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Abstract

We are concerned with the barotropic compressible Navier—Stokes system in a bounded
domain of R? (with d > 2). In a critical regularity setting, we establish local
well-posedness for large data with no vacuum and global well-posedness for small
perturbations of a stable constant equilibrium state. Our results rely on new maxi-
mal regularity estimates—of independent interest—for the semigroup of the Lamé
operator, and of the linearized compressible Navier—Stokes equations.

1 Introduction

We are concerned with the following barotropic compressible Navier—Stokes system
in a C* bounded domain 2 of R, d > 2:

orp + div(pu) =0 in Ry x Q,
or(pu) +div(pu ® u) —2div(iuD(u)) — V(Adivu) + VP =0 in R4 x Q,
u=>0 on Ry x 9%,
(p, w)li=0 = (po, uo) in Q.

(1.1)

The unknowns are the (scalar nonnegative) density p = p(t, x) and the vector-field
u = u(t, x). The notation D(u) stands for the symmetric part of the Jacobian matrix
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of u. The viscosity coefficients A and p are smooth functions of p satisfying u > 0
and A +2u > 0. We shall often assume (with no loss of generality) that the average
value of the density on €2, a conserved quantity, is equal to 1.

The mathematical study of the Cauchy problem (or initial boundary value problem)
for the compressible Navier—Stokes system has been initiated 60 years ago with the
pioneering works by Serrin [33] and Nash [32] who established the local-in-time exis-
tence and uniqueness of classical solutions. In the case = R3, the global existence
of strong solutions with Sobolev regularity has been first proved by Matsumura and
Nishida [26], for small perturbations of a constant state (o, #) = (p,0) under the
stability condition P’(p) > 0. The proof was based on subtle energy estimates that
enabled the authors to pinpoint some L?-in-time integrability for both the density and
the velocity, as well as algebraic time decay estimates.

With completely different methods based on parabolic maximal regularity in the
framework of Lebesgue spaces, local existence has been established by Solonnikov
[36] for general data with no vacuum (see also the more recent work by the first author
[9] where critical regularity is almost achieved) as well as global existence for small
perturbations of (p, 0) (see [23, 29, 31, 34, 37] and the survey paper [35]).

In the present paper, we want to recover the classical results of strong solutions
for (1.1) in the bounded domain case within a critical regularity setting, that is, in
functional spaces that are invariant by the following rescaling for all £ > O:

(p0(x). uo(x)) ~ (po(€x). Lug(€x)) and

(p(t, x), u(t, x)) ~ (p(€%t, £x), Cu(€*t, £x)). (12

Observe that the above rescaling leaves the whole system invariant, up to a change of

the pressure term (provided the fluid domain is dilated accordingly, of course). As first

noticed by Fujita and Kato in [18] for the incompressible Navier—Stokes equations,

working in scaling invariant spaces is the key to getting optimal well-posedness results.
Our main goal here is to prove the following type of statements:

e local well-posedness for general data py and u having critical regularity and such
that pg > 0O;

e if, in addition, P’(1) > 0, global well-posedness for data (pg, ug) that are small
perturbations of (1,0) (for some norm having the invariance of the first part
of (1.2)).

When the fluid domain is the whole space, a number of results in that spirit have
been established, and the critical norms are always built upon homogeneous Besov
spaces with last index equal to 1. More precisely, it has been first observed in [8]

that one can take any data such that pg — 1 is small in Bd/ -l R4y 0 Bd/ 2(R”l)

and ug is small in Bd/ 2= 1(}Rd). Later works (see, e.g., [5, 6]) pointed out that it is
actually enough to assume the high frequencies of the data to be in the larger space
d/p(Rd) d/p l(]R”l) for some p in the range (2 min(4, 7= 2))
Here we a1m at extending those results to the physically relevant case where the
fluid domain is bounded and the velocity vanishes at the boundary. Compared to works

in the whole space, the expected difficulty is that one can no longer use techniques
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based on the Fourier transform to investigate (1.1) (in particular, global results of
[8] were based on a decomposition into low and high frequencies of the solution).
Whether one can adapt those techniques to more general domains is unclear. In the
present paper, we focus on the bounded domain case which is expected to be easier
than the unbounded domain case since, somehow, low frequencies do not have to be
considered.

Since the linearized compressible Navier—Stokes system may be associated to an
analytic semigroup in suitable functional spaces, using maximal L9-regularity seems
to be an acceptable substitute to Fourier analysis. However, as already pointed out in
previous works (see, e.g., [9]), reaching critical regularity within the classical theory
would require maximal L'-regularity, which is false in the setting of Lebesgue or
Sobolev spaces for instance.

For the reader’s convenience, let us briefly recall what maximal regularity is. Let
X be a Banach space and —A : D(A) C X — X, the generator of a bounded analytic
semigroup (7'(¢));>0 on X. Consider for f € LY(R4; X), 1 < g < oo, the abstract
Cauchy problem

W)+ Aut) = £(1) (¢t > 0),
u(0) = 0.

By virtue of [3, Prop. 3.1.16] the unique mild solution to this problem is given by the
variation of constants formula

t
u(t) = / Tt—1)f(r)dr (¢t >0).
0

We say that A has maximal L9 -regularity if, for every f € L9(Ry; X), it holds for
almost every ¢ > O that u(r) € D(A), and Au € LY(R; X). Notice that in this case
also #/ € LI(R4; X) and that the closed graph theorem implies the existence of a
constant C > 0 such that for all f € LY(R; X) it holds

lu', AullLar,:x) < CIlfllLa®,:x)-

See the monographs of Denk, Hieber, and Priiss [13] and of Kunstmann and Weis [25]
for further information. Our aim here is to adapt an argument of real interpolation that
originates from Da Prato—Grisvard’s work in [7] so as to reach the endpoint ¢ = 1 that
turns out to be the key to proving global-in-time results in critical regularity framework
(in this respect, see also our recent paper [12]).

We perform the analysis first for the semigroup associated to the Lamé operator
(namely the linearization of the velocity equation if neglecting the pressure term), so
as to get a local well-posedness result for general data with critical regularity, then for
the linearization of the whole system (1.1) about (p, #) = (1, 0) to obtain a global
result.

Back to the nonlinear system, one cannot just push all nonlinear terms to the right-
hand side and bound them according to Duhamel’s formula, though. The troublemaker
is the convection term in the density equation, namely u# - Vp, that causes a loss
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of one derivative (this reflects the fact that the system under consideration is partly
hyperbolic). The way to overcome the difficulty is well-known: it is called Lagrangian
coordinates. Indeed, if rewriting (1.1) in Lagrangian coordinates, then one just has to
consider the evolution equation for the velocity which is of parabolic type. Therefore,
not only the loss of derivative may be avoided, but also the solution may be obtained
(either locally for large data, or globally for small data) by means of the contraction
mapping argument in Banach spaces.
Let us now come to the main results of the paper.

Theorem 1.1 Assume that 2 is a smooth bounded domain of R¢ (d > 2) and let p
be in (d — 1, 2d). Then, for all initial densities po € B‘;{ f (), positive and bounded

away from zero, and all ugy € Bd/p 1(Q Rd) System (1.1) admits a unique solution
(p, u) on some nontrivial time mterval [0, T, such that

(p.u) € Cp(10, T1; BY/ T () x BY/P ™1 (2 RY))
and

(p.u) € W0, T: BY/T(2) x BY/T (@i RY))
NL' 0, T: B/ (@) x BY/TH (2 RY)).

Furthermore, inf ; y)cj0,11x@ 0 (t, x) > 0 and the average of p is time independent.

Proving a global result for small perturbations of a stable constant state is based on
maximal regularity estimates for the linearized compressible Navier—Stokes system
(where i/ = A + p):

oa+divu = f in R}y x €,

Ou—puAu —u'Vdivu +Va=g in Ry x Q, (1.3)
u=0 on Ry x 99, '
(a, u)li=0 = (ao, uo) in Q.

The following statement extends the work by Mucha and Zajaczkowski [30] to the
endpoint case where the time Lebesgue exponent is equal to 1, and also provides
exponential decay for the solutions of the system, a property that has been pointed out
before in [17] by Enomoto and Shibata (in the classical maximal regularity framework).

Theorem 1.2 Take initial data (ag, ug) in BS'H (Q) x BS 1 (825 RY) and source terms
(f,g)in L‘(R+,BS+1(§2) x BS (2 R7Y)) wzth (s, p) satlsfymg

1 d d 1
l<p<oo and max{ —, — — - )| -1 <s < —.
pp 2 p
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Assume also that the average of ay and of f(t) (for a.e. t > 0) is zero. Then, Sys-
tem (1.3) has a unique global solution (a, u) in the space

ES = Wh Ry Bjjl‘ (Q) x B, (2 RY)

1.4)

NL'(Ry; Bj;l‘ (Q) x B;jz(sz; RY)).
Additionally, there exist two positive constants ¢ and C depending only on p, 2, W,
and (' such that if e’ (f, g) € L"(Ry; B;Tll(sz) x BS (2 R%)), then

1 1
”ec (a5 M)HE;, =< C<|I(a0, uO)”B;*—]IXB;,I + ”ec (fa g)”Ll(RJr;B;TllXB‘;,l))' (15)

After recasting System (1.1) in Lagrangian coordinates, combining the above result
with nonlinear estimates allows to get the following global well-posedness result for
critical regularity:

Theorem 1.3 Let 2, p, and d be as in Theorem 1.1 and assume in addition that
P'(1) > 0. Let py € Bi{f(Q) with average 1 and ugy € Bi{f_l(Q; RY). There exists
a constant @ = o(h, i, p,d, P, Q) > 0 such that if ay := po — 1 and ug satisfy

llaollgarp + lluollqarr—1 < @, (1.6)
Bp-l Bp,l

then System (1.1) admits a unique global solution (p, u) with (a,u) := (p — 1, u) in
the maximal regularity space B, := E(;,/ P~ addition, there exists ¢ > 0 depending

only on the parameters of the system, on p, and on Q2 such that (a, u) fulfills:

e (a, w)llg, < C <||ao||Bd/f + ||u0||Bd/f:1> :
p. P,

The rest of the paper unfolds as follows. The next two sections are dedicated to the
“linear study" namely proving maximal regularity results first for the Lamé operator,
and next for the linearized compressible Navier—Stokes system. In Sect. 5, we prove
our main global existence result. In Sect. 6, we establish local existence results with
no smallness condition on the velocity, first in the easy case where the initial density
is close to a constant and, next, assuming only that the density is bounded away from
zero. Some technical results are recalled/proved in Appendix.

2 Some background from semigroup theory
We use this section to introduce the basic functional analytic notions and arguments
that are crucial for the theory that is developed afterwards.

Let X denote a Banach space over the complex field. For 6 € (0, w) define the
sector Sy in the complex plane

So :={z € C\ {0} : Jarg(z)| < 6},
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and set Sg := (0, 00).
The standard definition of (bounded) analytic semigroups reads:

Definition 2.1 A family (7'(z));es,ui0; € L£(X), 6 € (0, /2], is called an analytic
semigroup of angle 0 if

(1) TO)=Idand T(z + w) = T(z)T (w) for all z, w € Sg;
(2) the map z — T (z) is analytic in Sg;
(3) limsy5,50 T (z)x =x forallx € X andall 0 < ¥ < 6.

If in addition
4) IT(@)lzx) is bounded in Sy forall 0 < ¥ < 0,
the family (7 (z));es,uqo} is called a bounded analytic semigroup.

To any analytic semigroup of some angle 6 € (0, /2], one can attach a unique
operator A : D(A) C X — X defined by

1
D(A) = {x eX: lir% ;(T(t)x —X) exists}
1—
and, for x € D(A),
o1
Ax ;= —lim —(T(t)x — x).
t—0t

The operator — A is called the generator of (T (2));es,u{0}-
Combining (1) and (2) one readily sees that the range of 7' (z) is contained in D(A)

for any z € Sy and that the function u : [0, c0) — X given by u(t) := T (¢)x solves

the abstract Cauchy problem

u'({t)+Au(t) =0 >0,

{u(O) =x. 2.

From the PDE perspective, one can wonder if, whenever A : D(A) C X — X isa
given linear operator, — A is the generator of an analytic semigroup. At this point, we
need to recall the notion of a sectorial operator.

Definition 2.2 A linear operator B : D(B) C X — X is called sectorial of angle @
for some w € [0, ) if its spectrum satisfies 0 (B) C Sy, and if forall w < o’ < 7
there exists C > 0 such that

A = B) ey <€ (A e T\ Sy).

The following characterization theorem for analytic semigroups is classical [16,
Thm. 11.4.6].

Theorem 2.3 Let A : D(A) C X — X be alinear operator. Then — A is the generator
of an analytic semigroup if and only if A is densely defined and there exists z € C
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such that z + A is sectorial of some angle w € [0, w/2). Moreover, — A generates a
bounded analytic semigroup if and only if additionally one can choose z = 0, i.e., A
itself is sectorial of angle w € [0, 7 /2).

Remark 2.4 The condition that z + A is sectorial of ang_le w € [0, m/2) is equivalent
to the fact that there exists R > 0 such that o (—A) C S, U B(0, R) and such that

A+ A ey <C (A€ C\[S, U B, R)]).

Remark 2.5 If —A generates a bounded analytic semigroup and if 0 € p(A), then the
corresponding semigroup is exponentially decaying. Indeed, as A is sectorial of angle
w € [0, /2) and as the resolvent set is open, one finds that

inf Re(A) > 0.
reo (A)

Thus, there exists ¢ > 0 and o’ € [0, r/2) such that A — ¢ is sectorial of angle '
which implies that the semigroup generated by ¢ — A is bounded. This in turn implies
the exponential decay of the semigroup generated by —A.

