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1 | INTRODUCTION

Phase separation is an important process for many physical and industrial applications. Newtonian binary mixtures are
well-understood and modeled by “model H” [1], which is given by the Cahn-Hilliard-Navier-Stokes system. On the other
hand, transition to dynamically asymmetric constituents, for example polymer-solvent mixtures, is much less understood.
As reported in Refs. [2, 3] many interesting new phenomena such as phase inversion, transient formation of network-like
structures and volume shrinking, arise due to the dynamic asymmetry of the mixture and the viscoelastic behavior. The
dynamic asymmetry [4] follows from the different time-scales of the polymer and the solvent. For such problems, the term
viscoelastic phase separation was coined by Tanaka [2].

The mathematical model for viscoelastic phase separation was later reconsidered by Zhou, Zhang, E[3], where a ther-
modynamically consistent version of the viscoelastic phase separation model has been derived. In Refs. [5, 6], we have
proven the existence of a global weak solution to a viscoelastic phase separation model.

Our model of viscoelastic phase separation describes time evolution of the volume fraction of a polymer ¢ and the bulk
stress gI, which is a pressure arising from (microscopic) intermolecular attractive interactions. This leads to a strongly
coupled cross-diffusion system. The evolution of ¢ is governed by the Cahn-Hilliard type equation, while the evolution
of the bulk stress by a convection-diffusion-reaction equation. These equations are further combined with the Navier-
Stokes-Peterlin system for the flow velocity u and the conformation tensor C, which describes viscoelastic effects of a
polymeric phase, see Brunk et al. [7] for physical details of model derivation.

Through the last decade, the concept of relative entropy or relative energy has gained much attention in physical and
mathematical literature. We should mention in particular the seminal works of Dafermos [8, 9] and DiPerna [10]. Taking
into account the physical nature of nonlinear problems together with the underlying energetic structure, we can derive a
problem-intrinsic metric-like tool to compare different solutions.
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The weak-strong uniqueness principle is a consequence of the relative entropy inequality and can be freely stated as
follows. Consider a weak and a more regular solution (e.g., strong or classical solution) of a problem. Then, the relative
energy measuring a distance between both solutions at a given time can be bounded by the relative energy at the initial
time. The latter vanishes if both solutions start from the same initial data [11].

The above concepts can be used to find a required regularity of generalized solutions in order to investigate unique-
ness of a solution. The concept is often used in the literature for hyperbolic conservation laws [8, 12] and compressible
Navier-Stokes equations [13-18]. A common property of these models is the convexity of the energy law. Due to the phase
separation behavior that we study in the present paper, we need a new approach taking into account a nonconvex energy.
In Refs. [19-22], the Allen-Cahn equation describing the phase-field process has been investigated applying the relative
energy, see also Giesselmann et al. [23] for further reading. Application of this technique to viscoelastic equations can be
found in Refs. [24, 25]. Maximal dissipative solutions applying the weak-strong uniqueness were analyzed in Lasarzik
[26].

The aim of this paper is to develop a relative energy concept for the viscoelastic phase separation model. We will fur-
ther derive the weak-strong uniqueness principle for the viscoelastic phase separation model. For the two-dimensional
case, the weak-strong uniqueness result is unconditional. Furthermore, we state the corresponding results in three space
dimensions requiring the existence of a global weak solution. Finally, by combination with the results of Brunk et al. [25],
we derive a conditional weak-strong uniqueness principle for the full model in three space dimensions.

2 | MATHEMATICAL MODEL

The total energy of the polymer-solvent mixture consists of the mixing energy between the polymer and the solvent, the
bulk stress energy, the elastic energy and the kinetic energy [5, 6].

E[ot(¢a q, C7 u) = Emix((;b) + Ebulk(q) + Eel(c) + Ekin(u) (2-1)
- / (L1vel* + F@)) dx + / %qz dx + / Gtr(T — 2In(C) — I)) dx + / %lulzdx.
Q Q Q Q

Here, ¢ denotes the volume fraction of polymer molecules, gI the bulk stress arising from polymeric interactions, C the
viscoelastic conformation tensor and u the volume averaged velocity consisting of a solvent and a polymer velocity. Fur-
thermore, ¢, is a positive constant controlling the interface width and F(¢) is a generally nonconvex mixing potential. The
viscoelastic phase separation model has been derived in Refs.[5, 7] from Equation (2.1) applying the GENERIC method-
ology [27, 28] or the virtual work principle [29]. We note that a direct application of the GENERIC approach would yield
nondissipative time evolution of viscoelastic effects as shown in Zhou and Zhang [3]. Motivated by the recent works [30],
[31], where dissipative viscoelastic models were introduced, we add in the time evolution of the bulk stress gI and confor-
mation tensor C additional dissipative terms. Being in the isothermal case, the dissipative operators act on the variational
derivative of the energy. This directly applies for the dissipative term in the bulk stress equation and can be generalized
also for the equation of the conformation tensor C using a suitable nonlinear function of i—i. Consequently, the resulting
system of partial differential equations is of damped Hamiltonian type and reads

0

a_f + u- Ve = div(m($)Vu) — div(n(@)V(A$)q))

% | 4.vg = ——L g AU - AGIVRG)VH) + £1Aq

ot 7p(4)

3—;‘ +(u- V)u = div(n(¢)Du) — Vp + div T + Vou .
%—f +(u-V)C = (Vu)C + C(Vu)" — h(p)tr(C) [T — I] + £,AC

div(u) =0 T = tr(C)C U= —cyA¢p + F'(¢).
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Here, Du denotes the symmetric velocity gradient of u. System (2.2) is formulated on (0,T) X Q, where Q C R d=
2,3 with a convex Lipschitz-continuous boundary. It is equipped with the following initial and boundary conditions,
respectively,

(¢’ q.u, C)l;:o = (¢0’QO’uO’CO)’ an¢|ag = an:ulag = anqlag = Oa ulag = Oa anclag =0. (2-3)
In what follows, we formulate several assumptions on the model parameters.
Assumptions 2.1.

* The functions m,n, h, 7,1y, A are continuous and positively bounded from above and below by m,, m, respectively.
» We assume that n*(s) = m(s).

* Weassume that A € C'(R) with || A’ ||y < A", A" 2 0.

» We assume that F € C*(R) with constants €1,¢3; >0, i=1,..,2andcy > 0such that:

[FO(X)] < eyilx|P7 + ¢y, i=0,1,2and p > 2, F(x) > —c3, F"(x)> —cy. (2.4)

An example of such a potential is the well-known Ginzburg-Landau potential F(¢) = ¢*(1 — ¢)?. For the relative energy
proof, we require in addition to Assumption 2.1 the following set of assumptions.

Assumptions 2.2.

* The functions m,n, h, tp, A are CY(R) and the L®-norm of their derivatives are bounded.
* Weassume that A € C*(R) with [|A" || ey < 00
 Weassume that F € C3(R)with p < 4and |[F"'(x)| < ¢13]x| + ¢33, ¢13,¢23 2 0.

