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Abstract

We study conditional regularity for the compressible Navier-Stokes equations with potential temperature
transport in a bounded domain Q C R4, d e {2, 3}, with no-slip boundary conditions. We first prove the
existence and uniqueness of local-in-time strong solutions. Further, we prove a blow-up criterion for the
strong solution in terms of L°°-norms for the density and the velocity.
© 2024 The Author(s). Published by Elsevier Inc. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).
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1. Introduction

In this paper, we consider the compressible Navier-Stokes equations with potential tempera-
ture transport. This model is often used in meteorological applications; see [13], [19], [22], [9].
It reads

or +divy(ou) =0 in O, (1.1)
(ou); + divy (ou ® u) — divy (S(Vyu)) + Ve p(08) = 0b in Or, (1.2)
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(00); + dive (0fu) =0 in Qr, (1.3)
(u, 0,0)(0, ) = (uo, 00, o) in Q, (1.4)
uljo,r1xo0 = 0. (1.5)

Here, T > 0 is a given time and Q2 C RY,d e {2, 3}, is a bounded domain and Q7 = (0, T) x Q.
o denotes the fluid density, u the fluid velocity, 0 the potential temperature of the fluid and b an
external body force. The pressure is given by

p(ef) =a(ed)’, a>0, y>1l. (1.6)
The viscous stress tensor S = S(Vyu) reads
S(Vew) = (qu n (qu)T> + A divy @), (1.7)
where the constant viscosity coefficients w, A satisfy
w>0, dr+2u=>0. (1.8)

Despite the importance of the model (1.1)—(1.8), its rigorous analysis is not yet complete. In
[25], global-in-time weak solutions to (1.1)—(1.8) are studied. Their existence is only proven
under the assumption y > 9/5; see [25, Theorem 1 with 7 (s) = s?]. However, the physically
relevant values for the adiabatic index y lie in the interval (1, 2] for d = 2 and in the interval
(1,5/3] if d = 3. Therefore, we have recently introduced the concept of dissipative measure-
valued (DMV) solutions for this model and proved the existence of such solutions for all y >
1; see [23]. Moreover, we proved a DMV-strong uniqueness principle stating that if a strong
solution and a DMV solution emanate from the same initial data, then they coincide; see [24,
Theorem 3.3]. By a strong solution to (1.1)—(1.8) we mean a solution (u, g, 0), where

0.0 €C(0,T; H(Q), 060>0 inQr, o6 €C(0,T]; H*(Q)),
uecl?>0,T; H(QHNnCqo, T H ()7, u, € L>(0, T; H*(Q)Y),
u; € L20, T; L2 ()%).

As far as we are aware, there is no existence result for strong solutions to the compressible
Navier-Stokes equations with potential temperature transport (1.1)—(1.4), (1.6)—(1.8) with the
no-slip boundary conditions (1.5) available in the literature. The only available existence result
for this system can be found in the recent work of Zhai, Li and Zhou [38], where the Cauchy
problem is studied. Both a local and a global existence result are stated. The strong solutions
belong to Besov spaces and are obtained by applying techniques from harmonic analysis.

The aim of the present paper is to reveal the importance of the DM V-strong uniqueness prin-
ciple. To this end, we first show that there do exist local-in-time strong solutions (1.1)—(1.8)
following the approach in [35], [36]. Afterwards, we prove the subsequent blow-up criterion for
the strong solution (u, 0, #) to (1.1)—(1.8) under the assumption b = 0':

' This assumption is only made to simplify the presentation; see also Section 5.
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If the maximal existence time Tinax Of the strong solution (u, o, €) to (1.1)—(1.8) is finite, then

hITnTSUP(”Q(f)HLO@ + [|u(t)|[L=) = oo.
t max

Consequently, the strong solution can always be extended beyond some given time T’ provided
its density and velocity components are bounded on (0, 7’) x €2. In the past years, a great va-
riety of blow-up criteria for the solutions to different Navier-Stokes systems have been studied;
see, e.g., [30], [6], [4] for the incompressible Navier-Stokes equations, [10], [18], [32] for the
barotropic Navier-Stokes equations and [33], [5], [15] for the Navier-Stokes-Fourier equations.
We further recall that already in 1958 John Nash conjectured that boundedness of certain quan-
tities, such as density and temperature, is sufficient to guarantee the continuability in time of
strong solutions to flow equations; see [28] and Section 4.1. Thus, our blow-up criterion can be
considered as a proof of Nash’s hypothesis for the compressible Navier-Stokes equations with
potential temperature transport.

Since it is technically easier, we first prove the abovementioned results for the following
system that arises from (1.1)—(1.8) by introducing the new variable Z = p6:

or+u-Veo+odivy(u) =0 in O, (1.9)

olus + (- Ve)ul — Lu + Ve p(Z) = 0b in 07, (1.10)
Z; +u-ViZ+ Zdive (u) =0 in 07, (1.11)
(u,0,72)0,-) = (uo, 00, Zo)  in L, (1.12)

ulo,71xoe =0. (1.13)

Here, we have denoted by L the Lamé operator

L=pAx 4+ (b4 ) Vedivy, (1.14)

where the viscosity coefficients satisfy (1.8), and the pressure now reads

p(Z)=aZV, a>0, y>1. (1.15)

As we only consider strictly positive initial densities oo and potential temperatures 6y, the results
for the transformed system then carry over to the original system (1.1)—(1.8).

The paper is organized as follows: In Section 2, we present our notation and state the con-
ventions used throughout the paper. Sections 3 and 4 form the heart of the paper. This is where
we prove the existence of local-in-time strong solutions and the blow-up criterion for the trans-
formed system (1.9)—(1.15), (1.8), respectively. In Section 5, we formulate our results for the
original system (1.1)—(1.8) and combine them with the DM V-strong uniqueness principle to draw
connections to our previous results for the Navier-Stokes equations with potential temperature
transport. In particular, combining the results from Section 5 with our previous results from [23]
and [24], we will obtain conditional convergence for any consistent numerical scheme for the
Navier-Stokes equations with potential temperature transport. More precisely, if the initial data
are sufficiently smooth and the numerical solutions are uniformly bounded with respect to a
discretization parameter, then the strong solution to the Navier-Stokes equations with potential
temperature exists and the numerical solutions converge strongly to it.

3



M. Lukdcovd-Medvid’ovd and A. Schomer Journal of Differential Equations 423 (2025) 1-40

2. General notation and conventions
We use the following notation and conventions.
2.1. Dimension and domain

The dimension in space is denoted by d. Unless otherwise stated, both d =2 and d = 3 are
admissible. Moreover,  always denotes a domain in R? and for r > 0 we write Q; = (0, 1) x Q.

2.2. Vectors and matrices

All vectors a € R? are interpreted as column vectors, i.e. as (d x 1)-matrices. The correspond-
ing row vectors are denoted by a’ . For a = (a;);, b= (b;); € R¢ and A = (@ij)ij, B =(bij)ij €
R4 we write

d d
a-b=Y aib;, la®=a - a, A:B= Y by, A=A A,
i=1 i,j=1

a®bz(a,~bj),-j, A@bE(aijbk),‘jk and b®AE(biajk)ijk.

The transpose of the matrix A is denoted by A7 = (aji)ij. Matrix multiplication of A and B is
written as AB or, for better readability, as A - B.

2.3. Differential operators

Let (f, f,F) = (f, (/i (fip)ij) : Q1 = R x RY x R, (2,x) = (f, f,F)(1,x). By
0; f = fr and 0y, f = 9; f we denote the partial derivatives of f with respect to ¢ and the i-th
component of x, respectively. Ay f denotes the Laplacian of f with respect to the spatial vari-
ables and f the material derivative of f, i.e.

d d
AxszB?f, f:Eft‘f‘(u'Vx)fEft'l'Z”iaxif’

i=1 i=1

where u = (u;); is the velocity component of the solution to (1.9)—(1.15), (1.8). The operators
s, Oy;, Ax as well as the material derivative are understood componentwise if applied to R4-
valued or R4*“-valued functions. We further write

Vef =@ fis  Vaf =@ f)ijy Vif=@@djij,  Vif=3; fijks

d d
dive(f)=Y difi,  dive@ =D 9, f;

i=1 j=1 ;
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2.4. Integral means

If W c R? is a Lebesgue measurable set and f € L' (W), then we use the following notation
for the integral mean of f over W

fwz][fdxz“m/fdx,
w w

where |W| denotes the Lebesgue measure of W.

2.5. Norms
Let k € N and p € [1, oo]. For brevity we write || - |[1» instead of || - |[Lr(q) Or || - |[1p(q)a OF
|- ||Lp(Q)d><d oreven || - ||Lp(9)d><d><d. The shorthands || - ||y« and || - [|y«.» are used analogously.
Moreover, if V is a normed vector space, we write || - ||y instead of || - ||1r(0,s;v) provided

the time instant ¢ > 0 is clear from the context.
Finally, in some places we write ||p||cx. By this we mean || p||ck (. g}y — the lower bound
r > 0 and the upper bound R > r for the pressure argument Z being clear from the context.

2.6. Constants

Unless otherwise stated, all constants c, ¢;, i € {0, ..., 3}, appearing in Section 3 depend at
most on d, 2, u, A, v, a, 0o, Zg, uo and the bounds m, M. In particular, they do not depend on
the final times 7', T*.

Unless otherwise stated, the constants C;, j € {0, ..., 6}, appearing mainly in Section 4 de-
pend at most on d, €2, i, A and the integrability constant g. Constants named C may additionally
depend on y, a, 0o, Zo, uo, the bounds m, M, the maximal existence time 7o« Of the strong so-
lution and on the uniform bound X in (4.2). In particular, the constants C, C;, j € {0, ..., 6}, do
not depend on the specific time instants ¢, T € [0, Tmax)-

In the sequel, the above dependencies will be suppressed in the notation. To keep the nota-
tion simple, we further allow the meaning of the unnumbered constants ¢, C (especially used in
proofs) to vary from line to line.

