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Abstract

Recently developed concept of dissipative measure-valued
solution for compressible flows is a suitable tool to describe
oscillations and singularities possibly developed in solu-
tions of multidimensional Euler equations. In this paper
we study the convergence of the first-order finite volume
method based on the exact Riemann solver for the com-
plete compressible Euler equations. Specifically, we derive
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entropy inequality and prove the consistency of numeri-
cal method. Passing to the limit, we show the weak and
strong convergence of numerical solutions and identify
their limit. The numerical results presented for the spiral
and the Richtmyer-Meshkov problem are consistent with
our theoretical analysis.
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1 | INTRODUCTION

Hyperbolic conservation laws play an important role in describing many physical and engineering
process. An iconic example is the nonlinear system of compressible Euler equations, which governs
the dynamics of a compressible material and incorporates mass, momentum and energy conservation.

A characteristic feature of nonlinear conservation laws is that discontinuities (shock waves) may
develop after finite time even if the initial condition is smooth. A natural way to overcome this difficulty

This is an open access article under the terms of the Creative Commons Attribution License, which permits use, distribution and reproduction in
any medium, provided the original work is properly cited.
© 2023 The Authors. Numerical Methods for Partial Differential Equations published by Wiley Periodicals LLC

Numer Methods Partial Differential Eq. 2023;39:3777-3810. wileyonlinelibrary.com/journal/num 3777


https://orcid.org/0000-0001-6392-9202
http://creativecommons.org/licenses/by/4.0/
http://wileyonlinelibrary.com/journal/NUM
http://crossmark.crossref.org/dialog/?doi=10.1002%2Fnum.23025&domain=pdf&date_stamp=2023-04-06

3778 LUKACOVA-MEDVID’OVA and YUAN
WILEY

would be to work with a concept of weak distributional solution. However, it is well-known that such
weak solutions fail to be unique. Consequently, the second law of thermodynamics have been pro-
posed as a selection criterion to rule out nonphysical solutions. The entropy production principle have
been successfully applied in the scalar multidimensional equations [32] and one-dimensional sys-
tems [3,4]. Unfortunately, it completely fails for multidimensional systems. Recently, De Lellis and
Székelyhidi [9] and Chiodaroli et al. [8] showed non-uniqueness of weak entropy solutions for the mul-
tidimensional isentropic compressible Euler system, see also Reference [9] for similar non-uniqueness
results for the incompressible Euler system. These results have been extended to the complete Euler
system in Feireisl et al. [14].

In order to describe oscillations arising in the limits of singular perturbations of hyperbolic con-
servation laws, a more generalized solution, that is, measure-valued (MV) solution, was suggested
by DiPerna. In 1985 he showed for one-dimensional hyperbolic conservation laws that regularized
solutions of associated diffusive and dispersive regularized systems converge to a MV solution, as a
regularized parameter vanishes [11]. Recently the concept of MV solution was adapted and applied
for multidimensional compressible Euler system [30] and three-dimensional incompressible Euler
equations [12], see also References [2,33].

In this paper, we work with the concept of dissipative measure-valued (DMV) solution for the
complete Euler system, which enjoys the weak-strong uniqueness principle [5]. Analogous concept
has been adopted for the isentropic Euler system [26], compressible Navier-Stokes system [13],
elastodynamics [10] and other related problems.

In the convergence analysis of numerical schemes for hyperbolic conservation laws the entropy
stability plays a crucial role, we refer a reader to a seminal paper of Tadmor [34]. For multidimensional
hyperbolic conservation laws the convergence analysis to MV solutions was studied by Fjordholm
et al. [22,24]. For the Lax-Friedrichs and vanishing viscosity finite volume method, Feireisl, Lukacova
and Mizerova generalized the above convergence result for the Euler system and proved the conver-
gence to the DMV solution and the classical solution on its lifespan [15,16]. For generalization to
viscous compressible flows we refer a reader to References [18,19]. In References [17,20] a new tool,
K-convergence, has been developed to compute strong limits of oscillatory sequences of numerical
solutions. Though our approach based on the DMV solutions bears some similarities with the results
presented in References [22,24], it is different in the following sense. First, our initial data are deter-
ministic. Second, we relax the energy balance and control only global energy dissipation in time.
Moreover, applying K-convergence we get strong convergence to observables without any additional
assumption on structure factors, compare of Reference [23].

In the present paper, we focus on the first-order finite volume method based on the exact Riemann
problem solver for the complete compressible Euler system and show its convergence via the concept of
DMV solutions. We will only assume that our numerical solutions stay in a physically non-degenerate
region, that is, density is bounded from below and energy is bounded from above. Interestingly, this
assumption is equivalent to the strict convexity of the mathematical entropy, see Lemma B.4.

The rest of the paper is organized as follows. In Section 2, we introduce suitable notations and
describe the finite volume method with a numerical flux based on the exact solution of the local Rie-
mann problem, compare of Godunov method. In Section 3, we analyze the entropy inequality and give
an explicit lower bound of the entropy Hessian matrix, see Appendix B. A crucial step is to show the
consistency of our numerical method. Section 4 is devoted to the limiting process. We prove that the
numerical solutions will generate a weakly-(*) convergent subsequence and a Young measure, a DMV
solution, to the Euler system. Furthermore, employing the theory of K-convergence and DMV-strong
uniqueness principle, we obtain the strong convergence of the Cesaro averages and strong convergence
of numerical solutions to the weak/strong/classical solution. Finally, in Section 5, we present numerical
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simulations and illustrate the effects of K-convergence of numerical solutions. The numerical results
clearly demonstrate convergence results being consistent with our analysis. As far as we know this is
the first result in literature where the convergence of a well-known Godunov method has been proved
rigorously for multidimensional Euler equations.

2 | NUMERICAL METHOD
The complete Euler system can be written in the divergence form
oU+div,F(U)=0, (t,.x)€ (0,7T)xL, 2.1
where U, F denote the conservative vector and flux, defined by
U= (p,m,E), FU) = (pu;, um + pe;,u;(E+p)’, i=1,....,d.

Here p denotes density, u := (uj, ... ,uy) velocity, m := pu momentum, E := ”lzﬂ + pe total energy,
p pressure, e internal energy, and the row vector e; represents the i-th row of the unit matrix of size
d :=dim(x),d =1,2,3.

Throughout the whole text, we consider the bounded domain Q@ C R? together with the
space-periodic or no-flux boundary condition. Moreover, the equation of state is restricted to

p =@ — Dpe, (2.2)
where y € (1, 2] is the adiabatic constant and the initial data is set to

Uo := U(0,x) = (po,mo, Eg),  po > 0, py > 0, Ey € L'(Q).

Remark 2.1. For the Euler system (2.1) the mathematical entropy pair can be given by

—pS _ —pSu

= , = = 2.3
=Ty 4=, (23)
with thermodynamic entropy S defined by
S :=1In(p) — y In(p) = In("/7=V/p). 2.4)
where 9 := % is the temperature. The corresponding entropy variable and entropy
potential are given by
r=S _ pluf®
r—1 2p
v:i=Vyy= ”p—" , W =opu, (2.5)
i
P

respectively. We require that in addition to (2.1) the entropy inequality holds, that is,

0, n(U) + divyq(U) < 0. (2.6)
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2.1 | Spatial discretization and notations

The computational domain Q consists of rectangular meshes Q := X K with the mesh parameter &
satisfying |K| ~ h,' where |K]| is the Lebesgue measure of K. We denote the set of all mesh cells as
T, o stands for cell face, a unit normal vector to o is n, the face between two neighbouring cells K and
L is denoted by o 1, = K|L, and the set of all interior faces is givenas Xi,p = {c € X : ocNIQ = @}.
Moreover, for x € ¢ we define

a®"* (x) = lima(x + 6n), a*™(x) = lim a(x — én) 2.7
-0+ 6—0+
and introduce the standard average- and jump-operators

flay = CH

— la] = a®** — a*™. (2.8)

2.2 | Discrete function space and finite volume method

Consider the space of piecewise constant functions

94(Q) = {v : v|g. = constant, forall K € 7,}. 2.9
We can define the projection
i LNQ) — Qu(Q), Tilglk =K /d)(X) dx. (2.10)
Let U, := (py, my, Eh)T € 9,(Q; R9*2). We consider a semi-discrete finite volume method
d—Uh(t) +div, F"™() =0, >0, (2.11a)
Uo, = (po,h,mo,h,Eo,h)T = I1,(Uo), (2.11b)

where
. num _ num
div, F}"™"(x) = F,"" -ng dSy, xe€K.
0KnoLzy Y OKNIL

Here we work with numerical flux function F;"" proposed by Godunov using the exact Riemann

solution [25,35], that is, F}"" = F(Ufff s Uﬁf , is the solution of a local Riemann problem at face o ..

