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Summary

The present thesis is a contribution to the theory of algebras of pseudodifferential operators
on singular settings. In particular, we focus on the b-calculus and the calculus on conformally
compact spaces in the sense of Mazzeo and Melrose in connection with the notion of spectral
invariant transmission operator algebras.

We summarize results given by Gramsch, Ueberberg and Wagner [46] and Lauter [60] on the
construction of Wy- and W*-algebras and the corresponding scales of generalized Sobolev spaces
using commutators of certain closed operators and derivations.

In the case of a manifold with corners Z we construct a ¥*-completion A,(Z, bQ%) of the

algebra of zero order b-pseudodifferential operators \Ilgj a(Z, bQ%) in the corresponding C*-closure

B(Z, bQ%) — L(L*(Z, bQ%)). The construction will also provide that localised to the (smooth)
interior Z of Z the operators in the A, (Z, bQ%) can be represented as ordinary pseudodifferential
operators.

In connection with the notion of solvable C*-algebras - introduced by Dynin [32] - we calculate
the length of the C*-closure of \IIS’CZ(F,bQ%,Rg(F)) in B(F,bQ%,Rg(F)) by localizing B(Z, bQ%)
along the boundary face F' using the (extended) indical familiy I Ilf =. Moreover, we discuss how
one can "localise” solving ideal chains in neighbourhoods U, of arbitrary points p € Z. This
localisation process will recover the singular structure of Up; further, the induced length function
[, is shown to be upper semi-continuous.

We give construction methods for U*- and C*-algebras admitting only infinite long solving
ideal chains. These algebras will first be realized as unconnected direct sums of (solvable)
C*-algebras and then refined such that the resulting algebras have arcwise connected spaces
of one dimensional representations. In addition, we recall the notion of transmission algebras
on manifolds with corners (Z;);en following an idea of Ali Mehmeti [3]. Thereby, we connect
the underlying € °°-function spaces using point evaluations in the smooth parts of the Z; and
use generalized Laplacians to generate an appropriate scale of Sobolev spaces. Moreover, it
is possible to associate generalized (solving) ideal chains to these algebras, such that to every
n € IN there exists an ideal chain of length n within the algebra.

Finally, we discuss the K-theory for algebras of pseudodifferential operators on conformally
compact manifolds X and give an index theorem for these operators. In addition, we prove
that the Dirac-operator associated to the metric of a conformally compact manifold X is not a
Fredholm operator.
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Conventions

e Sections are denoted by pairs of numbers like 3.4 and definitions, theorems, etc. by
triples of numbers, e.g. theorem 3.4.5 in section 3.4.

Equations are denoted by triples of numbers in parentheses like formula (3.4.5) in
section 3.4.

e Unless otherwise indicated, Banach algebras and spaces are always considered over

C.

e Unless otherwise indicated, functions are assumed to be complex valued in this
thesis.

e /(R™) denotes the Schwartz space on R", i.e. the space of rapidly decreasing
functions R* — C.

e Let £ and F be Banach or Fréchet spaces. Then Z (€, F) denotes the space of all
continuous linear maps &€ — F endowed with the usual operator norm.

e Let 7 be a topological space and let ¢, : T — C be two mappings. We write
@ <1, if 1» =1 on supp ; in particular p(z) = p(z)y(x) holds for all x € supp ¢.

e By R, we denote the positive half axis [0, co[C R.






Introduction

The present thesis is a contribution to the theory of pseudodifferential operators on man-
ifolds with corners, conformally compact spaces and transmission spaces in connection
with spectral invariance:

(i)

(iii)

(vi)

For a manifold with corners Z we show how to construct a U*-completion A,(Z, bQ%)
of W) ,(Z, bQ%) using abstract construction concepts introduced by Gramsch, Ue-

berberg and Wagner [46]. The algebra A,(Z,Qz) will be dense in the corresponding
C*-closure B(Z,"Q2) of Uy (2, vQ)2) and localized in the interior of Z the operators

in A,(Z,%Q2) will be ordinary pseudodifferential operators. The algebra A,(Z,Q2)
itself will be contained in the space [).£(H;(Z,Q2)) of all operators of order 0 with

respect to the scale Hj(Z, bQ%) of b-Sobolev spaces.

We give the definition of solvable W*-algebras and show that dense W*-subalgebras A
of C*-algebras B are solvable, provided they fulfil the operator theoretical condition
that if Z < B is a closed ideal in B, then Z N A is dense in Z (this will be called
property Ep).

We calculate the length of the C*-closure B(F,*Qz, R!) of the parameter-dependent
calculus \Ifgd(F ! bQ%, R!) of b-pseudodifferential operators on manifolds with corners
F. To achieve this, we embed F' into a larger manifold with corners Z and use the
isomorphism B(F,*Qz, REF)) = B(Z,%02) /T, where Zp denotes the kernel of the
indical family associated to F.

We define the notion of the local length [, in p € Z for certain classes of solvable
C*-algebras and show how to calculate it for B(Z,%Q2) using the C*-subalgebra
B,(Z, bQ%), where ¢ is an appropriate cut off function with ¢ = 1 in a neighbour-
hood of p. It turns out that the local length [, recovers the codimension of a fixed
neighbourhood of p and that [, is a upper semi-continuous function from Z to IN.

We construct solvable C*-algebras of b-pseudodifferential operators that admit no
finite solving series. We realize this by using a direct sum of C*-algebras B(Z;, bQ%)
where the Z; are manifolds with corners of codimension #; the construction gives an
unconnected algebra first, but we also give a definition such that the resulting space
of one-dimensional representations is arcwise connected.

Following an idea of Ali Mehmeti [3], we define transmission algebras on families of
manifolds with corners Z; (i € IN) that admit for each n € IN a solving ideal chain of
length n. Thereby the interconnections are realized by an underlying function space
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with transmission, i.e. we identify % °°-functions on appropriate neighbourhoods
of the interior of the manifolds with corners Z; and use constructing methods for
U*-algebras, cf. [46], to get spectrally invariant algebras.

(vii) We compute the K-groups of By(X, UQ%), the closure of the algebra of pseudodif-
ferential operators of order zero ¥Q(X, OQ%) on a conformally compact space X and
give an index theorem for Fredholm elements of this calculus. Moreover, we discuss
the Dirac-operator associated to this setting and prove that it is not a Fredholm
operator.

Spectral invariance

The theory of pseudodifferential operators on manifolds Z with singularities often gives
rise to an algebra WY(Z) of operators of order zero, being almost always a Fréchet algebra
due to its €>-structure. However, by passing over to its C*-closure B(Z) in £ (L*(Z))
one looses (local) @>-properties such as pseudo- or micro-locality. To control this, it
turned out that it is essential to construct algebras A°(Z) of pseudodifferential opera-
tors of order 0 on the given singular space, which are symmetric Fréchet subalgebras of
the corresponding C*-closure B(Z) and satisfy the following crucial property of spectral
mwvariance or invariance under holomorphic functional calculus

AZ)NZ(LX(2)) = A2), (1)

where A(Z)7! resp. Z(L*(Z)) denotes the group of invertible elements in A(Z) resp.
Z(L*(Z)). Algebras with these properties are called ¥*-algebras in the sense of Gram-
sch [39]. These ¥*-properties yield a variety of remarkable (and sometimes unexpected)
operator theoretical consequences: a U*-algebra A always has an open group of invertible
elements (which is not true for an arbitrary Fréchet algebra) and there exists a holo-
morphic functional calculus, cf. Waelbroeck [112], for these algebras. Gramsch [39] also
showed, that (1) plays an important role in the perturbation theory of Fredholm func-
tions related to pseudodifferential analysis and has connections to non-abelian cohomology
and to Oka’s principle (cf. [42] and [44]). Note also, that it is possible to construct the
Green inverse (relative resp. pseudoinverse) within the algebra. A slightly more complete
overview will be given in chapter one; to see more interconnections and for the relevance
of spectral invariance, we refer to [19], [28], [41], [44], [60], [65], [76], [97] and [100].

The proof of spectral invariance is often strongly connected to the characterization of
pseudodifferential operators using commutator methods. Following an approach of Beals
[14], Gramsch, Ueberberg and Wagner described in [46] a construction method for W,-
and W*-algebras starting from closed derivations or closed operators using commutators.

Nowadays, many algebras of pseudodifferential operators have been shown to be W*-
algebras; the interested reader is referred, for instance, to [9], [12], [24], [25], [39], [62],
[66], [102], [103] and [110].

It is worth pointing out, that recently spectral invariance is also used in the context of
time frequency analysis [47] and the Novikov-conjecture [T1].
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Submultiplicativity

Recall, that a Fréchet algebra A is called submultiplicative if the topology 74 on A is
given by a defining system of semi-norms {|| - ||z : & € IN} such that

lla - 0flx < lallx||0]x

holds for all a,b € A.

In the case of a commutative Fréchet algebra A4, it is a result by Mitiagin, Rolewicz and
Zelazko [88] that submultiplicativity is equivalent to the property, that for every entire
function ¢g(z) = > a,2™ and every x € A the series g(z) is convergent. If A has an

n=1
open group of invertible elements the inversion is continuous (cf. [113, p. 115]) and the
holomorphic functional calculus of Waelbroeck is applicable, thus A is submultiplicative.
However, in the non-commutative case it is still an open question whether every U*-algebra
is submultiplicative or not. Note that there exist non-commutative Fréchet algebras with
an open group of invertible elements which are not submultiplicative (see [115]).

A general approach for constructing submultiplicative WU*-algebras was presented by
Gramsch, Ueberberg and Wagner in [46], and the authors used this method to prove
submultiplicativity for the Hormander classes \Ifo (0<d6<p<1,6<1). Moreover,
Gramsch and Schrohe proved submultlphcatwlty for Boutet de Mom;el s algebra and
Baldus proved in [8] submultiplicativity of ¥(1,¢g) for all Hormander metrics g.

Operatoralgebras on manifolds with corners

The calculus of b- or totally characteristic pseudodifferential operators was introduced by
Melrose [83] in 1981; it turned out that the definition of b-pseudodifferential operators on
manifolds with boundary naturally extends to more singular settings, namely to manifolds
with corners.

Roughly speaking, manifolds with corners are locally of the form Ei x R"!. This
calculus of b-pseudodifferential operators was considered, for instance, by Melrose and
Piazza [87], Melrose and Nistor [86], and Loya [74]. By taking the norm closure of b-
pseudodifferential operators of order zero Wy ,(Z, bQ32) in Z(L*(Z,%Qz)), we can attach
a C*-algebra B(Z,Qz) to the (singular) manifold with corners Z.

Let us remark, that the algebra \Ifb cl(Z,bQ%) can not be endowed with a topology
making \Ifb a(Z, b2 2) into a topological algebra with an open group of invertible elements
(see [60, Theorem 4.7.2] for the case for manifolds with boundary), although ¥} ,(Z, bO)z)
can be realized as a symmetric subalgebra of .Z(L?(Z,%Q3)). Thus instead of U9 ,(Z,"Q7)
itself, its C*-closure B(Z ,bQ%) is often used to give a full description of certain aspects
such as the Fredholm property.

Recall that it is a common feature of pseudodifferential calculi B, that the Fredholm
property can be characterized in the following sense: There exists a C*-algebra Q and a
homomorphism 75 : B — O such that an operator a € B is Fredholm if and only if its
symbol 75(a) is invertible in the algebra Q.
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For a b-pseudodifferential operator in \If(g’d(Z , bQ%) this joint symbol map is realized by
the principal symbol map

o) B(Z2,02) — €(°5* Z) (2)
and the indical families
I?Z:B(Zabﬂé) —>B<FvbQ%JRZ) (3)

where F' is a face in Z of codimension [. The Fredholmness of an operator is thus
characterized by the invertibility of the complete symbol 75(a) given by

(o (a), (I18z(a))rer(z) € €(S*2) & @ G(R,ZL(LX(F,"Q2))).

FeF(Z)

Following an approach of Lauter [60, Chapter 6], we construct a dense W*-completion
Ap(Z,%02) of Uy (2, bQ)z), that on the one hand contains all the Fredholm inverses and

on the other hand also respects certain €*°-properties, for example, each a € A,(Z, bQ%)
extends to a bounded operator

a: HI(Z,507) — Hi(Z,'Q2),

where (H;(Z,%Q2)).er denotes the scale of b-Sobolev spaces, and is an ordinary pseudod-
ifferential operator if one localizes in coordinate charts supported in the smooth interior
of Z.

Operatoralgebras on conformally compact spaces

An open Riemannian manifold (X, go) is called conformally compact space if it is isomet-
ric to the interior of a compact manifold X with boundary 90X, where X is endowed with
the metric g := 0~2h. Thereby h is a smooth metric on X and ¢ : X — R, is a bound-
ary defining function. A conformally compact space (Xy, go) is a complete Riemannian
manifold with negative sectional curvature outside a compact set by well known results.

In [65] Lauter developed an elliptic and Fredholm theory for pseudodifferential operators
modelled along the geometry of conformally compact spaces following results of Mazzeo
and Melrose [78]. Moreover, he gave a description of the C*-completion of the algebra of
operators of order 0. Thereby the analysis on (Xj, go) is in fact performed on X. To see
that this is reasonable, note that the set of all smooth vector fields on X having bounded
length with respect to the metric g is given by

Vo(X) = {V S Cgoo(X,TX) . Wax = 0},

a characterization independent of the singular metric g. The metric g will be called 0-
metric, these vector fields will be called 0-vector fields and their enveloping algebra of
differential operators will be called 0-differential operators on X (cf. [78]) in the sequel.

Following [65] there are two invariants necessary to characterize the Fredholmness resp.
compactness of a given pseudodifferential operator in the conformally compact setting:
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the principal symbol and the reduced normal operator. The reduced normal operator
- reflecting the behaviour of an operator near the boundary 90X - can be regarded as
an operator with values in C(S*0X, By.), where B, denotes the C*-algebra of b-c-type
operators on the interval [0, 1. If P is a O-differential operator and (z,y) € Ry xR}~ are
coordinates near the boundary of X, then Pisgiven by P = > a;q(z,y)(x0,) (20,)"
Jjt+lal<m

with coefficients a;, smooth up to the boundary. The 1reduce|d| normal operator of P is
then

NP = 3 a;al0,p)ilalely (20,

JtHlal<m

where (y,n) € T*0Xpx = R"! x R"!; this coincides with the definition given in [78§]
and [77] after using scale invariance.

K-theory

Following the fundamental work of Atiyah and Singer [7] there has been treatment of
various kinds of index theorems for pseudodifferential operators on singular manifolds.
And in some cases (see, for instance, [67] or [80]) it turned out that one can get an index
formula on a manifold with boundary in terms of classes of full symbols using calculations
on the (closed) double of X. We show that this is also true for the algebra By(X,%Q2) of
pseudodifferential operators on conformally compact spaces.

But first, let us stress that another important consequence of spectral invariance is,
that a Wy-algebra (resp. a W*-algebra) has the same K-theory as its norm closure (resp.
C*-closure). This has first been observed by Connes [22] using Karoubi’s density theorem
[55] (see also [56]), where results of Gramsch [39], [36] have been used and we will present
a slightly generalization of this in the appendix A.1 of this thesis.

The exact sequence of C*-algebras

0 — T/K — Bo(X,°02) /K — By(X,°Q2)/T — 0, (4)

where K denotes the ideal of compact operators, Z denotes the kernel of the reduced
normal operator, yields that By(X,%Q2)/Z is isomorphic to the range B(S*9X) of the
reduced normal operator?. Then the induced six term exact sequence is used to compute
the K-groups of B, if the left and the right quotient in (4) are well understood.

For this, we calculate the K-theory of B(S*0X) using the short exact sequence

0— J — B(S"0X) — B(S"0X)/J — 0, (5)

where the closed two-sided ideal J has a very special structure. Namely, it is isomorphic
to C(S*0X,D), where D, a suitable ideal in the algebra of b-c-operators, has zero K-
groups. Thus the K-groups of B(S*0X) are isomorphic to the ones of B(S*0X)/J and
the problem reduces to an analytic characterization of this quotient.

'Here b-c-type means, that the operators are of b-behaviour on the one end {0} and of cusp behaviour
on the other end {1} of [0, 1]; note, that we think of [0,1] as the compactification of the half axis
[0, o0l

ZWhich itself is a C*-subalgebra of C(S*0X, By ).
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Note that in [79] Schrohe, Melo and Nest used the same sequence (4) to compute the
K-theory for Boutet de Monvel’s algebra. And in fact, it turns out, that we could have
used the K-theoretic techniques developed in [80] to calculate the K-groups of B(S*0X)
(after having done the analysis).

Solvable C*-algebras and ideal chains

Following the definition of solvable C*-algebras introduced by Dynin [32], Melrose and
Nistor proved that the C*-closure B(Z bQ%) (resp. the parameter depended version
B(F,?Qz REF)), F a face in Z) of \Ifbd(Z,bQ%) (resp. W, (F, bQz, REM)) is solvable.
Lauter [63] then used a slightly different approach to calculate the length of this algebra

making use of the full description of the Jacobson topology B(Z, bQ%), which he gave in
[61].

Note, that if Z is a manifold with corners of dim Z = m, then a first measure of
"how singular” the manifold is, is the codimesion of Z, i.e. the largest codimension of a
boundary face of Z. It is then natural to ask, if one can recover this invariant by simply
studying the C*-algebra B(Z, bQ%). It turns out, that the minimal length of the solving
series is given in terms of this invariant: the length of the series equals m if codim Z = m
and codim Z + 1 in the other cases. The strong connection to the underlying geometry
can also be seen in the definition of (one possibility for) the minimal solving series: it
is given in terms of kernels of the symbol homomorphisms (2) and (3), descending the
"singular hierarchy” of the faces of Z. Let us also point out, that in the context of
conformally compact spaces the solvability of By (X, OQ%) with length two has been shown
in [65, Corollary 7.5.3].

One of the main tools used for the calculation of the length of solving ideal chains is
representation theory for C*-algebras. This topic has been treated in several monographs
and articles, see, for instance, [31] or [90]. In [61] Lauter developed a representation theory
for W*-algebras. More precisely he used a result of Gramsch [40] on positive functionals
to show that there is (under an additional condition Ejy resp. Ej) a continuous, bljectlve
map ¢ : A— B where B is the enveloping C*-algebra of a W*-algebra A and A resp.
B denotes the spectrum of A resp. B, i.e. the set of all unitary equivalence classes of
non-zero irreducible representations. Here the additional condition Fjy resp. E; is needed
to provide that the ¥*-algebras in some sense behave well while taking intersections with
closed two-sided C*-ideals.

As spectral invariance generates this strong connection between W*-algebras and their
C*-closures, one expects that the notion of solving ideal chains for the C*-algebra can be
carried over to the dense U*-subalgebra. And indeed, it turns out, that it is possible to
give a definition of solvable W*-algebras, such that if one takes a U*-algebra A, where its
C*-closure B is solvable with length n (and A has property Ej in B), then A is solvable,
too. Moreover the length of A is less or equal to the length of B.

As we noted before, the length of the ideal chain measures how singular the manifold
Z is. It is thus reasonable to ask, if there are C*- resp. WU*-algebras on singular settings
such that there is no solving ideal chain of finite length. Using a direct sum construction,
we prove that such algebras exist, where we use the result, that every solvable C*-algebra
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B induces a solving series for a closed two-sided ideal Z of B. Moreover, we construct
algebras, such that the space of one-dimensional representations is arcwise connected.

Transmisson-spaces and -algebras

The concept of interaction or transmission spaces has been introduced by Ali Mehmeti [3,
Chapter 4.3] resp. Ali Mehmeti and Nicaise [4]. To investigate, for instance, vibrations
on cross-shaped networks, Ali Mehmeti used the Friedrichs extension to create ”good”
physically interpretable models. Thereby he considered products of appropriate function
spaces and fixed the mutual influences by the choice of a subspace of this product, the so
called interaction space. In [19, Section 4.7] Caps used this idea to prove well-posedness
of the Cauchy problem for special time-dependent evolution equations of Schrodinger and
(degenerate) diffusion type on networks.

We adept the approach of Ali Mehmeti to the case where the function spaces are given
on families of manifolds with corners Z;, « € IN. A suitable closed subspace is yielded by
direct sums of the corresponding smooth function spaces identified over certain domains
in the interior. This enables us to use on the one hand closed derivations to define a
P*-algebra on the connected singular configuration spaces and gives on the other hand
also the possibility to use generalized Laplacians - defined via the Friedrichs extension for
a suitable positive selfadjoint operator - to get a scale of Sobolev spaces (in the sense of
[23]) on which our operators act.

Moreover, by imposing an additional condition on the operators, we achieve, that there
is a well defined *-morphism onto each face of the underlying manifolds with corners Z;.
Thus, it is possible to define ideal chains

ADZ,27Z,12...27 DIy := {0}

of length n - that are slightly generalizations of solving ideal series - i.e. the quotients of
the ideals are isomorphic to 6o(Ty, K(Hy) for all quotients except A/Z,, and Z,/{0} = 7.

Organisation of the text

CHAPTER 1 is concerned with the general concepts of spectrally invariant Fréchet alge-
bras. In section one we recall the main definitions of Wy- and W*-algebras. Section two
then deals with how one can construct these algebras using (finite) sets of closed deriva-
tions or closed operators. In section three we discuss the special case of W*-subalgebras
of Z(H), where H denotes a Hilbert space and show how to define associated Sobolev
spaces. As already mentioned, the methods of section two and three were first treated
by Gramsch, Ueberberg and Wagner in [46], where they generalize concepts of Beals [14],
Cordes [24], Coifman and Meyer [21] for the characterization of algebras of pseudodiffer-
ential operators to an abstract setting. Finally, in section four we use this construction
method to define a W*-algebra of operators with order shift on a closed manifold.

Then in CHAPTER 2 we construct a W*-completion of W} ,(Z, bQz) in B(Z,"Qz) using
the methods presented in chapter one. In section one we shortly review the main defi-
nitions and properties of the calculus of b-pseudodifferential operators on manifolds with
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corners. Section two is then concerned with the inductive construction of a ¥*-completion
of ¥} 4(Z, bQ%). Hereby we use the construction given by Lauter [60] for manifolds with
boundary as the beginning of the induction. The inductional step then uses the general
principle, that €;°(R™, .A) is a U*-algebra in €,(R"™, B), if A is a U*-algebra in 5. However,
the resulting algebra A(Z,%Q2) will still be to large, since K(L%(Z,%Q2)) — A(Z,"Qz).
Thus in section three, we refine this algebra first by defining the following well-behaved
U*-algebra, that acts on the scale of b-Sobolev spaces induced by the b-Laplacian A,:

Ay = {a e L(LX(2,°Q7)) : a(D(A®)) C D(AY),
Vv eNdc, > 0: |lad(Ay) (a)z]] < e |z}

Then we impose additional commutator conditions to enable a Beals-type characterisation
in the smooth part of the manifold with corners Z, i.e. the operators in the resulting W*-
algebra A,(Z, bQ%) are ordinary pseudodifferential operators if we localize in a coordinate
chart that has support only in the the smooth interior Z of Z.

In CHAPTER 3, we first present the main results in representation theory of C*-
and W*-algebras in section one. Then in section two we define the notion of solvable
U*-algebras and prove, that a WU*-algebra A, which is dense and has property Ey in a
solvable C*-algebra B, is solvable, too. In section three we show how to calculate the
length of B(F, bQ%, R!Y). Thereby, we can restrict ourself to the case that F' is a face of a
manifold with corners Z of codimension [, i.e. we analyse the algebra B(F, bQ%, REW),
We localise the algebra B(Z, bQ%) along the boundary surface F' to calculate the length
of B(F, bz, REF )) using the well-known characterization of the spectrum of B(Z, bQ%),
cf. [64]. In particular the isomorphism

B(F,*Qz, REW)) = B(Z,%Q3) /Ty
is used, where Zr denotes the kernel of the indical family homomorphism
18 B(2,"Q2) — B(F,"Qz, REW))

corresponding to the face F'. We then define the notion of local length for certain types
of C*-algebras in section four. The definition is given in a way that the underlying geom-
etry of the manifold with corners Z gives rise to local ideal chains of pseudodifferential
operators localized in open sets U C Z. The length of such a chain is then calculated in
detail, where we use a special solving series for B(Z, bQ%), which is due to Melrose and
Nistor [86], and implicitly also given by Lauter in [62].

In CHAPTER 4 we first consider a C*-algebra B that is defined by a C*-direct sum
construction of algebras By, of pseudodifferential operators on manifolds with corners Z,
where the By, (resp. the underlying manifold Z;) are chosen such that length of By, is k. We
prove, that B cannot be solvable with finite length in section one. In section two we discuss
how one can connect the spaces of one-dimensional representation to get an example of
an algebra with no finite solving series and an arcwise connected space of one-dimensional
representations. Finally in section three we introduce the concept of transmission spaces
and algebras following an idea of Ali Mehmeti [4]. Using the point evaluations in the
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interior of manifolds with corners Z; (i € IN), we define a transmission space of smooth
functions. We then use commutator methods and the Friedrichs extension of a suitable
Laplacian to define W*-algebras, that localized in the smooth interior of a single manifold
Z; behave like ordinary pseudodifferential operators. Moreover, by restricting our algebra
further, i.e. by imposing that localized to a boundary face of a manifold Z; the operators
are b-pseudodifferential operators, we can define suitable replacements of indical families.
The resulting ideals of kernels are then used to define solving ideal chains of arbitrary
length.

Finally in CHAPTER 5 we treat the K-theory for C*-algebras of pseudodifferential
operators on conformally compact spaces. In section one we review the main properties
of the algebra W(X, OQ%) of pseudodifferential operators on a conformally compact space
X. In particular, we introduce the main structure elements in 0-geometry and the reduced
normal operator. In section two we discuss the main properties of the b-c-calculus on the
interval M := [0, 1]. Moreover, we compute the K-groups of the associated C*-algebra
By (M, b’CQ%) and discuss a certain subalgebra D which we will need in later sections.
Then in section three we first analyse the range of the reduced normal operator using the
sequence (5). Although we then could have used the methods given in [79] resp. [80]
to compute the K-groups of By(X, OQ%), we present a self-contained proof for this main
result - a proof that also works in the setting of [79] resp. [80] - using only the following
exact commutative diagram of abelian groups and morphisms:

fi h

g’
/ / i / /
'Ai B 1 Cz i+1

R

fi i hi
A B, -~ Aitr

The K-theoretic result for By(X,?, Q%) is then used in section four to give an index formula
for Fredholm operators on conformally compact spaces. We prove, that the index of such
an operator is given by the topological index map ind; of the K; class of the full symbol 7,
projected to K;(C (T*X )). Then in section five we discuss the Dirac operator associated
to the conformally compact metric g: Using [65], we give the explicit formula for the
reduced normal operator of the Dirac operator associated to g and a condition, when
this family is Fredholm. We use this to show that the Dirac operator on a conformally
compact manifold is not a Fredholm operator on L? independent on the dimension of X,
extending a result of Lott [73]|, where he proves this in the case dim X = 4k (k € IN).
Finally in section siz we prove, that the K-theoretic results for the C*-algebra By also
hold for dense W*-completions of W9(X, °Qz).

During the final work of this thesis the author learned of a preprint of Albin and Melrose
[2], where they consider families of 0-Fredholm operators on conformally compact spaces
and also obtain an index map given in terms of the double of X.
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Chapter 1

Spectrally invariant Fréchet algebras and
commutator methods

This chapter is concerned with the general concepts that enable us to construct spectrally
invariant Fréchet algebras. We recall the main definitions - in particular we define W- and
U*-algebras - and show how one can construct these algebras using (finite) sets of closed
derivations or closed operators. This was first treated in [46] and was slightly generalized
in [60]. Throughout this chapter we closely follow [60].

1.1 Basic results on V*-algebras

Let A be an algebra. In what follows we denote by A~! the group of invertible elements

in A.

Definition 1.1.1 (Spectral invariance). Let B be a Banach algebra with unit e and A a
subalgebra of B such that e € A. A is called

(i) locally spectral invariant in B, if there exists € > 0 such that
{acA:|le—allg<e} C A
holds;
(ii) spectrally invariant in B, if we have AN B~ = AL

Remark 1.1.2. The notion of spectrally invariant algebras A - sometimes also called full
algebras or algébre plaine - goes back to the works of [18], [91],[112] and [113]; the pair
(A, B) is often said to be a Wiener-pair (cf. [91, chapt III. pp. 203, 214, 310],[108]).

The following definition is due to Gramsch [39].

Definition 1.1.3 (U*-algebras). Let B be an unital Banach algebra and A a subalgebra
of B such that e € A. Then A is called

(i) Wo-algebra in B, if
(a) A is locally spectral invariant in 5 and

(b) A is endowed with a topology 74, such that (A,74) < B is a continuously
embedded Fréchet algebra;

11



12 Chapter 1 Commutator methods

(ii) W*-algebra in B, if in addition to (i)
(a) Bis a C*-algebra and
(b) A is a symmetric Wp-algebra in B;

(iii) submultiplicative Wy-, resp. W*-algebra, if the topology 74 on A is generated by a
submultiplictive family of seminorms (g;);en-

Remark 1.1.4.

(i) It is proven in [39, Lemma 5.3] that a dense locally spectral invariant subalgebra
A of B is actually spectral invariant in B. In particular, every W*-algebra A of a
C*-algebra B is spectrally invariant in B. Moreover, it is shown that one can choose
¢ = 1 in the definition of ¥y-algebras.

(i) If A is a submultiplicative Wy-algebra, we can assume without loss of generality, that
the system of seminorms (p;);en, generating the topology 7.4 on A is increasing: If
the system is not increasing, we can use the equivalent system of seminorms given

by pl, == ji%axnpj instead.

-----

(iii) The class of (submultiplicative) Wo-, resp. W*-algebras is stable with respect to
countable intersection (see [60, p. 14] for instance).

(iv) Let A be a Fréchet algebra with an open group A~! of invertible elements. Then
the inversion A™! 3 a — a~! € A is continuous (see [113]).

Example 1.1.5.

(i) Let Y be a m-dimensional (smooth) closed manifold and [ > 0. Then the algebra of
classical parameter-dependent zero order pseudodifferential operators U9 (Y Qz, RY)
is a U*-algebra in 6, (R!, Z(L2(Y,Q2))) (in particular it is a U*-algebra in its C*-
closure B(Y,Q%,IRZ), cf. [60, Theorem 4.2.23, Corollary 4.4.24], see also [104, The-
orem 4.3.2]).

(ii) Let A be a W*-algebra in a C*-algebra B. Then % °(R!, A) is a U*-algebra in the
C*-algebra 6,(R!, B) (I > 0).

(iii) Let P be a compact manifold and A be a W*-algebra in a C*-algebra B. Then
¢ (P, A) is a U*-algebra in € (P, B).

The following two propositions show that the W*-property is also stable with respect
to taking preimages.

Proposition 1.1.6. Let B and D be C*-algebras, (A, (¢;)jen,) — B be a (submultiplica-
tive) W*-algebra in B, (C,(pj))jen, — D be a (submultiplicative) U*-algebra in D and
7 : B — D be a continuous x-homomorphism. We set

Ac:={a€e A : 1(a) € C}
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and define seminorms p; on A by pij(a) = p;(7(a)) for a € Ac and j € Ny. Then
(Ac, (g))jeno, (j)jen,) — B is a (submultiplicative) V*-algebra and 14, : Ac — C is a
continuous x-homomorphism.

Proof. Cf. [60, Lemma 2.1.10]: The closed graph theorem immediately yields the conti-
nuity of multiplication, inversion and x-operation in A¢. So it is left to prove spectral
invariance: Let a € Ac N B~L, then a € A~! using the spectral invariance of A in B, i.e.
b:=a'e€ A Moreover, 7(a) e CND ' =C!yields 7(b) = 7(a) ' €C,ie. be Ac. O

Proposition 1.1.7. Let B be a C*-algebra, and A — B be a V*-algebra. Furthermore,
let I' be an index set, (D )yer be a family of unital C*-algebras, and ¢., : B — D., resp.
Yy : B— D, (v €T') be homomorphisms of C*-algebras. Then:

(i) Br:={be B : p,(b) =1,(b) for ally € T'} C B is a C*-subalgebra.
(ii) Ap:=ANB, is a Y*-algebra in Br.

Proof. Cf. [60, Lemma 2.1.11]: (i) follows from the fact that ¢, and 1., are continuous
x-algebra homomorphisms.

(ii) The continuous embedding A — B yields that Ar is a closed, symmetric subalgebra
of A. In particular it is a continuously embedded Fréchet subalgebra of Br. Finally

ArN Bl =ANB ' NBr = AN Br = Ap!
yields the spectral invariance of Ar in Br. O

Remark 1.1.8. The Hormander classes \Iig’g(R"), i.e. the algebras of all zero order pseu-
dodifferential operators with (g, d)-shift on R"™, are submultiplicative Fréchet operator
algebras with spectral invariance in .2 (L?(R™)). This result is well-known nowadays, but
it has been a long way until this result has been completely proven. A lot of mathe-
maticians including Hormander, Seeley, Caldéron and Vaillancourt, Cordes, Fefferman,
Boney and Chemin, Gramsch, Ueberberg, Schrohe and Wagner contributed to this im-
portant structure result.

Subsequent to the work [39] of Gramsch in 1984, many results for spectrally invariant
algebras have been proven by various authors, and the theory is far from being completed.

Indeed, the U*-property has remarkable applications for instance in the development
of Fréchet algebras in microlocal analysis, or for non-linear methods in the context of
Banach- or C*-settings (cf. [39], [53] and [54]).

Another important consequence is that a Wyp-algebra (resp. a U*-algebra) has the same
K-theory as its norm closure (resp. C*-closure), which has been observed in [22] using
Karoubi’s density theorem [55] (see also [56]) in connection with results in [39] and [36]
(see also appendix A.1 of this thesis). Hence the dense embedding A < B of a ¥*-algebra
A in a C*-algebra B and the induced isomorphism in K-theory shows, that A is on the
one hand large enough to preserve K-theory and on the other hand better related to the
differential structure than the C*-algebra. This has been used in [57] to prove a vanishing
theorem for higher traces in cyclic cohomology for spectral projections. Furthermore, the
authors of [57] give applications to the quantum hall effect and related spectral gaps of
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operators. The connection between dense W*-algebras A in C*-algebras B is also stressed
by representation theory: In [61] Lauter developed a representation theory for W*-algebras
using a result due to Gramsch on positive functionals. Namely, he proved that there is a
continuous, bijective map ¢ : A —— B, where A resp. B denotes the spectrum of A resp.
B.

It is also an essential point in the theory of W*-algebras, that in W*-algebras A the
Hilbert space Fredholm inverses are automatically included in .A. This gives rise to a rich
perturbation theory in these Fréchet algebras for holomorphic Fredholm functions. As an
example one gets an extension of the Oka-principle for holomorphic maps with values
in complex Fréchet Lie-groups or in Fréchet manifolds of Fredholm and Semi-Fredholm
operators in W*-algebras of pseudodifferential operators [40].

Since for Fréchet spaces and W*-algebras an appropriate implicit function theorem is
not available, there had to be developed new explicit rational calculations for some infinite
dimensional Fréchet manifolds which can be applied instead. It was shown in [39] that
the sets of idempotent or relatively regular elements in W*algebras are analytic locally
rational Fréchet manifolds.

As a contribution to additive, complex analytic cohomology theory, it was shown in
[44] that there exists a decomposition theory for meromorphic Semi-Fredholm resolvents
in W*-algebras where occurring singular parts have values in small ideals. In addition
the authors gave results on the division problem for real analytic Fredholm functions and
operator distributions in W*-algebras. Note that there is also a corresponding multiplica-
tive decomposition for holomorphic Fredholm functions with values in A~! on a Stein
manifold [43].

A holomorphic functional calculus for complete locally convex algebras with continuous
inversion has been introduced by Waelbroeck [112] in 1954 (even for the case of several
variables). The holomorphic functional calculus for Wo- and W*-algebras is a direct con-
sequence of his work and has been used for example in [22], [38] or [57]. Moreover, it was
shown in [59], that for any Hilbert space H the W*-algebra Z(H) contains its holomor-
phic functional calculus in the sense of J. L. Taylor (see also [60] and [101]); thus U*-type
algebras are also known as smooth algebras or algebras stable under holomorphic calculus.
Moreover, this last result also applies in the setting of U*-valued (n x n)-matrices. It was
shown in [72] that any Jordan operator A in a U*-algebra A C Z(H) admits a Jordan
decomposition within A, which gives local similarity cross sections for A in A.