To solve nonlinear equations, it is helpful to consider (2.1) for a homogeneous
initial value but for an inhomogeneous right-hand side of the first equation, i.e.,

/
u'(t)+ Au(t) = f@) te€(,T7T), 22
u(0) =0,

where0 < T <ooand f € L9(0, T; X), 1 < g < 00. Asrecalled in the introduction,
adensely defined operator A : D(A) C X — X is said to have maximal LY -regularity
if there exists a constant C > 0 such that for all f € L9(0, T'; X), System (2.2) has
a unique solution u that satisfies u(t) € D(A) for almost all € (0, T), is almost
everywhere differentiable and such that

lu', AullLa,7:x) < CllfllLa.7:x)-

It is classical, see, e.g., Dore [14, Cor. 4.4], that the maximal L?-regularity of A
implies that —A generates an analytic semigroup. Characterizing when a given oper-
ator admits maximal L9-regularity is often a difficult issue, which involves questions
on the geometry of Banach spaces and operator-valued multiplier theorems, see [13,
25]. However, if one is willing to change the underlying Banach space into a real
interpolation space between X and D(A), then the question of maximal L?-regularity
simplifies tremendously. It is a classical result of Da Prato and Grisvard [7], that is
described below.

To state the result, we need to introduce the definition of a part of an operator onto
another space.
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Definition 2.6 Let X and Y be Banach spaces and C : D(C) C X — X be a linear
operator. The part of C in Y is the operator given by

DIC):={yeDC)NY:CyeY}, Cy:=Cy.

Let in the following B denote the time derivative operator on (0, 7), with0 < T < oo,
ie.,

B:D(B) :={ueW"0,T; X):u0) =0} cLY0,T; X) > L0, T; X),

ur>u'.

It is well-known, see, e.g., [20, Sec. 8.4-8.6], that B is sectorial of angle 7 /2.

Furthermore, let A be a densely defined and sectorial operator of angle w € [0, 7/2),
i.e., —A is the generator of a bounded analytic semigroup. We lift the operator A to
the time-dependent space by defining

At DAY :=L90, T; D(A)) C LY(0, T: X) — L0, T; X),
[AYu)(0) := Au(r).

As the operator A does not explicitly depend on time, the resolvents of AT and B
commute, i.e., it holds

G=ANYTu-B)"'=w-B)"'0—-AD" (L ep(A), nepB).

In their seminal paper [7], Da Prato and Grisvard investigated the closedness and
sectoriality of the sum of two resolvent commuting sectorial operators in real inter-
polation spaces and built the starting point of the development of many well-known
results such as of Dore—Venni [15], Giga—Sohr [19], or Kalton—Weis [22]. We describe
their result in the context of our operators AT and B:

First of all, since A" is sectorial of angle @ € [0,7/2) and B is sectorial of
angle /2, the angles of sectoriality add up to a number strictly less than . Thus,
Condition (3.10) in [7] is satisfied by —A" and —B. Moreover, since the resolvents
commute, Condition (3.2) in [7] is satisfied as well. The authors then define in (3.11)
an operator S, on their Banach space (given by L” (0, T'; X) in our situation), which,
if we insert —AT and — B into their formula, is

1
S5 1= f/(AT +z4+0 ' @=-B)'dz, (> 0).
2wt J,

Here, y is a path running from coe ™% to the origin and then to coe!® in straight
lines and 6 satisfies /2 < 6y < m — w. It is then proven in [7, Lem. 3.5] that there
exists a constant N > 0 such that

N
1Sy fllLeo,7:x) < 7||f||LP(O,T;X)» (A >0). (2.3)
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Moreover, on the one hand, it is shown in [7, Lem. 3.10], that, if f is contained in the
real interpolation space (LY (0, T'; X), D(AT))(M =L9(0, T; (X, D(A))s,q), then

u:=25feDAHNDB) and (»+ A" + Bu = f. (2.4)

On the other hand, [7, Lem. 3.6] states that
S 00+AY+Bu=u  weDAH)ND®B)).
As a consequence, the operator A + AT + B is injective and maps onto the space
L9(0,T; (X, D(A))g,q)- Finally, Da Prato and Grisvard establish in [7, Thm. 3.11]
that for all f € L9(0, T'; (X, D(A))g,4) the function u = S, f even satisfies that
Alu, Bu e L9(0, T; (X, D(A))a.q)- (2.5)

In combination with (2.4), this means if C denotes the part of the operator

C:= A"+ B withdomain D(C) :=D(A") N D(B)
inL9(0, T; (X, D(A))g,q), that even A + C maps onto LY(0, T'; (X, D(A))g,4). We
infer that (0, c0) C p(—C). The resolvent bound is transferred to the ground space
L9(0, T; (X, D(A))g,q) as follows: since AT and B have commuting resolvents, it is
evident that

ATS, f =SATF, (f e D(AY)).

Thus, (2.3) implies that

N
1Sy fllLao,7;DA)) < 7||f||Lq(o,T;D(A)), (A >0).

By real interpolation, we infer that

N
1S3 flILa 0. 7:(x. D(Ag.) = 7”f”L‘i(O,T;(X,D(A))g_,,)a (A > 0). (2.6)

Let us conclude this discussion with the following comment: if 0 € p(A), then one can
choose A, := A—¢ instead of A in the previous discussion for some small ¢ > 0. Thus,
also the operator (¢ + Ag + B) = A" + B is invertible on L4 (0, T; (X, D(A))o,q),
implying the boundedness of AT(A" 4+ B)~! and of B(AT 4+ B)~!. As a consequence,
for some constants M, M’ > 0 independent of A > 0 it holds that

At + AT+ B, B+ AT+ B)! a0, 7: (X, D(A)0.4)
< M|[(A" + B)O.+ AT + B Lao.7:x. D40
<M.
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Summarizing, from Da Prato and Grisvard’s paper [7], we get the following theorem.

Theorem 2.7 Let 6 € (0,1), 1 < g < 00, let A be sectorial on X with angle w €
(0, /2), and let 0 € p(A). With the notation above, the part C of the operator

C := A" + B withdomain D(C) := D(A") N D(B)
in the real interpolation space

(L9(0, T; X), D(A)), =L9(0,T; (X, D(A))g,q)

0.q

satisfies [0, 0c0) C p(—C). Furthermore, there exists M > 0 such that for all A > 0
and f € L1(0, T; (X, D(A))g,q) it holds that

AT+ AT + B)_lf||Lq(0,T;(X,D(A))g,q)
+IBO+ AT + B)_lf||Lq(0,T;(X,D(A))9,q) < M| fllLa©,1:x. DAY, -

The application of this theorem to the situation of maximal regularity is as follows.
By construction, the solution operator to (2.2) is given by

A+

so that the question of whether A has maximal L9 -regularity is about whether AT + B
is invertible and whether

At A"+ B)™' and BAT+ B)”!

are bounded. However, this is precisely, what was shown before Theorem 2.7.
Thus, we can note that there exists a constant K > 0 such that whenever f €
L9(0, T; (X, D(A))g,q), the equation (2.2) has a unique solution u satisfying

llu, ', AullLeo.7;x. Dasg) < KIFlILao.:x.Diaye.)- 2.7

In later sections, we will in particular be interested in the case g = 1.

We conclude this section, by shortly discussing how to extend this theory to include
inhomogeneous initial values in (2.2) if ¢ = 1. We have to investigate under which
conditions on x the function 7 — AT (t)x lies in L1(0, T; (X, D(A))p.1). Now, we
use that the real interpolation space (X, D(A))g,, can be characterized by means of
the semigroup (7' (¢));>0. Indeed, e.g., by [20, Thm. 6.2.9] it holds (in the special case
I <g <o0)

(X, D(A))

g * 1-e g dt
veX:l, = | I " AT 0)x]ly — < o0

:Da6, q) (2.8)

0.q

@ Springer



Critical regularity issues for the compressible Navier-Stokes...

and the norms

Ixllx, Dy, and lxllx +[xlo,q =: lxllDy0,9)
are equivalent. A similar result holds for ¢ = oo with the obvious changes in the
definition of [x]g 4. In our case ¢ = 1, we directly find by the exponential decay
and the analyticity of the semigroup (i.e., we use that [|e**sAT (s)|| £(x) is uniformly

bounded with respect to s > 0 for some & > 0) that

e¢]

T 1 01 1—0 ds ds
AT (s)xllxds < [ s”lls" AT (s)xllx — + IsAT (s)xllx —
0 0 s 1 s
1 ds e’}
5/ I AT (s)xly & +M/ e~ ds |lxx
0 s 1
<M'llx|lp,@.1)-

Moreover, using the analyticity of the semigroup again, followed by occasional appli-
cations of Fubini’s theorem and the linear substitution rule yields for some constant
M > 0 that

/ / leAT(t)AT(s)xHx—dv<M/ /OO 1 Jar (46 +0) ] 4 4
s+t 2 X t
OOtl —0 dr
M/ / %r)x” drT
[ ),
T

_1—9 H - 9AT< ) Hx drt

M21—0
ﬁ ||x||DA(9,1)~

Thus, for all x € (X, D(A))g.1, we find that

s = AT )xlLio.1:D40.1) < MlxlDy0.1)-

We formulate the results of this discussion as a corollary of the theorem of Da Prato
and Grisvard.

Corollary 2.8 Let X be a Banach space and let —A be the generator of a bounded

analytic semigroup on X withQ € p(A). Let0 € (0,1) and 0 < T < oo. Then for all
fe Lo, T; X, D(A))g.1) and for all x € (X, D(A))p,1 the equation

W () + Au(t) = f(t) te(0,T1),
u(0) =x
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has a unique solution in the space
WO, T3 (X, D(A)e,1) NLY(0, T5 D(A))
satisfying

e, ', Aullio,r:x Deaey < K (Xl peane, + 1L 0.7:x.Diaye.)-

Here, A denotes the part of A on (X, D(A))g.1-

3 Study of the Lamé operator

This section is dedicated to the study of the linearization of the velocity equation of
System (1.1), when neglecting the pressure. We shall first establish various regularity
results for the Lamé operator L given by

L =—uA —zVdiv, (3.1

where 1 > 0 and z € C, then look at the properties of the associated semigroup, with
particular attention to the maximal L?-regularity on Besov spaces B;, , (€2; C?) up to
the limit value ¢ = 1. This is done by employing Amann’s technique of inter- and
extrapolation spaces. Throughout the section, 2 C R4, d > 1, is a smooth bounded
domain. The Lebesgue exponent p is supposed to satisfy 1 < p < oo, the microlocal
parameter ¢ satisfies 1 < g < oco, and we assume that the real number s is such that

1 1
14+ —<s5s<—- 3.2)
p p

Recall that (3.2) ensures that elements of ny’ ¢ (525 C%) have no trace at the boundary.

As a start, let us record the standard L>-theory of the Lamé operator, following the
exposition in [28]. Let Du denote the Jacobian matrix of a vector field u, and let Vu
denote its transpose. Define the curl of u by

1
curlu := —2(Vu — Du).

7
Let 4 > 0 and z € C and define the sesquilinear form
W2 (€ €% x Wy (@ CY) — C,

(u, v) f—>M/

Q

N R 3.3)
curlu - curlv dx 4+ (u + z)/ divu divv dx,
Q

where the matrix product is understood component-wise. As the complex parameter
7z is not standard in usual considerations of the Lamé system, we give more details in
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the subsequent discussion. Under the supplementary condition that u + Re(z) > 0,
the sesquilinear form a is bounded and coercive, cf. [28, Lem. 3.1]. Then, define the
Lamé operator on L? by

D(Ly) = {u € Wy (2; C%) : 3f € L2(2; C¥) s.t. a(u, v) = (f, v);2
forall v € Wy (2; €}
Lou:=f (u € D(L»)).

With this definition, L, embodies (3.1) in the sense of distributions. Notice that
C(2; CY) € D(Ly) € Wy (2; €,

hence L, is densely defined. Moreover, L is closed and, according to the Lax—Milgram
theorem, invertible.

Following [27, Thm. 4.16 and Thm. 4.18] and using a covering argument, it is easy
to obtain the following regularity result for L, (with the convention W%2(Q; C?) =
L2(Q; C9)).

Proposition3.1 Let it > 0 and z € C with u + Re(z) > 0. Let k € No and Q2 be a
bounded domain with smooth boundary. Then, there exists a constant C > 0 such that
forall f € WE2(2; C?) and u given by u = Lz_lf, it holds

llullwrs22(q:.cay < ClLf lwk2(@cd)-

Having some L?-mapping properties of the Lamé operator at our disposal, we focus
now on the LP-theory. If2 < p < o0, then we define the Lamé operator on L7 (£2; Ccy,
denoted by L ,, to be the part of L; in LP(£2; (Cd). Note that L, is a closed operator
and that C2°(€2; (Cd) is included in D(L ).

For 1 < p < 2, define L, to be the closure of Lj in L7 (2; (Cd) whenever Lo
is closable in this space. That L, is indeed closable in L”(Q; C¢) is deduced by
the following argument: since L; is closed and densely defined, its L>-adjoint L
is well-defined, densely defined, and closed. Clearly, this operator is the realization
of (3.1) with z replaced by its complex conjugate 7. Now, the fact that L, is closable in
L?(2; C?) stems from the following lemma! that can be proved by basic annihilator
relations and is partly presented in [38, Lem. 2.8].

! We use the following notation and convention: the antidual space of a Banach space X (i.e., the space of
all antilinear mappings X — C) is denoted by X’. The adjoint of a densely defined operator A is denoted
by A’. In the particular situation where X = LP(Q; C9 and A : D(A) C LP(;CY) — LP(Q; CY) is
densely defined, the adjoint operator A’ is an operator A’ : D(A") C L?(Q; C?) — LP(Q; C%). The
corresponding adjoint operator on L (9; €4y (where p’ stands for the Holder conjugate exponent of p)
is denoted by A*. Thus, if ® denotes the canonical isomorphism Lp/ (2; (Cd) — Lp/(SZ; (Cd)’, then A* is
given by

A* = d 1A'® with domain D(A*) := {u € LP (2 C%) : du € D(A)). (3.4)
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Lemma3.2 Let | < p < 2. Then D(L») is dense in LP(2; C). Moreover, Ly is
closable in LP(Q; C%) if and only if the part (L3)p of L5 in LP (Q; C4) is densely
defined. In this case, it holds L; = (L}), and (L’z‘);, =L,

Having the L”-realization of L; at hand, we turn to the regularity theory of L, for
1 < p < oo. The counterpart of Proposition 3.1 (that is proved in Appendix) reads:

Proposition3.3 Let 4 > 0 and z € C with u + Re(z) > 0. Let k € No and Q2 be a
bounded domain with smooth boundary. For all 1 < p < oo it holds 0 € p(L)) and
D(LII‘,) is continuously embedded into w2k.p ($2; C4). Moreover; in the case 2 < p <

oo there exists a constant C > 0 such that for all f € W5P(Q; C?) and u given by
u= L;lf it holds

||M||Wk+2,p(gz;(cd) = C||f||wkvp(§z;(cd)- (3.5

In the case 1 < p < 2 there exists a constant C > 0 such that for all f € D(Ll;) it
holds

llullwars2.p (. cdy < C||f||w2k,p(§z;(cd)- (3.6)

In particular, for any 1 < p < 0o, we have
—_wW2r0- 9 Lp . rd
D(Lp) = W>P(Q; C%) N W7 (Q; CY). 3.7

We aim at proving that —L, generates a bounded analytic semigroup on a wide
family of Besov spaces. Our starting point is the following proposition, which is a
consequence of [28, Thm. 1.3] and [9, App. A].

