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ABSTRACT

The Standard Model of Particle Physics has been confirmed by numerous measurements
verifying its predictions. However, there are multiple direct and indirect hints pointing
towards physics beyond the Standard Model. Two possibilities where new physics could
show up are deviations of theory prediction and experiment in high-precision observables
or direct detection of new particles, for instance at colliders or in particle transitions forbid-
den in the Standard Model. In this thesis, we approach both possibilities in two separate
projects that are linked in their use of methodology rooted in the framework of effective
field theories.

In the first project we study gluon-gluon to Higgs boson fusion via a light quark loop
in the context of soft-collinear effective theory (SCET) at next-to-leading order in SCET
power counting. Generalising the refactorisation-based subtraction scheme to regulate end-
point divergences to non-abelian final states, we are able to derive a factorisation theorem
consisting of convolutions of hard Wilson coefficients and jet and soft functions that is
endpoint divergence-free and UV finite. We demonstrate that even though regularisation
and renormalisation do not commute in general, all mismatching terms can be absorbed
into a redefinition of Wilson coefficients. After deriving the renormalisation group (RG)
equations, we solve them iteratively to predict the leading large logarithmic corrections in
the three-loop gg — h form factor. Eventually, we solve the RG equations for the leading
contribution jet and soft function to RG-improved leading order. This allows us to resum
the three leading towers of large logarithms in the form factor to all orders of perturbation
theory.

In the second project we investigate how flavour physics experiments can constrain
parameter space of axion-like particle (ALP) models. First, we present how couplings at
the high-energy scale evolve to low energies. We show that independent of the specific
UV coupling, couplings to all Standard Model particles are generated through a series of
RG running and matching effects. This also includes effective flavour-changing couplings.
Furthermore, we explain how to consistently implement ALPs in the weak chiral and
nuclear Lagrangian, thereby freeing the formula for the branching ratio of the important
K — ma decay from a long-standing inconsistency. We then explore the bounds on ALPs
from quark and lepton flavour experiments in four benchmark scenarios, where we assume
that only a certain coupling is present at the UV scale, and all other couplings are generated
via evolution effects.






ZUSAMMENFASSUNG

Das Standardmodell der Teilchenphysik wurde bereits durch zahlreiche Messungen belegt,
die die theoretischen Vorhersagen bestitigen. Es gibt jedoch etliche direkte sowie indirekte
Hinweise auf Physik jenseits des Standardmodells. Zwei Moglichkeiten, wo solche neue
Physik auftreten konnte, sind Abweichungen von Theorievorhersagen und experimentel-
len Messungen in Hochprézisionsobservablen oder direkte Entdeckung neuer Teilchen,
zum Beispiel an Beschleunigern oder durch Beobachtung von im Standardmodell ver-
botenen Teilcheniibergdngen. In dieser Arbeit beschiftigen wir uns mit beiden Moglich-
keiten in zwei verschiedenen Projekten, die durch die Verwendung von Methoden der
effektiven Feldtheorien verbunden sind.

Im ersten Projekt untersuchen wir die Fusion zweier Gluonen zu einem Higgs-Boson
uber eine Schleife aus leichten Quarks im Kontext der soft-kollinearen effektiven The-
orie (SCET), ein Prozess in nachfithrender Ordnung im SCET Powercounting. Durch
das Verallgemeinern des refaktorisierungsbasierten Subtraktionsschema zur Regularisier-
ung von Endpunktdivergenzen auf nicht-abelsche externe Felder sind wir in der Lage,
ein Faktorisierungstheorem bestehend aus Konvolutionen von Wilson-Koeffizienten und
Jet- und soften Funktionen herzuleiten, das sowohl endpunktdivergenzfrei als auch UV-
endlich ist. Wir zeigen, dass obwohl Regularisierung und Renormierung im Allgemeinen
nicht vertauschbar sind, alle nicht tibereinstimmenden Terme durch eine Redefinition
der Wilson-Koeffizienten absorbiert werden konnen. Nachdem wir die Renormierungs-
gruppengleichungen (RGE) hergeleitet haben, 16sen wir sie iterativ, um die grofiten log-
arithmischen Korrekturen zum drei-Schleifen Formfaktor vorherzusagen. Wir 16sen die
RGE der fithrenden Jet- und soften Funktion in fiihrender Ordnung, was uns erlaubt die
drei fithrenden Terme logarithmischer Korrekturen im Formfaktor fiir alle Ordnungen der
Storungstheorie aufzusummieren.

Im zweiten Projekt untersuchen wir, wie Flavourphysikexperimente den theoretisch er-
laubten Parameterbereich von Axion-artigen Teilchen (ALPs) einschranken konnen. Wir
zeigen zundchst, wie sich Kopplungen von einer hohen zu einer niedrigen Energieskala
durch RGE-Effekte entwickeln und dass, unabhidngig von der UV-Kopplung, Kopplungen
an samtliche Standardmodellteilchen an der Niederenergieskala generiert werden. Dies
beinhaltet auch Flavour-verletzende Kopplungen. Aufierdem konnen wir zeigen, wie ALPs
konsistent in die schwach-chirale und nukleare Theorie eingebunden werden konnen.
Dabei l16sen wir eine seit langem bestehende Inkonsistenz in der Berechnung der wichti-
gen K — ma Amplitude auf. Unsere Ergebnisse werden in vier Referenzszenarien, bei
denen wir jeweils angenommen haben, dass nur eine Kopplung an der UV-Skala existiert
und alle anderen durch Evolutionseffekte generiert werden, vorgestellt.
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Prologue






INTRODUCTION

When Max Planck was about to start his studies of physics, he asked his future advisor
Philipp von Jolly about the prospects of the field. Von Jolly told him «in this field, almost
everything has already been discovered, and all that remains is to fill a few holes», to which
Planck replied that he did not wish to discover something new, only to understand the
fundamentals [9]. Later, he went on to revolutionise physics as the originator of quantum
physics. This concept was the beginning of a development that, for the branch of particle
physics, eventually led to the Standard Model of Particle Physics (SM). It is among the
best understood theories of nature, and describes the properties and interactions of the
very building blocks of matter with incredible precision. The validity of its predictions
has been tested with countless experiments. As the most recent example, the scalar Higgs
boson [10-15] was discovered at the LHC in 2012 [16,17], which was the last elementary
particle missing in the SM.

With this well-established theory at hand, one might be tempted to say that in today’s
particle physics, there are only “a few holes” left to fill. For various reasons, most physi-
cists refrain from doing so. Most of the problems present within the Standard Model call
for a generalised theory. However, because of its success of predicting many observables
correctly, theorists generally prefer not to abandon the SM all at once. Most theories trying
to tackle one of the SM problems therefore extend it by new symmetries and particles.
Moreover, we do not know where physics beyond the Standard Model (BSM), often used
synonymously with new physics, could show up first. Thus, one option is to look for de-
viations of high-precision calculations of SM predictions and experimental measurements.
Both branches that could possibly lead to the discovery of new physics — high precision
calculations and explicit BSM models — often make use of the methodology of Effective
Field Theories (EFTs).

The basic concept of effective theories is that one should in principle be able to disen-
tangle the dynamics of different scales involved in a process as soon as this scale separation
is large enough. Effects from physics at high scales should be very suppressed if a certain
process of interest only features low-energetic particles and momenta otherwise. On the
other hand, low-energy processes should only give perturbative fluctuations to very high-
energetic systems. A prime example for a problem involving multiple scales is the creation
of Higgs bosons at the Large Hadron Collider (LHC). With a mass of m;, = 125.25 GeV [18]
it is produced mainly via the gluon-gluon fusion channel [19]. Since free gluons cannot
exist in nature, they must be extracted from protons, which are collided with a centre-of-

mass energy of 13 TeV [20]. The energy and momentum distribution of the gluons inside
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of the proton, however, are described non-perturbatively with parton distribution func-
tions (PDFs) at energies below the QCD factorisation scale Aqgcp ~ 300 MeV. The only
feasible way to obtain high-precision predictions is to describe the physics at these vastly
different energy scales with different effective theories, where certain assumptions can be
made for each sector.

Historically speaking, EFTs have been used to gain knowledge about physics at energies
that were still out of reach for experiments at that time. For instance, Fermi’s theory of
the weak interaction could describe nucleon 3-decay with high precision, even long before
the underlying gauge principle was discovered [21]. Again, the reason was a large scale
separation. The W-boson with a mass my, = 80.38 GeV is much heavier than the typical
energy of the -decay electrons E. ~ O (1 MeV), hence the process including a W-boson
exchange can be approximated by a contact interaction.

In the same sense that Fermi’s theory effectively describes the weak interaction, many
models for BSM physics aim to describe the effects of new physics at high energy scales
without knowing the exact dynamics. A great number of these models are motivated by so-
called anomalies — observables where the theoretical SM prediction and the experimental
measurement do not agree — in the hope that they are residual effects of yet unknown high-
energy physics. Since only a few models really influence the dynamics of just one problem
or anomaly, we emphasise that it is most important to always check that a solution to a
certain problem is not already ruled out by other experiments.

Even though the concept of EFTs has been used for a long time and Fermi’s interaction
theory celebrates its 90th birthday in 2023, effective (field) theories are an active field of
research. Apart from the countless applications of EFTs in the field of particle physics, EFT
methods can also be transferred to other problems in physics. For instance, a common
way to calculate the gravitational wave signature of inspiralling finite-sized objects is to
employ so-called non-relativistic general relativity (NRGR) [22-24]. Another famous ex-
ample is the Bardeen-Cooper—Schrieffer (BCS) theory used in condensed matter research,
yielding the first microscopic explanation for superconductivity [25,26]. Even more sur-
prisingly, the EFT methodology has seen application outside of physics, too. In [27], the
authors established an effective theory to describe how a deep neural network manages to
detect patterns and derive rules from training data, thus gaining insights how the machine
actually “learns”.

This thesis is structured as follows: In chapter 2, we first briefly review the Standard
Model and its properties. Furthermore, we give an introduction to effective field theories
and present motivations for beyond the Standard Model physics. In Part I: Gluon-gluon
to Higgs fusion in SCET, we apply the EFT Soft-Collinear Effective Theory (SCET) to the
process of Higgs production via a gluon pair and a virtual light quark loop. As for this the-
ory, we first describe the initial problem in chapter 3 and give an introduction to SCET in
chapter 4. In chapter 5 we present our main results with the derivation of a renormalised
factorisation theorem, deriving the RG equations, and eventually solving them to resum
large logarithms in the form factor expression to an unprecedented high accuracy. Thereby

we generalise the refactorisation-based subtraction scheme (RBS) introduced in [28,29] to
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non-abelian final states. Additional information is collected in appendix Al. The second
part of this thesis Part II: Flavour physics of ALPs is dedicated to the question how flavour
physics experiments can yield constraints on axion-like particle models. We first describe
the general set-up of the effective theory and how high-energy couplings evolve down to
the low-energy scale of experiments in chapter 6. In chapter 7 we present the derived con-
straints from various flavour experiments, in both the quark and the lepton sector. The ap-
pendix AlI collects additional information about the relevant experimental measurements.
In chapter 8, we conclude and summarise the results obtained for this thesis.






THEORETICAL FOUNDATION

Both research projects that make up this thesis, “Gluon-gluon to Higgs fusion in SCET”
and “Flavour physics of ALPs”, are rooted within the theoretical framework of Effective
Field Theories (EFTs) that are derived from the Standard Model of Particle Physics (SM)
and extensions thereof. In this chapter, we want to give a brief introduction to the SM, how
to derive EFTs from the SM in general and universal properties of EFTs. Furthermore we
will tackle what the currently unanswered questions of the SM are, giving a motivation
for beyond the Standard Model (BSM) physics. An introduction to the specific effective
theories that are used is given within each of the two parts, respectively. As usually in
high-energy particle physics, we tacitly adopt several conventions. They are summarised

in appendix A.

2.1 The Standard Model of elementary particle physics

The Standard Model was developed in the 60’s and 70’s of the last century in multiple
works, see for example [30—40]. For a pedagogical and exhaustive introduction to the SM,
we refer to the standard literature such as [41-44].

The SM describes almost all properties of all known subatomic elementary particles
as well as their strong, weak and electromagnetic interactions as a quantum field theory
(QFT). Hitherto, it has not been possible to derive a consistent quantum theory of the
fourth force, gravity. The fundamental basis of the SM as a renormalisable QFT is the

concept of local gauge symmetry groups, where the SM gauge group is
SU3)e x SU2)L xU(1)y . (2.1)

Here, SU(3). is the special unitary group describing the strong interactions, and the gauge
group SU(2)r, x U(1)y describes the unified electroweak interactions corresponding to the
weak isospin and hypercharge, respectively.

The matter content of the SM consists of three families of fermions, the strong and elec-
troweak gauge bosons, and the Higgs boson — the particle in the SM with the most recent
experimental verification [16,17]. The fermions can further be split into two groups, namely
those that interact through the strong force, called quarks, and those that do not, named
leptons. All fermions are charged under the SM symmetries (2.1), and we give their charges
in table 2.1. As a chiral field theory, left- and right-handed fermions transform differently
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under weak gauge transformations. The quarks form left-handed doublets, and up and
down-type right-handed singlets. The leptons also form left-handed doublets, but only
the charged leptons can be grouped in a right-handed singlet, too. As will be explained
later, this is the reason that neutrinos are massless in the SM.

Fields ‘ Representation ‘ electric charge
Left-handed quark doublets ur , ‘L , te (3, 2, %) 2/3

d L ST, b L -1 / 3
Right-handed up-type quarks: ug, cg, tg (3,1, 2) 2/3
Right-handed down-type quarks: dg, sg, br (3,1, -3) -1/3
Left-handed lepton doublets <6L , (M L), (TL) (1,2, -3) <1>

Ve Yy Ur 0
Right-handed leptons: egr, pr, Tr (1,1, -1) -1

Table 2.1: The fermions of the SM and their representations under the SM gauge group SU(3). x
SU(Q)L X U(l)y.

As it turns out, the quarks and strong gauge bosons (called gluons) are the constitu-
ents of protons and neutrons, and therefore also of all atomic nuclei. The strong interac-
tions among those quarks lead to so-called confinement. That means that no free coloured
particles can be observed in nature, and instead all quarks and gluons are confined to
bound states that carry no colour charge. The bosons of the SM are the force carriers, and
thus mediate interactions between the fermions.

All fields and their interactions can be neatly combined in the SM Lagrangian, which
can be written as

Lsm =Ly + Ly + Ly + Lyuk - (2.2)

Here, £, contains the kinetic terms of fermion fields including their interactions with the
gauge bosons, Ly the kinetic and self-interaction terms of the gauge bosons, L the kinetic
and potential terms of the Higgs boson including self interactions, and Ly, the interac-
tion terms of the Higgs boson with the fermions. The gauge group of the SM completely
dictates the Lagrangian structure, and no gauge symmetry violating term is allowed. Ad-
ditionally, the SM features multiple accidental symmetries, namely baryon number and
the individual lepton numbers as global symmetries. However, it is thought that effects of
quantum gravity will eventually break those!.

This formulation of the SM is valid at energies higher than the electroweak scale Agpw =
246 GeV. Below that scale, the mechanism known as Higgs mechanism occurs that leads
to the fermions and weak gauge bosons acquiring masses [10-15]. We will explain below,
how this happens in detail.

The Higgs field transforms as (1, 2, 1/2) under the SM gauge group, and its Lagrangian
term is given by

L = (Duo) (D"e) + 12dTo — A(o10)?, (2.3)

1 Moreover, many BSM scenarios feature explicit breaking of the accidental symmetries.
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N
6= (¢ ) 2.4)
oo

is the Higgs fields, A the dimensionless quartic coupling, and p with y? < 0 has the

where

dimensions of a mass. The Higgs potential consists of the last two terms of (2.3) and is
often referred to as a “champagne-bottle” potential, because of their resemblance when
the former is plotted as a 3D graph with the imaginary and real part of the Higgs field
serving as coordinate axes. The potential obeys a rotational symmetry. When the Higgs
field acquires a vacuum expectation value (vev),

(9) = —= ; (2.5)

this symmetry is not respected by the specific ground state. This is known as spontaneous
symmetry breaking, and is not specific to the SM, but also happens in other QFTs. For the
SM, the gauge group SU(2), x U(1)y is broken, and only the subgroup of electromagnetic
symmetry U(1)em remains. With the help of a global transformation, the vev can be rotated

into the neutral component, such that the Higgs field reads

¢+

= %(v—i—h-ﬁ-i&)o)

: (2.6)

where ¢* and ¢ are the charged and neutral would-be Goldstone bosons, and & is the
physical Higgs boson. The three would-be Goldstones provide the longitudinal degrees of
freedom for the electroweak gauge bosons. Expanding around the vev leads to the trans-
formation Wy, Wa, Ws, By — W+, Z0 ~, where the charged W-bosons and the neutral Z
bosons now acquire a mass, whereas the photon y remains massless as the force carrier
of the remaining unbroken electromagnetic gauge group. One usually says that the Gold-
stone bosons are therefore “eaten” by the weak gauge bosons. Both the Z and the photon
can be written as linear combinations of W5 and By, and the W+ are combinations of W;
and Whs.

In addition to giving masses to the weak gauge bosons, the Higgs mechanism also yields
masses for the fermions. In eq. (2.2) the Yukawa interaction term Ly is of the form

Lyak = — (Ya);; QL duly — (Ya)y; Qr ¢ dfy — (Y1), L o e, 2.7)

where ¢ = igy¢* and oy is the second Pauli matrix. After electro-weak symmetry breaking

(EWSB), we expand the Higgs fields around its vev and find

Ly = — (M’U«)z] ﬂZL ufq - (Md)ij JZ): dgz - (Me)ij éiL efq ) (2.8)
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where M; = Yjv//2 are the mass matrices. These can be diagonalised by individually
rotating the left and right-handed fields according to

Tin=(ULs)" fin. 29)

and Up g are unitary rotations. This has strong implications for the fermion interactions
with the gauge bosons. The fermion term in the SM Lagrangian features current terms of

the form

Ly D PP, (2.10)

with v denoting the fermion fields and D, is the covariant derivative, containing the

gauge fields. All current terms remain unchanged under the U; i transformations with

the exception of the charged current ji;,. For this we obtain

A (] 1 =1 T gl 1§

upytdy — ﬁuL’y (UuUd) d; (2.11)
——

1L
W=
—Vij

with the primed quark fields denoting the fields in the mass basis and V% is the Cabibbo-
Kobayashi-Maskawa (CKM) matrix [45,46]. The off-diagonal entries of the CKM matrix
mediate quark flavour-changing effects, i.e. interactions between quarks that belong to
different families. At tree-level, flavour-changing neutral currents (FCNCs) are forbidden.
Via the Glashow-Iliopolus-Maiani (GIM) mechanism, FCNCs are suppressed even at loop-
level in the SM [47,48]. Since there are no right-handed partners to the purely left-handed
neutrinos, they remain massless in the SM.

In interactions where only the lightest quarks, the up, down and strange-quark, contrib-
ute, it is often useful to employ chiral perturbation theory (xPT). When the masses of these
quarks are taken to be zero, the Lagrangian features an additional chiral SU(3);, x SU(3)r
symmetry. The quark condensate now breaks this symmetry softly, and only the subgroup
SU(3)y, where V stands for vector, is unbroken. Moreover, the quark masses are tiny but
non-vanishing, so the chiral symmetry is only approximately installed. From Goldstone’s
theorem we therefore expect N2 — 1 = 9 — 1 = 8 light pseudo-Nambu-Goldstone bo-
sons (pPNGBs), one for each broken generator of the SU(3) symmetry [49,50]. They are the
three pions 7+, 7, the four kaons K+, K% K°, and the eta meson 7°.

A peculiarity of QFTs is that the coupling constants are actually not constant, but they
depend on the energy scale i where they are evaluated. This scale dependence is governed
by the renormalisation group equations (RGEs), which take the form

d «@
dlnu

(1) = Bla(p)), (2.12)

with a a generic coupling constant. For quantum electrodynamics (QED), the beta function
B(a(p)) is positive, meaning that with higher energies, the coupling constant gets larger.
Eventually, it will get so large that it diverges and perturbation theory will break down.
This point is known as the Landau pole Ay. Since it is in the vicinity of Ay, ~ 103! TeV, it
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is far beyond any observable physics in the near future, and is usually not regarded as a
problem. Still, several extensions of the SM can take the Landau pole further down to lower
energy scales, and its existence can generally be regarded as sign of incompleteness of the
theory [51]. In the case of quantum chromodynamics (QCD), the situation is different, since
the beta function is negative. Hence for higher energies, the coupling gets weaker, leading
to the so-called asymptotic freedom. This means that quarks and gluons can move almost
freely at high energies, or when they are in close vicinity, respectively. For energies below
the QCD scale Agcp ~ 300 MeV [52], perturbation theory cannot be applied any more,
because the strong coupling constant is too large. This also explains the phenomenon of
confinement mentioned earlier. Here, non-perturbative theories must take over, such as
lattice QCD [53].

2.2 Effective field theories

Though in principle it is possible to perform many computations with the Lagrangian
formulation of the SM, in practice it is often way more useful to switch to an alternat-
ive formulation instead. These effective (field) theories are often valid only in certain limits.
They work best, when there is a large hierarchy between the energy scale of interest for
the process and the scale of the underlying dynamics. Furthermore, they are generally
not renormalisable by a finite number of counterterms, like the SM is. However, they are
renormalisable by a finite number order by order in perturbation theory. With xPT, we
have already seen the basis for such an EFT, since it was constructed using the limit that
the three lightest quarks are essentially massless. Moreover, for energies below the QCD
confinement scale, it is often helpful to switch to a version of xPT, where instead of quarks
and gluons the interacting degrees of freedom are mesons instead.

Generally speaking, there are two main types of EFTs: top-down and bottom-up ap-
proaches. In the top-down theories the full theory is known, and in a certain limit an
effective theory is constructed. An example for such a theory is Soft-Collinear Effective
Theory (SCET) that is used in the first project gluon-gluon to Higgs fusion in SCET. For
SCET, the full theory it is derived from is QCD, and it is valid in the limit when mul-
tiple particles are light, but have a large momentum component into a certain direction. In
bottom-up theories the full theory is unknown, and the EFT is constructed by extending a
known EFT to higher dimensional operators. With Fermi’s theory of the weak interaction
and SM effective field theory (SMEFT) we are going to briefly present two prime examples
of a top-down and a bottom-up EFT, respectively. The EFT used in the second project,
flavour physics of ALPs, cannot easily be put into one of the two categories. It shows
characteristics of both approaches, because we construct the Lagrangian in a bottom-up
manner, but still apply assumptions from the ultraviolet (UV) completion onto the EFT
like in a top-down approach.

11



12

THEORETICAL FOUNDATION

n 1% n 1%

Figure 2.1: Feynman diagrams contributing to the neutron decay n — p*e 7, in the Standard
Model (left) and in Fermi effective theory (right).

FERMI THEORY OF WEAK INTERACTIONS  Fermi’s theory of nucleon -decay is histor-
ically one of the first applications of EFTs, even though it was only identified as such at a

much later stage. It describes the interaction Lagrangian as

Lp= f;/g (pnev + npwe) , (2.13)
where p, n, e, v denote the proton, neutron, electron and electron-neutrino, respectively.
Gr is the Fermi constant, and it needs to be extracted from the full theory through a
matching calculation. The advantage of working with the Lagrangian (2.13) is that one does
neither need to know specific details of weak interactions nor how the proton and neutron
are built from quarks to derive decay amplitudes for neutron decay. The disadvantage
is then that the Lagrangian is only renormalisable order by order, because the coupling
constant has two negative mass dimensions, i.e. [GFr] =1 eV~2

The corresponding decay in the full SM is much more involved. In a yet simplified pic-
ture, the neutron decay can be seen as an exchange of W-bosons that changes the neutron
into a proton. In figure 2.1 we show the Feynman diagrams for both theories. In the match-
ing computation of Fermi theory onto the SM, we find that the W-boson mass is much
larger than all other scales involved, especially much larger than the momentum transfer
q between the neutron and the proton. Thus we may expand the W-boson propagator as
1/(¢* —m¥y,) = —=1/m3, + O (¢°/m3;, ). This process is known as integrating out the heavy
particles from the low-energy effective theory. Performing this calculation more carefully,

one finds [54]
V2 9

5 o = 1166 107° GeV 2. (2.14)
My

Gr =

sMEFT As will be explained in the next section, it is generally believed that the SM
itself is only an effective theory valid at lower energies. At energies somewhere above
the TeV scale, new physics is expected to come into play. The effects of the unknown
new physics are encrypted in effective higher-dimensional operators built out of SM fields.
Here, every operator that respects the SM symmetries is allowed. Sometimes, these new



2.2 EFFECTIVE FIELD THEORIES

effects are allowed to break the accidental symmetries of the SM. The SMEFT Lagrangian
reads [55-57]

AS

1 1
L - +§jci0i+§jci0i+o<
SMEFT SM ABSM : A2 T

BSM

) : (2.15)

where Agsy is the characteristic scale where new physics comes into play, O; are the op-
erators built out of SM fields, and C; are the Wilson coefficients. Without a given UV
completion, they cannot be calculated from other theories. Since Apsy is believed to be
large, higher dimensional operators become less and less relevant with more suppression
factors of 1/Apsm. At five spacetime dimensions, i.e. the first expansion term that is ad-
ded to the SM, only one operator is allowed, if one allows lepton number violation. This
operator can explain the smallness of the neutrino masses via the see-saw mechanism [58].

RENORMALISATION GROUP EQUATIONS  We have already noticed that the coupling
constants in the SM obey renormalisation group equations (RGEs) (2.12). We are now
going to derive a similar set of equations for a general EFT. We write the (renormalised)
amplitude of a given process as the product of Wilson coefficients C;(;1) and operators
Oi(u)

iM=>"Ci(u) Oi(n). (2.16)

Since all physical observables must be independent of our choice of the renormalisation

scale i, the equation

d

moz‘(ﬂ) =0 (2.17)

diuiM = ((M(ILLCZ-(MO Oi(p) + Ci(w)

must be fulfilled. The operators span a linearly independent basis, implying that we may
write

d
Oi(p) = =74;05(p),  and 735 = dln g

dln,u, 3 In ZU(,U) 5 (218)
where Z;; is the renormalisation factor. The quantity +;; is known as the anomalous di-
mension. Note that it need not be diagonal, thus accounting for operator mixing. Inserting

this equation into (2.17), we find a similar relation for the Wilson coefficients

d
dlnp

Cj(u) = i Ci() - (2.19)

Solving (2.19) and (2.18) then allows for a full control over the scale dependencies of
operators and matching coefficients, such that one can compute them at one scale where
it is most convenient, and then evolve them to the scale where they eventually need to
be evaluated. Note that in general instead of a simple multiplication as in (2.17) in many
cases the coefficients and operators need to be convoluted, resulting in the RG equations

containing convolution integrals, too.

13
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2.3 Beyond the Standard Model physics

Despite its tremendous success and a wonderful agreement of many of its predictions with
experimental measurements, there are many direct and indirect hints that the SM is not
the end of the quest for a universal description of nature. Here, we collect few of these
hints.

¢ Neutrino masses The discovery of neutrino oscillations, i.e. the observation that neut-
rinos have flavour-changing interactions, was only possible, because at least two of
the three neutrino flavours are massive [59,60]. The SM does not provide a mechan-

ism to generate these masses.

* Quantum gravity Thus far, it has not been possible to develop a consistent quantum
field theory of gravity.

* Dark matter First proposed as an answer to the puzzle that galactic rotation curves
seem to indicate that there is more matter in a galaxy than is observable, dark matter
has since gained much more justification as an explanation for various observations
that cannot be explained with modifications of Newtonian gravity [61,62]. Yet, its
origin and nature are still unknown. This is a real problem, because it is believed by
many physicists that dark matter makes up 27 % of the energy density of the universe,

while the Standard Model baryonic matter only contributes 5 % to that budget.

¢ Dark energy To explain the accelerated expansion of the universe, it needs to consist
to 68 % of dark energy, an energy form whose nature is still unknown.

¢ Baryon asymmetry In the SM, matter and anti-matter are treated equally except for
the different charges. A small phase in the CKM matrix allows for a distinction of
the two matter forms, since it introduces CP-violating effects. However, this amount
of CP-violation is not enough to explain the observation that almost all observable

matter in the universe consists of “normal” matter, and not anti-matter.

Apart from these direct hints for BSM physics, there are several indirect ones, consisting
largely of incongruities between the actual observation and our understanding of nature.
Many of the following arguments could in principle be swept off the table with the argu-
ment “nature is just like that”, but as scientists we usually believe that there must be a
deeper meaning or a higher guiding principle behind. In the literature, these problems are

therefore often called naturalness or fine-tuning problems.

¢ Hierarchy problem The hierarchy problem consists of the question why the two fun-
damental scales of the Higgs mass and the Planck scale are separated by so many
orders of magnitude. Since the Higgs boson is an elementary scalar, it receives cor-
rections to its mass from all particles. If there are particles with masses between the
Higgs mass and the Planck scale, which is generally believed to be true, their effects
must precisely cancel out if there is no mechanism to protect the Higgs mass from

such corrections.
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¢ Strong CP problem In the Lagrangian of the Standard Model one is allowed to add
a CP-violating term proportional to §GG, where G is the gluon field strength tensor
and G* = ¢*B@, 5 its dual. In contrast to the corresponding expression in QED, it
cannot be neglected due to non-perturbative instanton contributions even though it
can be written as a total derivative. This term gives rise to a non-vanishing neutron
electric dipole moment (EDM). Measurements constrain the coefficient associated
with this term to be 6§ < 10710, while there is no apparent reason why it should not
be of order 6 ~ O (1), like the other free parameters of the SM.

¢ Cosmological constant The cosmological constant problem consists of the discrep-
ancy between the small measured value of the cosmological constant, and therefore

the vacuum energy density, and the large theoretical prediction for these effects.

Note that we refrain from mentioning the various anomalies where Standard Model
predictions and measurement are in more or less strong disagreement. The reason why
we do so is that such discrepancies often vanish as they turn out to be mere statistical
fluctuations, misinterpretations, or a misunderstanding, as has been the case with multiple
anomalies in the past. However, if these anomalies are found to persist even with improved
measurements and theoretical predictions, and reach a statistical significance of more than
the usually required five standard deviations, then of course they would be included in the
tirst list of direct evidence for new physics. As an example how several anomalies can give
a misleading picture, we briefly present here the case of three anomalies that all seemed
to indicate that our understanding of muons is not quite correct: The Ry (., anomalies, the
proton radius puzzle, and the anomalous magnetic moment of the muon. In the past, these
anomalies were used as a strong motivation for BSM models that feature lepton flavour
universality violation (LFUV). With the most recent developments, this motivation now
seems to be significantly weaker.

The Ry and Rg+ measurements are the measurements of the double ratios Rx =
Br(B* — KTutp™)/Br(Bt — Ktete ) and Rg~ = Br(B° — K*u*tpu~)/Br(B’ —
K*%*te™). For a long time, the most recent measurement was in disagreement with the
SM prediction of about ~ 30 [63,64]. However, it turned out that previously experimental
background was underestimated, and the latest analysis including new experimental data-
sets suggests instead a complete agreement of experiment and theory [65].

The proton (charge) radius is defined as the slope of the proton charge form factor at
vanishing momentum transfer, and has been a fundamental quantity in nuclear physics. It
can be determined with lepton scattering experiments or alternatively by measuring the
Lamb shift. Until most recently, all measurements seemed to indicate that whenever the
proton radius is measured using muons, the proton seemed to be smaller than when using
electrons [66]. New experimental results as well as a re-analysis of old experimental data
for scattering experiments instead show agreement of the two approaches [67-71].

The anomalous magnetic moment of the muon (g — 2),, is the deviation of the muon g-
factor from 2. These deviations are due to quantum loop corrections. Here, the situation is
exactly the opposite as in the R (., case. New measurements agree with older ones in their

respective uncertainty bands, and (g—2),, is among the most precisely measured quantities
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in physics [72,73]. The uncertainty lies in the theory prediction, where the biggest contri-
bution that is not yet well-understood comes from the hadronic vacuum polarisation. It
has been calculated using experimental input from LEP measurements in a data-driven
approach to yield the theory initiative white paper (TI) prediction [74], and alternatively,
with lattice QCD computations by the Budapest, Marseille and Wuppertal (BMW) collab-
oration [75]. While the TI prediction is in tension with the measurement by 4.2 o, the BMW
result yields a better agreement with experiments. As long as the discrepancy in the two
theory approaches is not understood, it is unclear how meaningful the (possible) deviation
from the Standard Model really is.

Most new physics models try to tackle one or several of the problems presented above
with a minimal number of new parameters. Since no such model has been found yet to
address all of these problems, these BSM models are usually regarded as effective theor-
ies. In the construction of the Standard Model the importance of symmetries as guiding
principles was noticed. Therefore, many new physics scenarios also implement new sym-
metries that are usually broken spontaneously or directly by low-energy effects. While
there are too many BSM models to name them all, we give a few examples in the context
of models of axion-like particles (ALPs) in Part II: Flavour physics of ALPs.
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A TWO-FOLD MOTIVATION

The discovery of the Higgs boson at the LHC in 2012 was a tremendous success for particle
physics in general and proved the high predictability of the SM. So far, all measurements
concerning the Higgs boson and its properties seem to agree with SM calculations.

At the LHC, Higgs bosons are produced in proton-proton collisions with a centre of
mass energy of /s = 8—13.6 TeV in Run 1-3, respectively [20,76]. The main production
channel is the fusion of two gluons via a virtual quark loop [19]. The numerically dominant
contribution is given by the top-quark, because the amplitude scales with the mass of
the loop-quark. It has been studied up to three-loop order in [77] with semi-numerical
methods in Higgs effective theory (HEFT). When instead the second-heaviest quark, the
bottom (or b) quark is included, estimates for its contribution to the amplitude vary in the
range between 9-13%, depending on whether one takes the value for the b-quark pole
mass mbp ole ~ 4.8GeV [18] or the running mass my(M}) ~ 2.6 GeV [78]. Analysis of the
Run 3 LHC data for the gg — h process will be able to determine the production rate up
to this level of precision.

3.1 The need for an EFT approach

The computation of the gg — h amplitude is, however, a difficult task. While top-quark
loops are dominated by short-distance physics, the numerically subleading contributions
from light quarks are sensitive to three very different mass scales M}, > /M,my > my,.
Note that in this work we focus on the case of a b-quark as the light quark. However, our
results are also valid for the other light quarks with the obvious substitutions. Using the
Feynman diagrammatic approach, one finds that loop corrections involving b-quarks scale
as o In?"(—M?/m?) at the nth order. Since this combination is parametrically of order
O (1), standard perturbation theory cannot be applied, because corrections from higher
loop orders must not be neglected. Hence, all terms must be resummed to all orders of
perturbation theory to obtain meaningful results. SCET achieves a factorisation of scales
already at the Lagrangian level (at leading order in power counting in small scale ratios),
allowing the computation of the individual components at scales where there are no large
corrections. It is therefore only natural to apply this EFT to the case at hand.

