected and a disconnected
contribution for the three-point function. In the following we will show that the
disconnected contribution vanishes in the case of the vector form factor due to
charge conjugation invariance [56].

Under charge conjugation particles transform to their antiparticles:

q(x)
C−→ C−1 q(x)T , q(x)

C−→ −q(x)T C , (3.59)

Uµ(n)
C−→ Uµ(n)

∗ , (3.60)

with the charge conjugation matrix C, which acts on the Dirac indices and is
defined such that

CγµC
−1 = −γTµ ⇒ Cγ5C

−1 = γT5 . (3.61)

The Dirac operator transforms under charge conjugation as

D(x,y;U) C−→ CD(x,y;U)C−1 = DT (y, x;U∗) , (3.62)

where we have explicitly written the dependence on the gauge fields U. It is
straightforward to check that the action

S = a4
∑
x,y∈Λ

q(x)D(x,y;U)q(y) (3.63)

is invariant under charge conjugation. Relation (3.62) is also true for the inverse
of the Dirac operator, i.e.

S(x,y;U) C−→ CS(x,y;U)C−1 = ST (y, x;U∗) . (3.64)

The disconnected three-point function for the pion vector form factor is deter-
mined by (cf. equation (3.49))

Gdisc(U) = Tr [S(y, x;U) γ5 S(x,y;U) γ5] · Tr [S(z, z;U) γµ] . (3.65)
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Using equations (3.61) and (3.64) and the cyclicity of the trace one can write:

Gdisc(U) = Tr [S(y, x;U) γ5 S(x,y;U) γ5] · Tr [S(z, z;U) γµ]
= Tr

[
ST (x,y;U∗)γT5 S

T (y, x;U∗)γT5
]
· Tr

[
ST (z, z;U∗)

(
−γTµ

)]

= −Gdisc(U
∗) . (3.66)

Additionally, the gauge action SG[U] (cf. equation (2.19)) is invariant under
charge conjugation U→ U∗ and thus, the weight

det(D[U])e−SG[U] = det(D[U∗])e−SG[U
∗] (3.67)

of the configuration U is the same as the weight of U∗. However, if U and U∗

have the same weight, one can write [56]

〈Gdisc(U)〉G =
1

2
〈Gdisc(U) +Gdisc(U

∗)〉G
(3.66)
= 0 (3.68)

with the gauge average 〈〉G. Thus, one can conclude that the disconnected
contribution to the vector form factor of the pion vanishes in the gauge average.
For the scalar pion form factor one finds Gdisc(U) = Gdisc(U

∗) instead of (3.66),
and thus we expect a non-vanishing disconnected contribution to the scalar
form factor.
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P R O PA G AT O R C A L C U L AT I O N

According to Wick’s Theorem (3.22) the computation of correlation functions
such as two- and three-point functions requires the calculation of appropriate
propagators S(x,y) = D−1(x,y), i.e. the Dirac operator has to be inverted. On
the lattice the Dirac operator is a very large matrix with a rank of 12V , where
V is the total number of lattice points and 12 = # color × # Dirac components.
For typical lattice simulations this is 12V & O(108). An exact calculation of the
full inverse of such a large matrix is not feasible in computational costs. In the
following, some methods for the calculation of the propagators are introduced.

4.1 point sources

For some applications, such as connected two-point functions (cf. equation
(3.36))

C2pt(ts, t0,p) = −
∑
y

e−ip·(y−x)
〈
Tr

CD

[
S(y, x) Γ � S(x,y) Γ

]〉
G

(4.1)

= −
∑
y

e−ip·(y−x)
〈
Tr

CD

[
S(y, x) Γ � γ5S�(y, x)γ5 Γ

]〉
G

,

it is sufficient to have knowledge of the point-to-all propagator, i.e. the prop-
agator S(y, x) from a fixed lattice point x to all other points y. In the second
row of (4.1) we have used the γ5-hermiticity of the propagator, i.e. S(x,y) =

γ5S
�(y, x)γ5, which follows from the γ5-hermiticity of the Wilson-Dirac operator.

The point-to-all propagator can be calculated using point sources

ξαα0,cc0,xx0 = δ
(4)

xx0
δαα0δcc0 , (4.2)

i.e. a vector, which has only one non-vanishing entry for a given lattice point x0,
Dirac index α0 and color index c0. The solution of the Dirac equation for the
point source (4.2) provides the propagator from the lattice point x0, Dirac index
α0 and color index c0 to all other points x, Dirac indices α and color indices c
according to

∑
y,β,d

D(x,y)cdαβ D−1(y, x0)
dc0
βα0

= δ
(4)

xx0
δαα0δcc0 . (4.3)

D−1(y, x0)
dc0
βα0

= S(y, x0)
dc0
βα0

in equation (4.3) is the {x0,α0, c0} column of the
propagator matrix. To obtain the full point-to-all propagator as needed in the
calculation of the two-point function (4.1), 12 point sources have to be used, one
for every combination of Dirac and color indices.
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4.2 smearing

As discussed in the previous chapter, a hadron creation operator φ� does not
only create the ground state but also excited states with the same quantum
numbers. If one calculates for example the two-point function (3.41)

C2pt(ts, t0,p) =
∑
j

Z2j (p)

2Ej(p)
e−(ts−t0)Ej , (4.4)

using point sources, the overlap factors Zj for j > 1, and therefore the contami-
nation with excited states, might be large, and a large time separation between
source and sink is needed to rely on excited states to have sufficiently died
out. The idea of smearing [57] is to enhance the ground state compared to the
excited states by maximizing Z1/Zj for j > 1. This can be achieved by applying
appropriate smearing operators M(x,y)cdαβ to the quark fields,

q̃(x)cα =M(x,y)cdαβ q(y)
d
β , (4.5)

to obtain the smeared quark field q̃. For Gaussian smearing [58–60] one choses

M = (1+ κGH)
k , (4.6)

with the hopping matrix H and a real number κG. If the number k of iterations
is large enough, this results in an approximately Gaussian shape of the quark
field. Besides k, one can tune the parameter κG such that one obtains good
overlap with the ground state. In this thesis we use the smearing parameters
that have been tuned by Benjamin Jäger [61].
Technically, smearing of the quark fields at the source can be achieved by solving
the Dirac equation with a smeared source instead of a point source,∑

y,β,d

D(x,y)cdαβ S̃(y, x0)
dc0
βα0

=M(x, z)ceαγ δ
(4)

zx0
δγα0δec0 , (4.7)

to obtain a source-smeared propagator S̃. Applying the smearing operator also
to the source-smeared propagator,

˜̃S(x, z)ceαγ =M(x,y)cdαβ S̃(y, z)deβγ , (4.8)

one obtains the smeared-smeared quark propagator ˜̃S, which is smeared at the
source and the sink.

In the following, we will refer to correlation functions, which have been calcu-
lated without smearing as local-local (LL), correlation functions with smearing
only at the source as smeared-local (SL) and correlation functions with smearing
on source and sink as smeared-smeared (SS).

4.3 the extended propagator method

Beside propagators starting from a fixed source point x, the connected three-
point function (cf. equation (3.49))

C
con

3pt =
∑
y,z

eiq·(z−x)e−ip·(y−x)
〈
Tr

CD

[
S(y, x) Γ � S(z,y) ΓO S(x, z) Γ

]〉
G

(4.9)
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also includes the propagator S(y, z), which would naively require the propagator
from every lattice point to all lattice points. However, one can avoid the calcula-
tion of the all-to-all propagator for three-point functions by using the extended
propagator method [62]. The three-point function (4.9) can be rewritten as

C
con

3pt =
∑
z

eiq·(z−x)
〈
Tr

CD

[
Σ(z, x) ΓO S(x, z) Γ

]〉
G

(4.10)

with the extended propagator

Σ(z, x) =
∑
y

e−ip·(y−x) S(y, x) Γ � S(z,y) . (4.11)

After the point-to-all propagator S(y, x) has been calculated using a point source
(or smeared point source) at the lattice point x, the extended propagator can be
obtained by another inversion of the Dirac operator,∑

z

D(m, z)Σ(z, x) = e−ip·(m−x) Γ � S(m, x) , (4.12)

where the point-to-all propagator is used as a source. A sketch of the extended
propagator Σ(z, x) is given in figure 4.1.

z

yx

Figure 4.1: Sketch of the extended propagator Σ(z, x) for mesons.

From equation (4.12) it is clear that a new extended propagator has to be
calculated for every sink momentum p and Γ -structure.

4.4 stochastic sources

As soon as a disconnected loop L(q, z0) is involved in a correlation function, e.g.
in the disconnected three-point functions (cf. equation (3.49)), it is essential to
have knowledge of the propagator from every lattice point to every lattice point
(all-to-all propagator) to estimate the trace

L(q, z0) =
∑
z

eiq·z Tr
CD

[S(z, z) Γ ] . (4.13)

A calculation with point sources (4.2) would require to solve the Dirac equation
12V times, where V is the total number of lattice points. For a typical lattice
(cf. table 3.1), 12V is of the order O(108) to O(109), and thus a calculation with
point sources is clearly unacceptable in computational costs. However, the full
all-to-all propagator can be obtained using the method of stochastic sources
[63–66].
For the calculation of the propagator with stochastic sources, one needs N
random vectors ηi with i = 1, · · · ,N. The random numbers have to be chosen
such that
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(a) for every entry (x,α, c) the mean over the N sources has to vanish in the
limit N→∞,

lim
N→∞ 1

N

N∑
i=1

ηi(x)
c
α = 0 , (4.14)

(b) in the limit N→∞ the random vectors fulfill

lim
N→∞ 1

N

N∑
i=1

ηi(x)
c
α η

�
i(y)

d
β = δ

(4)

x,yδαβδcd . (4.15)

Suitable choices for stochastic sources are for example Z2 ⊗Z2 sources, where
the random numbers are picked from

Z2 ⊗Z2 =
{
1√
2
(±1 ± i)

}
, (4.16)

or U(1) sources. For U(1) sources every entry of the stochastic source ηi is a
random U(1)-number, i.e.

ηi(x)
c
α = eiφ (4.17)

with a randomly chosen phase φ ∈ [0, 2π). It is straightforward to check the
conditions (4.14) and (4.15) for Z2 ⊗Z2 as well as for U(1) sources, where both
choices lead to comparable stochastic noise [67] and are thus equally well suited
for the calculation of the all-to-all propagator. In this work we use U(1) stochastic
sources.
For every stochastic source, one has to solve the Dirac equation∑

y,β,d

D(x,y)cdαβ si(y)
d
β = ηi(x)

c
α . (4.18)

Multiplying equation (4.18) with η�i(z)
e
γ from the right and taking the mean over

N stochastic sources, one obtains

lim
N→∞ 1

N

N∑
i=1

∑
y,β,d

D(x,y)cdαβ si(y)
d
β η

�
i(z)

e
γ = lim

N→∞ 1

N

N∑
i=1

ηi(x)
c
α η

�
i(z)

e
γ

= δ
(4)

x,zδαγδce ,

(4.19)

where in the last step the condition (4.15) for stochastic sources has been used.
Equation (4.19) implies that the propagator can be calculated as

S(y, z)deβγ = D−1(y, z)deβγ = lim
N→∞ 1

N

N∑
i=1

si(y)
d
β η

�
i(z)

e
γ . (4.20)

For the estimate of a disconnected loop (4.13), which is required for e.g. the scalar
form factor of the pion, the trace of the propagator calculated with stochastic
sources is simply the scalar product∑

z

eiq·z Tr
CD

[Γ S(z, z)] =
∑
z

eiq·z Tr
CD

[
Γ

N∑
i=1

si(z) η
�
i(z)

]
(4.21)

=

N∑
i=1

∑
z

eiq·z Tr
CD

[
η
�
i(z) Γ si(z)

]
=

N∑
i=1

∑
z

eiq·z
(
η
�
i(z) · Γ si(z)

)
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due to the cyclicity of the trace. Thus, for the practical computation of the
disconnected loop, one has to follow the steps

1. create a random source ηi,

2. solve the Dirac equation for this source, i.e. Dsi = ηi,

3. calculate the scalar product of η�i and Γ si and sum over the spatial lattice
points including the Fourier phase.

4. repeat steps 1. to 3. N times, sum the results and normalize by N.

For N random sources, the statistical error from the inversion with stochastic
sources is expected to scale like 1/

√
N. Note that in general the gauge average

and the stochastic average commute. Thus, a gauge average also includes an
average over different stochastic sources, and it is sufficient to use only a few
stochastic sources per gauge configuration for the propagator calculation.

As indicated in equation (4.13), we need the loop L(q, z0) for every time z0 on
the lattice. Thus, we use N time-diluted stochastic sources that have entries on
only one single timeslice and repeat the calculation for every time z0. In total
we need T ·N inversions for the calculation of the disconnected loop, where T is
the temporal extend of the lattice and N is the number of stochastic sources. N
can be chosen small, such that T ·N� 12V .

Since the method of stochastic sources provides the all-to-all propagator, it is
also possible to calculate connected diagrams using stochastic sources. For the
calculation of connected two-point functions using stochastic sources, one usu-
ally applies the “one-end-trick” [68, 69]. However, the two-point functions used
in this thesis have been calculated with (smeared) point sources as explained in
section 4.1.

4.5 the hopping parameter expansion

When calculating the all-to-all propagator using stochastic sources, the Dirac
equation has to be solved for every source. Since solving the Dirac equation is
expensive in computational costs, one is interested in using as few stochastic
sources as possible. However, a decrease of the number N of sources results in
an increase of the statistical error ∝ 1/√N. Therefore, one needs noise reduction
methods to achieve a sufficient accuracy of the results without significantly
increasing the required computer time. In the past few years several different
noise reduction techniques have been tested, such as different dilution schemes
[70, 71], truncated solver methods [67, 72], low-mode averaging [73–75] and
hopping parameter expansions [67, 76]. In our previous work [20], we found
that the hopping parameter expansion is a powerful tool for the reduction of
the statistical error in the calculation of disconnected loops using stochastic
sources. In the following the hopping parameter expansion is explained for the
unimproved and the O(a)-improved Wilson-Dirac Operator.
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4.5.1 The unimproved Wilson-Dirac Operator

The unimproved Wilson-Dirac operator (2.30) has the general form

D
W

=
1

2κ
1−

1

2
H (4.22)

with the hopping parameter κ and the hopping matrix H, which contains the
couplings between neighboring lattice points. In (4.22) we have set a = 1 for
simplicity. Since one is interested in the inverse of the Dirac-operator,

D−1
W

=

(
1

2κ
1−

1

2
H

)−1

, (4.23)

one can apply a geometric series expansion in κ [67, 76], the hopping parameter
expansion (HPE)

D−1
W

= 2κ

∞∑
i=0

(κH)i (4.24a)

= 2κ

k−1∑
i=0

(κH)i + 2κ

∞∑
i=k

(κH)i . (4.24b)

Since the hopping matrix H allows to “hop” from one lattice point to a neigh-
boring point, equation (4.24a) implies that the propagator from x to y can be
written as the sum over all possible paths between those two lattice points as
depicted schematically in figure 4.2. Every path is weighted with κi, where i is
the length of the path in lattice units. Since the hopping parameter κ < 1, the
leading term in the propagator is given by the shortest paths.

x

y

H

H

H

H

H

Figure 4.2: Some possible paths between x and y on a two-dimensional lattice. Different
paths are denoted by different colors. The propagator D−1

W
can be written as

the sum over all possible paths between x and y (4.24a).

The idea of the hopping parameter expansion is, to calculate the shortest paths
explicitly and estimate the rest of the paths using stochastic sources by rewriting
equation (4.24b)

D−1
W

= 2κ

k−1∑
i=0

(κH)i + (κH)k ·D−1
W

. (4.25)

The inverse D−1
W

one the right-hand side can be calculated using stochastic
sources while paths with length i < k are calculated exactly. The stochastic
noise in the calculation of D−1

W
one the right-hand side is suppressed by κk.

Therefore the HPE can be used to reduce the statistical error in the calculation
of the all-to-all propagator.



4.5 the hopping parameter expansion 41

4.5.2 The O(a)-improved Wilson-Dirac Operator

Due to the additional clover term, the O(a)-improved Wilson-Dirac operator is
not of the form (4.22), but of the form (cf. equation (2.39))

D
SW

=
1

2κ
1−

1

2
H+ c

SW
B (4.26)

with the O(a)-improvement term c
SW
B. The matrix B is local, i.e. it does not

couple different lattice points. To perform a geometric series as done for the
unimproved case, we have to rewrite the improved operator (4.26) as

D
SW

= A−
1

2
H = A

(
1−

1

2
A−1H

)
, (4.27)

with the matrix

A =
1

2κ
1+ c

SW
B . (4.28)

The form of the right-hand side of equation (4.27) implies that a geometric series
expansion can be performed for the expression in the brackets, which leads to
the following expansion for the O(a)-improved Wilson-Dirac operator

D−1
SW

=

k−1∑
i=0

(
1

2
A−1H

)i
A−1 +

(
1

2
A−1H

)k
D−1
SW

. (4.29)

Again, the inverseD−1
SW

on the right hand side can be estimated using the method
of stochastic sources, whereas the largest contributions to the propagator

X =

k−1∑
i=0

(
1

2
A−1H

)i
A−1 (4.30)

can be calculated explicitly. Practically, one can also estimate the trace of this
term with stochastic sources using (4.15)

1

N

N∑
i=1

|ηi〉〈ηi| ≈ 1 (4.31)

and

Tr [X] = Tr

[
k−1∑
i=0

(
1

2
A−1H

)i
A−1

]

≈ 1

N

N∑
i=1

Tr

[
k−1∑
i=0

(
1

2
A−1H

)i
A−1|ηi〉〈ηi|

]

=
1

N

N∑
i=1

〈ηi|
k−1∑
i=0

(
1

2
A−1H

)i
A−1|ηi〉 . (4.32)

Since this estimate is cheap in computational costs compared to the inversion of
the Dirac operator, we use a large number of sources N = 50.
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For the hopping parameter expansion of the O(a)-improved Wilson-Dirac opera-
tor (4.29), we additionally need to calculate the inverse of the matrix A defined in
(4.28). Since the O(a)-improvement term is local, i.e. it does not couple different
lattice points, A is diagonal in position space. In Dirac and color space it is given
by (cf. equation (2.39))

A =
1

2κ
+ c

SW

i

4
σµνF̂µν . (4.33)

If one inserts the Euclidean gamma matrices in the chiral representation (cf. A.3)
in the definition of the matrix A (4.33), one obtains the following block diagonal
form in Dirac space [77]

A =

(
Ã+ 0

0 Ã−

)
. (4.34)

The matrices Ã± are 6× 6 matrices

Ã± =

(
1

2κ
+ c

SW

i

16

3∑
k=1

σk (Ek ∓Bk)

)
, (4.35)

with the Pauli matrices σk and the electric Ek and magnetic Bk components of
the field strength tensor,

Ek = 8F̂0k , Bk =

3∑
i,j=1

4εijkF̂ij . (4.36)

This block-diagonal form of the matrix A implies that the calculation of A−1

requires the inversion of two 6× 6 matrices for every lattice point. These inver-
sions are cheap compared to solving the Dirac equation and can be done e.g.
using the Householder triangularization. For this purpose we were able to use
existing code [77] implemented in the DD-HMC program by Martin Lüscher.

If one sets the O(a)-improvement parameter c
SW

= 0 one obtains

A =
1

2κ
1 ⇒ A−1 = 2κ1 . (4.37)

Inserting this into (4.29) one recovers the hopping parameter expansion (4.25)
for the unimproved Wilson-Dirac operator. In the following we will refer to the
hopping parameter expansion for the O(a)-improved Wilson-Dirac operator as
the generalized hopping parameter expansion (gHPE).

To optimize the calculation of the disconnected loop contribution with stochastic
sources and the gHPE, one can tune two parameters – the order of the hopping
parameter expansion k and the number of stochastic sources N for the estimate
of the remaining inverse D−1

SW
. In our previous work [20], we tested different

combinations of k and N. In figure 4.3 the relative error on the scalar loop (i.e.
Γ = 1)

L(p = 0, t = 0) =
∑
x

Tr
CD

[S(x, x)] (4.38)
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for t = 0 and vanishing momentum p = 0 is plotted against 1/
√
N for a light

quark (u,d) propagator. For this study the gauge average has been taken on 33
gauge configurations of the E4 ensemble (cf. table 3.1). This gauge average has
been calculated for k = 2, 4, 6 as well as without gHPE (i.e. stochastic estimate
only), each with N = 3, 5, 7 stochastic sources.

0

0.0001

0.0002

0.0003

0.0004

0.0005

0.0006

0.0007

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

σ /
〈 lo

o
p
〉

1/
√
N

w/o HPE

k = 2

k = 4

k = 6

N = 7 5 3

Figure 4.3: The relative error for the loop (4.38) calculated with order k = 2, 4, 6 terms
in the gHPE as well as without hopping parameter expansion. For each case
N = 3, 5, 7 stochastic sources have been used. The data are taken from [20].

From the plot one can clearly see the gain of the generalized hopping parameter
expansion. The higher the order k of the gHPE, the larger is the reduction of the
statistical uncertainty. Furthermore one can observe the expected dependence
in the number of stochastic sources σ ∝ 1/

√
N, which is indicated by linear

curves fitted to the data to guide the eye. The remaining stochastic error at
1/
√
N = 0, i.e. N→∞, is the gauge noise from averaging over a finite number of

configurations of the gauge fields.
Since the most expensive part of the calculation of the disconnected loop is
to solve the Dirac equation for every source, one is interested in using as few
sources as possible. From figure 4.3 we can conclude that N = 3 sources is
enough when using the gHPE. Using k = 6 compared to the stochastic method
only, we achieve a reduction of the error by a factor ≈ 2. To have a good balance
of the required computational costs and the stochastic accuracy, we use N = 3

stochastic sources and k = 6 for the calculation of the disconnected loops.
Note that this study has been made for the light (u,d) quark. For heavier quarks,
which have a smaller hopping parameter κ, the optimal choice of the parameters
N and k is different [78]. For the calculation of the disconnected contribution to
the anomalous magnetic moment of the muon we will also use strange quark
loops. Although our choice of N = 3 and k = 6 is not optimal for the strange
quark, we find that for the disconnected contribution to the hadronic vacuum
polarization it is advantageous to have light and strange quark loops, that
have been calculated with exactly the same stochastic sources (cf. section 9.1.2).
Thus, the strange quark loops used in this thesis are estimated using the same
stochastic sources as the light quarks, i.e. N = 3 and k = 6.
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I N T R O D U C T I O N

Lattice techniques are a powerful tool to study QCD in the low-energy regime,
where a perturbative expansion in the strong coupling is not possible. This
allows for a first-principles calculation of quantities concerning the structure of
hadrons. In the following, we will concentrate on the scalar form factor of the
pion, which is defined as

Fs(Q
2) ≡ 〈π(pf)|qq |π(pi)〉 (5.1)

with the four-momentum transfer

Q2 = −(pf − pi)
2 . (5.2)

Due to the euclidean space-time used in lattice calculations, one has access only
to space-like momentum transfers Q2 > 0.
The scalar form factor of the pion occurs in the coupling of a charged pion to
a scalar particle, such as the Higgs boson, which has been recently discovered
at the Large Hadron Collider at CERN. However, a Higgs with a mass of
mH ≈ 125 GeV [7, 8] is far too heavy to be detectable in the low energy regime
of QCD, and thus a direct experimental evaluation of the scalar form factor is
currently not possible.

π(pi) π(pf)

Figure 5.1: Feynman diagram of the coupling of a scalar particle to a pion.

As already discussed in section 3.4, the matrix element of the form

〈qγ5qqqqγ5q〉 , (5.3)

which determines the scalar pion form factor, receives a quark-connected and a
quark-disconnected contribution.
So far only one lattice calculation of the full scalar pion form factor includ-
ing disconnected contributions has been performed by the JLQCD/TWQCD
collaboration [17–19] on rather small 32× 163 lattices. Thus, an independent
computation with bigger lattices, such as the CLS ensembles, is desirable.

In this thesis, we will calculate the scalar form factor of the pion on the lattice
by explicitly calculating the connected and the disconnected contribution to the
matrix element (5.1). The use of different momentum transfers Q2 will allow us
to study the momentum dependence of the scalar form factor and to extract the
scalar radius of the pion.

47
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The scalar form factor for vanishing momentum transfer Q2 = 0 can also be
estimated using the Feynman-Hellman Theorem [79]. For the scalar pion form
factor the Feynman-Hellman Theorem yields [27, 80, 81]

Fs(0) =
∂M2

π

∂mud
, (5.4)

with the light quark mass mud. Thus, an accurate calculation of the scalar
form factor for vanishing momentum transfer using the Feynman-Hellman
Theorem (5.4) would ideally require to determine the pion mass from lattices
with only slightly different quark masses. Such lattices are not available within
the CLS ensembles. Therefore the Feynman-Hellman Theorem is not used in this
work and we estimate the form factor for Q2 = 0 also from a direct calculation
of the corresponding matrix element (5.1) on the lattice. However, with the
appropriate data it could serve as a check of our results for Fs(0).

