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ABSTRACT: We study stress relaxation in several types of entangled
monodisperse linear polymer melts by comparing the shear stress relaxation
modulus, G(t), with the end-to-end vector autocorrelation function, P(t). The
study includes three Kremer−Grest bead−spring models with varying chain
stiffness, as well as a chemistry-specific coarse-grained model of cis-1,4-
polybutadiene. For each model, multiple chain lengths were simulated, spanning
a range of N/Ne = 5−50 entanglements per chain. We observe that in all cases the
behavior of G(t), beyond the short-time Rouse regime, is accurately described by
GN
0 [P(t)]2, where the chain-length-independent prefactor GN

0 denotes the plateau
modulus. This correlation is consistent with both double reptation and dynamic
tube dilation models of polymer relaxation, each based on a distinct physical description. The double reptation model represents the
melt as a transient network in which stress relaxation is governed by the survival probability of pairwise entanglements. The dynamic
tube dilation model, however, assumes that the tube of constraints surrounding a polymer chain progressively enlarges as relaxation
proceeds. The relation G(t) = GN

0 [P(t)]2 can serve as a basis for determining the plateau modulus and the corresponding
entanglement length. It also simplifies the modeling of G(t), since an accurate analytical expression for P(t) is sufficient to describe
the long-time behavior of G(t). We further compare the simulation data for P(t) and G(t) with theoretical expressions.

1. INTRODUCTION
The investigation of the viscoelastic properties of polymers has
been an important research area since the emergence of polymer
science.1 This interest has been driven in part by the practical
importance of the understanding of the viscoelastic behavior of
polymers. Furthermore, the viscoelastic properties have been
studied to gain insight into the relaxation processes of polymers
and to test fundamental theories of polymer dynamics.
In a polymer melt, a chain cannot cross its surrounding chains.

This topological constraint profoundly affects the dynamics of
long chains, preventing them from undergoing unrestricted
Brownian motion, as assumed in the Rouse model. The tube
model represents the restraining influence of surrounding chains
as a confining tube along the chain.2,3 To renew its
conformation, the chain must escape the tube (formed at time
t = 0) by moving along the tube contour. While moving along
the tube contour, the chain initially undergoes incoherent
restricted Rouse motion. Then, after its Rouse time, when it has
traveled a distance along the tube comparable to its end-to-end
distance, the motion becomes coherent, curvilinear diffusion
along the tube. This curvilinear diffusion is known as
reptation.4,5 For very long chains, the contour length of the
tube is much larger than the end-to-end distance of the chain,
and the chain performs reptation along most of its path within
the tube. Therefore, in the basic tube model, it is assumed that

the chain moves along the tube only by reptation, and the
contribution of incoherent motion in the escape of the chain is
ignored.3 This assumption is reasonable in the limit of very long
chains; however, over a wide range of chain lengths, the
contribution of incoherent restricted Rouse motion along the
tube cannot be neglected. This incoherent motion of the chain
along the tube allows part of the chain to exit the tube at short
times and reduces the effective distance the chain must travel by
reptation to escape the tube. This motion is usually viewed as a
process that leads to fluctuations in the contour length of the
tube, since at times shorter than the Rouse time, the
independent motion of the two chain ends induces variations
in the contour length. The process is also referred to as contour
length fluctuations (CLF).5,6

The combination of reptation and contour-length fluctuations
(CLF), which together describe the motion of a chain within a
fixed tube, explains several key features of entangled polymer
dynamics. These include the chain-length dependencies of the
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self-diffusion coefficient and longest relaxation time, as well as
characteristic behaviors of dynamical observables such as the
mean-squared displacement, end-to-end vector correlation, and
single-chain dynamic structure factor for sufficiently long
chains.5,6 This fixed-tube picture, however, does not adequately
describe the viscoelastic spectrum of even very long mono-
disperse linear polymer melts.4,5,7

According to the fixed-tube model, at long times, stress
relaxation occurs only through the escape of the polymer chain
from its confining tube. Consequently, the stress relaxation
modulus, G(t), is expected to be proportional to the surviving
tube f raction, μ(t), such that G(t) = GN

0 μ(t) where GN
0 is the

plateau modulus, which is independent of chain length, and μ(t)
represents the fraction of the chain that remains confined within
its original tube formed at t = 0.3,5 However, this relation, when
the analytical expression for μ(t) is used, does not yield a
satisfactory description of the viscoelastic spectrum.8,9

Within the framework of the tube model, the inadequacy of
the fixed-tube picture in describing the viscoelastic spectrum is
attributed to the process of constraint release (CR). This
process is attributed to the motion of the surrounding chains
that constitute the confining tube of a given (or target) chain.
The CR process has been viewed in different ways in the
literature. According to one approach, a CR event caused by the
motion of a surrounding chain is assumed to result in a local
displacement of the tube. These local displacements due to CR
events lead to a slow, Rouse-like motion of the tube, which in
turn contributes to stress relaxation.4,7 Rubinstein and Colby
developed a theory based on the above “Rouse-tube” description
of the CR process.7 They assumed that the tube could be
modeled as an effective Rouse chain with random bead
mobilities, whose distribution depends on μ(t). It was also
assumed that the stress relaxation modulus of a monodisperse
melt can be written asG(t) =GN

0 μ(t)R(t) whereR(t) is the stress
relaxation modulus of the effective Rouse-like chains that mimic
the tube motion induced by CR. The Rubinstein−Colby model
of CR has been incorporated into the Likhtman−McLeish10

model for the viscoelasticity of entangled melts. The adjustment
in the latter model is the addition of a fitting parameter in the
R(t) function, which allows control over its decay rate. The
resulting expression for the relaxation modulus isG(t) =GN

0 μ(t)
R(t,cν), where cν is a fitting parameter. The limit cν = 0
corresponds to neglecting constraint release, for which R(t) = 1,
while cν = 1 recovers the original Rubinstein−Colby model.
Besides the aforementioned model, the CR process has been

described as a mechanism that causes an increase in the effective
tube diameter over time (i.e., dynamic tube dilation). This
model was first introduced by Marrucci11 and later adopted by
other researchers.12−14Marrucci assumed that the portion of the
chain that escapes from the tube behaves as a solvent, which
leads to an increase in the tube diameter. For a monodisperse
melt, this model yields G(t) = GN

0 [μ(t)]1+α with α ≈ 1.
A similar relationship was proposed by des Cloizeaux for

monodisperse linear polymer melts; however, it was introduced
within a network-based physical picture known as the double
reptation model.8,15,16 The main assumptions of double reptation
are (i) An entanglement between two chains produces a stress
point; (ii) the stress relaxation modulus is proportional to the
number of original stress points that remain at time t; and (iii) a
stress point persists if neither the first chain nor the second chain
reptates through that point. The survival probability of a stress
point is [μ(t)]2, and hence the stress relaxation modulus is given
by G(t) = GN

