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Abstract

We study Lagrangian Fibrations with designed singular fibers. The idea is to
construct a K3 surface X as a minimal resolution of the singularities of a double
cover Y of the plane branched along a reduced but possibly reducible singular
sextic ¥. Moreover, we assume that 3 has at worst A-D-E singularities. This
freeness of choosing > allows us to construct many examples of singular fibres
with various singularities. We find an explicit description of the singular fibers of
the Lagrangian Fibrations f: Mx(0,2H, ) — |2H|. The results shed also some
light on the correlation between the degree of the discriminant divisor A and the

topology of the corresponding moduli space.

Zusammenfassung

Wir studieren Lagrangefaserungen mit vorgegebenen singularen Fasern. Die Idee
besteht darin, eine K3-Flache X als minimale Auflosung von Singularitaten
einer 2 : 1 Uberlagerung zu konstruieren, die entlang einer reduzierten, aber
moglicherweise reduziblen singuldren Sextik Y verzweigt ist. Auflerdem nehmen
wir an, dass X hochstens A-D-FE Singularitaten besitzt. Diese Freiheit bei der
Wahl von 3 erlaubt es uns, viele Beispiele von singularen Fasern mit verschiede-
nen Singularitaten zu konstruieren. Wir finden eine explizite Beschreibung der
singuldren Fasern der Lagrangefaserung f: Mx(0,2H, x) — |2H|. Die Ergebnisse
beleuchten die Korrelation zwischen dem Grad des Diskriminantendivisors A und

der Topologie des zugrundeliegenden Modulraumes.
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1 Introduction

Irreducible symplectic varieties are defined as compact Kahler varieties having
trivial fundamental group and being endowed with a unique, up to C*, global
holomorphic 2-form which is nowhere degenerate. The simplest example are
K3 surfaces. Fujiki constructed the first higher dimensional example of an irre-
ducible symplectic manifold, namely the blow-up of the diagonal in S?(X) for a
K3 surface X. His example was generalized by Beauville. If X is a K3 surface,
then Beauville showed that for every n the Hilbert scheme Hilb"(X') parametriz-
ing 0-dimensional subschemes of length n on X is an irreducible holomorphic
symplectic manifold. Beauville constructed also a second family of examples;
the generalized Kummer varieties of 2-dimensional tori. Apart from Beauville’s
examples, O’Grady found two new examples of irreducible symplectic varieties
up to deformation equivalence. They have been exhibited in [22] and [23] and
their dimensions are 10 and 6, respectively. The O’Grady 10-dimensional moduli
space is the main actor of our paper. Up to now, each known example of irre-
ducible symplectic varieties can be deformed into one of the above examples. The
O’Grady examples of irreducible symplectic varieties are deformation-equivalent
to Lagrangian Fibrations (cf. [25]). So we study some special Lagrangian Fibra-
tions on irreducible symplectic manifolds. They have become an important tool in
understanding symplectic manifolds. Hwang—Oguiso ([11]) and Matsushita ([16])
classified the type of the general singular fibres of this fibrations.

O’Grady works with the singular moduli space Mx (2,0, 4) of rank 2 semistable
sheaves on X with first Chern class 0 and second Chern class 4. Over the nonsin-
gular part this moduli space can be equipped with a symplectic form. One can
show that it has a symplectic resolution of singularities, i.e. that the symplec-
tic form can be extended to the whole resolution and remains non-degenerate.
The space Mx(2,0,4) in fact turns out to be birational to the moduli space
Mx(0,2H,x) (if x is an even number). The symplectic resolution of the mod-
uli space Mx(0,2H, x) is obtain by certain blow-ups (cf. [22, 15]). Since for x
odd the Mukai vector (0,2H,x) € H®"(X,Z) is primitive, the moduli space
Mx(0,2H, x) is an irreducible symplectic variety and by [28] it can be deformed
into the Hilbert scheme Hilb®(X) whose topology is better understood than that

of O’Grady space. In this paper we assume that y is an even number.



Let 3 C P? be a plane sextic with at worst A-D-E singularities. Let Y — P2
denote the double cover ramified along . This is a normal surface with A-D-FE
singularities. Let X — Y be the minimal resolution, which is a K3 surface X.
Let 7: X — IP? denote the composite map. Such a K3 surface X is polarized by a
modification of the pull-back H of a line in the plane, involving small adjustment
using the exceptional curves (see Lemma 4.4). This freeness of choosing ¥ allows
us to construct many examples of singular fibres with various singularities.

The space Mx(0,2H,x) is the moduli space of semistable sheaves with
1-dimensional support C' on a K3 surface X and has the advantage that it ad-
mits a Lagrangian Fibration. This fibration is the map f: Mx(0,2H, x) — |2H],
which sends a sheaf to its support scheme. We have a Lagrangian Fibration,
where the target space is the linear system |2H|, which is isomorphic to P5. An
important open problem in the study of singular fibers of Lagrangian Fibration
seems to be to understand the geometry of the discriminant locus. This is defined
as the subset A of |2H| given by:

A = {b€|2H|: f1(b) is singular}.

The fact that A is a divisor if it is non-empty is a result of Hwang and Oguiso
(cf. [11, Proposition 3.1]). In our situation this is a divisor in P°. We investigate
the geometry of A. Moreover, we describe the structure of the singular fibres of

the fibration f over the generic points of the connected components of A.

Each singular fibre of f can be interpreted as the moduli space of semistable
sheaves on the curve C' = 7%(Q), where @ € |2H|. Curves in this family are
pull-backs of quadrics in the plane. If @) is the generic quadric then it intersects
the ramification divisor ¥ transversely in twelve different points. From Hurwitz’s
Theorem we obtain that the curve C' = 7%(Q) is a smooth curve of genus five
and the generic fibre of f is the Jacobian of C'. The family 7*(Q) also contains
reducible curves (pull-backs of pair of lines) and non-reduced curves. We will
discuss in detail the structure of such fibres. We provide large repertoire of
examples supporting the conjectures concerning the connection between the total
degree of A and the weights of the singular fibres. Moreover, we hope that we
shed some light on the correlation between the degree of A and the topology of
the corresponding moduli space.

Let us describe the content and the structure of this paper. For more detailed

explanations we refer to the introductions of the individual chapters.
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In Chapter 2 we recall the basic definitions and results regarding irreducible sym-
plectic manifolds and theory of sheaves. We end this chapter by collecting some
facts about compactifications of Jacobians.

In Chapter 3 we recall some definitions and facts about moduli spaces of semistable
sheaves. We introduce the Mukai vector. Then we summarize the results of Mat-
sushita and Hwang concerning Lagrangian Fibrations. In the next section we re-
call from [19, Section 1.4] the construction of the map f: Mx(0,2H, x) — |2H].
At the end of this chapter we recall the result of Hwang and Oguiso regarding
the discriminant locus A.

As we have mentioned before, we assume that a K3 surface X is a minimal res-
olution of the singularities of a double cover Y of the plane branched along a
reduced but possibly reducible singular sextic 3. We describe in Chapter 4 this
construction. Then we discuss the choice of the polarization of a K3 surface X.
The discriminant locus is a divisor, in our paper denoted by A. The singular
fibres appear exactly over A. We want to consider only generic points [Q] € A.
Chapter 5 provides a detailed description of the discriminant divisor. We find also
the degree of its components. Moreover, our calculations support the conjectures
concerning the connection between the total degree of A and the weights of the
singular fibres.

Chapter 6 is devoted to the detailed study of the singular fibers of the fibration
f: Mx(0,2H, x) — |2H|. This is the key chapter of our paper. In the first sec-
tion of this chapter we collect some generalities on pure sheaves of dimension 1,
which we need for our work. In Section 6.2 we describe the fibre of f over the
components Ay, of A. This is the case when a generic quadric @) intersect ¥ (or,
to be precise, one of its components %;) with multiplicity 2 in a smooth point.
In Section 6.3 we study the fibre over the component Ag.,. This is the situation
when a generic quadric () degenerates into two lines. In the last Section 6.4 we
give a description of the singular fibre over the components A, which means that
a generic quadric ) passes through a singularity p of ¥;. The non-reduced curves
appearing in this case are the main technical difficulty of our work. The parts of

the work build on an unpublished manuscript by Prof. Dr. Manfred Lehn.
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Notations and conventions

We try to stick to the following notations and conventions throughout this pa-
per. Set is the category of sets, Sch is the category of algebraic schemes over k.
An algebraic scheme is a separated scheme of finite type over C. A fibration is
a proper morphism with connected fibres from a variety to a normal variety. All

sheaves will be assumed to be coherent.






2 Basic constructions and general set-up

In this chapter we recall some basic notions and facts. Let X be a projective
scheme over C, unless stated otherwise. All sheaves on X will be assumed to be

coherent. The fundamental reference is [9].

2.1 Basic definitions

We recall basic definitions and results related to irreducible symplectic manifolds.
The classification of surfaces gives that the only surfaces with a non-degenerate
symplectic structure are K3 and abelian surfaces. Let X be a complex manifold
and let w € HY(X, Q%) be a global holomorphic 2-form.

