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Summary

Estrogen is the primary female sex hormone and plays an important role in the regulation
of the female reproductive system but also in breast cancer growth. Estrogen diffuses
through the cell membrane, binds to intracellular estrogen receptors (ER) which in turn
control the activity of estrogen sensitive genes. On the molecular level estrogen signalling
is well characterised and serves as a model system for the regulation of transcription
of the genomic code into messenger RNA. Biochemical measurements averaging over
millions of cells suggested that the control of ER-dependent genes is highly regular and
deterministic. Transcription at the single cell level is, however, generally thought to be
a stochastic process that occurs in random bursts. In this work, we addressed whether
estrogen-dependent transcription is a stochastic process at the single-cell level and how
it is modulated by changing estrogen concentrations.

We used a time lapse imaging approach to capture the dynamics of estrogen induced
transcription in MCF-7 breast cancer cells. A short reporter construct was integrated
into the estrogen sensitive GREB1 gene. Upon transcription into RNA this construct
folds into loops that are recognised by a fluorescently labelled protein which allows for
visualising transcription under the microscope. We found that GREB1 transcription
is stochastic, suggesting that the GREB1 gene randomly switches between phases of
transcriptional activity and inactivity in a burst-like manner. We asked how increasing
estrogen concentrations lead to higher transcriptional activity, and hypothesised that the
stimulus may increase the frequency of the bursts, their duration or their intensity.
To test the formulated hypotheses we fitted stochastic models of varying complexity

to transcription time course data recorded at different estrogen concentrations using
Sequential Monte Carlo Approximate Bayesian Computation. We calibrated and validated
our modelling approach using benchmark problems. For the real experimental data, we
found that model selection favours small models of only two states in which the gene
stochastically switches between active and inactive transcription (’random telegraph
model’). More complex models consisting of more than two states were neglected by



ii

model selection, indicating that two rate-limiting steps dominate the many molecular
steps that had been described for estrogen-dependent gene activation. By fitting, we
showed that estrogen modulates transcription in a dose-dependent manner by modulating
the frequency of the stochastic bursts. This suggests that the estrogen stimulus mainly
controls the time it takes to reactivate the gene, and to a lesser extent its phases of
activity. The corresponding model reflected that a fraction of the cell population does
not respond to stimulation at low estrogen concentrations during the observation period
(’non-responding subpopulation’), thereby providing insights into cellular heterogeneity.

Cells need to quickly respond to changing environmental conditions by tuning the
transcription levels of important genes. To better understand the kinetics of estrogen-
dependent gene induction, we developed an integrated model that combines the stochastic
transcription model with a quantitative description of the estrogen signalling pathway.
This integrated model successfully predicted response times of the GREB1 gene in
synchronised cell populations at different estrogen concentrations. We concluded that
gene induction by estrogen is slow compared to other hormones, with signalling and
stochastic gene switching being the rate-limiting step at low and high estrogen doses,
respectively.

Our results provide an integrated mathematical description of estrogen signalling and
transcription that is capable to explain experimental data of transcription over a wide
range of estrogen concentrations. This work may contribute to a better understanding of
heterogeneous growth of estrogen-dependent breast cancers.
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1 Introduction

Gene transcription is a core biological process. Information stored in the DNA is
transcribed into RNA which itself serves as a template to build a protein. This flow of
information from DNA to RNA to protein often is referred to as the central dogma of
molecular biology. Proteins as life’s building blocks and machines are necessary in every
cell but only in certain amounts and at specific times depending on the internal state of
the cell and the cellular environment. The process of gene transcription therefore has to
be tightly controlled to ensure reliability.
Transcriptional regulation is based upon biochemical interactions between certain

proteins and DNA. In human cells genes are only present in two copies or alleles that
have to be reached by external signals. In addition, copy numbers of some of the proteins
responsible for transcriptional regulation can be low and thus interactions occur at
stochastic time points. Therefore, transcription itself is a stochastic process [Thattai
and van Oudenaarden, 2001; Raj et al., 2006]. This stochasticity leads to unreliable
gene transcription, i.e. noise in the expression levels of proteins. This noise can be
amplified when noise afflicted proteins are responsible for the regulation of the expression
of other proteins. Thus, genetically identical cells growing under the same environmental
conditions can exhibit very different behaviours [Geva-Zatorsky et al., 2006; Cohen et al.,
2008; Rausenberger and Kollmann, 2008; Hilfinger and Paulsson, 2011; Jeschke et al.,
2013].

To create reliable responses to environmental changes a cell has to cope with uncertainty
as one of its most important processes is inevitably stochastic. Mechanistic understanding
of such processes provides a deeper understanding of the functioning of a cell. Moreover,
it would provide means to predict the behaviour of cells under changing conditions. For
example it would allow to predict the result of drug treatments. Therefore, the first
question that this work is concerned with is:
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Which mechanisms can explain the stochastic nature
of gene transcription?

Understanding the mechanism of gene transcription is only the first step. Cells respond
to external cues by changing the expression level of proteins, i.e. the abundance of
molecules in the cell. Such external cues could be a signalling molecule like a hormone or
the availability of nutrients. The cells response often has to be rapid and more importantly
it has to be reliable. The next step will be to understand how this mechanism can explain
the cells response to varying environmental conditions, i.e. what parameters of the
process change upon changes in the environment. This is the second question of this
work:

How does stochastic gene transcription change upon changing
environmental conditions?

This work applies both stochastic and deterministic approaches to mathematically
describe estrogen induced transcription of the GREB1 gene in MCF7 breast cancer
cells. The concentration of the hormone estrogen here is used as environmental stimulus.
Estrogen has effects on the transcriptional activity of many genes and this work focusses
on the GREB1 gene as an important factor in the growth of estrogen dependent breast
cancer [Rae et al., 2005; Laviolette et al., 2014]. The estrogen concentration provides an
input that modulates transcriptional activity of GREB1.

Nascent transcripts of GREB1 are fluorescently labelled allowing to study transcription
in live cells over time by light microscopy. Nascent transcripts are RNA molecules under
production. Tracking this production enables to investigate the stochastic dynamics of
transcription and the effects of external stimuli on transcription directly.
The theory of Markov Processes provides a powerful mathematical tool to model

stochastic processes and hence develop a mechanistic understanding of the process of
transcription and its regulation [Ko, 1991; Peccoud and Ycart, 1995; Kepler and Elston,
2001; Paulsson, 2005]. We applied model calibration and selection to find the most likely
model and its corresponding parameters. Calibration of stochastic models is a nontrivial
task and requires fitting multi dimensional probability distributions. We used a likelihood
free simulation based Bayesian approach to perform this task.

To connect the stochastic model of transcription with the environment it was coupled
with a deterministic model of the estrogen signalling pathway. A cell detects signals like
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hormones from its environment by various receptor molecules which transmit information
to the cellular interior. Modelling of cellular signalling by means of ordinary differential
equations has a fruitful history [Kholodenko, 2006]. We developed a two level model of
ordinary differential equations to include the nonlinear dynamics of estrogen signalling
into the model transcription.

The next sections will give a brief overview of the current state of knowledge towards
the stated questions. The key molecules and processes of gene transcription will be
introduced. Subsequently the biological model system that was used for this study will
be described followed by an review of different modelling approaches.

1.1 Biology of gene transcription

1.1.1 Gene transcription

Genomic information in the cell is stored by the sequence of the bases adenine, cytosine,
thymine and guanine (ACTG) in the DNA. This information is read and transcribed
into RNAs which in turn are translated into proteins. A gene is a section of the DNA
sequence that encodes a protein. The key protein of reading and transcribing DNA
into RNA is the enzyme RNA polymerase. In eukaryotes three different types of RNA
polymerase with distinct functions exist. Interest of this work lies in the regulation of
transcription of protein encoding genes which are transcribed by RNA polymerase II
[Alberts et al., 2014].

The stages of transcription are usually described as initiation, elongation and termina-
tion. Initiation defines the process when RNA polymerase located at the transcriptional
start site of the gene starts its work transcribing the gene. After transcription is initiated
RNA polymerase is elongating the transcript by sequentially adding bases complementary
to the DNA template. When transcription of the whole RNA is complete the process
terminates. RNA polymerase falls of the DNA and the transcript is released into the
cytoplasm where it is further processed and translated into protein [Munk, 2010]. Regu-
lation of transcription by external cues mainly occurs at the level of initiation [Alberts
et al., 2014]. Therefore, this work concentrates on the process of transcriptional initiation
which is directly connected to the activity of the gene, i.e. being active or not.

Gene activity is controlled by so called transcription factors. DNA not only stores
information for the cell on how to build proteins but carries many so called regulatory
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elements. These sequence elements function as templates for the binding of regulatory
factors or transcription factors. Each protein encoding gene is preceded by a promoter
region that can carry multiple different binding elements for transcription factors. Binding
of a transcription factor can have different effects. If the transcription factor blocks
recruitment of RNA polymerase it prevents transcription. In the contrary case when the
transcription factor promotes recruitment of RNA polymerase it promotes transcription.
Thus, to transcribe a gene usually multiple transcription factors and other coproteins
work together to recruit RNA polymerase [Alberts et al., 2014].

1.1.2 Chromatin & Epigenetics

As pointed out in the previous section availability of RNA polymerase is essential but not
sufficient for gene transcription. Before RNA polymerase can transcribe a gene the gene
itself has to be in an active or transcriptional permissive state. What characterises an
active or inactive state of a gene is defined by its chromatin environment. Chromatin is
the packed form of DNA in the cell nucleus of eukaryotic cells. This packaging provides an
environment that generally is transcriptionally not permissive. To initiate transcription
DNA has to be actively unpacked to make it accessible to RNA polymerase. Transcription
factors directly bind to chromatin and can induce unpacking and thus bring chromatin
in an transcriptionally permissive state.

The first and here most important layer of packaging is wrapping of the DNA around
histone complexes forming so called nucleosomes. Histones are octameres of the four
histone core proteins H2A, H2B, H3 and H4. All core histones possess high fractions of
the alkaline amino acids arginine and lysine (together more than 20%) [Watson et al.,
2007]. Thus, their positive charges are neutralised by the negative charges of the DNA
backbone which ensures tight packaging. The alkaline nature of the histones can be
neutralised by adding acetyl groups to lysines in the histone tails which in turn relaxes
DNA packaging and thus promotes transcription. This process of histone acetylation
is realised by enzymes called histone acetyl transferases (HATs). The reverse process is
promoted by histone deacetylases (HDACs) that remove the actyl groups and therefore
cause tighter DNA packaging which in turn shuts down transcription [Stasevich et al.,
2014; Kirmes et al., 2015]. A second important histone modification is the addition of
methyl groups to lysine residues at the N-termini. Histone methylation often is related
to transcriptional inactivity [Greer and Shi, 2012]. Methyl groups in contrast to acetyl
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groups cause a tighter packaging of the chromatin. Placing of methyl groups is promoted
by another group of enzymes the histone methyl transferases (HMTs) [Li et al., 2007].
In general, changes on the chromatin such as addition or removal of acetyl or methyl
groups have an impact on gene transcription and are referred to as epigenetics.
Acetylation and methylation of lysine residues in histone tails are counter acting

processes that could be imagined as a switching operation between chromatin states that
are transcriptionally permissive or prohibitive. In mathematical models these multi step
processes often are simplified by assuming on and off states of transcriptional activity.
Switching of a gene between such transcriptional active or inactive states can biologically
be interpreted as a change in the chromatin making DNA more or less accessible to the
transcriptional machinery.

1.2 Modelling of transcription as a stochastic process

Traditional experimental methods in molecular biology are biochemical approaches and
are usually not able to study single cells but the average of large cell populations. First
quantitative models focussed on the behaviour of cell populations and were deterministic
in nature. The first adaptive model of gene regulation was the operon model of Jacob
and Monod. This model describes how the availability of sugar as an external signal is
translated into the transcription of genes that adjust the cells metabolism towards the
energetically most favourable for the current conditions [Jacob and Monod, 1961].
Invention of fluorescence in-situ hybridisation allowed to measure the number of

transcripts of specific genes in single cells. Fluorescently labelled RNA probes complement
to the RNA transcripts of interest allow to count the number of transcripts per cell
[Femino, 1998]. Distributions of RNA numbers between cells were found to show
substantial variability [Ko et al., 1990] leading to the conclusion that gene transcription
is a stochastic process and thus stochastic simulation techniques are necessary for a
mechanistic understanding [Ko, 1991; McAdams and Arkin, 1997]. Formulation of
continuous time markov models of transcription where a gene switches between states of
active and inactive transcription provide a fruitful approach for a general understanding
of the process of transcription [Paulsson, 2005].
The next sections will review results of modelling gene transcription by means of

stochastic models. First the one state or always on model and its applications will
be reviewed before turning to more complex models. Both types of models are very
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different in their qualities and both were successfully applied to explain stochastic gene
transcription. It is, however, not obvious if either type of model is more general or
whether applicability is highly gene specific.

1.2.1 The one state or always on model

The simplest stochastic model of gene transcription that can be imagined is that of a
gene that is constantly on. This corresponds to the case where a transcription factor is
permanently bound and the chromating is open. New transcripts are produced with a
fixed rate km and decay with a rate proportional to the amount of existing RNA. This is
described as a birth-death or poisson process where the number of transcripts per cell
follows a poisson distribution. Thus, the mean number of RNA molecules per cell would
be equal to the variance, i.e. the Fano-factor as ratio between the variance and mean is
equal to one. The top left panel of figure 1.2.1 depicts the topology of such an always
on model. The plots in the upper row of the figure show a simulated time course of
RNA copy number starting with no transcripts (middle) and the distribution of RNA
molecules per cell over a population of cells (right). The simulated time course reaches
a steady state which is defined by the ratio of RNA production and decay rates. The
steady state at the same time is the mean number of RNA molecules per cell and, thus,
due to the poisson nature of the process the variance, too. So called house keeping genes
that are required by the cell throughout the cell cycle and often encode for structural
proteins or metabolic enzymes can be described by such a poissonian model but most
other genes can not [Zenklusen et al., 2008].

1.2.2 The two state or random telegraph model

Single cell microscopy allowed to investigate transcription in single cells and it was
observed that transcription often occurs in so called bursts for large variety of genes
[McAdams and Arkin, 1997; Golding et al., 2005; Raj et al., 2006; Chubb et al., 2006].
That is, during a short period of time multiple transcripts are produced. In between
bursts no transcription takes place. Transcriptional bursts lead to distributions of RNA
molecules per cell that show a variance that can be much larger than the mean and hence
the simple poisson process introduced above is not applicable. Such behaviour suggests
that transcription follows a certain regularity of switching in transcriptional activity.
When the gene is active transcription occurs as a poisson process with rate km. When
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switched to an inactive state no transcription occurs. This switching corresponds to
epigentic changes as described earlier. RNA decay is proportional to the amount of RNA
present as for the always on model. The middle row of figure 1.2.1 displays simulation
results of such a random telegraph model. Model topology is depicted on the left. The
second panel shows a simulated time course of promoter states (orange) and RNA copy
number (blue). When the gene is on the number of mRNA molecules increases rapidly
exhibiting typical bursts. Such a switching process coupled with a poisson process of
transcription is able to generate a highly fluctuating number of transcripts over time
[Paulsson, 2005]. The third panel shows the distribution of the number of RNA molecules
over a population of cells. Its variance is higher than for the always on model. Adjusting
transition rates between active and inactive states [Munsky et al., 2012] or transcription
initiation rate in the active state [Molina et al., 2013] such a system is able to react to
external signals and thus modulating the distribution of RNA molecules per cell. Both
modes of transcription always on and random telegraph were observed for different genes
in yeast [Zenklusen et al., 2008]. The right panel shows the distribution of the genes off
times. The waiting times of a markovian system to stay in one state are exponentially
distributed. This leads to a substantial amount of variation in the time courses. More
regularity of the switching process can be achieved by introducing more states to create
a cycle. Such models will be discussed in the next section.

1.2.3 Cyclic models with more than two states

Complex promoters of eukaryotes carrying multiple binding sites for different transcription
and cofactors suggest the existence of more than two states. For instance, first a
transcription factor binds to the gene promoter, then epigenetic modifications take place
and eventually RNA polymerase is recruited. When transcription is completed these
processes are reverted. All these processes require multiple steps in total. Indeed, gene
transcription compatible with a three state model was observed for multiple mammalian
genes [Suter et al., 2011]. Moreover, Zoller et al found that depending on the promoter
structure typically up to five internal states make up a so called promoter cycle [Zoller
et al., 2015].
Introducing more than two states of transcriptional activity has consequences on the

qualities of the model. An additional state could be a second inactive state that the gene
has to pass before it can be activated again. Such an refractory phase causes the waiting
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Figure 1.2.1: Qualitative differences in stochastic models with one, two and
three internal states. The panels show simulations of transcription for
three different models, the always on model (top), the two state or random
telegraph model (middle) and a three state model (bottom). Model topologies
are depicted on the left. Switching between active and inactive states occurs
with rates kon and koff respectively. When the gene is in an active state
the gene transcript is produced with initiation rate km and degraded with
rate kdeg. The second column shows time course of the mRNA copy number
(blue) and the switching of the gene between active and inactive states
(orange). The third column shows the distribution of mRNA molecules per
cell over a population of cells. The right column shows the distribution of
the time the gene spends in the inactive or off phase.

times that the gene spends in the inactive phase to show a peaked distribution. Both
internal off states have their own exponentially distributed waiting time but the total
waiting time is the convolution of both individual distributions. This leads to a higher
regularity in the switching between the active and inactive phases of the gene since the
off time is more accurately defined and thus reducing variability. Introduction of even
more states pronounces this effect. The bottom row of figure 1.2.1 shows an example
simulation for a three state model. The appearance of gene on phases is more regular
than for the two state model and the gene off times follow a peaked distribution.
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1.2.4 Importance of heterogeneity in cellular decision processes

Stochastic transcription can lead to substantial variability between genetically identical
cells [Elowitz et al., 2002] which was found to be an inherent and important effect. Recent
studies revealed that this can have important functional consequences. For instance,
among haematopoietic progenitor cells in mice the abundance of certain transcription
factors can show substancial variation. So called outlier cells with either very high or very
low transcription levels can follow either the erythroid or the myeloid lineage in cellular
differentiation[Chang et al., 2008]. This example highlights the biological importance and
neccessecity of cell to cell variability for cell fate decisions during development. Cellular
heterogeneity on the contrary can be very problematic in case of cancer treatment when
a fraction of cells does not respond to drug treatment [Cohen et al., 2008; Paek et al.,
2016]. Here different responses to treatment are not desired. Both examples mark the
need for an understanding of the processes that drive cellular heterogeneity.

1.3 The role of estrogen signalling for transcription

Estrogen is a steroid hormone and the most important female sex hormone primarily
responsible for development and regulation of the female reproductive system. Three
major forms of estrogen exist as estrone (E1), estradiol (E2) and estriol (E3). This work
concentrates on the effects of 17β−estradiol on the transcription of estrogen sensitive
genes in MCF-7 cells. Estradiol or E2 is a small molecule that can diffuse across
the cell membrane. E2 is a ligand to the cytoplasmic estrogen receptor α (ERα, a
protein) [Dahlman-Wright et al., 2006]. Ligand bound receptors form homodimers,
translocate to the cell nucleus and directly bind to specific DNA binding sites, so
called estrogen responsive elements (EREs) [Kumar and Chambon, 1988]. There they
act as transcription factor recruiting chromatin remodelling factors and thus eventually
promoting transcription. Stimulation of MCF-7 cells with estradiol leads to the expression
of hundreds of genes some of which are important for cancer growth. GREB1 (short for:
growth regulation by estrogen in breast cancer 1) is an example of a gene whose protein
product can lead to cancer growth upon estrogen stimulation [Rae et al., 2005; Laviolette
et al., 2014] and provides a possible target for breast cancer therapies [Hodgkinson and
Vanderhyden, 2014]. A second important example is the trefoil factor 1 (TFF1 or ps2)
gene [Markićević et al., 2014]. Certain types of breast cancer are estrogen dependent, i.e.
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they need estrogen to grow. Such cancers can be treated by estrogen antagonists like
tamoxifen to inhibit transcription of estrogen dependent genes [Lebedeva et al., 2012].
Thus, understanding of estrogen dependent transcription in breast cancer cells is essential
to develop therapies.

1.3.1 MCF7 cells as a model system of hormone induced
transcription

MCF-7 (Michigan Cancer Foundation-7) is a breast cancer cell line first cultivated in
1973 [Soule et al., 1973]. It is a well established model system for estrogen dependent
cancer growth and therapy [Lacroix and Leclercq, 2004; Comşa et al., 2015]. The cells
possess cytoplasmic estrogen receptors und show pronounced proliferation upon estrogen
stimulation. An extensive body of literature exists on the temporal dynamics of changes
of the chromatin environments of estrogen responsive genes in MCF-7 cells. Thus, MCF-7
cells provide a promising model system to study estrogen induced gene transcription.

1.3.2 Transcriptional cycling in synchronised cell populations

Previous studies of estrogen induced transcription and transcriptional initiation focussed
on the ps2 and GREB1 genes on the population level. Experimentally populations of
synchronised cells were studied. Synchronisation of the transcriptional activity of estrogen
dependent genes was achieved by growing cells in estrogen free medium for three days
leading to strongly reduced transcription. The advantage of this procedure is the strong
transcriptional response upon estrogen stimulation. Temporal changes in the chromatin
environment of the promoter region were studied by chromatin immunoprecipitation
(ChIP). This biochemical method utilises specific antibodies against transcription factors
or chromatin modifications to isolate DNA fragments bound by the factor of interest.
Detection and quantification of the precipitated DNA fragments is done by quantitative
PCR [Dahl and Collas, 2008].
A first study applying time course ChIP experiments in synchronised cells revealed

cyclic engagement of the estrogen receptor ERα and various other factors to the promoter
of the ps2 gene [Shang et al., 2000]. Raphaël Métivier et al further investigated the
binding of transcription factors, chromatin remodelling factors and histone marks to the
promoter by the same method. They observed persistent cycles of binding and release
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Figure 1.3.1: Transcription and chromatin remodelling factors show cyclic en-
gagement with target promoters. Métivier et al observed cyclical
occupancy of multiple factors to gene promoter regions in synchronised
cell populations. Here four factors are shown. p300 is a histone acetyl
transferase, ERa is the estrogen receptor α, Pol is RNA polymerase and
HDAC is a histone deacetylase. The initial unproductive phase (marked by
the vertical black line) is due to the treatment of the cells with the RNA
inhibitor α-amanitin during synchronisation. Vertical black lines indicate
the maxima of the different factors during the first oscillation. Data taken
from [Métivier et al., 2003].

of the individual factors to the promoter with a period of approximately 40 minutes
[Métivier et al., 2003, 2004, 2008]. In total 46 factors were investigated which all showed
sustained oscillations. Figure 1.3.1 shows example time courses of four different factors,
namely p300 a histone acetyl transferase, the estrogen receptor ERα, RNA polymerase
(Pol) and histone deacetylase (HDAC). The initial phase of approximately 35 minutes
did not show oscillations and was due to the synchronisation procedure. The biological
interpretation of the observed oscillations was that the factors assemble at the promoter
in a cyclic and ratchet like process [Métivier et al., 2003, 2006; Carlberg, 2010]. This
cycle consists of many steps and each step is characterised by either binding or release of
one factor to or from the gene promoter. The observed sustained oscillations indicate
a high degree of regularity in this process. The position of the peaks of the different
oscillations mark the temporal order of events as indicated in figure 1.3.1. For the given
examples this would mean first p300 acetylates histones in the promoter region to open
the chromatin which is followed by binding of the estrogen receptor ERα. ERα binding in
turn leads to the recruitment of the transcription machinery including RNA polymerase.
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Figure 1.3.2: Cyclic network of epigenetic promoter states. Each state is repre-
sented by the set of proteins that is bound to the promoter in one instant of
time. Figure taken from [Lemaire et al., 2006].

At the end of the cycle acetyl groups are removed from histones by HDAC. This order
of events is consistent with the picture of opening and closing of chromatin to switch
between transcriptionally active and inactive states.