In [10] it was shown, that on appropriate triples (M, g, M), where M denotes a in
general non compact manifold M with metric g and weight function M on T* M, there
exists a S(M, g)-pseudodifferential calculus. In particular, it was shown, that the algebra
of order zero operators is a submultiplicative ¥*-algebra in .#(L?(M)). Using spectral
invariance, the author also gives sufficient conditions for an operator in the S(M, g)-
calculus to extend to a generator of a Feller semi-group (see also [9]).

It is worth pointing out, that development is under way concerning the LP-theory
based on the notion of Wy- as well as algebras of € *°-elements with respect to the group
representations (cf. [34]).

Following a series of results of Schweitzer, Jolissant and de la Harpe it was pointed out
in [20] that the notion of spectral invariance is an important tool in the work of Connes-
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Moscovici on the Novikov conjecture as well as in Laffourges research on the Baum-Connes
conjecture: For certain discrete groups G with length function [ the Schwarz-space Si(G)
with respect to [ is a spectral invariant dense subalgebra of the reduced group C*-algebra
C* (@) (see [20] for more details).

Furthermore, in the most resent research on W*-algebras, there are approaches to
Toeplitz operators, U*-algebras on infinite dimensional Hilbert space riggings and to con-
tinuous family groupoids:

As an approach to W*-algebras of Toeplitz operators on the Segal-Bargmann space
H?*(C",v), Bauer determined in [12] a class of vectorfields )(C™) supported in cones
C C C" such that for any finite subset V C Y(C") the Toeplitz projection is a smooth
element in a Wy-algebra constructed by commutator methods with respect to V. Doing
this he obtains localized Wy- and U*-algebras F in the cones C, that contain all Toeplitz
operators T, where f is a smooth function that is bounded on C" and has also bounded
derivatives of all orders in a neighbourhood of C. Moreover, the natural unitary group
action on H?*(C",v) induced by weighted shifts and unitary groups on C" gives raise
to a W*-algebra A of smooth elements in Toeplitz-C*-algebras. Sufficient conditions on
the symbol f of T to belong to A are given in terms of estimates on the corresponding
Berezin-transform f.

In [66] Lauter, Monthubert and Nistor use commutator methods to construct algebras
of pseudodifferential operators on continuous family groupoids G. These algebras are
closed under holomorphic functional calculus and contain the algebra of pseudodifferential
operators of order zero on G as a dense subalgebra. Moreover, they get results for the
structure of inverses of elliptic pseudodifferential operators on special classes of non-
compact manifolds. They also introduce generalized cusp-calculi ¢, (n > 2) on manifolds
with boundary resp. corners and embed these calculi in U*-algebras of operators with
smooth kernels.

Hoéber defines in [51] W*-algebras in the context of (infinite dimensional) Hilbert space
riggings H. C Ho C H_ equipped with the corresponding Gaussian measure p. Using the
Ornstein-Uhlenbeck operator as Laplace operator, to generate a scale of Sobolev spaces,
it is proven, that a large class of pseudodifferential operators considered by Albeverio and
Dalecky in [1] is contained in the associated W*-algebra adapted to this configuration.
Moreover, the author develops a symbolic calculus in the case of Laplacians with negative
definite symbols and gives Fredholm-criteria in this case.

Now we present a theorem, which is due to Gramsch [40, Satz 5.6]; we will use it to
construct ideal chains in W*-algebras out of ideal chains of the enveloping C*-algebras.

Theorem 1.1.9. Let B be a Banach algebra, A be a (submultiplicative) Wq-algebra in B,
and IC C B be a closed, two-sided ideal in B.

(i) J == ANK is a two-sided ideal in A, which is closed in the topology T4 of A, hence
AT is a (submultiplicative) Fréchet algebra.

(ii) The map j: AT — B/K:a+ T — a+ K is continuous and injective.
(iii) If J is dense in IC, then j(A/JT) is a Vo-algebra in the Banach algebra B/K.
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(iv) If, in addition, A is a V*-algebra in the C*-algebra B, and J is dense in IC, then
J(A/T) is a ¥*-algebra in the C*-algebra B/K.

For the convenience of the reader, let us sketch the proof:

Proof. (i) and (ii) are clear.
(iii) Denote by ¢ : B — B/K the canonical projection. Choose € > 0 such that

{acA:lle—allp<e}C A
holds. Let y :=q(a) € j(A/J) be arbitrary with a € A and
[y —ale)lls/xe < e
By definition there exists x € K with ¢(z + a) = y and
lla+x —el|l <e.
Using the density of 7 in IC we can even find xq € J such that
lla +xo —el|lp < ¢,

ie. (a+mz) € A™'. We conclude y=' = q((a + z¢)™') € j(A/J), which completes the
proof.

(iv) Closed two-sided ideals in C*-algebras are symmetric; thus the algebra j(A/J) is a
symmetric Wo-algebra in B/K. O

1.2 Generating V*-algebras using closed operators

Let us state the main results and definitions concerning closed resp. closable operators.
Hereby we follow [19]. If not stated otherwise, £ always denotes a Banach space.

Definition 1.2.1. Let D(A) < &£ be a subspace of £ and A : D(A) — & be a linear
operator with domain D(A). Then A is called

(i) densely defined, if D(A) is dense in &,

(ii) closed, if (2,)new € D(A) such that z, ~—= r € £ and Awx, > y € & implies
that © € D(A) and Az =y,

n—oo

(iii) closable, if (x,)new C D(A) such that 2, “—= 0 € £ and Az, “—> y € £ implies
that y = 0.

In the case of (iii) there is a minimal closed extension A of A, called the closure of A.

Definition 1.2.2. Let A : £ D D(A) — & be a linear operator. To given j € IN we
define inductively
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(i) D(A% := &, D(AY) := D(A) and
DA :={z e D(A) : Av e D(A)};

(ii) A%:=1Id, Al := A and A7y := AI(Ax) for z € D(ATY);
(iii) D(A®) := () D(A).

JENo
Then A7 : D(A?) — & is a well defined linear operator for all j € IN,.

Definition 1.2.3. Let A : £ O D(A) — & be a densely defined closed operator. We set

D(6r) = {A € Z(€) - AD(A)) C D(A),
de > 0Vx € D(A) : ||[AAx — AAz|| < c||z||}.

Then to given A € D(d,) there exists an extension d5(A) € Z(€) of AA—AAN : D(A) —
E. Moreover, we set

D(6K) = {A € D(6}) : 6x(A) € D(5})}

for k € N and D(6Y°) := () D(6%). Finally, we introduce the notation ad°[A] = Id,
kEN

adl[A] := ad [A] and ad *[A] := 6% for k € IN.

Proposition 1.2.4. Let A : £ D D(A) — & be a densely defined closed linear operator.
The following conditions are equivalent:

(i) AeDEOy),

(ii) A(D(A®)) C D(A>®) and for all k € Ny exists a, > 0, such that ||Jad *[A](A)z|| <
ag||x|| for all x € D(A>).

Proof. First, suppose that (i) holds. We show, that we have

AeD(}) = ADW)) C D) and [[ad’ [A](A)z]| < ax[[2]]
for all + € D(A*), where a;, > 0 is suitable
and 1 <j <k

for A € Z(€) and k € N. If k = 1 this is obviously true. Now, let A € D(5i™)
and x € D(A*!) be arbitrary. Then z, Az € D(A¥) and A,5,(A) € D(5%) hold and
therefore Az, ANz, 55(A)x € D(A¥). This implies AAz = 65(A)z + AAz € D(A*) and
Az € D(A**1). Moreover, we get

[lad " HAJ(A)z]| = [Jad *[A](dx(A))2]| < axl|oan(A)z]] < axl|2]],

for all z € D(AF*1). This gives (ii).
Now we show, that (ii) implies (i). Again, this is done by induction. To fix notation,
let us denote by 6*(A) € Z(€) the extension of ad*[A](A). To given x € D(A) exists
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n—oo

a sequence (z,)nexwy € D(A®) such that x, > z and Az, ~—= Az. This implies
Az, 2= Az and

AAz, = 6" (A)z, + AAz, 222 §(A)z + AAz.

But then Az € D(A) follows and therefore A € D(da), where dx(A) = SL(A). To A €
D(5%), 6A(A) d(A) for k € ]NO and x € D(A) there exists a sequence (z,)nenw € D(A™®)
with x, “—% x and Az, “— Ax. This gives 0% (A)z, > 6k (A)z and
AR (A)x, = 65(A)Az, + A(ad*[A])(A)z, — (ad *[A])(A)Az,

= Oh(A)Az, + (ad T [A]) (A)z,

= (5/]‘{(A)Axn+5k+l( i
We get _

AR (A)z, == 6K (A)Ax + 6" (A)r,
which proves that &% (A)z € D(A) and Adk(A)x — 6k (A)Az = 0¥+ (A)z for = € D(A).
Consequently 65 (A) € D(d,) and A € D(65™). This finishes the proof. O

In [46, Section 2] Gramsch, Ueberberg and Wagner developed methods to construct W*-
algebras using closed operators and derivations. Lauter then used this in [62] to treat
such constructions in C*-, resp. W*-algebras.

Let us recall the definition of a derivation first:

Definition 1.2.5 (Derivation). Let D(0) and A be algebras. A linear map ¢ : D(§) — A
is called

(i) derivation, if 6(ab) = 6(a)b + ad(b) holds;
(i) *-derivation, if
(a) 0 is a derivation,
(b) D(6) and A are endowed with a x-operation and
(¢) d(a*) = d(a)* holds;
(iii) anti-x-derivation, if (i) (a), (b) are fulfilled, but §(a*) = —d(a)* holds instead of
().

If in addition D(9) is a subalgebra of a Fréchet algebra A, then 0 is called closed derivation,
if 0 : D(§) — A defines a closed operator.

Notations 1.2.6. Let B be an unital C*-algebra and assume that (A, (¢j)jen,) is a
submultiplicative U*-algebra in B. Moreover, let A be a finite set of closed derivations

d:ADD(5) — A such that e € D() holds. Define:

(i) ¥§ := A endowed with the seminorms qq; := g; (j € Ny),

(i) UT = N D(9),

JEA
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(ili) U8 :={a€ V2, : §(a) € V5, forall § € A} (n>2),
(iv) \Ilc%o = () \Ijﬁa

n€lNg
where the system of seminorms on W2 for n > 1 is given by

4ns(@) = Guo15(a) + ) du15(8(a)),

deA
for all @ € U5 C U2 and j € Ny; W4 will be endowed with the system (g, j)nen jeN,-

As a direct result of the construction above, we obtain (see [46] and [62, Proposition
2.4.3], [62, Corollary 2.4.4]):

Proposition 1.2.7.
(i) W2 is a subalgebra of A and q,; defines a submultiplicative seminorm on W5,

(i) A, : W2 DUL 3 ar— 6((a))sen € [I ¥4, is a closed derivation (n > 1),
dEA

(iil) (U2, (qnj)jeno) — A is a continuously embedded, submultiplicative Fréchet algebra,

(iv) (U2, (¢nj)neN jen,) — A is a continuously embedded, submultiplicative Fréchet al-
gebra.

(v) WL is a submultiplicative Wy-algebra in B and for each § € A the map & : ¥4 —
U2 s continuous.

Now, let each 6 € A be (in addition) a closed x-derivation with respect to the induced
x-operation of B. Then:

(vi) U2 is a symmetric subalgebra of A with respect to the x-operation given on B and
U2 is a submultiplicative W*-algebra in B.

Proof. (i) We show, that W2 is a subalgebra of A for all n € IN: This is obvious for
n = 0,1, since A and D() with § € A are algebras by definition. Fix a,b € U2 for some
n >2and § € A. Then by induction we get

ab € U2 | and §(ab) = 6(a)b+ ad(b) € U2

n—1»

thus a,b € U4 follows. By assumption U5 = A is submultiplicative and the inductional
assumption gives for a,b € U2

Gng(ab) = Guo15(ab) + Y dn1,(6(ab))

seA
< Guorj(a)gn-1,4(b)

+ 3 (Gn-1,5(5(0)) g 1,50) + Gn-1,5(a)n-1,;(5(1)))

dEA
< n,j (Q)Qn,j <b>
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Using d(e) = 0 and ¢;(e) = 1 for all j € Ny we also get ¢, ;(e) = 1 for all n, 5 € N,.
(ii)) We only consider the case n = 1; the general case follows then similarly by induction,
hence it will be omitted. Assume

ay A, 6 and Ajay, 4 b= (bs)sen,

then D(J) > ay 2, 4 and d(ax) 2, bs for all § € A. Since § : A D D(§) — A is closed
by assumption, it immediately follows that a € D(J) and bs = d(a) for all § € A, i.e.
a € U and Aja =b.

(iii) This is immediate, since it only remains to prove completeness; but (g, ;) en, induces
the graph topology corresponding to the closed operator A,,.

(iv) This follows by (iii).

(v) In view of 1.1.1 (i), we have to prove that for each a € U with |la|[s < 0 < 1 it
holds:

(e—a)™' = Zak c Ul (1.2.1)
k=0

To prove this, we show, that for all j € INy there exist constants ¢, ;(a) > 0 depending
only on a, n and j such that one has for all k£ € INy:

Gn,5(a") < cpj(@)k 12 (1.2.2)

The case n = 0 follows by [60, Lemma 2.1.8] using the continuous inversion in 4. Assume
now, that (1.2.2) has already been proven for n — 1 > 0. Then the well-known formula

5(a®) = Z a=16(a)a™

=1

yields

(@) = o150+ gno1;(6(a"))

0EA
k
< guorg(@) )0 dn1i(@)gn15(6(0))gn1,5(a* )
deA =1

< gl

using the induction hypothesis. Thus the Neumann series (1.2.1) converges in ¥4 for all
n € Ny and so it converges also in U4 . Finally, (a) € ¥4 holds by construction and the
continuity of d : ¥4 — W2 is a consequence of the closed graph theorem.

(vi) The algebras W3 are symmetric under the *-operation for j = 0,1. Let a € U5 be
arbitrary, then one has a* € U2 | and also A(a*) = (§(a*)) € ¥4 | by the inductional
assumption. Thus it follows a* € ¥4 (n € IN) and W4 is also symmetric. The rest follows
now by (i)-(v). O
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1.3 Generating V*-algebras by commutator methods

In what follows, we specialize to the case B = Z(H), where H denotes a Hilbert space.

Definition 1.3.1. Let (A, (¢;)jen,) — -Z(H) be a submultiplicative U*-algebra; without
loss of generality we assume gy = || - |[2¢). For a closed, densely defined operator
V:H DO D(V)— H we define

(i) Z(V):=={ac A : a(D(V)) CD(V)},
(ii) ad[V](a) :=Va—aV :D(V) — H,

(iii) B(V) to be the set of all a € Z(V'), such that ad [V](a) induces a bounded linear
operator dy(a) € A and

(iv) B*(V):={a e B(V) : a* € B(V)}.
Lemma 1.3.2.
(i) The operator oy : A D B(V) — A; a — 0y (a) defines a closed derivation.

(ii) If in addition V : H O D(V) — H is symmetric, then idy : A D B*(V) — H is
a closed x-derivation, i.e. oy defines a closed anti-x-derivation.

For the proof of this lemma see also [62, Lemma 2.4.7].

Proof. (i) First we prove, that B(V) is an algebra: let a,b € B(V) be arbitrary and
o € D(V). Then

(ad [V](ab)) (¢) = (Va = aV)b(p) + a(Vb = bV)(p)

and thus the commutator ad [V](ab) extends to a bounded operator dy (ab) = d4(a)b +
ady (), i.e. dy is a derivation and ab € B(V') holds.

In order to show that dy is a closed derivation, let
B(V)Baki>a€AandA95vaki>b€A.

Using the continuous embedding A — Z(H) it follows for all ¢ € D(V) that D(V) >
ax(p) — a(p) and

Vayp = (Svap)p + axVe 5 bo + aV.
Since V' is a closed operator, we conclude ap € D(V) and ad[V]a(p) = b(y). Thus
a € B(V)and dya =0 € A, ie. dy is a closed derivation.

(ii) By definition B*(V') is a symmetric subalgebra of A. Let ¢,% € D(V) and a € B,
then we get

(dv(a)p|y) = (Vap —aVply)
= (pla"Vy —Va'y)
= (| —ov(a™)).
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Now D(V) is dense by assumption, and we conclude that d4(a)* = —d4(a®).
Finally, let us prove, that dy : B*(V) — A is closed. To this end let B(V*) > a4 A,
a € Aand A > dy(ag) 2, b € A. Then our previous discussion shows a € B(V) and

dy(a) = b. The continuity of the %-operation in A now gives aj, 2, ¢* and thus

* * 'A *
5v(ak) = —5v(ak) —— b".
This proves a € B*(V') and we have finished the proof. O

Definition 1.3.3. Let £ be a Banach space and V be a finite set of densely defined closed
operators V : £ D D(V) — €. We define

(i) H?, := & endowed with norm pg := || - ||¢,
(i) Hy = N D(V),
Vey

(iti) Hp :={p e HY " : V(o) e HY Hforall V € V} (n > 2),
(iv) Hy = ) Hp.

nelN
Hereby we endow H7; with the norm
Pa(#) = pno1(0) + Y o1 (V(9)), (9 € H})
Vey

and H5y with the system of norms (p;,)nen,-

Lemma 1.3.4.

(1) Vo HY ' DHYE — [1 HY Y5 € — (V(9))vey is a closed operator,
Vey

(i) (H3,pn) is a Banach space,
(iii) (HsY, (Pn)nen,) s a Fréchet space,

(iv) if € is a Hilbert space, there is an equivalent norm p, on HY,, such that (HY, pn) is
a Hilbert space and (HyY, (pn)nen,) @5 @ Fréchet Hilbert space.

In what follows the spaces 'HY,, resp. Hyy will be denoted as V-Sobolev spaces.

Proof. This follows using arguments similar to the proof of proposition 1.2.7, hence we
will omit it. ]

Theorem 1.3.5. Let ‘H be a Hilbert space, (A, (q;)jen,) @ submultiplicative ¥*-algebra
in L(H), B a C*-algebra in L (H) such that A C B and V be a finite set of closed
densely defined symmetric operators V- : H O D(V) — H. Moreover, we denote by
A=Ay = {dy : V €V} the set of all closed anti-x-derivations éy : C 2 D(éy) — A
and by WY = W2 resp. WY := UL the scale of submultiplicative Fréchet algebras. Then:
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(i) Y C WY C AC B holds for alln € N,

)

(i) (U, (qnj)nenwjen,) — B is a submultiplicative ¥*-algebra,

(iii) UY x HY — HY; (a,0) — a(y) is continuous and bilinear,

(iv) Y x Hy — HSP; (a, ) — a(yp) is continuous and bilinear,
)

(v) Oy : UY — WY s continuous.

Proof. Cf. [62, Theorem 2.4.13]. It remains to prove (iii): To do this we show that for
n € Ny and for each pair (a, ) € VY x H3 the following inequality holds:

Pn(ap) < gnola)pn(p).

If n =0, then one gets

polagp) = [lapllw < lallzaollelln = qo0(a)po(e).

The induction step now is due to the following calculation:

pulag) = pai(ap)+ Y paa(Vap)
Vey

< Gno10(a)pn_1(p) + Z Pn—1 (aVo + (dva) @)

< gnola)pn(p)
This finishes the proof. O

Often commutator estimates are well-known for differential operators and the following
proposition shows how to get commutator estimates for the corresponding square roots:

Proposition 1.3.6. Let H be a Hilbert space and Q : D(Q) — H be a strictly positive,
selfadjoint operator. Let A : Hgy — Hg be such that for k,j € Ny there are constants
A2k, 5 Z 0 with

1Q7"ad?(Q*)(A)z [l < az | |Q* ™ ||

for x € Hey. Then for k € Z, j € Ng there are ¢ ; > 0 with
1Q%ad?(Q)(A)x|lx < exyl|Q% ™[l
Jor x € H.
Proof. See [19, Proposition 2.3.8]. O]

Let us close this section with a result of Gramsch and Kalb [45] on abstract hypoellip-
ticity or elliptic regularity. Recall, that the Fredholm inverse exists within the W*-algebra,
thus they are an adequate substitute for the usual parametrix construction.
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Let C be an unital C*-algebra with I(H) C C C Z(H), where H denotes a Hilbert
space. Moreover, let W C C be a W*-algebra in C and A C ¥ be a symmetric subal-
gebra. Suppose that there exists a family (Q,),er of C*-algebras together with unital
x-morphisms

7 A— Q,

such that sup ||, (a)||o, < oo and
~vel

m(a) € (C/K(H)) ' <= 7y(a) € Q. forally el
holds for all @ € A. Then the map

7T A— Q= @ Q.; avr— (1y(a))yer

vel

extends to a morphism 75 : B := A+ K(H) — Qp = mg of C*-algebras (see, for
instance, [60, Proposition 2.5.4]). Moreover, Ay := A isa U*-algebra in C and we denote
by Ty the restriction of 75 to Ay and define J := ker (7y) = Ay N K(H). An algebra A
satisfying all these assumptions is called an algebra with KC(H)-symbolic structure. Finally,
we call an operator b elliptic, if its symbol 75(b) is invertible in the C*-algebra Qp.

Theorem 1.3.7. Let V be a finite system of densely defined, symmetric, closed operators
on a Hilbert space H. Furthermore, we assume that HSy is dense in H. Let A be a
symmetric subalgebra with K(H)-symbolic structure of £(H) and suppose A C WY . Let
Ay be the closure of A in WY.. Now, if a € Ay is elliptic and uw € H is arbitrary with
au =: f € H}} for some m € Ny U {o0}, then u € HY.

The proof of this theorem will use the following lemma (see e.g. [60]):

Lemma 1.3.8. Let D be a dense subspace of a normed space H, and p € £ (H) be with
p(D) C D and dimr (p) < co. Then one has r(p) C D.

Proof of 1.3.7. Since a is elliptic, we know, that it is a Fredholm operator (see, for in-
stance, [60, Theorem 2.5.8]). Thus r (a) C H is closed and there exists b € Ay, C WY such
that p := idy — ba is the orthogonal projection onto ker (a). Moreover, ker (a) is finite
dimensional, thus

u = bau+pu=">bf +pu € HY

since bf € ‘HY; and pu € Hy, and we have finished the proof. n

1.4 Order shift algebras on compact Riemannian
manifolds

Let us give a direct application of the previous sections: Denote by (M,g) a closed
Riemannian manifold and let A := A, be the induced Laplace-Beltrami-operator on M.
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We define H°(M) := L*(M) to be the space of square integrable functions on M with
respect to the metric g.

The operator A given by A := (1 — A)% is then known to be a positive selfadjoint
operator on M. If s € R is arbitrary, we define the Sobolev space H*(M) of order s to
be the closure of D(A?®) with respect to the norm ||v||s := [|A®v]]o.

This gives raise to continuous embeddings

H (M) — H' (M)
if s > ¢, and we get a scale of Sobolev-spaces {H*(M) : s € R}, i.e.
H (M) DH (M) D...D2H (M) D ... HF (M) D H (M)
if s > k > 0. Finally, we set H*(M) := (| H*(M) and H~*(M) := |J H*(M). To
shorten notation we will write H* etc. insteifcllR of H*(M). It follows: o
Proposition 1.4.1. H* is dense in H*® for all s € R and H> = € (M) holds.
Proof. See [23, Page 30; Page 181, Lemma 4.1] or [107, Corollary 7.4]. ]

Moreover, we get a pairing
(ulvy = (Nu|A%v) ue H, veH?,

where (-|-) denotes the inner product on H° = L?(M) with respect to g. Now, an
application of the Riesz-Fréchet-theorem shows, that we can identify (H*)* with H™*. In
what follows, we fix 0 <e <1—-46 (6§ <1).

To complete notation, let us denote by [Xp, X1 (0 < 6 < 1) the complex interpolation
space of Xy and A&}, where (Xp, X)) is an interpolation couple of complex Banach spaces
(see [19, Section 1.5] for more details).

Proposition 1.4.2. Define A. to be the following algebra:

A. = {A € Z(L*(M))|A(D(A™)) € D(A™),
Vv € N3a, > 0: [|ad [A°]"(A)z]| < a,|z]|}.

Then A. is a V*-algebra, and 0 < e < &'(<1—0) implies Ao C A..

Proof. Since A® is a positive selfadjoint operator, the first part of the proposition follows

by 1.2.7. The proposition is then a consequence of [19, 2.3.11 resp. 2.3.12]. O
Theorem 1.4.3. We have A. C (| Z(H*).

seR
Proof. Let us first show, that A. C [ -Z(H?) holds. Suppose that A € A, is arbitrary,

s>0
then A* € A, since A, is a U*-algebra. The proof of 1.2.4, shows, that A € A, and
A(D(A®%)) C D(A®*) holds for all k& € Ny. Therefore, we get A, A* € [\ L(H*).
kelNg
Now, let s > 0 be arbitrary, then there are &k € IN and 6 € [0,1] such that s = fek.
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Moreover, A, A* € Z(H°) N Z(H*) and an application of interpolation theory gives
A, A* € Z([H°, H™]p) and also

[H°, H]y = [D(A°), D(A*F)]y = D(A®) = H*.
We get A, A* € Z(H*) and thus A, A* € [ L (H*) follows.
s>0

Now, let p > 0 be arbitrary. Then A* € £ (H?) induces a selfadjoint operator (A*)* €
Z(H?), cf. [23, Chapter 1, Proposition 6.4]. If ¢ > 0, we get

((A")uv) = (A7) ulv) = (A", — (A )u|v)
= (u|(Ay — Ayv)
= 0

where v € H® and v € H P NH 9 = H™>{=P~a} gince H™ is dense in H" for all r € R.
This shows that (4%)*, = (A*)*, holds for p,q > 0. If we choose ¢ = 0, we see that
(A*)*, = (A*)* = A and therefore A induces a continuous operator on H~?. This proves
the theorem. O]

Now let M be a family of functions N € €>(M,R) and V be a family of differential
operators of order one on M. Then N : H*(M) — H*(M) and V 3 X : H*(M) —
H*~Y(M) are continuous and we define:

Definition 1.4.4. Define \AIV!;(;(M) to be the set
U S(M) == {T € A. : ad [M]*ad [X]*(T) € L (H*, H o010l
Vs € RVa € Nf V3 € INi' .
Here we used the notation
ad [X]%(T) := ad [X,]"ad [X5)? - - - ad [X,,]P(T)

for X € V" and an analogous notation for M € M™.
Proposition 1.4.5. We have:

(i) {IVJ;(;(M) is an algebra.

(ii) @;AM) N(L(LAM))) = (\17275(]\/[))_1, i.e. \AIVJ;(S(M) is spectrally invariant.

(iii) Moreover, if |[V| < 0o and |M| < oo hold, \Tl;é(M) is a VUy-algebra.

(iv) If in addition to (iii) X € V also implies X* € V, then \AIVI;’(;(M) gets to be a U*-
algebra.

Finally, the mapping \AIVJ;(S(M) X H*® — H>® (T, u) — T'(u) is continuous and bilinear.

Let us sketch the proof:
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Proof. (i) is clear.
(i) Let T € W2 s(M)NZL(L*(M))~" be arbitrary. Then we have T' € A. € | Z(H*(M)),

s>0
and since this algebra is spectrally invariant T-! € A, follows. Now, we are going to show
that 7-' € W? ;(M) holds. Using an induction with respect to |a| + |3 we see, that the

following formula holds:
ad [M]*ad [X]°(T)

.....

(1.4.1)

ot oo T (0 [MI*'ad [X]) - (ad [M]" (ad [X)7" (1)) T

where c,1._.» € R have to be chosen suitably.

,,,,,

aaaaa

But then (1.4.1) implies
ad [X,)%(T) € L (1> (M), 1>~ (M)
for T € \AIJI;(S(M) and all 0 < j <. Since T~! € A., we have
T ad [XGUT)T ™ € L(H (M), 1" WI(M)),

and therefore ad [X]%(T) € L (H*(M), H*"%18I(M)) as desired. An analogous calculation
gives the same result for multiplication operators, which completes (ii).
(iii) We define a topology 7 on W¢ ; by

HPHs,l,l’ = ‘Sl‘lg Had [M]o‘ad [V]'BP||$(H3(M),Hs+p|a\—5|6|(M))
8l<t/

where s € Rand P € \T!;(;. To given s € R\ Ny exits a § €]0, 1], such that s = 0+k, k € Z
holds. Using interpolation we get an equivalent norm 7 by restricting to s € Z. Now, a
construction analogous to [46, Prop. 3.4, 3.5] gives a countable system of seminorms on
e s(M), such that the induced topology is finer than the operator topology.

(iii) This follows from

ad [X](T*) = XT* — T*X = (TX* — X*T)* = — (ad [X*)(T))"

and induction. O






Chapter 2

U*-algebras on manifolds with corners

In this chapter, we aim to prove the existence of certain U*-completions for operator
algebras of b-pseudodifferential operators on manifolds with corners. To achieve this,
we will use the methods developed in chapter one, i.e. we will define appropriate W*-
algebras using commutator methods. Note that in [60] resp. [65] this has been done
for b-pseudodifferential operators resp. O-pseudodifferential operators on manifolds with
boundary.

2.1 Review of algebras of operators on manifolds with
corners

Throughout this section Z stands for a connected, smooth, compact manifold with corners
of dimension m in the sense of [87, Section 2.3]. Roughly speaking, this means that Z

can be embedded into a smooth, closed manifold Z of the same dimension, such that
€ (2) = €>*(Z))z and there exists a finite set 9; € €>(Z2) (i = 1,..., K) of smooth

K ~
functions - called boundary defining functions - with Z = {x € Z: pi(x) > O}, such
i=1
that (dg;(x));es are linear independent for all x € F' and all I C {1,..., K}, where
Fi=F :=(){zr€Z: gx) =0}
el

is a boundary face of codimension k :=|I| of Z.
The set of boundary faces resp. boundary faces of codimension k of Z is denoted by
F(Z) resp. Fix(Z). Sometimes we also use the notation F"*(Z) := F;(Z) to denote the

K

boundary faces of dimension m —k of Z. Clearly, F(Z) = |J Fix(Z) holds. The elements
k=1

of F1(Z) are called boundary hypersurfaces. For F' € Fi(Z) let

E(F)={HeF(2): FCH}

and set MEWF) .= {(xp/)pfeg(p) LT € M}, where M is an arbitrary set. Clearly, a fixed
order on Fi(Z) gives bijections £(F) — {1,...,k} and M*F) — M* and we are going
to use this identification in the sequel without further comments. Note that by definition
a boundary face of codimension k itself is a manifold with corners of dimension m — k.
The space of all smooth vector fields on Z tangent to all boundary faces is denoted by
Vy(Z). If p € Z is an arbitrary point, then there is a face F' € F;,(Z) with k& maximal

29
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such that p € F (note that we allow k to be zero, i.e. p is then an element of the smooth
interior of Z). Then V,(Z2) is locally spanned (at p) by the vectorfields

2105, ..., 240s,, O 9

Tpy19 ) YTmo

i.e. with respect to local coordinates a vectorfield V' € V,(Z) can be written as

k n
V(p) = a;j(p)z;0,, + > a;(p)da,.
j=1 j=k+1

with smooth functions a;.

The associated smooth vector bundle *TZ — Z, called the b-tangent bundle, comes
together with a smooth map j° : °T'Z — T Z between vector bundles, such that V,(Z) =
§°(€>°(Z,°T Z)); note that j° is an isomorphism in the interior of Z. Moreover, denote by
Q2 = bQ%(Z ) the bundle of complex-valued half-densities associated to the dual bundle
p:T*Z — Z of *T'Z and let L2(Z, bQ%) be the corresponding Hilbert space of square
integrable b-half-densities.

Let F — Z be a smooth vector bundle. Then ?foo(Z,F ) denotes the space of all
smooth section of F' vanishing with all derivatives at the boundary faces of Z. We then
define the space of eztendible distributions €~ °(Z, bQ%) on Z to be the space

¢ (Z,507) = [€7(Z,02)].
Before we give the definition of (parameter-dependent) b-pseudodifferential operators,

let us briefly discuss the used blow up spaces. Let S := |J H? C Z?; then there
HeF(2)

exists a compact manifold Z2 with corners together with a smooth map

G 2y =[2%5] — 2

such that Z,? = z2 ﬁf‘ég = id and that the lifted diagonal =, = (5?)~1(S) C Z?
b

intersects the b-front face ff* := (52)=1(S) transversally. Let y : Z D U — Ei x Rm*
be a local chart near p € Fi(Z) with x(F NU) C {0} x R™* and x(p) = (0,0). Then
the pull back of (x,y) resp. (2/,4y') of x to the first resp. second factor of U x U yields
the following local coordinates

(r,r,y,9) : 222 (BH) N U x U) — [—1,1]* x Ei x R™F x R+
on Z? near (8%)~*(p,p), where we set

R ! d ._xj_x =1 k
Tj =X+ T an Tj'_ac-—i-x (J=1....k).
J

S

Sl

We now follow the definition given in [64, Definition 2.1] for a b-pseudodifferential
operator depending on an additional parameter A € R'. Note, that this is exactly the
definition of [87] in the case | = 0:
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Definition 2.1.1. A family of continuous operators
a(\) 1 €(2,"02) — €72(2,'02), (Ae R,

belongs to the space \Il{)',Cl(Z, bQ%, RY.) of classical, parameter-dependent b-pseudodifferent-
ial operators of order j € RU {—o0} if the following conditions hold:

(i) We have singsupp rqn) C = for the lifted Schwartz kernel ooy of a(X), ka0 van-
ishes with all derivatives at 92 \ ff* and for any w € €>(2?) with w = 0 in a
neighbourhood of =, we have wk,() € S(R}, € (ZZ, bO2)).

(ii) In a neighbourhood of Zj \ ff; the lifted Schwartz kernel 4y is given by the oscil-
latory integral

Ka(n) (2, 2) = /ei(z_zl)caa(z,ﬁ,)\)dﬂdz dz'|%
R¢
with a classical symbol o, € .77(R?", RZ x RY');

(iii) If (7,7,y,%') are local coordinates near (37)~(p,p) with p € F(Z), then the lifted
Schwartz-kernel r,(y) is given by the oscillatory integral

/ L+ N i(y—y")n 1
’ia()\)(Tv Yy ) = 1— 7 € ﬁa(r7y7€7 /\)dfdn|dﬂ|2

Ry ~FxRE
with a symbol 3, € S%(RE x R7* RY x R7"* x R}) and the density |du|z :=
1
dr ﬂdy dy/|2.

1—72

Note that we used the obvious abbreviation

1+7\*  /1+n\™ 147\ %
1—7 S \1-7 1—m7

for 7 = (m,...,7%) € [-1,1)" and £ = (&,...,&) € Rf in 2.1.1 (iii) (analogous for
dr/(1 —72) and dr/r).

Exactly as in the case of b-pseudodifferential operators without parameters the local
symbols o, resp. (3, fit together to a well defined parameter-dependent homogeneous
principal symbol

U (a) - *T*Z x RL \ {0} — C,
homogeneous of degree j in the fibres. The corresponding system of maps
b50) W] (2,503, RY) — €(S(*T*Z x RY)),

where S(°T*Z x RL) denotes the sphere bundle of *T*Z x Ry, — Z, then has the usual
multiplication property

b (d1+72) (a1a2) — bg01) (al)ba-(]'z) ((12)



32 Chapter 2 U*-algebras on manifolds with corners

for a; € Uf'(Z, b0z, RY), ay € klfffd(Z,bQ%, R}), and we get the exact sequence
0— U} (2,%9:, R) — 0] ,(2,°Q2, R) — €<(S(T*Z x RY)) — 0. (2.1.1)

If 1 = 0, we will write °0") instead of *5\9) in the sequel. Recall that for given F, G € F(Z)
such that G C F, we get a defining function for G as a boundary face of the manifold
with corners F via the family {our : H € £(G)\ E(F)}.