Definition 2.1 An irreducible symplectic manifold is a compact, connected, sim-
ply connected Kihler manifold X with H°(X, Q%) = C-w, where w is symplectic,

i.e. everywhere non-degenerate.

As w is symplectic, irreducible symplectic manifolds are even-dimensional.
Let F' be a coherent sheaf on X.

Definition 2.2 [9] The support of F is the closed set supp(F) = {z € X | F, # 0}.
Its dimension is called the dimension of the sheaf F' and is denoted by dim(F).

Definition 2.3 [9] F' is pure of dimension d if dim(E) = d for all non-trivial

coherent subsheaves £ C F'.

Let us recall that the Euler characteristic of a coherent sheaf F' is given by

X(F) =Y (=1)'R(X,F) =Y (~1)"dim; H'(X, F).

Then if we fix an ample line bundle O(1) on X, then the Hilbert polynomial P(F)
is given by (cf. [9])
n— x(F® O(n)).

The Hilbert polynomial can be uniquely written in the following form (see [9])

dim(F)
P(F,n) = Z ozi(F)n

’i_!’

where «;(F') are rational coefficients for i = 0, ..., dim(F"). The leading coefficient

Qgim(r) (F7) is called the multiplicity.
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Definition 2.4 [9] The reduced Hilbert polynomial p(F') of a coherent sheaf F' of

dimension d is defined by
P(F,n)

Ozd(F) '

p(F,n) :=

We know that there is a natural ordering of polynomials which is given by the lex-
icographic order of their coefficients. We are now prepared to recall the definition

of stability of sheaves.

Definition 2.5 [9] A coherent sheaf F' of dimension d is semistable if F is pure
and for any proper non-trivial subsheaf E C F one has p(E) < p(F). F is called
stable if F' is semistable and the inequality is strict, i.e. p(FE) < p(F) for any
proper nontrivial subsheaf E C F.

Definition 2.6 [9] A coherent sheaf F' on an integral scheme X is torsion free
if for each x € X and s € Ox ,\{0} multiplication by s is an injective homomor-

phism F, — F,.

We recall the notion of a saturation.

Definition 2.7 [9] The saturation of a subsheaf E C F is the minimal subsheaf
E’ containing E such that F/E' is pure of dimension d = dim(F') or zero.

The saturation of a subsheaf £ C F' is the kernel of the surjection
F—F/E— (F/E)/T;-1(F/E).

Definition 2.8 [9] (Jordan-Hdélder filtration) Let F' be a semistable sheaf of di-
mension d. A Jordan-Hélder filtration of F' is a filtration

O:F()CFlC...CFkIF,

such that the factors gr;(F) = F;/F,_1 are stable with reduced Hilbert polyno-
mial p(F).

This filtration need not be unique. Jordan-Hélder filtrations always exist. Up to
isomorphism, the sheaf gr(F) := @, gr;(F) does not depend on the choice of the
Jordan-Holder filtration (cf. [9]). Now we recall the notion of the S-equivalence

of sheaves.
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Definition 2.9 [9] Two semistable sheaves Fy and Fy with the same reduced
Hilbert polynomial are called S-equivalent if gr(Fy) = gr(F,) and then we write
Fy ~g F.

The importance of this definition will become clear later. Below we recall the

notion of a polystable sheaf.

Definition 2.10 /9] A semistable sheaf F is called polystable if F is the direct

sum of stable sheaves.

Every S-equivalence class of semistable sheaves contains exactly one polystable
sheaf up to isomorphism. The moduli space of semistable sheaves in fact
parametrizes polystable sheaves, which means that closed points in the moduli

space corresponds to the polystable sheaves.

2.2 Compactified Jacobians

Let C be a smooth and projective curve of genus g. Then the moduli space
of isomorphism classes of invertible bundles of degree d is a smooth projective
variety of dimension g (cf. [24, Sect. 8.5]) and we denote it by Pic?(C)). This
space admits a Poincaré bundle over Pic?(C') x C. The tensor product gives rise
to a group structure on the Jacobian Jac(C) of C' and Jac(C) = Pic’(C).

Lemma 2.11 /24, Prop. 8.5.1] The variety Jac(C) is irreducible.

Moreover, all of the varieties Pic*(C') are isomorphic to Pic’(C).

Compactifications of Jacobians have been studied by many authors using dif-
ferent methods. We collect below some basic facts about compactified Jacobians.
The main reference is [26]. Let now C be geometrically integral (reduced and
irreducible) curve over an algebraically closed field k of arithmetic genus g, and
let C' denote the normalization of C'. The Jacobian J ac(C) is the group scheme
parametrizing rank one locally free sheaves on the curve C'. Moreover, Jac(C')
is an iterated extension of the Jacobian Jac(é) by copies of C* and C. There is
a natural compactification of Jac(C') given by the moduli space M¢ of rank one
torsion free sheaves on C'. For integral curves this moduli space was constructed
by D’Souza in [5] (cf. also Altman and Kleiman [1]). If M¢ is irreducible, its

normalization will be an iterated P!-bundle over the abelian variety Jac(C'), with
the P! fibres arising as compactifications of the C* and C fibres (cf. [1, 21, 26]).
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3 Moduli spaces and Lagrangian Fibrations

In this chapter we recall briefly the main facts about moduli spaces of semistable
sheaves, which we need to our work. Historically the first construction of the
moduli space is due to Gieseker and Maruyama. Then a different construc-
tion was found by Simpson. For more details see [9, Chapter 4]. In the first
section we collect basic definitions concerning moduli spaces. Then we define
the Mukai vector. In the Section 3.3 we collect some basic facts about complex
Lagrangian Fibrations. In the Section 3.4 we recall the construction of the fibra-
tion Mx(0,2H, x) — |2H|. We end this chapter with the result of Hwang and

Oguiso regarding the discriminant locus A.

3.1 Basic definitions

We denote by Sch the category of algebraic schemes over k (schemes of finite
type over Spec k). Let P € Q[z] be a fixed polynomial. We want to define a
functor M x(P): Sch”” — Set. To begin with, we define first an auxiliary functor
M (P): Sch”” — Set as follows: for any S € Sch, M'y(P)(S) is the set of all
flat S-families of sheaves on X, i.e. coherent sheaves on S x X flat over S with all

fibres being semistable with Hilbert polynomial P. For any morphism of schemes

f:T — S define
M (P)(f): M (P)(S) = M (P)(T)

by pullbacks. Then define the functor Mx(P) as a quotient functor of M’ (P)
with respect to an equivalence relation: two families Fy, Fy € M’ (P)(S) are
equivalent if there exists an invertible sheaf L on S such that Iy ~ F} ® pSL.
Analogously we define a functor M3 (P): Sch” — Set corresponding to families
of stable sheaves on X with Hilbert polynomial P.

Theorem 3.1 There exists a projective scheme My (P) that universally corepre-
sents the functor Mx(P). Closed points in Mx(P) correspond to S-equivalence
classes of semistable sheaves with Hilbert polynomial P. There exists an open
subscheme My (P) of Mx(P) that universally corepresents M3-(P).

The scheme Mx (P) is called the moduli space.
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3.2 Mukai vector

Let H®*"(X,Z) be the Mukai lattice of a polarised K3 or abelian surface X. For
every element v € H®"(X,7Z) there is an associated moduli space M (v) that

parametrises polystable sheaves F' with Mukai vector
v =0(F) = ch(F)\/td(X).

Lemma 3.2 (¢f. [9, Chapter 6]) Let X be a K3 surface. If F' is a coherent sheaf

on X with rk(F) =71, c;(F) = ¢; and co(F) = cq, then
2 — 2y

2 — 2y

v=(rc, YU (1,0,1) = (r, ¢4, +7r)e HY"(X,Z).

We will use the notation M (v) for the moduli space of semistable sheaves with
0%72(:2
2

sheaves. From [9, Chapter 4.5] we get

v = (r,c, + 7). Let M? denote the open subset parameterizing stable

Lemma 3.3 The expected dimension of M?® is
dim(M*) = 2rcy — (r — 1) — 2(r* — 1) = (v,v) + 2,
where (v,v) is the intersection form on X.

Due to Mukai ([20]), if the polarization and the Mukai vector v are chosen in
such a way that every semistable sheaf is automatically stable, then M (v) is a
projective holomorphically symplectic manifold. In the opposite case, M(v) is
singular and one may ask whether M (v) at least admits a projective symplectic
resolution. This question has been successfully answered in two cases by O’Grady
([22, 23]), leading to two new deformation classes of irreducible holomorphic
symplectic manifolds. The complete answer to O’Grady’s question for general
ample divisors and moduli spaces whose expected dimension 2 + (v, v) is > 4 was
given by Kaledin, Lehn and Sorger in [12]. We assume that we have the following
situation, which we fix for the rest of this paper. We consider the Mukai vector
v = (0,2H,x) and x is an even number. Then the intersection form (v,v) =
c? = (2H)?> = 8. Using Lemma 3.3 we have dim(M*) = 10. Let vy denote the
primitive vector (0, H,%) (i.e. vy is not an integral multiple of another lattice

element). Then we have v =2-vy = 2- (0, H, ¥).
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3.3 Complex Lagrangian Fibrations
To begin with we define a Lagrangian Fibration.

