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Abstract

Stepped wedge cluster randomized trials (SWCRT) are increasingly used for the
evaluation of complex interventions in health services research. They randomly
allocate treatments to clusters that switch to intervention under investigation
at variable time points without returning to control condition. The resulting
unbalanced allocation over time periods and the uncertainty about the under-
lying correlation structures at cluster-level renders designing and analyzing
SWCRTs a challenge. Adjusting for time trends is recommended, appropriate
parameterizations depend on the particular context. For sample size calcula-
tion, the covariance structure and covariance parameters are usually assumed to
be known. These assumptions greatly affect the influence single cluster-period
cells have on the effect estimate. Thus, it is important to understand how cluster-
period cells contribute to the treatment effect estimate. We therefore discuss two
measures of cell influence. These are functions of the design characteristics and
covariance structure only and can thus be calculated at the planning stage: the
coefficient matrix as discussed by Matthews and Forbes and information content
(IC) as introduced by Kasza and Forbes. The main result is a new formula for
IC that is more general and computationally more efficient. The formula applies
to any generalized least squares estimator, especially for any type of time trend
adjustment or nonblock diagonal matrices. We further show a functional rela-
tionship between IC and the coefficient matrix. We give two examples that tie in
with current literature. All discussed tools and methods are implemented in the
R package SteppedPower.
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1 | INTRODUCTION

Stepped wedge cluster randomized trials (SWCRT) are a versatile alternative to parallel cluster randomized designs. They
are increasingly popular in health services research for evaluation of complex interventions. In SWCRTSs, the intervention
to be investigated is introduced to clusters sequentially. SWCRTSs are preferably used when logistical considerations make
it feasible to implement the intervention sequentially or when the intervention under investigation is believed to have a
benign effect because all clusters receive the intervention in the course of the study. However, this comes with a higher
model complexity. The planning of SWCRT is challenging, due to many necessary design choices and assumptions on
the correlation structure to be made. Hussey and Hughes (2007) introduced an approach for power calculation based on
generalized least squares (GLS), which has since been refined (see, e.g., Li et al., 2021).

As treatment is allocated to clusters in an unbalanced manner and the proportion receiving the intervention under
investigation is changing over time periods, the evidence contribution of cluster period cells can be highly variable.
Hence, it may even be advisable and efficient to sample patients for outcome assessment in variable numbers for different
cluster-period cells. Tools are needed for displaying the pattern of contributions of cluster-period cells to the treatment
effect estimate.

Kasza and Forbes (2019) proposed the concept of information content, which is essentially the relative change in esti-
mator variance when leaving out one cluster-period cell. Since explicit computation of information content requires
recalculation of a modified effect estimator for every cluster for every time period and is hence computationally expensive,
efficient calculation methods are of interest. Kasza and Forbes (2019) derived a formula that holds for all multiple-period
cluster randomized trial designs with a factor adjustment for the time trend. This formula needs only one matrix inversion
for each cluster-period cell instead of the two matrix inversions needed when computed explicitly.

Matthews and Forbes (2017) explored the coefficient matrix in the context of SWCRT. The intervention effect estimate
is a linear combination of cluster-period cells; each entry of the coefficient matrix denotes the contribution of a particular
cell, which we will call cell contribution throughout this paper.

We will explore these two methods to examine the influence of cluster-period cells on the treatment effect estimator.
Section 2 will specify the setting and briefly explain the standard concept of power calculation for stepped wedge designs,
following the GLS approach of Hussey and Hughes (2007). In Section 3, cell contribution and information content will
be formally introduced. A new method to calculate the latter is derived, which generalizes to nonfactorial time trend
specifications as we disclose the relationship between both measures. This is followed by illustrative examples in Section
4 and a critical reflection in Section 5.