Lemaire et al. translated this ratchet like cycle of chromatin states into a deterministic
mathematical model. Figure 1.3.2 depicts a graphical representation of the process.
Different states xi are passed through in a cyclic and irreversible manner. An individual
state is defined by the set of factors that is bound to the promoter. State x1 represents
the empty promoter. Consecutive states are connected by reactions with rate ai. These
reactions represent the binding or release of one factor to or from the promoter. Different
factors here are depicted by different colors. Mathematically the reactions in the cycle
can be described by a set of ordinary coupled differential equations [Lemaire et al., 2006].

dx1

dt
= amxm − a1x1

dxi
dt

= ai−1xi−1 − aixi
(1.3.1)

Where the xi denote the individual states and the ai the transition rates between
consecutive states. m represents the total number of states in the cycle. Experimentally a
single state is not accessible. A single transcription factor can bind to DNA over multiple
states and thus via ChIP experiments only the integrated signal of these states can be
measured. Mathematically this is stated by:
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Figure 1.3.3: The lemaire model qualitatively can explain cyclic promoter oc-
cupancy. The left panel shows simulated oscillations as would have been
created by the two reaction blocks on the cycle on the right. The empty
promoter state corresponds to the state x1 in figure 1.3.2. The marked
colored sections of the cycle correspond to a reaction block, i.e. the sum of
the states within the block forms the oscillatory signal.

Cf (t) =
∑
k

Skfxk(t) (1.3.2)

Where the observed ChiP signal Cf(t) of a single factor f is a sum over the individual
states {k} where that factor is bound. This set {k} of states is called a reaction block.

Figure 1.3.3 shows simulations for two hypothetical reaction blocks one early (brown)
and one later (orange) in the cycle. In general such a system is able to explain the
observed oscillations. The position within the cycle where a certain factor is bound
defines the phase of the oscillations and the number of states where the factor belongs to
the shape of the oscillations. (see figure 1.3.3).

The interpretation, however, of such a multi state system is difficult. The observed
cycles of promoter occupancy are hard to reconcile with the stochastic results of gene
transcription in single cells. Observed epigenetic transcription cycles show a high
regularity and the only weak damping. The damping of the oscillation described by
the ODE system above depends on the number of states m and scales with e−1/mT0

where T0 is the period of the oscillations [Lemaire et al., 2016]. This makes it necessary
to assume a high number of states to explain the observations. As explained earlier,
analysis of time course measurements of gene transcription in single cells revealed only a
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small number of internal promoter states. The high level of regularity at the epigenetic
level appears to have only weak consequences on transcriptional activity which shows
substantial variability.

Summary

This work focusses on the following two main questions:

1. Which mechanisms can explain the stochastic nature of gene transcription?

2. How does stochastic gene transcription change upon changing environmental condi-
tions?

These two questions were investigated on the estrogen sensitive gene GREB1. GREB1 is
an important factor in tumor growth in breast cancer which motivates a detailed study
of its transcriptional activity. Transcription of GREB1 was experimentally investigated
by live cell microscopy in single cells. Calibration and selection of multi state stochastic
models to experimental data revealed the nature of the mechanism that is responsible
for the observed transcriptional activity and its parameters. Experimental data obtained
at different experimental conditions allowed to investigate the influence of the estrogen
stimulus on GREB1 transcription and thus on model parameters.

The cyclic ODE model (equations 1.3.1 and 1.3.2) was fitted to published experimental
data of transcriptional cycling. This showed that the results of transcription in single cells
are inconsistent with the population measurements of transcription factor binding. For
the cyclic model a high number of states had to be assumed whereas for the transcription
model only two states were sufficient. Thus, there exists a so far not understood
incompatibility between both types of data. Both models, however, are predictive. The
cyclic model allowed to predict the combinatorial complexity of transcription factor
binding to the gene promoter. That means, it predicts which pairs of factors are bound
to the promoter concurrently. The stochastic transcription model together with a model
of estrogen signalling to the GREB1 promoter allowed to predict the accumulation of
RNA in synchronised populations of cells. Both predictions were tested with independent
data sets.
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This chapter will describe the results of data analysis and model calibration to two types
of data. First the cyclic model of transcription factor binding (equations 1.3.1 and 1.3.2)
will be fitted to measured time courses of multiple factors. Subsequent sections describe
the data analysis and modelling results of transcription measured in single cells.

2.1 Cyclic ODE models can explain transcription cycles
in cell populations

It was found that multiple factors engage with the promoter of the estrogen sensitive ps2
gene in sustained cycles with a period of approximately 40 minutes as shown in figure
1.3.1 [Métivier et al., 2003]. This observation was interpreted as a set of states that
a promoter traverses through in a cyclic and irreversible fashion as depicted in figure
1.3.2. Lemaire et al. proposed a cyclic ODE model to describe the observed oscillations
[Lemaire et al., 2006]. Here this model was applied to multiple different factors to
elucidate the temporal order of binding and release to the gene promoter. Moreover, the
model was fitted with different total numbers of promoter states to estimate the minimal
number of states. Moreover, overlap of the reaction blocks of pairs of factors reveals the
combinatorial complexity of different factors at the gene promoter. A reaction block is
the set of consecutive promoter states at which a factor is bound. Overlap between pairs
of blocks indicates that both factors are bound at the same time. Testing the overlap
between all pairs of fitted factors defines the combinatorial complexity of the factors. This
section describes an approach to fit the proposed model and make predictions about the
combinatorial complexity of factors. These predictions will be tested with independent
experimental data.
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Figure 2.1.1: Systems with more states show slower damping of the oscillations.
The plot shows simulations of oscillations for different numbers of states in
the cycle. Systems with 20, 50, 100 and 500 states are shown as indicated.
Reaction rates for the different simulations were set equal and adjusted so
that that the oscillation period was 40 minutes.

2.1.1 Model fitting reveals the temporal order of epigenetic events

Model fitting was done in the following way. First the ODE system of equation 1.3.1
was simulated forward with a predefined number m of states. The reaction rates ai were
assumed to be equal, as this leads to the least pronounced damping of the oscillations
(see figure 2.1.1). The value of the rates was set so that the cycling period equaled 40
minutes as found in the data. After simulation of the ODE system the optimal reaction
block was fitted independently for each factor by comparison of the model to the data
using equation 1.3.2.

The reaction block of one factor is defined by three parameters: the start and the end
of the block and its amplitude. The amplitude value integrates contribution of a single
promoter to the population signal and the efficiency of the experiment. For optimisation
it was restricted to be in the range between zero and one, i.e. in an optimal experiment
each promoter could maximally contribute to the population signal only once. The
experimental efficiency strongly depends on the specificity of the antibody in use and
makes it difficult to compare the amplitude between factors.
Start positions for optimisation were created by latin hypercube sampling [McKay

et al., 1979] to ensure dense initial sampling of the parameter space. Each start position
was fed into a local optimisation algorithm to eventually find the global optimum. Details
of the implementation of the optimisation are given in the methods section. This fitting
of reaction blocks was repeated for different numbers of states to find the minimal number
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Parameter Lower bound upper bound
start Start of the reaction block 0 none
end End of the reaction block 0 none
amp Amplitude of the reaction block 0 1

a Relative experimental error 0.1 none
b Absolute experimental error 10 none

Table 2.1.1: Parameters of a reaction block and bounds set for optimisation.
The first three parameter define the reaction block and the last two define
the experimental error for the ith data point as σi = ayDi + b

necessary to explain the experimental data. The number of states m ranged from 75 to
1000.

The published data used for model fitting did not include any experimental error.
Therefore, an error model was included into model fitting. The experimental error was
assumed to consist of an absolute and a relative contribution increasing the number of
free parameters to five per block. This error model extended the usual χ2 cost function.
χ2 means the sum of the least squared differences between model and data weighted by
the experimental error. The weights were not known and thus were included in fitting
leading to an extra term in the cost function in addition to χ2. This term balances
between a small deviation between model and data and large weights. See the methods
section for details.

Lower bounds for the parameters describing the absolute and relative error were defined
based on the assumed lower detection limit and the sensitivity of the applied experimental
method. Table 2.1.1 summarises the free model parameters and corresponding bounds.
Table 2.1.2 shows all 17 factors that were included into the model fitting. This is a
representative selection out of all 46 observed factors from the original publication.

Figure 2.1.2 shows model fits of systems with different numbers of promoter states to
pPol (left) and BRG1 (right) time courses. pPol represents the phosphorylated and thus
active form of RNA polymerase II. pPol data can be explained well by most model sizes.
The fit obtained with a system of 75 states (purple line), however, shows pronounced
damping. To fit the step like oscillations of BRG1 at least 300 states are necessary.
Smaller systems were not able to explain the sharp peaks and wider minima. Thus,
the minimal required number of states is mostly defined by the shape of the observed
oscillations.
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Factor Funtion
p300 Histone acetyl transferase

CARM1 Histone methyl transferase
ERα Estrogen receptor alpha
p68 DNA helicase

H3K4me2 Histone methylation, activating mark
TFIIB General transcription factor
AcH3 Histone acetylation, activating mark
GCN5 Histone acetyl transferase

pol RNA polymerase
TAF130 Subunit of general trascription factor TFIID

TRAP220 Mediator, coactivator of RNA pol II
CDK7 Cyclin dependent kinsase, cell cycle progression
pPol phosphorylised RNA pol II, i.e. active pol II

TRIP1 Protease regulatory protein
ELP3 HAT, subunit of elongator complex
BRG1 Subunit of the SWI/SNF chromatin modifying complex
HDAC Histone deacetylase, deactivating

Table 2.1.2: Epigenetic factors included into fitting the population model.

The shape of the oscillations differed among the selected factors although the period
was the same. For example the estrogen receptor ERα shows rather sinus like oscillations
but with a significant offset, i.e. during the minimum the signal still exhibits values
significantly larger than zero (see figure 1.3.1, blue line). The phosphorylated form
of RNA polymerase II (pPol) showed similar behaviour but with only little offset (see
figure 2.1.2, left panel, black squares). Other factors like BRG1 showed rather step like
oscillations with narrow but pronounced peaks interspersed with intervals where basically
no signal could be detected (see figure 2.1.2, right panel, black squares). This second
form is particularly difficult to fit with systems consisting only of few promoter states.
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Figure 2.1.2: Cyclic ODE model can explain oscillating ChIP time courses.
Model fits for different model sizes incorporating the error model. The
left panel shows data (black) and fits for various model sizes (colored lines)
to the pPol data. The right panel shows the same for the BRG1 data. Grey
shaded regions denote the fitted error region.

Figure 2.1.3: Several hundred promoter states are necessary to explain regular
transcription cycles. Value of the cost function used to fit the model
including the experimental error as function of the model size.

To assess the necessary minimal number of promoter states figure 2.1.3 shows the cost
function value of the best fit for different model sizes. The curve plateaus for systems
larger than 300 states. Thus, to explain the experimental data at least 300 states are
necessary. This is an enormous number compared to the few states that are necessary to
explain transcription in single cells and reveals a major discrepancy in interpretation of
the results. The weak damping of the oscillations, however, can explain this required
high number. Small systems show rapid decay of the oscillations not compatible with the
data as depicted in figure 2.1.1. The purple lines for a 75 states system in figure 2.1.2
obviously exhibit too rapid damping to explain the observed oscillations.
The best fitting model allows to reveal the temporal order of the binding events at

the promoter. Binding events are associated with with the start of the block and release
with its end. Figure 2.1.4 shows all 17 fitted reaction blocks to a system of 300 states
sorted by the start of the block from early to late. Temporal order of events is in general
accordance with biological knowledge. For example first p300 adds acetyl groups to
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histones (AcH3) which are removed later in the cycle by HDAC. Interestingly the blocks
of several factors span over a substantial fraction of the cycle. ERα for example remains
bound for more than three quarters of the cycle and thus seems to interact with most
other factors.

2.1.2 Fitting reaction blocks allows to predict combinatorial
complexity of factors

Overlap of the fitted reaction blocks allows to predict the combinatorial complexity of
different factors and thus to test the model on different data. Combinatorial complexity
means the co-occurence of pairs of factors at the promoter at the same time. A feature
that is not intuitively clear from data alone. Assessing all possible pairwise interactions
between the 46 observed factors experimentally would not be feasible and model fitting
could suggest the most interesting candidates pairs.
An overlap of the reaction blocks of two factors within the cycle suggests that both

factors are present at the promoter at the same time. Hence the model provides
information about co-occurence and possible interdependency. The blocks displayed in
figure 2.1.4 for example show a full overlap between ERα and CARM1 and only partial
overlap between ELP3 and HDAC. Quantifying the overlap of pairs of blocks allows to
predict the likelihood to find both factors at the promoter at the same time.

Experimentally coocurrence of factors is assessed by performing Re-ChIP experiments,
i.e. after a first ChIP against one factor the resulting material is subsequently used for a
second ChIP against another factor [Métivier et al., 2003]. A resulting signal indicates
that both factors occupied the promoter at the same time. Such Re-ChIP data was
published together with the ChIP time courses and provides an independent data set for
model verification [Métivier et al., 2003].
Before making concrete predictions it is necessary to assess parameter identifiability

in more detail. This means how well the found parameters are defined based on the
shape of the cost function. Model fits showed until here were the best fits obtained
by multi start local optimisation yielding a point estimation of the global optimum.
Profile likelihood provides a way to locally explore the cost function landscape along the
individual parameter directions by step wise changing one parameter and optimise the
remaining parameters [Raue et al., 2009; Kreutz et al., 2013]. By defining a threshold
of the cost function it is possible to determine confidence intervals for the obtained
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Figure 2.1.4: Fitting of reaction blocks reveals the temporal order of epigenetic
events. Resulting positions and amplitudes of reaction blocks fitted to a
300 state system. Blocks were sorted from early to late in the cycle. The
x-axis denotes the position within the cycle and the y-axis the amplitude of
the block.
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parameters. Such likelihood based confidence intervals are defined by a confidence region
around the fitted optimum θ̂.

{θ|χ2(θ)− χ2(θ̂) < ∆α}

∆α = χ2(α, df)
(2.1.1)

The threshold ∆α is calculated using the χ2 distribution with confidence level α and
df = 1 for point wise confidence intervals [Neale and Miller, 1997]. If the confidence
interval is narrow the corresponding parameter is well identified.

Parameters of each fitted block were profiled by changing one parameter in small steps
and optimising the other parameters leading to collections of parameter sets for reaction
blocks yielding fits with cost functions below the threshold ∆α and, thus, within the
confidence interval.

To predict combinatorial complexity the overlap between reaction blocks between pairs
of factors were calculated. To be significant the overlap between two pairs of blocks had
to be at least 50%, i.e. the overlap needed to be at least as long as half the length of the
shorter of the two blocks. The predicted likelihood then was the percentage of reaction
blocks with parameters within the confidence intervals that showed at least such an
minimal overlap. Figure 2.1.5 displays the prediction as a color map with results obtained
from fitting a system with 300 states as this provided the best compromise between a
good fit and a small system size (see figure 2.1.3). Lighter blue colors indicate high
likelihood of pairwise occurrence of the given factors. The displayed matrix is symmetric
and in the upper half the accordance between predictions and published Re-ChIP data
is indicated. If the predicted value was larger than 50% and the experiment shows a
signal the prediction was assumed to be correct. Predictions were incorrect either when
cooccurence was predicted but not observed or when it was observed but not predicted.
Green indicates a match between prediction and data and red a mismatch. 17 fitted
factors allow to predict the occurrence of 272 possible pairs 29 of which where available
in the published data set. For 26 of the 29 pairs the prediction was found to be correct
and incorrect only in three cases. This large majority of correct predictions indicates the
strength of the model to correctly describe the biological process of epigenetic binding
and release of many different factors to chromatin.
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Figure 2.1.5: Fitted reaction blocks allow to predict the combinatorial complex-
ity of promoter binding factors. Color map showing the combinatorial
complexity of pairwise occurring factors. All parameter sets found by profile
likelihood to deliver model fits with a cost function below a threshold were
tested for pairwise overlap of the reaction blocks of at least 50%. The col-
ormap shows the percentage of parameter sets that showed such an overlap
with blue indicating low and white high values. Green and red squares indi-
cate matches and mismatches between the model prediction and Re-ChIP
experiments from Metivier et al [Métivier et al., 2003].

Summary

Mathematical modelling of observed transcription cycles by a large set of coupled ODEs
allows to explain the data very well. Moreover, it enables to predict the combinatorial
complexity of individual factors binding to the gene promoter. Interpretation of the results
of fitting epigenetic transcription cycles in the light of recent results of transcription in
single cells, however, is intricate. Model fitting of the transcription cycles led to the
conclusion that several hundred epigentic states are necessary to explain the existing
data. Single cell transcription, however, revealed that a gene is switching only between
up to five or six states of transcriptional activity as explained earlier.

In experiments studying transcription cycles gene transcription itself was not analysed
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but rather changes of the chromatin environment at the locus. Those changes, i.e.
binding and release of proteins or epigentic marks at the chromatin, occurred in a cyclic
fashion. The method of choice to study such epigenetic interactions experimentally
is chromatin immunoprecipitation, a population based biochemical method. This has
several shortcomings. First the method can only detect those cells that show a signal with
a certain efficiency and, thus, provide no precise way to detect the fractions of responding
and non responding cells and, thus, permitting investigation of cell to cell variability.
Second it includes a huge number of cells and the read out is the average of the detected
cells. Third, as a biochemical method it is experimentally very elaborate which prevents
a good temporal resolution in time course measurements. Live microscopy of single
cells carrying a fluorescently labelled artificial transcript circumvent the shortcomings of
population methods. The next section will introduce a system of an artificial reporter
construct that was coupled with an endogenous promoter to observe transcription directly
under the microscope.

2.2 Fluorescent labelling allows to visualise gene
transcription in single cells

Experimental work including creation and characterisation of the cell line, all cell culture
work, microscopy and image analysis was done by Christoph Fritzsch in cooperation with
Monika Kuban from the work group of George Reid at the IMB Mainz.

The method of choice to label single transcripts in living cells to investigate transcription
over time is by integrating an artificial construct into the DNA sequence of the gene of
interest. Such a construct carries repeated sequences that fold into such a stem loop
structure once transcribed into RNA. A stem loop is a structure where a short stretch of
RNA folds back onto itself forming a loop as depicted in the inset of figure 2.2.1. These
structures are recognised by a protein named PP7 which carries a GFP tag and thus
place fluorescent marks on the transcript [Raj and van Oudenaarden, 2009]. Figure 2.2.1
schematically depicts the process of transcription of a gene carrying a stem loop forming
section. Once the Pol II starts to transcribe the integrated section the transcribed RNA
folds into stem loops that are recognised by the fluorescently labelled PP7 proteins making
it visible under the microscope. While RNA polymerase II transcribes the gene the
transcript remains attached to the transcription site leading to localisation the PP7-GFP.
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Figure 2.2.1: Fluorescently labelled PP7 visualises transcription in live cells. As
RNA polymerase II (grey) transcribes the integrated artificial section of the
gene (green rectangle on the black line representing the gene) the nascent
transcript (thin black lines) folds into the stem loop structure. Stem loops
are bound by tandem dimers of PP7 coat proteins (tdPCP) which themselves
are labelled by tandem dimers of the green fluorescent protein (tdGFP)
[Chalfie et al., 1994]. Before Pol II reaches the integrated section (t1) the
transcript does not carry any stem loops and thus is not visible under
the microscope. Once Pol II started transcribing the integrated section
stem loops start to form and are bound by fluorescently labelled PP7 core
proteins (t2). After finishing the stem loop section (t3) Pol II continues
RNA elongation but the transcript remains connected to the transcription
site and thus the site remains visible. After termination Pol II falls of the
DNA and releases the transcript into the nucleoplasm (t4) where it does not
contribute to the signal of the transcription site any more. Figure kindly
provided by Christoph Fritzsch.

A transcription site is the actual position within the cell nucleus where transcription takes
place and that is visible under the microscope as a bright spot as shown in figure 2.2.3.
Thus, this method allows to follow transcription over time by measuring the emitted
fluorescence light intensity at the transcription site. In vivo multiple polymerases are
present at the gene each generating its own transcript. Thus the detected signal is the
sum over all transcripts at the transcription site at one time point.

In previous studies the relatively simple locus of the estrogen sensitive ps2 gene was
used to study the dynamics of epigenetic transitions. Simple meaning in this context that
a short promoter with a single estrogen responsive element is in close proximity to the
gene itself. An estrogen responsive element is a binding site to the estrogen receptor ERα.
In addition, the ps2 gene codes for a single and rather short transcript. The GREB1 locus
as a another example of an estrogen sensitive gene appears more complex than ps2 as
depicted in figure 2.2.2. Experimentally, however, it turned out to be easier to integrate
the desired reporter construct into the GREB1 locus than into the ps2 locus. The GREB1
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Reporter length 88000 bp
Number of stem loops 24
Length of single stem loop 60 bp
Start of first stem loop 1300 bp

Table 2.2.1: Structure of the synthetic transcript used to visualize transcription.
Stem loops of the transcript are recognised by the GFP labelled PP7 protein.
The start of the first stem loop marks the position of the stem loop section
within the full transcript.

promoter region carries at least three different estrogen responsive elements. All three
were shown to exhibit transcriptional cycles similar to the ps2 locus [Sun et al., 2007]. In
contrast to ps2 the GREB1 gene codes for multiple transcripts and the transcript studied
here is comparatively long with a length of 88000 base pairs.

The recently developed CRISPR/Cas9 method provides an effective way to integrate
artificial constructs into the genome at a well defined position [Jinek et al., 2012]. This
has the advantage that the artificial gene is controlled by an endogenous promoter and
thus expected to behave in the same way as without the artificial construct.
The final integrated construct into the GREB1 gene consisted of 24 repeats of stem

loop forming PP7 binding sites and the necessary homology arms to combine it stably
with the genome. After transcription RNA is further processed. Sections called exons of
the transcript are cut out and combined to the final mRNA coding for a protein. The
remaining sections of the RNA are called introns and are quickly degraded. This process
of RNA processing is called splicing [Chow et al., 1977] and it was shown that splicing
already can occur during transcript elongation and while the transcript is still connected
to the transcription site [Coulon et al., 2014]. As integration site exon two of the full
transcript was chosen as indicated in the bottom row of figure 2.2.2. Integrating the
reporter construct into an exon avoids the effect of splicing out the stem loop section
from the transcript which would have led to a loss of signal. Moreover, placing the
reporter construct in an exon avoids to consider splicing in a mathematical description of
the process. Table 2.2.1 summarises the structure of the reporter construct. The exact
structure of the transcript will be important later and has to be incorporated into the
model representation of the system.
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Figure 2.2.2: Structure of the GREB1 locus and position of the PP7 stem loop
knock in. The GREB1 locus with coordinates on chromosome 2 (top).
The second line shows peaks of ERα binding in the promoter region as
detected by ChIP-seq six hours after estrogen induction. Hight of the peaks
indicates the strength of the signal. The next two lines depict the signal
from two RNA-seq experiments. At zero and 6 hours after induction of the
cells with 1 nM estrogen. Each peak marks the signal detected for one exon
of the transcript. Annotated exons from the REfSeq data base are marked
in the second last row. The dashed vertical line marks the position of the
integrated stem loop forming section of the reporter transcript in exon 2.

2.2.1 The static dose response cannot explain the dynamic
behaviour of transcription

Before assessing the dynamic features of estrogen dependent transcription the created
cell line carrying the artificial reporter transcript in the endogenous GREB1 locus was
tested to show physiological behaviour. Figure 2.2.3 shows example microscopy images of
cells carrying the reporter construct. Transcription sites are visible as small bright spots
within cell nuclei. Cells were imaged at different estrogen concentrations. Snapshots of
cell populations showed a dose dependent fraction of cells exhibiting transcription sites
with the more visible sites at higher doses. This observation was a first indication that
the biological model system is responsive to estrogen and producing more transcripts at
higher doses.
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Figure 2.2.3: The number of transcription sites in cell populations is stimulus
dependent. Microscopy images of cells showing transcription sites at differ-
ent estrogen stimuli of 0, 10 and 100 pM (from left to right). Transcription
sites are visible as small bright spots marked by arrow heads. Bright areas
containing the transcription sites are cell nuclei. Shown images are maximum
intensity projections of z-stacks of 12 to 17 images to capture the full volume
of the cells. Images were provided by Christoph Fritzsch.

