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 a b s t r a c t

We present a new approach of solving the single picker routing problem with scattered storage (SPRP-SS), which 
is a fundamental problem in modern warehouse operations management. The SPRP-SS assumes that stock keeping 
units (SKUs) of an article are stored at possibly many locations. An effective integer programming based approach 
relies on extending the state space of Ratliff and Rosenthal’s dynamic program for the basic single picker routing 
problem to accommodate the SPRP-SS. As a result, the mixed integer linear programming (MIP) formulation has 
a quadratic number of variables. We propose two distinct modifications of the extended state space to retain 
the linearity of the models. Linearity is achieved by replacing the quadratically growing parallel edges of the 
extended state space by linear-size subnetworks. These replacements lead to different state spaces and herewith 
different MIP formulations, for which we analyze theoretical properties such as their size and strength of the 
linear-programming relaxations. We compare the new formulations with the state of the art using a collection 
of 800 SPRP-SS instances. The results show that the new formulations are more than competitive providing 
integer optimal solutions of realistic and even large-scale instances in less than two seconds on average. The 
second formulation outperforms the currently best performing approach regarding the computational speed: For 
the largest instances with 200 articles to be collected, average speedups reach the factors of 3.18 and 4.87 for 
general and unit demand, respectively.

1.  Introduction

We consider order picking operations in warehouses where pickers 
travel through the warehouse to collect demanded articles from the stor-
age locations (picker-to-parts). Order picking accounts for more than 
half of the warehouse operating costs (Bartholdi & Hackman, 2019) and 
therefore represents a good opportunity for expense optimization. We 
address the underlying single tour routing problem, which is known as 
the single picker routing problem (SPRP) or order picking problem. The most 
basic version of the SPRP considers a rectangular single-block parallel-
aisle warehouse with a single depot, which is the start and end point 
of each tour. The seminal work of Ratliff and Rosenthal (1983) shows 
that a minimum-length picker tour can be computed with dynamic pro-
gramming in linear time. More precisely, the overall computational ef-
fort is linear in the number of aisles and the number of storage locations 
(=pick positions) to visit, as shown by Heßler and Irnich (2022).

Several variants of the SPRP extend the basic problem and require 
the computation of picker tours for different warehouse layouts (two-
block (Roodbergen & de Koster, 2001), multi-block (Pansart et al., 
2018), fishbone (Çelk & Süral, 2014), butterfly (Öztürkoğlu et al., 2012), 
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etc.) and characteristics of the start and drop-off point(s) of a picker 
tour (Masae et al., 2020). In addition, simpler variants of the SPRP re-
sult from routing policies such as traversal (a.k.a. S-shape), midpoint, 
largest gap (Hall, 1993), return, and composite (Petersen, 1997). Rout-
ing policies address the practical issue that human pickers may not be 
able to execute all types of optimal tours, which can be complicated, 
counterintuitive, and difficult to memorize. Instead, the pickers must 
execute a tour that is defined by a few simple rules. A more detailed 
overview of SPRP variants and pointers to the literature can be found in 
Heßler and Irnich (2024), Table 1.

In this paper, we address the SPRP with scattered storage (SPRP-SS), 
which is another variant of SPRP. The term scattered storage describes 
the storage strategy of placing the stock keeping units (SKUs) of one or 
more articles not only at a single but possibly several pick positions in 
the warehouse (this is also our definition: a SKU is one item/a single 
unit of an article, where identical SKUs can be stored at different lo-
cations/positions). The reasoning behind scattering is that SKUs of a 
demanded article can be picked up quickly no matter where the picker 
is Weidinger (2018). Scattered storage is the predominant storage strat-
egy in modern e-commerce warehouses of companies like Amazon or 
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Zalando (Boysen et al., 2019; Khan et al., 2024; Weidinger, 2018; Wei-
dinger et al., 2019).

In contrast to the long history of the basic SPRP, the SPRP-SS has 
only received increased attention since the middle of the last decade. 
First addressed by Singh and van Oudheusden (1997) and Daniels et al. 
(1998), up to this day, all competitive exact solution approaches are 
mixed-integer programming (MIP) based, except for the Benders approach 
of Haouassi et al. (2025). Recently, Goeke and Schneider (2021) pro-
posed an effective MIP formulation that solves instances of the SPRP-SS 
of realistic size to proven optimality. This approach is only outperformed 
by another MIP-based solution approach of Heßler and Irnich (2024). 
Their idea is as follows: In the state space of the dynamic-programming 
(DP) approach of Ratliff and Rosenthal (1983) for the basic SPRP, ev-
ery feasible picker tour is a path and vice versa. The first property also 
holds for the SPRP-SS. With an extension in the underlying state space, 
the authors use a shortest path formulation to solve the problem. Herein, 
the extension of the state space requires the addition of new edges. The 
number of edges grows quadratically with the number of relevant pick 
positions per aisle.

There exist some other approaches for the SPRP-SS: Weidinger 
(2018) compared a decomposition procedure (select the pick positions 
by different priority rules and use the algorithm of Ratliff and Rosen-
thal to determine a picker tour) with the MIP of Daniels et al. (1998) 
complemented with MTZ-based subtour-elimination constraints (Miller 
et al., 1960). A rather involved MIP-based approach has been presented 
by Su et al. (2023) for multi-block parallel-aisle warehouses. Unfortu-
nately, this approach has not been compared with any other approach, 
e.g., using the fact that the SPRP-SS with unit demand can be mod-
eled and solved as a generalized TSP (GTSP) for any warehouse layout 
(for the definition of unit demand and general demand, see Section 2). 
Wildt et al. (2025) use exactly this fact, which makes their approach 
generally applicable, but ignores that warehouses often have a well-
structured layout that can be exploited algorithmically. Accordingly, 
they use a series of transformations (SPRP-SS to GTSP, GTSP to clustered 
TSP, clustered TSP to asymmetric TSP, asymmetric to symmetric TSP) to 
finally solve them as ordinary TSP instances, either with a branch-and-
cut-based TSP solver like Concorde (Applegate et al., 2003) or with the 
Lin-Kernighan-Helsgaun (LKH) heuristic (Helsgaun, 2000). The equiva-
lence to the GTSP was also discussed by Heßler and Irnich (2024) who 
compare a re-implementation of the branch-and-cut algorithm of Fis-
chetti et al. (2002) with their approach showing that for small pick lists 
the GTSP-based solution can be competitive. Note that for general de-
mand the equivalence to the GTSP is no longer given, so that Wildt et al. 
(2025) proposed heuristic transformations for this case.

1.1.  Contributions

We introduce two new MIP formulations for the SPRP-SS which are 
linear in the number of aisles and in the number of pick positions. We 
describe both formulations now:

EG: The first formulation is formally identical to the network-flow 
model of Heßler and Irnich (2024), but uses a new underlying state 
space which replaces parallel edges (a quadratic number of gap ac-
tions is possible) by a linear-size subnetwork.

Gap actions model the movement of the picker entering an aisle 
from both cross-aisles to collect items. We further specify actions in 
Section 3.1.

Since the subnetwork allows to expand gaps, this formulation is 
called enlarged gaps (EG) formulation.

RG: The second formulation builds a different kind of linear-size sub-
network in which gaps can only be reduced.

Accordingly, the second formulation is called the reduced gaps
(RG) formulation.

In case of general demand, the network-flow model of Heßler 
and Irnich (2024) must be modified resulting in a slightly larger 
model with auxiliary variables and additional constraints.

However, these model extensions keep the formulation linear.
We compare the two formulations to each other and against the state-
of-the-art formulation of Heßler and Irnich (2024), in the following re-
ferred to as formulation HI. The theoretical and computational analyses 
provide the following findings:
1. Both formulations EG and RG have a generally weaker linear-
programming (LP) relaxation than the formulation HI.

On the large SPRP-SS instance set used in the computational stud-
ies, formulation RG is almost as strong as formulation HI, while for-
mulation EG is weaker.

2. Both formulations EG and RG give significantly smaller MIP models 
than formulation HI.

Formulation RG reduces, on average, more variables/edges (be-
tween 48 and 86 percent) than formulation EG (between 34 and 81 
percent) in comparison to the quadratically sized networks used in 
formulation HI.

3. Compared to the state of the art, formulation HI, the new formula-
tion RG on average accelerates the MIP solution by a factor of 1.89 
for general demand and by a factor of 2.42 for unit demand for the 
SPRP-SS instances in the testbed.

1.2.  Structure

The remainder of this paper is structured as follows: In Section 2, we 
formally introduce the SPRP-SS. We summarize the relevant solution 
approaches in Section 3 which includes the DP of Ratliff and Rosenthal 
for the SPRP, the extension of the state space of Ratliff and Rosenthal 
to incorporate aisle traversal options needed for the SPRP-SS, and the 
network-flow model of Heßler and Irnich, which is finally used to solve 
SPRP-SS instances. The subnetworks for formulations EG and RG are 
presented in Section 4. Computational analyses and their results are dis-
cussed in Section 5. We close the paper by drawing final conclusions in 
Section 6. The Appendix lists the multiple acronyms and symbols used 
throughout this paper.