3. Local-in-time strong solutions

In this section, we prove existence and uniqueness of local-in-time strong solutions to the
compressible Navier-Stokes equations with potential temperature transport (1.9)—(1.15), (1.8).
To this end, we follow the strategy proposed in [35] and [36]. For the existence part, we choose
a suitable linearization to split the problem into three separate subproblems. In Section 3.1, we
prove the unique solvability of the linearized momentum equation and obtain a priori bounds for
it. Section 3.2 is devoted to the analysis of the linearized continuity equation and the linearized
Z-equation and in Section 3.3 we apply Schauder’s fixed-point theorem to prove the existence
of local-in-time strong solutions to (1.9)—(1.15), (1.8). Finally, we show the uniqueness of strong
solutions in Section 3.4.
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3.1. Linearized momentum equation

In this section, we analyze the following linearized version of the momentum equation:

ou;—Lu=F in O, 3.1
uljo,71x00 =0, (3.2)
u(©0,)=uy  in <. (3.3)

Here, 0 and F are given functions.

3.1.1. Elliptic regularity for the Lamé system
To obtain suitable a priori bounds for the solution to (3.1)-(3.3), we rely on the subsequent
lemma concerning solutions to the Lamé system
LU = uAyU + (A4 ) Vydivy(U) = F in €, (34
Ulse =0. 3.5)
Before formulating the result, let us recall that for any F € L*(2)¢ the Lamé system possesses

a unique weak solution U € HO1 (Q)¢. This is an immediate consequence of the Lax-Milgram
lemma (cf. [12, §6.2.1, Theorem 1]). Moreover, seeing that

1 ifa=8,

(LU)y = ae(a‘g‘,f oUp), where a;?‘,f = uSexbap + (A 4+ W)8eabip,  Sap = { 0 else

it follows from [27, Proposition 3.3 with r = 0] that the Lamé operator is strictly elliptic, i.e.
there exists a constant ¥ > 0 such that

d
S el zxie?
a,Blk=1

for all ¢ = (¢&f)ea € R?*4_Therefore, the proof of the subsequent lemma can be performed
following the steps in [12, §6.3].

Lemma 3.1. Let k € Ng and Q C R? a bounded domain with boundary 32 € C*+2. The Lamé
operator L is an isomorphism H**2(Q)4 n HO1 Q)4 > HYQ). In particular, there exists a
constant Co > 0> such that

IIL7 F|| gis2 < Col|F | i
forall F e HX().

In the sequel, we will often write “by elliptic regularity” instead of explicitly referring to
Lemma 3.1.

2 The constant Cp in Lemma 3.1 equals the constant Cy in Lemma 4.2 for ¢ = 2.
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3.1.2. Solutions to the linearized momentum equation

We begin our analysis of the linearized momentum equation by recording the following
lemma; cf. [35, Lemma 2.1].

Lemma 3.2.Let 9Q € C2, T >0, 0 <m < M, p € L¥(Qr), m/2 < b <2M a.e. in

Or, F e L20, T; L>()9) and ug € HO1 ()4, Then there exists a unique solution u €
L0, T; H2()Y) N C([0, T1; H} ()%) to (3.1)~(3.3) such that u, € L*(0, T; L*()) and

/'LHV u||LooL2+32M2||L ||L2L2+ ||ut||L2L2

2 4 m 2
< Bu A 601 Veuol T2 +2( — + = ) I 00
In order to show higher regularity of the solution to (3.1)—(3.3), we consider the equation

oVi—LV+4V=G  inQr (3.6)

that can be formally obtained by taking the derivative of (3.1) with respect to ¢ and by setting
V =u; and G = F;. The basic idea is to find a solution to (3.6) and to integrate it in time to
obtain a solution to (3.1). For the moment, however, we shall treat equation (3.6) as independent
and we equip it with the initial and boundary conditions

Vi, 11x80 =0, 3.7

V(©,)=Vy inS. (3.8)

Lemma 3.3.Let 0Q € C3 T >0, 0<m < M, 0 €L®Qr), m/2<p0 <2M ae. in Qr,
0(0,) € L®(Q), m <5(0,-) <M a.e. in Q, o; € L*>(0, T; L3(R)), G € L*(0, T; L>(2)%), and

Vo € H} (Q)?. Then there exists a unique solution V € L>(0, T; H*(2)?) N C([0, T; H} (2)%)
10 (3.6)—(3.8) with V; € L%(0, T; L>(2)4). Moreover; there exists a constant co > 0 such that

2 2 2
||V||L2H2+||V||L°°H1 +||VI||L2L2

<co (||G||§2Lz + ||Vo||§,l) (1+118:1172,3) expleoll@r]172,5) (3.9)
forall (T, o, G, Vy, V) satisfying (3.6)—(3.8) and having the aforementioned properties.

Proof. Since the structure of (3.6) is almost the same as that of (3.1), we use the same strategy
for the proof as was used for the proof of [35, Lemma 2.1]. We start by proving a priori estimate
(3.9). Testing (3.6) with V, — ggLV (with gg to be chosen suitably), integrating over 2 and
performing integration by parts on the term fQ V, - LV dx, we obtain (cf. the proof of [35,
Lemma 2.1])°

3 Note that this computation is formal since we have no information concerning the differentiability of VyV with
respect to time. The rigorous proof can be performed using a time regularization of V.

7
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m 2 d 2 d . 2 m 2
5IIVzIILz+Ma||VxVI|Lz+(K+M)alldlvx(V)I|Lz+WIILV||L2
4 m 2 N
= Z+16M2 HGll2+| [ oV -(Vi—eLlV)dx
Q
SCHGHiz+||ét||L3||V||L6(||Vt||L2+80||LV||L2)
2 ~ 12 2 m 2 m 2
Sc(nGan+||g,||L3||V||L6)+Z||V,||L2+W||LV||L2.

In view of Poincaré’s inequality, the above inequality implies

. d - ..od
IVillZe + 2 5 1V VT + Got ) HIdive (VI + LV

= c(IGI: + 112 @IV VI + G+ Dldve WD) (3.10)

with certain constants & = (u, m, M) > 0, x= ):()», m, M) > 0. Applying Gronwall’s lemma
and Poincaré’s inequality, we deduce

V1B = e (11613, + 11Voll3 ) exp(eli@i?s, . 3.11)

Furthermore, integrating (3.10) over (0, T) and using the standard elliptic theory as well as
(3.11), we get

ViR + IV I < e (IVil s +IILVIE )
T
<c ||vxvo||iz+||G||izL2+/||ét||ia||va||iz dr
0

< (G122 2 + Vol ) (1 11801 explellaZa, ) -

Next, we prove the existence of a solution to (3.6)—(3.8). In the case ¢ = (0o)g it is well known
that for every pair (G, Vo) € L*>(0, T; L>(2)%) x HO1 (£2)? there exists a solution in the desired
regularity class; see, e.g., [20, Chapter VII, §10, Theorem 10.4]. To prove the existence of a so-
lution for an arbitrary o, we employ the method of continuity (cf. Theorem A.1 in the appendix).
We define the Banach spaces (H, || - [l1), (W, || - |ly) via

H=[vero.r:r* @ nHy@) |vie 0. T: 2@ |, V113, =LHS of (3.9),

Y="120,T; L> %) x H} (@), (G, V0)||§, = RHS of (3.9).

Furthermore, for @ € [0, 1] we set

0o =(1—-a)eo)o+ae and  To=(1-a)To+all,

where Ty, T1 : H — Y,



M. Lukdcovd-Medvid’ovd and A. Schomer Journal of Differential Equations 423 (2025) 1-40

To(V) = ((eo)a Vi = LV, V(0)), Ti(V)=(@V:— LV +0,V.V(0),

ie. Ty (V) = (Ty1(V), Tu2(V)) = (04 Vi — LV + (0a):V, V(0)). Clearly, an operator T,
is surjective if and only if (3.6)—(3.8) with o replaced by o, is solvable for all (G, Vy) €
L2(0,T; L2()%) x HO1 (2)?. Hence, Tj is surjective. In order to show that 7} is surjective as
well, we need to show that (Ty)q 0,17 1S @ norm continuous family of bounded linear operators
‘H — Y and that there exists ¢ > 0 such that

VIl < cllTa(W)lly

for all « € [0, 1] and all V € H. Obviously, the operators (Ty)q e[0,1] are linear. Their bounded-
ness follows from the observation that

1TaI = co (1leaVi = LV + @a)i VI o + VIR, ) (411G, 5) expleol 611122, 3)
<c(IViIBa 2 + VIR0 1@ R 311V o6 IV IR o1 ) L+ 112012, 5) expleoll@n2 o)
< (IVilRap2 + VIR0 18002 31V o1 + VIR o1 ) 1120125, 5) expleoli@n2 o)

< e +118rl172,3)” expleollar |l 2, IV I

for all @ € [0, 1] and all V € H. The continuity of the map [0, 1] > a +— T, € L(X,)) is a
consequence of

(T, = T )V)IT3,

= co| (@1 — (@ — () Vi + 8 V1|[ 72,2 (1 + 1131125, 3) expleolle |25, 5)

<clar —aaP(IVill72,2 + 118 VIIZ2,2) A+ 11801132, 3) expleolldr]172,5)

<clar — a2 P(IVill3 2,2 + 1811325 1V o 1) L+ 118:113 2, 5) expleol 81117, 5)

<clor — P (1 +118:1172,3)* expleol 181172, DIV I3

for all a1, o € [0, 1] and all V € H. Next, let us fix an arbitrary pair (¢, V) € [0, 1] x H. Since
V satisfies (3.6)—(3.8) with g replaced by g, and (G, Vo) = T (V), the a priori estimate yields

V113, <co (||Ta,1(V)||isz + ||V<0>||i,1) (14 11(@a)t 1172, 3) exp(coll(@a)il[3 2, 3)
< ¢ (||Ta,1<v>||izL2 + ||V<0)||§,1) (L+118:1132,5) expleoll@r1172,3) = 1 Ta (V)13

Hence, the method of continuity is applicable and implies that 77 is surjective or, equivalently,
that for every (G, Vo) € H there exists a solution V € ) to (3.6)—(3.8). Finally, the proof of
uniqueness is trivial. O

Then, following the idea of integrating in time the solution V to (3.6)—(3.8), we obtain the
following corollary.
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Corollary 3.4.Let 92 e C*, T >0, 0 <m < M, p € L¥(Q71), m/2 <o <2M a.e. in Qr,
8(0,) € L®¥(Q), m < 5(0,-) <M ae. in Q, &€ L®0,T; H*(Q)?), &; € L*(0, T; L3(Q)),
F € L*0,T; H*(Q)%), F, € L*(0,T; L*(Q)%), [F(0) + Luol/0(0) € H) () and ugy €
H3(Q)? N H} (7. Then the solution to (3.1)~(3.3) is such that u € L*(0, T; H*()%) N
C(0,T); H3( @), u; € L*0,T; HX(Q)Y) n €0, T]; H'(Q)), uy € L*(0,T; L*(Q)%).
Moreover, there exists a constant ci > 0 such that

2 2 2 2 2
||u||LooH3 +||u||L2H4+||ut||LooHl + ||ul||L2H2 + ||ull||L2L2

F(0) + Lug

<c ||F||22H2+||F||iwm+(||Ft||§2L2+H 20

2
H!

S+ 11861172, + ||vxé||iooH1>exp(cluétnizp)} (3.12)

forall (T, p, F,uq,u) satisfying (3.1)—(3.3) and having the aforementioned properties.

