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Abstract

The design process of embedded applications in safety-critical systems is very
complex. With regard to the distributed hardware architecture, computing units
can be upgraded to execute all existing tasks and transmit all arising messages
on time. As the timing requirements are strict and have to be fulfilled in ev-
ery periodic occurrence of the tasks, the guarantee of schedulability is of highest
importance. Existing approaches are able to quickly generate possible design al-
ternatives, but they come with no guarantee of minimal cost for the applied
hardware modifications.

We propose an approach that provides cost-minimal solutions to the distributed
scheduling problem while satisfying all timing requirements. Our algorithm uses
linear programming with column generation encapsulated in a branch and bound
framework to hold lower and upper bounds available during the optimization
process. The complex constraints which ensure the periodic schedulability are
transferred to independent pricing problems by a decomposition of the master
problem and are stated as integer linear programs.

Both task schedulability analyses and message transmission policies are examined
and linear representations are given. Additionally, we present a new formulation
for a fixed priority scheduling policy, which computes worst-case response times
for tasks that are necessary for scenarios, where timing restrictions are specified
over subsets of tasks and messages.

We prove the applicability of our methods by analysing instances with task net-
works containing data from real-world applications. Our results show that com-
puted lower bounds are quickly available to prove the optimality of heuristic
solutions. When providing optimal solutions with worst-case response times, our
new formulation turns out to be advantageous over other approaches in terms of
running times. The best results are obtained with a hybrid approach combining
heuristic start solutions, non-sufficient presolving, and a heuristic phase with a
small subsequent exact phase of computation.
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Zusammenfassung

Im Bereich sicherheitsrelevanter eingebetteter Systeme stellt sich der Designpro-
zess von Anwendungen als sehr komplex dar. Entsprechend einer gegebenen Hard-
warearchitektur lassen sich Steuergeräte aufrüsten, um alle bestehenden Prozesse
und Signale pünktlich auszuführen. Die zeitlichen Anforderungen sind strikt und
müssen in jeder periodischen Wiederkehr der Prozesse erfüllt sein, da die Sicher-
stellung der parallelen Ausführung von größter Bedeutung ist. Existierende An-
sätze können schnell Designalternativen berechnen, aber sie gewährleisten nicht,
dass die Kosten für die nötigen Hardwareänderungen minimal sind.

Wir stellen einen Ansatz vor, der kostenminimale Lösungen für das Problem be-
rechnet, die alle zeitlichen Bedingungen erfüllen. Unser Algorithmus verwendet
Lineare Programmierung mit Spaltengenerierung, eingebettet in eine Baumstruk-
tur, um untere und obere Schranken während des Optimierungsprozesses bereit-
zustellen. Die komplexen Randbedingungen zur Gewährleistung der periodischen
Ausführung verlagern sich durch eine Zerlegung des Hauptproblems in unabhän-
gige Unterprobleme, die als ganzzahlige lineare Programme formuliert sind.

Sowohl die Analysen zur Prozessausführung als auch die Methoden zur Signal-
übertragung werden untersucht und linearisierte Darstellungen angegeben. Des
Weiteren präsentieren wir eine neue Formulierung für die Ausführung mit fixierten
Prioritäten, die zusätzlich Prozessantwortzeiten im schlimmsten anzunehmenden
Fall berechnet, welche für Szenarien nötig sind, in denen zeitliche Bedingungen
an Teilmengen von Prozessen und Signalen gegeben sind.

Wir weisen die Anwendbarkeit unserer Methoden durch die Analyse von Instan-
zen nach, welche Prozessstrukturen aus realen Anwendungen enthalten. Unsere
Ergebnisse zeigen, dass untere Schranken schnell berechnet werden können, um
die Optimalität von heuristischen Lösungen zu beweisen. Wenn wir optimale Lö-
sungen mit Antwortzeiten liefern, stellt sich unsere neue Formulierung in der
Laufzeitanalyse vorteilhaft gegenüber anderen Ansätzen dar. Die besten Resulta-
te werden mit einem hybriden Ansatz erzielt, der heuristische Startlösungen, eine
Vorverarbeitung und eine heuristische mit einer kurzen nachfolgenden exakten
Berechnungsphase verbindet.
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Chapter 1
Introduction

That something is difficult must be one more reason to do it.
(Dass etwas schwer ist, muss ein Grund mehr sein, es zu tun.)

— Rainer Maria Rilke, Rome 14. Mai 1904
[Letter to Franz Xaver Kappus ]

The design process of safety-critical embedded applications in the automotive
industry is very complex. Starting with a structural model of a new functionality
and the existing hardware architecture, the next step is to generate a task net-
work consisting of widely independent tasks that communicate via signals. The
crucial step is to allocate the new tasks to computational units so that their ex-
ecution is guaranteed and satisfies all timing constraints. The allocation affects
the load and arrangement of the communication buses which also have to ensure
the transmission on time.

The given hardware architecture is allowed to be modified by exchanging compu-
tational units which affects the total cost of the system, as well as the execution
time and accessible memory resources of the tasks.

The design space exploration seeks for a schedulable allocation of task networks
that causes cost-minimal modifications of the existing hardware architecture and
is known to be NP-hard.
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1 Introduction

1.1 Motivation

The described design space exploration refers to the wide field of operations re-
search where mathematical techniques are used to obtain near-optimal – superior
optimal – solutions to practical applications. These solutions result in the automa-
tion of decision processes or at least in the computational guidance in complex
scenarios. The requirements on algorithms in this field highly depend on the
available time scale and the requested level of optimality.

On the one hand, heuristic approaches provide results without deeper knowledge
about their quality within a small time window. Standard approaches, like evolu-
tionary algorithms or simulated annealing methods, are also applicable but yield
no information about reaching an optimal solution or sticking in a local optimum.

On the other hand, global optimal approaches, such as integer linear program-
ming, terminate with an optimal solution. During the solving process of an inte-
ger linear program (ILP) additional information about the current objective value
and bounds on the objective function are available. Therefore, statements about
the quality of detected solutions are possible and the process can be terminated
if the quality measure falls below a given threshold. The major drawback is the
theoretically exponential computational complexity of ILP solvers for NP-hard
problems.

In general when developing algorithms forNP-hard problems, a trade-off between
accuracy and computational running time has to be made. In this dissertation
we aim to develop an optimal approach based on integer linear programming,
but also apply heuristic strategies to keep the running times acceptable. The
challenging task is to find a suitable formalization so that state-of-the-art ILP
solvers achieve a reasonable running time on instances close to reality.

As a naive ILP formulation for solving the examined problem is too complex and
would lead to unacceptable running times, we develop an algorithm based on
ILP methods with column generation. The results show that instances related
to real-world scenarios can be solved within reasonable time limits and our new
ILP formulation for the fixed scheduling policy turns out to be advantageous
compared to other analyses.

1.2 Related Work

The work of Büker et al. [15, 16] describes the process from designing safety-
critical embedded-systems to extracting all data to perform schedulability and
memory analyses. The exploration of the design space is done with a two-tier
approach that consists of a heuristic global and an exact local phase. In the

2



1.3 Contributions and Objectives

first, heuristic global phase the allocation of tasks to processing subsystems is
realized. In subordinate, exact local phases schedulability and memory analyses
are performed to ensure that the allocation is executable, otherwise the process
starts again. The modular architecture allows the exchange of analyses in both
phases.

In the PhD thesis of Thaden [55] a semi-automatic user-driven optimization algo-
rithm is described that adds the element of motivation, that engineers can guide
the exploration of the design space by their expert knowledge, to the modular
two-tier approach. The software architecture captures the two-tier approach with
pre-allocations in the heuristic global phase and exact analyses in the exact local
phase. The local analyses are designed to schedule the most suitable tasks and
non-allocated tasks are handled in later iterations.

The work of Zhu et al. [63] also follows a two-tier approach, but the operating
principles of the phases are transposed to the approaches of Büker and Thaden.
Zhu et al. describe a first exact phase that allocates the most important tasks by
an ILP formalization, whereas the second phase consists of several heuristic steps
including the reallocation of tasks. In their work they focus on the realization of
task and message sequences with end-to-end deadlines.

An exact local analysis that fits in the setting of the two-tier approaches of Büker
and Thaden and is based on ILPs is achieved by extending the work of Althaus
et al. [2]. Therein the scheduling problem of a set of processing units is treated
as an ILP, embedded in a branch and bound algorithm for linear program (LP)
relaxations with column generation of similar architecture to the one in this
dissertation.

Similarly, the work of Eisenbrand et al. [31] can be extended to serve as an exact
local analysis within the two-tier approach of Büker and Thaden. The authors
describe a linear formulation of the well-known fix-point equality to determine
worst-case response times for preemptive, fixed priority scheduling policies.

1.3 Contributions and Objectives

The main contribution of this dissertation is the development of an approach
based on LP methods with column generation that can solve the distributed
scheduling problem to optimality. Therefore, we show that all necessary real-time
requirements of the considered scenarios are expressible with linear formulations,
including constraints on the hardware architecture, on the periodic schedulability
of tasks, and on the transmission of messages via the global bus. Additionally, we
present a new ILP formulation for the computation of worst-case response times
that directly uses the structure of the applied column generation approach.
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Our algorithm design allows the application of several scheduling policies, as well
as heuristic strategies, so that it is capable to quickly provide safe lower bounds
on the objective function to assess the quality of heuristic solutions. Moreover,
valid heuristic solutions from external applications – even if they are only partial
– can be included into our algorithm and serve as generated variables in the
column generation approach that reduce the solution space. Regardless of the
objective, either providing lower bounds or computing the optimal solution, a
hybrid approach using heuristics and optimal LP methods can be evolved from
our algorithm design.

A naive linear formulation for the NP-hard distributed scheduling problem is
not feasible within reasonable running times due to its complexity. The structure
of our problem allows a Dantzig-Wolfe decomposition into several independent
subproblems for the individual subsystems if we apply a column generation ap-
proach. Previous works, especially Althaus et al. [2], showed that this strategy
is promising in a similar scenario. A more detailed insight into our algorithm de-
sign is given in Chapter 4 with the linear formulations for the ILP subproblems
presented in Chapter 5.

Parts of this work were honored with a Best Paper Award at the International
Conference on Computer Science and Applications at the World Congress on
Engineering and Computer Science [3], and were extended for publication in the
Lecture Notes in Electrical Engineering [4].

The requirements of real-world applications and the research on methods to han-
dle them lead to the following objectives and challenges in the development of
this work.

1.3.1 Assessing Quality of Solutions by Providing Lower Bounds

Existing heuristic approaches are able to generate solutions, but they come with
no measurement of quality, as they are not approximation algorithms. This raises
the question how tight lower bounds can be provided to assess the quality of
heuristic solutions.

To estimate a lower bound we apply necessary but non-sufficient scheduling poli-
cies in a first attempt. One advantage of the developed algorithm is that we solve
LP relaxations of a minimization problem within a branch and bound framework,
so that lower bounds are obtained besides reaching for the overall optimal solu-
tion, see Section 1.3.2. Therefore, the computation of lower bounds comes as a
byproduct of the optimization process regardless of the applied scheduling policy.
Nevertheless the strategy of applying non-sufficient scheduling policies that con-
sume less running time can be included in the approach of reducing the solution
space, see Section 1.3.3.
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1.3.2 Providing Global Optimal Allocations

In the situation where heuristic approaches exist and a complex ILP formalization
can be used to provide lower bounds on the objective value, naturally, the question
arises whether or not an ILP formalization is able to provide global optimal
solutions in reasonable running time. These global optimal solutions consist of an
allocation of tasks and messages that ensures that every task and message meets
its deadline in every periodic cycle and the overall hardware costs are minimized.

In this thesis we show that the considered model is able to express all requirements
as ILPs with a huge number of variables. To keep the running times reasonable
several strategies are applied. Starting with an LP relaxation, the structure of
the problem allows a decomposition leading to a column generation approach
that consists of several independent subproblems. Encapsulated in a branch and
bound framework, some strategies in the processing of the branch and bound
nodes are promising to handle real-world applications in reasonable running time.
A similarly working heuristic phase is added to these combined ideas to reduce
the search space of the LP approaches by providing upper bounds.

1.3.3 Development of Hybrid Approaches

The existing two-tier approaches with heuristic algorithms and the previously
introduced global optimal approach point in different directions. This raises the
question how both fields of research benefit each other.

Whereas lower bounds can assess the quality of heuristic approaches, heuristic so-
lutions can reduce the search space of LP approaches by providing upper bounds.
This idea leads to an inclusion of heuristic start solutions as well as presolving
methods into our algorithm. Due to the column generation structure, partial
heuristic solutions are also valuable as they can be combined to full solutions in
the LP relaxation. This hybrid approach promises to further reduce the running
time and offers the possibility of compound benefits.

1.4 Context

This thesis is located in the context of the Transregional Collaborative Research
Center SFB/TR 14 “Automatic Verification and Analysis of Complex Systems”
(AVACS) [9]. It is part of the subproject R2 of AVACS “Timing Analysis and
Distribution of Real-Time Tasks” that focuses on the development of task distri-
butions and scheduling techniques in the environment of distributed computer
architectures.
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1.5 Outline

The hereafter chapters of this thesis are structured as follows.

Chapter 2 contains the basic preliminaries to understand the context of the work
and summarizes well-known results from the relevant academic literature. The
main focus is on linear optimization and real-time scheduling.

In the sections about linear programming we focus on developing the necessary
theory to finally state the established simplex method to solve LPs and ILPs by
some extensions. The operating principle of the simplex method is linked to the
development of our column generation approach in Chapter 4. As the simplex
method is used widely in commercial LP and ILP solvers, it offers the possibility
to benefit from the performance and efficiency of these state-of-the-art solvers in
our implementation.

In the section about real-time scheduling we give a short introduction into em-
bedded systems, but mainly focus on task and message scheduling policies and
analyses. A variety of policies and analyses is presented, and applied in different
scenarios later on.

Chapter 3 presents the formal definitions of both variants of the distributed
scheduling problem (DSP) of this thesis. The general formulation contains nu-
merous conditions concerning the hardware architecture, the tasks and relations
between them, as well as messages and the transmission on the global bus. The
more complex chain formulation additionally respects timing requirements on the
execution of sequences of tasks and messages with end-to-end deadlines.

Chapter 4 examines our developed algorithm for solving the DSP to optimality.
We present an ILP formulation of the problem and proceed to its LP relaxation
which is iteratively solved within a branch and bound framework. As we han-
dle large LPs we apply a column generation approach that shifts most of the
complexity to independent subproblems. These subproblems are again ILPs and
take the formulations of the schedulability tests of Chapter 5. The chapter closes
with several strategies that are also used in the implementation, such as multiple
columns generation as well as a heuristic phase.

Chapter 5 presents the linear formulations that are contained in the subprob-
lems. Besides general constraints, the analyses are divided into formulations for
tasks, messages, and more complex scenarios as provided in the chain formulation.
The task schedulability analyses cover the processor utilization, the response time,
and the workload demand, whereas the message schedulability analyses deal with
several buses, like TAN, CAN, and a simple TDMA bus. In the scenario of com-
plex chain constraints, we present a new ILP formulation to compute worst-case
response times that directly uses the structure of our column generation process.
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Chapter 6 starts with the description of the processed instances from a project
of a driver assistance system. We present several experiments structured by the
main three objectives introduced in Section 1.3 and compare our results to related
approaches where it is possible.

Chapter 7 shortly summarizes the results and leads over to a discussion that
focuses on the algorithm design. We also comment on the scalability of our ap-
proach, the use of symmetry in the data, the opportunities for parallelization,
as well as the possibilities of parameter tuning. For every previously mentioned
objective, we present an outlook of further improvements and a line of possible
future research.
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Chapter 2
Preliminaries

This chapter starts with a collection of general preliminaries, followed by a short
introduction to computational complexity, and some basics in linear algebra. We
then give an introduction to linear programming focusing on the simplex method
to solve linear programs, as well as several algorithm schemes for integer linear
programming. We conclude this chapter with fundamentals of real-time schedul-
ing in the scenario of embedded systems.

The content of this chapter is a collection from various sources and not original
contribution: Bertsimas and Tsitsiklis [10], Schrijver [53, 54], Cormen et al. [21]
Beutelspacher [11], and Burns and Wellings [17].

2.1 General Preliminaries

The symbols Z,Q and R denote the set of integers, rationals and real numbers. N
denotes the set of natural numbers, that is, the restriction of Z to non-negatives,
and B = {0, 1} is the integer representation of the Boolean values true and false.
The power set of a set S is denoted by 2S .

For a real number r ∈ R we define the absolute value |r| = max{r,−r}.

For any real numbers a, b we define the closed interval [a, b] = {x ∈ R | a 6 x 6 b},
the open interval (a, b) = {x ∈ R | a < x < b}, the left half-open interval (a, b] =
{x ∈ R | a < x 6 b}, and the right half-open interval [a, b) = {x ∈ R | a 6 x < b}.

For two sets X and Y we denote a function f from X to Y by f : X −→ Y ,
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2 Preliminaries

satisfying that for every argument x ∈ X there is a unique function value y =
f(x). If there is at least one argument x ∈ X where f(x) is undefined, i.e., if
f : X ′ −→ Y with X ′ ⊂ X is a function, we call f from X to Y partial function
and denote it by f : X 7−→ Y .

For every x ∈ R we denote the floor function by bxc = max{k ∈ Z | k 6 x}, and
respectively the ceiling function by dxe = min{k ∈ Z | k > x}, so the inequalities
x− 1 < bxc 6 x 6 dxe < x+ 1 hold.

For a finite set of positive integers {a1, a2, . . . , an} the lowest common multiple
m = lcm(a1, a2, . . . , an) is the smallest positive integer m that is divisible by all
ai for i = 1, 2, . . . , n.

2.2 Computational Complexity

When we discuss the computational complexity of algorithms, we have to distin-
guish between problems, like linear programming, and instances of these, to work
out criteria for calling an algorithm efficient.

A problem consists of a collection of instances, where instances are described
according to a common format.

The following definitions of the size of data depend on the way the data is repre-
sented, therefore, we present three common models to represent natural numbers.
The extension to integers, as a tuple of a sign and a natural number, and rational
numbers as the fraction of two integers, is straightforward.

Unary model A natural number n ∈ N is represented by a sequence of n ones
followed by a zero, so we obtain size(n) = n+ 1.

Bit model (Turing machine model) Natural numbers n ∈ N are represented by
a sequence of blog2(n)c+ 1 binary scalars using their binary representation
n =

∑k
i=0 αi2

i with αi ∈ B, and zero is represented by α0 = 0. Thus we
obtain size(n) = blog2(|n|)c+ 1 for n > 0 and size(0) = 1.

Arithmetic model The size is independent of the value, thus size(n) = 1 for all
n ∈ N.

When we talk about efficiency of algorithms, we have to realize that algorithms
are designed to solve problems – but are applied to individual instances – so an
algorithm is a finite set of instructions of a common programming language.

The running time of an algorithm is the total number of steps involved in carrying
out these instructions until a termination statement is reached, thus the running
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time depends on the underlying representation of data, because complex instruc-
tions in the arithmetic model have to be decomposed into elementary single-bit
instructions in the bit model, respectively, unary operations in the unary model.

To simplify the counting of operations, we introduce the order of magnitude nota-
tion to categorize real-valued functions. Considering a given real-valued function
g(n) we write

f(n) = O(g(n))⇐⇒ ∃ c > 0, n0 ∈ N so that 0 6 f(n) 6 cg(n) ∀ n > n0,

f(n) = Ω(g(n))⇐⇒ ∃ c > 0, n0 ∈ N so that 0 6 cg(n) 6 f(n) ∀ n > n0,

f(n) = Θ(g(n))⇐⇒ f(n) = O(g(n)) and f(n) = Ω(g(n)).

The worst-case running time of an algorithm is determined by the largest running
time over all inputs up to a given size n, thus we obtain different definitions of
worst-case running times and what is meant by a polynomial-time algorithm
depending on the underlying model.

An algorithm is pseudo polynomial if its worst-case running time in the unary
model is Tu(n) = O(nk) for some k ∈ N; weakly polynomial if its worst-case
running time in the bit model is Tb(n) = O(nk) for some k ∈ N; and strongly
polynomial if its worst-case running time in the arithmetic model is Ta(n) = O(nk)
for some k ∈ N.

If an algorithm takes polynomial time under the arithmetic model, i.e., Ta(n) =
O(nk) for some k ∈ N, and any integer produced during the execution is also
bounded by a polynomial in n, then the algorithm runs in polynomial time under
the bit model as well, i.e., Tb(n) = O(n`) for some ` ∈ N. Therefore, we talk
about running times in the arithmetic model most of the times, unless otherwise
stated1.

An algorithm is considered efficient if its running time in the arithmetic model
grows polynomially with the size of the input, otherwise it is considered ineffi-
cient.

One of the most interesting and challenging problems in computer science is the
question if both complexity classes P and NP are equal or not. Here we consider
the bit model. P denotes the class of decision problems solvable in polynomial
time by a deterministic Turing machine, and NP denotes the class of decision
problems solvable in polynomial time by a non-deterministic Turing machine.
Thus P ⊂ NP is obvious.

1Examples: the algorithm of Ford and Fulkerson to compute the maximum flow in a flow net-
work is pseudo polynomial, but the algorithm of Edmonds and Karp is strongly polynomial;
the Euclidean algorithm to compute the greatest common divisor of two integers is weakly
polynomial.
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NP

P

NP-complete

NP-hard

Figure 2.1: Complexity classes.
Complexity classes P, NP, NP-complete, and NP-hard under the assump-
tion P 6= NP with raising complexity from bottom to top. If P = NP, the
classes P, NP, and NP-complete would be equal and a subset of NP-hard.

A problem K is polynomial-time reducible to a problem L, denoted by K 6p L,
if there is a total polynomial-time computable function f from the alphabet of
K into the alphabet of L that fulfills x ∈ K ⇔ f(x) ∈ L. Problem L is called
NP-hard if all NP problems can be polynomial-time reduced to L, i.e., K 6p L
for all K ∈ NP. NP-hard problems that belong to NP build the complexity
class NP-complete, see Figure 2.1 for an overview.

The satisfiability (SAT) problem, i.e., the question if there is a truth assignment
to a Boolean expression, was the first problem shown to be NP-complete by
Cook [20] in 1971. Cook and Levin [48] laid the foundations of the theory of
NP-completeness.

In 1972, Karp [41] showed the NP-completeness of 21 basic decision problems.
Nowadays thousands of problems are known to be NP-complete and all of them
would be solvable in polynomial time if any single NP-complete problem can
be shown to be in P, i.e., P = NP. Figure 2.1 shows the relation under the
assumption P 6= NP.

2.3 Linear Algebra

A real matrix A ∈ Rm×n is an array of real numbers of dimension m×n with its
(i, j)-th entry aij or [A]ij . By ai ∈ R1×n we denote the i-th row and by A(j) ∈ Rm
we denote the j-th column of A. Consequently, vectors are considered as one-
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column matrices with n = 1 unless otherwise stated. The transpose AT of matrix
A ∈ Rm×n is the n × m matrix AT with [AT ]ij = [A]ji, respectively column
vectors transpose into row vectors and vice versa.

The i-th unit vector ei is the vector with all components equal to zero except for
the i-th component which is equal to one. We use I to denote the square identity
matrix with all diagonal entries equal to one and the others equal to zero. For a
vector x we use the notation x > 0 or x 6 0 in a component-wise meaning, i.e.,
every entry fulfills the inequality.

The inner product of two vectors c, x ∈ Rn is given by cTx = xT c =
∑n

i=1 ci · xi
and defines both a linear function f in x by f(x) = cTx and a linear function
g(c) = xT c. Linear constraints can occur as equalities f(x) = b or inequalities
of the form f(x) 6 b or f(x) > b for any real number b. The matrix product
of two matrices A ∈ Rm×k and B ∈ Rk×n is the matrix AB ∈ Rm×n given by
[AB]ij =

∑k
`=1[A]i` · [B]`j , the matrix-vector product is defined accordingly for

B ∈ Rk×1.

Given a square matrix A, we say that A is invertible if and only if there exists
a square matrix A−1 of the same dimension that satisfies AA−1 = A−1A = I
and call it the inverse matrix of A. If we are given a system Ax = b with an
invertible matrix A, the solution x = A−1b is given by Cramer’s rule, i.e., the j-
th component of x is obtained by xj = det(Aj)

det(A) , where A
j is the same matrix as A,

except that its j-th column is replaced by b. The determinant det(A) of a square
n-dimensional matrix A can be computed by the Laplace expansion for any row
i = 1, 2, . . . , n by det(A) =

∑n
j=1(−1)i+j [A]ij · det(Aij), where Aij denotes the

(n − 1) × (n − 1) matrix that equals A, but the i-th row and j-th column are
deleted.

We say a finite collection of vectors x1, x2, . . . , xk ∈ Rn is linearly dependent
if there exist λ1, λ2, . . . , λk ∈ R, not all of them zero, so that

∑k
i=1 λixi = 0;

otherwise, we call them linearly independent.

To quote the number of arithmetic operations performed when using basic al-
gebraic operations, consider a square matrix A ∈ Rn×n and vectors x, b ∈ Rn.
Computing the inner product bTx takes O(n), the matrix-vector product Ax
takes O(n2), the inverse of A or solving a linear system Ax = b takes O(n3)
arithmetic operations.

2.4 Linear Programming

In a general linear program (LP) we minimize a linear objective function cTx
given by a vector c ∈ Rn over a set of optimization variables x ∈ Rn subject to
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a set of linear equality and inequality constraints. Therefore, consider index sets
I1, I2, I3 and for every i in these sets we are given a vector ai ∈ Rn and a scalar
bi ∈ R to build the i-th constraint. Furthermore, bounds to the optimization
variables can be given. Consider index sets J1, J2 ⊆ {1, 2, . . . , n} and for every
j ∈ J1 we are given a lower bound lj ∈ R to xj ; and for every j ∈ J2 we are given
an upper bound uj ∈ R to xj . We can formulate the LP in its most general form
as

min cTx

s.t. aTi x > bi i ∈ I1

aTi x 6 bi i ∈ I2

aTi x = bi i ∈ I3

xj > lj j ∈ J1

xj 6 uj j ∈ J2.

(2.1)

The case of a maximization problem is equivalent to minimizing the negative
objective function.

A feasible solution is a vector x satisfying all of the constraints including the
bounds on the variables, and the set of feasible solutions is called feasible set. A
feasible solution x? that minimizes the objective function, i.e., cTx? 6 cTx for all
feasible solutions x, is called an optimal solution and the corresponding value of
the objective function cTx? is called optimal value. If we find a feasible solution
whose objective value is less than every real number, the optimal value is −∞
and we call the problem unbounded ; in the case we cannot find a feasible solution,
we call the problem infeasible.

2.4.1 Canonical Form

To unify the notation we introduce the canonical form of an LP that only takes
linear greater-than-or-equal constraints. Starting with the general form (2.1), we
replace all equality constraints aTi x = bi by two symmetric inequalities aTi x >
bi and aTi x 6 bi, afterwards, we replace all inequality constraints of the form
aTi x 6 bi by −aTi > −bi. The conditions given by lower and upper bounds are
interpreted as constraints and are handled just the same.

Suppose that a total of m such constraints remains, indexed by 1, 2, . . . ,m; we
write the scalars bi into a vector b ∈ Rm and the corresponding vectors aTi are
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building the rows of the matrix A ∈ Rm×n, i.e.,

b =

 b1...
bm

 , respectively, A =

 — aT1 —
...

— aTm —

 .
Then we obtain the canonical form of the LP as

min cTx

s.t. Ax > b.
(2.2)

2.4.2 Standard Form

The following LP is in standard form, i.e., it only takes linear equalities rather
than inequalities, and all optimization variables have to be non-negative

min cTx

s.t. Ax = b

x > 0.

(2.3)

The standard form is a special case of the general form (2.1), because we can
replace the equality constraints by two symmetric inequality constraints as shown
above. The converse is also true and both forms are equivalent, if we introduce
new variables.

Linear inequality constraints If we are given a linear inequality constraint of the
form aTi x 6 bi for some i, then we introduce a new slack variable si with
the non-negativity constraint si > 0 to close the gap between aTi x and bi
by stating aTi x+ si = bi. Similarly, if the constraint is of the form aTi x > bi
then we call si > 0 a surplus variable and state aTi x− si = bi.

Unbounded variables Given an unbounded (free) variable x we can express x
as the difference of two non-negative variables, x+ and x−, by replacing
x = x+ − x− with two non-negativity constraints x+ > 0 and x− > 0.

We will often use the canonical or general form to develop LPs, but when we talk
about algorithms the standard form is more convenient.

2.4.3 Algebra and Geometry

For the development and discussion of the different methods to solve LPs we
recall some basic definitions and results of the algebra and geometry of linear
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programming to simplify the representation.

In the sequel P ⊆ Rn denotes a polyhedron given by P = {x ∈ Rn | Ax > b}
with A ∈ Rm×n and b ∈ Rm, and thus equals the intersection of the half spaces
{x ∈ Rn | aTi x > bi} for i = 1, 2, . . . ,m. A polytope is a bounded polyhedron, i.e.,
there exists a constant K ∈ R, so that the absolute value of every component of
every element of the polyhedron is less than or equal to K.

A set S ⊆ Rn is convex if for any two points x, y ∈ S and any scalar λ ∈ [0, 1], we
have λx+ (1− λ)y ∈ S, hence, polyhedra are convex2. A convex combination of
the vectors x1, x2, . . . , xk is the vector

∑k
i=1 λixi with λi ∈ [0, 1] for i = 1, 2, . . . , k

and
∑k

i=1 λi = 1, thus every convex combination of points of a convex set lies
within the set.