2.  The single picker routing problem with scattered storage

In the SPRP-SS, the set 𝑆 denotes the different articles, where each 
article 𝑠 ∈ 𝑆 is stored at (possibly several) pick positions 𝑝 ∈ 𝑃𝑠. The 
set 𝑃 =

⋃

𝑠∈𝑆 𝑃𝑠 describes all relevant pick positions. At position 𝑝 ∈
𝑃𝑠, 𝑏𝑠𝑝 ≥ 1 units of article 𝑠 ∈ 𝑆 are available for collection. The SKUs 
are stored at the pick positions along both sides of the picking aisles 
in a single-block parallel-aisle warehouse. Note that the terms SKU and 
article describe the same object. An article is what is requested by a 
customer and a SKU refers to a unit of an article stored in the warehouse. 
The goal of the SPRP-SS is then to find a minimum-length picker tour 
that starts and ends at the given I/O point 0 and visits a subset of the 
pick positions such that the given demand 𝑞𝑠 for each article 𝑠 ∈ 𝑆 is 
satisfied, i.e., can be collected from the positions visited. Daniels et al. 
(1998) already stated that apart from the general-demand case with 𝑞𝑠 > 1
for at least some articles 𝑠 ∈ 𝑆, the SPRP-SS can also emerge in the so-
called unit-demand case. In this case, the demanded number is 𝑞𝑠 = 1
for all articles 𝑠 ∈ 𝑆. The SPRP-SS with unit demand can be modeled 
as a generalized traveling salesman problem (GTSP, Fischetti et al., 2002) 
with the pairs in {(𝑠, 𝑝) ∈ 𝑆 × 𝑃 ∶ 𝑏𝑠𝑝 = 1} as the cities and the sets 𝐶𝑠 =
{(𝑠, 𝑝) ∶ 𝑝 ∈ 𝑃𝑠} for 𝑠 ∈ 𝑆 as the clusters (Daniels et al., 1998). The unit-
demand case is equivalent to the situation where each pick position 𝑏𝑠𝑝
holds sufficient supply to cover the whole demand 𝑞𝑠 of the respective 
article 𝑠 ∈ 𝑆.

The SPRP-SS is an NP-hard problem (Weidinger, 2018). This 
statement remains true when picker tours are restricted to rout-
ing policies such as traversal, return, midpoint, largest gap, and
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composite (Lüke et al., 2024). Approaches for the exact solution and 
optimal routing have been proposed by Weidinger (2018), Goeke and 
Schneider (2021), and Heßler and Irnich (2024). The latter approach is 
the best-performing exact solution algorithm to date. Since our goal is 
to improve on the model proposed by Heßler and Irnich, we will present 
their formulation and approach in the following.

3.  Exact solution of the SPRP and SPRP-SS

We start with the description of the DP by Ratliff and Rosenthal 
(1983), explain how the state space of the DP was extended by Heßler 
and Irnich (2024) to include the option of not necessarily having to visit 
all pick positions, and present their binary formulation of the SPRP-SS.

3.1.  Basic state space of Ratliff and Rosenthal

We briefly introduce the ideas and assumptions of Ratliff and Rosen-
thal (1983) that allow to formulate the SPRP and solve it by DP in linear 
time. They consider a single-block parallel-aisle warehouse. Each aisle is 
uniformly divided into a number of pick positions of identical size. Each 
demanded article is stored at a pick position in the warehouse resulting 
in a set of pick positions 𝑃  that the picker necessarily has to visit. Pick-
ing from either the right-hand side or the left-hand side (or both) is not 
distinguished, so that the side of the aisle is irrelevant for computing the 
picker tour length. Therefore, different SKUs located at the same pick 
position can be seen as a single picking request.

Formally, let 𝐽 = {1, 2,… , 𝑚} denote the aisles in a single-block rect-
angular warehouse with parallel aisles. A picker tour can be constructed 
by alternately deciding how the picker traverses an aisle and how they 
process from aisle 𝑗 to aisle 𝑗 + 1. Moving through an aisle 𝑗 ∈ 𝐽 results 
in the transition from stage 𝑗− to 𝑗+ while performing a cross-aisle action
from an aisle 𝑗 to 𝑗 + 1 leads to the transition from stage 𝑗+ to (𝑗 + 1)−. 
The picker tour ends in a finite state at stage (𝑚 + 1)−, so that the state 
space of the DP has 2𝑚 + 1 stages. To model the states and transitions of 
the DP, Ratliff and Rosenthal introduce so-called partial tour subgraphs
(PTSs). For an aisle 𝑗 ∈ 𝐽 , a PTS represents the parts of the picker tour 
from aisle 1 to aisle 𝑗 and specifies the vertex parity of the vertices 𝑎𝑗
and 𝑏𝑗 located at the back and front of each aisle 𝑗 ∈ 𝐽 , see Fig. 1b. The 
vertex parities in combination with the number of connected compo-
nents of the PTS characterize the states of the DP. Ratliff and Rosenthal 
show that only seven states are relevant for optimal picker tours. These 
states can be denoted as
𝒮 = {UU1c, 0E1c, E01c, EE1c, EE2c, 000c, 001c}.

Here, the first (second) symbol indicates the parity of the vertex 𝑎𝑗 (𝑏𝑗) 
with 0, U, and E standing for not reached, odd (i.e., uneven) degree, 
and even degree, respectively. The number of connected components is 
shown by the last two symbols: The state 0c indicates an empty PTS, 
1c one with a single connected component, and 2c a subgraph with 
two connected components. Fig. 1 shows an optimal picker tour with its 
corresponding PTS and state space (𝑉 ,𝐸).

Within an aisle, six different aisle actions can be performed, namely
𝐸𝑎𝑖𝑠𝑙𝑒
𝑗 = {1pass, 2pass, top, bottom, gap, void}. (1)

Action 1pass (2pass) describes a single (double) traversal through the 
aisle (either direction), top (bottom) stands for a traversal from the 
back (front) cross-aisle to the lowest (highest) relevant pick position 
and back, and gap for entering the aisle from both sides leaving a max-
imum length gap in the middle while visiting all pick positions. When 
having an empty aisle, void represents no traversal through the aisle.

Regarding the cross-aisle action from aisle 𝑗+ to (𝑗 + 1)−, there are 
five different options to consider:
𝐸𝑐𝑟𝑜𝑠𝑠
𝑗 = {00, 11, 20, 02, 22}.

The first (second) digit gives the number of traversals of the back (front) 
cross-aisle. Note that every o-d-path in the state graph represents a feasi-
ble solution for the SPRP, where the origin and destination are the states 

𝑜 = 000c at stage 0− and 𝑑 = 001c at stage (𝑚 + 1)− = 4−, respectively. 
Moreover, each edge 𝑒 ∈ 𝐸𝑐𝑟𝑜𝑠𝑠

𝑗 ∪ 𝐸𝑎𝑖𝑠𝑙𝑒
𝑗  is associated with a cost describ-

ing the length of the component added to the tour when performing 
the corresponding action. Heßler and Irnich (2022) have shown that 
the calculation of these costs can be done with an effort of  (𝑚 + 𝑛)
with 𝑛 = |𝑃 | while solving the DP also takes linear effort with the same 
complexity (Ratliff & Rosenthal, 1983).

3.2.  Scattered storage and the extended state space

For the SPRP-SS, some additional notation is required, since each 
article may now be stored at several locations instead of having one 
unique pick position. Recall that 𝑞𝑠 denotes the quantity of article 𝑠 ∈ 𝑆
to be collected and 𝑏𝑠𝑝 denotes the supply (i.e., number of SKUs) of 𝑠 ∈ 𝑆
at pick position 𝑝 ∈ 𝑃 . Furthermore, let 𝑃𝑒 denote the set of positions 
visited by an aisle traversal 𝑒 ∈ 𝐸𝑎𝑖𝑠𝑙𝑒

𝑗  in aisle 𝑗 ∈ 𝐽 . Thus, 𝑏𝑠𝑒 =
∑

𝑝∈𝑃𝑒 𝑏𝑠𝑝
is the quantity of article 𝑠 ∈ 𝑆 that can be collected when traversing the 
aisle via 𝑒. Edges 𝑒 with a positive supply of article 𝑠 ∈ 𝑆 are denoted 
by 𝐸𝑠. For the sake of clarity, we distinguish between three types of 
articles:

(O) articles available in several aisles in the warehouse,
(UA) articles 𝑠 ∈ 𝑆 available in a unique aisle, but with |𝑃𝑠| > 1, and
(UP) articles that are only available at one unique position in the ware-

house.

Note that looking at an arbitrary position in an aisle, different SKUs 
can be placed on the right-hand side, left-hand side or, when stored in 
shelves, even vertically over one another. Still, different SKUs located 
at one position in any of the described manners refer to the same pick 
position 𝑝 ∈ 𝑃 . Therefore, the number

𝑛 =
|

|

|

|

|

⋃

𝑠∈𝑆
𝑃𝑠

|

|

|

|

|

= |{𝑝 ∈ 𝑃 ∶ ∃𝑠 ∈ 𝑆 with 𝑏𝑠𝑝 > 0}| (2)

of relevant positions can be smaller than the number of pairs (𝑠, 𝑝) ∈
𝑆 × 𝑃  with a positive supply 𝑏𝑠𝑝 > 0.