Proof. Let V be the solution to (3.6)—(3.8) with G = F; and Vo = (F(0) + Lug)/0(0) from
Lemma 3.3. Then,

t
u(t) =ug + / V(s)ds € H' (0, T; H*()%) — C ([0, T]; H*()%)
0

satisfies #(0) = uo, uljo,r1xo0 = 0, u, = V € L2(0, T; H*(Q)%) N C([0, T]; H} (), uy =
V, e L*0,T; L2(2)?) and

t t
(Bu; — Lu)(t) = 3V)(t) — L uo+/V(s) ds =(éV)(t)—Luo—/LV(s) ds
0

0
t

— V)0 + /(Ft — 5V —3Vi)(s) ds
0

t

=@V)(®) —Luo+/

0
=(©V)(®) — Lug+ F(t) — (@V)(1) = F(0) + @V)(0) = F(1)

d(F —oV)

” (s)ds

for all t € [0, T']. That is, u solves (3.1)—(3.3). To prove (3.12), we observe that (3.9) yields

2 2 2
||ut||L2H2+||ut||LooHl +||utt||L2L2

2 2 2
= ||V||L2H2 + ||V||LocH1 + ||Vt||L2L2

10
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F(0)+ Lug ||?

sc<||F,||§2L2+H 50

Moreover, by the assumptions on F, o, we have F — pu; € LZ(O, T; HQ(Q)d) and thus u €
L*(0, T; H*(2)?) by elliptic regularity. Additionally,

) L+ 118:117 2, ) explell@rl72,2). (3.13)
H

[ 2 s < cliLull3on =clIF = 8VI[72p2 <c (IIF1172 g2 + 118V 2y
L“H L“H L“H L“H L“H
Sc(||F||iz,,z+||@V||22L2+||éva||izL2+||vxé®V||22L2
2~ 2 ~ 2 ~72 2
+||VxQ®V||L2L2 +2||VXQ®VXV||L2L2+||QVxV||L2L2
sc(||F||isz+||V||izH2+||vx@||§mL3||V||izL6+||V,%@||§OOL2||V||12LM
119581 a0 1V V1226 )
2 ~112 2
Sc(||F||L2H2+<1+||vxg||LooH1>||V||L2H2),
1] s = CllLul ey = €l F =8V o pys = ¢ (I1F1 e #1180V 1)

Sc(||F||imH1 F 1BV a2 + 10V VIF oo + 11V ® vniw)

IA

¢ (IF 1B + NV B+ 19081 31V )
< (IFIR g + (11581 DIV I s )
and thus, by (3.9),

2 2
||u||L2H4 + ||u||LooH3

F(0)+ Luo ||?
<cIFI2 0 HIFIPwpp + ||Ft||izL2+H~—
0(0) H!
S+ 11861172, + ||vxé||imH1)exp(c||@t||izL3)}. (3.14)
Together with (3.13) estimate (3.14) yields (3.12). O
3.2. Linearized continuity equation and linearized Z-equation
The linearized continuity equation reads

0+t - Veo +odive (@) =0 in Or, (3.15)
0(0,)=00 inS. (3.16)

Analogously, the linearized Z-equation reads

11
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Zi+ii-VeZ + Z dive (it) = 0 in Or, (3.17)
Z(0,)=2Zo inQ. (3.18)

Following the ideas of the proofs of [35, Lemma 2.3] and [36, Lemma 2.4], we prove the
following result for the linearized continuity equation (3.15)—(3.16).

Lemma 3.5.Ler 9Q € C', T > 0, @ € L0, T; H* ()% n C(0,T1; H3(Q)%) with
uljo,71xo0 =0 and oo € H3(Q). Then there exists a unique solution o € C([0, T]; H3(Q)) to
(3.15), (3.16) such that o; € C([0, T]; HZ(Q)). Moreover, there exist constants co, c3 > 0 such
that

llellLe g3 = lleoll g3 expleallallL1y4) (3.19)

oo 2 < e3llil| oo g3 lleol| 3 exp(eallall 1 y4) (3.20)
forall (T, u, oo, 0) satisfying (3.15), (3.16) and having the aforementioned properties.

Proof. The existence of the solution can be proven by means of the method of characteristics.
According to [7, Lemma A.6], the solution X (¢, x) to

%X(r,x):ﬁ(t,X(t,x)), Y(t,x)e[0,T] x Q,

X(0,x)=x, Vx eQ,

belongs to C1([0, T']; @3’2(9)), where

73HQ) = {n c H3(Q)? ‘ 1: S — Qs bijective and 5! € H3(Q)d}.
Applying the inverse function theorem to the map Qr — Qr, (¢,x) — (¢, X(¢,x)), we see
that X~ e C([0, T]; H3()) and X; ! € C([0, T1; HX(R)). Consequently, the solution o to

(3.15), (3.16), which is given by

t

o(t,x) = 00X~ (1, x)) exp —/diVx(ﬂ)(s,X(s,X_l(t,x))) ds |, (3.21)
0

is an element of C([0, T1; H3(2)?) and its time derivative o belongs to C([0, T]; H2(Q)Y).

Next, we prove the a priori estimates. Testing (3.15) with ¢ and integrating over €2 yields

1d 1 (. o
——/dex—i——/u~Vx(Q2)dx+/Q2d1vx(u)dx:0.
2 dr 2

Q Q Q

Integrating by parts the second term and using #|j0, 71xae = 0, we get

12
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di/ /dlvx(u)g dx =0
Q

Transferring the second term to the right-hand side and estimating it, we obtain

N =

||Q||L2 <3 ||d1Vx(u)||L°°||Q|| <cllal] yllolI3

| =
Q-|Q_

By taking the derivatives 9;, 0;0;, dxd;09; of (3.15),* testing with 0,0, 0;0;0, 0x0; BiQ, integrat-
ing over Q and integrating by parts the terms [, & - Vi (3;0)* dx, fQ it - Vy(3;0;0)* dx, [ -
Vi (8k8]8,Q) dx, we obtain the same estimates for dl||3,Q||L2, dz||31819”L2’ dt||8k8]8,4Q|ILZ,
respectively. Consequently,

o llellzs = cli@llgallellys -
Applying Gronwall’s inequality, we get

T

o175 < 11e(0)]13, exp /Cllftllm ds
0

for a.a. t € [0, T']. Taking the square root on both sides of this inequality we derive (3.19). Esti-
mate (3.20) follows immediately from (3.15) and (3.19). O

Analogously, we obtain the following result for the linearized Z-equation (3.17)—(3.18).
Lemma 3.6.Ler 9Q € C', T > 0, @ € L', T; H*(2)% N C([0,T1; H3(Q)4) with

ulo,71xo0 =0 and Zy € H3(Q). Then there exists a unique solution Z € C([0,T]; H3(Q))
to (3.17), (3.18) such that Z, € C([0, T1; H*(R2)). Moreover, if ¢z, c3 are as in Lemma 3.5, then

1 Z11 o3 = [1Zoll g3 exp(eallul| g g4) (3.22)
1Zill oo 2 < c3llt]| oo g3l Zoll g3 exp(eal @]l g1 g4) (3.23)
forall (T,u, Zy, Z) satisfying (3.17), (3.18) and having the aforementioned properties.
3.3. Existence of local-in-time strong solutions

Next, we combine the results of the previous subsections with Schauder’s fixed-point theorem
to prove the existence of local-in-time strong solutions to (1.9)—(1.15), (1.8).

4 The computation where we apply the third order derivative to (3.15) is only formal since we have no information on
the existence and regularity of ;9 9; 0 and 9 9;0; Vxo. The rigorous proof makes use of a regularization argument.

13
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Theorem 3.7.Let Q2 € C*, 0 <m < M, b e L} (R*; H*(Q)?) such that b, € L} (RT;
L2 (%), ug € H3 (@)Y N HH(Q)?, 00, Zo € H3(Q), m < 00(x), Zo(x) < M for all x € Q and
Vi p(Zo)laq = (00b(0) + Lug)|sq. Then there exist a time T* € (0, T] and a solution (u, o, Z)
to (1.9)—(1.15), (1.8) in Qr~ with the following properties: o, Z € C([0, T*]; H3(Q)), uc
L0, T* HY (@)% N C([0, T*]; H3(Q)?), u; € L2(0, T*; H*()), uyy € L2(0, T*; L*(2)9),
01, Z € C([0, T*); H*(Q)) and 0, Z > 0 in Q7.