We call x ∈ P an extreme point of P if we cannot find two vectors y, z ∈ P with
y 6= x 6= z and a scalar λ ∈ [0, 1], so that x = λy + (1 − λ)z, see point D in
Figure 2.2 for a counterexample.

A vector x ∈ P is a vertex of P if there exists some vector c ∈ Rn, so that cT y >
cTx for all y ∈ P with y 6= x, i.e., there exists a hyperplane {y ∈ Rn | cT y = b}
with b = cTx that meets P only at the point x, see point C in Figure 2.2.

We say a constraint is active or binding at a point, if the constraint holds with
equality at that point. Now consider that the definition of the polyhedron P can
also include equality constraints. A vector x ∈ Rn is called basic solution if all
equality constraints are active at x and out of the active constraints there are n
of them that are linearly independent. If x is a basic solution that satisfies all
of the constraints, i.e., x ∈ P , we say that x is a basic feasible solution. A basic
solution x is called degenerate if more than n constraints are active at x.

Bringing together the geometric definitions of vertices and extreme points with
the algebraic definition of feasible solutions, we obtain the equivalence by Theo-
rem 2.1, see Figure 2.2 for an example.

Theorem 2.1 (Equivalence of the definitions). Let P ⊆ Rn be a non-empty
polyhedron and let x ∈ P , then the following are equivalent: x is a vertex; x is an
extreme point; and x is a basic feasible solution.

We remark that the property of being a basic solution depends on the represen-
tation of the polyhedron3 P , but with Theorem 2.1 we conclude that a basic

2Consider x, y ∈ P satisfying Ax > b, respectively, Ay > b, and any λ ∈ [0, 1], then every point
between x and y fulfills A (λx+ (1− λ)y) = λ(Ax) + (1− λ)(Ay) > yb+ (1− λ)b = b, hence
it lies in P .

3Consider a point x satisfying the constraint aTi x 6 bi but violating aTi x > bi of P . Then x
is a basic solution in this representation, but if we replace both inequalities by the equality
constraint aTi x = bi, then x is no longer a basic solution.
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P

A B C

E

F

G

D {y | aT y = aTC}
a

Figure 2.2: Polyhedron with basic feasible solutions.
A polyhedron P with the basic solutions A,B,C,E, F,G and the basic feasi-
ble solutions B,C,E, F that are also vertices and extreme points. Point D is
neither a basic solution (only one active constraint), nor a vertex (there is no
hyperplane that meets P only at D), nor an extreme point (center of C and F ).

feasible solution is independent of the representation.

To get a more algebraic point of view, we consider non-empty polyhedra in stan-
dard form {x ∈ Rn | Ax = b, x > 0} with A ∈ Rm×n, b ∈ Rm, and m linearly
independent rows, thus m 6 n holds and we say A has full rank rank(A) = m.
The full rank assumption on A results in no loss of generality by Theorem 2.2,
showing that if there were less than m linearly independent rows describing a
non-empty polyhedron, the linearly dependent rows can be discarded and m can
be reduced.

Theorem 2.2 (Full rank assumption). Let P = {x ∈ Rn | Ax = b, x > 0} be
a non-empty polyhedron with A ∈ Rm×n and b ∈ Rm. Suppose that rank(A) =
k < m, and that the rows ai1 , . . . , aik are linearly independent, then P equals the
polyhedron given by {x ∈ Rn | aTi1x = bi1 , . . . , a

T
ik
x = bik , x > 0}.

Consider an m-dimensional set of indices B ⊆ {1, 2, . . . , n}, so that the columns
A(j) for j ∈ B are linearly independent. We call B a basis4, and build the invert-
ible m×m matrix AB consisting of the columns of A with indices in B; likewise
we can constrain a vector b to these indices and write bB. With these definitions
we can compute basic solutions by Theorem 2.3.

Theorem 2.3 (Computation of basic feasible solutions). Consider a poly-
hedron in standard form {x ∈ Rn | Ax = b, x > 0} with A ∈ Rm×n, b ∈ Rm, and
an m-dimensional basis B ⊆ {1, 2, . . . , n}. A vector x ∈ Rn is a basic solution

4We also use the term basis for the corresponding set of variables xj with j ∈ B.
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if and only if xi = [A−1
B bB]i for i ∈ B and xi = 0 for i 6∈ B. Moreover, a basic

solution x is a basic feasible solution if it satisfies the non-negativity constraints,
too.

A polyhedron P contains an infinite line if there exist a vector x ∈ P and a non-
zero vector d ∈ Rn, so that every vector x + λd ∈ P for all scalars λ. Therefore,
non-empty polytopes as well as non-empty polyhedra in standard form do not
contain lines, because they are bounded in every component, respectively their
feasible set is contained in the positive orthant {x | x > 0}. The existence of
extreme points is achieved by Theorem 2.4 and with Theorem 2.1 we achieve the
existence of basic feasible solutions.

Theorem 2.4 (Existence of extreme points). Consider a non-empty poly-
hedron P = {x ∈ Rn | Ax > b} with A ∈ Rm×n and b ∈ Rm, then the following
are equivalent: P has at least one extreme point; P does not contain a line; and
there exist n linearly independent constraints.

Now we consider that we are also given a linear objective function cTx with
c, x ∈ Rn. The optimality of extreme points is achieved by Theorem 2.5.

Theorem 2.5 (Optimality of extreme points). Consider an LP of minimiz-
ing cTx over a polyhedron P ⊆ Rn and suppose that P has at least one extreme
point. Then either the optimal cost is equal to −∞, or there exists an extreme
point which is optimal.

In the case that the feasible set has no extreme points, the existence of an optimal
solution is given by Corollary 2.6 by transforming the given LP into standard form
and applying Theorem 2.4.

Corollary 2.6 (Optimal solution). Consider the LP of minimizing cTx over
a non-empty polyhedron. Then either the optimal cost is equal to −∞, or there
exists an optimal solution.

2.4.4 Duality

Consider an LP in standard form min{cTx | Ax = b, x > 0} that we call primal
problem, and assume that an optimal solution x? exists. We obtain a related
problem by replacing the constraint Ax = b by a penalty yT (b − Ax) in the
objective function

g(y) = min{cTx+ yT (b−Ax) | x > 0},
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Table 2.1: Conversion between primal and dual LPs.
The table shows the conversion between primal minimization LPs and dual
maximization LPs with corresponding constraints and variables. If we mini-
mize an LP with equality constraints and non-negative variables, we obtain a
dual maximization LP with free variables and less-than-or-equal inequalities.

Primal LP Minimize Maximize Dual LP

> b > 0

Constraints 6 b 6 0 Variables

= b free

> 0 6 c

Variables 6 0 > c Constraints

free = c

where g is a function of the price vector y of the same dimension as b. With the
optimal solution x? of the primal LP we obtain

g(y) = min{cTx+ yT (b−Ax) | x > 0} 6 cTx? + yT (b−Ax?) = cTx?,

thus each y leads to a lower bound g(y) for the optimal cost cTx?, and the search
for the tightest possible lower bound of this type is called the dual problem
max g(y). With the definition of g we obtain that

g(y) = yT b+ min{(cT − yTA)x | x > 0} = yT b+

{
0, yTA 6 cT

−∞, otherwise
,

and as we are maximizing g(y) we only get useful information from these lower
bounds in the non-infinity case.

In summary, if we consider the standard form for the primal LP, we have the
following equivalent pair of primal and dual problems:

min cTx

s.t. Ax = b

x > 0

max yT b

s.t. yTA 6 cT

Starting with the canonical form (2.2) for the primal LP, we achieve the following
equivalent pair of primal and dual problems by similar calculations:
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x1

x2

y1

y2

x?

y?

1

1

1

1

Figure 2.3: Example of a primal and dual LP.
The primal LP is given in standard form by min{x1 − 2x2 | −x1 + 2x2 = 4,
3x1 + x2 = 9, x1 > 0, x2 > 0}, the dual by max{4y1 + 9y2 | −y1 + 3y2 6 1,
2y1 + y2 6 −2}. The optimal primal solution is x? = (x1, x2) = (2, 3),
the optimal dual solution is y? = (y1, y2) = (−1, 0), both objective values
are −4. The arrows indicate the directions of an increasing objective value.

min cTx

s.t. Ax > b

max yT b

s.t. yTA = cT

y > 0

The dual problem is built by introducing a variable for every constraint (other
than the non-negativity constraints); and a constraint for every variable of the
primal problem, see Table 2.1 for an overview of the conversion between primal
and dual LPs, and Figure 2.3 for a geometric example.

Dualizing an LP twice leads to Theorem 2.7.

Theorem 2.7 (Dual of dual is primal). If we convert the dual problem into
an equivalent minimization problem and form its dual, we obtain a problem equiv-
alent to the original primal problem.

The given motivation to search for lower bounds to the primal objective function
with the help of the dual problem is called weak duality, see Theorem 2.8.

Theorem 2.8 (Weak duality). Consider the standard form for the primal LP
min{cTx | Ax = b, x > 0}. If x is a feasible solution to the primal problem and y
is a feasible solution to the dual problem, then yT b 6 cTx.
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The central theorem on linear programming duality is the strong duality Theo-
rem 2.9.

Theorem 2.9 (Strong duality). If an LP has an optimal solution, its dual has
an optimal solution, and furthermore, the respective optimal values are equal.

The weak duality Theorem 2.8 implies that if one problem is unbounded its dual
must be infeasible; and the strong duality Theorem 2.9 implies that if one problem
has an optimal solution, so does its dual. Consequently, there are four possible
situations out of nine combinations that can occur for primal and dual problems
as shown in Corollary 2.10.

Corollary 2.10 (Possible primal and dual situations). Given a primal LP
and its dual, only the following situations are possible:

1. The objective values of the primal and dual are finite and equal.

2. The primal is unbounded and the dual is infeasible.

3. The dual is unbounded and the primal is infeasible.

4. The primal and dual are infeasible.

The complementary slackness conditions of Theorem 2.11 show an important
relation between the primal and dual optimal solution.

Theorem 2.11 (Complementary slackness). Let x and y be feasible solu-
tions to the primal and dual problem, respectively. Then they are optimal solutions
for the two respective problems if and only if

yT (Ax− b) = 0,

(cT − yTA)x = 0.

By the first complementary slackness condition we see that if an inequality con-
straint of the form aTi x > bi is not active for a primal feasible solution x, then the
corresponding dual variable yi must be zero. We transformed this type of inequal-
ity constraints by introducing surplus variables si to obtain equality constraints
of the form aTi x − si = bi and si > 0. In standard form every feasible solution
must satisfy the first condition, so either the surplus variable or the dual variable
is zero.

2.4.5 Degeneracy

With our definition of basic solutions at hand, we need n linearly independent
active constraints, but there is a possibility that more than the necessary ones
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are active, leading to degeneracy.

A basic solution x ∈ Rn is said to be degenerate if more than n of the constraints
are active at x. If we additionally consider a polyhedron P = {x ∈ Rn | Ax =
b, x > 0} in standard form with A ∈ Rm×n and b ∈ Rm, then a basic solution
x ∈ Rn is a degenerate basic solution if more than n−m of the components of x
are zero.

In our setting of standard form polyhedra, a degenerate basic feasible solution
remains degenerate under every standard form representation of the original poly-
hedron.

2.4.6 Simplex Method

Overview There are numerous classes of algorithms to solve linear programs,
several with high theoretical importance and several with good performances in
practical applications.

We focus on the simplex method, first described around 1948 by Dantzig [23–25],
because our column generation approach, see Chapter 4, is a direct modification
of the search routine as described later. Further developments of Dantzig [26]
lead to the revised simplex method with higher computational efficiency in 1953.
In 1954 both Lemke [46] and Beale [8] developed the dual simplex method that
benefits from the powerful duality theory.

In theory, the simplex method has exponential complexity, but well-implemented
simplex methods show up to be the best LP solvers in practical applications. From
that point of view, it was a breakthrough when in 1979 Khachiyan [42] introduced
the ellipsoid method with weakly polynomial complexity, although this approach
performs poorly for most practical uses. In 1984 Karmarkar [40] also introduced a
weakly polynomial time algorithm, called interior-points method. This approach
can compete against the simplex methods depending on the structure of the LP.
The question whether LPs can be solved by a strongly polynomial time algorithm
is still open.

Algebraic Derivation Throughout this section we consider A ∈ Rm×n, b ∈ Rm
and c, x ∈ Rn for an LP in standard form

min cTx

s.t. Ax = b

x > 0

and denote the corresponding feasible set by P = {x ∈ Rn | Ax = b, x > 0}.
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x0

x1

x2

x3

x4

x5

Figure 2.4: Simplex method.
The simplex method starts from a basic feasible solution x0 and optimizes
the objective value by moving along the edges of the polyhedron, shown
as the red path x0, x1, x2, . . ., until reaching x5 where no further improve-
ment is possible. The black arrow indicates the direction of optimization.

Since we are optimizing a convex function cTx over a convex set P , local op-
timality implies global optimality, thus a local search routine for points in the
neighborhood of a basic feasible solution that reduces the objective value can be
applied.

Starting from a point x in the polyhedron P , a vector d ∈ Rn is a feasible direction
at x, if there is a scalar λ > 0 for which x + λd ∈ P . Assuming that x ∈ P is a
basic feasible solution, we obtain the existence of a m-dimensional basis B from
Theorem 2.3, and especially, the formula

xB = A−1
B bB and xi = 0 ∀ i 6∈ B.

We select a non-basic variable xj that is initially zero and try to increase the
value to λ > 0 by moving in direction d ∈ Rn with dj = 1, and di = 0 for
every non-basic index i other than j, so we reach xB + λdB, where dB is the
constrained vector d to basis B. Since we want to move from feasible to feasible
solutions, we require A(x + λd) = b and know that Ax = b, thus we obtain
0 = Ad = ABdB +A(j) which leads to a formula for the j-th basic direction

dj = 1, dB = −A−1
B A(j), and di = 0 ∀ i 6∈ B, i 6= j.

The non-basic variable xj is increased, all other non-basic variables stay at zero,
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hence we only have to check the basic variables xB. If x is a non-degenerate basic
feasible solution, i.e., xB > 0, we obtain that xB + λdB > 0 and this is also
feasible if λ is sufficiently small, thus d is a feasible direction. If x is degenerate,
d is not always a feasible direction, because it is possible that a basic variable is
zero and the corresponding component is negative, so following d would violate
the non-negativity of x+ λd.

We define the reduced cost cj of variable xj as the change in the objective function
when moving in the j-th basic direction d of unit length given by

cj = cTd = cTBdB + cj = cj − cTBA−1
B A(j),

thus the reduced cost of a basic variable is zero. If we move in this direction, we
say that xj enters the basis.

Theorem 2.12 (Reduced costs). Consider a basic feasible solution x associ-
ated with a basis matrix AB, and let c be the corresponding vector of reduced costs.
If c > 0, x is optimal. If x is optimal and non-degenerate, then c > 0.

The maximal length λ∗ of the feasible direction d is determined by the constraints
x+ λ∗d ∈ P , so in the non-degenerate case we obtain

λ∗ = min
i|di<0

(
−xi
di

)
= min

i∈B|di<0

(
−xi
di

)
,

whereas in the degenerate case the constraint is never violated by setting λ∗ =∞.
We obtain a new basis and a new associated basic feasible solution in the non-
degenerate case by Theorem 2.13.

Theorem 2.13 (Changing the basis). Consider a basis B, the j-th basic di-
rection d, and let ` be the index where the minimum of λ∗ = min

i∈B|di<0

(
−xi
di

)
is

attained. Then the index set B = B r {`} ∪ {j} is a basis, the columns of AB
are linearly independent, and the vector x = x + λ∗d is a basic feasible solution
associated with B.

The Algorithm The previous results merge into Algorithm 2.1 that gives a
structural overview of a single simplex iteration, whereas the correctness of the
simplex method is stated in Theorem 2.14.

Theorem 2.14 (Correctness of the simplex method). Assume that P 6= ∅
and that every basic feasible solution is non-degenerate, then the simplex method
terminates after a finite number of iterations. At termination, we either have an
optimal basis B and an associated basic feasible solution x which is optimal, or
we have found a vector d satisfying Ad = 0, d > 0, and cTd < 0 which means the
optimal cost equals −∞.
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1 (B, x) SimplexIteration(B,x)
Data: m-dimensional basis B, associated basic feasible solution x
Result: m-dimensional basis B, associated basic feasible solution x with

reduced cost

2 compute reduced cost cj = cj − cTBA−1
B A(j) for all j 6∈ B

3 if c > 0 then x is optimal terminate
4 else
5 choose some j 6∈ B with cj < 0 and compute u = −dB = A−1

B A(j)

6 if u 6 0 then λ∗ =∞ and the optimal cost = −∞ terminate
7 else
8 determine λ∗ = min

i∈B|ui>0

xi
ui

and choose `, so that λ∗ = x`
u`

9 set x with xj = λ∗ and xi = xi − λ∗ui for all i ∈ B r {`}
10 return (B r {`} ∪ {j}, x)

Algorithm 2.1: Iteration of the simplex method.
The iterations terminate with the optimal solution x in line 3 if all reduced
costs are non-negative, otherwise, the LP is unbounded, see line 6; in the default
case, the variable xj enters and x` leaves the basis, see line 7 and following. The
decisions of choosing j in line 5 and ` in line 8 are driven by various pivoting rules.

Pivoting Rules The decision of choosing an entering variable xj in Algorithm 2.1
is called pivot selection and is driven by various pivoting rules that we will shortly
summarize, keeping in mind that for choosing an exiting variable x` a similar
discussion applies.

The simplest strategy is Bland’s rule [13] that chooses the smallest index j 6∈ B
with cj < 0 to enter the basis, and respectively the smallest index ` to exit, so that
we can abort the computation of further reduced costs, but it can increase the
number of iterations. Dantzig’s rule [27] chooses an index j 6∈ B with cj < 0 and
cj 6 ci for all i 6∈ B, i.e., the direction of decreasing costs at the fastest rate, how-
ever, the actual cost decrease depends on how far we can move in this direction.
A rule taking into account the distance traveled along the search edge is called
steepest edge rule, but it leads to higher complexity, see Goldfarb and Reid [34],
and Forrest and Goldfarb [32]. An efficient approximation of the steepest edge
rule was developed earlier by Harris [37] and is called Devex rule.

Degeneracy In the case of degeneracy, there are two possible settings. First, we
start at a degenerate basic feasible solution x and λ∗ can be equal to zero, in
which case the new basic feasible solution x is the same as x. This occurs if for
some basic variable x` = 0 and d` < 0 hold, but we can still compute a new basis
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B and Theorem 2.13 remains valid. Second, even if λ∗ > 0 holds, it can happen
that more than one of the original basic variables become zero if we move in
the direction of d, and since only one variable will exit the basis, the new basic
solution is degenerate.

Cycling Taking the previous paragraph into account, it can happen that we stay
at the same basic feasible degenerate solution in spite of changing the basis. If
we do not find a new cost-reducing direction, we can fall back to the initial basis
in an infinite loop; this is called cycling and has to be avoided. Even if Bland’s
rule behaves poorly in practical applications, it does guarantee that cycling never
occurs and the simplex method is guaranteed to terminate after a finite number
of iterations. In most implementations the simplex method uses hybrid pivoting
rules in different iterations to prevent cycling and gain the best performance.

Implementations The computation of the vectors A−1
B A(j) in lines 2 and 5 of

Algorithm 2.1 plays a key role in the efficiency of different implementations of
the simplex method. A comparison of the methods is shown in Table 2.2.

In a naive implementation we compute the so-called simplex multipliers pT =
cTA−1

B by solving pTAB = cT . To compute the reduced cost we use cj = cj −
cTBA

−1
B A(j) = cj − pTA(j), and to determine the vector u we solve ABu = A(j).

If we have to compute the reduced cost for all n variables, this leads to a total
computational effort per iteration of O(m3 + nm).

The revised simplex implementation provides the inverse matrix A−1
B at the begin-

ning of each iteration to compute cTBA
−1
B and A−1

B A(j) by favorable matrix-vector
products. Therefore, it is necessary to update A−1

B after a change in the basis
only with a few operations. This is achieved by a sequence of m elementary row
operations, i.e., adding a constant of one row to the same or another row, each
of them takes O(m) operations, see Bertsimas and Tsitsiklis [10] for details. In
total this leads to a computational effort of O(m2 + nm).

In the full tableau implementation we maintain and update a special (m+1)×(n+
1) matrix, called simplex tableau. The simplex tableau first extends the matrix
A−1
B A with a zeroth column taking xB = A−1

B b, and then with a zeroth row
taking the current negative objective value −cTBxB and the reduced cost vector
cT = cT − cTBA−1

B A:

−cTBxB cT = cT − cTBA−1
B A

xB = A−1
B b A−1

B A
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Table 2.2: Comparison of different simplex implementations.
The time and memory requirements of the naive, revised and full tableau
implementation for one iteration of the simplex method with m 6 n.
In the worst-case the revised simplex cannot be slower than the full
tableau implementation, but when considering a pivoting rule that only
evaluates one reduced cost at a time until a variable with negative re-
duced cost is found, the revised simplex can be much faster. The advan-
tage of the full tableau implementation in less memory demand is obvious.

Implementation Naive Revised simplex Full tableau

Memory O(m2) O(m2) O(nm)

Worst-case time O(m3 + nm) O(nm) O(nm)

Best-case time O(m3) O(m2) O(nm)

Updating the tableau can also be achieved by elementary row operations in the
size of the tableau, i.e., in O(nm), see Bertsimas and Tsitsiklis [10] for details.

The two-phase Simplex Method In the first phase we provide an initial ba-
sic feasible solution to be able to continue the second phase with the simplex
iterations of Algorithm 2.1.

We are still considering an LP in standard form. By multiplying some constraints
with −1 we attain that b > 0, then we introduce auxiliary variables y1, y2, . . . , ym
and state the auxiliary LP

min y1 + y2 + . . .+ ym

s.t. Ax+ y = b

x > 0

y > 0

with the basic feasible solution x = 0 and y = b. If the optimal solution in the
auxiliary problem is non-zero, we conclude that the original problem is infeasible5,
otherwise, we obtain a zero cost solution with y = 0 and x is a feasible solution
to the original problem, but possibly with some artificial variables in the basis.

If we cannot simply eliminate the artificial variables and respectively the corre-
sponding columns from the basis matrix, we have to drive the artificial variables
out of the basis to obtain a basis consisting only of the original variables. There-
fore, we assume that x is a basic feasible solution to the auxiliary problem, but

5If there exists a feasible solution x′ to the original problem, then x′ and y = 0 lead to a zero
cost solution to the auxiliary problem.
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only k < m basis variables belong to the final basis of the original problem. With
the result of Theorem 2.2, we can assume without loss of generality that matrix
A has full rank, i.e., rank(A) = m, so we can choose m− k additional columns to
obtain a new basis consisting of m linearly independent columns of A exclusively,
thus all non-basic components of x are at zero level and x is a basic feasible
solution associated with the new basis as well.

The basis and corresponding basic feasible solution of the first phase is passed to
the second phase and Algorithm 2.1 is applicable.

The Dual Simplex Method The dual simplex method is very similar to the
preceding (primal) simplex method, thus we only give a brief motivation by The-
orem 2.15.

Theorem 2.15 (Karush-Kuhn-Tucker optimality conditions). Given an
LP in standard form, the vector x is an optimal solution if and only if there
exist vectors y and r so that:

1. Ax = b and x > 0 (primal feasibility)

2. yTA+ rT = cT and r > 0 (dual feasibility)

3. rTx = 0 (complementary slackness)

In Theorem 2.15, the vector r can be seen in a primal and dual fashion. In the
dual problem it is simply the slack from the constraints yTA 6 cT . In the primal
problem it is referred to as the vector of reduced costs, previously denoted by c.
We remark that the second complementary slackness condition, see Theorem 2.11,
provides yTB = cTBA

−1
B , so the reduced costs of non-basic variables can be simplified

to cj = cj−yTBA(j) with the help of the dual feasibility condition of Theorem 2.15.

The previously described (primal) simplex method moves along basic feasible so-
lutions satisfying both the primal feasibility and the complementary slackness
condition in every iteration until dual feasibility is obtained at the optimal solu-
tion. The dual simplex method ensures both the dual feasibility and complemen-
tary slackness condition in every iteration, and obtains the primal feasibility only
at the optimal solution.

Computational Efficiency The computational effort at each simplex iteration,
as discussed above, and the number of iterations determine the computational
efficiency of the simplex method. In theory the number of extreme points of
a polyhedron can increase exponentially with the number of variables n and
constraints m, but the observation for practical applications is that the simplex
methods typically takes only O(m) iterations.
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The number of iterations depends on the chosen pivoting rule, but for most com-
mon pivoting rules examples where the simplex methods visits every extreme
point already exist, see Klee and Minty [43] for the first known example for
Dantzig’s pivoting rule. Nevertheless, it is still an open question if for every piv-
oting rule there are examples where the simplex method takes an exponential
number of iterations.

2.4.7 Dantzig-Wolfe Decomposition

In 1960 Dantzig and Wolfe [28] published decomposition principles that lead to a
decomposition algorithm to handle large-scaled LPs. Consider an LP of the form

min cTx

s.t. Ax = b

x ∈ X,
(2.4)

with numerous variables x ∈ X given by the bounded polyhedron X = {x > 0 |
Dx = d}. Let xi, i ∈ I, be the extreme points of X, then every point x ∈ X can
be represented by a convex combination of the extreme points by

x =
∑
i∈I

λixi,
∑
i∈I

λi = 1, λi > 0 ∀ i ∈ I. (2.5)

Replacing x in (2.4) by its convex combination (2.5) provides the master problem

min
∑
i∈I

λic
Txi

s.t.
∑
i∈I

λiAxi = b∑
i∈I

λi = 1

λi > 0 ∀ i ∈ I.

(2.6)

If we assume a basic solution of (2.6) exists, we obtain a vector of free dual
variables q in the size of the initial constraints and a free dual variable r of
the convex combination constraint. The reduced cost of the new optimization
variables λi, i ∈ I in (2.6) are then given by

ci = cTxi − qTAxi − r,

as introduced subsequent to Theorem 2.15. Instead of computing the reduced
cost ci for every variable λi, i ∈ I, the key idea is to determine the variable with
the most negative reduced cost by the subproblem
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min (cT − qTA)x− r
s.t. x ∈ X.

(2.7)

Solving the subproblem (2.7) with the simplex method, on the one hand can
terminate with a negative objective value. Thus it provides us with an extreme
point xi, i ∈ I that can be added to the master problem (2.6) by generating a
new column with the coefficients Axi in the initial constraints and 1 in the convex
combination constraint. On the other hand, if the objective value is non-negative,
then every extreme point has non-negative reduced cost, thus the solution of the
master problem is optimal, since no variable will enter the basis anymore.

Obviously, this decomposition algorithm is also applicable if there are more in-
dependent polyhedra X(1), . . . , X(k), so that their variables are only linked in a
number of linking constraints that remain in the master problem. The computa-
tional advantages are that the subproblems can be solved independently, usually
they are easier to solve preferably with a combinatorial approach, and in the best
case there are several identical subproblems.

2.5 Integer Linear Programming

We continue with discrete optimization, where we optimize a linear objective func-
tion over a set of variables that can take both rational and discrete values, so that
all linear constraints are fulfilled. Therefore, a vector y of non-negative integers
with an appropriate matrix and cost vector is added to the LP formulation (2.3).

2.5.1 Introduction

To obtain an integer linear program (ILP) in standard form, we consider A ∈
Qm×n, B ∈ Qm×k, b ∈ Qm, c ∈ Qn, d ∈ Qk, x ∈ Qn, y ∈ Nk and

zILP = min cTx+ dT y

s.t. Ax+By = b

x, y > 0

y integer.

(2.8)

To emphasize the structure with real and integer variables, (2.8) is also called
mixed integer linear program (MILP), but we adhere to ILP. The special case
where y only takes binary values y ∈ B is called binary integer linear program
(BILP) or zero/one integer linear program.

The decision variants of BILP and ILP neglect the objective function, thus they
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only search for a feasible assignment for the optimization variables.

Theorem 2.16 (Computational complexity of ILP and BILP). The deci-
sion variants of BILP and ILP are NP-complete. The optimization variants of
BILP and ILP are NP-hard.

The proofs of Theorem 2.16 are given by Schrijver [53, Chapter 18] and go back
to Cook [20] and Karp [41], see Section 2.2 for an overview of the complexity
classes.

Since solving ILPs is inherently hard, we show three classes of algorithms to man-
age ILPs, but focus on exact algorithms that terminate with the optimal solution
but probably consume exponential time. Furthermore, there are approximation
algorithms that compute a suboptimal solution in polynomial time together with
a bound on suboptimality, and heuristic algorithms that provide a suboptimal
solution in polynomial time without a guarantee of its quality.

Several approaches use the LP relaxation of an ILP, where the integrality con-
straints are relaxed, thus the relaxation of (2.8) is the polynomial feasible LP

zLP = min cTx+ dT y

s.t. Ax+By = b

x, y > 0.

(2.9)

In the case of BILP, we introduce additional constraints of the form 0 6 x 6 1 for
every binary variable x. If an optimal solution to the relaxation (2.9) is integral,
then it is also an optimal solution to the ILP (2.8); if not, it is at least a lower
bound to the objective value of the ILP (2.8) when minimizing, i.e.,

zLP 6 zILP .