To incorporate the flexibility of not necessarily having to traverse 
all pick positions with demanded articles in the warehouse, an exten-
sion of the state space of Section 3.1 is needed. Specifically, additional 
aisle actions of type top, bottom, void, and gap (as defined after Eq. (1)) 
must be considered, while all other aisle actions and cross-aisle actions
remain identical. These actions are the aisle traversals 𝑒 ∈ 𝐸𝑎𝑖𝑠𝑙𝑒

𝑗  refer-
ring to aisle 𝑗 ∈ 𝐽 leaving out the positions 𝑃 ′

𝑗 ⊂ 𝑃  (in aisle 𝑗), which 
are feasible if and only if
∑

𝑝∈𝑃𝑠⧵𝑃
′
𝑗

𝑏𝑠𝑝 ≥ 𝑞𝑠 ∀𝑠 ∈ 𝑆 (3)

holds. Further details are provided in (Heßler & Irnich, 2024, Section 
2.3).

Example 1. Fig. 2a shows an instance of the SPRP-SS with three 
aisles 𝐽 = {1, 2, 3} and four articles 𝑆 = {1, 2, 3, 4}.

For simplicity, we assume unit supply, i.e., 𝑏𝑠𝑝 = 1 for all 𝑠 ∈ 𝑆, 𝑝 ∈
𝑃𝑠.

Moreover, we assume demands 𝑞1 = 3, 𝑞2 = 2, and 𝑞3 = 𝑞4 = 1.
The resulting additional aisle actions are listed in Fig. 2b.
For aisle 𝑗 = 1, three additional aisle actions are to be considered.
Standing at the back (front), it is now possible to only traverse the 

aisle up to position 𝑖 = 7 (𝑖 = 3), or skip the aisle entirely, since inequal-
ities (3) holds for an aisle action leaving out the position where article 2 
(article 1) or both are stored.

These additional options yield in the aisle actions top(7), bottom(3), 
and void.

For the second aisle, article 3 must be picked up, since it is only 
available in one aisle so that no void action can be performed here, 
while also preventing any additional top(i) traversal.
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Fig. 1. State space and PTS for a warehouse with aisles 𝐽 = {1, 2, 3} and articles 𝑆 = {1, 2,… , 8} (unit demand). The highlighted path (red/bold) in the state space 
represents the optimal picker tour. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

Fig. 2. An instance of the SPRP-SS. The pick list contains four articles 𝑆 = {1, 2, 3, 4} with unit supply and demands 𝑞1 = 3, 𝑞2 = 2, and 𝑞3 = 𝑞4 = 1.

Note that the additional bottom and gap options always traverse at 
least one pick position of article 1, since inequalities (3) would be vio-
lated otherwise.

Therefore, bottom(1) is not allowed.
For aisle 𝑗 = 3, article 4 is unique so that void, top(5), and top(8) 

become infeasible.
Furthermore, all traversals gap(𝑖, 𝑘) can be disregarded if 𝑖 and 𝑘 are 

neighboring positions with a non-maximal gap. 
Asymptotically, the number of additional aisle actions in the ex-

tended state space is dominated by those of type gap(ℎ, 𝑖). Indeed, if 
the majority of the pick positions are located within one or a few aisles, 
there can be  (𝑛2) aisle actions of type gap(ℎ, 𝑖). Therefore, since the 
original state graph had  (𝑚) edges, the total number of edges in the 
extended state space is bounded by  (𝑚 + 𝑛2).

Due to the extension of the state space, an arbitrary 𝑜 − 𝑑-path does 
not necessarily represent a feasible solution to the SPRP-SS. The follow-
ing network-flow formulation HI is considering this fact.

3.3.  Network-flow formulation for the SPRP-SS

Formulation HI uses the above extended state space (𝑉 ,𝐸) to model 
the SPRP-SS as an 𝑜 − 𝑑-shortest-path problem with additional demand-
covering constraints (DCCs). Variables 𝑥𝑒 ≥ 0 indicate the (unit) flow for 

each edge 𝑒 ∈ 𝐸 =
⋃

𝑗∈𝐽 (𝐸
𝑎𝑖𝑠𝑙𝑒
𝑗 ∪ 𝐸𝑐𝑟𝑜𝑠𝑠

𝑗 ). Moreover, let 𝑐𝑒 be the cost of 
edge 𝑒 ∈ 𝐸, i.e., the length of the picker tour associated with the action 
described by 𝑒. This leads to the following binary model: 

𝑧SPRP-SS = min
∑

𝑒∈𝐸
𝑐𝑒𝑥𝑒 (4a)

subject to
∑

𝑒∈𝛿+(𝜎)
𝑥𝑒 −

∑

𝑒∈𝛿−(𝜎)
𝑥𝑒 =

⎧

⎪

⎨

⎪

⎩

+1, if 𝜎 = 𝑜
−1, if 𝜎 = 𝑑
0, otherwise

∀𝜎 ∈ 𝑉

(4b)
∑

𝑒∈𝐸𝑠

𝑏𝑠𝑒𝑥𝑒 ≥ 𝑞𝑠 ∀𝑠 ∈ 𝑆

(4c)

𝑥𝑒 ∈ {0, 1} ∀𝑒 ∈ 𝐸
(4d)

The objective (4a) minimizes the length of the picker tour. Flow con-
servation is modeled by constraints (4b), where 𝛿+(𝜎) and 𝛿−(𝜎) denote 
the set of edges leaving and entering vertex 𝜎 ∈ 𝑉 , respectively. The 
DCCs (4c) ensure that enough SKUs are collected for each article 𝑠 ∈ 𝑆. 
The domain of the flow variables is given by (4d).

Note that constraints (4c) can be strengthened by replacing 𝑏𝑠𝑒
with min{𝑞𝑠, 𝑏𝑠𝑒} for all 𝑠 ∈ 𝑆 (we always do this). Moreover, for each
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article 𝑠 ∈ 𝑆 of type UA, constraints (3) ensures that each aisle action 
of the respective aisle collects a sufficient quantity of 𝑠. Therefore, con-
straints (4c) are redundant for articles of types UP and UA. Note that 
every article of type UP is associated with a unique aisle.

The size of formulation HI, i.e., model (4), can be summarized as 
follows:

Property 1. Formulation HI has  (𝑚 + 𝑛2) variables,  (𝑚 + 𝑎) constraints, 
and  (𝑚 + 𝑎𝑛2) non-zero coefficients (recall that 𝑛 denotes the number of 
possible pick positions and 𝑎 = |𝑆| denotes the number of different articles 
to be collected).
Proof.  The number of variables coincides with the number of edges in 
the extended state space which grows quadratically in the relevant pick 
positions and is bounded by  (𝑚 + 𝑛2).

The number of constraints is bounded by  (𝑚 + 𝑎), where con-
straints (4b) contribute the summand 𝑚 and constraints (4c) the sum-
mand 𝑎.

The number of non-zero coefficients is bounded by  (𝑚 + 𝑎𝑛2), since 
the incidence matrix has exactly 2|𝐸| =  (𝑚 + 𝑛2) non-zeros, and the 
demand-covering constraints (4c) have ∑𝑠∈𝑆 |𝐸𝑠| =  (𝑎𝑛2) non-zero co-
efficients. ∎

Additionally, Heßler and Irnich (2024) define dominance rules to 
reduce the number of parallel edges in 𝐸. Dominance leads to smaller 
state spaces and herewith a reduced number of variables in formulation 
HI. We also apply dominance to reduce the edges in the state space 
and to accelerate the solution of formulation HI by the MIP solver. Even 
with dominance, Property 1 is valid and it is straightforward to construct 
SPRP-SS instances for which the presented bounds are sharp.

Model (4) of the SPRP-SS can also be interpreted as a resource-
constrained shortest path problem (RCSP, Pugliese & Guerriero, 2013) or 
a shortest path problem with resource constraints (SPPRC, Irnich & De-
saulniers, 2005). This is achieved by transforming the DCCs into upper-
bounding constraints which limit the uncollected supply to the differ-
ence between the total supply and demand. However, solving the SPRP-
SS with an RCSP or SPPRC algorithm can be difficult (even when using 
powerful techniques such as bidirectional dynamic-programming label-
ing with completion bounds). The reason is that the number of resource 
constraints equals the number of articles (𝑎 = |𝑆|), which becomes pro-
hibitively large for typical SPRP-SS instances with more than a hundred 
different articles. Therefore, no effective RCSP or SPPRC algorithm has 
been applied to solve this type of problem to date.

4.  Linear-size state spaces

As stated in Property 1, the number of edges in the state space of 
Heßler and Irnich is bounded by  (𝑚 + 𝑛2). It grows quadratically with 
the number 𝑛 of relevant pick positions, as defined in Eq. (2). Only the 
actions gap are responsible for this quadratic growth. Thus, we replace 
all parallel edges between states connected via actions gap by a small 
subnetwork of linear size. This can be done in different ways. We now 
present two types of subnetworks of linear size that can be included in 
the extended state space of formulation HI to fully replace all of the gap 
actions.

4.1.  Enlarged gaps network

Let 𝜎, 𝜎′ ∈ 𝑉  be two vertices connected with an action gap in the 
state space 𝐺 = (𝑉 ,𝐸). Moreover, let 𝑗 ∈ 𝐽 be the associated aisle and 
let 𝐼𝑗 denote the set of all relevant pick positions in this aisle (numbered 
from 1 to 𝐶, bottom up). Depending on the state of 𝜎 also the actions top, 
bottom, and void may connect 𝜎 with 𝜎′, i.e., they are parallel edges. 
Fig. 1a shows the details:

1. For 𝜎 ∈ {UU1c, EE1c, EE2c}, actions gap, top, and bottom connect to 
the same vertex 𝜎′.

2. For 𝜎 = 0E1c, only action top connects to the same vertex 𝜎′ as action 
gap.

3. For 𝜎 = E01c, only action bottom connects to the same vertex 𝜎′ as 
action gap.

4. For 𝜎 = 000c, neither top nor bottom connects to the same vertex as 
gap.

The subnetwork that we construct includes all of the above parallel 
edges.