1.1 | Real-world example

The PART-CHILD study evaluates a complex intervention aimed at improving participation centered care for children
with special health care needs in interdisciplinary health care centers. The study is registered at www.drks.de with the
ID DRKS00015054. The effectiveness evaluation is based on a stepped wedge cluster randomized trial implemented in 15
Social Pediatric Centers (Figure 1). All study sites receive the PART-CHILD intervention starting at one of five randomly
allocated time points. After a prerollout period of 3 months, every 3 months three study sites start the intervention and
thus cross from the control to the intervention condition. Together with a 3-month postrollout period after the last study
sites received the intervention, this results in an overall duration of the effectiveness evaluation of 21 months compris-
ing seven periods of 3 months. The first period under the intervention condition is considered as a training period. The
primary outcome is a based on the collaborate score, which is based on a three-item questionnaire. As primary outcome,
the degree of perceived shared decision-making with parents (CollaboRATEpediatric parent scale) is assessed on one ran-
domly selected day per week during the entire study period, directly following care appointments. The scale comprises
three items assessed on a 10-point Likert scale. The study was initially planned using the continuous CollaboRATEpedi-
atric mean score. However, due to ceiling effects, the binary CollaboRATEpediatric top score was used for the primary
analysis. Deviating from this, we consider the continuous score in this paper.
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FIGURE 1 Design of the PART-CHILD study with 15 clusters in five sequences over seven quarters (i.e., 21 months). Control periods in
blue, intervention periods in red

2 | NOTATION AND SETTING

A common approach to model the correlation in longitudinal studies is random effect. In general, such a model has the
form

Yien = Xit€® + 1y + Cip + €ns @

where yy;, denotes the response in cluster k € {1,...,K} at time period ¢t € {1, ..., T} for individual n € {1, ..., Ny }. Xp;
indicates the treatment status (0 = control, 1 = interventional treatment) and 6 the treatment effect. y;, is the time trend
attime t, u = (4y, ..., 47). It is generally recommended to incorporate a dedicated time effect into the model Barker et al.
(2016). Hussey and Hughes (2007) suggest the use of a saturated (i.e., factorial) time trend, which—while performing best
from a bias perspective—might not be feasible for every stepped wedge design. Thus, more parsimonious representations
of the time trend are also considered in the literature Hemming et al. (2017); Nickless et al. (2018). Some authors even
propose to use only a global mean y in trials with a short duration Zhou et al. (2020), although at the risk of a higher bias.
A good overview can be found in Li et al. (2021).

Lastly, let ¢;; be a random cluster effect for cluster k with (cy1, ..., cxr) ~ N(0, V) and ey, a residual error term with
exin ~ N(0,0?). In practice, the structure of the covariance matrices V', needs restraining assumptions for the model to
be identifiable. The standard approach as introduced in Hussey and Hughes (2007) assumes the random cluster effect
to be constant over time within each cluster, yielding an exchangeable within-cluster correlation structure. The random
cluster effect can also be assumed to be first-order autoregressive, that is, corr(cy;, cx) = rlt=t'l with some autoregression
parameter r € [0, 1]. This is a special case of the exponential decay model of Kasza et al. (2019a). Often, all clusters are
assumed to share the same correlation structure, yet there exist extensions that deviate from this assumption, notably when
random intervention effects are included in the model Davey et al. (2015); Hughes et al. (2015). Further extensions exist,
especially for closed cohort or open cohort designs in which individuals are observed over all or multiple study periods,
respectively. The main result—the formula in Theorem 3.1—still holds for these extensions, with the only requirement
being that the observations can be aggregated on cluster level. Such aggregation is possible if the cluster-period means
form a sufficient statistic for & Grantham et al. (2019).
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Then, with y;; = 1/Ny, Zgi’l Yien and ey, = 1/Ny, Z;\Ji’l exn» Equation (1) becomes

g

2
Vit = Xi€ + py + Cpp + gy €kt ~N<O’N_>'
kt

Let us define B := (6, 1’) € RP and wy; := ¢, + ey, p is the total number of parameters to be estimated. This leads
to a compact and more general notation of the above equation:

Yt = Xt + wpy-
In matrix notation:
y=XB+ow, ©))

where X is the corresponding design matrix and w ~ N(0, ), where Q is a covariance matrix determined by V, o, and
Ny;. We are thus in a GLS setting, so the variance of § is

var(f) = (X'Q1x)"L. (3)

With Var(d) the diagonal element of Var(,@) that corresponds to 8(= 31), one can then calculate the power of a z-test as
6-0
P( -Z_ % ).

vV Var(8)

3 | INFLUENCE OF CLUSTER-PERIOD CELLS

In this section, we discuss two influence diagnostics for GLS. Cell contribution yields estimates for the influence of obser-
vations on 6 (not for Var(0)), whereas the information content denotes the relative change in Var(6) when one particular
observation is omitted.

