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Abstract. Monte Carlo simulations have been performed for 855 MeV and 6.3 GeV electrons channeling in
silicon single crystals at circular bent (111) planes. The aim was to identify critical experimental param-
eters which affect the volume-deflection and volume-capture characteristics. To these belongs the angular
alignment of the crystal with respect to the nominal beam direction. The continuum potential picture has
been utilized. The simulation results were compared with experiments. It turns out that the assumption
of an anticlastic bending of the crystal, bent on the principle of the quasi-mosaic effect, is not required to
reproduce the gross features of the experimental observations for two examined examples.

1 Introduction

The understanding of the de-channeling process in bent
single crystals is of utmost importance, not only for
particle steering in high energy physics but also for the
construction of compact radiation sources in the MeV
range and beyond, for an overview see e.g. Korol et al.
[1]. In all cases bent crystals are required the production
of which are based on different principles. The quasi-
mosaic effect has been proven as beneficial to achieve
a curvature of certain plains of single crystals which
otherwise would be flat [2]. A number of experiments
utilized this effect to steer charged particles at (111)
planes of silicon single crystals. For the current work the
experimental publications [3–5] are of particular impor-
tance in which the results of deflection studies for 855
MeV and 6.3 GeV electrons have been described.

It is well known that at bending employing the quasi-
mosaic effect a (parasitic) anticlastic bending is con-
nected which must be minimized [2,6]. If it is signif-
icant, the beam steering pattern may alter as func-
tion of the anticlastic bending radius, the beam diver-
gence and spot size, as well as its lateral displacement
with respect to the center of the spherical calotte. Such
effects were recently investigated on the basis of sim-
ulation calculations with the MBN explorer software
package by Sushko et al. [7] suggesting that the beam
profiles measured in the SLAC experiment [4,5] cannot
be understood without the introduction of an anticlas-
tic bending.

In this contribution some key experimental results
obtained for silicon single crystals were reinvestigated
by means of Monte Carlo simulations with a computer
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code utilizing the well-known continuum potential pic-
ture of Lindhard [8]. The latter has been exploited by
a number of authors, for an overview see, e.g., Korol et
al. [9, Chapter 2]. In particular the DYNECHARM++
code of Bagli and Guidi [10], and CRYSTALRAD of
Sytov et al. [11] should be mentioned. The continuum
potential picture has the advantage that channeling can
be classically understood for ultra-relativistic particles
in a rather intuitive manner. The current work is based
on the paper of Backe [12] in which details of the under-
lying formalism are described on the example of chan-
neling of 855 MeV electrons in (110) planes of diamond.

The basic ingredients of the model are summarized in
the following Sect. 2. Section 3 is devoted to the Monte
Carlo simulations of the beam profiles. The results are
compared with the experimental observations of beam
profile measurements [3–5], and discussed in Sect. 4
with regard to a possible anticlastic bending. The paper
closes in Sect. 5 with conclusions. For the purpose of a
check of the reliability of the code, in Appendix B simu-
lation calculations are presented for the transition rate
as function of the penetration depth and compared with
experimental results.

2 Continuum potential and scattering
distributions

For the calculation of the channeling potential, as well
as the angular distribution of the scattered electrons,
the Molière representation for the electronic scatter-
ing factors [13] was used, however, with the modified
parameters for silicon
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Fig. 1 Electron scattering factors for atomic silicon. The
black full curve fM

e represents the Molière approximation
[13] with the original parameter set, the red one fDT

e that
of Doyle and Turner [15] in the six-parameter representation
according to Ref. [14]

α = {0.514906, 0 , 0.485094}
β = {2.113681, 1.2, 0.41510}/aTF . (1)

Here are aTF = 0.8853 a0 Z−1/3 the Thomas-Fermi
screening factor with a0 the Bohr radius, and Z=14
for silicon. This parameter set approximates the six-
parameter Doyle-Turner representation quoted by Chouf-
fani and Überall [14], see Fig. 1, to better than 8% in
the full range of 0 ≤ s/Å ≤ 6. The quantity s is related
to the momentum transfer by q = 2pv/(�c) sin(ϑ/2) =
4πs, with p the momentum of the particle, v its velocity,
c the speed of light, and ϑ the scattering angle.