Definition 3.4 A Lagrangian Fibration is a fibration f: M — B of a 2n-dimen-
stonal holomorphic symplectic manifold M whose smooth fibers are Lagrangian

with respect to the holomorphic symplectic structure.
We recall the notion of a Lagrangian subvariety.

Definition 3.5 [17] Let M be a manifold with a holomorphic symplectic form w.

A subvariety U is said to be a Lagrangian subvariety if dim(U) = 5 dim(M) and

there exists a resolution v: U — U such that v*w is identically zero on U’.

In [18] Matsushita proved that if f: M — B is a fibration on M then dim(B) = n,
every fibre must be Lagrangian with respect to the holomorphic symplectic form
w and the generic fibre must be an n-dimensional complex torus. With the
assumption that B is projective Hwang ([10]) proved later that the base must be

isomorphic to P".

3.4 Fibration f: Mx(0,2H,x) — |2H|

In this section we recall briefly the construction of the map Mx(0,2H, x) — |2H |
(cf. [19, Section 1.4]). Let X be, as before, a K3 surface and F' € Mx(0,2H, x).
We want to construct the map f: Mx(0,2H, x) — |2H| that sends a sheaf to its
support scheme.

We first recall the definition of the Fitting ideals (cf. [6, Section 20.2]). Given

a finite module M over a noetherian ring R, consider a free presentation
P -5 Pp— M —0

with rk Py = r. If we choose bases for Py and P, then ¢ can be represented by a
matrix. Then the Fitting ideal Fitt; M is defined to be the image of the map

AP ® (N TTR)Y — R

induced by the map A""'P;, — A""'P,. If bases of Py and P; are chosen, then the
Fitting ideal Fitt; M is generated by minors of ¢ of order (r — ). The formation
of Fitting ideals commutes with base change (cf. [6, Corollary 20.5]) and we have

Fittc M C Fitty; M C ...
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Moreover, we have (ann M )" C Fitto M C ann M (see [6, Proposition 20.7]).

We have ann F' # 0 so that already the zeroth Fitting ideal is nonzero and
I(F) = Fitty F. We assume that F is pure which implies that depth F,, > 1 for
every x € X. From the Auslander-Buchsbaum formula the projective dimension
pdim F, < 2 — 1. So the minimal length of a projective resolution of F' is 1.
We want to show that I(F) is an ideal of the curve in the linear system |[2H]|.

Consider an exact sequence
0O—-EFE—=P—=F—=0

of coherent sheaves over X with P locally free. But X is a surface and
pdim F, = 1 hence E is locally free. So I(F') is equal to the image of the map
det E® (det P)~' — Ox induced by det E — det P. The corresponding curve is
a divisor of the line bundle (det £)~! ®det P. The first Chern class of this bundle
equals ¢1(F) = 2H and so I(F) defines a curve in the linear system [2H|.

3.5 The discriminant locus A

Let f: M — B be a holomorphic Lagrangian Fibration, where M and B are
complex manifolds with dim(M) = 2n and dim(B) = n. By discriminant locus A

we mean the subset of B parameterizing singular fibres of f:
A = {b€ B, f7(b) is singular}.
The fact that A is a divisor if it is non-empty, is a result of Hwang and Oguiso:
Lemma 3.6 [11, Proposition 3.1]
(1) My = f~1(s) is an n-dimensional complex torus if s & A.
(2) The critical set A is a hypersurface of B unless A = ).

In our set-up A is a divisor in P°. In Chapter 5 we discuss the structure of A

and degree of it’s components.
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4 Double covering of P? and choice of the pola-

rization of X

We assume that we have the following situation, which we fix for the rest of this
paper. Let ¥ C P? be a plane sextic with at worst A-D-E singularities. Let
Y — P? denote the double cover ramified along ¥. This is a normal surface
with A-D-FE singularities. Let X — Y be the minimal resolution, which is a K3
surface X. Moreover, let 7: X — P? denote the composite map. This freeness of
choosing ¥ allow us to construct many examples of singular fibres with various
singularities. In this chapter we recall briefly the construction of the above double

cover Y. We end this chapter by description of the polarization of a K3 surface X.

4.1 Double covering of P? ramified over a singular sextic ¥

Let ¥ C P? be a plane sextic given by a homogeneous polynomial f of degree 6.

Let 4 denote the embedding of ¥ in P2. We have the exact sequence
0— Iscpz — Op2 — 1,0y — 0

and
IECIP‘Q = O]PQ(—E) = O]}DQ(—6)

The K3 surface X can be constructed in the following way:
let
./4 - O]PJQ @ O]}DQ(—?))

be the sheaf of algebras where the multiplication Op2(—3) @ Op2(—3) — Op2 is
given by the equation of X

(s,) - (s',i") = (88" + @(i,7'), si’ + ')
where ¢: Op2(—3) ® Op2(—3) — Op2 is given by
i®i —i-i-f.

Now we define Y := SpecA as a relative affine spectrum. Let X — Y be the
minimal resolution of singularities. Since 7 is finite, X is projective and therefore

a Kahler surface. So the canonical sheaf of X is given by
KX = W*(KPQ X OpQ(g)) = (9)(.
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Moreover, we have
b(X)=H'(X,0x) = H'(P? 7.(0x)) = H' (P Op> ® Op2(—3)) = 0.

So X is a K3 surface. The singularities of Y appear exactly above the singularities
of 3. In analytic coordinates we obtain the following explicit equations for simple

surface singularities (cf. [3, Section II1.7]):

Type Local equation

Ap (n>1): 0=w?+ 22 + ¢yt

D, (n>4):|0=w*+y(z*+y"?)

Eg : 0=w?+2%+y!
E;: 0=w?+ x(z? + 9%
Eg: 0=w?+a23+y°

For each singular point p € ¥4, let ', denote the dual graph of the excep-

tional fibre 7 !(p). It is well-known that to each vertex i € v(I',) corresponds

a (—2)-curve Ei(p).

Lemma 4.1 (¢f. [3, Chapter III]) Let p € Y be a normal surface singularity
and let m: X — Y be a resolution. Then for every divisor C with support in
E = 77Y(p) we have C* < 0.

From above Lemma 4.1 we obtain E? < 0. Using Adjunction formula and the
fact that X is a K3 surface we deduce 2g — 2 = E?. So we have

E?=—-2and g =0. (1)

)

Using (1) we conclude that all components are P!. Because of
(E; + E;)? = 2(E;E; —2) <0, (2)

for all 4 # j one has E;F; <1, i.e. two such curves can intersect in at most one

point and then transversely.

Lemma 4.2 (¢f. [3, Section I11.7]) The dual graphs of the exceptional fibres
7Y (p) are exactly the Dynkin diagrams.

We come back to the above discussion in Section 6.4.1.
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4.2 Polarization of a K3 surface X

Let H denote the preimage of the class of a line in P2, so that H? = 2. The divisor

H is nef but not ample unless ¥ is smooth. We want to modify the polarization

H involving small adjustment using the exceptional curves. A natural choice of

a polarisation of X which is very close to H can be obtained as follows: For each

singular point p € g4, let I'), denote the dual graph of the exceptional fibre

7 !(p), so that to each vertex i € v(I',) corresponds a (—2)-curve Ei(p). The
(p) Ej(p))

intersection matrix S® = (E; i; is negative definite. Moreover

(»)

Lemma 4.3 There are unique positive integers a;  such that the intersection

between E® =" a!” E®) and each component EP is exactly —2.

Proof. We want to consider the associated root system. Let £ be an Euclidean
space. For each p we have the root system (F, R) and let A = {ay,...,a,} be the
base for R. Then the fundamental weights for R (relative to A) are the vectors
{w1, ..., w,} determined by the following condition: For all 7 and j, we have

G, W;

EM;; 4,

As for A-D-E type all roots have length 2 we have («;,w;) = §;;. Summing over
all j we obtain (ay, Y ;w;) = 1. A weight of special importance is the one for

which all Dynkin labels are equal to one
p:ij:(l,...,l).
J

This is the Weyl vector and is alternatively defined as
1
p=3 Z .
OéEA+

So we have

Qij:2,0: Z Q.
J

CMEA+
The right side of the above equation is a linear combination a;aq + ... + a,a,

and the coeflicients a; are integers.

We want to polarise the K3 surface X by

H:=H-c) EW, (3)
p
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where H denotes the preimage of the class of a line in P? and € > 0 is a small

rational constant. Then

Lemma 4.4 For any choice of a sufficiently small constant € > 0, the Q-divisor

H’:H—EZE(p)
p

1s ample.

Proof. As the surface X is projective, there exist an ample divisor H on X.
We take this divisor. Then for every sufficiently small ¢ > 0 we can have the
following properties:

H-H>0 and H?>0.

Then for all n >> 0 there exist an effective divisor D € [nH'| (cf. [8, Corollary
V.1.8]). We take this divisor D. Let C' be any irreducible, not exceptional curve
C C X. We consider the intersection C'- D. We have three possibilities:

i) C-D >0,
ii) C'- D = 0, which is equivalent to C' N D = 0.
iil) C-D <0

In the case iii) the curve C' must be a component in D, so there are only finitely
many such curves. For such curves we can modify H' by choosing ¢ a little bit
smaller to achieve C'- D > 0 in the case 7iz). With this modification we get
C-D > 0 in all above cases.