3.1 | Information content in generalized least squares estimation

Recall the general linear model
y=XB+w

with w ~ N(0, Q) and Q a positive definite, symmetric covariance matrix. Usually, Q is a block diagonal matrix as defined
in (2) but note that we do not require Q to be block diagonal, that is, the observations do not necessarily need to stem
from independent clusters for the following theorems to hold. Hence, for the remainder of this section, we establish a
generalized and simplified notation: We denote single observations (i.e., cluster-period means in the context of stepped
wedge designs aggregated on cluster level as explained in Section 2) with i instead of kt and thus X € R™*P, [ = KT, with
p the number of parameters to be fitted in the GLS model.

The design matrix X can be seen as a composite of a treatment vector x; and an adjustment matrix X,, X = (x1,X,).
We can thus decompose Var(8) and use the inversion rule for block matrices. Let further denote W = Q! the inverse of
the covariance matrix. Then

/ /
8y — (3 1 xWx; x;WX,
Var(B) = (X'WX) < XWx, XWX, (4)
N -1
Var(B;) = (X! Wx; — X, WX,(X,WX5) 7 X Wx; )
-1
= (X} (W = WX,(XIWX) ' X W) x;)
1
=— (5)
xl(W - Q)xl

with Q 1= WX,(X;WX,) ' XIW.
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Now to delete the ith observation, the design matrix X is essentially multiplied with a modified identity matrix where
the ith diagonal element is replaced by 0. This is done such a way that further equations are more easily transformed.
To this end, we define ¢; := (0, ...,1,0,...,0)’ € R an indicator vector of the ith observation and observe that X ] :=

aI- e e W)X is the same as the matrix X with the ith row replaced by (0, ...,0). Similarly, we use B[i] to denote the
estlmator for B that results when the ith observation is omitted.

/
5 o 1 1
Var(B;)~! = Xfl.]WXm =X <I - w—iiWel-elf ) W<I - w—iieiei’W)X.

After reordering observations in X such that the ith observation is at the first position—and Q accordingly—we can express
Var(f};)) as

Var(B;)~! =

X[ Wx; — ix;Wel-el(le XWX, — —x Wee, WX, <a B)
o
i = (6)

X Wx; — —X\WeeWx; X\WX, — —X’ Weie] WX, B D
2 T i

The variance of the treatment effect estimator when omitting the ith observation can then be calculated using the inversion

rule for block matrices as

1

Var(By;) = ————. 7
ar(B(;)) T BD-B 7
Inserting the expressions in (6) into Equation (7) yields the following theorem. A proof can be found in the Appendix.
Theorem 3.1. In a GLS model with design matrix X = (x1,X,), covariance matrix Q=W and Q :=
WX, (X ;WX . ;W, the inverse of the variance of the effect estimator of x; after omitting the ith observation is
, (e;(W = Q)xy)’
Var(By) "t = x/(W - Qx; - ————
(Burip) 1( Q)x; J W = Qe
\ (e;(W — Q)x,)?
= Var(p) ™! - l,—l ®)
el' (W - Q)ei
For the information content follows
(W = Q)x)
1 i 1 )

= 1- .
ICH  xX{(W - Qe[ (W - Qe;

A key advantage is that this expression holds for every general linear model. It is thus applicable to any set of fixed effects
in X,—especially any time effect parameterization. The covariance structure does not need to be block diagonal—in mixed
model parlance, it is also applicable for crossed random effects. Furthermore, the expression in (9) essentially yields the
information content for all observations at once, because the expression can be efficiently vectorized; in particular, it does
not need the computation of different matrix inverses for each observation.