Let a € ‘IJZ,CI(Z , bQ%) be a b-pseudodifferential operator. Then the indical family Irz(a)
of a at I is given by

Irz(a)(2) = (0 %a0"™) € U] ,(F,*Q2), z € C5W),
where we used the notation o* ;== [] : Z\0Z — C for z = (2p) gee(ry € CEU.
HES(F)

To give a complete characterisation of the (joint-) symbol space, we need the following
definition:

Definition 2.1.2. Let MZyO(Z, b0z, (") (j € RU{—00}) be the space of all entire maps
a:C — W] ,(2,°Q3), such that [a, : R' 5 X\ — a(\ +ip)] € U] ,(2,°Q3, R}) holds
uniformly for ; in compact subsets of R'.

This enables us to give a full characterisation of the symbol space by means of the joint
symbol map

Ty 0O 4(2,503) — & P Mj,(F Lz, 50

FeF(2)
(cf. [64, Proposition 2.28] and [85, Proposition 3)):

Proposition 2.1.3. Let Qy(Z) denote the algebra of all

(f, (hp)rer(z) € €7(°S*2) @ @ Mi o 2, C5)) pery

FeF(Z
satisfying the following compatibility conditions:

7 O(hp) = fpsez, for al F € F(Z), and (2.1.2)
ha(N) = Iar(hr((Aw)ueer))) (M) mee@ner)) (2.1.3)

for all X € REY and all boundary faces F,G € F(Z) with G C F. Then the sequence
0= Wy4(2,"0%) NK(L3(Z,°03)) — U)4(2,"0%) ™ Qu(Z) — 0

18 exact.
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Let B(Z,%Qz) denote the closure of \Ifg’d(Z,bQ%) in the C*-Algebra Z(L2(Z,Qz)).
Then the joint symbol map 7y extends to a homomorphism

T8 B(Z,bQ%) —F("S*2)® @ G (Rg(F)ag (L(QJ(R bQ%)))

FeF(2)

and we will use the abbreviation Q, for the right hand side of the above formula to shorten
notation.

Since the space of operators with smooth kernel, compactly supported in the interior
of 22 belongs to W, ®(Z,%Q2) and is dense in K(L2(Z,Q2)) we get K(L(Z,%Qz2)) C
B(Z,°Qz). Thus the following sequence of C*-algebras is exact:

0 — K(LX(Z2,'02)) — B(Z,"Q2) £ Qp(2) — 0, (2.1.4)

where the symbol space Qg(Z) will be completely characterised in 2.1.4. In what follows
we will denote the closure of ¥, }(2,%Q2) in B(Z,°Q2) by B~(Z,'Qz). Additionally we
have mappings

'@ B(Z2,°07) — €(°S*Z), resp. (2.1.5)
18, . B(Z,'Q%) — G(REE), L (L3(F,*Q2))) (2.1.6)

given by the composition of 75 with the projection of Qs(Z) onto the components
€ (25 Z) resp. G(REE), L (L2(F,bQz))).

To treat the parameter-dependent case, first note that the inward pointing normal
bundle N*F = F x [~1,1]F (F € F(Z)) is a compact manifold with corners of dimension
m, too, and that all above results also apply to the boundary faces of Z. Moreover, we
see that the (parameter-dependent) homogeneous principal symbol map

P50 s MY o (F, "2, €50 ey — €= (°S* 2)r)
extends to a homeomorphism
b B(F,'Q7 REV)) — ("™ Z;p).

Here B(F,"Q2, RE()) denotes the closure of M} o(F, bQ)s, C*) ger) in the C*-Algebra
G (RED) B(F,"Q2)) — G (REE), L(LA(F,*02))). Again let B~(F,*Qz, REE) be the
closure of Ql;il(F, bQz RED) in B(F,*Qz, REF)). Then, by the fact that S~ is dense
in S~! with respect to the topology of S° (see [52, Proposition 1.1.11]), we get that
U, (F,*Qz, REE)) is dense in B(F,*Qz, REE)). Since we also have the dense inclusions

EX(RED) @ W, (F, ") — B~ (F,'Q2 RED))

and
G2(REW)) @ W, (F,"Q2) « G (RS, B~ (F,"Q3))

it follows that )
B~ (F,*Q: REW)) = ¢ (REE) B~ (F,bQ2))
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holds. This leads to the following exact sequence (cf. [86, Proposition 9, Corollary 3|):

bs (0)

0 — G(REP) B~ (F,'02)) — B(F,"03, REM)) 5. ¢("S* 25) — 0, (2.1.7)
and thus we get the following description of the symbol space associated to B(Z, bQ%):

Proposition 2.1.4. The C*-algebra Qp(2) consists of all

(f’(hF>Fe]-'(Z) S*Z @ B(F bQ%,RE(F))

FeF(Z
satisfying the following compatibility conditions:
"oy (hp) = fis-z, for all F € F(Z), and (2.1.8)
ha(A) = IgF(hF(()‘H)HGS(F)))(()\H>He£(G)\S(F)) (2.1.9)
for all A € RED and all boundary faces F,G € F(Z) with G C F.
Proof. See [86, Proposition 11]. O

2.2 U*-completions of V) CZ(Z,”Q%)

Now, that we have collected all relevant material and notation in section one of this chap-
1, .
ter, we are finally able to prove the existence of certain W*-completions of ¥} ,(Z,°Q2) in

the C*-algebra B(Z, bQ)s 2). The construction itself will be done by induction with respect
to the codimension of Z; recall that the codimesion of Z is given by

kz :=codim Z :=max{j € N : F;(2) #0}.

So let us first discuss the case kz = 1 in detail. Then all faces of Z are (embedded)
hypersurfaces that do not intersect with each other, i.e.

F(Z2)=F(2)={M,.... My}, MNM;=0ifi#j

and the M; are closed manifolds themselves. We define Q4(Z) to be the set of all

(f. (h)i=y) € €*("S"2 @‘1’ R)

such that
~(0
f\bS*Z‘M = bo"((Z) )(hl)'

Here \Ifgl(Mi,Q%;]R) denotes the algebra of all classical parameter-dependent pseudod-
ifferential operators on the closed manifold M; (see for instance [60, Section 4.2] for a
definition). This gives

Qu(Z) C Qu(Z) C Qs(2), (2:2.1)
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where Qg (Z2) = Tq,(\Ifg’d(Z, bQ%)) is the range of the symbol map and Q4(Z) — Qp(Z2)
is a dense W*-algebra by [60, Lemma 6.1.2]. Finally, we set

A(Z,707) = {a € B(2,%Q%) : 75(a) € QA(Z)} ,
then A(Z, bQ%) is a W*-algebra, cf. 1.1.6, and we have an exact sequence
0 — A(Z,°Q2) N K(L2(Z2,%02)) — A(Z,°Q2) 2 Qu(2) — 0, (2.2.2)

where 74 1= T8 zab) A(Z,2Q2) — Q4(Z) denotes the restriction of the joint symbol

map. Moreover, we get the dense inclusions
U (2,502) — A(Z2,°08) — B(Z,'Q3). (2.2.3)

Now, assume that we have already constructed a W*-algebra completion for ¥y ,(F, Q%)
for all F* with 1 < codim F' < n — 1 fulfilling (2.2.1), (2.2.2) and (2.2.3) (where Z has to

be replaced by F'). It is worth pointing out, that one can regard My ,,(F, bQ()z, @5(F))|]R£(F>
as a subset of € (REF), W) (F, vQz)) for F € F,(Z) and that F is then a manifold with
corners itself. Using the induction hypothesis yields a W*-algebra completion A(F, bQ%)

of U9 ,(F,*Q7) with
Qu(F) = Qa(F) — Qs(F) (2.2.4)
dense, where Q 4(F) = 75(A(F,"Q2)) holds. The continuous inclusions
G W (FP08) — G RE, AR %)
— GER,B(F.Q2))
leads to the following definition
Qr =X (REF), A(F,'02)) N B(F,*Q2, REW),

Note, that by definition Mj (F, bQ)z, Cg(F))“RS(F) C Qr. Let Q4(2) be the set of all

(f; (hr)rer(z )6(500 @ Qr,
FeF(Z
such that
6O (hp) = fpsez, for all F' € F(Z), and (2.2.5)
ha(A) = IgF(hF(()‘H)Heé‘(F)))(()\H)Heé'(G)\g(F)) (2.2.6)

for all A € R®(@ and all boundary faces F,G € F(Z) with G C F.
Lemma 2.2.1. We have:

(i) Qu(Z2) € Qa(2) € Q5(2) where Qu(2) = Tm(\P,?’Cl(Z,bQ%)) is the range of the
symbol map.
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(i) Qu(2) — Qp(2) is a dense V*-algebra.

Proof. (i) This is clear by definition.
(ii) Since \112761(3,%2%) is dense in B(Z,%Q2) by definition and since (¥ 4(Z, bQz)) =
Qu(Z) as well as 7(B(Z,"Q2)) = Qp(Z), Qu(Z) is dense in Qp(Z). Moreover,
Q(2) =F>(S"2)0 P Qr
FeF(Z)
is a W*-algebra in
Q(2)=¢('S"2)e P B(F "0z RID)
FeF(Z)

(cf. 1.1.5 (ii)), hence 1.1.7 applies to Quw(Z), @p(Z) and the systems of C*-algebra
homomorphisms

Qu(Z) — C = (f,(hF)rer(z)) — fipsez,,(N)
Qu(E) —C : (f,(hr)rerz) — '35 (hm)(n),
where 1 € *S*Z; and H € F(Z) resp.

Q(2) — B(G,'):
(f, (hp)rerz)) —— ha(N);
Q(2) — B(G.'Q¥):
(fs (hr)reriz) v lor(hr((Am)resr))(Am)Hesane(F));
where A\ € £(G), F,G € F(Z) such that G C F, i.e. Qu(2) = Quo(Z) N Qp(Z) is a
P*-algebra. O]

Proposition 2.2.2. The V*-algebra defined by
A(Z,5035) = {a € B(2,%0%) : 75(a) € QA(Z)}

is a U*-completion of Uy q(Z,2Q2) with 5(A(Z,2Q2)) = Q4(Z).
Proof. By definition ¥} ,(Z, bQ3) C A(Z,°Qz). Since
75 B(2,°Q2) — Q5(2)

is onto, we also get T3(A(Z,Q2)) = Q(Z). O
Remark 2.2.3. Note that we have 75(K(L2(Z,°Q2))) = {0} € Q4(Z), which shows that
the algebra A(Z,%Q2) contains all compact operators on L2(Z,°Qz). Thus the algebra
A(Z,bQ%) is too large in order to obtain e.g. also mapping properties for a scale of
Sobolev spaces and the corresponding result on ellipitic regularity. But the next section

shows that it is possible to construct a refined version of the well-behaved completion
1
A(Z,°Q2) that still respects Sobolov mapping properties (see 2.3.3).
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2.3 Refined V*-completions acting on Sobolev spaces
generated by the b-Laplacian

First, let us recall some definitions and facts on b-differential operators; hereby we closely
follow [82]. Recall that V,(Z) denotes the space of all smooth vector fields V' € V(Z) on a
manifold with corners Z of dimension m that are tangent to the boundary. Then V,(Z2) is
a Lie-algebra and a ¢">°(Z)-module, so it is quite natural to pass to its enveloping algebra,

i.e. we consider the space Diff](Z) of j-th order differential operators D : €*(2Z) —
¢>*(Z), where

J
Diff}(Z) := Spanyez) U {Vio...oVi : VieV(2)}.
1=0

Also we can define a second order differential operator A, € Diff;(Z) called the b-
Laplacian fulfilling c®(A,) = |¢|?, where ¢ € *T*Z and ®c® denotes the principal
symbol map (see [82, Proposition 2.9.2]). Thus the operator A, := (1 — Ay)z is (strictly)
positive and selfadjoint and gives raise to a scale of Sobolev spaces {Hi(Z , bQ%) cseR

with H;(Z,°Q2) C Hi'(2,%Q2) (s < &) in the sense of Cordes [23]. Let a € Uy (2, bO)z)

be arbitrary, then since A? € ¥} ,(Z,%Q7) holds we get AZa, aA} € U2 ,(Z2,°Q3). The
symbolic calculus now yields

bo@(ahy) —Po@(Aya) = o0 (a)’c P (A,) — bo® (A)P0O(a) = 0,
ie. ad[Af](a) € ¥y 4(Z, bQz)) for all a € \Ifgjcl(Z,bQ%). Using 1.3.6, we now get
ad [A)(a) € Z(H(2,702), H;(2,"07)) (v e N, s € R)
for all a € ¥} 4(Z, bQz). Consequently, if we set
Ari={a € Z(L}(2,°0%)) : a(D(AT)) € D(AY),
VveN3de, > 0: |[ad[Ay) (a)z]| < ¢||z]|},
it follows:
Proposition 2.3.1. We have ¥} ,(Z, b02) C A

As a first step, let us now define a refined U*-algebra completion of \Dg’cl(Z , bQ%), which
will "act” on the scale of Sobolev spaces and will be a U*-subalgebra of A(Z, bQ%).

Definition 2.3.2. The closure of W} ,(Z, ®Qz) in the U*-algebra A(Z,°Qz) N A, will be
denoted by A;(Z,"Q2).

Proposition 2.3.3. For each s € R the pairing
Ai(2,702) x H3(2,"0%) — H3(2,°Q2) ¢ (a,u) — alu)
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18 well defined, bilinear and continuous. In particular, one has

Ai(2,702) € [ 2 (H;(2,%00)).
seR

1

Proof. Since ¥} ,(Z, bQ23) is a symmetric subalgebra of B(Z,%Q2), we get that A, (Z,°Q2)
is a U*-algebra in the C*-algebra B(Z,Qz). Moreover, A;(Z,?Q2) is a subalgebra of the
U*-algebra Aj, so we also get the the Sobolev mapping properties. [l

Finally, let us show that one can even achieve more: It is possible to define a W*-
1
completion of \Dg?cl(Z,bﬁi) such that the operators within this completion behave like
ordinary pseudodifferential operators if one localises them to the interior of Z. Namely,
we have:

Theorem 2.3.4. There exists a submultiplicative V*-algebra completion Ab(Z,bQ%) of
\I;l?,cl(zv bQ%) in the C*-algebra B(Z,bQ%), such that:

(i) Ay(Z,°Q2) is a dense subalgebra of B(Z,%Q2).
(ii) Any a € Ay(Z,°Q3) extends to a bounded operator
a: HH(Z,°07) — H;(Z2,'Q2) (s € R).
Moreover, the associated blinear map
Ap(2,597) x H3(Z2,°02) — H(Z2,°02); (a,u) — a(u)
18 jointly continuous.
(i) Any a € Ay(Z,°Q2) has smooth symbols, i.e.
o0 (a) € €°(*S*Z) and
1 (a) € € (RSP, A(F,*Q32)) N B(F,*Qz, RE™)),

where A(F, bQ%) is a suttable submultiplicative W*-algebra on the manifold with cor-
ners F', having property (2.2.4).

(iv) Let wy,wy € CgO(Z) and a € Ab(Z,bQ%). Then wiaw, is an ordinary, compactly
supported pseudodifferential operator in the interior Z of Z.

Before we give the proof of this theorem, we have to introduce some more notations
and make some preparations:

Notations 2.3.5. Let p € Z be arbitrary. Then there exists a face F' € Fy,)(2) with
k(p) maximal, such that p € F' (note, that k(p) = 0 is possible if p is in the interior of
Z). We assume, that g1, ..., 0kp) are the boundary functions that vanish at p. Thus we
get that

doi(p), . .., dokw) (p)
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are linear independent and we can use o1, ..., 0k(p) to get the following coordinate charts
for a neighbourhood W, of p:

Xp : W, — [0, r[FP xR"*,

Here [0, 7[F®) means [0,7[,, % ... x [0,7],,. Since Z is compact, we can choose 7 to be the
same for all coordinate patches to get a finite atlas

{Wp,0xp,) 5 =1,...,1}

for Z. Let (y;)jer, I := {1,...,1}, be a partition of unity that is subordinated to this
(fixed) covering of coordinate neighbourhoods. Let J, denote the subset of I such that
V;N0Z = () holds for all j € .J, and choose families of functions (¢;) er, (8;)jer, (vj)jer C
¢>°(V;) with ¢; < B < 7; < ¥;. We define systems Dint, Doy and M of b-differential
operators as follows (always modulo the obvious chart diffeomorphisms):

o Let Dy = .UJ ﬁfm denote the union of differential operators 13fm that are given by
je

D;;:=1i;0,;, where j € Jand [ =1,...,m.
e Denote by 7533 = U 5?92 the set of differential operators that are given by

JeI\J
D?,lz = i@bjxl@xle if [ = 1, . ,k() and Dilz = i@bj@mle if [ = l{?() + ]_, e, N

e The set of multiplication operators M is given by M = U M, where the operators
j€J
in M, are given by ¢z, for il =1,...,m.

Then these operators are densely defined and symmetric, hence closable operators and we
denote by Dy, Dpz and M the corresponding sets of minimal closed extension of them.
Finally, let us introduce the family V of all operators given by

o Viyi=3;D;uB; and Wy, := (1 = 3;)D;u(1 = 8)) (Djy € D,):
o Vi = 3DIF; and Wjg = (1= 3)DJF (1 = ;) (DJF € Djz).
Again, denote by V the corresponding set of minimal closed extension.
Definition 2.3.6. We define A,,(Z,%Q2) to be the set of all a € A;, such that
ad [M]*ad [D)’(a) € Z(H*(Z,%Q2), H*lol(Z,207)

holds for all D € (Djpy U Dyz U V)W', for all M € Mlel and for all s € R, a € NG and
B € INi". Here we used the definitions

ad [D]?(a) := ad [D1]"*ad [D5)% - - - ad [ D)% (a)

resp.

ad [M]*(a) := ad [M;]|*ad [M5]** - - - ad [M,,]*™ (a).
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We then get the following proposition:
Proposition 2.3.7. JZ(b,r(Z,bQ%> is a V*-algebra.
Proof. This follows from [110] (see also [46]). O

Remark 2.3.8. Recall that r denotes the ”collar” parameter that was chosen for the
coordinate charts that intersect with 0Z. In particular, setting r := 1/k (k € IN) yields
systems of coordinate charts that ”shrink” around the faces.

Let us now give the proof of theorem 2.3.4:

Proof of 2.3.4. In what follows, denote by A,(Z,%Q2) the closure of Uy (2, ’Qz) in the
P*-algebra
AZ,P00) N (] 4,1(2,"02) = B(2,%02).
kEN
Then property (i) is clear by definition. The Sobolev mapping property (ii) is due to
the fact, that Ab(Z,bQ%) is a subalgebra of A; by construction. To see (iii), we first
decompose the operator wiaws using a partition of unity according to 2.3.5:

wiawy = nyjwlawggoj + Z(l — ;) wiawsp;.
jeI jeI

Thus it is enough to treat operators of the form v;wjawsp; resp. of the form (1 —
v wiawsp;. Now, let k& € IN be such that

suppw; Nsuppp; =0 (i =1,2) (2.3.1)

for all j € I\ Ji, (clearly such an k exists since w; € C>(Z); note, that (2.3.1) then
also holds for all [ > k). Then w;p; = 0 for all j € I\ J and thus we have to treat only
operators of the form ~,wiawsp; resp. of the form (1 — ;) wiawsyp; with j € I'\ J. Using
[60, Proposition 6.2.49 (c)| we see that v,wiawsep; (see also [60, Proposition 6.2.37 (c)]) is
a pseudodifferential operator with local symbol in S°(R™, R").

To treat (1 — 7;)wiawap;, we first use the partition of unity again:

(1= y)wrawap; = Y i1 = ;)wrawap;
lel

Thus we have to treat only operators ¢;(1 — v;)wiawsp; with 1,5 ¢ J again. So again
by [60, Proposition 6.2.49 (b)] (see also the last appendix of this thesis) we get, that
@11 — vj)wiawsp; is an operator with smooth kernel. O

Remark 2.3.9. Using a refined construction given by [27], we could also achieve that the
operators in 2.3.4 (iv) can be represented by pseudodifferential operators with classical
symbols.
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Localisation of (*- and V*-chains

3.1 Representations of C*- and V*-algebras

In this section we want to summarize the main definitions and results of representation
theory of C*-algebras. Most of the proofs are omitted, but the interested reader can find
them easily in the literature (see [31] or [90] for example).

Definition 3.1.1. Let B be an (unital) algebra with involution and H be a Hilbert space.

(i) Let m: B — Z(H) be a *-algebra homomorphism. Then we call the pair (H, ) a
representation of B. H is called the representation space and the Hilbert dimension
of H is called the dimension (dim ) of the representation.

(ii) Two representations m; : B — Z(H;), j € {0,1}, of B are said to be (unitarily)
equivalent if there exists a unitary operator U : Hy — H;, such that Umg(b) =
m(b)U holds for all b € B.

(iii) A representation (H, ) is called irreducible if H # 0 and {0} as well as H are the
only closed subspaces of H that are invariant under 7 (b) for all b € B.

(iv) We say that x € H is a cyclic vector for (H, ) if one has

LH(m(b)x : be B) ="H.

Here LH (V') denotes the linear hull of a given set of vectors V.

Proposition 3.1.2. Let B be an involutive algebra, and (H,w) a representation of B.
Then the following conditions are equivalent:

(i) (H,7) is irreducible.
(i) m(B) = C - idy, where
7(B) ={a€ Z(H) : ar(b) = n(b)a for all b € B}
denotes the commutant of w(B).

(iii) Fither every 0 # & € H is cyclic for m, or 7 is the null representation of dimension
1.

41
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Proof. See [31, Proposition 2.3.1] or [90, Theorem 5.1.5]. ]

Proposition 3.1.3. Let B be a C*-algebra and a € B. Then there is an irreducible
representation (H, ) of B, such that ||a||g = ||7(a)||n-

Proof. See [90, Theorem 5.1.12] O
Lemma 3.1.4. Let B be a C*-algebra. Then the following properties are equivalent:

(i) B is commutative.

(il) All irreducible representations of B have dimension one.

Proof. Suppose that B is commutative and let (H, ) be an arbitrary irreducible repre-
sentation of B. Then we get p(B)" = C - idy by 3.1.2 (ii). Since B is commutative, we
have ¢(B) C ¢(B)" and therefore ¢(B) = C - idy. This implies dim H = 1, since ¢ has no
non-trival invariant closed subspaces.

Now suppose that all irreducible representations of B have dimension one. Let a,b € B
be arbitrary. Then there is a representation (H, ¢) of B with

[lab = balls = [|p(ab — ba)||n.

Since ¢ is one-dimensional, it vanishes on commutators, i.e. ¢(ab—ba) = 0. This implies
||lab — bal|g = 0 and therefore B is commutative. O

The Jacobson topology

Definition 3.1.5. Let B be a C*-algebra. Then a closed, two-sided ideal Z C B is said
to be a primitive ideal if it is the kernel of an irreducible representation.

Let B be the space of all equivalence classes of irreducible representations of a C*-
algebra B. If (H, ) is a non-zero representation of B, we denote its equivalence class
in B by [H, o] and we set ker [H, ] = ker . Furthermore, let Prim(B) be the set of all
primitive ideals of the C*-algebra B. If R is a subset of B, we denote by Hull(R) the
set of all primitive ideals of B containing R. If 7 C Prim(B) is non empty, we define
Ker(7) to be the intersection of all elements of 7 and we set Ker(()) = B. Then there is
a unique topology on Prim(B), such that for each subset R C B, the set Hull(ker(R)) is
the closure of R with respect to this topology. This topology is called the Jacobson or
hull kernel topology on Prim(B). The weakest topology making the (surjective) map

0 : B — Prim(B) : [H, 7] — kerm

continuous is called the spectrum of B. This topology on B is also called the Jacobson
topology. If R is a subset of B, let Hull'(R) := 6! (Hull(R)); see [31, Chapter 3] or [90,
Chapter 5.4] for more details.

Example 3.1.6. Let €2 be a locally compact Hausdorff space. Then the point evaluation
b Go(Q) — C: f — f(w)

induces a homeomorphism € —> ‘%(Q\) t w0y
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Suppose that Z C B is a two-sided closed ideal in B. Then we define:

B = {weéz 7(T) 7é{0}} and By = {WEE: W(Z):{O}}.

Lemma 3.1.7. Let B be a C*-algebra. Suppose that T C B is a two-sided closed ideal in
B. Moreover, we endow the spectrum B of B with the Jacobson-topology. Then we have:

(i) The mapping BE—T:7—s Tz is a homeomorphism.
(ii) The mapping
Z/S\Z—>g/\f cmB—=ZLH)|—[7:B/T - ZL(H):b+T— 7(b)]
18 a homeomorphism.
(iii) BZ is open and By is closed in B.
Proof. See [31, Proposition 2.11.2, Proposition 3.2.1]. ]

Lemma 3.1.8. Let B be a C*-algebra and Z C B a two-sided closed ideal in B. Moreover,
let (H,y) be a representation of Z. Then there is a unique representation (H, ) of B,
which extends the representation (H, ).

Proof. See [31, Proposition 2.10.4]. O

The following theorem is certainly well known (see [65, Proposition 7.4.3] for an applica-
tion of it). But as we could not find any bibliographical reference, we also give a proof of
it.

Theorem 3.1.9. Let B be a C*-algebra. Let T C B be a two-sided closed ideal in B.
Then if T and B/Z are commutative, we get B to be commutative, too.

Proof. In view of 3.1.4 we only have to show, that all irreducible representations of B
have dimension one. We have B = B & gz, where all representations of gg >~ B/T are
one-dimensional. Thus we only have to consider representations m € = , which are
all one-dimensional due to the assumptions of the theorem. By 3.1.8 all these represen-
tations extend uniquely to representations of B. Therefore all representations of B% have
dimension one. The theorem follows. O

Hereditary C*-subalgebras

To the end of this section let A always be a non-zero C*-subalgebra of a C*-algebra B.
Let us denote by BT the set of all positive elements of B. Remember that an element
b € B is called positive if b is hermitian and o(b) C [0, ocol.

Definition 3.1.10. A is said to be hereditary in B if for b € B* and a € A™" the inequality
b < a implies b € A.
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Theorem 3.1.11. A is hereditary in B if and only if aba’ € A for all a,a’ € A and
b € B. Especially every closed ideal T of a C*-algebra is hereditary.

Proof. See [90, Theorem 3.2.2]. O

Let (H, ) be a representation of B and suppose that K is a closed vector subspace of
H invariant for ¢(A). Then the map

o A— ZL(K); br— )k

is a *-homomorphism. Let (H, ) 4 x denote the representation (K,7). In the case that
K =LH{p(a)h : a € A, h € H} we simply write (H, )4

Theorem 3.1.12. Let A be hereditary in B and suppose that (H,p) is an irreducible
representation of B. Then (H,y)a is an irreducible representation of A. Moreover,

©(A)YH is closed.
Proof. See [90, Theorem 5.5.2]. O

We call the maps

Prim(B) \ Hull(A) — Prim(A), T — INA,

o ~ 3.1.1
B\HWI(A) — A [Hyl — (Mol 34
the canonical ones. We then have the following theorem:

Theorem 3.1.13. Let A be hereditary in B. The following diagram is commutative,
where the maps are the canonical ones:

B\ Hull'(A)

|

Prim(B) \ Hull(A) — Prim(A).

f

Moreover, the horizontal maps are homeomorphisms.
Proof. See [90, Theorem 5.5.5] or appendix D.2.1. O

Remark 3.1.14. Clearly, 3.1.7 is a special case of 3.1.13, since closed ideals are always
hereditary.

The following can be found in [61]:

Theorem 3.1.15. Let A C B be a V*-algebra, which is dense in the C*-algebra B. Then
the map R R
Q:B— A: 1] — [m4]

18 a bijection.

Proof. See [61, Theorem 2.10]. O
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Here [r] resp. [m.4] denotes the equivalence class of the irreducible representation 7 resp
T|A-

Definition 3.1.16. Let A be a W*-subalgebra of a C*-algebra B. Then A is said to
have the property Eq in B provided for each equivalence class [my] € B and each open set

~

U € 7(B) with [m] € U there exists an a € A satisfying mp(a) # 0 and 7(a) = 0 for all
[x] ¢ U.

Theorem 3.1.17. Let A be a dense V*-subalgebra of a C*-algebra B. Then the following
conditions are equivalent.

(i) A has the property Ey in B.

(ii) The bijection ® : (B,7(B)) — (A, 7(A)) is a homeomorphism.

(i) IfZ < B is a closed ideal in B, then TN A is dense in T.
Proof. See [61, Theorem 3.3] O
Example 3.1.18. Recall that we stated in 1.1.5, that ¥ (Y, Oz, R!) is a U*-algebra in

Co(R, L(LA(Y,02))). WYY, Qz2,RY) also has the property Ey in B(Y,Qz2,R!) by [61,
Theorem 4.9 (b)].

3.2 Solvable C*- and V*-algebras

Before giving the definition of solvability for W*-algebras, let us first recall the definition
of solvability for C*-algebras and discuss some examples.

Definition 3.2.1 (Solvable C*-algebras). Let B be a C*-algebra.

(i) A composition series for B is a family (Z3)s<, of closed ideals Zs of A indexed by
the ordinals (3 less or equal to a fixed ordinal «, such that

(a) Zo = {0}, Zo = B,
(b) Z, C Ip, if y < B < a,
(c) if § is a limit ordinal, § < a, we have Zg = (Uw<ﬁ Iy>_
(i) B is called solvable if we have
To1/Ts = Co(Tp, K(Hp)),

where T is a locally compact Hausdorft space and Hp is a separable Hilbert space.

In the case that the index set is finite, this reduces to:
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Definition 3.2.2 (C*-case, [32]). Let B be a C*-algebra. Then B is said to be solvable if
there exists a finite sequence

B=J4220412...20 27 ={0} (3.2.1)

of closed ideals, such that Jyy1/Jx = Co(Tk, K(Hy)) for some locally compact Hausdorff
space T and some separable Hilbert space Hy. Moreover, the composition series (3.2.1)
is said to be solving of length [, and the smallest length of such a series is called the length
of B, denoted by [(B).

Example 3.2.3. Let Z be a manifold with corners of dimension m. Define Z,,,; :=
kerbag]) and for [ =1,...,m set

Li={a€Dir : Ifz(a) =0,YVF € FH(2)}.
Then we get the nested sequence
B(Z,°Q03) 2T 2L D ... 211 D Ty := {0} (3.2.2)

and this is a solving composition series for B(Z,°Qz) (cf. [86, Theorem 2.2]), which is
solving of minimal length (cf. [60]). The partial quotients are given by the isomorphisms

o) B(Z,502) /Ty — €(°S*Z) and

Tn/L= @ 6 R, KUL(F)), 0<1<m. (3.2.3)
FeF (2)

In particular we have Z; = K(L2(Z)). See also 3.4.11 where we discuss this result.

Remark 3.2.4. The notion of solvable C*-algebras has been introduced by Dynin [32]
in the context of pseudodifferential operators. Upmeier gave in [111] an example of a
solvable Toeplitz C*-algebra, namely he proved, that for a bounded symmetric domain
D C Z of rank r, the Toeplitz C*-algebra .7 generated by all Toeplitz operators with
continuous symbol functions on the Shilov boundary S of D is solvable of length r. In
this case the partial quotients ., /.%; of the solving series

g:jr+12jr2...2j12j05:{0}

are given by

fk_f_l/eﬂk = %(Sk) ® K(Hk>

where Sy denotes the manifold of all tripotents p € Z (i.e. pp*p = p holds) of rank k (see
also [50] for the case of Hardy-Toeplitz C*-algebras).

Remark 3.2.5. Note, that to [ € IN arbitrary, there exists a manifold Z; with corners
(of dimension [), such that the associated (solvable) C*-algebra B, := B(Z;,"Q2) of b-
pseudodifferential operators has length [ (cf. [63]). A simple example is Z; := ', where
7 := [0, 1] denotes the unit interval.
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Definition 3.2.6 (¥*-case). Let A be a U*-subalgebra of a C*-algebra C. Then A is said
to be solvable if there exists a finite sequence

A - Il+2 2 Zl+1 2 e 2 Il - {O} (324)

of two-sided closed (with respect to the topology on A) ideals Z;, < A (k = 1,...,1 +
2), such that the quotient spaces Zy.1/Z are isomorphic to a dense W*-subalgebra of
6o(Tk, KC(Hy)), where the T} are locally compact Hausdorff spaces and the Hj, are sepa-
rable Hilbert spaces (k =1,...,1+ 2).

Again, we take the same definition for the length of a solvable W*-algebra as in the C*-case.
Then we have the following theorem:

Theorem 3.2.7. Let B be a solvable C*-algebra and A a dense V*-subalgebra of B with
property Fo. Then A is a solvable U*-algebra. Moreover, [(B) > [(A) holds.

Proof. Let
B:jn+22jn+1 2. 2]1 = {0}

be a solving composition series for B with Ji11/Jx = 6o(Tk, K(Hy)) where Ty resp. Hy
is a locally compact Hausdorff resp. separable Hilbert space. By 3.1.17 (iii) Zy := AN Jj
(k=1,...,n 4 2) is a dense ¥*-algebra in J; and as J; is a closed ideal in B, it is a
C*-(sub)algebra of B itself (conf. [90, 3.1.3]). Clearly, we have the nested sequence of
two-sided ideals

Since Jr11 N Jx = Ji holds, we get
Lk NTe = AN Tk N T = AN Ty =1,

and therefore Zy 1 N Jy is dense in J. But then jr1(Zry1/Zk) = Jrr1(Zrs1/(Zer O Tk))
is a U*-algebra in the C*-algebra Ji11/J by 1.1.9 (iv), where ji : Zpi1/(Zpr1 N Tx) —
Ji+1/Tx denotes the embedding 1.1.9 (ii). As jry1(Zgs1/Zx) is also dense in Ji11/ Tk, we
get the solvability of A.

Obviously the construction leading to (3.2.5) gives [(A) < [(B). O

Remark 3.2.8. Let Cy, := Zjy1/Zy, with Z; defined as in (3.2.5). Then combining the
isomorphisms in 3.1.15 and in 3.1.6 leads to C,, = T}.

3.3 The length of B(F,"0z, R¥(!)

Fix F € Fi(Z) and set dim F' = m — k := n. Then the following result by Melrose and
Nistor (cf. [86, Theorem 3, Corollary 3]) holds:

Theorem 3.3.1. The algebra B(F, bQ%, REF)) has a composition series

B(F,"Q3, REF)) 27,1, 27, D... 23 DT := {0},
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where n = dim F'. Here J,,1 := ker Jég and J; denotes the ideal
J={a€Tp1 : [fz(a) =0VF CF, F' € F(F)}.
The partial quotients are given by the isomorphisms

boy)  BF,'Q2 REW) /3, — €("S* Z)p)

and
~ P % (]Rf () KC(L2(F',bQ3 ))) 0<i<n. (3.3.1)
FleF(F)
Proof. See [86, Theorem 3] (see also the proof of 3.4.11). O

This theorem enables us to calculate the length of B(F), bQz REF )). But before we
can do this, we have to present some additional results of Lauter (see [63] and [64]): Let

Q/B(E) be the spectrum of the C*-algebra Qz(Z), the algebra of symbols of B(Z,Qz).
Then there is a canonical bijective mapping

—

©:Qp(2) —T:="9Zw |H R :[m]—t,
FeF(2)

where the irreducible representations for n € S*Z, A € R¥U) and F, a face in Z are
given by

Ty - Qs(Z2) —C ; (f, (hF)Fef(z)) — f(n)
Tro: QB(Z2) — L(LH(F0,"Q2)) 5 (f, (he)rerz) — hi (V).

Let p: ?S*Z — Z be the canonical projection. Set
@QO(D,IRZ) ={yd : v >, d€ D},

where () # D C R! is a bounded set and v, > 0 is arbitrary. We define the following
topology 7 on T

o Let ¢ € °S*Z with p(¢) € 0Z. We denote with LU({) the family of all open sets
U CbS*Z with ¢ € U and p(U)NIZ = 0.
e Let (; € °S*Z with p({y) € G € Fr(Z) and k maximal. Choose local coordinates

¢ = (@ (@n)nes)¥: (Ennes,n) near G with ¢ = (0,59, (€ ) nee(e): 1)
Then we denote by il((o) all sets of the form

vy 4 @ (D, REW),
GCFeF (2

where

(i) U C*S*Z is open with ¢, € U,
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(ii) p(U)NH #0, H € Fi(2) holds for all H € £(F),
(iii) 77 > 0 and Dr C R€®) is open and bounded with (5}?));165(}7) € Dp.

e For A = (Ay)meee) € RE9 let

U(G,N) = W ] Ve : Vi C R open with Ay € Vy (3.3.2)

GCFeF(2) HEE(F)

We have the following theorem (cf. [64, Theorem 5.4, Theorem 5.5]):

—

Theorem 3.3.2. Let Ty := T W {[id]}. Then the canonical bijections ® : Qp(Z) — T

resp. D : B(Z,bﬂ%) — Ty are homeomorphisms provided @) resp. B(Z,bQ%) are
endowed with the Jacobson topology, and T with the topology T above.

