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ABSTRACT: Hadronic light-by-light scattering is one of the virtual processes that causes
the gyromagnetic factor g of the muon to deviate from the value of two predicted by
Dirac’s theory. This process makes one of the largest contributions to the uncertainty
of the Standard Model prediction for the muon (g — 2). Lattice QCD allows for a first-
principles approach to computing this non-perturbative effect. In order to avoid power-
law finite-size artifacts generated by virtual photons in lattice simulations, we follow a
coordinate-space approach involving a weighted integral over the vertices of the QCD four-
point function of the electromagnetic current carried by the quarks. Here we present in
detail the semi-analytical calculation of the QED part of the amplitude, employing position-
space perturbation theory in continuous, infinite four-dimensional Euclidean space. We also
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provide some useful information about a computer code for the numerical implementation
of our approach that has been made public at https://github.com/RJHudspith/KQED.
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1 Introduction

The anomalous magnetic moment of the muon, a, = (9—2) /2, characterizes its response to
a magnetic field, and is one of the most precisely known quantities in fundamental physics.
Currently, the experimental world average [1, 2] is in tension with the theoretical evaluation
based on the Standard Model (SM) of particle physics. On the basis of the Muon g — 2



Theory Initiative’s 2020 White Paper (WP) [3] with input from refs. [4-23], the tension is
at the 4.20 level. Theoretical and experimental uncertainties are practically equal and just
under the level of 0.4 ppm. While a tension between theory and experiment has persisted
for about twenty years, the 2021 result of the Fermilab Muon (g — 2) experiment [1] has
increased this tension and thereby revived the general interest in possible explanations
involving beyond-the-Standard-Model physics, see e.g. [24].

The leading prediction for a, in QED is 5= [25], where « is the fine-structure constant.
Effects of the strong interaction enter at O(a?). Due to the low mass scale of the muon,
strong-interaction effects in the muon (g —2) must be treated in their full, non-perturbative
complexity. As a result, the theory uncertainty of this precision observable is entirely
dominated by the hadronic contributions.

The leading hadronic contribution goes under the name of hadronic vacuum polariza-
tion (HVP). The situation around the muon (g — 2) has become more intricate with the
publication of a lattice-QCD based calculation [26] of the HVP contribution, which finds
a larger value than the dispersion-theory based estimate of the WP and would bring the
overall theory prediction into far better agreement with the experimental value of a,. Thus
it will be crucial to resolve the tension between the different determinations of the HVP
contribution in order to capitalize on the expected improvements in the experimental de-
terminations of a,: a reduction by more than a factor of two is expected from the Fermilab
Muon g — 2 experiment [27], and further measurements are planned at J-PARC [28] and
considered at PSI [29].

An O(a?) hadronic contribution to a,, known as the hadronic light-by-light (HLbL)
contribution, also adds significantly to the error budget of the SM prediction. It can be
represented as the Feynman diagram depicted in figure 1. In the WP error budget for
ay, its assigned uncertainty is 0.15ppm. Therefore, anticipating error reductions in the
HVP contribution and in the experimental measurements, it is crucial to further reduce
the uncertainty on the HLbL contribution by at least a factor of two.

The HLbL contribution is conceptually more complex than the HVP contribution. On
the other hand, being suppressed by an additional power of the fine-structure constant c«,
the requirements on its relative precision are far less stringent: the uncertainty quoted in
the WP corresponds to 20%. In recent years, the HLbL contribution has been evaluated
using either dispersive methods, for which a full result can be found in the WP [3] based
on refs. [15-21, 23, 30-35], or lattice QCD ([22] and [36]-[37]). Good agreement is found
among the three evaluations within the quoted uncertainties.

The purpose of the present paper is to provide a detailed account of the computational
strategy underlying our recent calculation [36, 37]. Its full development spanned several
years, with progress reported in a number of conferences since 2015 [38-43]. The basic
idea is to treat the muon and photon propagators of figure 1 in position-space perturbation
theory, in the continuum and in infinite-volume, while the ‘hadronic blob’ is to be treated
in lattice QCD on a spatial torus. Thus much of this paper is concerned with the semi-
analytical calculation of the QED part of the amplitude.

The idea to compute the HLbL contribution to a, was first proposed in 2005 [44], with
a follow-up three years later [45]. These initial methods finally led to the 2014 publica-
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Figure 1. Hadronic light-by-light scattering diagram in the muon (g — 2).

tion [46]. In parallel to the development of our strategy, the RBC/UKQCD collaboration
then also worked on improving its computational methods [47], with a first exploratory cal-
culation at physical quark masses published in [48]. These methods are based on treating
the QED parts of figure 1 within the lattice field theory set up on a finite torus. Starting
with ref. [49], the RBC/UKQCD collaboration also developed its own tools to treat the
muon and photon propagators in infinite volume. We will return in section 8.1 to some
aspects of the cross-fertilization that occurred between the two groups.

It is also worth pointing out other, less direct approaches that have been pursued to-
wards better determining the HLbL contribution to the muon (g — 2) using lattice QCD.
Of all meson exchanges, the neutral-pion pole contribution is by far the largest, and we
have published two lattice calculations of its transition form factor describing its coupling
to two (in general) virtual photons [19, 50]. Since the ¥ contribution is the numerically
dominant one at long distances, having a dedicated determination thereof also helps con-
trol systematic errors at long distances in the direct lattice calculation [51] based on the
formalism presented in this paper. As a separate line of study, we have investigated the
HLbL scattering amplitude at Euclidean kinematics [52], particularly its eight indepen-
dent forward-scattering components, which depend on three invariant kinematic variables.
Knowing these amplitudes allows one to constrain the contributions of various meson ex-
changes [52, 53] by parametrizing their transition form factors, information which may
subsequently be used to estimate the HLbL contribution to the muon (g — 2).

This manuscript is organized as follows. Section 2 presents the general features of our

HLbL
I

the evaluation of the ‘QED kernel’ describing all purely QED elements of the amplitude

position-space approach and the master-formula for a . The ingredients necessary for
depicted in figure 1 are collected in section 3, at the end of which the averaging over
the direction of the muon momentum is performed. A relatively straightforward method
of evaluating the final convolution integral yielding the weight functions parametrizing
the QED kernel is described in section 4. An alternative, ultimately favored method
based on the multipole expansion of the photon propagator in Gegenbauer polynomials is
presented in section 5. Some technical aspects of the numerical implementation are given
in section 6. Then several models are used in section 7 to compute various contributions
to the four-point function of the electromagnetic current in QED and QCD. Since these



contributions to the muon (g—2) have been computed previously (using analytical methods
in momentum-space), we use them to perform tests of our position-space QED kernel in
section 8. Published results obtained in lattice QCD by the present methods for the quark-
connected contribution are also reviewed in that section. Section 9 collects our concluding
remarks. The appendices contain additional material useful for numerical implementations,
providing in particular the kernel asymptotics for various special kinematic regimes. The
final appendix (E) provides some information about a computer code available for the
numerical implementation of our approach based on the results of section 5.

HLbL

2 Master formula for a,

in position space

We are interested in the hadronic light-by-light (HLbL) scattering contribution to the
anomalous magnetic moment of the muon, see figure 1. The basic idea of our approach is
to treat the four-point function of hadronic electromagnetic currents, represented by the
blob in figure 1, in lattice QCD regularization, while for the remaining QED part with
photons and muons, we use continuum, Euclidean position-space perturbation theory in
infinite volume [38-40]. As we will show, this allows a Lorentz covariant, semi-analytical
calculation of the QED part which avoids power-law finite-volume corrections 1/L? in
aELbL due to the massless photons. An approach in position space is most natural, since
in lattice QCD one obtains the four-point correlation function directly in position space.

BLbL as a spatial

Furthermore, it will be possible to get directly the HLbL contribution a
moment of the four-point correlation function, i.e. no extrapolation of the Pauli form factor

Fy(k?) for k? — 0 is needed as tried in earlier attempts in ref. [46].

The HLbL contribution to the muon (g — 2) from the light quarks can be obtained
from the matrix element of the electromagnetic current

o) = 5 (@90) (@) — 5 (dpd) () — 5 (79p9) ), (21)

between muon states, which can be parametrized by two form factors (assuming Lorentz
symmetry, current conservation as well as parity and charge conjugation invariance)

Tpok

(i)™ 5Ol (1) = =)l [1F () + 22 By (), (2:2)

where e is the electric charge of the electron, m is the muon mass, 0, = 5[V, 7,) and we
use y-matrices in Euclidean space with {v,,7,} = 2J,, that are Hermitian, ’yL =Y. The
on-shell momenta in Euclidean space fulfill p?> = p’> = —m? and the momentum transfer
from the external photon is denoted by k, = p;L — pu- The anomalous magnetic moment is
then given by the Pauli form factor at vanishing momentum transfer a, = F»(0).

From the expression for the HLbL diagram in figure 1 in Minkowski space given in
ref. [54], we obtain the corresponding result in Euclidean space by performing a Wick



rotation ([, = [ d'q )

' “()j - = (—ie)3 (ie)* L
() NGO () = (ie) i)' | e
-1 -1
)t mE (O q )+ m?
x u(p )y (ip' —ig, —m)y (i’ —ig, — id, —m)yau(p)
X Wynp(q, a2,k — q1 — q2), (2.3)

with the QCD four-point correlation function ([, = [ d*z)

H;U/)\p(q17 q2, Q3) = / e—i(q1-x+q2‘y+q3-2) <],u,(-75)]1/ (y)J/\(Z)JP(O)>

. 2.4
z,Y,z QCD ( )

The issue of the Wick rotation in general requires some care. Starting from the time-ordered
correlation function with interpolating operators for the muon initial and final states, the
standard recipe requires one to Wick rotate the loop momenta, here ¢; and ¢ in eq. (2.3),
and the external momenta, here p and p’; see the derivation for a general Feynman diagram
in ref. [55]. The expression for the loop integral is initially valid for real Euclidean vectors
p, P’ and one needs, in principle, to perform an analytic continuation of the final result after
all loop integrations have been performed from p'2,p? > 0 to p?> = p’> = —m? to recover
the result for an on-shell momentum. In eq. (2.3), we have declared the Euclidean norm of
p and p’ to be —m? from the outset, and return to the issue around eq. (2.21) below.

Since the electromagnetic current is conserved, the tensor IL,,,x,(q1, g2, q3) satisfies the
Ward identities (momentum conservation entails ¢; + g2 + q3 + g4 = 0)

{a1u5 @203 @30 (@1 + @2 + 43) ) Hpwnp (g1, g2, g3) = 0. (2.5)

This implies the relation [56]

0
un(qr, a2,k — q1 — q2) = *koﬁnuw\o((haq% E—aq — @), (2.6)
I

which allows one to pull out the factor k., from the vertex function in eq. (2.3) to obtain
the needed form factor F5(0) with the projection operator [56]

ap™ = Fy(0) = 4;7” Te{bp Vol (=ip +m)Cpa(pop) (—ip+m)l . (27)

The HLbL contribution to the vertex function reads for non-vanishing momentum
transfer
1 1 1
Tyo(p',p) = *66/
" aa GBR@+ @ k)20 —q)?+m? (@ —q —q)?+m?

x (fyu(ip' —ig, — m)y (ipf — i, — g, — m)%\)

0
X =0 (q1, 62,k — q1 — q2). (2.8)
ok,



In order go over to a position-space representation for a , we insert into eq. (2.8)

ELbL
the expression for the four-point function from eq. (2.4) and interchange the integrals over
momenta and positions. One can then write the momenta ¢, and ¢, in the numerator as
derivatives with respect to x and y of the exponential function in eq. (2.4) and also perform
the derivative with respect to k, to obtain a factor z,,.

In this way one gets the following expression for the vertex function at vanishing
momentum transfer that enters in the projector in eq. (2.7) in terms of position-space

functions
Fpo (pa p) = —¢f / K,ul/)\ (p, Zz, y) Hp;;w)\a (.%', y)v (2'9)
x?y

with the QED kernel'

K,LLI/)\(p? €, y) = VN(Zp + @(Z) - m)’YV(Zp + @(z) + a(y) - m)’}/)\ I(p7 €, y)IR reg. » (210)

1 1 1 j
Z(p, T, Y)IR reg. = / “ilawtky) (211
(px y)IR eg. ok q2k:2(q—|—k)2 (p—q)2—|—m2 (p—q—k)Q—l—er ( )

The kernel K,,\(p,z,y) in egs. (2.9) and (2.10) is understood to be a function, not a
differential operator.
The function

~

fopura(@.9) = | iz (3u(@)in (0o (2)7a(0)) (212)

z QCD
in eq. (2.9) is a spatial moment of the four-point function in QCD. Note the order of the
indices Ao on left-hand side and the order of the currents j,(2)jx(0) on the right-hand
side. We have frequently used the translation invariance of the four-point function to shift
the integration variables x,y or to reverse their direction z — —z. The most important
properties of I (Bose and reflection symmetries, transversality from current conservation)
are reviewed in subsection 7.1.

Note that the function Z(p, z, )R reg. in €q. (2.11) has a logarithmic infrared diver-
gence for on-shell muon momentum p? = —m? inside the loop integration, i.e. for small
q, k with the three massless photon propagators and the two on-shell massive muon prop-
agators. The IR divergence disappears in the kernel K, (p,z,y), after the projection on
aELbL in eq. (2.7), as it should be, since the latter is well defined. After the projection, only
terms with derivatives with respect to z and / or y remain, which bring down additional
factors of k and / or ¢ from the exponential in eq. (2.11). However, since it is convenient to
first compute the scalar function Z(p, z,y)1R reg., Wwe will regulate the infrared divergence,
see details below. After projecting on aELbL the regulator can be removed.

We insert eq. (2.9) into eq. (2.7), evaluate the trace of the Dirac matrices and obtain
the expression

HLbL _ me’ r I 2.13
a, ~ 3 [p,o);uv A (p7 x, y) o e (!T’ y), ( . )
I?y

'Now that the momentum transfer has been set to zero, we use the letter k to denote an integration
variable in eq. (2.11).



where the QED kernel is given by

E[p, ul//\( )
1
= 3 T (i + m) [ o) (=ip + m) K (p,2.) } (2.14)
_ (x) . o)
= o= Tr{ (P00 1] + 2007 — pove) ) vovovsa f 087057 + 0) T
1
= Te{ (Pl v0] + 200 = ov0) ) 3ta | P2 O T
LT 2 _ a(x) 8(?1) T
T (P00 Yol + 2(Pap = Pove) )1 (P18 = Pa +Povsma) § (957 +057) T,

(2.15)

and where we used pp = p* = —m?* and (—ip+m)(ip+m) = 0. The use of an IR regulator
in the function Z(p,x,y)IRr reg. is always understood. As noted above, only terms with
derivatives acting on Z(p, z,y)1r reg. Survive after projecting on alIbeL.

It may be worth pointing out some discrete symmetries of the quantities introduced

above. First, we note that, for a general vector p,

I(p7 z, y)IR reg. — I(—p, -, _y)IR reg.- (216)

Second, it is easy to show that

I(paxay)IR reg. — (I(_p*,$,y)IR reg.)*v (217)
I(p7 Z, y)IR reg. — I(pu T, T — y)IR reg.» (218)

whence it follows that
KAV;L(P,%CL’—?J) = Kyu/\(_p*ax7y)T' (219)

Finally, the latter equation entails the following property for the full kernel,

‘C[p,o'];)\u,u(pv T,T — y) = _ﬁ[p,a};,ul//\(_p*a Zz, y)* (220)

Our goal is to perform as many integrations of the 8-dimensional integral over z,y
in eq. (2.13) as possible (semi-) analytically to have full control over the QED kernel
function L, ;1. (P, 7, y). To achieve this, we will rewrite the function Z(p, =, y)Ir reg. in
eq. (2.11) in terms of position-space propagators [57-59] and use the method of Gegenbauer
polynomials [60—69] to perform the angular integrals and average over the direction of the
muon momentum [70] (see also refs. [69, 71]). We will show the details of this calculation in
the next sections, but present here first the structure of the final result, our master formula

HLbL
for a 1

in position space.

As mentioned earlier, we adopt an approach where the Euclidean vector p obeys p? =
—m? from the outset, exploiting the fact that the muon is the ground state in the channel
of its symmetry. In the context of the use of Gegenbauer polynomials for loop integrals in
momentum space in refs. [63, 64] this procedure only works in a straightforward way, if the
integrand is a meromorphic function of all the integration variables and all the external

invariants, like p?. Fortunately, in our case one can show that the relevant p-dependent part



of the integrand is a meromorphic function and the analytical continuation to p? = —m?

can be performed without problems. Aiming at keeping the absolute size of the imaginary
components as small as possible, we thus parametrize the on-shell momentum as follows,

p=1imé, =1, p?>=-m? (2.21)

where the unit vector é parametrizes the direction of the muon momentum. From eq. (2.17),

for a vector p with purely imaginary components, Z(p,z,y)iR reg. is real, and so is?

Ly o:uox (s 7,y). Furthermore, the general property eq. (2.20) becomes

E[p,o];)ﬂ/,u(pv z,T — y) = _‘C[p,o];uu)\(p’ xz, y)7 p = ime. (222)
Since aELbL is a Lorentz scalar, the expression in eq. (2.13) can be averaged over the
direction ¢ of the muon momentum ([ df2; = 27?),
- 1
E[p,o];,uu)\(xv y) = ﬁ / dS2e 'c[p,a};,uz//\(pu z, y) = <£[p,a};,u1//\(pu z, y)>€ (223)

In this way we obtain

E[Pv”}%NVA(w’ y) = gtg[p,o}uaz/ﬁ)\ <€58((1x) (8éx) + aéy) )I>€
+m g(%p,a}uauﬁ)\ <€5€ﬁ 8c(ym)I>€

M GHL s (€ads (85 +OYNT):, (2.24)
where we have defined
1
gcli[p,a]uauﬁ)\ = gTI“{ (75 [’Ypa ’Ya] + 2(5507p - 66p'70))7u7a’)/1/’76’7>\}7 (2.25)
1
gg{p,a]uauﬁ)\ = _ZTY{ (7(5 [’7,07 /70] + 2(650’7,0 - 56p70')>'7,u7a’7y} 65)\, (226)

1
Gith v = =3 T{ (16000 Yol + 25055 = 85570) ) s (Bax 175 = Bagovn + Saw570) }-
(2.27)
The tensors Q?[p olpavpy ATE SUmS of products of Kronecker deltas from the traces of the

Dirac matrices in Euclidean space. The QED kernel E_[p,o}; (2, y) inherits from the kernel
Lip.o);02(P; T,y) the antisymmetry property

Z[p,a];)\uu(x7 T — y) - _E[p,c];/u//\(xa y) (228)

under the transformation (u <+ A\, y — = — y) upon averaging both sides of eq. (2.22) over

the direction of the muon momentum.

HLbL

We thus arrive at our master formula for a, in position space (which we have

already presented previously in refs. [38-40])

HLbL me’ 5 S~
™ = | Lipelyun@:y) g (2, 9), (2.29)
z?y
Z[P,o’];/ly)\(x; y) = Z g?[p,o]uauﬁ)\Tcéﬂé(fE, ’y)’ (230)
A=LIIIII

iMlppuna(@9) = = [ 2 (3u(@) o) () 11(0))

2Indeed, the trace of a product of linear combinations of Euclidean Dirac matrices with real coefficients

: 2.31
0D (2.31)

is real.
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Figure 2. Hadronic light-by-light scattering diagram in the muon (g — 2) with the locations of the
vertices x,y, z,0 in the master formula in eq. (2.29).

After contracting the Lorentz indices in eq. (2.29), the integration reduces to a 3-dimensional
integral over |z|,|y| and z - y. For illustration we depict in figure 2 the HLbL diagram in
the muon (¢ — 2) indicating the positions z,y, z,0 of the four vector currents (attached
to the photons) in the master formula in eq. (2.29). We emphasize at this point that the
kernel £ is far from being unique. A significant amount of freedom remains to adjust the
kernel to the needs of practical calculations, without modifying the final value of aELbL.
We return to this aspect in subsection &8.1.