0 [μ(t)]2. The exponent 2 arises because a stress

point is produced by an entanglement between two chains. In
other words, in the double reptation description, a polymer melt
is viewed as a transient network formed by entanglements. The
nodes of this network are created by entanglements between
pairs of chains, and the stress relaxation modulus reflects the
survival probability of the original stress points.
The Rouse−tube model of constraint release (adopted in the

Likhtman−McLeish model10) and the double reptation model
have been employed to describe viscoelastic spectra of
monodisperse linear polymer melts obtained from experi-
ments7,9,10,17,18 as well as from molecular simulation techni-
ques.19−21 To apply these models, one needs an analytical
expression for μ(t) which is then used either in the Rouse−tube
model of constraint release or in the relation G(t) = GN

0 [μ(t)]2.
The resulting analytical expressions for G(t) take as inputs
physical quantities such as the entanglement length and
entanglement time, as well as additional fitting parameters
introduced in an ad hocmanner. Therefore, comparison of these
analytical relations with experimental data usually corresponds
to evaluating whether the models can adequately fit the
experimental results.
A more direct insight into the viscoelastic response can be

obtained by comparing the shear stress relaxation modulus,
G(t), with the end-to-end vector autocorrelation function, P(t).
In the tube model, P(t), is equivalent to the surviving tube
fraction.5 Consequently, the fixed tube model leads to the
prediction G(t) = GN

0 P(t), while the predictions of the double
reptation and dynamic tube dilation models can be written as
G(t) = GN

0 [P(t)]2 (we refer to this relation as the double
reptation relation, although it also arises from the dynamic tube
dilation model). However, the latter relation does not arise from
the Likhtman−McLeish model. As mentioned above, in this
model stress relaxation modulus is given by G(t) = GN

0 μ(t)
R(t,cν). Depending on the value of cν, the function R(t,cν) can
differ significantly from μ(t), and as a result, the quantityGN

0 μ(t)
R(t,cν) differs fromGN

0 [μ(t)]2 (or equivalentlyGN
0 [P(t)]2). Even

with cν = 1, which corresponds to the original Rouse-tube model
of Rubinstein and Colby, R(t,cν) exhibits a long-time tail and
deviates from μ(t).10
The end-to-end vector autocorrelation function, P(t), is

experimentally accessible via dielectric relaxation spectroscopy
of type-A polymers, which have dipole moments aligned along
the polymer backbone.5,13 The proportionality between G(t)
and [P(t)]2 has been examined through combined rheological
and dielectric relaxation spectroscopy measurements for
monodisperse cis-polyisoprene melts. Consistent with the
predictions of the double reptation and dynamic tube dilation
models, the relation was reported to be valid.12,22 It is worth
noting that combined rheological and dielectric relaxation
spectroscopy measurements have also been used to test the
predictions of the tube dilation model in mixtures of short and
long polymer chains.22−24 However, for such systems, it has
been reported that the prediction of dynamic tube dilation, in its
basic form, is not generally valid. This limitation has been
attributed to the rapid relaxation of the short chains, which
occurs on a time scale too short for the long chains to adjust their
motion and fully explore their dilated tube.23,24

Few computational studies have also investigated the validity
of the relation G(t) = GN

0 [P(t)]2 for monodisperse polymer
melts. This relation was observed using a multichain slip-link
model (for N/Ne = 10, where Ne is the entanglement length).

25

More recently, we26 have also provided support for this relation
through simulations of the standard fully flexible Kremer−Grest
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model. Using this model, we simulated chain lengths up toN/Ne
= 20, although good statistics for G(t) at long times were
obtained up to N/Ne = 8. For the model studied, we found that
GN
0 [P(t)]2 accurately describes the long-time behavior ofG(t).27

In the present contribution, we provide further support for the
relationG(t) =GN

0 [P(t)]2 by studying several types of entangled,
monodisperse linear polymer melts using molecular dynamics
simulations over a significantly broader range of chain lengths,
characterized by the number of entanglements per chain. The
study includes both generic and chemistry-specific models. We
also use the relation G(t) = GN

0 [P(t)]2 as a basis for determining
the plateau modulus and its corresponding entanglement length.
Furthermore, within this framework, an accurate analytical
expression for P(t) is sufficient to predict G(t), excluding its
short-time behavior. We therefore compare the P(t) and G(t)
data obtained from simulations with theoretical expressions.
We study three Kremer−Grest bead−spring models with

varying chain stiffness,28−30 as well as a chemistry-specific
coarse-grained model parametrized to represent cis-1,4-poly-
butadiene.27 For each model, chains of different lengths are
considered. The bead−spring models with different stiffness
values have recently been employed to represent a wide range of
commodity polymers.30 Furthermore, the entanglement length,
Ne, decreases with increasing chain stiffness, and the stiffer
bead−spring models enable simulations of chains with largerN/
Ne ratios. In the present study, chain lengths corresponding to
N/Ne = 5−50 are considered. For the bead−spring models, the
Ne values obtained from the double reptation relation are
compared with those determined from primitive path analysis,
which is a widely used method for determining entanglement
length and for characterizing entanglement networks in
molecular dynamics simulations.31−33

The manuscript is organized as follows. In Section 2, we
introduce the models under study and provide the details of the
simulations. In Section 3, we examine the correlation between
G(t) and P(t) and compare the simulation results with
theoretical predictions. Finally, in Section 4, we summarize the
main findings.

2. MODEL
Molecular dynamics simulations were conducted using three
Kremer−Grest bead−spring models of varying stiffness,28,29 as
well as a chemistry-specific model that represents cis-1,4-
polybutadiene (cis-PB).27

In the Kremer−Grest models, all beads have mass m and
interact via purely repulsive nonbonded interactions described
by the Weeks−Chandler−Andersen potential, characterized by
a length scale σ and energy scale ε.28 Bonded interactions are
modeled using a FENE potential, which prevents chain crossing.
All quantities are expressed in units of σ, ε, and m. The bead
number density is ρ = 0.85 σ−3. The temperature was maintained
at kBT = 1ε using a Langevin thermostat with friction coefficient
γ = 0.5 τ−1. A time step of 0.01τ was used. The stiffness of the
chains is controlled by an angle-bending potential of the form
U(θ) = kθ(1 − cos θ), where θ is the angle between the vectors
representing two consecutive bonds.29 We studied three models
with kθ = 1.5, kθ = 2.5, and kθ = −1. Larger values of kθ
correspond to stiffer chains with larger end-to-end distances.
Furthermore, increasing kθ leads to a decrease in the
entanglement length, Ne. Using primitive path analysis, the
estimated Ne values are 28, 15, and 120 beads for kθ = 1.5, 2.5,
and −1, respectively.30,34 In the next section, we compare these