Then the piecewise constant solution U, satisfies an equivalent weak form

/ o2 U, dx - / FU) - n[¢] dS, =0, 2.12)
Q dt cEXL,

int

where ¢ € Q;,(Q).

Remark 2.2. Consider the case d = 2. Here we write (x,y)” rather than x and denote
=(x,_1 xl+1)x(y]__,y]+1)asageneral cell, (x;,y;) as the center, Ax = x,,_ 1 —Xx;_ 1 and
Ay Yied =YL Then (2. lla) can be rewritten as
2

d 1 RP_(RP))L RP>—<RP)—
dtUU(l)+Ax (Fi(v%,) - P v, +Ay< (V) -F(U 1)) =0,

'We use the notation a = b, fora < b,b < a for a,b € R. And a < b means that there exists a generic constant C > 0
independent on the mesh parameter 4, such thata < C - b.
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where Uj; 1= U, K, and Uff ¥ is the solution at (x._ 1, ¢+ 0) of the following local Riemann

i+
problem
0:U+0F1 =0, 7>1,

U,‘J‘(I), ifx<xi+l,

U, t) = :

Ui, ifx>x,
2

and Uff ; is the solution at (yj +1,1+0) of local Riemann problem
D 2 2

o0.U+0,F,=0, 7>1,

Ui, ify< Yjals

Uly,1) = ,
U,'J+1(l‘), 1fy>yj+%'

3 | CONSISTENCY
Before proving the consistency of finite volume method (2.12) we formulate a physically reasonable
assumption.
Assumption 3.1. We assume that
O<p=<pn Ei< E uniformly for # — 0, ¢t € [0, T], 3.1
where p, E are positive constants.
Lemma 3.1. Under Assumption 3.1 it holds
O<p<pn<p, |ul<u, O<p=<p,<p, (3.2)
lm| <m, 0<E<E,<E, 0<9<9,<9 (3.3)
uniformly for h — 0,1 € [0, T with positive constants p, p, u, p, p, m, E, E, 9, 9.
Proof. Here we only give the idea and framework of the proof. More details could be

found in Reference [16].
It is easy to observe that

_Im?
2p

p=( - 1E, ﬁ=1/2—E, 9=L
4 P

On the other hand, the Godunov method (2.12) satisfies the discrete entropy inequal-
ity (3.4), compare of References [7,28]. Analogously to Reference [16], we take a
renormalized concave function y,

)((Z)={Z_Z0 if 7 < 20,

p=(y—1)[E S(-DE<(y—-DE, |u*<

which implies

0 if 7220
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with

. - _ PO,k
Z0 = rr}%n Son, C= m}?xlgl/(y—l)
0.1

>0, where zo=1In(1/C)

and So, = S(Uo.n), 0. = I(Uop,). Due to the fact that p ¥(S) is concave with respective to
U, see Appendix B, from the renormalized entropy inequality we get

/ Phx(Sp) dx = / ponx(Son) dx =0,
Q Q
which gives the minimum entropy principle

1/G-1)
8 > 0.

Sy > 70 =minSy, ie. >

all—

Ph

Consequently, we obtain
0<p <p<C  m9=C"p<CT v~ DE < T (r ~ DE,

which gives

_ .\ Ur — 4 4
p=(C7¢-VE)", m=\pE p=—t5 E=—F_ 9=

SIS

and concludes the proof. [

Note that Assumption 3.1 is equivalent to the strict convexity of mathematical entropy function
(2.3), see Appendix B.

Lemma 3.2. Under Assumption 3.1 it holds*

(1) NF] - mll < NIUA < oo, [[VAll

~ [ [UAl < o0
(2) V%,r](Uh) > nl with a positive constant 1.

Here V = (p,u,p)" is the primitive variable and F), := F(U}), v;, := v(Uy),
Vi, :=V(Uy).

Proof. Lemma 3.1 implies the boundedness of {U,} and {V},}.

(1) Since F(U), v(U), V(U) are smooth with respect to U and U(V) is smooth with respect
to V, the inequalities in (1) hold.

(2) In Reference [27] Harten proved that V%]n(U) is positive definite for all U. Assume
thatin (2) n = 0. Then there exists a subsequence U, satisfying V%]n(Uh”) < % Since
{U;, } is a bounded set, there exists a subsequence U Ty which converges to some U.

Hence, we get V%Jn(U) = 0, which is a contradiction. -

Remark 3.1. Detailed calculations for the proof of statement (1) for Lemma 3.2 are pre-
sented in Appendix A. The explicit expression of the lower bound 7 of V%,r](U 1) is derived
in Appendix B.

2We use the notations || - ||, || - ||, and | - | for the L'-, L>*-norm and the absolute value, respectively.
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3.1 | Entropy inequality

In Reference [28] Harten proved that the Godunov finite volume method based on the exact solution
of the Riemann problem satisfies the entropy inequality (in one-dimensional case)

N(Ui(tns1)) — n(U(tn))<—( qUEE )+ qU, ),

where © = 1,41 — t, is the time-step. Generalizing to multi-dimensions and writing it in the
semi-discretization form give

d
/ @O dx+ Y / qUEL) -k dSe <0, my = n(Uy). (34
K oKnoL#p J OKNIL
Further, we get the equivalent weak form
/ ¢ mdx— Y / qUS") - nllp] dS: <0 (3.5)
0EX;

int

with ¢ € Q(Q), ¢ > 0.
On the other hand, Chen and Shu in Reference [7] showed that the Godunov finite volume method
is entropy stable, that is,

/ dinh(t) dx+ Y 0, -ng dS; <0 (3.6)
k at KoL J 0KnoL

with
0, ng ={{v}, FWUS) ng) -y, ng

Writing explicitly the entropy dissipation we get

d 1
/ df’?h(ﬂ dx + Z 0, -ngdS; = 5 Z / Te dSy, 3.7
K at OKnoL+g J OKNoL KoL+ J OKnoL

where
o= Vo - FULY-n) - [yl,-n

1/2

= [vll,s - / [FWOUE")) = FUMW(s))] -n ds := V], - Ds - [V],
-1/2

and v(s) = {(v}}, +s[V],.

Hence, (3.6) implies r, < 0, thatis,v - D, -v < 0foranyv € R4+2, Combining Lemma 3.1 we have

v-D, v <d < 0uniformly for 4 — 0. Therefore, it holds

,d) is symmetric.

d
—nu(t) dx + . as.
/Ktm)x > Q, - ni dS;

d oKnoL#y ¥ OKNIL

d
<y [ iBas<P ¥ [ g as.
0KnoLzg ¥ 9KNIL 0KndL;éﬂ oKNJL

which implies the weak BV estimate

/ / HTULIB dSeds < — - < / ni(0) dx — / o) dx> <c, (3.8)
= dn \Jg Q
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Rarefaction
Rarefaction

(b)

FIGURE 1 Possible wave patterns in the solution of the Riemann problem: (a) left rarefaction, right rarefaction; (b) left
shock, right shock; (c) left rarefaction, right shock; (d) left shock, right rarefaction.