3 | PRELIMINARIES

In this section, we introduce a suitable notation and recall some well-known analytical tools. The space-time cylinder and
the intermediate space-time cylinder are denoted by Qy := Q % (0,T),Q, := Q% (0,t),fort € [0, T], respectively. For the
standard Lebesgue spaces LP(Q), the norm is denoted by || - || I Further, we denote the space of divergence free functions

by

Il

2 d ._ d
L3 (@ 1= C2 (@) . (1)

We use the standard notation for the Sobolev spaces and introduce the notation V' := H é div(Q)d, H .= L(Zﬁv(Q)d. The space
V is equipped with the norm || - ||;, := ||V - ||,. We denote the norms of the Bochner space L?(0, T; LI(€2)) by || - o (ra)-

Lemma 3.1 [32]. Letd = 2 and C : Q — R?*? be a symmetric tensor and letu : Q — R? be a solenoidal vector field. Then
the following identity holds true

tr(C)C : Vu = %[(Vu)C +C(Vw)] : C. (3.2)
Theorem 3.2 [5]. Given the initial data (¢, o, Uy, Cy) € [H'(Q) X L?(Q) x H x L*(Q)**?]. Let Assumptions 2.1 hold. Then

forany T > 0, there exists a global weak solution (¢, q, 1, u, C) of Equation (2.2) in the following sense

¢ € L®(0,T; H'(Q)) N L*(0, T; H3(Q)), ql,C € L®(0, T; L*(Q)***) n L*(0, T; H' (Q)**?),

u e L®0,T;L*(Q)?*)NnL*0,T;V), A¢, A($)q, u € L*(0,T; HY(Q)),
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|
% € L2(0, T; (H'(Q))*), aait ‘Z—f € L*3(0, T; (H' (Q)>%)%), 3—‘; € L*(0,T;V*), (3.3)

and for any test-function (,¢, £, v, D) € [H'(Q)} X V x H'(Q)**?*] and a.e. t € (0, T) we have

5]
/ a—fzp dx + / (u-Veoypdx + / m(¢)Vu - Vipdx — / n(¢)V(A(p)q) - Vipdx =0
Q Q Q

Q

dq q¢ _
Q/ Eg’dx + Q/ (u-Vg)dx + ! ) dx + Q/ (V(A(p)q) — n(p)Vuw) - V(A(P)) dx + b/ g Vqg-V¢dx =0

/,u§' dx — / oV - VEdx — /F’(¢)§ dx=0 (3.4)

Q Q

Q
/g—‘;.vdx+b(u,u,V)+/77(¢)Vu : Vvdx+/tr(c)c : Vvdx—/,qub-vdxzo
Q Q o 5

oc

ot

: Ddx + B(u,C,D) — / [(VwC + Cc(Vw)T] : Ddx + / & VC : VDdx = — / h(p)tr(C)[tr(C)C —1I] : Ddx.
Q Q

Q Q

The weak solution satisfies the initial data (¢(0), q(0), u(0), C(0)) = (¢o, qo, Uy, Cp). Moreover, the energy inequality

[ L1981 + FG) + 3190 + 31l + JICOI dx
Q

1

Tb(¢)q2 +&,|Vql* + n(¢)|Dul’ + %wcﬁ + %h(cﬁ)ltr(C)Clzdx dr (3.5)

<- / In(@)Vi — VA@I +

Q

+3 [ KOO dxdr+| [ LIV + FGO) + 31a0)F + SO + 31CO) dx
o, Q

holds for almost all t € (0,T).

Remark 3.3 (Regularity). In Brunk and Luka¢ova-Medvid'ov4 [6], it is shown that ¢ € L?(0, T; H3(Q)). This a priori bound
is obtained from the elliptic regularity theory by observing that u, F’(¢) is bounded in L?(0, T; H'(Q)) for a suitable growth
of F’. A sufficient condition is to restrict the potential growth in Assumptions 2.1to p < 4. Note that the Ginzburg-Landau
potential typically used in physical applications satisfies this condition.

By a more careful inspection one can show that Z—f € (L%(0, T; HY{(Q)®2) n L*(0, T; L*(Q)**?))*. Indeed, it is clear
that C € L*(0, T; L*(Q)**?), since L*(0, T; H(Q)*?) n L*®(0, T; L>(Q)**?) < L*(0, T; L*(Q)**?). Consequently, applying
the Holder inequality, we obtain that the term ||(Vu)C|| LA/3(L4/3) is bounded as well. Thus, by a comparison in Equation
(3.4)5, we observe that

o
ot

(L2(0, T; (HL(Q)>2)*) 0 L/3(0, T; L/3(Q)>2)) = (LX(0, T; HX(Q)>2) n L*(0, T; L*(Q)*2)) . (3.6)

Remark 3.4. Let us explain the conceptual difference between the total energy E;,, from Equation (2.1) and the energy

functional [ %|V¢(t)|2 + F(¢(1)) + %lq(t)l2 + élu(t)l2 + ilC(t)l2 dx from Equation (3.5). The total energy E,,; dissipates
Q

in time, that is,
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Epor(1) + / IN() Vit = VABD: + ——* + &1Vl +1($)Dul?
/ ()

2
+ %IVtr(C)lz + %2 c1/2vec-12| 4 %h(cﬁ)tr(c)ztr[T + T — 20] < B,y (0) G.7)

which is consistent with the second law of thermodynamics. On the other hand, this is not necessarily true for the func-
tional in Equation (3.5), due to the term h(¢)|tr(C)|? on the right-hand side. By inspection of the dissipation term of the
total energy, one can see that this term is part of a more complex dissipation mechanism involving the stress tensor T.
Hence, this functional plays the role of an additional Lyapunov functional for a two-dimensional model (2.2). Note that in
order to define properly the total energy E;;, the positive definiteness of C is required, while it is not needed for the energy
in Equation (3.5). Consequently, in two-dimensional model (2.2), we may profit from an additional energy inequality (3.5)
in order to derive suitable a priori estimates and prove the existence of the corresponding weak solutions [5, 7]. We refer
a reader to our recent work [25], where we have studied positive definiteness of C for three-dimensional Navier-Stokes-
Peterlin system, that is, the Navier-Stokes equations with the evolution equation (2.2), for the conformation tensor C, and
proved the existence and conditional weak-strong uniqueness result.

Remark 3.5. In three space dimensions, we expect a similar existence result to hold true for the viscoelastic phase separa-
tion model. To prove the existence of weak solutions to three-dimensional model (2.2), we can only apply energy inequality
(2.1) instead of Equation (3.5). For three-dimensional Navier-Stokes-Peterlin model, the existence of weak solutions was
proven in Brunk et al. [25]. Combining the techniques from Brunk et al. [25] with those of Brunk and Lukacova-Medvid'ova
[5], we expect that the existence proof can be extended to the rest submodel for (¢, g, 1t). Consequently, we assume the
existence of weak solutions with the following regularity for 0 < § <« 1

¢ € L®(0, T; H'(Q)) N L*(0, T; H*(Q)), gL, C € L®(0, T; L2(Q)**?) n L*(0, T; HY(Q)*?),

ue L*0,T;H)nL*0,T;V), A¢, A(p)g, u € L3/3(0, T, WH3/3(Q)),

n(@)Vu — V(A(p)q) € L*(0, T; L*(Q)), (3.8)
o dq ac u

— € L*(0,T; (HY{(Q))"),

T € L*9(0, T; (Wh3/2(Q))*), 5 € L¥3(0, T; (HY(Q)¥4)"), 5 € L*3(0,T; V*). (3.9)

at

The loss of regularity of g and correspondingly of the higher derivative of ¢ is expected, since the uniform bounds for Vu
follow from the bounds of V(A(¢)q). The latter are weaker due to different exponents depending on the space dimension
in the interpolation inequalities. A rigorous proof of the existence of weak solutions for three-dimensional model (2.2)
goes beyond the scope of the present paper and is a topic of our future work.