estimates with the Ne values obtained from the viscoelastic
spectra.
For each value of kθ, we simulated polymer chains of different

lengths. For kθ = 1.5, chain lengths N = 100, 200, 400, and 1000
were examined. For kθ = 2.5, results are reported for chain
lengths N = 100, 200, and 400. Finally, for kθ = −1, simulations
were performed for N = 400 and 1000. For chain lengths N =
100, 200, 400, and 1000, the simulation box contained 800, 400,
384 (or 96), and 216 chains, respectively. Production runs were
performed for approximately 2× 107τ to 2× 108τ (2× 109 to 2×
1010 time steps). The initial pre-equilibrated configurations for
the bead−spring simulations were taken from our previous
simulations of the standard Kremer−Grest model, in which the
angle-bending potential was not applied (corresponding to kθ =
0).26 For equilibration, the initial configurations were subjected
to long equilibration runs. The equilibration of the resulting
configurations was verified by measuring the internal chain
distances, as shown in Figure 1. This figure presents R2(n)/n as a

function of n, whereR2(n) represents themean-squared distance
between two monomers separated by n bonds along a chain. At
large length scales, the internal distances approximately follow
the expected Gaussian behavior (R2(n)∼n). For large n, the ratio
⟨R2(n)⟩/n approaches the statistical segment length squared b2,
such that ⟨R2(n)⟩ = nb2. For models with stiffness parameters kθ
=−1, 1.5, and 2.5, the statistical segment length b is calculated to
be 1.25σ, 1.65σ, and 1.99σ, respectively.
The chemistry-specific coarse-grained (CG) model of cis-PB

was parametrized based on a united-atom model.27 In the CG
model, each monomer of cis-PB, containing four CHx groups, is
mapped onto a single CG bead. The model includes nonbonded
interactions, as well as bond-stretching, angle-bending, and
dihedral potentials, which are derived by matching the local
structural distributions of the CG model to those of the
atomistic model using the iterative Boltzmann inversion
method. After proper time scaling, this model faithfully
reproduces the dynamical properties of the atomistic model
for time scales larger than the segmental relaxation time and
length scales greater than the CG bead size. This CG model
significantly extends the accessible simulation time scale relative
to the atomistic model. Specifically, it enables simulations of cis-
PB for times on the order of 100 μs at 413 K. More details about
the CGmodel can be found elsewhere.27 In the current work, we

Figure 1.Mean-squared internal distances for the simulated Kremer−
Grest chains. R2(n) denotes the average squared distance between two
monomers separated by n consecutive bonds along one chain.
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study cis-PB chains with lengths N = 200, 400, and 1000
monomers at T = 413 K. For N = 400 and 1000, the data for the
stress relaxation modulus, G(t), are identical to those presented
in the previous study.27 However, in the present work, the G(t)
data for N = 200 are slightly different, as we extended the run to
improve the statistics.
The simulations of the Kremer−Grest models were

performed using the LAMMPS35 and HOOMD-blue36 pack-
ages, while the simulations of the chemistry-specific CG model
were carried out using the GROMACS package.37

3. RESULTS

3.1. Correlation between Viscoelastic Response and
Single-Chain Dynamics

In this section, we examine the validity of the following relation,
as proposed by the double reptation model and also by the
dynamic tube dilation model, for the polymer melts studied in
our simulations

= [ ]G t G P t( ) ( )N
0 2 (1)

As noted in Section 1, G(t) is the shear stress relaxation
modulus, P(t) is the end-to-end vector autocorrelation function,
and GN

0 is the plateau modulus. The latter is related to the

entanglement length, expressed as the number of monomers
between entanglements, via10,38

=G
k T
N

4
5N

0 B

e (2)

where ρ is the monomer number density, kB is the Boltzmann
constant, and T is the temperature. The factor 4/5, which is
absent from the corresponding relation for cross-linked rubbers,
originates from the possibility of monomer redistribution along
the chain in a deformed entangled melt (i.e., relaxation of
longitudinal modes).3,5,10,39 In equilibrium simulations, G(t), is
calculated from the autocorrelation function of shear
stresses40,41

=G t
V

k T
t( ) ( ) (0) ,

B (3)

Here,V denotes the volume, σαβ(t) (α, β ∈ {x, y, z}) represents a
shear component of the stress tensor, and ⟨·⟩ denotes the
ensemble average. The correlation function was computed using
the multiple-τ correlator algorithm, and to improve statistics,
results were averaged over different orientations of the
coordinate system.42 The end-to-end vector autocorrelation
function, P(t), is defined as

Figure 2. G(t) curves for the bead−spring chains with a bending stiffness of kθ = 1.5. The G(t) curves are compared to GN
0 [P(t) ] (dashed magenta),

GN
0 [P(t)]2 (solid red), and GN,ppa

0 [P(t)]2 (dashed green), with GN
0 = 0.0324ε/σ3 (corresponding to Ne = 21 beads) and GN,ppa

0 = 0.0243ε/σ3

(corresponding to Ne,ppa = 28 as calculated from primitive path analysis). Panels correspond to chain lengths N = 100 (a), 200 (b), 400 (c), and 1000
(d). The dashed orange lines in panel (a) show the short-time prediction of the Rouse model with monomeric time τ0 = 2.1τ. Additionally, panel (c)
shows an estimate of the entanglement time, obtained from the condition G(τe) = ρkBT/Ne = 5GN

0 /4.
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= ·
·

P t
tR R

R R
( )

( ) (0)
(0) (0) (4)

where R(t) is the end-to-end vector at time t.
To examine the validity of eq 1, we investigate whether a

chain-length-independent prefactor, GN
0 , can be identified that

satisfies this relation.
Figure 2 presents the measured G(t) curves for the

semiflexible bead−spring chains with a bending stiffness of kθ
= 1.5. The panels of this figure show G(t) for chain lengths N =
100, 200, 400, and 1000, separately. The G(t) curves exhibit a
short-time Rouse regime, with G(t) ∼ t−1/2, before the chains
feel entanglement constraints.3,40 After this initial Rouse regime,
the behavior of G(t) is governed by entanglements. The results
in Figure 2 show that, beyond the initial Rouse regime, the
behavior of G(t) for different chain lengths is well described by
GN
0 [P(t)]2, with GN

0 = 0. 0324ε/σ3, corresponding to an
entanglement length Ne = 21 beads. In all cases the G(t) curve
decays significantly faster than GN

0 P(t), which represents the
prediction of the fixed-tube model (i.e., ignoring CR).
Furthermore, the long-time behavior of G(t) cannot be
accurately captured if GN,ppa

0 = 0.0243ε/σ3, corresponding to
Ne,ppa = 28

34 as calculated from primitive path analysis, is used as
the prefactor of [P(t)]2. Since GN,ppa