The potential u(x) has been calculated according to
the textbook of Baier et al. [17, chapter 9.1]. The result
is shown in Fig. 2 together with the positive and neg-
ative charge densities np(x) and ne(x), respectively,
across the channel. The latter has been derived from
the plane potential with the aid of the one dimensional
Poisson equation.

The normalized scattering distribution functions for
electron–atom interactions at energies of 855 MeV and
6.3 GeV, respectively, are

P
(at)
855 (θx) =

( 1.66711 · 10−10 + θ2
x

(2.42622 · 10−11 + θ2
x)3/2

− 4.68581 · 10−10 + θ2
x

(6.29077 · 10−10 + θ2
x)3/2

)
/15.5081, (2)

P
(at)
6300(θx) =

( 3.07372 · 10−12 + θ2
x

(4.47332 · 10−13 + θ2
x)3/2

− 8.63941 · 10−12 + θ2
x

(1.15985 · 10−11 + θ2
x)3/2

)
/15.5081 (3)

with θx the projected scattering angle. The numerical
parameters are related to the Molière parameters of Eq.
(1) in a rather involved manner. The distribution func-
tions are depicted in Figs. 3 and 4, full curves.

The scattering distributions for electron–electron col-
lisions have also been calculated according to [12],
for some details see “Appendix A”. The results are

(a)

(b)

Fig. 2 a Electron charge density ne(x) and positive charge
density np(x) as function of the distance coordinate x
across the (111) planes of a silicon single crystal. The inter-
planar distance amounts to dp = 3.136 Å. The integral

(1/dp)
∫ dp/2

−dp/2
ne(x)dx = Z · (8/a3) = 0.699/Å

3
represents

the mean electron density with a = 5.431 Å the lattice con-
stant [16]. b Potential, the depth amounts to u0 = -22.615
eV

included in Figs. 3 and 4 as dot-dashed lines. These dis-
tributions can be approximated by the heuristic func-
tion1

P (el)(θx) =
A

|θ3
x| + c · θ2

x + b · |θx| + a
. (4)

3 Simulation calculations

Based on the scattering distributions derived in the last
section, simulation calculation have been performed for
(111) planar channeling of 855 and 6.3 GeV electrons
in silicon single crystals. Details of the simulation pro-
cedure are described in the paper [12]. For the former
energy the crystal had a thickness of 30.5 μm and a
bending radius of Rqm = 33.5 mm, for the latter 60 μm
and Rqm = 150 mm. In both cases experimental results
are available [3,5] with which the simulation calcula-
tions will be compared. The reliability of the formal-
ism was checked with results for the rate distribution
as function of the penetration depth from which de-

1 For electrons with an energy of 855 MeV the parameters
are A855 = 3.5 ·10−12, a855 = 4.5 · 10−19, b855 = 4.0 · 10−11

and c855 = 1.0 · 10−5, and for the energy of 6.3 GeV A6300

= 6.7 ·10−14, a6300 = 2.0 · 10−21, b6300 = 7.2 · 10−13 and
c6300 = 1.5 · 10−6. The approximations are better than
about ± 10 % in the interval 0.1 μrad < |θx| < 10 mrad
and 0.1 μrad < |θx| < 5 mrad for 855MeV and 6300 MeV,
respectively. Below the lower and above the upper limits the
approximations are significantly worse.
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Fig. 3 Normalized electron–atom (full) and electron–electron (dot-dashed) scattering distributions for 855 MeV electrons.
In the right panel a cutout is shown in a logarithmic representation. The FWHM amount to 8.03 μrad (atomic) and 0.033
μrad (electronic). Both distributions have long tails taken into account in the numerical simulation up to ± 0.0345 rad.