Proof. We will prove Lemma 3.7 via a fixed-point argument. More specifically, we will apply
Schauder’s fixed-point theorem (cf. Theorem A.2) to the following setup: The underlying Banach
space is X = X7+ = C([0, T*]; H*(2)4+?), where T* € (0, T']. The map @ is defined on the set
R=Rp-={(@0.2)|aecqo. 1 B3 @M n L0, 7% HY ),

i, € C(10, T H (@) N L*(0, T* H* (@)Y,

8113 ooy + N7 2 0 + 8|17 o1+ 111322 < Ba,

u(0) =uo, uljo,7+1xa0 =0,

0.ZeC(0,T*1: H* (), 18l ~ps + 1 Zll ps < B,

0. 2 € CU0. T*L H* (), 1101l g2 + 11 Zell o 2 < Bs,

©.2)(0) = (0. Z0). > <6.7 <2Min 07+

2
and maps an element (u, Q, Z) of Ry« to the triplet (u, o, Z) that contains the unique solutions
to (3.1)—(3.3), (3.15)—(3.16) and (3.17)—(3.18) with T replaced by 7* and

F=0b— 0@ Vy)i—Vyp(Z).
Clearly, every fixed point of & represents a solution to (1.9)—(1.15), (1.8) in Q7+. To ensure
that our setup meets the requirements of Schauder’s fixed-point theorem, we need to choose the
constants T*, By, B, and B3 appropriately. First of all, if By and B, are large enough, it turns

out that Ry« # @ for every T* € (0, T]. Indeed, let Z denote the continuous linear right inverse
of the map

{we PR H*( Q) |w, e LPRT; L2 @D} - H'(Q), w w(0);

see Theorem A.5. Then it follows from Corollary 3.4, Theorem A.5 and Theorem A.4 that the
unique solution u* to

u — Lu* = —2%(Luy) in Qco,
u*|[0,00)x90 =0,

u*(0,-) =ug in Q
satisfies

14
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2 2 2 2
||u*||Loo(R+;H3(Q)d) + ||u*||L2(R+;H4(Q)d) + ||u;k||Loo(]R+;Hl(Q)d) + ||u;k||L2(R+;H2(Q)d)

S Cl (”'@Lu0||i2(R+;H2(Q)d) + ||'%Lu0||ioo(R+;Hl(Q)d) + ||(%Lu0)t||iZ(R+;L2(Q)d))

< 11+ Cs) (K2 Lo IR g oty + I LU a2

< c1(1+ Cs)Cl| Luol 31 gya-

Thus, if we take

By >c1(1+ Cs)CsllLuolli,.(Q)d and By >2(lleoll g3 + 1 Zollg3),  (3.24)
then (u*, 09, Zg) € Ry~ for all T* € (0, T1]. Henceforth, By and B, satisfy (3.24). Next, we
ensure that ®(R7+) C Ry~. For this purpose, let (&, 0, Z) € Ry be arbitrary and (u, 0, Z) =

d(u, o, Z). We need the following estimates that follow easily from the definitions of Ry« and
F:

IF|12,,,» < c(Bi, B) {(1 +1Ipllgs) T + ||b||isz},

1F1132,0 = c(B Ba, B3) [ (14 11p122) T + 1181, + 1181132, |
1F 0 = c(B Bay B3) [ (1 11p125) T + 1+ 181 0 + 1801130
IR i <4 (IF @I + TRy )

18:1122,5 < c(B3)T™*.

Furthermore, it follows from (3.19), (3.20), (3.22), (3.23) and (3.24) that

ol peops + 11 Z1 oo s < %Bl explc(By)(T*)/2],
ot ooz + 11Ze 1| Lo 2 < €3By" By exple(Ba) (T2,

In addition, (3.12) yields

eell3 o gy + 1al13 2 a4 el 17 o1 + e 22,2

< et {IFI o+ 1IF1 Ry + (1B 22 + ol )

S8 2,00+ ||vx@||§oo,,l)exp<c1||@,||izL3)}
< et (IFIE. 0 +4 (IF IR, + TR0 ))
+e (||F,||22L2 + ||(ut)o||§,1) (1+c(B3)T*)(1 + BY) exp(cic(B3)T*),

where

15
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Fo+ L
(ur)o = OT"O e HAQ)?,  Fo=F(0)=00b(0) — (uo- Vx)uo — Vi p(Zo) € H ().

Hence, if we take

1/2
By > dci||Foll% +ci(1+BD)l|@oll},  and  Bs>c3By)/*By

and 7* small enough, u, ¢, Z satisfy all estimates listed in the definition of Rz« with the excep-
tion of the lower and upper bounds for o and Z. However, since H 2(Q) — C(Q) forboth d =2
and d =3,

lle = eollcgrm) +11Z = Zolle gy = c(||Q — 00l oop2 +11Z — ZO||LooH2)
<cT* (lorll g2 + 11Ze | popg2) < cT*Bs.

Consequently, if T* is sufficiently small, also the lower and upper bounds for ¢ and Z are sat-
isfied. We have thus shown that ®(R7+) C Ry provided 7™ is small enough. We henceforth
assume that 7* is chosen accordingly. Next, we observe that R+ is a convex and closed subset
of X7+. Moreover, since Rp+ is bounded in

{(@,8,2) € L0, T*; H*()*™?) | (@, 8, 2), € L*(0, T*; H' ()1},

it follows from the Aubin-Lions lemma (cf. Theorem A.3 in the appendix) that it is precompact
in X7+. As Rr+ is precompact and closed in X7~, it is compact in X7~». Thus, it remains to show
that ® is continuous. To this end, let {(@,, dn, Zn)}neN C R7+ be a sequence that converges
in X7+ to (&,0,Z) € Ry«. We set (y, 0n, Zn) = Py, 0n, Zn), (u,0,Z) = ®(it, 5, Z) and
observe that these quantities satisfy the equations

1
ou—uy) + 5 0r(u—uy)— Lu—uy,)

1 ~ ~
= (0 —0on)b — (0 — 0n)(un): + 5 01w —uy) — Vx(p(Z) — p(Zy))

- (é - én)vxi‘ U — énvx& . (’2 - ﬁn) - énvx(a - ﬁn) . i‘n ’ (3-25)
(©—0n)i=u-Ve(on —0)+ (ty —t) - Vyon + 0ndivy (i, — @) + (0 — 0) divy (1),
(3.26)
Z—-Zyi=u-Ve(Zy—2Z)+ Wy — 1) -V Zp+ Z, dive (W, — ) + (Z,, — Z) divy (1) .
(3.27)

We multiply (3.25) by u — u,, and integrate over 2. Integrating by parts the term on the left-hand
side involving the operator L, we obtain

N =

d B .
y Q|u—un|2dx+u/|vx<u—un)|2dx+(x+m/|dwx<u—un>|2dx
Q Q Q

1
=/(é—én)(u—un)'bdx+5/ézlu—un|2dx
Q Q

16
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+ / [p(Z) — p(Zy)]divy(u — u,) dx
Q

- /(é o)t — )T - Vi it dx — /@n(u ) Vi - i — i) dx
Q Q

- /énm —u)" V(@ — @) - @y dx
Q
<11bll 211w — unllLo 116 — Bnllz2 + 118 — Gnll 21 @a)el 2110 — unl|L
+118e ool — wnl I3, + 1Pl et 11Z = Znll g2 |Idivee (w — wa)] |2
+ 118 = Bnll 211Vt | 2] || Lo |l — wp || Lo
+ 118nlloo | Vit ]| 2118 — fan)[ 2] — un | Lo

+11enllLoo || Ve (@ — )| 2|18 || Lo [0 — un| 2. (3.28)

Integrating (3.28) in time and using the bounds provided by R7x, we obtain

() — un (0113

< c(B1, Ba, B3) (T* (1 + 1Bl| o 2118 = Bl 2 + TPl 1Z = Zall o2

t
T — din|| oo g1 +/||u —u,l?, ds)
0

for a.a. r € (0, T*). Using Gronwall’s lemma and (@, 0,, Zn) — (u, 0, Z) in X7« as n — 00,
we deduce that u,, — u in C([0, T*]; L2(2)?) as n — co. Next, we multiply (3.26) by 0 — op
and integrate over 2. Integrating by parts the first term on the right-hand side of the resulting
equation, we obtain

1d 1 o ) )
5a/'Q_Qnde:_E/dIVx(u)IQ_inzdx+/(Q_Qn)(un_u)'VxQndx
Q Q Q

+ /Qn(g - Qn)divx(an - i‘) dx
Q

< [dive @)||zlle = @nll72 + llo — enllLo |1 — dinll 21| Veonll 2
+llenllzelle = enllp2|1dive (@ — )|l 2 - (3.29)

Integrating (3.29) in time and using the bounds provided by R7x, we obtain

t
lo(t) — 0n (D113, < c(B1, Bo) | T*lit — dtn|| oo g1 +/||a —onll3, ds
0

17
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for a.a. r € (0, T*). Using Gronwall’s lemma and (i, 0., Zy) — (&, 0, Z) in X7+ as n — 00,
we deduce that o, — o in C([0, T*]; LZ(Q)) as n — o0o. Analogously, we show that Z, — Z
in C([0, T*]; L*(2)) as n — oo. Thus, (wn, 0n, Zn) — (u, 0, Z) in C([0, T*]; L2(Q)41?) as
n — 00. Since R+ is compact, it follows that (u,, 0, Z,) — (u, 0, Z) in X7+ as n — o0o. Thus,
we have shown that @ is continuous. In particular, Schauder’s fixed-point theorem implies that
@ has a fixed point, which is a strong solution to (1.9)—(1.15), (1.8) in Q7~ with the desired
properties. O

3.4. Uniqueness of strong solutions
In this section, we prove that the solution (u, ¢, Z) to (1.9)—(1.15), (1.8) is unique in the class

(,0,2) € L®(QT)¥H2,  dive(w) e L' (0, T; L®(R)),  Veme L2(0, T; L3()4*%),

(3.30)
essinf {o(r,x)}, essinf {Z(t,x)} >0, ur,Vyo,VyZ € L0, T; L3()%),
(t,x)eQr (t,x)eQr

provided Q2 € C! and b € L?(0, T; L*(Q2)¢). To see this, we suppose that there are two (strong)
solutions (#1, 01, Z1) and (u2, 02, Z3) in the class (3.30). In this case, the functions v = u| — u»,
n =01 — 02, { = Z1 — Z, satisfy the following equations in Q7:

019 — Lo =1n[b — (u); — (up - V)ugl — 01[(uy - Ve)v + (v - Vo)us] — Ve (p(Z)) — p(Z2)).  (3.31)
M =—ur-Ven —v-Vyor — 01divy (v) — ndive(u2), (3.32)
& =—uy-Vyl —v-VyZy — Z1divy (v) — ¢ divy (u2) . (3.33)

We test (3.31) with v and integrate over 2. Integrating by parts some terms and observing that,
by (1.9),