19



20

A TWO-FOLD MOTIVATION

3.2 Motivation from a technical point of view

In [28,29,79-81], SCET has been applied successfully to derive a factorisation theorem for
the h — v decay at next-to-leading power (NLP) in SCET power counting. This factor-
isation theorem consists of a sum of convolutions over Wilson coefficients with operator
matrix elements. It is by now well-known, that at subleading power, scale factorisation is
full of complexities. For instance, the factorisation formulae for g9 — h and h — v are
plagued by endpoint divergences. These singularities manifest themselves as divergent
convolution integrals of component functions of the factorisation theorem. They may be
interpreted as a failure of dimensional regularisation and the MS subtraction scheme, be-
cause poles in the dimensional regulator are not removed by renormalising the individual
component functions. Naive scale separation is hence violated. The problem of divergences
in the endpoint region is not exclusive to our Higgs production process, but in fact is reg-
ularly encountered in NLP problems. Examples include among others the factorisation
theorems of Refs. [28,29,80,82-91]. One major novelty in [28,29,80] was the introduction
of the refactorisation-based subtraction scheme (RBS). It provided an efficient way to de-
rive an endpoint divergence-free factorisation formula by cleverly rearranging terms and
redefining matching coefficients. Showing that the RBS is also applicable in the non-abelian
gg — h case will help to establish the procedure as a state-of-the-art method to consistently
derive endpoint divergence-free factorisation formulae in SCET. As an affirmation of our
methodology, the RBS has already seen use in endpoint factorisation and resummation in
gluon thrust [90,92].

3.3 Motivation from a phenomenological point of view

Besides its intriguing technical details, the study of gg — h via light quarks is also motiv-
ated by phenomenological arguments. As has been already mentioned, the SM predictions
and experimental measurements of the Higgs boson’s properties are in good agreement.
However, we already know that the SM is only valid as an EFT at low energies, and even
then effects remain that are yet inexplicable (see chapters 1 and 2). Since there is no strong
hint where new physics could show up first, it is important to pursue research in many
different directions and sectors of the SM. The Higgs boson of the SM is an elementary
scalar, which already gives rise to certain theoretical problems like the hierarchy problem
(see section 2.3). Deviations of Higgs production rates from their theoretical predictions
could hint to either previously misunderstood properties of the Higgs itself, or the pres-
ence of new particles which couple weakly to SM particles at the given scale and therefore
cause minor alterations. Hence, it is of highest importance to verify whether the Higgs

boson measurements and its SM predictions truly agree.



INTRODUCTION TO SCET

We find it instructive to first give a brief introduction to SCET as an effective field theory
before applying it to the gg — h fusion process. Here, we will establish the language com-
monly used in the literature and point out typical obstacles one encounters at subleading

powers in scale ratios. For an extensive pedagogical introduction to SCET, see Ref. [93].

4.1 Introduction to SCET

For a given process, different momentum regions are often of different importance, i.e.
contributions from some regions are suppressed by powers of a small expansion para-
meter \. The basic concept of SCET is now to identify the leading momentum regions and
split up the particle fields according to that identification. For processes where SCET is
applicable, the leading regions most often come from hard, (anti-)collinear and soft mo-
menta [94, 95]. A hard momentum has large components into every direction; a (anti-)
collinear momentum has a large component only into one direction, whereas compon-
ents anti-parallel or perpendicular are power-suppressed; a soft momentum has power-
suppressed components in every direction. The collinear modes also define the directions
of light-like reference vectors n;. For the case of gg — h, those are the directions of the two
final-state gluons. They satisfy n? = n2 = 0 and n; - ny = 2. In the following, we will often
use the abbreviations n; = n and ny = n. In the Higgs rest frame, we can choose them
to be n* = (1,0,0,1) and #* = (1,0,0,—1). Much of the power of SCET stems from the
fact that the separation into hard, collinear and soft modes is, at leading power, already
achieved at the Lagrangian level, and interactions between the different sectors can be ab-
sorbed into field redefinitions. This allows us to factorise a given process into products
or convolutions of hard, collinear, and soft component functions, and compute each of
them at their natural scale. One major complexity of SCET at next-to-leading power is the
reintroduction of separation-violating interactions, as will be explained further later on.

Often it is not possible to use the coupling constant «s; as an expansion parameter, since
it is accompanied by large logarithms. Instead, the ratio of soft to hard scales is used. For
g9 — h, we expand in A = m;/M;, < 1. As usual in SCET, we decompose all momenta
into their light-cone components

o
ng

o
n
P = (np) +(nz-p)7l +p . (4.1)
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In a short-hand notation, one often writes p* = (n; - p,n2 - p,p1) = (p+,p—,p1). The hard,

collinear and soft momenta then scale as

hard h p“ ~ (1,1,1) M,
collinear c: ~ (A1 )\) My,
(4.2)
anti-collinear ¢: ~ (1,22, )\) M},
soft s ~ (A N) My,

The exact scaling of the soft momenta depends on the process. In the literature, one regu-
larly encounters (ultra-)soft scaling p* ~ (A%, A2, \?)Q or Glauber scaling p* ~ (A2, A2, \)Q
besides the soft scaling specified above, where @ is the hard scale of the given problem.
However, all soft scalings have in common that they vanish in the limit A — 0. Similarly,
instead of or in addition to collinear momenta, one might face hard-collinear modes that
scale as p* ~ (X, 1, A\1/2)Q or have other comparable scalings. These modes share the fea-
ture that one of the momentum components aligned with the collinear reference vectors is
unsuppressed.

In the low-energy effective theory, we eventually integrate out all hard modes from
the problem. This will result in a factorisation into a Wilson coefficient and a low-energy
effective operator (see chapter 2). After integrating out the hard momenta from a SCET

problem, we split the quantum fields into their collinear and soft components

1/)(33) = ¢c(x) + 1!15(513)

(4.3)
Af(z) = Al (z) + Al (),

with 7 a fermion field and A* a gauge boson. Here and below we assume that the fields
only have a collinear component. The discussion can be extended to include the anti-
collinear case with obvious replacements. The propagator p/p? of the collinear fermion
field has a different scaling in each of its light-cone directions. Therefore we further split
the fermion field into

wc:P+¢c+P—wc:§c+770a (4-4)
where
P, = VT , P_ = 7? (4.5)

are projection operators fulfilling P} = Py, Py + P =1and P,P_ = P_.P. = 0. As a
consequence, P_¢. = P,n. = 0. The scaling of the various fields can be deduced from their
two-point correlation functions. Eventually, one finds

€e~ A Mo~ AL and w ~ A2 (4.6)

The gauge fields scale exactly as their corresponding momentum, i.e. a collinear gauge
field scales as a collinear momentum as given in eq. (4.2).
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Having all ingredients at hand, we may decompose the SCET-Lagrangian as
Lscer = Le+ Ls + Lint - 4.7)

The soft part is an exact copy of the QCD Lagrangian, where all fields are replaced by
their soft counterparts. Using eq. (4.4) and the properties of the projection operators, we

can simplify the collinear Lagrangian to

gczl’in . chc + gcichL'?c + ﬁciwchc + ﬁchﬁ ’ Dc77c ’ (48)

where D} = i0" + g AL. Since 1, is power-suppressed in comparison with ., it is most con-
venient to integrate out the small components from the Lagrangian using their equations

of motion!. The collinear Lagrangian then simplifies to

*Cczgczi m - Dy +7lecJ_ — ZchJ_ &e - (49)

At leading power in SCET all modes are completely decoupled, i.e. there are no interac-
tions between the different sectors. Interactions between soft and (anti-)collinear particles
are power-suppressed [96,97]. Furthermore, interactions of collinear fermions with anti-
collinear gauge fields would create hard momenta, and hence are not part of the low-
energy theory.

When matching the full theory onto SCET, interactions between collinear and anti-
collinear fermions can be mediated through external currents, where the necessary hard
momentum transfer is provided by an external gauge field. The problem is that even at
leading power insertions of an arbitrary number of derivatives in the direction of the large
momentum component (i.e. 71 - 9. ~ A\°%.) as well as an arbitrary number of gauge field
insertions (7 - A* ~ \Y) is allowed. To account for this fact, we could work with infinitely
many operators and Wilson coefficients, one for each power of derivative and/or gauge
field insertion. However, there is a more elegant way to deal with this problem: We allow
for non-local operators in SCET that are smeared along the light-cone direction of the large

momentum component.

[e.9] 77,

Ee(x) = oz +th) = Zf, (). (4.10)
One problem that arises in this treatment is that with fields at different spacetime points,
gauge invariance is not manifest any more. To preserve the gauge symmetry, we must
transport the gauge transformation from one spacetime point at x to the one at x4 tn. This

can be achieved by using Wilson lines. For example, the bilinear

E(x 4 tn) [z + tn, x]gfc(az) (4.11)

The resulting determinant is independent of the gauge fields and therefore no physical consequence follows
from removing 7. [93].
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with the Wilson line

[z + tn,z] = Pexp

t
ig / dsn - Ac(z + tn)] (4.12)
0

is gauge invariant under the collinear gauge transformation V,.(x) = explia?(z)t?], since

the fields and the Wilson line transform as

Ee() = Ve(w)&e(x)

(4.13)
[z + th, ] = Vo(z + ta)[z + th, 2]V, (z) .

The symbol P in eq. (4.12) denotes a path ordering of the matrices at different times such
that those at later times should be to the left of the ones at earlier times. In SCET, it is often

useful to define a Wilson line aligned with 7 that runs to infinity
We(z) = [z, 2 — oon] . (4.14)
The finite segment can then be expressed as
[z + t7, 2] = We(z + tR)W] (). (4.15)

This introduction of the infinite length Wilson line now allows us to define gauge invariant
building blocks [97,98]
Xe(w) = Wi (@)&e(a)

(4.16)
Al = W]I[DIW,] .
Hence, the bilinear in eq. (4.11) can be written as
R SN
Ee(z + tn)[z + tn, ] 2&(:1:) = Xc(x + tn) 5 Xe(x). (4.17)

SCET operators can then easily be built out of these building blocks. Eventually, at NLP
we will also introduce soft Wilson lines S;, and Sy in the (anti-)collinear direction. They
are defined like their collinear counterparts with the replacement A, — A,. As an example
of a SCET operator built out of building blocks, we may now write down the most general

leading-power SCET current operator as

Jh(z = 0) = / ds / dt Cy (s, )T (t0)7" Xo(sm) (4.18)

Here, Cy (s, t) is the Fourier transform of the hard component function. It corresponds to
the integral where all momentum components are of the order of the large scale. Note that
in the case of z # 0, a multipole expansion of the fields is needed in order to sustain a

consistent power counting [99].
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As is common for a non-local EFT, Lorentz invariance is not obviously manifest in SCET.
Therefore, we need to require that operators are invariant under the following transform-
ations of the reference vectors n and 7 [100]

nt — nt + A nt — n# nt — (14 a)nt
I , (1) , (III) . (4.19)
n* — M nt — at + €l " — (1 —a)nt
The four-vectors A| and €, obey
Al n=A-n=¢,-n=¢, -n=0. (4.20)

Furthermore, they must count as O (\) or smaller to not disrupt the power counting. There
is no such restriction to the parameter « in (III). The invariance of operators under (I)—(III)
is known as reparametrisation invariance (RPI), and is a central concept in SCET.

4.2 Resummation

As was mentioned earlier, in SCET problems, the strong coupling constant is for usual
accompanied by large logarithms. To obtain sensible predictions for observables, it is thus
necessary to resum those logarithms to all orders of perturbation theory. To give an ex-
ample how this procedure works in general, we briefly recapitulate the resummation of
the Sudakov form factor in [101]. Its Feynman diagram is given by two (anti-)collinear fer-
mions with incoming momenta p and —k, respectively, coupling to a boson with outgoing
momentum ¢ = p — k, which provides the necessary hard momentum transfer. This is a
leading order process in SCET, and hence the renormalised form factor can be expressed
as

F(Q* K?, P?) = C(Q% w)J(K?, 1) J(P?, 1) S(AZ, ) . (4.21)

Here, Q? = —¢%, K? = —k?, P? = —p? and A? = K?P?/Q% C(Q?, i) is the hard Wilson
coefficient, J(P?, 1) and J(K?, i1) are the (identical) collinear functions into the two collin-
ear directions, and S(AZ, ;1) is the soft function. Since the form factor is a gauge-invariant
quantity, all dependence on the renormalisation scale ;¢ must drop out, eventually. The
renormalisation group (RG) equations for the component functions read

4 0@ ) = [CrTap(ann (L) + a0 c@2 )
dln,u, M) = Flcuspl@s) 1k 'u2 + vo (o s
d 2
T (PR = - [cFrcuspms) In (f;) ¥ ’w(ozs)] J(P?, ) (422)
A2
s = [cFrcuspmS) In (u) i w(as)] S(AZ, ).

The extra logarithmic dependence on p is due to the presence of characteristic Sudakov
double-logs in the one-loop amplitude of the form a”L?" with L such a large logarithm
[93]. The function I'cysp is the cusp anomalous dimension. The label “cusp” is linked to the
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renormalisation of Wilson lines that form a cusp, e.g. a Wilson line that runs along n*
from —oo...0 and back along n* from 0...co. The cusp anomalous dimension is then
proportional to the cusp angle at 0 [102-104]. For the cancellation of all ;-dependencies
to happen for the form factor, it is crucial that the RGEs of all component functions (4.22)
feature the same coefficient for the extra logarithmic piece.

The solutions to (4.22) sum up the logarithmic terms to all orders in perturbation theory.

As an illustration, we give the solution for the hard coefficient:
L 2

c@m=exr] [ [CrTaplaim (%) +etan)] dn) 0@ m)

fth
= U(th M)C(Q27 )uh) :

(4.23)

In the last line, the function U can be regarded as an evolution function that runs down
the scale from py, to . Note that because for the hard function the large logarithm is of
the form In(Q?/u?), if we choose 1, ~ Q, there are no large logarithms left in this problem.
This means, that eq. (4.23) is valid for all values ;;, where a(p) remains perturbative. This
is a vast improvement over the expression for the renormalised coefficient, which through
its dependence on a,In?(Q?/u?) cannot be used in the regime where y > Q or u < Q.
When evaluating the transfer function U, one exchanges the logarithmic dependence on

the scales for a dependence on coupling constants in practice, eventually reaching

QQ CFaFcusp (/U'h ,u)
U(pin, ) = exp [2CFS (pin, 1) — aqe (pin, p)] (Pﬁ) (4.24)
h
Here,
as(p) Feuen () 4o
Oy e Ry
(:4) R
;S(m ’ (4.25)

_ i)
Ay, = (/) da 5(a)

with i = {C, Fcusp} are RG-functions. The solution to the RG equations for the collinear
and soft functions take a similar form. The procedure of eliminating large logarithms in
favour of coupling constants at different scales is known as renormalisation group improved
perturbation theory.

4.3 SCET at subleading power

At subleading power, SCET is full of complexities. The factorisation theorems consist of
sums of convolutions over Wilson coefficients and operator-matrix elements. Additionally,
scale separation is not obvious due to the reintroduction of interactions between the dif-
ferent scales. A common feature of NLP SCET problems is the occurrence of endpoint
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divergences. They manifest themselves as divergent convolution integrals over individual
component functions. Some of these singularities can be regularised using dimensional reg-
ularisation, while others still remain. One may hence interpret the presence of endpoint
divergences as a failure of dimensional regularisation and the modified minimal subtrac-
tion (MS) scheme. In general, it is therefore necessary to introduce an additional analytic
(or rapidity) regulator that is associated with its own regularisation scale. Eventually, all
dependence on rapidity regulators and the regularisation scale cancels among the different
terms of the factorisation theorem. However, regularisation of endpoint divergences and
renormalisation of UV divergences does not commute, spoiling the naive scale separation,
and preventing the derivation of a well-defined, renormalised factorisation theorem. This
provides a bottleneck for all NLP problems.

In [28,80], the RBS has been introduced. It addresses the problem of endpoint divergent
terms in a systematic way. Its basis is the observation that the integrands of the divergent
integrals in different terms of the factorisation formula become identical in the singular
region. With its help, one is able to derive exact d-dimensional refactorisation conditions,
which subsequently allow for a rearrangement of terms in the factorisation theorem that
is free of endpoint divergences. The importance of the RBS has also been emphasised in
works about gluon thrust at NLP [89,90,92]. Up to this date, it is the only known systematic
approach how to deal with endpoint factorisation at subleading power. In this thesis, we

will generalise the approach to non-abelian final states.
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FACTORISATION AND RESUMMATION OF
GLUON-GLUON TO HIGGS FUSION

The foundation of this treatise is the derivation of a renormalised factorisation theorem, the
corresponding RG equations and eventually the resummation of the light quark induced
Higgs decay h — ~v in Refs. [28,29,79-81]. Here, we generalise the method to non-abelian
external states, namely the Higgs production process gg — h. Throughout this thesis, we
will refer to the former as the “photon” or the “abelian case”, and the latter will be called
the “gluon” or “non-abelian case”. The results of this work have already been published

in short form in [1,3].

5.1 Factorisation of gg — h

In this section, we apply SCET to disentangle the physics at the different relevant energy
scales and obtain a (bare) factorisation theorem for the light quark induced gg — h form
factor. The Feynman diagram for the leading order process is shown in figure 5.1. Here
and in the following, we will focus on the numerically most important case where the
light quark is the b-quark. We use A = my, /M), as our small expansion parameter. Note
that because of the quark loop, the amplitude is proportional to the light quark mass

M ~ my = AM},. Hence, this is a power-suppressed process.

Figure 5.1: Leading order Feynman diagram for the fusion process gg — h via light quarks. The
amplitude is proportional to the quark mass, giving a power-suppressed process.
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M, me Aqcp
S B
NG - o
Fgg <Ogg>

Figure 5.2: [llustration of the matching process for gg — h. The perturbative physics above m,, are
combined in the form factor Fy,, which is calculated using SCET. All non-perturbative
effects are incorporated in the operator O,4y, whose matrix element yields the gluon
distribution functions in the proton when squared and integrated over phase space.

5.1.1 Decoupling perturbative and non-perturbative physics

There are no free gluons in nature, because they carry colour charge and due to confine-
ment all physical states must be colour neutral. Therefore, Higgs bosons are produced
at colliders like the LHC from proton-proton collisions, which then provide the necessary
gluons. For a full treatment of gg — h, it is therefore crucial to disentangle the perturbative
physics of gluon-gluon to Higgs fusion at the parton level and the non-perturbative part
of extracting the gluons from the proton. We embody all non-perturbative physics in the
EFT called LEFT (low-energy EFT), which is valid below the b-quark mass scale. The only

operator left in LEFT is the two-gluon operator
_ i lp,acla
Ogg - 92 gn 9ﬁ,u (51)

built out of two collinear gluon fields along the directions n and 7. The perturbative phys-
ics above the scale my, is captured in the form factor F,,. At the low scale, we match onto
Oyq in LEFT, therefore we write

(pP|Opert| ) = Fyq(pplOgglh) , (5.2)

where Opert is the sum of relevant operators encoding the perturbative physics. In this
sense, the form factor is the non-abelian equivalent to the amplitude in & — 7. Since we
interpret F,, as a matching coefficient, it can be calculated using on-shell gluon states. The
matching is shown in figure 5.2. The operator O 4, needs to be renormalised. Consequently,
its matrix element is scale dependent. This scale dependence will also manifest itself in ad-
ditional IR-poles that do not cancel out among different terms in the form factor. When the
whole amplitude is squared and integrated over phase space, the squared matrix element
of Oy will yield the product of two well-known PDFs of the gluon in the proton.

To compute the perturbative part of gg — h via light quarks at the parton level, we
use SCET. In a two-step matching procedure we first match full QCD to an intermediate
theory SCET; by integrating out hard modes. Further decoupling hard-collinear modes
then yields SCET>, which is the final theory used to compute Fj,.

In contrast to gluons, free photons exist in nature. Therefore this additional matching step onto low-energy
operators is omitted for h — 7.
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h h

h

Hy - ﬂ
he h
Hy(2)®
he %

he he

S

Figure 5.3: Leading momentum regions contributing to the matching of SCET; to QCD in gg — h
via light quarks. The symbol ® in the second row denotes a convolution integral over z.

5.1.2 Derivation of the effective SCET operators

We use the method of regions [105-107] to identify the leading contributing momentum
modes in the full QCD picture. We find the relevant modes to be in the hard, collinear,
anti-collinear and soft sector, obeying the scaling given in eq. (4.2). In an intermediate
step, when there are soft exchanges present, we need to include regions with a hard-
collinear scaling p* ~ (A, 1, Y 2) and the first two entries exchanged for anti-hard-collinear
momenta. The derivation of the QCD — SCET; matching is portrayed in figure 5.3. When
all loop momenta of the quark loop are of the order of the hard scale, the loop is shrunken
to a point-like interaction connecting the Higgs boson directly to two gluon fields along
the directions n and 7, yielding the SCET; operator

01 = %h%“%%ﬁ- (5.3)
Here, h denotes the Higgs field. Note that we pulled a factor g; 2 out in front, because the
Feynman rule for the gauge covariant gluon field contains a factor of the strong coupling
constant. From here on, fields without arguments are located at the spacetime point z = 0.
The symbol § stands for the gauge invariant building block of the collinear gluon field. The
second operator arises, when the loop momentum is collinear with one of the gluon dir-
ections. The corresponding operator contains a Higgs field, an anti-collinear gluon field in
the n direction, and two collinear b-quark fields, which annihilate to produce the collinear
gluon moving along the direction n.

OQ(Z) =h D_Cn’ij_Taiél5(ZT_L1 k1 +1ing - 8)9Cn 9%‘5 (5.4)
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The variable z € [0,1] denotes the fraction of the n-collinear momentum k; of the gluon
that is carried by one of the n-collinear quarks, denoted by the symbol X. Note that there
is an equivalent contribution coming from interchanging the collinear n with the anti-
collinear n region, hence giving rise to an additional factor 2 for this contribution to the
factorisation theorem. The third operator consists of the time-ordered product of the scalar
Higgs current with two insertions of the subleading power SCET Lagrangian, in which
hard-collinear fields are coupled to a soft field [108].

O3 =T {h:xnxm i / Pl (2), i / APl (y)} +he.. (5.5)

In the matching SCET; — SCET3, one integrates out these hard-collinear fields. In practice,
for O; and Oy, the hard-collinear fields are simply replaced by their collinear counterparts,
whereas O3 can be further factorised into a double convolution of two jet functions and
one soft function, which we are going to demonstrate in the following.

In eq. (5.5), the two subleading power Lagrangian insertions read [108]

£V (2) = gy (2 )W} (@)iDE6nla),

(5.6)
£8P @) = &) [iBrWaw)] o)

where the soft quark fields ¢; need to be multipole expanded for consistency [96,108]. As

Bmo_

for momenta, we denote z* = (7 - )" for spacetime points, equivalently. Introducing

gauge-invariant building blocks, we may transform eq. (5.6) into

LY () = gy(2_)9: ,
??}2)( ) Q( )9f( )X () 57)
ﬁgﬁq (y) = Xa(y) G (V)as(y+) -
Consequently, we find for O3
0y =h(0) [ Pz [aPy T4 g )xa)] " TP 0) b7 1202400 [Tat) g )]
T e e

<7 { Sl )] e )sue1 [510)5:0]" |+ e

where greek letters represent Dirac indices and latin letters represent colour indices. The
symbol S,,, denotes the soft Wilson line in the respective direction. The first two time-
ordered products can be interpreted as operators matching onto two jet functions into the

two collinear directions, i.e.

/ dos / dp_%f{ [gi(m)xn(m)ri xgj(O)}

1P [ ae iJ(yn - P) 5)
=274 |~+ 2 te—ilya 2T \THT T gpa

21y [7“ 2} / 2 o om0

Here, n - P = —in - 0 is a differential operator projecting out the large component of the

collinear momentum carried by the gluon field, £, is the momentum carried away by the
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multipole-expanded soft quark. A similar relation holds for the anti-collinear jet function
with the obvious replacements. The remaining soft operator is then given by

Wi @) = T{ e Sa(0)T" S (y:)ad (92)a5 () S (@) T*SLO) } . (5:10)

where Tr is a trace over colour indices. In the photon case [28], the two colour matrices
T®) were absent, which allowed the authors to combine two semi-finite soft Wilson lines
that travel from spacetime point 0 to co along 7 and back to y; along the same direction,
into one finite soft Wilson line

0
S(0)S! () = Si(0,5) = P exp | g / dt 7 Ga(ta)T" | (5.11)

yt

For our studies, this is not trivially possible due to insertions of colour matrices at y = co
However, we can use the identity

Sa(2)TSE(2) = (Va(z)s T (5.12)

with V5 a semi-finite soft Wilson line in the adjoint representation that extends from 0 to
infinity along 7. In Feynman diagrams, we will draw these soft Wilson lines in the adjoint

as red double lines. The soft operator (5.10) can hence be written as

Wi ys) = T {Tre (Va(0), T 82(0,4) 43 (u+) 65 () Sl 0) (D(0))%T

(5.13)
To further simplify the calculation, we decompose W into the different spinor structures
e d”t —il-(y+—xz_) Vi %
Wix_,ys) = He W S1(0) +4S2(0) + —— S3(¢) + —— Su(¥)
(2m) n-t n-t (5.14)

+ nb/ig S5(¢) + ﬁﬁtg Se() + iﬂ S7(0) + ﬁéﬂsg(@] b

Here, all S; are scalar functions. Eventually, the trace over spinor indices will be taken,
leaving only S; to contribute to the final soft function. Moreover, we can integrate out the
perpendicular component of the loop momentum by defining

D—2
S(_t,) = / (d%)lf_gsl ). (5.15)

With these simplifications, we can derive the final expression for O3 as

. d€+ dé_ dy+ 7% (y4+—z— J.%% 1
Os _h(o)/m +i0/€ zo/ / "Te | g 50 We—)

x J(Lyn-P) Gt (0) J(€—n-P) " (0)

—h(0) 5570) 5.0 [ TE [ FEIEMD IO )80,
0

(5.16)

0
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J J
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Figure 5.4: Factorisation of Oz in SCET;. In the soft function, green double lines represent soft
Wilson lines, red double lines soft Wilson lines in the adjoint representation, and the
green single line denotes the soft quark propagator. The rectangular line-shape means
that the soft function is defined as the discontinuity of the object shown.

Fgg
N\

Mh \V mth my AQCD

Figure 5.5: Illustration of the relevant energy scales in the gg — h factorisation process. The dif-
ferent objects are shown at their respective scale. At the scale m; the perturbative form
factor Fy, is matched onto the low-energy effective theory LEFT, where only the op-
erator 0,4, consisting of two collinear gluons contributes. The LEFT incorporates all
non-perturbative physics.

and
Sa(f_ty) = % [5(u+ +i0) — S(f_t, — iO)], (5.17)

is the soft function defined as the discontinuity of S(¢;.¢_). This follows from the analytical
structure of the integrand in the first line of eq. (5.16). The jet function depending on ¢_
(¢4+) has a pole at /_ = i0 (/4 =i0), and S(¢,¢_) features a cut at £, /_ = —i0 that extends
to infinity. For /. < 0 (/~ < 0), this cut is located above the real axis, allowing us to
close the integration contour in the lower half-plane and thus yielding no contribution
for the integral. If instead ¢, > 0 (/— > 0), the discontinuities must be included in the
integral, leading to the expression above. The factorisation of O3 into a convolution of two
jet functions and a soft function in SCET; is portrayed in figure 5.4.

Having the expressions for all operators in the low-energy effective theory at hand, we
may state the matching onto the LEFT (5.2) more precisely as

(pp|O;|h) = Si (pp|Oggl0); i =1,2,
(pp|Os|h) = J @ J @ S3 (pp|Og40) .

(5.18)

The full matching procedure is shown graphically in figure 5.5.
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5.1.3 Bare factorisation theorem and two-loop expressions for the component
functions

The bare factorisation theorem for the form factor of the gg — h process via light quarks

reads
i d
Fyglgg = ) =H" 5" + 4 / C a0 )8 (2)
- - (5.19)
+ HY /df/df* JO M) JO (= Myt ) SO (00,
0 0o
where the function Hs is defined via
Hy(z
Hy(z) = - (12( i) . (5.20)

The pre-factor 4 in the second term is due to a symmetry relating z <+ 1 — 2, and the fact
that there are two equal contributions from the two collinear directions. The factorisation
formula (5.19) is problematic, because the second and third term diverge in the limits
z — 0 and ¢+ — oo, respectively. Before we show how to solve this problem with the RBS,

we want to give the expressions for the component functions up to two-loop order.
(0)

The hard matching coefficient H; " is given by
Yv,0 As, Qg
7 =, F&g =0 H + 2R + |, (5.21)

with

21 (1 + €)% (—e)
rc3—2)

1 3 572 29 2
Hf?f:(_M,f—io)Qﬁ{CF[—QJr— i —( CS++12)

H{) = (—M} —i0) 2 (1 — 3¢)

et 263 12e2 € 3 4
9 3t 3 1 s 18¢3 + 14 (5:22)
—72—m —19@*3—16] +Ca [—264+6 <5+12> + =
420 — f 8¢ + 723;} }
Similarly, we find
1 (2) = U8 [HIG ) + RH ) ] (5.23)
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Figure 5.6: Feynman diagrams contributing to the hard matching coefficients H;, i = 1,2,3. Note
that we omit mirror diagrams in the rows for H; and Ho.

with
1 1
HQ(?(z(Z):*_}_liza
e . (1 + )% (—¢
Hy) () = (~ M}, = i0)~ ”E(p@)_%())
2—4e—€2  2(1—¢)? 1—27°¢ (5.24)
X{CF[ e ( . ) —2(1 - 2¢ — ¢?) 1_2]
2 —4e — € 9 € 1—27°¢
_CA|:Z]-+€_(2(1_26_6)+1—6> 1_Z:|+(Z—>1—Z)},

and

(5.25)

©0) Yo Crasp 9 .o\—¢
Hj, __\/5[1_ e (=M —i0) “e"(1—¢)

for the hard coefficients of the second and third term of the factorisation theorem. Note

5 20(1 + €)T?(—¢)
(2 — 2¢) }

that H3 is the same as in the h — v process. Feynman diagrams contributing to the three
hard matching coefficients are portrayed in figure 5.6. The bare soft function of the first
term is S§O) = myp and is exact to all orders of perturbation theory. The soft function of

the second term reads

Séo) (2) =mpoTFd

%s,0 {2667’“3 (mg o) T(e)
7r b
(5.26)

+ %(mio)_ze CrKp(z) + CaKa(z)+ (2 —1— z)] } ,
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with 2
1 1 2 1 =
Kp(2) = 5 (2L +3) + - (Lz—2LZLZ_2_3>

L3
+12Li5(2) + 2(1 = 2z — 2L) Lia(2) + = +2[z + Ls] L2

2 2
2L, 1 1 . : L}
Ka(z) = = + - (—LE + 2) — 8Li3(z) + 2Liy(2)(z — 2Lz) — 5

2 2
—4L§L5—2L§+<1+2z+7;>Lz+1—7;+8g3+0(e),

and L, =Inz and Lz = In(1 — z).

We calculate the jet function of the third term up to two-loop order. This is needed
to predict the large logarithms in the three-loop expression for the form factor based on
iteratively solving the RG equations later in section 5.3. Up to NNLO, the jet function reads

O, 2y 14 X0, 2 e r(0) | (Xs0\2 2 ov-2e £(0)
JO@) = 14+ 0 (—p* —i0) +(47r) (—p? — i0)"2¢70 | (5.28)
with

(0) e DL+ €)% (—¢) )

J17 =(Cp—Ca)e"? —— " (2—4e—¢

I =C3Kpp + CpCaKpa+ CiKan+ CpTengKen, + CaTrng Kan,

where
KFF:i_;<2+”32>—1(4+7;2+4%C3>—f’—”62—3943+7§+0(6),
e B () (2 20
2 4
1106827 - 8?2 + 48158Cg N 439(;:) +0(),
2 4
2 2

with Tp = %, and n; denotes the number of active quark flavours. The coefficients Krp
and K, are identical to the corresponding coefficients in the photon case derived in [81],
but for the remaining coefficients no simple relation between the two jet functions can be
found past one-loop order.

As has been explained before, the soft function features additional soft Wilson lines
in the adjoint representation when compared to its abelian counterpart, giving rise to
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“tipi-tent” Feynman diagrams (see figure 5.7). Therefore, one-loop corrections include ex-
changes of gluons between Wilson lines in the fundamental and adjoint representations.

Eventually, the soft function reads

TEOup s
S0 () = - TEI00 1 TS0 00— i) + 50 w) 0y~ )], (53
with
1—e¢
: m2,)
Sg ) (w) T — o (w—mjg) |1+ = 2e 1 _26F<1+6) W—mao

c o[ 2 6 2
+Oés,0 F{(wmio) 2e [62+6+€ln(17’)+127;

+ <24 —3n2 + 4) e:| + (mg,o)‘% [ —2Lis (r) + 2(In7 + 1) In (1 — )

2

as0C A 2 [2 72 16
—31n2(1—r)]}+ py {(w—mio) |:62—3—3C3€:|

0 Ca Qs.0 —2¢ 4 1 1
SO (w) = (CF - 2) 2 (mi ) [—6 In <1 - r> +61n’ <1 - T>] , (5.32)

where r = mj ,/w.

Feynman diagrams for the soft and jet functions are shown in figures 5.7 and 5.8, re-
spectively. For the calculation in practice, we adopt light-cone gauge 7 - G, = 0 for the
computation of Sy and J, such that the collinear Wilson lines simplify to W,, = 1. The
smaller number of Feynman diagrams and the absence of ghost contributions allows for
a more streamlined computation compared to standard Feynman or general R; gauges.
Nonetheless, we have checked the validity of our calculations in a general covariant gauge.
The advantages of light-cone gauge come at the cost of introducing a more complicated

propagator for the gluons

g Ay H
w WL) , (533)

1
12 10 <_g 7l
where we do not adopt the Mandelstam-Leibbrandt prescription to regularise the singu-
larity at 7 - I = 0, see [109] for further details. The two-loop diagrams of the jet function
were computed by using partial-fraction decomposition after applying simplifications to
the Dirac and Lorentz structures. Each diagram can then be mapped onto a linear combin-

ation of scalar two-loop integrals

1
del / Ay —5——, (5.34)
/ [1:2, D
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Figure 5.7: Feynman diagrams contributing to the soft functions S2(z) (top row) and S3 (bottom
row). The red double lines in S3 denote soft Wilson lines in the adjoint representation.
They are peculiar to the gluon case and lead to “tipi-tent” diagrams.

where the propagators are (omitting the —i0 prescription)

Dy =12, Dy = —13, Dy = —(ly +12)?,

Dy =—(h +p)?, Ds = —(l2 +p)?, Ds=—(li+1+p)?, (5.35)
Dr=—(Li+p—k)®, Ds=—(+p—k)?, Do=—(lLi+l+p—k)?,
Diyp=—n-1ly, Dy =—-n-la, Dig = —n-(l1 +12).