— 2
where C is a positive constant depending on d, 7, p, E. Realizing that Y, /. IO, 1 dS, represents
o Gezint

o |K|/lo]

H}-seminorm, we have the following interpretation of (3.8). It tells us that

10N 20 710 S B2 (3.9

3.2 | Difference between U and U;, Ug

For the sake of convenience, we write (u, v, w) in place of u. Taking x-direction as an example, our
strategy is to study the difference between U(x/t; Uy, Ug) and Uk, (K = L, R), where U(x/t; Uy, Ug)
is the solution along the line x/7 of the following Riemann problem
oU+0F, =0, >0,
U, if x <0, (3.10)
Uk, if x > 0,

Ux,0) =

where Uy, U are constant. Once ||U(x/t; Ur, Ug) — Uk]|| is clearly known, then with the definition of
U’ = U(0; U, Ug), we can directly estimate | U*" — Ug]|.

The x-t domain is divided into four parts by three elementary waves such as rarefactions, contacts
and shock waves. These three waves separate four constant states. From left to right we denote them
as U (left data state); U,; between the 1-wave and the 2-wave; U,y between the 2-wave and the
3-wave and Uy (right data state). If the 1-wave (resp. 3-wave) is the rarefaction wave, then we denote
the state inside the rarefaction fan as Uy, (resp. Ugsy). Figure 1 illustrates the possible wave patterns
including left rarefaction, right rarefaction; left shock, right shock; left rarefaction, right shock; left
shock, right rarefaction.

Our aim is to estimate ||U(x/t; UL, Ug) — Uk]||, which can be reduced to estimating ||U.y — Uk]|
and ||Uppun — Uk|| with M = L,R and K = L,R. We denote the corresponding primitive variables
as Vi, Vim, Vpun, obtained from the conservative variables Uy, U. v, Upgpan, respectively. Moreover,
the Riemann invariants and the Rankine-Hugoniot conditions imply that

w2)sm = W)y,  (W3)aps = u3)y, M =L or R

for d = 3, which gives |(u2).p — (u2)x | < |(u2)r —W2)r|, [(U3)spr — (u3)k | < [(u3)r —(u3)r]. Combining
with Lemma 3.2, it remains to study the change of p, u;, p. That is to say, in what follows we analyse
the ”V*M - VK” and ”VMfan - V](” withd = 1.

3.2.1 | Preliminaries

We start by reporting the one dimensional results which will be used for the estimates of ||V, — V||
and ||V, — Vkl|, compare of References [21,35]. It is well-known that for the Riemann problem the
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pressure and velocity are constant across the contact wave, compare of [Section 3.1; Reference [35]].
This means

W)L = W1)sRs  PsL = DxR-
For the sake of simplicity we denote this state as u, and p,, respectively.

Proposition 3.1. (Solution for p. and u,) The solution for pressure p. of the Riemann
problem (3.10) is given by the root of the algebraic equation

S, UL, UR) :=f1(p,UL) + fr(p,Up) + Au=0, Au=ug—uy, (3.11)

where the function fx,(K = L or R) is given by

Felp, Ug) = {fs(ﬂ, Ux), l.fp > px shock, |
[+, Uk), if p < px rarefaction
with
12
Ak 2
s, Ur) = (p = . Ag= ———, 3.12
£o.Uo = pK><p+BK> e a2
F(p,Uy) = 2% <p>_ —1|. Be=L"1p (3.13)
(r—1 | \px y+1

where ax = \/ypk/px is the sound speed. The solution for the velocity u, is

1 1
Uy = E(ML + ug) + E[fR(p*) = )] (3.14)
Remark 3.2. More precisely, u., p, satisfy
Uy = Uy, —fL(p*, UL), Uy = UR —fR(p*, UR) (315)

If the 3-wave is shock the density p.x is found to be

P 4 r=1
1
Pk = PR| SE5 (3.16)
7+l by
and the shock speed is
1/2
sR=uR+aR[”1p*+y1] . (.17)
2y pr 2y
Proposition 3.2. It holds
fk>0,ff <0, K=L,R. (3.18)

3.2.2 | Estimates

We start by studying the solution inside the rarefaction fan.
Lemma 3.3. Assume U and Ug are connected with the left rarefaction. Denote
Vian := (pou,p)"
as the primitive value inside left rarefaction fan. Then it holds

pL>p>pr, UL Su=ug, pL>pPpr (3.19)
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Proof. Since Uy and Uy are connected with the left rarefaction, then it holds
pL2p2pr, u=u,—fi(p,UL), ugr=ur—f(pr, Up),
where f, is defined in (3.13). From p; > p > pg and f,(p;, U;) = 0, f! > 0 we have
ur, < u < ug.
On the other hand, with the Riemann Invariant S := In(p/p") we have

pL = P 2 PR,

which concludes the proof. [

Consequently, the value inside left-rarefaction-fan (V,) can be bounded by the left and right
side values (V, V). Clearly, it is also true for the right rarefaction wave. Thus, ||V, — Vk|| can be
controlled by ||V.y — Vk||. And in the following we concentrate on ||V, — V|| and analyze it case
by case:

(a) left rarefaction, right rarefaction;

(b) left shock, right shock;

(c) left rarefaction, right shock;

(d) left shock, right rarefaction.
Lemma 3.4 (Left rarefaction, right rarefaction). Assume the initial data Uy, Ug generate
left and right rarefaction waves. Then it holds

s — ug| < [ull, (3.20)
0 < pk — P« < prak [ull, (3.21)
lpsk — pul < prax [u]) + |[p] 1. (3.22)

where K = L,Rand M = L, R.
Proof. Since the initial data Uy, Ug generate left and right rarefaction waves, we have

P« <pL, P« SPR (3.23)
and

Uy, = Uy, —fr(p*, UL), Uy, = UR +f}(p*, UR) (324)
Because of f,(px, Ux) = 0,(K = L,R) and f} > 0, it holds
u, > up — (oL, Up) =up,  u, <ug+fi(pr, Ur) = ug, (3.25)

which gives
0<u,—up < [ul], 0<ug—u,<[u]. (3.26)

Consider the left rarefaction wave. The Riemann Invariant

2aL —u 261*L
y—1 y—1
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gives

o —upy < 721 [u]. (3.27)

2
On the other hand, with the help of the Riemann Invariant § we have

OSGL_a*LZy

ag — ay = y\2eS/) <p(Ly—l)/(27) _pgky—l)/(zy)) = 1268/ %pl—ml)/(zy)(m —p)
> 1250 . % e = y oDy - 1)esL/<y—1>aZ<y+1>/(y—1)(pL _p)
and
a — ay, = y\ /2SN ( p(Ly—l)/z o 1)/2) 1265027 ; 1 P~ 25, = pur)
> 12 sL/zyg L9020, _ 5 = 7/””‘”2(7’ =D sustr-ng 31D,
where p; € (p«,pL), p1 € (p«L, pr). Hence, we obtain
0 <p—pe <y o0 DGO ) = prag [ul,
0< pr = pup <y IV SUTDGEID ) = prap [u].
Analogously, for the right rarefaction wave we obtain
0 < pr—ps < prarlull, 0 < pr = pur < prag’ [u].
Consequently,
lpr = purl < lpr = prl + |pr = purl < prag’ [u]l + 1ol
loL = perl < lpg = pLl + |pr = purl < prag' [ull + 1ol
which concludes the proof. [

Lemma 3.5 (Left shock, right shock). Assume the initial data Uy, Ug generate left and
right shock waves. Then it holds

lue —ug| < |[u]l, (3.28)
0 < ps —pk < (ol lull| + prag) | [ull |, (3.29)
lpek — pu| < ax’® (o | [ull| + pra) | ull| + o], (3.30)

where K = L,Rand M = L, R.

