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Abstract

We study conditional regularity for the compressible Navier-Stokes equations with potential temperature 
transport in a bounded domain � ⊂ Rd , d ∈ {2,3}, with no-slip boundary conditions. We first prove the 
existence and uniqueness of local-in-time strong solutions. Further, we prove a blow-up criterion for the 
strong solution in terms of L∞-norms for the density and the velocity.
© 2024 The Author(s). Published by Elsevier Inc. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/).
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1. Introduction

In this paper, we consider the compressible Navier-Stokes equations with potential tempera
ture transport. This model is often used in meteorological applications; see [13], [19], [22], [9]. 
It reads

�t + divx(�u) = 0 in QT , (1.1)

(�u)t + divx(�u ⊗ u) − divx(S(∇xu)) + ∇xp(�θ) = �b in QT , (1.2)
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(�θ)t + divx(�θu) = 0 in QT , (1.3)

(u, �, θ)(0, ·) = (u0, �0, θ0) in �, (1.4)

u|[0,T ]×∂� = 0. (1.5)

Here, T > 0 is a given time and � ⊂ Rd , d ∈ {2,3}, is a bounded domain and QT = (0, T ) × �. 
� denotes the fluid density, u the fluid velocity, θ the potential temperature of the fluid and b an 
external body force. The pressure is given by

p(�θ) = a(�θ)γ , a > 0, γ > 1. (1.6)

The viscous stress tensor S = S(∇xu) reads

S(∇xu) = μ
(
∇xu + (∇xu)T

)
+ λ divx(u)I, (1.7)

where the constant viscosity coefficients μ,λ satisfy

μ > 0, dλ + 2μ ≥ 0. (1.8)

Despite the importance of the model (1.1)--(1.8), its rigorous analysis is not yet complete. In 
[25], global-in-time weak solutions to (1.1)--(1.8) are studied. Their existence is only proven 
under the assumption γ ≥ 9/5; see [25, Theorem 1 with T (s) = sγ ]. However, the physically 
relevant values for the adiabatic index γ lie in the interval (1,2] for d = 2 and in the interval 
(1,5/3] if d = 3. Therefore, we have recently introduced the concept of dissipative measure
valued (DMV) solutions for this model and proved the existence of such solutions for all γ >

1; see [23]. Moreover, we proved a DMV-strong uniqueness principle stating that if a strong 
solution and a DMV solution emanate from the same initial data, then they coincide; see [24, 
Theorem 3.3]. By a strong solution to (1.1)--(1.8) we mean a solution (u, �, θ), where

�, θ ∈ C([0, T ];H 3(�)), �, θ > 0 in QT , �t , θt ∈ C([0, T ];H 2(�)),

u ∈ L2(0, T ;H 4(�)d) ∩ C([0, T ];H 3(�)d), ut ∈ L2(0, T ;H 2(�)d),

ut t ∈ L2(0, T ;L2(�)d).

As far as we are aware, there is no existence result for strong solutions to the compressible 
Navier-Stokes equations with potential temperature transport (1.1)--(1.4), (1.6)--(1.8) with the 
no-slip boundary conditions (1.5) available in the literature. The only available existence result 
for this system can be found in the recent work of Zhai, Li and Zhou [38], where the Cauchy 
problem is studied. Both a local and a global existence result are stated. The strong solutions 
belong to Besov spaces and are obtained by applying techniques from harmonic analysis.

The aim of the present paper is to reveal the importance of the DMV-strong uniqueness prin
ciple. To this end, we first show that there do exist local-in-time strong solutions (1.1)--(1.8)
following the approach in [35], [36]. Afterwards, we prove the subsequent blow-up criterion for 
the strong solution (u, �, θ) to (1.1)--(1.8) under the assumption b = 01:

1 This assumption is only made to simplify the presentation; see also Section 5.
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If the maximal existence time Tmax of the strong solution (u, �, θ) to (1.1)--(1.8) is finite, then

lim sup
t ↑ Tmax

(||�(t)||L∞ + ||u(t)||L∞) = ∞.

Consequently, the strong solution can always be extended beyond some given time T ′ provided 
its density and velocity components are bounded on (0, T ′) × �. In the past years, a great va
riety of blow-up criteria for the solutions to different Navier-Stokes systems have been studied; 
see, e.g., [30], [6], [4] for the incompressible Navier-Stokes equations, [10], [18], [32] for the 
barotropic Navier-Stokes equations and [33], [5], [15] for the Navier-Stokes-Fourier equations. 
We further recall that already in 1958 John Nash conjectured that boundedness of certain quan
tities, such as density and temperature, is sufficient to guarantee the continuability in time of 
strong solutions to flow equations; see [28] and Section 4.1. Thus, our blow-up criterion can be 
considered as a proof of Nash’s hypothesis for the compressible Navier-Stokes equations with 
potential temperature transport.

Since it is technically easier, we first prove the abovementioned results for the following 
system that arises from (1.1)--(1.8) by introducing the new variable Z ≡ �θ :

�t + u · ∇x� + � divx(u) = 0 in QT , (1.9)

�[ut + (u · ∇x)u] − Lu + ∇xp(Z) = �b in QT , (1.10)

Zt + u · ∇xZ + Zdivx(u) = 0 in QT , (1.11)

(u, �,Z)(0, ·) = (u0, �0,Z0) in �, (1.12)

u|[0,T ]×∂� = 0. (1.13)

Here, we have denoted by L the Lamé operator

L = μ�x + (λ + μ)∇xdivx, (1.14)

where the viscosity coefficients satisfy (1.8), and the pressure now reads

p(Z) = aZγ , a > 0, γ > 1. (1.15)

As we only consider strictly positive initial densities �0 and potential temperatures θ0, the results 
for the transformed system then carry over to the original system (1.1)--(1.8).

The paper is organized as follows: In Section 2, we present our notation and state the con
ventions used throughout the paper. Sections 3 and 4 form the heart of the paper. This is where 
we prove the existence of local-in-time strong solutions and the blow-up criterion for the trans
formed system (1.9)--(1.15), (1.8), respectively. In Section 5, we formulate our results for the 
original system (1.1)--(1.8) and combine them with the DMV-strong uniqueness principle to draw 
connections to our previous results for the Navier-Stokes equations with potential temperature 
transport. In particular, combining the results from Section 5 with our previous results from [23] 
and [24], we will obtain conditional convergence for any consistent numerical scheme for the 
Navier-Stokes equations with potential temperature transport. More precisely, if the initial data 
are sufficiently smooth and the numerical solutions are uniformly bounded with respect to a 
discretization parameter, then the strong solution to the Navier-Stokes equations with potential 
temperature exists and the numerical solutions converge strongly to it.
3 
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2. General notation and conventions

We use the following notation and conventions.

2.1. Dimension and domain

The dimension in space is denoted by d . Unless otherwise stated, both d = 2 and d = 3 are 
admissible. Moreover, � always denotes a domain in Rd and for t > 0 we write Qt ≡ (0, t)×�.

2.2. Vectors and matrices

All vectors a ∈Rd are interpreted as column vectors, i.e. as (d ×1)-matrices. The correspond
ing row vectors are denoted by aT . For a = (ai)i ,b = (bi)i ∈ Rd and A = (aij )ij ,B = (bij )ij ∈
Rd×d , we write

a · b ≡
d∑

i = 1
aibi, |a|2 ≡ a · a, A : B ≡

d∑
i,j = 1

aij bij , |A|2 ≡ A :A,

a ⊗ b ≡ (aibj )ij , A⊗ b ≡ (aij bk)ijk and b ⊗A ≡ (biajk)ijk.

The transpose of the matrix A is denoted by AT ≡ (aji)ij . Matrix multiplication of A and B is 
written as AB or, for better readability, as A ·B.

2.3. Differential operators

Let (f,f ,F) = (f, (fi)i , (fij )ij ) : QT → R × Rd × Rd×d , (t,x) �→ (f,f ,F)(t,x). By 
∂tf ≡ ft and ∂xi

f ≡ ∂if we denote the partial derivatives of f with respect to t and the i-th 
component of x, respectively. �xf denotes the Laplacian of f with respect to the spatial vari
ables and ḟ the material derivative of f , i.e.

�xf ≡
d∑

i = 1
∂2
i f, ḟ ≡ ft + (u · ∇x)f ≡ ft +

d∑
i = 1

ui ∂xi
f,

where u = (ui)i is the velocity component of the solution to (1.9)--(1.15), (1.8). The operators 
∂t , ∂xi

,�x as well as the material derivative are understood componentwise if applied to Rd
valued or Rd×d -valued functions. We further write

∇xf ≡ (∂if )i, ∇xf ≡ (∂jfi)ij , ∇2
xf ≡ (∂i∂jf )ij , ∇2

xf ≡ (∂i∂jfk)ijk,

divx(f ) ≡
d∑

i = 1
∂ifi, divx(F) ≡

⎛
⎝ d∑

j = 1
∂jfij

⎞
⎠ .
i

4 
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2.4. Integral means

If W ⊂ Rd is a Lebesgue measurable set and f ∈ L1(W), then we use the following notation 
for the integral mean of f over W

fW ≡
 

W

f dx ≡ 1 
|W |

ˆ

W

f dx,

where |W | denotes the Lebesgue measure of W .

2.5. Norms

Let k ∈ N and p ∈ [1,∞]. For brevity we write || · ||Lp instead of || · ||Lp(�) or || · ||Lp(�)d or 
|| · ||Lp(�)d×d or even || · ||Lp(�)d×d×d . The shorthands || · ||Hk and || · ||Wk,p are used analogously.

Moreover, if V is a normed vector space, we write || · ||LpV instead of || · ||Lp(0,t;V ) provided 
the time instant t > 0 is clear from the context.

Finally, in some places we write ||p||Ck . By this we mean ||p||Ck([r,R]) -- the lower bound 
r > 0 and the upper bound R > r for the pressure argument Z being clear from the context.

2.6. Constants

Unless otherwise stated, all constants c, ci , i ∈ {0, . . . ,3}, appearing in Section 3 depend at 
most on d,�,μ,λ, γ, a,�0,Z0,u0 and the bounds m,M . In particular, they do not depend on 
the final times T ,T 	.

Unless otherwise stated, the constants Cj , j ∈ {0, . . . ,6}, appearing mainly in Section 4 de
pend at most on d,�,μ,λ and the integrability constant q . Constants named C may additionally 
depend on γ, a,�0,Z0,u0, the bounds m,M , the maximal existence time Tmax of the strong so
lution and on the uniform bound K in (4.2). In particular, the constants C,Cj , j ∈ {0, . . . ,6}, do 
not depend on the specific time instants t, T ∈ [0, Tmax).

In the sequel, the above dependencies will be suppressed in the notation. To keep the nota
tion simple, we further allow the meaning of the unnumbered constants c,C (especially used in 
proofs) to vary from line to line.

3. Local-in-time strong solutions

In this section, we prove existence and uniqueness of local-in-time strong solutions to the 
compressible Navier-Stokes equations with potential temperature transport (1.9)--(1.15), (1.8). 
To this end, we follow the strategy proposed in [35] and [36]. For the existence part, we choose 
a suitable linearization to split the problem into three separate subproblems. In Section 3.1, we 
prove the unique solvability of the linearized momentum equation and obtain a priori bounds for 
it. Section 3.2 is devoted to the analysis of the linearized continuity equation and the linearized 
Z-equation and in Section 3.3 we apply Schauder’s fixed-point theorem to prove the existence 
of local-in-time strong solutions to (1.9)--(1.15), (1.8). Finally, we show the uniqueness of strong 
solutions in Section 3.4.
5 
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3.1. Linearized momentum equation

In this section, we analyze the following linearized version of the momentum equation:

�̃ut − Lu = F in QT , (3.1)

u|[0,T ]×∂� = 0, (3.2)

u(0, ·) = u0 in �. (3.3)

Here, �̃ and F are given functions.

3.1.1. Elliptic regularity for the Lamé system
To obtain suitable a priori bounds for the solution to (3.1)--(3.3), we rely on the subsequent 

lemma concerning solutions to the Lamé system

LU = μ�xU + (λ + μ)∇xdivx(U) = F in �, (3.4)

U |∂� = 0. (3.5)

Before formulating the result, let us recall that for any F ∈ L2(�)d the Lamé system possesses 
a unique weak solution U ∈ H 1

0 (�)d . This is an immediate consequence of the Lax-Milgram 
lemma (cf. [12, §6.2.1, Theorem 1]). Moreover, seeing that

(LU)α = ∂ℓ(a
αβ
ℓk ∂kUβ), where a

αβ
ℓk = μδℓkδαβ + (λ + μ)δℓαδkβ, δαβ =

{
1 if α = β,
0 else,

it follows from [27, Proposition 3.3 with r = 0] that the Lamé operator is strictly elliptic, i.e. 
there exists a constant κ > 0 such that

d∑
α,β,ℓ,k = 1

a
αβ
ℓk ζ α

ℓ ζ
β
k ≥ κ|ζ |2

for all ζ = (ζ α
ℓ )ℓα ∈ Rd×d . Therefore, the proof of the subsequent lemma can be performed 

following the steps in [12, §6.3].