The tensors Tof}ﬁa(:r,y) in eq. (2.30) can be decomposed into a scalar S, a vector Vj

and a tensor part Tjs:

Thss(z,y) = 0205 + 8 WVs(x, y), (2.32)
1
ToIzlﬁ(S (1’, y) = ma((xx) (Tﬁg(l’, y) + Z(Sﬁﬁs(x7 y))7 (233)
z 1
Tofis(a,y) = m(@5 + ) (Tus(e,y) + 005 S(.)). (2:34)

These parts are given in terms of the function Z(p, 2, ¥)IR reg. from eq. (2.11) as follows
(see eq. (2.24)):

S(z,y) = <I(p,x,y)m reg.>é, (2.35)
V;;(.%‘, y) = <€5 I(p7 €z, y)IR reg.>€u (236)
Tps(x,y) = <<€g€5 - %555) Z(p,x, y)Ir reg,>€. (2.37)

From the property (2.16) of the scalar function Z(p, z, y)IR reg., it follows that S(z,y) and
Tss(x,y) are even under the simultaneous sign reflection of both their arguments, while
Vs(x,y) is odd. From here, it follows that the Tﬁﬁé(a},y) are all odd under (z,y) —
(—x, —y), so that the QED kernel is too,

‘C_[p,a];m/)\ (1'7 y) = _Z[p,a];/uz)\(_wa _y)' (238)

Since the function Z(p, z, Y)1r reg. is ultraviolet finite by power-counting (including at « =
y = 0), we conclude that so is the QED kernel, and eq. (2.38) then implies the property

Ly 61,1(0,0) = 0. (2.39)



The quantity S(z,y) can only be a scalar function g(® of the three invariants ||,z -
Yy, |y|; we call this a weight function. The vector and tensor functions will be parametrized
by respectively two and three weight functions:

S(x,y) = 8 (al,z -y, ly), (2.40)

V;S(l',y) = $5Q(1)(|$‘,$ Y, |y|) + y5§(2)(’$|,l’ Y, |y‘)7 (241)

72 B Y2 B
Tog(@,y) = <maxg - 46a5> (W (lal, 2y, ly) + (yayﬂ = 0as | 1@(alz -y, ly)
+ (ot + vas = 52005 ) 191l - 3. ). (242)

In total, the QED kernel E[pﬂ]w,)\(a:,y) in eq. (2.30) is thus parametrized by six weight
functions and their derivatives. See appendix A for the explicit expressions of the ten-
sors Té%;(:v,y). As we will see in the explicit calculation later, the IR divergence of
Z(p,,Y)IR reg. Will only be important in the scalar weight function O (|z|,z-y, |y|), before
performing the derivatives in egs. (2.33) and (2.34).

It is clear that the tensors S(z,y), Vs(x,y) and Tgs(x,y) inherit from Z(p, z,Y)1R reg.
the invariance under y — (x —y). In turn, their invariance implies the following symmetry
properties for the weight functions,

g0 = 5O, 2.43
I 2.44
g = 5@, 2.45

1 =W 1 7@ 4 ®),
1 = 1@,
©® = @ 16,

Unstarred functions have as argument (|x|,z -y, |y|), while starred functions refer to the
same weight functions but with argument (|z|,z - (z —y), |z — y|). Furthermore, the rank-
three tensors contributing to the QED kernel satisfy?3

Téa(S(xa r— y) = Tcly,86(x7 y)a (249)

Thus(x, @ —y) = Tags(x,y). (2.50)

We already know that the QED kernel as a whole obeys the antisymmetry property
eq. (2.28) under the transformation (u <> A\, y — =z —y). Eq. (2.49), combined with
the fact that G' is antisymmetric under the simultaneous index exchanges p <+ A and
a « [, implies that the contribution to the QED kernel G'T"! by itself is antisymmetric
under the transformation (u <> A\, y — = —y).

3In fact, the contributions S(z,y) and Tss(z,y) to the rank-three tensors separately satisfy eq. (2.50).
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Go(z — w) Go(y —w) Go(v —0)
TP W A U v o P
P Gm(w —w) Gm(u—v) =P

Figure 3. Feynman diagram of the QED part of the HLbL contribution in the muon g — 2 in
position space, see figure 2, corresponding to the scalar function Z(p, z, y)ir reg. in €q. (2.11). Note
that the arrows on the muon line are only meant for illustration; all propagators are scalar functions.
In the derivation, the Euclidean momentum p flowing through the diagram was assumed to be real.

3 Preparatory steps for the calculation of the QED weight functions in
position space

In this section, we present some (partly known) results on propagators and their expansion
in Gegenbauer polynomials. These preliminaries will allow us to provide the expansion in
Gegenbauer polynomials of the function J (€, u), defined in eq. (3.5), which plays a crucial
role in the entire calculation. Then, starting in subsection 3.4, we perform the average over
the direction of the muon momentum analytically. The final convolution integrals yielding
the tensors S, V5 and Tj; are treated in sections 4 and 5.

3.1 Starting point for the calculation of Z(p, x, Y)IR reg.

To obtain a convenient expression for the scalar function Z(p, z, )R reg. in eq. (2.11), we
translate the momentum integrals into position-space perturbation theory integrals, where
the integration variables correspond to the positions of the vertices, see figure 3.

The relevant Fourier transforms can be performed by using the well-known expressions
for the massless and massive propagators in position space [72]:*

0 yr= o k2 4Ar2(x —y)?’ )
eik'(xfy) m
m(x — = = K — , .2
G (l‘ y) k2 + m2 47T2|l‘ — y| 1(m|1: y|) (3 )

where K is a modified Bessel function and we use the conventions from ref. [73]. The
propagators in position space are Green’s functions of the ‘Euclidean Klein-Gordon’ equa-

tion,
(=2 +m?) Gz = y) = 60 (x — y), (3.3)
and analogously for m = 0. Here A®) = i=0 8&93)8&33) is the four-dimensional Laplacian.

These position-space representations of propagators have been used for a long time to
evaluate Feynman diagrams, see for instance refs. [57-59, 67, 68]. However, these calcula-
tions were mostly dealing with loop integrals, not their Fourier transform as in eq. (2.11);

4The positions z,y in the definitions of the propagators are generic Euclidean four-vectors and do not
correspond to the vertices in the Feynman diagrams in figures 2 and 3.
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they involved massless particles (relevant for QCD) and were either aimed at evaluating
renormalization constants at higher loop order, or treated Feynman diagrams with a special
topology, e.g. of the sun-rise type, where L 4 1 propagators connect the two points x and y
in a L-loop diagram. Thus our goal required the development of additional computational
methods.

We then obtain as the starting point for the evaluation of the weight-functions of the
QED kernel in position space the following representation of the scalar function
Z(p,,Y)IR reg. for p = imé:

I(p, 2, Y)IR reg, = / Goly — ) J(é,u) J(E, 2 —u), (3.4)

J(é,u) = /u Golu — @)™ G (i) . (3.5)

Recall again the need to regulate the IR divergence of the function Z(p, , Y)1R reg., Which is
related in position space to the behavior of the integrand in the final integration in eq. (3.4)
for large |ul, i.e. at long distances. Below we will show that J(&,u) ~ 1/|u| for large |u]
and therefore the integral for Z(p, z, y)IRr reg. is logarithmically divergent for large |u/, since
f, = J5° dlul|uPdy; (with unit-vector @ = u/|u|) and Go(y — u) ~ 1/u?.

In the derivation of eq. (3.4) we encounter the integral

ik-x
/k (k—;)w =P Gp(x) = e M G (2) . (3.6)
The first equality follows, formally, by shifting the integration variable &k — k — p. The
derivation is formal because with our parametrization of the on-shell momentum p = imé
in the integrand, p is a complex Euclidean vector, while the shift in the integration variable
assumes that p is a real Euclidean vector. The final result, also used in eq. (3.5), follows
by analytical continuation of the expression from a real off-shell vector p to a complex
on-shell vector p. The second equality with the on-shell momentum p can be derived
directly by using the Schwinger representation of the propagator ((k — p)? +m?)~! =
Jo° da exp(—a((k — p)® + m?)) and then, after the dependence on the components of k,
has been factorized, performing four simple Gaussian integrals.

Note that although the Feynman diagram from figure 3 is only a tree-level diagram and
thus trivial in momentum space, the expression in position space in eq. (3.4) is a non-trivial
convolution of propagators and exponentials.

3.2 Gegenbauer method for angular integrals in position space in four dimen-
sions

We summarize first some basic properties of Gegenbauer polynomials which have been
used since a long time ago to perform the angular integrations of Feynman loop integrals
(hyperspherical approach) in momentum space [63, 64] and in position space [67, 68]. Since
we work in d = 4 dimensions, we only need the special case of the Gegenbauer polynomials
Cn(§) = T(Lazl)(ﬁ) = Up(&), which are actually equal to the Chebyshev polynomials of the
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second kind, see ref. [73].> The corresponding generating function is given by

1 j—

" n 9 _]-S §1, ]. .
Y T;OT Cn(8) 3 7| < (3.7)

Some low-order Gegenbauer polynomials are given by Cp(§) = 1, C1(§) = 2¢, Ca(€) =
4£2 — 1 and therefore & = C1(€)/2, €2 = (C2(€) + Co(€)) /4.

Some simple properties of the Gegenbauer polynomials (Chebyshev polynomials of the
second kind) are [73]

sin((n + 1)6)

Cafeost) = = 20 (3.8)
Cal =) = (~1)"Ca(€), (3.9
Co(1) = n 41, (3.10)
£Cu(E) = %[Cn+1(§) + (1= 0u0)Caa(€)],  n>0, (3.11)
£Cu(e) = 7[Cusa®) + 2= 00)Ca(©) + Caa(®)],  n20, (312

where we adopt in egs. (3.11) and (3.12) the convention that C,,(§) = 0 for n < —1. The
property (3.9) under parity transformations and the normalization (3.10) follow easily from
the generating function in eq. (3.7).

For the evaluation of angular integrals in Feynman diagrams one makes use of the fact
that the Gegenbauer polynomials (hyperspherical polynomials) are the polynomials that
obey the orthogonality relations

A A A A 5nm A A
(Cule-2) Om(e-9)), = 275 Culd ).

(C(e-2) Con(e-2)) = Gum, (3.13)
€
on the unit sphere, where we denote unit four-vectors as & = z/|z|, 9 = y/|y|.

3.3 Expansion in Gegenbauer polynomials of propagators in position space,
of the exponential function and of the function J(é,y)

For our goal to perform the angular integrations in the function Z(p, z, )R reg. in eq. (3.4)
and the averages in egs. (2.35), (2.36) and (2.37), it is important to note that if we have a
function f = f(é¢-x,2?%), its dependence on the angle between the vectors ¢ and z can be
expanded in Gegenbauer polynomials as follows

fe-z,2%) =) Gu(a®) Cu(é- 2), (3.14)
n=0
Cala?) = (f(e-2,2%) Cu(e-2)) (3.15)

where one uses the orthogonality relations in eq. (3.13) to derive the expression for ¢, (z?).

®Note that in some references Cy,(€) denotes a dilated Chebyshev polynomial of the first kind.
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For later reference we write down the expansions into Gegenbauer polynomials for the
massless and massive propagators in position space, the exponential function and the func-
tion J(p,y) from eq. (3.5) (again, the vectors x,y in the propagators and in the exponential
function are meant to be generic Euclidean four-vectors)

47T2G0($ - y) = (x_lg = Z dn(:v2,y2) Cn(j: : g)? (316)

dn(a2, ) = 0(a? — )12 4 g2 — A (3.17)

’ ‘n+2

Z’yn 2%,y°) Co(2 - 9), (3.18)

n+1
e, ?) = M(W — ) T (mly)) K (mla)
+ 0% = ) g1 (mlz]) Knsa (mlyl) ), (3.19)
T ="t =2 i(n + 1)I"+|1x(|‘x|) Cn(é-2), xeRY, (3.20)
J(E,u) =Y zn(u?) Cplé - 1), (3.21)
n=0

2 (U%) = i In+2(mU|)K2L(T|;L|) + Iny1(mlul) (K;(Tlu’) + KOTSEFD)} ,

(3.22)

where I,, is another modified Bessel function, see ref. [73]. For integrals involving modified
Bessel functions, we have also found the further references [74-77] useful.

The expansion of the massless propagator Go(x — y) in position space in egs. (3.16)
and (3.17) is formally equal to the corresponding expansion in momentum space and follows
immediately from the use of the generating function of the Gegenbauer polynomials in
eq. (3.7) to write down the expansion of the massive propagator in Euclidean momentum
space and then performing the limit m — 0 [54].

The expansion into Gegenbauer polynomials for the massive propagator G, (z —y) can
be derived as follows. It satisfies the differential equation from eq. (3.3). Since G,,(z — y)
is a scalar function, we can choose the coordinate system such that y lies along the positive
éo axis, so that x has coordinates (|x|cos ¢1, |z|sin ¢1,0,0) and cos ¢ coincides with 2 - §.
The four-dimensional Laplacian operator for a function of |x| and cos ¢; reads

0? 3 0 1 0

A@) = L ( 2 ) 5
ol T Telale] T esin? o 9or U 91 By (3.23)

The important fact is that the Gegenbauer polynomials (Chebyshev polynomials of the
second kind) are eigenfunctions of the angular part of the Laplacian operator

1 0

m% <81n2 ¢1 ——C(cos qﬁl)) = —n(n + 2)Cy(cos ¢1). (3.24)

¢

— 14 —



Thus inserting the expansion of Gy, (x —y) in eq. (3.18) into the Klein-Gordon equation in
eq. (3.3) and applying the differential operator term by term yields the condition

S 2 n(n

2
n=0 a|$‘

Using the general expression

50 = 9) = el = Iy - 60n = )02 — o3 — ). (326)

n? ¢, ¢

we integrate both sides of eq. (3.25) over [ d¢asin ¢ f02 " d¢s and use the completeness
relation of the Gegenbauer polynomials,

1
z ZC (c0s $1)Cn(cos ¢f) = — snZ gy (o1 — ¢f) (3.27)
to obtain
= ”? 3 9 n(n +2)
4 - =z = 2 P2 2 e g
”T;){ e el ol " T e [ @) Gel(E9)
1
=W5(\w|—ly| ZO (cos ¢¥) Cp(cos p1). (3.28)
Choosing again y to lie along the & direction, we have ¢{ = 0, £ -§ = cos¢; and

Ch(cos ¢]) = (n+1); comparing the series term by term we obtain the differential equation

0* 3 0 5  n(n+2) 9 9 n+1
_ _ A (@2, ?) = ———8(|z| — |y]). 2
{ o o] T T f ) = gt = (829)

Two solutions of the homogeneous equation are K,,11(m|z|)/|z| and I4+1(m|z|)/|z|. This
then leads to the expression for ~, (22, y?) given in eq. (3.19).

We are not aware of any paper, where the expansion into Gegenbauer polynomials of
the massive propagator in position space in egs. (3.18) and (3.19) has been given, even
though it is a special case of Gegenbauer’s Addition Theorem (see p. 365 of ref. [76]). Note
that at |z| = |y|, the function 7, (22, y?) is continuous, but not differentiable - there is a
cusp. For m — 0 we recover from the expansion of the massive propagator the expansion
for the massless propagator.

The expansion into Gegenbauer polynomials for the exponential function in eq. (3.20)
follows from the generating function of the Bessel functions I,, and the associated series
given in ref. [73]

eeost — )+2 Z I,,(z) cos(nd), z € C, (3.30)
by taking the derivative with respect to 6 of both sides of eq. (3.30) and then using eq. (3.8),

= |z| and cosf = é- % for x € R% Similar expressions have already been given in
refs. [57, 65-68].
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For the derivation of the expansion into Gegenbauer polynomials of J (€, u) in egs. (3.21)
and (3.22) we start from the definition of the function in eq. (3.5)

o0

J(€,u) /GO (u —v) ™G,y Z €-10). (3.31)
Inserting the expansions of the massless propagator Go(u — v) from egs. (3.16) and (3.17)
and of the exponential e from eq. (3.20), we can use the orthogonality properties of the
Gegenbauer polynomials from eq. (3.13) to project on the coefficients z,(u?) as in eq. (3.15)
to obtain the intermediate result

m|u|
2ale?) = g [W [ e @) + Gl [ ’;Zi(f)fﬁ(t)]
(3.32)

For the first integral, we use integration by parts starting from the observation Kj(t) =
—K{(t), and then using the well-known identity d ("t 1 () = t"1 L, (t). We then use
the following primitives:

d

o {2 (Ko In(t) + K () Tnsa (1)) } = 200 + D" L () Ko (1), (3.33)
%{%(Ko(t)fn(t) () (1)} = _zw Lia(OKi(t),  (3.34)

to obtain the result in eq. (3.22) after some slight rearrangements.
It is worth recording the asymptotics of the coefficients z,(u?) for fixed n. Using the
known asymptotics of the modified Bessel functions, one finds

n(u?) w0 (mfu])” ; [log( mju ’)

203720 (n + 2 o+l

N | 11 5
Zn(u?) V2 47T2m’u|((n+1)2 3] + O ) (3.36)

} +0 (Jul"t?)  (3.35)

Furthermore, it is worth noting that

d ayy _ (n+ DIngpa(mfu]) Ko(m|u|)
. - : 3.37
Jor(l200%) feci (337
and therefore, resumming the expansion in the angular variable using eq. (3.20),
1 mé-u
——([ulJ (&, u)) = —— €™ Ko(mlul). (3.38)

| | 82

Since J(é,u) is logarithmically divergent for |u| — 0, as can be seen from the definition in
eq. (3.5), we have lim|,|o(|u|J(€,u)) = 0. Therefore we can solve this differential equation
by simple integration to obtain the integral representation®

1 m|ul o
&) = —5—— dt "% Ky(t). .
J(&u) 872mlu| /O € o(t) (3.39)

From here it is straightforward to obtain the asymptotics of J(€,u) at small and large |u|.

A very similar function appears in ref. [49].

~16 —



As already mentioned, around the origin |u| — 0, the function J (€, u) is logarithmically
divergent. The precise behavior reads:

|u|—0 1

1672

log(m?u?) + —5 (1 — s + log(2)) + Offul loglul).  (3.40)

J(€,u) o2

We note the exactly computable special case if the vector u is collinear with €

(e, +ulé) = 8%(eim\ul(Ko(myu\) Ky (mlu])) ¥ mTu’) (3.41)
In this case, the behavior for large |u| reads
Tl MR L e —ue) "R (3.42)
47\/27mlu] 8m2m|u|
For a generic direction of u, we obtain for large |ul:
Jewze L T=0 g—ea, 0<o<n (3.43)

8m2m|u| sinf’

This behavior at large |u| is obtained from eq. (3.39) by writing the integral fgn‘ul =
Jo° — ffrﬁm The first term then yields eq. (3.43). The second, using the large-argument
expansion of the Bessel function, yields a correction suppressed by exp(—2sin?(8/2)m|ul).
In particular, the special ‘collinear’ sector around ¢ = 0, in which the function J(€é, u) only

falls off like (m|u|)~/2, has an angular size A ~ (m|u|)~'/2.

3.4 Average over the direction of the muon momentum

The product J (€, u)J (€, z—u) can be viewed as a function of € on the unit three-sphere, and
can therefore be expanded in scalar, vector, rank-two traceless tensor, etc. components.
Computationally, in order to compute S, V5 and Ts in eqgs. (2.35)—(2.37), it is simpler
to first extract these components before performing the convolution with the massless
propagator. We therefore introduce the notation

s(@,u) = (J(&u)J(Ew ~ u)>€, (3.44)
vs(w,u) = (&5 J(&u)J (2 —u > (3.45)
sl u) = ( (585 - iaﬁé)J(g, w6 — ) (3.46)
so that
S@.m wes. = [ Golu=1y) s(a,u), (3.47)
Vita,y) = [ Golu =y vs(a,w) (3.48)
Tos(e,) = [ Golu=1y) tps(a. ). (3.49)
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3.5 Calculation of s(x,u)

Inserting into eq. (3.44) the expansions of J (€, u) and J (&, z—u) in Gegenbauer polynomials
from eq. (3.21) and using the orthogonality relations in eq. (3.13), the angular average yields

—

s(x,u) = i Zn(u?) 2n (( — u)?) Cn(z_fl_u) (3.50)
n=0

We remark that the symmetry s(z, u) = s(x, z —u), obvious in eq. (3.44), remains manifest
in eq. (3.50). At x = 0, we have

> 1

_ 2\2 IUI—>OO
s(0.u) = 3 (-1 za(u2)? MR e Z = o (33

n=0

where we used the first term in the large-argument expansion (3.36) of z,(u?). Eq. (3.51)
provides the leading behavior of s(z,u) at large |u| that will be important to deal with
the IR divergence in S(z,y). We remark that the asymptotic prediction of eq. (3.51) for
s(z,u) can also be obtained directly from its definition (3.44), employing the asymptotic
form (3.43) of the function J(€, u).

3.6 Calculation of vs(x,u)
We parametrize the vector components in eq. (3.45) as follows:
vs(x,u) = x5 fH (2%, 2 - u, u?) + ug §P (22, 2 - u, u?). (3.52)
Multiplying with x5 and us and solving the system of two equations, we get
FN 1 u?  —u-x ((x-&)J(
f2 ] 222 — (z-u)? \ —u-z 22 ((u-&)J(

Using eq. (3.11) and the orthogonality relations (3.13) we obtain the results

o) J(é _ \u! 2y, Zn((@ —u)?) N i
((z-&)J(&,u)J (6, —u) Z Zn—1(u?) + 2n41(u?)) 1 Co(t -7 — u)
T — u| 2z (u? -
+] 5 | ;(zn—l((&“ —u)?) + zp41 (2 — w)?)) TT:(JF 1) Cpli- 7 — u), (3.54)
R e x—u))e |u| oo Zn((z —u)?) T
((u-€e)J(&u)J(é,x —u) Z (zn1(u?) + 2p1 (u?)) L2 C (0 T — ),
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with the convention that z,(u?) = 2,((z — u)?) =0 for n < —1. In the end we get

_ 1
2(22u? — (z-u)?)

x Z( 2|2 — ul(zn-1((x = w)2) + 2ng1 (@ — u)2)) 20 (u?)