Proof. Since the initial data U;, Uy generate left and right shock waves, we have
D+ > PL. D+ > PR (3.31)
where 51, sg are the velocities of the left and right shocks respectively. According to
we = up = fs(pi, UL),  t = ug + f(ps, U)
and f;(pg, Ug) = 0,(K = L,R), f! > 0, we obtain
u, <up—fi(pr,Up) =up, u.>ug+fi(ps,Ur) = ug, (3.32)
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which means
O<up—u, <—[u], O0<u,—ug<-—[uf. (3.33)

Consider the right shock wave. With u,. = ug + f;(p., Ug) and

12 12
SRZMR+61R|:(Y+1)p*+(y 1)] <uR+aR<p*> ,
2y pr 2y Pr

consequently we derive after some algebraic manipulations

(y+ Dp. + (@ — Dpr
2/PR

1/2
P« —DR = [ ] (s — ug) = pr(sg — ur)(Uy — ug)

1/2
< prisg — up)|[ul]| < prag|u]| (1’*) .
PR

Thus,

1/2
p*_pRaRHIM]]l(p*) _1<0’
PR PR PR

which gives

1/2
(%) -
PR

Hence, we obtain

prag| [u]l | +\/<PR‘1R|H”H|>2+4 < prag| [[u] | 12
PR PR PR

N =

Px —Pr < (ypr|[ull| + prag) | [ull |-

On the other hand, using

P+R = PR y_Rl I
y+1 pg
we obtain
2pr ] [ 2pr
P+«R — PR = @« —pr) < @« —pr)
(ry = Dp« + (v + Dpr (y = Dpr + (v + Dpr

= ag?(ps — pr) < ag® (vpr| [ul | + prag) | [u] |,

which yields p.g — pg > 0.
Analogously analyzing the left shock wave we obtain

0 <ps—pr <@pcllulll + prac) [[ufl |,
0 < pur = pr < ag” (rpcl [u) | + prac) | [ul] .
Further, we have
|per = pr| < az” (rpel [ull | + prac) [ [ull | + [ (o],
ek — prl < ag” (vpr| [ull| + prag) | [ull| + | [1 .
which concludes the proof. =

Lemma 3.6 (Left rarefaction, right shock). Assume the initial data Uy, Ug generate left
rarefaction waves and right shock waves. Then it holds

0 < u, —ug < (prar)”' | [P] | + | [u] ] (3.34)
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lpx — p+<| < |lpl1, (3.35)
|pex = pul < (/PR a2 [Pl + 1], (3.36)

where K =L,Rand M = L,R.

Proof. Since the initial data U, Ug generate left rarefaction waves and right shock waves,

we have
P« ZPL, Px>Pr, UL —ap KUy —Aup, Ui +awg > Sp > Uug +ag (3.37)
and
U, = uy —fr(P*, UL)y Uyx = UR +fs(l’*, UR) (338)
This leads to
0<pL—p:<—[pl. O<p.—pr=<-[pl (3.39)
and
w, > up — fr(pr, Ur) = up,  us > ug +f(pr, Ur) = ug. (3.40)
Consider the right shock wave. Realizing that
pe 4 r=l
1
PR = PR H )
7+1 ok
we obtain
2pr ]
PxR — PR = (p* -p )
forE [w—lm*+w+1mR *
2pr ] -2 -2
< (P*—P)=a (P*_P)Sa |HP]]|,
[w—lmR+@+1mR e w=or
which also implies p.g — pr > 0. Since u, satisfies u, = ug + f;(p+, Ug), we have
1/2 1/2
2/pr ] [ 2/pr
Uy — UR = P« —pr) < (P« — pr)
N [w+1m*+w—1mk Yo+ Dpr+ (= Dpr *

= (yprpr)”*(p« — pr) < (prar)”'| [Pl |-
Consider the left rarefaction wave. Clearly,
e — up, < |uy = ug| + | [ull| < (prar)”"|[PI1 + | [ul |-
On the other hand, with the help of the Riemann Invariant S we have
pr— pur, = exp St/ y(pi/ T—pi"y >0,
P = per = exp™ 7 (1/y) - p T (pr = p) < exp™ 7 - (1/y) - py 7 (= po)
2\ =D/r r=D/r
- - 1- pLa - _
<o = (25) = () e,
PRAR Pr

where p; € (p.,pL) C (pgr,pL). Further, we have

|ps = prl < (p/pR)" ™" a2 [Pl | + 1l

sk = el < ag®[[PD1 + 11o11,

which concludes the proof. L]
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Analogously to Lemma 3.6 the following result holds.

Lemma 3.7 (Left shock, right rarefaction). Assume the initial data Uy, Uy generate left
shock waves and right rarefaction waves. Then it holds

0 < u —ug < (prag) ™' |l + | [u] |, (3.41)
Ipx — P« < I[Pl (3.42)
lpsk = pul < & /P a2 Pl | + 11D, (3.43)

where K = L,Rand M = L, R.

Combining Lemmas 3.2 and 3.4-3.7 we finally obtain the following bounds for the Riemann
problem solution.

Lemma 3.8. Under Assumption 3.1 it holds

IUL = UGN S UL Uk = US1 S U I (3.44)
with o .= L|R.
Remark 3.3. Lemma 3.8 implies ||U5" || S [1UL|l + |Ugll < C with C = C(p, E).

3.3 | Consistency
The aim of this section is to prove the consistency of the finite volume method (2.12).

Theorem 3.1 (Consistency formulation). Let U;, be the unique solution of the finite
volume scheme (2.12) on the time interval [0,T] with the initial data Uyy. Under the
Assumption 3.1 we have the following results for all T € (0, T):

e forallp € C'(0,T] X Q)

[/ Pr dx] _ =/ /(ph61¢+mh'vx¢) dxdt+/ epn(t, @) dt;  (3.45)
Q =0 Jo Ja 0

o forall ¢ € C'([0,T] x Q;RY)

[/mh¢dx]_ =/ /(mha,¢+w:vx¢
Q =0 0o Jo Ph
+ phdivxq5> dxdi + / emn(t, ) dt; (3.46)
0
o forall¢p € C'([0,T1XQ), ¢ >0

[/ﬂhd’ dx
o

=7 T T
< / / (110 + qy, - Vi) dxdi+ / enn(t,d) dt;  (3.47)
=0 0 Q 0

/ Ey(t) dx = / Eoy dx. (3.48)
Q Q
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The errors ejy, (j = p,m,n) are bounded by

12
||e,~,h||y<o,nsh1/2||¢||cl(wﬁ)< / / 1IU11 ds dr) . (3.49)
cEX;

Proof. Energy conservation for (2.12) follows directly by integrating the discrete
energy equation in time and applying the boundary conditions. We proceed by proving
(3.45)—(3.47).

Step 1: We prove (3.45) and (3.46) by showing

[/ U,¢p dx] i = /T/(Uha,¢+F : Vi) dxdt+/1eh(t,d)) dt (3.50)
Q =0 0 Q 0

for all ¢ € C'([0, T] x Q; R¥+?) with

12
lenllzior) S h1/2”¢“C‘([0,T]><§)</ /||ﬂUh]] II* as dl> : (3.51)
o€,

int

Realizing that
labll = {la} (] + [al £b} . (3.52)

we obtain after some manipulations

/Fh : vx¢dx=Z/Fh : Ve dx
Q K
=Z/Fh-¢-anx=— /[[Fh]] ¢ -n dS,
€Y e
/(HFh]] (@ — {L[p]1}) + [F4ll - (T[]} - m d S,
0EX,,
/([IFh]] (@ — {(TL[P1}) — [T[PI] - {Fn}} + [Fn - TlPl]) - n dSy
0EX,

=y /F(U§P>-n-ﬂnh[¢]ﬂ dse— Y /thﬂ-n-<¢—{{Hh[¢]}}> ds;

CEX CEX;
+ ) / (LFn) = FWU)) - n - [[$]] dS.
o€
For the last equality, we have used the Gauss theorem and the no-flux or periodic boundary
condition
)y / [Fs - TI1] - m dS, = / Fy-TL,[$] - n dS, = 0. (3.53)
oex,. /o Q

Let us now consider the error terms

/ﬂFhﬂ n- (¢ — {I[@1}) dSk,
cEX;

n=-Y / ((F4} - FWE®)) - n - [I,[@1] dS,.