With the help of algebraic relations, we have been able to express all master integrals in
terms of integrals encountered in the calculation of the jet function with an external photon
[81]. The individual integrals are then either evaluated directly by the method of Feynman
parameters or by using dimensional recurrence relations [110,111]. The expansion in € was
performed using HyperInt [112] and HypExp [113].

5.1.4 Refactorisation theorems and regularisation of endpoint divergences

As has been explained earlier, the bare factorisation theorem (5.19) suffers from endpoint
divergences when the integrands of the second and third term approach z — 0 and
¢+ — oo, respectively. From the physical point of view, they stem from the region of
parameter space where a soft quark becomes collinear or vice versa, hence violating the
separation between soft and collinear phase space regions. In principle, one possibility to
cure these divergences would be to introduce a new so-called rapidity regulator 7 related
to the rapidity scale v to regularise the singularities. Since regularisation and renormal-
isation do not commute in general, it is important to first expand in 1 before expanding
in the the dimensional regulator e. In the sum of all terms, the dependence of the form
factor on the rapidity regulator and scale would cancel among the second and third term.
Moreover, this indicates that both terms should have a closely related structure in the sin-
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Figure 5.8: Feynman diagrams contributing to the jet function up to two-loop order in light-cone
gauge. The left cross corresponds to the spacetime point =, where the soft momentum p,
flows out, and the right cross corresponds to the point 0. The fourth diagram in the first
row evaluates to zero since it is scaleless. Graphs where the external gluon is emitted
off a quark also arise in the calculation of the jet function with an external photon [81]
when the radiated gluon is exchanged for a photon.

gular region. Indeed, in [29] two refactorisation conditions were derived, that relate the
divergent integrands in the endpoint limit. Following the same arguments, we find

AL ()] = - H T (2M2)

1 de (5.36)
159N == 5 [ TETO (M) S5 (2Myty)

J

The symbol [. ..] signifies that one should only keep the leading terms in the z — 0 limit.
The situation is portrayed in figure 5.9. In [29], both theorems have been proven to all
orders in perturbation theory. An equivalent proof is also possible in the gg — h case.

Since it follows the same steps with obvious replacements, we omit to give it here and
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Figure 5.9: Graphical illustration of the refactorisation conditions connecting different objects in the
gg — h factorisation formula to all orders in a,. The left panel portrays the first equation
in (5.36), while the right panel illustrates the second equation.

instead refer to the aforementioned work. Both theorems play a crucial role in deriving the
divergence-free factorisation theorem.

With the help of the refactorisation conditions we are now able to derive a version of the
factorisation formula that is free of endpoint divergences and UV finite

(0)
70 P A
A 1
dz s - _
F = (10 + an0) si+4 [ F (80250 - 18 @11 ()])
0
o (5.37)
+ lim H7O / A [ 9 0 (g0 ) O (=Mt ) SO (0t .
o——1 l_ l + leading power
0 0

7

The singularity of the second term is regularised by subtracting the functional behaviour
in the problematic region and the third term is regularised by the explicit cutoffs. Note
that due to these cutoffs the third term contains some power-suppressed contributions
that should be dropped for consistency. Furthermore, the limit in the third term is to be
understood in the sense of an analytic continuation, where one evaluates the integral at
oM}, and subsequently follows a path through the complex plane to ¢ = —1. Removing
the divergences in the second term and applying the refactorisation conditions introduces
these cutoffs for both convolution integrals in the third term. As shown in figure 5.10, the

region |(+| > M), is subtracted twice, hence this co-bin contribution must be added back.

Since it only receives contributions above the Higgs mass scale, it is purely hard and can
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Figure 5.10: Graphical illustration of the impact of the cutoffs on the convolution integrals over /..
and ¢_ in the last term of the bare factorisation formula (5.36). The “infinity bin” is
subtracted twice and must be added back in the form of an extra contribution to the
bare Wilson coefficient H 1(0).

therefore be seen as an additional input to the hard function H 1(0), which is why we call it
AHl(O). It is given by

o0

© _ _ e [ oo dby () ©)(_ Soo (L)
AHO =~ tim / - / lim GO T O () 2
Mp,

s 0T 0 Yoo [ (—ME)"eE g 9e 2evp [~ D(=€T(€)(3 — 6e — 2€2)
G E{ GQF}(ll —€) 47 (=)~ [CA 22T (2 — 2¢)
L Cr <3F(6)F(—e) n (14 €)I%(—€) + 2T (—e)T(e)T(2 — 26)) ] } ’

(2 — 2¢) 2¢2T(1 — 26)I'(2 — 2e)
(5.38)
and
. Trodapis eTE _e , Qg0 Ca 462675F(6)F(—e)
Soolw) == ’O{I‘(l—e)w +E[(O T2 ) (1 - 2)
(5.39)

F

2e*72 (14 )I%(=€)] o
T(1— 26)0(2 — 2e) ]w } b(w)

is the soft function Ss3(w) in the limit where w > mj. This method of removing endpoint

divergences by reshuffling terms in the form factor? and absorbing the co-bin contributions

into hard coefficients is known as refactorisation-based subtraction scheme (RBS) [3].
Note that (5.37) is not infrared (IR) finite because it is calculated using on-shell gluon

states. We remove the IR poles by multiplying with the renormalisation factor Z ', where

2 The methodology presented here is in fact not limited to h -+ GG, G = v, g processes, but more general. Other
instances where it has been used are found in [90,92]
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Zgq is the UV renormalisation factor of the two-gluon operator O, defined by Oy4 (1) =
Z440%). In the MS-scheme, it is given by [114]

) 1 L
Zgg=1— 0‘4(:) [QCA <€2 - :) + Bﬂ +0(a?), (5.40)

where Lj, = In[(—M? —i0)/u?].

To show that all UV divergences cancel in the sum of the three terms in (5.37), we first
express the bare parameters, i.e. the b-quark mass, the b-quark Yukawa coupling and the
strong coupling «,, in terms of renormalised parameters. The relevant renormalisation
conditions are given in appendix Al.1l. We use the running parameters m; () and y;(p) in
the overall pre-factor of the form factor. However, in the arguments of logarithms we use
the b-quark pole mass m.

We write the result for the gg — h form factor as

Zag B9 = Mo Zg) (100 + 10" + 1}, (5.41)

with the overall pre-factor

Mo = Tp o, 224 y‘iﬁg) mo(1) (5.42)

The three contributions read

s 2 1 /2r°L 272
Zgngf‘)):_era(“){cF{ ”+€<7r h—10<3)—§L%L+4(5c3+3)Lh

4 - 3e2 3
7t 2 1 (2r%Ly, 272
— 36— — — - —1 2+ — ) L7 —20(3L
36 30]4-0,4[362 6( 3 O(g)-i—( + 3 ) 5 0¢sLp
2 4
—12—7r6+18g3+7;]}+0(a§),
2 1 22 w2 2m2L
Z-170) — (1) T (2 — P LT (2 12) 4+ L mo_y
99 2 e A R R 5 )t m) T In | s
1374 2 1 /2L, 2
19T o~ 1t _ T2 g2
+ 83 + 90:|+CA|: 362+€< 3 6C3> 3( )
2 2Lm 2 4
Ly (4c— T F8C L — — — 63— —| Y +0(a?),
6 45
_ L?  as(p) 8¢z L4 w2
zAp0 2 X = 34 -3L,— — +4
99 =3 > T V9Pl T + 3 5 °

2 4
+ (16 —12L,, + Q;)T)L —16¢3 Ly — 4C3 — 7;]

L
€ 12 2

2
+ (1 + 71T2> L2 +4¢(L + 2Lm)} }

+ 0(a?). (5.43)
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The different logarithms appearing in the expressions are

—M? —i0

Lh =1In N
,u2

——h (5.44)

2 —M? —i0
Lp=Tn"b,  L=Lp—Ly,=In—b_"
H my,

with my, being the pole mass. It can readily be checked that the remaining 1/¢ poles cancel
in the sum of the three contributions. Consequently, we find for the full form factor

2 4 212
Znggg):Mo{—erL+O‘S(“)[CA<—5L—L3Lm—L2Lm+<3+5W )L2

2 " 4r 12 12
2 4
4 ALLy, + 202 —12(3L — 12 — % 126, + 842)

L 272 272
+CF(—12—L3—3L L? + (4—§>L2+<16C3+73T+12>L

7.[.4
+12Ly, — 36+ 46 —

+ O(ag)} . (5.45)

This result agrees with a corresponding expression obtained in [115] after taking into
account differences in the IR subtraction schemes. In the limit C4 — 0, and performing
some simple replacements in the pre-factor My, the above result reproduces the two-loop

amplitude for h — v decay obtained in [28].

5.2 Renormalisation of the factorisation theorem

In this section, we establish the factorisation formula in terms of renormalised component
functions. It is given by

To(p)
Ty () 1
f—"ﬁ dz -

Fyglp) = 0 +4 [ (Halen)Salen) - Lo mlISa(z 1)

0
" (5.46)
+ Jim Hy(p / / A Iy ) I (— Mty ) Ss(ety, )| -
o——1 leading power
Tsx(rﬂ)

Its derivation is a highly non-trivial task, since renormalisation does in general not com-
mute with the RBS prescription to remove endpoint divergences. Below, we will show
how to manage the calculations to unify both concepts — RBS and renormalisation — and

implement them at the same time.
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Factorisation in terms of renormalised quantities involves two steps. First, we need to
renormalise all component functions separately. In general, the renormalised operator can
be obtained from the bare one using

Oi(n) = Z;0\7. (5.47)

This is technically challenging, because some component functions are instead renormal-
ised in a convolutional sense. Secondly, we need to prove that the subtraction method used
to dispose of endpoint divergences between different terms will not generate additional
divergences under renormalisation. In the following, we will discuss the renormalisation

of the three terms T7; individually.

5.2.1 Renormalisation of T3

We remind the reader that 73 is the product of Hs and the time-ordered product of a scalar
current and two NLP SCET Lagrangian insertions. The Lagrangian insertions do not need
to be renormalised, and the renormalisation of the scalar current Jg = hX,,X; is known
from the literature [116]. Its renormalisation factor is given by Z;, = Z33, which is known
up to three loops. The remaining IR divergences due to the external gluons can be treated
using different prescription schemes, including those in references [114,117], the latter of
which is the MS subtraction scheme which we adopt for our calculation. As a consequence,
O3 is eventually renormalised by

Os(n) = Zyy' Z3303, (5.48)

where Z,, is the renormalisation factor of the LEFT operator O,4,. Consequently, the cor-

responding hard coefficient is renormalised as

- 0 yb(:u) CYFOCS 7T2
Hy(p) = z33 HY = s [—1 + (L,Ql 2| (5.49)
We collect all trivial renormalisation factors in appendix Al 1. The radiative jet function is

renormalised in the convolutional sense by

[e.¢]

J(?, ) = /dx ZJ(pQ,xpg)J(O) (zp?). (5.50)
0

Note that different values of p?> mix under renormalisation. In the photon case, this con-
volutional renormalisation condition was derived using the fact that the radiative photon
jet function appears along the leading-order light-cone distribution amplitude (LCDA) for
the factorisation formula of the B~ — ¢~ v decay amplitude [118-120]. At the one-loop
order, the bare jet function can be obtained from the radiative photon jet function in [28] by
a replacement of colour factors Cr — Cr — C4. Therefore one might expect this relation to
hold for the renormalisation factor as well. Since the jet function at leading order is equal
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to 1, and the renormalisation factor involves a kernel that integrates to zero when con-
voluted with constant functions, the question of whether a simple replacement is viable
cannot be answered at order O (o). However, from the requirement of scale invariance of
T3, we can extract the correct renormalisation factor and find that the convolution kernel
is accompanied by a factor of Cr — C4/2 instead of C'r — C4, such that the renormalisation
factor is given by

Zy (yp2,:vp2) = |1+ W (—622 + gln :ff)] oy —=x) + (Cr —276;?/2)%“%;8) ,
(5.51)
where o( ) e )
- T —y Yy—x
Ho) = [:v(x —y) - x)} ; (552

is the Lange-Neubert kernel as introduced in [120]. The plus-distribution is defined such
that when I'(z,y) is to be integrated with a function f(z), one has to replace f(z) —
f(z)— f(y) under the integral. With (5.50) and (5.51) we find at next-to-leading order (NLO)

2 7[.2

J(p?, 1) = 1+%?(C’F—C’A) [an_:;—l— 6} +0(a?). (5.53)

Similarly to the jet function, the soft function is renormalised by a convolution

o0

Ss(w, 1) = / dw' Zs(w,w') S (') . (5.54)
0

In the renormalisation of the photon factorisation formula, a conjecture based on the RG
evolution of T3, was used to derive the soft function renormalisation factor [29]. Iteratively
solving the RG equations, the leading logarithmic terms in the three-loop amplitude were
then predicted and confirmed against conventional QCD calculations [77]. Later, Bodwin
et al. verified the conjecture by a detailed computation from first principles in [121]. Here,
we apply the same arguments to derive the following relation of the jet and soft function

renormalisation factors

th/ th
$€+ ’ EJF

o
w _ de
Zs (w,w') = nggzggl ?Zf (
0

)Zjl (—xMply, —Myly) . (5.55)

Consequently, we can read off Zg as

. Cp — ,
Zs(w, w) za(w—w')JrZW{ [(CF—CA)@—im;‘;) —“eﬂ(’] 5w — ')

(5.56)
_ 4(Cr —Ca/2)

€

wF(w,w’)} .

Through its dependence on the jet function renormalisation factor, in the soft function
renormalisation factor the Lange-Neubert kernel is accompanied by a colour factor of
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Cr — C4/2 as well. This plays a crucial role even at order O(«;) because the leading order
soft function is not a constant — in contrast to the jet function. Since the soft function has
support for values below the threshold m?, the convolution of the kernel with the leading
order (LO) function must remove all divergences of the soft function below m?. Therefore,
the colour factor of the convolution kernel must be the same as that of Sy, in (5.32). Using
(5.54) and (5.56), we find

TEOup s
S3(w, ) = === my () [Sa(w, 1) (w — i (1)) + Sy(w, )8 (mi () — w)],  (5:57)
with
2
Sa(w, p) = 1+%{CF[—L3U 6Ly +12 - = 4 2Liy <1> —41n <1 — 1> (3111@
a7 2 w w 2

1 5 T2 . (1 1 .
+In{l——=)+Lp+1||+Ca|l;, ——+2Lix| =) +2In(1—-— Inw
W 6 w W
1
+In{l——|+L, ,
W

Qs

<CF - C;‘) 4In(1 — @) (In(1 — @) + Lp,), (5.58)

where L,, = In(w/p?) and & = w/m}.

5.2.2 Renormalisation of 15,

The renormalisation of T» is more involved than that of T3. Because O2(z, 1) and O; share
the same final states and same quantum numbers, the corresponding soft functions will
inevitably mix under renormalisation. While in principle it is possible to determine the
diagonal — i.e.,, non-mixing — renormalisation factors by studying the UV behaviour of
similar diagrams as in h — 77, we instead use the refactorisation theorems (5.36) and
consistency conditions.

From the first refactorisation theorem (5.36) we see that Z33Z ;' renormalises [H>]. We
denote the combination Z33Z; "' by [Z5,'] and find that up to order O(a) it reads

o0

[z, )] = / A2’ [Z (2, NS ()]

0

2
= 1+Z—; [CF (2LyL. + L2 —3) + Oy (-Li—QLhLZ—LZ+1+7T6>]

+0(a?). (5.59)

To keep the expressions compact we have abbreviated L, = Inz and Lz = In(1 — z). The
diagonal renormalisation factor Z,', cannot be directly derived by previous results or
refactorisation theorems. However, we can deduce it following the observation that [Z,5'

contains the leading terms of Zy," in the z — 0 limits, as well as using the requirement
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that Z,,' must be symmetric under the exchange 2 > 1 — z. Based on these two properties,
we obtain

47 €

e <2 - 2L’1_3”5(2—z')+wz(1—z) (5.60)

€2 € €
" 1 6(—2) 1 6(z—2)
L’(l—z) (2! — 2) +z(1—z’) (z—z’)]+}'

The renormalised Hj(z, 1) then reads

1 In(1 —
Z2—21(z,z’) :5(Z_Z/)+%{[(CF_CA)2 nz+ 2In( 2)+3

1
() = [ 4223} (2. ()
0

=1+ Z’;{CF [2Lh (L.+Lz) + L2+ L% - 3] (.61)
2
+0A[—Li—2Lh(Lz+Lz) —LE—L§+1+7;]}+O(04§).

The full form factor must be multiplied with an additional renormalisation factor Z,'.
Therefore in the renormalisation condition for the soft function S, this factor also appears.
Additionally, Z,," depends on the hard scale Mj, via the logarithm Ly, but the soft function
should only depend on the soft scale m;. This is indeed the case when we combine the
two renormalisation factors

Zo Zaa(2,2') =0(z — 2') + §(z — 7))

4 €

ozs{ _ 3CF — Bo+2(Cp —Ca)(Inz+In(1 — 2))

_2Cr—=Ca/?)

€

(1_2)[2/1 0 -2 1 e(z—z')L

(1—2) (=2  =2(1=2") (z—2)

(5.62)
Furthermore, in analogy with the photon case, we find that S; and S, mix under renorm-
alisation. Hence, the renormalisation condition takes the form

1
Sz, 1) = 7.} { / A2’ Zaa (2, ) S\ (') + Zoa (2) 5{‘”] , (5.63)
0

with

_ TE e 1 « L,+Ls L[?>+L1%2-1
Zyy Zn(2) = =5 5{—+3[<0F—0A>< -2

(5.64)
+ Cp

9L.Ls— 6+ 7r2/3} }

€
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For the renormalised soft function, we then obtain (with z =1 — 2)

TEOaprs Qs
Sa(z,p) = %mb(ﬂ) { — L + = [CF (Lgn(Lz + Lz +3)

2

2
L <L§ + L2 —4L,L;+ 11— g) L F(2) + F(z))

+ CA( —L2(L.+Ls) + L (L2 + L2 — 1) + G(2) + G(z))} + O(ai)} , (5.65)

with 5
L 1
F(z) = =&+ L2(2—L;) — L, (—Lz + 4_23’2) — (4L, + 22) Lia(2)
11
+ 6L13(Z) + = - 4(3 s
L8 2 . (5.66)
G(z) =~ ~ SL24 (1422~ Ls) Lo + (2L: — (1 - 2)) Lia(2)

1
— 4L13(2’) + 5 +4C3.

5.2.3 Renormalisation of T}

The renormalisation of the first term 77 in (5.46) turns out to be the most involved despite
its simple definition in terms of bare objects. Especially the hard coefficient of the renorm-
alised operator receives multiple non-trivial contributions. In addition to the renormalised
hard matching coefficient itself and the renormalisation of the oo-bin subtraction AH;, fur-
ther terms emerge from first renormalising the component function before regularising the
endpoint divergences in the terms T5(x) and T3(u), where instead one should renormalise
the endpoint divergence-free objects. We will call these additional contributions mismatch
contributions, because they arise from non-matching limits in the convolution integrals.
Since they are of purely hard nature, we will absorb them into a redefinition of the hard
function Hy(u).
Eventually, the renormalisation condition for the hard function H; () is given by

Hy(p) = 25! (H{O) +AHY — 5, — (5’H1>
(5.67)

z

1 P B
1 [ (AP 26 - 1 02 ().

The counterterms 6 H; and ¢’H; account for the mismatch contributions in 7y and T3 [29].
They are a special feature of the process under consideration for which the term 73 involves
a double convolution over jet and soft functions. In other applications of the RBS scheme
(see e.g. [90]) such subtractions are not required. Below, we show explicitly, how to derive
equation (5.67).
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Starting from the basic equation for the renormalisation of the amplitude

Z (T 7 + 137 4 1 ))=T1(M)+T2(u)+T3(M),

ith 70 = (7 + AH)5© — Hy(1)S 669
wit (Hy + 1 )51, (1) 1()S1(p)

we see that H;(u) receives contributions from T5(u) — Zg_ngQ(O) and T3(p) — Zg_ngg(O). For

the second of these two terms, we find, expressing 73(u) in terms of bare quantities,

My, oMy, 0o 0o My, oMy,
§Ts = Ts(p)—Z,, 1T< 331H /d / d/de’ /dz’ /‘M/Cw*/dﬁ’_/dz
0_ [ 0_ 0y
0 0 0 0 0 0

x/dw3§0>(w)J<0>( Myl ) JO (=Ml ) Zy (0 0 ) 201, 0 ) Zs (b by, w)

0
(5.69)

where the orthogonality condition (5.55) has been used. This term is non-vanishing be-
cause the upper integration limits do not match for the K(i/) integrals. Furthermore, 073 is
generally sensitive to the low scale of the process m;, though not at the lowest order in

perturbation theory. We proceed equally for the mismatch terms in 75 and define

1
5gzgw_gﬁw:g/f@MWM@w—MWMM@MMQ”
0

‘4%(/T7M /fjwﬁmwmmm¢m§Wm

0 0 0 0
(5.70)
Only the expression in the second line in this equation is of the same nature as §73, which
is why we will call it 675. The first line is related to a mixing contribution, which we
will discuss later. Using the refactorisation conditions (5.36), the corresponding relation
between renormalisation factors, as well as the orthogonality relation (5.55), we can rewrite

1 [e'e) [e'e) 1
5Ty = - </T/M_/?/Mﬁﬁ%um%WJM$WW
0 0 0
My, ’ 0o ’ 00 00 0o ’ 00 ’ My, 00
d d d d
| = 2z //+//// //+/,/,
Z 7 7 ds ds 7 7 ds ds
0 0 0 0 0 0 (5.71)
[e’e) oMy, o] o] o] UM}L ’
P (/df/d&/dy [ e, - / /d/cw /def)]
¢ . _ )
0 0 0
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It is obvious that, in general, 075 is also sensitive to the low scale. Note, however that the
integrands in 675 (5.71) and 073 (5.69) are the same. Hence, the sum of those two terms
will only alter the respective integration limits. We define ¢'H; = §7> + 673, and find

sH S\ = — 7 HY (/ /d‘g*/de’ /dz’ /dz /d€+/d£’ /deg)

O'Mh O’Mh

y / Ao SO (@) JO (Ml ) JO (= M) 2y (0,0 ) Zy(0s 0)) Zs (0L, 0)

0
(5.72)

This replacement simplifies the computation and is justified, because 5H{S§O) (5.72) is
a purely hard contribution, and hence the difference between S, and S3 is power sup-
pressed in this regime.

The first line in the definition of 675 (5.70) can be split into a true mixing term dependent
only on bare hard functions Hs and [Hs], and another mismatch contribution. To work out

this splitting, we first define the inverse of the off-diagonal renormalisation factor as

1
Zyt(z) = — / d2'Z5,' (2,2") Zo1 (') 277! (5.73)
0

in accordance with [29]. Its expression can be found in appendix AlL1. This allows us to
rewrite

1
&a—ﬂa=4/dzﬁbw;u%ua—mﬂxamwamawsﬁ

1
4/01;[ 2 (2) = [ ()25 ()] | S1(w)
0
z ! / z T _
_4< /dz/o dZ/_/dZ/dzl> [[HQ(O)(Z)]][[ZQ_QI(Z7Z/)]][[Zﬂ(zl)]]zﬁlsl(,u,).
0 0 0

(5.74)
This is again a purely hard contribution. Since the first term only depends on bare hard
coefficients, it is considered a true mixing effect. On the other hand, the second one is a
true mismatch contribution due to an incongruousness of integration limits. Hence, we
define

5m4<2ff®’jffwﬁ@%M%WJM%ww (5.75)

0 0

To summarise this discussion, we have seen that since the RBS does not commute with
renormalisation, terms arise from the difference of T5(u) + T3(un) — Z g_gl (T + T3), which
is not equal to 0. However, these additional contributions, called mismatch terms, are of
purely hard nature, and hence they can be absorbed into a redefinition of the renormalised
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Figure 5.11: The phase space of mismatch in 75 (yellow) and T3 (orange). The combination of those
two is given by the purple region. It can be flipped into the blue region, which is purely
hard.

hard matching H;(p) (5.67). The mismatch terms are four-fold integrals over soft and jet
functions. The situation is shown graphically in figure 5.11. The yellow and orange region
corresponds to 675 and 73, respectively. Adding them up, the resulting integration in the
purple region can be further flipped into the blue region, because the four-fold integration
in the entire region is scaleless.

Going one step further, we note that AH {0) can be written as

ZIAHD 5O — _ g0z [Ty, e dar ey
g9 1 1 — 3 33 - ’ + /
M, o 1 Jom, o 4

oo
x / dw S5 (w) JO (= My, ) TO (ML)
0

(5.76)

X ZJ(MhEL, Mhé_) ZJ(—MhE;, —Mh£+)Zs(f/+£/,, U)) s

by the means of the refactorisation conditions (5.36), and thus features the same integrands
as the integrals in ¢’H;. Comparing the two contributions, we see that AH; is exactly
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cancelled by the second blue region in figure 5.11. As a result, the renormalised coefficient
Hi(p) can be expressed as

U ds /o B
i) = 75 1+ 4 /0 = (H§6><z,u>zm<z> - 1wl Zn ()] 257

St )

S1(p) ’
(5.77)

where the superscripts “(¢)” in J, S and H, indicate that the full dependence on the

ds
— Hy(u) lim / Wt 7O (M, 01O (=M, )
o——1 M E

dimensional regulator must be kept in place after renormalisation, as explained in [29]. It
would seem at first sight that the appearance of the soft and jet functions in the expressions
for the subtraction terms (5.69),(5.70) and (5.76) introduces a dependence on the soft and

hard-collinear scales in the hard function H;(x), which would upset scale factorization.

However, this form makes it explicit that H;(x) only depends on the hard scale Mj, to all
orders in «;. The explicit result for this function at NLO in perturbation theory is

2
o+ s [C’F<— %Lg (12 + 8Cs)

47

272 1174
Hi(p) = )

3 45

Yb (,u,) Tr 5ab g
V2 T

2 2 4
+ CA<(2 + 7;) L2 —12GL, — 12 + % F18Cs + 133 )} + O(ag)} . (578

The soft function S is renormalised multiplicatively. After renormalisation, it is simply
given by the running b-quark mass, such that

() = Zgy 218" = 2318\ = my(p) . (5.79)
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5.2.4 Form factor expressions in terms of renormalised quantities

Having all expressions for the renormalised quantities at hand, we can perform the convo-
lution integrals in (5.46) and obtain explicit expressions for the renormalised terms 7; (1)
(with i = 1,2, 3) up to order O(a?). We find

2 2 4

Qg ™ 2m 117

T = - 24— ——L 12 Ly —36 — — —
1(u) MO{ + T |:CF< 3 n T ( + 8C3) n— 36 3 G

2 2 19 4
+CA< <2+7;> L2 — 121, — 12+% 8¢ + 93)] 103},

a 272 2 22 7l
To(p) = Moﬁ |:CF<7TLhLm S 5 R Y Y 7r>

3 3 mT 3 45
9 2 2 2 4
+ CA< — S LnLn + L2, + 8Gs L — o — 6G3 — ;) + O(a?)} : (5.80)
L? A w2
Ts(p) = M0{2 + 47T[CF<— o) — L? — 3L, L* + (4— 3> L?
om? 4
+ <§ + 8@‘3> L —8C Ly — 4G — 7;)

L4 L2 L2 2
+cA(— L el (1+ ;) L2+4<3Lm)} +O(a?>}-

Adding up the three terms, we reproduce the result for the renormalised form factor given
in (5.45).

5.3 RG equations and prediction of large logarithms at higher
loops

In this section, we will first derive the RG equations for the individual component func-
tions. Afterwards, we will solve them iteratively to predict the large logarithmic corrections
in the three-loop expressions for the component functions. After performing the remaining
convolution integrals, we will find the leading large logarithms of the form factor, too.

5.3.1 Evolution equations for the jet and soft functions

In general, the anomalous dimensions can be extracted from the renormalisation factors
Zi; defined in (5.47) using the relation

9

where Zi(jl) denotes the coefficient of the single 1/¢ pole in Z;;. For convenience, we collect

all anomalous dimensions in appendix Al.2.
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The renormalised jet and soft functions satisfy the RG equations

S1(p) = —(711 — Ygg) S1(11)

1
= Sae) = = [ [l ) = 2080 = )] o) = ()00,

d 1 / , ,
dln,u[[SQ(z"u)]] = —/0 dz [[[722(2,7: )] = vgg0(2 — 2 )} [S2(2, 10)] = [y21(2)]S1 (), (5-82)

(il(lil,uj(pQ’M) = - /000 dz 7 (p%, xp?) J (xp?, 1),

dlius3(w’u) - _/0 dw’ vg(w, w')Ss(w', ) .

Here we find two main differences in comparison with the photon case in [29]. First, the
cusp anomalous dimension and the convolution kernel do not share the same colour factor
any more, except for 7. This fact was already noted for the renormalisation factors for
the jet and soft function S5 in (5.51) and, as we will see later, has severe consequences for
the solution of the RGEs. Secondly, the renormalised soft functions receive a contribution
from the renormalisation factor Z,,' to render them independent of the hard scale Mj. As
a result, their evolution equations feature an additional term ~44. From the renormalised
form factor (5.46) and the renormalisation condition for the soft function S3 we may deduce
the non-trivial relation

(12— 200) 801 = ) =25 (2P ) oy (M~ ) + 250, 0/) (589

which holds to all orders in «;. Despite appearance, the right-hand side of this formula is

independent of 7, and w.

5.3.2 Evolution equations for the hard matching coefficients

The renormalised hard functions obey the RG equations

d
dlnuH?’(u) = v33 H3 (1),
d ! / / /
TNHQ(z,,u) = / dz" Ho(2', ) v22(2', 2) (5.84)
0

_ o0 _ z
m [Ha(z, p)] = /0 dz’ HH2(Z/,M)]] o [[722(2/7 2)] .
The RG equation for H; is more involved and reads

dHy(p)
dlnp

1
= D)+ () + 4 [ Bl (2) — [l ()] . (585)

with

Deur(p) = —Tffsy‘jg) [O; (CF - (’;A) 1665 + O(o@)] | (5.86)
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Its complicated structure has its roots in the mismatch terms and operator mixings contrib-
uting to the renormalised H;(p) discussed in section 5.2. In the following, we will derive
the RGE step by step.

We start with the scale dependence of the amplitude

(dsw = ’ygg) [Tl(u) + To(p) + Ts(u)} =0. (5.87)

Inserting the expressions for the different terms

(dﬂl(u)
dlnp

o)) 5100+ (g ) [0+ 7o) =0, 689

we see that the scale dependence of Hi(yu) is related to that of the second and third term
of the amplitude. We investigate the scale dependence of T3(u) first and find

dT3(p) r
My /x
dé_ dﬁ
! / / T (@Mply 1) J (=Ml , 1) S (L4l p) (5.89)
oMy /x
dé_ d¢
/ / +J (Mpl—, p) J (—xMply, 1) S (Ll p) |
oMy, LP
where c
K(z) = - <CF - ;‘) ['(1,2) + O(a?) (5.90)

is the non-local convolution kernel of the soft function S3 and the jet functions. The contri-
butions of the second and third line in (5.89) are identical after integration. This can easily
be seen by changing the integration variables to {_ — of, {1 — o~ 1{_. It is important
to remark that this contribution is not a purely hard one, but instead explicitly depends
on the soft scale m;, [29,79]. However, these effects are of higher order than the precision

desired for our purposes. Plugging in the expressions, we find

ddzii(z) = Mo {Z‘W [2L2 (C’ Ly, — g) +16¢3 ( P - C;)] +0(a )} (5.91)

The scale dependence of T3 is more involved due to the subtraction and mixing nature.

Applying the RGEs for operators (5.82) and hard functions (5.84), we find

1
ddzﬁa(u) =YogT2( 4/ (2, )21 (2) — [[FI2(Z=M)]][[721(2)]])51(M)
; (5.92)

/ldz 7odz’ /ldz’7O ] [[H2(zz 4] [ye2(z, 2)[S2(2", )] -
o0 0

N\%
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Comparing this to the corresponding equation for the photon case, we find there is an
additional scale dependence governed by 7,4 due to the external gluons, as expected. Note
that

[v22 (2, 2)] = ——K ( ) + local terms, (5.93)

with K (z) as defined above. In the second line of (5.92), all integrals involving local terms
vanish evidently. Substituting = z/z’ and using the renormalised version of the first
refactorisation theorem (5.36), we are able to rewrite

AJh/x
anw|
dInge fiepover =4Hs(u / do K(= / 7J (@Mpl—, ) [S2 (0~ /My, p)]
(5.94)
0o 1/J:d
:_4/de(x) / 5[[.?]2(582,/1,)]“[5’2 (z, w)].
0 1

For our next step, a renormalised version of the second refactorisation theorem (5.36)
will be helpful. Following the analysis laid out in [29], we obtain

oMy,

1 ds
(2o = =5 [ T Mt S M) |+ Sl Si), (599
0

with
Z 1 i T ra Ség)(fl o)
Agi(z,p) = — #1 / d£+/d€’+/d€’_ ZJ(e;,£+)ZS(e_e+,e’_eg)J@)(—Mheg)ﬁ

oMy, 0 0 ’
+ [Za(2)] 21

(5.96)
where (_ = zM), is implicit. Note that the term involving Ay (z, 1) is not present in the

bare refactorisation theorem. As before, we exchanged the soft function S3 for its asymp-
totic counterpart to simplify the computation. Again, this is possible because all integration
regions lie in the hard sector. We may interpret As; as a fairly complex mismatch term.
As with many complications in transferring the bare factorisation formula for gg — h to a
renormalised one, the source lies within the implemented subtraction scheme to eliminate

endpoint divergences. Up to order O(a?), we obtain

TF(sabas
2w

Qg
A21(Z7/1/): {_Lh_lnz+ll7'r

2
CF<(3+IDZ)L%L+ (ln z2+6lnz— 114 7‘3?) Ly

In3 22 2
+—n6’2+31n22+ <§—23> 1nz+11—71'2—10C3>

3z Inz
—— +14+4
6 g Tltde

+ CA(— InzLi—(1+1n?2)L; —
(5.97)
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Setting C'4 — 0 retrieves the expression for the abelian case in [29]. When plugging in the
renormalised refactorisation condition (5.95) into the RGE of T5 (5.92), we observe that the
first term of (5.95) will ultimately cancel out the equivalent contributions in the RGE of T3,

i.e., the last two lines of (5.89). Combining our findings we obtain

1
d(TQ(d)l:HT?) 4 0/ = (ol 1721(2) = (e, )T (1) 1) 598)
— Deut(1)S1 (1) — Ygq (T2 () + T3(n)),
where N e
Delp) = = 4Ha(0) [ doki(w) [ 27 (o2aF, 1) B
N 0 U ! (5.99)
4 / dz K (z) / %[[Hz(xz, 101401 (2, 1).
0 1

Here it is explicit that D¢,; depends only on the hard scale Lj,.

