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ABSTRACT: Lattice QCD calculations of the hadronic vacuum polarization (HVP) have
reached a precision where the electromagnetic (e.m.) correction can no longer be neglected.
This correction is both computationally challenging and hard to validate, as it leads to ul-
traviolet (UV) divergences and to sizeable infrared (IR) effects associated with the massless
photon. While we precisely determine the UV divergence using the operator-product ex-
pansion, we propose to introduce a separation scale A ~ 400 MeV into the internal photon
propagator, whereby the calculation splits into a short-distance part, regulated in the UV
by the lattice and in the IR by the scale A, and a UV-finite long-distance part to be treated
with coordinate-space methods, thereby avoiding power-law finite-size effects altogether.
In order to predict the long-distance part, we express the UV-regulated e.m. correction
to the HVP via the forward hadronic light-by-light (HLbL) scattering amplitude and re-
late the latter via a dispersive sum rule to v*v* fusion cross-sections. Having tested the
relation by reproducing the two-loop QED vacuum polarization (VP) from the tree-level
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v*y* — eTe™ cross-section, we predict the expected lattice-QCD integrand resulting from
the v*v* — 7° process.
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1 Introduction

The long-standing discrepancy between theory [1-20] and experiment [21, 22] for the muon
g—2 has recently been challenged by several precision lattice QCD calculations of the HVP
contribution (cf. figure 1) from intermediate hadronic distance scales [23—-28]. One of the
lattice-QCD based calculations has already reached a subpercent-level of precision for the
full leading-order HVP contribution [24], thus becoming competitive with the data-driven
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Figure 1. Different hadronic contributions to (g — 2),: leading-order HVP (left), e.m. corrections
to leading-order HVP (right). The blob represents the contribution from QCD alone.

dispersive method, which has traditionally been used to evaluate this contribution. At this
level of precision, care must also be taken of the leading isospin-breaking corrections, both
the strong isospin-breaking effect stemming from the unequal u and d quark masses, and
the e.m. effect arising from the quarks carrying electric charges, as shown by the second
diagram in figure 1. These effects are taken into account by lattice collaborations (e.g.,
refs. [23, 24, 29]); however, few stringent cross-checks are possible at present. First of
all, these effects depend on the precise point in the parameter space of isospin-symmetric
QCD, which is not exactly the same in different calculations. Furthermore, it has not been
possible to rigorously compare the size of these effects to phenomenological predictions,
partly because the (QED) radiative correction to the HVP is divergent if one does not
account for the counterterms associated with the quark masses and the strong-coupling,
whose finite parts depend on the conventional choice of the ‘physical point’ in isospin-
symmetric QCD [30].

Here we propose a computational strategy that enables much more direct comparisons
between lattice QCD and hadron phenomenology. In its simplest incarnation, the idea is
to add and subtract a Pauli-Villars term [31] to the photon propagator,’

b (i) )
L2 7 O\ k2 k2 + A2 k‘2—i—A27 :

where k is the Euclidean four-momentum and A is a typical hadronic scale. The first

term leads to a UV-finite effect on the HVP and is sensitive to long-distance contributions
such as the 7%y and 77y channels; it can be treated analogously to the HLbL contribution
to g — 2 by using coordinate-space methods [33-35], whereby power-law effects due to
the internal photon propagators are avoided. The second can be treated entirely in lattice
regularization by having the photon field defined on the same lattice as the QCD fields [30].
However, since a photon mass is now present, no issue with the photon zero-mode arises,
nor do power-law finite-size effects occur. We return to this aspect in section 6 but remark
here that a number of different methods have been used in the extensive literature on
incorporating the coupling of quarks to photons into lattice QCD calculations (see [36-49]
for a representative set of publications).

How then can one predict the leading QED correction to the HVP with a UV-regularized
photon propagator in place? We shall express it through the forward HLbL amplitude [50—

1Such a decomposition of the photon propagator has been found to be helpful in other contexts; see in
particular ref. [32].
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Figure 2. Cottingham-like formula for QCD LbL amplitude.

52], as shown in figure 2. As has been noted [52], the connection between the forward
HLbL amplitude and the e.m. correction to the HVP bears a strong resemblance with the
Cottingham formula [53-57], which expresses e.m. mass splittings in terms of the forward
Compton scattering amplitude. The analogy becomes apparent if one views light-by-light
(LbL) scattering as Compton scattering off a photon.

However, not much practical use has so far emerged from this connection. Perhaps
the main reason is that the insertion of two standard gqvy vertices leads to a divergence,
requiring the insertion of O(e?) counterterms to cancel it. From the standpoint of the HLbL
amplitude, the divergence appears due to the forward HLbL falling off too slowly (as 1/k2)
for one of the incoming photon momenta becoming large. However, the first term on the
right-hand side of eq. (1.1) amounts to a UV-regularization of the photon propagator, and
in this case the integral over the forward HLbL amplitude yielding an e.m. correction to the
HVP becomes finite. Therefore, with sufficient knowledge of the forward HLbL amplitude,
obtained either by using the dispersive sum rules [58] or direct lattice calculations [59], one
can make a definite prediction for this correction. The comparison can even be done in
a more differential way, at the integrand level, as we shall illustrate. Also, accumulated
knowledge on the HLbL amplitudes, for example concerning the relative importance of the
different quark Wick-contraction topologies [60, 61], can be usefully applied to the leading
QED corrections to the HVP.

The rest of this paper is organized as follows. We start in the continuum, deriving
in section 2 the relation between the forward HLbL amplitude and the e.m. correction
to the HVP. In section 3, this relation is tested against known results in a pure QED
setting. Section 4 contains a derivation of the divergence that develops when the UV-
cutoff A is sent to infinity and indicates in which flavor combinations the divergence partly
cancels. In section 5, we then come to the prediction for the 7° exchange in the forward
HLbL amplitude, and thereby to its contribution in the e.m. correction to the HVP and
ultimately in the muon (¢g—2). We then formulate a computational strategy in section 6 for
computing the leading isospin-breaking effects to the HVP in lattice QCD. The section also
discusses aspects of the coordinate-space method and presents the integrand corresponding
to the 7° exchange contribution. Finally, section 7 summarizes our findings and offers an
outlook into further possible applications of this work.



2 A Cottingham-like formula for the radiative correction to the HVP
The first correction AII(Q?) to the leading HVP? II,2(Q?) can be written in the form

ATI(Q?) (Mapt (@2 A) + Tt (@2, A) ) (2.1)

- i,
where A is a UV-regularization parameter. We begin by establishing a formula for
H4pt(Q2,A), named in this way because it involves the four-point function of the e.m.
current, which at the same time provides the quantum field-theoretic definition of the LbL
scattering amplitude. The second term, II.(Q?, A), consists of the required counterterms
and the strong-isospin breaking contribution. While its precise form is not needed here,
more details will be given in section 6.

The LbL scattering amplitude MH1H2H384 depends on the four-momenta of the in-
coming (q1,q2) and outgoing (¢3,qs) photons. The forward kinematics correspond to
g1 = q3 = k and ¢o = q4 = ¢, see figure 2. Contracting the photon-line 1 with 3, we
obtain a contribution to the VP tensor:

1 [ d*% [ —igu, .
2 _ H1p
et ) = 5 [ e s

M”1”2”3”4(k,q) , (2'2)
A

where the factor of one-half is the symmetry factor; in square brackets is the Feynman-
gauge photon propagator, regulated at the scale A, for instance & la Pauli-Villars, [1/k?], =
1/k%—1/(k? — A?). Due to gauge invariance, the VP tensor has the following general form,

" (q) = I(¢*)(¢°g"" — ¢"q"), (2.3)

and hence its scalar part can be expressed as:

We®,N) = oo [ o [s] Mika) @4
TR =652 | emd ka0t '
where
M= gu1u39M2#4Mmuw3u4(k7q)a (2.5)

is the traced LbL amplitude. The latter is a scalar function of three invariants: k2, ¢%, and
v =k-q. It is even in v and symmetric under the interchange of k and q. We shall write it
as M(v, K2,Q?), where K? = —k? and Q* = —¢? will further be assumed to be positive,
i.e., the photons are spacelike.

Introducing the helicity LbL amplitudes as

M)\1)\2>\3>\4 = 5&1 (Q1) 8&; (q2) 5;53 (Q3)€§Z4 (Q4) M}u,ugug/m ) (26)
with €5 (q) the photon polarization vectors, the traced amplitude can be written as [64]:

M= > (=DM Myors = 4Mrp —2Mpp — 2Mop + My, (2.7)
A, o=%,0

2In our notation throughout this paper, the HVP contains an additional factor e? relative to the notation
widely used in lattice QCD calculations, for instance in refs. [62, 63].



where

Moy = 5(Mygqy + My ), M = Moooo »
Mprr = Moto+, Mrp, = Mioto. (2.8)

For spacelike photon virtualities, the optical theorem relates the imaginary part of these
amplitudes to a v*y*-fusion cross section [58, eq. (16)], so that

Im M(v, k2, ¢%) = 2VX o (v, k*, ¢°), (2.9)

where o = 4opp — 2071, — 2017 + o, and X = v? — ¢?> k. Furthermore, the analytic
properties of the v-dependence warrant a dispersive representation. Since all relevant LbL
amplitudes are even in v and require one subtraction [58, section II. C], the dispersion
relation takes the form

M(V7K27 Q2) = M(D7K27 QZ) +M(V7 K27 Q2>7
i 2 2y 2,92 9 T /V,ImM(V,»KQ,QQ)
M, K7, Q) = ;(V - ) / dv W2 =) (V2= 12)’

Vthr.

(2.10)

where we are free to choose any subtraction point v, and vy, is the lowest particle pro-
duction threshold. For example, in QED, vy, = 1/2(K? + Q?) + 2m? is the threshold for
ete™ production; see A.1 for further details.

The dispersive representation justifies the Wick rotation in the evaluation of eq. (2.4)
and we obtain the Cottingham formula analogue:

K22

) Q 1/2
Tt (Q%, A) = 1/dK2{ L ]A / 12 <K2Q2 —1> M, K2, Q%). (2.11)
0 0

T 6Q4(2m)3 K? 2

We refer the reader to eq. (A.2) in appendix for the dispersive form, which, up to one
subtraction, expresses this contribution in terms of y*~*-fusion cross sections. As indicated
in eq. (2.1), this contribution must be combined with the appropriate counterterm, to which
we return in section 6, in order to obtain the first correction AII(Q?) to the HVP.

At this point, let us briefly comment on the flavor structure of the HLbL amplitude
M, particularly regarding to isospin, which plays an important role at low energies. The
e.m. current carried by the quarks contains both an isovector and an isoscalar component.
The LbL amplitude can be written as the sum of the three partial contributions where (i)
all four currents are isovector; (ii) all four currents are isoscalar; and (iii) in one pair of
currents, both are isovector, while in the complementary pair, both are isoscalar, and one
sums over all six possible pairings. Pole contributions of isovector mesons such as the pion
only occur in the third contribution, while isoscalar-meson exchanges appear in all three
contributions.

3 Reproducing the two-loop QED vacuum polarization

In order to test our Cottingham analogue, eq. (2.11), we apply it to the QED VP: we
expect the one-loop LbL, amplitude to provide the two-loop VP, see figure 3.
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Figure 3. One-loop LbL scattering (left three diagrams) and the resulting two-loop VP.