CEX
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Applying Lemma 3.2, that is, || [F3] - =|| < |[Ux]| and the fact
16— (ILIPI} 1| S Al bll g, forall x € o € Sine,

we have the following estimate

el S bl Y [ NP0l s < hdleg Y, [ 1101 ds.
o cEX o

CEX; . int

1/2 1/2
Shll¢llcl@( ; /GHHUh]]“Z de> < ; /61 de>

int int

1/2
Sh1/2||¢||cl(§)< > / U 1P de> .

cEL, 4

Realizing that
TGN S Alldl e -

we derive

leal < hlldlle Y, / |cFsy = F@WE) - n| as.
o'ezint °c
Shlidleg Y, / (| - FWsy) || + | E W - FWE) -n)) ds.
o:=L|ReX,  “°

Shldlog Y [ (100 UFY+ - U1 as,
o:=L|ReX,  “°

Sildlog X [ N0 as <0 idlag Y [ I0DIE as.
Uezint o 6621nt o

Hence, we can obtain

A [ d
[/QUh-d)dx]l:O—/O /th(Uh-d))dx_/o /g(Uh~6,¢+¢-dtUh> dxdt
:/T/Uh-a,¢dxdt+/T > /F(Uffp).n[]qﬁ]] dS,
0 Q 0 cex; . Jo

=/ /(Uh-a,¢+Fh : Vi) dxdt+/ en(t, @) dt,
o Ja 0
where e), = e; + e; satisfies (3.51) with the help of ||U]||* < ||U||3.

Step 2: Indeed, using the same techniques as Step 1 to analyze (3.5) we obtain (3.47),
which concludes the proof. (]

4 | CONVERGENCE

In order to keep the paper self-contained we present the definition of a dissipative measure-valued
solution for the Euler system (2.1), (2.6), compare of Reference [19].
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Definition 4.1. Let Q c R be a bounded domain. A parametrized probability measure
Vixbexeo.rxas

Vx € L0, T) X Q, P(R*?), R = {(5,in,7) : j€R, meR?, ij € R}

is called a dissipative measure-valued (DMV) solution of the Euler system (2.1), (2.6)
with the space-periodic or no-flux boundary condition and initial condition (pg, m, o) if
the following holds:

e (lower bound on density and entropy)
Vi [(520, i85} =1 foraa (1,x)€0,T)xQ; @.1)

e (energy inequlity) the integral inequality

/Q(Vm; E(p,m, i) dx + /Qd@cd(f) < /QE(po,mo, Mo) dx (4.2)
holds for a.a. 0 < 7 < T with the energy concentration defect
Gey € L0, T; M*(Q));°
e (equation of continuity)
(Vixs ) € Coear([0, T L7(Q)), (Vo p) =po foraa x € Q

and the integral equality

[/<v,x; Y dx] i =// (Vs 7)0p+ (Vs ) - Vegp) dxdt  (4.3)
Q 0 Q

t=0

forany 0 < 7 < T and any ¢ € W*((0, T) X Q);
e (momentum equation)

2y
<vt,x; ih> € Cweak([os T], L/T(Q, Rd))s <v0,x; i;l> = my fora.a.x € Q

and the integral equality

Q =0 0o Jo P
+/ /(Vu; p(p,77)) dive¢ dxdt+/ /_thl) CdRdt (4.4)
0o Ja 0o Ja

forany 0 < 7 < T and any ¢ € C'([0, T] x Q; R?), (¢ also satisfies ¢ - n|gq = 0 when
no-flux boundary condition is used), where the Reynolds concentration defect

Req € L0, T; MT(Q; REY)

satisfies
dC.y <tr[Ry] <dGC. for some constants 0 < d < d; 4.5)

e (entropy balance)

/(Vfix; fiYp dx = tlim /(VM; fiYp dx existsforany 0 <z < T,
Q “tJa

3 M*(Q) denotes the set of positive Radon measures on Q.
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/(V()Jr,x; iy dx = /Sod) dx forany ¢ € C(Q),
Q Q

and the integral inequality

[ / Vit )b dx]_z < / A / <<v,x; ) az¢+<vt.x;
Q t=7,— 7 Q

forany 0 < 7 < T and any ¢ € WH=((0,T) X Q), ¢ > 0.

"51‘51

ﬁ> : vx¢> dxdt

(4.6)

Remark 4.1. Consider a family {pp, my, Ej}n0 of numerical solutions generated by our
finite volume method (2.12). We note that a sequence {pj,my, Ej}n0 can be mapped
uniquely to a sequence {pj, My, Hy}pj0. Due to Theorem 3.1 {pp, my, np}ni0 is a con-
sistent approximation of complete Euler system. Consequently, up to a subsequence
{pn,»mp,, 1, Y, 10 generates the Young measure {V;y}ixeo,mxe, Which is a disspative
measure-valued solution of the Euler system in the sense of Definition 4.1. Following
Reference [19] the concentration defects are

(Scd = E(pam7 7’]) - <v‘r,x; E(ﬁ”h7 ﬁ))?

MOM 4 p(p. ) - <v,,x; % +p(p. ﬁ)H>

2Rcd =
with
E(py,.mp .1y, ) — E(p,m,n) weakly-(x) in M(Q),

m, Qm,,
o + ppn,» 1)1 —
n

m@m

+p(p, M weakly-(x) in M(Q; R&).

Theorem 4.1. (Weak convergence)

Let {pn,mp, nptno be the family of numerical solutions obtained by the finite volume
method (2.12). Let Assumption 3.1 hold, i.e. 0 < p < pj, Ej < E for some P E. Then there
exists a subsequence { py, ,my, , Ny, Y1, >0, Such that

(Pio s 1) = (Vews (Bo, 7)) weakly-(x) in L¥((0, T) x Q;R?*?),
where { V1 }1.xe0,rxa is a DMV solution of the complete Euler system (2.1), (2.6) with

(gcd = O, ERCd =0. (47)

Proof. Under Assumption 3.1 and Lemma 3.1 gives
pr € L¥((0,T) X Q), mj, € L¥((0,T) X Q), n, € L¥((0,T) X Q), Ej, € L¥((0,T) X Q),
M O M ¢ 190, T) x Q), py € L0, T) X Q), g, € LX((0,T) X Q).
Ph

Applying the Fundamental Theorem on Young Measure [1] implies the existence of a con-
vergent subsequence and a parameterized probability measure {V; }.x)e,mxq satisfying
that (pj, ,my, n;, ) weakly-(*) converges to ((Vix; ), (Vixs m),(Vix; 7)) in L2((0,T) X
Q). Moreover,

m, Qm,

P s Ph, 2=PPn, M), En, = EQpn,mn nn), gy, 2= q(pn,, M, Mh,)
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weakly-(*) converge to

<vtx; T% <vtx§ p(ﬁ’ﬁ»’ <vt,x; E(ﬁﬁl,ﬁ»’ <vtx; q(ﬁ»ﬁl’ﬁ»

in L*((0,T) x ), respectively. Consequently, the concentration defects vanish, that is,
ch = 0, ERCd =0.
Hence, passing to the limit 2z — 0, (3.45) in Theorem 3.1 gives

[/(vr,x; 7 dx] - // (Vs 5)0up + (Vi ) - Vo) dxdi (4.8)
Q =0 0 Q

for ¢ € WI°((0, T) x Q). Analogously, (3.46) and (3.47) in Theorem 3.1 yield

[/(v,x; Y dx] i =// <<v,,x; m>a,¢+<v,,x; ’7’63”7’> : vx(p) dxdt
Q =0 0o JQ P
+/ /(vm; p(p, ﬁ)) div, ¢ dxdt
0 Q

forp e C ([0, T7 x Q; R9) and ¢ - n = 0 for no-flux boundary condition, and

1=7,+ 7,
[/(vt,x; e dx] < / / ((vwd i) 0+ (Vix; q(p,m,1)) - de’) dxdt  (4.9)
Q T, Q

t=1,—

for ¢ € Wh°((0, T) x Q), respectively. Finally, (3.48) in Theorem 3.1 implies

/(Vm; E(p,m, 7)) dx = /E(po,mo,no) dx (4.10)
Q Q

and concludes that {V; x }.x)e0.1)xo 15 a DMV solution of the complete Euler system. m

Having shown weak convergence to a DMV solution we want to look for strong convergence to the
observable quantities, such as the expected value and first variance. To this end we apply a novel tech-
nique of K-convergence as introduced in References [17,19] that allows us to get strong convergence
to the observables of p,m,n with respect to the Young measure V. Next theorem restores the strong
convergence of numerical solutions even if the strong solution does not exist and there exist infinitely
many weak solutions or only DMV solutions.