Once the scalar form factor of the pion has been computed for different values
of the momentum transfer Q2, one can determine the pion scalar radius

〈
r2
〉π

S
,

which is defined as the slope of the form factor for vanishing momentum
transfer:

〈
r2
〉π

S
≡ −

6

Fπ
S
(0)

∂Fπ
S
(Q2)

∂Q2

∣∣∣
Q2=0

. (5.5)

Since so far it has not been possible to determine the scalar form factor in an
experiment, there is no experimental result for the scalar radius from a direct
measurement. However, it is possible to relate the scalar radius of the pion to
ππ-scattering amplitudes [23–26] and the most recent result is [27]

〈
r2
〉π

S
= 0.61± 0.04 fm2 . (5.6)

This value can be used as a comparison with our result from a first-principles
determination of the scalar pion radius using lattice QCD.

5.1 the vector form factor from lattice qcd

The electromagnetic form factor of the pion Fπ
V

(
Q2
)

has been studied more
extensively on the lattice [17, 82–93] than the scalar form factor due to the ab-
sence of disconnected diagrams. In addition, it can be measured experimentally,
and thus, lattice results can be compared with experimental data. The pion
electromagnetic form factor describes the coupling of a charged pion to the
vector current and is defined as (cf. (3.57))

Fπ
V

(
Q2
)
≡
〈
π+ (pf)

∣∣ 2
3
uγµu−

1

3
dγµd

∣∣π+ (pi)
〉

. (5.7)

The vector form factor of the pion at vanishing momentum transfer corresponds
to its electric charge, i.e.

Fπ
V
(0) = 1. (5.8)

Experimentally the form factor can be measured in the scattering of electrons
and pions. The corresponding Feynman diagram is shown in figure 5.2.
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π(pi) π(pf)

e e

γ

Figure 5.2: Feynman diagram of pion electron scattering.

The slope of the electromagnetic form factor at vanishing momentum transfer
Q2 = 0 determines the vector radius of the pion,

〈
r2
〉π

V
= −6

∂Fπ
V
(Q2)

∂Q2

∣∣∣
Q2=0

. (5.9)

Clearly, a fine momentum resolution close to Q2 = 0 of the form factor is
desirable to estimate the pion radius. The momenta which are available on the
lattice via Fourier transformation are restricted to discrete values (cf. equation
(2.2)). However, the introduction of partially twisted boundary conditions in the
spatial directions [94, 95] for the valence quarks,

q(x+ L · k̂) = eiθkq(x) , (5.10)

allows tuning the momenta continuously,

pi =
2π

La
ni +

θi
La

. (5.11)

This method has been successfully applied to the calculation of the vector radius
of the pion [84, 87–89, 92].
However, the use of partially twisted boundary conditions is not possible for the
disconnected contribution to the scalar form factor, since the effect of twisting
cancels in flavor singlet quantities. Thus, we have to resort to the use of Fourier
momenta in our calculation of the scalar radius of the pion.

Figure 5.3 shows a compilation of various lattice results for the vector radius of
the pion. The black point shows the most accurate experimental result

〈
r2
〉π

V
= 0.439± 0.008 fm2 (5.12)

which has been obtained from the NA7 experiment at CERN in 1989 [96]
for a comparison. Clearly, all lattice results show a good agreement with the
experimental value, although the errors of all lattice results are larger than the
error on the experimentally determined radius.
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CLS Mainz 2013 [92]

JLQCD/TWQCD 2009 [17]

ETM 2008 [88]

QCDSF/UKQCD 2006 [83]

Figure 5.3: The results for the vector radius of the pion from different lattice collabo-
rations compared with the experimental value from the NA7 experiment,
which is shown in the upper panel. The three lower panels show results for
Nf = 2+ 1+ 1, 2+ 1 and 2 dynamical quark flavors.

5.2 the scalar form factor in chiral perturbation theory

Chiral Perturbation Theory1 (χPT) is an effective field theory for QCD in the
low-energy regime. The fundamental degrees of freedom are the low-energy
degrees of freedom of QCD, i.e. light mesons and baryons. In χPT one constructs
the most general Lagrangian which is consistent with the symmetries of QCD,
e.g. the chiral symmetry. These Lagrangians contain low-energy constants, which
are a priori unknown from the effective theory itself, but can be determined by
the underlying theory, i.e. QCD.
Since lattice simulations are usually performed with pions which are heavier
than the physical pion one has to extrapolate the obtained results to the physical
mass. Such extrapolations can be done using the expressions obtained in chiral
perturbation theory. Additionally, results from lattice simulations allow to extract
χPT low-energy constants from first principles.

1 An introduction to Chiral Perturbation Theory can be found e.g. in [97].
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5.2.1 Next-to-leading Order

At next-to-leading order (NLO) in chiral perturbation theory, the scalar radius
of the pion is given by [23, 28]

〈
r2
〉π

S
= −

1

(4πF)2
13

2
+

6

(4πF)2

[
`4 + ln

(
m2π,phys

m2π

)]
(5.13)

with the pion decay constant F = 92.2 MeV [34]. The scalar radius in NLO
chiral perturbation theory (cf. equation (5.13)) depends only on one low-energy
constant `4. Thus, a calculation of the scalar pion radius, e.g. from the lattice,
provides also a determination of this low-energy constant, alternatively to the
determination of `4 from pseudoscalar meson decay constants. The current
FLAG2 report [98] quotes a value of

`4|Nf=2 = 4.62± 0.22 (5.14)

for two dynamical flavors of quarks.

The corresponding NLO χPT formula for the vector radius of the pion is given
by [23, 28]

〈
r2
〉π

V
= −

1

(4πF)2
+

1

(4πF)2

[
`6 + ln

(
m2π,phys

m2π

)]
. (5.15)

Thus, from a calculation of the vector radius the low energy constant `6 can
be determined as done e.g. in [92]. Comparing the χPT formulae of scalar and
vector radius, one finds that the pion mass dependence in the chiral logarithm
is enhanced by a factor of six for the scalar radius. Thus, one expects a more
pronounced pion mass dependence in the scalar case.

The scalar and vector radius of the pion are also known at next-to-next-to-
leading order (NNLO) in chiral perturbation theory [25, 80]. The corresponding
expressions can be found in the appendix in section B.3. However, we will use
NLO chiral perturbation theory for the extrapolation of the scalar radius to the
physical pion mass, since the amount of our data is insufficient to constrain all
low-energy constants at NNLO.

5.2.2 Partially Quenched Chiral Perturbation Theory

Additionally, partially quenched chiral perturbation theory (pqχPT) [99–101]
allows to consider different Wick contractions of matrix elements separately
with χPT methods. The idea is to introduce an additional quark flavor ν, which
has the same mass as the light quarks. However, quarks of different flavors
cannot be contracted with each other. In the case of the scalar pion form factor,

2 The Flavour Lattice Averaging Group (FLAG) reviews and summarizes the status of lattice results
concerning low-energy physics.
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the matrix element
〈
uγ5ddddγ5u

〉
is split into two matrix elements, where one

is purely connected and one purely disconnected:
〈
uγ5d dd dγ5u

〉
=
〈
uγ5v vd dγ5u

〉
+
〈
uγ5d vvdγ5u

〉
. (5.16)

The first term on the right-hand side of equation (5.16) represents the connected
contribution and the second term the disconnected one. The sum of both yields
the physical scalar form factor. These summands can be calculated separately in
chiral perturbation theory. For the scalar form factor this has been done recently
[21, 22]. The results are shown in figures 5.4 and 5.5. Both plots are taken from
[21].

Figure 5.4 shows the scalar form factor plotted against the four-momentum
transfer t = −Q2 for physical pion mass. The connected contribution is shown
as the dotted blue line and the disconnected contribution as a dashed green line.
The sum of both curves is shown in red and corresponds to the total form factor.
For this plot the form factor is normalized such that Fs(0) = 1 for vanishing
momentum transfer. One can see, that the disconnected contribution is small
compared to the connected one. Note that on the lattice, we have only access
to space-like momenta t < 0, i.e. the left hand-side of this plot. On the right
hand-side in the time-like region one can clearly see the two-pion threshold at
t = (2mπ)

2.
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Figure 3: The plots show the momentum dependence of the real (top) and imaginary

(bottom) parts of the scalar form factor for Nf = 2 (left) and Nf = 2 + 1 (right):

Full form factor (solid red), connected contribution (dotted blue) and disconnected

contribution (dashed green).

8

Figure 5.4: The connected (dotted blue), disconnected (dashed green) and total (red)
scalar pion form factor from pqχPT plotted against the four momentum
transfer t = −Q2 at physical pion mass. The form factor is normalized such
that Fs(0) = 1. Note that on the lattice one has only access to space-like
momenta t < 0, i.e. the left side of the plot. In the time-like region one can
see the two-pion threshold t = (2mπ)

2. The plot is taken from [21].

In figure 5.5, the scalar pion radius from partially quenched chiral perturbation
theory is plotted against the pion mass m2π. The dotted blue line shows the
connected contribution, the dashed green line the disconnected one. The red
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line is the scalar radius from the complete form factor and corresponds to the
result from NLO χPT (cf. equation (5.13)). One can see that the disconnected
and the connected contribution to the scalar radius, i.e. the slope of the form
factor at vanishing momentum transfer, are of the same order. This indicates the
importance of the disconnected contribution for the scalar pion radius. Thus,
a meaningful result for

〈
r2
〉π

S
can only be obtained when calculating both the

connected and the disconnected contribution.
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Figure 4: The plots show the scalar radius for Nf = 2 (left) and Nf = 2+1 (right) as a

function of the squared pion mass (mK is fixed to the physical value and m2
η = 4

3m
2
K −

1
3m

2
π): full radius (solid red), connected contribution (dotted blue) and disconnected

contribution (dashed green).

mass and the momentum transfer, to the corresponding expressions in the effective

theory for Nf = 2 (eq. (4.4)) and Nf = 2 + 1 (eq. (4.7)). A special case in this

context is the octet scalar form factor (cf. appendix B) since the expression for

the disconnected contribution is entirely parameter-free.

• If one is interested in the result for the full form factor FF
S , the only approach

which will eventually provide a reliable control of systematic effects is a complete

numerical evaluation in lattice QCD. An approximate picture for the form fac-

tor can be obtained by combining an evaluation of the connected contribution in

lattice QCD with predictions for the disconnected contribution by chiral pertur-

bation theory. With the exception of the octet form factor the latter of course

relies on external input in terms of estimates of the low-energy constants.

• In [23] an argument was given that justifies the use of (partially) twisted boundary

conditions for the computation of the pion’s iso-spin limit vector form factor.

From the flavour structure of the correlation functions on the r.h.s. of eq. (2.3) it

follows that this technique can also be applied to the quark-connected correlator

that contributes to the scalar form factor.

9

Figure 5.5: The scalar radius of the pion from pqχPT. The dotted blue line shows the
connected contribution, the dashed green line the disconnected one. The
red line is the scalar radius from the complete form factor. The plot is taken
from [21].
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In the following, we will discuss how the scalar form factor of the pion can be
extracted from the three- and two-point functions that can be calculated on the
lattice. We will present results for the connected and disconnected contribution
to the form factor for three different momentum transfers Q2. From the Q2-
dependence of the form factor, the scalar pion radius can be determined. The
use of gauge ensembles with different pion masses and three different lattice
spacings will allow for a chiral and continuum extrapolation to the physical
point.

As already discussed in section 3.4, the scalar form factor of the pion appears in
the pion three-point function

C3pt(ts, t,pi,pf) = 〈π(ts,p) O(t,pf −pi) π(0,p−q)〉 (6.1)

=
Z
�
π(pf)Zπ(pi)

4Eπ(pf)Eπ(pi)
e−(ts−t)Eπ(pf) e−tEπ(pi)〈π(pf)|O(pf −pi)|π(pi)〉 ,

where we have placed the pion source at t0 = 0 for simplicity. The matrix
element 〈π(pf)|O(pf − pi)|π(pi)〉 provides the scalar pion form factor for the
momentum transfer Q2 = −q2 = −(Ef − Ei)

2 + (pf −pi)
2. This matrix element

can be extracted by building ratios of appropriate mesonic three- and two-point
functions. In this work we have used two different ratios, which we call R1 and
R3 along the lines of [102]:

R1(t, ts,pi,pf) =

√
C3pt(t, ts,pi,pf)C3pt(t, ts,pf,pi)

C2pt(ts,pi)C2pt(ts,pf)
, (6.2)

R3(t, ts,pi,pf) =
C3pt(t, ts,pi,pf)
C2pt(ts,pf)

×
√
C2pt(ts,pf)C2pt(t,pf)C2pt((ts − t),pi)
C2pt(ts,pi)C2pt(t,pi)C2pt((ts − t),pf)

. (6.3)

In sections 6.1 and 6.2 we will show that, neglecting excited state contributions,
these ratios are constant and proportional to the scalar form factor Fπ

S
(Q2),

except for a time-dependent factor, which is an artifact of the periodic boundary
conditions used in our lattice calculations. These time-dependencies are analyti-
cally known and will be investigated in 6.1.1 and 6.1.2 for the connected and the
disconnected contribution, respectively.

As already mentioned in section 2.4, the Wilson fermions that we use in our
calculations break the chiral symmetry explicitly even in the case of massless
quarks. Due to the chiral symmetry breaking, the scalar operator OS = qq

can mix with the identity and thus, the scalar operator obtains an additive
renormalization besides the multiplicative one

〈
OR

S
〉
= ZS 〈OS − b0〉 . (6.4)
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However, as already mentioned in section 3.4, we have to subtract the vacuum
contribution from the three-point function in the scalar case. The vacuum
contribution

Cvac(ts, t,pi,pf) = C2pt(ts,pf)
∑
y

eiq·z 〈OS(t, z)〉 (6.5)

undergoes the same additive renormalization and thus the subtraction of the
vacuum also subtracts the additive renormalization constant b0. Thus, we are
left with the multiplicative renormalization ZS for the scalar form factor. Since
ZS has not been determined for the CLS gauge ensembles yet, all the form factor
data presented in this thesis are not renormalized. However, in the calculation
of the scalar radius of the pion

〈
r2
〉π

S
= −

6

Fπ
S
(0)

∂Fπ
S
(Q2)

∂Q2

∣∣∣
Q2=0

(6.6)

the multiplicative renormalization drops out, i.e. the scalar radius is independent
of the renormalization.

6.1 vanishing momentum transfer

Vanishing momentum transfer Q2 = 0 corresponds to choosing the initial and
final momentum of the pion to be the same, i.e. pf = pi ≡ p. Clearly, both ratios
R1 and R3 are equal in this case

R(t, ts,p,p) ≡ R1(t, ts,p,p) = R3(t, ts,p,p) =
C3pt(t, ts,p,p)
C2pt(ts,p)

. (6.7)

If we insert the expected time behaviors of the three-point (3.55) and the two-
point (3.44) function, we obtain

R(t, ts,p,p) =
〈π(p)|O(0)|π(p)〉

2Eπ(p)
· e−tsEπ(p)

(
e−tsEπ(p) + e−(T−ts)Eπ(p)

) . (6.8)

Thus, all overlap factors Zπ(p) = 〈0|φ�(p)|π〉 have been canceled. Additionally,
the dependence on the time t of the operator insertion drops out, i.e. the ratio R
is independent of t. Note that this is only true if excited state contributions are
neglected, as was done here. The remaining ts dependent factor

f(ts) =
e−tsEπ(p)

(
e−tsEπ(p) + e−(T−ts)Eπ(p)

) (6.9)

is a consequence of the backward propagating pion in the two-point function
due to the periodic boundary conditions used in our lattice calculations. For an
infinite lattice T → ∞ this time dependent factor f(ts) approaches 1 and thus
the ratio

R(t, ts,p,p)→ 〈π(p)|O|π(p)〉
2Eπ(p)

(6.10)

is the desired form factor up a factor of (2Eπ(p))−1 for large time separations
0� t� ts, where excited states can be neglected. Since the pion energy Eπ(p)
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can be extracted from the exponential ts-dependence of the pion two-point
function,

C2pt(ts,p) =
Z2π(p)

2Eπ(p)

(
e−tsEπ(p) + e−(T−ts)Eπ(p)

)
, (6.11)

the form factor Fs(Q2 = 0) can be determined from lattice results for C2pt(ts,p)
and C3pt(t, ts,p,p) using the ratio R.

6.1.1 The Connected Contribution: ts-Dependence

In figure 6.1 the ratio R for the connected three-point function is plotted against
the operator insertion time t for a fixed value of the pion sink time ts = 24. As an
example, we show data for the E5 ensemble with a pion mass of mπ = 456 MeV,
since we have the highest statistics of gauge configurations for this ensemble (cf.
table 3.1). We have set the initial and final momentum of the pion to p = 0 and
put the pion source at (0, 0, 0, 0). The connected three-point function has been
calculated using the extended propagator method. We have applied Gaussian
smearing at the pion source and use a local pion sink.

R

t

ts = 24
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4

5

0 5 10 15 20 25 30

Figure 6.1: The ratios for the connected contribution plotted against the operator inser-
tion time t for a fixed source-sink separation ts = 24. The blue line indicates
a fit to the plateau region.

As one can see in figure 6.1, our data form a plateau, when the operator insertion
t is far enough away from the source at t = 0 and the sink at t = ts. For small
times t and large times t close to ts, there are deviations from the constant,
due to excited states. Near the pion source and the pion sink, excited state
contributions are still large, before the excited states have died out exponentially.
To estimate the value of the ratio for the plateau region, a constant function has
been fitted to the data, as indicated by the blue line in figure 6.1. The error on
the fit result is shown as a blue band.

To investigate the expected behavior of the ratio on ts (cf. equation (6.8)) and
to check for the influence of excited states, we have repeated this analysis for
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Figure 6.2: The plateau values for the connected contribution plotted against different
source-sink separations ts. A function of the form (6.12) has been fitted to
the data to show the expected ts-dependence.

several values of ts = {16, 20, 24, 28, 32, 48, 56}. In figure 6.2 the plateau values
are plotted against ts. A function of the form

F(ts) = A ·
e−tsEπ(0)(

e−tsEπ(0) + e−(T−ts)Eπ(0)
) (6.12)

has been fitted to the results to show the expected ts-dependence. Here, the
only fit parameter is A, and the pion mass Eπ(0) = mπ has been taken from a
determination using the two-point functions.
As one can see in figure 6.2, the plateau values fulfill this behavior for ts & 24.
For the smaller values of ts, our data deviate from the fit function. From this, we
can conclude that a small source-sink separation of ts < 24 is not sufficient for
the excited states having died out sufficiently such that the data reach a reliable
plateau.

6.1.2 The Disconnected Contribution: ts-Dependence

The disconnected contribution to the three-point function factorizes into a quark
loop and a connected two-point function. The disconnected quark loop was
calculated with N = 3 stochastic sources and the order k = 6 in the generalized
hopping parameter expansion as described in section 4.5. For this purpose we
could make use of two-point functions that have been calculated as parts of
the projects of Benjamin Jäger [61] and Bastian Knippschild [103]. For both
pion source and sink, Gaussian smearing with the same smearing parameters
has been used. These pion two-point functions have been calculated for four
different pion source positions1 per gauge configuration, namely

(0, 0, 0, 0) , (T/4,L/2,L/2,L/2) , (T/2, 0, 0, 0) , (3T/4,L/2,L/2,L/2) ,

1 For the G8 ensemble we have data for 12 different source positions.
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which have been chosen such that they are maximally apart from each other.
Since we have calculated the loop on every timeslice anyway, this enables us to
increase the statistics for the disconnected contribution by a factor 4 without
any additional calculation.

For the disconnected contribution we have performed the same analysis and
investigation of the ts-dependence as for the connected one.
As an example, figure 6.3 shows the ratios obtained for the source-sink separation
ts = 24 plotted against t. One can see clearly, that the data fluctuates more than
in the connected case, i.e. the relative statistical error is larger. Again, the blue
band shows the result of a constant fit to our data. Since both the pion source
and sink are smeared with the same parameters, and since pf = pi, we chose a
symmetric fit interval for determining the plateau value.
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Figure 6.3: The ratios for the disconnected contribution plotted against the operator
insertion time t for a fixed source-sink separation ts = 24. The blue line
indicates a fit to the plateau region.

Since for the disconnected contribution the values of ts are not as restricted as
for the connected part, where the three-point function is calculated with the
extended propagator method and each ts needs a separate inversion, we used
more values of ts for studying the ts-dependence:

ts = {16, 18, 20, 22, 24, 26, 28, 30, 32, 34, 36, 40, 48, 56} .

The plateau values obtained are plotted in figure 6.4 against ts and a function
of the form (6.12) has been fitted to the data as shown by the blue line. As for
the connected contribution our results show the expected ts-dependence for
ratios with ts & 24. Although the relative statistical error is larger than in the
connected case, we can see deviations from the blue line for small values of ts,
indicating the presence of excited states.
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Figure 6.4: The plateau values for the disconnected contribution plotted against different
source-sink separations ts. A function of the form (6.12) has been fitted to
the data to show the expected ts-dependence.

6.1.3 Global Plateau Fit for Vanishing Momentum Transfer

As described above, our data for the connected contribution as well as for the
disconnected one show the expected dependence on the source-sink separation
ts,

R(t, ts, 0, 0) = A · e−tsmπ

(
e−tsmπ + e−(T−ts)mπ

) ≡ A · f(ts) . (6.13)

For our final analysis of the scalar form factor for vanishing momentum transfer
Q2 = 0, we divide the ratios by the time dependent factor f(ts), such that any
other deviation from a constant is an effect of excited states which have not been
considered in the derivation of the time dependence of the three- and two-point
functions. The results for R(t, ts, 0, 0)/f(ts) are shown for different values of ts
in figure 6.5 for the E5 ensemble.
The trend already observed when investigating the ts-dependence, namely that
the plateaus have not reached the correct value for small values ts < 24, is clearly
visible for the connected ratios on the left hand side of figure 6.5. A similar effect
has also been observed e.g. for nucleons [104]. For the disconnected contribution
this trend is somewhat hidden in the larger statistical fluctuations of the data.

To obtain a final result for the scalar pion form factor at vanishing momentum
transfer, we perform a global fit to the plateau regions for the ratios for ts > 24.
Smaller source-sink separations have been excluded from the analysis to avoid
systematics from excited states. All ts values that have been used in the fits, are
listed in table 6.1. For the ensembles with different lattice spacings than E5, we
have chosen to use only values of ts with at least the same physical distance as
ts = 24a ≈ 1.5 fm for E5. The complete fit ranges in t for each ensemble and ts
are given in the appendix in tables B.10-B.16.
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Figure 6.5: The ratios for E5 for Q2 = 0 divided by the ts-dependent factor (6.9) for the
connected part on the left and the disconnected on the right. The blue line
indicates the result of a global fit to the ratios for ts > 24.

ensemble ts values used for global fit

A3 - A5
connected 20, 24, 28, 32

disconnected 20, 22, 24, 26, 28, 30, 32

B6
connected 20, 28, 36, 40, 44, 48

disconnected 20, 24, 28, 32, 36, 40, 44, 48

E3 - E5
connected 24, 28, 32

disconnected 24, 26, 28, 30, 32

F6, F7
connected 28, 36, 40, 44, 48

disconnected 24, 28, 32, 36, 40, 44, 48

G8
connected 24, 32, 40, 48, 56, 64

disconnected 24, 28, 32, 36, 40, 44, 48, 52, 56, 60, 64

N5, N6
connected 36, 40, 44, 48

disconnected 32, 36, 40, 44, 48

O7
connected 32, 40, 48, 56, 64

disconnected 32, 36, 40, 44, 48, 52, 56, 60, 64

Table 6.1: The values of ts that have been used for the global fits.

The blue lines in figure 6.5 show the result of the global fit. From the fit result,
one can obtain the connected and disconnected contribution to the form factor
using

Acon/disc =
Fπ

S
(0)con/disc

2mπ
. (6.14)

For the E5 ensemble we find

Fπ
S
(0)con = 1.36± 0.01 and Fπ

S
(0)disc = −0.45± 0.04 . (6.15)

The numerical results for all ensembles are given in the appendix in B.1.7. Similar
plots as figure 6.5 for all other ensembles can be found in the appendix in B.1.1
and B.1.2 for connected and disconnected contributions, respectively.
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6.1.4 Comparison of Disconnected and Connected Contribution

Equation (6.15) indicates, that the disconnected contribution to the scalar form
factor at Q2 = 0 is not negligible. We find that it is

Fπ
S
(0)disc

Fπ
S
(0)con

≈ 33% (6.16)

of the connected one for the E5 ensemble. In figure 6.6 the relative contribution
of the disconnected compared to the connected contribution Fπ

S
(0)disc/F

π
S
(0)con

is plotted against the pion mass for all ensembles. Different lattice spacings are
shown in different colors.
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Figure 6.6: The disconnected contribution Fπ
S
(0)disc to the scalar pion form factor at

Q2 = 0 divided by the corresponding connected contribution. Blue, red and
green points denote different values of the lattice spacing a = 0.050 fm,
0.063 fm and 0.079 fm, respectively.