2.5.2 Exact Algorithms

The class of exact algorithms includes algorithms that terminate with the optimal
solution, but have an exponential running time in the worst-case.

Cutting Plane Algorithms A generic cutting plane algorithm solves the LP re-
laxation and – if an optimal solution x? is not integer – adds a linear inequality
constraint to separate x? from the feasible set of the LP relaxation. The so-called
cut constraint has to be satisfied by all integer solutions, and especially, the
fractional solution x? has to violate the cut. The expanded LP is the new LP
relaxation and the process starts from beginning, until an integral solution is
found.
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Probably the best cuts can be obtained by studying the given problem and de-
velop specific constraints, but this takes a lot of insight. The most prominent
general approach was introduced by Gomory [35] and is called Gomory cuts.

Consider a basic feasible solution x? of the LP relaxation, with x?i fractional.
Let B be the basis and N denotes the set of non-basic variables. Every feasible
solution x = (xB, xN ) satisfies

ABxB +ANxN = b,

thus also
A−1
B ABxB +A−1

B ANxN = A−1
B b,

where the i-th row reads as

xi +
∑
j∈N

[A−1
B A(j)]ixj = [A−1

B b]i.

Since xj > 0, we can floor the coefficients and obtain the Gomory cut

xi +
∑
j∈N

⌊
[A−1

B A(j)]i

⌋
xj 6

⌊
[A−1

B b]i
⌋
,

that is valid for all integral solutions, but is violated by x?, since x?i = [A−1
B b]i is

fractional by assumption, and therefore x?i >
⌊
[A−1

B b]i
⌋
.

Branch and Bound The background of branch and bound algorithms is the
divide and conquer design paradigm to explore the set of feasible integer solutions.
In 1960 the method was first proposed by Land and Doig [44], then extended,
implemented and tested by Dakin [22] in 1965. Instead of exploring the entire
search space, branch and bound algorithms use bounds on the optimal objective
value to skip subspaces that cannot improve the current optimal value.

Assume F to be the set of feasible solutions to an ILP of the form

zOPT = min cTx

s.t. x ∈ F.

A partition of F =
⋃
i∈I

Fi into a finite collection of subsets Fi, i ∈ I leads to

separately solvable subproblems of the same structure

zi = min cTx

s.t. x ∈ Fi

and zOPT = min{zi | i ∈ I}. Consequently, the subproblems can be partitioned
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again leading to a tree of subproblems. We additionally assume that there is a tol-
erably efficient algorithm to compute lower bounds lb(i) 6 zi on the subproblems,
e.g., by solving the LP relaxation, and when solving a subproblem to optimality
we get an upper bound ub > zOPT to the initial problem.

A generic branch and bound algorithm selects a subproblem i out of the list of
subproblems and computes lb(i). If the problem is infeasible or lb(i) > ub, we
delete this subproblem, otherwise, we either compute the optimal solution to the
subproblem and obtain improved bounds, or we partition the subproblem into
further subproblems that are enqueued in the list.

There are several strategies to obtain lower bounds, to decide whether to solve
or to partition a subproblem, and especially which subproblem to consider first.
In most practical applications it is beneficial to choose the subproblem with
the lowest lower bound first, called best first search strategy, because these sub-
problems have to be computed anyway, whereas subproblems with higher lower
bounds could be skipped later on because the upper bound decreases. Other
extreme strategies are breadth first search, respectively depth first search that in-
spects neighboring subproblems in sequence, respectively subproblems along each
branch.

A typical way to partition a subproblem when an optimal fractional solution x?

to the LP relaxation has been obtained, is by adding either of the constraints
xi 6 bx?i c or xi > bx?i c with x?i fractional. As the extended new subproblems only
differ by a single constraint, we can expect to find the optimal solution by a small
number of iterations with the dual simplex method, because this is equivalent to
introducing a new variable in the dual problem.

Duality Unlike linear programming, integer linear programming does not have a
strong duality theory, but we can obtain tight bounds from weak duality. Consider
the ILP

zILP = min cTx

s.t. Ax > b

x integer

(2.10)

with integer entries and the feasible set X = {x integer}. Introducing a dual
variable for every constraint leads to a vector of Lagrange multipliers p > 0 in
the size of vector b and for a fixed p we introduce the function

z(p) = min cTx+ pT (b−Ax)

s.t. x ∈ X.
(2.11)

Furthermore, we can maximize the function z(p) and denote this as the La-
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grangian dual

zD = max z(p)

s.t. p > 0

x ∈ X.
(2.12)

Obtaining tight lower bounds from this dualizing is called Lagrangian relaxation,
see Theorem 2.17.

Theorem 2.17 (Weak duality). If zILP is the optimal solution to (2.10) and
p > 0, then z(p) 6 zILP . By Lagrangian relaxation, see (2.11) and (2.12), we
obtain the weak duality zD 6 zILP .

The relation between the objective values of the ILP, its Lagrangian dual, and
its LP relaxation is examined in Bertsimas and Tsitsiklis [10] and stated in The-
orem 2.18.

Theorem 2.18 (Ordering). If zILP is the optimal solution to (2.10), zD is the
optimal solution to the Lagrangian dual (2.12), and zLP is the optimal solution
to the LP relaxation of (2.10) zLP = {min cTx | Ax > b}, the following ordering
holds:

zLP 6 zD 6 zILP .

Branch and Cut In practical applications it can take numerous iterations of
adding cuts, as well as improving the bounds on the variables, therefore, the
cutting plane and branch and bound strategies are combined to an approach
called branch and cut. When solving subproblems we use additional cuts to obtain
better bounds on the variables and improve the running time.

Dynamic Programming Dynamic Programming is an exact method to solve
complex optimization problems by breaking them down into smaller subproblems
if two properties are given: overlapping subproblems and optimal substructure.
Overlapping subproblems are given if a recursive algorithm can solve the same
subproblems multiple times instead of generating different subproblems all the
time, thus a solution has to be computed only once and can be reused if it is
stored, i.e., memoization. Optimal substructure is given if an optimal solution can
be determined efficiently by the optimal solutions of the subproblems, comparable
to the strategy pursued in greedy algorithms.

Developing dynamic programming algorithms is crucially depending on the given
problem, so we only give same basic guidelines. The choice of a feasible solution
equals a sequence of single decisions and the cost of the feasible solution equals
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the sum of the cost of the particular decisions. A sequence of decisions is saved in
a state that summarizes the past decisions. Changing from one state to another
is a transition and it takes the cost of the corresponding decision. The optimal
solution is then provided by writing a recursive method to obtain the optimal
objective value from the origin state to a destination state.

2.5.3 Approximation Algorithms

Approximation algorithms compute a suboptimal solution in polynomial time to-
gether with a bound on suboptimality. As the development of good approximation
algorithms depends highly on the given problem, we only show what is meant by
the bound on suboptimality.

An algorithm A is a ρ-approximation algorithm with ρ > 1 for a minimization
problem with optimal value zOPT , if A has a polynomial running time and returns
a feasible solution zA with zA 6 ρ · zOPT for every instance.

There are minimization problems where an (1 + ε)-approximation algorithm for
every fixed ε > 0 exists, so that we can approximate the problem arbitrarily
closely. These family of algorithms is called a polynomial time approximation
scheme (PTAS). It is still an open field of research which properties of integer
programming problems allow an approximation, especially, an arbitrarily accurate
one, and which make it unlikely to exist.

2.5.4 Heuristic Algorithms

Heuristic algorithms provide a suboptimal solution in polynomial time without a
guarantee on their quality.

Most heuristic algorithms are based on inspecting the neighborhood of a feasi-
ble solution, therefore, it is important to define neighboring points. Given an
optimization problem of the form

zOPT = min c(x)

s.t. x ∈ F,

we start at some x ∈ F and evaluate c(x). Then we explore the neighborhood of
x, i.e., some points y ∈ F , and repeat the process starting from a point y with
c(y) < c(x). If we cannot make any improvement, this local search terminates at
a local optimum, i.e., a point that is at least as good as any of its neighbors.

In practical applications there are two contrary properties of local search: on
the one hand in a big neighborhood there are less local optima and the search
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probably provides better results at the expense of slower running times, and on
the other hand in a small neighborhood there are fewer points to evaluate at and
the search is faster. In the case of linear programming two vertices are neighbors
if they are connected by an edge, thus the simplex method from Section 2.4.6 can
be seen as a local search method, however, it terminates at a global optimum.

The generic method of simulated annealing tries to remedy the disadvantage that
local search can get stuck in a local optimum, by allowing moves to a point y
in the neighborhood with higher or equal costs, i.e., c(y) > c(x). To guarantee
further that the algorithm will terminate, the probability of doing such an adverse
movement is constantly decreased by a cooling function, e.g., exp

(
− c(y)−c(x)

T (t)

)
with a positive function T (t), called temperature schedule that is mostly physically
motivated and tends to zero for t→∞.

For unstructured problems with initially unknown optimization approaches, sim-
ulated annealing can achieve good results after some tuning of the parameters in
appropriate running times.

2.6 Real-Time Scheduling

The scheduling of real-time tasks and corresponding communication in this thesis
is done for a simplified embedded system model related to systems in the auto-
motive industry. We give a short insight into embedded systems and the design
phase, then we focus on scheduling policies and analyses in real-time scenarios.

2.6.1 Real-Time Embedded Systems

Most definitions cover a wide range of what is meant by a real-time embedded
system, see Burns and Wellings [17, 1.1] for some examples. From our viewpoint,
a real-time embedded system is a combination of a hardware architecture, software
and optionally external parts, to realize a specific functionality within hard timing
restrictions.

The characteristics of such systems are numerous, so we focus on complex, safety-
critical real-time systems in the automotive environment, where the reliability of
the system is of high importance, and there are hard timing requirements that
do not allow a delay for generated output due to safety reasons.

The hardware architecture is composed of various classes such as sensors, actua-
tors, microprocessors, communication channels, and so on, but we only consider
electronical control units (ECUs) that represent the processing units for com-
putation which are clustered in subsystems, and a global bus for transmitting
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information between ECUs of different subsystems.

The software to realize the specific functionality is given as a task network, con-
sisting of several tasks and communication messages that have to be scheduled to
ECUs, respectively buses, ensuring their real-time requirements and hardwares
restrictions.

The following sections give insight to the particular components of real-time em-
bedded systems that we work with throughout the thesis. A detailed formal defi-
nition is given in the problem formulation, see Sections 3.1 and 3.2.

2.6.1.1 Electronical Control Units (ECUs) and ECU types

In this thesis the expression electronical control unit (ECU) is used as a place-
holder in the hardware architecture of an embedded system. A physical micropro-
cessor is first assumed if an ECU type is assigned to an ECU. All properties of
the microprocessor, e.g., connected I/O ports, the available memory or the com-
putational speed, are given by the ECU type, and influence the executability of
several tasks up to their execution times. Installing a new ECU type or upgrading
an existing one during the design phase of an embedded system is accounted by
the cost of the new ECU type.

2.6.1.2 Communication Buses

Multiple ECUs in an embedded system are connected via communication chan-
nels, such as simple wires or more complex structures for bidirectional commu-
nication like buses. ECUs inside a subsystem are connected by a local bus and
subsystems are connected by a global bus in such a way that access is only given
by a single gateway ECU in every subsystem. These buses operate using different
communication protocols, e.g., token area network (TAN), controller area network
(CAN) or FlexRay.

From an abstract view the TAN protocol gives a token to linked units in a round-
robin fashion and the unit holding the token can transmit a message, whereas the
CAN protocol assigns priorities to messages for non-preemptive transmission. A
FlexRay consists of two segments, the deterministic static segments resembling
a time-division multiple access (TDMA) fashion, and the CAN bus-like dynamic
segment. A bus slot is a time slice of the TDMA scheme where units can transmit
messages.

In this thesis we assume that the local bus is sufficiently fast and of sufficient
capacity to transmit every occurring message in time. Consequently, the message
stream – from an ECU to the gateway ECU over the local bus, then over the global
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bus to another gateway ECU, and finally to the destination ECU – is compressed
to the transmission of the message over the global bus, whereby every ECU has
direct access to the global bus.

2.6.1.3 Tasks

The definition of a task depends on the level of granularity we are looking at. In
this thesis, a task is a sequence of computing instructions that is executed by an
ECU as a basic unit. If a task is allocated to a specific ECU and started, there
is no chance of reallocating, or restarting the task. If the task is executed, it has
exclusive access to the ECUs components, only its execution can be interrupted
for some time by tasks assigned to this ECU with higher priority, what is called
preemption. On closer examination of preemption, problems can arise concerning
blocking shared resources, costs of context switches, and exception handling that
are out of scope of this thesis.

We consider a task model with periodic tasks that come with information about
their periodicity, i.e., the time after which a task is initiated again, their worst-
case execution time (WCET) depending on the ECU type, i.e., the worst-case
time that a task has to use the ECU for computation, mostly their deadline, i.e.,
the maximal time limit for the computation, and their memory consumption also
depending on the ECU type.

There are three scenarios that have to be separated, first, the case of implicit
deadlines, i.e., if the deadline equals the period, second explicit or constrained
deadlines, i.e., if the deadline is less than or equal to the period, and third un-
known deadlines or end-to-end deadlines, i.e., if only a sequence of task and mes-
sage executions is bounded by an overall deadline. Besides periodic tasks, there
are sporadic or aperiodic tasks that do not arrive at a constant rate, but rather
come sporadic, and are not part of the discussion.

More details about several approaches for automatically deriving tasks early in
the design phase of an embedded system from its abstract model to improve the
development are described in Büker et al. [15, 16]. Another challenging problem
in this scenario is the safe over-estimation of WCETs and memory consumption,
see Wilhelm et al. [61] for an overview.

2.6.1.4 Messages

Tasks can trigger messages to send data to other tasks, such as computational
results or instructions. If the destination tasks are located on the same ECU, the
data flow can be handled directly via shared resources, but if the destination task
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is distributed to another ECU or located in another subsystem, the message has
to be sent over the corresponding buses.

We consider a message model with periodic messages that come with information
about their periodicity, i.e., the time after which the message is initiated again, the
unique source task, several destination tasks, their worst-case transmission time
(WCTT), i.e., the time that they need for transmission depending on the size of
the bus slots, and their deadline, i.e., the maximal time limit for transmission.

2.6.1.5 Task Networks

A task network is the combination of tasks and messages showing the data flow
between these entities. In this context, the timing requirements can be formu-
lated to sequences of tasks and messages. We consider tasks and messages with-
out release jitter, i.e., without variations in their timing behaviour that leads to
unpredictability.

2.6.2 Task Scheduling Policies and Analyses

If a set of concurrent tasks is assigned to be executed on a single ECU, they can
be ordered in several ways, especially if they can be interrupted by some tasks. A
scheduling policy, scheme or algorithm is a set of rules for ordering the execution
of the tasks at any time, represented by a schedule, while ensuring the hard real-
time constraints in the worst-case behaviour. Predicting the worst-case response
time (WCRT), i.e., the maximal time between the initiation and completion of
a task execution in every periodic instance, is important because for the in-time
completion of a task it is necessary that its WCRT is less than or equal to its
deadline.

A schedule is called feasible if all considered tasks can be executed subject to
their constraints, and a set of tasks is called schedulable if there exists at least
one scheduling policy that produces a feasible schedule.

Following Buttazzo [18], scheduling algorithms can be classified in four main
classes:

Preemptive vs. non-preemptive Preemptive algorithms allow that a task that
is currently executed can be interrupted at any time for assigning another
waiting task. In non-preemptive algorithms the running task is executed
without interruptions until its completion.

Static vs. dynamic In static algorithms the scheduling decisions are made based
on fixed parameters before task activation, whereas dynamic scheduling de-
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cisions are based on dynamic parameters that can change during execution.

Offline vs. online Offline algorithms develop the schedule before task activation
contrary to online algorithms that decide at execution time about new ar-
riving and waiting tasks.

Optimal vs. heuristic An optimal algorithm provides a solution with the mini-
mal/maximal value of a predefined objective function under all solutions of
the search space, e.g., a cost function on the used hardware or a penalty
measurement on missed deadlines. A heuristic algorithm cannot guarantee
finding an optimal solution.

In this thesis we develop and examine a preemptive, static, offline, optimal al-
gorithm that provides a cost minimal assignment of tasks, ECU types and bus
allocation. Therefore, we have to check the schedulability before tasks’ execution
to obtain reliable assertions about worst-case scenarios.

A critical instant of a task t is defined to be the point in time where the request
for a task will lead to its largest response time. Liu and Layland [49] showed
that a critical instant for preemptive and periodic tasks occurs when all higher
priority tasks are also requested, see Theorem 2.19.

Theorem 2.19 (Critical instant). A critical instant for any preemptive, peri-
odic task occurs when the task is requested simultaneously with all higher priority
tasks.

We assume that tasks are released synchronously at time δ = 0, i.e., they are in
phase and do not have an offset in their initiation. Therefore, the critical instant
will be at time δ = 0 and if we achieve schedulability for the critical instant, we
can ensure it at every time.

Since we deal with periodic tasks, the schedule will repeat itself for the first time
after a time interval called hyperperiod H that is obtained by the lowest common
multiple of all task periods, i.e., H = lcm(Pt | t ∈ T ), because of the synchronous
releases.

In the following sections we introduce several approaches in the analysis of schedul-
ing policies and conclude with established task scheduling policies for different
scenarios as shown in Table 2.3.

For several scheduling policies and analyses, tasks, respectively messages, receive
pairwise disjoint priorities by the function pr : T −→ N, respectively pr :M−→
N, to determine the order of execution in the case of preemption. The set of higher
priority tasks is denoted by

hp(t) = {t′ ∈ T | pr(t′) > pr(t)},
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Table 2.3: Scheduling policies in different scenarios for periodic tasks.
The shown scheduling policies are earliest deadline first (EDF), rate
monotonic scheduling (RMS), and deadline monotonic scheduling (DMS)
classified into dynamic priority scheduling (DPS) and fixed priority
scheduling (FPS) algorithms. The scenarios cover implicit deadlines
(deadline = period) and explicit/constrained deadlines (deadline 6
period). EDF is also optimal in both scenarios for aperiodic tasks.

DPS / FPS Implicit deadlines Explicit deadlines

EDF DPS optimal
[38, 49]

optimal
[7]

RMS FPS optimal
under all FPS [30, 49]

not applicable

DMS FPS optimal
equal to RMS

optimal
under all FPS [47]

and tasks with a priority higher than or equal to t are given by the set

hep(t) = {t′ ∈ T | pr(t′) > pr(t)}.

The denotation applies straightforward to lower priority tasks lp(t) and lower and
equal priority tasks lep(t), as well as to messages.

2.6.2.1 Processor Utilization Analysis

The processor utilization is the fraction of processor time spent in executing a set
of tasks T ⊆ T , i.e.,

U(T ) =
∑
t∈T

C(t)

P (t)
, (2.13)

with the computational running time C(t) and period P (t) of tasks t.

LetH be the hyperperiod, then H
P (t)C(t) is the total computational time requested

by task t in the hyperperiod, and summation over all tasks yields∑
t∈T

H

P (t)
· C(t) = H ·

∑
t∈T

C(t)

P (t)
= H · U(T ),

which is greater than H if the total demand exceeds the available processor time
for U(T ) > 1, see Corollary 2.20.
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Corollary 2.20. A task set T ⊆ T is not schedulable if U(T ) =
∑

t∈T
C(t)
P (t) > 1.

2.6.2.2 Processor Demand Analysis

We still consider that tasks are activated synchronously at time 0, so the pro-
cessor demand in an interval [0, δ] for δ > 0 of a subset T ⊆ T is the sum of
computational running time of instances that contribute processor demand in
this interval, i.e., formally expressed by the demand bound function

dbf(δ, T ) =
∑
t∈T

⌊
δ + P (t)−D(t)

P (t)

⌋
· C(t), (2.14)

where task instances with a relative deadline D(t) greater than δ are not consid-
ered.

2.6.2.3 Response Time Analysis

As we are considering preemption, the response time is the sum of the computa-
tional time C(t) and the interference I(t) by higher priority tasks.

A schedulability test for a set of tasks T ⊆ T based on response time analysis is
to check

R(t) = C(t) + I(t) 6 D(t) ∀ t ∈ T, (2.15)

see Table 2.4 and Figure 2.5 for an example with three tasks on a single ECU.

t
(1)
1 t

(2)
1 t

(3)
1 t

(4)
1

t
(1)
2 t

(2)
2

t′3 t′′3 t′′3 t′′′3

0 20 40 60 80 100 120 140 160

Figure 2.5: Response time analysis on a single ECU.
The schedule of the execution of the three exemplary tasks from Table 2.4 is
shown. The down arrows indicate the activation times, the up arrows the corre-
sponding deadlines. We see that the execution of task t3 is splitted into four parts.
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Table 2.4: Example for response time analysis.
The three exemplary tasks are ordered highest priority first. We
present the WCETs, the deadlines, the periods, and the WCRTs by
two computations. A sufficient, but not necessary computation of
the interferences is given by (2.17), whereas (2.19) gives the correct
WCRTs. We see that task t3 is not schedulable with the not neces-
sary formula because the WCRT of 165 exceeds the deadline of 150.

Task WCET Deadline Period WCRT R(ti) by

C(ti) D(ti) P (ti) (2.15) & (2.17) (2.19)

t1 20 30 40 20 20

t2 15 70 80 35 35

t3 40 150 160 165 150

2.6.2.4 Workload Analysis

The workload analysis approach of Lehoczky et al. [45] is very similar to the
response time analysis, but differs in handling interferences.

The workload Wt(δ) is the cumulative computation time of task t ∈ T and all
higher priority tasks t′ ∈ hp(t) in the interval (0, δ] requested to a processor, i.e.,

Wt(δ) = C(t) +
∑

t′∈hp(t)

⌈
δ

P (t′)

⌉
· C(t′). (2.16)

If there is a time δ 6 D(t) where the demand is less than or equal to the supply
of the processor, i.e., Wt(δ) 6 δ, then task t can be scheduled.

An example of the workload analysis with four tasks is given in Figure 5.1.

2.6.2.5 Earliest Deadline First (EDF)

Earliest deadline first (EDF) is a dynamic scheduling policy that executes tasks
according to their absolute deadlines, i.e., the time from the first initiation of
task t over all periods of further instances up to the current deadline, formally
(j − 1)P (t) +D(t) for the j-th instance of task t, j ∈ N.

Processor Utilization Analysis There is a simple schedulability test by Liu and
Layland [49] based on the fact that a processor can be fully stretched by tasks
scheduled by EDF, see Theorem 2.21.
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Theorem 2.21 (Processor utilization for EDF with implicit deadlines).
A set of preemptive, periodic tasks T ⊆ T with implicit deadlines is schedulable
on a single processor by EDF if and only if U(T ) =

∑
t∈T

C(t)
P (t) 6 1.

Processor Demand Analysis With the help of the processor demand analysis
we can formulate a schedulability test by Baruah et al. [7] for explicit deadlines,
and improve on the number of test intervals from Buttazzo [18, Sec. 4.6.2], see
Theorem 2.22.

Theorem 2.22 (Processor demand for EDF with explicit deadlines). A
set of preemptive, periodic tasks T ⊆ T with explicit deadlines is schedulable on a
single processor by EDF if and only if dbf(k, T ) 6 k for all k > 0. It is sufficient
to test for

k ∈ K = {D(t) + zP (t) | z ∈ N0, D(t) + zP (t) 6 min{H,max{Dmax,K
∗}}}

with hyperperiod H, maximal deadline Dmax, and K∗ =

∑
t∈T (P (t)−D(t))·C(t)

P (t)

1−∑t∈T
C(t)
P (t)

.

2.6.2.6 Fixed Priority Scheduling (FPS)

A fixed priority scheduling (FPS) algorithm determines fixed priorities pr(t) for
all tasks t ∈ T , therefore the order of execution is fixed in advance.

Processor Utilization Analysis The original paper of Liu and Layland [49] and
its revision from Devillers and Goossens [30] give a sufficient, but not necessary
schedulability test for preemptive, periodic tasks with implicit deadlines by the
utilization of the processor, see Theorem 2.23 and Figure 2.6.

Theorem 2.23 (Processor utilization for FPS). A set of preemptive, peri-
odic tasks T ⊆ T with implicit deadlines is schedulable on a single processor by a
FPS policy, if U(T ) 6 U∗ with U∗ = |T | ·

(
2

1
|T | − 1

)
tending to be ln(2) ' 0.69

for large sets T .

Response Time Analysis The interference It of the execution of task t can be
roughly estimated if we summarize the computational time of all tasks t′ with
higher priority than t, i.e., t′ ∈ hp(t), by

I(t) =
∑

t′∈hp(t)

⌈
D(t)

P (t′)

⌉
· C(t′), (2.17)
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Figure 2.6: Processor utilization by Liu and Layland.
A sufficient, but not necessary schedulability test for preemptive, periodic
tasks with implicit deadlines is given by the utilization of the processor.
The maximal utilization for larger sets of tasks tends to ln(2) ' 0.69.

but this only provides a sufficient, but not necessary schedulability test. A higher
priority task t′ can be finished before the deadline D(t), therefore, the exact in-
terference is determined by the response time R(t). Audsley et al. [5] showed that
a necessary and sufficient test is obtained with an exact computation of the inter-
ference leading to a recursive formula for the response time, see Theorem 2.24.

Theorem 2.24 (Response Time Analysis for FPS). A set of preemptive,
periodic tasks T ⊆ T with explicit deadlines is schedulable on a single proces-
sor by a FPS policy if and only if R(t) = C(t) + I(t) 6 D(t) for all t ∈ T
with

I(t) =
∑

t′∈hp(t)

⌈
R(t)

P (t′)

⌉
· C(t′). (2.18)

Based on (2.18) we obtain a recursive formula for the response time, i.e., the
smallest value R(t) satisfying

R(t) = C(t) +
∑

t′∈hp(t)

⌈
R(t)

P (t′)

⌉
· C(t′). (2.19)

We remind that only a finite number of points need to be checked in Theorem 2.24,
because the interference can only increase when there is a release of a higher
priority task.

An example with three tasks on a single ECU is given in Table 2.4 and Figure 2.5.

Workload Analysis Lehoczky et al. [45] developed a necessary and sufficient
schedulability test for FPS algorithms with the help of the workload analysis
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(2.16), see Theorem 2.25, and Bini and Buttazzo [12] reduced the number of
points in time for checking the constraints, see Theorem 2.26.

Theorem 2.25 (Workload demand for FPS). A set of preemptive, periodic
tasks T ⊆ T with explicit deadlines is schedulable on a single processor by a FPS
algorithm if and only if there exists δ ∈ (0, D(t)] with

Wt(δ) = C(t) +
∑

t′∈hp(t)

⌈
δ

P (t′)

⌉
· C(t′) 6 δ ∀ t ∈ T.

Theorem 2.26 (Testing set for workload demand). Consider a set of pre-
emptive, periodic tasks T ⊆ T with explicit deadlines that is enumerated in de-
creasing priority, i.e., T = {t1, t2, . . . , tn} with i < j ⇔ pr(ti) > pr(tj). Then T
is schedulable on a single processor by a FPS algorithm if and only if there exists
δ ∈ ∆i with

Wi(δ) = C(ti) +
∑

tj∈hp(ti)

⌈
δ

P (tj)

⌉
· C(tj) 6 δ

for all i : ti ∈ T , where ∆i is the testing set for task ti defined by ∆i = Fi−1(Di)
with

Fi(δ) = Fi−1

(⌊
δ

P (ti)

⌋
P (ti)

)
∪ Fi−1(δ) and F0(δ) = {δ}.

See Figure 5.1 for an example on the workload analysis.

2.6.2.7 Rate Monotonic Scheduling (RMS)

The rate monotonic scheduling (RMS) policy is a FPS policy for tasks with im-
plicit deadlines, so tasks gain a priority reciprocal to their periods, ties are broken
arbitrary, i.e.,

pr(t) > pr(t′)⇐ P (t) < P (t′). (2.20)

Consequently, all theorems from Section 2.6.2.6 apply.

2.6.2.8 Deadline Monotonic Scheduling (DMS)

The deadline monotonic scheduling (DMS) policy is also a FPS policy, but covers
tasks with explicit deadlines, so tasks gain a priority reciprocal to their deadlines,
ties are broken arbitrary, i.e.,

pr(t) > pr(t′)⇐ D(t) < D(t′). (2.21)

It is obvious that DMS equals RMS if the tasks’ deadline is equal to its period, and
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especially, all theorems from Section 2.6.2.6 are valid. Leung and Whitehead [47]
showed that DMS is optimal under all FPS policies, see Theorem 2.27.

Theorem 2.27 (DMS is optimal under all FPS). If a task set is schedula-
ble by some FPS policy, it is also schedulable by DMS.

2.6.3 Message Scheduling Policies and Analyses

We assume that internal communication of an ECU and communication of ECUs
inside a single subsystem is of minor interest and can always be ensured by suffi-
ciently fast internal buses. Communication between distributed ECUs is managed
by a global bus, for which several bus types exist and specific analyses are neces-
sary. As the buses can appear in several settings, we talk about nodes representing
tasks, ECUs or subsystems as well, depending on the level of granularity.

We assume that every message is sent by its own, i.e., we do not consider packing
signals to messages, and every message fits into one frame/slot to be transmitted
in a single step. We also assume that the release jitter equals 0, i.e., we neglect
the time needed for enqueuing a message ready for transmission.

In event-triggered systems, message events are the consequences of occurring
events, e.g., the completion of a task, and therefore are of low deterministic man-
ner. However, in time-triggered systems, message events are initiated periodically
at predetermined points in time, and therefore have high deterministic character
and good predictability.

