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Zusammenfassung

Computersimulationen spielen eine immer grofiere Rolle fiir die Entwick-
lung von Produkten der Automobilindustrie. Ein-/Ausbausimulationen, so
wie viele andere Prozesse, werden systematisch benutzt schon bevor der ers-
te Prototyp eines Fahrzeugs gebaut wird, um zu verifizieren, ob bestimmte
Komponenten einfach eingebaut werden kénnen oder ob ein anderes Bauteil
im Weg steht. Ublicherweise ist diese Art von Simulationen nur fiir star-
re Korper moglich. Dennoch beinhaltet ein Fahrzeug eine Vielzahl flexibler
Bauteile verschiedener Typen: Kabel, Schldauche, Teppiche, Sitzoberflachen,
Dammungen... Da die Mehrheit der Probleme beim Benutzen dieser Simula-
tionen eindimensionale Bauteile betreffen, haben wir uns auf die Entwicklung
von numerischen Methoden zur Behandlung eindimensionaler flexibler Teile
konzentriert. Die daraus entstandene Software unterstiitzt die Verlegung von
Schlduchen, Kabeln und ganzen Kabelbdumen.

Die Modellierung von Biegung und Torsion folgt dem Cosserat Modell.
Fiir diesen Zweck benutzen wir ein verallgemeinertes Feder-Masse-System
und beschreiben seine Konfiguration mit einer sorgfiltig gewéahlten Koordi-
natenmenge. Das Gewicht und die Kontaktkréfte sowie die Kréfte, welche fiir
die Léngenerhaltung verantwortlich sind, werden in kartesischen Koordina-
ten ausgedriickt. Biegung und Torsion konnen effizienter behandelt werden,
wenn man Quaternionen benutzt, um die Orientierung der Segmente, welche
jeweils zwei benachbarten Massenpunkten verbinden, zu beschreiben. Dieses
erweiterte System ermoglicht eine einfache Formulierung aller Interaktionen
mit dem am besten geeigneten Koordinatentyp und fiithrt zu einer schmalen
Hessischen Bandmatrix. Ein Energieminimierungsverfahren erméglicht eine
Losung, welche frei von den fiir Feder-Masse-Systemen typischen Schwingun-
gen ist. Die Benutzung von integralen Kréfte, dhnlich zu einem integralen
Regler, macht eine genaue Durchsetzung der Zwangsbedingungen moglich.
Das ganze System ist numerisch stabil und kann mit interaktiver Frame Rate
gelost werden. Es wurde in der DaimlerChrysler hauseigenen Virtual Reality
Software veo fiir Anwendungen wie Ein/Ausbausimulationen und Kabelver-
legung integriert und wurde gut von den Benutzern aufgenommen.

Teile dieser Arbeit wurden auf der ACM Solid and Physical Modeling
Konferenz 2006 verdffentlicht und wurden zur Publikation in dem Sonderheft
des Computer-Aided-Design Journal zu der Konferenz angenommen.



Abstract

Computer simulations play an ever growing role for the development of
automotive products. Assembly simulation, as well as many other processes,
are used systematically even before the first physical prototype of a vehicle
is built in order to check whether particular components can be assembled
easily or whether another part is in the way. Usually, this kind of simulation
is limited to rigid bodies. However, a vehicle contains a multitude of flexi-
ble parts of various types: cables, hoses, carpets, seat surfaces, insulations,
weatherstrips... Since most of the problems using these simulations concern
one-dimensional components and since an intuitive tool for cable routing is
still needed, we have chosen to concentrate on this category, which includes
cables, hoses and wiring harnesses.

In this thesis, we present a system for simulating one dimensional flexible
parts such as cables or hoses. The modeling of bending and torsion follows the
Cosserat model. For this purpose we use a generalized spring-mass system
and describe its configuration by a carefully chosen set of coordinates. Grav-
ity and contact forces as well as the forces responsible for length conservation
are expressed in Cartesian coordinates. But bending and torsion effects can
be dealt with more effectively by using quaternions to represent the orienta-
tion of the segments joining two neighboring mass points. This augmented
system allows an easy formulation of all interactions with the best appropri-
ate coordinate type and yields a strongly banded Hessian matrix. An energy
minimizing process accounts for a solution exempt from the oscillations that
are typical of spring-mass systems. The use of integral forces, similar to an
integral controller, allows to enforce exactly the constraints. The whole sys-
tem is numerically stable and can be solved at interactive frame rates. It is
integrated in the DaimlerChrysler in-house Virtual Reality Software veo for
use in applications such as cable routing and assembly simulation and has
been well received by users.

Parts of this work have been published at the ACM Solid and Physical
Modeling Conference 2006 and have been selected for the special issue of the
Computer-Aided-Design Journal to the conference.
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Chapter 1

Introduction

1.1 Introduction

The automotive industry aims to reduce development costs and time while
meeting the demand for quality and for an increasing model range. In order
to meet this challenge, more and more work is done digitally. Styling reviews,
Digital Mock Ups and assembly simulations are used at an early stage in the
development process. Thus, potential problems can be detected and solved
much earlier, long before the first physical prototype is built. Assembly sim-
ulation is one of the applications used in the construction design process: the
virtual prototype is tested and optimized for feasibility and ease of assem-
bly. Like in other Virtual Reality applications, the physical behavior of the
components needs to be simulated: collisions must be detected and contact
forces must be calculated to impede the interpenetration of objects and to
make them slide on each other when collisions occur. Our work is based
on the Virtual Reality software veo, developed by DaimlerChrysler Research
and Technologies, which already has a real-time collision detection and in-
teractive contact simulation [Buck and Schomer, 1998] as well as a real-time
multibody dynamics [Sauer and Schomer, 1998]. This software had to treat
flexible parts as rigid bodies, however, because it did not have a realistic way
of dealing with flexible bodies. This implies that deformations that can occur
in the physical world cannot be simulated, which limits the possibilities of the
tool. A typical example of this would be an assembly simulation in which a
cable should be pushed slightly aside to permit the mounting of another part.
Studies from the business units show that most of the problems concerning
flexible parts are encountered with cables, wire harnesses and hoses. These
parts are also involved in another particular application: the routing. On the
one hand wire harnesses are becoming more and more complex as the use



of electrical and electronic components in vehicles grows; on the other hand
they often need to be modified to accommodate for changes in surrounding
parts or for optimization. To meet the interests of the business units, we
have chosen to first concentrate on simulating these parts since they cover
the most urgent need. For these bodies, one of their dimensions (the length)
is much bigger than the other two and their centerline contains most of the
information needed to represent them. This one-dimensional nature leads to
simplifications in the simulation compared to other objects such as flexible
surfaces or bodies.

We will explain the motivation for simulating cables and give an overview
of the virtual reality environment, in particular the assembly simulation and
the cable routing applications, as well as a theoretical background of rod
mechanics, of the simulation of flexible parts, and of the previous work in all
the domain of interest.

Since this work has been realized during employment by DaimlerChrysler,
the main focus of interest are the automotive applications of the simulation
of flexible parts in VR.

1.2 Virtual Reality and its applications

1.2.1 Virtual Reality

Virtual Reality allows the user to represent digital construction data in three
dimensions, to view it from all possible perspectives and to interact with
it. This can be carried out either with a normal computer monitor or with
immersive displays such as powerwalls or CAVES (cubic projection on four
to six sides). One of the most important parts of Virtual Reality are the
possibilities of interaction with the models, such as the navigation inside
of the scene or the selection and manipulation of objects. This is usually
supported by a special input device such as a Spacemouse or a tracking
system.

In order to make the Virtual Reality more and more realistic and immer-
sive, simulations play an ever growing role. One example is the simulation
of the movements of virtual objects and of their interactions, for example
during collisions.

1.2.2 Assembly simulation

Assembly simulation for rigid bodies is today state-of-the-art, there are com-
mercially available tools and software which are used in the daily processes



of the automotive industry.

But a typical car is not only made of rigid parts but also of a lot of flexible
parts: following [Yazgan, 2005] between 20 and 24% of all parts are flexible,
41% of which are one-dimensional, 33% two-dimensional and 26% three-
dimensional. (See below 1.2.3 for a definition) Around 9% of all assembly
simulation are not conclusive because of the presence of flexible parts; most
of the cases concern one-dimensional parts. The focus will therefore be set
on the one-dimensional parts since they are the most problematic ones.

1.2.3 Classification of flexible parts

The different types of flexible parts that can be encountered in a car are clas-
sified following their “number of dimensions” [Fleischer, 2005, Specht, 2006]
which would be the number of dimensions required for a simplified descrip-
tion of their shape.

One-dimensional parts

Figure 1.1: Some of the one dimensional parts encountered in a car: on the
left some cables in a door, on the right a hose

One-dimensional parts are similar to a line. They include (see Figures
1.1 and 1.2)

e cables: a coated electrical connection for energy and data transmission.
They can be composed of only one conductor or of a combination of
several strands, isolated wires or fibers. The cable core is usually made
of conductive wires and is kept together with an additional insulating
layer, or cable jacket.

e hoses: a flexible connection to convey a liquid or a gaseous media.
They are used for example for the transport of hot and cold water,



hot air, as brake hoses, as vacuum hoses inside of the engine control
system or as air-conditioning pipe. They can also be encountered as a
protective sheathing for cables.

e cable harnesses: a set of connected cables presenting branchings, thick-
enings, thinnings...(See Figure 1.3).

Please note that we will use cables for referring to both cables and hoses in
the following.

Figure 1.3: Two typical cable harnesses, one real and one in CAD, giving an
idea of their complexity

Two-dimensional parts

Two-dimensional parts are similar to a surface or to a surface with a small
thickness. They include (see Figures 1.4 and 1.5):

9



Figure 1.4: Some of the two-dimensional parts encountered in a car: on the
left a carpet and on the right a bumper

e insulating parts

e carpets

e antidrum layers

e bumpers

e scat cushions

Figure 1.5: Two-dimensional parts in a car
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Figure 1.6: Some of the three-dimensional and miscellaneous parts encoun-
tered in a car: from left to right a rubber funnel and a clip.

Three-dimensional and miscellaneous parts

Three-dimensional parts need a complete volumetric description to be repre-
sented. In this category are also included particular cases that are not easily
reducible to the previous ones (see Figures 1.6and 1.7).

e clips
e gaskets

e rubber funnels

Figure 1.7: Three-dimensional parts in a car

1.2.4 Requirements and typical use cases for the sim-
ulation of flexible one-dimensional parts

During a study made by DaimlerChrysler, typical use cases and require-
ments for a module for simulating one-dimensional flexible parts were de-
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fined. These are mainly based on the needs expressed by technical experts
from the fields of Virtual Reality, simulation, design, electrics and climate as
well as on the use of our prototype. The main goals are to be able to easily
and intuitively create - possibly from an existing CAD model -, modify and
simulate flexible wires - also taking into account their environment for ex-
ample through collisions. The main focuses are, on the one hand, as realistic
and as physically correct a simulation of wires as possible, and on the other
hand an intuitive and easy user interface.

The flexible parts simulation system is to be integrated in the VR systems
already in use, as a plug-in or a module. It should be possible to use it with all
the possible VR modalities, not only on usual Desktop PC but also on multi-
channel, immersive environments for which the tracking and interaction have
to be consequently available. Furthermore should the system have a real-time
response, which means that the reaction to user input should occur without
any noticeable delay (in praxis 10 to 15 frames per second are sufficient).

A mechanism for interchanging data between the CAD and VR systems
is necessary. On the one hand, data from the CAD system are tessellated
to convert them to VR; the cables should then be converted to the flexible
part simulation format (flexibilisation). On the other hand, the results of the
modifications or simulations in VR should be transmitted to the CAD; we
use for this purpose the VDA-FS ( Verband der Deutsche Automobilindustrie-
FliachenSchnittstelle) format. The returned centerlines are only to be used
as an indication; the construction of the cables should still be carried out in
CAD and not in VR.

The system should save and take into account all the parameters needed
for the simulation. For the cables themselves, these are:

e global simulation parameter: the gravity vector (usually [0,0, —9.81]
ms~2) which is important for the simulation of sagging cables.

e geometrical parameters: length values (basis length, eventually - after
modification of the cable - length difference (absolute or relative) and
actual length), length conservation on/off (the cable can be stretched
or not), inner and outer radius (the inner radius is 0 for cables) and
the minimal bending radius.

e material parameters: Young’s Modulus (in [N/m?], it describes the re-
lation between the tension and the extension during the deformation of
a rigid body under the assumption linear elastic behavior), Poisson’s
number (dimensionless, ratio between the relative thickness variation
to the relative length variation under the influence of an outer force),
material density ([kg/m?]), eventually a formula for calculating the
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minimal bending radius as a function of the outer radius and the max-
imaly allowed transverse and tensile force.

Furthermore, handles (fixed points through which one or more cable(s)
have to pass) should be defined. They are characterized by their position
and orientation, and whether they are fixed or sliding (if the point of the
cable passing through them is fixed or movable).

A number of interaction ways should be possible, like the creation, the
selection, the modification (for example by moving the handles or changing
the length), the deletion, the prolongation of a cable, as well as its connection
to or separation from another cable. Similarly, the user should be able to
move or separate bifurcation points.

Rigid parts are often connected to cables or tubes providing them with
energy, information or material flows. A mechanism for coupling these rigid
and flexible parts is needed: when moving the rigid part, the cables should
follow and limit the movement of the rigid part (for example when the cables
are in extension).

Another very important point for realism are the collisions: parts should
not interpenetrate one another. The collisions are to be detected and the
cables have to be deformed in a physically plausible way. The movements of
the rigid parts have to be, if necessary, stopped or modified. In the case of
the collision of two flexible parts, they both have to be deformed to avoid
interpenetration.

Several typical uses cases were defined [Specht, 2006]:

e Laying proposal for a new cable: starting and final point are known,
the form of the new cable/hose has to be defined, if necessary with the
provision for collisions. (See Figures 1.8 and 1.9)

Figure 1.8: Definition of the form of a new cable: on the left the initial
situation with the start and end points; on the right the new cable.

e Small modification of an existing cable: after the partial flexibilisation
of the cable, it has to be modified to adapt to a new environment. The
length is to be changed if needed. (See Figure 1.10)
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Figure 1.10: Two cables need to be interchanged after a modification of the
connectors: before (left) and after(right).

o Checking a cable in another situation: the adequacy of a cable harness
for another or a newer variant has to be checked.

o Assembly /disassembly simulation of a control unit without connected
cables: a cable has to be pushed aside for allowing the assembly. Col-
lisions between rigid and rigid on the one hand and rigid and flexible
parts on the other hand have to be used. (See Figure 1.11)

Figure 1.11: The blue control unit should be disassembled. The bothering
cable has to be pushed apart before.

o Assembly /disassembly simulation of a control unit with connected ca-
bles: similar to the previous case, but the behavior of the connected
cables should be studied as well, in particular the excess length neces-
sary for connection and assembly. (See Figure 1.12)

o Simulation of the physical behavior of cables: simulation of sagging

14



Figure 1.12: CAD - representation of a module in the assembled state and
the real situation by assembly.

cables under the influence of gravity. The possible contact and chafing
places are to be identified.

o Threading simulation: can an existent cable harness, including the con-
nectors, be passed through a given aperture?

1.3 Simulation of flexible parts: previous work

Several approaches have been used for simulating various types of flexi-
ble bodies. We focus in particular on one-dimensional bodies, where the
spectrum of solutions ranges from purely graphical representation of os-
cillations without any physics and with very low computational require-
ments [Barzel, 1997] to a complete finite element simulation, such as has
been used to predict the mechanical properties of cloth [Finckh et al., 2004].
The domains which have contributed to the simulation of flexible parts are
as diverse as the flexible parts themselves: hair and cloth simulation (see
[Ward et al., 2007] and [Magnenat-Thalmann and Hadap., 2000] for a sur-
vey on hair simulation and [Thomaszewski and Wacker, 2006] for a survey
on cloth simulation) for use in computer graphics, thread simulation for
surgical training or laparoscopy, assembly simulation tools... Among the
most popular computational models are differential equations [Pai, 2002,
chains of rigid bodies [Hergenroether and Daehne, 2000] or spring-mass sys-
tems [Loock and Schomer, 2001].

1.3.1 Differential Equations

The behavior of flexible parts is naturally described as partial or as ordinary
differential equations. Omne of those models is the Cosserat model, which
will be described more in detail later. In order to simulate suture strands
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during laparoscopic surgery, [Pai, 2002] implements the Cosserat model as a
boundary value ordinary differential equation (ODE). In the typical use case
in surgery simulation, the position and direction of the strand are defined
at one end (corresponding to the end fixed in human tissues) and the forces
and moments are defined at the other end, corresponding to the needle haptic
device. The equation can then be integrated in two passes, the first one for
computing stresses and strains, the second one in the opposite direction for
computing positions and orientations. Unfortunately, this cannot be easily
applied to boundary conditions of the type position/orientation at both ends.

1.3.2 Mass-spring systems

Mass-spring systems (also called particles systems) are a versatile way of
simulating deformations and have been used for simulating a variety of flex-
ible parts. [Baraff and Witkin, 1998] use a triangular mesh for modeling
cloth, thus freeing themselves from the topological restrictions of rectan-
gular meshes and allowing a versatile formulation of the internal energy
forces. Each vertex of the particle system is associated with a constant
(u,v) coordinate referring to its position in the undeformed cloth plane.
The stretch and shear forces are formulated on a triangle basis, as a func-
tion of the derivative of the positions relatively to the plane coordinates
(u,v), while the bending force is formulated on an edge basis as a function
of the dihedral angle. Cloth/cloth contacts are handled with strong linear
springs. [Loock and Schomer, 2001] implement a spring-mass model with
stiff linear springs for the length conservation and torsion springs (the en-
ergy is proportional to the square of the angle between two segments) for the
bending. The numerical solution is done with the implicit algorithm form
[Baraff and Witkin, 1998|.

For simulating soft tissue in a surgery training simulator, [Brown, 2003]
implements a quasi-static algorithm (actually, a kinetic one repeated until
the calculation time is elapsed Tpew = Toq + af ) for simulating soft tissues.
The positions of the nodes are updated following a propagation wave starting
from the nodes in contact with the surgery instruments (these nodes have
then a predetermined position) and expanding to their neighbors. The new
positions of the nodes already calculated are used for calculating the forces
on their neighbors. If the maximum displacement of the nodes included in
a ring of neighbors is smaller than a predefined value, the following rings
are not updated, thus taking advantage of the localization! of deformations.

IThe deformations introduced by the contact with an other object are often limited to
a zone surrounding the contact point.
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Suturing ropes are simulated with a Follow the Leader algorithm: the grasped
node is moved to its new position. Its neighbors are then moved along the
line joining their old position to the new position of the grasped node so that
they are at the correct distance from the grasped node. The other nodes
are then moved iteratively. In the case of contradictory moving directions
(there are two grasped nodes, or collisions.), the resulting displacement is
an average of the displacements induced by each of the constraints, which
do not necessarily preserves the constraints, but the constraint violations are
not visually noticeable and are averaged out after a few iterations.

1.3.3 Rigid Bodies Chain

For one-dimensional flexible parts, another possibility is to model it as a chain
of rigid bodies (normally cylinders) with constraints ensuring that the ends
of the cylinders correspond to one another. Springs (or other mechanisms)
for flexion and torsion can be added. [Hergenroether and Daehne, 2000] im-
plements an hierarchical, cinematic simulation of cables taking into account
the length conservation, the weight and the bending rigidity of the cable.
A cable is modeled with 2" segments. The number of segments depends on
the available calculation time and is adapted dynamically: when the cable is
moved, a low level of resolution ensures the real-time capacity of the system
whereas a static cable will be refined iteratively. For passing from one hier-
archy level to the next one, each segment is divided in two. The positions
of the segments are optimized by groups of four consecutive segments, which
are shifted in a second pass to overlap two groups of the first pass.

[Schotte, 2005] implements an impulse-based simulation for cables. As
before, a cable is represented as a chain of rigid bodies. The idea is to re-
place the constraint forces by correcting impulses. At the time-step t, the
system is in a valid state (compliant with all the constraints). The movement
of the objects is then predicted along a ballistic trajectory (under the sole
influence of the external forces). Impulses for correcting the violation of the
constraints are calculated which lead, after the application of these impulses
at the beginning of the time-step, to a new trajectory. Iteratively, the correct
values of the impulses can then be determined in order to have a valid state
at the end of the time-step. The constraints (basically point-to-point articu-
lations, two points of different rigid bodies are constrained to have the same
position in world-space, but the equality of the speeds is also possible) are
enforced up to a tolerance distance or speed, which determines mostly the
run time. Curvature and torsion impulse with damping are added. There is
no coupling of the flexion and the torsion. In our opinion, this is due to the
choice of the axis for the torsion impulses. For simplifying the calculation,
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they are applied along the cylinder axes. Since only the torsion impulses
have an influence on that component of the rotation, each cylinder is free
to rotate around that axis until the torsion is constant along the cable (the
two impulses applied to a cylinder compensate one another). The resulting
rotation has no influence on the global form of the cable. Furthermore, this
expression of the torsion impulses violates Newton’s third law (law of recip-
rocal actions): the two impulses are equal in magnitude but not in direction
(unless the two cylinder are aligned).