Lemma 3.1. Let k ∈ N0 and � ⊂ Rd a bounded domain with boundary ∂� ∈ Ck+2. The Lamé 
operator L is an isomorphism Hk+2(�)d ∩ H 1

0 (�)d → Hk(�)d . In particular, there exists a 
constant C0 > 02 such that

||L−1F ||Hk+2 ≤ C0||F ||Hk

for all F ∈ Hk(�)d .

In the sequel, we will often write ``by elliptic regularity'' instead of explicitly referring to 
Lemma 3.1.

2 The constant C0 in Lemma 3.1 equals the constant C0 in Lemma 4.2 for q = 2.
6 
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3.1.2. Solutions to the linearized momentum equation
We begin our analysis of the linearized momentum equation by recording the following 

lemma; cf. [35, Lemma 2.1].

Lemma 3.2. Let ∂� ∈ C2, T > 0, 0 < m < M , �̃ ∈ L∞(QT ), m/2 ≤ �̃ ≤ 2M a.e. in 
QT , F ∈ L2(0, T ;L2(�)d) and u0 ∈ H 1

0 (�)d . Then there exists a unique solution u ∈
L2(0, T ;H 2(�)d) ∩ C([0, T ];H 1

0 (�)d) to (3.1)--(3.3) such that ut ∈ L2(0, T ;L2(�)d) and

μ||∇xu||2
L∞L2 + m 

32M2 ||Lu||2
L2L2 + m

2 
||ut ||2L2L2

≤ (8μ + 6λ)||∇xu0||2L2 + 2

(
4 
m

+ m 
16M2

)
||F ||2

L2L2 .

In order to show higher regularity of the solution to (3.1)--(3.3), we consider the equation

�̃V t − LV + �̃tV = G in QT (3.6)

that can be formally obtained by taking the derivative of (3.1) with respect to t and by setting 
V = ut and G = Ft . The basic idea is to find a solution to (3.6) and to integrate it in time to 
obtain a solution to (3.1). For the moment, however, we shall treat equation (3.6) as independent 
and we equip it with the initial and boundary conditions

V |[0,T ]×∂� = 0, (3.7)

V (0, ·) = V0 in �. (3.8)

Lemma 3.3. Let ∂� ∈ C2, T > 0, 0 < m < M , �̃ ∈ L∞(QT ), m/2 ≤ �̃ ≤ 2M a.e. in QT , 
�̃(0, ·) ∈ L∞(�), m ≤ �̃(0, ·) ≤ M a.e. in �, �̃t ∈ L2(0, T ;L3(�)), G ∈ L2(0, T ;L2(�)d), and 
V0 ∈ H 1

0 (�)d . Then there exists a unique solution V ∈ L2(0, T ;H 2(�)d) ∩ C([0, T ];H 1
0 (�)d)

to (3.6)--(3.8) with V t ∈ L2(0, T ;L2(�)d). Moreover, there exists a constant c0 > 0 such that

||V ||2
L2H 2 + ||V ||2

L∞H 1 + ||V t ||2L2L2

≤ c0

(
||G||2

L2L2 + ||V0||2H 1

)
(1 + ||�̃t ||2L2L3) exp(c0||�̃t ||2L2L3) (3.9)

for all (T , �̃,G,V0,V ) satisfying (3.6)--(3.8) and having the aforementioned properties.

Proof. Since the structure of (3.6) is almost the same as that of (3.1), we use the same strategy 
for the proof as was used for the proof of [35, Lemma 2.1]. We start by proving a priori estimate 
(3.9). Testing (3.6) with V t − ε0LV (with ε0 to be chosen suitably), integrating over � and 
performing integration by parts on the term 

´
�

V t · LV dx, we obtain (cf. the proof of [35, 
Lemma 2.1])3

3 Note that this computation is formal since we have no information concerning the differentiability of ∇xV with 
respect to time. The rigorous proof can be performed using a time regularization of V .
7 
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m

2 
||V t ||2L2 + μ 

d 
dt

||∇xV ||2
L2 + (λ + μ) 

d 
dt

||divx(V )||2
L2 + m 

32M2 ||LV ||2
L2

≤
(

4 
m

+ m 
16M2

)
||G||2

L2 +
∣∣∣∣∣∣
ˆ

� 

�̃tV · (V t − ε0LV ) dx

∣∣∣∣∣∣
≤ c||G||2

L2 + ||�̃t ||L3 ||V ||L6

(||V t ||L2 + ε0||LV ||L2

)
≤ c
(
||G||2

L2 + ||�̃t ||2L3 ||V ||2
L6

)
+ m

4 
||V t ||2L2 + m 

64M2 ||LV ||2
L2 .

In view of Poincaré’s inequality, the above inequality implies

||V t ||2L2 + μ̃
d 
dt

||∇xV ||2
L2 + (λ̃ + μ̃) 

d 
dt

||divx(V )||2
L2 + ||LV ||2

L2

≤ c
(
||G||2

L2 + ||�̃t ||2L3(μ̃||∇xV ||2
L2 + (λ̃ + μ̃)||divx(V )||2

L2)
)

(3.10)

with certain constants μ̃ = μ̃(μ,m,M) > 0, λ̃ = λ̃(λ,m,M) > 0. Applying Gronwall’s lemma 
and Poincaré’s inequality, we deduce

||V ||2
L∞H 1 ≤ c

(
||G||2

L2L2 + ||V0||2H 1

)
exp(c||�̃t ||2L2L3). (3.11)

Furthermore, integrating (3.10) over (0, T ) and using the standard elliptic theory as well as 
(3.11), we get

||V t ||2L2L2 + ||V ||2
L2H 2 ≤ c

(
||V t ||2L2L2 + ||LV ||2

L2L2

)

≤ c

⎛
⎝||∇xV0||2L2 + ||G||2

L2L2 +
Tˆ

0 

||�̃t ||2L3 ||∇xV ||2
L2 dt

⎞
⎠

≤ c
(
||G||2

L2L2 + ||V0||2H 1

)
(1 + ||�̃t ||2L2L3) exp(c||�̃t ||2L2L3) .

Next, we prove the existence of a solution to (3.6)--(3.8). In the case �̃ ≡ (�0)� it is well known 
that for every pair (G,V0) ∈ L2(0, T ;L2(�)d) × H 1

0 (�)d there exists a solution in the desired 
regularity class; see, e.g., [20, Chapter VII, §10, Theorem 10.4]. To prove the existence of a so
lution for an arbitrary �̃, we employ the method of continuity (cf. Theorem A.1 in the appendix). 
We dfine the Banach spaces (H, || · ||H), (Y, || · ||Y ) via

H =
{
V ∈ L2(0, T ;H 2(�)d ∩ H 1

0 (�)d ) 
∣∣∣Vt ∈ L2(0, T ;L2(�)d )

}
, ||V ||2H = LHS of (3.9),

Y = L2(0, T ;L2(�)d ) × H 1
0 (�)d , ||(G,V0)||2Y = RHS of (3.9).

Furthermore, for α ∈ [0,1] we set

�α = (1 − α)(�0)� + α�̃ and Tα = (1 − α)T0 + αT1,

where T0, T1 :H → Y ,
8 
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T0(V ) = ((�0)� V t − LV ,V (0)), T1(V ) = (�̃V t − LV + �̃tV ,V (0)),

i.e. Tα(V ) = (Tα,1(V ), Tα,2(V )) = (�αV t − LV + (�α)tV ,V (0)). Clearly, an operator Tα

is surjective if and only if (3.6)--(3.8) with �̃ replaced by �α is solvable for all (G,V0) ∈
L2(0, T ;L2(�)d) × H 1

0 (�)d . Hence, T0 is surjective. In order to show that T1 is surjective as 
well, we need to show that (Tα)α ∈ [0,1] is a norm continuous family of bounded linear operators 
H → Y and that there exists c > 0 such that

||V ||H ≤ c||Tα(V )||Y

for all α ∈ [0,1] and all V ∈ H. Obviously, the operators (Tα)α ∈ [0,1] are linear. Their bounded
ness follows from the observation that

||Tα(V )||2Y = c0

(
||�αVt − LV + (�α)tV ||2

L2L2 + ||V (0)||2
H1

)
(1 + ||�̃t ||2L2L3 ) exp(c0||�̃t ||2L2L3 )

≤ c
(
||Vt ||2L2L2 + ||V ||2

L2H2 + ||(�α)t ||2L2L3 ||V ||2
L∞L6 + ||V ||2

L∞H1

)
(1 + ||�̃t ||2L2L3 ) exp(c0||�̃t ||2L2L3 )

≤ c
(
||Vt ||2L2L2 + ||V ||2

L2H2 + ||�̃t ||2L2L3 ||V ||2
L∞H1 + ||V ||2

L∞H1

)
(1 + ||�̃t ||2L2L3 ) exp(c0||�̃t ||2L2L3 )

≤ c(1 + ||�̃t ||2L2L3 )2 exp(c0||�̃t ||2L2L3 )||V ||2H

for all α ∈ [0,1] and all V ∈ H. The continuity of the map [0,1] � α �→ Tα ∈ L(X ,Y) is a 
consequence of

||(Tα1 − Tα2)(V )||2Y
= c0

∣∣∣∣(α1 − α2)[(�̃ − (�0)�)V t + �̃tV ]∣∣∣∣2
L2L2(1 + ||�̃t ||2L2L3) exp(c0||�̃t ||2L2L3)

≤ c|α1 − α2|2(||V t ||2L2L2 + ||�̃tV ||2
L2L2)(1 + ||�̃t ||2L2L3) exp(c0||�̃t ||2L2L3)

≤ c|α1 − α2|2(||V t ||2L2L2 + ||�̃t ||2L2L3 ||V ||2
L∞L6)(1 + ||�̃t ||2L2L3) exp(c0||�̃t ||2L2L3)

≤ c|α1 − α2|2(1 + ||�̃t ||2L2L3)
2 exp(c0||�̃t ||2L2L3)||V ||2H

for all α1, α2 ∈ [0,1] and all V ∈ H. Next, let us fix an arbitrary pair (α,V ) ∈ [0,1] ×H. Since 
V satifies (3.6)--(3.8) with �̃ replaced by �α and (G,V0) = Tα(V ), the a priori estimate yields

||V ||2H ≤ c0

(
||Tα,1(V )||2

L2L2 + ||V (0)||2
H 1

)
(1 + ||(�α)t ||2L2L3) exp(c0||(�α)t ||2L2L3)

≤ c0

(
||Tα,1(V )||2

L2L2 + ||V (0)||2
H 1

)
(1 + ||�̃t ||2L2L3) exp(c0||�̃t ||2L2L3) = ||Tα(V )||2Y .

Hence, the method of continuity is applicable and implies that T1 is surjective or, equivalently, 
that for every (G,V0) ∈ H there exists a solution V ∈ Y to (3.6)--(3.8). Finally, the proof of 
uniqueness is trivial. �

Then, following the idea of integrating in time the solution V to (3.6)--(3.8), we obtain the 
following corollary.
9 
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Corollary 3.4. Let ∂� ∈ C4, T > 0, 0 < m < M , �̃ ∈ L∞(QT ), m/2 ≤ �̃ ≤ 2M a.e. in QT , 
�̃(0, ·) ∈ L∞(�), m ≤ �̃(0, ·) ≤ M a.e. in �, �̃ ∈ L∞(0, T ;H 2(�)d), �̃t ∈ L2(0, T ;L3(�)), 
F ∈ L2(0, T ;H 2(�)d), Ft ∈ L2(0, T ;L2(�)d), [F (0) + Lu0]/�̃(0) ∈ H 1

0 (�)d and u0 ∈
H 3(�)d ∩ H 1

0 (�)d . Then the solution to (3.1)--(3.3) is such that u ∈ L2(0, T ;H 4(�)d) ∩
C([0, T ];H 3(�)d), ut ∈ L2(0, T ;H 2(�)d) ∩ C([0, T ];H 1(�)d), ut t ∈ L2(0, T ;L2(�)d). 
Moreover, there exists a constant c1 > 0 such that

||u||2
L∞H 3 + ||u||2

L2H 4 + ||ut ||2L∞H 1 + ||ut ||2L2H 2 + ||ut t ||2L2L2

≤ c1

{
||F ||2

L2H 2 + ||F ||2
L∞H 1 +

(
||Ft ||2L2L2 +

∣∣∣∣
∣∣∣∣F (0) + Lu0

�̃(0) 

∣∣∣∣
∣∣∣∣
2

H 1

)

· (1 + ||�̃t ||2L2L3)(1 + ||∇x �̃||2
L∞H 1) exp(c1||�̃t ||2L2L3)

}
(3.12)

for all (T , �̃,F ,u0,u) satisfying (3.1)--(3.3) and having the aforementioned properties.