Holw? — - 2) (enr () + 2 (02) 2 (@ — ) L EZ 0 (35)
1
f(2)(x27 v uut) = 2(22u? — (z - u)?)
>< Z( 2=l () ot (2 — 02) + 2011 (& — 1)) 2n(?)
Holla? = - 2)(enr (02) + 2 (02) 2o — ) L EZ (g5

We now want to study the large-|u| behavior of f)(22, x - u,u?). Expanding z,(u?)
and z,((x — u)?) for fixed n and large |u|, one finds the result in eq. (3.36) and

i-x
w2m (n + 1)u?

o (2= w)?) = za(u?) = i +O(u?). (3.58)

We note that

—

Crn(t-x—u)
n+1

2

=(-1)" <1+n(n+2) (@-a)?-1) °

6u2

) +0(u™?). (3.59)

One then sees that ((u - €)J(é u)J (€, — u)) vanishes for x = 0. For this reason, we may

rewrite
((u-€)J(&u)J(é,x —u))e - (3.60)
_ il Z (201 () + 2041(u?)) (=1)" (zn ((@—w?) (—1>"W - zn(u2)> .

The second factor in the sum is given in leading order by ‘Wmﬁ(%nﬁl)lﬂ for large u, and since
the series is then still absolutely convergent, one finds that ((u - €)J(€,u)J (€, v — u))e falls
off at least as fast as 1/|u/?. In fact, at little more work reveals that the coefficient of the
1/|ul?® term vanishes. The same argument shows that {((z - €).J(¢,u)J(é,z — u))e goes like
|u| =3 for large |ul, thus showing that (ésJ(é,u)J(é,z — u)), falls off at least as fast as |u| =3
for large |u|.

3.7 Calculation of t,g(x,u)

First, calculate at x = 0:

1 u?
tap(0,u) = <(éa€5 — 45a5> J(&,u)J (&, —u))e = <uauﬂ — 45a5> b(u?), (3.61)

~19 —



Contracting with uqug and using the identity from eq. (3.12) and the orthogonality rela-
tions (3.13) within the angular average (...)e, we get

b(u2) = 3u2 Z (zn—2a( ) + zn(uz)(l — dno) + zn+2(u2)) zn(u2) (3.62)
- 5 ZO (2 02)(1 ~ 8u0) + 22042(0))
u|—oc0 1 1 1
i 9672m?2|ul < w2 - 6)' (3:63)

For the general case we have with v = z — u the decomposition:

2
tag(z,u) = <uau5 - 115@5) bV (w2, u - v,0?) (3.64)
v’ £(2)(,,2 2
+ vavg—zéaﬁ b )(u U0, 07)

+ (uavﬂ + vaug — %5(1/3(11 . v)> 63 (u?,u - v,v?).

Multiplying with uqug, vovg and uqvg + voug and solving the system of three equations,
we get as intermediate result for the scalar functions G(k)

h 3(v?)? w?v? +2(u-v)? —3v(u-v)

Hh | = 5 uw?v? + 2(u - v)? 3(u?)? —3u?(u - v) S; (3.65)
H®) Y —3v2(u - v) =3u?(u-v)  u?v?+2(u-v)? s3
with Dy, = (u?v? — (u-v)?)? and
s1=(((u-€)*—u?/4)J(¢,u)J (&,v))e
=7 (o al0) (02 (1 =) 22 (2)) (02 20 (3.66)
4 = n—2 n n0 n+2 n n+1 ’ :
s2=(((v-6)*—0?/4)J (,u) J (&,v))e
1}2 > n a0
= ano Zn(u?) (zn_g(vz)+zn(02)(1—(5n0)+zn+2(v2)) .Cn(—i—l)’ (3.67)
S3= <<2(€-u)(€'v)—;(u-v)> J(€,u)J(€,v))e
Slullo Z (a1 (1) 2041 (62) (21 (02) + 2011 (02)) = (80 20 (0) 2 (0%)] Cﬁféf)
(3.68)

The point now is that ((éaés — 20as)J (€, u)J (6,2 — u))e is of order (1/u?) at large u, but
with a tensor structure proportional to (Ggts — %555). The average over @ in the next step
will cancel this leading contribution, so that T;,g(z,y) is finite. Anticipating the numerical
implementation, we remark that it can be advantageous to subtract a term which vanishes
upon the @ integration and makes the integrand fall off faster at large wu.
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2

The leading asymptotic behavior of the scalar functions s;(u?,u -z, 2%) for |u| — oo is

512 27 12872m?2 2 + 6 (3:69)
One also finds that, expanding in = around = = 0, and for arbitrary |u|,
1 3 o
= =_Z b 3.70
51 =0 52 =0 283 z=0 4 ( ) ( )
Furthermore, one finds
S1+ 82 + 83 = O(x2). (3.71)

Equations (3.70) and (3.71) can be shown without using the explicit expression of z,(u?).

4 Direct evaluation of the final convolution integral

In this section, we treat the final convolution integral yielding the tensors S, V5 and Tjgs
(see egs. (3.47)—(3.49)) by performing two angular integrations analytically, while the third
angular integral as well as the integral over the modulus are left to be done numerically.
Since this straightforward method leads to some numerical difficulties pointed out below,
our final weight functions have been computed with the alternative method presented in
section 5. Nevertheless, this method, which was implemented as part of ref. [78], provided
important cross-checks (discussed in section 6) for the final QED kernel. The expressions
obtained for the weight functions are also used as the starting point for the multipole-
expansion method of section 5; see the text around egs. (5.1)—(5.3).

In order to perform the angular integrations in [, in eqgs. (3.47)—(3.49), we choose a
coordinate system where x is pointing in the direction éy and y is in the (ép, é1) plane and
we introduce the angle 8 between those two vectors

z = |x|(1,0,0,0), (4.1)
Yy = (yO?yhO)O)a Y1 Z 07 (42)
T -4 = cospf, 0<g<m (4.3)
Yo = |y| cos B, (4.4)
y1 = |y|sin . (4.5)
The vector u is parametrized as follows
ug = |u|cos ¢,
u1 = |ulsin ¢1 cos ¢o,
ug = |ulsin ¢y sin ¢g cos @3,
uz = |u|sin ¢ sin ¢g sin @3, (4.6)
with ¢1, 9 € [0, 7], ¢3 € [0,27] and the angular integration measure is given by
/ dQy = / depy sin? ¢y / déy d¢3 (4.7)
0

where ¢ = cos ¢o.
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From the above definitions of the vectors we get

2w = falful cos o, :
u-y = \u|(yocosq§1—|—y1 sind)l 62), (
(u- y)2 = u? (y% cos® g1 + 21yoY1 COS ¢P1 sin ¢1 éo + y% sin? ¢y ég), (4.

4

(u— y)2 =u?—2u-y+9yP=y?+u®— 2|u|yo cos ¢1 — 2|uly; sin ¢; éa. (4.

We will need the following angular integrals, where f(z,u) f(@?z - u,u?) =

f (22, |x||u| cos ¢1,u?) is a generic scalar function of the vectors = and u:

1
<mf($’u)>a = o2 / A2 (u—y) fz,u)
= ;/0 doy Sin2 ¢1f(3327|113HU|COS¢1,u2)

X/l dés
1 Y2 + u? — 2|ulyg cos ¢1 — 2|uly; sin @1 &

_27r]u\|ysm[3/ doysin ¢y f (2%, |2||u| cos 1, u®) Log, (4.12)

where we introduced the abbreviation

2 2
y® +u’ — 2|ully| cos(B — ¢1)
Log =1n 4.13
B=I | Sfullylcos(B + 1) (4.13)
In a similar way one obtains
1
<W (x - u)f(a;,u)>u = 27r|y|s1nﬂ/ d¢1 sin ¢q cos ¢y f(x 2 || |u| cos ¢, u )Log,

(4.14)

(o o sean), = = [ dousint o002 el cosn. )

u—1y) @
2 2
Yy tu
1 L 4.15
x ( + 4|u||y| sin B sin ¢4 0g> ’ (4.15)

(y - u)?
<mf(l‘,u))>a = 87T|u|y]smﬁ/ doq Slan)lf( |1‘||u|cos¢1, )

x[4\u|]y\smﬂsin¢1 (u +y° +2]u\|y]cosﬁcos¢1)

+(u? +y?)? Log|. (4.16)

The integration over ¢3 is always trivial and the integrations over ¢ lead to simple ele-
mentary integrals.

4.1 Calculation of the weight function g(®)

Exploiting the behavior of s(z,u) for large |u| from eq. (3.51), we can introduce a fixed
vector w and modify the integrand of S(z,y) in eq. (3.47) to get an IR-regulated function
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as follows

g(O)(|x’7x'ya ‘y’) = S(x7y)IR reg. E/ (417)

u

1 oe] ™
= - d 2/ depi si 4.18
47r‘y’81n6/0 uu 0 ¢1$1n¢1 ( )

ly|sin 36 (u? —w?) =, o\ Cnl@-7—)
x l 1927rm2u3 +Log %Z"(u )2n ((a: u) ) n+1 ’

2_ 2
(Go(u—y)s@,u)—GO(u)e(u )>

19272m?2u?

where we used the result from eq. (4.12) for the angular integration. The term with

0(u? —w?) in eq. (4.17) is independent of x and y, therefore it will not affect the final result

for the QED kernel, in which only the derivatives of the weight function g (|z|,z - v, |y|)
with respect to x, and y, enter; see eq. (2.30), (2.33)—(2.34) and (2.40).

4.2 Calculation of the weight functions g(1+2)

Starting from the definition of Vs(x,y) in eq. (2.36), we split off the integration over the
length of the vector u and parametrize the angular average as follows:

1 s 70 .
(o @l EndEr—w),) = dl @y ) + o 0P @ p07). (419)

From this we get the vector weight functions in eq. (2.41) via
: 1 [o© A
g%z g,y = 5/ duv®g) (@®, 2 - y,y%), i=1,2, (4.20)
0

Multiplying eq. (4.19) by x5 and ys we then obtain in a similar way as before

o)) _ 1 v -y
o) 2P —(z-y)? \—zy  2?

(@@ i @) + (@ -w) fO (,0))

4.21
(@ (@) 1O @w) + (- ) 1 (@w)) 2

Using the results of the angular integrals from eqs. (4.12), (4.14) and (4.15), we get
the following results for the weight functions

1 o0 ™
(2,2 2 :—/ d 2/ d

2,2
. Yy tu Log
x{2s1n6+(2|u“y| cos,@cosqh) sind)l}
> Cn Cn+1
xZ(zn<u2>zn+1 (=1?) |lo~ulcos -+ (ulcoséy [z
opr ( ) n+1 n+2
o Cn
4 Zny1 (u?) 2, ((x—u)Q) [(|ucos¢1—|x|)n+1 +|x—u|cos 1 n—:21 ),
(4.22)
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-1 e e} s
“(3)(12 0 22 d 2/ dbisinon L
g (':U y LY,y ) 87m2]y\sin5/o Uy 0 ¢1 Sln¢1 og

X§<Z"(“2)Z"+l (0=0?) (lr—ul- ol 2

)

n+1 n—+
C,, Ch
+ 2 (u2) 2 ((a:—u)2) (,u| el n:;) ) (4.23)
and
ﬁ(l) (IQ, -y, y2) = g(3)($2, x-y, y2) - ||Z|| COSﬂg@) (:C27 xr-y, y2) (424)

We choose to first compute the scalar function gl®) because the integrand simplifies and is
collinear safe for sin p; — 0. The argument of the Gegenbauer polynomials C), and C), 11
is given by

o = _ _|ul—|z]cos ¢
b-rv—-—u=—————.

o (4.25)

We note that there is a large cancellation inside the curly bracket of eq. (4.22). If we
call A = 2|ully|/(u? + y?), such that 0 < A < 1, then Taylor-expanding the logarithm in
A shows that the curly bracket is of order A? at small A (small A corresponds to both
[ul < [y] and [u] > ly)).

4.3 Calculation of the weight functions 1(1:2:3)

Upon integrating over the angular variables of u in eq. (2.37), the tensor decomposition
reads

<<u—1y>2<(€aéﬁ } jﬁaﬂ) J(Ew) J (6w — u))e)

2 2 .
= (:cafvﬁ - Z(Sa/a) () + (yay,e - ZZ%ﬂ) (2 + (wayﬁ + Yap — 51622/504,8) (.

(4.26)

4

(1)

where the scalar functions [’ depend on 22

.z -y,y%, as well as on |u|. From this we get
the tensor weight functions in eq. (2.42) via

_. 1 [ .
l<”<w2,x-y,y2)=5/0 duv® (0 (a?z-y,9%), =123 (4.27)

Again, multiplying eq. (4.26) with z,23, yays and z.ys + yors and solving as before,

the weight functions [8 ) are given by

1
) 1 37 2P 420y’ =3P(rey) [
(2 | = | a2 42 y)? 32 “3ai(@-y) || vza |, (428)
(& P\ =32z - y) —32%(z-y) 2y +2(z-y)?) \vsu
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with Dy, = (2%y* — (z - y)?)? and

1

vo = (il 9 = w2 ABY + (@ - w) - 2)° = (0 - w?a? /45
+ 20w 2)((z — ) - z) — 2P (u- (2 — u))/2]6(3)}>ﬂ, (4.29)

w20 ==y 2{ w400 + (2 — ) - y)* — o (@ — ) /4]
+ 20 y) (@ —u) - >—y2<u-<w—u>>/216<3>}>n (4.30)

u

= (o {2 - 0) = o2 )25

+ 20 (- W)y (- w) (@ y)@ —u)*/2h?
+[20u-2)(y - (= w) +2(u-y)(@- (@ —w) = (u- (@ —w)(z-yH® ) . (4.31)

where the h® (u2, u - v,v?) are given in eq. (3.65).
Using the results of the angular integrations in eqgs. (4.12), (4.14)—(4.16), we get more
explicitly the following intermediate result

2 T 17 ~
0 = g [ sin o Log] u? feos? 1 - 7] 60
2muy sin B8 Jo 4

3 3 1\7 A
+ [43:2 — U cos b1 + u? <6082 o1 — 4>] b(2)

A~

+ Bum cos ¢1 — 22 (cos o1 — )] f) } (4.32)

V24 =

_— / dey sin ¢ {4uy sin Bsin ¢ (u? + y? + 2uy cos [ cos ¢1)
87Tuy sin 3

+(u? +y)L0th +5® — 253}

/ d¢i sin ¢ [4uy sin 3 sin ¢1 + (u +y )Log} { 6(2) + 6(3)}

27ru tan 3

| o sinor Log{ (/415

27Tu sin 3

+ {xQ cos® f — %(:z:2 — 2ux cos 1 + uQ)} h® — —[a: cos ¢y — uh 3)}, (4.33)

V3 =

sraian Jy dovsinon Los ([t 25"

+[3x2/2 — zucos ¢y — u?/2]h? + [u? + ua cos ¢1]6(3)}

47Tuy sin 3 / dgy sin ¢y [4uy sin Bsin ¢1 + (y° + u?) Log}

{qu cos g hH) — 2(z? — zucos ¢1)6 + 2(2? — 2uz cos ¢1)6(3)}. (4.34)
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Similar to eq. (4.27), we define weight functions 5(?) after the integration of v;, over
the length of the vector u:

79D (22, 2 -y, y?) / du v vi (22, 2 -y, y%), i=1,2,3. (4.35)
Schematically, we have the following structure,

To=M(z,y) N M(u,z —u) 7, (4.36)

where _[>u, S € R3, the components of § are given by eqs. (3.66)~(3.68), and M is

the symmetric 3 x 3 mit)rix given in egs. (3.65) and (4.28), which is a function of two
vectors. In particular, 6 = M(u,z — u) . The linear operator NN corresponds to the

relations (4.32)—(4.34), W, =N §.

The linear operator M (z,y) N M (u,xz — u) leads to fairly long algebraic expressions.
We note that the final step, going from the U, tothe [, is a purely algebraic one. If
there are linear combinations of the ¥/, that lead to simpler integrands, those can be used

and the linear combinations can be resolved in terms of the [, at the end. We find that

the following linear combinations have manageable expressions,’

i]_ oo ™
s~ 2 : .
B Ty / duu /0 dé, sin ¢ Log <51+82—|—53), (4.37)

_ 1 _ 2‘ ’ 1 o0 e
@ =_- (7@ _ ny- .~
[ Sn? 3 (v 2] cosﬁv ) 47r\x|sin35/o duu/o doy

2 2 L
X< 2sin g + vty — cos (B cos ¢1 .og
2uy sin ¢

X (2(u cos <f>1 — ) 51+ 2ucos ¢ sz + (2ucos p; — x) 33>, (4.38)

e [
647Tx2y 64ma2y5 sin® B o sin® ¢y

X { (3u4 + 8u?y? + 3yt + 4u?y? cos(28) — 6uy(u® + y?) cos(B — ¢1)

+uPy? cos (2(8 — ¢1)) + 4u”y? cos(2¢1) — 6u’y cos(B + ¢1) — 6uy® cos(8 + ¢1)
+u?y? cos (2(8 + ¢1)) ) Log + 12uy sin B sin ¢1 (u® 4+ y* — 2uy cos [ cos gbl)}
X ([2u2 + 322 — 6ux cos ¢ + u? cos(2¢1)] s1 + u? [2 4 cos(2¢1)] s2

+u[—3z cos ¢1 + u(2 + cos(2¢1))] 33). (4.39)

Once 7, 1 and 1) have been computed, [(V) and () are recovered by taking successively
the linear combinations

_ 1 - _
3 — @ _Y 2
[ 2x2y2[ - cos B | (4.40)

"The idea is that instead of directly applying the matrix M (z,y) on ¥ .., we first triangularize the linear
system: compute [® and [ = 22> (y cosB1? + ¢ [(3)) and 7V = %x‘l [ x?y?(cos® B — i) @ 4
%xi”y cos B 13,

— 96 —



and

MW = % (v(l) — z%y? (C082 B — i) [ gx?’y cosﬁ((?’)) . (4.41)

Next, we study the behavior of the integrands at large u. The curly bracket in eq. (4.38)
is of order 1/u?, and the bracket containing the s; is at most of order 1/u, based on the
properties (3.70)—(3.71). Therefore the integrand in eq. (4.38) is at most of order 1/u?
and the integral is absolutely convergent (numerically, it appears to fall off even faster,
perhaps as 1/u?). Similarly, in eq. (4.39) the curly bracket is of order 1/u, and the bracket
containing the s; is at most of order unity. Therefore the integrand of eq. (4.39) is at most
of order 1/u? and the integral is absolutely convergent.

The case of the integrand in eq. (4.37) is a bit more subtle. It is helpful to consider
what happens at either x = 0 or y = 0 from the beginning. At y = 0, starting from

eq. (3.64) one finds that
4

3rz2

oo ™
Top(x,0) = <5&a§:5 - i5a5> /0 du u/o dgy sin® g1 (s1 + s2 + s3). (4.42)
Now, it is obvious that when z = y = 0, [d'u Go(u) ((eats — T0ap)J (€, u)J (&, —u))e
vanishes, because (uqus — 2u?da5)q = 0. How does this result emerge from eq. (4.42) ?
We have already seen that (s; + sa + s3) vanishes to linear order (included) in |z|. One
then finds that the quadratic order does not vanish, however it vanishes upon performing
the ¢; integral in eq. (4.42),

. r [m . 9
ilg% @/0 d¢y sin® ¢1 (s1+ s2 + s3) = 0. (4.43)
It turns out that expanding the summand of the s; in a Taylor series for small x, the Taylor
coefficients fall off with increasing powers of 1/u. This would be obvious on dimensional
grounds if the muon mass did not enter the expression. On close inspection, the only
factor that could spoil this property are the factors z,(u? — 2|u||x| cos ¢1 + x2), which are

dimensionless functions of m/u? — 2|u[|z| cos ¢1 + x2. However, for large argument these

functions go like 2, (u?) so that the dependence on the mass factors out and

~ T
the dimensional argument applies; note that for this leading behavior, the sum over n is
still absolutely convergent. The fact that the Taylor series of [j d¢1 sin? ¢y (s1+s2+s3) at
small |z| starts at order |z|® (at the earliest) thus implies that the expression is at most of
order |z|?/(m?|ul?) at large |u|; the integrals over |u| in eq. (4.37) and in eq. (4.42) is then
absolutely convergent. For the numerical implementation, one option is then to subtract
the O(2?) term from (s; + sy + s3); this has the advantage of making the u-integrand
absolutely convergent in the infrared prior to the ¢ integral.

For completeness, let us also treat the case where first x is set to zero. For x = 0, we
can use eq. (3.61), the expansion of the massless propagator in Gegenbauer polynomials in
egs. (3.16) and (3.17) and the property (3.12) to find

1/ . 1 00
T@@wzﬁ@wV%%@A du P b(u2) d (12, 12). (4.44)
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5 Final convolution integral via the multipole expansion of the massless
propagator

While the method presented in the previous section can be used to numerically calculate the
QED weight functions, certain difficulties arise in special kinematic configurations of the
vectors x and y. Especially the regime where x and y are near-collinear can be challenging,
in view of the inverse powers of sin 8 present for instance in egs. (4.22) or (4.39). Recall
the definition cos8 =1z - .

We therefore explore a different method to obtain the QED weight functions numer-
ically. The idea is to use the multipole expansion of the massless propagator to obtain
the weight functions in the form of a series of polynomials in cos g, times a function of
(||, |y|). The relevant polynomials, as it turns out, are either the Gegenbauer polynomials
themselves, or their derivatives.