The root-mean-squared scattering angles amount to < θ2
x >1/2 = 23.3 μrad (atomic), and 7.42 μrad (electronic). The

total scattering cross sections are σ
(at)
tot = 89.38· 10−4 Å2 and σ

(el)
tot = 5.158 ·10−4 Å2, the mean transverse energy gains

< ΔE⊥/Δz >at = 1.040 eV/μm and < ΔE⊥/Δz >el = 0.0853 eV/μm, and the mean number of collisions 4.46/μm (atomic)
and 3.606/μm (electronic)
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Fig. 4 Normalized electron–atom and electron–electron (dot-dashed) scattering distributions for 6.3 GeV electrons. In the
right panel a cutout is shown in a logarithmic representation. The FWHM amount to 1.09 μrad (atomic) and 0.00868 μrad
(electronic). Both distributions have long tails taken into account in the numerical simulation up to ± 0.012 rad. The root-

mean-squared scattering angles amount to < θ2
x >1/2 = 3.49 μrad (atomic), and 1.08 μrad (electronic). The total scattering

cross sections are σ
(at)
tot = 89.38· 10−4 Å2 and σ

(el)
tot = 5.158 ·10−4 Å2, the mean transverse energy gains < ΔE⊥/Δz >at

= 0.171 eV/μm and < ΔE⊥/Δz >el = 0.0130 eV/μm, the mean number of collisions 4.46/μm (atomic) and 3.606/μm
(electronic)

channeling lengths were derived for a comparison with
literature, see “Appendix B”.

3.1 Sensitive parameters for the shape of beam
profiles

Of crucial importance for the shape of the beam profiles
is the initial occupation probability dP/dE⊥as func-
tion of the transverse energy E⊥. As shown in Fig. 5
it strongly depends on the alignment of the crystal
with respect to the beam direction, i.e., on the entrance
angle ψ0 into the crystal. A uniform distribution of the
electron density across the transverse x coordinate was
assumed, and for the angular distribution a Gaussian
with standard deviations σ′

ϑx = 8.0 μrad, as conjectured
from the information given by Wienands et al. [4].

In addition, sensitive parameters are the anticlas-
tic bending radius, and a misalignment of the electron
beam with respect to the spherical calotte represent-
ing the anticlastic deformation. Nearly no experimen-
tal information was provided in the publications except

that the anticlastic bending was minimized at the pro-
duction of the crystals. Significant effects on the beam
profile for the SLAC experiment maybe expected for an
anticlastic bending radius less than 10 m, assuming for
spot size and divergence the upper limits of 150 μm and
10 μrad, respectively.

Initially, an anticlastic bending will be neglected in
the analysis. If the experimental observations can not
be reproduced, in a second step assumptions on the
anticlastic bending radius, on the beam spot (size,
divergence, displacement) can be made in order to
improve the simulation results.

3.2 Beam profiles for the MAMI experiment at 855
MeV

The simulated beam profiles for 855 MeV electrons
steered in (111) planes of the silicon single crystal are
shown in Fig. 6, together with experimental results
taken from Mazzolari et al. [3]. A good overall agree-
ment can be stated. In particular, the deflection peaks
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Fig. 5 Initial probability distributions as function of the transverse energy E⊥ for electrons of 6.3 GeV energy entering
the silicon crystal with bending radius of Rqm = 150 mm with angles of ψ0 = (a) 30, (b) 0, (c) -30, and (d) -60 μrad. The
thin black curve represents analytical calculations [18, Eq. (15)]; the red dots are simulation calculations with 10,000 trials.
In E⊥ = (pv/2)(ϑx −ψ0)

2 −U(x), U(x) = u(x)− (pv/Rqm) ·x−u1 is the deformed potential with u1 the minimum of U(x)
in the channel. Position x and entrance angle ϑx are random variables (σ′

ϑx = 8.0 μrad). Effects of a possible anticlastic
bending were excluded

due to channeling, as well as the volume reflection shift
in opposite direction for the tilted crystal are well repro-
duced. Merely, the intensity of the volume reflected
peak seems slightly lower than the measurement, and
the shift a little bit larger. It should be stressed that
no change has been observed in the simulation calcula-
tions within the statistical errors if an anticlastic bend-
ing radius of 3.66 m [6] was assumed.