The basic idea is that two actions top(ℎ) and bottom(𝑖) are performed 
sequentially in the subnetwork so that they replicate the respective ac-
tion gap(ℎ, 𝑖). The construction is done in three steps (Fig. 3 shows an 
example of a subnetwork):

1. Additional vertices 𝑣ℎ𝑖 are introduced for each action gap(ℎ, 𝑖) where 
ℎ ∈ 𝐼𝑗 and 𝑖 ∈ 𝐼𝑗 with ℎ < 𝑖 are consecutive pick positions in the con-
sidered aisle 𝑗.

Also, let 𝑀 > 𝑖max = max 𝐼𝑗 and ℎmin = min 𝐼𝑗 > 0.

Fig. 3. Example for a network which can enlarge the gaps.
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Moreover, one or two vertices are added to replicate the original 
actions bottom and top connecting vertex 𝜎 with vertex 𝜎′ (see above 
for which type of state this is relevant).

For the original action bottom, the vertex 𝑣𝑖max ,𝑀  is added.
For the original action top, the vertex 𝑣0,ℎmin

 is added.
Note that for 𝜎 ∈ {UU1c, EE1c, EE2c} both vertices are included in 

the network.
In case that the action void connects 𝜎 with 𝜎′, it can be omitted 

in the subnetwork.
2. For the actions bottom(ℎ), edges are added to connect 𝜎 with 𝑣ℎ𝑖
(ingoing edges of 𝑣ℎ𝑖).

Similarly, edges for the actions top(𝑖) are added to connect 𝑣ℎ𝑖
with 𝜎′ (outgoing edges of 𝑣ℎ𝑖).

Actions bottom(0) and top(𝑀) have a cost of 0, where 𝑀 and 
0 indicate that the aisle is not entered from the top or the bottom, 
respectively.

3. Downward edges of cost 0 between the additional vertices created in 
the first step enable actions gap with more space between the turning 
points.

As a result, an action bottom(ℎ) can be combined with an ac-
tion top(𝑖) also for non-consecutive pick positions ℎ and 𝑖.

For a given (original) state space 𝐺 = (𝑉 ,𝐸), we denote by 𝐺′ = (𝑉 ′, 𝐸′)
the state space that replaces all actions gap, top, bottom, and void that 
are represented by parallel edges in 𝐺 by the respective subnetwork. By 
construction, the new state space 𝐺′ has  (𝑚 + 𝑛) vertices and  (𝑚 + 𝑛)
edges.

Example 2. Fig. 3 visualizes a warehouse with aisles 𝐽 = {1, 2, 3} and 
six articles 𝑆 = {1, 2,… , 6} that must be collected (unit demand, i.e., 
𝑞1 = ⋯ = 𝑞6 = 1) together with the optimal picker tour.

We consider the second aisle 𝑗 = 2 with five possible pick positions 
and the resulting subnetwork for the state 𝜎 = UU1c.

Dominance considerations can reduce the number of edges in the 
subnetwork.

For example, the edge for the action top (4) can be omitted, since 
article 5 would be collected twice, which is not necessary for unit de-
mand.

The same is true for bottom (10).

Fig. 3b and Example 2 are also helpful to highlight differences when 
either the original state space 𝐺 or the new state space 𝐺′ that includes 
the subnetworks are used within model (4). In formulation HI (using 𝐺), 
the demand-covering constraints (DCCs) (4c) are redundant for articles of 
type UP and UA, i.e., 𝑠 ∈ {1, 3, 5, 6} in the example. However, the struc-
ture of the subnetwork allows to use invalid combinations of actions. For 
example, if articles 𝑠 = 3 and 𝑠 = 5 have no associated constraint (4c), 
then the action top(𝑀) can be combined with action bottom(0), which 
represents void and is not feasible due to (3). As a result, model (4) de-
fined over the new state space 𝐺′ is only valid for the SPRP-SS when 
all constraints of type (4c) are present for all 𝑠 ∈ 𝑆. This version of 
model (4) defines formulation EG that we compare against formula-
tion HI (and a third one defined in the next subsection). Even with more 
DCCs in formulation EG, the new formulation is linear as stated in the 
following property:
Property 2.  Formulation EG is of linear size, and it has  (𝑚 + 𝑛) variables 
and  (𝑚 + 𝑛) constraints.
Proof.  The number of vertices and edges per subnetwork is proportional 
to the number of pick positions in the respective aisle.

Hence, the state space 𝐺′ has not more than  (𝑚 + 𝑛) vertices and 
edges.

Assuming that 𝑎 = |𝑆| ≤ 𝑛, formulation EG has  (𝑚 + 𝑛) variables 
and constraints. ∎

The size of a model is only one factor that impacts the performance of 
a MIP solver that tries to solve the model. A second factor is the strength 
of the LP relaxation. Comparing formulations HI and EG, we can expect 

that formulation EG has a weaker LP relaxation, since the additional 
DCCs but not the linear-size state space 𝐺′ ensure demand coverage for 
articles of type UA and UP (this allows LP solutions in which, e.g., an 
action gap is combined with action void both with value 0.5). Hence, 
there exists a clear tradeoff between model size and model strength. 
Only empirical tests can tell which of both formulations is solved faster, 
see Section 5.

Property 3.  The DCCs (4c) in Formulation EG are redundant for arti-
cles 𝑠 ∈ 𝑆 of type UA and UP.

4.2.  Reduced gaps network

Like the subnetwork EG, the second subnetwork RG is also used to 
replace parallel edges between two vertices 𝜎 and 𝜎′ describing actions 
gap (and top, bottom, and void depending on the state of 𝜎). The ad-
ditional vertices of the RG network are constructed using the notion of 
non-extensible gaps (NEGs). A feasible action gap(ℎ, 𝑖) is an NEG, if no 
other action gap(ℎ′, 𝑖′) with ℎ′ ≤ ℎ, 𝑖′ ≥ 𝑖, and (ℎ′, 𝑖′) ≠ (ℎ, 𝑖) is feasible. 
This definition implies that if gap(ℎ, 𝑖) and gap(𝑘,𝓁) are NEGs, then ei-
ther ℎ < 𝑘 and 𝑖 < 𝓁 or ℎ > 𝑘 and 𝑖 > 𝓁. Note that, depending on the state 
of 𝜎, we also include the artificial positions 0 and 𝑀 to represent the 
actions top, bottom or void if feasible. Formally, this requires the con-
sideration of state-dependent position sets 𝐼𝑗 for each aisle 𝑗 ∈ 𝐽 . For 
state 000c, we consider positions 𝐼𝑗 without 0 and 𝑀 ; for state E01c, 
positions 𝐼𝑗 ∪ {0}; for state 0E1c, positions 𝐼𝑗 ∪ {𝑀}; for the remaining 
states UU1c, EE1c, and EE2c, positions 𝐼𝑗 ∪ {0,𝑀}. For the sake of sim-
plicity, we will refrain from further formalizing this detail.

The construction of the RG subnetwork is also done in three steps 
(Fig. 4 shows an example of a subnetwork):

1. Additional vertices 𝑤ℎ𝑖 are introduced for each NEG gap(ℎ, 𝑖).
Note that NEGs may have ℎ = 0 or 𝑖 = 𝑀 .

2. For each ℎ ∈ 𝐼𝑗 (or ℎ ∈ 𝐼𝑗 ∪ {0} for some states, see above), the edge 
for the action bottom(ℎ) is added to connect 𝜎 with 𝑤ℎ′𝑖′  (ingoing 
edges of 𝑤ℎ′𝑖′ ) where (ℎ′, 𝑖′) is the NEG with maximum index ℎ′ ≤ ℎ.

Similarly, for each 𝑖 ∈ 𝐼𝑗 (or 𝑖 ∈ 𝐼𝑗 ∪ {𝑀} for some states, see 
above), the edge for the action top(𝑖) is added to connect 𝑤ℎ′𝑖′  with 
𝜎′ (outgoing edges of 𝑤ℎ′𝑖′ ) where (ℎ′, 𝑖′) is the NEG with minimum 
index 𝑖′ ≥ 𝑖.

Actions top(𝑀) and bottom(0) have a cost of 0.
3. Upward edges of cost 0 between the vertices created in the first step 
enable actions gap with less space between the turning points.

Fig. 4. Subnetwork RG for aisle 𝑗 = 2 and the state of type UU1c. The high-
lighted path (red/bold) corresponds to gap(2,10) in Fig. 3a. Gray edges can be 
omitted from the subnetwork by dominance considerations. (For interpretation 
of the references to colour in this figure legend, the reader is referred to the web 
version of this article.)
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As a result, an action bottom(ℎ) can be combined with an ac-
tion top(𝑖) also for pick positions ℎ and 𝑖 that do not correspond to 
an NEG.