The right panel of figure 2.2.4 shows a quantitative representation of the fraction
of cells showing a transcription site as a function of the estrogen concentration. The
response here is the fraction of cells showing a transcription within a population at
one instance of time. This curve has a typical sigmoidal shape and could be fit by a
Hill-Function with a Hill coefficient of nH = 0.86. Interestingly, even without estrogen a
fraction of 15% of cells still showed transcription sites.

The left panel of figure 2.2.4 shows the transcriptional does response of cell populations
treated with different doses of estrogen. The data was obtained by reverse transcription
quantitative PCR (RT-qPCR) to quantify the amount of GREB1 transcripts. RNA was
collected from cell populations, reversely transcribed into DNA and DNA fragments of
the GREB1 transcripts were quantified by qPCR and normalisation against the GAPDH
house keeping gene. GAPDH transcription is assumed to be estrogen independent [Barber
et al., 2005]. Grey dots show data from the wild type (WT allele) and green dots from
the allele carrying the reporter construct.

Both curves show typical sigmoidal shapes. Fitting of a Hill-Function found Hill-
Coefficients of nH = 1.19 and nH = 1.12 for both alleles respectively. Both static dose
responses in figure 2.2.4 clearly indicate that transcription of the GREB1 gene is estrogen
dependent with higher transcription at higher doses. However, the values shown in theses
curves represent static snap shots of cell populations and do not contain any temporal
information, hence from such curves it cannot be learnt how the cells achieve the higher
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Figure 2.2.4: The transcription level is dose dependent. The left panel shows the
static dose response of transcriptional activity as population everage of the
wild type alleles (grey dots) and the modified allele carrying the reporter
construct (green dots). Transcriptional activity was measured by RT-qPCR
and is reported relative to abundance of the house keeping gene GAPDH.
Error bars represent the standard deviation of three biological replicates.
To both set of data points a sigmoidal hill function was fitted. Resulting
parameters of half induction (EC50) and hill coefficient n are shown in the
legend. The right panel displays the static dose response of the fraction of
cells showing transcriptions sites within a larger population of cells, thus the
reported values are based on single cells. Again in the legend the values of
EC50 and n of a fitted hill function are indicated. Both panels were provided
by Christoph Fritzsch.

number of transcripts. Several hypotheses appear plausible. i) The cells can upregulate
the transcription rate km, ii) estrogen can influence the time the gene is in an active state
or iii) a combination of both. To find the most plausible hypothesis requires investigation
of the temporal behaviour of transcription.

2.2.2 Time course experiments allow to investigate the dynamic
dose response

We wanted to scan the time course behaviour from low to medium and high levels of
estrogen, thus we obtained different time course data sets under varying stimuli. The
static dose response showed in figure 2.2.4 exhibited half induction at EC50 ≈ 10 pM
and full saturation at 1000 pM. This led to the selection of four different estrogen
concentrations, namely 5 pM, 10 pM, 20 pM and 1000 pM. For each concentration
multiple cells were observed: 53, 46, 74 and 68 cells, respectively. The observation time
was 750 min with an imaging interval of 3 min. Thus, each observed cell was imaged 250
times. At each time point a z-stack of images was captured to ensure to image the whole
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Figure 2.2.5: Image analysis of time laps microscopy images yields time courses
of intensity fluctuations of transcription sites. The plotted red line
represents an example intensity time profile of a single cell. The panel of
images shown above the plot shows the the maximum intensity projection
of the region of the transcription site at the marked time points. Images on
the right show an example z-stack of an active transcription site. The figure
was provided by Christoph Fritzsch.

volume of the cell. Transcription sites in the images were tracked by a software written
by Christoph Fritzsch in MatLab (Mathworks, Natick MA, USA). To segment the images
in a first step the cell nuclei were found. As can be seen in figure 2.2.3 the cell nucleus is
brighter than the rest of the cells. This is due to the presence of free PP7 proteins that
carry a GFP tag. Within each nucleus transcription sites were found by searching for
the brightest spot. To that spot a three dimensional Gaussian distribution was fitted.
The final signal was the integrated light intensity originating from the volume of the
fitted gaussian. To ensure to follow the same transcription site over time the position
of one transcription site between consecutive images were connected and checked for
consistency. This tracking yielded intensity time courses similar to the one shown on
figure 2.2.5. As a measure of the background signal a site within the cell nucleus distant
from the transcription site was measured in each image.

2.2.3 Transcription in synchronised single cells does not show cycles

Combination of cell synchronisation followed by single cell microscopy was used to test
whether transcription in single cells follows an oscillatory pattern. Cells were grown in
estrogen free medium for three days to achieve transcriptional synchronisation similar to
the chromatin immunoprecipitation experiments analysed earlier. The upper panel in
figure 2.2.6 shows measured intensity time courses of synchronised single cells. Estrogen
was added after 42 minutes of imaging. Cells imaged in estrogen free medium did not
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Figure 2.2.6: Transcription in synchronised single cells does not show oscilla-
tions. The top panel shows time course measurements of light intensity of
single transcription sites. Each row represents on time course. In total 112
time courses are are shown. Cells were synchronised by estrogen starvation
for three days. The bottom panel shows the mean light intensity value over
all cells. The grey shaded area denotes the ±SD region and the dashed line
indicates the time point of estrogen addition to the cells.

show substancial transcription. Soon after the addition of estrogen bright transcription
sites appeared. Transcriptional activation synchronosly occurred in all cells within a small
time window. Single cells did not show visible oscillations of transcription. Averaging over
all cells provides a way to directly compare single cell measurements with ChIP results.
The average signal of all imaged cell, however, does not exhibit oscillations as might have
been expected from ChIP experiments. This further indicates the difficulty to reconcile
data from both types experiments. The remaining part of this chapter concentrates on
the analysis and interpretation of single cell transcription data.

2.3 Transcription in single cells is stochastic and shows
dose dependent features

Data sets contained single cell time course intensity measurements of multiple cells imaged
under the same experimental conditions. Exploratory data analysis revealed several
features of the data sets that highlight population and single cell aspects that showed
dose dependency. Those features motivated formulation of a mathematical modelling
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Figure 2.3.1: Global distribution of emitted light intensity is bimodal and dose
dependent. The left panel shows global histograms of light intensity emit-
ted from transcription sites (colored lines) observed at different experimental
conditions. The grey shaded area denotes the distributions of the background
light intensity of the different experiments. Bins are defined logarithmically
and for each data set the bin count is divided by the total number of data
points within the data set. The right panel shows the mean light intensity
as a function of the estrogen concentration (black circles). The mean values
are normalized to the mean intensity observed at 1000 pM. The orange line
shows the fit of a Hill-Function. The parameter values for the Hill-Coefficient
nH and the EC50 are indicated in the figure legend.

frame work and in addition were used during model calibration. This section will give
an overview of the statistical analysis that was applied to experimental data. Moreover,
it will give some direct hints of important model parameters and their dose dependent
regulation.

2.3.1 Transcriptional activity shows bimodal distributions

The distribution of all measured intensity values within one data set gives a broad
overview of the global behaviour of the observed cell population irrespective of the time
course nature of the data. The left panel in figure 2.3.1 shows histograms of measured
fluorescence intensities for all four investigated estrogen stimuli (colored lines). The
grey shaded area depicts the background fluorescence intensities for the four different
experiments. The background did not vary significantly between experiments (see also
table 4.3.1 in the methods section). The distributions change characteristically with
increasing stimulus. At the lowest stimulus most of the observed fluorescence falls into
the background peak (green line) indicating that cells rarely respond and if they do
not exhibit high intensity values. With increasing stimulus a second peak above the
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background becomes more pronounced leading to a bimodal intensity distribution. At
a saturating estrogen concentration of 1000 pM almost all detected signal lies above
the background showing that transcription sites appear to be active most of the time
(dark grey line). In addition, the right peak of the histogram is shifted to the right with
increasing stimulus indicating a transition in behaviour from digital to analog. This
characteristic distribution of fluorescence intensities indicates the burst like nature of
transcription. A feature that was used to compare experimental data with simulated
data sets during model fitting.

On average single cells are expected to show a similar sigmoidal dose response behaviour
as cell populations. The right panel of figure 2.3.1 shows the mean intensities from the
histograms on the left as a function of the stimulus. Mean intensities were normalised
to the mean intensity of the 1000 pM data set. The values show the typical sigmoidal
behaviour of a dose response curve. Fitting of a Hill-Function (orange line) revealed a
Hill-Coefficient of nh = 3 and an EC50 = 20. Thus, the dose dependent increase in mean
light intensity is much steeper than in the transcriptional dose response shown in figure
2.2.4 where a Hill-Coefficient of nH ≈ 1 was observed. A discrepancy that might be due
to the different methods of observation and of the different data sets.

2.3.2 Dose dependent features of stochastic single cell transcription

The aim of this work is to study the dynamics of transcription which made it necessary
to perform time course experiments. A tool to investigate the temporal behaviour of
a dynamic stochastic process is its autocorrelation function (ACF). It measures the
temporal interdependence of consecutive time points and hence allows to detect regularity
in single cell time course data.

Figure 2.3.2 gives an overview of three features of the different data sets via colormaps,
namely the data itself rescaled to z-scores (left), the individual autocorrelation functions
(center) and the distribution of z-score values of single cells. Each row of panels shows
features of one data set. The estrogen stimulus is indicated on the left. Red colors in
all color maps represent high numerical values, white intermediate and blue low values
(see the color bars above each column). Pixel rows of panels within one row of panels
correspond to the same cell.
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Figure 2.3.2: Single cells show dose dependent dynamic features. Colormaps to
visualise features of cell to cell variablity. Columns represent different features
and rows represent experimental conditions. Estrogen concentrations are
indicated on the left of each row. The data sets consisted of 53, 45, 73 and
68 cells for stimuli of 5 pM, 10 pM, 20 pM and 1000 pM respectively. Each
row of pixels within a colormap represents one cell and the cells were sorted
according to their autocorrelation half life from short (top) to long (bottom).
The left column displays z-score values calculated according to equation 2.3.1.
The middle column represents the corresponding autocorrelation functions.
For the distribution of z-score values of each individual cell a kernel density
estimation (KDE) was performed. The right column shows the log density
values of the KDE. Colorbars relating color with numerical values are shown
at the top of each column.
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The left column shows the light intensity values transformed to z-scores according to:

zscore = data− b̄g
σbg

(2.3.1)

Where b̄g denotes the mean and σbg the standard deviation of the back ground signal.
This reduces the dynamic range of the original data from 1 to 10000 to a range from
approximately -4 to 30 and allows to better compare data sets side by side. The colormaps
clearly indicate that transcription is stochastic and that the level of transcription increases
with increasing estrogen stimulus as already shown in the histograms of figure 2.3.1.

The central column depicts Autocorrelation values. ACF was calculated following the
usual definition in statistics as:

ACF (τ) = E[(Xt − µ)(Xt+τ − µ)]
σ2 (2.3.2)

E represents the expectation value operator, τ the time lag and µ the mean intensity
value. A time course of a purely random signal would show an instantaneous drop in the
ACF to zero and hence no autocorrelation. Such behaviour would be expected for the
background signal. Time courses carrying temporal information and that hence are not
completely random would exhibit a slower decay of the autocorrelation function. These
two extreme cases easily allow to detect cells that are responding to an external stimulus
or not. With the latter showing an instantaneous drop in the ACF representing only a
random signal. This indeed was observed for multiple cells in the 5 pm, 10 pM and 20
pM data sets. This fraction of not responding cells decreased with increasing estrogen
stimulus.

Cells within one data set where sorted according to their ACF half life from short
(top) to long (bottom). ACF half live is the lag at which the ACF drops to a value of one
half. The ACF half life of the responding cells show a characteristic spread indicating
cell to cell variability. This is visualised by the triangular pattern in the lower left
corner of the color maps. The mean autocorrelation of a data set and the distribution
of autocorrelation half lives were used during model calibration to compare simulations
with data.

In the right column the distribution of the z-score values of each single cell is shown by
its log density. The distribution of observed intensity values for a single cell is another
interesting feature describing the transcriptional activity. In case of a non responding
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cell most of the measured intensity values is close to the background signal which can be
seen in case of the 5 pM and 10 pM data sets. Responding cells exhibit a much wider
spread in the distribution of their exhibited intensity values. A histogram of measured
values from a single cell is sparse and difficult to visualise due to the limited number of
observations (n = 250). To overcome this and to gain a single cell intensity distribution
the kernel density estimation (KDE) is displayed.
Data representation in figure 2.3.2 highlights several features of the data sets. The

depiction in the left column highlights that transcription is apparently intrinsically
stochastic. Moreover, it shows that with increasing stimulus more cells are responding
by showing high fluorescence signals. In the 5 pM data set almost half of the cells are
not responding. Showing immediate drop in ACF and a strongly peaked distribution
of intensity values around a z-score of 0. This fraction of non responsive cells decreases
with increasing stimulus to only one cell in the 20 pM and none in the 1000 pM data
set. ACFs sorted by their half life from short to long show a characteristic triangular
pattern in the lower left corner of the color maps indicating pronounced variability among
responding cells within each data set (middle column). Showing high intensity values
(z-scores) strongly correlates with ACF half life with highest numbers at longest half
lives. At the same time cells with long ACF half lives show a wide spread in intensity
distribution. The first cell in the 1000 pM data set is active during the whole observation
time and thus does not show regulation leading to a quick drop in the ACF.

2.3.3 Transcriptional activity may be frequency modulated

As explained earlier transcription for many genes was found to switch stochastically
between active and inactive states. An interesting feature is how long either phase is
and whether they are influenced by experimental conditions. Finding peaks within the
observed time courses and estimation of their width and relative distances allows a rough
estimation of active and inactive times of the gene. A peak indicates transcriptional
activity. Peak width is a measure of the active time and the distance between peaks is a
measure of inactive times. Peak detection was performed by first smoothing the raw data
by a median filter with a window size of three data points followed by transformation
of the resulting time course to z-scores. Thresholding of the z-scores created a binary
mask with values of one indicating high intensity values of a peak corresponding to
transcriptional activity and zero values indicate transcriptional inactivity. Gaps in the
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Figure 2.3.3: Active and inactive times extracted directly from data indicate
dose dependent regulation. Approximate estimation of the duration of
active and inactive times were done by transforming the data to z-scores
and finding consecutive data points above (active) or below (inactive) a
threshold. The left panel shows histograms of extracted active times from
the 10 pM data set for different threshold values ranging from 1 (purple) to
6 (yellow). The middle and right panel show the mean values of the active
(middle) and inactive times (right) as functions of the estrogen stimulus
for a threshold value of four. Errorbars represent ±SD regions. Mean and
standard deviation were calculated for all peaks found in one data set.

mask, i.e. a single zero within a sequence of ones ore vice versa, were closed to avoid
finding random peaks or minima. The number of consecutive data points above or below
the threshold multiplied by the imaging interval of three minutes are measures of active
or inactive times respectively.

The left panel in figure 2.3.3 shows histograms of found actives times within the 10
pM data set. Colored lines represent histograms for different threshold values from one
(purple) to six (yellow). Thresholds above a value of four (dark green) do not show
significant changes in the distribution and thus four appears to be the lowest threshold
providing robust values values for on and off times. A z-score of four indicates data
points that are four standard deviations above the background signal. A number that
appears significant to consider the gene to be active. The middle and right panel of
the figure show mean active (middle) and inactive (right) times extracted from the
experimental data as functions of the estrogen stimulus. Both times show weak but
sustained trends, namely that the active time is increasing and the inactive time is
decreasing with increasing stimulus. This results provide a hint that the adaptation of
transcription to the stimulus is done by adjusting the gene’s times of activity. These
results, however, have to be handled with care because the estimated times might be
incorrect due to technical reasons.
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On time over estimation

The width of the peaks is largely defined by the velocity of the RNA polymerase as it
transcribes the gene. The nascent transcript stays connected to the polymerase during
elongation and remains visible as explained in figure 2.2.1. A polymerase velocity of 2.5
kb/min results in an elongation time of 34 minutes of the observed transcript. This time
provides a lower bound of the peak width that is detectable by this method although the
actual on time might be much shorter.

Off time under estimation

To find an inactive interval it has to be flanked by two peaks. Inactive times at the
beginning or the end of the observed time courses cannot be estimated. An effected that
is most prominent at low stimuli because peaks there are less frequent. At high stimuli
the inactive times might become shorter than the transcript elongation time thus leading
to overlapping peaks that cannot be resolved.

A mathematical model resembling the stochastic mechanism of transcription would be
able to overcome such short comings and model calibration provides a way to correctly
estimate parameters. Nevertheless, the rough estimation of the time of gene activity
already hints to important model parameters that could be dose dependent.

Summary

As summary of this exploratory data analysis it can be said that single cell transcription
data show very interesting and non intuitive features. Transcriptional activity of the
observed model system is dose dependent as shown by the static dose response. From
the measured single cell time courses it appears obvious that transcription is a stochastic
process showing a substantial amount of variability during the observation time. In
addition, cells can behave very differently under the same experimental conditions. First
cells are either responding to an external stimulus or not and secondly responding cells
show variable behaviour reflected by a characteristic spread of the autocorrelation half
lives. This cell to cell variability appeared to be dose dependent with higher variability
at low stimuli. Such dose dependent features cannot intuitively be explained by simple
qualitative assumptions and motivate a mathematical modelling frame work. Model
fitting would allow to find parameters that are controlled by an external stimulus and
thus to explain the stochastic but dose dependent single cell behaviour.
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2.4 Hybrid model to understand stimulus dependent
single cell transcription

A mathematical model of transcriptional (in)activation of the biological model system
under study has to incorporate the features found in the experimental data. Those are
the intrinsic stochasticity, the bimodal global distribution of intensity values and the
characteristic ACF. At the same time a model would have to reproduce substantial cell
to cell variability.

2.4.1 Model topologies of different complexity

As explained earlier in existing literature mathematical models of gene transcription were
implemented with at least two promoter states, i.e. one on state where transcription can
occur and one off state where no transcription takes place [Paulsson, 2005]. Switching
between states usually is assumed to occur at random times and thus the process is
modelled as a continuos time markov process to incorporate the necessary intrinsic
stochasticity. Recent studies found that gene promoters may not only switch between
two states but rather have multiple inactive states [Suter et al., 2011; Zoller et al., 2015]
forming a cyclical biochemical reaction network. Fitting of a cyclical model to ChIP time
courses also suggested the existence of multiple promoter states connected in a cycle.

We compare promoter cycles of different complexity in their ability to explain experi-
mental data. Figure 2.4.1 shows model topologies corresponding to published models.
In the upper part the cycle of promoter states is displayed. The smallest possible cycle
of only two states is shown on the left, whereas on the right two longer cycles are
shown representing models of higher complexity. The three state model has two inactive
promoter states and the four state model incorporates an additional on state. By this
scheme the set of model topologies can be extended by adding more states in either the
active or inactive phase of the cycle. Switching between states occurs with the rates
koni and koffi respectively and is implemented as an irreversible ratchet like process as
proposed in existing literature [Reid et al., 2009; Zoller et al., 2015].
Due to the structure of the artificial transcript the fluorescent signal that is visible

under the microscope is delayed relative to transcriptional initiation. As described earlier
RNA polymerase first has to transcribe the stem loop section of the reporter construct
for the fluorescent marker to bind and visualise it (see figure 2.2.1). This generates a first
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Figure 2.4.1: Model topologies of different complexities. The upper part of the
figure shows three different versions of a multi state promoter cycle with
increasing number of states from left to right. By adding more promoter
states into the cycle more complex models can be created. Transition
rates between between consecutive states are denoted by koni and koffi ,
respectively. km denotes the transcription initiation rate by which new
transcripts are created during the promoter on phase. The lower part
of the figure depicts the states of RNA elongation that are necessary to
incorporate the delay between transcription initiation and fluorescence signal
into the model. ø denotes the termination of transcript elongation where the
transcript falls off the transcription site and the fluorescent signal disappears.

delay τ1. After a second delay τ2 RNA polymerase has completed the transcript which
then falls off the transcription site and is not contributing to the detected signal any
more. A general approach to model such a delay is to introduce extra states mRNAi for
RNA elongation as illustrated in the lower part of figure 2.4.1. Only a subset of the RNA
states is visible under the microscope due to the position of the stem loop section within
the transcript. Transition of the RNA state mRNAi to mRNAi+1 again is stochastic
and transition rates are assumed to be equal. Previously the transcriptional velocity of
RNA polymerase II was estimated to ≈ 2.5 kb/min [wa Maina et al., 2014]. Assuming
this velocity and the transcript length of 88 kb leads to an average RNA dwell time of 34
min at the transcription site. Thus, the life time of the individual mRNA states had to
be adjusted accordingly.
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Figure 2.4.2: Deterministic temporal intensity profile of a single transcript.
Scheme of the deterministic signal created by a single transcript. The
two delays τ1 and τ2 denote the times when the transcript becomes fluores-
cently visible after initiation and when it is released from the transcription
site. The first is defined by the position of the stem loops within the the
transcript and the second by the full transcript length. The transition of
the intensity from the low to the high plateau is the phase when RNA
polymerase transcribes the stem loop section of the transcript. Every newly
transcribed stem loop is bound by a fluorescent marker and thus increases
to the visible signal. The integrated transcript carries 24 stem loops of 60
bp each. Thus the stem loop section is 1440 bp long. Assuming a elongation
rate of 2500 bp/min this section is transcribed in 36 seconds which is much
shorter than the imaging interval of three minutes.

2.4.2 Numerical implementation

On the biochemical level intrinsic stochasticity of transcription is caused by random
interactions of reacting proteins available only in low copy numbers. Many proteins
involved in gene transcription and chromatin remodelling are present in the cell nucleus
only in small copy numbers, e.g up to a few thousand molecules per species [Biggin, 2011].
The binding target for these proteins is the gene promoter which is only present in the
genome in two copies. This means the few molecules need to find a even fewer targets to
activate them. Therefore, biochemical interactions between enzymes and template have
to be modelled stochastically.

Numerically the temporal evolution of a markovian system can be simulated using the
well known stochastic simulation algorithm (SSA) [Gillespie, 1976, 1977]. For details
about the SSA implementation and model parameterisation please see the methods
section.
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Figure 2.4.3: Hybrid stochastic-deterministic simulation provide a close approx-
imation to full stochastic simulations. Comparison between simulated
RNA counts at the transcription site for the full stochastic simulation (blue)
and using the initiation events to assemble a hybrid path (orange). Promoter
activity is shown in black.