Substituting the one-loop LbL amplitude (cf. A.1) into eq. (2.11) yields a complicated
expression, which we only show here in the expanded form:

2 ' 1620m2 75600

H4Pt (Q2 ) A) =

2
my

2 3
1 1Q* 3 (@? 1 2 s
2+5mgm<mg 105 (mz ) TO@)

up to terms that vanish for A — oco. Hereafter m, stands for the lepton mass appearing

o2 | 13202 2333 (Q*\° 43579 Q—23+O(QS)
2 m? ) " 7938000

, (3.1

in the loops. In this calculation we have in fact adopted a simpler, momentum-cutoff
O(A2—k2

k%]A = ( ) )

equivalent to Pauli-Villars regularization, up to terms suppressed by 1/A2.

regularization: | In the present context, this form of regularization is

The counterterm, II.;(Q?, A), can be obtained by applying the standard rules of renor-
malized perturbation theory, for which we use the Pauli-Villars regularization, see A.3:

— 2 /1 A 1 1 4 K
. (Q% A _60‘< 1 ) s 4+ arct h()
+(Q%,A) a1\ 7T Ogmg 5 H2+ﬁ3 f_FHQarcan =
a? /1 AN J1 3 1
= (Z4log— ) |=k2— 2kt —kb1+0 8] 3.2
2 (4—1- og é) {5,«; 0" +105H + O(k%)], (3.2)

where k = Q/my. Altogether [cf. eq. (2.1)], we obtain the following result for the small-Q?
expansion of the two-loop VP:

_ 2041 Q2 449 [(Q*\° 62479 [(0Q?)°
AHQ:Q————i— — [ = oY | . 3.3
(@) 72 [162 m? 10800 (m? * 7938000 \ m? +0(@) (8:3)
Note that:

M(Q?) = 1(Q?) — TI(0), (3.4)
with T4 (0, A) given in eq. (A.13). To check this result, we use the well-known dispersion
relation: 0? g

_ o0 t
me* =-—- / Im TI(¢). :
@) == [, o ™0 (35)

together with the well-known O(e?) imaginary part, first computed in 1955 [65] as well as
in [66], given for instance in [67] (eq. (5-4.200) on p. 109) and in [68]. Using this well-known
result, we reproduce eq. (3.3) obtained via the Cottingham formula. We have also checked
this numerically for arbitrary Q2.
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Figure 4. Anomalous magnetic moment via the Cottingham formula without the counterterm to
be compared with lattice QCD: varying the mass inside the VP. The cutoff scale is chosen to be
A=M, =3m,.

3.1 Evaluation of the fourth-order vacuum polarization contribution to the
muon (g — 2)

We now test the Cottingham-like formula beyond the small-Q? expansion and compute the
fourth-order VP contribution to the muon (g — 2) using numerical integration. In order
to avoid numerical instabilities emerging in loop integrals, that in the case of the virtual
LbL amplitude we found out to persist in all familiar packages for one-loop numerical
integration, we choose the more elegant way and calculate the LbL amplitude M (v, K2, Q?)
itself via the dispersive approach; see eq. (2.10).

The imaginary part Im M (v, K2,Q?) at the tree level in QED, as well as expressions
for the subtraction term M (7, K2, Q?) for the two choices of subtraction point 7; = 0 and
v = K@ are provided in A.1.

We extracted the ‘Thomson limit’ Ty (0, A) from the first term in the series expansion
of M, and after performing the integration over x, we arrive at eq. (A.13). In particular,
this quantity is finite for a fixed value of A. From here, the O(e®) contribution of the
regulated fourth-order QED VP to the anomalous magnetic moment can be computed
using the general formula [69-71]:

af =2 [dQ* K@) TIQY). (36)
0

where the kernel function is given by

1 (v—1)3 _ Amj,

2y
K@) = Qmi 20(v+1)’



with m, the muon mass. The integral over the kernel function alone gives the Schwinger
term, Aa, = o/2m. Therefore, substituting the renormalized VP, we obtain:

o = —5o1(0) + & [ dQ* K@) (@), (3.8)
0

This means that the subtraction term in Iy (Q?, A) yields the contribution — T4 (0, A)
to a}fP. Results obtained with a Pauli-Villars regulator and A = 3m,, are provided as a
function of the lepton mass my appearing in the VP in figure 4. Furthermore, adding the
contribution of the appropriate counterterm and subsequently taking the limit A — oo, we

obtain the full O(e*) QED VP to a,. For a muon in the VP loop, we obtain:
Aay ~ 6.6 x 10719, (3.9)

The result numerically agrees with ref. [72].

4 Forward LbL amplitude at large virtuality from the Operator Product
Expansion

Since the forward HLbL amplitude M(k, q) is finite, the divergence of eq. (2.4) as A — oo
can only arise from performing the k integral. The question is then, what is the large-k
behaviour of M(k,q) for fixed q. This is a typical application for the Operator Product
Expansion (OPE). In this section we work in Euclidean space and our starting point is

(VEm @V Ve V) = [ et e e g ), (1)

q1,92,43

the e.m. current carried by the quarks, in units of the positron charge, being given by
v = %ﬂvuu — %de — ... We recall that the HLbL amplitude is directly related to
IIox [59]. In particular, for the forward amplitude eq. (2.5), the connection reads

M(k g, kQa q2) = 645,ul/50'/\H;u/0')\(_k7 k‘, _Q)a (4'2)

where the scalar products on the left-hand side are Euclidean. The large momentum k
“forces” the two vertices x and y to come close together. From a power-counting perspec-
tive, it is the dimension-four operators that can cause a logarithmically divergent behaviour
in eq. (2.4), since they contribute as O™ /k2. Tt is then only necessary to know their Wilson
coefficients to order ay included, since o (k%)20™ /k? multiplied by a photon propagator
already yields a UV-finite integral.

Note that the two indices of the vector currents are contracted with each other (thus
cancelling the axial current contribution in the OPE), and that we may average the result
over the direction of k, given that we are interested in subsequently integrating over k in
eq. (2.4). The result of the OPE can then only contain operators with vacuum quantum
numbers.

From a different perspective, the divergence resulting from the integral over the photon
momentum k must be removable by the available counterterms of the theory. Moreover,



since vector currents do not renormalize in QCD, the relevant counterterms are only those
associated with the parameters of the theory, which are the gauge coupling and the quark
masses. These parameters are respectively associated with the operators GgzGq 5 and
myrpy for each quark flavor f.

The Wilson coefficients of scalar operators appearing in the OPE of QCD currents have
been calculated a long time ago [73]. We report only the result up to the order required

for our purposes,?

([ da € T @)y (@) Gy Ot ) (43)

k—>oo3 ag 7 ag a
= 3 i 2 miy s 2 (1472 ]

Interpreting the gluonic operator in terms of the (renormalization group invariant) trace

anomaly 6(z) = %}g)ﬁg, where L, G“ apGap is the gluonic Lagrangian density and
B(g) = ,ugz = —g3(bo + b1g*> +...) the QCD beta function,* we rewrite
Qg 7 g -1 9, 7 by
1 a a =——|1 . 4.4
o (14 577) Gaa@)Gaa(n) = 5o (14 6% (533 — 32) +0Wh) 0@) . (44)

Thereby we arrive at the following prediction for the asymptotic large-k2 behaviour of the
four-point amplitude

k d4 d4ye z—Yy) Vem( )Vem( )V(,(l)(z)V)f2)(0)> (4‘5)
[t [
e ZQf[ ( )mf/d‘*wmvmm 2 (0)

‘24;21)0 (1+92(247ﬂz )) ([ dt 6@V VI o).

where Qf = {2/3, —1/3,...} are the quark electric charges. At this point, we keep the

currents V" )( ) and V)@ (0) unspecified, in particular in their flavour structure.
The effect of inserting the mass operator into a correlation function is to differentiate
the latter with respect to the quark mass,

A [ mibap) = -m2 (), (4.6)

while the effect of the trace anomaly on a renormalization-group invariant correlation
function of mass-dimension n is to differentiate with respect to all scales on which the
correlation function depends,

0

0 0
<A(y,z,...,ml,mg,...)/d4x9(:p)>: <—n—yyayy—zyazy_...+z:mjamj) <A(y,z,...)>,
J

(4.7)

3 As we shall see explicitly in the following subsection, the leading term (6/k%)m fvf) 7y also applies to
the QED case. The other displayed terms are for the gauge group SU(3) and do not depend on the number
of quark flavors ny. The leading coefficient of m 1) 1; and the leading coefficient of GasGap are consistent
with the calculation of [74].

4In these conventions, bg =

11 — 2ny) and by = e )4 (102 — Bny).

1 2
(4m)2 ( 3



where y and z are space-time coordinates. We now set Vg(l)(z) = V™ (2) and Vf) (0) =
V™ (0). Let Hy(2) be the kernel yielding the leading-order subtracted VP when integrated
over with the correlator (V™ (2)VE™(0)) (see egs. 6.10 and 6.11 below). Acting with the

linear operator
d*k |1 4
— / [HA / d*z Hyy () | (4.8)

on both sides of eq. (4.5), we conclude that the asymptotic large-A behaviour of the four-
point amplitude contribution to the fourth-order VP is given by

Min(@24)" 2225 = [(log () + e s (28 s (19)

+48732bo (log (/ﬁg) +220 (2412 - Z;) tog (W» ( +me O )]HGQ(QQ)'

4.1 Explicit OPE calculation at leading order

Consider then the OPE of two vector currents at leading order,

&x’}’;ﬂbx &y’)/uwy = l/_Jm’)’uS(fL“ - y)ﬁvay + "Zyﬁ)/us(y - x>7/ﬂpra (410)

with S(z) the position-space fermion propagator. Eventually one finds

[ 5 [ty D byt by = S atia + 5 (59000~ By + i, )

(4.11)
We have already noted the effect of the mass-operator insertion in terms of differentiating
the correlation function with respect to the quark mass. To understand the effect of
inserting the ‘equation of motion’ (EOM) operator appearing in brackets in eq. (4.11),
imagine multiplying the Euclidean quark action by A, Sg(\) = A(D + m)y. In the
Euclidean path integral, we can take expectation values (A), using exp(—Sg(A)) as weight:
it simply means that each quark propagator contains an additional 1/A factor. Thus, if
computing (A) involves n, propagators,

0

B a@‘%hzl =1 (A)r=1. (4.12)

On the other hand, the same derivative can be expressed as

0

-] = [0 Gha(Fa -0 A ). (413

Thus the insertion of the EOM operator simply multiplies the observable with the number
of propagators n, needed to compute it. Thus the leading contribution of x and y being
close together in the vector four-point function (V,, = ¥y,1) is

o { [ s [ty I V) P2 (< G ) (Va0

(4.14)

~10 -



We now move to the case of x and y simultaneously being in close vicinity of a third
current at position z. In terms of Wick contractions, the relevant case is where the connect-
ing point is z, i.e. there are propagators (y — z — ) or (x — z — y). The cases where the
connecting point is x or y do not contribute to the O(1/k?) behaviour. A straightforward
if somewhat tedious calculation then gives

[ [ [ dty e dos dorgtos by, 2° = Do (415)

272

The same contribution appears when (z,y) are close to the origin, thus doubling this
contribution in the four-point function of the vector current.
Altogether, from eqgs. (4.14) and (4.15), we then find in leading order of the OPE

[ S [ [ty e @V Va VA0 2 — Gt (V, (VA O))
(4.16)
The terms not leading to mass-derivatives cancel, and only the mass-derivative of the vector
two-point function determines the large-k? asymptotics of the forward LbL amplitude.
Thus we have reproduced the very first term in eq. (4.5). Acting on both sides of eq. (4.16)
with eq. (4.8) leads to the first term in eq. (4.9) (with ny =1 and Qy =1).

The leading-order calculation above is equally valid for the QED as for the QCD four-
point function. In the pure QED context, one easily verifies with the help of eqgs. (A.14)
and (A.15) that the textbook O(e?) mass counterterm removes the log(A) term in Il
predicted by the OPE. We have thus verified eq. (4.9) in the pure QED case: given that

I1,2(Q?) given in eq. (A.16) only depends on Q?/m?, the effect of inserting the trace
anomaly, proportional to (2@2 a0z Tm 8m) would cancel.