1.3.4 Finite Elements Methods (FEM)

The Finite Element Method is often seen to have a good precision as shows
their use in mechanical and structural engineering. They are however nor-
mally quite slow. [Finckh et al., 2004] developed an FEM model for wo-
ven fabrics, down to the individual filaments in the yarns and their inter-
actions. This model is extremely exact and has been used to study the
properties (rupture resistance...) of cloth but it is far from being real-time.
[Nikitin et al., 2002] uses a precomputed FEM model for simulating cables.
The cable is discretized in volume, the solution of the FEM equation Ku = f
(where u are the node displacements, f the forces on the node and K the
stiffness matrix) is precalculated as the inverse K—!, from which only the el-
ements corresponding to the surface nodes (for the graphical representation)
or to predetermined modes are stored. An FEM approach is also used in
[Julien Lemoir, 2006] for simulating catheter and guidewire.

1.3.5 Other methods

[Barzel, 1997] implements an easy and fast method for faking the dynamics
of ropes: a rope is modeled as a basic shape (a catenary for a sagging one,
a straight line for an hanging one...) to which gross deformations (bends...)
and a wave (a sinus function) are superposed. The intuitive control of de-
formation is well adapted to the use in animation (for example in the film
Toy Story), where expressive, exaggerated deformations are better than a
physical simulation.

[Moll et al., 2005] uses path-planning techniques applied to minimal en-
ergy curves with a constant length. The energy is defined as [ x*+72ds. The
tangent is parameterized by two angles in spherical coordinates, thus auto-
matically fulfilling the length conservation constraint. Each of the two angles
is a function of the arclength; this function is parameterized by 5 parame-
ters allowing to modify the shape of the function. After taking into account
the end positions and end tangents constrains, 5 independent parameters are
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left for the optimization, which is realized either with Lagrangian dynamics,
random sampling of the null-space of the Jacobian or with a general purpose
constrained optimization technique. For finding a path between two config-
urations, the parameters of the two configurations are interpolated and the
energy for each step is minimized. The resulting path can then be short-
ened or smoothed. For multiple control points, each segment is optimized
for a given length such that the sum of the segments lengths matches the
global length. Changing the segment lengths allows to optimize globally the
curve. [Moll and Kavraki, 2006] models a curve as a succession of helical seg-
ments with constant curvature and torsion. Iteratively, the two neighboring
segments whose curvature and torsions differs most are subdivided in two
segments each; the parameters of the new segments are then optimized.

[Mikchevitch A. and Gouskov, 2003|[Mikchevitch A., 2003] use a decou-
pled model for an interactive simulation: the real-time model is purely ge-
ometric, relying on the deformation of patches (analogy between B-splines
control points and bar network) through prescribed motion boundary condi-
tions. The interactive mechanical model relies on a mechanical modelization
of a cable; it is used when the geometrical one is not accurate enough.

[Bertails et al., 2005] use a static version of the Cosserat model for model-
ing hair. The parameters for each master strand are a sequence of curvatures
and torsions. The energy is a function of the curvatures and torsions (taking
into account two different bending stiffnesses due to ellipticity of hair) and of
gravity (calculating the position of the strand). Collisions are treated with
linear springs. Wet hair can be modeled by changing the Young modulus
and the radius (wet hair swell)

[Adrien Theetten and Barsky, 2006] use Catmull-Rom splines and non-
uniform rational B-splines (NURBS) for modeling rods with 4 variables (3
spatial coordinates and one for the material torsion. The strain energy
(stretching, bending and twisting) is defined with an integral over the spline.
A Lagragian formulation leads to the dynamic formulation.

1.4 Physical deformations of cables and the
Cosserat model

The Cosserat model for rod-like solids (with one dimension - the length -
much greater than the other two cross-section dimensions) is a model from
continuum mechanics. It was first formulated in 1905 by the Cosserat broth-
ers Eugene and Francois. The basic idea is to use a simplified representation
of the rod: instead of considering the rod as a full three-dimensional body, the
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fact that the cross-section is much smaller than the length allows to neglect
some variations of position or stresses inside a cross section. The rod is mod-
eled as a one-dimensional body with extra information taking into account
the properties of the cross-section. It is then represented by its centerline
(a curve in the usual three-dimensional space) associated to frames (whose
vectors are the so-called directors) which represent material orientation and
deformation. Such a model is well suited for real-time applications since it
has a smaller number of variables (compared to finite elements models for
example) and can nevertheless take into account a great number of physical
properties. Large deformations are neither a problem since all the properties
of the system can be defined relatively to the local frames.

1.4.1 Description

In order to simplify the Cosserat model and to restrict it to the sole defor-
mations we are interested in, we will make some assumptions about the rod.
Firstly, we consider only unstretchable and unshearable bodies (which rep-
resent the vast majority of objects of interest in the context of automotive
construction: a cable or a hose cannot normally be stretched or sheared with
a realistic amount of forces). We furthermore assume that the cross-section
is homogeneous? and undeformable (no in-plane shearing neither in-plane
stretching), and that the mechanical properties are constant along the length
of the cable®. The general Cosserat model without the above mentioned re-
strictions is explained in [Antman, 1995] or in [Rubin, 2000], while the simpli-
fied model can be found in [Goss et al., 2005], [van der Heijden et al., 2003]
(for an isotropic and weightless rod).

A cable of length L is parameterized by its arc length s. It is described
by a function associating to each point of the centerline of a reference con-
figuration (generally a state without tensions like for example a straight line
without torsion) a vector r(s) describing the position of the point of the
centerline and a director frame, (di(s),dz(s),ds(s)) representing material
directions. Under the above mentioned restrictions, the director frame is
a right-handed orthonormal basis and a member of the special orthogonal

2The homogeneity of the cross-section only influences the calculation of the bending
and torsion constant

3If it is not the case, one could consider having simulation properties that are a function
of the arc length of the rod, but this would unduly complicate the implementation for an
extremely unusual case. The case of properties changing abruptly can be modeled with
superhandles connecting two cables with different properties.
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group SO(3) (the group of rotations of R3).

0,L] — R3xSO(3)
S (r,(dl,dz,d3))

Figure 1.13: A rod and its representation in the Cosserat model: on the left, a
rod (cyan) with two material lines (red and green); on the right, its centerline
(cyan) with some of the director frames. The blue vector corresponds to the
tangent to the centerline, the red and green vectors to the red and green
material lines, respectively.

The basis of directors is adapted to the curve: the third director ds points
in the tangent direction of the curve. The vectors d; and ds show the position
of two material lines in the cross section of the rod. The evolution of the
basis (dy)1<z<3 along the curve is represented by the Darboux vector w?.
Similar to the angular velocity vector (replacing the time derivative with a
derivative along the arc length), this vector is defining the derivatives of the
directors:

ddy
ds
where X represents the cross-product.

=wxdg for k=1,2,3

4The Darboux vector is usually noted u, but we changed it for avoiding notation
collision later.
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1.4.2 Forces and torques

At the point of arc length s, the rod has a tension n(sy) and an inner torque
m(sg). The rod is also submitted to external distributed forces like the weight
or the contact forces, with a linear density f. The static equilibrium leads to

dn
0 = d—s(S()) —|— f(S())
0 = ) + Tiso) x n(so)

It follows that in the case of an isotropic weightless rod, where no dis-
tributed forces are applied (f = 0), the tension n is constant as well as the
dot product of the tension and the inner moment.

n = constant

n“m = constant

This corresponds to the conservation of force and to the conservation of
torque about the wrench axis.

1.4.3 Material properties

We know from continuum mechanics that the inner torque at a point of a
rod submitted to bending and torsion (See Figures 1.14 and 1.15) is

m(s) = B,7 T+ B.x B

with k the curvature, 7 the torsion, T = dg the tangent and B the binormal.

Figure 1.14: Bending of a cable. The red, green and blue lines represent the
trajectory of the endpoints of the three directors.
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Figure 1.15: Torsion of a cable.

The coefficients B, and B, are defined in a similar way to the moments
of inertia and depend on the material properties (Young’s modulus £ and
shear modulus GG) and the geometry of the cross section. For a circular and
homogeneous cross section with radius R, we have

e bending stiffness:

R4
B,.;:EI:// Eg;QdA:E”T
crosssection

e torsional stiffness:

4
BT:GJ:// GMA:G%
crosssection

where = and r are the distances to the bending axis (in the cross-section,
passing by the centerline) and to the torsion axis (the tangent to the center-
line), respectively (see Figure 1.16). In the case of a non-homogeneous cross
section, the stiffnesses can be calculated by considering £ and G as a function
of the positions. In particular, for a hollow body like a hose, the result can be
n(R*— R} )

mner

4

expressed with the help of the inner radius R;uper: B, = F

1.4.4 Equations

The combination of these equations results in the following differential equa-
tions:

(dn

— = —f

ds

dm

— = —-d

s 3 X1

dd

d_sk = WXdk

w = Iildl—f—lizdg—f—ng
. m = B,{(/{l d1 + Ko dQ) + BTT d3
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Figure 1.16: Calculation of the bending and torsion constants for the cross-
section: the distances x and r in the integrand are defined as the distances
from the considered point to the bending axis (a diameter of the cross-section,
in red) and to the torsion axis (the centerline, in blue).

These equations have the remarkable property that the torsion is constant
over the length of the rod.
T =170

1.4.5 Relation with the Frenet frame

We will consider the difference between the director frame and a frame that
is quite often used for studying three-dimensional curves, the Frenet frame.
Let us consider the Frenet frame (tangent T, normal vector N and binormal
vector B) of the centerline. At any given point of the curve, the director
and the Frenet frames have at least a common vector, the tangent (ds = T).
Therefore there is a rotation around ds by an angle § which transforms
(N,B,T) to (dy,ds,d3). This angle 6 shows the position of the material
lines relatively to the Frenet frames: it is a “pure material torsion”. The
Cosserat torsion is then the Frenet torsion 7; (geometrical torsion of the
centerline) augmented with this material torsion.

N dé

T=Tf+ —

T ds

The Darboux vector is given by the following expression:
W = K,ldl +/€2d2+7'd3

where k; and ko are the components of the curvature on d; and ds:

/‘iB:qul‘i‘KQdQ
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Figure 1.17: Influence of the radius: the different radii lead to different stiff-
nesses B,. and B,. The influence on the form of the cable can be important.
A change in material parameters would also produce similar results.

1.4.6 Behavior of rods

Rods can undergo a pitchfork bifurcation by snap buckling: the buckling is
possible in more than one direction. Secondary bifurcations also exist, like
"hockling” (formation of a loop) or snarling (highly twisted helical plies).
[Goss et al., 2005]

1.5 Dynamic vs. quasi-static simulation

1.5.1 Energy and forces

From the mechanics, it is well known that, if an energy function E(X) can
be defined, the force relative to this energy is given by

0FE

F="3x
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Figure 1.18: Decomposition of the Darboux vector on the Frenet frame and
on the director frame: w = k1 d; + kody + 7d3 = kB + 7T

where X is the vector of coordinates. The simulation of flexible parts like
cloth is usually formulated as a time-varying partial differential equation,
with is transformed after discretization into an ordinary differential equation

of the form oE
S Y o L
( D )

where X represents the state of the system, M the mass matrix, F the
external forces and the dot the time derivative. [Baraff and Witkin, 1998]

A dynamic simulation needs typically to solve an equation like the previ-
ous one. They are often based on Newton’s second law or on a Lagrangian
formulation. Effects of the inertia are taken into account and phenomena
like oscillations and wave propagation can be represented. On the contrary,
a quasi-static simulation is based on the assumption that an equilibrium
state is reached after each time-step: the sum of the forces is 0. In the case
where all the forces derive from a potential energy (which is the case for a
wide range of forces, excluding dissipative effects like friction and damping),
this is equivalent to being in a minimum of the total potential energy. Since
the cables and hoses do not have a high dynamic range, considering a static
solution at each time step is sufficient for most of the applications we are
concerned with, like wire routing or assembly simulation.
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1.5.2 Damping

One of the difficulties of dynamic formulations are the numerical oscillations
that are typical for stiff systems: damping forces are needed. The formulation
of damping forces for an interaction mode which do not damp any other mode
or the rigid body motion is important for a well-behaved simulation. The
easiest way to do this is to first define, as in [Baraff and Witkin, 1998], a
vector condition C(x) which should be 0. The energy is then defined as

o %/@C(X)TC(X)

with k a stiffness constant. The force is then

B aC(x)"
fi= —ka—% C(x)

and its derivative

ofi ., [9C(x)ToC(x)  9*C(x)"

forms a symmetric matrix as a second derivative. The damping force is then
a function of the time derivative of the vector condition (compare with the
expression of f; above)

aC(x)" .

di = —ki— —~ C(x)

and its derivatives

od __, <aC(x)Tac(x) . a?c<x)TC(X))

8xj N 8(El al’j 83@83:]
odi _ aC(x)" 9C(x)
8i’j N d (‘)xz al‘j

1.5.3 Integrating Ordinary Differential Equations
(ODE)

The system of equations resulting of the modeling are stiff, due to the fact

that the stretching forces are much stronger than bending, torsion or shearing

forces (most of the object considered are unstretchable while being at the
same time easily bendable). Baraff and Witkin, 1998]
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Implicit integration methods are much better at dealing with stiff differ-
ential equations than explicit integration schemes.[Baraff and Witkin, 1998]
Explicit integration schemes use the values of the derivatives at the current
position for solving the generic ODE & = f(z) where the dot represent the
derivative relatively to the variable ¢ (time):

z(t +h) = z(t) + hf(z(t))

with h the increment (time step). The stiffer the equation is, the smaller is
the time step that the explicit scheme can take without becoming instable.
Implicit integration schemes use on the contrary the values at the next posi-
tion, which implies either an approximation or the resolution of an equation
for f(x(t+ h)) .

x(t+h) =x(t) + hf(z(t +h))

[Baraff and Witkin, 1998] have given a very interesting and robust im-
plicit integration scheme. It is also used for example in [Loock and Schémer, 2001]
For our equation, after transforming it in a first order one by introducing the

velocity v = x
d/x\ _ L v
dt\v ) M- f(x,v) /)’

the backward Euler method gives

Ax | b vo + Av
Av ) M~ f(xo + Ax, vy + Av)

(with A the difference of a quantity between the two time steps and o the
current value.) Replacing f by a Taylor series expansion and regrouping
similar terms leads to the final integration scheme which is solved for Av:

| Y ﬁ + hﬁ Av=hmM""(fy+ hﬁvo
ov ox ox

The trivial step Ax = h(vo + Av) gives the new position. This equation
can be modified for introducing an explicit control of positions and speeds
along constraint directions.
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Chapter 2

Simple Spring Mass Model

2.1 Introduction

The rod is modeled as a sequence of mass points (lying on the centerline
of the cable) which are connected with different kinds of springs: linear
springs for the length conservation and torsion springs for the bending. The
knowledge of the centerline leaves one degree of freedom unspecified, namely
the material rotation around the centerline.

X1 Xn

X2 Xn—1

X3 Xn—2

Figure 2.1: The cable is represented as a chain of mass points.

Since the Cosserat theory also considers the material direction, we need
a new variable at each point to represent it, for example 6, as the angle
between the Frenet and the director frames. (See 1.4.5) The global torsion is
the sum of both the Frenet torsion - calculated from the coordinates of the
mass points - and the pure material torsion - calculated as the derivative of
the fourth coordinate 6. The energy relative to the bending and torsion is
then E = 1(B.k* + B.7%) and the forces are calculated as the negative of
the gradient of the energy.

For each considered interaction, we will define an energy from which we
will derive the forces and the Hessian, which will be useful for the numerical
solution.
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2.1.1 Notation

The cable has n points of discretization. The point i for 1 < ¢ < n has
the coordinates x; € R?. It has also a fourth coordinate, 6; representing the
material torsion.

For each segment i between the points ¢ and ¢ + 1, we define

AX; = X1 — X
and L; = ||Ax;]| is the length of segment 1.

. AXi
1A

is the unitary vector in the direction of segment .

u;

2.2 Length Conservation

| Wi
Lref

e S

X . . Xi+1
f; fir1
G - —@ Xit1

f; fiiq

- @ e——>
X Xi+1

Figure 2.2: The force (in red) due to the length conservation of segment 4
acts on both points x; and x;,; with opposite directions along the segment.
Its amplitude is proportional to the difference between the actual length and
its set value. From top to bottom: the equilibrium state, the segment is too
long, the segment is too short.

Cables are, in praxis, unstretchable: the length of each segment has to
be kept constant. We use for this purpose strong linear springs. The energy
is defined classically as

1
ELength,i = §kLength(Li - Lref)2

where krengin is the constant of the spring. The force on the point x;, just
opposed to the force on point x;,1 is (see Figure 2.2)

FLength,in = kLengthui(Li - Lref) = _FLength,i,xiJrl
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2.3 Weight

We consider the cable as a chain of mass points with equal masses m. The
total mass of the cable is nm. The energy is

Eweighti = —mg' X;
where g € R3 is the acceleration of gravity. The force is then

F Weight,i — g

Since the force does not depend on any of the coordinates, the weight has no
contribution to the Hessian.

mg

Figure 2.3: Force due to the weight

2.4 Bending

The bending energy is a function of the curvature x which in turn is the
inverse of the curvature radius. For three given consecutive points, the cur-
vature radius at the center point is taken to be the radius of the circumscribed
circle to the triangle, i.e. the radius of the circle passing by those 3 points.
In the case where the segment lengths are equals to L, the bending radius
can be quite easily calculated. Let A, B, C be three consecutive vertexes of
the cable (with the respective coordinates x; 1, x;, X;11) and O the center
of the circumscribed circle of the related triangle ABC iet o be_t)he angle
between two consecutive segments (the angle between AB and BC). If the
two segments are aligned and in the same direction, the angle a is 0. Due to
symmetry reasons and to the fact that the sum of the angles of a triLangle is

m, we obtain that the angle at the center is BOC = a and sin § = 2 where
R is the radius of the circumscribed circle.
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We finally have

Figure 2.4: Calculation of the curvature radius R as a function of the angle
a

The associated energy is then
1
E = —k.x*
2

We calculate cos « from the dot product of the two unitary vectors along
the neighboring segments. We have

L2
cosa=1—2sin? 2 =1 — — 42

2 2

and the energy is finally
1 —cosa
E =k, 72
[ Ky ki
E= ﬁ(l —cosa) = =2 (1 —ufugyy) = ﬁ(l —u'v)

where u = u; and v =u;;.
If we also define Ax = x; —x;_1 and Ay = x;,1 — X; (see Figure 2.5) for
simplifying the notation, the derivatives of the energy are:
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Fax = ﬁ(v —u’vu)
Fay = o r
Ay = E(u —u vv)

These derivatives are perpendicular to the respective segments (See figure
2.6), which means that Fy,Ax = 0 and that FA Ay = 0, and lie in the
plane defined by u and v (in the case where u and v are collinear, the force
is 0): this results in a torque on each of the segments. For example the first
segment undergoes a torque of

k
M = ||Ax|[Fax =

L—';HV —u’vu|

2.5 Torsion

The torsion in the Cosserat model is the sum of two components: the Frenet
torsion 77 on the one hand and the material torsion 7, on the other hand.

T=Tr+ Tm

2.5.1 Frenet torsion
with binormals

We studied two ways of computing the Frenet torsion: one using the binormal
vector and one using a function of the derivatives of the coordinates. For the
first one, it is well known that

- — N
ds g
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Figure 2.6: curvature forces: in blue the torque on the segment Ax, in green
the one on the segment Ay and in red the resultant force for the point x;

Xi+1

Figure 2.7: binormal
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Since B is a unit vector, the change of B is a rotation and the torsion is - in
the discretized system - proportional to the angle between the two binormal
vectors at the points ¢ and 7 + 1:

= Z(Bi, Bij1)
! |Siv1 — il
where s; is the arc length at point ¢. Since the plane defined by the three

points ¢ — 1, 4, ¢ + 1 contains the tangent T and the normal N, the binormal
at point ¢ is orthogonal to both u;_; and u; and is calculated as:

B, — Uj—1 X Uj
w1 X u|

with u; the unit vector between r(s;) and r(s;;1):

W — X(8i41) — X(si)
U X (i) = x(s0) |

Xi\x Tz Xit1

Figure 2.8: The torsion is proportional to the angle between two consecutive
binormals.

As we found out, this scheme is - in particular in the case of a small
curvature - extremely sensitive to noise in the position of the mass points.
When for example u;_; and u; are fixed, and the angle between u; and u;4
is small, a very small change in u;;1 could mean a huge difference for 7, just
like at the Earth poles a small change in position can mean a large change
in longitude. Accordingly, the forces in case of a small curvature are huge,
which leads to numerical instability and impedes the convergence.