1 1 .
5/(al>t|v|2dx=—E/dwxmlul)wﬁdx:/@lﬂ-vxv-uldx,
Q Q Q

we obtain

1d
5a/gllvlzderu/Iva|2dx+(A+u)/|divx(v)|2dx
Q Q Q
=/n[b_(uz)z]'vdX—/an-quz-uzdx
Q Q

- /ng Veus-vdx + /[p(zl) — p(Z2)]divy (v) dx
Q Q

<lnll21vllzs (1181123 + @)l + [ Vxua|l 3] luz|| <)
+ otz llvll 2 Veual3llvll s + 1Pl 1181122 11dive (0)]] 2

4de 3
= < I+ o 1nlga (18117 + @2l 75 + [ Vxwal 751121 7<)
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3 3 5 .
+ 5 lorlEe II17a 1 Vamallgs + o< I1PIIG 1121172 + 3 lidive ()17,

4 1)
5c{§/|vxu|2dx+ 2 [ ex
Q

Q

3
* (%["””33 12|75 + [ Vxma 75l 17
3
+||91||%w||vxuz||i3]+5||p||gl>/(szw]m'z+Zl|§|2)dx} 0
Q

for all ¢, § > 0. Next, we test (3.32) with 017 and integrate over 2. Together with the observation
that, by (1.9),

1 1 .
E/(Ql)tmﬁdx=—5/chvxmuu)mﬁd:c=/Qmul Vi dr,
Q Q Q

we obtain

1d _ .
5E/thﬂzdx=—/Ql77v~VxQ2dx—/Q]zr}dlvx(v)dx—/Q1|n|2dlvx(u2) dx
Q Q Q

<llotllzslInllz2 1ol s |1 Vxeallps + ller 1711l 2 |ldive (@)]] 2

+||diVx(u2)||L°°/Q1|77|2dx
Q

8
=5 ||v||L6 ||Ql||L00||77||L2||VxQ2||L3 +3 ||d1Vx(v)||L2 T ||Q1||Loo||77||Lz

+||diVx(u2)||L°°/Q1|77|2dx
Q

3 3 .
<c [5 llotl 2o 11Vx02l17s + 7 llenlze + IIdIVx(uz)llLOO} /Q1|n|2dx
Q

)
+E / Vool e+ 5 / dive (@) dx (3.35)
Q Q

for all €, § > 0. Analogously, we get
-— | Z d
T / 111" dx
Q

3 3 .
<c [5 1Z117l Ve Zall75 + 35 121117 + ||d1Vx(u2)||L°C]/Zl|C|2dx
Q
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£ 5 8 ) 5
2 [ Vool dx 3 [ [dive (@) dx (3.36)
Q Q
for all €, 8 > 0. Summing up (3.34)—(3.36), we get

(1o + o110l + Z11¢ | )dx+u/IV o dx+<x+m/|dwx<v)| dx

| =
Q|Q
SN

. 3
< c{e/|vxv|2dx +5/|chvx(v)|2 dx + (Z[nglnimuvxaznig + 11 Z1 11 Ve 22175

HBIZ 5 + @)l + 1 Vaual 175 2] |Zo + o117 || Veral [ 5] + [1dive (u2)]| oo

3
+ = [llelite + 1121115 + ||p||zcl])/(gl|v|z+gl|n|2+Zl|¢|2)dx}
Q

for all ¢, 8 > 0. Choosing ¢ = /(2c) and § = (A + 1)/(2c), we may absorb the first two terms
on the right-hand side into the last two terms on the left-hand side. Finally, applying Gronwall’s
lemma, we deduce that (u1, 01, Z1) = (u2, 02, Z>). Thus, there exists at most one strong solution
in the class (3.30).

4. Conditional regularity

Since the results of Section 3 only guarantee that the strong solution to (1.9)—(1.15), (1.8) ex-
ists locally in time, it is desirable to investigate under which conditions it exists globally in time.
In the literature several criteria for the regularity of solutions to both the incompressible as well as
the compressible Navier-Stokes equations were investigated. In this paper, we follow the strategy
used in [32] to obtain conditional regularity for the barotropic Navier-Stokes equations. In Sec-
tion 4.1, we first recall Nash’s conjecture formulated in the context of compressible, viscous and
heat conducting fluid flows. We also mention the state of the art for results in this direction and
state the main result of Section 4 in Theorem 4.1. In Section 4.2, we present some preliminary
results that are needed in the proof Theorem 4.1 which will be carried out in Section 4.3.

4.1. Nash’s conjecture and blow-up criteria

In 1958, Nash [28, p. 933] formulated the following conjecture for the governing equations of
viscous, compressible and heat conducting fluids:

“Probably one should first try to prove a conditional existence and uniqueness theorem for
the flow equations. This should give existence, smoothness, and unique continuation (in time)
of flows, conditional on the non-appearance of certain gross types of singularity, such as
infinities of temperature or density.”
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This conjecture has been proven only recently in [15]. More precisely, if (u, o, ) is the strong
solution to the Navier-Stokes-Fourier system5 with maximal existence time Tiax < 00, then it
follows from [15, Theorem 1.4] that

limsup ([[o(®)[|L= + {7 (1)]|L*) = oo.
[TTmax

In the context of the barotropic Navier-Stokes equations one would expect to obtain the same
result without the temperature. However, in this case, the best result known to the authors is the
following; see [32] with [32, Lemma 3.1] replaced by [37, Lemma 3.1]:

(1) If 3A <291 and Tax < 00, then limsup ([|o(#)]]| o) = o0.
1 Timax

From the considerations in [32] it further follows that the restriction on the viscosity coefficients
A, p in the above blow-up criterion can be removed, provided the L°°-norm of the velocity is
incorporated:

(ii) If Tmax < oo, then limsup (||o(1)||z= + [|u(@)||L=) = oo.
tTTmax

Our aim is to prove the latter blow-up criterion for the strong solution to (1.9)—(1.15), (1.8)
obtained in the previous section.

Theorem 4.1. Let the assumptions of Theorem 3.7 be satisfied and let (u, 0, Z) be the strong
solution to (1.9)—(1.15), (1.8) with b = 0 and maximal existence time Tyax. If Tmax < 00, then

limsup ([|o(t)[|Lo + [[u(t)[[L) = 00.

1 Timax

4.2. Preliminary results
We start by recording some refined results concerning the Lamé operator.
Lemma 4.2. Let g € (1, 00) and let Q C R? be a bounded domain with 32 € C2.

(i) The Lamé operator is an isomorphism W>4(2)4 N Wol’q(Q)d — LU In particular,
there exists a constant Co > 0 such that

L™ F||y2q < Col|F|La

forall F e L1(Q)%.
(i) There exists a constant C| > 0 such that

L™ Ve flllwra < CillflILa

5 Here, 9 denotes the absolute temperature of the fluid.
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forall f e Wh1(Q)2.
(iii) There exists a constant Co > 0 such that

L™ [Vedive (H)l|e < Call fllLa
forall f € W>(Q)4 N W, ().

Proof. For the proof of part (i) we refer to [31, Theorem 5.1].° See also [2, Theorem 10.5] for a
proof of a priori estimates for general elliptic systems. In the case 2 € C3, the unique solvability
of the no-slip boundary value problem for the Lamé system (3.4)—(3.5) can also be deduced from
Lemma 3.1 and [16, Corollario 1.1 and Teorema 3.5].

For a proof of part (ii) see [26, Theorem 8.1.1 and Section 8.6] or [3, Theorems 3.29 and
3.31]. To prove part (iii), let p =¢q /(¢ — 1) and set U = L’l[deiVx(f)]. Then (3.4)-(3.5)
are satisfied. We multiply (3.4) by an arbitrary function ¢ € W = W>?(Q)? n Wé P ()4, After
integrating by parts both sides of the result and taking the absolute value, we obtain

/U-L¢dx = /f-deiVx(¢)dx < W llLa |l Vedive (@)][Lr,
Q

Q

where, by part (i),

[[Vxdive (@)l < dl@llw2r <dCol|LP]|Lr.

Moreover, it follows from (i) that

L
IU||lLa = sup /U. v dx|} = sup /Ui(pdx
yerno || Ny ller sewo) | |2 ||IL||Lr

Combining the above information, we get (iii). O

Before we can state the next result concerning the Lamé operator, we need to introduce the
space of functions 2 — R with bounded mean oscillation. It is denoted by BMO(2) and is given
by

BMO) = | f € L2 [l fllwoc@) < oo}
where

® Note that in [31] only the case d = 3 is considered. However, as observed in the proof of [11, Proposition A.1], a
similar proof applies in the case d = 2.
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I fllsmo) = 1 fll2@) + [f 1Mo,

[flemo@) = sup ][ Lf(y) = fa.mldy.
(x,r) € QxR‘*’Q )

Here, @, (x) = B,(x) N, B,(x) denotes the ball with center x and radius r and |2, (x)] is the
Lebesgue measure of €2, (x). Noting that

[flBmo < 2| fllree
for all f € L°°(2), the following lemma is a consequence of [1, Theorem 2.2].

Lemma 4.3. Let Q@ C RY be a bounded domain with 32 € C2. Then VL~ [div, (F)] €
BMO(Q)4* for all F € W1-°(Q)4*4_ In particular, there exists a constant C3 > 0 such that

1V L™ [dive ()]ll8mo < C3lIF ||z
forall F € Whoo(Q)d=d,
We further need the following result.

Lemma 4.4 ([32, Lemma 2.3]). Let @ C R? be a bounded Lipschitz domain and q € (d, o0).
Then there exists a constant C4 > 0 such that

1 f1lzoe < Ca(1 411 f1IBmoIn (e + [V f1124))
forall f € Wy (Q).
4.3. Proof of Theorem 4.1
Inspired by [36, Remark 2.6] and the reasoning in [5, Section 2], we start the proof of Theo-

rem 4.1 by inspecting the proof of Theorem 3.7 again. We find that there exists a monotonously
decreasing function T : [0, c0) — (0, o) such that

1 1
Tmax = T(Do), where Dy =max {Il(uo, 00, Zollgs: ||—||  ||5- } .
00 || Zy L
Therefore, a simple contradiction argument shows that
T = i <|I( Z)(| +H 1 +H 1 ) 4.1)
ax < 00 imsup | ||(u, o, 3 — — = 00. .
e 1 Trnax " o(t) Lo Z(t) Lo

The idea is to prove Theorem 4.1 by contradiction, too. Thus, from now on, we assume that

Tmax <00 and sup (@l +lo@®llr>) <K 4.2)
t €[0, Timax)
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for some constant K > 0. Our goal is to prove that (4.2) implies

Tmax <00 and sup <||(u,Q, Z)(t)IIHs—i-H
t €0, Tmax)

) <K' 43)

() | HZ(t)

for some constant K’ > 0, which obviously contradicts (4.1).