4.2 Cottingham-like formula for the isovector contribution to HVP

Starting from eq. (4.5) with

1 _
Vp(l) - ‘//)(2) = 5(“%“ — dypd) (4.17)

the isovector component of the e.m. current, the same steps lead to the analogue of eq. (4.9),

with IT,2 now replaced by the isovector contribution ﬁig’ (Q?) to the leading HVP, and

ﬂ’y33 2
4pt (Q

again could be taken with the charged isovector currents

A) the corresponding QED correction to that contribution. The same steps once

Vp(l) = \}5 wy,d, Vp@) = \2 J’ypu, (4.18)
which leads to the quantities ﬁ;*(cf) and its QED correction jgt (@2, A). Taking the
difference of eq. (4.5) obtained once with the choice of currents from eq. (4.17) and once with
the choice of eq. (4.18), one finds that all terms on the right-hand side cancel. This is clear
for the contribution from the insertion of isoscalar operators, whose correlation function is
identical with two members of the same isospin multiplet. For the isovector mass insertion
(tu — dd), G-parity ensures that this insertion vanishes separately in the neutral and in
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Figure 5. m%-exchange contribution to the VP via Cottingham-like formula.

the charged isovector channel. In other words, all counterterms from the action cancel in
this difference,” as has been noted in ref. [75], which contains an exploratory lattice-QCD
calculation of this quantity. However, care must be taken of the fact that, unlike the cases
considered so far, the currents of eq. (4.18) are not gauge invariant with respect to QED.
Therefore this case requires further study. We note that, in the radiative corrections to the
leptonic decay of a charged pion [76], the e.m. correction to a charged-current correlator
represents one of several contributions.

Other flavor cases may be of interest, in particular the correlator between the isovector
and the isoscalar components of the photon, which vanishes in isospin-symmetric QCD in
the absence of quark electric charges. In this case, the action counterterms do not vanish
altogether, though only the isovector mass insertion (#u — dd) contributes in the analogue
of eq. (4.9).

5 The 7% exchange contribution

In this section, our goal is to present the form of the 7%exchange contribution to the
forward HLbL amplitude M, cf. figure 5, since it is the longest-range contribution. As in
the previous section, we work in Euclidean space. We define the Fourier transform of the
four-point function of this current as in eq. (4.1) and the forward amplitude is obtained as
in eq. (4.2). The O(e*) contribution to the polarization tensor with a regularized internal
photon propagator then reads

64 d4k 1 2 2
H4pt;,u)\<Q7A) = Y / W {E}A Huaaz\(% k,—k) = (quq,\ - 5#)\61 ) H4pt<q A). (5.1)

For the m%-exchange contribution, proportional to the square of its transition form
factor F, we have

Huaa)x(‘]a ka _k) = —€uoap €orys qa k,B k’y qs ]:(_q2a _k2)2 (52)

1 1
X + .
[(q+k)2+m?r (q—k)2+m%}
We perform the angular integration by using the Gegenbauer polynomial expansion of
propagators (see for instance [77]), and the final expression is

4
2 _ _~€ o ard 2 2\2 ma L om. \2
Mape(,8) = 50t | k1] P27 235, (1= 52000 63)

m _
Zigl k) =

1 2 2 2
q° +k*+m® —\/(¢® + k2 +m?)? — 4¢%k?). 5.4
STalil Ve ) ) (54)

A very similar observation was already made in the case of the pion e.m. mass splitting in ref. [30].

- 12 —



This expression, once inserted into eq. (3.6), can be viewed as the VP analogue of the
Jegerlehner-Nyffeler relation for the ¥ contribution to HLbL scattering in the muon (g —
2) [78, 79]. In the present case, the kinematics are simpler, and correspondingly Aaﬁo takes
the form of a two- rather than three-dimensional integral for a yet to be specified transition
form factor F. The unsubtracted VP is UV-finite for fixed A, while the subtracted VP
ﬁ4pt(q2, A) remains UV-finite for A — oo, unlike in the full QCD case, as we have seen in
section 4, when short-distance contributions from quarks are taken into account.

As an example, for the VMD parameterization of the transition form factor,

F(0,0)
(1+qf/mi)(1+g3/mi)’

F(—qi,—a3) =

one obtains, near the chiral limit, the singular behaviour

lim Oldpt (Q*=0,A) = Og F(0,0)? [5 + log (”ﬂ?) + O(mi/m%/)] . (5.6)

A—o0 6@2 ™
For a pion mass which is still heavy relative to the muon mass, the contribution reads Aa,, ~
2
a;:r # 11}, (0). Parametrically, this contribution behaves similarly to the 70 contribution to

the HLbL contribution to a, [51, 80], except that in the latter case the chiral logarithm
enters quadratically.

Numerically, with F(0,0) = (472f;)~! and f, = 92.4MeV, my = 0.77549 GeV, and
the physical 70 mass one obtains from eq. (5.3) with the QED kernel (3.6) the following
contribution to ay,

AdT = 0.370 x 10710 (5.7)

This result agrees with the value given in [51]. We note that the result is more than an order
of magnitude smaller than the contribution of the ete™ — 7%y channel in the dispersive
representation of aXP,ﬁ however the quantity Aaﬁo computed here is not precisely the
same. We finally remark that the master relation eq. (5.3) applies equally well to the other

pseudoscalar mesons, notably the n and 7'.

6 Electromagnetic correction to the HVP in lattice QCD: a computa-
tional strategy

The general structure of eq. (2.1) also applies to the calculation of the isospin-breaking
contribution to the leading HVP II.2(Q?) (from QED and strong isospin breaking) in
lattice regularization, in which case the inverse lattice spacing 1/a plays the role of the UV
cutoff. To be more specific, we note that lattice QCD admits (N4 1) bare parameters, i.e.,
the SU(3) gauge coupling and the N¢ quark masses, which we assemble into a vector plat,
When correcting the isosymmetric theory for isospin breaking, the bare parameters must
be readjusted. The shifts <5b%at in the bare parameters are determined by requiring that the

5The vastly different size of the result of ref. [51] as compared to the eTe™ — 7%y channel contribution
was pointed out to one of us in 2016 by Andreas Nyffeler. See also the recent ref. [81], appendix D.
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theory with isospin breaking reproduces (N¢ + 1) suitable experimental observables [30];
typically, the masses of hadrons which are stable in the absence of weak interactions,

Ne+1
MP™S = M + M (a;0) + > gt @ bt (h=1,... N;+1),  (6.1)
i=1

where M}E’hys is the experimental hadron mass, M}LSO is its value at the chosen expansion
point in isosymmetric QCD, M, i?)ttﬁ(a; M,) is the O(e?) e.m. contribution computed with
(in general) a photon mass M, and J/2t0) = 9M,,/oblt = <h\01(;£|h> is given by the
forward matrix element of the operator conjugate to parameter b%at. Thus, given a lattice
calculation of M0, M 2% (a;0) and the matrix J', the vector 6b'" is obtained by solving
a linear system.
We are now in a position to write the lattice-regularization analogue of eq. (2.1) for
the subtracted HVP as
= . (=lat —lat
ATI(Q?) = lim (T (Q, a;0) + Ty (Q%, ), (6.2)

a—0

where the counterterm has the form

Tt 2 pas a9 = 2
Hct (Q ,(1) = Z 5bz Oblat 2 (Q )7 (63)
=1 )

and ﬁfgt(QQ, a; M) denotes the e.m. four-point function contribution to the HVP, com-
puted (in general) with an internal photon of mass M.,. Massive QED has previously been
used to control photon zero modes in finite volume, with the physical limit M, — 0 taken
after extrapolating to infinite volume [40, 48, 82, 83]; our approach, by contrast, is to keep
A = M, fixed and use it for separating long-range contributions from UV-divergent ones.
Based on the identity of eq. (1.1) for the photon propagator with a fixed A ~ 400 MeV, we

propose to perform the following decompositions,”

—lat —lat

T (Q%, 05 0) = Tape (Q%, A = M) + Ty (Q%, a5 M), (6.4)
i?)t;:(a; 0) = Myp(A = M) + Mi?t(a; M,).

Up to the subtraction at @? = 0, the function Iy (Q?, A) is the same as in eq. (2.1). Since
A plays the role of the Pauli-Villars UV regularization scale, the continuum limit ¢ — 0 can
be taken for this quantity. Similarly, M4pt(A) represents the e.m. hadron-mass corrections
computed with the Pauli-Villars regulated photon propagator. The continuum limit can
also be taken in this case, since the same OPE, as reviewed in section 4, determines the
asymptotic behaviour of the forward Compton amplitude on hadron h [74].

Given a choice of M., each term on the right-hand side of eq. (6.4) is affected by rather
different systematics on the lattice and is meant to be evaluated separately. The same
observation applies to the two terms on the right-hand side of eq. (6.5). The UV-finite part
Mapt (Q%, A) of eq. (6.4) receives long-distance contributions due to the long-range photon

"Eq. (6.4) and eq. (6.5) hold up to corrections suppressed by one or two powers of the lattice spacing.

— 14 —



propagator. A coordinate-space representation free of power-law finite-volume effects is
presented below in subsection 6.1. The result can be compared to an evaluation based on
our Cottingham-like formula, eq. (2.10) and eq. (2.11). For the second term of eq. (6.4),
one possible expression in the time-momentum representation [63] is
4 12
Fat 2 € a 2 |Q’ZO 1
e (Q7, a5 M) = 5 5L, > (Zo ZGat (6.6)

2
Oz>0 Q

<Zezk z—y) Z Ve () VeEm( )V/fm(x)V)\em(O) + tadpoles>,

where V;7™(y) and V™ (z) are discretized as conserved currents and the simplest form of
the photon propagator (in Feynman gauge) is

O

Glat<k,) 5 >
k2 + M3 a

k
5 Z sin? QT”, (6.7)

and the tadpole terms ensure the transversality of the four-point function with respect to
contracting it with &, or k,. Similarly, M 14 (a; M) can be determined by well-established
methods where the (now massive) photon is treated as part of the finite-volume lattice field
theory.

We now briefly discuss how to compute the hadronic mass shifts M4pt(A) with a long-
range, but Pauli-Villars regulated photon propagator. As for ITyp (Q?,A), it is possible to
avoid power-law effects in the volume [84] by using coordinate-space methods and, addi-
tionally, by explicitly correcting the elastic contribution of the forward Compton amplitude
for finite-volume effects. As a slight variation to the concrete proposal in [84], this correc-
tion could be done with the help of a separate calculation of the e.m. form factor(s) of the
hadron whose mass correction is being computed. These methods could also be applied to
the difference of Mypt ,(A) between proton and neutron, a quantity that could be compared
to predictions based on the original Cottingham formula.

We remark that the currently most frequently used formulation of lattice QCD cou-
pled to photons consists in removing the photon zero-mode in every time-slice [85]. The
corresponding finite-size effects on the HVP have recently been investigated and found
to be parametrically of order 1/L?, and numerically small in the framework of scalar
QED [86]. Another recent investigation provides a systematic analysis of various finite-size
effects beyond the pointlike approximation of hadrons, in particular of pseudoscalar mesons
masses [87] (see also references therein). As an alternative method, first results (primarily
on hadron masses) based on simulating QCD+QED with C* boundary conditions have
recently been presented [88].