Inflexion points represent another problem: the binormals are not defined
at such points and undergo a discontinuity (opposite directions). In a con-
figuration with (almost) inflexion points, the direction of the binormal can
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Figure 2.9: Sensitivity of the binormal: the green arrow represent u;. The
sphere represents the possible values for u;,; (represented with the same
origin as u;). The blue circles are line of constant curvature. The red circles
are lines of constant torsion (for a given u;_1). The torsion is not continuous
at the point u;,1=u;, which leads to problems.

change from one iteration to another, which is of course impractical. An
easy solution is to precalculate the binormal before each iteration and, when
necessary, to multiply it by —1 in order to insure B/ B,,; > 0.It is also nec-
essary to keep these places in memory to take into account the possible sign
changes for the subsequent calculations.

Derivative

The Frenet torsion can also be calculated as a function of the successive
derivatives of the center line r(s):

|EFE

K2

k=% x x|
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Xi+2

B

Figure 2.10: Change of sign of the binormal around an inflexion point. By
inverting the binormal, the continuity of the binormal can be guaranteed.

After discretization and simplification, the expressions for the curvature and
the torsion become

k= ﬁ i X (W41 —wiq)]
T = L3;/§2 uiT(uiH X ui,l)

with L the length of a segment. This scheme is more stable and less noise-
sensitive as the previous one, but it is still insufficient. Both schemes fail
to calculate the torsion in a satisfactory way. Consequently, another way of
calculating the torsion is needed.

2.5.2 Material torsion

The torsion will be calculated for a segment. While the Frenet torsion only
depends on the position of the points of the centerline, more exactly of the
orientation of three consecutive segments, the material torsion depends only
on the fourth coordinate 6, the material orientation (see 1.4.5). In a contin-
uous version, we have - with s the arc length-

@
s

Tm

which is discretized as
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2.6 Appendix: Derivation of the forces and
Hessian

2.6.1 Curvature

ks .

E= ﬁ(l —cosa) = —(1 —uluyyy) = K(1 —ulu;,)

with K = % For simplifying the notation, we define u = u; and v = u;
We have

Ax
u= -
|Ax||
and
Ay
vV—=——
Ayl
an ]_ :
= 6 — uju
08z, ~ Tax]
_ dE
Faw, = ~9Az, .
_ d
- KaA;;,c v
= K”Ax” (er, — upu)’v
1 T
K axq (vs — wv)
Fax = Kigg(v—uvu)
For the second derivative, we have
OAy; 0z, GijKHAxH (ve — upu’v)
= Krax (1aym (0 — vive) — wepagy(e; — vjV)TU)
= K I\Axlil_AyH ((%, — v;v, — u(ej — v;v) )
= K I\AxlilA_yH (0 — vyor — ugu; + wev; v u)
= 1 T T,T
Hayax = Kiagiay (Is = vv" —uu” + uv’v'u)
and
0Az;j0AxTy, 8Am~K||Ax|| (Uk — upua V)

= K (IlAiJiIZ (vx — wu™v) = pagy (_||Alx|| (6% — wjup)u'v + ur gz (ej — uju)TV))

- KHA1X\|2 <_uj(vk - ukuTV) - (((% - ujuk)uTV + Uk(Uj — UjllTV))>

KHAl,(HQ (—Ujvk — Urv; + (ujuk — (Si)uTV)
Haxax = KHAle? (—uv?” — vu” + (uu” - I3)u’v))
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Chapter 3

Generalized Spring Mass Model

3.1 Introduction

Due to the difficulties encountered in the previous section, we are looking
for a coordinate system in which the torsion is easily expressed and not too
noise-sensitive. As explained before, the torsion depends on the difference be-
tween the orientations along the tangent to the centerline of two neighboring
segments. Since the approach with only one coordinate for this orientation
failed, one possibility is to describe it with more than one coordinate: a log-
ical choice is a representation of SO(3), the group of rotation of R?: given
a reference orientation (an orthonormal base of R? that we will take for
facilitating the graphical representation), the orientation of a segment can
indeed be described as a rotation from this reference orientation. We then
need to add for each segment a condition that ensures that the orientation
of the segment (as defined by the rotation) connects the two discretization
points which enclose it: this will be the role of the coherence energy and
force (3.3.5).

From the several representations of rotations of SO(3), we have chosen
unit quaternions. (Quaternions are 4-tuples that can be seen as a general-
ization of complex numbers. They will be described in more detail in section
3.2.5.) Many properties speak in favor of unit quaternions: they only have
4 coordinates and one constraint (they must have a unit length), which is
an advantage compared to rotation matrices (with 9 components and 6 con-
straints). Furthermore, the rotation of a vector is easily expressed and the
composition of two rotations can also be easily calculated as the product of
the two corresponding quaternions. This group structure is an advantage
for the simulation. Quaternions also lack singular points and gimbal lock,
contrarily to Euler or Cardan angles. So we used a system with seven coor-
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dinates for each point: the three usual space coordinates and a quaternion
which represents the orientation of a segment between two points.

The coordinates vector X has then in total 7n — 4 components (the last
quaternion is missing). We can classify the different interactions according
to the type of coordinates on which they apply and their model internal or
external (coming directly from the physical laws) nature (Table 3.1). All
these interactions will be explained more in details in section 3.3. For an
efficient numerical solution of the system, we will need to calculate also the
forces and their derivatives.

Positions Orientations Positions and
only only orientations
Model internal || Length conservation | Quaternion norm Coherence
Model external Weight Bending and torsion

Table 3.1: Summary of the different interactions

3.2 Representation of rotations

We will first review various usual representations of rotation of SO(3). Any
rotation Rot € SO(3) is defined by its axis v € R3 (with [|v|| = 1) and
its angle 6. From the Euler rotation theorem, we know that any rotation of
SO(3) can be represented with 3 parameters. However, most of the represen-
tations use more parameters (adding constraints between these parameters)
but allow an easier formulation of the usual operations.

3.2.1 Axis-angle representation and exponential map

It is the simplest representation: the rotation is simply represented by (v, 0) €
R* (axis-angle representation) or fv € R3. It is used for example in medi-
cal applications for describing the motion of articulations. Its main advan-
tages are that limitation constraints are easily expressed and that rotations
which differ in an 27 angle can be distinguished. The disadvantages are
that there are no simple formula for composing two rotations or calculat-
ing the image of a vector by the rotation. The Rodrigues Formula gives
Rot(x) = x +sinfv x x + cos v X (v X x)
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q1

q2

qs

q4

Figure 3.1: Repartition of the different kinds of coordinates, represented
here for n = 5: the yellow color represents the positions, the blue color
the orientations, and in case of the Hessian, the green color represents the
mixed terms. The vector on the right show the structure common to the
variable X and the force F: an alternation of positions and orientations. The
orientations correspond to the segment joining the two points surrounding
it. The structure of the Hessian, on the left, is a checker pattern.

3.2.2 Rotation matrix

A rotation matrix M € R3*? is an orthogonal matrix MTM = I3 with a
determinant equal to 1. (The orthogonality condition implies that |det(M)| =
1. The case of a determinant of —1 corresponds to a rotation combined with
a symmetry.) It is however usually not necessary to explicitly enforce the
determinant condition due to the continuity of the parameters. The image
of a vector x € R? is simply Rot(x) = Mx, the composition of two rotations
is Rotyg, o Roty, = Roty,a,. Rotation matrices are used for example in
computer graphics. With v¥ € R3*3 a matrix such that for any vector
y € R?, v x y = vXy, the rotation matrix can be expressed as M = I3 +
sin 0v¥ + cos Oviv¥
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3.2.3 Euler angles

Euler angles use three angles for describing a rotation: pitch, yaw and roll.
Each of these 3 angles corresponds to a rotation along a particular axis. Let’s
start with (ej, es, e3) the canonical Cartesian basis of R3. A first rotation of
angle 1 - the pitch - around e3 leads us to a new orthonormal basis (f;, fs, f3)
with f3 = e3. A second rotation of angle # - the yaw - around f; gives another
orthonormal basis (g1, g2, g3) with g; = f;. The last rotation of an angle ¢ -
the roll - around g3 takes us to the final orthonormal basis (hj, hy, hs) with
h; = g3. (Figure 3.2) The three angles usually have a limited range.

Figure 3.2: Euler angles

The gimbal lock is a problem: when two of the tree rotation axes align,
a rotational degree of freedom is lost: the parameters can be varied without
changing the rotation (for example in the case § = 0 the rotation is deter-
mined by the sum 6 4 ¢) and the system cannot react to applied torques.

3.2.4 Cardan Angles

Cardan angles (or Tait-Bryan angles) are similar to Euler angles. The main
difference is that the successive rotation axes are axes of the reference Carte-
sian coordinate frame. They have similar problems to Euler angles.
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3.2.5 Unit quaternions

Quaternions are 4-tuples. The four components of a quaternion q will be
noted qo, q1, ¢2, g3 (with ¢; € R). The vectorial part of a quaternion will be

noted q = (q1, ¢2, ¢3):

q= (90, ¢1,9,q3) = (¢0,9)

(Please note that quaternions are sometimes noted in the reverse order (q, qo).)
Unit quaternions (such that ||q| = /@ + ¢ + ¢ + ¢2 = 1) form a represen-
tation of SO(3): each unit quaternion can indeed be written in the form

= () = (cosy.sin
q=1\9,4d) = 005275 2V

representing the rotation of angle # around the axis v. q and —q = (—qo, — 1,
— @2, —q3) represent the same rotation, since a rotation of an angle 2r — 6
around —v is equivalent to a rotation of 6 around v.

The quaternion product is defined as

p-q9=(pogo — P 4, pod + P + P X q)

With this product, the representation of the composition of two rotations
represented by two quaternions p and q is represented by p - q. The image
b € R? of a vector a € R? by a rotation represented by a unit quaternion q
can be calculated by:
(Ovb) =q- (073-) -q

where § = (qo, —q) is the conjugated of q. The conjugated ¢ represents the
inverse rotation from g (a rotation of angle —f around the axis v). Unit
quaternions have all the desirable properties for what we need: we will use
them as a representation of rotation in SO(3).

3.3 Energy and Forces
For each kind of interaction, we first define an energy function and then derive
the forces from this function, following the common practice in mechanics:

oF
0X;

Fi:

We also define the symmetric Hessian matrix H € R(=49*(™=4) "gych that

0o ’E  0F
“0X0X;  0X;
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Representation Number | Number Co'n— Rotation | Inverse (.]o.mpo—
straints of of a sition of
of of para- | of con- i

. . a vector rotation two

rotation meters straints .
rotations
Axis-Angle Jor4d Oorl lv]|=1 Not direct (v,—0) Not direct
Euler Angles 3 0 Not direct | Not direct | Not direct
Cardan Angles 3 0 Not direct | Not direct | Not direct

Rotation Matrix 9 6 MTM=I, Mx MT M,M;
Quaternion 4 1 llqll=1 q-(0,x)q q a2-q1

Table 3.2: Summary of the different representations of rotation and their
properties. Both rotation matrices and quaternions have an easy formulation
of the main operations, but the quaternions have really fewer parameters and
their only constraint is easier to enforce.

Since each type of interaction can be decomposed as a sum of interactions
between either two points, two quaternions or two points and a quaternion,
we calculate the energy, the forces and the Hessian as a sum over element
groups. In order to enhance the calculation speed, it is important to calculate
only once the partial terms that appear several times in the three functions.

For a global position X, we can formulate the energy as the sum of the
energies over all points and segments and over all interactions.

E E EInteraction,i
Interactions 1@
n—1 n—1
= E ELength,i + E EQuatNorm,i
i=1 i=1
n n—1
+ E EWeight,i + E ECoh,i
i=1 i=1

n—2 n—2
+ § EBending,i + E ETorsion,i
i=1 =1

E =

The forces and the Hessian can be calculated in a similar way. In the fol-
lowing, Krnteraction 1S the constant relative to the interaction Interaction that
will be used for defining the relative weights of the different interactions.
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3.3.1 Weight

The weight has an important influence on the form of sagging cables since
it determines the direction of the deformation of the cable. The longer the
cable is and the smaller the ratio of the distance between the two end points
and the length of the cable is, the greater is the influence of the weight.
Furthermore, in particular undetermined cases (like a cable in which the two
end tangents are collinear with the line joining the two end points) where
there would be an infinite number of solutions without gravity, it allows to
eliminate the ambiguity. We consider the cable as a chain of mass points
with equal masses m. The total mass of the cable is n m. The energy is
Eweignti = —mgTx; where g € R? is the acceleration of gravity. The force is
then Fyeigne; = mg (Figure 3.3). Since the force does not depend on any of
the coordinates, the weight has no contribution to the Hessian.

mg

Figure 3.3: Force due to the weight

3.3.2 Length Conservation

Cables are, in praxis, unstretchable: the length of each segment has to be
kept constant. We use for this purpose strong linear springs. The energy is
defined classically as (see page 30)

1
ELength,i = §kLength(Li - Lref)2

where Krengin is the constant of the spring. The force on the point x;, just
opposed to the force on point x;,1 (Figure 2.2), is

FLength,i = kLengthui(Li - Lref)

and the Hessian has for each segment for blocks of R3*3: two blocks on the
diagonal corresponding to the pairs of points (x;,x;) and (X;11,X;41), and two
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blocks with the opposite sign corresponding to the pairs of points (x;, X;11)
and (Xi—i-ly Xi)l

L
HLength,i - kLength<I3 + £€f (uiuZT - 13))
(]
It is obvious that u; is an eigenvector of Hpepgen,i With a corresponding eigen-
value of 1, and that vectors orthogonal to u; are eigenvectors with an eigen-
value of (1 — M) In the case where L,.s > L;, the block has negative

L
eigenvalues.

Figure 3.4: Occupation of the Hessian by the terms due to the conservation
of the length of segment i: the blue and yellow blocks only differ by a minus
sign.

=

Figure 3.5: Occupation of the Hessian by the terms due to the conservation
of the length.
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3.3.3 Bending and torsion

The bending and torsion forces are calculated jointly as a function of the
relative rotation between two segments. They are determined by the two
consecutive quaternions q; and ¢, 1. (Observe that the previous formulations
needed three segments and that the Frenet torsion is not needed anymore.)
The relative rotation from segment ¢ to segment ¢ + 1 is represented by

Qimit1 = Gi+19i-

(The inverse of a quaternion q is ﬁ and for unitary quaternions simply q.).
The Darboux vector is, in global coordinates, for a differentiable function
q(s) and where the dot represents the derivation with respect to the arclength

)
(07 wg) = 26[ q
and in local coordinates
(0,wr) =299
They can be discretized as (see the Appendix)
22—
Wy zqurl " q;
and
22—
Wy = zqi Qi1

where, for a quaternion q = (qo, ¢1,¢2,q3), 4 = dq = (q1, 2, ¢3) Tepresents its
vectorial part.
On the other hand, the general properties of the Darboux vector give

w=krkB+7T.

The tangent vector T can be defined either interpolating the positions as

U1 + u;

T = —nox———.
’ ||1li—1 +1li||

or interpolating the orientations as the image of the reference orientation ref
by the rotation represented by
qr = qi + 9it1
i + qiga|
(The two definitions differ very slightly: the first one correspondsto a planar,

circular path and the second one to an spiral one. In the cases of a pure
torsion or a pure curvature they result in the same expression.).
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Figure 3.6: Comparison of the two definitions of the tangent T: T, is defined
with the interpolation of the positions. It lies on the plane defined by u; and
ujyq. Ty is defined with the interpolation of the orientations. It lies on the
plane defined by the axis of rotation v and T, but is not in general in the
plane defined by u; and uj;1.

We can now calculate the curvature and the torsion: a decomposition of
w on the basis formed by T and B (which is defined as the direction of the
residual component w — 7T = kB) gives us:

T :ng
and
k=|w—7T|.

Considering the expression in the local base leads to simplifications: T
is the image of the rotation of the reference direction ref. The local base is
also the image of the same rotation of the canonical base of R?. Hence T is
the direction ref in the local base.

7=w!'T = w/ ref
In the particular case of ref = (0, 1,0),
wp = (ﬁlv T, KJQ)

R
where k* = /@% + m%. Coupled with the discretization w; = %ﬁi - i+1, We NOW

have an easy way to calculate the bending and torsion energy:

2

2 2
EBendingTorsion,i - E’Bending,i + Etorsion,i = 5 BH K"+ 5 B’T T
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which can be rewritten as

B.w'w + (B, — B,)(wT'T)?)

EBendingTorsion,i = (
w!(B.I3 + (B, — B,)TT")w

N[ =D | =

The matrix (B.I3 + (B, — B,)TTT) has the eigenvalues B, (for vectors
collinear with T) and B, (for vectors orthogonal to T) which shows that the
bending and torsion energy is nothing else than the square of a particular
(local) norm of w as long as the two constants are positive.

A possibility would be to use only the quaternions as coordinates and
calculate iteratively the positions. The length conservation and coherence
forces would then disappear. The disadvantage is that the system matrix
would be a full matrix (the position of point ¢ depends on all the quaternions
between 1 and ¢ — 1), which makes the calculation much slower. External
forces like contact forces would also be difficult to implement.

Figure 3.7: Occupation of the Hessian by the terms due to the bending and
torsion at vertex ¢: the blue and yellow blocks only differ by a minus sign.

In the case where the rest state has a non-zero curvature or torsion (which
is the case, for example, for molded hoses), the energy becomes

1 1 1
EBendingTorsion,i = B B, (k1 — 51,0)2 + 5 B, (ko — 52,0)2 + B B, (1 — 7'0)2
where k1, k2,0, To are the values of the components of the curvature and of
the torsion in the rest state. The form of the cable can be greatly influenced
by this rest state deformation. Some hoses also show a rest curvature due
for example to a storage on a roll. It is a cause for the variability between
hoses.
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Figure 3.8: Occupation of the Hessian by the terms due to the bending and
torsion.

Figure 3.9: Influence of the torsion : the same cable is submitted to different
values of the torsion by rotating one of its extremities
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For cables which do not have a circular cross-section or whose material
repartition is not symmetric, we can simply take the energy to be of the form

1
2 2 2
EBendingTorsion,i = 5 Bml K1 + 5 Bn? Ko + § BT T
where B,; and B,y are the bending constants around the two axes corre-
sponding to the two directors d; and dy (assuming that they are principal
axes).

3.3.4 Quaternion norm

Since quaternions represent a pure rotation only when they have a unit norm -
otherwise a scaling effect is introduced and a very small curvature and torsion
could be obtained - , the norm of the quaternions must be maintained unitary.
The energy is simply defined as

1
EQuatNorm,i = §kQuatNorm (||Ch|| - 1)2

for i € 1..n — 1 with ||q|| = /@ + & + ¢3 + ¢3. This term only depends on
the quaternion g;. The force on the quaternion g; is

1
F= kQuatNorm qi (m - 1>

and the block of the Hessian corresponding to (q,,q;) is

1 qq”
H:kua orm((__1>1__)
Quath lal lall®

Figure 3.10: Occupation of the Hessian by the terms due to the norm of
quaternions
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This term is normally easy to enforce and does not pose any difficulty.
However, in the case of a cable with very high bending and torsion constants,
it can happen that the cable takes a "V” shape with a very sharp bend:
the norm of a particular (or two) quaternion(s) collapse to almost 0. The
interactions affected by the norm of a quaternion are the bending and torsion
(k and 7 are proportional to the norm of w and consequently to the norm of
each of the concerned quaternions, see section 3.3.3 ) and the coherence (the
norm of the "rotation” of the reference direction is proportional to the square
of the norm of the quaternion, see section 3.3.5). Whereas the coherence term
is limited (the norm of the vector u; — Rot(ref) cannot be greater than 2 in
general and practically than 1 in this particular case), all the actual bending
of the cable is absorbed by this particular point and the global bending and
torsion energy tend to 0.

The solution is then to change the formulation of the energy as a function
of the inverse of the norm:

1 1 2
E uatNorm,i — —k watNorm \ 7711 — 1
Guatiiorm = g (qu )

If the norm tends to 0, the energy will then tend to the infinite, thus canceling
all global energy diminution.(Figure 3.11)

) \

13~ 1)
4 _
3, |
2+ _
1L |
0\\ \ ,/./4

0 0.5 1 1.5 2

Figure 3.11: Comparison of the values of $(||q]| — 1)? and %(Hqu —1)?

If desired, this definition could be taken for the norm smaller than 1 and
the old one for the norm greater than one. The resulting function is C?
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(the function and its first two derivatives are continuous in all points and in
particular where ||g;|| = 1), which means that there are no problems for the
numerical solution and that the behavior of the system should not change
significantly near the equilibrium point ||q|| = 1. However this may not be
necessary since a norm greater than 1 augments both the coherence and the
bending and torsion energy.