Let f(Z-4) be a smooth test function. Directly integrating the expression (o=t f(z-a)
over two of the three angles parametrizing u yields a logarithm (see eq. (4. 12)), Wthh is
found in the expressions for g(® (eq. 4.17), g® (eq. 4.23) and 5V (eq. 4.37). As before
we will introduce cos¢; = Z - 4. If instead one makes use of the multipole expansion
of the propagator, as well as of the completeness and orthogonality of the Gegenbauer
polynomials, one obtains for the same integral a sum over these polynomials. Matching
the two expressions leads to the result

. og= 3. Wy

_4|u\|y]sinﬁsin¢1 = n+1

Cp(cos B)Cy(cos ¢1), (5.1)

which we will use in the sense of distributions, i.e. inserted in an integral over ¢;. The
function d, (u?,y?) has been defined in eq. (3.17). Further useful results emerge from

integrating the expressions (4-9) (f (@ y))2 and (4-9)? (f (& ))2 in the two different ways described
above, thus leading to the equalities

1

S = _74\u|]y|sin6(28m6+ (

u2+y2
2Jully|

,y2) C/(cos B) C)(cos ¢1)
n(n+1)(n+2) ’

—cosﬁcosqﬁl) ‘Log )

sin ¢

= sin? B sin® ¢ Z

1
8udy3sin Bsin gy

{(3u4 + 8u%y? + 3yt + 4u’y? cos(2p) — 6uy(u2 + y2) cos(B — ¢1) + u?y? cos(2(8 — ¢1))
+4u?y? cos(2¢1) — 6udy cos(f+ ¢1) — 6uy® cos(f+ ¢1) + u?y? cos(2(B + gbl))) Log
+12uy sin §sin ¢ (u? + y2 — 2uy cos 3 cos ¢1)}

u?,y) Gy (cos B)C, (cos ¢1)
—Dnn+1)(n+2)(n+3)"

Sy = —

= 4sin? 8 sin? ¢, Z (5.3)

Equality (5.2) show that two powers of sin? 3 can be extracted explicitly from the angular
integrals for g (eq. 4.22) and [() (eq. 4.38). Similarly, eq. (5.3) shows that four powers of
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sin? 8 can be extracted from the angular integral for [(2) (eq. 4.39), allowing one to cancel
analytically otherwise numerically problematic inverse powers of sin /3. In this way, the
case where x and y are exactly collinear can be calculated directly, without the use of an
extrapolation to sin 8 = 0. The price one pays for this cancellation is that the sum over the
derivatives of the Gegenbauer polynomials converges somewhat less rapidly: for instance,
Cn(1) =n+1, while C;(1) = 2(n 4+ 1)(n + 2).

5.1 Derivation of egs. (5.1)—(5.3)

Let f(Z-1) be a smooth test function. As given in eq. (4.12), explicit integration over the
spherical-coordinate angles ¢ and ¢3 yields

(o 16 0), = gy o), (5.0

On the other hand, using the expansion of the massless propagator in eq. (3.16) and
of the function f in Gegenbauer polynomials in eq. (3.14), as well as the orthogonality
property (3.13), one finds

<(u1y)2 J@-@) > Z dn( W (Ch(cos ¢1) f(cos ¢1))a- (5.5)

Comparing the expressions yields eq. (5.1).

In the same way, consider the two treatments of the following angular average,

(BT 0E0) g

u—y)? &
= 1 . u? + ¢ Log
= Z n(fslﬁ 'n(COS 1) (;(dn—s—l + dp,—1) — cos [ cos ¢1dn> f(cos@1))a. (5.6)

n=0

We are using the convention d, = 0 for n < 0 and the argument of the d,, coefficients
s (u?,y?) throughout this subsection. Comparing the two equations yields an expression
for Sl,

> Cp(cosf3)

Slzz n+1

Cr(cos ¢1) <;(dn+1 +dy—1) — cos B cos ¢>1dn> : (5.7)
n=0

We can now manipulate the sum in the following way. First apply the cosine factors on
the Gegenbauer polynomials, using eq. (3.11),

= 1

Sy = 7;] ] (C (cos 8)Ci,(cos ¢1);(dn+1 +dp—1) (5.8)

dn

=T (Cuta(c03 ) + Coa (603 B)(Cora(cosn) + Coa(co301))
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Next, shift the summation index in the second term so as to factorize Cy,(cos ¢1), and then
collect the terms multiplying d,,+; and those multiplying d,—1,

1 &~ Cn(cos ¢1)

Sl:ingo n+1

ST; ((n + 3)Cp(cos B) — (n+ 1)Cpi2(cos ,6’)) (5.9)

dnfl

n

#2018 ) (14 1)Coaeos )|

Note that % should be interpreted as zero for n = 0. Now we notice that the combina-
tion appearing in the brackets can be expressed through the derivative of the Gegenbauer
polynomials,

(n+2)Cp_1(2) — nCri1(z) = 2(1 — 23 CL(2), n > 0. (5.10)

Then shifting again the summation index so as to factorize C,(cos ), we arrive at

l—cos B C/(cosB) n1(cos¢1)  Cpyi(cos )
1= Z " n+1 ( n a n+ 2 > (5.11)

(we have used the fact that C)_(cos 8) = 0 to drop the n = 0 term); and finally, identifying
again the expression for the derivative of C), in the bracket, we obtain eq. (5.2).
Thirdly, one finds by the same method as above

/\. A 2
(e 700,
= in (s 21 2 2., 2\2 f(cos¢r)
zfm«z;uysmﬁsm%(u +y°+2uy cos Bcos g1 )+ (u”+y°) Log)w>u
= i Z CW(dn—2+(2—6n0)dn+dn+2)<cn(cos ¢1) f(COS ¢1)>a, (512)

n=0

which provides us with a new identity. The specific linear combination appearing in the
QED weight function [(?) in eq. (4.39) is

1
Sudy3sinBsing;

{ (30" +8uy?+3y" +-4u”y? cos(28) —6uy (u”+y) cos 1) +u’y” cos(2(3— 1))

+4u?y? cos(261) —6udy cos(B+ 1) — 6uy® cos( B+ b1 ) +u’y? cos(2(ﬁ+¢1))) Log

SQE—

+12uysin Bsin ¢1 (u® +y* —2uy cos B cos qbl)}
= Z COSB cosgzﬁl)[ (;+COS(2,@)+COS(2¢1)+;COS(Qﬁ)COS(Qgﬁl))

3
45 (oo (2= 60)dn + ), (5.13)

—6cosBcospr(dny1+dn—1) 5
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where we have used egs. (5.1), (5.2) and (5.12) in obtaining the second equality. Manipu-
lations on expression (5.13) similar to those yielding eq. (5.2), including the use of

=2((n +3)(n = 1) + 3620 Cu(2) + (n + 2)(n + 3)Cr_a(2) + n(n — 1)Crya(2)
=4(1 - 2%)2C/(2), n >0, (5.14)

lead to eq. (5.3).

5.2 Gegenbauer expansion of the QED weight functions

Using the relations above, we provide alternative expressions to compute the six required
weight functions and their derivatives. Using eq. (5.1), one derives the following represen-
tation for three of the weight functions with argument (|z|, ég, |y|), where ég = cos f3,

(0) (0) (0)

g 1 O‘nf an+
8 | =3"Cu@s) | s | ans | ol | ol | - (5.15)
5D LA Y )
v n n—+

Here the coefficients oc;ki, for k = 0,1,3, have argument (|z|,|y|), and their functional

form is
1— 146
k k3 n
ot (e, lyl) = ) 20 [ "o Cute) oulleoenlul. (519
51@ o0
ol el o) = 222 [ [Taor st Cue) (). (57

where ¢; = cos ¢ and §; = sin ¢1. The functions oy (|x|, é1, |u|) appearing in the coefficients
ag’fo’l‘”, as well as those appearing in Bnkf and ’ynzc below, are given explicitly at the
end of this subsection, egs. (5.24)—(5.31). As a remark, we have already noted that g(®

contains a logarithmic infrared divergence. In the present representation, that divergence

(0)

is entirely contained in the coefficient ag, which makes a constant contribution to 3,

5

independent of z and y. Since only derivatives of §(®©) with respect to z or y appear in the
QED kernel, the coefficient a(()?g is never actually needed.

Next, starting from egs. (4.22) and (4.38), and using eq. (5.2), one obtains the repre-

(2) 1 (2) » (2)
< ) Z—: [W’ (ﬁfﬁ) Tyl (gw )] (5.18)

with (for & = 2,4)

sentation

—(1-136 [yl
Dlalubl) = — 0 [V / don 8 CY(e0) oullel. evul). (519
(k) _ —(1—l(5k2 > du
AN = Ty e ) 40 S Gl onllad e (5:20)
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Finally, using eqs. (4.39) and (5.3), we obtain the form

2|2l e, ly]) = Z (e (

|n+4'yn Kzl ly) + " 22 (2l D), (5.21)

1

= . 5.22
[yl ™
du™® [ dgn 8 Cl(er) os(Jo], v, )
0 0
1
. 5.23
’Yn+(|x’ lyl) = 21 (n—1)n(n+1)(n+2)(n+3) ( )
©  du
i [ e s @) ool o, ).
We now give the explicit expressions for the sums oy (|z|, é1, |u]), K = 0,...,5. They

involve the modified Bessel functions and the Gegenbauer polynomials. The argument of
the C,, and C, polynomials is always (4 - x/—\u), this is only indicated explicitly in the
relatively compact expression for o, which in fact coincides with s(x,u). For the weight
functions expanded in Cy(ég) in eq. (5.15), the sums are

o —

70 = 3 2al?) (o — ) 2L, (5.24)
n=0
o3 = |$’2 Z {zn Vona1((z —u)?) [|x —u ncjl (5.25)

n 4+ 2

o () (2 = 0?) [l -2 + o -

}

(u)zp i1 ((z — u) || 8 A
" el Z{ T;z++2 L:-Z; nﬁ “10”*11 (5.26)

a2z —w?) [ ol ¢
- n+1 l |x—u|n—|—2+ €1Cn }
and
01—31+52+53———Zzn zn((x—u)Q)anl (5.27)
n=0
u? &
+zzn<<x—u>2>(zn_2<u2>+<2—5no>zn<u2>+zn+2<u2>)n(fl
- zo u?)(n-a((w— u>2>+<25no>zn<<wu>2>+zn+2<(xu>2>)ﬁ1
+'“”Z‘“'nzzjo{(zn<u2>zn+2<<x—u>2>+2zn<u2>zn<<x—u>2>+zn+2<u2>zn<<x—u>2>)i’j;

(22 (u?)2n (2= 1)) 422 (1) 20 (2= 0)2) F 20 (1) 2o (2 1)) ) o }

n
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For the weight functions expanded in C}(ég) in eq. (5.18), the sums are

= — — — ulé C1 — 5.28
2= g 2 otz o) [l —wies O (e~ )] 529
brnt ()2 = 0?) [(uler ~ o) =2 + e —ufey 251 )
o] 2 2 A !/
22 zn(U)zn1((z —u)”) | |z|ér Cpgg
= - C, 5.29
817;)9{ n+2 |z —uln+1 i (5.29)
2 _ 2 A C/
Canalem o) [l G g,
n+1 |z —u| n+2
and
1 lul .
o4 = — ((2—¢ —1)o1+52—3571]. (5.30)
ul \\" [z
Finally, the sum appearing in 1@ s
1 (|u R o U
05 = (Q(M(l +26%) — 3|z|é1)or + B:x;cl(sz —s1)+ 381>. (5.31)

The sums s; and sg are evaluated as indicated in egs. (3.66) and (3.67).

For numerical purposes, it is usually preferable to evaluate the derivative of an inte-
grand with respect to a parameter before the integral is performed numerically. Therefore,
for completeness, we provide in appendix B the expressions of the |z|-derivative of the sums
defining the weight functions, namely the {o}}7_, as well as s; and s;. In the expressions
provided in appendix, the first two derivatives of the functions z,(u?) appear. Thanks to
eq. (3.37), they can be computed practically in an iterative fashion as follows,

0z,  n+1 Zn (u)

Dl ~ It Ko(mu)L,41(mlul) ] (5.32)
0?2, 30z n(n +2) n+1
ol = o) T )~ g Kalmlu L (mlul). - (5:33)

Appendix C provides the relevant expressions to obtain the QED weight functions and
the full kernel at z = 0 or at y = 0. The motivation for investigating these special cases is
twofold. First, the expressions simplify compared to the general case in that they have one
fewer integral or infinite sum. Thus, their evaluation is significantly faster and provides a
cross-check for the numerics of the general case, which should approach the special cases
in the appropriate limits. Second, when we consider modifications of the QED kernel via
subtractions in section 8.1, the kernel at x = 0 or y = 0 will be needed explicitly. The
QED kernel for y = 2 can be obtained from the case y = 0 using the property (2.22).

6 Numerical evaluation of the QED kernel

The basic idea of our approach is to precompute and store the weight functions, since by
O(4) symmetry they are functions of three variables. This stands in stark contrast with
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the QED kernel itself, which is a function of eight real variables and has 384 independent
components. Since up to two derivatives with respect to components of z and y act on
the tensors S(z,y), Vs(z,y) and Tss(z,y), chain rules are used to convert these deriva-
tives, when they act on the weight functions, into derivatives with respect to the variables
(|lz|, ¢s =& -9, |y|), for instance

0 1 0
(@ _~ 9 A A A
aa Lo a|x| + (yOé Cﬁ$a)

m 5y (6.1)
The chain-rule based expressions for the tensors TO% s(x,y) in terms of the weight functions
are given in appendix A (A = I, II, III). With these rank-three tensors at hand, and with
the Dirac traces G4 computed upon initialization, the QED kernel is obtained via a simple
linear combination, eq. (2.30).

We have pursued two strategies to numerically compute the QED weight function.
The first is based on egs. (4.18), (4.22), (4.23), (4.37), (4.38), (4.39), followed by taking
the appropriate linear combinations. In this strategy, the weight functions are computed
on a three-dimensional grid, each direction representing one of the variables |z|, ¢3 and |y|.
While we will not describe this implementation in detail (see [78] for more information),
it is worth mentioning that the logarithm appearing in each of the six equations refer-
enced above required a dedicated treatment in the regions where its argument vanishes.
The second strategy, which is the one we opted for in our subsequent tests and lattice
QCD calculations, consists in calculating the coefficients of the weight-function expansion
in Gegenbauer polynomials according to egs. (5.15), (5.18), (5.21). The coefficients are
functions of |z| and |y| and carry an index corresponding to the order of the polynomial in
¢g which they multiply. Implementing both strategies with two independent codes allowed
us to have a valuable cross-check of our results. In the following, we describe a sample of
the results obtained with the second strategy and the most important technical aspects
involved in the numerical calculation. It is worth mentioning at this point the order-of-
magnitude computational cost of precomputing the required weight functions provided
at [96]: it amounted in total to about three weeks on a dual-core laptop.

The three tensor weight functions as well as the derivatives of the scalar weight function
appearing in the kernel E[pg]; w2, y) for given values of |z| and é5 are displayed in figure 4.
The result of the numerical integration is shown as a curve. At y = 0, we confront the
numerical results with the Taylor expansion of the weight functions obtained in appendix C
and observe good agreement.® In addition, the large-|y| asymptotics for the derivatives of
the scalar function g(®) are determined in appendix D and displayed for m|y| > 5 in the
three left panels of figure 4. Similarly, figure 5 shows the two vector weight functions. The
scalar and tensor weight functions have unit of GeV~2, while the vector ones have unit of
GeV L. Tt is natural to use the muon mass to build dimensionless combinations. We note
that all weight functions are smooth functions of |y|, and that they have rather different
magnitudes in units of the muon mass. The scalar and the first vector weight function are
largest, the other weight functions being at least an order of magnitude smaller. We have

8For T(2>, we did not derive a prediction at y = 0 because it is not needed for the QED kernel.
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found this hierarchy to be fairly generic. For the reader’s convenience, we have collected
a few numerical values of the weight functions in table 1. Quantitative checks have been
performed against the weight functions resulting from the first computational strategy
described in the previous paragraph. For instance, at the reference point my|xz| = 0.436,
¢p = —0.59375 and my|y| = 0.654, all derivatives required for the QED kernel have been
compared; with m, set to unity, the largest absolute difference was found in afjigléﬁ, and
amounted to 7 x 1077,

We next describe some of the numerical techniques we have used to arrive at the results
presented in figure 4 and 5. We first note that we have worked in double precision through-
out, and have not found it necessary to employ further enhanced arithmetic precision. In
the representation of egs. (5.15), (5.18), (5.21) of the weight functions, one has to carry
out a two-dimensional integral of an integrand which is represented as an infinite sum over
products of modified Bessel functions and a Gegenbauer polynomial or its derivatives. One
integration variable represents the angle between the position vectors x and u, the other
is the norm of u. The most important numerical task is thus to evaluate efficiently a sum
involving the modified Bessel functions and the Gegenbauer polynomial or its derivatives.

, K

Mmax

We have evaluated strings of modified Bessel functions (e.g. Koy, K7, ... ) using
routines inspired by those given in [79]. The most important aspect is that the modified
Bessel functions of the second kind (K,) can be evaluated using the recursion relation
among them in the direction of increasing index n, while those of the first kind (,,) must
be evaluated in a downward recursion, starting from a sufficiently large n. Since we need
these functions for a wide range of n, we store them on the fly during the recursion.
Next, we use the Clenshaw algorithm (see for instance [79]) to perform the sum, ex-

ploiting the recursion relations

Chy1(z) = 220,(2) — Ch—1(2) (n>1), (6.2)
o) =22l - e ) =1, (63)
(o) =220 - o (2) (n>2) (6.4)

among the polynomials. Thus none of the C,,, C, and C,/ are evaluated explicitly in the
calculation of the sums.

We have performed the integration using the integrator cubature [80]. This integrator
is able to perform numerical integrals on a multi-dimensional rectangular region. For
calculating the weight functions, we have mostly used the p-adaptive cubature routine,
which uses a tensor product of Clenshaw-Curtis quadrature rules; the degree of the rules is
doubled along each dimension until convergence is achieved. An advantage of the cubature
package is that it allows for a vector of integrands. Since it is the different coefficients
agf)(\x], lyl) (k=0,1,3), ﬁgf)ﬂx], ly]) (7 =2,4) and 77(3)(]33\, ly|) that are being calculated,
and that they all involve the same sums (one of the o; (i =0, ...,5)), only the Gegenbauer
polynomial C,(%-Z) (or its derivative) must be reevaluated for different values of the index
m. This saves a significant amount of computations. Because the Gegenbauer polynomial
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is strongly oscillating for large m, the calculation of the large-order coefficients to a given
relative precision dominates the computing time.

We have turned the integral over |u| from |y| to oo into an integral from 0 to 1/|y| by
making the change of variables uq; = 1/|u|. Given that we want to compute the coefficients
of the Gegenbauer-polynomial expansion for all |y|, a considerable amount of computing
time is saved by simply observing that

k k
o™ (ja, ly + Aly)) = & (1], ly)) (6.5)
1— 15,5 rlul+a |y|
2 m+3
o L du [ d61 5% Con(e) onlal v, )
k k
o) (2], ly| — Aly]) = o) (|2, y]) (6.6)
1— 1615 sl
2% / / d ,
ot 1) Dy w1 182 Cin(&1) on(|], 21, [ul),

and similarly for the other coefficients. In this way, the cost of increasing the resolution
1/Aly| with which the coefficients are computed is very low. We also recall that the
derivative of the coefficients with respect to |y| are needed to obtain the QED kernel. We
have used the fact that one can easily obtain these |y|-derivatives analytically at practically
zero computational cost. Indeed, since

1 0 0 MO
T Yy +ym s (2], ly]) =0, 6.7
|y|m+28|| 2 (], ly]) + Iyl Ayl 4zl yl) (6.7)
we have for instance
1 0 m—1_(0
g = ZC’ ¢g) [ m+2)’y‘m+3a7(n)_—|—m|y| 1afn>+ , (6.8)
m>0

and similar expressions apply to all six weight functions. The derivatives with respect to ¢
are of course simply obtained by analytically deriving the Gegenbauer polynomial. Finally,
the |x| dependence of the weight functions appears only in the sums oy (||, é1, |u|). Their
first |x|-derivative is given analytically in appendix B. Only the second |z|-derivative of
the sums o9 and o3 was computed numerically by taking a finite difference (with step size
md|x| = 1073) of the analytically obtained first derivative.

An important question in the method based on the series in Gegenbauer polynomials
is, how many terms are needed to reach a good approximation to the weight function. The
answer obviously depends on |z| and |y|. Consider the case of the scalar weight function,
which is given by the integral of the massless propagator Go(y —u) multiplied with s(z, u),
for fixed vectors = and y. If one used the expansion of s(x,u) in Cy(Z - @), together with
the expansion of Go(y —u) in C,(g- @), the result of the angular integration (see eq. (3.13))
would be to give the expansion of the scalar weight function in C, (% - ¢), with coefficients
proportional to the product of the coefficients in the two series appearing in the integrand.
The expansion of the scalar weight function in C, (% - §) is precisely the series whose
coefficients we compute numerically. Thus, for that series to converge rapidly, it is sufficient
that for all u, of the multipole expansion of the massless propagator and the expansion of
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Figure 4. Left panels: the derivatives of the scalar weight function §(®) appearing in the QED
kernel for given values of |z| and cos 3 = & - §. The analytic predictions for the large-y asymptotics
are displayed as thick solid lines. Right panels: the three tensor weight functions (1), [(2) (3),
The leading term of the Taylor expansion around the origin, which is O(]y|") except for the top
left panel, is indicated for all cases but [(2); note that the latter weight function is multiplied by a
tensor of order |y|? in the QED kernel.
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Figure 5. The vector weight functions g and g(®) appearing in the QED kernel for given values
of |z| and ég = &-¢, the muon mass being denoted by m,,. The leading term of the Taylor expansion
around the origin (O(]y|®)) is indicated as a short horizontal line.