3.1.1 | Generalizations and applications of Theorem 3.1

By varying the columns in X,, various cases can be handled. In the context of stepped wedge designs, X, reflects the
specification of the time period effect. When the time effect is modeled as a factor variable, X, consists of stacked identity
matrices of dimension p — 1. If there are reasons to assume that the period effect is smooth, for example, constant, linear,
or a spline, X, can be more parsimonious. But one could also add more columns to X,, for example, to allow for a separate
but common learning effect.
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3.2 | Cell contributions (coefficient matrix)
In a GLS setting, the estimator £ is a linear function of the data y

p=XWX)I(X'W)y
N——m——_—
=:H
with X the design matrix and W the inverse of the covariance matrix Q as above. The matrix H gives an impression of
the contributions of cluster-period cells with regard to the estimated coefficients §. In the stepped wedge context, the first
row of H corresponds to the coefficient of the treatment status, that is, the treatment effect. Since the GLS estimator is the
best linear unbiased estimator, it is necessarily centrosymetric if the trial design is skew-symetric Bowden et al. (2021).
This characteristic pattern can be observed in all figures in Section 4, as all discussed examples are skew-symetric.
To demonstrate the similarities to information content, it can be expressed in the same terms.

Theorem 3.2. In a GLS model with design matrix X = (x1,X,), covariance matrix Q=W and Q :=
WX,(X,WX,) ' X)W, the cell contribution of the ith cell (syn.: observation) is

x; (W = Qe

= 10
x;(W = Q)x; 10

i

To show this, we use the decomposition of (X’WX)~! as in (4) and apply the inversion rule for block matrices. We are
only interested in the first row of (X’WX)~!, that is, we only need the two blocks in the upper row of the inverse. The first
block of the inverse is Var(8; ) that was already calculated in Equation (5), the second block in the first row of Var([?) is

-1
By = —(x|Wx; = X\ WX,(X,WX,)H(XIW X)) x| WX,(X,WX,) ™
-1
=—(x](W-Q)x;) x|WX,(X,WX,)™".
Then, using the decomposition X = (x;,X,), we get

/ /
xWe; x;Qe;

XW—-Qx;  xX(W—-Qx

h; = (Var(ﬁl),Bz>X’Wei -

and formula (10) follows.

3.3 | Relation between information content and cell contribution
With the results from Sections 3.1 and 3.2:

Lemma 3.3. In a GLS model with design matrix X = (x,,X,), covariance matrix Q=W and Q :=
wX 2(X£WX . ¢ QW, the inverse information content can be expressed using the cell contribution h; of the ith observation
as

1 LW =Q)x
Ic@ (W -Qe

This follows directly from (9) and (10). Notably, the inverse information content is a linear function of the squared cell
contributions hl.2 if and only if the diagonal of W — Q is constant. The diagonal is constant for stepped wedge designs with
equal cluster sizes N, = N and a compound symmetry structure.
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FIGURE 2 Allocation of cluster-period cells to control (blue) and interventional treatment (red) for two stepped wedge designs. The plot
on the left visualizes a design with four clusters and five time periods, on the right is a hybrid design with six clusters, two of which do not
switch

3.4 | Computation

The methods are implemented in the R-package SteppedPower that is available on CRAN. The package can compute
power of GLS settings with user-friendly specifications for most of the common extensions to stepped wedge designs. It
further implements the influence diagnostics covered in this paper. Besides, it offers a plot method that produced the
figures shown in the next section.

4 | EXAMPLES

The influence of single cluster-period cells depends on the assumed correlation structure and the specification of temporal
effects. We present two scenarios: the first compares correlation structures and illustrates the different strengths of the two
influence diagnostics; the second compares different specifications of time effects. Plots produced by the SteppedPower
package are shown for visualization. A demonstration can be found in the supporting material.