0 is lower than thecalculated
value for the plateau modulus GN

0 , the expression GN,ppa
0 [P(t)]2

slightly underestimates the height of the late-time shoulder of
the measured G(t) curves.
As an additional analysis of the above values for the

entanglement length and the corresponding plateau modulus,
we perform a self-consistency check, following the procedure
used in our previous work.26 For a given value of Ne (or its
corresponding GN

0 ), one can estimate entanglement time, τe
from the G(t) curves using G(τe) = ρkBT/Ne = 5GN

0 /45,10 (see
Figure 2c). This value of τe is expected to be consistent with the
Rouse time of a subchain with length Ne, namely τ0Ne

2, where τ0
= ζb2/(3π2kBT) is the monomeric time.3 Here, ζ is the
monomeric friction coefficient and b is the statistical segment
length.
We determine τ0 by matching the short-time Rouse regime of

the simulated G(t) curves to the prediction of the Rouse
model,43 which contains τ0 as its only input parameter (G(t) =
(ρkBT/N)∑pexp[−2p2t/(τ0N2)]). For the Kremer−Grest
model with kθ = 1.5, this procedure yields τ0 = (2.1 ± 0.3)τ.
The corresponding Rouse-model prediction is shown in panel
(a) of Figure 2 as orange dashed lines. For this model, the
statistical segment length is b = 1.65σ (as noted in Section 2),
and the obtained value for τ0 therefore corresponds to a
monomeric friction coefficient of ζ = 23m/τ. This value is
comparable to a previously reported estimate ζ = (27± 20%)m/
τ based on mean-squared displacements.44

With τ0 = 2.1τ, we carry out the self-consistency check
described above. Based on theG(t) data (forN = 400 and 1000),
taking Ne = 21 gives an entanglement time τe ≈ 1000τ (see
Figure 2c). This value is consistent with the Rouse time of a
subchain of length Ne = 21, namely τ0Ne

2 = 926τ. In contrast,
usingNe,ppa = 28 yields τe ≈ 5200τ, which is much larger than the
corresponding Rouse time of a subchain of lengthNe,ppa, namely
τ0Ne,ppa

2 = 1650τ. Therefore, the valueNe = 21 obtained from the
double-reptation relation better satisfies this self-consistency
check.
Hsu and Kremer34 previously measuredG(t) for the Kremer−

Grest model with kθ = 1.5 for chains with lengthsN = 500, 1000,
and 2000. They reported that Ne,ppa = 28 is consistent with the

plateau modulus extracted from the measured G(t) curves.
However, this conclusion is not fully supported by the results
shown in eq 1, which suggest that Ne,ppa slightly underestimates
the plateau modulus. Their conclusion was based on visual
inspection of G(t) curves obtained from relatively short
trajectories (over ten times shorter than the trajectories used
in the present work, made possible by advances in computa-
tional power), which may introduce some uncertainty in their
estimate, particularity comparable to the relatively small
difference between Ne,ppa and Ne extracted from the double-
reptation relation. Likhtman et al.40 also reported that, for
bead−spring chains of varying stiffness (induced by an angle-
bending potential different from the one used in this work), the
plateau modulus predicted by primitive path analysis is
systematically lower than the plateau modulus determined
from an equivalent slip-spring model. For the standard Kremer−
Grest model with kθ = 0, our previous results similarly suggested
that the entanglement length obtained from primitive path
analysis underestimates the plateau modulus.26

We continue by examining the validity of the relation G(t) =
GN
0 [P(t)]2 for the other systems studied (i.e., those aside from

the Kremer−Grest model with kθ = 1.5). Figure 3a shows the
G(t) curves for Kremer−Grest models with kθ = 2.5 and chain
lengths N = 100, 200, and 400. In this panel, the G(t) curves are
compared with GN

0 [P(t)]2 with GN
0 = 0.052ε/σ3 corresponding

to Ne = 13. It can be observed that GN
0 [P(t)]2 describes the

behavior of G(t) well at times longer than the initial Rouse
regime. For this stiffer model, the entanglement length obtained
from the double reptation model, Ne = 13, is close to the value
Ne,ppa = 15 calculated from primitive path analysis.30

Panel (b) of Figure 3 shows theG(t) data for the bead−spring
model with kθ =−1 and chain lengthsN = 400 and 1000. For this
model as well, the G(t) = GN

0 [P(t)]2 with GN
0 = 0.0085ε/σ3

corresponding to Ne = 80, provides a good description of the
G(t) data. This value of Ne deviates from the estimate Ne,ppa =
120.30

For the model with kθ = −1, similar to the case of kθ = 1.5, we
also carry out the consistency check described above to further
assess the entanglement lengths estimated from double-
reptation relation and primitive-path analysis. From the short-
time Rouse regime of the measured G(t) curves, we determine
themonomeric time to be τ0 = (1.5± 0.2)τ. With this value of τ0,
we perform the self-consistency check described above. Based
on the G(t) data for N = 1000, taking Ne = 80 gives an
entanglement time τe ≈ 8000 τ (see Figure 3b). This value is
relatively close to the Rouse time of a subchain of lengthNe = 80,
namely τ0Ne

2 = 9600τ. In contrast, using Ne,ppa = 120 yields τe ≈
45,000τ, which is significantly larger than the corresponding
Rouse time, τ0Ne, ppa

2 = 21,600τ.
The Ne values extracted from the relation G(t) = GN

0 [P(t)]2
for Kremer−Grest chains of varying stiffness are summarized in
Table 1. The result for the standard Kremer−Grest model with
kθ = 0 from our previous work26 is also included. For
comparison, the entanglement lengths calculated via primitive
path analysis30,32−34,44 are reported in the table as well. The
results from double reptation and primitive path analysis behave
qualitatively similarly, and both decrease with increasing kθ and
thus increasing chain stiffness. However, it seems that Ne,ppa is
systematically larger than the value from double reptation,
meaning that primitive path analysis slightly underestimates the
plateau modulus, as inferred from the double reptation relation.
For stiff chains, the results of the primitive path analysis are close
to those obtained from the double reptation relation; however,
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for flexible chains, the results have a relatively larger difference.
As noted above, based on slip-spring simulations, Likhtman et
al.40 also reported that primitive path analysis underestimates
the plateau modulus.
Finally, panel (c) of Figure 3 compares theG(t) data for cis-PB

with the prediction GN
0 [P(t)]2, using GN

0 = 15.5 bar, which
corresponds to an entanglement length ofNe = 28monomers (T
= 413 K). Results are shown for chain lengthsN = 200, 400, and