—

The Jacobson-topology of B(Z. Q%) is determined by

{0} U {{lid)} U{lpors] : [) €V} = V S Qn(Z) open .

—

so we get all irreducible representations of B(Z,b Q2 ):

id © B(Z,'Q02) — L(LX(ZO2)), (3.3.3)
mots : B(Z,'Q7) — C, (ne’S*2), (3.3.4)
TraoTs : B(Z,'Q2) — L(L2(Fy,"Q22)), A € REFD), (3.3.5)
Note, that we have
m,o1p(a) = bag])(a)(n) and
Traos(a) = I z(a)(N).

From now on let F' € F;(Z) be a fixed boundary surface of dimension n =m — k. We

want to study the quotient B/Jr, where B(Z,bQ%) =: B and Jr denotes the kernel of
the (extended) indical family

18, B(Z,%02) — B(F,"Qz, REF).
Recall that the kernel of Irz is given by gpllfg,d(Z , OQ%), where pr denotes the product

of all defining functions gy with H € E(F) (cf. [85, Lemma 1]) and that we have the
following result (cf. [64, Lemma 3.1]):

Lemma 3.3.3. For each F € F(Z) the extended indical family
15, B(Z,'Q7) — B(F,*Qz, REW)

18 onto.
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Consequently, we get the following exact sequence

B
0 — Jr — B 72 B(F,'03, REP) —, . (3.3.6)
This in orchestra with 3.1.7 leads to

(B(F, b3, ]R5<F>)) ~ B/ Tr 2 By, (3.3.7)

where again gJF = {7r eB: w(Jr) = {O}} It follows that we can give an explicit

description of all irreducible elements of the spectrum of B(F, bQ%, REW):

Theorem 3.3.4. The following representations of B(F, bQ%,]Rg(F)) are irreducible and
pairwise inequivalent:

mots  B(F': RED) — ¢, (3.3.8)
traoms  B(F'QRWY)) — Z(L3(F,"00)),

where Fy C F is a face with codim Fy > codim F' and n € bS*Z|F. Moreover, any
irreducible representation of B(F, bQ%, REWF)) s equivalent to one of them.

Proof. According to (3.3.7) we just have to check, which representations of B actually
vanish on Jr. First, let n € bS*Z| r be arbitrary. Then by proposition 2.1.4 we get, that

55 (IF2(0) =05 (@)ps-z,
i.e. for each n € S*2Zp it holds 7, o 73(a) = bal(go)(a)(n) =0 for all a € Jp. Now, let Fj

be a face with codim Fy > codim F' and Fy C F. Again the compatibility conditions in
2.1.4 yield

I}, z(a)(A\) =I5 p(I72(a) (M) ree ) (Ann) e (rope ()
for all A € £(Fp). But this implies

Tra © T8(a) =I5 z(a)(N) = 0
for all a € Jr and finishes the proof. O
Lemma 3.3.5. Let ko := max {k : Fp(F) # 0}. Then we have:

(i) 1 (B(FPQHRED)) <, if kg = n,
(id) [(B(F, bQ%,R5<F>)) <ko+1ifk<n.
Proof. (i) We take a closer look at the partial quotients in (3.3.1): We have

B(F,* Q2 RE) /3,1 = 6,("S* Zp) and 3,01/, = P G(RY),
F'eFO(F)
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since K(L2(F')) = C if F has dimension 0. Thus B(F, Q2 REE) /7, is commutative by
3.1.9 and (3.3.1) is solvable with length n.
(i1) By the definition of kg, we have Fy(F) = 0 if [ > ko + 1. We get

(SR

ndl = oo = Jgoy1 2 Ty 2 ... 2 T1 2 {0},
which is a solving composition series of length kg + 1. This proves (ii). ]

For a C*-algebra Q we define
(@IQ)I1 = 0% @Il,

where Z; C Z, are both two-sided closed ideals in Q. The following lemma can be found
in [63, Lemma 3.4] (for the convenience of the reader, we will also present the proof).

Lemma 3.3.6. Let Q be a C*-algebra and Z,,Z, two closed ideals of () with I, C Z,.
Then the map

901(@22)1 — 1/2/?1

[W] — [3: + 77— 7T(33)]

induces a homeomorphzsm provided (QIQ)I1 is endowed with the topology induced by the
inclusion (QIQ)I — Q.

Proof. By 3.1.7 (i) the restriction map Y : oL — fQ is a homeomorphism and we have
x((Q%)z,) = IAQL = T»/1:. Moreover, ¢ = X|gz,), holds; this completes the proof. [
1

Lemma 3.3.7. Let ko := max{k : Fp(F) # 0}. Then we have:

(i) [(B(F, bO)3 ]Rg(F))> > ko, if ko =,

(id) [(B(F, b3, Rﬁ(F))) > ko +1if k <n.
The proof of this lemma follows closely the proof of [63, Lemma 3.5]. To shorten
notation, we set By := B(F,"Qz, RE).

Proof. Let Br =: 71,1 211 2 - D 1) O Iy = {0} be an arbitrary solving composition
series of length [, where the subquotlents are given by ZJH/I =~ %0(T;,K(Hj)), j =

0,...,1. Then we have a canonical bijective map 1) : BF — Lﬂ T;. By [31, Proposition

7=0
3.2.2] we get the following increasing sequence of open subsets of Bp:

/\Il+1 —

TRl
0=Br CBr C---CBp = Bp.
Let G € Fy,(F') be arbitrary. We have G € Fj,+(Z) and thus

E(G) :{Hla---7Hk07Hk0+17--~;Hko+k}:{17-‘-7k07k0+17~-;k‘0+k}
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is a set of kg + k elements. Now, fix A = (Ao, A1,..., \g) € ]Rg(G), where \; € R,
i =1,...,ko and g € RF. By (3.3.2) we get py := \g € l§;, p1 = (Ao, A1) € 1/3’;,
p2 = (o, A1, \2) € f)’; and so on. Moreover, there exist ly,l; € {1,...,l+ 1},m such that
po € (Br )z, and iy € (Br ")z, ..

Suppose that [ < ly. We know that E’I\:Ill is open, thus there exist open sets Vy C R*
and V1 C R with A\; € V; (i =0, 1), such that

I —~Ty-1

Vox Vi) wVowV, C Br ' C Bp

by (3.3.2) which contradicts our choice of l. Now, we assume that lo = [y, i.e. pg, 1 €
(l@%)zlrl' By 3.3.6 the space (Z/S;:Ilo)zlof
a contradiction to the fact that we have g € WyNW; for any choice of open sets W; C [3;
with p; € Wj.

Thus we get an increasing sequence 1 < [y < ... < [, <1+ 1, ie. | > ky and this
completes the proof in case of ky = n.

Now suppose that ky < n. Then again by 3.3.6 we have

, is Hausdorft in the relative topology, which is

ko T ko +1
WE™), ) -Ynacin
k=0 Lig—1 k=0 j=1

where each T, corresponds to an infinite-dimensional representation 1. Adding the one-
dimensional representations (cf. (3.3.8)) of B we get ko + 1 < I. The lemma follows. [

Combining the two above lemmata yields the following theorem:

Theorem 3.3.8. Let F' € F*(Z) be arbitrary and
ko := max {k : Fi(F) # 0} .

Then we have ik
bOys REFE)) — n, i Ko =1
(B(F, 722, RT)) {ko T1, ik <.
Remark 3.3.9. Let F' be a manifold with corners of dimension n and k£ € IN be arbi-
trary. Then using an appropriate Cartesian product construction we can embed F' into a
manifold with corners Z, such that F' is a face of codimension k£ = £(F) in Z. Thus we
can also calculate the length of solving series for B(F,?Qz, RF).

1

3.4 The local length of B(Z,Q?)

Preliminaries

We now want to give the notion of local length for certain classes of solvable C*-algebras.
To this end let Z be a Banach space with measure u and B be a C*-subalgebra of
ZL(L*(Z,u)) with M, € B for all p € €>(Z2).
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Definition 3.4.1. Let A be a C*-subalgebra of B. Moreover, let B be solvable. Then
every solving series of ideals (Zj ), for B induces an ideal chain (Jy)y, where Jy, := Z; N A,
for A. If (Jx)x is not trivial we say that (Jg)x is the associated ideal chain to (Zy)y with
respect to A.

Definition 3.4.2. Let ¢ € €>°(Z) be arbitrary. Let B, be the C*-closure of the algebra
B:={beB:b=M,aM, acB} CB
with respect to C*-norm of B.
Proposition 3.4.3. Let ¢ € €>°(Z). Then we have:
(i) By, is a C*-subalgebra of B.
(i) B, is hereditary in B.

(ili) Suppose that I is a closed two-sided ideal of B, then J:=Z N B, is a C*-subalgebra
of B. Moreover, J is a closed two-sided ideal in B, and therefore a C*-algebra in
B, itself.

Proof. (i) This follows easily, since B is selfadjoint and ab € B holds for all a,b € B.

(ii) In view of 3.1.11 we have to show that bbby € B, holds for all by,b, € B, and b € B.
First of all let ¢1, ¢y € B, then ¢ = Mya1 M, resp. co = Myas M, with ai,as € B. Since
Mg, ay,as,b € B we have a1 M,bM,as € B, which shows c¢1bcy € 9B, so B has the desired
property. Now if by, by € B, there are ¢} and cj with ¢ 272 by (i = 1,2) with respect
to the C*-norm on B. Moreover, we have

HC?I)C; — blbb2HB Hc?bcg — C?beHB + HC?be — blbb2HB

<
< lellsllllsll(c; = b2)lls
+ (et = bu)lls[[0]]51[02] |5

7000,

This shows bbby € B, since cfbc; € B for all n € IN.
(iii) Clearly J is selfadjoint and a C*-algebra itself. To see that J is closed with respect

to B, let (ax)rew € J be an arbitrary series, with ay, k2, 4 € B. Since T and B, are
closed with respect to the C*-norm on B, we get a € Z N B, and J is closed, too. The
rest of (iii) follows by a calculation analogous to (ii). O

Definition 3.4.4. Let B be solvable and (Z;)}_, for B a solving series for B of minimal
length. Then B has local length ly in p € Z with respect to (Z;)}_, if there exists an
open neighbourhood U C Z of p, such that for all cut off functions ¢ € %;°(2), with
suppy C U and ¢ = 1 in a neighbourhood W C V of p, the length of the associated
ideal-chain to (Ij);-‘zo with respect to the C*-subalgebra B, cf. 3.4.1, is lj. We denote
the local length of B in p with respect to (Z;)7_, by [,(B, (Z;)}-)-

The following theorem is certainly well-known and implicitly given in [63, Lemma 3.1].
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Theorem 3.4.5. Let H be a Hilbert space, B C Z(H) be a C*-algebra with K(H) C B.
Suppose that B is solvable and B := Z,41 2 1, 2 ... 2 I; O Iy := {0} is an arbitrary
solving series for B, then Z,, = KC(H) holds.

Proof. Let B:=Z,,1 2Z, 2 ... 2 I; O Iy = {0} be an arbitrary solving series for B.
Since IC(H) C B, the representation id of B on H is irreducible. By the definition of the
Jacobson topology the set B*") = {[id]} is dense in B. This gives BX") C B =~ T,

"

since B% is open. Moreover, fl = 7,/ is a locally compact Hausdorff space, because

the compositions series is solving. Therefore BX™M) is dense and relatively closed in gL,
which implies B*") = B%1. This gives K(H) = Z; by [31, Proposition 3.2.2]. O

Remark 3.4.6. From 3.4.5 we see, that IC(H) C B implies that the associated ideal chain
to a C*-subalgebra A of B is non-trivial: Remember that a closed ideal Z in a C*-algebra
B is called essential if aZ = 0 = a = 0. It is well-known from general C*-theory ([90,
page 82]), that

7 is essential <= I NJ # 0 for all non-zero closed ideals J in B

holds. Especially one can show that the ideal of compact operators K(H) on a Hilbert
space H is an essential ideal in .Z(H) (see [90, Example 3.1.2] for instance).

Local length for manifolds with corners

Now let Z again be a manifold with corners of dimension m and p € Z be arbitrary.
Recall, that there is F' € F,(Z) with [y maximal, such that p € F'. We want to calculate
the local length of the C*-algebra B(Z, bQ%) in p with respect to a solving series given by
Melrose and Nistor [86, Theorem 2.
To simplify notation, let B denote B(Z, bQ%). We choose a neighbourhood U of p € F,
such that
xX: 22U —>Ef_(F) x Rmte

is a diffeomorphism with x(p) = (0,0).

Figure 3.1: Localization at p with different codimensions.
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First of all let us construct certain elements in B and in B~ (Z, bQz). To this end let
@ € 65°(Z) with suppp C U, ¢ = 1 in an open neighbourhood W C U of p. Fix
G € F(Z) with suppp NG # (). Note that this implies F' C G by the choice of Iy, i.e.
lo<1l. Set V:=GNW, then V # () and V is open.

Furthermore, let (, € *S*Z be with 7(¢y) € V, then 7~ 1(V) is an open neighbourhood
of {, € "S*Z. Let ]Ri(G) x R x RE(@ x R™! be local coordinates of T Z near ¢, with
Go = (0,49 (€ pree(cy, n@). Choose V C m~1(V) open, and for each K € F(Z) with
G C K let yg > 0and Di C REXE) be an open and bounded set with (61(5([))>H€8(K) € Dg.

Proposition 3.4.7. There exists a € B, such that
(i) *o (pap) # 0 and supp®oy’ (a) C V,
(ii) IB;(a) =0 for all K € F(Z) with GN K # G and
(iii) IR z(a)(A) =0 for all K € F(Z) with G C K and all X ¢ D), (D, RE")).

Proof. Assume that we have already constructed such an operator a and let { € V be
arbitrary. Then we would get

bo (pap) () = oy (a)(C),

since (¢) € V and ¢ = 1 on V. Thus it is enough to construct an operator a € B such
that supp baéo)(a) C YV and |ba§50)(C0)| > 0. But this follows using [64, Proposition 4.4]. [

Proposition 3.4.8. Let A = (Ag)nes(c) € REE) be arbitrary and Viy C R be open with
A € Vi for all H € E(G). Then there exists a € B~(Z,°Qz) with

(i) o (a) =0 and 0 # I8, (M,aM,),
(ii) I8z(a) =0 for all K € F(Z) with GN K # G, and

(iii) suppIZ;(a) C J] Vu for all K € F(Z) with G C K.
HEE(F)

Proof. This proposition follows from [64, Proposition 4.6] if we ensure, that (i) can be
achieved by the construction given there. Let

Y22V —TR'YxRrm!

be a local model for G. Choose L C R™ compact with L C supp (pj¢ o X ') and a
function

hG c cgcoo<R€(G’)’cgoo<Rm—l % Rm—l))

with supphg €[] Vg and supp hg(§) C L x L for all £&. Now the construction in [64]
heé(G)
of the corresponding kernel resp. the corresponding operator a yields the proposition. [



56 Chapter 3 Localisation of C*- and V*-chains

First let us note that

bol) (MyaM,) = (pom) oy’ (a)(por) and (3.4.1)
IgZ(MsﬂaMso) = YG IGz(a) Y. GeF(Z) (3.4.2)

holds for all a € \Ifg’d(Z,bQ%) and all p € €>(Z), where 7 : °S*Z — Z denotes the
canonical projection. This gives

m(n) & supp ¢ = m, o Tg(MyaM,) = bag))(MwaM@)(n) =0, (3.4.3)

and
¢ic = 0= g0 Ta(MyaMy) = I5z(MyaM,)(\) = 0, (3.4.4)

for all A € R®® and all a € ¥) (2} Qz). Especially, if we have supp ¢ C U with ¢ =1
in W C V open and G € F(Z) with [y + 1 < [, then (3.4.4) holds. Note that by the
density of \112761(2,1’95) in B (3.4.1) and (3.4.2) also hold for B.

Lemma 3.4.9. Let p € 6°°(Z2) and G € F(Z) be with GNsupp p = (). Then 15;(a) =0
holds for all a € B,.

Proof. Let a € B, be arbitrary. Then there exists a; € B with a;, LN By definition
a = MybpM, for a suitable b, € B. Since B is the closure of \112701(2,179%) there exists

ch e W) ,(2,°03) with & 7% by for all k € N. Thus
I82(a) = lim I8, (obip) = lim lim Iez(pce) = 0
—00 —00 J—00
holds by (3.4.4). The lemma follows. O

By 3.4.7 and 3.4.8 there are operators a, b € B, such that m,073(a) # 0 and 7,y o75(a) =
0 (n #n') resp. mgxo75(b) #0 and gy 0 75(b) =0 (A # N or G # G’). So we can give
a description of all inequivalent irreducible representations of Z/S; via the homeomorphism
B\ Hull'(B,) = B,

Proposition 3.4.10. The representations m, o 75, where n € *S*Z with w(n) € supp ¢,
Tga © T8, where G € F(Z) with ¢ # 0, and id of B, are irreducible and pairwise
inequivalent. Moreover, any irreducible representation of By, is equivalent to one of them.

Now let Z,,,1 := ker ngJ) and
Li={a€Lyy : Ifz(a)=0,VF € F(2)} (=1,...,m).
We will calculate the local length in p with respect to the following solving series:
Theorem 3.4.11. The nested sequence

B(Z,°02) D Tps1 2T 2 ... 2Ty 2 Ty := {0}, (3.4.5)
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where m = dim Z, is a solving composition series for B(Z,bQ%), which is solving of
mainimal length. The partial quotients are given by the isomorphisms

o) B(Z,%02) Ty — C(°S*Z)

and
LT P G (RS<F>,/C(L§<F,bQ%))) 0<Ii<m. (3.4.6)
FeF (2)

In particular we have T, = K(L(Z)).

The solving result has first been proven by Melrose and Nistor in [86, Theorem 2.2].
The fact, that the series is solving of minimal length has been proven by Lauter in [60].

Proof. That the principal symbol map bag]) : B(Z,"Q2) — €(°S*Z) is onto is due to the
facts, that €>(*°S*Z) C r (bag])) by (2.1.1) and that r (bag])) is closed. This establishes

the first isomorphism.
Now, let a € Z; and F' € F,,_;(Z) be arbitrary. By (2.1.6) we have

1E;(a) € G(RET), 2(L3(F,'Q3))).
The compatibility condition (2.1.8) gives
0 ="tog) (a)psez, = "Gy (15z(a)),

thus by (2.1.7) we conclude I, (a) € € (REE), B~(F,Qz)). The definition of Z; together
with the exact sequence (2.1.4) for the manifold with corners F’

0 — K(L}(F,'Q2)) — B(F,"Q2) — Qg(F) — 0
finally yields I8 (a) € €o(REE), K(LE(F,*Q2))). Moreover, the map

T— DGR KLEF )

FE]“n,k(Z)

is onto with kernel Z;,; and we have finished the proof of the solving result.
The fact, that the series is solving of minimal length is a combination of the arguments
in the proof of 3.3.5 and the proof of 3.3.7 hence we will omit it. O

Theorem 3.4.12. Let p € Z be arbitrary. Then we have:
(i) The local length in p with respect to (3.4.5) is given by

m, Zf lO =1m,

L(B, (Th)%) = {lo +1, ifly <m.

(ii) The function (B, (Z));%,) : 2 — N is upper semi-continuous.
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Proof. (i) Let ¢ € €5°(Z) with suppp C U, ¢ = 1 in a neighbourhood W C V of p
be arbitrary. Set Jy := Zj N B,. Then we have I5;(pap) = 0 for all G € F*(Z) where
k<m —1ly—1 by 3.4.9. This gives

30231:"':jm_10 Djm—lo+1 D...D T,

which is a series of ideals of length m — (m —lp) + 1 =l + 1 (by 3.4.7 and 3.4.8 we have
Tm—ty D Tm_igr1 etc.), which proofs the assertion in the case [y < m. Now let Iy = m.
Then by the same argument as in the proof of 3.3.5, B(Z,bQ%)/L is commutative, so
(3.4.5) is solving of length m. Thus the length of the associated series (Jx)x is m, too.
Since ¢ has been arbitrary (i) follows.
(ii) Let @ € R be arbitrary. We have to show, that £, := {p € Z : L,(B, (Z))",) < o}
is open in Z. Since [,(B, (Z;)[%,) € N for all p € Z, we can restrict ourself to the case
a e N.

(a) If & > m + 1, then there is nothing to prove.

(b) Let a < m. Now, if Iy > o — 1, then

(B, (Z1)iZ) = m
(B, (Z1)Z0) = lo+1

> « if m =l resp.
>

a if lp<m
holds for all ¢ € H, where H € F;,(Z). We conclude

(B, ()% >a <= qeH HeF2Z)withl>a—-1
and since every H € F(Z) is closed with respect to the topology of Z,

D= |J H={qeZ: LB, @) > a}
HeF|(Z)
1>a—1
is closed, too. Consequently £, = 0D is open. The combination of (a) and (b) shows,
that [.(B, (Z;);*,) : 2 — NN is upper semi-continuous. O



Chapter 4

Infinite solving series

4.1 Constructing infinite ideal chains on direct sums of
(C*-algebras

It is clear from our previous discussion, that to given k € IN there exists a manifold Z; with
corners (of dimension k), such that the associated (solvable) C*-algebra By, := B(Z;,"Q2)
of b-pseudodifferential operators has length k. In the sequel let (By)renw be such a fixed
family of operator algebras. We will use the following infinite product construction for
C*-algebras:

Proposition 4.1.1. Let (A))aea be a family of C*-algebras.

(i) The direct sum A= €@ Ay of all (ay) € [] Ax such that ||(ay)|| := sup||an|] < oo
AEA AEA A
1s a C*-algebra under the pointwise-defined operations and involution, and the norm

given by
(@x) — [l(ax)ll.

(ii) The restricted sum A, := QOB Ay of all ellements (ay) € A, such that for each e > 0
AEA
there exits a finite subset Q) of A for which ||ay|| < e if X € A\ Q, is a closed self

adjoint ideal in A.
Definition 4.1.2. Set B := € By to be the direct sum of C*-algebras defined as above.
kEN
Then every By, is a closed two-sided ideal in B (under the usual inclusion).
The following proposition shows, that one can construct a solving series for the infinite
product in the case that all component algebras are solvable:

Proposition 4.1.3. Let (ZF);en be a solving series of length k for By, (k € N). Then we
define (J;)jen as follows:

(i) Jo = {0}

kelN
l I+1
(ii) Let j € IN, then there is |l € N, such that Y i =:h <j <> i. Setm:=j—h and

i=1 i=1
define J; == €D Cj, where
kelN
By if k<l
Ckiz Ij% Z'fk’:l—i—l.
{0} ifk>1+1

29
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Then (J;)jen is a solving series for B.

Proof. Let 7 € IN be arbitrary. Let h and m be chosen as above. Then J; is given by
Ji=B®Bd...0B,®Ik ¢ {0},
where k = j + 1 — h (and we suppress the infinite sum of {0} at the end). This gives:
Ty Ty = Ty T3 = Go(T, K(HE)).
Note, that Jy = {0}. O

Before we prove that B can not be solvable of finite length, we state some general results
on C*-algebras (see for instance [90]).

Lemma 4.1.4. LetZ,,Z, and J be closed two-sided ideals in a C*-algebra B with I, C 7.
Moreover, let T be a closed ideal in T .

(i) We have Ty N T =I;;J (k=1,2).
(i) (ZiNT)/(ZoNT) is a closed two sided ideal in I, /T,.
(iii) Z is an ideal in B.

Proof. (i) We have to prove Z,, N J C Z;J. Let a be a positive element in Z, N J. In
particular, we have az € Zr N J. Choose an approximate unit (py)xea for Z, then

=

a= li;\n(u,\a%)a

holds. Since ,u)\a% € I, for all A\, we get a € Z,,J, which completes the proof.
(ii) Let us first note how to include (Z; N J)/(Zo N J) injectively in Z; /Z;. To shorten
notation we set Ji :=Z; N J (i = 1,2). Then we have the following diagram with exact
rOws:

0 7, 7 1,/1, 0

EN

0 NG T T/ T —0,

where 7 is defined by
TN Fdh+Tr—n+Ieli/I,

and all inclusions are given with respect to the same topology. Clearly 7 is well defined
and a #-algebra homomorphism between two C*-algebras (note that 7 is continuous since
ll71 + L|| < ||j1 + J2l|), therefore 7(J1/J2) is a C*-subalgebra of Z;/Z,. It remains to
prove the injectivity of 7. Let j; +J2 € J1/Jo be with 7(j1 +J2) = 0. Then j; +Z, = 0 by
the definition of 7, and therefore j; € 7, follows. Since j; € J, we get j1 € Io, N T = J.
We conclude that 7 is injective and suppress this mapping in the following to shorten
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notation. It is left to prove the ideal property. Let iy +Zy € Z,/Z; and j; + Jo € J1/To
be arbitrary. Then we have

(h +Lo)(J1 + T2) = ivji + 6 To + Loj1 + Lo TJo € 1/ o,

since Zojy C Lo Jy =LonNJ1 =y, NIi N J = J,. Using this, the ideal property is now a
straightforward calculation.
(iii) First of all note, that Z is linearly spanned by its set of positive elements Z and J
has an approximate unit (p))xea. Let a € Z be positive and b € B be arbitrary. Then
a2 € T and thus . .

li 2 =qz2.

imya® = a
This shows, that L

ba = li}r\n burazaz,

i.e. ba € 7 since 7 is an ideal in J. We conclude b*a € Z, so ab € . [l

The following theorem is certainly well-known, but since we could not find a biblio-
graphical reference, we will prove it here.

Theorem 4.1.5. Let L be a closed two-sided ideal in the C*-algebra 6o (T, KC(H)), where
T is a locally compact Hausdorff space and H is a separable Hilbert space. Then L =
Go(T",KC(H)), where T' C T is locally compact and Hausdorff.

Proof. To shorten notation, let 6y := %o(T,K(H)). First we observe that T = %, via
the point evaluation w —— §,, (we will use this identification in the sequel without any
comment). Since L is a two-sided ideal in %, the set

%L::{WE% : W(E)Z@}

is closed in @, by [31, Proposition 2.11.2, Proposition 3.2.1]. By [90, Theorem 5.4.3] we
know, that every (proper) closed two-sided ideal Z in a C*-algebra A is the intersection
of all primitive ideals' that contain it. Thus we have

L= (] kerdu= [) {f€C:0=0,(f)=fw),weT}
LCker 6y LCker 64
and
Gor = {5w € G 0u(L) = {0}}
= {weT:§(L)={0}}
{weT : L Ckerd,}.

Now, we show that £ = (T, K(H)), where T" := T\/%%L. Clearly, T" is a locally compact
Hausdorff space. Let us first remark, that we can regard %,(7",KC(H)) as a closed two-
sided ideal in 6,(T,IC(H)) if we set f(x) = 0 for z € T\ T, where f € %(T',K(H)).

'Recall, that an ideal T is called primitive, if it is the kernel of an irreducible representation.
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Thus f € %o(T',K(H)) implies, that f € (T, K(H)) with f(w) = 0 for all w € %or.
But then f € kerd,, for all w € 6y, which shows that f € £. Now, let

R: (T, K(H)) — ¢(T",K(H)) - fr— fir,

be the restriction operator to 7. Then R : L — %,(T",KC(H)) is a linear *-isomorphism:
Let us first show, that R maps £ to %o(7",K(H)). For this let f € L be arbitrary.
We have to prove that R(f) = firr € 6,(1",K(H)), i.e. that for all € > 0 the set
{weT :||fr(w)|| > e} is compact. But

weT : [lfpw)ll e} =fweT : |fw) =<}

since f(w) = 0 for all w € %%L = C7" and this set is compact by the fact that f €
Now R is surjective by our previous remark, so it is left to show injectivity: Let f € £
be with R(f) =0, i.e. firr = 0. Again by

feL < f(w)=0forall we T such that £ C kerd,,
= f(w):()forallwe(/goﬁ,

and T=T"U %E, we get f =0 and R is injective. O]
Again, the following proposition seems to be well-known:

Proposition 4.1.6. Let A be a closed two-sided ideal in a C*-algebra C. If C is solvable
then A is solvable, too. In particular, we have [(C) > [(A).

Proof. Let
C::In+1 QIn 2 21-1 QIQ:{O}

be a solving series for C. Set J, := Zy N A. Then (J;)7_; is a nested sequence of
two-sided closed ideals in A and by 4.1.4 (ii) Jx/Jk—1 is a two-sided closed ideal in
Ti/Ti—1 = 6o(Ty, K(Hy)). Therefore Ji/Tp-1 = 6o(T}, KC(Hy)) by 4.1.5 and (Ji)}_, is a
solving series for A. [

Theorem 4.1.7. B is not solvable of finite length.

Proof. By the definition of B we have that every By (k € IN) is a closed two-sided ideal
in B. Since [(By) = k it follows by 4.1.6 that [(B) > [(Bg) = k for all £ € IN, which shows
that B can not be solvable of finite length. m

Remark 4.1.8. As pointed out by Prof. V. Nistor (January 2007) it is also possible to
construct an algebra of pseudodifferential operators with an infinite long solving series
without using a product construction that leads to an ”infinite dimensional” manifold.
However, the solving series of this example will not be minimal; in fact the algebra has a
minimal solving series that has length two. Nevertheless, let us sketch the construction
of such a manifold here, since it is instructional to see some ”exotic” examples. Let
Z = 8" x [0, 00] be the infinite cylinder over S' and Z := 8! x [0, 1] its finite analogue.
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Using a gluing construction, we can attach infinitely many Z’s to Z,,, so that we get a
manifold 3 with (infinitely many) multi-cylindrical ends. To fix notation, we will denote
by 8¢ the boundary component of 3 given by the boundary of Z and with S} the boundary
component of 3 that stems from the k-th attached cylinder. On 3 we define an algebra
of pseudodifferential operators \Ifg’cy(B) of order zero, such that the operators behave
like b-type operators at the boundaries of the cylinders and we will denote by B(3) the
corresponding C*-closure of W, ., (3) in L?*(3); consequently, each boundary gives rise to
its own indical family

Iy = Is : B(3) — G(R, Z(L*(SY))) (k€ Ny).
Now, we are able to define the following ideals:

Jo = {a€B(3): acker(ops), Ik(a) =0Vk € Ny},
T = {aeB(3): acker(ops), lk(a) =0Vk €N, k>1},

where op(3) denotes the extension of the principal symbol map. Then by definition J; C
Ji+1 and
Ji1/Ti = (R, K(L*(S1))),

so this series is solving. But it is not solving of minimal length: Define Z; := ker(op(3)),
Ty :={a €Iy : Ix(a) = 0Vk € No}, then

{0} €7, €7, C B(3)
is also solving.

Let us close this section with the following definition:

Definition 4.1.9 (Solving ideal chain). Let B be a C*-algebra. A finite sequence of closed
ideals (Jy)%_, is said to be a solving ideal chain for B, if

B2J20-12...2 0 D% :={0}

and Ji11/ T = Co(Tk, K(Hy)) (1 < k <1 —1) for some locally compact Hausdorff space
T}, and some separable Hilbert space Hj.

4.2 Connecting the product algebra

Let us first recall again, that for a manifold with corners Z all irreducible representations

of B(Z,Q2) are given by (cf. [61, Proposition 5.2]):
id © B(Z,'Q2) — L(LXZ}rQ2)), (4.2.1)
T,0TB : B(Z,bQ%) — C, (4.2.2)
TRaoTs ¢ B(Z,'07) — L(L}(F, ")), (4.2.3)
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where n € ®S*Z, A € RE¥) and 75 denotes the joint symbol map.

Let B, := B(Z,,"Q2) be the C*-algebra of b-pseudodifferential operators on a manifold
with corners Z, with dim Z, = n; moreover, we assume that F,(Z,) # 0. Let Q, C Q,, C
ZDn be open and choose a continuous section ¥, € €(Z2,,°S*Z,) of the cosphere-bundle
bS*Z.. We define

A, = {a € B, : o (a)(Sa(x) = 0Vz € Qn} . (4.2.4)

Proposition 4.2.1. A, is a selfadjoint two-sided closed ideal in the C*-algebra B,,. There-
fore all irreducible representation of A, are unitarily equivalent to one of the following
pairwise inequivalent representations:

id A, — L(LX(Z,,"02)), (4.2.5)
ot ¢ A, —C, ne’S*Z,\{Z.(z): v €N}, (4.2.6)
TEA0TE, A, — L(LX(F,'02)). (4.2.7)

Proof. The set
L:={fe?("S*2,) : f(Zn(z)) =0forallze,}

is closed in €' (°S* Z,,). Therefore A,, = (bagl))*l(il) is also closed in B,,, since bal(gon) B, —
¢ (°S*Z,) is a continuous x-homomorphism that is onto. Moreover the calculation

ta (abe) (1) = Po(a) ()0 (B)(n)o ) () () = 0

n

where n = ¥, (z), x € Q,, a,c € B, and b € A, shows, that A, is also an ideal in B,,.
Thus A,, is a closed two-sided *-ideal in B,,.

- /\.An
For the second part of the proposition, we first note, that one has A, = B,, , since
A, is a two-sided closed ideal in B,,. This shows that

—~

A, = {wez?n ;A 72{0}}

= B\ {myoms : n=Su(x). € D).
which proves our claim. O
Theorem 4.2.2. A, is a solvable C*-algebra and we have [(A,,) = n.

Proof. Since A, is a selfadjoint closed two-sided ideal in B,, A, is solvable and n =
((B,) > [(A,) holds by 4.1.6. What remains is to prove the reversed inequality. Let

A, =T 202...20 2 T ={0}
be an arbitrary solving series for A,,. Since we have
Aw=B,\ {myoms, : n="2u(0)},

we get [(A,) > n by the same argument as in the proof of [63, Lemma 3.5], which shows
that [(A,) = n holds. O
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Definition 4.2.3. Ton € Nlet Q, C Q,, C Zon be arbitrary. Choose continuous sections
Yn € €(Z,,°5*Z,) as above. Let A := [] A, be the direct sum algebra cf. 4.1.1, where

nelN
the A, are given by (4.2.4) (with respect to %,).

Since A, is a solvable C*-algebra of length n, we have the following proposition.

Proposition 4.2.4. The algebra A is a solvable C*-algebra. A solving series can be given
analogously to 4.1.5.

But again, we cannot give a solving series for A that has finite length:
Theorem 4.2.5. A is not solvable with finite length.

Proof. Since A,, is a two-sided closed ideal in A, we have [(A) > [(A,) = n for all
n € IN. [l

Notations 4.2.6. Now we additionally assume that there exist continuous mappings
bt Qy — 2441,

such that ¢,(€2,) C 2,07“+1 and ¢,(2,) N Q41 = 0. Moreover, denote by X, a continuous
section of °S*Z,, and by ¢, .(3,) the push-forward of ¥,, under the differential ¢, . of ¢,.
Again we define B as in 4.1.2.

Example 4.2.7. A possible realisation of Z, is the direct product of the unit interval
Z, = 1[0,1]" with Q, localized in the interior |0, 1[" of Z,.

0 o 1 in ()

Figure 4.1: Oy C Z; := [0, 1] mapped to Z, := [0, 1]*.

Definition 4.2.8. Denote by F the space of all (a;);en € B, such that

op,;(a;)(3;(x)) — o8,., (a01)((1j,25) (¢5(x))) = 0 (4.2.8)
for all € €2; and for all j € IN.

Proposition 4.2.9. We have:
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(i) F is a C*-subalgebra of A.

(ii) To n € IN exists a closed two sided ideal F,, < F, such that F, is solvable with
(Fn) =n.