3.3.5 Coherence between quaternions and positions

For the correct functioning of the model, it is important to ensure that the
quaternions (and thus the bending and torsion forces and torques) are cor-
rectly coupled to the positions. The unit vector u; = ﬁ € R? in the
direction between the two points ¢ and 7 + 1 should be equal to the reference
direction ref rotated by the quaternion g,. For a constant ref = (0, 1,0), the

image can be directly calculated (see 3.2.5)
Rot(ref) = (2(q1¢2 — qoas), 45 — 4 + & — @3 2(q0q1 + 23))

The energy is defined as

1 _
Econi = EkCOhH(O) w;) — q; - (0, ref) - g2

Rot,, (ref)

Uy

Figure 3.12: The coherence energy depend on the difference § between the
unitary vector u; and the rotation of the reference direction represented by

q;

3.3.6 Handles

Each handle (fixed point) is attached either to a point or to a segment.
The two possibilities are offered for an easy interface with the graphical
representation: the cable is represented as a sequence of spheres (at the mass
points) and cylinders (the segments). The user can attach the handle either
to a sphere or a cylinder. The handle can fix either only the position or both
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Figure 3.13: Occupation of the Hessian by the terms due to the coherence of
positions and orientation for segment i: the cyan and yellow blocks, as well
as the magenta and blue ones, only differ by a minus sign.

the position and orientation at a point. In the case of a sphere, the orientation
is taken as the (normed) mean value of the two quaternions surrounding it;
in the case of a cylinder, the position is the mean value of the positions of
the two surrounding points. If a handle is associated with the point x; and
with the quaternion g;, the energy is

Qi1+ s

T qHandle)2
T+ )

EHandleSphere,i = kHandle(<Xi - XHandle)2 + (

or
Xi + Xit1

2

Handles on spheres tend to have the problem that they “bend”, espe-
cially with low bending constants: the mean value of the two quaternion at
this point is conformed with the desired value for the handles, but the two
quaternions have very different values, leading to a sharp bend in the cable.
To remedy this problem, we replace the energy by

qi—1 + 9
2

Due to the absence of normalization, the norm of the “mean quaternion”
is |% = cos gwhere 0 is the angle between the two quaternions in
quaternion space. Since cos = ql_1q; = ¢i-10Gi0 + 919 = (di - Gi_1)o;

f is also the angle of the relative rotation between them as the previous

calculation shows. The norm of the difference % — QHandle 1S then at
minimum 1 — cos g. In the case of a sharp bend, this term augments the

energy and counteracts the effect.

EHandleCylinder,i - kHandle( - XHandle)2 + (Ch - qHandle>2)

EHandleSphere,i — kHandle((Xi — XHandle)2 + ( - qHandle>2)
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Figure 3.14: Occupation of the Hessian by the terms due to the bending and
torsion.

Figure 3.15: The graphical representation of a cable, here in wireframe mode.
The spheres correspond to the mass points and the cylinder to the segments.

3.3.7 Special mode for cable routing

Cable routing is the design of the cable form. Normally, the length of a
cable is not known beforehand. It is then interesting to have a mechanism
to adapt interactively the length of the cable to the desired form. There are
two possibilities to do this.

The first one is to diminish the length conservation constant. Since the
length constraint is not enforced exactly, the length of each segment varies
slightly. If after each iteration of the algorithm the reference length of each
segment is updated with its actual value, the cable will adapt progressively
to its external constraints.

The second method is to set the reference length for each segment to 0,
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Figure 3.16: Handle: Effect of change in the definition of the energy: on the
left, with the normalized mean value; on the right without normalization

although with a smaller constant. The cable will then tend to become smaller.
The length conservation constant should not be to small: the weight would
stretch the cable. In both cases, the speed of change is controlled by the
length constant, the length itself by the bending constant and the weight. It
is also important to take into account the different lengths of the segments:
for the bending and torsion, the parameter L should be replaced by the mean

% of the two segment lengths.

3.3.8 Banded Structure of the Hessian

In the previous sections, we have considered the interactions independently.
However, the interplay of all the interactions is decisive for the form of the
cable. The sparse pattern of the Hessian matrix is important for the numer-
ical solution of the system. One of the advantages of our formulation is that
the Hessian matrix has a banded structure.

3.4 Torsion with angles greater than 4n

The previous scheme works very well, but has a weak point: the quaternions
can only represent rotations up to a difference of 4. Using only quaternions
(or any other of the usual rotation representations apart from the axis-angle
one), there is no way to distinguish between an orientation and the same
orientation composed with a rotation of 2. In the case of the quaternions,
the double cover provides the way of distinguishing the two: a difference
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Figure 3.17: Occupation of the Hessian:the yellow color represents the terms
due to the coherence, the red the terms for the length conservation and the
green the bending, torsion and quaternion norm.

of 2r will give the opposite quaternion.! For most of the applications of

rotations, this does not matter. If we are however interested in the history
of the rotation, it is a problem: a cable whose end orientation will have been
rotated by 27 will have a different form - more twisted - than one which have
not: it needs to make one more turn. (See Figure 3.19)

It means that, for example, if we rotate one end of the cable around
its tangent - the other end being fixed - there will be a moment where the
configuration with the same orientation but with a turn less will have a
smaller energy than the configuration we actually want, and the system will
jump to this configuration instead of getting more and more twisted. (See
Figure 3.20)

One way of bypassing the problem would be to predict the value of the
torsion and to add an energy of the form %k(r — Teapected)>- The problem
is that the torsion is not easy to calculate without solving the system: it
depends not only from the relative rotation of the end segments but also

!There is no explicit difference between q and —q for calculating the energy, but since
the quaternions do not normally jump to their opposite, the continuity allows to make the
difference.
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Figure 3.18: Occupation of the Hessian: the banded structure of the Hessian
is clearly visible:

from the constants k, and k., the relative positions of the endpoints.

We need to keep track of the numbers of turns to avoid this problem. The
cable is represented as a sequence of quaternions ¢q; fori =1...(n—1). The
first idea is to associate an angle 6; to each one of these quaternions such
that

0;
COS 5 = {0
The value of 6; has no limits: 2 is linked to the ”number of turns” that were

2T
made. A new energy term impedes that the differences 6; — 6;_1 become to

big.

The first difficulty with this is that the values of ¢, are often restricted
to an interval smaller than [—1 : 1], thus impeding the passage to a different
winding number. Let us take as an example a cylinder oriented by the

quaternion (\/75, ‘/75, 0,0) that is rotated around its axis (0,0, 1) of an angle
¢. The resulting quaternion value is g; ¢ = 72 cos% and arccos ¢; o € [§ : %’r]

To remedy this problem, let us consider instead the angle of the relative
rotation from the first quaternion of the chain to the quaternion . We define

pi = qiqo
and 6; has the property that

7
oS — = Pio
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Figure 3.19: Two cables with the same parameters, but with a difference of
rotation of 2w

0.1 | | | |
0.08 -

0.06 |- V; ) y, i
0.04 / ) / / /

0.02 Iy
0+ .-_.-'T / -"I .-__.-"f —
002+ -
/
004t S / yd /
-0.06 |- p

-0.08 |- . |/ |

0.1 | | | |
-1500 -1000 -500 0 500 1000 1500

Figure 3.20: A typical hysteresis curve for the torsion. One of the end
segments of a cable was rotated around its tangent (all others parameters
remain constant). The torsion of the cable as a function of this angle (in
degrees) shows a typical hysteresis pattern: note that the jumps correspond
to a modification of the angle of 47 (720°).

39



We have
0; = £2arccosp; o + 4k;m

for some k; € Z.

We now have to determine the value of k; for each relative rotation. We
use for this a continuity assumption: at least for the two end segments,
the relative rotation from one time step to the following one cannot have a
greater amplitude than 7.2 We will then determine iteratively the values of
0;, either chronologically (from one time-step to another) or spatially (from
one quaternion to its neighbor during the first time-step?).

Composition of two rotations In the case of two-dimensional rotations,
the angle of the composition of two rotations is easy to determine. Using the
complex representation, with # and ¢ the angles of the two rotations being
composed and 1) the angle of the resulting rotation,

e — it _ Li(0+9)

which lead to the composition law

Y=0+¢
if the two rotations are in the same direction and
Y=0—0¢

if they are in opposite directions.
In tree dimensions, it is much more complex. The unit quaternions are a
very nice representation of SO(3). A rotation of an angle 6 around an (unit)

axis u is given by
o . 0
q=(cos=,sin-u
2 2

Let us consider the composition of two rotations of angles # and ¢ around
the axes u and v resulting in a rotation of angle ¢) around an axis w with the
respective quaternions q, p and v.* We furthermore suppose that 0 < ¢ < 7.%
(6 is free since it has to contain information about the winding number.) The
composition rule is

t=pq = (pogo — P' 4, pod + P + P X q)

2Otherwise it would not be possible to determine the angle of the rotation
30y = 0 by construction

? gin & — Y gin ¥
2,511r12v> andt-(cosQ,slngw)

®The interval | — 7 : 0] can be obtained by reversing the axis v.

ip = (cos Y
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We have then

cos% = 71y
= Poqo — qu
= cosgcos‘f —ulvsin g sin %
— i(co 9;‘;5 Q—Lﬁcos ?;‘b) + 1u0T\;'5 (cos @ — COS Q*T‘z’)
_ u A\ —u \4
= COS 5~ + ——5— COS —5—
Defining
14+ulv
A=———¢€10:1]
2
we have y o4 6
cosy = A COS 5 ¢ + (1 —A)cos 5

The cosines of the resulting half angle is a linear interpolation between the
cosines of the sum and difference of the two half angles. If the two unit axes
are parallel and in the same direction (u’v = 1), Ais 1 and cos% = cos %52 9+¢

On the contrary, if u’v = —1, we have A = 0 and cos% = coS 02¢.
In analogy to the two dimensional case, it is reasonable to suppose that

0—0o<v<b+¢

with the extremal values reached for u’v = F¥1
We now want to determine the value of . Apart from the case where
0 = 0[27], there is only one possible value for ¢ in the interval [0 — ¢ : 0 + ¢]:

e Case 1: Pk € Z/2km € [0 — ¢ : 6 + ¢] The whole interval is included in
an interval of the form [2kw : 2(k + 1)n|,k € Z

— Case la: k is even ) = 2 arccos (cos ) + 2km

— Case 1b: k is odd : ¢ = —2arccos (cos¥) + 2(k + 1)m

e Case 2: Al € Z2lr € [0 — ¢ : 0+ pland Fm € Z/0 = 2mm Let k € Z
be such that 0 € [2kn : 2(k + 1)7]

— Case 2a: k is even: 1) = 2arccos (cos ) + 2km

— Case 2b: k is odd: ¢ = —2arccos (cos%) + 2(k + 1)

In both cases we have ¢ = 2(1 — 2(k[2])) arccos (cos¥) +2(k + (k[2]))m
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e Case 3: Jk € Z/0 = 2kr This is the only case where the result is
undetermined : two values for % are possible. Since we always have
different values of the quaternions (either from previous iterations for
the same segment or from neighboring segments at the same iteration),
the easiest is to take one of those (which should be different from 2k7)
to define the value of % To avoid problems with numerical errors, it is

certainly wise to apply the same procedure if | cos g] >1—ce.

Calculation of 6; We can now use the previous results for determining
the value of #;. Suppose we know the quaternions p, ; and p; as well as the
value 6;_,. We have then cos £ = pio. The value of 6,_; allow us to choose

L =
the sign and the value of k.

Implementation

We add an extra variable 6; for each segment for resolving the problem.
We add two new energies: one for avoiding jumps of 27 and one for
coordinating # and the quaternions.

Energy 1 The first energy is, for p an even integer,

1 (01— 0;\"
Ee:—ke ( i+1 z)
P v

with derivatives, for A = 6,1 — 0;, using a similar notation

1
Fro = —kg—A0"""
P

1
HAQ = (p — 1)]{0_A9p—2
P

The choice of an exponent greater than 2 gives a much “flatter” energy
curve, giving a very low weight to small differences and a greater weight to
difference bigger than 27. (See figure 3.22) Since we want to avoid ”big”
changes between 6; and 6;,; but we do not know a typical value of the
difference, a quadratic energy would be to strong; an energy with an higher
exponent would not penalize smaller changes.
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NIZENIZENI IV 7

Figure 3.21: Value of ¢: the different possible configurations in the trigono-
metric circle. g is represented in green, % in red, % in blue, and % in
cyan. The vertical lines represent the limits of the possible cosines values,
the thin arc circles the angles values in the interval [0 — ¢ : 0 + ¢| and the
thick arc circles the possible values for the angle % From top to bottom and
form left to right: the cases la, 1b, 2a, 2b and 3, the last 3 cases each with

cosg > 0 and COsg < 0.
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Figure 3.22: Different energies of the form ¢¥: changing p allows to modulate
the difference between 6, ,; and 6; that does not lead to a sensible change in
the energy.

Coherence Energy between 6; and g;

For the second one, the relative
rotation is for Q = qo and q = g;

p=qQ = (qoQo + a"'Q, —qQ + Qog + Q X q)

The second one is divided in two parts

1 92 2 1 92 2
Eyq = 2k9q1 (pi,o — COos 5) = §k9q1 <QOQO + Qi1q1 + Q292 + Q33 — cos 5)
with
0F 0
Feql,qi,j — aqéq'l — —k‘aquj (p@o — COS 5)
Z?]
a-E'qu 1 . 0 0
0q1,0;, = — B0, = —§k9q1 sin 5 | pio — cos 5
0*FEy
Heqlalh',jv(h,l = 8(]—8;2 = k@qule
1/7] 7/7
PFy 1 0 0 L0
Hog1.0,0, = 8qu = Zkgql cos 3 Di,0 — COS > + sin 2
0*Epp 1 .0

64



The second part is

1 0.\ 2
Epgo = §k€q2 (pr — gin? é)
0By ok op * T .2 0
092,qi; — — 86]1‘,]‘ - - qu@_i,j P{P P—sm 5
with )
BQSO ( Qh Q27 Q?) )T
a?;l = ( Qo, Qs, —Qo )T
6252 = ( —Q3, Qo, h )T
6?153 = ( QQ: _Qb QO )T
Foqa0, = — 899;2 = kgg2 coOs 5 sin o (pr — sin? 5)
0?Eygo op T op 0; opT opT
Hogogr g = ———2 = 2kgen | =—— Tp —sin? = | +2
042,9i,5 4,k aqldaql’k 0q2 aqlJ aquk PP S11 9 + 8ql’] pan,k P
82E0q2 91 . 91 8p T
HGqZQi,j,ei - aq%]ael = —ngqg COS 5 Sin 5 aq%] P

2E 1 0; 0, L0 0, .
Hogoo,6, = —2LZ = — kg <(— sin® = + cos® —> (pr — sin? —> — cos® 5 sin

06? 2 2 2 2

Limitations

This scheme does not take into account the translation movements of the
ends of the cable. But these can have an effect on the rotations, as show the
360 and 720 belt tricks: take a cable, extend it along a line, turn one end
of 360 (resp. 720 ) around its tangent, and move one end in a circle around
the other one. Now, the cable is twisted in the other direction (360) or is
untwisted (720). This behavior can be explained if the closure (a prolongation
of the cable to transform it in a circle) is considered: during the belt trick,
the closure intersects itself, thus provoking a jump of +2 in the link.
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Chapter 4

Integral Forces

Note: in this chapter, s represents the variable of the Lagrange Transforma-
tion and not the cable arclength.

4.1 Short Introduction to Control Theory

Control theory aims to influence from outside a process changing with time
in such a way that it runs in a predefined way (for example, that some values
stay as constant as possible.) The classical way to do this is introducing
feedback with a closed-loop system: the control signal is a function of the
control error (the difference between the actual value of the variable to be
controlled and its desired value). (Figure 4.1)

Disturbance
Control l Yariable
Control .
qumn*:and Error Signal to be controlled
igna
g Controller » Plant >

Figure 4.1: The classical control loop

In the case of a segment whose length we want to control, the control
variable is the length of the segment, the command signal is the reference
length of the segment, the plant is made up of the two points of the segment
and the disturbance are all the other interactions (the weight, but also the
behavior of the rest of the cable).

A classical form for the controller is a so-called PID-controller: if e(t) is
the control error (seen as a function of time), the control signal at time ¢ is
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formed by the sum of 3 modes: the proportional one (P) kpe(t), the integral
one (I) k; f(f e(u)du and a derivative one kpd(t) where the constants kp, ki,
kp are chosen in function of the properties of the plant and of the desired
behavior.

If we look at what we have done in the previous chapter, a spring alone is
a proportional controller: the actuating variable (the force) is proportional
(with the proportionality constant kzengm) to the difference between the de-
sired value (L,.r) and the actual one (L;). The forces for segment i between
point ¢ and ¢ 4+ 1 due to the stretch forces are

fP,i = _fP,i—i-l = kLength(Li - Lref)ui

The derivative mode is the viscous damping in a dynamic system.

We want to use the equivalent of a PI-(proportional-integral) controller,
which has the property of being able to enforce a constraint exactly so that
the steady-state error is null. The PI-controller combines a proportional part
(the spring) with an integral one. Its actuating variable is proportional to the
integral over the time of the difference between the desired and actual values.
When the error is null, the proportional force is also null, but the integral
one counteracts the perturbations. The proportional force is nonetheless
essential to the stability of the system. As a consequence of the presence of
the integral force, the proportional constant can be reduced (in comparison
with a spring-only system), which makes the system less stiff as a whole.

4.2 Explanation of the principle: continuous
version

Let us take a simple, one-dimensional reference setting for explaining the
idea. A (mass) point has the coordinate x € R. It is submitted to the
following forces: a spring force —kx !, an integral force —f and an external
force w independent of z and its derivatives (for example the weight, or any
function of the time only). Since we consider a quasi- static system, the force
equilibrium is always respected. 2

—kr—f+w=0

LA translation gives the traditional form —k(z — z¢)

2Tt is equivalent to considering the dynamic of a mass-point of mass m = 0: the first
Newton principle for a null mass is the equilibrium of forces at all times: m& = —kz— f+w
leads to 0 = —kx — f +w
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hence

r=—F]-

k
In the case where f = 0, the amplitude is the classical result 2: it is the
control deviation. We want now to bring the point in the position x = 0 by
means of the integral force.
We now set

f =k 7T
where the dot represents the time derivation.
With the Lagrange transformation (the Lagrange transformation is noted
in capitals, following the standard use)

kX - My iw—o
S

which leads to the transfer function
X S

W ks+ k;

It is a DT1 system ( a differential system with a delay).

The pole is s = —%: it has a negative real part: the system is stable.

The limit for an infinite time is

: L iy $ L S wo _ . $
tlggox(t)_g%SX(s)_lg%s s+k1W_£1E(l)Sks+k1 5 _g%ks%—k:]

’(UO:O

in the particular case of a constant (for ¢ > 0) w(t) = wy. There is no control
deviation.
For the integral force, we have

F kr

W ks+ k;

It is a PT1-system with a proportional gain of 1.
In time domain, we have

w—f
r=g
and
fzkm:z—%f%—%ﬂ)z—@f—l—(ﬂu

with o = 2. For a constant w = wy, with 2(0) = 0 and f(0) = 0, the
solution is then, for ¢ > 0

kr

f(t) =wo(1l — e ) = wo(1 — e *7)
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Figure 4.2: The energy from which the force —kx — f + w can be derivated
is £ = %kazz + fr — wz. Without external influence, the minimum of the
energy lies at © = 0 (in red). Under the influence of external forces (in blue),
the minimum is shifted to some position z > 0 (in cyan). The addition of
the integral force (in magenta) allows to shift it back to the desired position
x =0

and I
x(t) = ?06’7”

The bigger « is, the faster the system converges.

4.3 Numerical Problems

The continuous system is stable. But, like for all integration schemes of
differential equations, this does not mean that the numerical system is stable.

We proceed in the following way: at the beginning, we have fy = 0 as
an initial condition. At each time step i, we solve the energy minimization
problem for x, maintaining f constant equal to f;_; :

w— f;

Tit1 = 2

We then update the integral force
finn=fit+tkzipn =1 -a)fi+aw
The explicit solution of this sequence is (for w constant)
fi=wo(1 = (1—a))
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Figure 4.3: Step response of the integral force f and of the position z

and w .
2= —(1 - a)’

k

Both solutions are stable and converge if and only if |1 — «| < 1, which is
equivalent to 0 < a < 2. There are no oscillations for 0 < a < 1. The
process is equivalent to an Euler-Forward integration scheme for the integral
force.

For having a stable and oscillation-free system, we need

ki
0<—x<«1
k

In particular, the proportional force cannot be suppressed.
The fastest convergence rate possible is then reached for a = 1, which
means for kf = k

4.4 Length conservation

Let us consider a segment i (between points x; and x;,1) and apply the
previous principle to the conservation of its length.

With only the proportional mode is used, the energy is, as explained
before in the previous chapter,

1
ELength,i = EkLength(Li - Lref)z

where Erengen is the constant of the spring.
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The force on the point x;, just opposed to the force on point x;,1, is

FLength,i = kLengthui(Li - Lref)

If we consider only this spring, the minimum of the energy is clearly at
L; = L,.s. But the points ¢ and ¢ +1 are also submitted to other interactions
that result in a disturbing force that stretches (or compresses) the spring.
Since the spring can only exert a force when it is not at equilibrium, it alone
cannot enforce exactly the constraint of a constant length: we use the integral
mode to achieve this.