Except for the lightest ensemble (G8), which might simply be an outlier, we find
no significant dependence on the pion mass. However, the relative contribution
of the disconnected diagram has a very pronounced dependence on the lattice
spacing. The smaller the lattice spacing, the smaller is Fπ

S
(0)disc/F

π
S
(0)con. This is

in qualitative agreement with the result from partially quenched chiral perturba-
tion theory [21] (cf. figure 5.4), where the disconnected contribution at Q2 = 0
turns out to be very small compared to the connected one in the continuum. This
result is also in agreement with a preliminary result of the HPQCD collaboration
[105] at physical pion mass. They find a small disconnected contribution to
the form factor at Q2 = 0. For their calculation they use a highly improved
staggered quark (HISQ) action [106]. Lattice artifacts for the HISQ action are
of order O(a4,αsa2) [107]. Although their lattices are generally coarser then
ours, one can expect smaller lattice artifacts in their calculation compared to our
results.
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6.2 non-vanishing momentum transfer

Since we are interested in the scalar radius of the pion, i.e. the momentum
dependence, we also need the scalar form factor for non-vanishing momentum
transfer

Q2 = −q2 = −(pf − pi)
2 = −

(
(Eπ(pf) − Eπ(pi))

2 − (pf −pi)
2
)

, (6.17)

with the initial and final momentum of the pion pi and pf, respectively. Consid-
ering the ratios R1 and R3 (compare equations (6.2) and (6.3)),

R1(t, ts,pi,pf) =

√
C3pt(t, ts,pi,pf)C3pt(t, ts,pf,pi)

C2pt(ts,pi)C2pt(ts,pf)
, (6.18)

R3(t, ts,pi,pf) =
C3pt(t, ts,pi,pf)
C2pt(ts,pf)

(6.19)

×
√
C2pt(ts,pf)C2pt(t,pf)C2pt((ts − t),pi)
C2pt(ts,pi)C2pt(t,pi)C2pt((ts − t),pf)

,

one has to take into account that the overlap factors Zπ(p) = 〈0|φ�(p)|π〉 depend
on the source type (e.g. local or smeared) [108]. Considering only the overlap
factors, we find that

R1 ∝
√
Zπ(pi)

source
Zπ(pf)

sink
Zπ(pf)

source
Zπ(pi)

sink

Zπ(pi)
source

Zπ(pi)
sink
Zπ(pf)

source
Zπ(pf)

sink = 1 , (6.20)

i.e. in R1 all overlap factors cancel, as long as all required three- and two-point
functions have been calculated with the same source and with the same sink.
However, source and sink do not have to be the same. Doing the same for R3
one obtains

R3 ∝
Zπ(pi)

source
Zπ(pf)

sink

Zπ(pf)
source

Zπ(pf)
sink

×
√
Zπ(pf)

source
Zπ(pf)

sink
Zπ(pf)

source
Zπ(pf)

sink
Zπ(pi)

source
Zπ(pi)

sink

Zπ(pi)
source

Zπ(pi)
sink
Zπ(pi)

source
Zπ(pi)

sink
Zπ(pf)

source
Zπ(pf)

sink

=

√
Zπ(pi)

source
Zπ(pf)

sink

Zπ(pf)
source

Zπ(pi)
sink =


1 LL,SS ,√
Zπ(pi)

S
Zπ(pf)

L

Zπ(pf)
S
Zπ(pi)

L SL .
(6.21)

In R3 all overlap factors cancel only when the both pion source and sink have
been calculated with the same sources, i.e. local-local (LL) or smeared-smeared
(SS) with the same smearing on both sides. In the smeared-local case, some
overlap factors remain for non-vanishing momentum transfer. Since these factors
are a priori unknown, R3 cannot be used for correlation functions that have
been calculated with a smeared source and a point-like sink. For the connected
contribution we have only data for smeared-local correlation functions available
and thus we have to use R1.
For the disconnected correlation function, we have SS data, thus we can use
both R1 and R3. An obvious disadvantage of R1 is the overall square root,
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which hides the sign of the form factor. In R3 the sign is determined by the
sign of the three-point function C3pt(t, ts,pi,pf). Nevertheless, one can still
use R1(t, ts,pi,pf) and assign to the ratio the sign of the corresponding three-
point function C3pt(t, ts,pi,pf). In figure 6.7 both ratios are shown for the E5
ensemble for a source-sink separation of ts = 24 at a momentum transfer of
Q2 = 0.278 GeV2. One can see, that the errors on R3 are significantly smaller
than the errors on R1 over a wide range of t. For the values of t where no data
point is shown for R1, the expression under the square root was negative. The
reason for this are opposite signs in the three-point functions C3pt(t, ts,pi,pf)
and C3pt(t, ts,pf,pi). Altogether one can conclude that in the case of the dis-
connected contribution R3 is superior and thus we will use R3 in the analysis of
the disconnected contribution with non-vanishing momentum transfer.
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Figure 6.7: Comparison of the ratios R1 and R3 for the disconnected contribution. The
data shown are for the E5 ensemble for ts = 24 with a momentum transfer
of Q2 = 0.278 GeV2.

To summarize, we use smeared-local data for R1 to compute the connected part
and smeared-smeared data for R3 for the disconnected contribution to the scalar
form factor at non-vanishing momentum transfer.

As in the case of Q2 = 0, both ratios have a remaining time-dependence due to
the periodic boundary conditions on our lattice. Inserting the corresponding
three- and two-point functions, one finds

R1(t, ts,pi,pf) =
〈π(pf)| O |π(pi)〉
2
√
Eπ(pi)Eπ(pf)

(6.22)

×

√
e−Eπ(pi)tse−Eπ(pf)ts

(e−Eπ(pi)ts + e−Eπ(pi)(T−ts)) · (e−Eπ(pf)ts + e−Eπ(pf)(T−ts))
.

and

R3(t, ts,pi,pf) =
〈π(pf)| O |π(pi)〉
2
√
Eπ(pi)Eπ(pf)

f(t, ts) , (6.23)
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with the factor

f(t, ts) =
e−(ts−t)Eπ(pf) e−tEπ(pi)

(e−tsEπ(pf) + e−(T−ts)Eπ(pf))

×

√(
e−tsEπ(pf) + e−(T−ts)Eπ(pf)

) (
e−tEπ(pf) + e−(T−t)Eπ(pf)

)
(
e−tsEπ(pi) + e−(T−ts)Eπ(pi)

) (
e−tEπ(pi) + e−(T−t)Eπ(pi)

) (6.24)

×

√(
e−(ts−t)Eπ(pi) + e−(T−(ts−t))Eπ(pi)

)
(
e−(ts−t)Eπ(pf) + e−(T−(ts−t))Eπ(pf)

)

for R1 and R3 respectively. Again, these factors include the energies of the pion
for a given momentum and can be divided out of our results.

For the calculation of the disconnected contribution to the scalar form factor
we are restricted to the use of Fourier momenta, since the effect of twisted
boundary conditions cancels for flavor-singlet quantities. Thus, we also use only
Fourier momenta for the connected contribution (although it would be possible
to use momenta from twists) to have both contributions for the same momentum
transfers.

6.2.1 Smallest Non-Vanishing Momentum Transfer

The smallest non-vanishing momentum transfer on the lattice with Fourier
momenta can be achieved with a pion with momentum |pf| = 2π/L at the sink
and momentum pi = 0 at the source. In the case of the connected contribution,
we inserted momentum (0, 0, 1) 2π/L at the sink. For the disconnected three-
point function, we have data for pf = (0, 0, 1) 2π/L, (0, 1, 0) 2π/L, (1, 0, 0) 2π/L.
The three-point functions with these momenta can be averaged. Together with
the four different pion source positions we have 3× 4 = 12 times2 the statistics
for the disconnected form factor with momentum transfer compared to the
connected one.
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Figure 6.8: The ratios for E5 for the smallest non-vanishing momentum transfer
Q2 = 0.278 GeV divided by the ts-dependent factor (6.22) and (6.24) for the
connected and the disconnected part, respectively. The blue line indicates
the result of a global fit to the ratios for ts > 24.

2 We have 12 source positions for G8, i.e. 3× 12 = 36 times the statistics.
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Our results for the ratios for different source-sink separations are shown in figure
6.8 for the E5 ensemble. These ratios are already divided by the time-dependent
factors (compare equations (6.22) and (6.24)).
Although we cannot observe a trend in the plateau value for increasing ts as for
vanishing momentum transfer, we use only ratios from ts > 24 for the analysis
to be sure that excited states are suppressed. Thus, we use the same source-sink
separations as for Q2 = 0 (c.f. table 6.1).
Similar plots as figure 6.8 for the other ensembles can be found in the appendix
in B.1.3 and B.1.4. Numerical results for the form factor are given in B.1.8.

6.2.2 Higher Momentum Transfer

Additionally, we have also three- and two-point function data for a third momen-
tum transfer, where the pion has a final momentum of |pf| =

√
2 2π/L. However,

for non-zero momenta the noise-to-signal ratio for the pion two-point function
increases exponentially with the source-sink separation ts [109–111]

RNS(ts) ∝ exp
[(√

m2π +p2 −mπ

)
ts

]
. (6.25)

In figure 6.9 the pion two-point function is shown for p = (0, 1, 1) 2π/L. One can
clearly see the growing error as ts approaches the middle T/2 in the temporal
direction. For large ts the error can also be larger then the value itself and some
points even are negative (and thus are not shown in the plot with a logarithmic
axis).
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Figure 6.9: The smeared local two-point function for p = (0, 1, 1) 2π/L for the E5 ensem-
ble. The black line shows the result of fitting an exponential function of the
form (6.26) to the data.

However, depending on the source-sink separation we need the two-point
function also in this region for the ratios R1 and R3. To avoid using values
for the two-point function with large errors or even the wrong sign, we fit an
exponential function of the form

g(ts) = A ·
(
e−E·ts + e−E·(T−ts)

)
(6.26)
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to the data and use results from the fit instead of the data itself for two-point
functions C2pt(ts,pf) with momentum |pf| =

√
2 2π/L for building the ratios.

In figure 6.10 the results for the ratios are shown for the E5 ensemble with a
global fit to the plateau regions for ts > 24. For the disconnected contribution
we can again average over four different source positions and three momentum
channels.
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Figure 6.10: The ratios for E5 for Q2 = 0.471 GeV divided by the ts-dependent factor
(6.22) and (6.24) for the connected and the disconnected contribution, re-
spectively. The blue line indicates the result of a global fit to the ratios for
ts > 24.

Similar plots for the other ensembles can be found in B.1.5 and B.1.6. Numerical
results are given in B.1.9. For the G8 ensemble the noise of the connected three-
point function with pf = (0, 1, 1) 2π/L was already too large to obtain a useful
signal from which the form factor can be extracted. Thus, we have to resort to
using only two different momentum transfers for the G8 ensemble.

6.3 Q2 -dependence and scalar radius

The scalar radius of the pion is defined as the slope of the form factor at
vanishing momentum transfer,

〈
r2
〉π

S
= −

6

Fπ
S
(0)

∂Fπ
S
(Q2)

∂Q2

∣∣∣
Q2=0

. (6.27)

To determine the radius
〈
r2
〉π

S
from our data, we need a parameterization of the

Q2-dependence of the form factor Fπ
S
(Q2). The simplest ansatz is a polynomial

function in Q2. Since we have only three different momentum transfers available,
we choose a function which is linear in Q2,

Fπ
S
(Q2) = Fπ

S
(0)

(
1−

1

6

〈
r2
〉π

S
Q2 +O(Q4)

)
. (6.28)

Clearly, the parameterization (6.28) fulfills the definition of the radius (6.27).
Thus, we can obtain an estimate for the scalar radius of the pion by fitting a
function of the form (6.28) to our results for the form factor.
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Figure 6.11: The Q2-dependence of the scalar form factor for the E5 ensemble. A linear
function of the form (6.28) has been fitted to the data to determine the
scalar radius. The red points and the purple line show the results for the
total form factor, the green points and the blue line show the results for the
connected contribution only.

In figure 6.11 the results for the scalar form factor for the E5 ensemble are plotted
against Q2 for the connected contribution and the total form factor. A linear
function of the form (6.28) has been fitted to the data to obtain the scalar radius.
For the connected contribution alone as well as for the total form factor, we find
our data to be consistent with a linear curve within the statistical accuracy. Any
possible curvature of O(Q4) cannot be resolved in our data. Furthermore, we
find that the descending slope of the fitted curve is steeper when we include
the disconnected contribution, resulting in a larger scalar radius. The numerical
results for the scalar form factor for all ensembles and the scalar radii obtained
from the linear fit can be found in the appendix in section B.2.1.

Although we do not observe a deviation from a linear Q2-dependence in our
data, we additionally fit a vector meson dominance (VMD) inspired function of
the form

Fπ
S
(Q2) = Fπ

S
(0)

1
(
1+

(
Q2

M2

))2 (6.29)

to our data. This functional form has a built in curvature and thus allows us to
investigate the systematic effect in the determination of the scalar radius from
the ansatz for the Q2-dependence. In this parameterization the scalar radius is
given by

〈
r2
〉π

S
=
12

M2
. (6.30)

The fitted curve is shown in figure 6.12 for the E5 ensemble. Due to the intrinsic
curvature of the function (6.29), we obtain a scalar radius which is slightly larger
than the result from the linear fit.

In figure 6.13 we show a comparison of the scalar radius obtained from different
ansätze for the E and F ensembles:
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Figure 6.12: A VMD-inspired function of the form (6.29) has been fitted to the Q2-
dependence of the scalar pion form factor. The red points and the purple
line show the results for the total form factor, the green points and the blue
line show the results for the connected contribution only.

• a linear curve matched to the form factor for Q2 = 0 and the smallest
non-vanishing Q2,

• a linear curve fitted to all three values of the momentum transfer Q2,

• a vector meson dominance inspired function (6.29) fitted to the data.

A similar plot as figure 6.13 for the other two values of the lattice spacing can
be found in B.2.3.
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Figure 6.13: Comparison of the scalar radii obtained from different ansätze for the
Q2-dependence for the E and F ensembles. Yellow points show the results
from the first two Q2 values only, red points show the results from a linear
fit to all three Q2 values, and green points show the results from a vector
meson dominance fit. Open and closed symbols denote results from the
connected and total form factor, respectively.

As one can see, for all ensembles the results from all three methods agree within
the statistical errors. Thus, we can be confident that a linear Q2-dependence is a
good description of our data. Therefore, we use the results from the linear fits
to all three Q2 values as our results for the scalar radius.
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Figure 6.14: The results for the scalar radii plotted against the pion mass. Yellow points
show the results from connected contributions only, red points show the
results obtained from the full form factor. Different symbols denote different
lattice spacings.

In figure 6.14 the results for the scalar radius from the linear fits are plotted
against the pion mass m2π. Values obtained from the total form factor are shown
in red, values from the connected contribution only are shown in yellow. One can
see that we find significant contributions of the disconnected diagrams especially
for the smaller pion masses. Unfortunately, our result at the smallest pion mass
(mπ = 193 MeV) has a large error, such that this trend cannot be resolved for
this point. Thus, for the future it would be important to increase the statistics for
the G8 ensemble. Nevertheless, from the other ensembles we can state, that the
disconnected contribution to the scalar pion radius is not negligible. This is in
qualitative agreement with the result from partially quenched chiral perturbation
theory (cf. figure (5.5)).

For most ensembles, the error on the scalar radius from the total form factor is
only slightly larger than the error on the radius determined from the connected
results only. Although the relative error on the disconnected contribution of
the form factor is in general larger than the relative error on the corresponding
connected contribution, the total error on the form factor especially for non-
vanishing momentum transfer is dominated by the total error on the connected
contribution. To further reduce the error on the scalar radius, we thus have to
increase the statistics on the connected contribution by including more source
positions as already done for the disconnected contribution.

6.4 chiral and continuum extrapolation

Table 6.2 shows an overview of the CLS gauge ensembles that have been used for
the calculation of the scalar radius of the pion. The use of several different pion
masses and three lattice spacings allows for a chiral extrapolation mπ → mπ,phys

and a continuum extrapolation a → 0. In general one also has to perform a
extrapolation to infinite volume, however, as already mentioned in section 3.2.2,
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we expect finite-volume effects to be negligible since all our ensembles fulfill
mπL > 4.

β a[fm] lattice mπ[MeV] mπL κ Label Ncfg

5.2 0.079 96× 483 473 6.1 0.13580 A3 133

5.2 0.079 96× 483 363 4.7 0.13590 A4 200

5.2 0.079 96× 483 312 4.0 0.13594 A5 250

5.2 0.079 96× 483 267 5.1 0.13597 B6 159

5.3 0.063 64× 323 650 6.6 0.13605 E3 156

5.3 0.063 64× 323 605 6.2 0.13610 E4 162

5.3 0.063 64× 323 456 4.7 0.13625 E5 1000

5.3 0.063 96× 483 325 5.0 0.13635 F6 300

5.3 0.063 96× 483 277 4.3 0.13638 F7 351

5.3 0.063 128× 643 193 4.0 0.13642 G8 348

5.5 0.050 96× 483 430 5.2 0.13660 N5 477

5.5 0.050 96× 483 332 4.1 0.13667 N6 946

5.5 0.050 128× 643 261 4.2 0.13671 O7 490

Table 6.2: Overview of the CLS ensembles that have been used for the calculation of the
scalar radius of the pion

6.4.1 Chiral Extrapolation

For the chiral extrapolation mπ → mπ,phys we can make use of the expression
for the scalar radius from chiral perturbation theory. As discussed above, at
next-to-leading order the scalar radius is given by (cf. equation (5.13))

〈
r2
〉π

S
= −

1

(4πF)2
13

2
+

6

(4πF)2

[
`4 + ln

(
m2π,phys

m2π

)]
. (6.31)

To obtain the scalar radius at the physical pion mass, a function of the form (6.31)
can be fitted to our results. The low-energy constant `4 serves as a fit parameter
and can thus be estimated from our fit. Note that this is a one-parameter fit. We
use F = 92.2 MeV [34] for the pion decay constant, and the mass of the charged
pion mπ,phys = 139.57 MeV [34].

We have fitted a function of the form (6.31) to our data for the scalar radius
for all three lattice spacings separately. The obtained fit curves are shown in
figure 6.15 for a = 0.079 fm (top left), a = 0.063 fm (top right), and a = 0.050 fm
(bottom).

Once the low-energy constant `4 is known from the fits, the scalar radius of the
pion at the physical pion mass is given by (cf. equation (6.31))

〈
r2
〉π

S

∣∣∣
mπ=m2

π,phys

= −
1

(4πF)2
13

2
+

6

(4πF)2
`4 . (6.32)
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Figure 6.15: Chiral fits to the scalar radius. The plots show fits for a = 0.079 fm (top left),
a = 0.063 fm (top right), and a = 0.050 fm (bottom). The corresponding
results for the chirally extrapolated radii and the χ2 values of the fits are
given in table 6.3.

The results for `4 and
〈
r2
〉π

S
at the physical mass, as well as the χ2 values from

the fits, are given in table (6.3).

Note that the fit parameter `4 only changes the offset of the curve. The curvature,
i.e. the pion mass dependence is completely fixed by the summand

〈
r2
〉π

S
= const +

6

(4πF)2

[
ln

(
m2π,phys

m2π

)]
(6.33)

in the chiral perturbation theory expression (6.31). Especially for a = 0.063 fm
and a = 0.050 fm we find a very good agreement of our data with the fit curve.
For the a = 0.079 fm data, the trend in the scalar radius is not as clear as for the
other ensembles (cf. the plot top left of figure 6.15). We are planning to increase
statistics for these ensembles in the future to investigate this behavior.

Despite a possible dependence of the scalar radius on the lattice spacing, we can
also fit NLO χPT to the data points for all ensembles combined without taking
their lattice spacings into account. The corresponding plot is shown in figure
6.16, and the values for `4 and the scalar radius are given in table 6.3. As one
can see, the results for all three different lattice spacings as well as the result for
a chiral fit to all ensembles agree within their statistical errors. This indicates
that the dependence of the scalar radius on the lattice spacing is small.
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a [fm] `4
〈
r2
〉π

S
[fm2] χ2/dof

0.079 4.67± 0.21 0.623± 0.036 14.59/3

0.063 4.74± 0.09 0.636± 0.016 3.72/5

0.050 4.57± 0.17 0.605± 0.029 0.71/2

all 4.70± 0.08 0.627± 0.013 19.85/12

Table 6.3: The results of the fits for the chiral extrapolation. For every lattice spacing
the result for `4 and the scalar radius at physical pion mass is given as well
as the reduced χ2 of the corresponding fits. The last line shows the result of
a simultaneous fit to the data of all three lattice spacings combined.
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Figure 6.16: Chiral fit to the scalar radius for all ensembles without taking the lattice
spacing into account.

One might question the validity of chiral perturbation theory at large pion
masses, such as mπ = 605 MeV and mπ = 650 MeV for the E3 and E4 ensembles,
respectively. To check for a possible source of systematic error when includ-
ing those two ensembles, we repeated the same analysis with a mass cut of
mπ < 500 MeV, i.e. E3 and E4 were excluded. The results are given in table 6.4
and are consistent within their statistical uncertainties with the results without
the mass cut (cf. table 6.3).

a [fm] `4
〈
r2
〉π

S
[fm2] χ2/dof

0.063 4.70± 0.14 0.627± 0.024 2.4/3

all 4.65± 0.10 0.618± 0.017 18.1/10

Table 6.4: The results of the fits for the chiral extrapolation with mass cutmπ < 500MeV.
The low-energy constant and scalar radius at physical pion mass is given
for a = 0.063 fm as well as the result of a fit to the data of all three lattice
spacings combined. The results are consistent with the results without mass
cut. The mass cut does not affect the results for a = 0.050 fm and 0.079 fm,
since no ensembles have to be excluded.
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6.4.2 Continuum Extrapolation

Although the results for the scalar radius at physical pion mass that we obtained
for the different lattice spacings as well as the result from the fit to all ensem-
bles regardless of their lattice spacing agree within their statistical errors, it is
necessary to perform a continuum extrapolation a→ 0 in order to take lattice
artifacts properly into account.
To obtain a first idea on the lattice spacing dependence of the scalar radius, one
can look at ensembles with roughly the same pion mass and different lattice
spacings. Within the CLS ensembles we have two sets of such ensembles:

• mπ ≈ 270 Mev: B6, F7, O7,

• mπ ≈ 325 Mev: A5, F6, N6.

In figure 6.17 the results for the scalar pion radius for these ensembles are plotted
against the lattice spacing a2. The plot on the left and on the right hand-side
show the radii for mπ ≈ 270 and mπ ≈ 325, respectively. While for the smaller
pion mass, one can see a clear trend in the scalar radius for an increasing lattice
spacing, we do not observe such a trend for mπ = 325 MeV. Thus, it is unclear
how much the scalar radius actually depends on the lattice spacing.
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Figure 6.17: The scalar radius for fixed mπ plotted against the lattice spacing a. The
plot on the left shows results for a pion mass of ≈ 270 MeV (B6,F7,O7); the
plot on the right shows results for mπ ≈ 325 MeV (A5,F6,N6).

Nevertheless, one can try a continuum extrapolation of the scalar radii at the
physical pion mass obtained above. Since our quark action is O(a)-improved,
we expect a quadratic dependence on the lattice spacing. The left hand-side of
figure 6.18 shows our results for

〈
r2
〉π

S
at the physical pion mass plotted against

the squared lattice spacing a2. A function

〈
r2
〉π

S
=
〈
r2
〉π

S

∣∣∣
a=0

+ ba2 (6.34)

with a linear dependence on a2 has been fitted to the data as indicated by the
blue line. We obtain a scalar radius of

〈
r2
〉π

S

∣∣∣
a=0

= 0.596± 0.069 fm2 (6.35)
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in the continuum limit a = 0 from the fit. Note that the result for the factor b
multiplying the a2 term

b = 9.1± 19.1 (6.36)

has an error of > 100% indicating a negligible dependence on the lattice spacing.
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Figure 6.18: Continuum extrapolation for the scalar radius. Red points show the results
of the scalar radius at the physical pion mass for the different lattice
spacings. The blue curves on the left and on the right hand-side show the
results of a linear and a constant fit, respectively. The yellow points show
the corresponding extrapolated value at a = 0.

Since we do not observe a clear trend in the lattice spacing, we additionally fitted
a constant to the results for the scalar radius as shown on the right hand-side of
figure 6.18.
Table 6.5 summarizes both results from the continuum extrapolation as well as
the results from the same analysis when including the mass cut. The muss cut
only affects the scalar radius at a = 0.063 fm since the E4 and E3 ensembles are
excluded.

mπ < 500 MeV

method
〈
r2
〉π

S
[fm2] b

〈
r2
〉π

S
[fm2] b

quadratic 0.596± 0.069 9.1± 19.1 0.590± 0.070 8.2± 19.1
constant 0.628± 0.013 – 0.619± 0.017 –

Table 6.5: Results from the continuum extrapolation using a quadratic and a constant
function. The columns on the left and right show results without and with
mass cut, respectively.