For a given (original) state space 𝐺 = (𝑉 ,𝐸), we denote by 𝐺∗ = (𝑉 ∗, 𝐸∗)
the state space that replaces all actions gap, top, bottom, and void that 
are represented by parallel edges in 𝐺 by the respective subnetwork. 
Intentionally, we disregard the action 2pass which is, for some states, 
another parallel edge. Note that this omission does not impact the worst-
case behavior. Furthermore, the action 2pass is always dominated by 
a gap action if it happens to be a parallel edge in the state space. Also 
note that Revenant et al. (2025) have shown that the action 2pass is 
redundant in single-block parallel-aisle warehouses. By construction, the 
new state space 𝐺∗ has  (𝑚 + 𝑛) vertices and  (𝑚 + 𝑛) edges.
Example 3. (continued from Example 2) In Example 2, we focused on 
the aisle 𝑗 = 2 and the state 𝜎 = UU1c (see Fig. 3).

Under the unit-demand assumption, there are three NEGs (ℎ, 𝑖), 
namely

1. (0, 2) corresponding to the action top(2),
2. (2, 10) corresponding to the action gap(2, 10), and
3. (4,𝑀) corresponding to the action bottom(4).

The three NEGs are to be considered in the construction of the RG 
network, which is shown in Fig. 4.

We have three additional vertices 𝑤02, 𝑤2,10, and 𝑤4,𝑀 .
In addition, there are six edges for possible actions bottom(ℎ) and 

also six edges for possible actions top(𝑖).
In both cases, four of the six possible actions are parallel edges in 

the subnetwork 𝐺∗.
As in Example 2, dominance allows to eliminate actions bottom(10)

and top(4).

Using model (4) together with the new state space 𝐺∗ gives a formu-
lation that is correct for articles 𝑠 of type UA and UP. The feasibility of 
the NEGs with respect to conditions (3) (by definition of an NEG) ensures 
that every path through the subnetwork RG allows to collect a sufficient 
amount of these articles 𝑠. There is no need to have the DCCs (4c) for 
them, i.e., they are surely redundant for articles of type UA and UP. 
Hence, the new RG network fixes one of the shortcomings that we iden-
tified for the EG network, see Section 4.1.

However, some possible paths in the subnetwork RG do not describe 
reasonable actions gap(ℎ, 𝑖). In Fig. 4, e.g., one of the actions bottom(ℎ)
for a cell ℎ ∈ {4, 6, 8, 10} could be traversed first, and the edge for top(2)
for cell 𝑖 = 2 afterwards. These actions “overlap” in the sense that the 
pick positions 2 and 4 (and depending on ℎ some more cells) are reached 
from the top as well as from the bottom. When assigning a supply to 
these edges (this is what we do in model (4) when using the coeffi-
cients 𝑏𝑠𝑒 in the DCCs (4c)), this supply would be counted twice when 
using such overlapping actions of the subnetwork RG. This is uncriti-
cal for unit demand, but leads to an incorrect formulation for general 
demand.

We can summarize these observations for using model (4) together 
with the new state space 𝐺∗ defined over the RG network, denoted as 
Formulation RG(4).
Property 4.  Formulation RG(4) is a valid formulation for the SPRP-SS with 
unit demand.

It is of linear size, and it has  (𝑚 + 𝑛) variables and  (𝑚 + 𝑛) con-
straints.

The DCCs (4c) are redundant for articles 𝑠 ∈ 𝑆 of type UA and UP.
For the general-demand case, we present a modified MIP model for 

the SPRP-SS that uses two types of variables: As before, binary variables 
𝑥𝑒 for all edges in the state space describe the 𝑜 − 𝑑-path. In addition, 
continuous variables 𝑦𝑠𝑝 describe, for each article 𝑠 ∈ 𝑆 and possible 
pick position 𝑝 ∈ 𝑃𝑠, the amount that is collected. By bounding 𝑦𝑠𝑝 ≤ 𝑏𝑠𝑝, 
it is ensured that supply from this position is not double counted. In 

addition, let 𝐸𝑝 denote the set of all edges and corresponding actions 
that traverse position 𝑝 ∈ 𝑃 . The new model reads as follows: 
𝑧SPRP-SS = min

∑

𝑒∈𝐸
𝑐𝑒𝑥𝑒 (5a)

subject to
∑

𝑒∈𝛿+(𝜎)
𝑥𝑒 −

∑

𝑒∈𝛿−(𝜎)
𝑥𝑒 =

⎧

⎪

⎨

⎪

⎩

+1, if 𝜎 = 𝑜
−1, if 𝜎 = 𝑑
0, otherwise

∀𝜎 ∈ 𝑉

(5b)
∑

𝑒∈𝐸𝑝

𝑏𝑠𝑝𝑥𝑒 = 𝑦𝑠𝑝 ∀𝑠 ∈ 𝑆, 𝑝 ∈ 𝑃𝑠

(5c)
∑

𝑝∈𝑃𝑠

𝑦𝑠𝑝 ≥ 𝑞𝑠 ∀𝑠 ∈ 𝑆

(5d)

𝑥𝑒 ∈ {0, 1} ∀𝑒 ∈ 𝐸
(5e)

0 ≤ 𝑦𝑠𝑝 ≤ 𝑏𝑠𝑝 ∀𝑠 ∈ 𝑆, 𝑝 ∈ 𝑃𝑠
(5f)

The objective function (5a) and the constraints (5b) and (5e) remain 
identical to those of the first model (4). The DCCs (4c) are reformulated 
into constraints (5c) and (5d) making sure that a sufficient amount is 
collected and no supply is counted double. The feasible domain for the 
supply variables is stated in (5f).

We denote by Formulation RG(5) the use of the new model (5) de-
fined over the new RG network 𝐺∗. We summarize what we know about 
this formulation:

Property 5.  Formulation RG(5) is a valid formulation for the SPRP-SS (for 
both unit demand and general demand).

It is of linear size, and it has  (𝑚 + 𝑛) variables and  (𝑚 + 𝑛) con-
straints.

The DCCs are redundant for articles 𝑠 ∈ 𝑆 of type UA and UP, i.e., the 
corresponding variables 𝑦𝑠𝑝 and constraints (5c), (5d), and (5f) can be omit-
ted.

Strength of LP Relaxations. For comparing different formulations to the 
same problem, not only the size of the respective models is important. 
For unit-demand instances of the SPRP-SS, we will now show that the LP 
relaxation of formulation RG(4) is at least as strong as the one of formu-
lation RG(5). Note that a stronger LP relaxation can reduce the number 
of branch-and-bound nodes to be evaluated by the MIP solver. This of-
ten lowers the total computation time consumed by the MIP solver. Let 
𝑧RG(4)LP  and 𝑧RG(5)LP  denote the objective value of the LP relaxation of for-
mulation RG(4) and RG(5), respectively.

Property 6. For all instances of the SPRP-SS with unit-demand, the relation 
𝑧RG(4)LP ≥ 𝑧RG(5)LP  holds.
Proof.  Recall that in the unit-demand case, 𝑞𝑠 = 1 for all 𝑠 ∈ 𝑆 as well 
as 𝑏𝑠𝑒 = 1 and 𝑏𝑠𝑝 = 1 for all 𝑒 ∈ 𝐸𝑠 and 𝑝 ∈ 𝑃𝑠, respectively.

Therefore, we can always use 𝑏𝑠𝑒 instead of 𝑏𝑠𝑝 for the positions 𝑝 ∈
𝑃𝑠 an edge 𝑒 ∈ 𝐸𝑠 visits.

Let the flow 𝐱̄ = (𝑥̄𝑒) ∈ [0, 1]𝐸 denote a feasible solution to the LP 
relaxation of RG(4).

We will prove the statement by showing that this solution can be 
translated into a feasible solution to the LP relaxation of RG(5) with the 
same (or lower) cost.

To this end, let

𝑦̄𝑠𝑝 = min

⎧

⎪

⎨

⎪

⎩

1,
∑

𝑒∈𝐸𝑝

𝑥̄𝑒

⎫

⎪

⎬

⎪

⎭

for all 𝑠 ∈ 𝑆 and 𝑝 ∈ 𝑃𝑠.
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With these definitions it is guaranteed that the solution (𝐱̄, 𝐲̄) satisfies 
all constraints of (5), where only the fulfillment of constraints (5d) needs 
to be shown.

We distinguish two cases for each article 𝑠 ∈ 𝑆: If 𝑦̄𝑠𝑝 = 1 for at least 
one of the positions 𝑝 ∈ 𝑃𝑠, we trivially have 

∑

𝑝∈𝑃𝑠 𝑦̄𝑠𝑝 ≥ 1, i.e., con-
straint (5d) holds for article 𝑠.

Otherwise, min{1,
∑

𝑒∈𝐸𝑝
𝑥̄𝑒} =

∑

𝑒∈𝐸𝑝
𝑥̄𝑒 for all 𝑝 ∈ 𝑃𝑠.

It follows:

∑

𝑝∈𝑃𝑠

𝑦̄𝑠𝑝 =
∑

𝑝∈𝑃𝑠

min

⎧

⎪

⎨

⎪

⎩

1,
∑

𝑒∈𝐸𝑝

𝑥̄𝑒

⎫

⎪

⎬

⎪

⎭

=
∑

𝑝∈𝑃𝑠

∑

𝑒∈𝐸𝑝

𝑥̄𝑒

=
∑

𝑝∈𝑃𝑠

∑

𝑒∈𝐸𝑝

𝑏𝑠𝑒𝑥̄𝑒

≥
∑

𝑒∈𝐸
𝑏𝑠𝑒𝑥̄𝑒 ≥ 1,

where the last inequalities follow from the facts that each edge 𝑒
with 𝑏𝑠𝑒 = 1 may appear more than once in the double summation, and 
constraints (4c) hold for 𝐱̄, respectively.