O

Such a choice of H" somewhat simplifies later calculations but is of no real

importance as long as H' is sufficiently close to H.
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5 The discriminant divisor A and degree of it’s

components

One of the most important open problems in the study of singular fibers of La-
grangian Fibration seems to be to understand the geometry of the discriminant
locus A (cf. Section 3.5). We define the set A C P°. Due to Hwang and Oguiso,
it is a hypersurface in P° (see Lemma 3.6). In this chapter we describe the com-
ponents of A and then we compute its degree. We want to consider only generic
points of the divisor A.

Then we have the following strategy. There is a 2 : 1 map 7: X — P?
branched along a sextic in P? (see Chapter 4). The natural morphisms Opz(m) —
7 Op2(m) = m,Ox(mH) induce the maps H(P?, Op2(m)) — H°(X, Ox(mH)).

Lemma 5.1 We can identify |H| with |Op2(1)] and |2H| with |Op2(2)].

Proof. The maps H°(P?, Op:(m)) — H°(X,Ox(mH)) are always injective.

Moreover, we have

1
X(Ox(mH)) = §m2H2 +2=m*+2

and
1 3 1 3
X(Op2(mH)) = §m2H2 + imﬂ2 +1= §m2 +gm+ 1,
so for m = 1, 2 the spaces have the same dimension. So they are isomorphic and
we can identify |H| with |Op2(1)| and |2H| with |Op2(2)]. O

5.1 Description of the components of A

A generic quadric @) intersects the ramification divisor X transversely in twelve
different points. Using Hurwitz’s Theorem (cf. [8, Chapter IV.2]) we obtain in
this situation that the curve C' is a smooth curve of genus 5. We discuss below
the possible degenerations. A generic quadric () can degenerate in the following

ways with respect to the ramification divisor >i:

1. @ can intersect ¥ with multiplicity 2 in some point. Such conics form the

component
Ay, = {Q| Q tangent to %},
one for each component »; of ¥X. For a generic element we may assume

that () is smooth and that it is tangent to ¥; in a smooth point. We can
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also assume that ) does not pass through singularities of 3 and intersect

Y transversely in ten smooth points otherwise.

. @ can degenerate into two lines [; and l5. Such conics form the component

Adeg = {Q ‘ Q = ll U lz}

This includes the case that Q C P? degenerate into a double line and hence
is non-reduced and of the form 2L, where L € |H|. For a generic element
we may assume that () does not degenerate into a double line and that
the intersection point does not lie on X, I; Nl € ¥. Moreover, we can also
assume that both lines [; are nowhere tangent to > and do not pass through

singularities of X.
. @ can pass through a singularity p of ¥. Such conics form the component
A, = {Q| Q passes through a singularity p of ¥},

one for each singular point of ¥. For a generic element we may assume that

@ is smooth and should be nowhere tangent to X.

Our main goal is the description of the singular fibre f~([Q]) for generic

points [Q] € A. In Chapter 6 we describe in details the structure of the singular
fibres of the Lagrangian Fibration f: Mx(0,2H, ) — [2H]|.

5.2 Degree of the components of A

We need to find the degree of the components of A. It is relative simple for the

components Age, and A,.

Lemma 5.2 The degree of the component Ageq is 3.

2 .2 2 : 02
Proof. Let xf, z7, x5, xox1, xox2, T122 be a basis of H(P? O(2)) and 2o, 21, 22, 23,

24, z5 be the dual basis. So the universal quadric is given by

2 2 2
20Xy + 2147 + 22Ty + 23X0x1 + 24ToT2 + 2512 =

1 1
20 525 524 Zo
1 1
(l’o X1 ZL‘2> §Z5 21 523 I
1 1
524 52’3 Z9 i)
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The divisor Ag, is given by the following cubic equation

1 1
20 375 374
O=det | 325 =1 323
1 1
574 373 22
S0 Ageg is a component of degree 3. O

The simplest case is for the component A,,.
Lemma 5.3 The degree of the component A, is 1.

Proof. Passing through a one given point translates into one linear equation.

So the component A, has degree 1. O

Now we want to discuss the components Ay,. The case if () become tan-
gent to X (or, to be precise, tangent to one of its components ¥;) in a smooth
point requires some longer calculations. If ¥ is a smooth sextic then deg Ay, = 42
(cf. Fulton [7, Example 3.2.21] and Kleiman [13]). We do actually more.
We find the degree of this component if () become tangent to reduced, irreducible
and possible singular curve T' C P? of degree d. Let us consider the following
algebraic subset of |2H|:

Ar :={Q | Q smooth quadric, tangent to reduced, irreducible )

and possible singular curve T' of degree d in a smooth point ¢}.

The result can be formulated in the following lemma:

Lemma 5.4 The degree of the component At is equal
degAp = d(d+1)— > (pp+my— 1),
pESing T
where m,, is the multiplicity of (the germ of) T at the singular point p € T and

iy s its Milnor number.

Proof. We start with a linear system |2H|. We are looking for quadrics,
which are smooth and tangent in a smooth point ¢ to an reduced, irreducible and

possibly singular curve T' of degree d. We consider the following incidence variety
P? < (P*)" > Z:={(¢,L)|q € L},

where Z is a divisor of type O(1,1). In coordinates, for ¢ = (g0 : ¢1 : ¢2) and
L = (ly : Iy : l5) the condition is ), (¢; - l;) = 0. Now we consider the following

incidence variety over Z
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2H|<—{(q,L,Q) | q € L,Q quadric , L tangent to @ in ¢}

|

Z={(q,L)|qe L}

which is a P3-bundle. The general quadric is given by Q = azi + ap1oz1 +
A02ToTa + 1127 + a19T1 22 + agers. Let I = (x0) and I, = (29, 21). The condition
that g € @) translates into ag = 0, L is tangent to @) gives a5 = 0. Let v be the
normalization of 7. Consider the set R := {(3, Q) |3 € T, %(5) tangent to Q in s}
such that

R p2 ‘QH‘

|

TT’Eg

where a : s+ (s,Tr), Tr is the tangent line to the curve 7" and ¢ is the induced
tangent direction. We have dim(R) = 4. Moreover, Ar is the image of R.
Our goal is the computation of deg Ay = fR p5(h)*, where h is the class of an
ample divisor on the linear system |[2H|. Now we want to formalize the above
construction.

Let now P? = P(V) := Proj $*V, dim(V) = 3 and let Z C P(V) x P(V*) be

the incidence variety. Then we have
Z =Drap(V) ={0CV; C Vo C V|dim(V;) =i}.
There are two natural projections
Vo< (V1, Vo) =W
P(V) <"—Drap(V) —=P(V*),

where V) corresponds to choosing L, and V5 corresponds to choosing ¢, as above.

We have universal bundle sequence
ViCV, CV RO,
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The corresponding line bundles are

I

V©O0z/Va=p;0(1) = O(hy),

Vi = p; O(—1) = O(—h),
Vo /Vi =2 O(hy — hs).

Every quadric @ in P? is an element of S2 V. On Z there is a canonical subbundle
W of rank 4
WIIV'V1+S2V2 COZ®S2V

To see that W is the subbundle of O; ® S?V we can decompose V in 3 lines
V=VieN&M, where Vo =V & N and V =V, & M. We can pointwise

calculate
VVit S8 Vo= (Vi+ N+ M) -Vi+(Vi+N)(Vi +N)CS*V
is a 4-dimensional vector space. So we have the following filtration
0— VeV —W-— V/V)* — 0. (5)

Now we consider a projectivization Z := POWV*)

7 =P(W") Z
12H| = P(S* V™)

and ¢*O(h) = Ow+(1), where h is an ample generator of [2H|. Now we want to
find the cohomology ring

H*(Z,Z) = H'(2,Z)[h]] ~

c(W)
1+h
So the fundamental relation ~ is given by

=14+ W + W + csW* + W) - (1 — h+ h* — h® + hY).

0=h* =W R + oW h? — cs W h + e, W,

Now we need to find the cohomology ring of Z and the Chern classes.
On P(V) we have
H'(P(V), Z) = Z[ho]/ (ha)’
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and the universal sequence
0CV, CV @O0y,
where V, is a rank 2 subbundle and let Z = P(V,) — P(V). On Z we have
00—V — Vo — O(f).
So % =(1+c Vot Vo) (1 —E&+&%) and
H*(Z,Z) = Z[§)) (& — c1Va - £+ V).
We have an exact sequence

0=V = V®0O — O(hy) — 0.

So the total Chern class c(V,) = Tlhz =1—hy+h3 and ¢, Vo = —hy, Vo = h2.
We have

H(Z,Z) = Zlh, €]/ (13, € + & - ha + 13).

Now using

0=V = Vo= 0&) =0
and O(§) = O(hy — he)
H*(Z,Z) = Z[hy, ha]/(h3, hi — hihs + 3, h3).
Using (5) we obtain similar filtration for W*
WV/V1) 2 =5 W =5 Ve Vi — 0.