At first sight, this function appears as a simple inhomogeneous term in the evolution
equation, which would not provide a major obstacle to finding its solution. However, it
has been shown in [29] that the quantity D, exhibits single-logarithmic terms in higher
orders, Doyt 3 as(asLy)™ for n > 2. With this complication, relation (5.85) establishes a
new type of RG equation, which is more complicated than the equations encountered in
conventional Sudakov problems. In order to solve this equation, it would be necessary to

resum the logarithms contained in D to all orders.

5.3.3 Evolution equations for the form factor and its three components

The renormalised gg — h form factor fulfils the evolution equation

dFgg(p)
dgliflu = "YggFgg(M) ) (5.100)
where
Yog = % (4Ca Ly —2f0) + O(3) (5.101)

is the anomalous dimension associated with Z,,. We may also compute the scale depend-
ence of each of the three terms T’ (p), T>(p) and T3(p) individually, finding

dTy(p) _ MO{ s [ (Ca— CF)%Lh +8¢3(3Ca — 2CF)] - O(a?)} ,

dlnu 471
dT: A2
dl2n(l/i> = Mo {Zﬂ [(CA - CF)TLh - 16(30,4] +O(a )} (5.102)

o = (owa- ) o or- ) o0}
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5.3.4 Large logarithms in the three-loop gg — h form factor

Given the RG equations and anomalous dimensions for the ingredients in the factorisation
formula, we are able to predict the four leading logarithms in the three-loop expression
for the gg — h form factor in analytic form. To this end, we solve the evolution equations
iteratively and determine the leading large logarithms in the hard matching coefficients
and the soft functions at next-to-next-to-leading order (NNLO) in perturbation theory.

5.3.4.1 Higher-order logarithms in the jet and soft functions

The jet function has been calculated exactly at the two-loop level in (5.28)

The computation of the leading logarithmic behaviour of the soft function S»(z, 1) and
the endpoint-region counterpart [S2(z, ;)] requires knowledge of the leading order anom-
alous dimension. To calculate also sub-leading logarithmic terms would necessitate the

anomalous dimension at higher loop order, which is currently unknown. We obtain

TF 5aba8

mb(u)g‘j”{ — Ly + %[ : } + (Z—;)Q [cg(z)L;“’n + O(Lfn)} } ,

[S2(z, 1)) = Mmb(u)giy{ — L, + Z—;[ . } + <Z—;>2 {dg(z)Lgl + O(L%@)} ,

2m
(5.103)
with
5 [2L2 412 L.L:
c3(z) = —Chr 3 +4L, + 3| + CpCy 3 + 3 +4L,
212 L.L; Cr—-C C
2 2 e F A “F .
CA[ 3 773 ] R e I R
2
2(L. +3 AL? 212 Crp—C
ds(z) = —C%u +CpCa |2 +4L,| - C3=2 - 5o [FiALz + CF} .
3 3 3 3
(5.104)
The soft function S3 is parametrised as
_ _Tromas 2 2 5.105
Sy (w, p) = ———=—myp (1) [Sa(w, )8 (w — m (1)) + Sp(w, )8 (mip(n) —w)],  (5.105)
1% s\ 4 3 2 0
Se(w, ) =14+ e [ } + (47r> [T4Lw + 3Ly, + oLy, + 1Ly + O(Ly,)
+ 30(0) L, + 520 ()L, + 510(0) Ln + O (L3) ], (5:106)

Sp(w, 1) = %r [ . ] + (%)2 [s%mmin + sop(0) L2, + 514(0) Ly + O (L2,) ] .
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with @ = w/m? and the coefficient functions read

_(CF — CA)2
T4 =—""F5—"
2
B Bo
rg =(Cp — Cy) | 6CF + — 3
2 140 67 2 16Cr + 20C
=C% (6 ) + CFCAi +C5 ( - W) - F—ATan, (5.107)
2 9 2 9
1297 2972 404
r = — CH(75 — 31?) — CpCy ( > 5 + 144*3) — (27 — 14g3>

$20(0) =20% [In (1 —&™') (14 + 10l (1 — &™) + 9Inw) + 5Lis (071)]
—20pCa[In(1—-&7") 8+ 11ln(1—&7") +11In®) + 7Lip (&7 ")]
+6C5 [In(1—& ") (In(1—&™!) +Inw) + Lip (@7 1)]

+ 28 (oF _ 02) In(1—o) (5.108)
sap(1) = — 4(Cp — Ca) (CF - C;A) In(1 — @),

sap(1h) = (CF— C;"‘) |Cr(n(1 — ) (24~ 4@ +20In(1 - b))

+ 4L12(a))) — 1204 In%(1 — ) + 28 In(1 — w)} .

Note that since s3,(1), s2(10) — 0 when @ — 0, at order O(?) the leading logarithms in
the full form factor will not feature contributions from Sy(w, p).

In order to predict the full logarithmic behaviour of S3 at three loops, the two-loop
anomalous dimension vs would be needed. Using eq. (5.83) it can be inferred from the jet
function anomalous dimension. Thus we write

Ys(w,w) = = [(Thispla) = Thap(as)) L = vs(as) | 5w — w)
(ngp( s) — Fém;@@) wl(w,w') — 2 (%)29 <Z> +0(a?), (5109

where Ffu/sg is the cusp anomalous dimension up to two-loop order in the fundament-
al/adjoint representation. Here, g(x) is an unknown non-local kernel function. In the RG
equation for the soft function, it will generate a contribution at order O(a?) when convo-
luted with the leading order soft function

/ dz g(x)0(w/z — m}) —2/ dz g(z) = G(©). (5.110)
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Although the explicit functional form of g(z) is unknown, its integration over the full space,
i.e.,, G(00), has been calculated in [1] by demanding the cancellation of all single € poles in
two-loop jet function. It reads

6272
9

G(00) =Cf (47 — 16¢3) — CpCa ( + 2443> - C%

5= - 40C3>
59 (5.111)

167 8 8
+ CFTan 9 -+ CATan <3 — 9) .
Knowing G(w) only at the limits does not spoil the accuracy of the prediction of the
three-loop logarithms in the form factor, since its contributions will only show up at lower
logarithmic order.

5.3.4.2 Higher-order logarithms in the matching coefficients

The hard function H3(u) is the same as in the photon case, hence its higher-order logar-
ithmic behaviour can be found in [29]. The hard coefficients Hz(z, 1) and [Ha(z, 11)] can be
parametrised as

—

e = Y 2o (52) s b aoth a0t}

, (5.112)
_ Qg O
[Ha(z, 1)] = \y/%{l + E[' ]+ (E) (b4l + b5 L] + L3 + O(Ly)] }
where we find after solving the evolution equations
02
ay = by = 714 )
C
az = —204(Cp — Ca) (L. + Lz) + 603 A
C
by = —2CA(Cr — Ca)L, + ﬂog 4,
as = (Cr — Ca) [Q(CF — W) (L2 4+ 12) = Ca(L. + Ls)°
> 76 20
2 2
by = (Cr —Cha) [(QCF —3C4) In? 2z — Bolnz} +Cy [(% — 796> Ca+3Cr+ 90Tan] .
(5.113)

As a consequence of the complex RG equation for H; (), we can only predict the first two
leading logarithms for this hard function. We eventually find

Yo Trdapcrs

Hl(u)zﬁ -

{_2 + Z; [ ' } + (%;)2 [C4L7§ +esLi, + O(Li)H : (5.114)
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with
2

2
Cq = —0124 <1 + 7;) + CFCA%v

272 16 472 8 22 2272
= Cr (3 - ;fs) ~ CrCa (12 “or t §3> CA( T (5115)

8 8w 872
- 12C3> + CATFTLf ( + 27) CFTFTLf 57

5.3.4.3 Higher order logarithms in the form factor

Eventually, we are able to predict the leading logarithmic corrections to the three-loop form
factor from O (ag’LG) to O (ag’L?’). As in the photon case studied in [81], we convert our
results to the on-shell scheme. Therefore, we first express the running parameters m; (1)
and y;(p) in terms of the pole mass m;. We then eliminate the remaining scale dependence
by taking p? = i = —M}? — 0. This greatly simplifies the three-loop expressions. With v
the Higgs field vev, we find

(Mh) L?  ag(fin) | Ca — Cr 3
Fyg(jin) = Trday = v 2ty T, 12 —Crl
52 272 9 272
+ 1+§ CA*TCF L+ 12+7+16C3 Cr—1203C4
7t 8rt 72
ACs — = — 2 124+ — — 2 19
+ (16T —20) r + 1260+ 5 - T - 12) €
~ 2 2
as(in) \" | (Ca—CrF)* Bo CrY ;s
L - 2 ZEN
+< A > 90 F(Ca=Cr) (55~
+dQSL* 4+ Y513 + } : (5.116)

where L = In[(—M}? — i0)/m}], and

2 2 2 —
i = <3+”) C3 - (191 + 55 )CFCA+ (85—”) 05+ 2 Ay,

18 54 108 72 27
20(3 Tm? 235 43w
dOS: 2 1 499
3 (3 T >CF <0C3+18+ 27>CFCA
10¢3 11w 22 82 2 22
b C — | CpTpn; — [ =+ =) CaTrny.
+<3+18 3>A <9+27>FF”f <3+9 AL

(5.117)
The coefficients of the colour structures C% and CrTr agree with the corresponding coef-

ficients in the photon case.
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5.4 Resummation

In this section, we want to resum the large logarithms in the form factor to all orders in
perturbation theory. We therefore need to solve the RG equations for the different hard,
jet, and soft functions. Choosing to set the scale where we evaluate our predictions at
it = pp, all large logarithms in the evolution of the hard functions vanish, leaving them in
the evolution of the jet and soft functions. In this context, the general logarithmic structure

reads:

Ty (up) = Tpd 22 L10) Q5 (ttn)

my(pn) —2+Z@s(,uh)n an |

ﬂ T n>1
Yo () s (pin) kS
To(pin) = Tpdap™ fh S () D s (o)™ Y b L (5.118)
2 g n>1 =0
vo () s (i) e
T3(pn) = Trdap b\fh s\h mb(uh)Zas(uh)” Z nyi LY,
2 T n>0 =0

where a,, ,c,; and ¢, ; are constant numbers. It is obvious that 73 dominates the logar-
ithmic corrections since it is of Sudakov type. Hence in the following, we will only focus on
the third term. The photon case has been resummed to next-to-leading double-logarithmic
accuracy (NLL) in [29,80]. In this paper, we include one more tower of logarithms, i.e. we
resum factors of a?L?", a?L?"~! and a?L?"~2 to all orders of perturbation theory. This is
conventionally named modified next-to-leading logarithm (NLL') accuracy.

In the literature, one distinguishes two different schemes for the resummation of large
logarithms in Sudakov problems. The so-called “RG-improved perturbation theory” rests
on the assumption that o, L = O(1), where L is the large logarithm in a given prob-
lem. The parametrically leading terms in the logarithm of a quantity are then of order
L(asL)® ~ a;(asL)" and are formally larger than O(1). The leading-order approxim-
ation (LO) is therefore defined by the simultaneous resummation of all terms of order
Lo, L)" and (o, L)™ in the logarithm of the quantity; i.e., all such logarithms get exponen-
tiated in the expression for the quantity itself. The NLO approximation resums in addition
the terms of order a (o, L)" in the exponent, and so on. In the double-logarithmic counting
scheme, instead, one assumes that a; L? = O(1). In this case the resummation is performed
for the observable itself. In the leading double-logarithmic approximation (LL), all terms
of order o L?" are resummed. At the next order (NLL), one resums the logarithms of the
form o L?"~* with k = 0, 1, and so on. In table 5.1 we summarise the ingredients needed
at a given order in the two schemes. N**1LL resummations (with & > 0) are contained in
RG-improved perturbation theory at N*LO, while N¥*!LL’ resummation includes match-
ing corrections at one order higher, however, the same-order anomalous dimensions are
used. Hence it is enough to use the RG-improved LO jet and soft functions to account for
NLL’ corrections from the anomalous dimensions. On top of that, it turns out that only
constant terms at NLO in the hard, jet, and soft functions at their respective matching

scales contribute to the large logarithms at NLL', which simplifies the calculation a lot.
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RG-impr. PT | Log. approx. | I'cusp , 8 v Hs,S3,J al LF
— LL LO — LO k= 2n
LO NLL NLO LO LO 2n —1 <k <2n
— NLL’ NLO LO NLO 2n —2<k<2n
NLO NNLL NNLO | NLO NLO 2n —3 < k<2n

Table 5.1: Naming schemes for logarithmic accuracy in T3(u). We list perturbative orders of the
cusp anomalous dimension, non-cusp anomalous dimensions v, QCD g function, and
matching corrections from the component functions to obtain resummation at a given
logarithmic order.

In the following, we will first derive the RG-improved soft and jet function at LO. Sub-
sequently, we resum the first three towers of large logarithms in the third term of the amp-
litude. Note that at NLL' accuracy, there are no contributions from the first and second
term apart from the fixed n = 1 contribution in the second term, which therefore does not
need to be resummed at the given logarithmic order.

54.1 RG-improved LO jet function

The RG-improved LO jet function can be obtained from the jet function in the photon case
in [81] by accounting for the different colour factors. We find

JRGi,LO( 2 ) = —28Ar (1,18) 8Lo(a ' —p% —i0
p,u)=e 79 /LJ) MQ
J

) aar (pg,p)+n

(5.119)

T

(15,10) F(l — aar(py, 1) — 77) ['(1+mn)
I'(1+4 aar(pj, 1) +n) T(1—n)

% [6—2715 aar ,

n=0

where both the Sudakov exponent

ATy [ A7 < 1 > (AFl ﬁl) B1 ., o }
S ) =— |——(l1——-—Inr)|+|(-——-5)AQ1—-—r+Inr)+ ——n"r|,
A1) =g Loy \' Ao ) )" 2,
(5.120)
with r = o (1) /s (1) and ATy = 4(Cr — Ca), and the function
ATl O‘s(ﬂ)
a i) =—1In 5.121

are related to the corresponding objects in the photon case by the overall colour factor
(Crp —C},) (instead of Cr). Another important difference is the appearance of the exponent

. _CF—%CA_ 1
T Cp—C4  NZ41’

(5.122)

which strongly suppresses the deviation of the term shown in the second line of (5.119)
from 1. Note that a consistent evaluation of the Sudakov exponent requires the two-loop
coefficients of the cusp anomalous dimension and the QCD S-function. The function
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Blg‘o((‘)n, ;) is a differential operator acting on functions of the auxiliary parameter 7. It
is defined by the identification J,(p?, itj) = J4(Lyp, p1j). At the matching scale u; chosen
as /,LJQ. ~ p?, the expression for the jet function in (5.53) is free of large logarithms. In fact,
at leading order in RG-improved perturbation theory one has JL°(Ly, p1;) = 1. Using this

initial condition, we find the simple result

T

2 . aAF(Mju“’) )
JRGILO(2 )y - =2Sar(uyn) [ TP 0 o~ 2vpar(u; ) T'(1 — aar(pj, 1))
43 T(1+ aar(pj, 1))
(5.123)

This formula resums the leading logarithmic corrections to the jet function to all orders of

perturbation theory.

5.4.2 RG-improved LO soft function S;

The RG-improved LO soft function S3 can be derived in a similar manner as has been the

soft function of h — ~v in [79]. Transforming to Laplace space, we find that the ansatz

as(p)
B w n—aar (fs,p) AT(«
S(n, 1) = <u2) exp [2SAr(fs, 1) + ary, (s, 1) + 2/da ﬁ(é) )?(n — aar (fs, fa)) | »

as(ps)
(5.124)

provides a solution to the RG equation. Here, AT =T'p —T'4/2 and I'y, is the cusp anomal-
ous dimension in the fundamental or adjoint representation, respectively. The RG function
a., is defined in analogy to (5.121). The function J is defined as

/

F(z) = / dw'wD (w, w') <w>x (5.125)
0

w

and can be expressed as the sum of two harmonic number functions [79]. It has singularit-
ies for all values where z is a positive or negative integer. At RG improved leading order,
the third term in the exponential of (5.124) can be simplified to

as(p) as(p)

/ da Aﬁllg(i?)?(n — aAr (Ms fha)) =TT / da Aﬁr(io)[)?(n — aar (fs, pta)) + O(axs)
os(ps) as(ks)
o lln (1 +ai} —m)T(1+17)

r(1—a% + 9T -n)

+ 2vg a(AO% + O(ay),

(5.126)
where the superscript (0) in the RG functions denotes that one should take the leading
terms of the corresponding function. For the sake of intelligibility, we further suppressed
the arguments of the RG functions. Comparing with the photon case, the main difference

h—yy
r

is that we have rr = 1/10 instead of r = 1. As a consequence, the soft function is not

single-valued in the complex plane. Applying the simplification (5.126) and transforming
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the ansatz back from Laplace to momentum space, we find for the soft function at leading
order

 dw
5w, ) = Ustuws ) [~ 55100 )

127
« ILI (_aAra 17 2TF) ) (1 — QAT, 17 2TF> U), (5 )
2,2 DV I
(1,1,2rr) , (0,1,2rp) w
with
(0)
we—4rp'yE _aAF(MSNU‘) 0)
Us (w: p 11) = () exp [259 (i ) + 0O (s 1)
2 [ Aar } (5.128)
O‘S(MS)

SLO(wa ps) = —TrFSap myp(s)6(w — mg)

™

Here, S™©(w, us) denotes the soft function at the matching scale y5 at leading order in
perturbation theory. The function I. 2121 (---|x) is a so-called Rathie-I function, defined as

I;nqn (al,al,Al),... (ap,ap, /¢ SdS
(b0, B, Bu). o by, B By | ) 2T
.H 55 (b; — B;s) H T4 (1 — a; + a;s) (5.129)
with  ¢(s) = —— .
1 TB—b+8s) 11 I —ass)
j=m+1 j=n+1

Its definition and properties were first presented in [122]. It is a generalisation of the Meijer-
G function G," and related via

1.1),... 1.1
Gmn 2| =1nn (a1, 1, 1), (ap, LD (5.130)

b, ... b (b1,1,1),..., (b, 1,1)
So far, it has seen use in wireless communication systems [123,124] and, most recently,
light-ray operators in celestial conformal field theory (CCFT) [125].
Though the analytic solution takes a rather complicated form, the asymptotic behaviour
is fairly simple:

0) 2rp
L(1 4 app(ps, ﬂ))) + O(m/w). (5.131)

S50 (w, ) = SO (w, ps)Us (w3 prs, 1) o
(1 —axp(ps, 1))

We have found that only the region above the hyperbola /_¢, > m? contributes to the
NLL' accurate expression. In this context, further corrections from the Rathie-I function are
not relevant for NLL' resummation, but will come into play in RG-improved perturbation

theory. This is however beyond the scope of this thesis.



5.4 RESUMMATION

5.4.3 Large logarithms at NLL’ in the form factor

The scale dependence of the gg — h form factor is governed by the evolution equa-
tion (5.100). It is not scale-invariant due to the external gluon states. At LO in RG-improved
perturbation theory, we find [80]

Fg};( ) = e25ra (hnon) aséuh)) FR( h), (5.132)
and I' 4 stands for the cusp anomalous dimension in the adjoint representation. The scale
p2 = —M? —i0 is chosen such that there are no large logarithms left in the hard match-
ing coefficients. The derivation of F;}]( ) is highly non-trivial and will be carried out in
multiple steps. There are two kinds of contributions. One stems from the RG evolution of
the component functions, which is controlled by the respective anomalous dimension. The
second one is NLO corrections from these functions at their matching scales.

The contribution from RG evolution is given by taking the RG-improved LO component
functions for T3,

Mrqe_ [oMnqe
T3 (un) = Jim  Hs(p, LO/ / —

x JUO(= Myl ) J- <Mh£+,uh>s30<€_e+,uh>

leading power

(5.133)

In principle, the matching scales of the two jet functions could be different, since they
depend on different dynamical scales /4. They are chosen such that all logarithms are
located only in the evolution factors. The LO jet and soft functions have been derived in
the previous section.

To extract the first three towers of large logarithms, we only need to enter the regime
(40— > m?. We may therefore use the asymptotic expression for the soft function S given
by (5.131). In the first step, we define the following abbreviations

QL

as = V(s in), a- = alsp (b pn), ay = alsp (i i) (5.134)

where 41— is the matching scale entering the jet function J(—Mp¢_, juj,) while p4 is that
entering the jet function J (Ml up,). The factors of gamma functions in the RG-improved
jet (5.123) and soft (5.127) functions can be further expanded to

I2(1+ a*‘)e?waf 1+ “—)e2wa+ I'(1+ap)]™

64'7Eas
I'2(1 - as) I'l—a-) I'(l—ay)

=1+4+0(a?,a®,a%). (5.135)

The jet and soft functions must be free of large logarithms at the matching scales z1+ and .
Since these functions are integrated over soft (/¢ ~ m?) and hard (¢/,¢_ ~ M?) regions,
we must set these matching scales dynamically under the integral. Hence we fix 2 = ¢_/,
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w2 = oMpl_ and ,ui = M/. Additionally, the pre-factor a(1s) entering the soft function
(see (5.128)) should be converted into a scheme that only depends on the hard scale

o) = —% ir By X

2
_os) ) as X ol x O‘Z(“)ﬁo mb (5.136)
s 14

s

and we abbreviate the logarithms as follows when necessary

2 2 2
Lo=wf p —wf p—wmf o 41, andL =1’k (5.137)
[ M3 s My
The relevant parameter p in NLL' resummation is defined as
s AT s ,
p— Cslun) Alo oy as(in) (Cp — Ca)L% ~ —1.192 + 0.9551 (5.138)
47 2 27
Substituting L = 2L, L_ = yL, we find up to order NLL’
p 250 p* 4535 2 -3
s\Ms) = Us 1 T AL =y O(L . 5.139

Here, 8y = o and the colouring is related to a comparison with the resummation of the
photon case and will be explained further later on.

As mentioned before, there are also contributions from the NLO corrections at the match-
ing scales. Due to the dynamic scale setting, logarithms at the matching scales vanish.
Hence the corrections from the hard and jet functions are given by the constant terms of
these functions. For the soft function though, in principle there are some extra functional
terms, see (5.58). However, all these terms go to zero when w is large, such that their con-
tributions are not relevant here. We find for the individual corrections from the matching
at higher order

AJ(up) =1+ -2 (—1 - 7;;) , (5.140)

7o O P2 ™Y o
AS3(un) = ~Tpdap—mi(mn) <1+ I2AT, [CF (12 2) Cy D .

Their combined contribution reads

1+ Amatching =M (1n) AHz (1) (AT (1n))? ASs ()

2 272 2 (5.141)
L2 [cF (8_7;) o (w;)]
0



5.4 RESUMMATION

Adding all contributions together, T5(1;,) reads

1 1—a 2 2
_ 2 14 2Bo P 450 2

X {1 + Ama’cching}
(0 () 0)

x exp 2580 (s 1) = 2580 (1 1n) = 2880 (v 1n) + D 1 ) + @, (psan)] -
(5.142)

where the term in square brackets accounts for the contribution from converting the strong

coupling constant in the pre-factor, the term in curly braces is generated by corrections to
the component functions at the matching scale, and the exponential factor is due to scale
evolution. We insert the expressions for the RG functions (see appendix Al.3) and perform
all remaining integrals.

Neglecting terms of order O(L~3) we arrive at

2 oT(n+1 L[ —(08 +9m) +262n +2
Tg(Mh)’NLL/ :MO(/’UL)7 Z(_p) F(2(n—|—3;{1 Z |:p ( . AFO) : 2n+3
n=0

B w12 1 a7 Cr(i-F)+C(1+5)
B AF0(2n+3)(2n+5)]+L2[p Cr—Ca
N 2(_50(72+7%)n+1_ AT, (n+1)?

(ATo)2 n+2 (ADo)2(n+2)(2n+3)

(0 +m)* n+l By +m)2(n+1) 5§ 4(n+1)>

_l’_

(AF0)2 2(n + 2) (AF0)2 n-+2 (AF())Q n+ 2
n 3(50(’72+%91) (n+1)* B3 (n+1)*(Tn +18)
(ATo)? 2(n+3)(2n+3)  (ATo)?6(n+3)(2n +3)(2n +5)

5 (n+1)2 >+ L B (n+1)2(n+2) H
AEP s aen +3) 77 BIPE e+ e H]S

Note that 70 = —6CF + 23,. The first two towers of logarithms (up to order O(L~')) have
already been derived in [80,126]. It is remarkable that the leading logarithm (LL) and
next-to-leading logarithm (NLL) term can be retrieved from the corresponding ones in the
photon case by a simple replacement of colour factors Cr — C'r—C}y, as was first noted for
the LL term in [127]. Furthermore, the NLL corrections have been derived in [128] using
non-SCET methods. As a non-trivial cross-check expression (5.143) reproduces correctly
the leading logarithms in the three-loop form factor (5.116). In [129], the resummed amp-
litude for the h — ~v process was presented at NLL' accuracy. To compare this with our
result (5.143), it is not sufficient to set C'4 — 0. The reason for that is that the pre-factor of
our gg — h process features a strong coupling constant evaluated at the soft scale which
is subject to being converted to an evaluation at the high scale (5.136) and therefore gives
rise to additional terms suppressed by one and two factors of 1/L, see (5.139). In contrast,
in the h — 77y case the pre-factor is ay(ps) = (Qpe)/(47), which is related to the QED coup-
ling constant at the high scale via ay(ps) = ap(pn)(1 + O (aw(pn)). Since o < ag, these
higher terms are neglected consequently. To account for this effect, we must henceforth set
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C4 — 0and By — 0 while keeping 5y # 0. Hence, we coloured the corresponding )-terms
to easily allow comparison between abelian and non-abelian processes.
The series in (5.143) can be cast into more elegant form by executing the infinite sums.

We introduce the special functions

FQ(Z) = ok <17 1; 772; _z> ) (5144)

where Fi(z) and F(z) are hypergeometric functions, and D(z) is a so-called Dawson

integral function. We obtain

L? 1 2
T3(pn) | = Mo(uh){Fl(p) {4/30 —360—2 (75 + )

2 LAF
D ()
(= 2(48 — 360) +pﬁo+4(7§+7%))]

NG
11 2

+ 12 (AT K - %58 g (2468 — 785) — 2080 (75 + )
+1862 + 4AF1> /oD <ﬁ> (5:145)

+ ((4 +p)B2 =872 +19) (260 — Bo) + 4 (° +79n)2> Z

— (683 =2 (19 + %) (260 — o) + (12 +7%)°) pFa(p)

- [468 +2AT + o <% +c1~2 - gi <i - 4> (Aroﬂ pﬂ(ﬁ} } '

For a better intelligibility of the resummed result (5.145), we find it instructive to give the
asymptotic behaviour of the special functions. In the limits p — 0, oo, the hypergeometric

functions can be expanded as

2 3
1—£+L—L+O(p4), p—0,
Fi(p) = 180 3360 (5.146)
T nperr) 4 s '
2 ) S+ 07, p—+ 00,
p p
2 3
=L o100, s,

a 36 480
Blo) =94 om(pere) 12
#Ufﬂ?( %), p—oo.

(5.147)
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Figure 5.12: Resummed T3 at LL (black), NLL (blue) and NLL' (red) accuracy. We fix the strong
coupling constant at (M) and vary the hard scale u? = ¢* entering the large log-
arithms L and expansion parameter p. The upper panel shows Tj for ¢*> > 0, the
lower two panels give the real and imaginary part for ¢ < 0. NLL(') corrections be-
come increasingly more important for ¢-values further away from its physical value
q? = —M?.

The Dawson function appearing first at NLL obeys the following behaviour

2 3
VAN A R R A R
D<p>: (5.148)
2 1[1+2+12+O(p_3)] p — 00
VP p P ’ '

In figure 5.12 we show the resummed 73 at LL (black), NLL (blue) and NLL' (red)
accuracy. Here, we fix the strong coupling constant at a,(M}) and vary the hard scale
17 = ¢* entering the large logarithms L and expansion parameter p. We give the plots for
both ¢> > 0 (upper panel) and real and imaginary part for ¢> < 0 (lower panels). NLL'
corrections become increasingly more significant the further one takes ¢? from its physical

value ¢> = - M ,% chosen in the resummation.
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As explained previously, at NLL' there is one contribution from the second term in the
factorisation theorem. However, because Ty o< a?L" "1, only the term for n = 1 is relevant.
It reads 9 9

. L pm
T2(,Uh)|NLL/ = ZMO(Mh)7ﬁ§ : (5.149)

The full NLL' form factor is then Fyq(up) ‘NLL’ = Tg(uh)|NLL, + T5(pn) ‘NLL"



APPENDIX I

AlL.1 Renormalisation factors

Here we collect the renormalisation factors of parameters and the different component
functions.

The three parameters involved in this process, a) the b quark mass entering the operators,
b) the b quark Yukawa coupling entering the hard functions, and c) the QCD coupling

constant, are renormalised in the MS subtraction scheme as

Moo = Zmmp(1), Yoo = 1 Zyyp(1), aso = u* Za,os(1), (ALT)

with the renormalisation factors

B 4 s (1) 2 1 avs (1) 2 AL2

Zy=Zm=1-3Cr—-~+0(af), Zo,=1=fo— "~ +0(af). (AL2)

Here 3¢ = %C’ A — %Tpn 7 is the first coefficient of the QCD S-function, with ny = ny+n; =5

being the number of active quark flavours. In order to compare our results in different

schemes, we need the following relation between the b-quark pole mass and its running
mass [130,131]:

M) _ g 25 Cp(—4+ 3Lm)
my 47
as\2[ o (9L 21L, 7 9
+(E) |:CF<2—2+8+(81I12—5)7F —12<3 AL
s _11Lfn+185Lm_1111+4(1731n2)7r2+6€ (AL3)
Foa 2 6 24 3 5
26 143 — 1672 71 + 82
oy (2ng12, nfLm+( w)nb+( + 87%) my 7
3 6 6
with Ly, = In(m}/u?).
The hard function H3(y) (5.49) is renormalised by
Cras[2 2 3
Za =1 e e 7= I AL4
33 + 4T [62 e(h 2>] ( )
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The hard coefficients Ho (1) and its endpoint counterpart are renormalised in equation

(5.61) and (5.59). The corresponding renormalisation factors are

Zoyt (2,2)) = 8(z — 2)

2(L, + Lz 3 2 2L; — 3
Lt b¥5 g, (2 2]

€

+ Z;{&(z — ) {(CF —Ca)

Z(CF—CA/Z)Z . 1 0(F—2) 1 0(z—2)
+ € (1 )[z’(lz) (z/ — 2) +z(1fz’) (z—2) Lr}

(AL5)

[Z3} (2, 2)] = 8(2 — 2') + 0‘8{5(z — 7)) |:(CF — CA)2LZE+3 +Cu (622 2Ly — 3”

47 €

+(2CF—CA>Z[9<Z’—z> ﬁ“‘”] } (AL6)
AV z +

€

At NLO, the renormalisation factor for the soft function Sz(z, 1) (5.65) is given by

5(z—2)

Z;gl Zao(2,2) = 6(2 — ') +

4rr €

o { _3Cr —fo+ 2(Cr — Ca) (L. + Ls)

€ (1—2) (2X—2) =z2(1=2") (z—2)

_2Cr=Ca) gy L/ L 9@ -2 1 9(22’)] }
L (ALY
Z;glzzl(z) _ TFéabas{ . 1 + Ols|:(CF —CA)<LZ + Lz _ LZ+L2 — 1>

s e Arm €2 2¢

+ Cp
€

2L.L: — 6+ 7r2/3] }

AlL2 Anomalous dimensions

AL2.1 Cusp anomalous dimension

The cusp anomalous dimension in the fundamental and adjoint representation up to two-

loop order is expanded in perturbation theory as

«o 0\ 2
Do) =T§ =+ 07 () +--. (AL8)

where the superscript R refers to the SU(N) representation. In the case of QCD, the relev-
ant representations are fundamental (R = F) and adjoint (R = A). In the MS renormalisa-

tion scheme the expansion coefficients in the respective representation are given by [132]

Qs s\ 2 67 w2 20
F(]I?.lsp (as) = 4CR {47T + (E) |:CA <9 - 3> - gnfTF:| + } ) (AL9)
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where Cr = CF for the fundamental representation while Cr = C4 for the adjoint rep-
resentation. We introduce the short-hand notations AI'y and AI'; which represent the

difference of the cusp anomalous dimensions at leading and next-to-leading order
Qg g\ 2
AT =ATo 7> + ATy (£2)
as | [as)?2 67 7\ 20

AL22 Anomalous dimension ~,,

(AL10)

The anomalous dimension g, is associated with the renormalisation factor Z,, of the
two-gluon operator O,,.3 To all orders of perturbation theory, it is given by [116]

As
Yag = Dsp(@s) Ly + 279 = o (4C ALy, — 26y) + O(a?). (AL11)

Here, v, is the anomalous dimension associated with the gluon wave function renormal-
isation. At two-loop order, it reads [116]

Olg g\ 2 692 11xn2 9
Vg = E(*ﬁo) + <E) [<27 +t0g t 2C3) Ca

256 o2
_—— — 4 T, .
+<<27 9 )C” CF) F”f}

Al2.3 Anomalous dimensions of component functions

(AL12)

The renormalisation factor of the soft function Si(p) is the same as for the quark mass,

and so is its anomalous dimension

SCFOzs
2w

Y11 = Ygg = —UVm = + O(Ozg) : (AL13)

3 The two-gluon operator is renormalised by (Oy, (1)) = Zgg<0§3>>, hence the renormalised form factor reads
Fyg(p) = Zg_glngg)'
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The diagonal and off-diagonal elements involved in the RG equation of Sy(z, ) and its
endpoint region counterpart are

yo2(2,2) = Ygq (2 — 2) = _Z‘;{ [4(0F —Ca) (L. + Lz) +6Cr — 250} 5(z — 2
Ca\ [10(F=2 10(z=2%)
+4<C 2 )ZZ |:Z,§ (2! — 2) Tz (z=2) ], |’
[v22(2, 2")] — g0 (z — 2) = —Z:T{ [4(C’F —Cy)L, +6Cp — 250} 5z —2"),
Cy 0(z—2) 6O(z—2)
+4<CF_ 2 )Z [z’(z’—z) +z(z—z’) L)
(AL14)
and
Trdapas g
1(2) = = {—1+47T{(C’F—CA)(1—L§—L§)
272
+Cp |4L,L; — 12+ 3 ; (AL15)
Trdapous Qg o2
The anomalous dimension for H3(u) is given by
Cras 3
Y33 = Fglsp(as)Lh + ’YH(OCS) - £ (Lh - 2> + O(Oz?) ) (AL16)

where vy = 27,, and its expression is known up to three loops [116,133,134]. The anomal-

ous dimensions for the jet and soft function S3 in the third term read

1) = 2 (o = CaL g o)+ (Cr = G )T, + 0,
vs(w, w') = —O;T{ [(CF —Ca)lLw + ?’CF;BO} o(w — ') (AL17)

+2 <0F — C;) wl (w, w’)} +0(a?).