Proof. To simplify notation, we set ij = 1.(2;). For
T := (2;)jen € H Q;=:Q
jEN
consider the map
d;: B — CN,
a=(a) — (bag)(aj)(zj(ﬁj)) - baifjil(am)(ij(w(wj))))

where we use 4.1.1 for CN.
(i) It is clear, that ®; is a linear map; let us prove that ®; is continuous. We have

)
jEN

Pog) () (S5(x)) — o) (a500) (5(5(x;))]
< [Pog) () (3(2;)| + o). (i) (E5( ()]
< C1llajl] + Callajsal]
< D sup|la;|| = Dljal| (< o),

which gives ||®z(a)|| < Dl|a|| as desired. This implies, that ker ®; is closed and since

F = () ker &z
ze
holds, F is also closed. What remains to be proven is, that F is actually an algebra.
Let a = (a,), b = (b,) € F be arbitrary. To shorten notation set o := ba,(gi and
Opg1 = bag?“. Then we have

or(arbr) (i (1)) = Trpr (@r1bper) Sk (r(z)))
= op(ar)(Zk(xr))or(br) (S (xr))
— Oprr () (S (@) Thsr (Brgr) (Si(ea ()

= |ox(ar) (Zx(zr)) — 0k+1(ak+1)(§3k(ék($k)))] o1 (br) (Ek(7x))

+ o () Sk (@) |0k (0r) (S(r)) = Tppr (Orsr) (S (ea (@)
_ 0,

for all x;, € €, which shows that ab € F.
(ii) To n € N we define F,, := A,, where A, is given by (4.2.4). Then F, is a closed
two-sided ideal in F using the usual embedding and [(F,,) = n, cf. 4.2.2. O

Remark 4.2.10. It is worth pointing out, that the construction of F yields an algebra
with an arcwise connected space of one-dimensional representations by condition (4.2.2).
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4.3 Transmission algebras with infinitely long ideal chains

Let (Z;)ien be a family of manifolds with corners such that dim Z; = i. Again, we assume
that each Z; has a face of codimension ¢. Let \Ilgyd(ZZ-,bQ%) denote the corresponding
algebras of b-pseudodifferential operators of order zero on Z;. Moreover, let W; be a
subset of the (smooth) interior Z; of Z;, such that there exists a compact set K; C Z;
with W, C IC We also assume that there exist smooth maps i : 2 Z; — Z;11, such that

(W) =: W,H is a subset of a compact set K c Zz+1 and that W AW, =0 (i>1).

Remark 4.3.1. To shorten notation, we will suppress all density bundles in what follows.
Note also, that we do not ask W; (resp. W;) to be a submanifold; for example W; (resp.

VA\Z) could be partially a submanifold and partially a fractal set.

4.3.1 Transmission spaces

Since W; resp. W, _1 are subsets of the smooth interior of Z, resp. Z,,_1, there exists
d € N to fixed n € N, such that the point evaluation

evpi : Hy'(2i) — C @ fr+— f(p)

is well defined and continuous for all p € W; U WZ, if m > d where H¢(Z;) denotes the
b-Sobolev space of order d. In particular, this is true for D := Hp°(Z;). We denote by

9 resp. D the following Hilbert spaces

9 —{v— vi)ien € EP L3 (Z; HvHﬁ<oo}

€N
and
D = {U = (v;)ien € @Dfo : HUH@ < OO}
i€elN
where

1£1lg = (1 O and (| g)g ==Y (fil gidrzz

1€IN

(analogously for ©). Moreover, we define D(Z) to be the following function space on
€N

D(Z) = {f €D : fi(p) = firr(u(p)VpEW,, i€ ]N} .

Remark 4.3.2. ©(Z) is a closed subspace of D.

Definition 4.3.3 (Transmission space). The space ® := D(Z) is called transmission
space. The closure of ® in $ will be denoted by $.
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Figure 4.2: The unit interval intersects the unit square: Transmission at one point.

Definition 4.3.4. Let A(Z) C Z($) be the algebra of all continuous linear maps, such
that a(9) C $ and a*(H) C § holds for all a € A(Z). Denote by A(Z) the corresponding
C*-closure in .Z(9).

Notations 4.3.5.

(i) Denote by 9 C A(Z) the set of all operators X, such that for all i € N there exist
open neighbourhoods 171 C 171 C Z; with W, U VAV/Z - 172 and X ExM is an element of
Diff}(Z;) U Diff} (Z;).

(ii) Denote by 9 C A(Z) the set of all operators M, such that for all i € IN there exist

open neighbourhoods @ - (’31 C Z, with W, U Vf\\jz - (5z and M‘ 2,\0; is given by a
multiplication operator with a smooth function.

Remark 4.3.6. In particular ) includes the following special cases:

(i) Vectorfields X possibly vanishing tangential to [[ W; whenever this is a submani-
€N
fold.

(ii) Vectorfields X possibly vanishing normal to [[ W; whenever this is a submanifold.
ieN

Let us discuss two examples of operators that are elements of ) resp. I; to this end,
let 2(Z;) denote the set of all D; € Diff(Z;) U Diff)(Z;), such that there exist closed
subsets V; C Z, with W, U VA\Z C V; and D; = 0 on V;. Note, that Z(Z;) includes all
operators D that are given by D = M, XM, where X is a vector field and ¢ denotes a
smooth function with supp ¢ C Z; \ (W, U VAV/Z)

Example 4.3.7.

(i) Let m e N and D; € 2(2;) (i =1,...,m) be given. Then D := (D,);en, where we
set D; := 0 for ¢ > m, is an element of ).
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(ii) Let m € IN and M, := M, be the multiplication operator by the function ¢;, where
0; € Co(Z;\ W, UW))). Then M := (M;);en, where we set M; := 0 for i > m, is
an element of .
Notations 4.3.8. Let V; be fixed closed subsets of Z;, such that W;UW; C V; and (gogi))ézl
(1)
N

be a (finite) partition of unity for the (compact) manifold with corners Z;. If supp ¢;
U

V; = () is fulfilled, we can choose finitely many differential operators in Diﬂl(zﬂsupp o0
J
Dlﬁo(zﬂsupp w;i)) and also finitely many multiplication operators in Dlﬁo(zﬂsupp o) ),

such that they enable us to give a Beals-type characterisation in the sense of 2.3.4 (iv).
We fix these subsets V; in what follows.

Definition 4.3.9. We define the following sets of operators inductively:

o Let X denote a countable subset of ), such that D € X can be represented by
D = (Dy, Dy,0,...) and X® includes at least all operators (D1, 0,...), (0, Dy,0,...)
etc. that are necessary for a Beals-type-characterisation on Z; resp. Z5 in the sense
of 2.3.4 (iv)? and 4.3.8.

o Let M denote a countable subset of 9, such that M € 9MP can be repre-
sented by M = (M, M5, 0, ...) and M@ includes at least all operators (My,0,...),
(0, M5, 0,...) etc. that are necessary for a Beals-type-characterisation on Z; resp.
Z, in the sense of 2.3.4 (iv)? and 4.3.8.

So let XM C 9) and M™ C N be already chosen. Then:

o Let X0+ be a countable subset of ), such that X(™ C X+ and 2™+ includes
(at least) the (differential-) operators that we have chosen according to 4.3.8 for the
transmission space Z,,11.

e Let M™ C N denote a countable subset, such that 9™ includes (at least) the
(multiplication-) operators that we have chosen according to 4.3.8 for the transmis-
sion space Z,41.

Definition 4.3.10. We define the following U*-algebras

AT(2) = (| A™(2) and A¥(Z) = () A (2)

keN kelN

according to 1.3.5 where the construction is done within the C*-algebra A(Z). Finally,
we set A(Z) = A™(Z) N A¥(Z) and denote by B(Z) the C*-closure of A(Z) in .Z($).

Definition 4.3.11. Define the following (two-sided) ideals J; in A(Z):

Ji ::{a EAZ) :a= Z b, My, c,,
v finite (431)

b,,c, € A(Z), ¢, € D(Z),supp ¢, C ZZ}

2See also the definition of the differential operators in 2.3.5.
3See also the definition of the multiplication operators in 2.3.5.
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Proposition 4.3.12.
(i) The closure J; of J; in A(Z) is a proper two-sided closed ideal in A(Z).

(ii) The closure of Ji in B(Z), also denoted by J;, is a proper two-sided closed ideal in
B(Z2).

Proof. (i) Clearly, the closure J; of J; is a closed two-sided ideal in A(Z). So it remains
to prove, that J; # A(Z): Since A(Z) is a W*-algebra there exists a neighbourhood V' of
id, such that a=! € A(Z) for all a € V. Suppose, that we can approximate the identity

operator id in A(Z) by elements of 7;, i.e. suppose that there exists an element ¢ € T,
such that ¢ € V holds. It follows that ¢! € A(Z), thus

id=c'c= Z cta,My,b,, (4.3.2)

v finite

with suitable b,,a, € A(Z) and ¢, € D(Z) with supp¢p, N90Z; = 0. Let u € L*(2)
be such that u = 1 on a neighbourhood O; where O; C Z; \ (supp ¢, |z, U 0Z;) and
u = 0 otherwise. Moreover, it is possible to choose O;, such that there exists w € €>°(2)
with suppw N supp ¢z, = @ and w = 1 in a neighbourhood of O; for all v. Then
M,c My, b; M, is a smoothing operator:

We have suppw N supp ¢z, = 0 and we choose a function (zl, € %.(2), such that
supp 5,, cCzZ\ WU m) and Eﬁy = ¢, outside a suitable neighbourhood of W; U Wi. Let
X be an element of X; then

ad (¢, X )(My,b;M,) = ¢, X My, b; M,

holds and therefore ad (gl,X)k(M%biMw) = (%VX)’“M%I)ZMW € L*(2) for all X € X by
the definition of the algebra A(Z).

This is a contradiction to the corresponding right hand side of (4.3.2).
(ii)) The prove is literally the same as the one of (i), if we use elements of A(Z) to
approximate the ones in B(Z), hence we will omit it. [

Notations 4.3.13. In what follows, we assume, that Z; has a face H; of codimension i
and we choose functions ¢;, 0; € 6.(2Z;) (i € N), such that supp ¢;,suppd; C éi, o =1
on a neighbourhood of W; U W and ¢; < 6;. Then we have for all i € IN the following
decomposition for a € A(Z):

Definition 4.3.14.

(i) Denote by WO(Z) (resp. ¥~ (Z)) the set of all operators a € A(Z) such that
(a) (1—¢i)a(l—6;) and (1—6;)a"(1—¢;) are elements of W) ,(Z;) (resp. ¥, 1 (Z;))
for all i € IN and for all decompositions like 4.3.13 resp. (4.3.3).
(b) 1Pz, ((1 — ¢;)a(l —60;)(1 — ¢3)b(1 — 0;)) = IEz (1 — ¢;)ab(1 — 6;)) holds for all
i € IN and for all decompositions like 4.3.13 resp. (4.3.3).
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(ii) Denote by WO(Z) the closure of the algebraic span of ¥9(Z) in A(Z) and by ¥~ (Z)
the closure of the algebraic span of ¥~ (Z) in ¥9(Z).

(iii) Denote by By(Z) the C*-closure of the algebraic span 0f~\IIO(Z) in the C*-algebra
B(Z) and by B, (Z) the closure of the algebraic span of ¥~ (2Z) in B,(Z).

(iv) Denote by J,; the ideal that corresponds to J; using (ii) and (iii).
Theorem 4.3.15. Let a € V(Z) be arbitrary.

(i) If wy € €2°(2;) and wy € €°(Z;) are given such that
suppw; NV; = 0 = suppws NV} and
suppw; Nsuppws =0 (if i = j),

then wiaws 1s a pseudolocal operator.
(ii) If wi,ws € €°(Z;) are given such that
suppw; NV, =0 (j=1,2)

and suppw; are both contained in a chart compatible with the Beals-Type-character-
isation, cf. 4.3.8, then wiaws is an ordinary, compactly supported pseudodifferential
operator in the interior Z; of Z;.

Proof. The proof of (i) is exactly the same as part of the proof of 4.3.12, where we show,
that one gets a smoothing operator. (ii) follows by 2.3.4 (iv). O

4.3.2 ldeal chains
Definition 4.3.16. Let F' € F(Z;) be a face in Z;. Then we define a linear map

Irz : By(Z) — B(F,"Q?)
by Ipz,(a) =0if a € J; and Irz(a) = Igzi(M(l_%)aM(l_@i)) else.

Proposition 4.3.17. Ip z, is a well-defined continuous x-homomorphism that is indepen-
dent of the special choice of the decomposition (4.3.3).

Proof. Let (1 — ¢;)a(1 — ;) be another decomposition (4.3.3). Then

IRz (Ma_gyaMa_g)) = Ipz (Ma_g)aMa_s,)

= Ipz, (M, gy Ma-gyaMa-e)M )

- IEZJM(l—@)“M(l—@))?

thus the *-homomorphism I z, is well-defined and independent of the decomposition. To
see continuity, we first note that

17z, (Ma—gyaMa—oy)|| < [[Ma—g)aM—g,)

7

P(L2(Z,,P02))



72 Chapter 4 Infinite solving series

holds, since 1 E’ z, 18 continuous. Now M4, aM g, can be regarded as an element in
Z(9) if we extend it by zero to act on $). Then by definition

[[M—g)aM o,

K(LQ(Zi,bQ%)) < ||M(1_¢i)aM(1—9i) Z($)
and ||M,,|| #(s) < C. Thus the continuity follows. =

Definition 4.3.18. Let 2 <[ < i. Denote by jl(i) the closure in By(Z) of the ideal of all
operators in W~ (Z) such that Ir z, vanishes for all F' € F(Z;).

Proposition 4.3.19. We get the nested sequence
By(2)> T 5T 5. 07" 2T = {0}
and (jl(i))fz2 is a solving ideal chain in the sense of 4.1.9.

Proof. The only thing that we have to prove is the special structure of the quotients
jl(i)l /T To see that

TH/T0 = @GR K(LY(F, 7))

FeF,(2;)

holds for l = 1,...,i—1, let us first note, that if ¢ € C>°(Z) is a function with supp ¢ C Z
and ¢ = 1 on W,UW,, we get that MyaMy, € By(Z) for alla € B(Z;, b0z ) where ¢ := 1—.
Then we have

Irz(a) = f?zi(MwaMw) = I}ézi<M¢)]I§Zi(a>II§Z¢(Mw) = [gzi(a>7

since the restriction of 1 to any boundary face F' is one. Hence the usual proof (see
for instance [85, Theorem 2]) of the isomorphism is applicable and we have finished the
proof. O]

Corollary 4.3.20. To each i € IN, there exists a solving ideal chain in the sense of 4.1.9
for By(2).

Defining Il(i) =v%(Z)N jl(i), an application of 1.1.9 yields the following theorem for
the U*-algebra W°(Z):

Theorem 4.3.21. For each ¢ € IN the ideals (Il(i))fz2 yield a nested sequence of closed

two-sided ideals in the U*-algebra V°(Z) of length i — 1. Moreover, the closures of Il(i),
[l =2,...,1, in the C*-algebra By(Z) give a solving ideal chain for By(Z).
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4.3.3 A refined transmisson model

We will denote by A,; the b-Laplacian acting on the function space ¥*°(Z;) in what
follows. Moreover, we set Ay; := (1 — Ay;)Y/2.

Before we give a construction of a transmission algebra acting on a scale of Sobolev
spaces let us recall the following well-known facts about the Friedrichs extension.

To this end we denote by H a Hilbert space and ¢ : D(q) x D(q) — C a quadratic form,
where D(q) — H should be dense. Recall that a quadratic form is called semibounded
with bound A\ € R, if ¢ is symmetric and ¢(z,z) > A||z||?, holds for all z € D(q). It is
also well-known, that one can extend a closable semibounded quadratic form ¢ to a closed
quadratic form G : D(q) x D(g) — C. Then we have:

Proposition 4.3.22. Let g : D(q) x D(q) — C be a closed semibounded quadratic form.
Then there exists an unique selfadjoint linear operator @ : D(Q) — H with D(Q) C D(q)
and q(x,y) = (Qz|y) forxz € D(Q), y € D(q). Q is called the selfadjoint operator induced
by q.

Proof. See [19, Proposition 1.2.9] for instance. ]
This leads to the following theorem:

Theorem 4.3.23. Let A : D(A) — H be symmetric operator with dense domain D(A) C
H. Suppose, that there exists A > 0, such that (Ax|z)y > A||z||x holds for all x € D(A).
Then q(x,y) := (Ax | y)n defines a closable semibounded quadratic form. The operator Q
induced by the closure G of q is a selfadjoint extension of A with (Qx|x)y > A||x||y for
all z € D(Q). Q is called the Friedrichs extension of A.

Proof. See again [19, Proposition 1.2.10] for instance. O

Now, we want to define an interaction operator, that will generate an appropriate scale
of Sobolev spaces:

Definition 4.3.24 (Transmission form). We define dnz, : ® XD — R to be the following
quadratic form

anz (f,9) =Y (03 fi| )12z

1€IN

and call it the transmission form corresponding to the transmission space ®.

Lemma 4.3.25. The quadratic form qaz s continuous and semibounded, i.e. there exists
A >0, such that

anz (. ) = NlIflls

holds for all f € ®. Denote by /g : D(/g) — 9 the corresponding (positive) selfadjoint
operator cf. 4.3.22.

Proof. Since Aii is a (strictly) positive selfadjoint operator that is bounded from below
(for all i € IN) the claim follows. O
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Definition 4.3.26. Denote by H?*(Z) the scale of Sobolev spaces generated by //\\% In
particular, we have H°(Z) C § C $.

Definition 4.3.27 (Transmission algebra). Let 0 < ¢ < 1. We denote by A% the
following W*-algebra:
A = {ae 2(9) 1 a(D(AF)) € D(AF),
Vv eNTe, >0 |lad(AS)" (a)z]] < cl,|]1:||}.
In what follows, we set ¢ = 1. Let us now refine this WU*-algebra by using iterated

commutators of suitable first order differential operators. These operator families will be
a slight modification of 4.3.5:

Notations 4.3.28.

(i) Denote by 9 C (| Z(H*(Z),H*'(Z)) the set of all operators X, such that there
seR

exist open neighbourhoods 171 C Z; with W, U VAV/Z - ]71 and X Z0\Ts is an element of
Diff}(Z;) U Diff}(Z;) (i € N).

(ii) Denote by M C [ Z(H*(Z), H*(2)) the set of all operators M, such that there
s€R

exist open neighbourhoods (52 C Z;, with W, U VA\Z - (52 and M| 2,\0; is given by a
multiplication operator with a smooth function.

Again, the operator-families given in 4.3.7 are examples of such possible operators, more
precisely:

Example 4.3.29.

(i) Let m € N and D; € 2(2;) (i =1,...,m) be given. Then D := (D;);en, where we
set D; := 0 for ¢ > m, acts on the scale of Sobolev spaces H*(Z) as an operator of
order one, i.e. we have the mapping property

D :H(Z) — HY(2)
for all s € R. In particular D is an element of ).

(ii) Let m € NN be fixed. We choose a family (¢;)7, of functions ¢ € €*°(Z;) with
supp p; € O;, where O; is a closed subset of Z; with W, UW,; C O,;. We define

M; = M,, if i < m and M; = 0if i > 0, then M := (M,);ew acts on the scale
of Sobolev spaces H*(Z) as an operator of order zero, i.e. we have the mapping
property

D :H(Z) — H(2)
for all s € R. In particular M is an element of .

Now, using an analogous definition to 4.3.9 we get families Sﬁ% and %Z(f“)t of operators

that are adapted to the scale of Sobolev spaces generated by Agp.



4.3 Transmission algebras with infinitely long ideal chains 75

Definition 4.3.30 (Refined interaction algebra). We define the refined interaction algebra
U9 (Z) to be the U*-algebra given by

wnt

\Ij?nt(z) = ﬂ \I’?nt,k(z)7

kelN

where W9, (Z) consists of all a € A®, such that

ad [M]*ad [V]?(a) € (| L(H*(2), H"(2))

seR

holds for all V € (X")I81 for all M € (M*)lel and for all « € N and 3 € NI
Exactly as in 4.3.15 we get:

Theorem 4.3.31. Let a € WY

int

(Z) be arbitrary.
(i) If w1 € C(2;) and wy € C°(Z;) are given, such that

suppwi NV; = = suppws NV; and
suppw; Nsuppws =0 (if i = j),

then wiaws s a pseudo-local operator.
(ii) If wi,ws € CX(Z;) are given, such that
Suppw]mvzzq)7 (]:172)7

and suppw; are both contained in a chart compatible with the Beals-Type-character-
isation, cf. 4.3.8, then wiaws is an ordinary, compactly supported pseudodifferential
operator in the interior Z; of Z;.






Chapter 5
K-theory for conformally compact spaces

An open Riemannian manifold (X, go) is called conformally compact space if it is isometric
to the interior of a compact manifold X with boundary 0X, where X is endowed with
the metric g := o~2h. Thereby h is a (given) smooth metric on X and o: X — R is a
boundary defining function.

5.1 Review of algebras of operators on conformally
compact spaces

Throughout this chapter, X denotes a smooth, compact, n-dimensional manifold with
boundary 0X. Moreover, we assume that X and 0X are connected. Let us give a brief
overview of the basic objects in O-calculus. Most of the proofs will be omitted, we refer
to [65] for a detailed treatment of the subject.

Let us first introduce the main structure objects: We denote by Vy(X) the space of all
vector fields on X, that vanish at the boundary. Elements of Vy(X) are called 0-vector
fields and V(X)) is a Lie subalgebra of the Lie algebra of all smooth vector fields on X.
If ¢ € 0X is arbitrary and

(2,9) : X DV — Ry x RI7', where Ry := [0, o0, (5.1.1)

are local coordinates near ¢, then V(X)) is spanned over €°°(V') by the vector fields
x0, and z0d,, (j = 1,...,n —1). And there is a vector bundle of rankn = dim X over
X together with a natural map j° : °TX — TX, such that Vy(X) = j°(€¢>(X,°TX));
0T X is called the 0-tangent bundle. Note, that the fibres of °T'X are given by

0T, X = Vo(X)/ZT,Vo(X)

for ¢ € 0X, where ZVy(X) :={f € €°(X) : f(¢) = 0}. Thus Vy(X) is a finitely gener-
ated, projective €*°(X )-module (cf. [114, Theorem 1.13]). And it is worth pointing out,
that j° is an isomorphism over the interior X of X.

Since Z,V,(X) is an ideal in Vo(X), °T, X has a Lie algebra structure as well. Moreover,
there is a natural vector bundle map °TX — *TX and we denote the restriction of the
kernel of this map to X by °T9X. Note, that the choice of a boundary defining function
0: X — Ry (ie. 0>0,0X = {0 =0} and dgpx # 0) and the exact sequence of
Lie-algebras

0 — ToX — °TX\px — "TXjox/°TOX — 0 (5.1.2)

77
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give rise to the identifications
TOX — TOX : [V] — [(1/onV)ox]

and
'TXox/"TOX — 0X x R: [V]— (7[V],(1/onV on)jxpv])

(see [65, page 4]). Moreover, a normal fibration v to the boundary together with the
boundary defining function p yield a collar neighbourhood of the boundary, such that we
get the splitting

'TXox = "TOX & T X px/"TOX. (5.1.3)
Let
Jo : TOX & (0X xR) — "T*0X & ("T X px/°TOX)* (5.1.4)
= 0T Xjox

denote the identification of the corresponding covector bundles over 0.X.
Before we can give the definition of pseudodifferential operators in this setting, let us
briefly discuss the used blow up spaces. For this, let

B2 XE = [X%(0X)Y — X?

be the b-blow up (cf. [83]) and B := (57)~ (aA) the preimage of the boundary of the

dlagonal A C X2 Let Ay := (82)"1(A\ (0X)?) & denote the b-diagonal of the blow up
space!. Then we define the extended 0-double space X 0. to be the manifold given by the
extended 0-blow up

63,6:X36:= X2 8) - Xz 2 xe

We call Ay, = B71HA,\ 8X2) “ the extended 0-diagonal and the new boundary hyper-
surface ff¢ produced by the second blow up the extended 0-front face.

Figure 5.1: The extended 0-blow up X3, of X.

!Note, that there is a canonical diffeomorphism B =2 [-1,1] x 9X.
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Let us denote by (z,y) resp. (2/,y') the lift of local coordinates given by (5.1.1) through
the projection onto the left resp. right factor of X 2._ Then we get a system of local
(projective) coordinates (7,U,r,y') € [=1,1] x Rj; ! x Ry x Ry, where

r— / y—vy
T=——,r=x+x and U = .
x4+ r+a

With respect to this coordinates we have
Ao ={r=0,U =0} and £ = {r = 0}.

Note, that {7 = —1} resp. {7 = 1} correspond to the lift of the left resp. right boundary
of the b-double space X; to X7 .. The lift of the b-front face to X§, would be given by
{|]U] = oo}, so the projective coordinates are only valid apart from that face.

To complete notation, let us recall the densities adapted to this calculus. If we apply
the smooth density functor Q% of a-densities to the O-tangent bundle °T'X we obtain the
smooth bundle of 0-a-densities °Q*(X). A non vanishing section is given by |%dy|* and
we get a well-defined integral

/;fgm(x,OQl(X)) )

X

Thus we can define a natural scalar product on € (X, Q2 (X)) given by
<f7 g>L2(X7OQ%) = /fgu
b

where f,g € €°(X,°Qz(X)). We denote by L2(X,%Qz) the closure of €(X, Q2 (X))
1

with respect to this inner product. Finally let us denote by K Dg, the extended 0-kernel

half-density bundle Q;O?EQ%(X(%@), where ogo. denotes a defining function for ¢, Now

we are able to give the definition of pseudodifferential operators:

Definition 5.1.1. A bounded linear operator
A E>(X,°02) — €7%(X,02)

is said to be a classical 0-pseudodifferential operator of order m € C in the small calculus
provided

ki € {H € IM(X2,, Moo KDE,) k=0 at X2, \ ffo’e} ,

where = means vanishing to infinite order. The space of all classical O-pseudodifferential
. 1
operators of order m is denoted by ¥§'(X,Q2).

Following this definition, one can prove, that there is a well defined homogeneous prin-

cipal symbol map
Oglm) . g (X,°02) — SM(OT*X),
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which has the usual multiplication property
Og(mitma)(A) Ay) = 0o M) (A))00(m2) (Ay) € Slmitmal (0= X)),
for A; € WM(X,°Q2) (m; € R). Moreover, one has to define two more classes of 0-
operators, namely
° \Ilgn’k(X, OQ%) (k,m € C) (k-type operators), which are given by
IR (X 002) 1= o F (X, 002) (5.1.5)
(see [65, Definition 2.3.4]), and

° \I/gl’k”(X, OQ%), which is the space of all m**-order 0-pseudodifferential operators of
type k with bounds ~ (see [65, Definition 2.4.3]).

Remark 5.1.2. Note, that (5.1.5) makes sense since U(X,°Q2) is invariant under con-
jugations by powers of the boundary defining function p, i.e. if z € C is arbitrary then

0 PU(X, 002 0" = WX, °Q2) (5.1.6)
holds, cf. [65, Lemma 2.3.3].

The reduced normal operator

In addition to the principal symbol one has to introduce an operator valued boundary
symbol to give a full description of the Fredholm conditions for pseudodifferential opera-
tors on conformally compact spaces. Since we need this so-called reduced normal operator
for the K-theoretic calculation, we give a short overview of its definition.

To this end let o : X — R be a (fixed) boundary defining function, then it uniquely
determines a trivialization of the positive normal bundle

®: NTOX := T Xjpx /TOX — Ry x 9X;
V] — (don (@) (Vy), q)

of the boundary. Now, let v : T’ =, v(I') € X be a normal fibration to the boundary 0.X;
here X CTI' € Nt9X is an open neighbourhood of the zero-section X in NT0X. Thus
local coordinates y : 9X DV — R on the boundary give raise to local coordinates

(z,y) : X 2V :=v(® ' (Ry x W)) — Ry x R) !

for ¢ € W C 0X. We then define the reduced normal operator N}*(A) of an element
A e U (X 902) at (0,y) = ¢ € dX to be the distributional density

dr 2

Ny Ay, mr) = Fi(A)y,rn,7) | —dr
€ 6([-1,1,00)8,% (R, "),

]:g(A> (ya 7, T) = / e_iUnk\A(Ta U: 07 y) dU € Cg_oo([_L 1])

n—1
IP”U
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Here k4 denotes the lifted Schwartz kernel of the operator A written in coordinates near
the extended O-front face ff>¢ as chosen above, i.e.

d 1
ka = Ra(r, U r,y) drdU = dy|>
TTL
with B
Ra € C (1,10 Ry B 6 = (Ry)B,4 (R

For a detailed treatment of the reduced normal operator we again refer to [65, Chapter 4].

5.2 Review of C*-algebras of O-c-operators

Throughout this section let M be the closed interval [0, 1]. The reduced normal operator
of a pseudodifferential operator in Wo(X ,OQ%) associates to a given operator a family
of b-c-pseudodifferential operators on M. Roughly speaking the algebra of b-c-operators
consists of pseudodifferential operators with different behaviours at the two endpoints of
M: they are of b-type at {0} and of cusp-type at {1}. For a detailed treatment of this
calculus see again [65, Chapter 3].

Preliminaries

Let B C €(M x {£1}) ® €([-1,1]) ® €(|—1,1]) be the C*-subalgebra consisting of all
triples (f1, fo, f3) satisfying

f1(0,41) = fo(£1)  and  fi(1,£1) = f3(£1). (5.2.1)

Lemma 5.2.1. We have B = €(S!).

) N +y 77N .
¢([-1,1)) OI O L) % 1 ¢ ([-1,1])
-1+ - -1
N~ {=1} ~__

Figure 5.2: Gluing ¢ (S') out of B.

Proof. We define two mappings & : B — ¢(S') and M : €(S') — B via

flg%;i’s}), ) OS()OS %7

. L fg_?“’_?), g<§0§ﬂ-;

ﬁ'(flafZaf?))'_}f? where f(SO) T fl(_2?§0_‘_37_1)’ 7T<S0§3§7
f(32 =), T <y <om
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flgx’ 1) :): f(g(x), , ) x € M?

. file,—1):= f(-Sx+327) z €M,

m : f = (f17f27f3)7 where f;(t) = f(%t—f— ;172'(' , ’ t e [—1,1],
RIS

It is easy to check, that & and 9 are inverse maps, so we get B = €(S!) as desired. [

Remark 5.2.2. Let B denote all elements in B, such that (in addition to (5.2.1)) fi(z,1) =
c and fo(z,—1) = d holds for all z € M. Then we have B = €(S').

b-c-operatoralgebras

Let a;,as € R be fixed real numbers. Furthermore we denote by oy : * —— x resp.
01 : ¢ — (1 — z) defining functions for the components {0} resp. {1} of M. Again let
us give a short overview on the main structure elements and blow up spaces.

Definition 5.2.3. A b-c-vector field on M is a smooth vector field V', such that V f €
00036 (M) for all f € €°(M).

The vector bundle corresponding to the b-c-vector fields will be denoted by »¢TM.
Moreover, let

B+ My = [M?{(0,0)} N {(1,1)}] — M?

be the b-blow up of M? with b-diagonal A, := (G2)~1(A\ 8M2)Mb. The new boundary

faces obtained by blowing up (j,7) (j = 0,1) are denoted by ff’(j) and we set B :=
Ay N F°(1). Then we call the map
2 2 2 2 By a2
Bb,c : Mb,c = [My; B] — My — M
the b-c-blow up and Mic the b-c-double space. The new boundary surface produced by
this last blow up will be denoted by ff° and is called the cusp front face.
Moreover, if we apply the smooth density functor Q¢ of a-densities to the b-c-tangent
bundle *“T'M we obtain the smooth bundle of b-c-a-densities *°Q%(X). In this way we
also obtain a natural scalar product on € (X, Q2 (X)) given by

1
_ ~ = d
U pneaty = [ 5= [ HERE) P
M 0

where f; = ]?J z(1d+2)2 P e €°(M,"Qz). Let L2(M,"Q2) denote the Hilbert space
completion of €°°(X,>¢Q2 (X)) with respect to this inner product.

Definition 5.2.4. A bounded linear operator

A E™(M, Q7)) — (M, "Q2)
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M,ic M2

Figure 5.3: The b-c-blow up of M?.

is said to be a classical b-c-pseudodifferential operator of order m € C in the small calculus
provided

KA € {/{ € IZ’;(MiC,AM;KDZC) k=0 at 8M,ic \ (fF° Uffc)} ,

where = means vanishing to infinite order. The space of all classical b-c-pseudodifferential
1
operators of order m is denoted by Wy (M,"°Qz).

NI

1 -
Here, K'D;, denotes the b-c-kernel half density bundle o QE;Q%(MIEC), where ggv resp.
oge are defining functions for ff° resp. ff¢.

The algebra of all b-c-pseudodifferential operators \Ilg7c(M ; b’CQ%) can be realized as a

symmetric subalgebra of £ (o’ 01 L*(M, bc)2)). We have the following symbol morphism:

Toe : WY (M,PQ3) — €M) @ B(T'g,) & B(R) :
A — ("o0(A), I(A)r,,, 1(4))

where 'y, = {z € C : Im2z = —ag} = R. Here B(R) denotes the C*-closure of S%(R) in
%»(R) and B(T,,) the closure of ./\/lﬂﬂuo2 in 6,(T'y,). Note, that B(T'y,) and B(R) are both
isomorphic to €[—1, 1] by [75], but we keep the notations B(R) resp. B(I'y,) to enable
comparison to [65]. Especially, we refer to [65, chapter 3] for the exact definition of the
single symbol maps *®?)(A) (the principal symbol), I,(A)r,, (the b-indical family) and
I.(A) (the c-indical family) for an operator A € ¥y (M, be()s).,

Moreover, let B,S?O’al) be the C*-algebra generated by all operators of \1127C(M, l”CQ%) in

c

the C*-algebra £ (0" o' L*(M, be()2)) and ICI(:'S’“I) denote the ideal of compact operators
in this algebra. Then we get the following exact sequence of C*-algebras:

0 — K™ — B — Q™ — 0, (52.2)

2 MO denotes the space of all entire maps h, such that [§ — h(£+iu)] € S%(Re) with uniform estimates
for p in compact subsets of R.
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where the C*-algebra of joint b-c-symbols Q(a" ) R(m¢) (see also [65, (3.14)] consists
of all triples
(fo, f1, f2) € €("°S*M) & B(L',) & B(R)

satisfying

( )(£1) = fo(0,£1) and O'B (f2) (1) = fo(1,£1). (5.2.3)
Here 0(0) : B(R ) % ({£1}) denotes the map given by the extension of the homogeneous
prmmpal part 0@ : SY(R) — €>*({£1}) = C @ C (cf. [75]); note, that we have the
sequence

0— %(R) — B(R) — Ca®C — 0.
By (5.2.1) and lemma 5.2.1, we conclude Qbao ) o (1),
Remark 5.2.5. By [65, Formula (3.5)]

00 0T WY (M, 5eQ2) 5™ 07 = WY (M, PQ)z)

holds for all zg, 21 € C. So C*-closures of \Ifg,c(]\/[ , b’CQ%) with respect to different weighted

L*(M, b’CQ%) spaces differ only by a Hilbert space isometry. This shows that - for K-theory
computation - we can restrict ourself to the case ap = 0 = a;. Using this fact, we also
avoid heavy notation in the se?uel of this section: from now on we drop the weight indices,
i.e. we write By instead of B, %0,9) and so on.

Lemma 5.2.6. There exists A € By, such that ind (A) = 1. Especially the index map is
surjective.

We owe the outline of the proof S. Moroianu.

Proof. First of all note, that we can regard a b-c-operator as a c-operator at both ends if
it behaves like a b-differential operator at the b-end, using the transcendental blow-up

0,003 2+t =e"x €[0,00]

at the b-end {0} of M (see [85, Appendix C]). So we can use [68, Formula (27)]

ind (A) = AS(A) — 21 (TIQ{O} (1% (A)0, [T (A)~]) (5.2.4)

™

+Tog, (1A [11(4)1)

= A_S(A)Jrl

5 (10 (A) + 111y (4)) (5.2.5)

to find the desired operator within this special class of b-c-operators. Here (5.2.5) uses the
n invariant defined in [84] (see also [68, Page 15] for details). Note, that the 1/27-factor
arises by the slightly different definitions for the n-invariant in the papers [84] and [68].
Choose an operator R € W, (M, b’CQ%), such that:

e The smooth Schwartz-kernel ki of R vanishes in a neighbourhood of the b-front face
ff°.
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o If we define A := Id + R, then I.(A) should extend to an invertible symbol in
Sa(Re). °

Then A is a fully elliptic operator in By, with *“6(®?(A) = 1 and I,(A)rr,, = 1. Note,

that this forces Og))(fc(/l))(:lzl) = 1 by (5.2.3) and we can think of I.(A) as a function
from S to itself, so our last requirement on R is:

o [.(A), regarded as a function from S! to itself, should have winding number 1.