In the following sections we introduce the TAN bus, the CAN bus as candidate
for event-triggered systems, and the time division multiple access protocol with
their schedulability analyses.

2.6.3.1 Token Ring Local Area Network (TAN)

If the nodes are arranged in a token ring local area network (TAN), transmitting
data is handled in a round robin fashion. Therefore, a token is moving from node
to node, and the node holding the token can transmit data solely.

Asynchronous messages are scheduled after synchronous messages with the strat-
egy that if a node has nothing to transmit, the token is passed earlier, allowing
subsequent nodes to transmit more data, however, the opposite case can occur,
i.e., a node holding the token too long leading to a late token for the next node.
In this scenario the time for one round of the token can be almost two-times
larger than aspired, see Johnson [39] and Burns et al. [62].

Since we are not considering asynchronous messages or any technical overheads,
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we can compute the token rotation time (TRT), i.e., the time for one round of
the token, by summarizing the WCTT of the messages on the bus

TRT =
∑
m∈M:

m on the bus

C(m). (2.22)

When a node has a message to transmit, but the token was just passed to the
next node that is now transferring a message, the worst-case delay appears. The
node has to wait for the token coming around in its next round, thus it has to
wait for the TRT. A necessary condition to the TRT, respectively the deadlines
of the transmitted messages is given by

D(m) > TRT. (2.23)

Accordingly, the WCRT R(m) of a transmitted message m is obtained by

R(m) > TRT + C(m). (2.24)

2.6.3.2 Controller Area Network (CAN)

In this section we examine the schedulability analysis of priority-based, event-
triggered buses, such as a controller area network (CAN) that is very similar to
the analysis of ECUs. The order of transmission is given by message priorities,
but the actual transmission of a message cannot be preempted by others, as
CAN works non-preemptively. For this reason there are two effects that will
delay the transmission of a message: on the one hand, the transmission of higher
priority messages delays the transmission, and on the other hand, the blocking
by a message with lower priority that is actually being transmitted.

Response Time Analysis Starting in 1994 Tindell, Burns, Wellings and Hans-
son [56, 58, 59] presented the first approaches to schedulability analysis of CAN
buses that were later revised by Davis et al. [29]. The computation of the WCRT
R(m) for a message m, i.e., the longest time from initiation of a message to
receiving it by its destination tasks, is given by

R(m) = C(m) +W (m), (2.25)
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where C(m) denotes its WCTT, andW (m) denotes the busy period, i.e., the time
a message is waiting for the transmission of other messages. In detail we obtain

W (m) = B(m)+I(m) = max
m′∈lep(m)

{0, C(m′)}+
∑

m′∈hp(m)

⌈
R(m)

P (m′)

⌉
·C(m′), (2.26)

where the first term is referred to as the blocking time B(m) by lower or equal pri-
ority messages, i.e., m′ ∈ lep(m), and the second term measures the interference
time I(m) by higher priority messages.

A necessary and sufficient schedulability test is given by

R(m) = C(m) +B(m) + I(m) 6 D(m), (2.27)

where the blocking time and interference time are correctly determined due to
the condition that the response time is less than or equal to the deadline, see
Davis et al. [29].

2.6.3.3 Time Division Multiple Access (TDMA)

The time division multiple access (TDMA) protocol describes time-triggered com-
munication between processors over a bus that is organized in repetitive TDMA
rounds. These rounds are of equal length and divided into time slots, where each
time slot is assigned to at most one processor that has exclusive access to the bus
during this time slot. A processor may occupy more than one slot. The multiple
access allows that a time slot is used for transmitting different messages in each
TDMA round in a repetitive fashion, thus the utilization is increased.

An example of a TDMA bus is the static segment of the FlexRay bus that is used
in series-production vehicles. Influenced by the hardware manufacturers, there
are 26 = 64 rounds, and messages in a slot can be transmitted in several rounds.
The offset from round zero is called base cycle and their periodicity is called cycle
repetition, i.e., a power of two 20, . . . 26. The schedulability of the static segment
is NP-hard and can be formulated as a two-dimensional bin packing problem,
see Lukasiewycz et al. [50].

To reduce the complexity in this thesis, we assume release jitter to be 0, and we
focus on a single TDMA cycle with equally sized time slots and messages that fit
exclusively in these slots, thus we ignore the multiple access option of a TDMA
bus.
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Chapter 3
Problem Definition

This chapter comes up with the formal definition of the distributed scheduling
problem discussed in this thesis. Two scenarios are characterized and will be eval-
uated in what follows. For the definition of the problem we introduce a formalism
to describe the hardware architecture, i.e., subsystems with ECUs of predefined
ECU types connected by a global bus, and the task networks, i.e., tasks and
messages between tasks.

We will neglect units throughout the thesis, because we consider all units to be
consistent, i.e., times are measured in seconds and sizes of memory and messages
are measured in bytes, so that non-basic terms like bandwidth in bytes/second
translate naturally. A partial function f from A to B is denoted by f : A 7−→ B.

3.1 Hardware Architecture

The hardware architecture is given by subsystems that are connected with a
global bus, see Figure 3.1. These subsystems can be provided with several ECUs
of predefined ECU types that have to be assigned.

An ECU type represents a physical processing unit with all its properties, such
as its hardware cost and available memory, see Definition 3.1.

Definition 3.1 (ECU type). An ECU type et is an object from the finite col-
lection of ECU types ET and given by

cost(et) defined by a function cost : ET −→ N that specifies the cost of the
hardware,
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Figure 3.1: Hardware architecture with subsystems connected by a TDMA bus.
In our hardware architecture each ECU has direct access to the global
TDMA bus, whereas local message transmission is not taken into ac-
count. Each ECU can be of a specific ECU type or is not present.

mem(et) defined by a function mem : ET −→ N that specifies the size of available
memory.

A subsystem represents a cluster of computational processors and has constraints
of the applicable ECU types due to space or construction issues, see Definition 3.2.

Definition 3.2 (Subsystem). A subsystem s is an object from the finite col-
lection of subsystems S and given by

maxECU(s) a natural number maxECU(s) ∈ N defining the maximal applicable
number of ECUs in this subsystem. We denote the set of applicable ECUs
by E = {e1, . . . , emaxECU(s)}.

Considering the communication, we come up with our model of a TDMA bus
with a single TDMA round, see Definition 3.3.

Definition 3.3 (TDMA bus). A TDMA bus is a finite, ordered collection of
bus slots B and given by

N a natural number N ∈ N defining the number of slots B = {b1, . . . , bN} where
messages can be exclusively allocated to,

size a natural number size ∈ N defining the size of every slot bi for i = 1, . . . , N .
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As a consequence of Definition 3.3, the size of the TDMA round is given by

N · size.

A lot of additional constraints are possible and they are mostly given by partial
assignments, e.g., an a priori deployment of a task to a specific subsystem, or the
condition that two tasks cannot be executed in the same subsystem due to safety
issues. For a detailed examination of additional constraints see Section 3.4.

3.2 Task Network

The task network is given by tasks, messages and chains, the latter describe se-
quences of tasks and corresponding messages. We consider periodic tasks without
release jitter and with explicit deadlines, i.e., the deadline is smaller than or equal
to the period, see Definition 3.4.

Definition 3.4 (Task). A task t is an object from the finite collection of tasks
T and given by

C(t, et) defined by a partial function C : T × ET 7−→ N that specifies the WCET
of task t on ECU type et, if the task is executable there,

D(t) defined by a partial function D : T 7−→ N that specifies the explicit deadline
of task t, if it is known,

P (t) defined by a function P : T −→ N that specifies the period of task t,

mem(t, et) defined by a function mem : T × ET 7−→ N that specifies the size of
required memory per ECU type.

A new instance of task t is initiated every period P (t). The instance must be
completely executed before the next period P (t), and if an explicit deadline D(t) 6
P (t) is given, then the task must already be completed at D(t) the latest.

If a task t has a WCET on a specific ECU type et greater than its deadline, it is
not executable there and C(t, et) = ⊥. If the deadline of task t is unknown, i.e.,
D(t) = ⊥, its computation must only be finished before its period P (t).

The communication between tasks is handled by messages in multicast fashion,
i.e., one task transmits information to many others. A message has to be sent over
the global bus, if at least one of the destination tasks is assigned to a different
subsystem than its sender task, see Definition 3.5. In our model there are no
gateway ECUs, thus every ECU has direct access to the global bus, and local
communication between ECUs of the same subsystem is neglected.
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Definition 3.5 (Message). A multicast message m is an object from the finite
collection of messagesM and given by

C(m) defined by a function C : M −→ N that specifies the WCTT of message
m,

D(m) defined by a partial function D : M 7−→ N that specifies the deadline of
message m if it is known,

send(m) defined by a function send : M −→ T that specifies the sender task of
message m,

dest(m) defined by a function dest : M −→ 2T that specifies the non-empty set
of destination tasks disjoint to the sender task send(m) of message m, i.e.,
send(m) 6∈ dest(m).

A message m initiates a new instance every period of its sender task P (send(m)).
If at least one of the destination tasks t′ ∈ dest(m) is not scheduled in the same
subsystem as the sender task send(m), then message m has to be transmitted over
the global bus. The transmission must be completed before the period P (send(m)).
If an explicit deadline D(m) 6 P (send(m)) is given, message m must already be
transmitted before the deadline D(m).

The combined representation of tasks and messages is done in a task network, see
Definition 3.6 and Figure 3.2.

Definition 3.6 (Task network). A task network G = (T ,M) is a bipartite,
directed graph with nodes T ∪̇M that represents the tasks and messages. The edges
are of the form (send(m),m) and (m, t) for every t ∈ dest(m) that represents a
message m from its sender send(m) to all of its destination tasks in dest(m).

The deadline of a task, respectively a message, can be unknown due to the fact
that they are contained in a chain, see Definition 3.7 and Figure 3.2, and only an
overall end-to-end deadline for the execution of the sequence is given.

Definition 3.7 (Chain). A chain c is an object from the finite collection of
chains C and given by

seq(c) defined by an alternating path of tasks T and messages M in the task
network G = (T ,M) starting from a task t1 ∈ T and ending at a task
tk+1 ∈ T of the form 〈t1,m1, t2,m2, t3, . . . , tk,mk, tk+1〉, with the properties
send(mi) = ti, ti 6∈ dest(mi), and ti+1 ∈ dest(mi) for i = 1, . . . , k,

D(c) defined by a function D : C −→ N that specifies the end-to-end deadline of
chain c.
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t1

t2

t3

t4

m1

m2

m3

Figure 3.2: Task network with chain.
A task network is a bipartite, directed graph showing the correspondence of tasks
and messages. A chain with the sequence 〈t1,m1, t2,m3, t4〉 is depicted in red.

A chain c with the above-named sequence seq(c) with its root task t1 initiates a
new instance every period P (t1).

3.3 Assignments

The variables of our optimization are the value assignments of two functions that
determine the allocations of tasks and messages, see Definitions 3.8 and 3.9.

Definition 3.8 (Task assignment). A (partial) task assignment is given by a
(partial) function

τ : T 7−→ S × E × ET
that specifies in which subsystem, on which ECU of which ECU type a task is
executed.

Definition 3.9 (Message assignment). A (partial) message assignment is given
by a (partial) function

µ :M 7−→ 2B

that specifies which bus slots are used by a message.

3.4 Additional Constraints

Additional constraints can be categorized regarding their object of restriction,
thus there are hardware, task, and message constraints, see Definitions 3.10 –
3.12.

55



3 Problem Definition

Definition 3.10 (Additional hardware constraints). Additional hardware
constraints are given by

minECUtype(s, et) defined by a function minECUtype : S × ET −→ N that specifies
the minimal number of applicable ECUs of every ECU type per subsystem,

maxECUtype(s, et) defined by a function maxECUtype : S×ET −→ N that specifies
the maximal number of applicable ECUs of every ECU type per subsystem.

Definition 3.11 (Additional task allocation constraints). Additional task
allocation constraints are given by

pretask(t) defined by a partial function pretask : T 7−→ S that specifies whether a
task is predeployed to a subsystem,

fortask(t) defined by a partial function fortask : T 7−→ 2S that specifies whether a
task is forbidden to run on a subset of subsystems.

Definition 3.12 (Additional message allocation constraints). Additional
message allocation constraints are given by

premsg(m) defined by a partial function premsg :M 7−→ 2B that specifies whether
a message is predeployed to some global bus slots,

formsg(m) defined by a partial function premsg :M 7−→ 2B that specifies whether
a message is forbidden to be assigned to some global bus slots.

We remark that a task cannot be predeployed to a subsystem and forbidden to
run on the same subsystem simultaneously, similarly a message cannot be prede-
ployed to a set of bus slots and simultaneously be forbidden for these slots, see
Definition 3.15. The additional message allocation constraints that define require-
ments to bus slots are only considered for a global TDMA bus, see Section 5.2.3.

On one hand, there is the option to allocate two or more tasks to the same
subsystem, and on the other hand to distribute them to different subsystems, see
Definition 3.13.

Definition 3.13 (Additional task clustering constraints). Additional task
clustering constraints are given by

clustertask(t) defined by a function clustertask : T −→ 2T that specifies a set of
tasks that has to be allocated to the same subsystem as t,

separatetask(t) defined by a function separatetask : T −→ 2T that specifies a set
of tasks that has to be allocated to different subsystems than t.

The function clustertask can be seen as an equivalence relation, meaning that
it is reflexive, i.e., t ∈ clustertask(t), symmetric, i.e., if t′ ∈ clustertask(t) then
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t ∈ clustertask(t′), and transitive, i.e., if t′ ∈ clustertask(t) and t′′ ∈ clustertask(t′)
then t′′ ∈ clustertask(t), whereas the function separatetask is non-reflexive, i.e.,
t 6∈ separatetask(t), and symmetric.

3.5 Objective Function

The goal of optimization in our model is the minimization of the cost caused by
the ECU types chosen for installing in the subsystems, see Definition 3.14.

Definition 3.14 (Objective function). The objective function of optimization
measures the cost of the selected ECU types and is consequently dependent on the
task assignment τ . The cost of an assignment is given by

cost(τ) =
∑
s∈S

∑
e∈E

∑
et∈ET :
∃t∈T :

τ(t)=(s,e,et)

cost(et). (3.1)

The cost of the hardware caused by the task assignment τ is obtained by (3.1),
where we sum over all subsystems, ECUs and ECU types and only count the cost
that arise, if there is an assignment of a task t to ECU e in subsystem s, where
the chosen ECU type for e is et.

3.6 Feasibility

In this section we state what is meant by a valid instance, see Definition 3.15, a
feasible solution, see Definition 3.16, and an optimal solution, see Definition 3.17.

Definition 3.15 (Valid instance). An instance I is an object from the set of
instances I and is given by a tuple

I = (ET ,S,B, T ,M, C,F) ,

where F denotes the set of additional functions given by the additional constraints
from Section 3.4, i.e., minECUtype, maxECUtype, pretask, fortask, premsg, formsg,
clustertask, separatetask. An instance is called valid if it satisfies the following
consistency conditions:

1. Consistency of a subsystem s ∈ S is given by

0 6 minECUtype(s, et) 6 maxECUtype(s, et) 6 maxECU(s),

for every ECU type et ∈ ET .
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2. Consistency of a task t ∈ T is given by

0 6 C(t, et) 6 D(t) 6 P (t),

for every ECU type et, if t is executable on et, i.e., C(e, et) 6= ⊥.

3. Consistency of the task allocation for task t ∈ T is given by

pretask(t) 6∈ fortask(t).

4. Consistency of the message allocation for message m ∈M is given by

premsg(m) ∩ formsg(m) = ∅.

5. Consistency of the task clustering/separation for task t ∈ T is given by

clustertask(t) ∩ separatetask(t) = ∅.

We search for assignments of tasks and messages as defined in Section 3.3 under
the guarantee of schedulability for every ECU and the global bus, see Defini-
tion 3.16.

Definition 3.16 (Feasible solution). A solution A is a tuple

A = (τ, µ)

with a partial task assignment τ : T 7−→ S × E × ET and a partial message
assignment µ :M 7−→ 2B, as defined in Definitions 3.8 and 3.9.

A solution is called partial if at least one assignment is partial, i.e., at least one
task or message is not assigned.

A solution is called feasible if the assignments are not partial and lead to schedu-
lable allocations of all tasks and messages, i.e., every deadline is guaranteed to be
met in every periodic cycle – including adequate memory resources and satisfia-
bility of all additional constraints added into the model. Otherwise, the solution
is called infeasible.

Feasible solutions obtained by our algorithm or heuristics can be ordered by
their objective value given in Section 3.5, leading to the definition of an optimal
solution, see Definition 3.17. If the detailed assignments of a solution are of minor
interest for the discussion and there is no risk of confusion, we often denote a
solution by its objective value to simplify the reading.

Definition 3.17 (Optimal solution). The value of a given feasible solution
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Table 3.1: Characterization of DSP variants.
The table shows both DSP variants with their restrictions examined
in this thesis: the general formulation DSP-GF and the chain formula-
tion DSP-CF. Deadlines for tasks and messages are not mandatory in
DSP-CF if they are contained in the sequence of a chain with an
end-to-end deadline. Additional hardware constraints as well as additional
task or message allocation constraints are applicable in both scenarios.

Task Message Chains

Deadline Memory Cluster Deadline

DSP-GF + + + + −
DSP-CF (−) + + (−) +

A = (τ, µ) is determined by its cost

cost(A) =
∑
s∈S

∑
e∈E

∑
et∈ET :
∃t∈T :

τ(t)=(s,e,et)

cost(et),

in relation to Definition 3.14. According to their cost, feasible solutions can be
ordered and an optimal solution is a feasible solution with minimal cost under all
feasible solutions.

3.7 Characterization of Problems

We distinguish between the general formulation (DSP-GF) without chains, and
the chain formulation (DSP-CF) that considers chains and their given end-to-end
deadlines, see Table 3.1.

The general formulation DSP-GF does not consider chains. From Theorem 2.27
we know that if a set of tasks is schedulable by a FPS policy it is also schedulable
by the DMS policy. The advantage of this result is that the costly analyses for the
WCRT computation are redundant in DSP-GF and we can achieve a dramatic
reduction of running times, as we will see in Chapter 6.

In the scenario of the chain formulation DSP-CF with end-to-end deadlines the
above argument is wrong. The crucial step is that the fulfillment of end-to-end
deadlines leads to more stringent requirements on the WCRT of tasks than regular
task deadlines do, see Section 5.3.1.

If a set of tasks is schedulable by DMS due to their deadlines, a chain can force
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the tasks to swap their execution order since the later scheduled task needs to
respond earlier – contrary to their priorities in the DMS policy. Therefore, the
schedulability analyses need to take the WCRTs into account leading to more
complex ILP formulations, see Sections 5.1.5.2 and 5.3.4, and consequently to
larger running times, see Chapter 6.
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Chapter 4
Column Generation Approach for the
Distributed Scheduling Problem

In Section 4.1 we show the hardness of DSP introduced in Chapter 3. The deriva-
tion of our algorithm starts by stating DSP-GF as ILP with pattern variables
that are advantageous in applying a column generation approach, see Section 4.2.
Then we state the relaxation to an LP, see Section 4.3, and encapsulate it into
a branch and bound framework, see Section 4.4, to still provide integral, optimal
solutions. The details of the column generation approach are examined in Sec-
tion 4.5, especially the partition into the master problem and the independent
pricing problems for tasks and global communication. Important strategies of the
implementation are described in Section 4.6.

When introducing our optimal algorithm to solve DSP, we restrict to the general
formulation DSP-GF with implicit or explicit deadlines, i.e., we do not handle
chains. The discussion of DSP-CF follows in Section 5.3, because it is handled by
a combined formulation and modifications of the master and pricing problems.

An overview of our solving process is given in Figure 4.1.
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Figure 4.1: Algorithm for solving DSP.
The column generation with its master and pricing problems is encapsulated into
a branch and bound framework to provide an optimal solution to DSP. If there are
no more variables with negative reduced cost, an optimal solution to the master
problem is detected. If the solution is integral, the branch is processed, otherwise
subsequent branching nodes are generated with the help of the fractional solution.

4.1 Computational Complexity

In Chapter 3 we defined two variants of DSP: the general formulation DSP-GF
without chains and the chain formulation DSP-CF considering chains.

We give a proof that both modifications are NP-hard, see Theorem 4.1, by a
reduction from the optimization variant of the strong NP-hard bin packing prob-
lem1, see Coffman et al. [19] for a survey of approximation algorithms on this
topic.

An instance of the optimization variant of bin packing is given by a set of items
{aj}j=1,...,n, each of size size(aj) ∈ N, and the capacity of the bins B ∈ N. The
question is to minimize the number of bins so that every item is assigned to a bin,
regarding the size of the items and capacity of the bins. Formally we can define
the problem by the BILP

1The complexity class strong NP-hard is defined similarly to the (weak) NP-hard class, how-
ever in the unary model. See Garey and Johnson [33] for some strong NP-complete results.
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min
n∑
k=1

yk

s.t.
n∑
j=1

size(aj) · xjk 6 B · yk ∀ k = 1, . . . , n

n∑
k=1

xjk = 1 ∀ j = 1, . . . , n

xjk, yk ∈ B ∀ j, k = 1, . . . , n.

(4.1)

Theorem 4.1 (DSP is NP-hard). The distributed scheduling problem DSP
in both its variants DSP-GF and DSP-CF is NP-hard.

The proof works with the same reduction for both variants, since the complexity
of schedulability on a single ECU is given in every formulation.

Proof. We reduce a bin packing instance ({aj , size(aj)}j=1,...,n, B) to an instance
I = (ET ,S,B, T ,M, C,F) of DSP with one ECU type ET = {et} of unit cost,
i.e., cost(et) = 1, and memory capacity mem(et) = B, and only one subsystem
S = {s} with at most n ECUs, i.e., maxECU(s) = n. Furthermore, we ignore the
global bus, messages, chains and additional constraints by setting B =M = C =
F = ∅.

The idea of the reduction is to identify each item aj with a task tj for j = 1, . . . , n.
The WCET and memory of task tj are C(tj , et) = mem(tj , et) = size(aj), the
deadline and period are D(tj) = P (tj) = B.

The number of used bins is equal to the cost of used ECUs. A set of items
J ⊆ {1, . . . , n} can be packed into a bin if and only if∑

j∈J
size(aj) 6 B ⇔

∑
j∈J

C(tj) 6 B = D(tj) = P (tj)

for every j ∈ {1, . . . , n}. The tasks in J can be scheduled in arbitrary order,
because their deadline is large enough, so that every task finishes its execution
before C.

Therefore, the bin packing instance is solvable if and only if the DSP instance is
solvable, thus DSP is NP-hard. 2
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4.2 ILP formulation

In this section we develop the ILP formulation for DSP-GF with the help of
patterns.

A straightforward formulation would contain variables to express the allocation
of tasks to ECUs that are grouped to subsystems, ECU types to ECUs, and
messages to the global bus, as well as it would contain constraints for the hardware
requirements and to ensure the schedulability of the tasks and the global bus.
Even if this complex naive ILP would be solvable with a state-of-the-art ILP
solver, the work of Althaus et al. [2] shows that a decrease of running times is
achieved when applying a Dantzig-Wolfe decomposition with column generation,
especially for large-scaled instances.

We will not present the just mentioned naive ILP formulation since it is too
complex and does not bring deeper knowledge. We start by defining patterns
that correspond to schedulable subsets of tasks, respectively schedulable subsets
of messages, see Definitions 4.1 and 4.2. With the help of these patterns we can
hide the complexity of scheduling the ECUs, managing the global bus, and satisfy
several hardware restrictions. In the context of the following column generation
approach, the patterns correspond to the extreme points of the solution space.

Definition 4.1 (Task pattern). A task pattern p ⊆ T is a set of tasks that
can be scheduled together in a specific subsystem. The collection of task patterns
for a subsystem s ∈ S is denoted by Ps ⊆ 2T .

Definition 4.2 (Message pattern). A message pattern q ⊆M is a set of mes-
sages that can be scheduled together on the global bus. The collection of message
patterns is denoted by Q ⊆ 2M.

We introduce binary optimization variables Xs,p ∈ B indicating whether task
pattern p ∈ Ps consists of a set of tasks that are schedulable in subsystem s
or not. Similarly, we introduce Zq ∈ B indicating whether all messages in the
message pattern q ∈ Q are sent over the global bus or not.

Additional variables are Ym ∈ B indicating whether message m has to be sent
over the global bus due to distributed source and destination tasks – it does not
indicate whether it has been sent or not, therefore the corresponding message
pattern variables Zq with m ∈ q have to be inspected. This is due to the fact that
a message can be sent over the global bus without the necessity by at least one
distributed destination task.

The ILP given in (4.2) – (4.10) will be examined constraint by constraint to prove
the correct representation of our DSP model. We stick neither to the canonical nor
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4.2 ILP formulation

to the standard form, since the general form allows the most intuitive formulation
of our model, see Section 2.4.

zILP = min
∑
p∈Ps

cost(s, p) ·Xs,p (4.2)

s.t.
∑
p∈Ps

Xs,p = 1 ∀ s ∈ S (4.3)

∑
s∈S

∑
p∈Ps:t∈p

Xs,p = 1 ∀ t ∈ T (4.4)

∑
q∈Q

Zq = 1 (4.5)

−Ym +
∑

q∈Q:m∈q
Zq > 0 ∀ m ∈M (4.6)

−Ym +
∑
s∈S

∑
p∈Ps:

send(m)∈p∧
dest(m)rp 6=∅

Xs,p 6 0 ∀ m ∈M (4.7)

Xs,p ∈ B ∀ s ∈ S, p ∈ Ps (4.8)
Zq ∈ B ∀ q ∈ Q (4.9)
Ym ∈ B ∀ m ∈M. (4.10)

Objective function (4.2) The objective function is to minimize the overall cost
that is determined by the aggregated cost of the assignments of task pattern p to
subsystem s. The coefficients cost(s, p) indicating these cost will be determined
by the selected ECU types in the subsystem, see Section 5.1.3. For the moment,
the term cost(s, p) comes as a non-negative coefficient of the variable Xs,p.

Subsystem constraints (4.3) The constraints ensure that there is exactly one
task pattern that is scheduled on every subsystem. A subsystem is not used if
and only if the empty task pattern with zero cost runs on this subsystem.

Task constraints (4.4) The constraints ensure that every task is contained in
exactly one task pattern that is used for the solution schedule.

Bus constraint (4.5) The constraint ensures that there is exactly one message
pattern that is scheduled on the global bus. The global bus is not used if and
only if the empty message pattern is transmitted.

Message pattern constraints (4.6) The constraints ensure that if a message has
to be sent over the global bus indicated by Ym = 1, then m has to be contained
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in at least one message pattern q ∈ Q. In combination with (4.5) we know that
there can be only one q in the solution. However, a message can be contained
in the message pattern, but their contained tasks are not distributed to different
subsystems.

Distributed message constraints (4.7) Consider a message m ∈ M. For each
subsystem s ∈ S the inner sum concerns every task pattern p ∈ Ps where the
sender task is included, i.e., send(m) ∈ p, but at least one of the destination tasks
is not included, i.e., dest(m)rp 6= ∅. We call this case a distributed message, and
this message has to be sent over the global bus which is enforced by the constraint
to set Ym equal to 1.

Integrality constraints for the optimization variables (4.8) – (4.10) The op-
timization variables are Boolean, indicating which task pattern is used for the
solution schedule Xs,p, respectively which message pattern is used for the solution
schedule Zq. The variables Ym indicating distributed messages are auxiliary.

4.3 LP relaxation

Instead of solving the NP-hard optimization problem (4.2) – (4.10) as an ILP,
a standard procedure is to obtain fractional lower bounds on the objective value
first to speed-up the search for integral solutions. The method of LP relaxation
was introduced by Agmon [1] in 1954. The LP relaxation ignores the integrality
constraints on the optimization variables of the initial ILP and comes up with an
LP that can be solved in polynomial time in general. However, our LP relaxation
has exponentially many variables, leading to inefficient worst-case running times.

Consider the optimal objective value of a minimization ILP to be zILP and the
optimal objective value of the corresponding LP relaxation to be zLP , then the
relation

zLP 6 zILP

holds, because the feasible set of the LP relaxation contains the feasible set of
the ILP, see Figure 4.2. The gap between these two objective values is called
integrality gap.

The LP relaxation of (4.2) – (4.10) is given by (4.11) – (4.19). The constraints
stay unchanged, however the optimization variables become fractional.
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x1

x2

zILP

zLP

1

1

Figure 4.2: LP relaxation.
The constraints of a minimization ILP are shown as black lines and the convex
closure of the feasible set is shaded in dark gray. The LP relaxation leads to the
light gray shaded feasible set and the optimal relaxed solution zLP , whereas the
optimal integral solution zILP has an objective value that is greater than the re-
laxed solution. The direction of the objective function is given by the black arrow.

zLP = min
∑
p∈Ps

cost(s, p) ·Xs,p (4.11)

s.t.
∑
p∈Ps

Xs,p = 1 ∀ s ∈ S (4.12)

∑
s∈S

∑
p∈Ps:t∈p

Xs,p = 1 ∀ t ∈ T (4.13)

∑
q∈Q

Zq = 1 (4.14)

−Ym +
∑

q∈Q:m∈q
Zq > 0 ∀ m ∈M (4.15)

−Ym +
∑
s∈S

∑
p∈Ps:

send(m)∈p∧
dest(m)rp 6=∅

Xs,p 6 0 ∀ m ∈M (4.16)

Xs,p > 0 ∀ s ∈ S, p ∈ Ps (4.17)
Zq > 0 ∀ q ∈ Q (4.18)
Ym > 0 ∀ m ∈M. (4.19)

If we analyze the LP (4.11) – (4.19), we see the master problem of a Dantzig-
Wolfe decomposition, see Section 2.4.7, by the bounded polyhedra Ps, s ∈ S,
and Q. The independent extreme points are the task patterns p ∈ Ps for every
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subsystem s ∈ S and the message patterns q ∈ Q. The corresponding coefficients
for the convex combinations are given by Xs,p > 0, see (4.17), and Zq > 0, see
(4.18). The convex combination constraints are (4.12) and (4.14), whereas the
linking constraints can be identified as (4.13), (4.15), and (4.16).