These results satisfy the non-trivial relation (5.83).



AlL3 RG functions
The RG functions used in section 5.4 are defined as
as(p) a /
v (a) da
Sy (v, pu) = — / do / ,
V( ) as(v) /B(a) as(v) B(O/)

L s (1) )
CLV(V, M) - /OCS(V) da ,B(Ol) )

(AL18)

with vy, V. = AT, s the respective anomalous dimension. In order to derive the RG-
improved soft and jet functions at leading order, we need to solve the integrals up to

leading order. We find

ol (v, p) = g;s Inr,
47 1 wa B B
5O v, :’YV’O[ (1——lnr>+< : —> l—r+Inr)+—In%r|,
v () 482 |as (v) r wo Bo ( ) 260

(AL19)
where r = ag(u)/as(v).
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Flavour physics of ALPs






EFFECTIVE FIELD THEORY FOR ALPS

6.1 Introduction to ALPs

Axion-like particles (ALPs) are among the best motivated extensions of the Standard
Model of Particle Physics. They are low-energy remnants of high-energy UV-complete the-
ories. As pseudo-Nambu-Goldstone bosons, they emerge through the spontaneous break-
ing of a UV U(1) symmetry. Their name was derived from the QCD axion, a particle
that was introduced along with its corresponding spontaneously broken global U(1)pq
symmetry by Peccei, Quinn and others to yield a dynamical solution to the strong CP
problem [135-138]. The strong CP problem is the question why the parameter associ-
ated with a CP violating term in the QCD Lagrangian is experimentally found to be tiny
6 < 10719 [139], while theoretically it could be of order O (1). The Peccei-Quinn solution
promotes # to a quantum field, that dynamically relaxes the effective value to 0. Typical
axion models usually feature axions with extremely small masses m, ~ 1072 eV -10"3eV.
Such light-weight models often suffer from the “axion-quality problem” [140-144]: It is a
general belief that effects of quantum gravity will eventually break any global symmetry.
The breaking of the U(1)pg symmetry will then give rise to higher dimensional operators
that introduce corrections to the axion potential, thus reintroducing a non-vanishing CP
phase in QCD interactions. A possible work-around is given by heavy axion models, such
as [145-150]. Moreover, in most axion models the axion mass and its coupling strength
to photons are related. Hence, in probes for axions, the viable region of parameter space
of photon coupling versus mass is a relatively thin band. In the literature, two types of
axion models have manifested. In KSVZ models the SM fermions are uncharged under
the Peccei-Quinn symmetry, hence the axion only couples to gauge bosons [151,152]. For
DFSZ type models, additional axion couplings to SM fermions are present [153,154].
ALPs generalise the axion concept to different, not necessarily specified U(1) symmet-
ries that are spontaneously broken. Their mass and general couplings are unrelated and
can be seen as free parameters of the theory. As a consequence, ALPs usually do not
provide a solution to the strong CP problem. Moreover, if the underlying global sym-
metry is flavour-dependent, the ALP can acquire flavour-violating couplings to quarks
and leptons in the low-energy effective theory. This would provide new sources of flavour
and CP violation in addition to the SM Yukawa couplings, and therefore offers a rich phe-
nomenology. Such patterns occur among others in generalised DFSZ models, where the
Peccei-Quinn charges of the SM fields are not flavour universal [155-162]. If the U(1)pq
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is identified with the U(1)pn of the Froggat-Nielsen mechanism to explain the hierarchy
in fermion masses, the ALP emerges as the axiflavon or flaxion that has flavour-violating
couplings and can simultaneously address the strong CP problem [163,164]. In even more
ambitious approaches, the combined U(1)pq/pn Was further identified with the symmetry
of the Higgs field [165,166]. Additionally to the aforementioned properties of the axiflavon,
the unified Higgs-axiflavon can further deliver a trigger for electro-weak symmetry break-
ing (EWSB). In section 6.2 we will show that even flavour-conserving couplings of the ALP
in the UV will inevitably generate flavour-changing couplings at low energies through RG
running. This fact has also been noted in [167] and was first published in [5]. This is remark-
able, because it means that properties of the SM that are not part of the extended model
can imprint themselves in the low-energy effective theory, i.e. the SM + ALP. Moreover, it
has been shown recently that via RG effects, ALPs can source most dimension-6 SMEFT
operators [168]. This can potentially lead to interesting phenomenological implications, re-
inforcing the importance of studying light new physics models in contrast to heavy new
particles.

Apart from their implications on flavour physics phenomenology, ALPs have been
shown to be viable cold dark matter candidates [169, 170]. Moreover, they could have
triggered phase transitions in the early universe that could in principle be detectable
through certain signatures in gravitational waves [171,172].

In this thesis, we will focus on ALPs within the mass range of a few MeV to a few GeV.
Classical axion solutions to the strong CP problem are typically many orders of magnitude
lighter. The reason is that as pNGBs, axions should in principle be exactly massless. This
masslessness is further protected by a so-called shift symmetry, a remnant of the high
energy Peccei-Quinn symmetry. However, QCD instanton effects give rise to a small dy-
namical mass [152,173,174]. We allow for additional sources of shift-symmetry breaking
entering in the form of an explicit mass term. In non-abelian extensions of the SM with an
enlarged spectrum of coloured particles, dynamically generated breaking terms can occur.
Due to the enhancement of the strong coupling constant at higher energies, these effects
can be sizeable. Early ideas of introducing extra coloured matter at an intermediate scale
either led to new hierarchy problems or spoil the solution of the strong CP problem due to
new CP-violating phases [175-180]. Some more recent realisations included mirror copies
of the SM, such that the complete particle spectrum inherits an additional Z, symmetry,
which is broken. The symmetry-breaking scale of the mirror sector can be larger than
the electroweak scale, thereby enhancing significantly the axion mass [145-148,150]. An-
other mechanism explored in [181] considers an enlarged colour sector, which solves the
strong CP problem via new massless fermions. The spontaneous breaking of the unified
colour group SU(6) x SU(3’) into QCD and another confining group provides a source
of naturally large axion mass due to small-size instantons, while automatically ensuring
a CP-conserving vacuum. A different approach was presented in [182], where the SU(3).
group of the SM is extended to be a diagonal subgroup of a parent SU(3) x SU(3) x ...
group, which is broken at a high scale. All SM quarks are charged under a single SU(3)
factor of the parent group and an axion is introduced for each one, which independently
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relaxes the corresponding ¢ angle to 0. This allows each of the axions to have a mass signi-
ficantly larger than in the QCD axion case. These studies show that in suitable extensions
of the SM it is possible to generate a genuine ALP mass term while preserving the solution
of the strong CP problem.

In this thesis, we will first introduce the general Lagrangian set-up for an extensive study
of flavour observables from ALPs in section 6.2. Furthermore, our study of RG effects will
show how any ALP-SM coupling in the UV will inevitably generate couplings to all
particles in the low-energy EFT, especially including quark flavour-violating couplings. In
more detail, we will demonstrate how ALP couplings evolve from the high scale of Peccei-
Quinn (PQ) symmetry breaking to the weak scale, where we integrate out heavy SM fields.
From this procedure matching corrections arise, and we give numerical estimates of their
strength. Eventually, we study the RG evolution below the weak scale down to hadronic
scales where non-perturbative QCD effects come into play. ALP interactions at such low
energies are investigated in section 6.3, where we will demonstrate how to consistently
implement ALPs into the weak chiral and the nuclear Lagrangian. In sections 7.1 and 7.2
will conduct a comprehensive study of ALP flavour phenomenology in the quark and
lepton sector, respectively, and present how flavour observables can be used to constrain
ALP models. The results displayed in chapters 6 and 7 have been published in [5-7], and
are summarised and adapted for this thesis.

6.2 The ALP Lagrangian and RG effects at low energies

We assume the existence of a new pseudoscalar resonance, the ALP a. Under SM gauge
groups, it transforms as a singlet. It is the pseudo-Nambu—Goldstone boson of a spon-
taneously broken U(1) symmetry at the UV scale, which we will call the Peccei-Quinn
or PQ symmetry. This additional global symmetry is realised at energies above the scale
A > Agpw, with Agw = 246 GeV the electroweak scale. For our purposes we will typically
assume A = 47 TeV. The ALP can be regarded as the phase of a complex scalar at high en-
ergies. Therefore, at the classical level, its couplings are protected by an approximate shift
symmetry a — a + constant. For a classical QCD axion, this symmetry is exact. However,
for the case at hand we allow for an explicit soft breaking of the symmetry by introducing
a mass term m, o for the ALP. Up to dimension 5, the most general Lagrangian reads [183]

ma ot - oM —
£§f<5 - (Qﬂ)(@“a) — 202y J Z Yrer Yu¥r + Cp Ta (ngiDM ¢)

2 ©.1)
ral uv,a YA uv, A B B,uz/
+CGG4 fG‘LWG +CWW4 fW W +CBB4 f v
Here G, W;ﬁ, and B, are the field-strength tensors of SU(3)., SU(2);, and U(1)y, B* =

3P B 5 etc. (with €12 = 1) are the dual field-strength tensors, and a; = g¢2/(4r),
ag = g%/(4m) and oy = ¢’?/(4n) denote the corresponding coupling parameters. The sum
in the first line extends over the chiral fermion multiplets F' of the SM, and the Higgs
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doublet is denoted by ¢. The quantities cr are 3 x 3 hermitian matrices in generation
space.

In the Lagrangian (6.1), the ALP couplings to the SM fermions and the Higgs doublet
are obviously shift symmetric. Furthermore, the effects of a shift a — a + constant for
couplings to SU(2), and U(1)y gauge bosons can be removed by field redefinitions. Under
a continuous shift, the coupling to the QCD gauge field is not invariant due to instanton
effects. However, also in that case, a discrete version is preserved. Note that all couplings
to SM fields are suppressed by the large scale f that is related to the scale of PQ symmetry
breaking via A = 4nf. In the literature for QCD axions, one often eliminates this scale
in favour of the axion decay constant f, = —f/(2ccq). In good approximation, we may
neglect operators that are suppressed by higher powers of 1/ f.

The physical ALP mass receives contribution from the explicit soft breaking term as well
as from the aforementioned non-perturbative QCD dynamics [152,173,174]. It reads

2 2,2 2. M,
2 — 2 1 fl 2 f7r mar ullld '
m, ma70 |: +0 <f2 + (Felel f2 (mu n md)2 y (6 2)

where f; ~ 130.5MeV is the pion decay constant, and the corrections to the first term
have been calculated in [5]. From this equation it is manifest that there is a direct relation
between the ALP coupling to gluons and the effective ALP mass in the limit of vanishing
bare ALP mass!.

Counting free parameters of the Lagrangian, we find 1 (ALP mass) + 1 (ALP-Higgs
coupling) + 3 (ALP-gauge boson couplings) + 5 x 9 (ALP-fermion couplings?) = 50 real
parameters. Five of them can be removed with the help of the five global symmetries of the
individual lepton numbers, baryon number, and hypercharge [183]. We will demonstrate
this in detail next. We define Qr 4 as the charge matrix of the fermion F' and the Higgs
doublet ¢, respectively, under one of the global symmetries. For example, QElB)wd = 11yy
gives the baryon number of the down-type quarks. Then a field redefinition

Y — exp <ic;QF> VY, ¢ — exp <ic;

where c is any real number (but equal for all fields involved in the transformation), will

Q¢> ¢, (6.3)

have the following effects on the ALP couplings in the effective Lagrangian (6.1):
cr —cr —cQr,
Cp — Cp — CQ¢ )
c
cca = e+ 5 Tt (Qu+ Qi — 2Qq), (6.4)
c
eww = eww — 5 Tr(3Qg + Q1)

4 1 1 1
CBB—>CBB+CTI‘<3Qu+3Qd_6QQ+Q6_2QL>-

Note that this is especially relevant for the QCD axion case.

Each coupling matrix has 9 free entries as it couples to three generations. The five representations are the left-
handed quark doublet, the right-handed up- and down-type quark singlets, the left-handed lepton doublet,
and the right-handed lepton singlet.
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All transformations of this type will leave the coupling combination cyw + cpp invari-
ant. The observation that both ¢y and cpp change under transformations proportional
to baryon or lepton number reflects the fact that both symmetries are anomalous in the
SM. Under the anomaly-free combination (B — L) all gauge boson couplings remain un-
changed. In the literature different choices have been made considering which parameters
to remove from the Lagrangian [183-186]. In this work, we refrain from taking a particular
choice, thus keeping some parameter redundancies. Though, we remove the ALP-Higgs
coupling from the Lagrangian by applying a transformation (6.4) proportional to hyper-
charge. While the ALP-gauge boson couplings remain unchanged, the ALP-Higgs and

—fermion couplings transform as

cQ—>cQ—§l, cu—>cu—§1, cd—>cd—§1,
(6.5)

3c 3¢

CGG — CGG » CWW%CWw—E, CBB—>CBB+5-

Choosing ¢ = 2c, then removes the ALP-Higgs coupling. With this choice there are still 4
parameter redundancies remaining. For this reason, physical observables can only depend
on certain combinations of couplings that are invariant under all symmetry transforma-

tions. In [5], we have shown that these physical ALP couplings can be chosen as

B 1
caa = caa + §Tr(cu+cd —2cq),

_ 1
CWW = CWW — 5 Tr (3CQ + CL) , (66)

c +Tr 1 +1 = + L
CBB =C sc,+scg—c Cc— - C
BB = CBB gCuT gt et —g5cL,

and 3
Y, = i(Yu cy—cQYy, — c¢Yu) ,
Yy =i(Yica—coYi+csYa), 6.7)
Y.=1i(Yece—c Yo+ cyYe),

where Y5 are the SM Yukawa matrices. If the effective theory is extended to energies below
the weak scale, then the effects of heavy fermions decouple and need to be removed from
the above expressions.

6.2.1 RG evolution to the electroweak scale

In eq. (6.1), we pulled out a factor o, i = 1,2, s from the ALP coupling to the SM gauge
bosons. As a result, these couplings do not run up to two-loop order in gauge couplings

[187-189], i.e.
d

dlnp

CVV(/'L) =0, V=G W B. (68)

The couplings to fermions, however, receive multiple contributions to their respective
RGEs. Representative Feynman diagrams are shown in figure 6.1. Additional to multi-

plicative contributions from external leg corrections, there are mixings of the left and right-
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handed doublet and singlet coefficients cg and ¢, 4, and c¢;, and c.. The results derived
here agree with the corresponding terms in [162,190, 191]. Furthermore, removing the
ALP-Higgs coupling can be interpreted as eliminating the corresponding operator from
the Lagrangian by re-expressing it in terms of the ALP—fermion interaction terms. How-
ever, it is needed as a counterterm for the first diagram in figure 6.1. Its contribution to
the RGEs must then be mapped back onto our chosen basis for consistency. In previous
studies this operator and its corresponding coupling coefficient were taken as independ-
ent and an own RG equation was derived [162,190]. We want to emphasise here that
this leads to ambiguous results and should in general be avoided [192], since it is not
possible to distinguish the matrix elements of the ALP-Higgs from the ALP—fermion op-
erators. Additionally, the coefficients cyy of the ALP-gauge boson interactions mix into
the fermion RGEs through the last diagram of figure 6.1. Our findings agree with those
of [187,193], where these structures have been studied for the QCD axion. Due to our
choice of normalisation for the bosonic couplings, Feynman diagrams that are essentially
two-loop diagrams contribute to the RGEs with the same order of magnitude as one-loop
diagrams with corrections from gauge boson interactions, and are henceforth also taken
into account. We give an example of such a diagram in figure 6.2. The results for SU(3).
gauge bosons have been calculated in [194,195] first. Here we generalise to the SM gauge
group. Combining all effects, we eventually find (with ¢ = u, d)

d

f f ( f T)
T cel) =35 {Y Y+ Yde,cQ} — (Yueu¥] + YaesY,
QQ 3053, 3930,
+ |:87[' A2 CF GG A2 CF cww y cgp| 1,
d 1 1 Qq s (3)~ 2~
dln,ucq(ﬂ) ~16m2 {Y;JY;]T’C‘Z} 872 Y Q¥ + [8 X + C fac + 73} BB
d 1 QL 3a3 (2)
- VY er) - Y/ o 1,
;S 327r2{ < LT 1672 et [87r ~ g CF evw = 2ch33
d 1 Q 3a? .
() = Y)Y, 6}——1/ Y+ | X - 2y, 1
dlnuc () 1672 { e e gr2 L * [8% 42 Yeess| 1,
(6.9)
where Qr is the charge of the fermions under a transformation proportional to hyper-
charge as in eq. (6.5), CI(JN) = N2 ~ is the eigenvalue of the quadratic Casimir operator in

the fundamental representation of SU(N), Vr is the hypercharge of the fermion multiplet
F', and we have abbreviated

X=Tr [2cQ(YuYJ — YY) =3¢, Y)Y, + 3¢ Yy — e YY) + ceYJYe] . (6.10)

Note that we keep the result general by allowing for different choices of ) than the
one we will eventually employ. All quantities at the right hand side of eq. (6.9) must be
evaluated at the scale pu.

Below the weak scale, we ultimately want to integrate out the top quark from our ef-

fective theory description. In a first step, we therefore transform all fermion fields into the
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A
ﬁ

L

Figure 6.1: One-loop diagrams accounting for operator mixing through Yukawa and gauge interac-
tions. The shortly dashed line represents the ALP, the long dashed one the Higgs.

———— —
------------ ‘ <[xr
S >

Figure 6.2: Examples of two diagrams that contribute with the same order of magnitude to the
RGEs, if the coupling coefficients are taken to be equal.

mass basis by diagonalising the SM Yukawa matrices by means of bi-unitary transforma-

tions, such that
di .
UlY, W, =Y, ® =diag(yu, ye, vt) ,

UL, Wy = Y™ =diag(ya, ys, 1), (6.11)
UIY.W. = Y =diag(ye, yyu, yr) -

Redefining the fermion fields as

Q—-U,Q, up — Wyug, dr — Wydg,
L—U.L, er — Weer,

(6.12)

then diagonalises the up-sector and the lepton sector, while the down-sector Yukawa mat-
rix is transformed into
Yy - UlY,W, = VY %8, (6.13)
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and V = UJUd is the CKM matrix. In the following, all ALP couplings to fermions cr are
defined in this basis. Using the fact that all Yukawa couplings are much smaller than the

top-Yukawa y; ~ 13, the RG equations of eq. (6.9) simplify to

d yi (i3 a? 903 _ a?
[co(m)];; = < + 3QQ) it — ;;CGG ~ 1R wwW — B

dlnp 82 487 2CB
d vi .
dln s ()l = 555 (Gis +053) (cQ)ijs i # 7,
d oy a? a3
dnpt [cu ()] e (0i3 — 3Qu) et + —20Ge + 5 3CBB
d yi o
m [Cu(u)]ij = 1672 (03 +d;3) (cu)ijs i # 7, (6.14)
d 3 2 a% -
dln [Cd(iu)]ij = 0y < o QQdCtt + —CGG + 92 CBB) )
d o 3 9ag . 307 .
dIn [CL(M)]ij = 0y ( —sQrLen — 167 Ao CWW 1672 CBB | »
d B 3y? 3af
oy = (~ 2L Quen+ e )
where we have defined
cu(p) = [cu(p)lss — lcQ(m)]s; - (6.15)

In the next step, we would in principle solve the RG equations. To keep this treatment
compact, we will instead comment on the important measures taken and only give results
where appropriate. The full solutions can be found in [5].

The pure ALP-gauge couplings cyy are scale-independent (6.8). However, this is not
true for the physically observable couplings defined in (6.6), since they depend on the
fermion couplings as well. In the limit that only the top-Yukawa coupling is taken to
be non-vanishing, the four functions éec(p), éww(p), éep(p) and cy(p) form a closed
set of coupled differential equations. Solving those and plugging them in into the RGEs
of the other couplings (6.14), we are able to iteratively solve the equations for all ALP
couplings. To give an impression of the strength of the effects of running from the UV
scale A = 4nf = 47TeV down to the EW scale p,, = m;, we find numerically for the
ALP-top coupling

cu(me) =~ 0.826 cu(A) — [6.17 Ega(A) + 0.23 G (A) + 0.02é55(A)] x 1073, (6.16)

This is a very important result, because it shows that any ALP coupling in the UV will
inevitably generate a coupling to top-quarks at the electro-weak (EW) scale*. Moreover,

we will see later that this is an even more general result, and in fact any UV ALP coupling

3 The Yukawa matrices in eq. (6.9) come in pairs, hence the least suppressed terms are those proportional
to either the bottom quark or 7 lepton. Compared with the top Yukawa, these contributions are weaker by
factors of y7 /y? ~ y2/y? ~ 10~*. Note that we include some electroweak contributions of the same order
of magnitude as these suppressed terms in the RGE. We do so to keep our treatment as general as possible,
because the ALP-gauge boson couplings can be enhanced in some other models.

4 Note that the éyv (6.6) also depend on the ALP—fermion couplings, and therefore ALP couplings to any SM
particle generates an ALP-top coupling.
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will generate couplings to all SM fermions at the low scale, even such couplings that are
flavour-violating.

6.2.2 Effective ALP Lagrangian at the electroweak scale

At the weak scale (1, it is appropriate to express the Lagrangian in terms of fields that are
defined in the broken phase after EWSB. Therefore, the Lagrangian reads

m2

1
['eff(uw) = 5 (aua)(aua) 50 2 + Efermlon(ﬂ) + CGG’ Ga Guua +c Cyy 4 f F FW/

4 f
a a ~ a a
tey— —F " gy ———— — 70 T+ c W*W’“’
vz 2mswew f 1 22 4rs2 c2 f M WW ors2 f

(6.17)

where s,, = sinfy and ¢, = cos Oy denote the sine and cosine of the weak mixing angle,
and

Cyy = CWW + CBB, CyZ = Cop CWW — Sy CBE czz = Cyoww + sy cpp.  (6.18)

To obtain ALP-fermion interactions in the mass basis, we transform the Yukawa couplings
according to (6.11). Under these field redefinitions, the flavour matrices transform into new
hermitian matrices

ky = UlcoU,,  kp= UlcoUy,  kg=UlcU,

(6.19)
k= W}chf; f= ude.
Note that the matrices ky and kp are connected via the CKM matrix V' by
kp =VikyV, (6.20)

and therefore are not independent. Likewise, the ALP coupling to neutrinos are identical
to those to the left-handed charged leptons, i.e. k, = kg. The ALP—fermion Lagrangian at
the EW scale therefore reads

oFa - -
L fermion (1) = N [ﬂL ku(p) vuur + g ky(1) your + dr kp(p) vu dr + dr ka(p) v, dr

+orky (1) vuve +epkp(p)vuer + erke(p) vu BR} : (6.21)

Since flavour-conserving ALP couplings play a crucial role in our work, we define

cfif () = [kr ()] — ler ()] - (6.22)

In strong-interaction and electromagnetic processes, the flavour-conserving vector currents
are conserved, and hence the corresponding ALP couplings [kf(s)]is + [kr(it)]is are unob-
servable.”

5 This is no longer true in weak-interaction processes, where differences of the vectorial couplings to different
quark flavours can appear in predictions for weak decay amplitudes [6].
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At the electroweak scale, the physical ALP-gauge boson couplings (6.6) can be rewritten
using the ALP—fermion couplings at this scale as

taa(A) = caa + % > cge(M)
v (A) = eww — 5 Te[3ku(A) + ki(A)], 623)

epp(A) = cpp+ > NI Q3epp(A) + %Tr [3kU(A) + kE(A)] .
f

Here, the sums run over all fermion flavours, Néc is the number of colour charges of the
respective fermion, )y denotes its electric charge in units of the elementary charge e.

Let us briefly return to the question of parameter redundancies at this point. In the basis
where the SM Yukawa matrices are diagonal, the elements of the matrices Yf in (6.7) take
the form

(fff)ij =1 [yfi [kf]ij - [kFLJ Yt | (6.24)

where y, denote the eigenvalues of the Yukawa matrices (the physical Yukawa couplings
of the quarks and leptons). It follows that (Y});; = iyy, ¢/, ,, which shows that the diagonal
ALP—fermion couplings cy,, in (6.22) are physical parameters. For i # j, one finds that
both (k¢),; and (kr);; are physical quantities, since for example z(f"fT Y + YfT Y;) only
involves the off-diagonal elements of k;. Moreover, from (6.23) one sees that ¢gg and cga
are both unambiguous, because their difference is a linear combination of the physical
parameters c4,. The same statement applies for the combinations ¢, = éww + ¢gp and

Cyy = CWW + CBB, but not to ey and cpp individually.

6.2.3 Effective ALP Lagrangian below the electroweak scale

For ALPs that are lighter than the electroweak scale, we need to evolve their couplings
to lower energies. Just below this scale, we integrate out the SM heavy particles — the
Higgs boson, the top-quark and the weak gauge bosons W+ and Z° — from the theory
and match the effective Lagrangian to one where these degrees of freedom are no longer
present. We find

1 2
D<5 < _ L a 0 2
£eff (:u’ ~ :u’w) (a a)(a a) 2 +£ferm( ) (625)
hrar uv,a ul/
+CGG’4 fG G +C’y'y4 fFMyF

!
where Eferm

the Wilson coefficients cqg, ¢+, kr and k; in this effective Lagrangian differ from the

is given by (6.21) but with the top-quark fields ¢7, and ¢z removed. In general,

corresponding coefficients in the effective Lagrangian above the weak scale by calculable

matching contributions.
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6.2.3.1 Matching contributions to ALP couplings at the weak scale

MATCHING CONTRIBUTIONS TO THE ALP—GAUGE BOSON COUPLINGS  One finds that
there are no matching contribution to the ALP-boson couplings cqc and ¢y, if the ALP is
much lighter than the weak scale, and therefore terms with a scaling of m?2/ mtz’W can be
neglected [196]. Yet, there are corrections to the ¢y couplings in (6.23). Crossing the weak
scale and integrating out the top-quark has the effect of removing the top contribution

from their expressions. We thus obtain

- 1
¢t S pw) = ccG + B Z Caq(1)

a7t (6.26)
Cyy (1 S Hw) = Cyy + Z chQ?fof(N) :
f#t

This procedure repeats itself at lower scales when the respective fermion mass scale is

crossed.

MATCHING CONTRIBUTIONS TO THE ALP—FERMION COUPLINGS Matching correc-
tions to ALP-fermion couplings at one-loop order arise from diagrams involving one
or more heavy gauge bosons in the loop. Representative Feynman diagrams are shown
in figure 6.3. Below the EW scale, the top-quark is integrated out already. Therefore we
may neglect diagrams where the Higgs boson is involved, since its couplings are propor-
tional to the square of the fermion Yukawa couplings, which are all much smaller then
the top-Yukawa. We computed those diagrams in a general R, gauge, the final result is
gauge-independent. Furthermore, the contributions from Z-bosons and their Goldstones
cancel out in the sum of all diagrams. From W-bosons, a contribution remains when the
top-quark is present in the loop. These diagrams source flavour off-diagonal contributions
to the left-handed down-type sector ALP couplings kp(jiy). It is most remarkable that
flavour-changing ALP interactions are generated in this way, even if the underlying UV
theory does not contain new sources of flavour or CP violation beyond those present in
the SM. We have neglected the Yukawa couplings of the light quarks and leptons. In this

approximation there are no flavour off-diagonal matching contributions in the up-quark
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Figure 6.3: Contributions to the matching corrections of the ALP—fermion couplings just below the
weak scale. In the second diagram (V1V,) = (WW), (Z22), (Zv) or (vZ). In the third
and fourth diagram V' = W, Z. In the sum of all graphs only the W-boson graph with
internal top-quark loops (and the corresponding diagrams with Goldstone bosons) are
non-vanishing. They lead to flavour-changing ALP couplings, even if the underlying
UV theory is flavour-conserving.

and lepton sectors. Combining all terms, we find for the matching contributions (with
F=U D E,vand f =u, d, e)

3y7 112,
AkF —8761515 (Tgf - QfS'LQu) In <Tn%> 1
302 [epw w2 1 2¢y7 2 3
o In (e ) 4246 il (Tf— 2) m(He) 246
+8772[2s4 <n<m§V Tt )t ga @l — Q) (In{ 2 ) Tyt o
czz 2 i,
T I sict (Tf Qf‘s?u) <ln (m

3y; .
Aky =20 eu(~Qys3) In (:;2>1

t
3 2C'yZ /L%U 3 Czz ,U%u 1
7‘[‘2Qf|: w <IH<TTL2Z +§+51 —g In mZ —|—2—|—(51
(6.27)

All scale-dependent parameters on the right-hand side of this equation are to be evaluated

at the scale p,,. The quantity §; = —%! is a scheme-dependent constant. It stems from the

) +§+5 :|1+5FDAkD(Nw)a

treatment of the Levi-Civita tensor ¢***? in d dimensions. If it is treated as a 4-dimensional

object, one obtains J; = 0 instead. The generated flavour-changing effects read

2

A ¥ | 1 (
[AkDLj_ 1672 V an[kU<Mw)}mn(5m3+5n3> _Zln mitg

.-
8 (1 —ﬂi‘t)2
,LL

31—xt+lnxt]

* * 1
+ Vai Vailku (pw)]33 + Va; Vaj kv (pw)]33 [2 In < 5

m2) 4 2 (1—mx)?

3a 1l—ar+atlnay
_ Vi Vas
271'8121) CWW V3; V3 (1 — wt)Q s

(6.28)

with 2y = m?/m?,.

) 1 31—z +Inz

|
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6.2.3.2 Numerical results for ALP-fermion couplings below the weak scale

The ALP-fermion Lagrangian (6.21) can be re-expressed in terms of vector and axial-vector
currents of fermion fields in the mass basis. Since vector currents are conserved below the

weak scale, it follows that we can write for the flavour diagonal ALP couplings

di 8“ a
Efe:r%lion - Z Cff f7u75 f > (629)
f#t

where the sum runs over all light fermion mass eigenstates. Applying the equations of mo-
tion and the well-known SM anomaly equations, we find that the ALP couples to fermions
proportional to their mass. Hence, from now on we neglect interactions between ALPs and
neutrinos.

Combining the effects of RG evolution and matching contributions at the weak scale, we
obtain numerically for the reference scale A = 4r f, f = 1TeV

Cunee (M) = Cunce(A) — 0.116 gy (A) — [6.35 e (A) + 0.19 & (A) + 0.02 EBB(A)} % 1073,
Cadss (111) = Cadss(A) + 0.116 gy (A) — [7.08 e (A) + 0.22 G (A) + 0.005 Epp(A } x 1073

e (my) = cp(A) + 0.097 ey (A) — [7.02 e (A) + 0.19 & (A) + 0.005 & 5(A) ] % 10™ 3,
Cores (1) = Core, (A) +0.116 crp(A) — [0.375GG(A) +0.22 & (A) + 0.05¢55(A ] x 1073

(6.30)
To obtain these solutions, we have solved the RG equations in leading logarithmic approx-
imation, thereby resumming logarithmically enhanced contributions to all loop orders. We
use the two-loop expression for the running QCD coupling a,(x) and one-loop expres-
sions for the running electroweak couplings «;(¢) and as(p) as well as for the running
top-quark Yukawa coupling.
Applying the same method to the flavour-changing ALP interaction terms, it is evident
that both vector and axial-vector currents contribute. We write the corresponding Lag-

rangian as

EfFeCrIIﬁSm(,u ,uw) =757 Z |:(mf7, - mfj) [kf(,u) + kF(:u)]ij .fz fj

- (6.31)
+ (mfi + mfj) [kf(u) - kF(U)]ij fi 75fj} .

For all coefficients other than kp, flavour-changing effects are inherited from the UV scale,
ie. [kf(pw)liy = [kf(A)]ij, with f = U, E, u, d, e. For the off-diagonal elements of the
coefficient kp one obtains the more interesting result

e (1)l [kD<A>1 — ViiVag (s + bu — 20mabas) (1= €00V [l (M),

) (6.32)
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where the evolution functions U (p,,, A) and I; (i, A) are defined as

_[Mdpyi(p) _ /’“"du 3y7 (1)
Ulned) == [ )= [ . 639)

Explicit analytic expressions for these integrals can be found in egs. (3.14) and (3.21) of [5],
while the matching contribution [Akp( w)]ij can be found in eq. (6.28). Via these evolution
functions, ALP couplings to any SM field at the UV scale will, at some loop order, produce
logarithmically-enhanced contributions to flavour-changing down-type quark couplings
below the electroweak scale. We will make use of this important point in section 7.1 to
place new constraints on individual ALP couplings defined at the UV scale, by calculating
their flavour effects to leading logarithmic approximation via these equations.

6.2.3.3 RG evolution below the weak scale

Below the EW scale, the evolution equations take a fairly simple form. Since no Higgs
bosons, top-quarks or heavy gauge bosons are present in the theory any more, the only
diagrams giving contributions to the RGEs are those shown in figure 6.2, where the gauge

bosons are either gluons or photons. We obtain (with Q@ = U, D and ¢ = u, d)

d kq(ﬂ):— d

042
k S —r 2
dlnu dln,u Q(N) (7_[_2 CGG + 2 Q C’Y’Y>

d d 3a? _
ke(p) = — kp(p) = mcwl-

(6.34)

dlnpu dlnpu

The scale dependence of the gauge boson couplings ¢a and ¢, can be neglected, because
it is a two-loop effect. Note that the evolution effects are diagonal in generation space,
and hence flavour-changing couplings are scale-independent in the low-energy theory. For
flavour-conserving couplings, only the combinations defined in (6.22) are physical. Solving
the RGEs (6.34), their scale evolution is given by

Acga(pw) as(p) — as(pw) —Q? 3¢y (pw) a(pt) — phw)

Cqq(1) = Cqq(piw) — QCD . q~ ,QED T ’

86 ) o) — () O 03
cre(1) = cur(p) = =

2 7r
In the effective theory below the weak scale the 3-function coefficients are
2
QCD _ QED _ f
o =11-2ng, ZN Q7 (6.36)

with n, the number of light quark flavours with masses lighter than the scale y and in the
second term the sum includes all light fermions with masses below . According to (6.26),
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the gauge boson couplings contain all fermion couplings below the scale where they are
evaluated. We generalise this by defining

. 1
GG = ca6 + 5 D caa)b(p—my),
1 (6.37)
Cyy = Cyy + Z chQQ?Cff(:“)G(M —my).
f

This means that the effective couplings change by a discrete amount whenever a fermion
mass threshold is crossed. When this happens, a matching calculation needs to be per-
formed in the usual way. To be more concrete, one evolves the coupling parameters from
the weak scale to the scale i, ~ my,. Then one eliminates the b-quark from the list of light
fermions, and subsequently evolves from the b-quark scale to the scale p; ~ m,, elimin-
ates the 7-lepton, and so on. In each step, the coefficients of the -functions as well as the
values of ¢g¢ and ¢, need to be adjusted. For the diagonal quark couplings for example,
we thus obtain for a scale y that is just below the b-quark mass

4c w s — G (M 3¢ w —_ w
Caq1t S 1) =Cqq(pw) — chég ) s (1) Fo‘ (Hw) Qg CWZ)(E% ) () — alpw)
0 0

(6.38)

_Acga () as(p) — as(p) Q2 38y () ce(p) — axpv)
QoCD . ¢ QD - :

In the first row, the ALP-boson couplings and the 3-functions are evaluated with n, = 5
active quark flavours, whereas in the second row they are evaluated with n, = 4. Numer-
ically, these evolution effects below the weak scale are very small. The evolution of the
coefficients from the scale ji,, = m; to the low scale py = 2 GeV yields

Caq(100) = Cqq(my) — [3.05GG(A) — 1dep(A) — 0.6%(1\)} x 1072
- Q2 [3.9577(1\) — 4.7cu(A) — 0.20bb(A)] % 1077, (6.39)

ceo(pio) = coo(my) — [3.9%(1\) — ATeu(A) — 0.2%(/\)} % 1075,
In [197], analogous expressions were derived for the quark coefficients c¢,,, but only QCD
effects were included. Their results are in agreement with our findings when we ignore
terms proportional to the electromagnetic coupling . For an ALP lighter than the scale

tto, the interactions with hadrons and photons are affected by non-perturbative hadronic
effects. These can be studied in a systematic way using an effective chiral Lagrangian.