Proposition3.4 Let v, ' € Rwithpu > Oand u+p' > 0,1 < p < o0, and L, be
the Lamé operator with coefficients . and z = p'. Then, —L , generates a bounded
analytic semigroup on LP (Q2; C?).

We want to prove a similar result but at the scale of a ‘negative’ regularity space that
may be regarded as W27 To proceed, we need to introduce the following canonical
isomorphism (where the dependency on r is omitted for notational simplicity):

®:L7(Q;C) - L'(Q;CY, &f:= |:gr—> / f-gdx}. (3.8)
Q

Recall that (L), is the Lamé operator with z replaced by Z on L” (Q; C9). Since
D((L;)p/) is a closed subspace of Wz””(Q; (Cd), the domain D((Lj)p/) is a Banach
space when endowed with the W2 _normand (L3)p € Isom(D((L3) ), LP,(Q; C%y).
Denote the dual operator from L”/(Q; C4Y onto D((L3),) bya®,ie.,

L, = (L)%, € Isom(L (2 C!). D((L}) 1))
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and define the extrapolation L, of L, on the ground space X p’l :=D((L}),) tobe

Ly, :D(Ly) C X, > X' Lpu:=Lyu with D(Ly) =L (Q:CY.
(3.9)

Observe that £ p is defined as the adjoint of the bounded operator (L3),
D((L3)p) — LP,(Q; C4). This should be distinguished from the adjoint operator
(L3), = DULY),) C L7 (2 C4y — LP(Q: CYY, where (L3), is regarded as
a closed and densely defined operator on Lp/(SZ; C9). The links between all these
definitions are clarified in Appendix (see Lemma A.3).

The previous lemma allows us to define an extrapolation £, of the operator L, to
the larger ground space X;l :=D((L}),)’, which can be regarded as a W—2P-space.

In particular, Lemma A.3 (3) allows us to write?
L,=TL,T,

where T = ZPCD is an isomorphism from L7 (€2; (Cd) onto X;l. This will enable
us to transport all kinds of functional analytic properties from L, to £,. Finally,
Lemma A.3 (5) allows us to recover L, (modulo the canonical isomorphism ®) from
L, as its part on L” (§2; C9Y, so that £ p can indeed be regarded as an extrapolation
of L. This eventually leads to the following proposition.
Proposition 3.5 Let 1, ' € Rwithpu > Oand u+ ' > 0,1 < p < oo, and L, be
the Lamé operator with coefficients w and 7 = ' on X ;1. Then, —L, generates a
bounded analytic semigroup on X ;1.

Having a bounded analytic semigroup on various function spaces at our disposal,
we want to deduce the maximal L9-regularity of the Lamé operator on suitable inter-
mediate spaces. For this purpose, we briefly introduce the setting of Da Prato and

Grisvard established in [7].
For 1 < p < oo, define the spaces

X4 :=®D(LY) (k€ Ny).
Endow X ’; with the norm
lulls = 1L ullpgery  (u€ X5).
Observe that, by construction, all spaces X 1;7 (including X ;1) are complete.
For -1 <s < 1,0 <t < 2,and 1 < g < oo define the following intermediate

spaces via real interpolation:

X;,q = (X;I’ Xll7)(s+1)/2,q and thhq = (Xg’ X127)t/2,q’

2 We endow the product of two operators A and B with its maximal domain of definition, i.e., D(AB) :=
{u € D(B) : Bu € D(A)}.
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Note that for all of the parameters above, the following continuous inclusions hold
s —1 t 0 _
X4 X, and Y, = X, =D(Lp). (3.10)
For some combinations of the parameters, the spaces X, , and Y[’,’ 4 are calculated as

follows. To formulate the proposition, introduce, for 1 < p < 0o, 1 < g < o0, and
s € R, the space

(f €B}, (& CH: flag =0}, ifs>1/p

BS Q:C% =
pq.n ) :B;,,q(sz; C9), ifs <1/p.

Here, elements in the Besov space B;‘ q (2; C%) are defined to be restrictions to §2 of

elements in B, | (R?; C) and the norm of BS,  (€2; C?) is given by the corresponding
quotient norm. Furthermore, if €2 is smooth enough, e.g., Lipschitz regular, then the
following interpolation identity holds (see more details in [40, Thm. 2.13]):

(BXO (Q: %), B

.rd _ RS .rd
P-q0 (Q’(C )) g _Bp,q(sz9(c )’

P-q1 0,
where

0e@©,1), so#£s1 R, s=(1—0)s9+0s1, pe(l,o0), andqo, q1,9 € [1, 0o].

Proposition3.6 Let 1 < p < coand 1 < g < oo. Then, for —1/p’ < 2s < 2 with
2s # 1/p it holds up to the identification by the isomorphism ® that

_R2 .rd
X;’q = Bpfq’D(Q, CY).
Furthermore, for 0 < s < 1 with 2s # 1/p it holds
s __ R2s .rd
Y, .= Bpfq’D(Q, CY).
In the case 2s = 1/ p, it holds that
X3, <= BY (CY and Y, < B (2:CY).

Proof First, we consider the spaces Y} . Notice that by [20, Prop. 6.6.7] and the
sectoriality of L, on L”(2; C?) it holds for 0 < s < 1

Y;,q = (Xg’ X%?)S/Z,q = (Xg’ X}’)s,q'

Since, by definition of the spaces, ® is an isomorphism

®:LP(2C) — XY and  @:D(L, - XD,
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it holds by virtue of [2, Thm. 5.2] whenever 2s # 1/p with equivalent norms that

_ 0 1 _ 2 .rd
Y, = (X[,, X,,) = @B, (2 CY).

s,

4 = @(LP(Q, Cd)s D(LP))S,(]

If 25 = 1/p, then D(L ) C WP (Q; C?) implies that

1
Yoy = (X0.X}) 1 C ®(LP(R: CY, WP (2: CY))

1
p 254 2p°

1
.= @B} (2 CY).

We turn to study the spaces X;,’q. As we already calculated (X9, X },)g,q for

6 € (0, 1), we concentrate first on (X;l, Xg)g,q and the case 1 < ¢ < o0. By
the definitions of the spaces and the duality theorem [39, Sec. 1.11.2], we find

(X;l, X‘;) = (LP,(Q; c), D((Lz)p’))/l—e,q/

_Rp20U=9) (5. mdy _ p—2(1-0) . nd
=B @y =82 " @ ).

0,q

Notice that the following interpolation identities hold true, see [2, Thm. 5.2],

0 1 20 .rd
(XP,XP)M = @B, (2;C) (20 <1/p)

and

(L7 (@ €, DALY )y gy =Brg (@ CH 20 —0) < 1/p).

In particular, [39, Sec. 4.8.2] implies that

By, @ CY =B, @ ch)  @u-6)<1/p).
Since {B;’ q (2; (Cd) }—1/p'<s<1;p forms an interpolation family with respect to the real
interpolation method [39, Sec. 4.3.1], we find by [41] (see also [21]) and [2, Thm. 5.2]
modulo an identification with the canonical isomorphism & that

X5, =B, (@ C)  (=1/p <25 <2with2s # 1/p).

The condition ¢ = 1 or ¢ = 0o can now be added by the reiteration theorem. O

Having the scale X9, | of intermediate spaces at hand, we realize the Lamé operator
Lp 4.5 on X3, . as the part of £, on this space, namely

DLpys) ={ueDLy,)N Xj',’q Lpue X;‘,’q}.

In Lemma A.4, it is shown that, forall 1 < p < 00,1 <g <oo,and —1 < s < 11t
holds with equivalent norms

D(Lyq.s) = V3t (3.11)
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In general, if an operator generates a bounded analytic semigroup, its part onto
a subspace need not generate a semigroup. However, as we already know that the
domain of L, 4 5 is Y;‘;l, this delivers right mapping properties of the resolvent of
L .

P.q.s

Proposition3.7 Foralll < p <00, 1 < g < 00, and —1 < s < 1 the operator
—L, 4.5 with coefficients u and z = |’ generates a bounded analytic semigroup on
X, 4 with0 € p(Lp).

Proof According to Lemma A.3, T := L p® is an isomorphism between L7 (£2; Ccdy
and X;l, and £, = TLpT_l. Hence p(L,) = p(L). Furthermore, because —L
generates a bounded analytic semigroup, cf. Proposition 3.4, there exists some 6 €
(m/2, ) and C > 0O such that

Sp C p(—L,) and [A®(.+ L,,)—lcp—lnﬁ(xg) <C forall e Sy.

Notice that Lemma A.3 (5) implies that (A + £,,) ! xg = P+ L,)~'®~! Thus,

since T : Xg — X;l is an isomorphism, it holds

A+ L) oty = AT (D + Ly o Hor! o)
< CIA®G+Ly) '@ N gx0) < C.

Then, by real interpolation we derive that forall 1 < p < 0o, 1 < g < 00, and
—1 < 5 < 0 there exists C > 0 such that for all A € Sy it holds

IR+ L) xs, e,y < C- (3.12)

Finally, we prove that p(L,,) C p(L, 4.s) and that (A + L) ! Ixs,, = O +Lpgs)7!
holds for A € p(—=L)).

Let A € p(=L)). Clearly A 4 L, 4 ¢ inherits the injectivity of A 4 L. For the
surjectivity, let f € X3, .. Since A € p(—=L,), there exists u € D(L,) = Xg such
that (A 4+ £,)u = §. Since X 2 — X, ;- the definition of the part of an operator now
implies that u € D(L, 4 ) and that (A + L, ; s)u = f. Consequently, this together
with (3.12) implies that —L, ; ; generates a bounded analytic semigroup on X, P

In the case 0 < s < 1 this follows immediately by the characterization in (2.8)
and the fact that —L, generates a bounded analytic semigroup on L7 (; CY), see
Proposition 3.4.

The final case s = 0 follows by interpolation. O

Putting together all the previous results, it is now possible to state maximal L9-
regularity for the Lamé operator in Besov spaces, including the case ¢ = 1. In
particular the Da Prato — Grisvard theory provides a resolvent bound for the parabolic
solution operator in this setting.
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Theorem 3.8 Let pu, W' e Rwithpu >0andu+p' >0,1 <p <00, 1 <q < oo,
—1 <5 < 1, and L, 4 5 be the Lamé operator with coefficients p and z = u' on
X, 4- Then, L 4 s has maximal L9 -regularity on the time interval R.. In particular,

ifL;,qJ denotes the lifted operator to L1 (R; X;)q) (as in Sect. 2), then there exists

a constant C > 0 such that the sum operator % + L;,q,s satisfies for all K > 0 and
forall f € L1(Ry; X3, )

?

Proof Fix 1 < p < ocand 1 < ¢ < oo. By virtue of Proposition 3.7 we know for all
—1 < 509 < 1 that

—1
2(d
V(&KL ) S

< Clfleo@ssxy,y.  (3.13)
L7 (R4:B%, (2:C4))

—L 4.5 generates a bounded analytic semigroupon X7, with 0 € p(Lpq.5)-

Now, for s € (sg, min{sg+ 1, 1}) the discussion below Theorem 2.7 that leads to (2.7),
reveals that the part of L, 4 5, in X7, , has maximal LY-regularity on the time interval
R . Since the part of L, 4 5, in X ; ¢ 1s the operator L, 4 s by Lemma A.4, this readily
proves the first part of the theorem.

The estimate (3.13) follows by the boundedness of VZL;’lq,S from X;,’ q into

B2 (€ C%) which is established by combining Lemma A.4 with Proposition 3.6.
The estimate is then concluded by an application Theorem 2.7. O

Corollary3.9 Let0 < T <oco.Letl < p <ocoand —1+4+1/p <s < 1/p. For any
ug in B, | (2 R?) and f € L0, T; B (% R%)), system

u—puAu — ' Vdivu = f in (0,T) x Q,
Ulag =0 on (0.T) x 9%, L)
uly=o =ug in (0,7) x Q,

admits a unique solution u € Cp([0, T]; B;’l (Q2; RY)) with
ue Wh(0, T: B, (2 R)) NLY 0, T; B (2: RY))

and there exists a constant C > 0 depending only on p, s, i’ /i, and  such that

T
sup @)l + [ (1ol + pllyz)
1€[0.7] o i By

T
<C <”“0”B‘L.1 +f0 Iflss,, dt).

Furthermore, C may be chosen uniformly with respectto (' / i whenever puy < (' /i <
Ww* for some constants juy and w* such that —1 < e < u*.

(3.14)
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Proof Performing the time rescaling

u(t,x) =w(ut,x) and f(t,x) = pf(ut,x)

reduces the proof to the case . = 1. So we assume p = 1 in what follows.

Now, if ug = 0, then the result is a mere reformulation of Theorem 3.8 withg = 1.
Indeed, from it, we get the maximal L!-regularity for L ».1,s, then using (3.11) and
Proposition 3.6 gives the desired bound for ||« ||Br+2 The initial value u( can be added

by virtue of Corollary 2.8, and the bound on ||u(t) ||Bv follows from the bound on
d;u and the fundamental theorem of calculus.