Upper bounds on the optimization variables (4.17) – (4.19) The optimization
variables are relaxed to non-negative fractional variables, where the upper bounds
are given implicitly by the other constraints. The task pattern variables Xs,p are
bounded below 1 by (4.12) because

Xs,p 6
∑
p∈Ps

Xs,p = 1 ∀ s ∈ S, p ∈ Ps.

The message pattern variables Zq are bounded below 1 by (4.14) since

Zq 6
∑
q∈Q

Zq = 1 ∀ q ∈ Q.

The variables Ym are bounded below 1 by (4.15) and (4.14) since

Ym 6
∑

q∈Q:m∈q
Zq 6

∑
q∈Q

Zq = 1 ∀ m ∈M.

The obtained LP relaxation (4.11) – (4.19) can be solved with a state-of-the-
art LP solver using interior points, the ellipsoid method or the extensively dis-
cussed simplex method from Section 2.4.6. Our implementation utilizes the sim-
plex method due to the column generation approach, see Section 4.5.

Since we are interested in an optimal integral solution in the end, we embed the
LP relaxation into a branch and bound framework, see Section 4.4.

4.4 Branch and Bound Framework

An overview of exact algorithms, such as branch and bound as a divide and
conquer design paradigm, is given in Section 2.5.2. Our approach encapsulates
the introduced LP relaxation (4.11) – (4.19) into a branch and bound framework
to provide an optimal integral solution to the initial ILP formulation (4.2) –
(4.10).

The occurring subproblems are arranged as nodes of a search tree that are stored
in a priority queue starting with the root node corresponding to the initial LP
relaxation (4.11) – (4.19). Solving a node means solving the corresponding LP
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4.4 Branch and Bound Framework

relaxation to optimality. The strategy of extracting nodes is called best first search
and is explained in Section 4.4.5.

As we are minimizing the overall cost, every integral solution during the branch
and bound process can be used as an upper bound to the cost function, see
Section 4.4.1. Therefore, we store the best known integral solution AI with the
integral objective value zI . Additional lower and upper bounds can be carried
along branches with use of the integrality of the objective cost function, see
sections 4.4.1 and 4.4.2. Thus a node is only processed if there is a possible
combination of ECU types leading to hardware cost between the lower and upper
bound for this node.

The evaluation of the LP solution is explained in Section 4.4.3 and the applied
branching rules are introduced in Section 4.4.4.

The objective value of the LP relaxation is denoted by z with its lower bound z
and upper bound z.

4.4.1 Upper Bounds on the Objective Function

We improve the solving process by pruning nodes with greater or equal objective
values and trade on the integrality of the cost function.

For every node except the root node2, the objective value zparent of the parent
node and the objective value zI of an already known integral solution AI can be
used as upper bound on the objective value z

z 6 z = min{zI − 1, bzparentc}. (4.20)

We remark that the value of zparent is known when new branching nodes are
generated, but the value zI can decrease until the node is being processed, and
therefore, must be updated prior to the solving process.

4.4.2 Lower Bounds on the Objective Function

Lower bounds on the objective value z can also be used to prune the search tree.
We obtain the LP relaxation solution zparent that fulfills zparent 6 zILP and by
integrality of the cost function we can conclude that

z = dzparente 6 z (4.21)

2Due to the limited number of ECU types per subsystem the overall costs are bounded below
by the maximal occurring costs, if every possible ECU is equipped with the most expensive
ECU type, i.e.,

∑
s∈S

maxECU(s) · max
et∈ET

cost(et) > zroot.
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holds as well, so we add this lower bound to the LP relaxation of generated child
nodes.

4.4.3 Evaluation of Solutions

Solving the node’s LP relaxation can lead to infeasibility and termination of the
branch at this node, or the LP is feasible and we receive a feasible solution A
with objective value z. In this case we have to distinguish two cases, namely if A
is integral or not.

If A is integral, we ensured by (4.20) that the solution is better than the already
known one, so we store the new solution and update z to obtain a new upper
bound on the cost function of subsequent nodes.

If A is fractional, we start generating new child nodes by a branching rule, see
Section 4.4.4, and enqueue these in the priority queue of nodes that have to be
examined. The lower bounds are updated according to Section 4.4.2.

4.4.4 Branching Rules

We assume that the solution process of a node provides a fractional solution A, so
a branching decision has to be done. The optimization variables are the task and
message patterns that have to be forced to be Boolean, for obtaining an integral
solution in the end.

The reason we focus on the task pattern is that if the task pattern of the final
solution is integral, the message pattern can be turned integral too, as we will
show at the end of this section. The intention is to select a branching task and to
fix it to every possible subsystem in different child nodes. The process of selecting
a branching task is repeated, because a feasible task in the first choice can violate
conditions later on.

First, we determine the number of fractional variables for every task indicating
the degree of distribution of task t, i.e.,

degree(t) = |{Xs,p | 0 < Xs,p < 1, s ∈ S, p ∈ Ps, t ∈ p}| .

According to constraint (4.13), the degree of a task will satisfy degree(t) > 1,
otherwise, the task assignment is integral. Out of the tasks with the highest
degree, we select the branching task randomly

t ∈
{
t′ ∈ T | degree(t′) > degree(t′′) ∀ t′′ ∈ T

}
.
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4.4 Branch and Bound Framework

On the basis of the above selection, it is guaranteed that branching task t can
be assigned to at least 1 < degree(t) many subsystems. In detail we generate
child nodes with the restriction that task t is predeployed to exactly one of the
available subsystems s ∈ S r fortask(t). For a specific child node, the restriction
to subsystem s is formulated by the additional task allocation constraints

pretask(t) = s and fortask(t) = {s′ ∈ S | s′ 6= s},

thus we ensure that the predeployment and forbidden constraints are consistent.
Additionally, we only generate child nodes that lead to valid instances according
to Definition 3.15.

Now we turn to the integrality of the message patterns. By our branching strategy,
we guarantee that a solution consists of integral task pattern in the end. Thus,
the distributed messages m ∈ M can be determined by evaluating (4.16) and
check which auxiliary optimization variable Ym is forced to be one.

Constraint (4.14) implies that we terminate with integral message patterns if and
only if there is exactly one variable equal to one. Let us assume that there are more
than one message patterns with fractional value, i.e., Q = {q ∈ Q | 0 < Zq 6 1}.
By constraint (4.16) and the above argument, we know that every distributed
message m ∈ M with Ym = 1 is included in Q, and satisfies

∑
q∈Q:m∈q Zq = 1

by (4.15). Remaining are non-distributed messages m ∈ Q that do not have
to be transmitted, thus we can drop them from the resulting message pattern.
Therefore, we select only the message pattern q = {m ∈M | m is distributed } ∈
Q, and obtain Zq = 1.

4.4.5 Best First Search Strategy

Instead of using a depth or breadth first search strategy when selecting the next
node from the priority queue, we apply a best first search strategy, i.e., we choose
the node with the lowest lower bound on the objective value first.

Consider that the nodes are ordered increasing on their lower bound z on the
objective value z. From Sections 4.4.1 and 4.4.2 we know that these bounds are
controlled by the objective value of the parent node zparent, and additionally, the
upper bound z is controlled by the best known integral solution so far zI . We
now show that this order is advantageous in two ways as depicted in Figure 4.3.

Firstly, assume that a node j is erroneously ordered before node i, even if zi 6 zj .
A feasible solution zj of node j satisfies zj 6 zj 6 zj , so we can probably lower
the upper bound zi to zj if the solution is integral, but we still have to examine
node i since it can lead to a better solution due to the relation zi 6 zj .
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order

z

i1

i2 i3

i4
i5

lower bound zi

upper bound zi

i

Figure 4.3: Best first search strategy.
The nodes are ordered according to their lower bounds on the objective
value z. If node i1 can be solved integral, we can decrease the follow-
ing upper bounds according to the new integral objective value and delete
nodes i4 and i5, as shown in red. Solving node i4 before node i1 is only
of minor advantage, because nodes i1, i2, and i3 have to be solved nev-
ertheless, especially, for node i1 the situation does not change, only for
nodes i2 and i3 the upper bound would be decreased, as shown in blue.

Secondly, assume that node i can be solved to integrality with objective value zi,
then the upper bounds on every node j after i can be decreased to zj = zi−1. In
the case zj < zj , node j can provide no better solution, thus it can be deleted.

4.5 Column Generation Approach

Column generation is applied when solving LPs with a huge number of variables
that are not allowed to be basic. In the column generation scenario, the LP is
called master problem. The master problem in the beginning only consists of a
restricted number of variables, and after it is solved to optimality, the values of
the dual variables are known. Following the simplex method from Section 2.4.6,
we now search for a variable not currently in the LP, so that its reduced cost in
the current basic solution is negative. The search of this variable is called pricing
problem, and the theory is examined in Section 4.5.1.

On the one hand, if the pricing problem can determine a variable with negative
reduced cost, the master problem is updated with a new column and solved
again. On the other hand, if the pricing problem finds variables with non-negative
reduced cost only, it is guaranteed that the current solution of the master problem
is optimal, because no variable that was not considered will ever enter the basis.

In our LP relaxation, see (4.11) – (4.19), both the number of task pattern vari-
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ables is exponential in the number of tasks for every subsystem and the number
of message pattern variables is exponential in the number of messages, see Def-
initions 4.1 and 4.2. Obviously, this is due to the fact that we introduced task
and message patterns, but the advantage of this approach is the separation in
independent subproblems with the shift of complexity to these subproblems, as
we will see in Sections 4.5.2 and 4.5.3.

4.5.1 Algebraic Derivation

Following Section 2.4.6 we consider an LP in standard form

z = min cTx

s.t. Ax = b

x > 0

(4.22)

with A ∈ Rm×n, b ∈ Rm and c, x ∈ Rn. Let B be a m-dimensional basis, then the
reduced cost of a non-basic variable xj , j 6∈ B is given by

cj = cj − cTBA−1
B A(j). (4.23)

With xB being an optimal primal solution and yB being an optimal dual solution,
we can apply the second complementary slackness condition (cT − yTBA)xB = 0,
see Theorem 2.11, to basic variables xB > 0 provides yTB = cTBA

−1
B and the

reduced cost from (4.23) simplifies to

cj = cj − yTBA(j) (4.24)

with free dual variables yB ∈ Rm.

In the following, the pricing problems will determine a variable with the most
negative reduced cost, i.e.,

min cTx

s.t. Ax = b

x > 0

(4.25)

with c = [cj − yTBA(j)]j 6∈B being the vector of reduced cost for basis B. We can
determine the Lagrangian lower bound to the objective value z of (4.22) by

z = min
Ax=b,
x>0

cTx > min
Ax=b,
x>0

cTx− cTxB
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= min
Ax=b,
x>0

cTx+ yTB(b−Ax)− cTxB

= min
Ax=b,
x>0

(cT − yTBA)x+ yTBb− cTxB

= min
Ax=b,
x>0

cTx,

where the first inequality follows from c > 0 and xB > 0, and the last equality
follows from (4.24) and strong duality, see Theorem 2.9.

If we start with an LP with inequalities, the corresponding dual variables are
not free anymore, and if the variables are not bounded from below, the dual
constraints change, too, see Table 2.1 for an overview of the conversion between
primal and dual LPs, and Figure 2.3 for a geometric example.

4.5.2 Master Problem

The master problem must be held feasible all the time to obtain the optimal solu-
tion with the restricted number of variables in the beginning. Therefore, artificial
variables are introduced to fulfill all constraints with the highest cost possible.

We introduce a super task pattern variable Xŝ,T with the highest cost possible
cost(ŝ, T ) expressing that the entire set of tasks T can be scheduled in an artificial
super subsystem ŝ 6∈ S. As all tasks are scheduled together, there is no message to
send over the global bus, thus we introduce the empty message pattern variable
Z∅.

The LP relaxation (4.11) – (4.19) is complemented by the two new optimization
variables accordingly. In detail, the objective function takes the high cost of the
super task pattern, see (4.26), however every subsystem and task constraint is
satisfied if the super task pattern is equal to one, see (4.27) and (4.28). The empty
message pattern was already included in Q, but to emphasize the formulation
we changed (4.29) and excluded Z∅ from the sum. Finally, we obtain the LP
relaxation of the root node of the branch and bound search tree (4.26) – (4.35).
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zLP = min cost(ŝ, T ) ·Xŝ,T +
∑
p∈Ps

cost(s, p) ·Xs,p (4.26)

s.t. Xŝ,T +
∑
p∈Ps

Xs,p = 1 ∀ s ∈ S (4.27)

Xŝ,T +
∑
s∈S

∑
p∈Ps:t∈p

Xs,p = 1 ∀ t ∈ T (4.28)

Z∅ +
∑
∅6=q∈Q

Zq = 1 (4.29)

−Ym +
∑

q∈Q:m∈q
Zq > 0 ∀ m ∈M (4.30)

−Ym +
∑
s∈S

∑
p∈Ps:

send(m)∈p∧
dest(m)rp 6=∅

Xs,p 6 0 ∀ m ∈M (4.31)

Xŝ,T > 0 (4.32)
Xs,p > 0 ∀ s ∈ S, p ∈ Ps (4.33)
Zq > 0 ∀ q ∈ Q (4.34)
Ym > 0 ∀ m ∈M. (4.35)

Both pattern variables build the first artificial, feasible solution Xŝ,T = Z∅ = 1
to (4.26) – (4.35) with zLP = cost(ŝ, T ) in the beginning, when Ps = ∅ for all
s ∈ S and Q = {∅}.

We introduce the dual variables for the constraints to build the pricing problems
in Section 4.5.3. In Table 4.1 we present the constraints of the LP relaxation (4.26)
– (4.35) by name and reference with their dual variable and domain corresponding
to Table 2.1.

Table 4.1: Dual variables of the LP relaxation.
The table enumerates the constraints (4.27) – (4.31) of the LP relaxation (4.26)
– (4.35) with their corresponding dual variables for computing the reduced cost.

Constraint name Dual variable Reference

Subsystem s ∈ S πs free (4.27)

Task t ∈ T πt free (4.28)

Bus πQ free (4.29)

Message pattern m ∈M πm > 0 (4.30)

Distributed message m ∈M π′m 6 0 (4.31)
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4.5.3 Pricing Problems

In Section 4.5.1 we derived a formula to compute the reduced cost of a variable
via the dual variables. To evaluate (4.24), we need to determine the column of
the coefficient matrix of the LP corresponding to the variable.

At this step we separate the examination into two independent subproblems,
namely the pricing problem for a task pattern in Section 4.5.3.1, and the pricing
problem for a message pattern in Section 4.5.3.2. The task pricing problem comes
as a separate and independent problem for every subsystem s ∈ S.

4.5.3.1 Task Pricing Problems

For every subsystem s ∈ S, the task pricing problem has to determine a task
pattern with negative reduced cost. We construct an ILP that returns a task
pattern with the most negative reduced cost. The advantage of this approach is
that if the reduced cost is negative, the task pattern will be considered in the
next iteration of the simplex method for the master problem. Otherwise, there is
no pattern that can enter the basis without increasing the objective value, hence
the solution is optimal.

For the remainder of this section we fix the subsystem to s ∈ S and determine
the column of the coefficient matrix of the LP relaxation (4.26) – (4.35) for a new
variable Xs,p with p ⊆ T .

For Xs,p we get coefficient 1 by the subsystem constraint (4.27), coefficient 1 for
every task t ∈ p by the task constraints (4.28), and coefficient 1 for every message
m ∈ M with send(m) ∈ p and dest(m) ∩ p 6= ∅, i.e., every distributed message
with sender task in p, by (4.31). Since the tasks t ∈ p have to be determined by
the pricing problem, and this decision influences whether a message is distributed
or not, we introduce binary variables for this decision, pt ∈ B for every t ∈ T ,
respectively ym ∈ B for every m ∈ M. Variable pt equals one if and only if task
t is included in the resulting pattern p, respectively ym equals one if message m
is distributed.

To ensure the correct determination of ym we can formulate the constraints ym−
psend(m) + pb > 0 for every m ∈M and b ∈ dest(m). On the one hand, if send(m)
is not included in p, then psend(m) = 0 and the constraints are redundant to the
lower bounds on ym and every pb with b ∈ dest(m). On the other hand, if send(m)
is included in p, then psend(m) = 1 and the constraints are ym + pb > 1 for every
b ∈ dest(m) which means that if just one b ∈ dest(m) is not included in pattern
p, i.e., pb = 0, then message m is distributed and this forces ym = 1.

Finally, the reduced cost cs,p of pattern p = {t ∈ T | pt = 1} in subsystem s ∈ S
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can be determined by the task pricing problem ILP

cs,p = min cost(s, p)− πs −
∑
t∈T

πt · pt −
∑

m∈M
π′m · ym (4.36)

s.t. ym − psend(m) + pb > 0 ∀ m ∈M, b ∈ dest(m) (4.37)
p = [pt]t∈T ∈ Ps (4.38)
pt ∈ B ∀ t ∈ T (4.39)
ym ∈ B ∀ m ∈M. (4.40)

The objective function (4.36) expresses the computation of the reduced cost by
(4.24). The crucial condition is stated in p ∈ Ps, see (4.38), meaning that pattern
p will be regarded in the master problem if and only if it is schedulable in this
subsystem, corresponding to Definition 4.1. We remark that the task pricing prob-
lems for different steps of solving the master LP do not differ in the constraints,
but only in the coefficients of the objective function as the dual variables are
changing – except for our new ILP formulation, see Section 5.3.4.

In Chapter 5 we focus on ILP formulations for the schedulability conditions.

4.5.3.2 Message Pricing Problem

For the global communication we state the message pricing problem that has to
determine a message pattern q ∈ Q with negative reduced cost. The strategy is
similar to the construction of the task pricing problems in Section 4.5.3.1. We
derive an ILP that returns a message pattern with the most negative reduced
cost, and in the case the reduced costs are negative, this pattern will be regarded
in the next simplex iteration of the master problem.

For a new variable Zq of the master problem we get coefficient 1 by the bus
constraint (4.29), and coefficient 1 for every message m ∈ q by the message
pattern constraint (4.30). To determine which messages m are included in the
message pattern q we introduce binary optimization variables qm ∈ B for m ∈M,
expressing that m ∈ q if and only if qm = 1.

The reduced cost cq of message pattern q = {m ∈M | qm = 1} can be determined
by the message pricing ILP

cq = min −πQ −
∑

m∈M
πm · qm (4.41)

s.t. q = [qm]m∈M ∈ Q (4.42)
qm ∈ B ∀ m ∈M. (4.43)

The objective function (4.41) expresses the computation of the reduced cost by
(4.24), where the cost of transmitting a message pattern is considered to be zero.
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Again, the crucial condition is hidden in q ∈ Q, i.e., the schedulability of the
global bus due to a specific bus protocol. We remark that also the message pricing
problems for different steps of solving the master LP only differ in the coefficients
of the objective function.

In Chapter 5 we present ILP formulations for the schedulability of the global bus.

4.6 Implementation Strategies

In this section we introduce implementation strategies applied to reduce the
search space, accelerate the solution process, and decrease the running time of
our algorithm.

4.6.1 Integrality of the Objective Function

We can use the integrality of the objective function in two ways that we will
examine, where the computation of tighter upper bounds is not as important as
the raising of lower bounds.

On the one hand, the objective value is given by the sum over the cost of installed
ECU types, see Section 3.5 and (3.1). Since the maximal number of ECUs in a sub-
system is given by the description of the hardware architecture, see Definition 3.2,
we can easily compute an overall upper bound to an instance by assuming that
the most expensive ECU type is used for every available ECU slot.

This upper bound is rather pessimistic since there can be restrictions on the
number of used ECU types, too. To make use out of these additional information
we start calculating with the most expensive ECU types, unless the ECU slots
are exhausted or the given ECU type reaches its maximum. Then we continue
with the cheaper ones to obtain a tighter upper bound. This strategy is also
applied to obtain a value for the cost of the artificial super pattern cost(ŝ, T ), see
Section 4.5.2, that has to be larger than realizable.

On the other hand, we are solving LP relaxations in the master problem and
do not assume to reach an integral solution in the first nodes of the branch and
bound tree. Therefore, it is advantageous if we can stop the computation after a
few iterations. This happens if the lower bound reaches the current LP value.

In Section 4.5.1 we computed the Lagrangian lower bound by the sum of the
objective values of the pricing problems, see (4.5.1), since this is the maximal
possible decrease of the objective function. Additionally, we trade on the inte-
gral coefficients of the objective function to compute all possible resulting cost,

78



4.6 Implementation Strategies

sort them, and push the lower bound to the next possible cost value if it is frac-
tional. Therefore, we pre-compute a pessimistic set of possible costs A(n) for the
maximal quantity of available ECU slots n =

∑
s∈S maxECU(s) with a dynamic

programming approach by the recursive formula

A(n) = A(n− 1) ∪ {a+ cost(et) | a ∈ A(n− 1), et ∈ ET } and A(0) = {0}.

4.6.2 Multiple Columns Generation

In Section 4.5.1 we derived the column generation approach that adds one single
variable to the master problem, namely the one with the most negative reduced
cost computed by the pricing problems. In general there will be even more vari-
ables that can enter the basis due to negative reduced cost, but we do not want
to examine all of them like in the simplex method. Nevertheless, we can benefit
from adding some more variables to the master problem than just one.

One advantage of solving the pricing ILPs by a state-of-the-art ILP solver is
that they provide suboptimal solutions without extra time since they initiate a
branching process themselves to solve the pricing ILPs. In detail they provide an
allocation of the optimization variables and the objective value is computable in
linear time by evaluation of the objective function. If the size and running time
of solving the master LP is still acceptable in comparison to the pricing ILPs,
there is no need to care about removing unused columns from the master LP.

4.6.3 Heuristic Phase

The branch and bound framework explained in Section 4.4 is referred to as the
exact phase. A disadvantage of the exact phase is that numerous branches have
to be examined if the upper bound is weak or decreases poorly. In the other case,
if we find a good upper bound during optimization, we can prune branches and
delete nodes where the lower bound is greater than the currently obtained upper
bound.

Therefore, a slight modification of the exact phase is processed previously, called
heuristic phase. The goal is to generate heuristic solutions and useful pattern
variables for the master problem with a similar framework.

The heuristic phase also starts with solving the root LP relaxation. In general
we expect large running times for the computation of the initial nodes since they
start with the smallest pattern sets, and an improvement of the lower or upper
bound in these nodes is rare. To avoid large running times with steady bounds
we terminate the solving process of a node according to several stopping criteria

79



4 Column Generation Approach for the Distributed Scheduling Problem

explained below. Also the branching rule and the processing order of the branch
and bound nodes varies from the exact phase.

The best outcome of such a heuristic phase would be a large set of integral so-
lutions after just a minimum of invested time, followed by one single iteration
of the exact phase that confirms the best solution to be optimal. To guarantee
the termination of the heuristic phase both the number of processed nodes and
the number of obtained integral solutions is limited, however an additional lim-
itation of the running time per node is conceivable to keep the heuristic phase
controllable.

Stopping Criteria We define the absolute error κabs of the objective value by
the difference of the upper z and lower bound z in a branch and bound node, i.e.,

κabs = z − z > 0.

Consequently, the relative error κrel for minimization problems is given by divi-
sion by the best known solution, i.e., the upper bound z

κrel =
κabs
z
,

so that a relative error of ε guarantees that the optimal objective value z satisfies

z ∈ [(1− ε) · z, z] .

The computation of a branch and bound node can be terminated if the absolute
error κabs underruns an absolute limit, or the relative error κrel underruns a
relative limit. Additionally, we terminate the solving process of a node if the
absolute error κabs remains constant for a number of iterations. This happens
if the lower bound does not increase and the optimal solution to the LP is the
artificial solution with the highest cost possible.

Heuristic Branching Rule In the case a node is not solved by an integral alloca-
tion, a slightly modified branching rule than in Section 4.4.4 is applied. Instead
of predeploying only a single task to a subsystem, the heuristic phase tries to
predeploy as many tasks as possible to the same subsystem. We assume that the
branching task t ∈ T is included in the task pattern p ∈ Ps for some s ∈ S
with the largest value Xs,p < 1 of the current optimal solution. The heuristic
phase generates child nodes similarly to Section 4.4.4, but predeploys as many
tasks t′ ∈ p as possible to the specific subsystem, taking care of generating valid
instances according to Definition 3.15 only.
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Processing Order In Section 4.4.5 we introduced the best first search order
for processing the nodes of the branch and bound tree in the exact phase. In the
heuristic phase, the prevalent goal is to quickly generate feasible pattern variables
to find integral solutions. Due to this fact, we traverse the heuristic branch and
bound tree by a depth first search since the nodes become easier and faster to
solve with the additional predeployments of the modified heuristic branching rule.
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Chapter 5
Formulations for Different Scenarios

Up to now, the crucial details in the task pricing problems (4.36) – (4.40), re-
spectively (4.41) – (4.43), are hidden in p ∈ Ps, respectively q ∈ Q. We derive
formulations that express both the schedulability of a set of preemptive, periodic
tasks, as well as messages on a global bus.

This chapter is divided into formulations for the task pricing problems, see Sec-
tion 5.1, formulations for the message pricing problem, see Section 5.2, and for-
mulations that lead to modifications of the master and the pricing problems, so
called combined formulations, see Section 5.3.

5.1 Task Pricing Formulations

As the task pricing problems are independent, we consider a fixed subsystem
s ∈ S for the remainder of this section. We restrict our presentation to the
case that there is at most one ECU and one ECU type in every subsystem, i.e.,
maxECU(s) = 1 for every s ∈ S and ET = {et}. Therefore, the definition of a
task assignment τ : T 7−→ S × E × ET , see Definition 3.8, collapses to

τ : T 7−→ S,

without loss of generality by the argument following in Section 5.1.1. Except for
the additional constraints from Section 3.4 that we will discuss in Section 5.1.2,
we stick to the collapsed formulation.

The remainder of this section starts with the derivation of constraints to deter-
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mine the cost of executing a task pattern in a subsystem, see Section 5.1.3. A con-
straint for the memory consumption is determined in Section 5.1.4. Section 5.1.5
is split into several formulations for FPS policies of preemptive, periodic tasks.

5.1.1 Simplifications

In this section we present the formulation for the complex, but general case with
multiple ECUs and ECU types.

In the general case, we introduce consistent variables a(t, e, et) ∈ B that express if
task t ∈ T is assigned to ECU e ∈ E of ECU type et ∈ ET , variables b(e, et) ∈ B
that express if ECU e is of ECU type et, and variables u(e) ∈ B that express if
ECU e is used in the subsystem.

By ∑
e∈E

∑
et∈ET

a(t, e, et) = pt ∀ t ∈ T

we ensure that every task is exactly assigned to one ECU and ECU type if and
only if it is included in pattern p. The constraints

a(t, e, et) 6 b(e, et) ∀ t ∈ T , e ∈ E , et ∈ ET

enforce that the ECU type of an ECU has to be set if a task is assigned to this
ECU of this ECU type. Finally, we ensure that every ECU is of exactly one ECU
type if and only if it is used by∑

et∈ET
b(e, et) = u(e) ∀ e ∈ E .

Consequently, the cost of the subsystem is given by

cost(s, p) =
∑
e∈E

∑
et∈ET

b(e, et) · cost(et).

To reduce complexity, we restrict our discussion to at most one ECU of a given
ECU type in every subsystem. Therefore, the variable u ∈ B satisfies pt 6 u for
all t ∈ T .

5.1.2 Formulations for the Additional Constraints

According to Section 3.4 we present ILP formulations for all additional con-
straints, using the expanded formulation given in the argument above. We remark
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that we consider the subsystem s ∈ S.

In Definition 3.10 we defined additional hardware constraints to the minimal and
maximal number of used ECU types in a subsystem. These requirements are
formulated as linear constraints of the form∑

e∈E
b(e, et) > minECUtype(s, et) ∀ et ∈ ET (5.1)∑

e∈E
b(e, et) 6 maxECUtype(s, et) ∀ et ∈ ET . (5.2)

In Definition 3.11 we defined additional task allocation constraints that are of
great importance, especially for the branch and bound process. The predeploy-
ment of a task to subsystem s is realized in a change of the lower bound, re-
spectively the upper bound is changed if the task is forbidden to be executed
in subsystem s. Since the optimization variables pt are Boolean, we fix them
according to

pt =

{
1, s = pretask(t)

0, s ∈ fortask(t)
, (5.3)

where it is satisfied that the cases are disjoint.