4.1 | Covariance specifications

We first consider a stepped wedge design of four sequences with one cluster each. In the second step, we will add two more
clusters, which stay under control and interventional treatment, respectively. One can also think of the latter design as a
combination of a stepped wedge design with four clusters and a parallel design consisting of two clusters. It is therefore
referred to as hybrid design Girling and Hemming (2016). The allocation of cells to control and interventional treatment
is illustrated in Figure 2. We assume a cross-sectional setting with 100 individuals in each cell. Both designs adjust for
temporal effects with a factor variable.

Figure 3 shows the cell contributions for the design on the left in Figure 2 for different covariance structure assump-
tions. The upper row has a rather small intracluster correlation (ICC) of 0.01, the bottom row has a higher ICC of 0.1. The
plots in the left column assume an exchangeable correlation structure, the ones in the right column an autoregressive cor-
relation. A common pattern as observed in Matthews and Forbes (2017)—which might be counterintuitive from a user’s
perspective—becomes evident. Some cells under control—mainly those that are far from the main diagonal—contribute
positively to the treatment effect estimator, whereas some cells under intervention contribute negatively. That is, a higher
outcome in the first period of the fourth cluster leads to a higher estimated mean under intervention althought the cluster
to receive the control treatment. This is an observation that is more clearly seen in the coefficient matrix than with the
information content, because the coefficient matrix contains information about the sign of the contribution. The same
pattern can be observed when we look at a hybrid design where we add two clusters that stay under control and interven-
tional treatment, respectively, as shown in Figure 4. Perhaps, even more intriguing, the two clusters that do not switch
have a very similar contribution pattern under high ICC and an exchangeable correlation structure (Figure 4, bottom
left), even though the two clusters are in completely different treatment arms. This pattern can be seen only in the cell
contribution image and is a consequence of the implicit adjustment for period effects.

Notably, the pattern is in accordance with the centrosymmetric structure of the information content matrix. Again,
considering the coefficient matrix brings additional insight, because the information content conceals the fact that the
first and the sixth clusters share a positive and negative sign in the first and fifth periods, respectively (see also Figure 5,
bottom row).
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FIGURE 3 Cell contributions to the treatment effect estimator in a stepped wedge design of four clusters and five periods with 100
individuals in each cluster. Intracluster correlation 0.01 (top row) and 0.1 (bottom row), with an assumed exchangeable correlation structure
(left) and a first-order autoregressive correlation structure with correlation parameter r = 2/3 (right). Positive cell contributions in red,
negative contributions in blue
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FIGURE 4 Cell contributions to the treatment effect estimator in a hybrid stepped wedge design of six clusters and five periods with 100
individuals in each cluster. Bottom cluster does not switch to interventional treatment, top cluster starts with interventional treatment.
Intracluster correlation 0.01 (top row) and 0.1 (bottom row), with an assumed exchangeable correlation structure (left) and a first order
autoregressive correlation structure with correlation parameter r = 2/3 (right). Positive cell contributions in red, negative contributions in
blue

The combined influence of entire periods or clusters can also be shown with SteppedPower. For cell contribution,
marginal plots in Figure 5 show the sum of absolute weights per row and per column, reflecting the contribution of entire
clusters and periods, respectively. Note that each column can be seen as an unbiased treatment estimator that compares
weighted means, that is, for each period, the sum of cell contributions under interventional treatment is the same as the
sum of cell contributions under control treatment, as observed by Matthews and Forbes (2017). Note that this holds here
because we adjusted for the time trend with a factor, so the model estimates a period-specific mean y; for each period ¢.

For the information content, the marginal plots show the relative change in estimator variance if entire periods or
clusters are omitted. A notable observation is that the relative information content of entire clusters depends on the ICC:
For high ICC, clusters that switch either early, late, or not at all have a lower information content than clusters that switch
in the middle of the trial; for low ICC, all clusters have a very similar information content. Interestingly, the fact that all
clusters are equally important for the effect estimator variance is not easily spotted with the coefficient matrix.