Definition 3.6. A quadruple (¥, Q, 7, U, H) is called a more regular weak solution if it is a weak solution, cf. (3.3), (3.4),
and additionally enjoys the regularity

H € L*(0, T; L®(Q)**?),
3Q

Q € L*(0,T; L=(Q)) n L*(0, T; W-4(Q)), 5 € L*(0,T; (H'(Q))"),
U € LY0, T; L®(Q)?*) n L3(0, T; W3(Q)?), %—? € L%(0,T; V™), (3.10)

T
/Iln(l,b)Vﬂ — VA, + ldiv[n@)Vz — VA + Idiv(Up — m@)Va + n@)VA@)Q)Idt < C. (3.11)
0
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Definition 3.7. We call (¢, g, u, C) a strong solution of Equation (2.2) if it is a weak solution, that is, Equations (3.3), (3.4)
holds, and it enjoys the additional regularity

¢ € L®(0,T; H*(Q)) N L*(0, T; HX(Q)), ueL®0,T;V)NL*0,T; H*(Q)* N V),
gL, C € L®(0,T; H'(Q)**?) n L*(0, T; H*(Q)*>*), K, A($)q € L*(0,T; HX(Q)),
d¢ dq du aC ) s oV _ C(EL(O)2)*
303030 9 € L*(0,T; L*(Q)), 3 €L (0,T; (H (Q)7)"). (3.12)

Remark 3.8. Clearly, a strong solution in the sense of Definition 3.7 is a more regular weak solution, cf. Definition 3.6.

Lemma 3.9 (Gronwall). Let t > 0 and f € L'(ty, T) be non-negative and g, ¢ continuous functions on [ty, T]. If ¢ satisfies

t
o) < g(t) + / f(s)p(s)ds forallt € [ty, T] (3.13)
lo
then
t t
o) < g(t) + /f(s)g(s) exp /f(r)dr ds forallt € [t,, T]. (3.14)
{o s

Proposition 3.10 ([33], [32]). For any open set Q ¢ R%,d = 2,3, it holds that the forms

b(u,v,w) = /(u- V)v-wdxand B(u,C,D)= /(u- V)C : Ddx (3.15)
Q Q

are continuous and trilinear on V. x V xV and V x H'(Q)™9 x H'(Q)?*4, respectively. Further the following properties
hold:

b(u,u,v) = -b(u,v,u), uevV,veH\ Q) B(u,C,D) = —-B(u,D,C), ueV,C,DeH(Q)¥. (3.16)

4 | RELATIVE ENERGY

In this section we will introduce the notion of relative energy for our viscoelastic phase separation model (2.2). Focusing
on the phase-field equation the usual approach in the framework of the Allen-Cahn equation [20] and the Cahn-Hilliard
equation [34] is to neglect the potential F(¢) in Equation (3.5); and build a relative energy only on the gradient part.
However, due to the cross-diffusive coupling of the volume fraction (3.4); and the bulk stress equation (3.4), in the energy
inequality (3.5), this is not applicable in our model. Furthermore, in the context of phase separation, the potential F is
nonconvex. Similarly to Lattanzio and Tzavaras [35], the potential can be convexified by adding a quadratic penalty term.

We define the relative energy £(¢, g, u, C|p, Q, U, H) of a weak solution (¢, g, u, C) of Equation (3.4) and the functions
(¥,0Q,U,H) as

£(¢’ q.a, C|¢’ Q’ U, H) = 8mix(¢|¢) + 8bulk(q|Q) + 8kin(u|U) + 8el(C|H)’ (4-1)

Ens(@1D) = [ D1V6 = VYP + F@) — F§) - Q)P - )+ a@ = ) dx, a 20

Q

1 1 1
EnnalQ) = [ 3la- 0 dx, €(alv) = [ Jru-vPdx. ecim = [ jic-Hax
Q Q Q
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The penalty parameter a > 0 in &,,;, is chosen such that the relative energy is non-negative. Consequently, the potential
together with the penalty term will be convex. Using the Taylor expansion we can find

F$)~ F§) = F )4~ 9) = 2~ 9 > - (o - 91 (4.2)

Note that z is a suitable convex combination of ¢ and . Here, we have used the fact that the second derivative of F is
bounded from below by —c, for ¢4 > 0, cf. Assumptions 2.1. Considering the full mixing relative energy &,,;,, we can find

Ens@19)2 [ 21v9- vy + (a= 2 )@ -y dx (43)
Q

which is non-negative for 2a > c,. Furthermore, one can observe that for 2a > ¢,
&($,q,0,Clp,Q,U H)=0<= ¢p=19%,g=Q,u=U,C=Cae.in Q. (4.4)

In what follows, we formulate several helpful results which will be needed later.

Lemma 4.1. Let Assumptions 2.1 hold. Further, let ¢, € L®(0,T; H'(Q)) N L*(0,T; H*(Q)), Q € L*(0,T;L®(Q)) N
L*0, T; W5(Q)). Then the integral

t
I = / IVA@) — AG)Q)I de .5)
0

can be bounded by the relative energy as follows:

t
I < c/ g — YIIVQIS + V¢ — VHIZIQIZ + (VI + VI — I IQIZ dr
0

t

<c [ En@IVQI +1QI% + VRIS + IVYIDIQI ] dr. (6)

0

The proof is done be expanding the gradient and applying the Hélder and Young inequalities. Clearly, due to the
assumed regularity of ¢, 9, Q, the last term in the bracket is - integrable in time, which will be used latter to derive
the relative energy inequality, cf. (5.42), (5.43).

Lemma 4.2. Let (¢, q,u,C) be a global weak solution satisfying Equations (3.3), (3.4) and (3, Q, U, H) arbitrary functions
satisfying

Y € L*(0, T; H3(Q) N H'(0, T; (H'(Q))), Q € L0, T; H'(Q) n H' (0, T; (H'(Q)"), (4.7)
U e L*0,T; V) nHY(0,T; V*), H € L*(0, T; L*(Q)>?) n L*(0, T; HY(Q)>),
oH

*

57 € (LO.T HY(QP) n L0, T LA(Q)>))

Then the following identities hold for a.a. t,s € (0,T)

t
0 0
/ V() - V() — V(s) - Vib(s) dx = — / / 20 ppe) + 29025 axar,
s Q

Q
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8 of 25 m BRUNK AND LUKACOVA-MEDVIDOVA

0
/ BOPD) ~ HsYY(s) dx = / / P40+ 40702 dxar,

[ awaw - aewax= / / 90) 00+ 028 e,

Q
/ u(t) - Ut) — uls) - U(s) dx = / / MO G +u) - 61;51') dx dr,
Q
/C(t) H(t) — C(s) : H(s)dx //6C(r) H(7) + C(7) : ?dxdf. (4.8)
Q

Proof. One can follow the procedure in Emmrich and Lasarzik [36] to prove such integration by parts formulas by
approximation with a smooth functions and corresponding limiting process. |

The following result for the relative energy holds for the viscoelastic phase separation model (2.2) in two space
dimensions.

Theorem 4.3 (Relative energy, d = 2). Let (¢, q, 4, u, C) be a global weak solution satisfying Equations (3.3), (3.4) starting
from the initial data (¢, qo, 0y, Cy). Let (¥, Q, 7, U, H) be a more regular weak solution in the sense of Definition 3.6 on
(0,T™); T < TV, starting from the initial data (3y, Qq, Uy, Hy). Further, let Assumptions 2.2 hold.

Then, the relative energy given by Equation (4.1) satisfies the inequality

t

E@)+bD < E(0) + /g(r)é‘(r) dr (4.9)
0

foralmostallt € (0,T"). Here g € L'(0, T") is given by Equation (5.43) and b > 0. Moreover D is given by

D= [ |9k~ V) - VA@)q - Q)| + (g~ QP +lVq - VOl drdr (410)

+ /n(qb)lDu - DU* + %h(qb)tr(C)z(C —H)?+ %ch — VH|* dx dr.