Let us finally prove that if & = 1 (with no loss of generality) and —1 < p, <
u' < wu*, then the constant C in (3.14) may be chosen independently of w’. Argue
by contradiction, assuming that there exists a sequence (i4),)nen in [14, #*] and a
sequence (10, ,, fn)neN such that

(0.¢]
luonlss,, +/0 I fulls, dr =1

and the solution u,, of (L) with coefficients u = 1 and u' = w/,, and data (uo n, fr)
satisfies

o0
/ (19runlips |+ llunllgs+2)dr > n. (3.15)
0 P Pl
Up to subsequence, we have ), — i’ € [u«, n*]. We observe that

Qtn — Aup — 'Vdivu, = fr + (1, — £V divu,.

Hence applying Inequality (3.14) with coefficients 1 and i, we get some constant C
such that

00
/(; <||8tun||B;’1+||un||B;+12) dr

o
c (nuo,nnB;J +/0 (1 fulls -+ iy — /:u|||Vdivun||B;,vl)dr> .

Given the definition of the data, we deduce (changing C if need be) that

oo o0
/ (||3zun||B; |l llgs2)de < C<1 + Iy, — l_/|/ llun llgs+2 dl)-
0 0, p,1 0 p.1

For n large enough, the resulting inequality stands in contradiction with (3.15). O
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4 The linearized compressible Navier-Stokes system

In this section, we are concerned with the full linearized compressible Navier—Stokes
system, in the case where the pressure function P satisfies P’(1) > 0. We strive for a
maximal L?-regularity result up to g = 1 on the whole time interval R . The difficulty
compared to the previous section is that we have to take into consideration the coupling
between the density equation which is of hyperbolic type and the velocity equation
which is of parabolic type.

As a first, let us observe that the following change of time scale and velocity:

(p,u)(t,x) ~ (p, cit)(ct,x) with c¢:=+/P’'(1) 4.1)

reduces the study to the case P’(1) = 1, so that the linearization of the compressible
Navier—Stokes system about (p, u) = (1, 0) coincides with (1.3).

Throughout this section, we assume that 1 < p < oo and that —1/p’ <s < 1/p.
If2 < p <oo,thenwelet] < g < ooandifl < p < 2, then we assume additionally
that?

s> ———=—1 or s> —1 and 1<g¢q <2.

<X
TR

Notice that these assumptions guarantee that functions in the space B;,, ¢ (825 C“) admit
a well-defined trace and, owing to the boundedness of €2, that

B, (2 C) — W@ C?)  and BS @< LY@, @2

To define the second-order operator involved in (1.3) in the context of the spaces
B;’q(Q; (Cd), we set

X5, = (B () NLY ()] x B, (2: CY)
D(Apq.s) = [Byl (@) NLE@)] x B> (2 €,
where Lg (£2) denotes the space of L?-functions which are average free.
Recall that L, , s denotes the Lamé operator on B‘;, q ($2; C%). Then, we put

. . a divu
Ap,q,s ZD(Ap,q,s) C X;’q — X;’q, (u) = (LP . s + Va) . (43)

The rest of the section is devoted to proving the following result which implies The-
orem 1.2.

Theorem 4.1 Let p, q, and s be chosen as above. Then —A, , s generates an expo-
nentially stable analytic semigroup on X ;,’ g0 and Ap g s has maximal L?-regularity
on the time interval R .

3 Hence we must have p>2d—-1)/(d+2)owingtos < 1/p.
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Proof The main steps are as follows. First, we show that for each 0 < T < oo, the
operator A, 4 ¢ has maximal L?-regularity on the interval (0, T') (which, inlight of [14,
Thm. 4.3], implies that operator —A , , ¢ generates an analytic semigroup on X’ ;, q)
Next, we prove that O is in the resolvent set of —A,, , . In the third step — the core
of the proof — we establish that the whole right complex half-plane is in p(=A 4.5)-
By standard arguments, putting all those informations together allows to conclude the
proof (last step).

First step: local-in-time maximal regularity

We want to show that, for each 0 < T < oo, the operator A ;4 s has maximal L9-
regularity on the interval (0, T'). To proceed, we introduce, for some K > 0 that will
be chosen later on, the auxiliary problem

a a f
@G

for (f,2) e L/(R,; X ».4)» supplemented with null initial data.
Clearly, (@, 1) satisfies (4.4) if and only if (a, u)(t) := X/ (@, #)(¢) is a solution

of
£0) ()= (1)

with null initial data and (£, g)(t) := eX'(F, 2)(2).
The operator & + K with domain W(l)’q(]RJr;B;,q(Q; C%)) is invertible on
LY(Ry; B, (2 C4)), with inverse given by

t
(& + K)_l fit— /0 e K= F(1)dr.
Furthermore, it holds

[@E+0)' 7

< K] B (@:C))- 4.6
Ly @cty N @ @cn- @6

By abuse of notation, we will keep the same notation % + K to designate the time

derivative plus K on LY (Ry; Bj,fql (RQ) ﬂLg (£2)). To solve the parabolic problem (4.4),
define

7= (L 4+ k) (F-divad),
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where 4 is the unknown to be determined. Plugging this choice into the momentum
equation delivers

(& +K)i+ Lyt — (5 +K)_1 Vdivii =g — (g + K)_l vi=6.

Notice that G is a function in LY (R ; B‘;’ q (Q2; C)). To compute u, introduce the new
function v := (% + K + L, )u. Then,

~ ~ -1 o~
(& 4+ K)i+Lpgti — (& +K) Vdiva
~ -1 . -1~
=V — (% + K) V div (((f—t + K +Lp,q,s) v) .
Notice that by virtue of (4.6), Theorem 3.8 and Lemma A .4 the operator
(5 +K)7'VAiv(E + K +Lp g0

is bounded on LY (R ; B;, q (€2; C%)) and that there exists C > 0 (independent of K)
such that

d “lg .o (d -1 H -1
41 K) ' Vdiv(L+ K +L <Cck".
”(df +K) v (G + K+ Lpgs) LOLIRL:BY ,(@:CT)

Thus, if taking K > C, then one may conclude that the operator
d -1 o d -1
Id— (5 +K)" Vdiv(g; + K +Lj4.5)

is invertible on LY (Ry; B;’ q (Q2; C%y) by a Neumann series argument. This allows to
express U in terms of G, and eventually to get

_ _ _11-1
= (§+ K +Lpgs) [ld= (& +K) Vdiv(§+K+Lp00) | G

Then, reverting to the original parabolic problem (4.5), one can conclude the maximal
L9-regularity of A, , ; on each interval (0, T'), with constant CeKT

Second step: showing that 0 € p (A, q.5)

To show surjectivity of A), ; 5, we have to solve forall (f, g) € X p 4> the system
divu = f inQ
Lygsu+Va=g inQ .7

u=0 ondQ.

Take v € BS+2 p(2 C4) such that divv = f. The existence of v is guaranteed by
1nterpolat1ng the higher-order estimates in [24, Prop. 2.10].
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By consideringu = v+ w and h = g — L, 4 sv, the problem is thus reduced to

divw =0 inQ
Lyssw+Va=h inQ
w=0 onadQ.
Of course, since divw = 0, we have L, , sw = —uAw, and we thus have only to
consider the Stokes system with homogeneous boundary condition and source term
in B; (Q: C%), which is standard and can also be derived by interpolating the result

in [24 Prop. 2.10]. Finally, injectivity of A, ;s is an obvious consequence of the
corresponding property for the Stokes system.

Third step: showing that CX := {z € C \ {0} : Re(z) > 0} is a subset of p(—Ap,q,s)

Given (f,g) e X ;," q and A € C, the resolvent problem for the operator —A , , ¢ reads:

ra+dive=f inQ
Au+Ly,su+Va=g inQ (4.8)
u=0 onodQ.

As a first, we are going to show the result for a closed extension of A, , ; on L%(Q) X
W~12(Q; C%). To this end, set

X=12(Q) x W2 €9 and  D(A) := L(R) x Wy (2 CY).

With a denoting the sesquilinear form defined in (3.3), define A : D(A) Cc X —> X
by

A- a divu
C ) T W@ ed) s v e atuv) — (@ dive) )

To investigate the resolvent problem for A in the case A # 0, we eliminate a in the
second equation of (4.8), getting

a=2""(f—divu) and Au+L,,u—r"'Vdivu=g—-2"'Vf.

To determine u, it is thus natural to consider the following sesquilinear form:
Wy (2 C9) x Wy (2; €Y — C,

o, : (u,v) —> A/

Q
—i—(pL—i—//—i—)Fl)/ divu divv dx.
Q

u~idx~|—,u/ curlu - curlv dx
Q
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For all A € (Ci, a,. is bounded on the Hilbert space Wé’Z(Q; (Cd), and ReA > 0
implies that

Re <x/ lu]? dx + 27! / |div u|? dx> >0 (ueWy*(;Ch).
Q Q

Consequently, employing [28, Lem. 3.1] and ﬁlz + a| > |z| + « whenever o > 0
and z € C with Re(z) > 0, we deduce that there exists ¢ > 0 such that

Re(ay (u, u)) zc{/ |Vu|? dx + Re <x/ |u|? dx+r1/|divu|2 dx)}. (4.9)
Q Q Q

Omitting the second term on the right-hand side of (4.9) and employing Poincaré’s
inequality yields a constant C > 0 such that

Re(ay (u, u)) > C||u||fV (€ Wy (Q; CY), e CX). (4.10)

1,2
320

An application Lax—Milgram’s theorem then yields the following lemma.

Lemma4.2 Let 1 € C. For every G € W—12(Q; C%) there exists a unique u €
W(l)’z(Q; C4) such that

0.0, ) = (1, Gy yoia (v € Wo?(:C),
Furthermore, there exists C > 0 such that
lullyi2ig.co, < CIGlw-12@cty (G € WTH3(@: C9)).

The previous lemma opens the way to prove that C; C p(—.A). Indeed, let u €
W(l)’z(Q; C4) be the unique function provided by Lemma 4.2 that satisfies

a(u, v) = (v, G) (v e Wy(Q; ¢,

W(l)»z’wfl,Z
withG := g — A~V f. (4.11)

Then, remembering a := AN —divu) € L(%(Q), relation (4.11) turns into
—1 T
(v, (g')w(l),z’v\,,l_2 + X /;)fdlv v dx
:A/ u-ﬁdx—i—u/ curlu-curlvdx—}—(u—}—//—i—)»_l)/ divu divv dx
Q Q Q
=A/ u~idx+u/ curlu-curlvdx+(u+u’)/ divu divv dx
Q Q Q

—}—)f]/ fdivvdx—/adivvdx.
Q Q
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Consequently, Au — uAu — 'V divu + Va = g holds in the sense of distributions.
To show that a and u are uniciue, let (f, g) = (0, 0). Eliminating a by the relation
la = —divu yields that u € WO’2(.Q; cd ) must satisfy

ay (u,u) =0.

By virtue of (4.10) this implies that # = 0 what in turn implies that a = 0.

To conclude the proof of A € p(—.A), it suffices to show the closedness of A + A.
For this purpose, assume that (a;, u ;) € D(A) converges in X’ to some element (a, u)
and that there exists (f, g) € X such that

raj+divuj =: fj — f inL(Q) and
Auj—pAuj—p'Vdivuj+Va; =:1g; — g in W12(Q; C9).

Eliminating again a; in the second equation, testing the respective equations for u ;
and ug by uj —ug, j, £ € N, and taking differences of the resulting equations yields
| (uj =g uj —uo)l = l8j = gellw-r2e@:c0)lluj — uelyi2g.ca)

+ I = felleglldiva, — divaell g)-

By virtue of (4.10) and Young’s inequality one obtains a constant C > 0 independent
of j and £ such that

||Mj — Uy ”Wé’z(ﬂ;(cd) = C(||g‘/ - g£||w—l‘2(Q;(cd) + ||fj — Je ||L2(Q))-

Consequently, u € W(])’Z(SZ; C%). Tt follows that (a, u) € D(A) and that (a, u) satisfies
the equation (A + A)(a, u) = (f, g)- This completes the proof of

CX C p(—A). (4.12)

Itis now easy to show the injectivity of A+ A, 4 s for . € C7. Indeed, since X g CX
(cf. (4.2)) the operator A is an extension of A, , . In particular, it holds D(A, ;4 5) C
D(A). Thus, (A + Ap 4.5)(a, u) = 0implies that (A 4+ A)(a, u) =0 and (4.12) in turn
implies that (a, u) = 0.

Let us finally show that the range of 2 + A 45 is X)) , forall A € CZ. Thus, let
(f,9) € X;’q. Since X;’q C X, (4.12) implies that there exists (a, u) € D(A) with

o) ()

a=1""(f —divu) and
—pAu— G0+ pHVdivu =g —A_IVf—Au =:h.

that is to say,

(4.13)
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Here, the second equation is fulfilled in W—12(Q; C¥). To prove the surjectivity of
A+ Ap g s it suffices to show (a,u) € D(A, 4 ), which follows once we derive
ue B;fq%D(Q; C9).

For this purpose, notice that by assumption it holds

i+Re(' + 27" = w+p' +Re()|r| 2
Thus, the operator
L* = —puA — (i + 2" HVvdiv - (r e CY),

belongs to the class of operators that was studied in the previous section. Notice
that u € W (Q C9) implies that u € By, (SZ C9 forall 1 < rg < oo with
1/rg > (s — 1)/d+ 1/2.1f1/p > (s — 1)/d+ 1/2, then one can take ro = p so that
the right-hand side % defined in (4.13) lies in B 7 (52 C%). Then, by Lemma A.4 and

Proposition 3.6, it follows that u € B;‘qz p(§2; (Cd) and we are done.