1000 monomers, and good agreement between the measured
G(t) curves and GN

0 [P(t)]2 is observed. The entanglement
length Ne = 28 corresponds to an entanglement molecular
weight of Me = 1512 g/mol, which is comparable to an available
experimental value of Me = 1800 g/mol for a 1,4-rich PB
sample,38 indicating a reasonable fidelity of the employed
coarse-grained model27 in this regard.
Overall, in this section, we observed very good agreement

betweenG(t) andGN
0 [P(t)]2 for all monodisperse polymermelts

studied.
3.2. Comparison of Simulation Results with Theoretical
Expressions

The relation G(t) = GN
0 [P(t)]2 simplifies the modeling of G(t)

for monodisperse samples. Based on this relation, an accurate
analytical expression for P(t) is sufficient to predict the long-
time behavior of G(t) in monodisperse melts. In this section, we
therefore compare the simulation data for P(t) with analytical
expressions. We also compare the measured G(t) data with
theoretical predictions based on double reptation.
As noted in Section 1, within the tube model, P(t) is

equivalent to the surviving tube fraction, μ(t). This equivalence,
however, neglects the short-time decay of P(t) due to Rouse
motion within the tube. In what follows, we compare P(t) with
an analytical expression for μ(t) that accounts for contour-
length fluctuations (CLF) and reptation, calculated within the
fixed-tube model. For short chains, particularly those in the
crossover regime between Rouse and entangled dynamics, μ(t)
calculated within a fixed-tube framework is expected to show
limitations when used to model P(t). In such systems, the Rouse
regime, which is absent from μ(t), contributes significantly to
the decay of P(t). Furthermore, the characteristic behavior of
P(t) may differ from the fixed-tube prediction.26 With increasing
chain length in a monodisperse melt, the contribution of the
Rouse regime decreases, and the characteristic behavior of P(t)
approaches that predicted by the fixed-tube model.
For describing P(t), we use the following analytical expression

proposed by Likhtman and McLeish,10 for the evolution of μ(t)
due to contour-length fluctuations at short times and reptation
at longer times

Figure 3. Comparison between G(t) and GN
0 [P(t)]2 for three different

polymer models. Panel (a) shows the results for the bead−springmodel
with bending stiffness kθ = 2.5, whereGN

0 = 0.052ε/σ3, corresponding to
Ne = 13. Panel (b) presents the results for the bead−spring model with
kθ = −1, for which GN

0 = 0.0085ε/σ3, corresponding to Ne = 80. In this
panel, an estimate of the entanglement time is also shown, obtained
from the condition G(τe) = ρkBT/Ne = 5GN

0 /4. Panel (c) shows the
relaxation functions for a chemistry-specific coarse-grainedmodel of cis-
PB at 413 K, whereGN

0 = 15.5 bar corresponding toNe = 28 monomers.

Table 1. Entanglement LengthsNe, Expressed as the Number
of Monomers between Entanglements, Corresponding to the
Plateau Modulus, as Obtained from the Relation G(t) = GN

0

[P(t)]2, for Bead−Spring Chains of Varying Stiffness
Specified by kθ

a

kθ Ne Ne,ppa

−1 80 12030

0 52 87,32,33 7830

1.5 21 28,34 2730

2.5 13 1530

aEntanglement lengths determined from primitive-path analysis,
Ne,ppa, are also included. The error bars on the Ne values were
estimated to be around 10% by (1) dividing the simulation trajectory
into three blocks and computing G(t) for each block, thus assessing
the variation of G(t) between blocks, and (2) varying the plateau
modulus (which directly corresponds to Ne) in the relation G(t) =
GN
0 [P(t)]2 and evaluating the quality of the resulting fits.
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The first term of eq 5 represents the contribution from CLF and
dominates up to times on the order of the Rouse time τR. This
term is responsible for the scaling behavior (1 − μ(t)) ∼ t1/4.
The second term corresponds to the contribution from
reptation, which becomes dominant at times longer than τR.
The time τdf(Z) denotes the disentanglement time in the
presence of CLF, and G̃f(Z) is a dimensionless plateau modulus.
Explicit expressions for these quantities, ε*, and p* can be found
in Likhtman and McLeish.10

The comparison of simulation data for P(t) with eq 5 is
performed for the semiflexible Kremer−Grest model with kθ =
1.5, as a wider range of chain lengths has been simulated for this
system. The quantities Z = N/Ne and τe are the only input
parameters in eq 5. For the bead−spring model with kθ = 1.5, we
set Ne = 21, the value obtained from double reptation relation
(see Figure 2 and Table 1). We then calculate τe using τe = τ0Ne

2,
with τ0 = 2.1τ independently determined from the Rouse regime
of the measured G(t) functions, as discussed above in the
context of Figure 2 (see also Table 2). Figure 4 shows the

measured P(t) curves (symbols) for various chain lengths of the
bead−spring model with kθ = 1.5 together with the predictions
of eq 5 (lines). The data are presented in two formats. Panel (a)
of Figure 4 shows P(t) vs t, while panel (b) presents P̂(t) =
−4Zτe1/4t3/4∂P/∂t vs t, following the representation adopted by
Likhtman and McLeish.10 In this latter representation, the CLF
regime, where (1 − P(t)) ∼ t0.25, appears as a plateau, while the
long-time reptation regime appears as a peak.
Equation 5 poorly describes the P(t) data for the shortest

chain studied, but the agreement with the P(t) data improves as
the chain length increases; nevertheless, even for long chains,
differences between the prediction and the simulation data
persist at long times. Amajor reason for the inadequacy of eq 5 in
describing the P(t) of short chains is the neglect of the initial
short-time Rouse regime. At short times, before the chains feel
entanglements, P(t) exhibit a Rouse regime in which (1 − P(t))
∼ t0.5 or P̂(t) ∼ t0.25 (see panel (b) of Figure 4).26 For short,
mildly entangled chains, the contribution of this Rouse regime to
the decay of P(t) is significant; however, for long chains, the
contribution of this regime becomes negligible. Previous
studies19,21 have proposed modifications to eq 5, particularly
to improve its short-time behavior. These modified equations
introduce one or more additional fitting parameters that can be
adjusted to improve the quality of the fit, which, as mentioned, is

most important for shorter chains. In the current work, we stay
with the basic model and, as noted above, determine its input
parameters independently. Indeed, the quality of the fit can be
slightly improved at long times if the inputs to eq 5 are treated as
free fitting parameters, for example, by reducing τ0 relative to the
value determined from the short-time regime of G(t). With the
current input parameters, the theoretical prediction is slightly
higher than the measured curves at long times. It is worth noting
that this long-time effect is slightly more pronounced for the
stiffest chains with kθ = 2.5 and weaker for the system with kθ =
−1 (data not shown).
Having compared the P(t) data with the analytical expression,

we now compare theG(t) data to the analytical prediction given
by the double reptation (and dynamic tube dilation) model.
Based on the results of Section 3.1, the long-time behavior of
G(t) is described by GN