Simulating the full stochastic signal led to extended computation times which signif-
icantly delays model fitting with respected simulations. To gain computational speed
a hybrid stochastic-deterministic method was implemented. Instead of stochastically
simulating the mRNA elongation by multiple extra states the mRNA part of the model
was simulated deterministically. The deterministic signal created by a single transcript
was completely defined by the structure of the transcript (length, position of the stem
loops) and the velocity of the RNA polymerase as depicted in figure 2.4.2. Assuming
such deterministic temporal signals was successfully used by Larson et al. to measure
the elongation rate of nascent transcripts [Larson et al., 2011]. RNA polymerase velocity
is assumed to be constant over the whole transcript. Thus, the position of the stem
loops within the transcript defines the first delay τ1 between transcript initiation and
appearance of the fluorescence signal. The length of the transcript defines the second
delay τ2 when the transcript is finished and released from the transcription site. The
stochastic part of the simulation created the time points of transcriptional initiation
events and the final time course consisted of the sum over all initiated single transcript sig-
nals. Hybrid stochastic-deterministic simulations shows only minor deviations from fully
stochastic simulations (see figure 2.4.3) and yielded an approximate 50 fold acceleration
in computation time.
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2.4.3 Intensity of single transcripts relates RNA simulations with
experimental data

Stochastic simulations of the model create absolute RNA counts over time whereas the
experimental read out is fluorescence light intensity. We measured the light intensity of
single transcripts to allow direct comparison. The intensity of a single transcript was
measured independently and used as a factor of proportionality between simulated RNA
count and measured light intensity.
The measured signal is afflicted by back ground noise. The background signal was

measured independently and found to exhibit a log normal distribution. Parameters of
a fitted lognormal distribution to the background signal were used to add noise to the
simulations.
Before the comparison with experimental data the simulated RNA time courses had

to be scaled with the estimated factor and subsequently log normally distributed noise
had to be added with the fitted parameters. For details please see the methods section

2.4.4 Off time modulation as a candidate mechanism to explain
dose dependent modification of the global intensity histogram

Before the model was fit to data it was tested for its abilities to explain features of
the data qualitatively. Extraction of active and inactive times of transcription directly
from the experimental data suggested a dose dependent modulation (see figure 2.3.3).
Figure 2.4.4 shows features of three simulations. A two state model was used with
the parameters: on time ton = 7 minutes and initiation rate km = 5 min−1 kept fixed
for all three simulations. The promoter off time T was set to values of 700, 200 and
30 minutes from left to right. The upper panels show the global histograms of the
simulations similar as for experimental data in figure 2.3.1. The bimodal nature exhibited
by the experimental data can qualitatively be well explained. In addition, the dose
dependent modulation of the peaks of the histograms as observed experimentally could
be explained by modulation of the promoter off time. The displayed histograms already
closely resemble those of the 5 pM, 10 pM and 20 pM data sets. This off time modulation
additionally could explain the different fractions of responding and non responding cells.
The variability in autocorrelation half lives of responding cells, however, could not be
accounted for. The lower part of figure 2.4.4 shows the individual ACFs sorted by their
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Figure 2.4.4: Stochastic simulations together with off time modulation can ex-
plain global dose dependent features The figure shows the global his-
togram (top) and the autocorrelations sorted by their half life as colormap
for three simulations. Simulations were done using a two state model with
fixed on time to ton = 7 min and initiation rate to km = 5 min−1. The off
time was varied between 700, 200 and 30 minutes.

half life as colormaps similar to the middle column of figure 2.3.2 for experimental data.
The characteristic triangular pattern in the lower left corner could not be resembled and
the autocorrelation half lives did not show much variability.
At the current state the model can qualitatively explain several features of the data.

Namely the bimodal global distribution of intensity values. In addition, modulation of
the promoter off time can explain dose dependent global behaviours. Moreover, off time
modulation is capable to explain one part of cell to cell variability in that it controls the
fraction of non responding cells. Cell to cell variability among cells that are responsive
cannot be accounted for, yet. This requires further model extensions which will be
introduced in the next section.
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2.4.5 Parameter perturbations can model variability among
responding cells

Individual cells showed a high variability in their ACFs leading to characteristic patterns
when sorted for the ACF half lives as displayed in figure 2.3.2. This cell to cell variability
between responding cells can be introduced into the model by perturbations of individual
model parameters. The underlying assumption is that the cellular state among different
cells varies even under the same experimental conditions. Within the simulation of a data
set one or more parameters of the model can be perturbed by resampling from a certain
distribution, i.e. for each simulated cell an individual parameter would be sampled. Such
perturbations represent extrinsic sources of variability like varying protein copy numbers
among cells within one population. Perturbations are assumed to be stable over time, i.e.
do not change over the course of the simulation.

Included were individual perturbations on the RNA polymerase velocity, the initiation
rate, the on time and the off time. For instance, varying ATP levels are responsible for
varying RNA polymerase velocity [Johnston et al., 2012], varying copy numbers of RNA
polymerase can cause different initiation rates. Copy number variations in other proteins
necessary to activate transcription can cause variations in on or off times. In addition to
single perturbations, combinations of two perturbations were included, as well.
Perturbed RNA polymerase II velocities were sampled from a uniform distribution

vpol ∼ Unif(1, 5) kb/min. The bounds of the distribution are motivated by published
values for high [Darzacq et al., 2007] and low RNA pol II velocities [Ardehali and Lis,
2009; Boireau et al., 2007] measured as population averages. All other parameters were
perturbed by normal distributions. The standard deviation of that normal distribution
is a measure for the strength of the perturbation. To avoid negative values the absolute
value of the sampled parameter was taken.

Figure 2.4.5 displays the sorted individual autocorrelation functions for four different
simulations. From left to right are shown simulations with no perturbation, perturbation
of the polymerase velocity alone and two combinations of perturbation of polymerase
velocity and initiation rate with small and large perturbation strength σkm . As model
again a two state model was used with initiation rate set to σkm = 5 min−1, on time to
ton = 7 minutes and off time to T = 200 minutes. Introducing a perturbation allows
to resemble the characteristic triangular pattern of ACF decay that was observed in
experimental data (see figure 2.3.2 for comparison). Thus, parameter perturbations are
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Figure 2.4.5: Parameter perturbations are necessary to explain variability in
autocorrelation half life. The color maps show the autocorrelation func-
tions sorted by their half life. Shown are four different simulations created
by using a two state model with fixed parameters (ton = 7 min, km = 5
1/min and T = 200 min) but different settings for parameter perturbations.
From left to right are shown results for: no perturbation, perturbation of
the polymerase velocity vpol alone, two combinations of perturbation of the
polymerase velocity and i) weak σkm = 2 min−1 and ii) strong σkm = 10
min−1 perturbation of the initiation rate.

necessary to implement into the model. Their specific influence will be highlighted in the
next paragraph.

The global intensity distributions showed pronounced tails towards high intensities
(see figure 2.3.1). A feature most prominent in the 5 pM and 10 pM data sets. Figure
2.4.6 investigates the influence of the type and strength of parameter perturbation on the
global intensity histogram using the simulations from figure 2.4.5. The inset enlarges the
right peak of the bimodal distribution. In this data representation the influence of the
different types of perturbation becomes apparent. The histograms for the simulations
without perturbation, perturbation of the RNA polymerase velocity alone and combined
perturbation of RNA polymerase velocity together with only a weak perturbation of
the initiation rate are very similar. The right peak of the histogram in case of a strong
perturbation of the initiation rate together with perturbation of the polymerase velocity is
flatter and broader than the other three. This appears natural as perturbation eventually
leads to high initiation rates resulting in more transcripts and thus higher signals. The
area of the peak remains constant because of the symmetric nature of the perturbation
which is realised by a normal distribution. Hence the peak flattens. Such an effect
appears desirable for example to explain the 5 pM data set where the global intensity
perturbation shows a flat but rather long tail of intensities above the background.
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Figure 2.4.6: The type of parameter perturbation influences the global his-
togram. The plot shows the global histogram of the same simulations
as used in figure 2.4.5. Four different perturbation conditions are shown
(colored lines), no perturbation (red), perturbation of the RNA polymerase
velocity alone (blue) and two combinations of perturbation of the RNA poly-
merase velocity and initiation rate. Perturbation strength of the initiation
rate was set to a low (σkm = 2 min−1, green) and a high (σkm = 10 min−1,
purple) value, respectively. The grey area denotes the distribution of the
background signal. The inset enlarges the region of the histogram marked
by the dark grey box.

Summary

In summary of this section it can be said that the hybrid stochastic-deterministic model is
capable to qualitatively explain various features of the experimental data. The stochastic
simulation alone can explain the intrinsic noise of the process of gene transcription.
Varying the promoter off time allowed to explain the modulation of the global intensity
histogram as observed in experimental data obtained at different experimental conditions.
In addition such parameter variation seemed sufficient to explain the different fractions
of cell that respond to the stimulus during the observation time. This feature appears
promising in including dose dependency into a global model later. Let alone, stochastic
simulation is not sufficient to fully explain cell to cell variability. Parameter perturbations
as representations of sources of extrinsic noise were necessary. By this it was possible to
explain variability in ACF half lives. In addition, modulating the strength of perturbations
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allowed for subtle but important modulation of the global intensity histogram. Calibrating
the introduced model to the experimental data will yield estimations of the most likely
model topology and its corresponding parameters.

2.5 Approximate Bayesian Computation for likelihood
free model calibration

Calibrating the model introduced in the previous sections to experimental data consists
of two tasks: model selection and parameter estimation. The former will reveal the most
likely model topology and the latter the corresponding parameter values. This section
will introduce a likelihood free bayesian method to calibrate stochastic models to data.
In addition to parameter estimation, this method easily allows to incorporate model
selection.
Incorporating the delay between gene transcription and visible fluorescence intensity

under the microscope made it necessary to introduce extra states for RNA elongation into
the model. This increased the systems state space substantially because of the enormous
combinatorial possibilities to distribute only a small number of RNA molecules over the
RNA elongation states. Hence, for a given data set D it was not possible to calculate
the likelihood L(θ,D) of the parameter vector θ.
Approximate Bayesian Computation (ABC) provides a way to circumvent the calcu-

lation of a likelihood by comparing simulations with experimental data by a distance
measure ρ(Dsim, Dexp) and thus gaining an approximate posterior distribution [Tavaré
et al., 1997; Beaumont et al., 2002; Marin et al., 2012; Sunnåker et al., 2013]. In contrast
to maximum likelihood model fitting a bayesian approach provides not only a point
estimation of model parameters together with a confidence interval but yields a full
posterior distribution of acceptable parameter estimations. In addition, ABC allows
to treat the model as an extra parameter and thus include model selection into the
actual fitting yielding a posterior distribution on the model as well. The simplest ABC
algorithm would be a rejection algorithm where model m and a suitable parameter set
θ are sampled from the prior distribution and a synthetic data set is simulated. If the
distance measure ρ is below a predefined threshold ε the pair (m, θ) is accepted. By
repeated sampling, simulating and comparing it is possible to gain a combined posterior
distribution P (m, θ|ρ(Dsim, Dexp) ≤ ε) on the model and the corresponding parameters
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(see algorithm 2 in the methods sections). A computational advantage of the algorithm
is that it can easily be parallelised to run on multiple processors. For a sufficiently
good approximation of the posterior a small distance threshold ε is required making it
necessary to simulate an enormous number of candidate parameter sets. A threshold set
too high would result in a posterior distribution resembling the prior without revealing
new insight. The actual numerical value of ε depends on the type of distance measure.
The distance measures we used for model calibration will be explained in the next section.

2.5.1 Features of experimental data used for model calibration

A crucial step in applying ABC is the selection of a proper distance measure ρ. Exper-
imental data sets used here consisted of about 50 time courses with 250 time points
each resulting in a high dimensional distribution of measured fluorescence light intensity
values. Comparing such distributions is not straightforward. To reduce the dimensionality
five different metrics were combined to estimate the agreement between simulated and
experimental data. Four metrics compare features of experimental data that will be
introduced in the next sections and one metric compares the full multivariate distributions
of experimental and simulated data. Those features were:

1. The global distribution of intensity values

2. The mean autocorrelation function

3. The distribution of ACF half lives

4. The distribution of ACF values at a lag of one

5. The maximum mean discrepancy

Global distribution of intensity values

The global intensity distribution shows a characteristic shape as shown in figure 2.3.1.
This feature ignores the time course nature of the data and thus resembles a univariate
distribution that easily can be compared to a simulated distribution utilising the well
known Kolmogorov-Smirnov statistic. This statistic is the maximal vertical distance
between the cumulative distribution functions (CDF) of the distributions to be compared,
i.e. it is a number between zero and one with zero representing perfect agreement. The
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stability of the distribution was assessed by bootstrapping. Out of each experimental
data set new data sets were created by sampling data points with replacement. For
each such new data set the global CDF was calculated. The left panel in figure 2.5.1
shows the mean CDF of 1000 bootstrap data sets each for all four experimental data sets
(orange lines). The ±SD error range is extremely small and thus not visible on the plots.
This is due to the size of the data sets of more than 12000 data points. This allows to
directly calculate the Kolmogorov-Smirnov statistic between data and simulation as the
first distance metric.

Mean autocorrelation function

In contrast to the global histogram the autocorrelation function (ACF) incorporates the
time course nature of the measured signal. It describes the similarity between measured
intensities as a function of the time lag between them. The mean ACF characterises the
the population average of this similarity. The ACF was calculated according to equation
2.3.2 using a sliding window approach. The observed time courses were 250 points long
and a window of size 125 data points was slid along the time course with a step size of
5 data points resulting in 25 window positions. For each window position the ACF for
each cell was calculated and then averaged over all cells. The second panel in figure 2.5.1
shows the ACF averaged over all window positions (orange lines) Grey areas denote the
±SD error region. The error range for the 5 pM and 10 pM data sets is larger because
these cells show a substantial fraction of cells not responding to the estrogen stimulus.
Not responding cells show an ACF immediately dropping to zero. Those cells cause
the characteristic kink in the mean ACF at a lag of one. As the 20 pM and 1000 pM
data sets hardly contain not responding cells this effect is less pronounced there causing
extremely small error ranges. The distance between data and simulation was calculated
by the sum of squared distance between the mean ACF of data and simulations.

dACF =
N∑
i=1

(acfdi − acf si )2 (2.5.1)

d and s denote data and simulation respectively. N is the maximum lag up to which
the mean ACF should be considered. Here a value of N = 51 minute was chosen which
corresponds to the 17th data point. Due to the small error ranges a weighting of the
individual lag positions along the mean ACFs was neglected.
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Distribution of ACF half lives

A main feature of cell to cell variability is the distribution of the half life of the ACF. Half
life of the autocorrelation function here denotes the time at which the ACF drops from
one to a value of one half and can be used as a measure of the variability in temporal
behaviour among the cells of one data set. Non responding cells would all have a half life
of 1.5 min corresponding to half the imaging interval. Responding cells display a much
wider variability. Thus, this measure would mostly reflect variability among responding
cells creating the triangular pattern of ACFs in figures 2.3.2 and 2.4.5.
For each window position of the sliding window calculation of the autocorrelation

function the distribution of the ACF half lives was estimated. The third panel of figure
2.5.1 shows the cumulative distributions of ACF half lives. The orange lines again are
the mean CDF over all window positions and the grey areas denote the ±SD error region.
The steep initial increase in the CDF for the 5 pM and 10 pM is caused by the fraction of
non responding cells. Shape of the CDFs for 20 pM and 1000 pM show smooth increase
over the full range of values and thus indicate more subtle variability. The small error
ranges here allowed to calculate the distance between simulation and data again by the
Kolmogorov-Smirnov statistic as for the global histogram.

Distribution of ACF values at a lag of one

A second ACF based measure of cell to cell variability is the distribution of the ACF values
at a lag of one. Non responding cells would show a value of zero, strongly responding
cells a value close to one. Experimental conditions leading to half of the cells responding
and half not would create a bimodal distribution with equally weighted peaks. Thus, this
measure reflects the partitioning of the observed cells into responding and non responding
ones.
The right column of figure 2.5.1 shows the mean CDF of the ACF values at a lag of

one over all window positions of the ACF estimation (orange) ±SD error range (grey
area). CDFs for the 20 pM and 1000 pM data set show a steep increase at high values
indicating that only a small fraction of cells is not responding to the stimulus. CDFs for
the 5 pM and 10 pM indicate more variability and show wider error ranges. This reflects
the substantial fraction of cells in both data sets that is not responding. The estimated
error ranges here a small, as well. Thus, the distances between simulations and data for
this feature was calculated via the Kolmogorov-Smirnov statistic, too.
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Figure 2.5.1: Data features used for model calibration. Overview over the four
main features used for model calibration for all four data sets. The left panel
shows the cumulative distribution functions (CDF) of the measured light
intensity values. The second panel displays the mean ACF function averaged
over all cells and over 25 positions of a sliding window of size 125 data
points. The third panel displays the CDF of ACF half lives averaged over
all obtained window positions. The last panel depict the CDF of the ACF
value at a lag of one. Again this distribution was averaged over all window
positions obtained by the sliding approach. See main text for explanations.
Colored lines display the mean values of the different data sets as indicated
by the legend and grey areas denote the ±SD region representing statistical
uncertainty.

Maximum mean discrepancy

The last metric we included is the maximum mean discrepancy (MMD) which is a
statistic to compare multivariate distributions [Gretton et al., 2012]. This last metric was
successfully applied in an Approximate Baysian Compuation setting to fit time course
measurements by Loos et al [Loos et al., 2015]. More details on the calculation of the
MMD are given in the methods section.

As total distance between simulation and experimental data the sum of all five metrics
was utilised. Smaller distance values represent better agreement between simulation and
data. A distance value of zero, however, is highly unlikely due to the stochastic nature of
the process, i.e. two simulations with the same parameters will not yield an identical
outcome. Estimation of the distance of an optimal fit will be explained prior to algorithm
benchmarking with synthetic data sets.
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Distance measure Statistic Interval
Mean ACF Sum of squared differences ∈ [0,∞]
Global distribution Kolmogorov-Smirnov ∈ [0, 1]
ACF HL Kolmogorov-Smirnov ∈ [0, 1]
ACF at lag = 1 Kolmogorov-Smirnov ∈ [0, 1]
Maximum mean discrepancy multivariate ∈ [0, 1]

Table 2.5.1: Distance measures to compare simulations with experimental data.
Distance measures to compare features of the data with simulated synthetic
data sets. ACF stands for autocorrelation functions, HL for half life. For all
metrics a value of zero corresponds to perfect agreement between simulation
and data. As total distance the sum of all five metrics was calculated.

2.5.2 Sequential Monte Carlo Approximate Bayesian Computation

Sequential Monte Carlo Approximate Bayesian Computation (SMC ABC) provides a
more efficient way to perform ABC than the simple rejection algorithm introduced above
by approaching the true posterior distribution sequentially via a series of intermediate
distributions [Del Moral et al., 2006; Sisson et al., 2007]. The approach implemented
here follows Toni et al [Toni and Stumpf, 2009; Toni et al., 2009].

Creation of an initial population from the prior

In an initial iteration a start population of particles is sampled from the prior distributions
of the model and the parameters. A particle consists of a weight, an unique model index
and the corresponding parameters. For each particle a data set is simulated and compared
with the experimental data. This initial round essentially is the simple rejection algorithm
introduced before.

From each iteration the best 20% of particles are taken to the next round and the new
population is filled up with particles that are created out of the accepted particles using
proposal distributions. The particle with the largest distance within the best 20% of
particles defines the threshold distance εt of the current iteration.

Creation of new particles with proposal distributions

In each iteration after the initial round the particle population has to be filled up to
its initial size by creating new particles. Particle creation is done by proposing new
particles in the proximity of accepted particles using proposal distributions. First a
particle from the current population is selected at random based on its weight and
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subsequently the particle parameters including the model are changed according to the
proposal distributions. For each particle a data set is simulated and compared with the
experimental data. If its distance is smaller than the current maximal distance εt the
particle is added to the updated population. The weight of each new particle is calculated
based on the particles from the previous population and the prior probability of the
particle. It is a measure for the probability of the particle to reach its position based
on the positions of its predecessors combined with the prior belief of possible particle
positions within parameter space.

The algorithm terminates when no improvement is gained

By subsequently iterating this algorithm approaches the true posterior by only accepting
particles that are improving the distance measure with respect to the previous iteration.
The algorithm terminates either when all particles are below a final stopping distance
reached or when the improvement of distance between subsequent iterations is less then
5%. Details of algorithm implementation, chosen prior and proposal distributions are
given in the methods section. Figure 2.5.2 depicts a graphical representation of the
algorithm.
To ensure a dense initial sampling of model and parameter space a population of

50.000 candidate particles was sampled from the model and parameter prior distributions.
Simulations of RNA counts were saved to file so that this population could be reused
for fitting real data and algorithm benchmarking by simply adding noise according to
the noise model and measure the distance to the given data. Before each SMC ABC
run the 2000 best candidate particles were selected from this initial population to gain a
satisfactory start population.

2.5.3 Number of free parameters and model selection

Model selection

Investigations of the number of promoter states for single cell gene transcription revealed
either small (2-3) or slightly larger numbers (5-10) for different mammalian genes [Suter
et al., 2011; Zoller et al., 2015]. To cover this range of states the set of models available
to model selection was restricted five different topologies of the promoter cycle. Three
small models consisting of 2,3 or 4 states and two large model of 10 states. The smallest
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Figure 2.5.2: Flow chart of the SMC ABC algorithm. The flow chart graphically
depicts the SMC ABC algorithm described in the main text. A start
population of particles is sampled from the prior distribution, simulated and
measured and subsequently fed into the sequential Monte Carlo Algorithm.
A particle consists of a model with corresponding parameters and its weight
(see inset in the upper left). In each iteration the best 20 % of particles
are kept. The worst particle of the best 20% defines the threshold distance
εt of the tth iteration. Out of the best 20% of particles of the current
iteration new particles are created using proposal distributions to fill up the
population again. The maximal number of tries to create is limited to max.
If a new particle has a distance d below εt it is added to the population
until the population size reaches N again. If the maximal number of tries
to create new particles is reached the population is filled up with the best
particles above the threshold. The algorithm terminates when no further
improvement is gained.
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included model is the well known random telegraph model with only one on and one off
state. A three state model has one refractory state in the off phase. In addition, a four
state model has a refractory state in the on phase. As contrast to the small model two
large models consisting of ten states were included, one with one and one with two on
states. The set of allowed model topologies together with the corresponding number of
parameters is listed in table 2.5.2.

Name On states Off states # Parameters
Random telegraph 1 1 3
Three states 1 2 4
Four states 2 2 5
Ten states, one 1 9 11
Ten states, two 1 8 11

Table 2.5.2: Model topologies considered in model selection and their number
of free parameters. The five different model topologies listed here together
with their number of parameters were used during model selection. Each
state is associated with a transition rate, thus the number of parameters is
defined by the total number of promoter states plus the initiation rate as
additional parameter.

Free parameters

Parameters describing RNA elongation were known from literature as explained earlier.
Parameters to estimate by model fitting are the parameters of the promoter cycle. The
waiting time the promoter spends in a single state follows an exponential distribution
with the inverse of the transition rate denoting the mean life time of the corresponding
state. The average total time spend in either the active (ton) or inactive (T ) phase is the
sum of the individual life times of all states in the respective phase. While in an active
state the promoter can recruit RNA polymerase which in turn creates new transcripts
with the rate km. Total on time ton, total off time T and initiation rate km are main
parameters of the model shared by all model topologies and that were estimated by
model fitting. Models with more than two states have extra parameters for the life times
of the individual states within either on or off phase.
If a model topology has more than one state in either the on or off phase it will not

be possible to find the correct order of these states due to the symmetry of the cycle.
If for example the states within the off phase will be permuted the total off time will
remain the same. The distribution of this total off time is given by the convolution of
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index Perturbation
0 none
1 RNA pol II speed vpol
2 Initiation rate σkm
3 On time σton
4 Off time σT
5 RNA pol II speed and initiation rate vpol and σkm
6 RNA pol II speed and on time vpol and σton
7 RNA pol II speed and off time vpol and σT

Table 2.5.3: Parameter perturbations to model cell to cell variability. Listed are
all eight different parameter perturbations that were included into model
selection. The left column denotes the perturbation index that later will be
referred to to identify specific models. vpol denotes the velocity of the RNA
polymerase as it transcribes the gene, σkm , σton and σT denote the standard
deviation of the normal distributions where the perturbed initiation rate, on
time and off time were sampled from. The latter three are extra parameters
that were included into model fitting.

the exponential waiting time distributions of the individual states. Due to the symmetry
of the convolution operation a permutation of the states would result in the same final
distribution. This fact was reflected in model parameterisation by assuming an ordering
of the waiting times within one cycle phase from long to short. For details of model
parameterisation please see the methods section.

Cell to cell variability is included into the model via eight different possible perturbations
on the model parameters (see table 2.5.3). Perturbations were implemented by resampling
the parameter from a normal distribution for each simulated cell. The means of those
normal distributions were the parameter values set as input for the simulation of the
data set. The Standard deviation, i.e. the strength, of the perturbation distribution
was included as a free parameter into model fitting. Thus, all perturbations, except of
the RNA polymerase velocity alone increased the number of model parameters by one.
Those extra parameters were named σkm , σton and σT for perturbation of the initiation
rate, the promoter on and off time, respectively.