Q

Remark 4.4. The proof of Theorem 4.3 will be presented in Section 5 and consists of the following steps:

1. Suitable decomposition of the relative energy into the energy of the weak solution, the energy of the strong solution
and a remainder term.

2. Expansion of the remainder term by inserting the weak solution as test function for the strong solutions and vice versa.

3. Derivation of the relative dissipation functional and estimates of all remaining terms by means of the relative energy
and the relative dissipation to derive a Gronwall-type structure. Application of the Gronwall inequality.

Up to our best knowledge, the question of relative energy estimates for full three-dimensional viscoelastic phase sepa-
ration model (2.2) is an open problem in general, cf. [25]. In what follows, we formulate the result for the relative energy of
the so-called reduced viscoelastic phase separation model in three space dimensions. Hereby, we assume that viscoelastic
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effects are restricted only to the bulk stress gI omitting the conformation tensor C from the model, that is,

3
a_(f +u- V¢ =div(im(¢)Vu) — div(n(¢)V(A($)q))

%9 4w Vg = -1 gt APAAB) - AGVB)) +61Ag

3t () (4.11)
g—‘: + (u- V)u=div(n(¢)Du) — Vp + Vou

div(u) =0 U= —cyAp + F'(¢).

For this reduced model the total energy (2.1) and the energy functional (3.5) coincide and we denote

C 1 1
Bra= [ S1V9F +F @)+ 307+ 1wl (412)

Q

Of course, this implies a reduced relative energy &,.4 by the same arguments as in Equation (4.1).

Theorem 4.5 (Relative energy, reduced model, d = 3). Let (¢, q, 4, w) be a global weak solution of the reduced viscoelastic
phase separation model starting from the initial data (¢, qo,0g). Let (¥, Q, w, U) be a corresponding smooth solution on
O, T, T <T, starting from the initial data (3, Qy, Uy). Furthermore, let Assumptions 2.2 hold.

Then the relative energy given in (4.1) satisfies the inequality

t

Eoa(t) + bD < E,0(0) + / (D)€ 0a(0) dr (413)
0

for almost all t € (0,T"). Here g € L'(0,T"), see Equation (5.43) for a precise expression, and b > 0. Moreover D is given
by

2
D= [ |n@)Vk= V) = VA@q - Q)| + (= QF + Vg~ VQI +7(@)Du-DUP dxdr. (414
Q

Proof. In order to prove this result, we will use only estimates for ¢, 1, g, u and ¥, 7z, Q, U that are valid also in three space
dimensions. The desired result then follows by neglecting the contributions of the conformation tensors C and H in the
proof of Theorem 4.3. O

Remark 4.6. For convenience, we assumed that (3, Q, 7z, U) is a smooth solution. In our recent paper [37], it was shown
that the required regularity of a smooth solution of a three-dimensional reduced viscoelastic phase separation model 4.11
is

P € L0, T; H{(Q)) N L*(0, T; H3(Q)), % € L3200, T; (WH/3(Q))"),
Q € L®(0,T; L*(Q)) N L*(0, T; L*(Q)) N L*(0, T; W15(Q)), aa—? € L*(0,T; (H'(Q))"),
U € L®(0,T; H) N L*(0, T; L®(Q)?) N L2(0, T; W13(Q)>?), aa—ItJ e L*(0,T; V™), (4.15)

T
/Iln(¢)Vﬂ — VA, + ldiv[n@)Vr — VA, + [Idiv(Up — m@)Va + n@)VA@GQ)I5dt < C. (4.16)
0
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10 of 25 m BRUNK AND LUKACOVA-MEDVIDOVA

Further, it was shown in Brunk et al. [25] that in order to use the relative energy for three-dimensional Navier-
Stokes-Peterlin model, one has to assume that C € L5(0,T;L"(Q)) with 243 <land 2<s<o and 3<r < oo.
Thus, in order to work with the relative energy for full three-dimensicinalrViscoelastic phase separation model
(2.2), the above additional regularity for C needs to be assumed as it is not known to be fulfilled by a weak
solution. Combination of Theorem 4.5 with the relative energy result in Brunk et al. [25] implies the following
result.

Corollary 4.7 (Conditional relative energy, d = 3). Assume that (¢, q, 4, u, C) is a global weak solution of the viscoelastic
phase separation model (2.2) starting from the initial data (¢, qo, 0y, Cy), such that C € L5(0,T; L"(Q2)) with % + ; <land

2<s<ooand3<r<oo. Let (,Q,m, U, H) be sufficiently smooth solution of Equation (2.2) on (0,T"); T" < T, starting
from the initial data (3, Qg, Uy, Hy). Furthermore, let Assumptions 2.2 hold.
Using the modified relative energy

£ = Enie@19) + Ein@1Q) + Exgy (lU) + Z (€ — DI + &, (CIFD (“17)

forall B > 0, the following conditional relative energy estimate holds

t

E4(t) + bDrg < £,4(0) + / g(DEs(D) dr 418)
0

for almost all t € (0, T") with b > 0 and a suitable D-.

The above relative energy inequalities can be used to obtain the corresponding weak-strong uniqueness principles.

Theorem 4.8 (Weak-strong uniqueness, d = 2). Let (3, Q, U, H) be a strong solution of the viscoelastic phase separation
model (2.2), cf. Definition 3.7. Furthermore, let the assumptions of Theorem 4.3 hold and initial data coincide, that is, ¢ =
Yo, Qo = Qp, ug = Uy, Cy = Hy. Then any weak solution (¢, q,u, C) coincides with the strong solution (1, Q, U, H) almost
everywhere in Q x (0, T").

From the proof of Theorem 4.3, it will be clear that the above result holds also for the more regular weak solutions in
the sense of Definition 3.6.

Theorem 4.9 (Weak-strong uniqueness, d = 3). Let (3, Q, U) be a smooth solution of the reduced viscoelastic phase sepa-
ration model. Furthermore, let the assumptions of Theorem 4.5 hold and initial data coincide, thatis, ¢y = Py, qo = Qg, Uy =
Uy,. Then weak solution (¢, g, w) coincides with the smooth solution (, Q, U) almost everywhere in Q x (0, T").

Remark 4.10. Similarly, using Corollary 4.7, we obtain a conditional weak-strong uniqueness result in three
space dimensions.

Proof (Theorem 4.8). Using Theorems 4.3 or 4.5 and 3.9, and realizing that £(0) is non-negative and constant in time,
t

we find that £(t) < £(0) exp(/ g(r)dz) holds for almost all ¢ € (0, TT). Moreover, by construction £(0) = 0 if and only if
0
b0 = Yo, q0 = Qp,ug = Uy, for d = 2,3 and Cy = H for d = 2, a.e. in Q, see Equation (4.4). O
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5 | RELATIVE ENERGY PROOF

The aim of this section is to prove Theorem 4.3. First, we will decompose the relative energy into the energy of the weak
and the strong solution and the correction terms. Afterwards, the correction terms are expanded by testing the weak
solution with suitable functions arising from the more regular solution and vice versa. In the second step, we recollect
corresponding integrals to derive a structure suitable for the Gronwall lemma, cf. (4.9), and estimate the remaining terms.
We note in passing that we will estimate all quantities related to (¢, u, g, u) and (3, 7, Q, U) only using estimates that are
also valid in three space dimensions. The contribution of the conformation tensors C and H is treated by means of special
two-dimensional inequalities.