Therefore, inequalities (5d) are also fulfilled in this case, which com-
pletes the proof. ∎

Note that the above proof does not hold for the general-demand case 
because we cannot exploit 𝑏𝑠𝑝 = 𝑏𝑠𝑒 for all 𝑒 ∈ 𝐸𝑝 and all 𝑠 ∈ 𝑆.

5.  Computational results

In what follows, we describe the generation of the benchmark in-
stances used in the following experiments, we compare the LP relax-
ations of formulations HI, EG, and RG, we report results for improved 
formulations in which only some (promising) parts of the original state 
spaces are replaced by subnetworks, and we finally compare the best 
formulations as integer programs.

5.1.  Benchmark instances

The instances of the SPRP-SS are generated as described in detail in 
Heßler and Irnich (2024) and Lüke et al. (2024). An instance is char-
acterized by a combination of (𝑚,𝐶, 𝑎, 𝛼), where 𝑚 denotes the number 
of aisles, 𝐶 the number of locations per aisle, 𝑎 the number of differ-
ent articles to be collected, and 𝛼 the scatter factor. The scatter factor 
describes the average number of pick positions at which an article is 
stored in the warehouse. We assume a classical single-block rectangular 
warehouse with 𝑚 = 10 aisles and 𝐶 = 50 locations per aisle. Addition-
ally, we vary the number of different articles that need to be collected, 
i.e., 𝑎 ∈ {30, 50, 100, 200}.

For the generation of a pick list and for the assignment of articles to 
pick positions, we use the following approach that is realistic and sim-
pler than what has been used in Lüke et al. (2024) where class-based 
storage policies were analyzed. First, we randomly assign a different 
pick position 𝑝 ∈ 𝑃  to every article 𝑠 ∈ 𝑆 defining a pair (𝑠, 𝑝) ∈ 𝑆 × 𝑃 . 
Second, another (𝛼 − 1)𝑎 pairs (𝑠, 𝑝) are randomly drawn while making 
sure that no identical pairs are generated. This procedure ensures that 
each article 𝑠 ∈ 𝑆 can be found at least once in the warehouse, and that 
it can be collected from 𝛼 different positions on average. Due to random-
ness, some articles 𝑠 ∈ 𝑆 can be found at more than 𝛼 positions while 
others at fewer positions. For the following studies, we use a scatter 
factor of 𝛼 = 5.

In addition, we generate instances with unit demand, i.e., 𝑞𝑠 = 1 for 
all 𝑠 ∈ 𝑆, and instances with general demand. For the latter, we first 
draw a random supply 𝑏𝑠𝑝 ∈ {1, 2, 3} for each pair (𝑠, 𝑝). Demands 𝑞𝑠 are 
then drawn randomly from {1, 2,… ,min{6,

∑

𝑝 𝑏𝑠𝑝}}. In particular, all 
general-demand instances are feasible by construction.

In order to produce statistically significant results, we generate 100 
instances per combination (𝑚,𝐶, 𝑎, 𝛼). In total, the benchmark set com-
prises 2 ⋅ 4 ⋅ 100 = 800 instances (factor 2 for unit and general demand; 
4 combinations (𝑚,𝐶, 𝑎, 𝛼)). All instances and results are available at 
https://github.com/irnich/SPRPSS_Linear-Sized-Networks.git.

5.2.  LP relaxation results

We first analyze empirically the strength of the LP relaxation of the 
formulations HI, EG, and RG. Recall that, for a given instance of the 
SPRP-SS, 𝑧SPRP-SS is the objective value. A lower bound is given by the 
objective value of the LP relaxation of the respective formulation, in the 
following denoted by 𝑧LP. The optimality gap is defined as 100 ⋅ (𝑧SPRP-SS −
𝑧LP)∕𝑧SPRP-SS, and it describes the strength of a formulation.

Table 1 shows average optimality gaps (per group of 100 instances) 
for the formulations HI, EG, RG(4), and RG(5). Gaps are not available 
(“n.a.”) for formulation RG(4) and general demand, since the model 
is not valid in this case. The LP relaxation of formulation HI always 
achieves the smallest gaps. This is not only true on average, but also 
for each single SPRP-SS instance. This results from the fact that every 
feasible flow 𝐱̄ = (𝑥̄𝑒) ∈ [0, 1]𝐸 of the LP-model HI can be translated into 
a feasible flow of the other LP formulations. We refrain from a formal 
proof of this statement as the translation is trivial.

For the unit-demand case, we can observe the direct consequences 
of Property 6. Indeed, formulation RG(4) can be strictly stronger than 
formulation RG(5) in the unit-demand case. (The large difference can be 
explained by the fact that for an edge 𝑒 that covers two or more posi-
tions in which an article 𝑠 is stored, the relation 𝑏𝑠𝑒 = 1 <

∑

𝑝∈𝑃∶𝑒∈𝐸𝑝
𝑏𝑠𝑝

holds. Note that 𝑏𝑠𝑒 is used in model (4) and 𝑏𝑠𝑝 in model (5).) Since 
formulation RG(5) is composed of more variables and constraints, it is 
strictly dominated. As a consequence, we will only consider the stronger 
formulation RG(4) for SPRP-SS with unit demand. Since model (5) is the 
only choice for general demand and the RG network, we can omit the 
superscript and refer to formulation RG in the following (to lighten the 
notation).

Comparing formulations EG and RG, we see from Table 1 that neither 
formulation dominates the other with regard to the LP relaxation. Aver-
age optimality gaps can differ substantially here, see 𝑎 = 100 with gaps 
of 7.88 and 1.82 percent for general demand and gaps of 8.63 and 13.19
percent for unit demand, respectively. In contrast, for the unit-demand 
SPRP-SS instances that we consider, the average optimality gaps of for-
mulations EG and RG are very close.

5.3.  Replacement rules for creating subnetworks

The replacement of parallel edges of the original network by sub-
networks of types EG and RG is reasonable only if the size of the new 
network is smaller. Indeed, less edges in the resulting EG and RG net-
works imply less variables in the resulting formulations EG and RG, re-
spectively. However, the subnetworks introduce additional vertices 𝑣ℎ𝑖
or 𝑤ℎ𝑖, one for each pick position or NEG, see Sections 4.1 and 4.2. Addi-
tional vertices require additional flow conservation constraints (4b) and
(5b). Therefore, we propose to fine-control the replacement process by 
deciding, for each set of parallel edges separately, whether the replace-
ment is performed or the parallel edges of the original network are kept. 
In this subsection, we will computationally analyze different options of 
controlling the replacement process.

To this end, for a subset of parallel edges under consideration, let 
𝑘orig and 𝑘new denote the number of edges in the original and the new 
network. In addition, let 𝓁new+  denote the number of additional ver-
tices 𝑣ℎ𝑖 or 𝑤ℎ𝑖 that would have to be included if the new replacement 
were performed. We use the condition
𝑘new + 𝑓𝓁new+ < 𝑘orig

to decide on the replacement, where the vertex factor (VF) 𝑓 estimates 
how strong the impact of the number 𝓁new+  of additional vertices is. Fur-
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Table 1 
Average relative optimality gap in percent, i.e., 100 ⋅ (𝑧 − 𝑧𝐿𝑃 )∕𝑧 where 𝑧 is the optimal integer solution and 
𝑧𝐿𝑃  the LP relaxation bound.

 Formulation  general demand  unit demand
 DCCs for 𝑎 = 30  50  100  200  avg. 𝑎 = 30  50  100  200  avg.

 HI  O  4.83  3.47  1.71  0.33  2.58  6.30  8.31  8.60  7.76  7.74
 EG  O, UA, UP  8.37  8.83  7.88  5.63  7.68  6.39  8.41  8.63  7.76  7.80
 RG(4)  O  n.a.  n.a.  n.a.  n.a.  n.a.  6.40  8.42  8.63  7.76  7.80
 RG(5)  O  5.28  3.69  1.82  0.35  2.79  12.21  14.03  13.19  11.09  12.63

Table 2 
Average percentage of edge reduction, replacements depending on VF 𝑓 or rules quadratic and cubic.
 Formulation  general demand  unit demand

 VF 𝑓 𝑎 = 30  50  100  200  avg. 𝑎 = 30  50  100  200  avg.
 EG  0  34.36  45.67  53.94  47.80  45.44  47.67  63.02  75.65  81.05  66.85

 1  32.28  44.12  52.78  45.79  43.74  47.15  62.99  75.64  81.05  66.71
 2  26.69  39.28  48.94  39.66  38.64  44.42  62.69  75.61  81.05  65.94
 3  19.38  33.20  43.01  31.08  31.67  36.97  61.80  75.55  81.04  63.84
 5  5.01  20.47  28.54  18.61  18.16  14.32  55.79  74.34  80.68  56.28
 10  0.00  0.61  8.91  2.62  3.03  0.00  3.54  65.61  72.79  35.48

 RG  0  48.66  59.17  66.53  62.34  59.17  59.96  72.21  81.97  86.13  75.07
 1  48.52  59.10  66.51  62.31  59.11  59.95  72.21  81.97  86.13  75.06
 2  48.16  58.94  66.43  62.19  58.93  59.94  72.21  81.97  86.13  75.06
 3  47.69  58.74  66.33  62.03  58.70  59.92  72.21  81.97  86.13  75.06
 5  46.40  57.85  65.92  61.06  57.81  59.88  72.19  81.97  86.13  75.04
 10  42.09  55.13  63.70  56.36  54.32  59.41  72.17  81.97  86.13  74.92
 quadratic  47.50  58.14  65.29  57.66  57.15  59.94  72.20  81.97  86.13  75.06
 cubic  44.64  52.76  55.22  30.62  45.81  59.88  72.18  81.96  86.12  75.03

thermore, we use the alternative conditions 𝑘new + (𝓁new+ )2 < 𝑘orig (de-
noted as quadratic) and 𝑘new + (𝓁new+ )3 < 𝑘orig (cubic) to simulate a very 
high impact of the additional vertices.