In conclusion, while the numerical practicability of the presented method remains to
be demonstrated, we have established that it is possible to avoid power-law finite-volume
effects altogether in computing AII(Q?) on the lattice. How large the discretization errors
on this quantity are at finite lattice spacing with the method proposed above will need to
be explored in practice. Here we remark that the Pauli-Villars regularization of the photon
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propagator is only one of many posssible choices. For instance, with the decomposition

1 1
5= (55~ G600 ) + Gan(02,¢, ), (63)
1 1
Gsub(k27C7A): 1—C(k2+CA2_k2f‘A2)’ 0<(¢<, (6-9)

which amounts to a ‘double Pauli-Villars’ regularization of the photon propagator, the
same strategy as described above can be carried out, now with the expression in brackets
in eq. (6.8) falling off as fast as 1/kS at large k2.

6.1 Coordinate-space representation of ﬁ4pt(Q2,A) free of power-law finite-
size effects

A Euclidean coordinate-space expression for the subtracted HVP is
Q) = [ Hal2) Hor(2). (6.10)
z

where the leading contribution is f[ez;g)\(z) = e (V™ (z) V™(0)), the relevant (Q-depen-
dent) coordinate-space kernel H),(z) was derived in [89] (section II.B.2) and we have
abridged [, = [d*z. Expanding a QCD correlation function to second order in the e.m.
coupling leads to the insertion of the product of two e.m. currents, whose relative positions
are weighted by the internal photon propagator. Thus, using Feynman gauge for the latter,
we arrive at the expression

64
Mipt(Q%A) = ~ 50 | Hao()|Goly —0)] (VimV™ )V (@) V™ (0)), (6.11)

x7y72

for the regulated contribution to the subtracted HVP. The Pauli-Villars regulated photon
propagator in position space reads

1 AK;(A|z])
A 4m2z? 4m2|z|

[Go(@)] (6.12)
which is only logarithmically divergent for 22 — 0. Here K is the modified Bessel function
of the second kind. We note a close analogy of expression (6.11) with the master relation
used for the HLbL contribution to the muon (g —2) in refs. [35, 90, 91]. Similarly, a;" can
be obtained from eq. (6.11) by replacing the kernel H), by the appropriate one given in
section II1.B.3 of ref. [89]. The main feature of our proposal is that no IR-regularization of
the photon propagator is needed. Thus finite-size effects are expected to be on the order
of exp(—m,L/2), as in the case of the HLbL contribution [90].

6.2 Computing a

EVP: w0%-exchange contribution to the coordinate-space in-

tegrand

By Fourier-transforming the polarization tensor associated with eq. (5.3) (see eq. (5.1)), one
obtains the O(e*) contribution [ypr.p(2, A). After insertion into eq. (6.10) and contraction
of the indices, the integrand is a scalar function of |z|. We illustrate the integrand of this
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Figure 6. Comparison between the normalized integrands from different representations of the
m0-exchange contribution to a, for A = 3m,, (left panel) and A = 200m,, (right panel), where
‘kerOQ’ is obtained with the original coordinate-space kernel, ‘kerM6’ with improved kernel given
in B, with the parameter M set to 6 in eq. (B.4). The integrands are normalized such that the area

under the curves equals unity.

last scalar integral in the following. Alternatively to the proposed position-space approach,
one can reach the widely used time-momentum representation (TMR) [63] by Fourier-
transforming the polarization tensor at vanishing spatial momentum only with respect

to q0-

Choosing the same parameters as in section 5 for the VMD parameterisation of the
transition form factor, we obtain the integrands as functions of R = |z| (and R = 2, for
the TMR case) as shown in figure 6, where the results with the original [89] position-
space kernel (kerO) and the TMR are compared, calculated in the continuum and infinite
volume at two different Pauli-Villars masses A = 3m, and 200m,; recall that the 70-
exchange contribution by itself remains finite as A — oco. Both integrands are rather long-
range, an observation which implies a certain difficulty for lattice calculations if the O(e?*)
contribution is to be computed with good relative precision. We remark that the integrand
displayed in figure 6 corresponds to the sum of all Wick contractions contributing to the
four-point function of the e.m. current, but, using the results in appendix A of ref. [35], it
would be fairly straightforward to adapt the prediction to individual Wick contractions of
the quark fields.

As a consequence of the Ward-Identity of the vector current, a term 0, [z, F(|z|)] can
be added to the position-space kernel H),(z) without changing the integrated result of
eq. (6.10) in infinite volume [92]. With a judiciously chosen subtraction, one can make the
z-integrand in eq. (6.11) more peaked in the small-|z| region. As in practice, a calculation
on the lattice is limited by the degrading signal-to-noise ratio when the arguments of the
correlator are far apart in position-space, the possibility of reshaping the integrand makes
the position-space representation appealing. Such a technique has also been used for lattice
determinations of the HLbL scattering contribution to a, [90, 93]. Figure 6 thus also shows
the result of improving the kernel (kerM6) to make the integrand shorter-range; details of

17 -



its construction are given in B. For the A = 3m, case, the partially-integrated ay(R)
obtained with kerM6 already reaches about 70% of its final value a,(c0) at R = 2fm, but
only about 50% with the TMR. For A = 200m,,, the benefit becomes even more apparent:
95% with kerM6 and merely about 65% with the TMR. We thus expect that the position-
space method with an improved kernel should offer a good opportunity to compute the

VP

e.m. correction to CLE on the lattice, with better controlled finite-volume effects.

7 Conclusion

We have written a Cottingham-like formula for the leading QED correction to the HVP,
mainly in terms of the traced forward HLbL scattering amplitude. While the latter is
a physical amplitude, when contracting an incoming with an outgoing photon line, the
corresponding momentum integral diverges logarithmically in the UV. The required coun-
terterms that remove that divergence have been worked out in section 4 with the help of
the OPE: they involve the derivatives with respect to the quark masses and the virtuality
of the leading HVP. The finite part of the counterterms, however, depends on the precise
choice of the point in the parameter-space of isospin-symmetric QCD around which the
isospin-breaking effects are computed.

At present, it appears that the most promising application of the Cottingham-like for-
mula is to implement it with a finite regulator on the order of a few hundred MeV. The
regularization amounts to replacing the internal photon line by a Pauli-Villars regulated
propagator, or any other convenient form of propagator regularization. The leading QED
correction to the HVP with such a regularized photon propagator in place can be computed
in lattice QCD using coordinate-space techniques similar to the calculation of the HLbL
contribution to the muon (g — 2), without incurring power-law finite-size effects. When
working on very large lattices, as realized in master-field simulations [94, 95], these tech-
niques are particularly natural [96]. Irrespective of whether one uses this new approach or
the more established method involving the removal of the spatial zero-mode of the pho-
ton, a direct comparison becomes possible between the lattice-QCD calculation and the
prediction based on the Cottingham-like formula. For the latter, we recall that the traced
forward HLbL amplitude can be represented dispersively in terms of the yv*+* — hadrons
fusion cross-section, up to one subtraction term. The complementary part, i.e. the second
term in eq. (1.1), involves a massive photon propagator in the case of the Pauli-Villars
regularization choice. For this part, the lattice provides a natural UV-regularization, and a
prescription for handling the photon zero mode on a finite lattice is then no longer needed,
owing to the photon mass.

Finally, in the context of the original Cottingham formula, it could be interesting
to compute the e.m. contribution to the proton-neutron mass difference with a regularized
photon propagator, which could then be compared in detail and without scheme uncertainty
to predictions based on the (rather mature) dispersive treatment of the forward Compton
amplitude (see [56] and refs. therein).
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A Applying the Cottingham-like formula to the QED vacuum polariza-
tion

Here we give more details on how the two-loop QED contribution to vacuum polarization is
reproduced via the Cottingham-like formula. We begin with eq. (2.11), which by a variable
change, v = KQuz, is cast into:

[e'e) 1
My (Q A) = 3(2;)3622/&(2 /dm V1= 22 M(KQz, K2, Q%), (A1)
0 0

where A is the scale regularizing the integral over K2 in the ultraviolet. We keep the regu-
larization implicit throughout this appendix. Substituting the dispersive representation of
the LbL amplitude and the optical theorem, we obtain

1 o0
H4pt(Q27A) = 3(271')3622/6”(2 lZM(’ZKZ, QZ)
0

o0

2 v

d — Xo(v,K? Q* A2

R s St RO LI >], (A2)
Vthr.

where X = 12— Q?K?2, and v is the subtraction point (below we use 7 = 0 and 7 = K@ and

verify that the results are equivalent). We next provide the ingredients needed to evaluate

the vacuum polarization to two-loops in QED, including the necessary counterterms.

A.1 Polarized ~~ fusion cross sections

We start with the tree-level cross sections for the QED process v*y* — £ (¢ denote spinor
QED fermions) with polarized virtual photons. The conventions are the same as in refs. [58]

and [97]:
B 1++a X 4m? o 99
L:log<m>, a:y2<1—8>, X=v —QK7 (A?))
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where s = (k+¢)? =2v — K? - Q*, v =k - q; Q*> = —¢? and K? = —k? are the spacelike
photon virtualities. The threshold energy in this case is given by vin,. = 2m?+1/2(K2+Q?).
The cross sections corresponding to the fusion of two polarized photons, either transverse
(T') or longitudinal (L), read:

O'TT(I/Q K2 %(O’H-FO'J_)
:O‘T {\/&[ (1_>2_(1_a)+]f§2(2—(1_1®j§)}
[ _a2+2<1 )2 2122Q2(1+ )}L} (A.4)
orr(v, Q?, Kz)—JTL(l/K QQ)

= Q2 {[ (v— K?) (—2(1—a)—(3—a)Q2)§(2>+21/K2(1—|—a)

—K4(3+a)}L+\/ﬁ[<y—K2)2 <2+ 3Q;K2> —2vK? +K43_a”.
(A.5)

2 _ 272 2 12
orL(v, Q2 K?) :20427TQ2K2V§(2{\/&{—2— 31 _2;‘@;{ ] <2+ SQXK >L} (A.6)

The optical theorem connects the absorptive cross sections with the imaginary part of
the corresponding forward LbL amplitudes,

Im Mpp = 2VX oppr, P,P' € {L,T}. (A7)

The total cross section requied in the Cottingham formula is given by®

8ra? 44+ K2+ Q?%—2v
o = 4oy — 207 — 2071, + 01, = > {2V\/X K21 02— 20
WK?Q* +2+v] - K2[K*(Q* — 1) + 2(1 +v)] — Q*[Q*(K? — 1) +2(1 +v)]
K2Q%(4 —2v + K2+ Q?) — 412
+ X 44+ K2+Q%—2v
2 2 2__
+ [(K2 +Q* V)2 12 4y - 1)} log S 0 e } (A.8)

_ X 4+K2+Q%2-2v
v K2+Q2%-2v

8Hereafter, until the end of A.2, we set m = 1, without loss of generality.
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A.2 The one-loop LbL amplitudes and subtraction functions

The forward one-loop LbL amplitude has been derived with the help of Package-X [98, 99]
and is given by:

M, K%,Q?)
2( {QIOg[éQ(\/Q2+4+Q)+1}
= 16a”| 6—
Vo

x (-MQ? [(KQ—Q) <K2+1) Q'+ (K2+2) (7K2—2) Q2+6K4+52K2+16]
S+ K208 (K2+Q2+4)2 [KQ (Q2+4)—2Q2+4} +96u4)/(K4Q5 (K2+Q2+4)2
11601 Q—4K22Q3 [K2 (Q2+2) +2 (Q2+4>] ) H{K & Q}}

2/ 1+ sormrge log |3 (VIR T20 + Q) (K2 + 20+ Q7+ 4) + K2+ 20+ Q% +2)
* K2Q* (K2 +Q?+-2v+4) — 412

< <K2Q2(K2+Q2+2y)—2(K2+Q2)(u—1)—(K4+Q4)—21/(z/+2)>

N (K2+Q%)2+2v(K2+Q*) +2v(v—2)—4

1%

+{H_y}}>, (A.9)

Co (—KQ,—QQ,—K2—2V—Q2;1, 1,1)

where Co(p?, p3, (p1+p2)%; m?, m3, m3) is the scalar one-loop integral in the Loop Tools [100]

notation. The expressions for the subtraction function for the cases of ¥ =0 and v = K@
are, respectively:

3K? +2) +2Q% (K* + 7TK? — 4) + 4K?(2K? + 5)
K2Qv/Q? +4(K?2 + Q2 + 4)

x log BQ (\/Q2 +4+ Q) + 1]

+K6 + K*(3Q%* 4+ 2) + 2K% (Q* + 7Q* — 4) +4Q? (2Q* + 5)
Q*KVK? +4 (K2 +Q?+4)

x log BK (\/K2 T4+ K) + 1}

QS+ K° —2(Q* + K + 5Q*K*(Q* + K?)