In Definition 3.13 we defined additional task clustering constraints. clustertask(t)
specifies a set of tasks that has to be assigned to the same subsystem as t, and by
separatetask(t) we specify a set of tasks that has to be assigned to other subsystems
than t. We formulate this by

pt = pt′ ∀ t′ ∈ clustertask(t), t′ 6= t (5.4)
pt + pt′ 6 1 ∀ t′ ∈ separatetask(t). (5.5)

5.1.3 Cost of Hardware

For computing the reduced cost of a task pattern, see (4.36), we need to determine
the cost that arises by assigning a set of tasks to this subsystem. Therefore, we
introduce an auxiliary binary variable u ∈ B that is equal to one if and only if
the ECU in the subsystem is used, see Section 5.1.1. The cost of a subsystem is
zero if no task is assigned to, otherwise the ECU type determines the cost by
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cost(s, p) = cost(et) · u (5.6)

u 6
∑
t∈T

pt (5.7)

pt 6 u ∀ t ∈ T (5.8)
u ∈ B. (5.9)

We remark that the lower bounds on u can be stated as one linear constraint by

1

|T | ·
∑
t∈T

pt 6 u (5.10)

instead of (5.8). However, formulation (5.10) is weaker1, because the feasible set
of the relaxation of (5.10) is a superset of the relaxation of (5.8).

Consider the relaxation of the task variables pt, i.e., pt ∈ [0, 1], and assume that
not all pt are equal, thus they can be sorted in ascending order {pmin, . . . , pmax}
with pmin < pmax. The alternative formulation (5.10) leads to the lower bound 1

|T | ·∑
t∈T pt < pmax, whereas (5.8) always implies the lower bound pmax. Therefore,

the formulation (5.8) is stronger than (5.10).

5.1.4 Memory Consumption

The memory consumption of the scheduled set of tasks has to be less than or
equal to the available memory of the ECU type. This constraint translates to an
inequality constraint of the form∑

t∈T
mem(t) · pt 6 mem(et). (5.11)

5.1.5 Scheduling

We consider FPS policies, i.e., we have to determine a fixed priority pr(t) for every
task t ∈ T in advance of the execution, because FPS policies result in safe and
reliable schedules, see Section 2.6.2.6. Therefore, we recall the analyses introduced
in Section 2.6.2 and express the schedulability tests in linear constraints to replace
p ∈ Ps in the task pricing problems, see (4.38).

1More guidelines on weak and strong ILP formulations can be found in Bertsimas and Tsitsik-
lis [10, 10.2].
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5.1.5.1 Processor Utilization Analysis

We can determine the processor utilization U(T ) for a set of tasks T ⊆ T by the
sum ∑

t∈T

C(t)

P (t)
· pt

following (2.13). Applying Corollary 2.20, a necessary condition is that the uti-
lization is bounded from above by one, expressed by∑

t∈T

C(t)

P (t)
· pt 6 1. (5.12)

A sufficient, but not necessary schedulability test on the processor utilization
U(T ) for a set of tasks T ⊆ T is stated in Theorem 2.23 by

U(T ) 6 U∗ with U∗ = |T | ·
(

2
1

|T | − 1
)
,

where U∗ tends to be ln(2) ' 0.69 for large sets T . The number of scheduled
tasks |{pt | pt = 1}| can be expressed by the integral variable size(p) ∈ N by the
linear constraint

size(p) =
∑
t∈T

pt. (5.13)

The computation of the upper bound U∗ must be done in advance up to a prede-
fined accuracy depending on the number of scheduled tasks size(p). Setting the
accuracy to 10−2 we can build ten intervals on the number of scheduled tasks,
see Table 5.1.

The variables Ij ∈ B for j = 1, . . . , 10 express if the number of scheduled tasks
is greater than or equal to the left interval boundary lbj ∈ N of interval j by the
constraints

size(p) + |T |+ 1

|T |+ lbj
− 1 6 Ij 6

size(p) + |T |
|T |+ lbj

∀ j = 1, . . . , 10. (5.14)

We prove that the binary variables Ij for j = 1, . . . , 10 are determined correctly
by (5.14). If |T | > 1, the left-hand side is always smaller than the right-hand
side. First, consider size(p) < lbj , then the left-hand side is non-positive, the
right-hand side is smaller than one, thus Ij = 0. Second, consider size(p) > lbj ,
then the left-hand side is greater than zero, the right-hand side is greater than
or equal to one, thus Ij = 1.

As the number of scheduled tasks is not known in advance, we have to formulate
the constraint for every task interval of Table 5.1 and ensure that the correct
upper bound is active. We remark that independently of the active upper bound,
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Table 5.1: Intervals and upper bounds on the processor utilization.
If the number of scheduled tasks |T | is in the given intervals, we get a suf-
ficient, but not necessary schedulability test of accuracy 10−2, if we bound
the processor utilization U(T ) from above by U∗ = 0.01 · b100 · U∗c.

j |T | U∗

1 [1, 1] 1.00

2 [2, 2] 0.82

3 [3, 3] 0.77

4 [4, 4] 0.75

5 [5, 5] 0.74

6 [6, 6] 0.73

7 [7, 9] 0.72

8 [10, 14] 0.71

9 [15, 35] 0.70

10 [36,∞) 0.69

all larger upper bounds remain valid, i.e., Ij = 1 ⇒ Ij′ = 1 for every j′ > j.
The following constraint uses the differences between consecutive upper bounds
to tighten the upper bound of the processor utilization up to the correct one, in
detail

∑
t∈T

C(t)

P (t)
· pt 6 I1 − 0.18 · I2 − 0.05 · I3 − 0.02 · I4 − 0.01 ·

10∑
i=5

Ij . (5.15)

Although this schedulability test is not necessary, it can be used to fast computing
subsets of tasks that can be scheduled for sure – keeping in mind that we lose
overall optimality by this approach.

5.1.5.2 Response Time Analysis

In this section we examine the response time analysis of Theorem 2.24 to formu-
late the schedulability test (2.15). Therefore, we have to determine the WCRT
R(t) for every t ∈ T with the recursive formula (2.19)

R(t) = C(t) +
∑

t′∈hp(t)

⌈
R(t)

P (t′)

⌉
· C(t′).
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We follow the approach of Eisenbrand et al. [31] to state linear constraints for
(2.19), where we introduce integral optimization variables for the WCRT R(t) ∈ N
for every task t ∈ T with R(t) = 0 if and only if the task is not scheduled.
Therefore, we can formulate the schedulability test by

R(t) 6 D(t) · pt ∀ t ∈ T (5.16)
R(t) ∈ N ∀ t ∈ T . (5.17)

The crucial step in the work of Eisenbrand et al. [31] is to linearize the recur-
sive formula for the WCRT computation (2.19). We introduce binary variables
ϕ(t, t′) ∈ B that express the preemption of tasks, i.e., ϕ(t, t′) = 1 if and only if
task t′ may preempt task t and they are both assigned. Additional conditions2 to
the preemption variables are the transitivity rule, i.e., if t′′ may preempt t′ and
t′ may preempt t, then t′′ may also preempt t, see (5.22), and anti-symmetry for
tasks that are assigned, see (5.23). We achieve this by stating

ϕ(t, t) = pt ∀ t ∈ T (5.18)
ϕ(t, t′) 6 p′t ∀ t, t′ ∈ T (5.19)
ϕ(t, t′) 6 pt ∀ t, t′ ∈ T (5.20)

ϕ(t, t′) + ϕ(t′, t) > pt + p′t − 1 ∀ t, t′ ∈ T , t 6= t′ (5.21)
ϕ(t′, t′′) + ϕ(t, t′)− ϕ(t, t′′) 6 1 ∀ t, t′, t′′ ∈ T (5.22)

ϕ(t, t′) + ϕ(t′, t) 6 1 ∀ t, t′ ∈ T , t 6= t′ (5.23)
ϕ(t, t′) ∈ B ∀ t, t′ ∈ T . (5.24)

We remark that (5.23) for t = t′ would force ϕ(t, t) = 0 for every t ∈ T that is
not consistent with the following definitions, so we define ϕ(t, t) = pt for t ∈ T ,
see (5.18).

With the help of the above construction, we model the sum in (2.19) over all
tasks by introducing integral optimization variables h(t, t′) ∈ N that express

h(t, t′) =

⌈
R(t)

P (t′)

⌉
· ϕ(t, t′)

to obtain linear constraints for the WCRT computation of the form

R(t) =
∑
t′∈T

C(t′) · h(t, t′) ∀ t ∈ T . (5.25)

Including tasks t′ with lower priority than t is correct, since ϕ(t, t′) = 0 for
all tasks t′ ∈ lp(t), and tasks with priority equal to t have to break the tie
according to the preemption variables. Also including the task itself is correct,

2A good overview to formulating logical implications in combinatorial optimization can be
found in Plastria [51].
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since h(t, t) = ϕ(t, t) = pt is obtained by (5.27) and (5.28). We formulate the
bounds on h(t, t′) for t, t′ ∈ T by the linear constraints

h(t, t′) 6
R(t)

P (t′)
+ 1 ∀ t, t′ ∈ T (5.26)

h(t, t′) 6

⌈
R(ub)(t)

P (t′)

⌉
· ϕ(t, t′) ∀ t, t′ ∈ T (5.27)

h(t, t′) >
R(t)

P (t′)
− R(ub)(t)

P (t′)
· (1− ϕ(t, t′)) ∀ t, t′ ∈ T (5.28)

h(t, t′) >
⌈
C(t) + C(t′)

P (t′)

⌉
· ϕ(t, t′) ∀ t, t′ ∈ T , t 6= t′ (5.29)

h(t, t′) ∈ N ∀ t, t′ ∈ T , (5.30)

where R(ub)(t) denotes an upper bound on the WCRT R(t), e.g., R(ub)(t) = D(t).
Constraints (5.26) and (5.28) are obtained by estimations of the ceiling function,
constraint (5.27) is obtained by R(t) 6 R(ub)(t), and constraint (5.29) is obtained
by R(t) > C(t) + C(t′) if t′ preempts t.

Summarizing, we obtain the conditions h(t, t′) = 0 if ϕ(t, t′) = 0, and

max

{
R(t)

P (t′)
,

⌈
C(t) + C(t′)

P (t′)

⌉}
6 h(t, t′) 6 min

{⌈
R(ub)(t)

P (t′)

⌉
,
R(t)

P (t′)
+ 1

}

if ϕ(t, t′) = 1 for t 6= t′, i.e., task t′ may preempt the execution of task t, with the
special case h(t, t) = ϕ(t, t) = pt.

Since we are considering a FPS policy, we apply the DMS policy if we know
the deadlines for specific tasks, i.e., D(t) 6= ⊥. In case two tasks t, t′ ∈ T with
D(t) 6= ⊥, respectively D(t′) 6= ⊥, are assigned to the same subsystem, we can
predetermine the preemption variables by the following implication

ϕ(t, t′) = 1⇔ (D(t) > D(t′)) ∨ ((D(t) = D(t′)) ∧ (IDt > IDt′)),

where ties are broken according to the task ordering by a task ID.

5.1.5.3 Workload Analysis

In this section we examine the workload analysis of Theorem 2.25, respectively
Theorem 2.26. Both theorems differ only in the testing set ∆t ⊆ (0, D(t)] for all
t ∈ T . A task t ∈ T is schedulable if there exists a point of time in the testing
set δ ∈ ∆t, so that the cumulative workload demand until δ is less than or equal
to δ. An example is given in Figure 5.1.
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δ50 100 150 200

Wt(δ)
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W1

W2
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W4

Task WCET deadline period DMS points ∆t

t1 10 20 50 {20}
t2 30 60 200 {50, 60}
t3 20 80 100 {50, 80}
t4 40 130 200 {50, 100, 130}

Figure 5.1: Cumulative workload demand.
An example of the cumulative workload demand function Wt(δ) for some
tasks in the interval [0, δ]. It is obvious that the schedulability condition
has to be checked only in the DMS points ∆t for a schedulability analysis
to see that task t4 cannot be added if the other three tasks are assigned.

Since the workload analysis is used for the DMS policy, the priority of a task is
reciprocal to its deadline. We remark that we can group tasks together in deadline
classes, i.e., DCd = {t ∈ T | D(t) = d} for several d ∈ N. Obviously, the priority
of tasks in DCd is higher than for tasks in DCd′ with d′ < d, i.e.,

t′ ∈ hp(t)⇔ t′ ∈
⋃
d′<d:
t∈DCd

DCd′ .

Consequently, as the testing sets depend on the deadlines only, they are equal
for all tasks belonging to the same deadline class, thus we define ∆d = ∆t for all
t ∈ DCd in the context of both theorems.

The crucial step in this analysis is to model the existential quantifier, i.e., several
conditions can be violated for schedulability if there is at least one valid condition.
Therefore, we introduce binary auxiliary variables αd,δ ∈ B for every deadline
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class DCd and point of the testing set δ ∈ ∆d with the linear constraints∑
δ∈∆d

αd,δ 6 |∆d| − 1 ∀ d : DCd. (5.31)

By (5.31) we ensure that there is at least one variable αd,δ = 0, and at most
|∆d| − 1 variables equal to one that are used to artificially satisfy a constraint of
the following workload analysis.

The next step is to compute the cumulative workload. Following Theorem 2.25,
respectively Theorem 2.26, we obtain the cumulative workload Wd(δ) of all tasks
in deadline class DCd at a point of the testing set δ ∈ ∆d by

Wd(δ) =
∑
t∈DCd

C(t) +
∑

t′∈hp(t)

⌈
δ

P (t′)

⌉
· C(t′)

=
∑
t∈DCd

C(t) +
∑

t′∈DCd′ :
d′<d

⌈
δ

P (t′)

⌉
· C(t′)

=
∑
t∈DCd

⌈
δ

P (t)

⌉
· C(t) +

∑
t′∈DCd′ :
d′<d

⌈
δ

P (t′)

⌉
· C(t′)

=
∑

t∈DCd′ :
d′6d

⌈
δ

P (t)

⌉
· C(t).

For the schedulability test we only have to consider currently scheduled tasks
that fulfill pt = 1. For every deadline class DCd, there has to be at least one
point δ ∈ ∆d where the cumulative workload demand is less than or equal to δ.
Thus we can artificially satisfy at most |∆d| − 1 of the following constraints with
the help of the variables αd,δ with a big constant M ∈ N by

∑
t∈DCd′ :
d′6d

⌈
δ

P (t)

⌉
· C(t) · pt 6 δ +M · αd,δ ∀ δ ∈ ∆d, d : DCd. (5.32)

We remark that the feasibility of constraints (5.32) for DCd does not restrict the
feasibility of constraints for DCd′ with d′ < d. Consider a task t′ ∈ DCd′ with
pt′ = 1, then there is a δ′ ∈ ∆d′ with αd′,δ′ = 0. Especially, we have δ′ 6 d′ and
there exists at least one point δ ∈ ∆d with δ′ 6 δ, thus there is also one constraint
of DCd that will be fulfilled with αd,δ = 0.
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5.2 Message Pricing Formulations

Considering the message pricing problem (4.41) – (4.43), the conditions for schedu-
lability of the global bus are hidden in q ∈ Q. In this section, we derive linear
formulations that realize schedulability tests for the global bus depending on
different message scheduling policies, see Section 2.6.3.

5.2.1 Analysis for TAN buses

The TAN bus works time-triggered with a token moving between the subsys-
tems in a round robin fashion. The conditions of the schedulability test of Sec-
tion 2.6.3.1 are easily expressible in linear constraints by∑

m′∈M
C(m′) · qm′ 6 D(m) · qm + (1− qm) ·

∑
m′∈M

C(m′) ∀ m ∈M (5.33)

R(m) >
∑
m′∈M

C(m′) · qm′ + C(m) · qm ∀ m ∈M (5.34)

R(m) 6 D(m) · qm ∀ m ∈M (5.35)
R(m) ∈ N ∀ m ∈M. (5.36)

A necessary and sufficient schedulability test is already given by (5.33), because
we state that the TRT on the left-hand side is less than or equal to the deadline
of message m if qm = 1, and if qm = 0 the constraint is fulfilled by default. By
(5.34), respectively (5.35), we obtain a lower bound, respectively upper bound,
on the WCRT, however, we do not obtain the minimal WCRT.

5.2.2 Response Time Analysis for CAN buses

A CAN bus works priority-based and event-triggered, thus the response time
analysis for schedulability resembles the analysis of tasks with the only difference
that messages are transmitted without preemption, see Section 2.6.3.2. For this
reason the transmission of a message can additionally be blocked by a lower
priority message that is currently on transmission.

The WCRT of a message m ∈ M is composed of its WCTT C(m), its blocking
time B(m) by lower or equal priority messages, and its interference time I(m) by
higher priority messages also waiting for transmission. A necessary and sufficient
schedulability test is given by (2.27)

R(m) = C(m) +B(m) + I(m) 6 D(m) ∀ m ∈M,
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where the blocking time is given by

B(m) = max
m′∈lep(m)

{0, C(m′)} ∀ m ∈M,

and the interference time is given by

I(m) =
∑

m′∈hp(m)

⌈
R(m)

P (m′)

⌉
· C(m′) ∀ m ∈M,

according to (2.26).

There is no efficient scheduling policy with fixed priorities for non-preemptive
messages known, however, Davis [29] states two simple sufficient but not necessary
schedulability tests. For this reason, we formulate the response time analysis for
CAN buses, where we have to introduce binary optimization variables ϕ(m,m′) ∈
B for all m,m′ ∈ M that express the priority ordering of two messages3. We
formulate that ϕ(m,m′) = 1 if and only if messages m and m′ are transmitted
and m′ has a higher priority than m, by the constraints

ϕ(m,m) = qm ∀ m ∈M (5.37)
ϕ(m,m′) 6 q′m ∀ m,m′ ∈M (5.38)
ϕ(m,m′) 6 qm ∀ m,m′ ∈M (5.39)

ϕ(m,m′) + ϕ(m′,m) > qm + q′m − 1 ∀ m,m′ ∈M,m 6= m′

(5.40)

ϕ(m′,m′′) + ϕ(m,m′)− ϕ(m,m′′) 6 1 ∀ m,m′,m′′ ∈M (5.41)
ϕ(m,m′) + ϕ(m′,m) 6 1 ∀ m,m′ ∈M,m 6= m′

(5.42)

ϕ(m,m′) ∈ B ∀ m,m′ ∈M, (5.43)

where constraint (5.41) expresses the transitivity rule, and (5.42) expresses the
anti-symmetry. We remark that (5.23) for m = m′ would force ϕ(m,m) = 0 for
every m ∈ M that is not consistent with the following definitions, so we define
ϕ(m,m) = qm for m ∈M in (5.37).

To model the blocking time B(m) we introduce integral optimization variables
B(m) ∈ N for m ∈M with lower and upper bounds by

B(m) > C(m′) · (1− ϕ(m,m′)) ∀ m,m′ ∈M (5.44)
B(m) 6 qm · max

m′∈M
C(m′) ∀ m ∈M (5.45)

B(m) ∈ N ∀ m ∈M, (5.46)

3In Section 5.1.5.2 we use ϕ(t, t′) ∈ B to express the preemptive behaviour of tasks t, t′ ∈ T .
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where B(m) = 0, if message m is not transmitted over the global bus or there is
no message with lower priority than m. The lower bound on B(m) is obtained by
constraints over all lower or equal priority messages, see (5.44).

To model the recursive formula (2.27) we rewrite the formula for the WCRT
R(m) ∈ N by summing over all messages m′ ∈ M with the use of the priority
variables ϕ(m,m′) to obtain

R(m) = B(m) +
∑
m′∈M

⌈
R(m)

P (m′)

⌉
· C(m′) · ϕ(m,m′) ∀ m ∈M,

where R(m) = 0 if and only if message m is not transmitted over the global bus.

Similar to the approach in Section 5.1.5.2, we have to introduce integral opti-
mization variables h(m,m′) ∈ N for m,m′ ∈ M to model the terms in the sum,
i.e.,

h(m,m′) =

⌈
R(m)

P (m′)

⌉
· ϕ(m,m′).

We formulate the bounds on h(m,m′) for m,m′ ∈M by the linear constraints

h(m,m′) 6
R(m)

P (m′)
+ 1 ∀ m,m′ ∈M (5.47)

h(m,m′) 6

⌈
R(ub)(m)

P (m′)

⌉
· ϕ(m,m′) ∀ m,m′ ∈M (5.48)

h(m,m′) >
R(m)

P (m′)
− R(ub)(m)

P (m′)
· (1− ϕ(m,m′)) ∀ m,m′ ∈M (5.49)

h(m,m′) >
⌈
C(m) + C(m′)

P (m′)

⌉
· ϕ(m,m′) ∀ m,m′ ∈M,m 6= m′

(5.50)

h(m,m′) ∈ N ∀ m,m′ ∈M, (5.51)

where R(ub)(m) denotes an upper bound on the WCRT R(m), e.g., R(ub)(m) =
D(m). Summarizing, we obtain the conditions h(m,m′) = 0 if ϕ(m,m′) = 0, and

max

{
R(m)

P (m′)
,

⌈
C(m) + C(m′)

P (m′)

⌉}
6 h(m,m′) 6 min

{⌈
R(ub)(m)

P (m′)

⌉
,
R(m)

P (m′)
+ 1

}
if ϕ(m,m′) = 1 for m 6= m′, i.e., message m′ has a higher priority than message
m, with the special case h(m,m) = ϕ(m,m) = qm.

Finally, the WCRT is obtained by
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R(m) = B(m) +
∑
m′∈M

C(m′) · h(m,m′) ∀ m ∈M (5.52)

R(m) 6 D(m) · qm ∀ m ∈M (5.53)
R(m) ∈ N ∀ m ∈M. (5.54)

5.2.3 Analysis for a simple TDMA bus

We consider a TDMA bus, see Section 2.6.3.3, with one TDMA cycle, N ∈ N
equally sized time slots B = {b1, . . . , bN} of length size ∈ N, and messages with
zero release jitter that fit exclusively in these slots. A message m ∈M fits into a
time slot if and only if C(m) 6 size.

An upper bound to the WCRT R(m) is given by the minimum of the mes-
sages deadline, the sender tasks period, and the length of the TDMA round,
i.e., R(ub)(m) = min {D(m), P (send(m)), N · size+ C(m)}. By

⌈
R(ub)(m)
size

⌉
we ob-

tain the minimal number of time slots before message m needs to occupy an
additional slot. The minimal number of slots that a message needs for on time
transmission is then obtained by N⌈

R(ub)(m)
size

⌉
 ,

where the inner ceiling function denotes the maximal number of slots before the
message occupies the next time slot. We formulate a necessary schedulability
condition by the above discussion in the number of available time slots by

C(m) · qm 6 size · qm ∀ m ∈M (5.55)∑
m∈M

 N⌈
R(ub)(m)
size

⌉
 · qm 6 N. (5.56)

To ensure the schedulability of the TDMA round we introduce auxiliary Boolean
assignment variables α(m, b) ∈ B for b ∈ B andm ∈M that express that message
m occupies time slot b if and only if α(m, b) = 1. Consequently, every time slot
is occupied by at most one message, see constraints (5.57), and a message does
not occupy a time slot if it is not transmitted, see (5.58).

We introduce optimization variables R(m) ∈ N to determine the WCRT for every
message m ∈ M. The crucial step in determining the WCRT is to control the
maximal gap between two time slots occupied by the same message.

Therefore, we introduce auxiliary Boolean variables β(m, bi, bj) ∈ B which express
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that slots bi and bj are both occupied by message m and that there is no time
slot between bi and bj that is also occupied by m, also considering that the time
slots are periodical. By t(bi, bj) ⊆ B we denote the set of time slots bk that are
between bi and bj exclusively, taking into account that the TDMA bus operates
cyclically, i.e.,

t(bi, bj) =

{
{bk ∈ B | i < k < j} , i < j

{bk ∈ B | k < j ∨ i < k} , i > j
,

and we remark that this is convenient even if bi = bj . Constraint (5.59) forces
β(m, bi, bj) to be zero if not both time slots bi and bj are assigned to message m,
and constraint (5.60) interferes if there is a slot between bi and bj that is assigned
to message m. Vice versa, constraint (5.61) forces β(m, bi, bj) to be one, if bi and
bj are assigned to message m and there is not at least one time slot bk in between
that is assigned to m, too.

The maximal consecutive gap between two time slots assigned to message m
determines a lower bound on the WCRT R(m) by (5.63), where dist(bi, bj) ∈ N
counts the time slots between bi and bj exclusively, also considering the cyclic
operation of the TDMA bus and the case if bi = bj , and (5.62) formulates the
upper bound from above.

Except for (5.57), the following constraints and variables are necessary for all
message m ∈M:∑

m∈M
α(m, b) 6 1 ∀ b ∈ B (5.57)∑

b∈B

α(m, b) 6 N · qm (5.58)

β(m, bi, bj) 6
1

2
(α(m, bi) + α(m, bj)) ∀ bi, bj ∈ B (5.59)

β(m, bi, bj) 6 1− α(m, bk) ∀ bi, bj ∈ B,
bk ∈ t(bi, bj) (5.60)

β(m, bi, bj) > α(m, bi) + α(m, bj)− 1−
∑

bk∈t(bi,bj)

α(m, bk) ∀ bi, bj ∈ B (5.61)

R(m) 6 R(ub)(m) · qm (5.62)
R(m) > size · dist(bi, bj) · β(m, bi, bj) + C(m) · qm (5.63)
R(m) ∈ N (5.64)

α(m, bi) ∈ B ∀ bi ∈ B (5.65)
β(m, bi, bj) ∈ B ∀ bi, bj ∈ B. (5.66)

Formulations for the Additional Constraints In Definition 3.12 we defined ad-
ditional message allocation constraints that can be realized with the help of the
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optimization variables α(m, b) ∈ B for TDMA buses from the above discussion.
The predeployment of a message to a set of bus slots results in a change of the
lower bound, respectively the upper bound is changed if the message is forbidden
to be assigned to specific bus slots. We fix the optimization variables according
to

α(m, b) =

{
1, b ∈ premsg(m)

0, b ∈ formsg(m)
, (5.67)

where it is satisfied that the cases are disjoint.

5.3 Combined Formulations

In this section we discuss formulations that affect both the master problem and
the pricing problems. The necessity of these combined formulations are conditions
that concern both the tasks and messages synchronously.

The leading example of this section is the chain, see Section 5.3.1, with its schedul-
ing analysis. Taking these into account leads to modifications of the master prob-
lem that are discussed in Section 5.3.2, and modifications in the selection of
schedulability analyses for the pricing problems, see Section 5.3.3.

Our new ILP formulation for computing response times with the help of the dual
variables of the master LP is presented in Section 5.3.4.

5.3.1 Analysis for Chains

Consider a chain c ∈ C of Definition 3.7 with an overall end-to-end deadline
D(c) ∈ N for the execution of its sequence

seq(c) = 〈t1,m1, t2,m2, t3, . . . , tk,mk, tk+1〉,

where send(mi) = ti, ti 6∈ dest(mi), and ti+1 ∈ dest(mi) for i = 1, . . . , k.

Following Zhu et al. [63], the worst-case latency of the chain L(c) ∈ N is the
worst-case response time of the consecutive execution of the sequence seq(c) that
must be less than or equal to its end-to-end deadline D(c) to be schedulable,
where the worst-case end-to-end latency is given by

L(c) = R(t1)+
∑

i=2,...,k+1

(R(ti) + P (ti))+
∑

mi∈seq(c):
ti is distributed

from ti+1

(R(mi) + P (mi)) , (5.68)
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t1

t2 t2

R(t1) P (t2) R(t2)

Figure 5.2: Worst-case latency of a chain with tasks of the same subsystem.
An example of the worst-case end-to-end latency occurring if there is no
need for task t1 to send a message to task t2 over the global bus, be-
cause the later is assigned to the same subsystem. Nevertheless t1 fin-
ishes its execution shortly after the start of task t2, thus the informa-
tion will first arrive at the second instance of t2. The down arrows indi-
cate the activation times, the up arrows the WCRTs of tasks and messages.

t1 t1

m1 m1 m1 m1 m1

t2 t2 t2

R(t1) P (m1) R(m1) P (t2) R(t2)

Figure 5.3: Worst-case latency of a chain with distributed tasks.
An example of the worst-case end-to-end latency occurring in the transmis-
sion of a message m1 from task t1 to the distributed task t2 over the global
bus. Task t1 misses the first instance of message m1, and the second in-
stance of m1 finishes shortly after the start of task t2. The down arrows in-
dicate the activation times, the up arrows the WCRTs of tasks and messages.

where R(ti), respectively R(mi), denotes the WCRT of task ti, respectively mes-
sage mi.

We remark that the latency (5.68) only uses the WCRT of message mi if the
sender ti and the destination task in the chain ti+1 are distributed. This covers
the case when the WCRT of message mi is greater than zero, although the next
task in the sequence of the chain is assigned to the same subsystem, because
another destination task is distributed from the sender. Both situations are shown
in Figures 5.2 and 5.3.

5.3.2 Modifications of the Master Problem

The definition of the worst-case end-to-end latency of a chain L(c) in (5.68) shows
the connection between the tasks’ and messages’ WCRTs that depend on the
schedule of the according subsystems and the global bus. For this reason the
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scheduling of tasks is no longer independent of the scheduling of messages, thus
the decisions have to be made with the combined knowledge in the master problem
(4.26) – (4.35).

We now derive the linear formulation of L(c) 6 D(c) for every chain c ∈ C to
expand the master problem. To model the WCRTs of tasks and messages in the
LP we do not use variables since this leads to a huge increase in complexity.

We consider the WCRTs to be parameters of the pattern variables Xs,p, respec-
tively Zq, but we have to remark that the pattern has to be expanded. Up until
now, a task pattern was equal to another task pattern if it considered the same
subsystem and contained the same set of tasks. As from now, the same set of
tasks that runs on the same subsystem can have different WCRTs for its contain-
ing tasks, and therefore the pattern has to be included multiply into the master
problem, because they differ by the WCRTs of their tasks.