Theorem 4.2. (K-convergence)

Let {pn,mp, nptno be the family of numerical solutions obtained by the finite volume
method (2.12). Assumption 3.1 holds. Then there exist a subsequence {pp,,mp, ., }i,10
such that

e strong convergences of Cesaro average

1% o~ .
=2 o) = (Ve G ) in L0, T) X QR)
j=1

forn - coandany 1 < g < oo;
o [9 convergence to Young measure

n
1 .
dW\' ln 25(;‘7}7’”"1/"”@'); vl,x] - O n Lq((o’ T) X Q)
J=

85U8017 SUOIWIOD BAITE1D) 8 |dedl|dde ayy A peusenob 8 seole O ‘SN JO Sa|nu o} Aeiqi8UIIUQ /8|1 UO (SUOTIPUOD-pUR-SLLIB)LICO" A8 | I AZe1q 1 U1 |UO//SANY) SUONIPUOD pue SWie | 81 885 *[202/90/c0] Uo Akelq1aulluo A|1M ‘GZ0EZ WNU/Z00T OT/I0p/LL0o A3 1M Afelq1jeuljuoy/sdny woly pepeoiumod ‘S ‘€202 ‘922860T



3796 LUKACOVA-MEDVID’OVA and YUAN
WILEY

forn - coandany 1 < g <s < oo;
e L7 convergence of the first variance

-0 in LY(0,T)x Q)

n n
1 1
;Z“(Phﬂmhﬂ Mh,) — Hz(phj’mh/’ ;)
j=1 =
forn — coandany 1 < q < co.

Here dw_ denotes the Wasserstein distance between two measures, see [(3)] and
Reference [19].

Applying techniques developed in Reference [19] we directly obtain the following strong conver-
gence results.

Theorem 4.3. (Strong convergence)

Let {pp,my, np}nj0 be the family of numerical solutions obtained by the finite volume
method (2.12) and with initial data po;, = plpol, moy = ylmol, nop = plnol. Let
Assumption 3.1 hold. Let the subsequence

(pn,»mp ,ny,) = (p,m,n) ash—0

in the sense specified in Theorem 4.1, where the barycenters p = (Vix; p),
m = (V,y; m)and n := (Viy; 7). Then the following holds:

e weak solution
If (p,m,n) is a weak entropy solution of the Euler system with initial data

(po, my, 1), then
V,J = 5(p(tx),m(tx),r1(t,x)) for a.a. (t,x) (S (0, T) X Q
and the strong convergence holds, that is,
(pn,» > 1n,) = (psm, 1) in L((0,T) x Q; R**?)
E(pn,,mp, ) — E(p,m,n) in L1((0,T) x Q)

forany 1 < g < 0.
e classical solution
Let Q C R? be a bounded Lipschitz domain and (p, m, n) such that

p,n € C'([0,T1xQ), m e C'([0,TIX % RY), p>p>0in[0,T]xQ.
Then (p,m, n) is a classical solution to the Euler system and
(pnsmp,mp) = (p,m,n) in L9((0,T) x Q; R'*?)

forany 1 < g < 0.
e strong solution
Let periodic boundary conditions are applied. Suppose that the Euler system admits
a strong solution (p,m, n) in the class

p.n € WH((0,T)x Q), m € W>((0,T) x Q;RY), p>p>0in[0,T)XQ
emanating from initial data (po, mo, no). Then it holds

(prsmp ) = (p,m, 1) in L1((0,T) X Q; R¥*?)
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E(pp,my,ny) — E(p,m, 1) in LY((0,T) x Q)

forany 1 < g < co.

We can interpret the first and second point of Theorem 4.3 in the following way. Either the limit of
numerical solutions is a weak entropy solution/ C' solution or the convergence is not strong. Supposing
that the problem admits a strong solution, the third point declares that the numerical solutions strongly
converge to the strong solution. In this case that the strong solution exists, convergence rates can be
studied. Typically a relative energy or relative entropy is used to study error estimates, see References
[6,29,31].

5 | NUMERICAL RESULTS

In this section we simulate a spiral problem, that is, two-dimensional Riemann problem, and
Richtmyer-Meshkov problem [22,24] to illustrate the weak, strong and K-convergence of the finite
volume method (2.12).

In our computations the computational domain is [0, 1] X [0, 1] and divided into N X N uniform
cells. In the simulations we take

N, :=Nn)=16-2", ie. h, :=h(n)=1/Nwn), n=1, ...,7

and define N,,s = N(7) = 2048 and h,,; = 1/2048. Denote the Cesaro average of the numerical
solutions and their first variance

y 1 n . 1 n N
Uy, = ;Z{Uhj, U, = ;ZlﬂUhj = Un, |,
= =

respectively. Let Uhmf be the reference solution computed on the finest mesh with N, X Ny cells.
Analogously to Reference [20] we compute four errors

E\(Ny) = Uy, = Up @, E2x(Nw) = 104, = U Nl
R 1 et
Es(N) = U, = U} N, EsN) = lldw, Vre Vil (5.1)
at the final time 7', where ﬁfx is the Cesaro average of the Dirac measures concentrated on numerical
solutions {Uhj }7:1-
In addition, we apply the outflow boundary condition to the spiral problem and periodic boundary

condition to the Richtmyer-Meshkov problem. Moreover, the CFL number is set to 0.9 and the adiabatic
index y is taken as 1.4.

Example 5.1 (Spiral problem). We consider one of the classical 2D Riemann problem
with the initial data
(p,u,p)(x,0) =
(0.5, 0.5, =05, 5), if x; > 0.5, x> 0.5; (1, 0.5, 0.5, 5), if x; <0.5, x, > 0.5;
(1.5, 0.5, =0.5, 5), if x; > 0.5, x, < 0.5; (2, 0.5, 0.5, 5), if x; < 0.5, x <0.5.

This problem describes the interaction of four contact discontinuities (vortex sheets) with
the negative sign. As time increases the four initial vortex sheets interact each other to form
a spiral with the low density around the center of the domain. This is a typical cavitation
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phenomenon well-known in gas dynamics. We compute the solution up to the finite time

T=2.

Figure 2 shows the errors E|, E,, E3, E4 of p, my, my, E, S obtained on different meshes
and the reference solution on a mesh with 2048 x 2048 cells. The errors of p, S are specif-
ically listed in Tables 1 and 2, respectively. Moreover, Figures 3 and 4 show the contour

of p and S obtained on different meshes, respectively.

The numerical results show that four errors are all decreasing with the refinement of
mesh. This together with the pictures of the first variance indicate that V,x = 6¢,m.5)0.x)
and the numerical solutions converge to the weak solution. This is in accordance with our

theoretical results. We point out that the convergence rate is 1.

Example 5.2 (Richtmyer-Meshkov problem). This example describes complex interac-
tions of strong shocks with unstable interfaces. The initial data are given by

20, if r<0.1,

uy =0, u=0, px0=

1, otherwise,

2, ifr<I(x),

1, otherwise,

p(x,0) =
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TABLE 1 Example 5.1: The errors and convergence rates for density.

E, E, E; E4

N Error Order Error Order Error Order Error Order
32 0.0569 — 0.0361 — 0.0179 — 0.0367 —

64 0.0397 0.5189 0.0270 0.4206 0.0102 0.8165 0.0272 0.4354
128 0.0265 0.5854 0.0193 0.4795 0.0078 0.3810 0.0195 0.4790
256 0.0166 0.6698 0.0131 0.5655 0.0055 0.5199 0.0132 0.5626
512 0.0093 0.8316 0.0079 0.7299 0.0036 0.6089 0.0080 0.7258
1024 0.0040 1.2172 0.0036 1.1388 0.0016 1.1319 0.0036 1.1311

TABLE 2 Example 5.1: The errors and convergence rates for entropy.