To implement this, we add constant forces fr rengen, s i on point 7 and
— f1,Lengtn, i0; on point ¢ 4 1. This force must have the same direction as the
proportional one. The total force on point ¢ due to the stretch of segment ¢
is then

fi = (_fI,i + kLength(Li - Lref))ui

This corresponds to an energy of

1

ELength,i = §kLength(Li - Lref)2 + fI,Length7 Z(Ll - Lref)

We have now n — 1 additional parameters fr rengen, i- For solving the system,
we use an iterative approach: we first solve the system holding the f; rengen, i
constant, then adjust their values in function of the result and solve anew the
system until an equilibrium is reached (The constraints are enforced within an
€ tolerance that should be chosen slightly bigger than the numerical precision
of the system solver).

For updating the integral forces, we adjust each one individually: the new
force is the old one augmented with the difference of lengths multiplied by a
constant

fI,Length, i, new — fI,Length7 i, old + kl, Length(Li - Lref)

4.4.1 Results

Several results of the application of integral forces to the length are shown
in figures 4.4 to 4.8.

4.5 Coherence between Positions and Quater-
nions

The same mechanism is used for the coherence between positions and quater-
nions, but in this case the integral force is three-dimensional.
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Figure 4.4: Effects of the integral force on the length error: length error for
each segment as a function of the number of iterations, here for a = 0.1:
a slow convergence to 0 can be seen. The system stops before reaching 0
because the small differences in the integral forces are not enough to change
the positions.

0.12 - | T | | | | T B
0.1 &

-0.02 e

b
-0.04 = l | l l l l 1 -
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Figure 4.5: Effects of the integral force on the length error: length error for
each segment as a function of the number of iterations, here for a = 0.5: the
convergence to 0 is faster.
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Figure 4.6: Effects of the integral force on the length error: length error for
each segment as a function of the number of iterations, here for a = 1: the
convergence to 0 is faster, but a slight overshoot is visible.
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Figure 4.7: Effects of the integral force on the length error: length error for
each segment as a function of the number of iterations, here for a = 1.5: the
system still converges to 0, but after numerous oscillations.
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Figure 4.8: Effects of the integral force on the length error: length error for
each segment as a function of the number of iterations, here for a = 2: the
system is unstable.

The energy is defined as

1
EC’oh,i = 5 kCoh ATA

with

A = u; — Rotg, (ref)
In the same manner as for the length conservation, we introduce an integral
force for each of the three components of the coherence between quaternions
and positions: we want the vector A to be 0. For each segment, the integral
force f7; has 3 components and the following update rule is used:

£rimew = £1i01d + k1, conA

The modified energy is now

1
Econi = §kCohATA + ATE con

and the forces are3

OAT
Feoniz; = —kconm=— A ——=— fr;
Coh,i,x; Chng 8xj 1,

3The force is a pure moment on the two point-segment (it has no component along the
segment direction u;) and has, as such, no direct influence on the length of the segment.
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The update rule is

f1.Coh, i, new = f1,Coh i, old + kI, cond

The results are similar to the one obtained with the length.

The two integral forces cohabit well, except in the case of strong flex-
ion/torsion constants, where oscillations appears. Augmenting kguatnorm Or
reducing arengen helps.

4.6 Quaternion Norm

Since the restraining influence of the coherence force is lost, we cannot simply
use the quadratic form of the energy %kQuat Norm (|G|l — 1)2. It is much better
to use the hyperbolic difference which avoids that the norm gets to small,
and we can use it for all the value domain (it is less sensible for a norm bigger
than 1 as the other form, but since there is no force pushing the norm to
grow, this is not a problem.

The energy is replaced by

E _ 1k ( ! 1)2 + f ( : 1)
QuatNorm,i 5 QuatNorm ”ql” I,QuatNorm,i quH

with the update rule

1
fI, i, new — f[, i, old + k[, QuatNorm (”q” - 1)
i

But it is not the case for the quaternion, which could lead to interferences with the
quaternion norm. A solution would be to modify the coherence energy to make it inde-
pendent from the quaternion norm. The norm of the image rotg, (ref) is [|q;/|* Only the
definition of A should be replaced:

1
BTN o e
A drawback of this is that the coherence energy counterbalanced the influence of the
bending and torsion energy (which tend to diminish the quaternion norm). Since we loose
this advantage, we will also have to add an integral force for the quaternion norm. Another
possibility would be to use the normed quaternions for calculating the flexion and torsion
energy, but this complicates unnecessarily the derivatives.

Rotg, (ref)
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Chapter 5

Contact forces

For the realism and the utility of the simulation the interaction with the
environment is very important, in particular the detection of collisions and
the treatment of contact forces to avoid the interpenetration of the cable and
solid objects.

5.1 Basic principle

When a collision is detected (the mass point ¢ has penetrated into another
body), we want the mass point to be outside, at a distance equal to the radius,
from the surface. To achieve this, we will add a force (and the corresponding
energy) for the mass point: we apply a spring and an integral force, in a
similar way as before, to keep it on the surface.!

Let y € R? be the orthogonal projection of x; on the surface and n € R3
the normal at y, oriented towards the outside and normed. The penetration
distance is then d = (y — x;)"n (d is positive when x is inside of the body)
and the force is

fCollision7 i— kCollision dn + fI, Collision, i1
and the energy
1 2
ECollision,i = §kCallision d” + fl, Collision, i d

Without the integral force, the minimum is clearly at d = 0. As before, the
integral force is used to enforce the constraint exactly.

! The surface is displaced of a distance equal to the radius along its normal to take into
account the radius.
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The release mechanism is the following: when the penetration distance
of a point is 0 (within the tolerance) and its integral force fr coision,: 1S
negative- the force on the point is directed towards the inside of the body- it
means that the point needs to be attracted towards the object in order to be
on the surface. In this case, it is not a collision point anymore and the spring
and the integral forces are removed. In the case of several collision points,
it is important to wait for all points to be on the surface to release any of
them, otherwise an oscillation between the states of collision and no-collision
could appear.

QOutside i
A F

49
Inside P % 3 P:O FI <V

Figure 5.1: Principle of the collision treatment: when the point is on the
surface, the proportional force is 0, but the integral force maintains it in
position. When the integral force is negative, the point is attracted artificially
to the surface: the contact is broken.

The release mechanism is also important in the case where the initial
position shows a “big“ interpenetration: all points that are inside the object
are initially to the surface. Typically, the two exterior points (ie. the first
and last points in the order of numeration of the cable to be in contact)
will be attracted to the object while the other points will be pushed away
by the object. The two exterior points will be released, and this cycle is
repeated until a position is reached where no point has to be attracted to
the object. In particular for cables with a high bending/torsion stiffness, the
correct position after the collision can have only one or two points in contact
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with the solid object. In the case where the initial interpenetration is so big
that it is not obvious to which side of the object the cable should be pushed,
one could imagine to push the points of the cable one at a time, starting by
one end of the cable. There can be cases where no satisfying solution can be
found (for example, the cable is too short to go round the solid object). A
manual intervention would then be necessary.

Figure 5.2: Example of resolution with an initial position with interpene-
tration: from top to bottom and from left to right, the initial position, and
successively the different stages of the resolution: between each image, the
points with a negative integral force (which were artificially attracted to the
surface) were released.

For updating from one time step to another, there are three cases:

e neither the cable nor the solid have moved: there is no need to do
anything.

e the solid has moved: the points that were already in collision are up-
dated (the collision point and the normal are possibly modified, the
integral force remains the same, even if the point is now outside of the
solid, because it is extremely probable that this point will still be a
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contact point, but a little less pushed.) The other points are checked
for collision and added to the list of collision points if necessary.

e the cable has moved: the new position of the cable is calculated with
the collisions of the previous step; we proceed then as in the second
case.

9.2 Update of f[,Collision,z’

fr.coltision,i can be updated with two different methods: an individual or a
global one. The first method is similar to the one we used for the length:

f],i,new - fI,i,old + kI,Collisiond

The second method uses the derivative of the forces as a predictor for the
behavior of the system upon a small change of the values of the forces. The
Taylor series for the forces (excluding the integral force) is

F(X +h) = F(X) — Hh

with h € R™~* the difference between the old and the new position. Since
both the old and the new position are equilibriums, we have

F(X) + fI, Collision, zﬁ =0

and
F(X + h) + (fl, Collision, i 1 Af[)ﬁ =0

with . € R™* the "direction” of the constraint: 7, = 0 except for the
block corresponding to x;: (7741, M7iyo, N7iys) that takes the values of n.
Combining these three equations gives

Afm = Hh
In order to fulfill the non-penetration constraint, we need that
h'h =d
These two equations lead to

d
n"H-'n

In the case of several contact points, the new force is such that

Afr=

F(X+h)+ ) Afyfi;=0

i€Contactpoints

79



and the conditions to fulfill if h = d;. The combination of these relations
results in a matrix equation:

M(Aff,la seey Af],c)T = (dl, ey dc)T

with ¢ the number of contact points and M € R*¢ a matrix such that
M, ; = nf H™'fi;. Although we have to solve the above system, this method
converges experimentally much faster than the other: it only needs one or
two iterations to find the correct values for the f;. It cannot be used as such
in the case of the length conservation or in the case of the coherence between

positions and quaternions since the direction n would not be constant.

Figure 5.3: Deformation of a cable due to the contact to a plane

5.3 Different kinds of contact forces

5.3.1 Contact of a segment

The contact forces we have considered until now are applied on one point of
the cable: the point is constrained to be on the plane defined by a point on the
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Figure 5.4: Multiple constraints on the same point are no problem: here, a
cable colliding with two planes

surface and the normal to the surface. The fact that all the points are outside
of a solid does not impede that the segment joining them can interpenetrate
the same solid, if the surface is not locally concave. If the curvature radius
of the surface is big enough in comparison with the length of a segment, this
is not a problem since the penetration distance will be relatively small. (of

an amplitude of R 4 r — \/(R +r)2 =12 =(R+r)(1—-,/1- (W)Q)

where R is the (mean) curvature radius of the surface along the direction of
the segment, r the radius of the cable and [ the length of a segment. If it is a
problem, one could constrain the two points of a segment to be in the plane
defined by the contact point on the surface and the normal. The segment is
then tangent to the surface: the collision of a segment with a surface is then
transformed in the collision of the two points of the segment with the plane
tangent to the surface.

5.3.2 Contact with a sharp edge

The case of a sharp edge is different: the interpenetration distance can be
big. We need a special treatment for them. The idea is to base the energy on
the distance between the segment and the point. A sharp edge is defined as
the junction of two half-planes, but such that the edge is pointing outwards,
like for example the edges of a cube. Let us consider a point y on the edge,
and n; and n, the normed normals to the two half-planes, and finally x; and
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X;11 two points of the cable such that the segment joining them is partly
inside of the edge. The previous mechanism ensures that the two points x;
and x;,1 cannot be inside of the sharp edge. Let us define the (normed)
vector

ng(Xi+1 — Xi)nl — n{(xiﬂ — Xi)l’lg _ (Xi—l-l — Xi) X (1’11 X HQ)
03 (%541 = xi)n1 — nf (X1 — X)na| - [[(%i1 — i) X (01 X no)|

VvV =

This vector is orthogonal to x;,1 — x; (since v!'(x;,1 — x;) = 0) and it is in
the plane defined by n; and n (it is orthogonal to the edge) and is pointing
outwards the sharp edge. 2

The distance between the edge and the segment is given by

d=(y —x)"v+r

As before, the distance is negative if the segment is outside of the edge. We
define the energy as

2
ECOllision,i = §k6’ollision d” + f[, Collision, i d

This forces the projections of the points x; and x;,1 on the plane defined by
y, n; and n, to be aligned with y.

The contact is released either when the integral force is negative, or when
the edge lies ”"outside* of the projection of the segment defined by x; and
X; i1, this is to say that we must have (x;41 — x;)7(y —x;) > 0 and (x; —
x;)T(y — x;41) < 0 for the segment to be in contact with the edge. If it not
the case, the contact segment is replaced by the next (or previous) segment,
following which one of the previous inequalities is not satisfied anymore.

It is also important to notice that this special treatment will not be needed
very often since the bending stiffness of the cable will often make the cable
not to rest on the edge itself but to go around it. It would only be necessary
for a cable under tension.

2 T _ _ (me—n)T(xip1—x;)(14+n] ny) : ;
We have v' (n; + ng) = ol i1 —x)m: —nT (e —xomall Since n; and ny are unitary,

it is a sufficient and necessary condition for the vector v to point outwards that (ng —
ni)7(x;41 — x;) > 0. If it is not the case, swap n; and ny.
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Figure 5.5: Collision with a sharp edge: the left figure shows the notations
and the starting position, on the right on top the end position, at the bottom:
the contact must be released and replaced by another segment.

Figure 5.6: A very soft cable in collision with a sharp edge.
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Chapter 6

Numerical Solution

Now that we have described the energy function, it is time to describe the
way to calculate the new positions from the energy. We use an iterative
method for the energy minimization based on the continuity of the solution
from one time-step to the other.

6.1 Solver

6.1.1 General principles

Since the cables and hoses do not have a high dynamic range, considering
a static solution at each time step is sufficient for most of the applications
we are concerned with, like wire routing or assembly simulation. Dynamic
phenomena like fast oscillations are excluded by the quasi-static system: the
system is after each time step at equilibrium. Numerical oscillations, which
are often a problem for stiff spring-mass systems, are also excluded by the
absence of speeds as variables. We use an energy minimizing algorithm for
solving the system. Note that the system could be modified to be transformed
in a dynamical one (See below 6.2).

The basic hypothesis is that the new solution (for slightly modified con-
ditions: a point has been moved between the two frames for example) should
be near to the old one, and the old solution vector X, can thus be used
as a good starting point for the search of the new solution. We minimize
iteratively the energy until we find a minimum, characterized in the follow-
ing way: If the norm of the forces vector F is null (in practice small enough
|F|| < € in order to account for numerical error), the system is at equilibrium
and we have the solution we were looking for. If not, we minimize the energy
until we find an equilibrium.
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Our algorithm is iterative. In each loop, a sequence of different algorithms
is used until a smaller value for the energy is found. If a particular algorithm
gives a solution, X4 is replaced by the new solution and a new loop begins
until the equilibrium is reached. If it does not find a better solution, the next
algorithm is used. When the difference either in position ||Xew — Xou|| or
in energy ||Enew — Eoqll is smaller than a predetermined value, the loop is
stopped. The different algorithms that we use are in order: Newton’s method
applied to the forces, the non-linear conjugate gradient method, the linear
conjugate gradient method, the steepest descent method and if all else fails, a
line search along the forces. It is important to note that in the vast majority
of the cases, only the first or the first two are used; the other algorithms serve
as a security for particular stiff cases or for tuning the different constants
for the interactions. This structure allows us to have at the same time a
fast response in usual cases while retaining the robustness necessary to deal
with stiff cases. Thanks to the formulation of the energies and this iterative
process, the mean calculation time for an iteration is practically a linear
function of the number of discretization points. (See Figure 6.1)

6.1.2 Individual algorithms

Most of the algorithms are based on the approximation of the energy at a
position X + h as either a second-order or a first order Taylor series at the
position X:

1
EWMAX+h%:E@)—HXFh+?FH@M1

Newton Algorithm

The first algorithm is the Newton Method applied to the forces. It is partic-
ularly efficient near the equilibrium. However, it is well-known that it only
converges if the starting solution is near enough to the equilibrium. Another
possible source of problems is that the algorithm converges to a point at
which the forces are null. It is not necessary a minimum: it can be a saddle
point, typically with just a few negative eigenvalues, but the energy can be
higher in this point. Using the previous approximation, the energy finds its
minimum when its gradient is null, i.e. for —F + Hh = 0 using the linear
approximation of the force, which leads to

h=H'F

and
Xnew = Xold + H_lF
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Figure 6.1: Influence of the number of discretization points on the mean
calculation time: the calculation time is roughly a linear function of the
number of points.
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For inverting the Hessian, which is a strongly banded matrix (See Figure
3.18), we use a simple Gauss algorithm slightly modified for taking into
account all the zero-elements of the matrix.

Conjugate Gradient Method

The conjugate gradient method uses a family of H-conjugated vectors (two
vectors u and v are H-conjugated if ul Hv = 0 with H a symmetric positive
definite matrix) to look iteratively for the solution to the system Hh+F = 0.
In the non-linear method, the matrix H is recalculated during the process,
while the linear method keeps it constant. We use only one iteration of the
conjugate gradient method to help getting into the convergence zone of the
Newton method.

It is worth noting that the Hessian is not necessarily positive definite. In
the cases where it is not, it typically has some very small (in absolute value)
negative values. But this is not really a problem, the iteration would not
converge to the solution of the equation but they will be of lower energy.

Steepest Descent and Line Search

The steepest descent and the line search use the force as a search direction

(The force is the opposite of the gradient, and thus indicate the direction

of the steepest descent.) Both methods look for a coefficient « such that

Xpew = Xoiqa+aF has a minimum energy. In the case of the steepest descent,

the Hessian is used to approximate E(a) = F(Xpew(e)) by a parabola and

finding its minimum, which is found for o = FFT?F The linear search uses
1

decreasing powers of 2 (o« = 55) until it finds a solution with a lower energy.

6.2 Dynamical Solution

The system could be easily modified to become a dynamic one, introducing
the velocities as supplementary variables and solving the system, for exam-
ple with the algorithm proposed by Baraff [Baraff and Witkin, 1998]. For
ensuring the stability, it would be necessary to add damping forces for each
kind of interaction, following the formulation of Baraff: if the constraint is
C(X) = 0, the (proportional) energy is £ = %kC’(X)TC’(X), the proportional
forces are of the form _kaggz( )C(X), the integral forces of the form — f; 8%? )
with the update rule fr e = froa + k1C(X). The damping forces can be
expressed as _kaca_gzc)c (X). All the interactions except the weight (for which
there is no damping force physically speaking) can obviously be rewritten in
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Figure 6.2: Minimization Algorithm

this form. It would be necessary to adapt the values of the constants to the
new system.
The Lagrange equations can then be used as evolution equations. With

the kinetic energy
n n—1
1 ) 1 T

where J is the inertial matrix of a cylinder segment in local coordinates,! and

where ; € R® = 2ﬁ1_>qz is the vectorial rotational speed in local coordinates
and with the Lagrangian
L=T-F

we obtain, for all coordinates X;, where the dot represents the time derivative

d oL OL

dtox, 0X;

In the case of the spatial coordinates, we get the classical result

Ji 0 0 ,
1y = 0 J, O with J; = ﬁm(3r2 +L?) and J, = e
0 0 J;
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Figure 6.3: Example of the resolution in the case of a big translation along the
third coordinate: the different graphics show from top to bottom and from
left to right the 7 coordinates along the cable as a function of the indexes of
points during the iterative resolution. The starting position (the translation
can be seen on the third graphic) as well as the 6 iterations are shown.
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Figure 6.4: Example of the resolution in the case of a smaller translation
along the third coordinate: the different graphics show from top to bottom
and from left to right the 7 coordinates along the cable as a function of the
indexes of points during the iterative resolution. The starting position (the
translation can be seen on the third graphic) as well as the 4 iterations are
shown.
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6.3 Prediction

6.3.1 Linear prediction

In order to accelerate the resolution process, a possibility is to interpolate
linearly the modifications and use it as a starting point. The advantage is that
the modifications are spread faster along the cable. A linear interpolation
is easy to implement and fast to execute, and can speed up the resolution
process. Let us consider the case where the position of the cable during the
last time step is known; the first end is fixed (x; and q; are constant) and
the other end is moved. Let us define

t= Xn,new — Xn,old
the translation and
T = (n—1,new * Yn—1,0ld

the relative rotation between the old and the new position of the second end.
We initialize the search for the solution with the following positions

1—1
Xinew — Xi,old + ——t
n—1
fori=1,...,n— 1 and with the following quaternions

i—1
Qinew =95 Qiold

fori=1,...,n with, when v = (cos g, sin g), s = (cos 2(n9_3) ,sin Q(ne_g))). The
solution is then calculated as usual with the energy minimization algorithm.
The efficiency of this method depends on the amplitude of the modification.
For a small modification, it is a good approximation in the direction of the
modification, but the other directions are not modified. For example, a trans-
lation taking apart the two end points of a cable results first in a translation
of all mass points along the movement direction but also in translations along
other directions (the cable would typically “go up” because it has relatively
less length for sagging) as well as modification of the orientations. These

modifications are not approximated by this scheme.