Proof. Let V be the solution to (3.6)--(3.8) with G = Ft and V0 = (F (0) + Lu0)/�̃(0) from 
Lemma 3.3. Then,

u(t) ≡ u0 +
tˆ

0 

V (s) ds ∈ H 1(0, T ;H 2(�)d) ↪→ C([0, T ];H 2(�)d)

satifies u(0) = u0, u|[0,T ]×∂� = 0, ut = V ∈ L2(0, T ;H 2(�)d) ∩ C([0, T ];H 1
0 (�)d), ut t =

V t ∈ L2(0, T ;L2(�)d) and

(�̃ut − Lu)(t) = (�̃V )(t) − L

⎛
⎝u0 +

tˆ

0 

V (s) ds

⎞
⎠= (�̃V )(t) − Lu0 −

tˆ

0 

LV (s) ds

= (�̃V )(t) +
tˆ

0 

(Ft − �̃tV − �̃V t )(s) ds

= (�̃V )(t) − Lu0 +
tˆ

0 

d(F − �̃V )

dt
(s) ds

= (�̃V )(t) − Lu0 + F (t) − (�̃V )(t) − F (0) + (�̃V )(0) = F (t)

for all t ∈ [0, T ]. That is, u solves (3.1)--(3.3). To prove (3.12), we observe that (3.9) yields

||ut ||2L2H 2 + ||ut ||2L∞H 1 + ||ut t ||2L2L2

= ||V ||2 2 2 + ||V ||2 ∞ 1 + ||V t ||2 2 2
L H L H L L

10 
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≤ c

(
||Ft ||2L2L2 +

∣∣∣∣
∣∣∣∣F (0) + Lu0

�̃(0) 

∣∣∣∣
∣∣∣∣
2

H 1

)
(1 + ||�̃t ||2L2L3) exp(c||�̃t ||2L2L3). (3.13)

Moreover, by the assumptions on F , �̃, we have F − �̃ut ∈ L2(0, T ;H 2(�)d) and thus u ∈
L2(0, T ;H 4(�)d) by elliptic regularity. Additionally,

||u||2
L2H 4 ≤ c||Lu||2

L2H 2 = c||F − �̃V ||2
L2H 2 ≤ c

(
||F ||2

L2H 2 + ||�̃V ||2
L2H 2

)
≤ c
(
||F ||2

L2H 2 + ||�̃V ||2
L2L2 + ||�̃∇xV ||2

L2L2 + ||∇x �̃ ⊗ V ||2
L2L2

+ ||∇2
x �̃ ⊗ V ||2

L2L2 + 2||∇x �̃ ⊗ ∇xV ||2
L2L2 + ||�̃∇2

xV ||2
L2L2

)
≤ c
(
||F ||2

L2H 2 + ||V ||2
L2H 2 + ||∇x �̃||2

L∞L3 ||V ||2
L2L6 + ||∇2

x �̃||2
L∞L2 ||V ||2

L2L∞

+ ||∇x �̃||2
L∞L3 ||∇xV ||2

L2L6

)
≤ c
(
||F ||2

L2H 2 + (1 + ||∇x �̃||2
L∞H 1)||V ||2

L2H 2

)
,

||u||2
L∞H 3 ≤ c||Lu||2

L∞H 1 = c||F − �̃V ||2
L∞H 1 ≤ c

(
||F ||2

L∞H 1 + ||�̃V ||2
L∞H 1

)
≤ c
(
||F ||2

L∞H 1 + ||�̃V ||2
L∞L2 + ||�̃∇xV ||2

L∞L2 + ||∇x �̃ ⊗ V ||2
L∞L2

)
≤ c
(
||F ||2

L∞H 1 + ||V ||2
L∞H 1 + ||∇x �̃||2

L∞L3 ||V ||2
L∞L6

)
≤ c
(
||F ||2

L∞H 1 + (1 + ||∇x �̃||2
L∞H 1)||V ||2

L∞H 1

)
and thus, by (3.9),

||u||2
L2H 4 + ||u||2

L∞H 3

≤ c

{
||F ||2

L2H 2 + ||F ||2
L∞H 1 +

(
||Ft ||2L2L2 +

∣∣∣∣
∣∣∣∣F (0) + Lu0

�̃(0) 

∣∣∣∣
∣∣∣∣
2

H 1

)

· (1 + ||�̃t ||2L2L3)(1 + ||∇x �̃||2
L∞H 1) exp(c||�̃t ||2L2L3)

}
. (3.14)

Together with (3.13) estimate (3.14) yields (3.12). �
3.2. Linearized continuity equation and linearized Z-equation

The linearized continuity equation reads

�t + ũ · ∇x� + � divx(ũ) = 0 in QT , (3.15)

�(0, ·) = �0 in �. (3.16)

Analogously, the linearized Z-equation reads
11 
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Zt + ũ · ∇xZ + Z divx(ũ) = 0 in QT , (3.17)

Z(0, ·) = Z0 in �. (3.18)

Following the ideas of the proofs of [35, Lemma 2.3] and [36, Lemma 2.4], we prove the 
following result for the linearized continuity equation (3.15)--(3.16).

Lemma 3.5. Let ∂� ∈ C1, T > 0, ũ ∈ L1(0, T ;H 4(�)d) ∩ C([0, T ];H 3(�)d) with 
ũ|[0,T ]×∂� = 0 and �0 ∈ H 3(�). Then there exists a unique solution � ∈ C([0, T ];H 3(�)) to 
(3.15), (3.16) such that �t ∈ C([0, T ];H 2(�)). Moreover, there exist constants c2, c3 > 0 such 
that

||�||L∞H 3 ≤ ||�0||H 3 exp(c2||ũ||L1H 4) , (3.19)

||�t ||L∞H 2 ≤ c3||ũ||L∞H 3 ||�0||H 3 exp(c2||ũ||L1H 4) (3.20)

for all (T , ũ, �0, �) satisfying (3.15), (3.16) and having the aforementioned properties.

Proof. The existence of the solution can be proven by means of the method of characteristics. 
According to [7, Lemma A.6], the solution X(t,x) to

d 
dt

X(t,x) = ũ(t,X(t,x)), ∀ (t,x) ∈ [0, T ] × �,

X(0,x) = x, ∀ x ∈ �,

belongs to C1([0, T ];D3,2
d (�)), where

D3,2
d (�) =

{
η ∈ H 3(�)d

∣∣∣η : � → � is bijective and η−1 ∈ H 3(�)d
}
.

Applying the inverse function theorem to the map QT → QT , (t,x) �→ (t,X(t,x)), we see 
that X−1 ∈ C([0, T ];H 3(�)d) and X−1

t ∈ C([0, T ];H 2(�)d). Consequently, the solution � to 
(3.15), (3.16), which is given by

�(t,x) = �0(X
−1(t,x)) exp

⎛
⎝−

tˆ

0 

divx(ũ)(s,X(s,X−1(t,x))) ds

⎞
⎠ , (3.21)

is an element of C([0, T ];H 3(�)d) and its time derivative �t belongs to C([0, T ];H 2(�)d). 
Next, we prove the a priori estimates. Testing (3.15) with � and integrating over � yields

1

2

d 
dt

ˆ

� 

�2 dx + 1

2

ˆ

� 

ũ · ∇x(�2) dx +
ˆ

� 

�2 divx(ũ) dx = 0 .

Integrating by parts the second term and using ũ|[0,T ]×∂� = 0, we get
12 
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1

2

d 
dt

ˆ

� 

�2 dx + 1

2

ˆ

� 

divx(ũ) �2 dx = 0 .

Transferring the second term to the right-hand side and estimating it, we obtain

1

2

d 
dt

||�||2
L2 ≤ 1

2
||divx(ũ)||L∞||�||2

L2 ≤ c||ũ||H 4 ||�||2
H 3 .

By taking the derivatives ∂i, ∂j ∂i, ∂k∂j ∂i of (3.15),4 testing with ∂i�, ∂j ∂i�, ∂k∂j ∂i�, integrat
ing over � and integrating by parts the terms 

´
�

ũ · ∇x(∂i�)2 dx,
´
�

ũ · ∇x(∂j ∂i�)2 dx,
´
�

ũ ·
∇x(∂k∂j ∂i�)2 dx, we obtain the same estimates for d 

dt
||∂i�||2

L2 ,
d 
dt

||∂j ∂i�||2
L2 ,

d 
dt

||∂k∂j ∂i�||2
L2 , 

respectively. Consequently,

d 
dt

||�||2
H 3 ≤ c||ũ||H 4 ||�||2

H 3 .

Applying Gronwall’s inequality, we get

||�(t)||2
H 3 ≤ ||�(0)||2

H 3 exp

⎛
⎝ T̂

0 

c||ũ||H 4 ds

⎞
⎠

for a.a. t ∈ [0, T ]. Taking the square root on both sides of this inequality we derive (3.19). Esti
mate (3.20) follows immediately from (3.15) and (3.19). �

Analogously, we obtain the following result for the linearized Z-equation (3.17)--(3.18).

Lemma 3.6. Let ∂� ∈ C1, T > 0, ũ ∈ L1(0, T ;H 4(�)d) ∩ C([0, T ];H 3(�)d) with 
ũ|[0,T ]×∂� = 0 and Z0 ∈ H 3(�). Then there exists a unique solution Z ∈ C([0, T ];H 3(�))

to (3.17), (3.18) such that Zt ∈ C([0, T ];H 2(�)). Moreover, if c2, c3 are as in Lemma 3.5, then

||Z||L∞H 3 ≤ ||Z0||H 3 exp(c2||ũ||L1H 4) , (3.22)

||Zt ||L∞H 2 ≤ c3||ũ||L∞H 3 ||Z0||H 3 exp(c2||ũ||L1H 4) (3.23)

for all (T , ũ,Z0,Z) satisfying (3.17), (3.18) and having the aforementioned properties.

3.3. Existence of local-in-time strong solutions

Next, we combine the results of the previous subsections with Schauder’s fixed-point theorem 
to prove the existence of local-in-time strong solutions to (1.9)--(1.15), (1.8).

4 The computation where we apply the third order derivative to (3.15) is only formal since we have no information on 
the existence and regularity of ∂k∂j ∂i�t and ∂k∂j ∂i∇x�. The rigorous proof makes use of a regularization argument.
13 
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Theorem 3.7. Let ∂� ∈ C4, 0 < m < M , b ∈ L2
loc(R

+;H 2(�)d) such that bt ∈ L2
loc(R

+; 
L2(�)d), u0 ∈ H 3(�)d ∩ H 1

0 (�)d , �0,Z0 ∈ H 3(�), m ≤ �0(x),Z0(x) ≤ M for all x ∈ � and 
∇xp(Z0)|∂� = (�0b(0) + Lu0)|∂�. Then there exist a time T 	 ∈ (0, T ] and a solution (u, �,Z)

to (1.9)--(1.15), (1.8) in QT 	 with the following properties: �,Z ∈ C([0, T 	];H 3(�)), u ∈
L2(0, T 	;H 4(�)d) ∩ C([0, T 	];H 3(�)d), ut ∈ L2(0, T 	;H 2(�)d), ut t ∈ L2(0, T 	;L2(�)d), 
�t ,Zt ∈ C([0, T 	];H 2(�)) and �,Z > 0 in QT 	 .

Proof. We will prove Lemma 3.7 via a fixed-point argument. More specifically, we will apply 
Schauder’s fixed-point theorem (cf. Theorem A.2) to the following setup: The underlying Banach 
space is X= XT 	 = C([0, T 	];H 2(�)d+2), where T 	 ∈ (0, T ]. The map � is dfined on the set

R = RT 	 =
{
(ũ, �̃, Z̃) 

∣∣∣ ũ ∈ C([0, T 	];H 3(�)d) ∩ L2(0, T 	;H 4(�)d),

ũt ∈ C([0, T 	];H 1(�)d) ∩ L2(0, T 	;H 2(�)d),

||ũ||2
L∞H 3 + ||ũ||2

L2H 4 + ||ũt ||2L∞H 1 + ||ũt ||2L2H 2 ≤ B2,

ũ(0) = u0, ũ|[0,T 	]×∂� = 0,

�̃, Z̃ ∈ C([0, T 	];H 3(�)), ||�̃||L∞H 3 + ||Z̃||L∞H 3 ≤ B1,

�̃t , Z̃t ∈ C([0, T 	];H 2(�)), ||�̃t ||L∞H 2 + ||Z̃t ||L∞H 2 ≤ B3,

(�̃, Z̃)(0) = (�0,Z0), 
m

2 
≤ �̃, Z̃ ≤ 2M in QT 	

}

and maps an element (ũ, �̃, Z̃) of RT 	 to the triplet (u, �,Z) that contains the unique solutions 
to (3.1)--(3.3), (3.15)--(3.16) and (3.17)--(3.18) with T replaced by T 	 and

F ≡ �̃b − �̃(ũ · ∇x)ũ − ∇xp(Z̃).