All eight different parameter perturbations could be combined with all five considered
model topologies listed in table 2.5.2 resulting in a set of 40 different models available to
model selection. As explained earlier model selection was included into the SMC ABC
algorithm which provided a posterior distribution of the frequencies of all accepted models
after the algorithm came to halt. The algorithm selects the model and corresponding
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parameters on their ability to explain the data, i.e. generate a low distance value. Models
of higher complexity are not penalised explicitly.

2.5.4 Algorithm benchmarking

Models and parameter sets for benchmarling

To assess the ability of the SMC ABC approach to recover the correct model and
parameter values different synthetic data sets where created. The full list of models
used for creation of synthetic data sets is listed in table 2.5.4. Various different model
topologies were selected to test the model selection capabilities of the method. Model
parameters as promoter on and off times and the initiation rate were chosen according
to published values [Suter et al., 2011; Zoller et al., 2015].
As discussed earlier, modulation of promoter off time provides a promising way to

explain the observed dose dependency of the experimental data. To test the sensitivity
of parameter estimation off time values of 30,150,300 and 700 minutes were used. 700
minutes off time are close to the experimental observation time of 750 minutes and
thus observed off times of individual cells might be larger than this simply by intrinsic
variability. This corresponds to cells not responding to the estrogen stimulus during the
observation time. An off time of 30 minutes is in the range of transcript dwell time of
approximately 35 minutes making it difficult to distinguish consecutive transcriptional
bursts. In addition to promoter off time the on time was varied for benchmarking
as well. An on time of two minutes as used in the last model of table 2.5.4 is below
the experimental imaging interval of three minutes and will test the algorithm in that
direction.
Simulations created by the models listed in table 2.5.4 showed high similarity with

experimental data. Figure 2.5.3 shows the global histogram and the mean ACF for five
of the ten models from table 2.5.4. All data sets show a bimodal distribution of their
intensity values except model 115 700. Similar to the real data set obtained at 5 pM
stimulus only little intensity lies above the background (grey curve). For the 115 30
model the right peak in the histogram is more pronounced than the left one similar to
the data set acquired at 1000 pM stimulus (pink curve). In agreement with the 5 pM
data set synthetic data for the 115 700 exhibits a mean autocorrelation function with a
characteristic kink indicating a substantial number of cells that are not responding. The
autocorrelation of the 195 model is qualitatively different in that it drops considerably
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Model #On #Off Perturbation Initiation On time Off time
111 1 1 1 7 min−1 10 min 70 min
121 1 2 1 7 min−1 10 min 70 min
125 1 2 5 7 min−1 10 min 70 min
225 2 2 5 7 min−1 10 min 70 min
195 1 9 5 7 min−1 10 min 70 min

115 30 1 1 5 7 min−1 20 min 30 min
115 150 1 1 5 7 min−1 10 min 150 min
115 300 1 1 5 7 min−1 10 min 300 min
115 700 1 1 5 7 min−1 5 min 700 min
115 2 30 1 1 5 7 min−1 2 min 30 min

Table 2.5.4: Models and parameter sets used to create synthetic data sets for
algorithm benchmarking. The left column denotes the name of the model
that will be referred to later. Perturbations are defined according to table
2.5.3. An index of 1 indicates a perturbation of the RNA polymerase velocity
and an index of 5 denotes a combined perturbation of initiation rate and
RNA polymerase velocity. In the first five models the topology is varied in
the last five models the on and off times.

below zero and increases back to zero afterwards. This indicates a more pronounced
regularity in promoter switching between on and off states than for the smaller models.
All displayed data sets, however, show some agreement to the actual experimental data
justifying their use as benchmarking data sets.
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Figure 2.5.3: Benchmark data sets are similar to experimental data. The left
panel shows the total distributions of five simulated data sets created with
models from table 2.5.4. Each data set consists of 50 cells simulated each for
750 minutes resulting in data sets of size similar to experimental data sets.
In dark grey the simulated background signal is shown. The right panel
shows the corresponding mean auto correlation functions.

Distance of an optimal fit

Before running actual data fits it was necessary to define what value of the distance
measure characterises a good fit. Due to the intrinsic variability of the stochastic
simulations not any two data sets created with the same model and parameters would
match exactly. To assess the characteristic self distance 200 data sets were simulated
for three different models from table 2.5.4. From that populations random pairs were
selected and their mutual distance was calculated. Box plots of the distributions of
the so gained distance measures are plotted in figure 2.5.4. From these distributions a
stop criterion of the SMC ABC algorithm of 0.5 was defined, i.e. if all particles of the
population are below that distance the algorithm terminates.

Model fits can explain the benchmarking data sets

As explained in the previous section for each data set the 2000 best matching particles
were selected from the large start population of 50.000 particles and fed into the SMC
ABC algorithm. Figure 2.5.5 shows the distributions of the final distance after multiple
iterations when the algorithm came to halt. The dashed grey line indicates the distance
stop criterion estimated from figure 2.5.4. The majority of particles for most data sets
lies below that threshold but not the full population. To asses the minimal distance
that could be reached for different data sets the algorithm was run until it terminated
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Figure 2.5.4: Distributions of mutual distances of data sets simulated with the
same model. Distributions of distance measures gained by repeated sim-
ulation of data sets with the model listed in the x-axis label. Each of the
three models was simulated 200 times. The distance between 1000 random
pairs of data sets was calculated yielding the plotted distributions. The
dashed grey line marks a distance value of 0.5 which was chosen as final
stopping distance of the SMC ABC algorithm.

Figure 2.5.5: Model fitting yields good distance values. Box plots of the distance
distributions of the final particle populations after termination of SMC ABC
algorithm for all benchmark data sets listed in table 2.5.4. The dashed grey
line denotes the stopping criterion set based upon figure 2.5.4.
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Figure 2.5.6: SMC ABC allows to fit main features of benchmarking data sets.
Best fitting particles to the synthetic 115 700 data set. Each panel shows the
comparison between one feature of the synthetic data set (thick orange lines)
and the 1000 best particles (thin blue lines) after SMC ABC model fitting.
The first panel shows the cumulative distribution of simulated intensity
values. The second panel shows the mean autocorrelation, the third panel
the cumulative distribution of the autocorrelation half life and the fourth
panel the cumulative distribution of autocorrelation values at lag = 1.

because of lack of improvement in distance and not when it reached the stopping distance.
Fitting the data set created with model 115 30 led to the largest final distances. This
indicates that data sets with cells exhibiting more frequent transcription and high light
intensity values seem to be more difficult to fit. In fitting real data this applies to the
1000 pM data set as will be shown later. Iterating further might eventually lead to a full
population below the stop criterion but would require extremely long computation times.
Fitting data sets stemming from models with longer off times in general led to smaller
distance measures. This might be mostly due to the fact that the resulting distributions
are less complex with most values lying in the range of the background intensity. After
inspecting the final distances and the fitted lines one can conclude that the SMC ABC
algorithm is able to find sufficiently good fits to data showing a close match in the main
features of the data.
As an example figure 2.5.6 shows main features of simulations from the 1000 best

particles (thin blue lines) of the fit to the 115 700 data set (thick orange lines). Each
panel highlights one feature that was used as a distance measure. All four features could
be fitted closely allowing to investigate the results further for posterior distributions of
the model topologies and the kinetic parameters.
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Figure 2.5.7: SMC ABC can recover true parameter values Posterior distributions
of the main parameters initiation rate (left), on time (center) and off time
(right) for the first five models of table 2.5.4. The colored lines denote the
distributions of the recovered posterior values after SMC ABC model fitting.
Dashed lines denote true parameter values.

In the next three sections the posterior distributions are going to be investigated in
more detail. First the recovery of true parameter values and second the model selection
will be evaluated.

Model fitting can recover the true parameter values

Figure 2.5.7 shows posterior distributions of the three main parameters initiation rate
km (left), on time ton (center) and off time T (right) for the data sets stemming from the
models 111, 121, 125, 225 and 195 (colored lines) from table 2.5.4. Dashed lines indicate
true parameter values. It can be clearly seen that recovery of the main parameter values
is possible with the SMC ABC algorithm. Promoter on time posteriors show light under
(121, 225) or over (125, 195) estimations of the true value. The mode of the posterior,
however, still is located closely to the true value.
Promoter on and off times estimated directly from the experimental data indicated

dose dependency (see figure 2.3.3). This suggested to test the SMC ABC algorithm
towards its ability to resolve varying parameter values. Figure 2.5.8 shows posterior
distributions of the varied parameters of promoter on (top) and off (bottom) time. Bins
containing the true value are marked by grey rectangles. Estimating an on time of two
minutes which is below the experimental time resolution of three minutes is possible.
Differences for the promoter off time could be recovered accurately over a wide range
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Figure 2.5.8: SMC ABC can resolve varying on and off times. Color maps show
posterior distributions of promoter on time ton (top) and off time T (bottom).
Colors display the log density of the found posteriors with purple indicating
low and yellow high density. Bins containing the true value are marked by
grey rectangles.

of values up to the extreme of the experimental observation time. Both results render
model fitting possible for a wide range of experimental conditions and allow to detect
parameters that are modulated by the experimental stimulus.

Model selection can recover the correct model topology

In total 40 different models were available to the fitting algorithm, five topologies of the
promoter cycle and eight different parameter perturbations (see tables 2.5.2 and 2.5.3).
Figure 2.5.9 shows color maps of the model posterior distributions. The left panel shows
a colormap of the full model posteriors for each synthetic data set (columns). On the
y-axis all models are labelled using the same name convention as before by indicating by
three integers the number of on states, off states and the perturbation index, respectively.
True models are marked by grey rectangles. In addition to figure 2.5.9 table 2.5.5 displays
the three most frequent models together with their frequency for each model fit. In
general it can be said that the algorithm tends to find the correct size of the model.
It is, however, difficult to distinguish models lying close together in model space, e.g
distinguishing the 111 model from the 121 model. When fitting data from the 111 model
the correct model was found most frequently in the model posterior distribution with
35%. Model 121, however, was ranked second with a frequency of 18% yielding a Bayes
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factor of approximately two.
The Bayes factor B12 provides a measure of how much more likely one model m1 is

over a second model m2 by comparing their ratio of posterior frequencies, i.e. how often
the respective models appear in the final SMC ABC particle population. In general the
Bayes factor calculates as:

B12 = P (m1|D)
P (m2|D)

π(m1

π(m2
(2.5.2)

The prior on the model π(m) is uniform and hence the second ratio cancels leaving only
the ratio of the posteriors. A Bayes Factor larger than three indicates a positive selection
towards m1 [Kass and Raftery, 1995]. The Bayes Factors here are mostly smaller than
three indicating no clear favourite model as explained above for the models 111 versus
121 on the 111 data set. For the data stemming from the 195 model a large model
was found but the true model was ranked at position two with only 17.4 % occurrence
while 285 being the most frequent model with 55.3 %. This results in a Bayes Factor
of ≈ 3 which is considered as model selection indicator favouring 285 over 195. This
again indicates the difficulty to distinguish models which are closely related. The overall
tendency, however, is that the algorithm is able to estimate the model size correctly.

The panels on the right hand side of figure 2.5.9 display the posterior distributions of
different features of the model, i.e. the number of on (top) and off (center) states and
the perturbation index (bottom). This allows to investigate which of the model structure
features like number of on or off states or the parameter perturbation were not found
correctly. The number of off states was correctly found most often. For larger models
it was difficult to find the correct number of on states. An interesting observation was
that for data sets created with a short off time of 30 minutes the model topology was
found correctly but the perturbation was not. Fitting data sets created with the models
115 30 and 115 2 30 resulted in a found perturbation index of 1 instead of 5. This might
indicate that for short off times perturbation of the initiation rate might not have an
significant influence any more and perturbation of the RNA velocity is dominant. This
effect was observed for model fits to data sets obtained at high estrogen concentrations.
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Figure 2.5.9: SMC ABC is able to estimate the correct model topology. Col-
ormaps visualising model selection of the SMC ABC algorithm applied to
synthetic test data sets. The left panel shows the frequency with which of
40 models was chosen in the posterior distribution. Each row represents one
model denoted by the three digit number on the left where the first number
represents the number of on states, the second the number of off states
and the third the perturbation index according to table 2.5.3. The panels
on the right display the frequency of how often each feature of the model
was selected, i.e. how often one on state was selected for the 111 data set.
The upper right panel displays the frequency of occurrence of either one or
two on states. The middle right panel shows the frequencies of the allowed
numbers of of states and the bottom panel the perturbation index. Brighter
colors denote higher frequencies. Grey rectangles mark true models.
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Model Most frequent 2nd most frequent 3rd most frequent
111 [111], 34.3% [121], 18.1% [221], 10.5%
121 [221], 34.4% [225], 17.7% [121], 14.0%
125 [125], 26.3% [225], 24.1% [115], 13.8%
225 [225], 34.3% [125], 13.8% [195], 12.6%
195 [285], 74.5% [195], 10.2% [225], 7.5%

115 30 [111], 55.5% [121], 32.5% [115], 4.5%
115 150 [115], 27.6% [125], 27.3% [111], 14.6%
115 300 [225], 30.3% [125], 25.0% [115], 15.4%
115 700 [115], 70.1% [111], 15.7% [125], 12.2%
113 2 30 [111], 70.1% [115], 12.7% [121], 11.2

Table 2.5.5: Model selection for fitting benchmark data sets recovers the correct
model topology. Most frequent models selected during benchmark SMC
ABC model fitting. In the left column the names of the models that were
used to generate synthetic data sets are given (see table 2.5.4). The following
columns show the three most frequent models in square brackets followed by
their frequency in percent.

Summary

In summary of the benchmarking of the SMC ABC algorithm it can be said that it is
able to reveal both the model topology and model parameters for the given problem of
fitting a stochastic model to experimental data. Synthetic data sets that were used for
benchmarking showed various features of experimental data. Model selection within the
algorithm was able to coarsely recover the model topology and parameter perturbation.
Parameter recovery for all given data sets was precise and able to resolve parameter
modulations. Thus, the SMC ABC algorithm appears as a useful method to fit the
introduced stochastic model to experimental data.

2.6 Model fitting to individual data sets

Benchmarking of the model fitting SMC ABC algorithm proved its ability to both
recover the correct parameter values and model topology. The algorithm was applied to
experimental data the same way as to the synthetic benchmark data sets. The best 2000
particles were selected from the large start population for each data set and subsequently
fed into the SMC ABC algorithm. Analysis of fitting results follows the same layout
as for the benchmarking fits. First, the goodness of fit second, parameter posterior
distributions and third, model selection will be assessed.
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2.6.1 Model fitting can explain experimental data

Figure 2.6.8 shows the distributions of the distance measures after SMC ABC algorithm
convergence for the four investigated data sets. The first five box plots in each panel
show the values for the five individual metrics used to estimate the agreement between
data and fit. The right most box plots show the sum of the individual metrics. The
horizontal dashed grey lines denote the criterion for a good fit as estimated by the mutual
distances of simulations created with the same model (see figure 2.5.4). The 5 pM data
set could be fit best with the full population of particles having distances lower than the
stop criterion. For the other three data sets the algorithm terminated due to a lack of
improvement in distance with the highest distances between 0.9 and 1.2 for the 1000 pM
data set. Fits for both 10 pM and 20 pM data sets reached distances below 0.6 being
close to an optimal fit.

The pattern of the individual distance metrics is similar between the 5 pM, 10 pM and
20 pM data sets with the distance in the mean ACF being the lowest individual metric
and the other four slightly larger. For the 1000 pM data set the pattern changes with
the distance in the global histogram in a comparable range as for the other three data
sets. The remaining four metrics are all higher than for the other data sets. Especially
the difference in the distance of the mean ACF indicates that the applied model appears
to show systematic deviations from the data and thus revealing the 1000 pM data set as
special among the four investigated data sets.

In Figure 2.6.2 the matching of the best 1000 particles of each individual fit with the
experimental data is shown for the four main features used for model fitting. Features of
experimental data are represented as in figure 2.5.1 with thick orange lines representing
the mean and grey regions the ±SD error region. Each of the 1000 fits is plotted as as
thin blue line. All main features of the 5 pM data set can be explained well by the model
(top row) with small deviations only for the global intensity distribution. Compared with
the 5 pM data set the fits to the 10 pM data set show minor deviations in the global
intensity distribution and the distribution of the ACF values at a lag of one. For the 20
pM data set the global intensity distribution can be explained well and deviations are
visible in the distribution of the ACF half lives and the ACF values at a lag of one. The
autocorrelation function of the 1000pM data set shows a slower decay than for the other
data sets making it difficult for the models to explain it correctly. This leads to more
pronounced deviations for the distributions of the ACF half lives and the ACF values at
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Figure 2.6.1: Final distances of fits to experimental data. Box plots show the
distribution of distances of particles within the final population of the SMC
ABC algorithm to different data sets. The first five box plots in each panel
show the distance values for the five different metrics that where used. The
last box plot shows the sum of the five metrics. The dashed grey lines
indicate the distance value of 0.5 for an optimal fit as estimated in figure
2.5.4.
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lag one. It can, however, be said that the overall quality of the model fits is good and
thus the observed deviations appear as acceptable.
Figure 2.6.3 highlights the similarity of the experimental data and the simulations

of the best particle obtained by model fitting for each data set. The representation
of the data is the same as in figure 2.3.2 for the experimental data. Fitting the 5
pM and 10 pM yields correct amounts of cells that are not responding to the estrogen
signal. The variability among the responding cells is similar to experimental data as well.
Autocorrelation functions of simulated cells show the characteristic triangular pattern in
the lower left corner.

2.6.2 Promoter off time varies with estrogen stimulus

After assessing goodness of fit in the previous section now the posterior distributions of
the main model parameters will be analysed. Figure 2.6.4 shows posterior distributions
of the initiation rate (top) on time (center) and off time (bottom) as color maps. The
first apparent result is the clear dose dependency of the promoter off time. It varies
between 800 minutes at low stimuli and less than 20 minutes at the highest stimulus.
The other two displayed parameters do not show such an obvious trend and posterior
distributions show significant overlap for different experimental conditions.
The burst size as the product of promoter on time and initiation rate describes the

number of RNAs that is produced during during one active phase of the promoter.
For other genes the burst size was found to be regulated by external stimuli [Molina
et al., 2013]. Here we found no such regulation as indicated in figure 2.6.5. All four
distributions show a wide overlap. The higher variability in burst size at 5 pM and 10
pM is due to the wider distributions of the initiation rate found for these data sets. This
observation suggests that the transcription initiation rate and promoter on time do not
vary significantly for different experimental conditions. Overall transcriptional activity
appears to be controlled via the modulation of the promoter off time that shows a strong
dose dependency.
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Figure 2.6.2: Model fitting allows to explain features of experimental data. The
figure shows agreement of the 1000 best particles with the main features
of the data. Each row of panels corresponds to the fit of one data set,
from top to bottom: 5 pM, 10 pM, 20 pM and 1000 pM. The columns
represent main features of the data, from left to right: the global intensity
distribution, the mean autocorrelation function, the distribution of ACF
half lives and the distribution of the ACF values at lag = 1. Distributions
are represented by their cumulative distribution function (CDF). Features
of the data are calculated according to the explanation given in the section
about the SMC ABC algorithm and are plotted as in figure 2.5.1. Thick
orange lines represent the mean values and grey areas denote the ±SD error
region. Thin blue lines represent fits of individual particles from the final
population of the SMC ABC algorithm.
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Figure 2.6.3: Model fits show close similarity to dynamic features of experi-
mental data. Color maps to visualise dynamic features of the best fitting
particle for each data set. Data representation is the same as in figure 2.3.2.
The left column shows the simulations rescaled to z-scores. The middle
column shows ACF of individual simulated cells and the right column shows
the distribution of the z-score values of single cells obtained by a kernel
density estimation. In each color map a pixel row represents a simulated
single cell and cells within each data set are sorted by their ACF half lives
from short (top) to long (bottom).
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Figure 2.6.4: Promoter off time shows a clear dose dependency. Colormaps dis-
playing the posterior distributions of the main parameters initiation rate
(top), on time (center) and off time (bottom). Rows in each panel represent
the results for an experimental condition denoted on the left. Brighter
colors represent higher posterior densities, displayed here as the logarithm
of the estimated density. Color bars indicate numerical values. Binning
of the promoter off time is logarithmically and linearly for the other two
parameters.

Figure 2.6.5: Burst size is not dose dependent. Colormap displaying histograms of
the burst size b = kmton for the observed experimental conditions denoted on
the left. Displayed is the log density of the estimated posterior distributions.
Numerical values are indicated by the colorbar on the right.
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2.6.3 Model selection favours small models

In general model selection favoured small models for different data sets. Figure 2.6.6
shows the posterior distributions of the model index (left panel) and the model features
on states, off states and perturbation index as color maps. The fits to the 5 pM and 10
pM data sets show the same clear favourite model: a random telegraph model with a
perturbation of the RNA velocity and the initiation rate (model 115). Fitting the 20 pM
data set found with model 125 a three state model with the same parameter perturbation
as for the other two data sets. The second and third ranked models are small models
with either two or three states for the three data sets (see table 2.6.1. Bayes factors of
more than six indicate a strong selection towards the most highly ranked model. Models
115 and 125 appear among the top three models for fit to the 5 pM, 10 pM and 20 pM
data sets. In conclusion it can be said that small models with perturbation of initiation
rate and RNA polymerase velocity can explain these three data sets.

The 1000 pM data set appeared to be different from the other three as already indicated
by the higher final distance obtained by model fitting. Model selection in case of the fits
to the 1000 pM was not unique in that it showed big and small models and a different
type of perturbation among the top three ranked models (see table 2.6.1). In a first
attempt to fit the 1000 pM data set the most favourable model was a large model with ten
states, namely 191 (1000 pM, 1st; in figure 2.6.6 and table 2.6.1). The second and third
ranked models are a three state model (121) and a two state model (111) respectively.
The Bayes factor between the first and the second model is 3.6 indicating a less strong
selection as for the other three data sets. Moreover, the large difference in topology
between the first and second model make a deeper analysis of model selection necessary
for the 1000 pM data set.

To assess the uniqueness of the model selection the fit to the 1000 pM data set was
repeated but with a different start population of particles. For the first fit the best 2000
particles out of the 50000 candidates that were sampled from the prior were selected.
For a second attempt the the second best 2000 particles were used. These fits further
will be referred to as 1000 pM, 1st and 1000 pM, 2nd as indicated in figure 2.6.6 and
table 2.6.1. This led to a similar picture in terms of model selection in that not one clear
favourite model could be found and that among the top three models are large and small
models. Thus model fitting in case of the 1000 pM data sets needed to be improved.
Model selection suggests that the data set could be explained by a small model as the
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Data set Most frequent 2nd most frequent 3rd most frequent
5 pM [115], 80.5 % [125], 10.9 % [111], 3.8 %
10 pM [115], 81.0 % [125], 12.7 % [112], 2.3 %
20 pM [125], 86.7 % [225], 6.7 % [115], 5.9 %

1000 pM, 1st [191], 67.4 % [121], 18.5 % [111], 5.5 %
1000 pM, 2nd [281], 37.1% [221], 18.8% [191], 14.3%

Table 2.6.1: Model selection or fitting experimental data favours small models.
Most frequent models in model selection after applying SMC ABC to ex-
perimental data. Shown are in square brackets the model by its number of
on and off states and its perturbation index followed by the percentage of
appearance among the final SMC ABC population of 2000 particles. The
last two rows show the results for the two fits to the 1000 pM data set with
the best 2000 initial particles (1000 pM, 1st) and with the second best 2000
particles (1000 pM, 2nd).

other data sets. Model fitting and selection to the other three data sets with different
start populations led to similar results as the findings displayed in figure 2.6.6 and table
2.6.1 indicating numerical stability.