If 1/p < (s — 1)/d 4+ 1/2, then any r( that satisfies the inequality above sat-
isfies 1/p < 1/rg. Moreover, it is possible to choose rg large enough such that
s > —1 4 1/rg, so that Lemma A.4 together with Proposition 3.6 guarantees that
u € BH; p(&2; C4). Then, by Sobolev embedding, & lies in a better space, which
in turn implies that u lies in a better space. Iterating this process delivers eventually

BY+2D(Q (Cd)

Last step: proving the global-in-time maximal regularity

Step 1 tells us that the operator A, , ; has maximal L?-regularity on finite time inter-
vals, and generates an analytic semigroup. Hence, by virtue of Remark 2.4 there exists
¥ € (w/2, ) and A9 > O such that [B(0, 19)° NSy] C p(—=A, 4.5), and C > 0 such
that for all A € [B(0, 1o)¢ N Syp], it holds

1.0+ Apg) e, < C. (4.14)

Moreover, by virtue of the second step and of the openness of the resolvent set, there
exists ¢ > 0 such that B(0, ¢) C p(=A 4,5). Since

D = CX N[B(0, o) \ B(0,¢/2)]

is compact and since (Ci C p(—Ap,q.s), thereexists C > 0 such that Inequality (4.14)
holds on Dy ;. Now, because the resolvent set is open and the boundary of D, , along
the imaginary axis is compact, one can eventually find some 6 € (;r/2, ) such that
S¢ C p(—Ap 4.5) and there exists C > 0 such that (4.14) holds for all A € Sy, see also
Fig. 1. It follows that —A, , s generates a bounded analytic semigroup. Moreover,
since 0 € p(Ap 4.5) this semigroup is exponentially stable. Finally, [14, Thm. 5.2]
implies that A, , ¢ has maximal L?-regularity on R .

O
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Fig.1 The ball B(0, 1) and
half of the ball B(0, ¢) are
depicted. The gray region
visualizes the set D; . Due to
the openness of the resolvent set
(which is indicated by the
dashed region), the spectrum
must keep some distance to

D . One sees, that in this
constellation one can find a
sector Sy with 6 € (7r/2, ) that
is contained in the resolvent set

For completeness, let us end the section proving Theorem 1.2. As a start, we apply
Theorem 4.1 with ¢ = 1 and notice that the last step of the proof ensures the existence
of some ¢ > 0 depending only on u, u’ and €2 so that

{z € C:Re(z) > —c} Cp(=Apis).

This implies that A 1 s + 5 has maximal L!-regularity. This yields Inequality (1.5).
Of course, Theorem 4.1 directly yields that (a, u) is in E,.

To add non-zero initial data (ag, ug) € X;’l in problem (1.3) we cannot simply
employ Corollary 2.8. The reason is that we would need to choose a ground space
thxl for some ¢ slightly smaller than s. Then we would need to calculate the real
interpolation space (X;’l, D(Ap.1,1))e,1. However, as the first components of X;’l
and D(A 1) are the same, the result of the real interpolation in this first component
will be the very same space and thus we will not reach initial data in X’ ;1

To circumvent this problem, consider the caloric extension

act)\ . (e®Nag
uc(t)) "~ \etboyy )
Here, Ay denotes the Neumann Laplacian on B;ﬁl(Q) N Lg (2) and Ap denotes

the Dirichlet Laplacian on B; 1 (825 C?). Notice that both operators are invertible and

that Ay generates a bounded analytic semigroup on Lg (2) while Ap generates a
bounded analytic semigroup on W17 (€2; C¢). An application of Corollary 2.8 yields
the existence of a constant C > 0 such that

2 2 _
”atam dc, \% aC”Ll(R_,_;BA";_rIl) + ”atMCa Uc, \% uC“Ll(]RJr;B»;,l) < C”(a(), MO)”X;” .
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Notice that this together with the boundedness of the gradient operator between
B;ﬁl(sz) and B, | (©; C?) implies that

”vaC”LI(R‘*;B;,I) = C”ac”Ll(R«F;B;“*’ll)'

Now, let (b, v) € E;, with (b(0), v(0)) = (0, 0) solve

b b a a 1 s
8t (U) + AP,l,s <U> = _8t (ui) - AP,I,S (M:‘) eL (R+§ X;l)

Then, fora := b+ ac and u := v + u. one has (a,u) € E, and (a, u) solve (1.3)
with f and g being zero and non-zero initial data. O

5 Global well-posedness for the compressible Navier-Stokes system

The fastest way to solve System (1.1) in the critical regularity setting is to recast it
in Lagrangian coordinates. To this end, let X be the flow associated to u, that is the
solution to

t
X(t,y) =y+/ u(r, X(r, y))dr. 5.1
0

The ‘Lagrangian’ density and velocity are defined by
pt,y) = p@, X, y) and u(t,y) :=u(t, X(t,y)). (5.2
With this notation, relation (5.1) becomes
t
Xat,y) =X, y)=y +/ u(z, y)dr, (5.3)
0

and thus

t

DXa(t,y) =Id + / Dii(t, y) dr. (5.4)
0

The main interest of Lagrangian coordinates is that, whenever D X;; (¢, y) is invertible,
the density is entirely determined by X; and po through the relation

pt, ) Ja(t,y) = po(y) with Ji(t,y) := det(DX; (1, y)). (5.5

Furthermore, one can write
Aat,y) = (DXg(t, y)) " = J7'(t.y) adj(DXa(t, y))
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where adj(DXj;) (the adjugate matrix) stands for the transpose of the comatrix of
DX (t,y). Define the ‘twisted” deformation tensor and divergence operator by

1
Du(2) ::§<Dz~A+TA~Vz> and divaz:=TA:Vz=Dz:A, (AeR?xRY).

As shown in, e.g., [10], in terms of the unknowns a := p — 1 and &, System (1.1)
translates into

Jadia + (1 +a)Dii : adj(DXz) =0 in Ry x Q,
podsii — 2div(u(l + a) adj(DXz) - Da, (@)
—V(h(1 +a)diva, i)

+Tadj(DX5) - V(P(1 +a)) =0 in Ry x @, (5.6)
u=~0 on Ry x 92,
(a, u)|;=0 = (ao, up) in Q.

As pointed out in the Appendix of [10] (for R but the proof in the bounded domain
case is similar), in our functional framework, there exists £ > 0 such that whenever

T
Vull,a/ dr <, 5.7)
/0 ” ”Bp.lp(Q) (

the Eulerian and Lagrangian formulations of the compressible Navier—Stokes equa-
tions are equivalent on [0, T'].

The present section aims at proving a global existence result for small (ag, ug) in
the case P’(1) > 0. Note that, after rescaling the time and velocity according to (4.1),
System (5.6) may be rewritten exactly as (4.5) with

f =0 —Jpda+ Di: (Id—adj(DXy)) —aDi : adj(DXy),
g = —agd;ii + 2div([i(a) adj(DX3) - Da, (1) — AD(@))
+ V((M(@) diva, it — Adivi)) + (1 — T1(@)Va + M(@)(1d — adj(DXz)) - Va.

Above, we denoted [1(z) := u(1+2), A(2) := A(1+2), T1(z) := P'(1+2), it := u(l)
and A := A(1).

In the critical regularity setting, if we restrict ourselves to small perturbations of
(0, 0), then one can expect f and g (that contain only at least quadratic terms) to be
even smaller. Hence, it looks reasonable to get a global existence result for (5.6) by
taking advantage of our estimates for the linearized system. From the linear theory,
we have the constraint d/p — 1 < 1/p (thatis p > d — 1) and, when handling the
nonlinear terms, the additional conditions p < 2d and d > 2 will pop up. In the
end, we will obtain the following result, that is the counterpart of Theorem 1.3, in
Lagrangian coordinates. Recall that E,, was defined by

_ wll .rd/p d/p—1, 4. md 1 .rd/p d/p+1 . ~. nd
Ep =W (]R.F,BPJ(Q)><Bp’1 (2; RY)NL (R""’BP,I(Q)XB[?,I (2; RY)).
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Proposition 5.1 Let the assumptions of Theorem 1.3 be in force. Then, System (5.6)
admits a unique global solution (a, u) in the maximal regularity space E,, and there
exist two positive constants ¢ and C depending only on the parameters of the system,
on p, and on 2, such that

le @. I, < C (IIaolle/f + IIMolle/lp—l) . (5.8)
P, P,

Proof Throughout, we use the short notation A for A, 1 4/,—1. The proof of existence
is based on the fixed point theorem in the space E; defined by

ES = {(a.u) Ry x Q> RxR? st. (e"a,e“u) € Ep)

for the map & : (b, D) — (a,i1), where (a, it) stands for the solution in E;’, to the

linear system
= f 59
)=(}) 02

f == Jp)db+ Dv: (Id —adj(DX3)) — bDv : adj(DX3),
g == —apd;v + 2div(i(b) adj(DXyp) - Da; (V) — AD(D))
+ V((X(B) diva; v — Adivd)) + (1 — I1(b)) Vb + I1(b)(Id — adj(D X5)) - Vb.

supplemented with initial data (ag, o) and

We claim that tl_1ere exists some R € (0, 1) such that, whenever (5, v) belongs to
the closed ball Bgg (0, R) := {(b,v) € Ej, : [[(b, v)[[g; < R}, System (5.9) admits
a solution in BE7; (0, R). Now, from Theorem 4.1, we gather that there exists some
¢ > 0 depending only on 2, p, u and ' such that

= = e < _ ctyr = _
”(a’ u)”Ep ~ ”(a()’ MO)”X;I/Ip 1 + ”e (f9 g)”Ll(RJr;X;],/lp 1)' (510)

Hence our problem reduces to proving suitable estimates for f and g. To this end, we
need the following two results proved in Appendix: O

Proposition 5.2 The numerical product is continuous from B;J(Q) X Bi{ {’ (Q) to
B;’I(Q) whenever —min(d/p,d/p’) <s <d/p.

Proposition 5.3 Ler K : R — R be a smooth function vanishing at 0, and p € [1, 00).
Then, there exists C > 0 such that for all functions z belonging to B?){IP(Q), the

function K (z) belongs to Bi{ f () and satisfies

k
1K@ lgarp SC<1+||z||B¢({z(Q)> lelgiipiq, with k= Td/p]
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Furthermore (without assuming K(0) = 0), for all pairs (21, z2) of functions in
Bi{lp(Q), we have

— k —

with k := [d/p].

For notational simplicity, we omit from now on the dependency on €2 in the norms.
Assume that R has been chosen so small as

I Dy yse< 1 5.11)

L! (R+;BZ{ P
In particular, owing to the embedding

Bj{f(sz) < L®(Q), (5.12)

the range of b is included in a small neighborhood of 0 and the functions [z, 3: and I1
may thus be extended smoothly to the whole R without changing the value of g. This
allows to apply Proposition 5.3 whenever it is needed.

Now, decompose f into

f=0-=1J3db+ Dv: (Id—adj(DX3)) — b Dv : adj(DX5)
=+ 2+
Proposition 5.2 ensures that the space B{;{ f is stable under products. Hence
- ) -
7 sy ST = Tallgarp 1Bl gy

S ] o
I/ lgp S IDVlgerp 1 1d = adj(DX5) larp.
”f3”BZ(r < 1Blgary 1Dligary (1 +1d —adj(DXﬁ)IlBi{lp> :

In order to bound the right-hand sides (as well as the terms in g below), we will
use repeatedly the following inequality that is based on Neumann expansion argu-

ments, (5.11) and on the fact that Bi{ f is stable under products (see details in the
Appendix of [10] for the R? situation):

sup (ll 1=J50llgarp +11Ap(t) — 1d llga/p + | adj(D X5(r)) —1d IIBd/f>
p, p, p,

t>0

SIDv|| (5.13)

d .
L!(Ry;By/T)
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In the end, we get

ct £ < cta i
”e f”Ll(RJr;BZ{{)) ~ (”e atb“LI(]R+;BZ{IP)
= cty
+ <1 + ||Dv||L°°(R+;BZ{II’)) ”e b||L00(R+;BZ{lP)
ct = =
+e Du||L1(R+;BZ{f,)> 1D% 1, ) (5.14)

d/p—1

Next, we have to bound in L' (R,; B i

) the five terms constituting g, namely
gl = —agdi, ) g2 1= 2div(fi(B) adj(DX) - Dy; (9) — AD(D)),
23 = V(((b)diva, o — AdivD)), g*:=(1—T1(h)Vb,
g> = T(h)(Id — adj(D X)) - Vb.
For g!, a direct application of Proposition 5.2 yields, provided p < 2d and d > 2,
ct =1 cta =
”e 8 “LI (RJr;B;‘;’/f’*l) 5 ”aOHB‘;{f’ ”e atv ”Ll (R+;B{;{f7l)' (515)
Similarly, combining Propositions 5.2 and 5.3 yields
ct =4 < ||ath A
”e 8 ”Ll (RJr;BZ{lp_I) ~ ||C b||LOO(R+;B;d){lp) ”Vb”Ll (R+;BZ{1’)_1)
and since (argue by extension)
A\ B;Jrll () — B;,,l () is a bounded operator, (5.16)
one can conclude that
ct =4 cty A
”e 8 ”Ll (R+;BZ{IP_1) 5 ”e b||LOO(R+>BZ/|P) ”b”Ll(R+’BZ/lp) (517)
To handle g2, we use the decomposition

g =2div ((f(b) — 1) adj(DX5) - Dy, (9) + fi(adj(DX5) — 1d) - D, ()
+i(Da, () — D(¥))).

From the definition of D4, (5.11) and (5.13), we gather that
ct = = ct = =
||e (DA,;(U) - D(U))||L1(R+;B‘;{f’) 5 ”e Dv||L1(R+;B‘II){lP)”DUHLI(R_HB‘;{IP)'

Hence, combining with Propositions 5.2 and 5.3 , (5.13) and (5.16), as (5.11) is ful-
filled, we get
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ct =2
€ _
” 8 ||L1(R+;B;1){f 1)

~ (5.18)
ct s =
S (1 + ||b||L°o(R+,BZ/lp)) ”e DU||L1(R+;BZ{IP)||DU||L1(R+;B‘;{]7’)'
Bounding g* is exactly the same. Finally, we have
2 = (1+ (I1(h) — 1)) (1d — adj(DX3)) - Vb
and thus, combining Propositions 5.2 and 5.3 with (5.16), one ends up with
ct=5
”e 8 ”LI(R_*_;B‘;{IP*I)
(5.19)

S(1+1b Dv eb .
N( + ” ||LOQ(R+’B‘117,/117)) ” ”LI(R+;BZ{{’)” ”LI(R+;B[;{{,)

Recall that the embedding W' (R ; B‘;{ Py s L®(Ry; B‘;{ ) allows to control the

L>®-norms of quantities involving b by their norm in E »- Now, plugging Inequali-
ties (5.14), (5.15), (5.17), (5.18), and (5.19) in (5.10) and using the definition of the
norm in E,, yields

nw@jw@sc(M@mwwwq+a+mammm@mmmm%Ath.
P,

Remembering (1.6) and (b,v) € EE; (0, R) with R € (0, 1), one thus gets up to a
change of C,

1@, @)les < Cla + R?).