Clearly, every fixed point of � represents a solution to (1.9)--(1.15), (1.8) in QT 	 . To ensure 
that our setup meets the requirements of Schauder’s fixed-point theorem, we need to choose the 
constants T 	, B1, B2 and B3 appropriately. First of all, if B1 and B2 are large enough, it turns 
out that RT 	 �= ∅ for every T 	 ∈ (0, T ]. Indeed, let R denote the continuous linear right inverse 
of the map

{
w ∈ L2(R+;H 2(�)d) 

∣∣wt ∈ L2(R+;L2(�)d)
}→ H 1(�)d, w �→ w(0);

see Theorem A.5. Then it follows from Corollary 3.4, Theorem A.5 and Theorem A.4 that the 
unique solution u∗ to

u∗
t − Lu∗ = −R(Lu0) in Q∞,

u∗|[0,∞)×∂� = 0,

u∗(0, ·) = u0 in �

satifies
14 
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||u∗||2
L∞(R+;H 3(�)d )

+ ||u∗||2
L2(R+;H 4(�)d )

+ ||u∗
t ||2L∞(R+;H 1(�)d )

+ ||u∗
t ||2L2(R+;H 2(�)d )

≤ c1

(
||RLu0||2L2(R+;H 2(�)d )

+ ||RLu0||2L∞(R+;H 1(�)d )
+ ||(RLu0)t ||2L2(R+;L2(�)d )

)
≤ c1(1 + C5)

(
||RLu0||2L2(R+;H 2(�)d )

+ ||(RLu0)t ||2L2(R+;L2(�)d )

)
≤ c1(1 + C5)C6||Lu0||2H 1(�)d

.

Thus, if we take

B2 > c1(1 + C5)C6||Lu0||2H 1(�)d
and B1 > 2(||�0||H 3 + ||Z0||H 3), (3.24)

then (u∗, �0,Z0) ∈ RT 	 for all T 	 ∈ (0, T ]. Henceforth, B1 and B2 satisfy (3.24). Next, we 
ensure that �(RT 	) ⊂ RT 	 . For this purpose, let (ũ, �̃, Z̃) ∈ RT 	 be arbitrary and (u, �,Z) =
�(ũ, �̃, Z̃). We need the following estimates that follow easily from the definitions of RT 	 and 
F :

||F ||2
L2H 2 ≤ c(B1,B2)

{(
1 + ||p||2

C3

)
T 	 + ||b||2

L2H 2

}
,

||Ft ||2L2L2 ≤ c(B1,B2,B3)
{(

1 + ||p||2
C2

)
T 	 + ||b||2

L2L2 + ||bt ||2L2L2

}
,

||Ft ||2L2H 1 ≤ c(B1,B2,B3)
{(

1 + ||p||2
C3

)
T 	 + 1 + ||b||2

L2H 1 + ||bt ||2L2H 1

}
,

||F ||2
L∞H 1 ≤ 4

(
||F (0)||2

H 1 + T 	||Ft ||2L2H 1

)
,

||�̃t ||2L2L3 ≤ c(B3)T
	.

Furthermore, it follows from (3.19), (3.20), (3.22), (3.23) and (3.24) that

||�||L∞H 3 + ||Z||L∞H 3 ≤ 1

2
B1 exp[c(B2)(T

	)1/2],

||�t ||L∞H 2 + ||Zt ||L∞H 2 ≤ c3B
1/2
2 B1 exp[c(B2)(T

	)1/2].

In addition, (3.12) yields

||u||2
L∞H 3 + ||u||2

L2H 4 + ||ut ||2L∞H 1 + ||ut ||2L2H 2

≤ c1

{
||F ||2

L2H 2 + ||F ||2
L∞H 1 +

(
||Ft ||2L2L2 + ||(ut )0||2H 1

)
· (1 + ||�̃t ||2L2L3)(1 + ||∇x �̃||2

L∞H 1) exp(c1||�̃t ||2L2L3)
}

≤ c1

(
||F ||2

L2H 2 + 4
(
||F (0)||2

H 1 + T 	||Ft ||2L2H 1

))
+ c1

(
||Ft ||2L2L2 + ||(ut )0||2H 1

)
(1 + c(B3)T

	)(1 + B2
1 ) exp(c1c(B3)T

	),

where
15 
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(ut )0 ≡ F 0 + Lu0

�0
∈ H 1

0 (�)d, F 0 ≡ F (0) = �0b(0) − (u0 · ∇x)u0 − ∇xp(Z0) ∈ H 1(�).

Hence, if we take

B2 > 4c1||F 0||2H 1 + c1(1 + B2
1 )||(ut )0||2H 1 and B3 > c3B

1/2
2 B1

and T 	 small enough, u, �,Z satisfy all estimates listed in the definition of RT 	 with the excep
tion of the lower and upper bounds for � and Z. However, since H 2(�) ↪→ C(�) for both d = 2
and d = 3,

||� − �0||C(QT 	 ) + ||Z − Z0||C(QT 	 ) ≤ c
(||� − �0||L∞H 2 + ||Z − Z0||L∞H 2

)
≤ cT 	

(||�t ||L∞H 2 + ||Zt ||L∞H 2

)≤ cT 	B3.

Consequently, if T 	 is sufficiently small, also the lower and upper bounds for � and Z are sat
ified. We have thus shown that �(RT 	) ⊂ RT 	 provided T 	 is small enough. We henceforth 
assume that T 	 is chosen accordingly. Next, we observe that RT 	 is a convex and closed subset 
of XT 	 . Moreover, since RT 	 is bounded in

{
(ũ, �̃, Z̃) ∈ L∞(0, T 	;H 3(�)d+2) 

∣∣ (ũ, �̃, Z̃)t ∈ L2(0, T 	;H 1(�)d+2)
}
,

it follows from the Aubin-Lions lemma (cf. Theorem A.3 in the appendix) that it is precompact 
in XT 	 . As RT 	 is precompact and closed in XT 	 , it is compact in XT 	 . Thus, it remains to show 
that � is continuous. To this end, let {(ũn, �̃n, Z̃n)}n ∈ N ⊂ RT 	 be a sequence that converges 
in XT 	 to (ũ, �̃, Z̃) ∈ RT 	 . We set (un, �n,Zn) = �(ũn, �̃n, Z̃n), (u, �,Z) = �(ũ, �̃, Z̃) and 
observe that these quantities satisfy the equations

�̃(u − un)t + 1

2
�̃t (u − un) − L(u − un)

= (�̃ − �̃n)b − (�̃ − �̃n)(un)t + 1

2
�̃t (u − un) − ∇x(p(Z̃) − p(Z̃n))

− (�̃ − �̃n)∇xũ · ũ − �̃n∇xũ · (ũ − ũn) − �̃n∇x(ũ − ũn) · ũn , (3.25)

(� − �n)t = ũ · ∇x(�n − �) + (ũn − ũ) · ∇x�n + �n divx(ũn − ũ) + (�n − �) divx(ũ) ,
(3.26)

(Z − Zn)t = ũ · ∇x(Zn − Z) + (ũn − ũ) · ∇xZn + Zn divx(ũn − ũ) + (Zn − Z) divx(ũ) .
(3.27)

We multiply (3.25) by u−un and integrate over �. Integrating by parts the term on the left-hand 
side involving the operator L, we obtain

1

2

d 
dt

ˆ

� 

�̃|u − un|2 dx + μ

ˆ

� 

|∇x(u − un)|2 dx + (λ + μ)

ˆ

� 

|divx(u − un)|2 dx

=
ˆ

(�̃ − �̃n)(u − un) · b dx + 1

2

ˆ
�̃t |u − un|2 dx
� � 
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+
ˆ

� 

[p(Z̃) − p(Z̃n)] divx(u − un) dx

−
ˆ

� 

(�̃ − �̃n)(u − un)
T · ∇xũ · ũ dx −

ˆ

� 

�̃n(u − un)
T · ∇xũ · (ũ − ũn) dx

−
ˆ

� 

�̃n(u − un)
T · ∇x(ũ − ũn) · ũn dx

≤ ||b||L2 ||u − un||L∞||�̃ − �̃n||L2 + ||�̃ − �̃n||L2 ||(un)t ||L2 ||u − un||L∞

+ ||�̃t ||L∞||u − un||2L2 + ||p||C1 ||Z̃ − Z̃n||L2 ||divx(u − un)||L2

+ ||�̃ − �̃n||L2 ||∇xũ||L2 ||ũ||L∞||u − un||L∞

+ ||�̃n||L∞||∇xũ||L2 ||ũ − ũn||L2 ||u − un||L∞

+ ||�̃n||L∞||∇x(ũ − ũn)||L2 ||ũn||L∞||u − un||L2 . (3.28)

Integrating (3.28) in time and using the bounds provided by RT 	 , we obtain

||u(t) − un(t)||2L2

≤ c(B1,B2,B3)
(
T 	(1 + ||b||L∞L2)||�̃ − �̃n||L∞L2 + T 	||p||C1 ||Z̃ − Z̃n||L∞L2

+ T 	||ũ − ũn||L∞H 1 +
tˆ

0 

||u − un||2L2 ds
)

for a.a. t ∈ (0, T 	). Using Gronwall’s lemma and (ũn, �̃n, Z̃n) → (ũ, �̃, Z̃) in XT 	 as n → ∞, 
we deduce that un → u in C([0, T 	];L2(�)d) as n → ∞. Next, we multiply (3.26) by � − �n

and integrate over �. Integrating by parts the first term on the right-hand side of the resulting 
equation, we obtain

1

2

d 
dt

ˆ

� 

|� − �n|2 dx = −1

2

ˆ

� 

divx(ũ)|� − �n|2 dx +
ˆ

� 

(� − �n)(ũn − ũ) · ∇x�n dx

+
ˆ

� 

�n(� − �n)divx(ũn − ũ) dx

≤ ||divx(ũ)||L∞||� − �n||2L2 + ||� − �n||L∞||ũ − ũn||L2 ||∇x�n||L2

+ ||�n||L∞||� − �n||L2 ||divx(ũ − ũn)||L2 . (3.29)

Integrating (3.29) in time and using the bounds provided by RT 	 , we obtain

||�(t) − �n(t)||2L2 ≤ c(B1,B2)

⎛
⎝T 	||ũ − ũn||L∞H 1 +

tˆ

0 

||� − �n||2L2 ds

⎞
⎠
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for a.a. t ∈ (0, T 	). Using Gronwall’s lemma and (ũn, �̃n, Z̃n) → (ũ, �̃, Z̃) in XT 	 as n → ∞, 
we deduce that �n → � in C([0, T 	];L2(�)) as n → ∞. Analogously, we show that Zn → Z

in C([0, T 	];L2(�)) as n → ∞. Thus, (un, �n,Zn) → (u, �,Z) in C([0, T 	];L2(�)d+2) as 
n → ∞. Since RT 	 is compact, it follows that (un, �n,Zn) → (u, �,Z) in XT 	 as n → ∞. Thus, 
we have shown that � is continuous. In particular, Schauder’s fixed-point theorem implies that 
� has a fixed point, which is a strong solution to (1.9)--(1.15), (1.8) in QT 	 with the desired 
properties. �
3.4. Uniqueness of strong solutions

In this section, we prove that the solution (u, �,Z) to (1.9)--(1.15), (1.8) is unique in the class

(u, �,Z) ∈ L∞(QT )d+2, divx(u) ∈ L1(0, T ;L∞(�)), ∇xu ∈ L2(0, T ;L3(�)d×d ),

ess inf
(t,x) ∈ QT

{�(t,x)}, ess inf
(t,x) ∈ QT

{Z(t,x)} > 0, ut ,∇x�,∇xZ ∈ L2(0, T ;L3(�)d ),

⎫⎪⎪⎬
⎪⎪⎭ (3.30)

provided ∂� ∈ C1 and b ∈ L2(0, T ;L3(�)d). To see this, we suppose that there are two (strong) 
solutions (u1, �1,Z1) and (u2, �2,Z2) in the class (3.30). In this case, the functions v = u1 −u2, 
η = �1 − �2, ζ = Z1 − Z2 satisfy the following equations in QT :

�1vt − Lv = η[b − (u2)t − (u2 · ∇x )u2] − �1[(u1 · ∇x )v + (v · ∇x )u2] − ∇x (p(Z1) − p(Z2)) , (3.31)

ηt = −u1 · ∇xη − v · ∇x�2 − �1divx(v) − η divx(u2) , (3.32)

ζt = −u1 · ∇xζ − v · ∇xZ2 − Z1divx(v) − ζ divx(u2) . (3.33)

We test (3.31) with v and integrate over �. Integrating by parts some terms and observing that, 
by (1.9),

1

2

ˆ

� 

(�1)t |v|2 dx = −1

2

ˆ

� 

divx(�1u1)|v|2 dx =
ˆ

� 

�1v
T · ∇xv · u1 dx ,

we obtain

1

2

d 
dt

ˆ

� 

�1|v|2 dx + μ

ˆ

� 

|∇xv|2 dx + (λ + μ)