105 weight fct. |y| = 0.532889  |y| = 0.872000  |y| = 2.39800

dg® /d cos B 2.023 2.099 1.465
dg®) /d|z| -1.489 0.2071 1.393
dg©® /d|y| 7317 -8.443 6.713

g 2.958 2.723 1.870
g -0.007883 -0.01357 -0.01197
[ 0.1653 0.1448 0.07812
@ 0.07271 0.06462 0.03633
) -0.03674 -0.03297 -0.01867

Table 1. The weight functions (multiplied by 10°) for || = 0.4, cos 8 = 0.6 and three different
values of |y|. The muon mass is set to unity throughout this table.

s(z,u) in Cyp(Z - 1), at least one converges rapidly. The multipole expansion of Go(y — u)
converges poorly when |u| = |y|; the expansion of s(x, u) in Cy,(Z- @) converges poorly when
|u| = |z|. Thus to guarantee that the series in C,,(Z - §) converges rapidly, one must avoid
the case |z| =~ |y|. The latter condition however defines a surface of codimension one in the
space of (z,y), and the poor convergence thus affects a substantial fraction of the sampled
(z,y) points. However, we can use the symmetry (2.43) to compute the weight function
with the argument y exchanged for (x —y), which in general will improve the convergence of
the series in C, (& -9), since the value of |z| is then substantially different from |z —y|. The
only case where the convergence cannot be improved by using the symmetry property of
the weight function is when the points (0, z,y) form an equilateral triangle. The condition
for this to happen however is a subset of codimension two. Thus if the convergence of the
series cannot be controlled in a region ||| —|y|| < A and ||z| — |z —y|| < A, an integral over
the QED kernel with a function which is smooth for an equilateral-triangle constellation
of (0,z,y) will suffer an error of order A%2. To guarantee an accurate computation of
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the QED kernel in the equilateral-triangle constellation, additional computations would be
required. In the practical applications of the QED kernel, we have not found it necessary to

ELbL on the order

improve further the quality of its evaluation for an overall accuracy on a
of one percent. The considerations above apply to all weight functions, and the symmetry
relations (2.43)—(2.48) can be exploited to always compute the weight functions with the

most favorable arguments for the purpose of the expansion in Gegenbauer polynomials.

Some trial-and-error was necessary to find out an appropriate extent and step size? for
the grid in |x| and |y|. Both variables were sampled up to |Z|max = |¥|max = 6.54m~t. For
the variable m|y|, which is cheap to sample finely, we use a step size of §; = 0.0242222.
For the variable m|x|, we use the same fine step size for small m|x| up to m|z| = 0.363333,
and a step size three times bigger for the larger m|x|. The number of coefficients of the
Gegenbauer-polynomial expansion computed for a given pair (|z|,|y|) was chosen'® to be
(8+floor(5m|x])). For m|y| < &, we use the Taylor-expansion given in appendix C in order
to interpolate the QED kernel between the point at m|y| = 0 and the first point of the
grid at m|y| = d;. We proceed similarly in the case m|z| < 6. The large-|y| asymptotics
derived in appendix D were not used in the numerical implementation, they only served to
acquire a qualitative understanding of the large-distance behavior of the QED kernel.

As sketched at the beginning of this section, given precomputed coefficients of the
Gegenbauer polynomial expansion of the weight functions on a grid in |z| and |y|, the
remaining computational tasks to obtain the QED kernel at a given (x,y) point are: to
evaluate the sums yielding the weight functions (again using the Clenshaw algorithm),
interpolate the weight functions (and their derivatives), apply the chain rules to obtain the
To(zg()s tensors and finally to perform the contraction of these with the Qﬁp,g]uwﬁ ), tensors.
We have written a code in the C programming language to perform these tasks. Some

implementation details and a link to the code can be found in appendix E.

7 Example calculations of the four-point amplitude il

In this section we derive explicit expressions for iﬁ/wy}\g (z,y) in several models that are
relevant for understanding the corresponding tensor in QCD. Our primary goal is to use
these four-point functions to test (in section 8) the validity of the coordinate-space approach
to a/I}LbL developed here. In addition, we will gain insight into the shape and range of the
integrand, information which is valuable in preparing the lattice-QCD calculation.

But first, we review the most important properties of the tensor iﬁp;WAU (z,y).

9The required extent of the grid is dictated by the physics entering the correlation function iﬁ; it was
chosen large enough for the 7° exchange to be reproduced with subpercent precision at m, = 135MeV.
The step size should be small enough that the achieved precision on the grid points does not get ‘spoiled’
entirely by the interpolation. Since the weight functions vary more rapidly at small arguments |z| and |y|,
a relatively small step size was chosen in this region.

0The stability of the resulting weight functions was tested by varying the number of terms in the
Gegenbauer-polynomial series.
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7.1 General properties of Al

The rank-five tensor has the Bose symmetries

~ ~ -~

Hp;,u,u)\o(xv y) = Hp;zz,u)\o(yy $) = Hp;)\u,ua(_xv Yy — LL’) (71)

Combining the two generators of Bose symmetries from eq. (7.1), we obtain a finite sym-
metry group with 3! elements. Note that while the first equality in eq. (7.1) follows im-
mediately from the definition of ﬁ, the second one requires translation symmetry and the
property that

[t @) ()ia(2)0(0)) = . (72)

which holds in infinite volume as a consequence of the observation that a conserved current
can be written as a total divergence,

jo(2) = 0D (255a(2)), (7.3)

and Gauss’s theorem.
The tensor II has the further discrete symmetry

ﬁp;uu)\a(_x7 _y) = _]'/_\‘[p;ul/AO'(m7 y) (74)

as a consequence of the space and Euclidean-time reversal symmetries of QCD. Current
conservation implies

aﬁm)ﬁp;wko(% y) =0, (7.5)
aﬁy)ﬂp;uma(% y) = 07 (7.6)
(8§\x) + a,(\y))Hp;m/Aa(xv y) = 0. (77)

For the last result, we have again assumed infinite volume and translation symmetry, and
made use of eq. (7.2). For the same reasons, we have the properties

/ﬁp;yu)\o(m7y) = /ﬁp;uVAO($7y) =0, (78)
T Yy

which will be exploited in the numerical tests of section 8.1. These properties hold in the
continuum formulation of QED or QCD. In a theory like scalar QED (see subsection 7.4
below), the appropriate contact terms, as predicted by the Ward identities of current
conservation, must be included into the definition of iII in order for eq. (7.8) to be satisfied.

We finally give the representation of iIl in terms of the Euclidean momentum-space
HLbL amplitude. The latter is related to the position-space four-point function of the
electromagnetic current via a triple Fourier transform,

(3u()3u(1)do(2)12(0) ) = / eI o (g1, 42, 63)- (7.9)
q1,92,43
The quantity of interest, iﬁp;w,)\a (z,y), can then be calculated using the equation

= . (a1 -wtamy) O
ZHP;/W)\(T(% y) = *Z/ gllarataz Q)THMW»\ (91,92, 3)
q1,92 d3p q3=0

(7.10)

This relation is particularly useful when form factors are introduced to describe the coupling
of mesons to photons, as in the case of the pion-pole contribution.
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7.2 Pion-pole contribution to hadronic light-by-light scattering in the VMD
model

As a starting point for calculating the contribution of the pion pole, we take the Minkowski-
space expression for the HLbL amplitude given in [54]. To convert it to Euclidean space,
we use the prescription given in [53], whereby we arrive at

F(—a},—@3)F (a3, — (@1 +q2+g3)*
= i 2)F (=45, = ))euuaﬁqwx(hb’50)@5‘]37((]1‘“]2)6

Hul/o’)\ (q17 q2, CZ3)

mo (q1+q2)?+m2
F(—g, —(q1+q2+3))F(—d2,—43)
+ (QQ+(]3)2+m%— €urap dla (CJ2+(I3)/3 €vovys 42+ 436
F(—q},—3) F (=63, — (1 +q2+43)?)
. 7.11
+ (O + ) T m2 €poaB Qla 438 Evrys 42y (1 +03)s (7.11)

From here the required derivative %HWN (q1,92,93)|gs=0 is obtained straightforwardly.
Before Fourier transforming it with respect to ¢; and ¢2, we choose a specific parametriza-
tion of the form factor.

7.2.1 Vector-meson dominance parametrization of the form factor

In the following, we use the vector-meson dominance (VMD) model for the transition form

factor,
c
F(—ai,—¢3) = . (7.12)
: (af +mi) (g3 +mi)
4
its normalization ¢, = — 1]\2/;?1}/ being determined by the axial anomaly. Inserting this form

into the expression for %ng,\(ql,qg, ¢3)|gs=0, and the latter into (7.10), and rewriting
the expression using coordinate-space propagators, one finds the master expression

. c2 o 0 0 0
1 e (2, = = Y vafBto - + 5 ) Kxl(x,
il e (2, y) w2 (2, = m2) dza Dy {Ep, BE€ /\pw(&E7 + 3%) (z,y)

0 0
"‘G,u)\aﬁfl/awpaiy’yKﬂ(y -, y) + fuaapeu/\ﬂwaixryKﬂ(xv T — y)}v (713)

where

Knwy) = [

u

(G (W) = Gy () ) Gy (& = W) Gy (y = ) = Kn(gow).  (T.14)

We remind the reader that we denote by Gjs the scalar propagator with mass M; see
eq. (3.2).

Thus the main task is to compute the scalar function K (x,y), which depends on three
scalar quantities, |z|, cos f = - and |y|. The three derivatives that must be applied onto
the function K (x,y) are computed using a lengthy chain rule.

The goal is therefore to compute K (x,y) and the derivatives with respect to the scalar
variables analytically as far as possible. Using the expansion of the scalar propagator in
Gegenbauer polynomials and exploiting their orthogonality property, one obtains immedi-
ately an expansion of K (z,y) in Cy,(Z-9). Via the change of integration variable u — x —u
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in eq. (7.14) and the subsequent Gegenbauer expansion of the propagators, one arrives at
the alternative expansion

) = ch(x/_\yi) b (|2, [z — yl), (7.15)

n>0
272
n—+1

bn(l2], [ —y[) = N dlu] [u]*Gray, () 57n(2%,4°) 3 ((z — y)?,u®),  (7.16)

with 07, (22, u%) = Y (22, u%) i, — (2%, u?) |y, the difference of the expansion coefficients
of two massive propagators with different masses in Gegenbauer polynomials; see eq. (3.19)
for the explicit expression for 7, (2?,u?). Because the difference of two propagators is
only logarithmically divergent at the origin, the convergence of the multipole expansion
is improved. A further, analogous expression for K (z,y) expanded in C’n(sn/—\y ) is
obtained by interchanging x and y on the right-hand side of eq. (7.15).

An important consideration in the evaluation of K (x,y), very similar to the discussion
in the penultimate paragraph of section 6, is the following. For the sum in eq. (7.15) to
be rapidly convergent, at least one of the dv, (22, u?) and v, ((z — y)?, u?) should decrease
rapidly with n, for all u. This works when the ratio of |z| and |z — y| is not too close
to unity. If this is not the case, the expansion in Cn(a:/—\y - 9) can be used. The only
problematic constellation is when the points (0, z,y) form an equilateral triangle; in this
case, a more sophisticated technique would be required. However, in an integral over = at
fixed y for instance, this case represents a set of codimension 2. In practice, this means
that if the sum, truncated at npax, does not provide an accurate estimate of K (x,y) in
a range |z| = [y|(1 £ €) and cos 3 = 5 (1 £ ¢), where € shrinks when np,x increases, the
error on the resulting integral is of order €2, since the integrand is regular in the equilateral
constellation. In our numerical implementation, we chose ny.x = 64.

Explicitly, the form of the coefficients is

A<l (n+1)my
A 2TV
ballel, &) 8md|z|A

{ K1 (my ) (Kpa (mala)) G (m,my, 8) = Knaa(my 2]) G (my my, A))

L1 (my A) (K1 (e |2]) (G2 (v, A) = G2 (i, my, [2])

(7.17)

— K1 (my|2])(G2 (my .y, A) = G (mymy. |z])))

L1 (v A) (Lss (mala ) G (my oy ] = Losa (my 2 G (my v [a)) ) }.

bu(|z], ) |x<Am (7.18)
{ K1 (my 8) (K (me |2 )Gl (maymy, |2]) = K1 (my [2]) G (my, myv, [2]) )
K1 (1 8) (T () (G2 (my s o) = G my e, )

— Lo (my [2)(G2 (my,my, [2]) = G2 (my, my, A)))

 Lnsa (my A) (T (m |2 G5 (m v, A) = L (|2 ) G5 (myy v, A)) }
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with

||

Gl (my, ma,|z|) = ; du Ki(myu)Iy1(myu) L1 (meu), (7.19)
G%(ml,mg, |z|) = | |du Ki(myu)Ins1(miuw) Kppq(mou), (7.20)
Gi(ml,mg, |IED = du K1(mvu)Kn+1(m1u)Kn+1(m2u). (7.21)

|z

As a reminder, I,, and K, denote the modified Bessel functions. Note that the dependence
of G? on the upper limit s of integration drops out in the functions b,. In our approach to

the numerical implementation, the values of the functions GL%3

are computed and stored
on a regular one-dimensional grid. Then, when the function K (z,y) and its derivatives
are needed at a certain target point, the more favorable expansion in C’n(:p/—\y - &) and
C’n(sn/—\y -9) is chosen, and an interpolation is performed in the variables |x| and |z —y|, at
the target value of cosa = a:/—\y -Z. A chain rule relates the derivatives with respect to one
of the variables (|z|, cos 3, |y|) to those with respect to one of the variables (|x|, cos a, |x—y]).
With up to three derivatives involved, the chain rule is best generated with a symbolic
manipulation program. A further element used in the evaluation of the derivatives is based

on the observation
(=W 4 M) K (@, ) = Gy (2 = 9) (G () = Gy (1)) (7.22)

This equation is used to express the second and higher derivatives with respect to |y| in
terms of the derivatives with respect to cos S of the same order and in terms of lower
derivatives.

7.2.2 Tests performed
From the momentum-space expression

Kr(z,y) = (mi —m3) oy
\Z,Y) = - T 9
v araz (1 +a2)? + mZ)(qf +miy) (a3 +mi) (a1 + q2)? + m?] )
7.23

one easily obtains

2
/ Kr(z,y) mv2 m, (7.24)
m2m§,

which provides a test of the numerical implementation of K (z,y). More differential infor-
mation can also be obtained,

1 Ko(my|z|)
/K z9) ( — 2 (Gma (@) = Gy (2)) = T)‘ (7.25)
Also, using integration by parts and the result (7.24), one shows that
(5#1/1'/\(='L‘py0' ypl'o')'LH MV)\O'(:E y / 5#!/3//\(37,03/0 yp,fL'o.)’LH MV)\O'(':U y)
7y
) 3
= 5 /{my((slleu - 5/1,Ayy)($pyg - ypxo)ZHp;m,)\a(x’ y) g W (726)
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The three integrals test respectively the third, second and first term of eq. (7.13), which
contains three terms in total.

7.3 Lepton-loop contribution to light-by-light scattering in QED

In this subsection, we present the perturbative calculation of the fermion loop contribution
to il ae (T, ).

7.3.1 The coordinate-space four-point function of the electromagnetic current

We start out by writing out the expression for the quark-connected contribution of the
unintegrated coordinate-space four-point function of the electromagnetic current, valid in
an arbitrary U(N,) gauge field background. We note the important property

S(z,y) =Sy, 2) s (7.27)

of the fermion propagator, where the dagger acts on the Dirac indices. This property holds
in an arbitrary background gauge field.

Performing the six fully-connected Wick contractions, we note that due to the prop-
erty (7.27) they pair up, corresponding to the fermion number flowing in opposite directions.
One obtains

(@) 30 (®) Jo(2) G2(0)) = —2Re{I L)\ (2,y,2,0) + 1) (2,4, 2,0) + 1)\ (x,y,2,0)},

(7.28)

with
1) (2, 2,w) = Tr{,8 (2, )05 (4, 2)76S (2, w) 1S (w, x)}, (7.29)
12 (@9, z,w) = Te{7,8 (2, y)75(y, w) NS (w, 2105 (2,2)} = I\ (2,9, w,2), (7.30)
1Y (2., 2,w) = Te{nS(w, 1) wS (Y, 2)765 (2, 2)7.S (@, w)} = I, (w,y,z,2). (7.31)

7.3.2 Vanishing background gauge field: the QED case

Recall the free Dirac fermion propagator S(z,y) in Euclidean position space,

_ [y —ippyutm . m? Ky(m|x)
St w) = [ Gl U e = s P =+ Ka(mla]) ] (782

with

S(w + z,w) = % (m = 0) (7.33)
in the massless case. In the free theory, the propagator is actually Hermitian with respect
to the Dirac indices, so that the general property (7.27) holds even without the dagger.
From here on, the expressions in this section assume a single fermion flavor with unit
electric charge. Thus the calculation can be interpreted as a treatment of the contribution
of a lepton of mass m to light-by-light scattering in a,. Also, in a vanishing background
field, we note the translation-invariance property

Iﬁi)aA(x,y,z,w):IlSi)JA(x—w,y—w,z—w,O), j=1,2,3, (7.34)
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which can be combined with the Bose symmetry of the photons to write

Iﬁ)m(x, y,2,0) = Iﬁ))\o(ac, y,0,2) = Il(;/)/\o(l' —z,y—2,—2,0), (7.35)
3 1 1
Lo (.. 2,0) = 13,0y, 2.2) = I, (~wy — 2.2 = 2,0 (7.36)

Furthermore, the expression inside the curly bracket in eq. (7.28) is already real. In the
free massless case, one thus obtains

(=Za)(x — y)p(y = 2)42

7
2m2) x|tz — y[ty — 2[*2]*

/,u/o')\(:l’" Y, 270) = (

Tr{YaYu Y8V 4 Yo V6T L (7.37)

Ya(=28)(z — )y (7 — y)s

/@
2m2) 4yl 2z — 2[*e — yl*

lwa/\(xv Y, 270) = (

Te{ v a8V Y5}, (7.38)

(Y — 2)alz — x)ﬁ Ly (—vs)

)
2m?) Yy — 24z — z|HalHyl*

(582, 0) = ¢

Tr{ v Ya Yo Y8V AV - (7.39)
In the free massive case, the result is

179,20 = ()]

(=7a)(® = y)p(y — 2)725 Ka(m|z]) Ko(m|z — y|) Ka(m|y — 2[) Kz (m|z])
22|z — y[?ly — 2?2

Tr{Ya VY8V Y2 Vo V60 } (7.40)

Ky (mla)) K (mlz — y) K (mly — 2]) K (m]2))
@l —ylly — 2|2
(—2a)(z — 1) Ka(m|z)) Ka(mlz — y)) Ky (mly — 2]) K1 (m]2])
" Pz — g2y — 214
(—2a)(y — 2)y Ka(mla) Ki(mlz — y) Ks(mly — 2[) K1 (m]2])
22|z — ylly — 2|?|2|
(—2a)2s Ka(mla)Ki (mla — y) K1 (mly — 2]) Ka(m]2])
" P — ylly — 2IJ2P
(2 — )ply — 2), Ki(mla]) Ka(mlz — yl)Ka(mly — 2) K1 (m]2])

Te{ v Yovr}

Tr{VaVu Y87 YoV}

_l’_

Tr{YaYu Yoy Yo VA }

Tr{YaYu VYo Vs 2}

T v
" ||l — y[?y — 2[?|z| r{Vu Y8y Yo In}
(x —y)pzs Ki(m|z|)Ka(m|z — y|) K1 (m|y — z|)Ka(m|z])
' x|l — y[?y — 2][z]? Tr{vuvs 1Yo vs 7}
(y — 2)yz5 K1(m|z]) K1 (m|x — y|)Ka(m|y — z|) Ka(m|z|)
' i zl|lz — ylly — 2|?|2]? Tr{'Vu%’YWa%%\}}-

To evaluate the coordinate-space four-point function, it is thus sufficient to program the

1
Ip,l/0'>\
(4u(z) 3u(y) jo(2) 4r(0)). As for the Dirac traces, it is straightforward to compute and

function (z,y,2,0), and call it three times to compute the four-point function

store the 65536 components of Tr{va7,757, Yy Vo571 } once for all times.