K2Q?/(K? + Q%) (K? + Q* + 1)
x log [; (K2 + \/(K2+Q2) (K24 Q% +4) +Q2+2>}

M(O,K2, QQ) — _32a2{Q6+Q4(

—92 <K2 Q- 2) Co (—Q2, K2, K% Q%1,1, 1) - 3}, (A.10)
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(K*+Q*—2) [(K + Q) +4]*”
K2Q*(K +Q)

M(KQ,K? Q% = —16a2{ — 6+

xlogB(K—FQ)( (K+Q)2+4+K+Q>+1}

(K2+Q%—2) [(K —Q)2+4*
K2Q?|K - Q|

xlogB\K—Q\<|K—Q|+ (K—Q)2+4>+1]

2[(K*+2K?+28) Q* + K® + 6K* — 32]
KQ2VK? +4(K? —Q?)

xlog{ (\/ K?2+4 +K>+1]

2[(Q* +2Q* +28) K% + Q% + 6Q* — 32]

K2QVQ@ +1(Q? — K2

x log BQ <\/Q2+4+Q> +1} } (A.11)

The vacuum polarization at Q% = 0, needed for renormalization, is, in general, given by:

[ tai MU @)
0

_l’_

(A.12)

H4pt(07A) = 3(21 )3

Q=0
In the case of two-loop QED, we obtain:

12 (K2 +2)log [} K (VEZ+ 4+ K) +1]
H4pt(0 A 2 /dK 5/2
47T K3 (K2 +4)

_(K2+2) +8}
K2 (K2 + 4)*

(A.13)

which is finite upon any regularization set by A.

A.3 QED counterterm in the Pauli-Villars regularization

The counterterm can be obtained in the following way

— 0
2 — _ _
et (g, A) = — [md2 — 0] o

where in the on-shell renormalization scheme? and in Minkowski-space notation

,.2(¢%), (A.14)

My — Gy = Sal=m) = bm = B - [i +log A] , (A.15)
m

2

_ —2« m
.2(g%) — / 1 —2)zl Al
e? (q ) d.%' .%').1‘ 0og m2 — 1’(1 — 1’)(]2’ ( 6)

leading to eq. (3.2).

9See ref. [101], whose notation we borrow, in particular their eqs. (7.28) and (7.91).
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B Properties of the coordinate-space kernel for a,

B.1 A modified kernel based on the p-meson exchange

In the coordinate-space formulation of eq. (6.10), as a consequence of the conservation of
the e.m. current one can subtract a total derivative [92]

ZX\Ro

Ox [zoF(|2])] = 0xo F(|2]) + = F'(J2]) (B.1)

||
from the original [89] QED kernel H),(z), without changing the final integrated result.
The smooth function F' is arbitrary, as long as it does not generate boundary terms upon
integrating by parts. More precisely, the kernel H),(z) has the following structure

Z\%o

H/\U(Z) = —(5)\07'[1(’2‘) + W

Ha(|2]) - (B.2)

After the subtraction, the functions H;, henceforth referred to as form factors, are modi-
fied to
Hi(r) = Hi(r) — F(r), Ha(r)=Ha(r)+rF'(r). (B.3)

As the coordinate-space formulation for a, is obtained by a simple substitution of the
e.m. kernel appearing in egs. (6.10) and (6.11), we will not introduce new notations in
the following discussion. Throughout this appendix, the e.m. kernel and form factors refer
implicitly to the ones related to ay.

To avoid the long-distance region where lattice calculations perform less well, we aim
at reshaping the integral representation of a, into a shorter-ranged one by introducing a
phyiscally motivated subtraction to the e.m. kernel. In the leading-order HVP calculation,
the contribution of the p-meson is dominates over a large distance interval. The simplest
way to model the p-meson is to represent it as a d-function in the spectral function (see
eq. (67) of ref. [89]). Based on the behaviour of the correlator at large separations in this
simple model, we can choose a one-parameter subtraction function

b c
FM(p) = B.4
(r) = Hi(r) <a+ T +3 n (mur)2> , (B.4)
where 12 750 + 1772M
a=l b=g T Ty (B-5)

The subtraction term eq. (B.4) preserves the behavior of the kernel near the origin and
at long distances. This subtraction ensures that the p-meson contribution from our model
with a mass of M times that of the muon falls at least faster then re=™s" log(m,r) at
large 7.

B.2 Approximants for the form factors

The form factors require evaluating Meijer’s G-functions, which are in general computa-
tionally costly. Fortunately, as the asymptotic behaviors of the form factors are known,
one can efficiently approximate them according to the size of the argument. For the typical
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size of the boxes that we include in lattice calculations to approach the physical point, the
maximal separation between the two vector-current insertion is ~ 6fm. Eventually, one
would also want to have good control over the wrap-around effects of light intermediate
states due to periodic boundary conditions. Accounting for these considerations, useful
approximants of the form factors should be accurate up to about a distance of m,r ~ 13.
The approximants that we choose are of the form

)

2 -
HIPPE(r) = 3 — fi(r)?*,  where # =m,r. (B.6)
my

For 7 < 2, we use
6 . 27 5 ) AN 242 "
= i 7 i 7 7
R =l (5) + 00 (5) e () (B.7

and for 2 < # < 13, rational approximations are used:

4 () 4
r ZJ Opj-i-lrj

filr) = ;
1+ Z] 1 q](—‘,)-l

where the coefficients a(l 2 b(1 2), p§1’2) and qj(-m) are tabulated in tables 1-4.
For completeness, 1t is convenlent to have a similar type of approximant for the deriva-
tive of the form factor Hi, as it is required in the implementation of the subtracted kernel

introduced in the previous subsection. To this end, we consider the approximant

d A_ appr. 8(12 _
Llr (7 4H1(T))] =35 f3(r), (B.9)
m
where, for 7 < 2
6 A A\ 26+
oSl enm@)Q)] e
=0
and for 2 < 7 < 13,
4
Falr) = = OPZHT (B.11)

1+ Zz 1 qz+17”Z

where the coefficients a( ) b( ), 5 ) and q( ) are tabulated in tables 1-4.
In the considered region 7 € [0, 13], these approximations are accurate up to a relative

precision of 5 x 1076,
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a0

e

ne

N O Ut R W N S

0.000759549
—0.000128258
—0.0000943174
—0.0000195809
—2.37199 x 1076
—1.97309 x 10~
—1.21714 x 1078

0.000434028
—0.0000710376
—0.0000656352
—0.0000147283

—1.87175 x 1076
—1.60997 x 10~
—1.01821 x 1078

0.0000670547
—0.000128956
—0.0000493386
—8.51914 x 1076
—9.14652 x 1077
—6.89663 x 1078

Table 1. The coefficients algi) for eq. (B.7) and eq. (B.10).

M
bj

@
bj

®
bj

J
1
2
3
4
5
6

0.000390625
0.000119358
0.0000188079
1.93762 x 1076
1.43784 x 1077
8.12427 x 107°

0.000260417

0.0000868056
0.0000144676
1.5501 x 1076
1.1841 x 1077
6.84149 x 107

0.000390625
0.000238715
0.0000564236
7.7505 x 1076
7.1892 x 1077
4.87456 x 1078

Table 2. The coefficients bg-i) for eq. (B.7) and eq. (B.10).

i p" p” p

1| 0.000758753 0.000428977 —0.0000396871
2 0.00104081 0.00071103 —0.000390356

3| 0.000126642 0.0000476469 | —3.31526 x 1076
4] —1.2882 x 1078 | —3.88032 x 1078 | 9.09887 x 1078

5| 2.70969 x 10710 | 4.99942 x 10710 | —1.18082 x 10~

Table 3. The coefficients p;i) for eq. (B.8) and eq. (B.11).

@)

~.

2)

®3)

4q; 4q; 4q;
2 1.39604 1.63492 1.43041
3 0.4842 0.534896 0.518476
41 0.0867795 | 0.0993416 0.102334
5 | 0.00487635 | 0.00444518 | 0.00905763

Table 4. The coefficients qy) for eq. (B.8) and eq. (B.11).

— 95—




References

[1]

[13]

[14]

T. Aoyama, M. Hayakawa, T. Kinoshita and M. Nio, Complete Tenth-Order QED
Contribution to the Muon g-2, Phys. Rev. Lett. 109 (2012) 111808 [arXiv:1205.5370]
[INSPIRE].

T. Aoyama, T. Kinoshita and M. Nio, Theory of the Anomalous Magnetic Moment of the
Electron, Atoms 7 (2019) 28 [INSPIRE].

A. Czarnecki, W.J. Marciano and A. Vainshtein, Refinements in electroweak contributions
to the muon anomalous magnetic moment, Phys. Rev. D 67 (2003) 073006 [Erratum ibid.
73 (2006) 119901] [hep-ph/0212229] [INSPIRE].

C. Gnendiger, D. Stockinger and H. Stockinger-Kim, The electroweak contributions to
(9 — 2), after the Higgs boson mass measurement, Phys. Rev. D 88 (2013) 053005
[arXiv:1306.5546] INSPIRE].

M. Davier, A. Hoecker, B. Malaescu and Z. Zhang, Reevaluation of the hadronic vacuum
polarisation contributions to the Standard Model predictions of the muon g — 2 and a(m%)
using newest hadronic cross-section data, Eur. Phys. J. C 77 (2017) 827
[arXiv:1706.09436] INSPIRE].

A. Keshavarzi, D. Nomura and T. Teubner, Muon g — 2 and a(M%): a new data-based
analysis, Phys. Rev. D 97 (2018) 114025 [arXiv:1802.02995] [INSPIRE].

G. Colangelo, M. Hoferichter and P. Stoffer, Two-pion contribution to hadronic vacuum
polarization, JHEP 02 (2019) 006 [arXiv:1810.00007]| [InSPIRE].

M. Hoferichter, B.-L. Hoid and B. Kubis, Three-pion contribution to hadronic vacuum
polarization, JHEP 08 (2019) 137 [arXiv:1907.01556] INSPIRE].

M. Davier, A. Hoecker, B. Malaescu and Z. Zhang, A new evaluation of the hadronic
vacuum polarisation contributions to the muon anomalous magnetic moment and to
a(m2), Bur. Phys. J. C 80 (2020) 241 [Erratum ibid. 80 (2020) 410] [arXiv:1908.00921]
[INSPIRE].

A. Keshavarzi, D. Nomura and T. Teubner, g — 2 of charged leptons, a(M2) , and the
hyperfine splitting of muonium, Phys. Rev. D 101 (2020) 014029 [arXiv:1911.00367]
[INSPIRE].

A. Kurz, T. Liu, P. Marquard and M. Steinhauser, Hadronic contribution to the muon
anomalous magnetic moment to next-to-next-to-leading order, Phys. Lett. B 734 (2014) 144
[arXiv:1403.6400] [INSPIRE].

K. Melnikov and A. Vainshtein, Hadronic light-by-light scattering contribution to the muon
anomalous magnetic moment revisited, Phys. Rev. D 70 (2004) 113006 [hep-ph/0312226]
[INSPIRE].