We also observe that for low ICC, the relative information content is approximately constant across time periods,
whereas for high ICC, the relative information content is lowest in the middle period. This pattern was also observed
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FIGURE 5 Cell contributions (left) and information content (right) in a hybrid stepped wedge design of six clusters and five periods
with 100 individuals in each cluster. Bottom cluster does not switch to interventional treatment, top cluster starts with interventional
treatment. Correlation structure is assumed to be exchangeable. Intracluster correlation is 0.01 (top row) and 0.1 (bottom row). Marginal plots
(in gray) indicate the influence of entire clusters or periods, respectively.

in Kasza and Forbes (2019). When implementation periods are incorporated, this imbalance across clusters becomes even
more pronounced (Kasza et al., 2019b, figure 4).

In the upper row of Figure 5, one can see that patterns of cluster contribution and cluster information content differ.
This can occur because the former expresses influence on the point estimate, whereas the latter expresses influence on
the variance of the treatment effect estimator. Also recall that with Lemma 3.3, the inverse information content is a linear
function of the squared cell contribution in this setting. If we consider the sum of squared cell contributions in each cluster,
we would get a similar pattern.

4.2 | Time effect specifications

We now consider the impact of time effect specifications on cell influences. Based loosely on the introductory example,
we consider 10 clusters that are observed over 2 years where each quarter represents an observational period. This leads
to a stepped wedge design with seven sequences, with the three sequences in the middle containing two clusters. The ICC
is set to 0.075 that was also assumed in the planning of the Part-Child study.

We compare four models with different time specifications for this setting. The first model only contains a global mean,
that is, we require u; = u,Vt in Equation (1). In the second model, the time trend is linear, that is, y; = g + C - t. Then,
a seasonal time trend is assumed, that is, y; = t;44,t € {1, ..., 4}. The fourth model contains the usual factor parameter-
ization as in (1). Figure 6 shows the implications on cell influence. It becomes evident that influence patterns strongly
depend on the type of time effect specification. Notably, columns add up to zero only if time is specified as a factor.

Grantham et al. (2020) showed that variances of the treatment effect estimator coincide for linear and factor time
specifications if sequences are equally sized and all clusters are observed in every period, that is, for balanced complete
stepped wedge designs. It can thus be expected that those two specifications produce similar influence patterns in this
example—although not equal, because we have a slight imbalance across sequences.

5 | DISCUSSION

In this article, we have derived a new method for an a priori calculation of information content in GLS models. We have
shown a connection of information content and cell contributions, the latter had previously been studied by Matthews and
Forbes (2017) under the term coefficient matrix. We believe that the general formula provided in Theorem 3.1 may further
the understanding of information content and its dependence on covariance structures.
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FIGURE 6 Cell contributions (left) and information content (right) in a stepped wedge design of 10 clusters and 8 periods with different
time specifications. From top to bottom: none, linear, seasonal, factor

Cells without influence on the treatment effect estimator or on its variance can occur. Kasza et al. (2021) discuss the
omission of such noninformative cells when time is modeled as a factor variable. It might still be beneficial to keep these
cells in the study design, as they might contribute to the estimation of the covariance parameters. The underlying GLS
model is assumed to know the correlation parameters. So, the estimator investigated here 8, ¢ will have different proper-
ties than an estimator from a mixed model 8,,,, or from generalized estimating equations 8. It is sensible to assume
that the cells that do not influence 8, g or Var(85;5) have an influence on the estimated covariance Q and hence on 8,5,
and 8 or their variances. This aspect deserves further research.

The cell contributions patterns depend on the assumed correlation structure. Different specifications of the correlation
can lead to differing point estimators. This underlines the importance to prespecify the correlation structure used for
primary analysis for valid inference.

Generalizing this approach to nonnormal outcomes is possible, but with a few caveats. One can apply influence diag-
nostics on a linear predictor with the delta method. But for common nonnormal distributions such as binomial or Poisson,
the variance is a function of the mean. Thus, the variances of cluster cells depend not only on the design assumptions, but
also on the particular realizations. A priori influence diagnostics as described in this paper would thus only yield estimated
influence. To further complicate the issue, the particular realization of a potential time trend also has an effect.
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More recently, permutation-based methods for the analysis of SWCRT have been introduced; see Hughes et al. (2020)
and Kennedy-Shaffer et al. (2020). Comparable cell influence metrics might be beneficial for a deeper understanding of
the differences between (semi-)parametric and nonparametric analysis approaches.