E, E, E; E4

N Error Order Error Order Error Order Error Order
32 0.1956 — 0.1242 — 0.0619 — 0.1263 —

64 0.1355 0.5297 0.0927 0.4216 0.0360 0.7841 0.0933 0.4372
128 0.0901 0.5882 0.0666 0.4771 0.0278 0.3734 0.0669 0.4800
256 0.0567 0.6692 0.0451 0.5634 0.0194 0.5150 0.0453 0.5632
512 0.0319 0.8297 0.0272 0.7294 0.0125 0.6370 0.0274 0.7267
1024 0.0136 1.2341 0.0123 1.1417 0.0057 1.1396 0.0125 1.1346

03 R | o 03 f

02 s ot 02 k

01 bl | o1 “zul
| R R 0 Il

) 02 04 06 08 1 o 02 04 06 08 1

(a) N = 256 (b) N =512 (c) N =1024 (d) N = 2048

) 02 04 06 08 1

FIGURE 3 Example 5.1: The density contours obtained on meshes with N X N cells. From top to bottom: Density (top);
Cesaro averages of density (middle); the first variance of density (bottom).
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FIGURE 4 Example 5.1: The entropy contours obtained on meshes with N X N cells. From top to bottom: Entropy (top);
Cesiéro averages of entropy (middle); the first variance of entropy (bottom).

where r = \/(x1 —0.5)2 + (x, — 0.5)? and the radial interface I(x) = 0.25 + €Y(x) is
perturbed by

M
Y(x) = Za’” cos(¢p + b™),
m=1

with ¢ = arccos((x; — 0.5)/r). The parameters a™, b are arbitrary, but fixed numbers
chosen such that " € [0, 1], Z%:ﬂm =land b" € [—z,z], m = 1, ... ,M. In the
simulation we set € = 0.01,7 = 4 and N = 2048.

Figure 5 shows the errors E\, E», Es, E4 of p,mi,m,, E,S obtained using different
meshes N = 32, ... , 1024, see also Tables 3 and 4. Moreover, the contours of p and S are
shown in Figures 6 and 7, respectively.

The figures and tables clearly indicate only a weak converge of single simulations
obtained by the finite volume method (2.12). Indeed, the numerical solutions do not con-
verge strongly in L'-norm. On the other hand, the Cesaro average and the first variance
of the numerical solutions, as well as the Wasserstein distance of the corresponding Dirac
distributions converge strongly in L'-norm. These results again confirm our theoretical
analysis on the convergence of the finite volume method (2.12). In the Richtmyer-Meshkov
case the limiting solution is not a weak solution but a dissipative measure-valued solution.
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FIGURE 5 Example 5.2: The errors obtained on different meshes.
TABLE 3 Example 5.2: The errors and convergence rates for density.
E, E, E; E,

N Error Order Error Order Error Order Error Order

32 0.2136 — 0.0917 — 0.1180 — 0.1254 —

64 0.2236 —0.0656 0.0958 —0.0626 0.0973 0.2774 0.1136 0.1433

128 0.2318 —-0.0523 0.0918 0.0613 0.0844 0.2051 0.1004 0.1782

256 0.2290 0.0175 0.0762 0.2692 0.0673 0.3274 0.0826 0.2816

512 0.2023 0.1790 0.0526 0.5337 0.0459 0.5512 0.0574 0.5249

1024 0.2063 —0.0280 0.0269 0.9694 0.0215 1.0959 0.0311 0.8835
6 | CONCLUSIONS

We have shown the convergence of the Godunov finite volume method (2.12), which is based on the
exact solution of a local Riemann problem for the complete compressible Euler system. Hereby we have
only assumed that our numerical solutions belong to a physically non-degenerate region, that is, we
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TABLE 4 Example 5.2: The errors and convergence rates for entropy.
E, E, E; E,
N Error Order Error Order Error Order Error Order
32 0.6887 — 0.3215 — 0.4205 — 0.4440 —
64 0.7423 —0.1082 0.3378 —-0.0716 0.3539 0.2487 0.4032 0.1391
128 0.7862 —0.0830 0.3246 0.0578 0.2931 0.2718 0.3521 0.1957
256 0.7684 0.0330 0.2713 0.2588 0.2277 0.3646 0.2932 0.2639
512 0.6425 0.2582 0.1869 0.5373 0.1533 0.5704 0.2017 0.5396
1024 0.6860 —0.0945 0.0876 1.0943 0.0645 1.2502 0.1027 0.9737

0.4 . . . . . 0.2

(a) N = 256 (b) N =512 (c) N =1024 (d) N = 2048

FIGURE 6 Example 5.2: The density contours obtained on meshes with N X N cells. From top to bottom: Density (top);
Cesaro averages of density (middle); the first variance of density (bottom).

have a uniform lower bound on density and an upper bound on energy. The latter is equivalent to the
existence of a uniform lower bound on entropy Hessian matrix, see Lemma B.4. Using the fact that the
finite volume method (2.12) is entropy stable, the entropy inequality together with the explicit lower
bound of the entropy Hessian matrix yield the weak BV estimate (3.8). Further, we have shown that the
difference between the exact solution of the local Riemann problem and its initial data, i.e. numerical
solution at time ¢, can be controlled by the jump of numerical solution itself. Consistency of the method
is proved in Theorem 3.1. Weak convergence to a generalized solution, the dissipative measure-valued
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(a) N = 256 (b) N =512 (c) N = 1024 (d) N =2048

FIGURE 7 Example 5.2: The entropy contours obtained on meshes with N X N cells. From top to bottom: Entropy (top);
Ceséro averages of entropy (middle); the first variance of entropy (bottom).

(DMYV) solution, is showed in Theorem 4.1. Applying the novel tool of K-convergence we obtained
strong convergence to the expected value and first variance of a dissipative measure-valued solution,
see Theorem 4.2. Theorem 4.3 summarizes the cases of strong convergence of numerical solutions of
(2.12). The latter happens if the limit is a weak or C! solution to the Euler system (2.1). In addition,
applying the DMV-strong uniqueness principle [5] we also have strong convergence of our numerical
solutions on the lifespan of the strong solution.

Numerical results for the spiral problem and the Richtmyer-Meshkov problem confirm results of
theoretical analysis. In particular, we observe that for highly oscillatory limit, as is the case of the
Richtmyer-Meshkov test, single numerical solutions do not converge strongly. On the other hand,
we obtain the strong convergence of observable quantities, that is, the expected values and first
variances.

Although the Godunov finite volume method is one of the most classical schemes for hyperbolic
conservation laws, its numerical analysis for multidimensional systems was still open in general. The
main goal of this paper was to fill this gap and illustrate the application of the recently developed
concepts of generalized DMV solution and X-convergence on an iconic example, the multidimensional
Euler system. In future it will be interesting to extend the obtained results to general multidimensional
hyperbolic conservation laws.
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APPENDIX A: LIPSCHITZ CONTINUITY OF F

The aim of this section is to give the estimates of || [(F).] ||, also denoted by || [Fx] |l

Lemma A.1. It holds
Llal} <A gy 1+ 00DD? {2 <24al®. {phEo) ' < 3{{61}}2, (A1)

ot (o)™ <200 G 1+ N, 1 1™ < ) 0+ S0l (A2

Proof. If f > 0 then |[f]]| < min(fz,fz) <2 {f}}. After some calculations we obtain

() = (@l + el <20a)’, (Il = (@) - () + ] - [u]
< (I e 1+ D .
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Moreover, we obtain

(0 (3 RO AN PR

{olul?f} = (o) {lul*} + %ﬂp]] Qe <2 (o} {1l }} .
| Em B 1l =11 (o} fu} + %ﬂp]] [l Il < {pB I {ud Il + % {3 Nl [ul I,

which concludes the proof. [

Lemma A.2. It holds
(el 1l < €)1 Gl 1l - 1ol |+ €p 3~ Il Im] I, (A3)

[IpD 1 S (e 1+ Qe 1D - 10oD |+ e I+ N Tl 1D - 1 e 1]+ [TET- (A4)

Proof. Some manipulations give

[m] = {p} [l + (ol {u},

which implies

)

On the other hand, we have

”""'2- =[[|m|2ﬂ={{m}}'ﬂm]]={{|m|2}} ﬂpﬂ+”' '2” o).
p P ’

which gives
|m|* ”
p

<o) {{ '”;' }} oDl + o)~ m ) 1 - 1 ol 11
Consequently, we obtain

o=t 1| - e« 252 [

<=Ly {{ '"; }} 001+ £ o)1 o - Wl + 7 = DIGE

‘ < {od N Ky 1 - 10eD1 + €o) 1 [m -

)

Hplll = - - DIEN + =

which concludes the proof. =

Lemma A.3. It holds
|[F]] < nmi,
|TF®D] < w1+ Tl 107 - 1o+ O G 1+ T D) - 1 fm] 1+ TED .
|LFOD| < Aty 1+ 01D - 1A+ e 1+ 1T 1) - ]
|TFD| S A 1+ 0D - 1o+ e 1+ 1T 1) - ]
|TFOD] s (A 1+ T 10 + Gad®) e - 1D
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+ (I Qa1+ 1Tl 1D - 11 Q] 1]+ 1) {2} 1] - IE].