P. Masjuan and P. Sanchez-Puertas, Pseudoscalar-pole contribution to the (g, —2): a
rational approach, Phys. Rev. D 95 (2017) 054026 [arXiv:1701.05829] [INSPIRE].

G. Colangelo, M. Hoferichter, M. Procura and P. Stoffer, Dispersion relation for hadronic
light-by-light scattering: two-pion contributions, JHEP 04 (2017) 161 [arXiv:1702.07347]
[INSPIRE].

M. Hoferichter et al., Dispersion relation for hadronic light-by-light scattering: pion pole,
JHEP 10 (2018) 141 [arXiv:1808.04823] [NSPIRE].

— 96 —


https://doi.org/10.1103/PhysRevLett.109.111808
https://arxiv.org/abs/1205.5370
https://inspirehep.net/literature/1115845
https://doi.org/10.3390/atoms7010028
https://inspirehep.net/literature/1756917
https://doi.org/10.1103/PhysRevD.67.073006
https://arxiv.org/abs/hep-ph/0212229
https://inspirehep.net/literature/604695
https://doi.org/10.1103/PhysRevD.88.053005
https://arxiv.org/abs/1306.5546
https://inspirehep.net/literature/1239669
https://doi.org/10.1140/epjc/s10052-017-5161-6
https://arxiv.org/abs/1706.09436
https://inspirehep.net/literature/1608028
https://doi.org/10.1103/PhysRevD.97.114025
https://arxiv.org/abs/1802.02995
https://inspirehep.net/literature/1653992
https://doi.org/10.1007/JHEP02(2019)006
https://arxiv.org/abs/1810.00007
https://inspirehep.net/literature/1696451
https://doi.org/10.1007/JHEP08(2019)137
https://arxiv.org/abs/1907.01556
https://inspirehep.net/literature/1742686
https://doi.org/10.1140/epjc/s10052-020-7792-2
https://arxiv.org/abs/1908.00921
https://inspirehep.net/literature/1747772
https://doi.org/10.1103/PhysRevD.101.014029
https://arxiv.org/abs/1911.00367
https://inspirehep.net/literature/1762580
https://doi.org/10.1016/j.physletb.2014.05.043
https://arxiv.org/abs/1403.6400
https://inspirehep.net/literature/1287074
https://doi.org/10.1103/PhysRevD.70.113006
https://arxiv.org/abs/hep-ph/0312226
https://inspirehep.net/literature/635797
https://doi.org/10.1103/PhysRevD.95.054026
https://arxiv.org/abs/1701.05829
https://inspirehep.net/literature/1510073
https://doi.org/10.1007/JHEP04(2017)161
https://arxiv.org/abs/1702.07347
https://inspirehep.net/literature/1515024
https://doi.org/10.1007/JHEP10(2018)141
https://arxiv.org/abs/1808.04823
https://inspirehep.net/literature/1687430

[16] A. Gérardin, H.B. Meyer and A. Nyfleler, Lattice calculation of the pion transition form
factor with Ny = 2+ 1 Wilson quarks, Phys. Rev. D 100 (2019) 034520
[arXiv:1903.09471] [INSPIRE].

[17] J. Bijnens, N. Hermansson-Truedsson and A. Rodriguez-Sanchez, Short-distance constraints
for the HLbL contribution to the muon anomalous magnetic moment, Phys. Lett. B 798
(2019) 134994 [arXiv:1908.03331] [INSPIRE].

[18] G. Colangelo et al., Longitudinal short-distance constraints for the hadronic light-by-light
contribution to (g — 2),, with large-N. Regge models, JHEP 03 (2020) 101
[arXiv:1910.13432] [INSPIRE].

[19] T. Blum et al., Hadronic Light-by-Light Scattering Contribution to the Muon Anomalous
Magnetic Moment from Lattice QCD, Phys. Rev. Lett. 124 (2020) 132002
[arXiv:1911.08123] [INSPIRE].

[20] G. Colangelo et al., Remarks on higher-order hadronic corrections to the muon g—2, Phys.
Lett. B 735 (2014) 90 [arXiv:1403.7512] INSPIRE].

[21] MUON G-2 collaboration, Final Report of the Muon E821 Anomalous Magnetic Moment
Measurement at BNL, Phys. Rev. D 73 (2006) 072003 [hep-ex/0602035] [INSPIRE].

[22] MUON G-2 collaboration, Measurement of the Positive Muon Anomalous Magnetic Moment
to 0.46 ppm, Phys. Rev. Lett. 126 (2021) 141801 [arXiv:2104.03281] InSPIRE].

[23] RBC and UKQCD collaborations, Calculation of the hadronic vacuum polarization
contribution to the muon anomalous magnetic moment, Phys. Rev. Lett. 121 (2018) 022003
[arXiv:1801.07224] [INSPIRE].

24] S. Borsanyi et al., Leading hadronic contribution to the muon magnetic moment from lattice
y g g
QCD, Nature 593 (2021) 51 [arXiv:2002.12347] [INSPIRE].

[25] M. Ce et al., Window observable for the hadronic vacuum polarization contribution to the
muon g-2 from lattice QCD, Phys. Rev. D 106 (2022) 114502 [arXiv:2206.06582]
[INSPIRE].

[26] C. Alexandrou et al., Lattice calculation of the short and intermediate time-distance
hadronic vacuum polarization contributions to the muon magnetic moment using
twisted-mass fermions, arXiv:2206.15084 [INSPIRE].

[27] FERMILAB LATTICE et al. collaborations, Windows on the hadronic vacuum polarization
contribution to the muon anomalous magnetic moment, Phys. Rev. D 106 (2022) 074509
[arXiv:2207.04765] [INSPIRE].

[28] G. Colangelo et al., Data-driven evaluations of Euclidean windows to scrutinize hadronic
vacuum polarization, Phys. Lett. B 833 (2022) 137313 [arXiv:2205.12963] [INSPIRE].

[29] A. Risch and H. Wittig, Leading isospin breaking effects in the HVP contribution to a, and
to the running of a, PoS LATTICE2021 (2022) 106 [arXiv:2112.00878] INSPIRE].

[30) RM123 collaboration, Leading isospin breaking effects on the lattice, Phys. Rev. D 87
(2013) 114505 [arXiv:1303.4896] [INSPIRE].

[31] W. Pauli and F. Villars, On the Invariant reqularization in relativistic quantum theory, Rev.
Mod. Phys. 21 (1949) 434 [NSPIRE].

[32] A. Sirlin, Radiative Corrections in the SU(2)-L x U(1) Theory: A Simple Renormalization
Framework, Phys. Rev. D 22 (1980) 971 [InSPIRE].

— 97 -


https://doi.org/10.1103/PhysRevD.100.034520
https://arxiv.org/abs/1903.09471
https://inspirehep.net/literature/1726418
https://doi.org/10.1016/j.physletb.2019.134994
https://doi.org/10.1016/j.physletb.2019.134994
https://arxiv.org/abs/1908.03331
https://inspirehep.net/literature/1748671
https://doi.org/10.1007/JHEP03(2020)101
https://arxiv.org/abs/1910.13432
https://inspirehep.net/literature/1761991
https://doi.org/10.1103/PhysRevLett.124.132002
https://arxiv.org/abs/1911.08123
https://inspirehep.net/literature/1766090
https://doi.org/10.1016/j.physletb.2014.06.012
https://doi.org/10.1016/j.physletb.2014.06.012
https://arxiv.org/abs/1403.7512
https://inspirehep.net/literature/1287744
https://doi.org/10.1103/PhysRevD.73.072003
https://arxiv.org/abs/hep-ex/0602035
https://inspirehep.net/literature/710962
https://doi.org/10.1103/PhysRevLett.126.141801
https://arxiv.org/abs/2104.03281
https://inspirehep.net/literature/1856627
https://doi.org/10.1103/PhysRevLett.121.022003
https://arxiv.org/abs/1801.07224
https://inspirehep.net/literature/1649231
https://doi.org/10.1038/s41586-021-03418-1
https://arxiv.org/abs/2002.12347
https://inspirehep.net/literature/1782626
https://doi.org/10.1103/PhysRevD.106.114502
https://arxiv.org/abs/2206.06582
https://inspirehep.net/literature/2095867
https://arxiv.org/abs/2206.15084
https://inspirehep.net/literature/2103903
https://doi.org/10.1103/PhysRevD.106.074509
https://arxiv.org/abs/2207.04765
https://inspirehep.net/literature/2108951
https://doi.org/10.1016/j.physletb.2022.137313
https://arxiv.org/abs/2205.12963
https://inspirehep.net/literature/2087900
https://doi.org/10.22323/1.396.0106
https://arxiv.org/abs/2112.00878
https://inspirehep.net/literature/1982651
https://doi.org/10.1103/PhysRevD.87.114505
https://doi.org/10.1103/PhysRevD.87.114505
https://arxiv.org/abs/1303.4896
https://inspirehep.net/literature/1224545
https://doi.org/10.1103/RevModPhys.21.434
https://doi.org/10.1103/RevModPhys.21.434
https://inspirehep.net/literature/9057
https://doi.org/10.1103/PhysRevD.22.971
https://inspirehep.net/literature/152645

[33]

[34]

[35]

[36]

N. Asmussen, J. Green, H.B. Meyer and A. Nyffeler, Position-space approach to hadronic
light-by-light scattering in the muon g — 2 on the lattice, PoS LATTICE2016 (2016) 164
[arXiv:1609.08454] [INSPIRE].

T. Blum et al., Using infinite volume, continuum QED and lattice QCD for the hadronic
light-by-light contribution to the muon anomalous magnetic moment, Phys. Rev. D 96
(2017) 034515 [arXiv:1705.01067] [INSPIRE].

E.-H. Chao et al., Hadronic light-by-light contribution to (g — 2),, from lattice QCD: a
complete calculation, Eur. Phys. J. C' 81 (2021) 651 [arXiv:2104.02632] INSPIRE].

T. Blum et al., Electromagnetic mass splittings of the low lying hadrons and quark masses
from 2+1 flavor lattice QCD+QED, Phys. Rev. D 82 (2010) 094508 [arXiv:1006.1311]
[INSPIRE].

T. Ishikawa et al., Full QED+QCD low-energy constants through reweighting, Phys. Rev.
Lett. 109 (2012) 072002 [arXiv:1202.6018] [INSPIRE].

S. Aoki et al., 1+1+1 flavor QCD + QED simulation at the physical point, Phys. Rev. D 86
(2012) 034507 [arXiv:1205.2961] [INSPIRE].

S. Borsanyi et al., Ab initio calculation of the neutron-proton mass difference, Science 347
(2015) 1452 [arXiv:1406.4088] [iNSPIRE].

M.G. Endres, A. Shindler, B.C. Tiburzi and A. Walker-Loud, Massive photons: an infrared
reqularization scheme for lattice QCD+QED, Phys. Rev. Lett. 117 (2016) 072002
[arXiv:1507.08916] [INSPIRE].

R. Horsley et al., Isospin splittings of meson and baryon masses from three-flavor lattice
QCD + QED, J. Phys. G 43 (2016) 10LT02 [arXiv:1508.06401] [NSPIRE].

Z. Fodor et al., Up and down quark masses and corrections to Dashen’s theorem from lattice
QCD and quenched QED, Phys. Rev. Lett. 117 (2016) 082001 [arXiv:1604.07112]
[INSPIRE].

D. Giusti et al., Leading isospin-breaking corrections to pion, kaon and charmed-meson
masses with Twisted-Mass fermions, Phys. Rev. D 95 (2017) 114504 [arXiv:1704.06561]
[INSPIRE].