So the total Chern class
The cohomology ring is

H*(Z,Z) = Z[hy, ha, h/1,
where [ is generated by
(3, h — hihy + h3, h* — (hy + 2hy) - h® + (6hihy — 3h3) - h* — 6h3hy - h)
2H| <"~ R——>7
.

T—=72
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So we obtain
V*hy = deg(T") - u=d" -u

and similarly

Y*hy =deg(T) -u=d- u.

We deduce
H*(R,Z) = H*(T, Z)[h]/(h* — (d" 4 2d) - h* - u).

The degree of TV is given by

& =dd—1)— 3 (y+m,—1),

peSing T

where m,, is the multiplicity of (the germ of) 7" at the point p € T" and p, is its
Milnor number (cf. [27, Thm. 7.2.2]). So we obtain the final result

degAr = fR ps(h)t = (d"+2d)- fR h*u

= d(d+1)— ZpESingT(/‘LP +my, —1).
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6 Singular fibers of the fibration f

In this key chapter of our paper we study in details the singular fibres of the
Lagrangian Fibration f: Mx(0,2H, x) — |2H|. We begin with some generalities
on pure sheaves of dimension 1. In Section 6.2 we describe the fibre of f over
the components Ay, of A. This is the case when a generic quadric () intersect
>; with multiplicity 2 in a smooth point. In Section 6.3 we study the fibre over
the component Ag,. This is the situation when a generic quadric () degenerate
into two lines. In Section 6.4 we give a description of the singular fibre over
the components A,, which means that a generic quadric ) passes through a

singularity p of ;. To study these cases we use results from Section 6.1.

6.1 Generalities on pure sheaves of dimension 1

In this section we collect some generalities on pure sheaves of dimension 1 which
we need for our work. If the sextic ¥ C P? has a singularity of type D,, or E,
then some components of C' = 7*(Q)) have multiplicities > 1. Therefore we collect
some general properties of pure sheaves on non-reduced curves.

Let F' be a coherent sheaf of dimension 1 on a smooth surface X. The torsion
subsheaf Tors(F') is the maximal subsheaf with zero-dimensional support, so that
the quotient F'/Tors(F') is a pure sheaf of dimension 1. If F' is a pure sheaf then
any nontrivial subsheaf F” is itself pure. The saturation of F” in F' is defined as

the kernel K of the epimorphism
F — (F/F")/Tors(F/F").

By construction, K is a pure sheaf, and K/F’ = Tors(F/F").

Assume that C' = >"""  C; is a simple normal crossing divisor with smooth
components C;. If F'is a pure sheaf with supp(F),.q C C, we denote by p;(F')
the multiplicity of F' along the component C;. By supp(F') we mean V (Ann(F)).
We have supp(F') C > p;(F)C;. The restriction of F' to the non-reduced curve
i (F)C; may contain torsion. We set

Fj := F|u,m)c,/Tors(Fl, i), )-

We have the natural surjections /' — F};, which induce a morphism
F—@F
J
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that is generically injective on each component of divisor C. As F'is a pure sheaf
this morphism is everywhere injective. The quotient is supported on the singular

points = of C'. We have an exact sequence
O—>F—>€BF]-—>€BTQC—>O.
i T

So we define T, as the local component of the cokernel scheme. Let x be the

intersection point of the components C; and C;. Then we have the following.
Lemma 6.1 Both sheaves F; and Fj surject onto T,.

Proof. Let U be a small neighbourhood of the point x. We have the following

exact sequence

(ai,a;

0 Fly )E‘U@Fj‘UMQTm—)O

and m; o a; = —m; o a;. So we have locally near x the following commutative

diagram

We deduce m;(F;) = {(F) = m;(F;) and
T, = Im(m;, 7;) = Im(m;) + Im(7;) = Im(m;) = Im(7;).

o
On each sheaf Fj, the ideal sheaf of the component C; in X induces a natural

decreasing filtration
_ 10 1
F;=F,DF D...,

where F} is the saturation of the subsheaf Fj - Ox(—sCj). The subquotients
griF; = F;_l /F; are pure sheaves on the smooth reduced curve C; and hence
locally free. Let r;, = rk(gr®F;) denote the rank of the s-th subquotient. Then

> s = w(F).

S

For each s there is a generically surjective map
gt (F)) ® O, (=Cy) — gr™*(F)),
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so the sequence of ranks is monotonously decreasing
7"]'12']"]'22.... (6)
Lemma 6.2 Ifz € C;NC;j then x(T,) < Y, ,min{rjs, 7 }.

Proof. Assume first that the length of the filtrations on F; and Fj equal 1, so
that F; and F; are supported on the reduced curves C; and Cj, respectively and

are locally free. Locally near x we have the following cartesian square

F,—T,

]

F—F

As T, is a quotient both of F; and Fj it must be of the form OP" with rank
r <r1k(F;) and r < rk(F}). So we have x (7)) < min{r;;,r;;} and the assertion is
clear in this case.

Otherwise we may assume that the length of the filtration on F; is > 2. So
we are in the situation that F! # 0. Let 7" C T, denote the image of F}! in T,
and let F denote the preimage of 7" under the projection Fj —=T, . Let us

consider the following diagrams.

Fl—=T" gr, (F) —=T,/T"

Note that all arrows are surjective by construction. As the inclusion Fj — Fj is
generically an isomorphism, the sheaves F and F}; have the same rank sequences.

Using the left diagram we obtain:

x(T") < Z min{r;s, rig }.

s,8',8'>2

From the right diagram we get:
X(T,)T') < Z min{r;s, 71 }.

The assertion of the lemma follows now by induction on the length of the filtration.

O
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We will be particularly interested in the case that F' is a pure sheaf with the
property that on each component C; one has rj; = 1 (see Lemma 6.11). As the
ranks form a decreasing sequence this implies that 7;, =1 for all 1 < s < p;(F)
and rjs = 0 for s > p;(F). Equivalently, this is the case if and only if F
is an invertible sheaf on a dense open subset of the scheme-theoretic support
supp(F) = Zj pi(F)C;. Assuming this property, there are monomorphism of

line bundles on Cj:
g’ (F) ® O¢, (—Cj) = gr* ™ (F)), 1< s < p;(F). (7)

The sheaf F} is locally free at y € p;(F)C; if and only if all these maps are
isomorphisms at y.

Keeping the assumption that r;; = 1 for all j, let z be an intersection
point z € C; N C; and consider the scheme & := (p;(F)C; N p;(F)Cj),. Then
O¢ = Clz1, 22) /(2 i), P (F)), since C; and Cj intersect transversely by assump-
tion. Note that the socle k := (0 : m,) C O is a one-dimensional vector space
spanned by the element corresponding to zli(F)flzgj )1 Then T, is an Og-

module and the natural epimorphisms
gt Fy =T, and oy F; — T,

factor through the Og-modules Fyi; = (Filu,p)p;)e and Fuji = (Fjlum)D:)e-

Note that using Lemma 6.2 we obtain

X(Te) < pi(F) i (F) = x(O)-

We have also
X(Faij) = X(O¢)
and
X(Frji) = x(O).
It is enough to prove the first equality. In the second equality the rules of i and

j are exchanged. We take a restriction of the sequence
0—F' — F)— F/F' —0
to C; and obtain the following exact sequence
0 — Tor((FY/F})|c;, Oc,) — Flle, — File, — (E)/F})le; — 0.
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As F}|¢, is pure and Tor((F/F})|c;.Oc¢,) is 0-dimensional we must have
Tor((F?/F!)|c;, Oc,) = 0. Now the assertion follows by the additivity of the

Euler characteristic on the exact sequences.

From this we conclude:

Lemma 6.3 1. Assume that F; is locally free at x. If x(T,) = pi(F)p;(F)
then all sheaves F,;;, Fyj; and T, are isomorphic to O¢. In particular, Fj is
also locally free at x, and the structure of F' at x is determined by a gluing

isomorphism Fg; — Fyji determined by oy and oy;.

2. Assume that F; and F; are both locally free at x. If x(T}) = p;(F)p;(F)—1,
then T, = O¢/k, and the structure of F' at x is determined by a gluing
1somorphism, ?m-j — ?mji, where — denotes taking the quotient of the

sheaf by its socle.

Proof. 1. If F; is locally free at = then Fy;; = O¢. If x(T},) = pi(F)p;(F), then
T, and F,;; are sheaves of the same length, so that the epimorphism F;; — T,
must be an isomorphism. Similarly, as x(Fyj;) = pi(F)p;(F), the epimorphism
F,j; — T, must be an isomorphism. But then F} is generated by a single element
and hence is locally free.

2. If x(T;) = pi(F)p;(F) — 1, the kernels of both epimorphisms F,;; — T, and
F,;i — T, are one-dimensional and hence are annihilated by m,. As the socles
of Fy;; and Fy;; are both isomorphic to the one-dimensional socle x of O, these

kernels must coincide with the socles. O

After all preparations we describe the fibre f~([Q]) for a general point
[Q] C A (see Chapter 5).