3.3 Beam profiles for the SLAC experiment at 6.3
GeV

Figure 7 depicts simulated beam profiles and experi-
mental results for 6.3 GeV electrons steered with bent
(111) planes of the silicon single crystal. Several inter-
esting features can be recognized. For the spectrum
shown in Fig. 7d the crystal is de-tuned already by -60
μrad towards the amorphous domain. The main peak is
situated close at the deflection angle Θx = 0 mrad, and
the re-channeling peak appears shifted to 0.46 mrad,
the geometrically expected angle � (− sin ψ0 + t/Rqm)
with t = 60 μm and Rqm = 150 mm. Its intensity is
already rather weak. Increasing the de-tuning angle, the
re-channeling peak shifts and reaches the nominal value
of Θx = 0.4 mrad at ψ0 = 0 μrad as expected. Thereby
its intensity increases gradually since more and more
electrons will be captured at the crystal entrance into
the channel. In panels (f)–(h) simulation calculations
for positive de-tuning angles ψ0 > 0 are depicted. The
main peak is shifted towards negative deflection angles
Θx. This is the well-known volume reflection.

Let us compare the simulation calculations with the
experimental result of Wistisen et al. [5, Fig.8] shown
in panel (a) of Fig. 7. The measured beam profile agrees
quite well with the simulation calculation shown in
panel (c) for ψ0 = -30 μrad, and not for ψ0 = 0 μrad,
see black curve which is the experimental result shown
in panel (a). The simplest explanation for this finding is
that the nominal angular directions in experiment and
simulation are differently defined, or in other words,
that the crystal is de-tuned with respect to the nomi-
nal beam direction. This conjecture is corroborated by
means of Fig. 7, panel (g). The measurement of Wis-
tisen et al. [5, Fig.9] agrees best with the simulation
at 170 μrad, and not at 200 μrad, panel (f), indicating
again the de-tuning angle of −30μrad. A fine-tuning of
ψ0 has not been done.

The intensity of the simulated structure for volume
capture appears to be somewhat larger than the mea-
surement indicate, see Fig. 7, panel (g). Also the vol-
ume deflection peak is not exactly reproduced by the
simulation calculations. It is in comparison with the
experiment, black curve, slightly shifted. The reason
for these deviations is not quite clear. It may indicate a
deficiency of the simulation model. If the particle tra-
jectory approaches the tangent of a bending plane, the
effects of the volume-deflection and volume-capture are
particularly sensitive to the shape of the electric poten-
tial. Fig. 8 depicts the effect of parameter variations,
in particular of the anticlastic radius Ra. The improve-
ment is of second order type, if it exists at all.

The probability density of the deflected particles in
Fig. 7b for the crystal in the channeling orientation at
ψ0 = 0 μrad does not agree with the result obtained
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Fig. 6 Beam profiles for a 30.5 μm thick silicon single crystal with a bending radius of 33.5 mm at an electron beam
energy of 855 MeV, entrance angles ψ0 = 0 μrad (left panel), and ψ0 = 450 μrad (right panel). For the simulation, red error
bars (this work), a beam spot size of 29.7 μm (1 σ), and a beam divergence of 12.7 μrad (1 σ) were assumed, neglecting
anticlastic bending. Light blue curves show simulations with the MBN explorer software package taken from Haurylavets
et al. [19, Fig. 9 and 11]. Experimental data, violet curve, according to Mazzolari et al. [3]
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Fig. 7 Beam profiles for a 60 μm thick silicon single crystal with a bending radius of 150 mm at an electron energy of
6.3 GeV for entrance angles ψ0 as indicated. A beam spot size of 130 μm (1 σ), and a beam divergence of 8 μrad (1 σ)
were assumed, neglecting anticlastic bending of the crystal. a The measurement of Wistisen et al. [5, Fig.8] is shown for
the supposed beam entrance angle of ψ0 = 0 μrad, digitized from this figure by the author. It is included for comparison
with the simulation calculation also in panel (c). e The measurement of Wistisen et al. [5, Fig.9] is shown for the supposed
beam entrance angle of ψ0 = 200 μrad, also digitized by the author. It is included for comparison also in panel (g)
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with the aid of the DYNECHARM++ simulation by
Wienands et al. [4, Fig. 3]. The channeling peak appears
at about 430 and not at 400 μrad as expected. Appar-
ently the calculations were performed with a de-tuning
angle ψ0 close to 30 μrad which was defined as “channel-
ing orientation”. Indeed, good agreement is found with
simulation calculation of this work under this assump-
tion.