Finally let us note, that for any operator B which inverts A up to trace class remainders
we have I (B) = I/%(4)~! and 18(B) = I8 (A)~'. Now we apply the index formula
(5.2.5) and get
— 1 —
ind (4) = AS(4) + —Trg (IM(A)oe [IV(A) ™))
i

— 1
= AS(A)+ 3 ngy(A),

since the c-indical contribution at {0} vanishes. Moreover, we have AS (A) = AS (1) = 0,

because AS is invariant under perturbations of high enough negative order (remember,
that R is of order —c0). Now, by [84, Formula (5.3)] $771;(A) computes the winding
number of I.(A), so ind (A) = 1 and we have found our desired operator. O

Theorem 5.2.7. We have Ko(By.) = Z and K1(By.) = 0.
Proof. (5.2.2) induces the following six term exact sequence
7 — Ko(Boo) — 7.
ind

7<~—Ki(Bye)<=—0

Since the index-mapping ind is surjective, cf. lemma 5.2.6, we conclude Ko(Bp.) = Z
and Kl(B@C) = 0. ]

Now, let D be the set of all N € B, satisfying the additional condition
begOO(NY(2,1) = ¢, »0®O(N)(2,-1) =d (5.2.6)
for all z € [0,1] (¢,d € R), then we have:

Proposition 5.2.8. D is a C*-subalgebra of By.. Moreover, we have Ky(D) = Z,
K1(D) =0 and the map 7w : D — D/Ky,. induces an isomorphism Ko(D) = K(€(S')).

1/2

dsS is a local representation of kg in coordinates S = % -

and z’ near

3Note, that if Kr(S9, ")

dz’
"I)/

1
x

the c-front face ff then the c-indical family I.(R)(§) = [ e *5¢%(S,0)dS is a Schwartz-function.

— 0o

Moreover, the c-indical family I.(B) of an operator B € ;" (M, bc()7) is an element of STHR™).
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Proof. To shorten notation, we set *¢c(%9) =: o. Let us first prove, that D is an algebra.
Thus let Ny, Ny € D be arbitrary. Then

o(N1Ns)(z,1) = o(Ny)(z,1)a(Ny)(z,1) = c1c9,

which shows that D is an algebra. D includes all adjoints, since o is a *-homomorphism.
So what is left, is to prove, that D is closed: To this end, let (V,),ew € D be a sequence
with
N, "= N € By,

Then it follows that (o(N,)(z,%1)),, o are Cauchy-sequences in C for all z € [0, 1], since
o is continuous. Hence there exist ¢t € C, such that o(N,)(z,+1) > ¢* (for all
z € [0,1]). But this implies

o(N)(z,£1) =5 < [o(N = Na)(z, £1)] + lo(No) (2, £1) — |
< OlIN = Nofl + |o(Ny) (2, £1) — |

270,

which shows that V € D and we have proved that D is a C*-subalgebra of B;, .. Moreover,
by 5.2.2 we have
K.(D/Ky.) = K.(€(S)),

so we can use the same argument as in the proof of the previous theorem to compute the
K-theory of D. Note, that 5.2.6 actually proves that one can find an index one operator
in D. ]

Let D denote the set R
D:={NeD: I,(N)r,, =0}. (5.2.7)

Then D is a closed two sided ideal in D, since D is given as the kernel of a linear *-
homomorphism.

~

Theorem 5.2.9. We have K;(D) =0 (i =0,1).
Proof. First note, that the map A+ Iy(A)r,, induces an isomorphism
D/D =€ ([—1,1)).
And we have the split exact sequence
0—=G(R) —=F(8") 7= C—0,
where ev denotes the point evaluation. Consequently ev, induces an isomorphism
Ko(¢(S") = Z

in Ky. Now we consider the commutative diagram and its image through the Ky-functor

D) L Ko(6([-1,1]))

ig

Z

D—¢>Cg([_1’ 1])

Kol
€ (S —= C Ko(€

1%

o

(&)

Y
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where 7 is the map from 5.2.8 and ¢ := I;(-)r,,- We conclude, that Ko(p) is also an
isomorphism. Then the short exact sequence

0—D—D— %(-1,1]) — 0

induces the following six term exact sequence

Ko(D) Z 7

0 0 K,

in K-theory. This proves our claim. O

Corollary 5.2.10. Let X be a compact manifold with boundary 0X. Then we have
Ki(¢(5*0X) @ D) = 0.

Proof. S*0X is a compact Hausdorff space, thus the Kinneth theorem for tensor products
[16, Theorem 23.1.3] (see also [16, 22.3.5 (d)]) yields the assertion. O

5.3 K-theory for operators on conformally compact
spaces

By [65, Lemma 5.1.4] WJ(X,%Qz) can be realized as a symmetric subalgebra of the C*-
algebra Z(0°L*(X,°Q2)). To shorten notation, let us denote the compact operators in
Z(0"L*(X, OQ%)) by ICéa). Then we have a joint-symbol map given by

To = (00(0),/\/’5) 2 10¢ OQ%) — C("S*X) @ €(S*0X, B;(,ac)) = QW,

where Blgac) = Blgflc’o). Moreover, if we denote by B\” the C*-closure of W3(X,°Q%2) in
ZL(0°L*(X,°02)), then we get the following exact sequence

0— K@ — B(()a) — Q(()a) — 0,

where Q(()a) is given as the C*-closure of TO(\IJS(X,OQ%)) in the C*-algebra Q®. Finally
let us denote by %0 resp. by - , the composition of 79 with the projection onto the first
resp. the second component of Q(®.

Remark 5.3.1. To avoid clumsy notation and since two closures of W3(X,9Qz2) with
respect to different weighted L?(X ,OQ%) spaces only differ by a Hilbert space isometry
(cf. (5.1.6)), we will suppress all indices dealing with a, i.e. we will write o, By etc.

instead of IC((]a) and B[()a).
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Let us give a brief overview of some results concerning the range of the reduced normal
operator. To this end we define

Byo(S*0X) == R (N} : By — €(S*0X,By,.)) ,

i.e. Byo(S*0X) denotes the range of the reduced normal operator. Note that By .(S*0X)
is a C*-subalgebra of the C*-algebra € (S*0X,B,.), since the range of a *-morphism
between C*-algebras is always closed. Moreover, let

TiTTOX N\ {0} — STOX : n+— 7
denote the natural projection. Again, the following results can be found in [65]:
Lemma 5.3.2. Let N € By, .(S*0X) be arbitrary.
(i) beo®CO(N(7))(2,€) depends only on 7(7) € OX and the sign of £ € R\ {0}.
(ii) The equation
og (L(IN@)(ED) = "oCUN@)(1, +1)
= "o OON@)0, 1) = o (LN (@) (+1)
holds for all arbitrary n € T*0X \ {0}.
(iii) The function I,(N (7)) € B(I'y) depends only on w() € 0X.
Proof. See [65, Lemma 7.4.1]. ]
This last lemma leads to the following characterization of Qy:

Proposition 5.3.3. The C*-algebra Qy of joint 0-symbols consists of all pairs
(f,N) € €(°S*X) @ B, .(S*0X)
satisfying for each n € T*0X \ {0} the following compatibility conditions:
OONNENE) = Solial0, (1), ) (5:3.1)
L(NmM)(&/nls) = fole(n, (m(n),£))), (5.3.2)
where (2,€) € T*M \ {0} and ¢ € R. Here fo € €(°T*X \ {0}) is the function

homogeneous of degree 0 in the fibres, that corresponds naturally to f € €(°S*X), i.e.

~

fo(€) = f(C) for all ¢ € °T*X \ {0}.
Proof. See [65, Proposition 7.5.1]. ]

Lemma 5.3.4. Let J denote the set of all N € € (S*0X, By.) satisfying I,(N (7)) = 0 for
all § € S*0X, " oOO(N(H))(2,1) = ¢1 and *cCO(N®))(z,—1) = ¢y for all z € [0,1].
Then J is a closed, two-sided ideal in By, .(S*0X).
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Proof. Let N € J be arbitrary. Then by (5.2.3)

o = "aPO(N@)(2,1) = o@D (N(H))(0,1)
= o (IL(N@))(1) =0

which shows that ¢; = 0 = ¢,. Therefore J is a closed selfadjoint ideal and what remains,
is to show that J C B, .(S*0X) holds. First note, that by our previous discussion

o) (I (N(@))) (£1) = 0 V7 € §*0X,

which shows that 1. (N (7)) € €o(R¢). By [65, Lemma 7.4.2 (b)] the s-morphism A —
[(@.€) — L. (NZ(A)(®)) (£)] induces a surjective map

I.o N : ker("o®?) o Ny) Nker(ly o NJ%) — Go(S"0X x Re);

therefore we can find A € ker(**0(®*" o N¥) N ker (I, o N¥) C B\ (X,%Qz), such that
I.(NY(A)) = I.(N). This implies

N = N”(A) € €(5°0X, Ky.),

where Ky = Ki” and we get N € By .(S*9X), since €(S*0X,Ky.) C By (S*0X) by
[65, Lemma 7.4.2 (a)]. O

The following lemma is a reformulation of [65, Proposition 7.4.3]:
Lemma 5.3.5. The map "o 0 o NV : By — €(0X) ® € (0X) is onto.
Proof. The lemma follows from [65, Proposition 7.4.3]; notice, that

b.c ;(0,0) oNY = F, ONQV

in the proof of [65, Proposition 7.4.3] and that the desired operator can be found in
WO(X,°02). O

Proposition 5.3.6.

(i) We have By, .(S*0X)/J = €(0X x [—1,1]).

(ii) For the kernel of N¥ we have: ker (NY) /Ko = %0(5*X).
Proof. Consider the mappings

F: By (S"0X) — %(0X x[-1,1]),
N +— I,(N);
G :ker (NY) — 60(S*X),
A — %04
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(i) The first part of the proposition follows, if we show that F' is onto, since it is clear,
that J is the kernel of F'. By [65, Proposition 7.3.2] we see, that

VA€ By, Vi€ STOX : L(NY(A)@) € B(Ty) = €(]—1,1]) and
VN € By (S*0X), Vifi, 2 € S*0X : L,(N()) = I(N (7)),

which shows, that the map F' is well-defined, and it remains to check surjectivity. So let
h € €(0X x [—1,1]) be arbitrary. We define

91(y) == h(y, 1) and g5(y) := h(y, =1)  (y € 9X),

then g := g1 ® g2 € €(0X) ® € (0X) and we can find A € By with **c*O(N(A)) =g
using 5.3.5. Now

beg OO (N2 (A)(7))(0, £1) = oy (TN (A) (@) (D),

thus ho := L(N}(A)(7)) — h € € (0X x I'y), where we used the identification of [—1, 1]
with the two point compactification of the weightline I'y. Now, by [65, Lemma 7.4.2 (c)]

the map
Lo N? : ker(“o®) — %3(0X x T'y)

is onto. Consequently, we can find an operator B € ker(°c”)) C By with I,(N?(B)) = he.
But then the operator C' := A — B fulfils
(N, (C) = L, (NG (A) = LNy (B)) = h

and we have finished the proof of (i).

(i) Let A € By be with N¥(A) = 0 and ¢ € °T*Xsx \ {0} be arbitrary. By (5.1.3) and
(5.1.4) we find n @ (y,£) € T*0X @ (0X x R), such that j,(n, (y,€)) = ¢ (note, that
m(n) =y). Now, if n # 0, we conclude by (5.3.2)

A = T 0(A)o(n, (y £)))
IC(NJ(A)(ﬁ))(f/Ws) =
where °5(?) is the function corresponding to %c(®) cf. 5.3.3. Conversely, if = 0 (note that
again 7(n) = y holds) we get
TOA)NCQ) = " V(A)(,(0, (4,)))

= "O(A)(,(0, (7 (1), 6))

= "oCONT(A)@)(z,€) = 0.
This shows, that °c(?)(A) vanishes at °S*Xsx, i.e.

5O (A) € 6(°S* X) = 6o (S*X)

(the last isomorphism holds, since TX ~ 07X ) and G is well-defined. It remains to
show, that G is surjective. Since the range of a s*-homomorphism is always closed and
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%.,(5*X) is dense in €y(S*X) it is enough to show, that for all f € ‘KC(S*O)O() there exists
an operator A € ker(N?), such that °0(@(A)® = f. So let f € €.(S*X) be arbitrary.

Since f is only supported in a compact subset K of the interior X of X , we can find an
operator A € B(()a) which is zero outside an open neighbourhood V of K with VNoX = ()
and %0V (A) = f. Clearly A € ker(N), since A is zero at the boundary. O

Proposition 5.3.7.
(i) Ki(Byo(S*0X)/T) = Ki(€(0X)) holds fori =0, 1.
(ii) We have K;(J) =0 fori=0, 1.
(iii) K;(Bpo(S*0X)) is isomorphic to K;(€(0X)) (i =0,1).

Proof. (i) This is clear since B, .(S*0X)/J = €(0X x [—1,1]) and 90X x [—1,1] ~} 0X.
(i) By definition J = €(5*0X, D), where D is given by (5.2.7). Now, K;(J) = 0 follows
by 5.2.10.

(iii) This follows from (ii) and the six term exact sequence in K-theory associated to the
exact sequence

0— J — Bp(S"0X) — By (5S"0X)/T — 0. O

The following proposition is certainly well-known and can be found in [109, (8.3)
Lemma] (without proof):

Proposition 5.3.8. Let the following diagram of abelian groups and homomorphisms be
commutative with exact rows:

7 g W
/ 7 / 2 ! 7 !
A B; C; i+1
" T bL T " T e T
fi gi h;
A; B; Ci A

Furthermore suppose, that ¢; : C; — C. is an isomorphism for all i € IN. Then the
following sequence is exact:

-1
hic; " g;

(fi,b:)

ﬁAiM)A/i@Bi B, Aigg — -+

Here, the map (f],b;) is given by fl(a;) + bi(5;).

Proof. (i) Let (o, 3;) € ker(f/,b;) be arbitrary, i.e. f/(a}) + b;(5;) = 0. Applying g; to
this, we get ¢ (f{(a}) + b;(8;)) = 0 which implies g.(b;(5;)) = 0, since g o f/ = 0 by the
exactness of the upper row. This gives ¢; ' (¢/(b;(3;))) = 0 and we conclude g;(3;) = 0 by
the commutativity of the diagram. Therefore we can find «; € A;, such that f;(a;) = 5;.
Note, that we have f;(a;+h;—1(7vi—1)) = 0; for all 4;_1 € C;_1 by the exactness of the lower
row. By commutativity we get b;(fi(c;)) = f!(ai(;)), which implies f/(a;(a;) + o) = 0.

So again, we can find v}_; € C/_,, such that h_,(v/_,) = a;(a;) + o}. This gives

az(hi—l(cf—ll (7i-1))) = ai(ai) + o,
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since the diagram commutes and ¢;_; is an isomorphism. But then a;(h;_1(c; (V. ) —
a;) = o) and ker(f/,b;) C r(a;, —f;). Clearly, r(a;, —f;) C ker(f/,b;) since the diagram
commutes, which gives exactness at A, & ;.
(ii) Exactness at B: Let 3] € ker(h;c; 'g}) be arbitrary. Then we have c; *g}(3!) € ker h;
and we find 3; € B;, such that g(8;) = c; 'gi(3!) by the exactness of the lower row. We
get
9:(8; = bi(3:) = gi(Bi) — gibi(B:) = gi(B:) — ciga(B;) = 0
by commutativity and the fact, that ¢; is an isomorphism. Again we can find «; € A;,
such that f/(of) = B! — bi(5;) by the exactness of the upper row. But this implies
(fl(a)),bi(3)) = fl(ah) + bi(B;) = B, i.e. ker(hc;'gl) C r{f/,bi). On the contrary, if
Bi € r(f!,bi) is given, we find o € A} and f; € B;, such that 8; = f/(a}) + b;(5;). We
deduce
hic; ' gi(B) = hici " gifi (o) + hi ;" gibi(B;) = 0
:6/ =9i

by exactness and commutativity. The reversed inclusion r (f/,bi) C ker(h;c; 'g!) follows.

(iii) Exactness at A;11: Let a1 € ker(aii1, —fis1), i.e. aip1(o) =0 = —fiir1(it1). By
exactness of the lower row, we find 7; € C; such that h;(;) = c;11. This implies

hgci(%') = ait1hi(Vi) = aip1(igpr) =0

i.e. there exists an element b, € B., such that ¢}(b}) = ¢;(;) by the exactness of the upper
row. Therefore

hici 1 gi(B1) = hic; 'ei(vi) = hi(7i) = iy,

/—1 1

and we have proven ker(a;y1, —fiy1) C r(hid 'g)). Finally, let a1 € 1 (hic; 'gl) be

arbitrary; choose (3 € Bj, such that hyc; 'gi(8]) = a;y1. Since a;1hic;* = h} we conclude

ai+1hi0¢_19;(ﬁz{> = h;g;(ﬁ;) =0

by exactness of the upper row. Moreover, fiy1h; = 0 which gives — fi,1hic; ' gi(3) = 0
and shows 1 (h;c; ' g}) C ker(a;y1, — fis1)- O

()

Lemma 5.3.9. Let A, B and C be abelian groups, o : A — A& B the canonical injection
a+— (a,0) and §: A— C be a group homomorphism. Then

(AeBaC)/m(A) =BaC
holds, where m : A — A@ B & C is given by m(a) := (a(a), —F(a)).
Proof. Let ¢ : B&C — (A® B & C) /m(A) be the map given by
0 :BDC> (bye)— [0,b,c) € (AdBDC)/m(A).
Then ¢ is injective, since (b, ¢) = 0 implies

(CL, b? C— 6(0’)) = (d, 07 _6(&))
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Thus b = 0, a = a and therefore ¢ = 0.
To prove surjectivity, let [a,b,¢c] € (A@® B @ C) /m(A) be arbitrary. Then

[a,b,c] = (a+a1,b,c— B(ar))
= (a+a1,0,—6(a+a1))+(0,b,c+6(a)),

ie. p(b,c+ B(a)) = [a,b,c]. This shows that ¢ is a group isomorphism and we have
proved the lemma. [l

Remark 5.3.10. Let us note, that (5.3.3) enables us to give the inverse of ¢ used in the
last proof, namely

Vs b, — (b e+ Bla). (533)
Proposition 5.3.11. The map ¢ : €(0X) — By, .(S*0X) defined by
o: fr— N(M,y), g€ € (X) such that gox = f,

induces isomorphisms p, @ K, (0X) — K.(By.(S*0X)). Here M, € By denotes the
multiplication operator given by the multiplication with g.

Proof. By 5.3.7 the canonical projection
(L Bb,c(S*aX> I Bb,c(S*aX)/j
induces isomorphisms
Tt K (Bpo(S70X)) — K. (F(0X))
in K-theory. Since ¢ injects, we get
0 :C(0X) — r(p) C By (ST0X)

to be a C*-algebra isomorphism. Let f € €(0X) be arbitrary and g € ¢ (X) be with
glox = f. We choose a local coordinate patch V' given by (5.1.2), which yields a trivial-
ization T*0X oxv = Ry~ x Rp~" and get

N2 (M) (y, mI(x) = g0, y)h(x) = f(y)h(x) (b€ €=(M,"Q2))
according to [65, Proposition 4.6.1]. This shows r(¢) = %' (0X) and we conclude

0. K (€(0X)) — K, (€(0X)) 2 K.(By.(S*0X)). O

Let m denote the natural identification of elements f € %(X) with their induced

multiplication operator My in By (X, OQ%). To shorten notation and for systematic reasons
(see 5.3.12) let By =: B, Ky =: K and ker(N}) =: Z.

Remark 5.3.12. A careful comparison of the results for this O-setting and the results in
[80] and [79] shows, that one could use the same arguments as in the case of Boutet de
Monwel calculus to prove the following theorem. Anyway, the proof provided here is very
short and works also for Boutet de Monvel’s algebra.
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Theorem 5.3.13. The commutative diagram

0 I/K B/K B/T 0
mT mT @T
0—=%o(X) B (X)) —=F(0X) —=0
with exact rows induces an isomorphism
K.(B/K) 2 K, (€(X))® K,_1(6y(T*X)). (5.3.4)

Before we give the proof of this theorem let us fix some notation first: Let p : €5(X ) —
%,(5*X) denote the pull- back of functions under the bundle projection S*X — X.
Moreover, we denote by B*X the unit ball bundle of X; note, that %o(X) is homotopy
equivalent to CKO(B*)E' ). Finally notice, that the composition of the isomorphism Z /K =
©o(S *X ) with m corresponds to p and we will use this fact in the following proof without
any comment.

Proof. We have Z/K = %,(5*X) and
K. (y(S* X)) 2 K. (6o(X)) ® K. _1(€o(T*X)).
Moreover, p, : K,(6(X)) — K.(%(5*X)) corresponds to the canonical injection
K.(6(X)) = K(%(X)) ® Koor(6(T" X))

under this identification [79, Proposition 11] (note, that this also implies K,(% (X)) —
K.(B/K) by the five lemma). Using this and our previous observations, we get the
following commutative diagram with exact rows:

= KL (($7X)) — K.(B/K) —— K.(¢(0X)) —

o]

= K (X)) — = Ki(€(X)) —= K.(€(0X)) —
which fits into 5.3.8. Consequently, the following sequence
L K (G (X) P K% (8 X)) @ K (X)) — K.(B/K) —
is exact. Since p, is an injection, it follows that
K.(%(X)) = K.(%(5"X)) ® K.(%(X)).
This leads to the short exact sequence

0 — K, (y(X)) — K.(€(5* X)) ® K.(€¢(X)) — K.(B/K) —
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If we denote hy := (ps, —1,), we conclude (using the identifications stated above)
K.(BIK) = (K.(%(5'X)) @ K.((X))) /h. (K.(%(X)))
(K*(%()?)) ® K._1(6(T*X)) ® K*<<5(X>))
h (K*(%()%)))
By 5.3.9 K,(B/K) = K, 1(6y(T* X)) & K.(€ (X)) follows. O
Proposition 5.3.14. We have

Ki(By) = ker(ind: Ky (By/Ko) — Z) and
Ko(Bo) = Ko(%(X)) @ Ki(%(T"X)),

~

where ind denotes the Fredholm index map, which is surjective.

Proof. Tt suffices to prove that that there exists a By valued k-by-k-matrix, such that this
matrix has index one. But this follows similar to the proof in [67, Theorem 5.18]. [

5.4 The index of a fully elliptic operator on a conformally
compact space

To calculate the index, we have to introduce 0-operators acting between sections of finite
dimensional vector bundles &,& —— X. First of all note, that we can assume that
our operators act between the same bundles: Since X has a non empty boundary, there
exists a section of °S*X. Thus the symbol of an elliptic operator gives an isomorphism
between £ and & and we restrict ourselves to the case & = & =: £. Now, choose a
complement F of £, such that £ ® F = C" for a suitable n € IN, where C" denotes the n-
dimensional trivial bundle. Thus, we consider the algebra ¥{'(X;C") := ¥y (X;C", C")
of all operators

. (X, F) (X, F)
~ td 0
A= (O A> ; & — @ .

¢ (X,E) C>(X,E)

Note, that ind A = ind A and we will write A instead of A in what follows to simplify
notation. Let us recall the characterization of Fredholm operators in W{'(X; C") given in
[65]:

Proposition 5.4.1. Let a € R be arbitrary and A € U5(X; C") be with “a(A)(C) # 0 for
all ¢ € °S*X. Then the operator

A oy Hi(X; C") — oy Hy (X C7)
18 Fredholm provided the reduced normal operator
NQN (A) (77) : QSQ? ZT,LC(Ma CZ(?])) - Qgg?l_ng,c(M; C:(n))

is invertible for allm € T*0X \ {0} and some, hence any a; € R.
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Therefore an operator is Fredholm, if it is fully elliptic. Before we state an index formula
for Fredholm operators of order 0 let us make some remarks. First of all note, that by
general group theory (5.3.4) induces a short exact split sequence

o

0 — K1(¢(X)) — K1(By/Ko) — Ko(6o(T* X)) —=0
of abelian groups. And we see:

Lemma 5.4.2. Every fully elliptic operator in By can be (stably) deformed to a direct
sum of an operator which is the identity near the boundary, and a multiplication operator
by a bundle endomorphism on X.

Let 2X denote the double of X, i.e. the manifold that is obtained by gluing X along
the boundary. We will write X; resp. X, for X, if we need to distinguish the "right” and
the "left” component of 2X. On K°(T*2X) we have the topological index map, i.e. the
push forward to a point

ind, : K%(T*2X) — K°({e}) 2 Z,

which gives rise to a topological index for Ko(Co(T*X)):
ind, : Ko(%(T"X)) = K°(T*X) — K°(T*2X) — Z. (5.4.1)

If A € By is an operator that is the identity in a collar neighbourhood near the boundary,
there exists an elliptic pseudodifferential operator A € ¥°(2X,C"), such that Af = Af
whenever f is supported in X, namely Af := Afjx, + Aa(flfﬁ). Here o : 2X — 2X
denotes the flip, i.e. the diffeomorphism that interchanges X, and X; in 2X. Since Ais

the identity near the boundary and coincides with A on X, we have Af = 0 if and only
if A(fix,) =0 and A(a(fix,)) =0, which gives

ind A = 2ind A.
2X is a compact manifold without boundary, thus the Atiyah-Singer index theorem yields
ind A = ind, 0 6§ [o(A)], (5.4.2)

where o denotes the homogeneous principal symbol map on ¥°(2X,C") (the closure of
the algebra of 0-order pseudodifferential operators with respect to L?(2X, C")), [o(a)] the
K-class of o(a) in K;(€(S*2X)) and ¢ is the index map associated to the six term exact
sequence in K-theory of the short exact sequence

0 — %(T"2X) — € (B"2X) — €(5"2X) — 0.

Here B*2X resp. S*2X is the cobundle of the ball- resp. sphere-bundle of T2X — X.

o o

Let v : 6o(T*X) @ 6o(T*X) — € (T*2X) be the map given by

fl(C)’ CG T*QX\XOH’
v fi® for— < f2(0), CGT*QX‘)@,
(), CE T*2X‘3X.
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Then 7 (f) := v(f @ 0) resp. 1(f) := ¥(0& f) corresponds to the inclusion of G (T*X)
in €(T*2X) at the "right” resp. "left” side of 2X. Note that we have

a7 (m @ 0) = (0@ m) (m € Ko(%(T"X)))
by the naturality of the induced maps.
Theorem 5.4.3. Let A € By be a Fredholm operator. Then the index of A is given by:
ind A = ind (7 ([70(A4))])),
where [10(A)] denotes the Ki class of the joint symbol of A in By /K.

Proof. We have the following diagram, where the horizontal row is exact:

0 — K1(€(X)) — K1(Bo/Ko) —> Ko(%€o(T* X)) —0

ind \L ind ¢ l

7 7

Clearly ind = ind; on K,(% (X)) since K;(%¢ (X)) is on the one hand given by classes
of (invertible) multiplication operators, therefore their index vanishes, and on the other
hand it is mapped to zero by the exactness of the upper row.

So, by 5.4.2 we can assume, that A is given by an operator that is a bundle isomorphism
in a collar neighbourhood of the boundary. Using the map v, . we get

274 (w[10(A)]) = 75 (w[70(A)]  0) + a7, (0 ® 7T (A)]) -
Since the topological index is independent of o, we conclude

2ind ¢ (71,4(7[10(A)])) = ind 7. (w10 (A)] & (70 (A)]) -

Note, that ind; o 7y, is the definition of the topological index for €y(T*X) cf. (5.4.1)

~

and v, (7[10(A)] ® w[10(A)]) = d[o(A)] by the very definition of the map  and that of the
K-classes 7[r9(A)] and 6[o(A)]. This in orchestra with (5.4.2) gives
ind, 04 [o(A)]

ind ¢(7[10(A)]) = ind (1. (7[10(A4)])) = 5 =ind A,

which proves the index theorem. [l

5.5 The Dirac operator

In the sequel we assume, that X has an additional spin structure and that dim X =n > 2.
Then this spin structure on X canonically induces a spin structure on 0X. If dim X =n
is odd, then the restriction to 0.X of the spinor bundle XX of X is precisely the spinor
bundle on 0X, i.e. XMy = X9X. If n is even, then XXy = 20X ® X0X holds. Note,
that we will suppress the density bundles in what follows to shorten notation.



98 Chapter 5 K-theory for conformally compact spaces

Let us denote by DX the Dirac operator on X (with respect to the smooth metric h),
which is given by D* = 3~ ¢(X*) VXX, where

i=1

V?{f@ Z I nc( (XF)e(XN e
k:<l

for a spinor field ¢ = [b, 0] and the ng are the Christoffel symbols. If v denotes a unit
normal field with respect to 0.X we get the following decomposition formula for the Dirac
operator (cf. for example [11, formula (3.6)] and the references given there)

D¥ = —¢(v)D?* — %tr(W)c(l/) + c(v)VEY, (5.5.1)

for sections of ¥X defined in a neighbourhood of dX. If we denote by D° the Dirac
operator with respect to the 0-metric g, then

—1

D' = onoZ DXol T — i3 DX
= ONOpN On = QN QN

holds by the usual formula for conformal changes (cf. [69, Chapter 2, §5 Theorem 5.24]).
This in connection with (5.5.1) and [69, Chapter 2, §5 Lemma 5.5] gives

D° = o (on* DX teldloy ™)

Here d denotes the total differential. Before we calculate the reduced normal operator of
the above terms separately, let us fix some notation: To be consistent with the formulas
given by [65, Proposition 4.6.1] let (z,y) : X 2V — Ry x IRZfl coordinate chart in a
neighbourhood of the boundary of X. Using this chart, we will identify v = X,, with 0,
and X; with 0,, (¢ =1,...n — 1) in the following calculations. Moreover note, that by a
Taylor expansion oy (z,y) = za(z,y) where a(0,y) > 0 for all y € 0X holds. Let us first
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treat the term involving the connection on the spinor bundle:

oxe()D o = one(n) I e(X)VENp

= owelr) Y (X VEY

<.
Il

3
|

~
[en]

= onc(v) ) o(XN)b, Xi(0)]

n—1
+ QNC Zch ZchXk XY

i= k<l

3
—

7

'

(*)
and
one()V e = QNC(V)< Zrnkc )90>
k<l

The term (*) vanishes for z = 0 and has order zero, therefore its reduced normal operator
vanishes. This gives:

N (onc(v) (—DaX + V) v
= a(0,y)c(v) (Z c(X7)[e, —inaw] + [e,x&w]) :

For a spinor field ¢ = [e,w]. The term —oytr(W)c(v) has order zero and vanishes for
x = 0, so again the reduced normal operator also vanishes. Finally we get:

ZXi(gN)c(Xi) = (a(x, y)e(X™) + ZxXi(a(x,y))c(Xi)> :

Here, the reduced normal operator of the second term vanishes, too, while the first term
contributes as a non-vanishing zero order term. Summarized we get:

Proposition 5.5.1. The reduced normal operator of D° is given by:

N(D")(y.n)¢
= a(0,y)c(v) < o(X7)[e, —injaw] + le, (20, — n ; 1)w]>

for i = [e,w].
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Since D is (essentially) self adjoint (cf. [69, §5 Theorem 5.7]), A'(D°)(y,n) has this
property, too, where (y,7) € Ry~' x Rp~" cf. [65, Proposition 4.5.2]. And we have

"oN D)y m)(=,€) = ia(0.y)e(v)E.
n—1

BN o)) = a0)e) ("5 i) (5:52)

IV N(D%)(y,m)(€) = ia(0,y)e(v) <§+ ZC(Xj)nj) :

where ®¢g := »¢g(L1) | Note that we again used the formulas and coordinates according to
[65, Proposition 4.6.1]. Let ap € R be arbitrary, then we deduce from (5.5.2):

L(N (D) (y,n)(w — iag) = a(0,y)c(v) <_nT—1 +iw + ao) (5.5.3)

and get (cf. [65, Proposition 4.5.4]):

Proposition 5.5.2. The reduced normal operator of the Dirac operator D° is a smooth
family
N(D°) : T*0X \ {0} — L (0§ ot H; (EM), 05 0P~ H; . (EM)

of Fredholm operators for any a1 € R, provided ag # "T’l

Proof. We have —2% +iw+ay = 0 if and only if w = 0 and ayg = “5*. Moreover, a(0,y) #
0 holds for all y € 9X and ¢(v) is invertible. Now, (5.5.3) implies I,(N(D°)(y,n))(w —
iag) # 0 for all y € 90X and all w € R if ag = "T_l and we get the desired property by [65,
Proposition 4.5.4]. O

Remark 5.5.3. Let us make a short remark about the notation XM used here: Since
M = [0, 1] is an one dimensional manifold, the corresponding Spin(1)-structure is just two
copies of the interval itself (the double cover of the orthonormal frame bundle), thus the
associated spinor bundle ¥ M is the trivial (complex) one line-bundle over M. We kept
the spin notation for systematic reasons here.

But the Dirac operator is not Fredholm for unweighted spaces:
Theorem 5.5.4. There ezists 0 # ¢ € T*0X \ {0}, such that the reduced normal operator
N(DO)(Q) - M (EM) — 0713 (EM)
of the Dirac operator is not injective. Especially,
D H(EX) — HH(EX)

1s not a Fredholm operator.
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Proof. Let 0 # ¢ = [b, 0] € ker (N(D°)(y,n)) be arbitrary, i.e.

n—1
1
a(0,y)c( [ ( zz:cXJ n;x + 20, _T>0] = 0.

Jj=0

We have the identity

©"T 20, (x’%a> = 27 a <&E($JTA)U + x7%810>

which gives

7=0
n—1
n+1 n—1
= —ch(XUmxa%—m 20, (x_ 2 O’)
7=0
n—1
n+l
= 2 (—z C(X])T)J+8) o
=0

Thus, it is enough to solve the differential equation

n—1
( ZZCX] 77]954—0)5:0,
7=0

~ _n—1
where 0 := 272 0. We conclude

‘nfl X ‘nfl .
—i Y (XD ne1 —t > c(XI)nx
j=0 j=0

o(z)=e v<=o(x)=x2e

v (5.5.4)

(v € R™) and we have found an explicit solution. Now let n = (1,0,...,0), i.e. n; =0 for
all j # 1. Since ¢(X1)? = —1 all eigenvalues of this matrix are +i and we choose v in the
—1 eigenspace of ¢(X;). Then we get

nol (X Dz n=l _pg n—1

olx)=xzz e v=x2e Tv=ua2 (e_“”vl,...,e_xvn),

so we can calculate:
€1 d
T
Jlo@ps = [a2>erita
0

= v2 /:r"_Qe_Q‘T dr < o0 (5.5.5)
0
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(e, > 0) and
/ l|o(z)||? do = va/x”_le_% dr < 0o (5.5.6)
€2 =0 €2

(e2 > 1) which shows, that ¢ is an element in Lj (XM, be()2) (see also Appendix C.1).

Moreover, we have

n_]_ n—3 _ n—1 _
Oyo(x) = vz e Py a7 e By
2

for this special choice of . Thus 20, is integrable in a neighbourhood of 0 with respect
to dz/x and 0, is integrable outside a neighbourhood of zero up to infinity with respect

to dz using an analogous calculation. Therefore ¢ € H; (SM, b’CQ%) (see again Appendix
C.1). O

Remark 5.5.5.