6.3 ALPs within the weak chiral and nuclear Lagrangian

6.3.1 Implementing ALPs in the weak chiral Lagrangian

For energies below the scale puy ~ 2GeV it is appropriate to switch the description to

a version of chiral perturbation theory (xPT) where the ALP is included, and instead of
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interacting with quarks the ALP interacts with the pseudoscalar mesons (7, K, n). This
chiral theory was first introduced in [6,183,196,198]. We start from the Lagrangian (6.25)
where the only quark degrees of freedom are the up-, down- and strange-quark. In order
to find the bosonised form of this Lagrangian, one eliminates the aGG term from the
Lagrangian in favour of ALP couplings to quark bilinears, whose chiral representation is
well-known. This is accomplished with a chiral rotation [183,199,200]
, a(x)
q(x) = exp | —i kg5 Caa e q(z), (6.40)
where ¢(z) is a 3-component object containing the light-quark fields u(z), d(x) and s(x).
The transformation parameters k, are hermitian matrices, which we choose to be diagonal
in the quark mass basis. Note that in principle one is allowed to add an additional phase
term —iéchgﬁ in the exponential. Since all dependencies on k, and §, must cancel
out for physical observables and the §,-dependent structure is not needed to redefine or
simplify any coupling structures, we refrain from introducing this term here®.
Under the chiral rotation (6.40), the path integral measure is not invariant [201]. This
generates extra contributions to the ALP-gluon and photon couplings, as well as to the

quark mass matrix. Imposing the condition
Tr(ky) = by + kg + ks =1 (6.41)

ensures that the ALP-gluon coupling is eliminated from the Lagrangian even with these
additional terms. As long as the condition is satisfied, any choice of k, leads to an effective
chiral Lagrangian describing the same physics. The modified couplings to photons and
quarks then read
byy = Cyy — 2Necaa Te[Q% Ky
TIRCGG T (kg — kycag) €199 T (6.42)

ikgcaa 2 —ikgcaa %
kg =e"19CT (kg + kqcag) € e T

g — ¢

where Q = diag(Qu, Qq4, Qs) contains the electric charges of the quarks. The matrices kg
and k, have the texture

[kU]n 0 0 [ku]n 0 0
ko = 0 kplyy  [kpliy |- kq = 0 (kalyy  [Ralip | (6.43)
0 [k'D]zl [k’D]m 0 [kd]Zl [k'd]22

where the various entries refer to the ALP—fermion couplings in the mass basis defined
in (6.31). We recall that the off-diagonal couplings [kp];; and [k4];; with ¢ # j do not run

below the weak scale, and their values are fixed at the scale pi,,.

6 In [6], this term has been included and we refer the interested reader to this work.
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The derivative couplings of the ALP to the quarks are implemented by including the
ALP in the definition of the covariant derivative [202]

iD,S = i0,% + A, [Q, 5] + é’;a (I%Qz > icq) , (6.44)

where A, is the photon field and

(6.45)

™

¥(xz) = exp lz}/i A7 (x)

contains the pseudoscalar meson fields. Here, A, are the Gell-Mann matrices. The leading
order chiral Lagrangian can then be expressed as

2 2
LY = §’T Tt[D"X (D, %) + %Bg Tr [1i24(a) 2" + h.c.]
6.46
1 " mc2l70 9 . Q a S ( )
—1—58 adya — 5 O +cwE?FWF ,

with f; ~ 130.5MeV the pion decay constant, and By ~ m2/(m, + mg) is proportional
to the quark condensate. Working to lowest order in the chiral expansion, we will con-

sequently neglect effects from 7%’ mixing. The modified mass matrix is given by

mg(a) = exp (—21'/4(1 ete ;) my (6.47)

with m, = diag(m,,, mq, ms).

The Lagrangian of ALP—xPT (6.46) has been the basis for numerous studies of low-
energy phenomena where ALPs interact with pseudoscalar mesons. For the case of the
QCD axion, one finds that QCD dynamics generates a mass for the ALP (see (6.2)), thereby
breaking the continuous shift symmetry of the classical Lagrangian to the discrete sub-
group a — a + nnf/cqe. One also finds that there are mass-mixing and kinetic mixing
contributions involving the ALP and the neutral mesons 7° and 1, whose explicit form
depends on the k, parameters. For instance, at leading order in the 1/f expansion one

finds for the ALP—pion mixing

70— ﬂ-ghys + OurGphys , (6.48)
with the mixing angle
f7T m?l(éuu - édd) mgrA/{
" ovar | Tme o T mzowE) 04

where ¢,y = cgq + 2K4cqa and

A, = deggufiu — MdRd. (6.50)

My, + Mg
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In the literature, one often takes the “default” choice K, = m ! /Tr(m '), which eliminates
the mass mixing contribution A, and leaves the kinetic mixing proportional to m?2 [183,
197]. The latter can then be neglected for the QCD axion. In [5] we showed that for a
non-vanishing ALP mass, the optimal choice is instead

my m2  Acyg My, m2  Acyg

Ry = + Rd -
My +mg  mZ2—m2dcgs’ My +mg  m2—m2dcaa

, (6.51)

mg—my

with Acyq = cuu — Cdd + 2ccay 50

because it eliminates all ALP—pion mixing effects.
This equation reduces to the default choice in the limit where m2/m2 — 0. However, it is
most important to note that through the dependence on the auxiliary «, parameters, 0, is
not a physical quantity, and as such it is unobservable. We therefore refrain from adopting
a particular choice for the .

We will use the chiral Lagrangian (6.46) to study flavour-changing processes such as
K~ — m~aand 7~ — e~ 7.a, which in the SM are mediated by the weak interactions and
low energies are described by 4-fermion operators built out of products of left-handed
quark currents. Under a left-handed, flavour off-diagonal rotation q;, — Upqy, the meson
fields transform as ¥ — U X. If we treat the modified quark mass matrix and the left-
handed ALP couplings as spurions subject to the transformation rules m,(a) — Urm,(a)
and kg — ULI%QUE, the Lagrangian is invariant under Uj, transformations. Applying
the Noether procedure, one finds that the chiral representation of the left-handed quark
currents gy, P ¢’ is given by

.. ) 2 ¥ a
1t = —Hx e —sdcos § [53(D, )]

4 i
. (6.52)
ifz - a f2 ota - -

D == [T ilhg; - /ﬁqi)cGG? DL + [kq — k=] .

The derivative ALP couplings in the last term have been omitted in previous treatments
of the effective chiral ALP Lagrangian in [183] and all works based on it, but they are
crucial to ensure the independence of physical amplitudes from the choice of the auxiliary
parameters k, [6].

For a consistent analysis of weak-interaction decay processes involving ALPs, it is ne-
cessary to include the SM effective weak interactions at low energies. For the leptonic
pion decay 7~ — e~ 7.a the weak transition is a charged-current process mediated by the

effective Lagrangian
4GF

The decay amplitude for this process obtained from the chiral Lagrangian (neglecting

Vaa L2 ey Ppue . (6.53)

contributions suppressed by the electron mass) reads [6,199]

_iGF fﬂ' _

TA(T™ — e Dea) = N Vud ﬁue%(l —5) Up,
2
Mg — My m,
X Fl2eae —— + [ky — k — A
(pﬂ.—i—pa) CGG md+mu+[ u d]u"‘m%_mg Cud|
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where £k, ; denotes the ALP couplings to the right-handed up- and down-quark currents,
respectively, and
Mg — My,

AcCyd = Cuu — Cad + 2caa (6.55)

mq + My
All quantities are evaluated at the scale ;9. The leading-order operators mediating flavour-
changing non-leptonic meson decays such as K~ — 7 7, K¢ — nt7~ and Kg — n'7"
read [203-205]

Losi = —"SEViVas (0 O + 32 O3 + 632 O (6.56)

/2 21 Yot 271 Y1 )

where the effective chiral operators are classified according to their transformation prop-
erties under SU(3) and isospin. The SU(3) octet operator Oy mediates weak transitions
with isospin change AI = 3, while the 27-plet operators (’);42 and 0342 mediates trans-
itions with AT = 1 and AJ = 3, respectively. These operators can be expressed in terms of

products of the left-handed operators L7, defined in (6.52). One finds

Os = LgiLi,
%
0542 = L3o L1 + L31 Lio +2L39 Los — 3L33 L33, (6.57)

0342 = L3a L1 + L3i1 Lig — L3a Loa,

where contraction over the Lorentz indices is implied. The coefficient of the octet operator,
lgg| =~ 5.0 [206], is larger than the coefficient | 9342] by about a factor of 30, and in the SU(3)
symmetry limit the coefficient | g%f\ is smaller than \9342\ by a factor of 5 [207]. The strong
dynamical enhancement of Al = 1 over Al = 3 transitions is known as the Al = 1
selection rule, and in our numerical analysis we will only consider the dominant octet
contributions to the decay amplitudes.

We have calculated the K~ — 7 a and K — 7% decay amplitudes from the Lag-
rangians (6.46) and (6.56), evaluating the Feynman graphs shown in figure 6.4. The first
two diagrams account for the ALP-meson mixing contributions, while the third graph con-
tains the ALP interactions at the weak vertex derived from (6.52). The following two graphs
describe ALP emission of an initial or final state meson. They only exist for the case of the
charged mesons K~ and 7~ and give non-zero contributions if the ALP has non-universal
vector-current interactions with down and strange quarks. The last diagram contains pos-
sible flavour-changing ALP—fermion couplings, as parametrised by the off-diagonal ele-
ments of the matrices kg and k, in 6.31. When all ALP couplings, flavour-conserving and
violating ones, are to be taken of the same order of magnitude, the contribution from
flavour-violating ones is dominant by far. To simplify the analysis we set m, = mq = m in
order to eliminate the 7~7 mass mixing. The meson masses are then given by m2 = 2Bym,

mi = Bo(ms 4+ m), and 3m2 = 4m3 — m2 with By ~ m2/(m, + mq). Corrections to the
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Figure 6.4: Feynman diagrams contributing to the K~ — 7~ a and K° — 7% decay amplitudes
at leading order in ALP—xPT. The crossed circles denotes weak interaction vertices me-
diated by the SU(3) octet operator Os. The dots refer to interactions from Lagrangian
(6.46). The first two diagrams in the second row vanish for neutral mesons. If all ALP
couplings are assumed to be of the same order, the last diagram with the direct flavour-
changing ALP interaction is the most dominant contribution.

decay amplitudes proportional to the mass difference (m,, —mg) are suppressed by a factor

1/myg, and hence are very small. We then obtain [6]

N, 2 2V (n2 a2
TAK™ —» 7 a)= 8 16cqe (my —mz)(mi —mq)

4f 4m2 — m2 — 3m?2 + (QCuu + Cqa + Css) (m%( _ m72r)
K~ Max 2

myg (M —mg)

2
— (2cun + caa — 3css) Mg + 6 (Cyn + Caa — 2¢s5) 4m%( —mZ — 3m2

+ ([ka + kply; — [ka + kplyy ) (mk +m2 —m?)

m2 — m%
- T (k.
(6.58)
and
2 2 2 2
. 0 0y _ 18 (my —mz)(my —mg) 2 2
—ivV2A(K® — 7%) = i 16caa 4m% = m2 — 3m? + (3caa + ¢ss) (M3 —m3)

2
a

2 2 2
dm3, — mz — 3mg

myg (M —m3)

+ (QCuu — Cdd — Css) mg - 2(Cuu + Cdd — 2085)

2 ()02 2
ms (m5. —m;)
oo o Ma M = M)

(Cuu = Caa) m2 —m2

+ ([ka + kplyy — [ka + kplyy ) (M3 +m2 —m})
2 2
L Sl YT

2f
(6.59)
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where o
Ng = — fv Vus g8 f2 = | Ns| ', (6.60)

with |Ng| ~ 1.53 x 10~7. Here Js denotes the strong-interaction phase of the phenomeno-
logical parameter gg, and we adopt the standard phase convention for the CKM matrix, in
which the matrix elements V,,4 and V,,5 are real [208]. Note that the flavour-diagonal ALP-
fermion couplings c4, in the above relations are evaluated at the low scale i ~ 2 GeV.

In previous literature, crucial terms were omitted in the implementation of the left-
handed quark current in the first realisation of ALP—xPT in [183], as explained in eq. (6.52).
This inconsistency has gone unnoticed ever since, despite a 35 year history of searches for
ALPs in kaon decays. We want to briefly examine the impact of this. For the case of the
QCD axion (m? ~ 0) without couplings to fermions (cy, = 0, only cge # 0), the authors
of [183] obtain (this formula was not shown in the paper, but can be derived from the

arguments made and the numerical results presented)

Ngm%{ my,
4fa My, + My .

iAK™ = 7 a) ~ (6.61)

Instead, under the assumptions stated above and exchanging f, = the correct

" 2cqa’
expression from (6.58) is
AL
PAK™ — 7 a) ~ Nymic (6.62)
2fa
Hence, the amplitude was previously assumed to be smaller by a factor of 5o ~ 0.16,

corresponding to an underestimation of the branching ratio by a factor of 37.

6.3.2 ALPs in the chiral nuclear Lagrangian

To study ALP couplings to nucleons, we extend the discussion of the previous section to
include baryon fields [183,209-211]. For our purposes it will be sufficient to only include
the proton and the neutron as nucleons, hence, we restrict the quark content to up and
down-quarks for this discussion. The nucleon spinor field is then 1 = (p n)?. The field
Y in (6.45) is given by ¥ = exp [“[ “7%], where we now only have the Pauli matrices
o in the exponential. In the limit when the up and down quarks have the same masses,
and so do the proton and neutron, the Lagrangian features an enhanced chiral symmetry
SU(2)1 x SU(2)g. Under such a transformation the meson field transforms as ¥ — LY R'.
To describe the nucleon-meson interactions, it is convenient to define a field £ via ¢2(z) =

3(z), which transforms under the aforementioned symmetry group according to
¢ — LEUT = UERT, &5 REUT =UELT, (6.63)

which also serves as a definition for the matrix U in terms of the left and right trans-

formation matrices L and R as well as the meson fields. The nucleon fields transform
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as 1 — U1. Neglecting the electromagnetic interactions for simplicity, we find that the
covariant derivative takes the form

iDytp =i(0, +T,) 0 (6.64)

with the connection

iT, = % [g (iaﬂ + a”f“ l%q> ¢t et (z’@u + a“fa l%Q> 5]
X (6.65)
2

= [g (i, +7,) €N + €T (10, + 1) 5} +o1,

where k, = diag(ky, kq) and kg = diag(ky,kp) are diagonal matrices containing the
modified ALP—quark couplings defined in (6.42), restricted to the case of two flavours.

In the second step we have defined the iso-vector chiral couplings

0, ky —k w—
T, = oua [ dli1 +CGGH Kd o3,
/ ’ : (6.66)
l = A [ku — kbl — cca Fu — Rd ) 3 .
Bf 2 2 ’
and the iso-scalar vector coupling
s a,a k,+k ku+kp
U/(x) _ # ([ 5 dl + [ 5 ]11) ’ (6.67)

which is invariant under SU(2), x SU(2)xg.
In the two-flavour xPT where we couple nucleons to pions, one further introduces two
hermitian building blocks called vielbeins [212]. They are defined by

Oua - da -
g(mw;“kq) gt gf (i@u—i— ;f‘ kQ>£:uM+uff), (6.68)
with

w, =€ (i, +7,) € — €7 (i0, +1,) €,

o Oua [[ku + K ku + k )

u&)_;}[[ d]ll_[U D]11+CGG(HU+HCI):|1EQG’;(L)1'

2 2
These quantities transform as axial vectors under parity. Note that the iso-scalar axial-
)

(6.69)

vector coupling a,(f is invariant under SU(2); x SU(2)g. The condition K, + kg = 1 is
the two-flavour version of (6.41) and ensures that the vielbeins are independent of the
auxiliary parameters r.

Up to leading order in the chiral expansion, the chiral Lagrangian including interactions

among nucleons, pions and ALPs then takes the form
Lin =1 (ilD —my + %A Yy wy + %0 Y5 U,(f)) Y, (6.70)

where my is the nucleon mass. Here, g4 and gy are the coupling strengths to external

iso-vector and iso-scalar source terms, respectively. In higher orders, corrections to the
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Figure 6.5: Feynman diagrams contributing to the effective ALP-nucleon coupling. The ALP is
either radiated off the nucleon directly, or stems from mixing with a radiated neutral
pion.

nucleon mass and couplings arise, as well as additional coupling structures. They are
studied in [213] and will be omitted in this work.

ALPs can interact with nucleons in two different ways: Either there is a direct interaction
vertex between the ALP and two nucleons, or a neutral pion gets radiated off a nucleon
at first and subsequently mixes into the ALP. Both possibilities are shown in the Feynman
diagrams of figure 6.5. We find for the amplitude in both cases

MNGpa _

FA(p(E) = p(K) + ala) = = an (K )ds un (k) = =5 () (k)
- (6.71)
FA(n(k) = n(k) +al0) = ~ 5 an () dos (k) = =0 an (K)gs (k)
with )
mﬂ'
9pa = 90 (Cuu + Cqq + 2CGG) +3g4a m Acyd,
T, (6.72)
m
9na = 9o (Cuu + Cqq + 2CGG) —Jda 27” Acyq .
Mz — My,

The quantity Ac,q was already defined in (6.55). We emphasise that the iso-vector current
contribution depends on the ALP mass in a non-trivial way, an effect that has not been
included in the literature thus far. Note further that the right-hand side of eq. (6.71) does
not scale with the nucleon mass despite its appearance in the formulae. The reason is that
the spinor product , ay (k)5 un (k) scales like s - (k — k') /my for k — K/, where s is the
nucleon spin vector.

The coupling constant g4 can be determined from nucleon 5 decays and was found to be
ga = 1.2754(13) [18]. It is not possible to retrieve the parameter g, in that way. However, we
can take advantage of the fact that the ALP-nucleon coupling can also be inferred directly
from the Lagrangian description including quarks and gluons (6.25), instead of taking the

detour of a chiral EFT. For the proton one obtains

A(plE) = 9l +a(a)) = 3 i, (o) a5 o)
4 6.73)

Cele] CYS(,U,()) a uv,a
+ T A <p(k/)| Guu G" |p(k)>/1«0 )

where the sum in the first term runs over the (light) quark flavours, and the hadronic

matrix elements are renormalised at the scale ;9. An analogous expression holds for the
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neutron. When we match these expressions onto (6.71), we can derive the following rela-

tions )
(90-+ 00 3" ) ) () = 2 G0 | s ).

™

(6.74)

m2 _
(30— 90 73" 2 ) o (K () = 2 oK) | ()

™
where ¢ = (k — k/)2. A third relation relates the gluon matrix element of the proton to
the couplings g4 and go. We now consider the limit ¢* — 0, i.e. k — £/, in these relations.
Furthermore, we define the nucleon spin vector as

—_

st =

§ﬂN(k)7”’y5uN(k:); k-s=0, (6.75)

and introduce the hadronic quantities Ag via [214]
(p(k)| 4" v5q [p(k)) = 25" Aq. (6.76)
Combining all expressions, we find the simple equations
go + g4 = 2Au, go — ga = 2Ad, (6.77)

which are solved by g9 = Au + Ad and g4 = Au — Ad. The hadronic matrix elements
Agq are typically computed using lattice QCD [214]. In the case at hand, we have already
integrated out all heavy degrees of freedom, hence we use the the results for Aq obtained
by the xQCD collaboration that used Ny = 2 + 17 light fermions [215]. They calculated
the pion mass to be m, = 171 MeV, what is reasonably close to the physically observed
value of mf:)p = 134.98 MeV. The reported values for the hadronic matrix elements are
Au = 0.847(18)(32) and Ad = —0.407(16)(18), from which we derive gy = 0.440(44) and
ga = 1.254(16)(30), which is in good agreement with the measured value stated above.
Let us now briefly come back to ambiguity concerning the nucleon masses in eq. (6.71).
This mass is a large external scale and as such plays no relevant role to the chiral dynamics.
The ambiguity can be avoided by matching the ALP-nucleon Lagrangian (6.70) onto a

heavy-baryon chiral effective Lagrangian by replacing

—iMmpN VT 1 + 75

Y(x) —e 5 N(x), (6.78)

where v# is the 4-velocity of the nucleon. Expanding eq. (6.71) to leading order in 1/my;,
we then find
EWN—>]\7(iv-D—|—gAS'u+goS'u(s))N, (6.79)

where S = L o/5 v, denotes the Pauli-Lubanski spin operator.
The effective ALP-nucleon couplings in (6.72) depend on the ALP mass, and the corres-
ponding results for the QCD axion are recovered in the limit m, — 0. For an ALP with

a mass not much smaller than the pion mass, this effect can become relevant, especially

7 The light fermions are the up and down-quark, and the electron.
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Figure 6.6: Mass dependence of ALP-nucleon couplings for the proton (orange), the neutron
(green), and an iso-singlet nucleus with coupling gginglet = (gpa + gna)/2 (blue), in
units of the ALP-gluon coupling cqe. The ALP couplings to quarks are set to zero
(cuu = cqa = 0). For nuclei with equal numbers of protons and neutrons, the mass
dependence cancels out. However, it changes the interaction strength of ALPs with non-
singlet nuclei significantly.

in models where the ALP-gluon coupling is much larger than the ALP couplings to the
up and down-quarks. For the case where ¢, = cqq = 0 at the low scale py, we show in
figure 6.6 the mass dependence of the effective ALP couplings to the proton, the neutron
and an iso-singlet nucleus with equal numbers of protons and neutrons. The mass de-
pendence cancels for iso-singlet nuclei, but can change the ALP interaction strength with
non-singlet nuclei significantly. For neutrons the accidental cancellation between the terms
proportional to cg¢ in the second relation in (6.72) is broken by the mass of the ALP.
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In this chapter we will derive constraints on ALP couplings from flavour physics experi-
ments. We split our studies in two parts: First, we investigate flavour experiments in the
quark sector. We assume that only one flavour-diagonal or flavour-blind coupling is present
in the UV. All other ALP-SM interactions are then generated via evolution and matching
effects from high to low energies. Especially flavour-changing ALP couplings are generated
through RG-effects, as explained in the previous chapter. In the second section 7.2, we de-
rive bounds coming from searches for rare lepton transitions. Since the lepton numbers are
individually conserved in the SM, no lepton flavour-violating couplings are generated in
running from the UV to the low energy. Additionally, most observables require a coupling
of ALPs to two leptons of the same flavour to be present. Hence, our parameter space is
spanned by the ALP mass, the flavour-diagonal couplings, and one flavour-off-diagonal

coupling.

7.1 Quark flavour probes of ALPs

The focus of this section is on deriving experimental constraints on the ALP couplings
from observables sensitive to flavour-changing interactions in the quark sector. Examples
for these experiments include searches for rare meson decays like K — ma and © — ez.aq,
and radiative J/¢ and Y decays. After deriving general expressions for the decay rates
and branching ratios, we present our results in four representative benchmark scenarios,
where we assume that in the far UV, only a coupling to strong or weak gauge bosons, or
a coupling to the left handed quark or lepton doublet is non-zero, respectively. In other
words, we study four situations, where one of cqq, cww, cg, cg # 0 and all other coeffi-
cients vanish. At the low energy scale, the effective ALP couplings to the other particles
are generated through RG effects, as explained in section 6.2.

The results presented in this section have been published in [7] and are summarised
for this thesis. In the cited work, we have conducted an exhaustive study of quark fla-
vour probes of ALPs, and presented benchmark scenarios for every UV ALP coupling.
Furthermore, we demonstrated how ALPs can possibly explain the (former) low-energy
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anomalies of hints for lepton flavour universality violation in b — s transitions! [63,64], the
ATOMKI anomalies consisting of an excess in excited Helium and Beryllium transitions
¥Be* — ®Be + eTe” and ‘He* — 1He + eTe™ [216-218], as well as the long-standing KTeV
anomaly in 7 — eTe™ [219]. For other works on constraints on ALPs from quark-flavour
observables, we refer the reader to [186,190,220-230].

7.1.1 ALPs in exotic meson decays

Most stringent bounds on the ALP parameter space can be derived from searches for rare
or SM-forbidden two-body meson decays. The reason is that in a decay II — 7a with IT and
7 a heavy and light pseudoscalar meson, respectively, the ALP can be produced as an on-
shell resonance, hence giving experimentalists a clear decay pattern of a light meson and
missing energy and momentum in the opposite direction to look for. We will discuss the
decays K~ — 7~ a and K, — 7’a in detail. Following our layout it is then straightforward
to extend the method to B — ma and D — 7a decays.

The kaon decays K~ — n~a and K;, — 7’a as two-body decays feature the (for the
detector) invisible ALP and diametrically radiated pion as decay products. The pion energy
is therefore determined as

2
a 7.1)

2 2
mi. +ms—m
E7r K ™

2m K
in the kaon rest frame. The decay rates for the charged and neutral kaon decays are given

by

I'(K — ma) = —— |A(K — ma)[> \1/2 (mi G ) (7.2)
16mmg m2. m3. )’ '
where
ANriyry) =1+77 + ’I“JQ- —2r; = 2rj — 2r7; . (7.3)

The decay amplitudes have been given in (6.58) and (6.59) for the charged and neutral
current, respectively, and they receive contribution from flavour-blind, flavour-conserving
and flavour-changing ALP couplings. If a flavour-changing coupling is present at the UV-
scale and it is of the same order of magnitude as the flavour-conserving ones, it gives
the dominant contribution by many orders of magnitude. This is because FCNCs in the
SM are loop and GIM suppressed. The CP-conjugate modes can be obtained by replacing
kg + kplyy — [ka + kply; = [ka + kp]], and changing the overall sign. Furthermore, one
should also take the complex conjugate of the product V;,V,s of CKM matrix elements in
the definition of the quantity Ng, though this has no effect since these parameters are real

in the standard convention for the CKM matrix. The amplitude for the decay K; — 7Ya, on

For a long time, the double ratios Rx = Br(BT™ — KTutp™)/Br(BT — KTete™) and Rg~ = Br(B® —
K*ut ™) /Br(B® — K*%eTe™) were anomalous with respect to the measured value and the SM expectation.
They have been a motivation for many BSM models. However, it turned out that previously experimental
background was underestimated, and the latest analysis suggests instead a complete agreement of experiment
and theory [65].
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which constraints can be derived using existing searches for K — mvv and K — 71X,
is then obtained using the relation [231]

1+e)K%+(1-e)K°
2(1+ |ef?)

K = , (7.4)
where € = 2.228(11) x 1073 ¢'c with ¢, ~ 43.5° is the parameter measuring CP violation
in K- K° mixing [208]. One can show that the K decay channel is especially suited
to constrain the imaginary part of the flavour-changing coupling [kq + kpl;,, whereas the
sensitivity to all other couplings is reduced by a factor of |¢| ~ 2 x 1073, when compared
with the reach of charged kaon decays.

Note that since the decay rate in (7.2) receives contributions from squaring the amp-
litudes (6.58) and (6.59), a mixed term involving both flavour-conserving and flavour-
changing ALP couplings is in principle sensitive to the strong interaction phase ds, which
cannot be calculated reliably. However, in practice this is not a problem, because the coef-
ficients of the two types of terms differ by many orders of magnitude.

Similarly to ALP production in kaon decays, an ALP can be produced by decays of
B and D mesons together with pions or kaons. In terms of the flavour-changing ALP
couplings, we find the decay rates

3 2\ 2 2 2
- — B 7r 212 M 12 Mg My
DB = 70) = gyl [ + byl | P2 (1= 25 ) a2 (2, 22,
F(BO—>7TOCL):§F(37—>7T7(1),

3 2\ 2 2 2
_ _ 2 m m ma
I'(B™ = K~a) = — B |[kp + kalos|* |F& 7K (m2)|" (1 - =& A2 e )

647 f

mp mp Mp
_ . m3 X 2 mi2 mg
DB = K a) = 10 — k[ A7 [ 2072 (1, 2 ). 75)
B B

(B — KM =1(B~ - K®~a),

3 2\ 2 2 2
m D 7r 2412 Lz 1/2( Myx My
64 f2|[kU+k 12| ‘F - a)’ <1_ 2> )‘/ < 2 2)7

I'(D° — 7%) = 3 I‘(DJr —7ta),

(DY — nha) =

3 9 2 \? 2 2
D(DF = Ka) = g [k + Rl o [P ) (1—””{) a2, ).

For B — K*a decays the K* meson is longitudinally polarised, since the ALP is a pseudo-
scalar particle. The quantities F(¢q?) and Ag(q?) are scalar form factors defined in [232].
We take FP7%(¢%) from the lattice average of [214] (based on the calculations of the
HPQCD [233] and FNAL/MILC [234] collaborations), FP~7(¢?) from the FNAL/MILC
lattice calculation [235], AP~ (¢?) from the light-cone QCD sum-rule calculation of [236],

FP~™(¢?) from the ETM lattice calculation of [237], and FOD =K (42) from the covariant
light-front calculation of [238].
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In all of these processes, we have only taken effects from flavour-changing ALP coup-
lings into account, and included the SM weak interactions only to the extent that these
contribute to the flavour-changing ALP couplings at low energies. This is justified by the
observation we made for K — ma decays, that contributions to the amplitude involving
the SM weak transition s — uud are strongly suppressed. We expect a similar statement to
hold for the decays of heavy B and D mesons. For example, we expect that subprocesses of
the type B~ — n~ 7’ — 7~ a via ALP-pion mixing give rise to subdominant contributions
to the B~ — 7~ a rate. It would be interesting to work out these effects in greater detail, for
instance using the framework of QCD factorisation for non-leptonic B decays [239,240].

The bounds we can derive from these rare meson decays are highly dependent on the
ALP mass and couplings. While the (effective) flavour-changing couplings allow for these
transitions in the first place, the (effective) flavour-conserving ones together with its mass
determine the possible decay modes of the ALP. Hence, the effective sensitivity of experi-
ments depends delicately on these parameters. Constraints on a long-lived ALP can be de-
rived from searches for rare decays such as K — nvvand B — K (*)u7, whereas bounds on
a short-lived ALP can be obtained by recasting searches for meson decays into a final state
meson accompanied by a pair of photons or leptons, or by dedicated searches for new light
resonances in the final state. An extensive list of experimental searches and the respective
limits on the ALP couplings [k,)i; and [kpl;; with ij = 12,13,23 and [k,]12 and [ky]12 from
exotic decays of kaons, B mesons and D,y mesons are compiled in table 7.1. These experi-
ments probe flavour-changing ALP properties up to new physics scales f < 10° TeV x /B,
where B is the branching ratio of the ALP into the respective signal final state. We emphas-
ise that it is therefore crucial to probe resonances in different channels, even though they
all examine the same flavour-changing ALP coupling.

In addition, the lifetime of the ALP changes the strength of experiments through its
effect on the fraction of ALPs that escape detection. We define the ALP decay length as

he leV
ea = CTq = ? ~ 0197pm T s (76)
where I is the total decay width. More details about how certain types of experiments

depend on the ALP decay length are presented in [7].

7.1.2 The rare pion decay 7~ — ae™ 7,

An interesting opportunity to discover ALPs is provided by three-body charged pion de-
cays with leptonic final states. They are insensitive to the flavour-violating couplings of
an ALP, because they are mediated by the weak force, and thus probe ALP couplings to
gluons and light quarks. As before, these experiments are especially powerful when the
ALP can be produced in on-shell resonances, i.e. m, < m; — m.. The amplitude for this
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Observable Mass range [MeV]  ALP decay mode  Constrained  Limit (95% CL) on
coupling c;; Cij - (%) VB
Br(K~ — na(inv)) 0 < mg < 261¢) long-lived |kp + kql12 1.2 x 1079
Br(Kp — na(inv)) 0 <mg <261 long-lived Im[[kp + kali2| 8.1x 107
Br(K~ — 77 vy) mg < 108 vy |kp + k|12 2.1x10°8
Br(K~ — = vy) 220 < mq < 354 vy |kp + kql12 2.0 x 1077
Br(K — 7%y7) 30 < mg < 110 vy [Im[[kp + ka)12]] 1.3x 1078
Br(KL — 705) me < 3630%%) vy [Im([kp + ka]12]| 1.3x 1077
Br(KT — nta(eTe™)) 1 <mg <100 ete” |kp + kal12 3.4 %1077
Br(Kp — 7lete™) 140 < mq < 362 ete” Im[[kp + ka]12]| 3.1x107°
Br(Kp — 70utu™) 210 < mg < 350 ptp~ [Im[[kp + ka]12]| 4.0 x 1079
Br(BT — ntete™) 140 < m, < 5140 ete” |kp + k|13 7.0 x 1077
Br(Bt — ntutpu™) 211 < m, < 51404 whp |kp + kal13 1.2x 1077
Br(B~ — K~ vi) 0 < mg <4785 long-lived |kp + kal2s 6.2 x 1079
Br(B — K*vp) 0 < mg < 4387 long-lived |kp — kal2s 4.1 %1076
dBr/dq*(B® — K*%e*e™)10.0,0.05) 1< mg <224 ete” |kp — kal2s 6.4 x 1077
dBr/dq*(B® — K*%¢*e™)(0.05,0.15) 224 < m, < 387 ete” |kp — kql23 9.3 x 1077
Br(B— — K~ a(ptp™)) 250 < mg < 47001 whp |kp + kqla3 4.4 %1078
Br(B —» K*a (;ﬁ/r)) 214 < m, < 4350 (1) wrp |kp — kal2s 5.1 % 1078
Br(B~ — K~ 7t77) 3552 < mg < 4785 T |kp + Kal2s 8.2 x107°
Br(D° — nlete™) 1 < mg < 17300 ete” |ktr + K12 2.8 x 1077
Br(D* — nFeteT) 200 < m, < 173001 ete™ |k + k12 8.4 x 1076
Br(Df — K+ te) 200 < m, < 147509 ete” |ktr + k|12 2.4 % 107"
Br(D+ — atutpT) 250 < mg < 17300 whp kv + Ful12 2.1 x 1076
Br(D} + wo) 200 < my < 14750%) i |ky + kul12 5.7 x 1070

Table 7.1: Summary of indicative constraints on quark flavour-violating ALP couplings renorm-
alised at the scale p,, = my, derived from measurements of branching fractions (first
column) for various decays of kaons and B mesons in a mass range where an on-
shell ALP can be produced. The relevant measurements and SM predictions (where
appropriate) are given in AIL3 to AILS in appendix AIL1. In each line, the limit cited
is the strongest limit found within the mass range probed by the measurement. In
the fifth column the symbol B denotes the ALP branching ratio to the relevant final
state. Asterisks next to the mass range mean that cuts are applied within the mass
range to exclude resonance regions, and therefore the corresponding measurement is
insensitive to an ALP with mass in the excluded ranges. The excluded regions are as
follows. (¥): 100 MeV < m,p; < 161MeV; (xx): 525 MeV < my,, < 1250MeV; (s*x):
990 MeV < my,,, < 1050MeV; (X): 950 MeV < me. < 1050MeV; (XoX): 100MeV <

My, < 160 MeV; (1): 935MeV < me. < 1053MeV; (if): 8.0GeV? < m?, < 11.0GeV?

and 12.5GeV? < mfm < 15.0GeV?; (1): various cuts are applied to exclude the regions
around the J/1, ¢(2S) and (3370) resonances; (11): 525 MeV < m,,,, < 1250 MeV.

decay is given in (6.54). Neglecting contributions suppressed by m?/(m2 — m?2), one finds

the decay rate

F(W_%ae_ﬂ)—wﬁmf) (zq) |2¢ w—!—[kz] — [k4] —FLZAC i
) T 5763 f2 I\ e |GG e vl AT e e Soud
7.7)
where z, = m2/m2, and the phase-space function is given by
g(z) =1—8z — 1222 Inx + 823 — z*. (7.8)
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q

Figure 7.1: Feynman diagrams contributing to the V' — ~a of the heavy vector mesons J/v and 7.