0 [P(t)]2. Using the analytical relation for
μ(t) (eq 5) to describe P(t), we then have G(t) = GN

0 [μ(t)]2,
which is the original relation proposed by Marrucci11 and des
Cloizeaux.8,15,16 The contribution of short-time processes
should also be included to fully describe G(t) from the Rouse
regime up to the terminal time. Here, these contributions are
taken from the Likhtman−McLeish model.10 The resulting
equation is

Table 2. Values of the Monomeric Time τ0[=ζb2/(3π2)] and
Statistical Segment Length for the Polymer Melts Studieda

model τ0 b

KG, kθ = −1 1.5τ 1.25σ
KG, kθ = 1.5 2.1τ 1.65σ
KG, kθ = 2.5 3.0τ 1.99σ
cis-PB (T = 413 K) 1.3 ps 0.69 nm

aτ0 is determined from the short-time Rouse regime of the G(t)
curves; see Figure 2a and the corresponding discussion. The statistical
segment length b is determined from the large-scale values of internal
chain distances.

Figure 4. (a) P(t) data for various chain lengths of the semiflexible
bead−spring model with kθ = 1.5 (symbols), shown together with the
μ(t) in the Likhtman−McLeish model, eq 5 (solid lines), usingNe = 21
and τe = τ0Ne

2 = 2.1Ne
2. The model inputs were determined

independently and were not treated as free fitting parameters. (b)
The same data presented in the format adopted by Likhtman and
McLeish,10 where P̂(t) = −4Zτe1/4t3/4∂P/∂t.
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where GN
0 = (4ρkBT)/(5Ne) and τR = τ0N2 is the Rouse time of

the chain. The first term is, as discussed above, the contribution
from double reptation; the second term represents the
contribution from the initial Rouse regime; and the third term
accounts for the relaxation of longitudinal modes, which leads to
a redistribution of segments along the chain. In the original
Likhtman−McLeish model,10 the first term takes the form
GN
0 μ(t)R(t,cν), where, as noted in Section 1, R(t,cν) is calculated

based on the Rouse−tube model of CR, with cν being a fitting
parameter which significantly controls the decay rate of R(t,cν).
Replacing GN

0 μ(t)R(t,cν) with GN
0 [μ(t)]2 in eq 6 is a natural

consequence of the relation G(t) = GN
0 [P(t)]2, which was

examined in Section 3.1. As noted in Section 1, GN
0 μ(t)R(t,cν)

does not yield GN
0 [P(t)]2 because R(t,cν) can be significancy

different from μ(t). For cν ≈ 1, the function R(t,cν) is close to
μ(t) for t < τR, but it has long-time tail beyond τR and deviates
from μ(t).10 In some previous studies R(t,cν) has been
approximated by μ(t), and eq 6 has been used to describe
G(t).19−21 However, the results of Section 3.1 regarding the

examination of the double-reptation relation provide a basis for
the form GN

0 [μ(t)]2, rather than viewing it as an approximation
to the result obtained from the Rouse−tube model of CR.
Similar to eq 5 for μ(t), the input parameters of eq 6 are τ0 and

Ne, which we determine independently from the double
reptation analysis and the initial Rouse regime of G(t),
respectively. The values of Ne and τ0 for the different models
are reported in Tables 1 and 2, respectively. Figure 5 shows the
measured G(t) curves (symbols) for the polymer melts studied,
together with the predictions of eq 6 (dashed lines). The quality
of eq 6 in describing the measured G(t) data follows the same
trend observed in Figure 4 for the performance of eq 5 in
describing P(t), as expected from the relation G(t) = GN

0 [P(t)]2.
The function P(t) for short chains with Z ≈ 5, is not well
described by eq 5, leading to large deviations of eq 6 from the
measured G(t). However, with increasing chain length, the
agreement between the theoretical predictions and the
simulation results improves, and overall the theoretical
predictions show fair agreement with the simulation data.

4. SUMMARY
We investigated stress relaxation in entangled polymer melts by
comparing the shear stress relaxation modulus, G(t), with the
end-to-end vector autocorrelation function, P(t), in several
types of strictly monodisperse, entangled linear polymer melts
using molecular dynamics simulations. The investigation

Figure 5. G(t) curves for the polymer melts studied (symbols), shown together with the predictions of eq 6 (dashed lines). Panels (a−c) show the
results for the bead−spring models with kθ = 1.5, kθ = 2.5, and kθ = −1, respectively. Panel (d) shows the results for cis-PB at 413 K. Equation 6 usesNe
and τ0 as explicit inputs. The values of Ne are taken from the double reptation analysis reported in Table 1, and the monomeric times τ0 are obtained
from the Rouse regimes of the G(t) curves, as reported in Table 2.
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includes three bead−spring models with varying chain stiffness,
as well as a chemistry-specific coarse-grained model of cis-1,4-
polybutadiene. For each model, several chain lengths were
simulated, spanning a range of approximately N/Ne = 5−50
entanglements per chain.
For all of the studied samples, it was observed that GN

0 [P(t)]2

very well describes G(t) beyond the short-time Rouse regime.
Here, the chain-length-independent prefactor GN

0 is the plateau
modulus, which is related to the entanglement length by GN

0 =
4ρkBT/(5Ne). This observation is consistent with the
predictions of the double reptation model and also the dynamic
tube dilation model for the relaxation of polymer melts, despite
their distinct physical descriptions. The dynamic tube dilation
model is based on the assumption that the portion of a chain that
escapes the tube behaves as a solvent, leading to an increase in
the tube diameter. The double reptation model is based on a
particularly simple network-based picture of stress relaxation in
polymer melts, in which an entangled polymer melt is viewed as
a temporary network where each node is formed by an
entanglement between two polymer chains, and the stress
relaxation modulus is proportional to the number of original
nodes that remain at time t.
The relation G(t) = GN

0 [P(t)]2 can serve as a basis for
determining the plateau modulus and the corresponding
entanglement length. For this purpose, high-quality G(t) and
P(t) data are required for a few chain lengths. The plateau
modulus GN

0 is then determined as a chain-length-independent
prefactor that satisfies this relation. For the Kremer−Grest
models of different stiffnesses, we compared the so-obtained
values of the entanglement lengths with those obtained from
primitive path analysis. The results from both methods show
similar trends, with both decreasing as chain stiffness increases.
However, it seems that Ne,ppa, calculated from primitive path
analysis, is systematically larger than the value from double
reptation, meaning that primitive path analysis slightly under-
estimates the plateau modulus. For stiff chains, the results of the
primitive path analysis are close to those obtained from the
double reptation relation; however, for flexible chains, the
differences are relatively larger.
Based on the relationG(t) = GN

0 [P(t)]2, an accurate analytical
expression for P(t) is sufficient to model the long-time behavior
of G(t). To describe P(t), we used the analytical expression
proposed by Likhtman and McLeish that incorporates contour-
length fluctuations and reptation. The resulting prediction for
G(t) is then compared with the simulation data. Fair agreement
between the simulation results and theoretical predictions is
observed.
In the present work, we investigated the viscoelastic response

of monodisperse linear polymer melts. For these systems, our
simulation results are in good agreement with the predictions of
the double reptation and dynamic tube dilation models. A
further examination of the prediction of these models can be
performed by analyzing stress relaxation in samples with chain-
length dispersity. This is particularly important because previous
experimental studies22−24 have reported shortcomings of these
models, in their basic forms, in describing the viscoelastic
properties of mixtures of long and short polymer chains. The
investigation of such systems will be the subject of a future study.