(i) Lott proved in [73, Theorem 1] under somewhat similar conditions, that the Dirac
operator D? has no L? kernel. However, he needed the condition dim X = 4k to
prove that zero is an element of the essential spectrum of D (see [73, Corollary 1]).
Lott also proved that

dim ker D" = dim ker D*~

(see [73, Corollary 5]) holds, where (cf. [15, Definition 3.4.6])

0 Do+
0 __
()

(ii) In [89] A. Moroianu and S. Moroianu showed that the Dirac operator (D, g), with
the metric g given by
_h_de’+hy
I T @R
does not have any distributional eigenspinors of real eigenvalue inside L? if X has
a boundary component M (not necessarily compact) that is at infinite distance
with respect to the metric g ([89, Theorem 2.1]). Note, that hereby the function
f depends only on the variable z in a neighbourhood of M and the proof of their
result relies on that fact; our boundary defining function p is not asked to fulfil this.
This assumption on f implies geometrically the existence of a non complete vector
field on X, which is gradient conformal on an open subset of X. They also prove
that the existence of a vector field on a complete manifold X, which is gradient
conformal and non-vanishing outside a compact subset of X implies that there is an
open subset of X, which is isometric to a warped product of an open cylinder and
a complete Riemannian manifold M, such that the metric decomposes like (5.5.7)
(see [89, Theorem 4.1, Proposition 4.2]). Note, that a general 0-metric needs not to
fulfil this (see also the discussion in appendix C.2); however, their function f needs
not to behave like 22 as in the case of a O-metric.

(5.5.7)

It is also worth pointing out, that their proof makes use of a system of first order
differential equations induced directly by the Dirac operator - not for its reduced
normal operator as in our case.
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5.6 K-theory for U*-algebras on conformally compact
spaces

In this section we want to discuss the K-theory for certain W*-completions of ¥)(X, OQ%).
Lauter proved in [65, Proposition 8.2.1] that the algebra of operators of order 0 in the 0-
and the b-c-calculus do not admit topologies making them topological algebras with an
open group of invertible elements (see also [60, Theorem 4.7.2] for a similar result on the
b-calculus on a manifold with boundary):

Proposition 5.6.1. Neither on W9(X,°Qz2) nor on Uy (M, beQ)2) there exists a topology
giving them the structure of a topological algebra with an open group of invertible elements.

In particular, neither 3(X,°Q2) nor Wy (M, be()2) can be realized as U*-algebras.

However, it is possible to construct ”W*-completions” of W)(X, 00)2) and Uy (M, be()s),
that own much finer properties than the C*- completions, using methods developed in [46]:

Proposition 5.6.2. For any ag,a; € R there exists a submultiplicative V*-algebra
1 1
b (M, "°Q2) in the C*-algebra Byy™ (M,*Qz), such that

(i) ¥p.(M, beQ)3) is a dense subalgebra of b (M, be()s).
(i) A e A%™(M, beQy2) extends from € (M,><Q2) to a bounded operator
A g ot Hy (M%) — o o H} (M, Q%)
for all s € Ny.

(iii) Let wi,wy € €°(]0,1[) and a € A%™ (M, beQ)2): Then wyAws is an ordinary com-
pactly supported pseudodifferential operator on the open manifold |0, 1].

Proposition 5.6.3. For any a € R there exists a submultiplicative V*-algebra Af(X, OQ%)
in the C*-algebra B3(X,"Q2), such that

(i) WO(M,°Q2) is a dense subalgebra of A3(X,°02).
(ii) Any A € AS(X,OQ%) extends from € (X,°02) to a bounded operator
A 0y H3(X,°07) — o} Hi(X,°02)
for all s € Ny.

(i) Let wi,wy € €=(X) and A € A%(X,°Qz): Then w1 Aws s an ordinary compactly
supported pseudodifferential operator on the interior X of X.

Proof. See [65, Theorem 8.2.3 and Theorem 8.2.4]. O]
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Theorem 5.6.4. The continuous and dense injection of AS(X,°Qz) into BG(X,%02)
mduces an isomorphism

K, (A(X,%02)) = K, (B3(X,°Q2)).

Proof. Since AJ(X ,OQ%) is a spectrally invariant Fréchet algebra and is also dense in
Bj(X, OQ%), this follows using [17, Section A.2.2]. O

Remark 5.6.5. Note, that A§(X ,OQ%) depends on various choices (for example, it de-
pends on the choice of sequences of 0-vector fields). Since W*-algebras are closed under
intersections, we can consider the algebra AVO(X ,OQ%) given by the intersection over all
possible choices. We obtain a complete topological algebra with jointly continuous multi-
plication and continuous inversion having properties 5.6.3 (a)-(c) and property 1.1.1 (ii).
In particular Ay(X,Q2) is closed under functional calculus. In general Ag(X,°Q2) is not
expected to have a Fréchet topology.

1

Theorem 5.6.6. The continuous and dense injection of Ay(X,°Qz) into B3(X,Q2)
induces an isomorphism

K.(Ap(X,°02)) = K, (B3(X,°22)).

Proof. As noted before, KO(X , OQ%) is a locally convex, complete topological algebra, with
continuous inversion, jointly continuous multiplication and with a continuous and dense
embedding into By. Then using A.1.8 the claim follows. O]



Appendix A
K-Theory

A.1 K-theory for certain spectrally invariant algebras
Let us present a sharpening and generalization of Karoubi’s density theorem in K-theory:
K.(A) = K.(B) (A.1.1)

for certain algebras B with suitable (dense) subalgebras A. The result presented here is
also a generalization and simplification of the appendix in [17].

Theorem A.1.1 (Karoubi 1978/79). If B is an unital Banach algebra over C and A a
continuously and dense embedded Banach-subalgebra, such that

ANB™?t = A1 and (A.1.2)
M,(A)NM,(B)™ = M,(A)™ n>2

is fulfilled, then (A.1.1) holds.

First of all, let us generalize the fact that (A.1.3) is a consequence of the other assump-

tions (cf. [59], [105], [17] and [39]):

Lemma A.1.2. Let B be an unital algebra over C with a topology 753 on B, which makes
B into a separated topological algebra with jointly continuous multiplication, continuous
inwversion and an open group of invertible elements. Furthermore let A be an unital dense
subalgebra of B, such that

(i) there is a topology T4 on A, which makes (A, T4) into a separated topological algebra
with jointly continuous multiplication,

(ii) the inversion in A~ is continuous with respect to T4,
(iii) the natural inclusion (A,74) < (B,Ts) is continuous,
(iv) A is spectrally invariant in B, i.e. ANB™1 = A7,
Then (A.1.3) holds.

Remark A.1.3. For sequentially complete, locally convex algebras A the assumptions
(ii) of A.1.2 is superfluous if A is metrizable or submultiplicative.
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Proof of A.1.2. Let us first note, that the following Gauss decomposition

by bio 1 0\ (bn 0 1 by'bio
—( . , Al4
(bz1 b22> (5215111 1) (0 b22—b21b111b12> <o 1 (4.14)

holds if by is invertible, where the b;; are matrix elements (or even matrices themselves).
To finish preparation, let us mention that we denote by id,, the identity of M, (B) (resp.
M, (A)) in what follows.
Now we prove, that
M, (A) NUz(id,) € M, (A)~", (A.1.5)

where Ug(id,,) denotes an open neighbourhood of id,,, such that b € B~ for all b € Uz(id,,).
This will be done by induction with respect to n:

If n = 1 this is true, since A is spectrally invariant in B. So let n = 2 and choose
neighbourhoods U(0),V(0) and W(0) of zero in B, such that

Bo>ace+U(0), B2beW(0) = a+bee+V(0)C B
The map ® : B x B~! x B — B given by
(bl,bg,bg,) | — blbglbg

is continuous, since the inversion and (joint) multiplication are continuous. In particular
® is continuous in (0,¢e,0) and ®(0,¢e,0) = 0. Thus, ®~'(W(0)) is open and we can find
open subsets O1(0), O2(0) and O3(0), such that

(b17b2,b3> c 01(0) X (6 + OQ(O)) X 03(0) — (I)(bl,b27b3) < W(O)

3
We define O(0) := () O;(0) and denote by $4(0) the open neighbourhood of zero in M (B)
i=1
that corresponds to U(0) x O(0) x O(0) x U(0) with respect to the identification

11 a2
(a117 @12, G21, CL22) L a a .
21 22

Let a = (a;;) € Ma(A)N(ide+4U(0)) be arbitrary. Then aj; = a3 +0 € AN(e+V(0)), i.e.
a1 € B~! which implies a;; € A~ since A is spectrally invariant in B. Thus we can use
(A.1.4); note that the outer left and right matrices on the right hand side of (A.1.4) are
always invertible in A. By the choice of £(0), we get as € U(0) and asaj'ax € W(0).
This implies agy — aglafllalg € e+ V(0) and we have agy — a21aflla12 e A7, We conclude
My (A) N (idg + 4(0)) € My(A)~!, which proves (A.1.5) in the case n = 2.

Now, suppose that we had already proven (A.1.5) for 0 < k <n —1: If a = (a;5);; €
M, (A) we set

21 Q2 Q2
b1y == a, b2 = (a12 aln)a by = : , by 1=

an1 Qp2 - Qnpn
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and get byp, b, € A"! and by € M, _1(A). Thus we can use the same argument as in
the case n = 2 (after the obvious changes). Note, that by b;;'b1o defines an element in
M,,—1(A) (by matrix multiplication).

Now, M, (A)NUz(id,,) C M, (A)~* implies M, (A)NM,(B)~' = M, (A)~!, since M, (A)
is dense in M,,(B) using [39, Lemma 5.3]. O

Lemma A.1.4. Let B and A be given as in A.1.2. Then:

(i) The spectrum og(b) of b € B is compact and upper semi continuous with respect to b,
i.e. for all open neighbourhoods U of op(b) exists an open neighbourhood W(b) C B,
such that og(a) C U holds for all a € W(b).

(i) For fized b € B and every closed set K C C with K No(b) = 0 and for each
neighbourhood V(0) of 0 € B there exists a neighbourhood W(b) of b, such that:

(a) W(b)NA#D,
(b) Ne—a)"t €A forallae Wb)NA and all X € K,
(c) Me—=b)"t—(Ae—c) 1 €V(0) for all X\ € K and all ¢ € W(b).

Proof. (i) Since B! is open, there is a neighbourhood V(0), such that e—b is invertible for

all b € V(0). The scalar multiplication with A € C is continuous, which implies Ab 229,
This shows, that we can find N € IN, such that b/N € V(0). But then (e — b/)\) € B!
for all A € C fulfilling |A| > N, and (Ae —b)™' = A7!(e — b/A\) 7! exists in B. Thus o5(b)
is bounded. Now, let A\g & o (b), i.e. (Aoe —b)~' € B. Since B! is open, we can find
Us(No) C C, such that (e —b)~! € B~ for all A € Us()\). Therefore o5(b) is also closed,
hence compact.

Now, let U be an open neighbourhood of o5(b). Since the inversion is continuous, we
can choose a neighbourhood V(0) of zero, such that (e —a) € B~! holds for all a € V(0).
Let r > 0 be given such that

o(b) CU C K, and b/x € V(0) if |\| > r (A € C),

where K, :={z € C : |z| <r}. Again, the continuity of the scalar multiplication yields,
that we can find Wy(b) C B, such that a/A € V(0) holds for all a € Wy(b) and for all
A € C with |A] > . But this implies

(Ae—a) b =21 (e - —)1 eB

for all @ € Wy(b) and for all A ¢ K.
Now, set R, := {\ € C : dist (\,0(b) < €}, where € > 0 is chosen, such that og(b) C
R. CU. Then D := K, \ R, is compact in C. Let \g € K, \ R.(C Cos(b)) be arbitrary.
The map
DxB3[\a)— (Ae—a)— (e —a)?

is continuous in (Ao, b) and B~! is open, thus we can find a neighbourhood U(Ag) of g
and a neighbourhood W), (b) of b, such that

A €U(N) and a € Wy, (b) = (Ae —a)"! € B.
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N
Clearly |J U(Xo) 2 K, \ R. and we can use Heine-Borel to get |J U;(N\;) 2 K, \ R..
X€ED j=1

N
Now, set W(b) := (] Wy, (b) N Wy(b), then:
=1

j
a € W(b) and A € (R, = (Ae —a)" ' € B,

and we have finished the proof of (i).

(ii) Let b € B be fixed, K C Co(b) be closed and V(0) be an arbitrary open neighbourhood
of zero in B. Since K and o(b) are closed, we can find an open neighbourhood U of o (b),
such that X NU = (. But then we can apply (i) and find an open neighbourhood W (b),
such that (Ae — ¢)™! € B exists for all ¢ € Wi (b) and all A € K. The function

I xWi(b) 3 (N e)— (de—=b) = (Ne—a)'eB

is well-defined and continuous with r(X,b) = 0 € V(0) for all A € K. Thus we can find a
neighbourhood W(b) C W (b), such that (Ae — ¢)~! € B for all ¢ € W(b) and

ceW(b) and A € K = r(\,¢c) € V(0),

which gives (c¢). Since ANB~™' = A~ and A is dense in B we get also ANW(b) # 0 and
(Ae —a)™t € A for all a € W(b) N A. O

In the following step for the proof of (A.1.1) we apply the functional calculus of Wael-
broeck (see [112], [113]) together with lemma A.1.4.

Lemma A.1.5. Assume that A and B have the same properties as in A.1.2 and are also
locally conver and sequentially complete. Then:

o P(A) is dense in P(B) and
o m,(P(A)) =2 7m,(P(B)) holds for all n € INy.

Remark A.1.6. It is worth pointing out, that under the assumptions of A.1.5 the spec-
trum of a given element b € B resp. a € A is not empty.

Proof of A.1.5. First of all let us show, that P(.A) is dense in P(B): Let € > 0, || - ||, be
a (fixed) seminorm on B and ¢ € P(A) be arbitrary. We have

re—g=Ae—q)+(A—1)q,
which gives (Ae — ¢)! = 52 4 1%, since (e — ¢)g = 0. Thus o(q) C {0, 1} and we get

211
|z71|:%

g=— / (Ae —q) " dA

using the functional calculus of Waelbroeck [112]. Moreover, U given by

1 1
U.:{ZGC.|Z|<Z}U{zEC.|z—1|<1}
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is an open neighbourhood of o5(q) and we have I' N U = () where

F::{zEC:|z—1|:i}.

Set V(0) := {be B : [|b]|, < &}, where C' := L(T')/27 and L(I') denotes the length of
the compact contour I' € C. Then the last lemma together with the density of A in B
implies, that we can find a (small) open neighbourhood W(q) of ¢ such that W(q)NA # ()
and

acA aeW(@, el = (i) (Ae—a)' € Aand
(i) (e =)' — (Ae —a)~' € V(0).

Note that o4(a) = o5(a) holds since ANB™' = A~!. Let a € ANW(q) and define

11—z < i
h(z) = {0 else.

Then h(z)?* = h(z) holds if |z — 1| = 1/4, thus we get

- / (Ae —a)" dA = h(a) € P(A).
=14

We conclude:

@ =dly = || [ (G- = e-0)) ax

n

\zfl\Zi
1 _ _
< 2—L(F) sup (|[(Ae —a)™" = (e —q)7'],) -
T Aer

By the choice of W(q), we have (Ae —a)™! — (Ae —¢) ™' € V(0) for all A € T" and it follows
1 _ _
(@) =l < LT sup (e = ) = (e — )], < ¢
Aer

and we have proved the density of P(A) in P(B).

Now, let M be a connected component of P(B). Then AN M is a dense connected
component of P(A): The previous discussion shows, that h(a) is also in M if ¢ € M.
Let p : [0,1] — P(B) be a continuous path in P(B) with p(0) € A and p(1) € A.
Then there exists g € B!, such that p(1) = gp(0)g~', cf. [39, Lemma 2.2], where B!
denotes the connected component of e € B~!. Since A~! is dense in B!, we can choose
a € A7! fulfilling @ — g € U(0) where U(0) is a suitable neighbourhood of zero in B and
a € AZ' (see the proof of [39, Lemma 5.3]). This gives a continuous path from p(0) to

a:=ap(0)a—! in P(A). The function

®:A>cr— —p(l)(e—c)—cle—p(1) e A
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is continuous in A and ®(p(1)) = 0. Let V(0) be a neighbourhood of zero (in A), such
that e —r € AJ! for all r € V(0). Then we find a neighbourhood U(p(1)) of p(1) (in A)
with ®(p) € V(0) for all p € V(0). We have

p(1) =@ = gp(0)g~" —ap(0)a~! = (¢ —a)p(0)g~" +ap(0)(g ' —a ")
and we choose 2/(0) so small, that
d—geU(0)=aecUp(l)).
Then —p(1)(e — @) — de — p(1)) = B(@) € V(0), i.e.
c:=(e—p(1))(e—a) +p(l)ae A

and cac™! = p(1). Thus, we can again find a path that connects p(1) and @ in P(.A). This
finishes the proof for my. If n > 1, note that

€ (Q,A) CE(Q,B) (2 compact)

is a dense spectrally invariant algebra having the same properties as A and B (as stated
in the assumption of A.1.5), hence we can apply m to this algebra and get the result for
n > 1. This finishes the proof. O]

Corollary A.1.7. Combining A.1.2 and A.1.5 (under the assumptions of A.1.5) we get
T (P(Mn(A))) = m, (P(M,(B)))
for alln € IN and all k € Ny.
We have proven:

Theorem A.1.8. Let B be unital algebra over C with a topology 15 on B, which makes
B into a locally convex algebra with jointly continuous multiplication, continuous inver-
sion and an open group B~ of invertible elements and let B be sequentially complete.
Additionally let A be a dense sequentially complete subalgebra of B, such that

(i) e€ A,

(i) there is a topology T4 on A, which makes (A, T4) into a locally convex algebra,
with jointly continuous multiplication, an open group A~' of invertible elements
and continuous tnversion,

(iii) the natural inclusion (A, 74) — (B, 75) is continuous,
(iv) A is spectrally invariant in B, i.e. ANB™ = A7

Then
K.(A) = K.(B)

holds.
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Boutet de Monvel’s algebra

B.1 Preliminaries

Let X be a n-dimensional compact manifold with boundary 0X. Moreover, let Y be
a closed manifold of dimension n where X <— Y. Besides some change in the order of
variables, we closely follow [79].

Definition B.1.1.

(i) Let u € €°°(X) and P be a (classical) pseudodifferential operator on Y. Then we

get a map Py : €%°(X) — €*°(X), u = P,u, which is given by the restriction
of P to X applied to the extension by zero of u to Y.

(ii) P has the transmission property if the image of P, is contained in ¢*°(X).

Let us note, that the transmission property of a classical polyhomogeneous pseudod-
ifferential operator can be completely characterized by some sort of symmetry condition
on its symbol:

Proposition B.1.2. A symbol p(z,y.&,n) € SY(Ry x Ry Re x RPHY) has the trans-
mussion property at x = 0, if and only if

858?])](0, Yy, 1, 0) = <—1)j+‘a|afa?pj(07 Y, _17 0)
for all o, 3> 0 and j < 0.

Remark B.1.3. Some words about the notation used here. We have changed the notation
of variables used in [49] resp. [79] and [80] slightly. The notation used here is given in a
way, that it fits into the one used in [65] for the 0-calculus.

An operator in Boutet de Monvel’s calculus is a matrix:

L e — @ (B.1.1)

$(0X)  €=(0X),

_(P+G K
a=("7€ 5

) &> (X) ©=(X)

where P is a pseudodifferential operator satisfying the transmission condition, G is a
singular Green operator, T is a trace operator, K is a potential operator and S is a
pseudodifferential operator on 0.X.

If A is such an operator, then one can define the following two symbol maps:

111
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(i) The principal symbol o(A), which is given by the principal symbol of P restricted
to S*X.

(ii) The boundary symbol v(A), which is an element of €>*(S*0X, Z(L*(Ry) @ C)).

Moreover, let A be the algebra of all operators of the form (B.1.1); denote by 2 the
closure of A in §) := L*(X) @ L*(0X) and by & and 7 the continuous extensions of o and
~v to . Finally denote by K the ideal of compact operators in §.

Let us make the notion of the boundary symbol map more explicit. To this end choose
local coordinates

(z,y) : X 2V — Ry x R}™!

near ¢ € 90X, such that the boundary elements VN0X are given by {x = 0}. Moreover, let
(&,m) € Re x ]RZ‘1 be covariables to (z,y), such that we get a coordinate neighbourhood
(xz,y,&,m) of an appropriate lift of V' to S*X. Let p(x,y,&,n), g(z,vy,&,n), k(y,&n),
t(y,&,m) and s(y,n) be the symbols of P, G, K, T and S with respect to the above
coordinates and denote by pg, go etc. the leading terms of the asymptotic expansions of

P, g etc.
Then for fixed (y,n) € S*0X we get

) = (PO B Pl Den) ol Del) )

If p is a classical pseudodifferential symbol of order zero on R"™, then py(0,y,-,n) is a
classical symbol on R, for fixed (y,n). If in addition p has the transmission property,
then the values of p in £ = +o0o coincide.

Denote by U : L*(§') — L*(R) the unitary mapping

o) =0 (1),

T 1xa’ \1+it

and by H_; the image of €°°(S') under U. Set Ho := H_,1 @ C, then p € Hy (if p has
the transmission property). Let T be the C*-algebra of all bounded operators on L*(R.)
generated by

{p(D)+ : p € Ho}.
Then we have (cf. [79, page 149, (8)]):
T cEsans (g T (B.13)

But not every element of the above right hand side gives an element in the image of 7.
For this, note, that the map p(D); +— p(co) extends to a *x-homomorphism A : ¥ — C.
The following proposition is due to Melo, Nest and Schrohe [79]:
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Proposition B.1.4.

(i) 7(A) is isomorphic to

(%(ng) g) ® (%(S*é‘ﬂ ® (ngﬁb* “e ))> |

where Ty denotes the kernel of A : T — C.

(i) ker(y)/R is isomorphic to €y(S*X).

B.2 K-theory for Boutet de Monvels algebra

The K-groups of Boutet de Monvels algebra have been calculated by Melo, Nest and
Schrohe in [79] (imposing a torsion condition on K,(%(0X))) and by Melo, Schick and
Schrohe in [80] (without the torsion condition). Let us shortly point out, that it is possible
to use 5.3.8 to calculate the K-theory of Boutet de Monvel’s algebra.

First we also introduce the maps defined in [79]:

o Let b: €(0X) — r(7) be given by g — 7 ((g 2)), where f is a function with

flox = g
e Denote by m : €(X) — /R the *-homomorphism that maps f € € (X) to the

class of (g 2), where g denotes the restriction of f to 0.X.

Then Boutet de Monvels algebra also fits into the setting of 5.3.8 and we get the following
result (cf. [80, Theorem 1]; the proof is exactly the same as in 5.3.13, hence we will omit
it).

Theorem B.2.1. Let J := ker(¥). Then the commutative diagram

0 /R AR A/3 0

T T

0—= G (X) —= G (X) —=F(OX) —0
with exact rows induces an isomorphism

K.(A/R) = K.(F(X)) ® K.t (6(T7X)).

B.3 The structure elements of the O-calculus revisited

In 5.3.14 we implicitly proved the following theorem:
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Theorem B.3.1. The C*-algebra B(X, OQ%) of 0-operators and the C*-closure A of
Boutet de Monwvel’s algebra have isomorphic K-groups, i.e. we have

K.(B(X,°Q2)) = K, ().

However, we used a homotopy argument to reduce the joint symbol map in the b-c-
calculus to a symbol that depends somehow only on the c-indical family of the reduced
normal operator. Now, we shortly want to prove that there is a subalgebra in the zero
calculus where we do not need this homotopy argument. Again, we use the definitions
and notations introduced in chapter 5.

Definition B.3.2. Let 7 be the set of all N € B, such that there exists ¢ € R with

beg@O(N) (2, £1) = ¢ Vze0,1],
L(N)(E) = ¢ VEER

Then we have:

Proposition B.3.3. 7 is a C*-subalgebra of By, with Ky, C T. Moreover, we have
T/Kpe =2 E(Sh).

Proof. We only have to prove the second part of the proposition. Consider the linear map
75A— I.(A) € €(]-1,1]),

with kernel K, .. By the compatibility conditions we then get 7 /Ky, = R(Io7) = €(S?),
if we glue —1 and 1 to —1 on S*.

Using the identification stated in the last proposition and the joint symbol map of B,
we get the following x-homomorphism

oo 1 T 2% 6(S") 25

where ev; denotes the point evaluation at 1 € S'. Note also, that the joint symbol 7. ,(A)
of an operator A € 7 is completely determined by the c-indical family I.(A) of A.
Denote by 7j the kernel of 03, .. Then we get the exact sequence

0—7y—7 —C—0.

Proposition B.3.4. Let Z denote the set of all N € Béfg(S*aX) satisfying the conditions
EY(N@)) = dy, "a®O(N (@) (2,1) = dy and *a @) (N(@))(z, —1) = d3 for all » € [0,1]
andn € S*0X. Then T is a C*-subalgebra of Béfg(S*@X).

Proof. First of all note, that we have d; = dy = d3 =: d due to the compatibility condi-
tions. Let Ny, Ny € Z be arbitrary and 1 € S*0X fixed. Then

]éa)(]\ﬁ(ﬁ)Nz(ﬁ)) = I,S“)(Nl(ﬁ))léa)(m(ﬁ)) = C1d1 =€ and
LON@GY) = LYN@G)* = ¢
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The multiplication property of ®¢g(®0 gives a similar result for the other two symbol
families, therefore we see, that Z is closed by multiplication and by taking adjoints.

n—oo

Let (N,)ew € Z be with N,, —— N. Then it remains to show, that N € Z. We have
11 (Na() = L2 (N@))]| < ClIN,, = N[ "= 0,

by the continuity of the symbol map, which gives I,Sa)(N(ﬁ)) = ¢, for § € S*0X. With a
similar calculation for ®¢o(%?) we conclude, that 7 is closed, which finishes the proof. O

Remark B.3.5.

(i) Note, that we have € (S*0X,Ky) CZ C € (S*0X,T).

(ii) If N € 7 is arbitrary, then N(7) € 7 for all § € S*0X.
Proposition B.3.6. Let Z; denote the set of all N € T satisfying

oo (I (N@))(=1) = 0

for alln € S*0X. Then Iy is a closed, two-sided ideal in T.
Proof. Since I is given by the kernel of a x-homomorphism, this is clear. O]
Lemma B.3.7.

(i) We have /2y = €(0X).

(ii) We have Iy = €(S*0X, 7).
Proof. (i) We consider the mapping F': 7T — € (0X) given by

F:T>5 N+ [,(N) € €(0X).

Clearly, Zy = ker(F). Let f € €(0X) be arbitrary. We choose g € 6.(X) with gpx = f,
then the reduced normal operator of My, where M, denotes the multiplication operator
with g, is given by:

1
2

Ny ), m)]h(a) = g(0.9)h(x) |27 (h e 201, bead)).

Here we used coordinates given by the compactification M = [0,1] of Ry. So N,(M,) =
M independent of the choice of g and

L(No(Mg)(y,m))(w) = f(y), (B.3.1)
"o OO (NG (M) (y,m))(2.€) = f(y) and
LNo(My)(y,m)(€) = f(y)-
We conclude N,(M,) € T and the map F is surjective (by (B.3.1)), which gives (i). Note
that the mapping G : €(0X) — T given by
G:C0X)> fr—N,eT

is a well defined injective *-homomorphism with F'o G = idgsx).
(ii) This is clear by definition. O
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The last lemma gives rise to the following split exact sequence:
€]
0~ C(S"OX, Ty) —=T = G(IX) —0. (B.3.2)
Denote by Bgy the following set:
Bem = {A € By : N,(A) € T}.
Proposition B.3.8. Bgy is a C*-subalgebra of By and Ko C Bgy.

Proof. That Bgy; is closed under multiplication and taking adjoints is clear by the proper-
ties of the reduced normal operator. Moreover, if K is an element of Ky then N , vanishes
identically, which gives N(K) € T.

So what remains to be checked is that Bgy is closed: For this, let (A;).en € Bpum be
arbitrary with A, “——s A € By. Then we have to prove that A € Bgy holds.

By definition, we have N}(A,) € Z for all n € IN. Since Z is a C*-algebra itself, we
know that the limit of the sequence (N} (A,))new (if it exists) will be also an element of
7. By continuity we get

VG (An) = N (A)]] < O|A, — Al == 0,

which shows, that A € Bgyy using our previous remark. O]

We denote by Ny the restriction of N/ , to Bgy and by Qg the quotient By /Ko.
Proposition B.3.9.

(i) We have ker(93) /Ko = (5 X).

(ii) Im (91)) = T and the sequence

0— €(S0X, 7)) —Z — €(0X) —0
18 split exact. Especially, we have

Im (M) = G(9X) & C(S°0X, To).

Proof. (i) This part of the theorem will follow if we prove that
ker(N}) = ker(N})
holds: By [29, Proposition 4.5 8(ii)] we then conclude
ker(9) /Ky = ker(NVY) /Ko = 6(S*X).

Clearly, ker(MY) C ker(NY), so let A € ker(N}) be arbitrary, i.e. N} (A) = 0. But this
implies I.(NY(A)) = 0, [(NZ(A)) = 0 and ©OeP¢(NY(A)) = 0, so NY(A) € T, ie.
A € Bpu.

(ii) The first part is clear by definition. The second part is a reformulation of B.3.7 (i)

and (ii). Note, that the end of B.3.7 (i) actually proves that there is a splitting map, see
(B.3.2). O
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Now let us give a description of Qgwm:

Theorem B.3.10. The C*-algebra Qpy consists of all
(f,N) € Qg such that N € C(S*0X,T).
Proof. Clearly Qpy € Qp. Moreover, we have
r(MN,) =€(0X)®€(S0X,Ty) CE€(S0X,T),

which gives N € €(S*0X,7T). Conversely, let (f, N) € Qg be with N € € (5*0X,T).
Then we find A € By, such that

T0(A) = (0O (A), N,(A) = (f,N).
Since N € B, .(S*0X), we conclude N, € Z, i.e. A € By O

Corollary B.3.11. Let (f,N) € Qpm. Then

Jo(3o(0, (m(n),1))) = fo(4e(0, (w(n), —1))) and (B.3.3)
L(Nm)(E) = fole(n, ((n),£))) (B.3.4)

for all € € R.

Having collected all this information, we are now able to use the computation of chapter
5 to get:

Proposition B.3.12. We have the following isomorphism in K-theory:
K. (Bai/Ko) = K.(%/(X)) & K, 1(6(T"X)).
In particular this induces again the isomorphism:

K.(Bpum) = K. ().






Appendix C

Some remarks on the 0-calculus

C.1 A remark on L*(M,"*Qz) and ‘H! (M,b<Qz)
Recall that the inner product on L?(M, b’CQ%) is given by

(oo P proeet) = /f1f2 /f1 1_Z>2,

* e L2(M,beQ3).

where f; = fA]
The map

dz
2(1—2)2

— 2
RC:Ry — M : x+—— — arctan(z) =: 2
T

identifies the point at infinity with z = 1. If V' is a smooth vector field on M, we have the
representation V' = a(z)z(1—2)%0., where a € €°°(M). The transformation of z(1—2z)%9,
under RC' is then given by

A1—-2)20. = 2(1—2)? gxa
2 2 92
= - arctan(x) (1 — - arctan(z))? %(1 +2%)0,
= f<x>8$7
where f(z) := 2 arctan(z) (1 — 2 arctan(x))?2(1 + 2?). Since (1 + 2?) 229 1 and (1 —

2 arctan(z)) 279, 1 we have f(z) = zg(x) with a smooth function ¢ fulfiling ¢(0) # 0 if
|z| < 1 using the Taylor expansion of arctan. If |z| > 1 we have

1
n—i—l
arctan ( + Z —2n n 1)x2"+1> ,

(1— %arctan(x)f%(l —2?) =C + g(x),

thus it follows that

where C' > 0 is constant and g(x) vanishes for x — oco. Consequently the identification
of M with [0, oo[ using RC' yields the condition

/ F@)P pla)de < oo
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for the space L?(M, b’CQ%); here f = fA\p dx]% and p is a smooth positive function, such
that p(x) = 1/z in a neighbourhood U C [0,1/2[ of x = 0 and p(z) = 1 for z > 1.

An analogous calculation shows, that RC' : R, — M transforms the Sobolev space
H;,C(M7 b’CQ%) given by all f € L*(M, b’CQ%), such that

/2(1  200.F(2) P d = / (1 @%j@)ﬁﬁ < 00

0

to the conditions (¢ < d)

/\xaxf(x)\Qd—x < 00 and /|8xf(:c)|2dx < 00.
T
0 d

C.2 A conformally compact manifold with 0-metrics that
are not isometric

This appendix treats the question, if a general conformally compact metric can be iso-
metrically changed, such that the metric decomposes like a warped product near the
boundary. For this we will calculate the sectional curvature for a certain manifold M,
namely let M denote the manifold ]0, 1[xS*. Moreover, let f(z,9) : M —]0,00[ be an
arbitrary strictly positive function. We will work with the metric

g =% (da® + f(x,0) *dV?)
in what follows. Note, that in the case f =1 we have
go = g =z 3(d2® + dv?).

Finally, we set X := 20, and T := xf0y; then {X,T} is an orthonormal frame with
respect to the metric g. Recall, that g gives rise to an unique connection V that is torsion
free, i.e.

ViX — VxT — [T, X] =0, (C.2.1)

and fulfils
Ug(V,\W) = g(VuV,W) —g(V,VyW) =0

for all vectorfields U,V and W. It is also worth pointing out, that the action of VV on
a vectorfield W with respect to g is given by

1

+Ug(V. W) + Vg(U,W) = Wy(U,V))
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and we will use this in what follows. First of all, a direct computation gives

T, X] = —

Let V be an arbitrary vectorfield given with respect to the basis {T, X}, i.e. V =a; X +
asT where a;(x,9) : M — R are suitable functions. Note, that

[V, X] = a[T, X] — (Xa1) X — (Xa2)T
and
V., T] = a[X,T] — (Ta1) X — (Tax)T

holds. Let us now compute the covariant derivatives in the direction of X resp. T: We
have

5 01V, X1, X) + 9(X, [V, X))  g(X, X], V)

+Xg(X,V)+ Xg(X,V) - Vyg(X, X)),

where

g([V,X],X) = —(Xa1) and
Xg(X,V) = (Xay),

thus Vx X = 0. For VxT we get

GVXT,V) = 5 (oIV. XL T) + g(X.[V.T)) — ([T, X, V)
+Xg(T,V)+Tg(X,V) - Vg(X, T)),

where
O,z
ov.x1. %) = o (xag),
9(X,[V,T]) = —(Ta;) and
O,z
o(7.X1.V) = a2
f
Since X¢g(T,V) = (Xag) and Tg(X,V) = (Tay) we again get VxT = 0. Now using
(C.2.1) it follows VpX = —%T. For the sake of completeness, let us also compute

VT, although we will not need this expression for our purpose to compute the sectional
curvature of g: We have

oVAT, V) = S(oV.T).T) +o(T, V. T)) — ([T, V)
+Tg(T,V)+Tg(T,V)—Vg(T,T)),
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where the addends are given by

gV, T, T) = a 7 — (Tay) and
Tg(T,V) = (Tay),
hence
VTl = @c[;?f] X.

Now, we want to calculate the sectional curvature of g. Recall, that the sectional
curvature Scy with respect to a 2-plane II of the tangent space spanned by orthonormal
vectors {X;, X} is given by

ch,Xi,Xj = g(RXinXj7Xi)7
where R denotes the curvature endomorphism
RywZ =VyVwZ —VwVyZ = VywZ.
With respect to the plane spanned by the orthonormal frame {X, T} this becomes

SCg,TJ( = g(RTxX, T)

Since
RT)(X = VTVXX — VXVTX — V[TJQX = —VXVTX — V[T,X]X
and
Oy
VxVrX = -0, ( [fxf]) T,
Oylx 2
f
2
we get g(RrxX,T) = 0, (aﬁﬁ) — (83”[;”]) . Thus we finally have proven:
O,z O, |z 2
SCg,T7x—g<RXTT,X)—8$( [ f]) — < [ f]) .
f f
Now, if f =1, then Scy, 7 x = —1; however, if f is a positive function that depends non-

trivial on x and 19, we get the sectional curvature also to be a non-trivial function in x and
Y. Since the sectional curvature is an isometric invariant (see for instance [70, Chapter
7]), there cannot exist an isometric isomorphism between the manifold M equipped with
go = z72(dx? + dv¥?) and g = x7%(dz* + f(x,9)"2d¥?) in such a non-trivial case. In
particular it is not possible to isometrically change the metric g to behave like a warped
product near the boundary.