5.1 | Decomposition of the relative energy

The aim of this section is to decompose the relative energy. For better readability, we introduce

z=($,q,u,0), z=%,QUH), z|Z=(4qu0)|%, QU H). (5.1)
We start by decomposing the relative energy into two independent energies and a correction term.
E(z|2)(t) = E)(t) + E(2)(t) — DE(z|2)(t) < =D + R + E(2)(0) + E(2)(0) — DE(z|2)(t)
< =D + R + £(z]|2)(0) + DE(z|2)(0) — DE(z|Z)(8). (5.2)

Here, we have used the energy inequality (3.5) for the weak and a more regular solution. Further, we denote by D the
dissipative term from the energy inequality, by R the non-dissipative remainder terms and by D& the correction terms
given by

D= / In@Vi - vea@g)| + — ¢)+sl|Vq| +7@)IDul’ + Sh@(C?(CI’ + 2|vCP du dr

2
+ / @)V = VAW + =S+ VO + nIDUP + A2 + 2|V dx dr,

(IP)
Q;
R =1 / h(@)tr(C)? dx dr + = / h()tr(H)? dx dr, (5.3)
Q Q

DE(z|Z)(t) = / oV - Vip + 2F@) + F' () —9) — a(d — > + qQ +u - U + %c : Hdx.
Q

Applying Lemma 4.2 to the difference DE(0) — DE(t) in Equation (5.2) we find

t

DE0) — DE() = —/ <%D€>(7)dr = co/ 0@ )A‘(,b( )+ %AQS( )Ydxdr (5.4)
0 I
- [ raeen-son 2 s rae( B2+ B2 e 69
a
+2a / 2D 40) — wn + 22 y0) - (e dxar (56)
Q
/ 99 o) + 90 2% axar 5.7)
Q;
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- / a‘;(:) U + () - al;gf) dx dr (5.8)
&
1 [oc(k) GH(7)
—5/ 3 : H(t) + C(7) : 3t dxdr. (5.9)
Q

In the following subsections, we will expand all the above terms suitably. From the obtained terms and the corresponding
terms in D, cf. (5.3), we will construct D, cf. (4.10).

5.2 | Navier-Stokes equation

We start with term (5.8) and insert u, U as test functions in the weak formulation (3.4) for U, u, respectively,

du(r) JU() o
— / T U(7) + u(r) - 3 dxdr = kz_:lIu’k =
Q =

= / [7(¢) + n(¥)|Du : DUdx dT+/tI‘(C)C VU + tr(H)H : Vudxdr

'Qt Ql
t
- / uVe -U+ 7V -udxdr + /b(u, u,U) + b(U,U,u)dr. (5.10)
Q 0

Considering the first integral I, ; and the corresponding terms of the dissipation (5.3), that is, the fourth term (5.3); 4
of D and tenth term (5.3); 1 of D, we find

Pri== [ 9@IDuP 47DV drdr+ [ (@) + 00w : DUGxer

Q, Q
=— / n(¢)|Du — DU|? dx dr — / [n(®) —n(¢)]DU : (DU — Du)dxdr

Q Q

1 !’
<~ [ n@)Du-DUP dx e + el 0/ I$ = #ll5IDUlL || Vi(@)(Du ~ DU) | dr

Q

t
S—(1—5)/n(gb)lDu—DU|2dxdT+c(;71,n’,5)/8(1’)||DU||§dr. (5.11)
Q 0

The convective terms, that is, I, 4, by integrating by parts and adding —b(u — U, U, U) = 0, implies

t t

P, := / b(u,u,U) + b(U,U,u)dr = /b(u, u,U) —b(U,u,U)dr

0 0
t t
:/b(u—U,u,U)—b(u—U,U,U)dfs c/ [la — Ul5]|Va - VU], ||IU]|g dr (5.12)
0 0
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t
26 / 7(¢)|Du — DU dx dt + (8, 1) / lu—Ul3|IU|} dr
Q, 0

IA

IA

t
25/17(¢)|Du — DU2dx dt + (5, ;71)/ IUlI¢&(D) dr.
Q 0

The remaining terms are the coupling terms to the other variables (¢, g, C) and will be treated in what follows.

5.3 | Equation for the conformation tensor

We recall that all estimates involving the conformation tensor, that is, C and H, presented in this subsection are done in
two space dimensions. We proceed with the time derivatives of the conformation tensor C, H, cf. (5.9)

1 [9Ck) GH(7) o~
- 5/ TR H(7) + C(7) : 3t dxdr = ZIC,k =
o k=1
=c, / VC : VHdxdr + % / h(P)tr(C)*C : H + h(®)tr(H)’H : Cdxdr
Q Q

t

- % / h(@)tr(C)tr(H) + h()tr(H)tr(C) dx dr + / %B(u, C.H) + %B(U, H,C)dr

Q 0
- % / (Vu)C : H+ C(Vu)’ : H+ (VU)H : C+H(VU)T : Cdxdr. (5.13)
(o)

First, we treat the term I 3 together with the remainder terms R of (5.3),, that is, the second term (5.3), , and first term
(5.3),1 of R. Adding +h(¢)tr(H)? implies

Pyi=1 / R@(C)? + h(P)tr(HY? — h($)(C)r(H) — h($)tr(H)tr(C) dx de

Q

3 [ HIH©) — T + [h8) ~ h@CED? — [K(P) — W ED(C) e

Q

% / h(@)[tr(C) — tr(H)]* — [h(®) — h(¢)]tr(H)[tr(C) — tr(H)] dx dr < ¢ / 1+ hy + W |2, IeEDIDER) dr.
0

Q

(5.14)

Next we treat the terms emitting from diffusion, that is, I¢;, together with corresponding dissipation term in
Equation (5.3), that is, the sixth and twelfth terms (5.3) ¢, (5.3)1 12

—P, := %2/ IVC] + |[VH)? - 2VC : VdedT=—%2/|VC—VH|2dxdT. (5.15)

Q Q
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Further, we consider the relaxation term, that is, I¢ ,, together with the dissipation terms of Equation (5.3), that is, the
fifth and eleventh terms (5.3); 5, (5.3)1.1;. Adding first +h(¢)tr(C)*|H|? and +h(¥)tr(C)*H : (C — H) yields

Ps i=-— % / h(E(C)2(C)? + h(@)r(H) [H|? — h($)tr(C)2C : H — h(P)tr(H)?H : Cdxdr

Q

= - 3 | H@NH(CP (€~ HY + h@r(CY (€~ H) : H 4 () (H - ©) : Hdxdr

0%

== [ HOUEP(C 1P + (h$) ~ hp)u(CPH : [C— H]dxdr
Q

- % / h($) [tr(C)? — tr(H)?|H : [C — H] dx dr. (5.16)

&
To estimate the above terms, we rewrite tr(C)? — tr(H)? as [tr(C) — tr(H)][tr(C) + tr(H)] and obtain
t
1 2
Py <=1-8)5 [ h@(©P(C - 1Y drdr+ e(h8) [ L6 = I IO e
Q 0

t

2
+c(h, 6) / IC — HII3 I HZ[1te(C) + tr(HD)|[; dz + 8] VC — VHI|Z(;,
0

t

</_(1 — O W(@(CP(C — HY dx de + 8] VC — VH o) +c e@(IHIL IO + 1tr(©) + trEDIFIHIE ) dr.