By the above argument, we expand the meaning of the WCRTs and pattern
variablesXs,p and Zq by adding auxiliary variables for every pattern with different
WCRTs by an index j ∈ J(s, p), respectively, j ∈ J(q),

Xs,p =
∑

j∈J(s,p)

X(j)
s,p ∀ s ∈ S, p ∈ Ps (5.69)

Zq =
∑
j∈J(q)

Z(j)
q ∀ q ∈ Q (5.70)

X(j)
s,p > 0 ∀ s ∈ S, p ∈ Ps, j ∈ J(s, p) (5.71)

Z(j)
q > 0 ∀ q ∈ Q, j ∈ J(q) (5.72)

to the master problem (4.26) – (4.35). Accordingly, the correct WCRT of a task
t ∈ T depends on the subsystem s ∈ S, pattern p ∈ Ps with t ∈ p, and index
j ∈ J(s, p), thus it is given by

R(t) =
∑
s∈S

∑
p∈Ps:t∈p

∑
j∈J(s,p)

R(s,p,j)(t) ·X(j)
s,p .

The WCRT of a message m ∈ M depends on the selected bus pattern q ∈ Q
with m ∈ q and the index j ∈ J(q), thus it is given by

R(m) =
∑

q∈Q:m∈q

∑
j∈J(q)

R(q,j)(m) · Z(j)
q .

We remind that the number of pattern variables is expected to stay small by
using column generation, as well as the index sets J that are first considered if
the corresponding pattern variable exists in the master problem.
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With the variables at hand, we consider a chain c ∈ C with its sequence

seq(c) = 〈t1,m1, t2,m2, t3, . . . , tk,mk, tk+1〉,

and introduce the linear constraint to (5.68). To keep the constraint readable we
neglect the index sets J and just indicate the dependence of the WCRTs of the
patterns. The constraint for a chain c ∈ C is given by∑

s∈S

∑
p∈Ps:t1∈p

R(s,p)(t1) ·Xs,p

+
∑
s∈S

∑
p∈Ps:ti∈p
i=2,...,k+1

(
R(s,p)(ti) + P (ti)

)
·Xs,p

+
∑

q∈Q:mi∈q
i=1,...,k

∑
s∈S

∑
p∈Ps:
ti∈p ∧
ti+1 6∈p

(
R(q)(mi) + P (mi)

)
·Xs,p 6 D(c). (5.73)

The first and second term translate straightforward from (5.68), however, we
show the validity of (5.73) for a message mi with i = 1, . . . , k with the sender
task ti = send(mi) and the destination task ti+1 ∈ dest(mi) in the sequence of
the chain.

First, we consider that tasks ti and ti+1 are scheduled in the same subsystem
by task pattern p ∈ Ps. In this case, there is no need to transmit mi over the
global bus, however, mi can be sent over the bus because of another distributed
destination task t′ ∈ dest(mi) with t′ 6∈ p. Therefore, it would be wrong to add
R(mi) + P (mi) to the latency according to the value of Zq with mi ∈ q.

In the second case, if tasks ti and ti+1 are distributed, we have to add R(mi) +
P (mi) to the latency. By (4.31) it is ensured that mi is transmitted over the
global bus.

To satisfy both cases, we add R(mi) + P (mi) only in the case when ti and ti+1

are distributed according to the regarded task pattern p, as given in the last term
of (5.73) by the condition ti ∈ p ∧ ti+1 6∈ p.

To conclude the modifications of the master problem, we have to introduce the
dual variables for the pricing problems. Since we link both types of pattern vari-
ables, we have to consider the dual values in both types of pricing problems. We
call constraints of the form (5.73) chain constraints and denote the dual variables
by πc 6 0 for every c ∈ C, additionally to Table 4.1. The dual value of πc 6 0
works as a penalty in the objective functions of the pricing problems if a task,
respectively a message, of the chain is scheduled, see Section 5.3.3.
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5.3.3 Modifications of the Pricing Problems

In Section 5.3.2 we examined the modifications of the master problem to handle
chains that introduce new chain constraints with dual variables πc 6 0 for every
c ∈ C. These dual variables affect the objective functions of the pricing problems,
so that they penalize the objective value by the amount of response time of a
task in the task pricing problems, respectively the amount of response time of a
message in the message pricing problem.

We first focus on the task pricing problems, where the WCRT of a task is com-
puted by the integral optimization variables R(t) ∈ N for every t ∈ T . The
additional term of the objective function (4.36) of a task pricing problem is

−
∑
t∈T

∑
c∈C:t∈seq(c)

πc ·R(t). (5.74)

With non-positive dual variables πc the linear term (5.74) spells out that a higher
WCRT cannot decrease the negative reduced cost with all other variables held
fix.

In the message pricing problem, we similarly introduce integral optimization vari-
ables R(m) ∈ N for every message m ∈ M that leads to the additional term of
the objective function (4.41)

−
∑
m∈M

∑
c∈C:m∈seq(c)

πc ·R(m). (5.75)

5.3.4 New ILP formulation for Computing Response Times

In this section we examine our new approach for computing response times in
the pricing problems with the help of the workload analysis for FPS policies, see
Section 2.6.2.6, in the case of chain constraints with dual variables πc 6 0 for
every c ∈ C, as introduced above.

To obtain a FPS policy, we have to determine a priority for every task pr(t) to
handle preemption of tasks that are assigned to the same ECU. Therefore, we
use the penalty on the objective function expressed in (5.74).

The Testing Set We start in analyzing the testing set of the workload demand
analysis for FPS stated in Theorem 2.25. A set of tasks T ⊆ T is schedulable if
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and only if there exists a δ ∈ (0, D(t)] with

Wt(δ) = C(t) +
∑

t′∈hp(t)

⌈
δ

P (t′)

⌉
· C(t′) 6 δ ∀ t ∈ T.

We remark that it is sufficient to evaluate the inequality for the testing set of t

∆t = {D(t)} ∪ {` · P (t′) 6 D(t) | ` ∈ N, t′ ∈ hp(t)},

which is the set of multiples of periods of higher priority tasks up to the tasks
deadline inclusively. A refinement of the testing set is given in Theorem 2.26.

Since the priority of the tasks is still unknown we expand the definition to the
testing set of the entire set of tasks T in ascending order by

∆ = {δ0, . . . , δk} = {D(t) | t ∈ T } ∪ {` · P (t) 6 max
t′∈T

D(t′) | ` ∈ N} (5.76)

for some k ∈ N, δ0 = 0, and δj < δj+1 for j = 1, . . . , k−1. Additionally, we define
k left half-open intervals Ij = (δj−1, δj ] for j = 1, . . . , k.

The idea is to assign WCRTs to intervals, because the WCRT of a task is influ-
enced by tasks with WCRTs in earlier intervals and the same interval. Hereafter,
we show that we can use a ratio of dual variables and WCETs to allocate priorities
to the tasks.

The Ratio We are considering two schedules with two tasks t and t′, and com-
pare the WCRTs in the cases where t is scheduled before, respectively after t′.

In the case where t is executed before t′, the WCRTs are given by R(t) = C(t),
and R(t′) = C(t) + C(t′). The additional contribution to the computation of
reduced cost by (5.74) is given by

ct→t′ = −
∑

c∈C:t∈seq(c)

πc ·R(t)−
∑

c∈C:t′∈seq(c)

πc ·R(t′)

= −
∑

c∈C:t∈seq(c)

πc · C(t)−
∑

c∈C:t′∈seq(c)

πc ·
(
C(t) + C(t′)

)
.

In the other case where t′ is executed before t, we get an additional contribution
of

ct′→t = −
∑

c∈C:t∈seq(c)

πc ·
(
C(t′) + C(t)

)
−

∑
c∈C:t′∈seq(c)

πc · C(t′).

The first case leads to reduced cost less than or equal to the second case if and
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only if the difference ct→t′ − ct′→t 6 0 which can be stated for better readability
as

Σt

C(t)
>

Σt′

C(t′)
.

with Σt =
∑

c∈C:t∈seq(c)

−πc and Σt′ =
∑

c∈C:t′∈seq(c)

−πc. Finally, we observe that the

priority of tasks is given by the ratio Σt
C(t) > 0. In case of equal ratios, an arbitrary

order is taken, e.g., by a task ID, thus we obtain

hp(t) =

{
t′ ∈ T

∣∣∣∣ Σt′

C(t′)
>

Σt

C(t)

}
∪
{
t′ ∈ T

∣∣∣∣ Σt′

C(t′)
=

Σt

C(t)
with IDt′ > IDt

}
.

The Computation of WCRTs For every task t ∈ T we adopt an integral op-
timization variable for the WCRT R(t) and an upper bound by D(t) · pt from
(5.17) and (5.16).

R(t) >
∑
i<j

∑
t′∈T

C(t′) ·
⌈

δj
P (t′)

⌉
· `(t′, i)

+
∑

t′∈hp(t)

C(t′) ·
⌈

δj
P (t′)

⌉
· `(t′, j)

+ C(t) · `(t, j)−M · (1− `(t, j)) ∀ t ∈ T , j = 1, . . . , k (5.77)
R(t) 6 D(t) · pt ∀ t ∈ T (5.78)

δj >
∑
i6j

∑
t∈T

C(t) ·
⌈
δj
P (t)

⌉
· `(t, i)

−M′ · (1− `(j)) j = 1, . . . , k (5.79)
`(j) > `(t, j) ∀ t ∈ T , j = 1, . . . , k (5.80)

pt =
∑

j=1,...,k

`(t, j) ∀ t ∈ T (5.81)

`(t, j) ∈ B ∀ t ∈ T , j = 1, . . . , k (5.82)
`(j) ∈ B j = 1, . . . , k (5.83)
R(t) ∈ N ∀ t ∈ T . (5.84)

To compute the WCRT of a task we introduce binary variables `(t, j) ∈ B for
t ∈ T , j = 0, . . . , k with `(t, j) = 1 if and only if the WCRT R(t) is in interval Ij ,
see (5.82). Since the intervals are a disjoint partition of [0, δk], at most one variable
`(t, j) can be equal to zero for scheduled tasks. This condition is implicitly given
by (5.81), stating that the sum over all intervals of `(t, j) is equal to pt for every
task t ∈ T .
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5.3 Combined Formulations

From Theorem 2.25 we know that the cumulative workload only increases if a
scheduled task is initiated again, i.e., after its period. For this reason we introduce
additional binary variables `(j) ∈ B for j = 0, . . . , k with `(j) = 1 if and only if
there is a task with WCRT in the interval Ij , see (5.80) and (5.83).

The necessary and sufficient conditions of the workload demand analysis from
Theorem 2.25 translate to (5.79) and (5.81). For the right bound δj of interval Ij ,
we sum over all tasks in earlier and the same interval, i.e., i 6 j, to obtain the
cumulative workload up to δj that must be less than or equal to δj , if a task has
its WCRT in interval Ij , otherwise the constraint is artificially satisfied with M′

sufficiently large.

A lower bound to the WCRT for a fixed j = 1, . . . , k is obtained by summing the
corresponding WCETs, see (5.77). The first term sums all WCETs according to
their quantity until δj if the tasks have WCRTs in intervals i < j. The second
term catches all tasks with WCRTs in interval j according to a higher priority
than t. The last two terms consist of the tasks WCET in the case the task is
selected, otherwise the constraint is artificially satisfied with M sufficiently large.

We remark that the constraints (5.77) have to be updated after every solving
process of the master LP, since the ratio that affects the tasks’ priority is modeled
as a fixed parameter, but depends on the current value of the dual variables πc
for all chains c ∈ C with t ∈ seq(c).

105



5 Formulations for Different Scenarios
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Chapter 6
Experiments and Evaluation

This chapter presents the experiments executed with our column generation ap-
proach for DSP in several scenarios. Comparing the scheduling analyses, param-
eter settings, and realized strategies we show the performance of our implemen-
tation.

For comparison we introduce other approaches that we also use for generating
start solutions in Section 6.2. Section 6.3 presents details about the set of problem
instances we work on. The objectives of this work are evaluated by the experi-
ments in Section 6.4 with progress and comparison charts explained in Section 6.1.

A particular conclusion is given after each experiment, whereas a complete sum-
mary of the results is given in Chapter 7.

6.1 Progress and Comparison Charts

The progress chart in Figure 6.1 shows the development of lower and upper
bounds on the objective function over the running time in seconds.

The x-axis is not linearly scaled, because we show the development of the bounds
in every node of the branch and bound tree of our algorithm. The single nodes are
alternately colored in light red and white ( ) and separated by an offset
for clarity.

A preceding heuristic phase is separated by a black vertical line ( ) from the
exact phase. In the heuristic phase the nodes are processed in a depth first search
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Figure 6.1: Exemplary progress chart.
This figure exemplary shows a progress chart of our algorithm with the develop-
ment of lower and upper bounds on the objective function over the running time
in seconds. It consists of a first heuristic phase and a subsequent exact phase.

order, in the exact phase the execution order is given by a best first search strategy
by the lower bounds, see Section 4.4.5. The first root node of each phase generates
global lower bounds, every other node of the branch and bound tree provides only
local information that are also valid in its child nodes. The computed fractional
upper bounds are still valid in the child nodes, whereas the detected integral
solutions are globally valid.

Inside each branch and bound node, the improvement of the lower bound is
plotted by a blue filled triangle pointing upwards ( ) connected by blue
dashed line segments. The initial lower bound is 0.

The improvement of upper bounds inside a branch and bound node is plotted by a
green filled triangle pointing downwards ( ) connected by green dashed line
segments. The initial upper bound is given by the highest possible cost cost(ŝ, T )
of the artificial solution, see Section 4.5.2.

Figure 6.1 shows that nodes at the end of the heuristic phase can still have a
weak lower bound, because they were pushed early into the priority queue with
a small recursive depth. On the contrary in the exact phase, the lower bound
behaves non-decreasingly due to the processing order.

If the lower bound is raised above the upper bound, the node starts branching
with the new lower bound, unless there already is an integral solution with this
objective value. This happens if the Lagrangian lower bound, see Section 4.5.1,
provides a better lower bound after solving all pricing problems.

If the upper bound corresponds to an integral solution of the system, the point
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Figure 6.2: Exemplary comparison chart.
This figure exemplary shows a comparison chart of our algorithm with different
analyses with the development of the global lower and upper bounds on the
objective function over the running time in seconds. The fourth method exceeds
the time limit with an improved upper bound, but an initial lower bound of zero.

is marked by a filled red dot ( ).

In the heuristic phase a solution is marked as such whenever it is integral, whereas
in the exact phase the upper bound is immediately reduced below the best integral
solution to cut the search space, since we are only interested in one optimal
solution. In some cases the result of the LP is already integral, then the solution
is marked as well although it does not improve the objective function.

The comparison chart in Figure 6.2 shows the development of the global lower
and upper bounds on the objective function over the running time in seconds for
different analyses.

The x-axis is linearly scaled and the results inside the branch and bound nodes
are only visible if their results are of global scope. A separation of the heuristic
and exact phase of the analyses is not shown, since the point of time differs
significantly for the different analyses.

Every analysis is plotted in a separate color, e.g., red, and the total running time
is marked by a vertical line ( ) pointing to the x-axis. Global lower bounds are
plotted by a filled triangle pointing upwards ( ) connected by dashed line
segments. Every global upper bound corresponds to an integral solution of the
system, thus they are plotted by a filled dot ( ) connected by dotted line
segments.
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6 Experiments and Evaluation

6.2 Experimental Setup

Büker et al. [15, 16] and Thaden [55] describe a modular two-tier approach when
solving variants of the DSP. In the first heuristic global phase the pre-allocation
of tasks to processing subsystems is done mainly by utilization aspects. In under-
lying exact local phases schedulability and memory analyses are performed for
subsystems and their processing ECUs to ensure that the allocation is executable.
If there are remaining non-allocated tasks, called odd set, they are returned to
the global phase and will be reallocated in subsequent iterations.

The local analyses are exchangeable respecting the schedulability policies and
strategies. Althaus et al. [2] proposed a branch and bound algorithm solving
LP relaxations by column generation that can be extended to a local analysis
that provides odd sets for the two-tier approach. Moreover, the extension can
minimize the overall cost of the computation in a subsystem if the tasks are given
virtual cost values that conflict with the required modifications of the subsystem’s
hardware to keep the odd set small, respectively the cost minimal.

Thaden [55] introduced a spare-time/MaxWCET analysis that ensures the schedu-
lability of the tasks and provides an odd set if non-allocated tasks remain due
to a given cost limit for a subsystem. Due to preemption and the fact that pre-
allocated tasks already received a priority for the execution order, the process
of scheduling a new task has to consider two different aspects. On the one hand,
the task receives a priority that causes all lower priority tasks to check their
schedulability conditions since now they can be interrupted by this new task.
This scenario is tackled by the spare-time analysis that computes the remaining
computational capacity for a priority on each ECU so that the pre-allocated tasks
remain schedulable. On the other hand, the task itself will be interrupted by all
higher priority tasks that increase its WCRT. The MaxWCET analysis estimates
the tasks maximal WCET with respect to the deadline.

In the subsequent experiments we examine variants of our column generation
approach and often use the approach by Thaden with the following notations:

TwoTier Two-tier global/local approach with local spare-time/MaxWCET anal-
ysis, see Thaden [55].

ColGen-l Our column generation approach applying the workload analysis by
Lehoczky, see Theorem 2.25, that performs DMS which is optimal in DSP-GF
and non-sufficient in DSP-CF.

ColGen-e Our column generation approach applying the response time analysis
by Eisenbrand et al., see Section 5.1.5.2, that performs optimal FPS in
DSP-GF and DSP-CF.
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6.3 Problem Instances

ColGen-n Our column generation approach applying our new ILP formulation
for computing WCRTs, see Section 5.3.4, that performs optimal FPS in
DSP-GF and DSP-CF.

The experiments are performed on one of two six-core processors (Intel R© CoreTM

i7–970 at 3,2 GHz) with 12 GB of physical memory running Linux with kernel
version 3.8.0. The implementation of our algorithm was done in C++ and was
compiled with GNU g++ 4.8.1 with the optimization flag -O3 turned on. For
solving the generated LPs and ILPs we use the commercial solver Gurobi Opti-
mizer 5.6.2 [36] working on all 6 available cores. In general, the time for solving
an instance was limited to 3600s = 60min.

6.3 Problem Instances

The problem instances arise from a student project at the Carl von Ossietzky-
University, Oldenburg, one of the research centers of AVACS [9], where the task
was to develop a Virtual Driver Assistance system (ViDAs) [6] capable of auto-
matically joining a two-lane motorway. Cars changing the lane use sensors to iden-
tify a sufficiently large gap between cars on the adjacent lane. This lane change
assistant leads to an adaptive cruise control system that additionally checks the
distances to traffic in front of the car.

The hardware architecture in the ViDAs context is given by two subsystems, each
of them with a capacity of two ECUs. They are connected by a global FlexRay
bus, whereas the local communication is handled via CAN buses of sufficient
speed. Four ECU types of different memory capacity and cost are given, see
Table 6.1. Initially, the two ECUs in every subsystem are preset to the cheapest
ECU type by a requirement of the TwoTier approach, however empty hardware

Table 6.1: Hardware architecture of the instances.
This table shows the available (avail) and pre-set hardware configuration of a
single subsystem in the ViDAs instances. Each subsystem can hold two ECUs
which are preset to the ECU Type3, leading to initial costs of 28 per subsystem.

ECU type Type0 Type1 Type2 Type3

Memory 30000 20000 15000 10000

Cost 38 28 18 14

ECU0 avail avail avail preset

ECU1 avail avail avail preset
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Table 6.2: Initial task network of the instances.
This table shows the details of the initial task network of the ViDAs
instances. One task of the first block is predeployed to each preset
ECU, however the tasks of the second block can be allocated freely.
The memory consumption of every task was set to 450 equally for ev-
ery ECU type, so that the memory restrictions have minor impact.

Task WCET Deadline Period

Type0 Type1 Type2 Type3

TaskI0 240 320 480 680 4000 4000

TaskI1 – I3 240 320 480 1190 6000 6000

TaskI4 240 320 480 850 6000 6000

TaskI5 240 320 480 900 6000 6000

TaskI6 – I7 240 320 480 1000 6000 6000

TaskI8 – I19 240 320 480 1190 6000 6000

architectures are also manageable by our algorithm.

The task network in the ViDAs context consists of 20 artificial base load tasks,
because in practical applications most systems come with predefined tasks already
allocated to some computing units. Due to requirements of the TwoTier approach,
each of the preset ECUs has exactly one task predeployed to it. These 20 initial
base load tasks are given in detail in Table 6.2.

The specification model in the ViDAs case study was developed in MATLAB R©

Simulink and has to be partitioned into software parts defining tasks and mes-
sages with information about WCRTs, deadlines, periods, and memory consump-
tion. This task creation process is part of the design flow of developing embedded
systems and is out of focus of this work, see Büker et al. [14–16] for more in-
formation on this topic. The resulting task networks build the instances for the
experiments in this thesis.

Five problem instances were generated consisting of the initial base load tasks,
see Table 6.2, and different compilations of the additional tasks from the task
creation process, see Table 6.3.

ProblemA is given by 7 additional tasks, ProblemB consists of two copies of the
additional tasks of ProblemA. By task creation processes with different parame-
ters both ProblemC is built with additional 13 tasks and ProblemD is generated
with additional 10 tasks. Taking together all different additional tasks from Prob-
lemA, ProblemC, and ProblemD, the largest ProblemE consists of additional
7 + 13 + 10 = 30 tasks.
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6.3 Problem Instances

Table 6.3: Additional task networks of the instances.
This table shows the details of the additional task networks of the ViDAs in-
stances. The first block forms ProblemA and doubled ProblemB, the second block
builds ProblemC, and the third block generates ProblemD. ProblemE is gener-
ated by all three blocks together. The memory consumption of every task was set
to 0 equally for every ECU type, so that the memory restrictions have no impact.

Task WCET Deadline Period

Type0 Type1 Type2 Type3

TaskA0 611 844 925 1003 5000 5000
TaskA1 98 123 112 124 5000 5000
TaskA2 29 30 18 22 5000 5000
TaskA3 403 455 175 205 5000 5000
TaskA4 261 284 481 510 5000 5000
TaskA5 505 706 751 813 5000 5000
TaskA6 7 7 4 5 5000 5000

TaskC0 382 562 626 677 5000 5000
TaskC1 14 14 7 9 5000 5000
TaskC2 56 64 58 64 5000 5000
TaskC3 181 211 216 237 5000 5000
TaskC4 80 98 99 108 5000 5000
TaskC5 95 111 109 119 5000 5000
TaskC6 29 30 18 22 5000 5000
TaskC7 385 437 171 201 5000 5000
TaskC8 212 233 470 498 5000 5000
TaskC9 227 313 298 322 5000 5000
TaskC10 340 458 472 512 5000 5000
TaskC11 18 20 9 11 5000 5000
TaskC12 7 7 4 5 5000 5000

TaskD0 606 839 923 1001 5000 5000
TaskD1 113 138 168 186 5000 5000
TaskD2 10 10 5 6 5000 5000
TaskD3 380 435 167 197 5000 5000
TaskD4 188 205 445 471 5000 5000
TaskD5 22 27 10 12 5000 5000
TaskD6 21 26 11 13 5000 5000
TaskD7 252 340 343 372 5000 5000
TaskD8 273 380 413 446 5000 5000
TaskD9 7 7 4 5 5000 5000

113
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Table 6.4: Sizes of the task networks of the instances.
This table shows the sizes of the examined instances consist-
ing of the initial and additional tasks of the ViDAs instances.

Instance Tasks

initial additional total

ProblemA I0 – I19 A0 – A6 27

ProblemB I0 – I19 A0 – A6
A0 – A6

34

ProblemC I0 – I19 C0 – C12 33

ProblemD I0 – I19 D0 – D9 30

ProblemE I0 – I19 A0 – A6
C0 – C12
D0 – D9

50

6.4 Objectives and Evaluation

The three major objectives introduced in Section 1.3 are examined in Sections
6.4.1 – 6.4.3. We show the performance and advantages of our algorithm by
performing relevant experiments and revealing differences to existing approaches.

6.4.1 Assessing Quality of Solutions by Providing Lower Bounds

Providing good lower bounds on the objective value allows for assess the quality
of heuristic solutions that come with no measurement of quality.

We follow the attempt to apply necessary but non-sufficient scheduling policies
to estimate a lower bound with our ColGen-l approach. Nevertheless we also
apply the more complex scheduling policies ColGen-e and ColGen-n, since they
also provide good lower bounds during the optimization process due to the LP
relaxation that is solved to optimality in every branch and bound node.

In this experiment we compare the results of the heuristic TwoTier approach
with our algorithm. We use our implementation to provide a lower bound on the
objective value to assess the quality of externally computed solutions. Therefore,
we apply ColGen-l with the workload analysis by Lehoczky which performs the
DMS policy, see Theorem 2.25.

The allocation of priorities by DMS is only optimal in DSP-GF, see Section 3.7,
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Figure 6.3: Evaluation of lower bounds with ColGen-l.
The chart shows the evaluation of the lower bound when
applying ColGen-l to the different problem instances.
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Figure 6.4: Evaluation of lower bounds with ColGen-n.
The chart shows the evaluation of the lower bound when
applying ColGen-n to the different problem instances.

since chains with end-to-end deadlines influence the value of the WCRT and the
DMS policy does not necessarily remain optimal. However, even in DSP-CF the
DMS policy provides safe lower bounds with the benefit of smaller running times
and the same quality of lower bounds in the test cases compared to the approaches
ColGen-e and ColGen-n which compute the WCRTs.

This method is also applied when we compute optimal allocations as a presolve
process, since it provides safe lower bounds in small running times as opposed to
starting without a good lower bound, see Section 6.4.3.2.
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Table 6.5: Results in providing lower bounds only.
We show the result serving as upper bound (ub) and running time
in seconds for the TwoTier approach, compared to the lower bounds
(lb) of ColGen-l, ColGen-e, and ColGen-n. The time limit was 3600s.

Instance TwoTier ColGen-l ColGen-e ColGen-n

ub time lb time lb time lb time

ProblemA 60 20s 60 6s 0 – 60 176s

ProblemB 64 21s 60 7s 0 – 60 318s

ProblemC 60 75s 60 12s 0 – 60 199s

ProblemD 60 37s 60 11s 0 – 60 209s

ProblemE – – 64 66s 0 – 64 1332s

In Table 6.5 we show the results in providing lower bounds only. The TwoTier
approach provides a not necessarily optimal solution to the problem, while our
algorithm only solves the root node to optimality. We present the computed lower
bounds on the objective function and running times with DMS policy in ColGen-l
and WCRT computation with the two formalizations ColGen-e and ColGen-n. All
ColGen approaches use multiple columns generation, so that up to 20 columns
can enter the master problem per subsystem, see Section 4.6.2.

The results in Table 6.5 show that ColGen-l is able to provide safe lower bounds in
similar time as the heuristic TwoTier approach provides upper bounds. Also the
WCRT approach ColGen-n does provide the same lower bounds in all instances,
but consumes up to the 45-fold running time. However, the approach ColGen-e
turns out to be even more time consuming and does not improve the initial lower
bound of 0 before reaching the given time limit of 3600s. Especially for ProblemE
the heuristic approach only produced partial solutions that did not allocate all
tasks.

The evaluation of lower bounds is shown in Figure 6.3 when applying ColGen-l
and in Figure 6.4 for the ColGen-n implementation. Since ColGen-e does not
provide lower bounds within the time limit, the results are not shown.

Conclusion The results show that ColGen-l is capable of providing lower bounds
faster than TwoTier provides heuristic solutions. This property is used again in
Section 6.4.3.2 to develop a hybrid approach for DSP. Comparing the approaches
ColGen-e and ColGen-n to compute WCRTs, we see that the formulation in
ColGen-n turns out to be faster computable than in ColGen-e. Summarizing,
both approaches ColGen-l and ColGen-n compute the correct lower bounds in
reasonable running times. All results are shown in Table 6.5.
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Figure 6.5: Progress chart with exact phase only.
ColGen-l applied to ProblemC without a heuristic phase.

6.4.2 Providing Global Optimal Allocations

The results of Section 6.4.1 can be seen as a byproduct of the optimization process
when searching for an optimal solution that we examine in this section.

We have to distinguish between the two scenarios DSP-GF, where the DMS policy
is sufficient, see Section 6.4.2.1, and DSP-CF with constraints on chains where
the WCRTs have to be computed, see Section 6.4.2.3. Nevertheless we present the
results if we apply the more complex scheduling policies with WCRT computation
on DSP-GF in Section 6.4.2.2. We deal with the expected larger running times
by applying several strategies in the branch and bound process as well as in the
column generation process.

All following experiments use multiple columns generation with up to 20 columns
per subsystem, see Section 4.6.2. If a heuristic phase is applied to a ColGen
approach, it is either aborted after providing three integral solutions or after 40
processed branch and bound nodes at the latest, see Section 4.6.3.

6.4.2.1 DSP-GF with the DMS policy ColGen-l

When applying the DMS policy by Lehoczky et al. we expect small running times
due to the ILP formulations described in Section 5.1.5.3 that are similar to multi-
dimensional knapsack constraints. Exemplary we show the progress charts of our
algorithm ColGen-l with several strategies applied to ProblemC, as described
in Section 4.6. The scheduling of the messages is neglected to emphasize the
performance of the scheduling strategies.
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Figure 6.6: Progress chart with heuristic and exact phase.
ColGen-l applied to ProblemC with a first heuristic phase.