Appendix D

Representations of hereditary C*-algebras

This appendix deals with the proof of 3.1.13. In what follows, B denotes a C*-algebra.
Recall, that A is a hereditary subalgebra of B if and only if aba’ € A holds for all a,a’ € A
and b € B by 3.1.11.

D.1 Preliminaries

A linear map ¢ : By — By between C*-algebras is said to be positive if p(B]) C By .
Let 7 : B — C be a positive linear functional. If ||7|| = 1, we say that 7 is a state.
Moreover, T is called a pure state, if for each positive linear functional o with o < t7 there
exists a t € [0, 1] such that o = t7.

Proposition D.1.1.

(i) Let A be a C*-subalgebra of B and let T be a positive linear functional on A. Then
there is a positive linear functional 7' on B extending T, such that ||7|| = ||7’||.

(i) If in addition to (i) A is hereditary in B, the positive functional 7' on B extending
T is unique. Moreover, if (tix)ren 1S an approzimate unit for B, then

7'(b) = lim 7(pabpen)
holds for all b € B.

Proof. See [90, Theorem 3.3.8, Theorem 3.3.9]. O]

Proposition D.1.2. Let (H,¢) be a representation of B with cyclic vector v. Then the
function

7:B—C, br— (p(b)v|v)
is a state of B and (H,,¢.) is unitarily equivalent to (H, ). If in addition (H,p) is
wrreducible, then T is a pure state.

Proof. See [90, Theorem 5.1.7]. ]

The following is a generalisation of 3.1.8:

Proposition D.1.3. Let A be a C*-subalgebra of B. Suppose that (K,v) is a (non-
degenerate) representation of A. Then there is a (non-degenerate) representation (H, )
of B and a closed vector subspace K' of H invariant for o(B), such that (IC, ) is unitarily
equivalent to (H,p)axr- If (IC,v) is cyclic resp. irreducible, we can choose (H, ) cyclic
resp. irreducible, too.
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Proof. See [90, Theorem 5.5.1]. ]

Lemma D.1.4. Suppose, that A is a non-zero hereditary C*-subalgebra of a C*-algebra
B, and that T is a primitive ideal of B not containing A. Then T N A is a primitive ideal
in A. Moreover, if J is a closed ideal of B, such that 7 "B CZ, then J CT.

Proof. See [90, Lemma 5.5.4]. O

Finally, let us note that an irreducible representation (H, ) of a C*-algebra B is alge-
braically irreducible, i.e. 0 and H are the only vector subspaces of ‘H that are invariant
for p(B) (cf. [90, Theorem 5.2.3]).

D.2 Hereditary subalgebras and their spectrum

Theorem D.2.1. Let A be hereditary in B. Then the following diagram is commutative,
where the maps are the canonical ones:

B\ Hull'(A)

|

Prim(B) \ Hull(A) — Prim(.A).

|

Moreover, the horizontal maps are homeomorphisms.

For the definition of the canonical maps used in the theorem see (3.1.1). We follow
closely [90, Theorem 5.5.5].

Proof. Writing down the definitions, one immediately sees that the diagram is commuta-
tive. Let us denote by ® resp. @' the upper resp. lower horizontal map in the diagram.
First, we prove that ® is injective: Suppose that ®[Hi, 1] = ®[Ha, ps] holds. Then
(ICj,5) = (Hj,95)14 (7 = 1,2) are non-zero unitarily equivalent irreducible representa-
tions of \A. Thus there is a unitary u : Ky — o, such that ¥y (a) = ut);(a)u* for a € A.
Moreover, we choose unit vectors vy € Ky and vy € Ko with u(v;) = vy. Then we get
©1(B)vy = Hy and @o(B)ve = Hs (since the representations are algebraically irreducible).
Moreover, the function

0;j : B—C, br— (p;(b)vj]|v;)

is a pure state of B and (H,, ¢;) is unitarily equivalent to (H,,,,;) (j = 1,2) by D.1.2.
Clearly, o; is an extension of

0 A—C, ar— (¥;(a)v;|vy),
which is a pure state of A, since (K;, ;) is irreducible. Moreover, for each a € A

02(a) = (Pa(a)u(vr) [u(ve)) = (Ur(a)(v1) [v2) = 01(a)
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holds, thus g, = ;1 using D.1.1. But this proves, that (Hi, 1) and (Ha, p2) are unitarily
equivalent, i.e. ® is injective. R

Now, we aim to prove surjectivity of ®. Let [K,v] € A be arbitrary. Then by D.1.3
there exists an irreducible representation (H, ) of B and a closed subspace K’ of H, such
that X' is invariant with respect to the action of p(A) and that (KC,¢) and (H, )k
are unitarily equivalent. Clearly, [H, ] € A since (H, ¢) is non-zero. Moreover, we can
choose v € K’ fulfilling p(A)v = K’ using the irreducibility of (H, ¢)ax. Let ap € A be
with v = ¢(ap)(v), then ¢(B)v = H implies that for each w € H and each a € B there
exists b € B, such that

pla)w = p(a)p(b)v = p(abag)v € ¢(A)v,

and we get that p(A)H = K'. Therefore (H,p)axr = (H,¢)s holds and it follows
[H, ] € Hull'(B) and ®[H, ] = [K,¢], i.e. @ is a bijection.
That &' is surjective now follows directly from the commutativity of the diagram. Let
71,25 be with Zy N A =Z, N A. Then by D.1.4 we get that Z; = Z,, thus @’ is injective.
Now, we will prove, that ® is a homeomorphism (then it follows that ® is also a
homeomorphism): Let () # C be a closed set in Prim(.A), i.e. C' = Hully(Z) for some
closed ideal Z of A. We get

(@) 1C) = {JePrimB):ICIJNAand AZ T}
= Hullg(Z) N (Prim(B) \ Hullz(A)).

Thus (®')71(C) is closed in Prim(B) \ Hullz(A) and @’ is continuous.

To prove that (®')~! is also continuous, we prove that @ is a closed map. To this end,
let O # C be a closed set in Prim(B) \ Hullg(A). Then C' = Hullz(Z) \ Hullg(.A) for a
proper closed ideal Z of B. Let J € Hullg(Z N B), then J = J’' N B holds for a suitable
J' € Prim(B) \ Hullg(A) since ' is surjective. It follows J = ®'(J’) € ®'(C) and thus
Hull4(Z N A) C ®'(C). The reverse inclusion is trivial, so we get Hullg(I N B) = &'(C),
and @’ is a closed map. O






Appendix E
The Theorem of Beals, Coifman-Meyer revisited

In what follows, we present a proof of the following theorem given in [21] (see [14] also)
in the context of U*-algebras and commutator methods:

Theorem (Beals, Coifman-Meyer). Let A : €°(M) — €>°(M) be a continuously
linear operator on a compact smooth manifold M without boundary. Then A is a pseu-
dodifferential operator of order 0, if and only if for each sequence Vi, Vs, ... of smooth
vector fields on M, each of the operators Ay := [Vi, A] and A4y := [V, A;] (j € IN) has

an extension to a bounded operator on L*(M).

It is worth pointing out, that Lauter gave a similar description for manifolds with
boundary in the setting of b-pseudodifferential operators in [60].

E.1 Notations and prerequisites
Before we give the proof in the case of compact manifold, let us fix some notation first.

Notations E.1.1. Let M be a closed smooth manifold of dimension n. Moreover, we

assume M to be oriented and we choose a fixed open covering of M by coordinate charts
N

M = |J Uj with coordinate maps x; : M 2 U; — U; C R". Let (¢});j=1
j=1

smooth partition of unity subordinate to the covering (U}); and choose ¥ € €5°(UJ),

such that 0 < 19; <1 and 90;- =< 19; holds.

.....

Definition E.1.2. A continuous linear operator A : (M) — €°°(M) is said to
be a pseudodifferential operator in \I/TO(M), provided that for j = 1,..., N there exist
symbols 0,; € ST(R x R}) and kj; € €°°(U; x U)), such that

(i) (DAL f(x; (x) = Vj0a,(X, Da)(#)f) (x; ' (x)) holds, i.e. an operator is locally
given by

(05 A05f) (05 (@)
= (79})(><j1(%))/6““'%%(%5)?((w}f)(x1(&3))) dg,

Rn

where F denotes the Fourier-transformation on R™ and f € (M),
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(ii) the operator [(1 — ;) A¢’] has a €"*°-kernel representation, i.e. for each 1 <I < N
we have for all z € U

(1= 9)AG f1( () = / Byaa, 2)f (7 (2)) d.
Uj
where k;; € €U, x Uj).

Remark E.1.3. It is well-known, that this definition is independent of all choices we
made; see for instance [58, Theorem 7.7.3] for a detailed prove of coordinate invariance.

The local definition of pseudodifferential operators on M shows, that it might be needed
to have a local characterisation that classifies such operators. The following notion turns
out to be helpful.

Definition E.1.4. Let U C R™ be open and () # K C U compact. Denote by L (U)
the algebra of operators A € Z(L*(U)) such that

() A=) C %),
(ii) supp (Ap) C K for all p € €>(U) N L*(U),
(iii) Ap =0 for all ¢ € €>°(U) N L*(U) fulfilling supp p N K = 0.

We call A € Z(L*(U)) ported by K if A has the properties F.1.4 (ii) and (iii).
Remark E.1.5. Let A be an element of Zx(U), then A induces a bounded linear map
ALE=(RY) — CX(R) [ — Avf),

where v € €2°(U) with v = 1 on K. Moreover, A is independent of the choice of v.

Proposition E.1.6. Let ¥, ¢ € 65°(U) be with ¢ < ¥. Denote by A the operator induced
by A € Lx(U), ¢f E.1.5. We define oa(z,€) = e " @IOA[" s @ 19](z), where
x € Ry and & € R. Then we get:

(i) o4 € €°(R; x RE) and oa(x,§) =0 for all § € R, ifx € K,

(ii) /‘O’A(Sﬂ,f)|2 dz < ||[ol[Z2 ) 1A% 12wy for all & € R and for all v € 65°(U), such

Rn
that v =1 holds in a neighbourhood of K,

(iil) [WApf](z) = O(x) / g, (x, ) F(pf)(€) A€ for all z € R™ and for all f €

R’I’L

G>(R").
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Proof. (i) We use the tensor decomposition
(R x RY) = €(R;)(Q) ¢ (R)

and get: ' B 4
oa = e "WOARd[(2!, &) — 1] € €°(RY x RY).
The second claim is a consequence of E.1.4 (ii).
(ii) We have
[loaw e de = JjAls" — v@)e™ 9]
]RTL

< ‘|A2H?¥’(L2(U))||UH2L?(U)'

(iii) Choose v € 65°(U), such that ¢ < v and v = 1 in a neighbourhood of K. To given
h € Z(R™) we consider the following map

I:R¢ > & h(§)[r— v(x)e® 9],
Here the right hand side is an element of €>°(R?), since
TRy x Rg) = €=(RE, € (R})).

Moreover, I is integrable for h € #(Ry). This gives

[Aueyae -1 ( 1 df)

by the continuity of A. Especially, if we set h := .Z (of) € S (RE), we get:

o(x) / 1904 (0, 6)F (0f) (€) d€

R

— / Al — v(@)e® 19)(2). (o) (€) d€
= Y@) Al — o(@)p(a) f ()]

= [WApf](z).

This proves (iii). O

E.2 Local classification

We have seen, that each operator in Zx(U) has a representation according to E.1.2
(i). Now, we want to classify all operators in Zx(U), whose local symbols are given by
elements in ST (R} x RE). Let us fix some notation first:
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Notations E.2.1. Let U C R"™ be open and ¢, 0,w, 9, p € €5°(U), where p < 0 < w <
¥ < p. We consider the following unbounded operators L*(U) 2 65°(U) — L*(U):

~ 0 ~
VZ = Zwa—wl% Vk = ka¢7
2

‘Zk = ikaiw if | # k and ‘7,:“ = iwwkiw + zd}— otherwise.
8xl c%k 2

Denote this family of operators by V. Since these operators are symmetric and densely
defined, they are closable. We denote the minimal closed (symmetric) extensions of these
operators by V;, V¥ resp. V¥ and the corresponding family by V.

Lemma E.2.2. Let Uy := ¢ (C\ 0) CU and wy € €5°(Uy) C 65°(U). Then
WOHQ” = WOHm(Rn)
holds for all m € No. In particular, we get 65°(Uy) € H |y, € € (Uy).
Proof. We divide the proof in two steps:
(i) First, we will show, that wiH}} € H™(R") and wyH™(R") C H}} holds for wy €
%5°(Uy) using induction:
The case m = 0 is obvious. Now, let f € Hj' be with m > 1. The definition implies, that

Jj—0 Jj—0

fi1 € 6.°(U) exists, such that fj; 2= f and Vi(f;,) == Vi(f) € HZ~! with respect
to L*(U) (I=1,...,n). This gives

Tiwfy) — wa%wwlfj,z)

= wiVi(fy) + ? (%M) i

EimiaN wiVi(f) + iy)® (a%wl) f (E.2.1)

in L?(R™). In addition we also have
Viwi fi1) = i 8_:cl(w1fj’l) + Wij,la—xli/J- (£.2.2)

Let ©Q; be a relative compact neighbourhood of supp wy, such that Q; C Uy. Denote by

1 . e}
B ¢2_($)’ if x € Ql,
0, else,

the function that is bounded and continuous in a neighbourhood of suppw;. Since

wi fj1 = wy f with respect to the topology in L*(R™), a combination of (E.2.1), (E.2.2)
and the induction hypothesis yields

Z. a% (nfi) = [W (a%wl) f+wi(Vif) = ivpon f (a%ﬁ)} ,
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where the right hand side is an element of H™~'(R"). Consequently, we get i9,(wi f) €
H™YR") (I = 1,...,n). The induction hypothesis w;f € H™ }(R") implies w;f €
H™(RR™). The second part of the claim follows by a similar argument.

(ii) We choose wy € 65°(Uy), such that wy < wy. (i) then implies

woHY = wowr HY C woH™(R™) = wowi H™(R") C woHy,
which finishes the proof. m
Lemma E.2.3.

(i) Let f € €>(U)N L>(U) be given. Then My € VY.

(ii) Let ¢, € €5°(U) and A € Y, be arbitrary. Then M,AM,; € UY holds, i.e. the
algebra WY_ is localizable.

Proof. Let VinV be arbitrary, i.e.

~ n K
= E — 4+ b: L2U) D€>X(U) — L?
1% 2 “laxl +5b (U) 2 %,°(U) U),

where b,a; € €°(U). Since M (6°(U)) C €2°(U) and [V, M;] = M, with g :=
lzzlala%l f € 6°(U) holds, the operator [V, M ¢| has a continuous extension. This im-
plies M; € WY, since V € V was arbitrary. Now, by dyMy = M, and g € 65°(U) C

¢>(U) N L>*(U), we can use the same argument again and get (i) by iteration. (ii)
follows by of (i), since WY is an algebra by construction. O

Now, we aim to show that operators in U are pseudodifferential operators after some
sort of localizing process. In the sequel let K := suppw C U, where w is the function
given in E.2.1, and WY, ;- denotes the space of all A € WY, , fulfilling E.1.4 (i) and (iii).

Lemma E.2.4.
(i) We have WY, € Zx(U).
(i) For Ae WY , andV €V we get oy A € VY 1.

Proof. (i) It is enough to show A(%5°(U)) C %3°(U) for arbitrary A € WY . Let
f € 65°(U) and wy € 65°(U) be chosen, such that w < w; < 9 holds. Then we have
supp Af C K and w; = 1 in a neighbourhood of K. Properties E.1.4 (ii) and (iii) then
give:

Af = wiAwif) + (1 —w)Af +wiA((1 —wi)f)
=0 =0 near K

= wiA(wif) € AT (U)) S wiA(HY) C wiHy € 657 (U),

where we used 1.3.5 (iv) and E.2.2.
(ii) By 1.3.5 (v) we already have dy(A) € U | so what is left is to prove (ii) and (iii) of
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E.1.4. Each V € V is the minimal closed extension of an operator V = Wit L*(U) D
€°(U) — L*(U), where V] is differential operator of order one. Let f € €(U)NL*(U)
be arbitrary. Then there exists a sequence (fx)ren, such that €5°(U) > f koo, f with
respect to L2(U); this implies 0y (A)fi 2= 6,(A)f since &y (A) € VY. C L(L2(U))

k—o0

is bounded. The same argument gives xxdy(A)fr —— xxov(A)f, where g is the
characteristic function on K. Moreover,

XkOv(A) fe = xx[WViY A S, — A(WViY fi)] = 6v(A) fr,
Supp ckx SUpp ckK
which gives x oy (A)f = dy(A)f, i.e. suppdy(A)f C K and (ii) of E.1.4 is fulfilled.

To show (ii), let f € €<(U) N L*(U) be with supp f N K = () and wy, € €5°(U) be
with w < we and suppwy Nsupp f = 0. Again, there exists fi, € €5°(U) where fj N f
with respect to L2(U); this gives (1 — wy) fx imicsN (1 —wsy)f = f, since wy = 0 on supp f
holds. Consequently oy (A)((1—ws) fr) b, dy (A) f by the boundedness of oy (A). Since
A€ \If}joK we also get

Ov(A)((1 = w2)fi) = PVIdA((1 = w2) fi) = AWVI(1 = w2) fi) = 0,
and therefore oy (A)f = 0. O

To show that the local symbols of WY, , C L (U) are elements of S7j(R} x Rg), we
define the space
Y o= {O‘A :Ae \IIZOK}

Proposition E.2.5. Let 0 € Y be a symbol and v € €>*(R?). Then vy - o, 8%10, %a

and fl%a are also symbols in Y. Here we used the notation ~v - o for the mapping
(x,§) — y(z)o(,§).

The proof of this lemma will use the following tensor product decomposition:
¢ (R! x RY) = %OO(IRZ)®W‘5°°(]R§).
For f € €=(R})®,%€™(RY) and g : €(R}) — €>(R?) we get

(9@xid) <if> = (g®yid) (zd@@ﬂi) f

853' ag]
= (n@ i)( nid) f
wagj gr
o, ~ .
= a—&(9®wld)f,
which shows
GBrid](a',€) - iae®19) = O (g8 id[(a!, €) €119 (B.2.3)

08
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Proof. Let A € WY, ;- be with 0 = 04. Then 70 = 05,4 and E.2.3 (i) implies yyA €
\I/Zo - Before we give the proof of the last three implications, it is worth pointing out,
that V' € V implies 0y (A) € ¥Y, - (using the last lemma and w < ¢). We will show:

(i) o5y, a(z,§) = JA(x €), where [ =1,...,n,
(ii) o5 ,a(x,§) = —i%aﬂx,&), where k =1,...,n,
(iii) agka(x,f) = —ixka%laA(x,f) + z'&%cm(a:,{), where k, I =1,... n.

Ad (i): We have

, 0 .
_ —i(€|x . W& -
U[i—ail,A](If) = el ([la_xl’A} e >> (x)

Ad (ii): We have

O[A,My,]

_ pile]a) ([A, Mxk]eﬂsl)) (7)
— e 19 () (A(i My e €1)) (2)

_; <(a%ei<sx> Aei<f'>> (x))

) _ieusxm( 0 i >> (2)

_; (({%U(% £) - e—i<€f>%Aei<€'>> (2)

= —za—gka( z,§).

Here (x) holds by (E.2.3).
Ad (iii): We have

.0 el
U[A”?kax (2,€) =e~ (€| x) ([Aﬂfka_} o€ >) (z)

x

0
—if e HElm i€+
Z<€ (A$ka$le ) ( )

. 0 .
_ o Ul Al
e (xk o Ae ) ({L‘)) .
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We treat the summands separately and get for the first summand:

—§ (%e—i@@) (A(ei<5|'>))(x)

_ &%a( ©) + e €19 (A1) (2)
k

= flag (I,é)—q(l’,f),

where ¢(x,&) = —izi§o(x, ). The second addend gives:

o—il|a) (m’“a% Aez’<£->> (2)
— (ai( —ilela) (4ot ))>($)

— (aiml( —i{€]z )) (AesI N (2)
= o (ote€) 4 iGe A ) ) )

_ g;ka%a(x, €) + inp&o(x, )

0
= xka_xlo-(x7§> - q@,f)

The above calculations show, that

0 0
U[A,ixk%]<x? 5) = _Zxka_lo'<37 5) + Zgl ('Tv f)

9k
and we have proven (iii). O
Corollary E.2.6. Let 0 € Y be arbitrary. Then we have:
(i) 250 € Xk for all B € Np.

(ii) (%aa € Yk for all o € INj.
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Proof. This follows by induction using E.2.5. n

Corollary E.2.7. Let o, f € Ny be multiindices, p = p(&1, ..., &) a polynomial of degree
equal or less than |o| and 0 € Y. Then the mapping (x,&) — p(€)[050g0 (x, €)] is also
an element of Y.

Proof. (i) Let 0 € ¥, o € Ny and p be a polynomial with grad p < |a|. Then we want to

show, that pd¢o € ¥ holds. Since p = > a,&7, it is enough to show that {7080 € &
[vI<]al

holds. We will do this by induction with respect to |a/|:

If || = 1, then the claim follows by E.2.5. Now suppose the induction hypothesis holds
for all B € INJ, such that |5| < n. Let o € INj be with |o| — 1 < n and v € N}, such that
[ < lal.

In the case that v = (0,...,0) we again get d¢o € 3. So let v # (0,...,0). Then there
exists a minimal jj,j» € {1,...,n}, such that v;, # 0 and «;, # 0. We conclude

OOo(w,E) = & o, €)
= ¢, (sjjl s];f;- o Ogro(e,€))

Vi1~ Vit n 9%2 1 50a+1 n
= b 85]2 <£ Cs fil &0 jj22 85;;1 ' “8?71 o(z, 8)
Y I ML em) 92Tl gYetl | gan
5]1 agﬂé <€j11 fjlil 5 ) £322 85]';-1 aﬁn U(Z’, 6)

Using the induction hypothesis we see, that

gryjl—lg’leJrl . _{ynaajz_la%?“ C. 62‘:(7(;5, f) ex

J1 J1+1 n e, Eig+1

which gives

9 Vi Yi1+1 a a
: . 'Yn J jo+1 ... A%n
g]l asz (53'11 £j1—li-1 5 §J22 §322+1 8§n U(I, 5)) ey

by E.2.6 and induction. The second summand s has to be treated in separated cases:

. . L1 : .
() J1 < jo: %(f}fl fszll -+ &) =0, which gives

0 Yii —1 5 a -1 a
Tl SR S SR AL NI
J2

s =&
and s € Y.
(II) jy = jo und 7;, = 5, = 1: Then again s =0 € X.
(III) j4 = jo und v;, = 7,, > 2: We get
s(z,8) = (3, — DEN G o T o 0o (n,€) €8

by induction.
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(IV) j1 > j2: Again we have

k#j2
by induction.

(ii) Now, we finally want to prove the lemma. Let p : R — R be a polynomial with
degreep < |a|,ie. p= > a,&". Then

[v<|ex]

p(&)d¢d)o(x,&) = Y a,&0¢d0(x,€)

IvI<|e

follows. By E.2.6 we get 9’0 € X, which shows 578?850' € ¥ by (i). This proves the
claim. 0

Satz E.2.8. We have: ¥ € ST (R} x RE).

Proof. Let 0 € X be arbitrary. Then p - 9?0aco € Y holds for all polynomials p in &
of degree equal or less |«|. Thus by E.1.6 (ii)

/ p(6)020¢ (&) d < o

Rn

follows for all £ € R¢. The Sobolev embedding theorem now implies the existence of a

constant CZ,[; < 00, such that

sup sup |p(£)970¢0(x,&)| < Cayp
fGR? zeR?Y

holds for all o, 3 € IN§ and all polynomial p of degree equal or less |a], i.e. o € ST (RY x
RY). O
3

E.3 Global classification

We have proven that pseudodifferential operators can locally be characterized by means
of commutators of finitely many symmetric operators. Now, we have to globalize this
approach to a criteria on a closed manifold. In particular we have to show that all
operators satisfying the commutator conditions admit a % °°-kernel representation.

First of all, we will describe the relationship between operators on M and their local
representation defined on a coordinate chart in R"™.

Notations E.3.1. Let x : M D U’" — U C R” be a chart and ¢,9,¢,v € 65°(U),
where p < 9 < ¢ < v. We define ¢’ ¢ ', v € €5°(U’) by ¢’ := ¢ o x etc. Moreover, let
Vo= pVih : 65°(U) — L*(U) be a densely defined, symmetric operator, where V; is a
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partial differential operator of order 1. Let V' : €°(M) — L%*(M) be the differential
operator on €*°(M) that is locally given by V', i.e. we have

(V'f)(a') = {W ox ), «' U,

0, else,

for f € €°(M). Then V' is also densely defined and symmetric. We denote by V :
L*(U) 2 D(V) — L*(U) and V' : L*(M) 2 D(V') — L*(M) the corresponding
minimal closed extensions of V resp. V.

A given operator A € Z(L*(M)) induces a bounded operator A, , € Z(L*(U))

LA(M) A L2(U)

(-)OXT l(?oxl

12(U) -, = L2(U)

by [Avxfl(z) = (VA(f o X)) (X! (2)).
Lemma E.3.2. We have:

(i) f€D(V) implies fox € DV') and V'(fox) = (Vf)ox.

(i) ¢ € D(V') implies h € D(V) and Vh = (V'g') o x~!, where h = (v'g') o x~".

(iii) A € D(dy) implies Ay, € D(Sy) and Sy (Ayy) = (yr(A))ux-

(iv) f e LA(M) implies

(VAL ) (x " (2)) = (DA (e(fox™1)))(x)
forallz € U.

Proof. (i) Let f € D(V) be arbitrary. Then we can choose a sequence (fx)r C 65°(U),
such that f *— fand V f, “==% V f" with respect to L*(U). This gives frox ~— fox
and
V'(fiox) = (V(froxox ™)) ox = (V(fi)) ox =5 Vfox
with respect to L2(M), i.e. fox € D(V')and V/(fox) = (Vf)ox.
(ii) Let ¢’ € D(V’) be arbitrary. Then there exists g, € €°°(M) such that g; koo, g
and V'gy koo, y g with respect to L?(M). This implies v/gy, R g and

hi = (V'g) o x T 2 (g o x T = h
Moreover, an application of (i) shows

Vhe=V((Wgy)ox™) = (V'g)ox " 2 (Vg)ox !,
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ie. he D(V)and Vh = (V'g)ox~ L
(iii) Let f € D(V) be arbitrary, then (i) gives f o x € D(V’). We conclude A(f o x) €
D(V'), since A € D(dy+) and therefore by (ii): A, f = (VA(fox)ox ') € D(V). We

calculate:

VAurf = A Vf = VI[WA(fox))ox '] = [WA((Vf)ox)ox™
= VA=AV (fox)lox
= [Wov(A)(fox)ox".
This shows that VA, , — A,V : D(V) — L*(U) has the bounded extension (dy+(A)), .y,

and we have proven (iii).

(iv) Let f € L*(M). Then

(DAL ((fox™M)] (@) = ) [VA(e(fox ") ox)] (x ()
= JAS) (x '(2))

follows, which shows (iv). O

Notations E.3.3. Let A := (U}, x;)}_; be a (fixed) covering of M by coordinate charts
©5°(U) to 7gi7venj =1,..., N, such that 0 < 9,7}, ¢, < 1 and ¢ <n; <9 < Y. We
then define p;,1;,9;,1; € 65°(U;) by ¢; == ¢} o Xj_l etc.

Denote by ]7]- resp. V; the family of densely defined symmetric, hence closable operators
defined, cf. E.2.1, where we replace U by U; and ¢ by v;. Let 17]’ resp. V; be the families
of densely defined symmetric closable resp. closed operators given by E.3.1 with respect
to the charts x; and the local family ]7j etc.

Finally, we consider the following set of operators

.0 o0
Vi = gy, L*(U;) 2 65°(Uy) — L*(Uy),

where j =1,...,N,[l=1,...,n. Then again 17;? is densely defined and symmetric, hence
closable, and we denote the minimal closed extension by V' : D(V}) — L*(U;) and the

corresponding global operator by Vj'l : D(V;Z) — LA(M).

Let \7,% € ljb’j be the operator that is locally given by i), a%ll/;j, and set

Vi (L= )V, (1= 1) LHM) 2 %5=(M) — LAQM).

J

Then this operator is again symmetric and densely defined and therefore closable. We
denote by V;l’m : 65°(M) — L*(M) the corresponding minimal closed extension of this
operator. Moreover, we define the following family of closable operators
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resp. W the corresponding family of densely defined symmetric minimal extensions of
elements from W. It is worth pointing out, that all of these operators are local operators.

Lemma E.3.4.
(i) f € €>°(M) implies M; € Y.
(ii) We have HSy, = €°(M).

Proof. Using E.3.1, the prove of (i) is given by an analogous calculation as in E.2.3, hence
we omit it.

Let us treat (ii): Since €*°(M) C D(W’) and
W@ (M)) = W& (M) € (M)

for all W’ € W, we conclude (M) C Hyy. It is left to show the reversed implication.
Let f € Hyy be arbitrary, then an induction and E.3.2 (ii) shows, that (¢} f) o Xj_l € Hy

and therefore by E.2.2 (¢} f) o Xj_l € C3°(Uj) holds. Summing up, we see that f =
N
> if € €°(M) as desired. 0
Jj=1

To treat operators given of the form (1 —¥;)Ap’, we use the given partition of unity
to localize, i.e.

N
(1= ) Ag) =) ¢, (1 — ) A, (E.3.1)

m=1

We define:

Definition E.3.5.

(i) Denote by W;,, the space of all A € ¥Y (M), such that
(a) supp Af C supp ¢!, Nsupp (1 — 19;) and
(b) supp f Nsuppy; =0 = Af =0
holds for all f € €°(M).
(ii) Denote by Wy, . the space of all A € UY(M), such that
(a) supp Af C supp ¢} and
(b) supp f N (suppgpin Nsupp (1 — 19;)) =0=Af=0
holds for all f € €>(M).

Note, that A € ¥,,, induces a bounded operator A;,, : L*(U;) — L*(U,,) by Ajnf =
A(fox;)ox;, - Analogously each operator A* € W7 . defines a bounded operator A, ; :
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L*(Up) — L*(U;) via A% i f = A(f o Xm) © Xj_l.

00X loxml
Ajm
L2(U;) -~ L*(Un)
A:‘nj
OX;1 ' OX'm
LA(U2) <— 12(M)

The spaces of all local representatlons of operators from W;,, resp. Wy . will be denoted
by Ljm resp. Ly, ;. If Be Ljm ULy, is a local representation of B 6 v, uvr B

Jmo

induces an element of Z(L*(R")) resp Z(€>(R")), and we will use this in the sequel
without any comment.
Remark E.3.6. Let A € U o(M) be arbitrary. Then we have:

(i) @ (1 = 95)Ap € Ujm.

(i) @A (1 —=95)¢pn, € Vr,

(iii) Let By : L*(R") — L*(R") be the local representation of ¢/, (1 — ¥})Ay/ and
By : L*(R") — L*(R") the representation of ¢;A*(1 — 9%)¢), € W5 . Then
Bt = B,.

Lemma E.3.7. We have 6w:(V; ) C VY, and ow:(V5,,) C V5

Proof. By 1.3.5 we have 0y (W) € WYY and oy (W5, ;) € WY, So what is left is to prove
(i) and (ii) of E.3.6. For given A € \I/W and f € %“(M) we get

S (A)f = (W'A— AW')f = WAf — AW'.
Moreover, W' € W is a local operator, and (i) and (ii) is due to E.3.6. O
Lemma E.3.8. We have:
(i) B€ Ljn= B:L*(R") — H*(R") is bounded for all k € Ny,
(i) Be L;,; = B: L*(R") — H"(R") is bounded for all k € Ny.

Proof. We will prove the lemma by induction with respect to £ € IN.
(i) Let k = 1 and A € U,,,, where B = A;,, € L;,, and f € L*(R") are arbitrary.
Then we have to show that Bf € H!(R"). Since €5°(R") is dense in L?*(R"), there

exists a sequence (fx)r C G5°(R™) with fy koo, f with respect to the topology L*(R™).
Because of B € L;,,, we get Bfj koo, Bf € L*(R") and Bf; € 65°(R™). Moreover,

AL =) (V5 ) (1 = 15) (fi 0 x;) = 0, (E.3.2)
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holds by -~
supp ¢ N supp (1 — 1) (Vi) (L = ) (f 0 x3)) =
and E.3.5 (i) (b). If 6,1, (A)(fk 0 Xj) © X5 € L*(R") is arbitrary we get:

By (A)Fe o) © X!
_ ((1—n;)(17ﬁm)( 1) A(fr 0 X;)

—AC =) VB,)0 =)o x) 0!

0 cf. (E.3.2)
.0
= wm wm( (fox;)) o xXm = Za_xlAj,mfk
e,
- 83’5 Bfk‘a
since in E 3.5 (i) (a) supp (A(fr o x;)) C supp (1 — 19’) N supp ¢, holds, where ¢, = 1.
We get 5> Bf = ad [V,](A)(f o x;) © X' and iz- Bf € L>(R") for all 1 € {1,...,n}.

Since B f e L*(R™) holds, Bf € H'(R™) follows'. If 0yn;(A) denotes the operator given
by
0ni(A)g = ad [V,)(A)(gox) o xn's (9 € L*(RY)
then it is the local representation of an operator in ¥;,, by E.3.7, i.e. 5V7/nz,j (A) € L.
Since iaZZle = 5V$,j(A)f, where 5V7/rf,j (A) € L, the inductional step becomes trivial.
(ii) Again, let k¥ = 1 and A € ¥} be given with B = A% ; € Z(L*(R")) and
f € L*(R™) arbitrary. Then there is (fi)r C €5°(R"), such that f E2o0, £ with respect

to L*(R™). But this again gives Bf; k=, Bf with respect to the topology of L*(R™),
where B fj, € €5°(R™). In addition we get

AV (fie 0 xm) =0, (E.3.3)
because Yzl'(fk 0 Xm) = inja%lﬁj(fk © Xm) and thus

supp (V') (fi 0 xom) N (supp d;, 0 (1 = 95)) = 0

holds. Consequently, we get the following equation:
L*(R") 5 ad [V;'J(A) (fi © xm) © ;"
= (VA0 xm) = AV)(fio X)) 0"

=0 byV(E.3.3)
( a0 A -1
(VAU 0 xm) 05" = mign (Alfi© o) 0 ;)

2 B

!see also [98, Proposition 1.14]
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This implies Bf € L?*(R"™), and the inductional step is again trivial. O
Theorem E.3.9. We have Y (M) = WXV In particular 9 ;(M) is a U*-algebra.

Proof. On the one hand, we know that W9 j(M)* = ¥{ (M) and
[T} 6 (M), W5, (M)] € W] 4(M) € L(L*(M))

holds using W C \11(1]70(/\/1) and by the well-known symbolic calculus for pseudodifferential
operators we get that A € U9 ;(M) and W' € W give dyyr(A) € 9 ((M); thus an iteration
process finally yields W{ j(M) C WY

On the other hand, if A € U is given, we first use the decomposition

N N
A=Y WA+ (1-9) Ay,
j=1 =1

Then E.1.6, E.2.8 and E.3.2 imply that E.1.2 (i) is fulfilled.
What is left to show, is that (1 —9’;) Ay is an integral operator for all j € {1,..., N'}
having a € *°-kernel representation. For this we have to treat operators B given by

according to (E.3.1). Let By € .Zj,, be the local representation of B and B} € £,
be the local representation of ¢;A*(1 — 9))¢, € ¥j,,. Then (Bf)" = B follows, cf.
E.3.6. This implies By, Bf : L*(R") — H*(R") for all k € INy by E.3.8. Since both
operators are adjoint to each other, we conclude that B; extends to a bounded operator
H*(R") — L*R") for all k € Ny. By interpolation theory (see, for instance, [19,
Theorem 1.5.10])

[L*(R"), H*(R™)]

= [D(A%), D(A*")]; = D(A*) = H*(R"),

[N
=

resp. [H‘Q’“(Rn),L2(Rn)]é =H*(R")

holds, which implies that B; can be extended to a bounded operator
By : H*(R") — H*(R")

for all k& € INg by [19, Theorem 1.5.5]. This shows that B; has a ©*°-kernel representation
using the classical result by Seeley [106]. Therefore E.1.2 (ii) holds and we have finished
the proof. n
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