The impact of unequal cluster sizes in the context of SWCRT has gained more attention in recent years, see Harrison
et al. (2020), Martin et al. (2019), and Matthews (2020). Kasza et al. (2021) explore the implications of unequal cell sizes on
the information content. During a trial, one can update the information content using ad hoc estimates for the covariance
structure and parameters. It might be interesting to develop methods for dynamic over- or undersampling of upcoming
cluster-period cells based on updated information content.
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APPENDIX A: PROOF OF 3.1
Given the block decomposition of Var(ﬁ[i]) as in (6)

xle——x WeelWx;  x\WX, — xWeeWX2 <a B)

Var(B;) ! =
P X W, — —X’We Wx, XWX, - —X’We e/ WX,

and the resulting equation (7)
Var(By;)"' = a— BD™'B’

one can show Theorem 3.1. Since (XéWei)’ = el.’ WX, € Rl are vectors, we calculate D~! using the Sherman-Morrison
formula:

—(X’ WX5) ' X Weel WX, (X WX,)™
= XWX, +

1
1- w—n_e{ WX,(XJWX5) 1 X We;

We then combine this to BDB~! and get

1pt , pr (X;WXz)_ngeiQ{WXZ(X;WXz)_l
BD7'B’' = B(X,WX,)"'B' +B , , ,

R ~ , Wwi; — ei WXZ(XZWXZ)_Iszei

1

P,

85U8017 SUOWILLOD BAEaID 3|qet|dde au Aq peusenob are saoiie O ‘8sn JO SNl 10} Aeiqi8uljuO /8|1 UO (SUORIPUOD-PUB-SWBlW0D A8 | imAlelq 1 Bul|UO//:SdNL) SUORIPUOD Pue swe 1 8y} 88 *[£202/T0/2T] Uo Akiqiaulluo A8|IM ‘ZURIN YeYio!(qiasieIs RAIUN Ad E8E00TZ0Z  [WIG/Z00T OT/I0P/LI0o" A3 1M AReid 1 jeuluo//:Sdny oy pepeojumoa ‘0 ‘9g0yTZST


https://doi.org/10.1002/bimj.202100383

MILDENBERGER AND KONIG Biometrical Journal 13

»

Let Q := WX,(X,WX,) ' X)W as above.
1 1
7)1 = <X;WX2 - w—x;Weie;WX2>(X£WX2)—1 (XQWXI - w—X;Weiel{le>
ii i

2 1
= x]Qx; — —Xx|Weie,Qx; + — (x| We;)?elQe;,
W w;,
(ejQx1)* 2 x|Weie[Qeie[Qx . (e;Wx1)* (e[Qe))’

_ i
wi; —eQe; Wi wy —e;Qe wl - wy —eQe;

H =

For better readability, let us replace e/We; = w;; and e/Qe; := g;;. Let further x := x]We; = e/Wx; and 1 := x]Qe; =
elf Qx; because W, Q are symmetric matrices. Note that w;;, g;;, x, 4 are all scalars.

2kl 12
o T q”_z

Wi; w:,
ii

- _
Py =x;Qx,

2,2
2g;ixA 4 qix®  4i¥ )

Wi Wi wl.zi

1
=x'Qx; + ——— —2xk1 +
T Wy — g

P, = ;</12 _ qiikA _ qiixA + CIn'K2>,

Wi; — qji Wj; Wj; wizl.

1 k2
pl + Pz = xi,Qxl + —<—2KA + qL +/12>
ii ii Wij

Inserting this expression into (7) yields
5 1 ’ K
Var(By )" =a— (P +P) =x;Wx; — e (P +P,)

12
s 2 s 2
S L (i Lo R LY

Wi — qj; Wi; Wi;

(W - Q)x,)?

_ A \-1 _
= Var(B;) W — Qe

k]

which proves the theorem.
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