ˆ

� 

|divx(v)|2 dx

=
ˆ

� 

η[b − (u2)t ] · v dx −
ˆ

� 

ηvT · ∇xu2 · u2 dx

−
ˆ

� 

�1v
T · ∇xu2 · v dx +

ˆ

� 

[p(Z1) − p(Z2)] divx(v) dx

≤ ||η||L2 ||v||L6

(||b||L3 + ||(u2)t ||L3 + ||∇xu2||L3 ||u2||L∞
)

+ ||�1||L∞||v||L2 ||∇xu2||L3 ||v||L6 + ||p||C1 ||ζ ||L2 ||divx(v)||L2

≤ 4ε ||v||2 6 + 3 ||η||2 2

(||b||2 3 + ||(u2)t ||2 3 + ||∇xu2||2 3 ||u2||2L∞
)

6 L 2ε L L L L
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+ 3 
2ε

||�1||2L∞||v||2
L2 ||∇xu2||2L3 + 3 

4δ
||p||2

C1 ||ζ ||2
L2 + δ

3
||divx(v)||2

L2

≤ c

{
4ε

6 

ˆ

� 

|∇xv|2 dx + δ

3

ˆ

� 

|divx(v)|2 dx

+
(

3 
2ε

[
||b||2

L3 + ||(u2)t ||2L3 + ||∇xu2||2L3 ||u2||2L∞

+ ||�1||2L∞||∇xu2||2L3

]
+ 3 

4δ
||p||2

C1

)ˆ
� 

(
�1|v|2 + �1|η|2 + Z1|ζ |2)dx

}
(3.34)

for all ε, δ > 0. Next, we test (3.32) with �1η and integrate over �. Together with the observation 
that, by (1.9),

1

2

ˆ

� 

(�1)t |η|2 dx = −1

2

ˆ

� 

divx(�1u1)|η|2 dx =
ˆ

� 

�1ηu1 · ∇xη dx ,

we obtain

1

2

d 
dt

ˆ

� 

�1|η|2 dx = −
ˆ

� 

�1ηv · ∇x�2 dx −
ˆ

� 

�2
1η divx(v) dx −

ˆ

� 

�1|η|2divx(u2) dx

≤ ||�1||L∞||η||L2 ||v||L6 ||∇x�2||L3 + ||�1||2L∞||η||L2 ||divx(v)||L2

+ ||divx(u2)||L∞
ˆ

� 

�1|η|2 dx

≤ ε

6
||v||2

L6 + 3 
2ε

||�1||2L∞||η||2
L2 ||∇x�2||2L3 + δ

3
||divx(v)||2

L2 + 3 
4δ

||�1||4L∞||η||2
L2

+ ||divx(u2)||L∞
ˆ

� 

�1|η|2 dx

≤ c

⎧⎨
⎩
[

3 
2ε

||�1||2L∞||∇x�2||2L3 + 3 
4δ

||�1||4L∞ + ||divx(u2)||L∞
]ˆ

� 

�1|η|2 dx

+ ε

6

ˆ

� 

|∇xv|2 dx + δ

3

ˆ

� 

|divx(v)|2 dx

⎫⎬
⎭ (3.35)

for all ε, δ > 0. Analogously, we get

1

2

d 
dt

ˆ

� 

Z1|ζ |2 dx

≤ c

⎧⎨
⎩
[

3 
2ε

||Z1||2L∞||∇xZ2||2L3 + 3 
4δ

||Z1||4L∞ + ||divx(u2)||L∞
]ˆ

Z1|ζ |2 dx
� 
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+ ε

6

ˆ

� 

|∇xv|2 dx + δ

3

ˆ

� 

|divx(v)|2 dx

⎫⎬
⎭ (3.36)

for all ε, δ > 0. Summing up (3.34)--(3.36), we get

1

2

d 
dt

ˆ

� 

(
�1|v|2 + �1|η|2 + Z1|ζ |2)dx + μ

ˆ

� 

|∇xv|2 dx + (λ + μ)

ˆ

� 

|divx(v)|2 dx

≤ c

{
ε

ˆ

� 

|∇xv|2 dx + δ

ˆ

� 

|divx(v)|2 dx +
(

3 
2ε

[||�1||2L∞||∇x�2||2L3 + ||Z1||2L∞||∇xZ2||2L3

+ ||b||2
L3 + ||(u2)t ||2L3 + ||∇xu2||2L3 ||u2||2L∞ + ||�1||2L∞||∇xu2||2L3

]+ ||divx(u2)||L∞

+ 3 
4δ

[
||�1||4L∞ + ||Z1||4L∞ + ||p||2

C1

])ˆ
� 

(
�1|v|2 + �1|η|2 + Z1|ζ |2)dx

}

for all ε, δ > 0. Choosing ε = μ/(2c) and δ = (λ + μ)/(2c), we may absorb the first two terms 
on the right-hand side into the last two terms on the left-hand side. Finally, applying Gronwall’s 
lemma, we deduce that (u1, �1,Z1) = (u2, �2,Z2). Thus, there exists at most one strong solution 
in the class (3.30).

4. Conditional regularity

Since the results of Section 3 only guarantee that the strong solution to (1.9)--(1.15), (1.8) ex
ists locally in time, it is desirable to investigate under which conditions it exists globally in time. 
In the literature several criteria for the regularity of solutions to both the incompressible as well as 
the compressible Navier-Stokes equations were investigated. In this paper, we follow the strategy 
used in [32] to obtain conditional regularity for the barotropic Navier-Stokes equations. In Sec
tion 4.1, we first recall Nash’s conjecture formulated in the context of compressible, viscous and 
heat conducting fluid flows. We also mention the state of the art for results in this direction and 
state the main result of Section 4 in Theorem 4.1. In Section 4.2, we present some preliminary 
results that are needed in the proof Theorem 4.1 which will be carried out in Section 4.3.

4.1. Nash’s conjecture and blow-up criteria

In 1958, Nash [28, p. 933] formulated the following conjecture for the governing equations of 
viscous, compressible and heat conducting fluids:

``Probably one should first try to prove a conditional existence and uniqueness theorem for 
the flow equations. This should give existence, smoothness, and unique continuation (in time) 
of flows, conditional on the non-appearance of certain gross types of singularity, such as 
ifinities of temperature or density.''
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This conjecture has been proven only recently in [15]. More precisely, if (u, �,ϑ) is the strong 
solution to the Navier-Stokes-Fourier system5 with maximal existence time Tmax < ∞, then it 
follows from [15, Theorem 1.4] that

lim sup
t ↑ Tmax

(||�(t)||L∞ + ||ϑ(t)||L∞) = ∞.

In the context of the barotropic Navier-Stokes equations one would expect to obtain the same 
result without the temperature. However, in this case, the best result known to the authors is the 
following; see [32] with [32, Lemma 3.1] replaced by [37, Lemma 3.1]:

(i) If 3λ < 29μ and Tmax < ∞, then lim sup
t ↑ Tmax

(||�(t)||L∞) = ∞.

From the considerations in [32] it further follows that the restriction on the viscosity coefficients 
λ,μ in the above blow-up criterion can be removed, provided the L∞-norm of the velocity is 
incorporated:

(ii) If Tmax < ∞, then lim sup
t ↑ Tmax

(||�(t)||L∞ + ||u(t)||L∞) = ∞.

Our aim is to prove the latter blow-up criterion for the strong solution to (1.9)--(1.15), (1.8)
obtained in the previous section.

Theorem 4.1. Let the assumptions of Theorem 3.7 be satified and let (u, �,Z) be the strong 
solution to (1.9)--(1.15), (1.8) with b = 0 and maximal existence time Tmax. If Tmax < ∞, then

lim sup
t ↑ Tmax

(||�(t)||L∞ + ||u(t)||L∞) = ∞.

4.2. Preliminary results

We start by recording some rfined results concerning the Lamé operator.

Lemma 4.2. Let q ∈ (1,∞) and let � ⊂ Rd be a bounded domain with ∂� ∈ C2.

(i) The Lamé operator is an isomorphism W 2,q(�)d ∩ W
1,q

0 (�)d → Lq(�)d . In particular, 
there exists a constant C0 > 0 such that

||L−1F ||W 2,q ≤ C0||F ||Lq

for all F ∈ Lq(�)d .
(ii) There exists a constant C1 > 0 such that

||L−1[∇xf ]||W 1,q ≤ C1||f ||Lq

5 Here, ϑ denotes the absolute temperature of the fluid.
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for all f ∈ W 1,q (�)d .
(iii) There exists a constant C2 > 0 such that

||L−1[∇xdivx(f )]||Lq ≤ C2||f ||Lq

for all f ∈ W 2,q(�)d ∩ W
1,q
0 (�)d .

Proof. For the proof of part (i) we refer to [31, Theorem 5.1].6 See also [2, Theorem 10.5] for a 
proof of a priori estimates for general elliptic systems. In the case ∂� ∈ C3, the unique solvability 
of the no-slip boundary value problem for the Lamé system (3.4)--(3.5) can also be deduced from 
Lemma 3.1 and [16, Corollario 1.1 and Teorema 3.5].

For a proof of part (ii) see [26, Theorem 8.1.1 and Section 8.6] or [3, Theorems 3.29 and 
3.31]. To prove part (iii), let p = q/(q − 1) and set U ≡ L−1[∇xdivx(f )]. Then (3.4)--(3.5)
are satified. We multiply (3.4) by an arbitrary function φ ∈ W ≡ W 2,p(�)d ∩ W

1,p

0 (�)d . After 
integrating by parts both sides of the result and taking the absolute value, we obtain

∣∣∣∣∣∣
ˆ

� 

U · Lφ dx

∣∣∣∣∣∣=
∣∣∣∣∣∣
ˆ

� 

f · ∇xdivx(φ) dx

∣∣∣∣∣∣≤ ||f ||Lq ||∇xdivx(φ)||Lp ,

where, by part (i),

||∇xdivx(φ)||Lp ≤ d ||φ||W 2,p ≤ dC0||Lφ||Lp .

Moreover, it follows from (i) that

||U ||Lq = sup 
ψ ∈ Lp\{0}

⎧⎨
⎩
∣∣∣∣∣∣
ˆ

� 

U · ψ

||ψ ||Lp
dx

∣∣∣∣∣∣
⎫⎬
⎭= sup 

φ ∈ W\{0}

⎧⎨
⎩
∣∣∣∣∣∣
ˆ

� 

U · Lφ

||Lφ||Lp
dx

∣∣∣∣∣∣
⎫⎬
⎭ .

Combining the above information, we get (iii). �
Before we can state the next result concerning the Lamé operator, we need to introduce the 

space of functions � → R with bounded mean oscillation. It is denoted by BMO(�) and is given 
by

BMO(�) =
{
f ∈ L2(�)

∣∣||f ||BMO(�) < ∞
}

,

where

6 Note that in [31] only the case d = 3 is considered. However, as observed in the proof of [11, Proposition A.1], a 
similar proof applies in the case d = 2.
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||f ||BMO(�) = ||f ||L2(�) + [f ]BMO(�),

[f ]BMO(�) = sup 
(x,r) ∈ �×R+

 

�r(x)

|f (y) − f�r(x)| dy.

Here, �r(x) = Br(x) ∩ �, Br(x) denotes the ball with center x and radius r and |�r(x)| is the 
Lebesgue measure of �r(x). Noting that

[f ]BMO ≤ 2||f ||L∞

for all f ∈ L∞(�), the following lemma is a consequence of [1, Theorem 2.2].

Lemma 4.3. Let � ⊂ Rd be a bounded domain with ∂� ∈ C2. Then ∇xL−1[divx(F)] ∈
BMO(�)d×d for all F ∈ W 1,∞(�)d×d . In particular, there exists a constant C3 > 0 such that

||∇xL−1[divx(F)]||BMO ≤ C3||F ||L∞

for all F ∈ W 1,∞(�)d×d .

We further need the following result.

Lemma 4.4 ([32, Lemma 2.3]). Let � ⊂ Rd be a bounded Lipschitz domain and q ∈ (d,∞). 
Then there exists a constant C4 > 0 such that

||f ||L∞ ≤ C4
(
1 + ||f ||BMO ln

(
e + ||∇xf ||Lq

))
for all f ∈ W

1,q

0 (�).

4.3. Proof of Theorem 4.1

Inspired by [36, Remark 2.6] and the reasoning in [5, Section 2], we start the proof of Theo
rem 4.1 by inspecting the proof of Theorem 3.7 again. We find that there exists a monotonously 
decreasing function T : [0,∞) → (0,∞) such that

Tmax ≥ T (D0), where D0 = max

{
||(u0, �0,Z0)||H 3 ,

∣∣∣∣
∣∣∣∣ 1 
�0

∣∣∣∣
∣∣∣∣
L∞

,

∣∣∣∣
∣∣∣∣ 1 
Z0

∣∣∣∣
∣∣∣∣
L∞

}
.