- 2
o 0

(5.17)
For the convective term of the conformation tensor, that is, T¢4, we add B(u,C,C) =0, B(U,H,H) =0 and
+B(u, H, C — H) to derive
t t

/ B(u,C, H) + B(U,H,C)dr = —% / B(u,C,C — H) — B(U,H,C — H)dr (5.18)
0 0

1

P6 :ZE

t t
=—%/B(u,C—H,C—H)+B(u—U,H,C—H)dr=%/B(u—U,C—H,H)dT
0 0

t
55/|VC—VH|2dxdr+5/n(¢)|Du—DU|2dxdr+c(n)/||u—U||§||H||jdf.
0

Q Q

The last term is I¢ 5, which will be treated together with I, ,. Here, we apply Lemma 3.1 and add the terms +VU(C —
H) : H, +(C — H)(VU)T : H to obtain

P; i=— %/(Vu)C :H+C(Vw)! : H4+(VU)H : C+H(VU) : Cdx dr+/tr(C)C : VU + tr(H)H : Vudxdr

Q Q

- %/(Vu)C “H+C(Vw)! : H+(VUH : C+H(VU) : Cdxdr

Q
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+ % / (VWH : H+ H(Vu) : H+ (VU)C : C+ C(VU) : Cdxdr

Q

=—7 / [(Vu)(C— H)] : H + [(C - H)(Vu)] : Hdxdr

Q

+ / [(VU)XC-H)] : C+ [(C—H)VU)| : Cdxdr

Q
=-7 / [(Vu— VU)C - H)] : H+ [(C— H)(Vu— VU)| : Hdxdr
Q
+ % / [(VUO)XC-H)] : (C—H)+ [(C—H)VU)| : (C—H)dxdr (5.19)
t

t

2
<4||Vn@@u-DU)| , | +261VC = VHI 1212, + (7. ) / E@(IVUII3 + I1HI) dr.
0

2

Summing all estimates for P;,i = 1, ..., 7, that is, Equations (5.11), (5.12), (5.14), (5.15), and (5.17)—(5.19), we find

7
> P <(1—40) / n(¢)|Du — DU|* + %wc —~VH|” + %h(d))tr(C)z(C —H)?dxdr (5.20)
i=1

Q

2 2 2
+e / (1+ IDUIE + 1UI + NxCEDI + [16(C) + rCEDIZIELIS + IHIS + IHI, (O} )@ dir.
Q

The only remaining terms are the coupling terms I,, 3, which we treat later.

5.4 | Cahn-Hilliard equation

In this subsection, we consider the integrals arising from Equation (5.5) and find again by a reformulation and applying
suitable test functions the following equality

0 0 o)
- / FI@)6) - pe) o 4 F'(zp(r))( O + ‘gg”) dxdr =

&

5
Ik
k=1

- / Mm@V (F'@) + F' () — ) dx dr + / M@V UV (F () dx de
Q Q

- / nHVABQY (F'@) + F$)(é — ) dx dr — / n(@)V(AG)QV(E () dx de

Q; Q
+ / U-VY(F' @)+ F' )¢ — ¢)) + (u- V@)F'(y)dx dr. (5.21)
&

Furthermore, we expand Equation (5.4) that yields

34(1) P(x) :
co/ %Azp(r) + %A(ﬁ(f) dxdr = ;;Iw( (5.22)

Q
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= —¢ / m(p)VuVAY + m(x)VaVAp dx dr + ¢, / n(@)V(A(P)Q)VAY + n(¥)V(A@)Q)VAP dx dr

Q, Q

— ¢ / (u-Vp)AyY — (U - Vip)A¢p dx dr.
Q

Combining Equations (5.21) and (5.22) and by adding

+mP)VaV(E'($), *(U-VPF'(¢), *n@)VARQV(F'(4)) (5.23)

we derive

5 3
PREOVEDN T / m($)VuVr + m@)VuVr — m@)VaV (F'(¢) — F'($) — F"' ()¢ — ) dx dr
k=1 k=1 o

—/U-V¢(F’(¢)—F’(¢)—F’/(¢)(¢—¢))dxdf+/(u-V¢)7f+(U-V¢)dedT

Q Q

- / R(@)V(AB)GVT + )V (AW)Q) Vi dx d

&

+ / n(IVARDIQV (F'(¢) — F'() — F" )¢ — ¥)) dx dr. (5.24)

&

Finally, by expanding the penalty term (5.6), we find

3 3 :
2a [ 000 -y + K200 - dxir= 3 1 (525)

Q

=—-2a / m(P)Vu(Ve — Vi) + m(yp)Va(Vyp — V¢)dx dr

Q

+2a / n(PVA@DV¢ — Vi) + n(h)V(ARD)Q)(VY — V@) dx dr + 2a / (- Vo) + (U - Vo dxdr.

Q Q

5.5 | Equation for the bulk stress

Due to the cross-diffusive coupling between the Cahn-Hilliard equation (3.4); and the bulk stress equation (3.4),, it is
necessary to consider the correction terms arising from (5.3); together. Therefore, we expand Equation (5.7) into

9q(7) 9Q(7)
— TQ(T) +q(7) T:

Q

dxdr

= [ 25590+ 50+ 26 VaVQ + VAGDTABQ) + VADIQV(AW)) dx de

t

- / R(@)VEVAB)Q) + n)VAVAR)G) — (u - V) — (U - VQ)q dx de

Q
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2 1 1
- - dxd
/ Tb(qb)CIQ + <Tb(¢) @ )qQ + VA@DV(ARP)Q) + VAW)QV(A®R)q) dx dr

t

5

- / NGVUV(APIQ) + n)VaV(AW)) — (u - U) - Vg)Q — 26,VgVQdxdr = Y I (5.26)

a, k=1
Considering the relaxation terms I ; and the corresponding terms in D, thatis, the second and eighth terms (5.3),, (5.3)s
we find

o 1 5 1 2 2 _ 1 _ 1
Py := / 2@ "o Lo <rb<zp> @)

Q

- [ L g-0rdxdr- <1—1>2— dxd
/ () 4@ dxdr / n@ e )@ TIQdxd

& Q

>qQ dxdr

1 ’
s—/ (q—Q)dedr+0/||(1/rb> I lIé = llIQllllg — Qll, dr

Tp(¢)
Q
t
<— Q/ %(q — QP dxdr +c(z}) O/ (IQII3 + 1)E(r) d. (5.27)

Considering the linear diffusion term I, 5 and the related terms in D, that is, the third and ninth terms (5.3);, (5.3)q we
obtain

Py ::—El/|Vq|2+|VQ|2—2VqVdedr:—51/|Vq—VQ|2dxdT. (5.28)
Q Q

All the remaining terms will be absorbed either into a nonlinear diffusive remainder R ,,;;, which is associated to the cross-
diffusive coupling in Equation (3.5) or to a convective remainder R.,,,, which collects the remaining convective terms.
The remainders are given by the following equations.