6.3.2 Approximation by reduction of the number of
discretization points

Another possibility is to calculate a solution to the same problem with fewer
discretization points and to interpolate then the result. The constants must
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Figure 6.5: Example of the resolution in the case of a translation along the
third coordinate with linear interpolation: the different graphics show from
top to bottom and from left to right the 7 coordinates along the cable as a
function of the indexes of points during the iterative resolution. The starting
position (the translation can be seen on the third graphic) as well as the 2
iterations are shown.Compare with the second resolution example (see Figure
6.1.2): fewer iteration are necessary.
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Figure 6.6: The big cable (top, in black) and the small one (bottom, in blue)
are shown here for a =2, for N=11and n=7

then be adapted to ensure that the solution converges to the same form. For
avoiding that the first segment displaces the solution, we define the transfor-
mation from the “big cable” to the the small one such that the second and
the penultimate points of both cables are equal, as well as the first and last
quaternions. Let N be the number of points of the big cable, and n of the
small one. Let us call o the factor between the number of free segments of
the cable:
N—-3=a(n-3)

For example, a factor of & = 2 means that we take one point out of two
between the two end points.

The length of a segment of the big cable is 7,
f[b_gl, therefore the length of the small cable is L —

The position of the first point of the small cable is

Lbig

a segment of the small

cable has the length «
n—1
N-1"

Ly . B
X1small = Xopig — T0t(qo) =24 and the last point is X, smat = Xn-1,ig +

rot(qy_y)temat,

The point ¢ of the small cable, for ¢ = 2...N — 1 corresponds to the
point j = a(i — 2) + 2 of the big one.. Similarly, a point j of the big cable
corresponds to the point ¢ = % + 2 of the small one. A non-integer result
indicates that there is no point of the other cable corresponding exactly to
the point we are looking for and we need to interpolate.

The advantage of this method is that the movement is interpolated in all
the directions. The disadvantage is that it takes more time to calculate.

We cannot interpolate directly the start position of the big cable from
the position of the small one, since the lower resolution of the small cable,
especially for a low resolution introduces artefacts. The solution is to inter-
polate the difference between the new and the old position of the cable and
to add it to the old position of the big cable and to solve it normally.

However, The gain in term of number of iteration while solving for the big

small = aly,
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cable is not obvious when compared to the linear interpolation. A detailled
study of the running time in a variety of situations would be necessary.
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Chapter 7

Experimental results

7.1 Integration in a Virtual Reality environ-
ment

The simulation is integrated in the Virtual Reality software veo of Daimler-
Chrysler Research and Technology. It provides the whole environment for
the simulation, such as graphics, scenes and objects handling. The cable is
represented as a sequence of spheres and cylinders. The spheres are set at
the discretization points. The cylinders are set along the segments joining
two consecutive points. The cylinders and spheres can be moved (in the ge-
ometrical limits permitted by the simulation) easily by selecting them and
moving them for example with a spacemouse. At each frame, the simulation
checks whether the eventually selected objects in the scene correspond to a
part of a cable. If yes, its new position and orientation are taken into ac-
count, the simulation calculates the new solution and the new positions and
orientations of all the spheres and cylinders are passed to the Virtual Reality
software for the graphical representation.

A seamless integration into the processes already in place is necessary for
the users. The data from the construction - usually in CATTA - are tessellated
and converted automatically to the Openlnventor format, used for the Virtual
Reality application. We also have an interface that allows to convert all or
part of a tessellated wire harness or hose to a flexible one having the same
characteristics (like length, radius, position...). A partial conversion is useful
since some of the construction parts represent a huge harness that extends
through the whole vehicle. The connectivity information of the tessellation
triangles is parsed to create a graph representing the interconnections of
the vertices. Geometrical considerations allow to find cross-sections on the
surface at a given point that we use for cutting the tree at the appropriate
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vertices and for calculating the coordinates of points on the centerline, from
which we construct the new flexible object. A copy of the tessellation with
the remaining points is also created for the graphical representation. The
user can also create a complete new cable between two points of the scene.

A graphical user interface groups the commands that are useful for the
simulation. The simulation can be turned on or off, handles can be added
or removed at selected points or can be set equidistant automatically along
the cable, geometrical parameters like the radius or the length and mate-
rial parameters like the Young’s modulus and the Poisson coefficient can
be changed interactively, the new centerline of the cables can be exported
to CATIA via the VDA-FS (Verband der Automobileindustrie - Flaechen-
Schnittstelle) format and can then be used as a draft for the construction.
Our tool has already been tested by pilot users who have reacted positively
to the possibilities offered to them.
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Figure 7.1: The Graphical User Interface

The tool is used in two main contexts: assembly simulations and cable
routing. In assembly simulations, flexible parts like cables or hoses are often
in the way for mounting another part of the vehicle. The idea is to make the
problematic part flexible (which was represented before as a rigid body), push
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it out of the way as it could be done with the physical parts and continue with
the assembly simulation. For wire routing, a new path for the cable needs
either to be defined from scratch and constructed or adapted to changes in
the construction of other parts. The length of the cable may need to be
adapted to the new form. We have two special modes for this, changing the
handling of the stretch forces. In both cases, the integral forces relative to
the length are removed. In the first mode, the user chooses two points on the
cable between which the segments can be elongated either by pulling them
or by typing the new length in a text field in the GUI. The reference length
is then replaced either by the actual length of the segment or by the value of
the text input. The length can then be changed smoothly from one iteration
to another until the user is satisfied with the result. In the second mode, the
stretch energy is set to

Elpengthi = kLe;gth L}

with a very soft value for Kreng. The cable tends to stretch or to become
shorter, finding automatically an optimal length for given endpoints and
handles, thus allowing the user to route intuitively without worrying about
the length. Playing with the ratio of krepg and the bending and torsion
stiffnesses make the form of the cable vary from “rather straight” to “rather
bend”.

In order to simulate cable harnesses, the possibility to join several cables
together has been added: the relative position and orientation of the cables at
the ramification points are then preserved. These points can either be moved
only when they are selected or follow when one of the cables is stretched.
There is also the possibility to bind a cable with rigid objects, representing for
example connectors or a part to which cables are connected. The connectors
can be collision sensitive: the movement of the rigid part is determined by
the collisions and by the distance restrictions coming from the cables. This
is useful for assembly simulation where the central question is whether the
length of the cables hanging from a part is sufficient for allowing it to be
built in or out, and if not, how long the cables should be.

7.2 Comparison with the hardware

An important point is how well does the simulation reflect the reality: laser
measurements of the deformation of brake hoses in different assembly po-
sitions were made. The various geometrical and material parameters were
fitted to one of the measured positions. The same material parameters were
taken to simulate the other positions. The results can be seen in Figure 7.2.
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The good fitting should not hide the fact that real hoses and cables have a
very high variability, depending for example on which position of a roll the
hoses were stocked during fabrication: the different radii induce a rest curva-
ture which modifies the shape of the hose. Another source of variability are
the connectors: a rotation of the connector around the axis of the hose leads
to a supplementary torsion. The design engineers count with a variability of
one diameter.

Figure 7.2: Comparison of the simulation with measurements of a brake hose.
The simulated hoses are in gray, the measured surface in white. The lower
position was used to determine the material parameters.
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Chapter 8

Flexibilisation

8.1 Introduction: Objectives, Requirements,...

The components of a car are designed in a CAD system - in our case CATIA
- which does not dispose of a cable simulation. The laying of the cable is
a long and complicated process, because the cables have to be defined with
circles arcs and straight lines. The CAD-files are exported to the virtual
reality format (in our case Open Inventor) as tessellated data. For a complete
integration in the processes, it is necessary to be able to pass from one format
to the other one. In particular, it is interesting to simulate and edit the cables
in Virtual Reality that were created from the CAD.

The cables are, as all the other parts exported to VR, modelized as In-
dexed Triangle Strip Set: the external surface is tessellated. The simulation
works with another data format. The flexibilisation is then the process of
converting the tessellated data to a format that can be used by the simulation.
The main step is the extraction of the centerline of the cable. Furthermore,
we need to be able to flexibilize only partially a cable: entire cable harnesses
covering a whole car are often modelized as a unique part. Since the user will
probably be only interested in a small part of it, flexibilizing the whole har-
ness would only lead to an overload of the simulation and to a complicated
handling for the user.

8.2 Outline of the algorithm

The tessellated data usually are available as Indexed TriangleSripSet in Open-
Inventor. It is composed on the one hand of an array of three dimensional
coordinates (the vertex with index ¢ (hence the name) has its coordinates
at the position 7 in this array) and on the other hand of a list of triangle
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Figure 8.1: A typical cable harness

Figure 8.2: After parsing, the green spheres indicate the final and the bifur-
cation points for an easy selection.
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Figure 8.3: The cable harness after partial flexibilisation

Figure 8.4: The flexibilized part is shown here in green, the non-flexibilized
in grey.
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Figure 8.5: After turning the simulation on, the flexibilzed part assumes a
more natural form.

strip sets (a slightly compressed way to represent a set of triangles) based on
the indexed vertices. The strip set is parsed and transformed into a graph
G = (V, E) with V the vertices of the triangle set and E the triangle edges
(i.e. two vertices are connected if there exists at least one triangle to which
they both belong.) This graph is then the base for the rest of the algorithm.
1

The vertices are then grouped in so-called circles, which would in an ideal
case be the intersection of a plane perpendicular to the centerline (cross-
section) and the surface. Since it is not always possible to find a direct
connection between vertices lying in the same cross-section, the circles can
have a slightly different form (”zig-zag”). Neighborhood information for the
circles is saved and used to generate a tree showing the structure of the cable
harness. The center line is then calculated by joining the center points of
neighboring circles and a new cable is finally created.

Tt would be also possible to parse an TriangleStripSet if we merge the vertices with
identical coordinates.

102



Figure 8.6: Lines of maximal curvature are in red, lines of minimal curvature
in blue. The extraction of lines of maximal curvature allows to reconstruct
the centerline.

8.3 Algorithm

8.3.1 Prolongation

Let us consider a vertex (the base vertex) B with all the triangles to which
it belongs. The other vertices C; belonging to these triangles form, if the net
has no anomalies, a closed chain on the tessellated surface. 2 The base of the
algorithm is to look locally on this umbrella for the local lines of minimum
and maximum curvature.

We first want to find the 'prolongation’ on the umbrella of a vector start-
ing from one of the chain vertices, say Cy to the base vertex. The prolonga-
tion of a vector on a plane is its projection on this plane. If n is the unitary
normal to the plane and a the vector, its prolongation?® is

Ppianc(a) = a —a’nn

2The vertices C; are numbered in such a way that the vertex C; is connected to the
vertices C;_1 and C;11, with the additional condition that Cy = C}, where k is the number
of vertices of the umbrella.

3Since we are only interested in the direction of the vector and its prolongation, or in
the angle between them, there is no need to norm the vectors.
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Figure 8.7: The plane prolongation of a vector (in black) is its projection (in
blue) on the plane

— —_—
In our case the plane is defined by two edges u = BC; and v = BC;4;.

The normal is defined as n = |3§3u . We are only interested in a prolongation
that actually lies in the triang&e BC;C;14 defined by the base vertex and the

two considered edge vertices. For this, we define the two vectors b, = u x n
and b, = n x v. These vectors lie in the plane of the triangle and define two
planes passing by the base vertex, which are the limits of a quarter-space for
the locus of the point Cy. The condition for the prolongation to lie in the
triangle is (bZa > 0)&(b%a > 0).
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Figure 8.8: The plane prolongation is only valid if the prolongation lies in
the face delimited by u and v. The conditions (bXa > 0) and (bZa > 0)
define two half spaces whose intersection is the possible locus for Cj

A list with all the possible prolongations for each edge vertex is then
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constructed. The prolongations along the edges (i.e. a normalized vector
along the edges themselves) are also added. The prolongation whose dot
product with the base vector a is the bigger (the angle is the flatter) is then
chosen as the prolongation of the base vector on the umbrella.

T, T
pumbrella(a) a= fefarcréglﬁfidges pf<a) a

8.3.2 Circle part

The circle part at one vertex is the line on the net on which a circle would run,
normally the line of maximal curvature. It is represented by a pair of edge
vertices: the two vertices of the circle framing our base vertex. For finding
the circle part at one base vertex, we consider the angles C; BP; where C} is
an edge vertex, B the base vertex and F; lies on the prolongation of C;. The
pair (C;, P;) corresponding to the sharpest angle is taken.? If the selected
pair is not made of two points of the tessellation, the second point is replaced
by one of the two points defining the triangle for with the prolongation was
defined. We can either take the point C} such that either the angle P,BC}
or the angle C; BCY} is the sharpest possible. It is a min-max problem. We
now have for one particular vertex B the line of maximum curvature on the
tessellated surface. We now have to follow this line.

8.3.3 Circle

Given two neighboring vertices defining the beginning of a circle, we need a
function constructing a circle, which is first represented as a list. As long
as the circle does not close on itself (the last vertex only appears once in
the list) and the list is not longer than a predetermined value ° for catching
problematic cases, the circle part at the last vertex is calculated. In an ideal
case, one of two vertices of the circle part is the penultimate vertex of the
circle; the other vertex of the circle part is then added to the circle. If this is
not possible, several other mechanisms are used. If the cosine of the part is
bigger than 0.99, we have a quasi planar umbrella: the curvature information
cannot be reliably extracted. This happens with some tessellations when
the faces are subdivided. The algorithm continues then “straight ahead 7,
adding the vertex corresponding to the prolongation of the vector V;_{V;. If
the cosine is greater than 0.98, the direction of the cross section is planar anf

41f the cosine of the angle is inferior to 0.3, we have an (almost) right angle. The flattest
angle is then taken instead. It is an edge vertex lying at the end of a cable or cable part.
The vertex is characterized as such for further processing.

5fixed to 40, when the standard tessellation is with 8 to 12 vertices on a circle
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Figure 8.9: A typical triangle net structure, showing several cables and a
bifurcation.

the direction of the centerline is slightly bend. We then take as circle part the
prolongation with the flattest angle and proceed as before. If all this fails,
we take the member of the circle part that is nearest to the prolongation of
Vi—1V; (defined with the cosine of the angle V;_;V;F;)

For creating a circle, we first calculate the circle part at a vertex that
does not belong yet to a circle. We create a circle beginning with the chosen
base vertex followed by the first element of the circle part. If the first and
last elements of the circle are different, we try with the other element. If it
is not ideally closed neither, we take the shortest (in number of elements) of
the two circles.

If the cosine of the circle part at 1 is bigger than 0.98, it is a planar point,
and the curvature information is not sufficient or reliable for finding a starting
direction. In this case, we construct circles for all the edge vertices (circles
beginning with Vo R;). If at least one of the circles is ideal (no supplementary
vertices), we take the shortest one. If not, we take the circle with the fewest
supplementary vertices. ©

8.3.4 Cable

We now know how to calculate the circle passing by a particular vertex.
It is time to consider the whole cable. As long as there are still vertices

6In case where the minimum number of supplementary vertices is reached by two or
more circles, we take one of them.
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Figure 8.10: A view of the circles on the cable. (They are normaly not
represented)

without circles, we take one of those vertices and construct the circle passing
by this vertex. We now look for the vertices neighboring this circle (defined
as vertices that are neighbors of the main vertices or of the supplementary
vertices of the circle) that do not belong yet to a circle. We look for the circle
starting in one of those vertices. For every main vertex of the new circle, we
look if it already belongs to a circle. If it is a full vertex of the other circle,
we fusionate the two circles (simply merging the main and supplementary
vertices list of the two circles). If it is a supplementary vertex, we remove
it from the supplementary vertices of the second circle. If a supplementary
vertex of the new circle is a member of another circle, we remove it from
the supplementary vertices. We continue until there is no more neighboring
vertex without a circle. The neighborhood relationship between the new
circles and the base circle is registered. We now look in the same manner for
the neighbors of the new circles. Normally, a circle has two neighbors. The
circles at the end of a cable part have only one. The algorithm will usually
gives only a new neighbor for each circle, apart from the first one and the
one at the end of the cable. The circles begin with the first selected vertex
and propagate in two opposite direction until the end of the cable.

We now have covered the whole cable with circles. And we have a graph
showing the neighborhood relationship of the circles. But the different parts
of a cable harness are often not connected at the tessellation level: each cable
part is closed. It is now necessary to use the geometrical proximities of the
circles to add connexions between circles that are still not connected. We first
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Figure 8.11: A view of the circles on the cable

Figure 8.12: A view of the circles on the triangle net. (They are normaly not

represented)
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look for the end circles (defined as the circles that have only one neighbor).
We connect as neighbors end circles sharing their center. To account for
numerical errors in the values of the centers, we replace the condition with
the one that the two centers must be at a distance less than 1 % of the
smallest of the radii. If more than two end circles share their center, we
pick the one with the biggest radius as a base; all the other are considered
connected to it but not between them (The largest circle is the center of a
star.) for avoiding loops in the connection graph. For each of the end circles
that can not be connected in this way, we look for the minimal distance
between each of them and all the other circles with neighbors. If the end
circle is less than 1% of the radius away form the center of the nearest circle,
we connect both. After connecting all the circles in this way, the result is a
tree (or possibly a forest) showing the structure of the cable harness. For the
ease of use, we show spheres at the end circles and at the bifurcation circles;
the user can select them for selecting the bifurcation point.

There are two possibilities: either the user may choose to flexibilize the
whole cable harness or to flexibilize it only between two points (given by two
vertices of the tessellated surface). In the first case, we create cables that go
from one end or bifurcation point to another one. In the second case we only
take the path between the two circles corresponding to the selected vertices.
For finding a path between two circles, we simply go through the graph until,
starting with the first circle until we find the second one. We have to be able
to detect the case where the two circles are not connected (this could be the
case in a complex harness).

For creating the flexibilized cable itself, we linearly interpolate the cen-
terline of the cable (the line passing through the centers of the circles in the
path). The quaternion values are calculated to match the segment between
two points of the cable: let u;_; and u; be the two unit vectors of the segment
i — 1 and 7 respectively. Assume we know the quaternion g,_; corresponding
to the segment ¢+ — 1. Let’s define v = u;_; + u;. The norm of this vector

is ||v|]| = 2cos § where « is the angle between the two vectors. A rotation
of an angle o around the axis v x u; transforms u;_; in u;. The quater-
nion (@, ™ % u;) gives us directly the relative rotation corresponding to

a minimal torsion. We can easily calculate the successive quaternions, using
(1,0,0,0) as q_1. The radius of the new cable is the mean of the radius of
all the circles on the path.

In the case of a partial flexibilization, the triangle net is parsed and the
circles are created. The bifurcation points and the ends of the cable are then
indicated to the user by means of green spheres to facilitate their selection.
The user can then choose freely two points on the surface of the cable. These
points are either vertices of the triangle net or one of the spheres. Only the
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Figure 8.13: A view of the circles on the cable harness. the bifurcation circles
are in red, the end circles are in blue.

part of the cable harness between the corresponding circles are then taken as
starting and ending points for the flexibilization. The non-flexibilized part of
the cableis represented as a triangle net. A new IndexedTriangleStripSet is
created; the strip sets which contain vertices that should not be represented
are either suppressed, truncated or cut in two. The circles that are in the
path of the flexibilized cable have to be cut out. In the case where the end
circles of the cable are not edges or if they are edges and they have more
than two neighbors, they should be represented and they are taken out of
the path.
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Chapter 9

Cosserat Surface

9.1 Introduction

A Cosserat surface is a way of modeling thin objects (with one dimension, the
thickness, much smaller than the other two). It is modeled by a surface (lying
in the middle of the thickness of the object) with a so called “director vector”
at each point which represents the direction and stretching of a material
fiber along the thickness of the objects. The physical quantities like stretch,
shearing, curvature are expressed as a function of the two fundamental forms
of the surface: the metric tensor and the curvature tensor.

Let us consider the center surface. It can be parametrized by (u,v). The
position of a point is x(u,v) € R%. a; € R® and ay € R? are the two tangents
to the surface: a; = g—z and as = %. a3 € R? is the unitary normal to the
surface.

The Cosserat Surface will be modeled by points having 3 own coordinates
x; € R3 plus 3 coordinates for the normal d; € R?® at that point( or for the
director, which we constrain to be along the normal).

We will use a square net with numberO fVertexes = numberO f Lines?
vertexes, disposed in lines and columns like a matrix. The initial coordinates
of the vertex (i,7) with ¢ and j integers, 1 < i < numberO fLines, 1 <
Jj < numberO fLines is then (iL,jL,0) with L = 1 the reference length of
a segment. The director is initially along the normal of the surface (d; =
(0,0,1)). The vertexes are linked by edges : the vertex (i,j) belongs to 4
edges (apart from the vertexes on the border) with the vertexes (i —1,5),(i +
1,7),(¢,7 — )and (7,5 + 1) if existent.

We will add handles (fixed points) for avoiding that the surface falls under
the influence of the weight and for influencing the form of the surface.

The Cosserat Surface needs the following interactions for being modeled:
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Figure 9.1: Initial net with numberO f Lines=10. the green spheres are
handles

length conservation for each segment

e norm of normal at each point

orthogonality of the normal to the 2 tangents at each point

curvature at each point

We will also consider the weight and the handles.

9.2 Metric Tensor : In-Plane Stretching and
Shearing

The metric tensor is given by a.g = alag. The diagonal term are a measure
for the stretch, the extra-diagonal ones for the shear. The reference value for
the tensor is a,z = 0°.