Therefore, a simple contradiction argument shows that

Tmax < ∞ ⇒ lim sup
t ↑ Tmax

(
||(u, �,Z)(t)||H 3 +

∣∣∣∣
∣∣∣∣ 1 
�(t)

∣∣∣∣
∣∣∣∣
L∞

+
∣∣∣∣
∣∣∣∣ 1 
Z(t)

∣∣∣∣
∣∣∣∣
L∞

)
= ∞. (4.1)

The idea is to prove Theorem 4.1 by contradiction, too. Thus, from now on, we assume that

Tmax < ∞ and sup 
t ∈ [0,Tmax)

(||u(t)||L∞ + ||�(t)||L∞
)≤ K (4.2)
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M. Lukáčová-Medvid’ová and A. Schömer Journal of Differential Equations 423 (2025) 1--40 
for some constant K > 0. Our goal is to prove that (4.2) implies

Tmax < ∞ and sup 
t ∈ [0,Tmax)

(
||(u, �,Z)(t)||H 3 +

∣∣∣∣
∣∣∣∣ 1 
�(t)

∣∣∣∣
∣∣∣∣
L∞

+
∣∣∣∣
∣∣∣∣ 1 
Z(t)

∣∣∣∣
∣∣∣∣
L∞

)
≤ K ′ (4.3)

for some constant K ′ > 0, which obviously contradicts (4.1).

4.3.1. Boundedness of Z
Our first observation is that, under assumption (4.2), Z is uniformly bounded. To see this, let 

again m,M > 0 be such that m ≤ �0,Z0 ≤ M . Then r = (2M/m)� − Z satifies

rt + divx(ru) = 0 with r(0, ·) = 2M

m 
�0 − Z0 ≥ M > 0.

Thus, the solution formula obtained via the method of characteristics (cf. (3.21)) implies

r(t,x) ≥ M exp

⎛
⎝−

tˆ

0 

||divx(u)(s)||L∞ ds

⎞
⎠≥ 0

for all (t,x) ∈ [0, Tmax) × �. Consequently, Z ≤ (2M/m)� and (4.2) yields

sup 
t ∈ [0,Tmax)

(||Z(t)||L∞) ≤ C. (4.4)

4.3.2. L2-estimate for ∇xu

We test (1.9) with |u|2/2 and (1.10) with u. We add up the resulting equations and integrate 
in space. After integration by parts we obtain

d 
dt

ˆ

� 

(
1

2
�|u|2

)
dx +

ˆ

� 

(
μ|∇xu|2 + (λ + μ)|divx(u)|2

)
dx =

ˆ

� 

p(Z) divx(u) dx.

Using Young’s inequality and (4.4), the right-hand side of this equation can be estimated as 
follows:

ˆ

� 

p(Z) divx(u) dx ≤ C

ˆ

� 

|divx(u)| dx ≤ C

ˆ

� 

(
C

2(λ + μ)
+ λ + μ

2C
|divx(u)|2

)
dx

≤ C + λ + μ

2 

ˆ

� 

|divx(u)|2 dx.

Consequently,

||√�u||L∞(0,T ;L2(�)d ) + ||∇xu||L2((0,T )×�)d×d ≤ C (4.5)

for all T ∈ [0, Tmax).
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4.3.3. Velocity splitting
To improve the estimate on the velocity, we follow the approach in [32] and introduce the 

velocity splitting u = v + w, where v(t) ≡ L−1[∇xp(Z(t))] is the solution to the Lamé system

Lv(t) = ∇xp(Z(t)) in �,

v(t)|∂� = 0.

It follows that w satifies

�wt − Lw = �f in QTmax , (4.6)

w|[0,Tmax)×∂� = 0, (4.7)

w(0, ·) = w0 ≡ u0 − v(0, ·) in �, (4.8)

where

f = −(u · ∇x)u − L−1[∇x(∂tp(Z))]
= −(u · ∇x)u + L−1[∇xdivx(p(Z)u)] + L−1[∇x((Zp′(Z) − p(Z))divx(u))].

4.3.4. A priori estimates for w
Since v(t) = L−1[∇xp(Z(t))], it follows from Lemma 4.2 that for every q ∈ (1,∞) there 

exists a constant C > 0 such that

||∇xv(t)||Lq ≤ C||p(Z(t))||Lq , (4.9)

||∇2
xv(t)||Lq ≤ C||∇xp(Z(t))||Lq (4.10)

for all t ∈ [0, Tmax). Moreover, we have the following lemma concerning a priori estimates for 
the velocity component w.

Lemma 4.5. Under assumption (4.2) there exists C > 0 such that for any T ∈ [0, Tmax)

||∇xw||L∞(0,T ;L2(�)d×d ) + ||√�wt ||L2((0,T )×�)d + ||∇2
xw||L2((0,T )×�)d×d×d ≤ C.

Proof. Testing (4.6) with wt and integrating over � yields

d 
dt

ˆ

� 

(
μ|∇xw|2 + (λ + μ)|divx(w)|2

)
dx +

ˆ

� 

�|wt |2 dx =
ˆ

� 

�f · wt dx.

Using Hölder’s inequality and Young’s inequality, we get

d 
dt

ˆ

� 

(
μ|∇xw|2 + (λ + μ)|divx(w)|2

)
dx + 1

2

ˆ

� 

�|wt |2 dx ≤ 1

2

ˆ

� 

�|f |2 dx. (4.11)

Recalling that
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f = −(u · ∇x)u − L−1[∇x(∂tp(Z))]
= −(u · ∇x)u + L−1[∇xdivx(p(Z)u)] + L−1[∇x((Zp′(Z) − p(Z))divx(u))],

we may estimate the right-hand side of (4.11) as follows:

||√�(u · ∇x )u||2
L2 ≤ C||∇xu||2

L2 ,

||√�L−1[∇xdivx (p(Z)u)]||2
L2 ≤ C||p(Z)u||2

L2 ≤ C||∇xu||2
L2 ,

||√�L−1[∇x ((Zp′(Z) − p(Z))divx (u))]||2
L2 ≤ C||L−1[∇x ((Zp′(Z) − p(Z))divx (u))]||2

L2

≤ C||∇xL−1[∇x ((Zp′(Z) − p(Z))divx (u))]||2
L2 ≤ C||∇xu||2

L2 .

Here, we have used (4.4) and Lemma 4.2. For the second and third estimate, we additionally 
relied on Poincaré’s inequality. Plugging the above estimates into (4.11), integrating in time and 
using (4.5), we see that

||∇xw||L∞(0,T ;L2(�)d×d ) + ||√�wt ||L2((0,T )×�)d ≤ C

for all T ∈ [0, Tmax). Moreover, since Lw = �wt − �f , it follows from elliptic regularity that

||∇2
xw||L2((0,T )×�)d×d×d ≤ C

(||�wt ||L2((0,T )×�)d + ||�f ||L2((0,T )×�)d
)

≤ C
(||√�wt ||L2((0,T )×�)d + ||√�f ||L2((0,T )×�)d

)≤ C

for all T ∈ [0, Tmax). �
Using (4.9), (4.10) and the Sobolev embedding theorem, we deduce from Lemma 4.5 the 

following corollary.

Corollary 4.6. Under assumption (4.2) there exists C > 0 such that for any T ∈ [0, Tmax)

||∇xu||L∞(0,T ;L2(�)d×d ) + ||∇xu||L2(0,T ;L6(�)d×d ) ≤ C.

4.3.5. Higher-order a priori estimates for w
Our next goal is to obtain higher-order a priori estimates for the velocity component w.

Lemma 4.7. Under assumption (4.2) there exists C > 0 such that for any T ∈ [0, Tmax)

||∇xw||L2(0,T ;L∞(�)d×d ) + ||∇2
xw||L2(0,T ;L6(�)d×d×d ) ≤ C.

Proof. Using the material derivative, the momentum equation (1.10) can be written as

�u̇ + ∇xp(Z) − Lu = 0.

Applying the material derivative to this equation, we obtain
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�u̇t + �(u · ∇x)u̇ + ∇xpt + divx(∇xp ⊗ u)

= μ[�xu̇ + divx(�xu ⊗ u)] + (λ + μ)[∇xdivx(ut ) + divx((∇xdivx(u)) ⊗ u)]. (4.12)

Next, we test (4.12) with u̇ and integrate the result over �. Integrating by parts some terms and 
using the continuity equation (1.9), we get

1

2

d 
dt

ˆ

� 

�|u̇|2 dx − (λ + μ)

ˆ

� 

u̇ · [∇xdivx(ut ) + divx((∇xdivx(u)) ⊗ u)] dx

= μ

ˆ

� 

u̇ · [�xu̇ + divx(�xu ⊗ u)] dx

ˆ

� 

[
pt divx(u̇) + (∇xp)T · ∇xu̇ · u]dx. (4.13)

Integrating by parts and applying Young’s inequality, we see that

−
ˆ

� 

u̇ · [�xu̇ + divx(�xu ⊗ u)] dx

=
ˆ

� 

(∇xu̇ : ∇xut + (�xu ⊗ u) : ∇xu̇
)

dx

=
ˆ

� 

(
|∇xu̇|2 − ∇xu̇ : ∇x(∇xu · u) + �xu · (∇xu̇ · u)

)
dx

=
ˆ

� 

(
|∇xu̇|2 − ∇xu̇ : ∇x(∇xu · u) − ∇xu : ∇x(∇xu̇ · u)

)
dx

=
ˆ

� 

(
|∇xu̇|2 − ∇xu̇ : (∇xu∇xu) − ∇xu̇ : [(u · ∇x)∇xu] − ∇xu : (∇xu̇∇xu)

)
dx

−
ˆ

� 

∇xu : [(u · ∇x)∇xu̇] dx

=
ˆ

� 

(
|∇xu̇|2 − ∇xu̇ : (∇xu∇xu) − ∇xu̇ : [(u · ∇x)∇xu] − ∇xu : (∇xu̇∇xu)

)
dx

+
ˆ

� 

(∇xu̇ : [(u · ∇x)∇xu] + divx(u)∇xu̇ : ∇xu
)

dx

=
ˆ

� 

(
|∇xu̇|2 − ∇xu̇ : (∇xu∇xu) − ∇xu : (∇xu̇∇xu) + divx(u)∇xu̇ : ∇xu

)
dx

≥
ˆ (

|∇xu̇|2 − (2 + √
d)|∇xu̇||∇xu|2

)
dx
� 
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≥
ˆ

� 

(
3

4
|∇xu̇|2 − (2 + √

d)2|∇xu|4
)

dx. (4.14)

Using in addition the identities

divx(∇xdivx(u) ⊗ u) = ∇x(u · ∇xdivx(u)) − divx(divx(u)(∇xu)T ) + ∇x(divx(u)2),

divx(u̇) = divx(ut ) + u · ∇xdivx(u) + ∇xu : (∇xu)T ,

we deduce that

−
ˆ

� 

u̇ · [�xu̇ + divx(�xu ⊗ u)] dx

=
ˆ

� 

(
|divx(u̇)|2 − divx(u̇)∇xu : (∇xu)T − divx(u)∇xu̇ : (∇xu)T + divx(u̇)divx(u)2

)
dx

≥
ˆ

� 

(
|divx(u̇)|2 − (1 + d)|divx(u̇)||∇xu|2 − √

d |∇xu̇||∇xu|2
)

dx

≥
ˆ

� 

(
1

2
|divx(u̇)|2 − μ 

4(λ + μ)
|∇xu̇|2 −

(
(1 + d)2

2 
+ d(λ + μ)

μ 

)
|∇xu|4

)
dx. (4.15)

Finally, using the Z-equation (1.11), the bound on Z (4.4) and Corollary 4.6, the pressure term 
can be handled as follows:

ˆ

� 

[
pt divx(u̇) + (∇xp)T · ∇xu̇ · u]dx =

ˆ

� 

[
p′Zt divx(u̇) + (∇xp)T · ∇xu̇ · u]dx

=
ˆ

� 

[
p′Z divx(u) divx(u̇) − (u · ∇xp) divx(u̇) + (∇xp)T · ∇xu̇ · u]dx

=
ˆ

� 

[
p′Z divx(u) divx(u̇) + p divx(divx(u̇)u) − p divx(∇xu̇ · u)

]
dx

=
ˆ

� 

[
p′Z divx(u) divx(u̇) + p divx(u̇) divx(u) − p∇xu : (∇xu̇)T

]
dx

≤ C||∇xu||L2 ||∇xu̇||L2 ≤ C||∇xu̇||L2 . (4.16)

Plugging (4.14)--(4.16) into (4.13), we get

d 
dt

ˆ

� 

�|u̇|2 dx + μ

ˆ

� 

|∇xu̇|2 dx + (λ + μ)

ˆ

� 

|divx(u̇)|2 dx ≤ C
(||∇xu||4

L4 + ||∇xu̇||L2

)
.

(4.17)

Since Lw = �u̇, w|[0,Tmax)×∂�, elliptic regularity and (4.2) yield
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M. Lukáčová-Medvid’ová and A. Schömer Journal of Differential Equations 423 (2025) 1--40 
||∇2
xw||L2 ≤ C||�u̇||L2 ≤ C||√�u̇||L2 .