■ ASSOCIATED CONTENT
Data Availability Statement
The data that support the findings of this study are openly
available on Zenodo at 10.5281/zenodo.18520783, reference
number 18520783.

■ AUTHOR INFORMATION
Corresponding Author

Alireza F. Behbahani− Institut für Physik, Johannes Gutenberg-
Universität Mainz, D-55099 Mainz, Germany; orcid.org/
0000-0002-1818-822X; Email: aforooza@uni-mainz.de

Complete contact information is available at:
https://pubs.acs.org/10.1021/acs.macromol.5c03613

Notes
The author declares no competing financial interest.

■ ACKNOWLEDGMENTS
We thank Friederike Schmid for careful reading of the
manuscript and for useful comments. This research was
supported by the German Science Foundation (DFG) via SFB
TRR 146 (Grant number 233630050, project C1). The
simulations were carried out on the high-performance
computing center MOGON at JGU Mainz.

■ REFERENCES
(1) Ferry, J. D. Viscoelastic Properties of Polymers; John Wiley & Sons,
1980.
(2) De Gennes, P.-G. Reptation of a polymer chain in the presence of
fixed obstacles. J. Chem. Phys. 1971, 55, 572−579.
(3) Doi, M.; Edwards, S. F.; Edwards, S. F. The Theory of Polymer

Dynamics; Oxford University Press, 1988; Vol. 73.
(4) Rubinstein, M.; Colby, R. H. Polymer Physics; Oxford University
Press: New York, 2003; Vol. 23.
(5) McLeish, T. C. B. Tube theory of entangled polymer dynamics.

Adv. Phys. 2002, 51, 1379−1527.
(6) Doi, M. Explanation for the 3.4-power law for viscosity of
polymeric liquids on the basis of the tube model. J. Polym. Sci., Polym.
Phys. Ed. 1983, 21, 667−684.
(7) Rubinstein, M.; Colby, R. H. Self-consistent theory of polydisperse
entangled polymers: Linear viscoelasticity of binary blends. J. Chem.
Phys. 1988, 89, 5291−5306.
(8) Des Cloizeaux, J. Relaxation of entangled polymers in melts.

Macromolecules 1990, 23, 3992−4006.
(9) Van Ruymbeke, E.; Keunings, R.; Stéphenne, V.; Hagenaars, A.;
Bailly, C. Evaluation of reptation models for predicting the linear
viscoelastic properties of entangled linear polymers. Macromolecules
2002, 35, 2689−2699.
(10) Likhtman, A. E.; McLeish, T. C. Quantitative theory for linear
dynamics of linear entangled polymers. Macromolecules 2002, 35,
6332−6343.
(11) Marrucci, G. Relaxation by reptation and tube enlargement: A
model for polydisperse polymers. J. Polym. Sci., Polym. Phys. Ed. 1985,
23, 159−177.
(12)Matsumiya, Y.; Watanabe, H.; Osaki, K. Comparison of dielectric
and viscoelastic relaxation functions of cis-polyisoprenes: Test of tube
dilation molecular picture. Macromolecules 2000, 33, 499−506.
(13) Watanabe, H. Dielectric Relaxation of Type-A Polymers in Melts
and Solutions. Macromol. Rapid Commun. 2001, 22, 127−175.
(14) Watanabe, H. Slow dynamics in homopolymer liquids. Polym. J.
2009, 41, 929−950.
(15) des Cloizeaux, J. Double reptation vs. simple reptation in polymer
melts. Europhys. Lett. (EPL) 1988, 5, No. 437.
(16) Des Cloizeaux, J. Polymer melts: a theoretical justification of
double reptation. J. Phys. I 1993, 3, 61−68.

Macromolecules pubs.acs.org/Macromolecules Article

https://doi.org/10.1021/acs.macromol.5c03613
Macromolecules 2026, 59, 3455−3464

3463

D
o
w
n
l
o
a
d
e
d
 
f
r
o
m
 
h
t
t
p
:
/
/
p
u
b
s
.
a
c
s
.
o
r
g
/
m
a
m
o
b
x
/
a
r
t
i
c
l
e
-
p
d
f
/
5
9
/
6
/
3
4
5
5
/
6
3
4
7
0
4
9
5
/
m
a
5
c
0
3
6
1
3
.
p
d
f
 
b
y
 
U
N
I
V
 
M
A
I
N
Z
 
u
s
e
r
 
o
n
 
0
4
 
A
u
g
u
s
t
 
2
0
2
6

https://doi.org/10.5281/zenodo.18520783
https://pubs.acs.org/action/doSearch?field1=Contrib&text1="Alireza+F.+Behbahani"&field2=AllField&text2=&publication=&accessType=allContent&Earliest=&ref=pdf
https://orcid.org/0000-0002-1818-822X
https://orcid.org/0000-0002-1818-822X
mailto:aforooza@uni-mainz.de
https://pubs.acs.org/doi/10.1021/acs.macromol.5c03613?ref=pdf
https://doi.org/10.1063/1.1675789
https://doi.org/10.1063/1.1675789
https://doi.org/10.1080/00018730210153216
https://doi.org/10.1002/pol.1983.180210501
https://doi.org/10.1002/pol.1983.180210501
https://doi.org/10.1063/1.455620
https://doi.org/10.1063/1.455620
https://doi.org/10.1021/ma00219a021?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/ma011271c?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/ma011271c?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/ma0200219?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/ma0200219?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1002/pol.1985.180230115
https://doi.org/10.1002/pol.1985.180230115
https://doi.org/10.1021/ma991121q?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/ma991121q?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/ma991121q?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1002/1521-3927(200102)22:3<127::AID-MARC127>3.0.CO;2-S
https://doi.org/10.1002/1521-3927(200102)22:3<127::AID-MARC127>3.0.CO;2-S
https://doi.org/10.1295/polymj.PJ2009148
https://doi.org/10.1209/0295-5075/5/5/010
https://doi.org/10.1209/0295-5075/5/5/010
https://doi.org/10.1051/jp1:1993112
https://doi.org/10.1051/jp1:1993112
pubs.acs.org/Macromolecules?ref=pdf
https://doi.org/10.1021/acs.macromol.5c03613?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as