4.3.1. Boundedness of Z
Our first observation is that, under assumption (4.2), Z is uniformly bounded. To see this, let
again m, M > 0 be such that m < pg, Zo < M. Then r = (2M/m)o — Z satisfies

2M
ry +divy(ru) =0 with r0,)=——po—Zo>M > 0.
m

Thus, the solution formula obtained via the method of characteristics (cf. (3.21)) implies

rt.x) = Mexp | — / dive @)()ll ds | =0

for all (¢, x) € [0, Trnax) X 2. Consequently, Z < (2M /m)p and (4.2) yields

sup  ([IZ()]|L=) = C. 4.4)
t €[0,Tiax)

4.3.2. L?*-estimate for Vyu
We test (1.9) with |x|?/2 and (1.10) with u. We add up the resulting equations and integrate
in space. After integration by parts we obtain

d 1 . .
- (5 Q|u|2) dx + / (kIVeul + G+ wldive @) ) dx = / P(Z) dive (u) dx.
Q Q Q
Using Young’s inequality and (4.4), the right-hand side of this equation can be estimated as
follows:

/p(Z)diVx(u) dxfC/ldivx(u)|dx§C/< ¢ +’\+“|divx(u)|2> dx
Q

2 +p) | 2C
Q
A
“c+ ﬂ/mwx(un dx.
Consequently,
||J§u | |L°°(O,T;L2(Q)d) + ||qu | |L2((0,T)><Q)d><d < (o (45)

forall T € [0, Tiax)-
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4.3.3. Velocity splitting
To improve the estimate on the velocity, we follow the approach in [32] and introduce the
velocity splitting u = v 4+ w, where v(r) = L[V, p(Z(¢))] is the solution to the Lamé system

Lv(r) =Vip(Z(t))  in%,

v(t)|a =0.
It follows that w satisfies
th - Lw = Qf in QTmax’ (46)
w0, T x02 =0, 4.7
w(, ) =wog=ug— v, ") in €2, 4.8)

where

f=—@-Vou— L[V (@ p(2))]
= —(u - V)u+ L [Vyedive (p(Z)w)] + L Ve ((Zp'(Z) — p(Z))divy ()]
4.3.4. A priori estimates for w

Since v(t) = L_I[pr(Z(t))], it follows from Lemma 4.2 that for every ¢ € (1, co) there
exists a constant C > 0 such that

IVxv(@)llLe < ClIp(Z(D)]]La, (4.9)
IVZo@)llLa < ClIVx p(Z(@))]|La (4.10)

for all ¢ € [0, Tmax). Moreover, we have the following lemma concerning a priori estimates for
the velocity component w.

Lemma 4.5. Under assumption (4.2) there exists C > 0 such that for any T € [0, Tmax)

||VxW||Loo(0’T;L2(Q)d><d) + ||\/Ewt||L2((0’T)XQ)d + ||V)%w||L2((O,T)><Q)dXdXd <C.

Proof. Testing (4.6) with w; and integrating over 2 yields

d
5 (mvxuw2 +( +u>|divx(w)|2) dx + /Q|w,|2 dx = /Qf - w, dx.
Q Q Q

Using Holder’s inequality and Young’s inequality, we get

d 1 1
[ (urvewl o+ Gt wlaveP) x4 3 [ olwPar <3 [olrPar. @i
Q Q Q

Recalling that
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f=—@-Vou— L [Ve(@p(2))]
= — (- Vou+ L7 [Vedive (p(2)w)] + L™ [Ve (Zp'(Z) = p(Z))dive w))],
we may estimate the right-hand side of (4.11) as follows:

llva - Voull3, < Cl[Vxull?,,

VoL ™ [Vxdive (p(Z2)w)ll|12, < ClIp(Z)ull?, < CI|Vxull3,,

IVeL™ ' Vx(Zp'(Z) = p(Z)divx @)} 5 < CIIL™ V2 (Zp(2) = p(Z)divx @)},

< ClIVx L™ V2 (Zp'(Z) = p(Z)dive @I} 5 < Cl|Vxull7 5.

Here, we have used (4.4) and Lemma 4.2. For the second and third estimate, we additionally
relied on Poincaré’s inequality. Plugging the above estimates into (4.11), integrating in time and
using (4.5), we see that

IVxwl| o0, 7:12()dxd) + [IW/OWel 20,1y x2pd < C

for all T € [0, Tmax). Moreover, since Lw = ow; — o f, it follows from elliptic regularity that

2
IViwll 20,7y x@)dxdxd < C(||th||L2((0,T)><Q)d + ||Qf||L2((O,T)><S2)‘1)

= C(||«/§wt||L2((o,T)XQ)d + ||«/§f||L2(((),T)xQ)d) <C

forall T € [0, Thax). O

Using (4.9), (4.10) and the Sobolev embedding theorem, we deduce from Lemma 4.5 the
following corollary.

Corollary 4.6. Under assumption (4.2) there exists C > 0 such that for any T € [0, Tmax)

||qu||L°C(O,T;L2(Q)d><d) + ||qu||L2(O,T;L6(Q)dXd) < C.

4.3.5. Higher-order a priori estimates for w
Our next goal is to obtain higher-order a priori estimates for the velocity component w.

Lemma 4.7. Under assumption (4.2) there exists C > 0 such that for any T € [0, Tmax)
[IVxwl|p20,1: 00 ()dxd) + ||V£W||L2(O’T;L6(Q)dxdxd) <C.
Proof. Using the material derivative, the momentum equation (1.10) can be written as
ou~+Vyp(Z)—Lu=0.
Applying the material derivative to this equation, we obtain
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oy + o - V)it + Vi pr +divy (Vi p Q u)
= u[Ait + dive (Axu @ w)] + (A + ) [Vaedivy () + dive (Vedive @) @ w)]. (4.12)

Next, we test (4.12) with & and integrate the result over 2. Integrating by parts some terms and
using the continuity equation (1.9), we get

1d

2dr
Q

Q|u| dx — (A+u)/u [Vyedivy (u;) + divy (Vedive (n)) @ u)] dx
:u/it-[Axit+divx(Axu®u)]dx/[p,divx(it)+(vxp)T-int-u]dx. (4.13)
Q

Integrating by parts and applying Young’s inequality, we see that
— /u [Axu +divy (Ayu Qu)] dx
/(qu Vett; + (Axu @ u) : Veit) dx
Q
/(|qu|2 Vit : Ve (Vett - ) + Agtt - (Vi - u))
Q
/(|qu| Vet Ve (Vett - tt) — Vet : Vi (Vo - u))
Q
/(|qu| — Vit (VeuVen) — int:[(u-Vx)qu]—qu:(inthu)>dx
Q
— /qu (- Vye)Vyett] dx
(| Veit|? — Vit : (VeuVott) — Vit [( - Vi) Vert] — Vott - (inthu)) dx
+ / (Ve : [(u - Vi) Vet] + divy () Vet : Veur) dx
Q
(|V u| — Vit (VeuVyu) — Vyu: (inthu)—i—divx(u)de:qu) dx

Vit = 2+ V)| Vx| Veul?) dx

K)\ b\
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z/(Z|vxu|2—(2+ﬁ)2|vxu|“)dx. (4.14)

Q
Using in addition the identities
divy (Vydivy (u) @ ) = Ve (u - Vedivy () — divy (divy (u)(qu)T) + Vy (divy (u)z)v
divy (it) = divy (u;) + u - Vedive () + Veu : (Veu)?,
we deduce that
— /u JAxu +dive (Ayu Qu)] dx
Q

= / <|divx (@)|* = dive (@) Veu : (Veu)T — divye @) Vit : (Veu)T + divy (d)divx(u)z) dx
Q

z/(|divx(u>|2—(1+d)|divx(u)||vxu|2—ﬁ|vxu||vxu|2)dx
Q

2
z/(% |divx<a>|2—wamz—((”d) +d(k:’“‘))|vxu|4) dx.  (@415)
Q

400+ p) 2

Finally, using the Z-equation (1.11), the bound on Z (4.4) and Corollary 4.6, the pressure term
can be handled as follows:

/[p,divx(u)+(vxp)T.vxu-u]dx=/[p’z,divx(u)+(vxp)T.vxu-u]dx
Q Q

= / [p’Z divy (u) divy (ir) — (u - Vi p) divy (it) + (pr)T -Vl - u] dx

Q
= / [p’Z divy (u) divy () + p divy (divye (@)u) — p divy (Vyit - u)] dx
Q
= / [p’Z divy (u) divy (i) + p divy (it) divy (u) — pVyu : (int)T] dx
Q
< C||Vxul|p2||Vxtt|[ 2 < Cl|Vyt|| 2. (4.16)

Plugging (4.14)—(4.16) into (4.13), we get

d . ) .. .
a/Q|u|2dx+M/|qu|2dx+()»+/L)/Idlvx(u)|2dxSC(IIqu||i4+IIqu||L2)-

Q Q Q
4.17)

Since Lw = o, w|[o,T,,,) xaQ. elliptic regularity and (4.2) yield
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IVZwl| > < Clloill 2> < Cll ol 2

Combining this information with Holder’s inequality, Corollary 4.6, (4.9), (4.2), the Sobolev
embedding theorem and Young’s inequality, we deduce that

IVeul[}s < ClIVyull21[Veull3s < ClIVeull o < ClIVeul 6 (1Vawll s + || Vevll o)
< Cl|Veul|[36(1+1Viwl12) < ClIVeull36(1 + 10 12)
< Cl[Veull76(1+11/0ull3,). (4.18)

Together with Young’s inequality, (4.17) and (4.18) yield
d . .
a/,Q|i¢|2dx+%/|vxu|2dx+(/\Jru)/|dwx(u)|2dx
Q Q Q

< C(L+[1Veull7 + 1| Vaull 6112017 2).