Table 2 shows the average percentage of edge reduction, i.e., 100 ⋅
(1 − (|𝐸| − |𝐸new

|)∕|𝐸|), where 𝐸new is the set of edges of the resulting 
network EG or RG. As before, the results are grouped by network type 
(EG or RG), the number 𝑎 of different articles to pick, and the replace-
ment condition used. Please note that the replacement rules quadratic
and cubic did not significantly change the original network when sub-
networks of type EG were tested. As a consequence, we do not report 
results for EG combined with quadratic and cubic. The most important 
results are:

(i) The reduction is stronger for the subnetworks RG than for the sub-
networks EG.

(ii) Reductions increase with 𝑎, with the exception of general demand 
and 𝑎 = 200, where one can observe a decline.

This is due to the increased absolute number of positions that 
cannot be omitted in a tour. Therefore, the number of feasible gap 
actions per aisle might be smaller.

(iii) For the subnetworks EG, an increasing VF 𝑓 strongly impacts the 
percentage reduction.

(iv) For the subnetworks RG, the respective reduction is moderately 
decreasing with an increasing VF 𝑓 .

Table 3 uses the identical grouping and shows the average compu-
tation times of solving the formulations EG and RG, respectively. Com-
pared to the percentage of edges reduced (Table 2), the computation 
times are not directly related to the percentage reduction. This is a 
strong hint that also the number of vertices is important. However, none 
of the replacement rules and values of the VF 𝑓 has a clear advantage 
over the others. For general demand, it seems that for smaller 𝑎 = 30 and 
50 the rule quadratic or a large VF 𝑓 are advantageous for both types of 
networks EG and RG, while for larger 𝑎 = 100 and 200 a smaller VF 𝑓
leads to short computation times. For unit demand and network EG, it is 
difficult to give a good recommendation for the choice of VF 𝑓 . In con-
trast, for unit demand and network RG, computation times are almost 

independent of the choice of VF 𝑓 . In summary, Table 3 shows that us-
ing a small vertex factor between 0 and 2 often results in the shortest 
times (over all replacement rules). As a consequence, we will use the 
replacement rule based on vertex factor 𝑓 = 1 for the final experiments.

Finally, Table 3 shows that average computation times for subnet-
works RG are always lower than the corresponding times for subnet-
works EG. Especially for general demand and 𝑎 = 100 and 200, differ-
ences are substantial. We attribute the better performance of formula-
tion RG in these cases of general demand to the stronger LP relaxation 
(see Table 1) and the larger number of reduced edges (see Table 2).

5.4.  Integer solutions

In the final computational experiments, we compare all three for-
mulations HI, EG, and RG using the vertex factor 𝑓 = 1 for the latter 
two. For formulations HI and RG, it is still not clear whether redundant 
DCCs for articles of type UA and UP should be used. To analyze this, 
we use three settings where DCCs are included either only for articles of 
type O, or of types O and UA, or for all types. Table 4 shows the average 
computation times of the MIP solver for the seven formulations. 

The results can be summarized as follows:

(i) For general and unit demand, formulation RG is always solved 
fastest compared to formulations HI and EG. This is true for all val-
ues 𝑎 and in the average (see column avg.).

(ii) Adding redundant DCCs (for articles of type UA and UP) accelerates 
the solution process for both formulation HI and formulation RG in 
the unit-demand case.

Computation times for the general-demand case are not im-
pacted significantly by the choice of DCCs.

Additionally, we compare the three formulations using the setting 
with all DCCs (for articles of types O, UA, and UP) by computing a 
speedup factor. The baseline is always formulation HI which represents 
the status quo. Thus, Table 4 presents speedup factors for formula-
tions EG and RG, which are computed as geometric means of the ra-
tios 𝑡𝐻𝐼 (𝐼)∕𝑡𝐸𝐺(𝐼) and 𝑡𝐻𝐼 (𝐼)∕𝑡𝑅𝐺(𝐼) where 𝑡𝐻𝐼 (𝐼), 𝑡𝐸𝐺(𝐼), and 𝑡𝑅𝐺(𝐼)
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Table 3 
Average computation times [in milliseconds], replacements depending on VF 𝑓 or Rules quadratic and cubic.

 Formulation  general demand  unit demand
 VF 𝑓 𝑎 = 30  50  100  200  avg. 𝑎 = 30  50  100  200  avg.

 EG  0  238  474  977  1158  712  199  456  1100  2197  988
 1  222  437  971  1259  722  205  452  1099  2105  965
 2  220  405  907  1397  732  198  452  1092  2195  984
 3  218  378  877  1553  756  210  441  1092  2190  983
 5  213  397  883  1685  795  245  469  1116  2104  984
 10  204  397  894  1884  845  178  673  1448  2839  1284

 RG  0  191  248  375  596  353  160  347  827  1553  722
 1  189  248  376  600  353  160  349  830  1552  723
 2  188  244  372  603  352  158  348  829  1555  722
 3  188  246  377  614  356  159  349  829  1554  723
 5  188  249  376  644  364  159  348  830  1557  724
 10  189  271  401  776  409  164  349  830  1556  725
 quadratic  179  244  374  748  387  160  347  828  1553  722
 cubic  184  279  502  1404  592  160  348  829  1557  724

Table 4 
Average computation times [in milliseconds], final setup with VF 𝑓 = 1.

 Formulation  general demand  unit demand
 DCCs for 𝑎 = 30  50  100  200  avg. 𝑎 = 30  50  100  200  avg.

 HI  O  212  391  933  1933  867  183  632  2638  8165  2905
 O, UA  216  402  996  2048  916  182  638  2646  8986  3113
 O, UA, UP  213  400  957  1997  892  182  621  2574  7573  2737

 EG  O, UA, UP  222  437  971  1259  722  205  452  1099  2105  965 speedup ⋅0.90 ⋅0.93 ⋅1.13 ⋅1.53 ⋅1.10 ⋅0.94 ⋅1.36 ⋅2.24 ⋅3.40 ⋅1.77

 RG  O  189  248  376  600  353  160  349  830  1552  723
 O, UA  189  247  378  609  356  156  342  840  1599  734
 O, UA, UP  190  245  365  599  350  155  338  808  1426  682 speedup ⋅1.02 ⋅1.55 ⋅2.56 ⋅3.18 ⋅1.89 ⋅1.22 ⋅1.84 ⋅3.11 ⋅4.87 ⋅2.42

Note: Speedups are computed as geometric means of ratios of computation times relative to formulation HI 
with all DCCs (O, UA, UP).

are the computation times of the MIP solver using the respective formu-
lation for solving SPRP-SS instance 𝐼 . Any speedup value greater than 
one indicates that the new formulation is superior to the status quo for 
the subgroup of instances.

These numbers clearly indicate that already formulation EG can be 
advantageous compared to formulation HI. The speedup for formula-
tion RG is even higher with an overall speedup factor between 1.02 and 
3.18 for general demand and between 1.22 and 4.87 for unit demand. 
Notably, speedups are higher for larger instances with more articles to 
be collected, i.e., for larger values of 𝑎.

5.5.  Results for two-block warehouse layout

In this subsection, we show that the network modification accord-
ing to the EG and RG replacements is applicable also for variants 
of the SPRP-SS. More precisely, every basic SPRP-SS variant solv-
able with a DP-based algorithm is suitable if it allows gap actions 
(some routing policies do not) and admits the integration of scat-
tered storage via the extension of Heßler and Irnich (2024). One 
such variant is for the two-block warehouse layout, i.e., where a 
middle aisle splits the rectangular warehouse into two blocks such 
that subaisles can be entered and traversed separately. For this two-
block layout, Roodbergen and Koster (2001) generalized the DP of 
Ratliff and Rosenthal (1983) that now comprises 25 instead of only 
seven states. In the state space of Roodbergen and Koster, the six 
(sub)aisle traversals 𝐸𝑎𝑖𝑠𝑙𝑒

𝑗  remain the same, while the cross-aisle traver-
sals 𝐸𝑐𝑟𝑜𝑠𝑠

𝑗 = {000, 110, 101, 011, 112, 121, 211, 220, 202, 022, 222} model 
the movements through the three cross-aisles. Heßler and Irnich already 
analyzed the SPRP-SS in the two-block case.

To compare with the results of the single-block case of Sec-
tions 5.2–5.4, we again assume a scatter factor of 𝛼 = 5, 𝑚 = 10 aisles, 

and 𝐶 = 50 cells per aisle. We equally divide each aisle so that each sub-
aisle has 25 cells. Since the vertex factor 𝑓 does not have a significant 
impact on the computational results (see Section 5.3), we set it to 𝑓 = 1
again.