6.4.3 Combined Chiral and Continuum Extrapolation

To treat the pion mass dependence and the lattice artifacts simultaneously, one
can perform a combined chiral and continuum extrapolation by including a
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term proportional to the squared lattice spacing a2 in the χPT formula for the
scalar radius,

〈
r2
〉π

S
= −

1

(4πF)2
13

2
+

6

(4πF)2

[
`4 + ln

(
m2π,phys

m2π

)]
+ ba2 . (6.37)

This fit has two fit parameters `4 and b. The result of such a fit is shown in 6.19.
Different colors denote different lattice spacings and the black line shows the
pion mass dependence in the continuum a = 0. One can see only a small trend
in the lattice spacing guided by the ba2 term, which is compatible with zero
b = 4.6± 12.7.
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Figure 6.19: A combined chiral and continuum extrapolation for the scalar radius.
Green, red and blue show the results for a = 0.079 fm, 0.063 fm and
0.050 fm, respectively. The black line denotes the pion mass dependence in
the continuum a = 0.

The result of the combined chiral and continuum fit is given in table 6.6 once
with and once without mass cut. Both results are consistent with each other.

`4
〈
r2
〉π

S
[fm2] b χ2/dof

w/o mass cut 4.59± 0.30 0.608± 0.052 4.6± 12.7 19.2/11

with mass cut 4.54± 0.30 0.600± 0.052 4.7± 12.5 17.9/9

Table 6.6: The results from a combined chiral and continuum extrapolation for the scalar
radius according to equation (6.37). The first line shows a fit to all ensembles,
the second line a fit including the mass cut mπ < 500 MeV.

To better visualize the trend in the lattice spacing from the combined fit, fig-
ure 6.20 shows the results for the radius at physical pion mass for each lattice
spacing from above plotted against a2. The blue line shows the lattice spacing
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dependence as obtained from the combined chiral and continuum extrapola-
tion. The yellow point shows the radius for a = 0 and mπ = mπ,phys from the
combined fit. The dashed line in light blue shows the fit result for the contin-
uum extrapolation of the scalar radii at the physical pion mass (cf. plot on the
left-hand side of figure 6.18) as a comparison.
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Figure 6.20: The scalar radius at physical pion mass plotted against the lattice spacing
a2. The blue line shows the lattice spacing dependence as obtained from
the combined fit.

6.4.4 Comparison and Final Result

Figure 6.21 shows a compilation of our results for the scalar pion radius. The
different methods that we have used to extrapolate to the physical point are
explained above:

• method 1, 2, 3: Extrapolation to the physical mass using chiral perturbation
theory for the different lattice spacings separately,

• method 4: Extrapolation to the physical mass using chiral perturbation
theory for the results from all ensembles independent of the lattice spacing,

• method 5, 6: Continuum extrapolation of the results from method 1-3
once with a linear term in the squared lattice spacing a2 and once with a
constant,

• method 7: Combined chiral and continuum extrapolation.

Points in light and dark red show results with and without the mass cut of
mπ < 500 MeV, respectively. As one can see, we find that all our results are
consistent with each other and with the value

〈
r2
〉π

S
= 0.61± 0.04 fm2 (6.38)

which was extracted from ππ-scattering data in [27]. This value is shown in
green in figure 6.21.
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Figure 6.21: Comparison of different results for the scalar radius: Method 1,2 and 3
show the chiral extrapolation for a = 0.079 fm, 0.063 fm and 0.050 fm,
method 4 is the chiral extrapolation for all ensembles, method 5 and 6
are the continuum extrapolation of the scalar radii at physical mass with
a linear term in a2 and a constant, and method 7 is the result from the
combined fit. Dark red points show the results from the analysis of all
ensembles and light red points denote results including the mass cut. The
green point (method 0) is the value that was obtained from ππ-scattering
in [27].

The two results (methods 5 and 7) that include a linear dependence on the
squared lattice spacing a2 have larger errors than the other results since the
lattice spacing dependence is not very well constrained by our data.
Although we find that lattice artifacts are smaller than our statistical uncertainty,
there is no reason to believe that the scalar radius should be independent of a.
For our final result we choose the scalar radius from the combined chiral and
continuum extrapolation (method 7). To be sure that we only use data where
it is justified that chiral perturbation theory can be applied, we use the result
including the mass cut mπ < 500 MeV. Thus, we quote as our final result

〈
r2
〉π

S
= 0.600± 0.052 fm2 , (6.39)

`4 = 4.54± 0.30 . (6.40)
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We have explicitly calculated the connected and the disconnected contribution
to the scalar form factor of the pion for Nf = 2 dynamical flavors of Wilson
quarks. The form factor can be extracted by building appropriate ratios of three-
and two-point functions. The required all-to-all propagators for the quark loop
in the disconnected three-point function have been estimated with stochastic
sources and the generalized hopping parameter expansion. Using this method
we are able to resolve the disconnected contribution to the scalar pion form
factor for zero as well as for non-zero momentum transfer Q2. For vanishing
momentum transfer we find that the disconnected contribution is of order 10%
of the connected contribution for our finest lattices up to order 70% for the
coarser lattices.
From the Q2-dependence of the scalar form factor, the scalar radius of the pion
has been determined by a linear fit to our results, and we find our form factor
results to be consistent with a linear curve for all ensembles. To check for a
possible source of systematic error from the linear ansatz of the Q2-dependence,
we have compared these results also with results from a vector meson dominance
inspired fit and we find the values to be consistent within their statistical errors
(cf. figure 6.13). As our final results for the scalar radii we thus use the values
from the linear fits.
Our results show that the disconnected contribution to the scalar radius is
not negligible, especially for the smaller pion masses (cf. figure 6.14). This is
in qualitative agreement with the result from partially quenched χPT [21] (cf.
figure 5.5), that the disconnected contribution to the scalar radius is of the same
order as the connected one.
Unfortunately, the statistics on our lightest ensemble (G8 with a pion mass
of mπ = 193 MeV) is too small to resolve a significant difference between the
radius from the total form factor and the radius from the connected contribution
alone. It is important to further reduce the statistical error on this point also to
better constrain a chiral extrapolation. For the disconnected contribution, we
already have data from 12 different pion source-sink separations for G8. To
further reduce the error on the scalar radius, we need to increase the statistics
on the connected contribution. However, a reduction of the statistical error by
a factor of 2 requires an increase in statistics by a factor of 4, i.e. data for 3
additional source positions.
To obtain the scalar radius of the pion at the physical point, i.e. at mπ = mπ,phys

and a = 0, a combined chiral and continuum extrapolation was performed. The
dependence on the pion mass has been taken from next-to-leading order chiral
perturbation theory, where the low-energy constant `4 serves as the only fit
parameter. We expect a linear dependence on the squared lattice spacing a2,
and thus we have included a term ∝ a2 in the combined fit to all ensembles,
although we do not observe significant lattice artifacts in the scalar radius. For
the final result we have excluded data with mπ > 500 MeV to be sure that chiral

79
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perturbation theory is valid, although the results including the heavier masses
are consistent with those with the mass cut. From the combined chiral and
continuum extrapolation with the mass cut we find

〈
r2
〉π

S
= 0.600± 0.052 fm2 , (7.1)

which we quote as our final result at the physical point. This value is consistent
with the scalar radius that was extracted from ππ-scattering [27]:

〈
r2
〉π

S
= 0.61± 0.04 fm2 (ππ-scattering) . (7.2)

Figure 7.1 is the same figure as 6.19, but with the ππ-scattering result included
in orange. The other points show our own results for the scalar radius, where
different colors denote different lattice spacings. The black line is the pion mass
dependence in the continuum from our combined fit. One can clearly see the
consistency of our results with the phenomenological value from ππ-scattering.
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Figure 7.1: Our results for the scalar radius plotted against the pion mass m2π including
the result from a combined chiral and continuum extrapolation. The orange
point at the physical pion mass shows the value from ππ-scattering.

Furthermore, our data show the expected pion-mass dependence from chiral
perturbation theory at next-to-leading order. This is different from the finding
of the JLQCD/TWQCD collaboration where no pion mass dependence was
observed. Their results for the scalar radius are shown on the right-hand side of
figure 7.2. The plot is taken from [17]. The lower point at physical pion mass
which is labeled with “expr’t” is the ππ-scattering value and is the same as
the orange point in our own plot which is shown on the left of figure 7.2 as a
comparison. The black lines show the fit of NLO chiral perturbation theory to
their data and the corresponding error band. The black point at the physical
pion mass is their chirally extrapolated result [17]:

〈
r2
〉π

S
= 0.797± 0.015 fm2 (JLQCD/TWQCD). (7.3)
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Figure 7.2: The chiral behavior of the scalar radius compared with the results of the
JLQCD/TWQCD collaboration on the right-hand side (the plot is taken from
[17]). Our results are shown on the left-hand side, and are plotted with same
plot range as the plot on the right-hand side.

Note that the results from the JLQCD/TWQCD collaboration have been obtained
using a single relatively coarse lattice spacing of a = 0.1184 fm. Thus, also no
continuum extrapolation is included in their data. Furthermore, the lattices used
by JLQCD/TWQCD have 32× 163 lattice points, and although their lattices are
coarser, they have in general smaller volumes than ours. Actually, for the two
lightest points in the plot on the right-hand side mπL < 4, and thus these points
might be affected by finite volume effects. Whether this is the reason for the
different chiral behavior remains unclear at this point.

However, we find a pion mass dependence which is consistent with χPT at NLO.
One has to note that the pion mass dependent curvature is completely driven
by χPT and the fit parameter `4 only influences the offset of the curve. From our
combined fit we can determine this low-energy constant and we find

`4 = 4.54± 0.30 . (7.4)

This value can be compared with other lattice results for this low-energy constant
using Nf = 2 dynamical quark flavors. A summary of such results is given in
the current FLAG report [98]. A compilation of all lattice results for `4 with
N2 = 2 dynamical fermions quoted in the FLAG report is given in figure 7.3.
All published lattice results are plotted in the middle panel. The FLAG group
assigns points a green color if they include the following points:

• chiral extrapolation,

• continuum extrapolation,

• finite volume effects under control.

The FLAG estimate, which is shown in the upper panel is the average of all
green points

`4 = 4.62± 0.22 (FLAG estimate). (7.5)

The upper point in the middle panel labeled with “Gülpers 2013” is our result
from the 2013 publication [3] which included only the E and F lattices and thus
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no continuum extrapolation. The point labeled with “Brandt 2013” is an estimate
of `4 [92] using the pion decay constant

Fπ

F
= 1+

M2
π

4πF2π
`4 (7.6)

calculated on the CLS ensembles. The blue point in the lower panel is the final
result from this work. We find our value for the low-energy constant `4 to be
consistent with the current FLAG estimate. Additionally, it is consistent with
the result from the pion decay constant using the same CLS ensembles. The
extraction of low-energy constants using different observables can serve as a
consistency test of chiral perturbation theory.

ℓ4
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Brandt 2013 [92]

Bernardoni 2011 [112]

TWQCD 2011 [113]
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JLQCD/TWQCD 2008 [115]

this work

Figure 7.3: Comparison of lattice results for `4. The upper panel shows the current
FLAG estimate for Nf = 2. The middle panel shows all published lattice
results quoted in the FLAG report, including our result using only the E and
F lattices (Gülpers 2013). Green points have been used by FLAG to build the
average shown in the upper panel. The blue point in the lower panel shows
the result from this work.

In general it would be desirable to use the NNLO χPT expression for the
chiral extrapolation of the scalar radius instead of the NLO one. However, the
amount of available data is too small to reliably constrain all the required low-
energy constants at NNLO (cf. section B.3). In principle, it would be possible
to perform a combined fit together with the vector form factor results from the
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CLS ensembles [92] using NNLO χPT. Such an analysis remains to be done in
the future.
However, since we see consistency of our data with χPT at NLO we resort to
using NLO at this point. If the current statistics is significantly improved, one
might be able to resolve a difference between NLO and NNLO.

Currently, the CLS initiative is generating a new set of gauge ensembles [116]
with Nf = 2+ 1 dynamical flavors of O(a)-improved Wilson fermions. Lattices
with three different lattice spacings of a ≈ 0.086 fm, 0.064 fm and 0.05 fm are
generated. The pion masses will be in a range of mπ ≈ 420 MeV down to
the physical pion mass of 130 MeV. For the future we can use this new set of
ensembles to calculate the scalar form factor and radius of the pion. Although a
chiral extrapolation to the physical point is no longer necessary when including
an ensemble at physical pion mass, the pion mass dependence of the scalar
radius can still be used to test chiral perturbation theory and to determine the
low-energy constant `4 for Nf = 2+ 1 sea quark flavors.





Part III

T H E D I S C O N N E C T E D C O N T R I B U T I O N T O T H E
H A D R O N I C VA C U U M P O L A R I Z AT I O N





8
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8.1 the anomalous magnetic moment of the muon

The magnetic moment #»µ of an elementary fermion with charge e, mass m and
spin #»s is given by

#»µ = g
e

2m
#»s (8.1)

with the gyromagnetic factor g. In Dirac theory only the tree-level process (cf.
figure 8.1) occurs and the g-factor for an elementary fermion, e.g. a muon, is
given by g = 2.

µ µ

Figure 8.1: The tree level contribution to the gyromagnetic factor gµ of the muon.

However, due to quantum corrections, the g-factor is slightly different from
this value. One defines the anomalous magnetic moment al of an elementary
particle l as the deviation of its g-factor from 2

al ≡ (g− 2)/2 . (8.2)

The anomalous magnetic moment of the muon aµ is one of the most precisely
measured quantities in physics and can therefore serve as a high-precision check
of the Standard Model of particle physics. A comprehensive overview can be
found in [117].

The currently most precise experimental result has been measured at the
Brookhaven National Laboratory using a storage ring with polarized muons in
a magnetic field B. The anomalous magnetic moment of the muon is obtained
from measuring the Larmor precession frequency

ωa = aµ
eB

mµ
(8.3)

of the muon, and the result is given by [118]

aµ = (11659208.9± 5.4± 3.3)× 10−10 . (8.4)
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8.1.1 The Standard Model Estimate

From the theoretical side, the anomalous magnetic moment of the muon receives
contributions from electromagnetic, weak and strong interactions. The largest
fraction of aµ comes from QED, where the leading order contribution, the
Schwinger term, has already been calculated in 1948 and its value is given
by [119]

aQED,LO
µ =

α

2π
. (8.5)

The corresponding Feynman diagram is shown in figure 8.2.

µ µ

Figure 8.2: The leading order QED contribution to the anomalous magnetic moment of
the muon.

By now, the electromagnetic contribution is known up to fifth order [120] in
the fine structure constant α, and all together the QED part of the anomalous
magnetic moment of the muon is given by [34]

aQED
µ = (11658471.895± 0.008)× 10−10 . (8.6)

The weak contribution contains all diagrams where W- and Z-bosons as well
as the Higgs boson is exchanged. It has been calculated up to two loops and is
given by [121]

aweak
µ = (15.36± 0.10)× 10−10 (8.7)

for a Higgs boson mass of mH ≈ 126 GeV.

Since the muon does not couple to gluons directly, QCD can only contribute
to aµ via quark loops. The leading-order QCD contribution to the anomalous
magnetic moment of the muon is the hadronic vacuum polarization (HVP),
which is shown in figure 8.3.

QCD

µ µ

Figure 8.3: The hadronic vacuum polarization contribution to the anomalous magnetic
moment of the muon.
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For the calculation of the hadronic contribution to aµ, perturbation theory
cannot be applied in contrast to the electroweak contributions. Currently, the
best estimate of the hadronic vacuum polarization is achieved by a semi-
phenomenological approach, where the imaginary part of the hadronic vacuum
polarization Π(s) can be related to the cross section for e+ e− → hadrons using
the optical theorem

ImΠ(s) =
α(s)

3
R(s) (8.8)

as depicted in figure 8.4. The R-ratio R(s) is defined as the total cross section of
e+ e− → hadrons normalized by the cross section of e+ e− → µ+µ−,

R(s) =
σ(e+ e− → hadrons, s)
σ(e+ e− → µ+µ−, s)

. (8.9)

QCD

hadrons

2

Figure 8.4: The optical theorem for the hadronic vacuum polarization.

Figure 8.5 shows a summary of the experimentally measured R-ratio. At low
energies, one can see the resonances for ρ, ω and φ. At larger energies there are
also resonances for excited states such as the ρ ′, and resonances for the heavier
quark flavors, such as the J/Ψ for the charm or the Υ for the bottom sector.

6 44. Plots of cross sections and related quantities
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Figure 44.6: World data on the total cross section of e+e− → hadrons and the ratio R(s) = σ(e+e− → hadrons, s)/σ(e+e− → µ+µ−, s).
σ(e+e− → hadrons, s) is the experimental cross section corrected for initial state radiation and electron-positron vertex loops, σ(e+e− →
µ+µ−, s) = 4πα2(s)/3s. Data errors are total below 2 GeV and statistical above 2 GeV. The curves are an educative guide: the broken one
(green) is a naive quark-parton model prediction, and the solid one (red) is 3-loop pQCD prediction (see “Quantum Chromodynamics” section of
this Review, Eq. (9.7) or, for more details, K. G. Chetyrkin et al., Nucl. Phys. B586, 56 (2000) (Erratum ibid. B634, 413 (2002)). Breit-Wigner
parameterizations of J/ψ, ψ(2S), and Υ(nS), n = 1, 2, 3, 4 are also shown. The full list of references to the original data and the details of
the R ratio extraction from them can be found in [arXiv:hep-ph/0312114]. Corresponding computer-readable data files are available at
http://pdg.lbl.gov/current/xsect/. (Courtesy of the COMPAS (Protvino) and HEPDATA (Durham) Groups, May 2010.)

Figure 8.5: Compilation of the the world data for the R ratio. The plot is taken from
[34].

At order α2 one finds that the contribution of the hadronic vacuum polarization
to the anomalous magnetic moment of the muon can be calculated as [117]

a
hvp
µ =

(αmµ
3π

)2 ∞∫
m2
π

ds
R(s)K(s)

s2
(8.10)
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with an electromagnetic kernel function K(s) [122]. Using a compilation of the
world data for e+ e− → hadrons, the current estimate of the leading order
hadronic contribution to aµ is given by [123]

a
hvp
µ = (692.3± 4.2± 0.3)× 10−10 , (8.11)

where the first error comes from the experimentally measured R-ratio and the
second error is due to perturbative QCD, which is used to model the R-ratio for
large energies, where no data are available.
In the same way, hadronic vacuum polarization contributions at order α3 can be
estimated and the value is [124]

a
hvp,α3
µ = (−9.84± 0.06)× 10−10 . (8.12)

The hadronic vacuum polarization can also be calculated using lattice techniques,
for more details see sections 8.2 and 8.3. Figure 8.6 shows recent results for the
hadronic contribution to aµ from different lattice calculations compared with
the result from e+ e− → hadrons.

ahvpµ · 1010
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u,d,s,c

u,d,s

u,d

e+ e− → hadrons 2012 [34]

ETMC 2013 [125]

ETMC 2013 [125]

ETMC 2013 [125]

RBC-UKQCD 2011 [126]

CLS Mainz 2011 [127]
(strange quark quenched)

CLS Mainz 2011 [127]

Figure 8.6: Recent results for ahvp
µ from different lattice collaborations compared with

the result from e+ e−, which is shown in the upper panel. The three lower
panels show results for four, three and two valence quark flavors.

Clearly, lattice results are at this stage not able to achieve the same accuracy as
the phenomenological estimate. Furthermore one can see that the lattice results
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are closer to the e+ e− result (which includes all quark flavors) when more quark
flavors are used.

Another QCD contribution to the anomalous magnetic moment of the muon
is the hadronic light-by-light scattering (lbl), which sets in at order α3. The
corresponding diagram is shown in figure 8.7.

µ µ

Figure 8.7: The hadronic light-by-light scattering contribution to the anomalous mag-
netic moment of the muon.

A theoretical estimate for the light-by-light scattering can be obtained from QCD
in the large Nc limit and a recent result is given by [128]

albl
µ = (10.5± 2.6)× 10−10 . (8.13)

A computation of the light-by-light scattering from lattice QCD is technically
very complicated, since it requires the calculation of a four-point function. To
avoid explicitly calculating four-point functions, an ansatz has been proposed
by Blum et al. including QED on the lattice [129, 130].

8.1.2 Comparison of Theory and Experiment

Summing all individual contributions, the electromagnetic (8.6), the weak (8.7),
the hadronic vacuum polarization at O(α2) (8.11) and O(α3) (8.12) as well as the
light-by-light scattering (8.13), one obtains the current Standard Model estimate
for the anomalous magnetic moment of the muon [34]

aSM
µ = (11659180.3± 0.1± 4.2± 2.6)× 10−10 , (8.14)

where the first error is from electroweak contributions, the second from the
leading order strong contribution, i.e. the hadronic vacuum polarization, and the
third error is due to higher order hadronic contributions including light-by-light
scattering. Clearly, the largest fraction of the error of the theoretical prediction
originates from QCD, and thus a reduction of the overall error requires a better
estimate of the hadronic contributions, e.g. from the lattice.
If one compares the Standard Model prediction (8.14) with the experimental
result (8.4), one finds a discrepancy of ≈ 3.6σ

∆aµ = a
exp
µ − aSM

µ = (28.8± 6.3± 4.9)× 10−10 . (8.15)

This deviation leaves room for new physics such as Supersymmetry (SUSY) or
the dark photon [131, 132]. The dark photon is a hypothetical U(1) gauge boson,
that couples to dark matter and mixes with the Standard Model photon.
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It is crucial to reduce the error on both - the experiment and the theory - to either
confirm a possible discrepancy or to reduce it. Currently, the muon storage ring
from Brookhaven is being installed at Fermilab to reduce the experimental error
by a factor of four [133]. From the theory side, a more precise calculation of
the hadronic contributions is required. Here it would be desirable to have a
first-principles calculation instead of having to rely on experimental input.
In the next two sections we will discuss two methods for calculating the hadronic
vacuum polarization in lattice QCD, the standard and the mixed-representation
method, where the latter will be used in this thesis to estimate the disconnected
contribution to the hadronic vacuum polarization.

8.2 the hadronic vacuum polarization from lattice qcd

The hadronic vacuum polarization Π(Q2) can be written in terms of the hadronic
vacuum polarization tensor

Πµν(Q) ≡
∫

d4x eiQ·x
〈
jγµ(x) j

γ
ν(0)

〉
= (QµQν − δµνQ

2)Π(Q2) , (8.16)

which is given by the correlation function of two electromagnetic currents

jγµ =
2

3
uγµu−

1

3
dγµd−

1

3
sγµs+ · · · , (8.17)

where the current for each quark flavor is weighted by the electric charge of the
corresponding quark. Performing the corresponding Wick contractions of the
correlation function

〈
j
γ
µ(x) j

γ
ν(0)

〉
of the vector current, one obtains a connected

and a disconnected contribution, which are shown in figure 8.8.

Figure 8.8: Connected and disconnected contribution to the two-point function of the
vector current.

From the subtracted vacuum polarization

Π̂(Q2) = 4 π2
[
Π(Q2) −Π(0)

]
, (8.18)

the leading order hadronic contribution to g− 2 can be calculated

ahad
µ =

(α
π

)2 ∞∫
0

dQ2 K(Q2) Π̂(Q2) (8.19)

with an electromagnetic kernel K(Q2), which is analytically known [134]. Thus,
a calculation of the vacuum polarization Π(Q2) from the lattice provides a result
for the hadronic contribution to the anomalous magnetic moment of the muon
from first principles.

Commonly, the hadronic vacuum polarization is calculated by performing the
four-dimensional Fourier transformation of the correlation function

〈
j
γ
µ(x) j

γ
ν(0)

〉
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to obtain the vacuum polarization tensor Πµν(Q) according to equation (8.16).
This method has become state of the art, and many calculations of the connected
contribution are available [125–127, 135–142]. In the following, we will refer to
this method as the standard method. The drawback of this method is that the
hadronic vacuum polarization

Π(Q2) =
Πµν(Q)

(QµQν − δµνQ2)
(8.20)

cannot be calculated directly for Q2 = 0. However, the calculation of the anoma-
lous magnetic moment of the muon requires the subtracted vacuum polarization
Π̂(Q2) and therefore also Π(0). Ideally, Π(0) should be known very precisely. In
the standard method an estimate of Π(0) has to be obtained by extrapolating
the hadronic vacuum polarization to zero momentum. However, the functional
form of Π(Q2) is a priori unknown, and any extrapolation introduces a possible
source of systematic error.
One approach to obtain better control of this systematic error is the use of
partially twisted boundary conditions in the spatial directions [94, 95] for the
valence quarks,

q(x+ L · k̂) = eiθkq(x) , (8.21)

instead of periodic boundary conditions. This allows tuning the momentum on
the lattice continuously,

pi =
2π

L
ni +

θi
L

. (8.22)

Using zero momentum from the Fourier transformation, i.e ni = 0 and non-
vanishing twist angle θi one can also obtain momenta which are smaller than
the lowest Fourier mode. In this way, one can achieve a better resolution of the
hadronic vacuum polarization for small momenta and a better constraint on the
extrapolation to Q2 = 0 [140].
These extrapolations are often done using Padé-approximants to different orders,
which have been shown to give good results [143, 144].