Proof. Some calculations give

[IFVT| = 10pud 1 < N ] 1,

[IF®D] = 1w +pI1 < o3} - Do +2 0% - ueh |- 1| + 11D
<{lalf 0ol +2 o8 - 1 - N el 1+ 1P

|[TFD] = ol < 1wl 1= Do+ €o) - L - 1D+ o - 1R |- 1
< {{1ul} - 1001+ 2 o) - 1w 11 - 11 ],

|TFOD] = Vol < [ aowh - o1+ Cod - T - 1w+ o) - Ly |-
< {1l - 10601 +2 o) - 1l Qe 1 - ]l

and

[FO]| = 1w + I < (E+p) - a1+ 1 ) |- TEET] + 1 G} |- 1o
<UE+p) - Il ll+ 11 e - TRED]+ 1 Qa0 - 1D -

Combining Lemmas A.1 and A.2 concludes the proof. (]

APPENDIX B: LOWER BOUND OF THE ENTROPY HESSIAN MATRIX

In this section we give the lower bound of entropy Hessian matrix d—Z” for d = 3. Harten [27] has

we can obtain its

three-dimensional explicit expression w1th n=—-pyS),y € CZ(R)

2
d? d -1
=l = <yp> p(8)-D,

U~ dU
where
lu* | al > 2\2
ot RS- —aw)
_ w _ 2
u (1 = R) + Ra;
n S)
DY = ('"' -R+ra) | a=T_ P g=Z)
r=1p x'(S)
('“' (- R)+Ra*>
M -R-a (L -R)
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—u (M1 =R +Ra?) —v (1 - R +Ra?)
(1 =Ry +a/y uv(l = R)
D® := uv(1 = R) L D= va-m+a@fy |
uw(l = R) vw(l —R)
—u(1-R) —v(1 -R)
—w ("0~ R+ Ra? M -Rr-a (L -R)
uw(l — R) —u(l1-R)
DY := w(l - R) . DY = —v(1=R)
w(1 = R) +az/y -w(l -R)
—w(l =R) 1-R

Moreover, the symmetric matrix D is positive definite if and only if R < 1/y.
Consider the special case 7 = —pS/(y — 1), that is, ¥'(S) = 1/(y — 1) and »"'(S) = 0. After some
calculations we obtain the characteristic function f(4) of the matrix D

> 2
a
f) = </1 - ) -8(4),

14

where
HOEFAE ﬁ (4a* + 4> + y(|ul* + 2)*) A
2 6(r _
+ 4"72 (4a* — 4a® +y [4(lul? + Da® + (Jul? +2)°]) 4 - %

Taking derivation of g(A1) gives

g =31% - % (4a* +4a® + y(Jul* +2)*) 4

2
+ 4“72 (4a* - 4a® +y [4(u)® + Da® + (u]® +2)%]) .
Denote the roots of g(4) = 0 by A1, A2, 43 with A1 < 4, < 43, the roots of g’'(4) = 0 by A} and A} with
i< é (4a* +4a” + y(|lul> +2)%) < 4. (B1)

As known, ;% is positive definite [27], which implies

O<ﬂlsﬂ)f§/12§/13523. (B2)
Lemma B.1. It holds
2
<@ =D <. (B3)
Y
Remark B.1. With the help of (B1) and the fact
g(A1) <0, if A € (0, A1); g(A) >0, if A € (41, A2);
g(A) <0, if 1 € (A2, 43); g(A) >0, if 4 € (43,0);
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we will prove Lemma B.1 by showing
a* 1/3 a* 1/3 1 4 2 2 2
gl=0-D") 20, =(¢-D"V<— (4a* +4a* +y(ul* +2)°) < 45 < Aa.
Y Y 12y
Proof. Denote (y — 1)'/3 by y,, thatis, y = y3 + 1. Then y € (1,2] implies

7+ € (0,1]. (B4)

It is easy to show that

027* _a4 4 2
s\ 77 ) = 55 (A=rd) Gl + 4yl + 4yl +401 = ) - (@ = (1 +y)a* +7))

atys(1 = y.) (a*
7,3

\%

—r(l+r)a*+7).

Since
A=r(+7))? -4y =720 -y) -4 <0,

Wehaveg< S ) > 0.
On the other hand, we have

4a* +4a* + y(lul* +2)* ajy S 4a* + 4a* + 4y — d?y.

12y . > = Si(a4+(l—3y*)a2+y).

12y y

Hence,
A=(1-37) -4y =-3—6y.+9: —4yd = =31 —y2) = 6(r. —v2) —4ri <0,
which concludes the proof. L]

Lemma B.2. It holds

2(y = 1) < a? 1 1 )
Az ) W@+ ) (P D) (B>)

Proof. Let A = —x From Lemma B.1 we know that the lower boundary of A; can only
be found within 0 < x < 1. With the definition of g(4) the following decomposition gives

aZ _ Cl6 3 6()/ _ 1) 20 3
g(yX> —< /3 T)+4 3( 3a(y — 1) 8a’x
+ y(lu)? + 2)%x(1 = x) + 4d*(@® + Dx(1 — x) + 4yd*(Ju|* + 1)x>

<<a;7)3€% - 6(31/;/ 1)) T4 ([}’(|u|2 +2°x(1 -0 - @’y = 1)]
+ [4a2(a2 + 1x(1 —x) —a*(y — 1)] * [47"12(|u|2 +Dx—a’(y - 1)])
<<a}6/—§3— 6(3;};1))+4y ([7(|u|2+2)2 (y—l)]

+ [4a2(a2 +x—d(y — 1)] + [4ya2(|u|2 +x—d(y — 1)] )
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where the first inequality holds since —8ax < 0, and the second inequality due to 1—x < 1.
Hence, if x satisfies

_ 1/3 _ _ _
xSmin((y 1) 2r-1)  y-1 y—1 ) (B6)

4 Ty +2)? 4@ +1) Ay +1)
1/3
then g(4) < 0. This concludes the proof since <%> > y4;1. ]
Summarizing, we have the following result for the lower bound of the entropy Hessian matrix 5;’1 .
Lemma B.3. The lower bound n of 5:; with n = —;’TSI is
-1 . a? 1 1

= min , , . B7
T y(uP+27" 4@+ 1) dy(uP + 1) ®

Lemma B.4. The following are equivalent:

(i) p2p,EL E fora.e. (t,x) € (0,T) X Q;
(it) n> 0 fora.e. (t,x) € (0,T) X Q.

Proof. Step 1: Suppose that (i) holds. Combining Lemmas 3.1 and B.3 we have

LY 2
n2 (v 71) Inin< 722 , 721 , 721 ) > 0,
- p Yy +2)2 4@ +1) 4y@ +1)
wherea := %, a:i=./ % and p, p.p.,uare defined in the proof of Lemma 3.1.

Step 2: Let (_ii) hold. We rewrite # in (B7) as

'1=(7/—1)2min< 1 4 ! )

p(lul? +2)2" 4p(yp+p)" 4yp(lul>+ 1)
which gives
pP<p=<p, |ul<u, p<p,

where p, P, U, p are positive constants. Consequently, it holds £ < %p‘u2 + yljﬁ, which
concludes the proof. [
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