Combining this information with Hölder’s inequality, Corollary 4.6, (4.9), (4.2), the Sobolev 
embedding theorem and Young’s inequality, we deduce that

||∇xu||4
L4 ≤ C||∇xu||L2 ||∇xu||3

L6 ≤ C||∇xu||3
L6 ≤ C||∇xu||2

L6

(||∇xw||L6 + ||∇xv||L6

)
≤ C||∇xu||2

L6

(
1 + ||∇2

xw||L2

)≤ C||∇xu||2
L6

(
1 + ||√�u̇||L2

)
≤ C||∇xu||2

L6

(
1 + ||√�u̇||2

L2

)
. (4.18)

Together with Young’s inequality, (4.17) and (4.18) yield

d 
dt

ˆ

� 

�|u̇|2 dx + μ

2 

ˆ

� 

|∇xu̇|2 dx + (λ + μ)

ˆ

� 

|divx(u̇)|2 dx

≤ C
(
1 + ||∇xu||2

L6 + ||∇xu||2
L6 ||√�u̇||2

L2

)
.

Thus, it follows from Gronwall’s inequality and Corollary 4.6 that

ˆ

� 

(�|u̇|2)(t) dx +
tˆ

0 

ˆ

� 

|∇xu̇|2 dxds ≤ C (4.19)

for all t ∈ [0, Tmax). Finally, using (4.2), Lemma 4.2 with q = 6 and the Sobolev embedding 
theorem, we see that

||∇2
xw||L2(0,T ;L6(�)d×d×d ) ≤ C||�u̇||L2(0,T ;L6(�)d ) ≤ C||u̇||L2(0,T ;L6(�)d )

≤ C||∇xu̇||L2(0,T ;L2(�)d×d ) ≤ C

for all T ∈ [0, Tmax). Moreover, we get from the Sobolev embedding theorem that

||∇xw||L2(0,T ;L∞(�)d×d ) ≤ C

for all T ∈ [0, Tmax). �
4.3.6. Higher-order a priori estimates for u, �,Z

We are now in the position to prove higher-order a priori estimates for u, � and Z. We start 
with an a priori estimate for ∇x� and ∇xZ.

Lemma 4.8. Under assumption (4.2) there exists C > 0 such that for any T ∈ [0, Tmax)

||∇xZ||L∞(0,T ;L6(�)d ) + ||∇x�||L∞(0,T ;L6(�)d ) ≤ C.

Proof. Taking the gradient of the Z-equation (1.11) we obtain

∇xZt = −(u · ∇x)∇xZ − (∇xu)T · ∇xZ − divx(u)∇xZ − Z∇xdivx(u) = 0. (4.20)
29 
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We test this equation with 6|∇xZ|4∇xZ and integrate over �. After an integration-by-parts ar
gument we arrive at

d 
dt

ˆ

� 

|∇xZ|6 dx = −5
ˆ

� 

divx(u)|∇xZ|6 dx − 6
ˆ

� 

Z|∇xZ|4∇xZ · ∇xdivx(u) dx

− 6
ˆ

� 

|∇xZ|4(∇xZ)T · ∇xu · ∇xZ dx. (4.21)

To handle the right-hand side of (4.21), we need the following estimates that follow from (4.2)
and the Lemmata 4.2, 4.3, 4.4:

||∇2
xv||L6 ≤ C||∇xZ||L6 ,

||∇xv||L∞ ≤ C(1 + ||∇xv||BMO ln(e + ||∇2
xv||L6)) ≤ C(1 + ||Z||L∞ ln(e + ||∇xZ||L6))

≤ C(1 + ln(e + ||∇xZ||L6)).

Using these estimates and (4.2), we deduce from (4.21) that

d 
dt

ˆ

� 

|∇xZ|6 dx ≤ C

⎛
⎝ˆ

� 

|∇xu||∇xZ|6 dx +
ˆ

� 

Z|∇xZ|5|∇xdivx(u)| dx

⎞
⎠

≤ C
(
||∇xu||L∞||∇xZ||6

L6 + ||∇2
xu||L6 ||∇xZ||5

L6

)
≤ C

([||∇xw||L∞ + ||∇xv||L∞
]||∇xZ||6

L6 + [||∇2
xw||L6 + ||∇2

xv||L6

]||∇xZ||5
L6

)
≤ C

([
1 + ||∇xw||L∞ + ln(e + ||∇xZ||L6)

]||∇xZ||6
L6 + ||∇2

xw||L6 ||∇xZ||5
L6

)
.

Now, we would like to apply Gronwall’s inequality. To this end, we have to modify the above 
inequality. Using Young’s inequality we observe that

||∇xZ||5
L6 ≤ 1

6

(
1 + 5||∇xZ||6

L6

)≤ e + ||∇xZ||6
L6 ,

e + ||∇xZ||L6 ≤ e + 1
6

(
5 + ||∇xZ||6

L6

)≤ 2
(
e + ||∇xZ||6

L6

)
.

Consequently,

d 
dt

⎛
⎝e +

ˆ

� 

|∇xZ|6 dx

⎞
⎠

≤ C
(
1 + ||∇xw||L∞ + ln(e + ||∇xZ||6

L6) + ||∇2
xw||L6

)(
e + ||∇xZ||6

L6

)
and dividing by e + ||∇xZ||6 6 yields
L
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M. Lukáčová-Medvid’ová and A. Schömer Journal of Differential Equations 423 (2025) 1--40 
d 
dt

ln

⎛
⎝e +

ˆ

� 

|∇xZ|6 dx

⎞
⎠≤ C

(
1 + ||∇xw||L∞ + ln(e + ||∇xZ||6

L6) + ||∇2
xw||L6

)
.

Thus, Lemma 4.7 and Gronwall’s inequality imply that

ln
(
e + ||∇xZ(t)||6

L6

)≤ C

for all t ∈ [0, Tmax) and, in particular,

||∇xZ(t)||6
L6 ≤ C

for all t ∈ [0, Tmax). Finally, the same computations can be done for the density � using the 
continuity equation (1.9). Note that this time we already know that

||∇xv(t)||L∞ + ||∇2
xv(t)||L6 ≤ C

for all t ∈ [0, Tmax). Thus, Gronwall’s inequality is directly applicable to the quantity ||∇x�(t)||6
L6

yielding

||∇x�(t)||6
L6 ≤ C

for all t ∈ [0, Tmax). �
With the help of the previous lemma, we can obtain second-order estimates for u and complete 

the first-order estimates for � and Z.

Corollary 4.9. Under assumption (4.2) there exists C > 0 such that for any T ∈ [0, Tmax)

||u||L2(0,T ;W 2,6(�)d ) + ||u||L∞(0,T ;H 2(�)d ) ≤ C, (4.22)

||�t ||L∞(0,T ;L6(�)) + ||Zt ||L∞(0,T ;L6(�)) ≤ C, (4.23)∣∣∣∣
∣∣∣∣ 1 
�

∣∣∣∣
∣∣∣∣
L∞(0,T ;L∞(�))

+
∣∣∣∣
∣∣∣∣ 1 
Z

∣∣∣∣
∣∣∣∣
L∞(0,T ;L∞(�))

≤ C. (4.24)

Proof. Using Poincaré’s inequality, (4.9), (4.10), Lemma 4.7, (4.4) and Lemma 4.8 we see that

||u||L2(0,T ;W 2,6(�)d ) ≤ ||w||L2(0,T ;W 2,6(�)d ) + ||v||L2(0,T ;W 2,6(�)d )

≤ C
(
||∇xw||L2(0,T ;L6(�)d×d ) + ||∇2

xw||L2(0,T ;L6(�)d×d×d )

)
+ C

(
||∇xv||L2(0,T ;L6(�)d×d ) + ||∇2

xv||L2(0,T ;L6(�)d×d×d )

)
≤ C + C

(||p(Z)||L2(0,T ;L6(�)) + ||∇xp(Z)||L2(0,T ;L6(�)d )

)
≤ C + C||∇xZ||L2(0,T ;L6(�)d ) ≤ C
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for all T ∈ [0, Tmax). Next, since �u̇+∇xp(Z)−Lu = 0, u|[0,Tmax)×∂� = 0, we may use elliptic 
regularity, (4.2), (4.4), (4.19) and Lemma 4.8 to deduce that

||u||L∞(0,T ;H 2(�)d ) ≤ C
(||�u̇||L∞(0,T ;L2(�)d ) + ||∇xp(Z)||L∞(0,T ;L2(�)d )

)
≤ C

(||√�u̇||L∞(0,T ;L2(�)d ) + ||∇xZ||L∞(0,T ;L2(�)d )

)≤ C

for all T ∈ [0, Tmax). Thus, (4.22) is proven. Using the Z-equation (1.11), (4.2), (4.4), 
Lemma 4.8, the Sobolev embedding theorem and (4.22), we see that

||Zt ||L∞(0,T ;L6(�)) ≤ ||u · ∇xZ||L∞(0,T ;L6(�)) + ||divx(u)Z||L∞(0,T ;L6(�))

≤ C
(||∇xZ||L∞(0,T ;L6(�)d ) + ||u||L∞(0,T ;H 2(�)d )

)≤ C

for all T ∈ [0, Tmax). Analogously, we obtain

||�t ||L∞(0,T ;L6(�)) ≤ C

for all T ∈ [0, Tmax). It remains to prove (4.24). From (4.22) and the Sobolev embedding theorem 
it follows that

||divx(u)||L1(0,T ;L∞(�)) ≤ C

for all T ∈ [0, Tmax). Thus, it follows from the solution formula obtained via the method of 
characteristics (cf. (3.21)) that

�(t,x) ≥ � exp

⎛
⎝−

tˆ

0 

||divx(u)(s)||L∞ ds

⎞
⎠≥ � exp(−CTmax) > 0

for all (t,x) ∈ [0, Tmax) × �. Analogously, we see that

Z(t,x) ≥ Z exp(−CTmax) > 0

for all (t,x) ∈ [0, Tmax) × �. This completes the proof. �
Next, we derive second-order estimates for �,Z and obtain a first estimate for third-order 

derivatives of u.

Lemma 4.10. Under assumption (4.2) there exists C > 0 such that for any T ∈ [0, Tmax)

||Z||L∞(0,T ;H 2(�)) + ||Zt ||L∞(0,T ;H 1(�)) ≤ C, (4.25)

||�||L∞(0,T ;H 2(�)) + ||�t ||L∞(0,T ;H 1(�)) ≤ C, (4.26)

||u||L2(0,T ;H 3(�)d ) ≤ C. (4.27)
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Proof. Applying ∂j ∂i , i, j ∈ {1, . . . , d}, to the Z-equation (1.11), we obtain

∂j ∂iZt + ∂j ∂iu · ∇xZ + u · ∇x∂j ∂iZ + ∂ju · ∇x∂iZ + ∂iu · ∇x∂jZ

+ ∂j ∂iZ divx(u) + Z ∂j∂idivx(u) + ∂iZ ∂j divx(u) + ∂jZ ∂idivx(u) = 0.

Next, we test this equation with 2∂j∂iZ and integrate over �. After integration by parts, we get

d 
dt

ˆ

� 

|∂j ∂iZ|2 dx = −
ˆ

� 

|∂j ∂iZ|2divx(u) dx − 2
ˆ

� 

∂j ∂iZ ∂iu · ∇x∂jZ dx

− 2
ˆ

� 

∂j ∂iZ ∂ju · ∇x∂iZ dx − 2
ˆ

� 

Z ∂j∂iZ ∂j ∂idivx(u) dx

− 2
ˆ

� 

∂iZ ∂j ∂iZ ∂j divx(u) dx − 2
ˆ

� 

∂jZ ∂j ∂iZ ∂idivx(u) dx

− 2
ˆ

� 

∂j ∂iZ ∂j ∂iu · ∇xZ dx =
7 ∑

k = 1
Ik, (4.28)

where, by Hölder’s inequality and Sobolev’s embedding theorem,

|I1| + |I2| + |I3| ≤ C||∇xu||L∞
ˆ

� 

|∇2
xZ|2 dx ≤ C||u||W 2,6

ˆ

� 

|∇2
xZ|2 dx. (4.29)

To estimate the remaining terms on the right-hand side of (4.28), we observe that, due to elliptic 
regularity, (4.24),7 Hölder’s inequality, (4.19), (4.2), (4.4), Sobolev’s inequality and Lemma 4.8,

||u||H 3 ≤ C
(||�u̇||H 1 + ||∇xp(Z)||H 1

)
≤ C

(||�u̇||L2 + ||�∇xu̇||L2 + ||u̇ ⊗ ∇x�||L2

)
+ C

(
||p′(Z)∇xZ||L2 + ||p′(Z)∇2

xZ||L2 + ||p′′(Z)∇xZ ⊗ ∇xZ||L2

)
≤ C

(
1 + ||∇xu̇||L2 + ||u̇||L3 ||∇x�||L6 + ||∇xZ||L2 + ||∇2

xZ||L2 + ||∇xZ||2
L4

)
≤ C

(
1 + ||∇xu̇||L2 + ||∇2

xZ||L2

)
. (4.30)

Thus, using Hölder’s inequality, (4.4) and Young’s inequality, we see that

|I4| ≤ C||∇2
xZ||L2 ||u||H 3 ≤ C||∇2

xZ||L2

(
1 + ||∇xu̇||L2 + ||∇2

xZ||L2

)
≤ C

(
1 + ||∇xu̇||2

L2 + ||∇2
xZ||2

L2

)
. (4.31)

7 To control p′′(Z) = γ (γ − 1)Zγ−2, we need both the upper and the lower bound for Z since we only know that 
γ > 1.
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Similarly, using Hölder’s inequality, Lemma 4.8, the Sobolev embedding theorem and Young’s 
inequality, we deduce that

|I5| + |I6| + |I7| ≤ C||∇xZ||L6 ||∇2
xZ||L2 ||∇2

xu||L3 ≤ C||∇2
xZ||L2 ||u||H 3

≤ C
(

1 + ||∇xu̇||2
L2 + ||∇2

xZ||2
L2

)
. (4.32)

Plugging (4.29), (4.31) and (4.32) into (4.28), we obtain

d 
dt

ˆ

� 

|∇2
xZ|2 dx ≤ C(1 + ||∇xu̇||2

L2) + C(1 + ||u||W 2,6)

ˆ

� 

|∇2
xZ|2 dx.