Rpix == / [n($)Vu — VAP + [n)Vz — VAR)Q)]” dx dr + / m(@VuVr + m)VuVrdxdr  (5.29)
Q; Q

- / n(@)VuV(A(P)Q) + n(¥)VaV(A(p)g) dx dr — / n(¢)VaV(A($)q) + n()VuV(A[Y)Q) dx dr

Q Q

; / VA@DVABQ) + VAB)QVAW)Q) dx dr — 2a / M@VU(VS — V) + m@)Va(V — V) dx dr

Q Q

+2a / n(PVAPD(V¢ — Vi) + n(h)V(ARD)Q)(VY — V¢) dx dz,

Q

Rconv=/(u-V¢)7t+(U-V;b),udxd‘[—/,LLV¢-U+7TV1,D-udxdT+/((u—U)-Vq)dedT
Q Q Q

+2a / (u—U)- Ve)pdxdr — / (U- V) (F($) - F'() — F"($)($ — ) dx de
Q Q;
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- / [m®)Vr — n()VAQPIQ]V (F'(¢) — F' () — F"'()(¢ — ¥)) dx dr. (5.30)
Q
5.6 | Convective remainder term

In this subsection, our aim is to estimate the term R, cf. (5.30). We apply integration by parts, use Equation (2.3), and
add +7U(Ve — Vi), +(u — U)Vy), —(u — U)VQQ. Further, we add the terms +U(¢ — ) V(A(¢p)(g — Q))/n(¢) to obtain
the following representation of R,

Rconv:/nu-(VqS—Vl,b)+,uU-(Vz,b—V¢)dxdr—/((u—U)-VQ)qudT+2a/((u—U)-V¢)z,bdxdf
Q Q

&

=3 [ dvIUY — m@)Vr 4 nVABQN(F" @S — ) dxdr

Q

/n(u U)-(Vp—Vi)+ (Vu— Vo)U(p —¢)dxdr — 2a /(u U) - V(¢ —9)dxdr

Q
- [@-0)-vag- @ drdr -1 [ Uy - m@)Vr + nVADIQNF" GG - 9) dx e
Q, Q

p-9
n(¢)

/ —Vr-(u-U)¢—-9)+U

Q

[n(@) (Vi — V) — V(A($)(g — Q)] dx dr

—Za/(u U)- V(¢ — z,b)dxdr—/(u U)-VQ(g — Q)dxd‘[+/UWV(A(¢)(q Q))dxdr (5.31)

Q &

— 3 [ dvIUp — m@)Vr 4 nVAGQN(F" @)X — ) dxdr

Q
Here z denotes a suitable convex combination of ¢ and ¢. We will now estimate each term of Equation (5.31) separately
and obtain

t

11s/||Vn||3||u—U||z||¢—¢||6drSc/e(r)(1+||Vn||§)dr,
0

0

I, < 8In(@) (Vi — V) = VA@)G — Q)72 + ¢ / 10131 — 1 dr.
0

t

135/IIV¢II3IIu—U||2||¢—¢||6dr5c/€(r)(1+IIV¢II§)dr,
0 0

t

I < / IVQIlglu = Ull,llg — Qll, dr < 81Vg = VQIZs2 + ¢ / £@)1 +VQID dr,

0

Is < C/ 10l 1 — Pligllg — QUILIVEI, + Ul IVg — VQIl,li¢ — Il dT
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t
< C/ 10l 16 = #ligllg = QUi VA5 + Ul IV = VI, Il — I, dr
0

t

<28]1Vq = VQlljog2) + € / E@)A + IVSILIUIIL + I1UI1%,) dr,
0

t
I < / Ildiv(Up — m@)V + n@) VAL [F" @)1 - 9112 de
0

t

< C/ EMIdiv(Up — m@)Vr + n(@)VAD)Q), A + ll¢ll; + lI1Pll;) dr, (5.32)

0

where z is a suitable convex combination of ¢ and . Here we have used Assumptions 2.1 to control ||[F"'(2)||, by c(l|$|l; +
I1l5). Summing all the estimates, we find

6 t
31 <8lIn(@) (Vi — V) = VAB)G — )22z + 3811VG — VQIIFo(p) + / (1+ IV + U + 19915 (533)
i=1 0

HIVQI + IVIZIUIL, + VI, + [4iv(Uy — m@)V7 + n@)VAIQILA + gl + 1) ) @) dr.

5.7 | Cross-diffusion remainder term

This section is devoted to the treatment of Equation (5.29). For convenience, we split the integral further into R ,,,;,., which
contains all diffusive terms without the penalty term and a penalty remainder R,

Roix = Romix + Ry (5.34)

We will first consider R ,,;, given by

R == [ [n@)(Va— V) = V(A@)a - Q) dxdr+ [ () = m@)(Tu— Vm)rdrde
Q

Q

+ / n($)VRV(A$)Q) dx dr — / () VUV (AR)Q) dx d + / n(@)VEV(A@)g) dx de

Q Q Q

- / n()VrV(A@p)q)dx dr — 2/ n(¢)VaV(A(p)Q)dxdr + 2/ n()VrV(A@)Q)dx dr

Q Q &

- / IVARQ)I + / IVA@Q)I dx dr - / VA@)DVAGP)Q) dx dr + / VARG VAG)Q) dx dr.
QI -Qt 'Qt Qt
(5.35)

After simple but tedious calculations, we obtain the following result.

Lemma 5.1. R,,;, can be rewritten as

Ry == [ [n@)Vk— V) = V(A@Na - Q) dxdr+ [ (a) = n@)Valn(@)(Ta— V) - V(@) — Q)] dwde
Q Q

85U8017 SUOLLLIOD BA 1810 3(eol|dde ayy Aq peusenob aJe sspiie YO ‘8sn JO sa|n 1oy AriqiT8uluO A3|1A UO (SUONIPUCD-PUR-SLLLIBYWIOY"AB| 1M ARIq 1 U1 UO//:SdNL) SUORIPUOD pUe SWiB | 8L 88S *[£202/T0/.2] U0 AiqITaullUO AB]IM ‘ZURIN YeYI0![qIgsIIS BAIUN AQ 0¥Z00TZ0Z WLWeZ/Z00T 0T/I0p/L0o" A3 1M AReid 1 |Buluo//:sdny woiy papeojumod ‘0 ‘TO0FTZST



20 of 25 m BRUNK AND LUKACOVA-MEDVIDOVA

+ / V((A($) — APNQ[n(P)(Vu — V) — V(A($)(q — Q)] dx dr

Q

N / <—”<¢’)1(‘¢;“<¢) ) [n($)(Vi — V) = V(AB)G — Q)[n@)V7 — VAW)Q)] dx dr

&

+ / (n(®) — n(@NnP)Vzr — V(ARD)QIV(A(P)(g — Q))/n(¢) dx dr

Q

- / ((A(¢) — A@®))(q — Q))div[n(®) V7 — V(A@D)Q)] dx dr. (5.36)
o

The proof can be found in the Appendix. We will now estimate all the integral separately, which yields

Iy = —IIn(@)(Vi = V) = V(AP = Q)22

t
I < 8||n($)(Vi — V) — V(A@)G — QI 22y + € / 712,19 l1314 — 17 de,
0
t
I, < 8lIn(@)(Vie = Vir) = V(A = Q)22 + / IV((A@) — ABNQ)II; dr.
0
t
I < 8l|n(¢)(Vi — V) — V(A)G — Q)llzg2) + / 17|12, In@)Vz — VA4 - p17 dr,
0

Iy < C/ I[n@)Vr = VA@I, P — DllsIVg — Vell, + Ig = DllsIVell,llg — Qll)
0

<2811V — VQIl} 22y + ¢ / £V — VADQI;A + V413 de,
0

t
Is < C/ ldiv[n(@)Vr — VAN, II¢ — Pllgllg — Qll; dr
0

t

< 511Vg — VQlI7 2 + ¢ / (1 + div[n@)Vz — VABQIIDET) dr. (5.37)
0

Summing up all above estimates for R ,,;,, and applying Lemma 4.1, we conclude

5
31 <~ (1= 38)In@) (Vi — Vi) = VA@)G — )72 + 381 Vg = VIl a2y
i=0

t
+ c/ (VI3 + 1VQIE + 1R, + IVSIZIRIE, + IVHI3IQI, (5.38)
0

+ In@Vr = VA (1+ 19411 ) + Idivin@)Vr - VAWQII; )@ dr.
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Finally, we consider the remainder R,, see Equation (5.34), by adding the terms +2am(¢$)VaV(ep — 1),
+2an($)V(A(P)Q)V(p — ¥), £2an(h)V(A($)Q)V(¢ — 1) leads to