So far only the ETMC collaboration has done a lattice calculation of the dis-
connected diagram to the hadronic vacuum polarization using the standard
method, where they found the disconnected contribution to be consistent with
zero within the statistical errors [145].

In all other determinations, the disconnected contribution has been neglected.
However, an estimate using quenched chiral perturbation theory indicates that
the disconnected contribution could be as large as −10% of the connected
contribution [29, 30]. Compared to the accuracy of recent lattice calculations
(see also figure 8.6) of < 10%, the disconnected contribution might not longer be
negligible.

In the following section we will introduce an alternative approach for the
calculation of the hadronic vacuum polarization using the time-momentum
vector correlator. In section 9.2 we will discuss how this method allows for a
systematic inclusion of the disconnected contribution.
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8.3 the time-momentum correlator

A different method for calculating the hadronic vacuum polarization on the
lattice has been developed recently [31–33]. In this method the mixed time-
momentum representation vector correlator is used for the calculation of the
hadronic vacuum polarization. In the following, we will derive the relation
between Π̂(Q2) and the correlator Gγγ(t) of two vector currents

Gγγ(t) = −

∫
d3x

〈
j
γ
k(x) j

γ
k(0)

〉
for k = 1, 2, 3 (8.23)

in time-momentum space following the derivation of [31]. The electromagnetic
current in (8.23) is given by

j
γ
k =

2

3
uγku−

1

3
dγkd−

1

3
sγks+ · · · . (8.24)

The integral over the spatial components in (8.23) is a Fourier transformation
and projects the vector two-point function on spatial momentum q = 0. As we
will show in section 9.1, the vector correlator Gγγ(t) contains a connected and a
disconnected Wick contraction (cf. figure 8.8).
It is obvious that the correlator Gγγ(t) is related to the vacuum polarization
tensor Πµν(Q) (8.16) by

Πkk(ω,q = 0) =

∫
d4x eiωt

〈
j
γ
k(x) j

γ
k(0)

〉
= −

∫
dt eiωtGγγ(t) . (8.25)

Furthermore, the tensor structure of the polarization tensor implies that

Πkk(ω,q = 0) = (QkQk︸ ︷︷ ︸
=0

−δkkQ
2)Π(Q2)

Q2=ω2
= −ω2Π(ω2) . (8.26)

Inserting equation (8.26) into the relation (8.25) between the vector correlator
and the polarization tensor one obtains

Π(ω2) =
1

ω2

∞∫
−∞

dt eiωtGγγ(t) . (8.27)

For the calculation of ahvp
µ we need the subtracted vacuum polarization (cf.

equation (8.18)), i.e.

Π̂(ω2) = 4 π2
[
Π(ω2) −Π(0)

]
. (8.28)

If we expand the exponent in equation (8.27) into a Taylor series, we obtain

Π(ω2) ∼
1

ω2

∞∫
−∞

dt Gγγ(t) −
1

2

∞∫
−∞

dt t2Gγγ(t) +O(ω2)

ω→0
=

1

ω2

∞∫
−∞

dt Gγγ(t) −
1

2

∞∫
−∞

dt t2Gγγ(t) = Π(0) , (8.29)
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where we have used that Gγγ(t) is even in t, i.e. Gγγ(t) = Gγγ(−t), and thus

∞∫
−∞

dt tnGγγ(t) = 0 (8.30)

for odd n. The subtracted vacuum polarization can now be written as

Π(ω2) −Π(0) =

∞∫
−∞

dt Gγγ(t)
[
eiωt − 1

ω2
+
t2

2

]
. (8.31)

Splitting the exponential function exp(iωt) into a real and an imaginary part
and considering that the integral vanishes for functions which are odd in t one
obtains

Π(ω2) −Π(0) = 2

∞∫
0

dt Gγγ(t)
[
t2

2
−
1− cos(ωt)

ω2

]

=
1

ω2

∞∫
0

dt Gγγ(t)
[
ω2t2 − 4 sin2

(
1

2
ωt

)]
. (8.32)

Equation (8.32) implies that the subtracted vacuum polarization can be calculated
at arbitrary momenta Q2 = ω2 if the correlator Gγγ(t) is known for zero spatial
momentum q = 0. The integral in (8.32) has to be carried out up to t → ∞
and thus one has to model the correlator Gγγ(t) by an exponential decay
∝ exp(−m0 · t) for large euclidean times t where no lattice data are available.
For this purpose we will investigate the behavior of the correlator for t→∞ in
section 9.2.
Once Π̂(Q2) has been determined using the time-momentum correlator, one
can obtain the leading order hadronic contribution to the anomalous magnetic
moment of the muon via equation (8.19).

Since this method for the calculation of the hadronic vacuum polarization in-
volves the vector correlator Gγγ(t), which according to the definition (8.23)
is given in time-momentum space, we will refer to this method as the mixed-
representation method in the following. So far it has successfully been used
for the calculation of the connected contribution to the hadronic vacuum
polarization [4, 32, 33].

However, this approach is particularly useful in the case of the disconnected con-
tribution, since for disconnected diagrams one is restricted to Fourier momenta
and cannot use partially twisted boundary conditions to resolve the vacuum
polarization for very small values of Q2. In the standard method it is important
to resolve the vacuum polarization Π(Q2) for small values of Q2 in order to
reliably obtain Π(0) from an extrapolation. In the mixed-representation method
the subtracted vacuum polarization Π̂(Q2) can be obtained directly from the
vector correlator (cf. equation (8.32)).
Another more technical advantage of calculating the disconnected part of the
hadronic vacuum polarization using the mixed-representation correlator is that
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we can make use of the quark loops which we have calculated during the scalar
form factor project. The insertion of different Dirac structures Γ in

L(q, z0) =
∑
z

eiq·z Tr
CD

[S(z, z) Γ ] (8.33)

is cheap in terms of computer time, and thus we can calculate different Dirac
structures in one computation.

8.4 the vector correlator and the qcd spectrum

The spectral representation of the vector correlator Gγγ(t) is given by [31]

Gγγ(t) =

∞∫
0

dωω2ρ(ω) e−ω|t| (8.34)

where the spectral function ρ(ω) is related to the R-ratio

ρ(ω2) =
R(ω2)

12π
with R(ω2) =

σ(e+ e− → hadrons,ω2)
σ(e+ e− → µ+µ−,ω2)

. (8.35)

To determine which vector resonances contribute to the correlator Gγγ(t), one
uses a flavor decomposition of the electromagnetic current

jγµ ≡ jlµ + jsµ + · · · . (8.36)

For the light quarks, the current jlµ can be split into an isovector and an isoscalar
part,

jlµ =
1

2
(uγµu− dγµd)︸ ︷︷ ︸

I=1, jρµ

+
1

6
(uγµu+ dγµd)︸ ︷︷ ︸
I=0, 13 j

ω
µ

, (8.37)

which corresponds to the ρ and the ω meson, respectively. Including the strange
quark contribution to the electromagnetic current

jsµ = −
1

3
sγµs (8.38)

one obtains the φ meson.

One can also add contributions for the heavier quark flavors, i.e. the charm
and bottom quarks. Their ground state vector mesons are the J/Ψ and the Υ,
respectively. However, in this thesis we will concentrate on the light and strange
vector current, i.e. the mesons of interest are ρ, ω and φ.
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9.1 connected and disconnected vector correlator

In the following, we will perform the Wick contractions and present our lattice
results for the vector correlator. We will start with the light-quark (up, down)
contributions only and add a strange quark later.

9.1.1 Light Quark Contribution

We define the mixed time-momentum vector correlator Gl(x0) for the light
quarks as

Gl(x0) ≡ −

∫
d3x

〈
jlk(x) j

l
k(0)

〉
(9.1)

with the light-quark vector current

jlk(x) =
2

3
uγku−

1

3
dγkd . (9.2)

The prefactors 2/3 and −1/3 correspond to the charges of the up and the down
quark, respectively. Inserting the vector current in (9.1) and using Wick’s Theo-
rem (3.22) we find that

〈
jlk(x) j

l
k(0)

〉
=
4

9

〈
u(x)γku(x) u(0)γku(0)

〉
+
1

9

〈
d(x)γkd(x) d(0)γkd(0)

〉

(9.3)

−
2

9

〈
u(x)γku(x) d(0)γkd(0)

〉
−
2

9

〈
d(x)γkd(x) u(0)γku(0)

〉
,

where the first two terms of (9.3) have a connected and a disconnected Wick
contraction, and the last two terms are purely disconnected. If we assume
isospin symmetry, i.e. Su(x,y) = Sd(x,y) = Sl(x,y), as is the case in our lattice
calculation, we can write the correlation of the light vector current as

〈
jlk(x) j

l
k(0)

〉
=−

5

9

〈
Tr

CD

[
Sl(x, 0) γk Sl(0, x) γk

]〉
G

(9.4)

+
1

9

〈
Tr

CD

[
Sl(x, x) γk

]
· Tr

CD

[
Sl(0, 0) γk

]〉
G

(9.5)

=
〈
jlk(x) j

l
k(0)

〉
con +

〈
jlk(x) j

l
k(0)

〉
disc (9.6)

with a quark-connected (9.4) and a quark-disconnected (9.5) contribution (cf.
figure 8.8). If one defines the connected and the disconnected vector correlator
in the following way:

Glcon(x0) ≡
∫

d3x
〈
Tr

CD

[
Sl(x, 0) γk Sl(0, x) γk

]〉
G

, (9.7)

Gldisc(x0) ≡
∫

d3x
〈
Tr

CD

[
Sl(x, x) γk

]
· Tr

CD

[
Sl(0, 0) γk

]〉
G

, (9.8)

97
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one finds for the total vector correlator for the two light quark flavors

Gl(x0) =
5

9
Glcon(x0) −

1

9
Gldisc(x0) . (9.9)

As already discussed above, the vector current can be split into an isovector and
an isoscalar part,

jlk =
1

2
(uγku− dγkd)︸ ︷︷ ︸

I=1, jρk

+
1

6
(uγku+ dγkd)︸ ︷︷ ︸
I=0, 13 j

ω
k

. (9.10)

If one performs the Wick contractions only for the isovector current jρk, one
obtains the ρ-correlator

Gρρ(x0) ≡ −

∫
d3x

〈
j
ρ
k(x) j

ρ
k(0)

〉
=
1

2
Glcon(x0) , (9.11)

which is a purely connected quantity, and all disconnected contributions are
contained in the isoscalar part corresponding to the ω meson.

To construct the disconnected light vector correlator Gldisc(x0) from the discon-
nected loops

L(q, z0) =
∑
z

eiq·z Tr
CD

[γk S(z, z)] , (9.12)

which we have calculated as part of the scalar form factor project1, we have to
correlate the loop for q = 0 at a given timeslice x0 with the loop on a different
timeslice y0,

fl(x0 − y0) =
〈(∑

x

Tr
CD

[γk S(x, x)]
)
·
(∑

y

Tr
CD

[γk S(y,y)]
)〉
G

, (9.13)

where the average
〈〉
G

denotes the gauge average. Since in equation (9.13) we
have summed over the spatial coordinates of both the source and the sink,
we have to divide by the spatial volume L3 to obtain the same normalization
as for the connected correlator, where one only sums over the sink position.
Furthermore, the local vector current (9.2) is not conserved and thus we have to
renormalize the vector current with the multiplicative renormalization constant
ZV . In total we find

Gldisc(x0−y0) =
Z2V
L3

〈(∑
x

Tr
CD

[γk S(x, x)]
)
·
(∑

y

Tr
CD

[γk S(y,y)]
)〉
G

. (9.14)

For our β = 5.3 ensembles the renormalization constant has been determined
non-perturbatively [146]

ZV = 0.750± 0.005 . (9.15)

1 Although the vector loops were not required for the scalar form factor project, we included
Γ = γk in our computation. The insertion of different Γ structures is cheap in computational cost.
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In Figure 9.1 the result for the disconnected vector correlator Gldisc(x0 − y0) is
shown for the E5 ensemble. Since we have calculated the disconnected loop
on every timeslice, we can take the mean over all possible temporal source
positions y0. As one can see, we find that the disconnected contribution to the
light vector correlator is consistent with zero within the statistical accuracy of
our calculation.

G
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Figure 9.1: The disconnected vector correlator Gldisc(t) for the light-quark contribution
calculated on 1000 E5 configurations.

However, we must add the disconnected and connected contribution to obtain
the full light vector correlator. The connected correlator, which has been calcu-
lated by Anthony Francis and Benjamin Jäger [4], uses the local vector current
(9.2) at the source and a point-split vector current of the form [136]

Vcµ(x) =
1

2

(
q(x+ aµ̂)(1+ γµ)U

�
µ(x)q(x) − q(x)(1− γµ)Uµ(x)q(x+ aµ̂)

)
(9.16)

at the sink. The point-split current is conserved on the lattice and fulfills a
Ward-Takahashi identity

qµV
c
µ(x) = 0 , (9.17)

which is not true for the local vector current qγµq. Since we use the connected
correlator of one local and one conserved current, only one factor of ZV is
required for the renormalization of the connected part.

Our result for the connected as well as for the total vector correlator Gl(x0) is
shown in figure 9.2. The connected vector correlator (red data points) shows
the expected behavior of a two-point function, which can be described by a
single exponential for larger times and additional excited states, which are
visible at small source-sink separations t. To increase statistics, the mean over
the forward and the backward propagating correlator has been taken. If we add
the disconnected vector correlator to obtain the total vector correlator (yellow
data points), the signal-to-noise ratio grows exponentially due to the roughly
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Figure 9.2: The connected (red) and total (yellow) vector correlator Gl(t) for the light-
quark contribution calculated on 1000 E5 configurations. The black line
shows the error on the disconnected part.

constant error on the disconnected contribution. At t ≈ 14a ≈ 0.9 fm, the total
vector correlator reaches the level of the error on the disconnected part, which is
shown as a black line in figure 9.2. At this point our result for Gl(t) is dominated
by the error on Gldisc(t), and the signal for the total vector correlator is lost.

Although we do not find a signal for the disconnected contribution to the vector
correlator and hence the hadronic vacuum polarization, we are still interested
in an upper limit on the maximum contribution of the disconnected diagram.
However, the vector correlator is dominated by noise already at early times,
such that an estimate for an upper limit would be unsatisfactory in this case.
Nevertheless, as we will see in the following, the situation can be significantly
improved when adding the strange-quark contribution due to the structure of
the disconnected Wick contractions.

9.1.2 Light and Strange Quark Contribution

We will now extend our study of the mixed-representation vector correlator
to three quark flavors. The vector current for light-quark and strange-quark
contribution is given by

jlsk (x) = jlk(x) + j
s
k(x) with jsk(x) = −

1

3
sγks . (9.18)

We define the light and strange vector correlator as the correlation of the three-
flavor vector current jlsk (x) with itself projected to zero spatial momentum,

Gls(x0) ≡ −

∫
d3x

〈
jlsk (x) jlsk (0)

〉
. (9.19)
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If one considers only connected Wick contractions, one obtains, besides the
connected light-quark contribution, a connected contribution from the strange
quark, which is given by

〈jsk(x) jsk(0)〉con = −
1

9
〈Tr

CD
[Ss(x, 0) γk Ss(0, x) γk]〉G , (9.20)

with strange-quark propagators Ss(x,y).

For the disconnected part, it is advantageous to look at the combined contribu-
tion of all three quark flavors, which one can write as

〈
jlsk (x) jlsk (0)

〉
disc

=
1

9

〈
Tr

CD

[
Sl(x, x) γk

]
· Tr

CD

[
Sl(0, 0) γk

]〉
G

−
1

9

〈
Tr

CD

[
Sl(x, x) γk

]
· Tr

CD

[
Ss(0, 0) γk

]〉
G

−
1

9

〈
Tr

CD

[
Ss(x, x) γk

]
· Tr

CD

[
Sl(0, 0) γk

]〉
G

+
1

9

〈
Tr

CD

[
Ss(x, x) γk

]
· Tr

CD

[
Ss(0, 0) γk

]〉
G

=
1

9

〈 (
Tr

CD

[
Sl(x, x) γk

]
− Tr

CD

[
Ss(x, x) γk

])

×
(
Tr

CD

[
Sl(0, 0) γk

]
− Tr

CD

[
Ss(0, 0) γk

]) 〉
G

. (9.21)

Equation (9.21) implies that the disconnected correlation can also be written as
the disconnected part of the correlation of the light minus the strange current,

〈
jlsk (x) jlsk (0)

〉
disc =

〈(
jlk(x) − j

s
k(x)

) (
jlk(0) − j

s
k(0)

)〉
disc . (9.22)

Thus, for our lattice calculation we only need differences of the all-to-all propa-
gators for light and strange quarks,

Tr
CD

[
Sl(x, x) γk − Ss(x, x) γk

]
. (9.23)

Since we calculate the all-to-all propagators stochastically, we can calculate light
and strange propagators with the same stochastic sources. In this way, one
expects the statistical noise from the stochastic sources to be partially canceled
in the difference of the light and strange-quark propagators.

The calculation of the strange-quark propagators requires the strange-quark
mass ms on a given lattice. The values used for this thesis have been determined
[54] by tuning the strange hopping parameter κs such that the mass ratio

m2K − 1
2 m

2
π

m2Ω
(9.24)

receives its physical value. Furthermore one has to note that our strange quark
is quenched, since our gauge ensembles contain only contributions from light
quarks in the sea.

The plot on the left-hand side of figure 9.3 shows the light Gldisc(t) and strange
Gsdisc(t) disconnected correlators separately, i.e. the light data are the same as the
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data in figure 9.1 from above. As expected, light and strange results are highly
correlated, since they have been calculated with the same stochastic sources.
The plot on the right-hand side shows the combined correlator using the differ-
ences of the light and strange propagators as explained above,

Glsdisc(x0 − y0) =
Z2V
L3

〈(∑
x

(
Tr

CD

[
Sl(x, x) γk

]
− Tr

CD

[
Ss(x, x) γk

])

×
∑
y

(
Tr

CD

[
Sl(y,y) γk

]
− Tr

CD

[
Ss(y,y) γk

]) )〉
G

. (9.25)

If one compares the orders of magnitude of the errors between the plots on
the left and on the right, one finds that the error of the combined correlator
Glsdisc(t) is roughly 95% smaller than the error on the individual light-quark or
strange-quark contributions. This implies that indeed a significant amount of
stochastic noise is canceled when calculating both propagators with the same
noise sources. Nevertheless, we still find that the disconnected contribution to
the vector correlator is consistent with zero within its errors and any possible
signal cannot be resolved with our present accuracy.
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Figure 9.3: The light and strange disconnected vector correlator. On the left the con-
tributions for light and strange quarks are shown separately. The plot on
the right-hand side shows the disconnected vector correlator for light and
strange quarks combined.

As for the light-quark vector correlator, we can add the disconnected contribution
to the connected one as shown in figure 9.4. The total vector correlator is given
by

Gls(x0) =
5

9
Glcon(x0) +

1

9
Gscon(x0) −

1

9
Glsdisc(x0) . (9.26)

One can see that the region where the error of the disconnected contribution
dominates starts at t ≈ 24a ≈ 1.5 fm. Compared to 14a, which we found for
the light quarks, this underlines how well the error reduction works when both
light and strange quark loops are calculated with the same stochastic sources.

However, since we still cannot resolve a signal for the disconnected vector
correlator, we have to resort to giving an upper limit for the error that arises when
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Figure 9.4: The connected (red) and total (yellow) vector correlator Gls(t) for the light
and strange quark contribution calculated on 1000 E5 configurations. The
black line shows the error on the disconnected part.

neglecting the disconnected diagrams. In the next section, we will discuss the
behavior of the vector correlator for infinite Euclidean times and use this result
combined with our data to estimate the maximum disconnected contribution.

9.2 the vector correlator at large euclidean times

In the following we will solely consider the case of light and strange quark
flavors, for which we obtain a significantly smaller statistical error for the
disconnected contribution as described above. From our data we know that
the total vector correlator Gls(t) is well described by only the connected part
for small source-sink separations. However, we found that for larger times
t ≈ 1.5 fm, the error on the disconnected contribution gets large compared to
the connected correlator, and thus our data cannot exclude that the disconnected
contribution becomes important at some point.
For the calculation of the hadronic vacuum polarization with the mixed-re-
presentation method, we need the vector correlator up to infinite times (cf.
equation (8.32)) and thus we have to make an assumption for the disconnected
contribution for large Euclidean times anyway. In the following, we will extend
the arguments given in [32] about the behavior of the correlator to three quark
flavors. For light quarks the authors stated that the disconnected contribution
to the vector correlator is of the same order as the connected one for large
Euclidean time separations.

As already discussed in section 8.4, the vector current can be split into an
isovector and an isoscalar part

jlsµ =
1

2
(uγµu− dγµd)︸ ︷︷ ︸
I=1, jI=1µ

+
1

6
(uγµu+ dγµd− 2sγµs)︸ ︷︷ ︸

I=0, jI=0µ

. (9.27)
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As long as isospin is an exact symmetry, which is the case in our lattice calcu-
lations, equation (9.27) implies that the correlator Gls(t) can be split into an
isoscalar and an isovector part as well,

Gls(x0) = −

∫
d3x

〈
jlsk (x) jlsk (0)

〉

= −

∫
d3x

〈
jI=1k (x) jI=1k (0) + jI=0k (x) jI=0k (0)

〉

= GI=1(x0) +G
I=0(x0) . (9.28)

Since the spectral function ρ(ω) is related to the vector correlator via the spectral
representation (cf. equation (8.34))

Gγγ(t) =

∞∫
0

dωω2ρ(ω) e−ω|t| , (9.29)

this property directly translates to ρ(ω),

ρls(ω) = ρI=I(ω) + ρI=0(ω) , (9.30)

which simply means that a final hadron state in e+ e− → hadrons is either
isovector or isoscalar. Since two pions is the lightest possible final isovector state,
the isovector channel opens at energies ω = 2mπ and thus

ρI=1(ω) = 0 for ω < 2mπ. (9.31)

For the production of an isoscalar hadronic state at least an energy of the mass
of three pions is needed, and hence

ρI=0(ω) = 0 for ω < 3mπ . (9.32)

Combining the relations (9.31) and (9.32) we find that in the energy region
between these two thresholds

ρls(ω) = ρI=I(ω) for 2mπ < ω < 3mπ , (9.33)

while ρls(ω) = 0 for ω < 2mπ.

On the other hand, we obtain the following Wick contractions for the isoscalar
correlator

GI=0(x0) ≡ −

∫
d3x

〈
jI=0k (x) jI=0k (0)

〉

=
1

18
Glcon(x0) +

1

9
Gscon(x0) −

1

9
Glsdisc(x0) , (9.34)

which can be translated to the isoscalar spectral function,

ρI=0(ω) =
1

18
ρlcon(ω) +

1

9
ρscon(ω) −

1

9
ρlsdisc(ω) . (9.35)

If one compares this relation with the low-energy behavior of ρI=0(ω) from
equation (9.32), it is obvious that

ρlsdisc(ω) =
1

2
ρlcon(ω) + ρscon(ω) for ω < 3mπ . (9.36)
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According to the spectral representation (9.29) the region of small energies in
the spectral function is most important at large Euclidean times for the vector
correlator. Therefore, for x0 →∞, one expects the following behavior:

Glsdisc(x0) =

(
1

2
Glcon(x0) +G

s
con(x0)

) (
1+O(e−mπx0)

)
. (9.37)

This relation shows that for large Euclidean times the disconnected contribu-
tion to the vector correlator Gls(x0) is of the same order of magnitude as the
connected one. This is consistent with what has been found in [32] for the light
quarks only.
Equation (9.37) can now be inserted into the expression for the total light and
strange vector correlator

Gls(x0) =
5

9
Glcon(x0) +

1

9
Gscon(x0) −

1

9
Glsdisc(x0)

=
1

2
Glcon(x0)

(
1+O(e−mπx0)

)
for x0 →∞ . (9.38)

Using that 1/2Glcon(x0) = G
ρρ(x0), the vector correlator for large Euclidean times

can be rewritten in terms of the ρ correlator,

Gls(x0) = G
ρρ(x0)

(
1+O(e−mπx0)

)
, (9.39)

which simply reflects that for large times only the isovector part survives due to
its lower threshold energy.