The DYNECHARM++ simulation result of Wistisen
et al. [5, Fig. 14] is at variance with that of Wienands
et al. [4, Fig. 3] and also with results of of this work
shown in Fig. 7.

4 Discussion

For the MAMI experiment at 855 MeV Monte Carlo
simulations results are depicted in Mazzolari et al. [3,
Fig. 3] which were made with a code of Baryshevski

and Tikhomirov [20]. Nearly perfect agreement with
the experimental observation was found for both, align-
ments of the crystal into the channeling regime (ψ0 =
0), and for the volume capture situation (ψ0 = 450
μrad). A detailed analysis of the same experiment was
performed by Haurylavets et al. [19] an the basis of the
MBN explorer software package under various sophisti-
cated assumptions. Results are shown in Fig. 6 sug-
gesting that scattering might be overestimated. The
authors mention that a possible reason for the discrep-
ancies can be associated with the Moliére parametriza-
tion for the electron–atom interaction. Indeed, Fig. 1
shows that the original Moliére parametrization over-
estimates for small momentum transfers the scattering
factors obtained with the Doyle-Turner approach. This
fact influences also the shape of the potential, at least in
the continuum potential picture used in this work. How-
ever, simulation calculations with the original Moliére
parameters revealed that this way the differences can
not be explained.

(b)

(c)

(d)

(a)

(f)

(g)

(h)

(e)

Fig. 8 Beam profiles for a 60 μm thick silicon single crystal with a bending radius of 150 mm at an electron energy of
6.3 GeV for parameters variations as indicated. Left panels a–d for entrance angle ψ0 = −30 μrad, right panels e–h for
entrance angle ψ0 = 170 μrad. Ra is the anticlastic bending radius, σx the beam spot size, and σθx the beam divergence.
a, e The same as shown in Fig. 7c and g for comparison. d, h Correspond to parameters of Sushko et al. [7, Fig. 2]
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For the SLAC experiment at 6.3 GeV [5] Sushko et
al. [21] explained the beam profile with the aid of an
anticlastic bending of the crystal. Parameter sets for the
size of the beam spot, its displacement and the radius
of the anticlastic curvature are presented at which the
simulations are in accord with the experimental obser-
vation. Their Fig. 2 allows approximately a comparison
with results of this work. The simulation is done for a
relatively narrow beam with σ = 75 μm in comparison
with the displacement of h = 675 μm for which a good
agreement with the experimental result is obtained.
Utilizing their Eqns. (2) and (3) for θqm = 400 μrad and
an anticlastic bending radius Ra = 300 cm, the entrance
angle is θe(h) = 25 μrad. The latter is in fair agreement
with the finding in this work without the assumption of
an anticlastic bending, however, instead for a de-tuning
angle of 30 μrad of the crystal with respect to the beam
direction. It appears that the parameter set simulates
in essence the same gross features which were addressed
in this paper.