R,=-2a / m(@)Vu(Ve — Vi) + m(y)Vr(Vyp — V¢)dx dr

Q

+2a / VAT — V) + n) VAV — V) dx dr

Q

=-2a / n(@)[n(@)(Vu — Vrr) — V(A($)(q — Q)]V(p — ) dx dr

Q

_2 / (m($) — M)V — P) dx dr + 2a / (n(®) — n)VAGQT(S — P) dx de
Q; Q

+2a / n(P)V((A(p) — APNHQV( — ) dx dr. (5.39)

Q

Similarly as in Equation (5.38), we estimate the integrals of R,

t
Ry < 8ll[n(@) (Vi — V) — V(AN — Q)ll2g2) + € / IV — VI3 + ¢ — plIE VI3 dr
0

t t
+C/|IV¢—V¢II§+|I¢—¢II§IIV¢II§IIQIIio+|I¢—¢II§IIVQII§dT+C/IIV((A(¢)—A(¢))Q)II2IIV¢—V¢||2df-
0 0

(5.40)
Application of Lemma 4.1 implies
Ra < 8lI[(@)(Vi — V) — VAGXNG — )l sz
t
+ c/e<r) |1+ 1V + IVIZIQIE, + IVQIE + QI + QUL IVYIE | dr. (5.41)
0

5.8 | Gronwall-type estimates

In this section, we will collect all estimates derived in the previous sections to deduce inequality (4.9). Summing the
estimates (5.20), (5.27), (5.28), (5.33), (5.38), and (5.41) yields

t

EM)+bD < E(0) + /g(f)é'(r) dr, (5.42)
0

/ E(@g(r)dr = ¢ / E@|[1+ IDUIE + TN + IHI, (Ol + IFI + (DI + [16(C) + (DI
0 0

+IVRIZ + 112, + V7S + IVBIZIQIZ, + IVQIlE + IQIZ, + IQIZ IV + VI U2,

HIn@Vr = VA (1+ 19413 ) + Idivin@)Vr - VA
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+[|div(Up — m@)V7 + n@)VADIL Bl + 1$115)] de. (5.43)

Here, D is given by Equation (4.10) and b < 1 — 68. Thus, by choosing § small enough, we obtain b < 1.

Furthermore, the constant ¢ depends on the upper and lower bounds for the parametric functions, the L* norms
of their derivatives, on the penalty coefficient a and on the size of the domain Q. We can see that for a more regular
solution (¥, Q, 7r, U, H), cf. Definition 3.6, g € L'(0, T") and therefore, we can apply the Gronwall lemma, which yields
Theorem 4.8.

6 | CONCLUSION

We have developed a concept of the relative energy for the viscoelastic phase separation model (2.2). Due to the noncon-
vexity of the potential F, it was necessary to modify the standard approach by introducing a suitable penalty term. We
showed that the relative energy leads to the weak-strong uniqueness principle for the weak solution (3.3), (3.4). In other
words, if the strong solution satisfying (4.7) exists, then all weak solutions coincide with the corresponding strong solution.

In future work, we would like to apply the relative energy inequality in order to analyze the convergence of numerical
methods applied to viscoelastic phase separation model (2.2).
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APPENDIX

Roix == / [n(@)(Vu — V) — V(A($)(g — Q)] dx dr + / (m®) — m($))(Vu — Vr)Vr dx dr
Q

Q

N / n(@)VuV(A@B)Q) dx dr — / () VUV (AG)Q) dx dr + / n(@)VEV(AB)g) dx de

o o Q

- / n()VaV(A®@)q)dx dr — 2/ n(¢)VrV(A($)Q)dx dr + 2/ n(@)VaV(A@)Q)dx dr

Q Q Q
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- / VA + / IVA@Q)P dxdr - / VA V(A@B)Q) dx dr + / V(A V(AG)Q) dx dr.
Q;

o} Q, Q

(A1)

Suitable reformulation yields

R = / ()it — V) — V(A@)q — Q) dx dr + / (n() = n@)((P) + NV — V)V dx dr

Q Q

+ / (@) (Vi — VIV(A@IQ) dx dr — / n@)(Vu - VOV(A@)Q) dx dr

Q &

+ / n(@)VrV(A($)(q — Q))dxdr — / n)VaV(A@)(g — Q) dxdr

Q, Q
- / VA@GQV(AGB)q — Q) dx dr + / VAIQVAG)G — Q) dx dr. (A2)
Q Q

We add +n(®)(Vu — V)V(A(¢)Q) and +n()VaV(A(P)(g — Q)) to find

Rynie = — / (@) (Vi — V) — V(A@)q — Q)] dx dr + / (n($) — n(@)(@®) + n(@)(Vu — V)V dx de
a

o

+ / (n(¢) —n(¥))(Vu — VI)V(A($)Q) dx dr + / n@)(Vu — Vr)V((A($) — A($)Q) dx dr

Q Q

; / (n($) — n@)VAVAG)q — Q) dx dr + / () VIV (AG) — AW))(q — Q) dx dr

Q Q
- / VABQV(AB)(q — Q) dx dr + / VAMQV(AG)G - Q) dx dr. (A3)
Q, Q

First, we add +V(A(®)Q)V(A(¢)(g — Q)) and by rearranging the terms we deduce

Roniz = / ((@)(Vi = V) — V(A)(g — Q)] dx dr + / (n($) — @)V [n(@) (Vi — V) — V(AB)(q — Q)] dx de

& Q

+ / V((A($) — AN (Vu — V) — V(A($)(g — Q)] dx dr

Q

+ / (n®) = n(@)(Vu — Vm)[n(@)Vr — V(A(P)Q)] dx dr
&

+ / V((A(@) — A®))(g — Qn(P)Vr — V(AP)Q)] dx dr. (A4)

Q

Now we add +V((A(¢) — A®))Q)n(¢p)(Vu — V) to derive

Rt = — / (n(@)(Vi — V) — V(AP — Q)] dxdr + / (n() — n(@)Vr[n(@) (Vi — V) - VA — Q)] dx dr
Q Q
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+ / V((A($) — APNQ[n(P)(Vu — V) — V(A($)(q — Q)] dx dr

Q

+ /(n(zp) —n(@)(Vu — Vm)V((A(p) — A(%))Q) dx dt
o

+ / (n(®) — n(@)(Vu — Vo)[n(@)Vr — V(A($)Q)] dx dr
Q

+ / V((A(@) — A®))(g — Q)n(P)V7r — V(AP)Q)] dx dr.

Q
Finally, adding
*(n®) — n(¢)V(AP)g — QnP)Vr — V(ARD)Q)]/n(¢)

implies the desired result

(A.5)

(A.6)

Rt = — / (n(@)(Vi — V) — V(A — Q)] dxdr + / (n($) — n(@)Valn(@) (Vi — V) — V(AB)q — Q)] dx dr

Q Q

+ / V((A(@) — A))Q)[n(@)(Vu — Vrr) — V(A($)(q — Q)] dx dr
Q

N / n(@) —n(¢)

@) [n(@)(Vu — V) = V(AP)q — )[n()Vr — V(AP)Q)] dx dr

&

+ / () [n(®)V7r — V(A@®)Q)IV(A($)(g — Q))dx dr

Q

- / ((A(¢) — A¥))(g — Q)div[n(¥)Vr — V(A®)Q)] dx dz.
Q

(A7)
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