The behavior of the vector correlator for large Euclidean times can help us to
estimate the disconnected contribution. Nevertheless, to obtain a full evaluation
of the maximum disconnected contribution to the anomalous magnetic moment
of the muon, we have to investigate up to which timeslice x0 the disconnected
contribution can be neglected and from which time on we will use an asymptotic
value to estimate it.
As a starting point, one can rewrite the expression for the full vector correlator
Gls(x0) (9.26) by dividing by the ρ correlator and rearranging the terms

−
1

9

Glsdisc(x0)

Gρρ(x0)
=
Gls(x0) −G

ρρ(x0)

Gρρ(x0)
−
1

9

(
1+ 2

Gscon(x0)

Glcon(x0)

)
. (9.40)

Equation (9.40) gives us a handle on the ratio of the disconnected correlator and
the ρ correlator and is true for all times x0. For x0 → ∞, the first term of the
right-hand side of (9.40) vanishes, due to the large time behavior (9.39)

Gls(x0) −G
ρρ(x0)

Gρρ(x0)
−→ 0 for x0 →∞ . (9.41)

Additionally, we know that the ratio of the strange and the light connected
correlators, Gscon(x0)/G

l
con(x0), has to vanish for large x0,

(
1+ 2

Gscon(x0)

Glcon(x0)

)
−→ 1 for x0 →∞ , (9.42)

since the mass of the φ meson is larger than the lightest mesonic states build
from light quarks, and Gscon(x0)/G

l
con(x0) is exponentially suppressed. Thus, the
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large time behavior of the ratio (9.40) of disconnected and ρ correlator is given
by

−
1

9

Glsdisc(x0)

Gρρ(x0)
−→ −

1

9
for x0 →∞ . (9.43)

In figure 9.5 this ratio is shown for our data for the E5 ensemble. As expected the
ratio is consistent with zero within the errors. The error grows exponentially for
larger timeslices t due to the roughly constant error ∆Glsdisc(t) of the disconnected
contribution and the exponentially falling ρ correlator. The green line in figure 9.5
shows the asymptotic value −1/9. One can easily distinguish the data from the
asymptotic behavior up to t = 15a ≈ 1 fm. For larger times our results are also
consistent with −1/9. On the basis of these data we cannot discriminate between
a slow approach to the asymptotic value and a sudden drop to −1/9 around
t & 1 fm.
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Figure 9.5: The ratio −19 G
ls
disc(t)/G

ρρ(t) for the E5 ensemble. The green line shows the
asymptotic value −1/9 for large Euclidean times t.

We are interested in the scenario where the disconnected correlator contributes
maximally to the hadronic vacuum polarization according to our data. Therefore
we claim that the ratio is consistent with our data and we assume that the ratio
falls monotonously to −1/9 at some point. Clearly, the disconnected contribution
is the largest in the case, where at 1 fm the ratio suddenly jumps from basically
zero to the asymptotic value −1/9. This is indicated by the blue line in figure 9.6,
which shows the same data as the previous figure 9.5.

This allows us to give a conservative estimate on the maximum systematic
error on the anomalous magnetic moment of the muon which arises from
neglecting the disconnected contribution. For this, one has to calculate the
hadronic vacuum polarization once with the connected contribution only and
once with an estimate of the disconnected contribution, which follows the blue
line in figure 9.6.
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Figure 9.6: The ratio −19 G
ls
disc(t)/G

ρρ(t) for the E5 ensemble. The blue line shows our
estimate for the disconnected contribution for the calculation of the hadronic
vacuum polarization.

9.3 hadronic vacuum polarization and aµ

In the mixed-representation method, which is described in section 8.3, the
subtracted hadronic vacuum polarization can be calculated from the vector
correlator using

Π̂(Q2) =
1

Q2

∞∫
0

dt Gγγ(t)
[
Q2t2 − 4 sin2

(
1

2
Qt

)]
. (9.44)

In the following, we will calculate Π̂(Q2) for light and strange quarks, first for
the connected vector correlator and second for the vector correlator with a dis-
connected estimate. Finally, we compute the leading order hadronic contribution
to the anomalous magnetic moment of the muon from the vacuum polarization
for both cases. The difference of both results can be used as an estimate for a
maximum systematic error from neglecting the disconnected contribution in the
calculation of aµ.

9.3.1 The Connected Contribution

For the calculation of the connected contribution to the hadronic vacuum po-
larization from the connected vector correlator following equation (9.44), the
correlator up to infinity is needed. From the lattice, which is a finite volume, we
only have data for half the box size T in the time direction. Thus, we need an
extrapolation of the correlator to infinity. Additionally, it is desirable to have
an interpolation between different data points in the region where data is still
available.
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At the larger Euclidean times, where one expects that only the ground state has
survived, it is convenient to fit an exponential function to the correlator. Since
we consider the vector correlator for light and strange quarks

Glscon(t) =
5

9
Glcon(t) +

1

9
Gscon(t) , (9.45)

we fit the light correlator and the strange correlator separately, each with a single
exponential. Thus the connected light strange vector correlator is given by a sum
of two exponentials

Glscon(t) = Al e
−ml t +As e

−ms t (9.46)

one for the light vector ground state (l) and one for the strange vector ground
state (s). In the light channel, the vector ground state is the ρmeson, i.eml = mρ,
since for the gauge ensembles E5, F6 and F7 used in this study the mass of the
pion is large, such that the ρ cannot decay into two pions and thus is stable. In
the strange channel, the ground state is given by the φ meson, i.e. ms = mφ.
The masses of ρ and φ obtained from these fits are shown in the appendix
in figure C.6 for the three ensembles E5, F6 and F7 used in this analysis. For
t > 15a we will use the fit result for the correlator to calculate the hadronic
vacuum polarization.

For smaller times, where excited states can still play a role, we use an interpo-
lation of the data with cubic splines. At t = 15a the cubic spline has been set
to the fit value at that point and the slope to the slope of the fit function. This
ensures that our interpolation is continuously differentiable at the point t = 15a
where splines and exponential fit are connected.
The connected light and strange vector correlator Glscon(t) is plotted in figure 9.7
together with the result of the cubic splines (black curve) and the exponential fit
(green curve).

The interpolated cubic splines and the result of the exponential fit can now be
used to calculate the connected contribution to the hadronic vacuum polarization
for light and strange quarks,

Π̂lscon(Q
2) =

1

Q2

∞∫
0

dt Glscon(t)

[
Q2t2 − 4 sin2

(
1

2
Qt

)]
. (9.47)

This integral is split into two parts, one where the vector correlator has been
interpolated with cubic splines and one, where we use the fit result

Π̂lscon(Q
2) =

1

Q2

14∑
i=0

(i+1)·a∫
i·a

dt Gicubic(t)

[
Q2t2 − 4 sin2

(
1

2
Qt

)]
(9.48)

+
1

Q2

∞∫
15a

dt
(
Al e

−ml t +As e
−ms t

) [
Q2t2 − 4 sin2

(
1

2
Qt

)]
,

where the correlator interpolated between two points t = i · a and t = (i+ 1) · a,

Gicubic(t) = ait
3 + bit

2 + cit+ di , (9.49)
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Figure 9.7: The connected vector correlator Glscon(t) for light and strange quarks for E5.
The black line up to t = 15a shows the interpolation with cubic splines. The
green line starting at t = 15a shows the result of the exponential fit with
the fit range t = 15a to t = 20a. The deviation of the data from the fit curve
for t ≈ T/2 is due to the periodic boundary conditions and the backward
propagating correlator.

is a cubic polynomial. In both regions, the integral can be carried out analytically.
The result for the connected hadronic vacuum polarization on the E5 ensemble
is plotted in figure 9.8 against the momentum Q2.
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Figure 9.8: The connected contribution to the subtracted vacuum polarization for light
and strange quarks plotted against the momentum Q2 for the E5 ensemble.
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9.3.2 Estimate for the Disconnected Contribution

To obtain an upper limit for the disconnected contribution to the hadronic
vacuum polarization, we repeat the same analysis as for the connected one using
the estimate for the disconnected correlator as explained above, i.e.

• Up to x0 = 15a the disconnected contribution is neglected, i.e. we use

Gls(x0) =
5

9
Glcon(x0) +

1

9
Gscon(x0) , (9.50)

for the vector correlator as we know from figure 9.4 that the vector correla-
tor is well described by the connected contribution only.

• For x0 > 15a, we use the asymptotic value for the disconnected contribu-
tion Glsdisc(x0) = G

ρρ(x0), i.e. we use

Gls(x0) =
5

9
Glcon(x0) +

1

9
Gscon(x0) −

1

9
Gρρ(x0)

= Gρρ(x0) +
1

9
Gscon(x0) (9.51)

for the vector correlator.

From this approach we obtain the largest possible contribution of the discon-
nected diagram to the hadronic vacuum polarization which is still consistent
with our data. The result for Π̂ls(Q2) with the disconnected estimate is shown
in figure 9.9 in red compared to the result from the connected vector corre-
lator in yellow. As expected, the data with the estimate for the disconnected
correlator lie below those of the connected one, since the asymptotic value
Glsdisc(x0) = G

ρρ(x0) is subtracted from the vector correlator Gls(x0) (cf. equa-
tion (9.51)).
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Figure 9.9: The subtracted vacuum polarization for light and strange quarks with an
estimate for the disconnected contribution (red) compared to the connected
contribution alone.
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The statistical errors on the hadronic vacuum polarization Π̂ls(Q2) in the plotted
Q2 region are of the order of ≈ 0.5% and thus, not visible in figures 9.8 and 9.9.
To be able to judge if the difference between the connected data and the result
using a disconnected estimate is significant, figure 9.10 shows the difference
between the red and the yellow data points from figure 9.9. As one can see, this
difference is larger than the statistical error and is thus significant.
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Figure 9.10: The difference ∆Π̂ls(Q2) between the connected vacuum polarization and
the vacuum polarization calculated with the estimate for the disconnected
contribution plotted against the momentum Q2.

9.3.3 The Hadronic Contribution to aµ

In the last step, we will now determine the leading order hadronic contribution
to the anomalous magnetic moment of the muon for light and strange quarks
from the hadronic vacuum polarization. This calculation will be done once
with the vacuum polarization from the connected correlator and once with the
disconnected estimate.
To obtain aµ, one has to integrate Π̂(Q2) over the momentum Q2 (cf. equa-
tion (8.19)),

a
hvp
µ =

(α
π

)2 ∞∫
0

dQ2 K(Q2) Π̂(Q2) . (9.52)

The electromagnetic integration kernel K(Q2) is given by [134]

K(Q2) =
1

m2µ
Q̂2 Z(Q̂2)3

1− Q̂2 Z(Q̂2)

1+ Q̂2 Z(Q̂2)2
(9.53)

with Z(Q̂2) = −
Q̂2 −

√
Q̂4 + 4Q̂2

2Q̂2
and Q̂2 =

Q2

m2µ
. (9.54)
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The required integral over Q2 can be performed numerically using the trape-
zoidal rule. Actually, one has to integrate up to Q2 =∞, but in practice, we cut
the integral at Q2 = 10 GeV2. This is a justified approximation as one can see in
figure 9.11. Here, the integrand

(α
π

)2
K(Q2) Π̂(Q2) (9.55)

is plotted against Q2 for the E5 ensemble with the Π̂(Q2) from the connected
light and strange vector correlator. Thus, the area under this curve is the con-
nected contribution to ahvp

µ . As one can see, the integrand (9.55) has a maximum
at roughly 0.002 GeV2 and then drops rapidly for larger momenta. In [61] the
hadronic vacuum polarization was calculated with the standard method and
perturbation theory was used to model Π̂(Q2) for large momenta Q2 > 4 GeV2.
The contribution of the regionQ2 > 4 GeV2 to ahvp

µ was found to be below 0.07%.
Thus, we can be confident that calculating the integral up to Q2 = 10 GeV2

is clearly sufficient and any contribution from higher momenta Q2 can be
neglected.
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Figure 9.11: The integrand for the calculation of the anomalous magnetic moment of
the muon for the E5 ensemble. ahvp

µ is the area under this curve.

Performing the integral (9.52) we find as a result for the hadronic contribution
to the anomalous magnetic moment of the muon

a
hvp
µ = (325.0± 4.9)× 10−10 connected (9.56)

a
hvp
µ = (313.7± 4.5)× 10−10 with disconnected estimate (9.57)

for the E5 ensemble. As expected, the value calculated with disconnected es-
timate is smaller, as the hadronic vacuum polarization is smaller as well. The
contribution of the disconnected diagram clearly has to be negative, since the
asymptotic value of the disconnected vector correlator Glsdisc(x0) = Gρρ(x0) is
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subtracted from the connected correlator for large Euclidean times, where the
disconnected contribution becomes important.
One has to keep in mind, that our estimate of the disconnected contribution is
as conservative as possible. According to our data, the disconnected correlator
cannot contribute more to anomalous magnetic moment of the muon. Thus, the
result for ahvp

µ with disconnected estimate (9.57) provides a very conservative
bound on the true hadronic contribution to aµ for light and strange quarks
at this pion mass and could in reality be much closer to the result from the
connected vector correlator (9.56).

Comparing the result for connected (9.56) and the result including the discon-
nected estimate (9.57), we find that the latter is ≈ 3.5% smaller. The difference
of both values can be used as an upper limit for a systematic error, which arises
when neglecting the disconnected contribution

a
hvp
µ =

(
325.0± 4.9+0.0

−11.3

)
× 10−10 . (9.58)

Thus, we can state that for the E5 ensemble the disconnected diagram for the
hadronic vacuum polarization contributes at most −3.5% to ahvp

µ .
If one compares the statistical error σ(ahvp

µ )stat = 4.9× 10−10 from the calcula-
tion of the hadronic contribution and our upper limit for the systematic error
σ(a

hvp
µ )disc = 11.3× 10−10 from the disconnected contribution, one finds that at

the current accuracy of our calculations the systematic error is larger than the
statistical one. Thus, our final result (9.58) can only be improved by reducing
the error on the disconnected contribution.

So far, we have done the calculation of the connected and disconnected vector
correlator for light and strange quarks for three different gauge ensemble, which
are listed in table 9.1. Similar plots for the vector correlator and the hadronic
vacuum polarization as shown above for E5 can be found in the appendix in
section C.1 for the F6 and F7 ensembles. An overview over the ρ- and φ-masses
for the three ensembles can be found in section C.2.

β a[fm] lattice mπ[MeV] mπL κs Label Ncfg

5.3 0.063 64× 323 455 4.7 0.135546 E5 1000

5.3 0.063 96× 483 325 5.0 0.135675 F6 300

5.3 0.063 96× 483 280 4.3 0.135714 F7 250

Table 9.1: The CLS ensembles used to estimate the disconnected contribution to ahvp
µ .

One has to note, that for the F6 and the F7 ensemble, the number of gauge
configurations Ncfg that have been used is smaller than for the E5 ensemble.
Although the number of lattice points is larger and thus we can average over
more possible source positions, the error on the disconnected correlator Glsdisc(t)

is slightly larger compared to E5. Thus, for F6 and F7 the resolution of the ratio

−
1

9

Glsdisc(t)

Gρρ(t)
(9.59)
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(cf. figure C.3 in the appendix) is slightly worse compared to E5 and thus, we
choose a smaller time tcut = 13a for which we assume that the disconnected
contribution drops to its asymptotic value to obtain a conservative estimate for
the maximum contribution of the disconnected correlator.

The results for the hadronic contribution to the anomalous magnetic moment
of the muon from the connected part ahvp,con

µ , with disconnected estimate
a

hvp,disc est
µ as well as their deviation

∆a
hvp
µ =

a
hvp,con
µ − a

hvp,disc est
µ

a
hvp,con
µ

(9.60)

are compiled in table 9.2 for the three ensembles. One can see that the connected
contribution to ahvp

µ becomes larger for lighter pion masses, and, as expected,
the results with the disconnected estimate are smaller than the connected ones.
We find the deviation ∆ahvp

µ to be of the order of ≈ 4− 6%, depending on the
ensemble.

ensemble tcut a
hvp,con
µ a

hvp,disc est
µ ∆a

hvp
µ

E5 15 (325.0± 4.9)× 10−10 (313.7± 4.5)× 10−10 3.5%

F6 13 (400.7± 13.4)× 10−10 (380.6± 12.1)× 10−10 5.0%

F7 13 (485.4± 23.5)× 10−10 (457.4± 21.2)× 10−10 5.7%

Table 9.2: The results for ahvp
µ calculated for the connected contribution and with

disconnected estimate as well as the deviation of both values.

In figure 9.12 these results are plotted against the pion mass m2π to indicate the
chiral behavior. The connected contribution to ahvp

µ is shown in red including
error bars for the statistical errors only. We use the difference of the connected
result and the result including the disconnected estimate as a maximum system-
atic error that arises from neglecting the disconnected contribution. As already
discussed, the disconnected contribution has to be negative as indicated by the
asymmetric green error bar in the plot.
Furthermore, one has to note that for all three ensembles, our estimate is as
conservative as possible by combining the large time behavior of the Euclidean
correlator with our explicit knowledge of the disconnected contribution from
our lattice calculations. Thus, the disconnected contribution could well be much
smaller than the maximum systematic error that is claimed here.

As one can see, for all three ensembles the systematic error is larger than
the statistical one. This indicates that a more precise result for the hadronic
contribution to the anomalous magnetic moment of the muon can only be
achieved by reducing the error on the disconnected contribution. However, this
would require even more effort, either in terms of computer time or better
noise reduction techniques for the all-to-all propagators. Without a more precise
estimate of the disconnected contribution, it will not be possible to obtain the
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hadronic contribution to aµ from a lattice calculation with an error of < 1% to
be comparable with the determination using e+ e− → hadrons data.
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Figure 9.12: The results for the hadronic contribution ahvp
µ to the anomalous magnetic

moment of the muon plotted against the pion mass m2π. Red points show
the results from the connected vector correlator. Green error bars show our
conservative estimates for the maximum systematic error that arises from
neglecting the disconnected contribution.
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We have explicitly calculated the disconnected contribution to the hadronic
vacuum polarization using the time-momentum vector correlator. The required
disconnected two-point functions have been estimated using stochastic sources
and the generalized hopping parameter expansion. Although we have been able
to systematically improve our calculation for the combined light and strange
quark disconnected correlator Glsdisc(t) by computing light and strange quark
loops with the same random sources, we still find the disconnected contribution
to the hadronic vacuum polarization to be consistent with zero within our
current accuracy. However, using the expected behavior of the correlator for
large Euclidean times, we are able to give an upper limit for the maximum
disconnected contribution to the anomalous magnetic moment of the muon.
Up to a certain timeslice tcut, our data show that Glsdisc(t) is negligible compared
to the connected correlator. From that timeslice on, we assume that in the
case where the disconnected diagram contributes maximally according to our
data, Glsdisc(t) falls from basically zero to its asymptotic value. This allows
us to estimate the maximum systematic error that arises from neglecting the
disconnected contribution when calculating ahvp

µ in lattice QCD, and we find
this systematic error to be of the order ≈ −5% depending on the gauge ensemble
and the available statistics.
In quenched chiral perturbation theory it was estimated that the disconnected
contribution can be as large as −10% [29, 30] for the light quarks. This estimate
can also be reproduced by our approach. If we did not perform any explicit
calculation of the disconnected diagram, we would have to assume, that the
disconnected vector correlator drops to its asymptotic value Gρρ(t) already at
tcut = 0. In the case of only the light quarks, one would replace

Gl(t) =
10

9
Gρρ(t) −

1

9
Gldisc(t)→ Gρρ(t) = 0.9 ·

(
10

9
Gρρ(t)

)
. (10.1)

Repeating our analysis, we would find a value which is by a factor 0.9 smaller
than the result from the connected vector correlator only. Thus, we can state,
that even without any explicit knowledge of the disconnected vector correlator,
its contribution cannot be larger than −10% in the light quark sector, as stated
in [32]. With our explicit calculation of the disconnected correlator for light and
strange quarks, we have been able to further reduce this upper limit.

To be compatible with the accuracy of the phenomenological estimate of ahvp
µ

(cf. equation (8.11)) using e+e− → hadrons data, one would need a lattice
calculation of ahvp

µ with a precision of < 1%. However, the statistical error on
the disconnected correlator is large, such that it could still contribute to a level
of ≈ 5% to ahvp

µ , which is larger than the statistical error on the connected
contribution from our mixed-representation calculation. Assuming that the
disconnected contribution is indeed much smaller, e.g. smaller than 1% of
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the connected one, it would be desirable to reduce the statistical error on the
disconnected vector correlator such that it translates into a systematic error of
< 1% for ahad

µ . Therefore one must be able to better resolve the ratio

−
1

9

Glsdisc(x0)

Gρρ(x0)
=
Gls(x0) −G

ρρ(x0)

Gρρ(x0)
−
1

9

(
1+ 2

Gscon(x0)

Glcon(x0)

)
, (10.2)

such that one can choose a later timeslice where one assumes that the discon-
nected contribution jumps to its asymptotic value. To figure out, what amount
of statistics would be required, one can choose different values of tcut, up to
which the disconnected contribution is neglected as depicted in figure 10.1.

−
1/
9
G

ls d
is
c
/G

ρ
ρ

t/a

data

−0.4

−0.2

0

0.2

0.4

0 5 10 15 20 25 30

tcut

1

Figure 10.1: Assuming that one could resolve the ratio (10.2) to a better precision, one
could choose a larger timeslice tcut up to which the disconnected vector
correlator can be set to zero, e.g the dotted line instead of the solid one.

For the E5 ensemble we have repeated the analysis for calculating ahvp
µ with a

disconnected estimate choosing different values of tcut. In figure 10.2 the relative
deviation of ahvp

µ with disconnected estimate and the connected result

∆a
hvp
µ =

a
hvp,con
µ − a

hvp,disc est
µ

a
hvp,con
µ

(10.3)

is plotted against tcut. For tcut = 15 this deviation is the 3.5% quoted above as
the systematic error on ahvp

µ . As expected, the deviation from the connected
result gets smaller the longer the disconnected contribution can be neglected,
i.e. the larger the value of tcut. As one can see, the level of < 1% is reached at
tcut = 23.
Thus, to resolve the disconnected contribution to a

hvp
µ to be smaller than

1% of the connected one, we would have to clearly distinguish the ratio
−1/9Glsdisc(x0)/G

ρρ(x0) from the asymptotic −1/9 up to t = 23. Unfortunately
the error on the ratio grows exponentially, such that the absolute error at t = 23
has reached ≈ 0.66. Thus, one would have to reduce this error by at least a factor
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Figure 10.2: The dependence of the relative systematic error ∆ahvp
µ from neglecting the

disconnected contribution up to tcut for the E5 ensemble.

of 6. However, an error reduction of a factor 6 requires a factor 36 in statistics,
which is not affordable at this point.
For the lighter ensembles, such as F6 and F7, even more effort would be needed
to reduce the systematic error to a sub-percent level. Figure 10.3 shows the inte-
grand f(t) of the formula for the calculation of the hadronic vacuum polarization
with the mixed time-moment correlator (cf. equation (9.44))

Π̂(Q2) =

∞∫
0

dt Gγγ(t)
[
t2 −

4

Q2
sin2

(
1

2
Qt

)]

︸ ︷︷ ︸
f(t)

(10.4)

for Q2 = 0.05 GeV2. One can see that the integrand has a maximum, which for
lighter masses is located at larger values of t. Thus, for lighter masses, a given
tcut is closer to the maximum, and thus the difference ∆ahvp

µ is larger for smaller
masses, even for the same amount of statistics.

f
(t
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0
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0.00015

0.0002
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Figure 10.3: The Integrand for the calculation of Π̂(Q2) plotted against t for a momen-
tum of Q2 = 0.05 GeV2.



120 conclusions and outlook

However, it is not clear how small the disconnected contribution actually is. It is
possible that at this stage, we are already close to resolving a signal. An idea of
the size of the disconnected contribution could be obtained with phenomenology
[147]. It is possible to estimate the first term of the right-hand side of the ratio

−
1

9

Glsdisc(x0)

Gρρ(x0)
=
Gls(x0) −G

ρρ(x0)

Gρρ(x0)
−
1

9

(
1+ 2

Gscon(x0)

Glcon(x0)

)
(10.5)

using the R-ratio (cf. (8.34) and (8.35))

Gls(x0) −G
ρρ(x0)

Gρρ(x0)
=

∞∫
0

dωω2
(
R(ω2) − RI=1(ω

2)
)
e−ωt

∞∫
0

dωω2 RI=1(ω2) e−ωt
, (10.6)

where RI=1(ω2) only contains final states with isospin I = 1. The second term
contains only the light and the strange connected correlators, which could
be taken from the lattice. This might give us a hint of the actual size of the
disconnected contribution, and one could judge whether or not the current
state-of-the-art of lattice calculations allows for resolving the disconnected
contribution to the anomalous magnetic moment of the muon. An analysis of
this kind remains to be done in future studies.