We have to calculate the tangents from the positions of the vertexes. For
symmetry reasons, we will calculate it with the two vertexes surrounding
the vertex we are calculating the tangent at: the two unsymmetrical forms
ajy () = —2= and ay_;; = == are clearly unsatisfying. We
choose

Xi+1,j — Xi—1,5

N l%iv1,5 — Xi—1l

ai,(i,j)
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and

a2,(i,j5)

Xij+1 — Xij—1

g1 — Xl

In the case of points on the border, the non-existent vertex is replaced by

(4,7) itself.

9.2.1 Length conservation

Since the tangents as defined above have a unitary norm, they cannot be
used for the stretch. Instead, we enforce the length conservation on an edge
basis. For an edge k relying the vertexes (i1, j; and (i, j2), the energy is

ELength,k =

The forces are, with Ax = x;, ;, — X,

FLength,k,Awp

The Hessian terms are

HLength,k,Aa:p,Aa:q

1 2
EkLength (||Xi2,j2 — X1, || - L)

3
g €ER

_ 6ELength,k
OAxy

~TAn (%iLength (lax| —L)?)
= —krengtnazy (1AX] = L)

= _kLengthAxp 1 - m
—kLengn ([[AX]| — L) w,

82 ELﬁngth,k
O0Ax,0AT,

8%:1:(1 (kLengthAxp (1 - ||ALx||>)
K Length (53 <1 - ||ALx||) + Az, L (||§f<7|3>)

L L
Hren x x =k en I— |1 AxA g
Lengihf A ax = FL (( HAXH) 3+<HAxuS) X X)

L L
Hiengthe,Ax,ax = ELength ((1 — —) I + < ) uuT)
” g lax] |Ax]]

9.2.2 Shear

In order to keep the two tangents orthogonal, we define for each vertex (i, )

Eshears = §I€Shear(a{,(i,j)aQ,(i,j))Z
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The forces are then, if a; (; ;) has been calculated from Ax = x;;1; —
Xi-1,5 € R3
8EShear,(i, j)
FSheaT,(Lj),Axp = _TPJ
_ ) T . T y
= _kShearanp (31,(1',3')327(1,1))<al,(z',j)a2,(m))

_ T 931,64 T -
= kShearaz(Z"j) 9Dz, (al,(i,j)aZ(Z:]))
A

o .
_ T [AxT (T .
k‘Shearag,(i,j) dAz, (al,(i,j)aZ(ZJ))
_ 1T _ AzpAxy T >
Kshear TAx] 22,(i,5) (ep [Ax]? )(31,(1‘,3')32,(1,]))

T
_kShearmaz,(m)(ep - al,(i:j)vpalv(i:j))(al,(i,j)an(’iJ))
= —ksnear Taxy (92,690 — 01,0021 (1.5)22,.) (1 (.7 32,0.0))

The forces due to the variation of ay (; ;) are similar.
The Hessian terms are

82E5hear (2,7)
HShear,(i,j),Aa:p,A:cq - Az, 0Az,

) 1 T T
9z, Kshear TAX]] (a2,(i,5).0 — al,(i,j),pal,(z‘,j)al(i,j))(31,(1,3')32,(@1')))
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We have

d 1 — _ Bzg Wiy
E’Aaxq lAx]| [Ax]? lAax||2
— f— _1 — .. ..
9z, AL,(1.5) = TAx]| (g — @1,(i5),4@1,61.5))

d
97z, <a2,(i,j)7p = A1,3i,5) pa{( )& ,(',J’))

= — A (O = 01,(,1),001,.0) )31 (5,))2,(00) — O1,G) 0 Tax] (€ — O1,6,).01,6.9) " B2,(0.)
1 T
— 1A (08 = 1,(,7),001,.0) )81 (,)22,(0.9) + 01,6.)0( 02,100 — 01,9021 (1.5)22,(0.9)))
= —axy (@ ))22,0:) (0f = 21,6,3),401,6).0) T Q1,).002,(1.3).0)
el 1
gar: \8105)22.69) ) = Taxy (€ — 016.0)@16.9) 82()

— Jax] (a2,(i,5).q — al,(i,j),qa1T,(i,j)32,(i,j))
o)
9z, <(a2,(i,j),p - al,(i,j),palT,(i,j)az(m))(alT,(i,ﬁaz(i,j)))
1
= —1axy (@115 22,6.0) (0F = 2a1,(,9),401,(i.9),p) T Q1,(0.0) p%2,0.0),0) (A1 (3.5)22,(0.9))
1
(az,i5)p + @1 (',j>,palT(@-,j)az,(z’,j))m(@z(i,j),q - al,(i,j),qalT,u,J) az,(i,j))
1 T
= 1ax (— (@l 5220, )(53 = 201,(1,),q0,(i).p) T O1,(0.0) p02,G0.9).0) (A1, (7. B2,(0.9))
)

+

[
+(a2 i) T 1) R () 32,()) (2,650, = O1,(.5).0R] (5,51 32,(1.5))
- \A I (@2,(i,5) .92, (i,5).q
Fay ;182,00 (—0136,0) 902, (1), QL7265 — 02,(1.5) 001, (07).a)
— (@] (; ;132,.0))> (O = 201,(i.4),401,(5).p T O1,(i.5),p01,(0.9),0)
=7 L =]l (a2 (1.5),p%2,(i.5).4
Fay ;582,05 (—2,6.0),p01,(i,5).0)

(a,{(l ])a2 (ZJ)>2<55 - al,(i,j),qal,(i,j),p>)

9.2.3 simplified Shear

In order to keep the two tangents orthogonal, we define for each vertex (i, )

1
EShear,k = §kShear(AXTAy)2

where

Ax
a i —_— —_—_—_—
M ax]
and A
i y
220 = Ay

The forces are then, if a; (; ;) has been calculated from Ax = x;1; —
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Xi—1,5 S RS

aE‘Shear',(i,j)
FShear,(i,j),Azp - = OAxp

_kShearaA;amp(AXTAy)z
= _kShear(elj;A}’)(AXTAy)
= —kshear Ay, (AX Ay)

Fshearij)agy = —kshear Dy, (AX" Ay)

The terms of the Hessian are

82E‘Shear,(i,j)

HShear,(i,j),Axp,qu = aanpanq .
= Az, (kShearAyp(AX Ay))
= kShear (Ayp(egAY))
= kShearAypqu

HShear,(i,j),Ax,Ax = kS’hearAyAyT

HShear,(i,j),Ayp,qu = kShgarAl’pA.?q
HShear,(i,j),Ay,Ay = kShearAxAx
_ 9*’E ear,(1,7)
HShear,(i,j),Azp,qu - aAic’;aqu] T
o)
= m(kShearAyp(AX AY))

kshear (53AXTAy + AypAXTeq))
kShear (53AXTAy + AyprCI)
HShear,(i,j),Ax,Ay - kShear (AXTA}’I3 + AyAXT>

9.2.4 Shear with additional edges

For modeling the shear in an easier way, we add diagonal edges. The
are then submitted to length constraints (with another constant). If « is
the angle between two edges, the length of the corresponding diagonal is
2Lsin §. The reference length is then 2L sin 5. The energy for an edge is
$k4L?(|sin §| — sin %)%, Considering the different edges around a point, the
energy is a function of (|sin §| —sin §)* + (| cos §| — cos T)* = 4sin(§ — %)
(if the sines and cosines are positive)

9.3 Director: Thickness and Out-of-Plane Shear

An absence of out-of-plane shear means that the director is perpendicular to
the two tangents. A constant thickness means that the norm of the director
is equal to 1.
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9.3.1 Norm of the director

The energy is
1
ENorm,i = §kNorm(d%;,j)d(i7j) - 1>2

and the force is

8ENo'r'm,(i,j)
FNOTm7(i,j)7d(i,j),p T dagyp

_ 0 1

8d T
k’Normad(( ’i d <d d(l - 1)
— kNorme d 7] (d(Z] d ,]) )
= kNond( ,])7p(d Z])d )

The Hessian terms are

a2ENorm,(i,j)

Horm.i.9).d5)006.00 = 8 3 pDdiosra
- 3d(fj>,q <kN°de () 2(d e ))
= knorm (03(d;ydig) — )+d(i,j),p(2€qu(i,j))>
= knorm (04(d7; ;i) — 1)+2d<i7j>7pd(z;j),q)>

T
HNorm,(i,j),d(iyj),d(m-) = kNorm ((d(ld)d(z,]) - )IS =+ 2d (4,9) d 1]))

9.3.2 Orthogonality of the director

The energy is
1
Eortnij) = §k0rth((diTa1)2 + (d} az)?)

and the forces with if a; (; j) has been calculated from Ax = x;41; —X;_1; €
RB

_ OEorin,(i,5)
FOrth,(i,j),Axp - oAz, s

kOrthan ((dT ) (d;[aQ)Q)
aa i
= /fonth” alA;J)(aL( ,j)d(iu‘))
= —kortn ||A1x||d%;7j) (ep - al,(i7j),pa17(i,j))(a{(i,j)d(i7j))
T T
= —kornaxy (g e = 16902165 d60) (@165 dis)

The derivative for as (; ;) is similar.
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Fortn,(i,3),.d 1y

g, (dfar)® + (dfaz)?)

korths7—— 8d iy ( (dTal) + 32(dT32))
—korne;, (al(df )+ ay(d} ay))
kOrth(al ( ) + a9 ,(4,7) ,p(d 3_2))

Let’s calculate the Hessian terms for the first term Eoy, (5 j) = %korth(diTal)Q

HO”hv(iJ)vd(z‘,j),p’d@,j),q

Houtn,i.5).di jydii )

HO”h’(iJ)7M1,(i,]’>,p7d<i,j),q

Horth,(i,g),d ) 01,5

O?Eortn,(i,5)

9d(s,;

),099(i.5),9

» /forthaL(i,j),p(diTal))

kortnan,i,),p01,(i,),q
k T
Orth@1ad7

O Eorth,(i.5)

BAazl L(i,5),p9d (s,

Bd (kOrth TAX]] (d ai pa{d)(a{d)>

kortnTa
kOrth
kOTth
kOrth

H
HA

Ax]l ((
1 (
L
X
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J)q

of — ay palTeq)(ale) + (dp — al,paTd) (alTeq
51— a1pa1,4)(al d) + (d, — a1 pafd)(ary))

p

09 — 2ay pay ) (al'd) + dpai )

p
I; — 2a;al )(afd) + da])

))



O?Eorth,(i,5)
HO'I’th,(i,j),A.’L’(i’j)’p,Afﬂ(iJ)’q - 8Ax(z,]),p8A$(

0
= ana (Kormasy (dage — @021, j)d(im)(af,(i])d(w)))

- BA;azvq kOTthHAlx”(d — a1 paid)(a d))

1,5),4

0
Az, M = ||A1x|| (eg — a1,421)
0
oAz, N = ||A1x|| (0F — a1,401,p)
—62% (d, — a1 pald) = — HA}(H (08 — a1 qa1p)aid — al,p”A—lxn(eq —aya)’d
= T Aax] ((53 — a1 4a1p)aid + a1 p(dg — al,qale))
_ HAIXH ((53 — 2a1’qa1’p)ar{d + al,pdq)
8Aaz ajd = ||A1x|| (dy — a14a{d)
Az
1A = x4
9 1 _ Axq
OAxg [Ax] T lAx|?
HOrth,(i,j),Az(tj),p,Ax(i’j)’q = kOrth ||Ax||3 (d a1 pay d)( Td)

—kortnazy ||Ax|| maxg (0F = 2a1401 )] d + a1,d,) (af d)
kortn axy (dy alpaclpd)\mxu(d a4aid)

= —korn ||A1x||2 (a1,4(dy — a1 pal )(afd)
(((5q—2a1qa1pa1d+a1p )
~(dy — a1 pafd)(d, — a1 qal )

= _kOrth ||A1x||2 (al q( —ap pal )(a?d)

+(((Sg QCl,quLlp ald+(l1p )
_(gp — pa{d)( - qal )
— Hg;tﬁ‘? ((5 4(117])&1 q)( d) +

1

2(a1,4d, + a1pdy)(af d) — dpdq)

9.4 Curvature Tensor

The curvature tensor is

0%x
Oun0ug

bop =
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The discretization is then

0*x 1

P 72 (Xirry — 20 + Xio1)

0*x

Puy ﬁ(xi,jﬂ — 2Xi5 + Xij-1)

0*x 1
10Uy = 112 (Xi+1,j+1 — Xi41,5-1 — Xi—1,5+1 Xifl,jfl)
1 o 1 2 2 2
Ecurv,i = §kcurv<baﬁ) = §kcurv<bl,1 + b2,2 + 2b172)

The force is then

2, 2 2r
~heurog (i d) o (o - d)? + 2505 - d)?)
0 0°*r 0%r od o°r
_—kkurv((f)gcagul -§'+'82u1' 8§k)(82“1 'd)
_'_(%87"_(1_’_87" 8d)(8r_d)
( 0

Fcu'rv,z‘,Xk

; 2usy ;axk %y
o°r o°r ad o°r
00X}, Ouyidusg + OuyOus 8Xk)( d))

8u18u2

A lot of these terms are equal to 0. For example,

Fcurv,(i,j),X(iJrl’j)’P = _k‘cum}#(ep : d)(ad;Jl ' d)

There is also the possibility of defining a non-zero reference curvature. The
energy is then, for B the reference curvature tensor

curv Z(baﬁ - BOéﬁ)z

Ccurv,t 2
— %kcurv((bl,l - .B(].7 ].) + (b272 - B(2, 2) + 2(b1’2 - B(]_, 2)) )

9.5 First results

Here are a few images with different values of the constants.
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Table 9.1: with kijepgern = 10 and m = 0.1: the net is extremely stretched

® @

Figure 9.2: with kiepger, = 10 and m = 0.01

Figure 9.3: with Kjepger, = 10 and m = 0.01 and kgpeqr = 1
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Figure 9.4: with kjepgn, = 10 and m = 0.01 and kgpeqr = 10

Figure 9.5: with kcurvature = 1 @ the surface is smoother

Figure 9.6: with kcurvature = 10
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Figure 9.7: with kcurvature = 0

Figure 9.8: with kcurvature = 1

Figure 9.9: with kcurvature = 0
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Figure 9.10: with kcurvature = 0 and kgpear = 1

Figure 9.11: with kcurvature = 0.1

Figure 9.12: with kcurvature = 1
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Figure 9.13: with kcurvature = 10

Figure 9.14: with kEcurvature = 0

Figure 9.15: with kcurvature = 0.1
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Figure 9.16: with m = 0 and B; ; = 0.5: the surface takes a cylindrical form.

Figure 9.17: with m = 0 and By = —0.5

Figure 9.18: with m =0 and B;» = 0.4
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9.6 limitations

The forces on the positions due to the curvature terms are all in the direction
of the director. If the curvature is high, these forces are almost compensated
by the forces for the length conservation: the system cannot “get out” of this

situation.
A
1 M

Figure 9.19: Problem with the curvature: the curvature forces (in red), along
the director (in blue) tend to be compensated by the length conservation
forces (in green): the resultant (in yellow) is small

e TV

Figure 9.20: In the case of the first model of a cable, the curvature forces
where orthogonal to the segments: there is no interference between the cur-
vature and length forces.
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Appendix A

Appendix - Derivation of the
forces and Hessian

A.1 Preliminary calculations

A.1.1 Definition of Ax;

Let us define Ax; = x;41 —x; € R® for i = 1.n — 1 and Ax;; € R its
coordinates, j = 1,2,3. Remark that for any function f(Ax;,...) , we have,
thanks to the chain derivation rule,

of _ of . 0f
8AZL‘Z‘7J‘ N a$i+1,j B axiaj
and
0% f B o*f B 0*f
0Ax; j OAZ; i, N 0%iy1,5 OTiqq, i B 0w, j Ox;
N e R i S
Oriyr; Oxip O j OTiy1,k

(All the energy functions depending on the position except the contact
interaction can be put under this form, which is a sign that the formulation
is translation invariant).

A.1.2 Notation

In order to represent in a more compact form the derivatives, parts of the
forces and parts of the Hessian, we introduce the following notation: for
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v € R? a part of X (there exists a subset A of 1...(7n — 4) such that for each
Jj=1l.pv; =Xy, with A; < A;,), Fy is the corresponding part of F:

Fy ;= Fy,.
Furthermore, we introduce

FInteraction,i,Axi - Flnteraction,i,xi_,_l - _Flnteraction,i,xi

for the interactions depending on AXx;.

In a similar way, we introduce for v € R? and w € R?, parts of X with
respective subsets A and B, the block Hnteraction,iv,w € RP*? such that for
j=1.pand k=1..q,

HInteraction,i,v,w,j,k = HInteraction,i,Aj,Bk-
We also have

HInteraction,i,Axi,w = HInteraction,i,xiJrl,w = _HInteraction,i,xi,w

and

HInteraction,i,v,Axi = Hlnteraction,i,v,xi+1 = _HInteraction,i,v,xi

The identity matrix of R7*/ for j integer will be noted I;.

A.1.3 Derivative of the length of a segment
The length of a segment is then

L= || Axi] =

The derivative of L; is then

8L, 1 QA{L'Z‘J‘ AZL’Z‘J'
= — = = ui,j
e e LA, b
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A.1.4 Derivative of the unit vector u;
u; only depends on Ax;. We have, with e; = (6, 83, 0%) the j™ vector of
the cartesian coordinate system of R* where ¢! is the Kronecker symbol.

8ui 0 AXZ'
aA[Bi’]' anm- Lz

Hq|!=\/q§+q%+q§+q92,=

Ollall _ 1 2g 4

oq; 2 -
qj T g2 qll

A.1.6 Image of the reference Orientation by a rotation

Let us define the vector r € R3 as the image of the reference orientation
ref by a rotation defined by a quaternion q. From the properties of the
quaternions, we know that

(0,r)=q-(0,ref) - q
where the quaternion product is used

p-q=(pogo— P 4, Poq+ qP +P X q)
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In our case, we set the reference direction to be ref = (0,1,0) which leads
to a simplification of the previous expression:

q-(0,ref) = (
=
(
(

(q-(0,ref))-q =

0 — q’ref, goref + 0 + q x ref)
—q2, qoref 4+ (—q3,0,q1))
—q2, (—q3,90,q1))
—¢2q0 + (—g3, 90, 11)" q,
¢29 + qo(—a3, 0. 1) — (=3, 90, 1) X (q1, G2, G3))
= (=290 — B0 + 90 + s,

¢2d + 90(—a3, 90, 1) — (=3, 90, 1) % (q1, G2, G3))
= (0, (201 — 9043, 45 + 95 0243 + Q1)

—(q093 — 0192, 4 + @3, —q392 — Qoq1))

= (0, 20192 — 24093, G + 4§ — G — 43, 20362 + 2q0q1))

We have then
2 (142 — q0g3)
r=| @ -d+6-4¢
2 (qoq1 + q243)

A.1.7 Derivative of a normalized vector

Let us consider the vectors u and v such that u = HX_H and a variable x. We
have then
u _ 9 v
oz oz|v[
_ Sivii-voEL
v
— 1 ov_ u dlvl
= vllez vl o=
_ 1lov_ uVy
II\lfH x HVL\[ ”avH
— (I —uut )%
IIVH( )az

A.2 Length conservation

A.2.1 Energy
The energy, which only depends on Ax;, is

1
ELengthﬂL = EkLength (Lz - Lref)2
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A.2.2 Force

F aEjLength7 i
Length,i, Ax; ;  — OAx
2%

oL,
= - kLengthm (Lz - Lref)
17]

= - kLengthui,j (Lz - Lref)

FLength,i,Axi = - kLengthui (Lz - Lref)

The force is proportional to the control deviation of the length and is in the
direction of the segment.

A.2.3 Hessian

We have for j = 1...3 and k& = 1...3, the elements of the block Hrength, i, ax;, Ax; €
R3*3 corresponding to (Ax;,Ax;) of the Hessian is

. aFLength,i, Azx; ;

Hlength, i, Ay j, Avyy, = OAZ;
= KLength (0A—x]k (Li = Lyeg) + u”@A—xk)

1
= Krength | T (5f — W, ki, j) (L — Lyey) + uz]uzk)

L
LTG
(1 B L,f) (67 — wiwui ) + uzy“zk)

Lre Lre

The block is then

Lre Lre
I_ILength,i7 Ax;, Ax; — kLength ((1 - Lf) 13 + Lf uiu;TF)

A.3 Quaternion Norm: first formulation

A.3.1 Energy
The energy is defined as

1 2
EQuatNorm,i = §kQuatNo7‘m (||Ch|| - 1)
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for i € 1..n — 1 with ||q]| = /@ + & + ¢ + ¢.

A.3.2 Force

The energy only depends on the components ¢;, j = 1...4 of g;.