In addition to the model structure it stands out that a combination of two parameter
perturbations are necessary to explain cell to cell variability. Namely for all but the 1000
pM data set a favored perturbation index of 5 indicates a combined perturbation of the
polymerase velocity and the initiation rate. The change of perturbation in case of the
1000 pM data set might be an artifact. Model fitting of benchmark data sets with short
off times and a combined perturbation did not yield the correct perturbation as explained
earlier. Models without any parameter perturbation did not play a significant role which
indicates that cell to cell variability of the kinetic parameters plays an important role.
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Figure 2.6.6: Model selection favours small models. Color maps visualizing model
selection of the fitting algorithm to experimental data. The left panel shows
the frequency with which each of the 40 models was chosen in the posterior
distribution. Three digit numbers on the left denote the model with the
first digit being the number of on states, the second the number of off states
and the third the perturbation index according to table 2.5.3. Panels on
the right display the frequency of how often each feature of the model was
selected, e.g how often one on state was chosen for the 5 pM data set. The
upper right panel displays the frequency of occurrence of either one or two
on states. The middle panel shows the frequencies of the allowed numbers
of off states and the bottom panel the perturbation index. Brighter colors
denote higher frequencies as indicated by the color bar on the right.
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Figure 2.6.7: Model posteriors between individual fits show the biggest overlap
at small models. Barplots of the frequency of appearance of all 40 models
in the final particle population after the SMC ABC algorithm came to halt.
Frequencies are reported in log-scale. The 1000 pM data set was fit with
the best 2000 start particles (dark grey) and the second best 2000 start
particles (light grey). Dashed grey boxes mark the models that appeared in
all posterior populations.

2.6.4 Systematic analysis of model posteriors defines a common
model topology for all doses

We wanted to reduce the number of free parameters and thus find a common model
topology with only one or few parameters that are dose dependent. To find a global
model topology that is able to explain all four data sets requires further analysis of the
model posterior distributions for models that appear in all posteriors. Figure 2.6.7 shows
the frequencies of all 40 different models in the posterior distributions of all fits. Dashed
grey boxes frame the models that appear in all posteriors, namely the models 115, 125
and 195. The ten state model 195 appears less than 100 times in each posterior so that it
was neglected for further analysis leaving the two small models 115 and 125 as candidates
for a global model. Both models appear among the top three models for the 5 pM, 10
pM and 20 pM data sets but only infrequently for the 1000 pM data set. The inability
to yield good fits to the 1000 pM data set as indicated by the higher final distance might
be the reason for the less robust model selection.



78 Results

Figure 2.6.8: Repeated fitting of the 1000 pM data set yields similar distance
values. Box plots show the distribution of the final distances of all particles
populations after the SMC ABC algorithm came to halt. The dashed grey
line marks the distance of 0.5 which is an indicator of an optimal fit as
defined in figure 2.5.4. The 1000 pM data set was fit four times. The first
two box plots show the distances for the fits obtained with the best 2000
start particles (1000 pM, 1st) and the second best 2000 start particles (1000
pM, 2nd). The last two box plots display distances of fits to the 1000 pM
data set with fixed model topologies of 115 and 125.

To assess the abilities of the 115 and 125 models to explain the 1000 pM data set each
was fit individually, i.e. the model topology was kept fix and only the model parameters
were estimated. Figure 2.6.8 displays the distances of the final population of particles to
all data sets. The first three box plots show again the distances of the fits to the 5 pM,
10 pM and 20 pM data sets for comparison. The last four box plots show the distances
of the different fits to the 1000 pM data set. The first two represent the distances for
the two fits with model selection and the last two the distances for the fits with a fixed
model as indicated in the labels. Distances for all fits to the 1000 pM data set are in
the same range indicating that the 115 and 125 models are able to explain the observed
data to the same degree as the large models favoured by model selection. The fitted
main model parameters for all four fits of the 1000 pM data set were in similar ranges.
Figure 2.6.9 shows posterior distributions of the main parameters initiation rate (top) on
time (middle) and off time (bottom) for the different fits to the 1000 pM data set. This
shows that finding a unique model for the data set is difficult and that different model
topologies result in fits with comparable quality and posterior parameter ranges.
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Figure 2.6.9: Repeated fitting of the 1000 pM data set yielded similar main
parameters. The 1000 pM data sets was fit four times in total. Color maps
show the log density of the posterior distributions of the main parameters
initiation rate (top), on time (middle) and off time (bottom). The different
fits were achieved with the best 2000 candidate particles as start population
(1000 pM, 1st), the second best 2000 particles (1000 pM, 2nd) and with the
model to be restricted to either 115 (1000 pM, 115) or 125 (1000 pM, 125).

This assessment of the model selection results suggest a common topology of a two or
three state model which is capable to explain data obtained under different experimental
conditions. A common model would reduce the number of free parameters and allows to
explain results from different experimental conditions. For all but the 1000 pM data set
a combined perturbation of polymerase velocity and initiation rate was found among the
top three ranked models under all experimental conditions. Models 115 and 125 were
found in the model posterior distributions of all fits and represent the most prominent
candidates for a global model.
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2.7 Fitting all data sets globally

The results of fitting experimental data sets individually led to the conclusion that it is
possible to fit one global model to all data sets at once. Advantage of such an approach
is its generality: it provides a minimal model with less parameters and avoids overfitting.
Different experimental conditions can be explained by the same model which in addition
will provide a mechanistic understanding of transcriptional regulation in response to
alterations in estrogen concentration.
As common model topologies the 115 and 125 models will be used as discussed in

the previous section. They represent a two and a three state model incorporating
perturbations on the RNA polymerase velocity and on the transcription initiation rate.
These models will not be subject to model selection during model fitting only model
parameters will be estimated. Assessing the goodness of fit allows to discriminate
between both model topologies. Transcription initiation rate km, promoter on time
ton and perturbation strength σkm are assumed to be stimulus independent and thus
represent global parameters. The 125 model has one extra parameter describing the
ratio of the life times of the two off states which is assumed to be a global parameter,
too. Only the promoter off time T is allowed to vary in a stimulus dependent manner as
suggested by the results of the individual fits and therefore will be referred to as a local
parameter. This approach reduces the number of free model parameters to three (four,
for model 125) global and four local parameters. The four local parameters correspond
to the four different estrogen concentrations of 5 pM, 10 pM, 20 pM and 1000 pM. To fit
all four data sets by the 115 model individually requires 16 free parameters and in case
of the 125 model 20. This reduced number of parameters facilitates model fitting in that
the dimension of the parameter space that has to be searched is reduced. In an SMC
ABC setting this means that a single particle consists of these seven (eight) parameters
and the particles weight. The next sections will explain the generation of an adequate
particle start population out of the results of the individual fits and the extension of the
SMC ABC algorithm to fit all data sets simultaneously.
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Common models [115] & [125]
Regulated (local) parameter Off time T
Range of initiation rate km [5,35] min−1

Range of on time ton [0.5,1.5] Minutes
Range of ratio of off state life times for 125 model [0.8,1]

Table 2.7.1: Settings to filter individual fits for candidate global particles. Def-
inition of common model and global and local parameters. For the global
parameters the overlapping posterior regions were defined based on figure
2.6.4.

2.7.1 Start population for global fits from individual fitting results

The first step in fitting a global model applying the SMC ABC algorithm is to generate
a sufficiently good start population of particles. This was done by filtering the results
of the individual fits. First, for each condition all posterior particles favouring either
the 115 or 125 model were selected. Second, the resulting particles were filtered further
for overlap in the posterior distributions for the transcription initiation rate and the
promoter on time. The overlap between the initiation rate posterior distributions was
wide and thus the filtered range was defined to rates ranging from 5 to 35 min−1. The
overlapping region of the promoter on time was narrow due to the sharp on time posterior
distribution found for the 20 pM data set (see figure 2.6.4 top and middle panels). The
125 model has an extra parameter u describing the ratio of the life times of the two off
states. The filtered region for u was chosen to be between 0.8 and 1 based on the overlap
of the posterior distributions. Table 2.7.1 summarises the filter settings to find candidate
particles having common parameter values.

Each of the found particles already had promising values of the global parameters
km, σkm and ton. To create a global start population good combinations with the local
parameter promoter off T time were be found by a parameter scan. For each of the
filtered particles multiple simulations with different candidate off times were generated
and compared with the four data sets by calculating the distance. Candidate values
for the off time parameter scan were selected based on the posterior distributions of
the individual fits leading to a series of 19 values from short (5 minutes) to long (2000
minutes). Off times yielding the smallest distances were added to the final particles
each corresponding to one estrogen concentration. In this way the most promising
combinations of global and local parameters could be found.
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Figure 2.7.1: Global model fitting yields similar distances as individual fits Box
plots showing the distribution of the final distances yielded by global fitting.
The left panel shows global distances The left box plot is the sum of distances
of all four individual fits displayed for comparison. The dashed line indicates
the maximal distance of that distribution. The second box plot shows the
distances of the global fit with model 115 and the right box plot with model
125. The right panel shows the distances to the different data sets within
the global fit. The dashed line indicates a distance of one half that was
estimated to be value for an optimal fit earlier.

2.7.2 Global SMC ABC fitting favours a two state over a three
state model

SMC ABC model fitting could be extend to include multiple data sets at once without
difficulty. As explained earlier a single particle for global fitting consisted of three or in
case of the 125 model of four global (km, ton, σkm , u) and four local parameters (one off
time T for each estrogen concentration). For each combination of the global parameters
together with one local parameter a simulation was generated and compared to the
appropriate experimental data set. The global distance of a candidate particle was the
sum of all the four individual distances corresponding to four estrogen concentrations.
Proposing new particles was done as before by individually changing parameters of
accepted particles by the same proposal distributions as for the individual fits. The
particle population size was reduced to 1000 particles due to long computation times.
1000 particles appeared sufficient to estimate seven (eight) parameters without model
selection.
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Figure 2.7.1 summarises the distribution of particle distances after the SMC ABC
algorithm terminated. The left panel shows the global distances. For comparison the
left box plot displays the sum of the distances of all particles of the individual fits. The
dashed line marks the maximal distance of the sum of the individual fits. The second
and third box plots show the final distances of the global fits of models 115 and 125,
respectively. Fitting the 125 model yielded larger distances as the 115 model indicating
that the two state model is sufficient to describe the data especially given that it has
one parameter less and thus less freedom. The median of the global distance of the 115
model almost reached the marked distance indicating that the the individual fits are only
marginally better than the global fit. Moreover, the distances to the 5 pM, 10 pM and 20
pM for the 115 model are slightly smaller than for the 125 model. This further indicates
that the 115 model might be more appropriate to explain the experimental data.
Comparing the particles of the global fit with experimental data reveals that the fits

are only marginally worse than fitting the data sets individually. Figure 2.7.2 shows
the four main features of the experimental data compared with the 300 best particles
from the global fit. The global model in general can explain the data almost equally
well as the individual fits with similar but more pronounced deviations (see figure 2.6.2
for comparison). The amount of variability between the different particles (thin blue
lines) is larger than before which is understandable by the reduced number of free
model parameters and reflected in the slightly larger distances displayed in figure 2.7.1.
Table 2.7.2 gives the 5%, 50% and 95% percentiles of the global parameter posterior
distributions.
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Figure 2.7.2: Global model fitting can explain features of the data in a similar
quality as individual fits. Agreement of the 300 best particles from global
fitting (thin blue lines) with experimental data (orange lines). Arrangement
of the figure is the same as in figure 2.6.2. Columns represent features of
the data, from left to right: mean ACF, global histogram, ACF half life and
ACF value at lag = 1. Grey shaded areas in the ACF column denotes the
±STD region and in the global intensity histogram the background intensity.



Fitting all data sets globally 85

Figure 2.7.3: Promoter exhibits short on times. Posterior distributions of the global
parameters initiation rate kmm promoter on time ton (middle) and strength
of the perturbation on the initiation rate σkm .

Initiation rate (1/min) On time (min) Perturbation strength (1/min)
5% 50% 95% 5% 50% 95% 5% 50% 95%
4.3 21.8 43.3 0.5 0.7 1.3 0.2 2.7 11.7

Table 2.7.2: Percentiles of global posterior distributions. Table summarising the
5%, 50% and 95% percentiles of the posterior distributions of the global
parameters initiation rate, promoter on time and perturbation strength.

Figure 2.7.3 displays the posterior distributions of the three global parameters of
transcription initiation rate (left), promoter on time (middle) and strength of the
perturbation of the initiation rate (right). All three distributions are well defined
over a constrained interval. Especially the promoter on time shows a narrow distribution
centered around one minute indicating a comparably short active phase of the promoter.
Transcription initiation rate is centered around a value of 20 min−1. This together with
an on time of one minute leads on average to twenty RNA molecules per burst.

Posterior distributions of the local values of the promoter off time are shown in figure
2.7.4. As before for the individual fits a clear stimulus dependency is visible with short off
times at high estrogen concentrations and very long off times for low concentrations (see
figure 2.6.4 for comparison). A summary of the percentiles of the posterior distributions
is given in table 2.7.3. The distributions do not vary significantly from fitting data sets
individually to fitting all globally which indicates stability of the results.
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Figure 2.7.4: Switch-like modulation of promoter off times. Color map displaying
the posterior off time distributions found by global model fitting. Rows
represent results for individual data sets. Brighter colors indicate higher
posterior densities displayed here as the logarithm of the estimated densities.
Numerical values are indicated by the color bar on the right. Binning
of the histograms is logarithmically. See bottom panel of figure 2.6.4 for
comparison.

Summary

In conclusion can be said that the 115 model globally can explain the data well and
reached a smaller distance value than the 125 model. This indicates that a two state
model is the most likely to explain transcriptional stochasticity of the GREB1 gene. All
main features of the experimental data are matched almost to the same degree as for
the individual fits. Moreover, defining three parameters (km, ton, σ) as globally stimulus
independent and keep only the promoter off time as stimulus dependent led to similar
parameter posterior distributions as fitting the data sets individually. A main point that
remained open is how the promoter off time is regulated by the estrogen concentration.
This will be addressed in the next section where a model extension incorporating estrogen
signalling to the gene promoter is proposed.
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Data set Individual fits Global fit
5% 50% 95% 5% 50% 95%

5 pM 433.7 637.9 971.4 500.0 800.0 1095.7
10 pM 243.5 382.7 583.2 270.4 400.0 300.0
20 pM 22.2 31.6 44.1 20.0 30.0 40.0

1000 pM 8.2 13.4 21.8 10.0 15.0 30.0

Table 2.7.3: Global fitting and fitting of individual data sets yield similar dose
dependent off times. Table showing the 5%, 50% and 95% percentiles of
the posterior off times in minutes yielded by individual fits and global fitting,
respectively.

2.8 Modelling parameter dose dependency

Model fitting in the previous sections revealed that the time course data of emitted
fluorescent light from active transcription sites can be described by a random telegraph
model with one transcriptionally active and one inactive state. The observed dose
dependency could be explained via modulation of the promoter off time, i.e. the time
the gene spends in its inactive state. What remains unclear from the stochastic model is
how the promoter off time is regulated by the estrogen concentration and what are the
kinetics of this process.

In this section the stochastic model will be extended by a signalling pathway to explain
the observed dose response behaviour and additionally to understand the response time
of the cells. Response time refers to the time a system needs to react to changed
experimental conditions. This extended model will be compared to data measuring the
accumulation of RNA transcripts in populations of synchronised cells allowing to verify
the model with data obtained in experiments independent from the previous ones.
The strategy will be as follows. First a possible estrogen signalling pathway to the

GREB1 promoter will be proposed. Then the dose response relation of this pathway is
fitted to the dose dependent rates koff = 1/Toff to leave the promoter off state yielded
by global model fitting. The off rate dose dependency is assumed to follow the dose
response relation of the signalling pathway. Parameters of the calibrated dose response
relation allows to simulate the temporal dynamics of the proposed signalling pathway.
Based on these simulations together with simulations of RNA accumulation of the fitted
stochastic model it is possible to predict the systems response time which then will be
compared to experimental data. Response time here means the time the system needs to
reach half of the steady state level.
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Figure 2.8.1: Two level estrogen signalling pathway. Assumed signalling path way
that transmits an input estrogen signal E2 to the estrogen responsive
elements ERE. In a first reaction level the estrogen receptor ER binds its
ligand forming ER∗ followed by homodimerisation to ER∗2. Both forward
reactions are assumed to be estrogen sensitive. The estrogen receptor
dimers can bind to estrogen responsive elements in gene promoter regions.
The GREB1 promoter carries multiple such binding sites with two very
prominent EREs as revealed by a time course ChIP-seq experiment (see
figure 2.2.2). Binding to both EREs is assumed to be necessary to activate
gene transcription as indicated with the grey box.

2.8.1 Two step model of estrogen signalling to the GREB1
promoter

Estrogen signalling to the GREB1 promoter was assumed to occur in a two step process
as depicted in figure 2.8.1. The first step is the binding of estrogen to its receptor followed
by receptor dimerisation [Dahlman-Wright et al., 2006]. The second step is binding of
the ligand bound receptor homodimer to estrogen responsive elements (EREs) in the
promoter region of the GREB1 gene [Kumar and Chambon, 1988]. Time course chromatin
immunoprecipitation experiments against the estrogen receptor alpha revealed that two
EREs in close proximity to the transcription start site of the GREB1 gene show the highest
signal (see the second line in figure 2.2.2). For the signalling pathway it was assumed
that binding to those two EREs is sufficient to activate GREB1 transcription. Figure
2.8.1 graphically depicts the signalling path way. The model describes the deterministic
behaviour of the population average. Later it will be tested against population average
data which rectifies this approach.
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For each level of the signalling pathway a conservation law holds as:

ERtot = ER + ER∗ + 2ER∗2
EREtot = ERE0 + ERE1 + ERE2

(2.8.1)

Where ERtot is the total amount of the estrogen receptor, ER is the unbound and ER∗

the ligand bound receptor. ER∗2 represents the amount of receptors bound in homodimers
that can bind to EREs. EREtot is the total amount of GREB1 promoters in a population
of cells. EREi denotes the concentration of promoters where either none (i = 0), one
(i = 1) or two (i = 2) EREs are bound by receptor dimers.

The dynamics of each of the six species can be described by an ordinary differential
equations. With the conservation laws the effective number of ODEs can be reduced to
four. Applying mass-action kinetics, i.e. assuming estrogen and ERα to be in excess,
yields the following equations:

dER∗

dt
= k1 ·E · (ERtot − ER∗ − 2ER∗2)− k−1 ·ER∗ − k2 ·ER∗ ·E + k−2 ·ER∗2

dER∗2
dt

= k2 ·ER∗ ·E − k−2 ·ER∗2
dERE1

dt
= k3 ·ER∗2 · (EREtot − ERE1 − ERE2)− k−3 ·ERE1 − k4 ·ER∗2 ·ERE1 + k−4 ·ERE2

dERE2

dt
= k4 ·ER∗2 ·ERE1 − k−4 ·ERE2

(2.8.2)

The dose response of the signalling pathway as an input-output relation is yielded by
assuming steady state, i.e. the left hand side in the above equations equals zero and
solving the resulting algebraic equations. For each of the two steps an individual dose-
response relation can be found. The input for the first step is the estrogen concentration.
The second step takes the output ER∗2ss of the first step as input.

ER∗2ss
ERtot

= E2

K1K1 +K2E + E2

ERE2ss
EREtot

= ER∗
2

2ss
K3K4 +K4ER∗2ss + ER∗

2
2ss

Ki = k−i
ki

(2.8.3)
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The reaction rates k±i are not appearing in the dose-response relations but rather
their ratios Ki. This indicates that while fitting an experimental dose repsonse relation
the individual reaction rates cannot be identified to a common factor. Setting the total
amount of receptor to ERtot = 1 and combining both equations yields the full dose
response relation of the two step system:

ERE2ss
EREtot

= E2

(K1K2 +K2E + E2)
(

E4

(K1K2+K2E+E2)2 + K4E2

K1K2+K2E+E2 +K3K4

) (2.8.4)

The rate to leave the promoter off state koff = 1/Toff is assumed to be proportional to
ERE2 and thus to follow the same dose response behaviour. Fitting the above equation
to the mean off rates will yield the ratios of the individual back- and forward reactions
Ki.

2.8.2 Fitting dose response and simulating response times

The dose response equation 2.8.4 was fitted to the mean inverse promoter off times
obtained by the global model fit. The fact that only four data points are provided
over the range from 5 pM to 1000 pM stimulus made it difficult to obtain only a single
parameter set of the ratios Ki. Therefore, 15.000 starting points for the optimisation
were created by latin hypercube sampling and subject to local optimisation. The cost
function to minimise was defined as the sum of squared distances between data and fit.
For further analysis the best 15% of all fits were considered. The left panel of figure 2.8.2
shows the best fit together with the data indicating that the data can be fitted well by
the proposed relation although the data exhibits a very steep dose response.
With the parameters from the best model fits the equation system 2.8.2 can be

simulated forward. The response time of the signalling path way is the time the ERE2

level needs to reach half steady state level. Because fitting the dose response yielded only
the ratios of backward to forward reaction rates the individual rates are only determined
up to a common factor. For simulations the backward reactions were assumed to equal
one and the forward reactions were scaled accordingly. By this it was possible to obtain
values for the signalling response times for all fitted parameter values. As initial condition
was assumed that the receptor has not yet bound any ligand (ER∗ = ER∗2 = 0) and that
both EREs are empty (ERE1 = ERE2 = 0). The middle panel of figure 2.8.2 shows



Modelling parameter dose dependency 91

Figure 2.8.2: Fitting the off rate dose response allows to simulate the response
time of the signalling pathway. The left panel shows the best fit (red
line) of equation 2.8.4 to the normalised mean off rate koff from the global
model fit (black squares). The middle panel shows three examples from the
15% of all fits of the dose dependent signalling response time. Vertical lines
mark estrogen concentrations of 10 pM and 1000 pM that were investigated
experimentally. Colored squares mark the simulated values of the response
times at those concentrations. The right panel displays the full distributions
of simulated response times of the parameter sets from best fits. In the
legend the corresponding mean values are indicated.

four example dose dependent curves of response times simulated with the fitted reaction
rates. The response time of the signalling pathway is dose dependent and the peak in
the curves marks the EC50 value of the value of the koff dose response of approximately
20 pM. Experimentally two estrogen concentrations were investigated, namely 10 pM
and 1000 pM as marked by vertical grey lines. Intersection points with the response
time curves are marked by squares at 10 pM and by circles at 1000 pM. The right panel
shows histograms of the distributions of all obtained simulated response times. The mean
response time values ±SD for each distribution is shown in the figure legend. These
values indicate the expected delay that the proposed signalling path way needs to bind
half of the ERE pairs in a population of cells at 10 pM and 1000 pM respectively.
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2.8.3 Comparing simulated response times with accumulation of
RNA in cell populations

In the previous two sections an estrogen signalling pathway to the GREB1 promoter was
proposed and by fitting the dose response relation of that pathway to the resulting mean
koff values allowed to simulate response times. In this section these simulations will be
compared to two experimental data sets. The first data set measures the accumulation of
RNA transcripts of the GREB1 gene in a population of initially synchronised cells. The
second data set consists of time lapse imaging of transcription sites in synchronised single
cells. Synchronisation was done by growing the cells in estrogen free medium for three
days. This prevents the cells from division and poises the gene promoters in the off state.
Thus, no new transcripts are produced and the total amount of transcripts decreases as
existing transcripts decay. At time point zero the cells received a defined estrogen signal
which released the blockage and transcription starts again. Accumulation of RNA allows
to estimate the response time of the cells which is generated by the signalling pathway
and transcriptional activation.

The resulting particles from the global SMC ABC model fit allow to simulate how fast
transcripts would accumulate in a synchronised population of cells after the release of
the blockage. Initially all promoters are in the off state and an estrogen signal allows
the promoters to switch into the on state with a dose dependent rate koff . But before
this can happen the estrogen signal has to reach the gene promoters via the proposed
signalling pathway. Thus, we propose that the cell’s response times consist of two parts.
A dose dependent first part created by the signalling path way and a dose independent
second part due to the stochastic switching from the off into the on state.