6.2 The components Ay, of the discriminant divisor A

In this section we want to describe the fiber f~'([Q]) for a general point
Q] € Ay, C A. So we are in the case when a generic quadric @) intersect 3;
with multiplicity 2 in a smooth point (cf. Section 5.1). Under these genericity
assumptions the curve C' = 771(Q) is a curve with a nodal singularity at the
point q. Then we may take the normalization v: C—C. AsC — @ is ramified
in 10 points, C has genus 4. Let ¢1, ¢2 € C denote the two points that map to q.
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Now we recall briefly the idea of compactification of generalised Jacobians, which
we use for the description of the fiber of f over the components Ay, and Ageg.
The main reference is the paper of D’Souza ([5]).

Let C' be a projective integral curve over C and let P be the space of isomor-
phism classes of line bundles of degree zero on C. There is a natural structure of
a group variety on P. If C is smooth, P is projective, hence an abelian variety
called the Jacobian of C. If C has singularities, P is a quasi-projective variety,
called the generalised Jacobian of C'. D’Souza showed that there exists a natural
compactification P of P. Moreover, the points of P corresponds to invertible
sheaves L on C such that (L) = x(O¢). The points in the compactification P
corresponds to rank 1, torsion free sheaves F' on C such that x(F') = x(O¢).

Now we come back to our set-up and use the above idea of D’Souza. Sheaves
in f7([Q]) correspond to torsion free sheaves on C of rank 1 and Euler charac-
teristic . So our main goal is the description of the family of torsion free sheaves
on C' of rank 1 and Euler characteristic y. Because of the fixed topological data
for the sheaf F'in the fibre over Ay, we have

P(F,n) =4n+ x. (8)

6.2.1 Local description of the fiber over Ay,

Due to our set-up C' C X is a reduced curve. Moreover, for ¢ € C singular,
v~1(q) consists of two points: ¢; and ¢y corresponding to the different branches
of C through ¢. On C there is a standard normalization sequence (cf. [3, Section
IL.1]):

0 — O0c — 1.0z — S — 0,

with S concentrated at the singularities of C'.
Our idea is to consider a degree d line bundle L := v*F/Tors. Using Riemann-
Roch theorem for curves we obtain d = x — (1 —g). Then the above sheaf F fits

into an exact sequence
0 —F —uv.L —T-—0, 9)

where L is a line bundle on C' and T is O, = C or 0, depending on whether the
sheaf F' is locally free in the point ¢ or not. If F' is locally free at ¢ then we say
that we glue in the point q. The curve C has exactly two reduced branches which

intersect transversely in ¢. This implies that we have only these two possibilities.
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Below we consider the both cases separately. Then we want to handle both cases

together as a family.

No gluing in ¢

We consider the first possibility. Let us assume that F' is not locally free
in ¢. Then the sheaf F arises from the choice of a line bundle L € Jacy(C) and
F = v, L. Moreover, we have P(v,L,n) = P(F,n), so 4n+d — 3 = 4n + x, which
gives d = x + 3.

Gluing in q

Let F' be locally free in the point ¢. Then we have gluing in ¢. This means
that we start with a map ¢ which is surjective on both components in point q.
Then the sheaf F = ker(V*L—¢>(9q) is locally free in all points. We have
P(v.L,n) —1= P(F,n),so 4n+d —3 — 1 = 4n + x, which gives d = y + 4.
6.2.2 Description of the fiber over Ay,

Now we want to handle both cases together. To simplify the situation we be-

gin with the fixed line bundle L from Jac,i4(C). Afterwards we let L vary.

The crucial point is to understand the map
v, —~ O,.

Let L|, be the restriction of the line bundle L to the point ¢; for i = 1,2.

The homomorphism z: v, L — O, corresponds to two linear maps:
x1: Ll — Oy, xa: Ly, — O
Thus x may be consider as an element in
V' =Hom(L|, & Llg. O,).
The automorphism group Aut(L) x Aut(O,) = (C*)? act on V as follows: for
(t,s) € Aut(L) x Aut(O,)

and
(71,12) € Hom(L|Q1 D L|q2a Oq)
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we have

(t,8) - (z1,m5) = (t sz, t s 29).

The invariant ring is equal Clxy, 25]X, where x(t,s) := {. The quotient V/4 G is

isomorphic to Proj Clxy, 5] = P

After this preparation we want to describe the complete fibre as a family.
Let J :=] acx+4(6’) and let P denote the Poincaré bundle on J x C. Let

By = (id X ). Plyxg, and Es, = (id X 1), P|yxg,-
We need to study the quotient of
El, ® B3, =V
by G with respect to the action described above. This gives:
VG = Proj,((SVY)F)
= Proj;(S*(Eyq © Ey))
= Pj(Eyy @ Ey)

a P-bundle over J.

Let U := Ey; ® Ey,. The two surjections
Erg <2 7 e By,
correspond to two disjoint sections
o1,09: J — P(U).
1. Points in P(U) \ (01(J) U 02(J)) correspond to stable locally free sheaves.

2. Points in oy(J) correspond to maps z where only x; vanish. The corre-

sponding sheaves are stable and isomorph to the sheaf v, (L(—g2)).

3. Points in oy(J) correspond to maps x where only xo vanish. The corre-

sponding sheaves are stable and isomorph to the sheaf v, (L(—q)).
It follows, that o1 ([L]) and oo([M]) correspond to the same sheaf, if
L(—q1) = M(—q)
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or equivalently
[M] = [L] ® Og(g2 — @1)-

On P(U) we can define the equivalence relation ~ in the following way:
o1 (u® Ox(qe — q1)) ~ o2(u),u € J. (10)
After this preparation we can state the main result of this section:

Theorem 6.4 Let [(Q)] be a general point of A on the component Ay,. Then the
Lagrangian fibre f~1([Q]) is isomorphic to the quotient P(U)/ ~.

Thus the general fibre over the component Ay, is a P'-bundle over a Jacobian J of
a genus 4 curve C , where two sections are identified after a shift by the difference
@2 — ¢q1 in the group J.

Below we give a description of this fibre as a flat family of sheaves on C'
parametrised by P(U). Every such projectivization comes in the natural way with
a surjective morphism to Op)(1). This gives a gluing data A. On P(U) x C' we
define the sheaf F' as a kernel F' = ker(¢) of the composition of the restriction
map r (to the point ¢) and the map coming from the gluing data A:

(prj x ide) v P —=pri(U) @ pr&k(q)

P Opw(1)

6.3 The component A, , of the discriminant divisor A

We study in this section the fiber f~1([Q]) for a general point [Q] € Ay, C A.
So we are in the situation when a generic quadric () degenerates into two lines
(cf. Section 5.1). In this case, the preimage C' = 7%(Q) consists of two components
C; and C5 on X, so that C' = C7 U (5. Under these genericity assumptions the
curves (] and C5 intersect transversely in two points p and q. Then we may take
the normalization v: C — C , analogously to the previous case. The curve C has
two connected smooth components a , 6; that map isomorphically to C and Cb,
respectively. As d — [; is ramified in 6 points, a has genus 2. Let p;,q; € d
for i = 1,2 be the points that map to p, q.

Our main goal, as previously, is the description of the family of torsion free

sheaves on C' of rank 1 and Euler characteristic x. We assume that y is an even
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number. Because of the above fixed topological data for the sheaf F' in the fibre
over Ay, we have
P(F,n) =4n + x. (11)

Any such sheaf F' arises from the choice of line bundles L; € J acdi(@) and some
gluing data. To simplify the situation we start with fixed line bundles L; on the

curves C; of degrees d;, respectively. The Riemann-Roch theorem for curves gives
X(L1) =di —1 and x(Ls) =dp— 1.
So the Hilbert polynomials are

P(viLi,n) =2n+d; —1 and P(v.Lo,n)=2n+dy — 1.

6.3.1 Local description of the fiber over A,

Locally there are three possibilities.

No gluing in p and no gluing in q

We assume that there is no gluing in p and no gluing in ¢g. Then the sheaf F
is given by
F = V*Ll D V*LQ. (12)

This sheaf is neither locally free in the point p nor in the point ¢. We have
P(v,Ly,n) + P(vi.La,n) = P(F,n), so
2n+di—14+2n+do—1=4n+x (13)

and from this we obtain the following condition

Semistability condition gives
1
d1—1+2n§§(4n+x) (15)
SO
X X
di <1+ 5 and analogously dy <1+ 5 (16)

Taking into account (14), we obtain d; = dy = 1 + 3.
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Gluing in the point p or in the point ¢

Let F' be locally free in exactly one of the two points p and ¢. It suffices to
treat the case that the sheaf F'is locally free in the point p and not locally free
in the point q. Then we have gluing in p. This means that we start with a map

© which is surjective on both components in point p. Then the sheaf
F =ker(viLy ® v, Ly —— O,)
is locally free in p and not locally free in g. We have
P(v.Li,n)+ P(viLa,n) —1 = P(F,n),
sodi —1+2n+dy — 14+ 2n—1 = 4n+ x, which gives
dy +dy = x + 3. (17)

Semistability conditions translates into

d1§2+§ and d2§2+§.

So there are two possibilities

(dr,ds) = (2+ 5,1 + %) or (dy, dy) = (1 + §,2+ §>-

If for example (di,dz) = (2 + 5,1 + §) then for such strictly semistable sheaves

we have an exact sequence
0 — (L1 (—p)) — F — v.Ly — 0.