This result agrees with corresponding expressions derived in [241] and [199] (for m, = 0).
The PIENU collaboration has recently put a limit on the branching ratio Br(7~ — ae™7,) <
1076 Br(n~ — p~17,) [242].

7.1.3 Radiative J/v and Y decays

The decays of the bound charmonium and bottomonium states J/1) and T can give rise
to interesting constraints to the ALP parameter space. Since no FCNC is involved, there
are no constraints on flavour-changing couplings, however, they probe masses and flavour-
diagonal couplings in a region that is similar to the one probed by other experiments in-
volving RG induced flavour change. Hence, they can provide complementary searches for
our benchmark scenarios. In the literature, these decays have been used to install bounds
on ALP couplings to b-quarks [243-246] and photons [247,248]. The first combined analysis
of the contributions from both the ALP—photon coupling and the ALP-quark coupling was
performed in [249], neglecting however important QCD corrections. Leading Feynman dia-
grams are shown in figure 7.1. The decay rate reads

my f} ma
IV — ~va) = v VQ?]oz(l—mQ>

o : b))
(7.9)
where ¢ = ¢, b as appropriate, and ji; ~ m, is an appropriate matching scale.
The scale dependence of the coefficients ¢y, and c.. are such that, if A = 47 f TeV,
cbb(mb) >~ Cbb(A) + 0.0gctt(A) —0.02 CGG, (7.10)
Cee(me) = cee(A) — 0.13¢4(A) — 0.04 e - (7.11)

In the strict non-relativistic limit, where each of the two heavy quarks in the quarkonium

state carries one half of its momentum, the QCD radiative corrections give rise to [244]

3—7r 1—Tx+ 822 1—x 1—x
ap(x):1_2$+ 1 20? In2x+4 . arctan .

2(1 — 27) o [1—2 1—dx . 5—8x w2
E— t Lis(1 — 22) — —
+ arctan . 5 ia( x) 57 6

(7.12)

where x = E,/E7® =1 — m?2/m?. This is an increasing function of its argument, which
varies between ap(0) = 2 and ap(1l) = %2 +2In2 + 4 = 6.62, thus giving rise to a rather
large correction. Note that the contribution proportional to the coefficient c,, in (7.9) does
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not receive any QCD radiative corrections. In the calculation of the decay amplitude we
have used the identity

(0BT bV (p,e)) = ZfVmV [;zr( m (7.13)

based on heavy quark effective theory (HQET) [250], where v* = p*/my denotes the 4-
velocity of the quarkonium state and ¢# is its polarisation vector. This identity also serves
to define the decay constant fi,. The O(a?) part of our result agrees with [249].

Many experimental results are quoted as a ratio with the SM decay width to electrons,
which is given by

2 2
T(V = ete™) = 0”;)6911”‘7;‘? [1 _ O‘?f:q)} , (7.14)

Searches have been done in the dimuon final state for radiative .J/¢ decays [251], and in
the invisible [252], dimuon [253], ditau [254] and hadronic [255] final states for radiative T
decays. The experimental results are collected in tables All.6, AIl.7, and AILS.

7.1.4 The chromomagnetic dipole moment of the top-quark

The chromomagnetic moment of the top-quark ji; is the QCD equivalent to the anomalous
magnetic moment (g — 2) of the leptons. It is defined as the coefficient of the operator [256]

9s va
LD ,ut2— ta"' Tt Gy, (7.15)
and was measured by the CMS collaboration to be in the range [257]
—0.014 < Re(f1¢) < 0.004. (7.16)

Thus, it is in agreement with the assumption of a vanishing chromomagnetic moment. An
ALP with couplings to top-quarks (and optionally gluons) generates a contribution via the
diagrams shown in figure 7.2 that reads

2
. m; 1

2c
fip = {cft hy (2:) + —cucae [bg —5 — ha ()
m m

A? }_ 2503
f2 3272 :

AZ
log” — 717
cti log? } , (717)
1673 m?
where z; = m?2/m?. The last term in this equation is found via the RGEs for dimension six
operators in the presence of an ALP, see [168]. The explicit functional dependence of the
loop functions hi o(x) will be given later in section 7.2, but in the limit m2/m? = » < 1,
they satisfy hio(x) — 1. The opposite limit of a very heavy ALP, i.e. m2/m? > 1 was
studied in [258].
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9 g!]

Figure 7.2: Feynman diagrams contributing to the chromomagnetic moment of the top-quark ;.
Note that there is a mirrored version of the first diagram, too.

7.1.5 Flavour physics constraints on select benchmark scenarios

The phenomenology of ALPs, and with that the constraints we can derive from flavour
physics experiments, depends strongly on the UV couplings. In this section we present
four benchmark scenarios, where we assume that only one UV coupling of the ALP to a
certain type of SM particles is non-vanishing. Those couplings we take to be the coupling to
gluons cqq, to weak SU(2), gauge bosons cyyyy, to the left-handed quark doublet ¢, and
to the left-handed lepton doublet c;,. All other couplings are then consequently generated
through evolution effects according to chapter 6. Especially flavour-changing couplings
arise already at tree-level in the effective theory [259]. As shown in table 7.1, these are
then highly constrained. From the theory perspective, ALP models with only couplings
to gluons are for example the classical KSVZ-type models of QCD axions. In DSFZ-type
models, often an additional coupling to fermions is present. The benchmarks for couplings
to B-bosons and the right-handed quark and lepton singlets have been published in [7].
In figure 7.3, we show how the branching ratio of an ALP changes with different UV
couplings present. If the ALP only couples to weak gauge bosons, it will mainly decay
into a pair of photons for all ALP masses. This is not surprising, because in the low-
energy EFT, essentially ¢, = cyw for this case. Similarly, the ALP primarily decays into
photons when only a coupling to gluons is present at the high scale. However, when the
kinematic possibility to decay into hadrons and quarkonium states is given, the gluon
coupling ensures that these instead are the most dominant decay channels. The situation
is completely different for couplings to fermions. The ALP decays only into photons in
these cases, when there are no other kinematically allowed channels. For quark couplings,
it decays into pairs of charged leptons when the respective channel opens up, but as in
the gluon coupling case, a very heavy ALP decays into hadrons and mesons. For a UV
coupling to leptons, apart from the lightest masses, an ALP predominantly decays into the
heaviest charged lepton pair that is lighter than the ALP. Note that for all our scenarios
we take a fairly low UV scale of A = 4nf = 4nTeV. However, we have showed in [5]
that changing the scale to A = 10'2TeV changes the numerical values for the effective
low-energy ALP couplings by less than one order of magnitude. This implies that the
derived bounds only depend weakly on the exact UV scale, and hence the exclusion plots

presented below are valid for various UV completions to a good approximation.
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Figure 7.3: Branching ratios of ALPs for our four benchmark scenarios, where the ALP couples
only to gluons (top left), W-bosons (top right), the left-handed quark doublet (bottom
left), or the left-handed lepton doublet (bottom right) in the UV. Photon and charged
lepton final states are given by solid lines, hadronic final states are indicated with
dashed lines.

CONSTRAINTS ON COUPLINGS TO GLUONS In the first scenario, only the coupling

caa is non-zero at the UV scale. The combined constraints are presented in figure 7.4.

As shown in figure 7.3, an ALP with such couplings will mainly decay into hadrons for
masses above the QCD scale, and to photons below m, < Agcp. The branching ratio
into leptons is subdominant, Br(a — ¢t¢~) < 1%. As a result, a light ALP is more likely
to decay into photons or escape detection. This follows from the simple estimate of the
lifetime as 7,  1/(c%om3), which typically exceeds the size of detectors {4y &~ 10m for
ma =~ 0.05¢H5GeV.

Consequently, strongest constraints for masses m, < m, arise from bounds on Br(Kt —
7wt X) from NA62, with X either decaying invisibly or outside of the detector [260]. They
are shown in pink. Bounds from the similar decay K, — 7’a are significantly weaker since
the CP conserving part of the amplitude is suppressed by a factor of € ~ 2.3 x 1073. The
reach of the KOTO experiment [261] looking for that decay is coloured in yellow. Other

searches for invisible final states lead to weaker constraints, and we show the excluded
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Figure 7.4: Left: Flavour bounds on ALP couplings to gluons with all other Wilson coefficients set
to zero at A = 47 f and f = 1TeV. Right: Comparison of the same flavour constraints
(light grey) with the constraints on Z — ay decays from the LEP measurement of the Z
boson width (violet), contours of constant Br(h — aa) = 107!,107% and 103, depicted
as red dotted, dashed and solid lines, and contours of constant Br(h — Za) = 1071,1072
and 1073, shown as blue dotted, dashed and solid lines, respectively.

parameter space by the measurements of B — K*vv from Belle [262] in light blue, and
m+t — ae'r, from the PIENU collaboration in dark blue [242]. For larger ALP masses,
decays into photons become relevant and constraints from searches for K* — 7"+ and
K® — 70y performed at E949, NA48, NA62 and KTeV exclude the parameter space for
larger values of cqq/f [263-266]. The corresponding parameter space is shown in purple
and yellow. These searches provide important constraints even for m, > 2m. when decays
to electrons are allowed, because of the dominant ALP branching ratio Br(a — ~v7v) > 99%
at mg < 3mg.

Leptonic final states give much weaker constraints on the ALP parameter space. Yet,
LHCDb searches for B decays into kaons with muon final states give the largest bounds
onto ALPs with masses m, < m, < mp [267,268]. Parameter region excluded is shown in
red and orange. Pions in the final state reduce the limiting power, and searches have been
performed by LHCb in [269] and are shaded green in figure 7.4. For ALPs heavier than the
B mesons, most stringent constraints come from flavour-conserving processes of T decays
into a photon and an ALP, followed by a subsequent decay of the ALP into hadrons. This
was measured by BaBar [255], and we show the implications in dark green.

Non-resonant ALP contributions to By - B mixing and Bs — p + u— decay lead to very
weak constraints. The reason is that with only cgq present at the UV scale, the induced
flavour-changing coupling and the coupling to leptons is rather small. Furthermore, the
meson mixing process requires two insertions of flavour change. ALPs that are heavier than
the T meson are best constrained by measurements of the chromomagnetic moment of the
top-quark, leading to a universal bound of cgg/f = 30 TeV~L. Note that this constraint
takes the assumption that the ALP only affects the chromomagnetic moment, but has
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Figure 7.5: Left: Flavour bounds on ALP couplings to SU(2);, gauge bosons with all other Wilson
coefficients set to zero at A = 4nf and f = 1TeV. Right: Comparison of the same
flavour constraints (light grey) with the constraints on Z — a7 decays from the LEP
measurement of the Z boson width (violet) and contours of constant Br(h — aa) =
1071,107% and 102 depicted as red dotted, dashed and solid lines.

no effect on the underlying pp — t¢ process, otherwise. We consider this approximation
appropriate for heavy ALPs, but give the bound as a dashed line to indicate this caveat.

On the right-hand side of figure 7.4, we show how the obtained constraints from flavour
physics compare to other bounds from colliders, namely the searches for the Higgs boson
decays h — Za and h — aa at the LHC, as well as electroweak precision measurements on
the Z pole from LEP. Excluding the top-chromomagnetic moment constraint, we see that
collider searches become relevant for very heavy ALPs. For ALPs in the MeV to GeV mass
region, flavour constraints are indeed highly complementary and can reach parameter
regions unprobed by colliders. A comparison of the reach of flavour experiments with
beam dump and astrophysical searches is difficult, because a gluon coupling necessarily
induces a strong ALP-nucleon coupling as well. Henceforth, bounds that rely on the fact
that the coupling to photons is the dominant one cannot be directly reliably transferred to
bounds on cgi. An extensive investigation studying limits from astrophysics observables
where both the induced photon couplings and a coupling to nucleons is taken into account
would thus be highly appreciated.

CONSTRAINTS ON COUPLINGS TO WEAK GAUGE BOSONS  As in the case with gluon
couplings, a coupling to weak gauge bosons results in an ALP decaying into photons
with Br(a — ~v) ~ 100% for all ALP masses. The loop-induced fermion couplings are
considerably smaller, and so the ALP is most likely to be long-lived and decay outside of
the detector in searches for fermionic final states.

We show the combined exclusion plot for a UV cyw coupling in figure 7.5. The overall
shape of the excluded patches changes only little when compared to the ones when a gluon
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coupling is present. Here, we elaborate on the differences. For a high-energy coupling to
weak bosons, constraints from the pion decay 7™ — e*av, are very weak, since cyy enters
the amplitude only via RG effects. More significant differences lie in the mass region
mq > mg. Here, bounds from B meson decays with leptonic final states are of higher
relative importance compared to the gluon exclusion plot. The reason is that the lepton
coupling is already induced at the one-loop level when W-boson couplings are present.
Our estimate for searches for Bt — K+70 — K+~ at Belle [270] and BaBar [271] results
in a constraint cyw/f < 6/TeV. Currently, there is no published search for the decay
B — K®*)~~, which would be sensitive to an ALP decaying into photons and could provide
an important constraint that would probe the unconstrained parameter space for the mass
range my < mg, < mp. We expect that a dedicated search for resonances in this channel
could yield much better sensitivity than this estimate, in particular for ALP masses larger
than the pion mass.

ALPs with stronger couplings are also constrained by the measurement of By — putpu™.
Radiative T — yu*p™, YT — y7t7~ and J/¥ — yutp~ decays yield constraints for m, >
2m,, and mg > 2m, respectively, which are of similar strength to the constraint from
By — ptu~ [251,254]. Even weaker limits arise from the virtual exchange of ALP in B-
meson mixing, which is suppressed by two flavour-changing vertices.

As before, we compare the derived bounds with those obtained from collider searches.
We find that searches for the Higgs boson decay h — aa yields the best limit in the case
that the ALP is heavier than the B mesons. Note also, that the chromomagnetic moment
of the top is too weakly constrained to derive meaningful constraints on ALP-IW-boson
couplings.

In figure 7.6 we compare astrophysical and beam dump bounds on the effective coupling
cewfﬁ = cww to the ones obtained from flavour experiments. They stem from helioscopes
CAST [272] and SUMICO [273,274], cosmological and astrophysical observables [275-281],
the supernova SN1987a observation [282-284], collider experiments [196,252,285-293] and
the beam dump searches in [294-297]. For light ALPs and very small couplings, bounds
from astrophysical observables are much stronger than flavour constraints, and for ALPs
with masses m, 2 10 GeV collider observables are more sensitive. For the case of an
ALP with a cyyw coupling, flavour observables, in particular B meson decays, constrain
precisely the ALP masses and couplings in the “gap” for which astrophysical observables
and colliders lose sensitivity, because the ALP is too short-lived to be detected in beam-
dumps and too light and weakly coupled to be produced and efficiently reconstructed
at colliders. This comparison motivates a dedicated search for B — Ka with subsequent
a — 7y decays, which could provide the most sensitive probe of ALPs in the parameter

space unconstrained by either astrophysical, beam dump or collider constraints.

CONSTRAINTS ON COUPLINGS TO THE QUARK DOUBLET  Universal ALP couplings to
quark doublets, cq(A) = ky(A) = kp(A) = cgl, lead to ALP decays into charged leptons
and hadrons once the respective decay channel is kinematically allowed. We collect bounds
from flavour physics on a UV ALP coupling cg in figure 7.7
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Figure 7.6: Left: Bounds on ALP couplings to photons [196]. The dashed contours indicate the
part of the plot shown in various shades of grey in the right panel. Right: In colour,
we show flavour bounds on ALPs coupling only to SU(2). gauge bosons (same as in
figure 7.5 above). They are compared to the grey astrophysical, beam dump and collider
constraints on ALP couplings to photons with cifi =cww

In this scenario, any isospin violating effect is a consequence of running and matching
from A to the scale of the measurement. The ALP coupling to photons, when induced by
isospin conserving ALP couplings such as cg, is proportional to the isospin breaking term
(mg —my)/(my, + mg) ~ 0.35 and therefore suppressed compared to a scenario where the
ALP has isospin breaking couplings, as in the case for couplings to right-handed quark
singlets. The decay width I'(a — v7) is thus suppressed, the ALP branching ratios into
leptons are larger and the corresponding constraints from, e.g., K, — mVete™ are slightly
stronger compared to scenarios in which the ALP has isospin breaking couplings in the UV.
Since cg couples the ALP to both left-handed up-type and down-type quarks in the UV,
constraints from J/¥ and T decays are comparable to the ¢, and ¢, scenarios presented
in [7].

CONSTRAINTS ON COUPLINGS TO THE LEPTON DOUBLET  Constraints on ALPs with
universal couplings to the lepton doublets are shown in figure 7.8. For this scenario, we
set c, = ¢ 1, with couplings to all other SM fields set to zero at the scale A = 47 f with
[ = 1TeV. Here, the ALP dominantly decay into leptons if kinematically allowed, or into
photons if m, < 2m,, as shown in the bottom right panel of figure 7.3. Hadronic ALP
decay modes are irrelevant, because ALP couplings to quarks are suppressed by at least
two loops. Consequently, only observables searching for invisible, photon, or lepton final
states are sensitive to leptonic ALP couplings. ALPs with couplings to lepton doublets
induce quark flavour-changing amplitudes at the two-loop level. Due to the normalisation
of the ALP gauge boson couplings, this leads to constraints on |cz|/f similar in strength

to the constraints on |cyw|/f in figure 7.5. The combined constraints allow values of
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Figure 7.7: Left: Flavour bounds on universal ALP couplings to quark doublets with cq = cgl,
and all other Wilson coefficients set to zero at the scale A = 47 f and f = 1TeV. Right:
Constraints from flavour observables (light grey) are compared to the constraint from
Z — ary decays from the LEP measurement of the Z boson width. Contours of constant
Br(h — aa) = 1071,1072 and 1073 are depicted as red dotted, dashed and solid lines,
respectively. Contours of constant Br(h — Za) = 107!,1072 and 10~ are shown as blue
dotted, dashed and solid lines, respectively.

leL|/f, |cel/f < 0.01TeV~! for all ALP masses. Exotic Higgs decays are only weakly sensit-
ive to ALP couplings to lepton doublets. The measurement of the Z decay width does not
provide a strong bound, because of the suppressed lepton coupling to Z bosons.

Finally, we compare the constraints from flavour observables with the constraints from
cosmological observables, collider and beam dump searches for ALPs that couple to
leptons in figure 7.9. The constraints in the left panel are: Searches by the Edelweiss
and Edelweiss III collaborations (dark and light purple respectively) [298,299] for ALPs
produced in the Sun; observations of red giants (red) [277]; searches by the neutrinoless
double-beta decay experiment GERDA [300]; searches by dark matter direct detection ex-
periment XMASS (red-brown) [301]%; beam dump searches at KEK, SLAC and Fermilab in
orange [303], lighter blue, light green [304] and red [294,305]; SN1987A supernova bounds
(dark blue) [306] and a dark photon search at BaBar (green) [307]. Note that the light green
beam dump constraint assumes the presence of ALP-muon and ALP-electron couplings
while the BaBar bound applies only to ALP-muon couplings. All other constraints have
been derived for the ALP—electron coupling. The ALP-tau coupling still remains uncon-
strained. In this section we assume c.. = c,, = ¢;» and show the combined experimental
constraints in the left panel of figure 7.9. For comparison these constraints are then overlaid
with the flavour bounds on ALPs coupling only to SU(2), lepton doublets (as in figure 7.8
above). It can be seen that flavour constraints can provide competitive and complement-
ary constraints on ALP couplings to leptons in the MeV-GeV mass range. Astrophysical
constraints dominate at smaller values of m,,.

2 Note that this parameter space is also constrained by AN,k for ALPs lighter than m, < m,, [302].
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Figure 7.8: Left: Flavour bounds on universal ALP couplings to lepton doublets with c¢f = ¢z 1, and
all other Wilson coefficients zero at the scale A = 47 f and f = 1 TeV. Right: Contours
of constant Br(h — aa) = 1071,1072 and 103 are depicted as red dotted, dashed and
solid lines, respectively. Contours of constant Br(h — Za) = 10~! and 10~ are shown
as blue dashed and solid lines, respectively.

7.2 Lepton flavour probes of ALPs

In contrast to quarks, the numbers of the individual families of leptons are conserved in
the SM. Therefore evolution and matching effects will not generate couplings with lepton
flavour violation (LFV). However, flavour-change in the uncharged lepton sector has been
observed by the discovery of neutrino oscillations. Even when we take these into account,
we may still neglect their effects on ALP-lepton couplings, because loops featuring neut-
rinos are suppressed by factors of Am2/m?, ~ 1074eV?/(80GeV)? ~ 10~ [18]. We will
therefore assume that additionally to a diagonal coupling to leptons ¢ a flavour-changing
coupling ¢;j, i # j, i,j € [e, p, 7] is present already at the UV scale.

This part of the thesis has already been published in a similar way in [4,7]. Since some
computations have been part of the author’s Master thesis, we will just mention the most
relevant results from there, and elaborate more on the work that has been added after-
wards. For other studies of lepton flavour-changing couplings of ALPs, see [4,226,308-318].

7.2.1 Form factors

If the ALP has LFV couplings at tree-level, it follows from eq. (6.31) that these couplings
are suppressed by the charged lepton masses. Given the large hierarchy in charged lepton
masses, loop-induced contributions to leptonic observables can hence be important if the
lepton in the loop is heavier than the external leptons. In lepton flavour-changing decay
observables such as 1 — e, u — 3e or similar tau decays, ALP contributions to electromag-
netic form factors may therefore dominate over tree-level ALP-exchange contributions to
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Figure 7.9: Left: Astrophysical, beam dump, and collider constraints on ALP couplings to leptons
coe = ce—cy, (see text for further details). Right: In colour, we show flavour constraints on
ALPs coupling to SU(2)r, lepton doublets, as in figure 7.8 above. For easy comparison,
the black contours depict the bounds from the left panel.

Figure 7.10: Feynman diagrams contributing to LFV electromagnetic form factors. Note that there
is a mirrored version of the first diagram, too.

four-fermion operators, for example. Likewise, if an ALP has lepton flavour-violating coup-
lings, it can induce additional mass-enhanced loop contributions to flavour-conserving
observables such as anomalous magnetic moments.

Below, we calculate the ALP contributions to the electromagnetic form factors induced
by the diagrams shown in figure 7.10. The expressions below cover the general case in
which the external leptons may be different from each other as well as from the lepton in
the loop. We further give analytical expressions for the corresponding loop functions, in
various limits motivated by the phenomenological applications discussed in the remainder
of this work. For the case of identical leptons in the initial and final state, we additionally
provide a calculation of the two-loop form factor.

If the initial and final state lepton are of different flavour, the ALP-generated contri-
bution to the interaction between the two leptons and a photon is defined such that the
matrix element M*e,(—q) for the interaction between leptons and a photon is found by

MM = (p2)THu;(p1), (7.18)
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which can be parametrised in terms of form factors F2(5)’Z%j (¢%) and F:,SE’)’Z'HJ' (¢?) as follows,

where p = p1 + p2, and ¢ = p; — p2 is the outgoing photon momentum,

i (p2)T (p1,p2) li(p1) =
2
i i—] q
Ci(p2) | F3 2 (%) (0" — (mi +my)n") + Fy 7 (¢%) (Q“ — mi_mj'y“) (7.19)
5,i—j( 2 5,i—j( 2 q°
)i p . i p 1 .
P 0 + lmi =m0 FF ) (04 ) | o).
Here, we used the Ward identities to get rid of the two additional, linearly dependent form
factors F1(5) (¢?).

ONE FLAVOUR-CHANGING COUPLING If only one flavour-changing coupling is
present, the form factor receives contributions from the first two types of diagrams in figure
7.10, where in the centre one either one of the two ALP interactions is flavour-conserving.
Denoting the initial state lepton with /;, the final state lepton with ¢;, assuming m; > m;

and expanding to leading order in m;/m;, we find

P m;eQ); Q 1
Fz_w (92) = —7([7@]1']' - [ke]ij) (ngz(QQ, mi,ma) + *Ciigl(q27mi,ma)

1672 f2 4 4
a (452, —1) A% 3
lo 7.2
47 2($0Cw)? CWZ( ©8 QZ Tyt 52) (7.20)
F5,i~>j( 2) _ mZeQZ [ ) 1 ( )
N RTTIE el %92 ¢*,mi,mq + 7 Ciig1(a” mi; Ma
a (453 — 1) A2
lo 0 7.21
47 2(swcw)? ”Z< ©8 2Z+2+2> (7.21)
i—J mzeQz 1
() = T 16m2f2 ([ ( Cyyla(q®, mi, ma) + 4Ciill(q2,mi,ma)> , (7.22)

i m;eQi 1
F?? HJ(QQ) = " 16n 2f2 ([k’ Jij + [ke]ij> <4 CWZZ(‘J mi, M) + 4ciil1(q2,mi,ma)> , (7.23)

where the loop functions are given in terms of Feynman integrals in appendix AIL2. For
an on-shell photon, as in the case of ;1 — e, the loop functions simplify to

2
I 2(3 _ .
91(0,m;,mg) = 2:63/2\/4 — ; arccos % +1—2x;+ M log x;, (7.24)
—x;
2 x? log x;

A
g2(0,m;,mg) = 2log —5 + 202 +4 — + (z; — 1) log(z; — 1), (7.25)
m?

7

a:i—l

where we have set the scale u = A = 47 f and ; = m2/m?. The scheme dependent constant

do arises from the treatment of the Levi-Civita symbol in d dimensions, and for us d; = —3.

The functions /1, g; and I all tend to zero as m2/m? — oo, while I3(0,m;,0) = 1 and
gl(O,mi,O) = 1.

TWO FLAVOUR-CHANGING COUPLINGS Although generically it is expected that
flavour-changing couplings should be suppressed relative to flavour-conserving ones, it
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is possible that diagrams containing two flavour-changing couplings may be enhanced by
a heavier mass (relative to diagrams with only one flavour-changing coupling) and should
therefore be considered. This occurs if the mass of the fermion in the loop is much larger
than that of either of the external fermions, for example 1 — ey via an internal 7. In this
case, the form factor is calculated from the centre diagram in figure 7.10 with £}, # ¢; # ¢;.

Assuming my, > m; > m; (where k is the flavour index of the lepton in the loop) and
keeping only the leading order contribution in an expansion in m;/my, the ALP contribu-

tion to the electromagnetic form factors is given by

Fi(g?) = g;’;i{'f (Veelin s + Dl ) 930, e ma) (7.26)
B ) = o (Iklalbelss = el 9a(a% e, ma), 7:27)
with
1 — 3xy, z3

93(q%, my, mg) = log zj, , (7.28)

Q(xk — 1)2 (.Z'k — 1)3

where z, = m2/m2. No terms involving ¢* appear in this function, because ¢*> < mZ, so

these terms are suppressed by a factor proportional to ¢*/m3

1 (g2)

< m?/m3, and have been
dropped, along with terms dependent on mf The F3(5 form factors are suppressed
by a factor ~ m2/m2 relative to the F\”"'(¢?) form factors, so we do not quote them

here.

ALP CONTRIBUTIONS TO FLAVOUR-CONSERVING PROCESSES  In principle, the ALP
can give rise to electromagnetic dipole moments like the anomalous magnetic moment or
electric dipole moment (EDM) of the leptons via all diagrams in figure 7.10. Both flavour-
conserving and violating couplings then contribute. Since a thorough discussion of ALP
contributions to these dipole moments is beyond the scope of this thesis, we limit ourselves
to presenting the expressions for the form factors.

The gauge invariant form factor decomposition of the amplitude is given by

Ci(p2) T (p1, p2) Li(pr) = L5 (p2) | F5 () (0" — 2man™) + 2mi Fy " (¢° )"

L L 2
+ EY7N )y + BTGP ((J“ + 2%7“)75 } li(pr). (729
7
Only the form factor F; contributes to the anomalous magnetic moment, and only F gives
a contribution to the EDM. If only flavour-conserving ALP couplings are present, the form

factor F25 vanishes, and F5 reads

(2

1
i eQi m; 2a [ 2
FiH0) = 327T2f2{c%ih1(mi) - Cii [CW <10g i h2($i)) + zf:NgQ?chf/dz F(yz,xf)}
0

a 1—4s2

2T SwCw

s 3
CiiCyZ <10g W + (52 + 2> } (730)
Z
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where
hi(z) =142z 4+ (1 —x)zlogz — 22(3 — x) 1 arccos \25 , (7.31)
-z
2
ho(x) =1— g + 2% logz + %\/ (4 — z)x arccos \25 — 92— 3, (7.32)
1 Xy
Fly,,xr) = [h <> — hs (z } . (7.33)
(Y= wp) el L 2 ()
Here we have defined
7 2
yzzz(l—z)m2 , szcw—l—ZNZQfof. (7.34)
f !

In the two limits (a) m?2 > mi and (b) mff > m2, mi, the integral of F(y., ) can be given
explicitly

F(y.,zf)dz

o —

\/ﬁ[ﬁﬂng @(W—W))HQ (jw-mfﬂ . (@)

m2 2 7 2 2
—1n§+h2<mg>—2+o Ma 20 (b)
m# mu mf mf

(7.35)

Our results in these limits agree with the ones presented in [319]°.

Flavour-violating ALPs can contribute via the centre diagram of figure 7.10, when the
lepton in the loop is of different flavour. The relevant form factors are

P (& m m3 1 X — X 2
R0 = g { 2 (bl + dal?) [ w2 (7.36)
* ! (1_'%')2
Re [[kgl kil | de o
+2Re elilhlu] [ dr S
2 1 o201
+2%Re[[kE]fk[ke]ik] /0 dz 9211 2)
) 1 — )2y —
2 (el + ) [ a0 C=FE=2
5,00y _ eQx m7,2 , 2 2
0 = =g (1 g ) s (el + ki) (7.37)
1 —IL’2
+2z’mk1m[[kE]fk[ke]ik]} /0 dx(lAHi),

3 Note that the authors of [319] used dimensional regularisation to perform the two-loop integrals. Therefore

they need to add a subtraction term that acts as a counterterm to the occurring divergences. However, this is
not needed since all integrals can be evaluated in four dimensions.
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where 9

2
mg ms;

Two interesting limits that are well motivated are the cases where the loop lepton is either
much heavier or lighter than the initial and final state ones.

Limit my > m; This is the limit where the internal fermion is much heavier than the
external fermion, for example in the case of a contribution to the anomalous magnetic

moment of the electron via a diagram with an internal muon.

i—i _ myeQy * m;
FI(0) =~ 2 Re (el i) ) + O (24 7.39
where x;, = m2/m? and
h(z) = S 3wl (7.40)
T BRCEE ogx TR .

Limit m; < m; This is the limit where the internal fermion is much lighter than the
external fermion, for example in the case of the anomalous magnetic moment of the muon

via an internal electron.

F7(0) = 2% (el + [I6hal?) d(ei) + © (”,,ﬁ’“) , 741)

where x; = m2/m? and
T

j(x) =14 2z — 222 log (7.42)

r—1
7.2.2 The decay p — ea~y

The decay 1 — eay can be seen as a  — ea decay with additional initial or final state
radiation. The process u — ea itself can give rise to very meaningful constraints, since in
the case that the ALP decays subsequently inside of the detector, it can generate effective
p— 3e, p — eyy and p — ey* signatures?.

The differential decay rate of u — eavy is given by

agep 1 |[kgli2l? + |[ke)iz2)?

dl'(pp — eay) = 7 32m, 7

F dsi2dsog (7.43)
with (in the limit m2/m? — 0)

1
Fe=—rs
s12(m2 — s12 — s23)

+ 2mi(512 + 5923)(2812 + S23) — 2mi(4512 + s93) + mi(Qmi + 4m3812 + 833)], (7.44)

3 [mS — shy(s12 + S23) — mi@ﬂli + 512 + 523)

4 4 — ey" is a p — eyy decay, where the two photons are so collimated or the ALP decays so close to the

detector that it is impossible to resolve the individual photons, and thus they are reconstructed as one instead.
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where s;; = (p;+p;)? and the electron carries momentum p;, the photon carries momentum
p2 and the ALP carries momentum p3. Up to a prefactor, F is the squared matrix element
summed over electron spins and photon polarisations and averaged over muon spins. Our

findings are in good agreement with [313].