Estrogen signalling can explain the dose dependent response times in cell
populations

In synchronised populations of cells RNA molecules were collected at ten minute intervals.
Subsequently RNA was reversely transcribed into DNA which then was detected by
quantitative PCR (RT-qPCR) [Nolan et al., 2006]. As targets for PCR primers two
regions within the GREB1 transcript were selected. One early region within intron two
and one late region within intron 32. This allows to investigate the accumulation of
both targets. The early region is transcribed soon after the initiation of transcription.
The increase in detected RNA molecules measures the combined delay of signalling
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Figure 2.8.3: Primer positions within the GREB1 transcript for RT-qPCR ex-
periments. Primer positions within the GREB1 transcript are indicated
by colored arrows. Colors correspond to the plots in figure 2.8.4. Rectangles
represent the position of transcript introns 2 and 32 as indicated. Below the
position in kilo base pairs is given.

and transcription. The time delay between the accumulation of both targets gives an
estimation of the velocity of the RNA polymerase as it elongates the transcript. The
structure of the transcript of the GREB1 gene that was targeted by PCR primers is
displayed in figure 2.8.3. The transcript is slightly longer than the reporter construct
used before. Therefore, the simulation of single cells had to be adjusted to correctly
simulate RNA elongation. RT-qPCR time course experiments were performed at 10 pM
and 1000 pM. All experiments were performed by Christoph Fritzsch and Monika Kuban.
In RT-qPCR experiments the expression of the GREB1 gene was quantified relative

to the house keeping gene GAPDH, a gene that is transcribed constantly and not
influenced by the estrogen concentration [Barber et al., 2005]. This methods ensures
robust quantification in different cell populations. For better comparison of the resulting
time courses they were normalised by the mean value of the last three points of the time
course when the accumulation is assumed to have reached steady state. The response
time of RNA accumulation was estimated via linear interpolation between the last value
below and the first value above one half in the normalised time course. Experimental
data was available in technical triplicates. The ±SD region from the triplicates allowed
to estimate an error range for the response time.

Estimated response times for both primer targets and both experimental conditions are
displayed in table 2.8.1. The third column (RTM simulation) displays the response time
of simulations applying the two state promoter model were at time zero all promoters
are in the off state. This time was found to be stimulus independent. The measured
response times show a dose dependency with longer response times at 10 pM estrogen.
This dose dependency must be due to the signalling which was not considered in the
stochastic simulations.
The three right most columns (RT-qPCR data) of table 2.8.1 show the estimated

response times from experimental time courses with lower and upper bounds resulting
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Stimulus Intron RTM Signalling RT-qPCR data
simulation low center high

10 pM Int2 27.8 34.1±13.0 52.0 61.0 66.0
Int32 47.3 74.6 78.1 93.8

1000 pM Int2 28.7 3.1± 1.2 37.9 41.1 52.0
Int32 48.5 62.0 65.2 72.5

Table 2.8.1: Estimated response times from simulation of transcription alone
and RT-qPCR time courses. Displayed are the response times of simu-
lated populations of synchronised cells, the response time of the proposed
signalling pathway and measured response times from RT-qPCR time course
measurements. All times are given in minutes. The low, center and high
values of the measured response times were estimated from the error range
given by the SD of triplicate measurements.

from the experimental error. The time difference between the early and late targets is
similar under both conditions at approximately 20 minutes. Together with the distance
of the primer targets of 84 kb this provides a measure of the mean RNA polymerase
velocity of approximately 4.2 kb/min. This confirms the assumptions made for modelling
transcriptional elongation. The velocity lies in the assumed range and it is not dose
dependent.

The response times at 10 pM and 1000 pM are different indicating a dose dependent
mechanism. The response times simulated with the stochastic transcription model alone
are 29 minutes leaving differences of 32 and 12 minutes respectively to be filled by
the response time of the signalling pathway. The simulated mean response times of
the signalling pathway were 34 and 3 minutes under the constraint that all backwards
reactions within the pathway were set to one (see figure 2.8.2, right panel). In case of
the results from the experiment done at 10 pM the agreement is very close.

Figure 2.8.4 shows the experimental RT-qPCR time courses together with the simulated
RNA accumulation time courses yielded by the stochastic model. The simulated time
courses were shifted to the right by 34 minutes at 10 pM and by 3 minutes at 1000 pM.
Those numbers resulted from the simulated response time with the kinetic parameters
from fitting the koff dose response. At 10 pM the simulation shows a clear overlap within
the experimental error range for both the early and the late PCR target. The agreement
between simulation and experiment for 1000 pM is less strong which might be due to the
extremely steep dose response curve of the promoter off rates. A less steep curve leads to
different values of the fitted Ki which in turn cause different response times. In addition,
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Figure 2.8.4: Comparison of simulated RNA accumulation with RT-qPCR data
shows close agreement in response times. Thin colored lines display
the normalised RNA accumulation over time at 10 pM (top) and 1000 pM
(bottom) estrogen. Red lines represent the early PCR primer target and
blue the late primer target. Grey shaded areas denote the ±SD region of
technical triplicates. Thick colored lines show the simulated accumulation
of RNA shifted by their dose dependent signalling response times of 34
minutes at 10 pM and 3 minutes at 1000 pM, respectively. Dashed grey
lines indicates the half maximal value. Intersection points with this line
mark the actual response times.
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only four data points along the curve do not provide satisfactory information for the
exact dose response behaviour. Despite the sparse sampling of the dose response curve
the overall agreement is good and this suggests that the fitted two state model together
with the proposed signalling pathway can not only explain the dose dependent promoter
off time regulation but also the dynamics in terms of the response time of the full system.
The response of the stochastic model is dose independent and the dose dependent delay
is exclusively due to the signalling pathway.

Transcription in synchronised single cells

In a second approach to measure RNA accumulation synchronised cells were image under
the microscope yielding single time courses of transcriptional activity. This allows to
directly measure response in single cells whereas RT-qPCR is a population method.
Moreover, PCR detects all transcripts, those still located at the transcription site and
those who are already finished. In total 112 cells were imaged. The upper panel in figure
2.2.6 shows all measured time courses as a color map. Below the mean value of all cells is
plotted. The dashed vertical line indicates the time point when 1000 pM estrogen were
added. After that time point a clear accumulation of RNA signal is visible.
Figure 2.8.5 compares this curve (red) with the RT-qPCR curve from the early PCR

target from the lower panel of figure 2.8.4 (blue) and with the simulation from the same
plot (yellow). Both the RT-qPCR curve and the simulation are within the error range of
the mean curve from single cells. The simulation shows an almost perfect agreement with
the response time of the mean of the single cells. This is another confirmation that the
stochastic model of gene transcription coupled with the deterministic estrogen signalling
pathway makes reliable predictions about the systems behaviour.
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Figure 2.8.5: Accumulation of RNA in single cells and cell populations can
be described by the combined model of estrogen signalling and
stochastic transcription. The three different curves show accumulation
of RNA measured by time lapse microscopy in single cells (red) and RT-
qPCR in cell populations (blue) compared with simulations (orange). The
grey region denotes the ±SD error region of the mean signal from single
cells. All curves where normalised to one for better comparison.





3 Discussion

This work is concerned with the study of estrogen induced transcription of the GREB1
gene in estrogen sensitive MCF-7 breast cancer cells. Transcripts of the gene were
labelled fluorescently allowing direct imaging of nascent transcripts in live cells. Time
lapse microscopy enabled to study the stochastic dynamics of transcription under different
experimental conditions. We calibrated stochastic models of different complexity to time
course data to reveal the mechanism behind GREB1 transcription in single cells.

The observed time courses of transcriptional activity clearly indicated that transcription
of the GREB1 gene occurs in bursts similar as many other eukaryotic genes [McAdams
and Arkin, 1997; Raj et al., 2006; Suter et al., 2011; Zoller et al., 2015]. Moreover, the
global intensity histograms at different estrogen concentrations and static dose response
relations showed a clear estrogen dependency of GREB1 transcription with higher levels
of transcription at higher estrogen levels consistent with previous findings [Rae et al.,
2005; Laviolette et al., 2014]. A novel observation was that the shape of those histograms
was bimodal with one peak representing the background signal and one peak representing
active transcription. Increasing the estrogen stimulus characteristically pronounces the
peak of active transcription while at the same time the background peak becomes less
prominent.
We directly observed nascent transcripts which is in contrast to previous attempts

to measure transcriptional activity in single cells which incorporated the use of short
lived luciferase proteins as reporters rather than the transcript itself [Suter et al., 2011;
Harper et al., 2011; Molina et al., 2013; Zoller et al., 2015]. This made it necessary
to include translation of RNA into protein into model based interpretation of the data
requiring strong assumptions of the process. RNA translation into a protein is a highly
regulated and complex process and thus observation of the protein hides important details
of transcriptional initiation. In addition, our approach of labelling nascent transcripts
was implemented by a short DNA insertion into an endogenous gene. This conserves
the chromatin environment and should not interfere with the natural behaviour of the
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cell. Moreover, the model system enables to study the process at different experimental
conditions using the estrogen concentration as an input influencing transcription of
GREB1.

In the introduction two major questions of this work were posed, namely:

1. Which mechanisms can explain the stochastic nature of gene transcription?

2. How does stochastic gene transcription change upon changing environmental condi-
tions?

Our results show that a stochastic model of only two states can explain experimental
data of transcription in single cells better than more complex models with multiple
internal states. The two promoter states represent transcriptional activity and inactivity
and the promoter stochastically switches between these two states. Thus, the answer to
the first question is a stochastic two state or random telegraph model. In addition to
the model structure, our results showed that dose dependent regulation of transcription
is achieved by off time modulation. At low estrogen concentrations the gene spends
more time in its inactive state than at high concentrations whereas promoter off time
and initiation rate are not subject to a dose dependent regulation. This modulation of
a single parameter of the model answered the second question and allowed to explain
transcriptional activity over a wide range of stimuli from 5 pM to 1000 pM.
This chapter will discuss these results in the light of the current knowledge of tran-

scriptional activation. The following sections will discuss the random telegraph model
and the biological role of its two states of transcriptional activity. Subsequently, estrogen
dependent transcriptional regulation, cell to cell variability and the applied likelihood
free bayesian model calibration algorithm will be discussed.

3.1 The random telegraph model

A class of models of different complexity were calibrated to experimental data and
subject to model selection. Model selection favoured the smallest possible model topology
that allows transcriptional regulation namely a two state or random telegraph model.
Such a model stochastically switches between the states of transcriptional activity and
inactivity. It facilitates a high variability in the numbers of transcripts per cell by fostering
transcriptional bursts [Paulsson, 2005]. Modulation of the switching rates between model
states allows to adopt the transcriptional level to external stimuli [Munsky et al., 2012].
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Several previous studies found promoters exhibiting stochastic behaviour compatible
with a three or more state model where the promoter off phase consists of two or more
distinct states leading to a peaked off time distribution [Suter et al., 2011; Harper et al.,
2011; Zoller et al., 2015]. The topology of the switching process between active and
inactive transcription, however, appears to be highly gene specific [Zoller et al., 2015]. So
far transcriptional dynamics were measured only for specific examples of genes. Single cell
RNA sequencing would allow to investigate the distributions of transcript copy numbers
in single cells genome wide [Tang et al., 2010]. Such distributions could be compared to
simulated distributions and thus calibrated to models with different numbers of internal
states. This would allow to investigate topologies of promoter states for all genes.

The two state or random telegraph model not only is the simplest model that enables
transcriptional regulation by a dose dependent modulation of model parameters but it is
at the same time the model exhibiting the widest variability or noise. Mathematically
the stochastic models we calibrated to data are described by the theory of markov chains.
In a markovian system like the random telegraph model the waiting times to remain
in one state are exponentially distributed [Van Kampen, 1992]. Thus, the off time of
the two state or random telegraph model is exponentially distributed and the mean off
time equals the standard deviation of the off time which is an inherent characteristic
of the exponential distribution. This feature leads to a coefficient of variation of the
promoter off time of one. In case of multiple internal states during the off phase the total
off time distribution is defined by the convolution of the waiting time distributions of
the individual states. The resulting off time distribution in contrast to an exponential
distribution is peaked and, more importantly, the variability is reduced with a coefficient
of variation smaller than one. This more accurately defined off time should be reflected
on the RNA level by a reduced variability, i.e. a smaller coefficient of variation of the
RNA copy number per cell. Thus, transcription of GREB1 with its two states appears
not to be tuned for noise suppression.
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3.1.1 The discrepancy between deterministic transcription cycles in
cell populations and stochastic transcription in single cells

Binding and release of transcription factors to estrogen regulated gene promoters was
observed to occur in highly regular and deterministic fashion as so called transcription
cycles (see figure 1.3.1) [Métivier et al., 2003, 2004, 2008]. This high regularity is in
stark contrast to the stochastic transcription observed in single cells. Similar to previous
experiments by Métivier et al. on the binding and release of transcription factors to
the promoter we synchronised single cells by estrogen starvation. We found that after
receiving an estrogen signal cells quickly upregulate transcription but we did not see
cycles in the production of nascent transcripts (see figure 2.2.6) which revealed a major
discrepancy between these two types of data.

Calibration of cyclic ratchet like ODE models revealed that several hundred states are
necessary to explain the observed deterministic transcription cycles on the epigenetic
level. To the contrary, in single cells only a small number of states was found to be
sufficient to explain experimental data. On the epigenetic side the biological advantage of
such a ratchet like process is that it accelerates the assembly of large protein complexes
on the chromatin in contrast to equilibrium binding [Rybakova et al., 2015]. As explained
earlier such a multi state process strongly can suppress noise whereas the few states of
transcriptional activity give room for high variability. The latter might be favourable
in changing environmental conditions. The connection between both levels, however,
remains unclear.

The experimental methods to acquire the two types of data are different in that they
measure different molecular processes. Chromatin immunuprecipiation measures the
promoter state and we measured the production of nascent transcripts by time lapse
microscopy. Chromatin immunoprecipitation as a population method detects only pro-
moters that are bound by a specific factor and thus cannot distinguish variability among
cells. A conclusion to reconcile regular population and stochastic single cell behaviour
might be that between the deterministic epigenetic regulation and actual stochastic
transcription are rate limiting steps that mask the regularity at the transcriptional level.
For instance, transcription might be slow relative to changes in the epigenetic state. In
addition, not every transcription initiation event leads to a complete transcript [Darzacq
et al., 2007].
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The highly regular transcription cycles were observed for the ps2 gene. Published
results on GREB1 transcriptional cycling revealed a less pronounced and less regular
cycling [Sun et al., 2007]. Thus, a second explanation that we did not observe cycles in
transcription might be that GREB1 does show no cycles or at least less regularity on the
promoter level. Our attempts to produce time course ChIP experiments on the GREB1
promoter did not show such highly regular oscillations in contrast to the ps2 gene. After
an initial rise in signal with a maximum after 20 minutes the signal decreases again and
shoes no further regularity.

3.1.2 The biological nature of the promoter states

The biological nature of the model states, i.e. what characterises the states of the random
telegraph model on the chromatin level, is not clear. Transcriptional activity is mostly
controlled via the accessibility of the DNA to transcription factors. Transcriptionally
active chromatin is open and inactive closed. Opening and closing of chromatin is
characterised by the nucleosome density along the chromatin fiber. Two mechanisms are
responsible to modulate chromatin accessibility and thus nucleosome density: histone
(de)acetylation and nucleosome repositioning. It was found that acetylation of the
GREB1 promoter and gene is induced by estrogen stimulation which in turn leads to
higher transcription levels [Sun et al., 2007]. Positioning of nucleosomes in the promoter
region is responsible for the accessibility of DNA to the binding of transcription factors
and RNA polymerase. When the nucleosomes are removed or slid out of the promoter
region accessibility is highest. Consistent with the role of nucleosomes for stochastic
switching it was found that the accessibility of the yeast gene PHO5 DNA is controlled
by nucleosome positions and that the nucleosome configuration changes stochastically
leading to stochastic changes in transcriptional activity and transcriptional bursts [Brown
et al., 2013]. Nucleosome positioning is performed by so called chromatin remodelling
factors for instance the SWI/SNF complex [Medina et al., 2005]. The BRG1 subunit
of SWI/SNF showed cyclic engagement to the ps2 promoter [Métivier et al., 2003] (see
figure 2.1.2). Assuming a similar mechanism for GREB1 indicates that upon estrogen
stimulation the GREB1 gene locus undergoes substantial chromatin modifications leading
to pronounced transcriptional activity. It is, however, unclear how to map the many
known chromatin modifications to only two levels of transcriptional activity.
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As acetylation is involved in GREB1 activation, experiments perturbing the processes
of either acetylation or deacetylation by inhibiting the corresponding enzymes would
provide further insight into the biological nature of the promoter states. For instance,
sodium butyrate is an inhibitor of histone deacetylases, i.e. enzymes that erase acetyl
groups from histones [Davie, 2003]. HDAC inhibition by sodium butyrate leads to histone
hyperacetylation. It was found that HDAC inhibition in estrogen induced transcription
leads to reduced transcriptional activity which was interpreted as an interuption of the
proposed transcriptional cycle [Reid et al., 2005]. Fitting the random telegraph model to
data from cells treated with sodium butyrate or other inhibitors of epigenetic factors
would allow to investigate the influence of epigenetic perturbations on the dynamics of
single cell transcription.
We made the simplifying assumption that transcriptional activity is binary, i.e. it

either is on or off. Recently Corrigan et al. suggested an alternative interpretation of
the modulation of transcriptional activity. Instead of having only few discrete states
of activity cells can modulate the transcription over a continuum of states each having
slightly different transcriptional activity [Corrigan et al., 2016]. This would leave the cells
much more room to fine tune their transcriptional response to environmental changes.
It can, however, not resolve the puzzle of reconciling the contrasting behaviour at the
population and single cell level. In addition, we did not find evidence for a dose dependent
regulation of the transcription initiation rate for GREB1. This further indicates that
transcriptional regulation might be highly gene specific.

3.2 Off time regulation by signalling to estrogen
responsive elements

We showed that estrogen controls the transcription of GREB1. Static dose response
curves exhibited typical sigmoidal behaviour with higher transcription levels at high
stimuli. In case of the 5 pM data set almost half of the cells that were imaged in a time
resolved manner did not show a response during an observation time of 12 hours (see the
three top panels in figure 2.3.2). This ratio changed substantially for higher estrogen
concentrations towards smaller fractions of non responding cells. Different hypotheses
appear plausible to explain such behaviour: with increasing estrogen stimulus the gene
on time could increase, the gene off time could decrease or the initiation rate could
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increase. Also a combination of the three is possible. Model fitting found that this dose
dependent behaviour can be explained by a dose dependent modulation of the promoter
off time. The off time posterior distributions showed no overlap for different experimental
conditions whereas the posteriors of the on time and initiation rate showed substantial
overlap (see figure 2.6.4). Thus, a single stimulus dependent parameter of the model was
able to explain a main feature of the data. Accordingly, we found that a simple global
model could fit data sets obtained at different estrogen stimuli under the assumption
that all parameters except the off time are stimulus independent. A similar observation
was made for another steroid hormone. Ponasterone showed a similar dose dependent
modulation of the transcriptional off times with long off times at low stimulus levels
and vice versa [Larson et al., 2013]. Moreover, ponasterone induced transcription was
observed to occur in bursts with the target genes randomly switching between active
and inactive states [Larson et al., 2013]. Thus, such a dose dependent promoter off time
regulation appears to be common in steroid hormone induced transcription.

3.2.1 The stochastic model combined with an estrogen dependent
signalling pathway can predict dose dependent response times

The dose dependency of the gene off time raised the question how the off time is regulated
by the estrogen stimulus. Cells have to respond fast to environmental changes, i.e.
adapt transcription to the current needs. The random telegraph model with the fitted
parameters has a response time of about 30 minutes for the GREB1 gene. The nuclear
translocation of the estrogen receptor upon estrogen stimulation takes approximately
the same time [Spona et al., 1980]. This timing motivates a combined model of estrogen
signalling and estrogen driven transcription to understand the cells response times. To do
so we formulated a signalling pathway considering the following mechanisms: Estrogen is
a ligand to the estrogen receptor alpha (ERα). Ligand bound receptors form dimers and
directly bind to estrogen responsive elements (ERE) in the genome acting as transcription
factors [Kumar and Chambon, 1988]. The GREB1 promoter carries multiple EREs [Sun
et al., 2007]. Two EREs lying closest to the transcription start site showed the strongest
signal of ERα binding in a time course ChIP-seq experiment (see figure 2.2.2). Concurrent
binding to these two EREs in close proximity to the transcriptional start site was assumed
to be sufficient to activate transcription (see figure 2.8.1). This led to the proposition of
a two level signalling pathway to explain the off time dose dependency of GREB1. The
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first level of the signalling pathway represents the ligand binding and dimerization of
the receptor and the second level the binding of the receptor dimers to the two major
EREs. We tested this hypothetical signalling pathway on data of the accumulation RNA
in synchronised cells.
An important question with regard to the signalling path way was how fast cells

can react to an estrogen signal. Assumption of the described coarse signalling pathway
together with the calibrated stochastic model allowed to predict the accumulation of
RNA in synchronised cells. This accumulation was measured by two time course methods
i) by RT-qPCR quantifying the amount of RNA in a large population of cells and ii)
by imaging single cells. Both methods allowed to estimate the response times of the
system by measuring the time the cells needed to achieve the half maximal value of RNA
content.
The observed response times were found to consist of two parts: The first part is

created by the signalling pathway and describes the time the estrogen signal needs to
reach the promoter. This signalling response time is dose dependent with short times
at high stimuli. The second part of the total response time is created by the stochastic
model. This part describes the time the cells need to switch from the inactive state into
the active and start transcribing. The response time of the stochastic model is dose
independent whereas final amount of RNA depends on the stimulus. The response time
of the stochastic model is rate limiting in that is much longer than the response time of
the signalling pathway at high stimuli. At low stimuli both parts of the total response
time are approximately equal.

Treatment of the cells with antiestrogens like ICI or tamoxifen would allow to further
test the hypothesised signalling pathway. For instance, titration of estrogen and an
antiestrogen in a two dimensional dose response and subsequent measurement of the cells
response times would allow to assess the signalling dynamics.
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3.3 Transcriptional heterogeneity

3.3.1 Cell to cell variability

Stochastic simulations can reproduce the inherent stochasticity of transcription. But
when implementing the stochastic model we found to describe the observed data it was
necessary to incorporate cellular heterogeneity. Heterogeneity means that cells under
the same experimental conditions can exhibit a wide variability in behaviour. This
variability to a certain extent stems from the stochastic dynamics alone which we refer
to as intrinsic noise. But this variability was not sufficient to explain the experimental
data. We found that kinetic parameters like the initiation rate and the polymerase
velocity vary from cell to cell (see figures 2.4.5 and 2.4.6). Kinetic parameters of the
stochastic models are linked to the internal state of the cell via protein concentrations
that can show substantial variability among cells. An observation known as extrinsic
noise. Cell to cell variability was incorporated in the stochastic model by resampling
or perturbing model parameters or combinations of two parameters. Model selection
favoured models incorporating a combined parameter perturbation, namely of the RNA
polymerase velocity and the transcription initiation rate.

RNA polymerase velocity describes how fast new nucleotides are added to the elongating
nascent transcript. Transcription by RNA polymerase is dependent on the supply with
energy by ATP molecules. It was found that cells with higher mitochondrial mass exhibit
higher transcriptional activity than cells with lower mitochondrial mass relating the
energy metabolism with transcription. Varying numbers of mitochondria are due to
stochastic segregation during mitosis [das Neves et al., 2010; Johnston et al., 2012]. In
general, partitioning of cell organelles and molecular components into two daughter cells
during mitosis is highly stochastic. Many molecules in a cell are present only in low copy
numbers causing high relative fluctuations after segregation [Huh and Paulsson, 2011].
Such fluctuations provide a strong source of extrinsic noise and are an explanation for
varying initiation rates.

For future work the individual contributions of intrinsic and extrinsic variability are
interesting to study. This can be done with a cell line carrying the fluorescent reporter
construct in two alleles of the same gene. This would allow to study the stochastic
fluctuations of two transcription sites integrated into the same cellular environment, i.e.
that share the same extrinsic but not intrinsic sources of noise. Correlations between
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both signals would indicate that they are not independent from each other and thus
driven by the same extrinsic noise sources. Moreover, such a system allows to study the
effect of environmental conditions on both alleles [Bar-Even et al., 2006; Hilfinger and
Paulsson, 2011; Rinott et al., 2011].