The subsheaf
V(L1 (—p)) = ker(viLy — O,) C F

has reduced Hilbert polynomial n + & and therefore is destabilizing.

F is S-equivalent to the v.(Li(—p)) @ v. Lo, as discussed above
F ~s v (Li(—p)) ® viLo.

The case (di,dy) = (14 3,2+ %) can be treated analogously.
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Gluing in both points p and ¢

Let F be locally free in both points p and q. Then we have gluing in p and in gq.
This means that we start with a map ¢ which is surjective on both components

in point p and ¢ is also surjective on both components in point g. Then the sheaf
F =ker(v.Ly & v, Ly 7. 0,d0,)
is locally free in all points. The Hilbert polynomials gives the following condition
P(v.Li,n)+ P(viLa,n) —2 = P(F,n).
So that 4n + dy 4+ dy — 4 = 4n + x, or equivalently
dy +dy = x + 4. (18)
The semistability condition translates into
d <3+ and dy<3+ %,
2 2
So there are three possibilities for semistable sheaves:
L. (di,dy) = (34 %,1+3)
2. (di,dy) = (1 +35,3+3%)
3. (di,d2) = (2+ 5,2+ %) and these are stable.
For strictly semistable sheaves in case (1) we have the following exact sequence
0 — v(Li(—p—q)) — F — v, Ls.

The subsheaf
V(L1 (—p —q)) = ker(v,L; - O, O0,) C F

is destabilizing and F' is S-equivalent to
F g vi(Li(=p = q)) @ viLo,

as in the first situation.
In case (2) the rules of L; and Ls are exchanged.
In case (3) we have (di,dz) = (2+ %,2 + 5) and F is stable. To see this we need

to discuss two possibilities:
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1. We could have a subsheaf I’ C F supported on both components C; and Cs.
Then F” differs from F only by finite number of torsion points. But then
we have p(F’) < p(F), which implies that F is a stable sheaf.

2. We could have a subsheaf F’ supported only on one component, e.g. on C
and then I’ C v,L;. But such a sheaf, due to our assumption, fits into an

exact sequence
0 —F —= vl dv.L, — O,®0, — 0.

So F" is also a subsheaf of v,(L;(—p — q)) and therefore is stable.

6.3.2 Description of the fiber over A,

Now we want to handle all these cases together. To simplify the situation we

begin with fixed line bundles L; from Jacy, x(C;). Afterwards we let L;, i = 1,2

vary. The crucial point is to understand the map
V*Ll @ V*ng—>0p EB Oq.

Let L;|,, be the restriction of the line bundle L; to the point p; and similarly
for Li|qi. The homomorphism z: v, L1 ® v,Ly — O, & O, corresponds to four

linear maps:
r1: Ll‘pl — Op x3: Lg‘pQ — Op

Ty L1|q1 — Oq Ty: L2|q2 — Oq.
Thus x may be consider as an element in
V' = Hom(L1lp, ® Lalp,, Op) & Hom(Lalg, & Lag,, Oy)-

The automorphism groups Aut(L;) x Aut(Ly) x Aut(0,) x Aut(0,) = (C*)* acts
on V as follows:

for

(t1,t2, Sp, Sq) € Aut(L;) x Aut(Ls) x Aut(O,) x Aut(O,)

and

(w1, 9, 3, 24) € Hom(L1|p1 D L2|p27 Op) D Hom(Ll‘QI D LQ‘qza Oq)
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we have
(t1,t2, Sp, Sq) - (71, T2, w3, 74) = (£ '8, T1, 11184 T2, t5 '8, T3, 1518, T4).
The diagonal group A: C* — (C*)* acts trivially. So only the factor group
G = (C")'/A(CY) (19)
acts effectively.

Lemma 6.5 If x and 2’ have the same orbits, the sheaves F' = ker(x) and

F' = ker(z") are isomorphic.

We consider the graded ring

CVIY =@P{f eClV]| fog=x(g)"o [}

n>0

. SpSq
where X (1,12, 55, 84) = tits

The invariant ring is spanned by Clxixy, z2x3). The open subset Vs C Voof

semistable points is defined as follows:

T E VXSS & xiry # 0 or xoxg # 0.
The quotient V//A G is isomorphic to Proj Clzyay, zoxs] = P

After this preparation we want to describe the complete fibre as a family.
Let T := Jacy J%(a) X JaCQJr%(fC’\;). Moreover, let P; denote the Poincaré line
bundle on Ja(32+§(@) x C; and P; € Pic(T x C;) the pullback to T' x C;. Let

Eip = (id X 1), Pilryp, and Ej, = (id x 1), P,|7xq,
for i = 1,2. We need to study the quotient of
E}, ® Ef, © E3, ® By, =V
by G = (C*)*/A with respect to the action described above. This gives:
VeS//G = Proje((S'VY)9)

= Proj;(S*(Eip ® By @ Ey @ Eyp))
= ]P)T(Elp ® EQq ©® Elq & EQp)
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a P-bundle over T.

Let U := E1, ® Eyy © Eiy ® Eyy. The two surjections
P1 b2
Elp & qu ~— [ —> Elq & Egp
correspond to two disjoint sections
o1,09: T — P(U).
1. Points in P(U) \ (01(T") U o9(T)) correspond to stable locally free sheaves.

2. Points in o1(T") correspond to maps = where xy or xz or both vanish.
The corresponding sheaves are semistable only and in fact S-equivalent

to the polystable sheaf
Vi(L1(=q)) @ vs(La(=p)).

3. Points in 09(T") correspond to maps = where x; or x4 or both vanish.
The corresponding sheaves are semistable only and in fact S-equivalent

to the polystable sheaf
Vi(L1(=p)) @ va(La(—q)).
It follows, that oy ([L1], [L2]) and oo([M;], [M3]) correspond to the same sheaf, if
Li(=q) = Mi(=p), La(—p) = Mz(—q)
or equivalently
[Mi] = [L1] ® OF (p — ), [Ma] = [L] ® Og, (¢ — p).

The two sections in the projective bundle P(U) are identified after the composition
of the two shifts: by the difference p — ¢ and ¢ — p in the groups Jacy, x (a) and
J acg+§(6’;), respectively. Similarly as for the components Ay, (cf. relation (10)),

we can define on P(U) the equivalence relation ~ in the following way:
01(u® Og (p — q) ® Og,(q — p)) ~ oa(u),u €T. (20)
The result of this section can be summarised as follows:

Theorem 6.6 Let [()] be a general point of A on the component Age,. Then the
Lagrangian fibre f~1([Q]) is isomorphic to the quotient P(U)/ ~.
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Below we give a description of this fibre as a flat family of sheaves on C'
parametrised by P(U). Every such projectivization comes in the natural way
with a surjective morphism to Op(;y(1). This gives a gluing data A. Similarly as
in the previous section, we define on P(U) x C' the sheaf F' as a kernel F' = ker(¢)
of the composition of the restriction map r (to the points p and ¢) and the map

coming from the gluing data A:

(prr x ide)* (v Py @ v Py) — pri(U) @ prek(p) @ prik(q)

x g

P Orw) (1)

6.4 The components A, of the discriminant divisor A

We now turn to the more involved problem of describing the fiber f~!([Q]) for
a general point [Q)] € A, C A, corresponding to a generic quadric ) passing
through a singular point p of ¥. The point p is a point of the A-D-E-type.
Let T" be the corresponding Dynkin diagram of the resolution and let T be the
corresponding extended Dynkin diagram. For singularities of type D,, and E,
in the resolution X — Y also appear non-reduced curves (see Section 4.1). To

study these cases we use results from Section 6.1.

Roughly, the results can be summarised as follows:

Theorem 6.7 Let [Q] be a general point of A on the component A,. Then the
reduced fibre f~1([Q]) is the union of several P'-bundles over the Jacobian of a
genus 4 curve Cy, one for each vertex of the extended Dynkin diagram f, which are
glued along disjoint sections of the bundles according to the intersection pattern

given by I.

More detailed information is given in the following sections.

6.4.1 Geometric situation for the components A,

We describe below the geometric configurations for the components A,. So we
are in the situation that a smooth, generic quadric ) C P? passes through a

A-D-F singularity p € ¥. Then we have the following situation.
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Theorem 6.8 The total transform of Q has the form C = 7*(Q) = Co+>_, m;C;
and the dual graph of C s the extended Dynkin diagram. Moreover, the strict
transform Cy has genus g(Cy) = 4 and corresponds to the new added vertex in

the extended Dynkin diagram r.