Therefore, choosing R = 2C« and assuming that 4C«o < 1, one can conclude that
(@, ) € Beg (0, R).

To complete the proof of existence of a fixed point for @, it is only a matter of
exhibiting its properties of contraction. So let us consider (bi, v;) € B‘E; (0, R) and
(@, ;) == ®(b;,v;), i = 1,2. Denote (f;, g;), i = 1,2 the right-hand sides of
System (5.9) corresponding to (b;, ¥;). Then, from Theorem 1.2, we gather

I, 80l < e 8F . 88 1 g, (5.20)

P

where & = a» — ap, & :=ito —it1, 8f = fo — f1,and 8g = g» — g1. o
Let us use the short notation div; := div,, and so on and also introduce & := by — by

and Sv := vy — v;. We see that

5f' = (1= D)8, + (1 — )diba,

8f* = Doy : (adj(DX 1) — adj(DX>2)) + Dév : (Id — adj(DX>)),

§f3 = by (Dv; : (adj(DX ) — adj(DX>)) — Ddv : adj(DX7)) — & Dvs : adj(DX>).
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Since we have

o0 k—1 t J t ' k—1—j
Az(t)—Al(t)=Z(—1)kZ(/ D62d1> (/ D(Svdr)(/ Df)ldr>
=1 izo\Jo 0 0

and similar identities* for J» (1) — J; (t) and adj(DX»>(t))—adj(DX(t)), we get thanks
to the stability of Bi{ f under multiplication and to (5.11) (remember that R is small)
that for all ¢+ > 0,

1A2(5) = A1 (O ligarr + 11 adj(DX2(1)) — adj(D X1 (1) l|garp

I3 @0 = T Ollgary < 1D (5.21)
P,

LIR:BY/D)
Hence, using once more the stability of Bi/ {’ under multiplication eventually yields

ct

”e Sf”Ll(R+;B;1;’/f))
- _ _ -
~ <||DU1 ||L1(R+;BZ{1[)) + ||DU2||L1(R+;BZ{1[)) + ”athHLI(RJr;B’;{{’) (522)
A ct ct
+lb, ||Lm(R+;Bi{f,)> . (ue Dol s, g, + e a,ab||L1(R+;B¢{f)) .

We compute:

.= —ap0; v,

3
8% = 2diV<(ﬁ(52) — [(b1)) adj(DX>) - D, (v2)

+ (b1)((adj(DX1) — 1d) - (D, (02) — Da, (01))
+ (adj(DX2) — adj(DX1)) - Da,(v2))

+ ([i(B1) = ) (Day(B2) = Day () + Dy (52) = D, (81) = D(&)),

= V(o) = Tb0) divay 12 + (R(b1) — 2)((diva, 52 — diva, 1)

(98]

%
+ (diVA2 v — divy, 171)) + )_»(diVA2 vy —divy, v1 — diV5v)),

5" == (1 =TI V& + (b)) — T(52)) Vb2,

8¢ == T1(b1)(d — adj(D X)) - V& + I1(b1)(adj(DX ) — adj(DX3)) - Vb
+ (I(by) — T(b))(1d — adj(DX2)) - V.

4 More details may be found in the appendix of [10].

@ Springer



R. Danchin, P. Tolksdorf

It is straightforward that

1
lle’ &g lgarp-1 < Cllaolle/f||e”3:5vIIBd/f—1- (5.23)
P p. P

Next, from Propositions 5.2 and 5.3, (5.16) and Inequality (5.21), we easily get for
i=2,3,4,5,

ctg i
”e Sg ”LI(RJF;B‘;{fFl)

< (162, Vi, V| 161 )l

d
LI(Ry;BY/T)

+ (b1, b2, Vi, Via|

d d
L°°(R+;Bp{1p) LI(R+;BP{{’)

b ) e'h
vy IOl gy IS Dl o g

AN = = A ct
(151, B2 VO Vol ey 0B )1 V-

Note again, that the embedding W1 (R ; Bi{ f ) — L®[R;; Bi{ f ) allows to control
the L°-norms of quantities involving b or b, by their norm in E,. Altogether, we
conclude that

(&, &uw)llgs < C(R 4+ a)[[(&b, dv) | -

Since we chose R of order «, we see that, indeed, the map ® is contracting provided
« is small enough. Then, Banach fixed point theorem ensures that ® admits a fixed
point in BE; (0, R). Hence, we have a solution for (5.6) with the desired property.

In order to prove the uniqueness, consider two solutions (ai, 1) and (az, u2) in
E; of (5.6) supplemented with the same data (pg, up). Then, we have (a;, u;) =
®((aj, u;)), i = 1,2, and one can repeat the previous computation on any interval
[0, T'] such that

T T
max(/ [IVigq ||Bd/p dz, / ”Vl/_lz”Bd/p dt) <eKl.
0 Pl 0 Pl

On such an interval, we obtain (with obvious notation)

I, &)l ) < C(I@1. @D, ) + 1@, &) lle, 1) |G, &) llg, 7).

Since the function? > |[(&, &u) ||E, () is continuous and vanishes at 0 and because one
can assume with no loss of generality that (aj, #;) is the small solution constructed
just above, we get uniqueness on [0, T']. Then, using a standard bootstrap argument
yields uniqueness for all time. O
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6 Local existence for general data with no vacuum

For achieving the local well-posedness of the compressible Navier—Stokes equations,
there is no need to take the linear coupling of the density and velocity equations
into consideration, and the sign of P’ does not matter. Actually, in the Lagrangian
formulation (5.6), it is enough to solve the velocity equation, since J;p = po and
Ji may be computed from 2. The pressure may be seen as a source term, and combining
Corollary 3.9 with s = d/p — 1 and ¢ = 1, with suitable nonlinear estimates allows
to solve (5.6) locally in the critical regularity setting.

Clearly, a basic perturbative method relying on our reference linear system with
constant coefficients is bound to fail if the density variations are too large. However,
since, in our functional setting, po has to be uniformly continuous in €2, one can expect
that difficulty to be challengeable if using a suitable localization argument.

Here, for expository purpose, we first present the proof of the local well-posedness
in the easier case where py is close to some positive constant. Then, we explain what
has to be modified to tackle the general case where one just assumes that it is bounded
away from 0.

6.1 The case of small variations of density

Our goal here is to establish the following result that implies Theorem 1.1 in the case
of small density variations.

Proposition 6.1 Letthe assumptions of Theorem 1.1 be in force, and assume in addition
that, for a small enough o > 0, we have

laollg1 g < @ ©.1)

Then, System (5.6) admits a unique solution (a, u) on some interval [0, T], such that
l1+a:= Jb-t_lpo is bounded away from zero on [0, T] x Q and

@. i) e W0, 7: BT (@) x BY/P (@i RY))

ALY 0, T; BZ{{’(Q) x Bj{f‘l(sz; R%)).

Proof Throughout, we use the short notation L for L p.1,d/p—1. Since the variations of
density are small, one can look at the velocity equation as follows:

8t + Lit = —agd,ii + 2div(fi(a) adi(DXz) - Da, () — AD(@))
+V((i(@) diva, @ — A divin)) — Tadj(DXz) - V(P(1 + a))

with a given by
a=J;"po—1=7" =D +ao) +ap.
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To proceed, we introduce for 7 > 0, the space
Fy(T) = W"! (o, 7B (@ Rd)> nL! (o, T:BYP (@ Rd)) .
We consider the map W : v — i where u« is the solution to

di+Li=h in (0,T) x Q and ul—o = ug in 2,

with 7 = ' + h% + h3 + h* and
il = —agd; v, h? .= 2div(fi(b) adj(DX;) - Da, (3) — AD(D))
R = V() diva, v — AdivD), it = -Tadi(DX5)- V(P(1 +b)).

Above, the function b is defined by

b=1J"po—1= ;"= D +ap) + ao. (6.2)

We claim that there exists o > 0 in (6.1) such that for small enough R, T > 0, the
function W is a self-map on Br (1) (ur, R), where uy = e Lyg. To justify our claim,
we set U := v — uy, and look for & under the form u := uy + u with u satisfying

di+Li=h in (0,T)x Q and #|—0 =0 in Q.
Consequently, Corollary 3.9 yields some C > 0 independent of 7 > 0 such that

l#llg, ) < CliAll and |luplp, ) < C||M0||Bd/{7—1- (6.3)
P,

d/p—1
Ll(o,T;BP{{’ )

By Lebesgue’s dominated convergence theorem, ||Vup || a/p converges to 0 as

L'(0.T;B
T — 0. Hence, for any R > 0, one can find 7 > 0 so that

1)

R

T
/ ||V”L||Bd/{9 dr < 7 (6.4)
0 P

Next, we have to bound ! to 2* in L1 (0, T; BZ/ p= 1) We shall use repeatedly Propo-
sition 5.2 with s € {d/p, d/p — 1} and Proposition 5.3, as well as the local-in-time
version of (5.13). First, it is obvious that

il . < b -
” ||L1(0,T;B(117{f7 1) ~ ”aO”Bi{lp”atv“Ll(O,T;B‘;{f) l)

< «aR.

In qrder to bound the next terms, we shall use the fact that, owing to the decomposition
of b in (6.2), the product and composition results in Proposition 5.2 and 5.3 , and the

@ Springer



Critical regularity issues for the compressible Navier-Stokes...

local-in-time version of (5.13), we have for all smooth functions k vanishing at 0 and
t€[0,T],

||k(b(l))||Bz;{{; S ||b(l)||Bfli){{1
—1
S lao ey + (1 + IlaollBZ{f> 1570 = Hlgarp

t
< llaollgarr + (1 + ||‘10||Bd/p) / IVullgasp dT
p.l p.l 0 p.l

So+R.

To bound /2, we use the decomposition

fi(b) adj(DX) - D a; (9) — AD(D)
= (FE(b) — ) adj(DXy) - Dy (V) + [i(adj(DX5) = 1d) - Dy (D) + (D a, (9) — D(D)).

Hence, using the aforementioned results and also (5.16), we find that for all ¢ € [0, T],

12 gasp-1 < 1B lgarp | adi(DX5) - Dy ()l gy
P, )28 P,
+l(adi(DX5) = 1d) - Dy (@) garp + 1Dz (@) = D@,
P, p,

whence we have

2

L10,7:B)/7)

I1A2] < bl

d/p— d
L1, 7:8y/7 7Y ~ 17lLee0,7:89/)

< R(x+ R).

IVl y TVl

.Rd/pP
L'(0,7:B}]

Bounding h3 is clearly the same. Finally, to handle h? (that is, the pressure term), we
assume with no loss of generality that P(1) = 0, and use the decomposition

h* = (1d —Tadj(DX3)) - V(P(1 + b)) — V(P(1 + b)).

Hence

||]:l4||L](0,T;B(I1){lp71) 5 (1 + ” Id _Tadj(DXl_J)||Loo(O’T;B‘I17{{’)) ”P(l + E)HLI(O,T;B'IIZF)
S <1 + Vol
T

(¢ + R).

LWO,T;BZ{()) ||b||Ll(0,T;B‘I’,{{’)

Reverting to (6.3), we end up with
lelle, ) < Cla + R)(T + R).
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Consequently, if one takes R = « and assumes, in addition to (6.4), that T < «, we
obtain

e, ) < 4Ca?.

One can thus conclude that W is a self-map on Br p(T)(u L, R) provided 8Co < 1.

To complete the proof of existence of a fixed point for W, one has to exhibit its
properties of contraction. Consider v; € BFP(T) (ur, R)andu; := VYv;,i =1, 2, with
R and T as above. Then, according to Corollary 3.9, we have

ldullg, () < 1921 o, 7oy

where & := ii» — ii1, and so on. We see that & fulfills (where g% and 8g> have been
defined just above (5.23)):

ddu 4+ Lou = —agd;dv + > + s> — Tadj(DX1) - V(P(1 + by) — P(1 + by))
~T(adj(DX2) — adj(DX1)) - V(P(1 + b)). (6.5)

Then, one has to perform always the same type of computations as just above and in
the previous section. The details are omitted. One ends up with

ldulle, () < CRIIE, 1),
which, provided CR < 1, allows to complete the proof of a fixed point for ¥, and
thus of a solution for (5.6), in the desired regularity space.
Proving uniqueness is similar as for the global existence theorem, except that we
now use (6.5) with v = i instead of the full system for (a, u). In particular, there is

no need to assume that the velocity of one of the solutions is small. Again, the details
are left to the reader. O

6.2 The case of large variations of density

This part is devoted to the proof of Theorem 1.1 in full generality. The main issue is
to adapt Corollary 3.9 to the following system:

poiu —2div(uD(u)) — V(Adivu) = f in (0,T) x Q,
ulpgo =0 on (0,T) x L2, (6.6)

uly=0 =up in €,
where p = p(x), A = A(x), and u = pu(x) are given functions in B‘;{f(&?), such that

inf p(x) >0, inf u(x) >0, and inf(A+2u)(x) > 0. (6.7)
xeQ xe xe
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Proposition6.2 Let T > 0. Let 1 < p < ooand =1+ 1/p < s < 1/p with
s <d/p—1.Takeug inB3, | (; R%Y and finL'(0, T BY (2 R?)). Assuming (6.7),

System (6.6) admits a unique solution u € Cp([0, T]; B;’I(Q; R4)) in the space

ue W0, T: B, (2:R)) NLY 0, T; BS“(Q RY))

and there exists a constant C > 0 depending only on p, A, i, p, s and 2, such that

T
sup )y, + [ (1l + el )
0 ' Pl

te[0,T]

T
¢ (ot + [ 171y, ar). ©3)

Proof The key idea is that the embedding B /p 1) = C () implies that the coeffi-
cients of System (6.6) are uniformly contlnuous on €2, hence have small variations on
small balls, so that one can take advantage of Corollary 3.9, after localization of the
system.