Now, due to (4.19) and (4.22), an application of Gronwall’s inequality shows that

||∇2
xZ||L∞(0,T ;L2(�)) ≤ C

for all T ∈ [0, Tmax). Recalling (4.4) and Lemma 4.8, we see that

||Z||L∞(0,T ;H 2(�)) ≤ C

for all T ∈ [0, Tmax). Using this estimate, (4.22), Hölder’s inequality and the Sobolev embedding 
theorem, it follows from (4.20) that

||∇xZt ||L∞(0,T ;L2(�)d ) ≤ C
(
||∇2

xZ||L∞(0,T ;L2(�)d×d )||u||L∞(0,T ;L∞(�)d )

+ ||∇xu||L∞(0,T ;L4(�)d×d )||∇xZ||L∞(0,T ;L4(�)d )

+ ||Z||L∞(0,T ;L∞(�))||∇2
xu||L∞(0,T ;L2(�)d×d×d )

)
≤ C||Z||L∞(0,T ;H 2(�))||u||L∞(0,T ;H 2(�)d ) ≤ C

for all T ∈ [0, Tmax). Together with (4.23), this yields

||Zt ||L∞(0,T ;H 1(�)) ≤ C

for all T ∈ [0, Tmax). Thus, (4.25) is proven. Estimate (4.26) can be proven analogously. The 
proof makes use of estimate (4.27) which is an immediate consequence of (4.30), (4.25) and 
(4.19). �

We are now able to obtain the desired estimate for u.

Corollary 4.11. Under assumption (4.2) there exists C > 0 such that for any T ∈ [0, Tmax)

||u̇||L∞(0,T ;H 1(�)d ) ≤ C, (4.33)

||u||L∞(0,T ;H 3(�)d ) ≤ C. (4.34)
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Proof. Differentiating the momentum equation (1.10) with respect to time, we see that u̇ is a 
solution to the problem

�u̇t − Lu̇ + �t u̇ = G,

u̇|[0,Tmax)×∂� = 0,

u̇(0, ·) = u̇0,

where

G = −L(∇xu · u) − ∂t∇xp(Z), u̇0 = Lu0 − ∇xp(Z0)

�0
.

Thus, estimate (4.33) follows from Lemma 3.3, (4.26), (4.25), (4.27) and (4.22). Then, combining 
(4.33) with (4.30) and (4.25), we get (4.34). �

Finally, we obtain the desired estimates for � and Z.

Lemma 4.12. Under assumption (4.2) there exists C > 0 such that for any T ∈ [0, Tmax)

||Z||L∞(0,T ;H 3(�)) ≤ C, (4.35)

||�||L∞(0,T ;H 3(�)) ≤ C. (4.36)

Proof. The proof of this lemma is analogous to that of Lemma 4.10. One more spatial derivative 
is required and thus, on the rigorous level, one has to work with regularizations again. �

Together, Corollary 4.11 and Lemma 4.12 show that (4.2) implies (4.3) which contradicts 
(4.1). Thus, Theorem 4.1 is proven.

5. Generalizations and further results

We have seen in Section 3 that -- under suitable assumptions on the initial data, the body force 
b, etc. -- there does exist a unique local-in-time strong solution (u, �,Z) to (1.9)--(1.15), (1.8). 
Further, as demonstrated in Section 4, this strong solution is global in time provided b = 0 and 
its density and velocity components remain uniformly bounded in time.

5.1. Generalizations

We would like to point out that Theorem 4.1 can also be proven without the restriction b = 0. 
That is, we have the following result, the proof of which is left to the reader.

Theorem 5.1. Let b ∈ L∞(R+;H 2(�)d), bt ∈ L∞(R+;H 1(�)d) and let the assumptions of 
Theorem 3.7 be satified. Let (u, �,Z) be the strong solution to (1.9)--(1.15), (1.8) with maximal 
existence time Tmax. If Tmax < ∞, then

lim sup (||�(t)||L∞ + ||u(t)||L∞) = ∞.

t ↑ Tmax
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Since the exclusion of initial vacuum ensures the nonappearance of vacuum at later times, the 
abovementioned results can be transferred to the setting of (1.1)--(1.8) via the transformation

(�,Z) �→ (�, θ) ≡
(

�,
Z

�

)
.

That is, we have the following results.

Theorem 5.2. Let ∂� ∈ C4, 0 < m < M , b ∈ L2
loc(R

+;H 2(�)d) such that bt ∈ L2
loc(R

+; 
L2(�)d), u0 ∈ H 3(�)d ∩ H 1

0 (�)d , �0, θ0 ∈ H 3(�), m ≤ �0(x), θ0(x) ≤ M for all x ∈ � and 
∇xp(�0θ0)|∂� = (�0b(0) + Lu0)|∂�. Then there exist a time T 	 ∈ (0, T ] and a unique strong 
solution (u, �, θ) to (1.1)--(1.8) in QT 	 in the class

�, θ ∈ C([0, T 	];H 3(�)), �, θ > 0 in QT 	, �t , θt ∈ C([0, T 	];H 2(�)),

u ∈ L2(0, T 	;H 4(�)d) ∩ C([0, T 	];H 3(�)d), ut ∈ L2(0, T 	;H 2(�)d),

ut t ∈ L2(0, T 	;L2(�)d).

Theorem 5.3. Let the assumptions of Theorem 5.2 be satified and let (u, �, θ) be the strong 
solution to (1.1)--(1.8) with maximal existence time Tmax. If Tmax < ∞, then

lim sup
t ↑ Tmax

(||�(t)||L∞ + ||u(t)||L∞) = ∞.

Remark 5.4. Looking at the proofs of Theorems 3.7 and 4.1, it turns out that they remain valid 
as long as the argument of the pressure function p is Z = �θ and p is any smooth function, 
p ∈ C1([0,∞)) ∩ C3(R+), not necessarily monotone.

Remark 5.5. Results analogous to Theorems 5.2 and 5.3 can be proven if the term −κ�xθ is 
added to the left-hand side of (1.4) and the additional boundary condition ∇xθ · n|[0,T ]×∂� = 0
is introduced.

5.2. Further results

Combining the above theorems with the DMV-strong uniqueness principle [24, Theorem 
3.3],8 we obtain the following corollary.

Corollary 5.6. Let the assumptions of Theorem 5.2 be satified with b = 0 and p(�θ) = a(�θ)γ , 
where a > 0, γ > 1. Let further V be a dissipative measure-valued solution to (1.1)--(1.8) in the 
sense of [23, Definition 2.1] with energy dissipation defect E, dissipation defect D and Reynolds 
concentration defect R and suppose there exist constants r, u > 0 such that

V(t,x)({�̃ ≤ r} ∩ {|ũ| ≤ u}) = 1.

8 By a density argument, the class of test functions in the definition of DMV solutions can be enlarged in such a way 
that the proof of the DMV-strong uniqueness principle is still valid if the velocity component u of the strong solution is 
in the class of functions given in Theorem 3.
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Then the strong solution (u, �, θ) to (1.1)--(1.8) exists and V(t,x) = δ(u,�,θ)(t,x) for a.e. (t,x) ∈
(0, T ) × �, E= 0, D([0, T ) × �) = 0 and R= 0.

Moreover, combining Theorems 5.2 and 5.3 with [23, Theorem 6.1], we obtain the following 
result.

Corollary 5.7. Let the assumptions of Theorem 5.2 be satified with b = 0 and p(�θ) = a(�θ)γ , 
where a > 0, γ > 1. Suppose further that the numerical approximations (uh, �h, θh)h ↓ 0 (h > 0
is a discretization parameter) obtained from the numerical scheme presented in [23, Section 3] 
satisfy

sup 
h > 0

{||(uh, �h)||L∞((0,T )×�h)d+1

}
< ∞.

Then the strong solution (u, �, θ) to (1.1)--(1.8) exists and (uh, �h, θh) → (u, �, θ) strongly in 
Lq(QT ) for any q ∈ [1,∞) as h ↓ 0.

Remark 5.8. Note that the same result as in Corollary 5.7 can be obtained for any consistent 
numerical scheme for (1.1)--(1.8). By a consistent numerical scheme we mean a scheme the 
solutions of which satisfy a weak formulation of (1.1)--(1.8) up to some consistency errors that 
vanish as h → 0; see [14, Definition 5.9].

CRediT authorship contribution statement
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Appendix A

We recall some classical results that are used in Section 3.

Theorem A.1 (Method of continuity, [17, Theorem 5.2]). Let B be a Banach space, V a normed 
vector space, and (Tα)α∈[0,1] a norm continuous family of bounded linear operators from B into 
V . Assume that there exists a positive constant C such that for every α ∈ [0,1] and every x ∈ B

||x||B ≤ C||Tα(x)||V .

Then T0 is surjective if and only if T1 is surjective as well.
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Theorem A.2 (Schauder’s fixed-point theorem, [29, Satz II]). Let R be a nonempty convex closed 
subset of a Banach space X and � : R → R a continuous map such that �(R) ⊂ R is compact. 
Then � has a fixed point.

Theorem A.3 (Aubin-Lions lemma, [8, Theorem II.5.16]). Let B0 ⊂ B1 ⊂ B2 be three Banach 
spaces. We assume that the embedding of B1 in B2 is continuous and that the embedding of B0
in B1 is compact. For p, r ∈ [1,∞] and T > 0 we dfine

Ep,r = {v ∈ Lp(0, T ;B0) 
∣∣vt ∈ Lr(0, T ;B2)

}
.

Then:

(i) If p < ∞, then the embedding of Ep,r in Lp(0, T ;B1) is compact.
(ii) If p = ∞ and r > 1, then the embedding of Ep,r in C([0, T ];B1) is compact.

For the proof of Theorem 3.7 we further need the following results that were proven in [21] in 
a more general setting. To obtain the results as stated below, we take X = H 2(�)d , Y = L2(�)d , 
j = 0, m = 1 and observe that

[H 2(�)d,L2(�)d ]1/2 = H 1(�)d .

For a short introduction to the interpolation spaces [X,Y ]θ with X,Y Hilbert spaces and 
θ ∈ [0,1] real numbers see [21, Section 2]. A more extensive introduction to interpolation theory 
can be found in [34, Chapter 1]. The aforementioned observation was proven in [21, Chapter 1, 
Theorem 9.6] for bounded domains � with smooth boundary and in [34, Section 4.3.2, Theorem 
2] for bounded domains satisfying the cone condition. For the connection between the presenta
tions in [21] and [34], we refer to [34, Section 1.18.10].

Theorem A.4 ([21, Chapter 1, Theorem 3.1]). There is a continuous embedding

{
w ∈ L2(R+;H 2(�)d) 

∣∣wt ∈ L2(R+;L2(�)d)
}

↪→ Cb(R
+;H 1(�)d).

In particular, there exists a constant C5 > 0 such that

||w||2
L∞(R+;H 1(�)d )

≤ C5

(
||w||2

L2(R+;H 2(�)d )
+ ||wt ||2L2(R+;L2(�)d )

)

for all w ∈ {w ∈ L2(R+;H 2(�)d) 
∣∣wt ∈ L2(R+;L2(�)d)

}
.

Theorem A.5 ([21, Chapter 1, Remark 3.3]). There exists a continuous linear right inverse R of 
the map

{
w ∈ L2(R+;H 2(�)d) 

∣∣wt ∈ L2(R+;L2(�)d)
}→ H 1(�)d, w �→ w(0).

Consequently, (Rv)(0) = v for all v ∈ H 1(�)d . Moreover, there exists a constant C6 > 0 such 
that
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||Rv||2
L2(R+;H 2(�)d )

+ ||(Rv)t ||2L2(R+;L2(�)d )
≤ C6||v||2

H 1(�)d

for all v ∈ H 1(�)d .
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