If we keep the number of articles to collect identical to what was 
assumed in the previous experiments (i.e., 𝑎 ∈ {30, 50, 100, 200}), we 
can expect that on average only half as many pick positions result 
per subaisle. Therefore, the subnetworks cannot provide a similar de-
gree of reduction of the edges as shown in Tables 2. For the same rea-
son, computation times of formulations EG and RG should be closer 
to those of formulation HI (see Tables 3 and 4). To create an addi-
tional demand scenario where on average the same number of SKUs 
are located in each subaisle, we also consider the setting where we 
double the number of articles (compared to the standard scenario). 
Note that we do however not consider the case with 𝑎 = 400 differ-
ent articles to be collected, since this picklist size seems unreasonably
large.

Table 5 shows the standard scenario in the upper part and the double
scenario in the lower part. Compared to the results for the single-block 
layout in Table 2, we can observe a significant drop in the percentage 
of edges that are replaced in the standard scenario, while results in the 
double scenario reductions are closer to those of the single-block layout. 
We can explain the smaller reduction percentages as follows: In the two-
block layout, each subaisle comprises only half of the number of pick 
positions (=25 cells) compared to an aisle in the single-block layout 
(=50 cells per aisle). This leads, on average, to more SKUs being located 
at identical pick positions (left or right, stacked upon each other). This 
fact lowers the possibilities to reduce the network size in both the EG 
and RG formulations.

Similar to the integer results for the single-block layout presented 
in Section 5.4, we finally compare average total MIP solver times for 
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Table 5 
Average percentage of edge reduction for the two-block case using VF 𝑓 = 1.

Formulation  general demand  unit demand
 Scenario 𝑎 = 30  50  100  200  avg. 𝑎 = 30  50  100  200  avg.
 standard  EG  9.71  23.61  37.42  36.34  26.77  14.26  35.92  57.11  66.82  43.53

 RG  29.15  42.45  54.66  54.65  45.23  37.17  53.21  68.41  75.77  58.64
𝑎 = 60  100  200  avg. 𝑎 = 60  100  200  avg.

 double  EG  27.55  37.42  36.34  33.77  42.96  57.11  66.82  44.70
 RG  45.95  54.66  54.65  51.76  57.98  68.41  75.77  59.57

Table 6 
Average computation times [in milliseconds] for the two-block case, final setup with VF 𝑓 = 1.

 Scenario standard.
 Formulation  general demand  unit demand
 standard 𝑎 = 30  50  100  200  avg. 𝑎 = 30  50  100  200  avg.
 HI  O, UA, UP  1659  5198  9696  8536  6272  1452  5303  41,231  198,686  61,668
 EG  O, UA, UP  2673  8654  39,385  39,731  22,611  1611 7148  101,549  385,788  124,024

 speedup ⋅0.93 ⋅0.92 ⋅0.54 ⋅0.59 ⋅0.72 ⋅0.99 ⋅0.94 ⋅0.63 ⋅0.61 ⋅0.77

 RG  O, UA, UP  1804‡  2987  3188  2551  2633  1255  3326  22,201  89,878  29,165
 speedup ⋅1.12 ⋅1.62 ⋅2.79 ⋅3.22 ⋅2.01 ⋅1.27 ⋅1.69 ⋅2.10 ⋅2.91 ⋅1.90

 Scenario double.
 Formulation  general demand  unit demand
 double 𝑎 = 60  100  200  avg. 𝑎 = 60  100  200  avg.
 HI  O, UA, UP  6168  9696  8536  8134  8943  41,231  198,686  82,953
 EG  O, UA, UP  13,433  39,385  39,731  30,850  12,314  101,549  385,788  166,550 speedup ⋅0.83 ⋅0.54 ⋅0.59 ⋅0.64 ⋅0.94 ⋅0.63 ⋅0.85 ⋅0.69

 RG  O, UA, UP  3187  3188  2551  2975  5408  22,201  89,878  39,162 speedup ⋅1.79 ⋅2.79 ⋅3.22 ⋅2.53 ⋅1.60 ⋅2.10 ⋅2.91 ⋅2.14

‡ Here, average computation times are affected by outliers exhibiting relatively long RG computation times. However a 
proper speedup (> 1) can be observed. Recall that the speedup is computed as a geometric mean of computation time ratios.

the three formulations HI, EG, and RG. Table 6a and b summarizes the 
computational results, again for the standard and the double scenario, re-
spectively. First and foremost, an obvious outcome is that again formu-
lation RG provides the shortest average computation times. All speedup 
values are greater than one, except for the small instance setting with 
𝑎 = 30 where formulation HI is slightly faster than formulation RG. In 
contrast to the results of Section 5.4, formulation EG performs worse 
than formulation HI. We attribute this to the also significantly smaller 
percentage of reduced edges (see Table 5).

6.  Conclusions and outlook

In this paper, we considered the SPRP-SS and its out-of-the-box solu-
tion with a MIP model and MIP solver. The approach we took is that of 
Heßler and Irnich (2024) who first build an extended network (inspired 
by Ratliff and Rosenthal’s dynamic program) and then solved a shortest-
path problem with additional DCCs with a MIP solver. This shortest-path 
network contains parallel edges representing alternative traversal ac-
tions of type gap, bottom, and top within the aisle under consideration. 
The two new formulations EG and RG, which have been developed here, 
replace sets of parallel edges of the aforementioned types by generally 
smaller subnetworks. The acronyms signify the possibility to enlarge gap 
(EG) actions or to reduce gap (RG) actions. To be more precise, if a path 
through the subnetwork can represent the action gap(ℎ, 𝑖), then it can 
also represent gaps of type gap(ℎ′, 𝑖′) with ℎ′ ≤ ℎ or 𝑖′ ≥ 𝑖 in the subnet-
work EG. For the subnetwork RG, the reduction of the action gap(ℎ, 𝑖)
into gap(ℎ′, 𝑖′) is enabled where ℎ′ ≥ ℎ or 𝑖′ ≤ 𝑖.

We analyzed the resulting formulations EG and RG and derived sev-
eral theoretical properties of the formulations. To accommodate general 
demand, modifications were required to the structure of the MIP model 
for subnetworks EG, where we could still ensure that the resulting model 

remains linear. In particular, we showed that all new MIP models are 
linear in the number 𝑚 of aisles and in the number 𝑛 of possible pick 
positions. In contrast, the MIP model of Heßler and Irnich (2024) is 
quadratic in 𝑛.

We studied the performance of the MIP solver-based approach with 
the new formulations in three types of computational experiments, in 
which 800 SPRP-SS instances were solved with up to 𝑎 = 200 articles. 
First, the LP relaxations of the new formulations EG and RG have sim-
ilar integrality gaps in case of unit demand, but they are weaker than 
that of the formulation of Heßler and Irnich (2024) in case of general 
demand. Second, the reduction in network size is largest for the new 
formulation RG, where typically more than two-thirds of the edges can 
be reduced. These reductions translate to improved computation times 
of the MIP solver. Third, for a wide range of vertex factors, the sim-
plest replacement rule (we use 𝑓 = 1, i.e., we perform the replacement 
whenever the resulting network has at least one edge less) was identi-
fied working reasonably well, leading to substantially smaller MIP com-
putation times for formulation EG and especially for formulation RG 
compared to formulation HI. Overall, compared to the MIP of Heßler 
and Irnich (2024) the average speedup is of factor of 1.89 for general 
demand and of 2.42 for unit demand for the SPRP-SS instances in the 
testbed. For the largest instances with 𝑎 = 200 articles, average speedups 
reach the factors of 3.18 and 4.87, respectively. In absolute numbers, av-
erage computation times, even for these largest instances, are below two 
seconds.

We also showed that the network modification technique is gener-
ally applicable for variants of the SPRP-SS, where the basic SPRP can 
be solved with dynamic programming. The computational experiments 
the variant of a two-block layout proved the superiority of the new for-
mulation RG.

The new modeling approach may help to develop superior models 
for integrated warehouse operations management problems, especially 
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those where many instances of a problem similar to the SPRP-SS must 
be solved as subproblems multiple times. In the future, we expect that 
other SPRP-SS-specific solution approaches to emerge. Promising can-
didates include Lagrangian relaxation, combinatorial branch-and-bound 
algorithms, and Benders decomposition approaches, to name just a few.
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Appendix

Problems and problem description:
 DCC demand covering constraint
 EG subnetwork replacing parallel edges that allows to ex-

pand gaps
 GTSP generalized traveling salesman problem
 HI MIP model of Heßler and Irnich for the SPRP-SS
 NEG non-extensible gap: a gap action that cannot be ex-

tended to either side
 O articles that appear in more than one aisle in the ware-

house
 PTS partial tour subgraph
 RG subnetwork replacing parallel edges that allows to re-

duces gaps
 SKU stock keeping unit
 SPPRC shortest path problem with resource constraints
 SPRP single picker routing problem
 SPRP-SS single picker routing problem with scattered storage
 TSP traveling salesman problem
 UA articles that only appear in one aisle in the warehouse 

but in more than one position
 UP articles that only appear in one unique position in the 

warehouse
 VF vertex factor
Methods and Algorithms:
 DP dynamic program/dynamic programming
 LKH Lin-Kernighan-Helsgaun
 LNS large neighborhood search
 LP linear programming
 MIP mixed-integer programming
 MTZ Miller, Tucker & Zemlin
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