7.3.3 Calculation of iﬁpw,Aa(w, Y)

From eq. (7.28), in order to compute

ﬁwm@M:2/%me@w&®+$)@%%m+ﬁ)@%wmaWM)

VoA VoA VoA
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it is sufficient to compute the two integrals

ﬁgzw)\a(:n,y) = 2Re/d4z Zp Iﬁ)ﬂ(aﬁ,y,z,()), (7.42)
A (o) = 2Re [ d2 1), (2,0,2,0), (7.4

Indeed, for the second term, we make use of the property

/@

1
M]/o'A(x7y7 Z70) = I( )

1 1
oo (2, 9,0,2) = Ii/\){m(y,o, zZ,x) = Fasy (y—x,—x,z—x,0) (7.44)

vAou

(where we have performed a cyclic permutation of the arguments in the second equality),
from which there follows

? / 1'% 2 Lo (9, 7,0) = 2/ @'z (20 + 2 L0, (y = 7.~ 2,0) (7.45)
il r,1
- HE,;Z),)\W(y -z, —x) + ) HI(/,\LL)U(Z/ —z,—).

Similarly, the third term can be expressed as

I,L(j/)g)\('zaya 2, O) = I)(\}/)(;M(ana va) = IS,)UH(—% Yy—xr,z2—x, 0)7 (746)
so that
2/d4z Zp IL?,)OA(:c,y,z,O) = 2/d4z (zp + xp)I/(\},)(w(—x,y —x,2,0) (7.47)

~1 1
= H;;;\l/,uo'(_xv Y- m) + Tp Hg:/u)a(_$’ y— LU)

Thus iﬁp; o (T, 1) can be expressed through the functions ﬁf,ll)w \o (T, y) and Hl(/’g\[ll)o' (z,y) via

T (1
iMLyra(,9) = s (@9) (7.48)
+ﬁ,(03>\ucr(y — &, =) + 1, HZ(/TA,IL)U(?J —x,—x)

=1 1
-1—1_[2;;\1,#0(—% y—x)+x, HYW)U(—JU, y—x).
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It remains to perform the required integrals. The result is

ﬁ,(oi;)iu)\o'(xv y) (749)
_ o (81 (=2a)(z — y)gKa(m|z|) Ky (m|z — y])
- (%) [ 2Pl — g2 “fosy (W) - Tr{vaVu s 10 Iy Yo V5N }

K (mz]) Ky (m]z — yl)
|z[|lz —y|
K (mz]) Ky (m]z — yl)
|z[|lz —y|
(7o) (2 — y)s Ka(m|z|) Kz (m|z — yl)
22|z — y[?
(=a) Ka(mlz|) Ki(m|z —yl)
|z[?|z — y]
( — y)p Ki(m|z]) Ka(m|z — yl)
x|z — y/?
(=%a) Ko(mlz]) Ki(m|z — yl)
|z[?|z — y]

(- y)s K’1m(|7|7’;\35|)§|(22(W|$ -yl Fos(y) - Tr{'Yu'YB'YV’YU’%’y)\}} (7.50)

ooy (W) - Tr{yu vy Yo v570

9p(¥) - Tr{vunyovr}

+ 9p(¥) - Tr{Vau Y8 Yo A}

Py (y) - Te{Ya Y Yo ¥y Yo ra}

+

hPW (y) ' Tr{PYH/FYﬁ’YV’.Y"/’YO"Y)\}

Fos (W) - Tr{YaVu o Yo vs0}

and

s (@,y) (7.51)

mA\8r(—zy)(x — Ko(mlx|)Kq(m|x —
_ 2(%> [( )( y)|5$’2|9£ _\y:g (m|z —y|)
+K1(m\~”|09|0)"f;1(ﬂ;\‘x —yl)
(=2a)(z — y)p Ka(m|z|)Ka(m|z — y|)
22|z — y[?
(—xa) Ka(m|z|)Ki(m|z — yl)
|z |?|z — y|
(z —y)p Ki(m|z|) Kz (m|z —y|)
2|z — y[?
(=xa) Ka(m|z|)Ki(m|z — yl)
|2[?|z — y
(z — y)p Ki(m|z|) Kz (m|z — y|)
|||z —y|?
Ki(ml|z|)Ki(m|z — y|)
|||z — y|

“Uys(Y) - Tr{VaYu 18V Iy Yo Vs 70}

-p(lyl) - Te{yvu o}

p(yl) - Tr{vavu 18700 }

“qy(y) - Tr{vaVu Yo r}

+

“qy(y) - Te{vu 81 Yy Yo n

~q5(y) - Tr{vaYu VYo vs 72}

“q5(y) - Te{vu 87 Yo Y5 A}

L5(y) - Te{3m Yo7} -
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The functions appearing in the expressions above are

Fus) = | zoes 2 KARED sl + sl
(7.52)
R R e e e ) (7.53
= (it miyla(mlyl) + (oot — b — 6,58 Ka(mlyD}. (759
o) = [ ats 2, D KD 2y, (7.55)
o () E/d 2z (y - 2), Ki(;”_'yzy_f’) Kl(g'Z') =—nlla(;gp(y) (7.56)
= (yvypm\yrwm\yr) SyoKo(mly))), (7.57)
La(y) = / d'z 25(y — 2), KQ(m:z — §|\3’17Z(|22(m\Z\) (7.58)
= 2 (3t Kl — g ), (7.59)
pllyl) = / o ol — 2D Frlmlel) f;fKo(m\yD, (7.60)
)= [tz -2, KA BOED ) = B gy
(7.61)

The integrals are performed by using the Gegenbauer expansion of the massive scalar
propagator, eq. (3.18). Then, in the case of p(]y|), which is proportional to the convolution
of two scalar propagators, one makes use of the integrals [77]!

T 2 )\2 A
/0 dz zKx(mz) In(mz) = 5 (1 +— ) In(mr)Ky(mr) — I (mr) K5 (mr) | — oyt
(7.62)
o0 7"2 1 )\2
/r dz zKy\(mz)? = E(Kﬁ\(mr))2 —5 <r + ) Ky (mr)% (7.63)

In other radial integrals, one can first reduce the order of the Bessel functions using inte-
gration by parts.

7.4 Pion-loop contribution to light-by-light scattering in scalar QED

In this subsection we present in some detail the calculation of the charged-pion-loop contri-
bution to ¢II in the framework of scalar QED. In this framework, the pions are approximated
as point particles; it should be noted that the absence of form factors associated with the

"Tn eq. (7.62), Re(\) > —1 is assumed and in eq. (7.63), Re(m) > 0 is assumed. The prime denotes the
derivatives of the Bessel function with respect to their argument, e.g. Kj(mr) = —K;(mr).
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~yrm vertex leads to an aELbL

contribution almost three times larger than the dispersively
evaluated “pion box” (see ref. [17]).

Since some expressions are quite long and only one mass appears in the entire calcula-
tion, we denote the pion propagator simply by G rather than G,,_. Also, the position-space
vectors of the four vertices of the light-by-light amplitude will generally be denoted by
(X1, X2 X3 X%, rather than (x,v,2,0), in order to notationally exploit the high degree
of permutation symmetry of the amplitude.

The Fuclidean Lagrangian for a massive complex scalar field minimally coupled to an

external gauge field is
L= (0, +ieA,)p*(0, —ieA,)p +m2p* . (7.64)
It is convenient to introduce the generating functional

ZIA,] = / D¢D¢* e 51997 Aul, (7.65)

We want to compute the connected four-point function of the gauge field A, (z),

- 5*log Z
II (XH X2 X3, XY = (7.66)
5 A (X34, (X2)0 A, (X5 A4, (XT) |,
Its relation to the desired function il is given below in eq. (7.86).
Let
]u(x) = Z<¢* u¢ - ¢au¢*) (7'67)

be the electromagnetic current (in units of e) associated with the complex scalar field ¢.
We split up the calculation of II into three contributions,

oy (X1, X2, 2, X% = >0 T, (XY X2 2, X5), (7.68)
n=0,1,2

where TI( is the contribution to II resulting from n insertions of the Lagrangian term
AL = 62¢*¢AMA# and (4 — 2n) insertions of the electromagnetic current.

7.4.1 Four-point function of the current

As the main contribution to the four-point function of the gauge field A, (x), we compute
the four-point function of the electromagnetic current

1:[/(1[:;)”2”3H4(X17X27X37X4) = <j/1«1(Xl)j,U«Z(XQ)j#S(X3)jH4(X4)> (769)
T A
= Y O®A (XL X2 XE XY, (7.70)
A=LILIII

There are 16 individual four-point functions generated by the two terms of each current.
Each one gives rise to 6 Wick contractions. Thus there are 96 Wick contractions in total.
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The three types of terms that we distinguish in eq. (7.70) differ by the number of

derivatives acting on ¢ and on the ¢* respectively,

ﬁg)l)uzuam(Xl X2 x3 x4 = <H A(X") Oy 0 Xk)> + <herm. conjug.>, (7.71)
k=1
4
HEL(]I)H2N3#4(X1 X2 X3 X4 — Z{< Md) H¢ Xk ,ukd) Xk:)> (772)
I=1 k£l

+<herm. conjug.>},

4
T (X, X2, X5, XY = kzl ($(XM)0, d(XF)* - G(X")D 6(XT)" - (7.73)
<
4
T (X7) 0, 0(X7) ).
JFk,l

We note that ITO-LILIT contain respectively 12, 48 and 36 Wick contractions.

We set (X3, ji3) := (z,0) and then (X4, ju4) := (X3, uu3), and write out the z-dependence
explicitly, since we want to integrate over z at a later stage. We use the group of permu-
tations S, which contains n! elements. The result of the Wick contractions is

OO (XL X2 2 x%) =23 92G(:— X)) oX "V a(x™® - x"?)  (7.74)

H1p20 U3 K (3)
TES3
a,jf’:;j)G(X“@)—X”(l)) 8§:S)G(X“(1)—z),
and
M, (X X% 2, x%) =2 3 { (7.75)
TESs
Z qz s s T m(2) T (1) -

0;0;, 1, G(z= X)) G(X™® - x™?) g¥" (X" - x™W) o7 Ta(Xx™ —z)
X7(3) o x7(3) (3 T X(2) (2 x(1) (1 (3
+ORT T AXT —2) Gz— X)) 9 P a(X) - xTW) 9" PG (X — X))

m(3) m(3) T T z T m(1) s ™
+O O GXTO X)) G(X P —2) 0;G (== X)o7 P G(XT - X))
X73) 4 x7(3) (3 (2 (2 (1l x (1) g z (3
+ONT O GXTE - X)) (X - xmW) oYX —2) G (2 - X)),
as well as
ﬁELOI)I:LgICIfug(XlaX2aZ>X3):2 Z { (776)
TES3
(3 Xm(1) o x7(1) (1l (2 (3 (1l (2
0;0;, ., Gz—Xx"0) X" "oy " NG (xm - X)) q(x™¥) - X™W) G(Xx™) —z)
z (3 X7(2) o x7(2) (2 x7(1) (1 (2 (3 (1
+0;_ Gz—X ®)) 9" ok o GX @ _2) 9 o GX M _x7@)y q(x73) _ xm1)
X (1) ™ X7(3) o x7(3) (3 T X (2) (2 (3 (2
+05 " G(X™W —2) 9T 9 Y G(X T - X)) oY (X" - XT3 62— X)) |
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7.4.2 One-tadpole contributions

Now to the contributions of the four-point function of A, (z) involving exactly one tadpole,
coming from the term AL = e2¢*¢AMAM in the Lagrangian. Note that a factor two appears
because the term is quadratic in A,,.

T g (X X X, XY = =237 8, 8(X = X1 (07 (XM)0(X*) TT 4, (X))

k<l J#k,l
=23 6 d(XF — X) {<¢*(Xk)¢(xk) 11 ¢(Xj)*6“j¢(Xj)> + <herm. Conjug.>
k<l j#k,l
—(0 (XX 3 oKX 0 (X (X, 0(X™)) Y (7TT)

7k,
Disregarding the overall factor of two, there are six permutations (k < ) and each gives rise
to eight Wick contractions, yielding a total of 48 such contractions. Now set (X3, u3) :=
(2,0) and (X%, py) := (X3, u3). There are three permutations in which z appears in the
delta function, and three where it does not.

ad) (XL X2 2 X% =2 {50““1)5@ — x™(M) (7.78)
TES3

X7(3) (3 (2 m(1 7(3)y 9X7™(2) (2 7(1

.(aﬂﬂ(g) G(X B _x ())G(X O _x ())8%(2)G(X 2 _x ())
(1 (2 x7(3) (3 (1 X7 (2) (2 (3
+G(X™W — X7@) X" P QX — xW) 97 P G(XE) - X))
(3) o x(3) . x ™ ™ ™ ™

+0X7 0K G — xm@) G(xW) - xE) G(xm@ — x™0)

x7(1) (1 (2 x7(3) (3 (1 (2 (3
+OX T, GX™W = X™@) g NG - xW) G(x™@ — X™®))

+5H7r(1)p“7'r(2) 6(X7T(1) - Xﬂ-(2))

.(ajff(j)c;(xw(@ —2) GX™ — X)) 92G (2 — X))

s m(3) T T z ™
+G(X™W —2) g7 "G(X™E) — X™W) 926G (2 - X))
+0X7 70XV G - 2) (X — X)) G(z — X))
+03 ™ G(x™W — 2) 9XT Y G(X™E — x™W) Gz — x™)) |

7.4.3 Two-tadpole contributions

Finally, the contribution containing two tadpoles has the form

(2 1 v2 v3 4
HELI)HZHBHAL(X , X7, X7, XT) (7.79)

3
= 47 G (X = X1) 85, 5(X7 = XY ((0°0) (X") (#79) (X)),
=1

where it is understood that (j, k,1) form a permutation of (1,2,3). The expression can also
be written as

ﬁ/(fl)uzusw (XI’XZ’X37X4) (7.80)
=23 Gy OX = XD 5y ST = XTE)((6%6)(XH) (670) (X™P)),
TES3
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Performing the contractions, one obtains

Hl(t21)u20u3 (X1> X27 2, Xs) (7.81)
=92 Z 50H7r(1) 5(2 _ Xﬂ(l)) 5“#(2)##(3) 5(X7r(2) o er(3))G(X7r(1) o Xw(2))2.
TES3

7.4.4 Test of the Ward identity

The Ward identity for current conservation reads

OO LfM) )

pii 2o s [i1 2o pus u1uzaus)(X1’X2>z7X3) =0. (7.82)

Taking into account the Green’s function property (3.3) of the scalar propagator as well
as the identity ¢'(z — x1)f(2) = 0'(z — x1) f(21) — 8(z — x1) f/(21), a straightforward but
tedious calculation yields

O, o (X1, X2, 2, X5) = =2 37 02 6(= = x™){ (7.83)

o i oo
TESs

G(X'/r(l) _X7r(2)) 8X2G(X2 —X3) aX?’G( 7(3) _Xﬂ(l))
(1 X2 ™ (3 X3 (3 (1
+G(x™W — x ())8M(2)G(X() X())(?M(S)G(X()—X())

w(1) T - 2 - - -
iy CX™Y = XTD) G, G = X70) QX7 - X))
7(3) w(3) - - - - - -
+OXTY 0 G(XTO) - X)) G - X)) (™) — X)L
Similarly, using again eq. (3.3), one finds

O, (X1, X2, 2, X% =2 3 {07

T 20 U3
TES3

X(3) (3 (2 (1 X”@)
(X7 G(X™E) — xm@) G(xm) - X)) g

(1
o0z = X7 ) (7.84)

G(X™® — X))

s T m(3) us m ”(2) T
—i—G(X()—X(Q))@ﬁiB)G(X () — xm()y 5(2) G(X™? — x7(3))
G(X™? — x7(1)

X3

X7(3) o x7(3) (3 (2 ™ (3
)

7r(1) T T m(3) T T s
aﬁf(z) G(X 1) _ xm2)) aif(d) Gx™® — x Wy (x7?) —

O ypin OX T = XT@) 92 ST~ 2) GO~ xm()2
Finally,
0D, e (X1, X2, 2, X%) = (7.85)
=23 9, 00z = X™) b ) (X = XTO)G (X - X2,
TESs

Thus one verifies that the Ward identity eq. (7.82) is satisfied: the terms with two delta
functions cancel between IIY) and II?), while the terms with a single delta function cancel
between II(® and TIM.
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7.4.5 The expression for iﬁpwwwsg(Xl,X2)

We recall the relation

~

iHP;#luzuso(Xl X2 /d Z Zp mugo,ug(Xl X2 z X3)

and decompose the rank-five tensor according to

iﬁp;u1u2u30(XlaX2): Z iﬁ(T.L) (Xl,XQ)’

P12 U300
n=0,1,2
-17(n) 1 v2y — 4 7(n) 1 2 3
AL oz (X, X7) = 4"z 2p Wy (X5 X752, X )X3:0'

We will make use of the integral

Hy(X' X3) = /d4zsz(z—X3) G(z— XY
= (75 oo = X X217~ 7))

where

0= [ate s, Kby =2 Kamels) _
Zp

ly — 2| ||

/d4 Ki(mgly — z]) Ki(mx|z|) 272

= —5 Ko(maxlyl).

p(lyl) = —
ly — 2| || mz

Simplifying, one finds

Hy(x' X?) = (ma] X° = X)) (X, + X7).

1672

What is needed in the following is the antisymmetrized derivative

1
8[0’ ](Xl X3) ZG(Xg_Xl)[X;7X3]7

where we have introduced the notation [X;, X3 = X;Xg - X;’X;.

— 53 —

X3=0

= 7Y Ko(malyl),
7T

(7.86)

(7.87)
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A straightforward but lengthy calculation then leads to the expressions

iﬁfg;)muwatf] (X7, X%) (7.95)

— Z {G(Xﬂ(fi),Xﬂ(?)) aifw:gg()(ﬂ(?),)(ﬂ(l)) 8,{:5?3}{:;?)6‘(X”(1)fX’T(B)) [X;r(l)vX;r(?’)]
7ESs

+G(XT - X" aﬁz)G(X”@) —X"W) GX™D = XTON) (8 pOopin sy~ Oppin sy Sorpincry)

+G(X™E - X)) gX" P g(x ™ - X)) 9X "V G(X ™D X)) (5, X5V 5, XTW)

HG(X™O) - X@) gXTH (X - X" X"V G(XTV - X)) (8, XTO ~4,, , X7O)

1 X7 (2 (1 X (1 (3 X3 (2 (3 (3 (1 (2
+20 G(x()_x())a G(x()_x())a G(X()—X()) [Xp()?XO'()_XU()]

2 Hr(2) M (1) Hr(3)
L x~® (3 (2 X2 (2 (1 (3 (1 (3 (3
_|_§5M<3) G(X (3) _ x~( )) 5%(2) G(X (2) _ x( ))G(X (3) _ x( ))(5‘7“#(1))%( )_5pu,r<1>Xo( ))

+}G(Xw(3) _Xﬂ(z)) aX"(2)G(X7r(2) _Xw(l))aX“(l)G(XTr(?)) _Xw(1))(5 X2 _g X7r(2))
2

Hr(2) K (1) OHr(3)“*p PHx(3)“ro

+3X”(3)3X”(3)G(X7f(3) _XW(Q)) G(X’r(2) _Xﬂ(l)) 3X"(1)G(X7T(1) —X”(B)) [X;T(l)’X;T@) _X;f(S)]

Pr(3) ~ Hr(2) Ho (1)

_’_aX"(S)@XW(?»)G(Xﬂ—(Si) _XW(Z)) G(XTI’(Z) _Xﬂ-(l)) G(XTI’(l) _X?T(3))(6 XTI'(?)) _6puﬂ(1)Xg(3))}’

Hr(3) ~Hr(2) Olm(1)“*p
7 (1) 1 yv2y 172 1 2y _ m(1) _ n(1
ZH[p;mm#sa](X X )+ln[p;uwzﬂsa](X X%) = Z {(6Pl‘w<1>XU ) 50’#w(1>Xp( )) (7'96)
TESs3
(1 (2 X7 (3) (3 (1 X7 (2) (2 (3
.(QG(X 0 _x7@) g7 G(x™®) - x) 9X "V G(X™® - X))

m(1) s g m(3) g T g T
+or L GXTH X)) 9" PG(X T - xTW) (xR - X))

Hr(2)
m(3) o x(3) P n Tr ™ m ™
Tty Oy G =X GXTO—XT) G —x7)

04 0y 1y S(X TP = X)) G (X —Xﬂ(l))2>

+6Mw(2)uw(3)5(X7r(2) _Xﬂ(g)) G(Xﬁ@) _Xﬂ(l))Q(éUuw(l)X;r(Q) _5PMw(1)Xg(2))}'
The setting of X3 to zero is implied in the two equations above (see eq. (7.86)). In sum-

mary, the charged-pion-loop contribution to the function ¢II is given by eqgs. (7.87 ), (7.95)
and (7.96).