(17) Auhl, D.; Ramirez, J.; Likhtman, A. E.; Chambon, P.;
Fernyhough, C. Linear and nonlinear shear flow behavior of
monodisperse polyisoprene melts with a large range of molecular
weights. J. Rheol. 2008, 52, 801−835.
(18) Glomann, T.; Schneider, G.; Brás, A.; Pyckhout-Hintzen, W.;
Wischnewski, A.; Zorn, R.; Allgaier, J.; Richter, D. Unified description
of the viscoelastic and dielectric global chain motion in terms of the
tube theory. Macromolecules 2011, 44, 7430−7437.
(19) Hou, J.-X.; Svaneborg, C.; Everaers, R.; Grest, G. S. Stress
relaxation in entangled polymer melts. Phys. Rev. Lett. 2010, 105,
No. 068301.
(20) Li, W.; Jana, P. K.; Behbahani, A. F.; Kritikos, G.; Schneider, L.;
Polinska, P.; Burkhart, C.; Harmandaris, V. A.; Müller, M.; Doxastakis,
M. Dynamics of long entangled polyisoprene melts via multiscale
modeling. Macromolecules 2021, 54, 8693−8713.
(21) Ghanta, R.; Chazirakis, A.; Burkhart, C.; Papakonstantopoulos,
G.; Polinska, P.; Harmandaris, V.; Doxastakis, M. Modeling chain
relaxation in moderately entangled polyisoprene melts. Macromolecules
2025, 58, 12893−12908, DOI: 10.1021/acs.macromol.5c02521.
(22) Watanabe, H.; Ishida, S.; Matsumiya, Y.; Inoue, T. Viscoelastic
and dielectric behavior of entangled blends of linear polyisoprenes
having widely separated molecular weights: Test of tube dilation
picture. Macromolecules 2004, 37, 1937−1951.
(23) Watanabe, H.; Ishida, S.; Matsumiya, Y.; Inoue, T. Test of full
and partial tube dilation pictures in entangled blends of linear
polyisoprenes. Macromolecules 2004, 37, 6619−6631.
(24) Van Ruymbeke, E.; Masubuchi, Y.; Watanabe, H. Effective value
of the dynamic dilution exponent in bidisperse linear polymers: From 1
to 4/3. Macromolecules 2012, 45, 2085−2098.
(25) Masubuchi, Y.; Takimoto, J.-I.; Koyama, K.; Ianniruberto, G.;
Marrucci, G.; Greco, F. Brownian simulations of a network of reptating
primitive chains. J. Chem. Phys. 2001, 115, 4387−4394.
(26) Behbahani, A. F.; Schmid, F. Relaxation Dynamics of Entangled
Linear Polymer Melts via Molecular Dynamics Simulations. Macro-
molecules 2025, 58, 767−786.
(27) Behbahani, A. F.; Schneider, L.; Rissanou, A.; Chazirakis, A.;
Bacova, P.; Jana, P. K.; Li, W.; Doxastakis, M.; Polinska, P.; Burkhart,
C.; et al. Dynamics and rheology of polymer melts via hierarchical
atomistic, coarse-grained, and slip-spring simulations. Macromolecules
2021, 54, 2740−2762.
(28) Kremer, K.; Grest, G. S. Dynamics of entangled linear polymer
melts: A molecular-dynamics simulation. J. Chem. Phys. 1990, 92,
5057−5086.
(29) Auhl, R.; Everaers, R.; Grest, G. S.; Kremer, K.; Plimpton, S. J.
Equilibration of long chain polymer melts in computer simulations. J.
Chem. Phys. 2003, 119, 12718−12728.
(30) Everaers, R.; Karimi-Varzaneh, H. A.; Fleck, F.; Hojdis, N.;
Svaneborg, C. Kremer-Grest models for commodity polymer melts:
Linking theory, experiment, and simulation at the Kuhn scale.
Macromolecules 2020, 53, 1901−1916.
(31) Everaers, R.; Sukumaran, S. K.; Grest, G. S.; Svaneborg, C.;
Sivasubramanian, A.; Kremer, K. Rheology and microscopic topology
of entangled polymeric liquids. Science 2004, 303, 823−826.
(32)Hoy, R. S.; Foteinopoulou, K.; Kröger, M. Topological analysis of
polymeric melts: Chain-length effects and fast-converging estimators
for entanglement length. Phys. Rev. E 2009, 80, No. 031803.
(33) Moreira, L. A.; Zhang, G.; Müller, F.; Stuehn, T.; Kremer, K.
Direct equilibration and characterization of polymer melts for
computer simulations. Macromol. Theory Simul. 2015, 24, 419−431.
(34) Hsu, H.-P.; Kremer, K. Static and dynamic properties of large
polymer melts in equilibrium. J. Chem. Phys. 2016, 144, No. 154907,
DOI: 10.1063/1.4946033.
(35) Thompson, A. P.; Aktulga, H. M.; Berger, R.; Bolintineanu, D. S.;
Brown, W. M.; Crozier, P. S.; in’t Veld, P. J.; Kohlmeyer, A.; Moore, S.
G.; Nguyen, T. D.; et al. LAMMPS-a flexible simulation tool for
particle-based materials modeling at the atomic, meso, and continuum
scales. Comput. Phys. Commun. 2022, 271, No. 108171.
(36) Anderson, J. A.; Glaser, J.; Glotzer, S. C. HOOMD-blue: A
Python package for high-performance molecular dynamics and hard

particle Monte Carlo simulations. Comput. Mater. Sci. 2020, 173,
No. 109363.
(37) Pronk, S.; Páll, S.; Schulz, R.; Larsson, P.; Bjelkmar, P.;
Apostolov, R.; Shirts, M. R.; Smith, J. C.; Kasson, P. M.; Van Der Spoel,
D.; et al. GROMACS 4.5: a high-throughput and highly parallel open
source molecular simulation toolkit. Bioinformatics 2013, 29, 845−854.
(38) Fetters, L. J.; Lohse, D.; Richter, D.; Witten, T.; Zirkel, A.
Connection between polymer molecular weight, density, chain
dimensions, and melt viscoelastic properties. Macromolecules 1994,
27, 4639−4647.
(39) Masubuchi, Y.; Doi, Y.; Uneyama, T. Entanglement molecular
weight. Nihon Reoroji Gakkaishi 2020, 48, 177−183.
(40) Likhtman, A. E.; Sukumaran, S. K.; Ramirez, J. Linear
viscoelasticity from molecular dynamics simulation of entangled
polymers. Macromolecules 2007, 40, 6748−6757.
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