5 Conclusions

In this contribution Monte Carlo simulation results for
electron beam deflections in quasi-mosaic bent (111)
planes of silicon single crystals were compared with
experimental results. The continuum potential picture
has been utilized. For the 855 MeV experiment at
MAMI good agreement between simulation calculations
and the experimental observation was found. For the
SLAC experiment at 6.3 GeV the entrance angle into
the planes turns out to be a rather sensitive parameter.
Small de-tuning angles in the order of some tenth of
μrad’s perturb significantly the intensity ratio between
transmitted and channeled particles with the conse-
quence, that an anticlastic bending is not necessary to
explain the gross properties of the experimental obser-
vation. The remaining small deviations, visible in Fig. 7
panels (c) and (g), could globally not significantly be
diminished by a parameter variation, in particular not
by the anticlastic radius Ra, as demonstrated with Fig.
8.

Anyway, in the sense of Occam’s razor this simpler
explanation should be preferred.

Acknowledgements I would like to express my gratitude
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narrowing the scattering distributions shown in Figs. 3 and
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Appendix A: Differential cross sections for
scattering at electrons

The low energy part of the double differential cross sec-
tion at scattering on atomic electrons is shown in Fig.
9.

The energy differential cross sections as function of
the energy loss W and momentum transfer qa0 are
obtained after proper integration over the kinematical
allowed qa0 and the kinematical allowed W , respec-
tively. The results are shown in Fig. 10.
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Fig. 10 Differential cross sections as function of the energy loss W , left panel, and the momentum transfer qa0, right
panel. Shown are separately the contributions of the longitudinal (dashed), the transverse (dotted-dashed), and the Møller
cross sections (dotted)

(a)

(b) (d)

(c)

Fig. 11 Transition rates for (111) channeling in bent silicon single crystals. Panels (a) and (b) for crystal with bending
radius 33.5 mm and beam energy 855 MeV. Details for small penetration depths are depicted in the inset. The channel

occupation is normalized to unity for N0 = 10,000 events. The horizontal error band indicates the mean value λ855
de (z) =

(0.0651 ± 0.0011)/μm as obtained for 14 ≤ z/μm ≤ 100 for 81 % of particles imping the crystal. Panels (c) and (d) for
a crystal with bending radius 150 mm and beam energy of 6.3 GeV. The channel occupation is normalized to unity for

N0 = 5,000 events. The horizontal error band indicates the mean value λ6300
de (z) = (0.0155 ± 0.0003)/μm as obtained for

14 ≤ z/μm ≤ 150 for 68.5 % of particles imping the crystal

Appendix B: Simulation of de-channeling
rates

For the purpose of a check with otherwise obtained
results, simulation calculations for the transition rate
as function of the penetration depth z were performed
for planar (111) channeling of electrons with an energy
of 6.3 GeV from which the de-channeling length was
derived. De-channeling is signaled if the electron leaves
the potential boundaries, the crystal after 200 μm, or

if it reaches the maximum transverse energy for which
20 U0 = 452 eV was chosen. Fig. 11 show results. In
panels (b) and (d) instantaneous transition rates

λde(z) = −f ′
de(z)

fde(z)
= lim

Δz→0
N→∞

Δ(N(z)/N0)/Δz

N(z)/N0
, (5)

are presented as derived from the simulated channel
occupation numbers Δ(N(z)/N0)/Δz and the channel
occupation N(z)/N0 depicted in panels (a) and (c). For
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z less than about 14 μm the instantaneous transition
rates are larger than the constant mean value for z >
14 μm.

For 855 MeV, see Fig. 11 left panel, the simulated de-
channeling rate 1/λ855

de (z) = (15.4 ± 0.3) μm is in fair
agreement with the value 13.6 μm quoted by Mazzo-
lari et al. [3, Table I]. However, the latter is not based
on pure experimental observations but relies also on
simulation calculations. For 6.3 GeV, see Fig. 11 right
panel, the simulated de-channeling length 1/λ6300

de (z) =
(64.4 ± 1.3) μm agrees well with the value (65.3 ±
1.9) μm quoted by Wistinsen et al. [5, Table IV]. It
should be mentioned that the value originally reported
by Wienands et al. [4] is significantly lower. The simu-
lated channeling efficiency of 68.5 %, also called surface
transmission, is somewhat larger than the experimen-
tal result, however, in accord with DYNECHARM++
simulations [5, Table V].
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