Thus, it follows from Gronwall’s inequality and Corollary 4.6 that

t
/(Q|ﬂ|2)(f) dx+//|Vxl't|2dxds§C 4.19)
Q 0 Q

for all 7 € [0, Tynax). Finally, using (4.2), Lemma 4.2 with ¢ = 6 and the Sobolev embedding
theorem, we see that

||V§W||L2(07T;L6(Q)d><d><d) S C||Qd||L2(0,T;L6(Q)d) S C||d||L2(O,T;L6(Q)d)

< ClIVxtllp20,7:12(@)dxd) = C

for all T € [0, Thax)- Moreover, we get from the Sobolev embedding theorem that

||wa||L2(()’T;Loo(Q)d><d) <C
forall T € [0, Thax). O
4.3.6. Higher-order a priori estimates for u, 0, Z

We are now in the position to prove higher-order a priori estimates for u, 0 and Z. We start
with an a priori estimate for Vyp and V, Z.
Lemma 4.8. Under assumption (4.2) there exists C > 0 such that for any T € [0, Tmax)
Ve Zll 0,1 L6(2)¢) T [IVxell Lo 0,7;5(0)0) = C.

Proof. Taking the gradient of the Z-equation (1.11) we obtain

ViZi=—W-V)VeZ — (Vo) -V Z —dive(u) Ve Z — ZVdive (u) =0.  (4.20)
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We test this equation with 6|V, Z|*V, Z and integrate over Q. After an integration-by-parts ar-
gument we arrive at

d
a/|VxZ|6dx=—5/divx(u)|VxZ|6 dx—6/Z|VxZ|4VxZ-deivx(u)dx
Q Q Q

— 6/ Ve Z* (Ve Z)T - Veu - Vi Z dx. 4.21)
Q

To handle the right-hand side of (4.21), we need the following estimates that follow from (4.2)
and the Lemmata 4.2, 4.3, 4.4

[IV2v]|6 < ClIVi Zll s,
IV v]lz2e < C(1 + ||Vyvllgmo In(e + [|[V20]]16)) < C(1 + || Z]]| 1 In(e + ||V Z]6))
<C{ +In(e+[|VeZ||16)).

Using these estimates and (4.2), we deduce from (4.21) that

d
a/mzﬁ’dxgc /|qu||VxZ|6dx+/Z|VxZ|5|deivx(u)|dx
Q Q Q

= € (IIVaullee Ve Z IS + 1V 2ul| 6] V2 ZI 5 )
= € ([I1Vxwllzo + Vvl 11V ZUG + [1V2wll 6 + V301 ] 11V ZI1 )
<C ([1 +[IVew|lz +Ine + ||V Z||16) ]I V2 21106 + ||V£w||L6||vxZ||i(,).

Now, we would like to apply Gronwall’s inequality. To this end, we have to modify the above
inequality. Using Young’s inequality we observe that

V2 ZI3s < $(14511Ve ZI1%) < e+ 11V ZI IS

e+ 1|VeZlls e+ §(5+11VeZI1%) <2(e + 11V ZII6).

Consequently,

d
5 (e+/|VxZ|6dx
Q
<C(1+|Vewlzo +In(e + |V Z|IS6) + [IViwl| 16) (e + | V2 Z1[%6)

and dividing by e+ |[Vx Z||% yields
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d

s e+/|vx2|6dx <C(1+[IVew|[zo +In(e +[|V2 Z|[S6) + || Viw] | 6).
Q

Thus, Lemma 4.7 and Gronwall’s inequality imply that
In(e+ Ve Z@)|1%) < C
for all ¢ € [0, Thhax) and, in particular,
IVeZ0)1% < C

for all ¢ € [0, Tnax)- Finally, the same computations can be done for the density ¢ using the
continuity equation (1.9). Note that this time we already know that

IVev ()] + Vo)l s < C

for all € [0, Timax). Thus, Gronwall’s inequality is directly applicable to the quantity ||V, o(?)| |26
yielding

IVeo®)]ISs < C
forallt € [0, Tax). O

With the help of the previous lemma, we can obtain second-order estimates for # and complete
the first-order estimates for o and Z.

Corollary 4.9. Under assumption (4.2) there exists C > 0 such that for any T € [0, Tax)

Nallp20.7: w2y + Nl Lo, 7: H2(0)) < C, (4.22)
ol oo o,7:16)) T 1 Zill Lo, 7:16(2)) = C, (4.23)
1 1

H— +H— -c. (424)
Q L®(0,T;L>®(2)) Z L>®(0,T;L>®(2))

Proof. Using Poincaré’s inequality, (4.9), (4.10), Lemma 4.7, (4.4) and Lemma 4.8 we see that
el 20,7 w2 @) < NWllr20, 7, w2620y F 110112200, 7 w26 (02)9)
< C (||VxW| |L2(O,T;L6(Q)d><d) + ||V£W||L2(O,T;L6(Q)dxdxd))

+C <||va||L2(0,T;L6(Q)‘1Xd) + ||V§U||L2(07T;L6(Q)d><d><d))

<C+C (||P(Z)||L2(0,T;L6(Q)) + ||VxP(Z)||L2(0,T;L6(Q)d))
< CH+ClIVeZll20,1:06()0) =C
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forall T € [0, Tmax). Next, since ot + Vx p(Z) — Lu =0, ul[o,7,,.,) xo = 0, we may use elliptic
regularity, (4.2), (4.4), (4.19) and Lemma 4.8 to deduce that

el | oo 0. 7: m2eyty < C (ot oo o, 7: 12ty + Ve PO oo 0.7: 1202
< C (IIveill ~@.:12(@)d) T 1Vx Zll o0, 7:12(2)y) < C

for all T € [0, Tmax). Thus, (4.22) is proven. Using the Z-equation (1.11), (4.2), (4.4),
Lemma 4.8, the Sobolev embedding theorem and (4.22), we see that

HZill oo 0,7;16()) =1 - Ve Zllpo©, 1,160 + 1divx @) Z|[ Lo 0,7: 16(2))
<C (||VxZ||L°°(O,T;L6(Q)d) + ||u||L°°(0,T;H2(Q)d)) =C
for all T € [0, Thax). Analogously, we obtain

llorll L, 7;16(2) = C

forall T € [0, Tiax)- It remains to prove (4.24). From (4.22) and the Sobolev embedding theorem
it follows that

[1dive @)1 L1 0,7; 20 = C
for all T € [0, Thax). Thus, it follows from the solution formula obtained via the method of

characteristics (cf. (3.21)) that

t
Q(l,x)deXp _/”divx(u)(s)”Loo ds dexp(_CTmax)>O
0

for all (¢, x) € [0, Tmax) X €2. Analogously, we see that
Z(t,x) > Zexp(—CTmnax) >0
for all (¢, x) € [0, Thnax) % 2. This completes the proof. O

Next, we derive second-order estimates for ¢, Z and obtain a first estimate for third-order
derivatives of u.

Lemma 4.10. Under assumption (4.2) there exists C > 0 such that for any T € [0, Thax)

NZll o, 7:H2()) T 1 Zell o0, 7: 1 () = C (4.25)
||Q||L00(0,T;H2(Q)) + ||Qt||Lc>0(o,r;H1(Q)) <C, (4.26)
||u||L2(O,T;H3(Q)d) < C. (427)
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Proof. Applying 0;0;,1, j € {1,...,d}, to the Z-equation (1.11), we obtain
0j0;Z; +0;0ju-VyZ +u-Vy0;0;Z+0;u-Vy0;Z+0ju-Vy0;Z
+0;0; Zdivy (u) + Z 9;0;divy (u) + 0; Z 0jdivy (u) + 9; Z 9;divy () = 0.
Next, we test this equation with 20;0; Z and integrate over 2. After integration by parts, we get

d
d—t/|ajai2|2dx=—/|ajai2|2divx(u)dx—2/ajaizaiu-vxajde
Q Q Q

—2/8j8,-28ju-an,-de—Z/ZajaiZBjaidivx(u) dx
Q

b\b

-2 BiZBjB,-ZBjdivx(u)dx—Z/BjZBjB,-ZBl-divx(u)dx
Q
7
—2/8j8iZ8j8iu~Vdex= > k. (4.28)
Q k=1

where, by Holder’s inequality and Sobolev’s embedding theorem,

|11|+|12|+|13|scnvxunmo/|V,%Z|2dxsc||u||wz,6/|V,%Z|2dx. (4.29)
Q Q

To estimate the remaining terms on the right-hand side of (4.28), we observe that, due to elliptic
regularity, (4.24),” Holder’s inequality, (4.19), (4.2), (4.4), Sobolev’s inequality and Lemma 4.8,

llullgs < C (llotll g1 + [IVe p(D) 1)
< C(llotll 2 + lloVxitll 2 + |lit ® Vyoll2)

+C (||p/<Z)vxZ||Lz P D)V ZI 2+ 1P (DVZ ® vxanz)
<C (1 +1Veiell 2 + el 311 Vxell s + Ve Zll 2 + [1IVR 212 + ||vxZ||i4)
< € (14 11Vaitllp2 + 1V2Z1112) (4:30)
Thus, using Holder’s inequality, (4.4) and Young’s inequality, we see that
14 < CIIVZZII 2wl g3 < CIIVZZII 2 (1 + I Vett|l 2 + ||V,%Z||Lz)

= C (14 1Vxal2, +IV3ZIE,) .31)

7 To control p(Z)y=yy —-1Z ¥=2 we need both the upper and the lower bound for Z since we only know that
y > 1.
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Similarly, using Holder’s inequality, Lemma 4.8, the Sobolev embedding theorem and Young’s
inequality, we deduce that

[Is| + ] + |1 I7] < ClIVx ZI116|IVEZII 21| V2ull 13 < CHIVEZI| 2] || 3
< € (1+ 11Vl 3 +11V32113, ). (4.32)

Plugging (4.29), (4.31) and (4.32) into (4.28), we obtain

d .
< / V22 dx < C(1+ (| Vil 22) + €1+ [[ally20) / V222 dx.
Q Q

Now, due to (4.19) and (4.22), an application of Gronwall’s inequality shows that

2
IVEZllp=o,7:02(0) =€

for all T € [0, Tax)- Recalling (4.4) and Lemma 4.8, we see that

HZlIL=0,1:5202)) =€

for all T € [0, Thax)- Using this estimate, (4.22), Holder’s inequality and the Sobolev embedding
theorem, it follows from (4.20) that

||Vth||LOO(()’T;L2(Q)d) <C (||V,%Z||L00(0,T;L2(Q)dxd)||u||L°0(0,T;L00(9)d)
+ I VxutllLoo0,7: L4 ydxd) || Vx Zl| Lo, 7: L4 (2)1)
+ 12110, @l V3l o 0,722 @yxo)
< CllZII oo o, 72 1l Lov 0,75 2000y < €

for all T € [0, Trax)- Together with (4.23), this yields

||Zt||L00(0,T;H1(Q)) <C
for all T € [0, Tmax). Thus, (4.25) is proven. Estimate (4.26) can be proven analogously. The

proof makes use of estimate (4.27) which is an immediate consequence of (4.30), (4.25) and
4.19). O

We are now able to obtain the desired estimate for u.