Proof. The preimage C' = 7*((Q) consists of the components C; of the ex-
ceptional fibre and the strict transform C,. We assume that the quadric @ is
reduced and smooth, so we deduce that the strict transform Cj is reduced and
smooth. Now we want to show that the strict transform Cy corresponds to the new
added vertex in the extended Dynkin diagram I. Taking the pullback we have
™(Q) = Co + >, m;C;. In our set-up £ := >, m;C; is the fundamental cy-
cle, i.e. the smallest positive cycle such that £ - C; < 0 for all j (cf. Artin
[2, Prop. 2] and Laufer [14, Prop. 4.1.]). The quadric @) pass generically through
the one A-D-FE singularity p € ¥ and () is the strict transform of (). Then, as
() moves in the linear system [2H]|, for every j we must have (Cy + E) - C; = 0.
Using above facts we deduce that the dual graphs of C' are the extended Dynkin
diagrams as on the pictures below. Moreover, the strict transform C corresponds
to the new added vertex (depicted with the circle) and the weights on the vertices
denote the multiplicities of the corresponding curves. Now we want to show that
Co has genus ¢g(Cy) = 4. As above, we have 7*(Q) = Cy + E. Then we have

8= [m"(Q))? = (Co+ E)? =C2 +2Cy - E + E. (21)

First we study the case for singularities of type A,,. We observe that in this
situation Cy intersect (transversely in one point) two reduced (—2)-curves: C

and C,,. So we have
8 =C2+420Cy-(C, +C,) + E?

and the middle term on the right side of the above equation is equal 4. For
the fundamental cycle E of an exceptional A-D-E curve we have E? = —2
(cf. [3, Prop. IIL3.9]), which implies C§ = 6. For the singularities of type
D,, and E,, let C} be the (—2)-curve, which is not reduced (has multiplicity 2 for
all singularities of type D,, and E,,) and intersect Cy in exactly one point. So we

have the following
8=C2+2C,-Cy — 2,

which means that also for singularities of type D, and E, we have C3 = 6.

So for all A-D-FE singularities we can deduce from above discussion that C3 = 6.
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Now using adjunction formula on a K3 surface X we obtain 2g(Cp) — 2 = CZ,
which implies ¢(Cp) = 4.

From above discussions we obtain following diagrams.

1 1
A, 1 ‘o1 (n + 1 vertices, n > 2)
1 1
1 1
- 2 2 :
Dn .............. (n +1 vertices, n > 4)
1 1
~ 1 2 3 2 1
Fg ° ° ° °
2
1
-1 2 3 3 2 1
E ° ° ° ® ° ®
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Above pictures are the dual graphs of the exceptional fibres for the singularity
p € X of type A-D-E. The strict transform C corresponds to the vertex de-
picted with the circle. The weights of the vertices are the multiplicities m; of the
corresponding curves Cj.

O

Let f, as above, denote the extended Dynkin diagram corresponding to the
graph I'®)_and let S = (Sij)o<ij<n denote the corresponding intersection matrix.
Then

C; - C; = Sij + 8di0dj0. (22)

Let (v,w) = Z” Sijviw; denotes the negative semi-definite integral form
on Z'*". Then the radical of the corresponding quadratic form is one-dimensional
and is generated by a positive minimal integral null vector of S. We call this
vector m and its components m; are equal the multiplicities m; from the above
Theorem 6.8 (cf. Artin [2, Prop. 2] and Laufer [14, Prop. 4.1.]). So we have

1=0

One always has mo = 1. Note that we have in this situation
H'Cj = —cEP)C; = 2¢ for j#0

and that
H'C =2H?* = 4,
so that .
H,CQ =4 - 2€Zm]~.

J=1
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6.4.2 Semistability condition for the components A,

Assume now that F' is a purely 1-dimensional sheaf supported on C' with multi-

plicities p;(F') along C;. Then the first Chern class of F' is given by
a(F) =) u(F)C;.
=0

The notion of the stability depends on the choice of the polarization. The Hilbert

polynomial for the polarization H' is given by

mﬂm:X@@w&mﬁnz/kmF®oﬂmmymx,
which gives
P(F,n)=x(F)+n-c(F)-H'. (23)

So the reduced Hilbert polynomial is given by

X(F)
Fon)= = r—— 24
p( ,n) n+cl(F)~H’ ( )
Using (23) we obtain
P(F,n) = x(F)+n-c(F)-H
= X(F) +n[2e 30 i (F) + (4 = 2€ 357 my) po(F)]
= X(F) +nldpo(F) = 2e 30 (mypo(F) — p;(F))].
So the reduced Hilbert polynomial is
X(F)
p(Fin) =n+ 2 : (25)
dpo(F) — 2e Zj:l(ijO(F) — 115 (F))
As F'is a purely 1-dimensional sheaf we have
e(F) - H' = 40(F) — 2 S (mypuo(F) — iy (F)) #0.
j=1
If [F] € f~1([Q]), one has
pi(F) =m; for all j,
and the reduced Hilbert polynomial (25) takes the form
F
p@wn:n+1%l (26)
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Lemma 6.9 The stability condition reads as follows:
for a subsheaf F', 0 C F' C F with multiplicities m’;, 0 < m} < my, one must

have

X(F) < (= 52 >y = m)x(F).

Since x(F') and x(F) > 0 are integers and ¢ is a very small positive rational

number, we can rephrase this condition as follows.

Lemma 6.10 Let F be a pure 1-dimensional sheaf with Euler characteristic x(F')
and with multiplicities m; along the components C; of C, where j = 0,...,n.
Then F s stable with respect to the polarisation H' if and only if every non-

trivial proper subsheaf F' satisfies

X(F)—1,if m{ =1,
0, ifm) =0,

where my, is the multiplicity of F' along the component C.

6.4.3 Local description of the fiber over A,

The preimage C' = 71%(Q) = Co+ >, m;C; consists of the components C; and the
strict transform Cj, which is a smooth curve of genus 4. As in the Section 6.1,
let F; denote the quotient of F|,,,¢, by its zero-dimensional torsion submodule,

and consider the exact sequence

O—>F—>éFj—>€BTx—>O, (27)

7=0 T

with zero-dimensional sheaves T, supported on the singular points x.
We want to use the following notational trick to simplify the calculations.
Let ¢(F;) = x(F;) if ¢ # 0, and ¥ (Fy) = x(Fo) — x(F) + 1. The additivity of the

Euler characteristic for the sequence (27) gives
D OX(F) = x(F)+ Y x(Te).
J T
Now using above notational trick we obtain

L+ (L) = Y0, (28)
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We want to translate the stability condition from Lemma 6.10 by applying to the
kernel of the surjection

¢2F—)Fj.

Let my be the multiplicity of the zero-component of ker(¢). By combining
x(ker(¢)) = x(F) — x(F;) with Lemma 6.10:

1. If m{ = 1: which is equivalent to j # 0 the following happens
X(F) = x(F) < x(F) = 1.
In this case ¥(Fj) = x(F}), so for j # 0 we have ¢(F;) > 1.

2. if m; = 0: which is equivalent to j = 0 the following happens

X(F) = x(Fj) < 0.

In this case ¥ (Fy) = x(Fo) — x(F) + 1: which is equivalent to

X(Fo) = ¥ (Fo) + x(F) — 1.

So the above inequality takes the form
X(F) = x(Fo) = x(F) = (Fo) — x(F) +1 <0,
or equivalently ¥ (Fp) > 1.
So we obtain the following inequality
Y(Fj) > 1 foral j=0,...,n. (29)

This can be strengthened in the following way:.

Let V' be any non-empty proper subset of the set of vertices of the extended
Dynkin diagram, and let E denote the set of all edges that connect vertices in V.
Then the sheaf Fy := (F|s,_, m,c,)/torsion fits into an exact sequence

O—>FV—>@F}—>@Tx—>O, (30)
eV zel

and the stability condition on F' applied to ker(F — Fy/) yields the inequality

L+ ) X(T) <) w(F). (31)
©€E =%

As the first step towards a classification of stable sheaves F' we can exclude the
possibility that the scheme-theoretic support of F'is a smaller scheme than the
curve C' itself. Of course, the lemma is clear if all multiplicities m; = 1, i.e. if r

is of type :4\;
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Lemma 6.11 If F' is a stable sheaf in our moduli space then F' is locally free

Oc-module of rank 1 on an open dense subset of C.

Proof. Let Fj, F; and r;s have the same meaning as in the Section 6.1.
Let sj; := max{s|r;s > t}. By definition

Sj128j2> ZO

For each t, we may form the vector
st = (sj1); € Z'™, so that m = sy + 89+ ...

In order to prove the lemma we need to show that m = s;. It suffices to show
that the assumption that ss # 0 leads to a contradiction.

According to Lemma 6.2, one has for each point € C; N C; the estimate

X(T2) <Y min{rig iy =Y [{s|ris >} - [{tlre = r} =D sivsjr (32)

r

Furthermore, if j = 0, one has (Fy) > 1. If j # 0, the component C; is a
(—2)-curve. As C; is smooth rational curve, all subquotients gr®(F;) decompose
as sums of line bundles. By the stability property of F', each direct summand L of
gr! (F;) satisfies x(L) > 1, and since O, (—C;) = O, (2), the generic surjectivity

of the homomorphism
g’ (Fy) ® O, (=Cy) = g™ (Fy)

shows that every direct summand L of gr®(F}) satisfies x(L) > 2s — 1. Adding

up, one obtains
UE) =Y s - )= s =3 S s -1)=3"% ()

for all j # 0. As already stated, the same inequality holds for 7 = 0 for trivial
reasons. Using (32) and (33)

20> X(To) = D W(F)) <D (Y Siysusiy+ > Susti) = Y (s1,1),
. j b it ¢ t
where (v, w) = >, ; Si