P. Boyle et al., Isospin breaking corrections to meson masses and the hadronic vacuum
polarization: a comparative study, JHEP 09 (2017) 153 [arXiv:1706.05293] [INSPIRE].

X. Feng, L. Jin and M.J. Riberdy, Lattice QCD Calculation of the Pion Mass Splitting,
Phys. Rev. Lett. 128 (2022) 052003 [arXiv:2108.05311] [INSPIRE].

R. Frezzotti et al., Lattice calculation of the pion mass difference Mm+-Mm0 at order
O(aem), Phys. Rev. D 106 (2022) 014502 [arXiv:2202.11970] InSPIRE].

A. Portelli, Inclusion of isospin breaking effects in lattice simulations, PoS LATTICE2014
(2015) 013 [arXiv:1505.07057] [INSPIRE].

A. Patella, QED Corrections to Hadronic Observables, PoS LATTICE2016 (2017) 020
[arXiv:1702.03857] [INSPIRE].

FLAVOUR LATTICE AVERAGING GROUP (FLAG) collaboration, FLAG Review 2021, Eur.
Phys. J. C 82 (2022) 869 [arXiv:2111.09849] [INSPIRE].

M. Knecht, The Anomalous magnetic moment of the muon: A Theoretical introduction,
Lect. Notes Phys. 629 (2004) 37 [hep-ph/0307239] [INSPIRE].

~ 98 —


https://doi.org/10.22323/1.256.0164
https://arxiv.org/abs/1609.08454
https://inspirehep.net/literature/1488285
https://doi.org/10.1103/PhysRevD.96.034515
https://doi.org/10.1103/PhysRevD.96.034515
https://arxiv.org/abs/1705.01067
https://inspirehep.net/literature/1597570
https://doi.org/10.1140/epjc/s10052-021-09455-4
https://arxiv.org/abs/2104.02632
https://inspirehep.net/literature/1856326
https://doi.org/10.1103/PhysRevD.82.094508
https://arxiv.org/abs/1006.1311
https://inspirehep.net/literature/857196
https://doi.org/10.1103/PhysRevLett.109.072002
https://doi.org/10.1103/PhysRevLett.109.072002
https://arxiv.org/abs/1202.6018
https://inspirehep.net/literature/1090734
https://doi.org/10.1103/PhysRevD.86.034507
https://doi.org/10.1103/PhysRevD.86.034507
https://arxiv.org/abs/1205.2961
https://inspirehep.net/literature/1114491
https://doi.org/10.1126/science.1257050
https://doi.org/10.1126/science.1257050
https://arxiv.org/abs/1406.4088
https://inspirehep.net/literature/1300659
https://doi.org/10.1103/PhysRevLett.117.072002
https://arxiv.org/abs/1507.08916
https://inspirehep.net/literature/1385884
https://doi.org/10.1088/0954-3899/43/10/10LT02
https://arxiv.org/abs/1508.06401
https://inspirehep.net/literature/1389860
https://doi.org/10.1103/PhysRevLett.117.082001
https://arxiv.org/abs/1604.07112
https://inspirehep.net/literature/1451772
https://doi.org/10.1103/PhysRevD.95.114504
https://arxiv.org/abs/1704.06561
https://inspirehep.net/literature/1593933
https://doi.org/10.1007/JHEP09(2017)153
https://arxiv.org/abs/1706.05293
https://inspirehep.net/literature/1605574
https://doi.org/10.1103/PhysRevLett.128.052003
https://arxiv.org/abs/2108.05311
https://inspirehep.net/literature/1903467
https://doi.org/10.1103/PhysRevD.106.014502
https://arxiv.org/abs/2202.11970
https://inspirehep.net/literature/2037634
https://doi.org/10.22323/1.214.0013
https://doi.org/10.22323/1.214.0013
https://arxiv.org/abs/1505.07057
https://inspirehep.net/literature/1373316
https://doi.org/10.22323/1.256.0020
https://arxiv.org/abs/1702.03857
https://inspirehep.net/literature/1513147
https://doi.org/10.1140/epjc/s10052-022-10536-1
https://doi.org/10.1140/epjc/s10052-022-10536-1
https://arxiv.org/abs/2111.09849
https://inspirehep.net/literature/1971260
https://doi.org/10.1007/978-3-540-44457-2_2
https://arxiv.org/abs/hep-ph/0307239
https://inspirehep.net/literature/623759

[51]

[55]

[56]

[63]

[64]

[65]

[66]

I.R. Blokland, A. Czarnecki and K. Melnikov, Pion pole contribution to hadronic light by
light scattering and muon anomalous magnetic moment, Phys. Rev. Lett. 88 (2002) 071803
[hep-ph/0112117] [INSPIRE].

V. Pascalutsa, Cottingham-type formula for the LbL contribution to HVP (2017).

W.N. Cottingham, The neutron proton mass difference and electron scattering experiments,
Annals Phys. 25 (1963) 424 [INSPIRE].

A. Walker-Loud, C.E. Carlson and G.A. Miller, The Electromagnetic Self-Energy
Contribution to M, — M, and the Isovector Nucleon MagneticPolarizability, Phys. Rev.
Lett. 108 (2012) 232301 [arXiv:1203.0254] [INSPIRE].

J. Gasser, H. Leutwyler and A. Rusetsky, On the mass difference between proton and
neutron, Phys. Lett. B 814 (2021) 136087 [arXiv:2003.13612] [INSPIRE].

J. Gasser, H. Leutwyler and A. Rusetsky, Sum rule for the Compton amplitude and
implications for the proton—neutron mass difference, Fur. Phys. J. C 80 (2020) 1121
[arXiv:2008.05806] [INSPIRE].

J. Gasser, M. Hoferichter, H. Leutwyler and A. Rusetsky, Cottingham formula and nucleon
polarisabilities, Eur. Phys. J. C'75 (2015) 375 [Erratum ibid. 80 (2020) 353]
[arXiv:1506.06747] [INSPIRE].

V. Pascalutsa, V. Pauk and M. Vanderhaeghen, Light-by-light scattering sum rules
constraining meson transition form factors, Phys. Rev. D 85 (2012) 116001
[arXiv:1204.0740] [INSPIRE].

J. Green et al., Lattice QCD calculation of hadronic light-by-light scattering, Phys. Rev.
Lett. 115 (2015) 222003 [arXiv:1507.01577] [INSPIRE].

J. Bijnens and J. Relefors, Pion light-by-light contributions to the muon g — 2, JHEP 09
(2016) 113 [arXiv:1608.01454] [INSPIRE].

A. Gérardin et al., Hadronic light-by-light scattering amplitudes from lattice QCD versus
dispersive sum rules, Phys. Rev. D 98 (2018) 074501 [arXiv:1712.00421] [INSPIRE].

T. Blum, Lattice calculation of the lowest order hadronic contribution to the muon
anomalous magnetic moment, Phys. Rev. Lett. 91 (2003) 052001 [hep-lat/0212018]
[INSPIRE].

D. Bernecker and H.B. Meyer, Vector Correlators in Lattice QCD: Methods and
applications, Eur. Phys. J. A 47 (2011) 148 [arXiv:1107.4388] [INSPIRE].

V.M. Budnev, V.L. Chernyak and I.F. Ginzburg, Kinematics of gamma gamma scattering,
Nucl. Phys. B 34 (1971) 470 nSPIRE].

G. Kallén and A. Sabry, Fourth Order Vacuum Polarization, Dan. Mat. Fys. Medd. 29
(1955).

B.E. Lautrup and E. De Rafael, Calculation of the sixth-order contribution from the
fourth-order vacuum polarization to the difference of the anomalous magnetic moments of
muon and electron, Phys. Rev. 174 (1968) 1835 [INSPIRE].

J. Schwinger, Particles, Sources, And Fields, Volume 3, Avalon Publishing (1998), p. 109.

J. Charles, E. de Rafael and D. Greynat, Mellin-Barnes approach to hadronic vacuum
polarization and g, — 2, Phys. Rev. D 97 (2018) 076014 [arXiv:1712.02202] [iINSPIRE].

~ 99 —


https://doi.org/10.1103/PhysRevLett.88.071803
https://arxiv.org/abs/hep-ph/0112117
https://inspirehep.net/literature/567930
https://doi.org/10.1016/0003-4916(63)90023-X
https://inspirehep.net/literature/48523
https://doi.org/10.1103/PhysRevLett.108.232301
https://doi.org/10.1103/PhysRevLett.108.232301
https://arxiv.org/abs/1203.0254
https://inspirehep.net/literature/1091239
https://doi.org/10.1016/j.physletb.2021.136087
https://arxiv.org/abs/2003.13612
https://inspirehep.net/literature/1788609
https://doi.org/10.1140/epjc/s10052-020-08615-2
https://arxiv.org/abs/2008.05806
https://inspirehep.net/literature/1811578
https://doi.org/10.1140/epjc/s10052-015-3580-9
https://arxiv.org/abs/1506.06747
https://inspirehep.net/literature/1377587
https://doi.org/10.1103/PhysRevD.85.116001
https://arxiv.org/abs/1204.0740
https://inspirehep.net/literature/1102921
https://doi.org/10.1103/PhysRevLett.115.222003
https://doi.org/10.1103/PhysRevLett.115.222003
https://arxiv.org/abs/1507.01577
https://inspirehep.net/literature/1381528
https://doi.org/10.1007/JHEP09(2016)113
https://doi.org/10.1007/JHEP09(2016)113
https://arxiv.org/abs/1608.01454
https://inspirehep.net/literature/1479465
https://doi.org/10.1103/PhysRevD.98.074501
https://arxiv.org/abs/1712.00421
https://inspirehep.net/literature/1640283
https://doi.org/10.1103/PhysRevLett.91.052001
https://arxiv.org/abs/hep-lat/0212018
https://inspirehep.net/literature/604400
https://doi.org/10.1140/epja/i2011-11148-6
https://arxiv.org/abs/1107.4388
https://inspirehep.net/literature/919588
https://doi.org/10.1016/0550-3213(71)90340-3
https://inspirehep.net/literature/68446
https://doi.org/10.1103/PhysRev.174.1835
https://inspirehep.net/literature/55823
https://doi.org/10.1103/PhysRevD.97.076014
https://arxiv.org/abs/1712.02202
https://inspirehep.net/literature/1641274

[69]

[70]

[71]

[72]

73]

[83]

[84]

[85]

B.E. Lautrup and E. de Rafael, On sizth-order radiative corrections to the muon g-Factor,
Nuovo Cim. A 64 (1969) 322 [INSPIRE].

B. Lautrup, A. Peterman and E. de Rafael, Recent developments in the comparison between
theory and experiments in quantum electrodynamics, Phys. Rept. 3 (1972) 193 [INSPIRE].

E. de Rafael, Hadronic contributions to the muon g-2 and low-enerqy QCD, Phys. Lett. B
322 (1994) 239 [hep-ph/9311316] [INSPIRE].

J.A. Mignaco and E. Remiddi, Fourth-order vacuum polarization contribution to the
sizth-order electron magnetic moment, Nuovo Cim. A 60 (1969) 519.

K.G. Chetyrkin, V.P. Spiridonov and S.G. Gorishnii, Wilson expansion for correlators of
vector currents at the two loop level: dimension four operators, Phys. Lett. B 160 (1985)
149 [INSPIRE].

R.J. Hill and G. Paz, Nucleon spin-averaged forward virtual Compton tensor at large Q2,
Phys. Rev. D 95 (2017) 094017 [arXiv:1611.09917] INSPIRE].

M. Bruno, T. Izubuchi, C. Lehner and A. Meyer, On isospin breaking in T decays for
(9 — 2), from Lattice QCD, PoS LATTICE2018 (2018) 135 [arXiv:1811.00508]
[INSPIRE].