Besides the contribution of the light and the strange quarks, one can additionally
consider a charm quark. Although the charm quark contribution is suppressed
in the hadronic vacuum polarization due to its heavier mass, it is on the other
hand enhanced compared to the strange contribution by the charge factor 4/9.
Recently, the ETMC collaboration [125] and the HPQCD collaboration [148]
have found a non-negligible contribution of the charm to ahvp

µ for connected
contributions only.
For the mixed-representation method, one would have to include the charm
current, such that the electromagnetic current is given by

jlscµ =
2

3
uγµu−

1

3
dγµd−

1

3
sγµs+

2

3
cγµc . (10.7)

Using Wick’s theorem one finds for the four-flavor vector correlator

Glsc(x0) =
5

9
Glcon(x0) +

1

9
Gscon(x0) +

4

9
Gccon(x0) −

1

9
Glscdisc(x0) (10.8)

where one can see that the connected charm correlator Gccon(x0) is enhanced by
a factor 4 compared to the strange correlator due to their different charges. How-
ever, according to the masses, the charm correlator is exponentially suppressed.
For the disconnected four-flavor vector correlator Glscdisc(x0), one finds

〈
jlsck (x) jlsck (0)

〉
disc

=
〈(
jlk(x) − j

s
k(x) + 2j

c
k(x)

) (
jlk(0) − j

s
k(0) + 2j

c
k(0)

)〉
disc , (10.9)

i.e. one still expects a cancellation of noise as seen in the three-flavor case,
when using the same random numbers, but the effect will probably be smaller.
However, it is more convenient to first improve the statistical error on the
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disconnected contribution for light and strange quarks, before adding the charm
and thus more noise.

In general, it is also possible to use the conserved vector current for the dis-
connected contribution as done for the connected one. The connected and
disconnected Wick contractions of a conserved vector current at the sink and
a local current at the source are written down in the appendix in section C.3.
However, for this thesis we resorted to use two local currents for the discon-
nected contribution to the vector correlator since this allowed us to use the light
quark loops that we had determined for the scalar form factor project without
requiring additional computer time.





C O N C L U S I O N S

The search for physics beyond the Standard Model in the low-energy regime
requires high-precision calculations to find possible deviations from experi-
mental results. With growing computer power and the development of new
algorithms, lattice QCD has become a powerful tool for the determination of
hadronic quantities in the low-energy regime of QCD where a perturbative
expansion in the strong coupling constant is not possible.
In this thesis we have concentrated on quantities that receive contributions from
Wick contractions with disconnected quark loops. Such disconnected diagrams
are computationally more demanding than connected contributions, since they
require knowledge of the all-to-all propagator. An exact calculation of the all-
to-all propagator is far from being feasible in terms of computational costs and
thus one relies on stochastic methods. We found that the generalized hopping
parameter expansion is a powerful tool to reduce the statistical error on discon-
nected loops at fixed computational costs. Using a combination of stochastic
sources and the gHPE, we have calculated the quark-disconnected contribution
to the scalar form factor of the pion. Additionally, we have determined the
corresponding connected contribution to obtain the full form factor. From the
Q2-dependence of the form factor we have extracted the scalar radius. We find
that the disconnected contribution to the scalar radius is of the same order as
the connected one. Thus, we can conclude that a meaningful result for the scalar
radius of the pion can only be obtained when the disconnected contribution
is included. Extrapolating our results for the total scalar radius to the physical
point we find agreement with a phenomenological value from ππ-scattering.
Additionally, we have extracted the low-energy constant `4 from our data.
In another project we investigated the disconnected contribution to the hadronic
vacuum polarization, which is the leading order QCD contribution to the
anomalous magnetic moment aµ of the muon. For many years a deviation
of ≈ 3σ has persisted between the Standard Model estimate and the experimen-
tal value for aµ, which might be a possible hint for physics beyond the Standard
Model. Currently, the best theoretical estimate of the HVP relies on a semi-
phenomenological approach using the cross section of e+e− → hadrons, and a
first-principles calculation using lattice QCD is desirable. In the past few years,
the error on the connected contribution to the hadronic vacuum polarization
from lattice calculations has been significantly improved by several groups, and
it would be desirable to achieve the same precision of 1% as the precision of the
phenomenological estimate. However, the disconnected contribution is generally
neglected. Although we found that the disconnected contribution to the HVP is
consistent with zero within its errors, we used the expected time-dependence of
the vector correlator to determine an upper limit for the maximum contribution
of the disconnected diagram to aµ, which we find to be smaller than ≈ 5% of the
connected contribution. However, to be competitive with the phenomenological
result, the disconnected contribution has to be determined more precisely. This
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indicates the need for developing even better noise reduction techniques for the
stochastic estimation of disconnected quark loops.

The methods that have been developed in this thesis can easily be used also
for other quantities with disconnected diagrams, such as the strangeness elec-
tromagnetic form factors 〈N|sγµs|N〉 or the strangeness content of the nucleon
σs = 〈N|ss|N〉, which is an important quantity for the search of dark matter
[149, 150]. Both quantities are purely disconnected and consist of a nucleon
two-point function and a strange quark loop. However, nucleon quantities suffer
from an exponentially decaying signal-to-noise ratio ∝ exp(−(mN − 3/2mπ)ts).
Thus, the strangeness form factors receive a large statistical error from the
nucleon besides the statistical error from the disconnected loop.
Using similar methods as for the hadronic vacuum polarization, one can examine
the hadronic contributions to the running of the Weinberg angle sin2(θW) [151],
which requires the calculation of a vacuum polarization ΠγZ with a photon
on one and a Z boson at the other vertex. In terms of Wick contractions, ΠγZ
receives a contribution from a connected and a disconnected two-point function.
As for the HVP we can benefit from noise cancellation when light and strange
loops have been calculated with the same stochastic sources for the disconnected
contribution [147].

For the future we plan to use the methods developed in this thesis for the calcu-
lation of further quantities with disconnected diagrams, such as the strangeness
magnetic form factors of the nucleon and the hadronic contribution to the
running of sin2(θW).
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A
N O TAT I O N S A N D C O N V E N T I O N S

a.1 natural units

In this thesis natural units have been used, i.e.

 h ≡ c ≡ 1 . (A.1)

To convert quantities to other unit systems, one uses [34]

 hc = 197.3269718(44)MeV fm

c = 299792458
m
s

.
(A.2)

a.2 a few words on su(3)

SU(N) is a non-abelian group consisting of the complex N×N matrices which
are unitary, i.e. U� = U−1, and detU = 1. SU(N) matrices can be described
using N2 − 1 real parameters θa,

U(θ) = exp (−iθaTa) , (A.3)

with the generators Ta of the group SU(N).
The generators of SU(3) are the Gell-Mann matrices λa, i.e. the elements U(θ) of
the group SU(3) can be written as

U(θ) = exp
(
−iθa

λa

2

)
, (A.4)

with a = 1, · · · , 8. A particular representation of the Gell-Mann matrices is given
by [97]

λ1 =



0 1 0

1 0 0

0 0 0


 , λ2 =



0 −i 0

i 0 0

0 0 0


 , λ3 =



1 0 0

0 −1 0

0 0 0


 ,

λ4 =



0 0 1

0 0 0

1 0 0


 , λ5 =



0 0 −i

0 0 0

i 0 0


 , λ6 =



0 0 0

0 0 1

0 1 0


 ,

λ7 =



0 0 0

0 0 −i

0 i 0


, λ8 =

1√
3



1 0 0

0 1 0

0 0 −2


 .

(A.5)

127



128 notations and conventions

abc 123 147 156 246 257 345 367 458 678

fabc 1 1/2 −1/2 1/2 1/2 1/2 −1/2
√
3/2

√
3/2

Table A.1: The SU(3) structure constants

The Gell-Mann matrices fulfill the commutation relation
[
λa

2
,
λb
2

]
= ifabc

λc

2
(A.6)

with the SU(3) structure constants fabc. The fabc are totally antisymmetric in
the indices abc. The values of the non-vanishing structure constants are given
in table A.1.

a.3 euclidean γ-matrices

In this work the Euclidean γ-matrices in the chiral representation have been
used:

γ0 =




0 0 −1 0

0 0 0 −1

−1 0 0 0

0 −1 0 0




γ1 =




0 0 0 −i

0 0 −i 0

0 i 0 0

i 0 0 0




(A.7)

γ2 =




0 0 0 −1

0 0 1 0

0 1 0 0

−1 0 0 0




γ3 =




0 0 −i 0

0 0 0 i

i 0 0 0

0 −i 0 0




In Euclidean metric the γ-matrices fulfill the anti-commutation relation

{γµ,γν} = 2δµν1 , (A.8)

which can be easily checked for the matrices given in (A.7). Additionally we
define

γ5 = γ0γ1γ2γ3 =




1 0 0 0

0 1 0 0

0 0 −1 0

0 0 0 −1




, (A.9)

which fulfills γ25 = 1 and anti-commutes with the γµ, i.e. {γ5,γµ} = 0.

a.4 error analysis

a.4.1 Jackknife Procedure

The statistical errors in this thesis have been calculated using the Jackknife
procedure [152]. The idea of the Jackknife procedure is to calculate the quantity
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of interest θ once for all N measurements (in our case gauge configurations).
Then, the same analysis is repeated with one measurement i (configuration) left
out. If one has done that for every measurement i, the variance of the quantity θ
is given by

σ2 =
N− 1

N

N∑
i=1

(θ− θi)
2 , (A.10)

where θi is the result where measurement i has been left out. The advantage
of the Jackknife procedure is that it can be applied also to secondary quantities
such as the ratios that have been used for the calculation of the scalar form
factor.

a.4.2 χ2 Fit

We use χ2 fits to fit functions f(x) to a data sample of N (uncorrelated) points
(yi, xi) with i = 1, . . . ,N. The statistical error on yi is σi. The function f(x)
depends on M fit parameters aj, which have to be determined in the fit. The
result for the parameters aj are the values where

χ2 =
∑
i

(f(aj; xi) − yi)2

σ2i
(A.11)

is minimized.





B
S C A L A R F O R M FA C T O R

b.1 ratios scalar form factor

In the following the ratios for the calculation of the scalar form factor are shown
for all CLS ensembles used. We have used ratio R1 (cf. equation (6.2)) and R3 (cf.
equation (6.3)) for the connected and disconnected contributions, respectively.
Blue lines in the plots show the results of the global fits. For the fit ranges see
B.1.10. The corresponding numerical results are given in B.1.7 - B.1.9.

b.1.1 Connected - Vanishing Momentum Transfer

R
/f

(t
s
)

t− ts/2

ts = 16
ts = 20
ts = 24
ts = 28
ts = 32

2

3

4

5

6

7

8

−12 −8 −4 0 4 8 12

R
/f

(t
s
)

t− ts/2

ts = 16
ts = 20
ts = 24
ts = 28
ts = 32

3

4

5

6

7

8

9

10

−12 −8 −4 0 4 8 12

R
/f

(t
s
)

t− ts/2

ts = 16
ts = 20
ts = 24
ts = 28
ts = 32

4

5

6

7

8

9

10

11

12

−12 −8 −4 0 4 8 12

R
/f

(t
s
)

t− ts/2

ts = 28
ts = 36
ts = 40
ts = 44
ts = 48

6

8

10

12

14

−16 −8 0 8 16

Figure B.1: The connected ratios for vanishing momentum transfer for the β = 5.2
ensembles. The plots are from left to right, top to bottom: A3, A4, A5, and
B6.
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Figure B.2: The connected ratios for vanishing momentum transfer for the β = 5.5
ensembles. The plots are from left to right, top to bottom: N5, N6, and O7.
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Figure B.3: The connected ratios for vanishing momentum transfer for the β = 5.3
ensembles. The plots are from left to right, top to bottom: E3, E4, E5, F6, F7
and G8.
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b.1.2 Disconnected - Vanishing Momentum Transfer
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Figure B.4: The disconnected ratios for vanishing momentum transfer for the β = 5.2
ensembles. The plots are from left to right, top to bottom: A3, A4, A5, and
B6.
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Figure B.5: The disconnected ratios for vanishing momentum transfer for the β = 5.5
ensembles. The plots are from left to right, top to bottom: N5, N6, and O7.
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Figure B.6: The disconnected ratios for vanishing momentum transfer for the β = 5.3
ensembles. The plots are from left to right, top to bottom: E3, E4, E5, F6, F7
and G8.
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b.1.3 Connected - first Non-Vanishing Momentum Transfer
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Figure B.7: The connected ratios for the first non-vanishing momentum transfer for the
β = 5.2 ensembles. The plots are from left to right, top to bottom: A3, A4,
A5, and B6.
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Figure B.8: The connected ratios for the first non-vanishing momentum transfer for the
β = 5.5 ensembles. The plots are from left to right, top to bottom: N5, N6,
and O7.
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Figure B.9: The connected ratios for the first non-vanishing momentum transfer for the
β = 5.3 ensembles. The plots are from left to right, top to bottom: E3, E4,
E5, F6, F7 and G8.
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b.1.4 Disconnected - first Non-Vanishing Momentum Transfer
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Figure B.10: The disconnected ratios for the first non-vanishing momentum transfer for
the β = 5.2 ensembles. The plots are from left to right, top to bottom: A3,
A4, A5, and B6.
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Figure B.11: The disconnected ratios for the first non-vanishing momentum transfer for
the β = 5.5 ensembles. The plots are from left to right, top to bottom: N5,
N6, and O7.
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Figure B.12: The disconnected ratios for the first non-vanishing momentum transfer for
the β = 5.3 ensembles. The plots are from left to right, top to bottom: E3,
E4, E5, F6, F7 and G8.
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b.1.5 Connected - second Non-Vanishing Momentum Transfer
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Figure B.13: The connected ratios for the second non-vanishing momentum transfer for
the β = 5.2 ensembles. The plots are from left to right, top to bottom: A3,
A4, A5, and B6.
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Figure B.14: The connected ratios for the second non-vanishing momentum transfer for
the β = 5.5 ensembles. The plots are from left to right, top to bottom: N5,
N6, and O7.
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Figure B.15: The connected ratios for the second non-vanishing momentum transfer for
the β = 5.3 ensembles. The plots are from left to right, top to bottom: E3,
E4, E5, F6 and F7.
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b.1.6 Disconnected - second Non-Vanishing Momentum Transfer
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Figure B.16: The disconnected ratios for the second non-vanishing momentum transfer
for the β = 5.2 ensembles. The plots are from left to right, top to bottom:
A3, A4, A5, and B6.
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Figure B.17: The disconnected ratios for the second non-vanishing momentum transfer
for the β = 5.5 ensembles. The plots are from left to right, top to bottom:
N5, N6, and O7.
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Figure B.18: The disconnected ratios for the second non-vanishing momentum transfer
for the β = 5.3 ensembles. The plots are from left to right, top to bottom:
E3, E4, E5, F6 and F7.
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b.1.7 Numerical Results - Vanishing Momentum Transfer

In the following, we will give the numerical results for the scalar form factor for
all ensembles. The form factor data are unrenormalized since Zs has not been
determined.

connected disconnected total

A3 1.61± 0.06 −1.28± 0.26 2.89± 0.29
A4 1.53± 0.03 −0.63± 0.16 2.16± 0.16
A5 1.66± 0.05 −1.00± 0.19 2.67± 0.19
B6 1.66± 0.05 −1.18± 0.27 2.84± 0.28

Table B.1: Numerical results for the scalar form factor for Q2 = 0 for β = 5.2.

connected disconnected total

E3 1.39± 0.01 −0.58± 0.10 1.97± 0.11
E4 1.39± 0.01 −0.49± 0.09 1.88± 0.09
E5 1.36± 0.01 −0.45± 0.04 1.82± 0.05
F6 1.44± 0.03 −0.53± 0.09 1.97± 0.10
F7 1.39± 0.03 −0.50± 0.08 1.88± 0.09
G8 1.52± 0.05 −0.17± 0.09 1.69± 0.10

Table B.2: Numerical results for the scalar form factor for Q2 = 0 for β = 5.3.

connected disconnected total

N5 1.03± 0.01 −0.17± 0.05 1.20± 0.05
N6 1.06± 0.01 −0.10± 0.04 1.16± 0.04
O7 1.08± 0.01 −1.15± 0.05 1.22± 0.05

Table B.3: Numerical results for the scalar form factor for Q2 = 0 for β = 5.5.
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b.1.8 Numerical Results - First Momentum Transfer

connected disconnected total

A3 1.46± 0.08 −0.66± 0.07 2.11± 0.11
A4 1.45± 0.06 −0.55± 0.07 2.00± 0.10
A5 1.56± 0.09 −0.53± 0.06 2.10± 0.11
B6 1.50± 0.06 0.80± 0.09 2.30± 0.11

Table B.4: Numerical results for the scalar form factor for the first Q2 6= 0 for β = 5.2.

connected disconnected total

E3 1.20± 0.03 −0.40± 0.05 1.61± 0.07
E4 1.17± 0.04 −0.53± 0.04 1.70± 0.06
E5 1.11± 0.05 −0.23± 0.02 1.34± 0.06
F6 1.36± 0.07 −0.24± 0.03 1.60± 0.08
F7 1.26± 0.06 −0.10± 0.03 1.37± 0.08
G8 1.39± 0.09 −0.09± 0.04 1.45± 0.10

Table B.5: Numerical results for the scalar form factor for the first Q2 6= 0 for β = 5.3.

connected disconnected total

N5 0.93± 0.04 −0.04± 0.02 0.98± 0.04
N6 0.88± 0.04 0.00± 0.01 0.88± 0.04
O7 0.94± 0.03 −0.01± 0.02 0.95± 0.04

Table B.6: Numerical results for the scalar form factor for the first Q2 6= 0 for β = 5.5.
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b.1.9 Numerical Results - second Momentum Transfer

connected disconnected total

A3 1.08± 0.12 −0.68± 0.10 1.76± 0.16
A4 1.53± 0.17 −0.39± 0.08 1.92± 0.18
A5 1.63± 0.28 −0.42± 0.08 2.05± 0.29
B6 1.31± 0.11 −0.43± 0.10 1.74± 0.15

Table B.7: Numerical results for the scalar form factor for the secondQ2 6= 0 for β = 5.2.

connected disconnected total

E3 1.01± 0.12 −0.32± 0.07 1.33± 0.14
E4 0.93± 0.11 −0.36± 0.08 1.29± 0.13
E5 1.02± 0.20 −0.15± 0.03 1.17± 0.20
F6 1.02± 0.14 −0.16± 0.04 1.17± 0.14
F7 1.17± 0.23 −0.07± 0.03 1.23± 0.24

Table B.8: Numerical results for the scalar form factor for the secondQ2 6= 0 for β = 5.3.

connected disconnected total

N5 0.88± 0.09 −0.02± 0.02 0.90± 0.09
N6 0.73± 0.09 0.10± 0.02 0.62± 0.10
O7 0.89± 0.07 0.03± 0.02 0.87± 0.07

Table B.9: Numerical results for the scalar form factor for the secondQ2 6= 0 for β = 5.5.
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b.1.10 Fit Ranges

In the following we give the fit ranges in t for the ratios for all different values
of source-sink separation ts and momentum transfer Q2.

fit range

A3 con mom 0 ts = 20 (t ∈ [6, 15]), ts = 24 (t ∈ [6, 17]), ts = 28 (t ∈ [6, 19]),

ts = 32 (t ∈ [14, 22])

con mom 1 ts = 20 (t ∈ [5, 11]),ts = 24 (t ∈ [5, 15]), ts = 28 (t ∈ [7, 18]),

ts = 32 (t ∈ [9, 20])

con mom 11 ts = 20 (t ∈ [7, 13]),ts = 24 (t ∈ [7, 14]), ts = 28 (t ∈ [8, 16]),

ts = 32 (t ∈ [11, 20])

A3 dis mom 0 ts = 20 (t ∈ [4, 16]), ts = 22 (t ∈ [4, 18]), ts = 24 (t ∈ [5, 19]),

ts = 26 (t ∈ [5, 21]), ts = 28 (t ∈ [6, 22]), ts = 30 (t ∈ [6, 24]),

ts = 32 (t ∈ [7, 25])

dis mom 1 ts = 20 (t ∈ [5, 17]), ts = 22 (t ∈ [6, 19]), ts = 24 (t ∈ [7, 21]),

ts = 26 (t ∈ [8, 22]), ts = 28 (t ∈ [9, 23]), ts = 30 (t ∈ [10, 25]),

ts = 32 (t ∈ [11, 27])

dis mom 11 ts = 20 (t ∈ [5, 17]), ts = 22 (t ∈ [6, 19]), ts = 24 (t ∈ [7, 21]),

ts = 26 (t ∈ [8, 22]), ts = 28 (t ∈ [9, 23]), ts = 30 (t ∈ [10, 25]),

ts = 32 (t ∈ [11, 27])

A4 con mom 0 ts = 20 (t ∈ [6, 14]), ts = 24 (t ∈ [8, 15]), ts = 28 (t ∈ [10, 16]),

ts = 32 (t ∈ [14, 19])

con mom 1 ts = 20 (t ∈ [8, 11]),ts = 24 (t ∈ [10, 14]), ts = 28 (t ∈ [13, 18]),

ts = 32 (t ∈ [13, 21])

con mom 11 ts = 20 (t ∈ [8, 13]),ts = 24 (t ∈ [8, 14]), ts = 28 (t ∈ [10, 14]),

ts = 32 (t ∈ [14, 15])

A4 dis mom 0 ts = 20 (t ∈ [4, 16]), ts = 22 (t ∈ [4, 18]), ts = 24 (t ∈ [5, 19]),

ts = 26 (t ∈ [5, 21]), ts = 28 (t ∈ [6, 22]), ts = 30 (t ∈ [6, 24]),

ts = 32 (t ∈ [7, 25])

dis mom 1 ts = 20 (t ∈ [5, 17]), ts = 22 (t ∈ [6, 19]), ts = 24 (t ∈ [7, 21]),

ts = 26 (t ∈ [8, 22]), ts = 28 (t ∈ [9, 23]), ts = 30 (t ∈ [10, 25]),

ts = 32 (t ∈ [11, 27])

dis mom 11 ts = 20 (t ∈ [5, 17]), ts = 22 (t ∈ [6, 19]), ts = 24 (t ∈ [7, 21]),

ts = 26 (t ∈ [8, 22]), ts = 28 (t ∈ [9, 23]), ts = 30 (t ∈ [10, 25]),

ts = 32 (t ∈ [11, 27])

Table B.10: Complete fit ranges for the ratios of the A3 and A4 ensembles.
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fit range

A5 con mom 0 ts = 20 (t ∈ [9, 13]), ts = 24 (t ∈ [9, 19]), ts = 28 (t ∈ [10, 21]),

ts = 32 (t ∈ [14, 19])

con mom 1 ts = 20 (t ∈ [6, 13]),ts = 24 (t ∈ [8, 14]), ts = 28 (t ∈ [8, 15]),

ts = 32 (t ∈ [15, 17])

con mom 11 ts = 20 (t ∈ [7, 10]),ts = 24 (t ∈ [7, 11]), ts = 28 (t ∈ [7, 10]),

ts = 32 (t ∈ [14, 16])

A5 dis mom 0 ts = 20 (t ∈ [4, 16]), ts = 22 (t ∈ [4, 18]), ts = 24 (t ∈ [5, 19]),

ts = 26 (t ∈ [5, 21]), ts = 28 (t ∈ [6, 22]), ts = 30 (t ∈ [6, 24]),

ts = 32 (t ∈ [7, 25])

dis mom 1 ts = 20 (t ∈ [5, 17]), ts = 22 (t ∈ [6, 19]), ts = 24 (t ∈ [7, 21]),

ts = 26 (t ∈ [8, 22]), ts = 28 (t ∈ [9, 23]), ts = 30 (t ∈ [10, 25]),

ts = 32 (t ∈ [11, 27])

dis mom 11 ts = 20 (t ∈ [5, 17]), ts = 22 (t ∈ [6, 19]), ts = 24 (t ∈ [7, 21]),

ts = 26 (t ∈ [8, 22]), ts = 28 (t ∈ [9, 23]), ts = 30 (t ∈ [10, 25]),

ts = 32 (t ∈ [11, 27])

B6 con mom 0 ts = 20 (t ∈ [9, 11]), ts = 28 (t ∈ [12, 18]), ts = 36 (t ∈ [13, 19]),

ts = 40 (t ∈ [15, 21]), ts = 44 (t ∈ [18, 25]), ts = 48 (t ∈ [20, 28])

con mom 1 ts = 20 (t ∈ [9, 12]), ts = 28 (t ∈ [11, 20]), ts = 36 (t ∈ [14, 21]),

ts = 40 (t ∈ [17, 24]), ts = 44 (t ∈ [18, 24]), ts = 48 (t ∈ [18, 20])

con mom 11 ts = 20 (t ∈ [8, 8]), ts = 28 (t ∈ [8, 14]), ts = 36 (t ∈ [8, 19]),

ts = 40 (t ∈ [10, 19]), ts = 44 (t ∈ [15, 24]), ts = 48 (t ∈ [19, 20])