A final step is required if one wants to perform numerical integrations over ¢II in order

to obtain aELbL

, namely to isolate the delta-function-like contributions, which we also call
contact contributions. The last two terms of eq. (7.96) are explicitly contact contributions.
Eq. (7.95), however, also contributes contact terms, because second derivatives of the scalar
propagator appear. Using the defining property (3.3) of the propagator, these second-

derivative terms can be written as

B o raw G'(@) | zum 1
aﬂay(;(x)_@w T ) o+ ) = b d(e). (7T

where G'(z) = ﬁ (x) = ;ZLQ%W' We have taken into account the fact that,

applied to smooth test functions, (6“1, — 496‘”6”) 6(z) = 0, so that *3“§(x) can be sub-

12
stituted by 16,,6(z). Collecting all the contributions proportional to a delta function in
Y 29 g prop
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iﬁ[p;uwzmg} (X1, X?), we find in total

N 3
Mgy popaso] (X X eontaet = 5 [Bpiaps 0(X2) GX)? (B X} = O X)) (7.98)

_5#1,u2 5(X1 - XZ) G(X2)2 (5PN3X3 - 50#3X3)
Fu1pis S(X ) GX?)? (B X2 = G0 X3

We note that these terms are integrable; for instance, the first term goes like 1/|X*|? for
small | X

8 Applications and tests of the QED kernel

In this section, we combine the QED kernel as computed in section 5 with the four-point
functions Il given explicitly in section 7 in order to check whether the coordinate-space
method developed here reproduces known results. Furthermore, the method is tested for
the case that the QED fermion loop is computed on the lattice, reproducing the known
result after taking the continuum limit. Finally, in subsection 8.4 an overview of results
obtained for the fully connected part of the lattice QCD four-point function is presented.

8.1 Improved kernels

The master formula, given by eq. (2.29), can be written in a slightly different way to op-
timize the lattice QCD calculation. First, as already noted in ref. [49], the QED weight
function is not uniquely defined. This freedom can be used to obtained a better behaved
integrand with smaller statistical and systematic uncertainties. As shown below, it turns
out to be a crucial ingredient for practical lattice QCD calculations. The idea is to remove
large fluctuations or large cancellations in the integrand that do not affect the central value
in the continuum and infinite volume but increase the statistical error and/or systematic
effects in the estimator. Second, a naive implementation of the master formula in lat-
tice QCD calculations is rather expensive. But the numerical cost can be considerably
reduced by using a different formula, equivalent in the infinite volume limit. These two
improvements are discussed next.

In the continuum and in infinite volume, the conservation of the electromagnetic cur-
rent implies eq. (7.8), namely that the integral of the four-point function iﬁp;u,,)\a(x,y)
over x without any xz-dependent weight-factor vanishes. The same observation applies to
the integral over the coordinate-vector y. Therefore, in infinite volume, any function which
depends only on x or y can be added to the QED kernel without affecting the final result.
On the infinite lattice, and with Wilson fermions, this property still holds at finite lattice
spacing if one uses the conserved vector current, see eq. (8.10b). When using local vector
currents, the result holds once the continuum limit has been taken. We will consider four
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Figure 6. Wick contractions for the connected contribution in Method 1.

kernels Z(n) which differ only by such subtractions,

L0 (@) = Loy (2,9), (8.1a)
L0y jun(@,9) = Ll o) (@) = % piol s (%5 %) = 5 Lo o (U:Y) (8.1b)
ZS,)U} sA (@ Y) = Lipa)jun(@,9) = Lip.a)juon (0,4) = Lipo] yuwn(@,0) (8.1c)
ZE;’,)J} (@ Y) = Lip o) jun (@5 9) = Lipo] jun (@, 2) + Lip01wr(0,2) = Lipo1,wa (0, 9)
(8.1d)
In addition to vanishing when both arguments vanish,
L0 A0,00=0,  (n=0,1,2,3), (8.2)

(see eq. (2.39) for the non-trivial cases n = 0 and n = 2), the subtracted kernels vanish in
various special configurations,

Y@,y =0, £%w0=2%0,9)=0, L%, 0)=2%,z)=0. (8.3)

In [43, 51] we introduced a kernel tuneable by an arbitrary parameter A that approaches
Z(O) when A — oo and 2(2) when A — 0,

(A _
E[(p,;];;u/)\ (.CC, y) = ‘C[p,a];;u/)\(x> y)

xT — m2:c2 o — m2 2 vl
- ;S )(l‘ae A /Q)E[p,a];oa/)\(oa y) - algy) (yae Am7y /2>£[p,0];uo¢/\(xa 0)7
(8.4)

as we empirically found that with 2(2) and 2(3), the integrand was too long-ranged, while
with £ and £ it was too peaked at short distances. In our most recent works [36, 37],
we presented results exclusively with A = 0.4.

For each quark flavour f, the quark-connected part of the hadronic four-point function
IT involves three different Wick contractions. Each of those appears twice, with oppo-
site fermion-number flow, resulting in a purely real contribution; see eq. (7.28) and fig-
ure 6. Computing explicitly all three contractions, and using the master formula given by
eq. (2.29), amounts to what we call Method 1 [51]. To estimate all three contractions, we
first compute point-to-all propagators with sources located at the origin and at the site y.
Then, we perform sequential inversions using the propagators, summed over z and with
the weight factor z,, as sequential sources to finally contract both results and summing
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over x. Since one needs to anti-symmetrize between p and o, it amounts to 6 sequential
inversions for each primary inversion.

Alternatively, we could choose the first Wick contraction, I fw)g \(2,y,z,w) of eq. (7.29)
corresponding to the leftmost diagram in figure 6, as a reference and swap the vertices
at the level of the muon line — an idea that was already exploited in [47]. Defining the

gauge-field average of the three Wick contractions as follows,
HELJV)O')\(;U Y,z ) = ( 2Re I,L(LV)O')\(J;?ya 2y 0))7 (] = 17 27 3)7 (85)

we obtain the Method 2 [51] estimator (A =0,1,2,3 or A)

GHLbL — —nf/d‘ly/d‘lx
—(A —(A —(A ~
{ ([’[(p 37} uuk(l‘7 y) + Efp c)f] uu)\(y7 x) - ﬁ[(p,())'L)\l/u(x’ L= y)) /d4Z Zp 1_'[/(1,11/)0')\(:1:7 Y, Z)
E[p 3,] (@ y)z, /d‘lefwaA x,y, z)} (8.6)

For the quark-connected contribution, and with A = A, this equation is the starting point
for all our lattice-QCD results in refs. [36, 37|, as well as the final results in ref. [51].
The advantage of this representation is that all propagators can be expressed in terms
of the two point-to-all propagators with sources located at the origin and on site y by
exploiting the 7s-hermiticity relation (7.27). Eq. (8.6) can be proven starting from the
master formula (2.29) and using the identities

ﬁ/(J,zu)o‘)\(l"y?Z) = ﬁl(jllzo')\(y7$’z) ) (87&)
ﬁ/(,tglj)a)\(x Y,z ) ﬁg\ly)a-“( f,y—Q?,Z—CL') (87b)

as well as eq. (2.38). In practice, we reduce the master formulae to a one-dimensional
integral over the variable |y|; the integrand then differs between Method 1 and Method 2,
even in the continuum limit. The advantage of Method 2 is that only one additional
propagator needs to be computed for each value of y: for N values of |y|, the number of
quark propagators that need to be computed is N + 1 compared to 7(N + 1) for Method 1,
where sequential inversions are used. In addition, combining all possible pairs of quark
propagators allows one to compute O(N?) independent data, which may include multiple
statistical samples of the same |y|.

In general, the last term in eq. (8.6) does not vanish, in spite of eq. (7.2) holding,
(1)

Huro
function. In fact, as a Ward identity following from current conservation, one can show

that

because I1 (z,y, z) is only one of three contributing Wick contractions to the four-point

/d4 Hl(}y)“ (z,y,2) = (—2y5) <ReTr{’yMS(x,y)%S(y,O)’yAS(O,m)}>. (8.8)

However, for a pseudoscalar-pole contribution, this term vanishes,

/d4zH (r,y,2) =0, (8.9)

— 57 —



100 100

© — © —
80 - £ 8 80 - £ 8
o — o —
£ @ — £ @ —
= 60r £ 15 60t £ ,
& e —— 2 Lo —
% a0 L ﬁ(A:[)A) 1 x 4l L:(A:O‘-i) |
= =
= 20 1= 20r .
0 0
0 1 2 3 4 5 0 1 2 3 4 5

Iyl [fm] ly| [fm]

Figure 7. The integrand with respect to the variable |y| leading to aELbL for the neutral pion-pole
with a VMD form factor and a pion mass of 135 MeV. The integrals over || and cos 5 have already
been performed at this stage. The different curves correspond to the kernels introduced in eq. (8.1)

and eq. (8.4). Left: Method 1. Right: Method 2. Note that for method 2, the kernel £® and £
yield identical curves.

because!? the Fourier-transform of HSV)UZO (z,y,2) contains an explicit factor of g3, the
momentum dual to z. As a consequence, we expect smaller finite-size effect on this term.

In summary, Method 2 is numerically far cheaper to apply. It leads to a mild broaden-
ing of the overall integrand in |y| (see figure 7, as well as figures 18 and 19 of ref. [51]), which
a suitable tuning of the parameter A can counteract. Thus the combination of Method 2

and the kernel £ was invaluable to our lattice QCD results in refs. [36, 37, 51].

8.2 Tests in the continuum

As a first check of our master formula, and to gain some insight on the shape of the
integrand, we compute several contributions to alI;bL using the expressions for II derived

in the previous section, and compare them with the known results obtained in momentum
space.

8.2.1 The pion-pole contribution to azlLbL

The pion-pole contribution is estimated using the expression of II derived in section 7.2,
assuming a VMD transition form factor. We note that, when using Method 2, one needs to
find the correct mapping between the three contractions in momentum space (see eq. (7.11))
and the reference contraction in position space. This can be done using partially-quenched
chiral perturbation theory and we refer the reader to ref. [36] for more details. After
integration over |z| and cos 3, the integrand, as a function of |y|, is displayed in figure 7
for both Methods 1 and 2 and all four kernels £ with a pion mass of m,; = 135 MeV.
For pion masses in the range [135 - 600] MeV, we reproduce the results, obtained from the

12 As noted in [36, 43], the quark-level Wick contraction HE}V)M (z,y,z) does not contain the diagram in
which the 7° propagates between the pair (0,y) and the pair (x,z) of vertices, which corresponds to the
third (and last) term in eq. (7.11). The first two terms, which do contribute, vanish at g3 = 0, leading to
the conclusion (8.9).
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mx [MeV] aELbL [70] Method 1 deviation Method 2 deviation

135 57.00 57.21 +0.37% 97.33 +0.57%
200 42.84 4291 +0.16% 42.83 —0.02%
300 29.64 29.63 —0.03% 29.64 +0.00%
400 21.75 21.71 —0.18% 21.71 —0.18%
600 13.10 13.07 —0.22% 13.07 —0.22%

Table 2. Results for the pion-pole contribution to aELbL in units of 10~ assuming a VMD

transition form factor as discussed in the text. We use my = 775.49 MeV and F; = 92.4 MeV. The
—=(0

results are obtained using the standard kernel /J( ) and for both methods 1 and 2. We also provide

the deviation to the results obtained from the expressions in ref. [70].
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Figure 8. The integrand with respect to the variable |y| leading to abbL for the lepton-loop
contribution with m;/m = 1 (full lines) and m;/m = 2 (dashed lines). The integrals over |z| and
cos 8 have already been performed at this stage. The different curves correspond to the kernels
introduced in eq. (8.1) and eq. (8.4). Left: Method 1. Right: Method 2.

three-dimensional integral representation in momentum space in ref. [70], at the percent
level. The results are summarized in table 2. Using the standard kernel, one observes that
this contribution is remarkably long-range with a negative tail at large |y|. In particular,
one needs a very large lattice L > 5 fm to capture the negative tail at the physical pion
mass. When using the method 1, the integrands corresponding to the kernel 2 and 3 are
less peaked at short distances, approach zero faster at long distances and remain positive.
When using Method 2, the integrand for both kernels 2 and 3 are identical but also more
long range. Since this setup is considerably cheaper for practical lattice QCD calculations,
one can attempt to correct for finite-size effects on this contribution by computing the
pion-transition form factor on the same set of ensembles, as done in ref. [19]. See ref. [36]
for a practical implementation.

8.2.2 The lepton-loop contribution to a{:bL

The lepton-loop contribution to aﬁbL is estimated using the expression of I derived in

section 7.3 with m;/m, = 1/2,1,2 where m,; is the mass of the lepton in the loop. The
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my/my a{;bL (exact) aﬁbL precision deviation
1/2 1220.07  1257.5(6.2)(2.4)  0.5% 2.3%
1 464.97  470.6(2.3)(2.1)  0.7% 1.2%
2 150.31 150.4(0.7)(1.7)  1.2%  0.06%

in units of

Table 3. Results, precision and deviation of the lepton-loop contribution to aIﬂbL (

10~ computed in the continuum with kernel . compared to the known results [81, 82]. The
first uncertainty originates from the three-dimensional numerical integration, the second from the
extrapolation of the integrand to small |y|.

results are summarized in table 3 and the shape of the integrand, as a function of |y|, is
shown in figure 8. For m; = m, 2m we reproduce the analytically known results for a{;bL in
QED [81, 82] with a precision of about 1%. As can be seen from the plots, the integrand
is quite steep close to the origin and we probe the QED kernel at short distances. We
observe that the height of the peak grows for smaller masses of the lepton in the loop.
For m; = m/2 this rise to the peak is very steep, and we observe a 2.3% deviation from

/Iij at the percent level with our

the exact result. It thus appears difficult to obtain a
implementation of the QED kernel for such a long-range contribution. As for the pion, the
integrand resulting from the standard kernel also exhibits a long negative tail. Again, the
kernel 2 and 3 are peaked at short ranges when using Method 1, a feature that does not
hold when switching to Method 2.

8.2.3 The charged-pion loop contribution to alI}LbL

Using the master formula (2.29) with kernel £ defined in eq. (8.1) and iIl given by
egs. (7.87), (7.95) and (7.96), we compute the contribution of a physical-mass charged

ELbL in the scalar QED framework. After the x integral has been performed,

pion to a
no contributing delta-function contributions are left, so that the integrand can be dis-
played straightforwardly; see figure 9. With aELbL = —43.9 x 107" we reproduce the
result —43.86(5) x 10~!! obtained analytically in ref. [83] with a rapidly converging series

expansion in (m/m,+)% = 0.573092 at the per-mille level.

8.3 The lepton-loop on the lattice

We will now show the results of performing a full lattice calculation of the lepton loop
contribution using both Methods 1 and 2. This was a first step towards the full lattice
QCD calculations, and an important benchmark of our implementation of the position-
space approach.

The correlation function is computed on a L? lattice using unit gauge links, (anti-)
periodic boundary conditions in (time-)space and Wilson fermions. For a fixed vertex
position y, the sums over the sites z and z in eq. (2.29) are performed explicitly. After
which we have a one-dimensional integral that can be sampled sufficiently finely using the
variable |y|, for all values of y = (n,n,n,n) with 0 < n < L/2. We also consider both the
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Figure 9. The integrand with respect to the variable |y| leading to aELbL for the charged-pion loop
computed in scalar QED, together (for comparison) with the integrand for the neutral pion-pole
computed with a VMD form factor. The integrals over |z| and cos 8 have already been performed
at this stage. Here Method 1 is used with kernel £(2).

local (1) and the conserved (c) vector currents, which have different discretization effects,

iP(@) = P(x)y, Quj(2) , (8.10a)
i\ (x) = % (V@ + ap)(1+ 3) U (2) Q) = P(@)(1 = 3)Up(2)Qub( + ai)) . (8.10b)

Here, Q is the lepton charge in units of e. Let mg be the bare subtracted lepton mass,
related to the hopping parameter k, via amg = (1/k¢—1/Ker)/2 with ke = 1/8. In the free
theory, the local vector current has the advantage of being automatically O(a)-improved,
if one uses as multiplicative renormalization factor (1 + byamg) with by = 1 [84]. While
no multiplicative renormalization of the conserved vector current is needed, an additive
improvement term with a coefficient ¢y = 1/2 is required to remove ‘on-shell’ O(a) lattice
artifacts, but not included here (see e.g. [85]). Indeed, for both current discretizations,
additional lattice artifacts scaling linearly with the lattice spacing are expected to arise
from the region where two or more currents are separated by a distance on the order of the
lattice spacing. Our line of constant physics is defined by a constant renormalized mass of
the lepton in the loop, my = cst. Including O(a) effects, one has my = Zy, mo(1 + bpmamy),
with Z,, = 1 and by, = —1/2 [84], so that the bare subtracted quark mass has to be
adjusted in the simulation. Finally, we are working with the QCD code and the result
must be divided by N, = 3, the number of colors.
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Lepton-loop contribution - Method 1 - m; = 2m,, Lepton-loop contribution - Method 1 - m; = 2m,,
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Figure 10. Continuum extrapolation of the lepton-loop contribution using the kernel Z(O) (left

panel) and ¥ (right panel) using Method 1. We use m; = 2m,,. The colors correspond to different
discretizations of the correlation function. The horizontal dashed line represents the exact result.

my = 2my, 11 lc cl cc
Kernel 20 157.8 1485 152.0 136.3
Kernel £2 1495 1479 149.1 147.1

Table 4. Results for a/;"" in units of 107! from the lepton loop of mass m; = 2m,, obtained with
Method 1 by extrapolating the lattice results displayed in figure 10 to the continuum. Two different
kernels and four different discretizations of ¢II are used. The exact result is abbL = 150.31 [81, 82].

We have used seven lattices, with the same physical volume Lm; = 7.2, and the

continuum extrapolation is performed assuming the simple functional form

a;,”(a) = a;,"(0) + aa+ Ba’, (8.11)
where only the four lattices with the smallest lattice spacings are included in the fit. The
result using the first strategy with m; = 2m,, is shown in figure 10 for the kernel Z(O) (left
panel) and for the subtracted kernel £ (right panel);

Note the very different ranges on the y-axis. In both cases, we use four different
discretizations of the correlation function (all combinations of local and conserved vector
currents at sites  and z). The continuum extrapolation, at fixed volume, is given by
the dashed lines. To estimate the correction due to finite-size effects, a new set of two
lattices, with larger volumes, are used. The finite-size effect correction is assumed to be
independent of the lattice spacing and is estimated as the difference between the small and
the large volumes at a given lattice spacing. The corrected results are finally given by the
plain lines. One observes much smaller discretization effects for the kernel Z£? in the right
panel where one only has to extrapolate a/Iij x 10 from about 100 to 140, compared to

rather large extrapolations with kernel £

in the left panel (even from negative values).
The results of the continuum extrapolations are collected in table 4. The same observation
applies to the following two figures. We also note that very similar results are obtained

with the kernel 0.
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Lepton-loop contribution - Method 2 - m, = 2m,, Lepton-loop contribution - Method 2 - m, = 2m,,
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Figure 11. Continuum extrapolation of the lepton loop contribution for the two kernels Z(O) (left

panel) and ¥ (right panel) using Method 2. We use m; = 2m,,. The colors correspond to different
discretizations of the correlation function. The horizontal dashed line represents the exact result.
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Figure 12. Same as figure 11 but with m; = m,,.

The results using Method 2 are shown in figures 11 and 12 for m; = 2m, and m; = m,,
) and the right
panel to the subtraction 2(2). Again, the continuum extrapolation is much easier using

respectively. As before, the left panel corresponds to the standard kernel £

the subtracted kernel. The resuls of the continuum extrapolations are collected in table 5.
Further results for the lepton loop, computed on the lattice with the kernel £, can be
found in appendix B of ref. [51].

8.4 Overview of lattice QCD results for the quark-connected contribution

In this section, we briefly review a subset of the results obtained to date for the hadronic-

ELbL using the QED kernel derived above, restricting ourselves

light-by-light contribution a
to the quark-connected contribution. The relevant publications are [36, 37, 51|, and some
preliminary results can also be found in the earlier proceedings contributions [43, 86].
All these calculations have been performed on gauge ensembles provided by the Coor-
dinated Lattice Simulations (CLS) initiative [87]. The ensembles were generated using
three flavours of non-perturbatively O(a)-improved Wilson fermions and with the tree-
level O(a?)-improved Symanzik gauge action.

Reference [51] focuses on QCD with degenerate u,d, s quark, corresponding to m, =

mr ~ 420MeV. It contains results for the connected contribution obtained either with
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my = 2my, 11 lc cl cc
Kernel ¥ 1052 1221 107.7 129.0
Kernel £2 149.1 1486 151.3 1515

my = my, 11 lc cl cc
Kernel 20 3203 368.3 333.0 386.2
Kernel £2 4582 457.3 466.1 466.9

Table 5. Results for abbL in units of 107! from the lepton loop of mass m; = 2m,, or my = my,
obtained with Method 2 by extrapolating the lattice results displayed in figures 11 and 12 to the
continuum. Two different kernels and four discretizations of iIl employing different combinations
of local (1) and conserved (c) vector currents are used. The exact results are aﬁbL = 150.31 and
464.97 respectively [81, 82].

Method 1 or Method 2. Focussing first on Method 1 with the kernel choice Z(A:0'16), the

difference in the integrand between choosing a conserved or a local lattice vector current at
vertex x was tested and found to be modest.!® The cutoff effect on aELbL for an ensemble
with lattice spacing of 0.076 fm turned out to be on the order of 10%, with a significant
uncertainty on this estimate. Finite-size effects were probed directly by comparing two
ensembles differing only by their volume, m,L = 4.4 and 6.4, and their size found to be
roughly consistent with the finite-size effects expected for the 7° pole contribution. As for
Method 2, the kernel Z(A:0'4O)
conserved currents was investigated as well. The final choice fell on four local currents,

was found to be a good choice, and the use of local and

although the final integrand with respect to the variable |y| was found to be similar if the
current at vertex z was replaced by a conserved current. The size of both cutoff effects
and finite-size effects was similar to Method 1. Hence, given the lower computational cost
of Method 2, the latter method was selected for all subsequent calculations.