To start with, as in [9], we introduce a covering (Bk)1<k<x of Q by balls of radius
6 € (0, 1) and center x; € €2, with finite multiplicity (independent of §), and a partition
of unity (¢x)1<k<k of smooth functions on R4 such that:

o Y i=1in<y
o [Virllpoorey < Cad™, a €Ny
e the support of ¢ is included in By.

This covering may be constructed from a smooth function 6 supported in the unit ball,
such that

> 0x—k =1 on R

kezd
It is just a matter of setting ¢y (x) := 0(8~ 1 (x — 8k)) with x; = 8k, then relabelling

the family (¢x), keeping only indices for which Supp ¢x N €2 is nonempty. Clearly,
combining the bounds of V¥¢; with the fact that Supp ¢y C By ensures that

d_
||Va¢k||Lp(Rd) <Cyr“, aeN
and thus, by interpolation,

—1
||¢k||B;17{{’(Rd) =C and ||V¢k||Bi(lp(Rd) =Cé . (6.9)

We also need another two families (qvﬁk)lfkf x and (ak)lfkf x such that ¢V>k = 1 on the
support of ¢ and ¢x = 1 on the support of ér, with ¢ and ¢ supported in slightly
larger balls than ¢, and such that ||[V¥¢@g|lLe < Cod™% and ||[V¥p|lLee < Cod™¢
hold.
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Let pg := p(xk), uk = udg, fi = pf, M = A(xx), and g = wu(xg). Then, we
observe that uy satisfies:

POty — peAug — (A + pup)Vdivug = F in (0, T) x Q,
urlagg =0 on (0,7) x 012, (6.10)

Uglr=0 = upx in £,

with u,0 = uopy and

F = fi + (o — p)Orug + 2div(dr (i — i) D(w)) 4+ V(¢ (b — Ag) divue)
=2uD(u) - Vo — Adivu Voy — pg div(u @ Vo + Vo @ u) — 1 V(u - V).

Therefore, in light of Corollary 3.9 and denoting [ty := wux/px, we have for all
1[0, 7],

1
k() + /0 (1Braelmy , + Feluelgs-2 ) de

t
<C (nuk(muB;_l +p,:1/0 I Filles, dr>. (6.11)

Note that our ellipticity condition (6.7) ensures that C is independent of k.
Throughout, we fix some ¢ > 0 and take § so that for all k € {1, ..., K},

. -1
max (||1 = p/PkllLe By g T — mllLee (s iy 1A — Ak ||L°°(Bk)) <e. (6.12)

Actually, as we have to perform estimates in Besov spaces, we need a stronger property,
namely

max (n«Zk(l =0 Pt gy i Ik =) g 1 19 “‘*")”Biﬂ%m) <e, (6.13)

which is proved at the end of the Appendix.
Let us now estimate all the terms of Fj. We have thanks to Proposition 5.2
and (6.13),

1ok = P)drunlips (@) = Cllgr(px — ,O)IIBZ{{)(Q)I|3tukIIB;_l(sz)

= Ceprclldrurllss | (@)
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and, using also (6.9), with the notation i}, := aku,
. _ s < -~ _
Il div (¢ (14 llk)D(M))”B‘p,l(Q) S ok (e Mk)IIBz;(f(Q)||¢kVMIIB:r11(Q)
< CE/'Lk (”V(¢ku)”B5p+l|(Q) + I|V¢k ® ¢kM|IB;.+l] (Q))
1y~
< Cepy (lluk”B;’Jrlz(Q) +4 ||uk||Bép+ll(Q)> .

The next term may be estimated in the same way. In order to estimate the term p D (u) -
Vx, let us set ity := ¢ru. Applying Proposition 5.2 and (6.9) yields

leD@) - Vorlle: @) S IIMIIBZ_/{z(Q)IID(u) Vrllp: @
S IIMIIBi{f(Q)||V¢k||Bc;{f(Q)||<lv5kD(u)||B;yl(sz>
S IS (IV @l @ + B ® Vellss, o)
S 87 Wl gy (ks oy + 8 kI @) -

A similar estimate holds for A div u V. Finally,

IV Voo lsy @ < ludi - Youlgsii )
< ~
< IVElgarp g It

<8I,
~ l k”B‘;"ll(Q)’

and the same holds for div(u QR Vor + Vor ® u).

Letus denote ¢* := 1+ ||A/u|lLe. Then, altogether, reverting to (6.11) and assum-
ing that ¢ has been chosen small enough (so as to absorb the terms with d;u; and
”“k||B;+12(Q))’ weendup forall k € {1, ..., K} with

! t
lug®llgs  + Iugllps  + xllugligs+2 ) dr < C (g ©)llgs  + [ N fellgs  dr
p.l 0 p,1 i 1 0 il
t
+~3‘1f gl + a0 il ost ) dr
M A ¢ IIMkIIBpfll my I M)IIBZ{lplluklprﬁl

t
4o 572 /0 RIS dr) : (6.14)

Let us introduce the notation:

K
I2llgev = Y Izl o) for ¥ € (¢, . ).
' k=1
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Then, summing up on k € {1,..., K} in (6.14) and denoting i1, := infq u/p,
I* = supg 1/ p and p, = infg p, we conclude that

t
”u(t)”B;'.qi +[0 (||a,u||B;,ﬁ +M*”””ij12’¢) dr
t
< C(IIuolIBs,¢ +/ £ N0 dz
p.l 0 p,l
' (6.15)
+5*‘/’1*¢*/ Il

+68°! —lf Il x, wl d/p(nun s+.¢+8 Hlull 6 ) )

Since the properties of the support of the families (ak) and () guarantee that

$=) b and G =Y dgw,

k' ~k k' ~k

we may write for all —min(d/p,d/p’) < o < d/p, owing to Proposition 5.2 and
Inequality (6.9),

liklisg, < € Y gkl apllui gy, =< C > luwllss -

k' ~k k' ~k

A similar property is true for it;. Hence

e S Nl
p.1

el Bod S IIMIIBw and lull

This means that $ and qvb may be replaced by ¢ in the right-hand side of (6.15) (up to
a change of C of course). Now, the terms of (6.15) involving the index s + 1 may be
bounded by interpolation as follows forall A > Oand & > 0 :

1/2 1/2
Allull g = ¢ Allukll |Iuk|| +2
B Bpl

k
< ~ C —1~—1A2
— * s
el lukllgsra + Ce IlukllBv
k

~ —1~—1 42
= efiullullgas + e i1 A ||u|| 1
I

With C independent of A and e. Hence, taking either A = CS~![i*¢* or A =
Cé™ ,o*_ Y, u)|| d/p, Inequality (6.15) entails (observing that the last term of it

can be dominated by the other ones resulting from the computations just above),
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t
Ju(®) s + / (uatunBs.qs +ﬁ*llullBs+z,¢> dr

(IIMOII ” +/ I g d + o5 2o 2(p*<;*>2(ﬁ*>2+p*‘||(x,m||2Bd/p>
p.1

X ||u|| ) dr) .
0 BPJ

Since, p.t* < w*, and thus p* < || Wllgasp . applying Gronwall lemma eventually
p,1

leads to

t
u(r s, au s, n u s+2, dT
)l + /0 (Il + il 20)

t
< C(IluollBﬁ + /0 1/l dr) exp(Cﬁ;‘a‘zp;%;*)zn(A,mngi{{,r).
(6.16)

Since the covering is finite, the norms || - |0, ¢ are actually equivalent to the Besov

Iy
norms || - ||B; (@) (with bounds depending on K of course), which eventually ensures
the desired inequality (6.8).

In order to prove the existence of a solution to (6.6) in the space F, (T') corresponding
to the statement of Proposition 6.2, one may adapt the continuity method used in [9,
Thm. 2.2].

Forall 6 € [0, 1], we define the linear operator Ly acting on time-dependent vector
fields u by:

Lou := pgo;u — 2div(ug D(u)) — V(rg div u)

with pg := (1 —60) +6p, g :=1—0 + 60u and Ag := OX1. Note that the ellipticity
condition (6.7) is ensured uniformly for 6 € [0, 1] and that the value of § and of C may
be chosen independent of 6 in Inequality (6.16) (hence Inequality (6.8) corresponding
to System (6.6) with coefficients pg, ig and Ag is uniform with respect to 6 as well).

We denote by £ the set of parameters 6 € [0, 1] such that for all data ug and f
satisfying the hypotheses of Proposition 6.2, System (6.6) with coefficients py, 1o
and Ag has a solution in F; (T). Corollary 3.9 guarantees that 0 is in £. Now consider
any 6y € £ and data up, f. Solving

Eguzf’ u|3§2=0, u|l=0=u0

in F},(T') amounts to finding a fixed point in F},(T') for the map @ : v — u such that
u is a solution in F;(T) of

Logu = f 4 (Loy — Lo)v,  ulpg =0,  ul—0 = uo. (6.17)
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Obviously, we have
(Lay = Loy = © — 00) (1 = p)3yv +2div((e = DD) +div(rdivv) ).
Hence, using Proposition 5.2 eventually leads to
Loy — LoIvlips | < ClO — 90I(||3tv||13;,11 + ||v|IB;f]2)-

The constant C depends of course on p, A and p, but is independent of 6 and 8. Now,
since 0y € &£, equation (6.17) is solvable in F;,(T) and estimate (6.8) combined with
the above computation gives us

T T
1®@)lFyr) < € (uuoan + / I f s, di + f (Lo, — Lo)vllps | dr)
P 0 P, 0 ps
= € (Iluollsy, +10 = Golllvlieger )
The same computation leads for all pairs (v, v2) in F;,(T) to
[®(2) = @DllEs ) = C1O = 6ol l[va = villEs 7).

Hence, setting ¢ = 1/2C, one can conclude by the contracting mapping argument
that ® admits a fixed point u in F;(T) whenever |6 — 6| < ¢. Since ¢ is independent
of 6y, we deduce that 1 is in the set £, which completes the proof of existence. 0

Proof of Theorem 1.1 As in the previous parts, we shall rather prove the result in
Lagrangian coordinates. Having Proposition 6.2 at hand, it suffices to modify the
fixed point map W introduced a couple of pages ago accordingly. More precisely, we
observe that we want the Lagrangian velocity u to satisfy

Lpoit = 2div(u(pz) adj(DXg) - Da, @) — noD@)) + V(A(pi) diva, it — ro div iz)
—Tadj(DXg) - V(P (5q)),
ulpn =0,

ilg=0 = ug

with Ao := A(p0), o := u(po), Lyt := podrut — 2div(uoD(u)) — V(Ao divu) and
P = poJ; L

Define ¥ : F,(T) — F,(T) to be the map v + u with u the solution in F,(T)
provided by Proposition 6.2 that corresponds to the right-hand side of the above system
with  instead of i. Denote by u;° the solution to L, u = 0 with initial data uq given
by Proposition 6.2.

Then, by following the proof of Proposition 6.1, it is not difficult to check that W sat-
isfies the conditions of the contraction mapping theorem on some ball B’F,,(T) (uﬁo, R)
provided R and T are small enough. In fact, the main changes are that the term corre-
sponding to /! is no longer present (hence we do not need to assume py to be close to
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some constant) and that one has to bound in B p/ P terms like w(pz) — o. However,
owing to Propositions 5.2 and 5.3, and to Inequality (5.13), we may write

1 (05(1)) = mollg RS S llos() — polly 4Ip

< IV — 1]
S IIpolpr(lpll 5 () IIB]){f
t
< lleoll d/p/ | DVl a/p dT

Bp,l 0 Bp.l

hence the proof may be easily completed. The details are left to the reader. O
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Appendix A. Results on the Lamé operator

As afirst, for the convenience of the reader, we recall the proof of regularity estimates
in Sobolev spaces for the Lamé operator.

Proof of Proposition 3.3 The first step is to prove that there exists a constant C > 0
such that all solutions u € W22 (Q; C9) to the equation

—puAu —zVdivu = f in Q
u=0 ondQ

for some f € WK-P(Q; C?) satisfy

||M||wk+2,p(gz;(cd) <C (||f||wk,p(sz;(cd) + ”u”LP(Q;(Cd)) . (A.1)

In dimensiond = 1, the result readily follows by integration. In the multi-dimensional
case, it is a consequence of the theory of Agmon, Douglis, and Nirenberg (more
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precisely [1, Thm. 10.5]). To verify the assumptions therein, define the symbol of L
by

SE) = plEPld+z6 ®E (¢ e RY). o

LemmaA.1 Let u > 0 and z € C with u + Re(z) > 0. Let § € (0, 1) be any number
that satisfies ;. +Re(z) > 0. Then, for each & € R? the determinant of S(£) satisfies

pl(1— 512725 < |det(SE))] < (1 + I2]) £

Proof The result for z = 0 being obvious, assume from now on that z # 0. Let M
denote the matrix M := £ ® &£. Because M is real and symmetric, S(§) is diagonaliz-
able. Let 7 € C¢ be a unit eigenvector to S(€) with corresponding eigenvalue « € C.
Then,

an = SE)n = pulél*n +zMn, hence z'(a — plg[H)n = Mn.

Hence, 7 is an eigenvector to M with corresponding eigenvalue z ! (o — i |€]?). Since
M is real and symmetric,  and z~! (o — 1¢|£]?) must be real. Thus, keeping in mind
that |n| = 1, we get

@ = plE* +zMn-n = plE? + z[€ - 0.

Let 5§ € (0, 1) be such that i + Re(z) > 0 holds. This combined with © > 0 and
some trigonometry yields

la| = ‘M(|g|2 — 8[& - n1?) + (S + DIE - n]z‘

1 2 2
> E(M(l — 8IEI" + (Sp + Re(2))[§ - n]°)
1-56
> Mm?

V2

Consequently, the determinant of S(&) satisfies

\

det(S(E))] = ud (1 - 8)727 2.
The other inequality follows from
el < el 4 [2l8 - nP?] < (u+ I2l) 15 o
If d > 3, then Lemma A.l implies that the operator —uA — zV div is elliptic in
the sense of Agmon, Douglis, and Nirenberg, and we get (A.1). For d = 2, one needs

to verify the following supplementary condition.
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LemmaA.2 Letd = 2 and let £, &' € R? be linearly independent. Then, det(S(& +
1&")) regarded as a polynomial in the complex variable T has exactly two roots with
positive and two roots with negative imaginary part.