3.3.2 Consequences of transcriptional variability

Given that GREB1 is transcribed in stochastic bursts the number of transcripts per cell
is expected to be highly variable among cells. The coefficient of variation as the ratio
between the standard deviation of transcripts per cell and the average number provides a
measure of transcriptional noise. The transcriptional noise in the observed populations of
single cells was found to decrease with the stimulus, i.e. coefficient of variation decreased
with increasing estrogen concentrations from a value of approximately two at 5 pM to a
value below one at 1000 pM. These numbers indicate very high variability of the number
of nascent transcripts per cell.

The strong noise at the level of nascent transcripts raises the question how pronounced
is the variability at the levels processed transcripts or proteins. The half life of GREB1
transcripts in mouse embryonic stem cells was found to be 4.4 hours [Sharova et al.,
2009] which is shorter than the almost 12 hours promoter off time that was found at 5
pM stimulus. Thus, assuming a similar half life of GREB1 transcripts in MCF-7 cells the
number of transcripts per cell at low stimuli can be expected to be more variable. At high
stimuli the off time is much shorter than the transcript half life which should dampen
transcriptional noise [Friedel et al., 2009].The transmission of noise from the RNA level
to the protein level mostly depends on protein degradation, i.e. the protein’s half life.
Short lived proteins will follow the temporal RNA variability more closely than long
lived ones [Raj et al., 2006]. Thus, assuming a short GREB1 protein half life the highest
variability in protein copy number would be expected at low estrogen concentrations.

GREB1 is essential for progression of estrogen dependent breast cancers [Rae et al.,
2005; Hodgkinson and Vanderhyden, 2014; Laviolette et al., 2014]. Thus, variability
in GREB1 protein copy number is expected to have an effect on breast cancer tumor
progression. Estrogen signalling can be inhibited by antiestrogens like ICI or tamoxifen
which are common treatments against breast cancer. ICI prevents the shuttling of ERα

between cytoplasma and nucleus [Dauvois et al., 1993] and thus binding of the receptor
to DNA to acitvate transcription. Even at low estrogen concentrations we observed a
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substantial fraction of cells showing transcription. Moreover, transcriptional variability at
5 pM estrogen stimulus was highest. Thus, we suspect to suppress GREB1 transcription
completely is unlikely as a significant number of outlier cells still transcribing GREB1
would be expected. Indeed it was found that individual patients exhibit highly variable
responses to tamoxifen treatment. Moreover, the response to antiestrogens can be highly
nonlinear and thus requires individual treatment [Lebedeva et al., 2012]. Thus, cell to
cell variability is an important point in cancer treatment [Sun and Yu, 2015].

3.4 The SMC ABC algorithm

We calibrated stochastic models to single cell transcription data using an likelihood free
bayesian approach. The length of the GREB1 transcript made it necessary to introduce
extra states representing transcript elongation into the model to include delays between
the actual transcription and the observed signal. Those extra state extended the model’s
state space enormously and prohibited the calculation of the likelihood of parameters
θ given data D. Approximate Bayesian Computation (ABC) is a powerful method to
calibrate models where a likelihood cannot be calculated or is computationally very
expensive [Tavaré et al., 1997; Beaumont et al., 2002; Sunnåker et al., 2013]. Moreover,
ABC allows to directly integrate model selection by treating the model itself as a variable
[Toni et al., 2009].

The choice of a distance measure ρ(Dsim, Dexp) that describes the similarity of simulated
and experimental data is crucial for the application of ABC methods. This is especially
important in the case of model selection [Marin et al., 2014]. We manually selected four
features of the experimental data that we compared with simulations to estimate the
similarity between data and simulations. In addition to these four features we used a
multivariate statistic capable to compare high dimensional distributions. In principle
this statistic as distance metric should be sufficient for model fitting [Loos et al., 2015]
but inclusion of the four other features increased the quality of the fits substantially in
that it yielded more narrowly defined posterior distributions. The number of features
could be increased but we found the quality of fit and moreover, the model selection
qualities of the algorithm sufficient.
The iterative Sequential Monte Carlo Approximate Bayesian (SMC ABC) algorithm

as a particle based Monte Carlo method [Sisson et al., 2007] in addition to the distance
measure has two further crucial points: i) the creation of new particles in each iteration



110 Discussion

and ii) the setting of a threshold schedule εt for the subsequent iterations. For particle
creation we used log normal proposal distributions in accordance with Zoller et al. as this
was successful in a similar analysis [Zoller et al., 2015]. The shape parameter of those
distributions were fixed and adjusted manually prior to model fitting. It is, however,
possible to adopt the proposal distributions to the current generation of particles which
should lead to a more effective search in the parameter space [Filippi et al., 2013] and
probably more effective convergence.

The threshold schedule εt defines the level of the distance measure in the tth iteration
below which particles are accepted and used for the next iteration. We used an adaptive
method by accepting always the best 20% of the particles and did not predefine a fixed
schedule. Such an adaptive percentile based method proved useful in different settings
[Moral et al., 2011; Drovandi and Pettitt, 2011], although, algorithm convergence may
depend on the choice of the percentile [Silk et al., 2013].
Altogether we showed by algorithm benchmarking that the chosen settings for the

SMC ABC algorithm are sufficient to fit stochastic models to the given time course data.
Model selection for three out of four data sets found reproducibly a unique model. Both
facts underline the applicability and numerical stability of the implemented SMC ABC
algorithm.
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All modelling and data analysis were implemented in the python programming language
[Van Rossum and Drake, 2001] in combination with the IPython package [Perez and
Granger, 2007]. Furthermore the NumPy [van der Walt et al., 2011] , SciPy [Jones
et al.], scikit-learn [Pedregosa and Varoquaux, 2011] and Matplotlib [Hunter et al., 2007]
libraries for scientific computation and visualisation were used.

4.1 Extending the cost function to experimental errors
to fit reaction blocks

For each factor the corresponding reaction block was fitted independent of the other
factors. A reaction block is the subset of states within the states of the transcription
cycle where the factor is present at the promoter of the gene. Such a block is described
by three parameters: start, end and amplitude. Start and end denote the promoter state
where the factor binds or releases, respectively. The amplitude of the block describes the
fraction of promoters within the population contributing to the measured ChIP signal.

Data for the factors listed in table 2.1.2 was taken from Metivier et al [Métivier et al.,
2003] where no experimental error range is provided. Thus, we included the experimental
error σ as free parameter into model fitting. Assuming a gaussian distributed experimental
error allows maximum likelihood estimation of the model parameters. Including the the
experimental error, however, led to a change in the usual χ2 cost function. The likelihood
of a parameter vector θ given the data D is:

L(θ,D) =
∏
i

1√
2πσi

· e
−

(yD
i

−yM
i

)2

σ2
i (4.1.1)
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yDi and yMi are the experimental data points and the corresponding simulated points
of the model, respectively. Minimising the negative log likelihood while considering σi to
be part of the parameter vector θ led to the following cost function

cost =
∑
i

(yDi − yMi )2

σ2
i

+ ln σi (4.1.2)

The second term balances the size of the experimental error against the ability of the
model to explain the data. It was assumed that σi is a sum of a relative error a and an
absolute error b.

σi = ayDi + b (4.1.3)

Including the experimental error increased the number of free parameters per factor to
five. Each factor was fitted independently. A temporal order of the binding events of the
individual factors was not assumed prior to model fitting. By applying latin hypercube
[McKay et al., 1979] sampling multiple starting points for optimisation were created
which were then used for local optimisation. As local optimisation algorithm the SLSQP
method [Kraft, 1988] as implemented in the SciPy library was used. Bounds were defined
for each parameter to avoid biologically unplausible results (see table 2.1.1). A block has
to start at or after the first state of a cycle. For the end, in addition, a cyclic boundary
was defined, i.e. when the end of a cycle was found at a state index higher than the
number of states in the cycle it was shifted to the next cycle accordingly. This avoids to
define a special state that marks the beginning of a cycle.

4.2 The stochastic simulation algorithm for single cell
transcription

To simulate the stochastic behaviour of the gene promoter the well know stochastic
simulation algorithm (SSA) was utilised as introduced by D. Gillespie [Gillespie, 1977,
1976] (see algorithm 1). The SSA allows to numerically create exact realisations of system
paths and thus to investigate system behaviour for various parameter sets. Here the
direct method of the SSA was applied. Due to the binary nature of the occupancy of the
individual promoter states and the cyclic topology of the reaction network it was not
possible to implement a computationally faster but approximate variant of the SSA like
τ−leaping or alike [Gillespie, 2001, 2007].
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Algorithm 1: Stochastic simulation algorithm
Initialise: t = 0, simulation time tf ; rate constants km, ki . . . , initial state x;
while t ≤ tf do

calculate hazards hi(x, ki) and combined hazard h0 = ∑
hi(x, ki)

sample two random numbers r1, r2 ∼ Unif(0, 1)
Time to next event: t′ = 1/h0 · ln(1/r1)
Next reaction: smallest index j: r2 ·h0 ≥

∑j
i=0 hi(x, ki)

Update state according to reaction j
set t = t+ t′

end

The SSA by sampling random numbers simulates the time to the next reaction event
and the actual reaction that is occurring. Both of which depend on the current state of
the system which reflects the markovian property. Reaction hazards h(x, ki) = ciki in the
system investigated here correspond to the reaction rates ki and not on the abundance
ci of the different species. The promoter can only be in one of its states at a time (i.e.
ci = 0, 1) and progresses with the rate associated to this state. RNA production is not
dependent on the present number of RNA molecules and occurs with rate km when the
promoter is in an active state.

4.3 Intensity of single transcripts and noise model

To connect experimental data with the stochastic model a noise model was calibrated.
Fluorescence intensity was assumed to be proportional to the number of transcripts at
the transcription site. The factor of proportionality α is the fluorescence intensity of a
single transcript which was measured independently. First the linear relation between
illumination intensity and detected fluorescence light intensity was calibrated. Secondly
at high illumination intensities it was possible to detect and measure the fluorescence light
from single transcripts diffusing in the nucleoplasm. With the linear relation estimated
before it was possible to rescale the signal from single transcript to the illumination
settings used for long term live microscopy. By this a factor of α = 32.8 was estimated
for the used imaging set up.
As a measure of background light intensity a site within the cell nucleus distant

from the transcription site but of similar size was tracked in each image. A log normal
distribution was fitted to the distribution of the gained background intensity values as
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Figure 4.3.1: The background signal follows a log normal distribution. Global
distribution (blue) of measured background intensities at 10 pM stimulus.
A fit of a lognormal distribution is shown in black wth the corresponding
parameters in the legend.

shown in figure 4.3.1. The fitted parameters of the distribution of the background signal
were similar under all experimental conditions (see table 4.3.1). With the so calibrated
noise model the probability to observe signal S given M transcripts at the transcription
site is given by:

P (S|M) = α ·M + noise

noise ∼ LN(scale, shape)
(4.3.1)

Where the noise is sampled from a lognormal distribution with the scale and shape
parameter obtained by fitting. For sampling the random number generator implemented
in the SciPy package was used.

Stimulus Scale Shape
5 pM 48.7 0.5
10 pM 46.4 0.5
20 pM 47.3 0.5

1000 pM 43.5 0.5

Table 4.3.1: Parameters of the fitted noise model model are similar for different
experimental conditions. Parameters of the fitted lognormal distribution
of the back ground signal for different experimental conditions
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4.4 Model parametrisation

Model parameterisation closely follows the approach of Zoller et al [Zoller et al., 2015].
The transcriptional model as shown in figure 2.4.1 is parameterised by the number of
active states N , the number of inactive states M , the perturbation index p, the initiation
rate km, the transition rates koni of the active states and the transition rates koffi of
the inactive states. The first three parameters describe the model structure and the
remaining parameters the kinetics.

A more practical approach to parametrise the kinetic part can be expressed by the
parameters b, ton, T, πi, pj. Where b = kmton is the burst size, ton and T are the total
on and off times respectively. πi = toni/ton and pj = toffi/T are the fractions of time
spent in the ith active or jth inactive state. Therefore the total on and off times are
given by: ton = ∑

toni = ∑ 1/koni and T = ∑
toffj = ∑ 1/koffj . The fractions πi and pj

follow the constraint ∑ πi = ∑
pj = 1

Due to the symmetry of the promoter cycle the order of states within either the active
or inactive phase is not identifiable. Therefore it is only possible to recover distributions
of the total time spent in either phase because that distribution is the convolution of the
distributions of the life times of the individual states. Since convolution is symmetric the
order of states within the active or inactive promoter phase cannot be resolved.

To take the symmetry of the promoter cycle into account an ordering condition on the
πi and the pi is assumed: π1 ≥ π2 ≥ · · · ≥ πN ; p1 ≥ p2 ≥ · · · ≥ pM . Such an ordering
can be achieved by the following parametrisation:

p2 = u1p1

p3 = u2p2 = u1u2p1

. . .

pM = uM−1pM−1 = p1

M−1∏
j=1

uj

(4.4.1)

where uj ∈ [0, 1]. Together with the constraint ∑ pj = 1 the number of free parameters
uj and pj is the same and the latter can be expressed by the former. With the system of
equations:
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pM = 1−
M−1∑
j=1

pj = 1− p1

(
1 +

M−2∑
l=1

l∏
j=1

uj

)

pM = p1

M−1∏
j

uj

(4.4.2)

p1 can be expressed as:

p1 = 1
1 +∑M−1

l=1
∏l
j=1 uj

(4.4.3)

With equation 4.4.1 all other pj can be calculated as:

pk =
∏k−1
j=1 uj

1 +∑M−1
l=1

∏l
j=1 uj

(4.4.4)

An equivalent parametrisation was used for the πi.

4.5 Approximate Bayesian Computation

Bayesian model fitting in contrast to usual frequentist maximum likelihood estimations
do not only provide a point estimation and a confidence interval of the most likely
parameters but a full posterior distribution. Posterior distributions of model parameters
given observed data P (θ|D) can be obtained by applying Bayes rule:

P (θ|D) = P (D|θ)π(θ)
P (D) (4.5.1)

It is, however necessary to calculate the likelihood of the data given the parameters
P (D|θ). For complex models this can be computationally costly to calculate if not
even mathematically impossible. For the models used here the dimensionality of the
state space can be extremely large due to the combinatorial possibilities to distribute
RNA molecules over the extra states that describe RNA elongation. This prohibited the
calculation of a likelihood and required the application of a likelihood free model fitting
approach.

Forward simulation of the system for given parameters θ yields a synthetic data Dsim

set which can be compared to the experimental data set Dexp by a distance measure
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ρ(Dsim, Dsim). If ρ is sufficiently small θ is accepted and thus an approximate posterior
distribution can be yielded P (θ|ρ(Dsim, Dexp) ≤ ε). This obviously depends on the
desired distance ε. If ε is large many proposed parameter θ will be accepted but the
approximation of the posterior will be bad. A smalll ε in contrast leads to a low acceptance
rate requiring a large number of simulations.

Algorithm 2: ABC rejection algorithm
Initialise: Population size N ; counter n = 0;
while n ≤ N do

Sample model m ∼ π(m)
Sample θ′ ∼ π(θ|m)
Simulate a data set Dsim ∼ f(D|θ′)
If ρ(Dsim, Dexp) ≤ ε accept θ′ and set n = n+ 1

end

Here simple rejection ABC as described in algorithm 2 was used to create a large start
population of candidate parameter sets. From the parameter priors 50000 candidates
were drawn and simulated mRNA counts were saved. For each data set the best 2000
candidates were selected by adding noise according to the noise model to the candidates
and subsequent distance calculation. The population found this way was then used as
start population for the Sequential Monte Carlo Approximate Bayesian Computation
(SMC ABC) algorithm described in the next section.

4.5.1 Sequential Monte Carlo Approximate Bayesian Computation

Sequential Monte Carlo Approximate Bayesian Computation provides a way to sequen-
tially approach the true posterior distribution via a sequence of intermediate distributions.
In each iteration of the algorithm 3 the current allowed distance measure εt is decreased.
The first iteration consists of the simple rejection algorithm creating a start population of
candidate particles. A particle consists of a weight, a model index and the corresponding
model parameters. The 20% best particles are taken to the next iteration and the most
distant of the 20% best defined the distance measure εt of the current round. The
population is filled up again by new particles created out of the existing particles by
proposal distributions. Iterating in this way in each round the approximation of the
posterior distribution is improved and getting closer to the true posterior.
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Algorithm 3: Sequential Monte Carlo Approximate Bayesian Computation
Initialise:Population size N , data Dexp, iteration counter t = 0, Maximal number
of iterations T , try = 0, maximal number of tries to create new particles trymax,
stop criterion εstop;
if t = 0 then

sample m and θ′ from priors π(m) and π(θ|m)
set all weights to wt=0 = 1/N

else
sample particle (m, θ) from the best 20% particles of the previous population
with weights wt−1
Perturb (θ,m) to obtain (θ′,m′) ∼ K(θ′,m′|θ,m)
try = try + 1
Simulate a candidate data set D′sim ∼ f(D′|θ′,m′)
if ρ(D′sim, Dexp) ≥ εt & try ≤ trymax then

create new candidate particle
else

add (θ′,m′) to the population of particles and calculate its weight as:

w
(i)
t = π(θ′)∑N

j=1 w
(j)
t−1K(θ(j)

t−1|θ′)

end
If i < N set i = i+ 1 and sample a new particle from the previous population

end
Normalize the weights
if max{ρi(Di

sim, Dexp)} ≤ εstop then
stop

else
start new iteration

end
if t < T then

set t = t+ 1
else

stop
end
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The algorithm comes to halt if it either reaches a predefined stop distances, i.e. all
particles are below that distance, or if improvement in distance between consecutive
iterations is smaller than 5%.

4.5.2 Model and parameter prior distributions

As with all bayesian approaches a prior belief about the model topology and the corre-
sponding parameters has to be specified. The full prior is a multivariate distribution of
all parameters that is difficult to sample from. A common way to circumvent this is to
factorise the full prior of the system into a product of priors of the individual parameters.
In addition to the parameters a prior on the model m itself has to be specified as well.

π(m, θm) = π(m)π(km)π(τ)π(T )π(µi|m)π(uj|m) (4.5.2)

For the model itself and the parameters µ and ui that describe the fraction of time
that the system spends in individual states of the on or off phase and the strength of
the parameter perturbation an uniform prior was used. The prior initiation rate was
sampled from a lognormal distribution. As prior distributions for the total promoter
on and off times exponential distributions were used. All priors and the corresponding
parameterisations are summarised in table 4.5.1.

Parameter Prior Parametrisation
Model Uniform m ∼ Unif(1, 40)
Initiation rate Lognormal km ∼ LN(5, 0.8)
On time Exponential τ ∼ Exp(−1/10)
Off time Exponential T ∼ Exp(−1/70)
Relative duration of single on state Uniform µ ∼ Unif(0.8, 1)
Relative duration of individual off state Uniform ui ∼ Unif(0.8, 1)
Parameter perturbation strength Uniform σ(km,τ,T ) ∼ Unif(1, 8)

Table 4.5.1: Prior distributions of model and parameter values. The full prior was
factorised according to equation 4.5.2 and the table lists the individual factors
and the corresponding parameterisation.
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4.5.3 Proposal distributions to create new candidate particles

To explore the model and parameter space new particles have to be created out of
accepted particles. This was done by so called proposal distributions that randomly
change the position of one particle in the model and parameter space. To move a particle
in model space only certain jumps are allowed depending on the current position. These
jumps are depicted in figure 4.5.1. The left hand side of the figure displays the jumps in
model topology and the right hand side the jumps in perturbations. Each topology could
be combined with each perturbation. Thus, for each position in model space a certain
set of moves is allowed. In each iteration to move a particle in model space a uniform
random number r ∈ [0, 1] was drawn. If r > 0.6 a new model was sampled uniformly
from transitions allowed for the current model.
If a new particle had less promoter states after the proposed move than before the

fastest states were omitted, i.e. the corresponding µ or ui were deleted from the parameter
vector. In the opposite case, when new states had to be added new values for µ or ui
were sampled from their prior. The parameters describing the strength of perturbations
for the initiation rate, the on time and the off time σ(km,τ,T ) where proposed with a
normal distribution N(σ′(km,τ,T ), 1) in case when the perturbation after the model change
remained the same. In case the perturbation changed a new σ(km,τ,T ) was sampled from
its prior.

Proposal distributions of the kinetic parameters again closely follows the work of Zoller
et al [Zoller et al., 2015]. The parameters b, τ and T where changed with a lognormal
distribution LN(θ; θ′, σθ) with individual scale parameters σθ. As proposal distribution
for the ui a beta distribution qβ(u, α(u′), β(u′)) was used. Where the parameters of the
distribution are defined as: α(u′) = 1 + λu′ and β(u′) = 1 + λ(1 − u′) with λ = 2. A
value of two proved useful in benchmark tests of the algorithm.

4.5.4 Maximum mean discrepancy to compare multivariate
distributions

Maximum mean discrepancy is a multivariate statistic that allows to compare high
dimensional distributions p and q [Gretton et al., 2012] and is defined as.

MMD[F, p, q] := sup
f∈F

(
Ep[f(p)]− Eq[f(y)]

)
(4.5.3)
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Figure 4.5.1: Network of allowed moves in model space to propose new particles.
On the left the considered model topologies are shown, depicted by their
number of on and off states. Arrows indicate allowed moves. The right
illustration shows allowed moves in parameter perturbations. There are in
total eight different perturbations indicated by a perturbation index ranging
from 0 to 7 (see table 2.5.3 for details, perturbation indices are given in
square brackets). Each line indicates an allowed jump from one perturbation
to another. Jumps are allowed in both directions with equal probabilities.
Arrow heads are omitted for better visibility. Each perturbation could be
combined with each model topology resulting in 40 models in total. Each
model is associated with a certain set of allowed moves that was used to
explore the model space.

If p and q are equal, MMD is zero. F is a class of functions f : χ −→ R as the unit
ball in a universal reproducing kernel Hilbert space H. For samples X = (x1, . . . , xn)
and Y = (y1, . . . , ym) of p and q an empirical estimation of the MMD is given by

MMD[F,X, Y ] := sup
f∈F

( 1
n

n∑
i=1

f(xi)−
1
m

m∑
j=1

f(yj)
)

(4.5.4)

A kernel k(x, y) = Φ(x)TΦ(y) allows to rewrite MMD by the mean embedding µp :=
Ep[Φ(x)] asMMD[F, p, q] = supf∈F

〈
µp−µq, f

〉
= ‖µp−µq‖H . With µX = 1

n

∑n
i=1 Φ(xi)

and k(x, y) = 〈Φ(x),Φ(y)〉 the empirical estimation of the MMD can be obtained via
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MMD[F,X, Y ] =
(

1
n2

n∑
i6=j

k(xi, xj) + 1
m2

m∑
i6=j

k(yi, yj)−
2
nm

n,m∑
i,j=1

k(xi, yj)
) 1

2

(4.5.5)

A working python script to calculate MMD between two data sets was published by
Vincent Van Ash alongside to his PhD thesis [Van Asch, 2012]. This implementation
was used here. In addition the MMD as single distance measure was used by Loos et al
to estimate model parameters in an SMC ABC setting from time course measurements
[Loos et al., 2015].

4.5.5 Bayes factors as measure of model selection

In contrast to a frequentist approach of model selection the Bayes Factor allows not only
say if the null hypothesis has to be rejected but instead can be used to argue in favour
for a model m. A Bayes Factor between two models m1 and m2 with given data D and
posterior distributions P (m1,2|D) is calculated as:

B1,2 = P (m1|D)
P (m2|D) ·

π(m2)
π(m1) (4.5.6)

In case of uniform priors as we used here on the model the second term cancels reducing
the Bayes factor to the simple ratio of the two models in the posterior. According to
Kass & Raftery a Bayes factor of three and above is considered to be positive in favour
to model m1 and agains m2 [Kass and Raftery, 1995]. Higher values indicate stronger
selection.



5 Appendix

5.1 Python code for model fitting

Attached to this thesis is a CD containing python scripts and IPython notebooks that were
used to analyse data, calibrate models and to generate the presented figures. In addition,
this CD contains the measured imaging time course data used for model calibration and
RT-qPCR time course data used to estimate response times. Alternatively, the code can
be downloaded from GitHub under:

https://github.com/baumgast/gene_transcription_SMC_ABC
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