F 0 )
QuatNorm,i,q;; — —% H
(flaill — 1)

kQuatNorm”q (”qH )
(%)

= - kQuatNorm

- kQuatNorm q; Tl

1
FQuatNorm,@ G = kQuatNorm qi (HqH - 1)
i

A.3.3 Hessian

For j = 1..4 and k = 1...4, the elements of the block HouatNorm,iq,q € R
corresponding to (q;,q;) of the Hessian are

OF}

3%
_ OkQuatNorm 4j (Tln_l)

o Ogx,

HQuatNO"'mvi:(Ii,p%,k

QuatNorm 7\l 4 llall [Ial?
959k
1 Tk

k
- _kQuatNorm 6j I

The corresponding block of the Hessian is

1 qq
HQuatNorm,i, P kQuatNorm ((1 - _) 1 + _>
. [all [all?

where 1 is the identity matrix.

If we define p = H_EIIH’ we have

1 pp”
HQuatNorm,i7 P kQuatNorm <(1 - ) I+ _)
. lal lal

A.4 Quaternion Norm: second formulation

A.4.1 Energy
The energy is defined as

1 1 2
E uatNorm,i — —k uatNorm (_ - 1)
o 27l
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foriel..n—1.

A.4.2 Force
The energy only depends on the components ¢;, j = 1...4 of g;.

_ 6EQuatNorm,i
0q;

= —kQuatNormdg;Ij” ( 3 2) <||CI1‘|| 1)
) (H%H
-1)

qi 1
FuaNorm,i,i:k uatNorm 7 _ |12 ( _]-)
uettormnar = E@E g2\

-FQuatNorm7 1,qi,j

- kQuatNorm IEA <

- kQuatNorm M ||3

A.4.3 Hessian

For j = 1..4 and k = 1...4, the elements of the block HouatNorm.iq.q € R***
corresponding to (q;,q;) of the Hessian are

_OF;
gk

0 q; 1
~ Oqr <kQuatNorm ”qinS (m - 1))
- kK(_1 1 9k
= —kquatNorm (53' (anll 1) @ + Gfal ( T + qul“))

L 1 (sk{_1 _ 9k (4
= kQuatNorquin?» <5J ( i 1) T lalP ( llall +3>>

HQuatNOTm,i, Q.55 9,k

The corresponding block of the Hessian is

1 1 qq’” [ 4
H ua NOTTTL,i, 7547 - k ua NO’!’m ((1 - ) I + ( B 3)>
Quatermiaar = Kguaeerm T \ \E= g U 2 \

A.5 Coherence of Positions and Quaternions

A.5.1 Energy

Let us define the vector A; € R? equal to the difference between the uni-
tary vector joining the two points and the image r; € R?® of the reference
orientation ref by the rotation defined by the quaternion ¢;:

(07 ri) =4q;- <07 ref) : m
Ai =u; —r;
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The energy is defined as

1
Econ, i = 5 kcon || A

A.5.2 Forces
We have

8ECoh,,‘ T 8AZ‘
FCoh,i,A:ciyj = - AT, ; = _kCOh AZ OAz; ;

)T Ou,
0Ax; ;

gas—  since ul 82‘;2’], =0 (because ||u;]| = 1)
r] (e — uj,juy)

kcon , (Is — U—iuzT)ri

I
7~
Q
=)
=
-

I
5
Q
Qo
>
)—‘plb—*

Fconinm,

With r; = (2 (¢:1Gi2 — 6,0%.3), Go — o1+ Go — Gigs 2 (€001 + ¢i26i3))

8ECoh,i
FCoh,i,qm- = - 94:.
= _kCoh AT 04,
Tlaaqm
— Ty
— kC’oh Az ﬁ
T Or;
kCoh u; dq;
Or;  __
o ( —2¢i3 . 260 , 2q¢n1 )
‘)
oo = (0 262 . —2q1 , 2¢o )
rq —
a2 ( 2¢1 262 , 2q¢3 )
LY —
dqi 3 - ( _QQZ',O ) _2611',3 ) 26]1‘,2 )

A.5.3 Hessian

; : : . 0%Econ, i 0°Econ, 0?Econ, i
We have to consider 3 different kinds of blocks: 5 A, 08T 0000 and 3 Ko dar
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HCoh, i, Ax;, AX;

H ; _PEBcon.i
Coh,i, Avij Azi = 9Az; 0Dz, x

— o) 1.7
= T 0Amy kcon 7 T; (e; —Uz‘,juz‘)>

T
_ 0 1
= —kCoh Az, & (E (Ej — ui,jui)> r;

T
ole;—u; su;
J 1,77t oL,

( 58z, )Li - (ej—“i,jui)m

= _kCoh 72 r;
K

—  _kcon 3(%‘*“1‘,]‘“1‘)[/, _ ( . ) L, r r
- Ll2 8A$1’k ? ej ulm]ul 8sz,k 7
_ kcon 1 k ) ) 1 — . ) )
= =g (- (E (5j — U kU, ) W + ui, iz (ex uz,kuz)> L;

€ — ui,jui) ui,k)T r;

- ki—f ((0F = i, i ) Wi+ w5 (g, — wipy) +
(ej — u; ju;) Ui,k)T r;

o b ((5;g - 3ui,kuz’,j) u; + u; ;€ + ui,kej)T r;

it
_ ke T\ . T T T
Heon, i, ax, ax, = ~“$8* ((I — 3uu; ) u; r; +uwr; +ru; )
HCOh, i, i, i
0?Econ, i __ i) T or;
04; ;0 Ok <k00h U, aQi,j>
_ _ T 0 81'1'
o kCOhui 8%‘,k( a‘h’,j)
0O 0 0 -2 2 0 O 0
821"1'71 o 0 0 2 O 827'i,2 0 _2 0 0
04,50,k 0 2 0 0 04qi,59; 0 0 2 0
-2 0 0 0 0 0 0 -2
02 00
;s 2 0 00
9q:,;0q; 5 00 0 2
00 20
Us,2 U3 0 —Uj,1
Us; 3 Us; 2 Us; 1 0
Heoni g0 = —2kcon Y ’ ’
on,, qi, q; O O Ui,l ui,Q u2’3
—u;n 0 Uiz —Uio
—Uj2 —U3 0 U1
. 2%k —U;3 Uz —Ui1 0
- Coh
0 —Ui1 —Ui2 U3
w0 —U;3  Uip

)



HCOh, i, Axg, q;

82ECoh,i - _k ou; T Or;
8Am,~,j6qi7k - Coh 8A$i7j qu,k
A.6 Handles
A.6.1 Energy
For a spherical handle, the energy is
1 2 qQi—1 + d; ?
EHandleS here,i — _kHandle (Xi - XHandle) + <— - qHandle
8 2 1qi-1 + qill
or
1 qi-1+4 ’
1—1 i
EHandleSphere,'i = ékHandle (Xi - XHandle)2 + (T - qHandle>

whereas for a cylindrical one, it is

1 X; + Xiq1 2 2
EHandleCylinder,i - §kHandle T — XHandle + (qz - qHandle)
A.6.2 Forces
Spherical Handle
aE‘Handles here, i T
F‘HomdleSphere7 T _Tijp = _kHandleej (Xi - XHandle)

- kHandle (erandle,j - xi,j)

FHandleSphere,xi - _kHandle (Xi - XHandle)

F 8EHandleSphe7‘e, i
HandleSphere, q;_; -

94,
9;—1t4d4 T
= —k lla;—1+as]l Qi—1+d q
Handle Oai; Tai—1+a:]] Handle
T
2 q‘,'+q'+1,'
ej||qi_1+qi||—(qi_1+qi>%w
= kHandle g1t a2 dHandle
b Qi—1+d - ;
ecause g = - 18 unitary
71— X

&; Il —p s .
- kHandle W JHandle with pP=qi—1+4q;

= k L (e, — PPi
Handle Mol j HPHQ JHandle
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or

_ 8EHandleSphere, i
04,5

pr=pru\ ! di—1+di
= —kHcmdle 8Cli2,j ( * 2 t — qHandle)

= —KkHandle (%)T (%%Jrql - qHandle)

_ kaandie (2i-1,i19,j
- agn < ( - ]2 = _QHandle,j)

FHandleSphere, Qi,j

_ aE‘HandleSph.ere, i

0¢i—1,;
Cylindrical Handle
aEHandleC’ylinder,i o k:Handle Ti,j + Tit1,5 o aEJHandleC'ylinder,i
- o - = 9 2 — T Handle,j - o
Li,j Lit1,5

aE’HancllEC'ylincler,i — L
- P — NHandle (QHandle,j - Qi,j)
ij

A.6.3 Hessian

Since the energy can be decomposed in two terms, one depending on the

position(s), the other on the quaternion(s), there are no mixed-type terms

: 82E andle,i
(like ZEmontes

B 10a; ¢ ) in the Hessian.
K2V 15

Spherical Handle

2
0 EHandleSphereJ

_ k
P ) - kHandle(;j
T ;0T5
82EHandleSphere,i — 82E‘Ha'rLdleSphe're,z' — azEHandleSphe're,i — 62EHandleSpherc»:,i
04qi,50; 1 0qi—1,;0; 1 0qi,50G; -1,k 0qi—1,;00 -1,k
o kHandle 5k
4 J
Cylindrical Handle
82EHandleCylinder,i — 82EHu.ndleCyl'L"n,de'r,i — 82EHandleCylinder,i — aQEHandleCylinder,i
8$i,j8xi,k 8xi+1,j8:c,-’k Bzi,jaazi+17k Ble’j@xHLk
o kHandle 5]<;
4 J
2
0 EHandleCylinder,i k
=k )
) ) — NHandleY;
4i,j04ik
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A.7 Bending and Torsion

A.7.1 Energy

The calculation of the bending and torsion is complexer than for other inter-
actions. The energy is defined as

1
2 2
EBendingTorsion,i = EBending,i + Etorsion,i = 5 Bn K"+ 5 BT T

The Darboux vector in local coordinates is then
2——
Wy = Eqi “Qit1 = (%1,77 RQ)

where k? = k% + k3.
The energy can be then rewritten as

EBendingTorsion,i = % BH K + : BT T2
— %BN(HWH2—72)+%BTT2
= B |w|*+ 3 (B — B.) 7
= %BH |w|* + % (B, — B,) (wTref)?
= 1 (B,w'w+ (B; — B,) w'refref’ w)
= 1wT(BJI; + (B, — B,)refref’)w
= %wTAw
with
B. 0 0
A = (B.JI5 + (B, — B,)refref’)=| 0 B, 0
0 0 B.
A.7.2 Forces
Let us proceed step by step. The relative rotation is
40 Giv1,0 T Qi1 Qiv11 t G2 Gir12 @3 Git1,3,
T Qs = 40 Gi+11 — i1 Giv10 — G2 Gi+v13 i3 Git1,2,
v 40 Gi+12 — G2 ¢i+1,0 — i3 Gir11 T Qi1 Gitr1,3,
40 9i+13 — 43 qi+10 — i1 Gi+12 T G2 Giv11
We have

qi4+1,0 qi+1,1 qi4+1,2 qi+1,3
B — (i - dit1); | %+11 —Gi+10 —Gi+13 Qi+1,2
aqz‘, k 1<j<4 qi+1,2 qi+1,3 —qi+1,0 —qi+1,1

1<k<4
qi+1,3  —qi+1,2 qi+11  —qi+1,0
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qi,0 di1 qi,2 4,3

C— (8q1‘—>i+1,j) _ | % g0 93 —Gi2
Giv1, k 1gi<d —¢i2 —%3 G0 Qi1

- —q;3 qi2 —qi1 qi,0

and —

Ow; _ 2 0(Fi - dit1);
8%’, k L aQi, k
Owj _ 20(Ti - 9iv1);

Oqi1.k L Ogii1k

Since the energy is EpendingTorsion,i = %wTAw the corresponding force is
then

T

Ow
FBendingTorsion,i,qi = Aw
5] aq )
/LM]
since A is symmetric, and similarly
T
Ow
FBendingTorsion,i,qu,j = - Aw
0Git1,5

A.7.3 Hessian

2 2
EBendingTo'rsion,i 2] EBendingTorsion,'L

. . 0
We have three kind of terms to consider: L , endy and
043,045,k 09i+1,;0qi 41,k
a2E‘BenclingTorsion,i
8Qi,j6Qi+l,k
82EBendingTo'rsion,i — 9 8EBendingTo'rsion,i
0¢:,70¢; 94qi,j TaQi,k
_ el ow A
= w
9¢i,j <qu',k )

_ 92w T W+ ow T Ow
T 0qi,50q; k 9q; 94k
Ow TA 0w
9qi,; 0g; k

: 92w
since =—~=— =0
043,504,
aQEBendingTo'rsion,i — 0 aE‘BenclingTorsion,i
0qi+1,;00+1,k 0qi+1,j 311i%1,k
o) ow A
= T w
0qit1,j (8‘1i+1,k )

T ow
a‘IH—l,k

_ 02w A ow
T 0¢i11,j0¢i41,k w+ 0qiy1,j
ow ow

0qi+1,j 0qit1,k

82EBendingTorsion,i _ L2l aEBendingTorsion,i
04i,500;41,k 0q;,; 6‘11’%1,1@
2] Ow A
= W
9q;,j (8‘1i+1,% )
2 T
v e
an,]8Qi+l,k 8%,] 8Qi+1,k
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with

We have
4

T
HBendingTorsion,qi,qi = _2B2§j§4AB2§j§4
L 1<k<4 1<k<4

4
T
HBendingTorsion,qi+1 ikl _ZCZSJ' §4A02§j <4
L 1<k<4 1<k<4

A.8 Rotation speed - Darboux Vector
Is is well known that for w the Darboux vector, the speed v of a point x is
V=w XX

At the same time, if x is the image by the rotation represented by ¢ of y we
have

(07V> = (Od_x

For a and b two quaternions, we have

a-b (aobg — aTb, Cl,()b + boa+ a X b)
b-a = (aphy +a’b,ayb —bhya+ a x b)
a-b+b-a = 2(@0b0,&0b+aXb>

With a = q-q and b = (0,x), we obtain, since ag = Z?:o Giq; = 0 (the
quaternion has a constant norm),
(0,v)=(0,2a x x)

and
(07 wg) = 2q ' a

This is expressed in world coordinates. In the local coordinates, we have

(0,(.01) = q- (Q?wg) 4

141



A.9 Discretization of the rotation speed

A.9.1 slerp

The slerp defines a rotation at constant speed from a quaternion gy to a
quaternion q;:

_sin(a(1 —t))qo + sin(at)q;

B sin «v

q(t)

where cosa = ql'q; and ¢ € [0;1]. It is interesting to note that

(91 - 90)o = q1,090,0 + qquo = COos

If the relative rotation q; - qg is a rotation of an angle # around an axis
v, |[v]| =1, we get cosa = cos § and v = £.
In particular, for ¢t = %, we have

9, =4d <1> - g (do + 1) =

(g0 +9a1)

2 sin « 2 cos(3a)

The rotation from qq to q is equal to the rotation from qL to q

T a1 T = ————((1,0,0,0) + g1 - @)
Jo =1 %_2COS(%OC) s Uy Uy q1 - Yo

=

In particular, for qo = (1,0,0,0), cosa = g1 0, qi-qr=qu: itisa kind of
“square root”

A.9.2 Discretization of the speed of rotation in world
coordinates

Let’s consider the quaternions ¢; and ¢,,.1. We want to define an approxima-
tion for w We can write, with L the length of a segment,

- Qi1 — O
L

and

q (9; + giv1)

B 2 cos(sax)

interpolating the quaternion value.
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In global coordinates, we get

(0,wg) = 24-7
- 2qi+1L_qi : gcosl(%a)(% + qit1)
- #(%a)<qi+l — i) (d; + T
= m(qm-ﬁi+(1,0,0,0)—(1,0,0,0)—q¢-ﬁ¢+1)

= LCO—;(%Q)(%H G — i Tig1)

But for two quaternions a and b , we have

a-b = (agby +a’b, —agb +ba —a x b)
b-a = (aphy +a’b,ayb —bhya+a x b)

a-b—b-a = 2(0,—agb+ba—axb)=2(0,a-b)

Since the scalar part of the quaternion is 0 in both cases, we have

2 —
wg = W%‘H "4
If qis1 - G; = (cos &,sin2v), o = £ (see A.9.1) and
2 .0
Wy = FS(%) sin v
Since 6 can be expected to be small, we finally have
2 .0
wg = 7 singv
2 ——
Wy = ZCIiH "4

A.9.3 Discretization of the speed of rotation in local
coordinates

In a similar way to the previous section, we have in local coordinates

(0,w) = 29-9
= 2y (A i) -
- Lcosl(%a_) (@ - Qi1 — iy - A)

and
9

Wy = qu " i+

With « small

22—
W = Zqi “ i+
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1.45
1.4
1.35
1.3
1.25
1.2
1.15
1.1
1.05

1 | | |
- —m/2 0 /2 T

Coi g: for small values of # is 1 a good approximation.

Figure A.1: Values of
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Appendix B

Appendix - Constants values

In this appendix we want to show the influence on the values of the energy
constants of several factors: the number of discretization points and the
choice of the length unit (ie. if the scene is in meters or centimeters) as well
as the scale (the influence of the length of the cable, which is useful if we
want to modify the length of a cable without modifying its other properties).
We want our simulated cable to show the same behavior independently of
these factors. For achieving it, we need to adapt the values of the constants.
The easiest way of doing this is to keep the energy constant. The key idea
is that the energy per length unit has to be constant, which corresponds to
the additivity principle. We will consider a continuous version of the energy
for the different interactions and compare it with the discrete version to find
the relations we need. K is the constant per unit length for the continuous
version, and k for the discrete version (depending on the length L and the
number of discretization points n).

B.1 Length conservation

Defining v the extension rate such that L = (14+7)L,.r, we have a continuous
definition of the energy

E = %K f0L272ds
= KLy
and a discrete definition
E = %Z?:_li k?L(Lz‘ - Lz‘,o)2
- %Z?:l kLLzZ,o;YiQ
= %(n - 1)kL(n£—1)273ff

_ 1 L2 2
= kLG Vers
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Consequently, we have
n—1

L

For a change of unit, we have x,., = az,q (for example, if ., is in
centimeters and z,,4 in millimeters, a = 0.1.) The new energy is

kp =K

n—1 n—1
1 1 kL new
Enew = 5 kL new Lz new_LiOnew 2= kL new Lz_LzO 2052 = O-/QEold 7
3 2 KusewCinesLipaee) = 5 3 Raneol L) —
so that "
,old
kL,new - L—2
(6%

B.2 Weight

With 4 the linear mass density and h(s) the height at arclength s, the con-
tinuous energy is

L
E= / pghds = pghL
0

and is approximated by

E = 2": Emhi = nkph

i=1
It follows that
L
K = pg—
n
For a change of unit length, we have

Enew = nkm,newah = nkm,oldh

and
km,old

o

km,new —

B.3 Quaternion Norm

Similarly, we have

1 L 2 1 2
E= §Kn lgll"ds = éKnLHqufH
0
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and
1 n—1 1
E=5 3 hnllail® = 500 = Dhkallacss |
i=1

Therefore,

L

n—1

k, = K,
There is no change relative to the unit length.

kn,old = kn,new

B.4 Coherence

We have
1 v 2 1 g 2 1 2
=Ky [ (T~ ro@)l)ds = Koy [ 1AIds = SR LIAJ,
0 0
and

n—1

n—1
1 1 1
E=3 > kgl = rot(q:)])? = 52 g | A = 5 (0 = Dhag | A2
i=1

i=1

It follows
L

n—1

kg = Kug
There is no change relative to the unit length.

k:pq,old = ka:q,new

B.5 Curvature and torsion

We have, for the curvature,

E 1K/L 2d 1KL 2
= — K S = — K
2 0 2 eff

and
12 1
2
E = 5 Zkﬁn? = §(n L
i=1
It follows I
k. =K.
n—2



For a change of unit length, we have

12 1
E 2
Enew = 5 2 k?,.i—az I€Z'

and
2
kn,new = kn,old

B.6 Summary

If we combine the information before, if n and L are the new number of
points and length, and A and £ the old values, the new constants will be:

1 n—-1L
knew:_—_ko
l, O{2N—1L l,old
1N L
km,new:___ m,old
an L
N—-1L
kn new — —_kn old
’ n—1L "
N—-1L
kzq,new = 3 Alvagold
n—1L
N —-2L
knnew: 2 ko
’ @ n—2 L "o

The length constant is the only one augmenting with the number of
points. (See Figure B.3: the curves for different number of points are similar,
exept for n = 20 where the first segment is too large.)

B.7 Influence of the parameters on the con-
dition number of the Hessian
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Figure B.1: Influence of the factor o on the condition number of the Hessian
for two diferent values of k., and k, : the minimum is around o = 0.1...1,
where the positions and quaternions have the same order of magnitude..
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Figure B.2: Influence of the number of discretization points on the condition
number of the Hessian: the condition number (in red) grows like the square
of the number of points (in green)
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Figure B.3: The different coordinates for various number of discretization
points: apart of n = 20, all the curves are similar: the transformations as

shown above conserve the properties of the cable.
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