Proof The determinant of S(§ + t&’) is calculated as

det(S(§ +t€") = n(u + D[ +8) - (6 + Té/)]z. (A2)

Due to the assumptions on p and z, the prefactor cannot be zero. If there would be a
real root to the equation det(S(¢ + t&’)) = 0, then & and &’ would have to be linearly
dependent, a contradiction. Thus, (A.2) determines a fourth order polynomial in
with real coefficients and no real roots. Hence, there must be two roots with positive
and with negative imaginary part. O

Let us now go to the existence part of the proposition. Clearly, the case p = 2
follows from Proposition 3.1. The case p > 2 will be also a consequence of it.
Indeed, then L, is injective as it is the part of L in LP(£; (Cd). Next, to prove
the surjectivity of L, let us first consider p; > 2 satisfying 1/py — 1/2 < 2/d,
and let f € C®(Q; CY). By Proposition 3.1 there exists a unique u € D(L;) with
Lou = fandu € Wk+4’2(§2; (Cd). By Sobolev’s embedding theorem, we conclude
that u € Wx+2P1(Q; C4). Thus, by virtue of Inequality (A.1) we discover that there
exists a constant C > 0 such that

2t |l \yyk+2.p1 (@:cdy = C(||f||wkvm @;cdy T el p1 (Q;(Cl/))~

Moreover, by Sobolev’s embedding theorem and again by Proposition 3.1 followed
by Holder’s inequality together with the boundedness of €2, we derive

||M||Wk+2,p1 (Q:C4) = C(”f”wk,p] (§2:C4) + ”M”WZ.Z(Q;Cd))
< C(If e ety + 1 flli2eicay) (A3)
< C|l fliwk.ri (Q:Cdy-

To proceed let p» > py with 1/p; — 1/p2 < 2/d. By Proposition 3.1, we now find
u € WKF62(Q: C9) — WHH2r2(Q; C9). Inequality (A.1) followed by Sobolev’s
embedding theorem then provide the estimate

ez gucny < € (I It + Nelhwen @) -

Combining this with (A.3) in the case k = 0, Holder’s inequality, and the boundedness
of 2 we conclude that

||”||Wk+2,p2(g;(cd) =< C”f”WkJ’Z(Q;(Cd)-
Bootstrapping this argument delivers the stated estimate of the proposition for all

p > 2. By density, we get (3.5) for all f € WkP(Q; C4). Taking k = 0 gives the
surjectivity of L .
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Let us next consider the case 1 < p < 2. Then, the invertibility of its adjoint (as
according to Lemma 3.2, it is equal to (L}) 7, and L7 is L with z replaced by 7), and
standard annihilator relations imply that L, is injective and has dense range.

Next, for f € L*(Q2; C?) < LP(; C%), let u € D(L5) be such that Lou = f.
In this case, we already know that u € W22(Q; C?) «— W2P(Q; C?) is valid, and
Inequality (A.1) implies

||M||w2.p(gz;(cd) <C (”f”LP(Q;(Cd) + ||M||Lp(§z;(cd))~ (A4)

Asu € D(L)), there exists by definition a sequence (u)yen C D(L2) which con-
verges in L7 (L; C%) to u and for which f, := Lou, converges in L7 (2; C9) to
f = Lpu. Estimate (A.4) implies then that (u,),en converges in W22 (§; C9).
Hence (A.4) is valid for all u € D(L ).

One can show that (3.6) with k = Ois valid by contradiction. Assuming the contrary,
we obtain the existence of a sequence (u,,),en C D(Lp) with f,, := Lpu, such that
foralln e N

”un”WZ»P(Q;Cd) =1 and ”f””LP(Q;(Cd) — 0 as n— oo.

By compactness (and by going over to a subsequence), (u;),eN converges in
LP(Q; C%) to some u € LP(Q; C%). The closedness of L, then implies u € D(Lp)
and L,u = 0. Since we already know that L, is injective, it follows that u = 0.
Now, (A.4) gives a contradiction and thus we infer that (3.6) for £k = 0 is valid.
This estimate in turn implies that the range of L is closed and since it is dense in
L7 ($2; C%), we deduce that 0 € p(Lp).

Next, let f € D(Ly) and u € D(L?,) with L,u = f. By definition, there exists
(fu)nen C D(Lp) with f, — f and Lyf, — Lpf in LP(Q; C? asn — oo.
By (A.4) it holds

I fn — fm”WZ-P(Q;(Cd) = C(||L2(fn - fm)”LP(Q;(Cd) + 1 = fm”LP(Q;(Cd))~
Thus, (f,)nen is a Cauchy sequence in W>?(Q; C4). Define u,, := L*If,, € D(L%)

and observe thatu, — u inL?(§2; C%) asn — oco. Since D(L%) — WH2(Q; C9) —
W4P(Q; C9), Inequality (A.1) guarantees that

lun — Mm||w4.p(9;(cd) = C(”fn - fm||w2,1)(s2;(cd) + llun — Um||Lp(Q;(Cd))-
In the limit, this implies that u € WP (2; Cd) and

lullwe.r:cay < C(||f||W2-P(Q;Cd) + lullprq:.cdy)-

As above, (3.6) for k = 1 follows from a contradiction argument. The case k > 2
follow the same strategy by iterating this argument.

Finally, using what we just proved in the case k = 0 in the definition of D(L;)
ensures that D(L ) < W>7(Q; CY) N Wé’p(Q; C4), and the reverse embedding is
obvious. O
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The following lemma clarifies the relationships between L, £, and C -

LemmaA.3 Let 1 < p < oo. Under the notations in (3.8) withr = p’, and (3.9), the
following statements hold true:

(1) Forallu € D(L)) it holds
&L, du=L,u.
(2) Forall f € LP(S2; C9) it holds
oL lor=1L"f.

(3) ForT := Zptb, we have that T : LP(Q; C?) — X;l is an isomorphism and that

L,=TL,T™"
(4) IfL, denotes the part of L, in Lp/(Q; C4Y, then it holds

L,= (L;);,.

(5) It holds

'L, o =L,

Proof (1) Letu € D(L ). Then, by virtue of the definition of L p» the definition given
in (3.4), and Lemma 3.2, we have

O~ L, du = 7 (L})S, du = (L3)5u = Lpyu.

(2) This is just a reformulation of (1).
(3) Notice that since L, maps into L” (£2; C%) it holds

DL, ®L,® ' L,") =D(L, @ 'L,N).

Letu e D(LI,(D_ILN'I_,I). Since L, is invertible, there exists f € L”(£2; C9) such
that

Applying (2) delivers f = ®~'u and it follows that u € D(L p)- Furthermore,
another application of (2) yields
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Conversely, let u € D(L,) = LP,(Q; C4Y'. Then (1) implies
u=L, 007 L' 00 u=L,0L, & .

It follows that &~ £,'u € D(L,) and thus that w € D(L,®~ 'L 1).

(4) Let u € D(Lp). Then by definition of the part of an operator, it holds
u e LP(Q;C9) and (L;);,u e LP(Q:C4). In particular, there exists w €
L?'(2; C4)' such that for all v € D((L}) ) it holds

((LE);/H, V)DULY) ). DALY ) = (W5 V) oty -

Consequently,
(u, (L3) prv) oty o = (L), VDALY ). DALY ) = (W5 V) ply L

This implies that u € D((L;);),) and that (L;);,u =w.
Conversely, let u € D((Uz‘):ﬂ .). By definition, it holds u € LP (2 C?) and there
exists w € Lp,(Q; C4Y such that for all v € D((L3),) it holds

(u’ (Lé)p/v)(Lp’)/,Lp’ = (w’ v>(LP,)’,LP"

Thus,
<(L§);/“’ U>D((L’2‘),,/)’,D((L§),,/) = (u, (Li)p'vhu/y,u/ = (W, V) py -

It follows that (L3)%,u € L7 (Q; C?) and thus u € D(L,).
(5) This readily follows by combining (4) with (3.4) and Lemma 3.2.
O

LemmaA4 Foralll < p <00, 1 < g < 00, and —1 < s < 1 it holds with
equivalent norms that D(Lp 4 5) = Y;zl.

Furthermore, if 0 € (0,1) and s + 0 < 1, then the part of L, 4 s on X;qu ~
B?,E2+9)(Q; C4Y coincides with Ly g.s+0-

Proof First of all, recall that £ p isinvertible and that its inverse is a bounded operator
—1. y-1 0
L p - X , = X b (A.5)

Iff e X[l,, then f can be written as f = ® f for some f € D(L)). Now, Lemma A.3 (2)
implies

—l¢ L S T -1
Ll'f=oL o i =L, f.
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By virtue of Proposition 3.3, we thus have

125 llx3 = IL3L, ! Fllricsy < CIL, fllwar@ica
< Clif lwar@cay = Clifllxy.-

It follows that L;l gives rise to a bounded operator
1. yl 2
/.’,p 1 X, —> X5 (A.6)

Interpolating (A.5) and (A.6) reveals that for all -1 < s < 1,1 < p < o0, and
1 < g < oo the operator E;l is a bounded operator

-1 . ys s+1
Ep .Xp’q — Yp’q . (A.7)
Letu € D(L 4,5). Then, by (A.7)
-1 s+1
u=L, LueYth

Moreover, since £,u = L, 4 su, the boundedness stated in (A.7) implies that there
exists C > 0 such that

lulysr < CllLpg sl -

Conversely, let u € YS+1 Since D(L),) = Ly (2 C4)’ and since YSJrl > Xg =

L, (2; C?Y (cf. (3.10)), we have u € D(L,). By (A7), we find L,u € Xs X and the
only information we need, to conclude that u € D(L, 4 ), is that ue X This,
however, follows by Proposition 3.6. Finally, the inequality follows from

= I1Lpullxs

”qusu”X‘ S =

. Cllullyysr-

Finally, to prove the second part of the lemma, we use that the domain of the part of
Lj.q.s on X5t is by definition given as

{ueDLpg) NXS L, ue X5HY
0. s+60
={ueDLy)nX, NX37: LueX, X
={ueDLy) NX: Loue xi)
= D(Lp,q,s+9)-
O
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Appendix B. Some results for Besov spaces in domains

Proof of Proposition 5.2 Consider two real valued functions u € B;yl(Q) and v €
Bi{{’(Q). We want to prove that uv lies in B‘;’l (Q),if —min(d/p,d/p’) <s <d/p.
The result is classical for @ = R and the general domain case follows from the
definition of Besov spaces by restriction given in Sect. 3. Indeed, if u € B;! 1(£2) and
‘Il){lp(Q), then for any extension i € B;’] (R?) and 7 € Bi{lp(Rd) of u and v on

RY, we may write

veB

llu v”Bj,vl(Rd) S ”u”B;,IGRd)”v”BZ{f’(Rd).
As 77 is an extension of uv on R?, taking the infimum on all extensions gives the

result. O

Proof of Proposition 5.3 Looking at the proof of [11, Prop. 1.7] and using the embed-
ding of BZ{ P(RY) in L>°(R?), we see that in the R? case, we do have the result with
the estimate

k

The result in a general domain then follows, considering all the extensions 7 €
Bi{ {7 (RY) of z € Bi{ f (£2), then taking the infimum.
The second part of the proposition follows from the first part, the following formula:

1
K(z2) — K(z1) = K'(0)(z2 — z1) +/0 (K'(zi + t(z2 —21)) = K'(0)) (z2 — z1) dT

and Proposition 5.2. O
Property (6.13) is a consequence of the following proposition.

Proposition B.1 Let f be in Bi{{’(Rd) for some 1 < p < o0. Let ¥ be a smooth

function, supported in the unit ball of R?. Denote Vs xp i= V(™ —x0)) fors > 0
and xq € RY. Then,

lim (|5 x (f — f(x0)llqarp = O uniformly with respect to xg.
§—0 ’ Bp‘l

Proof Let us first establish the result for g a smooth function with bounded derivatives
at all order. Let without loss of generality § € (0, 1). We first notice, owing to the
mean value theorem and the fact that s ,, is supported in a ball of radius é that

d_
Vs 10 (g — gx0))lILr < ClIVgllL<s'T» ™ forall o € N.
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Next, we see that for any couple (8, y) of integers with y > 1,

d_
IVE s, V7 (g — gD llLr < ClIV? gllLood? P

Consequently, in light of Leibniz formula, for all integer o there exists a constant
Cy > 0 depending only on g and such that for all xo € R and § € 0, 1),

4 —a
IV (W52 (€ — x0))) Ly < Cod? 77

Ifo e Nissuchthatd/p < o <d/p + 1, the exponent of § in the previous inequal-
ity is non-negative. Moreover, combining the derived estimates with the following
interpolation inequality

d_ d

Ay ap = CIIhIILp " Al e

and the assumption that § < 1 yields that there exists a constant C; > 0 depending
only on g, p and d such that

dy1_4d
195,10 (8 = g0 llgarp < €8 0170 (B.1)
P,

forall§ € (0,1) and xo € RY.
Let us now prove the proposition for a general function f in B p/ P Fix some ¢ > 0
and take g smooth with bounded derivatives at all order such that || f — gl d/p <e.

We have
18,50 (f — f(xo))IIBZ/{r = 1¥s.x (8 — g(xo))lle)/{a
HYs.x (f — g)IIBZ/Ip + | f (xo0) — g(xo)|||wa,x0||B7/f.

Using d /
Proposition 5.2, Inequality (B.1) and the embedding B p — L

% we thus have

1+4y(1— <L
1Ws.x0 (f = FGoDlIgarr < Ce8 070 1 Cllyrs s llgarn 1 f = 8l
p.1 p.1 p.1

Using the invariance (up to an harmless constant) of the norm in B‘;{ ]P (R?) by trans-
lation and dilation, and the definition of g, we end up with '

dyq—L
13,10 (f = f o) lgarp < €890 4 Ce,
P
which ensures
s, (f — f(xo))”Bd/lp <2Ce
|2

provided ¢ is small enough. O
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