In Figure 6.5 we see the progress of ColGen-l if we only apply the exact phase of
our algorithm ColGen-l. Due to a missing integral solution the algorithm traverses
a lot of branch and bound nodes, although the lower bound is already optimal
in the first root node. An optimal allocation with objective value 60 is not found
until after 95s.

In Figure 6.6 we show the result if we slot a heuristic phase, see Section 4.6.3,
ahead of the exact one, separated by the black vertical line ( ). We see that a
first integral solution of value 70 is found in a branch and bound node after 6s, a
second of value 64 after 7s, and a last one of objective value 60 around 11s. In the
root node of the exact phase the lower bound raises up to 60 and the algorithm
terminates with an optimal allocation of value 60 after 20s.

The observed behaviour is that the integral solutions found by the heuristic phase
can reduce the upper bound and cut the search space for the exact phase. In this
case aborting the heuristic phase after three encountered integral solutions turns
out to be a good parameter choice. In Table 6.6 we present the results for all
instances. Unfortunately, we see a doubling in running time for ProblemE when
applying a previous heuristic phase.

In Figure 6.6 we show what benefit is reachable by applying several heuristic
strategies. In the heuristic phase on the left we see that the lower bound does not
change in the first heuristic root node, whereas in Figure 6.5 it increases up to
60 by the price of a larger resting time in the first branch and bound node.

The strategy to terminate the solving process of a branch and bound node if
the absolute error κabs remains constant for several iterations (here five) is also
applied in the heuristic phase. It is clearly visible that there is no improvement
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Table 6.6: Results in providing optimal allocations in DSP-GF.
We show the objective value (val) and running time in sec-
onds for ColGen-l without (w/o) and with (w) a first
heuristic phase for DSP-GF. The time limit was 3600s.

Instance ColGen-l w/o ColGen-l w

val time val time

ProblemA 60 28s 60 35s

ProblemB 60 168s 60 207s

ProblemC 60 95s 60 20s

ProblemD 60 55s 60 50s

ProblemE 64 1707s 64 3414s

in the lower nor the upper bound in the first nodes, thus the branching is pushed
on in Figure 6.6. In the subsequent exact phase, only the root node is solved to
raise the global valid lower bound to the already known integral solution of value
60.

Conclusion The results show that ColGen-l is capable of quickly providing opti-
mal solutions in the scenario of DSP-GF. The application of a heuristic phase with
the chosen parameters does not pay off in every instance, especially not for Prob-
lemE, since ColGen-l without the heuristic phase turns out to solve the instances
to optimality even faster or equally fast. All results are shown in Table 6.6.

6.4.2.2 DSP-GF with WCRT computation ColGen-e and ColGen-n

If we apply more complex scheduling strategies than in ColGen-l, the pricing prob-
lems become more difficult to solve. We compare the two described formulations
ColGen-e with the WCRT computation by Eisenbrand et al., see Section 5.1.5.2
and our new ILP formulation ColGen-n, see Section 5.3.4. Both approaches apply
a heuristic phase before the exact computation.

In Figure 6.7 we see the progress of ColGen-e applied to ProblemC, exemplary.
In the heuristic phase a first integral solution of value 64 was found after 2243s,
a second and third of value 60 were found after 2813s, respectively 2899s, the
latter started the subsequent exact phase. The lower bound was raised up to the
value of 42 in the root node before the time limit of 3600s. Summarizing, optimal
solutions have been detected, but the proof of optimality is missing, however the
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Figure 6.7: Progress chart with WCRT computation.
ColGen-e applied to ProblemC with a first heuristic phase.
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Figure 6.8: Progress chart with WCRT computation.
ColGen-n applied to ProblemC with a first heuristic phase.

solution comes with an improved lower bound.

The drawback of the approach of Eisenbrand et al. is the complex formulation
leading to large running times in the pricing ILPs. Figure 6.8 shows the progress
of ColGen-n applied to the same ProblemC. Obviously the first integral solutions
in the heuristic phase have values of 70 and 64, but the third one reaches the
optimum value of 60. Due to faster computations the heuristic phase aborts after
480s and the root node of the subsequent exact phase proves the optimality after
628s.
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Table 6.7: Results in providing optimal allocations in DSP-GF with WCRTs.
We show the objective value (val), respectively the corresponding lower and
upper bound, and running time in seconds for ColGen-e and ColGen-n, both
apply a first heuristic phase and the described strategies of Section 4.6 for
DSP-GF with the additional computation of WCRTs. The time limit was 3600s.

Instance ColGen-e ColGen-n

val time val time

ProblemA [0,60] – 60 295s

ProblemB [42,64] – [60,74] –

ProblemC [42,60] – 60 628s

ProblemD [0,60] – 60 1109s

ProblemE [0,152] – [0,104] –

Conclusion The results show that our new ILP formulation is advantageous
over the formulation of Eisenbrand et al. in these instances, even if it does not
solve all instances to the optimum in the time limit of 3600s. In the instances
where both methods cannot provide the optimum within the time limit, ColGen-n
provides strictly tighter bounds on the objective value than ColGen-e. All results
are shown in Table 6.7.

6.4.2.3 DSP-CF with WCRT computation ColGen-e and ColGen-n

We consider DSP-CF with the complex linear constraints in the master problem,
see Section 5.3.2, that links the results of several pricing problems together. These
combining constraints carry the values of the WCRTs of tasks and messages as
linear coefficients, thus the pricing problems need to report on these data by
application of ColGen-e or ColGen-n.

In the ViDAs context, the instances also bring chains with end-to-end deadlines
consisting of sequences with up to eight tasks. We neglect both the initial tasks
TaskI0 – TaskI19 of Table 6.2 as well as signals, and halve every end-to-end
deadline to increase the pressure on the scheduling requirements by the chains.
The preset ECU assignment necessary for the TwoTier approach is also discarded.

Both compared formulations ColGen-e with the WCRT computation by Eisen-
brand et al., see Section 5.1.5.2 and our new ILP formulation ColGen-n, see
Section 5.3.4, apply the heuristic phase before the exact phase.

In Figure 6.9 we show the progress results for lower and upper bounds if we
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Figure 6.9: Comparison chart for ColGen-e for chains in DSP-CF.
Lower and upper bounds for ColGen-e applied to ProblemA
– ProblemD with a heuristic phase for DSP-CF with chains.
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Figure 6.10: Comparison chart for ColGen-n for chains in DSP-CF.
Lower and upper bounds for ColGen-n applied to ProblemA
– ProblemD with a heuristic phase for DSP-CF with chains.

apply ColGen-e to ProblemA – ProblemD. For comparison, Figure 6.10 shows
the progress results with our new ILP formulation in the approach ColGen-n. We
see a similar performance of the bounds in both approaches with shorter running
times for ColGen-n.

Exemplary, we also present the progress charts for both approaches applied to
ProblemA. In Figure 6.11 we see that ColGen-e spends more time in processing
the branch and bound nodes, compared to ColGen-n, see Figure 6.12. As the time
for solving the master LP relaxations is almost negligible, the major part of the
running time is spend in solving the pricing ILPs.
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Figure 6.11: Progress chart for ColGen-e in DSP-CF.
ColGen-e applied to ProblemA in the scenario of DSP-CF with a first heuristic
phase before the exact phase terminates after the computation of the root node.
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Figure 6.12: Progress chart for ColGen-n in DSP-CF.
ColGen-n applied to ProblemA in the scenario of DSP-CF with a first heuristic
phase before the exact phase terminates after the computation of the root node.

We remark that in both Figures 6.11 and 6.12 we see that the heuristic phase
runs out of branching possibilities due to the pursued heuristic branching strategy.
Since we try to predeploy as many tasks as possible to the same subsystem
in one branching decision we do not generate the complete branching tree, see
Section 4.6.3 for details.
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Table 6.8: Results in providing optimal allocations in DSP-CF.
We show the objective value (val), respectively the corresponding lower and
upper bound, and running time in seconds for ColGen-e and ColGen-n,
both apply first heuristic phases and the described strategies of Sec-
tion 4.6 for DSP-CF containing chains with an end-to-end deadline. The
initial tasks of Table 6.2 are neglected and the time limit was 7200s.

Instance ColGen-e ColGen-n

val time val time

ProblemA 28 20s 28 3s

ProblemB 42 3876s 42 510s

ProblemC 28 721s 28 19s

ProblemD 28 336s 28 8s

ProblemE [0,152] – [0,152] –

Conclusion In Table 6.8 we present all results and observe that our new ILP
formulation is advantageous over the formulation of Eisenbrand et al. in these
instances. Due to more complex formulations in the pricing ILPs, ColGen-e con-
sumes more running time in solving a branch and bound node.

6.4.3 Development of Hybrid Approaches

The existing two-tier approaches with heuristic algorithms and our global optimal
approach point in different directions concerning the trade-off between running
time and optimality.

The observations is that lower bounds can assess the quality of heuristic ap-
proaches, whereas heuristic solutions can reduce the search space of LP ap-
proaches by providing upper bounds. To achieve a compound benefit, we combine
start solutions of heuristic approaches with our algorithm seeking for an optimal
solution in DSP-GF.

All following experiments use multiple columns generation with up to 20 columns
per subsystem, see Section 4.6.2. If a heuristic phase is applied to a ColGen
approach, then it is aborted after providing three integral solutions or after 40
processed branch and bound nodes at the latest, see Section 4.6.3.

The heuristic start solutions are generated by TwoTier with the details given in
Table 6.9. All five heuristic solutions function as input for the ColGen approaches,
even if TwoTier does not provide a complete allocation of all tasks for ProblemE.
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Table 6.9: Results of TwoTier in providing start solutions.
We show the objective value (val) and running time in seconds for the TwoTier
approach. For ProblemE the TwoTier approach only provides incomplete, par-
tial allocations marked with a prime symbol (′). The time limit was 3600s.

Instance TwoTier

values times avg. time

ProblemA 60, 60, 60, 64, 64 15s, 26s, 3s, 10s, 10s 13s

ProblemB 64, 64, 64, 64, 64 26s, 25s, 21s, 32s, 35s 28s

ProblemC 60, 60, 60, 60, 60 69s, 112s, 69s, 126s, 25s 80s

ProblemD 60, 60, 60, 60, 60 43s, 38s, 39s, 46s, 47s 43s

ProblemE 56′, 56′, 56′, 56′, 56′ 761s, 47s, 13s, 54s, 7s 177s

6.4.3.1 Including heuristic start solutions

The following experiments show the advantage of including the heuristic start
solutions by TwoTier from Table 6.9 into our column generation approaches.

In Table 6.10 we show the results of ColGen-l, ColGen-e and ColGen-n both
without start solutions and with start solutions. Except for the execution of
ColGen-l for ProblemB and ColGen-e that did not terminate within the time
limit of 3600s, the provision of heuristic start solutions to the ColGen approaches
is advantageous in terms of shorter running times.

We emphasize that the execution of ColGen-l for ProblemE even benefits from
the partial heuristic start solutions by TwoTier. The ColGen approach can use
these incomplete assignments as long as the subsets of tasks are schedulable, since
they represent a valid pattern variable for the master LP.

Exemplary, we show the results when applying ColGen-n to ProblemC in com-
parison to the previous results without heuristic start solutions, see Figure 6.13.
We see that the integral heuristic start solution is detected at the start of the
heuristic phase and interestingly leads to a direct raise of the lower bound to
the value 14. ColGen-n without heuristic start solutions detects the first integral
solutions of values 70, 64, and 60 after 224s, 251s, and 480s, whereas the lower
bound closes the gap to the upper bound after 628s.

Additionally, we show ProblemC if ColGen-e is applied, see Figure 6.14, where
both approaches do not reach the optimal objective value of 60 before the time
limit of 3600s. We remark that ColGen-e without heuristic start solutions provides
a better lower bound of 42, compared to the lower bound of 28 from ColGen-e
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Figure 6.13: Comparison chart for ColGen-n with heuristic start solutions.
ColGen-n applied to ProblemC with heuristic start so-
lutions (red) provided by TwoTier and without (blue).
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Figure 6.14: Comparison chart for ColGen-e with heuristic start solutions.
ColGen-e applied to ProblemC with heuristic start so-
lutions (red) provided by TwoTier and without (blue).

with heuristic start solutions. This happens, because ColGen-e without heuristic
start solutions finishes its heuristic phase after 2899s and starts to improve the
lower bound in the root node of the exact phase. ColGen-e with heuristic start
solutions reaches the exact phase after 3310s and runs out of time.
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Table 6.10: Results of ColGen with heuristic start solutions in DSP-GF.
We show the average running time in seconds for the TwoTier approach, and the
running time in seconds for the approaches ColGen-l, ColGen-e and ColGen-n
both without (w/o) heuristic start solutions and with (w) heuristic start solu-
tions. If an approach does not terminate with the optimal objective value before
the time limit of 3600s, we present the corresponding lower and upper bound.

Instance TwoTier ColGen-l ColGen-e ColGen-n

time time time time

avg. w/o w w/o w w/o w

ProblemA 13s 35s 13s [0,60] [0,60] 295s 521s

ProblemB 28s 207s 180s [42,64] [0,64] [60,74] [60,74]

ProblemC 80s 20s 24s [42,60] [28,60] 628s 493s

ProblemD 43s 50s 13s [0,60] [14,60] 1109s 396s

ProblemE 177s 3414s 1129s [0,152] [0,152] [0,104] [60,84]

Conclusion The results show that almost every approach benefits from provided
heuristic start solutions. Even if partial heuristic start solutions are provided to
the column generation approach, it can recombine these in the master LP to
valid full solutions. This property can be observed by the improved bounds in the
application of ColGen-n with heuristic start solutions for ProblemE. All results
are shown in Table 6.10.

6.4.3.2 Additional presolve phase

We discussed the provision of lower bounds from necessary but non-sufficient
scheduling policies, like DMS, in Section 6.4.1. Since the quickly computed lower
bound of ColGen-l is still valid if we apply ColGen approaches for WCRT com-
putation, we make use of these lower bounds in a first additional presolve phase.

To illustrate our algorithmic strategy, we exemplary examine ProblemA, see Fig-
ure 6.15. We start our algorithm with a first presolve phase that computes a lower
bound by applying ColGen-l with DMS policy. Here we increase the initial lower
bound up to the value of 60 after 6s.

Separated by the left black vertical line ( ) in Figure 6.15, the next step is
the heuristic phase which already uses the lower bound of the presolving. The
exploration of the heuristic branch and bound tree provides an integral solution of
value 60 after 169s. Due to the tight lower bound of the presolving our algorithm
terminates with an optimal solution without performing an exact phase.
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Figure 6.15: Progress chart of the presolve and heuristic phase.
The first presolve phase performs ColGen-l with DMS policy, then
the heuristic phase performs ColGen-n, here applied to ProblemA.
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Figure 6.16: Progress chart of the presolve, heuristic and exact phase.
Applied to ProblemB, the first presolve phase performs ColGen-l with DMS pol-
icy, then the heuristic phase performs ColGen-n and reduces the upper bound,
but the last exact phase does not close the gap within the time limit of 3600s.

Unfortunately, this behaviour is not guaranteed. If the heuristic phase does not
close the gap from integral solutions to the lower bound, we have to apply a last
exact phase to find the optimal solution. Exemplary, Figure 6.16 shows ColGen-n
applied to ProblemB with a weaker heuristic phase that provides strictly better
upper bounds, but the optimal solution of value 60 is not found within the time
limit.

In Table 6.11 we see that almost every instance was solved to optimality even by
ColGen-e with the additional presolving. Obviously, the presolve phase makes no
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Table 6.11: Results of ColGen with presolve phase in DSP-GF.
We show the average running time in seconds for the TwoTier approach,
and the running time in seconds for the approaches ColGen-l, ColGen-e and
ColGen-n both without (w/o) presolve phase and with (w) presolve phase. If
an approach does not terminate with the optimal objective value before the
time limit of 3600s, we present the corresponding lower and upper bound.

Instance TwoTier ColGen-l ColGen-e ColGen-n

time time time time

avg. w/o w w/o w w/o w

ProblemA 13s 35s 35s [0,60] 1947s 295s 169s

ProblemB 28s 207s 207s [42,64] 3099s [60,74] [60,74]

ProblemC 80s 20s 20s [42,60] 2071s 628s 499s

ProblemD 43s 50s 50s [0,60] 3495s 1109s 879s

ProblemE 177s 3414s 3414s [0,152] [64,152] [0,104] [64,104]

difference in ColGen-l since it applies DMS policy anyway.

Conclusion The presolve phase with the necessary but non-sufficient DMS pol-
icy applied by ColGen-l helps tremendously in reducing the running time. All
approaches gain from the good lower bound provided by the presolving. The
results for all instances are shown in Table 6.11.

6.4.3.3 Heuristic start solutions and presolve phase

The advantages of heuristic start solutions from Section 6.4.3.1 and of the presolve
phase from Section 6.4.3.2 are mergeable. If we pursue this strategy, the remaining
task is to close the gap by raising the lower bound on the one hand, or computing
cost minimal integral solutions on the other hand. Combining both strategies
leads to a major decrease in running time.

In Figure 6.17 we exemplary show the progress of ColGen-n applied to ProblemA,
where the heuristic start solutions of TwoTier are provided to our algorithm and
a presolve phase is applied. After the presolve phase of about 7s the lower bound
already reached the objective value of 60. With the heuristic start solutions of
value 60, the optimal value is reached already after 7s.

We also present the progress chart of ProblemB if ColGen-n is applied. After 8s
the presolving computed the lower bound of value 60, then the heuristic phase
detects integral solutions of the values 84, 80, and 74 until the exact phase starts
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Figure 6.17:
Progress chart of the presolve and heuristic phase with heuristic start solutions.
The first presolve phase performs ColGen-l with DMS policy, then the
heuristic phase performs ColGen-n, here applied to ProblemA. Both
phases make use of the provided heuristic start solutions of TwoTier.
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Figure 6.18:
Progress chart of the presolve and heuristic phase with heuristic start solutions.
The first presolve phase performs ColGen-l with DMS policy, then the
heuristic phase performs ColGen-n, here applied to ProblemB. Both
phases make use of the provided heuristic start solutions of TwoTier.

after 576s. The processing of the branch and bound tree of the exact phase does
not lead to an improvement of the bounds [60, 74] for ProblemB.
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Table 6.12:
Results of ColGen with presolve phase and heuristic start solutions in DSP-GF.
We show the average running time in seconds for the TwoTier approach,
and the running time in seconds for the approaches ColGen-l, ColGen-e
and ColGen-n both without (w/o) heuristic start solutions and presolv-
ing, and with (w+w) heuristic start solutions and presolving. If an ap-
proach does not terminate with the optimal objective value before the
time limit of 3600s, we present the corresponding lower and upper bound.

Instance TwoTier ColGen-l ColGen-e ColGen-n

time time time time
avg. w/o w+w w/o w+w w/o w+w

ProblemA 13s 35s 13s [0,60] 5s 295s 7s
ProblemB 28s 207s 180s [42,64] [60,64] [60,74] [60,74]
ProblemC 80s 20s 24s [42,60] 16s 628s 8s
ProblemD 43s 50s 13s [0,60] 8s 1109s 8s
ProblemE 177s 3414s 1129s [0,152] [64,152] [0,104] [64,84]

Conclusion In the cases an optimal solution was found before the time limit of
3600s, all ColGen approaches reach a major speed-up with this hybrid approach.
Interestingly, the approaches that compute WCRTs ColGen-e and ColGen-n gain
more than ColGen-l that performs DMS. The results for all instances are given
in Table 6.12.
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Chapter 7
Conclusion

This chapter begins with a short summary of the results of the examined experi-
ments from Chapter 6 in Section 7.1. The results are then discussed in Section 7.2
where we also identify ideas for further directions of research.

7.1 Summary of the Results

To summarize, our developed algorithm is capable of solving the DSP in its both
variants. Due to the safety-critical origin of our application, the main focus in
the development was on optimality, rather than on competing with fast heuristic
approaches. We showed that all necessary real-time requirements are express-
ible with linear formulations, including the hardware architecture, the periodic
schedulability of tasks, and the transmission of messages via the global bus. Our
new ILP formulation for computing WCRTs turns out to be advantageous in the
considered scenario of chains with end-to-end deadlines.

The subsequent summary of our results is divided into the three major objectives
introduced in Section 1.3 and examined in detail in Section 6.4.

7.1.1 Assessing Quality of Solutions by Providing Lower Bounds

The experiments of providing lower bounds on the objective value to assess the
quality of heuristic solutions are given in Section 6.4.1.

The results show that our algorithm is capable of determining a good lower bound
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on the objective value of the DSP in every scenario. Furthermore, the exact lower
bound is detected in all instances by our algorithm both with the necessary
but non-sufficient scheduling analysis of Lehoczky et al. [45] and with our new
ILP formulation. Especially the formulation with the DMS policy by Lehoczky
et al. [45] leads to smaller running times for providing lower bounds than the
tested heuristic approach of Thaden [55] computes solutions.

Since our algorithm detects the exact lower bounds in all tested ViDAs instances,
we are able to prove the optimality of the heuristic approaches within the same
time horizon.

7.1.2 Providing Global Optimal Allocations

The experiments of providing global optimal allocations are presented in Sec-
tion 6.4.2.

In the scenario of DSP-GF the DMS policy is optimal and with the formulation
of Lehoczky et al. [45] the optimal solution is detected quickly. The application
of a heuristic phase prior to the exact computation was not beneficial in every
instance in DSP-GF.

With the more complex scheduling policies to additionally compute WCRTs, the
heuristic phase is necessary to prune the branch and bound tree. The results show
that our new ILP formulation is more efficient than the formulation of Eisenbrand
et al. [31], in terms of smaller running times and tighter bounds if the time limit
was reached.

In the scenario of DSP-CF with the combining constraints in the master problem
we obtained strictly smaller running times with our new ILP formulation than
with the formulation of Eisenbrand et al. [31] which is more complex.

7.1.3 Development of Hybrid Approaches

The development of a hybrid approach is based upon the idea of combining gen-
erated heuristic start solutions, a non-sufficient presolve phase, and a subsequent
exact phase to determine global optimal allocations in the end. The detailed
experiments are given in Section 6.4.3.

If we only use start solutions generated by external heuristic approaches, we
observe benefits in smaller running times and tighter bounds for almost every
approach and instance. A noteworthy ability of our approach is that even partial
heuristic solutions can be used in the master LP to be recombined to valid full
solutions.

134



7.2 Discussion

The presolve phase with the DMS policy applied prior to the exact phase also
pays off for every approach and instance, because the branch and bound tree is
decreased in size by good lower bounds.

Combining both ideas leads to the hybrid approach with a presolve phase and the
use of heuristic start solutions. Every approach gains from this combination and
optimal solutions can be obtained in the same time horizon as heuristic solutions.

7.2 Discussion

The following points of discussion outlines possibilities and options for further
improvements, and highlights various areas of future work.

We start by discussing our algorithm design in Section 7.2.1 and then commenting
on scalability in Section 7.2.2. The high similarity within the tested instances
provide possibilities for our algorithm to use these circumstances by symmetry,
see Section 7.2.3, and parallelization, see Section 7.2.4. Additionally, we show
some options for further parameter tuning of our algorithm with the help of the
used ILP solver in Section 7.2.5.

7.2.1 Algorithm Design

The previous work of Althaus et al. [2] already showed that it is useful to apply a
Dantzig-Wolfe decomposition with a column generation approach to the LP for-
mulation of the problem of scheduling a single subsystem with periodic tasks. In
this thesis, we extended the previously mentioned idea to schedule several subsys-
tems with more complex bus systems and requirements that connect WCRTs of
tasks and messages, but the concept of decomposing the initial LP is conserved.

The results show that this algorithm design is capable of solving most instances in
reasonable time. When providing safe lower bounds our algorithm keeps up with
heuristic approaches that provide valid solutions. The price of optimality is the
investment in larger running times which is necessary if the optimal solution is
provided by our algorithm alone – especially if we handle chains with combining
constraints in DSP-CF.

In the just mentioned scenario with chains and when the computation of WCRTs
is required, our new ILP formulation turns out to be advantageous over the
formulation of Eisenbrand et al. [31], see Sections 5.3.4 and 5.1.5.2. This can
be explained by the clustered formulation of the priorities of tasks. Eisenbrand
et al. [31] model the full information on preemption in their ILP formulation with
binary variables, whereas our new ILP formulation only uses binaries to allocate
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WCRTs to intervals. Since real-world instances contain only a small number of
these intervals, which occur as multiples of periods, our new ILP formulation
promises to be faster solvable.

If we drop the goal of obtaining optimal solutions and only provide safe lower
bounds on the objective function, we could try to disregard several hard con-
straints for faster computations. Specifically, we could try to decrease the com-
plexity of the pricing ILPs in a way that they are solvable with combinatorial
approaches in polynomial or pseudo-polynomial running times. The challenging
task is to find safe underapproximations of the objective function to provide reli-
able lower bounds.

The hybrid approach, using heuristics and optimal strategies in combination, is
very sustainable. The benefits of heuristics are quickly available integral solutions
that can be used directly by our algorithm, and furthermore they can be recom-
bined if they are only partial. Several strategies to speed-up the processing of
the branch and bound tree are applicable and the most promising ones are pre-
sented in Section 4.6. In the end, the optimal solution is provided in the same
time horizon as heuristic approaches compute solutions. The advantage of our
algorithm design is that heuristic solutions can be integrated directly and the
overall process remains the same.

7.2.2 Scalability

The tested ViDAs instances in Section 6.3 cover a range from 27 to 50 tasks with
a hardware architecture consisting of two subsystems with two ECUs each and
four different ECU types. The experiments showed that our algorithm is able
to handle these instances in reasonable time. As we focused on schedulability
analyses, neither the memory consumption nor the signal transmission was the
bottleneck of computation.

The literature provides diffuse numbers on other real-world instances from indus-
try. In the earlier works of Tindell [57, 59, 60] we find up to seven subsystems,
six groups of tasks, and 22 signals with a periodicity of multiples of 5ms in the
automotive section. In more current works, Schmidt and Schmidt [52] quote num-
bers around 70 ECUs and 2500 signals between tasks in luxury cars, and Zhu
et al. [63] quote nine ECUs, 41 tasks, 83 signals, and ten chains with end-to-end
deadlines.

A reliable statement about the behaviour of our algorithm when applied to larger
real-world instances cannot be given, due to the fact that larger instances may
become easier to solve if they include several restrictions. The possibilities to
drastically change the hardness of the instances by the parameters are numerous.
For example, real-world instances can have tighter gaps between the WCETs and
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deadlines of tasks, which increase the utilization of the ECUs; periods can be
multiples of a fixed time, which makes other schedulability analyses applicable;
or larger transmission times of the signals lead to harder schedulability analyses
of the global bus.

Our algorithm is designed in a way to cover almost all of the known restrictions
and to make only minor assumptions. As we are still solving an NP-hard problem
to the optimum, we have to expect increasing running times if the instances
grow – probably with an exponential behaviour. Further real-world instances and
a detailed sense of which parameters to scale on are necessary to judge about
scalability in the end.

7.2.3 Symmetry

The algorithm is designed to partition the given problem into independent sub-
problems, which reflect the scheduling of the subsystems, as we expect differences
in the architecture of the subproblems as well as restrictions in the allocation of
the tasks as described in Section 3.4.

However, the evaluated ViDAs instances show a high similarity as they come with
copies of sets of tasks, no additional constraints, and equal hardware architecture
in every subsystem. For this reason, the subproblems are highly symmetric in the
sense that a solution of one subproblem is also feasible for all other subproblems.
Therefore, the maintenance of several subproblems boils down to solving only
a few or one subproblem and including several variables into the master LP.
Consequently, a dramatic speed-up is highly likely and the possibility to solve
large-scaled instances is achieved.

7.2.4 Parallelization

In Section 7.2.3 we already mentioned how to use the symmetry of instances and
how to restrict the number of subproblems to the case of solving only a few. The
opposite scenario is that we are faced with a large amount of independent but
non-similar subproblems.

Our current algorithm design solves the nodes of the branch and bound tree in
sequence, allowing the LP and ILP solver to use all available cores when solving
a node. On the one hand, this is useful as the ILP solver itself starts branch
and bound processes whenever it computes the integer optimum to a pricing
problem. On the other hand, we can manually allocate the available cores to
solve several pricing problems in parallel. As some pricing problems are hard to
solve, especially if the formulation gets more and more complex, we decided to
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select the first option and leave the second for further developments.

On a higher level, we can also parallelize the processing of the branch and bound
tree to obtain a speed-up. Despite the price of increased running times for every
node, this strategy can be of benefit, as branching decisions can be made based
on more detailed knowledge from several evaluated child nodes. We propose this
option for further developments with more realistic instances to test on.

7.2.5 Parameter Tuning

For solving the generated LPs and ILPs we used the commercial solver Gurobi
Optimizer 5.6.2 [36], which includes a parameter tuning tool. If the scenario of
the DSP and the applied scheduling policies are fixed, we can start a parameter
tuning on the generated LPs and ILPs, where the ILPs are more interesting as
they consume a multiple of running time compared to the LPs.

Several tests showed that a speed-up of up to a factor of ten is possible, if the
parameters are tuned according to the generated ILPs. We decided to develop
a generally good performing algorithm and solely experimented with the tuning
results, as they differed widely depending on the scenarios and scheduling policies.
To include this parameter tuning in the overall process, we could start the tuning
of parameters on several pricing ILPs in the beginning to speed-up the solving
process of subsequent ILPs. As solving the pricing ILPs is the bottleneck of
computation, the tuning possibilities seem helpful, but additional instances are
necessary in order to be more precise.
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