7.2.3 p — e conversion

Experiments searching for 1 — e conversion in the presence of an atomic nucleus have put
strong limits on the branching ratio Br(u Au — e Au) < 7.0 x 10713, which was measured
by the SINDRUM-II collaboration [320] and looked for conversion in the presence of a gold
target. Future experiments aim for increased sensitivity by multiple orders of magnitude,
for example Mu2e [321] and COMET [322] which will use aluminium as a stopping target
material and hope to reach limits as low as Br ~ O(10717). We limit ourselves here to
the case that only ALP-lepton and/or ALP-photon couplings are present. Then only the
Feynman diagrams that are also responsible for y — ey will contribute. Using results
from [323], we may write
5 4 72
8aen My Lo 2 F, (‘FQ(—mi) +F3(—mﬁ)} i ‘Fir’(—mi) +F§)(_mi)‘) 7
(7.45)

where Z is the effective atomic charge, Fp2 is the nuclear matrix element squared, I'capt

Br(uN — eN) =

Fcapt

is the total muon capture rate, and we suppress the 1 — e superscript on the form factors.
The numerical values for these quantities for the cases of gold and aluminium can be
found in [311,324,325]. For heavy ALPs, i.e., m, > m,, the evaluation at ¢>=0isa good

approximation and simplifies the calculation.

7.2.4 Muonium-antimuonium oscillations

Muonium is a hydrogen-like bound state of a negative muon and a positron in the shell
(ute™). In the presence of flavour-changing couplings, it can oscillate into its anti-particle

(u~et). The ALP can mediate such transitions via both s- and ¢-channel diagrams [308,312].

2
'u/

the electron mass and the binding energy of muonium are taken to be zero. This means

In both cases, we have s ~ t =~ m;,, where the equality becomes exact in the limit that both
that there are two limits in which the ALP propagators tend to a constant, and so the
effects of the ALP can be mapped onto effective four-fermion operators; either m, < m,,
or mg > my,. In the limit m, < m,,

HZfoa«% = _41]02 ([kel1z + [kEl12)® (7€) (fe) — 4}2 ([keha — [keli2)? (iy°e) (i), (7.46)
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while in the limit mq > m,:

2 2
Ha ™" = gt (Kela & [kelia)? (Be)(e) + 0z (e = (ki) (1°e) ().

(7.47)
The muonium-antimuonium transition probability is then given in the m, < m, limit
by [308,312]

2 1 2
pa<my, _ 27T2#CL%F |:|CO,0‘2‘4[kE]12[ke]12 — 6 ([ke]12 — [kEhQ)Q‘
2
+ lev of2|Alkghielkiz + 05 (Theliz — [kehie)| ] L 749
and in the m, > m,, limit by
2 4
me>my, __ TM % 2 o _ 2 2
P o= 372G mt fh [Co,o| ‘4[kE]12[k6]12 68 ([keli2 — [kEl12) ‘
2
levaPlkehalici + 60 (s~ leela)? | 009

where the muon lifetime 7, = 3.34 x 10'®® GeV~! and the muonium Bohr radius ap =
2.69 x 10° GeV 1. The population probabilities of the muonium angular momentum states
cjm, and the value of 6p depend on the experimental setup. Specifically, we define dp in
terms of the magnetic field B as ép = (1 + X 2) -l 2, with X the dimensionless parameter

MBB Me B
X=—"(ge+— ~r6.24 ——, 7.50
a (g * my, In > Tesla (7.50)

where (15 = €/(2m) is the Bohr magneton, g. ~ g, ~ 2 are the magnetic moments of the
electron and muon, and a ~ 1.864 x 107° meV is the muonium 1S hyperfine splitting.

The strongest constraint on the transition probability has been reported by the MACS
collaboration which obtained P < 8.3 x 107! at 90% CL [326]. For the MACS experiment,
the population probabilities have been estimated as |co|? = 0.32 and |c;1 o|> = 0.18 and the
magnetic field is B = 0.1T, giving g = 0.85 [308,327].

725 p — evyand p — 3e

This subsection has already been included in the author’s Master thesis. For the sake of
completeness, we repeat the most important results here.
The partial decay width for i — ey is given by

_ m/?; mg u—e 2 5,u—e 2
= ey) = 2= (1= 25 ) [[F 7O + 15577 (0) 751)
o
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with

e myeQ 1 o
FQM_> (0) = _MMTQJCIS(UCE}H - [ke]12) (4Cuu g1 (O,mu, ma) + EC'W 92(07mu7 ma)) )

(7.52)

e myue@ 1 Q
.F257MH (0) = — 16/;'2fg ([kEhQ + [kie]lg) (4CMN g1 (O, My, ma) + EC'W 92(0, My, ma)) .

(7.53)

The differential decay width for the three-body decay u* — ete~e™ is given by

1 1 —
dl' = (277)3 32m2 |M‘2d812d823 s (7.54)
o

where s;; = (p; + pj)2 and the two indistinguishable positrons carry momenta p; and po,
while the momentum of the e~ is given by p3. The squared matrix element summed over
electron and positron spins and averaged over muon spin states is given by

2.9
. m2m
(M = (|[kelr2l? + |[kE]i2]?) ceel® %
o { 2s93 (s12 +513) 513523 }
|sag — m2 4+ imeIa]?  Re[(s23 — m2 4+ imeLy)(s13 — m2 — imaTy)]

+ 462 |:2 (812 + 813) Re [F;(Sgg)Fg,(SQg) + F25*(823)F35(823)]

1
+ g(mi (s12 + s13) — 2512513) (| Fa(s23)[* + [ F5 (s23)]%)

1

— (823 (512 + 513) + 2512513) (| F3(523)|* + | F5 (s23) %)

2
m

+ s12 <F§(823)F2(813) + FP*(s23) Fy (513) + F3 (s03) F3(s13)

+ Fy*(s23) F3(s13) + F5 (s13) F5 *(s23) + F2(813)F§(823)>

et (s13 + 523)

+

(Fs(s23)F5 (s13) + F3 (s23) F5 *(s13)) ]

my
2e893M, [kel21 + [kE]21 2 15 5
" Tz e Re [523 —m2 —im,l, (mF2 (s13) + (512 + 513)F5 (s13))

[ke)o1 — [kE]21
S93 —m2 —imgl,

+ (mZF2(813) + (s12 + 813)F3(513))} + (1 2). (7.55)

where we have suppressed the ;1 — e superscript which should appear on all the form

factors. To obtain the full decay rate, the partial decay rate needs to be integrated over the
phase space of the Dalitz region [328,329].

7.2.6 Constraints on lepton flavour-violating couplings

The combined excluded regions for ALP-induced ;1 — e transitions are presented in
figure 7.11. We collect the numerical values for the constraints on the coupling c., =
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Observable Mass Range [MeV] ALP decay mode Constrained Limit (95% CL) one
: TeV
coupling ¢ |e] - <T> VB
Br(u — ea(invisible)) 0<m, <13 Long-lived cpe P 7.2 x 1077
Br(y — ea(invisible)) 13 < mg < 80 Long-lived cpe P 5.0 x 1077
Br(u — ea(invisible)) 0<mg <10 Long-lived Cpe ) 2.5 x 1077
Br(p — ea(invisible)~y) 0 < mg < 105 Long-lived Cpe 1.0 x 107°
Br(u — evyy) 0 < mg < 105 vy Cpe 1.3x107°
Br(u — evet) 0 <mg <105 Ny Cuie 1.0 x 10710
Br(u — 3e) 0 < mg < 105 ete™ Cpe 1.6 x 10710

Table 7.2: Summary of constraints on the lepton flavour-violating ALP coupling c.,, derived from
measurements of branching fractions (first column) for various muon decays, in which
the lepton can decay to an on-shell ALP. The measurements and SM predictions (where
appropriate) are given in AIL9 in appendix AllL1. The limit cited is the strongest limit
found within the mass range probed by the measurement. In the fifth column the symbol
B denotes the ALP branching ratio into the relevant final state. (f): these bounds depend
on the chirality of the ALP couplings due to the experimental setup, see [313,330,331] for
details. Here we assume [k.]12 = [kg]12 for these.

(|[ke)21 ] + |[ke]21]) /2 in table 7.2. For the flavour-diagonal couplings we make the follow-

ing assumptions

|Cee o [ _ lerr| el

= = = =0, for Mg < 2Mme ,
f f f f ¢ ‘
1073 1
|C;e‘ TV ‘C’}”‘ = ‘C}T’ = TV for 2me < mg < 2my,, (7.56)
lccel _ leul _ Jerrl _ _ e _ 1 for mq > 2my,

f f f fooTev’

which give the largest flavour-diagonal coupling to leptons that are still allowed from con-
straints from quark flavour observables in figure 7.8. They are relevant for the branching
ratios and decay lengths of the ALP. Our results assume that the coupling c.,, dominates
over the other flavour-changing ones. However, in the absence of additional assumptions,
a UV completion, in which a horizontal global symmetry group is broken to produce a
PNGB, could induce all possible flavour off-diagonal couplings to leptons. A discussion
of lepton flavour-violating ALP decays in the context of such explicit UV models can be
found in [310].

For heavy ALP masses m, > m, the most dominant constraints come from searches
for p — ey, and the three-body decay ;1 — 3e is phase space suppressed [332,333]. The
situation is completely different for ALPs that are lighter than the muon threshold, for
which the ALP can be produced on-shell in muon decays. Constraints from p — ea with
subsequent decays a — 77, a — e*e” and a — invisible are shown in orange, purple and
red, respectively, and provide stronger constraints than ¢ — ey in a mass range of a few
MeV < m, < my. The limits are obtained by SINDRUM for ;x — 3e [334] and LAMPF for
i — yye [335].
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If the ALP decay is delayed, this parameter space cannot be excluded even if the decay
still happens within the detector. A search for resonances in the dataset without the strong
cut on the time of detection of the decay products would be sensitive to much smaller
ALP masses. This limit on ;© — ey has been improved recently by [336] and expands the
excluded region of our model in the range of 20 MeV < m, < 35MeV. The Collaboration
states limits for muon branching ratios for different lifetimes in bins of 1 MeV and we
have adapted the appropriate limit by calculating the ALP lifetime in the respective mass
region.

Furthermore, a very interesting effect can happen for ;1 — e(a — 77) decays. When the
ALP is boosted a lot or it decays close to the detector, the two photons hit the detector closer
than its spatial resolution. Consequently, the two photons cannot be resolved individually,
and thus are reconstructed as one, leading to a misinterpretation of the y — eyy decay
as a ;t — ey* decay. We present the limits from MEG on p — ey* with a misinterpreted
photon in green.

The decay a — invisible is defined as an ALP leaving the detector before decaying. The
corresponding constraint on the ALP-lepton coupling is derived from the limits on the
branching ratio of ;1 — ea(invisible) obtained by [331] for the case in which [k.]12 = [kEg]i2,
and is sensitive to the ALP decay length which is set by the ALP coupling to electrons
in this mass range. The parameter space ruled out by the measurement [331] is shown
in dark yellow in figure 7.11. For different ALP coupling structures and masses this ex-
periment can be less sensitive than the bound obtained by the TWIST collaboration [330]
as emphasised in [313]. For masses 13MeV < m, < 80MeV, the bound is largely inde-
pendent of the angular distribution of the electrons, whereas for masses m, > 80 MeV, the
bound depends on whether the decay is (an)isotropic. We show the constraints from [330]
in red in figure 7.11.

A slightly weaker constraint is derived from searches for the decay 1 — eay shown in
dark blue. Past searches for this type of decay have been performed with the Crystal Box
detector [335]. The experiment required large photon and electron energies of F, > 38 —43
MeV and E, > 38 MeV, respectively. Here, we take the most conservative limits on the
energy cuts for our plots. Though theoretically sub-dominant when compared with yu — ea
due to the additional radiation, the angular distribution is less dependent on the chiral
structure of the ALP couplings and therefore can be almost competitive in constraining
parameter space of ALP couplings and masses. Future searches at the upcoming MEG II
experiment could exceed current bounds from TWIST by a factor of 5, assuming optimal
conditions and relaxed energy and angular cuts [313].

The lifetime of the ALP strongly affects the reach of the different experiments. The
constraint from the measurement of muonium-antimuonium oscillations from the MACS
experiment [326] shown in grey is weaker than other constraints throughout the ALP mass
range, but relevant for masses m, > m,,, because it is independent of c,, whereas both the
constraints from p — eece and p — ey vanish for c.. — 0 [312]. The bounds obtained from
muon to electron conversions in the presence of an atomic nucleus from the SINDRUM-

IT collaboration [337] are much weaker than those from decay experiments, because we
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-3
cor =0 Cee = 107", cppy = 77 =1 cpp =1

102

1 Muonium

1072

1074

Cuel f [TeV™']

1078 O #—e+inv. A

1073 1072 107! 1 10
m, [GeV]

Figure 7.11: Bounds on ALP mediated flavour off-diagonal transitions between muons and elec-
trons with ¢, = /|[kg]21]? + |[ke]21]?, assuming universal ALP couplings to leptons
as indicated above the plot for the different ALP mass regions.

only allow for lepton couplings in our scenario. Hence, the coupling to nucleons must be
done through the photon, or is suppressed by multiple loops. Moreover, the form factors
contributing to u — e conversion also vanish in the limit ¢,y — 0. For the ALP couplings
considered here, even the significant improvement in sensitivity expected at Mu2e [338]
and COMET [339] shown by the green dashed contour cannot compete with the constraints
from ¢ — 3e and p — ey. In addition, we give the optimistic reaches for the upcoming
experiments MEG 1II [340] and Mu3E [341,342].

The yellow and orange translucent bands give the region where a single flavour-violating
ALP coupling could in principle explain the observed anomalies in the anomalous mag-
netic moment of the electron and the muon, respectively [72-75,343-347]. However, such
an explanation is ruled out by various experiments [4,7,309]. For an extensive study
how different ALP coupling combinations could still yield a viable explanation for either
one of the anomalies and also possibly for both at the same time, we refer the reader
to [4,7,196,309,319,348-350].

The results for the form factors presented in section 7.2.1 are also valid for LFV tau-
lepton transitions. Henceforth, it is straight-forward to extend our analysis to the tau sector,
as was done in [7]. Experimental searches have been mainly performed by the b-factories
BaBar and Belle, and upcoming limits are expected from Belle-II and upgrades of LHCb.



APPENDIX II

AIl.1 Measurements and SM predictions for flavour observables

The measured values and SM predictions for observables used to derive constraints are
given in tables AIL3 to AIL9.

Observable Mass Range [MeV] Measurement SM prediction
Br(KT — 7t X) 0 <mx <261 (x) [260] (search) -

Br(Kt — ntX) 110 < mx < 155 [351] (search) -

Br(Kp — 7°X) 0 < mx < 261 [261] (search) -

Br(B*+ — K*ow) 0 < my, <4785 < 1.6 x 1075 [352] (4.0 0.5) x 1076 [353]
Br(B° — K*'mv) 0 < mu, <4387 < 1.8x1075[262] (9.2 1.0) x 10~ [353]
Br(T — ~va(invisible)) me < 9200 [252] (search) -

Table AIL3: Observables relevant for a long lived ALP. Bounds are at 90% CL. (x): cuts are applied
to exclude the region around m, (100 MeV < mx < 161 MeV).

Observable Mass Range [MeV] Measurement SM prediction
Br(K+ — ntyy) My < 108 < 8.3 x 107 [263] 6.1 x 1079 [354]
Br(Kt — 7tyy) 220 < m,, < 354 (9.65 + 0.63) x 1077 [264] (10.8 = 1.7) x 1077 [354]¢
Br(Kp — 70v) 30 < myy < 110 < 0.6 x 108 [265] (8%1) x 107® [355]*
Br(K;, — n%y7) May < 363 (1) (1.29 + 0.03 4 0.05) x 1076 [266] 1.12 x 1079 [355]

Table AIL4: Observables with a photon pair in the final state. Bounds are at 90% CL. (f): cuts
are applied to exclude the region around the pion pole (100 MeV < m., < 160 MeV
MeV). (f: calculated from results in the given reference. Error bars estimated from
varying parameter ¢ between its quoted errors.) (x: calculated from results in the given
reference. Error bars estimated from varying parameter ay between its quoted errors.)
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Observable Mass Range [MeV] Measurement SM prediction
Br(K+ — nta(ete™)) mg < 100 < 8 x 1077 [356] -

Br(Kp — nlete) 140 < Mmee < 362 < 2.8 x 10719 [357] (3.1552) x 1071 [358]
Br(Bt — rtete™) 140 < mee < 5140 < 8.0 x 1078 [359] (2.26702%) % 1078 [360]
dBr/dg?*(B® — K*%¢*e™)(0.0004,0.05) 20 < Mee < 224 (4.240.5) x 1076 GeV—2 [361] (3.3 0.7) x 1070 GeV 2
dBr/dq*(B° — K*%e*e™)(0.05,0.15) 224 < My < 387 (2.6 +1.0) x 1077 GeV~2 [361] (3.940.8) x 1077 GeV~2
Rg-[0.045,1.1] 212 < Mee < 1049 0.6610 0% & 0.03 [362] 0.906 =+ 0.028 [363]
Br(D° — wl¢te™) Mee < 1730 (1) <4 %1076 [364] 1.9 x 107 [365]
Br(Dt — ntete) 200 < Mee < 1730 (¥) < 1.1 x 1079 [366] 9.4 x 1079 [365]
Br(Df — K*ete™) 200 < Mee < 1475 (%) < 3.7 x 1079 [366] 9.0 x 10710 [365]

Table AIL5: Observables with an electron pair in the final state. Bounds are at 90% CL. Here we
only include observables for which the electron invariant mass can be below or near
the dimuon threshold, on the grounds that above it muonic observables will generic-
ally provide stronger bounds. Predictions without accompanying citations have been
calculated using flavio [367]. In the measurements of the D(,) branching ratios, cuts
are applied to exclude the region around the ¢ resonance. For the BaBar measure-
ments with a (x), the excluded region is 950 MeV < m.. < 1050 MeV, while the BESIII
measurement with a (1) excludes the region 935 MeV < m.. < 1053MeV. Since the
long-distance contributions to these decays peak around this excluded resonance, we
take the SM prediction to be only due to the short-distance contributions, as calculated
in Ref. [365].

AIlL.2 Expressions for the form factors

The loop functions for the form factors in section 7.2.1 are given by the Feynman integrals

-z 1_ _
g1(q?,mi, mg) —2/ d;v/ A:f’ ym’ (AIL57)

Z*}j

1—x 2
g2(q?, mi,mg) = /daf;/ dy [4log+2logAzﬁj—|—210gAz_>] 499
w2

z(l—y) y= }
- — , AIL58
( Al Ay ( )
1—x 1— 12— —9 2
(g% miyma) =2 / da / dy —— 2 A,f/x vy (AIL59)
i—J

1-z _
Ia (g%, mi, ma) / da / 1 v v ) (AIL60)
1—)] Ai—>j

and
m2 2
m; m;
/ m2 q2

’L‘)j

2
A ::cm; +(1—z—yz)— q—zy(l —r—vy). (AIL63)



AIL2 EXPRESSIONS FOR THE FORM FACTORS

Observable Mass Range [MeV] Measurement SM prediction
Br(K;, — 70u*p) 210 < My, < 350 < 3.8 x 10710 [368] (1.5 +0.3) x 1011 [369]
Br — Kta(ptu™) 250 < mg < 4700 (1) [267] (search) -

)
Br — K% (utp)) 214 < mg < 4350 (1)

Br(J/v — ya(utu™)) 212 < my,, < 3000

(
(B*
(B
(
(
r(
(B¢
(B°
(
(

Br(T — va(utu™)) 212 < my, < 9200

B B+—>7ru,u) 211 < my,, < 5140 (1)
Br(BY — pt ) 5320 < my, < 6000

Br —utu) 4900 < my,, < 6000
Br(DT — mtutu) 250 < iy < 1730 (x)
Br(D} — K utu™) 200 < myy, < 1475 (%)

[370] (search) -
[251] (search) -
[253] (search) -
(1.83 4+ 0.25) x 1078 [269] (2.261704%) x 1078 [360]

(2.697537) x 1079 [371] (3.66 + 0.14) x 1079 [372]
(0.6707) x 10710 [371] (1.03 £ 0.05) x 10719 [372]
< 7.3 x 1078 [373] 9.4 x 1079 [365]
< 21 x 1079 [366] 9.0 x 10710 [365]

Table AIL6: Observables with a muon pair in the final state. Bounds are at 90% CL. (): cuts are
applied to exclude regions around the J/1, (25) and ¢(3370) resonances. (}): cuts
are applied to exclude charmonium resonance regions (8.0 GeV? < m2, < 11.0 GeV?
and 12.5GeV? < m2, < 15.0 GeV? are excluded).(+): a large region containing the 7,
p/w and ¢ resonances is excluded (525 MeV < m,,,, < 1250 MeV).(xx): cuts are applied
to exclude the region around the ¢ resonance (990 MeV < m,, < 1050 MeV). Since
the long-distance contributions to the D,y decays peak around the excluded reson-
ance(s), we take the SM prediction to be only due to the short-distance contributions,

as calculated in Ref. [365].

Observable Mass Range [MeV] Measurement SM prediction

Br(B — K+rt77) 3552 < m,, < 4785 < 2.25 x 1073 [374]
Br(T — ~va(r7)) 3500 < m,r < 9200 [254] (search) -

Table AIL7: Observables with a tau pair in the final state. Bounds are at 90% CL.

The scheme dependent constant d, arises from the treatment of the Levi—-Civita symbol in

d dimensions, and for us d9 = —3.
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Observable

Mass Range [MeV]

Measurement

SM prediction

Br(T — ~ya(hadrons))

290 < Mhadrons < 7100

[255] (search) -

Table AIL8: Observables relevant for hadronic decays of the ALP.

Observable Mass Range [MeV] Measurement
Br(p — 3e) 0 < mg < 105 < 1.0 x 10712 [334]
Br(p — ey) - < 4.2 x 10713 [340]
Br(u — evyy) 0 < mg < 105 < 7.2 x 10~ [335]
Br(u — ea(invisible)) 0<mg <13 < 2.1 x 1075 [330]
Br(u — ea(invisible)) 13 < m, < 80 <1075 [330]
Br(u — ea(invisible)) 0<mg <10 < 2.6 x 1076 [331]
Br(u — evya(invisible)) 0 < mg < 105 < 1.1 x 1079 [335]
Br(ulN — eN) - < 7.0 x 10713 [337]
Br(r — ea(invisible)) 0 < mg < 1600 < 2.7 x 1073 [375]
Br(1 — pa(invisible)) 0 < mg < 1600 <5 x 1073 [375]
Br(r — 3p) 211 < m, < 1671 < 2.1 x 1078 [376]
Br(r — 3e) 200 < mg < 1776 < 2.7 x 1078 [376]
Br(t— — p~ete) 200 < mg < 1776 < 1.8 x 1078 [376]
Br(t— — e putu) 211 < my < 1776 < 2.7 x 1078 [376]
Br(r — ) - < 4.4 x 1078 [377]
Br(1 — ey) - <3.3x 1078 [377]

Table AIL9: Lepton flavour-violating observables. Where a mass range for m, is given, the range
refers to masses that are consistent with the experimental cuts and for which the decay
can proceed via a resonant ALP. For some of the observables (for example ;1 — 3e), an
ALP lying outside of this mass range may still be constrained by the experiment, if it
can mediate the decay off-shell. Where the mass range is left blank, the measurement
can never involve a resonant ALP. *: for the y — ea(invisible) searches, the precise
bound depends on the chirality of the ALP couplings due to the experimental setup
and the bounds quoted here are assuming vectorial couplings, see [313,330, 331] for

details.
Decay Experiment Initial state Time cut (ns)
uw— 3e SINDRUM [334] at rest 0.8
= eyy Crystal Box [335] at rest 2.5
[ — ey MEG [340] at rest 0.7
wu — eva(invisible) Crystal Box [335] at rest 1.5

Table AIL10: Cuts on the decay time of the ALP that should be applied in various LFV experiments.
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CONCLUSIONS AND OUTLOOK

The present thesis demonstrated how the concepts and notions of the methodology known
as effective field theories can be used to deepen our knowledge of the Standard Model and
its properties on the one hand, and how to gain meaningful insights from proposed models
beyond the SM on the other hand. We applied the EFT machinery to two specific, yet
different projects: high-precision calculations in Higgs production with SCET and flavour
physics probes of axion-like particles. Both topics are state-of-the-art research areas where
we could significantly enhance our understanding of the principles behind.

In the first part, “gluon-gluon to Higgs fusion”, we applied the soft-collinear effective
theory to the power-suppressed process of gluon-gluon to Higgs fusion via a light quark
loop. Since gluon-gluon fusion is the dominant production channel for Higgs bosons at
the LHC, and light quarks are estimated to contribute with ~ 15% to the total cross sec-
tion, it is of utmost importance to understand the exact dynamics of the process. This
is highly non-trivial, because the appearance of large logarithms spoils the convergence
of the perturbation series in the strong coupling constant. Hence, one must resum these
large logarithmic corrections to all orders of perturbation theory. Additionally, conven-
tional QCD methods fail to resum more than the leading double-logarithmic corrections,
necessitating advanced computational methods.

In this regard, SCET allows us to significantly improve the theory predictions. We suc-
cessfully applied the SCET methods to gg — h fusion and were able to derive a factorisa-
tion theorem. Since we deal with a power-suppressed process, we expectedly encountered
endpoint divergences. By generalising the refactorisation-based subtraction scheme intro-
duced in [28,29] to non-abelian final states, we were able to re-organise the factorisation
formula in a way that is free of divergences in section 5.1. In section 5.2, we derived the
factorisation formula in terms of renormalised parameters and component functions. This
is a crucial achievement because in general renormalisation and regularisation of endpoint
divergences do not commute. We demonstrated that all mismatching terms are only de-
pendent on the hard scale of the problem, thus they can be absorbed into a redefinition
of the renormalised hard matching coefficient H;(x). Having all renormalisation factors at
hand, we derived the renormalisation group equations for all component functions in sec-
tion 5.3. Solving them iteratively then allowed us to predict the leading logarithmic terms
in the three-loop amplitude. Eventually, we solved the RG equations for the jet function .J
and the soft function S3 to RG-improved leading order. With this we were able to derive
the resummed expression for the third term of the factorisation formula 73 to modified

next-to-leading logarithmic accuracy, i.e. to resum the three leading towers of logarithms
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to all orders of perturbation theory. Note that apart from a single constant term from the
second term 75, the first and second term yield suppressed contributions up to the given
precision. As mentioned before, conventional methods can only predict the leading tower
of logarithms. The first subleading term can also be retrieved from the expression for the
h — ~v amplitude by a replacement of colour factors [80]. It must be stressed, however,
that in this reference, too, SCET was used to derive the expressions. The result presented
in this thesis characterises the prediction for the resummed, light-quark induced gg — h
form factor with the highest precision so far.

Apart from its great phenomenological impact for the prediction of Higgs production
rates, this thesis also serves the purpose of establishing our methodology of refactorisation-
based subtractions for regularising endpoint divergences. Such divergences appear in vari-
ous subleading power SCET processes, and to this day our method is the only known
way to consistently remove them. As an affirmation, most recent works about endpoint
factorisation and resummation in gluon thrust made use of this method [90, 92].

One minor blemish of the RBS that we were hitherto unable to eliminate is the fact that
due to the various contributions the RG equation for the hard coefficient H; takes a com-
plicated form that is not of Sudakov type. That prevents us from solving it. On that account
we solve the RGEs for the jet and soft functions instead, and evolve all component functions
up to the hard scale, where no large logarithms are left in the hard coefficients. However,
the solutions are complicated, for instance the RG-improved soft function S3 involves a
Rathie-I function, a generalisation of the Meijer-G function that itself is a generalisation
of hypergeometric functions. Consequently, we are only able to derive the RG-improved
leading order expressions. For a full resummation of gg — h via light quarks it would
therefore be necessary to find means to solve the RGEs for the hard coefficients.

In the second part of this thesis, “flavour physics of ALPs”, we explored how flavour
physics experiments can be used to constrain parameter space of axion-like particles. At
first we derived how couplings in a general UV theory of axions and ALPs evolve to
the low-energy scale via a sequence of running from a higher energy to a lower one, and
matching the theory at the mass thresholds where heavy particles need to be integrated out
of the theory. We discovered that independent from the specific UV coupling, at the low-
energy scale couplings to all SM particles are generated. Moreover, quark flavour-changing
ALP couplings are generated regardless of the underlying UV theory. In section 6.3 we
showed how to consistently implement ALP interactions in the weak chiral and nuclear
Lagrangian, thereby correcting the prediction for the important X' — ma decay amplitude,
which was based on an inconsistent equation in a seminal paper [183]. The inconsistency
has gone unnoticed ever since and resulted in an underestimation of the branching ratio
by a factor ~ 37. For ALPs in the context of the nuclear chiral Lagrangian with two quark
flavours we demonstrated how the ALP-mass dependence of the ALP-nucleon coupling
drops out for iso-singlet nuclei, i.e. nuclei with the same amount of protons and neutrons.

Chapter 7 was dedicated to study constraints on ALP-models from flavour physics. In
section 7.1 we investigated constraints from quark flavour experiments using the model
established in the previous section. Probes included exotic meson decays, rare pion de-
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cays, the flavour-conserving decays of J/¢ and T mesons and the chromomagnetic di-
pole moment of the top-quark. We presented our results in four benchmark scenarios
assuming that the ALP couples only to gluons, weak gauge bosons, left-handed quarks
or left-handed leptons in the UV, respectively. Since flavour off-diagonal ALP couplings
are highly constrained already, we assumed that they are only generated via running and
matching from the high scale. Furthermore, we compared our obtained flavour bounds
with limits from collider and astrophysical searches. We found that flavour observables can
neatly fill in blank space of the allowed ALP parameter space that has previously been in-
accessible by other experiments, and therefore provide important complementary bounds.
Most interestingly, we established that quark flavour observables can give constraints to
UV ALP-lepton couplings that are even stronger than dedicated ALP-lepton searches from
beam dump and astrophysics experiments. In section 7.2 we studied probes of ALPs with
lepton flavour observables. Since the Standard Model conserves each lepton number in-
dividually, no flavour changing coupling arises from evolution effects. The induced effect
from neutrino oscillations is greatly suppressed by factors of Am2/m3, ~ 10~27. We there-
fore derived constraints on UV flavour-violating couplings. Observables studied included
rare lepton decays like ;1 — eay, p — e conversion in the presence of an atomic nuc-
leus, and muonium oscillations. In addition, we showed the reach of future experiments.
Strongest bounds are obtained when the ALP is produced on-shell and can subsequently
decay outside of the detector giving rise to missing energy signatures, or decay into pairs
of photons or leptons, which then overcome the phase space suppression of three-body
decays and yield stronger limits than for instance the ;1 — ey bound. In this thesis we fo-
cussed on electron-muon flavour-changing ALPs, but the results can easily be transferred
to couplings involving tau-leptons, as was presented in [7]. For future research it will
be interesting to see whether flavour physics can also give significant constraints to other
BSM models than axions and ALPs, especially if they feature a comparably rich generation
mechanism of couplings to SM particles via evolution effects.

€ € € € € € € € €« €« €« €« « <« =«
€ € € € € € € € € € <€ < < <

In this thesis we have taken important steps on the long way to find a more universal
theory for the fundamental building blocks of nature than the Standard Model. For this
purpose we employed state-of-the-art methods of effective field theory. While there are still
a lot of “holes to fill”, we think that effective theories in general and this work in particular
represent an important contribution to the general effort of improving our understanding
of the properties of the smallest particles. In this spirit, we would like to conclude with
a quote from Max Planck: «When you change the way you look at things, the things you
look at change. »
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APPENDIX

A.1 Notations and conventions

In this section we want to briefly summarise the notations and conventions used in this
document. They are often tacitly accepted in works in the field of high energy physics, but
sometimes differ from conventions in other fields.

In this thesis, we use natural units for the reduced Planck constant and the speed of

light, i.e. we set

h
h=c=1, whereh:Q—. (A.1)

™
As a result, all other SI units can be expressed in terms of energies. Greek indices denote
spacetime coordinates, and we commonly use Latin letters as colour or flavour-space in-
dices. The symbol ¢/#*# stands for the totally anti-symmetric Levi-Civita tensor, and we

adopt the prescription 0123

= 1. In addition, we employ the Einstein sum convention, i.e.
we sum over every repeated spacetime index.

Let A be a generally complex matrix, AT its transpose, and A* its complex conjugate. The
hermitian conjugate matrix is then AT = (A*)T. Whenever the expression “+h.c.” appears
in a formula, it means that the hermitian conjugate of the preceding quantity is to be
added.

For the metric tensor we adopt the “mostly —” or time-like convention, i.e.

1 0 0 o0
0 -1 0 0

= 0 0 —1 0 (A2
00 0 -1

As usual, v* represents the gamma-matrices fulfilling the anti-commutation relation

{7, A} =AM A =29 (A.3)

9%y and o = 5 [y, ],

When integrals in loop calculations diverge, we choose to regularise them with dimen-

We furthermore define a fifth y-matrix v°> = i7%y

sional regularisation, i.e. we perform the integral in D = 4 — 2¢ spacetime dimensions. We

furthermore adopt the modified minimal subtraction scheme if not stated otherwise.
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For the first part of this thesis Part I: Gluon-gluon to Higgs fusion in SCET, we used the
position space formulation of SCET. The original papers [94,95] used a hybrid momentum-
position space formulation instead known as label formalism. Here, momenta are split into
a large constant momentum component and a small perturbation, which shows SCET’s
lineage from HQET. Label formalism is still used in recent work on the subject, and no

clear advantages result from using one or the other [93].
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Since the long-distance contributions to these decays peak around
this excluded resonance, we take the SM prediction to be only due
to the short-distance contributions, as calculated in Ref. [365]. . . . .
Observables with a muon pair in the final state. Bounds are at
90% CL. (f): cuts are applied to exclude regions around the J/1),
¥(25) and 1(3370) resonances. (f): cuts are applied to exclude
charmonium resonance regions (8.0 GeV? < mz, < 11.0 GeV? and
12.5GeV? < m?, < 15.0 GeV? are excluded).(*): a large region con-
taining the 7, p/w and ¢ resonances is excluded (525 MeV < m,,, <
1250 MeV).(*x): cuts are applied to exclude the region around the
¢ resonance (990 MeV < m,,, < 1050 MeV). Since the long-distance
contributions to the D,y decays peak around the excluded reson-
ance(s), we take the SM prediction to be only due to the short-
distance contributions, as calculated in Ref. [365]. . ... ... .. ..
Observables with a tau pair in the final state. Bounds are at 90% CL.
Observables relevant for hadronic decays of the ALP. . . . ... ...
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Table AIIL.9

Table AIL.10

List of Tables

Lepton flavour-violating observables. Where a mass range for m,
is given, the range refers to masses that are consistent with the ex-
perimental cuts and for which the decay can proceed via a resonant
ALP. For some of the observables (for example i — 3e), an ALP
lying outside of this mass range may still be constrained by the
experiment, if it can mediate the decay off-shell. Where the mass
range is left blank, the measurement can never involve a resonant
ALP. *: for the p1 — ea(invisible) searches, the precise bound de-
pends on the chirality of the ALP couplings due to the experimental
setup and the bounds quoted here are assuming vectorial couplings,
see [313,330,331] fordetails. . . . . . .. ... ... ... ... ... ..
Cuts on the decay time of the ALP that should be applied in various

LEV experiments. . . ... ... ... .. ... ... ... . ... ...
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