Figure 13 shows the integrand for the quark-connected contribution within Method 1
obtained in lattice QCD with degenerate u, d, s quarks. It is compared to predictions based
on the calculations of section 7: the quark loop with a ‘constituent mass’ of 350 MeV, the 7°
and 7 pole contributions, as well as the charged pion loop. For the latter two contributions,
a modification of the prediction applicable to the full HLbL amplitude must be applied in
order to account for the fact that only the quark-connected contribution is considered. This
leads to an enhancement of the combined 7° and 7 contribution by a factor of three [53, 89)].
The combined contribution of pion and kaon loops, computed in the framework of scalar
QED, must instead be divided by a factor of three [51] to match the contribution of quark-
connected diagrams. Figure 13 illustrates that a semi-quantitative understanding of the
integrand can be gained via these fairly simple calculations.

Analogous plots (based on Method 2 with A = 0.40) at lighter pion masses can be found
in [36], for which similar qualitative observations can be made. The 7" pole contribution
becomes increasingly dominant as the pion mass is lowered towards its physical value. In

13See figure 8 of ref. [51]. The difference is about 10% around the peak of the integrand, at |y| ~ 0.4 fm,
and not statistically significant for |y| > 0.6 fm.
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Figure 13. Integrand for the connected contribution using Method 1 with Z(AZOJG) on ensemble
N202 of size 483 x 128, lattice spacing 0.064 fm [88] with m, = mx = 421 MeV. The lattice data use
a point-split current at . The integrand is compared to the prediction for the pole contributions
of the 7 and 7 mesons with a VMD transition form factor, which is expected to provide a good
approximation to the tail. In addition, an attempt to describe the short-distance contribution with
a constituent-quark loop with a quark mass of 350 MeV is made. Figure reproduced from [51].

the case of a heavy quark propagating in the loop [37], the upward trend as a function of
the lattice spacing is seen most clearly. The latter calculation allowed for a state-of-the-art

estimate of the charm-quark contribution to aELbL.

9 Conclusions

In this paper we have presented extensive details of our calculation of the ‘QED kernel’
needed in the Lorentz-covariant coordinate-space method for computing the hadronic light-
by-light contribution to the muon (g — 2) in lattice QCD. At the core of this QED kernel is
the amplitude represented by the graph of figure 3. It is an unusual amplitude in particle
physics in that it involves both the plane-wave propagation of the muon in the initial and
final state, and the emission by the muon of massless particles (photons) propagating to
definite coordinate-space positions. It is thereby a mixed momentum-space and coordinate-
space amplitude. We remark that such mixed amplitudes, although quite complex, may
have further interesting applications in quantum-field theoretic calculations [58, 59, 90].

We were able to carry out the calculation analytically up to and including the averaging
over the direction of the muon momentum. Numerical methods were used only in the final
convolution integral, which can be interpreted as yielding the static potential generated by
a certain (analytically known) electric charge distribution in four space dimensions. While
the angular integral of this final convolution can perhaps still be handled analytically, and
we have made some progress in this direction [91], one angular integral still had to be
performed numerically in our two implementations of sections 4 and 5.
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bustness of the numerics by reproducing a number of known light-by-light contributions,

For the practical purpose of computing a on the lattice, we have tested the ro-
typically at the one-percent level. Such a precision is sufficient for the foreseeable future,
given that the current precision goal for aELbL is to reach the 10% level. As noted in the
introduction, our implementation of the QED kernel has already been applied in lattice
QCD calculations of aELbL [36, 37, 51]. Given the phenomenological importance of the
muon (g — 2), the present paper serves to document and underpin a central aspect of these
results.

The idea of treating photon propagators in the continuum, infinite-volume theory has
been applied in other contexts as well, most recently in ref. [92]. One simpler application
is the fully covariant coordinate-space method for the HVP contribution to the muon
(9 —2) [93]. Another interesting application concerns the calculation of the QED self-
energy of stable hadrons without power-law finite-size effects [94]. Further applications
will probably follow in the future.
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A The tensors Tfﬂ s(,y) in terms of the weight functions

In this appendix, we consider the weight functions g_](o), ﬁ(l), §1(2), 1D 1@ (B a9 being
functions of (|z|,é5 = 29, |y|) and use the notation V! to denote the derivative of a weight
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function with respect to its j’th argument. The chain rule for To(élﬁ)é(a:, y) reads
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and

Similarly, the chain rule for 7L aps and T,
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B Derivatives of the integrands for the six weight functions with respect
to |z|

In this appendix, we provide the expressions of the |z|-derivatives of the relevant sums (see
egs. (3.66)—(3.68) as well as egs. (5.24)—(5.31)) entering the expression for the six weight
functions parametrizing the QED kernel.

A few notational remarks are in order. In this appendix we write the argument of z,

as the four-vector u instead of u2 and use the notation 2z’

d
n = Bl

Zn, DOt

0 .
Bl Also, we

set v = x — u. The argument of the Gegenbauer polynomials C, and their derivatives is

always (4 -7 — u).

We obtain
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C Expansion of the kernel for small arguments

This appendix provides the relevant expressions to obtain the QED weight functions and
the full kernel at x = 0 or at y = 0. In the following, we refer to various functions defined
mainly in subsection 5.2.

C.1 The regime of small |z|

In this subsection, the argument of the z, is always u? if not explicitly specified. As in
appendix B, z/, means %zn, not the derivative with respect to u?. As for the sums oy,
(1 <k <5), we recall that their generic arguments are (|z|,é = £ - 4, |u|).

We begin by giving the first terms of the Taylor expansion of the sums oy that enter
the calculation of the QED weight functions g(@, g, @, (W, 12 (3). In several cases,

we express the result in terms of auxiliary sums collected below in egs. (C.15)—(C.22). We

obtain
O-0|z:o = Z(_l)n Z?z ) (C.1)
n=0
9 n 2n\ zZnzn 1 R
O‘3|m:0 =4 Z(—l) (1 + 3) + 2 Z (znz,’Hl - anz?’l), (C.2)
n=0
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i 2 2,012
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. 04 2, 9 (12
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2.4 (02
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In addition, the following intermediate results are needed,
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2
u® (2,2
81|, = fo§ (). (C.8)
For some of the sums, we will need the expansion to one order higher. In particular,
we record
182(82 —81) 1 (2,2) |u\é% (1,1)
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851 61u2
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as well as the results
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(90'5 261§4 1,3
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The auxiliary sums appearing in the results above are defined as follows,

O'§2’2) (u) = Z(*l)nzn«l — 6n0)2n + 22n+2> = 3u2b(u2)7 (C.15)
n=0
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UéO,Z) (u) = g )( ), (C.18)
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. 1
a3 () = —ol(u), (C.21)

(1,3) 052’2) (u) 1,1
o5 (u) = 2= — oD (w). (C.22)
We recall that b(u?) was first introduced in eqs. (3.61)-(3.62).

C.1.1 The scalar weight function

The behavior of §(© around z = 0 is determined by a small number of coefficients afﬂi;

see eq. (5.15). All 04522: vanish at |z| = 0, except

s lyl
a0,y = 5 S [ dlal uf? 22 (©.23)

n=0

(0)

and oy ; the latter, whose integral is infrared divergent at large |u/, is however not needed.
As for the |z|-derivative of the coefficients at the origin, they all vanish except

%O,‘;T o = i ad2(al /12l = -2 2(‘”" :d|u| (C.24)
= 15 2

%T;T o = i ad(al /12l = —fz / dlul [ul* 202, (C.25)
- %@50)09«“! = 0.lyD) - \yr4|g|rgoa1+<rx\,\ywrx\.

Combining these observations, one finds for the actually needed derivatives of the scalar
weight function

9 1 aal ) al?(zl, ly)
Y —(0) 1— 1+

g = 2¢ + |y ) C.26

o™ lomo ~ TP\WP T al W= )eco (€20
RO (0)
o _ 1 aj_(|z[, ly]) aq (=, [y])

(0) —9 s S B bt & AN LAEAVS 2 2
50| =2 s ), T o6, (2D)
0 2
() — 2 9% = 0. 1. C.28
8\y|g 0 ‘y|3 0—(‘ | 7|y|) ( )

From egs. (C.26)—(C.27) one sees that
a -0 élﬁ 8 ,0
a1z 2] 96,0 O(|z).

This and further similar relations for the other weight functions will be exploited to arrive
at the final expressions of the tensors TO'?‘B(S(SU, y), egs. (C.56)—(C.58) below.
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C.1.2 The vector weight functions

k)

In the Taylor expansion of a QED weight function gi¥), we denote by g™ the term of

order |z|”. For g, one finds g% = 0 and

_(21) _ _ || [1/ dlul |ul® o$? (u )+ |y d’“‘ u] C.29
and
- x ||
522) _ 6by|4/ o)+ [ dul o )] (C.30)
x2 [ / *dlu|l (2,3
d|u |ul8o? + y2/ — 05 (u ],
5563 = 0ok [ o+ [ of )
@D\ _ —L S~ _qyn
o@D () = M;)(_” {|u\zn+l<(2n+15)Z;L+3yu|z;;> (C.31)

b (94 6n)znsa + [ul(20 = 9)2hy — 3lulz10) ) .

052’3) (u) = 965u2 Z(—l)"{|u\zn+1 ((3 —2n)z), — 3|U’Zx) (C.32)
n=0

b (9 4+ 6n)zns + [ul Bluletls = (94 20)211)) .

Similarly for g®:

70 = 3|0z [ " Al o0 -+ [l o) (C.33)
Yl
7 "l o o0 (447 [ ).
oy (u) = 8|1ufj()(—l)"{—|u|zn+1z;+zn<<2n+3>zn+1+|uz;m} (C.34)
oD ) = <ol (w) (C.35)

with 0§ (u) defined in eq. (C.16)), as well as
2

_ x|é 1 Iyl o
80 = 2 o [l ot ey [ o) (C.36)
Yy

z|ép(2¢5—1) > d
+i‘ 165265 [ i / dlul ol o )+ [ '“2'05,173)(11)]
2 |y Ul

Uél’l)(u) _ 48u2 {|uzn+1 (3—2n)z), +3|ulz) (C.37)

+zn<<6n+9>zn+1|u|<<2n+9>z;+1+3|uz;:+1>>}7

1
o5 (u) =~y () (C.38)
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(with 052’3) (u) given in eq. (C.32)). These results imply, for the actually needed weight function g,

_ 1[1 [ >
g<1’°>2[2 / dful [ufos™” (u) + / d|u||u|o§°’0><u>] (C.39)
lyI* Jo lyl
11 / 55 (12) / dlul a2 }
+—|—= d|ul|u u)+y u) |,
48[1/I4 , Al ox ) i Jul )
—11) _ s |11 vl (1,1) 1 1 (11) 1 @
g = [zlés |5 3\ s dlul[u]* (o5 (u u)+3057 () +yl lldIuI( (u)+5057 " (u))
Y
°°d|u| 2.3
d|u||ul® o (23 —|—y3/ U(’)u>} C.40
15(”5/ bl o )41y [ i o) (C.40)

C.1.3 The tensor weight functions

Similar to above, in the Laurent series of a QED weight function 1%), we denote by 1(kn)
the term of order |z|™. First, using the same notation for the auxiliary weight function
oM we find

(423 1)/ 1 [l % du
_(1,2)_”3( & ( / d 5 (2,2) )+ o2 Ul (2,2) )
v = ul |ul® o u) +y oy (u) ), (C.41
79 ‘y’4 ’ H ‘ 1 ( Iyl ’u‘ 1 )
_ z[30 (e 1 0 N
o0 = LG (o M aul 80w+l [~ apd @) (ca)
y
|$\303(5,8)< 1 /y| 643 5 [ dul 31
+ dlul [u|®a3Y (u) + |y / uf,)(u)
1 o Jo Ju | )+ |yl o Jup o )

We can now proceed to determining the first two non-trivial terms for weight function [(4),

_ ¢ 1 |y © dlul (12
[(4,1):|x!c/3[/ dlu u50(1,2)u+y3/ U(JU}, C.43
_ —z2 |yl 00
2 _ 5”(12 / dlul [ul*o®V (u) + 32 / d\u|a£2’1)(u)> (C.44)
3 \y* Jo ly]
22662 —1) 7/ 1 [l % dju
—5< dlu u60(2’3)u +y4/ u0(2’3)u)
15 i Jo lul [ul]” 047" (u) + [y] o Jup 7t (u) ),
o (u) = —4i3N (w), (C.45)
04(12’3) (u) = —%Jé173) (u). (C.46)

Next come the first two terms for weight function 1(2),

_ 1/ 1 o d|ul

(20 = (/ dlul |ul® o{*? (u +/ o (u )7 C.47
AR O R i (C47)

_ A 1 |yl © dlu|l (1.3

(1) _ ‘$|CB</ dlul 1o ™) (w) + aful (’)u>. .48
s ) dell®o )l [Tl @) (©a8)

Now from eq. (4.40), we obtain [(®) via

[ O TP ) (C.49)
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so that the O(1/|z|) contribution cancels out,

T3, 1 5 lyl
(B-1) (1) _ 0 _
[ T E &5 120 = 0, (C.50)

The leading contribution is finite,

T L5 lyl
[(370) — 7[(472) [ ) 51
20242 |x‘ ¢s (C.51)
—17 1 [l o
_ 6{|y|4 dlu] ful oY (u) + / dlu] oY (u) (C.52)
1 1 (1 3 d|u| 1 (1,3) )]
il d 6 / .
b [ o+ [ el
Similarly, one finds that the O(1/22) contribution to (see eq. (4.41))
4
1 - 2.2 (A2 2
[ =54 <1)1 —zy <cﬁ 4) @ - 213 (e & )) (C.53)
vanishes,
=2 =, (C.54)

For the contribution of order 1/|x|, it is useful to decompose the expression in the basis of
the  Cn(és), calculating ~ the  coefficient — [(L=1m)  of  Cp,(é3)  using
[L=tm) = 2 (43 sin? B Cyp, (¢5) (5. Before forming the linear combination (C.53), we
find that there are m = 1 and m = 3 components, but they cancel in the linear combination,
(-1 —((1,-13) — 0, 50 that

[ (C.55)

Thus [V is finite in the limit |z| — 0.
C.1.4 The limit |z| — 0 for the tensors TAﬁ,(;(:B y)

With the help of the chain rules for the tensors T M(m y) given in appendix A, we find the
following, finite expressions for these three tensors at |z| — 0,

ogV 9252 32 2)
TI _ ~ A~ - . .
055(0, ) = (0asip + 0350a) <|x!865 + apYs FEE $26 (C.56)

+0as03 (%ﬁ?) + (08500 + 0apls) (‘8’@(;2@;)

lyl o R )39(2)
|z \|z] 0¢g 8\y| dég

)

o s\t 2o\, [ o
Taﬁ&(oyy) = (%ﬁy& + basyp — %6@5)[(3) + (ygyg y4 (5[@5) ( ) (C.57)

|z|0¢s
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als — —0a 9. " a1 e A :
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The right-hand side should be evaluated in the limit || — 0. Using the results respectively
in egs. (C.29), (C.40), (C.30), (C.39), (C.51), (C.48), (C.27) and (C.47), (C.51), (C.48),
(C.27), (C.28) the evaluation of the three tensors is easily performed. We remark that the
¢s dependence cancels everywhere, in particular in the second term of eq. (C.56), which
contains an explicit factor of é%

C.2 The regime of small |y|

In the following, we give without further comment the relevant expressions for the weight
functions in the limit of |y| — 0.

C.2.1 The scalar weight function

g » 900 9 (|z],0)

d diy 3 oy, Ju)) = 2204z 0) .
el |y =y it [ a0 88 gr el en ) = S5, (C.59)
8_() A A A
0 [l [ aon 8 Cuten) oullal én, o) = 2lin1el 0), (C60)
865 y=0 ™ Jo 0
og® A
STl =Ca(és) ol (lal,0). (C.61)

C.2.2 The vector weight functions

_ 1 oo m . A
y=0 7
_ ~1 )
i@ = 37/ d|u|/ dey §3 o), e, [ul) = 2 B2 (2], 0), (C.63)
y=0 7
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C.2.3 The tensor weight functions

- 4 4
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C.2.4 The limit |y| — 0 for the tensors Tlfm(w,y)
We find the finite result

oa) 2L
ngﬁé(x7 O) = <6o¢5i'5 + 55(5i'a + 5@45@'6 - jqi’ﬁiﬁg) <g> + fi‘afi'ﬁl‘g <g> (C?O)

0|z| x|
(1) 2-(1)
+ <5a592=5 + dapds — i‘aiﬁﬂfd) <|§ﬁ%ﬂ> T Ealps (Iy%li\@ég)
a®
+ 085 Ta (%) )

i, 0) = 2: i o (%g:f) .

+ (%5% + 25005 — x;‘%;) [ <$ﬂ$5 — :U:&Ba> Ta <(?’9[|(;)>’
—T(a,0) = 28 ”35@92) ! |§|ga(0)@> o

+ <5a5x5 + ZBa(sg(; — —5 ) ( + [(3)>
)

+< 72 >A<a[< arU)

Tals — — z —

L )T la] T 1y106s)

where the right-hand side should be evaluated in the limit |y| — 0. Using the results above
in this subsection, this evaluation is easily performed.

D Contribution of the scalar function S(x, y) to the QED kernel: large-|y|
asymptotics

The scalar weight function is given by
Sy = [ Goly—ws(a.u), (D)
u,JR—reg

with s(x,u) ~ |u|~2 at large |ul, see eq. (3.51). Thus the y-dependence of S(x,%) corre-
sponds to the static potential induced (in four space dimensions) by a charge distribution
given by s(z,u), x playing the role of a fixed position vector. The function S(zx,y) itself is
logarithmically infrared-divergent, however — Ay |S (z,y), which corresponds to the radial
electric field, is finite. The electric field generated by a charge distribution falling like |u|~2
is of order |y|~!, in any number of dimensions greater than two. This is easiest obtained
by applying Gauss’ law to a sphere of radius |y| and one finds

0 ly| o0 1

a5 " s (D2

independent of x, which is kept fixed. Although we have obtained this from the region of

large u, it is clear that the integral over |u| from 0 to a finite |u|max cannot generate an
electric field falling off as slowly as |y|~!; instead it generates an O(|y|~3) field.
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We now proceed to determining the leading behavior of %S (z,y) and %S (x,y) at
large |y|. For this purpose it is useful to write (similarly to eq. (3.60))

s(z,u) —s(0,u) = Z(—l)nzn(ug) [Zn((ff - U)2)(_1)nW

n>0

— zn(u2)} , (D.3)

and to realize that the expression inside the square bracket has the asymptotic large-|u|

behavior . The series is then still absolutely convergent and one finds

U-T
4r2m (n+1)u?

|u|—o00 1

S(ZL','LL)—S(O,U) m.’ﬁu

(D.4)

Thus we get, using eq. (D.1) and the multipole expansion (3.16)—(3.17) of the photon
propagator Go(y — u),

og® _ és D5)
dlz|  768w2m?2|y|’ '
g\ _ || (D.6)

Oég 76872m?2|y|

Therefore the scalar contribution to the tensors Tgﬁ s(z,y) and Tgﬁlé(x, y) is respectively

ms @) wizee 9500 () -1 D
008 S () 2T g (140 (miyh ™)) (D.7)
M o@) | o) lvlzoo  —dasUp 1
0057 + 08 (y) U= gt (1+0((mlyh™))- (D.8)

We note that this result is consistent with the scalar contribution to the rank-three tensors
satisfying eq. (2.50).

E Our version of the kernel code

Our implementation of the QED kernel KQED can be found in [96], it is licensed under
version 3 of the GNU public license [97]. The library is built using GNU automake and is
intended to be linked as a static library. An example for integrating the lepton loop using
hcubature [80] can be found in the companion code KAMU [98], which illustrates how to
link to KQED and initialize it.

KQED includes a look-up-table of the Chebyshev coefficients as a file in single precision,
which is entirely read upon initialization (and the cre32c of it is computed for correctness),
although all computations are performed in double precision. The code can be compiled
with OpenMP to use multi-threading whereby the kernel at coordinates x and y can be
called safely within a parallel region. The code makes heavy use of AVX/FMA intrinsics
to speed up the calculation of the various terms S(z,y), Vs(z,y), and Tss(x,y), particularly
in the Clenshaw recurrences (egs. (6.2), (6.3) and (6.4)). Where possible, loop-fusion is
performed on all necessary weight-function derivatives (see section 6), as well as an internal
re-mapping of neighboring elements on the grid to SIMD lanes.
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The code compiles a binary which performs some simple unit tests and provides a
stress-test for the time taken to compute a fixed number of expensive kernel calls. A script
is also included in the package to regression-test the kernel against various x and ¥, and
to check the multi-threading equivalence. Heavily loop-unrolled and optimised versions of
the subtracted kernels (with 4 arbitrary A terms eq. (8.4)) are available as this was one of
the most costly parts of our calculation in [36, 51] and [37].

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited. SCOAP? supports
the goals of the International Year of Basic Sciences for Sustainable Development.
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