B6 dis mom 0 ts = 20 (t ∈ [3, 17]), ts = 24 (t ∈ [4, 20]), ts = 28 (t ∈ [5, 23]),

ts = 32 (t ∈ [6, 26]), ts = 36 (t ∈ [7, 29]), ts = 40 (t ∈ [8, 32]),

ts = 44 (t ∈ [9, 35]), ts = 48 (t ∈ [10, 37])

dis mom 1 ts = 20 (t ∈ [10, 17]), ts = 24 (t ∈ [10, 20]), ts = 28 (t ∈ [12, 24]),

ts = 32 (t ∈ [15, 27]), ts = 36 (t ∈ [18, 31]), ts = 40 (t ∈ [20, 35]),

ts = 44 (t ∈ [23, 39]), ts = 48 (t ∈ [25, 42])

dis mom 11 ts = 20 (t ∈ [10, 17]), ts = 24 (t ∈ [10, 20]), ts = 28 (t ∈ [12, 24]),

ts = 32 (t ∈ [15, 27]), ts = 36 (t ∈ [18, 31]), ts = 40 (t ∈ [20, 35]),

ts = 44 (t ∈ [23, 39]), ts = 48 (t ∈ [25, 42])

Table B.11: Complete fit ranges for the ratios of the A5 and B6 ensembles.
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fit range

E3 con mom 0 ts = 24 (t ∈ [7, 17]), ts = 28 (t ∈ [7, 21]), ts = 32 (t ∈ [9, 23])

con mom 1 ts = 24 (t ∈ [8, 16]), ts = 28 (t ∈ [8, 20]), ts = 32 (t ∈ [12, 20])

con mom 11 ts = 24 (t ∈ [10, 18]), ts = 28 (t ∈ [7, 16]), ts = 32 (t ∈ [7, 17])

E3 dis mom 0 ts = 24 (t ∈ [3, 21]), ts = 26 (t ∈ [3, 23]), ts = 28 (t ∈ [3, 25]),

ts = 30 (t ∈ [3, 27]), ts = 32 (t ∈ [3, 29])

dis mom 1 ts = 24 (t ∈ [5, 21]), ts = 26 (t ∈ [6, 23]), ts = 28 (t ∈ [7, 25]),

ts = 30 (t ∈ [8, 26]), ts = 32 (t ∈ [9, 27])

dis mom 11 ts = 24 (t ∈ [5, 21]), ts = 26 (t ∈ [6, 23]), ts = 28 (t ∈ [7, 25]),

ts = 30 (t ∈ [8, 26]), ts = 32 (t ∈ [9, 27])

E4 con mom 0 ts = 24 (t ∈ [6, 18]), ts = 28 (t ∈ [6, 22]), ts = 32 (t ∈ [10, 22])

con mom 1 ts = 24 (t ∈ [6, 15]), ts = 28 (t ∈ [6, 19]), ts = 32 (t ∈ [13, 19])

con mom 11 ts = 24 (t ∈ [7, 17]), ts = 28 (t ∈ [7, 17]), ts = 32 (t ∈ [8, 20])

E4 dis mom 0 ts = 24 (t ∈ [3, 21]), ts = 26 (t ∈ [4, 22]), ts = 28 (t ∈ [4, 24]),

ts = 30 (t ∈ [5, 25]), ts = 32 (t ∈ [5, 27])

dis mom 1 ts = 24 (t ∈ [6, 21]), ts = 26 (t ∈ [8, 23]), ts = 28 (t ∈ [10, 25]),

ts = 30 (t ∈ [12, 26]), ts = 32 (t ∈ [14, 27])

dis mom 11 ts = 24 (t ∈ [6, 21]), ts = 26 (t ∈ [8, 23]), ts = 28 (t ∈ [10, 25]),

ts = 30 (t ∈ [12, 26])

E5 con mom 0 ts = 24 (t ∈ [5, 19]), ts = 28 (t ∈ [6, 22]), ts = 32 (t ∈ [12, 20])

con mom 1 ts = 24 (t ∈ [7, 14]), ts = 28 (t ∈ [9, 15]), ts = 32 (t ∈ [10, 16])

con mom 11 ts = 24 (t ∈ [9, 12]), ts = 28 (t ∈ [11, 13]), ts = 32 (t ∈ [10, 13])

E5 dis mom 0 ts = 24 (t ∈ [4, 20]), ts = 26 (t ∈ [4, 22]), ts = 28 (t ∈ [5, 23]),

ts = 30 (t ∈ [5, 25]), ts = 32 (t ∈ [6, 26])

dis mom 1 ts = 24 (t ∈ [9, 21]), ts = 26 (t ∈ [10, 23]), ts = 28 (t ∈ [10, 24]),

ts = 30 (t ∈ [10, 26]), ts = 32 (t ∈ [10, 27])

dis mom 11 ts = 24 (t ∈ [9, 21]), ts = 26 (t ∈ [10, 23]), ts = 28 (t ∈ [10, 24]),

ts = 30 (t ∈ [10, 26]), ts = 32 (t ∈ [10, 27])

Table B.12: Complete fit ranges for the ratios of the E3, E4 and E5 ensembles.
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fit range

F6 con mom 0 ts = 28 (t ∈ [6, 21]), ts = 36 (t ∈ [6, 29]), ts = 40 (t ∈ [6, 36]),

ts = 44 (t ∈ [12, 32]), ts = 48 (t ∈ [15, 33])

con mom 1 ts = 28 (t ∈ [7, 21]), ts = 36 (t ∈ [7, 29]), ts = 40 (t ∈ [7, 29]),

ts = 44 (t ∈ [7, 30]), ts = 48 (t ∈ [10, 31])

con mom 11 ts = 28 (t ∈ [8, 14]), ts = 36 (t ∈ [7, 18]), ts = 40 (t ∈ [7, 20]),

ts = 44 (t ∈ [11, 21]), ts = 48 (t ∈ [11, 22])

F6 dis mom 0 ts = 24 (t ∈ [4, 20]), ts = 28 (t ∈ [5, 23]), ts = 32 (t ∈ [6, 26]),

ts = 36 (t ∈ [7, 29]), ts = 40 (t ∈ [8, 32]), ts = 44 (t ∈ [8, 36]),

ts = 48 (t ∈ [8, 40])

dis mom 1 ts = 24 (t ∈ [5, 21]), ts = 28 (t ∈ [5, 25]), ts = 32 (t ∈ [5, 29]),

ts = 36 (t ∈ [6, 32]), ts = 40 (t ∈ [7, 35]), ts = 44 (t ∈ [8, 39]),

ts = 48 (t ∈ [9, 43])

dis mom 11 ts = 24 (t ∈ [5, 21]), ts = 28 (t ∈ [5, 25]), ts = 32 (t ∈ [5, 29]),

ts = 36 (t ∈ [6, 32]), ts = 40 (t ∈ [7, 35]), ts = 44 (t ∈ [8, 39]),

ts = 48 (t ∈ [9, 43])

F7 con mom 0 ts = 28 (t ∈ [6, 15]), ts = 36 (t ∈ [13, 28]), ts = 40 (t ∈ [18, 25]),

ts = 44 (t ∈ [18, 28]), ts = 48 (t ∈ [19, 29])

con mom 1 ts = 28 (t ∈ [6, 12]), ts = 36 (t ∈ [6, 13]), ts = 40 (t ∈ [18, 27]),

ts = 44 (t ∈ [18, 27]), ts = 48 (t ∈ [18, 28])

con mom 11 ts = 28 (t ∈ [9, 14]), ts = 36 (t ∈ [10, 20]), ts = 40 (t ∈ [10, 20]),

ts = 44 (t ∈ [8, 29]), ts = 48 (t ∈ [12, 28])

F7 dis mom 0 ts = 24 (t ∈ [4, 20]), ts = 28 (t ∈ [5, 23]), ts = 32 (t ∈ [6, 26]),

ts = 36 (t ∈ [7, 29]), ts = 40 (t ∈ [8, 32]), ts = 44 (t ∈ [8, 36]),

ts = 48 (t ∈ [8, 40])

dis mom 1 ts = 24 (t ∈ [3, 21]), ts = 28 (t ∈ [4, 25]), ts = 32 (t ∈ [7, 29]),

ts = 36 (t ∈ [12, 32]), ts = 40 (t ∈ [16, 35]), ts = 44 (t ∈ [20, 39]),

ts = 48 (t ∈ [23, 43])

dis mom 11 ts = 24 (t ∈ [3, 21]), ts = 28 (t ∈ [4, 25]), ts = 32 (t ∈ [7, 29]),

ts = 36 (t ∈ [12, 32]), ts = 40 (t ∈ [16, 35]), ts = 44 (t ∈ [20, 39]),

ts = 48 (t ∈ [23, 43])

Table B.13: Complete fit ranges for the ratios of the F6 and F7 ensembles.
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fit range

G8 con mom 0 ts = 24 (t ∈ [9, 20]), ts = 32 (t ∈ [9, 18]), ts = 40 (t ∈ [15, 31]),

ts = 48 (t ∈ [18, 32]), ts = 56 (t ∈ [18, 33]), ts = 64 (t ∈ [24, 41])

con mom 1 ts = 24 (t ∈ [9, 20]), ts = 32 (t ∈ [9, 18]), ts = 40 (t ∈ [15, 31]),

ts = 48 (t ∈ [18, 32]), ts = 56 (t ∈ [18, 33]), ts = 64 (t ∈ [24, 41])

G8 dis mom 0 ts = 24 (t ∈ [5, 19]), ts = 28 (t ∈ [6, 22]), ts = 32 (t ∈ [7, 25]),

ts = 36 (t ∈ [8, 28]), ts = 40 (t ∈ [9, 31]), ts = 44 (t ∈ [10, 34]),

ts = 48 (t ∈ [10, 38]), ts = 52 (t ∈ [10, 42]), ts = 56 (t ∈ [10, 46]),

ts = 60 (t ∈ [10, 50]), ts = 64 (t ∈ [10, 54])

dis mom 1 ts = 24 (t ∈ [12, 5]), ts = 28 (t ∈ [14, 6]), ts = 32 (t ∈ [16, 7]),

ts = 36 (t ∈ [18, 8]), ts = 40 (t ∈ [20, 9]), ts = 44 (t ∈ [22, 10]),

ts = 48 (t ∈ [24, 11]), ts = 52 (t ∈ [26, 12]), ts = 56 (t ∈ [28, 12]),

ts = 60 (t ∈ [30, 12]), ts = 64 (t ∈ [32, 12])

Table B.14: Complete fit ranges for the ratios of the G8 ensemble.

fit range

O7 con mom 0 ts = 32 (t ∈ [15, 21]), ts = 40 (t ∈ [17, 25]), ts = 48 (t ∈ [19, 28]),

ts = 56 (t ∈ [26, 32]), ts = 64 (t ∈ [29, 35])

con mom 1 ts = 32 (t ∈ [14, 19]), ts = 40 (t ∈ [15, 27]), ts = 48 (t ∈ [20, 29]),

ts = 56 (t ∈ [21, 30]), ts = 64 (t ∈ [28, 30])

con mom 11 ts = 32 (t ∈ [9, 18]), ts = 40 (t ∈ [15, 31]), ts = 48 (t ∈ [18, 32]),

ts = 56 (t ∈ [18, 33]), ts = 64 (t ∈ [24, 41])

O7 dis mom 0 ts = 32 (t ∈ [5, 27]), ts = 36 (t ∈ [6, 30]), ts = 40 (t ∈ [7, 33]),

ts = 44 (t ∈ [8, 36]), ts = 48 (t ∈ [9, 39]), ts = 52 (t ∈ [10, 42]),

ts = 56 (t ∈ [11, 45]), ts = 60 (t ∈ [12, 48]), ts = 64 (t ∈ [13, 51])

dis mom 1 ts = 32 (t ∈ [10, 27]), ts = 36 (t ∈ [12, 30]), ts = 40 (t ∈ [14, 33]),

ts = 44 (t ∈ [16, 36]), ts = 48 (t ∈ [18, 40]), ts = 52 (t ∈ [20, 44]),

ts = 56 (t ∈ [22, 48]), ts = 60 (t ∈ [24, 52]), ts = 64 (t ∈ [24, 56])

dis mom 11 ts = 32 (t ∈ [12, 27]), ts = 36 (t ∈ [14, 30]), ts = 40 (t ∈ [16, 33]),

ts = 44 (t ∈ [18, 36]), ts = 48 (t ∈ [20, 40]), ts = 52 (t ∈ [22, 44]),

ts = 56 (t ∈ [24, 48]), ts = 60 (t ∈ [26, 52]), ts = 64 (t ∈ [28, 56])

Table B.15: Complete fit ranges for the ratios of the O7 ensemble.
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fit range

N5 con mom 0 ts = 36 (t ∈ [10, 26]), ts = 40 (t ∈ [13, 27]), ts = 44 (t ∈ [15, 26]),

ts = 48 (t ∈ [20, 26])

con mom 1 ts = 36 (t ∈ [13, 23]), ts = 40 (t ∈ [15, 23]), ts = 44 (t ∈ [15, 23]),

ts = 48 (t ∈ [17, 31])

con mom 11 ts = 36 (t ∈ [16, 26]), ts = 40 (t ∈ [19, 27]), ts = 44 (t ∈ [19, 24]),

ts = 48 (t ∈ [20, 27])

N5 dis mom 0 ts = 32 (t ∈ [6, 26]), ts = 36 (t ∈ [7, 29]), ts = 40 (t ∈ [8, 32]),

ts = 44 (t ∈ [9, 35]), ts = 48 (t ∈ [10, 38])

dis mom 1 ts = 32 (t ∈ [9, 27]), ts = 36 (t ∈ [11, 31]), ts = 40 (t ∈ [13, 34]),

ts = 44 (t ∈ [15, 38]), ts = 48 (t ∈ [17, 41])

dis mom 11 ts = 32 (t ∈ [15, 29]), ts = 36 (t ∈ [15, 33]), ts = 40 (t ∈ [20, 36]),

ts = 44 (t ∈ [23, 39]), ts = 48 (t ∈ [25, 43])

N6 con mom 0 ts = 36 (t ∈ [12, 20]), ts = 40 (t ∈ [15, 23]), ts = 44 (t ∈ [17, 25]),

ts = 48 (t ∈ [20, 26])

con mom 1 ts = 36 (t ∈ [13, 18]), ts = 40 (t ∈ [19, 21]), ts = 44 (t ∈ [21, 26]),

ts = 48 (t ∈ [20, 29])

con mom 11 ts = 36 (t ∈ [10, 16]), ts = 40 (t ∈ [19, 23]), ts = 44 (t ∈ [20, 26]),

ts = 48 (t ∈ [20, 27])

N6 dis mom 0 ts = 32 (t ∈ [6, 26]), ts = 36 (t ∈ [7, 29]), ts = 40 (t ∈ [8, 32]),

ts = 44 (t ∈ [9, 35]), ts = 48 (t ∈ [10, 38])

dis mom 1 ts = 32 (t ∈ [9, 27]), ts = 36 (t ∈ [11, 31]), ts = 40 (t ∈ [13, 34]),

ts = 44 (t ∈ [15, 38]), ts = 48 (t ∈ [17, 41])

dis mom 11 ts = 32 (t ∈ [15, 29]), ts = 36 (t ∈ [15, 33]), ts = 40 (t ∈ [20, 36]),

ts = 44 (t ∈ [23, 39]), ts = 48 (t ∈ [25, 43])

Table B.16: Complete fit ranges for the ratios of the N5 and N6 ensembles.
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b.2 Q2 -dependence and scalar radius

b.2.1 Results Scalar Form Factor and Radius

Fπ
S
(0) Q21

[
GeV2

]
Fπ

S

(
Q21
)

Q22
[
GeV2

]
Fπ

S

(
Q22
) 〈

r2
〉π

S

[
fm2

]

A3
con 1.61± 0.06

0.197
1.45± 0.08

0.346
1.08± 0.12 0.181± 0.040

tot 2.89± 0.29 2.11± 0.11 1.76± 0.16 0.259± 0.051

A4
con 1.53± 0.03

0.179
1.45± 0.06

0.304
1.53± 0.16 0.049± 0.041

tot 2.16± 0.16 2.00± 0.10 1.92± 0.18 0.089± 0.076

A5
con 1.66± 0.05

0.169
1.56± 0.09

0.282
1.63± 0.28 0.066± 0.063

tot 2.67± 0.19 2.10± 0.11 2.05± 0.29 0.248± 0.097

B8
con 1.66± 0.05

0.083
1.50± 0.06

0.142
1.31± 0.11 0.316± 0.085

tot 2.84± 0.28 2.30± 0.11 1.74± 0.15 0.653± 0.112

Table B.17: Numerical results of the (unrenormalized) scalar pion form factor Fπ
S

(
Q2
)

for three different momentum transfers Q2 for connected contribution (con)
and the total form factor (tot) and the results for the scalar radius

〈
r2
〉π

S
as

determined from an uncorrelated linear fit for all β = 5.2 ensembles.

Fπ
S
(0) Q21

[
GeV2

]
Fπ

S

(
Q21
)

Q22
[
GeV2

]
Fπ

S

(
Q22
) 〈

r2
〉π

S

[
fm2

]

E3
con 1.39± 0.01

0.319
1.20± 0.03

0.565
1.02± 0.12 0.099± 0.018

tot 1.97± 0.11 1.61± 0.07 1.33± 0.14 0.134± 0.032

E4
con 1.39± 0.01

0.311
1.17± 0.04

0.548
0.93± 0.11 0.125± 0.017

tot 1.88± 0.09 1.70± 0.06 1.38± 0.13 0.208± 0.027

E5
con 1.36± 0.01

0.278
1.11± 0.05

0.471
1.02± 0.19 0.149± 0.028

tot 1.82± 0.05 1.34± 0.06 1.17± 0.20 0.208± 0.027

F6
con 1.44± 0.03

0.128
1.36± 0.07

0.221
1.02± 0.14 0.197± 0.069

tot 1.97± 0.10 1.60± 0.08 1.17± 0.14 0.396± 0.081

F7
con 1.39± 0.03

0.121
1.26± 0.06

0.203
1.17± 0.23 0.175± 0.088

tot 1.88± 0.09 1.37± 0.08 1.23± 0.24 0.487± 0.083

G8
con 1.52± 0.05

0.065
1.36± 0.09

0.109
– 0.371± 0.181

tot 1.69± 0.05 1.45± 0.10 – 0.506± 0.240

Table B.18: The same as table B.17 for all β = 5.3 ensembles. For G8 we have only data
for two Q2 and thus the radius has been determined from only two values
of Q2.

Fπ
S
(0) Q21

[
GeV2

]
Fπ

S

(
Q21
)

Q22
[
GeV2

]
Fπ

S

(
Q22
) 〈

r2
〉π

S

[
fm2

]

N5
con 1.03± 0.01

0.208
0.93± 0.04

0.358
0.88± 0.09 0.105± 0.035

tot 1.20± 0.05 0.98± 0.04 0.90± 0.09 0.187± 0.044

N6
con 1.06± 0.01

0.186
0.88± 0.04

0.313
0.73± 0.09 0.221± 0.043

tot 1.16± 0.04 0.88± 0.04 1.62± 0.10 0.322± 0.047

O7
con 1.08± 0.01

0.107
0.94± 0.03

0.180
1.89± 0.07 0.255± 0.053

tot 1.22± 0.05 0.95± 0.04 0.87± 0.07 0.417± 0.073

Table B.19: The same as table B.17 for all β = 5.5 ensembles.
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b.2.2 Linear Fits to the Q2-Dependence

The following plots show the results for the unrenormalized scalar form factor
including a linear fit

Fπ
S
(Q2) = Fπ

S
(0)

(
1−

1

6

〈
r2
〉π

S
Q2 +O(Q4)

)
. (B.1)

for the Q2-dependence to extract the scalar radius.
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Figure B.19: The Q2-dependence for the β = 5.2 ensembles. The plots are from left to
right, top to bottom: A3, A4, A5, and B6.
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Figure B.20: The Q2-dependence for the β = 5.3 ensembles. The plots are from left to
right, top to bottom: E3, E4, E5, F6, F7 and G8.
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Figure B.21: The Q2-dependence for the β = 5.5 ensembles. The plots are from left to
right, top to bottom: N5, N6, and O7.
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b.2.3 Comparison of different Fit Ansätze

The following plots show the comparison of the different ansätze for the Q2-
dependence of the scalar form factor for all ensembles. The plot for the ensembles
with a = 0.063 fm is the same as figure 6.13. The three different ansätze are:

• a linear curve is matched to the form factor for Q2 = 0 and the smallest
non-vanishing Q2

• a linear function is fitted to the results

Fπ
S
(Q2) = Fπ

S
(0)

(
1−

1

6

〈
r2
〉π

S
Q2 +O(Q4)

)
. (B.2)

• a vector meson dominance inspired curve is fitted the data (cf (6.29))

Fπ
S
(Q2) = Fπ

S
(0)

1
(
1+

(
Q2

M2

))2
〈
r2
〉π

S
=
12

M2
(B.3)

For G8 we can not make such a comparison, since we have only a signal for the
form factor for two momentum transfers. For all other ensembles we find, that
the results from all three methods are in agreement with each other.
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Figure B.22: Comparison of the scalar radius obtained from different ansätze. Yellow
points show the results from the first two Q2 only, red points show the
results from a linear fit to all three Q2 values, and green points show
the results from a vector meson dominance fit. Open and closed symbols
denote results from the connected and total form factor, respectively. The
plots are from left to right, top to bottom: a = 0.079 fm, 0.063 fm and
0.050 fm.
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b.3 nnlo chiral perturbation theory

In next-to-next-to-leading order (NNLO) in chiral Perturbation Theory the scalar
radius of the pion is given by [25, 80]

〈
r2
〉π

S
=
1

F2π

(
−
13

2N
+ 6`r4 − 6L
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The low energy constants at a given scale µ2 are defined by

lri =
γi
2N

(¯̀
i +NL

)
and ki = (4`ri − γiL)L (B.6)

with

L =
1

N
log
(
M2
π

µ2

)
and N = 16π2 . (B.7)

The constants γi are given by

γ1 =
1

3
, γ2 =

2

3
, γ3 = −

1

2
, γ4 = 2 , γ5 = −

1

6
,

γ6 = −
1

3
, γ7 = 0 .

(B.8)

In principle, it would be desirable to fit our results of the scalar radius of the pion
with the NNLO χPT expression (B.4). However, the amount of data available is
clearly not sufficient to constrain all required low-energy constants.
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R E S U LT S aµ

c.1 vector correlator and hadronic vacuum polarization

The following plots (figures C.1 to C.5) show results for the vector correlator
and hadronic vacuum polarization for the F6 and F7 ensemble. Details can be
found in chapter 9.

G
ls d
is
c
(t
)

t/a

light and strange

−6e− 05

−4e− 05

−2e− 05

0

2e− 05

4e− 05

6e− 05

0 4 8 12 16 20 24 28 32 36 40 44 48

G
ls d
is
c
(t
)

t/a

light and strange

−6e− 05

−4e− 05

−2e− 05

0

2e− 05

4e− 05

6e− 05

0 4 8 12 16 20 24 28 32 36 40 44 48

Figure C.1: The disconnected vector correlator for the F6 (left) and F7 (right) ensemble
for light and strange quarks. The corresponding plot for the E5 ensemble is
the right-hand side of figure 9.3.
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Figure C.2: The vector correlator for the F6 (left) and F7 (right) ensemble for light
and strange quarks. The connected result is shown in red, the total vector
correlator is shown in yellow. The corresponding plot for the E5 ensemble
is figure 9.4.
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corresponding plot for the E5 ensemble is figure 9.5.
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c.2 vector meson masses

The following plots show the results for the ρ- and φ-meson masses from our
determination of the hadronic vacuum polarization. This masses have been
obtained by fitting exponential functions of the form

f(t) = A exp(−m · t) (C.1)

to the connected vector correlator for light and strange quarks for the ρ and the
φ mass, respectively. The black points in both plots show the corresponding
experimental value as quoted by the Particle Data Group [34]:

mρ = 775.26± 0.25 MeV , mφ = 1019.461± 0.019 MeV . (C.2)
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Figure C.6: The masses of the ρ (left) and the φ (right) mesons plotted against m2π. Red
points show the results for E5, F6 and F7 obtained from fits to the vector
correlators. The black points show the physical values from [34].

c.3 conserved vector current

For the calculation of the connected vector correlator a conserved vector current

Vcµ(x) =
1

2

(
q(x+ aµ̂)(1+ γµ)U

�
µ(x)q(x) − q(x)(1− γµ)Uµ(x)q(x+ aµ̂)

)
(C.3)

has been used at the sink. The connected contraction with a local current
Vν(x) = q(x)γνq(x) at the source is given by

〈
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The corresponding disconnected contraction is
〈
Vcµ(x)Vν(0)

〉
disc =Tr

[
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�
µ(x)S(x, x+ aµ̂)

]
· Tr
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(C.5)

However, for the calculation of the disconnected vector correlator, we have used
two local currents.
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