Corollary 4.11. Under assumption (4.2) there exists C > O such that for any T € [0, Tmax)

]| o0 0,7; 11 (@) = C, (4.33)
wll 200,75 3 @)ty < C- (4.34)
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Proof. Differentiating the momentum equation (1.10) with respect to time, we see that # is a
solution to the problem
Ql'lt —Lu + Qtl.l = G,
1[0, Ty <02 = 0,
u(0, ) =1,
where

_ Lug — Vi p(Zo)
Qo '

G =—L(Vxu-u)—0;Vxp(2), o

Thus, estimate (4.33) follows from Lemma 3.3, (4.26), (4.25), (4.27) and (4.22). Then, combining
(4.33) with (4.30) and (4.25), we get (4.34). O

Finally, we obtain the desired estimates for o and Z.

Lemma 4.12. Under assumption (4.2) there exists C > 0 such that for any T € [0, Tax)

NZ1l Lo 0. 1:H3(2)) < Cs (4.35)
loll Lo, 7: 13 @) < C- (4.36)

Proof. The proof of this lemma is analogous to that of Lemma 4.10. One more spatial derivative
is required and thus, on the rigorous level, one has to work with regularizations again. O

Together, Corollary 4.11 and Lemma 4.12 show that (4.2) implies (4.3) which contradicts
(4.1). Thus, Theorem 4.1 is proven.

5. Generalizations and further results

We have seen in Section 3 that — under suitable assumptions on the initial data, the body force
b, etc. — there does exist a unique local-in-time strong solution (u, g, Z) to (1.9)—(1.15), (1.8).
Further, as demonstrated in Section 4, this strong solution is global in time provided b = 0 and
its density and velocity components remain uniformly bounded in time.

5.1. Generalizations

We would like to point out that Theorem 4.1 can also be proven without the restriction b = 0.
That is, we have the following result, the proof of which is left to the reader.

Theorem 5.1. Let b € L®°(R*; H2(Q)9), b; € L°R*; H'(Q)) and let the assumptions of
Theorem 3.7 be satisfied. Let (u, 0, Z) be the strong solution to (1.9)—(1.15), (1.8) with maximal
existence time Tuax. If Tmax < 00, then

limsup ([lo(#)||z + [lu(t)||=) = oo.

1 Tmax
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Since the exclusion of initial vacuum ensures the nonappearance of vacuum at later times, the
abovementioned results can be transferred to the setting of (1.1)—(1.8) via the transformation

Z
(0, 2) > (0,0) = (Q, —) .
Q
That is, we have the following results.

Theorem 5.2.Let 02 € C*, 0 <m < M, b € L} (RT; H*(Q)?) such that b, € L} (RT;
L2 ()%, ug € H3(@)4 N HH(Q)?, 00,60 € H}(Q), m < 00(x), 00(x) < M for all x € Q and
Vi p(0060)|9e = (00b(0) + Lug)|aq. Then there exist a time T* € (0, T] and a unique strong

solution (u, 0, 0) to (1.1)—=(1.8) in Q7+ in the class
0,6 € C([0, T*]; H3(Q)), 0,0 >0 inQr, 01,60, € C([0, T*]; H*(Q)),
ue L0, 7% HY Q) NCqo, T H* (@Y,  u, e L0, T*; H*(2)9),
u,; € L*0, T*; L>(2)9).

Theorem 5.3. Let the assumptions of Theorem 5.2 be satisfied and let (u, 0,0) be the strong
solution to (1.1)—(1.8) with maximal existence time Tmax. If Tmax < 00, then

limsup ([le() [z + [|u(®)||L>) = oo.

11 Tmax

Remark 5.4. Looking at the proofs of Theorems 3.7 and 4.1, it turns out that they remain valid
as long as the argument of the pressure function p is Z = g6 and p is any smooth function,
p € C([0, 00)) N C3(RT), not necessarily monotone.

Remark 5.5. Results analogous to Theorems 5.2 and 5.3 can be proven if the term —x A6 is
added to the left-hand side of (1.4) and the additional boundary condition V.6 - n|jo, r1xs =0
is introduced.

5.2. Further results

Combining the above theorems with the DMV-strong uniqueness principle [24, Theorem
3.3],% we obtain the following corollary.

Corollary 5.6. Let the assumptions of Theorem 5.2 be satisfied with b =0 and p(00) = a(00)?,
where a > 0,y > 1. Let further V be a dissipative measure-valued solution to (1.1)—(1.8) in the
sense of [23, Definition 2.1] with energy dissipation defect €, dissipation defect ® and Reynolds
concentration defect R and suppose there exist constants r, u > 0 such that

Vixy({o <r}n{la| <u})=1.

8 By a density argument, the class of test functions in the definition of DMV solutions can be enlarged in such a way
that the proof of the DM V-strong uniqueness principle is still valid if the velocity component u of the strong solution is
in the class of functions given in Theorem 3.
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Then the strong solution (u, 0, 0) to (1.1)~(1.8) exists and V x) = d(u,0,6)(t,x) for a.e. (t,x) €
0, T)xQ E=09(0,T) x Q) =0and R=0.

Moreover, combining Theorems 5.2 and 5.3 with [23, Theorem 6.1], we obtain the following
result.

Corollary 5.7. Let the assumptions of Theorem 5.2 be satisfied with b= 0 and p(06) = a(06)”,
where a > 0,y > 1. Suppose further that the numerical approximations (p, on,0p)n 0 (h >0
is a discretization parameter) obtained from the numerical scheme presented in [23, Section 3]
satisfy

sup {11, 0n)|1 L (0. 7yxy i1 | < 00
h>0

Then the strong solution (u, 0, 0) to (1.1)—(1.8) exists and (uy, on,6n) — (u, 0,0) strongly in
L9(Qr) forany g € [1,00) as h | 0.

Remark 5.8. Note that the same result as in Corollary 5.7 can be obtained for any consistent
numerical scheme for (1.1)—(1.8). By a consistent numerical scheme we mean a scheme the
solutions of which satisfy a weak formulation of (1.1)—(1.8) up to some consistency errors that
vanish as 1 — 0; see [14, Definition 5.9].
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Appendix A

We recall some classical results that are used in Section 3.
Theorem A.1 (Method of continuity, [17, Theorem 5.2]). Let B be a Banach space, V a normed

vector space, and (Ty)ac[0,1] @ norm continuous family of bounded linear operators from B into
V. Assume that there exists a positive constant C such that for every a € [0, 1] and every x € B

llxllp = ClITa ()]lv.
Then Ty is surjective if and only if Ty is surjective as well.
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Theorem A.2 (Schauder’s fixed-point theorem, [29, Satz II]). Let R be a nonempty convex closed
subset of a Banach space X and ® : R — R a continuous map such that ®(R) C R is compact.
Then ® has a fixed point.

Theorem A.3 (Aubin-Lions lemma, [S, Theorem 11.5.16]). Let By C By C By be three Banach

spaces. We assume that the embedding of By in By is continuous and that the embedding of By
in By is compact. For p,r €[1,00] and T > 0 we define

E,,={veL?0,T;Bo)|v €L (0, T; By)}.
Then:

(1) If p < oo, then the embedding of E, , in L? (0, T; By) is compact.
(ii) If p=oc andr > 1, then the embedding of Ep, , in C([0, T]; By) is compact.

For the proof of Theorem 3.7 we further need the following results that were proven in [21] in

a more general setting. To obtain the results as stated below, we take X = H 2@,y = L3(Q)?,
j =0, m =1 and observe that

[H* (@)Y, L2 @12 =H (@)

For a short introduction to the interpolation spaces [X, Y]s with X, Y Hilbert spaces and
6 € [0, 1] real numbers see [21, Section 2]. A more extensive introduction to interpolation theory
can be found in [34, Chapter 1]. The aforementioned observation was proven in [21, Chapter 1,
Theorem 9.6] for bounded domains €2 with smooth boundary and in [34, Section 4.3.2, Theorem
2] for bounded domains satisfying the cone condition. For the connection between the presenta-
tions in [21] and [34], we refer to [34, Section 1.18.10].

Theorem A.4 ([2], Chapter 1, Theorem 3.1]). There is a continuous embedding

lwe L*®*; H* (@)% |w, € L2RT; L2} — CG®RT; H (2)Y).

In particular, there exists a constant C5 > 0 such that

2 2 2
||w||L°O(R+;H1(Q)d) =< CS (||w||L2(R+;H2(Q)d) + ||wt||L2(R+;L2(Q)d)>
forallwe {we L>R*; H*(Q)%) |w, € L*RT; L2(Q)D)}.

Theorem A.5 ([21, Chapter 1, Remark 3.3]). There exists a continuous linear right inverse % of
the map

lwe L?®RT; H2( @) |w, e L*RT; L2} — H' (@), w w(0).

Consequently, (Zv)(0) = v for all v € H'(2)?. Moreover, there exists a constant Cs > 0 such
that
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120172+ 2ty T 1RO 2120ty = CollvIF gy
forallve H ().
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