N. Carrasco et al., QED Corrections to Hadronic Processes in Lattice QCD, Phys. Rev. D
91 (2015) 074506 [arXiv:1502.00257] InSPIRE].

M. Knecht and A. Nyffeler, Hadronic light by light corrections to the muon g-2: The Pion
pole contribution, Phys. Rev. D 65 (2002) 073034 [hep-ph/0111058] [INSPIRE].

F. Jegerlehner and A. Nyffeler, The Muon g-2, Phys. Rept. 477 (2009) 1
[arXiv:0902.3360] [INSPIRE].

A. Nyffeler, Precision of a data-driven estimate of hadronic light-by-light scattering in the
muon g — 2: Pseudoscalar-pole contribution, Phys. Rev. D 94 (2016) 053006
[arXiv:1602.03398] [INSPIRE].

M. Knecht, A. Nyffeler, M. Perrottet and E. de Rafael, Hadronic light by light scattering
contribution to the muon g-2: An Effective field theory approach, Phys. Rev. Lett. 88 (2002)
071802 [hep-ph/0111059] [INSPIRE].

A. Crivellin and M. Hoferichter, Width effects of broad new resonances in loop observables
and application to (g — 2),, arXiv:2211.12516 [PSI-PR-22-33] [nSPIRE].

A. Bussone, M. Della Morte and T. Janowski, Electromagnetic corrections to the hadronic
vacuum polarization of the photon within QEDy, and QEDy, EPJ Web Conf. 175 (2018)
06005 [arXiv:1710.06024] [INSPIRE].

M.A. Clark et al., QED with massive photons for precision physics: zero modes and first
result for the hadron spectrum, PoS LATTICE2021 (2022) 281 [arXiv:2201.03251]
[INSPIRE].

X. Feng and L. Jin, QED self energies from lattice QCD without power-law finite-volume
errors, Phys. Rev. D 100 (2019) 094509 [arXiv:1812.09817] [INSPIRE].

M. Hayakawa and S. Uno, QFED in finite volume and finite size scaling effect on
electromagnetic properties of hadrons, Prog. Theor. Phys. 120 (2008) 413
[arXiv:0804.2044] [INSPIRE].

— 30 —


https://doi.org/10.1007/BF02754894
https://inspirehep.net/literature/57455
https://doi.org/10.1016/0370-1573(72)90011-7
https://inspirehep.net/literature/69646
https://doi.org/10.1016/0370-2693(94)91114-2
https://doi.org/10.1016/0370-2693(94)91114-2
https://arxiv.org/abs/hep-ph/9311316
https://inspirehep.net/literature/360432
https://doi.org/10.1007/bf02757285
https://doi.org/10.1016/0370-2693(85)91482-0
https://doi.org/10.1016/0370-2693(85)91482-0
https://inspirehep.net/literature/221545
https://doi.org/10.1103/PhysRevD.95.094017
https://arxiv.org/abs/1611.09917
https://inspirehep.net/literature/1501008
https://doi.org/10.22323/1.334.0135
https://arxiv.org/abs/1811.00508
https://inspirehep.net/literature/1701414
https://doi.org/10.1103/PhysRevD.91.074506
https://doi.org/10.1103/PhysRevD.91.074506
https://arxiv.org/abs/1502.00257
https://inspirehep.net/literature/1342455
https://doi.org/10.1103/PhysRevD.65.073034
https://arxiv.org/abs/hep-ph/0111058
https://inspirehep.net/literature/565731
https://doi.org/10.1016/j.physrep.2009.04.003
https://arxiv.org/abs/0902.3360
https://inspirehep.net/literature/813721
https://doi.org/10.1103/PhysRevD.94.053006
https://arxiv.org/abs/1602.03398
https://inspirehep.net/literature/1420712
https://doi.org/10.1103/PhysRevLett.88.071802
https://doi.org/10.1103/PhysRevLett.88.071802
https://arxiv.org/abs/hep-ph/0111059
https://inspirehep.net/literature/565732
https://arxiv.org/abs/2211.12516
https://inspirehep.net/literature/2514078
https://doi.org/10.1051/epjconf/201817506005
https://doi.org/10.1051/epjconf/201817506005
https://arxiv.org/abs/1710.06024
https://inspirehep.net/literature/1631180
https://doi.org/10.22323/1.396.0281
https://arxiv.org/abs/2201.03251
https://inspirehep.net/literature/2007860
https://doi.org/10.1103/PhysRevD.100.094509
https://arxiv.org/abs/1812.09817
https://inspirehep.net/literature/1711197
https://doi.org/10.1143/PTP.120.413
https://arxiv.org/abs/0804.2044
https://inspirehep.net/literature/783312

[86] J. Bijnens et al., Electromagnetic finite-size effects to the hadronic vacuum polarization,
Phys. Rev. D 100 (2019) 014508 [arXiv:1903.10591] [INSPIRE].

[87] M. Di Carlo, M.T. Hansen, A. Portelli and N. Hermansson-Truedsson, Relativistic,
model-independent determination of electromagnetic finite-size effects beyond the pointlike
approzimation, Phys. Rev. D 105 (2022) 074509 [arXiv:2109.05002] InSPIRE].

[88] RCSTAR collaboration, First results on QCD+QED with C* boundary conditions, JHEP 03
(2023) 012 [arXiv:2209.13183] [nSPIRE].

[89] H.B. Meyer, Lorentz-covariant coordinate-space representation of the leading hadronic
contribution to the anomalous magnetic moment of the muon, Fur. Phys. J. C 77 (2017)
616 [arXiv:1706.01139] [INSPIRE].

[90] E.-H. Chao et al., Hadronic light-by-light contribution to (g — 2),, from lattice QCD with
SU(3) flavor symmetry, Eur. Phys. J. C' 80 (2020) 869 [arXiv:2006.16224] [INSPIRE].

[91] E.-H. Chao et al., The charm-quark contribution to light-by-light scattering in the muon
(g —2) from lattice QCD, Eur. Phys. J. C 82 (2022) 664 [arXiv:2204.08844| INSPIRE].

[92] M. Ce, A. Gérardin, K. Ottnad and H.B. Meyer, The leading hadronic contribution to the
running of the Weinberg angle using covariant coordinate-space methods, PoS
LATTICE2018 (2018) 137 [arXiv:1811.08669] [INSPIRE].

[93] T. Blum et al., Connected and Leading Disconnected Hadronic Light-by-Light Contribution
to the Muon Anomalous Magnetic Moment with a Physical Pion Mass, Phys. Rev. Lett.
118 (2017) 022005 [arXiv:1610.04603] [INSPIRE].

[94] M. Liischer, Stochastic locality and master-field simulations of very large lattices, EPJ Web
Conf. 175 (2018) 01002 [arXiv:1707.09758] [INSPIRE].

[95] A. Francis, P. Fritzsch, M. Lischer and A. Rago, Master-field simulations of O(a)-improved
lattice QCD: Algorithms, stability and exactness, Comput. Phys. Commun. 255 (2020)
107355 [arXiv:1911.04533] [INSPIRE].

[96] M. Cé et al., Approaching the master-field: Hadronic observables in large volumes, PoS
LATTICE2021 (2022) 383 [arXiv:2110.15375] [INSPIRE].

[97] V.M. Budnev, L.F. Ginzburg, G.V. Meledin and V.G. Serbo, The Two photon particle
production mechanism. Physical problems. Applications. Equivalent photon approximation,
Phys. Rept. 15 (1975) 181 [INSPIRE].

[98] H.H. Patel, Package-X: A Mathematica package for the analytic calculation of one-loop
integrals, Comput. Phys. Commun. 197 (2015) 276 [arXiv:1503.01469] INSPIRE].

[99] H.H. Patel, Package-X 2.0: A Mathematica package for the analytic calculation of one-loop
integrals, Comput. Phys. Commun. 218 (2017) 66 [arXiv:1612.00009] [INSPIRE].

[100] T. Hahn and M. Perez-Victoria, Automatized one loop calculations in four-dimensions and
D-dimensions, Comput. Phys. Commun. 118 (1999) 153 [hep-ph/9807565] [INSPIRE].

[101] M.E. Peskin and D.V. Schroeder, An Introduction to quantum field theory, Addison-Wesley,
Reading, USA (1995).

~ 31—


https://doi.org/10.1103/PhysRevD.100.014508
https://arxiv.org/abs/1903.10591
https://inspirehep.net/literature/1726744
https://doi.org/10.1103/PhysRevD.105.074509
https://arxiv.org/abs/2109.05002
https://inspirehep.net/literature/1919725
https://doi.org/10.1007/JHEP03(2023)012
https://doi.org/10.1007/JHEP03(2023)012
https://arxiv.org/abs/2209.13183
https://inspirehep.net/literature/2157207
https://doi.org/10.1140/epjc/s10052-017-5200-3
https://doi.org/10.1140/epjc/s10052-017-5200-3
https://arxiv.org/abs/1706.01139
https://inspirehep.net/literature/1602622
https://doi.org/10.1140/epjc/s10052-020-08444-3
https://arxiv.org/abs/2006.16224
https://inspirehep.net/literature/1803555
https://doi.org/10.1140/epjc/s10052-022-10589-2
https://arxiv.org/abs/2204.08844
https://inspirehep.net/literature/2069237
https://doi.org/10.22323/1.334.0137
https://doi.org/10.22323/1.334.0137
https://arxiv.org/abs/1811.08669
https://inspirehep.net/literature/1704488
https://doi.org/10.1103/PhysRevLett.118.022005
https://doi.org/10.1103/PhysRevLett.118.022005
https://arxiv.org/abs/1610.04603
https://inspirehep.net/literature/1492108
https://doi.org/10.1051/epjconf/201817501002
https://doi.org/10.1051/epjconf/201817501002
https://arxiv.org/abs/1707.09758
https://inspirehep.net/literature/1613675
https://doi.org/10.1016/j.cpc.2020.107355
https://doi.org/10.1016/j.cpc.2020.107355
https://arxiv.org/abs/1911.04533
https://inspirehep.net/literature/1764323
https://doi.org/10.22323/1.396.0383
https://doi.org/10.22323/1.396.0383
https://arxiv.org/abs/2110.15375
https://inspirehep.net/literature/1955752
https://doi.org/10.1016/0370-1573(75)90009-5
https://inspirehep.net/literature/95445
https://doi.org/10.1016/j.cpc.2015.08.017
https://arxiv.org/abs/1503.01469
https://inspirehep.net/literature/1347391
https://doi.org/10.1016/j.cpc.2017.04.015
https://arxiv.org/abs/1612.00009
https://inspirehep.net/literature/1501257
https://doi.org/10.1016/S0010-4655(98)00173-8
https://arxiv.org/abs/hep-ph/9807565
https://inspirehep.net/literature/474106

	Introduction
	A Cottingham-like formula for the radiative correction to the HVP 
	Reproducing the two-loop QED vacuum polarization 
	Evaluation of the fourth-order vacuum polarization contribution to the muon (g-2)

	Forward LbL amplitude at large virtuality from the Operator Product Expansion 
	Explicit OPE calculation at leading order
	Cottingham-like formula for the isovector contribution to HVP

	The pi**0-exchange contribution
	Electromagnetic correction to the HVP in lattice QCD: a computational strategy 
	Coordinate-space representation of Pi(4pt)(Q**2,Lambda) free of power-law finite-size effects
	Computing a(mu)**(HVP): pi**0-exchange contribution to the coordinate-space integrand

	Conclusion 
	Applying the Cottingham-like formula to the QED vacuum polarization
	Polarized gamma gamma fusion cross sections
	The one-loop LbL amplitudes and subtraction functions 
	QED counterterm in the Pauli-Villars regularization

	Properties of the coordinate-space kernel for a(mu)
	A modified kernel based on the rho-meson exchange
	Approximants for the form factors


